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CHAPTER 1

Topological Spaces

A metric space is a pair (X,d) where X is a set, and d is a metric
on X, that is a function from X x X to R that satisfies the following
properties for all z,y,z € X

1.
2.
3.

d(z,y) > 0, and d(z,y) = 0 if and only if z =y,
d(z,y) = d(y,x) (symmetry), and
d(z,y) < d(z,z) + d(z,y) (triangle inequality).

ExAMPLE 1.1. The following are all metric spaces (check this).

1.
2.

Rl

R with the metric d(z,y) = |z — y|.

R? with the metric d(x,y) = ((z1 — y1)P + - - - + (xq — ya)?) /" =
|x —y|, for any p > 1.

C with the metric d(z,w) = |z — w|.

St = {z € C | |z| = 1} with the metric d(z,w) = |arg(z) —
arg(w)|, where arg is chosen to lie in [0, 27).

St ={z € C| |z| = 1} with the metric d(z,w) = |z — w|.

. Any set X with the metric d(z,y) = 1 if x # y and 0 if x = y.

Such a space is called a discrete space.

Let L be the set of lines through the origin in R?. Then each
line ¢ determines a unique point ¢* on the y > 0 semicircle of
the unit circle centered at the origin (except for the special line
y = 0; for this line choose the point (1,0)). Define a metric on
L by setting d(ﬁhgg) = |f>{ — €§|2

. Let C[a, b] denote the set of all continuous functions from [a, b] to

R. Define a metric on Cla, b] by d(f, g) = sup,e, |f(t) — g(t)]-

A function f: X — Y from the metric space (X, dx) to the metric
space (Y, dy) is continuous at the point xzy € X if for any € > 0 there
is a 0 > 0 such that

dx(z,20) <6 = dy(f(z), f(z0)) <e.

The function is continuous if it is continuous at every point.

DEFINITION 1.2. A set U C X in a metric space is open if and only
if Vo eU Je, >0 such that if y € X has d(z,y) < e theny € U. A
set C' C X is closed if and only if its complement C¢ = X\C' is open.

A useful shorthand is the symbol for a metric open ball,

B(x;e) ={y € X | d(z,y) < €}.

As an exercise, prove the following basic result.

3



1. TOPOLOGICAL SPACES 4

LEMMA 1.3. Let X and Y be metric spaces, and f : X — Y a
function. The following are equivalent:

1. f is continuous;
2. for every open set U in'Y, f~1(U) is open in X;
3. for every closed set C in'Y, f~Y(C) is closed in X.

Try to understand what this lemma is telling you about functions
mapping from a discrete space as in Example [[.1(6) above.
Also as an exercise, prove the following.

LEMMA 1.4. Let X be a metric space. Then

1. The empty set O and the whole space X are open sets.

2. If U and V' are open sets, then U NV is an open set.

3. If {Us}aea is any collection of open sets, then |J
open set.

Notice that the index set A in Lemma [4 does not need to be
countable.

Lemma [[.4 suggests the following generalization of a metric space:
think of Lemma [[.4 as defining certain properties of open sets. By
Lemma [.3 we know that the open sets tell us all about continuity of
functions, so this will give us a language for talking about continuity
and so on without involving metrics. This turns out to be convenient
and more general — by simply dealing with open sets, we are able
to define topological spaces, which turns out to be a strictly bigger
collection of spaces than the collection of all metric spaces.

wea Ua 15 an

DEeFINITION 1.5. If X is a set, a topology on X is a collection 7
of subsets of X satisfying:

1.0, X €T,

2.0VeT —= UNVeT,

3.f U, €T forall « € A, then | J_, ,Us € 7T.

The pair (X,7) is called a topological space, and the members of 7
are called the open sets. If the space is also a metric space, then the
open sets will be called metric open sets if the distinction matters. We
now have a new definition of continuity — make sure you understand
why this is now a definition and not a theorem.

acA

DEFINITION 1.6. A function f : X — Y between topological spaces
(X, 7x) and (Y, 7y) is continuous if and only if U € Ty = f~}(U) €
Tx.

LEMMA 1.7. Let (X, 7x), (Y,7y) and (Z,Tz) be topological spaces.
If functions f : X — Y and g : Y — Z are continuous, so is the
composition gf : X — Z.

PROOF. If U € Tz, then g~ }(U) € Ty since g is continuous. It fol-
lows that f~!(g7!(U)) € T since f is continuous. Therefore (gf)~1(U)
fH(g71(U)) € Tx for all open sets U in Z. O
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Much of what we shall do in this course is to decide when two
topological spaces are essentially the same.

DEFINITION 1.8. Topological spaces (X, Tx) and (Y, 7y) are home-
omorphic if there is a continuous bijection f : X — Y whose inverse is
also continuous. The function f is called a homeomorphism.

ExaMPLE 1.9. (1) If (X, d) is a metric space, then by Lemma [.4
the set of all metric open sets forms a topology on X, called the metric
topology.

(2) If X is any set, then 7 = P(X), the set of all subsets of X, forms a
topology on X called the discrete topology. Check that this is identical
to the metric topology induced by the discrete metric. Notice that any
function from a discrete topological space to another topological space
is automatically continuous.

(3) If X is any set then the concrete topology is defined to be 7 =
{0, X}. Notice that any function from a topological space to a concrete
space is automatically continuous. Exercise: is the concrete topology
a metric topology for some metric?

(4) If X has more than one element, D is the discrete topology on X,
and C is the concrete topology on X, then (X, D) is not homeomorphic
to (X,C).

1. The subspace topology

Given a topological space (X, 7x), we may induce a topology on
any set A C X. Given A C X, define the subspace topology T4 on A
(also called the induced or relative topology) by defining

UCA = UeTyifand only if 3 U’ € T such that U = U' N A.

That is, an open set in A is given by intersecting an open set in X with
A. Exercise: check that this does define a topology.

LEMMA 1.10. Let1: A — X be the identity inclusion map. Then,
if A has the subspace topology,

1. 2 is continuous.

2. If (Y, Ty) is another topological space, then f:Y — A is contin-
uwous if and only if 1f : Y — X is continuous.

3. If (Y, Ty) is another topological space, and g : X — Y is contin-
uous, then g1 : A — 'Y is continuous.

PROOF. (1) If U € Ty then+ ' (U) = UNA € T4, so 2 is continuous.
(2) Suppose that if is continuous, and that U € 74. Then there is a
set U’ € Ty such that U = U' N A =+ }(U’). Since if is continuous,
(if)"'(U") € Ty, so (if )"/ (U") = [~} (U") = f~1(U) € Ty for any
U € Ty, so f is continuous.

Conversely, if f: Y — A is continuous, then 2 f is continuous since
1 is.
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(3) This is clear. O

Exercise: do the conclusions in Lemma [LIJ define the subspace
topology?

2. The product topology

Given topological spaces (X, Ty) and (Y, 7y ), we want to define a nat-
ural topology on the product space X x Y.

DEFINITION 1.11. Give a set X, a basis is a collection B of subsets
of X such that

L. X=UgpB;0eB.
2. Bi,Bbe B = BiNByeB.

LEMMA 1.12. Given a set X and a basis B, let Tz be the collection
of subsets of X defined by

U € Tp if and only if 3 a family of sets {By}, By € B, with U = UB,\.
A

Then 15 is a topology on X.

PROOF. (1) It is clear that () and X are in 7g.
(2) If U,V € 7p then there are families {By}xea and {C},},en with

v=B, v=_¢C.

AEA neM
It follows that UNV =(, , BANC), € Tp.
(3) Closure under arbitrary unions follows similarly. O

That is, there is a topology generated by the basis B, and it com-
prises all sets obtained by taking unions of members of the basis.

LeEmMMA 1.13. If (X,7x) and (Y,Ty) are topological spaces, then
B={UxV|U&€Tx,V €Ty} is a basis.

PROOF. (1) X x Y, 0 € B clearly.
(2) Closure under finite intersections is clear: (U; x V1) N (Uy x V5) =
(U NUy) x (V1 x Va).
(3) As an exercise, show that the basis of open rectangles is not closed
under unions. (Draw a picture of X x Y and notice that the union of
two open rectangles is not in general an open rectangle.) ]

The sets of the form U x V' are called rectangles for obvious reasons.
Exercise: show by example that the set of rectangles is not a topology.

DEFINITION 1.14. The product topology on X x Y is the topology
T where B is the basis of rectangles.
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o

Do not assume that W is open in the product
) topology if and only if it is an open rectangle.

The correct statement is: W is open in the product topology if and
only if V (z,y) € W C X XY there exist sets U € Ty and V' € 7y such
that (z,y) e Ux Vand U x V C W.

Associated with the product space X X Y are canonical projections
p1: X XY — X sending (z,y) to z, and ps : X XY — Y sending
(z.9) to y.

LEMMA 1.15. With the product topology:

1. The projections are continuous,

2. If (Z,Ty) is another topological space, then f : Z — X XY is
continuous if and only if p1f : Z — X and pof : Z — Y are both
continuous.

PROOF. If U € Tx, then p;'(U) = U x Y is open in X x Y, so p;
is continuous. Similarly, ps is continuous.
(2) If f is continuous, then p; f and py f are compositions of continuous
functions, hence continuous.

Conversely, suppose that p; f and pof are continuous, and U € Ty,

V € 7y. Then
fFAUxV) =1 (UxY)N(X xV))
= UxY)NfH(X xV)
= [T (U) N iy (V)
= () U) N (p2f) (V) € Tz,
since p; f and po f are continuous.

Now let W = UU), x V, be any open set in X X Y. Then f~*(W)
Uf~1(Uy x V) is open in Z, so f is continuous.

ol

3. The product topology on R"
Recall the usual (metric) topology on R:

Uelg <= VreUde>0suchthat (x —e,x+¢€) CU
<= Vx €U Ja,b e Rsuch that z € (a,b) C U.

It follows that the product topology on R?, 75, is given by:
Wel, <= VeeWJdUVeTgsuchthatreUxV CW
< Vo = (x1,29) € W T ay, by, as, by such that
(%1,1‘2) < (CLl,b1> X (ag,bg) cWw.
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Similarly, the product topology on R"™, 7, is given by:
Wel, <= Ve=(r1,...,2,) €W Jay,by,...,a,,b, such that
x € (a,b1) X -+ X (ap,b,) C W,

On the other hand, we know many metrics on R”, and usually use
the standard Euclidean metric

n 1/2
d((x17"-7$n)7(y1a~~->yn)): <Z|$Z_yz|2) )

which defines a metric topology on R™. Are the two topologies the
same?

LEMMA 1.16. The metric topology 1, for the usual Euclidean met-
ric on R™, and the product topology on R™, are identical.

PROOF. Suppose W € 7y, so Vx € W, 4 € > 0 such that x €

B(z;e) ¢ W. We must find ay,bq,...,a,,b, such that z € (ay,b;) X

- X (an,b,) C B(zx;e€), showing that W € 7,,. In two dimensions,
Figure [[1 shows how to do this.

— b;-a 1%

FIGURE 1.1. An open ball in R?

It follows (details are an exercise) that 7; C 7,,.

Conversely, suppose that W € 7, so that Vo € W3ay, by, ..., a,,b,
such that z € (ay,b1) X -+ X (an,b,) C W. We need to find € positive
such that © € B(z;¢) C (a1,b1) X -+ X (an, b,). Again, Figure [[.3 in
R? shows how to do this.

o~
O

FIGURE 1.2. An open rectangle in R?

It follows that 7,, = 7,. O
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4. The quotient topology

Given a topological space (X, 7x) and a surjective function g : X — Y,
we may define a topology on Y using the topology on X. The quotient
topology on Y induced by q is defined to be

Ty = {U cY ’ qil(U) € TX}

LEMMA 1.17. 7y is a topology on'Y . The map q is continuous with
respect to the quotient topology.

As with the product topology, the quotient topology is the ‘right’
one in the following sense. Lemma [[.T7 says that the quotient topology
is not too large (does not have too many open sets); Lemma [[.1§ says
that the quotient topology is large enough.

LEMMA 1.18. Let (X,7x) be a topological space, with a surjection
q: X =Y. Let (Z,Tz) be another topological space, and f:Y — Z a
function. IfY is given the quotient topology, then

1. g s continuous;

2. Y — Zis continuous if and only if fq: X — Z is continuous.

ProOF. (1) This is Lemma [.T7.
(2) If f is continuous, then fq is continuous since it is the composition
of two continuous maps.

Assume now that fq is continuous, and that U € 7. Then

fHU) €Ty < ¢ (f1(U)) € Tx (by definition)
< (fq) ' (U) € Tx (which is true since fq is continuous).

It follows that f is continuous. O

5. Three important examples of quotient topologies

EXAMPLE 1.19. [REAL PROJECTIVE SPACE| Define an equivalence
relation ~ on (n + 1) dimensional real vector space R"™! by

(371, . 735n+1) ~ (3/17 e ,yn+1)

if and only if there exists A # 0 such that x1 = Ayy, ..., Tpi1 = AYny-
Define n-dimensional real projective space to be the space of equiva-
lence classes

RP" = R"™M\{0}/ ~ .

In RP™ it is convenient to use homogeneous coordinates, so a point is

given by [z1,...,2,41], where (z1,...,2,11) € R*\{0}, and
[:Eh cee al‘n-i-l] = [yh s 7yn+1]
if and only if (x1,...,Zn41) ~ (Y1, -+ Ynt1)-

Recall the standard notation for spheres: S™ = {z € R"™! | |z| =
1} is the n-sphere (| - | is the usual metric). Special cases are SO =
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{£1}, S* the circle, and S? the usual sphere. Make the n-sphere into
a topological space by inducing the subspace topology from R"*!.
There is a natural surjection ¢ : S™ — RP" given by q(x1, ..., Zp41) =
[1,...,2Zn41]. (See exercises).
Define the topology on RP"™ to be the quotient topology defined by
the function ¢ : S™ — RP"™.

EXAMPLE 1.20. [THE MOBIUS BAND] Let X = [0,1] x [0, 1], the
square. Define an equivalence relation ~ on X by

(z,y) ~ (2',y) < (z,y) = (2',y'), or
x=0,2"=1,y=1—y, or
r=12"=0,y =1—y.

This equivalence relation is represented pictorially in Figure [.3 — make
sure you understand how this works.

FI1GURE 1.3. The relation ~ on the square

The Mobius band is defined to be the quotient space M = X/ ~,
together with the quotient topology. There is a canonical function
q: X — M, defined by ¢q(x,y) = [(z,y)]~-

Notice that f : M — R is continuous if and only if fg = ¢ :
[0,1] x [0,1] — R is continuous.

A less rigorous — but more practical — construction of M is the
following. Take a strip of paper, twist one half turn, then glue the ends
together. Check that this gives the same topological space.

FIGURE 1.4. The Mobius band
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FI1GURE 1.5. The torus

EXAMPLE 1.21. [THE TORUS] Let X = [0, 1] x [0, 1], and define an
equivalence relation ~ using Figure [[L5.

A convenient representation of the quotient function is ¢(s,t) =
(e*™s e?™)  which realizes the 2-torus as the product space S' x S.



CHAPTER 2

Properties of Topological Spaces

Let (X, 7x) be a topological space, and A C X a subset of X.
The closure of A, denoted A, is the intersection of all the closed sets
containing A. It follows that A D A, A is closed, and A is the smallest
set with these two properties.

The interior of A, denoted A°, is the union of all open sets contained
in A. It follows that A° C A, A° is open, and A° is the largest set with
these two properties.

The boundary or frontier of A, sometimes denoted §A, is A\ A°.

DEFINITION 2.1. Let (X, 7x) be a topological space, and C' C X
a subset. Then C' is compact if, given any family of open sets {U,}
which cover C, C' C |J, Uy, there is a finite number U,,,...,U,, of
these sets that still cover C: C C Uy, U---UU,,.

The whole space X is said to be compact if it is a compact subset of
itself. Notice the terminology: an open cover of C'is a collection of
open sets {Uy} whose union contains C'. The cover {V,,} is a subcover

of the cover {U,} if {V,,} C {U,}. That is, Vi 3 A such that V,, = U,.

/
If a set has a finite open cover, it
) does not follow that it is compact.

Recall the Heine-Borel theorem.

THEOREM 2.2. A subset of R"™ is compact if and only if it is closed
and bounded.

It follows that spheres are compact.

THEOREM 2.3. Let X and Y be topological spaces, and f: X — Y

a continuous function. If X is compact, then f(X) CY is a compact
subset of Y.

1. Examples

[1] Recall that there is a continuous map ¢ : S™ — RP™. It follows that
RP™ is compact.

2] Similarly, the Mobius band is compact.

[3] The torus is compact.

12
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2. Hausdorff Spaces

The next few results try to generalize the Heine-Borel theorem to
topological spaces. There is one technicality, which we deal with below
by considering Hausdorff spaces. This assumption will prevent the
spaces we consider from being too pathological. In one direction there
is no problem: closed subsets of compact sets are always compact.

LEMMA 2.4. If A is a closed subset of a compact topological space,
then A is compact.

PROOF. Let {Uy}aea be an open cover of A. Then {X\A, Uy}aea
is an open cover of all of X (since A is closed). By compactness, there
is a finite subcover,

X C (X\A)UUAI U"'UU>\7L,
so AC Uy U---UU,, and A is therefore compact. O

DEFINITION 2.5. A topological space X is Hausdorff if given two
points z,y € X, there are open sets U,V C X with x € U, y € V', and
unv =790.

Hausdorft topological spaces are in some sense not too far from

being metric spaces. You may also see the Hausdorff property called
1.

FIGURE 2.1. The Hausdorff property

EXAMPLE 2.6. (1) The metric topology on a metric space is always
Hausdorff. If z and y are distinct points, then § = d(x,y) is greater
than 0. It follows that the metric open balls B(z;d/3) and B(y;d/3)
are disjoint open sets that separate x and y.

(2) The concrete topology on any space containing at least two points
is never Hausdorff (and therefore cannot be induced by any metric).
(3) Let X = {a,b}. Define a topology by 7 = {0,{a},{a,b}}. Then
the topological space (X,7) is not Hausdorff. Notice that the set {a}
is compact but is not closed in this topology.

THEOREM 2.7. Suppose that X is Hausdorff, and C C X is com-
pact. Then C s closed.
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PROOF. It is enough to show that X\C' is open, and this is equiv-
alent to the following statement: for every x € X\C, there is an open
set W, 2 x with W, C X\C.

Fix x € X\C, and let y be any point in C. Since z # y and X is
Hausdorff, there are open sets U, > x and V,, 5 y with U, NV, = 0.
Now {V, },ec is an open cover of C, so by compactness, there is a finite
subcover

CCV,U---UV,.

Let W, = U, Nn---NU,. Then x € W, since z € U, for each 1.
Also, W, is open since it is a finite intersection of open sets. Finally,
W, NC = 0 since z € W, N C implies that z € U, fori =1,...,n and
z €V, for some k, so z € U, NV, = 0. O

REMARK 2.8. There are spaces in which every compact set is closed
(such spaces are usually called KC spaces) that are not Hausdorff. The
simplest example of this is the co-countable topology C on R. This is
defined as follows: a set A C R is open (in C) if and only if A = or
R\ A is countable.

Recall that a homeomorphism is a continuous bijection whose in-
verse is also continuous. Also, a function is continuous if and only if
the pre-image of any closed set is closed. The next result is the basic
technical tool that allows us to make topological spaces by ‘cutting and
pasting’. From now on, we will use this result too often to mention,
but try to understand when it is being used.

THEOREM 2.9. Let X and Y be topological spaces, and let f : X —
Y be a continuous bijection. Suppose that X is compact and Y s
Hausdorff. Then f is a homeomorphism.

PROOF. Let g = f~!: this is a well-defined map since f is a bi-
jection. Let A C X be closed. Since X is compact, A is compact.
Also, g7'(A) = f(A) is the continuous image of a compact set, and is
therefore a compact subset of Y. Since Y is Hausdorff, g~*(A) must
therefore be closed — which proves that ¢ is continuous. O

3. Examples

EXAMPLE 2.10. [THE CIRCLE] We can now be a little more rigorous
about the circle. As an application of Theorem .9, let’s prove that the
additive circle

T=10,1]/ ~
where ~ is defined by
T~y = rT=1y
r=0,y=1, or
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is homeomorphic to the usual circle
St={zeC||z|=1}.

The map ¢ : [0, 1] — T defined by ¢(x) = [z] is onto, so T may be given
the quotient topology defined by g¢.

Define a map f : [0,1] — S! by f(t) = €*™. Then f is clearly
continuous; also f(x) = f(y) if and only if z ~ y. It follows that f
defines a function g : T — S'. Since f(z) = f(y) < x ~y, g is
bijective. By Lemma [[.T§, the map ¢ is continuous if and only if the
composition gg = f is continuous. So ¢ is a continuous bijection from
the compact space T (this is compact since it is the continuous image
of the compact set [0,1]) to the Hausdorff space S*. By Theorem P.9,
we deduce that g is a homeomorphism.

EXAMPLE 2.11. [THE TORUS] We have already sketched this con-
struction — fill in the details as above to show that the square X =
[0,1] x [0, 1] with edges glued together as shown in Figure P.2, is home-
omorphic to the torus S* x S1.

—
!

FIGURE 2.2. The torus obtained from the square by two glueings

EXAMPLE 2.12. [THE KLEIN BOTTLE| Introducing one half-twist
in the construction of the torus gives a topological space known as the
Klein bottle K, shown in Figure 2.3

There is no subspace of R3 that is homeomorphic to the Klein bot-
tle, but there is a subspace of R* homeomorphic to the Klein bottle.

EXAMPLE 2.13. [THE PROJECTIVE PLANE AGAIN]| There is one re-
maining way to glue the edges of a square together to make a topological
space: let P be the space defined by the glueing in Figure 2.4.

Let’s first show that P is homeomorphic to the Mobius band with
a disc glued onto the edge. Look closely at the Mobius band, and
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FIGURE 2.3. The Klein bottle

FIGURE 2.4. The surface P

notice that the edge is a circle. This means we can attach to it any
other topological space whose edge is a circle, by simply glueing the
two circles together. (A simple example of this is to glue two discs
along their circular edges and obtain a sphere.)

First, cut a disc out of P and chop the resulting figure in half

(Figure 2.5).

L ;

cut

FIGURE 2.5. The surface P with a disc cut out

Notice that letters and arrows are used to keep track of how the
pieces must be glued together. Now do a flip, some straightening out
(all of which is simply applying certain homeomorphisms) to obtain
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the Mobius band. Try to convince yourself that the surgery performed
in Figures £.5, .6, and .7 may be made rigorous.

FIGURE 2.6. The Mobius band again

- (=0

FIGURE 2.7. P is the projective plane RP?

Remember the map ¢ : S? — RP?, given by ¢(z) = ¢(y) if and only
if z = 4y, giving a homeomorphism between RP? and S? after z is
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glued to —x around the equator. It follows that the surgery shown in
Figure .7 proves that P is homeomorphic to RP2.

4. Connectedness

DEFINITION 2.14. A topological space X is connected if, given two
open sets U and V with X = UUV, UNV = (), either X = U or
X=V.

LEMMA 2.15. The following are equivalent:

1. X is connected.

2. The only subsets of X that are both open and closed are the empty
set and X itself.

3. Every continuous function f: X — {0,1} is constant.

A subset B of a topological space X is a connected subspace if B
is a connected space in the subspace topology.

We know from second year courses that a subset of R is connected
if and only if it is an interval.

LEMMA 2.16. Let X be a connected space, and f : X — Y a con-
tinuous functions.

1. f(X) is a connected subspace of Y.

2. If Y = R, then f satsfies the Intermediate Value Theorem: if
flz) < f(y), and ¢ € [f(z), f(y)], then there is a z € X such
that f(z) = c.

5. Path connectedness

DEFINITION 2.17. (1) A path in a topological space X is a contin-
uous function v : [0,1] — X; the starting point is v(0), the end point
is 7(1). The path ~y joins the starting point to the end point.

(2) A space X is path-connected if for any points z,y € X there is a
path joining z to y.

LEMMA 2.18. A path-connected space is connected.

EXAMPLE 2.19. There is a connected space that is not path-connected.

Notice that connectedness and path-connectedness are topological
properties: if X and Y are homoemorphic spaces, then

. connected . connected
X is <~ Y is
path-connected path-connected

This gives us another genuine topological theorem: we know there
are space-filling curves (continuous surjective functions from an inter-
val to a square), but are now able to prove that R and R? are not
homeomorphic.
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THEOREM 2.20. R is not homeomorphic to R2.

PROOF. Suppose that f : R — R? is a homeomorphism. Now it is
clear that f : R\{0} — R*\{f(0)} is a homeomorphism for the induced
topologies. But R*\{f(0)} is clearly connected, while R\{0} is not. [J



CHAPTER 3

Homotopy equivalence

We have seen how to use paths in a topological space to see how
well-connected a space is. The next step is to use analogues of paths
in the space of maps to study the ‘shape’ of topological spaces.

DEFINITION 3.1. Maps f,g: X — Y are homotopic if there exists

a map
F:XxI—=Y

sothat Fy = f, Fy =g, where F,:  — X = XxI5——Y,
r — (x,t)

EXAMPLE 3.2. Any two maps f,g : X — R" are homotopic. To
see this, notice that R” is convex: if x and y are points in R", then for
any t € I, the point (1 — t)x + ty is in R™ also. Define a homotopy F

by F(z,t) = (1 —1t)f(z) + tg(x).

LEMMA 3.3. Homotopy is an equivalence relation.

Notice that in proving Lemma B.3 we need the Glueing Lemma (which
is on Exercise Sheet 2).

LEMMA 3.4. [THE GLUEING LEMMA| Let Z = AU B, where A and
B are closed subsets of Z. Suppose that f : Z — 'Y is any function for
which fla and f|p are maps. Then f is a map.

DEFINITION 3.5. Maps f,g : X — Y are homotopic rel A, where
A is a subset of X, if Fi(a) = Fy(a) for all t € [ and a € A. Write
f —=~9 rel A for this relation.

ExXAMPLE 3.6. (1) Let X = I, and let Y be the annulus {z € R? |
1 < |z| < 3}. Let f and g be the indicated paths, both beginning at
(—2,0) and ending at (2,0).

Then f and g are homotopic (check this). However, if A = {0, 1},

then f and g are not homotopic rel A. This means that the ‘hole’ in the
annulus can be detected by considering properties of homotopy classes
of paths relative to their endpoints.
(2) This example shows that homotopy of paths relative to end points
is not so good at detecting the presence of higher-dimensional ‘holes’.
Any two paths f and g in the 2-sphere with the same end points are
homotopic rel {0, 1}.

20
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Since homotopy is an equivalence relation, we may speak of the
homotopy class of f, denoted [f]. To combine homotopy classes of
maps, we need to know that the obvious definition is well-defined.

LEMMA 3.7. If there are maps X Ly % Z, then the rule
[flolg]l = [f og] gives a well-defined composition of homotopy classes.

The point being that if f ~ f; and g ~ g1, then fog~ fi 0.

DEFINITION 3.8. A map f : X — Y is a homotopy equivalence if
there is a map g : Y — X such that fg ~ 1y and gf ~ 1x. We write
X ~ Y, and say that X and Y have the same homotopy type.

As an exercise, show that this defines an equivalence relation on
the set of all topological spaces, and that this equivalence is strictly
weaker than that of being homeomorphic.

In order to work with Definition B.§, we need to prove a result that
allows pictorial arguments (pushing pieces of spaces around, cutting
and glueing and so on) to be used.

DEFINITION 3.9. Let A be a subset of X. Amapr: X — Aisa
retraction if r| 4 = 14. The set A is a strong deformation retract of X if
there is a homotopy F; : X — X rel A such that Fy = 1x, Fi(X)=A
(and of course Fy(a) = a for all a € A since the homotopy is rel A).

That is, X may be slid over itself into A while keeping A fixed through-
out.

ExAMPLE 3.10. Let D? = {x € R? | |z| < 1}, the disc. Then
S x D? is a solid torus, with a center circle S* x {0}.

The homotopy Fi(z,y) = (z, (1—t)y) shows that the solid torus can
be deformed onto the center circle, so S* x {0} = S! is a deformation
retract of St x D2

The next lemma shows that deformation preserves the homotopy type
of a space.

LEMMA 3.11. If A is a strong deformation retract of X, then the
tdentity map 1 : A — X is a homotopy equivalence.

ExaMPLE 3.12. (1) Let X = [0,1], and A = {0}. Then F,(x) =
(1 — t)x shows that A is a strong deformation retract of X.

(2) Let X be the triangle in R?* whose vertices are the points P, Q, R,
and let A be a union of two sides.

The triangle may be written X = {pP +q¢Q +rR | p+q+1r =
1,p,q,7 > 0}. Let w = pP 4 ¢Q + rR be a point in the triangle, and
define Fy(w) = w, and Fi(w) = w+s(P—1(Q+R)) where s is uniquely
defined by requiring that Fij(w) lie on the line joining P and R or the
line joining P and () depending on which side of the line joining P and
:(Q + R) the point w lay.
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Then the deformation F; may be ‘filled in’ in an obvious fashion:
the result is the following map.

w+2qt(P-1(Q+R)) ifr>g
Ft(w) = 1 .
w+2rt(P — 5(Q + R)) ifrq.
This shows that A is a deformation retract of X.

(3) Using (1) and (2) we can understand the homotopy type of simple
figures:

(4) Finite connected graphs may be collapsed in a systematic way:

THEOREM 3.13. Any finite connected graph has the homotopy type
of a wedge of circles.
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FI1GURE 3.1. Maps f and g are homotopic via the homo-
topy F

FI1cUuRE 3.2. Homotopic paths that are not homotopic
rel {0, 1}

center circle

FIGURE 3.3. A deformation retract of the solid torus
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(Q+R)12

F1GURE 3.4. Deforming a triangle onto the union of two sides

Aa

F1cURE 3.5. Homotopy equivalences

F1GURE 3.6. Homotopy type of finite connected graphs



CHAPTER 4

The Fundamental Group

In this section we define an invariant of topological spaces (that is,
something preserved by homeomorphism). The invariant we describe
is a certain group, and in principle it may be used in certain cases to
show that two topological spaces are not homeomorphic. In practice
we shall use it for other purposes mostly — in particular for understand-
ing covering spaces, lifting theorems, and some interesting fixed-point
theorems. This will all be made clear in Chapter f.

DEFINITION 4.1. Let (X, xy) be a based topological space. Let
(X, z9) denote the set of homotopy classes of maps w : [ — X rel
{0,1} such that w(0) = w(1) = zo. That is, m (X, x0) is the set of loops
based at zy. Elements of 7 (X, zq) will be denoted

(w)y=A7|7~wrel {0,1}}.

We now claim that there is a natural multiplication on 7 (X, x¢)
that makes it into a group.
MULTIPLICATION: Define (w){(o) to be (wo), where the loop wo is
defined by

o(2s—1), fori<s<1.

In order to be sure that this is well-defined, we must check two things:
first that wo is a loop (the point being that we need to check it is
continuous: this is an easy application of the Glueing Lemma). Sec-
ondly, we must check that the multiplication is well-defined on classes:
if (w) = (w)" and (o) = (¢)’, then (wo) = (W'o').

ASSOCIATIVITY: Given three loops w, o and 7, we need to check that

(wo)T ~ w(oT) rel {0,1}.

The motivation for the proof is given by the following diagram — make

sure you understand this, as similar diagrams will be used fairly often.
If you think that there is nothing to prove here, then you should go

over the definitions in this section very carefully. The following map

2 f < sl
wo(s) = {w( s), or 0 < s3

() 0<s< L,
Fi(s) = § o (1551). o<tz
T(8E), P Ss<l

defines a homotopy rel {0, 1} between (wo)7T and w(oT).

26
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oT
1 w (0] | T w( )
t R
0
0 w 1 0 1 '[ 1 \_/
5 (wo)t

FIGURE 4.1. Associativity of loop multiplication

IDENTITY: Define the trivial loop e(s) = o for s € I. Then check that
(ed) = (oe) = (o) for all loops o.
INVERSES: For any loop o, define 0! by

o 1(s) =c(1 —s).
Then check that (c7'o) = (co™!) = (e).

1. Based Maps

A based map f : (X,z9) — (Y,y0) is a map X — Y with the
property that f(z¢) = yo. Given such a map, we may define a trans-
formation

f* . 7T1(X7$0) — 7Tl<Y,y0)
by setting f.(w) = (f o w).

f
W
—
0 1
X

FIGURE 4.2. Image of a loop under a based map

Y

Notice that the map f, is well-defined by Lemma B.7. Also, the map
f+ only depends on the homotopy class of f rel {xy} (see exercises).

LEMMA 4.2. The map f. is a group homomorphism.
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We shall sometimes write m(f) for f..

Recall (or discover) that a functor is a certain kind of map between
categories. Don’t worry if this does not mean anything to you: take the
following discussion as an example of something we have not defined.
Consider the collection ¥ of all based topological spaces together with
all based maps (continuous functions between them). Let & denote
the collection of all groups together with all homomorphisms between
them. Both T and & are examples of categories, and we may think of
them as containing two kinds of things: objects (topological spaces X,
Y and so on or groups GG, H and so on) and arrows (continuous maps
or group homomorphisms).

A functor from the category ¥ to the category & is a mapping
F: ¥ — & with the following properties:

(1) Each topological space X is assigned to a unique group F(X).

(2) Each map f : X — Y (an arrow) is assigned to a group homomor-
phism F(f): F(X) — F(Y) (that is, F' sends arrows to arrows).

(3) The assignment in (2) is functorial:

(F1) F(1x) = Lpcx),

(F2) F(f o g) = F(f) o F(g).

Property (F2) may be described as follows: commutative diagrams in
¢ are sent to commutative diagrams in &.

THEOREM 4.3. 71 is a functor from T to &.

2. Moving the base point

So far we have been multiplying loops, with the multiplication rule
being ‘follow the first path then follow the second path’. It is clear
that we may also multiply in this way two paths as long as the first
one ends where the second one begins. The result will be a path from
the initial point of the first path to the final point of the second path.

Let w, o be paths in X with the property that w(1) = ¢(0). Then
wo is a path from w(0) to o(1), and the homotopy class of wo rel {0, 1}
depends only on the homotopy class rel {0,1} of w and of o.

One may check that this multiplication of paths is associative:

(W) (o)1) = ((w)(a))(T)

whenever either side is defined.
There are also left and right identities for any path:

(eo(oy) (o) = (o) left identity,
(0)(er1)) = (o) right identity.

Finally (recall that a path can always be deformed back to the
initial point), if we write 07!(s) = o(1 — s), then

(o) (o1 = (eao)),
(071 (o) = (esn))-
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PROPOSITION 4.4. If a is a path in X from xq to x1, then the map
oy » m(X,x0) — m(X,z1) defined by oy = (o) — (a1 (o)) is a
group isomorphism.

PROOF. Make sure you understand why points in the image of «;
are elements of (X, z1). Once you understand that, it is a simple
matter to see that oy is a homomorphism, and to compute the map

(@™ ")y(ey):
(@ y(ap)(o) = (a Nyl (o)

)
)(o)
= (a){a ") (o) (a){a™)
= (€20)(0)(€z1)

since o is a loop based at x. Similarly, one checks that a;(a™1), is the
identity on 71 (X, 7). O

COROLLARY 4.5. If f:Y — X is a map with f(yo) = f(y1) = o,
and Y 1s a path-connected space, then

fmYopo));  f(m(Y,m))
are conjugate subgroups of m (X, xq).

PRrROOF. The conjugating element is going to be the image under
f of a path joining yo to y; (there must be such a path since Y is
path-connected):

fa
a X 0
yl
X

Y

F1GURE 4.3. Image of a path under f is a loop

Let a be such a path, and then check that the following diagram com-
mutes:

m (Y, y0) —2— m(X, o)

aul l(fa)n

f
T (Y7 yl) — T1 (Xa .Z'())
and then notice that the vertical maps are both isomorphisms. O
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Finally, this gives us some indication of when two topological spaces
must have the same fundamental group.

THEOREM 4.6. If X and Y have the same homotopy type, and X
18 path connected, then

1%

7T1(X) 1 (Y)



CHAPTER 5

Covering spaces

DEFINITION 5.1. A map p : Z — X is a covering map if each
x € X is contained in some open set U C X such that

1. p}(U) is a disjoint union of open sets in Z — the sheets over U,
2. each sheet is mapped homeomorphically by p to U.

We shall also say that U is evenly covered by p~'(U), and that Z is a
covering space for X.

LEMMA 5.2. A covering map is a quotient map.

PrOOF. (Included because the method and picture will be used
again.) Recall that p is a quotient map if it is a map with the additional
property that p~!'(W) open implies that 7 is open. So let W C X
be a set with p~1(W) open in Z. Fix a point x € W and consider the
following picture.

B (W)

I

e w

FIGURE 5.1. Sheets evenly covering W

Choose an open evenly covered set U C X with x € U. Let S be a
sheet over U, and find y € S with p(y) = . (Once you've chosen S, y
is unique). Now p~*(W) N S is open, and

plg: S —=U
is a homeomorphism, so
p(SNp * W) =pSNW =UnW

is an open set in W containing z. O

31
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ExAMPLE 5.3. (a) Let Y be any discrete topological space, and X
any topological space. Then p: X XY — X, defined by p(z,y) = z is
a covering mapf]. Any open set U C X is evenly covered by the sheets
of the form U x {y} for y € Y. Make sure you see why these are open
sets in the product topology.

(b) Let p : R — S* be given by p(t) = e*™. If R is represented as an
infinite helix, the map is vertical projection:

J=TVWWY

FIGURE 5.2. The reals cover the circle

For an open set U C S', p~}(U) is a disjoint union of countably
many open subset of R. An explicit construction is the following: for
r=e" e S let U= {y eS| RxRY) + 3(x)S(y) > 0} (here
R and $ denote real and imaginary parts respectively) and S,, = {s €
R | n—l—t—i <s< n+t—l—i} for n € Z. Then U is open, S,, is open for
all n, and for any n pls, : S, — U is a bijection. Also, plg : S, — U
is a continuous bijection from a compact set to a Hausdorff one, so is a
homeomorphism. It follows that p|s, : S, — U is a homeomorphism.

Notice that in this case the covering space has trivial fundamental
group: if this is the case, the covering is called universal.

(c) A triple covering. The following diagram describes a triple covering
of a wedge of two circles. Study the picture carefully — the arrows
ensure that pre-images of open sets are open sets.

(d) A countable universal covering of the wedge of two circles. Using
the same notational conventions, the following diagram gives a cover
of the wedge of two circles.

Notice that each point now has countably many pre-images. Also,
the covering space Z is homotopic to a point, so this is a universal
cover.

'Notice that the converse of this statement is not true. If X = Y is a non-empty
space with the concrete topology, then the projection map is a covering map.
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FIGURE 5.4. A countable universal covering
(e) Painting the two sides of a surface gives a double cover:

REMARK 5.4. We have not yet defined orientability, but the fol-
lowing seems to be the case. If X is a connected space covered by Z,
and Z is not connected, then X is orientable. For example, painting
the surface of a 2-torus gives a double cover of the Klein bottle, which
suggest that the Klein bottle is not orientable.

1. Lifting maps

We next turn to the following problem: if p: Z — X is a covering
map, and f : Y — X is a map, when can we expect there to be a lift
f" of f; that is a map f':Y — Z such that pf’ = f.
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7 X
FIGURE 5.5. Painting sides of a surface

It will be convenient to adopt the following convention: a commu-
tative diagram of the form

y L 7

L

y Lo x
should be thought of as a triangle.

THEOREM 5.5. Let p: (Z,z)) — (X, xq) be a based covering map,
and f:Y — X a map from a connected space. Then, if there is a lift
f of (a map making the diagram above commute), it is unique.

THEOREM 5.6. LIFTING SQUARES Given F': (Ix1,(0,0)) — (X, zo),
and a covering map p : (Z,z9) — (X, o), there is a lift F' : (I X
1,(0,0)) — (Z, z).

A similar proof gives path-lifting, where I x I is replaced by I.

COROLLARY 5.7. Let C' C I x I be connected, let I : C' — I x I
be the inclusion map, and let f : (C,(0,0)) — (Z,20) and F : (I x
1,(0,0)) — (X, z0) be maps with pf = Fi, where p is the based cover-
ing. Then there exists a unique F' : (I x 1,(0,0)) — (Z, z9) such that
f=F'"i and pF' = F. That is, there exists a unique diagonal map F’
making the following commutative square into two commutative trian-
gles.

(C.(0,0) —— (Z,2)
(I x1,(0,0) —2— (X, z0)

These lifting results provide the tools we need to understand ho-
motopy classes of loops in topological spaces.
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COROLLARY 5.8. If p: (Z,20) — (X, x0) is a based covering, then
ps (2, 20) — m (X, xg) is a monomorphism.

2. The action on the fibre

The lifting results above now give very easily one of the most im-
portant observations in the course: there is a natural action of (X))
on the fibres of a covering map.

DEFINITION 5.9. A right action of a group GG on a set S is a function
S x G — S, written (s, g) — sg, with the properties
(A1) s1 = s for all s € S

(A2) (sg1)g2 = s(9192)-
Ifp: (7, 2) — (X, 1) is a based covering, then the set F' = p~!(x)
is called the fibre of p. Define an action
Fx 7T1(X,ZL‘0) — F

of m (X, zo) on F by setting (z, (¢)) — z(o) = o'(1) where o’ : (1,0) —
(Z, z) is the lift of the path o (so in particular, po’ = ). Now pz = zq
since z is in the fibre of p.

z<o>

(e)
0 1
X0
o

FIGURE 5.6. Action on the fibre

We must check that the action is well-defined, and that it satisfies
(A1) and (A2).

THEOREM 5.10. Let p: (Z, z9) — (X, o) be a based covering, with
Z path connected and F = p~'(xy). Then the action of m1(X,zg) on F
induces a bijection
0 pemi(Z, 20)\m (X, 29) — F
where pam1(Z, 20)\71(X, x0) is the set of cosets of the form p.m1(Z, z9){0),
and the map is given by

0 ((pemi(Z, 20))(0)) = 20(0)-
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That is, 0[{c)] = o'(1), where po’ = o and o'(0) = z.

PRrROOF. Before going through the proof in your lecture notes, un-
derstand what needs to be checked.
(1) ¢ is well-defined: if [(o)] = [(7)] then zo(o) = zo(T).
(2) 4 is onto: for any z € F, there is a path ¢’ joining 2y to z whose
image under p is a loop based at z( (this is obvious).
(3) 0 is injective: if 6[(o)] = 0[(7)] then (o) = (7)(7) for some () €
p«m1(Z, %). O

COROLLARY 5.11. If Z is path connected and a universal cover (i.e.
m(Z, z0) = 0), then § defines a bijection between (X, x¢) and F'.

The bijection  now allows us to define the degree of a loop in the
circle. Let p: (R,0) — (S',1) be the covering map ¢ — e?™. Then R
is path-connected and a universal cover, the fibre is p~'(1) = Z. So the
above result gives a bijection § = deg : m(S*,1) — Z. This function is
the ‘degree’ function, and it measure how often the path winds around
the circle. Notice that at this point we do not know that ¢ is a group
homomorphism.

EXAMPLE 5.12. The map deg : m(S',1) — Z is a group isomor-
phism.

All that remains to be checked is that (o7)'(1) = o’(1) + 7/(1).
Other fundamental groups can now be computed.

ExAMPLE 5.13. Let fr{a,b} be the free group on generators a and
b, and let S}, S? be two circles. Write S! v S} for the wedge of the
two circles joined at zp. Then there is an isomorphism from fr{a,b}
to 7'('1(5; V Sl}’ xo).

EXAMPLE 5.14. Recall that there is a double cover p : S* — RP",
and (for n > 2), this cover is universal. The open hemispheres U_ =
{ye S"|z-y<0}and Uy = {y € S | -y > 0} are even sheets
over the open neighbourhood of p(z) given by U = pU_ = pU,. The
bijection given by the action on the fibre gives

m(RP") = Z2Z.

This is our first example of torsion in a fundamental group, and it
turns out to be very important. An easy application of Example (.14
is the Borsuk—Ulam Theorem.

THEOREM 5.15. There is no map f : S? — S with the property
that f(—x) = —f(z) for all z € S
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PROOF. Suppose there is such a map. Then f induces a well-
defined map f': RP? — RP!, giving a commutative diagram

52 f Sl

| |»

rRP? —L RP
where f'({z,—z}) = {f(z), f(—z)} = {f(x),—f(z)}. Since the verti-

cals are quotient maps, f’ is clearly continuous. Now RP* = S (via
the homeomorphism {z, 27!} — 2% € C), so f, is a homomorphism

fl:m(RP?) 2 72/27 — 7 (RP') & Z.

It follows that f, = 0.

On the other hand, let z, € S?, and choose a path ¢’ in S? from 2,
to —zp. Then pyo’ = o is a loop in RP? based at zy = {29, —20}-

We have the following diagram:

/ f(2)
—A

.

FiGURE 5.7. Borsuk—Ulam Theorem

f(-2)

l

J
0

Now (o) is not trivial because zo(o) = 0'(1) = —zy # 2. Also,
fi{o) = (f'o) is not trivial since
f(z0){f'(0)) = (fo')(1)
= f(=20)
= —[f(20) # f(20)-
It follows that f.(o) is not trivial, contradicting the fact that f. is
trivial. O

COROLLARY 5.16. If f : S* — R? has the property that —f(x) =
f(—xz), then there exists an x such that f(z) = 0.

COROLLARY 5.17. If f : S? — R? then there exists x such that

f(=x) = [f(x).
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COROLLARY 5.18. If the Earth’s surface is represented by S*, and
f(z) = (temp. at x, humidity at z),

then at any moment there are an antipodal pair of points with the same
temperature and humaidity.

COROLLARY 5.19. HAM AND CHEESE SANDWICH THEOREM (STONE—
TUKEY) Let A, B,C be open bounded sets in R3. Then there exists a
plane P C R? dividing each of them exactly in half.



CHAPTER 6

Classification of surfaces

In this section we aim to classify all the topological spaces that have
the property that each point has a neighbourhood homeomorphic to
an open disc in R2. Of course R? is such a space, but we shall restrict
attention to compact spaces.

DEFINITION 6.1. A (compact) surface is a (compact) Hausdorff
topological space X with the property that every point x € X has
an open neighbourhood U > x such that U is homeomorphic to an
open disc in R2.

EXAMPLE 6.2. (1) The 2-sphere 5% C R? is a compact surface.
(2) The torus T? C R3 is a surface; we know that 7% may be described
as an identification space of a square — with an obvious notational
device, the identification may be described by the symbol aba=1b~1.

a

abal !

a
FI1GURE 6.1. The torus as an identification space

(3) Now we have the symbol notation above, we can ask questions like

the following: what surface is represented by the symbol a,bya; *by *asboay by ?
The following cut-and-paste argument shows that this is the surface of

a two-holed torus.

(4) What surface is represented by the symbol abca™tcb=17?

We first approach the problem from the surface end — starting with
a surface, is it possible to give a representation of the surface as an
identification space of a polygon, and thereby as a symbol?

DEFINITION 6.3. A triangulation of a compact surface S is a finite
family of closed subsets {T1,...,T,} that cover S, and homeomor-
phisms ¢; : T/ — T;, where each T! is a triangle in R? such that the
sets T; satisfy the following intersection condition:

(IC) Any sets T;, T}, i # j are either disjoint, or they have a vertex in
common, or they have an entire edge in common.

39



6. CLASSIFICATION OF SURFACES 40

al—— a2

a2

a2
a2 b2 al bl
— (=%
b2 2 bl al i

FIGURE 6.2. The torus with two holes

A result due to Rado in 1925 says that any compact surface has a
triangulation. Moreover, in the triangulation each edge is an edge of
exactly two triangles, and for each vertex v the triangles with v as a
vertex may be arranged in cyclic order Ty, 77, ..., T, such that T; and
T;+1 have an edge in common.

FIGURE 6.3. A triangulation of the 2-sphere

The triangulation of a surface gives a purely combinatorial re-
definition of a surface. Let M be a collection of triangles with (IC).
Call M connected if there is a path along the edges from any vertex to
any other vertex. The edges opposite the vertex v in the triangles of
M having v as a vertex form a graph called the link of v.

DEFINITION 6.4. A (combinatorial) closed compact surface is a col-
lection M of triangles such that
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1. M has (IC),

2. M is connected, and

3. for every vertex v of a triangle in M, the link of v is a simple
closed polygon.

For example, (1) below is a surface while (2) is not.

B

FIGURE 6.4. (1) is a surface while (2) is not

(1

(3) The sphere can be triangulated, and then described as an identifi-

cation space:
S, ‘ >

FIGURE 6.5. The combinatorial sphere

(4) Another example is a triangulation of the 2-torus: the link of the
vertex v is drawn in bold.

a b C

a \Y b c

FIGURE 6.6. The torus as a combinatorial surface

(5) A triangulation of the Klein bottle.

(6) A triangulation of Projective space.

(7) If ¢! and t* are two triangles of a closed surface M, then it is
possible to construct a sequence of triangles connecting t' and #?, with
consecutive triangles having an edge in common. (This is proved via
the condition on links in the triangulation).

(8) The following diagram is not a closed surface: the link of the vertex
v is not a simple closed polygon.
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a b c
d f
e e
f d
a b c
FiGURE 6.7. The Klein bottle
a b c
d f
e e
f d
c b a

FIGURE 6.8. A triangulation of projective space

FIGURE 6.9. The Mobius band is not a closed surface

1. Orientation

In a combinatorial surface, introduce an orientation: a clockwise
or anti-clockwise arrow in each triangle. The orientation is coherent
across an edge joining two triangles if the orientations are the same:

coherently oriented not coherently oriented

FIGURE 6.10. Coherent and incoherent orientations

DEFINITION 6.5. The surface M is orientable if the triangles can
be given an orientation so that all neighbouring triangles are coherently
oriented.
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EXAMPLE 6.6. (1) The torus is orientable.

a b c
i | O A | A
b | A A
oo e AT
a v b c

FIGURE 6.11. The torus is orientable

(2) The Klein bottle is non-orientable. The shaded region is a Mdbius
band — and the space left after removing this Mobius band is again
a Mobius band. So K is ‘twice’ as non-orientable as the projective
plane: in example (3) below we shall see that the projective plane also
contains a Mobius band, but removing it leaves an orientable surface.

a b c

FIGURE 6.12. The Klein bottle is non-orientable

(3) The projective plane is non-orientable.

c b a

FI1GURE 6.13. The projective plane is non-orientable

The shaded Mobius band, when removed, leaves something that
certainly has no more Mobius bands in it.
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iy
Wad

FIGURE 6.14. The projective plane contains only one
Mobius band

2. Polygonal representation

Let M be a closed surface in the sense of Definition 6.4. Orient the
edges e, ..., e™ of M arbitrarily, and then label the triangles in M as
t', ..., t". Notice that 3n = 2m, and so n is even. The information
contained in the surface is now n triangles, and for each triangle the
three labelled oriented edges which belong to it.

el/ a \ €2
e3

el/ 3 \ & €6 o4
e6 e3

FIGURE 6.15. The triangles in the tetrahedron

It will be useful to have a more convenient representation, and this is
done by partially assembling the surface while remaining in the plane.

e5 e5

FIGURE 6.16. A model of the tetrahedron

The same procedure may be followed for any surface M. The triangles
are assembled one at a time. At each stage, glue an edge of an unused
triangle to an edge of a used triangle. The boundary at each stage
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of the resulting figure is a simple closed polygon. In order to keep
the figure planar, triangles may need to be shrunk and squeezed a bit.
Also, we may assume that the resulting polygon is convex.

However, we need to be sure that until all the triangles are used,
there is an unused triangle with an edge in common with the boundary
polygon of the used triangles.

There certainly exists an unused triangle with a vertex v in common
with some used triangle, since the construction ensures that all vertices
are on the boundary polygon at each stage.

Now each link of v is a simple closed polygon, so there is an unused
triangle with v and another vertex (and hence an edge) in common with
a used triangle. (The triangle you end up adding is not automatically
the one you started with having a vertex in common.)

(Notice how this argument would break down for example (2) after
Definition 6.4).

The resulting figure is a polygonal representation of M. It has n
triangles, and the boundary has n + 2 edges in equally labelled pairs.
The identifications given by the edge labellings form a symbol: read
around the figure, starting anywhere, and use ~! to denote reverse
directions. For the tetrahedron in Figure b.16G, the symbol is

6516462166716665.

Notice that the triangles in a polygonal representation can always be
oriented coherently, but this may not give a coherent orinetation to
M: if the symbol contains ...a...a"!... then the orientation will be
coherent across the edge a; if the symbol contains ... b...b... then the

orientation cannot be carried across the edge b coherently.

LEMMA 6.7. The surface M is orientable if and only if for every
letter in a symbol for M, the inverse also occurs.

3. Transformation to standard form

In this section, we show how any symbol may be re-written in a
standard way. This list of standard symbols, together with the Euler
characteristic, gives the classification of surfaces.

We shall use ‘word’” to mean a string of letters like abc. Words will
sometimes be denoted by capital letters X, Y and so on.

Along the way, we may need to increase the number of triangles: a
barycentric subdivision of a triangulation replaces every triangle in it
by six triangles:

RULE [1] If a word appears in the symbol consistently (for example,
as abc. . .abc or as abc...c *b~ta™1), then replace it with a letter. For
example,

cabe...cW e e — T

RULE [2] If a symbol has at least 4 letters, then aa™" can be cancelled.
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FIGURE 6.17. Barycentric subdivision

a y ~ P
a , AN - N
/ \ 4 \
\ i a a \ ,’ a \
] \ \
| l : ! I
—_— e —
! \
\ !
\ /
\ ’
N 7/
N

\ /
’
~_ Phd N _

FIGURE 6.18. Cancelling aa™*

RULE [3] If a pair appears in the form ...a...a..., it may be replaced
by ...bb... as follows.

FIGURE 6.19. Pairs of the kind ...a...a...

Notice that part of the remainder of the symbol will have been

reversed. Thus, the rule is more accurately represented as XaYaZ —
XbbY 7.
RULE [4] If a pair appears in the form ...b...b7'... and without
an interlocking pair of the same kind (that is, without a pair a...a™"
appearing in the order b...a...b~'...a™!), then it may be replaced
by ...b...b.... By applying previous rules, we may assume that the
pair appears as ...bXddb™'... where X =dd; ...d,d,.

The diagram above shows that ...bXddb=!--- — ... bXe tbe ' . ..,
and then by [3], ...bXe tbe -+ — ... bbeX le”!.... That is, we
have reduced the original pair separated by

didy .. .d,d,dd
to a similar pair separated by

)t dd
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FIGURE 6.20. Pairs of the kind ...b...b7 1. ..

After n such steps, the symbol has the form ...bddb=1 --- — ... be " tbe ! ...

(by the same cut and paste with X = ), and then ...be tbe™t ... —
oo ff ... by [1], with f = be™ L.

Notice that the existence of such a pair ...b...b~1... means that
the vertices at the start and end of the edge b~! are not identified,
and our reduction has produced a situation in which the vertices are
identified.

RULE [5] Assume we have carried out [3] and [4] enough to produce
a symbol comprising pairs of the form aa and interlocking pairs of the
form

b.ooe bt

I claim first that the pairs aa can all be grouped at the start of the
symbol. To see this, notice that the following diagram shows that
aaXbbY — aadX~'dY, which by [3] gives aaddXY.

a X

FIGURE 6.21. Assembling crosscaps
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RULE [6] After applying the above rules, the symbol has the form
a1ay . . . apapX

and with all vertices identified. The word X (if it is not empty) must
consist of interlocking pairs. Choose the closest interlocking pairs

cca...b...a”t. . b7t .., and replace them with ...cdc 'd™!... by
the following argument.

s

RN

FIGURE 6.22. Pairs of the kind ...a...a...

Notice that no new pairs of the form a...a are produced, because no
section of the figure is turned over before glueing.

By applying the above rules, we may reduce any symbol to one of
the form

aag .. .apapcldlcfldfl - chchldq’l,

in which all vertices are identified. The words of the form cdc™'d~! are
called handles (we’ll see why shortly), and the pairs of the form aa are
called crosscaps.
RULE [7] If there is at least one pair aa, then every handle cdc'd
may be turned into two crosscaps.

—1

FIGURE 6.23. Turning a handle into two crosscaps
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The above discussion has proved the following theorem.

THEOREM 6.8. Fvery closed surface may be represented by one of
the following:
(1) aa™'  (the sphere; orientable), (2) ajay ...axay, (the sphere with
k cross-caps; mon-orientable), or (3) cidicytdyt .. cydyetdyt (the
sphere with q handles; orientable).

The number k or g is called the genus of the surface. Any surface
with standard form aa™! is a triangulation of the sphere (and so on for
the other types).

4. Juxtaposition of symbols

Let M and N be closed surfaces with symbols X and Y. What
surface has the symbol XY ? This is not uniquely determined, but we

shall see that the standard form of XY is uniquely determined by X
and Y.

T, b
-7 a7\\ a Cc
/ .
,/ S i C \\ \
s \

\’ b N | l‘ \I
\ I 1 /
\ ! \ ’
\ / \

\ \ .

\ B \\‘_—"//

X

FIGURE 6.24. Opening the triangle

First choose a triangle in M meeting the boundary polygon of the
plane representation with symbol X, and open out along the edge of
the triangle as shown in Figure .24 (perform a barycentric subdivision
first if need be). Do the same thing in Y,

T, b

- 7 , v
’ C a <

/ <. a
! b’ | I \\
\’ v I = | |
\ I 1 /
\ ! \ ’
\ / \

\ \ .

N . ~ _-7

Y

FIGURE 6.25. Opening the triangle in Y

and then glue to obtain a polygon with symbol XY
The result is a closed surface, orientable if and only if both M and N
are.
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FIGURE 6.26. The ‘sum’ of X and Y

LEMMA 6.9. By Theorem [6.8, any two connected sums of M and
N have the same standard from, so we may define MEN to be the
connected sum of M and N, unique up to homeomorphism.

Notice that some of the ‘up to homeomorphisms’ may be non-trivial.
For example, the following diagram gives two possible connected sums
of tori.

FIGURE 6.27. The connected sum of two tori

For multiple connected sums, write kN = NiNg...4N. Also, write S
for the sphere, P for the projective plane and T for the torus. This
notation allows Theorem Bb.§ to be restated as: any closed surface is
homeomorphic to one of S, kP, or kT

EXAMPLE 6.10. (1) If M is any closed surface, then M S = S{M =
M.
(2) Pg2P = PfT.
(3) 2P can be replaced by T if there is at least one P, so Theorem [.§
may be rewritten as follows: every closed surface is homeomorphic to
one of S, kT, P§ (52) T (k odd) or K4 (552) T (k > 2 even), where
K = 2P is a Klein bottle.
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5. Euler characteristic

Let K be a set of triangles with the intersection condition (IC). Let
ap(K') denote the number of vertices in K, oy (K) the number of edges,
and as(K) the number of triangles.

DEFINITION 6.11. The number
X(K) = aK) — ai(K) + az(K)
is the Fuler characteristic of K.

We wish to show that the Euler characteristic is preserved under
the reduction rules and under barycentric subdivision.

LEMMA 6.12. The Euler characteristic is preserved by the symbol
reductions and by barycentric subdivision.

ProOOF. The first assertion has a long proof — simply check all
the cases. To start you off, notice that in rule [2] (cancellation of
...aa"'... welose 1 edge and 1 vertex, preserving y. The other rules
are similar.

Under barycentric subdivision, let K’ be the combinatorial surface
obtained from K. Then ag(K') = ap(K) + a1 (K) + ao(K) (one new
vertex for each edge and each triangle in K), a1(K') = 2a1(K) +
6a2(K) (six new edges in each triangle of k and each edge of k split

into two), and as(K') = 6a(K). It follows that
X(K') = ag(K') = ay(K") + as(K")
= Ofo(K) + Ckl(K> + OéQ(K) — 2a1(K) — GQQ(K) + GQQ(K)
= ap(K) — an(K) 4 a(K) = x(K).
0

(Notice we need barycentric subdivision on things like the sumbol
aa~! to really produce a combinatorial surface).

THEOREM 6.13. Let M be a closed surface, with a symbol contain-
ing n letters (n is even), and represented by a plane polygon bounded
by a simple closed polygon with n + r sides (notice that a letter may
stand for several edges). Let M have m distinct vertices appearing at
the start or end of the letters. Then

X(M)=m—in+1.

This is proved by a simple counting argument. It may be used
to show that the Euler characteristic is a topological invariant, which
shows in turn that the list of surfaces in Theorem B8 are all distinct.

PROOF. (of Theorem [.13) Let D denote the polygonal region rep-
resenting M but without any edges identified. By a simple induction,
we have that

X(D) = 1.
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On the other hand, each side of M that does not use a new letter
appears twice and generates one new vertex, so

ag(M) —ag(D) =m+3r — (n+71) =m—n— 3.

The edges of M are glued in pairs, so that
a1 (M) —oq(D) = 3(—n—r).
Finally there are equal numbers of triangles, so
O./Q(M) = O@(D).
Adding up we get
X(M) = x(D) =m — 3

so X(M)=m—sn+1. O

n,

To deduce that any combinatorial surface representing a given sur-
face has the same Euler characteristic a further argument is needed
(see below).

COROLLARY 6.14. (1) x(S) =2;
(2) x(sphere with k cross-caps) = 2 — k;
(3) x(sphere with h handles) = 2 — 2h.

So the standard form of any closed surface M is unique, and it is
determined by x (M) and the orientability of M.

EXAMPLE 6.15. (1) abcbca = 2P.
(2) abca=tcb™! = 3P.
(3) abedefetdbtafc = 6P.
(4) ae ta"tbdb "t ced et = 2T.

6. Invariance of the characteristic

It remains to prove that different triangulations of the same surface
cannot give rise to different Euler characteristics.

Solution 1: Consider subdivisions of the surface into polygons (not
just triangles). Notice that the characteristic is unchanged by (a) sub-
dividing edges, or if only two edges meet at a vertex, by removing that
vertex. (b) subdividing an n-gon by connecting two of the vertices by a
new edge, or amalgamtaing two regions into one by removing an edge).
(c) introducing a new edged and vertex running into a region from a
vertex on the edge, or removing such an edge.

Now IF two triangulations of the same surface have the property
that any edge from the first triangulation meets any edge from the
second in only finitely many points, then it is not hard to see that the
above moves preserve the characteristic and allow us to move from the
first triangulation to the second.

The problem is that there may be edges intersecting each other
infinitely often... This can be avoided by moving one of the edges



6. INVARIANCE OF THE CHARACTERISTIC 53

slightly without altering the combinatorics. However that proof is long
- it does not need new ideas but it is not easy.

Solution 2: If we develop a little more theory about how to compute
fundamental groups (mainly the Seifert-van Kampen theorem) then
you can compute the fundamental group of each standard model of
a surface. Some of these groups are large and complicated, but their
abelianizations can be computed and are all different.

Solution 3: With the machinery we develop later, it is possible
to compute the first homology groups of each surface, and these are
all different. The problem with this is that we only know that the
homology group depends only on the surface because of an unproven
theorem!



CHAPTER 7

Simplicial complexes and Homology groups

For now, we shall deal mainly with dimensions 0, 1,2 and 3. An im-
plicit exercise throughout this section is to generalize all the definitions
and proofs to higher dimensions.

DEFINITION 7.1. An oriented 0-simplex is a point P.
An oriented 1-simplex is a directed line segment P P.
An oriented 2-simplex is a triangle P; P, P; with a prescribed order.

P3

D

P1 P2

FIGURE 7.1. An oriented 2-simplex

Notice that the simplex of opposite orientation is (defined to be)
the negative of the simplex:

1. PP, = —P,P, # PP,
2. PPy = PBbPsP, = P3P P, = —P P3P, = —P3P P = —B,P FPs.

An oriented 3-simplex is a tetrahedron P;P,P3P, with a prescribed
orientation.

P1

P4

P3

FIGURE 7.2. An oriented 3-simplex

Notice that for 2-simplexes,

3

. 1
PyP; P, = sign [z 1

} PP Ps,

54
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and this extends to higher dimensions,

. 1 2 3 4
P, P; P, Py = sign L 0

} PP, P3Py.
DEFINITION 7.2. The boundary of an oriented simplex is defined

as follows.
The boundary of a 0-simplex P is 0:

d(P) =0.
The boundary of a 1-simplex P, P, is
0(PP) =P, — Py,

(the formal difference of the end point and the starting point of the
simplex).
The boundary of a 2-simplex P, P, P5 is

O2(PLPyP3) = PoPy — PP+ P Ps.
The boundary of a 3-simplex P, P, P3P, is
83<P1P2P3P4):P2P3P4—P1P3P4+P1P2P4—P1P2P3.

Each summand of the boundary is called a face of the simplex. Thus,
(for the 3-simplex in Figure [(.2), P,Ps Py, P, PyP; = — P, P3P, are faces,
while P, P3Py is not.

DEFINITION 7.3. A simplicial complex is a subset of R"” comprising
a union of simplexes such that
(1) each point of the set belongs to at least one and only finitely many
simplexes;
(2) two different simplexes in the complex either are disjoint or one is
(up to orientation) a face of the other, or a face of a face of the other
(and so on), or the set of points in common is (up to orientation) a
face (or a face of a face or...) of each simplex.

1. Chains, cycles and boundaries

The surface of the oriented tetrahedron is an example of a simplicial
complex, built out of four O-simplexes, six 1-simplexes, and four 2-
simplexes.

For a simplicial complex K, let C,,(K) be the free abelian group
generated by the oriented n-simplexes in K. The elements of C,,(K)
are the n-chains of K.

For example, if K is the complex in Figure [7.3, then (write m; for
general elements of Z):

C2(K) = {m1P2P3P4 + m2P1P3P4 + m3P1P2P4 + m4P1P2P3},
C1(K) = {my1PiPo+ma P, Ps+m3Py Py +myPyPs+ms Py Py +mgPs Py},

and
Co(K) = {m1P1 + m2P2 -+ m3P3 —+ m4P4}.
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P1

P4

P3
F1GURE 7.3. The tetrahedron is a simplicial complex

Now if o is an n-simplex in K, then 0, (o) is an element of C,,_; (K).
If we extend the definition to make C'_;(K) = 0, then 0, extends to
the boundary homomorphism

By : Co(K) — Oy (K.

EXAMPLE 7.4. A sample calculation of the boundary of a 1-chain:
81(3P1P2 - 4P1P3 + 5P2P4) == 381(P1P2) - 481(P1P3) + 581(P2P4)
:3(P2—Pl)—4(P3—P1)+5<P4—P2)
=P, —2P, —4P;+ 5F;.

DEFINITION 7.5. The group of n-cyclesin K, is defined to be Z,,(K) =
ker(0,).

EXAMPLE 7.6. The 1-chain z = PP, + P,P3 + P3P, is a 1-cycle
since 01(z) =0, so z € Z;(K).

DEFINITION 7.7. The group of (n — 1)-boundaries in K is defined
by B, 1(K) = image(0y).

ExAMPLE 7.8. We know that w = P, Po4+2P, Ps+ P3P, is a 1-chain,
so 0y(w) = P3 — P, is a 0-boundary.

ExXAMPLE 7.9. Compute directly the groups Z,(K) and B,(K)
where K is the simplicial complex shown in Figure [.3.
Since the highest-dimensional simplex in K is 2-dimensional, C3(K) =
0, SO BQ(K) = (93(03([()) =0.
Also, C_1(K) =0, s0 Zy(K) = Co(K). Therefore Zy(K) is free abelian
on the generators P, Py, P3, Py.
Now the image of a group under a homomorphism is generated by the
images of the generators. Since C}(K) is generated by

P1P27P1P37P1P47P2P37P2P47P3P47
By(K) must be generated by
P2_P17P3_P17P4_P17P3_P27P4_P27P4_P3'
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Of course there is no reason to expect these to freely generate By(K),
and it is clear that they do not. We claim that By(K) is free abelian
on the generators Py, — Py, P; — Py, P, — P;. (This is easy: these are
independent over Z, and the other generators are in the group generated
by these three).

Now let’s try to find Z;(K). Any element of Ci(K) is of the form
c = Y myPP;. Now 0i(c) = 0 if and only if each vertex at the
beginning of r edges (counted with multiplicity) is also at the end of r
edges (again counted with multiplicity). It follows that

21 = PBP3+ P3Py + Py,
29 = PiPy+ PyP3+ P3Py,
23 = PP+ PPy + PPy,
zg =DPPs+ PP+ PP

are all 1-cycles (notice that these are the boundaries of the individual
2-simplexes). We claim that these four cycles generate Z;(K): to prove
this we must do some work as Z; is defined not as the image under a
homomorphism but as the kernel of a homomorphism. So, choose an
arbitrary element z € Z;(K). Consider the vertex P, and let the
coefficient of P, P; in Z(K) be m;. Then

2 =24+ Mezy — Myzy

is a cycle that does not contain edges PP, or P P,. It follows that
the only edge having P; as a vertex in the cycle 2z’ is P, P;, so this
must appear with coefficient 0 (otherwise there would be nothing to
cancel the P; appearing in the boundary). So 2z’ is a cycle consisting
only of the edges of the 2-simplex P,P3P,. Since in a 1-cycle each of
the vertices P, P3 and P, must appear the same number of times as a
beginning and as an end of an edge,

2=z Mezy — Muzy =12
for some 7. So Z;(K) is generated by 21, 22, z4. Since these are bound-
aries of the 2-simplex,
Z1(K) = B1(K).

Finally, let us compute Zy(K). The chain group Cy(K) is generated
by the simplexes P2P3P4, P3P1P4, P1P2P4, P2P1P3. If P2P3P4 has coef-
ficient r1, and P3P, P, has coefficient r5 in a 2-cycle, then the common
edge P3P, has coefficient r; —r9, so ry = ry. Similarly, in a cycle each of

the 2-simplexes appear with the same coefficient, so Z(K) is generated
by the single element

Py P3Py + PsPy Py + PPy Py + PPy Ps.
It follows that Zy(K) is infinite cyclic.
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Notice that in the above example we find that B,, is a subgroup of
Z,. This is true in general, because of a simple but deep equation dealt
with in the next section.

2. The equation 9> =0

THEOREM 7.10. Let K be a simplicial complex. Then the homo-
morphism
On—10p : Cp(K) — Cp_o(K)
is trivial. That is, ‘0> =0".

ProOOF. First show that it is enough to check this on simplexes,
since these generate C,,. Then simply calculate: for example, in di-
mension 2 we have

B, (02(PLPyPy)) — 0, (PyP; — PPy + P )
= (P —P) — (Ps— )+ (2 — P1)
=0.
O

COROLLARY 7.11. B, (K) = 0p4+1(Cry1(K)) is a subgroup of Z,(K)
ker(0,,).

DEFINITION 7.12. The nth homology group of the simplicial com-
plex K is defined to be the quotient group

Zn(K)
By (K)

Look back at Example [.9: we may now write down the homology
groups of the tetrahedron:

Cg(K) = 0, SO Zg(K) = Bg(K) =0 and Hg(K) =0.

Zy(K) = Z, Bo(K)=0s0o Hy(K) = Z.

Zl(K) = Bl(K), SO Hl(K) = 0.

Zo(K) is free abelian on Py, Py, P3, Py, while By(K) is generated by
Pg—Pl,Pg—P17P4—P1,P3—PQ,P4—P2,P4—P3 We now claim that
each coset of By(K) in Zy(K) contains exactly one term of the form
rP;. To prove this, let z € Zy(K) be of the form

2 = 89 + 83P3 + 54 Py + %Py,

H,(K) =

so that
Z—[SQ(PQ—Pl)+83(P3—P1)+S4(P4—P1)]:Tpl,

showing that z € rP; + Bo(K). (At this point we have proved that
Hy(K) is cyclic: the next thing to find out is whether or not it has
torsion). If r'P; € rP, + By(K), then (1" —r)P, € By(K), sor' =r. It
follows that Hy(K) = Z.



CHAPTER 8

More homology calculations

In this section we go through a few more homology calculations, and
find spaces with torsion in their homology groups. We also interpret
what the homology groups are saying about the ‘shape’ of the simplicial
complex.

First, we state the basic result that shows how homology groups
are related to the topology of the simplicial complex.

THEOREM 8.1. If X and Y are homeomorphic topological spaces
with the property that they are homeomorphic to some simplicial com-

plex, then they may be triangulated to form simplicial complexes K and
L (homeomorphic to X and Y respectively, and H,(K) = H,(L).

Notice the notation H, is shorthand for H, for all n. In light
of Theorem B.I], we may now talk about the homology groups of a
topological space.

EXAMPLE 8.2. If S is the 2-sphere, then Hy(S) = Z, H,(S) = 0,
HQ(S) = Z, and Hn23<S) =0.

Recall that S* = {z € R"™! | |x| = 1} is the n-sphere, and B" =
{z € R" | |z| < 1} is the n-ball.

Also notice that for a simplicial complex, connected implies path-
connected. We shall therefore use the term ‘connected’ to mean both
these properties.

THEOREM 8.3. Let K be a simplicial complex. Then Hy(K) = Z™,
where m s the number of connected components of K.

PROOF. Cy(K) is free abelian on the finite number of vertices P,
in K, and By(K) is generated by the edges P, — P,,, where P, P, is
an edge in K. Fix a vertex P,,. Then any F; in the same connected
component of K as P;, can be joined to P; by a path of edges

'PilPZé’ ‘P7:2Pi37 MR} ~P7;7.71~Pi,,,7

SO
P =Py+ (Py=Py) -+ (P, =P,
which shows that P, € P,, + By(K).
On the other hand, if P;_ is not in the same component as F;,, then

by reversing the above argument we have that P, ¢ P, + By(K). To
see this, assume that P;, € P;, + Bo(K). Then P;, — P, is an integer
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combination of boundaries of 1-simplexes in K. In this expression, find
if possible a boundary (P;,, — P,,) with P;, distinct from P, and P;,.
Subtract (P;, — P,,) from both sides to see that P;, — P,, is an integer
combination of boundaries of 1-simplexes in K. Continue for finitely
many steps: the process stops only when the next vertex found is P;_,
at which point the list of boundaries obtained gives a path from P;, to
P,. 0

THEOREM 8.4. If K is a collapsible simplicial complez, then H, (K) =
0 for alln > 1, and Hy(K) = Z.

ProoF. ‘Collapsible’ will be defined in the lectures, and is illus-
trated by the allowed collapsings below (these are not collapsible, but
the moves indicated are collapses):

FiGure 8.1. Collapsing a simplicial complex

‘Collapsible’” then means that the simplicial complex may be collapsed
to a point. The proof is completed by showing that collapsing does not
change the homology groups. O

COROLLARY 8.5. Any triangulation of S™ is not collapsible, but
any triangulation of B™ s collapsible.

1. Geometrical interpretation of homology

We have seen already that Hy(K) is given by Z™, where m is the
number of connected components in K.

The 1-cycles are generated by closed curves along edges of K.

The 2-cycles are generated by closed 2-dimensional surfaces in K
(and so on...).

Now H;(K) = gig; amounts roughly to counting closed curves
that appear in K which are not there simply because they are bound-
aries of 2-dimensional pieces.

H,(K) counts the closed 2-dimensional surfaces in the space which
are not boundaries of 3-simplexes, and so on.

Thus, the homology groups are in some sense counting the ‘holes’

in higher dimensions. We saw already that the fundamental group
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m detects the presence of 2-dimensional holes well, but fails to de-
tect 3-dimensional holes (like the inside of a 2-sphere). However, the
homology group of the right dimension will detect the hole.

For example, H;(S?) = 0 since any closed surface on S? bounds
a 2-dimensional piece of the sphere. On the other hand, H5(S?) # 0
since the 2-dimensional surface S? is not the boundary of anything in
the sphere.

EXAMPLE 8.6. We expect H;(S') to be isomorphic to Z by the
above argument. Let’s prove this.

P3 P2

P1
FIGURE 8.2. A triangulation of the circle

Let K be the indicated triangulation of the circle. Then C(K) is
generated by PP, P,P;, and P3P;.

If a 1-chain is a cycle, then it must contain P; P, and P, P the same
number of times (that is, with the same coefficient), since the boundary
cannot contain a non-zero multiple of P,. A similar argument works
for any pair of edges, so Z;(K) is generated by the cycle

PP+ PoPs + P3Py

By (K) = 05(C3(K)) = 0 (there are no 2-simplexes in K), so H;(K) =
Z.

In fact a higher-dimensional argument shows that H,,(S™) & Hy(S™)
Z for all n, while Hj4,¢(S™) = 0.

DEFINITION 8.7. The elements of H,,(K) (i.e. the cosets of B,,(K)
in Z,(K)) are called homology classes. Cycles in the same homology
class are called homologous.

EXAMPLE 8.8. The annulus (or the cylinder). Triangulate the an-
nulus as shown in Figure B.3.

Hy(K) = Z since K is connected.

Let z=rP,P,+ ... be a l-cycle. Then z — r0y( P, P2(01) is a cycle
homologous to z and without P, P,. Continue in the same way to find
a cycle homologous to 2z containing no edge on the inner circle. Now
subtract multiples of 05(Q; PQ);) to get a cycle 2z’ homologous to z with
no terms Q; P; either. Now if the edge Q5 P; appears in 2z’ then P; would

Il
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Q1
P2
P3 P1
Q3 Q5

FI1cURE 8.3. A triangulation of the annulus

appear in 0;(z') which is impossible (and similarly for the other edges
going from the outer to the inner circle). So z is homologous to a cycle
made up of edges along the outer circle only. By a familiar argument,
it follows that z is homologous to a cycle of the form

n(Q1Q2 + Q2Q3 + Q3Q4 + Q4Qs + Q5Q1).

It follows that H;(K) = Z.

Hy(K) = 0 since Zy(K) = 0 (any 2-simplex has in its boundary
an edge on the inner or the outer circle, which appears in no other
2-simplex).

ExXAMPLE 8.9. The torus. Triangulate the torus as indicated.

a
2 4
1 3 5
6 8/110
b 7 9 11 b
12 14 16
13 15 17
a

FIGURE 8.4. A triangulation of the torus

Since K is connected, Hy(K) = Z.
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Let z be a 1-cycle. Change by a multiple of the boundary of Al to
get a homologous cycle not containing the side /" of Al. Repeat with
boundary of A2 to eliminate the side | of A2. Continue, eliminating
/ of A3, | of A4, / of A5, — of A6, / of AT, | of A8, / of A9, | of
A10, / of All, — of A12, / of Al13, | of Al4, / of Al5, | of A6,
and / of A17.

So z is homologous to a cycle 2z’ containing only edges of the circles
a and b and the edges 1,2,3,4 below.

FIGURE 8.5. Any 1-cycle is homologous to a cycle here

Since 2’ is a cycle, it cannot containg any of the edges 1,2,3 or 4.
So z is homologous to a cycle having edges only on the circle a or the
circle b. The usual argument implies that each edge on each of the two
circles must appear the same number of times.

At this point we know that H;(K) is a quotient of Z & Z: the next
little argument finds out which quotient.

If a 2-chain is to have a boundary containing just a’s and b’s, then
all the triangles (give them all a clockwise orientation) must appear
with the same coefficient so that the inner edges will cancel out. The
boundary of such a triangle is therefore 0. It follows that every ho-
mology class contains exactly one element of the form ra + sb, and
that

H(K)27Z®7Z,

with generators a and b.

For Hy(K), a 2-cycle must contain A2 with clockwise orientation
the same number of times it contains A3 (also with clockwise orien-
tation), to make the / edge cancel, and similarly for any adjacent
triangles. So every triangle appears with the same coefficient in a 2-
cycle, and Z5(K) = 7Z. Since there are no 3-simplexes, By(K) = 0,
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SO

Finally, it is clear that H,>3(K) = 0.

ExAMPLE 8.10. The Klein bottle. Let K be the triangulation of
the Klein bottle indicated below.

a

FIGURE 8.6. A triangulation of the Klein bottle

As usual, Ho(K) = Z.

By the argument used in Example B.§, any 1-cycle is homologous to
a cycle of the form ra+ sb. Again, this shows that H;(K) is a quotient
of Z® Z.

If a 2-chain is to have a boundary containing just a and b, then again
all triangles oriented clockwise must appear with the same coefficient
(so the common edges inside will cancel out). Now the boundary of
such a 2-chain is k(2a), where k is the number of times each triangle
appears. It follows that H;(K) is the abelian group generated by a and
b with the relation 2a = 0, so

H(K)=Z & 7/2Z.
Since there are no 2-cycles, Hy(K) = 0.

Notice that the Klein bottle is non-orientable, and has torsion in
its homology. These two properties go together for closed surfaces, but
do not for surfaces with boundary, as the next example shows.

ExaMPLE 8.11. Let K be a triangulation of the Mobius band.
Then Hy(K) = Z, Hi(K) = Z, and H,>2(K) = 0. The reason is
that the Mobius band retracts onto the circle (or, K collapses to a
triangulation of the circle).



2. EULER CHARACTERISTIC 65

2. Euler characteristic

Recall the structure theorem for finitely generated abelian groups:
any such group G is given uniquely by

G = 7™ @ torsion.

The number m is called the Betti number of G. By the structure
theorem, the Betti number is well-defined (isomorphic groups have the
same Betti numbers).

Let 3; be the Betti number of H;(K) for a given simplicial complex K.
Define the Euler characteristic of K by

X(K) = Z(—l)l(# of n-simplexes in K).

>0
THEOREM 8.12. x(K) = > .. (=1)/6;.

This is a remarkable fact: of course there is no reason to have
B; equal to the number of j-simplexes: in fact one may change the
triangulation (by barycentric subdivision for instance), which changes
all the summands in the Euler characteristic but by Theorem B.12 must
preserve the Euler characteristic.



CHAPTER 9

Simplicial approximation and an application

So far we have seen how to construct abelian groups H, (K) (for
n > 0) for a simplicial complex K. We also triangulated topological
spaces, to allow H,(X) to be defined for a topological space X.

REMARK 9.1. Problem Can H,(-) be extended to a functor from
the category of topological spaces and continuous maps to the category
of abelian groups and homomorphisms?

To understand what is involved here, consider the following diagram.

x L. v

tm’angulateJ{ ltriangulate
K — L
S
Ho(K) 2 1 (1)

Thus we need to make sense of simplicial maps between simplicial com-
plexes. This is fairly involved and we shall initially do this without
proofs.

DEFINITION 9.2. If K is a simplicial complex of dimension n (a
combinatorial-geometric object) denote by |K| (called the polyhedron
of K) the set of points in R™ that lie in at least one of the simplexes
of K, topologized as a subset of R".

LEMMA 9.3. (a) |K]| is a closed compact subset of R™.

(b) Every point of | K| is in the interior of exactly one simplex of K.
(c) If L is a subcomplex of K, then |L| is a closed subset of | K|.

DEFINITION 9.4. If K and L are simplicial complexes, a simplicial
map f : |K| — |L| is a function from |K| to |L| with the following
properties.

1. If a is a vertex of a simplex of K, then f(a) is a vertex of a

simplex of L.

2. If (a° a', ..., a") is a simplex of K, then f(a"),..., f(a™) span a

simplex of L (possibly with some repeats).
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3. If x = 3 N\a' is in a simplex (a%,a’,...,a") of K, then f(x) =
ST Aif(a') (i.e. f is linear on each simplex).

Of course a simplicial map of simplicial pairs f : (| K|, |L|) — (|M],|N])
is just a simplicial map f : |K| — |M| such that f(|L|) C |N|.

REMARK 9.5. (1) Simplicial maps are the natural structure-preserving
maps between simplicial complexes, allowing us to define the category
of simplicial complexes and simplicial maps.
(2) If f is a simplicial map, it is automatically continuous.
(3) Definition 9.1 allows us to be more precise about triangulations: a
triangulation of a topological space X is a simplicial complex K and a
homeomorphism A : |K| — X. We shall usually ignore h and treat |K|
itself as the triangulation of X.

THEOREM 9.6. If f : X — Y is a map, then there exist triangu-
lations K and L of X and Y respectively, such that the induced map
|K| — |L| is homotopic to a simplicial map f : |K| — |L|.

The proof of this result will be found in the references.

DEerINITION 9.7. If f : X — Y is a map, then define the induced
map in homology, H,(f) : H,(X) — H,(Y), as follows. If z is an
n-cycle in (a suitable triangulation K of) X, then

Hy(f)(z + Bu(K)) = f(2) + Bu(L),

where L is a (suitable) triangulation of Y.

THEOREM 9.8. H,(-) is a functor from the category of topological
spaces and maps to the category of abelian groups and homomorphisms.

Notice that a proof of this result involves constructing the map f
and showing that homotopic maps induce the same maps in homology.
As an application of these ideas, we now prove the Brouwer Fixed-Point
theorem. In comparing this result to the Borsuk—Ulam theorem, notice
how homology allows us to work easily in higher dimensions.

THEOREM 9.9. Any map f : B" — B"™ has a fized point forn > 1.

PROOF. First see that the case n = 1 is trivial (draw a picture).

Recall that B, = {z € R" | |z| < 1} is the n-ball. Assume that
f: B™ — B™is a map with no fixed point, so f(z) # z for all z € B".
For each x € B", there is then a uniquely defined line segment from
f(z) to x, which may be extended in the direction f(z) to x until it
meets the boundary S™"! of B™ at some point y. This assignment
defines a map g : B" — S™! by g(z) = y. By Theorem P.§, there is
an induced homomorphism of abelian groups

Hn—l(g) : Hn—l(Bn) - n—l(Sn_l)-
We know that H,_(B™) = 0, while H,_;(S"') = Z.
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On the other hand, if K and L are the triangulations of B" and S™~1
used to define H,_1(g), then the (n — 1)-cycle given by the subcom-
plex of K that is a triangulation of S"~! (with the proper orientation)
represents the homology class of 0 in H,_1(B") but is sent under g to
a generator of H,,_1(S™!) (since g fixes the boundary of B"), which is
a contradiction. O



CHAPTER 10

Homological algebra and the exact sequence of a
pair

In this section we develop more sophisticated machinery to compute
homology groups, and to construct the homology groups of a pair of
spaces. These turn out to be stronger invariants than the homology
groups alone. The first step is to develop a better understanding of the
algebra that arises from chain groups and boundary homomorphisms.
If K is a simplicial complex, then it has naturally associated to it a
sequence of abelian groups and homomorphisms

O
s O ) B (K) S — B 0 (K) D —0y(K) B —0,
with the additional critical property that 0y_10r = 0.
It is convenient to consider the purely algebraic portion of this
situation — and to extend the chain to the right (negative values of k).

1. Chain complexes and mappings

DEFINITION 10.1. A chain complex (A, 0) is a doubly infinite se-
quence

A - { . ,AQ,Al,Ao,A,bA,Q,. . }
of abelian groups Ay, together with a collection
of homomorphisms such that 0y : Ay — Ax_1 and 0,0k_1 = 0.

For brevity, we shall sometimes denote the chain complex (A, 9) by
A. In a chain complex, it is clear that the image of 0y is a subgroup of
the kernel of d;_;. By analogy with the topological situation, we make
the following definitions.

DEFINITION 10.2. If A is a chain complex, then the kernel Z;(A)
of Oy is the group of k-cycles, and the image By(A) = Oxy1(Aky1) is
the group of k-boundaries. The factor group Hy(A) = Z(A)/Bi(A) is
the kth homology group of A.

In the topological setting, a mapping f from X to Y gives, for
suitable triangulations of X and Y, a homomorphism f; from Cj(X)
to C(Y) which commutes with 0. This gives an anologous notion of
maps for chain complexes.
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THEOREM 10.3. Let (A,0) and (A’,0') be chain complezes, and
suppose there is a collection of homomorphisms fi, : Ay — A}, giving
the following commutative diagram

Ok+42 Ok+1 A Ok Orp—1
k

fk+1J/ ka( fk—lJ/

o’ 9! 9
k+2 ’ k+1 ’ & k—1
Ak+l Ak

A?{?—l —_— ...
Then fr induces a natural homomorphism fu. : Hp(A) — Hy(A').

In the above situation, we say that f = {fx | ¥ € Z} commutes
with 0.

DEFINITION 10.4. A chain complex (A’,d') is a subcomplex of a
chain complex (A, ) if, for all k, A} is a subgroup of Ay, and 0;(c) =
Ok(c) for all c € Aj.

EXAMPLE 10.5. Let A be a chain complex, and let A’ be a subcom-
plex of A. Let i be the collection of injection mappings 5 : A}, — Ag
given by ix(c) = c. It is clear that ¢ commutes with 0, so there are
induced homomorphisms i, : Hx(A") — Hi(A). Despite the fact that
1 is simply the identity inclusion, the induced map in homology may be
non-trivial. For instance, we may view (a triangulation of) the 2-sphere
S? as a subcomplex of (a triangulation) of the 3-ball B3: the induced
map

i*g . HQ(Sz) — HQ(Bs)

is not an isomorphism.

2. Relative homology

Let A" be a subcomplex of A (for instance, arising from a simplicial
subcomplex Y of a simplicial complex X). We can regard C¢(Y) as a
subgroup of Cy(X), and 0k (Cr(Y)) < Cr_1(Y). We may therefore form
the collection A/A’ of factor groups Ay/Aj}, and we claim that A/A’
gives rise to a chain complex in a natural way. To do this, a collection
0 of homomorphisms

O+ (Ap/A}) — (Ax—1/A4_1)
such that 0y_10; = 0 must be constructed. Define 9, by setting
5k(0 + A;) = ak(C) + A;c—l

for ¢ € Ay.
Ok 1S WELL-DEFINED. If ¢; € ¢+ A}, then ¢; —c € A}, s0 Op(c; —¢) €
A,_,. Thus

8k(61) € ak(C) + A;«:—l

also, so Oy is well-defined. o
It is clear that 0, is a homomorphism and 9;,_10, = 0.
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THEOREM 10.6. If A" is a subcomplex of the chain complex A, then
the collection A/A', together with the collection O of homomorphisms
defined by

Or(c+ Ap) = Oulc) + Ay,

for c € Ay, is a chain complex.

Since A/A’ is a chain complex, it has associated to it homology
groups Hy(A/A").

DEFINITION 10.7. The homology group Hy(A/A’) is the kth rela-
tive homology group of A modulo A’.

In the topological setting, where Y is a subcomplex of a simplicial
complex X, the usual notation for the kth relative homology group aris-
ing from the subcomplex C(Y") of the chain complex C(X) is Hx(X,Y).
That is, all the chains of Y are ‘set equal to zero’. This corresponds to
the geometric process of shrinking the subcomplex Y to a point.

ExAMPLE 10.8. Let X be the one-dimensional simplicial complex
shown in Figure [[0.1],

D

P1 P2

F1GURE 10.1. The simplicial complex X

and let Y be the subcomplex consisting of the edge P, Ps.
We know that H(X) = Z. Geometrically, shrinking P,P; to a
point collapses the rim of the triangle, as shown in Figure [[0.2.

P1 P2=P3

FI1GURE 10.2. The simplicial complex X with edge P, P;
shrunk to a point

The result is still topologically a circle, so we expect that Hy(X,Y) =
Z.

Generators for C1(X) are PP, P,P3;, and P3P;. Since P,P; €
C1(Y), generators of C1(X)/C1(Y) are

P1P2 + Cl(Y), and P3P1 + Cl(Y)
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To find Z;(X,Y), compute
O (NP Py +mPsP + Cy(Y)) = 01(nPPy) + 01 (mP3Py) + Co(Y)
=n(Py— P)+m(P, — P3) + Co(Y)
=(m—n)P, + Cy(Y),
since P, and Py are in Cy(Y'). Thus, for a cycle, we must have m = n,
which shows that a generator for Z,(X,Y) is (PP, + P3P) + C1(Y).
Since B;(X,Y) = 0, this shows that
H(X,Y)2Z.
Since P, + Cy(Y') generates Zy(X,Y) and
OL(PyPL 4+ CL(Y)) = (P, — Py) + Co(Y) = P, + Cy(Y),
so Hy(X,Y) =0.

ExAMPLE 10.9. Consider the circle S* as a subcomplex of the ball
B?%. Geometrically, shrinking the edge of the ball B? to a point results
in a topological 2-sphere (make sure you understand why it does not
result in a point). So, we expect that despite the fact that Ho(B?) = 0,
the relative homology group H,(B?,S') should be Z.

To compute Hy, regard B? as the triangular region inside the tri-
angle of Figure 63, and S as the rim of the triangle. Then Cy(B?,S)
is generated by Py Py Py + Cy(S1), and

Oy(PLPy Py + Co(Sh)) = Oa(PLPyP3) + C1(SY)
= (P2P3—P1P3+P1P2)+01(S1>.
Now (P2P3 — P1P3 +P1P2) € Cl(Sl), SO
Oa(PLPyPs + Cy(Sh)) = 0.

Therefore PPy Ps; + Cy(SY) € Zy(B?,S'). Since By(B? S') = 0, we
have as expected that
Hy(B* SY) = 7.

3. The exact homology sequence of a pair

In this section there are many routine calculations using quotient
groups which are left as exercises.

LEMMA 10.10. Let A" be a subcomplex of a chain complex A, and
let j be the collection of canonical homomorphisms ji : Ay — Ax/Aj.
Then, for every k,

k10K = Okjik,
so j commutes with O.

An immediate consequence is the following important result.

THEOREM 10.11. The map ji induces a natural homomorphism
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Let now A’ be a subcomplex of a chain complex A. Let h €
Hi(A/A"), so that h = z + Bx(A/A") for some z € Z,(A/A") and
z = ¢+ Aj, for some ¢ € A;. Notice that passing from h to ¢ involves
choosing a representative of a representative. Now 0J(z) = 0, which
implies that Ok (c) € A),_; and so J(c) € Zx_1(A’) (since Ox_10x = 0).
Define a map

a*k . Hk(A/A/) — Hk_l(A/)

by setting O,k (h) = Ok(c) + Br_1(4).

That is, start with an element of Hi(A/A’). Such an element is
represented by a relative k-cycle modulo A’. That means its boundary
is in A)_,. Since its boundary is in Aj_, and is also the boundary of
something in A, this boundary must be a (k — 1)-cycle in A)_,. So,
from h € Hi(A/A’) we have produced a (k — 1)-cycle representing a
homology class in Hj_q(A4’).

LEMMA 10.12. The map Ou, : Hi(AJA") — Hy_1(A") is well-defined,
and is a homomorphism.

Recall from Example [0.5 the maps ., and from Lemma [[U0.10 the
maps J.: these give a chain of maps and homomorphisms,

Oskt1 N Bk jx /
s HG(AY) S5 Hy(A) 25— H(A/A)
8*/@

s iy (A7) 5 Hy g (A) 75— By (AJA) 75

LEMMA 10.13. The sequence of groups and homomorphisms above
form a chain complex.

Now we have a chain complex, we could of course find the homol-
ogy groups... Fortunately there are no further complications to be
unearthed in that direction: all the homology groups of the sequence
are trivial.

Recall that a chain complex A = (A, 0) is called a (long) exact
sequence if all the homology groups are 0, i.e. for every k the image of
Oy is exactly equal to the kernel of Op_.

THEOREM 10.14. The chain complex (10.1) is exact.

The exact sequence is called the exact homology sequence of the
pair (A, A"). If the chain complexes arise from a pair of topological
spaces, we obtain the exact homology sequence of a pair of spaces. In
this case, we obtain for a subcomplex L of the simplicial complex K,

T H(L) S Hy(K) M Hi (K L)
B Hya(L) "5 Hyy(K) "5 Hy oy (K, L) ™5

2 Hi(K, L) % Hy(L) 28— Hy(K) 25— Hy(K,L) — 0
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ExXAMPLE 10.15. Let’s assume the result that Hg(B"™) = 0 for
k > 0, and use Theorem [0.14 to deduce the homology of spheres.
Choose and fix a triangulation K of B"™!, with the subcomplex L cor-

responding to the boundary S™. Form the exact homology sequence of
the pair (K, L):

H,y1(L) e H, 1 (K) g - H, (K, L) Fmgr |
N—— —_——

———
H,(L) “3— H,(K)™— H,(K,L) 23— '
=7 =0 =0

Hyor (K, L) 5 H (L) 55— Hy(K) 25—
=0 =7 =0

for any k, 1 < k < n. Our assumption is that Hy(K) =0 for kK > 1, as
indicated. Since L is subcomplex of K, we have that Cy(K) < Cy(L)
(for k < n, and using the standard (n + 1)-simplex as K; since all the
k-chains must live on the faces of K). It follows that Hy (K, L) = 0 for
k < n, which is again indicated on the exact sequence. As in Example
0.9, we see that H, (K, L) = 7Z, with a generating homology class
containing the representative

PPy... Popy+ Crir(L).

For 1 < k < n, the exact sequence in the last row of the diagram above
tells us that Hy(L) = 0: from Hy(K) = 0, we see that

ker ’L*k = Hk(L)

On the other hand, from Hy (K, L) = 0, we see that imaged,,41 = 0.
From exactness, keri,, = imaged,;1, so Ji(L) =0 for 1 < k < n.

A similar argument gives H, (L) = Z:
(1) Since H,,4+1(K) = 0, we have imagej.,+1 = 0.
(2) By (1) and exactness, ker O,,41 = imagejui1 = 0, 80 Ot Is an
isomorphism.
(3) By (2), imaged,,+1 = Z.
(4) Since H,(K) =0, keri,,, = H,(L).
(5) By exactness again, imaged,, 1 = ker i, so H,(L) = Z.

Thus, H,(L) = H,(S™) 2 Z and H(L) = H,(S™") =0for 1 <k <
n.

Since S™ is connected, Hy(S™) = Z. This fact can also be read off

from the last three terms of the exact sequence,
H(K,L) 23— Hy(L) “8— Hy(K) 29— Hy(K, L).
=0 =7 =7, =0
ExAMPLE 10.16. Consider the following diagram representing a

triangulation K of the Mobius band, and a subcomplex L that tri-
angulates the boundary circle of the Mébius band.
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€2 €3 ed

el t1 t2 t3 t4 t5 |el

FiGUrE 10.3. The Mobius band and edge

If z is any 1-cycle in K, then it may be written in the form
Z:)\121+"'+)\626

where 2% is the 1-cycle associated with the unique loop on the interior
edges of K together with the vertex e’ which contains e’ with coefficient
+1. Thus, 2! =e' +e" +e8+e? + €9 22 =e? +e® + ¢ + ¢'0 and so
on.

Now it is easy to check that H,(L) = Z, with generator e* + e3 +
et+eS+eb, and Hi(K) = 7Z, with generator 2! = e +¢e” + €8+ +e!0.
Let’s compute the homomorphism i,;. First, more details on H;(K).
B;(K) is generated by the following elements of Z;(K):

Ogtt =e? — e —el =22 — 21,

Oyt = ¢7 4 &5 — &5 — —2P,
t3 =e3 —e? —e¥ =23

)
Oyt = ¢ 4 10 — (6 — 55,

Bytd — eh — el —el0 = 4 _ 41
so that Hi(K) is the abelian group generated by z!, 22 23, 24 25 2©
with the relations 22 — 2! = —2° =23 = 206 =24 — 21 = 0.
Working in H;(K) (so equals means homologous), we have that
redret e+ =22 4B 4400
=2'4+04+2'+0+0
=225

Now the homomorphism i, is determined by its effect on the generator
of Hy(L), and we have seen that i,; applied to e? + e + e + €5 + ¢ in
L gives e* +¢€® + e + 5 + €8 in K, but in H;(K) we know that

e* et +et+e’+ef =221

in Hy(K). Thus i,; takes a generator to twice a generator: it is multi-
plication by two from Z to Z.

We are now in a position to write down the exact sequence for the
pair (K, L):

Hy(L) = Hy(K) — Hy(K, L) — Hy(L) "= Hy(K) 58— Hy(K, L)
S~—— SN—— ——— S—— ~——

=0 =0 =7 =7 7, =7
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— Ho(L) 28— Ho(K) — Hy(K, L) — 0.
=7 ~7 =7

Now apply exactness to deduce the following.

HQ(K, L) = keri*l = 0.

Hy(K, L) = H,(K)/imagei, = 7Z/27, with generator the image under
J«1 of a generator of Hy(K).

Since both K and L are connected and non-empty, the map i, is an
isomorphism (check this!). It follows that Hy(K, L) = 0.

ExXAMPLE 10.17. In a similar way we can compute the relative ho-
mology group of the pair (cylinder,both ends). Let K be the trian-
gulation of the cylinder indicated below, and let L be the subcomplex

compirising the two ends (i.e. €7, e® e? and !9 !l e!?).
Vv e7 €8 €9 vl
1 3 5
e6) € €2 e4 6
@2 4 6
V2 eld e11 e12 v2

FiGURE 10.4. The cylinder and its two ends

In this case i, : Ho(L) — Ho(K) has infinite cyclic kernel, gener-
ated by the element v! —v% in Hy(L). (Notice that L is not connected
but K is, so 149 cannot be an isomorphism in contrast to the situation
of Example [[0.16). Also, i,; takes each of the generators e’ + €® + ¢°
and €' + ¢! + e'? of H (L) to a generator of Hy(K): it follows in
particular that ,; is surjective.

As an exercise, apply the method of Example [[0.16 to compute the
groups Hy(K, L) for k=0,1,2.

Notice that these examples show that using homology of pairs pro-
duces strictly more information: for example, the Mdbius band and
the circle have the same homology groups. However, the Mobius band
has a triangulation K containing a subcomplex L with the property
that Hy(K, L) = Z/27Z, which shows that it is not homeomorphic to
the circle.



APPENDIX A

Finitely generated abelian groups

Proofs for the results on this sheet may be found in any group
theory book. We shall deal with abelian (commutative) groups, and
therefore use additive notation (so the binary operation of the group is
+).

DEFINITION A.1. Let G be an abelian group. A set of elements
{g:}icr in G is a generating set for G if every g € G can be written in

the form
9= Z nigi
iel
(n; € Z) in which sum all but finitely many n; are zero. If G has a
generating set with finitely many elements, then G is said to be finitely
generated.

Examples of finitely generated groups are Z, Cy x Cy (C,, is the
cyclic group of order n.) An example of an abelian group that is not
finitely generated is Q.

A group that is generated by a single element is called a cyclic
group.

A group G is torsion-free if for each g € G\{0}, ng =0 = n =0.
A group G is torsion if every g € G has an n € N for which ng = 0.

ExXAMPLE A.2. The set of torsion elements in an abelian group
forms a subgroup, called the torsion subgroup.

DEFINITION A.3. Let G be a finitely-generated torsion-free group.
Then G has a basis: a generating set {gi,. .., g, } that is also indepen-
dent:

ngr+-+npgn =0 = ny=---=n, =0.

Abelian groups that are torsion-free are called free abelian groups.
A basis for a finitely-generated torsion-free abelian group is not unique
(for example, {(1,0), (0,1)} and {(3,4), (4,5)} are both bases for ZxZ),
but the cardinality of a basis is determined by the group.

DEFINITION A 4. If G is a finitely-generated torsion-free group,
then the number of elements in a basis for G is the rank of G.

It makes sense to talk about an independent generating set for a
finitely generated abelian group that is not free: a set {by,...,b,} is

7
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a basis in this sense if {by,...,b,} generates G and »_ n;b; = 0 if and
only if n;b; = 0 for each i. However, the number of elements in such a
set is NOT well-defined. As an exercise, show that {1} and {2,3} are
both independent generating sets for Cs. Because of this, we shall only
use words like basis for free abelian groups.

A general finitely-generated abelian group with a generating set of
m elements is a quotient of a free abelian group of rank m. Equivalently,
it is given by generators and relations,

G:<glu"‘7gm|R>7

where R is a set of relations of the form nyg; + - - -+ n,,9,» = 0. Notice
that we are always assuming that the generators commute, so this is
not quite the same notation as used in presentations of groups.

ExamMpLE A.5. Work through the following:

LXLXTL
((3,6,—-9),(2,4,-1),(1,2,11))

= (a,b,c|3a+6b—9c=0,2a+4b—c=0,a+ 2b+ 11lc = 0).

/

I

To see this, work with the generator-relation expression. By adding
integer multiples of the relation a + 2b 4+ 11¢ = 0 to the other two
relations, we arrive at

a+2b+11c=0,—-23c =0,24c = 0.
It follows that
(a,b,c|3a+4+6b—9c=0,2a+4b—c=0,a+2b+ 11c =0)
>~ (a,b,c|a+2b+1lc=0,—-23c =0,24c = 0).
It follows that in the group ¢ = 24¢ — 23¢ = 0, and so a = —2b:
(a,b,c| 3a+6b—9¢ = 0,2a+4b—c = 0, a+2b+11c = 0) = (a,b | a+2b = 0).

Finally, this shows that the group is generated by the single element b,
and that b is torsion-free:

{a,b,c|3a+6b—9c=0,2a4+4b—c=0,a+ 2b+ 11c = 0) = (D).

1. The Fundamental Theorem

LEMMA A.6. If G is a finitely-generated abelian group with torsion
subgroup T', then G is an internal direct product T' x F where F = 7™
s a free subgroup of G.

Notice that if G itself is torsion then F' is trivial. The number m is
called the Betti number of GG, and it is uniquely determined by G.

THEOREM A.7. Every finitely-generated abelian group G is isomor-
phic to a direct product of cyclic groups in the form

m
C%? X e X C}W X 7™,
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where the p; are primes, not necessarily distinct. Equivalently, it may
be written in the form

in which m; divides myq.

The number m is the Betti number of G. The numbers m; are
the torsion coefficients of GG; they are uniquely determined by G. The
prime powers p;® are also uniquely determined by G.

EXAMPLE A.8. (1) Cy x Cy x Cy x C3 x C3 x Cj is isomorphic to
CQ X CG X 030.
(2) The abelian groups of order 360 = 23325 may be determined using
Theorem [A7. They are (writing them in terms of torsion coefficients):

Cy x Cg x Uy, Cg x Cgp, Ca x Cy x Cyg, Cy x C1g9, C3 x Cia9, and Csgp.

Finally, an example taken from topology: the following example is
the kind of calculation that you need to be able to do.

EXAMPLE A.9. Let Z be the free abelian group generated by { Py, P», P3, Py},
and let B be the subgroup of G' generated by

{PZ_P17P3_P17P4_P17P3_P27P4_P27P4_P3}'

Determine the structure of Z/B.
Consider a general element z + B of the quotient group Z/B. Then
z = 81P + s9 P + s3P3 + s4 P, say, so

z2—1[59(Py — Py) + 83(Ps — Py) +s4(Py — P1)] = 1P,

for some r € Z, so

z4+B=rP+ B.
That is, every coset of B (i.e. every element of Z/B) may be written
in the form r P, + B. This means that Z /B is cyclic — all that remains
is to decide if it has torsion.

To decide if Z/B is torsion, assume that sP; + B = rP; + B. This
implies that (s — )P, € B, and it is clear from the generators of B
that this requires r = s. It follows that Z/B is torsion-free and cyclic,
so Z/B = 7.

(We have also found a generator for Z/B, namely the coset P, + B.)

2. Exact sequences
A sequence of groups and homomorphisms
FYs G A, H

is exact at G if image(a) = ker(f3), where image(a) = «(F) and

ker(f) ={g € G| B(g) = 0}.
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ExXAMPLE A.10. Prove the following.
(1) If both o and 3 are trivial (zero homomorphisms) then G = 0.
(2) If a = 0 then [ is injective.
(3) If =0 then « is surjective.
4 IfFS —G L H — 0is exact at G and at H then

G/a(F) = H.

The result (4) is sometimes written G/F = H by a slight abuse of
notation: F' is isomorphic to a(F).

A sequence of groups and homomorphisms is called exact if it is
exact at every group.

The study of exact sequences is a part of homological algebra, about
which we shall say more later in the course.



APPENDIX B

Review problems

These problems are set at the approximate level of understanding re-
quired to do well in the examination. The real exam questions will of
course be more carefully written. No attempt has been made to make
these questions similar in length to exam questions.
[1] Define the homomorphism f, from 7 (X; x) to m1(Y; yo) associated
with a based map f : (X;x0) — (Y;yo). Prove that your definition
gives a well-defined function, and that it is a homomorphism.

Give examples to show that:

(i) f may be injective with f. not injective;

(ii) f may be surjective with f, not surjective.
2] Let X and Y be topological spaces.
(a) Define the concept of a continuous function from X to Y.
(b) Define the term compact for a topological space.
(c) Suppose f : X — Y is continuous and surjective. Show that if X
is compact then Y must also be compact.
(d) Using (b) (or another method) show that the circle S is compact.
(You may assume that a subset of R is compact if and only if it is
closed and bounded).
(e) Is it true that the pre-image of a compact set under a continuous
map is compact?
[3](a) Define what it means for two continuous maps to be homotopic,
and what it means for two spaces to be (i) homeomorphic and (ii)
homotopy equivalent. Give an example (with brief proofs) of two spaces
that are homotopy equivalent without being homeomorphic. Can the
reverse happen?
(b) Regard S' as the set {z € C | |2| =1}, and let p: I — S! be a loop
with p(0) = p(1) = 1. Define the degree of p, written deg(p). State
carefully but do not prove any preliminary results you need. Calculate
the degree of the map g, (t) = ™.
(c) Define f : S' — S' by f(2) = 2z". Assuming that deg defines
an isomorphism from 7,(S*;1) — Z, calculate the homomorphism f,.
Prove that if n # 0 there can be no map ¢ : D* — S! such that g
restricted to S is equal to f.
[4](a) Explain briefly (without giving proofs) how the fundamental
group m1(X, o) of a space X at a point xg is defined.

81
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(b) State carefully a theorem relating the size of the fibres of a based
covering of a path—connected space to the number of cosets of a sub-
group of the fundamental group of the space.

(c) A certain path—connected topological space L has the sphere S™ as
its universal cover, and the covering map P : S™ — L has 5 points in
each fibre. Find if possible the structure of the group m (L, ¢y) for any
Uy € L. (Indicate clearly any assumptions you make about n).

[5] Let X be a topological space, and suppose that U and V are two
open, path—connected subsets of X such that X = U UV, and UNV
is non—empty and path—connected. Label the various inclusions as in
the following diagram:

unv . u
TR
v 215X

Pick a base point zp € U N V. Show that if the homomorphisms
ko : m(UNVixg) — m(Usxg) and £, - m (U NV;20) — m(V;x0) are
both onto, then the homomorphisms i, : m(U;xo) — m(X;x0) and
Js (V5 20) — m(X;m0) are also onto.
[6](a) State how the projective plane RP™ may be defined as a quo-
tient space of the sphere S™. Compute the fundamental group of the
projective plane RP" (you may assume that m(S™) is known). In-
dicate carefully how the value of n affects your argument. If X is a
space with 71 (X) = Z/3Z, explain why there can be no covering map
p:RP? — X.
[7] State carefully and prove the Borsuk—Ulam Theorem concerning
maps f : S? — S! with the property that f(—z) = —f(z) for all
r € S% (state but do not prove any standard results you need on
fundamental groups).
[8] State clearly the classification of closed compact surfaces. Explain
the importance of orientability and the Euler characteristic in the clas-
sification.

Find the standard form of the closed surfaces represented by the
following symbols:

(a) abca™tch™!

(b) abedefe tdb~tafc
9] Let K be a simplicial complex of dimension n and let L be a sub-
complex of K. Define the homology sequence of the pair (K, L). State
(but do not prove) the main theorem about this sequence.

Let K be the M6bius band triangulation shown above, and let L
be the edge. Show that Hy(L) = Z, and given that Ho(K) = 0,
H(K) = Z, show that if ¢+ : L — K is the inclusion map, then the
induced map in homology . : Hy(L) — H;(K) is multiplication by 2.
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Now write down the homology sequence of the pair (K, L) from
Hy(K,L) = 0 to Hy(L) = 0 and deduce the relative homology group
H{(K,L).

[10] Write down the fundamental (or homotopy) groups of the spaces
obtained by identifying the edges of a square as in the following dia-
grams:

You need not prove your assertion. Prove that the two spaces are not
homeomorphic.

[11] Find the Euler characteristic of a 2-sphere with n handles attached
to it.

[12] Compute directly the homology groups of the space X obtained
by identifying the edges in the following diagram.

P P
b b
P a P

(a) Define a map f from X onto the topological circle give by the b
edges by sending a point () in the square to a point on either b edge
horizontally. Compute the induced maps f. : H,(X) — H,(b) for
n =0, 1,2, by describing the images of generators.

(b) Do the same with the map g from X defined by sending a point @
to a point on the a edge directly above it.

[13] Describe without proofs how the exact homology sequence of a pair
is defined.

[14] Let X be the simplicial complex consisting of the edges of the
triangle below,

and let Y be the subcomplex consisting of the edge P,P;. Com-
pute from first principles the relative homology groups Hy(X,Y) and
Hi(X,)Y).
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Py

C

R P

[15] Consider the edge Y (a circle) of the disk X as a subcomplex.
Compute Hy(X,Y) directly.

[16] Let K be a simplicial complex with the following property: there
is a vertex vg of K such that if ¢ is a ¢—simplex of K and vq is not a
vertex of o, then there is a (unique) (¢ + 1)-simplex of K with o as
one of its g—dimensional faces and v, as one of its vertices. Prove that
H,(K) =0if ¢ > 0. (Hint: how do you prove that H,(A") = 0 for
q > 0 where A" is the simplicial complex consisting of all the faces of
an n—simplex?)

[17] Let K be a simplicial complex. Define the Euler characteristic of
K and prove that if K and L are two simplicial complexes with | K|
homeomorphic to |L| then the Euler characteristics of K and of L are
equal. (You may state without proving any properties of the rank of
an abelian group that you need).

[18](a) Let X be the space consisting of two circles with a single com-
mon point. Briefly describe the steps in the calculation of 7 (X).

(b) Indicate with a sketch the covering space of X corresponding to the
subgroup generated by a loop which runs three times round one circle
and once round the other circle.

[19](a) What is meant by saying “spaces Y and Z have the same ho-
motopy type”?

(b) Prove that the projective plane with one point removed does not
have the same homotopy type as a torus with one point removed.

[20] State and prove the Brouwer Fixed Point Theorem concerning
maps of closed balls.

[21] Let K be a simplicial complex. Define the terms p-chain, p—
boundary, p-cycle and the p™ homology group H,(K). Prove that
Hy(K) = Z" where n is the number of components of K.

[22] And of course make sure you can do all the exercises...
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