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Converse Theorems for GL, and Their
Application to Liftings*

J.W. Cogdell and I.I. Piatetski-Shapiro

Since Riemann [57] number theorists have found it fruitful to attach
to an arithmetic object M a complex analytic invariant L(M,s). usually
called a zeta function or L-function. These are all Dirichlet series having
similar properties. These L-functions are usually given by an Euler product
L(M,s) = [], L(M,,s) where for each finite place v, L(M,,s) encodes
Diophantine information about M at the prime v and is the inverse of a
polynomial in ¢, whose degree for almost all v is independent of v. The
product converges in some right half plane. Each M usually has a dual
object M with its own L-function L(M,s). If there is a natural tensor
product structure on the M this translates into a multiplicative convolution
(or twisting) of the L-functions. Conjecturally, these L-functions should
all enjoy nice analytic properties. In particular, they should have at least
meromorphic continuation to the whole complex plane with a finite number
of poles (entire for irreducible objects), be bounded in vertical strips (away
from any poles), and satisfy a functional equation of the form L(M,s) =
e(M,s)L(M,1 — s) with e(M, s) of the form e(M, s) = AeB*. (For a brief
exposition in terms of mixed motives, see [11].)

There is another class of objects which also have complex analytic in-
variants enjoying similar analytic properties, namely modular forms f or
automorphic representations 7 and their L-functions. These L-functions are
also Euler products with a convolution structure (Rankin-Selberg convolu-
tions) and they can be shown to be nice in the sense of having meromorphic
continuation to functions bounded in vertical strips and having a functional
equation (see Section 3 below).

The most common way of establishing the analytic properties of the
L-functions of arithmetic objects L(M, s) is to associate to each M what
Siegel referred to as an “analytic invariant”, that is, a modular form or
automorphic representation # such that L(w,s) = L(M,s). This is what

*The first author was supported in part by the NSA. The second author was supported
in part by the NSF.



2 Converse Theorems for GL,, and application to liftings

Riemann did for the zeta function ((s) [57], what Siegel did in his analytic
theory of quadratic forms [60], and, in essence, what Wiles did [67].

In light of this, it is natural to ask in what sense these analytic properties
of the L-function actually characterize those L-functions coming from auto-
morphic representations. This is, at least philosophically, what a converse
theorem does.

In practice, a converse theorem has come to mean a method of determin-
ing when an irreducible admissible representation II = ®'II, of GL,(4) is
automorphic, that is, occurs in the space of automorphic forms on GL,(4),
in terms of the analytic properties of its L-function L(II, s) = [], L(IL,, s).
The analytic properties of the L-function are used to determine when the
collection of local representations {II,} fit together to form an automor-
phic representation. By the recent proof of the local Langlands conjecture
by Harris-Taylor and Henniart [22], [24], we now know that to a collec-
tion {0, } of n-dimensional representations of the local Weil-Deligne groups
we can associate a collection {II,} of local representations of GL,(k,),
and thereby make the connection between the practical and philosophical
aspects of such theorems.

The first such theorems in a representation theoretic frame work were
proven by Jacquet and Langlands for GL, {30], by Piatetski-Shapiro for
GL,, in the function field case [51], and by Jacquet, Piatetski-Shapiro, and
Shalika for GL3 in general [31]. In this paper we would like to survey what
we currently know about converse theorems for GL,, when n > 3. Most of
the details can be found in our papers [4], [5], [6]. We would then like to
relate various applications of these converse theorems, past, current, and
future. Finally we will end with the conjectures of what one should be able
to obtain in the area of converse theorems along these lines and possible
applications of these.

This paper is an outgrowth of various talks we have given on these
subjects over the years, and in particular our talk at the International Con-
ference on Automorphic Forms held at the Tata Institute of Fundamental
Research in December 1998/ January 1999. We would like to take this
opportunity to thank the TIFR for their hospitality and wonderful working
environment.

We would like to thank Steve Rallis for bringing to our attention the
early work of Maaf§ on converse theorems for orthogonal groups [46].

1 A bit of history — mainly n = 2

The first converse theorem is credited to Hamburger in 1921-22 [21]. Ham-
burger showed that if you have a Dirichlet series D(s) which converges
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for Re(s) > 1, has a meromorphic continuation such that P(s)D(s) is an
entire function of finite order for some polynomial P(s), and satisfies the
same functional equation as the Riemann zeta function ¢(s), then in fact
D(s) = ¢((s) for some constant ¢. In essence, the Riemann zeta function
is characterized by its basic analytic properties, and in particular its func-
tional equation. This was later extended to L-functions of Hecke characters
by Gurevic [20] using the methods of Tate’s thesis. These are essentially
converse theorems for GL;.

While not the first converse theorem, the model one for us is that
of Hecke [23]. Hecke studied holomorphic modular forms and their L-
functions. If f(r) = Yoo, ane®™™" is a holomorphic cusp form for SL,(Z),
its L-function is the Dirichlet series L(f,s) = Y oo, ann™*. Hecke related
the modularity of f to the analytic properties of L(f, s) through the Mellin
transform

AUJ%=@M”F®MUA%=AwNWW‘ﬁy

and from the modularity of f(r) was able to show that A(f,s) was nice
in the sense that it converged in some right half plane, had an analytic
continuation to an entire function of s which was bounded in vertical strips,
and satisfied the functional equation

A(f,8) = (~*2A(f,s — k)

where k is the weight of f. Moreover, via Mellin inversion Hecke was
able to invert this process and prove a converse theorem that states if a
Dirichlet series D(s) = Y 2, a,n"* is “nice” then the function f(r) =
Yoo 1 6n€2™"7 is a cusp form of weight k for SL,(Z). Besides dealing with
cusp forms, Hecke also allowed his L-functions to have a simple pole at
s = k corresponding to the known location of the pole for the Eisenstein
series. Hecke’s method and results were generalized to the case of Maafl
wave forms, i.e. non-holomorphic forms, by MaaB [45], still for full level.

In the case of level, i.e., f(r) cuspidal for [o(N), Hecke investigated
the properties of the L-function L{f,s) as before but did not establish a
converse theorem for them. This was done by Weil [65], but he used not
just L(f,s) but had to assume that the twisted L-functions L(f x x, s) =
Yoo anX(n)n% were also nice for sufficiently many Dirichlet characters
X- In essence, I'o(INV) is more difficult to generate and more information
was needed to establish the modularity of f(7) = Yo | a,e?™™". In Weil’s
paper he required control of the twists for x which were unramified at the
level N. ’

Many authors have refined the results of Hecke and Weil for the case
of GL; in both the classical and representation theoretic contexts. Jacquet
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and Langlands [30] were the first to cast these results as result in the theory
of automorphic representations of GLy. Their result is a special case of
Theorem 2.1 below. They required control of the twisted L-functions for
all x.

Independently, Piatetski-Shapiro [49] and Li [43], [44] established a con-
jecture of Weil that in fact one only needed to control the twisted L-function
for x that were unramified outside a finite set of places. They also showed
that in addition one could limit the ramification of the x at the places divid-
ing the conductor N. Piatetski-Shapiro also noted that over Q one in fact
only needed to control the twisted L-function for a well chosen finite set of
X, related to the finite generation of I'g(N). This was also shown later by
Razar in the classical context [56]. More recently, Conrey and Farmer [10]
have shown in the classical context that for low levels N on can establish
a converse theorem with no twists as long as one requires the L-function
L(f, s) to have a Euler factorization at a well chosen finite number of places.
This method replaces the use of the twisted L-function with the action of
" the Hecke operator at these places and requires fairly precise knowledge of
generators for I'g (V).

There are also several generalization of Hecke’s and Maa8’ results on
converse theorems with poles. In her papers [43], [44], Li allowed her L-
functions to have a finite number of poles at the expected locations. As a
consequence, she was able to derive the converse theorem for GL; of Gurevic
from her GL;y theorem allowing poles [44]. More recently, Weissauer [66)
and Raghunathan [53] have established converse theorems in the classical
context- allowing for an arbitrary finite number of poles by using group
cohomology to show that the functional equation forces the poles to be at
the usual locations.

In what follows we will be interested in converse theorems for GL, with
n > 3. We will present analogues of the theorem of Hecke-Weil-Jacquet-
Langlands requiring a full battery of twists, the results of Piatetski-Shapiro
and Li requiring twists that are unramified outside a finite set of places, and
results that require twisting by forms on GL,_2 which have no analogues
for GL,. At present there are no results that we know of for GL,, in general
which allow for only a finite number of twists nor allowing poles. Both of
these would be very interesting problems.

2 The theorems

Let k be a global field, A its adele ring, and ¥ a fixed non-trivial (contin-
uous) additive character of A which is trivial on k. We will take n > 3 to
be an integer.
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To state these converse theorems, we begin with an irreducible admis-
sible representation II of GL,(A). It has a decomposition II = ®'II,,
where I, is an irreducible admissible representation of GL,(ky). By the
local theory of Jacquet, Piatetski-Shapiro, and Shalika {33], (36] to each II,
is associated a local L-function L(Il,,s) and a local e-factor ¢(Il,, s, ¥y).
Hence formally we can form

L,s)=[[L(0,,s)  and  e(ll,s,9) = [[ (M, s,9.).

We will always assume the following two things about II:
1. L(I1, s) converges in some half plane Re(s) >> 0,

2. the central character wyy of IT is automorphic, that is, invariant under
k*.

Under these assumptions, £(I1, s,1) = £(I1, s) is independent of our choice
of v [4].

As in Weil’s case, our converse theorems will involve twists but now by
cuspidal automorphic representations of GL,,(A) for certain m. For con-
venience, let us set A(m) to be the set of automorphic representations of
GL,,(A), Ao(m) the set of (irreducible) cuspidal automorphic representa-
tions of GL,,(A), and T(m) = [1}-, Ao(d). (We will always take cuspidal
representations to be irreducible.)

Let 7 = ®'7, be a cuspidal automorphic representation of GL,, (A) with
m < n. Then again we can formally define

L(Ilxr,s) = HL(H,,XT,,,s) and e(Ixt,s) = Ha(Hvx'r,,,s,d).,)

since again the local factors make sense whether II is automorphic or not.
A consequence of (1) and (2) above and the cuspidality of 7 is that both
L(IIx1,s) and L(II x7, s) converge absolutely for Re(s) >> 0, where I and
7 are the contragredient representations, and that e(II x 7, s) is independent
of the choice of 1.

We say that L(II x T, s) is nice if

1. L(II x 7, s) and L(IT x 7, s) have analytic continuations to entire func-
tions of s,

2. these entire continuations are bounded in vertical strips of finite width,

3. they satisfy the standard functional equation

LM x 7,8) = (Il x 7,8) LT x 7,1 — s).
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The basic converse theorem for GL,, is the following.

Theorem 2.1 LetII be an irreducible admissible representation of GL,,(A)
as above. Suppose that L(II x 7,s) is nice for all T € T(n —1). Then 1 is
a cuspidal automorphic representation.

In this theorem we twist by the maximal amount and obtain the strongest
possible conclusion about II. As we shall see, the proof of this theorem
essentially follows that of Hecke and Weil and Jacquet-Langlands. It is of
course valid for n = 2 as well.

For applications, it is desirable to twist by as little as possible. There
are essentially two ways to restrict the twisting. One is to restrict the rank
of the groups that the twisting representations live on. The other is to
restrict ramification.

When we restrict the rank of our twists, we can obtain the following
result.

Theorem 2.2 Let II be an irreducible admissible representation of GL,,(A)
as above. Suppose that L(II x 7,s) is nice for all T € T(n —2). Then Il is
a cuspidal automorphic representation.

This result is stronger than Theorem 2.1, but its proof is a bit more
delicate.

The theorem along these lines that is most useful for applications is one
in which we also restrict the ramification at a finite number of places. Let
us fix a finite set S of finite places and let 7°(m) denote the subset of 7 (m)
consisting of representations that are unramified at all places v € S.

Theorem 2.3 LetII be an irreducible admissible representation of GLy,(A)
as above. Let S be a finite set of finite places. Suppose that L(II x 7,5) is
nice for all 7 € T5(n — 2). Then II is quasi-automorphic in the sense that
there is an automorphic representation II' such that 11, ~ II,, for allv ¢ S.

Note that as soon as we restrict the ramification of our twisting repre-
sentations we lose information about II at those places. In applications we
usually choose S to contain the set of finite places v where II, is ramified.

The second way to restrict our twists is to restrict the ramification at
all but a finite number of places. Now fix a non-empty finite set of places S
which in the case of a number field contains the set S, of all Archimedean
places. Let Tg(m) denote the subset consisting of all representations 7 in
T (m) which are unremified for all v ¢ S. Note that we are placing a grave
restriction on the ramification of these representations.
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Theorem 2.4 LetII be an irreducible admissible representation of GL,,(A)
as above. Let S be a non-empty finite set of places, containing S, such
that the class number of the ring os of S-integers is one. Suppose that
L(I x 7,3) is nice for all T € Ts(n —1). Then 11 is quasi-automorphic in
the sense that there is an automorphic representation II' such that II, ~ II!,
for allv € S and all v ¢ S such that both I, and II;, are unremified.

There are several things to note here. First, there is a class number
restriction. However, if £ = Q then we may take S = S, and we have
a converse theorem with “level 17 twists. As a practical consideration,
if we let S be the set of finite places v where II, is ramified, then for
applications we usually take S and Sp to be disjoint. Once again, we are
losing all information at those places v ¢ S where we have restricted the
ramification unless II, was already unramified there.

The proof of Theorem 2.1 essentially follows the lead of Hecke, Weil,
and Jacquet-Langlands. It is based on the integral representations of L-
functions, Fourier expansions, Mellin inversion, and finally a use of the
weak form of Langlands spectral theory. For Theorems 2.2 2.3 and 2.4,
where we have restricted our twists, we must impose certain local conditions
to compensate for our limited twists. For Theorems 2.2 and 2.3 there
are a finite number of local conditions and for Theorem 2.4 an infinite
number of local conditions. We must then work around these by using
results on generation of congruence subgroups and either weak or strong
approximation.

3 The integral representation

Let us first fix some standard notation. In the group GLy we will let
Ny be the subgroup of upper triangular unipotent matrices. If 9 is an
additive character of k, then 1 naturally defines a character of Ny via
P(n) = Y(nia + -+ + ngor,a) for n = (n;;) € Na. We will also let Py
denote the mirabolic subgroup of GL; which fixes the row vector eq =
(0,...,0,1) € k% It consists of all matrices p € GL4 whose last row is
(0,...,0,1). For m < n we consider GL,, embedded in GL, via the map

h
h ( In—-m) .

The first basic idea in the proof of these converse theorems is to invert
the integral representation for the L-function. Let us then begin by recall-
ing the integral representation for the standard L-function for GL, x GL,
where m < n [34], [9]. So suppose for the moment that II is in fact a
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cuspidal automorphic representation of GL,(A) and that 7 is a cuspidal
automorphic representation of GL,,(A). Let us take £ € Vi1 to be a cusp
form on GL,(A) and ¢ € V; a cusp form on GL,,(A).

In GLy, let Y,, be the standard unipotent subgroup attached to the
partition (m + 1,1,...,1). For our purposes it is best to view Y,, as the
group of n x n matrices of the following shape

I, u
=(52)
where v = u(y) is a m x (n — m) matrix whose first column is the m x 1
vector all of whose entries are 0 and n = n(y) € N,,_,, the upper triangular
maximal unipotent subgroup of GL,,_,,. If ¢ is our standard additive
character of k\A, then 1 defines a character of Y,,(A) trivial on Y,,(k)
by setting ¥(y) = v¥(n(y)) with the above notation. The group Y,, is
normalized by GLy41 C GL, and the mirabolic subgroup P,,+1 C GLy4
is the stabilizer in GLy,41 of the character 1.

If &(g) is a (smooth) cuspidal function on GL,(A) define P,,£(h) for
h € GL,(A) by

Pac) = laesml 5 [ (oM ) dn

As the integration is over a compact domain, the integral is absolutely
convergent. P,£(h) is again an automorphic function on GL,,(A).
Consider the integrals

I, p,8) = / P.&(h)o(R)| det(h)|*~1/2 dh.
GLm (k)\ GLm (A)

The integral I(§, ¢, s) is absolutely convergent for all values of the complex
parameter s, uniformly in compact subsets, and gives an entire function
which is bounded in vertical strips of finite width. These integrals satisfy a
functional equation coming from the outer involution g — «(g) = g* = tg~!.
If we define the action of this involution on automorphic forms by setting
&(9) = u(&)(g) = &(g*) and let P,, = ¢ o P,,, o then we have

I(&p,5) = I(£,¢,1 - 3)

where

i(f, ©,8) =/ lﬁ,,,{(h)cp(hﬂdet(h)[”"l/2 dh.
JGLm(k)\ GLm(A)

Cogdell and Piatetski-Shapiro 9

If we substitute for £(g) its Fourier expansion [50], [59]

Y
€= > woo= ¥ w(("))
N (k)\ Pa (k) YENn_1(k)\ GLn_1(k)
Welo) = [ £ (n) dn € W(ILY)
Na(k)\Nn(A)
is the (global) Whittaker function of £ then the integral unfolds into

h 0 e
I(€,p,5) =/ We (0 I )W;(h)met(h)r (n=m)/2 gp,
Nom(A)\ GLum (A) n—m

with W, € W(7,¢!) as above. Then by the uniqueness of the local and
global Whittaker models [59] for factorizable £ and ¢ our integral factors
into a product of local integrals

I(&,,8) =

H/ e, (% I )W*"v(h"”det(hv)lv = dh,
v YNm(ky)\GLm(ky) n—-m

with W, € W(Il,,¢,) and W,, € W(r,,%;!). If we denote the local
integrals by

I(We,, W, ,8) =

oom)
/ W, ("” . )W,;,u(h,,)ldet(h,,)h, = i,
N (kv)\ GLm(ky) 0 n—-m

then the family of integrals I(€, ¢, s) is Eulerian and we have

1(¢,0,8) = [[ IWe,, W, , 9)

with convergence absolute and uniform for Re(s) > 0. There is a similar
unfolding and product for I(£, 9,1~ s) with convergence in a left half plane,
namely

i(év@a 1- 3) = Hi(p(wn,m)WE‘,,W;v,l - S)

where

, h
(W, Wy;s) = / / W, (z Iy ) W!(R)| det(h)|*~(*~™)/2 dz dh
1
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with the h integral over N, (k,)\ GLn(k,) and the z integral over
My m-1,m(ks), the space of (n —m — 1) X m matrices, p denoting right
tranlsation, and wy, ,, the Weyl element

I 1
Wpm=|" with wy =
’ Wn—m 1

the standard long Wey! element in GL,.
Now consider the local theory. At the finte places v where both II, and
7, are unramified and ¢, is normalized, if we take £ and ¢ to be the

unique normalized vector fixed under the maximal compact subgroup, we

find that the local integral computes the local L-function exactly, i.e.,
I(Weo, Wi, 8) = L(IL, X 7y, 5).

In general, the family of integrals {I(W¢,, W, ,s) | & € Vi, o € V. }

~ generates a C[q,, ,q; *]-fractional ideal in C(q,,‘ ") with (normalized) genera-
tor L(IIy x 7y, s) [33], [7]. In the case of v an Archimedean place something
quite similar happens, but one must now deal not with the algebraic version
of the representations (i.e., the (g, K')-module) but rather with the space of
smooth vectors (the Casselman-Wallach completion [64]). Details can be
found in [36]. In each local situation there is a local functional equation of
the form

j(P(wn,m)an Wtc’ l-3s)= wrv(—l)n_l')'(nv X Ty, 8, P) (W, Wé; s)

where .
E(Hv X Ty, sawv)L(Hv X Ty, 1 — 3)
L(II, X 1y,8)

with e(II, x 1y, 8,%,) a monomial factor.

Now let us put this together. To obtain that L(II X 7, s) is nice, we must
work in the context of smooth automorphic forms [64] to take full advantage
of the Archimedean local theory of [36]. Then there is a finite collection of
smooth cusp forms {¢;} and {¢;} (more precisely, a finite collection of cusp
forms in the global Casselman-Wallach completion II&®7) such that

L(I x 7,8) = Y I(&i, 1, )

V(Hv X Ttnsawv) =

which shows that L(II x 7,s) has an analytic continuation to an entire
function of s which is bounded in vertical strips of finite width.

Let Sp (respectively S;) be the finite set of finite places v where II,
(respectively 7,) is ramified, that is, does not have a vector fixed by the
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maximal compact subgroup of GL,, (k) (respectively GL(k,)), and Sy the
set of finite places where v, is not normalized. Let S = S USnUS; U Sy.
For the functional equation, we have

1(£,0,8) = HIWEU, W.,,s) = E(s)L(II x 7,9)

where

I(Wﬁu’ )
L(II, x TU,

=l Tmnsy

veS

and similarly

HE 31— 5) = [[ Ho(wnm)We,, W;,,1 = 5) = E(1 = )L x 7,1 = )

where - . -
= H I(P(wn,m)WCV’W‘vas)

E(s) = =
(®) ves L(IT, X 7y, )

By the local functional equations one has

E(1-s) =[] ey x 70, 5,%0) E(s) = (Tl x 7, ) E(s)
vES

so that from the functional equation of the global integrals we obtain
L x 7,5) = (Tl x 7,8)L(IT x 7,1 — 3).

So, indeed, L(II x 7, 8) is nice.

4 Inverting the integral representation

We now revert to the situation in Section 2. That is, we let II be an irre-
ducible admissible representation of GL, (A) such that L(II, s) is convergent
in some right half plane and whose central character wy is automorphic.
For simplicity of exposition, and nothing else, let us assume that II is
(abstractly) generic. In the case that II is not generic, it will at least of
Whittaker type and the necessary modifications can be found in [4].

Let £ € Vi1 be a decomposable vector in the space Vi of II. Since
I1 is generic, then fixing local Whittaker models W(II,,,) at all places,
compatibly normalized at the unramified places, we can associate to £ a non-
zero function We(g) on GLn(A) which transforms by the global character
% under left translation by N,(A), i.e., We(ng) = ¥(n)We(g). Since ¢ is
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trivial on rational points, we see that W¢(g) is left invariant under N, (k).
We would like to use W to construct an embedding of Vj into the space of
(smooth) automorphic forms on GLn(A). The simplest idea is to average
W, over N,(k)\ GL,(k), but this will not be convergent. However, if we
average over the rational points of the mirabolic P = P,, then the sum

Ug)= Y Welpg)

N.. (k)\ P(k)

is absolutely convergent. For the relevant growth properties of Ue see [4].
Since II is assumed to have automorphic central character, we see that
Ug¢(g) is left invariant under both P(k) and the center Z(k).

Suppose now that we know that L(II x 7,s) is nice for all 7€ T(m).
Then we will hope to obtain the remaining invariance of U; from the
GL, x GLy, functional equation by inverting the integral representation
for L(II x 7,s). With this in mind, let Q = Q,, be the mirabolic subgroup
of GL,, which stabilizes the standard unit vector %,,,, that is the column
vector all of whose entries are 0 except the (m + 1)** which is 1. Note that
if m = n — 1 then Q is nothing more than the opposite mirabolic P =t P!
to P. If we let a,, be the permutation matrix in GL,(k) given by

1
am = | In
In—m—l

then Q,, = o a,-1Pa;l am is a conjugate of P and for any m we have
that P(k) and Q(k) generate all of GL,(k). So now set

Ve(9)= ). Welamag)
N (R)\ Q(K)

where N’ = a;;! N,, &, C Q. This sum is again absolutely convergent and
is invariant on the left by Q(k) and Z(k). Thus, to embed II into the space
of automorphic forms it suffices to show Ug = V;. It is this that we will
attempt to do using the integral representations.

Now let 7 be an irreducible subrepresentation of the space of automor-
phic forms on GL,,,(A) and assume ¢ € V; is also factorizable. Let

I(Ug, 0,5) = / P Ue (h)go(h)| det(h)*~1/2 dh.
GLm (k)\ GLm (A)

This integral is always absolutely convergent for Re(s) >> 0, and for all s
if 7 is cuspidal. As with the usual integral representation we have that this
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unfolds into the Euler product
I (UE) 12 3) =

h O
-/N...(A)\ GL . (A) We (0 I,,_m) W, (h)| det(h)|

-11 % ('8 I )Wéu(hmdet(h.,)lz-‘"-m)/? dh,
v Y Nm(ko)\ GLm (kv) n—m

= [[1(We,, Wy, 9).

)

Note that unless 7 is generic, this integral vanishes.
Assume first that 7 is irreducible cuspidal. Then from the local theory
of L-functions for almost all finite places we have

I(Wﬁw Wg::.,?s) = L(Hv X Tvas)
and for the other places
I(We,, W, ,8) = Ey(8)L(Il, x 7y, 5)

with the E,(s) entire and bounded in vertical strips. So in this case we have
I(Ug, ¢,8) = E(s)L(IIx T, s) with E(s) entire and bounded in vertical strips
as in Section 3. Since L(II x 7,s) is assumed nice we thus may conclude
that I(Ug, p, s) has an analytic continuation to an entire function which is
bounded in vertical strips. When 7 is not cuspidal, it is a subrepresenta-
tion of a representation that is induced from cuspidal representations o; of
GL,,(A) for r; < m with }_r; = m and is in fact, if our integral doesn’t
vanish, the unique generic constituent of this induced representation. Then
one can make a similar argument using this induced representation and
the fact that the L(II x g;,s) are nice to again conclude that for all 7,
I(Ug,¢,8) = E(s)L(Il x ,5) = E'(s) [] L(IL x 0}, 5) is entire and bounded
in vertical strips. (See [4] for more details on this point.)

Similarly, one can consider I(V¢,,s) for ¢ € V; with 7 an irreducible
subrepresentation of the space of automorphic forms on GL,,(A), still with

I(Ve, ,8) = Prm Ve (R)(h)] det(h)]*~*/2 dh.

/GL,,.(k)\ GLm (A)

Now this integral converges for Re(s) << 0. However, when one unfolds,
one finds I(V, ¢, 5) = [ I(p(wn,m)We, , W}, ,1—3) = E(1—s)L(I1x7,1~3)
as above. Thus I(Vg,y,s) also has an analytic continuation to an entire
function of s which is bounded in vertical strips.
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Now, utilizing the assumed global functional equation for L(II x T,s)
in the case where 7 is cuspidal, or for the L(II x o;, s) in the case 7 is not
cuspidal, as well as the local functional equations at v € So, USqUS, U Sy
as in Section 3 one finds

I(U¢,p,8) = E(s)L(TI x 7,5) = E‘(l - s)L(fI x7,1=8)=I(Vg,p,s)

for all ¢ in all irreducible subrepresentations 7 of GL,,(A), in the sense of
analytic continuation. This concludes our use of the L-function.

We now rewrite our integrals I(Ug, ¢, s) and I(V,y, s) as follows. We
first stratify GL,,(A). For each a € A% let

GL7,(A) = {g € GLim(A) | det(g) = a}.
We can, and will, always take

GL?,(A) = SLm(A) (“ Im_1> .

Let

(Png, $)a = ]PmUé(h)‘P(h) dh

/SLm(k)\GL:.(A)
and similarly for (PmVe,p)a. These are both absolutely convergent for
all a and define continuous functions of a on £*\A*. We now have that
I(Ug, p, s) is the Mellin transform of (P, Uy, ¢)s, similarly for I(V, ¢, s),
and that these two Mellin transforms are equal in the sense of analytic
continuation. Hence, by Mellin inversion as in Lemma 11.3.1 of Jacquet-
Langlands (30], we have that (PpUs,@)a = (PmVg,¢)e for all a, and in
particular for a = 1. Since this is true for all ¢ in all irreducible subrep-
resentations of automorphic forms on GL,,(A), then by the weak form of
Langlands’ spectral theory for SL,, we may conclude that P,,U; = P,V
as functions on SL,,(A). More specifically, we have the following result.

Proposition 4.1 Let II be an irreducible admissible representation of
GL,(A) as above. Suppose that L(II x 7,s) is nice for all T € T(m).
Then for each £ € Vi we have PrUs(In) = P Ve(In).

This proposition is the key common ingredient for all our converse
theorems.

5 Proof of Theorem 2.1 [4]

Let us now assume that II is as in Section 2 and that L(Il x 7,s) is
nice for all 7 € 7(n — 1). Then by Proposition 4.1 we have that for all
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€ € Vi, Pro1Ueg(In-1) = Pn_1Ve(In—1). But for m = n — 1 the projection
operator P,,_; is nothing more than restriction to GL,_;. Hence we have
Ue(I,) = Ve(In) for all £ € Vii. Then for each g € GL,(A), we have
Ue(9) = Ung)e(In) = Vi(g)e(In) = Ve(g)- So the map & — Ug(g) gives our
embedding of II into the space of automorphic forms on GL,(A), since now
U is left invariant under P(k), Q(k), and hence all of GLy(k). Since we

still have
Ul)= ) Welpo)
Na (K)\ P(k)
we can compute that U is cuspidal along any parabolic subgroup of GLy,.

Hence II embeds in the space of cusp forms on GL,n(A) as desired.
a

6 Proofs of Theorems 2.2 and 2.3 [6]

We begin with the proof of Theorem 2.2, so now suppose that II is as in
Section 2, that n > 3, and that L(II x 7, s) is nice for all 7 € T(n—2). Then
from Proposition 4.1 we may conclude that P, _oUs(In—2) = Pr_2Ve(In-2)
for all £ € V1. Since the projection operator P,,_o now involves a non-
trivial integration over k"~1\A"~! we can no longer argue as in Section 5.
To get to that point we will have to impose a local condition on the vector
¢ at one place.

Before we place our local condition, let us write Fy = Ug — V¢. Then Fg
is rapidly decreasing as a function on GL,,_,. We have P, _oF¢(I,_2) =0
and we would like to have simply that F¢(I,,) =0. Let u = (u1,...,un-1) €
A™! and consider the function

fe(u) = F (I"—l ?) :

Now f¢(u) is a function on k»~1\A"~! and as such has a Fourier expansion

few) = D fe(@)pa(u)

a€kn—?

where ¢, (u) = ¥(a -*u) and
fe(e) = / fe(w)p_q(u) du.
kn—l\An—l

In this language, the statement P,,_F¢(I,_2) = 0 becomes fe(eny) =0,
where as always, e is the standard unit vector with 0’s in all places except
the kt* where there is a 1.
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Note that F¢(g) = U¢(g) — Ve(g) is left invariant under (Z(k) P(k)) N
(Z(k) Q(k)) where Q = Q,,_,. This contains the subgroup

In—2
R(k) ={r= a QAp-1 Qp = kn_z,an-l 74 0,.
1

Using this invariance of Fg, it is now elementary to compute that, with
this notation, fn(,)g(en_l) = fe(a) where a = (a',an_1) € k™~1. Since
fg (en—1) = 0 for all ¢, and in particular for II(r)¢, we see that for every ¢
we have f{ (a) = 0 whenever ap—; # 0. Thus

fewy = > fel@valw)= Y fela, 009 0)(u).

a€ckn—1 o' €kn-2

Hence f¢(0,...,0,u0-1) = 3 4icpn-2 f}(a’,O) is constant as a function of
un_1. Moreover, this constant is f¢(en—1) = F¢(I5), which we want to be
0. This is what our local condition will guarantee.

If v is a finite place of k, let 0, denote the ring of integers of k,, and let
py denote the prime ideal of 0,. We may assume that we have chosen v so
that the local additive character v, is normalized, i.e., that 1), is trivial on
0, and non-trivial on p;!. Given an integer n, > 1 we consider the open
compact group

(i) gnj € P for 1 <j <n—2;

KOO,v(pL‘V) = {y = (gi,j) € GLn(ov)
(n‘) Inn-1 € p2n.,}.

(i) gin-1 €p™ for1<i<n-— 2;}

(As usual, g; ; represents the entry of g in the i-th row and j-th column.)

Lemma 6.1 Let v be a finite place of k as above and let (II,, Vi1,) be an
irreducible admissible generic representation of GL,(k,). Then there is a
vector €, € Vi1, and a non-negativé integer n, such that

(1) for any g € Koo,u(p}*) we have I1,(9)§, = wn, (gn.n)&,
Inoz o
2)pv_f1n,,( 14 )& du=0

The proof of this Lemma is simply an exercise in the Whittaker model
of II, and can be found in [6]
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If we now fix such a place vp and assume that our vector ¢ is chosen so
that &, = &, then we have

Fe(In) = fe(enr) = Vol(p3) / £(0

In—2
—Vol(p,,l)- / 1 Uy, | duy, =0
pvo 1

-0, uvo) duvo

for such &.

Hence we now have U¢(I,) = Vg(I,) for all £ € Vi1 such that &, = &,
at our fixed place. If we let G' = = Koo,v, (on ) G™, where we set G*° =
H:,#uo GLy(ky), then we have this group preserves the local component &,
up to a constant factor so that for g € G’ we have

Ue(9) = Ungye(In) = Vinggye (In) = Ve (9)-

We now use a fact about generation of congruence type subgroups. Let
Iy = (P(k) Z(k)) N G', T2 = (Q(k) Z(k)) NG', and T = GL, (k) N G'. Then
Ue(g) is left invariant under I'; and Vg(g) is left invariant under I';. It is
essentially a matrix calculation that together I'y and I's generate I'. So,
as a function on G', Ug(g) = V(g) is left invariant under I. So if we
let 1™ = ®;,,Il, then the map £ — U g¢vo(g) embeds Vi into
A(T'\ G"), the space of automorphic forms on G’ relative to I'. Now, by
weak approximation, GL,(A) = GL,(k) - G' and T = GL,(k) N G, so
we can extend II*° to an automorphic representation of GL,(A). Let Il
be an irreducible component of the extended representation. Then I is
automorphic and coincides with II at all places except possible vg.

One now repeats the entire argument using a second place v; # vy.
Then we have two automorphic representations II; and Ilg of GL,,(A) which
agree at all places except possibly vy and v,. By strong multiplicity one
for GL,, [34] we know that Il and II; are both constituents of the same
induced representation Z = Ind(0; ® - - - ® 0,) where each o; is a cuspidal
representation of some GLy, (A), each m; > 1 and y_m; = n. We can
write each 0; = 07 ® |det|* with o wunitary cuspidal and t; € R and
assume &) > --- > t,.. If r > 1, then either m; <n-2o0orm, <n-2 (or
both). For simplicity assume m, < n — 2. Let S be a finite set of places
containing all Archimedean places, vo, v1, Su, and S,, for each i. Taking
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T =&, € T(n — 2), we have the equality of partial L-functions
LS(W x 7,5) = LS(Tp x 7,8) = LS(II; x 7, 5)
=[5 x 7) =[] LS(0? x 52,5+ t: — ¢,).
i 1

Now L5(g, x &, s) has a pole at s = 1 and all other terms are non-vanishing
at s = 1. Hence L(IT x 7, s) has a pole at s = 1 contradicting the fact that
L(II x 7,s) is nice. If m; < 2, then we can make a similar argument using
L(Il x 01,5s). So in fact we must have r = 1 and Il = I1; = Z is cuspidal.
Since Ily agrees with IT at v; and II; agrees with II at vy we see that in
fact II = Il = II; and II is indeed cuspidal automorphic.
O
Now consider Theorem 2.3. Since we have restricted our ramification,
we no longer know that L(II x 7, s) is nice for all 7 € 7(n—2) and so Propo-
sition 4.1 is not immediately applicable. In this case, for each place v € S
we fix a vector &, € Vi, as in Lemma 6.1. (So we must assume we have
chosen ¢ so it is unramified at the places in S.) Let & = [, &, € Is.
Consider now only vectors ¢ of the form ¢5 ® £& with £5 arbitrary in Vs
and g fixed. For these vectors, the functions P,_oUg(h) and P,_,V¢(h)
are unramified at the places v € S, so that the integrals I(Ug,p, s) and
I(Vg, ¢, s) vanish unless ¢(h) is also unramified at those places in S. In
particular, if 7 € T(n — 2) but 7 ¢ 75(n — 2) these integrals will van-
ish for all ¢ € V;. So now, for this fixed class of £ we actually have
I(Ug,p,8) = I(Ve,¢p,s) for all ¢ € V, for all 7 € T(n — 2). Hence, as
before, ]Pn_ng(In_z) = ]Pn—2VE(In—2) for all such f
Now we proceed as before. Our Fourier expansion argument is a bit
more subtle since we have to work around our local conditions, which now
have been imposed before this step, but we do obtain that Ug(g) = V¢(g)
for all g € G' = ([],esKoo,u(p3°)) G®. The generation of congruence
subgroups goes as before. We then use weak approximation as above, but
then take for II' any constituent of the extension of IIS to an automorphic
representation of GL, (A).There no use of strong multiplicity one nor any
further use of the L-function in this case. More details can be found in [6].
0

7 Proof of Theorem 2.4 [4]

Let us now sketch the proof of Theorem 2.4. We fix a non-empty finite
set of places S, containing all Archimedean places, such that the ring og
of S-integer has class number one. Recall that we are now twisting by all
cuspidal representations 7 € 7s(n — 1), that is, 7 which are unramified at
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all places v ¢ S. Since we have not twisted by all of 7(n — 1) we are not in
a position to apply Proposition 4.1. To be able to apply that, we will have
to place local conditions at all v ¢ S.

We begin by recalling the definition of the conductor of a representation
I, of GL,(k,) and the conductor (or level) of II itself. Let K, = GL,(0y)
be the standard maximal compact subgroup of GL,(ky). Let p, C o, be
the unique prime ideal of o0, and for each integer m, > 0 set

() i)
0.0

and K; ,(p™) = {9 € Ko,v(p7*) | gn,n = 1 (mod pj**))}. Note that for
my = 0 we have K; »(p%) = Ko,,(p%) = K. Then for each local component
IT, of II there is a unique integer m, > 0 such that the space of K; »(p]*)-
fixed vectors in II, is exactly one. For almost all v, m, = 0. We will call
the ideal p™ the conductor of IT,. (Often only the integer m, is called the
conductor, but for our purposes it is better to use the ideal it determines.)
Then the ideal n = [], p7 C o is called the conductor of II. For each place
v we fix a non-zero vector & € II, which is fixed by Kj , (p7*v), which at
the unramified places is taken to be the vector with respect to which the
restricted tensor product II = ®'II, is taken. Note that for g € Ko o(p**)
we have I1,(9)€) = w1, (9n,n)&5-

Now fix a non-empty finite set of places S, containing the Archimedean
places if there are any. As is standard, we will let Gs = Hve 5 GLn(ky),
GS = quss GLn(ky), s = @pesIly, IS = ®;¢SH,,, etc. The the compact
subring n° = [logspt C kS or the ideal it determines ng = kN kgn® C
os is called the S—conductor of II. Let K{(n) = [T,¢s K1,u(pi"™) and
similarly for Kg (n). Let £° = ®u¢sé, € II15. Then this vector is fixed
by K?(n) and transforms by a character under K3 (n). In particular, since
[I,¢s GLn—1(0y) embeds in KJ(n) via h ~ () we see that when we
restrict IIS to GL,_; the vector £° is unramified.

Now let us return to the proof of Theorem 2.4 and in particular the
version of the Proposition 4.1 we can salvage. For every vector {s € Ils
consider the functions Ug,g¢o and Vesgeo. When we restrict these functions
to GL,_; they become unramified for all places v ¢ S. Hence we see
that the integrals I(Ugsgee, ¢, s) and I(Vesgee, ¢, s) vanish identically if
the function ¢ € V; is not unramified for v ¢ S, and in particular if ¢ € V;
for7 € T(n—1) but 7 ¢ Ts(n—1). Hence, for vectors of the form £ = £s®£°
we do indeed have that I(Ugsgee, @, 8) = I(Veswee, ¢, 8) for all p € V, and
all 7 € T(n —1). Hence, as in the Proposition 4.1 we may conclude that
Uesoee (In) = Vesoee (In) for all €5 € Virg. Moreover, since £s was arbitrary

Koo (py™) = {g € GLn(0y)
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in Vi1 and the fixed vector £° transforms by a character of KO (n) we may
conclude that Ugsgee (9) = Visgee (9) for all €5 € Vip, and all g € Gg Kj (n).

What invariance properties of the function Ug s@¢e have we gained from
our equality with Vesgge. Let us let I'y(ng) = GLn(k) N Gs K$ (n) which
we may view naturally as congruence subgroups of GL,(0s). Now, as a
function on Gs K3 (n), Uesweo(9) is naturally left invariant under

Top(ns) = Z(k) P(k) N Gs K35 (n)
while Ve g¢o(g) is naturally left invariant under
Toq(ns) = Z(k) Q(k) N Gs K (n)

where Q = Q,,_;. Similarly we set 'y p(ns) = Z(k) P(k) N Gs KS(n) and

I'1,q(ns) = Z(k) Q(k)NGs K (n). The crucial observation for this Theorem
is the following result.

Proposition 7.1 The congruence subgroup T';(ns) is generated by T; p(ns)
and I'; q(ng) fori =0,1.

This proposition is a consequence of results in the stable algebra of
GL, due to Bass [1] which were crucial to the solution of the congruence
subgroup problem for SL,, by Bass, Milnor, and Serre [2]. This is reason
for the restriction to n > 3 in the statement of Theorem 2.4.

From this we get not an embedding of II into a space of automorphic
forms on GL,(A), but rather an embedding of IIs into a space of classical
automorphic forms on Gg. To this end, for each &5 € Vi let us set

Be;(95) = Ugsoee ((95,1°)) = Vesgeo ((95,1%))

for gs € Gs. Then ®,, will be left invariant under I'; (ns) and transform by
a Nebentypus character xs under I'o(ns) determined by the central char-
acter wys of IIS. Furthermore, it will transform by a character wg = wn;
under the center Z(ks) of Gs. The requisite growth properties are satisfied
and hence the map {s — ®¢, defines an embedding of IIs into the space
A(To(ns)\ Gs;ws, xs) of classical automorphic forms on Gg relative to the
congruence subgroup I'g(ns) with Nebentypus xs and central character wg.

We now need to lift our classical automorphic representation back to
an adelic one and hopefully recover the rest of II. By strong approxima-
tion for GL,, and our class number assumption we have the isomorphism
between the space of classical automorphic forms A(To(ns)\ Gs;ws, xs)
and the K7 (n) invariants in A(GLn(k)\ GL,(A); w) where w is the central
character of II. Hence IIs will generate an automorphic subrepresentation
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of A(GLy,(k)\ GL,(A);w). To compare this to our original II, we must
check that, in the space of classical forms, the ®,;g¢o are Hecke eigenforms
and their Hecke eigenvalues agree with those from II. We check this only
for those v ¢ S which are unramified. The relevant Hecke algebras are as
follow.

Let S’ be the smallest set of places containing S so that II, is unram-
ified for all v ¢ S HHS = ’H(GS’ KS') is the algebra of compactly
supported K® —bx-mva,nant functions on G thgn there is a character A
of H5' so that for each T € H5' we have IIS (T)¢° = A(T)¢°. Since
K% is naturally a subgroup of K¥(n) we see that #S' also naturally acts
on A(GL,(k)\ GL,(A); w)K 1(" by convolution and hence there will be a
corresponding classical Hecke algebra ’HS acting on the space of classical
forms A(Fo(ns)\ Gs;ws, x5)-

Let

H Ko,»(py"* )

veS' —

Then K5 (n) € G5(n). and we may form the Hecke algebra of bi-invariant
functions H5(n) = H(G5(n),K? (n)). This convolution algebra is spanned
by the characteristic functions of the K3 (n)-double cosets. Similarly let
M = GL,(k) N GsG®(n), so that Fl(ns) C M, and let H.(ns) be the
algebra of double cosets I';(ns)\M/I'1(ns). This is the natural classical
Hecke algebra that acts on A(I'g(ns)\ Gs;ws, xs)-

Lemma 7.2 (a) The map a: H.(ns) — H5(n) given by
F] (ns)tl‘l (ns) [ d Tt,

the normalized characteristic function of K¥ (n)t K3 (n), is an isomor-
phism. Furthermore if we have the decomposztwn mto right gosets
T1(ns)tT1(ns) = [[a;T1(ns) then also K (n)tKS (n) = []a; KT (n).

(b) Under the assumption of the ring og having class number one, we have
that for t € M there is a decomposition I'y(ns)tI'; (ns) = [[ a;T'1(ns)
with each a; € Z(k) P(k)To(ns).

Now H5' is the image of H(GS,K') under a™! in H.(ns). Utilizing
Lemma 7.2, and particularly part (b), it is now a standard computation that
for the classmal Hecke operator T; € #HS' corresponding to Fl(ng)tr‘l(ns)
and characteristic function T} of the double coset K¥(n)t K$(n) we have
Ti®¢, = A(T;)®¢,. Hence each @, is indeed a Hecke elgenfunctlon for the
Hecke operators from #5'.
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Now if we let II' be any irreducible subrepresentation of the represen-
tation generated by the image of Ils in A(GL,(k)\ GL,(A);w), then I’
is automorphic and we have II}, ~ II, for all v € S by construction and
I, ~ II, for all v ¢ S’ by our Hecke algebra calculation. Thus we have
proven Theorem 2.4.

a

8 Applications

In this section we would like to make some general remarks on how to apply
these converse theorems.

In order to apply these these theorems, you must be able to control the
global properties of the L-function. However, for the most part, the way we
have of controlling global L-functions is to associate them to automorphic
forms or representations. A minute’s thought will then lead one to the
conclusion that the primary application of these results will be to the lifting
of automorphic representations from some group H to GL,,.

Suppose that H is a split classical group, = an automorphic represen-
tation of H, and p a representation of the L-group of H. Then we should
be able to associate an L-function L(m,p,s) to this situation [3]. Let us
assume that p :L H —» GL,,(C) so that to « should be associated an auto-
morphic representation IT of GL,(A). What should II be and why should
it be automorphic.

We can see what II, should be at almost all places. Since we have
the (arithmetic) Langlands (or Langlands-Satake) parameterization of rep-
resentations for all Archimedean places and those finite places where the
representations are unramified [3], we can use these to associate to 7, and
the map p, :“H, - GL,(C) a representation II, of GLy,(k,). If H happens
to be GL,, then we in principle know how to associate the representation
II, at all places now that the local Langlands conjecture has been solved
for GLy, [22], [24], but in practice this is still not feasible. For other sit-
uations, we do not know what II, should be at the ramified places. We
will return to this difficulty momentarily. But for now, lets assume we can
finesse this local problem and arrive at a representation Il = ®'Il, such
that L(m,p,s) = L(Il, s). II should then be the Langlands lifting of 7 to
GL,, associated to p.

For simplicity of exposition, let us now assume that p is simply the
standard embedding of LH into GL,.(C) and write L(r,p,s) = L(x,s) =
L(I1, s). We have our candidate II for the lift of 7 to GL,,, but how to tell
whether II is automorphic. This is what the converse theorem lets us do.
But to apply them we must first be able to not only define but also control
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the twisted L-functions L(m x 7,s) for 7 € T with an appropriate twisting
set 7 from Theorems 2.1, 2.2, 2.3, or 2.4. This is one reason it is always
crucial to define not only the standard L-functions but also the twisted
versions. If we know, from the theory of L-functions of H twisted by GL,,
for appropriate 7, that L(w x 7, s) is nice and L(7 x 7,s) = L(II x 7, ) for
twists, then we can use Theorem 2.1 or 2.2 to conclude that II is cuspidal
automorphic or Theorem 2.3 or 2.4 to conclude that II is quasi-automorphic
and at least obtain a weak automorphic lifting II' which is verifiably the
correct representation at almost all places. At this point this relies on the
state of our knowledge of the theory of twisted L-functions for H.

Let us return now to the (local) problem of not knowing the appropriate
local lifting 7, — II, at the ramified places. We can circumvent this by
a combination of global and local means. The global tool is simply the
following observation. '

Observation Let IT be as in Theorem 2.3 or 2.4. Suppose that 7 is a fixed
(highly ramified) character of k*\A*. Suppose that L(II x 7, s) is nice for
all € T ® n, where T is either of the twisting sets of Theorem 2.3 or 2.4.
Then II is quasi-automorphic as in those theorems.

The only thing to observe is that if 7 € T then
LI x (r®n),s) =L{((H®n) xT,8)

so that applying the converse theorem for II with twisting set 7 ® n is
equivalent to applying the converse theorem for I1 ®  with the twisting set
T. So, by either Theorem 2.3 or 2.4, whichever is appropriate, II ® n is
quasi-automorphic and hence II is as well.

Now, if we begin with 7 automorphic on H(A), we will take T to be the
set of finite places where 7, is ramified. For applying Theorem 2.3 we want
S =T and for Theorem 2.4 we want SNT = @. We will now take 7 to be
highly ramified at all placesv € T. So at v € T our twisting representations
are all locally of the form (unramified principal series)®(highly ramified
character).

We now need to know the following two local facts about the local theory
of L-functions for H.

(i) Multiplicativity of gamma: If 7, = Ind(r1,y ® T2), With 7;, and
irreducible admissible representation of GL,, (k,), then

7(7rv X Ty, S, ¢v) = ’Y(ﬂ'v X T1,v, s:"l)v)')’(ﬂ'v X T2,u, S, wv)

and L(m, X 7,,s)~! should divide [L(m, X 71,4,8)L(7 X T2,4,8)] 7L
If n, = Ind(o, ® 7},) with o, an irreducible admissible representation



24 Converse Theorems for GL,, and application to liftings

of GL,(ky) and 7, an irreducible admissible representation of H'(k,)

with H' C H such that GL, x H' is the Levi of a parabolic subgroup
of H, then

7('"11 X Ty, 8, 1/’v) = 'Y(Uv X Ty, Sﬂ/)v)')'(ﬂ':; X Tvasﬂx[’v)')'(&v X Ty, S, ?l)u)

(ii) Stability of gamma: If 71,0 and w3, are two irreducible admissible

representations of H(k,), then for every sufficiently highly ramified
character 7, of GL;(k,) we have

¥(T1,0 X Ny, 8, Yy) = ¥(m2,0 X N> 8, Yy)
and
L(‘/Tl,v X 77013) = L(W2,v X nu,s) =1.

Once again, for these applications it is crucial that the local theory of
L-functions is sufficiently developed to establish these results on the local
7y-factors. Both of these facts are known for GLy,,, the multiplicativity being
found in [33] and the stability in [35). '

To utilize these local results, what one now does is the following. At the
places where 7, is ramified, choose II, to be arbitrary, except that it should
have the same central character as m,. This is both to guarantee that the
central character of II is the same as that of 7 and hence automorphic and
to guarantee that the stable forms of the y-factors for =, and II, agree.
Now form IT = ®'Il,. Choose our character 7 so that at the places v € T
we have that the L- and y—factors for both Ty ® 1, and I, ® 7, are in their
stable form and agree. We then twist by 7 ® n for this fized character 7.
If 7 € T ®n, then for v € T, 7, is of the form 7, = Ind(y, Q@ Q@ Um)®n
with each y; an unramified character of k). So at the places v € T we hav:a

Yy X Ty, 8) = Y(my X (Ind(11 ® -+ ® Bm) ® 1), 5)
= H ¥(my ® (1inw), s) (by multiplicativity)
= H (Il ® (1inw), s) (by stability)

=7(Ily x (Ind(py ® - - - ® pum) @ 7,,), 8) (by multiplicativity)
= ’Y(HU X Ty, 3)

and similarly for the L-factors. From this it follows that globally we will
have L(ﬂ' x 7,8) = L(Il x 7,5) for all 7 € T ® n and the global functional
equation for L(r x 7,s) will yield the global functional equation for L(II x
7,8). So L(Il x 7,s) is nice and we may proceed as before. We have. in
essence, twisted all information about # and IT at those v € T away. ’i‘he
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price we pay is that we also lose this information in our conclusion since we
only know that II is quasi-automorphic. In essence, the converse theorem
fills in a correct set of data at those places in T’ to make the resulting global
representation automorphic.

9 Applications of Theorems 2.2 and 2.3

Theorems 2.2 and 2.3 in the case n = 3 was established in the 1980’s by
Jacquet, Piatetski-Shapiro, and Shalika [31]. It has had many applications
which we would now like to catalogue for completeness sake.

In their original paper [31], Jacquet, Piatetski-Shapiro, and Shalika used
the known holomorphy of the Artin L-function for three dimensional mono-
mial Galois representations combined with the converse theorem to estab-
lish the strong Artin conjecture for these Galois representations, that is,
that they are associated to automorphic representations of GL3. Gelbart
and Jacquet used this converse theorem to establish the symmetric square
lifting from GLy to GL3 [14]. Jacquet, Piatetski-Shapiro and Shalika used
this converse theorem to establish the existence of non-normal cubic base
change for GLy [32]. These three applications of the converse theorem
were then used by Langlands [43] and Tunnell [63] in their proofs of the
strong Artin conjecture for tetrahedral and octahedral Galois representa-
tions, which in turn were used by Wiles {67] ... .

Patterson and Piatetski-Shapiro generalized this converse theorem to
the three fold cover of GL3 and there used it to establish the existence of
the cubic theta representation [47], which they then turned around and used
to establish integral representation for the symmetric square L-function for
GL; [48].

More recently, Dinakar Ramakrishnan has used Theorems 2.2 and 2.3
for n = 4 in order to establish the tensor product lifting from GLy x GLo
to GL4 [55). In the language Section 8, H = GLz x GLz, “H = GL2(C) x
GL2(C) and p: GL3(C) x GL3(C) — GL4(C) is the tensor product map.
If # = m ® 7y is a cuspidal representation of H(A) and 7 is an automor-
phic subrepresentation of the space of automorphic forms on GL2(A) then
the twisted L-function he must control is L(w X 7,8) = L(my X m X 7,8),
that is, the Rankin triple product L-function. The basic properties of this
L-function are known through the work of Garrett [13], Piatetski-Shapiro
and Rallis [52], Shahidi [58], and Ikeda [25], [26], [27], [28] through a combi-
nation of integral representation and Eisenstein series techniques. Ramakr-
ishnan himself had to complete the theory of the triple product L-function.
Once he had, he was able to apply Theorem 2.3 to obtain the lifting.
After he had established the tensor product lifting, he went on to apply it
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to establish the multiplicity one theorem for SL,, certain new cases of the
Artin conjecture, and the Tate conjecture for four-fold products of modular
curves.

We should note that Ramakrishnan did not handle the ramified places
via highly ramified twists, as we outlined above. Instead he used an
ingenious method of simultaneous base changes and descents to obtain the
ramified local lifting from GL2 x GL; to GL,.

10 An application (in progress) of
Theorem 2.4

Theorem 2.4 is designed to facilitate the lifting of generic cuspidal repre-
sentations 7 from a split classical group H to GL. The case we have made
the most progress on is the case of H a split odd orthogonal group S Oznt1.
Then YH = Sp,,,(C) and we have the standard embedding p : Sp;,(C) —
GL2n(C). So we would expect to lift = to an automorphic representation
IT of GL3,(A4).

We first construct a candidate lift II = ®'II, as a representation of
GLz2n(A). If v is Archimedean, we take II, as the local Langlands lift of 7,
as in [3, 41]. If v is non-Archimedean and =, is unramified, we take IL, as
the local Langlands lift of 7, as defined via Satake parameters [3, 40]. Ifvis
finite and =, is ramified, we take II, to be essentially anything, but we will
require a certain regularity: we want II, to be irreducible, admissible and
to have trivial central character, we might as well take it to be unramified,
and we can take it generic if necessary. Then II = ®'Il, is an irreducible
admissible representation of GLj,(A) with trivial central character.

To show that I is a (weak) Langlands lifting of 7 along the lines of Sec-
tion 8, we need a fairly complete theory of L functions for SOpp,41 x GL,,
that is, for L(m x 7, s) for 7 € 75(2n — 1) ®n with an appropriate set S and
highly ramified character 5. The Rankin-Selberg theory of integral repre-
sentations for these L-functions has been worked out by several authors,
among them Gelbart and Piatetski-Shapiro [15], Ginzburg [17], and Soudry
[61, 62]. For T a cuspidal representation of GL,, (A) with m < 2n — 1 the
integral representation for L(r X 7, s) involves the integration of a cusp form
¢ € V, against an Eisenstein series E,(s) on SOy, built from a (normal-
ized) section of the induced representation Indg‘g"“"‘xu(‘rl det |?). We know
that for these L-functions most of the requisite properties for the lifting are
known.

The basics of the local theory can be found in (17, 61, 62]. The multi-

plicativity of gamma is due to Soudry [61, 62]. The stability of gamma was
established for this purpose in (8].
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As for the global theory, the meromorphic continuatiqn of the L—fur‘lction
is established in [15], [17]. The global functional equation, at least in the
case where the infinite component 7o, is tempered, ha.§ been kaorked out
in conjunction with Soudry. The remaining technical difficulty is to show
that L(w x 7,s) is entire and bounded in strips fOI‘.T € Ts(n — 1) ® 1.
The poles of this L-function are governed by the exterior square L-function
L(7,A?,s) on GLy, [15], [17]. This L-function has been studied by Jacquet
and Shalika [37] from the point of view of Rankin-Selberg integrals and by
Shahidi by the method of Eisenstein series. We know that the J_acguet—
Shalika version is entire for 7 € Ts(n — 1) ® 1, but we know that it is the
Shahidi version that normalizes the Eisenstein series and so controls the
poles of L(m x 7,5). Gelbart and Shahidi have also sh.own tha.t, away from
any poles, the version of the exterior square L—func.t,mn coming from the
theory of Eisenstein series is bounded in vertical strips [16]. So, we w01.ﬂd
(essentially) be done if we could show that these two avatars of the extextlor
square L-function were the same. This is what we are cufrently pursuing

. a more complete knowledge of the L-functions of classical groups.

We should point out that Ginzburg, Rallis, and Soudry now have inte-
gral representations for L-functions for Spzn X GLm for generic cusp forms
[19], analogous to the ones we have used above for the qdd orthogonal
group. So, once we have better knowledge of these L-functions we should
be able to lift from Sp2, to GLont1.

Also, Ginzburg, Rallis, and Piatetski-Shapiro have a theory of L-func-
tions for SO x GL,, which does not rely on a Whittaker model that could
possibly be used in this context [18].

11 Conjectures and extensions

What should be true about the amount of twisting you need to control in
order to determine whether II is automorphic?

There are currently no conjectural extensions of Theorem 2.4. Ho“fever
conjectural extensions of Theorems 2.2 and 2.3 abound. T.he most widely
believed conjecture, often credited to Jacquet, is the following.

Conjecture 11.1 Let 11 be an irreducible admissible generic representa-
tion of GL,(A) whose central character wy is trivial on k* and whose L-
function L(I1, s) is convergent in some half plane. Assume that .L(I'I X T,8)
is nice for everyt € T ([g]) Then 11 is a cuspidal eutomorphic represen-
tation of GL,(A).

Let us briefly explain the heuristics behind this conjecture. The idea is
that the converse theorem should require no more than what would be true
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if IT were in fact automorphic cuspidal. Now, if II were automorphic but
not cuspidal, then still L(II x 7, s) should have meromorphic continuation,
be bounded in vertical strips away from its poles, and satisfy the functional
equation. However, since II would then be a constituent of an induced rep-
resentation = = Ind(g; ® - - - ® 0,.) where the o; are cuspidal representations
of GLm, (A), we would no longer expect all L(II x , s) to be entire. In fact,
since we must have n = my + --- 4+ m,, then at least one of the m; must
satisfy m; < [3] and in this case the twisted L-function L(II x &;, s) should
have a pole. The above conjecture states that, all other things being nice,
‘this is the only obstruction to IT being cuspidal automorphic.

There should also be a version with limited ramification as in Theo-
rem 2.3, but you would lose cuspidality as before.

The most ambitious conjecture we know of was stated in [4] and is as
follows.

Conjecture 11.2 Let IT be an irreducible admissible generic representa-
tion of GL,(A) whose central character wy is trivial on k* and whose L-
function L(I1, s) is convergent in some half plane. Assume that LIMIQuw,s)
is nice for every character w of kX\AX, ie., for all w € T(1). Then there
is an automorphic representation II' of GL,,(A) such that II, ~ IT}, for all
finite places v of k where both II, and II;, are unramified and such that
LIl®w,s)=L(II' ®w,s) and (Il @ w, s) = ¢(II' R w, 3).

This conjecture is true for n = 2,3, as follows either from the classical
converse theorem for n = 2 or the n = 3 version of the Theorem 2.4. In
these cases we in fact have II' = II. For n > 4 we can no longer expect
to be able to take II' to be II. In fact, one can construct a continuum of
representations IT; on GL4(A), with ¢ in an open subset of C, such that
L(I; ® w, 8) and (1T} ® w, s) do not depend on the choice of the constants
t and L(II; ® w, s) is nice for all characters w of k* /A% [51], [6]. All of
these cannot belong to the space of cusp forms on GL, (A), since the space
of cusp forms contains only a countable set of irreducible representations.
There are similar examples for GL,, with n > 4 also.

Conjecture 11.2 would have several immediate arithmetic applications.
For example, Kim and Shahidi have have shown that for non-dihedral cus-
pidal representations 7 of GL;(A) the symmetric cube L-function is entire
along with its twists by characters [38]. From Conjecture 11.2 it would
then follow that there is an automorphic representation II of GL4(A) hav-
ing the same L-function and e-factor as the symmetric cube of 7. This
would produce a (weak) symmetric cube lifting from GL; to GL,.

If these conjectures are to be attacked along the lines of this report, the
first step is carried out in Section 4 above. What new is needed is a way to
push the arguments of Section 6 beyond the case of abelian Y,y,.
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The most immediate extension of these converse theorems would be' to
allow the L-functions to have poles. As a first step, one needs’to determine
the possible global poles for L(II x 7, s), with IT an automorphic r.epresenta-
tion of GL,(A) and say 7 a cuspidal representation of QLm(A) with m < n,
and their interpretations from the integral representations. One would t-hen
try to invert these interpretations along with 'the integral representatloné
We hope to pursue this in the near future. This would be the analogue o

i’ 1ts for GLo [43, 44]. .

“ SI; f:e could estzatglish a.]converse theorem for GL, allowi_ng an arbitrary
finite number of poles, along the lines of the result.;s of W.elgsauer [66) and
Raghunathan (53], these would have great applications. leten.es‘s of poles
for a wide class of L-functions is known from the work of Shahidi [58], but
to be able to specify more precisely the location of the' poles, one u§ually
needs a deeper understanding of the integral representations (see Rallis [54]
for example). A first step would be simply the translation of the results of
Weissauer and Raghunathan into the representation theoretic framework.

An interesting extension of these results would pe converse theorems
not just for GL, but for classical groups. The earliest converse theorem
for classical groups that we are aware of is due to Maa} [46] He provid
a converse theorem for classical modular forms on hyperbolic n-space H™,
i.e., (essentially) for the rank one orthogor%al group Oy 1, which 1nvolvei
twisting the L-function by spherical harmonics for On—1. The first attemrf
at a converse theorem for the symplectic group Spen that we know of is
found in Koecher’s thesis [39). He inverts the Mellin transform of holo-
morphic Siegel modular forms on the Siegel upper half space Ha bu‘t dogs

not achieve a full converse theorem. For Sps a converse theorer'n in t.hlS
classical context was obtained by Imai [29], extending K.oecher.’s inversion
in this case, and requires twisting by Maaf} forms ax_ld Elsensteutl series for
GL,. It seems that, within the same context, a similar result will hold for
Spon. Duke and Imamoglu have used Imai’s converse theorem tf’ analyz.e
the Saito-Kurokawa lifting [12). It would be interesting to knqw if there is
a representation theoretic version of these converse.theorem‘s, since they do
not rely on having an Euler product for the L-function, and if they can then
be extended both to other forms on these groups as well as other groups.

Another interesting extension of these results would be to extend the
converse theorem of Patterson and Piatetski-Shapiro for the three-fold cover
of GL3 [47] to other covering groups, either of GL,, or classical groups.
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1 Introduction

Doi, Hida and Ishii have conjectured [7] that there is a close relation
between:

e the primes dividing the algebraic parts of the values, at s = 1, of
the twisted adjoint L-functions of an elliptic cusp form f, where the
twists are by (non-trivial) Dirichlet characters associated to a fixed

cyclic totally real extension F of Q, and,

e the primes of congruence between f, the base change of f to F, and
other non-base-change Hilbert cusp forms over F.

The purpose of this note is threefold:

i) to describe this conjecture in the simplest non-trivial situation: the
case when F is a real quadratic field;

ii) to mention some recent numerical work of Goto [12] and Hiraoka
[20] in support of the conjecture; this work nicely compliments the
computations of Doi, Ishii, Naganuma, Ohta, Yamauchi and others,
done over the last twenty years (cf. Section 2.2 of [7]); and finally

iii) to describe some work in progress of the present author towards part
of the conjecture (cf. [10], [11]).

The conjectures in (7] of Doi, Hida and Ishii go back to ideas of Doi and
Hida recorded in the unpublished manuscript [6]. Some of the material in
this note appears, at least implicitly, in [7]. We wish to thank Professor
Hida for useful discussions on the contents of this paper.
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2 Cusp forms

Fix once and for all a real quadratic field F = Q(v/D), of discriminant
D > 0. Let xp denote the Legendre symbol attached to the extension
F/Q Let O = OF denote the ring of integers of F, and let Ir = {1,0}
denote the two embeddings of F into R The embedding ¢ will also be
thought of as the non-trivial element of the Galois group of F/Q. J C Ir
will denote a subset of Ifp.

There are three spaces of cusp forms that will play a role in this paper.
Let k > 2 denote a fixed even integer. Let

St = Sk(SL2(2)) respectively S~ = Sx(T'o(D),xp)

denote the space of elliptic cusp forms of level one and weight k; respectively,
the space of elliptic cusp forms of level D, weight k, and nebentypus xp.
Finally, let

S = 8k,1-(OF)

denote the space of holomorphic Hilbert cusp forms of level 1, and parallel
weight (k, k) over the real quadratic field F.

The definition of the spaces S* and S~ are well known, so for the
reader’s convenience we only recall the definition of the space S = Sk 1. (OF)
here. For more details the reader may refer to [17].

Let G = Resp/qGLz2/q. Let Gy = G(Ay) denote the finite part of G(A),
where A = Ay x R denotes the ring of adeles over Q. Let G, = G(R),
and let G0y denote those elements of G, which have positive determinant
at both components. Let K; = [] p GL2(0,) be the level 1 open-compact
subgroup of G(Ay), let Koo = O2(R)'F denote the standard maximal com-
pact subgroup of G(R), and let Koot = SO2(R)’F denote the connected
component of K., containing the identity element. Let Z denote the center
of G, and let Z,, denote the center of Go.

Consider the space Sx,j(OF) of function f : G(A) — C satisfying the
following properties:

e f(vg) = f(g) for all vy € G(Q)

o f(zg) = |z|;(k—2)f(g) for all z € Z(A), where | | denotes the norm
character on A},

o f(gusuce) = £(9)exp(2mi(E, s kbr ~ T, ¢, k6:)), where uy € K;

and
_ cos(278,) sin(2n6,)
Yoo = ((-—sin(27r0,) cos(28,) € Kooy
T€lF
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e D, f= (Q%z)—z- +k—2)f, where D, is the Casimir operator at 7 € I

e f has vanishing ‘constant terms’: for all g € G(A),

[ f(ug) du=0,
N(F)\N(Ar)

where N is the unipotent radical of the standard Borel subgroup of
upper triangular matrices in G.

Every f € Sk.1»(Or) has a Fourier expansion. We recall this now. Let
W : (RY)'* — C be defined by

W(y) = exp(-2n(y. +yo)),

for y = (¥.,¥,). Let ¥ be an idele which generates the different of F/Q.
Let er : F\Ar — C denote the usual additive character of Ar. Then

FEH) =l Y. c&yd, YW (Eyoo)er(€x),

EEF™, [g]=J

where [£] = {7 € Ir | & > 0ifr € Jand & < 0if 7 ¢ J}. Here, the
Fourier coefficients c(g, f) only depend on the fractional ideal generated by
the finite part g; of the idele g. Thus if gfOf = m, then we may write
c¢(m, f) without ambiguity. Moreover, one may check that m > c(m, f)
vanishes outside the set of integral ideals.

Let Z = H x H, where H is the upper-half plane. Each f € S 1, (OF)
may be realized as a tuple of functions (f;) on Z satisfying the usual trans-
formation property with respect to certain congruence subgroups I'; defined
below. To see this let 2o = (v/—1,v/—1), denote the standard ‘base point’
in Z. Fory=(2%) € GLy(R) and 7 € C let

jly, 1) =cr+d

denote the standard automorphy factor. Let @ = (a.,0,) € Gt and
z = (2,,2,) € Z, and set

grale,z) =[] dler,z)* ] d(er, 2%

TeJ T¢J
Now consider the modular variety:

Y(K) = G(Q\G(A)/K; Koot Zoo-
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Then Y (K) is the set of complex points of a a quasi-projective variety

defined over Q. By the strong approximation theorem one ma
. y find ¢; €
G(A) with (t;)» = 1 such that

h
GA) = [[CQti K G-

i=1
Here
h = |F*\A}/det(K)FX, |

is just the strict class number of F. Now set [; = GL;"(F) Nt;K;G L
Then one has the decomposition o

h
Y(K)=]]r:\z.

i=1
Note that since we may choose t; = 1,
[y = {y € GLy(0)| det(y) > 0}. (2.1)
Now define f; : Z — C by

f‘l(z) = f(ttgoo) jk‘.] (gOO’ ZO)’
where g, € Goot with det(goo) = 1 is chosen such that

o020 = 2. (2.2)
One may check that for all y € I';,

fi(v2) = i, g (v, 2) fil 2),

Moreover, the fact that f is an eigenfunction of the Casimir operators, along
with the fact that f transforms under Ko, in the manner prescribed above,
ensures that each f; is holomorphic in 2, for 7 € J and antiholomorphic

in 2, for *r'¢ J (cf. [17], pg. 460). When J = Ir, we denote the space of
holomorphic Hilbert modular cusp forms by

S := Sk, 1. (OF).

Finally, the Fou.rier expansion of f induces the usual Fourier expansion of
the (f;). Choosing the idele go, = —\}_5( ¥ 1) in (2.2) above, one may easily

compute that each f; has Fourier expansion

fiz)=lalr Y c(€ad, )W (Eyoo)er (Eooo)-

EeFX, [€l=J
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When i = 1 and J = Ip, this reduces to the usual Fourier expansion of
holomorphic Hilbert modular cusp forms:

h(2)= Z c(&9, f) exp(21ri'1\rp/Q(§z)).

£€971,6>>0

3 Hecke algebras

It is a fact that each of the spaces S, S~ and S of the previous section
has a basis consisting of cusp forms whose Fourier coefficients lie in Z. Let
T+, respectively T, T, denote the corresponding Hecke algebras. These
algebras are constructed in the usual way as sub-algebras of the algebra of
Z-linear endomorphisms of the corresponding space of cusp forms generated
by all the Hecke operators. It is a well known fact that all three algebras
are reduced: Tt and 7T, because the level is 1, and T, since the conductor
of xp is equal to the level D. Moreover, since these algebras are of finite
type over Z, they are integral over Z, and so have Krull dimension = 1.

Let S = S*, S~ or S denote any one of the above three spaces of
cusp forms, and let T = T+, T~ or T, denote the corresponding Hecke
algebra. There is a one to one correspondence between simultaneous eigen-
forms f € S of the Hecke operators (normalized so that the ‘first’ Fourier
coefficient is 1), and Spec(T)(Q), the set of Z-algebra homomorphisms Ay
of the corresponding Hecke algebra T into Q:

f s A:T-Q (3.1)
Tmf = c(m, f) Af(T'ﬂ'\) = c(m, f)

The subfields K; of Q generated by the images of such homomorphisms,
(that is the field generated by the Fourier coefficients of f) are called Hecke
fields.

Since T is of finite type over Q, Ky is a number field. Moreover, it
is well known that K; is either totally real or a CM field. If f € S*
or S, then K; is totally real, as follows from the self-adjointness of the
Hecke operators under the appropriate Petersson inner product. However,
if f € S, then K; is a CM field. Indeed, if f = Y c(m,f)q™ € S7,

then define f. = ¢(m, f) ¢™ € S™. Since f € S~, we have
c(m, f) = c¢(m, f) - xp(m) for all m with (m,D) =1, (3.2)

so that f. is the normalized newform associated to the eigenform f®xp.
Using Galois representations it may be shown that if f = f., then f is
constructed from a grossencharacter on F' by the Hecke-Shimura method.
This would contradict the non-abelianess of the Galois representation when
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restricted to F'. We leave the precise argument to the reader. In any case,
we have f # f., from which it follows that K; is a CM field.

As we have seen, eigenforms in S~ do not have ‘complex multiplication’
if by the term complex multiplication one understands that f has the same
eigenvalues outside the level, as the twist of [ by its nebentypus. However, it
is possible that f = f®y, where y # yp isa quadratic character attached to
a decomposition of D = D, D, into a product of fundamental discriminants.
Such a phenomena might be called ‘generalized complex multiplication’ or
better still, ‘genus multiplication’, since it is connected to genus theory. Let
us give an example which was pointed out to us by Hida. Suppose that D =
pg with p = 3 = g (mod 4), and that ¢ = qq splits in K = Q(\/=p). If there
is a Hecke character A of Q(y/=p) of conductor g, satisfying A((a)) = ab—!
for all @ € K with a = 1 (mod*q), and such that induces the finite order
character (=2) when restricted to [], Z}*, then the corresponding form f =
Laco, M) Nz € S= has ‘genus multiplication’ by the character
(=2). We shall come back to the phenomena of ‘genus multiplication’
later.

The full Galois group of Q, Gal(Q/Q), acts on the set of normalized
eigenforms via the action on the Fourier coefficients:

a-A=aqao),
where a € Gal(Q/Q) and A: T — Qe Spec(T')(Q). This shows that
A & ker())

is a one to one correspondence between the Galois orbits of normalized
eigenforms, and, the minimal prime ideals in 7.

Finally if S;4 denotes those elements in § which have Fourier coeffi-
cients lying in a fixed sub-ring A of C, and if T4 C End4(S) denotes the
corresponding Hecke algebra over A, then there is a perfect pairing

SiaxTiy — A (3.3)
(£,T) = 1,TF),

where ¢(1, f) denotes the “first’ Fourier coefficient.

4 Doi-Naganuma lifts

The spaces St, S~ are intimately connected to the space S via base change.
If fe€Stor S isanormalized eigenform, then, in [8] and [24] Doi and
Naganuma have shown how to construct a normalized eigenform f € S,
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defined @ priori by its ‘Fourier expansion’, that is defined so that the stan-
dard L-function attached to f satisfies:

L(s, f) = L(s, f)L(s, f®xp)- (4.1)

The existence of f is established using the ‘converse Jh(;(;ertril e‘fw \Z:;ld
i i f if for each grossencharacter ¢ of I,
Briefly, this states that f € S1i . : e o
i f iently nice analytic properties: .
L-function L(s, f ® %) has sufficien .
analytic cont(in,uation to the whole complex plane, a; functional equation,
i d in vertical strips’.
d the property of being ‘bounde 1 . . ] '

- Usiné) Gglois representations, and their associated (Artlln)t‘L funct:otriljs,
i isti hy the above analytic proper
jve here a heuristic reason as to w ‘ :

:;?ofld hold. Eichler, Shimura and Deligne attach a representation pjf

Gal(Q/Q) — GLa(M) to f saﬁsfying
L(s, ps) = L(s, f),

where M is a completion of the Hecke field of f. Note that the identity
(4.1) above shows that

L(s, f) = L(s, Res§ (p1))- (42)

Let denote the 1-dimensional Galois representz?tion attached to ¢ t\i':;
the feﬁiprocity map of class field theory. Then, using standard proper

of Artin L-functions, we have

Lis,f®y) = L(s, Resg(es) ®py)
= L(s, Ind§g(Resg(pf) ® py))
= L(s, pr ® Indg(py))-

Thus the analytic properties we desire could, theforeti;atl;y, l()le\:/I r:::)og) rf;?rz
in- -function of f an e (Ma
those of the the Rankin-Selberg L . o) o
j i ion should be Indg(py). This heuri
hose conjectural Galois representation s . .

:),Vrg(:lment JWas carried out by Doi and Naganuma in [8] and (24], in a purely
analytic way (with no reference to Galois representations). N N
In any case, from now on we will assume the process of base change

a fact. Let us denote the two base change maps f — f by

BCt:8t—5S and BC™:8" = S.

; +
These maps are defined on normalized eigenforms f € S*, and then
extended linearly to all of S*.
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restricted to F. We leave the precise argument to the reader. In any case,
we have f # fc, from which it follows that K; is a CM field.

As we have seen, eigenforms in S~ do not have ‘complex multiplication’
if by the term complex multiplication one understands that f has the same
eigenvalues outside the level, as the twist of f by its nebentypus. However, it
is possible that f = f®y, where x # xp is a quadratic character attached to
a decomposition of D = D; D, into a product of fundamental discriminants.
Such a phenomena might be called ‘generalized complex multiplication’ or
better still, ‘genus multiplication’, since it is connected to genus theory. Let
us give an example which was pointed out to us by Hida. Suppose that D =
pg with p = 3 = q (mod 4), and that ¢ = qq splits in K = Q(/=p). If there
is a Hecke character A of Q(1/—p) of conductor q, satisfying A((a)) = a*~!
for all a € K with a = 1 (mod*q), and such that X induces the finite order
character (=2) when restricted to [], Z%, then the corresponding form f =
Pacox A(A)e?"N @)z ¢ §— has ‘genus multiplication’ by the character
(:B) We shall come back to the phenomena of ‘genus multiplication’
later.

The full Galois group of Q, Gal(Q/Q), acts on the set of normalized
eigenforms via the action on the Fourier coefficients:

a-A=qaol,
where o € Gal(Q/Q) and A : T — Q € Spec(T)(Q). This shows that
A & ker(A)

is a one to one correspondence between the Galois orbits of normalized
eigenforms, and, the minimal prime ideals in T.

Finally if S/4 denotes those elements in S which have Fourier coeffi-
cients lying in a fixed sub-ring A of C, and if T/4 C End4(S) denotes the
corresponding Hecke algebra over A, then there is a perfect pairing

S/A XT/A — A (3.3)
(£,iT) = c(1,Tf),

where c(1, f) denotes the ‘first’ Fourier coefficient.

4 Doi-Naganuma lifts

The spaces S*, S~ are intimately connected to the space S via base change.
If feStor S is a normalized eigenform, then, in [8] and [24] Doi and
Naganuma have shown how to construct a normalized eigenform f €S,
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defined a priori by its ‘Fourier expansion’, that is defined so that the stan-
dard L-function attached to f satisfies:

L(s, f) = L(s, f)L(s, f®xp)- (4.1)

The existence of f is established using the ‘converse theorem’ of Weil.
Briefly, this states that f € S if for each grossencharacter ¢ of F', the twisted
L-function L(s, F® %) has sufficiently nice analytic properties: namely an
analytic continuation to the whole complex plane, a functional equation,
and the property of being ‘bounded in vertical strips’.

Using Galois representations, and their associated (Artin) L-functions,
we give here a heuristic reason as to why the above analytic properties
should hold. Eichler, Shimura and Deligne attach a representation py :
Gal(Q/Q) = GL2(M) to f satisfying

L(s,p;) = L(s, f),

where M is a completion of the Hecke field of f. Note that the identity
(4.1) above shows that

L(s, f) = L(s, Res§ (py))- (4.2)

Let py denote the 1-dimensional Galois representation attached to ¢ Yia
the reciprocity map of class field theory. Then, using standard properties
of Artin L-functions, we have

L(s, Resg(ps) ® py)

= L(s, Indg(ReSS(pf) ® py))
= L(s, py ®Ind€(p¢)).

L(s,f® %)

Thus the analytic properties we desire could, theoretically, be read off from
those of the the Rankin-Selberg L-function of f and the (Maass) form g
whose conjectural Galois representation should be IndQ(p¢) This heuristic
argument was carried out by Doi and Naganuma in [8] and [24}, in a purely
analytic way (with no reference to Galois representations).

In any case, from now on we will assume the process of base change as
a fact. Let us denote the two base change maps f — f by

BCY:8" 58S and BC™ :5 = S.

These maps are defined on normalized eigenforms f € S*, and then
extended linearly to all of S*.
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By the perfectness of the pairing (3.3) over Z, the maps BC* give rise

to dual maps BCy, which are Z-algebra homomorphisms. At unramified
primes we have:

BC,:T - T=*

I, o { T, if p = pp? splits,

TZ ¥2p*! if p=yp is inert. (43)

Thesg formulgs are a simple consequence of analogous formulas for the
Fourier coefficients of f, in terms of those of f. Indeed, a comparison of
Euler products in (4.1) shows that, for f € S*,

A (p, f) if p = pp splits
cp, f) = PULS,
{C(P, f?F2p51 if p=pis inert. (4.4)

Let us now discuss what happens when p = p? ramifies. First note that,

since f € S* is a newform, the Euler factors Ly(s, f) for p|D are, so to
speak, already there. We have

Lo ) = { L—c(p, p~* +p*717% if f € S¥,
1-c(p, f)p~* if feS™.

On the other hand, L(s, f®x£>) does not have any Euler factors at the
pr‘imes p|D. Since both L(s, f) and L(s, f) have functional equations, it
might be necessary to add some Euler factors at the primes p|D so that
L(s, f®xp) too has a functional equation. Equivalently, one might have to
replace the cusp form f®xp by the (unique) normalized newform f' which
has the same Hecke eigenvalues as f®xp outside D.

Now, when f € S*, the cusp form f®xp € SPe™(I'o(D?)) is already a
pewform, so f' = f®xp. However, when f € S~, f®xp € Sk(To(D?), xp)
is an oldform. In this case, f' is just the newform f., defined above (’3.2).

Thus, the following Euler factors need to be added to L(s, f®xp) at the
primes p|D:

L(s f)~! = 1 if feSt,
o f) {l—c(p,f)p" if f € S~

We can now complete the formula (4.4) by noting that when p=p’is
ramified,

ep,f) = {c( f) iffest, (4.5)

c(p,f)+clp, f) f feS.
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Before we proceed further we would like to investigate which elliptic
cusp forms can base change to the space S.

Let us start with some observations. If f € S*, then the above discus-
sion shows that both f and f®xp base change to the same Hilbert modular
cusp form f € S. However, note f@xp € SPe¥(I'o(D?)) does not lie in S+.
More generally a similar phenomena holds by genus theory: if D = D, D2
is a product of fundamental discriminants, then for f € S*, the newform
f®xp, € Spe@(|D1|?) also base changes to S, since the base change of xp,
is an unramified quadratic character of F'.

Similarly, twists of forms in S~ by xp, or by genus characters, also base
change to S, but in this case the twisting operation preserves the spaces
S-.

We now claim, that, up to twist by such characters, there are in fact
only two types of cusp forms whose elements can base change to elements
of S, namely the cusp forms in S* and S~ that we have already considered
above.

Proposition 4.1 Let! > 2 and N > 1 be integers, and let x be an arbitrary
character mod N. Suppose that f € Si(N,x) is a normalized eigenform
and a newform, whose base change f lies in S. Then, by possibly replacing
f by the normalized newform associated to f@xp, or by the normalized
newform associated to fQ®xp,, where D = D1 D; is a decomposition of D
into a product of fundamental discriminants, we have f € ST or f € S™.

Proof Letp 7 denote the A-adic representation attached to f, by the work
of many authors (Shimura, Ohta, Carayol, Wiles, Taylor [28], Blasius-
Rogawski [2]). The identity (4.2) by which f is defined shows that

pF= Resg (ps). (4.6)

A comparison of the determinant on both sides of (4.6) shows immediately
that [ = k, and that x = 1 or xp. So it only remains to show that, in the
former case (after possibly replacing f by a twist), that N = 1, and that,
in the later case, N = D.

Note that pg is unramified* at each prime p of O, so a preliminary
remark is that, in either case, p|N = p|D, since otherwise the ramifica-
tion of ps at p could not possibly be killed by restriction to Gal(F/Q).

Let us now suppose that x = 1. If N = 1 we are done. So let us assume
that N > 1: say p1,p2,...,pr (r > 0) are the primes dividing N. For

*Actually p 7 may be ramified at the primes dividing [, the residue characteristic of

A, but, by choosing another representations in the compatible system of representations
of which p 7 is a member, we may work around this.
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t=1,2,...,r, let a; > 1 be such that p{* is the exact power of pi dividing
N, Also, let N’ be the exact level of the normalized newform f’ associated
to f®xD.

If pi||N, namely a; = 1, for some i, then Theorem 3.1 of Atkin-Li (1]
shows that p?||N’, By Theorem 4.6.17 of [23], we have c(p;, f') = 0, and
so the Euler factor Ly, (s, f') is trivial. On the other hand, since p;||N, the
same theorem of Miyake, shows that the Euler factor Ly, (s, f) has degree
Lin p;"°. This yields a contradiction since the right hand side of (4.1) has
degree 1 + 0 = 1 in p;*, whereas the left hand side has degree 2 in p;°.
Thus we may assume that a; > 2, for all 1.

C. Khare has pointed out that an alternative argument may be given
using the local Langlands’ correspondence. Indeed if p;||N, for some i,
then the local representation at p; of the automorphic representation corre-
sponding to f would be Steinberg. Consequently, the image of the inertia
subgroup, I, at p;, under ps, would be of infinite cardinality, and so could
not possibly be killed by restricting py to the finite index (in fact index
two) subgroup Gal(F/Q) of Gal(Q/Q). _

In any case, we may now assume that o; > 2, fori =1,2,...,r. Sup-
pose now that in addition

¢ «a; # 2 when p; is odd, and,
® a; # 4 when p; = 2.

Then, again an argument involving Euler factors yields a contradiction.
Indeed, the same theorem of Atkin-Li shows that p;|N’, so L,,(s, f') has
degree at most 1in p;~*. On the other hand, p?|N, so by Miyake again, we
have ¢(p;, f) = 0, and Ly, (s, f) = 1 is trivial. This yields a contradiction
since the right hand side of (4.1) has degree 0 + 1 = 1 in p; ®, whereas the
left hand side has degree 2 in p;*. Presumably, an alternative argument
using the local Langlands’ correspondence could be given here as well, but
we have not worked it out.

In any case, we may now assume that N = p?p? ... p?, where if p; = 2,
we replace p; by 4. The above discussion shows that we may further assume
that (N',p1pz---p,) = 1.

Now say that q1,q2,...,¢s (s > 0) are the primes of D that do not
divide N. Since f' is associated to f®xp we have ¢;|N' forj =1,... ,s. If
s =0, that is if N’ = 1, then we would be done, since in this case f would
be a twist of f' with f’ of level one.

So let us now assume now that s > 0 <= N’ > 1. By symmetry
(applying the entire argument above with f’ in place of f) we have N’ =
4343 - - - q2, where, as above if g; = 2, we replace g; by 4.

Now write D = D;D, where D; (respectively, D;) is the fundamen-
tal discriminant divisible by the p;’s (respectively, by the g;’s). We have
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XD = XD - XD,- Since all characters here are quadratic characters, we
obtain the following identity of oldforms:

f®XD1 = f,®XDz . (47)

The left hand side of (4.7) has exact level divisible only by the p;, whereas
the right hand side has exact level divisible only by the g;. This shows that
the exact level is one. Thus f (respectively f') is the twist of a level one
form, by the genus character xp, (respectively xp,)-

In sum, when x = 1, either N = 1 and f is of level one, or N' =1 and
f is the twist of a level one form by xp, or N > 1 and f is the twist of a
level one form by a genus character, as desired.

Now suppose that x = xp. Then we have that D|N. We want to
show that N = D. So suppose, towards a contradiction, that p|D is an
odd prime and p?|N, or that p = 2|D and 8|N. Then again L,,.(‘?,_.f) =1,
since the power of p dividing N is larger than the power of p dividing the
conductor of xp (cf. the same theorem in {23] used above). On the othfer
hand, L,(s, f') has degree at most 1 in p~*. This is because f' must again
have p in its level, since p divides the conductor of its nebentypus. Thus
we get the usual contradiction, since the right hand side of (4.1) has degree
at most 1 in p~%, whereas the left hand side has degree 2.

Thus when x = xp, we have N = D, as desired. g

For simplicity, we now make two assumptions for the rest of this article.
The first assumption is:

The strict class number of F' is 1. (4.8)

Recall that the genus characters on F are characters of Cl};/(Cl})?, where
Cl} is the strict class group of F. Thus (4.8) implies that

The group Cl}/(Cl})? is trivial, (4.9)

which, by genus theory, is equivalent to the fact that D is divisible by only
one prime. Under (4.9), Proposition 4.1 says that all eigenforms in S that
are base changes of elliptic cusp forms are contained in the image of either
BC* or BC~.

For the second assumption, note that ¢ € Gal(F/Q) induces an auto-
morphism of the Hecke algebra 7', which we shall again denote by o:

o:T - T
T, — Tg.
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The formulas (4.3) show that if X : 7 — Q satisfies A = Ao BC4 for some

X:T* > Q (that is X corresponds to a base change form from S+ or S ),
then

Xoo =\ (4.10)

Consequently o fixes the minimal primes in 7 corresponding to base-change
eigenforms, and permutes the minimal primes corresponding to non-base-
change forms amongst themselves. We now assume that the algebra 7 is
‘F-proper’ (cf. [7]), that is:

There is only one Galois orbit of non-base-change forms. (4.11)

Let h denote a fixed element of this orbit. Since o must preserve the
corresponding minimal prime ideal ker(\,) of 7 we see that there must
exists an automorphism 7 of K}, such that

T—2>T (4.12)

| |

Ky —T—-)Kh

commutes. Let K" denote the subfield of K}, fixed by 7.
Thus we have the following decompositions (of finite semisimple com-
mutative Q-algebras):

T*e2Q 3 PK;, T 92Q 3 PK,,
{f] o]

and

TezQ 3 Kh@®K}*® @Kﬁ.
[£] lg] /~

Here [ ] denotes a representative of a Galois orbit, and all the decom-
positions are induced by the algebra homomorphisms of (3.1). Also the ~
indicates that the sum over [g] is further restricted to include only one of g
or g..

Remark 4.2 It is a well known conjecture that in the level 1 situation
(that is the + case) there is only one Galois orbit. This has been checked
numerically, at least for weights k < 400 (cf. [22], [19], [4]). In fact Maeda
conjectures more: that the Galois group of (the Galois closure of) the Hecke
field K is always the full symmetric group Sy, where d = dim S* (cf. [3]
and [19]).
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Remark 4.3 From the formulas (4.4) and (4.5) one may deduce the
inclusions K; C Ky and K3 C K,. The former inclusion is usually
expected to be an equality. But the latter inclusion is never an equality
since Ky is a totally real field, whereas K, is a CM field. This phenomena
will be reflected in some of the numerical examples of Section 8; see also
Remark 10.4 below.

5 Adjoint L-functions

Let f =3 o2 ,c(n,f)g® € ST or S~. Let x = 1, respectively x = xp,
denote the nebentypus character of f. For the readers convenience we recall
the definition of the imprimitive adjoint L-function attached to f. For each
prime p, define a, and 3, via

1—c(p, )X + " 'x(0)X* = (1 — 0pX)(1 - BpX).

Then the adjoint L-function attached to f is defined via the Euler product

1
L(S, Ad(f)) = I;I (1 . %‘fp_’)(l -P_s)(l - gfp—S) '

When f € S~ we omit the factors corresponding to the primes p with p ] D.
Note that, since a8, = x(p)p* 2,

L(s,Ad(f)) = L(s+k~-1,Sym’(f)®Xx),

where L(s,Sym?(f)) is the usual imprimitive symmetric square L-function
attached to f. Thus the value L(1, Ad(f)) is a critical value in the sense of
Deligne and Shimura.

Similarly, we define the twisted adjoint L-function by

L(s,Ad(f) ® xp)) =

1—[ 1

5" (1= xp(®)3£p~")(1 — xp(@)p=*)(1 - XD () 2p~*)’

where the product is over all p such that p ,{ D.
We also set

['(s,Ad(f)) =T(s,Ad(f) ® xp) =Tc(s + k- 1)ITr(s + 1),
where I'c(s) = (2r)~°T'(s) and I'r(s) = 77 2I(3).

If f € S is a Hilbert cusp form, then L(s,Ad(f)) and (s, Ad(f)) are
defined in a similar fashion.
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6 Eichler-Shimura periods of cusp forms

Let K denote a fixed number field, and let Og denote its ring of integers.
For each Ok algebra A which is a subring of C, let L(n,x, A) denote the
module of all homogeneous polynomials of degree n = k —2 in the variables
(X,Y) with coefficients in A.

Let F = sz(Z), respectively I'g(D), depending on whether we are in the
+ or — situation. Recall that x = 1, respectively xyp. We let y=(2t)er
act on P(X,Y) € L(n, x, A) via ‘

7 P(Xe,Ys) = x(d)P((X,Y)t(y) ).

No?e that‘ X = x~! here, so this agrees with the usual definition of the
action. Give .L(n, X, A) the discrete topology and let L(n,x, A) denote the
sheaf of continuous (therefore locally constant) section of the covering

I\(H x L(n,x, A)) - T'\H.

Let H"(l"‘\H, L(n, x, A)) (respectively H: (I'\ H, L(n, x, A))) denote the usual
(respectively compactly supported) cohomology groups with values in the
sheaf L£(n, x, A). There is a natural map

HC(T\H, L(n, x, A)) - H'(T\H, L(n, x, 4)).

The parabolic cohomology group, denoted by H:(T'\H ,£(n,x, A)), is the
image of this map.

The Eichler-Shimura isomorphism is an isomorphism relating the space
of cusp forms to these parabolic cohomology groups

d: Sk(rv X) 7] Sk(P> X) _'1’ H11>(P\Ha L(na X A))7
and is defined as follows
2mif(2)(X —2Y)"dz if f € Sk(T, X).

There is a natural action of the Hecke algebra Tt (respectively 7~) on
the parabolic cohomology groups HL(T\H, L(n, ¥, A)), and § is equivariant
with respect to the Hecke action on both sides. Moreover there is a natural
action of complex conjugation F on both sides, that takes holomorphic
forms/classes to anti-holomorphic forms/classes. In fact we have:

Foo(6(N(2) = (75 1) - 8(f)(-2).

It is well known that this action commutes with the Hecke action. Fix
now a normalized eigenform f. Then if A is a principal ideal domain (in
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particular a field, or a valuation ring in the ring of integers of a number
field) then

H(C\H, L(n, x, A))[f, %] (6.1)

is one dimensional over A. Here [f] and [%] denote the eigenspaces under
the Hecke action and F.

Now define the Eichler-Shimura periods as follows. Let K be a suf-
ficiently large Galois extension of QY that contains all Hecke fields of all
normalized eigenforms in St (respectively S~). Let A be a valuation ring
in K, corresponding to a valuation above an odd prime p. Let n(f,+, A)
denote a generator of the space (6.1). Then define the (integral) Eichler-
Shimura periods

Q(f, +,A) € C* JAX

attached to f via

MDEFCUD _ s, 2, ayn(, +,4).
Recall that these periods measure, up to a specifiable power of =, the tran-
scendence of the standard L-function attached to f within the critical strip
[27].

An analogous procedure allows us to define the periods attached to ele-
ment of S 1. (OF). In fact there is a generalized Eichler-Shimura isomor-
phism (due to Harder [13], and worked out explicitly by Hida in [17]) over
general number fields. We describe this in the case of the real quadratic
field F (of strict class number 1) now. Let K and A be as above, but now
assume in addition that K contains F. Let L(n,n,A) denote the module
of all polynomials over A in the variables (X,,Y;)ser1., homogeneous of
degree n, = n = k — 2 in each pair (X,,Y,). Then v € I'; (see (2.1)) acts
on P(X,,Y,) via

v P(Xs,Ys) = P((XavYa)t(')'a)_l)-

If L(n,n, A) denotes the corresponding local system with respect to the
covering

I'\(Z x L(n,n, A)) > I'1\Z =Y(K)
then, as above, we may consider the parabolic cohomology groups

H (Y (K), L(n,n, 4)).
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The Eichler-Shimura-Harder isomorphism now is

§: P Sks(OF) = (Y (K), L(n,n, A))
JCIp

Again, th(‘e Hecl.{e algebra T acts on both sides, and J is equivariant with
respect to this EI).Ctl()n. 6 is also equivariant with respect to the action of
the group {+1}'7, induced by the complex conjugations

zy— —21 and zo — —73,

w.hich acts naturally on both sides. Let [f] and [+, +] denote the eigenspaces
with respect to these actions. Then as before, for a p.id A,

HZ(Y(K), L(n,n, A))[f, £, £] (6.2)

is one dimensional, and so, for a valuation ring A of K as above one may
define the periods

O(f, +, 4, A) € C* /4%
attached to f € S, 1. (OF), via
6(:t,:l:) (f) = Q(f’ +, £, A) Tl(f, +, %, A))

where n(f, &, %, A) is an (integral) generator of (6.2), and &+ 1)(f) is the
projection of §(f) onto the [+, ] eigenspace. ’

. The following conjecture will be crucial for the analysis of congruences
in terms of adjoint L-values. It relates the Eichler-Shimura periods of a
cusp form f € S* with those of its base change lift f € Sk, (OF). Recall
that A is a valuation ring in a Galois extension K /Q that ’cgntains all the
Hecke fields, and whose residue characteristic is an odd prime p.

Conjecture 6.1'(Do'i, Hida, Ishii [7], Conjecture 1.3) Let f € S*.
Suppose tha‘t f is ordinary at p, and that the mod p representation at-
tached. to f is absolutely irreducible when restricted to Gal(Q/F). Then the
following period relations hold in C* /A% :

Qf,+,+,4) = (£, +, 4)%,

Q(fa Ty T A) = Q(f, ) A)21

QS+, -, 4) = Qf, +,4) US,~, 4) = F, -, +, 4).

Recall that a prime p is said to be ordinary for fifp ,{’ <(p, f).
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7 Statement of main conjecture

We can now finally state the main conjecture. Define the sets:

w={r

and

there exists f € St or S~ such that p | numerator of
Nk /Q(F(l,Ad(f) ® xp)L(1,Ad(f) ® xol) ’

Q(f,+.4) Q(f,—,4)

D = {p | p I Nk/o D(Kh/K}T)}a

where D(K/L) denotes the relative discriminant of K /L.} Finally let B
denote the set of ‘bad’ primes

B

{p|p|30-D} U {p|p<k-2}
U {p|pis not ordinary for some f € St or S}

there exists f € S + or S~ such that the mod p represen-
p | tation of Gal(Q/Q) attached to f is not absolutely irred-
ucible when restricted to F
U { P

p ‘divides’ the fundamental unit of F' as in Theorem 9.3}
The following conjecture is implicit in [7}, and we refer to it as the main

below
conjecture.

C

Conjecture 7.1 (Doi, Hida, Ishii [7]) The following two sets are equal:
N\B=D\B.

In the following sections we will sketch how one might attempt to prove
the main conjecture. Briefly the idea is this:

The first step is to show that a prime p lies in N if and only if there
is a congruence (mod p) between a base-change form in S and a non-base-
change form in S. To see this, one first relates untwisted adjoint L-values
over Q (respectively F) to congruence primes. This has been worked out
in the elliptic modular case by Hida in a series of papers [14], [15] and [16].
The Hilbert modular case is currently being investigated by the present

t Hida has pointed out to us that here we are assuming that the image of the homo-
morphism Ay, : T — Ky corresponding to h is the maximal order in Ky. It is indeed
possible that this image may not be the full ring of integers of Ky, in which case one
should really consider the relative discriminant of these ‘smaller’ orders. We ignore the
complications arising from such a possibility in the sequel.
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auth(?r (see [10] and [11]). A natural identity between all the adjoint L-
functions involved, along with the period relations in Conjecture 6.1 then
allows us to deduce the first step (see Proposition 10.2 below).
. The second step identifies the congruence primes above with the primes
in D (see Proposition 10.9 below). Using the simplicity of the non-base-
change part of the Hecke algebra (recall the assumption made in (4.11))
and some algebraic manipulation one easily establishes that if p is such a
congruence prime, then p € D. The converse is more difficult, but would
follow from (a weak version of) Serre’s conjecture on the modularity of mod
P representations.

We emphasize again that the plan of proof outlined above is due es-
sentially to Hida, and has been learned from him through his papers, or
through conversations with him. ’

8 Numerical evidence

Before elabqrating on the details of the ‘proof’ of the main conjecture we
first would like to give a sample of some numerical examples in support of
it. These computations are but a small sample of those done by Doi and his

many collaborators Ishii, Goto, Hiraoka, and others, over the last twenty
years.

If f € S%, set

L*(1,Ad(f) ® xp) = Nk/q (1‘(1, Ad((),g Qi ",‘I))ﬁ((l,l {d(j)) ® XD)) .

Example 1 D=5,k=20:
o S* = S3(SL2(Z)) has dimension 1, with one Galois orbit [f] and
977 ’ numerator of L*(1,Ad(f) ® xs),

® 57 = 520(T'o(5), x5) has dimension 8, with one Galois orbit [g] and

5-67169 | numerator of L*(1, Ad(g)®xs),
9349 | denominator of L*(1, Ad(g)®xs),

e T is F-proper, with Ky = Q(v/5-977 - 67169).
Example 2 D=5, k=22 :
e S* = 855(SL2(Z)) has dimension 1, with one Galois orbit [f] and
71 | numerator of L*(1,Ad(f) ® xs),

4
¥

i
0
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e S~ = S22(To(5), x5) has dimension 10, with one Galois orbit [g] and

52867327 | numerator of L*(1,Ad(g) ® xs),
29 - 211 | denominator of L*(1,Ad(g) ® X5)s

e T is F-proper, with Ky = Q(v/5- 71 - 2867327).
Example 3 D =5,k=24:
o S* = S24(SL2(Z)) has dimension 2, with one Galois orbit [f] and
109 - 54449 | numerator of L*(1, Ad(f) ® xs),

e S~ = S54(To(5), xs) has dimension 10, with one Galois orbit [g] and

515505829 | numerator of L*(1,Ad(g) ® xs),
139 - 461 | denominator of L*(1,Ad(g) ® Xs),

e T is F-proper, with K; = Q(v/5 - 109 - 54449 - 15505829).

The computations in the — case, and the Hecke fields of the F-proper
part of the Hecke algebra can be found in the table in Section 2.2 of [7]. We
refer the reader to that table and to the references in (7] for other numerical
examples in the — case. The method of computation in this case relies on
a formula of Zagier expressing the twisted adjoint L-values of f € S~ in
terms of the Petersson inner product (f, ¢) for an explicit cusp form ¢ € S-
(see Theorem 4 and equation (90) of [32]).

Due to the large size of the numbers involved in the computations,
Zagier’s method has not been practical to use in the + case. Recently,
however, the first computations in the + case were made by Goto [12]
(Example 1 above) and then by Hiraoka [20] (Examples 2 and 3 above).
These authors used instead an identity of Hida (see Theorem 1.1 of [12]),
which reduces the computation of twisted adjoint L-values to those of the
Rankin-Selberg L-function, which in turn can be computed by Shimura’s
method. ’ :

9 Adjoint L-values and congruence primes

In this section we recall how (untwisted) adjoint L-values are related to
congruence primes. We treat the elliptic modular case first.

Let S(T, x) be either St or S~. Let f =Y -_; a(m, f) g™ be a nor-
malized eigenforms in Sg(T,x). Fix a prime p. Recall that K is a large
Galois extension of Q containing F, as well as all the Hecke fields of all
normalized eigenforms in Si(T', x).
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We make the

szﬁnition 9.1 The prime p is said to be a congruence prime for f, if there
exists another normalized eigenform g = S>>, b(m, g) ¢™ € S (T, x) and

m=1

a prime p of K with p | p, such that f = g (mod p), that is

a(m, f) = b(m, g) (mod p),

for all m.

The following beautiful theorem of Hida completely characterizes con-

gruence primes for f as the primes dividing a special value of the adjoint
L-function of f:

Theorem 9.2 (Hida [14], [15], [16]) Letp > 5 be an ordinary prime for
f. Then p is a congruence prime for f if and only if

['(1,Ad(f))L(1, Ad(f))
”lN"/Q( O, +, 4) 0(f, -, 4) )

In [26], Ribet has removed the hypothesis on the ordinarity of p when
p>k-—2.

. A partial result in the Hilbert modular situation has been worked out
in [10]. There we establish one direction, namely that almost all prime that
divide the corresponding adjoint L-value are congruence primes. Moreover,

we show that the primes that are possibly omitted are essentially those that
‘divide’ the fundamental unit of F. More precisely, we have:

Theorem 9.3 ([10], Corollary 2) Say F' has strict class number 1. Let

f=f €S be a base-change of a cusp form f € S* of weight (k, k). Let ¢ be
the fundamental unit of F. Assume thatp > k-2, p ,{30-D-NF/Q(G"‘1 -1)
and

D ¢ Sinvari'ant, 1f k= 2,
p 8 ordinary for f, if k> 2.

Then if

p|N

( (1, Ad(f)) L(1, Ad(f)
Q ﬂ(f,+,+,A)Q(f,~,—,A))’

then p is a congruence prime for f = f
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For the definition of the set Sinvariant, and for more general results, we
refer the reader to [10].

Establishing a converse to Theorem 9.3, namely showing that (almost)
all (ordinary) congruence primes are captured by the untwisted adjoint L-
value, is more difficult. However a proof should now be accessible (cf. [11])
given the recent work of Fujiwara [9] and Diamond [5] (that builds on work
of Taylor and Wiles [29]) on a certain freeness criterion for the integral
cohomology groups of Hilbert-Blumenthal varieties as Hecke-modules.

10 ‘Establishing’ the main conjecture

In this section we outline a method for establishing Conjecture 7.1. The
arguments presented here have not been worked out in detail, and we there-
fore offer our apologies to the reader for the occasional sketchiness of the
presentation. We hope that this section will serve, if nothing more, as a
guide for future work.

Lemma 10.1 Let p be an odd prime. Let f, g € S*, and assume that
the corresponding mod p representations are absolutely irreducible when
restricted to Gal(F/Q). Suppose that there is a congruence

f =3 (mod p),
for some p |p. Then in fact both f and g are in ST or both are in S™.

Proof By the Brauer-Nesbitt theorem, the mod p representations p; and
P, are equivalent when restricted to Gal(F/Q), since they have the same
traces. By the assumption of absolute irreducibility, we see that

Py ~Pg O Py~p,®Xp- (10.1)

Suppose, towards a contradiction, that f € S* and ¢ € S~. Then by
comparing determinants on the two sides of either of the possibilities (10.1),
we get a congruence between the trivial character and Xp mod p. This is
impossible since p # 2.

O

Proposition 10.2 Assume that p ¢ B, and that the period relations of
Conjecture 6.1 hold. Assume in addition that p is not a congruence prime
for any f € S*.
Then p € N if and only if there is a congruence
f =h(mod p),

for some f € St or S~ and some p | p.
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Proof Suppose there is a congruence
f=h (mod 0),

for some p | p with f € S* or S~ Then by (the expected converse to)
Theorem 9.3, we see that
| I(1, Ad(f))L(1, Ad())
Q(fa +,+, A) Q(fa T A)

On the other hand, assuming the period relations, we have the following
identity of L-values:

L1, Ad(f))L,Ad(F)
Of,+,+,4) Q(f, -, —, A)
L1, Ad(f))L(1,Ad(f)) T(1,Ad(f) ® xp)L(1,Ad(f) ® xp)
Q(fa+7A) Q(fv"aA) Q(f7+’A) Q(fa_aA) .

Thus p must divide one of the two terms on the right hand side of (10.2).
By Theorem 9.2, the first term is divisible by primes of congruence between
f and other elliptic cusp forms in S* (or S~). Since we have assumed that
g is not a congruence prime for f, we must in fact have that

| I'(1, Ad(f)®xp)L(1, Ad(f)®xD)
Q(f,+,A) Q(f’_aA) )

That is, p € N. This shows one direction.

The above argument is essentially reversible. Suppose that p divides the
twisted adjoint L-value for some f € S*. Then p divides the left hand side
of the the identity (10.2). By Theorem 9.3, there is a congruence f = h'
(mod p) for some Hilbert cusp form h’. Assume that h' =3 (g € S¥)isa
base change form. By Lemma 10.1, we see that f and g either both lie in
S* or both in S=. If f, g € S™, then the relations (10.1) show that either

(10.2)

f =g (mod p) or f = g, (mod p),

contradicting the assumption that p is not a congruence prime for f. A
similar argument applies if both f, g € S* (though in this case admittedly
the twist g®xp is no longer in the space S).

The upshot of all this is that b’ is a non-base-change form, and so is a
Galois twist of h by the standing assumption (4.11). By replacing f with
a Galois twist, we have a congruence of the form f = h (mod g') for some
@ | D, and this proves the other direction.

%
}
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Remark 10.3 The hypothesis that p is not a congruence prime for any
f € S* in the statement of Proposition 10.2 is needed to make the argument
used in the proof work. It is expected to hold most of the time. It is however
conceivable that a prime p may divide both the terms on the right hand
side of (10.2), in which case the above argument would have to be modified.
In the sequel we have ignored the complications arising from this second
possibility.

Remark 10.4 We now discuss some issues connected to the fact that, in
the — cases of the examples given in Section 8, certain primes appear in
the denominators of the twisted adjoint L-values of g.

It is a general fact that, for forms g € S~, the primes dividing D(K,/Kj)
are essentially? the primes of congruences between g = Y b(m, g)¢™ and
the complex conjugate form g. = Y b(m, g) ¢™. Also, it can be shown (cf.
Lemma 3.2 of [7]), that if p,, the mod p representation attached to g, is
absolutely irreducible, then

g=g. (modp)
= Py =Pg.®XD
= Resg (p,) is reducible
= Py = Indg(cp), for some mod p character ¢ of Gal(Q/F),

and, generalizing results of Shimura and others for k¥ = 2, Hida has shown
(18] that such primes p have an arithmetic characterization: they are related
to the primes p dividing Np/q(ef~! — 1).

Now, by Theorem 9.2, the primes dividing D(K,/Kj) occur in the first
term on the right hand side of the analogue of the identity (10.2) for g.
However, the relations (4.4) and (4.5) show that § = g., so that these
primes do not ‘lift’ to congruence primes over F.} Suppose momentarily
that Theorem 9.3 (and its expected converse) is also valid for the set of
primes dividing N, F/Q(e"‘l — 1), which, as we have hinted at above, is
essentially the same as the set of primes dividing D(Ky/Kj) as g varies
through the set of non-CM forms. Then any such prime, being lost on
lifting, would not occur in the numerator of the left hand side of the relation
(10.2) for g, and would therefore have to be ‘compensated for’ by occurring
in the denominator of the second term in the right hand side of (10.2).
A numerical check (cf. the Table in Section 2.2 of [7]), confirms that the
primes occurring in the denominators of the twisted adjoint L-value of

1See footnote t.
$In fact when D is a prime, the map BC~ : S~ — & is exactly 2 to 1 on eigenforms;
more generally see Proposition 4.3 of [31].
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g, as g varies through the set of non-CM forms, are the primes dividing
NF/Q(Ek_l - 1).

Reversing our perspective, the existence of primes in the denominators
of the twisted adjoint L-value, suggests that Theorem 9.3 (and its expected
converse) should be valid for primes dividing N F/o(ef~1 —1) as well. Thus
the apparent obstruction Ng/q(e¥~! — 1), which arose in [10] as a measure
of the primes of torsion of certain boundary cohomology groups, is likely
to be more a short coming of the method of proof used there, rather than
a genuine obstruction.

Remark 10.5 The proof of Proposition 10.2 hinges on the validity of the
integral period relation of Conjecture 6.1. Interestingly, Urban has some
results towards the proposition that circumvents using these relations. His
idea is that the primes dividing the twisted adjoint L-values are related
to the primes dividing the Klingen-Eisenstein ideal for GSpy /Q» and so, to
the primes dividing an appropriate twisted Selmer group. He is able to
establish one direction of Proposition 10.2 subject to some assumptions (cf.
Corollary 3.2 of [30]). For the other direction, an idea of D. Prasad, using
theta lifts, may work (cf. Remarks following [30], Corollary 3.2).

We now establish the connection of the primes in A" with the primes in
D. Let F denote a finite field of characteristic = p. Recall the well known:

Conjecture 10.6 (Serre) Let p : Gal(Q/Q) — GLy(F) be an odd irre-
ductble mod p representation. Then 5 is modular.

The following weaker version of Serre’s Conjecture may be more accessible,
and in any case, it would suffice for our purposes:

Conjecture 10.7 Let p: G’al(@/g) — GLy(F) be an odd irreducible mod
p representation. Assume that Resg(p) is modular. Then p is modular.

Remark 10.8 Using recent work of Ramakrishna [25], as well as work
of Fujiwara [9] and Langlands, Khare now has some preliminary results
towards Conjecture 10.7 under some hypothesis (see [21]).

Proposition 10.9 Assume that the period relations of Conjecture 6.1, and
the ‘weak’ Serre Conjecture 10.7 is true. Then the main conjecture (i.e.
Congjecture 7.1) is true. That is,

N\B = D\B.
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Proof Suppose p € N\ B. Then by Proposition 10.2, there exists g l p
and an eigenform f € ST or S~ such that f =h (mod ). Thus

c(m, F) = ¢(m, h) (mod p) (10.3)

for all ideals m C @f. Then if 7 denotes the automorphism of Ky, (extended
to K) making the diagram of display (4.12) commute, we have, (mod p),
that

c¢(m,h)” B ¢(m?,h) by the commuativity of (4.12)
= cm?,f) by (10.3)

~

c(m, f) by (4.10)
= ¢(m,h) by (10.3) again!

Since the c(m,h) generate the ring of integersY of K} we see that the in-
ertia group of the quadratic extension Kh/K‘T at g is non-trivial. Thus
p |D(Kn/K{), ie., p € D. This shows that N\ B C D\ B.

To show the other inclusion, suppose that p € D. Then as above, we
see that

c(m,h) = ¢(m?,h) (mod p), (10.4)

for all integral ideals m C Op. Let pn : Gal(Q/F) = GL2(K,) denote
the Galois representation attached to h (by Shimura, Ohta, Carayol, Wiles,
Taylor [28] and Blasius-Rogawski [2]), and let pf denote the conjugate
representation defined via

p%(9) = pu(ogo™).

The congruences (10.4) above show that the corresponding mod p represen-
tations p, and p§ are isomorphic. By general principles (assuming absolute
irreducibility) 7, extends to a mod p representation, say p, of Gal(Q/Q).
By Conjecture 10.7 one deduces that this representation is modular, say at-
tached to an elliptic cusp form f. A careful analysis of ramification would
(probably!) show that f € S* or S~. This would finally yield the de-
sired congruence f = h (mod p). Thus p € N and this ‘proves’ the other

inclusion.
0O

YSee footnote 1.
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Restriction Maps and L-values

Chandrashekhar Khare

1 Introduction

Let K/F be a finite extension of number fields. In this paper we study
the restriction map between the cohomology of congruence subgrups of
GLy(K) and GL2(F). We describe below the restriction map we study. As
notation, denote the degrees of K/Q, F/Q and K/F by dk, dr and dg,r
respectively. For a number field K we denote by Ik the set of embeddings
K — C, by Sk the set of infinite places (equivalence class of embeddings)
of K, and by X (R) and £k (C) the real and complex places of K (Sk =
Yk (R) UXLk(C)). We denote by r; x the number of real places in Sk and
by 72,k the number of complex places in Six. We denote by

Xk = (GLz(R)* /R* SO2(R))™* x (GL2(C)/C*Uz(C))™>*

the symmetric space for GLy(K); the superscript + stands for the sub-
group of GLy(R) with positive determinant. For v € Sk we denote by
K, the completion of K at v, by g, the Lie algebra of GL2(K,), by K,
a maximal compact mod centre subgroup, and define gx := Il,es, 8v,
Kg =I5, K,. We will often drop the subscript K if that is unlikely to
cause confusion. For a group H we denote by H the quotient of H by its
centre.

Let T' (respectively, Ty := g~'T'g N GLo(F) for g € GLy(K)) be a
congruence subgroup of GLy(K) (respectively GL2(F)). Assuming that T
(respectively, I'y) is torsion-free, r (respecticely, f‘g) acts freely and discon-
tinuously on X (respectively, Xr). We have isomorphisms:

1. H*(T,C) ~ H*(I'\Xg,C).
2. H*(T,,C) ~ H*(T,\XF, Q).

For g € GL2(K) we have the left translation action on X g which induces a
map (jg)s : H*(P\Xk,C) = H*(g7'T'g\XF,C) on cohomology. We have
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a proper mapping ¢\ Xr — ¢7'T'g\ Xk that induces a map
resy : H*(97'Tg\ Xk, C) = H*([y\XF,C).

Thus we obtain the (Oda) restriction map:

We will often drop the subscript K/F if its unlikely to cause confusion.

Notation We signal an abuse of standard notation all through this paper.
We will always mean by C*°(I'\G) the subspace of C*°(T'\G) on which the
connected component of the centre of G acts trivially; the same holds good
for all the other spaces of functions that will appear below. This abuse

takes advantage of the fact that we are working with trivial coefficients
throughout.

The cohomology groups H*(I'\ Xk, M) have an interpretation as (g, K)
cohomology. Define G = GLy(K ® R). Then:

H*(T\Xk,C) = H*(g,K; C*(T\G)).
We may define the cuspidal and discrete cohomology to be:

H:usp(F\XKvC) = H*(gaK'L2 (F\G)oo)

y “eusp
and
Hgisc(F\XK’ (C) =H" (H, K; Lgisc(F\G)oo)

where L2, (T\G) is the space of (smooth) cuspidal functions, and
L2, .(T\G)™ is the (maximal) direct summand of L? which decomposes
discretely as a (g, K) module. We also have a (g,K) description of com-
pactly supported cohomology:

H:(I\Xk,C) = H*(g,K; S(T'\G))
w}flereC S(I'\G) is the Scwhartz space of smooth, rapidly decreasing functions
« .,Vﬁ[fe ll)l-ave the natural maps
i Hiyg(D\Xk,©) = H2(T\Xx,C).
2. v: H}(I'\Xk,C) - H*(T'\ Xk, C).
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By general results of Borel, the map v (and hence p) is injective. The map
v is in general not injective. Thus we may define the cuspidal subspace of
H*(T\Xk,C) by H},ep(T,C) := Im(vp), and also denote by Hg (T, O
the image of discrete cohomology in the full cohomology. In the case at
hand we also know by [Har] that Im(v) = Hj,.([\Xk,C)-

As the map I',\ Xr — '\ Xk is proper (this is a consequence for instance
of the proof of Proposition 1.15 of [De]), we have a map on compactly
supported cohomology:

H(M\Xk,C) - H(Tg\XF,C)
By the result of Harder in [Har] recalled above this also induces a map
ﬁ;isc(F\XK7 C) - fléisc (Fg \XF7 C)

We will show (Lemma 4.1 of Section 4) that this also implies that we have
a map:

ﬁgusp (F\XK’ C) - ﬁ:usp(rg\XFv C)

We will study only the restriction of cuspidal eigenclasses in the present
paper, viewing the cuspidal eigenclass either in compactly supported coho-
mology or in cuspidal cohomology via the maps u and v above.

To state our results it is convenient to adopt an adelic formulation. All
through the paper we will keep switching between the adelic and classical
formulation: as a rule, it is cleaner to formulate statements in the adelic
framework, while the proofs come out looking cleaner in the classical frame-
work.

For any neat, open, compact subgroup Uk (respectively, Ur) of GL; (Af()
(respectively, GLZ(A\{,)), where the superscript f denotes finite adeles, we
can consider the adelic modular variety:

Xuy = GLy(K)\GLa(Ak)* /UK CE; oo Zk (R)

(respectively, Xy, := GL2(F)\GL2(Ar)*/UrCf . Zr(R)). Here the plus
sign stands for taking the connected component of the identity at the infinite
places, C} oo (respectively, C,t’ o) is the connected component of a maximal
compact of GLy (K ®R) (respectively GLy(F®R)), and Zk (R) (respectively
Zr(R)) is its centre. We may and will assume that Ck o contains Cr,cc-
By the strong approximation theorem Xy, and Xy, are the disjoint unions
of the classical modular varieties considered above, i.e., there exist finitely
many t; x’s (respectively, t; p’s) in GLq (AL) (respectively, GL, (Afr )) so
that Xy, (respectively, Xy, ) is the disjoint union of the 'k ;\Xk’s (re-
spectively, I'r;\XF’s), where ' ; = GL2(K) N t;}(UKti,KGLg(K @Rt
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(respectively, I'r; = GL2(F) N ti"},nUpt,»,FGLz(F ® R)*)). We can con-
sider the direct limits of the cohomology groups H*(Xy, ,C) (respectively,
H*(Xy,,C)), and define

H*(Xk,C) := lim H' (X, ©)
K

(respectively,
H*(XFp,C) := ltijm H*(Xy,,0C))
F

where the direct limit is taken with respect to pull-back maps, and the
indexing set is the cofinal system of open compact subgroups of GLQ(A;()
(respectively, GLqy (Aﬁﬂ )).

As the adelic cohomology groups at the finite level are just the direct

sums of the cohomology groups considered above, we can define just as
above:

H*(Xk,C) = H*(g,K; C®(GLy(K)\GL2(Ak ).
We may define the cuspidal and discrete cohomology to be:
H}p(Xx,€) = H* (8, K; L2435 (GLa(K)\GLa2(Ax ) )

and
Hioo( Xk, €) = H*(9, K; Lo (GL2 (K)\GL2 (Ax )®))>®

where L2, (GLy(K)\GL3(Ak)) is the space of cuspidal functions on
GL2(K)\GL2(Ak) that are smooth at the infinite places and locally con-
stant at the finite places etc. Just as before we also have natural maps:

1 p: Hiyo(Xk,C) » H} (XK, C)
2. v: H}(Xk,C) » H*(Xk,C)

All these cohomology groups are GLg(Af{)-modules. We have a similar

notions for the cohomology of X5 which to save the reader further boredom
we do not repeat. Thus we may consider restriction maps:

Res, : H*(Xk,C) —» Mg, ) He (Xr,©)
Resgjsc : I?c;isc(}zx)c) — HGL;(A{()I?ISisc(jEF; C)
ReSCUSP : H:usp (XKv C) — HGL;(A&)E:usp(XF) C)

where flgisc etc again denotes the image of discrete cohomology in the full
cohomology.

We state below the main results proven in this paper.
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1.1 Results

Theorem 1.1 We have the following case-by-case analysis:

(1) If K/F is CM, and * = 1/2dim(XFp) = [F : Q}, f € HFY(Xg,0)
a cuspidal newform, then Res.(f) # 0.

(2) If K/F is a CM estension, x = dim(Xr), and f € HE™ X" (X, ©)
is a (cuspidal) newform, then Res.(f) is non-zero precisely when f is
the twist of a base change of a cuspidal automorphic representation
Of GLz(AF).

Theorem 1.2 The map Rescysp is trivial unless K/F is a quadratic
extension, with K totally imaginary and * # dp. When in addition K/F is
a CM extension, x =dp, and f € ﬁg‘gp()? k,C) a cuspidal newform, then
Rescusp(f) # 0.

Remarks
1. We recall in Section 2 below the association of a differential form
6(f) (which may be viewed either as an element of H*(Xy,,C),
H},op(Xuy,C), or Heyop(Xuy,C)) to a cuspidal automorphic form
invariant under Ug (of weight 2). Thus by restriction of f we mean
the restriction (or pull-back) of the differential form 4(f) in the rele-

vant cohomology.

2. We have not yet been able to handle all the cases of K/F quadratic,
with K totally imaginary, in degree dp. We point out below (at the
end of Section 4) that arguments at the archimedean places suggest
that the map should be non-trivial in this case too.

3. A more general result than Theorem 1.1 (with a less clean statement)
is proven as Theorem 3.5 below.

1.2 Comments

1. Unlike many of the earlier studies of the restriction map, our situa-
tion is non-algebraic, i.e., at least one of I'y\Xr and I'\Xg is not a
quasi-projective algebraic variety in most situations for non-trivial sit-
uations of restriction of (image of) cuspidal cohomology; for compact
cohomology when K/F is quadratic and K, F' both totally real, and
thus the above map can be viewed as a morphism of quasi-projective
varieties, the map sometimes can be non-trivial in degree 2dF.
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2. There is no map Hg,,(I\Xk,M) — H} (T\Xp, M) as the

cusp
restriction of a cuspidal function need not be cuspidal. We will give

below instances of this (see also 5 below), and show in fact that the
cuspidal summand of compactly supported cohomology need not be
preserved under restriction (cf. Proposition 3.3 below). This is unlike
the case for restriction of holomorphic cuspidal classes in the coho-
mology of Shimura varieties (to (holomorphically) embedded subva-
rieties), which are always cuspidal (Proposition 2.8 of [CV]).

. It s true that we have a restriction mapping S(I'\GLy(K ® R)) —

S(Ty\GL2(F ® R)). This follows from Lemma 2.9 of [CV] (though
the result stated there is for Shimura varieties, it is easily checked
that the proof extends to our situation). Thus as rapidly decreasing
automorhic forms are cuspidal (see [C]), the restriction of cuspidal
functions not being cuspidal is due to the fact that the restricted
function may not be 3p-finite, for 3 the centre of the universal
enveloping algebra of gf2(F ® R). This is automatically the case for
holomorphic forms on Shimura varieties.

. In the situation of Theorem 1.1 if f is the twist of a base change

form one can obtain sharper results about the level at which the
restriction is non-zero.

. In the situation of Theorem 1.2, with K/F a CM extension, and

* = dp, when f is a base change form from GL2(Af), Res.(f) is
never cuspidal.

. The non-vanishing statements in these theorems are simple conse-

quences of well-known results about integral expressions of L-series
associated to automorphic representations (of GL2 and GLy x GL3)
and non-vanishing results about special L-values (in the context of
Theorem 1.1 even the vanishing statement follows from considera-
tions of L-functions). For this reason we will only give enough detail
in the proof to convince the reader that our results follow readily from
those of [H], [H1], [R] etc. The purpose of this paper is to show that
these results about L-values give a coherent picture of the restriction
maps studied here.

. Unlike in the case of restriction of holomorphic classes of Shimura

varieties, in our “non-algebraic” setting, (g, K) cohomology argu-
ments are not capable of proving non-vanishing results, though of
course if the restriction map vanishes at the archimedean places then
it does vanish in (cuspidal, or image of cuspidal) cohomology of
the corresponding discrete groups (see Section 2.2). In this paper,
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besides the well-known limitations on degrees of cuspidal cohomology
imposed by (g, K) cohomology calculations, we do not need to use
the latter in any serious way.

8. We do not have a complete analysis of restriction maps within the
framework of this paper for compact support cohomology, as (g, K)
cohomology arguments cannot be directly used to prove even vanish-

ing.

9. The methods of this paper are analytic. In a companion piece (cf.
[K]) we will prove injectivity results for restriction using algebraic
methods, and with special attention to mod p cohomology.
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2 Cohomology of congruence subgroups of
GLy of number fields

2.1 Cusp forms and the Eichler-Shimura isomorphism

The main references for this section are Sections 2 and 3 of [H]; we only
briefly sketch the association of differential forms to cuspidal, automorphic
functions to the extent that we require below. These span the cuspidal part
of the de Rham cohomology of congruence subgroups of GLz(K) for K a
number field.

We persevere with all the notation introduced in the introduction. Let
Uk be a neat, open, compact subgroup of GL:(K), with K a number
field with r; g real and 73 k complex places. We will denote the algebraic
group associated to GLy by G. For each complex place o € Sk, we consider
L, (C), the homogeneous polynomials in X,,Y, of degree 2 with the natural
action of GL2(C). We consider L(2;C) := ®,¢x(c) Lo (C) (we will drop the
subscript K from Yk (R) etc.). Let J be a subset of X(R) the real places
of K. Consider functions

f:G(Ak) = L(2;C) (2.1)

which satisfy the conditions:
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1. They are in the kernel of the Casimir operator.

2. f(yzz;x) =
x € L(2;C).

f(z;x), for 2 € Ay, v € GL2(K), r € G(Ag), and

3. f(zu;x) = f(2;u00x)e(T 126, — Yg gy 205) where e(s) is 2™,
u € UxCY, and the components of 4., at the real places are

(( cos(278,) sin(27r00)) )
- Si.n(27r0¢7) COS(‘Z‘”G”) gEL(R) '

The action of ux on x is through its components at complex places.

4. fU(K)\U(AK)f(ua:; X)du = 0, for almost all z € G(Ak) with U a
unipotent subgroup of G.

We denote this space, i.e., functions as in (2.1) which satisfy 1, 2, 3, 4
above, by S;(Uk). We have the disjoint union:

G(Ak)t = U'G(K)LUKG(K @ R)*

by the strong approximation theorem, where h is the class number of a
certain ray class group of K. Let I'; = G(K) Nt,UxG(K ® R)*t;'. Then
out of f we can define f; (i =1,... ,h):

fi:G(K®R)* = L(2;C)

by fi(Ze) = f(tiToo) for Too € GLy(K ® R) which have properties derived
from the above (see pg. 470 of [H]) and in particular

fi(vz;x) = fi(z; x)

for v in I;.
We have

Xk = Myes, Xk,

with X, := GLy(K,)*/C, where Sk is the set of archimidean places of K,
the subscript v denotes completion at that place, and C, are the maximal,
connected compact subgroups modulo the centre (thus if v is a real place,
we may take C, = R*SO:(R), and if v is complex C, = C*U2(C)). Now

(T -y
XK”_(y 'f)

| B
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(z € C, y € R # 0) is the hyperbolic upper-half 3-space if v is a complex

place and
[T ~Y
A = (y z)

(z,y € R, y #0), if v is a real place. The action of GLy(R)* and GL(C)
on Xk, is explicated in [H] in these co-ordinates. A basis of differential

forms for Xk, at
0 -1
1 0

in the real case is given by (dz, —dy) and in the complex case by (dz, —dy, d%).
These have nice pull-back properties detailed in [H] (pg. 458).
Formally replacing (X2, X,Y,,Y2), by either

(dzs, —dy,,dz;)

or
y;  (dy, A dzy,—2dz, A dT,,dy, AdT,),

the fi’s give rise to closed differential forms in I';\ Xk of the form

85.0(F:) =Y fij Nocd d2o Noesry-s 4Z5 Asc) (-+-);)
j
and the f; ;’s are the (scalar) coefficients GLy(K @ R) = C of f; : GLa(K ®
R) = L(2;C), and where the - - - are filled in by the recipe above. Thus for
each subset J' of X(C) of cardinality di — ¢, we get a g¢-differential form
41,5 (fi) on I';\ Xk, where for each ¢ € J' we have replaced the variables
(X2, XoY5,Y7), by (dzo, —dy,,dT;). We define §;,5:(f) := @050 (fi),
which is an element of HJ (X, ,C). Thus we have the Eichler-Shimura

isomorphism: o
0:D7 By | 1j=d—q S1(Uk) ~ Hi\sp(Xuy,C) (2.2)

Taking direct limits we have:
é: im®; & |y=d-q S1(Uk) ~ HY,.(Xu,,©) (2.3)

In [H] the Hecke action on both sides is described, and ¢ is equivariant for
this action. A newform f gives rise to class 6(f) that is an eigenform for
the Hecke action, in the space H*(Xy, ,C)V for a suitable open compact
subgroup U of GL3(Ak), and a fixed degree * between r; + r, and r; +
2r;. Further we note that the S;(Uk)’s for different subsets of Z(R) are
related to each other by the action of the group of connected components
of G(K ® R) (cf. pg 473 of [H]).
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Fourier expansion of cusp forms and L-functions

The reference for this is Section 6 of [H]. We only recall the form of the
Fourier expansion of a modular form f as above. We have the proposition
(Theorem 6.1 of [H]):

Proposition 2.1 For a cusp form f as above, we have a functionas:1— C
such that ay vanishes outside the set of integral ideals and

()

as(Cyd; YW (CYoo)ek (Cx).

1s given by

YAk Z

CEK* [()=J

Here W is a Whittaker function, [(] are the real places o form which (¢
is positive, ek is the adelic exponential function, and 4 is the idele element
corresponding to the discriminant of F//K; for the definition of all these
terms we refer to Section 6 of [H].

The L-function of a cuspidal newform as above can now be defined as:

L(f,s) = Z ag(m)/m® (2.4)
where m runs over the ideals of K.

2.2 (g,K) cohomology

We recall the Matsushima formula:

cusp

lim H3,p (T\ X, M) =
I_IH_\I 697r€L2(I‘\G')°777'(7"-’ F)Wf Homg (‘]3, Moo @ M) (25)

where 7m runs through the irreducible cuspidal subrepresentations of
L2,,(T\G)*™, with infinitesimal character xoo(m) trivial, 7; denotes the
finite part of 7, P is the parabolic subalgebra of g normalised by K (g =
k ® B), and m(x,T) is the multiplicity with which 7 occurs in L2(I'\G).
The isomorphism is one of GLg(Af( }-modules.

Thus a first step in studying the cohomology is to determine the
admissible representations V with non-trivial (g, K) cohomology. As we
have a Kunneth formula in (g, K) cohomology (see [BW]), it will be enough
to recall the the results when g = gé2(R) or g = gf2(C).

P
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Case C

If V is a non-trivial (i.e.,not one-dimensional), irreducible, admissible,
unitary (gf2(C), C*Uz(C)) module, such that H*(g,K;V) # 0, then V is
the pricipal series of weight 2, V), with trivial central character given by:

Vi = {f : GL2(C) - C|f(bg) = A(b), f K,-finite}

where B is the subgroup of upper triangular matrices, A being the character

(5 1)) = @i o).

We have
H'(gly(0),C*U(C); Va) =C

if # = 1,2 and zero otherwise. This follows from the fact that Vi|x =
®i>0 Sym(2i), and P and A2 are ismorphic to Sym? of the standard rep-
resentation of K = C*U,(C), with P being the (3-dimensional) parabolic
subalgebra normalised by C*U,(C), and that is orthogonal to its Lie alge-
bra. The constant representation has cohomology in degrees 0 and 3.

Case R

We recall the results here even more sketchily than before, as we do not
need detailed information for the results proven in this paper.

In this case the constant representation has cohomology in degrees 0
and 2, i.e.,

H*(gt2(R),K; C) = C

for i = 0,2 and zero otherwise.

On the other hand, if if V is an infinite dimensional Harish Chan-
dra module such that such that H*(g,K;V) # 0, then V|gp,(r+-) =
V, + V_3, the holomorphic and anti-holomorphic discrete series of weight 2.
As GLy(R) = R*SLy(R)*~, this determines V upto twisting by a central
character (see Knapp’s article in the Corvallis volume). We assume that
the central character is trivial, and refer to that V as the discrete series of
weight 2 and denote it by Vgis.. We have H*(g,K;V) =Cif x =1, and is
0 otherwise.

Remarks
1. We deduce from this the fact (that we implicitly recalled in the
Eichler-Shimura isomorphism above) that for a number field K with
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71 real and r, complex embeddings, congruence subgroups of GLy(K)
have non-constant cohomology, with coefficients in a complex alge-
braic representation of GLy(K), for degrees between r; g + ro i and
T1 + 2ry k. Here by constant cohomology we mean the image of the
cohomology of H*(g, K;C) where g is gf2(K ® R) and K its maximal
compact, in the congruence subgroup cohomology.

2. The restriction maps of the introduction can be seen from the point of
view of (g, K)-cohomology. As we chose embeddings so that we had
an inclusion of the compact subgroups at the archimedean places, the
restriction map (1.1) of the introduction is just the map:

Homg (gf2(K ® R), Kk ; C°(GL2(K)\GL2(Ak))) -
gy, (as, ) Homk (86> (F @ R), K ; C°°(GL2(F)\GL2(AF)))

Though as we will see below that cuspidal summands are not pre-
served under restriction, the maps on H;,, arises from this by pro-
jecting to the cuspidal summand, and the same is true for the map

on discrete cohomology.

3 Restriction in compactly supported
cohomology

We divide our analysis according to the degree of cohomology that we
are studying. We use results about non-vanishing of special values of L-
functions due to Rohrlich, cf. [R], to prove the first part of Theorem 1.1.

Theorem 3.1 If K/F is CM, with 6(f) € H£F:Q]()?K,(C) the differential
form attached to a cuspidal newform, then Res.(6(f)) # 0.

Remark Note that from the Eichler-Shimura isomorphism recalled above
(see (2.2) and (2.3), we may deduce that f appears with multiplicity one in

HEr (Xy,,C). Thus there are no choices of J' (and also J as K is totally
imaginary) involved.

Proof We will draw heavily from [H], and use its notation too. Set d = dF.
The embedding of Xr in Xk is given by the inclusion of the upper half-

plane
z -y
y
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(z,y € R, y # 0) into the hyperbolic upper-half 3-space:

G %)

(z € C, y # 0 € R). We have inclusions:

KI\K;’;’ —_— XK
F\FZt — Xp

5 9))
i)i=1,...,d
(z)imi,...a ((|z,-| 0))ia,. 4

where K2t (respectively, Fi3+) is the connected component of the identity
of K, (respectively, F,), and K' (respectively, F1) is the subgroup such
that |z;) =1 (1 = 1,...,d). These induce proper maps:

given by:

Ex = l‘i/mK*\IK/VKKI—H?K
K

Er = uva*\IF/VFFl—-»)?F
F

where Vi (respectively, V) are compact open subgroups of the finite ideles
of I (respectively, Ir). Thus we have the induced maps on cohomology:

Hg(sza‘c) —* HGL2(A{()HS(XF7 0 — HGLZ(A{K)HS(EF,C)
— HGL;,(A;()H?(EK,C)
where the last map comes from the fact that the map
EFFI\F:<;+ — EKKl\K;é+

is an isomorphism, where Ek is a (torsion-free) subgroup of finite index of
the units of K and Er = F* N O%. This follows because in fact Er = Ex
as the unit rank of O} and O} is the same.

We claim the stronger statement:

Claim: The image of §(f) under the map
: HS(XKaC) - HGL2(A;()HS(E’FaC)

is not-zero.
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We will prove the claim, arguing by contradiction. Let Uk be a neat,
open compact subgroup such that the differential form 4(f) corresponding
to f, an association that we have recalled above ((2.2) and (2.3)), is in
H%Xy,,C) = ®H¥T;\Xk,C), for finitely many congruence subgroups
T'; of GLy(K). Throughout we are using de Rham cohomology.

We have proper maps

E; = EEK'"\K2t o2 T\ Xk

for each i where E;’s are subgroups of O of finite index. These induce
maps:

H}(T:\Xk,C) - HY(E;,C) ~C.

where the last isomorphism comes from integrating over E;. The compu-
tations on page 484 and 485 of [H] show that the image of §(f;) under
this map is a non-zero multiple of the value of the partial L-function of
f at s = 1. Now for any primitive Hecke character ¢, of finite order and
conductor ¢, we have the twisting operator:

f ®¢:= fIR(#)(x) = $(det(x)) D _ ¢c(u) f(za(w))

=3 %)

with u € (¢7!/Ok)*. From this we see that all the twists of f by finite
order Hecke characters are sums of GL, (Af( )-translates of f € H3(Xk,C).
Further for almost all characters ¢, f ®¢ is a newform. Thus from the above
considerations we deduce that L(1, f ® ¢) = 0 for (almost) all characters
¢. This contradicts the main theorem of [R], and thus the assumption that
the image of f under the map

with

Hg(fx,C) - HGLz(A{()HS(EF;C)

is identically 0, is wrong. This proves the theorem.
0

H. Hida has kindly pointed out to us that in fact we may deduce the
stronger statement:

Corollary 3.2 The restriction map considered in the theorem above:

Res, : HIF (Xk,C) = Mg, ) HE (Xr,C)

is injective on all of the cuspidal summand of Hi* (Xk,C).

&

&

2
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Proof We claim that for any 4(f) € Hglgp()zy,\,,(l), coming from a cus-

pidal form f, there is a finite linear combination

8(f') := E a;g:(6(f))

(a; € C) of GLg(Af( )-translates of 8(f), such that f’ is a newform. This
follows from:

1. The multiplicity one theorem for cuspidal newforms

2. The Eichler-Shimura isomorphism above, from which we deduce that
as dp is the lowest degree in which congruence subgroups of GL;3(K)
have cuspidal cohomology, multiplicity one also holds for the coho-
mology H35 (XK, C).

Namely from 1 and 2 above we deduce that certain linear combina-

tion of GL. (Af( )-translates of §(f) gives a non-zero element that under
the GLz(Af( )-action on Hg‘{';p(X k,C) generates an irreducible (admissi-
ble) representation. From this the claim follows, and thus the corollary

follows from the theorem.
O

Remarks
1. As we will see below in Proposition 3.4, it is not true that the restric-
tion of a cuspidal form is cuspidal (Proposition 3.4 shows this even
in cohomology). In fact we will see below that it need not even be in
the discrete part of the spectrum.

2. The claim that occurs in the midst of the proof of the theorem above
shows the stronger statement that the restriction maps associated to
the embedding of split torus in GL2(K) is injective. Note that the
“integral” points of split tori in GL2(K) and GL2(F) are the same
(as the rank of the unit groups of the rings of integers of K and F'
are the same).

3.1 Asai L-functions

We will prove the second part of Theorem 1.1 using information about
(special values of) Asai L-functions. The Asai L-function coresponding
to a cuspidal newform f of GL2(Ag) (of weight 2) as above (see (2.4) of
Section 2), with respect to a quadratic extension K/F is given by:

L(s,As(f)) = L(2s — 2,97") ) _ ag(m)/m*

where the summation runs over the the ideals of K extended from F, and
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1y is the restriction of the central characater of f to A%. Let o denote the
non-trivial automorphism of K/F, and f° the o-conjugate of f (i.e., via
the action of ¢ on Ax). We note the relation:

L(s, f ® f7) = L(s, As(f)) L(s, As(f) ® ak/F) (3.1)

where ak/r is the character of the extension K/F. If f is a base change
newform of a newform g of GL2(Ar), we have the relation:

L(S,AS(f)) = L(s7aK/F¢)L(s +k- lvsymz(g) ® 1/))
L(s, ax/r¢)L(s, Ad(g) ® ¥)

where 9 is the (finite order) central character of g.

We begin by noting that there is another approach to the theorem we
have proved above, at least for (some) f’s such that the corresponding
automorphic representation is a base change from GL;(F). This method
gives sharper results in that case.

Let us assume for simplicity that K is an imaginary quadratic extension,
and hence F' = Q (as the reference [G] we are using assumes that). The
method rests on the perfect pairing:

Hcl(XUxac) x HI(XUKvC) -C

In [G], following the method of Asai (cf. [A]) and Shimura, the wedge
product Res.(6(f)) A E, with E an element of H(I'\Xq, M) that arises
from an Eisenstein series, is shown to be the special value of an Asai L-
function. Here I' is simply given by Ux N GL3(Q). Note that E is in the
orthogonal complement of the cuspidal summand of H!(Xy, ,C).

Let f be a base change from 7’ a cuspidal automorphic representation
of GL,(Q), with central character of non-trivial conductor that we assume
prime to the discriminant of K/F. In that case we see from [G], that for a
suitable element F € H! (XUK NGL2(Q)» (C)

Resq(f) A E = *L(1,04)L(1,Ad(g) ® ¥)

where * is a non-zero number, and a is the character associated to the
extension K/Q. Because of our assumption that 1 is different from a we
have:

1. Finiteness and non-vanishing of L(1, o)),
2. L(1,Ad(g9) ® ¥) # 0 by well-known results (cf. [S2] and [S3]).

Together 1 and 2 above imply that Res.(6(f)) # 0. This result is
sharper than Theorem 3.1 above as we can control the level for which the
restriction is non-zero. Thus we have proved:
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Proposition 3.3 Let §(f) be a differential form (associated to a new-
form f) in H(Xy,,C), such that 7; is the base change of ©' an auto-
morphic representations of GL2(Ag) with central character of non-trivial
conductor, prime to the discriminant of K/Q. Then Res.(f) projected to
HY(Xy,ncL,9),C) is non-zero.

a

Remark Though we have stated the proposition in the above form for
simplicity, a similar result can be proven when 7 is the base change of
w' whose central character has arbitrary conductor; in that case we may
have to work with a twist of f and hence the restriction will be non-trivial
at a congruence subgroup of higher level than Ux N GL2(Q). But the
level may still be controlled. This is unlike the situation of Theorem 3.1
where one cannot even hope to control the level (or equivalently, control
the GLg(Af( )-translates of §(f)) at which the restriction will be non-zero.

Note that the pairing:
H!(Xq,C) x H'(Xq,C) » C
has the equivariance property:
(92,y) = (z,9"y)

where g € GLg(A{I) and * is the main involution given by g* = det(g)g~*.
This implies that the cuspidal summand of H! ()‘fq, C) pairs trivially with
continous summand of H* ()Z'Q, C), as the cuspidal summand of the above
cohomology groups is “distinguished” by its Hecke eigenvalues (and hence
by the GL; (Aé) action). This implies that with f as in the above proposi-
tion, Res.(d(f)) is never cuspidal. As H! ()?UK,C) does not have discrete,

non-cuspidal (residual, which in the presesent case means constant) coho-
mology (see [Har] or Section 2.2 above) we deduce:

Proposition 3.4 If §(f) is the differential form in H} (XK, M) associated
to a newform f, such that 7y is the base change of m,, that has conductor
prime to disc(K/F) and has non-trivial nebentypus, then Res.(8(f)) is not

contained in the summand of Hg(XQ,C) spanned by the cuspidal part and
one-dimensional characters. )

Proof This follows from the considerations above.
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Remark This shows that injectivity results for f{gusp cannot be proved as

a formal consequence of injectivity results for compact support cohomology.

We now turn to the proof of the second part of Theorem 1.1 of the
introduction. The main input is the results of [H1]. It is curious to note
that while above we evaluated Asai L-functions at points where they are
finite and non-zero to deduce non-vanishing of restriction, below we will
evaluate the residue of Asai L-functions to deduce non-vanishing results.

We have:

Theorem 3.5 Let J and J' be subsets of Sk (R) and Xx(C), such that
J contains ezactly one real place above each real place of F that splits in
K, and J' contains exactly one of the two complex places in K above each
complex place of F.

(i) IfK/F is quadratic, » = dim(Xr) and d;  (f) € HI™XF) (X, C) is
the differential form associated to a (cuspidal) newform f, with J,J'
as in the previous sentence, then Res (87 5/ (f)) is non-zero whenever
f s the twist (by a finite order character) of a base change of a cus-
pidal, automorphic representation of GLo(Ar) if one of the following
conditions hold:

(a) K/F is a CM extension
(b) The archimedean places of F split in K

(c) The central character ¢ of g is ak/F.

(ii) If K/F is quadratic, * = dim(Xr) and 6y 5 (f) € HE™*F) (X, ) is
the differential form associated to a (cuspidal) newform f, with J, J'
as in the first sentence, then Res.(8; 5 (f)) is zero whenever f is not
the twist of a base change of a cuspidal, automorphic representation

of GLa(Ar).

Remarks
1. Here by dimension we mean as usual dimension as a (pro) real analytic

manifold, i.e., we ascribe X the dimension 2r; r + 3r; F.

2. The conditions (a), (b), (c) arise because of Lemma 2.2 in [H1] which
delas with extending the character ¥ "'ak/r of F to K (see the proof
below).

3. Unlike in the case of Theorem 3.1, there is some choice of J and J'
involved, as the degree 2r; g+3r; r we are considering is such that, for
congruence subgroups of GL2(K), it may be an intermediate degree
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(i.e., between 7y k + 72 k and 71,k + 2r2 k). Even after constraining
J and J' to be as above, there is still some ambiguity. On the other
hand, if J and J' are not as constrained to be above, Resc(44,4:(f))
is forced to vanish. This can be seen by counting degrees of cohomol-
ogy at each complex archimedean place, together with the fact that
HI™XF) P\ Xp C) is spanned by a differential form that is of type
(1,1) at each o € Tp(R).

Proof The proof follows directly from the results of [H1]. We will just
indicate the broad lines of the argument, referring to [H1] for the technical
details.

First we prove the non-vanishing assertion in the theorem, and then the
vanishing assertion.

(i) Non-vanishing We fix the choice J,J' as above, and consider the
restriction of &; y/ (f) € HI™XF)(Xy, ,C) to HI™Xr)( Xy, C) for suit-
able open compact subgroups Ux and Ufp of GLz(A};) and GLQ(A{;)
respectively. As we are in degree that is the dimension of the real manifold
XpF, it will be enough to show that:

/ 850 (f)F #0

F

for some f' that is in the space spanned by the GL, (Af{)-translates of f,
where |r denotes the restriction or pull-back under Xy, — Xy, . By the
above integral we understand the sum of integrals

/ 81,0 (f)F
Ci\XF

where the I';\XFg’s are the connected components of Xy, and f; are the
classical cuspidal forms associated to f' as in Section 2. Let us assume that
f is the base change of a form g of GL; (Af{) that has central character .
Note that in our (weight 2) situation, 1 is necessarily of finite order. It
is explained in Lemma 2.2 of [H1], that under either of the conditions (a),
(b), (c) of Theorem 3.5, the character ¥~ 'ak,p of A} arises by restriction
of a (finite-order) character of A}, upto characters of conductor 1. This is
enough to ensure (see Section 2.4 of [H1]) that for a suitable f' in the space
spanned by the GLg(Af{ )-translates of f we have:

A 85,0 (f)|F = cLs(1, Ad(g) ® ax /) (3.2)

UF

where ¢ is non-zero. As the right hand side is known to be non-zero, this
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finishes the proof of this part of the theorem.

The comment before the statement of the theorem arises because in [H1]
the above integral is interpreted as the residue of the Asai L-function that
has the integral expression (upto I' factors and constants)

/ 550 (/) E(s)

F

for a suitable f' and open compact Xy,, and an Eisenstein series E(s)

defined in [H1]. The series has a pole at s = 1 and thus (3.2) arises by
taking residues at s = 1.

We now go to:

(ii) Vanishing As we are in degree that is the dimension of X, to show

vanishing of the pull-back of §(f) (we suppress J, J' from the notation) it
will be enough to check that all the integrals above

/ 85,0 (f7)
Ti\Xr

I

vanish, where f] is a GLQ(A{() translate of f;. This is enough simply
because

HImXr)(P\Xp,C) ~ C

and the isomorphism arises by integrating a compactly supported differen-
tial dim(Xr) form over I';\ Xp. In [H1] each of these integrals is interpreted
as the residue at poles of some partial L-series of twists of As(f) at s = 1.
But these partial L-functions are holomorphic under the assumption that
f is not the twist of a base change form; this follows from results of [S1],
(52] and [HLR], and formula (3.1) above, as explained in [H1].

]

Remarks

1. In this case too, the Asai L-function gives sharp results about the
level at which the restriction map is non-zero.

2. Results like the above, in the broader context of “distinguished repre-
sentations”, have been pursued in many papers of Jacquet, Jacquet-
Ye, Flicker etc. (the interested reader may consult [J] for a survey
and bibliography on the subject).

3. In the case when K and F are both totally real, one may give a
Galois theoretic perspective on the vanishing part of these results
(see [HLR]). As in that case both the manifolds Xx and Xp are
pro-algebraic varieties. The newform f contributes to the f-adic étale
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cohomology H2dr=dx (Xk,Q¢) (the middle dimension of Xk) via the
tensor induction ®,p° (cf. [BL]) of the 2-dimensional ¢-adic Galois
representation p attached to f (where o runs through the embeddings
of K). On the other hand, the ¢-adic cohomology of H24F (Xr, Q)
is abelian (as 2dr is the dimension of X r). The restriction maps are
Galois equivariant for small enough open subgroups of Gg. Thus we
would want that ®,p° has abelian quotients for the restriction map
on the “f-component” to be non-zero. This can be made precise and
explains the results of Theorem 3.5 in that case.

4. In Theorem 3.5, the restriction being zero or non-zero depends on
“arithmetic information” at all the places of the automorphic rep-
resenttaion 7 attached to f (i.e., whether we are restricting a base
change form or not), rather than just archimedean information which
is the only relevant information for restriction of holomorphic classes
in the setting of Shimura varieties (as in [CV]). Note that even in
the one case where we are in the setting of Shimura varieties in the
theorem (i.e., K and F both totally real), our choice of J ensures
that we are restricting a non-holomorphic class. This dependence (on
whether the automorphic representation is “distinguished” or not (cf.
[3], [F1]) can perhaps be explained from the (g, K)-cohomology point
of view (see Section 2.2 above and also the end of Section 4 below),
by noting that in the situation of the theorem we will be considering
a map (at each infinite place) of the form V) ® V) — C (this is the
form at a complex place of F); if a real place of F splits in K then
the map involved is Vgisc ® Vaise = C; if a real place stays inert the
map involved is V) — C. The point is that the target is the trivial
representation, rather than an infinite admissible representation as
will be involved in arhimedean considerations in the situation of say
Theorem 3.1 above or Theorem 4.3 below.

5. It is interesting to note the important role (as in Proposition 3.3
above, but with a twist!) played by the central characters of the form
that gives rise to f by base change in part (i) (see also Proposition
0.1 of {F1}).

4 Restriction maps in cuspidal cohomology
We first have to justify the statement we made in the introduction that

HZ, (Xu,),0) is indeed mapped to Mg, )Hfusp()?up,C) under the
restriction map.
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For this it is enough to prove:

Lemma 4.1 The cuspidal sumand I?fusp (Xux,C) of H 4 Xy, ,C) is mapped

to the cuspidal summand ﬁgusp()‘zup,(C) of HY(Xy,.,C) under restriction,
for any degree d.

Proof We do know that H*(Xg,C) maps to H *(Xk,C) under restriction.
We also know that by results of Harder (cf. [Har]), the image of compact
support cohomology in the full cohomology is the image of H},.(Xk,C) in
the full cohomology H*(Xx, C) (the same statements hold good, of course,
for the cohomology of X ). In fact it injects into the full cohomology for all
but the top dimension, and in the top degree the map is just 0 (this follows
from the calculations in [Har]). Suppose, for contradiction, that the state-
ment in the lemma was false. Then we would have that the cohomology
class that f gives rise to in the summand m(m)ws H* (g, K; 7o) correspond-
ing to f in the Matsushima formula (see (2.5) above) is mapped to a class
arising from the constant cohomology H*(g, K;C). But then the fact (re-
called in the (g, K)-cohomology section above) that the only positive degree
in which gf3(C, C*U,(C)) and (gf>(R), R* SO,(R)) have constant cohomol-
ogy is 3 and 2 respectively, shows that the resulting invariant cohomology
class is forced to have degree the dimension of X . Thus we are done if the
degree of the cohomology is strictly less than dim(Xr). In the case the de-
gree is dim(Xr), we have noted above that H4F (X, C) has no contibution
from invariant cohomology classes. This finishes the proof of the lemma.

[m)

We calculate the instances in which congruence subgroups of GL, (K)
and GL2(F) have non-constant cohomology in a common degree. Let F
have r; r real embeddings and ro,r complex embeddings. For each real
place oo; (1 < ¢ < rip) of F, let a; be the number of real places of K
above it, and b; the number of complex places (thus a; +2b; = dg/r). There
are di/r complex places above each complex place 00; (1<j<ryp)of
F. Then (congruence subgroups of) GLy(K) has non-constant cohomology
between degrees ;11 (ai+b:) +dg/pre,F and 310F (@i +2b;)+2dg/praF,
while for GLy(F) the relevant degrees are between r1,F+72,F and 71427 .
From this note that these ranges can overlap in at most one integer, namely
the integer r1 g + 2rp p and this happens if and only a; = 0,b; = 1 for
1 < i < p. Equivalently this happens only if dg/r = 2 and K has no
real embeddings (leaving aside of course the uninteresting situation when
dg/r = 1!). This justifies part of an assertion made in the introduction.
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We thus have:

Lemma 4.2 The restriction map ﬁ:usp()?K,C) - HH:USP(XF,C) can be
non-zero, only when K/F is a quadratic extension, K is totally imaginary

and x = [F : Q.

Proof This follows from the considerations above. -

We now prove Theorem 1.2 of the introduction. We will only sketch the
proof as it is entirely similar to the proof of the first part of Theort'am 1.1 of
the introduction, the only difference being that here we have to integrate
against compact rather than non-compact cycles.

Theorem 4.3 When K/F is a CM extension, and 6(f) € ﬁg‘fsp(XK,C)
the differential associated to a cuspidal newform f, then Rescusp(6(f)) # 0.

Remark As before there is no choice of J' (nor of J as K is totally imagi-
nary) involved as we are in the lowest degree in which cuspidal cohomology
exists.

Proof The proof is entirely analogous to that of Theorem 3.1 above and
thus we will be brief. This time around we can detect the non-vanishing 9f
the restriction of 6(f) by integrating against compact cycles. As if 6(f) is
cohomologous to 0, Stokes theorem:

L= [
c bd(C)

yields that its integral over compact cycles will be 0; note tl}at thi§ makes
sense only when C is compact. The compact cycles we consider arise from
embeddings of non-split tori into GL2(F) (for details on this see Sectlog \Y%
of [Har]). Thus if F'/F is any quadratic extension, we have an fambeddlng
F' — GLy(F) that gives rise to compact cycles in Xy,, just as in the case
of split tori that occurred in the proof of Theorem 1.1. Note that choosing
F' = K means that the composition F' - GL2(F) = GL2(K) gives a split
torus. Thus integrating Res(d(f)) (and its GLg(Af( )-translates) against
the compact cycle in Xy coming from F' = K we see, just as before in ;he
proof of Theorem 3.1, that Rescusp(6(f)|g) vanishing, for all g € GL2(Ag ),
contradicts results of [R]. . .
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Corollary 4.4 The restriction map considered in Theorem 4.3:
Rescusp * Hoap( Xk, ©) = Ny, a1 ) Honp (Xr, ©)
1s injective. '

Proof The proof is identical to the proof of Corollary 3.2.
O

Remarks
1. Though we have gotten by cheaply above, we could also have used

the fact that integrating newforms f against compact cycles in Xy
coming from an extension K F'/K (that arises from F’'/F), one gets
L(1, f ® apryp-.Nmg/r); thus we could have used tori arising from
other quadratic extensions of F' than K.

2. Just as in the proof of Theorem 1.1 we have proven in fact something
stronger, i.e., that the restriction maps associated to the embedding
of the tori common to GL2(K) and GL2(F) are injective.

3. One cannot test non-vanishing of the restriction on the cuspidal sum-
mand by integration against non-compact cycles (coming from split
tori in GL(F)). For example, when the degree of the cohomology
is dim(XF), integrating the restricted differential form associated to
a cuspidal newform can sometimes be non-zero (as we saw above in
Theorem 3.5), but still the map from cuspidal summand to the cus-
pidal summand is zero as there is no cuspidal cohomology in degree
dim(X F) .

Let us assume now that we are in the one left-over case in which the
restriction map may be non-trivial that is not ruled out by degree consid-
erations as in Lemma 4.2; i.e., the situation when K/F is quadratic, K is
totally imaginary, and F' has at least one complex place. Then we want to
study the restriction map:

ﬁ:usp(XKv C) - HGLQ(A{( )ﬁc.usp()?FV C)7

with * = dr (= r,Fr + 2rz r, the highest dimension in which X F has
cuspidal cohomology). We have not yet studied this case, and only make
a few preliminary remarks below about what is happening at the infinite
places.

We note that the map:

Homg (B, V3) x Homg (P, Va) — Homg (AP, Vi@ V))
—  Hompg (A’PB,Vy)
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does not vanish; the last arrow arises from the (essentially) unique non-
trivial map V\ ® Vi, — V) that exists by [L] (see Section 2.2 for the notation
being used). Thus the restriction map does not vanish for trivial reasons.
We justify this; but before that we remark that indeed. as already said in
the introduction, we cannot deduce non-vanishing of restriction maps by
simply knowing the non-vanishing at infinity (in contrast, for example, to
the situation studied in [CV]).

Now for the justification: we know that Homg (3, V) is one-dimensional,
generated by say f, and so the first map above is specified by

(f, ) = ANz, 9)] = f(z) ® f(y) - f(v) ® f(z);

thus it takes values in A2(Vy ® V3). The map f takes ‘B to the Sym?(C)-
summand of Vi |k = ®;>1 Sym**(C), and thus A%(f) takes values in A%(Sym?)
~ Sym?(C). We have to show that this subspace is not mapped to 0
under the unique (g, K)-equivariant map V) ® V) — V). This follows from
Proposition 4.2 of [L] which is attributed to D. Prasad there, whom we also
thank for these arguments.
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On Hecke Theory for Jacobi Forms

M. Manickam

Abstract

N.-P. Skoruppa and D. Zagier [7] studied the th((aiorly of Il-Iec’ﬁ:l t(;;:legrl;
ors i i k, index m, and level 1.
ators for Jacobi forms of weight k, , " ough
ici i he trace of Hecke operators, they p
explicit computation of t ( . 3 proved
i i h the Atkin-Lehner theory
that the theory is compatible wit . o new
i i al weight modular forms. In
forms for certain space of integr : »
:tl;zle we extend the theory of Hecke operators fo'r Jacobi foMrms of
weight’ k. index m and level M, with the assumption that M is an

odd square-free positive integer,

1 Introduction

A Jacobi form ¢(r,z) of weight k, index m and level M has a Fourier

development of the form

(r,2) = Z c(n,r)e(nr +12), (1.1)
3 inm
where e(s) = €**%¢, s € C. Its Fourier coefficient c(n,r) satisfies the follow-

ing property:

(1.2)

c(n,r) = e(n',r")

= 2m).
if 72 — dmn’ = r2 —4mn and v’ = r (mod
g:l.e to this fact, the Fourier coefficients are denoted by c(D,r), where

D = r2 — 4mn and the expansion (1.1) is written in the form
2
ré —

o(r,z) = Z c(D,r)e( 4mDT +rz). (1.3)

0>D,r€2
D=r2 (mod 4m)

89
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In particular, if m = 1, the coefficients ¢(n, r) depend only on the discrimi-
nant D. Using this fact, M. Eichler and D. Zagier [2] constructed a perfect
link between J;'i’P(1) and S}, /2(4), via a certain map. In our recent paper
with B. Ramakrishnan [5], we have generalised the Eichler-Zagier map to
Jacobi forms of weight k, index m and level M and obtained an analogue
of the Atkin-Lehner theory of newforms and further exhibited a perfect
isomorphism between the space of Jacobi newforms and certain subspace
in Kohnen’s (+) newform space. By combining the results of M. Ueda 8],
we get the strong multiplicity one theorem for Jacobi newforms (when mM

is odd). In this article, we present a brief account of our results without
proofs.

2 Preliminaries

Let k,m, M, N € N. The notations for the various spaces of modular forms
and Jacobi forms are already given in the article of B. Ramakrishnan, which
appears in this volume. The following two spaces are frequently used. They
are S,':H /2(4N), the Kohnen’s + space of modular form of half-integral
weight (when N is odd) and J;',P(M), the space of Jacobi cusp forms of
weight k, index m and level M. The Hecke operators in Jo (M) are

denoted by Ts(p), for p fmM and U;(p) for pl/mM. For the Kohnen’s +
space, the Hecke operators are denoted by T'(p?) for p f2N, T*(4) and
U(p?) for p|N. Throughout this article, p denotes a prime number.

3 Eichler-Zagier map

Let

2

D
$rz)= Y dD,r) e(t—1+r2) € JUP(M).  (3.1)
0>D,r€Z
D=v2 (mod 4m)

4m

Define the map Z,, as follows:

(¢‘z,,,) =3 Y oD, |e(Dl).  (32)

0>DeZ r(mod2m)
D=r2 (mod 4m)

For each negative discriminant D and an integer r modulo 2m, with D = r?
(mod 4m), we have the (D, r)-th Poincaré series P(p ,) € JewP (M), which
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is characterised by

F=20(k —3/2) -
(¢, Pomy) = m———ir,%/?—/—)w( +3/2¢(D,r), (3.3)

where ¢ € JUP(M) is given by (1.3) and (-,) is the Petersson inner
product in the ’gpgace of Jacobi forms. Our main result of this section is the

following.

Theorem 3.1 The linear map Z,, maps P(p ) onto Pp|; if (m,D) =1,
where Pp, is the |D|-th Poincaré series in 52_1/2(4mM).

In order to extend the mapping property of Zm to all Jacobi forms, we use
the following three Propositions:

= 2
Proposition 3.2 If ¢ € Ji'wP (M) satisfies ¢(D,r) =0 foralO>D=r
(mod 4m) with (D,m) =1, then

pe 3 I a (M) ua, (34)

d%{m,d>1

where ug is the operator sending ¢(7,z) into ¢(r, dz).

Proposition 3.3

JEeP(M) = ) Jim (M )\ud@PJ(m), (3.5)

i
where P;(m) is the C span of P(p ) with (D,m) =1.
Proposition 3.4 If ¢ € Jo' (M), ¢ & Py(m), then
¢‘ud‘Zm = ¢]zm,dz |B(d2), (3.6)

where B(d?) : f(z) — f(d*z).

4 Strong Multiplicity One Theorem

i 1 basis of normalised Hecke
Let f1, fo,- - - f¢ be orthogonal basis of orthogona d H
eigenforms for S7¢¥,(mM), £ = dimSz¢¥,(mM). Define the following:

M £) = {6 € JP O[T () = an ) 4.0 fmMY  (4D)
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and
4
Teaml " (M) = @D J5uP (M; fi); (4.2)
=1
SE12mM; ) = { £ €517, (mD| AIT@) = a1, (0,0 fmM }(8.3)
I3
Sitys (mM) = @D Siy 5 (mM; £2), (4.4)
i=1

where in the above, S:_’T/Z(4mM ) is the subspace of S,'c';l /2(4mM),

consisting of forms f for which the n-th Fourier coefficient a £(n) is zero
unless (—~1)*"'n = (mod 4m). We then have the following:

Theorem 4.1 Z,, is an onto isomorphism between e (M) and
S,:'E';;';(mM).

First we prove that Pom = FPlpwny (r' =1 (mod 2m)). As a conse-
quence, we conclude that the (D,r)-th Fourier coefficients of a newform
¢ € JP" (M) depends only on D and not on r modulo 2m. Now by
invoking Theorem 3.1, we obtain Theorem 4.1.

Note that Z,,, preserves the Hilbert space structures.

Corollary 4.2 The Strong Multiplicity One theorem is true for the space
S,'c"_’;;’;” (mM) and J,f:‘:lp MEY(M).

Remark 4.3 When mM is square-free, we can decompose the oldform
space as a direct sum of eigensubspaces as in the case of integral weight.
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The L? Euler Characteristic of Arithmetic
Quotients *

Arvind N. Nair

Abstract

A formula for the L? Euler characteristic of a noncompact arithmetic
quotient '\G/K of an equal-rank symmetric space is stated, and is
u§ed to deduce some (known) results of on limit multiplicities of
discrete series representations in the cuspidal spectrum.

1 Introduction

Consider the classical Eichler-Shimura, isomorphism

im(H; (Xr, &) = H (X1, 6&)) = Sky2(T) & Spra(D). (1.1)

Here Xr = I'\SLz(R)/SO(2) is the modular curve associated to a con-
gruence subgroup I' of SLy(Z), & is the homogeneous local system on Xy
associated to the kth symmetric power of the natural representation of SL,
and Si42(I) (resp. Sk42(T)) is the space of holomorphic (resp. antiholo:
morphic) cusp forms of weight k + 2. The left side of (1.1) is topological
while the dimension of Sy12(I'), which is the multiplicity of.a particular dis-,
crete series representation in the space L2, (I'\SLs(R)), is of arithmetic
interest. The isomorphism (1.1) holds out the possibility of computing these
multiplicities by geometric means. (Of course, in this classical situation one
recovers classical formulae for the dimensions of spaces of cusp forms.)

For a general noncocompact arithmetic group I', the cohomology theory
most naturally related to automorphic forms is the L? cohomology; in the
modular curve case, it is (in degree one) the right side of (1.1). When
?;he symmetric space is Hermitian it has a topological interpretation as the
intersection cohomology of a suitable compactification (Zucker’s conjecture,

lgg‘gBased on a lecture given at the Conference on Automorphic Forms, TIFR, Dec.
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proven by Looijenga and Saper-Stern); this is (1.1) in the case of modular
curves. In the general equal-rank case a replacement for (1.1) is given
by results of [GHM] and [N] and these also give a formula for the Euler
characteristic of the L? cohomology (stated in [GHMN]). Here I shall recall
this formula in some detail (this part is mainly expository), and then show
how it can be used to give a quick proof of a result of Rohlfs and Speh [RS]
on multiplicities.

2 The formula

2.1 Preliminaries

Let G be a reductive algebraic group over Q, G = G(R) its real points,
and g = Lie(G). Let K be a maximal compact subgroup of G, and let
Ag be the identity component of the group of real points of a maximally
Q-split torus of the centre of G. Assume that G/Ag has a discrete series
or, equivalently (by Harish-Chandra’s results), that a maximal torus of K
projects to a Cartan subgroup for G/Ag. Let I' C G be a noncocompact
arithmetic subgroup and let

Xr = [\G/AcK.

Let E be an irreducible algebraic representation of G. Assume that Ag
acts trivially on E, although this is not essential.
By the L? cohomology groups of I' with coefficients in E we mean

Hi(g, K;L*(TAg\G)® E)  (0<i<2g(G) = dim(G/K))

Here L2(T'A¢\G) carries the right regular representation, and it is under-
stood that we are passing to its dense submodule of smooth and K-finite
vectors to compute (g, K)-cohomology. (This is one of several possible def-
initions of L? cohomology, all of which are well-known to be equivalent.)
Under the assumption that G/Ag has discrete series representations, these
groups are finite-dimensional ([BC]). The L? Euler characteristic is

2¢(G)
L*X([,E) = Y (-1)'dim H'(g, K; L*(TAG\G) ® E) (2.1)
i=1
2.2 The formula

The formula below follows from results in [GHM] and [N] and is stated in
[GHMN]. It was also proved by Stern [St] when Xr is Hermitian.
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Theorem 2.1 The L? Euler characteristic (2.1) is given by

L*X(T,B) =x(D)dim(E) + 3 x(Tz)- Y. ()" dim(EL,,_,)
Pe weW,(P)

There is notation to be explained:

o P is a set of representatives for the I'-conjugacy classes of rational
parabolic subgroups of G. For P € & with Levi quotient L, P=
P(R), L = L(R) and I';, is the projection of TN P to L.

o x(T') is the Euler characteristic of I' when T is torsion-free. If I has
torsion, choose a torsion-free I'' C T" and set x(I') = (I : ")~ x(I").
e.g. x(SLy(Z))=-1/12.

o choose a minimal parabolic subgroup Py € £ and let Ly be its Levi
quotient. Let Ao denote the identity component of the group of real
points of the maximally split central torus of Ly. Choose a Cartan
subalgebra h and a Borel subalgebra b O h of g¢ such that b C
Lie(Fy)c and b D ag = Lie(A4o). Then p € * is half the sum of the
positive roots (i.e. of the roots of h in b) and A € h* is the highest
weight of E.

© Wy(P) is a certain subset of the Weyl group W = W(h,g) defined
as follows: Suppose first that P D Py and A C Ag,a C ag are the
subgroup and subalgebra defined by P. Let Wp be the Weyl group of
b in Lie(L); it is naturally identified as a subgroup of W. Let W (P)
be a set of left coset representatives for Wp in W that are of minimal
length. Then Wo(P) C W(P) is the subset of elements w such that
w(A+p)|ais positive (in the natural notion of positivity for characters
on a). If P € & does not contain Py it is G(Q)-conjugate to some
P’ D Py, and we set Wy (P) = Wy(P').

® E{;( A+p)—p 18 the irreducible representation of L with highest weight

w(A + p) — p € b* (here b is thought of as a Cartan subalgebra of
Lie(L)c).

This explains all the elements of the formula.
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2.3 Remarks

(a) Tt is not difficult to see that x(I') = x.(I') (compactly supported Euler
characteristic), so that in the formula x(I') dim(E) should be thought
of as coming from the interior and the other terms should be thought
of as boundary terms.

(b) How easy is it to evaluate the formula? It involves calculating:

e x(I')s Suppose that ¢ is a semisimple simply connected group
scheme over the ring of integers & of some number field k and
[ = 4(01). Then x(T) has an explicit formula in terms of t.he
values of the zeta function of k at certain negative
integers. (When ¢ is split/k this is Harder’s Gauss-Bonnet for-
mula [H] and the final word on the subject is [P]. Note that
these formulae incorporate subtle arithmetic facts about Tam-
agawa numbers etc.) e.g. for I' = Spy(Z) we have x(I') =

¢(=1)¢(=3)I5pa(Z /().

e 2. Terms coming from conjugate parabolic subgroups are equal',
so one has to compute numbers of I'-conjugacy classes of parabolic
subgroups. In general this will involve class numbers and may

be difficult.
e Wy(P),dim(EEL

w(Atp)— p): These are easily calculated.

2.4 An example

In [GHMN] the formula is evaluated for I' = I'(n) the principal congruence
subgroup of Sp4(Z) of level n and E = C :

rx0=-5 (s +3-1) [ -5 -7

2.5 Some remarks on the proof of the formula

Suppose that we have a compactification X of X and a complex of sheaves
#* on X such that

H* (X, %*) =~ H*(9,K; L*(TAc\G) ® E) (2.2)

(H* means hypercohomology). Suppose further that X is stratified X =
I1; X: with manifold strata X; such that the cohomology sheaves of £*
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are locally constant along each X;. Then the Euler characteristic of the left
hand side of (2.2) is given by

ZXC(Xi)Xz;,c(Z.)- (23)

Here z; € X, is any point and xo,,.(-#*) is the compactly supported Euler
characteristic of the stalk cohomology at z;. (This is due to Goresky and
MacPherson. See [GM], section 11.)

Now a pair X, .#* is given in [GHM] and by [N] it satisfies (2.2): X is
the reductive Borel-Serre compactification and .#* is the middle weighted
cohomology complex. The strata of X are indexed by £, and the stra-
tum of P € & is simply 't \L/AL K. The local cohomology modules at a
point in this stratum are submodules of the Lie algebra cohomology mod-
ules H*(Lie(N), E) (N= real points of the unipotent radical of P). Using
Kostant’s description (see [W2]) of H*(Lie(N), E) and (2.3) one arrives at
Theorem 2.1.

In the Hermitian case another possibility is- to take the Baily-Borel
compactification and the intersection complex on it and then use Zucker’s

conjecture as (2.2); the result of [GHMN)] calculates the local cohomology
modules.

3 An application

3.1 L? Euler characteristic in towers

A tower is a sequence I'; D T'i11(z > 0) of normal subgroups of I' of finite
index such that N;I’; = {1}. An immediate corollary of Theorem 2.1 is

Corollary 3.1 For a tower {I';} of arithmetic subgroups in G,

2 .

There is a Hilbert space decomposition of L*(T'4¢\G) into discrete and
continuous spectrum
L*(TAG\G) = L}(TAG\G) ® L2, (TAc\G)
and a further decomposition

Lgis(FAG\G) = Lgusp(FAG\G) & Lfes(FAG\\G)
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into cuspidal and residual spectrum. These induce decompositions .in
(g, K)-cohomology; under the assumption that G/Ag has a discrete series
[BC] shows that H*(g, K; L2,,,(T4c\G) ® E) = 0 and so
H*(g,K; L*(TAG\G) ® E) = H* (8, K; L3ysp(TAc\G) ® E) @
H” (gv K; L%es(FAG\G) ® E) (31)

and correspondingly

L*x(T, E) = L,,x(T, E) + L2 x(T,E).

3.2 Two useful facts

There is an elaborate theory of unitary representations with (g, K')-cohomo-
logy due to Parthasarathy, Kumaresan, and Vogan-Zuckerman (see [W2]).
I will need two facts from this theory.

@ Fact 1: If E has a regular highest weight and 7 is a representa-
tion of G with H*(g,K;7 ® E) # 0 then (a) 7 is a discrete series
representation with the same infinitesimal character as E* and (b)
Hi(g,K;7® E) = C if i = ¢(G) and is zero otherwise.

Let the packet of such representations be denoted DS(E*). The second
useful fact is an observation of Wallach [W1]

@ FacT 2: If 7 is tempered then it cannot appear in L2, (TAc\G).

3.3 Multiplicities

There is a Hilbert space decomposition of L3 (FAg\G) as a G-module:

—

L3(TAG\G) = EB m(m,T) 7.

This induces an algebraic direct sum decomposition in cohomology and
hence an equality

I2(T, B) = Lxa(T, B) = 3 m(m, Dixei(T® ) (3.2)

where ‘ A
X(o, k) (T ® E) = Y (=1)* dim H' (g, K; 7 ® E).
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Now suppose that E has regular highest weight. By FacT 1 the only 3.6 Remarks

contribution to the right side of (3.2) is from 7 in DS(E*) and then FaCT

2 implies that L2,,x(T', E) = 0. Therefore:

L’x(T, E) = L*xqis(T, E) = L?cusp(T, E) = > (1) m(r,T).
nE€EDS(E*)

Now suppose that we have a tower {T;}. Then

LzXcusp(riy E) - Z (_1)0(0) T_n—(_ﬂ'_,F_,)

T:13) r€DS(E*) (C:Ty)
Hence, in the limit, by Corollary 3.1,
x(T')dim(E) = lim Z (_1)q(a)m(7r, r;)
i—oo T:Ty) (3-3)

r€DS(E*)

3.4 Comparing measures

Let w be Harder’s [H] Gauss-Bonnet form on G; it satifies Joa e w = x(D).
G

The following lemma relates it to the formal degrees d, of 7 in DS(E*)
and the Haar measure p on T'4g\G.

Lemma 3.2 [RS, 1.4] (~1)9(®) dim(F)w = ZreDS(E') drps.

The essential point is that both sides give an Euler-Poincaré measure
with.respect to discrete cocompact subgroups: the left side does so by
definition and the right side does so by using the limit multiplicity result
of DeGeorge-Wallach [DW] for cocompact subgroups.

3.5 Limit multiplicities

It follows from (3.3) and Lemma 3.2 that

Theorem 3.3 [RS, Theorem 1.5] For a tower {I';} of arithmetic subgroups

. m(1r F,‘)
lim — 1) dy.
reDS(Es) #T:Ac\G) WEDZS‘%E‘)

(a) Savin [Sa] showed that, for any m,

. m(nw,T;)
—_ <
il—vlmoo w(T:Ac\G) — dr

where d, = 0 for non-discrete-series representations. Combined with
the above, this establishes the optimal result, namely that the limit
is exactly d, (in the cocompact case this result is due to DeGeorge
and Wallach [DW]). Clozel [C] showed, in the adelic setting, that the
limit is positive with an added condition about the local factor at one
prime, a result that is more useful for arithmetic applications.

(b) Theorem 3.3 immediately implies a stable nonvanishing theorem for
(cuspidal) cohomology in the middle dimension. Instead of computing
an Euler characteristic one could compute the trace of an automor-
phism of finite order in the L? cohomology (by topological means)
and deduce nonvanishing results (see e.g. [RS2] and other work of
these authors).
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The Space of Degenerate Whittaker Models
for GL(4) over p-adic Fields

Dipendra Prasad

1 Introduction

Let G = GL3,(k) where k is a non-Archimedean local field. Let P be the
(n,n) parabolic in G with Levi subgroup GL, (k) x GLx (k) and unipotent
radical N = M, (k). Let 1 be a non-trivial additive character ¢ : k — C*.
Let 9(X) = ¢o(trX) be the additive character on N = My(k). Let V be an
irreducible admissible representation of G. Let Viv 4 be the largest quotient
of V on which N operates via :

Voo = |4
MY~ Tn-v—ygmone Nve V)

Since tr(gXg~!) = tr(X), it follows that Vv y is a representation space for
H = AGL,(k) = GL,(k) x GL, (k). The space Vj 4 will be referred to as
the space of degenerate Whittaker models, or sometimes also as the twisted
Jacquet functor of the representation V. These considerationsalso work for
the group G = GLy(D) where D is any central simple algebra with center
k. Again to any irreducible admissible representation V' of GLg(D), one
can define Vjy 4 which will now be a representation space for H = D*.

The aim of this work is to understand the structure of Vy gy as a
representation space for GL,(k). In an earlier work, cf. [P4], we had
done this in the case of finite fields. The case of p-adic field seems much
more difficult, and it appears that Vy , has interesting structure only for
n = 4 where the following multiplicity 1 theorem due to Rallis holds.

Theorem 1.1 (Rallis) Let V be an irreducible admissible representation
of G = GLy4(k) (respectively GL2(D), D a quaternion division algebra) and
W an irreducible admissible representation of H = GLa(k) (respectively
D*). Then

dimHompg (VN 4, W] < 1.

103
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In this paper we make a conjecture about the structure of ViN,ys when
the group is GL4(k), or GLy(D) where D is a quaternion division alge-
bra. Before we state our conjecture which tells exactly which represen-
tations W of GL;(k) or D* appear in Vy 4, we recall that by Langlands
correspondence for G = GL4(k) or GL2(D), for any irreducible admissible
representation V' of G there is a natural 4-dimensional representation of the
Weil-Deligne group Wi of k which will be denoted by ov.

Here is the main conjecture. The statement of the conjecture involves
epsilon factors attached to representations of the Weil-Deligne group of k
for which we refer to the article [Ta] of Tate. We are able to prove this con-
jecture only for those representations which are irreducibly induced from a
proper parabolic subgroup in which case the conjecture reduces to author’s
earlier work on the trilinear forms for representations of GL,, cf. [P1]. We
will also reformulate the conjecture for many other representations so as to
not involve epsilon factors directly.

Conjecture 1.2 Let V be an irreducible admissible generic representation
of G = GL4(k) (respectively of GLy(D) whose Jacquet-Langlands lift to
GL4 1s generic) and W an irreducible admissible generic representation
of H = GLy(k) (respectively D*). Assume that the central characters of
V and W are the same. Then Homgy, ) [Vv,g, W] # 0 if and only if
€[(A2ov) ® ofy] = (detow)(~1), and Homp- [V 4, W] # 0 if and only if
€[(A%ov) @ oy ] = —(det ow)(~1).

Remark 1.3 The above conjecture is essentially Conjecture 6.9 of [G-P]
for the particular case when the orthogonal group is of 6 variables which is
closely related to GL(4). The motivation for the present work comes from
some work which the author has done with A. Raghuram in [P-R] which
is an attempt to develop Kirillov theory for GLy(D) in which the space of
degenerate Whittaker models plays a prominent role. The global analogue
of the space of degenerate Whittaker models that we consider will consist
in looking at the following period integral:

X
J (5 ) ctomxag ax
GL2(k)\GL2(A) x M2(k)\M2(A) g

where F' is a cusp form belonging to an automorphic representation ™
on GL4 over a global field k¥ with P as the (2, 2) maximal parabolic with
P(A) as its adelic points; the function G belongs to a cuspidal automorphic
representation my of GL;. The analogue of our main conjecture will relate
the non-vanishing of this integral to the non-vanishing at the central critical

value of L(A*m; @ w3, 1). We refer to the paper [JS] of Jacquet and Shalika
for some related work.

' uﬁﬁ;\,
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2 Calculation of degenerate Whittaker
models for principal series

Let 7; and 75 be irreducible representations of GLy (k). Denote by Ps(m1, m2)
the principal series representation of GL4(k) induced fr.om the (2,2) para-
bolic with Levi subgroup GLy(k) x GLy(k). In this section we calculate the
twisted Jacquet functor of Ps(my,m2).

Theorem 2.1 The twisted Jacquet functor Ps(my,T2)N,y f'-f Ps(m1, 7r2)
where m, and 7y are irreducible representations of GLz(k) n}ezther of wh?ch
is 1-dimensional, and with central characters wy and wy sits in the following

ezacl sequence
0> m Q@mr — Ps(7r1,7r2)1v,,,, — Ps(wl,wg) — 0.

Here Ps(wy,ws) is the principal series representation of GL3(k) induced
from the character (w,w2) of k* X k*.

Proof Let P denote the (2,2) parabolic stabilising the 2-dimensional sul;;
space {1, ez} of the 4-dimensional space {e1, ez, €3,€4}. The set GL4(k)/ ’
can be identified to the set of 2-dimensional subspaces .of {61,62,83‘,64},
two elements of GL4(k)/P are in the same orbit of P if .a,nd qnly if the
corresponding subspaces intersect {ej,ez} in the same dlmensmnalksulz;
spaces of {e1,e2}. It follows that there are -three orbits of P on GL4(k)/
corresponding to the dimension of intersection 0, 1, 2.

Denote by w the automorphism which takes 2 to €3, €2 to e4, €3 to e,
and e, to es. Also, denote by ws3 the automorphism which takes e; t.o_el,
ey to €3, €3 to ez, and eq to e4. It follows that we have the decomposition

GLy(k) = P[] PwasP | PwP.
By Mackey theory, the restriction of Ps(m,m2) to P has

P
A=m @72, B =Indby,, pus (M ®72),C = Indpry py (M ® T2),

as Jordan-Holder factors. Since A = m ® w3 is a represeptation of P on
which N operates trivially, this summand does not contribute to twisted
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Jacquet functor. Since P NwPw = GLa(k) x GLy(k), it is easy to see that
C= Indng(k)xGLg(k)(”rl ® 71'2) =] T ®m & C[M2(k)]

as a representation space for N = M3 (k). From this isomorphism it is easy
to see that the twisted Jacquet functor of C = IndgL2(k)ng2(k)(1r1 ® ma)
is m; @ m2 as a representation space for GLy(k). Finally we calculate the
twisted Jacquet functor of B = Ind}’;nwzs Puns (M1 ® m2). For this, we first
need to calculate P N wy3Pwss. For this purpose, we note that since P
is the stabiliser of {e1, ez}, wazPuwss is the stabiliser of the 2 dimensional
subspace {e1,e3}. Therefore P N wy3Puwss is the stabiliser of the pair of

planes {e;,e2} and {e;,e3}. It follows that P N wssPwos is exactly the set
of matrices of the form

Ti1 T2 Ti13 Ti4
0 Io2 0 TIo4
0 0 =z33 x34
0 0 0 Tq4

It is easy to see that

T11 ZTi2 T13 T4 Ty T13 Ti2 Zi4

w 0 zo2 0 1y w 0 33 0 34
2 p—

23 0 0 T33 T34 3 0 0 Too T24

0 0 0 T44 0 0 0 T44

We note that in the induced representation Indgnwa Pungs (T1 ®T2), T @y
is considered as a representation space of P N wy3Pw,3 via the inclusion of

P Nwag Pwyz — P

by T — We3zTws3.
Observe that since m; is not 1-dimensional, the representation 71 has

a Whittaker model, and hence there is exactly a 1-dimensional space of
linear forms, generated by ¢;, on which the upper-triangular unipotent
matrices operate via the character v. Similarly we find a linear form ¢; on
m2. Therefore recalling the expression for wy3pwas given earlier, the set of
matrices of the form

I11 T13 Ti2 T4

0 o2 0 T34

0 0 T11 T4

0 0 0 T2 )

operate on the linear form ¢; ® ¢, on m; ® ™ by

w1 (Z11)wa (T22)Y(212)9(x34),

Dipendra Prasad 107

from which it is easy to see by Frobenius reciprocity that the _twisted
Jacquet functor of Ind,};m,23 Pugs (M ® W) is Ps(wi,w2), completing the

proof of the theorem. a

3 Principal series representations

In this section we prove Conjecture 1.2 for those representations \% of
GL4(k) which are induced from a representati(?n, say m; ® m of the Levi
subgroup GLsy(k) x GLa (k) of the (2,2) parabolic. If the Langlands param-
eters of the representations m; and my of GLo(k) are o1 and o9, then the
Langlands parameter oy of V is 1 @ 03. Therefore,

1%

N (o1 ® 02)
=~ /\20'1 EB/\20'2 @® o1 ®02.

/\20v

Therefore for a representation W of GL2 (k) with the same central character
as 'V,

e(AN2oy @ aly) = e([N201] ® oiy) - e([A202] ® o) - €(01 ® 02 ® TYy).
Since the central characters of V and W are the same, we have
/\201 '/\202 = /\20W.

It follows that , .
[(A201) ® o ]* = (N°02) ® oy

Therefore,

e([N20y] @ o) - (N0 ® o) = det[(A%01) - oy ](=1)
det(ow)(~1).

It follows that

e(Nloy @) = e([N’or) ®ayy) - e([Aas) @ oy )e(01 ® 02 ® o)
det(ow)(=1)e(o1 ® 02 ® oyy)-

Il

Therefore,
e(A2oy ® oyy) = det(ow)(—1)

if and only if
elo1 ® oy ®@opy) =1
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From Theorem 1.4 of [P1] this is exactly the condition for the appear-
ance of the representation W of GLy(k) as a quotient of m ® m. We
therefqre need to check that the representations of GLy(k) which appear as
a quotient of Ps(my,m2)n,y are exactly those which arise as a quotient of
T @ T2.

By Theorem 2.1, the twisted Jacquet functor of Ps(my,ms) sits in the
following exact sequence,

0 = m ®@m2 = Ps(m,m) N,y = Ps(wr,ws) — 0.

From this we get the following long exact sequence,

0 - HomGL2(k)[Ps(w1,w2),W] e HomGLQ(k)[PS(Wl,ﬂ'z)N,,/,, W]
- HomGLz(k)[ﬂ-l ® me, W] — Exté;Lz(k)[Ps(wl,wz), W] =

From the Corollary 5.9 of [P1], it follows that for an irreducible repre-
sentation W of GL,(k),

1 .
Extgp, i) [Ps(wi,ws), W]# 0, if and only if Homgy,, k) [Ps(w1,ws), W]#0.

tI‘her.efore if we can check that non-triviality of Homgp, &) [Ps(w;,ws), W]
implies the non-triviality of Homgy,x)[m1 ® 72, W], we will have proved
that Homgy, (k) [Ps(71, 72) Ny, W] is nonzero if and only if W is a quotient
of m; ® w2 which implies our conjecture in this case. It follows from [P1]
that an irreducible principal series (of right central character) is a quotient
of m; ® w3 for any choice of 7; and m,. We therefore need only to take care
of when Ps(w;,w;) has the Steinberg representation as a quotient. Again
it follows from [P1] that the Steinberg representation of GLy(k) appears as
a quotient of m; ® 7 unless m; = a||'/4St and 7, = a~!||~1/4St where o
is a quadratic character of k*, and St denotes the Steinberg representation
of GLz. (We are using here the fact that Ps(w;,ws;) has the Steinberg
representation as a quotient.) It can be seen that for these choices of 7; and
72, the principal series representation Ps(a||'/*St,a~!||~1/4St) is actually
reducible which we are omitting from our considerations here.

This completes the proof of Conjecture 1.2 for those principal series
representations of GLq4(k) which are irreducibly induced from the (2,2)
parabolic. ,

Remark 3.1 It is easy to see that if 7 is a principal series representation
of GL4(k) induced from the (3, 1) parabolic, then every irreducible generic
represe?nta.tion W of GL; (k) with the same central character as m appears as
a quotient in 7Ny, and moreover, e[(A2ov) ® a}y,] = (det ow )(—1). Hence
Conjecturel.2 is true for this case of parabolic induction too, and is a case
where € factors play no role. We omit the details of the argument which
are via standard application of the Mackey orbit theory.
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4 Supercuspidal representations

In this section we will make an equivalent formulation of Conjecture 1.2
for those representations V of GL4(k) which are obtained by automorphic
induction of a representation, say II, of GLy(K) where K is a quadratic
extension of k. When the residue characteristic of k is odd, it is known that
all the supercuspidal representations of GL4(k) are obtained in this manner.
This equivalent form will describe the space of degenerate Whittaker models
without any explicit mention of epsilon factors.

If the Langlands parameter of a representation IT of GL2(K) is the
2-dimensional representation o of the Weil-Deligne group Wk of K, then
the Langlands parameter of the representation V' of GL4(k) which is
obtained by automorphic induction from II, is

"%
oy = Indw’;( 0.

In this case
Aoy = Ind* (A%0) ® Mo,

where MEo is a 4-dimensional representation of Wj obtained from the
index 2 subgroup Wy by the process of multiplicative or tensor induction
described in [P2].

Tf wy is the central character of the representation W, and wg/x denotes
the quadratic character of k* associated to the quadratic extension K, then
by a theorem due to Saito [S] and Tunnell [Tu],

e(Indk [A?0] ® o) = ww (1) - wi/k(=1)

if and only if the character x = AN%o of K* appears in W.
By Theorem D of [P2],

e(MEo ® o) = wk/k(-1)

if and only if the representation W of GLy(k) appears as a quotient in the
representation IT of GLy(K) when restricted to GLz(k). Combining these
two theorems, we can interpret the condition

e(Aloy @ oly) = ww(-1),
and hence Conjecture 1.2 as follows.

Consequence 1 of Conjecture 1.2 Let V be supercuspidal representa-
tion of GL4(k) which is obtained by automorphic induction of a representa-
tion I of GLy(K) where K is a quadratic extension of k. Then a represen-
tation W of GL2(k) with the same central character as that of V appears
in Vn,y if and only if either,
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(a) The character wy of K* appears in the representation W of GL2(k)
and the representation W of GL2(k) appears as a quotient when the
representation II of GLy(K) is restricted to GLy(k).

Or,

(b) The character wy of K* does not appear in the representation W
of GLa(k) and the representation W of GLy(k) also does not appear

as a quotient when the representation I of GLy(K) és restricted to
GL, (k).

3 Generalised Steinberg representations

Suppose 7 is a cuspidal representation of GLy(k). Then it is known that the
principal series representation of GL4(k) induced from the representation
|- |2 x x| - |71/2 of the (2,2) parabolic of GL4(k) with Levi subgroup
GL2(k) x GLa(k) has length 2 with a unique irreducible quotient which
is a discrete series representation of GL4(k), called generalised Steinberg
and denoted by St(m). We will denote the unique subrepresentation of this
principal series by Sp(w). This theorem due to Bernstein-Zelevinsky has
also been proved in the context of GLy(D) by Tadic in [T] with exactly
analogous statement.

The Langlands parameter of the representation St(7) is ¢ ® s» where
o is the Langlands parameter of the representation 7 of GLy(k), and for
any n > 1, sp denotes the unique irreducible representation of SLy(C) of
dimension = n.

We interpret what Conjecture 1.2 says about the space of degenerate
Whittaker functionals in this case which we will divide into two separate
cases. We will often use the following relation about epsilon factors

6(7- ® $n, 1/)0) = E(Ta 11’0)" ’ det(-F’ TI)n—l (51)

where 7 is a representation of the Weil group, F is a Frobenius element of
the Weil group and 7/ denotes the subspace of 7 on which the inertia group
acts trivially.

5.1 The case when W is not a twist of Steinberg

For vector spaces Vi and V3, there is a natural isomorphism of complex
vector spaces,

ANV ® Vo) = A2(V1) ® Sym?(Va) @ Sym? (Vi) ® A2(V3).
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Tt follows that

Ao ®s;) = A2o®Sym’s, ®Sym’o @ A’s;
= deto - s3 ®Sym’o.

Using this and taking into account Equation (5.1), we have

(A2 (0 ® 82) ® o) = €(deto - 53 ® oty )e(Sym?o ® oyy)
= e(det o - oy)% det(—F, [det o - owlh)? x
e(Sym?’o @ o).

Since the central character of St(w) is (det )2, from the condition on the
central characters,
(det 0)? = det ow .

It follows that
[deto - ojy]* = deto - oy

Therefore e(det o-a§)? = ww(—1). More.over note tha‘t since we are assum-
ing that ow is an irreducible representation of the Weil group of dimension
2, there are no invariants under the inertia group in det o - ojy. Therefore,

€(A2(0 ® 52)®0ty) = e(det a-aiy)® det(~F, [det o-oyy]")? - e(Sym*s ®aiy)
= ww(—1e(deto - ayy) - e(Sym®c @ aly)
=ww(-1e(oc @ o Qo).

1t follows that €(A%(0 ® s2) ® o) = ww(—1) if and only if
elc®oQay) =1.

Therefore by Theorem 1.4 of [P1], Conjecture 1.2 reduces to the follow-
ing statement.

Consequence 2 of Conjecture 1.2 Suppose that 7 is an irreducible
admissible cuspidal representation of GLa(k). Then a representatt‘on W
of GLo(k) which is not a twist of the Steinberg appears as a quotzent.m
the degenerate Whittaker model of the generalised Steinberg representation
St(w) of GL4(k) if and only if it appears as a quotient in T @ 7.
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5.2 The case when W is a twist of Steinberg

In this sul.)section we analyse what Conjecture 1.2 implies for W, a twist
of .the Steinberg representation St on GLy(k) by a character x of k*. In
this case the Langlands parameter oy is given by ow = x - sy with the

determinant condition (deto)? = 2 i
= x*. Let x = wdeto with w a quadrati
character of k*. We have, duacratie

N (o0 ®s3) Qoyy = [det o - 53 ® Sym?0] @ spx !
= w[s4 ® s2] ® x " 'Sym?o ® s,.

Therefore,

(N0 ®s2) ®opy) =
€(w)® det(—F, w’)4e(x"ISym20)2 det(—F, [x~'Sym?¢]’)
=w(~1)-x(-1) - deto(~1) - det(—F, [x~'Sym?0]’)
= det(—F, [x"'Sym?q}’).

Here we have used the relation e(w)? = w(~1), and det(—F,w!)? = 1, both
arising because w is a quadratic character. ’ ’

Since Wy /1 is a cyclic group, the subspace on which the inertia group
acts trivially can be decomposed as a sum of Wj-invariant lines. It is easy to
see that if o is an irreducible but non-dihedral representation, then Sym?o
is an irreducible representation of Wy, and therefore has no I -invariants. If
on the other hand, o is a dihedral representation obtained by induciné a
chargcter, say u on K*, for K a quadratic extension of k, then Sym?o has
a unique Wy invariant line on which Wy acts by the restriction of uto k*
Therefore x ~*Sym®o has an I-invariant vector if and only if ux~! is triviai
on the inertia subgroup, and —F acts by —1 on the corresponding line if
and only if u restricted to k* is x. We therefore obtain that,

(N (0 ® 52) ®oiy) = -1

if and only if o is a dihedral representation obtained by inducing a char-
acte'r, say p on K*, for K a quadratic extension of k, with p = x on k*.
Conjecture 1.2 therefore reduces to the following in this case.

Conseguence 3 of Conjecture 1.2 For a character x of k*, the twist of
the Steinberg representation x ® St appears in the space of degenerate Whit-
taker models of the generalised Steinberg representation St(m) on GL4(k)
fqr a cuspidal representation m on GLy(k) with w2 = X2 if and only if
either the representation m does not come from a quadratic extension, or if
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the representation ™ comes from a quadratic extension K of k obtained by
inducing o character, say p on K*, for K a quadratic extension of k, then
p#x onk® (but p* = x* on k* by the condition on central characters).

It is easier to state what Conjecture 1.2 reduces to for GLa(D).

Consequence 4 of Conjecture 1.2 Let 7 be an irreducible representa-
tion of D* of dimension > 1 and central character wr. Then the space of
degenerate Whittaker models of Sp() is the 1-dimensional representation
of D* obtained from the character w, by composing with the reduced norm

mapping.

Proof Let Ps(x|-|'/2,n|-|~'/2) be the principal series representation of
GL4 (D) obtained by inducing the representation =| - [1/2 x 7| - |71/2 of the
minimal parabolic of GLa(D) with Levi subgroup D* x D*. By work of
Tadic [T}, it is known that if dim(x) > 1, Ps(n|- |1/2 x| -|~1/2) has length 2
with a unique irreducible quotient which is a discrete series representation
of GLy(D), called generalised Steinberg and denoted by St(w). We will
denote the unique subrepresentation of this principal series by Sp(w). We
have therefore an exact sequence of representations

0 — Sp(r) = Ps(x| - '/, x| - |7*/%) = St(x) = 0.

Since the twisted Jacquet functor is an exact functor, and since the twisted
Jacquet functor of Ps(n}-|"/2,m|-|~1/2) is r®m, we have the exact sequence
of D* representations

0 Sp(r)Ny 2> 7T = St(m)ny 2 0.

Therefore the twisted Jacquet functor of Sp(w) consists of those irreducible
representations of D* which appear in 7 ® 7 but not in St(m)n,y. By our
calculation of epsilon factors, all the irreducible representations of D* of
dimension > 1 appearing in 7 ® 7 also appear in St(7)n y (as by Theo-
rem 1.4 of [P1], the condition for appearance in the two representations
is the same). This proves that no representations of D* of dimension > 1
appears in Sp(m) N ¢- Since T = wy-m*, it follows that 7@ always contains
the character w, of k*, and is the only character of k* it contains unless
« comes from a character of a quadratic field extension K in which case it
also contains wy - wk k- Therefore from Consequence 3 of Conjecture 1.2,
this corollary follows. (One needs to know that if 7 is a dihedral repre-
sentation of D* obtained by inducing a character, say u on K*, for K a
quadratic extension of k, then the central character of such a representation

is plge - wi/k)-
0O
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Consequence 5 of Conjecture 1.2 The generalised Steinberg representa-
tion St(m) of GL(2, D) has a Shalika model if and only if the representation
m is self-dual with non-trivial central character.

Remark 5.1 The above corollary was conjectured in [P3].

6 Relation to triple product epsilon factor

There is an intertwining operator between the principal series represen-
tations Ps(m,m;) and Ps(wy,m;) where 7; are either representations of
GLz(k) or of D* for D a quaternion division algebra over k. The intertwin-
ing operator is defined in terms of an integral over the unipotent radical
of the opposite parabolic to the (2,2) parabolic, and is in particular over a
non-compact space, and depends on a certain complex parameter s. The
integral converges in a certain region of values for s, and is defined for all
representations m;, w2 by analytic continuation.

The action of the intertwining operator from the principal series
Ps(my,m3) to Ps(my,m) seems closely related to the triple product
epsilon factor. We make this suggestion more precise. We will assume
in this section that D is either a quaternion division algebra or a 2 x 2
matrix algebra over a p-adic field k. Let m; and 75 be two irreducible
representations of D* neither of which is 1-dimensional if D* is isomorphic
to GLQ(}C)

The intertwining operator induces an action on the twisted Jacquet
functor which as we have seen before for Ps(r;, m2) is essentially m; ® 7.
Therefore the intertwining operator induces a D*-equivariant mapping from
m @3 to o ®m. Composing this with the mapping from m @ to T @7y
given by v; ® vy — v2 ® v;, we now have an intertwining operator, call it
I, from m; ® m, to itself. If 73 is an irreducible representation of D*, then
by the multiplicity 1 theorem of [P1], the space of D*-invariant maps from
™ ® 72 10 73 is at most 1-dimensional. The intertwining operator I acts
on this 1-dimensional vector space, and therefore the action of I on this
I-dimensional space is by multiplication by a complex number T (71, 7, m3).

Conjecture 6.1 I(7y,m,m3) = ce(m ® T2 ® 73) where ¢ is a constant
independent of w1, me, 3. (We remark that the wntertwining operator from
the principal series Ps(my,m3) to the principal series Ps(ma,m) itself
depends on the choice of Haar measure on N~, and therefore the constant
¢ depends on the Haar measure on N~ .)

Remark 6.2 The conjecture above is analogous to the works of Shahidi
in which he relates the action of intertwining operators on the Whittaker

Bt -
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functional to local constants. We refer to the paper [Sh] of Shahidi for one
such case.
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The Siegel Formula and Beyond

S. Raghavan

1

A classical question in the Theory of Numbers is one of expressing a
positive integer as a sum of squares of integers. The qualitative aspects
of such a problem require at times no more than rudimentary congruence
considerations — e.g., a natural number leaving remainder -3 under divi-
sion by 4 can not be a sum of two squares of integers; however, in general,
subtle arguments are called for — Fermat’s Principle of Descent needs to
come into play for a proof of the (Euler-Fermat-) Lagrange theorem that
every positive integer is a sum of 4 squares of integers! Skilful use of elliptic
theta functions was made by Jacobi to obtain a quantitative refinement of
that theorem, viz., according as n is an odd or even natural number, the
number of ways of expressing n as a sum of 4 squares of integers is 80*(n)
or 240*(n), where o*(m) for any natural number m is the sum of all the odd
natural numbers dividing m; Jacobi’s famous identity linking the 4t* power
63 of the theta ‘constant’ f; with other theta ‘constants’ 0,64 and their
derivatives is an analytical encapsulation of the above formulae as n varies
over all natural numbers. An analytic formulation of similar nature arises
also as a special case of the Siegel Formula (extended suitably to cover
the so-called ‘boundary case’ involving quaternary quadratic forms as well)
which connects theta series associated with quadratic forms to Eisenstein
series: for complex z with positive imaginary part,

Zexp (rin?z))t =1+ Z Z

nez 9€N  p€Z,(p,q)=1,p+q odd

(p-q2)7?

the right hand side representing an Eisenstein series which converges only
conditionally and can be realized (via Hecke’s Grenzprozess) by analytic
continuation from an absolutely convergent Eisenstein series (The inner
sum over p is over all integers coprime to ¢ and of opposite parity to that
of q).
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2

More generally, consider
T(f,t) = T(S’t) = {(alv'- . ’am) € ™ I f(ala“- 1am) = t}

for a positive definite quadratic form f given by

f(Z1,... ,&m) == Z 8i;TiT;

1<i,j<m

with coefficients s;; = sj; in Z and m variables z;,--- ,Zm and associated
(m,m) matrix S := (s;;) : clearly, 0 < r(f;t) < oo and r(f;t) is the number
of representations of t by f over Z. We recall that, given quadratic forms
91, g2 over a (good) ring R, g; is said to represent g, over R if there exists
a linear transformation of the variables with coefficients from R taking
g1 precisely to gs; moreover, g1 and g, are called R—equivalent if g, and
g2 represent each other over R. Taking g1 = f as above and g, to be
an integral quadratic form with associated (n,n) symmetric matrix T, the
number of representations of g, by (g1 =)f is denoted by r(S;T') and is just
the number of (m, n) integral matrices G such that !tGSG = T, where 'G is
the transpose of G; in particular, for g; = f(z1,... ,%m), 92 = ty?, we are
indeed led to r(S;t) above. Analogously, for any power p® of a given prime
number p,r(f;t | p°) stands for the number of representations of ¢ by f
over Z /p°Z : then dp(f,t), the p—adic density of representation of ¢t by f is
defined as Cp, lim r(f;t | p*)/p*(™~) with Cp, := 2 or 1 according asm = 1
8§—00

orm > 1 and it is clear that this density is non-negative, vanishing precisely
when f fails to represent ¢ over the ring Z, of p—adic integers. The infinite
product []dp(f,t) extended over all primes p converges and is equal to 0
exactly when f fails to represent ¢ over at least one Z, (i.e., when at least one
dp(f,t) equals 0). The real density t(f,t) measuring the representation of
t by f over R is defined as lim vol (f~1(U))/ vol (U) taken over measurable
neighbourhoods U of t shrinking to {t} with vol (.) denoting Lebesgue
measure; it is known [18] that Lo, (f,t) = 7™/2t(m=2)/2 |{T'(m/2) (det f)'/2}
where I is Euler’s gamma function and det f is the determinant of f.
From Minkowski’s reduction theory for quadratic forms, we know that
the genus gen (f) consisting of all quadratic forms g which are equivalent
to f over R and Z,, for every prime p, splits into finitely many Z-equivalence
classes for which we choose a complete set {f1 = f, fa2,..., fa} of represen-
tatives. For 1 < ¢ < h, let e; denote the number of liriear transformations
over Z preserving the positive definite quadratic form f;. Siegel’s main
theorem for positive definite integral quadratic forms f, in this case for
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t € N, reads:
1
{lghr(fi;t)/ei}/{ > 1/e,-} e V) | CACORNC)
Sic 1<i<h ’ P

where 6,2 = 1 or 0 according as m = 2 or not. We note that for f to
represent ¢ over Z, it is necessary that it does so over R and over every Zp.
But, on the other hand, the representation of ¢ by f over R and every Zy
can only ensure that f represents t over Q, by the Hasse Principle and not
necessarily over Z. In such an event, Siegel’s main theorem ensures that at
least one among f, ..., fu represents t over Z (if not f itself); it is thus
more subtle and a quantitative refinement. The remarkable string of papers
(18], [19], [20]) by Siegel deal with the more general case of representation
of quadratic forms by quadratic forms, not merely over Z but even rings of

algebraic integers (in totally real fields) and also where the forms do not
need to be definite quadratic forms.

3

For m > 4, Siegel’s main theorem as in (*) can be formulated as an ana-
lytic identity between theta series (associated with the f!s) and Eisenstein
series:

!
(X 0nafe)) 3 V=14 Y H(fiba)bs —a) ™
1<j<h 1<j<h (a,b)=1,beN
(%)
where, for complex z with imaginary part y := (2 — 2)/2\/(—=1 > 0), the
theta series

0(fi2) = Y. exp (v zfs(ar,-.. ,am),

ai,...,am€Z
H(f;b,a) := (V=1/b)™*(det $)™/2- Y exp (nv/~1f (a1, ,am)a/b)

a1y ,am€Z/(b)/(b)

are generalized Gauss sums and the summation over a, b on the right hand
side of (+*) is taken over all coprime pairs of integers a € Z,b € N while
the accent on ¥ requires ab to be even, if f represents over Z some odd
integer. The right hand side of (x*) gives an Eisenstein series converging
absolutely (in view of “m > 4"). To cover the ‘boundary case m = 4’
(like one encountered for the case of 4 squares), we need to invoke Hecke’s
limiting process, in order to obtain , via analytic continuation, the required
Eisenstein series. For j # k, the theta series 6(f;, z), 8(fx, z) have the same

5
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asymptotic behaviour when the variable z goes to infinity or approaches
any ‘rational point’ a/b; so the theta series are ‘indistinguishable’ when
viewed through an analytical prisom. Thus it is all the more remarkable
that the arithmetical version of Siegel’s main theorem, thanks to an aptly
chosen mean of the f/s, achieves an identity linking theta series to Eisen-
stein series (looking so different from the former although exhibiting similar
‘asymptotics’).

4

In the context of the representation over Z of quadratic forms g by the given
f, the complex variable z gives way to a matrix variable Z in the Siegel
upper half plane H,, of degree n, consisting of all (n,n) complex symmetric
matrices Z with ‘imaginary’ part Im(Z2) := 2\/1‘—‘T(Z — Z) positive definite;
here n is the number of variables in the form g. The associated theta series is
now 0(S,2) := Z exp (mv/—1 tr (!\GSGZ)) with G running over all (m,n)

G

integral matrices and tr(.) denoting matrix trace. Siegel’s main theorem in
the present situation leads to an analogue of (x*) where the Eisenstein
series on the right has its general summand in the form H(S;C, D) det
(CZ+D)~™/? with generalized Gauss sums H(S;C, D) and the summation
of the series is over n-rowed coprime symmetric pairs (C, D) such that no
two distinct pairs differ from one another by a matrix factor from GL(n,Z)
on the left (two (n,n) integral matrices R, S such that

i) R!S = S'R and

ii) any rational matrix G making both GR and GS integral is necessarily
integral form an n-rowed coprime symmetric pair (R, S)).

Such pairs make up the last n rows of elements of

(P @),(R S) are n-rowed coprime symmetric pairs
T, := (; 2) such that P'S — Q'R = E,,, the (n,n) identity

matrix

Known as the Siegel modular group of degree n,I’,, acts on H,, via the
modular transformations Z — M < Z >:= (AZ + B)(CZ + D)™! for
M = gg € I',,. Under these modular transformations, the Eisenstein
series on the right hand side of an analogue of (**) behaves in a way quite
like any of the theta series 6(S;, Z). Recalling that a holomorphic function
¢ : H,, = C (“bounded at infinity” for n = 1) such that for all M = (4 B
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in a subgroup of finite index in T'y,, (M < Z >) det (CZ + D)% = p(2) is
called a Siegel modular form of degree n and weight k, the afore-mentioned
Eisenstein series is a modular form of weight m/2 just like each 6(S;, Z)
for a ‘congruence subgroup’ of I';,. For n = 1, the Eisenstein series under
consideration differs from 6(S, z) by a ‘cusp form’ and one is easily led to
an asymptotic formula for r(S;t) with the Fourier coefficient corresponding
to the index t in the Eisenstein series as the principal term and an error
term of order t™/4. This phenomenon does not replicate itself, in general,
for n > 1!

5

Andrianov ([1], [4, Ch.IV, SS 6-7]) has given a nice and interesting proof
for Siegel’s main theorem for integral representation of (n,n) symmetric
matrices T by (m,m) positive definite integral matrices S of determinant
1, with even diagonal entries and m > 2n+2. The proof depends on explicit
determination of the effect of Hecke operators on 8(S, Z) for such S and on
properties of Eisenstein series. First, for such S,m is a multiple of 8. Let
{81 =5,82,...,5r} be a complete set of representatives of Z-equivalence
classes in the genus of S. Then, for 1 < i < h,8(S;,Z) = Y r(S;;T).
exp (i tr (T'Z)) where T runs over (n,n) symmetric non-negative definite
integral matrices with even diagonal entries and ¢r(-) denotes matrix trace;
each theta series is a Siegel modular form of weight m/2, for T',,. For a
given prime number p, the Hecke operator T'(p) on Siegel modular forms ¢
of weight k, for T';,) is defined by

©(2) | T(p) = p*» W +M/2. 3" §(N; <Z>)det(C; Z + D;) ™
J

where N; = (& ) and T (% 8. ) Tn = [I; TaN;. Explicitly deter-
mining the effect of T(p) on 8(S;, Z), Andrianov showed that the analytic
genus invariant F(S, Z) El<1<h 71085, 2)) i<i<n 1/e; is actually
an eigenform of T'(p) for every prime p; the constant term in the Fourier
expansion of F is clearly 1. On the other hand, any Siegel modular form of
weight m /2 for ', with constant term 1, that is an eigen form of an infinity
of T'(p) has necessarily to coincide, for m/2 > n + 1, with the Eisenstein
series B, /2(Z) = E( ¢ p) det (CZ+ D)~ ~m/2 the summation being over a
complete set of n-rowed coprime symmetric pairs (¢ D) such that no two
distinct ones differ by a factor on the left from GL(n,Z). Since m/2 > n+1
the series converges absolutely and its Fourier coefficients are well-known
from Siegel’s fundamental paper [21]. Comparison of Fourier coefficients
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on both sides of the identity F(S,Z) = E,,/2(Z) yields Siegel’s main the-
orem on representation of (n,n) matrices T by S, provided m > 2n + 2.
Despite this condition looking ‘stringent’ especially in the context of the
arithmetical main theorem for quadratic forms holding good without such
a ‘stringent’ condition, the above ‘function-theoretic’ proof (with its sheer
novelty) does represent a spinoff for Arithmetic! On the other hand, Siegel’s
main theorem for quadratic forms with its powerful analytic formulation as
in (**) seems to have been the starting point for his path-breaking work
[21] on modular functions of degree n and also a full-fledged theory of these
functions — a cradle for the modern theory of automorphic forms as well as
a touchstone and driving force thereafter.

6

A crucial step in the proof of Siegel’s main theorem for representations of
quadratic forms by quadratic forms f (not necessarily definite and not just
over Z but over rings of algebraic integers) is to show that a certain number
p(S) = p(f) depending on f is (a constant) equal to 2; for positive definite
integral S, we have

(m-1)/2
_ (m+1)/2 1 —-i/2 l w0
p(S) := 2(det S) ( 3 ) [T =1 (%) lim 2

1<i<h €i 1<j<m e eq(5)

where the limit is taken over a suitable sequence like that of factorials,
w(q) is the number of prime factors of ¢ and e,4(S) is the number of linear
transformations over Z leaving f fixed modulo ¢. Bringing in the special
orthogonal group G = SO(f) of the (integral) quadratic form f and taking
Z, Zyp, R for base rings, the definition above for p(S) may be seen to identify
it with the (Weil-) Tamagawa number 7(G) attached to the special orthog-
onal group G of f; it was actually proved by Tamagawa that 7(G) = 2
(for m > 2). For non-degenerate quadratic forms in m > 3 variables (over
number fields), Weil [25] proved, by induction on m, the “Siegel-Tamagawa
theorem that 7(G) = 2” for the corresponding special orthogonal group G,
introducing ‘adelic zeta functions’ attached to G (generalizing even Siegel’s
zeta functions for indefinite quadratic forms) and examining the residues
at their poles etc..

Using the fascinating setting of adelic analysis, Weil presented in two
powerful papers {26, 27] the analytic formulation of Siegel’s main theorem
for quadratic forms as a “Siegel Formula” (more generally, for “classical
groups” arising from algebras with involution) in the form of an identity
between two “invariant tempered distributions” — the ‘theta distribution’
and the ‘Eisenstein distribution’, A vital ingredient in Weil’s proof is a
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general Poisson Formula involving transforms Fg of Schwartz-Bruhat func-
tions @ on locally compact abelian groups X and the Fourier transform Fg
of Fy as well as the correct recognition of the measures ‘making up’ Fj.
On specializing ® and X suitably, Siegel’s analytic formulation of the main
theorem for quadratic forms can be recovered. Using high-power analysis
and deep results such as Hironaka’s resolution of singularities in Algebraic
Geometry, Igusa [9] generalized Weil’s Poisson Formula in his researches
on forms f of higher degree m in n variables (with appropriate restrictions
such as n > 2m > 4 or that the zero variety of f is irreducible and normal).
Rich dividends arise from an application of Igusa’s Poisson Formula - e.g.
Birch’s local-global theorem [2] generalizing Davenport’s results on cubic
forms concerning the existence of rational points on hypersurfaces defined
by f (See [7], for a nice survey).

Recently, Sato [16] obtained a generalization of the Siegel Formula in
the guise of a relation between two invariant measures on the space of ‘finite
adeles’ of homogeneous spaces X of semisimple algebraic groups G (defined
over Q) with the ‘strong approximation theorem’ valid for G. The two
invariant measures coincide but for a factor of proportionality that is just
the Tamagawa number; while one of them is the Tamagawa meausre, the
other is the one induced from the measure on the completion of X (Q) with
respect to the “congruence subgroup topology”. Specializing G, X suitably
say G = SL(m),X = SL(m)/SO(m —n) form > n > 1 and m > 2,
one can recover Siegel’s main theorem for representation of (n,n) integral
matrices T by a given (m,m) integral nondegenerate matrix S. In Sato’s
measure-theoretic approach, volumes of fundamental domains for discrete
subgroups of Lie groups appear as really natural agents for measuring the
size of all solutions of relevant Diophantine equations e.g. integral matrices
A with tASA=T.

The Siegel Formula for quadratic forms f as generalized by Weil has
been extended by recent remarkable work of Kudla and Rallis [15] so as
to cover situations where, for example, in the case of the ‘dual reductive
pair’ (Sp(n), SO(f)), we no longer have the absolute convergence of the
Eisenstein series concerned or of even the theta integral involved. In such
critical environment, delicate analysis is indeed called for, as we shall see
in the following section while having to deal with just the failure of the
Eisenstein series to converge absolutely!

Given a Siegel modular form f of degree n and weight k, the Siegel
operator ® on f is defined by

(8f)(2) = Jim f (%1 ﬁ)

for Z; € H,,_;. Whenever ®f vanishes identically, f is called a cusp form
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and is then characterized by all its Fourier coefficients a(T') corresponding to
degenerate T becoming zero. For given f, the function ® f is a modular form
of degree n — 1 and weight k. For large enough k, Maass showed the Siegel
operator to be surjective, by using Poincafe series [12]; employing Eisenstein
series G(Z, g) ‘lifting’, to degree n, cusp forms of degree j < n, Klingen [10]
proved again the surjectivity of ®. The Eisenstein series G(Z; g) are of the
form
D g(mi(M < Z >)det(CZ + D)™*
M

where for W € H,,7;(W) is the principal (j, ) minor of W and M = (4 B)
runs over a complete set of representatives of left cosets of I'y, modulo the

subgroup
* *
Cn,j = {M = (Oﬂ—jrn'f']' *) € Fn} .

The series converge absolutely for k > n + j + 1 and ®"79(G(Z;9)) = ¢.
For k # 2n, one needs to attach for convergence, Hecke convergence factors

{det( Im (mj(M < Z >))/det( Im (M < Z >))*}

with a complex parameter s ensuring absolute convergence for large Re(s).
The analytic continuation of the Eisenstein series with the convergence
factors inserted has to be studied as a function of s. For n = 1, the first such
(vector-valued Dirichlet) series in s arising from Eisenstein series as above
associated to Jacobi theta constants 6,,0-,83 or to theta series attached to
even quadratic forms (of given ‘signature’) were thoroughly investigated by
Siegel [22, 23] in regard to analytic continuation and functional equation
(as functions of s). For general n, the corresponding results are taken care
of by the general framework in Langlands’ theory of Eisenstein series on
semisimple Lie groups [11].

Even for a simple-looking Eisenstein series (with Hecke convergence
factors) defined by

E{™(Z;5) = (det Im(Z))*Y . det (CZ + D) *(abs det (CZ + D))"
C,D

convergent absolutely for ¥ > n+ 1 and complex s with Re(s) > 0, it is not
clear on the face of it that we are led to a holomorphic function of Z while
taking the limit as s tends to 0, in the ‘boundary case’ of k =n + 1 € 2N
For n =1 and k = 2, we know from Hecke [8] that the limit as s tends to 0
exists but it is not holomorphic in Z. The first example, for degree n > 1,
where the Hecke Grenzprozess yields a non-zero holomorphic modular form
of degree n and weight k = n+1 is the case when n = 3 with k = 4 (see [13]).
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For general n > 1 and the ‘boundary case’ of (even) k = n + 1, Weissauer’s
comprehensive results [28] settled the issue, by showing, in particular, that
Hecke’s Grenzprozess yields non-zero holomorphic modular forms for even
k > (n+3)/2 or if 4 divides k(< (n+1)/2); we have also, independently of
Weissauer’s, the complete investigations on Eisenstein series due to Shimura
(17]. Weissauer [28] determines, as well, the obstruction to ®-lifting (i.e.,
lifting a cusp form g of degree j and weight k to a holomorphic limit) of
series resembling G(Z, g) but with appropriate Hecke convergence factors
inserted to take care of ‘boundary weights’ k. Further, he applies these
results in [28] to prove theorems, in particular, on representing Siegel mod-
ular forms as linear combinations of theta series 8(S, Z) just as in Bocherer’s
beautiful results [3]. Actually Bécherer showed that every Siegel modular
(respectively cusp) form of degree n and weight k € 4N with £ > 2n is a
linear combination of theta series (respectively with spherical harmonics)
associated to even unimodular positive definite quadratic forms, by first
determining the Fourier expansion of Klingen’s G(Z;g) and then applying
Garrett’s important results (4], Andrianov’s difficult work [1] on Euler prod-
ucts and Siegel’s main theorem for quadratic forms. The ‘basis problem’
for elliptic modular forms (of level > 1) is one of expressing them linearly
in terms of theta series associated with quadratic forms; for the first time,
Waldspurger’s significant paper [24] invoked Siegel’s main theorem to tackle
the ‘basis problem’. At the other end of the spectrum when the weight k
of Siegel modular forms of degre n is much smaller in relation to n (say,
k # 2n but actually k < n/2) we land on Siegel modular forms which are
singular (i.e. having in their Fourier expansion no non-zero Fourier coeffi-
cient a(T) with non-degenerate n,n) non-negative symmetric matrices T').
We know ([4, Ch. IV, S 5], [14]) that every singular Siegel modular form
of degree n for I',, is a linear combination of theta series associated with
even unimodular positive definite quadratic forms. It is possible to obtain
an analogue for (singular) Hermitian modular forms for the full Hermitian
modular group corresponding to an imaginary quadratic field. A difficult
paper of Freitag [5] has nicely tackled the problems for singular Hilbert-
Siegel modular forms of arbitrary stufe.
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A Converse Theorem for Dirichlet Series with
Poles

Ravi Raghunathan

1 Introduction

A Converse Theorem is a theorem which establishes criteria for Dirichlet
series to be modular. Typically, the Dirichlet series in question must satisfy
one or several functional equations as well as certain analytic criteria. Tra-
ditionally, one assumes that the relevant Dirichlet series extend to entire
functions or to meromorphic functions with poles at certain predetermined
locations. For instance, Hecke, in the proof of his remarkable Converse
Theorem [Hel] assumed that the Dirichlet series in question were either
entire or had poles only at the points s = 0 and s = k of the complex plane
C, where the critical strip of the Dirichlet series is assumed to be given by
0 < Re(s) < k, s € C. Weil [W] made similar assumptions in his gener-
alisation of Hecke’s theorem for congruence subgroups while Jacquet and
Langlands [J-L] assume their L-functions are entire in their adelic version
of Weil’s results. More recent theorems for GL3 [J-PS-S] or GL, [C-PS1]
have also followed Jacquet-Langlands in their formulation. This assump-
tion would seem somewhat superfluous- after all, Dirichlet series arising
in quite natural contexts may have poles, and, even otherwise, it may not
always be possible to verify that an L-function is entire. It may still be
possible, however, to show that the series are meromorphic or have only a
finite number of poles and in this case proving Converse Theorems for such
series becomes potentially useful, for instance, for lifting questions. It is
worth remarking that Hamburger’s theorem [H1, H2, H3] which is, after all,
a Converse Theorem for GL; /Q, does not require that the Dirichlet series
be entire- in fact, the series may have a finite number of poles at arbitrary
locations.
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In this paper we will prove Hecke’s theorem for Dirichlet series with a
finite number of poles with no restrictions on their locations or orders. The
results form part of [R1] and have been announced in [R2].

(e
Let D(s) = ) %2 be a Dirichlet series, absolutely convergent for

n=1
Re(s) =0 >c¢,¢>0. Let ag € C. We let f(z Zaez’”"‘zelHI,and

n=0
L(s) = (3%)~°T(s)D(s) — % — ;% for A > 0 in R. Suppose further, that

(1) D(s) can be continued to a meromorphic function (also called D(s))
of the form —g(%, where G(s) is an entire function and P(s) is a

polynomial.

(2) L(s) satisfies the functional equation
L(s) = L(k—3s). . (1.1)

(3) L(s) has finite order on lacunary vertical strips, i.e., for any o1 < o2
(01,02 € R), there exist tg, K, p > 0 such that

|L(o + it)| < KetV’

for all ¢ such that [t]| > .

Under the above assumptions we have the following theorem:

Theorem 1.1 Suppose A = 1. Ifk > 2,% € N, D(s) is modular, i.e.,
(e
f(z) = 3. anq™ is a modular form of weight k associated to SLy(Z), where

n=0
g = €e?™*. Ifk =2, D(s) arises from the non-holomorphic Eisenstein series
of weight 2.

Corollary If k > 2, the only possible pole of D(s) lies at s = k and is
simple. If k =2, the poles of D(s) are simple and lie at s =1 and s = 2.

Theorem 1.1 assumes greater significance because of M. Knopp’s results
for A = 2. In [K] he has shown, for A = 2, that one can construct Dirichlet
series with a finite number of poles of arbitrarily determined orders and lo-
cations satisfying the other analytic conditions of Theorem 1.1. Specifically,
Knopp proved the following (Theorem 2 of [K]):
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Theorem (Knopp) Let k be any real number > 2 and let A(s) be any
rational function satisfying A(k — s) = A(s). Then there exists a Dirichlet
series D(s) convergent in some right half-plane satisfying conditions 1, 2
and 3 for A = 2 such that L(s) — A(s) is entire.

In [K-S] M. Knopp and M. Sheingorn prove the same result for A > 2.
Knopp also conjectures analogues of his result for A = 2cos(%), p > 3,
p € N. Theorem 1.1 shows that no such analogue exists for p = 3. After
this paper was submitted for publication we learned that Theorem 1.1 as
well as its analogues for all p have been proved by A. Hassen [Ha] using very
similar methods. His results were obtained independently and at roughly
the same time as ours. Hassen also treats the case of arbitrary multiplier
systems, and real weights for all p. We note that other than the case A = 1,
all other cases all involve non-arithmetic subgroups of SLy(R).

We believe, however, that allowing twisting by an appropriately chosen
(finite) set of characters will allow one to generalise Theorem 1.1 to the
case of the congruence subgroups I'o(N), of SLy(Z), i.e., to prove Weil’s
Theorem for Dirichlet series with a finite number of poles at arbitrary
locations. Such a result has indeed been proved, but under the assumption
that the Dirichlet series also have an Euler product [We]. We also hope that
further generalisations of Theorem 1.1 are possible to the case of Maass
forms. Adelising the argument would allow treating the cases of modular
forms and Maass forms simultaneously. It may also allow us some insight
into how to prove similar theorems for higher dimensional GL,,.

In Section 2 we introduce the notation and some basic notions used in
the rest of this paper. In Section 3 we discuss a lemma of Bochner [B] and in
Section 4 we give the proof of our main theorem, Theorem 1.1. In Section 5
we complete the proof of Theorem 1.1, treating the case k = 2. The results
of Section 6 have largely appeared in [R3]. Here, we summarise the results
which concern the comparison of zero-sets of two different L-functions with
appropriate analytic properties.

I would like to thank my thesis advisor Professor Piatetski-Shapiro for
suggesting this problem and for his advice, support and constant encour-
agement. I am also grateful to Professor Jim Cogdell for many helpful
conversations and suggestions and for his guidance and support.
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2 Preliminaries

In this section we fix the notation to be used in the rest of this paper. We
recall the action of the stroke operator on functions on the upper-half plane
H. Let k be an even integer. Suppose f is a holomorphic function on H
and

y= <‘C‘ Z) € T = SLy(2).

We define

fly = (ez +d) ™ f(7(2)),

where v(z) = %z‘—‘f%. If we set ¢,(2) = fl,(2) — f(2), ¢,(z) measures the
departure from modularity of f(z). In order to show that f(z) is modular it
suffices to show that g.,(z) vanishes identically for all y € . The collection
g+, € T satisfies the cocycle condition, i.e.,

e

for 71,72 € I'. Such a collection of functions {g,(2)},er is called a cocycle.
(Strictly, we must impose certain growth conditions on the functions f(z)
for much of what follows to be valid. However, these conditions will be
automatically satisfied for the functions we will be dealing with since they
arise from Dirichlet series of finite growth on vertical strips (Condition (3)
in Theorem 1.1)).

o0 .
Now suppose that f(z) = Y. a,e?"'"* is obtained from a Dirichlet series
n=0
satisfying the conditions of Theorem 1.1. Let {g,(2)} be the corresponding
cocycle. Then, we shall show that the space of cocycles spanned by the

¢,(z) arising from such f(z) vanishes, if k > 2, and is one-dimensional, if

k = 2. Let us set
1 1 0 1
r=(o 1) 5=(% o)

and recall that S and T generate I'. Notice that ¢r(z) = 0. Thus, we are
reduced to showing that gs(z) = 0. In order to do this we have to realise

ST SmEr
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that the modular cocycles determine (and are determined by) the poles of
the L-function L(s). This is the content of the next section.

3 A lemma of Bochner

We discuss a lemma of Bochner [B] which relates residual terms arising from
the poles of the Dirichlet series in functional equation (3.1) (see below) and
the modular cocycles defined above.

Suppose D(s) satisfies the conditions (1), (2) and (3) of Theorem 1.1
for A = 1. Suppose that L(s) = (2r)~*T'(s)D(s) — 2 has poles at —3; € C
of order equal tom; + 1,1 <i < n.

Lemma We can write
f(2) = 245 + 62) (31)

where ¢(z) has the form
$(z) = Y bi(log 2)2*, (3.2)
i=1
and b,’(t) = % b,‘jtj, bij eC.
Jj=1

Remark 3.1 From (3.1), it is clear that ¢(z) in the lemma is really the
gs(z) defined in Section 1. On the other hand, (3.2) gives us an explicit
expression for gs(z) as a “polynomial” (with complex exponents) with
coefficients which are themselves polynomials in logz. As we shall see
in the next section, this condition, together with the relation (ST)® = I in
SL2(Z), is sufficient to guarantee that gs = 0, if k£ > 2. If k = 2, the space
of cocycles is one dimensional. In fact we will show that ¢s(2) = -:-, where
b € C, in this case.

Remark 3.2 By Remark 3.1, it is clear that if £ > 2 the only possible
poles D(s) can have are at 0 and k, since the structure of ¢s(z) determines
all poles other than those at 0 and k. In the case k = 2, the poles must lie
ats=0,s=1and s =2.

Remark 3.3 We note that condition (1) of Theorem 1.1 assumes that
D(s), has a finite number of poles while in the formulation of Bochner’s
Lemma condition (1) of the lemma makes the same assumption for L(s).



130 A Converse Theorem for Dirichlet Series with Poles

The two, however, are easily seen to be equivalent. We first note that I'(s)

has no zeros. Hence if L(s) has finitely many poles so must 5;)—:(—% =D(s).
Conversely, assume that D(s) has only finitely many poles. If L(s) has
infinitely many poles, then all but finitely many of these come from the

poles of I'(s). On the other hand, the functional equation for L(s) gives

Tk -
I'(s)
which shows that D(k — s) has zeros at all but a finite number of the poles

of I'(k — s). Hence, D(s) has zeros at all but a finite number of the poles
of I'(s). It follows that L(s) has only finitely many poles.

D(s) = @)+ ZE =D

Remark 3.4 Since D(s) satisfies a functional equation symmetric under
s — (k — s), if it has a pole at —f; it will also have a pole k + 3;. Thus if
the expression (3.2) for gs(z) contains the term 2% it will also contain the
term z~%— A,

Actually, Bochner proved the above lemma for general A but the case
A = 1 will suffice for our purposes. The proof of the lemma involves a
standard argument using the inverse Mellin transform and the Phragmen-
Lindelof principle and follows Hecke’s argument in the proof of his Converse
Theorem. The only additional reasoning involved is in obtaining the form
of the “residual term” (in Bochner’s terminology) ¢(z) in (3.2). One gets
this simply by expanding D(s) in a Laurent series about each pole and
calculating the residue. For more detailed accounts we refer the reader
to (B], where the formulation is slightly different but easily seen to be
equivalent, or to [K]. The lemma stated above is a special case of the
Riemann-Hecke-Bochner correspondence.

4 Proof of the main theorem
Proof (of Theorem 1.1) Let f(z) be defined as in the statement of The-

orem 1.1 and ¢, (2) as in Section 2. The relation (ST)3 = I can be rewritten
ST—1S = TST from which follows the equality of cocycles

gsr-15(2) = qrsr(2)-

Using the cocycle condition we can compute both sides of the above equality.
The right-hand side gives us

grst(z) = qr|sT(2) + gs7(2).

<
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Recalling that g7 = 0 we have

grst(z) = gs7(2) = gs|r(z) + gr(2),
which gives
grst = gs(z +1).
We first observe that gr-1(z) = 0. Evaluating the left-hand side we obtain
gs7-15(2) = gs|r-15(2) + gr-15(2)

= gs|r-15(2) + qr-1]s(2) + ¢s(2)

= gs|r-15(2) + gs(2).
Since T71S = (=1 1), we get 27 *gs(—1— 1) +¢s(2) for the left-hand side.
Equating the expressions for the two sides yields

gs(z+1) — gs(2) = z7kgs(-1 - -1-) (4.1)

Recall, that by Remark 3.1 of Section 3, we know that ¢gs(z) = z b;(log 2) 27,
=1

where —f3; € C are the poles of D(s). Substituting this expressmn for gs(2)
in (4.1) gives :

Zb (log(z + 1))(z + 1)#

i=1

Z bi(log 2)2% =

z7k Zb,-(log(—l - %))(_1 - %.)ﬂ-'. (4.2)
=1

We notice that once we choose a suitable branch cut for the logarithm
both sides of equation (4.2) are well defined on the whole half-plane H.
In fact, if we choose our branch cut to lie along [0, —ic0) we see that we
may extend the function gs(z) to the whole of the complex plane with
this ray removed. We note that our functions are holomorphic so they
are completely determined by their behaviour on the real line, since if they
vanish on any subinterval of R they must vanish identically. Hence, in what
follows, we restrict our attention to real z. If |2| is is sufficiently large we
may thus rewrite (4.2) as

n

> [bi(log(z + 1))(1 + %)ﬁ* — bi(log 2)]2% =

=1

2+ Y bi(log( 1——))( 1——)” (4.3)

i=1
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If we send |z| to co, we see that we may compare the orders of growth
on both sides of equation (4.3). Since a polynomial in log z grows slower
than any power of z, and since purely imaginary powers of z are bounded,
it will be clear that only the real parts of the 8; will be relevant for the
initial part of our discussion. We may assume without loss of generality
that Re(3;) < Re(B2) < ....... < Re(fn). Expanding the terms (1 + %)ﬂ*’ in
power series, we see that the left-hand side of (4.3) can be rewritten as

Z[bi(log(z +1))(1+ B8z + éﬁ(—ﬂ%—-—l—)z’z +...) = bi(log 2)]2%". (4.4)

i=1

n -

The binomial exapnsion is valid whenever |z| > 1 and hence (4.4) is valid
whenever |z| > 1. We have two cases:

Case (i) bi(log(z + 1)) — b;(log z) # 0 for some ¢ such that Re(8;) = Re(f,).
Before we analyse this case we first make the following observation.

(log(z +1))™ — (log 2)™ = :
[log(z + 1) - log 2][(log(z + 1))™ ™ + - + (log 2)™ ]

=log(1+ %)[(log(z +1)™ 1+ 4 (log2)™ Y.

As |z| =+ o0, log(1+ 1) — 0 like 1. Hence the expression

Pi(log(z + 1), log 2)

bi(log(z + 1)) — b;(log z) — 0 like ~

where P;(u,v) is a polynomial in two variables of degree m; — 1 (recall that
m; is the degree of b;).

Let ji1,J2,.-.,jr be the indices such that Re(8;) = Re(B,) = 7. Let
Im(B;,) = &. We may assume without loss of generality that j; = n—r+1.
The coefficient of the term of highest order zf¢(3=) = 27 on the left-hand
side of (4.3) is

r

> " [bnr41(10g(z + 1) — bn_r1i(log 2)]2*. (4.5)
=1

Proposition 4.1 The ezpression (4.5) does not identically vanish.
Proof (of Proposition 4.1) We may assume

bn—r+l(log(z + 1)) - bn~r+l(10g z) ?é 0,

for all I, 1 <1 < r (by assumption we know that there is at least one such
l). Further, we may assume that i, = n and that b,(t) is the polynomial of

e — -
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highest degree among the b;, 1 <1 < r. Now, suppose that the expression
(4.5) vanishes identically. Then, we may rewrite (4.5) in the form
r—1
: bp—ryi{log(z + 1)) — bp—rsi(log 2)
i6 n—r+I\108 n—r+1\108
S ) 4.6
z 2 ba(log(z + 1) — ba(log 2) (46)

=1

Let deg(bn—r+1) denote the degree of the polynomial b,_,4+i(t) in ¢. If
deg(bp_r41) < deg(by), for all 1, 1 <1 < r, then the right-hand side of (4.6)
tends to 0 as |z| = oo, while |2%-| = 1, which is absurd. Hence we may
assume that there is at least one [ such that deg(b,—r+1) = deg(b,). Hence,
for all such I,

bn——r+l (IOg(Z + 1)) - bn—r+l(log Z) Se
ba(log(z + 1) — b, (log 2) b

where ¢; # 0.
Now by the linear independence of characters we know that

r—1
29 4 Z a2 #0,
=1

for any complex numbers a;. Hence, in particular, we must have
T
2%+ Y ' #£0. 4.7)
=1

For each ! we can choose B, a ball of radius ¢ about ¢; such that the
inequality (4.7) holds even if we replace ¢; by any a; € B,. But, if we now
choose |z| large enough we can ensure that

bp—rri{log(z + 1)) — b;,(log 2)
bn(log(z + 1) — b, (log 2)

€ B,,,

which contradicts our assumption that the expression (4.5) vanishes iden-
tically. This proves our proposition.
a

Returning to the proof of Theorem 1.1, we now examine the right-hand
side of (4.3) where the term of highest possible order is z~*. If we expand
the terms (~1 — L)% on the right-hand side in power series we get

2 En:b,v(log(—i - %)(—1)5-' [1+ Bzl + ﬁ'—(ﬂ;!—“l—)ﬂ -] (48)

=1
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Hence if I > 0 is the smallest integer such that

n

3 titog(-1 - (-1 BEZDBZD )

i=1 :
then the highest order term is z=%~!. The coefficient of 2’ in (4.4) is the
expression (4.5), which by Proposition 4.1 is not identically zero, while the
coefficent of 2~* in (4.8) is the expression (4.9), which is not identically
zero by assumption. Comparing orders of growth of the left and right-
hand sides when |z| goes to oo, we see that it follows that we must have
Re(Bn) = —k—1. But if 8, occurs in (3.2), then, by Remark 3.4 of Section 3,
so must —k — G3,. But

Re(—k—fp) =~k - Re(Bp) = —k - (k- [)=1>0> ~k—1= Re(Bn),
which contradicts the assumption that Re(8,) > Re(3;) forall1 <i < n.

Case (i) b;(log(z + 1)) — b;(log z) = 0 for all ¢ such that Re(B;) = Re(fn)-
We notice immediately that this means that the polynomials b;, n—r+1 <
i < n are all constant polynomials. We will continue to refer to these
constants as b;. As in case (i), we make a power series expansion on both
sides and examine the resulting expressions (4.4) and (4.8). The coefficient
of z7 = zRe(Bn) jp (4.4) is identically zero by assumption. Recall that we
assumed in case (i) (without loss of generality) that Re(8;) < Re(fn—r) <
Re(B,),]1 <i<n-—randthat Re(83;) = Re(Br) ifn—r+1<i<n. We
continue to assume this is the case. If j,,, 1 < m < s, are the indices such
that Re(B;,.) = Re(Bn-r), we may as well assume that j,, =n —r + m.
Let Re(Bn—r) = 1. Two cases arise:

Case (a) Re(fn-) < Re(Bn —1).
In expression (4.4) the term of highest possible order is zRe(fn—1) = 271,
Its coefficient is ‘

r
E bﬂ_r+¢ﬂn_r+¢z‘6‘ . (4.10)
=1

By the linear independence of characters, this is non-zero unless

bn—r+l ﬂn—r+l =0

for all I. If (4.10) vanishes identically, since we may as well assume that
bp—r41 # 0, we see that this means B,_,4; = 0 for all I. All the expo-
nents B,_,41 are thus equal to each other and vanish. Thus, r = 1 and
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71 = Re(Bn-1) < Re(B,). It is now easy to see that the term of next
highest possible growth in (4.4) is 2" with coefficient

Z [bn—1-s+m(log(z + 1)) — bn—l—s+m(1°gZ)]:Bn-l—s+mzinm’ (4.11)

m=1

where 1, = Im(Bp-1-s+m), 1 < m < s. Two further sub-cases arise:

s
Case (1) Y bp-1-sym(log(z + 1)) — bn—1-s+m(log2) # 0
m=1

Since fBn—1-s+m # 0, we may use the Proposition 4.1 (for these new b}s)
to show that the expression (4.11) does not identically vanish. Now, com-
paring orders of growth on both sides of (4.3), we see that we must have
v1 = Re(Bn-1) = —k — I, where I > 0 is the smallest integer such that the
coefficient of z~*~! is non-zero in the power series expansion of the right-
hand side of (4.3) (see formula (4.8) in case (¢)). Once again, we notice
that if 8,—; occurs in (3.2), so must —k — 8,—;. But

Re(~k = fny) = -k — (<k = 1) =1,

which contradicts the maximality of Re(3,), unless | = 0. If [ = 0, then,
equating the coefficients of z~* on both sides of (4.3) gives

8
z (bn—1-s+m(log(z + 1)) — bn—1—s+m(log z)ﬂn—l—s+m)ziﬂm =
m=1

3 (-1)%bog(-1 - 1)

i=1

Using the linear independence of characters and arguments similar to those
in Proposition 4.1 we see that s = 1, so we get

Re(ﬁn—Z) < Re(ﬂn——l) < Re(ﬂﬂ)

If Re(Bn—2) < Re(fn-1) — 1, then the coefficient of z=¥~1 on the left-hand
side of (4.3) is b1 (log(z+1))Bn-1. If Re(Bn—2) = Re(Br—1) —1, then the
coefficent of z7*%~! is

n—2
2 bilog(z + 1)) — bi(log 2) + bn_1(log(z + 1)) -1

i=1

In either case, as |2| — oo, the coefficient of z~*~! approaches infinity,
while on the right-hand side the coefficients tend to a finite limit. This
gives a contradiction.
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Case (2) Z br-1-s4m(l0g(z + 1)) = bn_1-s4m(log 2) =

As in case ( i), this means that 2 is the term of highest possible order on
the left-hand side of (4.3). Its coefficient is b,_; (log(z+1))B,_;. Comparing
orders of growth on both sides of (4.3), we get v; — 1 = —k — [, i..,
71 = —k + 1 — 1, which we can easily show contradicts the ma.ximality of
Re(B,)if I > 1. If I = 1, it is easy to see that we are essentially back to case
(1). Once again, it is clear that this contradicts the maximality of Re(3,)
if K > 2. We treat the case k = 2 in the next section.

We return now to the case when the expression (4.10) does not iden-
tically vanish. Once again let z7%*~! be the term of the highest order in
the power series expansion of the right-hand side of (4.3) (as in formula
(4.8) of case (i)).Thus, the term of highest order on the left-hand side of
(4.3) is 2771, while on the right-hand side it is z~*~!. Hence, we have

Yy-1=-k-lie,y=~k—-1+1 Ifl >0, then it is easy to see that
we are back in the situation of case (i). If ] = 0, then we get v = —k + 1,
which, as before, contradicts the maximality of Re(ﬂn) unless k = 2. We
treat this case in the next section.

Case (b) Re(Bn-,) = Re(B, — 1)
In this case the coefficient of 271 is

r
Z bn—r+lﬂn—r+lzu5l +
=1

s
Z [bn—l—s+m(log(2 + 1)) - bn—l—s+m (log Z)]ﬂn—l—a+mzinm

m=1

Analysing this expression as in the cases above we can easily that this yields
a contradiction unless k = 2.

O
5 The weight 2 case
It is not hard to see that when k = 2 all the cases above yield the followmg:

n =3, b, bz, and b3 are all constants and 8y = -2, 8, = —1 and 35 =
Thus, equation (4.3) yields

[b1(1+ %)-2 b 4 [ba(1+ %)-1 ~boJe + [bs(1 + %) — by]
2oy (-1 - %)“2 +ba(-1- %)“‘ + b3

in thi.s case. Comparing the coefficients of 2~! on both sides of the above
equation we see that b3 = 0, while comparing the coefficients of z~2 yields
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b, = 0. Now, one can easily verify that qg(z) = sz, b, € C satisfies equation
(3.2) and this is clearly the unique solution to (3.2) when k = 2. On the
other hand, Hecke’s non-holomorphic (meromorphic) Eisenstein series of
weight 2 ([He2)) satisfies equation (3.1) and gives rise to poles precisely at
s = 0,1 and 2. By the uniqueness of the solution to (3.2), we see that gs(2)
must arise from this Eisenstein series of weight 2.

The discussion above makes it clear that one cannot have a cocycle of
the form (3.2) which is not identically zero when k > 2. By the comments
made in Section 2, this completes the proof of Theorem 1.1.

6 Comparing the zeros of L-functions

In this section our main goal will be to discuss the following question.
Let D;(s) and D5(s) be two Dirichlet series which extend to meromorphic
functions L;(s) and La(s) on the whole complex plane C. For i = 1,2, let
the sets S; be defined as follows:

Si = {(p,mp) | L,(P) = 0, mp = wds:p Li(S), 0< Re(p) < 1}

Suppose further that L;(s), i = 1,2, satisfy a suitable functional equation
and certain analytic conditions. Then is |Sz \ Si| = 00?

We note that answering the above question is the same as establishing
that L,(s)/L2(s) has infinitely many poles in the strip 0 < Re(s) < 1,
and indeed, this is the approach we use. We are able to answer the above
question affirmatively in a number of cases. This affirmative answer also
shows that Theorem 1.1 would be false if the hypothesis of finiteness of the
number of poles of the Dirichlet series were to be removed.

The proofs of Theorems 6.1-6.5 crucially involve either Hamburger’s
Theorem or Theorem 1.1 of this paper. In particular, Theorems 6.1-6.5 do
not follow from Hecke’s original result. The other key ingredients of our
proofs are the non-vanishing theorems of Jacquet-Shalika and Shahidi for
various classes of L-functions. We also use various analytic properties of
L-functions established by several different authors including Godement-
Jacquet, Gelbart-Jacquet, Kim-Shahidi and Shahidi. We discuss the main
results below briefly.

Let K be a number field and Ax denote the adéles of K. Then we have

Theorem 6.1 For n > 1, let m; and w3 be cuspidal automorphic repre-
sentations of GL,(Ax). Let L(m,s) and L(ma,s) be their associated L-
functions and S; and Sy be their corresponding sets of zeros. If L(my,s) and
L(ms, s) have the same gamma factors at infinity (i.e., the local archimedean
L-functions are the same), then |S2 \ Si| = 00
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In particular, Theorem 6.1 answers the above question for certain pairs
of Dirichlet characters. In this case a stronger result has been proved by [F]
but the proof does not seem to generalise. This is the only other uncondi-
tional result of which we are aware. [C-Gh-Gol, C-Gh-Go2] have a stronger
result but it is conditional on the Generalised Riemann Hypothesis, while
the results of Bombieri and Perelli in the Selberg Class [B-P] depend on
Selberg’s Conjectures A and B. The proof of Theorem 6.1 appears in [R3].
It uses the theorem of Hamburger [H1, H2, H3] mentioned in the introduc-
tion, the holomorphy of the L-functions L,(s) and Ly(s) due to [Go-J] and
the non-vanishing on the line Re(s) = 1 of these L-functions twisted by
appropriate characters due to [J-S].

For i = 1, ...,my, let p; denote a cuspidal automorphic representation
of GLp, (Ak ), ni > 1, L(p;, 8) its corresponding L-function and D(p;, s) the
corresponding Dirichlet series. Similarly, for j = 1, ..., mg, let o; denote
a cuspidal automorphic representation of GLn;(Ax), n; > 1, L(oj,s) its
corresponding L-function and D(c;,s) the corresponding Dirichlet series.
We further assume that o; % p; for all i and j as above. We set

L) = [[26s.9) . La(s) = [] Lioso)
i=1 j=1

and D(s) to be the corresponding Dirichlet series for ! = 1,2. Let L(s) =
L1(s)/La(s) and D(s) = Dy(s)/Da(s). We then have the following theorem.

Theorem 6.2 For some even integer k > 2, assume that

L(s) = 2n~(+50)T (s + ’—“—;—1) D(s)

Further, suppose that p; does not an'se’ from a holomorphic cusp form on
GL3(Aq) and that L(s) satisfies the functional equation

L(s) = L(1 - s).
Then |S; \ S1| = oo.

The proof of Theorem 6.2 depends crucially on Theorem 1.1. One also
needs the more sophisticated results of Shahidi [Sh2] establishing the holo-
morphy and non-vanishing on the line Re(s) = 1 of the above L-functions
twisted by 7, the contragredient representation of ;.
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Corollary 6.3 Let f and f, be holomorphic cuspidal eigenforms satisfying
either of the conditions (1) or (2) below:

1. fi and fo have the same weight.
2. fi and f, are forms of the same level and f, has even weight k > 12.
We let Li(s) = L(fi,s — %52), for i =1,2. Then |Sz\ 1] = co.

The proof of the corollary appears in [R3]. The first case of the theorem
follows from Theorem 6.1, while the second case follows from Theorem 6.2.
In [R3], however, the second case is proved directly.

Let 7 denote a cuspidal automorphic representation of GL;(Ag) asso-
ciated to a holomorphic cuspidal eigenform f of weight k and nebentypus
w. We will assume that 7 is not monomial and that w is odd. Let x
be a primitive Dirichlet character. We denote by L(Sym"(w),s) (resp.
L(Sym™() ® X, s)) the nth symmetric power L-function of 7 (resp. the

_nth symmetric power L-function twisted by x). We will denote by A the

Ramanujan cusp form of weight 12.

Theorem 6.4 Let f, A and x be as above. The quotients

L(Sym®(ms) @ x,9) 4 L(Sym3(ma),s)
L(X,S) L(‘II’A,S)

have infinitely many poles in 0 < Re(s) < 1.

Note that it has not yet been established that the numerator of the
second quotient in Theorem 6.5 is automorphic. We do know, however, that
it is entire [Ki-Sh]. We also need the result of [Ge-Sh] and the non-vanishing
results of [Sh2, Sh3] for this case. The holomorphy and other relevant facts
necessary to treat the first quotient mentioned in Theorem 6.5 can be found
in [Ge-J]. We also note that both the quotients in Theorem 6.5 have the
additional feature of an Euler product. The relevant Converse Theorem
to be applied here is, once again, Theorem 1.1. The proof of Theorem 6.5
appears in [R3]. In a similar vein, we also have

Theorem 6.5 Let f be as above with k = 1. The quotients Lbéifn":t(w");s,l
(n = 1,2,3) have infinitely many poles in 0 < Re(s) < 1.

The proofs of Theorems 6.1-6.5 are essentially similar in structure,
although each individual case may require slightly different treatment. Since
Theorem 6.2 is the only theorem whose proof has not appeared, we give a
brief outline of the proof.
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Proof (of Theorem 6.2) Suppose L(s) has at most finitely many poles.
We first note that L(s) is a quotient of automorphic L-functions each of
which is of order 1 on C. Hence, one checks easily that if L(s) has at most
finitely many poles then it must satisfy condition (3) of Theorem 1.1. One
checks that L(s + £51) satisfies all the conditions of Theorem 1.1 and is
thus modular. We may thus write

L(s) =Y _¢;L(m,s), (6.1)
k=1

where o}, is a cuspidal automorphic representation of GLy(Ag),1<j<m,
unramified at all finite places and holomorphic discrete series at the real
place. After omitting a suitable finite set of primes S we may twist both
sides of equation (17) by 41, the contragredient of p;, to obtain ([J-S], [Sh1])

[I2 Ls(pi ®p1,5)
> — = ¢jLs(m ® p1, 8). 6.2
I1Z Ls(o; ® 61, 5) g 3L ® f1,9) (62)

Since the 7 all arise from holomorphic cusp forms of level 1 on GL2(Ag),
p1 is not isormorphic to 7, for all 1 < k < m. By [Sh1] Lg(7x ® fy,s) is
holomorphic at s = 1, while Ls(p; ® p1,s) and Ls(o; ® py,8) are non-
vanishing at s = 1 for all 4 and j. But Lg(p1 ® p1,) has pole at s = 1, so
the left-hand side of (16) has a pole at s = 1 while the right-hand side is
finite, which is clearly absurd. This proves the theorem.

0

As remarked in [R3], there are a number of other examples we could
treat using our method. The main feature of all the above examples is that
the archimedean factors of the quotient of the L-functions L, (s)/L2(s) are
of certain restricted types.
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Kirillov Theory for GLy(D) *

A. Raghuram

1 Introduction

Let F be a non-Archimedean local field. Jacquet and Langlands in [7]
develop a theory, the main ideas of which are attributed to Kirillov, of
explicitly constructing models for irreducible representations of GLy(F).
In particular, the representation space of an irreducible admissible repre-
sentation of GLg(F') is realized as a certain space of functions on F™* on
which the standard Borel subgroup acts in a specified manner. The repre-
sentation is then determined by describing what the Weyl group element
in does and this description is in terms of local factors associated to the
representation.

Using Kirillov theory as in [7], Casselman [3] developed a representation
theoretic analogue of for GLy(F) of the theory of new forms in the context
of classical modular forms which is due to Atkin and Lehner. All these
results for GL2(F') are summarized in Section 2.

In a joint work with Dipendra Prasad we have developed a similar
Kirillov theory for the group GL2(D) where D is a division algebra over
F. This work appears in [10]. In particular, the representation space V
of an irreducible admissible representation (7,V’) is realized as a space
of functions on D* which take values in a finite dimensional vector space
which is canonically associated to (m, V') such that the standard minimal
parabolic subgroup P acts in specified manner. We then use this Kirillov
theory (which is really a concrete description of the restriction of = to P) to
develop a theory of new forms which generalizes Casselman’s work to our
context. The main results of this work [10] are summarized in Section 3.

In Section 4 we give an alternative approach to constructing the
Kirillo model for representations (irreducible or not) which come by parabolic
induction. This also has been inspired by [7] (more precisely Godement’s

*These: are the notes of a talk given in the international conference on “Cohomology
of arithmetic groups, L-functions and Automorphic forms” held at T.I.LF.R., Mumbai,
from 28th December ’98 to 1st January ’99.
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notes [5]). The motivation in [7] for this is to understand points of reducib-
lity in induced representations. But since (7] appeared (roughly thirty years
ago) there has been a good deal of work on reduciblity and has been quite
well understood in our context of GLy(D) in the work of [12]. The reason
we go through this approach is to understand the asymptotic behaviour of
functions in the Kirillov space.

No proofs are given in Section 3 as they are all contained in [10]. How-
ever we have given all details in Section 4 as this has not appeared elsewhere.
The author believes that the details set forth in this last section have not
reached their logical conclusion as yet and may have implications towards
another view at the work of Tadic on reduciblity as in [12] and perhaps also
towards describing the unitary dual of GL, (D).

2 Kirillov theory and new forms for GLy(F)

The main references for Kirillov theory are Jacquet-Langlands [7] and Gode-
ment’s notes on Jacquet-Langlands [5]. For new forms the references are
Casselman 3] and an article of Deligne [4].

Let F be a non-Archimedean local field. Let Of be the ring of integers
in F. Let Br be the maximal ideal in Op. Let wr be a uniformizer in F,
ie., Pr = wrOFp. Let q denote the cardinality of the residue field of F
which is OF/(‘BF-

Only for this section let G = GL2(F'). Let B be the standard Borel sub-
group consisting of upper triangular matrices in G. Let N be the unipotent
radical of B. Note that N ~ F* the additive group of F. Let ¢ be a
non-trivial character on F* which is normalized such that the conductor
of ¥p is OF, i.e., the largest fractional ideal on which v is trivial is Op.
As usual ¢ will also be thought of as a character on N. Let Z ~ F* be
the center of G.

Let (7, V) be an irreducible admissible representation of G. Here ad-
missibility means that (i) Stabilizer in G of any vector in V is open and (ii)
Invariants in V' under any open subgroup of G is finite dimensional. It is
easy to see that a finite dimensional irreducible admissible representation
of G is necessarily one dimensional. So we henceforth assume that the di-
mension of V is infinite. The central (quasi-)character of 7 will be denoted
as wy.

The starting point for Kirillov theory is the following multiplicity one
theorem. Refer Proposition 2.12 in [7).

Theorem 2.1 If (x,V) is an irreducible admissible representation of G
then the twisted Jacquet module of 7, denoted 7y y,, which is the mazimal
quotient of m on which N acts via the character ¥ is one dimensional.
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Using the above theorem, the main theorem of Kirillov theory is tl}e
following. (Refer Theorem 1, Lemma 4, Theorem 3 and Equation 144 in

51

Theorem 2.2 Let (w,V) be an irreducible admissible representation of G.
The representation space V can be embedded in C*(F*) which is the space
of C-valued locally constant functions on F* such that if K () denotes the
image then :

1. Any f € K(m) vanishes outside some compact subset (depending on
f) of F.

2. The action of B on'V can be realized on K (w) via the formula
(-(§ &) 1)@ =srtavetaanria™zo

for all f € K(x), for all x € F* and for all (34) € P.

3. The space of compactly supported functions in C®(F"), denoted as
C®(F*), is a subspace of finite codimension of K(mw). Further the
quotient K (m)/C®(F*) can be identified with the usual Jacquet mod-
ule of m which is basically the space of co-N-invariants of m.

4. The dimension of the usual Jacquet module is 0,1 or 2 according as
7 is a supercuspidal, special or a principal series representation of G.

Bruhat decomposition for G states that G = B U BwB where w is
the Weyl group element given by ( % §). So to describe the action of G
completely on K (7), it is enough now to describe the action of w. This is
done in [7] using formal Mellin transforms as follows. Let v be any character
on Up the group of units in F*. To any f € K(w) is associated its formal
Mellin transform with respect to v, which is a formal Laurent power series
in one variable ¢ given by the formula

f,t) =3 falw)t”

nez

Here the coefficients are given by
)= [ fl@pu)r(u) du
where du is the Haar measure on Up normalized such that the volume of

Ur is one. The action of the Weyl group element is then given by the
following theorem. Refer Proposition 2.10 and Corollary 2.19 in [7].
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7

Theorem 2.3 Given an irveducible admissible representation  of G, for
every v a character on Ur, there erists a formal Laurent power series in

t, denoted C(v,t) whose principal part is finite and such that for all f €
C°(F*) one has

T(W) (1, 8) = Cl, 1) f(v " gLt wn (wr) 7).

The C(v,t)’s are related to the local factors by the formula

Cl(wnlg ) (@r) g2 = HE2 S’X“L‘(;@ Ty ]

where x is any character on F*.

Using Kirillov theory Casselman [3] proved the following result. Deligne
[4] provided a much simpler proof again using Kirillov theory of the same
result. Let I'g(n) denote the congruence subgroup given by :

a b )
To(n) := {( c d ) € GL2(OF) :¢=0 (mod &]3’})} .
Given (m, V) as before, let V, for n > 0 be given by
Vi={veV:n(2))v=wrla)v, V(23)€To(n)}

Theorem 2.4 If (n,V) is an irreducible admissible infinite dimensional
representation of G then there erists an integer m > 0 such that V,,, # (0).
Let ¢ = c¢(r) denote the least among all such integers m. Then

1. For allm > ¢, dime(Vy,) =m —c+ 1.
2. The e-factor of 7 is given by
e(m,s,9F) ~ ¢ ;
where the notation f ~ g means that upto a constant multiplier the

two functions f and g are equal. (The implied constant involves some
volume terms.)

3 Kirillov theory and new forms for GLy(D)

We shall now present the main results in [10] which generalize most of the
results in Section 2 to the case of GLz(D). No proofs are given in this
section as they are all contained in [10].
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Let D be a central division algebra over F of index d, i.e., dimp(D) = d.
Let O be the ring of integers in D. Let ‘B be the unique left (equivalently
right and equivalently two sided) maximal ideal in O. Let @w be a uni-
formizer for D, i.e., P = wO = Ow. Let U be the group of units in O.
Let ¥ be the character on D given by ¥(X) = ¢p(Tp,r(X)) where Tp;p
is the reduced trace map from D to F. Let v denote the additive valua-
tion and let | - | denote the normalized multiplicative valuation on D*, i.e.,
|X| =g %) for all X € D*.

We change notations a bit now and henceforth G denotes GL2(D) and N
denotes the unipotent radical of the standard minimal parabolic subgroup P
consisting of upper triangular matrices in G. Let M be the Levi subgroup
such that P is the semi direct product of M and N. Then N ~ D and
M ~ D* x D*. As before ¥ will be thought of as a character of N.

As in the case of GL2(F) one can easily prove that a finite dimensional
irreducible admissible representation of G is necessarily one dimensional.
We henceforth assume that (m,V) is an infinite dimensional irreducible
admissible representation of G. The center of G will again be denoted by Z
and is identified with F*. The central (quasi-)character of 7 will be denoted
by wy.

The starting point for us is the following theorem.

Theorem 3.1 Let (7,V) be an infinite dimensional irreducible admissible
representation of G. The twisted Jacquet module of 7, denoted nn ¢, is
always finite dimensional.

Remark 3.2 This actually follows from a theorem of Moeglin and Wald-
spurger [9]. But we are able to give a proof totally independent of [9] in
the context of G. (See [11] for more details.) It is easily checked that 7y ¢
is a module for D* sitting as the diagonal subgroup in M and its structure
as a representation of D* is still not clear. This question is of great interest
as it will be soon be evident that this representation of D* controls to a
large extent the representation 7 of G. However for principal series repre-
sentations it is fairly easy to give a description and is the content of the
following proposition.

Proposition 3.3 Let m, and w2 be two irreducible representations of D*.
Let V(m,m3) = Indg(m ® m2) denote the representation of G which is the
parabolic induction from P to G of the representation m; @ m2. Then

1. The twisted Jacquet module of V (w1, m2) is given by m ® .

2. The semi-sirﬁpliﬁcation of the usual Jacquet module of V(my,m2) is
given by (m ® m2) @ (M @ m2).
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Remark 3.4 The above proposition says that unlike the case of GL, (F),
for an irreducible representation 7 of G one need not have the dimen-
sions of mx or of mnx g to be bounded above independent of 7. This
follows for instance from a formula due to Deligne and Tunnell which says
that there exists constants ¢; and ¢, such that the dimension of ¢ for an
irreducible (non-degenerate) representation o of D* is sandwiched between
¢1¢*(4-1)/2 and ¢,¢%(?)(4-1)/2 where a(0) is the conductor of o It follows
from the computation of a(s) that for any positive integer n there is an
irreducible representation whose conductor is n. (See [2] for an exact for-

mula and more details on such matters.) Hence the claim on unboundedness
of dimensions of Jacquet modules.

Our version of Kirillov theory is the following theorem.

Theorem 3.5 Let (m,V) be an infinite dimensional irreducible admissible
representation of G. Then V can be embedded in the space of N, w-valued,
locally constant functions on D*, which will be denoted by C®(D*, 7N w).
Let K (m) denote the image of V. We have : ,

1. Any f in K(7) vanishes outside some compact subset (depending on

f) of D.
2. The action of P on K(r) is given by the formula :

(77( op ) f) (X) = \IJ(D‘IXB)w( 107 i ) £(D'x 4)

for all f € K(), for all X € D and for all (4 B) € P.

3. The Kirillov space K(m) contains CX(D*,7n.w) as a subspace of
finite codimension. The usual Jacquet module of 7 can be tdentified
with K(7)/CP(D*, 7N w).

4. 7 is supercuspidal if and only if K(x) = C®(D*, 7y y).

Remark 3.6 Bruhat decomposition for G states that G = P U PwP. So
to have a complete description of the action of G on K (7) it suffices to
describe the action of w an any f € K (). At this moment we don’t have
a completely satisfactory way of describing this action.

Now we go to the theory of new forms. It turns out that the congruence
subgroup to consider is :

Ti(n) = {( e ) €GLy(0):C,D~1=0 (mod m")}.
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Given an irreducible representation (m, V') of G let V;, denote invariants
in V under the congruence subgroup I'j(n). For convenience define V_;
to be (0). For an integer m > 0 we may call a non-zero vector v € Vp,
and v ¢ V,_1 a new form of level m. We have not been able to prove an
analogue of Theorem 2.4 for any irreducible 7. But we have been able to
do so when 7 is one of the two possibilities given below.

1. An irreducible principal series representation V (71, 72). (By a the-
orem of Tadic [12] the representation V (my,ms) = Ind§(m ® m2) is
irreducible if and only if 7; is not equivalent to 73 ® | - |£.)

2. A supercuspidal representation which is obtained by compact induc-
tion from a (very cuspidal) representation of a maximal open compact
mod center subgroup of G. This notion of very cuspidality is a direct
generalization of the corresponding notion gor GLy(F). See [10] and
[11] for two possible ways of defining this.

Remark 3.7 Only for this remark let G be the F-points of a reductive
algebraic group defined over F. In the representation theory of p-adic
groups it is one of the ‘big’ open questions if every irreducible supercuspi-
dal representation is obtained by compactly inducing a representation of a
maximal open compact mod center subgroup of G. For G = GL,(F) this is
true and is a famous theorem of Bushnell and Kutzko [1]. For G = GL,(D)
the question is still open.

Theorem 3.8 Let (m,V) be an irreducible admissible representation of G
as in (1) or (2) above. Then :

1. There exists an integer m > 0 such that V,,, # (0). Let C(x)
denote the least among all such integers. This C(w) may be called
the conductor of 7 in the sense of new forms.

2. Vo(r) = VN,w as D*— modules.

3. Leta= (3 2). Then for all m > C(m)
Ven = VC(,,) @ OLVC(,,) <D am—c(ﬂ)VC(ﬂ.).
So in particular we have dimc(Vy,) = (m — C(x) + 1) dime(V,w).

4. Let Co(m) be the integer such that e(m, s, ¥r) ~ g~C<(™3. This integer
C.(m) may be called the conductor of # in the sense of epsilon factors.
The two conductors are related by the formula

Ce(m) = C(m) =2(d - 1)



150 Kirillov Theory for GLy(D)

(The epsilon factor associated to 7 is as in [6] with the normalization
of Yr as in Section 2.)

Remark 3.9 The formula in (4) in the above theorem is a GLy(D) ana-
logue of the following formula due to Koch and Zink [8] for D*. Let (o, W)
be an irreducible representation of D* of level £ = £(0), i.e., o containes
the trivial representation of 1+ P¢ but not that of 1+ §3¢=1. (This ¢ is like
the C(x).) Then C,(0) — £(0) = d — 1 where C,(0) is the exponent which
occurs in the epsilon factor €(o, s,9F) of 0.

Remark 3.10 There is a natural question which might be asked here as
to what do the new forms look like in the Kirillov space. This has been
satisfactorily answered when C(r) = 0 (the so called spherical representa-
tions) or if 7 is a supercuspidal representation which comes via compact
induction. See [10].

4 Asymptotics in the Kirillov model

Let (7, V) be an irreducible admissible representation of G. We have real-
ized V as a space of functions K (7) on D* with values in a finite dimensional
vector space mn,w. This section deals with describing the asymptotics of
functions in K(7). By that we mean the following. If f € K(«) then f
vanishes outside a compact subset of D. So f is zero in a neighbourhood
of infinity. We investigate the behaviour of f in a neighbourhood of 0.
Note that if m is supercuspidal then by Theorem 3.5 f vanishes in a neigh-
bourhood of 0. So this section is relevant when = is not a supercuspidal
representation. We imitate sections 1.9 and 1.10 of [5] where an analysis is
carried out for principal series and special representations of GL2(F). We
can not get results as satisfactory as in [5] due to the vagaries of division
algebras. However for irreducible principal series representations of G we
can get a complete picture of the asymptotics around the origin of functions
in the Kirillov space.

Let (wy, W1) and (w2, W2) be two smooth irreducible representations of
D*. We let V(my,m2) denote the representation of G obtained by parabolic
induction using m; and m;. To be specific V(m,72) consists of locally
constant, W ® W, valued functions f on G satisfying

(3 5 )9) =MD 1) o ma(ds0)

for all g € G and for all (§ B) € P. We call this representation V (m;,73)
a principal series representation irrespective of whether it is irreducible or
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not. The aim of this section to develop a Kirillov model for such a principal
series representation and in doing so we get hold of the asymptotics of
functions in the Kirillov space. See Theorem 4.12.

Note that any f € V(m,m,) is determined completely by its values
on PwP = PwN. This is so because f is locally constant and every
neighbourhood of 1 € G intersects PwP. Now by the defining equivariance
on the left with respect to P such an f is determined by the function
X — f(w(}X))- As an artifice to have some convenient signs we replace
w by w™! = —w. We therefore get that the function f is completely
determined by the function f' € C*(D,m ® m2) given by:

s (1 1))

Using the matrix identity

SCHEE RIS

we get . o
£ = P om0 (1 ] )
So f' satisfies the property that |X|(m1(X) ® m3(X~1))f'(X) is constant
for large | X|. _ ‘
With this in view we define the following space of functions which we
denote by F(my,m2) :

{¢ € C®(D,m®m2) : |X|(m1(X)®m2(X1))$(X) is constant for |X| > 1}.

We omit the proof of the following easy lemma.

Lemma 4.1 The map f — f' gives a bijection from V(my,m3) onto
.7:(7l'1,7l'2).

On this space F(m,n2) we will define a Fourier transform. Then given
a function ¢ € F(my,ms) twisting its Fourier transform by a certain repre-
sentation of D* we will get a function in the Kirillov space of V(m;,m2).

Definition 4.2 Let ¢ € F(m,n2). Its Fourier transform is defined by

$X):=)

nez Jo(V)=n

T(XY)$(Y) dY.

The set of all the fourier transforms is denoted by

F(m,m) = {9: ¢ € F(m,m))}.
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Definition 4.3

K(7T1a7r2) = {|X|1/2(1 ® Wz(X))g(X) 1€ € j-:('n'177r2)}_

This space K (w1, m2) will turn out to be a Kirillov model for the repre-
sentation V (w1, 72). The non-trivial point will be to show the convergence
of the series in Definition 4.2. In the course of proving convergence we will
also get asymptotics of functions in K (71, m2). As a notational convenience
we denote x4 to be the characteristic function of the subset A of D. The
following lemma is easy and the proof is omitted.

Lemma 4.4 Forv € m ® my let ¢, be the function in F(my,m;) given by
$u(X) = | X|7H(m (X1 @ m2(X))v if | X| > 1 and is zero if |X| < 1. Let

Fo(m,m2) ={xo -v:vEmm}

and
Foo(m,m2) = {¢y : v € m ® w2}
Then the space F(m1,m2) can be split up as

.7'-(71'1,7(2) = CSO(D*,WI ®7r2) @fo(ﬂ'l,ﬂ'z) @fm(ﬂ'l,ﬂ‘z)

Basically the space F is cut up into the direct sum of three vector spaces
depending on the behaviour at 0 and at co. The convergence and the actual
value of the Fourier transform on functions in two of these spaces, namely
in Cg° and Fo are easy to describe and this is the content of Lemmas 4.5
and 4.6 respectively. Convergence of the Fourier transform of functions in
Foo is much more difficult to prove. We return to this point after disposing
off the above mentioned easy cases.

Lemma 4.5 Let ¢ € CZ°(D*,m ® m2). Then the series in Definition 4.2
is actually a finite sum and hence is convergent absloutely. The function $
is a locally constant function on D* which vanishes outside compact subsets
of D and is a constant in a neighbourhood of the origin.

Proof Let A€ D*, n > 0and v € m ® m. To this is associated the
function ¢(A,n,v) which takes the constant value v on A(1 + ") and is
zero outside this set. It is clear that C°(D*) is spanned by such functions.

It is an easy computation which yields that ¢(Hv)(X ) is ¥ (X A)v if
X € pro(A+1-d f5; some constant ¢ and is zero outside P~P(A+1-d,

0
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Lemma 4.6 Let ¢ = xo v € Fo(m,m2). Then ¢(X) = cxpr-«(X)v.
Hence the function a is a locally constant function on D* which vanishes
outside a compact subset of D and is a constant in a neighbourhood of the
origin.

Proof Obvious.
roo vi o

Now we go into the proof of convergence of Fourier transform of func-
tions in Foo. We begin with a lemma which rephrases this convergence prob-
Jem into a convergence problem for an operator valued (in fact End(m; ®2)
valued) series which we denote by A(X). This A(X) is now independent of
the function in Foo. We would like to point out here that each summand
of A(X) is a certain kind of non-abelian Gaussian sum.

Lemma 4.7 Let .

A=Y [ F@ma-esnd) ¢ T

m<o(X) "’ o(T)=m

Let ¢ = ¢y € Foo(m1,m2). Then the series defining E(X ) converges if and
only if the series defining A(X) converges and in this case we have

$o(X) = 1@ m(X 1)) - AX) - (m(X) ® )v.
Proof Note that

ax)=% / Y| XD (m (YY) ® m2(Y))o dY.
m<o0 o(Y)=m
In the above integral, notice that |Y|~! dY = d*Y and by putting XY =T
we get

$u(X)

/ G(T) (1 (T~ X) ® 1a(X ' T))v d*T
m<o(x) "’ o(T)=m
(1®m(X™1) - A(X) - (m(X) ® Lv.

O

Now the main point is the convergence (and then getting the asympo-
totics) of the ‘function’ A(X). The simplest case to handle is when bgth
7, and 7y are unramified and in this case we can get explicit information
on A(X). This is the content of the next lemma.
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Lemma 4.8 Let m, and 75 be unramified irreducible representations of D*,

i.e., there ezists complex numbers s d
. 1 ana sz such that n,(X) = 8
1= 1,2 Let S = 8] — 8§9. Then 7"1( ) IXI fOT

1. If s =0 then
0 If X ¢ p~
A(X) = { a Ifo(X) = —d
a+bo(X) If X epl-d

2. If s = —1 then

AX)=¢ a Ifo(X)=-d

{ 0 IfX¢pd
IX| If X € pi-d

3. If s#0,-1 then
0 If X ¢ p
AX) = { a Ifo(X) = —d
a+blX|™* If X e pl-d

where a and b are some arbitrary constants and two
same symbol for constants should not be inte
stant.(Note that the s,,

occurences of the
rpreted as being the same con-
s2 and s are well defined modulo (27i/In(¢%))Z.)

Proof Note that

A(X)

It

/ )y (T™1) ® 1o(T)) d*T
m<o(X) o(T)=m

= Z qmsd / w(wmu) dxu.
ox

m<o(X)
Now it is easy to see that
1-gvol(®) m>1-4d

Y(w™u) d¥u = { —g~%vol(0) Em=—d

OX
0 m<-d-1

from which the lemma easily follows.
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To handle A(X) when at least one of the 7; is not unramified we need
the following lemma. It says that in this case the series defining A(X) is
actually a finite sum and hence is definitely convergent. We will then be in
a position to state a preliminary form of the main theorem of this section
which gives the asymptotics of functions in ‘a’ Kirillov space for 7.

Lemma 4.9 Let m; and w2 be two irreducible representations of D*. Let
£y and {5 be the levels (Remark 3.9) of w1 and wy respectively. Let € =
max{f;,€;}. Assume £ > 0. Let

I, = / U(w™u)(m (u™!) ® ma(u)) d*u.
Then if m < —€+1—d then I,, = 0.

Proof For the sake of brevity let U denote the group of units O and let
U; denote 1 + B¢ for all ¢ > 1.
Note that

o= 2 /beu(e)lp(wmab)(m(b_la_l)®7f2(ab)) d*b

a€U/U(8)
(/ ¥(w™ab) d"b) (m(a™!) ® m2(a))
beU(e)

The inner integral vanishes. This can be seen by going to ¢ via a substitu-
tion like b = 1+ 8 and noting that 8 — ¥(w™af) is a non-trivial character
(since m < —€ + 1 — d) on a compact group P*.

il

acU/U(e)

a

Corollary 4.10 If at least one of m; or my is ramified then the series
defining A(X) is a finite sum and hence convergent. For any function
¢y € Foolmy,m2) the series defining (/ﬁ; converges and gives a locally con-
stant function on D* which vanishes outside compact subset a compact sub-
set of D.

Remark 4.11 We would like to point out that Lemma 4.9 is a partial
analogue of Equation 22 in [5]. Of course, one expects the integral I, to
vanish for all m # —€+ 1 — d. One can prove this when at least one of
71 and m is ramified (the case we are interested in) and when they have
distinct levels. The case when the levels are the same seems technically
complicated, at least to the author!
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K .\lﬂ;fe now state and prove the main theorem in this section which gives a
thlnf ov n'lode]. for representations V (r, 2) and also gives asymptotics for
e tunctions in the corresponding Kirillov space K (m;,m2). Note that the

asymptotics given below i i g
of [5]. § Ow is a direct generalization of the table on page 1.36

Theorem 4.12 Let m; and 7, b ] 1
2 be two irreducible representati *
For each f € V(my,m3) let £ € C°(D*,m @ m3) be gZJen bya tone of P
&(X) = IX]V*(1 @ m(X)) fi(X).
Then :

1. For all (4 B) € P and for all X € D* we have

§(4 8)s(X) = XD XB)(m (D) ® m3(D))&; (D' X 4).

2. 7’;here.e:1:ists a function X — A(X) in C*°(D*,End(m; ® 7)) such
that given any f € V(my,my) there ezists vectors o and B (depending
on f) in W1 @ Wy such that in some neighbourhood of 0 we have

£f(X) = IXll/z(l ® ﬂz(X))a + ’Xll/zA(X)(m(X) ® 1),3

Proof The proof of (1) is an eas .
. y computation and we gi .
below. Using the definition we get §( AB )f( X) is equal til.ve a sketch of it
0D

e [ S (¢ 8)0) (o (3 D)

neZ

Simplifying the above int ; o ‘
we get ) ve integral and making the substitution Z = 4~1 (B+YD)

¥(D~'XB)|D~' X A|'/*(n,(D) ® ma(X A)) Z - Y(D-1XAZ)f(2)dz
nezvv(4)=n

and this expression simplifies to the right hand side of the equation in (1)

The proof of (2) foll
lary 4.10. (2) follows from Lemmas 4.4, 4.5, 4.6, 4.7, 4.8 and Corol-

o
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An Algebraic Chebotarev Density Theorem

C.S. Rajan

Abstract

We presenF hgre results on the distribution of Frobenius conjugacy
classes satisfying an algebraic condition associated to a l-adic rep-

resegtation. We discuss applications of this algebraic Chebotarev
density theorem. The details will appear elsewhere.

1 Chebotarev density theorem

'I_‘he classi.cal Chebotarev density theorem provides a common generalis
tl(?n of Dirichlet’s theorem on primes in arithmetic progression and t}:
prime number theorem. Let K be a number field, and let Ok be the ring of
integers of K. Denote by L the set of places of K. For a nonarchimedge
place v of K, let p, denote the corresponding prime ideal of @, and ]311
th(.e norm of v be the number of elements of the finite field @ / pK’ Su .
L is a finite Galois extension of K, with Galois group G =KG’(Z./ K )ppES(te
S.denote a finite subset of K, containing the archimedean places to 'ethe
with the set of places of K, which ramify in L. For each place v of K iot f;

S, and a place w of L lyi i
X ying over v, we have a canonical Frobeni
0w in G, defined by the following property: nius clement

ouw(z) = zV*(mod p,,).

The set {0y | wlv} form the Frobenius conjugacy class in G, which we

denote by o,. Let C be a conj i
v jugacy class in G. i
Chebotarev density theorem [LO]g ’ N e pecall the classical

)

#{UEEK—Sle<:c,a,,€C}=I—C—lw(z)+o< d

IGI ———log ’:l?) as T — oo,

where for a positive real number z
' , m(z) = #{v € £k | Nv < z}, de
the number of primes of K whose norm is less than z. | )y denotes
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The Chebotarev density theorem has proved to be indispensable in
studying the distribution of primes associated to arithmetic objects. Hence
it is of interest to consider possible generalisations of the Chebotarev
density theorem, in the context of l-adic representations associated to
motives, and also in the context of automorphic forms. Such a general-
isation is provided by the Sato-Tate conjecture.

2 Sato-Tate conjecture

Let G denote the Galois group of K /K. Suppose p is a continous l—adic
representation of Gk into GL.(F), where F is a non-archimedean local
field of residue characteristic [. Let L denote the fixed field of K by the
kernel of p. Write L = UqsL, where L, are finite extensions of K. We
will always assume that our l-adic representations are unramified outside a
finite set of primes S of K, i.e., each of the extensions L, is an unramified
extension of K outside S. Let w be a valuation on L extending a valuation
v & S. The Frobenius elements at the various finite layers for the valuation
w|,,_ patch together to give raise to the Frobenius element o, € G(L/K),
and a Frobenius conjugacy class o, € G(L/K). Thus p(dy) (resp. p(ov))
is a well defined element (resp. conjugacy class) in GL,(F).

The analogue of the Chebotarev density theorem for the l-adic repre-
sentations attached to motives is given by the Sato-Tate conjeture [Ser2,
Conjecture 13.6]. Let G denote the smallest algbebraic subgroup of GL(V)
containing the image of p(Gk). G is also the Zariski closure of p(G k) inside
GL,. We assume that the l-adic representation satisfies the Weil estimates
and is semisimple. G will then be a reductive group. When p is a l-adic
representation associated to a motive, there should exist a homomorphism
t from G to GL,, and let G* denote the kernel of t.

Fix an embedding of F into C. Let J be a maximal compact subgroup
of G}(C), and let J denote the space of conjugacy classes in J. On J
one can define the ‘Sato-Tate measure’ u, which is the projection of the
normalised Haar measure of J onto J. Assume that p(o,) are semisimple,
and t}E_t\El,lere exists a positive integer i such that the normalised conjugacy
class p(o,) = (Nv)~"2p(0,) considered as a conjugacy class in G(C)
intersects J. The latter assumption is equivalent to the conjecture that
the eigenvalues of p(c,) satisfy the Weil estimates. If M is a subgroup of
GL(V)(C), and C C M is a subset of M stable under conjugation by M,
then denote by

Sc={vgS|ple.)NC # ¢}
and for a positive real number z > 1, denote by

mo(z) = #{v € Zkx — S| Nv <z, plow) NC # ¢}.



160 An Algebraic Chebotarev Density Theorem

The Sato-Tate conjecture is the following:

————

Conjecture 2.1 (Sato-Tate) The conjugacy classes p(a,) € J are equidis-
tributed with respect to the measure pu on J, i.e, given a measurable subset
C C J, then the following holds:

e(z) = p(C)r(z) + o ( ) aszT — 00.

log z
This conjecture is still far from being proved, and little is known regarding
the distribution of the Frobenius conjugacy classes for the l-adic represen-
tations associated to motives. However when C is defined by ‘algebraic
conditions’, a simple, amenable expression for the density of primes v with
gy € C can be obtained, which mirrors the classical Chebotarev density
theorem, and is particularly useful in applications.

3 An algebraic Chebotarev density theorem

In this section, we give a generalisation of the Chebotarev density theo-
rem to l-adic representations, provided the conjugacy class is algebraically
defined. Let M denote an algebraic subgroup of GL, such that
p(Gk) C M(F). Suppose X is an algebraic subscheme of M defined over
F, and stable under the adjoint action of M on itself. Let

C = X(F) N p(Gk).

Let G° be the identity component of G, and let & = G/G°, be the finite
group of connected components of H. For ¢ € ®, let G? denote the cor-
responding connected component of G, p(Gk)?® = p(Gk) N G¥(F), and
C? = CNG?. We have the following theorem which was proved in [Ral,
Theorem 3}, under the additional assumption that p is semisimple.

Theorem 3.1 With notation as above, let ¥ = {p € & | G® C X}. Then

_1¥ =z z
~ 3|logz * °\log z

urel€d ) , as T —oo.

Hence the density of the set of primes v of K with p(0,) € C is precisely
|o|/|2].

Remark 3.2 The heuristic for the theorem is as follows: We first observe
the following well known lemma [Ser3], which is a direct consequence of the
Chebotarev density theorem.
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Lemma 3.3 Suppose C is a closed analytic subset, stable under conju-
gation of G(L/K), of dimension strictly less than the dimension of the
analytic group p(Gk). Then

T
log =

#{UEEK—SINU<:E,0,,EC}=0( ) as r — oo.
Suppose C is a closed analytic subset such that the density of Frobenius
conjugacy classes p(o,) belonging to C is positive. It follows from the
lemma, that C must have at least one component of dimension the same as
the dimension of p(Gk). In the algebraic context this would then amount
to counting the number of connected components. This motivates the
introduction of algebraic concepts.

Suppose now that p is semisimple. It follows that G is a reductive
algebraic group. Base changing to C, we see that that G(C), is a complex,
reductive Lie group. Let J be a maximal compact subgroup of G(C). Since
G(C) is reductive, we have G/G° ~ J/J°, where J° denotes the identity
component of K. Corresponding to an element ¢ € ®, let J® denote the
corresponding connected component of J. It is well known that J ¢ is Zariski
dense in G%(C). Hence the following theorem is a consequence of the above
theorem, and can be thought of as an algebraic analogue of the Sato-Tate
conjecture. It is this form that is crucially needed for the applications.

Theorem 3.4 Suppose that p is also a semisimple representation. With
notation as above,

_Hoe®|JPCX(C) = z
mo() = [J/JO log z o(logz

), as T — 00.

4 Refinements of strong multiplicity one

We recall the notion of upper density. The upper density ud(P) of a set P

of primes of K, is defined to be the ratio,

#{veZk |Nv<z, ve P}
#{veZk|Nv<z}

ud(P) = limsup,,_, .

where Nv, the norm of v, is the cardinality of the finite set Ok /p,, Ok is
the ring of integers of K, and p,, is the prime ideal of Ok corresponding to
the finite place v of K. A set P of primes is said to have a density d(P), if
the limit exists as £ — oo of the ratio

#{ve Tk | Nv<z, ve P}/#{veE Tk | Nv <z},
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and is equal to d(P).
Suppose p1, p2 are l-adic representations of G into GL,(F). Consider
the following set:

SM(p1, p2) := {v € Tk — S| Tr(p1(04)) = Tr(p2(04))}-

We will say two representations p; and p; have the strong multiplicity one
property if the upper density of SM(py, p2) is positive. We answer in the
affirmative the following conjecture due to D. Ramakrishnan ([DR1)):

Theorem 4.1 ([Ral]) If the upper density A of SM (pl,pz) is strictly
greater than 1 — 1/2r%, then p; ~ p,.

The result was known for finite groups. There were examples con-
structed by J.-P. Serre ([DR1]), which showed that the above bound is
sharp. For unitary, cuspidal automorphic representations on GL;/K, the
corresponding result was established by D. Ramakrishnan ([DR2]). The
proof was based on the following result of Jacquet-Shalika: If 7; and
are unitary cuspidal automorphic representations on GL,,, then m ~ 75,
if and only if L(s,m; x 73) has a pole at s = 1, where #; denotes the con-
tragredient of ;. In analogy, it was expected that the obstruction to the
proof of the above theorem, lies in the Tate conjectures on the analytical
properties of L-functions attached to l-adic cohomologies of algebraic vari-
eties defined over K. However the theorem follows from Theorem 3.4 and
the following well-known lemma on representations of finite groups, and the
corresponding generalisation to compact groups.

Lemma 4.2 Let G be a finite group and let p,, py be mequ.walent repre-
sentations of G into GL(n,C). Then

#{9 € G| Tr(p1(9)) = Tr(ps(9)} < (1 — 1/207)|G].

Theorem 4.1 is still not completely satisfactory, as it does not pro-
vide any information on the relationship between p; and p, possessing the
strong multiplicity one property. One of the motivating questions for us
was the following: suppose p, and p; are ‘general’ representations of Gk
into GLy(F), possessing the strong multiplicity one property. Does there
exist @ Dirichlet character x such that py ~ p; ® x? It is this stronger
question that provides us with a clue to the solution of this problem (see
the foregoing remark after Theorem 3.1). The following result can be con-
sidered as a qualitative version of strong multiplicity one and provides a
vast strengthening of Theorem 3.1 in general.

Theorem 4.3 ([Ral]) Suppose that the Zariski closure H, of the image
P1(Gk) in GL, is a connected, algebraic group. If the upper density of
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SM(p1,p2) is positive, then the following hold:
a) There is a finite Galois extension L of K, such that p1|c,~ p2|c.-

b) The connected component HY of the Zariski closure of the image
p2(Gk) in GL, is conjugate to Hy. In particular, HY ~ H,.

¢) Assume in addition that p is absolutely irreducible. Then there is a
Dirichlet character, i.e., a character x of Gal(L/K) into GLi(F) of
finite order, such that p» ~ p, ® x.

Hence in the ‘general case’, the strong multiplicity one property indi-
cates that the representations are Dirichlet twists of eaph other, and the set
of primes for which Tr(py(0,)) = Tr(p2(0y)), is not some a.rbitrary .set of
primes, but are precisely the primes which split in some cyclic exten.sm.n. of
K. Morever, for any pair of representations satisfying the strong mullphc.lty
one property, the above theorem indicates, that the se.t of Primes for .whlch
Tr(pi(0y)) = Tr(pa(0v)), has a ‘finite’ Galois theoretical interpretation.

5 Applications to modular forms

Let N, k be positive integers, and € : (Z/NZ)* — C, be a character mod
N, satisfying e(—1) = (=1)*. Denote by S(N, k,€) the space of cusp forms
on Io(N) of weight k, and Nebentypus character e. Given f € S(N,k, et)h
we can write f(2) = Yoo, an(f)€*™™*, Im(2) > 0, where a,(f) is the n
Fourier coefficient of f. Denote by S(NV, k, €)° the set of cuspidal eigenforms
for the Hecke operators Ty, (p, N) = 1, with eigenvalue a,(f). We will
define two such forms f; € S(N;, ki, €:), i = 1,2, to be equivalent, denoted
by fi ~ fa, if ap(f1) = ap(f2) for almost all primes p. Given any cusp.idal
eigenform f as above, it follows from the decomposition of S(N, k, €) into
old and new subspaces and by the mulitplicity one theorem, that there
exists a unique new form equivalent to f. By a twist of f by a Dirichlet
character x, we mean the form represented by Y oo o x(n)an(f)e*™".

We recall the notion of CM forms ([Rib]). f is said to be a CM form, if
£ is a cusp form of weight k > 2, and the Fourier coefficients a,(f) vanish
for all primes p inert in some quadratic extension of Q.

Theorem 5.1 ([Ral]) Suppose f; € S(Ni, ki,e:)°, i = 1,2, and f1 is a
non CM cusp form of weight ky > 2. Suppose that the set

{p€ Zq, (p,NiN2) = 1] ap(f1) = ap(f2)}

has positive upper density. Then there ezists a Dirichlet character x of Q,
such that fo ~ fi ® x. In particular, f, is also a non CM cusp form of
weight k; = k;. Hence apart from finitely many primes, the set of primes_ at
which the Hecke eigenvalues of fi and fo agree, is the set of primes which
split in a cyclic extension of Q.
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We now give an extension of a theorem of D. Ramakrishnan on recov-
ering modular forms from knowing the squares of the Hecke eigenvalues
[DR3]. We will just give the application to modular forms and not give the
general l-adic statement generalising Theorem 4.3.

Theorem 5.2 Let f,, f2 be cuspidal eigenforms in S(N, k,€)°, k > 2. Fiz
a positive integer m.

a) Suppose that ap(f1)™ = ay(f2)™ on a set of primes of density at least
1—1/2(m + 1)2. Then there ezists a Dirichlet character x of order
m, such that fo ~ f1 ® x.

b) Suppose fi is a non CM cusp form. If ap(f1)™ = ap(f2)™ on a set
of primes of positive density, then there exists a Dirichlet character
x of order m, such that fo ~ f; ® x.

6 On a conjecture of Serre

In this section we discuss a conjecture of Serre [Ser2, Conjecture 12.9]
regarding the distribution of maximal Frobenius tori, in the context of
cohomology of smooth projective varieties. Let X be a nonsingular com-
plete variety over a global field K. Fix a non-negative integer i, and a
rational prime /. There is a natural, continuous representation p of Gx on
the l-adic étale cohomology groups V := HY(X x g K, Q). p is unramified
outside a finite set of finite places S of K. We assume that .S contains the
primes v of K lying over the rational prime . For a prime v ¢ S, and w a
valuation of K extending v, we have a well defined Frobenius element oy,
in the image group p(Gk).

The concept of ‘Frobenius’ subgroups was introduced by Serre, in
relation to his work on the image of the Galois group for the l-adic rep-
resentations associated to abelian varieties defined over global fields. For
an unramified prime v € S and w|v, denote by H,, the smallest algebraic
subgroup of G containing the semisimple part of the element o,,. Denote
by T, the connected component of H,. H, and T, are diagonalisable
groups, being generated by semisimple elements. Since the elements o, are
conjugate inside p(Gk), as w runs over the places of K extending v, the
groups H, and T, are conjugate in G. Thus the connectedness of H,,, or
the property of being a maximal torus inside G depends only on v, and not
on the choice of w|v.

It is expected that the elements o, are semisimple [Ser2, Question 12.4].
Granting this conjecture, H,, is then the smallest algebraic subgroup of G
containing o,,. In case p is assumed to be semisimple, we have the following;:
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Proposition 6.1 Suppose that p is semisimple. There exists a set of places
of density 1 of K at which the corresponding Frobenius conjugacy class
consists of semisimple elements.

In general, it is not even clear that there is even a single prime v at
which H,, is a maximal torus for w|v, nor that the density of the set of
such primes is defined. Qur theorem is the following result, conjectured by
J.-P. Serre in the context of motives [Ser2, Conjecture 12.9].

Theorem 6.2 a) The set of primes v € S of K, at which the corre-
sponding Frobenius subgroup H,, is a mazimal torus inside G, has
density 1/|G : G°|.

b) The density of connected Frobenius subgroups H,,, is also 1/|G : G°|.

In particular the theorem implies that G is connected if the set of primes
v at which the corresponding Frobenius subgroup H,, is a maximal torus is
of density 1. We now apply the above theorem to the l-adic representations
arising from abelian varieties. First let us define the following notion for
abelian varieties defined over F,.

Definition 6.3 Let A be an abelian variety defined over F,. A is said to
be endomorphism ordinary if the following holds:

Endp, (A)o := Endr,(4) ® Q = Endg (4 x F,) ®Q.

We recall the notion of ordinarity for abelian varieties. An abelian vari-
ety A of dimension g, defined over a perfect field k of positive characteristic
p is said to be ordinary, if the group of p-torsion points A[p| over an alge-
braic closure k of k is isomorphic to (Z/pZ)9. In other words the p-rank
of A is the maximum possible and is equal to g. It is known that if A is a
simple abelian variety over F,, defined over F,, and if 4 is ordinary, then it
is endomorphism ordinary [Wa]. Our theorem is the following:

Theorem 6.4 Let A be an abelian variety defined over a number field K.
Let ¢y denote the number of connected components of the algebraic enve-
lope of the image of the Galois group acting on H'(A, Q,), for some prime
l. Then there is a set T of primes of K of degree 1 over Q and of den-
sity at least 1/ca, such that for all p € T, the reduction mod p of A is
endomorphism ordinary.

It is a conjecture of Serre and Oort, that given an abelian variety A
over a number field K, there is a set of primes of density one in some
finite extension L of K, such that the base change of A to L has ordinary
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reduction at these primes. We would like to refine the conjecture to assert
that in fact the set of primes of K at which A has ordinary reduction is of
density 1/c4. The above theorem seems to be a step towards a proof of this
conjecture. Notice one consequence of the theorem: by a theorem of Tate
characterising the endomorphism algebras of supersingular varieties [Tal],
it follows that the set of primes at which A has supersingular reduction is
of density at most 1 —1/c4. In particular if the Zariski closure of the image
of the Galois group is connected, then the set of primes of supersingular
reduction is of density 0.

If the conjectures of Tate are assumed for motives defined over finite
fields, then results similar to the classification of the endomorphism algebras
of abelian varieties over finite fields has been obtained for motives defined
over finite fields [Mi]. It seems plausible that the above methods can be
applied to establish a conditional result for general motives also.

7 Analytical aspects

We will discuss now some of the analytical analogues of the results stated
above. These results, especially the qualitative form of the strong multi-
plicity one for GL(1), were the main motivations for the algebraic theory
discussed above. We now state a theorem, which can be considered as a
qualitative form of the strong multiplicity one theorem for GL(1), and is
essentially due to Hecke.

Theorem 7.1 Let 6, and 8, be two idele class quasi-characters on a num-
ber field K. Suppose that the set of primes v of K for which 6, , = 62, is
of positive upper density. Then 6, = x0s for some Dirichlet character x on
K. In particular the set of primes at which the local components of 8, and
8, coincide has a density.

Let K be a global field, and A x denote the ring of adeles of K. Suppose
71 and 7o are automorphic representations of GL,(Ag). Define

SM(7T1,7I'2) = {’U € MK l My = 7l’2,.,},

where Mk denotes the set of places of K, and m; ,, (resp. m2,) denotes the
local components of &, (resp. m2) at the place v of K. If the complement of
SM(my,m2) is finite and 7, 72 are unitary cuspidal automorphic represen-
tations, then it is known by the strong multiplicity one theorem of Jacquet,
Piatetski-Shapiro and Shalika [JS], [JPSh], that m; ~ m;. In [DR2, page
442} D. Ramakrishnan considered the case when the complement in Mg of
SM(my,ms) is no longer finite, and made the following conjecture:
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Conjecture 7.2 (D. Ramakrishnan) Letm;, w2 are unitary cuspidal au-
tomorphic representations of GLn(Ak). Let T be a set of places of K of
Dirichlet density strictly less than 1/2n%. Suppose that for v € T, m, =~
T2,y. Then w4 =~ mo.

In ([DR1]), D. Ramakrishnan showed that the conjecture is true when
n = 2. In analogy with GL; and motivated by the analogous Theorem 4.3
for l-adic representations, we conjecture the following, which clarifies the
structural aspects of strong multiplicity one, and is stronger than Conjec-
ture 7.2. We refer to [La, page 210] for the following notions. Let H be
a reductive group over K. Let £ denote the conjectural Langlands group
possessing the property that to an ‘admissible’ homomorphism ¢ of £ into
Langlands dual “H of H, there is ‘associated’ a finite equivalence class of
automorphic representations of H(A ) and conversely. This association is
such that at all but finitely many places v of K, the local parameter ¢,,
which can be considered as a representation of the local Deligne-Weil group
W (K,) into L H, should correspond via the conjectural local Langlands cor-
respondence to the local component 7, of 7, where 7 is an element of this
class.

Suppose 7 is an isobaric automorphic representation of GL,(A k) such
that the local components 7, are tempered. The image H(7) := ¢5(L)
will be a reductive subgroup of GL,(C). Consider now two irreducible
automorphic representations 7; and m of GL,(Ak), such that the local
components are tempered. In analogy with Theorem 4.3, we can make the
following conjecture:

Conjecture 7.3  a) Suppose that the connected components of H(m;)
and H(my) are not conjugate inside GL,(C). Then SM(m,72) is of
density zero.

b) Suppose that H(m ) is connected and acts irreducibly on the natural
representation C™. Suppose that SM(my,m3) has positive upper den-
sity. Then there exists an idele class character x of finite order such
that for all but finitely many places v of K, 73y = (71 ® X)y-

In particular for GL,, the above conjecture says the following: suppose
71 is a cuspidal non-dihedral automorphic representation and w is not
a cuspidal non-dihedral automorphic representation of GLy(Ag). Then
SM(my, ) is of density zero. Morever suppose 7, 72 are irreducible, cus-
pidal, non-dihedral representations of GLy(Ak) such that the local com-
ponents of m; and w2 coincide for a positive density of places of K. Then
there exists a Dirichlet character x of K, such that ms ~ 7 ® x.
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The methods of [Ra2], prove that the above conjectures imply Ramakr-
ishnan’s conjecture. We give now a result, the proof of which mimics the
proof for the corresponding statement for finite groups Lemma 4.2, but us-
ing deep facts from analytic number theory. This result was independently
observed by D. Ramakrishnan. Let us say that an automorphic representa-
tion 7 of GL,(Ak) satisfies the weak Ramanujan conjecture [DR4], if for
v ¢ S, we have

Weak Ramanujan conjecture: |a,(7)] <n - Vv¢gsS.

Here we have assumed that for v ¢ S, the local component w, is an un-
ramified shperical representation of GL,(K,), and by a,(r) we mean the
trace of the corresponding paremeter matrix belonging to GL(n,C). It
had been shown in [DR4], that for a cuspidal automorphic representation
on GL,(Ak), there is a set of places of density at least 1 — 1/n? where the
weak Ramanujan conjecture is satisfied.

Theorem 7.4 ([Ra2]) Suppose m; and w3 are irreducible, unitary, cusp-
idal automorphic representations of GL,(A k), unramified outside a finite
set of places S of K and satisfy the weak Ramanujan conjecture. Then
Conjecture 7.2 is true.
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Theory of Newforms for the .
Maaf} Spezialschar

B. Ramakrishnan

Abstract

The Saito-Kurokawa conjecture asserted the existense of an isomor-
phism between a subspace (called the Maal spezialschar) of the
space of Siegel modular forms of degree 2 and the space of elliptic
modular forms. This conjecture was proved first by A. N. Andrianov,
H. MaaB and D. Zagier and the proof involves three correspondences
involving Jacobi forms and modular forms of half-integral weight. A
generalization along these lines was carried out by the author in col-
laboration with Manickam and Vasudevan, in which we proved the
conjecture for odd square-free levels (restricted to the space of new-
forms). For this purpose, the theory of newforms along the lines of
Atkin-Lehner was developed in the Maa8 spezialschar. This article
is aimed at giving a report of this work.

1 Introduction

The epoch making works of H. Maa$ [9], A. N. Andrianov [2] and D. Zagier
[14] established a 1-1 correspondence between certain subspace (called the
MaaB spezialschar) of Siegel modular forms of degree 2, weight k and the
space of elliptic modular forms of weight 2k — 2 for the group SLy(Z).
This correspondence was conjectured (independently) by H. Saito* and N.
Kurokawa [8]. It is natural to ask for a generalization of this correspondence
for higher levels and from the remarks made in the book of M. Eichler and D.
Zagier [4, p.6], it seems that M. Eichler proved a generalized correspondence
in which the level of the elliptic modular forms was left open and this
work was not published. In this direction, the author [11], in a joint work
with Manickam and Vasudevan established the correspondence in which
the level is an odd square-free natural number. Since the correpondence

.*The author came to know from Professor Saito that his conjecture was made in a
private communication to Professor Andrianov.
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is about Hecke eigenforms, for higher levels one should consider only the
subspaces having a basis of Hecke eigenforms (this subspace will be called
the space of newforms). The proof given by Andrianov - Maaf}- Zagier is a
combination of three correspondences: the first one is the natural projection
map from the Siegel modular forms to Jacobi forms; the second one is the
Eichler-Zagier map between Jacobi forms and modular forms of half-integral
weight; the third and final one is the Shimura correspondence (modified
by W. Kohnen). between modular forms of half-integral weight and elliptic
modular forms. Our proof also goes along these lines, generalizing the three
parts to higher levels.

In a survey article [12], the author explained briefly about the gen-
eralization of the Saito-Kurokawa conjecture aiming at giving an exposi-
tion on the Eichler-Zagier correspondence (the second part in the proof).
This Eichler-Zagier correspondence has been generalized by the author [10]
in a joint work with M. Manickam to Jacobi forms of general index and
level. In this article, we concentrate mainly on Siegel modular forms and
present the main ingrediants in obtaining the theory of newforms for the
Maall spezialschar.

2 Notations

Let k, N € N. The notations for the various spaces involved in the corre-
spondence are given below:
Se(N) —  The space of all holomorphic cusp forms of weight
k and level N.

Sk+1/2(4N) - The space of all holomorphic cusp forms of weight
k + 1/2 for the group I'g(4N).
S;L_H /2 (4N) - Kohnen’s + space consisting of forms in

Sk4+1/2(4N), whose n—'th Fourier coefficients
vanish whenever (—1)*¥ = 2,3(mod 4) ( 2 fN).

S¢(T3(N)) - The space of all holomorphic Siegel cusp forms of
weight k for the Siegel modular subgroup I'g (V).
Jewl(N) —  The space of all holomorphic Jacobi cusp forms of

weight k,
index m for the Jacobi group ['o(N)”7.

For precise definitions we refer to [1, 4, 5, 6]. One has the Petersson
inner product defined in these spaces and further the Hecke theory (though
not complete) has been studied in all the spaces mentioned above. For
a cusp form f of integral or half-integral weight, a(f;n) denotes the n-th
Fourier coefficient of f and in the case of Jacobi forms, c¢(n,r) denotes the
(n,r)-th Fourier coefficient. For a complex number z, we write e(z) instead



172 Theory of Newforms

of e21riz-

3 Newform theory for the Maaf} spezialschar
and the generalized Saito-Kurokawa corre-
spondence

In this section, we shall discuss briefly about the connection between Siegel
modular forms and Jacobi forms and further report the theory of new-
forms for the Maaf spezialschar in order to complete the generalized Saito-
Kurokawa descent. Before proceeding further, first we shall mention the
results of Kohnen and the collaborative work of the author for the sake of
completeness.

Theorem 3.1 (Kohnen) Let M be an odd square-free natural number.

(1) The space S,'C"_H /2(Fo(4M )) can be decomposed as follows:

Sie12To(4M)) = P Seih7s Co(4d))|U(r). (3.1)
rd|M
r,d>1

(2) The space S:Jr’l“;;’ (To(4M)), called the space of newforms, has a basis

of normalized Hecke eigenforms (with respect to all Hecke operators

defined on the + space). (The basis elements of SZ;’;;;’(FOMM ))
are called newforms.) If f,g € SLL’I';';(I‘OMM )) are newforms, then

a(f;n) = a(g;n) for almost all n would imply that f = g.

(3) The spaces Sa'l';l;(l’o@M )) and SI¢¥(M) are Hecke equivariantly
isomorphic, via some linear combination of the modified Shimura
maps.

Theorem 3.2 (Manickam-Ramakrishnan-Vasudevan) Let M be an
odd square-free natural number.

(1) The space J,if‘ls” (M) is decomposed as follows.
(M) = @ T (d)|Uas(r), (3.2)
rd|M

rd>1

where U;(r) is the Hecke operator.
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(2) The spaces J, 77" (M) and S:_";e/;’(l"o(élM)) are Hecke equivari-

antly isomorphic. The correspondence is given as follows.

> cnre(nr+rz) = Y c(n,r)e(|Dl7), (3.3)
0<D,reZ D<o
D=r? (mod 4)

where D = r? — 4n.
(3) “Strong multiplicity 1” theorem holds in J.'7"""" (M).

Let F € Sg(T%(N)). We shall first give a brief outline of the natu-
ral connection between Siegel modular forms and Jacobi forms. For this
purpose we consider the Fourier expansion of F' in the following form:

F(r,z,7") = Z A(n,r,m)e(nt + 1z + m7'). (3.4)

n,r,mEeZL
r’<4nm

We say that a function F' € Si(T'3(IV)) satisfies the Maa8 relation if the
Fourier coeflicients A(n,r,m) of F satisfy the following relation.

Aln,rm) = Y dA (nm/d?,r/d,1). (3.5)
d|(n,r,m)

ri<dnm
(d,N)=1

Let Sx(T3(N)) C Sk(T'3(N)) be the subspace of Sk(I3(N)) consisting of
forms F which satisfy the Maaf relation. This subspace will be called the

MaaB“ Spezialschar”.}
Let F € Sk(T3(N)). Then, F can be written as follows.

F(r,z,7') = Z A(n,r,m)e(nt + 1z + m71’)
n,r,meZ

r’<4nm (36)
Z Om (7, 2)e(mt").

m2>1

The last expression of F is called the Fourier-Jacobi expansion of F because
the coefficients ¢,, that appear in the expansion are in fact holomorphic
Jacobi cusp forms of weight k, index m and level N. That is, we have,
$m € Ji P (N). In this way one has a natural map from Siegel cusp forms

tIn his paper, H. MaaB used this german word for the subspace and later on it is
often referred to in the literature in the same manner.



174 ' Theory of Newforms

to Jacobi cusp forms. From the above observation, we get a map from
Sk(T§(N)) to Ji TP (N), given by the projection map F + ¢;. In order to
get the reverse ma,p, Eichler and Zagier defined an operator, denoted by
Vin (m is a positive integer), which when applied on Jacobi cusp forms of
index £ produce Jacobi cusp forms of index €m, preserving the weight and
the level. It is defined as follows:

Vin : Jg g P(N) — i pr (N)

|V = Z }: dk_l%(%?as) e(nt +rz),
n,m>1,r€Z \ d|(n,r,m)
r2<4dnmt (d,N)=1

3.7)

where cy(n,r) denotes the (n,r)-th Fourier coefficient of ¢. Thus, one
knows how to get Jacobi forms of arbitrary index from a Jacobi form of
index 1. Now consider the function

F =" (4|Vm)(r, 2)e(mr"), (3.8)

m>1

where ¢ is a Jacobi form in J;'y'P(N). From the fact that ¢ is a Jacobi
form, it can be checked easily that F' transforms like a Siegel modular
form, except for the symmetric property with respect to 7 and 7'. But
from the Fourier expansion of the function ¢|Vm, it follows, surprisingly,
that the Fourier coefficients of F are symmetric with respect to 7 and 7'.
Moreover, since our function F' is obtained from a Jacobi form of index 1,
it further satisfies the Maaf8 relation (3.5), which implies that F' belongs to
S§(T2(N)). Thus, the association F' +— ¢, gives an isomorphism between
Sx(T3(N)) and J;'yP(N). Since the operator V;, commutes with Hecke
action, it is seen that this isomorphism commutes with Hecke action. In the
following section, we shall study the theory of newforms in the Maaf§ space.

3.1 Newforms in S;(I'3(M))

From now onwards, we shall assume that M is an odd squarefree natural
number. We shall denote by V the map from J; P (M) to Sy (I'3(M) defined
by (3.8). The inverse map is nothing but the pro Jectlon map via the Fourier-
Jacobi expansion. First let us show that the map V is Hecke equivariant.
Let 1Y and ¥ denote respectively the Hecke algebra generated by
the Hecke operators in the space of Siegel modular forms and Jacobi forms
(restricted to the corresponding spaces of cusp forms). It is known that
MY is generated by the Hecke operators Ts(p), Ts(p?), p /M and Us(p),

rEse——
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p|M. Similarly, the Hecke algebra I} is generated by the Hecke operators

T;(p), p AM and U;(p), p|M. The Hecke operators for the primes p fM
are already known in the literature (see [1], [4]). When p|M, the Hecke
operators Us(p) and Uj(p) will be defined in the sequel (these are intro-
duced in [11]).

Let F' € Sk(T3(M)) and let p be a prime dividing M. Then the Hecke
operator Us(p) is defined as follows:

F|Us(p)(r,2,7') = Z A(np,rp, mp)e(nt +rz + m7'), (3.9)
n,m>1,7r€Z
ri<4nm

where we write

F(r,z,7") = Z A(n,r,m)e(nt + rz + mr').

n,m>1,reZ
r’<4nm

It is easy to verify that the operator Us(p) preserves the Maa8l space
S} (I'3(M)). In terms of the matrix representation it is given by

1/p 0 v/p (u—Mv)/p
_ k-4 Al op 1
Us(p) =p 2; 0 0 b | (3.10)
N N0 00 1

Let ¢ € J;'yP(M). For p|M, the Jacobi Hecke operator Uy (p) is defined by

d)lUJ(p)(T,z): Z cs(np?,rp)e(nt +rz), (3.11)

n>1,r€Z
r2<n

where ¢4 (n,7) denotes the (n,7)-th Fourier coefficient of ¢(7, 2). Now, using
the Fourier expansions of the Hecke operators Us(p) and U;(p) for |M, and
the V,, operator, and further using the definition of the mapping V given
by (3.8), it can be easily checked that

#|V|Us(p) = ¢|Us(p)|V, (3.12)

where ¢ € J;'1P(M) and p|M.

Let p /M. Put T5(p) = Ts(p)®> — Ts(p?). Let ¢ € J;'yP(M) and let
#|V = F € S§(T}(M)). Put F; = F|Ts(p) and F; = F[Ts (p). Since V is
an isomorphism, there exist ¢; and ¢ in J*P(M) such that F; = ¢ |V
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and F; = ¢, ]V. Now, using the Fourier expansions of Fy and F,, it can be
easily seen that

¢1 = ¢| (Ts(p) + p*~! +p*F2)

¢ = ¢| ((pk—l + p* " HTs(p) + 2p?* 3 +p2k—4) . (3.13)

Therefore, we have the following theorem.

Theorem 3.3 ([11], Theorem 6) The mapV : J;\'P(M) — SF(T3(M))
is Hecke equivariant in the following sense.. ’

SVIT = gln(D)|V, (¢ € J3P (1)), (3.14)

where T € Y, and n : I¥ — TY is a Hecke algerbra homomorphism
given by

1(Ts(p)) = Ts(p) + p*~! + p*~2 - pIM
1(Ts(@)) = ((0*' +p* D) Ts(p) + 20* 3 +p**~4) p M (3.15)
n(Us(p)) = Us(p) pIM.
We put
ST = S SETEr)|Us(@). (3.16)
s ®

peﬁne Sy (T3(M)) to be the orthogonal complement of Sp°'4(T'2(M))
in S§('3(M)) with respect to the Petersson scalar product. Then the
isomorphism V gives the following theorem.

Theorem 3.4 ([11], Theorem 7)

(@ UMD | D SsiEir)|Us@)
1Srem

(b) Sy (T3(M)) is Hecke equivariantly isomorphic to e (M),

(c) S (TE(M)) has a basis of eigenforms with respect to all Hecke
operators and the “multiplicity 1” theorem is valid in Sy ™" (T3(M)).

e W

Y
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3.2 Saito-Kurokawa descent

In this section, we discuss briefly the first step towards the generalization of
the Saito-Kurokawa descent for higher levels by using the newform theory
explained in the previous section.

Let F € Sp™"(I'3(M)) be a newform in the Maa8 space and let
F[Ts (€) = A F for all £ > 1. Then the Andianov zeta function (referred to
as the Spinor zeta function) Zp(s) defined by

Zp(s)=((2s—2k+4)> % (3.17)

£>1

has an Euler product expansion

Zp(s) = [[ @™, (3.18)
P
where
Q (T)= (1 _ /\pT+ (/\‘2’ _ /\p2 _p2k—4)T2 _ )\pp2k—3T3 +p4k—6T4) p XM
P (1-A,T) p|M.

Let ¢ be the newform in J'"""** (M) corresponding to F via the iso-
morphism V. Also let p, be the eigenvalues for ¢ with respect to the
Jacobi Hecke operators. Then, from (3.15), one gets expressions for A, and
A (= /\f, — Ap2) in terms of p,. Using these relations, it is possible to
factor Qp(p~*) and hence we have the following Euler product expansion
for Zp(s):

Zr(s)=((s—k+1)((s—k+2) (H(l -p*( - p’“‘“)) Ly(s),
|M
' ’ (3.19)

where f is the newform in S7¢¥, (M), which corresponds to ¢ through the
combination of Eichler-Zagier and Shimura-Kohnen maps, and L (s) is the
Dirichlet L- function associated to f.

Thus, we have the following theorem.

Theorem 3.5 ({11], Theorem 8) Let M be an odd square-free positive
integer. Then, there is a bijective correspondence between the spaces
SpmeY(TE(M)) and Sy, (M), commuting with the action of Hecke
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operators. If F' and f are corresponding Hecke eigenforms in the respective
spaces, then the correspondence is given by

Zp(s) =C(s —k+1){(s —k+2)Ls(s), (3.20)
where Z}(s) = (leM (1 —p"‘l“s)_1 (1 —pk“z*")_l) Zp(s).

Remark 3.6 The above theorem is the first step towards getting a gen-
eralized correspondence between Sigel modular forms and elliptic modular
forms for higher levels. From the author’s recent work with M. Manickam,
it is possible to extend this method to some more cases. The work in this
direction is in progress.
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Some Remarks on the Riemann Hypothesis*

M. Ram Murty

1 Poélya and Turan conjectures

The Liouville function A(n) is defined as (—1)*(™) where Q(n) is the total
number of prime factors of n counted with multiplicity. It is a completely
multiplicative function and it is easy to see that

o~ M) _¢(28)
n; Tt (1.1)
for Re(s) > 1. If we define
S() =" An) (1.2)
n<lz

then, by partial summation, we have

A )
z_:l—g—);s 1 ﬂ(Ttl)dt. (1.3)

Based on numerical data, Pélya [Po] conjectured that
S(z) <0

for all z > 2. It should be noted that Pélya’s conjecture implies the Rie-
mann hypothesis. Indeed, by a well-known theorem of Landau, the integral
expression in (1.3) converges to the right of Re(s) > o¢ where gy is the first
real singularity of ((2s)/((s). For Landau’s theorem, see for example, [EM,
Theorem 10.4.2, p. 132}, where the proof is given for Dirichlet series with
non-negative coefficients. However, the proof also works, mutatis mutandis,
for Dirichlet integrals of the form

*5()
e,

1
*Research partially supported by NSERC and a Killam Research Fellowship.
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where S(t) is of fixed sign for ¢ sufficiently large. In the case under discus-
sion, ¢(s) has no real zeros in 1/2 < s < 1, and so the first real singularity
is at s = 1/2 coming from the pole of {(2s) on the numerator. Thus,
€(25)/((s) is regular for Re(s) > 1/2 which implies that there are no zeros
of {(s) in Re(s) > 1/2 since ((2s) is regular and non-vanishing in that
region.

Even if we have S(z) < 0 for = sufficiently large, a similar argument
allows us to deduce the Riemann hypothesis. Unfortunately, Haselgrove
[Ha] has shown that S(x) changes sign infinitely often and so the Pdélya
conjecture is false. The smallest counterexample is £ = 906, 150,257 for
which S(z) = 1.

It is to be noted that the estimate

S(z) = O(z/?+¢) (1.4)

for any € > 0 (where the implied constant may depend on € would also
allow us to deduce the Riemann hypothesis. Indeed, (1.4) implies that the
integral expression in (1.3) is regular for Re(s) > 1/2. Thus, {(2s)/{(s)
is regular in that half-plane and by the same reasoning, we deduce the
Riemann hypothesis. In fact, it is not hard to show that (1.4) is equivalent
to the Riemann hypothesis.

Our goal in this paper is to formulate automorphic generalizations of
the Pdlya conjecture and (1.4) and then investigate when we can expect
them to be true.

There is a related conjecture of Turdn [T}, namely that the sum

Y0

n<z

for z sufficiently large. This too has been disproved by Haselgrove [H].
Below, we shall also investigate modular analogues of the Turan conjecture.
In an appendix by Nathan Ng, we present some numerical evidence related
to the modular versions of the Pélya and Turdn conjectures.

Acknowledgement I would like to thank Michael Rosen for his com-
ments on preliminary version of this paper. I also thank Nathan Ng for
doing the computations recorded in the Appendices.
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2 Modular analogues of Pélya’s conjecture

Let f be a normalized eigenform of weight k£ and level N and trivial neben-
typus. Let us write

f2) =Y ap(n)nT e(nz)

where e(z) = €?"%?, as usual. Then,

as(m)ag(n) = ag(mn/d).

dim,n

It is easy to prove the following:

Lemma 2.1 Let
F(m,n) = Y G(m/d,n/d).

d|m,n -
Then
G(m,n) = > p(d)F(m/d,n/d)

dlm,n

and conversely.

We can apply Lemma 2.1 to deduce that

ag(mn) = Y p(d)ag(m/d)as(n/d). (2.1)

d|lm,n

Now, let us observe that from (1.1),

ZA(d):{l if n is a square 2.2)

0 otherwise.
d|n

Then,
oo . o0 a n
S asmt)/n? = 3 L (S 3a)
n=1 n=1 din
by (2.2). Interchanging summations, using (2.1) and observing that A is

completely multiplicative, we find that

3 asn)/n = ﬁus,m(s,m (2.3)

|
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where L(s, f) = Y02, ag(n)/n® and L(s, fA) = Y o> ag(n)A(n)/n®. Since
L(s, f)L(s, fX) = L(2s,Sym*(f))/¢(2s), (2.4)
as is easily seen by examining Euler factors, we deduce the identity
¢*(s) Y as(n?)/n® = L(s,Sym*(f)), (2.5)
n=1

which is of independent interest. Thus, from the previous equation, we
have

L(2s, Sym®(f))

L(s, f\) = ———22. 2.6
&I = =@ L. 1 (29

Now suppose that as(n) are real and consider the hypothesis
Y as(n)A(n) > 0. (2.7)

n<z

Then, writing the left hand side of (2.6) as an integral via partial summa-
tion, we find that the right hand side of (2.6) converges for Re(s) > oo where
00 is the first real singularity of L(2s,Sym®(f))/¢(2s)L(s, f). Since L(s, f)
has infinitely many zeros on Re(s) = 1/2, and because L(2s, Sym?®(f))/¢(2s)
doesn’t vanish in the half-plane Re(s) > 1/2, we deduce that this singularity
must occur in the half-plane Re(s) > 1/2. This leads to:

Theorem 2.2 Suppose that L(s, f) # 0 for 1/2 < s < 1 and that

sgrlc}lzL(s,f) <1

Then,
St(z) =) _ as(n)A(n)

nlz
changes sign infinitely often.

Proof Let us first consider the case L(1/2, f) # 0. If Sy(z) is of constant
sign for z sufficiently large, then

L(2s,Sym’(f))/¢(25) (s, f)

is regular for Re(s) > a where « is the first real singularity of the right
hand side of (2.6). By hypothesis, L(s, f) does not vanish for any real s
between 1/2 and 1. Also, {(2s) has no real zeros between 1/4 and 1 and the
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numerator is regular by a celebrated theorem of Shimura [Sh]. Thus, the
right hand side of (2.6) is regular for Re(s) > a with @ < 1/2. We also know
that L(2s,Sym?(f)) does not vanish on Re(s) = 1/2. Thus L(s, f) has no
zeros for Re(s) > 1/2 which is a contradiction. This deals with the case
L(1/2,f) # 0. If now, L(1/2,f) = 0, and s = 1/2 is a simple zero, then
¢(2s)L(s, f) is non-zero at s = 1/2. Thus, L(2s,Sym?(f))/¢(2s)L(s, f)
is regular for Re(s) > 1/2. But this is a contradiction since L(s, f) has
infinitely many zeros on Re(s) = 1/2.

]

It is easy to give examples of f which satisfy the hypothesis of Theo-
rem 2.2.

Thus, the modular analogue of Pélya’s conjecture is false in general. A
necessary condition for it to be true is that L(1/2, f) = 0 for then the right
hand side of (2.6) will have a singularity at s = 1/2.

It is quite possible that if E is an elliptic curve with large Mordell-Weil
rank, then

Se(@) =) a(m)A(n)/vn >0
n<z
for all z sufficiently large.

Gonek [Go] and Hejhal [He| have independently conjectured that for

Riemann zeta function, we should have

1
Z W T (2.8)

Hm{p)I<T

where the summation is over zeros of the zeta function. If we suppose that
all the zeros of L(s, f) are simple (apart from the zero at s = 1/2), then
the analogue of the above is

1
Z W < T. (2.9)

0<|Im(p)|<T

Murty and Perelli [MP] have shown that almost all zeros of L(s, f)
are simple if we assume the Riemann hypothesis for L(s, f) and the pair
correlation conjecture for it. For the discussion below, we do not need an
estimate as strong as the above estimate. If r is the order of the zero at
s = 1/2, what is actually needed is that the order of every zero on the
critical line have order < r — 1 and one would need a similar estimate for

1
> IRes P«T. (2.10)
o<|Im(p)|<T =f L(‘?’f)

In fact, one can prove the following.
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Theorem 2.3 Assume the Riemann hypothesis for L(s, f) and suppose
that L(s, f) has a zero at s = 1/2 of order r. Suppose further that all
zeros of L(s, f) on Re(s) = 1/2 are of order < r — 1 apart from s = 1/2
and that the analogue of (2.10) is satisfied. Then,

> ap(n)A(n) = '/*pr_y(log z) + O(z'/* (log z)*/?)
n<z
where p,_, is a polynomial of degree r — 2.

Here is an indication of the proof. For the sake of simplicity we shall
suppose all zeros of L(s, f) apart from s = 1/2 are simple. The sum

> ar(n)A(n)
n<z
can be written for ¢ > 1,
1 /CHT L(2s,Sym?(f))z*ds
2mi Jooir  sC(28)L(s, f)

by Perron’s formula. We will choose T = T with T;—o0 along an appro-
priate sequence that doesn’t coincide with any ordinate of a zero of L(s, f).
Moving the line of integration to the left and picking up the residues arising
from the zeros of L(s, f), we obtain

+0(z°/T)

L(2p,Sym?*(f))
Z pC(2p)L'(f,p)

1 [ L(2s,Sym*(f))z*
2_7”/0 s¢(28)L(s, f)

where C denotes the semi-rectangular path beginning at ¢ + iT; to a + T}
and then to a — iT; ending at ¢ —iT;. The horizontal and vertical integrals
are easily estimated by the functional equation. For the sum over zeros one
can use

Sy(z) = z'/?p, 2 (logz) +
|Im(@)|<T

1
> wepe €T

o< Im(p)|<T

or the more general (2.10), which is a modular analogue of a conjecture of
Gonek [Go]. Breaking up the sum over the zeros into dyadic intervals of
type [U,2U] we obtain an error term of

“O(z/*(log 2)%/?).
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3 Modular analogues of the Turan conjecture

If we expect that
51(2) = ¥ as()A(n) ~ cx'/2(log z)"~?
n<z

for r > 4, then by partial summation we deduce that

Z af(n)A(n) _ T St(t)dt

vn =), Twm ~elosa)y™

n<z

as x — 00, for some constant ¢ > 0, so that the sums

Tf(1)=2%\(—@20

for sufficiently large x. Unlike the Turan case, these sums are not partial
sums of the corresponding series at the edge of the critical strip. They have
the disadvantage of being the partial sums of the series at the center of the
critical strip. It is not difficult to show that these series actually converge
at the center of the critical strip (see for example, [KM]).

Thus, we see that if the modular analogue of the Pélya conjecture is
true, then so is the modular analogue of the Turan conjecture.

n<z

4 Automorphic analogues

Let L(s,m) be an automorphic L-function on GL(n). If 7 is self-dual, then
it is reasonable to ask if

S(®) =) an(m)A(n) > 0.
n<z
Certainly the Riemann hypothesis for L(s, ) follows from
S"(I) — O(x1/2+é)

since an easy calculation shows that

d
L(s, m)L(s,m®A) = H H(l - af,,,-p_zs)“l.

p i=1

The above reasoning suggests that if there is a high-order zero at s = 1/2,
then the analogue of the Pélya conjecture should be true for a function
which is “primitive” in the sense of Selberg. It would be interesting to test
the conjecture for automorphic forms of higher dimension.
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5 Certain sums of Fourier coefficients

In this section and the next, we indicate an approach to proving a quasi-
Riemann hypothesis. To this end, we will need some estimates on averages
of Fourier coefficients of modular forms. We use the notation m ~ M to
mean M < m < 2M. We will need to consider sums of the form

> ag(mj)

m~M

for j fixed. We will prove that
Theorem 5.1 We have
> ag(mj) = O(M*/?5¢),

m~M

where the implied constant is independent of M.
Proof We have

> as(mj) S 3 udas(m/dyas(i/d)

m~M m~M d|m,j
= D u(d)as(i/d) 3 as(t)
d|j t~M/d

and the inner sum is by an estimate of Rankin [Ra], O((M/d)'/?) from

which we easily deduce the stated estimate.
O

The interest in knowing the asymptotics of such sums is due to the
following:

Theorem 5.2 Suppose that

E ( Z ”(d))af(mk) = O0(X?mVe)

k<X  dlk,d<V
then L(s, f) has no zeros for Re(s) > 3/4.

Remark We say afew words about the hypothesis in Theorem 5.2. Firstly,
if V =1, then the hypothesis holds by Theorem 5.1. If V' is bounded then
the same is true. If V = X, then the sum is just ay(m) which is clearly
m¢. If we write £k = dt in the inner sum and interchange the sums, we
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can estimate the inner sum by Theorem 5.1 to get an upper bound of
O(m¢X'/3V2/3), This means that the hypothesis is satisfied for V < X1/4,
In fact, if even we can replace the above upper bound by O(m¢ X /3y %/3-9%)
for some small 6 > 0, then we will be able to deduce some quasi-Riemann
hypothesis for L(s, f). Thus, the hypothesised estimate (which can be
viewed as a generalization of Theorem 5.1) seems to lie deeper. We make
some further remarks about it in the final section.

6 Proof of Theorem 5.2

We will apply the method of Vaughan to study sums of the form

> a(n)A(n)

n<lz

where a(n) = as(n). Vaughan’s identity can be stated in the following way.
It is based on the formal identity:

A/B

(1- BG)(A/B) + AG
(F + (A/B — F))(1 - BG) + AG
= F+AG - BFG +(4/B - F)(1- BG).

Suppose now we are given two Dirichlet series

8 b

A =Y 4 gy =y M)

n=1 n=1
and write
A(s) _ x=c(n)
B(s) 1; n®
Set

F(s)= Y c(m)/n®, G(s)=_ b(n)/n".

n<U n<v

Then, we have

c(n) = a1(n) + az(n) + az(n) + aq4(n)
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where

aj(n) = c(n) forn<U
= 0 otherwise

an) = Y, a(n/db(d)
d|n,d<V

am = - Y o b(@B(f))
et=n,e<U df=t,.f<V

am = - Y X bmhs)
de=n,d>U,e>V rs=e,s<V

which is the essence of Vaughan’s identity. In the case of interest, A(s) =

¢(2s) and B(s) = ((s) so that
A(n) = a1(n) + az(n) + a3z(n) + as(n),
where
aj(n) = Mn) ifn<U
0 otherwise

az (n) = Z #(d),

mdr=n
m<U,d<V

am = - 3 ,\(m)( > u(d)).

mk=n d[k,d<v
m>U, k>V =

]

as(n)

Thus, we can write

Y a(n)A(n)

n<z
as S; + S, + 93 + S4 with appropriate notation. We now suppose that
the a(n) are the coefficients (normalized) of our eigenform f. By CauclTy-
Schwarz and Rankin-Selberg, we easily deduce that S; < U. We can write

Sz as
S (X w@d)am) =Y ud) Y atd).
n<z h::'_&" d<v h<(z/d)1/2

The inner sum can be estimated trivially by O((z/d)*/?). This gives
Sy & zl/2+€V1/2, For S3, we have

Ss=-3 (X wdam) Y alr.

t<UV  md=t,m<Ud<V r<z/t
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By Theorem 5.1, the inner sum is O((z/t)!/3t¢), so we i
) , get easily S3 <
z/3(UV)?/3+¢, Finally, for Sy, we have ’

> (X )

V<k<z/U dlk,d<V

> A(m)a(mk).

U<m<z/k
this can be re-written as

>oam Y (Z ;l.(d))a(mk).

U<m<z/V V<k<z/m d|k,d<V

By hypothesis, the inner sum is <« (x/m)/2m¢ so that we

h , get S4 <
1:”4 /VV. We choose V = z'/2 and U = X to get a final estimate of
z3/4*+¢. Thus, L(s, f) has no zeros for Re(s) > 3/4.

7 Concluding remarks

It is cle:ar that the obstacle in proving a quasi-Riemann hypothesis is really
the estimation of the sum Sy. It is interesting to note that if the sum

Z A(m)a(mk)

m<z
are positive, then one can get the following estimate for S;:
(/U ) Y Am)a(mk)
V<k<Lz/UU<m<z/k

which is

< (z/U) ). A(m) Y a(mk)

U<m<z/V V<k<z/m

which by Theorem 5.1 gives a final estimate of z'*¢/V2/3 which would give
a quasi Riemann hypothesis.
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8 Appendices: by Nathan Ng

8.1 Modular analogues of Polya’s conjecture

Let E be an elliptic curve. The coefficients of its L-series will be denoted
a(n). The normalized coefficients will be denoted ag(n) where ag(n) =
a(n)/ n}. The Liouville function is denoted A(n) where A(n) = (—1)®™ and
Q(n) is the total number of prime factors of n (counted with multiplicity).
Let Sg(x) = 3« ae(n)A(n) be the generalized Polya sum.

Note In the tables, only the integer part for Sg is given. We write S for
Sg(n - 10°) in the tables below.

8.1.1 El:y2=x3+x*-Tx+36
(rank(E1) = 4)

3 T A Y G O R O
1 201404 2 322163 3 422250 4 511622 5 592659

6 669422 7 740673 8 807658 9 873727 10 | 935762
11 | 998750 12 1055369 13 | 1111007 14 1164917 15 | 1218562
16 | 1271467 17 | 1324716 18 | 1373508 19 | 1421993 | 20 | 1468089
21 1516194 22 1564940 | 23 1609313 24 1653517 25 1697040
26 1742414 27 1788221 28 1829214 29 1873512 30 1912127
31 1951990 | 32 | 1994299 | 33 | 2034881 34 | 2075782 | 35 | 2113478
36 | 2152129 | 37 | 2191081 | 38 | 2224929 | 39 | 2262398 | 40 | 2298416
41 | 2335326 | 42 | 2368912 | 43 | 2407780 | 44 | 2442943 | 45 | 2477384
46 | 2511918 | 47 | 2546599 | 48 | 2583300 | 49 | 2618861 50 | 2652814

8.1.2 E2:y%-21y =x%+67x%-10x+ 30
(rank(E2) = 5)

(] s[a] ST+ s[=] _s[+] 5]
1 217561 2 353203 3 467854 4 570499 5 664760
6 752802 7 836816 8 916978 9 993251 10 | 1066276

11 1136854 12 1205474 | 13 | 1273073 14 1339060 15 | 1402266

16 1465722 17 1526688 18 1586506 19 1645289 20 1702981

21 1758113 22 1814534 23 1869888 24 1923348 25 1976276

26 | 2028424 27 | 2081935 28 | 2133258 29 2184795 30 | 2233014

31 2283240 32 | 2331103 33 | 2380388 34 2429313 35 | 2475573

36 | 2522469 37 .| 2569446 38 | 2614393 39 2660464 40 | 2706789

41 2750564 42 | 2795057 43 | 2841453 44 2885226 45 | 2928576

46 | 2970948 47 | 3014348 48 | 3056984 49 3098133 50 | 3138632
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8.1.3 E3:y?-63y =x3+351x? + 56x + 22 (rank(E3) = 6)
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Ln]

S‘J n ]

s |

n ]

s|

T s[w] 5]

1 386697 2 645957 3 869445 4 | 1072938 5 | 1261476
6 | 1439449 7 1 1608641 8 | 1771245 9 | 1926524 | 10 | 2078573
11 | 2224311 12 | 2369104 | 13 | 2506776 | 14 | 2643033 | 15 | 2777310
16 | 2908091 17 | 3035366 | 18 | 3160920 | 19 | 3283870 | 20 | 3407035
21 | 3526513 | 22 | 3642749 | 23 | 3760472 | 24 | 3877013 | 25 3989843
26 | 4101297 27 | 4211884 | 28 | 4322482 | 29 | 4432330 | 30 | 4539339
31 | 4646646 | 32 | 4749538 | 33 | 4853587 | 34 | 4957684 35 | 5059171
36 | 5161085 | 37 | 5261785 | 38 | 5358391 | 39 | 5458689 | 40 5556704
41 | 5653294 | 42 | 5751511 | 43 | 5845392 | 44 | 5941619 45 | 6034557
46 | 6128691 | 47 | 6224164 | 48 | 6315399 | 49 | 6409947 50 | 6499323

8.1.4 E4:y?-168y = x*+1641x2 + 161x — 8 (rank(E4) = 7)

N Y S N AN B A S I
1 594145 2 1015656 3 1385905 4 1725542 5 2043874
6 2346273 7 2634736 8 2914172 9 3183595 10 3445294

11 3699511 12 3948636 | 13 4191263 14 4430532 15 4663520
16 4893186 | 17 5118437 18 5341917 | 19 5560982 | 20 5776124
21 5989072 | 22 6197620 | 23 6406369 | 24 6612722 | 25 6814634
26 7014126 { 27 7213935 | 28 7410973 | 29 7604352 | 30 7796756
31 7987525 | 32 8177016 | 33 8362978 | 34 8549392 | 35 8733795
36 8918625 | 37 9099551 | 38 9279117 | 39 9458557 | 40 9636586
41 9813116 | 42 9989408 | 43 | 10161495 | 44 10332620 | 45 10503675
46 10675408 | 47 | 10847600 | 48 | 11016174 | 49 11182080 } 50 | 11350545

8.1.5 ES5:y? - 2xy+ 737y = x3 + 531x? + 1262x — 110
(rank(E5) = 8)

[ n] 5] n] S| n] s ] 5] n s
1] 746346 | 2| 1295215 [ 3 | 1782625 | 4 | 2234026 2658572
6 | 3063518 | 7 | 3453141 | 8 | 3830537 | 9 | 4194361 | 10 | 4549210

11 | 4896000 | 12 | 5234904 | 13 | 5568477 | 14 | 5892719 | 15 | 6213424
16 | 6520903 | 17 | 6837707 | 18 | 7142781 | 19 | 7444932 | 20 | 7740555
21 | 8035595 | 22 | 8326564 | 23 | 8611872 | 24 | 8896498 | 25 | 9176337
26 | 9456621 | 27 | 9731143 | 28 | 10004300 | 29 | 10276113 | 30 | 10542562
31 | 10810469 | 32 | 11073349 | 33 | 11331322 | 34 | 11591076 | 35 | 11847572
36 | 12104436 | 37 | 12360929 | 38 | 12611653 | 39 | 12861357 | 40 | 13109258
41 | 13357360 | 42 | 13602367 | 43 | 13847412 | 44 | 14090376 | 45 | 14332387
46 | 14571373 | 47 | 14810372 | 48 | 15048835 | 49 | 15282605 50 | 15515199
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8.1.6 E6:y2 43576y = x3 + 9767x2 + 425x — 2412
(rank(E6) = 9)
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(] s[a] _s[w] _s]a] _s[] 5]
1 628669 2 1090005 1498764 1878154 5 2232601
6 2572880 7 2898629 3215406 9 3521342 | 10 3820162

11 4108589 12 4394015 13 4671069 | 14 4946030 15 5213297
16 5477051 17 5738393 18 5994435 19 6248832 | 20 6499274
21 6742563 | 22 6985878 | 23 7225992 | 24 7467909 | 25 7702909
26 7934087 | 27 8166383 | 28 8396313 | 29 8621645 | 30 8847970
31 9068998 | 32 9289189 | 33 9509889 | 34 9725722 | 35 9941257
36 10156603 | 37 | 10369435 | 38 | 10582542 | 39 | 10791065 | 40 | 11003125
41 11209192 | 42 | 11415744 | 43 | 11619274 | 44 | 11824137 | 45 12026375
46 12226343 | 47 | 12427274 | 48 | 12629308 | 49 | 12827095 | 50 | 13024838

8.1.7 ET:y? - 15336y = x® + 1461695x2 — 1414x — 80334
(rank(E7) = 10)

[x] s[w[ _s[=] _s[a] _s[n] 5]
1| 863765 | 2 | 1518178 | 3 | 2103843 | 4 | 2650750 | 5 | 3167285
6 | 3661074 | 7 | 4138930 | 8 | 4601567 | 9 | 5049942 [ 10 [ 5490045
11 | 5918105 | 12 | 6337736 | 13 | 6750994 | 14 | 7154920 | 15 | 7552743
16 | 7945953 | 17 | 8332984 | 18 | 8714975 | 19 | 9092725 | 20 | 9463593
21 | 9832013 | 22 | 10197337 | 23 | 10556331 | 24 | 10913126 | 25 | 11265934
26 | 11616719 | 27 | 11961429 | 28 | 12304890 | 29 | 12645915 | 30 [ 12983303
31 | 13318006 | 32 | 13653228 | 33 | 13983816 | 34 | 14311650 | 35 | 14638627
36 | 14963131 | 37 | 15283241 | 38 | 15604378 | 39 | 15923548 | 40 | 16237957
41 | 16551140 | 42 | 16863976 | 43 | 17174866 | 44 | 17485161 | 45 | 17789400
46 | 18095174 | 47 | 18400360 | 48 | 18702538 | 49 | 19001829 | 50 | 19300679
8.2 Modular analogues of Turan’s conjecture

Let E be an elliptic curve. The coefficients of its L-series will be denoted
The normalized coefficients will be denoted ag(n) where ag(n) =
a(n)/n%. The Liouville function is denoted A(n) where A(n) = (—1).9(’.‘) ‘and
Q(n) is the total number of prime factors of n (counted with multiplicity).

a(n).

Let Te(x) =Y, <, ag(n)A(n)/n? be the generalized Turan sum.

Note In the tables, only the integer part for Tk is given. We write T for

Tg(n - 108) in the tables below.



194 Some Remarks on the Riemann Hypothesis

821 El:y2=x34+x2-7x+36
(rank(E1) = 4)

Lnl TIn] T{n[ T]n] T]a] T)]
1] 347 2] 608 3] 709 4 773] 5] 821
6 89 7 920] 8| 945 9 967 | 10 | 987

11 1 1007 | 12 | 1024 | 13 [ 1039 | 14 | 1054 | 15 | 1068

16 | 1082 | 17 [ 1095 | 18 [ 1106 | 19 | 1118 | 20 | 1128

21 | 1139 {22 [ 1149 | 23 | 1159 | 24 | 1168 | 25 | 1176

26 | 1185 | 27 | 1194 [ 28 [ 1202 | 29 | 1210 | 30 | 1218

8.2.2 E2:y?-21y=x3+67x? — 10x + 30
(rank(E2) = 5)

(o] T1a][ T[a] TTa] T]a[ T]

1 630 2 743 3 816 4 871 5 916
6 953 7 986 8 | 1016 9 | 1042 | 10 | 1066
11 | 1087 | 12 [ 1108 | 13 | 1127 | 14 | 1145 15 | 1161
16 | 1177 | 17 [ 1192 [ 18 | 1207 | 19 | 1220 20 | 1233
21 | 1246 | 22 | 1258 | 23 | 1269 | 24 1280 ( 25 | 1291
26 | 1302 | 27 | 1312 | 28 | 1322 [ 29 | 1331 30 | 1340

8.2.3 E3:y?-63y =x3+ 351x2 + 56x + 22
(rank(E3) = 6)

Lol T[n] TTw] T[n] T[n[ T]

11034 | 211250 | 3[1392[ 4 [1501] 5] 1591
6 1667 | 71733 | 81792 | 9 | 1846 | 10 | 1895
11 11940 | 12 | 1983 [ 13 | 2022 | 14 | 2059 | 15 | 2094
16 | 2127 | 17 [ 2159 | 18 | 2189 | 19 | 2217 | 20 | 2245
21 | 2272 | 22 | 2297 | 23 [ 2321 | 24 | 2345 | 25 | 2368
26 | 2390 | 27 | 2412 | 28 | 2433 7| 29 | 2453 | 30 | 2474

8.24 E4:y?-168y = x3+1641x2 + 161x — 8
rank(E4) = 7)

[(n] T1n[ TIa] 7wl T[a[ T]
1| 1498 2] 1848 3 | 2084 4 | 2266 5 | 2417
6 | 2546 7 | 2659 8 | 2761 9 | 2854 | 10 | 2939
11 [ 3017 | 12 [ 3091 [ 13 [ 3159 | 14 | 3224 | 15 3286

16 | 3344 | 17 | 3399 | 18 | 3453 | 19 | 3504 | 20 3553

21 13600 | 22 | 3645 | 23 | 3689 | 24 | 3731 | 25 3772

26 | 3811 | 27 | 3850 | 28 | 3888 | 29 | 3924 30 | 3960
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8.2.5 E5:y? - 2xy + 737y = x3 + 531x? + 1262x — 110
(rank(E5) = 8)

[n] T[n[ T][n] T]n] T|n] T]
1]1821 | 2[2278 | 32589 | 42831 | 5 | 3031
63204 71337 8[3495| 9| 3620 | 10 | 3735
11 [ 3842 | 12 | 3942 | 13 | 4037 | 14 | 4125 | 15 | 4209
16 | 4289 | 17 | 4365 | 18 | 4438 | 19 | 4508 | 20 | 4575
21 | 4641 | 22 | 4703 | 23 | 4763 | 24 | 4822 | 25 | 4879
26 | 4934 | 27 | 4988 | 28 | 5040 | 29 | 5091 | 30 | 5140

8.2.6 E6:y2 + 3576y = x3 + 9767x? + 425x — 2412
(rank(E6) = 9)

[(n] T[a] T[n] T[n][ T[n] T|
11548 2(1932| 32192 4239 | 5 | 2563
62708 | 712836 | 82952 | 9| 3057 | 10 | 3154
11 | 3243 | 12 | 3327 | 13 | 3405 | 14 | 3480 | 15 | 3550
16 | 3617 | 17 | 3682 | 18 | 3743 | 19 | 3802 | 20 | 3859
21 | 3913 [ 22 | 3965 | 23 | 4016 | 24 | 4066 | 25 | 4113
26 | 4159 | 27 | 4204 | 28 | 4248 | 29 | 4290 | 30 | 4332

L

8.2.7 ET:y? - 15336y = x® + 1461695x% — 1414x — 80334
(rank(E7) = 10)

[(n[ T[n[ T[n] T[n] T]n] T|
1]2060 | 2{2604 | 3|2977 | 43270 | 5 | 3514
63725 ] 713913 8| 4082 | 9| 4236 | 10 | 4379

11 | 4511 | 12 | 4635 | 13 | 4751 | 14 | 4861 | 15 | 4966
16 [ 5066 | 17 | 5161 | 18 | 5252 | 19 | 5340 | 20 | 5424

21 [ 5506 | 22 | 5584 | 23 | 5660 | 24 | 5734 | 25 | 5805

26 | 5874 | 27 | 5941 | 28 | 6007 | 29 | 6071 | 30 | 6133
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On the Restriction of Cuspidal
Representations to Unipotent Elements

Dipendra Prasad and Nilabh Sanat

1 Introduction

Let G be a connected split reductive group defined over a finite field Fg,
and G(F;) the group of Fy-rational points of G. For each maximal torus
T of G defined over F, and a complex linear character 6 of T'(FF,), let
R$.(0) be the generalized representation of G(F;) defined by Deligne and
Lusztig in [DL]. It can be seen that the conjugacy classes in the Weyl
group W of G are in one to one correspondence with the conjugacy classes
of maximal tori defined over F, in G ([Ca,3.3.3]). Let c be the Coxeter
conjugacy class of W, and let T, be the corresponding maximal torus.
Then by [DL] we know that mp = (—1)"R$, (6) (where n is the semisimple
rank of G and @ is a character in “general position”) is an irreducible
cuspidal representation of G(F;). The results of this paper generalize the
pattern about the dimensions of cuspidal representations of GL(n,F,) as
an alternating sum of the dimensions of certain irreducible representations
of GL(n,F,) appearing in the space of functions on the flag variety of
GL(n,F,) as shown in the table below.

n | dimension of
cuspidal representation

dim(Sty,n) — dim(Stp,n-1)+
dim(St,,,,,_g) —_-
(=1)"*"1dim(St, 1)

2 [q-1 q-1

3] (¢*-Dg-1) (g +1
41 (@-1(@-1(g-1) -+ +E)+
‘ (@ +¢*+9 -1

51 @ -D)(@-1)(¢-1g-1) | %= ("+...¢%+
@+ +2¢° +¢* +¢%)-
(¢*+...q)+1
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Here St,, ; is an irreducible representation of GL(n, F,) appearing in the
space of functions on the flag variety of GL(n, F}); Sty ,, is the Steinberg
representation, and St,, ; is the trivial representation of GL(n, F,). We are
using the well known formula for the dimension of a cuspidal representation
of GL(n,F,) as (g—1) ... (¢g" ! —1). We could easily check that this equality
remained true for characters of all unipotent elements too for these small
values of n by looking into character tables. The aim of the paper is to give
a generalization of this phenomena for all groups simple modulo center.

An irreducible representation p of G(F,) is called unipotent if it arises
as a component of R¢(1) for some T. If T is a split torus then RG(1) =

Indgg:;(l) where B is a Borel subgroup containing T, defined over F,. It

is well-known that EndG(Fq)(Indgg:;(l)) can be identified with the group

algebra C[W]. Therefore the irreducible representations of G(F,) occur-
ring in Indggzg‘( 1) are in one to one correspondence with the irreducible

representations of W over C. It is known ([Stn,14]) that the exterior pow-
ers of the reflection representation of W, to be denoted by E throughout
this paper, are irreducible and mutually inequivalent. Let m; be the irre-
ducible component of Indgg:)( 1) corresponding to the i-th exterior power

representation of the reflection representation of W.

By [Lul] it is known that if G is a classical group, then it can have at
most one unipotent cuspidal representation. The groups of type A,, do not
have any unipotent cuspidal representation; groups of type B,,C, have
exactly one if and only if n = s?> + s for some integer s > 1 and D,, have
one if and only if n is an even square. Thus groups of type B, = Cs, and
D4 have unique unipotent cuspidal representations, and in these cases they
occur as a component of R%(l), where ¢ is the Coxeter conjugacy class
of the corresponding root systems. Let us denote these unipotent cuspidal
representations by myc.

Let G = G, be either Span, SO2n41 (n > 2), or the split orthogonal
group in even number of variables SO;, defined over F,. For each partition
n=7r1+rs+---+7+ (0 < s < n) we have the standard parabolic
subgroup P defined over F, with Levi subgroup L defined over F, and
isomorphic to GL,, x GL,, X -+ x GL,, x G5. For G = Spay,, or SO3p 4,
take the partition n = 14---+ 142, with the corresponding Levi subgroup
(Gm)" 2 x Spy, or (Gp)" 2 x SOs5. We know that Sps and SOs have a
unique unipotent cuspidal representation m,.. Extend the representation
Ty trivially across (Gm(F;))" "2 = (F;)™"? to construct a representation
of (F;)"~2 x Sp(4,F;), or (F;)*~% x SO(5,F,), as the case may be. We
abuse notation to denote this representation of Levi subgroup L(F,) again

by mye. Let p = Indgg:)(ﬁuc), where 7. is the representation of P(F,)
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obtained by composing 7, with the natural homomorphism from P(IF,)
to L(F,). By [Lul,5] we know that Endg(r,)(p) can be identified with
C[W(Bp-2)]- Therefore the irreducible representations of G(Fy) occurring
in p are in one to one correspondence with the irreducible representations
of W(B,,_2). Let p; be the irreducible component of p corresponding to
the i-th exterior power representation of the reflection representation of
W (Bp_2). Similarly, when G = SO, (n > 4), take the Levi subgroup
L =2 (G,,)"* x SO3. We know that SO(8,F,) has a unique unipotent
cuspidal representation m,c. Let p be constructed as above. It follows by
[Lul,5) that Endg,)(p) can be identified with C[W(Bn-4)]. Let p; be
the irreducible component of p corresponding to the i-th exterior power
representation of the reflection representation of W(B,_4). We state our
main theorem below.

Theorem 1.1 Let G be a split classical group, and let ©, denote the char-
acter of a representation w. With the notations as above, we have the
following

(a) For G(F,) =GL(n +1,F,) (n>0),

i=n

Or, (u) = Z(—l)i@)ﬂ-n_‘(u)‘ (11)

i=0

(b) For G(F,) = Sp(2n,F,), or SO(2n +1,F;) (n>2),

: i=n i=n—-2
O (u) =Z(-1)i9w,_a(u)+ z (-1)'0p,pi(w).  (12)
(c) For G(F,) = SO(2n,Fy) (n>4),
O, (u) = li(—l)"@n"_;(U) + _z:— (=1)'0p, o (u). (1.3)
i=0 i=0

Let G be a split exceptional simple algebraic group. Let (P, ¢) be a
pair of parabolic subgroup in G containing a fixed Borel subgroup B with
Levi decomposition P = M N, and a unipotent cuspidal representation ¢

of M(F,). The irreducible components of Indgg;‘;(@ are in one to one

correspondence with the irreducible representations of the Weyl group W'
of the quotient root system which is a root system of simple group of rank =
7(G) — r(P), where r(G) and r(P) denote the semisimple ranks of G and

P respectively. Denote by ¢; the irreducible components of Indgg:;(qﬁ)
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corresponding to the i-th exterior power representation of the reflection
representation of W'.

Theorem 1.2 With the notations as above,

(i) if G is a simple algebraic group of type Es, E;, then,

i=r(@)-r(P)
B =3(-1y® Y (-1, w4
(P,¢) i=0

where ¢ runs over all the unipotent cuspidal representations of M(F,).

(i) If G = G, then same as in (i) except that the term corresponding
to P = G has instead of all the 4 unipotent cuspidal representations
of G2(F,), only 3 which can be specified as G2[-1] + G, [0] + G2[8?]
following Carter’s notation [Ca, 13.9].

(iii) If G = Fy, then same as in (i) except that the term corresponding
to P = G has instead of all the 7 unipotent cuspidal representations
of Go(Fy), only 4 which can be specified as Fy[8), F3[62], Fy[i], F [—i]
following the notations in [Ca,13.9].

(iv) If G = Eg, then same as in (i) except that the term correspond-
ing to P = G has instead of all the 13 unipotent cuspidal repre-
sentations of Eg(F,), only 6 which can be specified as Es[Ci)(i =
1,...,4), Eg[6], E5[6°] following the notations in [Ca, 13.9).

To illustrate the theorem 1.2 we take the case of G = E;. The Levi
subgroups of E; which have unipotent cuspidal representations are Lo =
(Gm)7, Ll = SOs X (Gm)3, L2 = Ee X Gm and L3 =G.

The quotient root system arising from Lg is the root system of type
E7, and ¢ =1 is the unique unipotent cuspidal representation of (F*)7.

Hence, ¢; = 7; is the irreducible component of Indggzg(l) corresponding

to the i-th exterior power representation of the reflection representation of
W (Er).

The quotient root system arising from L; is of type C3. Let ¢ = my¢
be the unique unipotent cuspidal representation of S O(8,F,). Let ¢;[D4] be
the irreducible component of Indgl (#) corresponding to the i-th
exterior power representation of the reflection representation of W (C3) for
1=0,1,2,3.

The quotient root system arising from Ly = Eg x G, is of type A;.
Let ¢’ = Eg[f] and ¢" = Eg[6%] be the two unipotent cuspidal represen-
tations Eg(F;). Let ¢}[Es] and ¢}/[Es] be the irreducible components of
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GFa) (g ) and ndéFs) (¢') respectively corresponding to the i-th exte-
IndPZ(Fq)(¢ P2(Fq) ) A f . 0 )
rior power of the reflection representation of of W( .1) ori=0,1 .

When L = L3 = G, we have two unipotent cuspidal representations o

Ex(F,) denoted by E7[(] and E7[—(] as in [Ca,13.9). Then, by theorem 1.2
we get,

=7 =3 '
RE.(1) =Y (-1)'m + Y _(=1)'¢:[Dd]
izoi:l = i=1 ' (1.5)
+ 3 (-1 ¢iEe] + ) (~1)"¢ [ Ee] |
=0 1=0

— (B[] + Ex[—C))-

The proofs of above theorems will appear elsewhere. 'It uses the theory
of symbols and non-abelian Fourier transforms as given in [Lu2].
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Nonvanishing of Symmetric Square
L-functions of Cusp Forms Inside the Critical
Strip

Winfried Kohnen and Jyoti Sengupta

This announcement is a brief description of results. The details will be
published elsewhere.

1 Introduction

Let f be a normalized cuspidal Hecke eigenform of integral weight k on
the full modular group SL,(Z) and denote by D* (s) (s € C) the symmetric
square L-function of f completed with its archlmedean I-factors. Asis well-
known [7,8], D}(s) has a holomorphic contmuatlon to C and is invariant
under s +— 2k — 1 — s. Note that by [3], D}(s) (up to a variable shift) also
is the standard zeta function of a cusp1dal automorphic representation of
GL(3) and so by [4] zeros of D}(s) can occur only inside the critical strip

—1 < Re(s) < k. According to the generalized Rlemann hypothesis, the
zeros of D}(s) should all lie on the critical line Re(s) = k — 3.

The last statement of course is far from being settled. On the other
hand, it turns out to be comparatively easy to prove non-vanishing results
for D}(s) on the average. For example, in [6] Xian-Jin Li used an approxi-
mate functional equation for an average sum of the D% (s) to show that for
any given s with k —1 <Re(s) <k,s#k— 1, ((s - k+ 1) # 0, there are
infinitely many different f such that D3 (s) is not zero.

In the present note, using a different approach we will prove that given
any s with k£ — 1 < Re(s) < k, Re(s) # k — 1, then for all k large enough
there exists a Hecke eigenform f of weight k such that D}(s) # 0. For the
proof we use a “kernel function” for D3 (s) as given by Zagler in [8] and
then proceed in a similar way as in [5], where a corresponding result for
Hecke L-functions was proved.
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2 Notation

For s € C we usually write s = ¢ + it with o, t € R

3 Statement of result

Let k be an even integer > 12 and let Sk be the space of cusp forms of
weight k with respect to the full modular group I't = SLoy(Z), equlgped
with the usual Petersson scalar product ( , ). For f(z) = 3,5, a(n)e™™™*
(z € H = upper half plane) a normalized Hecke eigenform in Sy (recall that

normalized means a(1) = 1), we denote by

Ds(s) = [0 - o2p™) (1 — apBpp™*) M1 = Bpp™) " (0> k)

P

the symmetric square L-function of f, where the product is taken over all
rational primes p and oy, Bp are defined by

k-1
ap+ Bp =a(p), apfp=p .

By [7,8], Dy(s) has a holomorphic continuation to C, and the function

k +2
Dj(s) = 27* L (s)T (=) Dy(s)
satisfies the functional equation
(1) D;(2k-1-3s) = D%(s).

Let {ft1,---»fr.ge} (g = dimSk) be the basis of normalized Hecke
eigenforms of Sk.

Theorem 3.1 Let tg € R and 0 < € < % Then there exists a posttive
constant C(to,€) depending only on to and € such that for k > C(to,€) the
function

gk 1
_ D
; (fk,y,fk’u) Srv (S)

. 1
does not vanish at any point s = o + ito, k—1<a<k—%—-e,k—§+e<
o<k

Corollary 3.2 Let s € C be fired withk—1< o <k,0 # k- :1,,: Then for
all k large enough there exists a normalized Hecke eigenform f in Sk such
that D}(s) # 0.
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Symmetric Cube for GL;

Henry H. Kim* and Freydoon Shahidi'

This article is in connection with a talk given by the second author
at the International Conference on Cohomology of Arithmetic Groups, L-
functions, and Automorphic Forms, Tata Institute of Fundamental
Research, December 28, 1998 through January 1, 1999. At the time of the
conference all we had was [KSh2] in which, using an idea of Kim [Kil],[Ki2]
and the machinery of Eisenstein series [L1}, [L4], [Sh1], [Sh2], we proved the
holomorphy of symmetric cube L-functions for GL,. Striking as this result
was (see the introduction of [KSh2]), we were still far from the existence of
symmetric cube of an automorphic form on GL; as one on GL4. Since this
is now accomplished in [KSh1}, using the same general machinery and ideas,
but completely different L-functions, we find it more appropriate to report
on this new development rather than a result which is now an immediate
corollary. The second author would like to thank Professors M. S. Raghu-
nathan and Venkataramana for their invitation and hospitality during the
conference and the rest of his month visit to Tata Institute of Fundamental
Research in the winter of 1999.

1 New instances of functionality

We recall the definition of modular forms [S]. If h denotes the upper half
plane of complex numbers z for which Im(z) > 0, and given a positive
integer N, 'y is the principal congruence subgroup

tv={s= (2 1) esn@

then a modular form of weight k with respect to I', 'y C I' C SL2(Z) is a
holomorphic complex function f on h* = h U QU {ioc}, satisfying

g=1( mod )},

f (az+b) = (cz + d)* f(2), (1.1)

cz+d

*Partially supported by NSF grant DMS9610387
tPartially supported by NSF grant DMS9970156
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a b
7_(6 C>era

where k is an integer, k > 0. If k is even, then Equation (1.1) is equivalent
to

for every

Fly-2)d(r-2))% = f(z)(d2)%,

i.e., f(z)(dz)* is a differential form on I'\ b, justifying the term “form”.
The function f is called a cusp form if f vanishes on all the cusps, i.e.,
the set QU {io0}.
We may basically assume I' = [y(N) = {yjc =0 (mod N)}. Then

fz) = Z a,e2™inz (= \/_—1)
n>0

Assume a; = 1 and that f is an eigenfunction for all the Hecke operators.

Theorem 1.1 (Deligne 1973) |a,| < Zp%__'.

Suppose k = 0, i.e., we are interested in functions on I' \ h. There are
no non-constant holomorphic forms. But we relax the condition2 to ass;lme
0 0
. . . . . . 2
f is real analytic, given as an eigenfunction for A = ~y (—6;2— + —3?),
say

Af= 3=,

Note that holomorphic means s = +£1. We assume f is also an eigenfunc-
tion for all the Hecke operators, is bounded, and vanishes on all cusps,
normalized with a; = 1. Then

f@+iy) =Y (Inly)2anK,j2(2ninly)e’™ "=,

n#0
with LK JK
2 v v _ 2 2 —
z ) + 2 5 (z* +v*)K, =0,
satisfying
K,(2) ~ \/%e_z (z € R),
‘as z = +o00.

The function f is called a Maass form and

Conjecture 1.2 (Ramanujan-Petersson) |a,| < 2p~1/2.
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Moreover, if A;(T') = }(1 — s?), either s € (~1,1) or s € iR

Conjecture 1.3 (Selberg) A (T) >,

i.e., s €iR

There is a well-known way of realizing f as an irreducible subrepre-
sentation of L?(GL, (QAL \ GL2(Ag)), using adeles of Q (cf. {G]). More
generally, one wants to study L2(GL2(F)A} \ GL2(Ar)) for an arbitrary
number field F', where we are considering those which transform according
to a fixed character of F*\ A}, center of GLy(Ar). We will further assume
that they are infinite dimensional which amounts to being cuspidal, i.e., for
each ¢ in the subrepresentation

/;\AF (p(((ll T) 9)ds =0

for almost all g € GL2(Ar). If 7 is such a constituent, then 7 = ®,m,
as v runs over all the places of F', and for almost all finite places v, m,
is parametrized by a conjugacy class {t,} = {diag(ay,8s)} C GL2(C).
The representation m, is then induced from a pair of unramified (quasi)-
character 1 and py2 of F,;, the completion of F' at v. Then oy, = py1(wy)
and 3, = py2(w,), where w, is a generator for the maximal ideal P, of the
ring of integers O, of F,. The absolute value at v is normalized so as to
satisfy |w,| = ¢, where ¢, is the cardinality of O,/P,.

The Ramanujan-Petersson Conjecture then requires |a,| = |8, = 1, i.e.
Ty is tempered, where Selberg demands similarly that s = 28,01 = —~25002
be pure imaginary, i.e., each 7o, = Ind(| |[*>?,| |*~2) is also tempered.

Theorem 1.4 (Kim-Shahidi [KSh1])
a) If v < oo, then
1 _5 1

;%% < || and |8,] < ¢5/%* (<<

- <37 <7 +0.004).

b) If v = oo, then |Re(sy;)| < 5/34; i.e.,
A= i—(l ~ %) > 0.22837.

Let us now look at some examples of Langlands functoriality which ap-
pear in the process of proving the theorem. They are extremely important.
Consider the map

GL2(C) x GL3(C) — GLg(C),
(91,920 — @1 ®9,
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or more generally

p:GLp(C) X GLy(C) — GLyn(C),
(91,92) — 91 ®9.

Langlands [L2] predicts the existence of a map

P+ - Aut(GL, (Ar)) x Aut(GL,(Ar)) — Aut(GLyn(AF))
(71,m3) — m Rm,.

This is very important, because it allows us to multiply automorphic forms
on two different GL-groups. Of course we have the usual addition m; B 7
which is the usual induction from a parabolic subgroup with Levi compo-
nent GL,(Ar) X GL,(Ar) to GL,,+»(AF), of the representation 7, ® my.

We can therefore operate with automorphic forms as if they are Weil
group representations and the result would be the global Langlands corre-
spondence.

The map must be functorial in the sense that, if m;, corresponds to
{t1v} C GL®(C) and my, corresponds to {t2,} C GL,(C), then

Ty X Moy — {tlv ® t2v} C GLm"(C)

In fact, more generally, the map p, must respect the local Langlands corre-
spondence of Harris-Taylor [HT] and Henniart [He]. More precisely, if p1
and p,, are representations of Deligne-Weil group which parametrize =,
and 7oy, respectively, then p;, ® pa,, must parametrize m;, ®7s,, and there-
fore (p.(m1,72))y = m1y @ 7oy, where 71, B 79, corresponds to p1, ® pay.
Let us call p,(m,ms), satisfying these properties, the functorial product of
71 and ms.

Theorem 1.5 (Kim-Shahidi [KSh1]) Suppose m =2 andn = 3. Then
p. exists and is functorial except possibly at places v|2 for which my, is
eztraordinary supercuspidal while 3, is a supercuspidal representation of
GL3(F,) defined by a non-normal cubic extension of F,. In this case, I, =
(10 B may) ® 0 - det, with n at most e quadratic character of F} and I1 =
®uIly = pu(m1,72). Moreover, I1 is an isobaric (cf. [JS], [L2]) automorphic
representation of GLe(Ar). More precisely, there exist (unitary) cuspidal
representations 0; of GLn,(Ar), 1 < ¢ <7, Y ;n;i = 6, such that I1 =
o,Bo,B---HBo,.

Remark For the last statement one needs the weak Ramanujan conjec-
ture for GL(2) and GL(3) which is proved in [Ra]. Assuming this conjecture
for all GL groups, the fact that I1 = ¢y 8 -- - H o, must be true for all m
and n.
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Here is a sketch of how Theorem 1.4 follows from Theorem 1.5.

Proof (of Theorem 1.4) Take a cusp form m; = m on GLy(Ar). Let
my = Ad(w) be the Gelbart-Jacquet lift [GJ] of 7. This is a cuspidal repre-
sentation of GL3(Ar), if 7 is not monomial, whose unramified components
are given by

(Ad(n)), ¢ {diag(awf; ", 1,05 80)},

whenever 7, is given by {diag(a,, 8y)}. Let Il = m;®m,. Then an argument

using L-functions shows that II = oy B 02, where 0y = m; = 7 and o,

is an automorphic form on GL4(Af). Suppose m, is unramified. Then

02, corresponding to {diag(a28;!,ay, By, a,;1B2)}. The worst situation

happens if o5 is a cuspidal representation of GLs(Ar). Then by results

of Luo-Rudnick-Sarnak [LRS]: |o23;!| and |B2a;!| < q,,% ~ . Bu lcf"[ =
1

1% (i1 11
|8;t| and therefore |a, |3 < ¢~ ¥ or gy (s=510) < lay| and |8y < g8 3.

But - — — = —5— Similarly at the archimedean places.
6 51 34 a

Corollary 1.6 ([KShl)]) o3 ® w, = Sym3(m), i.e., symmetric cubes exist.
It is functorial everywhere. Moreover, it is cuspidal unless either m or Ad(w)
is monomial, i.e., there exist non-trivial grossencharacters n and n' such
that Ad(n)® = Ad(n) or v @0’ = 7.

This is very important. We must therefore recall what Sym? is. This
time consider the map

Sym® : GLg(C) — GL4(C)

defined by action of GL;(C) on symmetric tensors of rank 3. In other
words, if P(z,y) is a homogeneous cubic form in two variable, Sym®(g),
g € GL2(C), is the matrix in GL4(C) which gives the change of coefficients
in P(z,y), if we consider the form P,(z,y) = P((z,y)g). It is a homomor-
phism and therefore a 4-dimensional irreducible representation of GL2(C),
called the symmetric cube representation of (the standard representation
of) GLy(C).

Similar maps can be defined for any m and it is very important to define
Sym™. The map Sym? was established by Gelbart-Jacquet [GJ] in 1978.
Since then, many experts have been interested in getting Sym®. There are
serious and important applications. For example Sym? has been very im-
portant to Langlands-Tunnel and therefore Wiles’' proof of Fermat’s last
problem. We expect similar influence when Wiles’ program starts seriously
for Siegel modular forms of rank 2. In fact, the image of Sym® lies ir-
reducibly inside GSp(4,C) and will allow us for example to study Siegel
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modular forms of weight 3 as images of modular forms of weight 2 under
Sym3 andsoon ....

As yet another example, let n be a positive integer and consider the
natural embedding of

i: Sp?n(c) - GL2n(C)

We expect a map
1y : Aut(SOan(Ap)) — Aut(GLG(AF )),

such that if 7 = ®,7, € Aut(SO2n+1(Ar)) and for unramified places v, ,
corresponds to {t,} C Sp2,(C), then for each such v, i.(w), corresponds to
{i+(ty)} C GL2,(C).

Definition An automorphic representation II = ®II, of GL2n(AF) is
called a weak lift of an irreducible automorphic representation 7 = ®m,
of SO20+1(Ar), if at almost all unramified places v, II, corresponds to
i(ty). We usually require that for every v = oo, Il; = i,(7,) according to
local Langlands correspondence [L3].

Theorem 1.7 (Cogdell-Kim-Piatetski-Shapiro-Shahidi [CKPSS])
Let m be an irreducible globally generic cuspidal automorphic representation
of SO2q+1(Ar). Then m has a weak lift to GLo,(Ar).

Remark This can also be approached using the trace formula (Arthur).
But one needs the fundamental lemmas for regular and weighted orbital
integrals of classical groups.

Remark There is another case of functoriality obtained by Kim which
when combined with Sym? leads to existence of Sym?. In a joint work we
have obtained important applications and better estimates. That will be
discussed in another occasion.

It is therefore clear that functoriality requires that every homomorphism
p between two L-groups

p:LGl — LG2

of connected reductive algebraic groups over a number field F, should lead
to a map (in loose terms)

px : Aut(G1(Ap)) — Aut(Gy(Ar))

so that if 7 = ®,7, € Aut(G;1(Ar)), then for each unramified v, (p. (7)),
corresponds to {p(t,)} C LG, if m, corresponds to {t,} C £G;.

OO ———————
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We finally point out how these new cases are proved. One applies an
appropriate version of converse theorems of Cogdell-Piatetski-Shapiro [CP]
to L-functions obtained from the method of Eisenstein series initiated by
Langlands [L1], [L4] and developed by Shahidi [Sh1], [Sh2], .... In the case
of GLy x GL3, one needs to prove that the triple L-functions for m, ® m2 ® o
on GL2(Ar) x GL3(Ar) x GLx(AF), k = 1,2,3, 4, where ¢ is an irreducible
cuspidal representation of GLx(Ar), are nice. In view of this converse
theorem, this means that when twisted by a highly ramified (at a finite set
of finite unramified places of F) grossencharacher of F, they are:

1) entire,
2) are bounded in vertical strips of finite width, and

3) satisfy a standard functional equation.

The machinery of Eisenstein series allows us to consider these L-functions
as coming from triples (G, M, 7), where G is a connected reductive group
and M a maximal Levi subgreup, both defined over F (cf. [Shl], [Sh2]).
Here 7 is a globally generic cuspidal representation of M = M(Ar). In
the case at hand, G is the simply connected group of either type A4, Ds,
Eg, or E7 (cf. [Sh2]). The derived group of M is isomorphic to SLz x SL3,
SL, x SL3 x SLy, SLy x SL3 x SL3, or SLy x SL3 x SL4, respectively. = is
closely related to m; ® m ® 0.

In a general setting including these cases and using the machinery of
Eisenstein series [L4], [Sh1], [Sh2], 1) follows from an important and cru-
cial observation of Kim [Kil], [Ki2], 2) is proved in Gelbart-Shahidi [GSh]
(subtle), and 3) follows from the general theory [Sh1], [Sh2].

A good amount of local analysis is necessary and theory of base change
[AC] is required to prove the lift is functorial.
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L-functions and Modular Forms in Finite
Characteristic*

Dinesh S. Thakur

We will describe the emerging theory of L-functions and modular forms
in the setting of function fields over finite fields. Instead of the more familiar
complex valued L-functions of Artin and Weil attached to function fields,
or complex valued automorphic forms of Jacquet-Langlands and Weil (or
p-adic or mod p objects of Serre, Swinnerton-Dyer, Katz) or motives of
Grothendieck, our focus will be on different objects with values in finite
characteristic: not in finite fields, but in huge fields which are analogues
of complex numbers. This theory seems to be quite rich in its structure
and at the same time challenging in that it is not yet well-understood even
conjecturally.

Our plan is to give a quick introduction to (1) Basic underlying objects:
Drinfeld modules and higher dimensional motives, (2) Analogues of Rie-
mann and Dedekind zeta functions: arithmetic of special values, (3) Char-
acter spaces and general L-functions: analytic properties and zeros, (4)
Modular forms and L-series, (5) Connections with classical function field
case, (6) Results on Galois representations.

1 Basic objects

1.0 The bottom level objects are: A complete non-singular curve X over
a finite field F, of characteristic p, a point oo on it, the ring A of functions
on X with no poles outside oo, the function field K of X, its completion
K, and the completion Cy, of an algebraic closure of K. The simplest
case, as well as the case where the analogies work the best, is that of
the projective line, the usual point at infinity, the polynomial ring F,[t],
the rational function field F, (t), the laurent series field F,((1/t)) and the
corresponding C. The classical counterparts for A, K, K, and C, are
Z, Q, R, C respectively. Note that A (Z respectively) is a Dedekind ring
discretely embedded in K, (R respectively) with compact quotient.

*Supported in part by NSF grants
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1.1 Let us motivate the introduction of the next level basic objects by ask-
ing for objects giving rise p-adic Galois representations, for p € Spec(A),
rather than [-adic representations for ! € Spec(Z). So instead of the mul-
tiplicative group, elliptic curves, abelian varieties, which provide us with
natural abelian groups, i.e., Z-modules, with interesting Galois actions on
their [™-torsion; we look for interesting A-modules, so that we can look
at p"-torsion. Because of the linearity of p-power map in characteristic p,
the additive group (or its power) already provides good enough interesting
candidate.

In characteristic zero, Z or Q works as a canonical base. Here we have
to decree A as a base, so we look at A-field L, y: A = L (or A-scheme S,
v:A - I(S,0s)).

Then the basic object ‘Drinfeld A-module over L of rank r (a positive
integer)’ is just a non-trivial embedding p : A — End(G,) = L{F} (which
sends a € A to a polynomial p, € L{F} in Frobenius), such that

degp pa = rdega

(such an equality is automatic for some positive integer r) and y(a) being
the constant term of p,. (Over S, we will be looking at a line bundle
(locally free sheaf of rank 1) £/S with p: A — Endg(£) having degree and
constant term conditions as above and with unit leading coefficient).

If the kernel of v is 0, p is said to be of generic (zero or infinite
being possibly confusing terminology) characteristic, if the kernel is p (e.g.,
L = A/p), then p is said to be of characteristic . (So we can imagine the
reduction theory over finite A-fields easily).

May be the simplest example is when A = F,[t], so that one can arbi-
trarily specify the image p; of the generator ¢ (for general A one needs to
satisfy compatibility conditions to get a ring homomorphism): The Carlitz
module corresponds to the choice p; = ¢t + F. This is a rank one module of
generic characteristic with ‘good reduction’ everywhere.

Morphism ¢ : p —= p over L is just ¢ € L{F'} satisfying ¢p = p'¢.

1.2 For an ideal I, define I-torsion to be
Ar:={2€ Cx : pi(2) =0, for all i€ I}.

So we can form the Tate module leading to ‘p-adic cohomology’ realization.
For K, C L, we can define exponential e = e, to be an entire function
(i.e., everywhere convergent power series) e : Coo = Coo satisfying e(az) =
pa(e(z)) (to be compared with e™* = (e*)"). Its kernel A is A-lattice
(projective A-module discrete in co-adic topology) of rank r over L (i.e.,
Gal(K?,/L)-stable) and leads to ‘Betty cohomology’ realization.
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Deligne, using analogy with 1-motives, defined ‘de Rham cohomology’
realization to be dual of Lie(p*) where p# is the universal additive extension
02 Ge—=p* 3 p—o0.

There are appropriate comparison isomorphisms relating these realiza-

tions, leading for example to cycle integration map, periods, quasi-periods
etc.

1.3 Riemann hypothesis for p over finite fields L (extension of A/p) is
almost built in the formalism: The absolute values ‘of roots of the charac-
teristic polynomial of ¢; := #L-th power Frobenius map on the v-adic Tate
module are all q} /" So these are ‘pure motives’ of weight 1/r.

Note that one crucial difference is [Cs : Koo) is infinite, in contrast to
the [C : R] = 2, so that one can have lattices of any rank, in contrast to the
classical case and hence weights are not restricted to be half-integral. In the
rank one situation, classical analogues are multiplicative group (or elliptic
curve with complex multiplication), so the kernel of the exponential also
gives analogue 7 of 27i. In rank 2, classical analogue would be an elliptic
curve and for higher ranks we do not have good classical analogue. This
is why Drinfeld could use rank n Drinfeld modules to study Langlands

conjectures over function fields for GL,, for any n, rather than for just
n=12.

1.4 Postponing discussion of this for now, we just mention that for Carlitz
module K(A,) are good analogues of Q(¢») (with the Galois group (A4/a)*
analogous to (Z/n)*) and for general A, adjoining all torsion of suitably
normalized rank one p to K (together with the constants in F,), we get its
maximal abelian extension tamely ramified at co explicitly. To get the full
maximal abelian extension (analogue of Kronecker-Weber theorem) one has
to just repeat this trick with another choice of oo and take the compositum.
The Carlitz part (for F, [t]) of this explicit global class field theory of Hayes
was done much before Lubin-Tate’s local theory.

1.5 Drinfeld modules are one dimensional objects. The higher dimen-
sional theory was initiated by Stuhler, Gross, Anderson. Stuhler, Drinfeld,
Laumon etc. developed the moduli point of view for Langlands conjec-
tures, whereas Greg Anderson developed very useful arithmetic theory of
concrete (non-commutative) linear algebra type individual objects, coined
‘t-motives’, boiled down from Drinfeld shtukas.

For simplicity, we will focus on A = F,[t]. Basically, n-dimensional ¢-
module E over L is a certain embedding of A into Endz(G?), which is a
ring of n cross n matrices with entries in L{F}, where at the tangent level

i
:
1
3
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eigenvalues of the matrix corresponding to a are all y(a); i.e., at the Lie
level the matrix is y(a)Inxn+N, where N is a nilpotent matrix. Morphisms
are t-equivariant morphisms of algebraic groups.

The dual notion is that of t-motive M (M := Homy(E,G,) is the
t-motive corresponding to E), which is a left L{t, F}-module (this is a
non-commutative ring: tl = Ilt, tF = Ft, but Fl = I9F, for | € L) free
and finitely generated as L{F}-module and with (t — y(t))"M/FM = 0.
Morphism is then just a L{t, F'}-linear homomorphism. The dimension is
the L{F}-rank and the rank is the L{t]-rank.

In general, the exponential eps : Cl, = C%, corresponding to a t-motive
can fail to be surjective, in contrast to the Drinfeld module situation and the
conditions for the failure of the uniformizability are not well-understood.

1.6 Purity has also to be enforced: M is pure if it is free and finitely
generated as L{t]-module and there is a L{[1/t]]-lattice W in M((1/t)) such
that F*W = t9W, with s,g > 0. If the top degree (in F) coeflicient of the
matrix corresponding to t is invertible, then M is pure. For pure motives,
Riemann hypothesis is again built in with weight equal to dimension over
rank.

There is a natural notion of tensor products of t-motives: we take tensor
products over L[t] and let F act diagonally. Ranks multiply and weights
add in a tensor product.

1.6.1 For example, the n-th tensor power of the Carlitz module (to be
compared with Tate twist motive Z(n)) then turns out to be

C®" it = (Y(t)Inxn + Npxn) + EnxnF,

where N = (n; ;) is the nilpotent matrix with n;;4; = 1for1 <i <n
and the other entries zero; and E = (e; ;) is the elementary matrix with
en,1 = 1 and the other entries zero. This is a pure, uniformizable t- motive
of rank 1 and dimension n. (This shows that if we need tensor powers of
Drinfeld modules, we need to generalize to higher dimensions and also allow
the addition of nilpotent matrices at the tangent level).

1.7 Anderson then gives simple constructions for the realizations of a t-
motive M: The Betti realization is Hom 4 (Kernel(en), K) (if we want it to
commute with the tensor products, we need to tensor with the differentials).
The p-adic realization is Homya, (T,(M), K,). The de-Rham realization is
FM/(t — ~(t))F M, with i-th piece of the Hodge filtration being the image
of (t—v(t)))MNFM in it. All these abstract objects thus become concrete
objects involving matrices with entries being polynomials or power series in
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Frobenius with coefficients in various fields. The thorough analysis of the
resulting formalism has not been carried out yet.

2 Zeta functions: Special values

2.1 Let us start with the simplest case: the zeta function for A = F_[t].
Instead of Artin-Weil’s zeta function 20 Norm(I)~? € C (for Re(s) > 1),
which turns out to be a rational function in u := ¢=* even for general A
and is just 1/(1 — qu) for our case A = F,[t], Carlitz considered a rich
transcendental function (a(s) := 3°, 4, n™° € Ko for s € N (note that
there is no pole at s = 1), where A+ stands for set of monic polynomials.
So instead of using norm, which retains only the degree information, we
retain the whole polynomial, sacrificing (only initially as we will see) for a
smaller domain.

2.2 Carlitz proved analogue of Euler’s evaluation of the Riemann zeta
values at positive even integers: For ‘even’ m ié for m a multiple of
q—1, {a(m) = =B @™ /(q — 1)II(m), where II(m =[], o™ € F,[t] with
my, = Y |m/Norm(p)®| is an analogue of factorlal functlon (for example
because of its analogous prime factorization above) and B,, € F,(t) is
analogue of Bernoulli number, defined by a similar generating function:

z/e(z) =3 Bpz™/II(m).

2.3 David Goss showed that if the defining sum is grouped according
to the degree, then it becomes a finite sum for a negative integer s and
hence ((s) € F,[t] then and it is zero precisely at negative ‘even’ integers
in analogy with Riemann zeta function. Since the sums are finite, the
Fermat’s little theorem leads to Kummer congruence on the zeta values at
negative integers leading to gp-adic mterpola.tmns of zeta, once we remove
an appropriate Euler factor at p.

2.4 Using the concrete description of C®™ above, Anderson and I showed
that for any positive integer m, {(m) is a (canonical co-ordinate of) loga-
rithm (for C®™) of an (explicitly constructed) algebralc point, which is a
torsion point of C®™ precisely when m is ‘even’. There is also analogous
f-adic result. An analogue of Hermite-Lindemann theorem on exponen-
tial and logarithm, proved in this setting by Jing Yu, then implied that
¢(m) is transcendental for all m and that {(m)/#™ and (,(m) are also
transcendental if m is not ‘even’.

The canonical co-ordinate of logarithm (exponential respectively) for
C®™ turns out to be a deformation of the naive m-th multilog (m-th Bessel
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function respectively) and the other co-ordinates involve analogue of hyper-
geometric function that I had defined and studied.

2.5 By taking relative norms, we can define relative (Dedekind type) zeta
functions Z(s). For abelian, totally real (i.e., split at co) extension of degree
d, Goss (and myself in a little more generality) proved that Z(s)/#%® is
algebraic.

Classically counterpart of this was proved by Siegel, without the ‘abelian’
hypothesis, but such a result is not expected for extensions which are not
totally real. On the other hand, in our case similar result holds for (non-
totally real) galois extensions of degree a power of p. Classically, all the
values at negative integers are zero in the non-totally real case and in our
case such is not a true as the possibilities for the ramification at oo are
much more varied. In fact, Siegel’s result is derived from a corresponding
result at negative integers via the functional equation for the Dedekind zeta
function.

2.6 In our case, no such functional equation is known in absolute or rela-
tive case. So we get two distinct analogues of Bernoulli numbers: one from
zeta values at positive (even) integers and one from negative integers. The
following analogues of Kummer-Herbrand-Ribet theorems suggest a closer
connection between these two families nonetheless:

(Goss-Okada): If for an even k between 0 and qde8(®) — 1, the k-th
component of the (p-part of the) class group of the ring of integers of
K(A,) is non-zero, then p divides By.

(Goss-Sinnott): For k between 0 and ¢4%8(¥) — 1, the k-th component
of the (p-part of the) class group of K(A,) is non-zero if and only if p
divides ¢(—k) (if ((—k) is zero, one replaces it by ‘B(k)’ obtained from it
by throwing some known trivial factors contributing to the zero).

Note that in our case, s =+ 1 — s does not interchange ‘even’ to ‘odd’.
Further the fact that parities are off with the classical counterpart is linked
with the failure of reflection principle (spiegelgungsatz). Also, the well-
known properties of Bernoulli numbers split up: Bp,’s satisfy analogues
of von-Staudt and Sylvester-Lipschitz theorems, whereas {{—k)’s satisfy
Kummer congruences as mentioned before.

2.7 1 have defined analogues of Gauss sums for function fields by mixing
Carlitz-Drinfeld cyclotomic theory (which yields analogue of additive char-
acter) with traditional cyclotomic theory of constant field extensions (which
yields analogue of multiplicative character). They satisfy analogues of the-
orems of Stickelberger, Gross-Koblitz, Hasse-Davenport, Weil. Also I have
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defined analogues of gamma function (generalizing the gamma function for
FF, [t] of Goss obtained by interpolating the factorial mentioned above) and
established functional equations, some connections with periods of Drinfeld
modules and t-motives of Chowla-Selberg type etc.

But these two ingredients which come up classically in functional equa-
tions have not yet fit to give any kind of functional equation type result.

2.8 Classically the orders of vanishing of zeta function at negative integers
are linked with the nature of gamma factors in the functional equation.
The following examples that I gave show that underlying theory of orders
of vanishing (this will make sense in setting of the next section) has to be
quite different in our case: If ¢ = 2 and A is hyper-elliptic of genus g, then
the order of vanishing of {4 at negative integer —s is always expected to
be one by naive analogy. But if (and seems only if) the sum of the base
2 digits of s is more than g it is two (i.e., there is extra vanishing with 8
mentioned in 2.6 also being zero, so that 2.6 implies non-vanishing of class
group components for every p). There are examples for other g, as well as
examples of extra vanishing for the relative zeta functions even when the
base is F, [t], where the analogies usually work the best.

The exact orders of vanishing in general or the arithmetic significance
of the leading terms is not yet understood even conjecturally.

2.9 Finally we just mention that developing the analogies with theory
of partial differential equations of KdV type, Anderson introduced soliton
theory in function field arithmetic and proved many interesting results on
zeta and gamma values producing, for example, an interesting new analogue
of cyclotomic units and Vandiver conjecture.

3 Zeta functions: Analytic theory

In this section, to avoid technical complications, we assume that oo is a
place of degree one. Let m be an uniformizer at oo (eg. 1/t for Fy[t] case).

3.1 To extend the domain of the zeta function, for a monic n, we want to
define n?® for a larger space of exponents s. Classically

nEtiv — (ez)log(n) eiylog(n)’

where the first term represents the absolute value and the second term is
of the absolute value one. Goss defined, for s = (z,y) € Soo := C3, X Zp,
n® = z9e8(n) (n)v € C*, where (n) := nn4e8(") is the one-unit part of n and
hence can be raised to the p-adic power.
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Note that the usual integers j sit in Sy, as (779, j).

This exponent space of Goss is a small piece of the character space:
We have n = 7~ 98(")(n). So the image z € C*, of 7~! determines the
homomorphism on the cyclic group 7% and keeps track of the degree. On
the other hand the one-unit group is isomorphic to the product of countably
many copies of Z,. A small piece of the resulting huge endomorphism group
of the one-units is cut out by choosing them to be of the form (n) — (n)¥
for y € Z,.

We have (n1n2)* = n{n§, n®* = n%n®. On 7Z» x Z,, we also have
(n®0)*1 = n°*_ Here we add (multiply respectively) the exponents by
multiplying the C% components and adding (multiplying respectively) the
Z, components.

3.2 To make sense of s-th power of an ideal, note that ( ), from the monic
elements of K}, to the uniquely divisible group of one-units, has a unique
extension to ideals, since the ideals modulo the principal ideals generated
by monic elements is a finite group. So we define I° as zd¢8(1)(I)¥.

3.3 In a p-adic situation, Goss uses the exponent space
Z/(Norm(p) — 1)Z x Z,

using the usual decomposition n = Teichmuller (n)(n),,.

3.4 We can then define zeta and L-functions with values in finite charac-
teristic by replacing the exponentiation of norms with complex numbers in
the classical definitions with the ideal exponentiation defined above.

For example, for a Drinfeld module (or t-motive) p over a scheme S,
Goss defines the L-function as

L(p/S,s) := [ ] Det (1 - Frob, Norm(z)~*|T, (p*)) *,

where the product runs over the closed points 2 of S, the p? is a reduction
of p at z, Norm(z) = plF-:4/%l if 2 is over a prime p of A and v # p. The
determinant is known to be a polynomial (with A-coefficients) independent
of v.

3.5 Goss defines entire function f(s) = f(z,y) on Sy to be a continuous
family of C-valued entire power series in z~! parametrized by Zp, uni-
formly convergent on bounded subsets of C, and with f(z7/,—j) being
polynomials in =1 with algebraic coefficients (all in a finite extension).
Goss (in the case of S a field) and Taguchi-Wan (for general S, with
A =, [t]) showed that the L-function defined above is then a ratio of two



222 L-functions and Modular Forms in Finite Characteristic

entire functions. For p over a finite extension L of K, if the top coefficient
of pis in Of, then the L-function is entire. The technique used by Taguchi
and Wan is Dwork’s theory of L function of F-crystal and it provides a
Freedholm determinant expression for it. There is also a corresponding
g-adic result.

3.6 As for the distribution of the zeros of the zeta function is concerned,
Daqing Wan proved the following version of ‘Riemann hypothesis’ for the
case A = F,[t]: For any given y, if {(x,y) = 0, then z is real i.e., z lies in
K, (rather than in its infinite extension Cy, where it can lie a priori).

I noticed that such a statement can be reduced to an optimization prob-
lem solution stated (with inadequate proof) by Carlitz. Using this, my
student Javier Diaz-Vargas gave a simpler proof in the case of F,[t]. For a
non-prime q, the breakthrough came with Bjorn Poonen’s proof of Carlitz
assertion for ¢ = 4. Helped by it, Jeff Sheats, a combinatorist at Ari-
zona, completely proved the Carlitz assertion and this version of Riemann
hypothesis for F, [t]. .

The implications of these results on the zero distributions are not yet
well-understood.

4 Modular forms and L-series

4.1 Automorphic forms considered by Weil, Jacquet, Langlands, Drinfeld
are basically C-valued (or F-valued for any characteristic zero field F, since
in the absence of archimidean places no growth conditions needed and all
arise from those over Q by tensoring) functions ¢ on G(K)\G(A)/KZ(K ),
where G = GL, say.

4.2 Goss considered Cyo-valued modular forms on Drinfeld upper half-
plane  := Cy — Ko (compare H* = C — R) in the rank 2 situation
which we will focus on. (We replace Q2 by Q7! := P""1(Cy) minus all
K -rational hyper-planes, for the general rank r situation).

Put Im (2) := Inf;ek_ |2—z|. Then Im (yz) = |Det (v)||cz+d|~2Im (z)
for v € GL2(Kw). The sets Q. := {z € @ : Im (2) > ¢} give open
admissible neighborhoods of oo (not to be confused with the place oo of K)
in the rigid analytic topology. € is connected but not simply connected.

Let e denote the exponential for the Carlitz module, i.e., corresponding
to A = 7A. Then g (z) = 1/e(#2) is a uniformizer which takes a neigh-
borhood of o to the neighborhood of origin and since it is invariant with
respect to translations from A, it can be used for g.-expansions (analogues
of ¢ = e?"**_expansions).
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4.3 Modular form of weight k (nonnegative integer), type m (integer mod-
ulo ¢ — 1 (or rather the cardinality of Det (I') CF;)) for T'is f : @ = Coo
satisfying f(y2z) = (Det (7)) ™(cz +d)~* f(z), for v € I" and which is rigid
holomorphic and holomorphic at cusps.

Since dgo, = —q2,dz (in contrast to dq = cqdz), the holomorphic differ-
entials correspond to double-cuspidal forms.

4.4 Coefficient of F in p, (where a is fixed) is a modular form of weight
¢' — 1, where one considers the coefficient as a function of the lattice A
corresponding to p. eg., if we write rank 2 Drinfeld module for F,[t] as
pe =t+gF + AF? then as A = A, (9,A) = (A1=9g, A1=9°A), as we can
easily see from the commutation relation Fl = l9F. In fact, j := g9t1/A
is a weight 0 modular function parameterizing the isomorphism classes of
these Drinfeld modules. (Compare the elliptic curve situation). Also note
that if A vanishes, we get a degeneration of the Drinfeld module to rank
one. This corresponds to the fact that A is a cusp form.
As an analogue of Dedekind product formula into cyclotomic factors:

A(2) = (2miz)'%q [T (1-¢M™ = @riz)*q[J (™" - Do),
n€Z>o

Ernst Gekeler proved

A== tgrt T (Calazd)alom @)@ =Dl
acCA+

for the A as above.

For A = F,[t] and T' = GL;(A), the algebra of modular forms of type
0 is Co[g, A] and the algebra for all types is Coo[g, h] here h is a Poincare
series of type 1 and weight q + 1 defined by Gekeler. We have h9~! = —A.

Eisenstein series E(*)(z) = Z;,be 4(az +b)7F are of weight k and type
0.

For the rest of this section, we will focus only on A = F,[t] situation
which is developed more than the general case.

4.5 Hecke operators can be defined as usual, but now they are totally
multiplicative: we have TynT, = Tyns1 + q¥T,n-1T, as usual, but the
g% = 0 now!

We have T,E®) = PFEX) and T,A = P9~1A, where p = (P) for
monic generator P. So the eigenvalues do not determine the form (this
happens even in weight two). Multiplicity one fails and Hecke action is not
semi-simple.
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Because of this total multiplicativity, we can associate

Ly(s) = [[(1 = cpp™) 7",

but then this Dirichlet series is indexed by a € A whereas the g.,-expansions
are indexed by n € Z and the usual connection ) ¢,¢"™ ¢ 3 ¢,n* does not
make sense. (The arithmetic meaning of the g-expansion coefficients is not
understood even for the Eisenstein series. For Eisenstein series associated to
totally real fields, the g.-expansion has not been understood : This is one
reason why we have not yet been able to imitate Siegel’s proof mentioned
in 2.5 and remove the abelian hypothesis there).

4.6 There are other ways to attach L-functions to f due to the work of
- Drinfeld, Schneider, Teitelbaum, Gekeler and Goss which we now describe:
Let z be co-ordinate on Q. Let

U={PeQ:q7" <|z(P)| <q|2(P) =~ A >q7", for X e F,}.

Then translates U(y) of U by v € GLa(K/GL2(Ox) give a special rigid
covering of 2. Associated to it we can define an infinite homogeneous tree
T with g+ 1 edges leaving every vertex, where the opens U{(7)’s correspond
to its vertices and the overlapping annuli correspond to the edges. Drin-
feld constructed this as tree of norms and it is also the usual Bruhat-Tits
building for PGL3(Koo)-

Modular form of weight k and type m for I" gives rise to a I'-invariant
harmonic cochain (i.e., function ¢ on (oriented) edges e of T such that
Y ey cle) = 0 and c(e) = —c(e™)) ¢ of weight k and type m (i.e., with
values in V(1 — k,1 — m)). Here V is the standard two dimensional rep-
~ resentation of GL2(Co) and V (n,i) := (Det )! ® Sym™ *(V*) (essentially

space of homogeneous forms in two variables X and Y of degree n — 1) and
V(-n, —i) := Hom(V (n,1), Cs).
In fact, cs(e) is given on the basis by

Res.(f)(X'Y*~27%) = Res.2' f(2)dz,

where the residue is in the annulus corresponding to e. The Eisenstein
series have zero residues, but for k > 2, the residue map is an isomorphism
between the space of cusp forms of weight k and type m for a group I
and the space of harmonic cochains of weight k and type m for I'. In fact,
the inverse process is integration: A harmonic cochain ¢ gives rise to a
‘measure’ (we will not go into the technicalities of this integration theory)
e ON ]P}(w (which can be identified naturally with the set of ends of T)
and f(z) = fp,dpc,(x)/(z — ) for the cusp form f.

.
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4.7 Once we have this integration theory, we define the L-functions as
usual by Mellin transforms: [¢*~'du.,. Goss defines a two variable (s €
Soo) L-function as before by exponentiating positives and also a one variable
(s € Zp) by exponentiating one units. These take values in the representa-
tion space above. So for weight 2, we have Co-valued L-function.

For A = F,[t] and the full modular group, We have a functional equation

Ly(s) = (=1)'""Ly(k - s).

We also have the formula
aj = / e(z)’dus(z)
Koo/7A

for the coefficients of goo-expansion f(z) =Y a;jgl,.
Special values and links to the arithmetic of g..-expansion need to be
investigated further.

4.8 The existence of this finite characteristic valued L-function and such
L-function defined by Goss for Grossencharacters (which can be thought
of as GL;-automorphic forms with finite characteristic values) suggests
that there might be Cyo-valued automorphic (or modular) L functions
attached to C-valued representations. Such representations are not well-
understood so that it is not known whether for some good class of such
automorphic adelic representations, we can imitate Langlands type local
component definition of L-functions.

5 Relations with characteristic 0-valued
theory

5.1 Both the double coset space in 4.1 used in the definition of the
automorphic forms (zero characteristic valued) and Q in 4.2 used in the
definition of modular forms (finite characteristic valued) are linked with
T. In fact, Drinfeld set up a natural bijection between harmonic cochains
on T of weight 2 with values in F and F-valued automorphic forms which
transform like a special representation at component at co. Analyzing this
correspondence together with Teitelbaum’s correspondence mentioned in
4.6, Gekeler and Reversat showed (at least for A = F,[t], there seem to be
some technical difficulties in general) that double cuspidal modular forms
of weight two, type one, and with F,-residues (such forms generate over C,
those with C- residues, i.e., the usual C-space of such modular forms)
are the reductions mod p of the automorphic cusp forms special at oo.
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For higher weights and ranks the connection between the modular forms
versus the automorphic forms is not well-understood.

5.2 At the usual L-functions level, Goss had earlier observed a congruence
relation between classical and finite characteristic versions: If

W = Witt(A/p),

then W/pW = A/p and the Teichmuller character w : (A4/p)* — W*
satisfies w*(a mod p) = (a* mod p) mod p, so that we get that mod
p reduction of Artin-Weil L-function L(w™*,u) € W(u) is essentially the
mod g reduction of the finite characteristic zeta (appropriately matching
the Euler factors) value at negative integer s. Combined this together
with the fact that Artin-Weil L-functions are polynomials, Goss deduced
integrality and vanishing statements for the finite characteristic zeta values
at negative integers.

6 Galois representations

We will just list some major results in this area:

6.1 Drinfeld modules were introduced by Drinfeld as objects analogous
to elliptic curves (more so in rank 2) for attacking Langlands conjectures
for GL,, over function fields. For GL,, the cohomology of moduli spaces of
Drinfeld modules of rank 2 realized the Langlands correspondence between
‘special’ Galois representations and automorphic representations ‘special’
at infinity. Deligne and Drinfeld also settled the local Langlands conjec-
tures in this case (and Laumon-Rappoport-Stubler in GL,, case). Relaxing
the heavy dependence on oo in the nature of Drinfeld modules, Drinfeld
introduced the more general objects called shtukas and settled the Lang-
lands conjectures for GL, for function fields. Flicker-Kazdan announced
GL,, Langlands conjectures over function fields modulo the Deligne’s conjec-
ture on Lefschetz formula for non-compact varieties after sufficient twisting
by Frobenius power. But there seem to be gaps/mistakes in the applications
of trace formula in characteristic p: Even though the Deligne’s conjecture
was proved by Pink, the Langlands conjectures in this case did not follow.

The work of Drinfeld, together with earlier work of Deligne, Grothen-
dieck, Jacquet-Langlands had settled the famous Shimura-Taniyama-Weil
conjecture in this case: If we take a non-isotrivial elliptic curve over K
with Tate reduction at oo (j non-constant implies it has some pole, say at
o0) and with geometrical conductor oo, then it occurs upto isogeny in the
jacobian of the curve which is the moduli of the rank two Drinfeld modules
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with the level I structure. We can then attach a finite characteristic L-
function to it, by applying the procedure in 4.7 to the weight 2 cusp form
obtained by the pullback of the invariant differential on the elliptic curve.

Using shtukas and trace formulas, Lafforgue has recently proved Ramanu-
jan-Peterson conjecture for cuspidal automorphic representations for GLy,
over function fields for n odd.

Very recently (June 99), Lafforgue has announced the proof of GLj,
Langlands for function fields, using moduli of Shtukas.

6.2 For Drinfeld modules over finite fields, the analogue of Tate isogeny
theorem and Honda-Tate theorem was proved by Drinfeld (and Gekeler).
For Drinfeld modules of generic characteristic, the analogue of the Tate
conjecture/Faltings theorem was established by Tamagawa and Taguchi.
Taguchi also proved the semisimplicity of the Galois representation on the
Tate module, for both finite and generic characteristic Drinfeld modules.

6.3 Classically, there is a well-known theorem of Serre on the image of
Galois representation obtained from torsion of elliptic curves. Pink showed
that if p has no more endomorphisms than A, then for a finite set S of places
v # 00, the image of Gal(K*¢? /K ) in [], s GLn(Ay) for the corresponding
representation for rank n Drinfeld modules is open. Note that this is weaker
than Serre type adelic version, but much stronger (unlike the classical case)
than the case of one prime v, because we are dealing with all huge pro-p
groups here, so the simple classical argument combining p-adic and l-adic
information to go from the result for one place to the result for finitely
many places does not work).

6.4 Taguchi proved that a given L-isogeny class contains only finitely
many L-isomorphism classes, for L a finite extension of K.

6.5 Poonen showed that unlike the situation of Elkies theorem that elliptic
curve over Q has infinitely many super-singular primes, here there are rank
two Drinfeld modules over F,[t] with no super-singular primes at all. At a
much simpler level, note that analogue of the Shafarevich finiteness theorem
that there are only a finitely many isomorphism classes of elliptic curves
over a number field with good reduction outside a finite set S of places is
also false, as the examples p; = t + oF + F?, with S containing 0o, show.
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Automorphic Forms for Siegel and Jacobi
Modular Groups

T.C. Vasudevan

1 Introduction

Our aim in this lecture is to give an exposition of the following celebrated
theorem of Siegel.

Theorem 1.1 Let h = 1("2_“1 + 2 and let fi, fa,... , fn be Siegel modular
forms of degree n and weights ki, k2, ... ,ky respectively. Then there ezists
an isobaric relation,

Vi gv2 | fVh
E:CVIVZ"'"hfl 2 h

not all of whose coefficients vanish, the summation extending over all inte-
gers v; > 0 with the property ELIV,-k,- = pkiks - - kn where p is an integer
depending only onn .

There is an analogue of the foregoing result of Siegel for Jacobi forms;
this is a recent theorem due to H. Klingen which states the following.

Theorem 1.2 Let h = ﬂ"—;—ll +n+ 2. Then any family of distinguished
Jacobi forms @y, 2, ... ,pn of weights ky,ky, ... satisfies an algebraic equa-
tion

A(p1,92,--- ,98) =0
which is an isobaic polynomial with res to ky,k2,... ,kn and of total degree
pkiky - - - ky, where the integer u depend only on n.

As consequences of Theorems 1.1 and 1.2 we have

Definition 1.3 Let
_f f=4% g,h-Siegel modular forms of equal weight and degree
Qn = nh#0

The elements of @, are called modular functions of degree n.

229
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Theorem 1.4 Let fi, fa,..., fs be s algebraically independent elements of
Qn where s = 3@—21"—‘1 Then any f € Q,, satisfies an algebraic equation of
the form P(f, f1,...,fs) = 0 of bounded degree with respect to f (bounded
in the sense that the degree of f over C(f1,...,fn) depends on the choice
of fis-- s fs )

The elements t,,... ,t, in a commutative ring containing C as a sub-
ring, are algebraically independent if the monomials [],,..t;"*,vi € N are
linearly independent over C . -

Theorem 1.5 The field Q,, is an algebraic function field of transcendence
degree -"—("2—“1 over C i.e., every modular function of degree n is a ratio-

nal funciton of 91"2—“-2 + 1 special modular functions. These functions are
algebraically dependent but every n(n + 1)/2 of them are independent.

The existence of @ algebraically independent modular functions
in @, has been established by C.L. Siegel, Sata.ke, Christian, Mumford,
Andreotti and Grauert.

Definition 1.6 A Jacobi function is a quotient of two Jacobi forms of equal
type.

Theorem 1.7 Assume that s = 1("2—*'11 + n. Asusme that f1,...,fs are
algebraically independent Jacobi functions. Then any Jacobi function is
algebraic over the field C(f1,... , fs) of bounded degree (bounded in the sense
that the degree of f over C(fy,... , fs) depends on the choice of f1,..., frn).

Theorem 1.8 (Klingen) There exist M+n Jacobi functions of degree
n which are algebraiclaly independent.

Remarks 1.9
1. @, is a rational function field generated by j = 17229 = g2 = 60G3,
A= 92 2793,93 = 140G3

Gr(z) = Z (mz +n)"%, (z=z+1y,y > 0).
(m,n)#(0,0)

G is the Eisenstein series of weight 2k given by

Gi(2) = 2¢(2k) +2 (2mi)** 1),Zm ~1(n)g" (g = exp 2miz).

2K —
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2. The field Q- is a rational function field generated over C by the alge-
braically independent Siegel modular functions

EEs EX ES
Ey ' Eip’ E%

3. However, Q,, is non rational if n > ¢ ([2]).

A basic tool to prove all these kinds of results is the so called Dimension
formula. In this lecture we aim at deriving the Dimension estimate for the
space of Siegel Modular Forms of degree n, the method is essentially due
to Hans Maass [3].

2 Siegel modular forms

The Siegel upper half plane degree n > 1 is the set of symmetric n x n
complex matrices having positive definite imaginary part:

Fa={Z=X+i¥ €e My(O;t Z=Z,Y > 0}.

Fn is a complex analytic manifold of dimension ﬁ("—;—ll The real symplectic

group Sp,,(R) acts on H,,: if M € Sp,(R), M = (é, g) then the map

Z—M<Z>=(AZ+B)(CZ+ D)™?
is an analytic automorphism of H,,. This action is also transitive, i.e.,
M <My <Z>>=MMy<Z>.
The group I'y, := Sp,(Z) is called the Siegel modular group of degree n.

Siegel has proved that there exists a fundamental (domain F,, for the action
of 'y, in H,. In fact

(i) Y is Minkowski reduced,

fn={ Z=X+iY e H,
(iii) If X = (zxe) then =1 <zg <1

(i) | det(CZ + D) |> 1, }

(Y is “Minkowski reduced” if Y = (y;;) then
(i) yn >0

(i) Y4120
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h

(iil) for1 SiSn,iff:( :
f'l

The set of Minkowski reduced matrices is a fundamental domain for the
action of n x n unimodular matrices on the space of n x n positive definite

real matrices. '
Let Z € H,, and let dZ = (dzk¢) denote the matrix of differentials. Then

) with (fi, fit1,-.. , fn) =1 then *fY f> yy).

dv = H (d:t:k[ dykl)/det Yn+1
1<k<t<n

is an Sp,, (R)-invariant volume element in ;.
Let M €', and

A B
J(M,Z) :=det(CZ + D), M = (C D> .
j(M, Z) satisfies,
j(Mle,Z) Zj(Ml,Mz <Z >)j(M2,Z)

for My, M3 € T,,. . '
Let k € Z. A Siegel modular form of degree n and weight k is a complex
valued function of defined on #,, satisfying the conditions:

(i) f is holomorphic.
(i) f(M < Z>)=3(M,Z)kf(Z) VM €T,.
(iii) f is bounded in the fundamental domain (for n = 1).

(according to M. Koecher, the last condition is automatically valid for
n>1).
Any such f has a Fourier expansion

£(2) =" a(T) exp(2nio(T Z))

T>0
where the summation is only over n-rowed semi integral T > 0(t; €
Z,2t;j € Z), and o(T Z) denotes the trace of the matrix TZ.
Facts.

(i) Every Siegel modular form is bounded in the Siegel’s fundamental
domain.
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(ii) Every Siegel modular form of negative weight vanishes identically.
(iii) Each Siegel modular f is identically zero if nk is odd.

(iv) Let M} denote the C-vector space of Siegel modular forms of degree
n and weight k. The dimension of MF is finite. In fact there exists a
constant d, depending on n such that

dim M,’: < dnk"(n+1)/2.

Examples: Siegel-Eigenstein series

Let k>n+1and Ex(Z2) = >¢c,p} 4et(CZ + D)~! where the summation
is over a complete set of representatives {C, D} of second rows of matrices
M = (4 B) € Ty, with respect to the equivalence relation (Cy, D;) ~ (C,D)
if and only if there exists a unimodular matrix U such that (Cy,Dy) =
U(C, D). The series converges uniformly and absolutely in #,,.

Theorem 2.1 (H. Maass) There ezists a constant d,, depending on n
such that

dim M¥ < d,kn(n+1)/2,
Proof We will first prove the following Lemmas.

Lemma 2.2 Let f € M¥ and let

£(2) =) a(T)exp(2 C i0(T2)).

T>0
Assume that a(T) = 0 for all T with o(T) < %22 where

Sn = sup a(Y™1).
ZEFnZ=X+iY

Then f =0.

Lemma 2.3 Let s, = sup o(Y~1). Then s, is finite and s; < --- < 3,,.
ZEF,

n

Definition 2.4 (The Siegel operator ¢) Let

£(2) =) a(T)exp2nioc(TZ) € ME.
T>0
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Let us write Z = (fg‘ 3\) with A > 0, and Z, € H,,_;. We define Siegel

operator ¢ as
o =tms (2 5).

We call f a cusp form if #(f) = 0. We note that ¢ is a linear mapping of
MFE of M}_, whose kernel is the space of cusp forms. For a cusp form I,
one has the Fourier expansion

£(2))_a(T) exp2nio(TZ).
T>0

Moreover, there exist constants C;(n),Cz(n) > 0 such that

det | f(Z) |< Cyexp(—Ca(detY)™),VZ € H,,.

Proof (of Lemma 2.2) We use induction on n. In the case n = 1, we
know that f vanishes identically for k¥ < 0 and that if £ > 0,k Z (mod 2).
Also, using the following the dimension formula for M} for k even,

k .
5]+1 ifk#2 (mod 12)
dim M = ]
(£]-1 if k=2 (mod 12)
we find that if a(t) = 0 for

[£]1+1 if k#2 (mod 12)
0<t< )
[%]—1 if k=2 (mod 12)
then f = 0. Now s, = = and [%] < % < Zk?sl' The lemma follows for
n=1.

Let us suppose that the lemma is true for (n — 1) instead of n. Let
f € MF satisfy the assumption in the lemma. Now

F18(21) = ao(Ty) exp2mio(T1Z,)
T, >0

is a modular form of degree (n — 1) for which a¢(T}) = 0 since o(T}) <
ﬁsn_l (We note that ao(T1) = a (Z; %) and s,—; < s,). By induction
hypothesis then f | ¢ = 0. f reduces to a cusp form. Let us now assume
that f(Z) = 3 1.00(T)exp2nic(TZ) € MF is a cusp form satisfying the
condition that ks,

a(T) =0 for all T with o(T) < e
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Let ¢(Z) = det Y 2 f(Z). It can be shown that 9(Z) is invariant under T',.
Also | ¥(Z) |— 0 as detY — oo. Then | ¥(Z) | takes its maximum at some
point Zo € F,,. Let M =| ¥(Z,) | and let Z = Zo +wE™ where w = £ +in
is to be chosen suitably later. Let ¢t = exp 2wiw,

9(t) = f(Z) exp(—iro(2))
where ) is so chosen that 22 =1+ [£%]. Now

9(t)=>_a(T) exp(2mic(T Zo))

T>0

—Za exp(2nio (T Zp)) exp(2mio(T)w) exp(—iro(Zy)) exp(—iAnw)
T>0

-Za exp(2mio(T Zo) — ida(Zo))to (1)~ (/27
T>0

If T is such that o(T) > &2 then

nA _ ks, nA ksn ksn
-_—— > — - —= —]-1>-1
o(T) 2T > 4 o1 4m >~

ie., o(T) - "" > 0 (since o(T') is an integer) .
Now we choose w = € + in such that n > —v where v > 0 and also such
that Z = Zo + wE™ € H,. Now

| t|=exp(—2mn) <exp2rv=p> 1.
In ||< p, g(t) is holomorphic and by the maximum modulus principle,

| 9() 2] 9(1) | -

But
| 9(t) |=| £(Z) | exp(Aa(Y))

where Y = Y, + nE(™).
| 9(t) | | $(Z) | det Y =*/? exp(Aa(Yo) + nAn)

M det Y*/2 exp(Ao(Yy) + nAn).

IN

On the other hand,

1g) | = | f(Zo) | exp(Aa(Y0))
= MdetYy *? exp(Aa(Y)).
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| 9(1) <] 9(t) | gives M < M exp(h(n)) where
k k
h(n) = dnn — 3 logdetY + 3 log det Y.

Also, 1 < p = exp(—2mn) implies that ex =1
, p2mp =21 <1(or)np=logl
0. Now h(0) = 0 and ’ o1 = 2 log A

hKO0) = - %a(YO_I) >ni— %sn

= 2n( /2\77:) - (ﬁ)sn)
= 2n(1+ 4] - kum) >
i.e., h(n) is an increasing function of 5. T i
7. Thus h(n) < 0 since n < 0. Thus
M < Mexph(n) < M and this is absurd. Thus f = 0.

Proof of Theorem 2.1 We use the fact that the number of T > 0 with
o(T) = m is at most (1 + m)™(dm + 1)*(*=1/2 < Cm *+1)/2 where C is a
constant depending on n along with Lemma 2.2. -

Rerlflark 2.5 Theorems 1.1, 1.4 and 1.5 follow from Theorem 2.1. For
detailed arguments, one can refer to the book of Hans Maass [3]. Theo-
rems 1.2, 1.7, 1.8 have been established by H. Klingen [1] (see page 3).

Acknowledgement I was introduced to Siegel Modular Forms in 1974
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mdebt.ed to Prof. M.S. Raghunathan for extending me this rare privilege
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Restriction Maps Between Cohomologies of
Locally Symmetric Varieties

T.N. Venkataramana

1 Introduction

A Theorem of Lefschetz on hyperplane sections says that if X is a smooth
projective variety then all the cohomology (with C-coefficients) of X in
degree less than the dimension of X restricts injectively to that of a hyper-
plane section Z of X.

There is a certain class of smooth projective varieties which are quotients
of Hermitian symmetric domains, whose fundamental group I" is arithmetic.
These varieties S(I') (we will loosely refer to them as Shimura varieties) have
a large number of correspondences. Suppose Z C S(T) is a subvariety of
such a Shimura variety; suppose that all the cohomology of S(I') in degrees
not exceeding the dimension of Z restricts injectively to that of Z, perhaps
after moving the cohomology classes by the correspondences mentioned
earlier. We will then say that Z satisfies a “weak Lefschetz Property”.

In this paper we will show (Theorem 3.4, Section 3) that if the Shimura
variety S(I') = T'\D, is a quotient of the unit ball D in C" by a cocom-
pact arithmetic subgroup I' of automorphisms of D, then every smooth
subvariety Z of S(T') satisfies the weak Lefschetz property. This proves a
conjecture of M. Harris and J-S. Li on the Lefschetz properties of subvari-
eties of Shimura varieties covered by the unit ball in C*.

We also obtain a criterion for (all the translates by correspondences of)
a cohomology class on a compact Shimura variety S(I') to vanish on a sub-
Shimura variety Su(I') (see Theorem 3.2, Section 3, for a more general
statement). The proof of the criterion (2) of Theorem 3.2 is based on (1)
of Theorem 3.2 (Section 3) which says essentially that if Sg(I') = S(I')
is a Shimura subvariety, and Y < X is the associated imbedding of the
compact duals Y and X of Sy(T') and S(T') respectively, then the cycle
class [Y] is contained in the G(Ay)-span of the cycle class [Sy(I)]. In
Theorem 3.2 (Section 3), we give a more general formulation. Here G is the
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reductive Q-group associated toeh Shimura variety S(I') and A; the ring
of finite adeles over Q.

The criterion of Theorem 3.3 can be used to prove nonvanishing of cup-
products of cohomology classes a,a’ of degrees m,m’ with m + m’ < n,
where S(I') = I'\D, and D is the unit ball in C* (see Theorem 3.4).

The details of the proofs will appear elsewhere. In the present paper,
we will give only a brief outline of the proofs . This paper is an expanded
version of a talk given by the author at the “International Conference on
“Cohomology of Arithmetic Groups, L-Functions and Automorphic Forms”
held at TIFR during December 28, 1998 - January 1, 1999.

2 Preliminary notation: definition of the
restriction map and of cycle classes

Notation 2.1 Let G be a semisimple algebraic group over Q. Write G as
an almost direct product of Q-simple groups G;(1 <i <r):

G=G1G2~--Gr.

Assume that G;(R) is noncompact for each i < r. Let As be the ring of
finite adeles over Q. Under the assumption on G;, the closure of G;(Q)
in Gi(Ay) is a non-discrete totally disconnected locally compact group.
Denote by G the closure of G(Q) in G(Ay).

Let K C G be a compact open subgroup. Then T dfn KNG(Q) c G(R)

is called a congruence arithmetic subgroup of G(Q). If K is small enough,
then I is torsion-free.

Notation 2.2 Let K., be a maximal compact subgroup of G(R). We will
make the simplifying assumption that G(R) is connected (then so is Ko,
because G(R) is a product of K, with a Euclidean space). Let gg, €& be the
Lie algebras of G(R) and K, respectively. With respect to the Killing form
on go, we have the orthogonal decomposition (the Cartan decomposition)

go = € @ po.

Form the quotient X = G(R)/K . There is a G(R)-invariant metric on X
which coincides with the Killing form on pg identified as the tangent space
to X at the identity coset eK,. If n = dimpy, then the connectedness
of K, implies that K, acts trivially on the nth exterior power A go of
g0. Thus K, preserves any orientation on gyp. Fix an orientation on gy.
Translating by G(R), we obtain a G(R)-invariant orientation on X.
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If I' C G(Q) is a torsion free congruence arithmetic subgroup, we then
obtain that S(I') = T'\ X is a manifold covered by X and is also orientable;
the orientation on X descends to one on S(I') (note that the same conclusion
holds even if only the image of I in the group G.q = G/centre is torsion-
free; we will use this remark later in Section (1.9)).

Definition 2.3 (The Compact Dual X ) Let g,& p be the complexifi-
cations go ® C,& ® C and gpp ® C respectively. One has the imbedding
go < g induced by the imbedding G(R) C G(C). Let g, < g be the real
subalgebra of g given by

Fu = E @ 10

and let G,, C G(C) be the (connected) subgroup with Lie algebra g,,. Then
G, is a maximal compact subgroup of G(C). Clearly G, O K. The
quotient X =G, /K is called the compact dual of the symmetric space
X = G(R)/Kw. The restriction of the negative of the Killing form on gy
to the tangent space ifo at the identity coset eK of X is a K-invariant
metric on X. Under this metric, X is a compact symmetric space.

As in Notation 2.2, we see that X is also orientable with an orientation
preserved by G,. Thus H "()’f ,C) is one dimensional. Let wg be a generator
of H"(X,C):

H™"(X,C) = Cwg.
Definition 2.4 (Harmonic Forms on X) Under the metric on X
defined in Definition 2.3, the space of Harmonic forms on X (by a The-
orem of Cartan) may be identified with

H*(X,C) = Homg_ (A p,C). (2.1)
In particular, H "()? ,C) = Homg, (7\ p,C).

Definition 2.5 (The Matsushima formula) Assume that the group G
is anisotropic over Q. If K C G(Ay) is small enough, then I' = K N G(Q)
is a torsion free cocompact subgroup of G(R). From now on, assume that
T is torsion-free.

In Notation 2.2 we defined a G(R)-invariant metric on X = G(R)/ K.
We thus get a metric on S(I') = I'\X. By the Matsushima-Kuga formula
([B-W], Chapter (VIII)) the space of harmonic forms on the compact man-
ifold S(T") under this metric may be identified with

H*(S(I"),C) = Homxk_ (A p,C®(T\G)R)((0)). (2.2)
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Here C*°(I'\G(R))(0) is the space of smooth functions in I'\G(R) killed by
the Casimir of g.

Taking direct limits on both sides of Equation (2.2) as I" vaires through
congruence arithmetic subgroups of G(Q) we obtain

lig H*(S(T'),C) = Hom., (Ap, C®(GQ\G(R) x G)(0).  (2.3)

Note that if I' C T is a congruence arithmetic subgroup of finite index
there is a natural covering map S(I'') = T"\X onto S(I') = I'\X whence
there is a natural injection (I',[")H*(S(I'),C) into H*(S(I''),C). Thus
in Equation (2.3), the direct limit is taken with respect to these injective
maps i(I',I'). Denote by C*°(G(Q)\G(R) x Gy) (or by C*) the space of
functions f on the product G(R) x Gy which are left invariant under the
action of G(Q), such that for y € Gy, the function z — f(z,y) is smooth
on G(R), and such that there exists a compact open subgroup K of Gy
such that for all z € G(R), all y € hy and all k € K, we have

f(z,yk) = f(=,y).

On C*(G(Q)\G(R) x Gy) the group Gy acts by right translations and the
Casimir of g also operates. In Equation (2.3), C*(G(Q)\G(R) x G£)(0) is
the space of functions in C* annihilated by the Casimir of g.

Definition 2.6 Define H*(Sh°G) = lim H*(S('),C). Note that Gy acts
by right translations on the right hand side of Equation (2.3). Moreover
Equations (2.1) and (2.3) show that by identifying C with the space of
constant functions on G(Q)\G(R) x Gy, we get an imbedding of algebras

H*(X,C) C H*(Sh°G).

From now on, we will always view elements of H '(),(\ ,C) as elements of the
direct limit

H*(Sh°G) = lim H*(S(T),©).

Recall that a complex vector space W on which G acts by linear trans-
formations is said to be smooth if for every vector w € W, the isotropy G,
of Gy at w, is open in Gy. The Gy-module W is admissible if for every
compact open subgroup K of Gy, the space WX of K-invariant vectors in
W is finite dimensional.
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Proposition 2.7 (Structure of H*(Sh°G) is a module over Gy))
(1) The Gy-module H*(Sh°G) is smooth and admissible.

(2) The Gy-module H*(Sh°G) is an algebraic direct sum irreducibel rep-
resentations 7y of G, each occurring with a finite multiplicity m(ny):

H*(Sh°G) = ®m(ny)r;.

(3) The space of G¢-invariants in H*(Sh°G) is precisely the cohomology
group H*(X,C) of the compact dual X.

(4) If K C Gy is a compact open subgroup such that T = K N G(Q) is
torsion-free, then the space of K -invariants in H*(Sh°G) is

H*(Sh°@)X = H*(S(I"),O).

Proposition 2.7 is essentially well known (see [C1], (3.15); there the
proposition is stated with G replaced by G(Ay) but the proof for Gy is
identical to that for G(Ay)).

Definition 2.8 (Submanifolds of S(I') and the Restriction map)

Assume that G/Q is anisotropic. Let I' be a torsion-free congruence
arithmetic subgroup of G(Q). Let K be the closure of I' in G(Q). By
Proposition 2.7, we have the inclusion

G*(X,0) = H*(Sh°G)%’ c H*(Sh°G)X = H*(S(T),C).

In particular, wg € H" (W, C) ¢ H*(S(T),C). Hence for every torsion-free
T, wg generates H*(S(T"), C).

Let M be a compact orientable manifold of dimension m < n. Let
Jj=3j(): M — S(T) be an immersion. Let M be a universal cover of M,
set A =m (% ). Thus A acts properly discontinuously on M and M is the
quotient of M by A. The map j induces a homomorphism j, : A = T of
fundamental groups. Given a congurence arithmetic subgroup I C T, let
A' = j7Y(T). Asin Definition 2.5, we have a direct system H*(A"\M, C) of
cohomology groups as I varies through congruence subgroups of I". Define

H*(S%,) = lim H*(A'\M, 0), (24)
where the limit is taken over all the subgroups IV C T'. Note that

H*(Sh°G) = lig H*(S(I"),C) (2.5)
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where again, the direct limit is over the congruence subgroups I' of T
The map j : M — S(I') induces an immersion j : M — X and hence
induces immersions j(I') : A’\M — IN\X = S(I"). Thus the system
{j(I') : T' C T} of maps induce a homomorphism

j* : H*(Sh°G) — H*(S%,)

on the direct limits. Now G acts on H*(Sh°G). For each g € Gy, consider
the composite
Jg =3"og:H*(Sh°G) = H*(S})-
We thus get a map
Res = [[4; : H*(Sh°G) » ] H*(S3)

9€Gy

We refer to this map [] j; as the restriction map from H*G to Sj;.

Definition 2.9 (The Cycle Classes [M] and [M]) Recall that M is an
orientable m-dimensional manifold and that it maps immersively into S(T).
If A, A’ are as in Definition 2.8, then we get an isomorphism

H™(A\M,C) - H™(A'\M, C)
of one-dimensional spaces. Thus we get from Equation (2.4), that
H™(S3,) = limg H™(A'\M, C)
is one-dimensional.
Let wy; be a generator of H™(S3,) = H™(M,C). Now
Jj* :H™(S(T),C) » H™(M,C) = Cwyz .

Hence for all @ € H™(S(T'),C) we have j*(a) = A(a)wj;, where (o)
is a linear form on H™(S(T'),C). Since S(I') is a compact orientable
manifold, Poincaré duality implies that there exists a cohomology class
B € H™(S(I'),C) such that

aAfB = AMo)wg

where wg (as in Notation 2.2) generates H"(X,C). We will denote 4 by
[M] and refer to [M] as the cycle class associated to M. R
The map j : M — S(TI') also induces a homomorphism j* : H m(X ,Q —
H™(S(T'),C) - H™(M,C). Therefore we get a linear form A on H™(X,C)
defined by R A
7* (@) = Ma)wys for all o € H™(X,C).
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The orientability of X and Poincaré duality for H* ()? ) imply the existence
of a class # € H* ™(X) such that

anB = X(a)wc for all a € H"‘()?,C).

We denote the class 3 by [JTJ\ ] and will refer to [J/\J\ | as the dual cycle-class
associated to M. Note that

[M] € H™(S(T),C) C H»™(Sh°G)

and that .
[M] e H*™(X,C) Cc H* ™(Sh°G).

Definition 2.10 (The special cycles [Sy(T')]) Let H be a semisimple
algebraic group defined over Q such that (as in Notation 2.1) all its Q-
simple factors are non-compact at infinity. Let 7 : H = G be a morphism
of Q-algebraic groups with finite kernel.

We assume that the maximal compact subgroup K., of G(R) is so cho-
sen that H¥ = jz'(Jx) is a maximal compact subgroup of H(R), where
jr : HR) = G(R) is the map induced from j. Thus one may form
the symmetric space Y = H(R)/KX. We also assume that the Cartan
involution # on G(R) (whose fixed points are K,) is chosen so that if
ho = Lie(H) — go = Lie(G), then § leaves by stable. Thus we may write

ho =ho Nt & (h N po).

Clearly ho N & is the Lie algebra €9 of KX and the above decomposition
is a Cartan decomposition for q.

Thus the map jgr : H(R) — G(R) induces an immersion j (even an
imbedding) of Y into X. Let I' C G(Q) be a torsion-free congruence arith-
metic subgroup of G(Q). Now A = jg!(T') C H(R) may not be torsion-free;
however, the action of A on the symmetric space Y = H(R)/KH factors
through to the image A of A in H(R)/centre = H,4 and A is torsion-free.
Thus (see the end of Notation 2.2) Sy(T') = A\Y is still a manifold covered
by Y and jgr : H(R) - G(R) induces a map j = j(I') : Sg(I') = S(I) =
I'\X. Note that the map j(T) is an immersion.

From now on, we assume that H(R) is connected. Then by Notation 2.2,
Y has an H(R)-invariant orientation and Sg([') = A\Y is a manifold
covered by Y, with a natural orientation (see the end of Notation 2.2).
Applying Equation (2.5) of Definition 2.8 (replace G by H there), we see
that

H™(Sh°H) = lig H™(A'\Y, C) = Cwp
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where the direct limit is over all the congruence subgroups I'" of ' , A' =
i~ (I") and wy € H™(Y,C) is a generator. Herem = dim Y = dim(poNho)
and ¥V = H, /Kg, is the compact dual of Y ( and H, = Lie subgroup of
H(C) with Lie algebra & N ho @ i(po Nho) = by ) . Thus the cycle class
[SH(T)] may be defined, as in Definition 2.9 (with w37 replaced by wg).
Define the linear form Ao : H™(X, C) — C by the equation

7*(a@) = Mo(a)wy for all a € H™(X,C).

Here, ; Y = X is the imbedding induced by j, : H, - G, which in turn,
is induced by jc : H(C) - G(C), and 5* : H™(X,C) - H™(Y) = Cwy is
the pullback map. By Poincaré duality for H ’()’f ), there exists an element,
denoted [?], in H*=™(X) such that

a/\[?] = Mo(@)wg.

Lemma 2.11 Let [S”;(\I‘)] be the dual cycle class as in Definition 2.9.
Then o R
[Su(T)] =[Y].

The proof is immediate from the definitions (note: wy = wg, in Defini-
tion 2.9).

Definition 2.12 (Hermitian Symmetric Domains) In this section we
will assume that the group G/Q is such that X = G(R)/K is a Hermitian
symmetric domain. Thus the complex tangent space g at the identity coset
eK splits pt ® p~ where p* is the holomorphic (or antiholomorphic)
tangent space to X at eK,. The restriction of the Killing form & to gy,
defines an element of (sym?(gpg))* =. Hence the Killing form may also be
thought of as an element of (sym?p*)X=, where p* is the dual of p. Now
p C pT ®p~ and since the connected component Z of indentity of K, acts
by a nontrivial character of p7, it follows that sym?(p*)* has no invariants
under K, (Similarly sym?(p~)* has no K-invariants). Thus

K € [(p* ® p7)*]¥> = Homk,, (p* ® p~, 0).
Thus & defines an element of
Homg,, (A%p,C) = Homg (p* ® p~,C).

We denote this element by L.
The real dimension n of X is 2D, where D is the complex dimension
of the Hermitian symmetric domain X. Then LP defines a closed form of
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degree 2D on the compact dual X and generates H2P ()? , 9 =H "()? ,C).
Note that upto scalar multiples, L is the Kahler form on X associated to
the Kahlerian metric on X = G /K induced by «.

Definition 2.13 (Subvarieties of S(I')) Let X be a Hermitian symmet-
ric domain as in Definition 2.12. Let I' C G(Q) be torsion-free; assume that
G is anisotropic over Q. Then S(I') = I'\ X is known to be a smooth projec-
tive variety ([B-B]); moreover it is known that the G(R)-invariant metric
<,> on X defined to Notation 2.2 is Kahlerian and that the associated
(1,1)-form (the Kahler form) on S(I') is a multiple of L.

Let M be a smooth projective variety of (complex) dimension d (and
real dimension 2d) and let j = j(T') : M — S(I') be a morphism of pro-
jective varieties which is an immersion (as in Definition 2.8). Since L is
(proportional to) a Kahler form on S(I'), it follows ([G-H]) that its pullback
j*(L) to H?(M,C) is a Kahler form on M (with respect to the restriction
of <,> to M). Consequently

§*(LY) generates H*(M,C) =C. (2.6)

We take wy; (see Definition 2.9) to be j*(L%).

3 Statements of Theorems 3.2-3.6

Notation 3.1 Let G be a semisimple group defined and anisotropic over
Q, satisfying the hypotheses of Notation 2.1. Let g C G(Q) be a torsion-free
congruence arithmetic subgroup, let n = dim X, X = G(R)/K. Assume
that G(R) is connected. Let j : M — S(I') be an immersion, M an m-
dimensional orientable manifold as in Definition 2.8, and Res = [[j; :
HP(Sh°G) — H*(S%,) the restriction map as in Definition 2.8.

We have then

Theorem 3.2 (1) LetVr C H* ™(Sh°G) be the C-span of G ¢-translates
of the cycle class [M] € H* ™(S(I')) C H* ™(Sh°G). Then the
space of G ¢-invariants in Vr is spanned by the dual cycle class [M] €

~

H™(X).

(2) Let w € H*(Sh°G) be such that Res(w) = 0 (Res is the restriction
map defined in (1.7)). Then the following cup product (in H*(Sh°G))

—

vanishes : wA[M] =10 .
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Proof Since (by Proposition 2.7) H""™(Sh°G) is a (possibly infinite)
direct sum of irreducible Gs-modules, it follows that so is the submodule
Vr. Now Vr is a cyclic G j-module with a cyclic vector [M] € H*~™(S(T)).
Therefore the space of Gs-invariant linear forms on Vt is of dimension at
most one. The complete reducibility of Vr now shows that the space of
G g-invariants in Vr is also of dimension at most one. Write

VFIVFGIGBW

where W is a direct sum of non-trivial irreducible G j-modules occurring
in Vr: Denote temporarily by  the projection of [M] to VFG’ . Clearly 9
generates V! : V! = C.

~

If « € H™(X), then v — aAv defines a Gy-invariant linear form on
H"=™(S(T')) and hence on V¢. Since W has no G-invariant linear forms,
it follows that

aAv = aApr(v) for all a € H"‘()?)

where pr : Vi — Cn is the Gs-equivariant projection. In particular
aA[M] = aAy for all a € H™(X).
It follows from the definition of the cycle classes [M] and [I/M\ ], that
aAn = aA[M) = aA[M] for all o € H™(X).
By Poincaré duality for H '()? ), the cup-product pairing
H™(X) x H"™(X) - H"(X)

is nondegenerate, whence we get n = [JTJ\ ]. This gives (1) of Theorem 3.2.
Fix g € G4. Let K' C KNgKg~! be an open subgroup which is normal
in K. Write I' = K'NG(Q) C T, and let (in the notation of Definition 2.8)

A" = j71(I"). We get an immersion j(I") : A'\M — I"\ X = S(I"). Let
& = [A'\M] € H*™(S(T")) C H*™(Sh°G).
Write K as a disjoint (finite) union of cosets of
K':K=6K][ - J]6-K"

It can easily be proved that

> 6i(er) = r[M] = r[A\M] := & (3.1)

=1
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Suppose Res(w) = 0,w € H*(S(I')). Then in particular jz _,(w)) = 0.
By the Gysin exact sequence we get

0 gunér =0 (i=1,2,...,7)

ie., gwA8;(ér) =0, (1 =1,2,...,r). Taking the sum over all ¢, and using
Equation (3.1), we get

gwA[M] =0 for all g € Gy.
Therefore
wAg[M] =0 (3:2)

for all g € Gy. Now by using (1) of Theorem 3.2 and taking a suitable
linear combination of {g[M]; g € Gy} we obtain from Equation 3.2 that

wA[M] = 0.

This proves part (2) of Theorem 3.2.
a

Suppose now that H is a semi-simple algebraic group over Q such that
H(R) is connected, and such that H satisfies the hypotheses of Notation 2.1.
Let j : H = G be a morphism of Q-algebraic groups with finite kernel, so
that the conditions of Definition 2.10) hold. We have then the special cycles

j(0) : Su(T) = (D\Y - T\X = S(I)

as in Definition 2.10, and the map 7 : Y = X of compact duals of ¥ and
X respectively. We then have

Theorem 3.3 (1) Let Vi be the Gs-span of the cycle class &r = [Su(T)]
in H*~™(Sh°G). Then the space of G-invariants in Vr is spanned
by the dual cycle class [Y].

(2) If Res; H*(Sh°G) — []H®(Sh°H) is the restriction map, and
Res(w) = 0 then wA[Y] =0.

Proof Theorem 3.3 is immediate from Theorem 3.2 and Lemma 2.11.
n|

We will now assume that the symmetric space X = G(R)/K, is an ir-
reducible Hermitian Symmetric domain. Take for M a smooth projective
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variety of dimension d (of real dimension 2d), mapping immensively into
S(I) =T\X:

j =) : M - S(T).
Now Equation (2.6) of Definition 2.13 shows that the dual cycle class
[ITJ\ ]# 0. (We assume that S(I) is compact, as before).

Theorem 3.4 (1) Let X be an irreducible Hermitial symmetric domain
and j : M — S(T') an immersion of a smooth projective variety M.
Suppose [M] is a multiple of LP=4(D = dim(X)). Then the restric-
tion map

Res : H™(Sh°G) = [[ H™(S%)
9€Gy
is injective for all integers m < d = dim M (i.e., M satisfies the weak
Lefschetz property).

(2) Letj: M — S(I') be an timmersion, withd = D—1. Then M satisfies
the weak Lefschetz property. '

(3) Let X be the unit ball in CP and T C AutX = G a cocompact (con-
gruence) arithmetic subgroup. Let j : M — S(I') = T\X be an
immersion. Then M satisfies the weak Lefschetz property.

(4) Suppose that G(R) = SU(n, 1) (upto compact factors) and that H(R) =
SU(k,1)(k < n) upto compact factors with G, H Q-algebraic semisim-
ple groups. Suppose j : H — G is a morphism of algebraic groups,
such that j : Y — X is a holomorphic map of Hermitian symmetric
domains. Then for all m < k, the restriction map

Res : H™(Sh°G) —» [] H™(Sh°H)
9€Gy
18 injective.
(5) The same conclusion as that of (4) holds if (G, H) are, upto compact
factors, the groups (SO(n,2),S0(n — 1,2))

Remark Part (4) in Theorem 3.4 was conjectured by Harris and Li and
proved by them modulo a “base change conjecture” (see [H-L]) .

Proof 1. By the criterion (2) of Theorem 3.2, if m < d and w €
H™(Sh°G) is such that Res(w) = 0, then w/\[ﬁ ] = 0. By assumption
[M] = LP~4 (upto nonzero multiples). Therefore wALP~? = 0. How-
ever, L is (upto multiples) a Kahler class on the variety I'\X = S(I').
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Then Lefschetz’s hyperplane section Theorem says that w = 0 if
m < d. This proves (1).

2. If X is the unit ball in C, then X is the projective space PP(C) and
for any M as in (2) of Theorem 3.4, [M] € H¥P-4)(PP) = CLP-4.
Thus (1) of Theorem 3.4 applies (we are using here the fact that
HY%(PP(C)) = CLi (0<i < d)).

3. If X is irreducible, then H2(X,C) = C (as can be easily proved by

noting that Ko, acts irreducibly on p+). Therefore [M] € H2(X,C)
is a nonzero multiple of L. Now (1) applies.

4. Now (4) is a special case of (3), and (5) follows from (2).
a

Definition 3.5 (Cup Products) Assume G is as in Notation 3.1. We
consider the diagonal imbedding of G in G x G. Note that if N is a manifold
, and wp, wy are cohomology classes on N, then the restriction of w; ® ws
(a class on N x N) to the diagonal N is the cup-product w;Aws on N. We
view the compact dual X as being imbedded diagonally XxX , and denote
by [A(X)] the dual-eycle class in

H™(X x X) c H(Sh°G x Sh°G)
(where n = dim X ).

Theorem 3.6 (1) Let wy,ws € H*(Sh°G) be such that gw;Aw, = 0 for
allg € Gy. Then

~

(w1 ® w)A(A[X]) = 0.

(2) Let X be the unit ball in CP and w; € H™(Sh°G), w, € H™ (Sh°G),
with w; # 0,wy # 0 and m+m' < D. Then there ezists g € G5 such
that

gwi; Awy # 0.

Proof (1) is immediate from (2) of Theorem 3.2.
To prove (2) we use (1) of Theorem 3.6. In the case when X is the unit

ball in CP, we have X = PP(C). Therefore there exist complex numbers
¢y, C1,-..,cp such that

AX)] =col®LP + L@ LP' 4+ ...+ CpLP ®1 (3.3)
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(because the cohomology of PP is generated by L). Suppose w;,w; are as
in (2) of Theorem 3.6, with gw,Aw; = 0 for all g € G4. Then by (1) of
Theorem 3.6, we get

(w @w)AAX] =0. (3.4)

Use equations (3.3) and (3.4) and compute the Kunneth components of
both sides of (3.4):

(i AL*) @ (weALP™%Y =0 V k< D. (3.5)

In particular, we may take k = D~m in Equation (3.5). Then D—k =m <
D — m/ by assumption. By Lefschetz’s Theorem on hyperplane sections,

wi ALP~% £ 0 and waALP~™ #0.
This contradicts Equation 3.5. Hence Theorem 3.6 follows.

We will now assume that I' C SU(D, 1) is a (torsion-free) congruence
arithmetic subgroup with compact quotient. Thus S(I') = '\ X (X = unit
ball in CP) is compact. Assume that H'(S(I')) # 0 (by a Theorem of
Kazhdan (see [K]) there exist (many) arithmetic subgroups of SU(D,1)
with this property). Let M be a smooth projective variety of dimension
d(< D) ,and j: M — S(I') a morphism of varieties which is an immersion.

Theorem 3.7 With the foregoing hypotheses, there exists a finite covering
M' of M such that the Hodge components

HP(M') #0

for all p,q < dim M =d.

Proof By Hodge symmetry, we may assume that p+ ¢ < d. Fix p,q.
It is enough to produce a finite cover M’ such that HP7(M') # 0. Now
HY(S(I)) # 0 by hypothesis. Then (2) of Theorem 3.6 ensures that there
exists a finite cover S(I') = I'"\ X such that

HP9(S(I)) #0.

Indeed, let w; € HVO(S(T)),w, € H®1(S(T)), with w; # 0,ws # 0. then
by (2) of Theorem 3.6, 3g1,--- ,9p € Gy and hy,--- ,hq € Gy such that

(HPY(S(I)DgrwiA - - - Agpwi AhywaA - - - hqwa # 0.
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Since p+ ¢ < dim M = d, (3) of Theorem 3.4 ensures that

Res : HPY(Sh°G) — H HP(S}y)

9€Gy

is injective. Now (1) and (2) prove that HP9(M') # 0 for some suitable
M'.
0

References

(B-B] W. Baily and A. Borel, Compactifications of Arithmetic Quotients of
Bounded Symmetric Domains , Ann. of Math. 64 (1966), 442-528.

[B-W] A. Borel and N. Wallach, Continuous Cohomology, Discrete Sub-
groups and Representations of Reductive Groups, Ann. of Math. Stud-
ies 94 (1980), Princeton University Press.

[C] L. Clozel, Motifs et Formes Automorphes in Automorphic forms and
Shimura Varieties, Ann Arbor, 1, Perspectives in Math. 10 (1990).

(H-L] M. Harris and J-S. Li, Lefschetz properties for subvarieties of Shimura
Varieties, J. of Algebraic Geometry, 1998.

[K] D. Kazhdan, Some applications of the Weil Representation, J. Analyse
Math. 32 (1977), 235-248.

SCHOOL OF MATHEMATICS, TATA INSTITUTE OF FUNDAMENTAL
RESEARCH, HoMI BHABHA RoADp, MuMBAI 400 005, INDIA
E-mail: venky@math.tifr.res.in



