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unit | Introduction

]

This unit deals with the role of statistics in the data analysis process.
Concepts that are basic to the study of statistics are discussed.

After completion of this unit you will be able to:

recognise the role of statistics in life

understand the language of statistics

select suitable measuring scales for different types of data
understand the role of computers in statistics.

We live in an era where we are faced with increasing amounts of information, also
referred to as data. Every time you read a magazine or newspaper, listen to a news
bulletin or advertisement, you see statistics. People quote numbers or statistics to
support whatever it is they wish you to believe. Therefore, to perform many tasks
efficiently in today's world, you need to have a basic understanding of statistical
methods.

By itself, data cannot tell you much. When collected and used properly, data and the
statistics calculated from them can help you to understand situations in order to
evaluate your options and make informed decisions.

To be an informed consumer of information, you must be able to:
® extract information from tables and graphs
* follow numerical arguments
* understand the basics of how data should be gathered, summarised and analysed

to draw statistical conclusions.

1.1 Problem-solving steps

1. Understand the problem or question you hope to answer.

2. Identify an appropriate data source and decide how to measure it. The researcher
must decide whether an existing data source is adequate or whether new data must
be collected.

3. Determine if you will use an entire population or a representative sample. If using

a sample, decide on a viable sampling method.

Collect the information needed to answer the problem.

5. Organise and summarise the information. Tables, graphs and numerical summaries
allow increased understanding and provide an effective way to present data. This

-
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initial analysis provides insight into important characteristics of the data and gives
guidance in selecting appropriate methods for further analysis.
6. Analyse the data in order to draw conclusions, make recommendations and assess
the risk of an incorrect decision. This usually involves generalising from a small
group or sample of individuals or objects that we have studied to a much larger
group or population.
Communicate the results.

=1

Example 1.1

Little information exists on the effects that antihypertensive drugs have on patients who
have heart disease and normal blood pressure. Blood pressure is the force of blood
against the arteries and is presented as two numbers: the systolic pressure (as the heart
beats) over the diastolic pressure (as the heart relaxes between beats). A blood pressure
measurement of 120/80 mm Hg (millimetres of mercury) is normal. Hypertension or
high blood pressure exists in individuals with a systolic blood pressure above 160 mm Hg
or a diastolic blood pressure above 100mm Hg. The researchers wanted to determine the
effectivenessofanantihypertensive drug(10mgamlodipine)on preventing cardiovascular

events such as congestive heart failure, stroke, or other heart-related problems.
(Gource; Journal of the American Medical Associalion, Vol. 292, No. 18],

1. Identify the problem,
To determine the effectiveness of the drug on preventing cardiovascular events in
patients who have heart disease and normal blood pressure,

2. Collect the information needed to answer the question.
Theresearchers divided 1317 patientswith heart disease and diastolic blood pressure
less than 100mm Hg into two groups. Group 1 had 663 patients and group 2 had 654
patients. The patients in group 1 received 10 mg daily of the antihypertensive drug.
The patients in group 2 received a placebo. A placebo is an innocuous drug such
as a sugar tablet. Group 1 is called the experimental group and group 2 the control
group. Neither the doctor administering the drug nor the patient knew whether he
or she was in the experimental or control group. After 24 months of treatment, each
patient's blood pressure was recorded. In addition, the number of patients in each
group who experienced a cardiovascular event was counted.

3. Organise and summarise the information.
Before administering any drugs, it was determined that both groups had similar
blood pressure. After the 24-month period ended, the experimental group's blood
pressure decreased by 4.8/2.5 mm Hg, whereas the control group’s blood pressure
increased 0.7/0.6 mm Hg. In addition, 16.6% of patients in the experimental group
experienced a cardiovascular event, while 23.1% of patients in the control group
experienced a cardiovascular event,

4. Draw conclusions from the data.
You can extend the results from the sample of 1317 patients to all individuals who
have heart disease and normal blood pressure. That is, the antihypertensive drug
appears to decrease blood pressure and seems effective in reducing the likelihood
of experiencing a cardiovascular event such as a stroke.
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Key componenis of statistical thinking:

» use data whenever possible to guide the analysis

# ook for connections and relationships

o understand why data values differ from one another.

1.2 Definition

Statistics is the scientific discipline that provides methods to help us make sense of
data by:

& collecting data in a methodical way

* organising and summarising data using tables, numbers and graphs

* analysing data to draw conclusions or to answer questions,

The field of statistics can be subdivided into descriptive statistics and inferential
statistics.

Descriptive statistics includes the collection and summarising of data to give an overview
of the information collected.

Inferential statistics is the process of making an estimate, prediction or decision about a
population based on sample data. Because a population is almost always very large, a sample
is drawn from the population of interest and summarised using descriptive techniques. These
results are then used to make decisions about the population. Such conclusions are not always
going to be correct and it is therefore necessary to measure the reliability using the confidence
level and the significance level. The confidence level measures the proportion of times that an
estimating procedure will be correct over the long run. When the purpose of statistical inference
is to draw conclusions about the population, the significance level measures how frequently
the conclusion will be wrong. A 2% significance level means that in the long run, this type of
conclusion will be wrong 2% of the time.

1.3 The language of statistics

An investigation or experiment is any process of observation or measurement.
Elements are the people or objects about which information is collected.

A population is a complete collection of elements you wish to study. If the population
contains a countable number of items, it is said to be finite, and when the number of
items is unlimited, it is said to be infinite. A study of the entire population is known as
a census. A parameter is a numerical measure that describes the population. It is
calculated using all the data of the population, such as an average. [tis usuvally indicated
by a letter from the Greek alphabet (e.g. ., o, 7).

A sample is a portion of data drawn from the population. The sample must be
representative of the population. A statistic is a numerical measure that describes a
sample. It is usually indicated by a letter from the Roman alphabet {e.g. &, 5, 1, p).

A variable is a characteristic of interest about each element of a population or
sample. It is the topic about which data are collected, such as the age of the first year
students at the university or the weight of each first vear student. Not all students have
the same age or weigh the same; this will vary from student to student. That means
there is a variation in the weights or ages, If there were no variability in the weights or
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ages, statistical inference would not be necessary, The observed values of the variable
are the data we will use in a statistical investigation.
Variables can be classified as quantitative or qualitative.

Quantitative variables provide numerical measurements of the elements of the
study. Arithmetic operations such as addition and subtraction can be performed on
the values of the variable,

Qualitative or categorical variables provide information that is non-numerical,
like marital status, type of job, gender, etc. Qualitative information can sometimes be
coded to make it appear quantitative but will have no meaning on a number line.

We can further classify quantitative variables as discrete or continuous.

Discrete variables are countable and can assume a countable number of values,
such as the number of potatoes on the plant. Fractional values can also oceur, but must
have distance between them, for example interest rates and stock prices.

If you measure to get the value of the variable, it is confinuous. It has an infinite
number of possible values that are not countable. For example weight, length, time
taken to complete a task, age, etc. can be measured to any desired accuracy or number
of decimal places within a given range,

Example 1.2

Distinguish between qualitative and quantitative variables:

1. Gender: it is a qualitative variable because it allows a researcher to categorise the
individual as male or female. No arithmetic operations can be performed with this
data.

2. Temperature: it Is a quantitative variable because it is numeric and arithmetic
operations such as addition and subtraction provide meaningiul results,

3. Postal code: it is qualitative because it indicates a location. Although the code s in
numbers, addition and subtraction of the codes does not provide meaningful results.

4. Number of drinks at a party for a couple of friends: it is quantitative because it
provides numbers which can be used in arithmetic operations.

Example 1.3

Distinguish between discrete and continuous variables:

1. The number of heads obtained after flipping a coin five times: discrete because we
can count the number of heads obtained.

2. The number of cars that arrive at the KFC drive-through between 10h00 and 12h00:
discrete because we can count the number of cars.

3. The distances different model cars with the same tank capacity can drive in city
driving conditions: continuous because we measure the distances.

4. Temperature: continuous because we measure temperature.

1.4 Measurement

Measurement is the process we use to assign numbers to the observations or elements
of a variable. The term number does not necessarily mean numbers that can be added,
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subtracted, multiplied or divided. Instead, it means that numbers are used as symbols
to represent certain characteristics like age, income, height of the object, person, etc.
For example, as a student your student number may identify vou.

There are four levels or scales of measurement, each with its own characteristic and
from the weakest to the strongest; they are nominal, ordinal, interval and ratio. The
analysis you carry out depends on the type of scale used to measure the characteristics
of the variable.

1.4.1 Nominal scale

This level, also known as a categorical level, applies to data that consist of names, labels
and categories in no specific order. Numbers or symbols are used 1o identify groups to
which various observations belong. For example in counting males and females, the
male group can be assigned the code 1 and the females the code 2. These nominally
scaled numbers serve only as a label for the group and the measurement consists of
placing the data in the correct group. No arithmetic operations can be performed by
such numbers other than counting the groups and the number of elements falling into
each group.

1.4.2 Ordinal scale

The categories into which objects are grouped are ranked in some order using numbers
or symbols. ltems can be classified not only as to whether they share some characteristic
with another item, but also whether they have more or less of this characteristic.
Differences between data values either cannot be determined or are meaningless, For
example, income levels such as low, medium or high. The permissible analysis methods
for ordinal data include techniques generally associated with the order of the
observations.

1.4.3 Interval scale

This scale applies to data that can be arranged in order, In addition, differences between
data values are meaningful but ratios of data are not. Temperature is a classic example
of an interval scale: the increase on the centigrade scales between 10 and 20 is the same
as the increase between 30 and 40. However, heat cannot be measured in absolute
terms (0°C does not mean no heat) and it is not possible to say that 40° is twice as hot
as 20° Interval-level data may not have an absolute zero starting point. This
sometimes causes difficulties in interpreting the interval-scale data. Arithmetic
operations can be performed on the difference between numbers, not the numbers
themselves.

The following are examples of data at the interval level of measurement:

calendar dates

time

shoe sizes

Celsius-scale temperatures.
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1.4.4 Ratio scale

The ratio level of measurement applies to data that can be arranged in order. Both
differences between data values and ratios of data values are meaningful because a
true zero exists. Arithmetic operations can be performed on the numeric values
themselves. Money is an example of the ratio scale of measurement: the zero point is
meaningful - that is, at zero you have none; and R10 is twice as much as R5.

Activity 1.1

Categorise these measurements relating to fishing according to level:
species of fish in the Vaal dam

cost of rod and reel

time of return home

rating of fishing area: poor, [air, good

number of fish caught

temperature of water,

U

1.5 Role of the computer in statistics

In all aspects of business life we are likely to encounter increasing quantities of data.
Computers and new information technologies literally put data at our fingertips; for
example stock levels in a warehouse some distance away, or share prices in Japan can
be known in minutes,

The Internet can provide access to data across continents at low costs. The challenge
is to organise and analyse this information, in such a way that managers can make
sense of it by making use of statistical and quantitative techniques. Facilities like
spreadsheets or statistical and mathematical software packages make such analysis
readily available to everyone: The use of such computer software assumes that you are
able to interpret the output that can be generated, not only in a strictly quantitative
way, but also in terms of assessing its potential to help in business decision making,

Computers also provide the opportunity to experiment with and explore data in
ways that would not otherwise be possible,

A computer may be efficiently used in any processing operation that has one or
more of the following characteristics:

large volume of input

s repetition of projects

# desired greater speed in processing
®  greater accuracy

]

processing complexities that require electronic help.

It can help you develop your ideas about how to organise the information by using a
‘try and refine’ approach, which can take too long to carry out manually.
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TEST YOURSELF 1

1.

4,

A survey of 100 people is conducted and all are asked questions relating to the
following characteristics:

& marital status

e salary

® opccupation

* number of hours of television they watch per week.

What type of data and measurement scales are applicable?

Human beings have one of four blood types: A, B, AB or O, What type of data do you
receive when you are told your blood type?

The personnel manager of a business is studying employee morale and uses a
gquestionnaire to collect data. A typical question on the questionnaire: ‘1 feel that |
am performing a valuable service for society when [ do my job well.! Circle the letter
that most closely represents your agreement with the statement;

Strongly agree Agree Undecided Disagree Strongly disagree

A B (M ] E

For the data generated by this question state:

a) the elements to be observed

b) the variable being measured

c) whether the data are quantitative or qualitative

d) the measurement scale that should be used to record the variable.

® “Every week a clerk in a hypermarket records the number of transactions that
occurred that week at each of the checkour tills”

® “Once an hour a random sample of 100 battery chargers is selected from an
assembly line and the number of defective chargers is recorded.”

For the above two statements:

a) What elements are being observed?

b) Define the variable.

c) What type of data is being used?

d) What is the measurement scale of each data set?

Say whether each of the following variables is quantitative or qualitative and

indicate the measurement scale that is appropriate for each:

a) Age of a respondent to a consumer survey.,

b) Sex of respondent to a consumer survey.

c) Thickness of the gelatine coating of a vitamin E capsule.

d) Make of motorcar owned by a sample of 50 drivers.

e) Percentage of people in favour of the death penalty in each of the provinces.

) Concentration of a contaminant (microgram per cubic centimetre) in a water
sample.

g) The amount by which a 1 kg package of beef mince decreases in weight because
of moisture lost before purchase.

h) The length of a 1-year-old rattlesnake.
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10,

11.

Based on a study of 2 050 children between the ages of two and four, researchers

concluded that there was an association between iron deficiency and the length of

time that a child is bottle-fed. Describe the sample and the population of interest

for this study. Define the variables and type of data that were used.

The leader ol a rural community is interested in the proportion of property owners

who support the construction of a sewer system. Because it is too difficult to reach

all 7 000 property owners, a survey of 500 owners, selected at random, is undertaken.

Describe the population and sample for this problem. Define the variable of interest

and type of data that will be needed.

The smudent council at a university with 10 000 students is interested in the

proportion of students who favour a change in the grading system. Two hundred

students are interviewed to determine their attitude toward this proposed change.

What is the population of interest? What group of students constitutes the sample

in this problem?

All South Africans are involved in at least one form of gardening, This result shows

that gardening is the number one leisure activity, Classify this study as either

descriptive or inferential.

A random sample of 200 academic staff members was taken at a university. Each

was asked the following questions:

¢  What is your rank (lecturer, senior lecturer, professor)?

®  What is your annual salary?

* Inwhich faculty {Business, Engineering, Arts) are you employed?

s How many years have you been employed?

Identify the type of data as quantitative or gualitative. If quantitative, classify it as

either discrete or continuous, Indicate the measurement scale in each category.

For each of the following examples, determine the type of data and measurement

scale:

a) the month of highest sales for each supermarket in a sample

b} the weekly closing price of gold throughout the year

¢} country of origin

d) a taste tester's ranking (best, worst, etc.) of four brands of tomato sauce for a
panel of 10 testers

e) the size of soft drink {small, medium, large) ordered by a sample of Big Burger
customers

f] the marks achieved by the students in a statistics exam in which there were 5
questions, each worth 10 marks

g) the letter grades received by students in a statistics course (A, B, C, I, E}

h) do vou have season tickets for Ellis Park?

i] would vou rate the Lotto Show as excellent, good, fair or poor?

jl the length of service for several members of a hospital staff: Sara - 10 years;
Rob - 20 years; Grace - 25 years; and Alfonds - 30 years

k) the number on a rugby player’s jersey

[} grams of carbohydrates in a doughnut

m) number of unpopped kernels in a bag of microwave popcorn

n} volume of water lost each day through a leaky faucet.

10



12.

13.

14.

15.

Imtroduction

For each of the following case studies, identify the sample and population:

a) An allergy institution contacted 2 079 teenagers who are between 13 and 17
years old and live in South Africa and asked whether or not they used prescribed
medications for any mental disorders such as depression or anxiety,

b) A farmer wanted to study the weight of his soybean crop. He randomly picked
100 plants and weighted the soybeans on each plant.

c) A quality control manager randomly selects 50 bottles of Coca Cola that were
filled on a specific day to assess the calibration of the filling machine.

Chemical and manufacturing plants sometimes discharge toxic-waste materials

into nearby rivers and streams. These toxins can adversely affect the plants and

animals inhabiting the river and river banks. Researchers conducted a study of fish
in the rivers in the Gauteng area. A total of 124 fish were captured, and the following
variables were measured for each:

river where each fish was captured

species

length (cm)

weight (g)

concentration of toxins.

Classify each variable as quantitative or qualitative. If quantitative, also indicate

whether it is discrete or continuous. Indicate the measurement scale of each

category.

A Mail & Guardian poll of a sample of South Africans revealed that "85% of those

surveyed would choose organically grown produce over produce grown using

chemical fertilisers, pesticides, and herbicides”. Is the statement an inferential or
descriptive statement? Explain your answer,

The owner of a large fleet of taxis is busy with his budget for next year's operations. A

major cost is petrol. To estimate the petrol costs, he needs the total distance his taxis

will travel next year, the average cost of petrol and the average petrol consumption
of his taxis. The first two figures are provided to the owner, but to obtain the last
one, he selected 50 of his taxis and measured the consumption of each:

a) What is the population of interest?

b} What is the parameter the owner needs?

¢} What is the sample?

d) What are the statistics?

. & 8 @

11



unit | Collection of data

2

This unit deals with how and where to obtain data that can be used to make
informed decisions. The quality of the final product depends on the quality
of the raw material used. Researchers have adopted the acronym GIGO -
garbage in, garbage out.

After completion of this unit you will be able to

distinguish between primary and secondary data sources
EXamine various sources of primary data

obtain an appreciation for the art of guestionnaire design
distinguish between probability and non-probability samples
obtain the knowledge of conducting a sample

distinguish between different methods of data collection.

» F B 8 B @

To be effective, data needs to meet the following criteria:

® Data must be available when needed.

# Data should be relevant and useful in making decisions.

® Data must reflect the actual situation. Sufficient checks need to be built in to ensure
that errors or deliberate malpractices do not go undetected.

# Data must be auditable. This means that the data can be checked for validity
and accuracy once it has been processed, so that any error can be identified and
traced.

® Data must be complete. This means that enough data is available to enable you to
make decisions about the resulting information.

e [t is important to identify the relevant population to find yvour data, because
collecting unnecessary data is time-consuming and costly.

2.1 Sources of data: where to get the data

A statistical study may require the collection of new data from scratch, referred to as
primary data, or be able to use already existing data, known as secondary data. [t is also
possible to use a combination of both sources.

Secondary data is already available in processed form, such as a database, or record
keeping within your company that has been collected for some other purpose than we
intend to use it for. It is usually available at low cost but you need to be sure that you are
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not using unsuitable figures just because they are easily available. Secondary data can
be obtained internally or externally.

Internal data comes from within the organisation for its own use, for example from
accounting records, payrolls, inventories, sales records, eic.

External data are collected from sources outside the organisation, such as trade
publications, the consumer price indexes, newspapers, libraries, universities, official
statistics supplied by the Department of Statistics and other government departments,
the NIELSEN report on shopping behaviour, stock exchange reports, databases of the
Department of Statistics, data on the unemployment rate supplied by the Department
of Labour, or data on HIV/AIDS provided by the Department of Health or websites on
the Internet.

Primary data is information collected by those wishing to collect their own data.
The distinguishing feature of this data is that it will be both reliable and relevant to your
purpose. As a result, primary data can take a long time to collect and be expensive.
Sources of primary data include observation, group discussions and the use of
gquestionnaires under controlled conditions.

2.2 Primary data sources

You can obtain primary data by:

# conducting an investigation or experiment
* observation

& conducting surveys using questions.

2.2.1 Conducting an experiment

In conducting an experiment, you deliberately impose some treatment on individuals
or objects in order to observe the responses. The purpose of an experiment is to study
whether the treatment causes a change in the response.

Example 2.1

To determine if there is any relationship between the hours of TV viewing and the
channel someone views, we selected a random sample of students and told each one of
them which TV channel they must watch over the weekend. Each student recorded the
number of hours they watched TV.

——rm—a o

2.2.2 Observations

In an observational survey, collecting data relies on watching or listening, and then
counting or measuring events as they happen without anything being done 1o the
individuals or objects. Draw up an observation sheet and keep count of the ohservations
using a tally table. We keep count by using straight lines for each item we count (11/]).
The fifth line is a line across the first four lines so that we can count in multiples of five
(+H1). The variables of interest are not controlled,

13
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Example 2.2

The Metro Police wanted to determine whether motorists using a certain road wear
seatbelts. They observed if the driver used a seatbelt as the cars passed by and counted
how many wore seatbelts and how many did not.

The number of motorists wearing seatbelts between 7 am and 8 am on 27 February 2008 f
Wearing seatbelts SHe e R 22
Mot wearing seathelts ribe beit 4 15
Total number of motorists K14

2.2.3 Survey by means of asking questions

In this type of survey, you need to decide what questions will be asked and how these
questions will be put to the people. Design a list of questions, known as a questionnaire,
to make sure that the same questions are asked in the same way. Record the answers in
written form. These answers form the basis of your statistical analysis.

Some of the most commonly used methods to collect data when conducting a
survey using a well-designed questionnaire are:
e the telephone interview
® the mail questionnaire
& the personal interview.

Telephone interviews involve the presentation of the questionnaire by telephone.
Telephone surveys are less costly than personal interviews and we can conduct them
over wider geographical areas. Another advantage is that you can do more interviews
in a given period.

First, select a random sample, then make use of professional telephone operators to
dial the numbers of the sample, and asked predetermined questions. People are more
open in their opinions as there is no face-to-face contact. One of the major drawbacks
is that some people in the sample will not have phones or will not be home when you
call them.

In the mail questionnaire survey, respondents are asked to complete and return a
questionnaire, which they receive in the mail, newspaper, magazine or attached to a
product. Use this method to cover a wider geographical area rather than telephone or
personal interviews since it is the least expensive. In the same amount of time, a larger
sample can be reached. Respondents can remain anonymous if they desire and will
therefore be more open and honest in their opinion. Disadvantages of this method
include the low response rate, inappropriate answers to questions and illiteracy of
some people included in the sample.

During a personal interview, the data is obtained verbally and face to face.
Interviewers select candidates in a random way from appropriate places such as the
university campus or shopping centres. They can select their sample from a certain age
group or from people buying groceries. This method is popular with companies
conducting market research about certain products. The interviewer must tell the

14
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respondent beforehand how long the interview will take, otherwise the randomly
selected respondent will try to avoid the interview. Interviewers must be trained to ask
questions and record responses, which make this method more costly and time
consuming. An advantage of this method is that you can obtain in-depth responses
from respondents, not only by listening to the answer but also by interpreting their
body language. The interviewer can clarify difficult questions and show visual displays
or products to the respondent to provide better communication and motivation to
participate in the survey.

Activity 2.1

Rate the survey methods as either 1 - most appropriate; 2 - less appropriate; 3 - least
appropriate, under the following circumstances:

Telephone interview | Personal interview | Mail questionnaire

Large geographical area

amall sample
Difficult questions

Eeeping the cost low

Body language
If speed is a factor

Response rate

Iiteracy

Training of interviewers
Confidentiality

Market research for a product

2.3 Questionnaire design

The basis of statistical analysis will be the data obtained in response to questions. You now
need to decide on the questions that will be used, and how these questions will be asked.
To be successful, a questionnaire needs both a logical structure and well thought-
out questions. The structure of the questionnaire should ensure that there is a flow
from guestion to question. Any radical jumps between topics will tend to disorientate
the respondent and will influence the answers given.
A questionnaire can be divided into different parts:
® Administrative part: date, name, address, etc.
& (lassification part: race, sex, age, marital status, occupation, etc,
® Subject matter of inquiry (questions)

15
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2.3.1 Dbjectives of a question

FI

To find out if the respondent is aware of the issue, for example Do you know of any
plans to build a highway through the Kruger National Park?"

Yos Mo

To get general feelings on an issue, such as “Do vou think the highway should be
built?”

In constructing such a question, you can ask the respondent to provide an answer
on a rating scale such as:

Strongly agree Agres Uncertain Disagres Strongly disagree

To indicate feeling you can also use symbols.

Yes Mot sure o
= = &

To get answers on specific parts of the issue, for example “Do you think a highway
will affect the local environment?”

&g Mo

To get reasons for a respondent’s view, for example "If against, is it because
the highway will spoil the nature
the highway will disturb the animals

there is an adequate main road already
other?”

Alternatively, you can use an open-ended question to get reasons, for example
“Why are you against building the highway?”
To find how strongly these views are held.

Which of the following will vou do to support your view?
*  Wrile to the Director of the National Parks Board.

& Sign a petition.

# Write to a national newspaper.

¢ Disrupt the construction work.

How important is the conservation of wildlife 1o you?
Rate your answer: should be done at any cost is 1 and of no importance is 4.

1 21 3 | 4

Question wording

When formulating the question, make every effort to ensure that the wording meets

the following criteria:

& ‘The question should be clear to the respondent and not open to misinterpre-
tation. Use terms or vocabulary that the respondent understands. If vou want
to know the respondent’s name, specily if it is his or her first name, name and
surname, initials and surname, or just a nickname.

16
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(Questions should be short, simple and to the point.

Do not ask too many questions or questions that are too long, because few
respondents will be prepared to spend much time answering the questions.
Questions should not require any calculations.

Questions should not lead the respondent. A biased or leading question will
bias the answer given - 'hias’ means to cause an imbalance.

(Juestions should not be phrased emotively. Place questions that may evoke an
emotional response near the end of the questionnaire, since they may influence
responses that will follow.

Questions should not be offensive or embarrass the respondent.

Wherever possible, a choice of answers should be given (closed questions).
When this is not possible, adequate spaces should be given for answers.
Confidentiality should be assured.

2.3.2 Types of questions we can ask

1.

Closed questions give the respondent a series of possible answers from which one
must be chosen. This approach makes it easy to record the required information
and reduces interviewer's bias,

2. Open-ended questions will allow respondents to give their own opinion in their
own words and to express any thoughts that they feel are appropriate to the
question. As a result, depending on the nature of the question and the interest of
the respondent, the answer may vary a great deal in length and detail.

Activity 2.2

Identify whether the following are open-ended or closed questions:
How do you feel about violence in your neighbourhood?

Do you regularly watch soccer on TV? Yes or no

How often do you watch socecer on TVY

1.
2.
3.

||

Mever

sometimes, but not every week
one game every week

two or more games per week.

What will you do to improve attendance at your school’s sporting events?
How reliable is your calculator?

How would you rate the reliability of your calculator?

Superior: Verygood: Good: Poor:

2.4 Selecting a sample

We can perform any method we choose to collect the data on either a population or a
sample.

If we collect data on all the elements of the population, we call it a census. The

MNational Census is conducted when each household in South Africa receives a census
form to complete, containing information about everybody in that household. If a study

17
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concerns your company, the population will consist of all the employees of your
COIMpAany.

A sample is taken from a sampling frame which is a complete list of people or ohjects
the population consists of.

2.4.1 Advantages of sampling

1. Costs are reduced.

2. Collection time is reduced.

3. Overall accuracy is improved.

4. For several types of populations, sampling is the only method of data coellection.
For example, infinite populations, or testing procedures that entail the destruction
of the item being tested, such as tests determining the life of a light bulb or the
length of time a match will burn.

By studying the behaviour of a sample, we can get a good idea of the behaviour of the

population from which the sample was drawn. If you summarise and evaluate the

sample data you can estimate and draw conclusions about the population parameters
based on the sample results or statistics.

Sampling is justified only if the sample is representative of the population and valid
inferences about the population can be drawn from the sample. To ensure these two
conditions, sampling must be based on two general laws:

1. The Law of Statistical Regularity holds that a reasonable large number of
items selected at random from a large group of items will, on the average, have
characteristics representative of the population. It is important that the selection of
the sample is random so that every item in the population has an equal chance of
selection. The size of the sample should be large enough to minimise the influence
of abnormal items on the average.

2. The Law of Inertia of Large Numbers holds that large groups of data show more
stability than small ones.

2.4.2 Sampling error

We cannot expect that the sample results will be the same as the population results (if
known). This difference between the sample statistic and the actual population
parameter is known as sampling error. The smaller the sampling error, the more
accurate the estimate for the population parameter.

Factors that have an influence on the sampling error:

1. Thesample size: the larger the sample, the more similar the sample statistics will be
to the population parameter.

2. The amount of variation among the values in the population: suppose you want
to investigate the amount of pocket money children receive every month. If these
amounts are more or less the same, the variability in the population is small and a
small sample will be sufficient. If the amounts differ a lot, the variability is greater
and we will need a larger sample,

18
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2.4.3 Sample size [n]

In later study units, a formula will be applied to determine the sample size. For now, we
will briefly look at the factors that influence the sample size. The random selection
process allows us to be confident that the resulting sample adequately reflects the
population, even when the sample consists of only a small fraction of the population.

Factors that influence sample size:
1. The size of the population (r). Intuitively we will use a bigger sample for a bigger

population, but this factor is less important than the other factors listed.

2. Resources available. This includes time, money and other resources. Less time
available will result in a smaller sample.

3. Error that can be tolerated. The bigger the sample vou select, the more accurate the
conclusions you draw about the population based on the sample will be.

4. Variation in the population. Suppose you wish to study all the students in your
university, but all the students feel exactly the same about the issue you are
investigating. You want to be very accurate in your conclusion. How many students
doyou need to talk to? A sample size of one is adequate despite the need to be very
accurate and the large size of the population. The more similar the elements of the
population are to one another, the less variation there is within the population, so
the sample can be smaller.

2.4.4 Sample design

The design of a sample describes the method used to select the sample from the
population.

Sampling design can be divided into rwo broad categories: those where elements
are selected by some random method and those where the elements are non-randomly
selected.

Types of samples |
Non-random sample ] | Random sample
Convenience sample — gimple Random sample
Snowball sample _— - Cluster sample
Voluntary response e e Stratified sample
Judgement sample — — Systematic sample
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2.5 Non-random sampling

If the sample items are selected using personal convenience, expert judgement, or any
type of conscious researcher selection, the sample selection is not done by chance and
is called a non-random sample. Samples like these often produce unrepresentative
data and are not desirable for use in inferential statistics. Techniques that follow non-
random selection of data include convenience sampling, judgement sampling,
voluntary response sampling and snowball sampling.

2.9.1 Convenience sampling

The researcher chooses elements that are readily available, nearby or willing to
participate. It is convenient for the researcher to select the first few sample items
guickly. When both time and money are limited, convenience samples are widely used.
For example:

1. man-in-the-street interviews

2. lunch-hour interviews

3. interviewing close friends or family

4. door-to-door interviews.

2.5.2 Judgement sampling

These samples consist of items deliberately chosen from the population on the basis of
the experience and judgement of the researcher. This method usually results in making
systematic errors in one direction. These systematic errors lead to what are called
biases. For example, four of the most influential economists were asked to estimate
next year's rate of inflation.

2.5.3 Voluntary response sampling

These samples consist of people who choose themselves by responding to a broad
appeal, such as online polls or newspaper questionnaires. People who take the trouble
to respond to an open invitation are usually not representative of any clearly defined
population, because only people with strong opinions are most likely to respond.

2.9.4 Snowball sampling

Sample elements are selected based on referral from other survey respondents. The
researcher identifies a person who fits the profile wanted for the study. The researcher
then asks this person for the names and locations of others who also fit this profile.
Through these referrals, sample elements can be identified cheaply and efficiently,
which is particularly useful when survey subjects are difficult 1o locate.

2.6 Random sampling

A random sample is one in which the items chosen are based on chance - the procedure
must be such that every element of the population has the same chance (or probability)
of being selected into the sample. The four basic random sampling technigues are
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simple random sampling, systematic random sampling, stratified sampling and cluster
sampling.

2.6.1 Simple random sampling

This technigue is the basis for the other random technigques. Each unit of the sampling
frame is numbered from 1 to N (where N is the size of the population), or assign any 1D
number to each element in the population.

Two of the major random techniques are:

1. The ‘goldfish bowl’ technigque, which is similar to drawing names from a hat. This
method works well with a small sample. Place a numbered card for each element in
the population in a bowl, mix them thoroughly, and select as many cards as needed
in the sample. This method is used often in lottery draws or where the population is
small.

2. Table of random numbers,. Random number tables consist of rows and columns in
which the numbers 0-2 appear. A random number generator is a computer prograim
that generates these numbers, Any series of numbers read across or down the table
is considered random.

Example 2.3

Assume that you have 100 employees in a company and wish to interview a random
sample of 10. Assign every employee a number from 00 to 99. You assign a two-digit
number to each element in the population, and then you can use two digits of each
number from the random number list. The first step in selecting a sample is to decide
where in the random table you should start. Use the random table given below. You can
choose to use the first two digits, the middle two digits or the last two digits. You can
even choose which columns to use. You can make this decision by using the 'goldfish-
bowl’ technique or by closing your eyes and pointing to a spot in the table. Suppose you
have decided to start in the first column with the first two digits, and the population
consists of numbers from 00 to 99. If we reach the bottom of the last column on the
right and are still short of our desired number, we can go back to the beginning and
start reading the third and fourth digits of each number. According to the table,
employee numbers 70, 23, 20, 22, 53, 39, 48, 64, 12 and 45 will be in the sample of ten.

MNote that if a number occurs more than once, you skip it. You can't use any
population [D twice because there is a unique ID assigned to each element in the
population.

Activity 2.3

=

Each student at the university has a mailbox on campus. The mailboxes are numbered
from 0 000 to 9 000. Use the random number table and select 10 mailbox numbers in

your sample. Compare your results with some of the results obtained by other students
in the class and comment on your findings.
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Random number table

7081 BEET 2876 1705 4260 5065 5528 8241 54987
2318 0139 6986 4900 2408 2027 1676 4382 3370
2099 3526 Mz 824 o108 1033 7363 0183 8479
2293 4424 9209 2979 5022 4849 1960 177 7961
5359 308 7453 94978 3538 BAE3 9562 5437 6806
39N 9260 07al 1284 1020 0961 2666 0255 2957
4833 G395 4528 665 5386 3539 H918 9165 2088

6492 9493 1058 9069 7725 0094 9513 2735 2915

1227 1585 3239 0593 4703 4737 a8l 2551 2824
4505 9108 003 9578 o7y 0836 o817 3221 1174
9515 4576 4486 g388 1343 4507 0031 2209 1921

9889 6933 2616 3883 g008 3380 672 6952 5839
5737 6911 3388 3682 T2 i 72z 5674 1650

2.6.2 Stratified sampling

Identify non-overlapping groups or strata within the population before sample selection
takes place, Select a simple random sample from each stratum. Make sure that each of
these groups is represented proportionally in the sample. For example, if a researcher
needs to estimate the average mass of a large group of people, he or she first divides the
group into two strata - male and female - and then selects a proportional simple
random sample from each stratum,

2.6.3 Systematic sampling

Select the starting number (a value between 1 and k) at random and each successive
number systematically from an orderly list of the population to obtain the sample.
Lvery k™ item is selected to produce a sample of size n from a population of size N. The
value of & can be determined by the following formula:

=N

n

2.6.4 Cluster sampling

Some populations have non-overlapping areas or groups, which within themselves
represent all of the views of the general population, for example a town, university or a
file of invoices. If this is the case, it will be much more convenient and cost effective to
select one or more of these clusters at random and then to select a sample from the
clusters, or carry out a census within the selected clusters. Sometimes the clusters are
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too large and a second set of clusters is taken from the original chosen clusters. This
technique is called multi-stage sampling.

A large geographical area is often divided into more manageable provinces or

clusters. Select a few provinces and then select a few towns from each province, Out of
each town select a few blocks, and out of each block select individual families at
random.

TEST YOURSELF 2

“How much do you trust information about health that you find on the internet?”
You want to ask a sample of 10 students chosen from your class the question.
Describe how you will select your sample using a random method.

You want to select a random sample of 25 of the approximately 371 active telephone
area codes covering South Africa. Explain the method you will use and select your
sample.

At a party there are 30 students over the age of 21 and 15 students under age 21. You
want to select a representative sample of five to interview about attitudes toward
alcohol. Explain your method and select your sample.

Based on satellite images, a forest area in KwaZulu Natal is divided into 14 types.
The area of each type is divided into large sectors. Chose 18 sectors of each type
at random and count the tree species in a 20 ¥ 25 meter rectangle randomly
placed within each sector selected. Explain the method you will use and select the
seclors.

Forest type Total sectors Sample size
| A ! 36 4 i
l | | : |
! B 72 7
' c 1 3
D 42 4

You want to choose four addresses at random from a list of 120 addresses. Use the
systematic method and describe how you will obtain your sample.

The New Firearm Policy Survey asked respondents’ opinions about government
regulation of firearms. If you are the researcher, and youwant to follow the telephone
interview method using the multistage cluster sampling method, how will you go
about selecting your sample?

In the 1940s the public was greatly concerned about polio. In an attempt to prevent
this disease, Jonas Salk of the University of Pittisburgh developed a polio vaccine. To
test the vaccine, 1 000 000 children received the Salk vaccine and another 1 000 000
a placebo, in this case an injection of salt dissolved in water. Neither the children
nor the doctors performing the diagnoses knew which children belonged to which
group, but an evaluation centre did. The centre found that the incidence of polio was
far lower among children inoculated with the Salk vaccine. From that information,
the researchers concluded that the vaccine would be effective in preventing polio
for all school children and made it available for general use.
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Is this investigation an observational study or a designed experiment? Justify your
answer. [s the conclusion of the researchers descriptive or inferential?

8. An inspector of the Department of Food and Drug Administration obtains all
vitamin pills produced in an hour at the Herbal Supply Company. She thoroughly
mixes them, and then scoops a sample of 10 pills that are to be tested for the exact
amount of vitamin content. Does this sampling design result in a random sample?
Explain.

24



unIT | SumMmMmarising data
34 |using tables and
graphs

In this unit you begin your study of descriptive statistics. We will look at ways
to describe data by summarising and displaying it using tables and graphs so
that the salient features of the dataset are more easily understood.

After completion of this unit you will be able to

[ ]

-
»
L ]
L ]

recognise the difference between grouped and ungrouped data
construct a frequency distribution

draw graphs based on qualitative and discrete data

draw graphs based on continuous data

recognise the usefulness of visual aids in presenting data.

Once data are collected, they must be organised and summarised, because we are
concerned with the overall picture rather than treating each observation individually.
When data are obtained, the initial result is usually a list of the observations for each
variable. This is referred to as raw data. Raw data provide little information. Statistics
give us some tools or techniques for turning raw data into useful information. Thanks
largely to the advances in personal computing, managers these days have a considerable
facility to display information visually and to focus quickly on the key characteristics of
a set of data.

The major principles of visual data presentation:

1.

2,

3.
4.

Approved methods should be used to confirm the reliability and truthfulness of the
presentation, so that the reader can interpret it correctly,

The presentation must be as simple as possible so that the reader may understand
it quickly and easily.

The presentation must interest the reader and contain worthwhile information.
An explanation should be included in the text in order to help the reader understand
the purpose of the presentation.

The stages to follow in summarising data in tables and graphs:

1.
2.

5

Order the data into a logical sequence.

Summarise it by grouping and arranging data in the form of a table known as a
frequency distribution.

Present it in an attractive way, using graphs or diagrams. The choice of presentation
depends on the type of data, the complexity of the data and the requirements of the
LISEr.
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A graph shows the relationship between two variables, one will be the x-variable on
the horizontal axis and the other the y-variable on the vertical axis. A graph does not
replace a table, but complements it by showing the data's general structure more clearly
and revealing trends or relationships that might be overlooked in a table. It is more
likely to receive the attention of the casual observer. The type of graph depends on the
type of data, the complexity of the data and the requirements of the user.

3.1 Summarising qualitative data in tables and graphs

3.1.1 Frequency distributions

A frequency distribution is a table that records each category, value, or interval of
values that a variable might have and the number of times (frequency) that each one
occurs in the data set,

A frequency distribution for qualitative data is a table that displays the possible
categories along with the corresponding frequencies. The frequency for a particular
category is the number of times the category appears in the data set.

The relative frequency for a particular category is the fraction, proportion or
percentage of the observations within a category. If the table includes relative
frequencies, it is referred to as a relative frequency distribution.

You can use a fraction, decimal or percentage to express the relative frequency, but
percentages are easiest for most people to understand.

frequency

relative frequency = N
q ¥ sum of all frequencies

Steps

1. Construct a column in which each row lists one of the categories for the variable
of interest.

2. Construct a second column to list the corresponding number of times that the
category occurs.

3. Add up the frequency column to make sure that the total is the same as the
number of observations.

4. The order for the categories in the frequency table is not important, unless there
is a logical order in the given data set.

5. Interpret the table results.

Example 3.1

Toni's Supermarket has received many complaints about the condition of cardboard
milk boxes, Customers are refusing to buy boxes that are dented and crushed, because
they don't know whether the contents are still intact. Since the store manager is fairly
sure that the damage is not occurring when the boxes are put on the shelves, he goes to
the warehouse to check the cases as they arrive from the distributor. He takes a random
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sample of milk in boxes as they arrive and examines them for various defects. The

sample provides the following data:

summarising data using tables and graphs

Unsealed No defect Dented Crushed No defect Crushed Unsealed
No defect Dented No defect Mo defect Dented No defect No defect
Dented No defect No defect Crushed Crushed Crushed No defect
Crushed No defect No defect Dented No defect Crushed No defect

1. Create a frequency table for the data and determine if his concerns are justified.
2. Change the frequency distribution to a relative (%) frequency distriburtion.

Category Freguency % f
(f)

Unsealed | -E i

Crushed 7 25

Dented 5 18

No defect 14 &0

Total 28 100

Conclusions:

1. The table shows that half of the boxes that arrived were damaged which is definitely
a matter for concern. Only two of the boxes were unsealed and can be considered
as unsafe for use.

2. 50% of the boxes are damaged with half of the damaged boxes crushed.

Activity 3.1

A bio-kinetics instructor wants to study the different types of rehabilitation required by
her patients. She selects a simple random sample of her patients and records the body
part requiring rehabilitation. The following results are obtained:

Hand Back Ankle Shoulder Back Back
Back shoulder Back Wrist Knee Knee
Neck Ankle o Hip Knes Back Neck
Wrist Shoulder Back Back Back shoulder
Knee Back Back Knee Hand Wrist

Construct a frequency distribution and a relative frequency distribution to describe
the data. Give a short interpretation of your results.
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3.1.2 Cross-tabulation

Data resulting from observations made on fwe different related categorical variables
(bivariate) can be summarised using a table, known as a two-way frequency table or
contingency table.

The word contingency is used because the table is used to determine if there is an
association between the variables.

Steps

1. This table displays the one variable (x} in the rows and the other variable (y) in
the columns.

2. Each row and column combination in the table is called a cell.

3. The number of times each (x, y) combination occurs in the data set is recorded
and these numbers are entered in the corresponding cells of the table. These are
known as the observed cell counts.

4. Add the observed cell counts in each row and also in each column of the table to
obtain the marginal totals.

5. The grand total is the total of all the observed cell counts in the table. All the row
marginal totals will add to the grand total. All the column marginal totals will
also add to the grand total.

6. We use a contingency table if we want to compare two different populations on
the basis of a single categorical variable, or when two categorical variables are
observed in a single sample. For example, data could be collect at a university
to compare students, staff and management on the basis of their transportation
to campus (taxi, bus, car, train, motorcycle, bicycle or on foot). This will result
in a (3 = 7) two-way frequency table with row categories of student, staff and
management, and column categories corresponding to the seven possible
maodes of transportation. The observed cell counts could then be used to gain
insight into differences and similarities among the three groups with respect to
the means of transportation,

Activity 3.2

People believe that organic foods are pesticide-free and thus healthier than conventional
grown fruit and vegetables. The organic fruit and vegetable market is however, very
small and therefore very expensive. An investigation is carried out on a sample of 26 000
food items as part of the regulatory monitoring of foods for pesticides residues before
being distributed for sale. The following table displays the frequencies of foods for all
possible category combinations of the two variables: food type and pesticide status.
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Food type Present Not present Total
Organic 28 a9 127
Conventional 19 085 6 788 | 25 873
Total 19113 G 887 26 000

Briefly comment on these results.

Activity 3.3

One hundred students majoring in Sciences were classified according to gender and
year of study. Ten were 1st-year women, 20 were senior women, 40 were 1st-year men
and 30 were senior men. Arrange the data in a bivariate table.

3.1.3 Bar graph for a single data set
Bar graphs are a quick and easy way of showing variation in or between variables.

One of the axes is used to represent the categories in the frequency table and the

other axis is used to represent the frequencies or relative frequencies. Single bars
representing each variable are drawn either vertically or horizontally. Assignment of
axes is a matter of preference, but for the purpose of uniformity, we will use the x-axis
to represent the categories.

Steps

1.

2,
3.
4

(3 ]

=]
-

Communicate only a single idea or variable.

Draw a pair of axes, x and y.

Label the axes and give the graph a title.

At evenly spaced intervals on the x-axis put tick marks and label them with the

categories from the frequency table.

Scale the y-axis so that it can accommodate the category with the highest

frequency or relative frequency. Whenever you use a change of scale in a graph,

indicate it by using a squiggle & or //.

Al each category on the x-axis draw a bar with its length equal to the frequency

or relative frequency for the variable it represents.

& The bars must all have the same width.

» Make the bars reasonably wide so that they can be clearly seen.

¢ ‘The gaps between the bars must have the same width - the bars should not
touch each other.

This type of graph not only illustrates a general trend, but also allows a quick and

accurate comparison of one period with another or illustrates a situation at one

particular time.
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Example 3.2

We all know that fruit is good for us and that we don't eat enough. In a recent study

done among a random sample of 75 teenager boys, the following information was
collected:

0 20 27
1 15 20
2 15 20
3 12 16
4 8 11
3 3 6

1. Display these data in a bar graph.
2. If the number of recommended servings per day is at least three, what percentage
of the boys ate fewer than 3 servings per day?

Conclusion: 67% of the boys ate less than the recommended number of servings.

Copyrighted material
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Activity 3.4

Draw a simple bar chart showing the ages of employees and draw conclusions from
your results.

Age Number of employees
20 11

21 4

22 B

23 6

24 5

3.1.4 Comparative bar graphs

To compare two or more data sets, bars are grouped together in each category (multiple
bar graphs) or stacked for each category. Use the relative frequency rather than the
frequency on the vertical axis, to enable you to make meaningful comparisons even if
the sample sizes are not the same. The use of a key will help distinguish between the
categories

Multiple bar graph

Steps

1. Draw a pair of axes, x and y.

2. Label the axes and give the graph a title.

3. At evenly spaced intervals on the x-axis put tick marks and label them with the
categories from the frequency table.

4.  Determine the relative frequency of each category if needed.

5. Scale the y-axis so that it can accommodate the category with the highest
frequency or relative frequency.

6. At each category on the x-axis, group the bars for the different data sets together
and draw rectangles with heights equal to the relative frequency for the data set
it represents.

7. Use a key or label to distinguish between the different data sets.

8. Interpret your graph.
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Example 3.3

The contingency table below summarises the responses of three different groups to
their perceived risk of smoking. Portray the data using a multiple bar graph to determine
if smokers and non-smokers perceive the risks of smoking differently.

Risk of smoking Smokers Former smokers Non-smaokers
f nf i Baf f o
Yery harmful 145 65 204 a1 432 89
Mot too harmful 72 32 42 17 50 10
Not harmful at all 7 3 5 2 5 1
Total 224 100 251 100 487 100
G0 g e
Bt ——=— | === = = e e = —————
/| [ SN | |
E{J o mmm] O] e mmr e e e e e e s e — — — — ]
& 04— | | |m-—m—————————————
awt-—| | | |m—m——— e — —— —— —
30 +— — —_———  f—_————— == —
L] Smokers
e -7 EET T T T T T T T O Former smokers
10 == — IR B - S — O MNon-smokers
0 [ ==
| 1
Very harmiul Mot too harmful Mot harmiul

Parcaived hanm

The graph shows that the proportion of non-smokers who believe that smoking is very
harmful is larger than the proportion of smokers who believe that smoking is very
harmful. In other words, smokers are less likely to believe that smoking is very harmful

than non-smokers.

Activity 3.5

Draw a multiple bar chart showing the ages of male and female emplovees and comment

on your result.
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Age Male Female
20 3 )
21 1 3
22 4 4
23 2 4
24 1 4

Segmented or stacked bar chart

This bar chart is particularly useful if you want to emphasise the relative proportions of
each component that makes up the category.

Steps

1.

Draw a single bar for each category, with the height of the bar representing the
total of each category.

2. Subdivide each bar to show the components that make up each category.

3. Identify the components involved by colouring or fill effects, accompanied by an
explanatory key to show what each colour or fill effect represents.

4. Interpret your results.

5. If the components are converted to percentages of the total of each category, the
bars are divided in proportion to these percentages. The scale is a percentage
scale and the height of each bar is then 100%. This is known as a percentage
component bar graph.

Example 3.4

The contingency table below summarises the responses of three different groups to
their perceived risk of smoking. Portray the data using a percentage component bar
graph to determine if smokers and non-smokers perceive the risks of smoking

differently.
Risk of smoking Smokers Former smokers Non-smokers
f %f f %f f Yo f
Very harmiful 145 65 204 a 432 89
Not too harmful 7 32 42 17 50 10
Mot harmful at all 7 ”3 o 5 2 5 1
Total 224 100 251 100 487 100

In comparing the three columns, we see that the proportion of smokers who believe
that smoking is very harmful is much larger than the proportion who believes that it is
not very harmful or not harmful at all. There is a sharp increase in the non-smokers’
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belief that smoking is very harmful, with a decrease in the proportions who believe that

it is not too harmful or not harmful at all.

100 =
90
80 =
70 -
60 =
£ 50-
40 - 1 not harmful
a0 - B not too harmiul
5 = B very harmful
10 -
0
Smokers Former MNon-
smokers smokers
Activity 3.6
Draw a stacked bar chart showing the ages of male and female employees and comment
on your result.
Age Male Female
20 3 8
21 1 3
22 4 4
23 2 4
24 1 4

3.1.5 Pie chart

A pie chart represents the data set in the form of a circle divided into 'slices’ representing
the possible categories. This allows a quick overall view of the relative sizes of the
categories, but offers little potential for comparison.

Pie charts are most effective for relatively simple representations and summarising
data sets when there are not too many categories.

Sleps

1, Draw a circle to represent the entire data set.

Keep the categories to 10 or fewer.

]
3. For each category calculate the ‘slice’ size,
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4. A circle has 360° and ‘slice’ sizes are calculated as a proportion of 360°, ‘Slices’
are drawn by making use of a protractor.
Put any labelling outside the circle.

6. Look for categories that form large and small proportions of the data set when
interpreting the chart.

o

Example 3.5

Arandom sample of 2 000 shoppers was asked why they were visiting a shopping centre
on a specific day.

Number of shoppers %f .
Groceries 790 0.395 142
Clothing | 50 | 0285 | 103
Dl'f I ﬁan . . 'n.zg . 104
T e Tom |
Total 2000 1 360
A pie chart showing the main
purpose of shopping

B Groceries
O Clothing
B DIy,

O Other

The majority of shoppers on that specific day wanted to buy groceries. Equal proportions
wanted to buy clothing or DIY items, and only few people were there for other

purposes.

Activity 3.7

Here is how yvou might divide up vour day:

Travelling Working Eating Sleeping Other Social life
10% 30% 10% 28% 7% 15%

Draw a pie chart to portray the data and comment on the results.
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3.1.6 Pictograms

Pictograms are small symbols or simplified pictures that represent data.

Steps

1. Give the pictogram a title.

2. Choose a simple symbol or picture that is easy to draw.

3. The quantity that each symbol represents should be given.

4. It is important that the symbols are all the same size. It is possible to use half a
picture to represent half the quantity.

Draw the symbols neatly and professionally.

un

The number of telephone calls received
{1unit = 100 calls)
January = EEER
February = B EEREE
March = BB ®

3.2 Summarising quantitative data in tables

3.2.1 The ordered array of data

If there are not too many observations we can use the collected data in its raw form,
known as ungrouped data.

A first step in organising ungrouped data is to arrange the data in an array - that
means to sort the data in numerical order from small to big. By looking at an ordered
array, you can get a feel for the dimension of the data. Data must be in order for a variety
of statistical procedures, such as finding the median, percentiles or quartiles.

Example 3.6

Arrange the following data in an array:
4 80 50 10 5

Array:4 5 10 50 80

Activity 3.8

Arrange the following numbers in an array:
67 23 56 45 56 41 34 33 0 18 23

3.2.2 Dot plot

This method can be used for relatively small data sets [usually not more than 20
observations) and portrays individual observations.

36



Summarising data using tables and graphs

Steps

1. Construct a single horizontal axis and label it with the name of the variable.

2. Mark the axis with an appropriate measurement scale to fit the smallest as well
as the largest value in the data set.

3. For each observation, place a dot above its value on the number line.

4. If there are two or more observations with the same value, stack the dots
vertically.

5. The number of dots above a value on the number line represents the frequency
of occurrence of that value.

Example 3.7

Obesity, high blood pressure, high cholesterol and heart disease are partially caused by
a poor diet. Nutritional labels on packaged foods give us information about the amount
of fat, cholesterol, sodium, vitamins and carbohydrates contained in a serving of the
food. The purpose of this study is to investigate how much sugar and how much sodium
(the main ingredient of salt) is in breakfast cereals. The following table lists 15 popular
cereals and the amounts of sodium and sugar contained in a single serving of 180 ml.

Cereal Sodium (mg) Sugar (g) Cereal Sodium (mg) Sugar (g)
A 290 2 | 250 10
B 200 3 J 125 14
C 230 3 K 220 3
D 125 13 L 0 7
E 260 5 M 220 12
Fo 200 1 N 170 3
....... R B e e B e
________ e —

Construct a dot plot for the sodium values of the breakfast cereals.

L] [ ] L ] L]
L] L] L L L L] L] L ] L] L] L]

I T T T T T | T T T 1
0 120 140 160 180 200 220 240 260 280 300

What does the dot plot tell us about the data?
‘The dot plot gives us an overview of all the data. We see that the sodium values fall
between 0 and 290 mg, with most cereals falling between 125 and 250mg.
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Activity 3.9

1.
2.

Construct a dot plot for the sugar values of the breakfast cereals.
What does the dot plot tells us about the data?

3.2.3 Stem-and-leaf plot

This graph portrays the individual observations and provides a fast procedure for
arranging data in order and showing the shape simultaneously. Use it for data sets with
a small to moderate number of ohservations.

An advantage of this method is that all the information in the original data list is
shown and if necessary, we could reconstruct the original list of values.

The stem-and-leaf plot represents data by separating each value into two parts: the stem
and the leaf.

The stems are the leading digit or digits and are displayed in a vertical position on
the left hand side of a vertical line. Usually the stem consists of all the digits except for
the final one, which is the leaf or trailing digit. To display the value 76 into this format,
the 7 will be the stem and the 6 will be the leaf.

Stem Leaf
7 6

Units of measure: Stem: tens
Leaf: ones

Steps

[~ ]

=] N U & LA

o

10.

38

Select one or more leading digits for the stem values. You can choose the digits
to serve as the stem, but keep them constant for all the stems.

Find the smallest number and the largest number in the distribution of numbers.
These will give the first stem and the last stem.

List all possible stems in increasing order, to the left of the line.

The trailing digit(s) become the leaves.

Record the leal for every observation beside the corresponding stem value.
Place the leaves with the same stem on the same row as the stem.

Arrange the leaves in each row from lowest to highest to form a stem-and-leaf
plot.

Use a label to indicate the units for stems and leaves in the display.

Count the number of leaves per row and enter the answer in a column next to the
display. That is the frequency of each row.

The display conveys information about:

* arepresentative or ftypical value in the data set

* the extent to which the data values are spread out

# the presence of any gaps in the data

# the extent of symmetry in the distribution of values

¢ the number and location of peaks

* the presence of unusual values (outliers) in the data set,
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11. When the stem has many leaves, it does not clearly portray where the data falls.
In this case it is useful to split each stem in two: putting leaves from 0 to 4 on the
first stem and from 5 to 9 on the second stem.

12. To make a stem-and-leaf plot more compact, we can remove the last digit. For
example, 0,311, 370 and 125 will become 0.31, 37 and 12, Just remember to
indicate the correct unit for the leaves, for instance in the case of 125, if the 5 falls
away the stem will be 1 with unit hundred and the leaf will be 2 with unit ten.

Example 3.8

Construct a stem-and-leaf plot for the test marks obtained by a sample of 20 students,

78 82 96 74 52 B8 a2 78 74 76
88 62 6E 76 76 84 95 a1 58 B&

1. 'The smallest number is 52 and the largest number is 96. Use the first digit (the tens)
in each number as the stem and the last digit (the units) as the leaf.

L= == I A = eI

2, Place each leaf on its stem by placing the trailing digit of each data value on the
right side of the vertical line opposite its corresponding leading digit (stem).
The first value is 78 with 7 the stem and 8 the leaf. Thus, we place 8 opposite the

stem 7.

25
B26

BABAGGE
22684

631

w | o | =~ | @\ | oen

1tey ma
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3. Order the trailing digits in each row from lowest to highest to form a stem-and-leaf
plot.

23

268
4466688
22468

w0 | S8 | o~ | | &R

156

4. To focus on the shape indicated by the stem-and-leaf plot, use a rectangle o
contain the leaves of each stem and rotate the page onto its side. A picture similar
to a histogram is seen,

44666046

22468

oo~ | o B

156

The general shape is almost symmetrical around the seventies and the majority of
the students obtained marks of 70 and above.

5. Count the number of leaves per row and enter the answer in a column next to the
display. That is the frequency of each row.

2

6 268 3

7 4466688 T

g 22468 a

9 156 3
- 20
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Activity 3.10

e —

Given is an array of the daily litres of used sunflower oil bought by a bio-diesel plant.
Construct a stem-and-leaf plot for the data.

56 63 €69 8 Yo "1 N 72 72 T2
73073y ™ "™ W79 B0 B2 8 84
B5 & 91 91 91 94 9% 97 9% 100

3.2.4 Frequency distribution tables

The frequency table condenses the raw data into a more manageable form that will
increase our ability to detect pattern and meaning. This is done by keeping count of
how many times a particular value occurs. A frequency is the number of times a value
QCCLUTS.

Ungrouped frequency distribution

To demonstrate the concept of a frequency distribution we will use a set of quantitative
data and group it into an ungrouped frequency distribution - "ungrouped’ because
each x-value in the distribution stands alone.

Example 3.9

15 6 14 15 4 15 17 6 18 15

An array of the x-values and the number of times each one occurs (f):

Value (x) Frequency (f)
4 1
B 2
14 1
15 4
17 1
18 1

The value 15 occurred four times, therefore it has a frequency of four.
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Activity 3.11

1. From example 3.9 above:
a) Which values occurred only once?
b] The value that occurs the most is ..,
c) How many values are in the distribution? Count the number of values in the
given data set and compare it with the total of all the frequencies.
2, Form an ungrouped frequency distribution of the following data and comment on
the frequency of each value:

1 2 1 4 0 2 0 1 4 1 i

Grouped frequency distribution

If the number and range of observed values is relatively large you will have a fairly
lengthy list of data, which is not easy to interpret. It is then necessary to summarise the
data in a grouped frequency distribution by grouping adjacent x-values into intervals,
known as classes. In summarising the values like this we lose the detail of individual
values, but it makes the data much easier to read and understand.

A frequency distribution is a summary of numerical data obtained by grouping it
into several non-overlapping class intervals showing the number of observations
(frequency) in each interval.

Data organised into a frequency distribution using class intervals are called grouped
dala.

Although there are no absolute rules for constructing a frequency table, you can
apply some guidelines to help you. Frequency distributions can vary in final shape and
design because they are constructed to individual researchers’ taste.

Construction of a frequency distribution

Steps

1. Determine the range of the given ungrouped or ‘raw’ data. The range (H] is the
difference between the largest and smallest values in the data set.

2. Determine the number of class intervals (K). Generally frequency tables should
contain between five and 20 classes. As a guideline, the number of classes (K]}
should be approximately equal to the square root of the sample size, n.

K =/ number of observations
Round the answer up to the next whole number.
3. Determine the width (] of the class interval, which is the range divided by the
number of classes.

_ R
C=X

This answer should be rounded to a whole number or to the same number of
decimals as the raw data.
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4. Test: The number of intervals multiplied by the width must always be larger than
the range. (K % ¢ > R)

5. Choose the lower and upper class boundaries of each interval to indicate the

smallest and largest data values that will fall into each class. The classes must
span the entire data set and must not overlap.
Begin by choosing a number for the lower boundary of the first class. Choose
either the lowest data value or a convenient value that is a little smaller. Add
the class width (¢) to this value to get the second lower class boundary. Add the
class width to the second lower class boundary to get the third, and so on. List
the lower class boundaries in a vertical column. The upper class boundary of the
first interval is the same as the lower class boundary of the second interval. The
last class ends at a value more than the highest number in the range.

6. Sort the raw data into the classes by making use of the tally method. The tally
method is a method of counting data that falls into each interval. Examine each
data value and determine which class contains the data value. Make a tally mark
or vertical stroke beside that class. For ease of counting, each fifth tally mark of a
class is placed across the prior four marks (H+ rather than [1111), Observations that
fall exactly on the lower class boundary stay in that interval; observations that
fall exactly on the upper class boundary go into the next higher class interval.
A class contains all observations from the lower boundary of the class up o

but not including the upper boundary.
7. Count the number of tallies (observations) in each class to obtain the frequency

[ f) for each class.

8. The sum of the frequencies for all class intervals must equal the number of
original data values.

9. Itis possible to come to some conclusions like: in which class do you find the
majority of the values or the least number of values?

Notes

1. The number of classes should be small enough to provide an effective summary
but large enough to display the relevant characteristics of the data.

2. Class boundaries must be selected in such a way that the smallest value is
included in the first interval and the largest value in the last interval.

3. Avoid overlapping of intervals so that an observation falls in one class only.

4. 'The width of all classes should be equal.

5. Open-ended class intervals should be avoided although they may be useful

when a few values are extremely large or small in comparison with the rest of the
values.

6. Class intervals with a frequency of zero should be avoided.
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Example 3.10

Research by the Food and Biomedical Administration shows thatacrylamide (a possible
cancer-causing substance) forms in high-carbohydrate foods cooked at high
temperatures and that acrylamide levels can vary widely even within the same brand of
food. The researchers analysed Big Mac's French fries sampled from different franchises

and found the following acrylamide levels:

JE6 155 326 187 245 270 g 223 212
133 247 255 235 300 n 180 333 289
328 201 260 259 263 313 151 322 270
Construct a frequency distribution for the acrylamide levels.
Range: 366 - 151 = 215
Number of intervals: K = J3ll = 547 = B
Width of interval: ¢c=215+ 6= 3683 =~ 36
Class intervals Tally Frequency (7}
151 =< 187 il 3
187 - =223 HH 2
223 - <259 HH | E
259 — <295 Hi | &
205 - <33 H 1 B
331 - <367 " 2
Total f an

190
245
299

The sample from 30 franchises has been counted into six classes, with a width of 16
each. For example, 151 up to just under 187 is the first class interval, the two numbers
151 and 187 are the class boundaries and three (the number of franchises) is the
frequency of that class. This means that in three of the franchises the acrylamide levels

in the French fries were between 151 and just under 187,

Thuswewrite ] + 2+ 3+ 4+, + nmas 2ox

f
=1

adjusted by doing away with the index system

2.!:[ = Zx Total frequency can therefore be written as X f.
i=l

Note: The Greek capital letter, sigma (X1, stands for "sum the appropriate values.

This means the sum of all the x values from 1 through @ This index system must be
used whenever only part of the available information is to be used. In statistics,
however, we will usually use all the available information and the notation will be
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Activity 3.12

Look again at the data in example 3.10:
1. The number of franchises with acrylamide levels in their French fries between 259
and 295 is ...

2. The frequency for the class with acrylamide levels between 187 and 223 is ...
3. The upper boundary of the first class is ...

4. 'The lower boundary of the third class is ...

5. 'The total number of observations in the data set is ...

Activity 3.13

-

A study was recently carried out to determine the amount of time that non-secretarial
office staffs spend using computer terminals. The smudy involved 50 staff and the times
spent using computers, in hours per week, were as follows:

1.2 4.5 10.3 7.0 131 16.0 127 0.5 31 2.2
8.2 0.7 9.0 7.8 2.2 1.8 2.2 14.1 5.5 136
122 125 128 13.5 2.5 50 155 2.5 3.9 6.5
4.2 8.8 7.5 14.4 10.8 16.5 2.8 9.5 17.0 10.5
125 105 16.0 149 0.3 116 128 L 18.0 22.0

Construct a frequency distribution for the data.

Relative frequency distribution

When the proportion of observations in each class interval instead of the actual number
of observations is recorded, the distribution is known as a relative frequency
distribution. Relative frequency distributions are useful for comparing two data sets,
especially when the sample sizes or measurement scales differ substantially. A relative
frequency of a class is the observed frequency of the class divided by the total number
of observations in the data set. If the percentage is required, multiply the result by
100.

Class midpoint or class mark

The class mark or midpeoint (x) divides a class interval into two equal parts and is
obtained by adding the upper and lower boundaries of each class interval and dividing
the result by two. This middle value represents the class interval in calculations.

Cumulative frequency distribution

Knowledge of the number of observations that lie below or above a certain value is
often desired. A cumulative ‘less than' frequency for aclass is the sum of the frequencies
for that class and all previous classes. We read it as the the total of all the frequencies
less than the upper boundary of each interval. A cumulative relative frequency
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distribution is a ratio calculated by dividing a cumulative frequency of a class by the
total number of observations in the data set.

Example 3.11

A frequency table showing the acrylamide levels in the French fries from a sample of
Big Mac's outlets,

Class Intervals Frequency (f) Yol X cum<f | cum < %f
131 = <187 K| 10 169 3 10
187 - <223 5 17 | 205 8 27
223 - <259 & 20 | 2. 14 47
259 = <2295 6 20 277 20 67
295 - <331 B 27 | 313 28 93
331 - <367 2 7 349 30 100

30 100

Interpreting interval 2: 17% of the outlets have acrylamide levels in the French fries of
between 187 and 223. Eight of the outlets have acrylamide levels of less than 223. 27%
have acrylamide levels of less than 223,

Activity 3.14

Use your frequency table from activity 3.13 and construct a relative frequency
distribution, a cumulative frequency distribution, a relative cumulative frequency
distribution and the class midpoints.

3.3 Summarising quantitative data using graphs

3.3.1 The histogram and relative histogram

A histogram is a continuous series of rectangles of equal width burt different heights
drawn to display the class frequencies.

Steps

1. Mark the class boundaries on the x-axis. The class intervals are equal in width;

therefore the points must be equidistant from one another.

Use either frequency or % fon the y-axis. A proper scale showing the true zero

must be used on the y-axis in order not to misrepresent the character of the data.

3. Whenever the zero point on the horizontal axis is not in its usual position at the
intersection of the horizontal and vertical axis, the symbol // or some similar
symbol should be used to indicate that.

[
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4. Draw a rectangle for each class directly above the corresponding interval.
The height of each rectangle is the frequency (or relative frequency) of the
corresponding class.

5. 'There are no gaps between the bars of the histogram.

To interpret the histogram you must look for:

e the overall pattern and obvious deviations from this pattern (the overall pattern
can be described by its shape, centre and spread)
the location and number of peaks
the presence of gaps and outliers.

Possible shapes of the histogram:
A distribution is symmetric if the right hand side is a mirror image of the left hand
side:

A distribution is skewed to the right if the ‘tail’ (larger values) extends much farther out
to the right:

A distribution is skewed to the left if the "tail’ (smaller values) extends much farther out
to the left:

| S —

A distribution is uniform if the frequency of each class is the same and the bars of the
histogram have the same length.
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Example 3.12

Diraw a histogram showing the acrylamide levels in the French fries from a sample of
Big Mac's outlets.

Acrylamide levels Frequency () %f X cum<f | cum < %F
151 - <187 3 10 169 3 10
187 = =223 5 17 205 ] 27
223 - <259 B 20 241 14 47
250 — <205 6 20 277 20 67
295 — =31 ) 27 3 28 93
331 = =387 2 7 349 a0 100

30 100
Histogram:

g —— T — — — —— — O e e e B S . S S S S S S S === ==
E e e e e e e e e e S S — — p— )
? e S OO ey YU U — ——
E_— ________________

I e e Y I N R
4= ———— - ! 1 . |  }=mm————
T I I T I S
E-—_ — PR
14— — = M ——
0

151 187 223 258 295 331 367

Class boundaries showing acrylamide levels

Activity 3.15

Use your frequency table from activity 3.13 to construct a histogram.

Note: For an ungrouped frequency distribution, the data are grouped into classes
based on a single value. To draw the histogram we place the middle of each histogram
bar over the single value represented by the class.

48




Summarising data using tables and graphs

3.3.2 Polygon and relative polygon
The polygon is a line graph that can also be used to portray the shape of the
distribution.

Steps

1.
2.
3.

o

The frequency distribution must show the class midpoint (x) of each class.

Mark the class midpoints on the x-axis.

Mark the frequencies on the y-axis using a proper scale and preferably starting at
the zero point. The scale must include values large enough to include the largest
frequency.

Plot each midpoint together with its corresponding frequency.

Connect the successive dots with a straight line to form the polygon.

Frequency polygons begin and end on the horizontal axis with a frequency of
zero. On the left end plot a point with a frequency of zero, one class width to the
left of the first midpoint, On the right end plot a point with a frequency of zero,
one class width to the right of the last midpoint.

A polygon that uses the relative frequencies of the intervals rather than the actual
number of points is called a relative polygon. It has the same shape as the frequency
polygon, but uses a percentage scale on the y-axis.

Example 3.13

Below is a frequency table showing the acrylamide levels in the French fries from a
sample of Big Mac's outlets. Draw the polygon for this distribution.

Intervals Frequency (f) X cum = f

151 — <187 3 169 3

187 - <223 5 205 8

| -E;EE.- ::E.EEI | E- 2;11 .14
255_ %2.95 - : E. : zﬁ.. ” :
295_{331 i I E S 313 EE .

3 - <367 2 348 30
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Polygon:
L I ey By i - i R H—
@
= e
=
=
= —
@
fy
g —
= |
I
169 205 241 277 313 349

Acrylamide levels (midpoints)

Activity 3.16

Use your frequency table from activity 3.13 to construct a polygon.

3.3.3 Ogive [cumulative curve) and relative ogive

An ogive is a smooth curve that can be used to estimate graphically the number of
observations below or above a set level. Therefore an ogive requires cumulative class
frequencies.

Steps

1. The frequency distribution must show class boundaries and cumulative
frequencies.

2. The frequency scale on the y-axis must extend to the total of the frequencies.

3. Mark the class boundaries on the x-axis.

4. Foreach class plot the upper boundary togetherwith the cumulative ‘less-than'
class frequency.

5. The 'less-than’ ogive begins on the horizontal axis (cum f= 0} at the lower class
boundary of the first class.

6. Draw a smooth curve through the points. The ‘less-than’ curve slopes upwards

and to the right.

If the cumulative frequencies are expressed as percentages of the total, a relative

ogive can be drawn.

=]

Example 3.14

Below is a frequency table showing the acrylamide levels in the French fries from a
sample of Big Mac's outlets. Draw an ogive for this distribution,
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Classes Frequency (f) X cum f
151 = <187 3 169 3
187 — <223 8 205 B
293 — =259 6 24 14
250 — <205 B 277 20
295 = <31 B 13 28
331 = <387 z 349 30
30
Dgive:
gl "E 304
=
2
5 207
a
E 10-
=
1:|.-.

151 187 223 259 295 331 367
Acrylamide lavels

Conclusion: Approximately eight of the franchises have acrylamide levels of less than
223. That means that the other 22 outlets have levels above 223.

Activity 3.17

Use your frequency table from activity 3.13 to construct an ogive.

3.4 Using software

There are a number of useful software packages available for data presentation and
most of them are simple and easy to use,

Computers can help you develop your ideas about how to organise the information
by using a 'try and refine’ approach, which would take too long to carry out manually.
For example, il you decide to break the information down in a certain way and the
results are not what you need, it is a simple matter to create new ways and experiment
again.

Computer software can produce accurate and professional graphs and charts from
data, but these are only as useful as the data and instructions used to make them.
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3.5 Using visual aids

When you are giving a verbal presentation to a group of people, yvou need to think
carefully about the best method of presenting information. The secret of using visual
aids successfully is to keep them clear and simple.

Using visual aids in presentations:

& pgives more impact to the spoken word

®  helps the audience to remember the main points

® gives the audience something to look at other than the presenter.

The visnal aids most commonly used to present statistical data are:
® overhead projector (OHP) transparencies

slides

flipcharts

handouls.

TEST YOURSELF 3

1. A questionnaire about how people get news resulted in the following information
from a sample of 25, [ N=newspaper; T=television; R=radio; M=magazine}

N T N R N T N R N
R T M R M M N M
M ] R T A R T M

Summarise the results in a frequency table and construct a pie chart. Interpret your
resulls.

2. 'The blood of 25 children was tested to determine their blood types. Construct two
simple bar charts 1o display the data using the frequency in one and the %fin the

other.
Blood type Frequency Percentage
A 5
B 7
0 | g
AR ! 4

a) According to the data, which blood type is most common?
b} According to the data, which blood type is least common?

3. In South Africa, a background check is done on any applicant who applies for a
firearm licence. The given table categorises the licence applicants who were denied
because of a criminal history for the period 2006 and 2007,
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Criminal history Frequency 2006 Frequency 2007
Domestic violence 64 60D 69 100
Felony offence 254 B0 215000
Drug-related offence 30 240 34029
Other 82 080 73124

a) Construct a simple bar chart to portray the data for each year.

b) Construct a stacked bar chart to portray the data.

¢) Construct a multiple bar chart to portray the data.

d) Comment on your results,

A recent newspaper article “The need to be connected’ described the results of a
survey of 1 000 adults who were asked about how essential various technologies,
including personal computers, cell phones and DVD players, influenced their daily
lives. The given table summarises the responses:

Response ] PC Cell phone | DVD player
Cannot live without 47% 42% 18%
Would miss, but could do without 27% 26% 35%
Could definitely live without 26% 32% 47%

Construct a comparative bar graph to portray the responses for the different
technologies.

In the manufacture of printed circuit boards, finished boards are subjected to a
final inspection before they are distributed to customers. The type of defect for
each board rejected at this final inspection during a randomly selected day is listed
together with the frequency of occurrence:

Type of defect Defects during morning Defects during afternoon
inspection inspection

Etching 9 [

Lamination 10 7

Plating separation 9 8

Poor electrodes 36 40

COvErage

Low copper plating 122 130

Construct a comparative bar graph to portray the inspections for the different times
of the day.
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6. Illustrate the following data by means of a multiple and a stacked bar chart.

Johnson and Co.
Analysis of costs (R'000)
Year Wages Raw materials Dverheads
1995 15 10 3
1596 14 12 3
15497 10 11 4
15498 1 i) 4

7. Use a pie chart to illustrate the following data.

Waxman and Co.
Analysis of employment hours lost
Hours lost through illness 5100
Hours lost through holidays 2 150
Howrs lost through industrial disputes | g 70
Total 16 000

8. A survey of 3 000 adults asked "How accurate are the whether forecasts in vour
arca?’ The responses are summarised in the given table:

Extremely accurate 2%
Very accurate 26%
Sometimes accurate 25%
Not too accurate 9%
Not at all accurate 4%
Not sure 1%

a) Construct a pie graph to portray the data.
b) Construct a bar graph to portray the data.
¢) Comment on your answers.

9. The volumes of water (in litres) consumed by 24 elephants in one day are listed
below:

66 an 68 94 BE 96 70 138 an 120 92 102
82 120 132 82 64 a0 B8 78 92 66 106 106

Summarise the data set using a stem-and-leal plot and comment on your results,
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10. The number of persons who volunteered to donate blood at a shopping centre was
recorded for each of 20 successive Saturdays. The data are shown below:

200 Jda ERE i) 301 386 283 308 320 35
3w 332 270 3 36 N5 3 370 274 260

Construct a dot plot, stem-and-leaf plot and a frequency distribution for the data.

11. An ecologist wishes to investigate the level of mercury pollution in a stream in the
Dullstroom area. He catches 25 trout and measures the concentration of mercury
(measured in parts per million} in each fish:

22 14 17 34 27 26 30 36 35 26 19 30 338

22 29 18 30 34 28 33 31 32 23 24 37

Construct a dot plot and a stem-and-leaf plot from the data. (Hint: split the stems
in two.)

12. The Food and Health Department conducted a study on the calorie content of
different types of beer. The calorie content (calories per 100 ml) for 25 different
brands of beer is listed below:

43 20/ 28 3N 3 I/ ¥/ 42 a1 N 2y 3@ a2
4 28 22 30 40 33 19 3 32 3 M 23

Construct a stem-and-leaf plot and comment on the calorie content of beer.

Summarise the data in the following data sets (questions 13-28) using a frequency
distribution and portray the data using frequency distribution graphs.

13. The following table lists the cholesterol levels from a sample of 65 participants in a
research study:

78 46 67 46 44 62 60 56 56 54 54 42 45
a4 42 52 50 53 53 53 51 5.1 5.1 51 66 6.0
52 50 &0 46 48 45 46 40 46 38 0 33 48 45
48 46 43 50 46 48 T 42 41 4.0 37 44 40

4.8 47 4.2 4.7 4.6 4.3 5.5 4.3 5.0 4.4 4.6 4.4
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The treatment times (in minutes) for a sample of 50 patients at a health clinic are as
follows:

10 12 22 21 20 24 20 33 3 24
24 45 12 26 17 29 19 7 27 29
17 18 16 13 2 16 12 15 22 11
11 15 41 29 16 21 24 14 24 16
i 33 18 21 12 13 13 21 10 33

The health clinic advertises that 90% of all its patients have a treatment time of 40
minutes or less. Do the sample data support this claim? (Hint: Use the cumulative
relative ogive to answer the question. )

Researchers have investigated lead absorption in children of parents who worked
in a factory where lead is used to make batteries. The following shows the levels of
lead in the children’s blood {in ug/dl of whole blood):

27 25 49 23 3 44 18 IF 3™ 23 13
I/ 2 14 AN 39 17 1B 20 15 10 45
24 34 3B 48 73 41 35 43 3B 34 B2

16. The amount of protein (g} for a variety of fast-food sandwiches is reported here:

17.

56

29 33 23 25 27 40 30 15 35 3I/m 20 18 26
3 27 27 43 &7 44 19 35 22 2% 22 14 42
35 12 24 24 200 Z® 12 21 29 34 23 31 15

The following are the number of kilometres (in thousands) driven during the year

by 110 food inspectors:

40 29 35 33 28 24 K1 28 20 21
43 31 18 67 29 76 26 30 23 18
49 44 a7 40 48 13 ar 43 3 22
55 &4 41 34 35 24 38 47 G 34
63 60 32 56 68 J8 42 G2 ah 42

73 3 )| 30 36 &1 45 52 50 ap
30 50 75 20 34 A 51 48 45 B4
36 27 52 349 44 51 1" 35 41 73
32 65 40 32 81 42 42 53 45 61
10 41 46 84 28 39 47 63 50 52
26 93 36 38 44 58 52 41 55 48
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18. A study on the effects of television on the behaviour in adolescents uses, as part

of the study, the number of hours per day that the television set is turned on in a
household. The following results were obtained in a sample of 30 households:

69 46 43 50 60 53 46 39 &0 39
63 42 60 56 42 46 60 43 36 60
60 58 39 57 60 38 37 38 Ay 39

19. 'The following data represent tonnes of maize harvested each year for 40 years from
Section 20 on an agricultural experiment farm in the Delmas area:

2.1 2.82 1.35 2.20 1.47 2.39 0.59 0.46 1.3 2.50
180 089 184 162 139 219 18 126 204 233
132 260 207 094 142 119 234 077 0B9 144
162 215 0985 202 167 199 148 070 088 200

20. Many people consider the number of calories in an ice-cream bar more important
than cost. To investigate the calorie content, a sample of 26 bars gave the following
results:

J42 30 13 294 209 39 111 353 21 295 182 233 323

234 197 377 439 151 286 147 377 180 182 151 260 3

21. The time, in minutes, for a sample of 70 workers waiting at various points in the
production line were as follows:

1 7 23 1 2 5 1 0 ]
5 0 1 2 4 5 18 0 1 3
o 6 7 1 18 3 5 1 17 3
1 3 & 5 4 14 15 12 0 2
2 5 8 6 M 15 13 17 2 20
1 3 85 1w 1w 2 § B 4 4
2 14 5 3 5 6 3 1 1mn

22, From a sample of 36 full-time students, the following information was obtained on
the time, in hours, each one spent studying last week:

22 1 33 10 28 7 12 25 32
22 45 21 10 18 17 20 14 2
ar 35 3 5 18 4 20 2 20
a4 23 A 3 24 13 23 10 36
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23.

24.

26.

Each of the following figures represents the weight of a package passing through
a sorting office. Construct a frequency distribution with cumulative and relative
columns:

/9 78 50 86 81 79 82 81 T3 B0 B2 49 80 75 T4
go 80 ¥7 ¥8 V5 7B H3 T8 68 TH 69 52 85 79 75
52 82 48 487 v7 78 60 81 85 A0 &1 78 &1 VB 78
79 79 53 V9 81 76 79 B3I T4 B4 TE BO BOD B2 B2
69 &1 57 ¥9 ¥¥ ‘79 68 78 77 F5 B1 B1 BOD 51 57
60 80 56 82 Y6 79 62 54 59 T8 BY 66 81 77 61
8 T4 &1 73 T4

The following datawere recorded on a study of flexural strength of high-performance
concrete obtained by using certain binders and super plasticisers:

an 79 63 70 BS5 6.8 1.6 7.0 6.8

81 63 73 72 59 8.2 8.7 7.8 9.7

T4 7T 87 T8 17 11.8 10.7

116 113

. The following observations represent the lifetimes (hours) of a certain type of

energy-saver lamp:

612
623

1016
666

1022
Ta4

1003
983

1201
1029

883
1 058

894
1 085

1029
1122

1 088 1135

870 S64

The following observations were measurements on coating thickness for a sample
of low viscosity paint:

0.63
1.31

0.88 0.848 1.04 1.09 1.2 1.29

1.48 1.49 1.50 1.62 1.65 1.71

. The following observations are carbon monoxide levels (ppm) in air samples

obtained from a certain region in Gauteng:

9.3 10.7 8.5 9.6 12.2 16.6 9.2

12.1 8.8

10.5

7.9 13.2 11.0 8.9 13.7
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28. The age distribution of guards hired by the Jumbo Department within the last year
is as follows:

b)

c)
d)

Age Number
20 = <30 2
3 - <40 13
4.1.._{50 — Eﬂ
51 - <60 12
61 = <70 3

Draw the ogives.

Based on the graph, the age of about half the guards hired was less than ...
Based on the graph, the age of about 30 of the guards hired was more than ...
How many of the guards were younger than 35 years old?

How many of the guards were older than 50 years old?
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UNIT

summarising data

/1 | using numerical

descriptors

In this unit we look at numerical measures that can be used to describe the
characteristics of data collected in their raw form (ungrouped data) as well
as for data summarised into frequency distributions (grouped data).

After completion of this umit you will be able to:
+ compute the mean, median and mode for both grouped and ungrouped data

distributions

describe the charactaristics of the mean, madian and moda

compute the range, mean average deviation and standard deviation

compute and interpret the coefficient of variation and the coefficient of skewnass
locate and plot the mean, median and mode for symmetrical and skewed

* compute measures of relative standing.

Numbers used to describe data sets are called descriptive measures. Statistics are
summary measures used to describe a sample and populations are described by
parameters. For the purpose of this text, samples’ statistics are calculated and used in
later chapters to estimate the population parameters. Data have three major
characteristics: location, dispersion and shape.

Describe data using measures of: ‘

Cenfral tendency Dispersion Shape
& Arthmetic mean * Range Pearson’s 15t coefficient
&  Median &  Standard deviation of skewness
& Mode & \ariance Pearson’s 2nd coefficient
&  Coefficient of variation of skewness
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4.1 Measures of central tendency

Measures of central tendency numerically describe the average or typical value of a
dataset. This is a single value that represents the whole data set.

There are many averages, each having its own characteristics. For the same set of
data all the averages might have different values. Three commonly used averages are:
1. the arithmetic mean
2. the median
3. the mode.

4.1.1 Arithmetic mean

This is the most commonly used measure of central tendency and is often referred to as
the average or the mean. The sample statistic, the mean, is represented by the symbol ¥
(x-bar), and the population parameter, the mean, is represented by the Greek letter
“mu” ().

The arithmetic mean is the sum of all the values in a data set, divided by the number
of observations.

The mean of a data set can be seen as the centre of gravity. It is the middle of the
actual numerical ralues of all the observations, not necessarily in the middle of the
number of observations.

Ungrouped data
Ungrouped (or raw) data will usually be presented as a list of numbers in any order or

quantity.
| ¥ =X

Where:

X = arithmetic mean

x = gach observation value
n = number of observations

Steps

Add the values of the individual observations (X x).

Count the number of observations (n).

Substitute the totals into the formula for x.

Divide the sum of the values by the number of observations (1) to obtain X.
Interpret your answer.

[ R e U X

Example 4.1

Calculate the arithmetic mean for the number of cars entering a parking area during a
sample of 10-minute intervals.

10 22 31 9 24 27 29 9 23 12
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1. Add the numbers:
Sx=10+22+314+9+24+27T+29+9+ 23+ 12=196

2. Count the numbers: n = 10
3. Use the formula to calculate the mean:
X = l,—f = % = 19.6 cars = 20 cars

We can conclude that on average 20 cars enter the parking area during a 10-minute
interval.

Activity 4.1

A city planner working on bikeways needs information about local bicycle commuters.
She designs a questionnaire. One of the questions asks how many minutes it takes the
rider to pedal from home to his or her destination. A sample of 12 local bicycle
commuters yielded the following times:

22 29 27 30 12 22 31 15 26 16 48 23

Determine the mean travelling time.

Grouped data
We cannot calculate exact values of the mean without raw data. If we use grouped data
from a frequency distribution, the mean can be approximated using the technique in
this section.

The assumption that is necessary is to treat each observation of a class as though it
falls on the midpoint (x) of that class. That means that the observations in a particular
interval all take the same value.

Where:

x = class midpoint of each class

[ = frequency of each class

n = number of observations in the sample (Zf)

Steps
1. Determine the class midpoint (x) of each class.

2. Multiply the midpoint by the frequency to obtain (xf) of each class. Write the
products in a column with the heading xf.

Sum the xf column to obtain 2xf

Sum the frequency column to obtain m: n = Zf
Substitute the column totals into the formula.
Calculate the mean (x] for grouped data.
Interpret your answer.

N
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Example 4.2

The following frequency table shows the time (in minutes) taken to travel to work for a
sample of 25 people from Gauteng. Calculate the mean time to travel to work.

Class boundaries f x xf
150 —<21.5 2 18.5 r
21.5-<215 i 245 147
275~ =335 B 30.5 2d4
33.5- <395 4 36.5 146
J4.0—<43.5 4 42.5 170
45.5= <515 1 48.5 48.5

Tatal 25 —_— 7925

Steps

1. Calculate the midpoints (x) column by adding the lower boundary to the upper
boundary of each class and divide the sum by 2,

Multiply the midpoint with the frequency of each class to obtain the x f column.
Sum the x f column.

Sum the [ column to obtain n.

Substitute the Zxfand n into the formula and calculate the x.

o L

The approximate mean time to travel to work for the people of Gauteng is 31.7
minutes.

Activity 4.2

Calculate the mean number of hours of personal computer usage per week for a sample
of 16 people and interpret your answer.
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Class intervals f X
1.95 —<3.95 2
3.95 - <5.95 5
5.95 - <7.95 5
7.95- <995 3
9.95-<1195 1
Total 16

Characteristics of the arithmetic mean

1. Tliisthe arithmetic average of all the quantitative measurements in the data set.
Every numerical data set has only one mean.

It is reliable because it reflects all the values in the data set.

It is sensitive to every value in the data set and can be greatly affected by the
presence of even a single extreme value (or outlier).

o

rest of the values in the data set.

Note: An outlier is an unusually large or small observation in comparison with the

5. [Itis useful for further inferential statistical procedures.

6. It can be calculated using a pocked calculator with preprogrammed formulae.

4.1.2 Median

The median is the value that occupies the middle position in a data set when arranged
in a numerical order. This means that there are an equal number of data values in the
ordered distribution that are above it and below it.

Ungrouped data

Steps

1. Arrange the data in a numerical order.
2. Count the number of observations (n).
3. Determine the position of the median.

median position = *

| IJ

|

.J

4. Read the value of the median from the number list.

& If the number of observations is odd, then the median is the value that is
exactly in the middle of the data set.
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v If the number of abservations is even, then the niedian is the average of the
two middle observations in the data sew.

Example 4.3

Find the median of each data set.

1.

Over a seven-day period, the number of customers (per day) purchasing at Hides
Leather Shop was as follows:

4 80 50 10 80 12 5

® Arrange the data in a numerical order:

45 10 12) 50 60 80

# Determine the position of the median: 221 = 121 =

2 Z

& Count up to value number 4 on the numerical list: median = 12

* 50% of the time there were less than 12 customers in the shop and 50'% of the
time there were more than 12 customers in the shop.

value number 4

2. Acity planner working on bikeways recorded how many minutes it takes the bicycle

commuter to pedal from home to his destination. A sample of 12 local bicycle
commuters yields the following times:

22 29 27 30 12 22 31 15 26 16 48 23

Determine the median traveling time.
® Numerical order:

—

12 15 16 22 22 23 26 27 29 30 31 48

Position of the median: » ; 1 = ”EJ’ L = value number 6.5

Value number 6.5 falls between 23 and 26.

cS.omedian = w = 24.5

50% of the riders took less than 24.5 minutes to destination and 50% took more
than 24.5 minutes to travel to destination.

® &% & @

Activity 4.3

2.

The following numbers represent the typing speeds of five secretaries in words per
minute,

30 a0 45 25 55

Determine the median typing speed.

How many calories are in a serving of cheese pizza? A variety of pizzas from different
outlets were sampled and the calories per serving were determined. The calories
were as follows:

332 275 393 347 350 353 357 296 358 322 337 323 333 299

Determine the median calorie content and Interpret vour answer.
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Grouped data

The median for a frequency distribution can be determined either graphically or by
calculation.

With grouped data we are unable to determine where the true middle value falls,
but we can estimate the median by assuming that the median value will be value
number £ and that the frequencies in the median class are evenly spread. Use the
following formula to calculate an estimate for the median.

(5 = Fle
I

median = L +

Where:

n=2xf

L = lower boundary of the median class

[ = frequency of the median class

¢ = width of interval

F = sum of all the frequencies up to but not including the median class.

Steps

1. Determine the location of the median: '-21-

2. Construct the cumulative frequency column (cum < f).

3. Compare the position of the median with the cum < f column to determine
which one of the intervals contains the median. The median class is the interval
where the cumulative frequency is equal to or exceeds % for the first time.

4. Estimate the value of the median using the formula for grouped data.

Example 4.4

Calculate the median time (in minutes) taken to travel to work for a sample of 25 people
in Gauteng.

Class boundaries f cum < f
15.5- <215 2 2
21.5— =27.5 i 8
27.5- <335 B 16
33.5~-<395 4 20
38.5-<45.5 3 24
455 = =515 1 25

Total 25

1. Calculate the cumulative frequency column (cum < f).

2. Determine the position of the median: % = value number 12.5
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Compare 12.5 with the values in the cum<fcolumn. You will see that up to the end
of the 2nd class we have 8 values. Therefore value number 12.5 must fall in class
number 3 which contains values number 9 to 16.

The median will fall somewhere between 27.5 and 33.5.

Substitute the required values from that class into the formula and calculate the
median.

The median time to travel to work for the 25 people in the sample is:
{% - Fle
5
— 075+ [m_sﬂ— )6
= 30.88
This means that half the sampled people traveled less than 30.88 minutes to work
and the other half more than 30.88 minutes,

median = L +

Use the ogive to determine the median
You can determine the value of the median graphically by making use of the ogive.

Steps

1.

Draw the cumulative 'less-than’ ogive.

2. Find the median position I[%} on the vertical axis.
3. Draw a straight horizontal line up to the ogive. Drop a straight line down to the
x-axis.
4. The corresponding value on the horizontal x-axis is the median value.
Example 4.5

Use the table from example 4.4 and determine the median value graphically.

1.

Cum f(no. of peopla)
o
|

Find the position on the vertical axis:% - 2—; =125

25 -

ra
o
|

_—
=
1

15.5 21.5 27.5 335 39.5 455 51.5
Class boundaries (minutes)
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2, Draw astraight horizontal line from the position on the y-axis up to the ogive. Drop
a straight line down to the x-axis.
3. Read the median value from the x-axis: median = =31 minutes.

Activity 4.4

Calculate the median number of hours of personal computer usage per week for a
sample of 16 people by making use of a formula as well as a graph.

Class intervals
1.93-<3.95
3.95 — <595
505 - <795
795=-<995
2.895-<11.95 1

o | dh | B B3| ey

Total 16

Characteristics of the median

& [tis the central value: 50% of the measurements lie above it and 50% lie below it.

# There is only one median for a data set.
& Extreme measurements do not affect the median as strongly as they do the mean

because the median is dependent on the middle position of the sample population
which excludes outliers at the beginning or end of the ordered data set.

= [t is a better measure of central tendency to use than the mean when the data are

very skewed.
s [is computation does not involve every measurement in the data set.

4.1.3 Mode

The mode of a data set is the value that oceurs most frequently. [t can be a good measure
to represent a typical value such as the most popular shirt size.

Ungrouped data

Tally the number of observations that occur for each data value. If there is no value that
occurs more often than the others, then there is no mode. (Note: this is not the same as
amode of zero.) A set of data can have no mode, one mode or more than one mode ( bi-

modal or multi-modal).
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Example 4.6

1. The commission earnings of five colleagues for the previous month was as follows:
R5000 R5200 R5200 R5700 REG600

Modal commission was R5 200 because more of the colleagues earn R5 200 than
any other income.

2, The lengths of stay (in days) for a sample of nine patients in Ward A are:
17 19 19 4 19 26 4 21 4

The modal lengths of stay are 19 and four days: more of the patients stay either 4
days or 19 days than any other number of days.
3. The hourly income rates of five workers are:

R4 HRY9 RY RI6 HRI1O

There is no mode: none of the workers earn the same income rate.

Activity 4.5

A telephone company conducted a study on the length of long-distance calls. A sample
of 10 calls gave the following lengths in minutes:

14 155 2.1 8 155 14 177 72 91 155

Determine the modal length and comment on your answer.

Grouped data

An estimate of the mode can be approximated either graphically or by making use of a
formula. Grouped data do not show a single most frequently occurring value but
assume that the mode will oceur in the interval with the highest frequency.

mode = [ +[—

I:II
e |
A +A,

Where:

L = lower boundary of modal class

¢ = width of interval

A = frequency (f ) of modal class minus fof previous class
A, = frequency of modal class minus fof following class

Steps
1. Select the class containing the highest frequency as the modal class.

2. Determine the A value by subtracting the frequency of the class preceding the
muodal class from the frequency of the modal class.

3. Determine A, by subtracting the frequency of the class following the modal class
from the frequency of the modal class.
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4,
5.

Use the formula to estimate the modal value,
Interpret your answer.

Example 4.7

The modal time (in minutes) taken to travel to work for a sample of 25 people is:

Class boundaries
155=<=21.5

21.5- <275
271.5=<335
335- <395
38.5- <455
45.5- =515 1

o O G D | ey

Total 25

1. Choose the class with the highest frequency — that is class number 3.

2. Mode=L +

A _ 5 B |
A, -_1..3‘]"" =27.5 + (5536 = 29.5min

3. More of the people take 29.5 minutes to travel to work than any other time.

Use the histogram to approximate the mode

Steps

1. Draw the histogram of the frequency distribution.

2. Identify the longest bar on the histogram as the modal bar.

3. Draw a line from the top right corner of the modal bar up to right corner of the
bar to its immediate left,

4. Draw a second line from the top left corner of the modal bar up to the top left

- corner of the bar to its immediate right.

5. Draw a straight line parallel to the y-axis through the intersection point of the
previous two lines down to the y-axis.

6. The value on the x-axis approximates the modal value,
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Example 4.8

This histogram is constructed from the frequency distribution in example 4.7 and is
used o determine the modal time travelled to work graphically.

4= — — — — — — - i ————

No. of people(f)

=

|

|

I

I

I

I

I

I

1
B
.

I

I

|

- 0 I H | ]

15.5 21.5 27.5 33.5 39.5 43.5 51.5

Class boundaries (minutes)

The mode is = 29 min.

Activity 4.6

Calculate the modal number of hours of personal computer usage per week for a sample
of 16 people using a formula and read the modal number of hours from an appropriate
graph. Interpret your result in the context of the data.

Class intervals f
1.95=<=395 2
3085 -=5495 b
5.95— <7.95 5
7.95 - =005 3

'.-3-95 - << ]7,95 1

Total 16
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Characteristics of the mode

It is the most frequent or probable measure in the data set.
[t is not based on all the data in the sample.

It is not affected by extreme values.
It can be used for quantitative and qualitative data.
Sometimes the mode does not exist or it is possible that there is more than one

maode, For these reasons, many people consider the mode as an unreliable measure
of central tendency.

4.1.4 Choose between the mean, median or mode

The whole point of using an average is that it should convey an impression of a
distribution in a single value. It is important to use the right type of average. All the
averages are different measures with different uses. The factors that play a role in
choosing the right average are the following:

1. Isthe nature of the data numerical or non-numerical?

The mode, which is the value that occurs most often, is the only measure
of central tendency useful for qualitative (non-numerical) data that you
cannot rank in any way. You can also use the mode for all other qualitative or
quantitative (numerical ) data sets.

If you can rank gualitative data sets, vou can use the median. The median is
also valid for all guantitative data sets.

The arithmetic mean involves arithmetic and is appropriate only for
quantitative data sets.

2. What does each average telis us?
Depending on the situation and the problem under investigation, one measure
may be superior to another, and in some other cases, you can use all three in
conjunction.

The maode identifies the most common or ‘typical’ value, or the value that
occurs more often than the others do. It may be a good choice if one value
occurs much more often than others do. At the same time, the mode conveys
the least amount of information about the data set as a whole. In some samples,
the mode may be in the middle of the distribution but in others, it may be a
value at one end of the distribution. It is also possible to have more than one
mode that will eliminate the mode as an option. Outliers do not influence the
mode at all and stays at the peak of the distribution.

The median indicates the centre of the distribution. There are the same number
of observations that lie above and below the median, regardless of how far
above or how far below. This means that it is unlikely that outliers at either end
of the distribution will affect the median very much.

The mean is the most [requently used average because it includes all the values
in the data set. This feature makes it the most sensitive to extreme values.

3. What is the shape of the distribution?
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o [fthere are extreme values present on one side of the data set, the distribution
is skewed. If the mean is very different from the median, the median will be a

better option to use.
o Skewness will be discussed later in the unit.

Example 4.9

1. The test marks of five students are as follows:
55 59 o6 66 94

The arithmetic mean of the marks is 68. This means that the sum of all the marks
evenly divided by all the learners will give you 68, The median value is 66, which
means that half of the learners scored less than 66 and the other half scored more
than 66. The mode is 66, which means that more learners obtained 66 than any
other mark.

If the values are arranged in a numerical order and you slot the arithmetic mean
value in position, you will see that there are 4 values smaller than the mean and only
one bigger than the mean. This means that the value on the right is an outlier which
pulled the mean to the right, causing the distribution to be positively skewed. For
this reason the median or the mode will be a better measure to choose.

2. Astudent obtained the following 4 marks in mathematics:

a8 75 95 100

The arithmetic mean of 89.5 would most probably be the best average to use since it
takes into account all the test marks of one student and therefore indicates overall
performance.

3. In calculating the average house prices in a particular suburb in Gauteng, vou will
most probably make use of the median. This is because the relatively few homes
with extremely high or low prices do not affect the median strongly. The median
provides a better indication of the average house price.

Activity 4.7

The National Housing Department conducted a survey to estimate the average number
of livable square meters for low cost housing. The reported mean was 24.5 square
meters and the median 22.2 square meters. Which measure of central tendency is more
appropriate? Explain vour answer.

4.2 Measures of dispersion

An average summarises a set of data in just one number. Two sets of data can have the
same mean value and yet be very different if one is more spread out than the other. To
describe this difference quantitatively, we use a measure of dispersion. This is a
descriptive measure that indicates the amount of variation in a data set. Some
commonly used measures of dispersion are the range, mean absolute deviation,
standard deviation and variance.
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4.2.1 The range

The range is the difference between the largest and smallest values in a data set, It
measures the distance across the entire set of data but its usefulness as a measure of
dispersion is limited. The range tells the difference between the largest and smallest
values in the distribution, it does not tell us how much other values vary from one
another or from the mean.

range = maximum value = minimum value

For grouped data the range is the difference between the upper boundary of the last
interval and the lower boundary of the first interval.

Example 4.10

A bakery regularly orders punnets of blueberries for its famous blueberry cheese cake.
The average weight of the punnets is supposed to be 600 g. The baker uses one punnet
of blueberries in each cake. It is important that the punnets are of consistent weight so
that the cake turns out right. Random samples of punnets from two suppliers were
weighed. The weights in grams of the punnets were:

Supplier 1: 480 600 600 600 760
Supplier 2: 480 540 570 760 760

Calculate the range of punnet weights for each supplier and comment on your results:
Supplier 1: range = 760 — 480 = 280 gr.

supplier 2: range = 760 — 480 = 280 gr.

The ranges are the same, but it is obvious that the variations within the samples are
different. 5o the range will not solve the bakery’s problem if they want to choose the
supplier that will provide punnets with consistent weights.

4.2.2 Mean absolute deviation [MAD)]

This is a better measure of dispersion than the range because it takes every observation
into account and measures variability around the average; it measures how much the
data differs from the mean.

Note: The deviation of a measurement in a data set is the difference between the
entry and the mean of the data set.

Some of the measurements are smaller than the mean, which will result in a negative
deviation and others are larger than the mean, which will result in a positive
deviation.
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To prevent negative deviations from the mean cancelling positive deviations, the
algebraic signs of the deviations are ignored and the absolute differences are

averaged.

Ungrouped data

Steps

1. Calculate the arithmetic mean (X) of the distribution

2. Determine the difference between each value and x without regard to the
algebraic sign: |x — x|. The two straight lines indicate that you are using the
absolute value.

3. Add the absolute values of the deviations: Z|x — x|

4. Divide the sum by the number of values (n).

| MATD = Zlx —

| ~

Example 4.11

Calculate the mean absolute deviation for the number of cars entering a parking area
during a sample of 10-minute intervals.

x lx — o
10 9.6
o T
9 10.6
24 4.4
a7 o | 7.4
9 10.6
23 34
I-é o - f.G
2x = 196 76.8
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4, MAD = =3 — 768 _ 768 cars

5. 'The typical deviation from the mean is 7.68 cars. The smaller the answer, the less
variation we have in the distribution.

Activity 4.8

In a study on bikeways the number of minutes it takes a sample of 12 local bicycle
commuters to pedal from home to their destination is recorded.

22 29 27 30 12 22 31 15 26 16 48 23

Determine the mean absolute deviation traveling time for the riders and interpret the
result in the context of the data.

MAD for grouped data

Steps

1. Calculate the arithmetic mean (x) of the distribution.

2. Determine the deviation of each midpeint (x) from ¥ without regard to the
algebraic sign: |x — x|

3. Multiply the absolute deviation in each class by the frequency of that class.
¢ — x|f

4. Add the absolute values of the deviations: X|x — x{f

5. Divide the sum by the number of values (n = Zf)

MAD = -

Example 4.12

The following frequency table shows the time (in minutes) taken to travel to work for a
sample of 25 people from Gauteng. Calculate the mean absolute deviation time to
travel to work.

Class boundaries t x I — #f
15.5- =215 2 18.5 26.40
21.5 - =2T7.5 B 245 43.20
27.5=-<33.5 & 30.5 g.60
33.5-<395 4 365 19.20
39.5- <455 4 425 43.20
45.5= <515 1 48.5 16.80

Total 25 158.40
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= .
Xr= ,—J:"r = —?%25'5 = 31.7V min

Construct the Zjx = x|fcolumn and sum the results.

Substitute the answers into the formula to determine the MAL.

MAD = Lh; . 151145_4 = 6.34 minutes

The average absolute difference between each observation of the time taken to travel to
work and the mean is 6.34 minutes.

Activity 4.9

The following frequency distribution summarises the number of hours of personal
computer usage per week for a sample of 16 people. Calculate the mean absolute
deviation for the sample time.

Class intervals
1.95 - =305
395- <595
5.95 - <795

(SR RN TR K

7.95 - 095
9.95--11.95 1
Total 16

4.2.3 Standard deviation (s]

The standard deviation is the most widely used measure of dispersion and measures on
the average, how far each data value is from the mean. To prevent negative deviations
from the mean cancelling positive deviations, the differences are squared.

1.
2.

3.

It uses all the entries in the data set and is therefore sensitive to outliers.

The larger the standard deviation the larger the variation in the data. A standard
deviation of zero means there is no variation.

It is useful for further inferential statistical procedures because most statistical
theories are based on distributions described by their mean and standard
deviation.

The measuring unit is expressed in the original units of measurements. (rands,
minutes, meires, etc.).

It can be calculated using a pocked calculator with preprogrammed formulae.
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Ungrouped data

Steps

1. Compute the arithmetic mean (x).

2. Find the deviation of each observation by subtracting x from each data value:
(x — %)

3. Square each difference: (x — ¥)*

4. Sum the squared differences: Z(x — x)*

5. Calculate the average by dividing the sum by (n — 1).

Note: Division by (1 — 1), known as degrees of freedom, is to correct the bias in esti
mating the population standard deviation using the sample standard deviation.

6. The standard deviation is the square root of this total.

=]

A large amount of variability in the sample is indicated by a relatively large value
of the standard deviation, whereas a standard deviation close to zero indicates
a small amount of variability. The standard deviation can be interpreted as a
‘typical’ deviation from the mean. If two samples are compared, we can say that
the sample with the smaller standard deviation has less variability than the one
with the higher standard deviation.

Example 4.13

Calculate the standard deviation for the number of cars entering a parking area during
a sample of 10-minute intervals.

x (x - X) (x-x)y
10 9.6 9216
22 2.4 5.76
1) 1.4 129.96
g —108 112.36
24 4.4 19.36
27 7.4 54,76
29 0.4 88,36
9 ~10.6 112.36
23 3.4 11.56
12 -7 57.76
Sx = 196 0.0 684.4
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- — 196 _
x =Ty = 196

Construct a (x — ¥) column: 2(x — X) = 0.

Square each deviation in the (x — ¥) column to obtain (x — X)%.

Sum the squared differences column to obtain: £(x — x)* = 684.4

Divide the sum by (n — 1). There are 10 observations in the sample, therefore:
10—-1=9

6. Substitute the calculated sums into the formula to determine the standard

LN o S

deviation.
_ |Zx—3P _ [eBaa _
T s={—g=1 ~J10-1_ 872

8. A typical deviation for the number of cars is B.72.

Activity 4.10

In a study on bikeways the number of minutes it takes a sample of 12 local bicycle
commuters to pedal from home to their destination is recorded.

22 29 27 30 12 22 &) 15 26 16 48 23

Determine the standard deviation of the traveling time for the riders and interpret the
result in the context of the data.

Grouped data

To estimate the standard deviation from data grouped into a frequency distribution, we
assume that each class is represented by its midpoint (x).

Steps

1. Youneed a frequency table with the following columns: classes, frequencies and
midpoints.

Compute the arithmetic mean (x)

Subtract the mean from each class midpoint and square the difference: (x — x)°
Multiply the squared difference by the frequency within each class: (x — x)*f
Sum the result to obtain the total squared deviation from the mean: Z(x — )*f
Calculate the average of this total by dividing by (n = 1)

The standard deviation is the square root of this total.

2 LIRS e Ny el

E(x — X*fF

5 y ro—
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Example 4.14

The following frequency table shows the time (in minutes) taken to travel to work for a
sample of 25 people from Gauteng. Calculate the standard deviation of the time to
travel to work.

Class boundaries f X (x - :;!f -

15.5 - <21.5 2 18.5 348.48
21.5 275 B 24.5 311.04
27.5 - <33.5 a8 30.5 11.52
43.5 - <395 4 36.5 9216
39.5— <45.5 4 42.5 4B66.56
455 - =515 I 48.5 282,24

Total 25 _— 1512

1. x= % = % = 31.7 min (from example 4.2},

2. Subtract 31.7 from each x-value and square the difference.

3. Multiply each squared difference by the frequency of that difference and record
the answers in the (x — x)*f column. The first value in this column is calculated as
(18.5 — 31.7) X 2,

4. Sum the results.

5. Substitute the total into the formula to determine the standard deviation.

Zx - xFf _ 1512

V-1 V35— — 194 minutes

£=

The typical standard deviation between each observation of traveling time and the
mean is 7.94 minutes.

Activity 4.11

The following frequency distribution summarises the number of hours of personal
computer usage per week for a sample of 16 people. Calculate the standard deviation
for the sample times.
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Class intervals
1.95 - <3.95

395 - =585
5.95 - <7.95

LI S I L O o

7.95- <995
895~ <1195 1
Total 16

4.2.4 Variance [52)

The variance is the standard deviation squared (s°). Although this is a very popular
measure in describing data, the main drawback is that the unit of measure is also
squared. Statistics measured in squared units are problematic to interpret. If the
standard deviation is equal to 5.25 hours, the variance will be 27.56 hours squared.

4.2.5 Coefficient of variation [CV)

The coefficient of variation is a relative measure of dispersion, which is the ratio,

expressed as a percentage, of the standard deviation to the mean. This is sometimes
used as measure of risk.

CV=%x 100

This is a unit-free number because the standard deviation and mean are measured
using the same units. The higher the result the more variability there is in a set of data.

All the measures of dispersion described so far have dealt with a single set of data.
In practice, it is often important to compare two or more sets of data with different
means, sample sizes or measurement units.

Example 4.15

A manufacturing company produces a product in two sizes: a 1 000 ml bottle and a
500ml bottle. Because of mechanical variability in the filling machinery, there is a
standard deviation of 50 ml and 40 m! respectively. The machine with the lowest CV
will be the more consistent.

CV{1000ml) = % % 100 = 5%

CV (500 ml) = % * 100 = 8%

For the 1 000 ml bottle, the CV of the filling process is 5% of the filling mean. For the
500 ml bottle, the CVis 8% of the filling mean.
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Although the machine filling the smaller bottle has a lower standard deviation, the CVs
indicate that it is the machine filling the larger bottle which is relatively more
consistent,

Activity 4.12

Two growers of grapefruit have obtained the following staristics regarding the mass of
their current crops.

Grower A: x = 300 gwiths =20 ¢
Grower B: ¥ = 280 gwiths = 40 g

Which grower's grapefruit are more uniform in mass?

4.3 Measures of shape

Measures of shape are tools that can be used to describe the shape of a distribution.
Two measures of shape are:

1. Skewness, which measures its symmetry or lack of symmetry.

2. Kurtosis, which measures its peakedness.

4.3.1 Skewness [SK)

You can describe the shape of a distribution by its symmetry or lack thereof (skewness),
which relates to the shape of the histogram, polygon, stem-and-leaf or dot plot that yvou
can draw from the data. The shape influences the locations of the mean, median and
mode in the data set, for example whether the mean is larger or smaller than the
median.

In symmetrical or normal distributions, the left half is a mirror image of the right.
When a symmetrical distribution has a single mode, the mode will be in the center of
the distribution. Furthermore, the mean and the median will be equal to the mode.
There are no extreme values on the one side to pull the mean away from the bulk of the
data. The skewness coefficient will take a zero value.

To portray the shape of a distribution, you can make use of the histogram or a
smooth polygon.

I 1 T e + 1 1 T T 1

mean = madian = moda

aa
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Pearson's second coefficient of skewness

This coefficient compares the mean and median in context of the magnitude of the
standard deviation.

SK = d(mean ~ median)
' standard deviation

Simply by knowing the value of the skewness coefficient, we can infer the general shape

of the distribution without resorting to a diagram:

e [fSK, = 0, the distribution is symmetrical with the mean = median = mode.

. II'EI'IfJ = 0 but less than 3, the distribution is positively skewed with the mean >
median > mode.

o If 5K, < 0 but greater than =3 the distribution is negatively skewed with the
mean < median < mode

Example 4.16

If the time taken to complete a particular complex task resulted in a mean of x = 34.34
minutes, a median = 35.27 minutes and a s = 6.86, calculate SK.

e J{mean — median) 3{34.34 — 35.27) _
E'RI ~ standard deviation G.06 = =0.14

'The distribution is negatively skewed but close to normal.

Activity 4.13

In a sample showing the sodium contents (in milligrams per kilogram) of chocolate
pudding made from instant mix , the mean x = 2 965.2, the median = 2 946 and the
standard deviation = 543,52

Calculate the coefficient of skewness for this distribution and interpret your answer.
Hlustrate your answer with a rough sketch.

4.3.2 Measures of kurtosis

Kurtosis describes the amount of peakedness of a distribution. The flatter the curve, the
greater the spread of the data. This means that the standard deviation is larger relative
to the mean. Although a formula exists to measure kurtosis, it is easier to determine the
extent of the kurtosis by observing the frequency curve or polygon.

¢ A distribution that is high and thin is referred to as leptokurtic.

s A distribution that is flat and spread out is referred to as platykurtic.

®# A distribution that is more normal in shape, that is either very peaked nor flat, is

referred to as mesokurtic.
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Leptokurtic

Platikurtic

4.4 Interpreting centre and variability

1.

Dispersion is the amount of spread or scatter that occurs in a data set. It can be
interpreted as the size of a "typical’ deviation from the mean. If the values in the
darta set are clustered tightly about their mean, the standard deviation is small,
but if the values are widely dispersed about their mean, the standard deviation is
large.
In comparing two data sets with the same unit of measure, the one with the larger
standard deviation has the greater amount of variability and the one with the smaller
standard deviation is more consistent, with less variability among the numbers in
the data set.
If you have a single data set, the mean can be combined with the standard deviation
to obtain information about how values in a data set are distributed along a number
line. To do this, we describe how far away a particular observation is from the mean
in terms of the standard deviation. For example, we might say that an observation
is two standard deviations above the mean or one standard deviation below the
ITIEan.
Consider a data set with a mean of 100 and a standard deviation of 15.
¢ The mean minus one standard deviation = 100 — 15 = 85. This means that '85’
is one standard deviation below the mean.
® 100 + 15 = 115. This means that ‘115" is one standard deviation above the
Imean.
& All observations that fall between "85 and ‘115" are within one standard
deviation from the mean.
¢ Two standard deviations = 2 ¥ 15 = 20,

100 — 30 TOand 100 4+ 30 130, All observations that fall between '70" and
130" are within two standard deviations from the mean.

e 100 + 3{15) = 145. Observations above 145 exceed the mean by more than
three standard deviations.
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4, The following two rules can be applied, depending on the shape of the
distribution.
¢ If the distribution is symmetrical, you can make a statement about the
proportion of data values that fall into various intervals, using the empirical
rule.
* A more general interpretation of the standard deviation is derived from
Chebysheff’s theorem, which applies to distributions of all shapes.

Empirical rule:

&  Approximately 68% of all observations fall within one standard deviation from
the mean.

&  Approximately 95% of all observations fall within two standard deviations from
the mean.

*  Approximately 99.7% of all observations fall within three standard deviations
from the mean.

Chebysheff's theorem:

The proportion of observations in any sample that lies within k standard deviations
of the mean is at least 1 - %fﬂr k=1

With & = 2, Chebesheff’s theorem states that at least 1 — % = % or 75% of all
observations will fall within two standard deviations of the mean. That will be the values
betweenx — 2k and x + 2k

With & = 3, Chebeshelf's theorem states that at least 1 — ,jL = g or BO% of all

observations will fall within three standard deviations of the mean. That will be the
values between ¥ — 3k and X + 3k

Example 4.17

A psychologist randomly selected 10 TV cartoons and counted the number of incidents
of verbal and physical violence in each. The counts were as follows:

13 26 16 21 15 H 15 30 14 11
1. x=18.2 hours
2. 5= 7.33 hours
3. Range: 31 — 11
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4. 'The stem-and-leaf plot shows a positive skewed distribution. Pearson’'s second
coefficient of skewness can also been used to determine the shape.

Stem | Leal
1| 134556
2|16
3| m

5. This distribution is positively skewed therefore you can use Chebesheff's theorem

to come to the following conclusions:

®  Atleast 75% of the data points (x) will fall within two standard deviations from
the mean: 19.2 + 2(7.33) = 33.86

19.2 — 2(7.33) = 4.54

That will be the values between 4.54 and 33.86.

® Within three standard deviations from the mean you will find at least 89% of all
the data values falling between —2.79 and 41.19.

® As you can see from the range, all the values in the data set fall within two
standard deviations from the mean.

Example 4.18

The stem-and-leaf display below displays the I0) scores of a sample of 112 children.
Stem: tens
Leaf: ones

Stem
6 (1

| T 25679
8 | 0000124355668
9 | DDD01123334466667 78889
10 | 0001122222333566677778899990
11 | 00001122333344444477778899999
12 | o11ri2aaseee

13 | 006
14| 26
15| 2

The summary statistics for this distribution are: X =104.5 and s = 16.3
This distribution can be reasonably well described by a symmetrical or normal shape;
therefore the empirical rule can be applied.
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®  Within one standard deviation of the mean:
[104.5 — 1{16.3)] and [104.5 + 1{16.3)]
= BB.2 and 120.8
Approximately 68% of the I() scores are between 88.2 and 120.8.
#  Within two standard deviations of the mean:
[104.5 — 2(16.3)] and [104.5 + 2(16.3}]
=719 and 137.1
Approximately 95% of the 10} scores are between 71.9 and 137.1.
¢  Within three standard deviations of the mean:
[104.5 — 3(16.3)] and [104.5 + 3{16.3))
= 55.6 and 153.4
Approximately 99.7% of the I() scores are between 55.6 and 153.4.

Activity 4.14

The following frequency table shows the time (in minutes) taken to travel to work for a
sample of 25 people from Gauteng. Interpret the centre and variability for the sample.

Class boundaries
155=<=<215

215-=275
27.5-<335
33.5-<395
J9.5- =455

T - N = - B+ T I A Y

45.5 - <515 1
Total 25

Use the histogram or Pearson’s second coefficient of skewness to determine if the
distribution is close to normal or skewed. From previous examples we know that:

x = 31.7 min

5= 7.94 min

median = 30.88 min

Activity 4.15

Interpret the centre and variability of the number of cars entering a parking area during
a sample of ten-minute intervals. From previous examples we know that:

x=19.6

5= 872

median = 22.5

22 31 % 24 27 29 9 23 12
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4.5 Measures of relative standing

These measures are used to determine the position of an observation in a set of data in
relation to the other values in the set. The most familiar measures are quartiles and
percentiles, also known as fractiles.

If you want to know what data value in a sample has a certain percentage of the
sample data above or below it, you calculate the percentile. Percentiles divide the data
into 100 equal partsand each percentile (P) is a value such that /% of the observations
are smaller. (f can take on a value between 1% and 100%.)

Certain percentiles are used frequently. These are the 25th percentile and the 75th
percentile, also known as the first and third quartiles. Quartiles divide the data into
four equal parts. The first quartile (@) is a value such that 25% of the observations are
smaller and the third quartile ((),) is a value such that 75% of the values are smaller.

The median, which is a measure of central tendency, is also a measure of relative
standing. As you have learned previously, the median divides the data into two equal
parts, the bottom 50% and the top 50%. The median is the middle quartile, ), or P_. The
exact location must therefore be determined before the value can be calculated.

Ungrouped data

Steps

1. Arrange the numbers in a numerical order.

2. Change quartiles to percentiles (Q, = P,_.and @, = F_)

3. Determine the position of the percentile or quartile you want to obtain. (Where

in the numerical list will you locate this value?) Use the following formula to
determine the position of the quartile or percentile:

I FT
e y —
position 150

With ‘j’ the jth percentile and ‘n’ the number of observations.

4. Ifthe position results in a fraction, choose the next larger integer. If the position
results in an integer, add 0.5.
Read the value from the numerical list.

h

Example 4.18

A psychologist randomly selected 10 TV cartoon shows and counted the number of
incidents of verbal and physical violence in each. The counts were as follows:

26 13 16 21 LE J 15 30 14 1n

Determine Q,, Q, P, and P,
1. Numerical order:

1 13 14 15 15 16 21 26 30 31
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2. Determine the position of each value and read the value from the array.
25(10)
100
- QQ, value = 14, This means that 25% of the TV cartoons have less than 14 incidences
of verbal and physical violence per cartoon and the other 75% have more than 14
incidences per cartoon,

75(10)
T

Q, position = P, = = 2.5 round to position 3,

QQ, position = P__= 7.5 round to position 8,

-, value = 26. This means that 75% of the cartoons have less than 26 incidences of

verbal and physical violence per cartoon and 25% have more than 26 incidences,

80(10)
100

- — 26+ 30 _

s P value = St 28

P, position = = 8 round to position 8.5,

This means that 80% of the cartoons have less than 28 incidences and 20% have
more than 28 incidences of verbal and physical violence.

P, position = % = 2 round to position 2.5,
.. P, value = % =13.5

This means that 20% of the cartoons have less than 13.5 incidences.

Activity 4.16

The following data show the number of cars entering a parking area during a sample of
ten-minute intervals.

10 24 ) 29 27 29 9 23 12 d1

Calculate ¢}, ), P, and P, . Interpret your answers in context of the data.

Grouped data

Steps
1. Construct a frequency distribution with classes and frequencies.
2. Construct the cumulative ‘less than' frequency column.
3. Determine the position of the quartile or percentile number.

I

' position =

i

I
10

- ]
wsition P =
I t (RILL

4. Compare the position of the fractile with the cumulative frequencies to determine
which one of the intervals contains the fractile.

30
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i’"

3. Q=1L+

uzr,r. }G
Q—ﬂ+ = 4.38

‘This means that 25% of the patients stay less than 4.38 days in hospital.

1258 a0 s
— 4 —
4. Q=65+ . = 8.79
This means that 75% of the patients stay less than 8.79 days in hospital.
in
5 P . .L + ||]|:||:| r.ll
. P, 1
[BH(255) i'l]".:]
_ Hi] =
P, =95+ —" = 10.54

This means that B5% of the patients stay less than 10.54 days in the hospital.

Activity 4.17

The following frequency table shows the time (in minutes) taken to travel to work for a
sample of 25 people from Gauteng. Calculate @, @, P and P, . Interpret your answers
in context of the data.

Class boundaries f
155- <215 2
21.5-<27.5 B
27.5- <335 B
J35- =395 4
39.5 - <45.5 4
455- <515 1

Total 25

4.6 Measuring dispersion using measures of relative
standing

These measures of dispersion are resistant to the effect of extreme numbers. They are
frequently used in skewed distributions to give an estimate of spread.
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4.6.1 Interfractile ranges

These ranges are measures of the spread between two fractiles in a distribution.

1. ‘The interguartile range includes approximately the middle 50% of values and is the
difference between the (}, and (), values. This means that the first 25% and the last
25% of the data are cut off. Large values of this statistic indicate that the first and
third quartiles are far apart, indicating a high level of variability.

First 25% First 50% First 75% 100%

—_—— -

—_—) - e e . oo

L] 2 3

1]
FE’E 50 75
The interquartile range = Q, — 3, .. the middle two quarters
2. A middle range is the middle proportion of the data between two percentiles with
the cut-off portions at the beginning of the data set and the end of the data set,
equal.
e Middle 80% range = P_ — P
[This means that the first and the last 10% of the data are cut off|
e  Middle 40% range = P__ — P
[This means that the first and the last 30% of the data are cut off |

Example 4.21

Refer to example 4.19: a psychologist randomly selected 10 TV cartoon shows and
counted the number of incidents of verbal and physical violence in each. The counts
were as follows:

26 13 16 21 15 ) 15 a0 4 1A

) value = 14
), value = 26
P, value = 28

P, value = 13.5
Interquartile range = Q-G =26-14=12
Middle 60% range = P, — P, = 28 — 13.5 = 14.5

Activity 4.18

=

The following data show the number of cars entering a parking area during a sample of
ten-minute intervals. Calculate the middle 80% range, middle 70% range and the
middle 60% range.

10 22 9 24 27 29 9 23 12 N
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it is compact, and provides information about centre, spread, symmetry and the
presence of outliers.

These plots are particularly useful when you want to compare several sets of related
data.

Construction of a box-and-whisker plot

1.
2.
3.

Draw a horizontal x-axis which covers the range of the data values.

Do the five-number summary table.

Atany point on the y-axis draw a rectangular box horizontal to the x-axis whose left
edge is at the lower quartile value () ) and whose right edge is at the upper quartile
value (@ ). The box width is the interquartile range and shows the spread of the
middle 50% of the data.

Draw a vertical line inside the box to indicate the position of the median,

Draw whiskers (horizontal lines) from the midpoints from each end of the box
out to the smallest number and to the most extreme point — the minimum and
maximum data values which is the range or the spread of the entire data set.

Place marks at distances 1.5 times the interquartile range from either end of the hox
— these are known as the inner fences.

Outliers are data values between the inner fences and the smallest and largest
values.

A box plot also shows the symmetry or skewness of a distribution. In a symmetric
distribution, the @} and @ values are equally distant from the median. If the
distribution is skewed to the right the @, will be farther away from the median than
the (. If the distribution is skewed to the left, Q_will be closer to the median than

Q.

Example 4.24

A psychologist randomly selected 10 TV cartoon shows and counted the number of
incidents of verbal and physical violence in each, The counts were as follows:

11 13 14 15 15 16 21 26 30 N

The five-number summary table:

-

1
2
3.
4.
5]
G
7

‘The smallest data value 5= 11
The lower quartile (2 =14
‘The median Med = 15.5
The upper quartile (), = 26
‘The largest data value L=31
Left inner fence; 14 — (1.5 % 12) = —4
Right inner fence: 26 + (1.5 % 12} = 44
. . .
| : + P—— . — 4 | i i
o o5 10 15 20 25 30 a5 40 45
Q Q

1 EL
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Interpretation

The five-number summary values are all indicated on the plot:

® Outliers are any observations larger than 26 + 1.5(16) = 54 or smaller than
14 — 1.5(12) = 18. The whisker to the left extends to 11, which is the smallest value
and not an outlier. The whisker to the right extends to 31, which is the largest value
and not an outlier. That means there are no outliers.

* The @, is closer to the median than @, therefore the distribution is positively
skewed.

Activity 4.21

The number of cars entering a parking area during a sample of ten-minute intervals is
given below. Portray the five-number summary table for the distribution as a box plot.

10 22 9 24 27 29 ) 23 12 i

TEST YOURSELF 4

For the distributions below, calculate and interpret in the context of the data (if
possible):

® arithmetic mean

median

mode

range

mean absolute deviation

standard deviation

variance

coefficient of variation

Pearson's second coefficient of skewness
draw graphs to determine median and mode
interquartile range

quartile deviation

box plot.

1. The following data represent the pulse rates (beats per minute) of nine students
enrolled for the statistics course:

fa 60 60 1 i i g0 Liti] T3

2, In a research study concerning the long-term effectiveness of nicotine patches
on participants who had previously smoked 20 cigareties per day, a sample of 15
participants reported that they now smoke the following number of cigarettes per
day:

10 10 7 LLU (] 9 8 10 ) 8 B 9 8 10 8

a7
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3. The amount of aluminum contamination (in parts per million) in plastic wraps
used to cover food, was recorded for a sample of 26 plastic specimens:

172 102 30 182 15 Jo 60 g 183
63 LR I 70 g 222 79 120 244
By 125 27 26 140 511 101 145

4. During a quality assurance check, the actual coffee content (in grams) of six jars of
instant coffee was recorded as:

82.9 76.9 88.0 B2.5 82.4 82.8

5. A sample of apples, guavas and mangos were analysed for the pesticide residues in
the fruit. The amounts, in mg/kg of a certain pesticide were as follows:

02 16 40 54 57 M4 02 34 24 GBE 42 27

6. During one month, records show the following results for the number of workers
absent per day:

13 14 9 17 21 0 15 22 19 13 5
22 13 19 23 17 2 10 9 20 18

=1

The daily sales of a small business (in R'000] are given below for an 8 day period:

8.2 11.5 101 9.4 151 6.1 10.3 12.3

#, ‘'The following sample of lifetimes (in hours} of a certain type of battery used in a
remote control is recorded as follows:

5.5 8.1 6.2 b.5 5.8 5.6 58 6.0

5. Corrosion of reinforcing steel is a serious problem in concrete structures located
in the coastal areas. Researchers have been investigating the uwse of reinforced
bars made of composite material. In one study glass-fibre-reinforced plastic bars
were bonded to concrete. The following data were recorded on measured bond
strength:

12.1 99 78 6.2 6. 6 70 53 5.1 5.2 48 15.2 38
2.4 22 48 107 131 g5 34 20.6 13.8 12.6 4.1 8.9
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10. The following frequency distribution summarises a sample of daily sales in
(R'000):

Sales (R'000) Frequency
96.5 —<96.9 1
06.9 —.-c:E!?.E i
97.3 —<97.7 14
97.7 —=98.1 22
98.1 —<98.5 19
98.5 —<98.9 32

| 98.9 —=799.3 6
99.3 —.1199.? 4

11. The number of minutes after their appointment times each of a random sample of
64 patients had to wait to be served in a major local health facility were observed as

follows:
Waiting time Number of patients
0—=4 10
4 —<8 17
8 _c:lﬁ | .IE
12 —<16 14
16 —=220 7

12. The amountofcaffeine inasample of 250 ml servings of brewed coffee is summarised
in the table below:

Caffeine (mg) Number of cups
5095 —=81.5 1

81.5 —<103.5 12

103.5 —<125.5 25

125.5 =< 147.5 10

147.5 —<168.5 2
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13. The lecturer in computer science recorded the amount of computer time (in
minutes) needed by each student to complete an assignment:

Time Number of students
0.1 —=05 3
0.5 —=09 10
09 —=<1.3 16
1.3 —=1.7 9
1.7 —<2.1 5

14. A study of the number of trips on a particular day for a sample of 40 taxi drivers
revealed the following data:

Number of trips Frequency
0 —=5 3
b —~=<10 B
10 =15 8
15 —=<20 13
20 — =25 7
25 — =30 3

15. A factory manager records the yearly sick leave (rounded to the nearest half day)
taken by his emplovees:

Number of days Number ot employees
0—=25 13
2.5 —==a.0 T
5.0 —=75 17
7.5 —==<10.0 10
10.0 ==<12.5 3
125 —=215.0 2

100
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The engineering division of Continental Motors planned a campaign to improve
plant safety. In preparation, the following accident data were compiled for a sample
of 50 weeks:

‘Number of accidents Number of weeks
0-=<h 6
5—-:1.6 25
10 —<15 1
14 —<20 7
20 —r.:EEr 1

The Strongbo Rubber Company has two factories. Both factories employ students
during the holiday seasons. In factory A, the students are paid on average R982 per
week with a standard deviation of R158. [n factory B, the students earn on average
of R1 208 per week with a standard deviation of R214. Which factory has the greatest
relative dispersion?

Data have been collected on the life (in hours) of two brands of light bulbs. Compare
the two brands using the coefficient of variation.

BrandA Brand B
Mean = 5 B00 Mean=5770
Standard deviation = 5 100 Standard deviation = 5 60

The operations manager of a package delivery service is deciding whether to
purchase a new fleet of trucks. When packages are stored in the trucks in preparation
for delivery, you need to consider two major constraints — weight and the volume
for each item. He samples 200 packages and finds that the mean weight is 13.0 kg
with a standard deviation of 1.7 kg. The mean volume is 0.8 cubic meter with a
standard deviation of 0.2 cubic meter. Compare the variation of the weight and of
the volume.
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unit | Index numbers

5

Index numbers are used in business and economics as indicators to
measure how much an economic variable changes over time or differs
between two locations.

After completion of this unit you will be able to;

calculate simple index numbers

calculate a composite index numbear

know the difference between unweighted and weighted index numbers
change the base period

calculate link relatives and percentage point changes

understand the consumer price index.

& B & B & &

An index number measures the change in a variable over time relative to the value of
the variable during a pre-selected base perind. The reason we are concerned with past
changes is that we base business forecasts on what has happened in the past.

Index numbers are commaonly used in business and economics as indicators of
changing business or economic activity. Some examples of well known index numbers
in South Africa are:
¢ Consumer price index (CPL)

Producer price index (PPI)
New car sales index

ISE indexes
Unemployment rate

The types of indexes that dominate business and economic applications are:

1. Price indexes “p]' which are the most frequently used and measure changes in the
price of a commodity or group of commodities between two time periods.

2. Quantity or volume indexes (I ) which measure how much the guantity of a
commodity or group of commodities changes over time.

In constructing an index number to describe the relative changes in commaodity prices

or quantities, we must first choose a base period. The base period is the time in the past

against which all comparisons are made.

1. 'This period should be recent enough so that comparisons are not greatly affected
by changing technology and consumer behaviour.
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2. 'This period should be one of relative economic stability without any abnormal

3.

influences.

The base year index is always given the value of 100 and each subsequent year will
have a value above or below 100 depending on whether there has been an increase
or decrease in the data compared with the base year. For example, an index number
of 124 will mean an increase of 24% since the base year and an index number of 93
will mean a decrease of 7% since the base year.

An index number that represents a comparison for an individual item is a simple index
number. In contrast, when the index number has been constructed for a group of items,
known as a basket of goods, it is an aggregate or composite index number.

Index number structure

|
Simple index ‘ \- Compaosite index
Unweighted index Weighted index number
I I
& Simple unweighted & Laspeyres
composite ® Paasches

9.1 Construction of a simple index number

A simple index number measures the changes (as a percentage) in price or quantity of
a single item over time. It is calculated by dividing the current value (numerator) by a
base value (denominator) and then multiplying the result by 100.

Steps

1.

I, e it

Obtain the prices or quantities for the commaodity over the time period of
interest.
Select the period to be used as base.

Divide the current price (P} of the commuodity by the base price (P,).

Multiply this ratio by 100

CUTTeENt year price
base vear price

T — y

3 |
[ =3 %100 |

* 100

Price index (1) =

.|I1

P represents the current period price and P, the base period price.
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6. The formula for a quantity index ¢an be obtained by interchanging the values of
P and () in the price index formulae:

0
X 1M

J| —_—
‘ 0

{} represents the current period quantity and (), the base period quantity.

Example 5.1
If milk costs B3.50 a liter in 2005 and R3.85 in 2006, the simple price index for 2006 will
be
fie]
= = 3% 100
fﬁ
R385
= 350 = 100
= 110

This means that milk increased in price by 10% over the period under consideration.

Activity 5.1

The following table provides the price per kilogram and the quantities purchased of
nuts during the years 2007 and 2008, Use 2007 as base and construct simple price and
quantity indexes per commodity for 2008.

| Prices per In:q. (rands) q_‘mqu;a_n';tﬂ_e;m;uﬁ :I:_g_} : __l

2007 2008 2007 2008 IJ
Peanuts 45 a0 600 550
Fecans a5 Gl 300 350
Cashews Gl 0 325 K ¥

5.2 Construction of composite [or aggregate) index numbers

These indexes are used to measure the relative change for a basket of related

commaodities,

o If each item in the overall index is of equal importance, the index is said to be
unweighted — only prices or quantities are used in the construction of the index
number. This particular index ignores both consumption patterns and the uniis to
which prices refer.
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¢ [Ifeach item in the overall index is not of equal importance, the index is said to be a
weighted index. A system of weights is applied so the index will reflect the relative
importance of its components. The price of an item is generally weighted by the
quantity sold during that period. Prices and quantities are used in the construction
of a weighted index.

9.2.1 Unweighted index numbers

Simple unweighted composite index number

All the commuodities in the group are included in the calculation. This index considers
each commodity in the basket as equally important, which results in the most expensive
commaodities, as well as the least consumed commodities, in the basket being overly
influential.

Steps

Obtain the prices for the commodity over the time period of interest.
Select the period to be used as base.

Sum the prices of all the items in the given period (P ).

Sum the prices of all the items in the base period (P,).

Divide the numerator by the denominator,

Multiply the result by 100.

Interpret the answer.

If you want to calculate a simple unweighted quantity index, apply the following
formula:

e B L o

0
l, = 5. X 100

Example 5.2

The following table shows the costs of course material and price per unit that a student
needs for a course in statistics:

2007 2008
Fi- 'PI

Texthook 203 229
Calculator 80 70
Answer manual 10 10
Total 293 309
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5 p
| o=

i W
=8

% 100
_ 309

= g3 % 100
= 105.46

This means that the prices increased by 5.46% over the period under consideration.

Activity 5.2
Construct a simple unweighted price and quantity index for 2008,
Prices per kg (R) Ouantities purchased (kg)
2007 2008 2007 2008
Peanuts 45 50 600 550
Pecans 30 60 300 350
Cashews il fl 325 325

9.2.2 Weighted composite index numbers

These methods take into account the different consumption (or quantity) levels of the
commaodities in the basket of goods, An important question in applying the process is:
which quantities are used?

Laspeyres and Paashes index numbers are the most popular composite index
numbers.

Laspeyres index

This method uses quantities consumed during the base period as a weighting factor
and assumes that whatever the price changes, the quantities purchased will remain the
same. Using this method will be misleading when the purchase quantities change
significantly from those in the base period. One solution to the problem of purchase
quantities that change relative to those of the base period is to change the base period
regularly, so that the quantities are regularly updated.

The best-known Laspeyres index is the consumer price index (CPI).

%P
T{L}) = === = 100
P{ } lp.'-m.-
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Steps

1. Collect price and quantity information for each of the items to be used in the
composite index.

2. Select the base period.

3. Denote the current prices and quantities as P and (), respectively.

4. Denote the base prices and quantities as P, and Q, respectively.

5. Multiply the current period price (P ) by the base period quantity (2,) for each
item and sum the resulting values (3P Q, ).

6. Multiply the base period price (P,) by the base period quantity (Q,) for each item
and sum the resulting values (2P, Q, ).

7. Divide the first sum by the second sum and multiply the result by 100.

8. Interpret the answer.

Paashes' index

This method uses quantities consumed during the current period as a weighting factor.
It measures the change in total cost of goods that represent a consumption pattern
typical of the current year, and therefore avoids the problem of changing consumption
patterns.

P
I(P) =Fﬁ % 100

Steps

1. Collect price and quantity information for each of the items to be used in the

composite index.

Select the base period.

Denote the current prices and quantities as P and () respectively.

Denote the base prices and quantities as P, and Q, respectively.

Multiply the current period price (P ) by the current period quantity (Q ) for each

item and sum the resulting values (2P,Q ).

6. Multiply the base period price (P,) by the current period quantity (Q ) for each
item and sum the resulting values (2P, Q ).

7. Divide the first sum by the second sum and multiply the result by 100.
8. Interpret the answer.

T

SRR
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Example 5.3

The following table shows a farmer’s orchard production. Construct Laspeyres’ and
Paashes’ price indexes for the year 2008 with 2007 as the base.

Price per box Boxes ("000)
2007 2008 2007 2008
Fﬂ Pl Dﬁ al Pu'a [ ] Fl El Fﬁ ﬂ|' PI ﬂ!
Apples 20 25 2.0 1.5 50.0 40.0 30.0 75
Oranges 15 17 1.4 1.6 238 M0 24.0 27.2
Mangos 40 35 5.0 2.1 175.0 200.0 g0.0 0.0
Bananas 30 38 7.0 a.0 266.0 210.0 270.0 342.0
514.8 471.0 404.0 476.7
¥
I (Laspeyres) = ‘*'PI%I 100
_ 5148
= 10 # 100
= 109.30
Price increase of 9.30% since 2007.
IPQ
1 (Paashes) = ) = 100
. ATHY
T ADLD X 100
=118

Price increase of 18% since 2007,

Activity 5.3
Construct weighted indexes for 2008,
Prices per kg (R) Quantities(kg)
2007 2008 2007 2008
Peanuts 45 Al ai0 5A0
Pecans 55 60 300 350
Cashews B0 70 325 325

108



Index numbers

9.3 Additional topics on index numbers

5.3.1 The consumer price index [CPI)

This index is a very important economic indicator and is used to determine inflation
rate and cost of living. Its monthly publication by the Department of Statistics is a
matter of great publicity.

The formula used in determining the CPI in South Africa is that of Laspeyres.

P

CPl= o

> 100

To determine the base year weight factor, at least 10 000 households were sampled out
of different income groups and metropolitan areas. Following international practice,
the base period used for the CPI must change at least every five years. A monthly index
for each consumer item for each area is determined by making use of the above formula
and then a combined CPI is calculated.

The formula for determining inflation rate is as follows:

CFI current year

inflation rate = CPI of corresponding month of previous year

9.3.2 Percentage points change

One convenience of index numbers is that by starting from 100, the percentage change
from the base period is found just by subtraction. The differences thereafter are referred
o as percentage points.

Example 5.4

The percentage increase is
1996 100
1997 120 20 20%
1999 160 40 33.33%
2000 188 28 17.5%

120 — 100 -
¢ o X 100=20%

160 — 120 -
Astheindexgets larger the same percentage change is represented by a larger difference.
A change from 100 to 120 is the same as a change from 300 to 360, but the impression
can be very different. In practice the solution will be to change the base year.
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5.3.3 Link relatives

Link or chain relatives are indexes for which the base is always the preceding period.
Therefore, each index number represents a percentage comparison with the preceding
vear. Such indexes are useful for showing year to year comparisons, but not as a basis
for making long-run comparisons.

Example 5.5

The rand value of sales for the Papillion Café between 2002 and 2007 is as follows:

Month January | February March April May
Sales (R) 14 380 16 433 20 154 23015 23621
Link relative 109.7 122.9 114.0 102.6

. - L 16433 _
®  February link relative = 750 % 100 = 109.7

¢ March link relative = % » 100 = 122.9

Activity 5.4

The following table lists the retail price of milk per litre between June and October at a
local grocery store, Determine the link relatives for milk.

August September
2.50 2.99

June
1.99

July
2.50

October
3.40

9.3.4 Changing the base year

Changing the base period is necessary under a number of conditions:
# if the original base period is too long ago

e ifthe two indexes you want to compare have different base periods
& inclusion of new items in the index or disappearance of old ones

= new techniques

& abnormal influences on the base period.

The base period for index numbers can be shifted by dividing each original index by the
index of the newly designated base year and multiplying the result by 100,

original (old) index number
ald index for new base

= 100

new index number =
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Example 5.6
Value indexes for the Ford Motor Co.
2000 2001 2002 2003 2004 2005
2002 = 100 74.2 814 100.0 114.0 117.0 118.9
2004 = 100 63.4 69.6 85.5 97.4 100.0 101.6
— 742 — — Bl.4 — aa e
2000 = 70 * 100 = b3.4 2001 = 1170 # 100 = BY.6
2002 = 1998 x 100 = 85.5
Activity 5.5
For the following consumer price indexes, move the base to 2004.
2000 20m 2002 2003 2004 2005 2006
100 104.2 109.8 116.3 121.3 120.0 n74
TEST YOURSELF 5
Calculate all simple and composite index numbers for questions 1 to 5.
1. A lecturer’s essential commodities for teaching statistics:
Unit prices Ouantities
Unit 2007 2008 2007 2008
Chalk box 2.00 2.50 4 2
Rad pen par 1 0.72 0.75 3 5
Text book 1 103.00 139.00 1 1
Aspirin bottle 12.00 10.00 3 4

2. The Valdo Art School has compiled the following information showing prices and
quantities of the following supplies for 2007 and 2008:

Prices Quantities
2007 2008 2007 2008
Brushes 4.74 4.92 60 43
l.:amre.lsn 3.0 3.4 820 07
Qil 6.20 b6.83 107 |4
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3. The table below shows the prices and annual consumption of the raw materials

used in Gauteng Breweries in 2007 and 2008:

Prices Unit Quantities
2007 2008 2007 2008
Malt 49 48 10874 15116
Hops 512 724 732 B96
Sugar 46 51 1865 2486
Wheat flour 3 27 a7 1003

4. Tixif Limited sells three types of chain saws. Company records showed the prices
(R'000) and quantities sold as follows:

Price (R) Quantity

2007 2008 2007 2008
X 30 40 22 a0
¥ 50 60 3 40
2 120 99 8 12

5. Mr Hiram, a pensioner, has kept a record on the costs of certain items purchased
weekly:

Price per unit Quantities Purchased

2007 2008 2007 2008

Coffee 12.00 15.00 30 32
Cookies 5.60 4.949 7 g
Sugar 7.50 8.20 20 24

Mr Rolling has been offered ajob in Cape Town with a salary of R123 500 per vear. The
cost of living index is 132, If he presently earns R100 000 per year in Johannesburg
with a cost of living index of 120, will he be financially better off in the new joh?
The CP1 values for the first eight months of 2008 with 2006 = 100 were:

233 236 240 243 243 249 252 255

Shift the base of the index to June 2007 and determine the purchasing power of the
rand per month for both index series.
The producer price index with 2006 =100 for the previous twelve months were:

181 201 21 227 234 238 245 249 260 268 290 300

Calculate the percentage point increases and the percentage increases in the index
numbers.
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The reported new cases of tuberculosis in a busy hospital were as follows:

January

February

April

May

June

239

a1

289

264

321

199

Index numbers

Calculate the link relatives and then the percentage point and percentage

increases.
The following figures relate to the library expenditure (R) of a small town. Also given
is the retail price index per year:

Year 2000 2001 2002 2003
Expenditure 4800 | 5230 | 5800 | G700
Retail index 103 10 120 128

If the retail index is taken into consideration, was there a real increase in the library
expenditure?

113



UNIT | Summarising

5 |bivariate data:
regression and
correlation analysis

This unit deals with methods to summarise data consisting of observations
on two guantitative variables (bivariate data) presented as ordered pairs.
The purpose is to understand if there is a relationship between two
variables and what you can do if a relationship exists,

After completion of this unit you will be able to

& gxplain the purpose of regression and correlation analysis

& compute and explain the meaning of the coefficients of correlation and determination
+ compute the regression eguation and use this measure to do estimates

» compute correlation by making use of ranking.

Regression and correlation analysis are statistical tools used to study the relationship

between two variables of which one is dependent and the other independent. Itis used
to determine:

whether there is a relationship between the variables
To describe the relationship between the rwovariables, we firstgraphically represent
the data in a scatter diagram. This visual representation can give an immediate
impression of a set of data; it will illustrate whether there is a relationship and also
suggest whether the relationship is linear, positive or negative. The strength of the
relationship may be concluded tentatively.
how good that relationship is

The correlation coefficient is a numerical descriptor of the data that is used to
measure how good this relationship is.

how the relationship can be used to make predictions.
Once the scatter diagram and correlation coefficient indicate that a linear
relationship exists between the two variables, we proceed to find a linear equation
that describes the relationship between the two variables. This equation can be
used to make predictions within the given range of the data (interpolation).

Note: This unit will deal with linear relationships involving two variables only.




Summarizsing bivariate data: regression and correlation analysis

6.1 Response variable (y) and explanatory variable [x]

Each observation of bivariate data can be thought of as a data pair of the form (x, y).
The x is the explanatory (or independent) variable and y is the response (or dependent)
variable. The response variable y is the variable whose value depends on, or can be
explained by, the value of the explanatory or independent x-variable. When we analyse
data on two variables, the first step is to distinguish between the response variable and
the explanatory variable.

Activity 6.1

Identify the independent x- and dependent y-variables in each of the following:

1. size of advertisements of companies in the vellow pages and the number of calls to
the business that were generated by the advertisement

2. number of hours of training per employee and revenue of the company

3. hours of training to use Excel and number of errors made using the program

4. temperature and ice-cream sales

5. weight and calorie intake

6. circulation of a magazine and advertising charges

7. the hardness and tensile strength of die-cast aluminium

#. wartage of a heater and the effective heating area

9. number of cavities and sugar intake of children

10. number of police on the streets and number of crimes.

6.2 Scatter diagram

A scarter diagram (or scatter plot) is a graph of data from two quantitative variables
(bivariate data). This graph can identify the type of relationship that might exist between

two variables.

Steps

1. Collect pairs of data (x, ). The data are paired in a way that matches each value
from one data set with a corresponding value from a second data set.

2. Select which variable is the dependent (y) variable and which is the independent
(x) variable. The label y goes to the variable which we want to predict. The other
variable is then labeled as x.

3. Arrange the data in two columns, x and y.

4. Draw a set ol axes.

5. The horizontal axis represents the x-variable and is scaled so that any x value can
be easily located.

6. The vertical axis represents the y-variable and is scaled so that any y value can be

easily located.
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Surmmarising bivariate data: regression and correlation analysis

Example 6.1

You timed how long it takes ten workers to assemble an item. It was possible for you to
match these times with the length of the workers' experience (in months). The results
obtained are shown below:

Person Experience (months) x Time (min) y
A . 27
B 5 26
c 3 30
D B 20
E 5 22
F 9 20
G 12 16
H 16 15
| 1 30
J i 19

67 225

Scatter plot for the data

The time taken to assemble the item is the y-variable because time depends on the
experience (x) of the worker.

Time taken to assemble an item
35 1
-+ =+
25
20 . *
15 o * +
10 -
5-
0 T T . T 1

0 4 B 12 16 20
Experience (months)

Time {min}

The scatter plot shows a negative relationship, which means the more experienced
workers take a shorter time to assemble the product.
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Activity B.2

e ——

During the baking of a certain type of bread roll on very low heat, each bread roll goes
through a series of heat processes. The length of time spent under this heat treatment
is related to the lifespan of the bread rolls. A sample of eight bread rolls that underwent
different baking times were selected and the life span (in hours) of each was recorded:

Length of time 18 13 |18 | 15 | 10 § 12 8 4

Life span 23 20 18 (16| 14 11} 10 | 7

Draw a scatter diagram and interpret the relationship in the context of the given data.

—— e —— . e ——

6.3 Correlation analysis (r)

A correlation exists between two variables when one of them is related or can be
influenced by the other in some way.

The linear correlation coefficient is a numerical measure to describe the degree of
strength and direction by which one variable is related to another. A linear relationship
means that when graphed, the points approximate a straight line pattern,

We use an equation, known as Pearson's correlation coefficient, to measure this
strength. This correlation coefficient is represented by the small letter r.

Steps
I. List the values of the x- and the y-variables in two columns.
2. Sum the xvalues (x) and sum the y values (Zy).
3. Square each of the x values and add the column (Z7).
4. Square each of the y values and add the column ().
5. Multiply each x with its corresponding y value and add the products (Zxy).
6. Substitute these values into the formula for r and determine the value of r.
|
. H.ZXY - LAL)
r N
CmEx — (EaP] [ Ey (ZyF]

B6.3.1 Characteristics of the linear correlation coefficient

1. When the slope of the scattered points is negative, the r-value is negative and when
it is positive, the r-value is positive. Thus, the sign of r indicates the direction of the
relationship between the variables x and y.

A correlation coefficient can range in value from =1 to + 1. The closer to +1 or —1,

the better the relationship. If r is close to 0, there is little or no linear correlation

between the two variables.

3. 'The strength of the correlation is not dependent on direction. r = 0.95and r = —0.95
are equal in strength. The absolute value of the coefficient reflects the strength of
the correlation; a correlation of —0.7 is stronger than a correlation of +0.3.

4. A correlation coefficient is a measure of association without a unit.

[
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6.3.2 Interpreting a correlation coefficient [r)

If an inverse (negative) relationship exists, that is, if y decreases as x increases, then
rwill fall between 0 and —1.

If there is a direct (positive) relationship, that is, if y increases as x increases, then r
will fall between 0 and +1.

If there is no relationship between x and y, then r = 0,

This measure enables us to make statements such as: the correlation is strong,
weak, etc.

Size ot r General interpretation
(0.9 to 1.0 Very strong relationship

+(0.8 to 0.9) Strong relationship

+(0.6 to 0.8) Moderate relationship

*+(0.2 to 0.6) Weak relationship

+(0.0 to 0.2) Very weak or no relationship

If the association between two variables is strong, then knowing the one variable
helps alotin predicting the other. But when there is a weak association, information
about one variable does not help much in estimating the other.

6.3.3 The coefficient of determination [r2).

This is a more conservative measure of the relationship because it enables us to
calculate the total variation in the y-variable that is explained by the corresponding
variation in the x-variable. To determine the value of this measure, simply square the
correlation coefficient and multiply the answer by 100.

This answer will always be positive within the range 0 to 100%.

coefficient of determination = - 100

Example 6.2

You timed how long it takes ten workers to assemble an item. It was possible for you to

match these times with the length of the workers’ experience. The results obtained are
shown below:;
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Person Experience x Time {min) y xy Ly ¥
A 2 27 34 4 729
B 5 26 130 25 676
L 3 aj 20 9 800
D g 20 160 64 400
E 5 22 110 25 4E4
F a 20 180 B1 400
[ 12 16 ; 192 144 256
H 16 14 244 256 223

I 1 30 30 1 900
J B . 149 114 a6 61
67 r 225 1 300 645 5 I

1. Correlation coefficient:
. LO{1 300) — [67)(225)
—T0(643) — (67F)[10(5 331) - (225)7]
= —{1.890

This is a good negative correlation.
2. Copefficient of determination:

Fe 100 = (= 0.890) - 100
=81%

B81% of the total variation in the time taken to produce an item can be explained by
the variation in experience. The remaining 19% is explained by other factors.

Activity 6.3

During the baking of a certain type of bread roll on very low heat, each bread roll goes
through a series of heat processes. The length of time spent under this heat treatment
is related to the lifespan of the bread rolls. A sample of eight bread rolls that under-
went different baking times was selected and the life span {in hours) of each roll was

recorded.

|:Langth ottimg. <| 18 | 13 |18 | 15| 10 |12 | 8

4

| Life span 23 | 20 |18 16 | 14

I‘II

10

7

Calculate the correlation coefficient and the coefficient of determination. Interpret

your answer in the context of the given data.
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6.4 Regression analysis

Once the scatter diagram and correlation coefficient indicates that a linear relation
exists between the two variables, the next step is to determine the equation of the
straight line that best describes the pattern of the relationship between the two
variables. This equation, known as the regression equation, can be used to predict a
dependent variable (y) if the independent variable (x) is known.

‘Best’ refers to how close the predictions of y () are to the actual values of y.

A linear relationship between the two variables means that the equation will result
in a straight line if plotted on a graph.

6.4.1 Formulating the regression equation

Any linear function involving two variables can be expressed in the form:

y=a+ bx

Where:

y = estimated y value for a given x-value

@ = intercept on the y-axis

b = the slope (the average change in y for each change of 1 unit in x)

Steps

1. Obtain a random sample of n data pairs (x, y), with x the independent variable

and y the dependent variable.

Use the data pairs to calculate n, 2x, Xy, Zxy and 2%,

3. Calculate a and b values in the equation by making use of the method of least
sguares: the least squares principle states that the method used to determine the
regression equation must be such that the sum of the squares of the differences
between each actual y-value and the corresponding estimated y value is a
minimum.

4. The'b value is the slope of the straight line equation. The slope is the amount by
which y increases or decreases when x increases by 1 unit.

[

H2Xy = EXLY

=18

o — [(2xP

5. The ‘a value is the y-intercept; that is where x = 0 and the straight line crosses
the y-axis.
Ty

N
_ =¥
= b i

6. Substitute the @ and the b values into the regression line equation: ¥ = a + bx
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6.4.2 Using the regression equation to make predictions

¢ The regression equation y = a + bx allows you to use the independent variable x to
make predictions for the dependent variable y.

* Substitute the independent x-value you require a prediction for into the regression
equation and calculate the estimated y-value ().

6.4.3 Plot the regression line on the scatter diagram

Steps

1. For predictions using a graph, a straight line is fitted to the data. The best fitting
straight line can be obtained by making use of the equation: § = a + bx

2. Since we are dealing with a linear function, we only need to estimate two points,
the rest of the $-values will all fall on that straight line.

3. Choose any two x values from the x-scale on the scatter diagram. Substitute

the two chosen values for x into the regression equation and obtain the two

corresponding values for §.

Plot the two coordinate points on the same axis as the scatter diagram.

Use a ruler and draw a straight line through the two points.

When the estimated § is plotted against x and the points are connected, the result

is called the regression line or the line of best fit.

To do a prediction for a specific x-value, find the required x on the x-axis; draw a

vertical line to the regression line. From this point draw a horizontal line to the

y-axis and read the estimate from the y-axis.

ren

@ w

=1

Note: Estimated y-values are meaningful only for x-values in [or close to) the range
of the given data.

Example 6.3

You timed (in minutes] how long it takes ten workers to assemble an item. It was
possible for you to match these times with the length of the workers' experience
(months). The results obtained are shown below. Develop the regression equation and
estimate the assembly time for a worker with four months experience and for a worker
with 10 months experience.
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Person |  Experience X Time P ¥
A 2 27 54 4 729

B a | éﬁ .134] 28 676
o 3 30 90 9 a00
D 8 20 160 | 64 | 400

E 5 2 1o | 25 | 484
F 9 20 180 | 8f 400
e 12 16 192 | 144 | 256
H 16 15 240 | 256 | 225

| 1 30 30 1 900

J 8 19 M4 | 3% | 361
67 1 300 645 53N

Regression equation:

b= nExy — Zxly

nEix® — (ZxF

b= 10(1 300) — (67)(225)
10{645) — (67

b= —1.06

a=¥-h%—;‘-

235 67
a=3y [l.Dﬁ}[m} 29.60

V=a+ bx

¥ =29.60 + (—1.06)x

Interpret a and b

The a value in the equation represent the y-intercept. That is the point on the y-axis
where x=0. In this equation it means that a worker with no experience will take
29.6 minutes to assemble the product.

The b-value represents the slope, which means that for every additional month of
experience, a worker will take 1.06 minutes less to assemble the product.
Estimates:

For a worker with four months experience:

¥ =29.60 + (—1.06)x

oy = 29.60 — 1.06(4) = 25.36 minutes

For a worker with 10 months experience:

¥ iporgy = 29.60 — 1.06(10) = 19 minutes

Place the regression line on the scatter plot.

Plot the coordinates (4 ; 25.36) and (10 ; 19) obtained from the estimates on the
scatter diagram and join the two points with a straight line.
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Time taken to assemble an item

30 1

Time {min)

I:I ] i L]
§] 4 8 12 16 20
Experience (months)

Activity 6.4

During the baking of a certain rype of bread roll on very low heat, each bread roll goes
through a series of heat processes. The length of time spent under this heat treatment
is related to the lifespan of the bread rolls. A sample of eight bread rolls that underwent
different baking times was selected and the life span (in hours) of each roll was
recorded.

Lanath of time 18 | 13 18 115 10 |12 &8 4

I
—1
Life span 23 | 20 |IB 18 14 11 10 F

If & bread roll will spend 16 hours under heat treatment, how long do you expect it will
remain fresh? Do your estimate using the regression equation and the regression line.
Give the meaning of the slope.

6.5 Spearman rank correlation coefficient (r,)

This coelficient measures the strength of the relationship between rwo variables on the
basis of their ranks instead of values {ordinal data} and can be used in problems where
one or both variables can be ranked even though they cannot be measured on a
numerical scale. It can be interpreted in a manner similar to the correlation coefficient
r but because a great deal of the data gets lost, it provides a less reliable result.

1 _  bBXdf
t_ . alr — 1)
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Steps

1. Rank the xand the y variables: assign numbers from 1 onwards to the data values,

starting with the smallest (or largest) value up to the largest (or smallest) value.

Keep each x together with its y. Remember to use the same type of ranking for x

and y — from high to low or from low to high. If two values are the same, they are

first assigned ranks (say 2 and 3) and then the average of the ranks is determined

(2.5). That average is then assigned to each appropriate value.

Calculate the difference between ranks of the two variables (d).

Square these differences (d) and add the column,

4. Substitute the required values into the formula and calculate the rank-order
correlation coefficient.

5. Interpret the coefficient.

L

Example 6.4

The safety officer of a company wants to know if experience influences the quality of an
employee's work. She selects 10 employees at random and records their years of work
experience and their quality rating as assessed by their supervisors.

Quality rating: 7 = excellent and 1 = poor

Assume that the employees with the longest years of experience will be the most highly
rated. To keep the type of ranking the same, the shortest years of experience will be
ranked the lowest.

X ¥ Rating d a?
Employes Experience x-code y-code

1 1 2 1 1 1|
2 17 5 L -3 g9

3 20 5 g -4 16
4 9 ] 4.5 15 2.25
5 2 3 2 1 1
B 13 5 7 -2 4
7 9 4 4.5 -0.5 0.25
i) 23 ] 10 -4 16
9 T 3 3 ] 1]
10 10 B 6 0 0
! 49.5
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- 6(49.5)

P Ty

The correlation is moderate and positive. This means that the more experience the
employees have, the better their rating.

Activity 6.5

During the baking of a certain type of bread roll, advertised as having a long shelf-life,
each bread roll goes through a series of heat processes. ‘The length of time spent under
this baking process is related to the shelf-life of the bread rolls. A sample of eight bread
rolls that underwent different baking fimes was selected, and the shelf-life (in hours) of
each roll was recorded.

Length of time 18 13 13115 1012 8 | 4

Sheti- life 23 | 20 | 18 | 18 411 107

Determine Spearman's rank correlation coefficient and interpret your answer.

TEST YOURSELF 6

For the data sets in questions 1 to 9:

¢ identify the dependent and independent variables

# determine if there is a relationship between the two variables using a scatter plot

» measure the strength of the relationship using Pearson's correlation coefficient

¢ determine the coefficient of determination and interpret its meaning in the
problem

¢ assume a linear relationship and do the required estimate using the regression
equation

* plot the line-of-besi-fit on the scatter plot

& interpret the meaning of the y-intercept and the slope.

1. Potato chip lovers do not like soggy chips, so it is imporiant to find characteristics of
the production process thar produce chips with an appealing texture. The following
sample data on frying time (in seconds) and moisture content (%) were selected:

Frying time 65 | 50 | 35 | 30 |l 20 15 | 10 5
Moisture contenk 1.4 1.9 3.0 | 34 | 4.2 I 8.1 9.7 16.3

Predict the moisture content of the chips after 40 seconds frying time.

2. From the following data, determine the resting pulse rate that you would expect
from someone exercising for a daily average of (a) 45 minutes (b) 15 minutes and
(c]) 2.5 hours:

 Daily exercisa (min) | 20 | 30 | 60 | 10 EH.J.i_ 0 | 120 160 | 160 1&0‘
PI.I'.'EE.I"I‘TIEI'I._ - | 75 | 70 | 70 | a5 50 [ 113 G0 52 48 64 !
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The following sample data measure levels of anxiety before a test and test marks
obtained for the test.

rhmim IEE].H 14 |0 17 |20 [ 20 15 | &

(e [ [ |

f7 050 |52 |46 | BT | 51

What test marks do you expect if the anxiety level was 127

A chemistry lab testing food has seven divisions that do different chemical tests on
food products. The number of hours devoted to safety training and the number of
hours lost due to industry-related accidents were recorded for each division:

19 |30 | 45 |50 |65 | 80
65 (68 |55 |35 |10 | 12

Safety training 10

Hours lost due to accidents | 30

After 60 hours of training, how many hours do vou expect to lose due to accidents?
The Rip-Off Vending Machine Company operates coffee vending machines in
several office buildings. The company wants to study the relationship that exists
between the number of cups of coffee sold per day and the number of persons
working in each office. Data for this study were collected by the company and are
presented below:

Mumber of cups sold | 10

20

30 !4&

30

20

40

40

50

Number of persons ]

B

14 19

15

1

18

22

26

|
4 |23

10| 40 20

e

:m

Predict the number of cups of coffee that you will expect to sell if there are 45 people
working in an office.

The following data reflect the family income and food expenditure (in R'000) of a
sample of 10 low income families:

95 | 21 |

2.4 3

12.6 i 6.4

1.5

13.2
2.4

[ncome 24 15 18 11.4

2.5

ExpendHure 36 29| 29 2.6 2

Compute all relevant statistics by making use of the step-by-step procedure and
estimate food expenditure of a family with an income of R20 000.

When buying almost any item, it is often advantageous to buy irin as large a quantity
as possible, The unit price is usually less for the larger quantities. The data shown in
the table were obtained to test this theory:

Mumber of units 1 3 5 10 : 15
Cost per unit 90 | 52 | 48 | 32 | 25

Estimate the price if you buy 14 items.

During the making of certain electrical components each item goes through a
series of heat processes. The length of time (minutes) spent in this heat treatment
is related to the useful life (hours) of the components. To find the nature of this
relationship a sample of 10 components was selected from the process and tested
to destruction:
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Timeinprocess | 25 | 27 | 25 | 26 | 31 | 30 ! 32 | 29 | 30 | 44

110.

Length of life 2005 | 2157 | 2347 | 2239 | 2880 | 2942 3048 | 3002 | 2943 | 3844

Predict the useful life of a component that spends 33 minutes in process.

The following data show the present maintenance costs and age of a sample of eight
similar machines used in a clothing factory:

Age 1 3 | 4| 4| 6 7 7| 8

s | i I I : :
Maintenance {R) | 200 | 550 | 650 | BOD | 71150 0 17700 | 1300 ¢ 1500

Compute all relevant statistics by making use of the step-by-step procedure and
estimate the maintenance cost of a five-year-old machine.

Below are the rankings of the top 10 products produced by Peter’ Party Products for
last vear and this year:

Product Last year This year
Crackers 1 3
Hats 3 1
Masks 4 2
Balloons G 10
Whistles 7 9
Streamers 8 7
Flags g9 &
Face paint 2 4
Joke food 5 6
Joke cards 1 i 5

Compute the Spearman correlation coefficient and interpret your answer.
Ten sales agents of a company had the following number of years of service:

o N
Agent | A | B |[C | D E F|G | H |1 J
i‘r‘ears:E 6|4 12 531 14|9m?

S E—— —

'The manager of the company arranged the agents in the following order, [rom most
excellent (H) to least excellent (F).

(Hfriofufa efc|B|alr

Determine the Spearman rank correlation coefficient between years of service and
excellence.

128




unit | Time series

7

This unit discusses the general use of forecasting in business and several
methods that are available for making forecasts.

After completion of this unit you will be able to:

& explain the purpose of time series analysis

explain the components of the multiplicative model

use linear models to analyse and project the trend of a time series
measure the seasonal effect in a time series

use time series in forecasting.

* 8 9@

Forecasting is the science of predicting the future. It is used in the decision making
process to help business people reach conclusions about buying, selling, producing
and many other actions.

Time-series data are numerical data gathered on a given characteristic over a period of
time at regular intervals. The objective is to analyse how observed data change over time,
in order to detect patterns that will enable us to predict future values. Thus, time series
analysis helps us cope with uncertainty about the future.

7.1 Components of a time series

It is generally believed that the factors that have influenced data in the past and present

will continue to do so in more or less the same way in the future. The major goal of

time-series analysis is to isolate and measure these influencing factors for forecasting
purposes.

Four separate components — trend, cyclical, seasonal and irregular —are combined
to provide specific values for the time series.

# Secular trend (T) is the underlying long-term movement (increase or decrease)
over time in the value of the data recorded and is usually the result of long-term
factors such as changes in the population size, demographic characteristics of the
population, technology and consumer preferences.

o Cyclical variations (C) are medium-term changes caused by circumstances which
repeat in cycles and cause upward and downward swings, not of equal length,
throughout the series. In business, cyclical variations are often correlated with the
general business cycle of prosperity, recession, depression and recovery,
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* Random orirregular variations (1} occur over short intervals and are unpredictable
with no pattern to their behavior. These are disturbances due to ‘evervday’
unpredictable influences, such as weather conditions, illness, political unrest,
theft, war and transport breakdowns.

* Seasonal variations (S) are short-term fluctuations that tend to repeat themselves
within a year such as over days, weeks, months or quarters. Examples of seasonal
variation are as follows:

- Sales of ice cream will be higher in summer than in winter.

- A doctor can expect a substantial increase in the number of flu cases every
winter,

- Shops might expect higher sales shortly before Christmas.

- The telephone network may be heavily used at certain times of the day (such as
mid-morning and mid-afternoon) and much less used at other times {such as
in the middle of the night).

The classical model used by economists, also known as the multiplicative model,
provides the clearest explanation of the four components that make up the time series
and their relation to each other. This model assumes that each observation (y) is made
up of a combination of the four components and is represented by the formula:

y=THCHEX]

This equation states that factors associated with each of these components can be
multiplied together to provide the value of the observed dependent variable y.

Note: The trend component (T} is stated in the same units as y, while the remaining
three components are expressed as percent adjustments. A value above 100 indicates
an above average effect for the component, and a value below 100 indicates a below
average effect.

—_— e — —arTr

For a serles composed only of annual data, there is no seasonal component, In that
case the time series model becomes:

=T X C X1

Periodically reported data, such as monthly, quarterly, weekly, daily, etc., include the
influence of all four components of the time series.

The process of division can remove or isolate any component of this model and is
called decompesition.

Note: Analysis of cyclical and irregular influences on data is useful for describing
past variations but because of their unpredictability, their value in forecasting is very
limited. Instead, a number of business indicators are used to forecast cyclical turning
points. Predicting cyclical and irregular variations requires techniques beyond the
scope of this unit.
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If we ignore the C and | components, since by definition they can’t be predicted, the
forecasting model will become:

}J:TKS

Activity 7.1

The sales (R'000) for Turtle Toys have been analised and the four components have
been determined for the preceding four quarters. Find the missing values in the table
below assuming a multiplicative model.

Sales (1) Trend (T) | Seasonal ($) | Cyclical (C) | Imegular (I}
Winter 1 000 50 107 101
Spring 820 1100 70 105
Summer 988 105 98
umn | 2623 | 1300 200 97

7.2 Historigram

The standard graph to portray the behaviour of data over time is a line graph, known as

a historigram.

1. Time is the independent variable (x) and is measured along the horizontal axis.

2. Thevariable of interest is the dependent variable (y) and is measured on the vertical
axis.

3. Plot the time series values (on the vertical y-axis) against time (on the horizontal
x-axis) as single points, and join the points by straight-line segments.

7.3 Time-series decomposition

7.3.1 Trend analysis (T)

The trend can be thought of as the core component of the time series model about
which the other components, cyclical (C), seasonal (S) and irregular (1) variations
fluctuate.

The objective is to enable the underlying movement of the data to be highlighted by
making use of a siraight line passing through the data with a positive or negative slope.
Thus, a business sales trend will normally show whether sales are moving up or down (or
remaining static) in the long term.

This componentis found byidentifying separate trend (T} values, each corresponding
to a time point. Methods that can be used to extract a trend from a set of time series
values are:

* method of least squares
* method of semi-averages
¢ method of moving averages.
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Method of least squares

Steps

L.

The observed time-series data are the dependent y-variable since this is the
variable that we will want to predict.

2. 'The time variable is the independent x-variable. The time periods are translated
into x-values by using a coding process. 1 represents the first time period, 2 the
second time period, and so on until the final time period.

3. Having established the values for the x- and y-variables, the following formulae
can be used to identify the trend line through the dara:

¥=a+ bx
Where y is the trend value for a given time period
_ nixy — ExEiy
Ry’ — (Zx)*
Where b = slope of the trend line
W' .
= ”Tf - blr—zx
Where a = y-intercept

4. To calculate the trend values (§) with the trend line equation, substitute the
appropriate x-code into the equation and compute the value of j.

5. Plot the trend values § together with the corresponding time periods on the
time-series graph and draw a line through the points. This is the trend line. By
extending this line, furure values can be read from it.

6. To forecast future values using the equation, substitute the x with an appropriate
code for the year of forecast (extrapolation) and calculate §.

Example 7.1
The following table shows the income (R'000) of Super 10 Taxis by year.
~ Year | xcode | - Incomey b o b b ,.'_l';j.:--i_'.r.;:._a.-'a_-.w:~--_;g;--f.--‘j

2001 1 28 28 1 29.0

2002 2 31 62 4 30.3

2003 3 34 102 9 36

2004 4 30 120 16 32.9

2005 5 35 175 25 34.2

15 158 487 25 158
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Activity 7.3

The following table shows the number of traffic tickets issued by the Alberton Traffic
Department for the first six months of the year. Forecast the number of traffic tickets for
July by making use of the method of semi-averages and portray the trend line on a

graph.

Month No, of tickets
January 120
February 120
March | | 100
April a0
May 130
Jung 150

Method of moving averages

This method attempts to remove variations from data by a process of averaging a fixed
number of periods. The objective is to bring out the trend by eliminating any obscuring
seasonal, cyclical or irregular fluctuations. One of the drawbacks is that values for some
periods are lost at the beginning and end of the series.

A moving average is an artificially constructed time series in which the value for a

given period is replaced by the mean of that value and the values of some number of
preceding and succeeding time periods.

Steps

1.

If you calculate an odd-numbered moving average (i.e. 3, 5 or 7}, there will
be a middle time point opposite which to record the answers. For example, in
calculating a three-year moving average, vou will start by adding the y-values for
the first three years and dividing the answer by three. This answer will correspond
with the middle of the second year. Move down one vear and calculate the average
for years two to four. This answer will correspond with the middle of year three.
Complete the process for all the years.

If you calculate an even-numbered moving average (i.e. 2, 4, 6, or #), the resulting
averages will correspond between two time points, However, a trend value is
required to coincide with a particular point in time; therefore an extra step is
required to centre the average. This is done by calculating a moving average of
two on the first moving average column.

Plot the moving averages on a graph with the original data to show how the time
series is smoothed.
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to calculate the average. Move down one quarter from the top and calculate the
second value in the column: (37 + 61 + 58 + 16) + 4 = 43, This answer corresponds
with the position between the third and the fourth quarters.

These values do not correspond with the middle of a specific time period;
therefore a centred column is required. The first value in this column is obtained by:
(49 + 43) + 2 = 46. 'This answer corresponds with the middle of the third quarter.
Move down one quarter and calculate the second value: (43 + 47.5) + 2 = 45.2
'This answer corresponds with the middle of the fourth quarter.

Quarterly petrol sales for Jack’s Garage

100 ~
90

Sales (R'000)

B BN BN W W WM OEr CEr CEr B BN W TN OEN EN N WF EF B Er N N M M B Er B T T W W OEr Er Er CEN B W W W e

Time period

Activity 7.4

Construct a four-year and a five-year moving average to smooth the following tme
series and graph the resulis.

Year y
2000 14
2001 20
2002 40
2003 30
2004 28
2005 a2
2008 51
2007 25
2008 32
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Calculate the trend value for each time unit within the forecasting period.

Multiply the trend value for each time unit with the seasonal index of that time
unit.

Deseasonalising data

The influence of seasonality can be removed from a time series by dividing each original
value in the series by the appropriate typical seasonal index for that period and then
multiplying the result by 100. The result is known as deseasonalised data. Deseasonalised
data are used if we wish to compare data across seasons to determine if an increase or
decrease, irrespective of seasonal trends, has taken place.

Example 7.4

The quarterly income (R'000) of a soft drink company has been recorded for four years.
The time period in date order is shown in column 1 and the actual sales (y) in column 2.

1.

Quarterly data are given, therefore a four-gquarterly moving average is determined
and listed in column 3. The first value is: (52+ 67+ 85 + 54) + 4 = 64.5, This answer
corresponds with a position between the second and third quarters of 2004. The
second value in the column is calculated by moving down one quarter: (67 + 85 +
54 + 57) + 4 = 65.8. This answer corresponds with a position between the third and
fourth quarters of 2004, By moving down one quarter at a time calculate the rest of
the moving averages.

The moving average period (four-quarterly) is an even number therefore the values
in column 3 must be centred. The first centred value is (64.5 + 65.8) + 2 = 65.2. This
answer corresponds with a position in the middle of the third quarter of 2004. The
second value is calculated by moving down one quarter: (65.8 + 67.8) + 2 = 66.8.
This answer corresponds with a position in the middle of the fourth quarter of 2004.
By moving down one quarter at a time, calculate the rest of the centred averages
and enter them in column 4.

Obtain the percentage in column 5 by dividing the value in column 2 (actual income)
by the corresponding value in column 4 (centred averages) and multiplying the
result by 100. The first value is: (85 + 65.2) x 100 = 130.4. This corresponds with
the third quarter of 2004.

140



Hidden page



Statistical Methods and Caloulation Skills

Summary table:

Year 1 2 3 4
2004 130.4 d0.9
2005 83.3 1073 126.4 85.0
2006 828 1052 126.6 83.0
2007 85.4 107.3
Unadjusted 83.3 107.3 1266 B3.0 400.2
+¢ [.9995 01,9995 X 0.9995 = 0.9995
Typical index 833 1072 1265 830 400.0

8. Interpret index numbers: the influence of the season caused the sales during the
quarter to be 16.7% lower than expected. The second quarter sales are 7.2'% higher
than expected, the third quarter sales are higher with 26.5% and the fourth quarter
sales are lower than expected with 17% due to the influence of the season.

Forecasting:
1 2 5 f
¥ Seasaonal indmti Deseasonalised y | x-coda Xy x
2004 1 52 B33 624 1 52 1
2 67 107.2 625 2 134 4
3 i) 126.5 Gr.2 3 235 9
4 LT 83.0 A1 q 216 16
2005 1 57 83.3 6.4 5 285 25
| 2 75 107.2 70.0 § 450 36
3 a0 126.5 1.1 7 630 49
; 4 61 a0 715 B 488 a4
2006 1 60 83.3 72,0 g 540 81
2 77 107.2 718 10 770 100
i m 126.5 74.3 1 1034 | 12
4 %] &3.0 739 12 T56 144
2007 1 66 83.3 79.2 13 858 169
2 g4 107.2 T4 14 1176 196
3 | 98 1265 775 15 1470 225
4 67 83.0 BD.7 16 1072 | 256
Total 1 150 : 1150 1 136 10 186 1 496
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1. ‘The deseasonalised data in column 6 are obtained by dividing the original data in
column 2 by the appropriate typical index for that period. The first value in column
6 is: (52 = B83.3) X 100 = 62.4. This means that the income for the first quarter of
2004 would be R62.4 million if there had been no seasonal variation. The second

value is: (67 + 107.2) = 100 = 62.5.
2. Todo aseasonalised forecast per quarter for 2008, code the original time period and

use the method of least squares together with the sales data to obtain the quarterly
trend equation: = 61.59 + 1.21x

Note: You can also use the deseasonalised data to calculate your trend values.

3. Code the period you want to forecast and substitute the x in the trend equation with
the appropriate code for that time period to obtain the trend value. Multiply each
trend value with the seasonal index for that period.

First quarter: = 61.59 + 1.21{17) = 82.16  82.16 x 2 = .44

100
Year ¥-code Trend forecast | Seasonal index Seasonalised forecast
2008 1 17 82.16 83.3 68.43
2 18 83.37 107.2 89.37
3 19 84.58 126.5 106.99
4 20 85.79 83.0 .21
Activity 7.5

The owner of a pizzeria recorded the number of pizzas sold during the past three weeks
in order to determine the influence of the day of the week on the sales. Do a seasonalised
forecast per day for week 5 and graph the original time series, the deseasonalised time
series and the trend line,

Week Monday Tuesday Wednesday Thursday Friday
1 12 18 16 25 3
2 " 17 19 24 27
3- 14 16 16 28 25

4 17 21 20 24 32
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TEST YOURSELF 7

1. Complete the following table assuming the classical multiplicative model:

Trend (T) H 5 Forecast
Winter 130 80 120
Spring 132 a0 100
summer 134 100 70
Autumn 136 110 1o

2. Using the classical model, find the missing values:

Trend H 5 I Sales
Winter 100 100 ap a9
Spring 200 80 100 168
Summer 300 110 110
Auturmn 400 120 120 604.8
Total |

3. 'The total units of new government housing under construction for the past six years
in the Gauteng Province are given below:

Year Total units
2003 1 488
2004 1014
2005 1 354
2006 1474
2007 1617
2008 1 BB6

Forecast the number of units that will be built during 2009 and 2010.
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4. The data given below (in hundreds) were prepared by a marketing research agency

for Radio UJ:
Year Audience size
2000 3
ﬁﬂtﬂ 32
2002 33
2003 al
2004 239
2005 30
2006 28
2007 26
a) Estimate the audience for the year 2008 using the method of least squares and

graph the series.

b) Estimate the audience for the year 2008 using the method of semi-averages.
5. a) Use the data given in the following table to smooth the time series by making

use of a:
® two-year moving average
¢ three-year moving average
& four-year moving average.

b) Graph the original data and the moving averages.

c) Forecast the value for the year 2009,

2000 200 2002 2003 2004 2005 200 2007 2008

642 819 845 755 767 720 749 794 BBE

‘The number of operational nuclear power reactors in the world for the given years

are listed in the following table:

Year

2002

2003

2004

2007

MNumber of reactors

&3

99

108

105

104

Forecast how many nuclear plants will be operational during 2008.
The expenses (R'000) of Mr Hyde’s Chemistry Research Lab is listed for the previous

SOVeN yoars:

19 200

13 800

11 270

13 800

9400

8 900

9000

Forecast the expenses for 2008.
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8. 'The table data represent the ultraviolet index for Durban during a holiday season:

1 Dec

4 Dec

T Dec

8 Dec

10 Dec

9

4

10

10

g

8

B

10

10

9

Forecast the index for the next two days.
9. Metabolic rate is the rate at which the body consumes energy and is important in
studies of weight gain, dieting and exercise. The metabolic rates, in calories per 24
hours, of a man who took part in a study of dieting, are recorded for seven weeks on

the dieting program:

Week 1

Week 2

Week 3

Week 4

Week 5

Week 6

Week 7

1 867

1792

1 666

1614

1 460

1439

1 362

Forecast the metabolic rate for week 8,

10.

Summer Autumn Winter Spring
2001 10.4 11.8 8.5 75
2002 12.2 13.6 9.5 8.8
2003 13.5 131 10.4 9.7
2004 1.7 12.9 9.5 8.4
2005 13.7 15.0 10.9 10.1

a) Do aseasonalised quarterly forecast for 2006,
b) Deseasonalize the time series.

c) Graph the time series, trend values and deseasonalised sales.

11. The sale of municipality houses to existing tenants is tabulated below:

No. of houses sold

i 2008

Jan-April l

43

a0

a) Deseasonalize the time series.
b) Forecast seasonanised house sales per term for 2009,
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May—Aug Sept-Dec
| ~s[ - B0
100 T
120 90
140 100

The quarterly sales data (R'000) for Ajax washing power are provided below:
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12, The electricity consumption (kilowatt per hour) for an engineering workshop is
given in the following table:

13.

14.

Jan—Feb Mar-Apr | May-June | July-Aug | Sept-Oct | Nov-Dec
2006 245 220 190 185 200 225
EUDT ....... : E‘iﬂm 215 186 1EI-?“ | EITIH | 230
2008 250 225 1849 188 198 226
a) Deseasonalise the time series.
b) Forecast seasonalised consumption per period for 2009,
The daily income (R'00) of a dry cleaner is tabulated below:
Mon Tues Wed Thurs Fri Sat

Week 1 27 23 29 28 k1 55

wﬁ,kg - .:.m - .éﬁ : 35.. - - : ..5?

WEEFL.B 1 32 | 28 34 34 40 54

a) Deseasonalise the time series.

b) Forecast seasonalised income for week 4.

‘The total expenditure (R'000) on part-time teaching by the statistics department is
tabulated below:

2005 2006 2007 2008
Jan-June 155 150 140 130
Jul-Aug 100 95 a0 80

a) Forecast the seasonalised expenditure per semi-annual for 2009,
b) Deseasonalise the time series.
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unit | Probability:
83 |basic concepts

The theory of probability grew out of the study of various games of chance
using coins, dice, cards, lottery and gambling machines. Since then
probability theory has been developed to determine uncertainties in our
every day lives as well.

After completion of this unit you will be able to:

define probability

describe the classical, empirical and subjective approaches to probability
understand the meaning of basic terms used in the probability theorem
apply the properties of probability

calculate probabilities using the rules of addition and multiplication

use the counting rules.

In each of the following questions is an implied condition of uncertainty;

®# |s there a link between second-hand smoking and asthma in young children?
What are my chances of getting that new job?

What is the estimated influence of the Aids epidemic on population growth?
What is the chance that it will rain today?

We make decisions in the face of uncertainty. That means, facing situations where it is
possible that things could turn out in different ways, but we simply do not know how
probable each event or outcome is. Our need to cope with this risk or the 'chance that
it will happen’ leads us to the study and use of probability theory.

Inferential statistics involves using statistics obtained from a sample to make
estimates and decisions concerning the entire population. We can never be certain that
our decisions are correct, but to assess how good they will be, we need to know how to
measure ‘chance’ and 'probability. The science of measuring “uncertainty’ is called
probability.

Note: Probability describes the relative possibility (chance or likelihood) that an
event will occur.
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8.1 Language of probability

An experiment or investigation is an action that generates the uncertain outcomes to
which we will assign probabilities.

A particular result of an experiment is an outcome.

A sample space of a random experiment is a list of all the possible outcomes of the
random experiment.

The individual outcomes in a sample space are called simple evenis. An eveni is a
collection of one or more outcomes of an experiment.

Example 8.1

A family has three children. Their blood type can either be O or A. The sample space for
the blood types of the three children contains eight possible outcomes:

(000, ADO, OAD, DOA, AAD, ADA, DAA, AAA]

Each of these outcomes determines a simple event.
1. The event that exactly one of the children is of blood type A
= [ADO, OAQ, 00A]
2. 'The event that at most one child has blood type A
= [000, ADD, 0DAD, DOA]
3. The event that all children have the same blood type = [AAA, 000

Activity 8.1

The type of transmission = automatic (A) or manual (M) = is recorded for each of the
next two cars purchased from a certain dealer.
1. What is the random experiment?
2. What is the sample space?
3. List the outcomes in each of the following events:
a) that at least one car has an automatic transmission
b) that exactly one car has an automatic transmission
¢} that neither car has an automatic transmission,

8.2 Approaches to assigning probabilities

Each outcome in a sample space has a probability. Each event has a probability. The
method you will use to caleulate a probability depends on the approach you use.

8.2.1 Classical approach

Classical probability is used in situations where the outcomes of the experiment are

equally likely. The probability of an outcome or event happening is computed by
dividing the number of favorable outcomes (or successes) by the number of possible
QuiCoImes.
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vy — _ number of successes
F{E] total mumber of outcomes

P(E) is read as the probability that event E will occur.

Steps

Identify the event [or success).

Find the number of successes.

Find the total number of outcomes in the experiment.

Divide the number of successes by the total of possible outcomes,
[nterpret the probability.

L e L3 b e

Example 8.2

In rolling a fair die once, each of the possible outcomes in the sample space (1, 2, 3, 4, 5, 6),
has an equal chance of occurring. In calculating the probability of the event obtaining an
even number in one roll of the die, your number of successes is (2 or 4 or 6).

Pleven number) = é = (0.5

Activity 8.2

In drawing a card from a deck of 52 cards, what is the probability that it will be an ace?

8.2.2 Empirical probability

This approach is based on relative frequencies. The probability of an event happening
is determined by observing what proportion of the time similar events happened in the
past or if the experiment is repeated many times under identical conditions.

P(E) = DU mber of times the event occurred
total number of observations

Asyouincrease the number oftimes an experiment is repeated, the empirical probability
of an event approaches the classical probability of the event.

Note: Chance behaviour is unpredictable over the short run but has a regular and
predictable pattern in the long run.

Steps
1. Identify the event (or success).

2. Find the frequency of the event. That is the number of times the event occurred
in the experiment or in the past.

3. Find the total number of outcomes in the experiment.
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Example 8.5

a)

If you flip a coin, the possible outcome is heads or tails.
The event of obtaining heads is P(H) = é

The event of obtaining tails is P(T) = L

If you add the probabilities of the two possible outcomes, the total = 1

A restaurant wanis to determine the probability that its manager is going to
reject the next delivery of fresh oysters from a supplier. Records show that the
supplier sent the restaurant 90 batches of oysters in the past, and the manager
rejected 10 of them.

P(rejecting next batch) = ,:lig =0.11

P(accepting next batch) = 32 = 0,89

If yvou add the probabilities of the two possible outcomes, the total is 1.

3. ‘The complement rule: The complement of an event E is an event E that does not
occur. That means all the outcomes in the sample space that do not belong to
event E. The sum of the probabilities assigned to all the possible outcomes in a
sample space is equal to 1. If the probability of occurrence of event E is P(E) and the
probability that event E will not occur is P(E), then

P(E) + P(E) = 1 and P(E) = 1 — P(E)

Despite its simplicity, the complement rule can be very useful. The task of finding
the probability that an event of interest will not occur is sometimes easier or less
time-consuming than finding the probability that it will occur.

Example 8.6

If the probability of completing a job is 0.8, the probability of not completing the job

15:

P(not completing the job) = {1 — 0.8) = 0.2

Activity 8.5

The probability that a typist will make at most five mistakes is 0.64. What is the
probability that she will make more than five mistakes?

Activity 8.6

We all know that fruit is good for us and that we don't eat enough. In a recent study

done among a random sample of 75 teenage boys, the following information was
collected:
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Fruit servings per day Number of boys % of boys

0 20 27
1 15 20
2 15 20
3 12 16
4 ) 1A
5 5 B

75 100

1. What is the probability of teenage boys eating three fruit servings per day?

2. What is the probability of teenage boys not eating three fruits per day?

3. What is the probability that teenage boys will eat at least one fruit per day?
[Note: ‘At least one’ means one or more}

8.4 Forming new events

Once some events have been specified, there are several useful ways of manipulating
them to create new events known as compound events.

8.4.1 Union of two events (A or B)

The union of events A and B is represented by the symbol AUB and merges all the
putcomes in event A with those in event B. An outcome is only listed once in the
combined event if it appears in both A and B.

8.4.2 Intersection of two events [A and B)

The intersection of two events is represented by the symbol ANB and contains all the
outcomes that events A and B share in common — this is known as a joint probability.

Example 8.7

In an experiment consisting of selecting one card from a deck of playing cards, you may
be interested in some simple possible events, for example the card selected is:
¢ A = the queen of hearts

* B =aredcard
» U =aking

o D= aface card
¢ E =anace
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Some compound events that you can form from the simple events listed above:

® B orE = you are interested in drawing either one of the 26 red cards or any one of
the possible four aces of which two are red - that is a total of 28 possible outcomes
that will satisfy your event. Remember you can list an outcome only once.

e AorC = you are interested in the possibility that the card you select will either be
the queen of hearts or a king — that can be any one of five possible outcomes.

¢ Band C = you are interested in the possible outcomes that will result in a red, king
card — it can be one of two possible outcomes. Only two of the king cards are red.

8.4.3 Display events graphically
It is sometimes useful to draw a picture of events in order to visualise relationships and
understanding probability.

Diagrams used to display events are known as Venn diagrams.

The collection of all possible outcomes, that is the sample space, is shown as the
interior of a rectangle with the various events drawn as circles inside the rectangle.

Each event is a subset of the sample space.
Example 8.6 is used to illustrate,

Only one event is displayed
Venn diagram for event B: drawing a red card

B not drawing a red card — compliment rule,

B-

The union of two events — Bor E : BUE

The total area in the Venn diagram displays the union of two events. It consists of all the
outcomes in either event B or event E or both. The area where B and E overlaps is where
both B and E occur,

B or E = you are interested in drawing either a red card or any one of the four aces.
There are 26 red cards (B) and four aces (E), of which two are also red (B and E). There
are 28 possible outcomes that will satisfy your event.

BandE
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Intersection of two events — B and E : BNE

The shaded area in this Venn diagram displays the intersection of two events B and E.
'This compound event is defined by the condition that both event B and event E
occur and consists of all outcomes common to both event B and event E.
B and E = you are interested in drawing a red ace. There are 26 red cards (B) and
four aces (E), of which two are also red (B and E). There are two possible outcomes that
will satisfy your event.

BandE

Union of two mutually exclusive events: A or C

Two events are said to be mutually exclusive if when one occurs, the other cannot occur
at the same time. The two events are disjoint and have no outcomes in common.

A or C = you are interested in the possibility that the card you select will either be
the queen of hearts or a king — that can be any one of five possible outcomes.

8.5 Probability rules for compound events

We can use various rules of probability to compute the probabilities of the more

complex, related events.

1. [Ifanevent(E)is made up by two (or more) simple events (A and B), the probability
P(E) can be formed either as:
* the union of two or more events - all the outcomes that make up the two events
* theintersection of two events - the outcomes that fulfill the conditions for both

events.

2. Two or more events are mutually exclusive if the occurrence of one event means
that none of the other events can occur at the same time. An outcome can belong
to event A or to event B but not to both.

If you flip a coin, you can either have heads or tails. Both can’t happen at the same
time!

3. Two evenis are independent if the occurrence of one is in no way affected by the
occurrence of the other; that is, they are unrelated.
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If you flip two coins and you obtained heads on the one, it will have no influence on
the outcome of the second flip.

4. Ifthere is a particular relationship between events such that the occurrence of one
event affects the occurrence of the second event, the events are dependent and
the probability attached to the occurrence of such events is known as conditional
probahbility.

8.5.1 Addition rules

Events are combined if we want to find the probability of one event er another
occurring.

Special rule of addition

To apply the special rule of addition, the events must be mutually exclusive - the two
events are disjoint and therefore cannot occur simultaneously.

This rule states that the probability of event A or event B occurring in a given single
outcome equals the sum of their probabilities. This is known as the union of P{A) with
P(B).

P{Aor B) = P(A) + P(B)

Example 8.8

We all know that fruit is good for us and that we don’t eat enough. In a recent study
done among a random sample of 75 people, the following information was collected:

Fruit servings per day Number of people
1] 20
- -
2 15
3 12
4 8
5 5
Total 75

& ‘The probability that a selected person eats two fruits per day is % = 0.20.

The probability that a selected person will eat three fruits per day is % = (1.16.

The two events are mutually exclusive because if the person eats exactly two fruits
per day he cannot eat exactly three fruits as well.

# The probability that a selected person will eat two or three fruits per day is
P(2 or3) = P(2) + P(3) = 0.20 + 0.16 = 0.36,
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* The probability that a randomly selected person will eat at least four fruits per day
is ...

Activity 8.7

[f the probabilities are 0.05, (.14, 0,17, 0.33, 0.20 and 0.11 that a wine tasting will rate a
new Shiraz as very poor, poor, fair, good, very good or excellent, what are the probahilities
that the Shiraz will be rated as:

1. wvery poor or poor

2. good, very good or excellent.

General addition rule

If the events are not mutually exclusive, it means that event A may occur or event B may
occur, or both A and B may occur in a single onlcome.

This rule states that the probability that either event A or event B occurs equals the
probability that event A occurs plus the probability that event B occurs minus the
probability that both occur.

PlA or B) = P(A) + P{B) — P(A and B)

To avoid double counting the probability of the outcomes that fulfill the conditions for
both events, P(A and B) is subtracted from the sum of the probability of A and B.

Note: In this rule, P(A and B) denotes the probability that A and B both occur in the
same observation. In the multiplication rule P(A and B) denotes the probability that
event A occurs on one trial followed by event B on another trial. i

Example 8.9

The probability that a person stopping at a petrol garage will ask to have his tires
checked is 0.12, the probability that he will ask to have his oil checked is 0.29 and the
probability that he will asked to have both checked is 0,07, What is the probability that
a person stopping at this garage will ask to have:
* either his tires or his oil checked?

P(Tor0) =T} + P(O) — P(T and O)

=12 + 0.29 = 0.07 = (1L.34

= neither his tires nor his oil checked?

1 = PTor0)=1— 034 = 0.66

Activity 8.8

There are two secretaries in the office. The probability that the one secretary will be
absent on any given day is 0.08 and the probability that the other one will be absent on

any given day is 0.07. The probability thar both will be absent is 0,02. What is the
probability that on a given day:
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Conditional probability is the probability of an event B occurring géven that event A
has already occurred. The probability of the second event B is affected by the outcome
of the first event A.

PiA and B} = P{A)- P{B\A)

Conditional probability is denoted by P{B\A) and is read as the ‘probability of B, given
A happened.

Example 8.11

You are not aware of it, but in a case of wine bought, five of the twelve botdes are bad.
The given table lists all the possible outcomes in the experiment together with the
probability for each possible outcome.

G=good B=bad GG, = first bottle good and second bottle good

1. To calculate P(G G,):
There are seven good bottles in the case of 12 . P(G|} =

15

The probability of G, if the first bottle is good (G ) (GG, )= ﬁ (Remember that if

the first botile selected is good, there are only 11 bottles left in the box and only six
good ones, The condition is: if the first bottle is good.)

All the possible outcomes Probability for each outcome
66, | hxfem
68, | B
B, :52 * |?| B 1?552
Total L ER

If you were to select two bottles from the case, what is the probability that:
2. both bottles are bad?

P(BB,) = tiz A I-ll - 12::J2

3. one of the two bottles is bad?
There are two possibilities that will give you this answer.

Note: The probability of an event is the sum of all the possibilities that will give you
the answer.

e

P(G,B,) + P(B,G) = 1 17) *+ (15 % 1) = 15z
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Example 8.12

A certain testing apparatus has two batteries. The probability that the first battery will
run down is 0.3 and the probability that both batteries will run down is 0.06. If the first
battery is found to be flat, what is the probability that the second battery will be flar?

P(F, and F,) = P(F,) < P(F,\F )
0.06 = 0.30 x P(E\F,)

. _ 0.06 _
- P(F,\F,)= 298 = 0.20

This means that 20% of the time, if the first battery is flat, the second battery will also be
flat.

Activity 8.10

A medical researcher has discovered a new test for tuberculosis. Experimentation has
shown that the probability of a positive test is 0.82, given that a person has tuberculosis.
The probability is 0.04 that the test registers positive and that the person does not have
tuberculosis. Assuming that in the general population the probability that a person has
tuberculosis is 0.20, what is the probability that a person chosen at random will:

1. have tuberculosis and a positive test?

2. not have tuberculosis?

3. have a positive test but not have tuberculosis?

8.5.3 Calculating probabilities using a contingency table

A two-way contingency table or cross-tabulation table lists the frequency of each
combination of the values of two variables.

Example 8.13

Equity among the judges

The female judges in a certain province recently lodged a complaint about the most
recent round of promotions. An analysis of the relationship between gender and
promotion were undertaken with the joint probabilities given in the following table:

Promoted Mot promoted Total
Female 0.03 0.2 0.15
Male | 0.47 0.68 0.85
Total 0.20 0.80 1.00
P(female) = 0.15 P(male) = 0.85
P{promoted) = 0.20 P(not promoted) = 0.80

P(female and promoted) = 0.03 P{male and promoted) = 0.17
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P(female and not promoted) = 0.12
P(male and not promoted)} = 0.68
1. What is the rate of promotion among female judges?
From this table you can see that of all the judges in that province, only 0.15 or 15%

are female. The rest, 85%, are male. To calculate the probability of being promoted
if you are a female, the following formula will be appropriate:
P(F and P) = P(F) - P(P\F)

0.03 = 0.15- P(P\F)

P(P\F) = 0.20
2. What is the rate of promotion among male judges?
P({M and P) = P(M) - P(P\M)
0.17 = 0.85 . P{P\M)
P(P\M) = 0.20
3. Isan accusation of gender bias reasonable?
No, because the same proportion of the females are promoted as the males.

Activity 8.11

The table shows the results of a study on 102 children in which a child's I{) was examined
and the presence of a specific gene was found in the child.

Gene present Gene not present Total
High 10 33 19 52
Normal |0 39 n 50
Total 72 30 102

Determine the probability that a child has:

a high 10}, given that the child has the gene
the gene, if his [Q) is normal.

1. ahigh IQ and the given gene
2. anormal IQ without the gene
3. the gene

4. anormal IQ)

3.

B.

8.5.4 Tree diagrams

Another useful method of calculating probabilities if there are several stages or trials in
the experiment is to use a probability tree. All the possible outcomes of the experiment
are represented by the branches of the tree.
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Steps

1. Plot a dot on the left to represent the root of the tree,

2. Construct a column for each trial.

3. Start on the left and determine the possibilities for the first trial which forms the
branches of the tree in the first column.

4. Branches grow from each of the original branches, representing the possibilities
for the second trial. The second stage is based on the choice made in the first
stage. Determine if the outcomes are dependent or independent.

5. The branches of the tree are weighted by probabilities; therefore show the
probabilities for each event on the branches.

6. List all the outcomes together with the joint probability for each combined
OULCOme.

7. Add the probabilities. Because the tree represents the sample space of the
experiment, the sum of the probabilities should equal 1.

Example 8.14

A bag contains five red balls and three black balls. Two balls are drawn from the bag.
Construct a probability tree to list all the possible outcomes together with each
outcome's probability.

1. The first stage of the tree consists of the possibilities in the first draw. There are only
red and black balls in the bag, therefore if you draw one ball from the bag it can either
be red or black. These possible outcomes are represented by the branches of a tree.

2. lfthe ball in the first draw was red, there are still four red balls and three black balls
in the bag, therefore the second ball you draw can either be red or black. If the first
ball was black, there are still five red and two black balls in the bag, therefore the
second ball you draw can either be red or black.

3. The probabilities alongside each possibility must be calculated. In the first stage if
you draw a ball, the chance that it is red is g. The chance that the first ball is black
is % Please note that the first ball can either be red or black. Only one of the two
possibilities can happen.

4. If the first ball is red, there are only four red ones left and seven balls in the bag,
therefore the chance that the second one is red is only % But if the second one is
black the probability is 3.

5. If the first ball was black, the chance that the second one is red is % or the second
one can also be black with an associated probability Gf%,

Stage 1 Stage 2

|
& Bl

[=]
Il
= |
o
=
|
|
|
I
| 2l

5| o
[

ik

163



Statistical Methods and Calculation Skills

o

If you add the probabilities of all the possible events, the total must be one.
7. From the tree diagram, the probability of drawing two red balls is 22,

The probability of a red and a black hall is% + % = %,

There are two possible outcomes that result in a red and a black ball. A probability
of an event is the sum of the probabilities of all the possibilities that can result in
the required event.

Activity 8.12

Approximately 10% of people are left-handed. If two people are selected at random, use
a probability tree to determine the probability that:

1. both are right handed

2. both are left-handed

3. oneisright-handed and the other lefi-handed.

8.6 Counting the possibilities

Prabability is based on the number of successes and the possible number of outcomes
that make up the numerator and denominator. A collection of rules for counting the
number of outcomes that can occur for a particular experiment can be used.

8.6.1 Multiplication rule of counting

The multiplication counting rule (mn rule) states that if there are m ways in which event
A can happen, and n ways in which event B can happen, then there are m times n ways
in which both can happen. This rule can be extended if there are more events.

m* n ¥ ..

Example 8.15

A computer password is to be made up consisting of four alphabetical characters. How
many different computer passwords can be designed if repetition of letters is allowed?

There are four slots to be filled: a slot for each number in the password.
Thus there are 26 = 26 X 26 ¥ 26 = 456 976 computer passwords.

Activity 8.13

If a restaurant menu had a choice of three salads, six main dishes and six desserts, how
many different possible dinners can be ordered?
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8.6.2 Permutation rule

The permutation rule is used to determine the number of ways to arrange n distinct
objects taking them x at a time in a specific order.

— n

ox = - 2

Nate: n! (Pronounced as n factorial) is the product of the whole numbers from n
downwards to 1. For example 4! = 4 X 3 ®X 2 ¥ ] and 0! = 1. The factorial key is
available on most calculators.

Example 8.16

Suppose we need to select a group of three people from a larger group of 10. They are 1o
fill the roles of chairperson, secretary and treasurer in a committee. The number of
possible ways of filling these roles is:

_ o _
oPs = T — a3y~ 120

Activity 8.14

Assume there are five carriages that need to be unloaded at a dock but there is only
enough time left in the day to unload three of them. Since the goods in each of the
carriages are needed by customers, the order of unloading is impertant. In how many
ways can three of the five carriages be unloaded in first, second and third order?

B.6.3 Combination rule

The combination rule is used 1o determine the number of ways to select x objects from
a larger set ol n objects without regard to the order in which the objects are selected.
For example ABC is considered the same selection as BCA or CBA. The number of
combinations of n objects taken x at a time is;

_
“c‘ - x)

Example B.17

A group of seven mountain climbers wishes to form a mountain climbing team of five.
How many different teams could be formed?

_ T -
G = 87 — 5 21
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Activity 8.15

You are given a list of 10 books and you are to read four of them. How many possible
combinations of four books are available from the list of ten?

TEST YOURSELF 8

1.

&

There are six balls of the same size in a box. Two are red, three are blue and one is
vellow. If you draw a ball from the box, what is the probability that:

a) ared ball will be selected?

b} the ball will not be yellow?

c) the ball will be red or yellow?

This table shows the blood type of a randomly chosen person in South Africa:

Blood type A 1] B AB
Probabiiity 0.40 | 045 | 0.1 7

a) What is the probability that a randomly chosen person has type AB blood?
b} 1If you have type B blood and can receive blood transfusions from people with

blood types O and B, what is the probability that a randomly chosen donor can
donate blood to you?

‘The table below shows the results of a survey in which 500 adults were asked why
they don't always eat healthy foods:

Reason Number responding
Ho time to cook 175
Mot available as taka-aways 95
High cost BS
Poor taste 60
Hard to find 35
Confusion about nutrition 30

— TR e e . o ek e et ey = L =L == mw

a) Find the probability of a randomly selected adult who doesn’t always eat healthy
foods because he or she has no time to cook or is confused about nutrition.

b] Find the probability of a randomly selected adult who feels that healthy foods
have poor taste or are hard o find.

What is the probability that an even number will result from one roll of a die?

If you draw a Smartie at random from a box of Smarties, you can draw one of six
possible colours.

Calour Blue Green Brown -L:lr-':;r;g&- "[.Rad. - Yellow

Probability ? 0.16 0.13 0.20 | 013 0.14

a) What is the probability of drawing a blue Smartie?
b} What is the probability that you will not draw a brown Smartie?
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¢) What is the probability that the Smartie you draw will either be yellow, orange
or red?

The probability that a car owner in a certain income bracket will drive a Ford is 0.34

and the probability that he will drive a Toyota is 0.08. Find the probabilities that

such a person will:

a) notdrive a Ford

b} drive a Ford or a Toyota

¢} drive neither a ford nor a Toyota.

The probability that a student at the university has hearing problems is 0.09; the

probability that a student has eyesight problems is 0.15. The probability that a

student will have a hearing and an eyesight problem is (.01, What is the probability

that a randomly selected student will have a hearing or an eyesight problem, but

not both?

A welfare worker is studying the residents of a certain retirement commumnity.

She finds that 20% of the residents receive disability payments and 85% receive

retirement incomes. 15% receive both disability and retirement incomes. If a

resident is randomly chosen, what is the probability that the person receives a

disability payment or retirement income?

[n a certain lottery, the probability of drawing a number divisible by two is
1

A

number that is divisible by either two or three?

What is the probability of drawing either a heart or an ace from a deck of 52 playing

cards?

An analysis of students’ records at a university revealed that 45% of the students

have an average C-symbol and 25% have jobs. 10'% of the students have jobs and

an average C-symbol. What is the probability that a student selected at random will

have an average C-symbol or have a job?

Of 100 individuals who applied for a lab technician position with a large firm

during the past year, 40 had some prior work experience and 30 had a profes-

sional certificate. However, 20 of the applicants had both work experience and

a professional certificate. Determine the probability that a randomly selected

candidate had:

a) either work experience or a certificate

b} either work experience or a certificate but not both

c) a certificate, given that she had experience.

John is interviewed for a job at Karco. The probability that, after the interview,

he will want the job is 0.88. The probability that Karco will want him is 0.45. The

probability that he will want the job if Karco wants him is 0.92.

a) What is the probability that John will want the job and that Karco will want
him?

b) What is the probability Karco will want John if John wants the job?

The probability that a customer selects a pizza with mushrooms or pepperoni

is 0.43, and the probability that the customer selects mushrooms only is 0.32. If

the probability that he selects pepperoni only is 0,17, find the probability of the

customer selecting both items.

In a sample of 1 000 people, 120 are left handed. Two unrelated people are selected

at random from the sample. Find the probability that:

1
Er

divisible by three is . and divisible by six is :,r What is the probability of drawing a

167



Statistical Methods and Calculation Skills

16.

17.

18.

19.

20,

21.

AL

23.

24,

a) both people are left-handed

b} neither person is left-handed

¢) atleast one of the two people is left-handed.

Ot of 100 cars that start in the Grand Prix race, only 60 finish. The Total team in the
race enters two cars. What is the probability that:

a} both cars will finish?

b} neither of the two will finish?

If 18% of all South Africans are underweight, find the probability that if two citizens
are selected at random, both will be underweight.

Approximately 9% of men have a type of colour blindness that prevents them from
distinguishing between red and green. If three men are selected at random, find the
probability that all three will have this tvpe of red-green colour blindness.

'The probability that a person has type O blood is 38%. Three unrelated people are
selected in a random sample. Find the probability that:

a) all three have type 0 blood

b) none of the three has type O blood

¢} atleast one has type O blood,

Students take two independent tests. 30% of them pass test A and 60% pass test B,
Find the probability that a student selected at random passes:

a) both tests

b] only test A

c) only one test,

Ten students are being interviewed for appointment to the students’ council. Six of
them are female and four are male. If two are selected at random for a newspaper
interview, what is the probability that:

a) atleast one is female?

b] onefemale and one male are selected?

A person owns a collection of 30 CDs of which five are classical music. If two CDs
are selected at random, find the probability that both are classical music,

A doctor gives a patient a 60% chance of surviving bypass surgery after a heart
attack. If the patient survives the surgery, he has a 50% chance that the heart
damage will heal. Find the probability that the patient survives the surgery and the
heart damage will heal.

The probability that Jack parks in a disabled parking zone and gets a parking fine
i [0.06. The probability that Jack cannot find a legal parking space and has to park
in the disabled parking is 0.20. On Monday, Jack arrives at the shopping centre
and has to park in the disabled parking zone. Find the probability that he will geta
parking fine.

- A batch of 10 calculators has three defective calculators. What is the probability

that a sample of three calculators will have:
a) no defective calculators?

b} all defective calculators?

¢} at least one non-defective caleulator?
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a0

31.

32.

What is the probability that a randomly selected athlete:

a) is male?

b) isfemale?

c] tested positive?

d) is female and tested negative?

e) is either male or tested positive?

f} if heis tested positive, he is male?

g) ifitis afemale, she tested positive?

A boutique owner buys from three companies: A, B and C. Last month’s purchases
are shown in the table below:

Product A B [
DOresses 24 18 12
Trousers 13 | 36 | 15

If an item is selected at random, what is the probability that it:

a) was purchased from company A or is a dress?

b) was purchased from company B or company C?

c) Is a trouser or was purchased from company A?

Consumers were surveyed on the number of visits to a new shopping centre and
if the centre was conveniently situated. The recorded data are summarised in the
tollowing table:

Visits Convenient Not convenient
Often B0 20
Oecasional 25 35
Newver 5 B0

What is the probability that a randomly selected consumer:

a) wisits the centre often and finds it convenient?

b) ifitis convenient, visits it occasionally?

c) never visits it?

d) finds the centre not convenient?

Students are engage in various sports in the following proportions:

Rugby, 30% of all boys. Cricket, 20% of all boys.
Soccer, 20% of all boys. Both rughy and cricket, 5%.
Both rugby and soccer, 10%. Both cricket and soccer, 5%.

All three sports, 2%,

If a student is randomly chosen, use a Venn diagram to calculate the chance that:
a) he will play at least one sport

b) he will be a rugby player or a soccer player

c) he does not play any sport.
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Commaon sources of caffeine are coffee, tea and cola drinks. Suppose that 55% of
students drink coffee, 25% drink tea and 45% drink cola. Additional to that, 15%
drink both coffee and tea, 5% drink all three, 25% drink both coffee and cola and 5%
drink only tea. Draw a Venn diagram showing this information and determine:

a) what percentage of students drink only cola

b) what percentage drink none of these beverages.

There are four blood types, A, B, AB and 0. Blood can also be Rh' or Rh . Finally, a
blood donor can be classified as either male or female. In how many different ways
can a donor’s blood be labelled?

Four wires (red, green, blue and yellow) need to be attached to a circuit board by
a robotic device. The wires can be attached in any order and the supervisor wishes
to determine which order would be fastest for the robot to use, How many possible
sequences of assembly must be measured?

A research biologist is studying the effects of fertiliser type, temperature at time
of application, and water treatment after application on green beans. She has
four fertiliser types, three temperature zones and three water treatments o test.
Determine the different number of plots she needs in order to test each fertiliser
type, temperature range and water configuration.

The access code for vour office’s security system consists of four digits. Each digitcan
be 0 through 9. How many access codes are possible if each digit can be used only
once and not repeated? What will the answer be if each digit can be repeated?

A food processing plant packages all its food in clear plastic that is sealed. The
quality control for the packaging process checks for three items: (1) the weight
shown is correct, (2) the label is correct and (3) the package is properly sealed. These
processes can be done in any order. In how many different ways can a package be
cycled through the three inspection stations?

If a coin is tossed four times, how many different outcomes are possible?

Space shuttle astronauts each consume an average of 3 000 calories per day. One
meal normally consists of a meat dish, a vegetable dish and a dessert. The astronauts
can choose from 10 meat dishes, eight vegetable dishes and 13 desserts. How many
meal combinations are possible?

A mail-order company sells eight different books. As part of a special promotion,
customers may select three different books to make up a package. How many
different packages are possible?

There are 15 qualified applicanis for five frainee positions in a fast food management
program. How many different groups of trainees can be selected?

A food technologist must select three tests to perform on ice cream. He has a choice
of seven tests. In how many ways can he perform three different tests?

. A new drug is in the test phase: the first phase involves five volunteers and the

objective is to test the safety of the drug. If eight volunteers are available and five
of them are to be selected, how many different combinations of five volunteers are
possible?

The CEO of a research centre has to reduce the management staff from 10 to seven.
He wants to get rid of the eldest three. How many possible arrangements are there
of the management staff in order of age?
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46. The Big Triple at the local race track consists of picking, in the correct order, the first
three horses in the ninth race. How many possible Big Triple outcomes are there if
the ninth race is run by 12 horses? What is the probability that vour ticket will be a
winning ticket?

47. A rugby team must schedule a game with each of three other teams. There are five
dates available for games. How many different schedules can be arranged? What is
the probability that it will be scheduled on one specific day?

48. Suppose that 60 of 200 students have statistics as a subject, 40 have accountancy as
a subject and 25 have both subjects. Portray the given data using a Venn diagram
and answer the following questions:

a) How many students have only statistics as a subject? Calculate the probability
of having only statistics as a subject.

b) How many have only accountancy? What is the probability of taking only
accountancy as a subject?

¢} How many have statistics or accountancy or both? Calculate the probability
attached to this answer.

d) How many students have neither of the two subjects? What is the probability of
taking neither of the two subjects?

172



unit | Probability
Q |distributions

This unit introduces probability distributions and shows how they are used in
practice.

After completion of this unit you will be able to:

s define a probability distribution

& distinguish between discrete and continuous random variables

o find the probability for a binomial investigation

« find the probability for a Poisson investigation

¢ find the probabilicties for a normally distmbuted variable by transforming it into a
standard random variable.

In statistical investigations involving chance, it is difficult to predict the exact value of a
variable and so it is known as a random variable.

A probability distribution is a listing of all the possible outcomes a random variable
can take.

The probability distribution of a random variable (x) assigns a probability to each of
the possible values that the random variable can take. The sum of all the probabilities
is 1.

Probability distributions are classified as either discrete or continuous, depending
on the random variable.
® A random variable is discrete if it can assume a countable number of possible

values like 0, 1, 2, 3, etc.
s A continuous random variable has an infinite number of possible values; that is, it
can take on any value over a given interval of values.

It is important that you can distinguish between discrete and continuous random
variables because different statistical techniques are used to analyse each.

9.1 Discrete probability distributions
Constructing a discrete probability distribution

Steps
1. List all the possible outcomes of an investigation in a frequency distribution.
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Probability distributions

Characteristics

® ‘The investigation must consist of n identical trials.

& The trials are independent. That is, the outcome of one trial does not affect the
outcome of any other trial.

Each trial has one of two possible mutually exclusive outcomes: success or failure.
Each trial has the same probability (w) of a success.

The probability of a failure is denoted by (1 - ).

The random wvariable (x) is the number of successes in the n trials of the
investigation.

e ‘The probability distribution of x is given by:

® ®F @ @

P[.t]=[ﬂ+1'_x}!].1r’.[l—1r}“ y

Where:

x = the number of successes 0, 1, 2, etc
n = number of trials or sample size

= = probability of success on each trial

Steps

1. Find the probability () of a success in each trial.

2. Find the number of trials (n).

3. Decide on the number of successes (x) for which you want to determine the
probability.

4. Substitute the values into the formula.

Example 9.2

e —

Suppose the probability is 0.2 that any given avocado will show measurable damage
when the temperature falls to 15°C. If the temperature does drop to 15°C, construct the
binomial distribution for a sample of five avocados,

« =02
n=>5
r=0,1,2, 3,4, 5(Damage can occur in none of the five, one of the five ... up to all five).
X P(x)
0 0.3277
1 0.4096
2| 02048
3 0.0512
e 0.0064
5 0.0003
1.0000
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Plx=0) = u,[r;’_ﬁ 02" (1 - 020" = 0.3277
Plx=1) = ]I[r—'_] 020, (1 — 0.2) 7 = 0,409
P(x=2) = m[;' 7y - 024, (1 = 0.2)72 = 0.2048
P(x=3) = ﬁ.ﬂ_f.{l ~ 0.2F* = 0.0512
Plx=4) = ”55‘-_-4—1! 0.2 (1 — 0.2) = 0.0064
P(x=5) = l_%i[._'isj—.T} 0.2°. (1 ~ 0.2)% = 0.0003

® ‘The probability that none are damaged: P{x=0) = 0.3277

» The probability that all five are damaged: P{x=35) = 0.0003

* ‘lThe probability that less than two are damaged:
Calculate P[x=0) and P(x =1) and add the answers.
Plx=00r1) = [Plx=0) + P{x=1)] = 03277 + 0.4096 = 0,7373

Note: A probability is the sum of the probabilities of all the possibilities that will give
vou the answer.

® The probability that at least two will be damaged:
Plx=2)=Plx=234o0r5)=1—-Plx=100or1)
=1 = (0.3277 + 0.4096)
= 0.2627

Note: You can apply the complement rule or you can caleulate P{x = 2,3, 4 or 5). It
will give you the same answer. Use the complement rule if it will give you a short-cut
method to your answer.

Activity 9.1

A shoe store's records show that 30% of customers making a purchase use a credit card
to make payment. This morning seven customers purchased shoes from the store. What
is the probability that:

1. three customers will pay using a credit card?

2, at least two customers will pay using a credit card?

3. more than five customers will pay using a credit card?

4, exactly three customers will not pay using a credit card?

176



Probability distributions

9.1.2 Poisson distribution

The Polsson distribution is a discrete distribution and is useful for calculating the
probability that a certain number of successes (x =0, 1, 2, ...) will occur over a specific
interval of time, area or other measurement. There is no specific upper limit to the
count (m is unknown) although a finite count is expected.

Characteristics

1.

2.

The number of successes that occur in one interval is independent of the number
of successes that occur in any other interval,

The probability that a success will occur in an interval is the same for all intervals of
equal size and is proportional to the size of the interval.

x is the count of the number of successes that occur in a given interval of time or
other measurement and may take on any value from 0 to infinity.

If x is a Poisson random variable, the probability distribution of x is given by:

P(x) =2

Where:

x=012,..

AMpronounced as lambda) = number of successes in the given unit of
measurement

¢ = the base of natural logarithms (use the e*-key on the calculator)

Example 9.3

If a company receives an average of three calls per five-minute period of the working
day, what is the probability that:

1.

no calls will be received during a randomly selected five minutes?
A = 3 per five minutes

P(x=0) = ?‘Ln"“ = 0.0498

2
five calls will be received during the next 10 minutes?
A = 3 for five minutes therefore A = 6 for 10 minutes

P(x=5) = ©£ = 0.1606

at least two calls will be received during the next 2.5 minutes
& = 3 for five minutes therefore A = 1.5 for 2.5 minutes

P{x~0) "5:6":"” = 0.2231

P(x=1) = '-5’]'!" =~ = 0.3347

Plx=2)=P(x=2,34,...)= 1= Plx=0,1)
=1 = {0.,2231 + 0.3347)
= 0.4422
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Note: There is no n value available and therefore no upper limit to the x-counts. If
you are required to do a probability invelving = or =, you have to apply the
complement rule.

Activity 9.2

A tollgate operator has observed that cars arrived randomly at an average of 360 cars
per hour. Calculate the probability that:

1. only two cars will arrive during a specified one-minute period

2. at least three cars will arrive during a specified two-minute period.

9.2 Probability distributions for continuous random variables

A continuous distribution is a distribution in which the x-variable may assume any
value within a given range or interval. The most widely used continuous probability
distribution is the normal distribution.

9.2.1 The normal distribution

In general, many things are distributed with the characteristics of what we call normal.
That is, there are lots of events or occurrences in the middle of the distribution, but
relatively few on each end. For example, there are relatively lew tall people and relatively
fewshort people, but lots of people in the middle, That means the chance [or probability)
that a person will be average in height, or more or less in the middle of the distriburion,
will be much better than the chance that any one person will either be very tall or very
short.

Those events that tend to occur in the middle of the normal curve have a higher
probability of occurring than the ones in the extreme,

The normal distribution plays a very important role in statistical inference.

Characteristics

# The graph for a continuous random x-variable is a smooth curve,
# lThe curve is unimodal (single mode),

*,
5 0.5 \
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How to read an area from the normal table using a z-score

Steps

1. The first column in the table gives the z-score to the first decimal place, and the
top row gives the second decimal for a z-score.

2. For example, to find the area of a z-score of 0.23:
a) find 0.2 in the first column

b) go across with this row up to the column headed with the second decimal of
0.03

¢) where the corresponding row and column intersects, the area is 0.0910
d) this is the area between a z-score of 0 and 0.23 and is denoted as
PO =z=0.23)
e) az-score of 1.02 or P{0 = z = 1.02) will correspond to an area of 0.3461.
3. This table always gives the area between the mean and the required z-score.

Sample of the standard normal table from appendix 1.

0.0 0.0000 0.0040 0.0080 0.0120
0.1 0.0:398 0.0438 0.0478 0.0517
0.2 0.0793 0.0832 0.0871 0.0910

0.3 0.1179 0.1217 0.1255 0.1293

v v v v .

1.0 0.3413 0.3418 0.3461 0.3485

9.2.2 Different areas under the normal curve

Steps

1. Draw the normal curve and indicate the mean in the middle.

2. Find the value of the x-variable on the x-axis and shade the desired area.
3. Calculate the z-score using the z-formula.

4. Use the standard normal table and the absolute value of the calculated z-score
to find corresponding areas and probabilities.
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Area between p and any xvalue
(1] (2] (3)

Steps
1. Sketch (1): Calculate the z-score and look up the value in the normal table.
2, Sketch (2): Calculate the z-score. The answer for z is negative, therefore use the
absolute value of z and look up the value in the normal table.
3. Sketch (3): If the area to be determined falls on both sides of the mean:
» calculate the z-score for the area between p and the x-value to the right
of p
& determine the z-score for the area between p and the x-value to the left
of p
* look up the areas for the two z-scores from the normal table
* add the two areas.

Area between two xvalues on the same side of the mean

(1) (2)
v ™.

nYn Rk Kox x

Steps

1. Calculate the z-score for the area between p and the larger x-value.
2. Calculate the z-score for the area between p and the smaller x-value.
3. Look up the two z-scores in the normal table to obtain the two areas,
4. Subtract the smaller area from the larger area.

Area in any tail

(1) (2)
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Steps

1. Calculate the z-score for the area between p. and the y-value.

2. Use the absolute z-score to look up the area in the normal table.

3. Subtract the area from 0.5 (the area from the mean to the end of the distribution

is 0.5).

Area to the right of any xvalue, where x is less than the mean and the
area to the left of any xvalue, where x is greater than the mean

1
_ @

. 0.5 ‘}\ 0.5 b0

Steps

1.
2.
J.

Calculate the z-score for the area between p and the x-value
Look up the z-score to get the area.
Add 0.5 to the area.

Find the zscore for a given area

Steps

If a probability or area is given and you are required to determine an unknown
x-value:

1.
2.
3.
4.
5.
&,

Calculate the area between p and the unknown x-value.

If the known area falls in the tail of the curve, subtract the tail area from 0.5.
Compare this area with the areas in the body of the normal table,

If the exact area is not listed, use the closest value.

Read the z-score from the first column and top row.

Use this z-score in the z-formula to obtain the unknown x-value.

Note: If the area falls to the left of ., the z is negative, and if the area falls to the
right of p, the z is positive.

(2)
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5. ‘The 10% of the employees who complete the task within the shortest time are to be

given advance training. What task times qualify individuals for such training?

o The fastest 10% will fall in the left-hand tail of the distribution because those
times will be the shortest.

The area between the mean and the 10% in the tail is: 0.5 — 0.1 = 0.4
* Lookup an area of 0.40 in the normal table and obtain the z-value. The area you
are interested in falls on the left of p, resulting in a negative z-score,

[

_ g
£= 7
_ _x— 120
1.28 =y
Sx=484.4

This means that the applicants
who complete that task in 94.4 seconds or
less, will qualify for advance training.

Activity 9.3

The lifetimes of a certain kind of battery have a mean of 300 hours and a standard
deviation of 35 hours. Assume that the lifetimes, measured to the nearest hour, follow a
normal distribution, and determine:

N S

the percentage of batteries that have a lifetime of more than 320 hours

the value above which the best 30% of the batteries lie

the proportion of batteries that have a lifetime from 250 to 350 hours

the proportion of batteries with a lifetime between 250 and 280 hours

the maximum lifetime below which the weakest 20% of the batteries will fall

the minimum lifetime above which the 15% of the batteries with the longest life will
fall.

TEST YOURSELF 9

1.

A textile firm has found from experience that only 20% of the people applying for a

certain stitching-machine job are qualified for the work:

a) Construct the probability distribution for this investigation if five persons are
interviewed to find qualified persons.

b} What is the probability that at least two are qualified for the job?

Testing for the presence of antibodies in blood for HIV, the virus that causes Aids,

gives a positive result with probability of about 0.004 when a person who is free

of HIV antibodies is tested. A clinic tests three people who are all free of HIV

antibodies:

a4} Construct the probability distribution for this investigation.

b} What is the probability that you will get one false-positive result?

c] What is the probability that yvou will get more that one false-positive result?

You read that one out of four eggs contains salmonella bacteria. If you use six eggs

in your chocolate cake, what is the probability that:

a) one of the epgs contains salmonella?

b} at most two of the eggs contain salmonella?
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If 40% of all patients have medical aid, what is the probability that in a sample of 10
patients:

a} exactly four will have medical aid?

b) atleast four will have medical aid?

¢} at most four will have medical aid?

Shortly after being put into service, some buses of a certain type develop cracks on
the underside of the mainframe. A particular city has 20 buses of this type, eight of
which have cracks. If five buses are randomly selected for inspection, determine
the probability of finding;

a) exactly two buses with cracks

bl at most two buses with cracks.

About 15% of the population is lefti-handed. Fifteen individuals are randomly
selected. What is the probability that:

a) three or fewer are left-handed?

b) one or more are right-handed?

According to the National Environmental Program, air pollution standards for
particulate matter are exceeded an average of 5.6 days in every three-week period.
What is the probability that the standard is:

a) notexceeded on any day during a three-week period?

b) exceeded two days or more of a two-week period?

5.A Flawless Steel Co. produces stainless steel plating that has an occasional defect
once every 10 m*. What is the probability that:

a) asguare metre of stainless steel plating will have no defects?

b] two square metres of stainless steel plating will have exactly one defect?

c) five square metres of stainless steel plating will have two or more defects?

In a local bakery, the manager monitored the customers’ arrivals for Saturdays. She
estimated the average number of customer arrivals per 10-minute period to be 6.2,
What is the probability of:

a) 10 customers entering during a half-hour interval?

b) six customers entering during a five-minute interval?

c) 15 customers entering during an hour?

d) atleast one customer entering during a 10-minute interval?

A welding machine breaks down occasionally as a result of a particular part that
wears out, and these breakdowns occur on average four times per eight hour day.
Find the probability that:

a) no breakdown will occur during a given day

b) at most two breakdowns will occur during the first hour of the day.

11. The photocopier repair department of Papermate receives an average of two calls

for service per hour. What is the probability of:

a) receiving no service calls per hour?

b) receiving exactly two service calls in two hours?

c) receiving more than three service calls in 1.5 hour?
d) receiving no service calls in the next half hour?

12. Anenvironmental study has shown that the daily average noise level on a busy street

follows a normal distribution with a mean of 37 decibels and standard deviation of
six decibels:
a) What is the probability that the noise level exceeds 46 decibels?
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13.

14.

15.

16.

17.

1.

19,

20,

b) What decibel range contains the middie 95% of the distribution?

c) What is the probability that the noise level will be between 20 and 30 decibels?

Accurate labelling of packaged meat is difficult because of weight decrease due

to moisture loss. Suppose that moisture loss for a package of chicken breasts is

normally distributed with a mean value of 4% and standard deviation of 1%. What

is the probability that moisture loss is:

a) between 3% and 5%

b} at most 4%

c) atleast 7%

and

d) 90% of all packages have moisture losses below what number?

Manufactured items are sold in boxes that are stated to contain a mass of at least 40

kg. The actual mass in a box varies with a mean of 41.2 kg and a standard deviation

of 0.8 kg:

a) Calculate the proportion of boxes whose mass is between 40 kg and 42 kg.

b} Calculate the mass below which 20% of the lightest boxes fall.

c) All boxes containing less than 40 kg are scrapped at a cost of R100 per box.
Calculate the scrapping cost associated with the packing of 50 boxes.

d} To what mean mass should the box contents be adjusted, with the standard
deviation unchanged, if only 1% of the boxes are to be scrapped?

The production foreman of the Oros Froit Company estimates that the average

sales of oranges is 4 700 and the standard deviation 500 oranges. Calculate the

probability that sales will be:

a) more than 5 500 oranges?

b} more than 4 500 oranges?

c)] less than 4 900 oranges?

d) between 4 500 and 4 900 oranges?

e} between 4 900 and 5 500 oranges?

Birth weights are normally distributed with a mean of 3 579 g and a standard

deviation of 500 g. What is the cut-off point for the lightest 2% of the babies?

The Faber Co. produces a pencil called Ultra-Light. Sales follow a normal distribution

with a mean of 457 000 pencils each year. Furthermore, 90% of the time sales have

heen between 460 000 and 454 000 pencils. Estimate the standard deviation of this

distribution.

The average number of calories in a 50 g chocolate bar is 225, 1f the distribution of

caloriesis approximately normal with a standard deviation of 10, lind the probability

that a randomly selected chocolate bar will have between 200 and 220 calories.

The thickness of bolts (mum] manufactured by a certain process follows a normal

distribution with a mean of 10 mm and a standard deviation of 1 mm:

a) What proportion of the bolts in the long-run are at most 11 mm?

b} What proportion of the bolts will have thickness values between 7.5 mm and
12.5 mm?

c] What proportion of bolis will have thicknesses that exceed 11.5 mm?

The amount of distilled water dispensed by a certain machine has a normal

distribution with a mean of 64 / and a standard deviation of 0.78 I. What container

size will ensure that overflow occurs only 0.5% of the time?
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10 | inference:
estimation

The objective of most statistical studies is inference. Inferential methods
presented in the following two units use infarmation contained in a sample
to reach conclusions about one or more characteristics of the population
from which the sample was drawn. There are two general procedures for
making inferences about populations: estimation and hypothesis testing.

After completion of this unit you will be able to:

s describe the purpose of sampling distributions

¢ find the confidence interval for the mean

¢ find the confidence interval for the proportion

& determine the size of the sample required in order to make estimates to a specified
degree of accuracy.

10.1 Statistics and parameters

Calculations based on a sample are known as sample statistics. The values calculated
from population information are referred to as population parameters. To distinguish
between the two, Greek letters will be used to refer to population parameters and
Roman letters will refer to sample statistics.

Statistic Parameter
Mean X 1
Standard deviation 5 o
Proportion [ o
Size i N

10.2 Sampling distribution of the means

The sampling distribution theorem forms the foundation of inferential statistics. The
theorem states that if you draw an infinite number of different samples of the same size
(n) from a population, you can calculate the mean of each sample and these means will
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maost probably differ. If you list all these possible samples together with their means, it
is known as the sampling distribution of the means.

Properties of the sampling distribution of the means

If you calculate the mean of all the different sample means it is equal to the
population mean: p_=p

The differences between the means are known as the variability in the sampling
dis lribu[iun of the means and can be measured by the standard error of the mean:
o, = The larger the sample size, the smaller the standard error of the mean and
t]'lc hcttcr the estimate of the population mean because of the lesser dispersion.

In most cases the population standard deviation (o) is unknown and the sample
standard deviation (s} is used as an approximation to the population standard
deviation (o). The standard error of the mean then becomes: 5, = L

If the population is normally distributed with a known pﬂpﬂlﬂlmn , the sample
distribution of the mean is also normal, regardiess of the sample size.

The ceniral limii theorem states that if the population from which the sample is
drawn is not normal, the distribution of the sample means will become more and
maore normal as the sample size increases, A sample of n = 30 is considered by most
as being large enough to assume a normal distribution.

In a population that is normal or close to normal with an unknown population o,
the distribution of sample means is referred to as the student’s t-distribution. The
sample standard deviation (s} is used as an estimate of o.

The ¢-distributions are more dispersed than the normal distribution and are
distinguished by a positive whole number called degrees of freedom: df = n — 1

Degrees of freedom (df) is defined as one less than the sample size (n — 1}and it
represents the number of ohservations that are 'free to vary’ around the mean of
the sample.

There is a different r-distribution for each sample size. But, as the sample size gets
larger the f-distribution becomes more and more normal. Once the number of
degrees of freedom exceeds 30, the i-distribution is so close to the normal
distribution that we can use the normal distribution to approximate the . That
means that the t-distribution will only be used for samples with sizes of less than
30.

sometimes the parameter of interest is not the arithmetic mean, but a proportion
(w). The sample proportion (p] is used to estimate the population proportion ().
sample proportions will vary from sample to sample from a given population in the
same way that sample means vary.

‘The sample distribution of proportions is assumed to be normal if np = 5 and
ni(l — p) =5, The mean is: B, =T

(w1 — )

The standard error is: r =y i

pl1 = p)

fn

If 7 is unknown, p can substitute w: o=,

1E8
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(1~ a

=%+ T
B=x=5

X is the point estimator for .
z is the critical value associated with the chosen level of confidence,

"ﬁ is the standard error.

.=

Jh

e The lower boundary of the interval is x = z.

is known as the margin of error (E).
T

|

=]

o

g

¢ The upper boundary of the interval is x + z. —

Calculating a confidence interval

Steps

1. Collect a sample of an adequate size (n).

2, Compute the sample mean (x) and standard deviation (5) or proportion (p).

3. Determine the type of sampling distribution:

normal (z) if population is normally distributed with known o

normal {z) via the central limit theorem with (r = 30) and known o

normal (z) via the central limit theorem (n = 30) if ¢ is unknown

student t-distribution for n < 30 and unknown o

normal (z) if dealing with proportions withnm =5andn(l —w) =5

4. Identify the level of confidence {1 = a): a 95% level implies that if 100 different
confidence intervals are constructed, each based on a different sample from the
same population, we expect 95 of the intervals to include the parameter and five
not to include the parameter. We are capturing the middle 95% between the two
critical values and 2.5% in each tail.

5. Find the critical value z or  that corresponds to the level of confidence by making
use of the appropriate table (normal z-table or student t-table) and the level of
confidence. A critical value is the cut-off point between the sample statistics that
are likely to occur and those that are unlikely to occur.
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Identify the critical z-values associated with a confidence level of: 90%, 98% and 99%.

Copyrit aterial
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10.3.3 Confidence interval estimate for the population mean
[1+) for data obtained from a population that is normally
distributed or from large samples [(n = 30]

The central limit theorem states that if n is large (n = 30), the sampling distribution of
the mean will be approximately normal. It does not matter whether « is known or
unknown or if the distribution is normal or not. If o is unknown, substitute o with the
sample standard deviation s.

Example 10.2

The Pappi Paper Company wanted to estimate the average time required for a new
machine to produce a ream of paper. A sample of 36 reams required an average
production time of 1.5 minutes for each ream. The population standard deviation was
0.30 min and the confidence level was 95%.

1. The population distribution is not known to be normal but via the central limit
theorem we assume a normal distribution.

2. To obtain the z-value from the normal table, divide the confidence level by two:
(0.95+2=0.475) and look up the area in the body of the normal table. An area of
0.475 corresponds toz = £ 1,96

3. Use the sample standard deviation (s} 1o estimate the population o,

4. Use the normal distribution formula to calculate the interval boundaries,

- ir
=xXxxi—
W S

= 5 -+ .ﬁ
1.5 * 1.96 26

= 1.5 = 0.098 [1.5-0,098=1.402 and 1.5+ 0.098 = 1.598|
S LA402 = o= 1,598
Based on the sample data, the Pappl Paper Company can be 95% confident that the
average time required for a new machine to produce a ream of paper lies between
1.402 and 1.598 minutes.

=

Activity 10.2

In 36 randomly selected seawater samples, the mean sodium chloride concentration
was 23 cm® per m' and the standard deviation was 6.7 cm” per m'. Construct a 98%
confidence interval estimate for the mean sodium chloride concentration.

10.3.4 Confidence interval estimate for the population mean using
small samples (n = 30) with ¢ unknown: t-distribution

Example 10.3

The number of home fires that were started by candles in low-cost housing areas was
recorded for a sample of seven years. The mean number of fires was 7 046 with a
standard deviation of 1 605, Calculate the 99% confidence interval for the average
number of home fires started by candles.
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Find the critical values for 99% confidence and n = 7 using the t-table from appendix 2:
df=n—-1=7-1=6

Use the t-table to look up the critical values. The top row of the table indicates a
one-tail test or a two-tail test at a specified significance level («). All confidence
level interval estimates are two-tail tests. If the level of confidence is 0.99, the
a-value is: (1 — 0.99) = 0.01. Choose the 0.01 column under the two-tail row and go
down in this column to where it corresponds with the desired degrees of freedom
(cf), which is 6. The df column is the first column in the table. This t-table value is
3.707.

o ¥
p—xi!?;i-
= 7046 * 3.707-22

=7 046 *2248.8

SATITZE 592948
Based on the sample data, we can be 99% confident that the mean number of home
fires per year will be between 4 797 and 9 295.

Activity 10.3

The time taken to complete the same task (in minutes) was recorded for nine participants
in a training exercise as follows:

] T i 9 7 7 8 10 9

Construct a 95% confidence interval for the average time taken to complete the task.

10.3.5 Confidence interval estimate for the population

proportion [w)

Steps

1.
2.
3.

4.
5.

Identify the sample statistics n and x (or p).

Find the point estimate if not given: p = 3

Verify that the sampling distribution of p can be approximated by the normal
distribution.

Find the critical value z that corresponds to the given level of confidence.

Use the formula to calculate the margin of error and the confidence interval
boundaries.

Example 10.4

A survey found that out of 200 workers, 168 said they were interrupted three or more
times an hour by phone calls. Find the 90% confidence interval of the population
proportion of workers who are interrupted three or more times an hour.
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TEST YOURSELF 10

10.

11.

12,

A survey of 100 customers passing through the check-out line of a supermarket
revealed a mean check-out time of 190 seconds and a standard deviation of 60
seconds. Construct a 90% confidence interval for the true mean checkout time.
The calories per 125 g serving of ice cream are recorded for a sample of 16 popular
chocolate ice cream brands. The mean calories were found to be 190 calories with a
standard deviation of 40 calories. Construct a 98% confidence interval estimate for
the mean calorie content of chocolate ice cream.

Noise levels at various hospitals in Gauteng are measured. The mean of the noise
level in 84 corridors was 61.2 decibels, and the standard deviation was 7.9, Find the
99% confidence interval of the true noise level mean.

The Department of Health has been concerned about lead levels in South African
wines. In a previous testing of 40 wine specimens, lead levels of 600 parts per billion
were recorded with a standard deviation of 50 parts per billion. Estimate the true
lead level for the wine using a 90% level of confidence.

The tear strength of a particular paper product is known to be normally distributed.
If a random sample of nine rolls yvielded a mean tear strength of 225 kg/m* with a
standard deviation of 15 kg/m*, construct a 90% confidence interval estimate for
the average tear strength.

A sample of 12 households in Johannesburg showed a mean of R50 expenditure per
day with a standard deviation of R20. If household expenditure follows a normal
distribution, construct a 99% confidence interval estimate for daily household
expenditure for all households in Johannesburg.

Not all the town's electricity accounts have been paid on time. The town clerk
takes a random sample of 16 from the outstanding accounts file and finds the
mean amount owed to be R230 with a standard deviation of B40. If there are 100
outstanding accounts, find a 99% confidence interval estimate for the mean amount
in outstanding bills.

Fat content {in %) for 10 randomly selected hot dogs are listed below:

232 213 228 170 238 2.0 25 160 208 185

Construct a 90% confidence interval for the true mean fat percentage of hot dogs.
For agroup of 10 men subjected to a stress situation, the mean number of heart beats
per minute was 126 and the standard deviation was four. Find the 95% confidence
interval for the true mean.

A sample of 150 Gauteng residents found 65% to be in favour of fluoridation of
drinking water. Construct a 95% confidence interval for the true proportion of
Gauteng residents who favour Auoridation.

A sample of 200 manufactured items contains 40 defectives. Construct a 90%
confidence interval for the true percentage of defectives.

You want to determine with 98% confidence the proportion of adults age 20 1o 29
that have high blood pressure. If a sample of 60 adults in this age group showed 4%
with high blood pressure, what will your confidence boundaries be?
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A cereal manufacturer has recently redesigned its product packaging. In a random
sample of 1 000 households prior to the change, the manufacturer found that 220
were satisfied with the packaging. Estimate with a 98% confidence the proportion
of customers that were satisfied with the old container.

In a survey of 80 adults, it was found that 72 ate the recommended amount of fruits
and vegetables each day. Construct a 99% confidence interval for the proportion of
this population that follows these recommendations.

In a study to determine the proportion of adult males who have hypertension, what
sample size would be needed for the estimate to be within 3% at a 95% confidence
level? A previous study showed 9% of adult males had hypertension.

To study the proportion of residents who live in neighbourhoods with acceptable
levels of carbon monoxide, what sample size would be needed for the estimate to
be within 1.5% of the proportion with 90% confidence? A previous study showed
that 90% of the residents live in neighbourhoods with acceptable levels of carbon
monoxide,

Motorola wishes to estimate the mean talk time for its V505 camera phone
before the battery must be recharged. If 5 =31 minutes, how many phones would
Motorola need to test to estimate the mean talk time within five minutes with 95%
confidence?

The lives of light bulbs are normally distributed with a known standard deviation
of 60 hours. If you want to estimate the sample mean within three hours of the true
population mean at a 95% confidence, what sample size is needed?

A meat packer is investigating the marked mass shown on Vienna sausages. A pilot
study showed a mean mass of 11.8 kg per pack and a standard deviation of 0.7 kg.
How many packs should be sampled in order to be 98% confident that the sample
mean will differ by at most 0.2 kg?

A study is planned to determine the average annual family medical expenses of
governmenl employees. A previously known standard deviation is R400 and the
analyst wants to be 95% confident that the sample average is within R50 of the true
family expenses. How large a sample is necessary?

A publishing company wants to estimate the proportion of its customers that would
purchase TV programme guides. A 95% confidence is required that the estimate is
correct within 5% of the true proportion. If past experience in other areas indicates
that 30% of the customers will purchase the programme guide, what is the sample
size needed?
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unit | Hypothesis testing

11

In this unit you will continue your study of inferential statistics and will learn
how to test a claim or hypothesis about a population parameter.

After completion of this unit you will be able to:

& explain the reasoning behind hypothesis testing

# gxplain the steps in the hypothesis-testing procedure

s distinguish between a one-tailed and two-tailed test

¢ conduct tests of hypotheses concerning values of the following parameters:
— population mean; large and small samples
- population proportion

s conduct chi-sguare tests.

A hypothesis is a claim or statement about a population characteristic.

Hypothesis testing is a decision-making process to determine whether enough
statistical evidence exists to enable us to conclude that a belief or hypothesis about a
population parameter is reasonable.

To make this decision, it is necessary to decide whether the difference that exists
between the hypothesised population parameter and the sample result is significant
and therefore not supportive of the hypothesis, or whether the difference is a chance
difference and therefore supportive of the claim.

In the sampling process, any one of the samples in the sampling distribution might
be selected. Most of the time this sample mean would not equal the population mean.
Such a difference is due to the sampling process and is known as a chance difference.
The difference is not large enough to cause concern,

Results are statistically significant if the difference between the sample result and
the statement made in the null hypothesis is unlikely to occur due to chance alone. It
indicates that the sample came from a population with a mean other than the
hypothesised mean.



Hypothesis testing

11.1 Steps to follow in a single sample hypothesis test

Understand the problem
1. Setup the null and alternative hypothesis.

Define the test procedure and decision rule

2. Select the significance level («) for the test.

3. Determine the type of sampling distribution (z or )

4. Determine the critical value(s) and corresponding rejection region.

Collect and analyse the data
5. Collect the data, and calculate the test statistic.

Draw conclusions and make recommendations

6. Make the statistical decision by comparing the test statistic with the rejection
region.

7. Interpret the statistical decision.

11.1.1 Stating hypotheses

To test a population parameter, you should identify a pair of hypotheses; one that
represents the claim (H,) and the other its complement (H, ).

H,: population characteristic (p.) = hypothesised value

e A null hypothesis, denoted by H,, is a statement of equality or no difference. The
‘null” implies that there has been no change or no difference in the value of the
parameter.

# The null hypotheses is assumed true until evidence indicates otherwise.

H,: state the alternative hypothesis

e The H, (or test hypothesis) states what the case will be if the null hypothesis is not
rue,

e The value of the parameter appearing in H, must be identical to the one used in
H, .

® Either hypothesis — the H_ or the H, - may represent the original claim.

Different ways to set up the hypothesis:

® A test in which we want to find out whether a population parameter (i or =) has
changed (#), regardless of the direction of change, is referred to as a fwo-tailed
test.

H,_: population characteristic = hypothesised value (will remain unchanged)

H,: population characteristic # hypothesised value (will be different)

® [f we wish to determine whether the sample came from a population that has a
parameter (w or w) less than or more than a hypothesised value, the attention is

focused on the direction of change, and the test is referred to as lefi-tailed or right-
tailed.
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H_: population characteristic = hypothesised value

H : population characteristic << hypothesised value

ar

H, : population characteristic = hypothesised value

H,: population characteristic = hypothesised value

Some common phrases that indicate the direction of test

= (right-tailed) <= (left-tailed) = or # {two-tailed)

Is graater than I5 less than Iz equal fo or not equal fo

Is above Is below Is the same as or different from

Is higher than |5 lower than It has not changed or it has changed from
5 longer than |5 shorter than

15 bigger than s smaller than

I3 increased s decreased or reduced

|5 at least I5 at mast

Iz nat [ess than |5 not more than

An incline A decline

11.1.2 Select a level of significance [«) to be used.

When yvou perform a hypothesis test, you can make one of two decisions: reject H, or
do not reject H_. Because this decision is based on a sample and not on the population,
there is always a possibility that the decision could be wrong. The probability associated
with this uncertainty is your level of significance. Just as we place a level of confidence
in the construction of an interval, we can determine the probability of making errors.
The significance level is chosen by the researcher before the sample data are
collected.

« o = type | error and occurs if H_ is rejected when it is true,

#  Typell error occurs if H, is not rejected when it is false.

For example, when « = 0.10, there is a 10% chance of rejecting a true H,_. You can
decrease the probability of rejecting H_ when it is actually true by lowering the
significance level.

The significance level is the maximum probability of making a type I error and is
denoted by o,

¢ ‘lThe purpose of the level of significance is to provide a probability basis for deciding
whether an observed difference between a sample statistic and a hypothesised
parameter is a chance difference or a statistically significant difference, since « is
the probability that the test statistic will fall in the rejection area.

*  Usually tests are performed at an «-value of 0.01, 0,02, 0.05 or 0.10.
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11.1.3 Determine the type of sampling distribution

This step will enable you to know whether to use the normal z-table or the t-distribution
table in determining the rejection area.

Use the normal z-distribution:

* when the distribution is approximately normal with a known o
& when the sample size 7 == 30 with an unknown or known o.

Use the {-disiribution:
& when ¢ is unknown and the sample size n < 30. If n = 30, the distribution
approximates the normal curve and you use the normal z-table.

11.1.4 Determine the critical value(s) and identify the rejection
region

¢ The critical value represents the maximum number of standard deviations the
sample mean or proportion can differ from the hypothesised value before H_ is
rejected.

® ‘The critical value separates the area under the curve into two regions — the non-
rejection region and the rejection region.

® The rejection region (or decision rule) is a range of values such that, if the test
statistic falls into that range, we reject H .

Steps
1. Specify the level of significance (a).
2. Decide whether the test is two-tailed, left-tailed or right-tailed.

The H, is the indicator whether to do a ene-tailed test or a two-tailed test,
& IfH : p # hypothesised value: two-tailed test
e IfH,: p < hypothesised value: left-tailed test
* IfH: p = hypothesised value: right-tailed test
3. Find the critical value(s). One or two critical values are established on the

horizontal axis of the distribution, which serve as cut-off points between the

non-rejection and rejection areas.

& (ritical values are expressed in the same measurement units as the test
statistic (z or 1).

* A two-tailed test will have fwo critical values close to the two tails of the
curve. Each tail contains 5% of the sample distribution means farthest from
the hypothesised mean. The critical values or z-scores will correspond to an
area (0.5 — %} from the normal. The critical value in the left tail will take on
a negative sign and in the right tail a positive sign.

* A one-tailed test will have one critical value placed close to one side of the
curve, This one tail contains a% of the sample distribution means farthest
from the hypothesis mean. The z-score will correspond to an area of
(0.5 — a) from the normal.
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Normal z-distribution (if your parameter is a proportion):

f-distribution:

p=

wil— =)

z:

11.1.6 Make the decision

The decision rule is a statement that indicates the action to be taken, that is, do not
reject H_ or reject H .

Compare the test statistic with the critical value(s) to see if it falls within the limirs
of the rejection area or outside the limits.

If the test statistic falls within the rejection region, the sample evidence does not
support the H | that the parameter was the specified value and we say reject H .

If the test statistic falls in the non-rejection region, the sample evidence does support
the H_ that the parameter was the specified value and we say do not reject H .

We never accept H . Sample evidence can never prove the null hypothesis to be
true. When we do not reject the null hypothesis, we are saying that the evidence
indicates that the null hypothesis could be true and that there is no statistical
evidence to reject it. As long as conclusions are based on sample data, there is a
chance that an error could be made.

11.1.7 Interpret the decision

The conclusion should be stated in the context of the original claim. The level of
significance should be included and you would say there is enough evidence to support
the claim or there is not enough evidence to support the claim.

Example 11.2

Amachine is set to fire 30 g of dried fruit into a box of cereal moving along the production
line. A sample of 36 boxes revealed that the average mass of fruit inserted was 30.3 g
with a standard deviation of 0.5 g. Is the increase in the amount of fruit inserted
significant at the 0,01 level of significance?

1.
2,
3.

4.

H, :p=30
H, : p = 30 indication of ‘more than')
a = 0.01

The alternative hypothesis uses =, implying a right-tailed test.
The central limit theorem applies therefore we use z-distribution.,

The critical value is 2.33 and the rejection area is: reject H_ if the z-test > 2.33

Test: z = ’_‘: ®
ol

. 30.3— 30
n5
ot 1Y

= 3.6
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5. 0.5 - 0.01 =049

6. Since 3.6 = 2,33 we reject H_ at the 0.01 level of significance.
7. There is enough evidence to suggest that at a 1% level of significance there is a
significant increase in the amount of fruit inserted in a box of cereal.

Activity 11.2

A sample of 100 healthy adult males has a systolic blood pressure of 125 mmHg with a
standard deviation of 15. Test at a 2% level of significance whether the mean systolic
blood pressure is different from the generally accepted level of 130 mmHg.

Example 11.3

A process takes an average time of 35 minutes. It is thought that a certain modification
would reduce this time, and after being modified, the process is repeated 13 times,
giving an average time of 33.3 minutes with a standard deviation of 2.4 minutes. Is there
any significant reduction in the time at a level of significance of 0.057

I. H :p=35

H_:p < 35 (reduction in time is an indication of less than)

2. w=005
The alternative hypothesis uses <, so the test is a one-tail test to the left.
Use the t-distribution because o is unknown and the sample size is small.

-

3. To look up the critical f-value, you need to know the direction of the test and the
a-value, Find the o« in the one-tail test row of the {-table if the test is one-tailed,
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and in the two-tail test row if two-tailed. Move down in the chosen column to the
required number of df. {Remember df is (n — 1)). The critical { is where the df-value
corresponds with the o

This example is a one-tail test at a 5% level of significance with 12 degrees of
freedom. In the one-tail test row, find the column with heading 0.05. Go down that
column to 12 degrees of freedom. The r-value that corresponds with this position is
1.782,

Reject H , if the r-test < —1.782

4, Test:t=-_F

iy

— 333 35 _ _
=T s

1['3_ I-]

=

Since —2.45 < — 1.782 we reject H  at the 0.05 level of significance.
6. The sample evidence does suggest that there is a significant reduction of the process
time.

Activity 11.3

—_— v ———_w

From past records we know that the average unbroken sleep periods of patients with a
certain kind of insomnia is 2.8 hours. A new drug is tested on a sample of 25 patients
and this yields an average of three hours unbroken sleep with a standard deviation of
0.8 hours. Is there a significant improvement on the unbroken number of hours’ sleep?
Test at o = 2.5%.

Example 11.4

Directors of a company claim that 90% of the workforce supports a new shift pattern
that they have suggested. A random survey of 100 people in the workforce finds 85 in
favour of the new scheme. Test at a 5% level if there is a significant difference between
the survey results and the directors’ claim.
I. H :w=09

H,:m = 0.9 (no indication of ‘more than’ or ‘less than’)
2. o= 005

3. The central limit theorem applies therefore we use the normal z-distribution,
The alternative hypothesis uses #, indicating a two-tail test.
4. Reject H if the z-test = 1.96 or if z-test < —1.96
P—z
@il = )
i H
= 085 - 09

051 — 0.9)

5 Testiz=
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1. State the null hypothesis and the alternative hypothesis:
Hy:n,=n,
H, :p < p, (indication of ‘less than’)

2. Select the level of significance:
a = 0.05

3. Formulate the decision rule:
The alternative hypothesis uses <, so the test is a one-tail test to the lefi. The central
limit theorem applies and we use the z-distribution.
Reject H  if the z-test < —1.64

4. Determine the value of the test statistic:

XX

=

z=

I:-.h-.-

+

2|,

y
—_4—44
S LE s
VAT 4D
= —1.32
Since —1.32 > —1.64 we do not reject H_ at the 0.05 level of significance.
6. The sample evidence suggests that there is no significant evidence to conclude that

the shorter work week does reduce absentegism.

T e =

ol

Activity 11.5

A report on personal savings of 240 citizens of the Gauteng region showed that the
average annual savings was R9 300 with a standard deviation of R3 600. The data for a
sample of 150 citizens in the Western Cape region showed annual savings of RE 400
with a standard deviation of R2 100. Test at a 5% significance level whether there is a
significant difference in the annual savings between the two regions.

Example 11.6

In order to compare if the performance of two training methods are the same, samples
of individuals using each of the methods were checked. For the six individuals from
method one, the mean efficiency score was 35 with a standard deviation of six. For the
eight individuals in method two, the mean efficiency score was 27 with a standard
deviation of seven. Set « = 0.01.
1. H,:p, =p,

H, :p, # p, (indication of two-tailed)
2, a =001
3. 'The alternative hypothesis sign is =, so the test is a two-tailed test.

Both samples are small therefore we use the f-distribution,

If two samples are used, the number of degrees of reedom will be:

n+n, —2

Reject H if the t-test = 2,681 or if t-test = —2.681
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4. Test: = L5 , -
(= 108+ (n, = 1),
i f"T—_J I'| i, f,
_ 35 — 27
[B = 1J6° = {8 = 1]7° N P
i G -2 VBB
= .24
5. Since 2.24 falls in the acceptance area, we do not reject H at the 0.05 level of

significance.
6. The sample evidence suggests that there is no significant difference in the
performance of individuals using the two training methods.

Activity 11.6

The manufacturer of two styles of shoes (A and B) wishes to test the hypothesis that the
average retail price of style A is less than the average price of style B. A random sample
of 12 retailers who stock style A vielded an average price of R146 with a standard
deviation of R12. A random sample of 10 retailers who stock style B yielded a mean
price of R160 with a standard deviation of R15. Assume that the two samples come from
two normally distributed populations and test the hypothesis at a 5% level of
significance.

Example 11.7

Workers in two different mine groups were asked what they considered to be the most
important labour - management problem. In group A, 200 out of a random sample of
400 workers felt that a fair adjustment of grievances was the most important problem,
In group B, 60 out of a random sample of 100 workers felt that this was the most
important problem. Would you conclude that these two groups differed with respect to
the proportion of workers who believed that a fair adjustment of grievances was the
maost important problem? Set o = 0.1,

l. H,:w, =m,

Him, #m,
2, a=0.10
3. Reject H if the z-test = 1.64 or if the z-test is < — 1.64
- 2, - np P - -
4, z-test = - :u‘ : F']. where p = ’L' J_"l‘r_‘ andg=1-p
(Pan .
- 0.5 — .6
P
J0.52 3 0.48( 5 4+ lw]
= —1.79
5. RejectH

6. There is significant evidence to conclude that the two groups differ in their beliefs.
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5.

6.

‘The top row of the y*-table shows the significance level and the first column
contains the number of degrees of freedom, Because the y-distribution is
positively skewed, the critical value will always be positive and in the right-hand
tail of the curve.

The acceptance region for H_ goes from the left tail of the curve to the y*-critical
value. To the right lies the rejection area.
You will reject H_ if the x*-test > y*-table value.

accept

/ reject

| . i
I T T 1 1 ) t 1 |

critical value

Calculate the value of the chi-square test by substituting cell by cell the values
from the f and [ table into the formula:

® Construct a table with columns showing the f, f and y* value for each entry.

* The observed frequencies (f ) are obtained from the sample data given in the
contingency table.

® Inorder to perform the chi-square test, expected frequencies (f ) are needed.
The (f) for any given cell in the contingency rable is the product of the total

of the frequencies observed in that row and the total of the frequencies
observed in that column, divided by the overall size of the sample.

f — row total X column total
-' overall total

The f column total should be the same as the f column total.
* Thereisarule that no f should be less than five. When this happens, combine
adjacent classes.
#* Calculate the chi-square test value using the formula:
=K
& = a L
X'=Lty

Make the decision: in order to determine how different the £ can be from the
f. and still support the H_, the x*-test value is compared with a critical y*-value
from the chi-square table,

If the x*-test value exceeds the x*-critical value from step 3, then it falls into the
rejection region and H_ is rejected. If the x*-test value is smaller than the
x*-critical value, then H_ cannot be rejected.

Interpret your decision.
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Example 11.8

A random sample of adults was selected from each of four ethnic groups in Cape Town.
They were asked to specify their primary source of news. The results were as follows:

Ethnic Group
A B H ] Total
v 30 20 23 20 95
Radio 25 25 20 20 a0
Newspaper 10 J 10 5 a0 55
Total 85 | 55 50 70 240

Is there a relationship between ethnic groups and the source of news at a 2% level of
significance?

1. H_:there is no relationship between ethnic group and source of news
H,: there is a relationship between ethnic group and source of news

" ;njeg;t[l-lzfifthe yi-test value > 14.448 (use df = (k — 1)(r - 1) = (3 — 1)(4 — 1) = 6)
4, Test:
f, f =3l
an 25.73 0.71
25 24.38 0.02
10 14.90 1.61
20 21.77 0.14
23 20.62 0.93
10 12.60 i0.54
25 19.79 1.37
20 18.75 0.08
5 11.46 3.64
20 2. 2.15
20 26.25 1.49
a0 16.04 12.15
240 240 24.83

5. Decision: because the test statistic falls in the rejection region, the H should be
rejected at a 0.025 significance level.
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6. Conclusion: there is evidence to suggest that there is a relationship between ethnic

group and source of news.

Activity 11.8

A manufacturer of women’s clothing is interested to know if age is a factor in whether
women would buy a particular garment, depending on its quality. A researcher sampled
three age groups and each woman was asked to rate the garment as excellent, average
or poor. Test the hypothesis, at a 5% level of significance, that rating is not related to age

group.

Age group
Rating 15 — 20 21 — 30 31 - 60
Excellent 40 a7 46
Average a1 74 af
Poor 29 19 37

11.3.2 Goodness-of-fit tests

The y*-goodness-of-fit test for uniform distributions is used to determine whether a set
of sample data differs significantly from what is expected.

Steps

1.

State the null and alternative hypotheses:

H,:The population under investigation fits some specified or expected
distribution.

H,: The population does not fit the specified distribution

Select the level of significance: « is the criterion used to formulate the rejection

area for H .

Define the rejection region: to find the critical values from the chi-distribution

table, you need the level of significance (a) and the degrees of freedom:

df = k — 1 where k is the number of possible outcomes in the investigation.

Reject H,, if the x? test statistic > y*-critical value.

Calculate the x*-test statistic: x* = % (A }L'F
Where: .

f.is the observed frequency from the sample data, and

[, is the expected frequency that is calculated to conform to the null hypothesis
that is being tested.

If the calculated test statistic is zero, it means that the observed frequencies and
expected frequencies are identical, or exactly what we had expected.
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5. Make the decision.
6. Interpret the decision.

Example 11.9

A manufacturer of soap wishes to know if consumers have a preference for bath soap
fragrances. To answer their question, a random sample of 200 adult shoppers is offered
a free bar of soap. The recipients may choose from among four flavours. The choices are
as follows:

Rose Lavender Sandalwood Lemon
66 a3 45 36

1. H_:there is no preference, i.e. all flavours are equal
H,: there is a preference in respect of flavour, i.e. flavours are not equal.
Level of significance: « = 0.01
3. Critical value: x*= 11.345 usingdf=k—1=4-1=3
[k = number of groups or intervals)
Reject H if the y*-test > 11.345

b

4. Test:
Flavour f, f =3 (1, ;_f,]
Hoge LH13] 50 512
Lavender 53 | 50 0.18
Sandalwood 45 a0 0.50
Lemon A6 50 3.92
Total 200 20 9.72 o

* [:ifwe expect no preference, the expected frequency for all flavours should be
equal (200 = 4 = 50).
® ‘The f column total should be the same as the f column total.
e ‘There is a rule that no f should be less than five. When this happens combine
adjacent classes.
5. Decision: the test statistic < 11.345 and it falls in the acceptance region. There is no
evidence to reject the H_ at a 0.01 significance level.
6. Conclusion: there is no evidence to suggest that there is a preference with respect
to fragrance.
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Example 11.10

The respective car manulacturer’s shares of the national market are as follows:

Manufacturer % of shares
Volkswagen ar
Toyota 30
Delta 15
BMW 10
Mercedes 8

A random sample of 2 000 car owners in Pretoria revealed the following ownership

pattern: Volkswagen 758, Toyota 680, Delta 300, BMW 162 and Mercedes 100, Does the
ownership pattern in Pretoria differ significantly from the national pattern?

l. H,: the ownership pattern in Pretoria is the same than the national pattern.
H,: the ownership pattern in Pretoria differs from the national pattern.
2, =005
3. RejectH,ifthe x*-test = 9488 (df =k —1=5—-1=4)
4. Test:
ooy UmdF
Manufacturer Mational pattern (/) Pretoria pattern {f ) =% 7
Volkswagen | 37% = 740 758 0.4 |
Toyota ! 0% = BOO G20 10L67
Delta 15% = 300 A0 {l |
BMW | 0% = 200 162 7.22 |
Mercedes | 8% = 160 100 225 |
|
| 2 Qoc 2040 40.53 |
5. Decision: because the test statistic falls in the rejection region, the H  should be
rejected at a 0.05 significance level.
6. Conclusion: there is evidence to suggest that the pattern in Pretoria differs from the

national pattern.

Activity 11.9

A delivery of assorted nuts is labeled as having 45% walnuts, 20% hazelnuts, 20%
almonds and 15% brazil nuts. By randomly picking several scoops of nuts from the bag
delivered, the following count was obtained:
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Walnuts Hazelnuts Almonds Brazil nuts
92 69 32 42

Could these findings be a basis for an accusation of mislabeling at a 2.5% level of
significance?

TEST YOURSELF 11

1.

Frequent checks were made of the spending patterns of tourists returning from
countries in Asia. Results indicated that travellers spent an average of R1 010 per
day. In order to determine whether there has been a change in the average amount
spent, a sample of 70 travellers was selected and the mean was determined as
R1 090 per day with a standard deviation of R300. Is there evidence of a significant
increase in the mean amount spent per day at the 0.01 level of significance?

The desired percentage of silicon dioxide in a certain type of cement is 5.0. A
random sample of 36 specimens gave a sample average percentage of 5.21 and a
sample standard deviation of 0.38. Use a significant level of 0.01 and test whether
the sample result indicates a change in the average percentage.

A nutritionist claims that the mean tuna consumption by a person is 1.55 kg per
year. A sample of 60 people shows that the mean tuna consumption by a person is
1.45 kg per year with a standard deviation of 0.51 kg. At « = 0,02, can you reject the
nutritionist's claim?

A machine is set to fire 30 g of dried fruit into a box of cereal moving along the
production line. A sample of 36 boxes revealed that the average mass of fruit
inserted was 30.3 g with a standard deviation of 0.5 g. s the increase in the amount
of fruit inserted significant at the 0.05 level of significance?

A company that makes cola drinks states that the mean caffeine content per bottle
of cola is 40 mg. The quality controller is convinced that it is lower. A sample of 30
bottles of cola has a mean caffeine content of 39.2 mg with a standard deviation of
7.5 mg. At e = 0.01, can the guality controller reject the claim?

Hyperactive children are often disruptive in the typical classroom setting because
they find it difficult to remain seated for extended periods of time. The typical
number of ‘out-of-seat’ behaviours was 12.40 per hour. Treatment was applied to
a group of 25 hyperactive children and after treatment the ‘out-of-seat’ behaviours
reduced to 11.60 per hour with a standard deviation of 3.5. Using a = 0.01, can we
conclude that this decline is significant?

Medical research has shown that repeated wrist extension beyond 20° increases

the risk of wrist and hand injuries. In each of 24 randomly selected students in
the information technology field, the wrist extension was recorded while using a

mouse with a proposed new design. The sample mean was found to be 24° with
a standard deviation of 5°. Test the hypothesis that the mean wrist extension for
people using the new mouse design is greater than 20°,
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i,

1(}.

11.

12,

13.

14.

16.

17.

You are involved in an environmental awareness program and want to test the claim
that the mean waste generated by adults is more than 1.8 kg per day. In a random
sample of 15 adults, vou find that the mean waste generated per person per day is
1.9 kg with a standard deviation of 0.54 kg. Ata 5% level of significance, is the claim
justified?

A random sample of 16 unflavoured ice-cream tubs were selected at random and
subjected to chocolate flavouring. The sample mean time required w flavour the
ice-cream was 13 minutes with a standard deviation of two minutes. Perform a
hypothesis test at the 1'% level of significance to test that the population mean time
required to flavour ice-cream is greater than 10 minutes.

A chicken producer claims that the average mass of a particular group of chickens
i5 | kg. Before agreeing to purchase, a customer selected a sample of 25 chickens,
which yielded a sample mean of 1.12 kg and standard deviation of 0.1 kg. If the
masses can be considered to be normally distributed, should the claim be rejected
at the 1'% level of significance?

A personnel manager claims that 60% of all single women hired for secretarial jobs
leave to get married within two years. An analysis shows that of a random sample
of 120 single women, 64 left to get married. Is this evidence consistent with the
company's claim, at a 1% level of significance?

A plant is producing large numbers of water testing equipment of which, on average,
2% are defective. In a random sample of 1 000, 3% are found 1o be defective. Does
this indicate a significant deterioration in the process? Test at a level of significance
of 0.02.

A company manufacturing salad dressings claimed that 85% of households eat
salad at least once a week. A nutritionist suspects that the percentage is higher than
this. She sampled 200 households and found that 170 of them eat salad at least
once a week, Conduct a test to address the nutritionist's suspicions, Use o = 0.10.
Club 60 claim that senior citizens participating in some sort of exercise have a
blood pressure lower than the average of 160 mmHg. To test this claim, 20 active
senior citizens were selected at random and their blood pressure was found o
average 151 with a standard deviation of 12, Is Club 60's clalm valid at a 10% level
of significance?

. A manufacturer claims that his market share is 60%. However a random sample of

500 customers reveals that only 275 are users of his product. Test the claim at the
2% level of significance.

The sales manager wants to determine if the average size of orders received by
the company's eastern branch differs significantly from the average size of orders
received from the western branch at a 2% level of significance. A random sample
of 90 orders from the eastern branch had a mean value of R131.60 with a standard
deviation of R25.80. A random sample of 55 orders received by the western branch
had a mean value of R115.70 with a standard deviation of R32.23.

A large bank is affiliated with both the Mastercard and Visa credit cards. For a
sample of 100 Mastercard holders, it is observed that the average month-end
account balance is R6B0 with a standard deviation of B300. For a random sample
of 100 Visa cardholders, the average month-end account balance is R550 with a
standard deviation of R265. Is the average for the Visa card holders significantly
lower than the Mastercard average? Test at w = 0,10,
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Hypothesis testing

A consumer testing service compared gas ovens to electric ovens by baking one
type of bread in five ovens of each type. The gas ovens had an average baking time
of 0.9 hours with a standard deviation of 0.09 hours and the electric ovens had an
average baking time of 0.7 hours with a standard deviation of 0.16 hours. Test the
hypothesis that the baking times are the same in both kinds of ovens at the 5% level
of significance. Assume the baking times are normally distributed.

In order to conduct a consumer behaviour survey, a sample of 500 residents was
selected in a metropolitan area. One of the questions asked was "Do you enjoy
shopping for clothing?” Of 240 males, 136 answered yes. Of 260 females, 224
answered yes. Determine whether there is evidence that the proportion of females
who enjoy shopping for clothing is higher than the proportion of males, using a 5%
level of significance.

In an experiment to compare the fracture toughness of high-purity steel with
commercial-purity steel of the same type, 32 specimens were selected from each
type. The sample mean and standard deviation toughness for the high-purity
steel specimens were 65.6 and 1.4 respectively. The sample mean and standard
deviation toughness for the commercial-purity steel specimens were 59.2 and 1.1
respectively. Test at a 5'% level of significance whether a significant difference exists
between the two types.

A supermarket chain is interested in determining whether a difference exists
between the mean shelf life (in days) of two different brands of bread. Random
samples of 50 freshly baked loaves of each brand were tested with the results shown

below:
Brand A Brand B
Sample mean 4.1 5.2
Sample standard deviation 1.2 1.4

Is there sufficient evidence to conclude that brand B has a longer shelf life than
brand A at a 2% level of significance?

In a public opinion survey, 60 out of a sample of 100 high-income voters and 40 out
of a sample of 75 low-income voters supported a decrease in VAT, Can we conclude
ata 5% level of significance that the proportion of voters favouring a decrease differs
between high- and low-income voters?

In an Aids-awareness program, it was found that 110 males in a random sample
of 310 males were aware of Aids. In another similar program, it was found that 87
women in a random sample of 290 women were aware of Aids. Test at the 2% level
of significance whether the first campaign was more successful.
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24. Tests have been carried out on the effects of three fertilisers on sugar cane growth.
Each fertiliser was tried on several different plots of land. Each value is a number of
plots of land.

Fertiliser
A B L C
Strong qrm';t" - ;].4“ o _12-;_ o __1_ o
i Weak growth i 50 p .

Test for an association between the choice of fertiliser and plant growth at a 1%
level.

25. A car manufacturer is interested in predicting purchase patterns for a new small
capacity car they are producing. The car comes in four colours and the manufacturer
wants to relate colour preference to the gender of the purchaser. Use the following
sample data and do the hypotheses tests at a 10% level of significance:

White Green Red Silver
Male 260 240 175 420
Female 130 200 240 340

26. Two different manufacturers supply parts for a production process. Each part is
tested for six possible defects. The following table shows the number of each type
of defect by each supplier:

Defect |
Supplier ! 1 2 3 4 5 || 6
A | 35 10 10 2 5 10
B 15 20 { 10 3 20

Would you conclude that the defect is independent of the supplier, using a 2.5%
level of significance?

27. A sales manager has become interested in the number of sales calls made by each
of the employees. He reasoned that if all the employees are working equally hard,
they should make the same number of calls during a set period of time. In order
to investigate this hypothesis, the manager used a sample of five employees and
recorded the number of calls they made during a set time period:

| Employee A B C D E
I No. of calls k) 62 59 40 _ 58

At a 1% level of significance, is the manager's idea supported?

218



Hidden page



Statistical Methods and Calculation Skills

32, Supermarket chains often carry products with their own brand labels and usually
price them lower than the other brands. A supermarket conducted a taste test to
determine whether there was a diiference in taste among the four brands of ice
cream it carries: own brand (A) and three other brands B, C and D. A sample of

200 people participated and they indicated their preference as shown in the table
below:

A B i+ 0
39 57 55 49

Test at a 5% level of significance if there is a difference in preference for the four
brands.
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unit | Elementary
12 |calculations

In this unit you revise your calculation skills and how to utilise your
calculator,

After completion of this unit you will be able to:

classify the numbers you are dealing with

understand common mathematical notation

apply rounding rules to the results of calculations

deal with additions, subtractions, multiplications and divisions

deal with signed numbers

understand and use exponents, square roots, logarithms, factorials and summation
deal with fractions, decimals and the metric system.

& & 8 ® @ 2 @

The purpose of this course is to provide you with the numeracy skills to understand the
basic principles of business calculations and make sound decisions based on them.

These skills will benefit you in other subjects, in a business career, and even in the
everyday business of living.

12.1 The electronic calculator

1. Power switch: all calculators need to be switched ON; the power supplied by the
batteries or electricity allows the user to enter, display, calculate and store values.
When a calculator is switched on, the display screen should light up and display
a set of numbers, usually a zero or a zero and a number of zeros after the decimal
point. A feature of most modern calculators is that the display becomes blank after
several minutes of non-use. This is due to an automatic ‘power-off’ function, which
is designed to prolong the life of the battery by turning off the display. Once this
occurs, power can be restored either by switching the power of the unit OFF and
then ON again, or by pressing the AC key.

2, The face of a calculator normally consists of two parts, namely:

* 'The display screen, where numbers and/or letters are digitally displayed for
you to read. The display window shows calculation values and results. Some
calculators have a two-line display showing the calculation formula on the first
line and its answer on the second line.

o The keypad, where there are a number of keys (buttons) through which the
calculations are performed. Depending on the type of calculator used, every
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key has an inscription on it, indicating the function it performs. There may also
be other inscriptions on the keyvpad Itself, above or below the different buttons.
These inscriptions are usually coloured differently, indicating that more than
one function is assigned to that key (the same button can perform another
function).

# Toindicate to the calculator that it is the other function that you wish to invoke,
the SHIFT, 2nd, or INV key has to be pressed prior to pressing the key itself.
This method of multiple functions assigned to individual keys helps to keep a
calculator small, compact and versatile.

3. The clear or cancel key:
¢ Always make sure that vou ‘clear’ the display screen before starting a new

calculation by touching the ‘cancel’ (C, CLR or AC J key on the calculator.

¢ If you enter a series of values for a calculation and have tvped an incorrect
value, you correct it without destroying the previous intermediate calculations,
by pressing the C key, or on some calculators an arrow: < or ». It clears the fast
entry and waits for you to continue,

e The AC key clears any pending calculations and resets the display to ‘0. Any
values in the other memory locations are unaffected by it

# Data held in the independent memory (M), as well as MODE specifications, are
held in memory even when power is turned OFF | Pressing the SHIFT, 2nd |, or
INV key followed by the C or AC key clears the storage memory locations.

4. The MODE key: the keys on a calculator perform dilferent operations depending
on the mode entered. Pressing the MODE key and depressing a number from 1
to ..., depending on the number of modes available on the calculator, sets the
specific mode required. The different calculation modes are entirely independent,
and cannot be used in combination with each other. Some MODES available on
calculators are: normal calculations, standard deviation calculations, regression
calculations and interest calculations.

5. The number of digits that can be entered into a calculator depends on the size of
the display, normally 10 digits. When the resulting answer exceeds the display
limit, the value is displayed in scientific notation. The display reads as follows in
these cases:

# 1.4% is 140 000. The 05 to the right of the value means that the decimal point
must move 5 places to the right.

o 1.4 ™is 0.00014. The decimal point is moved 4 places to the left.

6. The different keys to use for specific calculations will be mentioned when the
operation is dealt with in the module. It is also recommended that you keep your
calculator’s owners manual or user's guide accessible, because different calculators
use different methods, which your trainer may not be familiar with.

12.2 The number system

‘The number system we use today is known as the Hindu-Arabic number system.

224



12.2.1 Classification of numbers

| Rational numbers

{ Number system J
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Fractions
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12.2.2 Real numbers and imaginary numbers

Numerical values can be classified as real numbers and imaginary numbers,
Imaginary numbers are the square roots of negative numbers, such as . =2, and it
is difficult to atiribute any real or practical significance to them. They form part of the

complex number system, which is beyond the scope of this text.

The number system that enables us to assign a number to every possible point on a
number line is called real numbers. A number line is a scaled straight line with a zero
point, on which we can indicate the position of numbers and their interrelations.
Negative numbers are indicated to the left of the 0 and positive numbers to the right of
the 0. The number line can extend to infinity with fractions or decimals between the

whole numbers.

-3 -2

|

—1

t

1] 1

t 4

2

1

4
A

L

t

Real numbers consist of rational numbers and frrational numbers.

Activity 12.1
Fill in the missing numbers in each of the following rows:
66 67 M 73
3 9 27
30 40 60
100 120
36 48
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12.2.3 Rational numbers and irrational numbers

A rational number can be expressed as the ratio or fraction % in which both numerator
and denominator are whole numbers or a decimal that repeats or terminates, and
b= 10,

In the fraction %, i is called the numerator and b is called the denominator.

Division by 0 is undefined.

The three groups of rational numbers are:

1. Integers or whole numbers. For example; 6 is a rational number because it can be
wrilten as % (both numerator and denominator are whole numbers).

2. Finite or terminating fractions. For example: ﬁ is a rational number because the
decimal expression 0.25 is terminating or finite.

3. Recurring or repeated fractions. For example: % is a rational number because the
decimal expression 0.666... has a pattern that repeats or can carry on forever. This
recurring decimal can also be written as 0.6.

Irrational numbers are real numbers which cannot be expressed as the ratio of two
integers. The decimal value cannot be expressed with either a finite number of decimals
places or a repeating pattern. The never-ending string ol digits will not form a pattern
that continues to repeat itsell. Any irrational number falls between two rational
numbers.

Example12.1

Recurring decimals

JB= 2. 2360679775... This is an irrational number because it cannot be written as % and

this never-ending string of digits will not form a pattern that continues to repeat itsell.

Activity 12.2
Classify the following numbers as rational and irrational.
1. 42
3 9
B
K|
3. 13
13
4. 19

Note: The distinction between rational and irrational numbers is of very little
significance as far as practical applications are concerned. This is due to the fact that
any irrational number can be approximated (rounded) to any desired degree of
accuracy by means of a rational number.
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12.2.4 Whole numbers and fractions

An integer is a positive whole number (1, 2, 3, ..., also known as a natural or counting
number), a negative whole number [~ 1, =2, =3, ...) and the value zero (0). The number
zero is neither negative nor positive, and in that sense is unique. The zero point is called
the origin of the number system. Integers are rational numbers, because an integer n
can be considered as the ratin n/l.

Fractions, such as ;, 3 or ,3-' will fall between the integers on the number line.
Fractions can be classlﬂed as proper fractions, such as ,E., E or ? or improper fractions
such as ; 1:" or 12 where the numerator is always bigger than the denominator.

A mixed number, such as li, I?E or 53, is a whole number with a fraction. Any mixed
number can be turned into an improper fraction.

To change a fraction into a decimal, divide the numerator by the denominator.

Note: A natural number is a counting number beginning with 1.

Activity 12.3

In the table below tick () in the column(s) that correctly describe the number as real,
irrational, rational, integer, whole or natural. Use a ealculator to help you.

Real numhaer Irrational Ratlonal Natural | Whole
num‘nﬂr number number number
5 |
54 876 i
~16
._.'-:'|__ S — - _ ——— I R -
1.25
[;]3
:-_|1

12.3 Common notation

Mathematical ‘'shorthand; or symbaols in analysing and presenting results, is often used
rather than descriptive text.
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Arithmetic symbaols:

+ add ~ subiract

< multiply = or/ divide

< less than = less than or equal 1o
= maore than = more than or equal to
= equal to = not equal to

+  plus/minus > sumof

= rounded as n! factorial

12.4 Basic operations

12.4.1 Hierarchy in calculations

1

he order of operations is a set of rules that mathematicians have agreed to follow to

avold mass confusion when simplifying mathematical expressions or equations. When

n

wre than one calculation has to be made to find the solution of a mathematical

expression, you must follow a specific order of operations. The following are the priority

Lk

|

On ook L3 B

rder of operations:

Exponents and roots are all treated as functions. Turn the functions into numbers
first.

Perform any calculations inside brackets ().

Do all powers and roots.

Complete all multiplication and division, working from left to right.

Perform additions and subtractions, working from left to right.

o

Note: To change the order of priority, brackets or the calculator can be used. Note
that the multiplication symbol *x" is frequently omitted in some expressions. For
example: 6 % {5 — 2} will normally be shown as 6(5 — 2).

Activity 12.4

_—e—— == — —_—

Do the following calculations:

-

| =00~ ;W L

'i]. (40x2-50/2)x(9/3)/100

2xE+3-4/2—-5+20/5%3+50

(3+3-5)(15—5)10 — log99

44 5=T+BX5—-12%2/B+6—3+20+2
0x9—-30+34+5—6+7-2+9x9
[10x4—6+7—8/2+3x3+(4+5-6/3)+1]/2
[(3+4-6/2+2)+(9/34+6x5)/11)] %[(4+5-6)+(18—-3x4)]/9
2435 15-10/24(5+1)/3

30/15—10

30/(15-10)
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12.4.2 Adding and subtracting (+ and —)

Addition and subtraction are the most common of the fundamental operations and are
easy to perform. Adding and subtracting with speed and accuracy can be achieved only
through practice. Adding is to add more (or calculate the sum of ) and subtracting is to
take away (or calculate the difference).

Note: The order of operations (adding or subtracting] does not matter.

Activity 12.5

1. Do the following calculations:
a) 28+5+3+6=
b) 16-7—-2=
c] T+46-15+3=
2. The distance from Johannesburg to Polokwane is 340 kilometres. The distance
from Johannesburg to Pretoria is 59 kilometres. How far is it from Pretoria to
Polokwane?
3. 'The following number of items had to be scrapped at the end of the day due to
damage: 21 shirts, 32 pairs of pants, 10 pairs of shoes and 53 jerseys. How many
items had to be scrapped?
Harry worked 15 hours of overtime in January, 12 hours of overtime in February
and four hours of overtime in March. What is the total number of hours Harry has
worked overtime?
5. There are 11 people in a taxi. At the next stop five people get off and nine get on.
How many people are now in the taxi?

o

6. You have 57 items in stock at the beginning of a shift. During the shift you sell 33
items and receive a new delivery of 25 iterns. How many items will you have in stock
at the end of the shift?

7. If you want to buy a new suit for R599.99 and you have only R315 available in your
account, how much must you pay into your account to be able to buy the suit?

8. If you left at 07h00 in the morning and arrived at 12h45 that afternoon, how long

did the journey take?

12.4.3 Multiplying and dividing [< and =)
The arithmetic operation to determine the product of numbers is called multiplication

().
Division {+) is the arithmetic operation that finds how many times one number
goes into another.

Note: The order in which you multiply and divide does not matter, but, if the
calculation includes addition and subtraction, you must first calculate values inside
brackets, or multiply and divide, before you add and subtract.
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Note: An alternative to the multiplication sign () is the multiplication point (-}, a
point that is set above the line and not to be confused with the decimal point.

fractions.

An alternative to the division sign () is the right oblique [/}, as used in writing

Example 12.2

Activity 12.6

=2

e |

You have four boxes with 24 bars of soap in each and you want to know how many
bars of soap vou have in total:

4 X 24 = 96,

You must pack 100 items in boxes containing five items each and vou want to know
how many boxes you need:

100 + 5 = 20 boxes.

Do the following calculations:

al 379 % (—15) =

b) 69 <13 =

) 3BEFEXS5=

If the shop is open from 08h00 in the morning till 21h00 at night, how many hours
must each employee work if you have 2 shifts during the day?

Abel takes 10 minutes to unpack one box of shirts. If there are 25 boxes, how long
will it take him to unpack all the boxes? If there are eight shirts per box, how much
time does he spend to unpack each shirt?

Deon's wage is B25 per hour. If he works eight hours per day for five days and only
four hours on Saturday, what is his weekly wage before tax?

If you buy nine pairs of socks at R14.99 per pair, how much change should you get
if yvou pay with a R200 note?

You need 250 g of flour to bake a loaf of bread. If you have a 5 kg packet of flour, how
many loaves of bread can you bake?

Your truck can take at most four tons at a time. If you want to move 38 tons of
clothing to the warchouse, how many trips will vou have to make? If each trip takes
two hours and 15 minutes, how many hours will you take to move the clothing?
How many tons will vou take on each trip?

You want to put a carpet in the staff room. You have to pay R55 per m®. The room is
11 m long and 6 m wide, How many square metres of carpet do you need? How
much will it cost you?
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12.5 Signed numbers

When adding numbers of the same sign, find the sum of the numbers and use the
sign common to all factors.

2+3+4=+9

(=2)+(=3) +(-4)= -9

2. When adding numbers of different signs, find the sum of the positive numbers
and the sum of the negative numbers, and then subtract the smaller sum from the
bigger one and designate the sign of the bigger sum.
(=2)+3+4+(-1)=+T—3= +4
2+ (-3)+(-4)+1=43-7=—4

3. When subtracting a negative number, change the sign of the negative number being
subtracted and add the number to the rest.
2+3-(-4)=+9

4.  When multiplying or dividing by the same sign, the answer will always be positive.
—-2X —-2=+4
2X2= 44
~2+ —4 = +0.5

5. When multiplving or dividing unlike signs, the answer is always negative,
=2X 2= -4
I —4=-12
=6 +2= =3

Note: Use the {—) or = key on the calculator to change the sign of a number.

Activity 12.7

Do the following calculations:

il ol B L R

(13) +({-2) =
(=2) = (+3) =
(—4)+(—7)=
0—(—3a)=
(—3)+(+1)=
(+5) < [+1)=
(—xy)—1) =
(—12xy) = (-4} =
121)(—1) =

(
0. (—5p)-(12p) =

12.6 Exponents [powers]) [x]

When a value is multiplied by itself some number of times, a superscript number can
be placed at the upper right-hand side of the value.

For example: 2 % 2 X 2 % 2 = 2'(read as two to the power of four). The superscript

number (4) is known as the exponent and 2 is the base. If a number is raised to the
power of 2, it is known as the square of the number.

231



Hidden page



Elementary calculations

Activity 12.9

Calculate the following expressions accurate to the nearest hundredth
1. Log340 =

2. 1+ 3.3Log 50 =

3. &=

4. elf=

12.9 Factorial notation (!)

The symbol n! is read as n factorial, and is a shorthand way of identifying the product of
all the positive numbers from 1 up to n.
Forexample: 5! =5 x4 X3 %2 x|
INM=10 X9 BXTHEMNGHAMINIHI]

Notes:

¢ The symbol #! has no meaning if 7 represents anything other than a positive
whole number or zero. { —3! is undefined)

# The value of ! is defined to be 1. (0! = 1)
» Toobtain the factorial value from the calculator, enter the value followed by the

xlor n! key.
Activity 12.10
Do the following calculations:
1. 9=
13
2. o=
2
3 sz

12.10 Sigma notation ()

This Greek capital letter sigma (2 ) stands for ‘sum the appropriate values.

This means the sum of all the xvalues from 1 through n. This index system must be used
whenever only part of the available information is to be used. In statistics, however, we
will usually use all the available information and the notation will be adjusted by doing
away with the index system.

E x, will become Sxif all the data are used.
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Activity 12.11

Use the x-values 5 3 2 6 3 to calculate:

1.
2.
3.

Ix=
B =
(Zx) =

12.11 Fractions

A fraction is a number that can represent part of a whole and is denoted by:
% if @ and b are integers and b # 0.

The numerator (a) at the top tells you how many parts of the whole are actually
used,

The denominator (B) at the bottom tells you how many parts the whole has been
divided into. If the numerator is more than the denominator, we have an improper
fraction. If the numerator is smaller than the denominator, we have a proper
fraction,

A horizontal line drawn between the numerator and denominator separates them.
This horizontal line indicates that the numerator value must be divided by the
denominator value to find a single numerical result. A decimal can thus be found
by dividing a numerator by a denominator.

Converting the fraction to a decimal before performing the arithmetic operation
can save computational time.

Example 12.3

The fraction 2 indicates 3 is to be divided by 4 as follows:

3+4=0750r3=0.75

4

Rules governing fractions

Any fraction in which the denominator equals the numerator has a value of one.

& _
81

Division into 0 is mathematically undefined and the fraction will always equal 0.
When multiplying or dividing both the numerator and the denominator by the
same value, the fraction value does not change.

[l 5 ) ]

2 572

A fraction can be reduced to its lowest terms by dividing both the numerator and
denominator by a common factor.

545 _1}
10+5"2
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¢ To add or subtract fractions with the same denominator, add or subtract the
numerators and write the sum over the common denominator,

3,1_4

ia tg= 51
# To add or subtract fractions with different denominators, a commeon denominator
is found by multiplying the denominators and restating each fraction with the

COmimoan dE“ﬂmi“atﬂr
{5 +1_ 5(3) + 1(B) _

B 3 24 24
¢ To multiply fractions, multiply both the numerators and denominators.

3-8

¢ To multiply a fraction by a whole number, multiply the numerator by the whole
number, maintaining the same denominator.

[#4=3=14

o When dividing by a fraction, inverse the fraction in the denominator and then
multiply the numerator by the inverted fraction.

1 _ 5.4 _ 20
[% 1773 35]

=l

Note: Fraction calculations can be done on the calculator if the fraction key a""* is
available.

Activity 12.12

1. Convertthe following fractions to their decimal equivalents. Round your answer to
two decimal places.

1 _ 23 _ 3 _ i
3- B Hs = [
2. Convert the following decimals to fractions:
0.11= 0.135 = 01567 = 21723 = 0.07 =

3. Susanearns an hourly wage of R25 per hour. If she works overtime she gets 1% times
her wage for the first five hours and 1% after the first five hours of overtime.

a) What is her hourly wage for the first five hours of overtime?
b) What is her hourly wage if she works longer than five hours of overtime?
¢} How much does she earn before tax if she works 13 hours overtime?

4. Give the following answers in fractions:
a) 1+3=

1
34
b)
c)

d)

Elm
¥ | ==

T
.
LejLs
l

e
= Pl
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12.12 Decimal numbers

Each digit in a number has a place and a value. The location of a digit within a number

is called its place. Place value is the value of the digit based on its location within a

number group. Our numerical (and monetary) system is based on the 10 numbers

(decimal} metric system and as such, decimal fractions always have a power of 10 in

the denominator (e.g. 10, 100, 1000].

# A fraction can be converted to a decimal if the numerator is divided by the
denominator.

* Decimals have a decimal value relative to their position in relation to the ‘decimal
point’ in a number.

* Numbers to the left of the decimal point are whole numbers and numbers to the
right of the decimal point have values of tenths, hundredths, thousandths etc. of a
whole number.

Example 12.4

The following example shows the place name of each digit:

P
En

8 ) 3 2 3 B 4 . 3 1 0 B
(15
o =
=2 2
2 | = £ | g
= | E | 3
E| B| = e | 2| § | &
] = = £ =1 ] o
. = = [= = = = = 2 = £
= = = & z E o = = = & =
= = ) = wa = = = o= =
s | E|s|2|E|z2z|€|8|5|8|2|&|%8|+%
=E |z | 2| F | 2| & S| e | )= | & & | = E
M Thousands Ones . Decimals

There are 5 millions (5 000 000), 4 hundred thousands (400 000), 3 ten thousands
(30 000}, 2 thousands (2 000), 3 hundreds (300), 6 tens {(60), 4 units (4), 3 tenths (0.3), 1
hundredth (0.01), 0 thousandths {0.000), 8 ten-thousandths (0.0008), 7 hundred-
thousandths (0.00007}, 5 millionths (0.000005).

Activity 12.13

Complete the following:

832 means: 2 umitg, 3 tens and 8 hundreds.

611 means:

1 093 549 means:

3.026 means:
522034563 means:
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12.14 Rounding off decimals

It is often desirable to round numbers o make them easier to understand and use.
Round numbers after completing arithmetic operations and not before, and ensure
that results are acknowledged as such.

Draw a line after the digit you want to round, for example if you want to round off
the number to two decimal places, you draw a line after the second decimal.

If the digit to the right of the desired rounding digit has a value of five or more,
increase the rounding digit by one and replace succeeding digits with zeros if itis a
whole number or disregard all numbers to the right if decimals,

Should the value to the right of the desired rounding digit be less than five, leave
the rounding digit as it is and disregard all numbers to the right of the cut-off digit
or replace with zeros if it is a whole number.

if the digit to the right of the desired rounding place is the last digit and exactly
five, increase the rounding digit by one il it is an odd number and leave as is if the
number to its immediate left is an even number.

Often, a calculation results in more decimal places than is necessary. There may
however not be more decimals to the right of the decimal point than in the values
being processed — that means you can't be more accurate than the least accurate
value of the given data. To correct such an instance requires a ‘rounding ofl” to
the appropriate number of decimal places, for example 1.2 < 0.54 = 0.648 = 0.6
[the least accurate value in the original data is 1.2 therefore the answer must be
rounded to the nearest tenth).

Example 12.6

1.

Round 169 to the nearest temn:

The desired rounding place is 6 (16/9). The digit to the right of 6 is more than 5,
therefore round up by increasing 6 by 1 and change all digits to the right of 6 to 0.
169 will become 170.

Round 1 819 to the nearest hundred:

The desired rounding place is 8(18/19). The digit to the right of 8 is less than 5,
therefore leave 8 as it is and change all digits to the right of 8 to 0: 1 819 will become
1 B00.

Round 33.215 to the nearest tenth:

The desired rounding place is 2 (33.2/5). The digit to the right is less than 5, therefore
leave 2 as it is and disregard all the digits to the right of 2. 33.215 will become 33.2,
Round 5.129 to the nearest hundredth:

The desired rounding place is 2 (5.12/9). The digit to the right of 2 is more than 5,
therefore round up by increasing 2 with | and change all digits to the right of 2 to 0.
5.129 will become 5.130

Round 17.5 to the nearest unit {whole number}:

The desired rounding place is 7 and the digit 1o the right of 7 is the last digit and
exactly 5, therefore increase 7 by 1 because 7 is an odd number.

17.5 will become 18
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6. Round 19.985 to the nearest hundredth:
The desired rounding place is 8 and the digit to the right of 8 is the last digit and
exactly 5, therefore leave 8 as is because 8 is an even number.
19,985 will become 19.98,

Activity 12.16

1. A company reports a profit figure last year of R1078245.67. Round this figure o
the:
a) nearest million
bh) nearest thousand
€] nearestunit
d} nearest tenth
2, Round 539.345 to the nearest hundredth.
Round 4.2355 to the nearest thousandth.
4. Round 5.009 to the nearest hundredth,

b

12.15 Significant digits

Significant refers to the number of digits in the number that are accurate — counting

from left 1o right. Rounding can also be done by the number of significant figures we

require.

# Start with the non-zero digit (e.g. the '1" in 1 300, or the '2" in 0.0274) on the left,

® [Keep the required number of digits and replace the rest with zeros.

* Round up by one if appropriate. For example, if rounding 0.059 to one significant
figure, the result would be 0.06.

General rules for determining the number of significant digits in a number:

1. All non-zero numbers are significant. For example, the number 163.45 has five
significant figures: 1, 6, 3, 4 and 5.

2. All zeros between significant numbers are significant, for example the number
5 002 has four significant figures and 301.12 has five significant figures.

3. A zero after the decimal point is significant when bounded by significant figures to
the left: For example, the number 3 002.0 has five significant figures, 15.2300 has six
significant figures, 0.00152300 has six significant figures, 120,00 has five significant
figures, If a result accurate to four decimal places is given as 12.23 then it might
be understood that only two decimal places of accuracy are available. Stating the
result as 12.2300 makes clear that it is accurate to four decimal places.

4. The significance of trailing zeros in a number not contalning a decimal point can
be ambiguous. For example, it may not always be clear if a number like 1 300 is
accurate to the nearest unit (and just happens coincidentally to be an exact multiple
of a hundred) or if it is only shown to the nearest hundred due to rounding. One
method to address this issue is to underline the last significant figure of a number;
for example, ‘80 000" has two significant figures.
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5. “Zeros to the left of a significant figure and not bounded to the left by another
significant figure are not significant. For example the number 0.01 only has one
significant Agure and 0.00012 has two significant figures.

6. A number with all zero digits (e.g. 0.000) has no significant digits.

Example 12.7

1. Round 742.396 to:
a) 4 significant digits: 742.400
b) 3 significant digits: 742.000
c) 2 significant digits 740.000
2. Round 0.06284 ro:
a) 4 significant digits: 0.06284
b) 3 significant digits: 0.0628
c) 2 significant digits 0.063
3. Round 351.45 to:
a) 4 significant digits: 351.4
b) 3 significant digits: 351
c] 2 significant digits 350
4.  Round to two significant figures:
a) 13 300 becomes 13 000
b) 14 stays as 14
¢] 0.00123 becomes 00012
d) 0.4 becomes 0.40 (trailing zero indicates rounding to two significant figures).

e) 0.01084 becomes 0.011
f)  0.0325 becomes 0.032

g) 19800 becomes 20 000 {see the notes about trailing zeros)

Activity 12.17

Your expense budget for the vear amounts to R125 784.66.

The exact budget figure contains eight significant digits. Round this number to:
1. one significant digit

two significant digits

three significant digits

six significant digits

seven significant digits

O e LR b

Round to the appropriate number of significant digits when you add or subtract
Add {or subtract) the numbers as usual, then round the answer to the same decimal
place as the least-accurate number.
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Example 12.8

1. 13.214 + 234.6 + 7.0350 + 6.38= 261.2290
The second number, 234.6, is only accurate to the tenths place, so the answer will
have to be rounded to the tenths place:
13.214 + 2346 + 7.0350 + 6.38 = 261.2

2, 1247 + 1345+ 450 + 78 = 1 909.5
450 is only accurate to the tens place, therefore round the final answer to the nearest
tens place:
1247 4+ 134.5 + 450 + 78 = 1 910

Activity 12.18

Calculate the following:
1. 9.812 — 0.13358 + 0.123 =
2. 1111 — 0.234 + 0.001 =

Round to the appropriate number of significant digits when you multiply (or
divide)
Multiply (or divide) the numbers as usual, then round the answer to the same number

of significant digits as the least-accurate number,

Example 12.9

1. If we multiply 3.3 {rounded to two significant digits) by 3.55 (rounded to three
significant digits), the answer is 11.715. This answer appears to have five significant
digits; however the result cannot be more accurate than the lowest significant level
of the two numbers which is two. The result should be 12.

2, 00435 x 4.6 = 0.02001
4.6 has only two significant digits, so round 0.02001 to two significant digits.
0.00435 ¥ 4.6 = 0.020
(The answer is not 0.02, because this is only one significant digit (the ‘2'). The
trailing zero indicates that "this is accurate to the thousandth place’, and is therefore
a necessary part of the answer.

Activity 12.19

Calculate the following:
1. 16.235 X 0,217 X 5 =
2. 0.235 X% 0.0070 x 1.333 =

Note: For adding, use ‘least accurate place’.
For multiplying, use ‘least significant digits’.
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12.16 The metric system

This is the most widely used system of weights and measures in the world; a standardised
system is necessary for computational purposes in international trade.
The basic units of measurement in the metric system are:
* length, which is measured in metres
» weight, measured in grams
*  volume, measured in litres.

The metric svstem is decimal orientated and deals with powers of 10. Thus, multiplying
or dividing by 10 gives the next higher or lower unit,

0.01 .00 0.1 1 metre 10 100 1000
centi milli dec 1 litre deca hecto kilo
1 gram
Activity 12.20
Fill in the missing numbers:
kilo | hecto | deca metre/litre/gram deci | centi | milli
1000 100 10 1 0.1 001 | 0.001
6335
1250
a0
150
1025
96
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13 |and ratios

This unit deals with applying the concept of percentage and ratio
calculations in business.

After completion of this unit you will be able to:

& convert percentages to fractions and decimals
deal with different types of percentage problems
iden tify the base

understand the concept of ratios

apply percentages and ratios in business.

'‘Percentage’ is derived from the Latin per cenfum meaning ‘per hundred’ and uses the
symbaol %. It is a universal basis for comparison whereby a value is expressed as to how
much of a hundred such a value represents. The basis of comparison is therefore always
100, Once a value is expressed in terms of its portion of a 100, the result is indicated as
a percentage by adding the percentage sign "% after the result.

13.1 Percentage calculations

Percentages are used widely in business to determine discounts, taxes, interest and
numerous comparisons. To use a percentage in an arithmetic application, it must first
be changed to a decimal or a fraction.

Commonly used terms:
¢ Base: the value upon which the percentage is taken,
® Rate (%): the percentage that is taken of the base.

13.1.1 Converting percentages to fractions and decimals

To change a percentage into a fraction or a decimal, divide the number expressing the
percent by 100 and drop the % sign. The percent becomes the numerator and the 100
the denominator. The fraction can be converted to a decimal by dividing the numerator
by the denominator.
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Example 13.1

Express 75% as a raction and a decimal:

75% =155 = 0.75

Activity 13.1

Find the fraction and decimal equivalents of:
a) 44%
b) 83%
c) 126%

13.1.2 Converting a fraction or decimal into a percentage
To change a fraction or decimal into a percentage, multiply by 100 and add the % sign.

Example 13.2
]
L. Express--asa percentage:
1] —
30 =100 = 30%

2. Express 0.14 as a percentage:
0.14 > 100 = 14%

Activity 13.2

L
21
2. Express 0,033 as a percentage.

—— - == =

1. Express ;- asa percentage.

13.1.3 Finding the percentage amount

To find a percentage amount of a value if both the base and the rate are known, you
must first convert the rate to a fraction or a decimal number and then multiply by the
value, which is the base.

percentage amount hase 00

Example 13.3

Calculate 5% of R200:

5 —
T8 R200 = R10
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Activity 13.3

1. Calculate 14% of 430.
2. Calculate 5% of 684,

S —

13.1.4 Finding the rate

To determine the percentage rate when both the base and the percentage amount are
known, you must first construct a fraction using the percentage amount as numerator
and the base as the denominator.

__ percentage amount
hase

rate (%) * 100

Example 13.4

What % is 8 of 187

(] —
16 100 = 44.44%

Activity 13.4

1. What percentage is 9 of 187
2. What percentage is 3 of 677

13.1.5 Finding the base

If the rate and the percentage amount are known, the base can be determined by
dividing the percentage amount by the rate.

__ percentage amaunt

rate X 100

base

Example 13.5

If 14% of a value equals 90, what is the value?

% # 100 = 642,86

Activity 13.5

If you receive R4 600 simple interest on an investment earning 9%, how much did you
invest?
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Activity 13.7

1. The total weight of a packaged article is 25% greater than its nett weight of 6 kg.
Determine the total packaged weight.

2, Ifan article weighs 9 kg after it is packaged, and the increase in weight is 20%, how
much did the article weigh before packaging?

13.2 Ratio (proportion] calculation

A fraction and a ratio are different ways of expressing the same relationship. A ratiois a
comparison of two quantities expressed in the same measurement units and may be
written as follows: @ to bor :bor £,

Ratios are also used to express rates such as 120 kilometres/hour, 2.3 children/
family, 14 kilometres/litre of petrol.

Example 13.8

1. In comparing two drums of paint, one with a volume of 20 litres and the other a
volume of 50 litres, we can say that thE ratio between the two drums is 2(:50 or 2:5.
That means that the small drum has 2 £ the volume of the big drum, which |s also
2 % 100 = 40%. Alternatively we can say that the volume of the big drum is 2 3=25
times more than the small drum or 2.5 * 100 = 250% more.

2. If examinations normally result in a failure rate of seven per 200 students, the
number of failures that can be expected if 800 students write the examination is:

T
=55 800 = 28 students.

Activity 13.8

1. Three friends decided to contribute R20, R10 and R5 respectively to buy tickets from
the national lottery. Their agreed division of winnings will be in the same ratio as
their contributions. If their winnings amount to R500, what sum of money will each
one receive?

2. A golf player receives 10% of his income from sponsorships, three times as much
from training, and the rest from tournaments. If his total income for the year is
R340 000, how much did he get from each source?

13.3 Business applications

Although percentages have many applicationsin manydisciplines, in the manufacturing,
retail and wholesale environment they are usually applied to pricing of goods or
services, to determine final prices after adding profit margins or allowing for discounts.
Percentages can also be used in stock control levels.
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The cost price is the price a wholesaler or retailer paid for a product or service
excluding the VAT, or what the cost was to manufacture the product from scratch by the
manufacturer.

The ‘selling price’ is the price for which a product or service is sold.

13.3.1 Mark-up on cost price

The manufacturer sells his product to a retailer, wholesaler or final consumer and will
want to do so at a profit. A ‘mark-up’ margin must therefore be added to the product to
determine the ‘selling price’ of the item.

The mark-up margin is usually expressed as a percentage to be added to the cost
price.

Example 13.9

ABS Manufacturers produce classroom desks used in schools, The cost price of a desk
is R120.00 and ABS adds a mark-up ol 40% to this price to determine the selling price
per unit.

The selling price per unit is therefore: R120.00 + (-5 % 120) = R168.00

ABS will now sell these tables to Tablecor (Pty) Ltd at R168.00 + VAT per desk. A desk
will cost Tablecor R168.00 + {% ¥ 168) = R191.52

Assume that Tablecor decides to add its own profit or mark-up. Tablecor now sells the
desks to the Education Department for use in schools, The cost price of a desk for
Tablecor is R168.00 (because they reclaim the VAT that they have paid as input VAT).
Tablecor uses a mark-up percentage of 20%,

The price at which Tablecor will then sell each desk is:

R168.00 + {% * 168) = R201.60, excluding VAT. Adding VAT 1o the selling price

means that the customer will pay:

R201.60 + {% * 201.60) = R229.82 per desk.

Activity 13.9

Calculate the following without taking VAT into account:

1. An article costs R32. It is sold at a profit of 15%. Find the selling price.

2. By selling an article for R63.50, a profit of 25% is made. What is the cost price?
3. An article costs R25 and is sold at a profit of R3, What is the % profit?

4. An article costs R250 and is sold for R300. What is the % profit?

13.3.2 Mark-downs and discounts

While a mark-up means adding to a base price, markdown means reducing a base
price. A mark-down differs from a discount in the sense that a discount is a reduction
in selling price because of method of payment (cash) or due to volumes purchased or
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TEST YOURSELF 13

1.

110,

11.

12,

13.

14.

15.

16.

17.

At the end of 2001 there were 101 stores open in South Africa — 39 in Gauteng, 33
in Cape Town, 19 in Natal and 10 in the Free State. Find the percentage of each in
relation to the total.

Each section in a department store is given a target for the year, with Jack’s section
targeted for an increase of 25% over last year's results, If last year's sales were R1.5
million, what was Jack's targeted sum?

A salesman's commission makes up 13% of his total weekly income. If his
commission is R948 for a particular week, what is his total income?

In the past 10 years, employment in a company has fallen by 780 to 3 240. What is
the percentage decline in employment over the decade?

Your commission of R475 for the week is equivalent to what rate of commission if
the commission is calculated on weekly sales of R5 0007

With a trade discount of 30%, an electrician paid RB3.30 for materials. What would
the material have cost without the trade discount?

Mr Hammer, a carpenter, receives a trade discount of 20% and a cash discount of
3% at the local hardware store. The list price for materials he purchased totalled
R4 532.50. Find the invoice price and the actual amount paid cash for the material.
What percentage of the list price did Mr Hammer save?

Giftware often carries a mark-up cost of 50%. If the cost of a vase to a retailer is R84,
what will the vase retail for?

A pair of shoes priced at R793 has been marked-up on cost by 30%. What was the
cast price to the retailer?

The cost to the retailer of a tennis racquet that sold for R165 was R110. Find the
profit as a percentage based on cost, and the profit percentage based on the list
price.

The cost of a garment to a boutique was R400, If a profit margin of 17% was made
on the retail price, find the retail price. If a loss of 2.5% was made on the retail price,
what was the retail price?

All candles in a particular gift shop are priced at R14.25 after a mark-up on cost of
25%. What was the cost of the candle to the proprietor?

A dealer marks all baby goods 25% above cost. What percentage discount can he
allow during a sale to ensure a profit of at least 10%.

Goods are bought for R30. At what price must they be marked in order to yield 10%
profit after a trade discount of 10% has been allowed?

A suit is marked at R999.99. A trader allows 2.5% discount and still makes 20%
profit. What did the suit cost the trader?

You purchase a Hi-Fi set and a DVD player for R3 400 and R2 800 respectively. How
much VAT in total will you have to pay on these transactions?

Sipho buys a television set from Grand Bazaars for R4 600. Because he pays cash for
it, he is given a discount of 15% on the purchase.

a) How much does Sipho pay for the TV before VAT is charged?

b} How much discount did Sipho get?

¢) How much VAT is charged on this transaction?

d) What is the final amount that Sipho pays for his TV set?
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14.

19.

20,
21.

22,

23.

24.

25,

Smart City Appliances receives a delivery of 25 refrigerators from Freezer

Manufacturers together with an invoice for R102 600. Upon inspection, Smart Ciry

returns four refrigerators because they are damaged, and requests a credit for the

returned goods. Freezer has also granted Smart City 10% trade discount on the

order. The discount has already been included in the invoice,

a) How much did a refrigerator originally cost?

b) How much discount did Smart Cirty get per freezer?

¢) How much VAT is included in the original invoice?

d) How much credit must Smart City get, excluding VAT?

e) By how much must Freezer adjust the VAT charged?

f) How much will Smart City now have to pay Freezer Manufacturers?

Smart Stores sells fashion clothing directly to the public. The prices of all items are

inclusive of VAT. 'The price reflected on the price tag of a garment is the price to be

paid. Agnes purchases three dresses at R160.00 each and a track suit for RZ10.00.

a} How much does she have to pay Smart Stores for the purchases?

b) What were the prices of the dresses and track suit before Smart Stores added
the VAT?

c) How much VAT did she pay on the whole transaction?

d) How much will Agnes have to pay if Smart Stores grants her 10% discount on
the dresses and 8% discount on the track suit?

e¢) How much VAT will Smart Stores add to the transaction if they grant the
discounts ahove?

Eight slabs of chocolate cost R32. Find the cost of three slabs of chocolate,

John takes 30 minutes to walk from his home to school at a speed of 4 km/hr. how

long will he take if he cycles at 10km/hr?

A lecturer takes three hours to mark the books of all the students in her class, How

long will it take three lectures to mark the same books if they work at the same

pace?

It takes three markers 120 hours to mark the students examination scripts. Assuming

they all work at the same pace, calculate how long it will take if there are:

a) six markers

b) 10 markers

c) 20 markers.

If T travel at 50 km/hr I can do a journey in six hours. How long will it take the same

journey at 40 km/hr?

A farmer buys enough chicken feed to last 200 chickens for a week. How long will

the same amount of feed last for 350 chickens? (Each fowl] eats the same amount

each day.)




unit | Equations and
14 | graph construction

In this unit we look at solving equations and ways to make this easier.

After completion of this unit you will be:
o familiar with the concept of graph construction
& familiar with business applications using linear equations.

One of the most important concepts of mathematics concerns the relationship between
the elements of sets. In this unit we are mainly concerned with relationships between
two sets of numbers — such as numbers representing supply and demand; age and
value of machinery; unit cost and the number of units produced and so on.

14.1 Graph construction

A graph shows a picture of the trend or relationship between two variables (x and y) -

that is, how one gquantity changes with respect to another.

The type of graph to be drawn depends on the type of data, the complexity of the darta
and the requirements of the user. In this text, we will deal with the linear graph only.
Two variable functions are graphed on a set of rectangular coordinate axes. The

plane formed by the coordinate axes is called the Cartesian plane. In order to set up a

Cartesian graph, the following steps must be followed:

¢ Two lines, known as coordinate axes, are drawn at right angles dividing the plane
into four quadrants. The point where the two lines cross is known as the origin (0).
The horizontal line is known as the x-axis and the vertical line as the y-axis.

# Indicate units of length or a scale on the two axes (not necessarily the same for each
one). To select a scale, determine the maximum and minimum numbers you will
use for each variable and subdivide the axis in multiples of, for example, 1, 2, 3, 5,
10 and 100 as necessary to accommodate the maximum and minimum number of
each variable. To the right of the y-axis, x is positive and to the left, it is negative.
Above the x-axis, y is positive and below, it is negative.

* All values along the x-axis are known as abscissas and are plotted below the x-axis.

& All the values along the y-axis are known as ordinates and are shown to the left of
the vertical axis.

¢ The graph should have a title and both the axes should be labelled.

® Any point in the Cartesian plane is defined by an ordered pair of coordinates (x, y),
with the value of x always given first.
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¢ A mathematical function assigns one value of y to each value of x within its
equation and by arbitrarily selecting values for x, a corresponding value for y can
be computed with a resulting set of ordered paired coordinates (x, yJ.

» Each of these pairs of coordinates corresponds to a point on the Cartesian plane
and if we plot all the points we obtain the graph of the function.

For example, the coordinate point (1, 4) is exactly 1 unit to the right of the 0 along the
horizontal line and 4 units above the zero on the vertical line.

Note: The Cartesian plane has four quadrants. While all are mathematically
important, we find that in business the most important of the four is the top right

quadrant where both x and y have positive values.

14.2 Solution of equations

An equation is a shorthand way ol stating that two algebraic expressions are equal. It
has a left hand side that is equal to a right hand side. To solve an equation, the value of
the unknown (variable) must be calculated. If it is substituted into the equation, the
value on the left must equal the value on the right.

14.2.1 Linear equations

Any mathematical function that appears as a straight line when plotted in the coordinate
plane is a linear function, One of the most commonly used equations in business is:

y=a+ bhx

Where a = y-intercept — that is the point on the y-axis where the line will cut
b = slope or gradient,

The slope can be measured between any two points on the line < it is always the same —
increase iny

and can be defined as the: - —
INCreskse 1 X
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You can interpret it as follows: it is the number of units the line rises or falls vertically
(y-axis) for each unit of horizontal (x} change from left to right.

When the slope (b) is positive the line has an increasing trend and if b is negative the
line has a decreasing trend. In business the slope is seen as the ratio of change in y to
the change in x or the marginal value.

Some examples of linear unctions to measure profitability in business are:

e the linear cost function
# the linear income function
#® the linear profit function.

14.2.2 Linear cost function: C[x)

Organisations are concerned about costs because they reflect money flowing out of the
business, These costs are usually to pay for salaries, raw materials, rent, municipal
charges and so forth,

Cost is defined in terms of two components: total variable cost and total fixed cost.
These two components must be added to obtain the total cost. Variable costs vary with
the level of output. The linear cost function is:

C=F+Vx

Where:

C = total cost

V = variable cost per unit
F = fixed cost per period

Example 14.1

A company which produces a single product wants to determine the function that
expresses total cost (C) as a function of the number of units produced (x). The fixed
expenditure each vear is R50 000. The estimated raw material and labour cost for each
unit produced is R5.50. What will the total cost be to produce 120 items?

C(x) = 50 000 + 5.50%
Clx=120) = 50 000 + 5.50(120)
= 50 660 rand

The y-intercept tells us that the cost of producing zero units is R50 000, This is the fixed
cost. The slope tells us that for each unit that the line moves to the right, the cost increase

by R5.50, Therefore, the cost of producing one extra unit each time is R5.50 and this is
then the marginal cost of the product.

Activity 14.1

1. Peteris setting up a small home business to manufacture an item he has developed.
He has invested R10 000 in equipment and can produce each item for R0.65.
Determine the cost function for Peter's product.
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2. A car rental agency leases cars at a rate of R100 per day plus R2.00 per kilometre
driven. Determine the function which expresses the daily cost of renting a car as a
function of the number of kilometres driven in one day. What will the total cost be
for 315 km?

3. The police department is contemplating the purchase of an additional patrol car.
Police analysts estimate the purchase cost of a fully equipped car to be R180 000,
They have also estimated an average operating cost of R4.00 per kilomeire.
Determine the function that represents the total cost of owning and operating the
car in terms of the number of kilometres it is driven. What are the projected costs if
the car is driven 50 000 km during its lifetime?

14.2.3 Linear revenue function

The money that flows into a business from either selling products or providing services
is referred to as revenue. If we assume that the selling price is the same for all units
sold, then

total revenue (R) = price (p) ¥ quantity (x)

Example 14.2

A local car rental agent is trying to compete with some of the larger companies and
bought good second hand cars for his fleet. He also simplified the rental rate structure
by charging a flat R125 per day for the use of the car. The total linear revenue function
is R = 125x

If a car was rented out for 20 days last month, what was the total revenue for the car?
R{x=20) = 125 (20) = 2 500 rand

14.2.4 Linear profit function

Profit is the difference between total revenue and total cost.

P{x) = R(x) — C(x)

When total revenue exceeds total costs, profit is positive and is referred to as nett gain.
When total costs exceed total revenue, profit is negative and it is called nett loss or

deficit,

Example 14.3

—_—— aaa —e——

The price of a single product is R65. Variable costs per unit are R20 for materials and
R27.50 for labour. Annual fixed costs are R100 000. Construct the profit function and
determine the profit if annual sales are 20 000 units.
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Equations and graph construction

C(x) = 100 000 + 47.50x

R(x) = B65(x)

P{x) = 65(x) — (100 000 + 47.50x)
= —100 000 + 17.50x

If 20 000 units are sold, the profit will be:
P = —100 000 + 17.50(20 000)

{20 600)

= 250 000 rand

14.2.5 Break-even analysis
Break-even analysis is used to determine the number of units that must be sold {either
in rands or units of output) for the business to break even; that is, to neither earn profits

nor incur losses. The break-even point will be achieved when sales produce just enough
revenue above variable costs to cover fixed costs.

Steps

1. Construct the total cost function C{x) where x represents the level of output.
2. Construct the total revenue function R{x).

3. Set C(x) = R(x) and solve x.

Example 14.4

A product is priced at R10 and the variable cost is R6 per unit. If total fixed costs are
R1 000, the breakeven point in units of output sold is:
C(x) = 1 000 + 6x R(x) = 10x
10x = 1000 + 6x
10x — 6x = 1 000
4x = 1000
x = 250 units
250 units at R10 each will give a break-even income of R2 500.

TEST YOURSELF 14

1. An engineer is interested in forming a company to produce smoke detectors. The
estimated variable costs per unit, including materials and labour, are R22.50. Fixed
costs associated with the formation, operation and management of the company,
as well as the purchase of equipment and machinery, total R250 000. A market
related selling price would be R30 per detector.

a) Determine the number of smoke detectors that must be sold in order for the
engineer to break even.

b) Determine the break-even value.

c) If marketing research indicated that the firm can expect to sell approximately
30 000 smoke detectors over the life of the project, determine expected profits
at this level of output.
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2.

A company produces a product which sells at a price of R25 per unit. Variable costs

are estimated to be R18.75 per unit and fixed costs are R50 000.

a) Determine the break-even level of outpur.

b) Compute the total cost and total revenue at the break-even point.

c] What will profit equal if demand equals 7 500 units?

A local Gauteng charity organisation is planning a one week holiday in Cape Town.

'The venture is a fund-raising effort. A package deal has been worked out with a

commercial airline whereby the charity will be charged a fixed cost of R10 000 plus

R300 per person. The BR300 covers the flight cost, airport tax, hotel and meals. The

organisation is planning to price the package at R450 per person,

a) Determine the number of persons necessary to break even on the venture.

b) The goal of the organisation is to net a profit of R10 000. How many people must
participate for the goal to be realised?
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available before the end of the term and the interest is not added (o the principle o
earn interest on interest.

The standard formulae for calculating simple interest are:

= Pri
A=P1+ri)
A=P+1

Where:

I'= amount of interest

P = principal

A = amount
r = interest rate per annum expressed as a decimal
f = time in years or a portion of a year

Note: Exact interest is calculated on a basis of 365 days per year or 366 in a leap year.
Ordinary interest is calculated on a basis of 360 days per year or 30 days per month.

Example 15.1

1. Thandi borrows R5 000 from Simon. Thandi must repay the R5 000 before the end of
12 months and the interest is 15% per year.
How much must Thandi pay Simon after 12 months?

I = Prt
= 5000(0.15)(1}
= 750
A=P+1
= 5000 -+ 750

= 5 750 rand
2. Determine the present value at 15% simple rate of interest on an amount of 12 500
due in one year and nine months.
A=P+ i)
12500 = P[1 + (0.15 % 1.75]]
P = R9900.9% rand
3. B borrows R500 from A and at the end of eight months pays A an amount of R525.
What is the simple rate of interest earned?
[ = Prt
25 = 500 (r)(;%)
r = 0.075 that is 7.5%
4. How long will it take R5 000 to earn R50 interest at 10%7
= Prt
50 = 5000 (0.10)¢
t = 0.10 of a year which is one month and six days
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Example 15.2

1. Simon loans R1 000 to Thandi at a rate of 15% per annum calculated monthly. What
is the amount she must repay at the end of two years?
The interest rate of 15% is the interest that is charged for the year. However if the
interest is to be calculated monthly, then the annual interest rate {15%) must be
converted to a monthly interest rate by dividing by 12:
i=15% =125%
The two year time period should change ton = 12 X 2 = 24
A=1000(1+ L7 = 1 000(1.0125)* = R1 347.35
Amount of interest paid:
R1347.35 — R1 000 = R347.35
2. Ayoung man inherited R200 000. He wants to invest a portion of his inheritance to
accumulate R300 000 in 15 years. What portion of the money should be invested
it the money will earn 8% per year compounded semi-annually and how much
interest will be earned over the period?
i=4% n =30
A=P1+i)r
— 4
300000 = P(1 + 1|}{:|]m
IR TR
P = 32434
= 92 485.53 rand
I'= 300000 — 92 495.53 = 207 504.47 rand
3. Determine the interest rate on a study loan which would increase its value from
R36 000 to RS0 000 in five years if the interest is compounded monthly.
I= {d -Ii -1
30 000 15
KLRCH
= (L0055
Monthly rate is 0.0055 * 12 * 100 = 6.6%
4. How anE will it take for R20 to amount to R30 at 5% compounded quarterly?
log '
I S
logil + i)
a [ng—
log(1 + 43)
= 32.64 quarters = # years, 1 month, 28 days
Activity 15.2

1.

Find the presentvalue of R2 000 due in 18 months ifmoney is worth 11% compounded
semi-annually.
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Annuities are classified into two main classes:

® Ordinary annuities certain refer to annuities where the regular payments are
made at the end of each payment interval.

s Ordinary annuities due refer to annuities where the periodic payment [ R) falls at
the beginning of each payment interval.

15.5.1 Ordinary annuities certain

The regular payments are made at the end of each payment period.
To calculate the future value or amount (A} of an ordinary annuity certain we apply
the following formula:

4= pl+ir-1

To calculate the present value or principle (P) of an ordinary annuity certain we apply
the following formula:

FZH[I—[IF+ E}"‘]l

Example 15.4

1. Determine the amount of an annuity certain of R150 per month for three years if
money is worth 12% compounded quarterly.
A=pRil+iF-1
i
. 3 vz
=150 1t le}' = 2 128.80 rand
[
2. Astudent needs R3 000 a year for books for four years with the first R3 000 available
one year from now. If the student can get 8% p.a. return on investment, how much
maoney should he invest now?

p= R[l_— |.’_1i_+ i

2
100

3. Arthur wants to have R6 000 in the bank in five years' time. He plans to deposit the
correct amount to achieve this, at the end of each month. What should the value of
each monthly payment be if interest is 15% compounded monthly?

1= {1+ 2y
=3ﬂﬂl){ (1 * vop) ]=El&36.33rand

‘,‘:R[']"I'ﬂ"—]

6000 =R +%]m_]]
1.25%
1M
. — B0
S R= B8.5745
= B7.74 rand
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The premium on a life insurance policy is R60 per quarter, payable in advance.
Determine the cash equivalent of a vear's premiums if the insurance company
charges 10% compounded quarterly for the privilege of paying this way instead of
all at once for the year?

LT RIET)

1 - {1+ £2) 1 + &2
L ST 2

LH)
The beneficiary of a life insurance policy may take R10 000 in cash or 10 equal

payvments, the frst to be made immediately. What is the annual payment if money
is worth 12%7

p=fll-Us i)

n—u+%wwvﬁﬂ

10 000 = H[

R = ;“ngg = 1 580.23

The Bell Company plans to open a new retail outlet in its chain of telephone
equipment stores three years from today. How much must Bell invest at the
beginning of each semi-annual to have enough for the estimated costs of R100 000,
if the interest rate is 9%?

P=H[“ (14 0"+ r]]
f
10 000 = R[ul L f‘i&?.t]

1.5

(R

C o= MDOuD _
SR= e — 14246.64

Activity 15.5

1.

The rent of a building is R15 000 per vear payable in advance. If the interest rate
is 6% compounded monthly, what will the equivalent monthly rental, payable in
advance, be?

Mr Cute bought a car paying B2 000 deposit and R200 at the beginning of each week
for two years. If the interest rate is 9% compounded weekly, what was the cash price
of the car?

A school sets aside B10 000 at the beginning of each year to create a fund in case of
further expansion, If the fund earns 5%, how much does it amount to at the end of
the seventh year?

A debt of R5 000, inclusive of 5% interest compounded quarterly, is to be settled
within three years in equal quarterly payments. If the first payment is due today,
what will be the size of each payment?
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TEST YOURSELF 15

1.

10.

11.

12,

13.
14.

16.

17.

Using the simple interest approach, how much interest will you pay on a loan of
R15 000 at 12.5% interest per annum? How much must you repay after three years
and six months?

If the amount plus interest that George had to repay at the end of a one year loan
was R11 000 and the interest rate was 10% per annum, what was the amount of the
principal sum? Use the simple interest formula to calculate.

A waiiress who was temporarily pressed for funds pawned her watch and diamond
ring for B55. At the end of one month she redeemed them by paying R59.40. What
was the annual rate of interest?

A 26% interest charge on an overdue account of RB00 came to R21. How late was the
account?

A mechanic borrowed R125 from a cash loan company and at the end of one month
paid off the loan with R128.75. What annual rate of interest was paid?

At what rate will simple interest on R1 127 amount to R318 in 135 days?

John invests R200 at 7.75% simple interest per annum and receives R295 after a
certain time. For how long was the money invested?

Philemon has an option of financing the purchase of a new music centre with a
price of RBOD, through a loan for one year, The interest rate on the loan is 12% per
annum. He has an option of taking a loan with interest calculated quarterly or a loan
where the interest is calculated semi-annually. Which option will vou recommend
to Philemon? The lender will apply the compound interest formula.

The outstanding amount on your account is R2 650, If the store charges 24% interest
compounded monthly, how much will you owe after three months if no payment
was made during that period?

A cell phone company will need R500 000 to replace a piece of equipment in eight
vears. How much must be invested now at 6% compounded quarterly to accumulate
this amount?

If R500 amounts to R700 in five years with interest compounded guarterly, what is
the rate of interest?

A cash loan company charges 36% compounded monthly on small loans. How long
will the loan company take to triple its money at this rate?

How long will it take R4 000 to amount to R5 000 ai 9% compounded quarterly?
What is the effective rate of interest equivalent to 15% converted semi-annually,
quarterly and monthly?

. What is the nominal rate of interest, compounded semi-annually and monthly,

equivalent to 24% effective?

Which gives the better annual return on investment, 4%compounded quarterly, 4%
converted semi-annually or 4% converted monthly?

A refrigerator can be bought for R50 deposit and R28 per month for 24 months,
payable at the end of each month. What is the equivalent cash price if the rate is
26%7
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18.

19.

20.

21.

24,

23.

24.

26.

27.

28.

29.

A company bought a machine costing R 000 and estimates that its useful life will
be five years, after which it will be sold as scrap for R300. The company decides
to set up a reserve fund to cover the cost of a replacement machine in five years
time. Equal amounts are to be invested at the end of each year in an account that
earns 10% compound interest. Due to inflation, it is estimated that the cost of this
machine will be R15 000. How much must be invested each year to cover the cost of
a replacement machine, allowing for the scrap value of the present one?
If money is worth 15% compounded quarterly, what single payment today is
equivalent to 15 quarterly payments of R100 each, the first due three months from
today?
A cash loan company charges 36% converted monthly for small loans. What would
be the payment at the end of every month if a loan of R250 is to be repaid within one
ear?
;rlr Smith invests H20 at the end of every week at 18% compounded weekly. What
amount will be in his savings account after six months?
A student wants to save R15 000 for a trip after graduation, four years from now. How
much must she save at the end of every six months if she gets 15% compounded
semi-annually?
Mr T. Bone took out a R100 000 loan on a steakhouse over a 10-year period at an
interest rate of 12% compounded monthly. After 3.5 years, interest rates climbed
to 153% compounded monthly. If his repayments were at the end of each month,
how much did Mr. Bone owe at the end of the frst 3.5 years? What was his monthly
repayment for the remaining 6.5 vears?
Instead of taking R5 000 from an inheritance Peter decides to take monthly payments
for a period of five years, with the first to be made immediately. If interest is 6%
compounded monthly, what will be the size of each payment?

. Instead of paying R1 250 rent at the beginning of each month for the next eight

years, Mary decides to buy a flat. Considering interest of 15% to be compounded
monthly, what is the cash equivalent of the eight years' rent?

At the beginning of each semester, Abdul invests R900 at an interest rate of 7%
compounded semi-annually to guarantee a sum sufficient 1o start a practice for
his daughter, who is entering medical school. If his daughter finishes within eight
vears, how much will Abdul have for the practice?

Dr Kaye wants to spend five years researching a new book on the motor industry.
He calculated that he needs R12 000 a month to live on over the five years. How
much must Dr Kaye deposit today in an account earning 12% interest compounded
maonthly in order to withdraw R12 000 at the beginning of each month?

James wants to accumulate R500 within the next three months by depositing money
in a savings account at the beginning of each week. The bank pays 4% compounded
weekly. How much must he deposit every week to reach his target?

An investment of R20 is made at the beginning of each day in the money market for
one year at 6% compounded daily. How much will the investment be worth at the
end of the year?
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Appendix 1

The standard normal distribution

This table gives the area under
the standard normal curve
between 0 and z,
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Appendix 2

The i-distribution

This table gives the value of ¢

where df is the degrees of freedom
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Appendix 3

The chi-square distribution

Upper percentage
points (P = 0.05)

0 v
¥ i01.200 ih.100 1.0%a 0025 LLEL) i0l.(HxS .02 S AT {0 0CHYE
3k
1 I3 e 3843 5026 637 T.8%] B142 RER: 207
2 1.21% 4 605 5591 T.37R G200 110,597 11983 11LRIG 15,302
L] 4542 6251 THIS 348 11345 | 1.E3R 14.321 16,267 17,731
4 5080 T P.45H 11143 13.277 |4 Bl 16,424 18447 19.59407
5 T.28% 0236 LT 12833 | 5.0 . 751 I 5.380 20515 2.105
L B.358 1106435 12592 IEEE . 16813 1 E.3kh 20.244 12454 24103
1 L R03 12,017 14087 1AL 3 1E.A75 0.2TH 22y 24322 HhalE
B I LA 13,362 15,507 17.535 20,05 21.955 11774 26,124 Y1ERE
4 12242 [4.654 LR 19023 RN 13.589 25441 ZLETT 29606
15 13442 | 5,987 18,307 20433 33 b 23,154 FARNF. 29 H5h 31,420
11 14631 17215 19675 21920 2. 725 26,757 2B.TM e 33136
12 15812 |, 540 21026 21157 6,217 JH. I 3038 FLW0G HLE2
13 16,885 19.812 21341 24,736 27680 29,810 EIREE 34528 478
14 1&. 151 21 e 21685 26,119 19,141 IS 11426 36,123 08
15 19,311 L3N 24,9906 2745 30,578 3LE0 34.950 3.6 EL L
il 2044435 23,542 26,296 2R.BdS FLHp L el 456 39,153 4] M
17 21615 24,765 21587 30,191 31,40 J5TIR 375946 40, Ty 42LET9
18 21Tl 25980 25 Wi 1326 34,8105 17156 304232 42112 44,434
1% 213 9H) 27. 04 30, 14 3152 16.191 3 582 4. RS 41,82 45974
20 2528 25412 A4 41T 375466 10,997 42336 45,315 47498
21 26,171 19.615 JLATI 154T9 IR 41.4iH 43,775 46,797 42.0110
21 27.301 30813 33.924 36,781 40. 250 42T 45.204 48. 168 s
23 28,420 32007 ELN e F8.078 41438 441 %] 4523 49128 S2HHD
M 29.553 AL 96 in415 39304 42080 45,550 450534 SL1TY 53478
2% J0.675 14,352 37,652 40,630 44,114 46,924 49455 FLG 3,947
26 .79 35.5a3 kAL 45423 45,642 A5, 254 HLEZY 54052 S 0T
v 32911 36,741 40,113 41,193 46,903 49,643 FLI3 55476 ST.EST
28 3d2? 3156 41,357 44 4a 45,1 hIIRE §3.504 i, 83 249,300
20 351K 19,067 42557 45721 45 588 52336 54047 55,301 0,734
k1 3. 250 40.256 43,7713 ALY TY 50,492 LN T 36,332 .3 G2 16k
Ell E L 44,427 44,585 48,112 52091 FE.003 iT.642 i LFE GRS
k¥ 35 d6h 41585 6194 Al sy LRIt 56324 R 62 457 Gl SRS
EE e g 43, 74F A7 A Sl 7235 H.Tb ST.6-4H 40,395 61 BT i BT
M A0.6TH 44,903 45 603 51wl 3.0 S bl . 738 bA MY G781
a5 41 TTY A6.05 A9 B2 34,2103 7. 342 M. X735 LR full. B | & 49, 145
36 4LETD 47212 50594 54,437 SE.B1Y ] bl 140 ol R TLSHE
a7 A3 9TR q&. 33 L1192 356K 39492 LB S, T3 9, 146 TLETE
K 4537 459,513 31054 56, B fil. 162 . 11 703 FLERLIE 13,351
L1 46,173 0.6l 54,572 L1 2428 54T . 183 T2.55 T4 TS
& 47, H S1LB0S 55,738 5, 343 ER ] fid, Thafs 18 EHY T3A02 T I
45 5720 §7.505 el 6506 62410 69,957 T3 166 To. 253 BOLTT E2ETS
50 SR 164 63, 147 7. 305 TL42 76,154 T.4%0 B2, bl Ba.6d] E9.560
il BEGND T4. 390 9.7 .. 05 HE. 156 LA BT U5.357 WL a0y 102 6HS
‘Mp T2 B350 W)L5ET b RN LEY 1{432 it 122 17 R12 T304 L L5575
B 403 L | JELI = 1. 630 112356 116,324 120,107 124 842 128.261
1 LTS 107 %64 113151 T1E. 144 124124 128 307 132363 131,213 146, TH
L1 1116604 118 %501 124,348 129 570 135,815 140, 1TH [ 0D 145 455 153, 1468
L 122247 129.3%4 135447 B0 %25 147423 150458 156234 1461587 1G5 439
120 140 23] 146.371 15223 157359 161 67H 168.122 172351 177,673 181,528
(£ LEid 16E.61H e Rk TROL1T4 THAHTS 140604 196, 1/54 2ipl. T4l 205,835
[ 183300 190,522 196,920 H)2 16 A RS2 214 B35 21 5=H 255,582 21 B
-1 2. 106 212314 215056 225 0y 2L AT 23T RSl 241 B 249,107 e B

271




Statistical Methods and Calculation Skills

Appendix 4

Random numbers
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