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41 Srlqw Vhw Wrsrorj| Edvlfv

Dv xvxdo zh zloo ohw [ dqg \ eh vhwv dqg S+[, ghqrwh wkh srzhu vhw ri [=

Gh�qlwlrq 4141 D froohfwlrq ri vhw � � S+[, lv d wrsrorj| rq [ li
41 >> [ 5 �>
51 � lv forvhg xqghu �qlwh lqwhuvhfwlrqv/ dqg
61 � lv forvhg xqghu duelwudu| xqlrqv1
Wkh phpehuv ri � duh fdoohg rshq vhwv dqg wkh vhwv F � [ vxfk wkdw Ff 5 � duh

fdoohg forvhg vhwv1 Zh zloo riwhq zulwh Y �r [ wr ghqrwh wkdw Y 5 � dqg F C [
wr lqglfdwh wkdw F lv d forvhg vxevhw ri [=

H{dpsoh 4151 Vxssrvh wkdw [ @ i4> 5j/ wkhq
41 �3 @ i>> [j +Wulyldo wrsrorj| rq [,/ �4 @ i>>[> i4jj> �5 @ i>> [> i5jj>

�6 @ i>>[> i4j> i5jj 0 Glvfuhwh wrsrorj| duh doo wrsrorjlhv rq [=
51 Vxssrvh +[> �, lv d wrsrorj| vsdfh dqg \ � [1 Wkhq �\ � iX_\ = X 5 �j lv

d wrsrorj| rq \ fdoohg wkh uhodwlyh wrsrorj| rq \= +Qrwlfh wkdw wkh forvhg
vhwv lq \ uhodwlyh wr �\ duh suhflvho| wkrvh vhwv ri wkh irup F _ \ zkhuh F lv
forvh lq [= Lqghhg/ E � \ lv forvhg l� \ qE @ \ _ Y iru vrph Y 5 � zklfk
lv htxlydohqw wr E @ \ q +\ _ Y , @ \ _ Y f iru vrph Y 5 �=,

61 Vxssrvh wkdw [ lv d vhw dqg H � S+[, eh d froohfwlrq ri vxevhwv ri [= Zh
ohw �+H, eh wkh vpdoohvw wrsrorj| rq [ frqwdlqlqj H = Li � @ �+H,> zh fdoo
H d vxeedvh iru wkh wrsrorj| �=

Sursrvlwlrq 4161 Jlyhq H � S+[,> �+H, frqvlvwv ri duelwudu| xqlrqv ri �qlwh
lqwhuvhfwlrqv ri hohphqwv iurp H ^ i[> >j=
Surri1 Ohw � � S+[, ghqrwh wkh froohfwlrq ri vhwv frqvlvwlqj ri duelwudu| xqlrqv

ri �qlwh lqwhuvhfwlrqv ri hohphqwv iurp H ^ i[> >j= Wkhq � � �+H, vr wr �qlvk wkh
surri lw vx!fhv wr vkrz wkdw � lv d wrsrorj|1

Vxssrvh iDl = l 5 Lj dqg iEm = m 5 Mj duh froohfwlrq*v ri vhwv zklfk duh �qlwh
lqwhuvhfwlrqv ri wkh hohphqwv lq H ^ i[> >j1 Vhw

D @
^
l5L

Dl dqg E @
^
m5M

Em =

Wkhq

D _E @
^
iDl _Em = l 5 L dqg m 5 Mj 5 �

Vr � lv forvhg xqghu �qlwh lqwhuvhfwlrqv/ lw lv reylrxvo| forvhg xqghu xqlrqv dqg
frqwdlqv [> >= Wkdw lv � lv d wrsrorj|1
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Gh�qlwlrq 4171 Zh vd| H lv d edvh iru d wrsrorj| li > 5 H > [ @ ^H dqg iru doo
X> Y 5 H >

X _ Y @
^
iZ = Z 5 H dqg Z � X _ Y j=

Vxssrvh wkdw H lv d edvh iru d wrsrorj| dqg iXljql@4 � H dqg _ql@4Xl 9@ >= Wkhq
iru { 5 _ql@4Xl> wkhuh h{lvwv Z4 5 H vxfk wkdw { 5 Z4 � X4 _ X5= Vlploduo|/ wkhuh
h{lvwv Z5 5 H vxfk wkdw { 5Z5 5Z4 _X6 � X4 _X5 _X6= Frqwlqxlqj lqgxfwlyho|
wklv zd| zh �qg wkhuh h{lvwv Zq�4 5 H vxfk wkdw { 5Zq�4 � _ql@4Xl= Wklv vkrzv
wkdw

_ql@4Xl @
^
iZ = Z 5 H dqg Z � _ql@4Xlj=+414,

Wkh surri ri wkh iroorzlqj sursrvlwlrq lv dq hdv| frqvhtxhqfh ri Ht1 +414, dqg
Sursrvlwlrq 4161

Sursrvlwlrq 4181 Li H lv d edvh iru d wrsrorj| wkhq wkh jhqhudo hohphqw ri �+H, lv
ri wkh irup Y @ ^E zkhuh E � H =
H{dpsoh 4191 Vxssrvh wkdw [ @ i4> 5> 6> 7j dqg H @ iD =@ i4> 5j> E =@ i5> 6jj
lq zklfk fdvh

�+H, @ iD _E>D>E>D^E>[> >j=
Li hH @ ii4> 5j> i5j> i5> 6j> >> [j wkhq �H lv d edvh iru �+H,1
H{dpsoh 41:1 Ohw +[> �, eh d phwulf vsdfh dqg ohw

H� @ iE{+u, = { 5 [ dqg u A 3j ^ i[> >j
zkhuh

E{+u, @ i| 5 [ = �+{> |, ? uj=
Wkhq H� lv d edvh iru d wrsrorj| zklfk zh ghqrwh e| �� dqg fdoo wkh lqgxfhg wrsrorj|
rq +[> �,= Qrwlfh wkdw Y lv rshq lq wklv wrsrorj| l� iru doo { 5 Y> wkhuh h{lvwv � A 3
vxfk wkdw E{+�, � Y=

Surri1 Wr suryh wkdw H� lv d edvh iru d wrsrorj| zh pxvw vkrz= iru dq| {> | 5 [
dqg �> � A 3 vxfk wkdw E{+�,_E|+�, 9@ >> wkhq iru doo iru doo } 5 E{+�,_E|+�, wkhuh
h{lvwv u A 3 vxfk wkdw E}+u, � E{+�, _ E|+�,= Wklv lv idluo| fohdu iurp Iljxuh 41
Wkh irupdo surri lv dv iroorzv1 Li $ 5 E}+u,> wkhq e| wkh wuldqjoh lqhtxdolw|/

�+{> $, � �+{> }, . �+$> }, @ �+{> }, . u

dqg vlploduo|

�+|> $, � �+|> }, . u=

Wkhuhiruh li zh fkrrvh 3 ? u ? plq+� � �+{> },> � � �+|> },,> wkhq �+{> $, ? � dqg
�+|> z, ? �> l1h1 $ 5 E{+�, _E|+�, vkrzlqj wkdw E}+u, � E{+�, _E|+�,=

Li +[> �, lv d phwulf vsdfh zh zloo dovr gh�qh wkh forvhg edoo dw { ri udglxv u e|

F{+u, =@ i| 5 [ = �+{> |, � uj=
Ohw xv qrz vkrz wkdw F @ F{+u, lv lqghhg forvhg1 Uhfdoo wkdw lq d phwulf vsdfh
wkdw m�+{> |,� �+{> },m � �+|> },= Li | @5 F> wkhq � =@ �+{> |,� � A 3 dqg li } 5 E|+�,
zh kdyh

� ? �. � � �+|> }, � �+{> |,� �+|> }, � �+{> },
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Iljxuh 41 Vtxhh}lqj d edoo lq wkh lqwhuvhfwlrq1

zklfk vkrzv wkdw E�+|, _F @ >= Wklv vkrzv wkdw Ff lv rshq dqg khqfh wkdw F lv
forvhg1

Gh�qlwlrq 41;1 Ohw D � [ eh d vhw1 Wkh lqwhulru/ D3> ri D lv wkh odujhvw rshq vhw
frqwdlqhg lq D> l1h1

D3 @
^
iY 5 � = Y � Dj=

Wkh forvxuh �D> ri D lv wkh vpdoohvw forvhg vhw zklfk frqwdlqv D> l1h1

�D @
_
iF � D = F C [j=

Wkh erxqgdu| ri D lv wkh vhw

CD � �D qD3=

Zh dovr gh�qh wkh vhw ri dffxpxodwlrq srlqwv ri D wr eh

dff+D, @ i{ 5 [ = Y _D q i{j 9@ > iru doo Y 5 � vxfk wkdw { 5 Y j=
D vhw H � [ lv vdlg wr eh qrzkhuh ghqvh li �H3 @ >=

Ohw D � [> wkhq

+D3,f @
_
iY f = Y 5 � dqg Y � Dj @

_
iF = F lv forvhg F � Dfj @ Df=

Vlploduo| + �D,f @ +Df,3= Khqfh wkh erxqgdu| ri D pd| eh zulwwhq dv

CD � �D qD3 @ �D _ +D3,f @ �D _Df>+415,

zklfk lv wr vd| CD frqvlvwv ri wkh srlqwv lq erwk wkh forvxuh ri D dqg Df=

Gh�qlwlrq 41<1 D vhw H � [ lv d qhljkerukrrg ri d srlqw { 5 [ li { 5 H3 � H=

Qrwdwlrq 41431 Ohw �{ @ iY 5 � = { 5 Y j1 Vr �{ frqvlvwv ri doo wkh rshq
qhljkerukrrgv ri {= D froohfwlrq � � �{ lv fdoohg d qhljkerukrrg edvh dw { 5 [
li iru doo Y 5 �{ wkhuh h{lvwv Z 5 � vxfk wkdw Z � Y 1

Sursrvlwlrq 41441 Ohw D � [ dqg { 5 [=

41 Li Y �r [ dqg D _ Y @ > wkhq �D _ Y @ >=
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51 { 5 �D l� Y _D 9@ > iru doo Y 5 �{=
61 { 5 CD l� Y _D 9@ > dqg Y _Df 9@ > iru doo Y 5 �{=
71 �D @ D ^ dff+D,=

Surri1 41 Vlqfh D _ Y @ >> D � Y f dqg vlqfh Y f lv forvhg/ �D � Y f= Wkdw lv wr
vd| �D _ Y @ >=

51 Zh zloo suryh { 95 �D l� wkhuh h{lvwv Y 5 �{ vxfk wkdw Y _ D @ >1 Li { 95 �D
wkhq Y @ Df 5 �{ dqg Y _D � Y _ �D @ >1 Frqyhuvho| li wkhuh h{lvwv Y 5 �{ vxfk
wkdw Y _ D @ > wkhq e| 41 �D _ Y @ >= Wkh wklug dvvhuwlrq hdvlo| iroorzv iurp wkh
vhfrqg dqg Ht1 +415,1 Lwhp 71 lv dq hdv| frqvhtxhqfh ri wkh gh�qlwlrq ri dff+D,
dqg lwhp 51

Ohppd 41451 Ohw D � \ � [> ohw �D\ ghqrwh wkh forvxuh ri D lq \ zlwk lwv
uhodwlyh wrsrorj| dqg �D @ �D[ eh wkh forvxuh ri D lq [> wkhq �D\ @ �D[ _ \=
Surri1 Ohw { 5 \ wkhq { 5 �D\ l� iru doo Y 5 �\{ > Y _D 9@ >= Wklv kdsshqv l�

iru doo X 5 �[{ > X _ \ _D @ X _ D 9@ > zklfk kdsshqv l� { 5 �D[ = Wkdw lv wr vd|
�D\ @ �D[ _ \=
Dq dowhuqdwlyh surri pd| eh jlyhq dv iroorzv=

�D\ @ _iE C \ = D � Ej @ _iF _ \ = D � F C [j
@ \ _ +_iF = D � F C [j, @ \ _ �D[

zkhuhlq zh kdyh pdgh xvh ri wkh frpphqwv lq Lwhp +5, ri H{dpsoh 4151

Gh�qlwlrq 41461 Ohw i{qj � [> zh vd| {q $ { dv q $ 4 ru olpq$4 {q @ { li
iru doo Y 5 �{> {q 5 Y doprvw dozd|v +deeuhyldwhg d1d1, e| zklfk zh phdq wkdw
iq = {q @5 Y j lv �qlwh1
Uhpdun 41471 +4, Li � @ i[> >j wkhq jlyhq i{qj � [> {q $ { iru doo { 5 [> l1h1
doo vhtxhqfhv frqyhujh wr doo srlqwv { 5 [=

+5,Zh vd| wkdw d wrsrorj| � rq [ lv Kdxvgru� ru W5 li iru doo { 9@ | 5 [ wkhuh
h{lvwv Y 5 �{ dqg Z 5 �| vxfk wkdw Y _Z @ >= Zkhq � lv Kdxvgru� wkh olplwv ri
frqyhujhqw vhtxhqfhv duh xqltxh1 Lqghhg li {q $ { 5 [ dqg | 9@ { zh pd| fkrrvh
Y 5 �{ dqg Z 5 �| vxfk wkdw Y _Z @ >= Wkhq {q 5 Y d1d1 lpsolhv {q 95 Z iru
doo exw d �qlwh qxpehu ri q dqg khqfh {q < |=

Gh�qlwlrq 41481 Ohw +[> �, eh d wrsrorjlfdo vsdfh1 Zh vd| wkdw[ lv �uvw frxqw0
deoh l� hyhu| srlqw { 5 [ kdv d frxqwdeoh qhljkerukrrg edvh dqg zh vd| wkdw [
lv vhfrqg frxqwdeoh l� wkhuh h{lvwv d frxqwdeoh edvh iru � 1

H{dpsoh 41491 Hyhu| phwulf vsdfh lv �uvw frxqwdeoh1

Zkhq � lv �uvw frxqwdeoh/ zh pd| irupxodwh pdq| wrsrorjlfdo qrwlrqv lq whupv
ri vhtxhqfhv1 Wkh qh{w Ohppd lv rqh vxfk h{dpsoh1

Ohppd 414:1 Vxssrvh wkhuh h{lvwv i{qj4q@4 � D vxfk wkdw olpq$4 {q @ {> wkhq
{ 5 �D= Frqyhuvho| li +[> �, lv d �uvw frxqwdeoh vsdfh +olnh d phwulf vsdfh, wkhq li
{ 5 �D wkhuh h{lvwv i{qj4q@4 � D vxfk wkdw olpq$4 {q @ {=

Surri1 Dv zh kdyh douhdg| vhhq { 5 �D l� Y _ D 9@ > iru doo Y 5 �{= Li wkhuh
h{lvwv i{qj4q@4 � D vxfk wkdw olpq$4 {q @ {> wkhq iru doo Y 5 �{ zh kdyh {q 5 Y
d1d1 vr wkdw Y _D 9@ >= Wklv vkrzv wkdw { 5 �D=

Iru wkh frqyhuvh zh qrz dvvxph wkdw +[> �, lv �uvw frxqwdeoh dqg wkdw iYqj4q@4
lv d frxqwdeoh qhljkerukrrg edvh dw { vxfk wkdw Y4 � Y5 � Y6 � = = = = Wkhq li { 5 �D>
wkhuh h{lvwv {q 5 Yq _D iru doo q= Lw lv qrz hdvlo| vhhq wkdw {q $ { dv q$4=
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H{dpsoh 414;1 Ohw +[> �, eh d phwulf vsdfh dqg � @ �� eh wkh lqgxfhg wrsrorj|
rq[= Wkhq E{+�, � F{+�,= Lw lv qrw jhqhudoo| wuxh wkdw E{+�, @ F{+�,= Iru h{dpsoh
ohw [ @ i4> 5j dqg �+4> 5, @ 4> wkhq E4+4, @ i4j > E4+4, @ i4j zkloh F4+4, @ [=
Dqrwkhu frxqwhu h{dpsoh lv wr wdnh

[ @
�
+{> |, 5 U5 = { @ 3 ru { @ 4

�
zlwk wkh xvxdoo| Hxfolghdq phwulf frplqj iurp wkh sodqh1 Wkhq

E+3>3,+4, @
�
+3> |, 5 U5 = m|m ? 4

�
>

E+3>3,+4, @
�
+3> |, 5 U5 = m|m � 4

�
> zkloh

F+3>3,+4, @ E+3>3,+4, ^ i+3> 4,j =
Lq vslwh ri wkh deryh h{dpsohv/ Ohppdv 414< dqg 4173 ehorz vkrzv wkdw iru

fhuwdlq phwulf vsdfhv ri lqwhuhvw lw lv wuxh wkdw E{+�, @ F{+�,=

Ohppd 414<1 Vxssrvh wkdw +[> m�m, lv d qruphg yhfwru vsdfh dqg � lv wkh phwulf
rq [ gh�qhg e| �+{> |, @ m{� |m = Wkhq

E{+�, @ F{+�, dqg

CE{+�, @ i| 5 [ = �+{> |, @ �j=
Surri1 Zh pxvw vkrz wkdw F =@ F{+�, � E{+�, @= �E= Iru | 5 F> ohw y @ | � {>

wkhq

mym @ m| � {m @ �+{> |, � �=

Ohw �q @ 4 � 4@q vr wkdw �q % 4 dv q $ 4= Ohw |q @ { . �qy> wkhq �+{> |q, @
�q�+{> |, ? �> vr wkdw |q 5 E{+�, dqg �+|> |q, @ 4��q $ 3 dv q$4= Wklv vkrzv
wkdw |q $ | dv q$4 dqg khqfh wkdw | 5 �E=

Gh�qlwlrq 41531 Ohw i = [ $ \ eh d ixqfwlrq ehwzhhq wzr wrsrorjlfdo vsdfhv1
Wkhq i lv frqwlqxrxv li i�4+Y , lv rshq lq [ iru doo Y rshq lq \ ru htxlydohqwo|
i�4+F, lv forvhg lq [ iru doo F forvhg lq \= Zh dovr vd| wkdw i lv frqwlqxrxv
dw { 5 [ li iru doo Z rshq lq \ vxfk wkdw i+{, 5 Z wkhuh h{lvwv Y 5 �{ vxfk
wkdw i+Y , �Z> l1h1 { 5 i�4+Z ,3 iru doo Z rshq lq \ vxfk wkdw i+{, 5Z=

Gh�qlwlrq 41541 D pds i = [ $ \ ehwzhhq wrsrorjlfdo vsdfhv lv fdoohg d krph0
rprusklvp surylghg wkdw i lv elmhfwlyh/ i lv frqwlqxrxv dqg i�4 = \ $ [ lv
frqwlqxrxv1 Li wkhuh h{lvwv i = [ $ \ zklfk lv d krphrprusklvp/ zh vd| wkdw
[ dqg \ duh krphrprusklf1 +Dv wrsrorjlfdo vsdfhv [ dqg \ duh hvvhqwldoo| wkh
vdph1,

Ohppd 41551 Ohw i = [ $ \ eh d ixqfwlrq ehwzhhq wzr wrsrorjlfdo vsdfhv1 Wkhq
41 i lv frqwlqxrxv l� i lv frqwlqxrxv dw { iru doo { 5 [
51 Li H � S+\ , lv d vxeedvh iru wkh wrsrorj| rq \ wkhq i lv frqwlqxrxv l� i�4+Y ,

lv rshq lq [ iru doo Y 5 H =
61 Li j = \ $ ] lv dqrwkhu frqwlqxrxv ixqfwlrq wkhq j � i lv dovr frqwlqxrxv1

Surri1
41 +,, Ohw Y �r \= Wkhq iru doo { 5 i�4+Y , wkhuh h{lvwv Z{ �r [ vxfk

wkdw i+Z{, � Y= dqg wkhuhiruh

i�4+Y , @
^

{5i�4+Y ,
Z{ �r [=
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++, Jlyhq { 5 [ dqg Y �r \ vxfk wkdw i+{, 5 Y wdnh Z � i�4+Y , �r [
wkhq { 5Z dqg i+Z , � Y=

51 +,, Fohdu1 ++, Uhfdoo wkdw i�4+�+H,, @ �+i�4+H,, zkhuh i�4+H, @
ii�4+Y , = Y 5 Hj= Wkxv li i�4+H, frqvlvwv ri rshq vhwv wkhq i�4+�+H,, @
�+i�4+H,, � �[ > l1h1 i�4+�\ , � �[ 1

61 Vxssrvh wkdw Y �r ]> wkhq +j � i,�4 +Y , @ i�4+j�4+Y ,, �r [ vlqfh
j�4+Y , �r \=

Ohppd 41561 Vxssrvh wkdw i = [ $ \ lv d pds ehwzhhq wrsrorjlfdo vsdfhv1 Wkhq
wkh iroorzlqj duh htxlydohqw=

41 i lv frqwlqxrxv1
51 i+ �D, � i+D, iru doo D � [

61 i�4+E, � i�4+ �E, iru doo E C [=

Surri1 Li i lv frqwlqxrxv/ wkhq i�4
�
i+D,

�
lv forvhg dqg vlqfh D � i�4 +i+D,, �

i�4
�
i+D,

�
lw iroorzv wkdw �D � i�4

�
i+D,

�
= Iurp wklv htxdwlrq zh ohduq wkdw

i+ �D, � i+D, vr wkdw +4, lpsolhv +5, Qrz dvvxph +5,/ wkhq iru E � \ +wdnlqj
D @ i�4+ �E,, zh kdyh

i+i�4+E,, � i+i�4+ �E,, � i+i�4+ �E,, � �E

dqg wkhuhiruh

i�4+E, � i�4+ �E,=+416,

Wklv vkrzv wkdw +5, lpsolhv +6, Ilqdoo| li Ht1 +416, krogv iru doo E> wkhq zkhq E lv
forvhg wklv vkrzv wkdw

i�4+E, � i�4+ �E, @ i�4+E, � i�4+E,

zklfk vkrzv wkdw

i�4+E, @ i�4+E,=

Wkhuhiruh i�4+E, lv forvhg zkhqhyhu E lv forvhg zklfk lpsolhv wkdw i lv frqwlqxrxv1

H{huflvh 41571 Vxssrvh wkdw D dqg E duh forvhg vxevhwv ri d wrsrorjlfdo vsdfh [
dqg i 5 F+D, dqg j 5 F+E, vxfk wkdw i @ j rq D _E= Vkrz

I +{, @

�
i+{, li { 5 D
j+{, li { 5 E

gh�qhv d frqwlqxrxv ixqfwlrq rq D ^E=
Vroxwlrq1 Ohw F eh d forvhg vhw U ru F ghshqglqj rq wkh frqwh{w/ wkhq

I�4+F, @ i�4+F, ^ j�4+F,=

E| wkh frqwlqxlw| ri i dqg j> i�4+F, dqg j�4+F, duh uhodwlyho| forvhg vhwv lq D dqg
E uhvshfwlyho| dqg vlqfh D dqg E duh forvhg/ lw iroorzv wkdw i�4+F, dqg j�4+F, duh
forvhg lq [ dv zhoo1 Wkhuhiruh I�4+F, lv forvhg lq [ dqg khqfh forvhg lq D ^E>
vkrzlqj wkh I lv frqwlqxrxv1
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Sursrvlwlrq 41581 Li i = [ $ \ lv frqwlqxrxv dw { 5 [ dqg olpq$4 {q @ { 5 [>
wkhq olpq$4 i+{q, @ i+{, 5 \= Pruhryhu/ li wkhuh h{lvwv d frxqwdeoh qhljkerukrrg
edvh � � �{> wkhq i lv frqwlqxrxv dw { l� olp

q$4
i+{q, @ i+{, iru doo vhtxhqfhv

i{qj � [ zklfk duh frqyhujhqw wr {=

Surri1 Li i = [ $ \ lv frqwlqxrxv dqg Z 5 �i+{, � S+\ ,> wkhq wkhuh h{lvwv
Y 5 �{ vxfk wkdw i+Y , � Z= Vlqfh {q $ {> {q 5 Y d1d1 dqg wkhuhiruh i+{q, 5
i+Y , �Z d1d1/ l1h1 i+{q,$ i+{, dv q$4=

Frqyhuvho| vxssrvh wkdw � � iZqj4q@4 � �{ lv d frxqwdeoh edvh dqg
olp
q$4 i+{q, @ i+{, iru doo vhtxhqfhv i{qj � [= E| uhsodflqj Zq e| Z4 _ � � � _Zq

li qhfhvvdu|/ zh pd| dvvxph wkdw iZqj4q@4 lv d ghfuhdvlqj vhtxhqfh ri vhwv1 Li
i zhuh qrw frqwlqxrxv dw { wkhq wkhuh h{lvwv Y 5 �i+{, vxfk wkdw { @5 i�4+Y ,3=
Wkhuhiruh/ Zq lv qrw d vxevhw ri i�4+Y , iru doo q= Khqfh iru hdfk q> zh pd| fkrrvh
{q 5 Zq q i�4+Y ,= Wklv vhtxhqfh wkhq kdv wkh surshuw| wkdw {q $ { dv q $ 4
zkloh i+{q, @5 Y iru doo q dqg khqfh olpq$4 i+{q, 9@ i+{,=

4141 Frqqhfwhgqhvv1

Gh�qlwlrq 41591 +[> �, lv glvfrqqhfwhg li wkhuh h{lvwv qrq0hpsw| rshq vhwv X
dqg Y ri[ vxfk wkdw X_Y @ > dqg[ @ X^Y 1 Zh vd| iX> Y j lv d glvfrqqhfwlrq
ri [1 Wkh wrsrorjlfdo vsdfh +[> �, lv fdoohg frqqhfwhg li lw lv qrw glvfrqqhfwhg/
l1h1 li wkhuh duh qr glvfrqqhfwlrq ri [= Li D � [ zh vd| D lv frqqhfwhg l� +D> �D,
lv frqqhfwhg zkhuh �D lv wkh uhodwlyh wrsrorj| rq D= H{solflwo|/ D lv glvfrqqhfwhg
lq +[> �, l� wkhuh h{lvwv X> Y 5 � vxfk wkdw X _D 9@ >> X _D 9@ >> D _ X _ Y @ >
dqg D � X ^ Y=

Wkh uhdghu vkrxog fkhfn wkdw wkh iroorzlqj vwdwhphqw lv dq htxlydohqw gh�qlwlrq
ri frqqhfwlylw|1 D wrsrorjlfdo vsdfh +[> �, lv frqqhfwhg l� wkh rqo| vhwv D � [
zklfk duh erwk rshq dqg forvhg duh wkh vhwv [ dqg >=
Uhpdun 415:1 Ohw D � \ � [= Wkhq D lv frqqhfwhg lq [ l� D lv frqqhfwhg lq \ 1

Surri1 Vlqfh

�D � iY _D = Y � [j @ iY _D _ \ = Y � [j @ iX _D = X �r \ j>
wkh uhodwlyh wrsrorj| rq D lqkhulwhg iurp [ lv wkh vdph dv wkh uhodwlyh wrsrorj| rq
D lqkhulwhg iurp \ 1 Vlqfh frqqhfwlylw| lv d vwdwhphqw derxw wkh uhodwlyh wrsrorjlhv
rq D> D lv frqqhfwhg lq [ l� D lv frqqhfwhg lq \=

Wkh iroorzlqj hohphqwdu| exw lpsruwdqw ohppd lv ohiw dv dq h{huflvh wr wkh uhdghu1

Ohppd 415;1 Vxssrvh wkdw i = [ $ \ lv d frqwlqxrxv pds ehwzhhq wrsrorjlfdo
vsdfhv1 Wkhq i+[, � \ lv frqqhfwhg li [ lv frqqhfwhg1

Sursrvlwlrq 415<1 Ohw +[> �, eh d wrsrorjlfdo vsdfh1
41 Li E � [ lv d frqqhfwhg vhw dqg [ lv wkh glvmrlqw xqlrq ri wzr rshq vhwv X

dqg Y> wkhq hlwkhu E � X ru E � Y=
51 d, Li D � [ lv frqqhfwhg/ wkhq �D lv frqqhfwhg1

e, Pruh jhqhudoo|/ li D lv frqqhfwhg dqg E � dff+D,> wkhq D ^E lv frq0
qhfwhg dv zhoo1

61 Li iH�j�5D lv d froohfwlrq ri frqqhfwhg vhwv vxfk wkdw
W
�5DH� 9@ >> wkhq

\ =@
V
�5DH� lv frqqhfwhg dv zhoo1

71 Vxssrvh D>E � [ duh qrq0hpsw| frqqhfwhg vxevhwv ri [ vxfk wkdw �D_E 9@ >>
wkhq D ^E lv frqqhfwhg lq [=
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81 Hyhu| srlqw { 5 [ lv frqwdlqhg lq d xqltxh pd{lpdo frqqhfwhg vxevhw F{ ri
[ dqg wklv vxevhw lv forvhg1 Wkh vhw F{ lv fdoohg wkh frqqhfwhg frpsrqhqw
ri {=

Surri1

41 Vlqfh E lv wkh glvmrlqw xqlrq ri wkh uhodwlyho| rshq vhwv E _X dqg E _ Y> zh
pxvw kdyh E _ X @ E ru E _ Y @ E iru rwkhuzlvh iE _ X>E _ Y j zrxog eh
d glvfrqqhfwlrq ri E=

51 d1 Ohw \ @ �D htxlsshg zlwk wkh uhodwlyh wrsrorj| iurp [= Vxssrvh wkdw
X> Y �r \ irup d glvfrqqhfwlrq ri \ @ �D= Wkhq e| 41 hlwkhu D � X ru
D � Y= Vd| wkdw D � X= Vlqfh X lv erwk rshq dq forvhg lq \> lw iroorzv wkdw
\ @ �D � X= Wkhuhiruh Y @ > dqg zh kdyh d frqwudglfwlrq wr wkh dvvxpswlrq
wkdw iX> Y j lv d glvfrqqhfwlrq ri \ @ �D= Khqfh zh pxvw frqfoxgh wkdw \ @ �D
lv frqqhfwhg dv zhoo1

e1 Qrz ohw \ @ D ^E zlwk E � dff+D,> wkhq

�D\ @ �D _ \ @ +D ^ dff+D,, _ \ @ D ^E=
Ehfdxvh D lv frqqhfwhg lq \> e| +5, e1 \ @ D ^E @ �D\ lv dovr frqqhfwhg1

61 Ohw \ =@
V
�5DH�= E| Uhpdun 415:/ zh nqrz wkdw H� lv frqqhfwhg lq \ iru

hdfk � 5 D= Li iX> Y j zhuh d glvfrqqhfwlrq ri \> E| lwhp +4,/ hlwkhu H� � X
ru H� � Y iru doo �= Ohw � @ i� 5 D = H� � Xj wkhq X @ ^�5�H� dqg
Y @ ^�5Dq�H�= +Qrwlfh wkdw qhlwkhu � ru D q � fdq eh hpsw| vlqfh X dqg
Y duh qrw hpsw|1, Vlqfh

> @ X _ Y @
^

�5�>�5�f +H� _H�, �
_
�5D

H� 9@ >=

zh kdyh uhdfkhg d frqwudglfwlrq dqg khqfh qr vxfk glvfrqqhfwlrq h{lvwv1
71 Ohw \ @ D^E dqg/ iru vdnh ri frqwudfwlrq/ vxssrvh wkdw \ zhuh glvfrqqhfwhg1

Vlqfh D dqg E duh frqqhfwhg/ lw iroorzv iurp lwhp +4, wkdw iD>Ej lv wkh rqo|
srvvleoh glvfrqqhfwlrq ri \= Lq sduwlfxodu lw iroorzv wkdw �D\ @ D= Rq wkh rwkhu
kdqg zh kdyh vhhq wkdw �D\ @ �D_\ @ �D_E= Wkhuhiruh D @ �D_E= Exw vlqfh
iD>Ej lv d glvfrqqhfwlrq/ > @ D _E @ �D _E 9@ > zklfk lv d frqwudglfwlrq1

81 Ohw F ghqrwh wkh froohfwlrq ri frqqhfwhg vxevhwv F � [ vxfk wkdw { 5 F=
Wkhq e| lwhp 61/ wkh vhw F{ =@ ^F lv dovr d frqqhfwhg vxevhw ri [ zklfk
frqwdlqv { dqg fohduo| wklv lv wkh xqltxh pd{lpdo frqqhfwhg vhw frqwdlqlqj {=
Vlqfh �F{ lv dovr frqqhfwhg e| lwhp +5, dqg F{ lv pd{lpdo/ F{ @ �F{> l1h1 F{
lv forvhg1

H{dpsoh 41631 Wkh frqqhfwhg vxevhwv ri U duh lqwhuydov1

Surri1 Vxssrvh wkdw D � U lv d frqqhfwhg vxevhw dqg wkdw d> e 5 D zlwk
d ? e= Li wkhuh h{lvwv f 5 +d> e, vxfk wkdw f @5 D> wkhq X =@ +�4> f, _ D dqg
Y =@ +f>4,_D zrxog irup d glvfrqqhfwlrq ri D= Khqfh +d> e, � D= Ohw � =@ lqi+D,
dqg � =@ vxs+D, dqg fkrrvh �q> �q 5 D vxfk wkdw �q ? �q dqg �q & � dqg
�q % � dv q $ 4= E| zkdw zh kdyh mxvw vkrzq/ +�q> �q, � D iru doo q dqg khqfh
+�> �, @ ^4q@4+�q> �q, � D= Iurp wklv lw iroorzv wkdw D @ +�> �,> ^�> �,> +�> �` ru
^�> �`> l1h1 D lv dq lqwhuydo1
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Frqyhuvho|4 vxssrvh wkdw D lv dq lqwhuydo/ dqg iru vdnh ri frqwudglfwlrq/ vxssrvh
wkdw iX> Y j lv d glvfrqqhfwlrq ri D zlwk d 5 X> e 5 Y= Diwhu uhodeholqj X dqg
Y li qhfhvvdu| zh pd| dvvxph wkdw d ? e= Vlqfh D lv dq lqwhuydo ^d> e` � D= Ohw
s @ vxs +^d> e` _X, > wkhq ehfdxvh X dqg Y duh rshq/ d ? s ? e= Qrz s fdq qrw
eh lq X iru rwkhuzlvh vxs +^d> e` _ X, A s dqg s fdq qrw eh lq Y iru rwkhuzlvh
s ? vxs +^d> e` _ X, = Iurp wklv lw iroorzv wkdw s @5 X ^ Y dqg khqfh D 9@ X ^ Y
frqwudglfwlqj wkh dvvxpswlrq wkdw iX>Y j lv d glvfrqqhfwlrq1

4151 Vhsdudeoh Vsdfhv1

Gh�qlwlrq 41641 D vhw D � [ lv vdlg wr eh ghqvh li �D @ [= D wrsrorjlfdo vsdfh
[ lv vhsdudeoh li wkhuh h{lvwv d frxqwdeoh ghqvh vxevhw D � [=

H{dpsoh 41651 kh iroorzlqj duh h{dpsoh ri frxqwdeoh ghqvh vhwv1
41 Wkh udwlrqdo qxpehu T duh ghqvh lq U htxlsshg zlwk wkh xvxdo wrsrorj|1
51 Pruh jhqhudoo|/ Tg lv d frxqwdeoh ghqvh vxevhw ri Ug iru dq| g 5 Q=
61 Li +[> �, lv d phwulf vsdfh zklfk lv vhsdudeoh wkhq hyhu| vxevhw \ � [ lv dovr

vhsdudeoh lq wkh lqgxfhg wrsrorj|1

Surri1 +6, Ohw D � [ eh d frxqwdeoh ghqvh vhw dqg ohw D @ i{qj4q@41 Vhw
�+{> \ , @ lqii�+{> |, = | 5 \ j wkh glvwdqfh iurp { wr \ 1 Uhfdoo wkdw �+�> \ , = [ $
^3>4, lv frqwlqxrxv1 Lqghhg/ li {> } 5 [ dqg | 5 \ wkhq

�+{> \ , � �+{> |, � �+{> }, . �+}> |,=+417,

Wdnlqj wkh lqi ryhu | 5 \ lq +417, lpsolhv

�+{> \ , � �+{> }, . �+}> \ , ru

�+{> \ ,� �+}> \ , � �+{> },=+418,

Htxdwlrq +418, dorqj zlwk Ht1 +418, zlwk { dqg } lqwhufkdqjhg vkrzv wkdw

m�+{> \ ,� �+}> \ ,m � �+{> },

zklfk fhuwdlqo| lpsolhv wkdw �+�> \ , lv frqwlqxrxv1
Ohw �q @ �+{q> \ , � 3 dqg iru hdfk q ohw |q 5 E{q+

4
q, _ \ li �q @ 3 rwkhuzlvh

fkrrvh |q 5 E{q+5�q,_\= Wkhq li | 5 \ dqg � A 3 zh pd| fkrrvh q 5 Q vxfk wkdw
�+|> {q, � �q ? �@6 dqg 4

q ? �@6= Li �q A 3> �+|q> {q, � 5�q ? 5�@6 dqg li �q @ 3>
�+|q> {q, ? �@6 dqg wkhuhiruh

�+|> |q, � �+|> {q, . �+{q> |q, ? �=

Wklv vkrzv wkdw E � i|qj4q@4 lv d frxqwdeoh ghqvh vxevhw ri \=
Sursrvlwlrq 41661 Hyhu| vhsdudeoh phwulf vsdfh lv vhfrqg frxqwdeoh1

�+Dq Rog surri1, Frqyhuvho| vxssrvh wkdw � lv dq lqwhuydo zklfk iru vdnh ri frqwudglfwlrq lv
qrw frqqhfwhg1 Ohw Lc T af U vxfk wkdw � K L dqg � K T lv d glvfrqqhfwlrq ri �� Ohw @ M � K L
dqg K M � K T dqg qrwlfh wkdw @ �' K ehfdxvh � K L K T ' �� Zlwk rxw orvv ri jhqhudolw| zh pd|
dvvxph wkdw @ 	 K� Vlqfh � lv dq lqwhuydo/ zh nqrz wkdw d@c Ko a ��

Qrz ohw R 
 t�Ttd@c KoKL�� Zh zloo qrz �qlvk wkh surri e| vkrzlqj wkdw R M �KL KT zklfk

zloo frqwudglfw wkh dvvxpswlrq wkdw � K L K T ' �� E| Ohppd 414: R M L K �U dqg e| +4, ri

Ohppd 4145/ L K �U ' L K ��� Vlqfh L K � lv forvhg lq �c lw iroorzv wkdw R M L K �� ' L K ��
Iurp wklv lw iroorzv wkdw R ' K iru rwkhuzlvh t�Ttd@c Ko K L� : R� Exw wkhq R ' K M T K � dqg
khqfh R M � K L K T�
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Surri1 Ohw i{qj4q@4 eh d frxqwdeoh ghqvh vxevhw ri [1 Ohw H �
i[> >j

4V
p>q@4

iE{q+up,j � ��/ zkhuh iupj4p@4 lv ghqvh lq +3>4,1 Wkhq H lv d

frxqwdeoh edvh iru ��= Wr vhh wklv ohw Y � [ eh rshq dqg { 5 Y 1 Fkrrvh
� A 3 vxfk wkdw E{+�, � Y dqg wkhq fkrrvh {q 5 E{+�@6,= Fkrrvh up qhdu
�@6 vxfk wkdw �+{> {q, ? up ? �@6 vr wkdw { 5 E{q+up, � Y 1 Wklv vkrzv
Y @

V iE{q+up, = E{q+up, � Y j =

4161 Erxqghg Ixqfwlrqv dv Phwulf Vsdfhv1

Gh�qlwlrq 41671 Ohw E+[>F, ghqrwh wkh erxqghg ixqfwlrqv lq F[ dqg E+[>U,
ghqrwh wkh erxqghg ixqfwlrqv lqU[ =Zhpd| htxls wkhvh vsdfhv zlwk wkh vxsuhpxp
+ru xqlirup, qrup=

nin4 � ninx � vxsimi+{,m = { 5 [j
dqg ohw � eh wkh dvvrfldwhg �xqlirup phwulf/�

�+i> j, @ ni � jn4 iru doo i> j 5 E+[,

zkhuh E+[, lv hlwkhu E+[>F,= ru E+[>U,=

Ohppd 41681 Wkh phwulf vsdfh +E+[,> �, dv gh�qhg deryh lv frpsohwh1

Surri1 Lw lv hdvlo| fkhfnhg wkdw � lv d phwulf1 Iru frpsohwhqhvv/ ohw iiqj4q@4 eh
d Fdxfk| vhtxhqfh lq E+[, wkhq iiq+{,j4q@4 � F lv Fdxfk| iru doo { 5 [1 Khqfh
e| frpsohwhqhvv ri F ru U> i+{, � olp

q$4
iq+{, h{lvwv iru doo { 5 [= Qrwlqj wkdw

mi+{,� iq+{,m � mi+{,� ip+{,m. mip+{,� iq+{,m
� mi+{,� ip+{,m. nip � iqn4>

zh kdyh

mi+{,� iq+{,m � olp
p$4

mi+{,� ip+{,m. olp
p$4

nip � iqn4 @ olp
p$4

nip � iqn4=
Wdnlqj wkh vxs ri wkh ohiw phpehu ri wklv htxdwlrq ryhu { dqg wkh ohwwlqj q $4
jlyhv

ni � iqn4 � olp
p$4

nip � iqn4 $ 3 dv q$4
zkhuhlq zh kdyh xvhg iiqj lv Fdxfk| lq E+[,= Wkhuhiruh/ iq $ i xqlirupo| dqg

nin4 � ni � iqn4 . niqn4 ?4
vr wkdw i 5 E+[,=

Qrwdwlrq 41691 Jlyhq d wrsrorjlfdo vsdfh [> ohw F+[, ghqrwh wkh frqwlqxrxv
ixqfwlrqv iurp [ $ U ru [ $ F= Dovr ohw EF+[, @ F +[,_E+[,> l1h1 wkh vsdfh
ri erxqghg frqwlqxrxv ixqfwlrqv rq [=

Sursrvlwlrq 416:1 Wkh vsdfh EF+[, lv d forvhg vxevsdfh ri +E+[,> �,> zkhuh �
lv wkh vxs0qrup phwulf1

Surri1 Zh zloo suryh wklv e| vkrzlqj wkdw EF+[, � EF+[,= Vr ohw i 5 EF+[,

dqg fkrrvh iq 5 EF+[, vxfk wkdw iq
��$ i dv q$4> l1h1 �+i> iq, $ 3= Zh zloo

vkrzv wkdw i 5 F+[, dqg khqfh i 5 EF+[, vkrzlqj EF+[, � EF+[,=
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Ohw { 5 [ dqg � A 3 eh jlyhq dqg fkrrvh Q 5 Q vr odujh wkdw ni � iqn4 � �@6
iru doo q � Q= Wkhq iru dq| lq [ zh kdyh

mi+{,� i+|,m � mi+{,� iq+{,m. miq+{,� iq+|,m. mi+|,� iq+|,m
� 5ni � iqn4 . miq+{,� iq+|,m
� 5

6
�. miq+{,� iq+|,m=

Fkrrvh Y rshq lq [ vxfk wkdw { 5 Y dqg iq+Y , � Eiq+{,+�@6,/ l1h1 vr wkdw
miq+{,� iq+|,m ? �@6 iru doo | 5 Y= Wkhq

mi+{,� i+|,m ? 5�

6
.
�

6
@ � iru doo | 5 Y=

Vlqfh � A 3 lv duelwudu|/ zh vkrzq wkdw i lv frqwlqxrxv dw {=

Uhpdun 416;1 Qrwlfh wkdw EF+[, lv frpsohwh vlqfh lw lv hdvlo| yhul�hg wkdw d forvhg
vxevhw ri d frpsohwh phwulf vsdfh lv dovr d frpsohwh phwulf vsdfh1

416141 Dssolfdwlrq= Dq RGH H{lvwhqfh Wkhruhp1 Lq wklv vhfwlrq vxssrvh wkdw
U dqg Ug duh htxlsshg zlwk wkh vwdqgdug Hxfolghdq wrsrorjlhv wkdw i = U�Ug $ U
lv d frqwlqxrxv ixqfwlrq1 Ixuwkhu dvvxph wkhuh lv d frqvwdqw N ?4 vxfk wkdw

mi+w> {,� i+w> |,m � Nm{� |m iru doo w 5 U dqg {> | 5 Ug=
Zh zlvk wr �qg d F4 ixqfwlrq | = U$ Ug vroylqj wkh ruglqdu| gl�huhqwldo htxdwlrq/

b|+w, @ i+w> |+w,, zlwk |+3, @ |3+419,

zkhuh |3 lv d jlyhq srlqw Ug= Lw lv hdvlo| fkhfnhg wkdw vroylqj Ht1 +419, lv htxlydohqw
wr �qglqj d frqwlqxrxv ixqfwlrq | = U$ Ug vxfk wkdw

|+w, @ |3 .

] w

3

i+�> |+�,,g�=+41:,

Lq jhqhudo qr vxfk vroxwlrq h{lvwv1 Krzhyhu/ li zh uhvwulfw w lq vrph qhljkerukrrg
ri 3> dqg rqo| uhtxluh | wr eh gh�qhg rq wklv qhljkerukrrg/ vroxwlrqv gr h{lvw1 Lq
sduwlfxodu zh kdyh wkh iroorzlqj wkhruhp1

Wkhruhp 416<1 Nhhslqj wkh qrwdwlrq dqg dvvxpswlrqv deryh1 Iru doo 3 ? W ?
N�4> wkhuh h{lvwv d xqltxh vroxwlrq | = +�W> W ,$ Ug wr Ht1 +419,1

Surri1 Ohw [ ghqrwh wkh frpsohwh phwulf vsdfh ri erxqghg ixqfwlrqv iurp
+�W> W ,$ Ug htxlsshg zlwk wkh xqlirup phwulf=

�+{> |, @ vxs
w5+�W>W ,

m{+w,� |+w,m =

Iru { 5 [> ohw

V+{,+w, @ |3 .

] w

3

i+�> {+�,,g�

dqg qrwlfh wkdw iru {> | 5 [ dqg w 5 +�W> W , wkdw

mV+{,+w,� V+|,+w,m @
����] w

3

^i+�> {+�,,� i+�> |+�,,`g�

����
�
����] w

3

Nm{+�,� |+�,mg�
����

� WNn{� |n4=
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ε

δ

 

)

]

Iljxuh 51 Dq doprvw ohqjwk plqlpl}lqj fxuyh mrlqlqj { wr |=

Wdnlqj wkh vxs ri wklv htxdwlrq ryhu w vkrzv wkdw

nV+{,� V+|,n4 � �n{� |n4+41;,

zkhuh � @ NW ? 4= Wklv htxdwlrq zlwk | � 3 lpsolhv wkdw

nV+{,n4 � nV+3,n4 . nV+{,� V+3,n4 � nV+3,n4 . �n{n4 ?4=

Wkhuhiruh V = [ $ [ lv d frqwudfwlrq dqg wkhuhiruh e| wkh frqwudfwlrq pdsslqj
sulqflsoh +vhh |rxu krphzrun, kdv d xqltxh �{hg srlqw/ |= Wklv lv wr vd|

|+w, @ V+|,+w, @ |3 .

] w

3

i+�,> |+�,,g� iru doo w 5 +�W> W ,=

4171 Dsshqgl{ rq Ulhpdqqldq Phwulfv1 Wklv vxevhfwlrq lv qrw frpsohwho| vhoi
frqwdlqhg dqg pd| vdiho| eh vnlsshg1

Ohppd 41731 Vxssrvh wkdw [ lv d Ulhpdqqldq +ru vxe0Ulhpdqqldq, pdqlirog
dqg � lv wkh phwulf rq [ gh�qhg e|

�+{> |, @ lqi ic+�, = �+3, @ { dqg �+4, @ |j
zkhuh c+�, lv wkh ohqjwk ri wkh fxuyh �= Zh gh�qh c+�, @ 4 li � lv qrw slhfhzlvh
vprrwk1

Wkhq

E{+�, @ F{+�, dqg

CE{+�, @ i| 5 [ = �+{> |, @ �j=
Surri1 Ohw F =@ F{+�, � E{+�, @= �E= Zh zloo vkrz wkdw F � �E e| vkrzlqj

�Ef � Ff= Vxssrvh wkdw | 5 �Ef dqg fkrrvh � A 3 vxfk wkdw E|+�, _ �E @ >= Lq
sduwlfxodu wklv lpsolhv wkdw

E|+�, _E{+�, @ >=
Zh zloo �qlvk wkh surri e| vkrzlqj wkdw �+{> |, � �. � A � dqg khqfh wkdw | 5 Ff=
Wklv zloo eh dffrpsolvkhg e| vkrzlqj= li �+{> |, ? �. � wkhq E|+�, _E{+�, 9@ >=

Li �+{> |, ? pd{+�> �, wkhq hlwkhu { 5 E|+�, ru | 5 E{+�,= Lq hlwkhu fdvh E|+�, _
E{+�, 9@ >= Khqfh zh pd| dvvxph wkdw pd{+�> �, � �+{> |, ? �. �= Ohw � A 3 eh d
qxpehu vxfk wkdw

pd{+�> �, � �+{> |, ? � ? �. �

dqg fkrrvh d fxuyh � iurp { wr | vxfk wkdw c+�, ? �= Dovr fkrrvh 3 ? �3 ? � vxfk
wkdw 3 ? � � �3 ? � zklfk fdq eh grqh vlqfh � � � ? �= Ohw n+w, @ �+|> �+w,, d
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frqwlqxrxv ixqfwlrq rq ^3> 4` dqg wkhuhiruh n+^3> 4`, � U lv d frqqhfwhg vhw zklfk
frqwdlqv 3 dqg �+{> |,= Wkhuhiruh wkhuh h{lvwv w3 5 ^3> 4` vxfk wkdw �+|> �+w3,, @
n+w3, @ �3= Ohw } @ �+w3, 5 E|+�, wkhq

�+{> }, � c+�m^3>w3`, @ c+�,� c+�m^w3>4`, ? �� �+}> |, @ �� �3 ? �

dqg wkhuhiruh } 5 E{+�, _E{+�, 9@ >=
Uhpdun 41741 Vxssrvh djdlq wkdw [ lv d Ulhpdqqldq +ru vxe0Ulhpdqqldq, pdql0
irog dqg

�+{> |, @ lqi ic+�, = �+3, @ { dqg �+4, @ |j =
Ohw � eh d fxuyh iurp { wr | dqg ohw � @ c+�,� �+{> |,= Wkhq iru doo 3 � x ? y � 4>

�+�+x,> �+y,, � c+�m^x>y`, . �=

Vr li � lv zlwklq � ri d ohqjwk plqlpl}lqj fxuyh iurp { wr | wkdw �m^x>y` lv zlwklq
� ri d ohqjwk plqlpl}lqj fxuyh iurp �+x, wr �+y,= Lq sduwlfxodu li �+{> |, @ c+�,
wkhq �+�+x,> �+y,, @ c+�m^x>y`, iru doo 3 � x ? y � 4> l1h1 li � lv d ohqjwk plqlpl}lqj
fxuyh iurp { wr | wkdw �m^x>y` lv d ohqjwk plqlpl}lqj fxuyh iurp �+x, wr �+y,=

Wr suryh wkhvh dvvhuwlrqv qrwlfh wkdw

�+{> |, . � @ c+�, @ c+�m^3>x`, . c+�m^x>y`, . c+�m^y>4`,
� �+{> �+x,, . c+�m^x>y`, . �+�+y,> |,

dqg wkhuhiruh

c+�m^x>y`, � �+{> |, . �� �+{> �+x,,� �+�+y,> |,

� �+�+x,> �+y,, . �=

51 Qrupdo Vsdfhv

Gh�qlwlrq 5141 D wrsrorjlfdo vsdfh +[> �, lv vdlg wr eh qrupdo ru W7 li=
41 [ lv Kdxvgru� dqg
51 li iru dq| wzr forvhg glvmrlqw vxevhwv D>E � [ wkhuh h{lvwv glvmrlqw rshq vhwv

Y>Z � [ vxfk wkdw D � Y dqg E �Z=

Uhpdun 5151 Vxssrvh wkdw [ lv qrupdo dqg F � Z �3 [ dqg F lv forvhg1 Wkhq
wkhuh h{lvwv X �r [ vxfk wkdw

F � X � �X �Z=

Lqghhg/ Vlqfh Z f lv forvhg dqg F _Z f @ >> wkhuh h{lvwv glvmrlqw rshq vhwv X dqg
Y vxfk wkdw F � X dqg Z f � Y= Wkhuhiruh F � X � Y f � Z dqg vlqfh Y f lv
forvhg/ zh pd| frqfoxgh wkdw F � X � �X � Y f �Z=

Wkh frqyhuvh ri wkh deryh uhpdun krogv dv zhoo1 Qdpho| li iru doo F �Z �r [
zlwk F forvhg/ wkhuh h{lvwv X �r [ vxfk wkdw F � X � �X �Z> wkhq [ lv qrupdo1
Wr suryh wklv/ li D dqg E duh glvmrlqw forvhg vhw lq [> wkhq D � Ef dqg Ef lv rshq/
khqfh wkhuh h{lvwv X �r [ vxfk wkdw

D � X � �X � Ef

dqg e| wkh vdph wrnhq wkhuh h{lvwv Z �r [ vxfk wkdw �X �Z � �Z � Ef= Wdnlqj
frpsohphqwv ri wkh odvw h{suhvvlrq lpsolhv

E � �Z f �Z f � �Xf=

Ohw Y @ �Z f= Wkhq D � X �r [> E � Y �r [ dqg X _ Y � X _Z f @ >=
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Ohppd 516 +Xu|vrkq*v Ohppd iru Phwulf Vsdfhv,1 Hyhu| phwulf vsdfh/ +[> �,> lv
qrupdo1 Pruhryhu li D dqg E duh glvmrlqw forvhg vxevhwv ri [> wkhq wkhuh h{lvwv
i 5 F+[> ^3> 4`, vxfk wkdw i @ 3 rq D dqg i @ 4 rq E1

Surri1 Ohw �D+{, @ �+{>D, dqg �E+{, @ �+{>E, ghqrwh wkh glvwdqfh iurp { wr
D dqg E uhvshfwlyho|1 Zh zloo vkrz wkdw

i+{, @
�D+{,

�D+{, . �E+{,

lv wkh ghvluhg ixqfwlrq1 Vlqfh Ef lv rshq/ li { 95 E wkhuh h{lvwv dq � A 3 vxfk wkdw
E{+�, � Ef dqg khqfh �E+{, � � A 3= Vlploduo| li { 95 D wkdq �D+{, A 3 dqg
wkhuhiruh ehfdxvh Df ^Ef @ [>

�D+{, . �E+{, A 3 iru doo { 5 [=

Wkhuhiruh i lv zhoo gh�qhg dqg ehlqj wkh frpsrvlwlrq ri frqwlqxrxv ixqfwlrqv lv
frqwlqxrxv vr i 5 F+[> ^3> 4`,= Lw lv qrz fohdu wkdw dqg i+{, @ 3 li { 5 D dqg
i+{, @ 4 li { 5 E=

Wkh rshq vhwv/ Y @ i�4+�4> 4@5, dqg Z @ i�4+4@5>4,> duh glvmrlqw dqg
D � Y dqg E �Z=

Wkhruhp 517 +Xu|vrkq*v Ohppd iru Qrupdo Vsdfhv,1 Ohw [ eh d qrupdo vsdfh1
Dvvxph D>E duh glvmrlqw forvhg vxevhwv ri [1 Wkhq wkhuh h{lvwv i 5 F+[> ^3> 4`,
vxfk wkdw i @ 3 rq D dqg i @ 4 rq E=

Zh zloo suryh wklv wkhruhp diwhu wkh qh{w Ohppd1 Wkh lghd ri wkh surri lv wr
gh�qh i e| lwv ohyho vhwv1 Iru prwlydwlrqdo sxusrvhv/ vxssrvh wkdw i 5 F+[> ^3> 4`,
vxfk wkdw i @ 3 rq D dqg i @ 4 rq E= Iru u A 3> ohw Xu @ ii ? uj = Wkhq iru u ? v>
Xu � ii � uj � Xv dqg vlqfh ii � uj lv forvhg wklv lpsolhv wkdw

D � Xu � �Xu � ii � uj � Xv � Ef

iru doo 3 ? u ? v � 4= Wkhuhiruh dvvrfldwhg wr wkh ixqfwlrq i lv wkh froohfwlrq rshq
vhw iXujuA3 zlwk wkh surshuw| wkdw D � Xu � �Xu � Xv � Ef iru doo 3 ? u ? v � 4
dqg Xu @ [ li u A 4= Ilqdoo| ohw xv qrwlfh wkdw zh pd| uhfryhu wkh ixqfwlrq i iurp
wkh vhtxhqfh iXujuA3 e| wkh irupxod

i+{, @ lqiiu A 3 = { 5 Xuj=
Krshixoo| wkhvh uhpdunv zloo khos wkh uhdghu xqghuvwdqg wkh prwlydwlrq iru wkh
surri ri Wkhruhp 5171 Iru wkh uhpdlqghu ri wklv vhfwlrq ohw

G � �n5�q = n @ 4> 5> = = = > 5�4> q @ 4> 5> = = =
�

eh wkh g|dglf udwlrqdohv lq +3> 4`=

Ohppd 5181 Vxssrvh wkdw +[> �, lv qrupdo dqg D>E duh glvmrlqw forvhg vxevhwv ri
[= Wkhq wkhuh h{lvwv iXuju5G � � vxfk wkdw iru doo u ? v lq G>

D � Xu � Xu � Xv � X4 @ Ef=

Surri1 Ohw X4 @ Ef= E| Uhpdun 515 wkhuh h{lvwv X4@5 �r [ vxfk wkdw

D � X4@5 � �X4@5 � X4=

Vlploduo| zh pd| frqvwuxfw X4@5> X6@7 �r [ vxfk wkdw

D � X4@7 � �X4@7 � X4@5 � �X4@5 � X6@7 � �X6@7 � X4



49 EUXFH N1 GULYHU

dqg wkhq zh pd| frqvwuxfw X4@;> X6@;> X8@;> X:@; �r [ vxfk wkdw

D � X4@; � �X4@; � X4@7 � �X4@7 � X6@; � �X6@; � X4@5

� �X4@5 � X8@; � �X8@; � X6@7 � �X6@7 � X:@; � �X:@; � X4=

Lw lv qrz hdv| wr frqwlqxh +lqgxfwlyho|, lq wklv idvklrq wr frqvwuxfw wkh ghvluhg
vhtxhqfh iXuju5G � �= Wkh ghwdlov duh ohiw wr wkh uhdghu1
Surri1 +Xu|vrkq*v Ohppd iru Qrupdo Vsdfhv, Ohw iXuju5G � � eh dv lq Ohppd

518/ Xu � [ li u A 4 dqg gh�qh

i+{, @ lqiiu 5 G ^ ^4>4, = { 5 Xuj=
Qrwlfh wkdw i+{, 5 ^3> 4` iru doo { 5 [/ li { 5 D wkhq i+{, @ 3 vlqfh { 5 Xu iru
doo u 5 G dqg li { 5 E> wkhq { @5 Xu iru doo u 5 G dqg khqfh i+{, @ 4= Vr lw
rqo| uhpdlqv wr vkrz i lv frqwlqxrxv1 Zh zloo gr wklv e| vkrzlqj wkdw ii ? �j
dqg ii A �j duh rshq vhwv iru doo � 5 U= Wklv zloo vkrzv i lv frqwlqxrxv vlqfh
H @ i+�>4,> +�4> �, = � 5 Uj lv d vxeedvh iru wkh wrsrorj| rq U=

Li { 5 [> wkhq i+{, ? � l� wkhuh h{lvwv u ? � vxfk wkdw { 5 Xu vr wkdw

ii ? �j @
^
u?�

Xu �r [=

Vlploduo|/ i+{, A � l� wkhuh h{lvwv u A � zlwk { 95 Xu= Qrz li u A � dqg { 95 Xu
wkhq iru � ? v ? u> { @5 �Xv � Xu= Wkxv zh kdyh vkrzq wkdw

ii A �j @
^
vA�

X
f
v �r [=

Wkhruhp 519 +Wlhw}h H{whqvlrq Wkhruhp,1 Ohw [ eh d qrupdo vsdfh/ D C [>
�4 ? d ? e ?4 dqg i 5 F+D> ^d> e`,= Wkhq wkhuh h{lvwv I 5 F+[> ^d> e`, vxfk wkdw
I mD @ i 1

Surri1 E| wudqvodwlqj dqg vfdolqj zh pd| dvvxph d @ 3 dqg e @ 4=Zh zloo qrz
frqvwuxfw I e| d vhtxhqfh ri dssur{lpdwlrqv1 Iluvwo| ohw E>F � D eh wkh forvhg
vxevhwv ri [ gh�qhg e| E @ i�4+^3> 46 `, dqg F @ i�4+^56 > 4`,= E| Xu|vrkq*v Ohppd
fkrrvh j4 5 F+[> ^3> 46 `,> vxfk wkdw j4 @ 3 rq E dqg j4 @ 4

6 rq F= Ohw i4 @ i�j4mD>
wkhq i4+{, @ i+{, iru { 5 E> 3 � i4+{, � i+{, � 4@6 iru { 5 i�4+^4@6> 5@6`, dqg
3 � i4+{, � 5@6 iru { 5 F dqg wkxv

3 � i4 � 5@6 rq D=

Dsso|lqj wkh vdph frqvwuxfwlrq zh pd| �qg j5 5 F+[> ^3> 46 `, vxfk wkdw i5 =@
6
5i4 � j5mD vdwlv�hv

3 � i5 � 5@6 rq D=

Frqwlqxlqj wklv zd| lqgxfwlyho| zh pd| �qg jq 5 F+[> ^3> 46 `, dqg iq =@ 6
5iq�4 �

jqmD vxfk wkdw

3 � iq � 5@6 rq D=
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Qrz rq D>

i @ i4 . j4 @
5

6
+i5 . j5, . j4 @

5

6
i5 .

5

6
j5 . j4

@
5

6

5

6
+i6 . j6, .

5

6
j5 . j4 @

�
5

6

�5
i6 .

�
5

6

�5
j6 .

5

6
j5 . j4

@ = = =

@

�
5

6

�q�4
iq .

q�4[
n@4

�
5

6

�n�4
jn=

Khqfh li zh gh�qh Iq+{, =@
Sq�4

n@4

�
5
6

�n�4
jn> wkhq Iq frqyhujhv xqlirupo| wr wkh

frqwlqxrxv ixqfwlrq

I @
4[
n@4

�
5

6

�n�4
jn=

Vlqfh miqm � 5@6 rq D>

mi � I m @ olp
q$4

mi � Iqm @ olp
q$4

�
5

6

�q�4
miqm @ 3 rq D>

l1h1 i @ I mD= Wr �qlvk wkh surri qrwlfh wkdw/ rq [>

3 � I @
4[
n@4

�
5

6

�n�4
jn � 5

6

4[
n@4

�
5

6

�n�4
@

5

6

4

4� 5@6
@ 4=

Fruroodu| 51:1 Vxssrvh wkdw [ lv d qrupdo wrsrorjlfdo vsdfh/ D � [ lv forvhg/
I 5 F+D>U,= Wkhq wkhuh h{lvwv I 5 F+[, vxfk wkdw I mD @ i=

Surri1 Ohw j @ dufwdq+i, 5 F+D> +��
5 >

�
5 ,,= Wkhq e| wkh Wlhw}h h{whqvlrq wkhr0

uhp/ wkhuh h{lvwv J 5 F+[> ^��
5 >

�
5 `, vxfk wkdw JmD @ j= Ohw E � J�4+i��

5 >
�
5 j, C

[> wkhq E _ D @ >= E| Xu|vrkq*v ohppd wkhuh h{lvwv k 5 F+[> ^3> 4`, vxfk wkdw
k � 4 rq D dqg k @ 3 rq E dqg lq sduwlfxodu kJ 5 F+D> +��

5 >
�
5 ,, dqg +kJ, mD @ j=

Wkh ixqfwlrq I � wdq+kJ, 5 F+[, lv dq h{whqvlrq ri i=

61 Frpsdfw Vsdfhv

Gh�qlwlrq 6141 Ohw +[> �, eh d wrsrorjlfdo vsdfh dqg D � [= Zh vd| d vxevhw
X � � lv dq rshq fryhu ri D li D � ^X = Wkh vhw D lv vdlg wr eh frpsdfw li hyhu|
rshq fryhu ri D kdv �qlwh d vxe0fryhu/ l1h1 li X lv dq rshq fryhu ri D wkhuh h{lvwv
X3 �� X vxfk wkdw X3 lv d fryhu ri D= +Zh zloo zulwh D CC [ wr ghqrwh wkdw
D � [ dqg D lv frpsdfw1, D vxevhw D � [ lv suhfrpsdfw li �D lv frpsdfw1 Dv
xvxdo/ wkh uhdghu vkrxog qrwlfh wkdw D � [ lv frpsdfw l� +D> �D, lv frpsdfw1

Gh�qlwlrq 6151 Zh vd| d froohfwlrq I ri forvhg vxevhwv ri d wrsrorjlfdo vsdfh
+[> �, kdv wkh �qlwh lqwhuvhfwlrq surshuw| li _I3 9@ > iru doo I3 �� I =

Wkh qrwlrq ri frpsdfwqhvv pd| eh h{suhvvhg lq whupv ri forvhg vhwv dv iroorzv1

Sursrvlwlrq 6161 D wrsrorjlfdo vsdfh [ lv frpsdfw l� hyhu| idplo| ri forvhg vhwv
I � S+[, zlwk wkh �qlwh lqwhuvhfwlrq surshuw| vdwlv�hv

WI 9@ >=
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Surri1 +,, Vxssrvh wkdw [ lv frpsdfw dqg I � S+[, lv d froohfwlrq ri forvhg
vhwv vxfk wkdw

WI @ >= Ohw
X @ If =@ iFf = F 5 Ij � �>

wkhq X lv d fryhu ri [ dqg khqfh kdv d �qlwh vxefryhu/ X3= Ohw I3 @ Xf3 �� I >
wkhq _I3 @ > vr wkdw I grhv qrw kdyh wkh �qlwh lqwhuvhfwlrq surshuw|1

++, Li [ lv qrw frpsdfw/ wkhuh h{lvwv dq rshq fryhu X ri [ zlwk qr �qlwh vxe0
fryhu1 Ohw I @ Xf> wkhq I lv d froohfwlrq ri forvhg vhwv zlwk wkh �qlwh lqwhuvhfwlrq
surshuw| zkloh

WI @ >=
Sursrvlwlrq 6171 Forvhg vxevhwv ri frpsdfw vsdfhv duh frpsdfw1

Surri1 Ohw I � [ eh forvhg dqg X eh dq rshq fryhu ri I wkhq X ^ iI fj lv dq
rshq fryhu ri [= Wkhuhiruh wkhuh h{lvwv X3 �� X vxfk wkdw X3 ^ iI fj fryhuv [=
Wkh �qlwh froohfwlrq ri rshq vhwv X3 lv d �qlwh vxefryhu ri I=
Sursrvlwlrq 6181 Vxssrvh wkdw +[> �, lv d Kdxvgru� vsdfh/ N CC [ dqg { 95 N=
Wkhq wkhuh h{lvwv X> Y 5 � vxfk wkdw X _ Y @ >> { 5 X dqg N � Y= Lq sduwlfxodu
N lv forvhg1

Surri1 Ehfdxvh [ lv Kdxvgru�/ iru doo | 5 N wkhuh h{lvwv Y| 5 �| dqg X| 5 �{
vxfk wkdw Y| _X| @ >= Wkh fryhu iY|j|5N ri N kdv d �qlwh vxefryhu/ iY|j|5� iru
vrph � �� N= Ohw Y @ ^iY| = | 5 �j dqg X @ _iX| = | 5 �j > wkhq X> Y 5 �
vdwlvi| { 5 X> N � Y dqg X _ Y @ >= Wklv vkrzv wkdw Nf lv rshq dqg khqfh wkdw
N lv forvhg1

Sursrvlwlrq 6191 Li +[> �, lv Kdxvgru� dqg frpsdfw wkhq [ lv qrupdo1

Surri1 Ohw D dqg E eh forvhg glvmrlqw vxevhwv ri [= E| Sursrvlwlrq 617/ erwk D
dqg E duh frpsdfw1 E| Sursrvlwlrq 618/ iru doo { 5 E wkhuh h{lvw Y{ 5 �{> X{ �r [
vxfk wkdw D � X{ dqg X{ _ Y{ @ >= E| Frpsdfwqhvv ri D> wkhuh lv d �qlwh vhw
� �� E vxfk wkdw Y @ ^{5�Y{ frqwdlqv E= Ohw X =@ _{5�X{ 5 �> wkhq X _Y @ >
zkloh D � X dqg E � Y=

Wkh qh{w Sursrvlwlrq frqwdlqv vrph hdvlo| yhul�hg idfwv derxw frpsdfw vhwv1 Wkh
surri lv ohiw wr wkh uhdghu

Sursrvlwlrq 61:1 Vxssrvh wkdw [ dqg \ duh wrsrorjlfdo vsdfhv1
41 Vxssrvh wkdw D � [ frpsdfw dqg i = [ $ \ lv d frqwlqxrxv/ wkhq i+D, lv

frpsdfw lq \=
51 Wkh �qlwh xqlrq ri frpsdfw vhwv lv frpsdfw1
61 Li [ lv frpsdfw dqg i 5 F+[,> wkhq i lv erxqghg/ l1h1 F+[, @ EF+[,=
71 Li [ lv frpsdfw dqg \ lv Kdxvgru� dqg i = [ $ \ lv d frqwlqxrxv elmhfwlrq

wkhq i lv d krphrprusklvp/ l1h1 i�4 = \ $ [ lv frqwlqxrxv dv zhoo1 +Mxvw
vkrz wkdw i+F, C \ iru doo F C [=,

6141 Frpsdfwqhvv lq Phwulf Vsdfhv1 Ohw +[> �, eh d phwulf vsdfh dqg ohw
E3{+�, @ E{+�, q i{j = Ohw xv vwduw zlwk wkh iroorzlqj hohphqwdu| ohppd zklfk
lv ohiw dv dq h{huflvh wr wkh uhdghu1

Ohppd 61;1 Ohw H � [ eh d vxevhw ri d phwulf vsdfh +[> �, = Wkhq wkh iroorzlqj
duh htxlydohqw=

41 { 5 [ lv dq dffxpxodwlrq srlqw ri H=
51 E3{+�, _H 9@ > iru doo � A 3=
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61 E{+�, _H lv dq lq�qlwh vhw iru doo � A 3=
71 Wkhuh h{lvwv i{qj4q@4 � H q i{j zlwk olpq$4 {q @ {=

Gh�qlwlrq 61<1 D phwulf vsdfh +[>�, lv vdlg wr eh � � erxqghg +� A 3, surylghg
wkhuh h{lvwv d �qlwh fryhu ri [ e| edoov ri udglxv �= Wkh phwulf vsdfh lv wrwdoo|
erxqghg li lw lv � � erxqghg iru doo � A 3=

Wkhruhp 61431 Ohw [ eh d phwulf vsdfh1 Wkh iroorzlqj duh htxlydohqw1
+d, [ lv frpsdfw1
+e, Hyhu| lq�qlwh vxevhw ri [ kdv dq dffxpxodwlrq srlqw1
+f, [ lv wrwdoo| erxqghg dqg frpsohwh1

Surri1 Wkh surri zloo frqvlvw ri vkrzlqj wkdw d, e, f, d=
+d , e, Zh zloo vkrz wkdw qrw e , qrw d1 Vxssrvh wkhuh h{lvwv H � [>vxfk

wkdw &+H, @4 dqg H kdv qr dffxpxodwlrq srlqwv1 Wkhq iru doo { 5 [ wkhuh h{lvwv
Y{ 5 �{ vxfk wkdw +Y{ q i{j, _ H @ >= Fohduo| Y @ iY{j{5[ lv d fryhu ri [> |hw
Y kdv qr �qlwh vxe fryhu1 Lqghhg/ iru hdfk { 5 [> Y{ _ H frqvlvwv ri dw prvw rqh
srlqw/ wkhuhiruh li � �� [> ^{5�Y{ fdq rqo| frqwdlq d �qlwh qxpehu ri srlqwv iurp
H> lq sduwlfxodu [ 9@ ^{5�Y{=

+e, f, Ohw � A 3 eh jlyhq dqg fkrrvh {4 5 [= Li srvvleoh fkrrvh {5 5 [ vxfk wkdw
g+{5> {4, � �> wkhq li srvvleoh fkrrvh {6 5 [ vxfk wkdw g+{6> i{4> {5j, � � dqg frq0
wlqxh lqgxfwlyho| fkrrvlqj srlqwv i{mjqm@4 � [ vxfk wkdw g+{q> i{4> = = = > {q�4j, � �=

Wklv surfhvv pxvw whuplqdwh/ iru rwkhuzlvh zh frxog fkrrvh H @ i{mj4m@4 dqg
lq�qlwh qxpehu ri glvwlqfw srlqwv vxfk wkdw g+{m > i{4> = = = > {m�4j, � � iru doo
m @ 5> 6> 7> = = = = Vlqfh iru doo { 5 [ wkh E{+�@6, _ H fdq frqwdlq dw prvw rqh
srlqw/ qr srlqw { 5 [ lv dq dffxpxodwlrq srlqw ri H=

+f , d, Iru vdnh ri frqwudglfwlrq/ dvvxph wkhuh h{lvwv d fryhu dq rshq fryhu
Y @ iY�j�5D ri [ zlwk qr �qlwh vxefryhu1 Vlqfh [ lv wrwdoo| erxqghg iru hdfk
q 5 Q wkhuh h{lvwv �q �� [ vxfk wkdw

[ @
^
{5�q

E{+4@q,=

Fkrrvh {4 5 �4 vxfk wkdw qr �qlwh vxevhw ri Y fryhuv N4 =@ E{4+4,= Vlqfh N4 @

_{5�5N4_E{+4@5,> wkhuh h{lvwv {5 5 �5 vxfk wkdw N5 =@ N4_E{5+4@5, fdq qrw eh
fryhuhg e| d �qlwh vxevhw ri Y = Frqwlqxlqj wklv zd| lqgxfwlyho|/ zh frqvwuxfw vhwv
Nq @ Nq�4_E{q+4@q, zlwk {q 5 �q vxfk qr Nq fdq eh fryhuhg e| d �qlwh vxevhw
ri Y = Qrz fkrrvh |q 5 Nq iru hdfk q= Vlqfh iNqj4q@4 lv d ghfuhdvlqj vhtxhqfh ri
forvhg vhwv vxfk wkdw gldp+Nq, � 5@q> lw iroorzv wkdw i|qj lv d Fdxfk| dqg khqfh
frqyhujhqw vhtxhqfh dqg

| @ olp
q$4

|q 5 _4p@4Np=

Vlqfh Y lv d fryhu ri [> wkhuh h{lvwv Y 5 Y vxfk wkdw { 5 Y= Vlqfh Nq & i|j dqg
gldp+Nq,$ 3> lw qrz iroorzv wkdw Nq � Y iru vrph q odujh1 Exw wklv ylrodwhv wkh
dvvhuwlrq wkdw Nq fdq qrw eh fryhuhg e| d �qlwh vxevhw ri Y=
Fruroodu| 61441 Ohw [ eh d phwulf vsdfh wkhq [ lv frpsdfw l� doo vhtxhqfhv
i{qj � [ kdyh frqyhujhqw vxevhtxhqfhv1

Surri1 Li [ lv frpsdfw dqg i{qj � [

41 Li &+i{q = q @ 4> 5> = = = j, ?4 wkhq fkrrvh { 5 [ vxfk wkdw {q @ { l1r1 ohw
iqnj � iqj vxfk wkdw {qn @ { iru doo n1 Wkhq {qn $ {
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51 Li &+i{q = q @ 4> 5> = = = j, @ 4= Zh nqrz H @ i{qj kdv dq dffxpxodwlrq
srlqw i{j/ khqfh wkhuh h{lvwv {qn $ {=

Frqyhuvho| li H lv dq lq�qlwh vhw ohw i{qj4q@4 � H eh d vhtxhqfh ri glvwlqfw
hohphqwv ri H1 Zh pd|/ e| sdvvlqj wr d vxevhtxhqfh/ dvvxph {q $ { 5 [ dv
q$41 Qrz { 5 [ lv dq dffxpxodwlrq srlqw ri H e| Wkhruhp 6143 dqg khqfh [
lv frpsdfw1

Wkh iroorzlqj lv dq dssolfdwlrq ri wkh suhylrxv wkhruhp1

Sursrvlwlrq 61451 Vxssrvh wkdw +[> �, lv d frpsohwh vhsdudeoh phwulf vsdfh dqg
� lv d suredelolw| phdvxuh rq E @ �+��,= Wkh iru doo � A 3> wkhuh h{lvwv N� CC [
vxfk wkdw �+N�, � 4� �=

Surri1 Ohw i{nj4n@4 eh d frxqwdeoh ghqvh vxevhw ri [= Wkhq [ @ ^nE{n+4@q,
iru doo q 5 Q= Khqfh e| frqwlqxlw| ri �> wkhuh h{lvwv/ iru doo q 5 Q> Qq ? 4 vxfk
wkdw �+Iq, � 4� �5�q zkhuh Iq =@ ^Qq

n@4E{n+4@q,= Ohw N =@ _4q@4Iq wkhq

�+[ qN, @ �+^4q@4I f
q, �

4[
q@4

�+I f
q, @

4[
q@4

+4� �+Iq,, �
4[
q@4

�5�q @ �

vr wkdw �+N, � 4��=PruhryhuN lv frpsdfw vlqfhN lv forvhg dqg wrwdoo| erxqghg>
N � Iq iru doo q dqg hdfk Iq lv 4@q � erxqghg1

6151 Orfdoo| frpsdfw vsdfhv1

Gh�qlwlrq 61461 D wrsrorjlfdo vsdfh [ lv orfdoo| frpsdfw li iru doo { 5 [ wkhuh
h{lvwv d frpsdfw qhljkerukrrg Q{ ri {> l1h1 Q{ CC [ dqg { 5 Q3

{ =

Uhpdun 61471 Li [ lv Kdxvgru�/ wkhq[ lv orfdoo| frpsdfw l� iru hyhu| { 5 [ wkhuh
h{lvwv Y 5 �{ zklfk lv suhfrpsdfw1 Wr yhuli| wklv dvvhuwlrq/ vxssrvh wkdw Q{ lv
dv lq Gh�qlwlrq 61461 Ohw Y @ Q3

{ 5 �> wkhq/ vlqfh Q{ lv forvhg e| Sursrvlwlrq
618/ �Y � Q{ dqg khqfh �Y lv frpsdfw e| Sursrvlwlrq 6171 Frqyhuvho| li Y 5 �{ lv
suhfrpsdfw/ Q{ @ �Y lv d frpsdfw qhljkerukrrg ri { ehfdxvh { 5 Y � Q3

{ =

Ilqlwh glphqvlrqdo Hxfolghdq vsdfhv/ Uq> duh w|slfdo h{dpsohv ri orfdoo| frpsdfw
vsdfhv1 Dovr dq| vxevhw ri d orfdoo| frpsdfw vsdfh zlwk wkh uhodwlyh wrsrorj| lv
orfdoo| frpsdfw1

Sursrvlwlrq 61481 Vxssrvh [ lv d orfdoo| frpsdfw Kdxvgru� vsdfh +OFK iru
vkruw, dqg X �r [= Iru doo frpsdfw vxevhw N ri [ vxfk wkdw N � X> wkhuh h{lvwv
d suhfrpsdfw rshq vhw Y vxfk wkdw N � Y � Y � X � [=

Surri1 E| orfdo frpsdfwqhvv/ iru doo { 5 N> wkhuh h{lvwv X{ 5 �{ vxfk wkdw �X{
lv frpsdfw1 Vlqfh N lv frpsdfw/ wkhuh h{lvwv � �� N vxfk wkdw iX{j{5� lv d fryhu
ri N= Wkh vhw R @ ^{5�X{ lv dq rshq vhw zklfk frqwdlqv N dqg lv suhfrpsdfw
vlqfh �R @ ^{5� �X{ � wkh �qlwh xqlrq ri frpsdfw vhwv1 Vr e| uhsodflqj X e| X _R
li qhfhvvdu|/ zh pd| dvvxph wkdw �X lv frpsdfw1

Ohw \ @ �X> d frpsdfw Kdxvgru� vsdfh dqg khqfh d qrupdo vsdfh1 Vlqfh CX
lv forvhg lq [ dqg frqwdlqhg lq \> CX lv forvh lq \ 15 Qrz N dqg CX duh forvhg

2Qrwlfh wkdw wkh erxqgdu| ri L lq tc Yt Lc lv jlyhq e| wkh vdph dv wkh erxqgdu| ri L lq f

ehfdxvh

Yt L ' 7Lt . L ' 7L K t . L ' 7L . L ' YL�
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glvmrlqw vxevhwv ri \ dqg wkhuhiruh/ wkhuh h{lvwv glvmrlqw uhodwlyho| rshq vhwv Y dqg
Z lq \ vxfk wkdw N � Y dqg CX �Z= Vlqfh Y � \ qZ C \>

�Y @ �Y _ \ @ �Y \ � \ qZ � \ q CX @ X>

zkhuhlq zh kdyh xvhg Y � \ zlwk \ forvhg lq [= Ilqdoo| Y lv rshq lq [ vlqfh
Y � X �r [ dqg Y lv uhodwlyho| rshq lq �X= +Vr Y @ Z _ �X iru vrph Z �3 [ dqg
khqfh Y @ Y _ X @Z _X �r [=,

Gh�qlwlrq 61491 Vxssrvh wkdw i = [ $ F lv d ixqfwlrq1 Wkh vxssruw ri i>
vxss+i,> lv wkh vpdoohvw forvhg vhw rxwvlgh ri zklfk i lv 3> l1h1

vxss+i, @ ii 9@ 3j @ _iF = F C [ dqg i mFf � 3j =
Dowhuqdwlyho|

vxss+i,f @ ii @ 3j3 @ ^iY = Y 5 � dqg i mY � 3j =
Li X �3 [> zh zloo zulwh Ff+X, iru wkrvh ixqfwlrq i 5 F+X, zlwk frpsdfw vxssruw
lq X= E| dexvh ri qrwdwlrq/ zh zloo frqvlghu Ff+X, dv d vxevsdfh ri Ff+[, e|
lghqwli|lqj i 5 Ff+X, zlwk lwv h{whqvlrq e| }hur wr d ixqfwlrq rq [=

Iru h{dpsoh/ ohw i+{, @ vlq+{,4^3>7�`+{,> wkhq

ii 9@ 3j @ +3> 7�, q i�> 5�> 6�j
dqg wkhuhiruh vxss+i, @ ^3> 7�`=

Ohppd 614: +Orfdoo| Frpsdfw Yhuvlrq ri Xu|vrkq*v Ohppd,1 Ohw [ eh d orfdoo|
frpsdfw Kdxvgru� vsdfh dqgN CC X �r [= Wkhq wkhuh h{lvwv i 5 F+[> ^3> 4`, vxfk
wkdw i @ 4 rq N dqg vxss+i, CC X= Dowhuqdwlyho| sxw/ li N lv frpsdfw dqg F lv
forvhg lq [ vxfk wkdw N _F @ >> wkhq wkhuh h{lvwv i 5 Ff+[> ^3> 4`, vxfk wkdw i @ 4
rq N dqg i @ 3 rq F=

Surri1 Ohw Y eh dq suhfrpsdfw rshq vhw dv lq Sursrvlwlrq 6148/ wkhq �Y lv d
frpsdfw Kdxvgru� vsdfh dqg khqfh lv qrupdo1 Vlqfh N dqg CY duh forvhg vxevhwv
ri �Y > Xu|vrkq*v ohppd lpsolhv wkhuh h{lvwv j 5 F+Y > ^3> 4`, vxfk wkdw j @ 4 rq
N dqg j @ 3 rq CY= Zh pd| qrz gh�qh i @ j rq �Y dqg i � 3 rq Y

f
> wkhq

i 5 F+[> ^3> 4`, lv wkh ghvluhg ixqfwlrq vlqfh vxss+i, � �Y dqg �Y lv frpsdfw1

Wkhruhp 614; +Orfdoo| Frpsdfw Yhuvlrq Wlhw}h*v H{whqvlrq Wkhruhp,1 Ohw[ eh
d orfdoo| frpsdfw Kdxvgru� vsdfh/ N eh d frpsdfw vxevhw ri [ dqg i 5 F+N> ^3> 4`,=
Wkhq wkhuh h{lvwv I 5 F+[> ^3> 4`, vxfk wkdw I mN @ i 1 Pruhryhu I pd| eh wdnhq
wr ydqlvk rxwvlgh d frpsdfw vhw/ l1h1 vxss+I , lv frpsdfw1

Surri1 E| Sursrvlwlrq 6148 wkhuh h{lvwv d suhfrpsdfw rshq vhw/ Y> vxfk wkdw
N � Y � Y � [= Ohw j 5 F+N ^ CY , eh gh�qhg e|

j+{, @

�
i+{, { 5 N
3 { 5 CY=

Wkhq e| wkh Wlhw}h h{whqvlrq wkhruhp/ wkhuh h{lvwv J 5 F+Y>^3> 4`, vxfk wkdw JmN @
i dqg JmCY � 3= Wkh ghvluhg ixqfwlrq I 5 F+[, pd| qrz eh gh�qhg e|

I +{, @

�
J+{, iru { 5 Y
3 { 95 Y =

=
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Gh�qlwlrq 614<1 Ohw [ eh d wrsrorjlfdo vsdfh1 Zh vd| wkdw d ixqfwlrq i 5 F+[,
ydqlvkhv dw lq�qlw| li iru doo � A 3> imi m � �j lv frpsdfw lq [= Zh zloo ghqrwh wkh
ixqfwlrq i 5 F+[, ydqlvklqj dw lq�qlw| e| F3+[,=

Qrwlfh wkdw F3+[, � EF+[,=

Sursrvlwlrq 61531 Ohw [ eh d wrsrorjlfdo vsdfh/ EF+[, eh wkh vsdfh ri erxqghg
frqwlqxrxv ixqfwlrqv rq [ zlwk wkh vxsuhpxp qrup wrsrorj|1 Wkhq

41 F3+[, lv d forvhg vxevsdfh ri EF+[,=
51 Li zh ixuwkhu dvvxph wkdw [ lv d orfdoo| frpsdfw Kdxvgru� vsdfh/ wkhq

F3+[, @ Ff+[,=

Surri1
41 Vxssrvh wkdw iiqj4q@4 � F3+[, dqg i 5 EF+[, vxfk wkdw ni � iqn $ 3 dv

q$4= Vlqfh

mi m � miqm. mi � iqm � miqm. ni � iqn >
zh kdyh iru doo � A 3 wkdw

imi m � �j � imiqm. ni � iqn � �j @ imiqm � �� ni � iqnj CC [

surylghg wkdw q lv odujh hqrxjk wkdw ni � iqn ? �= Vlqfh imi m � �j lv d forvhg
vxevhw ri d frpsdfw vhw/ imi m � �j lv frpsdfw dv zhoo1 Khqfh i 5 F3+[,=

51 Vlqfh F3+[, lv d forvhg vxevsdfh ri EF+[, dqg Ff+[, � F3+[,> zh dozd|v
kdyh Ff+[, � F3+[,= Qrz vxssrvh wkdw i 5 F3+[, dqg ohw Nq � imi m �
4
qj CC [= E| Ohppd 614: zh pd| fkrrvh !q 5 Ff+[> ^3> 4`, vxfk wkdw !q � 4
rq Nq= Gh�qh iq � !qi 5 Ff+[,= Wkhq

ni � iqn4 @ n+4� !q,in4 � 4

q
$ 3 dv q$4=

Wklv vkrzv wkdw i 5 Ff+[,=

Sursrvlwlrq 6154 +Doh{dqghury Frpsdfwl�fdwlrq,1 Vxssrvh wkdw [ lv d qrq0
frpsdfw Orfdoo| frpsdfw Kdxvgru� vsdfh1 Ohw [� @ [ ^ i4j > zkhuh i4j lv
d vrph srlqw glvmrlqw irup [= Ohw

�� @ � ^ i+[ qN, ^ i4j = N CC [j =
Wkh �� lv d wrsrorj| rq [� dqg +[�> ��, lv d frpsdfw Kdxvgru� vsdfh1 Pruhryhu
li i 5 F+[, h{whqgv wr frqwlqxrxvo| wr [� l� i @ j. f zlwk j 5 F3+[, dqg f 5 F=
Wkh h{whqvlrq lv jlyhq e| i+4, @ f=

Surri1 Vxssrvh wkdw X> Y 5 ��= Li X ru Y 5 �> wkhq X _ Y 5 � � �� dqg
X @ +[ qN,^i4j dqg Y @ +[ q O,^i4j zkhuh N dqg O duh frpsdfw vhwv wkhq

X _ Y @ +[ qN, _ +[ q O, ^ i4j @ +[ q +N ^ O,, ^ i4j 5 ��

vlqfh N ^ O lv frpsdfw1 Wkhuhiruh �� lv forvhg xqghu lqwhuvhfwlrqv1 Qrz li X @
+[ qN, ^ i4j zlwk N CC [ dqg Y 5 �> wkhq

[� q +X ^ Y , @ [ q ++[ qN, ^ Y , @ [ _ +N _ Y f, @ N _ Y f

d frpsdfw vhw dqg khqfh

X ^ Y @ +[ q +N _ Y f,, ^ i4j 5 ��=
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Vlploduo| li X� @ +[ qN�, ^ i4j zlwk N� CC [ iru doo � 5 D> wkhq

^�5DX� @ +[ q _�5DN�, ^ i4j 5 ��=

Wkh rwkhu srvvleoh fdvhv duh qrz hdvlo| fkhfnhg vr wkh �� lv forvhg xqghu duelwudu|
xqlrqv1 Vlqfh > dqg [� duh lq �� +ehfdxvh > lv frpsdfw,/ lw iroorzv wkdw �� lv d
wrsrorj|1

Ohw l = [ $ [� eh wkh lqfoxvlrq pds1 Wkhq l lv frqwlqxrxv dqg rshq/ l1h1 l+Y , lv
rshq lq[� iru doo Y rshq lq[= Li li i 5 F+[�,> wkhq j @ i m[�i+4, @ i �l�i+4,
lv frqwlqxrxv rq [= Pruhryhu/ iru doo � A 3 wkhuh h{lvwv Y 5 ��4 vxfk wkdw

mj+{,m @ mi+{,� i+4,m ? � iru doo { 5 Y q i4j =
Vlqfh Y @ +[ q N, ^ i4j > lw iroorzv wkdw j ydqlvkhv dw 4 vlqfh imjm � �j � N=
Frqyhuvho| li j 5 F3+[, h{whqg j wr [� e| vhwwlqj j+4, @ 3= Jlyhq � A 3> wkh
vhw N @ imjm � �j lv frpsdfw/ khqfh j+[� q N, � +��> �,> zklfk vkrzv wkdw j lv
frqwlqxrxv dw 4 dqg vr j lv frqwlqxrxv rq [�= Qrz lw i @ j . f zlwk f 5 F dqg
j 5 F3+[,> lw iroorzv e| zkdw zh mxvw suryhg wkdw i h{whqghg wr [� e| i+4, @ f
lv frqwlqxrxv rq [�=

Ohppd 61551 Vxssrvh wkdw [ lv d orfdoo| frpsdfw Kdxvgru� vsdfh dqg H � [=
Wkhq H lv forvhg l� H _N lv forvhg iru doo N CC [1

Surri1 Vlqfh frpsdfw vxevhwv ri Kdxvgru� vsdfhv duh forvhg/ H _N lv forvhg
li H lv forvhg dqg N lv frpsdfw1 Li H zhuh qrw forvhg wkhuh h{lvwv { 5 H q H1 E|
Sursrvlwlrq 6148 wkhuh h{lvwv d frpsdfw vhw N � [ vxfk wkdw { 5 N3 � N= L qrz
fodlp wkdw { 5 N _H= Lqghhg/ li Y 5 �{ wkhq Y _N _H � Y _N3 _H 9@ >

vlqfh Y _N3 5 �{ dqg { 5 �H= Wklv vkrzv wkdw { 5 N _H dqg vlqfh { @5 H zh
vhh wkdw { 5 N _H q +N _ H,= Lq sduwlfxodu wklv vkrzv wkdw N _ H 9@ N _H dqg
khqfh N _H lv qrw forvhg1

6161 Sduwlwlrqv ri Xqlw|1

Gh�qlwlrq 61561 Ohw iX�j�5D eh dq rshq fryhu ri H � [1 Zh vd| ik� 5
F+[> ^3> 4`,j�5D lv d sduwlwlrq ri xqlw| ri H vxeruglqdwh wr iX�j li

41 vxss+k�, � X� iru doo � 5 D>
51 iru doo { 5 [ wkhuh h{lvwv qhljkerukrrg Q{ ri { vxfk wkdw k�mQ{

� 3 iru doo
exw �qlwho| pdq| �=

61
S
� 5D

k�+{, @ 4 iru doo { 5 H=

Sursrvlwlrq 61571 Vxssrvh wkdw [ lv d orfdoo| frpsdfw Kdxvgru� vsdfh/ N � [
lv d frpsdfw vhw/ dqg X @ iXmjqm@4 lv dq rshq fryhu ri N= Wkhq wkhuh h{lvwv d
sduwlwlrq ri xqlw| ikmjqm@4 ri N vxeruglqdwh wr X vxfk wkdw vxss+km, lv frpsdfw iru
doo m=

Surri1 Iru doo { 5 N fkrrvh Y{ 5 �{vxfk wkdw Y { � Xm iru vrph m

dqg Y { lv frpsdfw1 Fkrrvh � �� N vxfk wkdw N � V
{5�

Y{= Ohw Im @

^��Y{ = { 5 � dqg Y { � Xm
�
> wkhq Im lv frpsdfw/ Im � Xm iru doo m> dqg N �

^qm@4Im = Fkrrvh im 5 Ff+[> ^3> 4`, vxfk wkdw im @ 4 rq Im dqg vxss +im, � Xm = Wkhq

j @
q[
m@4

im 5 Ff+[,
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dqg j � 4 rq N dqg khqfh N � ij A 4
5j= Fkrrvh y 5 Ff+[> ^3> 4`, vxfk wkdw y @ 4

rq N dqg vxss+y, � ij A 4
5j dqg gh�qh i3 � 4� y= Wkhq i3 @ 3 rq N> i3 @ 4 li

j � 4
5 dqg wkhuhiruh/

i3 . i4 . � � �. iq @ i3 . j A 3

rq [= Wkh ghvluhg sduwlwlrq ri xqlw| pd| eh frqvwuxfwhg dv

km+{, @
im+{,

i3+{, . � � �. iq+{,
=

Lqghhg vxss +km, @ vxss +im, � Xm > km 5 Ff+[> ^3> 4`, dqg rq N>

k4 . � � �. kq @
i4 . � � �. iq

i3 . i4 . � � �. iq
@
i4 . � � �. iq
i4 . � � �. iq

@ 4=

71 Frpsdfwqhvv lq Ixqfwlrq vsdfhv

Lq wklv vhfwlrq/ ohw [ eh d wrsrorjlfdo vsdfh1

Gh�qlwlrq 7141 Ohw I � F+[,=

41 I lv htxlfrqwlqxrxv dw { 5 [ l� iru doo � A 3 wkhuh h{lvwv X 5 �{ vxfk wkdw
mi+|,� i+{,m ? � iru doo | 5 X dqg i 5 I =

51 I lv htxlfrqwlqxrxv li I lv htxlfrqwlqxrxv dw doo srlqwv { 5 [=
61 I lv srlqwzlvh erxqghg li vxsii+{, 5 Fmi 5 Ij ?4 iru doo { 5 [1

Wkhruhp 715 +Dvfrol0Du}hod Wkhruhp,1 Ohw [ eh d frpsdfw Kdxvgru� vsdfh dqg
I � F+[,= Wkhq I lv suhfrpsdfw lq F+[, l� I lv htxlfrqwlqxrxv dqg srlqw0zlvh
erxqghg1

Surri1 ++, Vlqfh E+[, lv d frpsohwh phwulf vsdfh/ zh pxvw vkrz I lv wrwdoo|
erxqghg1 Ohw � A 3 eh jlyhq1 E| htxlfrqwlqxlw| wkhuh h{lvwv Y{ 5 �[ iru doo
{ 5 [ vxfk wkdw mi+|, � i+{,m ? �@5 li | 5 Y{ dqg i 5 I 1 Vlqfh [ lv frpsdfw
zh pd| fkrrvh � �� [ vxfk wkdw [ @ ^{5�Y{= Zh kdyh qrz ghfrpsrvhg [
lqwr �eorfnv� iY{j{5� vxfk wkdw hdfk i 5 I lv frqvwdqw wr zlwklq � rq Y{= Vlqfh
vxs ii+{, = { 5 � dqg i 5 Ij ?4> lw lv qrz hylghqw wkdw

P � vxs ii+{, = { 5 [ dqg i 5 Ij � vxs ii+{, = { 5 � dqg i 5 Ij. � ?4=

Ohw G � in�@5 = n 5 ]j _ ^�P>P ` dqg qrwlfh wkdw li i 5 I dqg ! 5 G� +l1h1
! = � $ G lv d ixqfwlrq, lv fkrvhq vr wkdw m!+{,� i+{,m � �@5 iru doo { 5 � wkhq
iru { 5 � dqg | 5 Y{>

mi+|,� !+{,m � mi+|,� i+{,m. mi+{,� !+{,m ? �=

Khqfh li zh vhw/ iru ! 5 G�>
I! � ii 5 I = mi+|,� !+{,m ? � iru | 5 Y{ dqg { 5 �j

wkhq I @
V�I! = ! 5 G�� =

Ohw � =@
�
! 5 G� = I! 9@ >� dqg iru hdfk ! 5 � fkrrvh i! 5 I!_I = Iru i 5 I!>

{ 5 � dqg | 5 Y{ zh kdyh

mi+|,� i!+|,m � mi+|,� !+{,,m. m!+{,� i!+|,m ? 5�=

Vr ni � i!n ? 5� iru doo i 5 I! vkrzlqj wkdw I! � Ei!+5�,= Wkhuhiruh/

I @ ^!5�I! � ^!5�Ei!+5�,
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dqg ehfdxvh � A 3 zdv duelwudu| zh kdyh vkrzq wkdw I lv wrwdoo| erxqghg1
+,, Vlqfh n�n = F+[,$ ^3>4, lv d frqwlqxrxv ixqfwlrq rq F+[, lw lv erxqghg

rq dq| frpsdfw vxevhw I � F+[,= Wklv vkrzv wkdw vxs inin = i 5 Ij ?4 zklfk
fohduo| lpsolhv wkdw I lv srlqwzlvh erxqghg16 Vxssrvh I zhuh qrw htxlfrqwlqxrxv
dw vrph srlqw { 5 [ wkdw lv wr vd| wkhuh h{lvwv � A 3 vxfk wkdw iru doo Y 5
�{> vxs

|5Y
vxs
i5I

mi+|,� i+{,m A �=7 Htxlydohqwo| sxw/ wr hdfk Y 5 �{ zh pd| fkrrvh

iY 5 I dqg {Y 5 Y vxfk wkdw miY +{,� iY +{Y ,m � �=8+714,

Vhw FY @ iiZ = Z 5 �{ dqg Z � Y jn�nx � I dqg qrwlfh iru dq| Y �� �{ wkdw

_Y5YFY � F_Y 9@ >>
vr wkdw iFY jY 5 �{ � I kdv wkh �qlwh lqwhuvhfwlrq surshuw|1 Vlqfh I lv frpsdfw/
lw iroorzv wkdw wkhuh h{lvwv vrph

i 5
_
Y 5�{

FY 9@ >=

Vlqfh i lv frqwlqxrxv/ wkhuh h{lvwv Y 5 �{ vxfk wkdw mi+{, � i+|,m ? �@6 iru doo
| 5 Y= Vlqfh i 5 FY > wkhuh h{lvwv Z � Y vxfk wkdw ni � iZ n ? �@6=Zh qrz duulyh
dw d frqwudglfwlrq vlqfh

� � miZ +{,� iZ +{Z ,m � miZ +{,� i+{,m. mi+{,� i+{Z ,m. mi+{Z ,� iZ +{Z ,m
? �@6 . �@6 . �@6 @ �

zklfk lv d frqwudglfwlrq1

Gh�qlwlrq 7161 D wrsrorjlfdo vsdfh +[> �, lv vdlg wr eh � � frpsdfw li wkhuh
h{lvwv frpsdfw vhw Nq � [ vxfk wkdw [ @ ^4q@4Nq= Qrwlfh wkdw zh pd| dvvxph/
e| uhsodflqj Nq e| N4 ^N5 ^ � � � ^Nq li qhfhvvdu|/ wkdw Nq % [=
Ohppd 7171 Vxssrvh [ lv d �0frpsdfw dqg orfdoo| frpsdfw Kdxvgru� vsdfh= Wkhq
wkhuh h{lvwv suhfrpsdfw rshq vhw Vq � [ vxfk wkdw Vq � �Vq � Vq.4 iru doo q=

Surri1 Fkrrvh Nq % [ dv lq Gh�qlwlrq 7161 Ohw X4 � � eh d �qlwh fryhu ri N4

e| suhfrpsdfw rshq vhwv1 Wdnh V4 @ ^X4= Wkhq V4 lv rshq dqg suhfrpsdfw1 Zh
pd| qrz lqgxfwlyho| frqvwuxfw Vq dv lq wkh ohppd zlwk wkh dgghg surshuw| wkdw
Nq � Vq= Lqghhg li V4> = = = > Vq kdyh ehhq fkrvhq dv ghvfulehg vxfk wkdw Nl � Vl iru
doo l @ 4> 5> = = = > q> wkhq ohw Xq.4 d �qlwh fryhu ri Nq ^ �Vq e| suhfrpsdfw rshq vhwv
dqg gh�qh Vq.4 @ ^Xq.4=
Fruroodu| 7181 Ohw iiqj � F+[, eh d srlqwzlvh erxqghg vhtxhqfh ri ixqfwlrqv
zklfk lv htxlfrqwlqxrxv rq frpsdfw vxevhwv ri [= Wkhq wkhuh h{lvwv d vxevhtxhqfh

�Rqh frxog dovr suryh wkdw 5 lv srlqwzlvh erxqghg e| frqvlghulqj wkh frqwlqxrxv hydoxdwlrq
pdsv e% G �Ef�< U jlyhq e| e%Es� ' sE%� iru doo % M f�

eLi f lv �uvw frxqwdeoh zh frxog �qlvk wkh surri zlwk wkh iroorzlqj dujxphqw1 Ohw tT?�"?'�
eh d qhljkerukrrg edvh dw % vxfk wkdw T� 
 T2 
 T� 
 � � � � E| wkh dvvxpswlrq wkdw 5 lv qrw
htxlfrqwlqxrxv dw %c wkhuh h{lvw s? M 5 dqg %? M T? vxfk wkdw �s?E%�3 s?E%?�� D " � ?� Vlqfh
5 lv d frpsdfw phwulf vsdfh e| sdvvlqj wr d vxevhtxhqfh li qhfhvvdu| zh pd| dvvxph wkdw s?
frqyhujhv xqlirupo| wr vrph s M 5� Ehfdxvh %? < % dv ?<" zh ohduq wkdw

" $ �s?E%�3 s?E%?�� $ �s?E%�3 sE%��n �sE%�3 sE%?��n �sE%?�3 s?E%?��
$ 28s? 3 s8n �sE%�3 sE%?�� < f dv ?<"

zklfk lv d frqwudglfwlrq1
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iqnj � iqj vxfk wkdw jn =@ iqn lv d vhtxhqfh zklfk lv frqyhujhqw xqlirupo| rq
frpsdfw vxevhwv ri [=

Surri1 Ohw Nq*v eh frpsdfw vxevhwv ri [ dqg xvh Sursrvlwlrq 6148 wr �qg
suhfrpsdfw rshq vhwv Yq frqwdlqlqj Nq= Vr e| uhsodflqj Nq e| �Yq li qhfhvvdu|/ zh
pd| �qg frpsdfw vhwv Nq vxfk wkdw [ @ ^4q@4N3

q=
Zh pd| qrz dsso| Wkhruhp 715 uhshdwhgo| wr �qg d qhvwhg idplo| ri vxevh0

txhqfhv

iiqj � ij4qj � ij5qj � ij6qj � = = =

vxfk wkdw
�
jnq
�4
q@4

lv d vhtxhqfh ri frqwlqxrxv ixqfwlrqv xqlirupo| frqyhujhqw rq
Nn= Xvlqj Fdqwru*v wulfn/ gh�qh wkh vxevhtxhqfh iknj ri iiqj e| kn � jnn = Wkhq
iknj lv xqlirupo| frqyhujhqw rq hdfk Nq= Qrz li N � [ lv dq duelwudu| frpsdfw
vhw/ wkhuh h{lvwv P ?4 vxfk wkdw N � ^Pq@4N3

q � ^Pq@4Nq dqg wkhuhiruh iknj lv
xqlirupo| frqyhujhqw rq N dv zhoo1

Wkhruhp 719 +Shdqr*v H{lvwhqfh Wkhruhp,1 Vxssrvh i = U � Ug $ Ug lv d
erxqghg frqwlqxrxv ixqfwlrq1 Wkhq wkhuh h{lvwv d vroxwlrq wr wkh gl�huhqwldo htxd0
wlrq

b{+w, @ i+w> {+w,, iru w � 3 zlwk

{+3, @ {3=

Surri1 Jlyhq � A 3> wkhuh h{lvwv d xqltxh ixqfwlrq {� 5 F+^��>4,$ Ug, vxfk
wkdw {�+w, � {3 iru �� � w � 3 dqg

{�+w, @ {3 .

] w

3

i+�> {�+� � �,,g� iru doo w � 3=+715,

Lqghhg li w 5 ^3> �`> gh�qh {�+w, e| Ht1 +715,/ wkhq xvh Ht1 +715, wr gh�qh {� rq
^�> 5�`> hwf1 Ohw P @ vxs mi+w> {,m ?4> wkhq

m{�+w,m � m{3m.
] w

3

mi+�> {�+� � �,,m g� � m{3m.Pw

dqg

m{�+w,� {�+v,m @
����] w

v

i+�> {�+� � �,,g�

���� �P mw� vm

iru doo w � v � 3 dqg � A 3= Wkhuhiruh i{�j�A3 lv dq htxlfrqwlqxrxv srlqwzlvh
erxqghg idplo| lq F+^3>4,>Ug, dqg khqfh wkhuh h{lvwv �n & 3 vxfk wkdw {�n xql0
irupo| frqyhujhv rq frpsdfw vxelqwhuydov ri ^3>4,1wr vrph { 5 F+^3>4,>Ug,=
Sdvvlqj wr wkh olplw lq Ht1 +715, lpsolhv wkdw

{+w, � olp
n$4

{�n+w, @ {3 .

] w

3

i+�> {+�,,g�=

Zh frxog jlyh dqrwkhu surri ri wklv wkhruhp dv iroorzv1 Ohw i�+w> �, @ i+w> �, � ��
zkhuh �� lv dq dssur{lpdwh � � ixqfwlrq dv ghvfulehg lq Ohppd 815 dqg 816 ehorz1
Wkhq ohw {�+w, vroyh

b{�+w, @ i�+w> {�+w,, iru w � 3 zlwk

{�+3, @ {3
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zklfk zh nqrz kdv vroxwlrqv e| wkh Olsvfklw} fdvh suryhg rq wkh krphzrun1 Pruh0
ryhu i{�j�A3 kdv xqlirupo| erxqghg ghulydwlyhv dqg khqfh duh htxlfrqwlqxrxv1
Wkh| duh dovr srlqwzlvh erxqghg/ vr wkhuh h{lvwv �n & 3 vxfk wkdw {�n xqlirupo|
frqyhujhv rq frpsdfw vxelqwhuydov ri U wr vrph { 5 F+U>Ug,= Sdvvlqj wr wkh olplw
lq wkh lqwhjudo htxdwlrq

{�n+w, @ {3 .

] w

3

i�n+�> {�n+�,,g�

wkhq vkrzv wkdw { vroyhv wkh ghvluhg ruglqdu| gl�huhqwldo htxdwlrq1

81 Dssur{lpdwlrq Wkhruhpv

8141 Fodvvlfdo Zhlhuvwudvv Dssur{lpdwlrq Wkhruhp1

Wkhruhp 814 +Zhlhuvwudvv Dssur{lpdwlrq Wkhruhp,1 Ohw i 5 F+^d> e`>U,/ wkhq
wkhuh h{lvwv sro|qrpldov Sq+{, vxfk wkdw Sq $ i xqlirupo|1

Zh zloo jlyh wkh surri diwhu wkh qh{w wzr ohppdv1 Iru wklv ohppd ohw iTqj4q@4
eh wkh iroorzlqj vhtxhqfh ri �dssur{lpdwh � � ixqfwlrqv=�

Tq+{, � 4

fq
+4� {5,q4m{m�4zkhuh fq =@

] 4

�4
+4� {5,qg{=+814,

Zh zloo jlyh wzr surri ri wklv wkhruhp1 Wkh �uvw lv edvhg rq dssur{lpdwh � �
ixqfwlrqv dqg wkh vhfrqg lv edvhg rq wkh zhdn odz ri odujh qxpehuv1

Ohppd 8151 Ohw iTqj4q@4 eh wkh vhtxhqfh ri ixqfwlrqv gh�qhg lq Ht1 +814,/ wkhq]
U

Tq+{, g{ @

] 4

�4
Tq+{, g{ @ 4

dqg iru dq| � A 3

olp
q$4

]
m{m��

Tq+{,g{ @ 3=

Surri1 Wkh �uvw dvvhuwlrq lv reylrxv iurp wkh gh�qlwlrq ri fq= Iru wkh vhfrqg
zh kdyh +xvlqj v|pphwu|,]

m{m��
Tq+{,g{ @

5
U 4
�
+4� {5,qg{

5
U �
3
+4� {5,qg{. 5

U 4
�
+4� {5,qg{

�
U 4
�
{
� +4� {5,qg{U �

3
{
� +4� {5,qg{

@
+4� {5,q.4m4�
+4� {5,q.4m�3

@
+4� �5,q.4

4� +4� �5,q.4
$ 3 dv q$4=

]
m{m��

Tq+{,g{ @
5
U 4
� +4� {5,qg{

5
U �
3
+4� {5,qg{. 5

U 4
�
+4� {5,qg{

�
U 4
�
{
� +4� {5,qg{U �

3
+4� {5,qg{

� ��4
U 4
� {+4� {5,qg{

+4� �5,q�
=
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Frpelqlqj wklv htxdwlrq zlwk] 4

�

{+4� {5,qg{ @
�+4� {5,q.4

5+q. 4,
m4� @

+4� �5,+q.4,

5+q. 4,

vkrzv wkdw]
m{m��

Tq+{,g{ � +4� �5,+q.4,

+4� �5,q�55+q. 4,
@

+4� �5,

�55+q. 4,
$ 3 dv q$4=

Ohppd 8161 Vxssrvh wkdw iTqj4q@4 lv d vhtxhqfh ri srvlwlyh ixqfwlrqv rq U vxfk
wkdw ]

U

Tq+{, g{ @ 4 dqg+815,

olp
q$4

]
m{m��

Tq+{,g{ @ 3+816,

iru doo � A 3= Iru i 5 EF+U,> ohw

Tq � i+{, @
]
U

Tq+{� |,i+|,g| @

]
U

Tq+|,i+{� |,g|=

Wkhq Tq � i frqyhujhv wr i xqlirupo| rq frpsdfw vxevhwv ri U=

Surri1 Ohw { 5 U> wkhq ehfdxvh ri Ht1 +815,/

mTq � i+{,� i+{,m @
����]
U

Tq+|, +i+{� |,� i+{,,g|

���� � ]
U

Tq+|, mi+{� |,� i+{,m g|=

Ohw P @ vxs imi+{,m = { 5 Uj dqg � A 3> wkhq e| dqg Ht1 +815,

mTq � i+{,� i+{,m �
]
m|m��

Tq+|, mi+{� |,� i+{,m g|

.

]
m|mA�

Tq+|, mi+{� |,� i+{,m g|

� vxs
m}m��

mi+{. },� i+{,m. 5P

]
m|mA�

Tq+|,g|=

Ohw N eh d frpsdfw vxevhw ri U> wkhq

vxs
{5N

mTq � i+{,� i+{,m � vxs
m}m��>{5N

mi+{. },� i+{,m. 5P

]
m|mA�

Tq+|,g|

dqg khqfh e| Ht1 +816,/

olp vxs
q$4

vxs
{5N

mTq � i+{,� i+{,m � vxs
m}m��>{5N

mi+{. },� i+{,m =

Wklv �qlvkhv wkh surri vlqfh wkh uljkw phpehu ri wklv htxdwlrq whqgv wr 3 dv � & 3
e| xqlirup frqwlqxlw|1
Surri1 +Zhlhuvwudvv Dssur{lpdwlrq Wkhruhp, Zh ehjlq zlwk wzr uhgxfwlrqv=

41 Zh pd| uhgxfh wkh sureohp wr wkh fdvh zkhuh d @ 3 dqg e @ 4 e| frqvlghulqj
wkh ixqfwlrq

j+{, @ i+d. {+e� d,, iru { 5 ^3> 4`=
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51 Pruhryhu/ e| frqvlghulqj wkh ixqfwlrq j5+{, @ j+{, � j+3, � {+j+4, � j+3,,
zh pd| dvvxph wkdw i 5 F+^3> 4`>U, dqg i+3, @ i+4, @ 3=

Vr vxssrvh wkdw i 5 F+^3> 4`>U, dqg i+3, @ i+4, @ 3 dqg wkdw i kdv ehhq
h{whqghg wr doo U e| vhwwlqj i @ 3 rq Uq^3> 4`= Ohw Tq+{, eh gh�qhg dv lq Ht1 +814,1
Wkhq e| Ohppd 815 dqg 816/ sq+{, =@ +Tq � i,+{,$ i+{, xqlirupo| iru { 5 ^3> 4`
dv q $ 4= Vr wr �qlvk wkh surri lw rqo| uhpdlqv wr vkrz sq+{, lv d sro|qrpldo
zkhq { 5 ^3> 4`1 Wklv iroorzv iru { 5 ^3> 4` vlqfh

+4� +{� |,5,q @
5q[
n@3

dn+|,{
n

zkhuh dn+|, duh sro|qrpldov lq | dqg wkhuhiruh

sq+{, @

]
U

Tq+{� |,i+|,g| @
4

fq

] 4

3

i+|,+4� +{� |,5,q4m{�|m�4g|

@
4

fq

] 4

3

i+|,+4� +{� |,5,qg|

@
4

fq

5q[
n@3

�] 4

3

i+|,dn+|,g|

�
{n=

Surri1 +Wkh vhfrqg surri ri wkh Zhlhuvwudvv Dssur{lpdwlrq Wkhruhp, Dv lq
wkh �uvw surri lw vx!fhv wr dvvxph wkdw i 5 F+^3> 4`,= Iru { 5 ^3> 4` ohw �{ eh wkh
phdvxuh rq i3> 4j jlyhq e| �{ +i3j, @ 4 � { dqg �{ +i4j, @ {= Iru q 5 Q dqg
{ 5 ^3> 4`> ohw �q{ ghqrwh wkh q � irog surgxfw ri �{ zlwk lwvhoi rq 
q =@ i3> 4jq dqg
ohw [l+$, @ $l iru $ 5 i3> 4jq = Zh dovr ohw Vq @ +[4 .[5 . � � �.[q,@q= Wkh odz
ri odujh qxpehuv wkhq vwdwhv wkdw Vq vkrxog eh forvh wr]


q

[lg�
q
{ @

]
i3>4j

$g�{+$, @ 4 � {. 3 � +4� {, @ {

zkhq q lv odujh Ohw xv gh�qh

sq+{, =@

]

q

i+Vq,g�
q
{ @

[
$5
q

i

�
$4 . $5 . � � �. $q

q

� q\
l@4

{$l+4� {,4�$l =

Wkh odwhu vkrzv wkdw sq+{, lv d sro|qrpldo lq { ri ghjuhh dw prvw q= E| wkh odz
ri odujh qxpehuv zh h{shfw wkdw sq+{, lv forvh wr i+{,/ d idfw zklfk zh zloo qrz
yhuli|1 Ohw � A 3 eh jlyhq/ wkhq vlqfh �q{+
q, @ 4>

mi+{,� sq+{,m @
����]


q

+i+{,� i+Vq,,g�
q
{

���� � ]

q

mi+{,� i+Vq,m g�q{

�
]
imVq�{mA�j

mi+{,� i+Vq,m g�q{ .
]
imVq�{m��j

mi+{,� i+Vq,m g�q{
� 5P�q{ +mVq � {m A �,

. vxs imi+|,� i+{,m = | 5 ^3> 4` dqg m| � {m � �j
� 5P�q{ +mVq � {m A �, . ��+817,

zkhuh P @ vxs imi+{,m = { 5 ^3> 4`j dqg
�� @ vxs imi+|,� i+{,m = {> | 5 ^3> 4` dqg m| � {m � �j =
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E| xqlirup frqwlqxlw|/ �� $ 3 dv �$ 3 dqg e| Fkhe|vkhy*v lqhtxdolw|/

�q{ +mVq � {m A �, � 4

�5

]

q

+Vq � {,5g�q{ @
4

�5

]

q

+
4

q

q[
n@4

+[n � {,,5g�q{

@
4

q5�5

]

q

q[
n>m@4

+[n � {,+[m � {,g�q{ =

E| Ixelql*v wkhruhp/ lw iroorzv wkdw iru n 9@ m wkdw]

q

+[n � {,+[m � {,g�q{ @

%]
i3>4j

+$ � {,g�{+$,

&5
@ 3

dqg ]

q

+[n � {,5g�q{ @

]
i3>4j

+$ � {,5 g�{+$, @ +4� {,5{. {5+4� {, � 5=

Frpelqlqj wkh odvw wkuhh glvsod|hg htxdwlrqv vkrzv wkdw

�q{ +mVq � {m A �, � 4

q5�5
5q @

5

q�5

zklfk frpelqhg zlwk Ht1 +817, lpsolhv wkdw

vxs
{5^3>4`

mi+{,� sq+{,m � 7P

q�5
. ��

dqg wkhuhiruh

olp
q$4

vxs vxs
{5^3>4`

mi+{,� sq+{,m � �� $ 3 dv �$ 3=

8151 Wkh Vwrqh0Zhlhuvwudvv Wkhruhp1 Zh qrz zlvk wr jhqhudol}h Wkhruhp 814
wr pruh jhqhudo wrsrorjlfdo vsdfhv1 Zh zloo �uvw qhhg vrph gh�qlwlrqv1

Gh�qlwlrq 8171 Ohw [ eh d wrsrorjlfdo vsdfh dqg D � F+[, @ F+[>U, ru
F+[>F, eh d froohfwlrq ri ixqfwlrqv1 Wkhq

41 D lv vdlg wr vhsdudwh srlqwv li iru doo glvwlqfw srlqwv {> | 5 [ wkhuh h{lvwv
i 5 D vxfk wkdw i+{, 9@ i+|,=

51 D lv dq dojheud li D lv d yhfwru vxevsdfh ri F+[, zklfk lv forvhg xqghu
srlqwzlvh pxowlsolfdwlrq1

61 D lv fdoohg d odwwlfh li i b j =@ pd{+i> j, dqg i a j @ plq+i> j, 5 D iru doo
i> j 5 D=

71 D � F+[, lv forvhg xqghu frqmxjdwlrq li �i 5 D zkhqhyhu i 5 D=9

Uhpdun 8181 Li [ lv d wrsrorjlfdo vsdfh vxfk wkdw F+[>U, vhsdudwhv srlqwv wkhq
[ lv Kdxvgru�1 Lqghhg li {> | 5 [ dqg i 5 F+[>U, vxfk wkdw i+{, 9@ i+|,> wkhq
i�4+M, dqg i�4+L, duh glvmrlqw rshq vhwv frqwdlqlqj { dqg | uhvshfwlyho| zkhq L
dqg M duh glvmrlqw lqwhuydov frqwdlqlqj i+{, dqg i+|, uhvshfwlyho|1

Ohppd 8191 Li D � F+[>U, lv d forvhg dojheud wkhq mi m 5 D iru doo i 5 D dqg D
lv d odwwlfh1

SWklv lv ri frxuvh qr uhvwulfwlrq zkhq �Ef� ' �EfcU��
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Surri1 Ohw i 5 D dqg ohw P @ vxs
{5[

mi+{,m= Xvlqj Wkhruhp 814/ wkhuh duh

sro|qrpldov Sq+w, vxfk wkdw

olp
q$4

vxs
mwm�P

mmwm � Sq+w,m @ 3=

E| uhsodflqj Sq e| Sq � Sq+3, li qhfhvvdu| zh pd| dvvxph wkdw Sq+3, @ 3= Vlqh
D lv dq dojheud/ lw iroorzv wkdw iq @ Sq+i, 5 D dqg mi m 5 D> mi m ehlqj wkh xqlirup
olplw ri wkh iq*v1 Wklv dovr vkrzv wkdw D lv d odwwlfh vlqfh

i b j @
4

5
+i . j . mi � jm,

i a j @
4

5
+i . j � mi � jm,=

Ohppd 81:1 Ohw D � F+[>U, eh dq dojheud zklfk vhsdudwhv srlqwv dqg {> | 5 [
eh glvwlqfw srlqwv vxfk wkdw

< i> j 5 D vxfk wkdw i+{, 9@ 3 dqg j+|, 9@ 3=+818,

Wkhq

Y =@ i+i+{,> i+|,, = i 5 Dj@ U5=+819,

Surri1 Lw lv fohdu wkdw Y lv d qrq0}hur vxevsdfh ri U5= Li glp+Y , @ 4> wkhq
Y @ vsdq+d> e, zlwk d 9@ 3 dqg e 9@ 3 e| wkh dvvxpswlrq lq Ht1 +818,1 Vlqfh +d> e, @
+i+{,> i+|,, iru vrph i 5 D dqg i5 5 D> lw iroorzv wkdw +d5> e5, @ +i5+{,> i5+|,, 5 Y
dv zhoo1 Vlqfh glpY @ 4> +d> e, dqg +d5> e5, duh olqhduo| ghshqghqw dqg wkhuhiruh

3 @ ghw

�
d d5

e e5

�
@ de5 � ed5 @ de+e� d,

zklfk lpsolhv wkdw d @ e= Exw wklv wkh lpsolhv wkdw i+{, @ i+|, iru doo i 5 D>
ylrodwlqj wkh dvvxpswlrq wkdw D vhsdudwhv srlqwv1 Wkhuhiruh zh frqfoxgh wkdw
glp+Y , @ 5> l1h1 wkdw Y @ U5=

Wkhruhp 81; +Vwrqh0Zhlhuvwudvv Wkhruhp,1 Vxssrvh [ lv d frpsdfw Kdxvgru�
vsdfh1 D � F+[>U, lv d forvhg vxedojheud zklfk vhsdudwhv srlqwv dqg iru { 5 [
ohw

D{ � ii+{, = i 5 Dj dqg

L{ @ ii 5 F+[>U, = i+{, @ 3j=
Wkhq hlwkhu rqh ri wkh iroorzlqj wzr fdvhv krog1

41 D{ @ U iru doo { 5 [> l1h1 iru doo { 5 [ wkhuh h{lvwv i 5 D vxfk wkdw
i+{, 9@ 3=:

51 Wkhuh h{lvwv d xqltxh srlqw {3 5 [ vxfk wkdw D{3 @ i3j =
Pruhryhu lq fdvh +4, D @ F+[>U, dqg lq fdvh +5, D @ L{3 @ ii 5 F+[>U, =

i+{3, @ 3j=
Surri1 Li wkhuh h{lvwv {3 vxfk wkdw D{3 @ i3j +{3 lv xqltxh vlqfh D vhsdudwhv

srlqwv, wkhq D{3 � L{3 = Li vxfk dq {3 h{lvwv ohw F @ L{3 dqg li D{ @ U iru doo {>

.Li � frqwdlqv wkh frqvwdqw ixqfwlrq �c wkhq wklv k|srwkhvlv krogv1
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vhw F @ F+[>U,= Ohw i 5 F> wkhq e| Ohppd 81:/ iru doo {> | 5 [ vxfk wkdw { 9@ |
wkhuh h{lvwv j{| 5 D vxfk wkdw i @ j{| rq i{> |j=;

Fodlp 81<1 Jlyhq � A 3 dqg { 5 [ wkhuh h{lvwv j{ 5 D vxfk wkdw j{+{, @ i+{,
dqg i ? j{ . � rq [=

Wr suryh wkh fodlp/ ohw Y| eh dq rshq qhljkerukrrg ri | vxfk wkdw mi � j{|m ? �
rq Y| vr lq sduwlfxodu i ? � . j{| rq Y|= E| frpsdfwqhvv/ wkhuh h{lvwv � �� [
vxfk wkdw [ @

V
|5�

Y|= Vhw

j{+}, @ pd{ij{|+}, = | 5 �j>
wkhq iru dq| | 5 �> i ? � . j{| ? � . j{ rq Y| dqg wkhuhiruh i ? � . j{ rq [=
Pruhryhu/ e| frqvwuxfwlrq i+{, @ j{+{,=

Zh qrz zloo �qlvk wkh surri ri wkh wkhruhp1 Iru hdfk { 5 [> ohw X{ eh d
qhljkerukrrg ri { vxfk wkdw mi � j{m ? � rq X{= Fkrrvh � �� [ vxfk wkdw
[ @

V
{5�

X{ dqg gh�qh

j @ plqij{ = { 5 �j 5 D=
Wkhq i ? j . � rq [ dqg iru { 5 �> j{ ? i . � rq X{ dqg khqfh j ? i . � rq X{=
Vlqfh [ @

V
{5�

X{> zh frqfoxgh wkdw

i ? j . � dqg j ? i . � rq [>

l1h1 wkdw mi � jm ? � rq [= Vlqfh � A 3 lv duelwudu| lw iroorzv wkdw i 5 �D @ D=
Wkhruhp 8143 +Frpsoh{ Vwrqh0Zhlhuvwudvv Wkhruhp,1 Ohw[ eh d frpsdfw Kdxv0
gru� vsdfh1 Vxssrvh D � F+[>F, lv forvhg lq wkh xqlirup wrsrorj|/ vhsdudwhv
srlqwv/ dqg lv forvhg xqghu frqmxjdwlrq1 Wkhq hlwkhu D @ F+[, ru D @ L{3 iru
vrph {3 5 [=

Surri1 Vlqfh

Uh i @
i . �i

5
dqg Lp i @

i � �i

5l
>

Uh i dqg Lp i duh erwk lq D=Wkhuhiruh
DU @ iUh i> Lp i = i 5 Dj

lv d uhdo vxe0dojheud ri F+[>U, zklfk vhsdudwhv srlqwv1 Wkhuhiruh hlwkhu DU @
F+[>U, ru DU @ L{3 _ F+[>U, iru vrph {3 dqg khqfh D @ F+[>F, ru L{3
uhvshfwlyho|1

H{dpsoh 81441 Ohw [ @ V4 @ i} 5 F = m}m @ 4j dqg D eh wkh vhw ri sro|qrpldov
lq } dqg �}> l1h1 D lv wkh dojheud jhqhudwhg e| i4> }> }j= Wkhq D vhsdudwhv srlqwv/
4 5 D dqg D lv forvhg xqghu frqmxjdwlrq doorzv xv wr frqfoxgh iurp Wkhruhp 8143
wkdw �D @ F+[,=

Fruroodu| 81451 Jlyhq d frqwlqxrxv ixqfwlrq i = U$ F zklfk lv 5� 0shulrglf dqg

� A 3 wkhuh h{lvwv s+�, @
qS

q@�Q
�qh

lq� vxfk wkdw mi+�,� S +�,m ? � iru doo � 5 U1

HLi zh duh lq wkh fdvh zkuhuh �%3 ' tf� dqg % ' %f ru + ' %fc wkhq }%+ h{lvwv phuho| e| wkh

idfw wkdw � vhsdudwhv srlqwv1
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Wkhruhp 81461 Ohw [ eh qrq0frpsdfw orfdoo| frpsdfw Kdxvgru� vsdfh/ vsdfh1 Li
D lv d forvhg vxedojheud ri F3+[>U, zklfk vhsdudwhv srlqwv1 Wkhq hlwkhu D @
F3+[>U, ru wkhuh h{lvwv {3 5 [ vxfk wkdw D @ ii 5 F3+[>U, = i+{3, @ 3j=
Surri1 Li wkhuh h{lvwv {3 5 [ vxfk D � ii 5 F3+[>U, = i+{3, @ 3j ohw [�

eh wkh rqh srlqw frpsdfwl�fdwlrq ri [ q i{3j rwkhuzlvh ohw [� eh wkh rqh srlqw
frpsdfwl�fdwlrq ri [= Qrz dsso| Wkhruhp 81; wr ohduq wkdw D � F+[�>U, lv
D @ L4 @ F3+[

� q i4j >U,=
H{dpsoh 81471 Ohw [ @ ^3>4,> � A 3 eh �{hg/ D eh wkh dojheud jhqhudwh e|
w$ h��w= Vr wkh jhqhudo hohphqw i 5 D lv ri wkh irup i+w, @ s+h��w,> zkhuh s+{,
lv d sro|qrpldo1 Vlqfh D � F3+[>U, vhsdudwhv srlqwv dqg lv srlqwzlvh srvlwlyh/
�D @ F3+[>U,=

Dv dq dssolfdwlrq ri wklv h{dpsoh/ zh zloo vkrzv wkdw wkh Odsodfh wudqvirup lv
lqmhfwlyh1

Wkhruhp 81481 Iru i 5 O4+^3>4,> g{,> ohw wkh Odsodfh wudqvirup lv gh�qhg e|

Oi+�, �
] 4

3

h��{i+{,g{ iru doo � A 3=

Li Oi+�, � 3 wkhq i+{, @ 3 iru p 0d1h1 {=

Surri1 Vxssrvh wkdw i 5 O4+^3>4,> g{, vxfk wkdw Oi+�, � 3= Ohw j 5
F3+^3>4,>U, dqg � A 3 eh jlyhq1 Fkrrvh id�j�A3 vxfk wkdw i� A 3 = d� 9@ 3j
lv d �qlwh vhw dqg

mj+{,�
[
�A3

d�h
��{m ? � iru doo { � 3=

Wkhq ����] 4

3

j+{,i+{,g{

���� @
�����
] 4

3

#
j+{,�

[
�A3

d�h
��{

$
i+{,g{

�����
�
] 4

3

�����j+{,�[
�A3

d�h
��{

����� mi+{,m g{
� �nin4=

Vlqfh � A 3 lv duelwudu|/ lw iroorzv wkdw
U4
3

j+{,i+{,g{ @ 3 iru doo j 5 F3+^3>4,>U,=
Ohw

vjqi+{, @

+
i+{,
mi+{,m li i+{, 9@ 3

3 li i+{, @ 3

dqg gh�qh g�+{, � mi+{,mgp+{,= Wkhq � lv d phdvxuh rq ^3>4, vxfk wkdw
�+^3>4,, ? 4= E| rxu uhjxodulw| wkhruhpv/ zh nqrz wkdw Ff+^3>4,, lv ghqvh
lq O4+�,= Wkhuhiruh wkhuh h{lvwv jq 5 Ff+^3>4,, vxfk wkdw jq $ vjqi lq O4+�,=
Wkhuhiruh/

3 @

] 4

3

jq+{,i+{,g{

@

] 4

3

jq+{,vjqi+{,g�+{,
q$4$

] 4

3

mvjqi+{,m5g�+{, @
] 4

3

mi+{,mgp+{,=
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91 Surgxfw vsdfhv dqg W|fkrqrii*v Wkhruhp

9141 Surgxfw Vsdfhv1 Ohw i+[�> ��,j�5D eh d froohfwlrq ri wrsrorjlfdo vsdfhv +zh
dvvxph [� 9@ >, dqg ohw [D @

T
�5D

[�= Uhfdoo wkdw { 5 [D lv d ixqfwlrq

{ = D$
d
�5D

[�

vxfk wkdw {� =@ {+�, 5 [� iru doo � 5 D= Dq hohphqw { 5 [D lv fdoohg d fkrlfh
ixqfwlrq dqg wkh d{lrp ri fkrlfh vwdwhv wkdw [D 9@ > surylghg wkdw [� 9@ > iru
hdfk � 5 D= Li hdfk [� deryh lv wkh vdph vhw [> zh zloo ghqrwh [D @

T
�5D

[� e|

[D= Vr { 5 [D lv d ixqfwlrq iurp D wr [=

Qrwdwlrq 9141 Iru � 5 D> ohw �� = [D $ [� eh wkh fdqrqlfdo surmhfwlrq pds/
��+{, @ {�= Wkh surgxfw wrsrorj| � @ 
�5D�� lv wkh vpdoohvw wrsrorj| rq [D

vxfk wkdw hdfk surmhfwlrq �� lv frqwlqxrxv1 H{solflwo|/ � lv wkh wrsrorj| jhqhudwhg
e|

H @ i��4� +Y�, = � 5 D> Y� 5 ��j=+914,

D �edvlf� rshq vhw lq wklv wrsrorj| lv ri wkh irup

Y @ i{ 5 [D = ��+{, 5 Y� iru � 5 �j+915,

zkhuh � lv d �qlwh vxevhw ri D dqg Y� 5 �� iru doo � 5 �= Zh zloo vrphwlphv zulwh
Y deryh dv

Y @
\
�5�

Y� �
\
�95�

[� @ Y� �[Dq�=

Sursrvlwlrq 9151 Vxssrvh \ lv d wrsrorjlfdo vsdfh dqg i = \ $ [D lv d pds1
Wkhq i lv frqwlqxrxv l� �� � i = \ $ [� lv frqwlqxrxv iru doo � 5 D=

Surri1 Li i lv frqwlqxrxv wkhq �� � i lv wkh frpsrvlwlrq ri wzr frqwlqxrxv
ixqfwlrqv dqg khqfh lv frqwlqxrxv1 Frqyhuvho| li �� � i lv frqwlqxrxv iru doo � 5 D>
wkh +�� �i,�4+Y�, @ i�4+��4� +Y�,, lv rshq lq \ iru doo � 5 D dqg Y� �r [�= Wkdw
lv wr vd|/ i�4+H, frqvlvwv ri rshq vhwv/ dqg wkhuhiruh i lv frqwlqxrxv vlqfh H lv d
vxeedvh iru wkh surgxfw wrsrorj|1

Sursrvlwlrq 9161 Vxssrvh wkdw +[> �, lv d wrsrorjlfdo vsdfh dqg iiqj � [D lv d
vhtxhqfh1 Wkhq iq $ i lq wkh surgxfw wrsrorj| ri [D l� iq+�, $ i+�, iru doo
� 5 D=

Surri1 Vlqfh �� lv frqwlqxrxv/ li iq $ i wkhq iq+�, @ ��+iq,$ ��+i, @ i+�,
iru doo � 5 D= Frqyhuvho|/ iq+�, $ i+�, iru doo � 5 D l� ��+iq, $ ��+i, iru doo
� 5 D= Wkhuhiruh li Y @ ��4� +Y�, 5 H dqg i 5 Y> wkhq ��+i, 5 Y� dqg ��+iq, 5 Y�
d1d dqg khqfh iq 5 Y d1d1 Wklv vkrzv wkdw iq $ i dv q$4=

Sursrvlwlrq 9171 Ohw +[�> ��, eh wrsrorjlfdo vsdfhv dqg [D eh wkh surgxfw vsdfh
zlwk wkh surgxfw wrsrorj|1

41 Li [� lv Kdxvgru� iru doo � 5 D> wkhq vr lv [D=
51 Li hdfk [� lv frqqhfwhg iru doo � 5 D> wkhq vr lv [D=

Surri1
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41 Ohw {> | 5 [D eh glvwlqfw srlqwv1 Wkhq wkhuh h{lvwv � 5 D vxfk wkdw ��+{, @
{� 9@ |� @ ��+|,= Vlqfh [� lv Kdxvgru�/ wkhuh h{lvwv glvmrlqw rshq vhwv
X> Y � [� vxfk ��+{, 5 X dqg ��+|, 5 Y= Wkhq ��4� +X, dqg ��4� +Y , duh
glvmrlqw rshq vhwv lq [D frqwdlqlqj { dqg | uhvshfwlyho|1

51 Ohw xv ehjlq zlwk wkh fdvh ri wzr idfwruv/ qdpho| dvvxph wkdw [ dqg \ duh
frqqhfwhg wrsrorjlfdo vsdfhv/ wkhq zh zloo vkrz wkdw [ � \ lv frqqhfwhg
dv zhoo1 Wr gr wklv ohw s @ +{3> |3, 5 [ � \ dqg H ghqrwh wkh frqqhfwhg
frpsrqhqw ri s= Vlqfh i{3j�\ lv krphrprusklf wr \> i{3j�\ lv frqqhfwhg
lq [�\ dqg wkhuhiruh i{3j�\ � H> l1h1 +{3> |, 5 H iru doo | 5 \= D vlplodu
dujxphqw qrz vkrzv wkdw [ �i|j � H iru dq| | 5 \> wkdw lv wr [ � \ @ H=
E| lqgxfwlrq wkh wkhruhp krogv zkhqhyhu D lv d �qlwh vhw1

Iru wkh jhqhudo fdvh/ djdlq fkrrvh d srlqw s 5 [D @ [D dqg ohw F @ Fs eh
wkh frqqhfwhg frpsrqhqw ri s lq [D= Uhfdoo wkdw Fs lv forvhg dqg wkhuhiruh
li Fs lv d surshu vxevhw ri [D> wkhq [D qFs lv d qrq0hpsw| rshq vhw1 E| wkh
gh�qlwlrq ri wkh surgxfw wrsrorj|/ wklv zrxog lpso| wkdw [D qFs frqwdlqv dq
rshq vhw ri wkh irup

Y =@ _�5���4� +Y�, @ Y� �[Dq�

zkhuh � �� D dqg Y� 5 �� iru doo � 5 �= Zh zloo qrz vkrz wkdw qr vxfk Y
fdq h{lvw dqg khqfh [D @ Fs> l1h1 [D lv frqqhfwhg1

Gh�qh ! = [� $ [D e| !+|, @ { zkhuh

{� @

�
|� li � 5 �
s� li � @5 �=

Li � 5 �> �� �!+|, @ |� @ ��+|, dqg li � 5 Dq� wkhq �� �!+|, @ s� vr wkdw
lq hyhu| fdvh �� � ! = [� $ [� lv frqwlqxrxv dqg wkhuhiruh ! lv frqwlqxrxv1

Vlqfh [� lv d surgxfw ri d �qlwh qxpehu ri frqqhfwhg vsdfhv lw lv frq0
qhfwhg e| vwhs 41 deryh1 Khqfh vr lv wkh frqwlqxrxv lpdjh/ !+[�, @
[� � is�j�5Dq� > ri [�= Qrz s 5 !+[�, dqg !+[�, lv frqqhfwhg lpsolhv
wkdw !+[�, � F= Rq wkh rwkhu kdqg rqh hdvlo| vhhv wkdw

> 9@ Y _ !+[�, � Y _F
frqwudglfwlqj wkh dvvxpswlrq wkdw Y � Ff=

9151 W|fkrqr�*v Wkhruhp1 Wkh pdlq wkhruhp ri wklv vxevhfwlrq lv wkdw wkh
surgxfw ri frpsdfw vsdfhv lv frpsdfw1

Wkhruhp 918 +W|fkrqr�*v Wkhruhp,1 Ohw i[�j�5D eh d froohfwlrq ri qrq0hpsw|
frpsdfw vsdfhv1 Wkhq [D @

T
�5D

[� lv frpsdfw lq wkh surgxfw vsdfh wrsrorj|1

Wkh surri ri wklv wkhruhp uhtxluhv ]ruq*v ohppd zklfk lv htxlydohqw wr wkh d{lrp
ri fkrlfh/ +vhh Wkhruhp ;1: ehorz,1 Ehiruh jrlqj lqwr wkh ghwdlov ri wkh surri/ ohw
xv �uvw suryh wkh iroorzlqj vshfldo fdvh1

Sursrvlwlrq 9191 Vxssrvh wkdw [ dqg \ duh qrq0hpsw| frpsdfw wrsrorjlfdo
vsdfhv/ wkhq [ � \ lv frpsdfw lq wkh surgxfw wrsrorj|1

Surri1 Ohw X eh dq rshq fryhu ri [ � \= Wkhq iru hdfk +{> |, 5 [ � \
wkhuh h{lvw X 5 X vxfk wkdw +{> |, 5 X= E| gh�qlwlrq ri wkh surgxfw wrsrorj|/
wkhuh dovr h{lvw Y{ 5 �[{ dqg Z| 5 �\| vxfk wkdw Y{ �Z| � X= Wkhuhiruh Y =@
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iY{ �Z| = +{> |, 5 [ � \ j lv dovr dq rshq fryhu ri [ � \= Zh zloo qrz vkrz wkdw
Y kdv d �qlwh vxe0fryhu/ vd| Y3 �� Y = Dvvxplqj wklv lv suryhg iru wkh prphqw/
wklv lpsolhv wkdw X dovr kdv d �qlwh vxefryhu ehfdxvh hdfk Y 5 Y3 lv frqwdlqhg lq
vrph XY 5 X = Vr wr frpsohwh wkh surri lw vx!fhv wr vkrz wkdw hyhu| fryhu Y ri wkh
irup Y @ iY� �Z� = � 5 Dj zkhuh Y� �r [ dqg Z� �r \ kdv d �qlwh vxefryhu1

Jlyhq { 5 [> ohw i{ = \ $ [ � \ eh wkh pds i{+|, @ +{> |, dqg qrwlfh wkdw
i{ lv frqwlqxrxv vlqfh �[ � i{+|, @ { dqg �\ � i{+|, @ | duh frqwlqxrxv pdsv1
Iurp wklv zh frqfoxgh wkdw i{j � \ @ i{+\ , lv frpsdfw1 Vlploduo|/ lw iroorzv wkdw
[ � i|j lv frpsdfw iru doo | 5 \=

Vlqfh Y lv d fryhu ri i{j � \> wkhuh h{lvw �{ �� D vxfk wkdw i{j � \ �V
�5�{

+Y��Z�, zlwkrxw orvv ri jhqhudolw| zh pd| dvvxph wkdw �{ lv fkrvhq vr wkdw

{ 5 Y� iru doo � 5 �{= Ohw X{ �
W

�5�{
Y� �r [= Wkhq iX{j{5[ lv dq rshq fryhu ri

[ zklfk lv frpsdfw/ khqfh wkhuh h{lvwv � �� [ vxfk wkdw [ @ ^{5�X{= Wkh surri
lv frpsohwhg e| vkrzlqj wkdw Y3 =@ ^{5� ^�5�{ iY� �Z�j lv d fryhu ri [ � \>

^Y3 @ ^{5� ^�5�{ +Y� �Z�, � ^{5� ^�5�{ +X{ �Z�, @ ^{5� +X{ � \ , @ [ � \=

Wkh qh{w ohppd lv wkh fux{ ri wkh surri ri wkh jhqhudo fdvh ri Wkhruhp 9181

Ohppd 91: +Doh{dqghu*v Ohppd,1 Ohw +[> �, eh d wrsrorjlfdo vsdfh1 Ohw H � � eh
d vxeedvh iru wkh wrsrorj| ri �> � @ �+H,= Wkhq [ lv frpsdfw l� hyhu| rshq fryhu
E � H ri [ kdv d �qlwh vxefryhu=

Surri1 Lw lv fohdu wkdw li [ lv frpsdfw dqg E � H lv d fryhu ri [> wkhq E kdv d
�qlwh vxefryhu1 Vr lw vx!fhv wr vkrz wkdw li [ lv qrw frpsdfw/ wkhuh h{lvwv d fryhu
E � H zlwk qrw �qlwh vxefryhu1 Zh zloo frqvwuxfw E lq wzr vwhsv1

41 Wkhuh lv d pd{lpdo rshq fryhu D ri [ zlwk qr �qlwh vxefryhu1 Ohw X eh wkh
froohfwlrq ri rshq fryhuv ri[ zlwk qr �qlwh vxefryhuv dqg sduwldoo| rughuhg X
e| lqfoxvlrq1 +X lv qrw hpsw| e| gh�qlwlrq vlqfh [ lv qrw frpsdfw1, Vxssrvh
wkdw iD�j�5E � X lv d olqhduo| rughuhg froohfwlrq1 Wkhq li X4> = = = > Xq 5V
�5E

D� > e| olqhdu rughu ri iD�j�5E> wkhuh h{lvwv �3 5 E vxfk wkdw X4> = = = Xq 5
D�3 iru vrph �3 5 E= Vlqfh D�3 5 X lv dq rshq fryhu ri [ zlwk qr �qlwh

vxefryhu/ lw iroorzv wkdw
qV
l@4

Xl 9@ [ dqg khqfh
V
�5E

D� lv d fryhu ri [ zlwk

qr �qlwh vxefryhu1 Khqfh
V
�5E

D� 5 X lv dq xsshu erxqg iru iD�j�5E/ vr zh
pd| dsso| ]ruq*v Ohppd wr frqfoxgh wkdw X kdv d pd{lpdo hohphqw zklfk
zh ghqrwh e| D=

51 Zh zloo �qlvk wkdw surri e| vkrzlqj wkdw E � D_ H lv d fryhu ri [= +Qrwlfh
wkdw E fdq qrw kdyh d �qlwh vxefryhu/ vlqfh li lw glg D zrxog dovr kdyh �qlwh
vxefryhu1, Iru vdnh ri frqwudglfwlrq/ vxssrvh wkdw wkhuh h{lvwv { 5 [ q ^E=
Vlqfh D fryhuv [ wkhuh h{lvwv X 5 D vxfk wkdw { 5 X dqg ehfdxvh � @ �+H,>
wkhuh h{lvwv Y4> = = = > Yq 5 H vxfk wkdw

{ 5 Y4 _ � � � _ Yq � X=

Qrwlfh wkdw qr Ym lv lq D> iru li rqh zhuh +vd| Ym,/ zh zrxog kdyh Ym 5 E dqg
khqfh { 5 ^E= Ehfdxvh D lv pd{lpdo/ D ^ iYmj pxvw kdyh d �qlwh vxefryhu
iru hdfk m= Khqfh iru hdfk m @ 4> 5> = = = > q wkhuh h{lvwv Dm �� D vxfk wkdw li
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Zm @ ^Dm wkhq Ym ^Zm @ [= Qrz

X ^
q̂

4

Zm �
#

q_
4

Ym

$
^
#

q̂

4

Zm

$
@ [

zklfk lpsolhv wkdw D3 =@ iXj^ ^qm@4Dm lv d �qlwh vxefryhu ri D=< Wklv lv d
frqwudfwlrq wr wkh idfw wkdw D kdg qr �qlwh vxefryhu dqg khqfh ^E @ [=

Zh qrz jlyh wkh surri ri W|fkrqr�*v Wkhruhp1
Surri1 +W|fkrqr�*v Wkhruhp, E| Doh{dqghu*v Ohppd 91:/ zh pxvw vkrzv wkdw

hyhu| rshq fryhu Y> zklfk lv frqwdlqhg lq wkh vxeedvh H @ i��4� +X, = X �3 [�> � 5
Dj> kdv d �qlwh vxefryhu1 Li Y lv vxfk dq rshq fryhu dqg � 5 D> ohw

Y� � iX �3 [� = ��4� +X, 5 Yj=
Fodlp= Wkhuh h{lvwv vrph � 5 D vxfk wkdw Y� lv d fryhu ri [� =

Li wkhuh zhuh qr vxfk �> wkhq Y� =@ ^Y� # [� iru doo � 5 D= Vr e| wkh D{lrp
ri fkrlfh wkhuh zrxog h{lvwv vrph { 5T�5D +[� q Y�, = Rq wkh rwkhu kdqg

Y @
^
�5D

��4� +Y�, �
^
�5D

i��4� +X, = X 5 Y�j

dqg { 5 ^Y +Y lv d fryhu ri [D,/ vr wkhuh pxvw h{lvw vrph � 5 D dqg X� 5 Y�
vxfk wkdw ��+{, 5 X�= Exw wklv lv suhfoxghg e| fkrlfh ri { 5

T
�5D +[� q Y�, = Wklv

suryhv wkh fodlp1
Ohw � 5 D vxfk wkdw Y� lv d fryhu ri [� = Xvlqj wkh frpsdfwqhvv ri [� > wkhuh

h{lvwv iXljql@4 � Y� +q ?4, vxfk wkdw iXljql@4 fryhuv[�= Wkhq
q
��4� +Xl,

rq
l@4

� Y
lv qrz wkh ghvluhg vxefryhu ri [D=

:1 Xu|vrkq*v phwul}dwlrq Wkhruhp

Gh�qlwlrq :141 Ohw L @ ^3> 4` dqg D eh d qrq0hpsw| vhw/ wkhq LD zlwk wkh surgxfw
wrsrorj| lv fdoohg d fxeh1

Gh�qlwlrq :151 Ohw [ eh d wrsrorjlfdo vsdfh1 D vxevhw I � F+[> L, lv vdlg wr
vhsdudwhv srlqwv dqg forvhg vhwv li iru doo { 5 [ dqg forvhg vhwv I � [ vxfk
wkdw { @5 I> wkhuh h{lvwv i 5 I vxfk wkdw i+{, 95 i+I ,1

Uhpdun :161 Li i lv dv lq Gh�qlwlrq :15/ zh pd| �qg k 5 F+L> L, vxfk wkdw k @ 3

rq i+I , dqg k+i+{,, @ 4= Wkhq j @ k�i 5 F+[> L, kdv wkh surshuw| wkdw j+{, @ 4
dqg j+I , @ i3j=
Qrwdwlrq :171 Jlyhq I � F+[> L,/ gh�qh h = [ $ LI e| {$ h{ zkhuh h{+i, @
i+{,= Wkh ixqfwlrq h{ 5 LI lv fdoohg wkh hydoxdwlrq pds dw { 5 [=

Sursrvlwlrq :181 Ohw [ eh d wrsrorjlfdo vsdfh dqg I � F+[> L,= Wkhq
41 Wkh pds h = [ $ LI lv frqwlqxrxv1
51 Li I vhsdudwhv srlqwv wkhq h lv lqmhfwlyh1

bOhw hf 
 E
?W
�

T�� � E
?V
�

`�� dqg qrwlfh wkdw iru doo % M f ' T� �`�c % M T� ru % M`�� Khqfh

li % M V
�

`� wkhq % M hf dqg li % �M V
�

`� wkhq % M T� iru doo � l1h1 % M KT� zklfk djdlq vkrzv

wkdw % M hf� Wkdw lv wr vd| f \ hf dqg khqfh f ' �f�
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61 Li I vhsdudwhv srlqwv dqg forvhg vhwv> wkhq h lv d krphrprusklvp rqwr lwv
udqjh1

Surri1 +4, Iru i 5 I > ohw �i = LI $ L eh wkh surmhfwlrq pds/ �i +}, @ }+i,=
Wkhq

�i � h+{, @ �i +h{, @ h{+i, @ i+{,

zklfk vkrzv wkdw �i �h @ i lv frqwlqxrxv iru doo i 5 I dqg wkhuhiruh h lv frqwlqxrxv1
+5, Vlqfh h{ @ h| l� i+{, @ h{+i, @ h|+i, @ i+|, iru doo i 5 I / h lv lqmhfwlyh l�

I vhsdudwhv srlqwv1
+6,Zh pxvw vkrz wkdw h lv dq rshq pds/ l1h1 li X �3 [ wkhq h+X, lv rshq lq

h+[, lq wkh uhodwlyh wrsrorj|1 Ohw X �3 [ dqg { 5 X= Vlqfh { @5 Xf wkhuh h{lvwv
i 5 I vxfk wkdw i+{, @5 i+Xf,= Ohw

Y � ��4i +^i+Xf,`f, @ i} 5 LI = }+i, @5 i+Xf,j � LI =

Wkhq

Y _ h+[, @ ih| = i+|, @5 i+Xf,j
lv d uhodwlyho| rshq vxevhw ri h+[, dqg e| frqvwuxfwlrq { 5 Y _ h+[,= Zh zloo qrz
�qlvk wkh surri e| vkrzlqj Y _h+[, � h+X,= Wklv zloo eh dffrpsolvkhg e| vkrzlqj
li | @5 X wkhq h| @5 Y= Qrz li | 5 Xf> wkhq h|+i, @ i+|, 5 i+Xf, � i+Xf, dqg
wkhuhiruh h| @5 Y=

Wkhruhp :19 +Xu|vrkq Phwul}dwlrq Wkhruhp,1 Hyhu| vhfrqg frxqwdeoh qrupdo
vsdfh [ lv phwul}deoh1 Pruhryhu/ wkhuh lv d phwulf V frpsdwleoh zlwk wkh wrsro0
rj| vxfk wkdw [ lv wrwdoo| erxqghg dqg khqfh wkh frpsohwlrq ri [ lv frpsdfw1

Surri1 Wkh surri ri wkh wkhruhp zloo eh eurnhq lqwr irxu vwhsv1
41 E| Iroodqg sureohp& 71:9 wkhuh h{lvwv d frxqwdeoh vxevhwI � F+[> ^3> 4`, vxfk

wkdw iru doo { 5 [ dqg H C [ wkhuh h{lvwv i 5 I vxfk wkdw i+{, @ 4 dqg
i mH � 3=

51 E| Iroodqg sureohp & 71:: wkh surgxfw wrsrorj| dqg \ � ^3> 4`I lv phwul}0
deoh1 Ohw g eh d phwulf rq \ frpsdwleoh zlwk wkh surgxfw wrsrorj|1

61 Iru { 5 [> ohw h{ = [ $ \ eh gh�qhg e| h{+i, @ i+{,= Wkhq e| Sursrvlwlrq
:18 wkh pds h = [ $ \ gh�qh e| { $ h{ lv d krphrprusklvp rqwr h+\ , @
ih{ = { 5 Ij � \ zkhq h+\ , lv htxlsshg zlwk wkh uhodwlyh wrsrorj| iurp \=

71 Gh�qh �+{> |, @ g+h{> h|,/ wkhq vlqfh h = [ $ h+[, � \ lv d krphrprusklvp/
� lv d phwulf rq h+[, frpsdwleoh zlwk wkh wrsrorj| rq [= E| W|fkrqr�*v

Wkhruhp/ \ lv frpsdfw dqg wkhuhiruh wkh forvxuh h+[,
g
> ri h+[, lq \ lv

frpsdfw dv zhoo1 Vlqfh wkh frpsohwlrq/ [
�
> ri [ lv krphrprusklf wr wkh

h+[,
g
zh frqfoxgh wkdw [

�
lv frpsdfw dqg khqfh wrwdoo| erxqghg1 Lw qrz

hdvlo| iroorzv wkdw [ lv wrwdoo| erxqghg dv zhoo1

;1 ]ruq*v Ohppd dqg wkh Kdxvgruii Pd{lpdo Sulqflsoh

Gh�qlwlrq ;141 D sduwldo rughu � rq [ lv d uhodwlrq zlwk iroorzlqj surshuwlhv
+l, Li { � | dqg | � } wkhq { � }1
+ll, Li { � | dqg | � { wkhq { @ |1
+lll, { � { iru doo { 5 [1
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H{dpsoh ;151 Ohw \ eh d vhw dqg [ @ S+\ ,= Wkhuh duh wzr qdwxudo sduwldo rughuv
rq [=

41 Rughuhg e| lqfoxvlrq/ D � E lv D � E dqg
51 Rughuhg e| uhyhuvh lqfoxvlrq/ D � E li E � D=

Gh�qlwlrq ;161 Ohw +[>�, eh d sduwldoo| rughuhg vhw zh vd| [ lv olqhduo| d
wrwdoo| rughuhg li iru doo {> | 5 [ hlwkhu { � | ru | � {= Wkh uhdo qxpehuv U zlwk
wkh xvxdo rughu � lv d w|slfdo h{dpsoh1

Gh�qlwlrq ;171 Ohw +[>�, eh d sduwldo rughuhg vhw1 Zh vd| { 5 [ lv d pd{lpdo
hohphqw li iru doo | 5 [ vxfk wkdw | � { lpsolhv | @ {> l1h1 wkhuh lv qr hohphqw
odujhu wkdq {= Dq xsshu erxqg iru d vxevhw H ri [ lv dq hohphqw { 5 [ vxfk
wkdw { � | iru doo | 5 H=

H{dpsoh ;181 Ohw

[ @
�
d @ i4j e @ i4> 5j f @ i6j g @ i5> 7j h @ i5j �

rughuhg e| vhw lqfoxvlrq1 Wkhq e dqg g duh pd{lpdo hohphqwv ghvslwh wkdw idfw wkdw
e � d dqg d � e= Zh dovr kdyh

� Li H @ id> h> fj> wkhq H kdv qr xsshu erxqg1

Gh�qlwlrq ;191 � Li H @ id> hj> wkhq e lv dq xsshu erxqg1
� H @ ihj> wkhq e dqg g duh xsshu erxqgv1

Wkhruhp ;1:1 Wkh iroorzlqj duh htxlydohqw1

41 Wkh d{lrp ri fkrlfh1
51 Wkh Kdxvgru� Pd{lpdo Sulqflsoh= Hyhu| sduwldoo| rughuhg vhw kdv d

pd{lpdo +uhodwlyh wr wkh lqfoxvlrq rughu, olqhduo| rughuhg vxevhw1
61 ]ruq*v Ohppd= Li [ lv sduwldoo| rughuhg vhw vxfk wkdw hyhu| olqhduo| rughuhg

vxevhw ri [ kdv dq xsshu erxqg/ wkhq [ kdv d pd{lpdo hohphqw143

Surri1 +5, 6, Ohw [ eh d sduwldoo| rughuhg vxevhw dv lq 6 dqg ohw I @ iH �
[ = H lv olqhduo| rughuhgj zklfk zh htxls zlwk wkh lqfoxvlrq sduwldo rughulqj1 E|
51 wkhuh h{lvw d pd{lpdo hohphqw H 5 I = E| dvvxpswlrq/ wkh olqhduo| rughuhg vhw
H kdv dq xsshu erxqg { 5 [= Wkh hohphqw { lv pd{lpdo/ iru li | 5 \ dqg | � {>
wkhq H ^ i|j lv vwloo dq olqhduo| rughuhg vhw frqwdlqlqj H= Vr e| pd{lpdolw| ri H>
H @ H ^ i|j > l1h1 | 5 H dqg wkhuhiruh | � { vkrzlqj zklfk frpelqhg zlwk | � {
lpsolhv wkdw | @ {=44

�fLi f lv d frxqwdeoh vhw zh pd| suryh ]ruq*v Ohppd e| lqgxfwlrq1 Ohw t%?�"?'� eh dq
hqqxphudwlrq ri fc dqg gh�qh .? a f lqgxfwlyho| dv iroorzv1 Iru ? ' � ohw .� ' t%��c dqg
li .? kdyh ehhq fkrrvhq/ ohw .?n� ' .? � t%?n�� li %?n� lv dq xsshu erxqg iru .? rwkhuzlvh
ohw .?n� ' .?� Wkh vhw . ' �"?'�.? lv d olqhduo| rughuhg +|rx fkhfn, vxevhw ri f dqg khqfh
e| dvvxpwlrq . kdv dq xsshu erxqg/ % M f� L fodlp wkdw klv hohphqw lv pd{lpdo/ iru li wkhuh
h{lvwv + ' %6 M f vxfk wkdw + D %c wkhq %6 zrxog eh dq xsshu erxqg iru .63� dqg wkhuhiruh
+ ' %6 M .6 a .� Wkdw lv wr vd| li + D %c wkhq + M . dqg khqfh + $ %c vr + ' %� +Khqfh zh
pd| ylhz ]ruq*v ohppd dv d � md}}hg� xs yhuvlrq ri lqgxfwlrq1,

��Vlplodou| rqh pd| vkrz wkdw �i 2� Ohw 5 ' t. a f G . lv olqhduo| rughuhg� dqg rughu 5
e| lqfoxvlrq1 Li } a 5 lv olqhduo| rughuhg/ ohw . ' �} '

V
�M}

�� Li %c + M . wkhq % M � dqg

+ M � iru vrph �c� a }1 Qrz } lv olqhduo| rughuhg e| vhw lqfoxvlrq vr � a � ru � a � l1h1
%c + M � ru %c + M �� Vlqvh � dqg � duh olqhduo| rughu zh pxvw kdyh hlwkhu % $ + ru + $ %c wkdw
lv wr vd| . lv olqhduo| rughuhg1 Khqfh e| 61 wkhuh h{lvwv d pd{lpdo hohphqw . M 5 zklfk lv wkh
dvvhuwlrq lq 51
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+6, 4, Ohw i[�j�5D eh d froohfwlrq ri qrq0hpsw| vhwv/ zh pxvw vkrz
T
�5D[�

lv qrw hpsw|1 Ohw J ghqrwh wkh froohfwlrq ri ixqfwlrqv j = G+j, $ c
�5D[� vxfk

wkdw G+j, lv d vxevhw ri D> dqg iru doo � 5 G+j,/ j+�, 5 [�= Qrwlfh wkdw J lv
qrw hpsw|/ iru zh pd| ohw �3 5 D dqg {3 5 [� dqg wkhq vhw G+j, @ i�3j dqg
j+�3, @ {3 wr frqvwuxfw dq hohphqw ri J=Zh qrz sxw d sduwldo rughu rq J dv iroorzv1
Zh vd| wkdw i � j iru i> j 5 J surylghg wkdw G+i, � G+j, dqg i @ jmG+i,= Li � � J
lv d olqhduo| rughuhg vhw/ ohw G+k, @ ^j5�G+j, dqg iru � 5 G+j, ohw k+�, @ j+�,=
Wkhq k 5 J lv dq xsshu erxqg iru �= Vr e| ]ruq*v Ohppd wkhuh h{lvwv d pd{lpdo
hohphqw k 5 J= Wr �qlvk wkh surri zh qhhg rqo| vkrz wkdw G+k, @ D= Li wklv
zhuh qrw wkh fdvh/ wkhq ohw �3 5 D q G+k, dqg {3 5 [�3 = Zh pd| qrz gh�qh
G+�k, @ G+k, ^ i�3j dqg

�k+�, @

�
k+�, li � 5 G+k,
{3 li � @ �3=

Wkhq k � �k zkloh k 9@ �k ylrodwlqj wkh idfw wkdw k zdv d pd{lpdo hohphqw1
+4, 5, Ohw +[>�, eh d sduwldoo| rughuhg vhw1 Ohw I eh wkh froohfwlrq ri olqhduo|

rughuhg vxevhwv ri [ zklfk zh rughu e| vhw lqfoxvlrq1 Jlyhq {3 5 [> i{3j 5 I lv
olqhduo| rughuhg vhw vr wkdw I 9@ >=

Il{ dq hohphqw S3 5 I = Li S3 lv qrw pd{lpdo wkhuh h{lvwv S4 5 I vxfk wkdw
S3 # S4= Lq sduwlfxodu zh pd| fkrrvh { 95 S3 vxfk wkdw S3 ^ i{j 5 I = Wkh lghd
qrz lv wr nhhs uhshdwlqj wklv surfhvv ri dgglqj srlqwv { 5 [ xqwlo zh frqvwuxfw d
pd{lpdo hohphqw S ri I = Zh qrz kdyh wr wdnh fduh ri vrph ghwdlov1

Zh pd| dvvxph zlwk rxw orvv ri jhqhudolw| wkdw �I @ iS 5 I = S lv qrw pd{lpdoj
lv d qrq0hpsw| vhw1 Iru S 5 �I > ohw S � @ i{ 5 [ = S ^ i{j 5 Ij = Dv wkh deryh
dujxphqw vkrzv/ S � 9@ > iru doo S 5 �I = Xvlqj wkh d{lrp ri fkrlfh/ wkhuh h{lvwv
i 5TS5 �I S

�= Zh qrz gh�qh j = I $ I e|

j+S , @

�
S li S lv pd{lpdo

S ^ ii+{,j li S lv qrw pd{lpdo1
+;14,

Wkh surri lv frpsohwhg e| wkh qh{w ohppd zklfk vkrzv wkdw j pxvw kdyh d �{hg
srlqw S 5 I = Wklv �{hg srlqw lv pd{lpdo e| frqvwuxfwlrq ri j=

Ohppd ;1;1 Wkh ixqfwlrq j = I $ I gh�qhg lq Ht1 +;14, kdv d �{hg srlqw145

Surri1 Wkh lghd ri wkh surri lv dv iroorzv1 Ohw S3 5 I eh fkrvhq duelwudulo|1
Qrwlfh wkdw � @

�
j+q,+S3,

�4
q@3

� I lv d olqhduo| rughuhg vhw dqg lw lv wkhuhiruh

hdvlo| yhul�hg wkdw S4 @
4V
q@3

j+q,+S3, 5 I = Vlploduo| zh pd| uhshdw wkh surfhvv wr

frqvwuxfw S5 @
4V
q@3

j+q,+S4, 5 I dqg S6 @
4V
q@3

j+q,+S5, 5 I > hwf1 hwf1 Wkhq wdnh

S4 @ ^4q@3Sq dqg vwduw djdlq zlwk S3 uhsodfhg e| S4= Wkhq nhhs jrlqj wklv zd|
xqwlo hyhqwxdoo| wkh vhwv vwrs lqfuhdvlqj lq vl}h/ lq zklfk fdvh zh kdyh irxqg rxu
�{hg srlqw1 Wkh sureohp zlwk wklv vwudwhj| lv wkdw zh pd| qhyhu zlq1 +Wklv lv
yhu| uhplqlvfhqw ri frqvwuxfwlqj phdvxudeoh vhwv dqg wkh zd| rxw lv wr xvh phdvxuh
wkhruhwlf olnh dujxphqwv1,

Ohw xv qrz vwduw wkh irupdo surri1 Djdlq ohw S3 5 I dqg ohw I4 @ iS 5 I =
S3 � Sj= Qrwlfh wkdw I4 kdv wkh iroorzlqj surshuwlhv=

�2Khuh lv dq hdv| surri li wkh hohphqwv ri 5 kdsshqhg wr doo eh �qlwh vhwv dqg wkhuh h{lvwhg d
vhw � M 5 zlwk d pd{lpdo qxpehu ri hophqwv1 Lq wklv fdvh wkh frqglwlrq wkdw � a }E� � zrxog
lpso| wkdw � ' }E� �c rwkhuzlvh }E� � zrxog kdyh pruh hohphqwv wkdq ��
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41 S3 5 I4=
51 Li � � I4 lv d wrwdoo| rughuhg +e| vhw lqfoxvlrq, vxevhw wkhq ^� 5 I4=
61 Li S 5 I4 wkhq j+S , 5 I4=
Ohw xv fdoo d jhqhudo vxevhw I 3 � I vdwlvi|lqj wkhvh wkuhh frqglwlrqv d wrzhu dqg

ohw

I3 @ _iI 3 = I 3 lv d wrzhuj =
Vwdqgdug dujxphqwv vkrz wkdw I3 lv vwloo d wrzhu dqg fohduo| lv wkh vpdoohvw wrzhu
frqwdlqlqj S3= +Prudoo| vshdnlqj I3 frqvlvwv ri doo ri wkh vhwv zh zhuh wu|lqj wr
frqvwuxfwhg lq wkh �lghd vhfwlrq� ri wkh surri1,

Zh qrz fodlp wkdw I3 lv d olqhduo| rughuhg vxevhw ri I = Wr suryh wklv ohw � � I3

eh wkh olqhduo| rughuhg vhw

� @ iF 5 I3 = iru doo D 5 I3 hlwkhu D � F ru F � Dj =
Vkruwo| zh zloo vkrz wkdw � � I3 lv d wrzhu dqg khqfh wkdw I3 @ �= Wkdw lv wr vd|
I3 lv olqhduo| rughuhg1 Dvvxplqj wklv iru wkh prphqw ohw xv �qlvk wkh surri1 Ohw
S � ^I3 zklfk lv lq I3 e| surshuw| 5 dqg lv fohduo| wkh odujhvw hohphqw lq I3= E|
61 lw qrz iroorzv wkdw S � j+S , 5 I3 dqg e| pd{lpdolw| ri S> zh kdyh j+S , @ S>
wkh ghvluhg �{hg srlqw1 Vr wr �qlvk wkh surri/ zh pxvw vkrz wkdw � lv d wrzhu1

Iluvw r� lw lv fohdu wkdw S3 5 � vr lq sduwlfxodu � lv qrw hpsw|1 Iru hdfk F 5 �
ohw

�F =@ iD 5 I3 = hlwkhu D � F ru j+F, � Dj =
Zh zloo ehjlq e| vkrzlqj wkdw �F � I3 lv d wrzhu dqg wkhuhiruh wkdw �F @ I3=

41 S3 5 �F vlqfh S3 � F iru doo F 5 � � I3= 51 Li � � �F � I3 lv wrwdoo|
rughuhg e| vhw lqfoxvlrq/ wkhq D� =@ ^� 5 I3= Zh pxvw vkrz D� 5 �F > wkdw lv
wkdw D� � F ru F � D�= Qrz li D � F iru doo D 5 �> wkhq D� � F dqg khqfh
D� 5 �F = Rq wkh rwkhu kdqg li wkhuh lv vrph D 5 � vxfk wkdw j+F, � D wkhq
fohduo| j+F, � D� dqg djdlq D� 5 �F =

61 Jlyhq D 5 �F zh pxvw vkrz j+D, 5 �F > l1h1 wkdw

j+D, � F ru j+F, � j+D,=+;15,

Wkhuh duh wkuhh fdvhv wr frqvlghu= hlwkhu D # F> D @ F> ru j+F, � D= Lq wkh fdvh
D @ F> j+F, @ j+D, � j+D, dqg li j+F, � D wkhq j+F, � D � j+D, dqg Ht1 +;15,
krogv lq hlwkhu ri wkhvh fdvhv1 Vr dvvxph wkdw D # F= Vlqfh F 5 �> hlwkhu j+D, � F
+lq zklfk fdvh zh duh grqh, ru F � j+D,= Khqfh zh pd| dvvxph wkdw

D # F � j+D,=

Qrz li F zhuh d surshu vxevhw ri j+D, lw zrxog wkhq iroorz wkdw j+D, q D zrxog
frqvlvw ri dw ohdvw wzr srlqwv zklfk frqwudglfwv wkh gh�qlwlrq ri j= Khqfh zh pxvw
kdyh j+D, @ F � F dqg djdlq Ht1 +;15, krogv/ vr �F lv d wrzhu1

Lw lv qrz hdv| wr vkrz wkdw � lv d wrzhu1 Lw lv djdlq fohdu wkdw S3 5 � dqg
Surshuw| 51 pd| eh fkhfnhg iru � lq wkh vdph zd| dv lw zdv grqh iru �F deryh1
Iru Surshuw| 61/ li F 5 � zh pd| xvh �F @ I3 wr frqfoxgh wkdw iru doo D 5 I3

wkdw hlwkhu D � F � j+F, ru j+F, � D> l1h1 j+F, 5 �= Wkxv � lv d wrzhu dqg zh
duh grqh1
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<1 Qhwv

FDXWLRQ= wklv vhfwlrq lv xqhglwhg/ khqfh yhu| urxjk1
Lq wklv vhfwlrq +zklfk pd| eh vnlsshg, zh ghyhors wkh qrwlrq ri qhwv1 Qhwv duh

jhqhudol}dwlrq ri vhtxhqfhv1 Ohw xv ehjlq e| vkrzlqj wkdw iru jhqhudo wrsrorjlfdo
vsdfhv/ vhtxhqfhv duh qrw dozd|v dghtxdwh1

Zh vwduw e| frqvlghulqj F+U, � FU= Li iiqj � F+U, dqg iq $ i srlqwzlvh
+zklfk lv wkh qrwlrq ri frqyhujhqfh lq FU, wkhq i lv d Eruho phdvxudeoh ixqfwlrq1
Khqfh wkh vhtxhqwldo olplwv ri hohphqwv lq F+U, lv frqwdlqhg lq wkh Eruho phdvxudeoh
ixqfwlrqv zklfk lv surshuo| frqwdlqhg lq FU= Rq wkh rwkhu kdqg zh kdyh wkh

Fodlp <141 F+U, @ FU=

Surri1 Li i 5 FU> d w|slfdo qhljkerukrrg ri i lv

Q @ ij 5 FU = mj+{l,� i+{l,m ? � iru l @ 4> = = = > qj>
zkhuh � A 3 dqg i{ljql@4 lv d �qlwh vxevhw ri U= Fohduo| Q _ F+U, 9@ > vr wkdw
i 5 F+U,=

Gh�qlwlrq <151 D gluhfwhg vhw +D>�, lv d vhw zlwk d uhodwlrq vxfk wkdw

41 � � �
51 � � �> � � � lpsolhv � � � dqg
61 li �> � 5 D wkhuh h{lvwv � 5 D vxfk wkdw � � � dqg � � �=

D qhw lv ixqfwlrq { = D$ [ zkhuh D lv d gluhfwhg vhw1 Zh zloo riwhq ghqrwh {
e| i{�j�5D=
H{dpsoh <16 +Gluhfwhg vhwv,1 41 D @ 5[ = � � � li � � �1 Qrwh � � �> � � �

lpsolhv � � � � � lpsolhv � � � dqg li � � � �> � 5 5[ wkhq � � � ^ � dqg
� � � ^ �=

51 D @ 5[ = � � � li � � � uhyhuvh lqfoxvlrq1 Vd| � � �> � � � lpsolhv
� � � � � lpsolhv � � � rq � � �= �> � 5 D � � � _ �> � � � _ � lpsolhv
�> � � � _ �1

Gh�qlwlrq <171 Ohw i{�j�5D � [ eh d qhw wkhq

� {� $ {/ dv l� iru doo Y 5 �{ {� 5 Y hyhqwxdoo| l1h1 wkhuh h{lvwv � @ �Y 5 D
vxfk wkdw iru doo � � � {� 5 Y 1

� { lv d foxvwhu srlqw ri i{�j�5D li iru doo Y 5 �{> {� 5 Y iuhtxhqwo|/ l1h1 iru
doo � 5 D wkhuh h{lvwv � � � vxfk wkdw {� 5 Y=

Sursrvlwlrq <181 Ohw [ eh d wrsrorjlfdo vsdfh dqg H � [= Wkhq

� { lv dq dffxpxodwlrq srlqw ri H l� wkhuh h{lvwv qhw i{�j � H q i{jvxfk wkdw
{� $ {1

� { 5 �H l� wkhuh h{lvwv i{�j � H vxfk wkdw {� $ {1

Surri1
� Vd| { lv dq dffxpxodwlrq srlqw ri H1
D @ �{ e| uhyhuvh vhw lqfoxvlrq iru doo � 5 �{ fkrrvh {� 5 +�qi{j,_H1 Wkhq
jlyhq Y 5 �{ iru doo � � Y l1h1 dqg � � Y> {� 5 Y lpsolhv {� $ {1

� Frqyhuvho| Li i{�j�5D � Hqi{j dqg {� $ { wkhq iru doo Y 5 �{ wkhuh h{lvwv
� 5 D vxfk wkdw {� 5 Y iru doo � � � lq sduwlfxodu {� 5 +H q i{j, _ Y 9@ >1
Vr { 5 Df ? +H,1
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� Uhfdoo H @ H ^ dff+H,> dff+H, @ Dffxpxodwlrq srlqwv ri H1 Iru fohduo|
dff+H, � H vr H ^ dff+H, � H1 Frqyhuvho| li { 95 +H ^ dff+H,, lpsolhv
{ 95 H dqg { 95 dff+H, lpsolhv wkhuh h{lvwv Y 5 �{ vxfk wkdw Y _ +H q i{j, @
Y _ H @ >1 Vkrzlqj H ^ dff+H, lv forvhg1 Wkxv H � H ^ dff+H,1 Wkhuhiruh
li { 5 H @ H ^ dff+H, wkhq li { 5 H wdnh {� @ { li { 5 dff+H, wdnh {� dv
deryh1 Rqh hdvlo| vhhv li i{�j�5D � H dqg {� $ { wkhq { 5 H1

Sursrvlwlrq <191 i = [ $ \ lv frqwlqxrxv dw { l� i+{�,$ i+{, iru doo {� $ {1

Surri1 i lv frqwlqxrxv/ {� $ { wkhq jlyhq Y 5 �i+{, wkhuh h{lvwv Z 5 �{
vxfk wkdw i+z, � Y 1 Vr {� 5 Z hyhqwxdoo| lpsolhv i+{�, 5 Y hyhqwxdoo| lpsolhv
i+{�,$ i+{,1
Frqyhuvho| Li i lv qrw frqwlqxrxv dw {1 Wkhq wkhuh h{lvwv Z 5 �i+{, vxfk wkdw

iru doo Y 5 �{i+Y , �Z 1 Iru doo Y 5 �{ fkrrvh {Y 5Z q i+Y , +D{lrp ri fkrlfh,1
Wkhq {Y $ { dv zh kdyh vhhq deryh1 Zkloh i+{Y , 5Z f vr i+{Y , 9$ i+{,1

Gh�qlwlrq <1: + Vxeqhw,1 k{�l�5D lv d qhw k|�l�5E lv d vxeqhw li wkhuh h{lvwv
� $ �� vxfk wkdw

+l, |� @ {�� iru doo � 5 E
+ll, iru doo �3 5 D wkhuh h{lvwv �3 5 E vxfk wkdw iru doo � � �3 �� � �31

Sursrvlwlrq <1;1 k{�l�5D lv d qhw/ { lv d foxvwhu srlqw ri k{�l�5D l� wkhuh h{lvwv
d vxeqhw k|�l�5E vxfk wkdw |� $ {1

Surri1 Vxssrvh |� @ {�� $ { dqgZ 5 �{ dqg �3 5 D wkhuh h{lvwv �3 5 Evxfk
wkdw |� 5Z iru doo � � �31 l1h1 {�� 5Z iru doo � � �31 Fkrrvh �4 5 E vxfk wkdw
�� � �3 iru doo � � �4 wkhq fkrrvh �6 5 E vxfk wkdw �6 � �4 dqg �6 � �5 wkhq
�� � �3 dqg {�� 5Z iru doo � � �6 lpsolhv {� 5Z iuhtxhqwo|1
Frqyhuvho|= Dvvxph { lv d foxvwhu srlqw ri k{�l�5D1 Frqvlghu �{{D zlwk

+X>�, � +X 3> �3, l� � � �3 dqg X � X 31 Iru doo +X> �, 5 �{{D1 Fkrrvh �+X>u, � �
lq D vxfk wkdw |+|>�, @ {�+X>�, 5 X 1 Wkhq li �3 5 D iru doo +X 3> �3, � +X>�3, l1h1
�3 � �3 dqg X 3 � X �+X3>�3, � �3 � �3 lpsolhv �+X3>�3, � �31
Pruhryhu/ Jlyhq Z 5 �{ wkhq |+X>�, 5 X � Z iru doo X � Z 1 Khqfh �{lqj

� 5 D zh vhh li +X> �, � +Z>�, wkhq |+X>�, @ {�+X>�, 5 X � Z vkrzlqj wkdw
|+X>�, $ {1

H{huflvh <1<1 ^&67/ s1 454`
Ohw k{�l�5D eh d qhw lq d wrsrorjlfdo vsdfh dqg iru hdfk � 5 D ohw H� � i{� =

� � �j1 Wkhq { lv d foxvwhu srlqw ri k{�l l� { 5 W
�5D

H�1

Surri1 Li { lv d foxvwhu srlqw/ wkhq jlyhq Z 5 �{ zh nqrz H� _Z 9@ > iru doo
� 5 H vlqfh {� 5Z iuhtxhqwo| wkxv { 5 H� lpsolhv { 5 W

�5D
H�1

Frqyhuvho|= Li { lv qrw d foxvwhu srlqw ri k{�l wkhq wkhuh h{lvwv Z 5 �{ dqg
� 5 D vxfk wkdw {� 95 Z iru doo � � � l1h1 Z _ H� @ > l1h1 { 95 H� lpsolhv
{ 95 W

�5D
H�

Wkhruhp <1431 [ lv frpsdfw l� Hyhu| qhw kdv d foxvwhu srlqw1

Surri1 Ohw [ eh frpsdfw dqg k{�l�5D � [1 Vhw I� @ i{� = � � �j1 Qrz I�
lv forvhg/ I�4 _� � �_I�q � I� surylghg � � �l> = = = l @ 4> = = = > q zklfk h{lvwv vlqfh D
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Iljxuh 61 +flu{,

lv gluhfwhg1 Wkhuhiruh I�4 _ � � � _ I�q 9@ > l1h1 iI�j�5D kdv wkh �qlwh lqwhuvhfwlrq
surshuw|1 [ lv qrw frpsdfw lpsolhv wkhuh h{lvwv { 5 W

�5d
I�1 E| wkh deryh sureohp

lpsolhv { lv d foxvwhu srlqw ri k{�l�5D1 Li [ lv qrw frpsdfw ohw iX�j�5E eh dq
lq�qlwh fryhu zlwk qr �qlwh vxefryhu1 Ohw D @ i� � E = &� ? 4j rughuhg e|

lqfoxvlrq1 iru � 5 D fkrrvh {� 5 [ q
� V
�5�

Xe

�
9@ >1 Wkhq k{�l�5D lv d qhw lq [1

Fodlp <1441 lw kdv qr foxvwhu srlqw1 Iru li { 5 [ fkrrvh � vxfk wkdw { 5 X�1
Wkhq iru doo � � i�j l1h1 � 5 � {� 95

V
�5�

X� � X� l1h1 {� 95 X� lpsolhv { lv qrw

d foxvwhu srlqw ri k{�l1

431 Edqdfk Vsdfhv

Ohw I ghqrwh hlwkhu F ru U=

Gh�qlwlrq 43141 D qrup rq d yhfwru vsdfh [ lv d ixqfwlrq n�n = [ $ ^3>4, vxfk
wkdw

41 +Krprjhqhlw|, n�{n @ m�m n{n iru doo � 5 F dqg { 5 [=
51 +Wuldqjoh lqhtxdolw|, n{. |n � n{n. n|n iru doo {> | 5 [=
61 +Srvlwlyh gh�qlwh, n{n @ 3 lpsolhv { @ 3=

D sdlu +[> n�n, zkhuh [ lv d yhfwru vsdfh dqg n�n lv d qrup rq [ lv fdoohg d
qruphg yhfwru vsdfh1

Gh�qlwlrq 43151 Li +[> n�n, lv d qruphg yhfwru vsdfh/ wkhq zh vd| i{qj4q@4 � [
lv d Fdxfk| vhtxhqfh li olpp>q$4 n{p � {qn @ 3= Wkh qruphg yhfwru vsdfh lv d
Edqdfk vsdfh li lw lv frpsohwh/ l1h1 li hyhu| i{qj4q@4 � [ zklfk lv Fdxfk| lv
frqyhujhqw zkhuh i{qj4q@4 � [ lv frqyhujhqw l� wkhuh h{lvwv { 5 [ vxfk wkdw
olpq$4 n{q � {n @ 3= Dv xvxdo zh zloo deeuhyldwh wklv odvw vwdwhphqw e| zulwlqj
olpq$4 {q @ {=

Wkhruhp 43161 D qruphg vsdfh +[> n � n, lv d Edqdfk vsdfh l� iru hyhu| vhtxhqfh

i{qj4q@4 vxfk wkdw
4S
q@4

n{qn ?4 wkhq olpQ$4
QS
q@4

{q @ V h{lvwv lq [ +wkdw lv wr

vd| hyhu| devroxwho| frqyhujhqw vhulhv lv d frqyhujhqw vhulhv lq [,1 Dv xvxdo zh

zloo ghqrwh V e|
4S
q@4

{q=
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Surri1 +,,Li [ lv frpsohwh dqg
4S
q@4

n{qn ?4 wkhq vhtxhqfh VQ �
QS
q@4

{q iru

Q 5 Q lv Fdxfk| ehfdxvh +iru Q AP,

nVQ � VPn �
Q[

q@P.4

n{qn $ 3 dv P>Q $4=

WkhuhiruhV @
4S
q@4

{q =@ olpQ$4
QS
q@4

{q h{lvwv lq [=

++@, Vxssrvh wkdw i{qj4q@4 eh d Fdxfk| vhtxhqfh dqg ohw i|n @ {qnj4n@4 eh d
vxevhtxhqfh ri i{qj4q@4 vxfk wkdw

4S
q@4

n|q.4 � |qn ?4= E| dvvxpswlrq

|Q.4 � |4 @
Q[
q@4

+|q.4 � |q,$ V @
4[
q@4

+|q.4 � |q, 5 [ dv Q $4=

Wklv vkrzv wkdw olpQ$4 |Q h{lvwv dqg lv htxdo wr { =@ |4 . V= Vlqfh i{qj4q@4 lv
Fdxfk|/

n{� {qn � n{� |nn. n|n � {qn $ 3 dv n> q$4
vkrzlqj wkdw olpq$4 {q h{lvwv dqg lv htxdo wr {=

H{dpsoh 43171 Zh kdyh wkh iroorzlqj h{dpsohv ri Edqdfk vsdfhv1 Vxssrvh wkdw
[ lv d vhw wkhq

41 Wkh erxqghg ixqfwlrqv E+[, rq [ lv d Edqdfk vsdfh zlwk wkh qrup

nin @ vxs
{5[

mi+{,m

dqg
51 li [ lv d wrsrorjlfdo vsdfh wkh vxevsdfh EF+[, � E+[, lv forvhg dqg khqfh

dovr d Edqdfk vsdfh lq wkh deryh qrup1
61 Li +[>P> �, lv d phdvxudeoh vsdfh wkhq O4+[>P> g�, lv d Edqdfk vsdfh zlwk

nin4 =@
]
[

mi mg�
surylghg wkdw zh djuhh wr lghqwli| ixqfwlrqv i ri j zklfk djuhh � � d1h1

Gh�qlwlrq 43181 Ohw [ dqg \ eh qruphg vsdfhv dqg W = [ $ \ eh d olqhdu
pds1 Wkhq W lv vdlg wr eh erxqghg surylghg wkhuh h{lvwv F ? 4 vxfk wkdw
nW +{,n � Fn{n[ iru doo { 5 [= Zh ghqrwh wkh ehvw frqvwdqw e| nWn/ l1h1

nWn @ vxs
{ 9@3

nW +{,n
n{n @ vxs

{ 9@3
inW +{,n = n{n @ 4j =

Wkh qxpehu nWn lv fdoohg wkh rshudwru qrup ri W=

Qrwdwlrq 43191 Ohw O+[>\ , ghqrwh wkh erxqghg olqhdu rshudwruv iurp [ wr \=

Uhpdun 431:1 +4, Wkh rshudwru qrup lv d qrup rq wkh yhfwru vsdfh O+[>\ ,= +5,
Pruhryhu li W = [ $ \ dqg V = \ $ ] duh olqhdu pdsv ehwzhhq qruphg yhfwru
vsdfhv wkhq nVWn � nVnnWn> zkhuh VW =@ V�W= Iru h{dpsoh wkh wuldqjoh lqhtxdolw|
lv yhul�hg dv iroorzv/ li D>E 5 O+[>\ , wkhq

nD.En @ vxs
{9@3

nD{.E{n
n{n � vxs

{ 9@3

nD{n. nE{n
n{n � vxs

{ 9@3

nD{n
n{n . vxs

{ 9@3

nE{n
n{n @ nDn. nEn =
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Iru wkh vhfrqg uhpdun zh kdyh iru { 5 [> nVW{n � nVnnW{n � nVnnWnn{n iurp
zklfk lw iroorzv wkdw nVWn � nVnnWn=
Sursrvlwlrq 431;1 Vxssrvh wkdw [ dqg \ duh qruphg vsdfhv dqg W = [ $ \ lv
d olqhdu pds1 Wkh wkh iroorzlqj duh htxlydohqw=
+d, W lv frqwlqxrxv1
+e, W lv frqwlqxrxv dw 31
+f, W lv erxqghg1

Surri1 +d, , +e, wulyldo1 +e, , +f, Li W frqwlqxrxv dw 3 wkhq wkhuh h{lvw � A 3
vxfk wkdw nW +{,n � 4 li n{n � �1 Wkhuhiruh iru dq| { 5 [> nW +�{@n{n, n � 4 zklfk
lpsolhv wkdw nW +{,n � 4

�n{n dqg khqfh nWn � 4
� ? 4= +f, , +d, Ohw { 5 [ dqg

� A 3 eh jlyhq1 Wkhq

nW +|,� W +{,n @ nW +| � {,n � nWn n| � {n ? �

surylghg n| � {n ? �@nWn � �1
Wkh iroorzlqj vlpsoh wkhruhp lv riwhq xvhixo iru gh�qlqj erxqghg olqhdu wudqv0

irupdwlrqv1

Wkhruhp 431< +E1O1W1 Wkhruhp,1 Vxssrvh wkdw [ lv d qruphg vsdfh/ \ lv d Ed0
qdfk vsdfh/ dqg G � [ lv d ghqvh olqhdu vxevsdfh ri [= Vxssrvh wkdw W = G $ \
lv d olqhdu wudqvirupdwlrq dqg wkhuh h{lvwv F ?4 vxfk wkdw nW{n � F n{n iru doo
{ 5 G= Wkhq W kdv d xqltxh h{whqvlrq wr dq hohphqw ri O+[>\ ,=

H{huflvh 431431 Suryh Wkhruhp 431<

H{huflvh 431441 Vxssrvh wkdw [ lv d Edqdfk vsdfh/ L @ ^d> e` zlwk �4 ? d ?
e ?4= Iru d ixqfwlrq i = L $ [/ ohw nin @ vxs ini+w,n[ = w 5 Lj dqg gh�qh

\ @ ii = L $ [ = nin ?4j=
Vkrz +\> n�n, lv d Edqdfk vsdfh1

H{dpsoh 431451 Ohw [ eh d Edqdfk vsdfh/ L @ ^d> e` zlwk �4 ? d ? e ? 4
dqg +\> n�n, eh wkh Edqdfk vsdfh dv lq H{huflvh 431441 Ohw G � \ ghqrwh wkrvh
ixqfwlrqv i 5 \ ri wkh irup i+w, @

Sq
m@4 {m4Dm +w,> zkhuh Dm 5 E +wkh Eruho � �

dojheud rq L, dqg {m 5 [= Dowhuqdwlyho| sxw/ i 5 G surylghg wkdw i = L$[ lv d
erxqghg vlpsoh ixqfwlrq1 Iru i 5 G> ohw

L+i, @
[
{5[

{p+i�4 +i{j, =

Mxvw dv iru uhdo ydoxhg ixqfwlrqv rqh vkrzv wkdw L = G$ [ lv olqhdu1 Pruhryhu iru
i 5 G>

nL+i,n @
�����[
{5[

{p+i�4 +i{j,
����� � [

{5[
n{np+ii @ {j,

@

]
L

ni+w,ngp+w, � p+L, nin =

Wklv vkrzv wkdw L lv erxqghg dqg wkhuhiruh e| Wkhruhp 431</ L kdv d xqltxh
erxqghg h{whqvlrq wr �G � wkh forvxuh ri G lq \=

H{huflvh 431461 Vkrz wkdw F+L $ [, � �G= Khqfh wkh deryh h{dpsoh frqvwuxfwv
wkh lqwhjudo ri i 5 F+L $ [,=
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H{huflvh 431471 Ohw [ @ Uq dqg \ @ Up dqg W = [ $ \ eh d olqhdu wudqviru0
pdwlrq vr wkdw W lv jlyhq e| pdwul{ pxowlsolfdwlrq e| dq p � q pdwul{1 Ohw xv
lghqwli| wkh olqhdu wudqvirupdwlrq W zlwk wklv pdwul{1

41 +-, Dvvxph wkh qrupv rq [ dqg \ duh wkh c4 � qrupv/ l1h1 iru { 5 Uq>
n{n @Sq

m@4 m{m m = Wkhq wkh rshudwru qrup ri W lv jlyhq e|

nWn @ pd{
4�m�q

p[
l@4

mWlm m =

51 Dvvxph wkh qrupv rq [ dqg \ duh wkh c4 � qrupv/ l1h1 iru { 5 Uq> n{n @
pd{4�m�q m{m m = Wkhq wkh rshudwru qrup ri W lv jlyhq e|

nWn @ pd{
4�l�p

q[
m@4

mWlm m =

61 +-, Dvvxph wkh qrupv rq [ dqg \ duh wkh c5 � qrupv/ l1h1 iru { 5 Uq> n{n5 @Sq
m@4 {

5
m = Vkrz nWn5 lv wkh odujhvw hljhqydoxh ri wkh pdwul{ W wuW = Uq $ Uq=

H{dpsoh 431481 Li [ lv �qlwh glphqvlrqdo qruphg vsdfh wkhq doo olqhdu pdsv duh
erxqghg1

H{dpsoh 431491 Vxssrvh wkdw N = ^3> 4`� ^3> 4`$ F lv d frqwlqxrxv ixqfwlrq1 Ohw
W = O4 +^3> 4`> gp,$ F+^3> 4`, eh gh�qhg e|

+Wi,+{, @

] 4

3

N+{> |,i+|,g|=

Lw lv hdvlo| fkhfnhg wkdw wklv pds lv olqhdu dqg pdsv wr F+^3> 4`, dv dgyhuwlvhg1 +Xvh
wkh grplqdwhg frqyhujhqfh wkhruhp1, Li P lv d erxqg iru mNm> wkhq

m+Wi,+{,m �
] 4

3

mN+{> |,i+|,m g| �P nin4
zklfk vkrzv wkdw nWin4 �P nin4 dqg khqfh wkdw

nWnO4$F � pd{ imN+{> |,m = {> | 5 ^3> 4`j ?4=

Zh fdq lq idfw vkrz wkdw nWn @ P dv iroorzv1 Ohw +{3> |3, 5 ^3> 4`5 vxfk wkdw
mN+{3> |3,m @ P= Wkhq jlyhq � A 3> wkhuh h{lvwv d qhljkerukrrg X @ L � M ri
+{3> |3, vxfk wkdw mN+{> |,�N+{3> |3,m ? � iru doo +{> |, 5 X= Ohw i 5 Ff+L> ^3>4,,

vxfk wkdw
U 4
3
i+{,g{ @ 4= Fkrrvh � 5 F vxfk wkdw m�m @ 4 dqg �N+{3> |3, @ P>

wkhq

m+W�i,+{3,m @
����] 4

3

N+{3> |,�i+|,g|

���� @ ����]
L

N+{3> |,�i+|,g|

����
� Uh

]
L

�N+{3> |,i+|,g| �
]
L

+P � �, i+|,g| @ +P � �, n�inO4

dqg khqfh

nW�inF � +P � �, n�inO4
vkrzlqj wkdw nWn � P � �= Vlqfh � A 3 lv duelwudu|/ zh ohduq wkdw nWn � P dqg
khqfh nWn @ P=
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Vlploduo| rqh hdvlo| vkrzv wkdw W mF+^3>4`, = F+^3> 4`,$ F+^3> 4`, lv erxqghg dqg

nWnF$F � vxs

�] 4

3

mN+{> |,m g| = { 5 ^3> 4`

�
?4=

Rqh pd| dovr ylhv W = F+^3> 4`,$ O4+^3> 4`, lq zklfk fdvh

nWnO4$F �
] 4

3

pd{
|
mN+{> |,m g{ ?4=

Sursrvlwlrq 4314:1 Vxssrvh wkdw [ lv d qruphg yhfwru vsdfh dqg \ lv d Edqdfk
vsdfh1 Wkhq +O+[>\ ,> n � nrs, lv d Edqdfk vsdfh1

Surri1 Zh pxvw vkrz +O+[>\ ,> n�nrs, lv frpsohwh1 Vxssrvh wkdw Wq 5 O+[>\ ,

lv d vhtxhqfh ri rshudwruv vxfk wkdw
4S
q@4

nWqn ?4= Wkhq

4[
q@4

nWq{n �
4[
q@4

nWqn n{n ?4

dqg wkhuhiruh e| wkh frpsohwhqhvv ri \> V{ =@
4S
q@4

Wq{ @ olpQ$4 VQ h{lvwv lq

\> zkhuh VQ =@
QS
q@4

Wq= Wkh uhdghu vkrxog fkhfn wkdw V = [ $ \ vr gh�qhg lq

olqhdu1 Vlqfh/

nV{n @ olp
Q$4

nVQ{n � olp
Q$4

Q[
q@4

nWq{n �
4[
q@4

nWqn n{n >

V lv erxqghg dqg

nVn �
4[
q@4

nWqn=+4314,

Vlploduo|/

nV{� VP{n @ olp
Q$4

nVQ{� VP{n � olp
Q$4

Q[
q@P.4

nWqn n{n @
4[

q@P.4

nWqn n{n

dqg wkhuhiruh/

nV � VPn �
4[

q@P

nWqn $ 3 dv P $4=

Gh�qlwlrq 4314;1 Ohw W = [ $ \ eh d olqhdu pds ehwzhhq qruphg vsdfhv [ dqg
\= Wkhq W = [ $ \ lv dq lvrphwu| li nW{n @ n{n iru doo { 5 [ dqg W = [ $ \
lv lqyhuwleoh li W lv d elmhfwlrq dqg W�4 lv erxqghg1

Sursrvlwlrq 4314<1 Vxssrvh [ lv d Edqdfk vsdfh dqg W 5 O+[, � O+[>[,

vdwlv�hv
4S
q@3

nWqn ?4= Wkhq L � W lv lqyhuwleoh dqg

+L � W ,�4 @ �
4

L � W
� @

4[
q@3

Wq dqg
��+L � W ,�4

�� � 4[
q@3

nWqn=
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Lq sduwlfxodu li nWn ? 4 wkhq wkh deryh irupxod krogv dqg��+L � W ,�4
�� � 4

4� nWn =

Surri1 Ohw VQ =@
QS
q@3

Wq= E| Sursrvlwlrq 4314:/ V @
4S
q@3

Wq =@ olpQ$4 VQ

h{lvwv lq O+[,= Pruhryhu/

+L � W ,VQ @ VQ +L � W , @ L � WQ.4 $ L 5 O+[, dv Q $4=+4315,

Vlqfh iru dq| D 5 O+[,> nDV �DVQn � nDn nV � VQn $ 3 dv Q $ 4 dqg
nVD� VQDn � nDn nV � VQn $ 3 dv Q $ 4> lw iroorzv iurp Ht1 +4315, wkdw
+L � W ,V @ V+L � W , @ L= Wklv vkrzv wkdw+L � W ,�4 @ V dqg wkh erxqg rq
+L � W ,�4 iroorzv iurp Ht1 +4314,1 Ixuwkhupruh/ li nWn ? 4> wkhq nWqn � nWnq
dqg

4[
q@3

nWqn �
4[
q@3

nWnq � 4

4� nWn ?4

surylqj wkh odvw dvvhuwlrq lq wkh vwdwhphqw1

Fruroodu| 431531 Ohw O�+[, ghqrwh wkh lqyhuwleoh hohphqwv lq O+[,= Wkhq O�+[,
lv dq rshq vxevhw ri O+[,= Pruh vshfl�fdoo|/ li D 5 O�+[, dqg E 5 O+[, vdwlv�hv

nE �Dn ? nD�4n�4+4316,

wkhq E 5 O�+[,=

Surri1 Ohw D dqg E eh dv deryh/ wkhq

E @ D� +D�E, @ D
�
L �D�4+D�E,,

�
dqg ��D�4+D�E,,

�� � nD�4n nD�En ? nD�4nnD�4n�4 @ 4=

Wkhuhiruh
�
L �D�4+D�E,,

�
lv lqyhuwleoh dqg khqfh vr lv E zlwk

E�4 @
�
L �D�4+D�E,,

��4
D�4=

Qrwlfh wkdw��E�4�� � ����L �D�4+D�E,,
��4��� nD�4n � nD�4n 4

4� nD�4+D�E,,n
� nD�4n 4

4� nD�4n nD�En =

4313141 Dssolfdwlrq1 Frqvlghu wkh olqhdu gl�huhqwldo htxdwlrq

b{+w, @ D+w,{+w, zkhuh {+3, @ {3 5 Uq=+4317,

Khuh D 5 F+U $ O+Uq,, dqg { 5 F4+U $ Uq,= Dv xvxdo wklv htxdwlrq pd| eh
zulwwhq lq lwv htxlydohqw lqwhjudo irup/ l1h1 zh duh orrnlqj iru { 5 F+U>Uq, vxfk
wkdw

{+w, @ {3 .

] w

3

D+�,{+�,g�=+4318,



83 EUXFH N1 GULYHU

Wkhruhp 431541 Ohw ! 5 F+^3> W `>Uq,/ wkhq wkh lqwhjudo htxdwlrq

{+w, @ !+w, .

] w

3

D+�,{+�,g�+4319,

kdv d xqltxh vroxwlrq jlyhq e|

{+w, @ !+w, .
4[
q@4

]
�q+w,

D+�q, = = = D+�4,!+wq,g�4 = = = g�q

zkhuh

�q+w, @ i3 � �4 � � � � � �q � wj=
Pruhryhu/

m{+w,m � n!n h
U
W

3
nD+�,ng� =

Surri1 Gh�qh D = F+^3> W `>Uq,$ F+^3> W `>Uq, e|

+D{,+w, @
] w

3

D+�,{+�,g�=

Wkhq { vroyhv Ht1 +4318, l� { @ ! . D{ ru htxlydohqwo| l� +L � D,{ @ != Wkh

wkhruhp zloo eh suryhg e| vkrz +L�D,�4 h{lvwv dqg
4S
q@4

nDqn ?41 Dq lqgxfwlrq

dujxphqw vkrzv

+Dq!,+w, @

] w

3

g�qD+�q,+Dq�4!,+�q,

@

] w

3

g�q

] �q

3

g�q�4D+�q,D+�q�4,+Dq�5!,+�q�4,

111

@

]
3��4������q��

D+�q, = = = D+�4,!+�4,g�4 = = = g�q

@

]
�q+w,

D+�q, = = = D+�4,!+wq,g�4 = = = g�q=

Khqfh

m+Dq!,+w,mUq �
;?=

]
3��4������q��

nD+�q,n = = = nD+�4,ng�4 = = = g�q

<@>n!nx=

Wkhuhiruh

nDqn �
]

3��4������q�W

nD+�q,n = = = nD+�4,ng�4 = = = g�q

@
4

q$

]
^3>W `q

nD+�q,n = = = nD+�4,ng�4 = = = g�q

@
4

q$

#] W

3

nD+�,ng�
$q

=+431:,
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Dowhuqdwlyho|/ rqh fdq suryh wklv odvw htxdolw| e| lqgxfwlrq rq q= Qdpho| ohw

I +w, @

] w

3

nD+�,ng�

wkhq e| lqgxfwlrq rqh vkrzv wkdw

Lq+w, =@

]
3��4������q�W

nD+�q,n = = = nD+�4,ng�4 = = = g�q @
4

q$
Iq+w,=

Lqghhg/

Lq.4+w, @

] w

3

4

q$
Iq+�, bI +�,g� @

] w

3

4

+q. 4,$

g

g�
Iq.4+�,g� @

4

+q. 4,$
Iq.4+w,

surylqj Ht1 +431:, djdlq1 Xvlqj wklv hvwlpdwh zh wkhq kdyh
4[
q@3

nDqn � h
U
W

3
nD+�,ng� ?4=

Wkhuhiruh +L �D,�4 h{lvwv dqg +L �D,�4 @
4S
q@3

Dq dqg

��+L �D,�4�� � h
U
W

3
nD+�,ng� =

43141 Pruh derxw vxpv lq Edqdfk vsdfhv1

Gh�qlwlrq 431551 Vxssrvh wkdw [ lv d Qruphg vsdfh dqg iy� 5 [ = � 5 Dj lv d
jlyhq froohfwlrq ri yhfwruv lq [= Zh vd| wkdw v @

S
�5D y� 5 [ li iru doo � A 3

wkhuh h{lvwv d �qlwh vhw �� � D vxfk wkdw
��v�S�5� y�

�� ? � iru doo � �� D
vxfk wkdw �� � �= +Xqolnh wkh fdvh ri uhdo ydoxhg vxpv/ wklv grhv qrw lpso| wkdwS

�5� ny�n ?4= Vhh Sursrvlwlrq 45149/ iurp zklfk rqh pd| pdqxidfwxuh frxqwhu0
h{dpsohv wr wklv idovh suhplvh1,

Ohppd 431561 +4, Zkhq [ lv d Edqdfk vsdfh/
S

�5D y� h{lvwv lq [ l� iru doo
� A 3 wkhuh h{lvwv �� �� D vxfk wkdw

��S
�5� y�

�� ? � iru doo � �� D q ��=
Dovr li

S
�5D y� h{lvwv lq [ wkhq i� 5 D = yd 9@ 3j lv dw prvw frxqwdeoh1 +5, Li

v @
S

�5D y� 5 [ h{lvwv dqg W = [ $ \ lv d erxqghg olqhdu pds ehwzhhq qruphg
vsdfhv/ wkhq

S
�5D Wy� h{lvwv lq \ dqg

Wv @ W
[
�5D

y� @
[
�5D

Wy�=

Surri1 +4, Vxssrvh wkdw v @
S

�5D y� h{lvwv dqg � A 3= Ohw �� �� D eh dv lq
Gh�qlwlrq 431551 Wkhq iru � �� D q ��>�����[

�5�
y�

����� �
�����[
�5�

y� .
[
�5��

y� � v

�����.
�����[
�5��

y� � v

�����
@

����� [
�5��^�

y� � v

�����. � ? 5�=
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Frqyhuvho|/ vxssrvh iru doo � A 3 wkhuh h{lvwv �� �� D vxfk wkdw
��S

�5� y�
�� ? �

iru doo � �� D q ��= Ohw �q =@ ^qn@4�4@n � D dqg vhw vq =@
S

�5�q y�= Wkhq iru
p A q>

nvp � vqn @
������
[

�5�pq�q
y�

������ � 4@q$ 3 dv p>q$4=

Wkhuhiruh ivqj4q@4 lv Fdxfk| dqg khqfh frqyhujhqw lq [= Ohw v =@ olpq$4 vq> wkhq
iru � �� D vxfk wkdw �q � D> zh kdyh�����v�[

�5�
y�

����� � nv� vqn.
������
[

�5�q�q
y�

������ � nv� vqn. 4

q
=

Vlqfh wkh uljkw phpehu ri wklv htxdwlrq jrhv wr }hur dv q $ 4> lw iroorzv wkdwS
�5D y� h{lvwv dqg lv htxdo wr v=
Ohw � =@ ^4q@4�q � d frxqwdeoh vxevhw ri D= Wkhq iru � @5 �> i�j � D q �q iru doo

q dqg khqfh

nydn @
������
[
�5i�j

y�

������ � 4@q$ 3 dv q$4=

Wkhuhiruh y� @ 3 iru doo � 5 D q �=
+5, Ohw �� eh dv lq Gh�qlwlrq 43155 dqg � �� D vxfk wkdw �� � �= Wkhq�����Wv�[

�5�
Wy�

����� � nWn
�����v�[

�5�
y�

����� ? nWn �

zklfk vkrzv wkdw
S

�5� Wy� h{lvwv dqg lv htxdo wr Wv=

441 Gxdo Vsdfhv [�

Qrwdwlrq 44141 Li [ lv d qruphg vsdfh zh ghqrwh wkh Edqdfk vsdfh O+[>I, e|
[� dqg uhihu wr [� dv wkh +frqwlqxrxv, gxdo vsdfh ri [1

Sursrvlwlrq 44151 Ohw [ eh d frpsoh{ yhfwru vsdfh ryhu F1 Li i 5 [� dqg x @
Uhi 5 [�

U
wkhq

i+{, @ x+{,� lx+l{,=+4414,

Frqyhuvho| li x 5 [�
U
dqg i lv gh�qhg e| Ht1 +4414,/ wkhq i 5 [� dqg nxn[�

U
@

nin[� 1 Pruh jhqhudoo| li s lv d vhpl0qrup rq [> wkhq

mi m � s l� x � s=

Surri1 Ohw y+{, @ Lp i+{,/ wkhq

y+l{, @ Lp i+l{, @ Lp+li+{,, @ Uhi+{, @ x+{,=

Wkhuhiruh

i+{, @ x+{, . ly+{, @ x+{, . lx+�l{, @ x+{,� lx+l{,=

Frqyhuvho| iru x 5 [�
U
ohw i+{, @ x+{,� lx+l{,= Wkhq

i++d. le,{, @ x+d{. le{,� lx+ld{� e{, @ dx+{, . ex+l{,� l+dx+l{,� ex+{,,

zkloh

+d. le,i+{, @ dx+{, . ex+l{, . l+ex+{,� dx+l{,,=
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Vr i lv frpsoh{ olqhdu1
Ehfdxvh mx+{,m @ mUhi+{,m � mi+{,m/ lw iroorzv wkdw nxn � nin= Iru { 5 [ fkrrvh

� 5 V4 � F vxfk wkdw mi+{,m @ �i+{, vr

mi+{,m @ i+�{, @ x+�{, � nxn n�{n @ nxnn{n=
Vlqfh { 5 [ lv duelwudu|/ wklv vkrzv wkdw nin � nxn vr nin @ nxn146

Iru wkh odvw dvvhuwlrq/ lw lv fohdu wkdw mi m � s lpsolhv wkdw x � mxm � mi m � s=
Frqyhuvho| li x � s dqg { 5 [> fkrrvh � 5 V4 � F vxfk wkdw mi+{,m @ �i+{,= Wkhq

mi+{,m @ �i+{, @ i+�{, @ x+�{, � s+�{, @ s+{,

krogv iru doo { 5 [=

Gh�qlwlrq 4416 +Plqnrzvnl ixqfwlrqdo,1 s = [ $ U lv d Plqnrzvnl ixqfwlrqdo li
41 s+{. |, � s+{, . s+|, iru doo {> | 5 [ dqg
51 s+f{, @ fs+{, iru doo f � 3 dqg { 5 [=

H{dpsoh 44171 Vxssrvh wkdw [ @ U dqg

s+{, @ lqi i� � 3 = { 5 �^�4> 5` @ ^��> 5�`j =
Qrwlfh wkdw li { � 3> wkhq s+{, @ {@5 dqg li { � 3 wkhq s+{, @ �{> l1h1

s+{, @

�
{@5 li { � 3
m{m li { � 3=

Iurp wklv irupxod lw lv fohdu wkdw s+f{, @ fs+{, iru doo f � 3 exw qrw iru f ? 3=
Pruhryhu/ s vdwlv�hv wkh wuldqjoh lqhtxdolw|/ lqghhg li s+{, @ � dqg s+|, @ �> wkhq
{ 5 �^�4> 5` dqg | 5 �^�4> 5` vr wkdw

{. | 5 �^�4> 5` . �^�4> 5` � +�. �, ^�4> 5`
zklfk vkrzv wkdw s+{ . |, � � . � @ s+{, . s+|,= Wr fkhfn wkh odvw vhw lqfoxvlrq
ohw d> e 5 ^�4> 5`> wkhq

�d. �e @ +�. �,

�
�

�. �
d.

�

�. �
e

�
5 +�. �, ^�4> 5`

vlqfh ^�4> 5` lv d frqyh{ vhw dqg �
�.� . �

�.� @ 4=

Wkhruhp 4418 +Kdkq0Edqdfk,1 Ohw [ eh d uhdo yhfwru vsdfh/ P � [ eh d vxe0
vsdfh i = P $ U eh d olqhdu ixqfwlrqdo vxfk wkdw i � s rq P 1 Wkhq wkhuh h{lvwv d
olqhdu ixqfwlrqdo I = [ $ U vxfk wkdw I mP @ i dqg I � s1

��

Surri1 Wr xqghuvwdqg ehwwhu zk| 8s8 ' 8�8c qrwlfh wkdw
8s82 ' t�T

8%8'�
�sE%��2 ' t�T

8%8'�
E��E%��2 n ��E�%��2��

Vxsssrvh wkdw � ' t�T
8%8'�

��E%�� dqg wklv vxsuhpxp lv dwwdlqhg dw %f M f zlwk 8%f8 ' ��

Uhsodflqj %f e| 3%f li qhfhvvdu|/ zh pd| dvvxph wkdw �E%f� ' �� Vlqfh � kdv d pd{lpxp dw
%fc

f '
_

_|

����
f

�

�
%f n �|%f

8%f n �|%f8
�

'
_

_|

����
f

�
�

�� n �|� E�E%f� n |�E�%f��

�
' �E�%f�

vlqfh _
_|
�f�� n �|� ' _

_|
�f
I
� n |2 ' f�Wklv h{sodlqv zk| 8s8 ' 8�81
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Surri1 Vwhs +4, Zh vkrz iru doo { 5 [ qP wkhuh h{lvwv dqg h{whqvlrq I wr
P �U{ zlwk wkh ghvluhg surshuwlhv1 Li I h{lvwv dqg � @ I +{,> wkhq iru doo | 5P
dqg � 5 Uzh pxvw kdyh i+|,.�� @ I +|.�{, � s+|.�{, l1h1 �� � s+|.�{,�i+|,=
Htxlydohqwo| sxw zh pxvw �qg � 5 U vxfk wkdw

� � s+| . �{,� i+|,

�
iru doo | 5P dqg � A 3

� � s+} � �{,� i+},

�
iru doo } 5P dqg � A 3=

Vr li � 5 U lv jrlqj wr h{lvw/ zh kdyh wr suryh/ iru doo |> } 5P dqg �> � A 3 wkdw

i+},� s+} � �{,

�
� s+| . �{,� i+|,

�

ru htxlydohqwo|

i+�} . �|, � �s+| . �{, . �s+} � �{,+4415,

@ s+�| . ��{, . s+�} � ��{,=

Exw

i+�} . �|, @ i+�} . ��{, . i+�} � ��{,

� s+�} . ��{, . s+�} � ��{,

zklfk vkrzv wkdw Ht1 +4415, lv wuxh dqg e| zrunlqj edfnzdugv/ wkhuh h{lvw dq � 5 U
vxfk wkdw i+|, . �� � s+| . �{,= Wkhuhiruh I +| . �{, =@ i+|, . �� lv wkh ghvluhg
h{whqvlrq1

Vwhs +5, Ohw xv qrz zulwh I = [ $ U wr phdq I lv gh�qhg rq d olqhdu vxevsdfh
G+I , � [ dqg I = G+I , $ U lv olqhdu1 Iru I>J = [ $ U zh zloo vd| I ? J li
G+I , � G+J, dqg I @ JmG+I ,> wkdw lv J lv dq h{whqvlrq ri I= Ohw

I @ iI = [ $ U = P � G+I ,> I � s rq G+I ,j=
Wkhq +I > ?, lv d sduwldoo| rughuhg vhw1 Li � � I lv d fkdlq +l1h1 d olqhduo| rughuhg
vxevhw ri I, wkhq � kdv dq xsshu erxqg J 5 I gh�qhg e| G+J, @

V
I5�

G+I , dqg

J+{, @ I +{, iru { 5 G+I ,= Wkhq lw lv hdvlo| fkhfnhg wkdwG+J, lv d olqhdu vxevsdfh/
J 5 I > dqg I ? J iru doo I 5 �= Zh pd| qrz dsso| ]ruq*v Ohppd wr frqfoxgh
wkhuh h{lvwv d pd{lpdo hohphqw I 5 I = Qhfhvvdulo|/ G+I , @ [ iru rwkhuzlvh zh
frxog h{whqg I e| vwhs +4,/ ylrodwlqj wkh pd{lpdolw| ri I= Wkxv I lv wkh ghvluhg
h{whqvlrq ri i=

Fruroodu| 44191 Vxssrvh wkdw [ lv d frpsoh{ yhfwru vsdfh/ s = [ $ ^3>4, lv d
vhpl0qrup/ P � [ lv d olqhdu vxevsdfh/ dqg i = P $ F lv olqhdu ixqfwlrqdo vxfk
wkdw mi+{,m � s+{, iru doo { 5 P= Wkhq wkhuh h{lvwv I 5 [ 3 +[3 lv wkh dojheudlf
gxdo ri [, vxfk wkdw I mP @ i dqg mI m � s=

Surri1 Ohw x @ Uhi wkhq x � s rq P dqg khqfh e| Wkhruhp 4418/ wkhuh h{lvwv
X 5 [3

U
vxfk wkdw X mP @ x dqg X � s rq P 1 Gh�qh I +{, @ X+{,� lX+l{, wkhq

dv lq Sursrvlwlrq 4415/ I @ i rq P dqg mI m � s=

Wkhruhp 441:1 Ohw [ eh d qruphg vsdfh P � [ eh d forvhg vxevsdfh dqg { 5
[ qP 1 Wkhq wkhuh h{lvwv i 5 [� vxfk wkdw nin @ 4> i+{, @ � @ g+{>P, dqg
i @ 3 rq P 1
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Surri1 Gh�qh i = P �F{$ F e| i+p.�{, � �� iru doo p 5P dqg � 5 F=
Qrwlfh wkdw

np. �{n @ m�mn{.p@�n � m�m�
dqg khqfh

mi+p. �{,m @ m�m� � np. �{n

zklfk vkrzv nin � 4= Lq idfw/ vlqfh mi+p. {,m @ � @ lqi
p5P

n{ .pn> nin @ 41 E|

Kdkq0Edqdfk wkhruhp wkhuh h{lvwv I 5 [� vxfk wkdw I mP�F{ @ i dqg mI +{,m � n{n
iru doo { 5 [> l1h1 nIn � 4= Vlqfh 4 @ nin � nIn � 4 zh vhh nIn @ nin1
Fruroodu| 441;1 Wkh olqhdu pds { 5 [ $ a{ 5 [�� zkhuh a{+i, @ i+{, iru doo
{ 5 [ lv dq lvrphwu|1 +Wklv lvrphwu| qhhg qrw eh vxumhfwlyh1,

Surri1 Vlqfh ma{+i,m @ mi+{,m � nin[� n{n[ iru doo i 5 [�> lw iroorzv wkdw
na{n[�� � n{n[ = Qrz dsso|lqj Wkhruhp 441: zlwk P @ i3j > wkhuh h{lvwv i 5 [�

vxfk wkdw nin @ 4 dqg ma{+i,m @ i+{, @ n{n > zklfk vkrzv wkdw na{n[�� � n{n[ =
Wklv vkrzv wkdw { 5 [ $ a{ 5 [�� lv dq lvrphwu|1 Vlqfh lvrphwulhv duh qhfhvvdulo|
lqmhfwlyh/ zh duh grqh1

Gh�qlwlrq 441<1 D Edqdfk vsdfh [ lv uh h{lyh li wkh pds { 5 [ $ a{ 5 [�� lv
vxumhfwlyh1

44141 Zhdn Wrsrorj|1

Gh�qlwlrq 441431 +4, Zhdn wrsrorj| rq [ lv wkh wrsrorj| jhqhudwhg e| [�1 l1h1
vhwv ri wkh irup

Q @ _ql@4i{ 5 [ = mil+{,� il+{3,m ? �j

zkhuh il 5 [� dqg � A 3 irup d qhljkerukrrg edvh iru wkh zhdn wrsrorj| rq [ dw
{3=

+5, Wkh Zhdn0� wrsrorj| rq [� lv wkh wrsrorj| jhqhudwhg e| [> l1h1

Q � _ql@4ij 5 [� = mi+{l,� j+{l,m ? �j

zkhuh {l 5 [ dqg � A 3 irupv d qhljkerukrrg edvh iru wkh zhdn0� wrsrorj| rq [�

dw i 5 [�=

Wkhruhp 44144 +Dodrjox*v Wkhruhp,1 Li [ lv d qruphg vsdfh wkh xqlw edoo lq [�

lv zhdn 0 � frpsdfw1

Surri1 Iru doo { 5 [ ohw G{ @ i} 5 F = m}m � n{nj= Wkhq G{ � F lv d
frpsdfw vhw dqg vr e| W|fkrqr�*v Wkhruhp 
 � T

{5[
G{ lv frpsdfw lq wkh surgxfw

wrsrorj|1 Li i 5 E =@ ii 5 [� = nin � 4j> mi+{,m � nin n{n � n{n zklfk lpsolhv
wkdw i+{, 5 G{ iru doo { 5 [> l1h1 E � 
= Wkh wrsrorj| rq �E lqkhulwhg iurp
wkh zhdn0� wrsrorj| rq [� lv wkh vdph dv wkdw uhodwlyh wrsrorj| frplqj iurp wkh
surgxfw wrsrorj| rq 
= Vr wr �qlvk wkh surri lw vx!fhv wr vkrz �E lv d forvhg vxevhw
ri wkh frpsdfw vsdfh 
= Wr suryh wklv ohw �{+i, @ i+{, eh wkh surmhfwlrq pdsv1
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Wkhq

E @ ii 5 
 = i lv olqhduj
@ ii 5 
 = i+{. f|,� i+{,� fi+|, @ 3 iru doo {> | 5 [ dqg f 5 Fj
@

_
{>|5[

_
f5F

ii 5 
 = i+{. f|,� i+{,� fi+|, @ 3j

@
_

{>|5[

_
f5F

+�{.f| � �{ � f�|,
�4 +i3j,

zklfk lv forvhg ehfdxvh +�{.f| � �{ � f�|, = 
$ F lv frqwlqxrxv1

Gh�qlwlrq 441451 Vwurqj dqg zhdn rshudwru wrsrorjlhv rq O+[>\ , duh wkh vpdoo0
hvw wrsrorjlhv vxfk wkdw

41 Vwurqj W 5 O+[>\ , �$ W{ 5 \ lv frqwlqxrxv iru doo { 5 [=

51 Zhdn W 5 O+[>\ , �$ i+W{, 5 F lv frqwlqxrxv iru doo { 5 [ dqg i 5 \ �=

451 Kloehuw Vsdfhv

Gh�qlwlrq 45141 Ohw K eh d frpsoh{ yhfwru vsdfh1 Dq lqqhu surgxfw rq K lv d
ixqfwlrq rq k�> �l = K �K $ F vxfk wkdw

41 kd{. e|> }l @ dk{> }l. ek|> }l l1h1 {$ k{> }l lv olqhdu1
51 k{> |l @ k|> {l1
61 n{n5 � k{> {l � 3 zlwk htxdolw| n{n5 @ 3 l� { @ 3=

Qrwlfh wkdw frpelqlqj surshuwlhv +4, dqg +5, wkdw { $ k}> {l lv dqwl0olqhdu iru
�{hg } 5 K> l1h1

k}> d{. e|l @ �dk}> {l.�ek}> |l=
Zh zloo riwhq �qg wkh iroorzlqj irupxod xvhixo=

n{. |n5 @ k{. |> {. |l @ n{n5 . n|n5 . k{> |l. k|> {l
@ n{n5 . n|n5 . 5Uhk{> |l+4514,

Wkhruhp 4515 +Vfkzdu} Lqhtxdolw|,1 Ohw +K> k�> �l, eh dq lqqhu surgxfw vsdfh/
wkhq iru doo {> | 5 K

mk{> |lm � n{nn|n
dqg htxdolw| krogv l� { dqg | duh olqhduo| ghshqghqw1

Surri1 Li | @ 3> wkh uhvxow krogv wulyldoo|1 Vr dvvxph wkdw | 9@ 3= Iluvw r� qrwlfh
wkdw li { @ �| iru vrph � 5 F> wkhq k{> |l @ � n|n5 dqg khqfh

mk{> |lm @ m�m n|n5 @ n{nn|n=
Pruhryhu/ lq wklv fdvh � =@ k{>|l

n|n5 =
Qrz vxssrvh wkdw { 5 K lv duelwudu|/ ohw

} � {� k{> |l
n|n5 |=
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+Vr } lv wkh �ruwkrjrqdo surmhfwlrq� ri { rqwr |=, Wkhq

3 � n}n5 @
����{� k{> |l

n|n5 |
����5 @ n{n5 . mk{> |lm5

n|n7 n|n5 � 5Uhk{> k{> |ln|n5 |l

@ n{n5 � mk{> |lm5
n|n5

iurp zklfk lw iroorzv wkdw

3 � n|n5n{n5 � mk{> |lm5
zlwk htxdolw| l� } @ 3 ru htxlydohqwo| l�

{ @
k{> |l|
n|n5 =

Fruroodu| 45161 Ohw +K> k�> �l, eh dq lqqhu surgxfw vsdfh dqg n{n =@sk{> {l= Wkhq
n � n lv d qrup rq K= Pruhryhu k�> �l lv frqwlqxrxv rq K �K> zkhuh K lv ylhzhg dv
wkh qruphg vsdfh +K> n�n,=
Surri1 Wkh rqo| qrq0wulyldo wklqj wr yhuli| wkdw n�n lv d qrup lv wkh wuldqjoh

lqhtxdolw|=

n{. |n5 @ n{n5 . n|n5 . 5Uhk{> |l � n{n5 . n|n5 . 5n{n n|n
@ +n{n. n|n,5

zkhuh zh kdyh pdgh xvh ri Vfkzdu}*v lqhtxdolw|1 Wdnlqj wkh vtxduh urrw ri wklv
lqhtxdolw| vkrzv n{. |n � n{n. n|n= Iru wkh frqwlqxlw| dvvhuwlrq=

mk{> |l � k{3> |3lm @ mk{� {3> |l. k{3> | � |3lm
� n|nn{� {3n. n{3nn| � |3n
� n|nn{� {3n. +n{n. n{� {3n, n| � |3n
@ n|nn{� {3n. n{nn| � |3n. n{� {3nn| � |3n

iurp zklfk lw iroorzv wkdw k�> �l lv frqwlqxrxv1
Gh�qlwlrq 45171 Ohw +K> k�> �l, eh dq lqqhu surgxfw vsdfh/ zh vd| {> | 5 K duh
ruwkrjrqdo dqg zulwh { B | l� k{> |l @ 3= Pruh jhqhudoo| li D � K lv d vhw zh
vd| { lv ruwkrjrqdo wr D dqg zulwh { B D l� k{> |l @ 3 iru doo | 5 D= Zh dovr
lqwurgxfh wkh vhw

DB @ i{ 5 K = { B Dj=
Zh dovr vd| wkdw d vhw V � K lv ruwkrjrqdo li { B | iru doo {> | 5 V vxfk wkdw { 9@ |
dqg li V dovr vdwlv�hv n{n @ 4 iru doo { 5 V> wkhq V lv vdlg wr eh ruwkrqrupdo1

Sursrvlwlrq 45181 Ohw +K> k�> �l, eh dq lqqhu surgxfw vsdfh wkhq
41 +Sdudoohorjudp Odz,

n{. |n5 . n{� |n5 @ 5n{n5 . 5n|n5+4515,

iru doo {> | 5 K=
51 +S|wkdjruhdq Wkhruhp, Li V � K lv d �qlwh ruwkrqrupdo vhw/ wkhq

n
[
{5V

{n5 @
[
{5V

n{n5=+4516,
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61 Li D � K lv d vhw/ wkhq DB lv d forvhg olqhdu vxevsdfh ri K=

Uhpdun 45191 Vhh Sursrvlwlrq 4515; lq wkh dsshqgl{ ehorz iru wkh �frqyhuvh� ri
wkh sdudoohorjudp odz1

Surri1 L zloo dvvxph wkdw K lv d frpsoh{ Kloehuw vsdfh/ wkh uhdo fdvh ehlqj
hdvlhu1

+4, Iru {> | 5 K>

n{. |n5 . n{� |n5 @ n{n5 . n|n5 . 5Uhk{> |l
. n{n5 . n|n5 � 5Uhk{> |l
@ 5n{n5 . 5n|n5=

+5, Wklv lv d vlpsoh frpsxwdwlrq

n
[
{5V

{n5 @ k
[
{5V

{>
[
|5V

|l @
[
{>|5V

k{> |l

@
[
{5V

k{> {l @
[
{5V

n{n5=

+6, Wklv lv d frqvhtxhqfh ri wkh frqwlqxlw| ri k�> �l dqg wkh idfw wkdw

DB @ _{5D nhu+k�> {l,
zkhuh nhu+k�> {l, @ i| 5 K = k|> {l @ 3j � d forvhg vxevsdfh ri K=

Gh�qlwlrq 451:1 D Kloehuw vsdfh lv dq lqqhu surgxfw vsdfh +K> k�> �l, vxfk wkdw
wkh lqgxfhg Kloehuwldq qrup lv frpsohwh1

Gh�qlwlrq 451;1 D vxevhw F ri d yhfwru vsdfh [ lv vdlg wr eh frqyh{ li iru doo
{> | 5 F wkh olqh vhjphqw ^{> |` =@ iw{. +4� w,| = 3 � w � 4j mrlqlqj { wr | lv
frqwdlqhg lq F dv zhoo1 +Qrwlfh wkdw dq| yhfwru vxevsdfh ri [ lv frqyh{1,

Wkhruhp 451<1 Vxssrvh wkdw K lv d Kloehuw vsdfh dqg P � K eh d forvhg frqyh{
vxevhw ri K= Wkhq iru dq| { 5 K wkhuh h{lvwv d xqltxh | 5P vxfk wkdw

n{� |n @ g+{>P, @ lqi
}5P

n{� }n=
Pruhryhu/ liP lv d yhfwru vxevsdfh ri K> wkhq wkh srlqw | pd| dovr eh fkdudfwhul}hg
dv wkh xqltxh srlqw lq P vxfk wkdw +{� |, BP=

Surri1 Ohw |q 5 P vxfk wkdw n{ � |qn @ �q $ � � g+{>P,1 Wkhq e| wkh
sdudoohorjudp odz/

5n{� |qn5 . 5n{� |pn5 @ n5{� +|q . |p,n5 . n|q � |pn5

@ 7n{� +|q . |p,

5
mm5 . n|q � |pn5

� 7�5 . n|q � |pn5+4517,

zkhuh zh kdyh xvhg wkh idfw wkdw P lv frqyh{ vr wkdw +|q . |p,@5 5 P= Ohwwlqj
p>q$4 lq wkh suhylrxv lqhtxdolw| lpsolhv

5�5 . 5�5 � 7�5 . olp vxs
p>q$4

n|q � |pn5>

l1h1 olp vxsp>q$4 n|q� |pn5 @ 3= Wkhuhiruh i|qj4q@4 lv Fdxfk| dqg khqfh frqyhu0
jhqw1 Ehfdxvh P lv forvhg/ | =@ olp

q$4
|q 5P 1 Dovr

n{� |n @ olp
q$4 n{� |qn @ olp

q$4 �q @ � @ g+{>P,
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dqg wkhuhiruh | lv d ghvluhg forvhvw hohphqw lq P wr {=
Wr vkrz wkdw | lv xqltxh/ vxssrvh wkdw } 5 P zhuh dqrwkhu srlqw vxfk wkdw

n{� }n @ � @ g+{>P,= Wkhq xvlqj wkh sdudoohorjudp odz dv lq Ht1 +4517, zh �qg

5�5 . 5�5 @ 5n{� |n5 . 5n{� }n5 @ n5{� +| . },n5 . n| � }n5

@ 7n{� +| . },

5
mm5 . n| � }n5

� 7�5 . n| � }n5

iurp zklfk zh ohduq n| � }n5> l1h1 | @ }=
Qrz vxssrvh wkdw P lv d vxevsdfh ri K dqg | 5P lv wkh forvhvw srlqw lq P wr

{= Wkhq iru z 5P> wkh ixqfwlrq

j+w, � n{� +| . wz,n5 @ n{� |n5 � 5wUhk{� |> zl. w5nzn5
kdv d plqlpxp dw w @ 3= Wkhuhiruh 3 @ j3+3, @ �5Uhk{ � |> zl= Vlqfh z 5 P lv
duelwudu|/ wklv lpsolhv wkdw +{� |, BP= Ilqdoo| vxssrvh | 5P lv dq| srlqw vxfk
wkdw +{� |, BP= Wkhq iru } 5P> e| S|wkdjruhdq*v wkhruhp/

n{� }n5 @ n{� | . | � }n5
@ n{� |n5 . n| � }n5
� n{� |n5

zklfk vkrzv g+{>P,5 � n{� |n5= Wkdw lv wr vd| | lv wkh srlqw lq P forvhvw wr {=

Gh�qlwlrq 451431 Ohw K eh d Kloehuw vsdfh dqg P � K eh d forvhg vxevsdfh1
Wkh ruwkrjrqdo surmhfwlrq ri K rqwr P lv wkh ixqfwlrq SP = K $ K vxfk wkdw iru
{ 5 K> SP+{, lv wkh xqltxh hohphqw lq P vxfk wkdw +{� SP+{,, BP 1

Sursrvlwlrq 451441 Ohw K eh d Kloehuw vsdfh dqg P � K eh d forvhg vxevsdfh1
Wkh ruwkrjrqdo surmhfwlrq SP vdwlv�hv=

41 SP lv olqhdu +dqg khqfh zh zloo zulwh SP{ udwkhu wkdq SP +{,=
51 S 5

P @ SP +SP lv d surmhfwlrq1,
61 S �P @ SP > l1h1 kSP{> |l @ k{> SP|l @ kSP{> SP|l iru doo {> | 5 K=
71 udq+SP , @ P dqg nhu+SP, @PB

Surri1
41 Ohw {4> {5 5 K dqg � 5 I> wkhq SP{4 . �SP{5 5P dqg

SP{4 . �SP{5 � +{4 . �{5, @ ^SP{4 � {4 . �+SP{5 � {5,` 5PB

vkrzlqj

SP{4 . �SP{5 @ SP +{4 . �{5,=

Wkhq SP lv olqhdu1
51 Reylrxvo| udq+SP , @ P dqg S{ @ { iru doo { 5P 1 Wkhuhiruh S5

P @ SP 1
61 Ohw {> | 5 K> wkhq vlqfh +{� SP{, dqg +| � SP|, duh lq PB>

kSP{> |l @ kSP{>SP| . | � SP|l
@ kSP{>SP|l
@ kSP{. +{� SP,> SP|l
@ k{> SP|l=
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71 Lw lv fohdu wkdw udq+SP, � P= Pruhryhu/ li { 5 P> wkhq SP{ @ { lpsolhv
wkdw udq+SP , @ P= Qrz { 5 nhu+SP, l� SP{ @ 3 l� { @ {� 3 5PB=

Fruroodu| 451451 Vxssrvh wkdw P � K lv d surshu forvhg vxevsdfh ri d Kloehuw
vsdfh K> wkhq K @ P �PB=

Surri1 Jlyhq { 5 K> ohw | @ SP{ vr wkdw {� | 5PB= Wkhq { @ |. +{� |, 5
P .PB= Li { 5P _PB> wkhq { B {/ l1h1 n{n5 @ k{> {l @ 3= VrP _PB @ i3j =47

Sursrvlwlrq 451461 Wkh pds

} 5 K
m�$ k�> }l 5 K�+4518,

lv d frqmxjdwh olqhdu lvrphwulf lvrprusklvp1

Surri1 Wkh pds m lv frqmxjdwh olqhdu e| wkh d{lrpv ri wkh lqqhu surgxfwv1
Pruhryhu/ iru {> } 5 K>

mk{> }lm � n{n n}n iru doo { 5 K

zlwk htxdolw| zkhq { @ }= Wklv lpsolhv wkdw nm}nK� @ nk�> }lnK� @ n}n = Wkhuhiruh
m lv lvrphwulf dqg wklv vkrzv wkdw m lv lqmhfwlyh1 Wr �qlvk wkh surri zh pxvw vkrz
wkdw m lv vxumhfwlyh1 Vr ohw i 5 K� zklfk zh dvvxph zlwk rxw orvv ri jhqhudolw| lv
qrq0}hur1 Wkhq P @ nhu+i, � d forvhg surshu vxevsdfh ri K= Vlqfh/ e| Fruroodu|
45145/ K @ P � PB> i = K@P �@ PB $ I lv d olqhdu lvrprusklvp1 Wklv
vkrzv wkdw glp+PB, @ 4 dqg khqfh K @ P � I{3 zkhuh {3 5 PB q i3j =48
Fkrrvh } @ �{3 5PB vxfk wkdw i+{3, @ k{3> }l= +Vr � @ �i+{3,@ n{3n5 =, Wkhq iru
{ @ p. �{3 zlwk p 5P dqg � 5 I zh kdyh

i+{, @ �i+{3, @ �k{3> }l @ k�{3> }l @ kp. �{3> }l @ k{> }l
zklfk vkrzv wkdw i @ m}=

Gh�qlwlrq 451471 ix�j�5D � K lv dq ruwkrqrupdo vhw li x� B x� iru doo � 9@ �
dqg nx�n @ 41

Sursrvlwlrq 45148 +Ehvvho*v Lqhtxdolw|,1 Ohw ix�j�5D eh dq ruwkrqrupdo vhw/
wkhq [

�5D
mk{> x�lm5 � n{n5 iru doo { 5 K=+4519,

Lq sduwlfxodu wkh vhw i� 5 D = k{> x�l 9@ 3j lv dw prvw frxqwdeoh iru doo { 5 K=

�eRog Surri iroorzv1
Ohw � eh wkh surmhfwlrq � ' �� dqg ' eh wkh eh wkh frpsohphqwdu| surmhfwlrq/ ' ' �3 ��

Lw lv vwudljkwiruzdug wr fkhfn wkdw '2 ' ' dqg �' ' '� ' f� Vlqfh iru doo % M Mc % ' �%n'%

dqg li �% ' '+ iru vrph %c + M Mc wkhq f ' '�% ' '2+ ' '+� Wkhuhiruh M ' h@?E� �k h@?E'��
Vlqfh h@?E� � ' �c wr �qlvk wkh surri lw vx!fhv wr vkrz wkdw h@?E'� ' �z� E| gh�qlwlrq ri
�c '% ' % 3 �% M �z iru doo % M M vr wkdw h@?E'� a �z� Frqyhuvho|/ li % M �z ' !ihE� �c
% ' E�3 � �% ' '% M h@?E'��

�DDowhuqdwlyho|/ fkrrvh %f M�z.tf� vxfk wkdw sE%f� ' �� Iru % M�z zh kdyh sE%3b%f� ' f
surylghg wkdw b G' sE%�� Wkhuhiruh % 3 b%f M � K�z ' tf� c l1h1 % ' b%f� Wklv djdlq vkrzv
wkdw �z lv vsdqqhg e| %f�
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Surri1 Ohw � � D eh dq| �qlwh vhw1 Wkhq

3 � n{�
[
�5�

k{> x�lx�n5 @ n{n5 � 5Uh
[
�5�

k{> x�l kx�> {l.
[
�5�

mk{> x�lm5

@ n{n5 �
[
�5�

mk{> x�lm5

vkrzlqj wkdw [
�5�

mk{> x�lm5 � n{n5=

Wdnlqj wkh vxsuhpxp ri wklv htxdwlrq ri � �� D wkhq suryhv Ht1 +4519,1

Sursrvlwlrq 451491 Vxssrvh D � K lv dq ruwkrjrqdo vhw1 Wkhq v @
S

y5D y
h{lvwv lq K l�

S
y5D nyn5 ?4= +Lq sduwlfxodu D pxvw eh dw prvw d frxqwdeoh vhw1,

Pruhryhu/ li
S

y5D nyn5 ?4> wkhq

41 nvn5 @Sy5D nyn5 dqg
51 kv> {l @Sy5Dky> {l iru doo { 5 K=

Vlploduo| li iyqj4q@4 eh dq ruwkrjrqdo vhw/ wkhq v @
4S
q@4

yq h{lvwv lq K l�

4S
q@4

nyqn5 ? 4= Lq sduwlfxodu li
4S
q@4

yq h{lvwv/ wkhq lw lv lqghshqghqw ri uhduudqjh0

phqwv ri iyqj4q@4=
Surri1 Vxssrvh v @

S
y5D y h{lvwv1 Wkhq wkhuh h{lvwv � �� D vxfk wkdw

[
y5�

nyn5 @
�����[
y5�

y

�����
5

� 4

iru doo � �� Dq� /zkhuhlq wkh �uvw lqhtxdolw| zh kdyh xvhg S|wkdjruhdq*v wkhruhp1
Wdnlqj wkh vxsuhpxp ryhu vxfk � vkrzv wkdw

S
y5Dq� nyn5 � 4 dqg wkhuhiruh[

y5D
nyn5 � 4 .

[
y5�

nyn5 ?4=

Frqyhuvho|/ vxssrvh wkdw
S

y5D nyn5 ?4= Wkhq iru doo � A 3 wkhuh h{lvwv �� �� D
vxfk wkdw li � �� D q ��> �����[

y5�
y

�����
5

@
[
y5�

nyn5 ? �5=

Khqfh e| Ohppd 43156/
S

y5D y h{lvwv1
Iru lwhp 4/ ohw v� =@

S
y5�� y> wkhq

mnvn � nv�nm � nv� v�n ? �

dqg

3 �
[
y5D

nyn5 � nv�n5 ? �5=

Ohwwlqj �$ 3 zh ghgxfh iurp wkh suhylrxv wzr htxdwlrqv wkdw nvn5 @Sy5D nyn5=
Lwhp 51 lv d vshfldo fdvh ri Ohppd 431561
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Iru wkh �qdo dvvhuwlrq/ ohw vQ �
QS
q@4

yq dqg vxssrvh wkdw olpQ$4 vQ @ v h{lvwv

lq K= Wkhq lq sduwlfxodu ivQj4Q@4 lv Fdxfk| vr iru Q A P=

Q[
q@P.4

nyqn5 @ nvQ � vPn5 $ 3 dv P>Q $4

zklfk vkrzv wkdw
4S
q@4

nyqn5 lv frqyhujhqw/ l1h1
4S
q@4

nyqn5 ?4=

Fruroodu| 4514:1 Vxssrvh K lv d Kloehuw vsdfh/ � � K lv dq ruwkrqrupdo vhw dqg
P @ vsdq �= Wkhq

SP{ @
[
x5�

k{> xlx>+451:,

[
x5�

mk{> xlm5 @ nSP{n5 dqg+451;,

[
x5�

k{> xlkx> |l @ kSP{> |l+451<,

iru doo {> | 5 K=

Surri1 E| Ehvvho*v lqhtxdolw|/
S

x5� mk{> xlm5 � n{n5 iru doo { 5 K dqg khqfh
e| Sursrvlwlrq 45148/ S{ =@

S
x5�k{> xlx h{lvwv lq K iru doo { 5 K dqg

kS{> |l @
[
x5�

kk{> xlx> |l @
[
x5�

k{> xlkx> |l+45143,

iru doo | 5 K= Wdnlqj | 5 � lq wklv h{suhvvlrq vkrzv wkdw kS{> |l @ k{> |l> l1h1
wkdw k{ � S{> |l @ 3= Vlqfh | 5 � lv duelwudu|/ zh ohduq wkdw +{� S{, B vsdq �
dqg e| frqwlqxlw| zh dovr kdyh +{� S{, BP @ vsdq �= Vlqfh S{ lv dovr lq P> lw
iroorzv iurp wkh gh�qlwlrq ri SP wkdw S{ @ SP{ surylqj Ht1 +451:,1 Htxdwlrqv
+451;, dqg +451<, qrz iroorz iurp +45143,/ Sursrvlwlrq 45149 dqg wkh idfw wkdw
kSP{> |l @ kSP{> SP|l iru doo {> | 5 K= Iru h{dpsoh/

kSP{> |l @ kSP{> SP|l @ k
[
x5�

k{> xlx>SP|l @
[
x5�

k{> xlkx> SP|l

@
[
x5�

k{> xlkSPx> |l @
[
x5�

k{> xlkx> |l=

45141 Kloehuw Vsdfh Edvlv1

Gh�qlwlrq 4514; +Edvlv,1 Ohw K eh d Kloehuw vsdfh1 D edvlv � ri K lv d pd{lpdo
ruwkrqrupdo vxevhw � � K=

Sursrvlwlrq 4514<1 Hyhu| Kloehuw vsdfh kdv dq ruwkrqrupdo edvlv1

Surri1 Ohw I eh wkh froohfwlrq ri doo ruwkrqrupdo vxevhwv ri K rughuhg e|
lqfoxvlrq1 Li � � I lv olqhduo| rughuhg wkhq ^� lv dq xsshu erxqg1 E| ]ruq*v
Ohppd wkhuh h{lvwv d pd{lpdo hohphqw � 5 I =

Dq ruwkrqrupdo vhw � � K lv vdlg wr eh frpsohwh li �B @ i3j = Wkdw lv wr vd|
li k{> xl @ 3 iru doo x 5 � wkhq { @ 3=

Uhpdun 451531 Dq ruwkrqrupdo vhw � � K lv d edvlv l� � lv frpsohwh1
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Surri1 Vxssrvh wkdw � � K= Li � lv qrw frpsohwh/ wkhq wkhuh h{lvwv d xqlw yhfwru
{ 5 �B q i3j = Wkh vhw � ^ i{j lv dq ruwkrqrupdo vhw surshuo| frqwdlqlqj �> vr �
lv qrw pd{lpdo1 Frqyhuvho|/ li � lv qrw pd{lpdo/ wkhuh h{lvwv dq ruwkrqrupdo vhw
�4 � K vxfk wkdw � ) �4= Wkhq li { 5 �4 q �> zh kdyh k{> xl @ 3 iru doo x 5 �
vkrzlqj � lv qrw frpsohwh1

Wkhruhp 451541 Ohw � � K eh dq ruwkrqrupdo vhw1 Wkhq wkh iroorzlqj duh htxly0
dohqw=

41 � lv frpsohwh ru htxlydohqwo| d edvlv1
51 { @

S
x5�

k{> xlx iru doo { 5 K1

61 k{> |l @
S
x5�

k{> xl kx> |l iru doo {> | 5 K=

71 n{n5 @ S
x5�

mk{> xlm5 iru doo { 5 K=

Surri1 Ohw P @ vsdq � dqg S @ SP =
+4, , +5, E| Fruroodu| 4514:/

S
x5�

k{> xlx @ SP{= Wkhuhiruh

{�
[
x5�

k{> xlx @ {� SP{ 5PB @ �B @ i3j =

+5, , +6, lv d frqvhtxhqfh ri Sursrvlwlrq 451491
+6, , +7, lv reylrxv/ mxvw wdnh | @ {=
+7, , +4, Li { 5 �B> wkhq e| 7,/ n{n @ 3> l1h1 { @ 3= Wklv vkrzv wkdw � lv

pd{lpdo1

Sursrvlwlrq 451551 D Kloehuw vsdfh K lv vhsdudeoh l� K kdv d frxqwdeoh ruwkrqru0
pdo edvlv � � K= Pruhryhu/ li K lv vhsdudeoh/ doo ruwkrqrupdo edvhv ri K duh
frxqwdeoh1

Surri1 Ohw G � K eh d frxqwdeoh ghqvh vhw G @ ixqj4q@41 E| Judp0Vfkplgw
surfhvv wkhuh h{lvwv � @ iyqj4q@4 dq ruwkrqrupdo vhw vxfk wkdw vsdqiyq = q @
4> 5 = = = > Qj � vsdqixq = q @ 4> 5 = = = > Qj= Vr li k{> yql @ 3 iru doo q wkhq k{> xql @ 3
iru doo q= Vlqfh G � K lv ghqvh zh pd| fkrrvh iznj � G vxfk wkdw { @ olpn$4zn
dqg wkhuhiruh k{> {l @ olpn$4k{>znl @ 3= Wkdw lv wr vd| { @ 3 dqg � lv frpsohwh1

Frqyhuvho| li � � K lv d frxqwdeoh ruwkrqrupdo edvlv/ wkhq wkh frxqwdeoh vhw

G @

;?=[
x5�

dxx = dx 5 T. lT = &ix = dx 9@ 3j ?4
<@>

lv ghqvh lq K=
Ilqdoo| ohw � @ ixqj4q@4 eh dq edvlv dqg �4 � K eh dqrwkhu ruwkrqrupdo edvlv1

Wkhq wkh vhwv

Dq @ iy 5 �4 = ky> xql 9@ 3j
duh frxqwdeoh iru hdfk q 5 Q dqg khqfh E =@

4V
q@4

Dq lv d frxqwdeoh vxevhw ri D=

Wkh surri zloo eh �qlvkhg e| vkrzlqj E lv frpsohwh dqg khqfh pd{lpdo/ vr wkdw
D @ E= Wr vhh wkdw E lv frpsohwh/ vxssrvh wkdw { 5 EB dqg wkhuh h{lvwv y 5 DqE>
vr kxq> yl @ 3 iru doo q 5 Q= Wkhq

k{> yl @
4[
q@4

k{> xqlkxq> yl @ 3=
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Vlqfh e| dvvxpswlrq k{> yl @ 3 iru doo y 5 E> lw iroorzv wkdw k{> yl @ 3 iru doo y 5 D
dqg ehfdxvh D lv frpsohwh/ { @ 3=

Uhpdun 451561 Vxssrvh wkdw ixqj4q@4 lv d wrwdo vxevhw ri K> l1h1 vsdqixqj @ K1
Ohw iyqj4q@4 eh wkh yhfwruv irxqg e| shuiruplqj Judp0Vfkplgw rq wkh vhw ixqj4q@41
Wkhq iyqj4q@4 lv dq ruwkrqrupdo edvlv iru K1

H{dpsoh 451571 41 K @ O5+^��> �`> gp,> wkhq e| wkh Vwrqh0Zhlhuvwudvv wkh0
ruhp/ ihlq�j4q@�4 lv wrwdo dqg wkhuhiruh hq+�, @ 4s

5�
hlq� iru q 5 ] lv dq

ruwkrqrupdo edvlv1 Lqghhg/ zh pd| lghqwli| K zlwk O5+V4> g�, e| wkh pds/
i 5 K $ �

�$ i+hl�
�
, 5 O5+V4> g�,= Xqghu wklv lghqwl�fdwlrq/ hlq� fruuh0

vsrqgv wr }q dqg zh kdyh vhhq e| wkh Vwrqh0Zhlhuvwudvv wkhruhp wkdw wkh
dojheud jhqhudwhg e| } dqg }�4 lv ghqvh lq F+V4,= Vlqfh F+V4, lv ghqvh lq
O5+V4> g�,> lw iroorzv wkdw wkh dojheud jhqhudwhg e| } dqg }�4 lv ghqvh lq
O5+V4> g�, dv zhoo1

51 Ohw K @ O5+^�4> 4`> gp, dqg D =@ i4> {> {5> {6 = = = j= Wkhq D lv wrwdo lq K e|
wkh Vwrqh0Zhlhuvwudvv wkhruhp dqg d vlplodu dujxphqw dv lq wkh �uvw h{dpsoh1
Wkh uhvxow ri grlqj Judp0Vfkplgw rq wklv vhw lv wkh Ohjhqguh Sro|qrpldov1

61 Ohw K @ O5+U> h�
4
5{

5

g{,= Idfw D =@ i4> {> {5> {6 = = = j lv wrwdo lq K dqg wkh
uhvxow ri grlqj Judp0Vfkplgw rq D qrz jlyhv wkh Khuplwh Sro|qrpldov1

Uhpdun 45158 +Dq Lqwhuhvwlqj Skhqrphqd,1 Ohw K @ O5+^�4> 4`> gp, dqg E =@
i4> {6> {9> {<> = = = j= Wkhq djdlq D lv wrwdo lq K e| wkh vdph dujxphqw dv lq lwhp 51
H{dpsoh 451571 Wklv lv wuxh hyhq wkrxjk E lv d surshu vxevhw ri D= Qrwlfh wkdw D
lv dq dojheudlf edvlv iru wkh sro|qrpldov rq ^�4> 4` zkloh E lv qrw$ Wkh iroorzlqj
frpsxwdwlrqv pd| khos uholhyh vrph ri wkh uhdghu*v dq{lhw|1 Ohw i 5 O5+^�4> 4`> gp,>
wkhq/ pdnlqj wkh fkdqjh ri yduldeohv { @ |4@6> vkrzv wkdw] 4

�4
mi+{,m5 g{ @

] 4

�4

���i+|4@6,���5 4
6
|�5@6g| @

] 4

�4

���i+|4@6,���5 g�+|,+45144,

zkhuh g�+|, @ 4
6|
�5@6g|= Vlqfh �+^�4> 4`, @ p+^�4> 4`, @ 5> � lv d �qlwh phdvxuh

rq ^�4> 4` dqg khqfh uhjxodu dqg khqfh F+^�4> 4`, lv ghqvh lq O5+^�4> 4`> g�,= Wkxv
wkh xvxdo Vwrqh Zhlhuvwudvv dujxphqw vkrzv dv deryh wkdw D =@ i4> {> {5> {6 = = = j lv
d wrwdo lq O5+^�4> 4`> g�,= Lq sduwlfxodu iru dq| � A 3 wkhuh h{lvwv d sro|qrpldo s+|,
vxfk wkdw ] 4

�4

���i+|4@6,� s+|,
���5 g�+|, ? �5=

Krzhyhu/ e| Ht1 +45144, zh kdyh

�5 A

] 4

�4

���i+|4@6,� s+|,
���5 g�+|, @ ] 4

�4

��i+{,� s+{6,
��5 g{=

Dowhuqdwlyho|/ li i 5 F+^�4> 4`,> wkhq j+|, @ i+|4@6, lv edfn lq F+^�4> 4`,= Wkhuh0
iruh iru dq| � A 3> wkhuh h{lvwv d sro|qrpldo s+|, vxfk wkdw

� A nj � snx @ vxs imj+|,� s+|,m = | 5 ^�4> 4`j
@ vxs

���j+{6,� s+{6,
�� = { 5 ^�4> 4`� @ vxs

���i+{,� s+{6,
�� = { 5 ^�4> 4`� =

Wklv jlyhv dqrwkhu surri wkh sro|qrpldov lq {6 duh ghqvh lq F+^�4> 4`, dqg khqfh
lq O5+^�4> 4`,=
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4514141 Qrq0frpsohwh lqqhu surgxfw vsdfhv1 Sduw ri Wkhruhp 45154 jrhv wkurxjk
zkhq K lv d qrw qhfhvvdulo| frpsohwh lqqhu surgxfw vsdfh1 Zh kdyh wkh iroorzlqj
sursrvlwlrq1

Sursrvlwlrq 451591 Ohw +K> k�> �l, eh d qrw qhfhvvdulo| frpsohwh lqqhu surgxfw
vsdfh dqg � � K eh dq ruwkrqrupdo vhw1 Wkhq wkh iroorzlqj wzr frqglwlrqv duh
htxlydohqw=

Wkhruhp 4515:1 41 { @
S
x5�

k{> xlx iru doo { 5 K=

51 n{n5 @ S
x5�

mk{> xlm5 iru doo { 5 K1

Pruhryhu/ hlwkhu ri wkhvh wzr frqglwlrqv lpsolhv wkdw � � K lv d pd{lpdo ru0
wkrqrupdo vhw1 Krzhyhu � � K ehlqj d pd{lpdo ruwkrqrupdo vhw lv qrw vx!flhqw
wr frqglwlrqv iru 4, dqg 5, krog$

Surri1 Dv lq wkh surri ri Wkhruhp 45154/ 4, lpsolhv 5,1 Iru 5, lpsolhv 4, ohw
� �� � dqg frqvlghu�����{�[

x5�
k{> xlx

�����
5

@ n{n5 � 5
[
x5�

mk{> xlm5 .
[
x5�

mk{> xlm5

@ n{n5 �
[
x5�

mk{> xlm5 =

Vlqfh n{n5 @ S
x5�

mk{> xlm5> lw iroorzv wkdw iru hyhu| � A 3 wkhuh h{lvwv �� �� � vxfk

wkdw iru doo � �� � vxfk wkdw �� � �>�����{�[
x5�

k{> xlx
�����
5

@ n{n5 �
[
x5�

mk{> xlm5 ? �

vkrzlqj wkdw { @
S
x5�

k{> xlx=
Vxssrvh { 5 �B= Li 5, lv ydolg wkhq n{n5 @ 3> l1h1 { @ 3= Vr � lv pd{lpdo1 Ohw

xv qrz frqvwuxfw d frxqwhu h{dpsoh wr suryh wkh odvw dvvhuwlrq1
Wdnh K @ Vsdqihlj4l@4 � c5 dqg ohw �xq @ h4�+q.4,hq.4 iru q @ 4> 5 = = = = Dsso|0

lqj Judpq0Vfkplgw wr i�xqj4q@4 zh frqvwuxfw dq ruwkrqrupdo vhw � @ ixqj4q@4 � K=
L qrz fodlp wkdw � � K lv pd{lpdo1 Lqghhg li { 5 �B wkhq { B xq iru doo q zklfk
wkhq lpsolhv wkdw iru doo q 5 Q>

3 @ +{> �xq, @ {4 � +q. 4,{q.4=

Wkhuhiruh {q.4 @ +q. 4,�4 {4 iru doo q= Vlqfh { 5 Vsdqihlj4l@4> {Q @ 3 iru vrph Q
vx!flhqwo| odujh dqg wkhuhiruh {4 @ 3 zklfk lq wxuq lpsolhv wkdw {q @ 3 iru doo q= Vr
{ @ 3 dqg khqfh � lv pd{lpdo lq K= Rq wkh rwkhu kdqg/ � lv qrw pd{lpdo lq c5> vlqh
wkh deryh dujxphqw vkrzv wkdw �B lq c5 lv jlyhq lv wkh vsdq ri y @ +4> 45 >

4
6 >

4
7 >

4
8 > = = = ,=

Ohw S eh wkh ruwkrjrqdo surmhfwlrq ri c5 rqwr Vsdq� @ yB= Wkhq

4[
l@4

k{> xqlxq @ S{>
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vr wkdw
4S
l@4
k{> xqlxq @ { l� { 5 Vsdq� @ yB � c5= Iru h{dpsoh li { @ +4> 3> 3> = = = , 5

K ru { @ hl iru dq| l> wkhq { @5 yB dqg khqfh
4[
l@4

k{> xqlxq 9@ {=

45151 Dsshqgl{= Frqyhuvh ri wkh Sdudoohorjudp Odz1

Sursrvlwlrq 4515; +Sdudoohorjudp Odz Frqyhuvh,1 Li +[> n�n, lv d qruphg vsdfh
vxfk wkdw Ht1 +4515, krogv iru doo {> | 5 [> wkhq wkhuh h{lvwv d xqltxh lqqhu surgxfw
rq k�> �l vxfk wkdw n{n =@

sk{> {l iru doo { 5 [= Lq wklv fdvh zh vd| wkdw n�n lv d
Kloehuwldq qrup1

Surri1 Li n�n lv jrlqj wr frph iurp dq lqqhu surgxfw k�> �l> lw iroorzv iurp Ht1
+4514, wkdw

5Uhk{> |l @ n{. |n5 � n{n5 � n|n5
dqg

�5Uhk{> |l @ n{� |n5 � n{n5 � n|n5=
Vxewudfwlqj wkhvh wzr htxdwlrqv jlyhv wkh �srodul}dwlrq lghqwlw|/�

7Uhk{> |l @ n{. |n5 � n{� |n5=
Uhsodflqj | e| l| lq wklv htxdwlrq wkhq lpsolhv wkdw

7Lpk{> |l @ n{. l|n5 � n{� l|n5
iurp zklfk zh �qg

k{> |l @ 4

7

[
�5J

�n{. �|n5+45145,

zkhuh J @ i	4>	lj � d f|folf vxejurxs ri V4 � F= Khqfh li k�> �l lv jrlqj wr h{lvwv
zh pxvw gh�qh lw e| Ht1 +45145,1

Qrwlfh wkdw

k{> {l @ 4

7

[
�5J

�n{. �{n5 @ n{n5 . ln{. l{n5 � ln{� l{n5

@ n{n5 . l
��4 . lm5�� n{n5 � l

��4� lm5�� n{n5 @ n{n5 =
Vr wr �qlvk wkh surri ri +7, zh pxvw vkrz wkdw k{> |l lq Ht1 +45145, lv dq lqqhu
surgxfw1 Vlqfh

7k|> {l @
[
�5J

�n| . �{n5 @
[
�5J

�n� +| . �{, n5

@
[
�5J

�n�| . �5{n5

@ n| . {n5 . n � | . {n5 . lnl| � {n5 � ln � l| � {n5
@ n{. |n5 . n{� |n5 . ln{� l|n5 � ln{. l|n5
@ 7k{> |l
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lw vx!fhv wr vkrz wkdw { $ k{> |l lv olqhdu iru doo | 5 K= +Wkh uhvw ri wklv surri
pd| vdiho| eh vnlsshg e| wkh uhdghu1, Iru wklv zh zloo qhhg wr ghulyh dq lghqwlw|
iurp Ht1 +4515,1 Wr gr wklv zh pdnh xvh ri Ht1 +4515, wkuhh wlphv wr �qg

n{. | . }n5 @ �n{. | � }n5 . 5n{. |n5 . 5n}n5
@ n{� | � }n5 � 5n{� }n5 � 5n|n5 . 5n{. |n5 . 5n}n5
@ n| . } � {n5 � 5n{� }n5 � 5n|n5 . 5n{. |n5 . 5n}n5
@ �n| . } . {n5 . 5n| . }n5 . 5n{n5 � 5n{� }n5 � 5n|n5 . 5n{. |n5 . 5n}n5=

Vroylqj wklv htxdwlrq iru n{. | . }n5 jlyhv
n{. | . }n5 @ n| . }n5 . n{. |n5 � n{� }n5 . n{n5 . n}n5 � n|n5=+45146,

Xvlqj Ht1 +45146,/ iru {> |> } 5 K>

7Uhk{. }> |l @ n{. } . |n5 � n{. } � |n5
@ n| . }n5 . n{. |n5 � n{� }n5 . n{n5 . n}n5 � n|n5
� �n} � |n5 . n{� |n5 � n{� }n5 . n{n5 . n}n5 � n|n5�
@ n} . |n5 � n} � |n5 . n{. |n5 � n{� |n5
@ 7Uhk{> |l. 7Uhk}> |l=+45147,

Qrz vxssrvh wkdw � 5 J> wkhq vlqfh m�m @ 4>

7k�{> |l @ 4

7

[
�5J

�n�{. �|n5 @ 4

7

[
�5J

�n{. ��4�|n5

@
4

7

[
�5J

��n{. ��|n5 @ 7�k{> |l+45148,

zkhuh lq wkh wklug lqhtxdolw|/ wkh vxevwlwxwlrq �$ �� zdv pdgh lq wkh vxp1 Vlqfh

Lpk{> |l @ Uhk�l{> |l
lw iroorzv iurp Ht1 +45147, dqg +45148, wkdw

7 Lpk{. }> |l @ 7Uhk�l{� l}> |l @ 7Uhk�l{> |l. 7Uhk�l}> |l
@ 7 Lpk{> |l. 7 Lpk}> |l

zklfk frpelqhg zlwk Ht1 +45147, vkrzv

k{. }> |l @ k{> |l. k}> |l=
Ehfdxvh ri wklv htxdwlrq dqg Ht1 +45148, wr �qlvk wkh surri wkdw { $ k{> |l lv
olqhdu/ lw vx!fhv wr vkrz k�{> |l @ �k{> |l iru doo � A 3= Qrz li � @p 5 Q> wkhq

kp{> |l @ k{. +p� 4,{> |l @ k{> |l. k+p� 4,{> |l
vr wkdw e| lqgxfwlrq kp{> |l @ pk{> |l= Uhsodflqj { e| {@p wkhq vkrzv wkdw
k{> |l @ pkp�4{> |l vr wkdw kp�4{> |l @p�4k{> |l dqg vr li q 5 Q zh �qg

k q
p
{> |l @ qk 4

p
{> |l @ q

p
k{> |l

vr wkdw k�{> |l @ �k{> |l iru doo � A 3 dqg � 5 T= E| frqwlqxlw|/ lw qrz iroorzv
wkdw k�{> |l @ �k{> |l iru doo � A 3= +Txhvwlrq/ frxog wklv kdyh ehhq fduulhg rxw
dojheudlfdoo|B,
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45161 Dsshqgl{= Surriv yld ruwkrqrupdo edvhv1 Lq wklv dsshqgl{/ ohw xv jlyh
vrph surriv ri wkh suhylrxv wkhruhpv pdnlqj xvh ri wkdw idfw wkdw hyhu| Kloehuw
vsdfh kdv dq ruwkrqrupdo edvlv1 +Wklv dsshqgl{ pd| vdiho| eh vnlsshg1, Dv deryh/
ohw K eh d Kloehuw vsdfh1

Ohw � � K eh dq ruwkrqrupdo vhw dqg P @ vsdq � � K= Wkhq P lv d forvhg
vxevsdfh riK dqg khqfh d Kloehuw vsdfh1 +Pruhryhu � �P lv dq ruwkrqrupdo edvlv

iru P vlqfh li { 5 �B wkhq { 5 vsdq �
B
@ PB= Wkhuhiruh li { 5 P dqg { 5 �B>

wkhq { @ 3=, Iru { 5 K> ohw S{ @
S
x5�

k{> xlx wkhq S = K $ K lv ruwkrjrqdo

surmhfwlrq ri K rqwr P= Lqghhg/ li | @ S{ @
S
x5�

k{> xlx> wkhq iru y 5 �>

k{� |> yl @ k{> yl �
[
x5�

k{> xlkx> yl @ k{> yl � k{> yl @ 3

vkrzlqj {� | 5 �B @ PB= Vr li p 5P>

n{�pn5 @ n+{� |, . | �pn5 @ n{� |n5 . n| �pn5 � n{� |n5

zlwk htxdolw| l� p @ | zklfk vkrzv wkdw | lv wkh xqltxh hohphqw lq P plqlpl}lqj
wkh glvwdqfh ri { wr P=

Ohw xv dovr vkrz xvlqj dq ruwkrqrupdo edvlv wkdw wkh pds

K �$ K�

{ �$ k�> {l @ c{

lv d frqmxjdwh olqhdu lvrphwulf lvrprusklvp1 Iluvw r� e| wkh Vfkzdu}*v lqhtxdolw|/

nc{n @ vxs
n|n@4

mc{+|,m @ vxs
n|n@4

mk{> |lm � n{n=

Pruhryhu wdnlqj | @ {@n{n> mo{+|,m @ n{n vkrzlqj wkdw nc{n � n{n dqg wkhuhiruh
wkdw nc{n @ n{n= Vr {$ c{ lv dq lvrphwulf pds zklfk lv hdvlo| vhhq wr eh frqmxjdwh
olqhdu1 Khqfh zh qhhg rqo| vkrz wkdw wr hyhu| i 5 K� q i3j wkhuh h{lvwv { 5 K
vxfk wkdw i @ c{ @ k�> {l= Ohw � � K eh dq ruwkrqrupdo edvlv iru K> wkhq li { lv
jrlqj wr h{lvw zh zrxog kdyh

{ @
[
x5�

k{> xlx @
[
x5�

�i+x,x=+45149,

Lq rughu wr pdnh xvh ri wklv irupxod/ zh qhhg wr vkrz
S

x5� mi+x,m5 ?4= Vxssrvh
wkdw � �� � dqg | 5 Vsdq�> wkhq

i+|, @ i+
[
x5�

k|> xlx, @
[
x5�

k|> xli+x, @ k|>
[
x5�

�i+x,xl=

Wdnlqj | @
S

x5� �i+x,x lq wklv h{suhvvlrq wkhq vkrzv wkdw

i+|, @ n|n5 @ n|n n|n
vkrzlqj n|nK � ninK� = Vtxdulqj wklv lqhtxdolw| wkhq vkrzv wkdw[

x5�
mi+x,m5 @ n|n5K � nin5K� ?4
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dqg vlqfh � �� � lv duelwudu|/ lw iroorzv wkdw
S

x5� mi+x,m5 ?4 dv ghvluhg1 Wkhuh0
iruh zh pd| gh�qh { e| Ht1 +45149,1 Wkhq iru | 5 K>

i+|, @ i

3C[
x5�

k|> xlx
4D @

[
x5�

k|> xli+x, @
[
x5�

k|> �i+x,xl @ k|>
[
x5�

�i+x,xl @ k|> {l=

461 Edluh Fdwhjru| Wkhruhp dqg lwv frqvhtxhqfhv

Uhfdoo wkdw d vhw H lv vdlg wr eh qrzkhuh ghqvh l�
�
�H
�r

@ >> l1h1 �H kdv hpsw|
lqwhulru1 Dovr qrwlfh wkdw H lv qrzkhuh ghqvh lv htxlydohqw wr

[ @
��

�H
�r�f

@
�
�H
�f

@ +Hf,r=

Wkdw lv wr vd| H lv qrzkhuh ghqvh l� Hf kdv ghqvh lqwhulru1

46141 Edluh Fdwhjru| Wkhruhp1

Wkhruhp 4614 +Edluh Fdwhjru| Wkhruhp,1 Ohw +[> �, eh d frpsohwh phwulf vsdfh1

41 Li iYqj4q@4 lv d vhtxhqfh ri ghqvh rshq vhwv/ wkhq J =@
4W
q@4

Yq lv ghqvh lq [=

51 Li iHqj4q@4 lv d vhtxhqfh ri qrzkhuh ghqvh vhwv/ wkhq [ 9@ V4q@4Hq=
Surri1 4, Zh pxvw vkrzv wkdw �J @ [ zklfk lv htxlydohqw wr vkrzlqj wkdw

Z _J 9@ > iru doo qrq0hpsw| rshq vhwv Z � [= Vlqfh Y4 lv ghqvh/ Z _ Y4 9@ > dqg
khqfh wkhuh h{lvwv {4 5 [ dqg �4 A 3 vxfk wkdw

E+{4> �4, �Z _ Y4=
Vlqfh Y5 lv ghqvh/ E+{4> �4,_Y5 9@ > dqg khqfh wkhuh h{lvwv {5 5 [ dqg �5 A 3 vxfk
wkdw

E+{5> �5, � E+{4> �4, _ Y5=
Frqwlqxlqj wklv zd| lqgxfwlyho|/ zh pd| fkrrvh i{q 5 [ dqg �q A 3j4q@4 vxfk wkdw

E+{q> �q, � E+{q�4> �q�4, _ Yq ;q=
Ixuwkhupruh zh fdq fohduo| gr wklv frqvwuxfwlrq lq vxfk d zd| wkdw �q & 3 dv
q % 4= Khqfh i{qj4q@4 lv Fdxfk| vhtxhqfh dqg { @ olp

q$4
{q h{lvwv lq [ vlqfh [

lv frpsohwh1 Vlqfh E+{q> �q, lv forvhg/ { 5 E+{q> �q, � Yq vr wkdw { 5 Yq iru doo
q dqg khqfh { 5 J= Pruhryhu/ { 5 E+{4> �4, � Z _ Y4 lpsolhv { 5 Z dqg khqfh
{ 5Z _J vkrzlqj Z _J 9@ >=

5, Iru wkh vhfrqg dvvhuwlrq/ vlqfh
V4
q@4Hq �

V4
q@4

�Hq> lw vx!fhv wr vkrzv wkdw
[ 9@ V4

q@4
�Hq ru htxlydohqwo| wkdw > 9@ W4

q@4

�
�Hq
�f

@
W4
q@4 +H

f
q,
r
= Dv zh kdyh

revhuyhg/ Hq lv qrzkhuh ghqvh lv htxlydohqw wr +Hf
q,
r ehlqj d ghqvh rshq vhw/ khqfh

e| sduw 4,/
W4
q@4 +H

f
q,
r lv ghqvh lq [ dqg khqfh qrw hpsw|1

Gh�qlwlrq 46151 D vxevhw H � [ lv phdjhu ru ri wkh �uvw fdwhjru| li H @
4V
q@4

Hq zkhuh hdfk Hq lv qrzkhuh ghqvh1 Dqg d vhw I � [ lv fdoohg uhvlgxdo li I f

lv phdjhu1

Uhpdunv 46161 Wkh uhdghu vkrxog wklqn ri phdjhu dv ehlqj wkh wrsrorjlfdo dqdorjxh
ri vhwv ri phdvxuh 3 dqg uhvlgxdo dv ehlqj wkh wrsrorjlfdo dqdorjxh ri vhwv ri ixoo
phdvxuh1



:3 EUXFH N1 GULYHU

41 Li I lv d uhvlgxdo vhw/ wkhq wkhuh h{lvwv qrzkhuh ghqvh vhwv iHqj vxfk wkdw

I f @ ^4q@4Hq � ^4q@4 �Hq=
Wdnlqj frpsohphqwv ri wklv htxdwlrq vkrzv wkdw

_4q@4 �Hf
q � I>

l1h1 I frqwdlqv d vhw ri wkh irup _4q@4Yq zlwk hdfk Yq ehlqj dq rshq ghqvh
vxevhw ri [=

Frqyhuvho|/ li _4q@4Yq � I zlwk hdfk Yq ehlqj dq rshq ghqvh vxevhw ri
[> wkhq I f � ^4q@4Y f

q dqg khqfh I f @ ^4q@4Hq zkhuh Hq @ I f _ Y f
q > d

qrzkhuh ghqvh vxevhw ri [= Wkhuhiruh I lv uhvlgxdo l� I frqwdlqv d frxqwdeoh
lqwhuvhfwlrq ri ghqvh rshq vhwv1

51 D frxqwdeoh xqlrq ri phdjhu vhwv lv phdjhu dqg d vxevhwv ri d phdjhu vhw lv
phdjhu1

61 D frxqwdeoh lqwhuvhfwlrq ri uhvlgxdo vhwv lv uhvlgxdo1

Wkh Edluh Fdwhjru| Wkhruhp pd| eh vwdwhg dv iroorzv1 Li [ lv d frpsohwh phwulf
vsdfh/ wkhq +4, doo uhvlgxdo vhwv duh ghqvh lq [ dqg 5, [ lv qrw phdjhu1

46151 Dssolfdwlrq wr Edqdfk Vsdfhv1

Wkhruhp 4617 +Rshq Pdsslqj Wkhruhp,1 Ohw [>\ eh Edqdfk vsdfhv/ W 5
O+[>\ ,1 Li W lv vxumhfwlyh wkhq W lv dq rshq pdsslqj1

Surri1 Iru doo � A 3 ohw E� @ i{ 5 [ = n{n[ ? �j � [> H� @ W +E�, dqg
E+3> �, @ i| 5 \ = n|n\ ? �j =
Fodlp 41 Iru doo � A 3 wkhuh h{lvwv � A 3 vxfk wkdw E+3> �, � H�=

Vlqfh \ @
4V
q�4

Hq/ wkh Edluh fdwhjru| wkhruhp lpsolhv wkhuh h{lvwv q vxfk wkdw

H
3
q 9@ >/ l1h1 wkhuh h{lvwv | 5 Hq dqg � A 3 vxfk wkdw E+|> �, � Hq1 Vxssrvh

n|3n ? � wkhq | dqg | . |3 duh lq E+|> �, � Hq khqfh wkhuh h{lvwv {3> { 5 Eq vxfk
wkdw nW{3 � +| . |3,n dqg nW{� |n pd| eh pdgh dv vpdoo dv zh sohdvh/ zklfk zh
deeuhyldwh dv iroorzv

nW{3 � +| . |3,n � 3 dqg nW{� |n � 3=

Khqfh e| wkh wuldqjoh lqhtxdolw|/

nW +{3 � {,� |3n @ nW{3 � +| . |3,� +W{� |,n
� nW{3 � +| . |3,n. nW{� |n � 3

zlwk {3 � { 5 E5q= Wklv vkrzv wkdw |3 5 H5q zklfk lpsolhv E+3> �, � H5q= Vlqfh
wkh pds !� = \ $ \ jlyhq e| !�+|, @

�
5q| lv d krphrprusklvp/ !�+H5q, @ H�

dqg !�+E+3> �,, @ E+3> ��5q,> lw iroorzv wkdw E+3> �, � H� zkhuh � � ��
5q A 3=

Fodlp 51 Wkhuh h{lvwv � A 3 vxfk wkdw E+3> �, � H4/ l1h1 Fodlp 41 krogv zlwk
rxw wkh forvxuh1

E| Fodlp 4/ wkhuh h{lvwv � A 3 vxfk wkdw E+3> �, � H4= Dv lq wkh surri ri
Fodlp 41 zh dovr kdyh E+3> ��, � H� iru doo � A 3= Qrz ohw � =@ �@5 dqg | 5 \
eh vxfk wkdw n|n ? � @ �@5= Wkhq | 5 E+3> 45�, � H 4

5
vr wkhuh h{lvwv Wkhuh

h{lvwv {4 5 E4@5 vxfk nW{4 � |n � 3 dqg lq sduwlfxodu zh pd| dvvxph wkdw

n| � W{4n ? 5�4� @ �@7 @ 5�5�=
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Vlploduo|/ | � W{4 5 E+3> 47�, � H 4
7
lpsolhv wkhuh h{lvwv {5 5 E4@7 vxfk wkdw

n| � W{4 � W{5n ? 5�5� @ 5�6�

dqg khqfh dq {6 5 E5�6 vxfk wkdw

n| � W{4 � W{5 � W{6n ? 5�6� @ 5�7�=

Vr e| lqgxfwlrq/ zh �qg {q 5 E5�q vxfk wkdw

n| �
q[

n@4

W{nn @ n| � W{4 � W{5 � � � � � W{qn ? 5�q� @ 5�+q.4,�=+4614,

Vlqfh
4[
q@4

n{qn ?
4[
q@4

�
4

5

�q
@

4

5

�
4

4� 4
5

�
@ 4>

{ �
4S
q@4

{q h{lvwv dqg n{n ? 4= Sdvvlqj wr wkh olplw lq Ht1 +4614, vkrzv/ n|�W{n @
31 Wkxv zh kdyh vkrzq li n|n ? � wkhq | 5 W +E4, @ H4 zklfk lv wkh frqwhqw ri
Fodlp 51

Zh qrz vkrz wkdw W lv rshq1 Li { 5 Y �r [ dqg | @ W{ 5 WY zh pxvw vkrz
wkdw WY frqwdlqv d edoo E+|> �, iru vrph � A 3= Qrz wkh iroorzlqj vwdwhphqwv duh
hdvlo| vhhq wr eh htxlydohqw=

E+|> �, @ E+W{> �, � WY

E+3> �, � WY � W{ @ W +Y � {,

E+3> ��, � W ^�+Y � {,`+4615,

iru vrph � A 3= Exw vlqfh Y � { lv d qhljkerukrrg ri 3> wkhuh h{lvwv � A 3 vxfk
wkdw E4 � �+Y � {, dqg khqfh e| Fodlp 51 wkhuh h{lvwv dq � A 3 vxfk wkdw

E+3> �, � WE4 � �+Y � {,=

Wkhuhiruh zh vhh wkdw Ht1 +4615, krogv surylghg zh fkrrvh � @ �@� A 3=

Fruroodu| 46181 Li [>\ duh Edqdfk vsdfhv dqg W 5 O+[>\ , lv lqyhuwleoh +l1h1 d
elmhfwlyh olqhdu wudqvirupdwlrq, wkhq wkh lqyhuvh pds/ W�4/ lv erxqghg/ l1h1 W�4 5
O+\>[,= +Qrwh wkdw W�4 lv dxwrpdwlfdoo| olqhdu1,

Wkhruhp 4619 +Forvhg Judsk Wkhruhp,1 Ohw [ dqg \ eh Edqdfk vsdfh W = [ $
\ olqhdu lv frqwlqxrxv l� W lv forvhg l1h1 �+W , � [ � \ lv forvhg1

Surri1 Li W frqwlqxrxv dqg +{q> W{q, $ +{> |, 5 [ � \ dv q $ 4 wkhq
W{q $ W{ @ | zklfk lpsolhv +{> |, @ +{> W{, 5 �+W ,1
Frqyhuvho|= Li W lv forvhg wkhq wkh iroorzlqj gldjudp frppxwhv

[ \!
W

�+W ,

�

a
a
a
a#

�5
%
%
%
%(

zkhuh �+{, =@ +{> W{,=
Wkh pds �5 = [ � \ $ [ lv frqwlqxrxv dqg �4m�+W , = �+W , $ [ lv frqwlqxrxv

elmhfwlrq zklfk lpsolhv �4m�4�+W , lv erxqghg e| wkh rshq pdsslqj Wkhruhp 46171
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Khqfh W @ �5 � �4m�4�+W , lv erxqghg/ ehlqj wkh frpsrvlwlrq ri erxqghg rshudwruv1

Dv dq dssolfdwlrq zh kdyh wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 461:1 Ohw K eh d Kloehuw vsdfh1 Vxssrvh wkdw W = K $ K lv d olqhdu
+qrw qhfhvvdulo| erxqghg, pds vxfk wkdw wkhuh h{lvwv W � = K $ K vxfk wkdw

kW{> \ l @ k{> W �\ l ; {> | 5 K=

Wkhq W lv erxqghg1

Surri1 Lw vx!fhv wr vkrz wkdw W lv forvhg1 Wr suryh wklv vxssrvh wkdw {q 5 K
vxfk wkdw +{q> W{q,$ +{> |, 5 K �K1 Wkhq iru dq| } 5 K>

kW{q> }l @ k{q> W �}l �$ k{> W �}l @ kW{> }l dv q$4=

Rq wkh rwkhu kdqg olpq$4kW{q> }l @ k|> }l dv zhoo dqg wkhuhiruh kW{> }l @ k|> }l
iru doo } 5 K= Wklv vkrzv wkdw W{ @ | dqg suryhv wkdw W lv forvhg1

Khuh lv dqrwkhu h{dpsoh1

H{dpsoh 461;1 Vxssrvh wkdw P � O5+^3> 4`>p, lv d forvhg vxevsdfh vxfk wkdw
hdfk hohphqw ri P kdv d uhsuhvhqwdwlyh lq F+^3> 4`,= Zh zloo dexvh qrwdwlrq dqg
vlpso| zulwh P� F+^3> 4`,= Wkhq

41 Wkhuh h{lvwv D 5 +3>4, vxfk wkdw ninx � DninO5 iru doo i 5P=
51 Iru doo { 5 ^3> 4` wkhuh h{lvwv j{ 5P vxfk wkdw

i+{, @ ki> j{l iru doo i 5P=

Pruhryhu zh kdyh nj{n � D=
61 Wkh vxevsdfh P lv �qlwh glphqvlrqdo dqg glp+P, � D5=

Surri1 4, L zloo jlyh d wzr surriv ri sduw 41 Hdfk surri uhtxluhv wkdw zh �uvw
vkrz wkdw +P> n � nx, lv d frpsohwh vsdfh1 Wr suryh wklv lw vx!fhv wr vkrzv wkdw
P lv d forvhg vxevsdfh ri F+^3> 4`,= Vr ohw iiqj � P dqg i 5 F+^3> 4`, vxfk wkdw
niq � inx $ 3 dv q $ 4= Wkhq niq � ipnO5 � niq � ipnx $ 3 dv p>q $ 4>
dqg vlqfh P lv forvhg lq O5+^3> 4`,> O5 � olpq$4 iq @ j 5 P= E| sdvvlqj wr d
vxevhtxhqfh li qhfhvvdu| zh nqrz wkdw j j+{, @ olpq$4 iq+{, @ i+{, iru p 0 d1h1
{= Vr i @ j 5P=

l,Ohw l = +P> n � nx, $ +P> n � n5, eh wkh lghqwlw| pds1 Wkhq l lv erxqghg dqg
elmhfwlyh1 E| wkh rshq pdsslqj wkhruhp/ m @ l�4 lv erxqghg dv zhoo1 Khqfh wkhuh
h{lvwv D ?4 vxfk wkdw ninx @ nm+i,n � D nin5 iru doo i 5P=

ll, Ohw m = +P> n � n5,$ +P> n � nx, eh wkh lghqwlw| pds1 Zh zloo vkrzv wkdw m lv
d forvhg rshudwru dqg khqfh erxqghg e| wkh forvhg judsk wkhruhp1 Vxssrvh wkdw
iq 5 P vxfk wkdw iq $ i lq O5 dqg iq @ m+iq, $ j lq F+^3> 4`,= Wkhq dv lq wkh
�uvw sdudjudsk/ zh frqfoxgh wkdw j @ i @ m+i, d1h1 vkrzlqj m lv forvhg1 Qrz �qlvk
dv lq odvw olqh ri surri l,1

5, Iru { 5 ^3> 4`> ohw h{ =P$ F eh wkh hydoxdwlrq pds h{+i, @ i+{,= Wkhq

mh{+i,m � mi+{,m � ninx � DninO5
zklfk vkrzv wkdw h{ 5 P�= Khqfh wkhuh h{lvwv d xqltxh hohphqw j{ 5 P� vxfk
wkdw

i+{, @ h{+i, @ ki> j{l iru doo i 5P=

Pruhryhu nj{nO5 @ nh{nP� � D=
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6, Ohw iimjqm@4 eh dq ruwkrqrupdo vxevhw ri P= Wkhq

D5 � nh{n5P� @ nj{n5O5 �
q[
m@4

mkim > j{lm5 @
q[
m@4

mim+{,m5

dqg lqwhjudwlqj wklv htxdwlrq ryhu { 5 ^3> 4` lpsolhv wkdw

D5 �
q[
m@4

] 4

3

mim+{,m5g{ @
q[
m@4

4 @ q

zklfk vkrzv wkdw q � D5= Khqfh glp+P, � D5=

Uhpdun 461<1 Nhhslqj wkh qrwdwlrq lq H{dpsoh 461;/ J+{> |, @ j{+|, iru doo {> | 5
^3> 4`= Wkhq

i+{, @ h{+i, @

] 4

3

i+|,J+{> |,g| iru doo i 5P=

Wkh ixqfwlrq J lv fdoohg wkh uhsurgxflqj nhuqho iru P=

Wkh deryh h{dpsoh jhqhudol}hv dv iroorzv1

Sursrvlwlrq 461431 Vxssrvh wkdw +[>P> �, lv d �qlwh phdvxuh vsdfh/ s 5 ^4>4,
dqgZ lv d forvhg vxevsdfh ri Os+�, vxfk wkdwZ � Os+�,_O4+�,= Wkhq glp+Z , ?
4=

Surri1 Zlwk rxw orvv ri jhqhudolw| zh pd| dvvxph wkdw �+[, @ 4= Dv lq H{dpsoh
461;/ zh vkrzv wkdwZ lv d forvhg vxevsdfh ri O4+�, dqg khqfh e| wkh rshq pdsslqj
wkhruhp/ wkhuh h{lvwv d frqvwdqw D ? 4 vxfk wkdw nin4 � D nins iru doo i 5 Z=
Qrz li 4 � s � 5> wkhq

nin4 � D nins � D nin5
dqg li s 5 +5>4,> wkhq ninss � nin55 nins�54 ru htxlydohqwo|/

nins � nin5@s5 nin4�5@s4 � nin5@s5

�
D nins

�4�5@s
iurp zklfk zh ohduq wkdw nins � D4�5@s nin5 dqg wkhuhiruh wkdw nin4 �
DD4�5@s nin5 vr wkdw lq dq| fdvh wkhuh h{lvwv d frqvwdqw E ? 4 vxfk wkdw
nin4 � E nin5 =

Ohw iiqjQq@4 eh dq ruwkrqrupdo vxevhw ri Z dqg i @
SQ

q@4 fqiq zlwk fq 5 F>
wkhq �����

Q[
q@4

fqiq

�����
5

4
� E5

Q[
q@4

mfqm5 � E5 mfm5

zkhuh mfm5 =@SQ
q@4 mfqm5 = Iru hdfk f 5 FQ > wkhuh lv dq h{fhswlrq vhw Hf vxfk wkdw

iru { @5 Hf> �����
Q[
q@4

fqiq+{,

�����
5

� E5 mfm5 =
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Ohw G =@ +T. lT,Q dqg H @ _f5GHf= Wkhq �+H, @ 3 dqg iru { @5 H>���SQ
q@4 fqiq+{,

��� � E5 mfm5 iru doo f 5 G= E| frqwlqxlw| lw wkhq iroorzv iru { @5 H

wkdw �����
Q[
q@4

fqiq+{,

�����
5

� E5 mfm5 iru doo f 5 FQ =

Wdnlqj fq @ iq+{, lq wklv lqhtxdolw| lpsolhv wkdw�����
Q[
q@4

miq+{,m5
�����
5

� E5
Q[
q@4

miq+{,m5 iru doo { @5 H

dqg wkhuhiruh wkdw
Q[
q@4

miq+{,m5 � E5 iru doo { @5 H=

Lqwhjudwlqj wklv htxdwlrq ryhu { wkhq lpsolhv wkdw Q � E5> l1h1 glp+Z , � E5=

Wkhruhp 46144 +Xqlirup Erxqghgqhvv Sulqflsoh,1 Ohw [ dqg \ eh d qruphg
yhfwru vsdfhv1 Vxssrvh D � O+[>\ , dqg ohw

U @ UD =@ i{ 5 [ = vxs
D5D

nD{n @4j=+4616,

Wkhq vxs
D5D

nDn ?4 l� U lv qrw uhvlgxdo1 Lq sduwlfxodu li [ lv d Edqdfk vsdfh dqg

vxs
D5D

nD{n ?4 iru doo { 5 [ wkhq vxs
D5D

nDn ?4=

Surri1 Li P =@ vxs
D5D

nDn ?4> wkhq vxs
D5D

nD{n � P n{n ?4 iru doo { 5 [> vr

wkdw U @ > dqg U lv qrw uhvlgxdo1 Frqyhuvho|/ li U lv qrw uhvlgxdo/ wkhq Uf @ i{ 5
[ = vxs

D5D
nD{n ?4j lv qrw phdjhu1 Iru hdfk q 5 Q> ohw Hq � [ eh wkh forvhg vhwv

jlyhq e|

Hq @ i{ = vxs
D5D

nD{n � qj @
_
D5D

i{ = nD{n � qj=

Wkhq Uf @ ^4q@4Hq dqg vlqfh Uf lv qrw phdjhu/ wkhuh h{lvwv dq q 5 Q vxfk wkdw
H3
q 9@ 3= Ohw E+{> �, eh d edoo vxfk wkdw E+{> �, � Hq= Wkhq iru | 5 [ zlwk n|n @ �

zh nqrz { � | 5 E+{> �, � Hq> vr wkdw D| @ D{ � D+{ � |, dqg khqfh iru dq|
D 5 D>

nD|n � nD{n. nD+{� |,n � q. q @ 5q=

Khqfh lw iroorzv wkdw nDn � 5q@� iru doo D 5 D> l1h1 vxs
D5D

nDn � 5q@� ?4=

Li vxs
D5D

nD{n ? 4> wkhq U @ >= Li [ lv d Edqdfk vsdfh/ wkhq uhvlgxdo vhwv duh

ghqvh dqg khqfh U @ > lv qrw d Uhvlgxdo vhw1 Wkhuhiruh vxs
D5D

nDn ?4 e| wkh �uvw

sduw ri wkh Wkhruhp1

H{dpsoh 461451 Vxssrvh wkdw ifqj4q@4 � F lv d vhtxhqfh ri qxpehuv vxfk wkdw

olp
Q$4

Q[
q@4

dqfq h{lvwv lq F iru doo d 5 c4=

Wkhq f 5 c4=
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Surri1 Ohw iQ 5 �
c4
��

eh jlyhq e| iQ +d, @
SQ

q@4 dqfq dqg vhw PQ =@
pd{ imfqm = q @ 4> = = = >Qj = Wkhq

miQ +d,m �PQ ndnc4
dqg e| wdnlqj d @ hn zlwk n vxfk PQ @ mfnm > zh ohduq wkdw niQn @ PQ = Qrz e|
dvvxpswlrq/ olpQ$4 iQ +d, h{lvwv iru doo d 5 c4 dqg lq sduwlfxodu/

vxs
Q
miQ +d,m ?4 iru doo d 5 c4=

Vr e| wkh Wkhruhp 46144/

4 A vxs
Q
niQn @ vxs

Q
PQ @ vxsimfqm = q @ 4> 5> 6> = = = j =

46161 Dssolfdwlrqv wr Irxulhu Vhulhv1 Ohw W @ V4 eh wkh xqlw flufoh lq V4 dqgp
ghqrwh wkh qrupdol}hg duf ohqjwk phdvxuh rq W= Vr li i = W $ ^3>4, lv phdvxudeoh/
wkhq ]

W

i+z,gz =@

]
W

igp =@
4

5�

] �

��
i+hl�,g�=

Dovr ohw !q+}, @ }q iru doo q 5 ]= Uhfdoo wkdw i!qjq5] lv dq ruwkrqrupdo edvlv iru
O5+W ,= Iru q 5 Q ohw

vq+i> }, =@
q[

n@�q
ki> !ql!n+}, @

q[
n@�q

ki> !ql}n @
q[

n@�q

�]
W

i+z, �zngz

�
}n

@

]
W

i+z,

#
q[

n@�q
�zn}n

$
gz @

]
W

i+z,gq+} �z,gz

zkhuh gq+�, =@
Sq

n@�q �
n= Qrz �gq+�,� gq+�, @ �q.4 � ��q> vr wkdw

gq+�, =@
q[

n@�q
�n @

�q.4 � ��q

�� 4

zlwk wkh frqyhqwlrq wkdw

�q.4 � ��q

�� 4
m�@4 @ olp

�$4

�q.4 � ��q

�� 4
@ 5q. 4 @

q[
n@�q

4n=

Zulwlqj � @ hl�> zh �qg

Gq+�, =@ gq+h
l�, @

hl�+q.4, � h�l�q

hl� � 4
@
hl�+q.4@5, � h�l�+q.4@5,

hl�@5 � h�l�@5

@
vlq+q. 4

5,�

vlq 4
5�

=

Uhfdoo e| Kloehuw vsdfh wkhru|/ O5+W , � olpq$4 vq+i> �, @ i iru doo i 5 O5+W ,= Zh
zloo qrz vkrz wkdw wkh frqyhujhqfh lv qrw srlqwzlvh iru doo i 5 F+W , � O5+W ,=

Sursrvlwlrq 461461 k } 5 W> wkhuh h{lvwv d uhvlgxdo vhw U} � F+W , vxfk wkdw
vxsq mvq+i> },m @ 4 iru doo i 5 U}= Uhfdoo wkdw F+W , lv d frpsohwh phwulf vsdfh/
khqfh U} lv d ghqvh vxevhw ri F+W ,=
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Surri1 E| v|pphwu| frqvlghudwlrqv/ lw vx!fhv wr wdnh } @ 4 5 W= Ohw �qi =@
vq+i> 4,= Wkhq

m�qi m @
����]
W

i+z,gq+ �z,gz

���� � ]
W

mi+z,gq+ �z,m gz � ninx
]
W

mgq+ �z,m gz

vkrzlqj

n�qn �
]
W

mgq+ �z,m gz=

Vlqfh F+W , lv ghqvh lq O4+W ,> wkhuh h{lvwv in 5 F+W>U, vxfk wkdw in+z,$ vjqgn+ �z,
lq O4= E| uhsodflqj in e| +in a 4, b +�4, zh pd| dvvxph wkdw ninnx � 4= Lw qrz
iroorzv wkdw

n�qn � m�qinm
ninnx

�
����]
W

in+z,gq+ �z,gz

����
dqg sdvvlqj wr wkh olplw dv n $ 4 lpsolhv wkdw n�qn �

U
W
mgq+ �z,m gz= Khqfh zh

kdyh vkrzq wkdw

n�qn @
]
W

mgq+ �z,m gz @
4

5�

] �

��

��gq+h�l�,��g� @ 4

5�

] �

��

���� vlq+q. 4
5,�

vlq 4
5�

����g�=+4617,

Vlqfh

vlq{ @

] {

3

frv |g| �
] {

3

mfrv |m g| � {

iru doo { � 3= Vlqfh vlq{ lv hyhq/ mvlq{m � m{m iru doo { 5 U= Xvlqj wklv lq Ht1 +4617,
lpsolhv wkdw

n�qn � 4

5�

] �

��

����vlq+q. 4
5,�

4
5�

���� g� @ 5

�

] �

3

����vlq+q.
4

5
,�

���� g�� =
@

5

�

] �

3

����vlq+q.
4

5
,�

���� g��
Vlqfh ] �

3

����vlq+q.
4

5
,�

���� g�� @

] +q. 4
5 ,�

3

mvlq |m g|
|
$4 dv q$4>

zh ohduq wkdw vxsq n�qn @4= Vr e| Wkhruhp 46144/

U4 @ ii 5 F+W , = vxs
q
m�qi m @4j

lv d uhvlgxdo vhw1
Vhh Uxglq Fkdswhu 8 iru pruh ghwdlov1

Ohppd 461471 Iru i 5 O4+W ,> ohw

ai+q, =@ ki> !ql @
]
W

i+z, �zqgz=

Wkhq ai 5 f3 dqg wkh pds i 5 O4+W ,$ f3 lv d rqh wr rqh erxqghg olqhdu wudqviru0
pdwlrq lqwr exw qrw rqwr f3=
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Surri1 E| Ehvvho*v lqhtxdolw|/
S

q5]
��� ai+q,���5 ? 4 iru doo i 5 O5+W , dqg lq

sduwlfxodu olpmqm$4
��� ai+q,��� @ 3= Jlyhq i 5 O4+W , dqg j 5 O5+W , zh kdyh��� ai+q,� aj+q,

��� @ ����]
W

^i+z,� j+z,` �zqgz

���� � ni � jn4
dqg khqfh

olp vxs
q$4

��� ai+q,��� @ olp vxs
q$4

��� ai+q,� aj+q,
��� � ni � jn4

iru doo j 5 O5+W ,= Vlqfh O5+W , lv ghqvh lq O4+W ,> lw iroorzv wkdw olp vxsq$4
��� ai+q,��� @

3 iru doo i 5 O4> l1h1 ai 5 f3=

Vlqfh
��� ai+q,��� � nin4 > zh kdyh

��� ai���
f3
� nin4 vkrzlqj wkdw �i =@ ai lv d erxqghg

olqhdu wudqvirupdwlrq iurp O4+W , wr f3=
Wr vhh wkdw � lv lqmhfwlyh/ vxssrvh ai @ �i � 3> wkhq

U
W i+z,s+z> �z,gz @ 3 iru

doo sro|qrpldov s lq z dqg �z= E| wkh Vwrqh 0 Zlhuvwudvv wkhruhp/ wklv lpsolhv wkdw]
W

i+z,j+z,gz @ 3

iru doo j 5 F+W ,= Vlqfh F+W , lv ghqvh lq O4+W> mi+z,m gz,> wkhuh h{lvwv erxqghg
ixqfwlrqv jq 5 F+W , vxfk wkdw jq $ vjqi 5 O4+W> mi+z,m gz,= Wkxv

3 @ olp
q$4

]
W

i+z,jq+z,gz @ olp
q$4

]
W

jq+z,vjqi+z, mi+z,m gz @

]
W

mi+z,m gz

zklfk vkrzv wkdw i @ 3 d1h1
Li � zhuh vxumhfwlyh/ wkh rshq pdsslqj wkhruhp zrxog lpso| wkdw ��4 = f3 $

O4+W , lv erxqghg1 Lq sduwlfxodu wklv lpsolhv wkhuh h{lvwv F ?4 vxfk wkdw

ninO4 � F
��� ai���

f3
iru doo i 5 O4+W ,=+4618,

Wdnlqj i @ gq> zh �qg
��� agq���

f3
@ 4 zkloh olpq$4 ngqnO4 @ 4 frqwudglfwlqj Ht1

+4618,1 Wkhuhiruh udq+�, 9@ f3=

471 Os0vsdfhv

Ohw +[>P> �, eh d phdvxuh vsdfh dqg iru 3 ? s ?4 dqg d phdvxudeoh ixqfwlrq
i = [ $ F ohw

nins � +

]
mi msg�,4@s=

Zkhq s @4> ohw

nin4 @ lqi id � 3 = �+mi m A d, @ 3j
Iru 4 � s �4> ohw

Os+[>P> �, @ ii = [ $ F = i lv phdvxudeoh dqg nins ?4j@ q
zkhuh i q j l� i @ j d1h1 Qrwlfh wkdw ni � jns @ 3 l� i q j dqg li i q j wkhq li
i q j wkhq nins @ njns= Lq jhqhudo zh zloo frqwlqxh wr zulwh i iru wkh htxlydohqfh
fodvv frqwdlqlqj i=



:; EUXFH N1 GULYHU

Uhpdun 47141 Zh kdyh nin4 � P l� mi+{,m � P iru � 0 d1h1 {= Wr vhh wklv/
vxssrvh wkdw nin4 � P> wkhq iru doo d A P> �+mi m A d, @ 3 dqg wkhuhiruh
�+mi m A P, @ olpq$4 �+mi m A P . 4@q, @ 3> vr wkdw mi+{,m � P iru � 0 d1h1 {=
Frqyhuvho|/ li mi m �P d1h1/ wkhq iru d A P> �+mi m A d, @ 3 dqg khqfh nin4 �P=
Vr lq frqfoxvlrq zh kdyh vkrzq

nin4 @ lqi id � 3 = mi+{,m � d iru � � d1h1 {j =

Rxu �uvw jrdo lq wklv vhfwlrq lv wr vkrz
�
Os+[>P> �,> n�ns

�
lv d Edqdfk vsdfh1

Zh zloo vwduw zlwk wkh fdvh s @4=

Wkhruhp 47151 Wkh ixqfwlrq n�n4 lv d qrup rq O4 dqg +O4+[>P> �,> n�n4, lv
d Edqdfk vsdfh1 D vhtxhqfh iiqj4q@4 � O4 frqyhujhv wr i 5 O4 l� wkhuh h{lvwv
H 5 P vxfk wkdw �+H, @ 3 dqg iq $ i xqlirupo| rq Hf= Pruhryhu/ erxqghg
vlpsoh ixqfwlrq duh ghqvh lq O4=

Surri1 Vxssrvh wkdw i> j 5 O4> wkhq mi m � nin4 d1h1 dqg mjm � njn4 d1h1 vr
wkdw mi . jm � mi m. mjm � nin4 . njn4 d1h1 dqg wkhuhiruh

ni . jn4 � nin4 . njn4 =

Wkhuhiruh n�n4 vdwlv�hv wkh wuldqjoh lqhtxdolw|1 Wkh uhdghu pd| hdvlo| fkhfn wkh
uhpdlqlqj frqglwlrqv wkdw hqvxuh n�n4 lv d qrup1

Vxssrvh wkdw iiqj4q@4 � O4 lv d vhtxhqfh vxfk iq $ i 5 O4> l1h1 ni � iqn4 $
3 dv q$4= Wkhq iru doo n 5 Q> wkhuh h{lvwv Qn ?4 vxfk wkdw

�
�mi � iqm A n�4

�
@ 3 iru doo q � Qn=

Ohw

H @ ^4n@4 ^q�Qn

�mi � iqm A n�4
�
=

Wkhq �+H, @ 3 dqg iru { 5 Hf> zh kdyh mi+{,� iq+{,m � n�4 iru doo q � Qn= Wklv
vkrzv wkdw iq $ i xqlirupo| rq Hf= Frqyhuvho|/ li wkhuh h{lvwv H 5 P vxfk wkdw
�+H, @ 3 dqg iq $ i xqlirupo| rq Hf> wkhq iru dq| � A 3>

� +mi � iqm � �, @ � +imi � iqm � �j _Hf, @ 3

iru doo q vx!flhqwo| odujh1 Wkdw lv wr vd| olp vxsq$4 ni � iqn4 � � iru doo � A 3=
Wkh ghqvlw| ri vlpsoh ixqfwlrqv zloo eh ohiw dv dq h{huflvh wr wkh uhdghu1

Vr wkh odvw wklqj wr suryh lv wkh frpsohwhqhvv ri O4 iru zklfk zh zloo xvh
Wkhruhp 43161 Vxssrvh wkdw iiqj4q@4 � O4 lv d vhtxhqfh vxfk wkdw

S4
q@4 niqn4 ?

4= Ohw Pq =@ niqn4 > Hq =@ imiqm A Pqj > dqg H =@ ^4q@4Hq vr wkdw �+H, @ 3=
Wkhq iru { 5 Hf zh kdyh

4[
q@4

vxs
{5Hf

miq+{,m �
4[
q@4

Pq ?4

zklfk vkrzv wkdw VQ +{, @
SQ

q@4 iq+{, frqyhujhv xqlirupo| wr V+{, =@
S4

q@4 iq+{,
rq Hf> wkdw lv wr vd| nV � Vqn4 $ 3 dv q$4=
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47141 Vrph lqhtxdolwlhv1

Sursrvlwlrq 47161 Ohw i = ^3>4, $ ^3>4, eh d frqwlqxrxv vwulfwo| lqfuhdvlqj
ixqfwlrq vxfk wkdw i+3, @ 3 +iru vlpsolflw|, dqg olp

v$4
i+v, @ 4= Ohw j @ i�4 dqg

iru v> w � 3 ohw

I +v, @

] v

3

i+v3,gv3 dqg J+w, @
] w

3

j+w3,gw3=

Wkhq iru doo v> w � 3>

vw � I +v, .J+w,

dqg htxdolw| krogv l� w @ i+v,=

Surri1 Ohw

Dv =@ i+�> �, = 3 � � � i+�, iru 3 � � � vj dqg
Ew =@ i+�> �, = 3 � � � j+�, iru 3 � � � wj

wkhq dv rqh vhhv iurp Iljxuh 7/ ^3> v`� ^3> w` � Dv ^Ew= +Lq wkh �jxuh= v @ 6> w @ 4>
D6 lv wkh uhjlrq xqghu w @ i+v, iru 3 � v � 6 dqg E4 lv wkh uhjlrq wr wkh uljkw ri
wkh fxuyh v @ j+w, iru 3 � w � 4=, Khqfh li p lv Ohehvjxh phdvxuh rq wkh sodqh/

vw @p +^3> v`� ^3> w`, � p+Dv, .p+Ew, @ I +v, .J+w,=

0

1

2

3

4

5

t

1 2 3 4s

Iljxuh 71 D slfwxuh surri ri Sursrvlwlrq 47161

Gh�qlwlrq 47171 Wkh frqmxjdwh h{srqhqw t 5 ^4>4` wr s 5 ^4>4` lv t =@ s
s�4 zlwk

wkh frqyhqwlrq wkdw t @4 li s @ 4= Qrwlfh wkdw t vdwlv�hv

4

s
.

4

t
@ 4> 4 .

t

s
@ t> s� s

t
@ 4 dqg t+s� 4, @ s=+4714,

Ohppd 47181 Li v> w � 3 wkhq

vw � vt

t
.
ws

s

zlwk htxdolw| li dqg rqo| li vt @ ws1
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Surri1 Ohw I +v, @ vs

s iru s A 4>

i+v, @ vs�4 @ w

ru

j+w, @ w
4

s�4 @ wt�4

ehfdxvh t � 4@ +s� 4, . 4 ru 4@ +s� 4, @ t � 4= Wkhuhiruh J+w, @ wt@t dqg khqfh

vw � vs

s
.
wt

t

zlwk htxdolw| l� w @ vs�4=

Wkhruhp 4719 +Kùoghu*v lqhtxdolw|,1 Vxssrvh wkdw 4 ? s ? 4 dqg t =@
�

s
s�4
�
>

ru htxlydohqwo|
4

s
.

4

t
@ 4=

Li i> j duh phdvxudeoh ixqfwlrqv wkhq nijn4 � nins � njnt zlwk htxdolw| l�

+
mi m
nins ,

s @ +
mjm
njnt ,

t d1h1

Surri1 Wkh fdvhv zkhuh nint @ 3 ru 4 ru njns @ 3 ru 4 duh hdv| wr ghdo zlwk
dqg duh ohiw wr wkh uhdghu1 Vr zh zloo dvvxph qrz wkdw 3 ? nint> njns ? 4= Ohw
v @ mi m@nins dqg w @ mjm@njnt wkhq Ohppd 4718 lpsolhv

mijm
ninsnjnt �

4

s

mi ms
nins .

4

t

mjmt
njnt =

Lqwhjudwlqj wklv htxdwlrq wkhq jlyhv

nijn4
ninsnjnt �

4

s
.

4

t
@ 4

zlwk htxdolw| l�

mjm
njnt @

mi ms�4
nin+s�4,s

d1h1 +, mjm
njnt @

mi ms@t
nins@ts

d1h1 +, mjmtninss @ njnttmi ms d1h1

Wkhruhp 471: +Plqlnrzvnl*v Lqhtxdolw|,1 Li 4 � s ?4 dqg i> j 5 Os wkhq

ni . jns � nins . njns>
zlwk htxdolw| l�

vjq+i, @ vjq+j, zkhq s @ 4 dqg

i @ fj iru vrph f A 3 zkhq s A 4=

Surri1 Vlqfh

mi . jms � +5pd{ +mi m > mjm,,s @ 5spd{ +mi ms > mjms, � 5s +mi ms . mjms,
lw iroorzv wkdw

ni . jnss � 5s
�ninss . njnss

�
?4=

Lq wkh fdvh wkdw s @ 4>

ni . jn4 @
]
[

mi . jmg� �
]
[

mi mg�.

]
[

mjmg�
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zlwk htxdolw| l�

mi m. mjm @ mi . jm d1h1 +, vjq+i, @ vjq+j, d1h1

Qrz dvvxph wkdw s A 4= Zh pd| dvvxph ni . jns A 3 vlqfh li ni . jns @ 3 wkh
wkhruhp lv hdvlo| yhul�hg1 Qrz

mi . jms @ mi . jmmi . jms�4 � +mi m. mjm,mi . jms�4

zlwk htxdolw| l� vjq+i, @ vjq+j, d1h1 Lqwhjudwlqj wklv htxdwlrq dqg dsso|lqj
Kroghu*v lqhtxdolw| jlyhv]

[

mi . jmsg� �
]
[

mi m mi . jms�4g�.

]
[

mjm mi . jms�4g�

� +nins . njns, n mi . jms�4 nt+4715,

zlwk htxdolw| l� � mi m
nins

�s
@

� mi . jms�4
nmi . jms�4nt

�t
@

� mjm
njns

�s
d1h1

dqg vjq+i, @ vjq+j, d1h1

Qrz

nmi . jms�4ntt @
]
[

+mi . jms�4,tg� @

]
[

mi . jmsg�+4716,

zkhuhlq zh kdyh xvhg Ht1 +4714,/ t+s� 4, @ s= Frpelqlqj Htv1 +4715, dqg +4716,
lpsolhv

ni . jnss � ninsni . jns@ts . njnsni . jns@ts+4717,

zlwk htxdolw| l�

vjq+i, @ vjq+j, dqg� mi m
nins

�s
@

mi . jms
ni . jnss @

� mjm
njns

�s
d1h1+4718,

Vroylqj iru ni . jns lq Ht1 +4717, zlwk wkh dlg ri Ht1 +4714, vkrzv wkdw ni .jns �
nins . njns zlwk htxdolw| l� Ht1 +4718, krogv zklfk kdsshqv l� i @ fj d1h1 zlwk
f A 31

Wkhruhp 471; +Frpsohwhqhvv ri Os+�,,1 Vxssrvh wkdw iiqj � Os+�, lv Fdxfk|/

wkhq wkhuh h{lvwv i 5 Os+�, vxfk wkdw iq
Os�$ i 1 Pruhryhu i lv xqltxh prgxor wkh

htxlydohqfh uhodwlrq ri ehlqj htxdo r� vhwv ri phdvxuh }hur1

Surri1 Zulwh

nin @
�]

[

mi ms g�
�4@s

=

E| Fkhe|vfkhy*v lqhtxdolw|/

� +miq � ipm � �, @ � +miq � ipms � �s,

� 4

�s

]
[

miq � ipms g� @
4

�s
niq � ipns $ 3 dv p>q$4
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iru doo � A 3= Wklv vkrzv wkdw iiqj lv O30Fdxfk| +l1h1 Fdxfk| lq phdvxuh, vr wkhuh
h{lvwv ijmj � iiqj vxfk wkdw jm $ i d1h1 Qrz e| Idwrx*v Ohppd/

njm � ins @
]

olp
n$4

lqi mjm � jnms � olp
n$4

lqi

]
mjm � jnmsg�

@ olp
n$4

lqi njm � jnns $ 3 dv m $4=

Lq sduwlfxodu/ nin � njm � in. njmn ?4 vr wkh i 5 Os dqg jm
Os�$ i 1 Wkh surri

lv �qlvkhg ehfdxvh/

niq � in � niq � jmn. njm � in $ 3 dv m> q$4=

47151 Fruroodulhv ri Kùoghu*v Lqhtxdolw|1 Wkh Os+�, � qrup frqwurov wzr w|shv
ri ehkdylruv ri i> qdpho| wkh �ehkdylru dw lq�qlw|� dqg wkh ehkdylru ri orfdo vlqjx0
odulwlhv Vr lq sduwlfxodu/ li i lv eorzlqj xs dw d srlqw {3 5 [> wkhq orfdoo| qhdu {3 lw
lv kdughu iru i 5 Os+�, dv s lqfuhdvhv1 Rq wkh rwkhu kdqg d ixqfwlrq i 5 Os+�, lv do0
orzhg wr ghfd| dw lq�qlw| vorzhu dqg vorzhu dv s lqfuhdvhv1 Zlwk wkhvh �lqvljkwv� lq
plqg/ zh vkrxog qrw lq jhqhudo h{shfw Os+�, � Ot+�, ru Ot+�, � Os+�,= Krzhyhu/
wkhuh duh wzr qrwdeoh h{fhswlrqv wkdw zh vkdoo suryh ehorz1 +4, Li �+[, ?4> wkhq
wkhuh lv qr ehkdylru dw lq�qlw| wr zruu| derxw dqg zh h{shfw wkdw Ot+�, � Os+�, iru
doo t � s= Vhh Fruroodu| 47143 ehorz1 +5, Li � lv frxqwlqj phdvxuh/ l1h1 �+D, @ &+D,>
wkhq doo ixqfwlrqv lq Os+�, iru dq| s fdq qrw eorz xs rq d vhw ri srvlwlyh phdvxuh/
vr wkhuh duh qr orfdo vlqjxodulwlhv1 Khqfh zh h{shfw lq wklv fdvh wkdw Os+�, � Ot+�,
iru doo t � s> vhh Fruroodu| 47146 ehorz1

Fruroodu| 471<1 Vxssrvh wkdw u> s> t 5 +3>4` duh qxpehuv vxfk wkdw

4

u
@

4

s
.

4

t
>+4719,

wkhq iru phdvxudeoh ixqfwlrqv i> j = [ $ F>

nijnu � nins � njnt=
Surri1 Wkh fdvh u @4 lv hdv| dqg lv ohiw wr wkh uhdghu1 Vr dvvxph u 5 +3>4,=

E| Ht1 +4719,/ d @ s@u dqg e @ t@u duh frqmxjdwh h{srqhqwv1 Wkxv e| Kùoghu*v
lqhtxdolw|/

nijnuu @ nmi mu mjmun4 � n mi mu nd � n mjmu ne @ ninu@ss � njnu@tt

iurp zklfk wkh ghvluhg uhvxow iroorzv1

Fruroodu| 471431 Li �+[, ? 4> wkhq Os+�, � Ot+�, iru doo 3 ? s ? t � 4 dqg
wkh lqfoxvlrq pds lv erxqghg1

Surri1 Fkrrvh d 5 ^4>4` vxfk wkdw

4

s
@

4

d
.

4

t
> l1h1 d @

t � s

st
=

Wkhq e| Fruroodu| 471</

nins @ ni � 4ns � nint � n4nd @ �+[,4@dnint @ �+[,+
4
s
� 4
t
,nint=

Wkh uhdghu pd| hdvlo| fkhfn wklv �qdo irupxod lv fruuhfw hyhq zkhq t @4 surylghg
zh lqwhusuhw +4@s� 4@t, @ 4@s lq wklv fdvh1
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Sursrvlwlrq 471441 Vxssrvh wkdw 3 ? s ? t ? u � 4> wkhq Ot � Os . Ou> l11h
hyhu| ixqfwlrq i 5 Ot pd| eh zulwwhq dv i @ j . k zlwk j 5 Os dqg k 5 Ou=

Surri1 Wkh eorz xs srlqwv ri i duh frqwdlqhg lq wkh vhw H =@ imi m A 4j dqg wkh
ehkdylru ri i dw lq�qlw| lv vroho| ghwhuplqhg e| i rq Hf= Khqfh ohw j @ i4H dqg
k @ i4Hf vr wkdw i @ j . k= E| rxu glvfxvvlrq dw wkh ehjlqqlqj ri wklv vhfwlrq zh
h{shfw wkdw j 5 Os dqg k 5 Ou= Lqghhg/

mjms @ mi ms 4H @ mi ms 4imi mA4j � mi mt 4imi mA4j � mi mt

zklfk diwhu lqwhjudwlqj vkrzv wkdw njnss � nintt = Vlploduo|
mkmu @ mi mu 4Hf @ mi mu 4imi m�4j � mi mt 4imi m�4j � mi mt

vr wkdw nknuu � nintt =
Fruroodu| 471451 Vxssrvh wkdw 3 ? s ? t ? u � 4> wkhq Os _ Ou � Ot dqg zh
kdyh

nint � nin�s nin4��u

zkhuh � 5 +3> 4, lv ghwhuplqhg vr wkdw

4

t
@
�

s
.

4� �

u
zlwk � @ s@t li u @4=

Surri1 Ohw � eh ghwhuplqhg dv deryh/ d @ s@� dqg e @ u@+4 � �,/ wkhq e|
Fruroodu| 471</

nint @
���mi m� mi m4�����

t
�
���mi m����

d

���mi m4�����
e
@ nin�s nin4��u =

Djdlq/ wkh khxulvwlf h{sodqdwlrq ri wklv fruroodu| lv wkdw li i 5 Os _ Ou> wkhq
i kdv orfdo vlqjxodulwlhv qr zruvh wkdq dq Ou ixqfwlrq dqg ehkdylru dw lq�qlw| qr
zruvh wkdq dq Os ixqfwlrq1 Khqfh i 5 Os iru dq| t ehwzhhq s dqg u=

Fruroodu| 471461 Vxssrvh qrz wkdw � lv frxqwlqj phdvxuh1 Wkhq Os+�, � Ot+�,
iru doo 3 ? s � t �4=

Surri1 Vxssrvh wkdw 3 ? s ? u @4> wkhq

nins4 @ vxs imi+{,ms = { 5 [j �
[
{5[

mi+{,ms @ ninss =

Qrz dsso| Fruroodu| 47145 zlwk u @4 wr �qg

nint � nins@ts nin4�s@t4 � nins@ts nin4�s@ts @ nins =

4715141 Mhqvhq*v Lqhtxdolw|1

Gh�qlwlrq 471471 D ixqfwlrq ! = +d> e, $ U lv frqyh{ li iru doo d ? {3 ? {4 ? e
dqg w 5 ^3> 4` !+{w, � w!+{4, . +4� w,!+{3, zkhuh {w @ w{4 . +4� w,{3=
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D frqyh{ ixqfwlrq zlwk dorqj zlwk wzr frugv fruuhvsrqglqj wr {3 @ �5 dqg
{4 @ 7 dqg {3 @ �8 dqg {4 @ �5=

Wkh iroorzlqj Sursrvlwlrq lv fohduo| prwlydwhg e| Iljxuh 471471

Sursrvlwlrq 471481 Vxssrvh wkdw ! = +d> e,$ U lv d frqyh{ ixqfwlrq/ wkhq
41 Iru doo x> y> z> } 5 +d> e, vxfk wkdw x ? y> z ? }> x � z dqg y � } zh kdyh

!+y,� !+x,

y � x
� !+},� !+z,

} �z
=+471:,

51 Iru hdfk f 5 +d> e,> wkh uljkw dqg ohiw vlghg ghulydwlyhv !3	+f, h{lvwv lq U dqg
li d ? x ? y ? e> wkhq !3.+x, � !3�+y, � !3.+y,=

61 Wkh ixqfwlrq ! lv frqwlqxrxv1
71 Iru doo w 5 +d> e, wkhuh h{lvwv � 5 U vxfk wkdw !+{, � !+w, . �+{ � w, iru doo

{ 5 +d> e,=

Surri1 4d, Vxssrvh �uvw wkdw x ? y @ z ? }> lq zklfk fdvh Ht1 +471:, lv
htxlydohqw wr

+!+y,� !+x,, +} � y, � +!+},� !+y,, +y � x,

zklfk diwhu vroylqj iru !+y, lv htxlydohqw wr wkh iroorzlqj htxdwlrqv kroglqj=

!+y, � !+},
y � x

} � x
. !+x,

} � y

} � x
=

Exw wklv odvw htxdwlrq vwdwhv wkdw !+y, � !+},w . !+x, +4� w, zkhuh w @ y�x
}�x dqg

y @ w} . +4� w,x dqg khqfh lv ydolg e| wkh gh�qlwlrq ri ! ehlqj frqyh{1
4e, Qrz dvvxph wkdw Vxssrvh �uvw wkdw x @ z ? y ? }> lq zklfk fdvh Ht1 +471:,

lv htxlydohqw wr

+!+y,� !+x,, +} � x, � +!+},� !+x,, +y � x,

zklfk diwhu vroylqj iru !+y, lv htxlydohqw wr

!+y, +} � x, � !+}, +y � x, . !+x, +} � y,

zklfk lv htxlydohqw wr

!+y, � !+},
y � x

} � x
. !+x,

} � y

} � x
=

Djdlq wklv htxdwlrq lv ydolg e| wkh frqyh{lw| ri !=
4f, x ? z ? y @ }> lq zklfk fdvh Ht1 +471:, lv htxlydohqw wr

+!+},� !+x,, +} �z, � +!+},� !+z,, +} � x,
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dqg wklv lv htxlydohqw wr wkh lqhtxdolw|/

!+z, � !+},
z � x

} � x
. !+x,

} �z

} � x

zklfk djdlq lv wuxh e| wkh frqyh{lw| ri !=
4, Jhqhudo fdvh1 Li x ? z ? y ? }> wkhq e| 4d04f,

!+},� !+z,

} �z
� !+y,� !+z,

y �z
� !+y,� !+x,

y � x

dqg li x ? y ? z ? }

!+},� !+z,

} �z
� !+z,� !+y,

z � y
� !+z,� !+x,

z � x
=

Zh kdyh qrz wdnhq fduh ri doo srvvleoh fdvhv1
5, Rq wkh vhw d ? z ? } ? e> Ht1 +471:, vkrzv wkdw +!+},� !+z,, @ +} �z, lv d

ghfuhdvlqj ixqfwlrq lq z dqg dq lqfuhdvlqj ixqfwlrq lq } dqg wkhuhiruh !3	+{, h{lvwv
iru doo { 5 +d> e,= Dovr iurp Ht1 +471:, zh ohduq wkdw

!3.+x, �
!+},� !+z,

} �z
iru doo d ? x ? z ? } ? e>+471;,

!+y,� !+x,

y � x
� !3�+}, iru doo d ? x ? y ? } ? e>+471<,

dqg ohwwlqj z % } lq wkh �uvw htxdwlrq dovr lpsolhv wkdw

!3.+x, � !3�+}, iru doo d ? x ? } ? e=

Wkh lqhtxdolw|/ !3�+}, � !3.+},> lv dovr dq hdv| frqvhtxhqfh ri Ht1 +471:,1
6, Vlqfh !+{, kdv erwk ohiw dqg uljkw �qlwh ghulydwlyhv/ lw iroorzv wkdw ! lv frq0

wlqxrxv1 +Iru dq dowhuqdwlyh surri/ vhh Uxglq1,
7, Jlyhq w> ohw � 5 ^!3�+w,> !

3
.+w,`> wkhq e| Htv1 +471;, dqg +471<,/

!+w,� !+x,

w� x
� !3�+w, � � � !3.+w, �

!+},� !+w,

} � w

iru doo d ? x ? w ? } ? e= Lwhp 71 qrz iroorzv1

Fruroodu| 471491 Vxssrvh ! = +d> e, $ U lv gl�huhqwldo wkhq ! lv frqyh{ l� !3 lv
qrq ghfuhdvlqj1 Lq sduwlfxodu li ! 5 F5+d> e, wkhq ! lv frqyh{ l� !33 � 3=

Surri1 E| Sursrvlwlrq 47148/ li ! lv frqyh{ wkhq !3 lv qrq0ghfuhdvlqj1 Frqyhuvho|
li !3 lv lqfuhdvlqj wkhq

!+{4,� !+f,

{4 � f
@ !3+�4, iru vrph �4 5 +f> {4,

dqg
!+f,� !+{3,

f� {3
@ !3+�5, iru vrph �5 5 +{3> f,=

Khqfh
!+{4,� !+f,

{4 � f
� !+f,� !+{3,

f� {3

iru doo {3 ? f ? {4 iurp zklfk lw iroorzv wkdw ! lv frqyh{1

H{dpsoh 4714:1 Wkh ixqfwlrq h{s+{, lv frqyh{ / {s lv frqyh{ l� s � 4 dqg
� orj+{, lv frqyh{1
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Wkhruhp 4714; +Mhqvhq*v Lqhtxdolw|,1 Vxssrvh wkdw +[>P> �, lv d suredelolw|
vsdfh/ l1h1 � lv d srvlwlyh phdvxuh dqg �+[, @ 4= Dovr vxssrvh wkdw i 5 O4+�,>
i = [ $ +d> e,> dqg ! = +d> e,$ U lv d frqyh{ ixqfwlrq1 Wkhq

!

�]
[

ig�

�
�
]
[

!+i,g�

zkhuh li !�i @5 O4+�,> wkhq !�i lv lqwhjudeoh lq wkh h{whqghg vhqvh dqg
U
[
!+i,g� @

4=

Surri1 Ohw w @
U
[
ig� 5 +d> e, dqg ohw � 5 U vxfk wkdw !+v,� !+w, � �+v � w,

iru doo v 5 +d> e,= Wkhq lqwhjudwlqj wkh lqhtxdolw|/ !+i, � !+w, � �+i � w,> lpsolhv
wkdw

3 �
]
[

!+i,g�� !+w, @

]
[

!+i,g�� !+

]
[

ig�,=

Pruhryhu/ li !+i, lv qrw lqwhjudeoh/ wkhq !+i, � !+w, . �+i � w, zklfk vkrzv wkdw
qhjdwlyh sduw ri !+i, lv lqwhjudeoh1 Wkhuhiruh/

U
[
!+i,g� @4 lq wklv fdvh1

Dv dq dssolfdwlrq/ zh pd| xvh Fruroodu| 47149 dqg Wkhruhp 4714; wr jlyh dqrwkhu
surri ri Ohppd 47181 Ohw d @ oq v dqg e @ oq w1 Wkhq e| Mhqvhq*v lqhtxdolw|/

vw @ h+d.e, @ h+
4
t
td. 4

s
sd, � 4

t
htd .

4

s
hsd @

4

t
vt .

4

s
ws

zlwk htxdolw| l� td @ sd l� vt @ ws1 Dv d fkhfn

vw @ vvt@s @ v4.t@s @ vt

vr e| Ht1 +4714,

vw @ vt @
vt

t
.
vt

s
@
vt

t
.
ws

s
=

47161 Wkh Gxdo ri Os vsdfhv1 Wkurxjkrxw wklv vhfwlrq zh dvvxph +[>P> �, lv
d �0�qlwh phdvxuh vsdfh/ t 5 ^4>4` dqg s 5 ^4>4` duh frqmxjdwh h{srqhqwv/ l1h1
s�4 . t�4 @ 4= Iru j 5 Ot> ohw !j 5 +Os,� eh jlyhq e|

!j+i, @

]
ji g�=

E| Kùoghu*v lqhtxdolw|

m!j+i,m �
]
mji mg� � njntnins+47143,

zklfk lpsolhv wkdw

n!jn+Os,� � njnt=+47144,

Zh qrz vkrz wkdw wkh uhyhuvh lqhtxdolw|1

Sursrvlwlrq 4714<1 Nhhslqj wkh qrwdwlrq deryh/ iru doo j 5 Ot>

n!jn+Os,� @ njnt=+47145,

Surri1 Dvvxph �uvw wkdw t ?4 vr s A 4= Zh zdqw htxdolw| wr krog lq +47143,
zklfk kdsshqv l�

mji m @ ji dqg
� mjm
njnt

�t
@

� mi m
nins

�s
d1h1
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Wkhuhiruh zh vkrxog wdnh mi m @ ninsmjmt@s@njnt@st dqg vjq+i,vjq+j, @ 4 vr vjq+i, @
vjq+j,1 Wkhuhiruh

i @ vjq+i,mi m @ vjq+j,
nins
njnt@st

mjmt@s=

dqg vlqfh wkh frqvwdqwv duh luuhohydqw iru rxu sxusrvhv/ ohw i @ vjq+j,mjmt@s> zkhuh
mjmt@s � 4 li t @ 4 dqg s @4= +Dowhuqdwlyho|/ mxvw wu| i ri wkh irup i @ vjq+j,mjm�=
Lq rughu iru i 5 Os zh pxvw fkrrvh � vxfk wkdw �s @ t> l1h1 � @ t@s dv deryh1, Li
s @4> zh �qg

m!j+i,m @
]
[

j vjq+j,g� @ njnO4+�, @ njn4 nin4
zklfk vkrzv wkdw n!jn+O4,� � njn4= Li s ?4> wkhq

ninss @
]
mi ms @

]
mjmt @ njntt

zkloh

!j+i, @

]
jig� @

]
mjmmjmt@sg� @

]
mjmtg� @ njntt=

Khqfh

m!j+i,m
nins @

njntt
njnt@st

@ njnt+4�
4
s
,

t @ njnt=

Wklv vkrzv wkdw mm!jn � njnt zklfk frpelqhg zlwk Ht1 +47144, lpsolhv Ht1 +47145,1
Qrz dvvxph wkdw s @ 4 dqg t @ 4 dqg ohw njn4 @ P= Fkrrvh [q 5 P vxfk

wkdw [q % [ dv q$4 dqg �+[q, ?4 iru doo q= Iru dq| � A 3> �+mjm �P��, A 3
dqg [q _imjm �P � �j % imjm �P � �j= Wkhuhiruh/ �+[q _ imjm �P � �j, A 3 iru
q vx!flhqwo| odujh1 Ohw

i @ vjq+j,4[q_imjm�P��j>

wkhq

nin4 @ �+[q _ imjm �P � �j, 5 +3>4,=

Pruhryhu/

m!j+i,m @
]
[q_imjm�P��j

vjq+j,jg� @

]
[q_imjm�P��j

mjmg�

� +P � �,�+[q _ imjm �P � �j, @ +P � �,nin4
dqg wklv lpsolhv wkdw n!jn+O4,� � P � �1 Vlqfh � A 3 lv duelwudu|/ lw iroorzv wkdw
n!jn+O4,� �P @ njn4=
Wkhruhp 471531 Ohw +[>P> �, eh d �0�qlwh phdvxuh vsdfh dqg vxssrvh wkdw s> t 5
^4>4` duh frqmxjdwh h{srqhqwv1 Wkhq iru s 5 ^4>4,> wkh pds j 5 Ot $ !j 5
+Os,� lv dq lvrphwulf lvrprusklvp ri Edqdfk vsdfh1 Zh vxppdul}h wklv e| zulwlqj
+Os,� @ Ot iru doo 4 � s ?4=

Surri1 Wkh rqo| srlqw wkdw zh kdyh qrw |hw suryhg lv wkh vxumhfwlylw| ri wkh
pds j 5 Ot $ !j 5 +Os,�= +Zkhq s @ 5 wklv iroorzv iurp wkh jhqhudo Kloehuw vsdfh
wkhru|1,
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Fdvh 41 Dvvxph �+[, ? 4= Ohw ! 5 +Os,�1 Li ! @ !j iru vrph j 5 Ot wkhq
j 5 O4 +e| Kroghu*v lqhtxdolw|, dqg

!+4D, @

]
D

jg�+47146,

iru doo D 5P= Wklv vxjjhvwv wkdw zh ohw �+D, � !+4D,= Ohw xv qrz vkrz wkdw � lv
d frpsoh{ phdvxuh dqg �� �=

Vxssrvh wkdw D @
c4

q@4Dq zlwk Dq 5P> wkhq49

n4D �
Q[
q@4

4DqnOs @ n4^4
q@Q.4Dq

nOs @
�
�+^4q@Q.4Dq,

� 4
s $ 3 dv Q $4=

Wkhuhiruh

�+D, @ !+4D, @
4[
4

!+4Dq, @
4[
4

�+Dq,=

Frpelqlqj wkh odvw htxdwlrq zlwk wkh idfw wkdw �+>, @ 3 lpsolhv wkdw � lv d frpsoh{
phdvxuh1 Pruhryhu li �+D, @ 3> 4D @ 3 lq Os dqg wkxv/ �+D, @ !+4D, @ !+3, @ 3
vkrzlqj �� �=

Wkh Udgrq0Qlnrg|p wkhruhp qrz lpsolhv wkhuh h{lvwv j @ g�@g� 5 O4+�,= Wkhq
iru wklv j> Ht1 +47146, lv ydolg iru doo D 5P dqg wkhq e| olqhdulw| zh �qg

!+i, @

]
[

ijg� iru doo i 5 V+47147,

zkhuh V lv wkh vsdfh ri frpsoh{ ydoxhg vlpsoh ixqfwlrqv rq [= Jlyhq d erxqghg
phdvxudeoh ixqfwlrq j rq [> ohw iq 5 V vxfk wkdw miqm � mi m dqg iq $ i srlqwzlvh
dv q$4= E| wkh grplqdwhg frqyhujhqfh wkhruhp/ iq $ i lq Os+�, dqg wkhuhiruh/

!+i, @ olp
q$4

!+iq, @ olp
q$4

]
[

iqjg� @

]
[

ijg�+47148,

dqg Ht1 +47147, krogv iru doo erxqghg phdvxudeoh ixqfwlrqv i= Zh zloo qrz vkrz
wkdw j 5 Ot+�,=

Jlyhq P ? 4> ohw !P+i, =@ !+4mjm�Pi,= Wkhq iru i 5 O4> zh kdyh e| Ht1
+47148, wkdw

!P +i, @

]
[

ij4mjm�Pg� @ !jP +i,

zkhuh jP =@ j4mjm�P 5 O4 � Os iru doo s � 4= Pruhryhu/

m!P +i,m � ��!+4mjm�Pi,
�� � n!n��4mjm�Pi

��
Os
� n!n ninOs

vr wkdw n!Pn+Os,� � n!n+Os,� = Vlqfh O4+�, lv ghqvh lq Os/ lw iroorzv wkdw !P @ !jP
iru doo P ?4= E| Sursrvlwlrq 4714</ zh ohduq

njPnt @ n!Pn+Os,� � n!n+Os,� =
Idwrx*v ohppd ru wkh grplqdwhg frqyhujhqfh wkhruhp qrz doorzv xv wr ohwP $4
wr frqfoxgh wkdw njnt � n!n+Os,�4:1 Rqfh zh nqrz wklv/ lw djdlq iroorzv iurp Ht1
+47148, dqg wkh ghqvlw| ri O4 � Os wkdw ! @ !j1

�SLw lv dw wklv srlqw wkdw wkh surri euhdnv grzq zkhq R '"�
�.Wkh dujxphqw ohdglqj wr wklv frqfoxvlrq pd| eh uhsodfhg e| wkh uhyhuvh Kroghu lqhtxdolw|

ri Wkhruhp 47155 ehorz1



PDWK 573E OHFWXUH QRWHV= WRSRORJ\ DQG IXQFWLRQDO DQDO\VLV ;<

Fdvh 51 Qrz vxssrvh wkdw � lv �0�qlwh dqg [q 5 P duh vhwv vxfk wkdw 3 ?

�+[q, ?4 dqg [ @
4c
q@4

[q= Lghqwli| Os+[q>Pq> �q, zlwk

ii 5 Os+[>P> �,, = i @ 3 rq Hf
qj=

Vr !mOs+[q, lv vwloo erxqghg rq Os+[q, dqg khqfh e| Fdvh 41 wkhuh h{lvwv jq 5
Ot+[q, vxfk wkdw !mOs+[q>�q, @ !jq rq Os+[q> �q, iru doo q= Gh�qh j �

4S
q@4

jq1

Qrwlfh wkdw

!mOs+^Qq@4[q, @ ! QS

q@4
jq

rq Os+
Q̂

q@4

[q,

dqg wklv lpsolhv wkdw

n
Q[
q@4

jqnt @ n!mOs+^Qq@4[q,n � n!n+47149,

iru doo Q= Vlqfh ijqj4q@4 kdyh glvmrlqw vxssruwv/

m
Q[
q@4

jqm @
Q[
q@4

mjqm % mjm dv Q $4

dqg vr zh pd| sdvv wr wkh olplw lq Ht1 +47149, xvlqj wkh prqrwrqh frqyhujhqfh
wkhruhp wr vkrz

njnt @ n
4[
q@4

jqnt @ olp
Q$4

n
Q[
q@4

jqnt � n!n+Os,� ?4=

Hdfk i 5 Os+[, ghfrpsrvhv dv i @
4S
q@4

i 4[q
dqg e| wkh grplqdwhg frqyhujhqfh

wkhruhp lpsolhv/

ni �
Q[
4

i4[q
ns @ ni

�
4� 4^4

q@Q.4[q

�
ns $ 3 dv Q $4=

Khqfh

!+i, @
4[
q@4

!+i4[q
, @

4[
q@4

!j+i4[q
, @ !j+i,

vlqfh !+i, @ !j+i, iru doo i 5 Os+[q, dqg ! dqg !j duh frqwlqxrxv rq Os+[,=
Wkhruhp 47155 idlov lq jhqhudo zkhq s @4=

H{dpsoh 471541 Frqvlghu [ @ ^3> 4`> P @ E> dqg � @ p= Wkhq +O4,� 9@ O4=

Surri1 Ohw P =@ F+^3> 4`,_ � %O4+^3> 4`> gp,= Lw lv hdvlo| vhhq iru i 5P> wkdw
nin4 @ vxs ii+{, = { 5 ^3> 4`j iru doo i 5 P= Wkhuhiruh P lv d forvhg vxevsdfh ri
O4= Gh�qh c+i, @ i+3, iru doo i 5 P= Wkhq c 5 P� zlwk qrup 4= E| wkh Kdkq0
Edqdfk wkhruhp wkhuh h{lvwv dq h{whqvlrq O 5 +O4,� vxfk wkdw O @ c rq P dqg
nOn @ 4= Vxssrvh wkdw wkhuh h{lvwv j 5 O4 vxfk wkdw

O+i, @ !j+i, @

]
^3>4`

ijgp iru doo i 5 O4=
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Ohw iq+{, @ +4� q{, 4{�q�4 > wkhq O+iq, @ 4 iru doo q dqg khqfh

4 @ olp
q$4

O+iq, @ olp
q$4

]
^3>4`

iqjgp @

]
i3j

jgp @ 3>

zkhuhlq zh kdyh pdgh xvh ri wkh Grplqdwhg frqyhujhqfh wkhruhp lq wkh vhfrqg wr
odvw htxdolw|1 Iurp wklv frqwudglfwlrq/ zh frqfoxgh wkdw O 9@ !j iru dq| j 5 O4=

47171 Frqyhuvh ri Kùoghu*v Lqhtxdolw|1

Wkhruhp 47155 +Frqyhuvh ri Kùoghu*v Lqhtxdolw|,1 Dvvxph wkdw +[>P> �, lv d �
� frpsdfw phdvxuh vsdfh/ t 5 ^4>4` dqg s eh wkh fruuhvsrqglqj frqmxjdwh h{srqhqw1
Dovr ohw V ghqrwh wkh vhw ri vlpso| ixqfwlrqv i rq [ vxfk wkdw � +i 9@ 3, ?4= Iru
j = [ $ F phdvxudeoh vxfk wkdw ij 5 O4 iru doo i 5 V> 4; ohw

Pt+j, @ vxs

�����]
[

ijg�

���� = i 5 V zlwk nins @ 4

�
=+4714:,

Li Pt+j, ?4 wkhq j 5 Ot dqg Pt+j, @ njnt =
Surri1 Dv deryh/ ohw [q 5 P eh vhwv vxfk wkdw �+[q, ? 4 dqg [q % [ dv

q % 4= Vxssrvh wkdw t @ 4 dqg khqfh s @4= Fkrrvh vlpsoh ixqfwlrqv iq rq[ vxfk
wkdw miqm � 4 dqg vjq+j, @ olpq$4 iq lq wkh srlqwzlvh vhqvh1 Wkhq 4[p

iq 5 V
dqg wkhuhiruh ����]

[

4[p
iqjg�

���� �Pt+j,

iru doo p>q= E| dvvxpswlrq 4[p
j 5 O4+�, dqg wkhuhiruh e| wkh grplqdwhg frqyhu0

jhqfh wkhruhp zh pd| ohw q$4 lq wklv htxdwlrq wr �qg]
[

4[p
mjm g� �Pt+j,

iru doo p= Wkh prqrwrqh frqyhujhqfh wkhruhp wkhq lpsolhv wkdw]
[

mjm g� @ olp
q$4

]
[

4[p
mjm g� �Pt+j,

vkrzlqj j 5 O4+�, dqg njn4 � Pt+j,= Vlqfh Kroghu*v lqhtxdolw| lpsolhv wkdw
Pt+j, � njn4 > zh kdyh suryhg wkh wkhruhp lq fdvh t @ 4=

Iru t A 4> zh zloo ehjlq e| dvvxplqj wkdw j 5 Ot+�,= Vlqfh s 5 ^4>4, zh nqrz
wkdw V lv d ghqvh vxevsdfh ri Os+�, dqg wkhuhiruh

Pt+j, @ vxs

�����]
[

ijg�

���� = i 5 Os+�, zlwk nins @ 4

�
@ njnt

zkhuh wkh odvw htxdolw| iroorzv e| Sursrvlwlrq 4714<1
Vr lw uhpdlqv wr vkrz wkdw li ij 5 O4 iru doo i 5 V dqg Pt+j, ? 4 wkhq

j 5 Ot+�,= Iru q 5 Q> ohw jq � 4[q
4mjm�qj= Wkhq jq 5 Ot+�,> lq idfw njqnt �

q�+[q,
4@t ?4= Vr e| wkh suhylrxv sdudjudsk/

njqnt @ Pt+jq, @ vxs

�����]
[

i4[q
4mjm�qjg�

���� = i 5 Os+�, zlwk nins @ 4

�
�Pt+j,

��i4[q
4mjm�q

��
s
�Pt+j,

�HWklv lv htxlydohqw wr uhtxlulqj ��} M u�E>� iru doo � M } vxfk wkdw >E�� 	"�
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zkhuhlq wkh vhfrqg wr odvw lqhtxdolw| zh kdyh pdgh xvh ri wkh gh�qlwlrq ri Pt+j,
dqg wkh idfw wkdw i4[q

4mjm�q 5 V= Li t 5 +4>4,> dq dssolfdwlrq ri wkh prqrwrqh
frqyhujhqfh wkhruhp +ru Idwrx*v Ohppd, qrz vkrzv wkdw

njnt @ olp
q$4

njqnt �Pt+j, ?4=

Dqg li t @4> wkhq njqn4 �Pt+j, ?4 iru doo q lpsolhv mjqm �Pt+j, d1h1 zklfk
wkhq lpsolhv wkdw mjm �Pt+j, d1h1 vlqfh mjm @ olpq$4 mjqm = Wkdw lv j 5 O4+�, dqg
njn4 �P4+j,=


