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Preface to the Second Edition

These notes are a transcript of lectures delivered by @yvind Gren during the spring
of 1997 at the University of Oslo. The manuscript has been revised in 2019. The
present version of this document is an extended and corrected version of a set of
Lecture Notes which were written down by S. Bard, Andreas O. Jaunsen, Frode
Hansen and Ragnvald J. Irgens using LATEX2e. Sven E. Hjelmeland has made
many useful suggestions which have improved the text.

The manuscript has been revised in 2019. In this version, solutions to the
exercises have been included. Most of these have been provided by Hékon Enger.
I thank all my good helpers for enthusiastic work which was decisive for the
realization of the book.

I hope that these notes are useful to students of general relativity and look
forward to their comments accepting all feedback with thanks. The comments may
be sent to the author by e-mail to oyvind.gron.no@gmail.com.

Oslo, Norway Qyvind Gren
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Preface to the First Edition

These notes are a transcript of lectures delivered by @yvind Gren during the spring
of 1997 at the University of Oslo.

The present version of this document is an extended and corrected version of a
set of Lecture Notes which were typesetted by S. Bard, Andreas O. Jaunsen, Frode
Hansen and Ragnvald J. Irgens using LATEX2e¢. Svend E. Hjelmeland has made
many useful suggestions which have improved the text. I would also like to thank
Jon Magne Leinaas and Sigbjern Hervik for contributing with problems and Gorm
Krogh Johnsen for help with finishing the manuscript. I also want to thank Prof.
Finn Ravndal for inspiring lectures on general relativity.

While we hope that these typeset notes are of benefit particularly to students of
general relativity and look forward to their comments, we welcome all interested
readers and accept all feedback with thanks.

All comments may be sent to the author by e-mail.

E-mail: Oyvind.Gron@iu.hio.no Qyvind Gren
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Chapter 1 ®)
Newton’s Theory of Gravitation oo

Abstract In this chapter we first deduce Newton’s law of gravitation in its local
form as a preparation for comparing Newton’s and Einstein’s theories, including a
discussion of tidal forces. Then we give a presentation of the main conceptual foun-
dation of the general theory of relativity, emphasizing the principle of equivalence
and the principle of relativity.

In Newton’s theory there is an absolute space and time. They are independent of the
content in the universe. Newton wrote: “Absolute space, in its own nature, without
regard to anything external, remains always similar and immovable.” And further:
“Absolute, true and mathematical time, of itself, and from its own nature flows
equably without regard to anything external.” Thus, every object has an absolute state
of motion in absolute space. Hence an object must be either in a state of absolute
rest or moving at some absolute speed.

Galileo, however, argued for a relativity of rectilinear motion with constant veloc-
ity as least with respect to mechanical phenomena. This principle is obeyed by
Newton’s theory of gravity.

In Newton’s theory an inertial frame is defined as a reference frame moving along
a straight line with constant velocity.

The fundamental laws of Newton’s theory of gravitation are Newton’s three laws
plus the law of gravitation (see below). With reference to an inertial frame Newton’s
three laws take the form:

1. If a body is not acted upon by forces, or if the sum of the forces acting upon a
body is zero, the body is either at rest of moves along a straight line with constant
velocity.

2. The sum of the forces acting upon a body is equal to its (inertial) mass times its
acceleration,

S F =mia. (L.1)

3. If a body A acts upon a body B with a force, then B acts back on A with an
equally large and oppositely directed force.
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2 1 Newton’s Theory of Gravitation

In a non-inertial frame with acceleration a, one will experience an “artificial
acceleration of gravity” ¢ = —d s, and Newton’s 2. law takes the modified form

Y F=m(@+ids)=m@-3g). (1.2)

If no forces act on a body, it is said to be freely falling. A freely falling body in a
non-inertial frame will have an acceleration a = g.

1.1 The Force Law of Gravitation

Consider two particles with masses M and m, respectively. They are at a distance
r from each other and act on each other by a gravitational force F. The situation is
shown in Fig. 1.1.
According to Newton’s theory the gravitational force between the particles is
given by
- M. _ F
F = —mG—ze,, e=—
r r

,r=|Fl. (1.3)

Let V be the potential energy of m (see Fig. 1.1). Then

- - Vv
F=-VV@), F;=——. (1.4)
ax!
For a spherical mass distribution V() = —mG(M/r) with zero potential

infinitely far from the centre of M. Newton’s law of gravitation is valid for small
velocities, i.e. velocities much smaller than the velocity of light and weak fields.
Weak fields are fields in which the gravitational potential energy of a test particle is
very small compared to its rest mass energy. (Note that here one is interested only in
the absolute values of the above quantities and not their sign).

m

Fig. 1.1 Newton’s law of gravitation. Newton’s law of gravitation states that the force between two
spherical bodies is attractive, acts along the line joining the centres of the bodies, is proportional
to the product of the masses and inversely proportional to the distance between the centres of the
masses
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M 2 GM
mG— Lme” =r > ——. (1.5)
r c

The Schwarzschild radius for an object with mass M is Rg = 2GM /c?. Hence,
far outside the Schwarzschild radius the gravitational field is weak. To get a feeling
for the magnitudes, you may insert the mass of the earth. Then you find that the
Schwarzschild mass of the Earth is 9 mm. Comparing with the radius of the Earth,
which is Rg =~ 6400 km, we may conclude that the gravitational field is weak on the
surface of the Earth. Similarly the Schwarzschild radius of the Sun is 3 km and the
Earth is about 150 million km from the Sun. Hence the gravitational field of the Sun
is very weak in most parts of the solar system. This explains, in part, the success of
Newtonian gravity for describing the motion of bodies in the gravitational field of
the Earth and the Sun.

Example 1.1 (Two particles falling towards each other) Two point particles with
masses m and m, are instantaneously at rest at a distance ry from each other in
empty space, with no other forces present than the gravitational force between them.

How long time will they fall before they collide?

Newton’s 2. law is valid with reference to an inertial frame. Hence we start by
introducing a coordinate system fixed with respect to the mass centre of the particles.
In this system particles 1 and 2 have coordinates | and r,, respectively. The equations
of motion of the two particles are

nyp . ni

- Hh=-G——.
70 2
(ro —r1) (ro —r1)

F1=G (1.6)

where a dot denotes differentiation with respect to time. Subtracting the equations
and introducing the distance r = r, — r, between the particles as a new coordinate,
we get the differential equation

r2¥ 4+ G(m; +my) = 0. (1.7)
Writing this as
G
pp = -t m), (1.8)
r

and integrating with the boundary condition that 7 = 0 for » = ry, we get the energy
conservation equation

g ()
e =2G(m +my)| - ——|. (1.9)
r ro

Hence, the falling time is given by the integral
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ro 7 r
t= /\/ dr. (1.10)
2G(my + my) ro—r
0

Performing the integration gives

b 2
f==—0 (1.11)
2 /2G(m; + m»)

Assume that the particles have a mass equal to 1 kg and starts 1 m from each
other. Then the falling time is 26.5 h. This illustrates that gravity is indeed a very
weak force.

1.2 Newton’s Law of Gravitation in Local Form

Consider a gravitational field due to a mass distribution. Let P be a point in the field
(see Fig. 1.2) with position vector ¥ = x'&;, and let the gravitating mass element be
at ¥’ = x"'&;. Newton’s law of gravitation for a continuous distribution of mass is

;:_7, 3 7 -
! & = —VVEF). (1.12)
;-

F= —Gm/p(?’)

73

Note that the V operator acts on the unprimed coordinates, only.
Let us consider Eq. (1.12) term by term

Fig. 1.2 Deduction |
of Newton’s law of

gravitation in local form. The

dice is a mass element, and P

is the field point

=1

!
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Y 1 i
- =2 —x X,

. (xk )C”‘)(S,i< (x’ —x”)e,
= 2 T 32
o) )
__r-r (1.13)
7 -7’ '
Equations (1.12) and (1.13) imply
;.’/
V() = —Gm/ f)( 2 d*r. (1.14)
7 =7
Hence, the gravitational potential at the point P is
. V(@ R r'
s =YD _yi = —G/ f)(—_),dSr'. (1.15)
m [r —r|
It follows that
-. -/ F - 7/ 3
Vo) =-G ,o(r) ——dr, (1.16)
7~ 7
and
2 =/ ;: _?/ 3 7
Vep(r) = -G p(r )V~ = q/|3d r. (1.17)
rF—r

‘We now calculate the divergence in the integrand

I -
r—r V.r oo 1 3 L,
V. — >3 = ~/3+(r—r)-v_> o _}/3—(}’—}’)
|r —r'| lr —r’| r —r’| |lr — 7’|
3(F—7') 3 3 07 LT (L18)
. = — =0,r £47r'. .
F—7P  F=7P F=FP

The condition 7 # 7' means that the field point is outside the mass distribution.
Hence, the Newtonian potential at a point in a gravitational field outside a mass
distribution satisfies the Laplace equation

V3¢ = 0. (1.19)
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We shall now generalize this to the case where the field point may be inside a mass
distribution. It will then be useful to utilize the Dirac delta function. This function
has the following properties.

§(F—7F)=0, for F#F, (1.20)

/ 5 (7 _ ]_;,) FER 1 %f i = ;; ¥s contalneq in the 1ntegrat10n 'reg1on.' (1.21)
0 if#7 = 7 is not contained in the integration region.

/f(?’)8(7 —F)& = f(). (1.22)

A calculation of the integral (1.17) which is valid also in the case where the field
point is inside the mass distribution is obtained by utilizing Gauss integral theorem,

/V-A(P /zygﬁ-di (1.23)

\% N

where S is the boundary surface of the volume V. We shall also need the definition
of a solid angle,

ds’,
7 — 7
where ds’ is the projection of the area normal to the line of sight. It is represented
by absolute value of the component of ds’ along the line of sight, where ds’ is the
normal vector of the surface element of the mass distribution subtending the solid
angle dS2 at the field point P (Fig. 1.3).

ds' normal to bounding surface

Fig. 1.3 Solid angle. Solid angle dS2 is defined such that the surface of a sphere subtends the angle
47 at the centre
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Applying the Gauss integral theorem we have

r—r' F—7 ds’|

V. — = @ d2 (1.25)
CE T 7T PP

v S

/ v. 77 & = 47 if P isinside the mass distribution (1.26)
7 — 7| 0 if P is outside the mass distribution - ’
This may be written in terms of the Dirac delta function as
/V-—f _r 3d3r/=4n'8(?—?’). (1.27)
lr—7r'|
We now have
V() = —G / p(7)V - —|f _flpd‘r’ = G/p(F/)4m3<7 )
r—r'|
= 4nGp(F), (1.28)

showing that the Newtonian gravitational potential obeys the Poisson equation. This
means that Newton’s gravitational theory can be expressed in the following way:

e Mass generates a gravitational potential according to

V3¢ = 4nGp. (1.29)

e The gravitational potential generates acceleration of gravity g according to

— _ V. (1.30)

ol

1.3 Newtonian Incompressible Star

We shall apply Egs. (1.29) and (1.30) to calculate the gravitational field of a New-
tonian incompressible star. Let the gravitational potential be ¢ (7). In the spherically
symmetric case Eq. (1.29) then takes the form



8 1 Newton’s Theory of Gravitation

——<r2d—¢> — 47 Gp. (1.31)
dr

r?dr
Assuming that p = constant and integrating gives

,d¢ 4w 3
r'—=—Gpr’+ K; = M)+ K. (1.32)
dr 3
where M (r) is the mass inside a sphere with radius . According to Eq. (1.30) the
gravitational acceleration is

- de .
g=-V¢p=——c¢, (1.33)
dr
or
M) K, 4n K;
Finite ginr = 0 gives K; =0
_471G d¢_4nG (1.35)
§= 3 VP g T3 '

Assume that the mass distribution has a radius R. A new integration then leads to
2
¢ == Gor’ + K>. (1.56)

Demanding continuous potential at »r = R gives.

2 M(R) 4 2
ZGpR*+Ky=——~=——GpR>. 1.37
3 PR” + K> R 3 14 ( )
Hence
K>, = —2nGpR>. (1.38)

Thus the potential inside the mass distribution is

2 2 2
¢ = TG,o(r —3R%). (1.39)
The star is in hydrostatic equilibrium that is the pressure forces are in equilibrium
with the gravitational forces.
Consider a mass element dm = pdV = pdAdr, in the shell drawn in Fig. 1.4.
The pressure force on the mass element is dFF = dAdp, and the gravitational
force is
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dm = pdAdr

Fig. 1.4 Mass shell in a star. A shell with thickness dr is affected by both gravitational and pressure
forces

Gm(r)
72

dG = gdm = dm, (1.40)

where m(r) is the mass inside the shell. With constant density m(r) = (47 /3) or.
Hence

4
dG = gdm = TnszrdAdr. (1.41)

Equilibrium, dF = —dG, demands that

4
dp = —?T[szrdr. (1.42)
Integrating gives
26
p=Ks— —7; pr’. (1.43)

Vanishing pressure at the surface of the mass distribution,p(R) = 0, gives the
value of the constant of integration
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K3 = ——p*R? (1.44)
which leads to

2n G
p(r) = —=p*(R* =17). (1.45)
No matter how massive the star is, it is possible for the pressure forces to keep
the equilibrium with gravity. In Newtonian theory, gravitational collapse is not a
necessity.

1.4 Tidal Forces

Tidal forces are the difference of gravitational force on two neighbouring particles
in a gravitational field. The tidal force is due to the inhomogeneity of a gravitational
field.

Figure 1.5 shows two point masses, each with mass m, with a separation vector ¢
and position vectors 7 and 7 + ¢, respectively, where || << |F|. The gravitational
forces on the mass points are F (r) and F (7 + &). By means of a Taylor expansion
to the lowest order in || we get for the i-component of the tidal force

. - o OF;
fi=FG+8-FG) =¢(-) - (1.46)
ox/ 7
The corresponding vector equation is
f=(sc-V)F. (1.47)

Using that

Fig. 1.5 Tidal forces. The
separation vector ¢ between
two mass points 1 and 2
acted upon by gravitational
forces F| and F)
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F=-mVé, (1.48)

The tidal force may be expressed in terms of the gravitational potential according
to

f=-m@E V);Ve. (1.49)

It follows that in a local Cartesian coordinate system the i-component of the
relative acceleration of the particles is

2 2
d_si =—< 0°¢ )gj. (1.50)

dr? Oxidx/

Example 1.2 (Tidal force on a system consisting of two particles) We shall first
consider two test particles with a vertical separation vector in the gravitational field
of a particle with mass M. Let us introduce a small Cartesian coordinate system at a
distance R from the mass (Fig. 1.6). The particles are separated from each other by
a distance z < R.

According to Eq. (1.3) a test particle with mass m at a point (0, 0, z) is acted
upon by a gravitational force

F.(2) oM (1.51)
) = —m——-—, .
) (R+2)°
While an identical particle at the origin is acted upon by a force
GM

Fig. 1.6 Horizontal tidal
force. A small Cartesian
coordinate system at a
distance R from a particle
with mass M



12 1 Newton’s Theory of Gravitation

Secondly, we shall first consider two particles in the same height in an
inhomogeneous gravitational field.

If this little system is falling freely towards M, an observer at the origin will say
that the particle at (0, 0, z)is acted upon by a force

2GmM

fi=F.@—-F0)~ R

z (1.53)

directed away from the origin along the positive z-axis. This is the tidal force.
In the same way particles at the same height in the gravitational field, at positions
(x, 0, 0)and (0, y, 0) are attracted towards the origin by tidal forces

GmM GmM
E Yly == R3

fr= y. (1.54)
Note that the tidal force increases faster in strength with decreasing distance from
the mass which produces the gravitational field than the gravitational force.
Equations (1.53) and (1.54) have among others the following consequence: if an
elastic circular ring is falling freely in the gravitational field of the Earth, it will
be stretched in the vertical direction and compressed in the horizontal direction
(Fig. 1.7).
In general tidal forces cause changes of shape.

Example 1.3 (The tidal field on the Earth due to the Moon) The Earth-Moon system
is illustrated in Fig. 1.8. (Actually the distance between the Earth and the Moon is
much greater compared to the magnitude of the Earth.) The tidal force due to the
Moon on the surface of the Earth is the difference between the gravitational force at
A and C in the gravitational field of the Moon.

From the extended Pythagorean law we have, with reference to Fig. 1.8

r?=R*—2rRcosy +r% (1.55)

Fig. 1.7 An elastic ring
originally circular, falling
freely in the gravitational
field of the Earth
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Fig. 1.8 The Earth-Moon
system

A series expansion of

1 1 r ra\217 12
- = E[l — 25 cosy + (E) } (1.56)
to second order in r /R gives
g (o] s
C =R R cos 2\ cos . .

Hence, the potential at a point A on the surface of the Earth in the gravitational
field of the Moon is

G G 1 2
V== = - Tm[l + eosyr 45 () (3 cos” v - 1)]. (1.58)
The first term, Vo = —Gm/R, is the potential in the gravitational field of the

Moon at the centre, C, of the Earth. The second term is V4 = —(Gm/R*)r cos § =
—8MoonX4, Where x4 is component of the separation between A and C along the
gravitational field. This is the difference of the potential at C and A in the gravitational
field of the Moon if one neglects the inhomogeneity in the Moon’s field at the Earth.
Hence the sum of the first two terms is then the potential at A in the gravitational
field of the Moon. This means that the third term,

V, = —%ﬂ@ cos®  — 1), (1.59)
is the difference between the potential at A in the Moon’s gravitational field if the
field is considered homogeneous with the value at the centre of the Earth and the
actual potential at A. This difference is due to the inhomogeneity of the gravitational
field of the Moon at the Earth, i.e. it is due to the tidal gravitational field. It is therefore
called the tidal potential at A.
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Fig. 1.9 Tidal acceleration field. The Tidal acceleration field (red) at the surface of the Earth due
to the Moon is the acceleration of gravity at the surface (black) of the Earth minus the acceleration
of gravity at the centre (green) of the Earth in the Moon’s gravitational field

The height difference, Ak, between flood and ebb due to the Moon’s tidal field is
given by

gAh =V (0) — Vi(/2), (1.60)

where V; = V,(¥), and g is the acceleration of gravity at the surface of the Earth.
This gives

Ah = = ——. (1.61)

For a numerical result we need the following values:
Myioon = 7.35 - 1022 kg, g = 9.81m/s?, R = 3.85- 10°km, rgam = 6378km

Inserting this into Eq. (1.46) gives the height differences on the ocean of the
Earth due to the Moon, neglecting the effects of ocean currents and coast lines,
Ah = 53 cm. The tidal field is shown in Fig. 1.9.

1.5 The Principle of Equivalence

Galilei investigated experimentally the motion of freely falling bodies. He found that
they moved in the same way, regardless of what sort of material they consisted of and
what mass they had. In Newton’s theory of gravitation mass appears in two different
ways; as gravitational mass, m, in the law of gravitation, analogously to charge in
Coulomb’s law, and as inertial mass, m;, in Newton’s second law.

Newton’s 2. law applied to a freely falling body with gravitational mass m s and
inertial mass m in the field of gravity from a spherical body with mass M then takes
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the form

%

M
mld_tz =—-Gmg—r. (1.62)

73

The results of Galilei’s measurement indicated that the acceleration is independent
of the constitution of the bodies, and hence, the gravitational and inertial mass must
be the same for all bodies,

mg =mj. (1.63)

Measurements performed by the Hungarian baron Eo6tvos around the year
1900 indicated that this equality holds with an accuracy better than 1078,
A parameter which is often used to specify the accuracy of tests of the equality
of gravitational and inertial mass is
A="6 . (1.64)

mp

A very accurate test was published on 18 January 2018 [1]. A team of physi-
cists reported about tests based on 7 years with observational data from the MES-
SENGER space observatory. They deduced from the MESSENGER data that A =
(—4.1£4.6) - 10715, This is the most accurate test of the equality of gravitational
and inertial mass to date.

Einstein assumed the exact validity of Eq. (1.63). He considered this as a con-
sequence of a fundamental principle, the principle of equivalence, namely that the
physical effects of a gravitational field due to an acceleration (including rotation) of
the reference frame are equivalent to the physical effects of a gravitational field due
to a mass distribution.

A consequence of this principle is the possibility of removing locally the acceler-
ation of gravity by entering a laboratory in free fall. In order to clarify this, Einstein
considered a homogeneous gravitational field in which the acceleration of gravity,
g, is independent of the position. Using Eq. (1.2) in a freely falling non-rotating
reference frame in this field, with a given by

GmGM
mpa = T, (165)
a free particle moves according to
&’7
Mgz =MG8 —mig =0, (1.66)

where we have used Eq. (1.63). This means that an observer in such a freely falling
reference frame will experience that a particle which is not acted upon by non-
gravitational forces will move along a straight line with constant velocity.
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According to Newton’s theory the particle is acted upon by a gravitational force.
In Newton’s theory a free particle is a particle which is acted upon by a gravitational
force only. Furthermore, a reference frame which falls freely in a gravitational field
is accelerated according to Newton’s theory.

It is not inertial.

All of this is different according to the general theory of relativity. According
to Einstein’s theory gravitation is not reckoned as a force, and a free particle is not
acted upon by any forces. Furthermore, the general definition of an inertial frame,
valid both in Newton’s and Einstein’s theory, is that an inertial frame is a frame
where Newton’s 1. law is valid. We have seen above that a free particle moves along
a straight line with constant velocity in a freely falling reference frame. According to
Einstein’s theory it is not acted upon by any force. Hence Newton’s 1. law is valid in
the freely falling frame. This means that according to the general theory of relativity
an inertial frame falls freely. Also, there is no acceleration of gravity in an inertial
frame. All of these are consequences of the principle of equivalence according to
Einstein’s theory.

The principle of equivalence has also been formulated in an “opposite way.” An
observer atrest in ahomogeneous gravitational field and an observer in an accelerated
reference frame far from any mass distribution will obtain identical results when they
perform similar experiments. The physical effects of a gravitational field caused
by the motion of the reference frame are equivalent to the physical effects of a
gravitational field caused by a mass distribution.

One often hears that there is a connection between gravity and spacetime curvature
according to Einstein’s theory. The concept spacetime curvature will be thoroughly
introduced later, but a few words may be in order already here, so that possible
misunderstanding can be avoided at this initial point.

The experience of acceleration of gravity has nothing to do with spacetime cur-
vature. It depends upon the motion of the observer’s reference frame. Acceleration
of gravity is experienced when the reference frame of the observer is not inertial.
It is independent both of spacetime curvature and whether one is close to a mass
distribution. When we experience acceleration of gravity at the surface of the Earth,
it is because being at rest on this surface means not being in an inertial reference
frame. We accelerate upwards relative to an inertial frame when we are at rest on the
surface of the Earth. Therefore we experience a downwards acceleration of gravity.

The Newtonian force which is related to spacetime curvature is the tidal force
as described mathematically in Eq. (1.50). The relativistic generalization of this
equation is the equation of geodesic deviation (see Chap. 6) which contains the
components of the spacetime curvature.

Tidal forces represent the inhomogeneity of the Newtonian gravitational field. In
order to observe this inhomogeneity by physical measurements, one needs to perform
an experiment that requires some extension in space and time.

The principle of equivalence as formulated above has only a local validity. The
word local here means that the extension in space and time is so small that tidal
effects cannot be measured. Hence the principle of equivalence is valid only in the
limit that the gravitational field can be considered homogeneous. In a geometrical
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language the principle of equivalence is valid only as far as spacetime curvature
cannot be measured.

1.6 The General Principle of Relativity

The principle of equivalence led Einstein to a generalization of the special principle
of relativity. In his general theory of relativity Einstein formulated a general principle
of relativity, which says that not only velocities are relative, but accelerations, too.

Let us consider two formulations of the special principle of relativity.

S1. All laws of nature are the same (may be formulated in the same way) in all inertial
frames.
S2. Every inertial observer can consider himself to be at rest.

These two formulations may be interpreted as different formulations of a single
principle. But the generalization of S1 and S2 to the general case, which encompasses
accelerated motion and non-inertial frames, leads to two different principles G1 and
G2.

G1. The laws of nature are the same in all reference frames.
G2. Every observer can consider himself to be at rest.

In the literature both G1 and G2 are mentioned as the general principle of relativity.
But G2 is a stronger principle (i.e. stronger restriction on natural phenomena) than
G1. Generally the course of events of a physical process in a certain reference frame
depends upon the laws of physics, the boundary conditions, the motion of the refer-
ence frame and the geometry of spacetime. The two latter properties are described by
means of a metrical tensor. By formulating the physical laws in a metric-independent
way, one obtains that G1 is valid for all types of physical phenomena. Even if the
laws of nature are the same in all reference frames, the course of events of a physical
process will, as mentioned above, depend upon the motion of the reference frame.
As to the spreading of light, for example, the law is that light follows null-geodesic
curves (see Chap. 4). This law implies that the path of a light particle is curved in
non-inertial reference frames and straight in inertial frames.

The question whether G2 is true in the general theory of relativity has been
thoroughly discussed recently, and the answer is not clear yet [2].

1.7 The Covariance Principle

The principle of relativity is a physical principle. It is concerned with physical phe-
nomena. This principle motivates the introduction of a formal principle, called the
covariance principle: the equations of a physical theory shall have the same form
in every coordinate system. This principle is not concerned directly with physical
phenomena. The principle may be fulfilled for every theory by writing the equations
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in a form invariant, i.e. covariant way. This may be done by using tensor (vector)
quantities, only, in the mathematical formulation of the theory.

The covariance principle and the equivalence principle may be used to obtain a
description of what happens in the presence of gravitation. We then start with the
physical laws as formulated in the special theory of relativity. Then the laws are
written in a covariant form, by writing them as tensor equations. They are then valid
in an arbitrary, accelerated system. But the inertial field (fictive force) in the accel-
erated frame is equivalent to a gravitational field. So, starting within a description
referred to an inertial frame, we have obtained a description valid in the presence of
a gravitational field.

The tensor equations have in general a coordinate-independent form. Yet, such
form-invariant, or covariant, equations need not fulfil the principle of relativity. This
is due to the following circumstances. A physical principle, for example the principle
of relativity, is concerned with observable relationships. Therefore, when one is going
to deduce the observable consequences of an equation, one has to establish relations
between the tensor components of the equation and observable physical quantities.
Such relations have to be defined; they are not determined by the covariance principle.

From the tensor equations, that are covariant, and the defined relations between the
tensor components and the observable physical quantities, one can deduce equations
between physical quantities. The special principle of relativity, for example, demands
that the laws which these equations express must be the same in every inertial frame

The relationships between physical quantities and tensors (vectors) are theory
dependent. The relative velocity between two bodies, for example, is a vector within
Newtonian kinematics. However, in the relativistic kinematics of four-dimensional
spacetime, an ordinary velocity, which has only three components, is not a vector.
Vectors in spacetime, so-called 4-vectors, have four components. Equations between
physical quantities are not covariant in general. For example, Maxwell’s equations in
three-vector form are not invariant under a Galilei transformation. However, if these
equations are rewritten in tensor form, then neither a Galilei transformation nor any
other transformation will change the form of the equations.

If all equations of a theory are tensor equations, the theory is said to be given a
manifestly covariant form. A theory which is written in a manifestly covariant form
will automatically fulfil the covariance principle, but it need not fulfil the principle
of relativity.

1.8 Mach’s Principle

Einstein gave up Newton’s idea of an absolute space. According to Einstein all
motion is relative. This may sound simple, but it leads to some highly non-trivial
and fundamental questions. Imagine that there are only two particles connected by a
spring in the universe. What will happen if the two particles rotate about each other?
Will the spring be stretched due to centrifugal forces? Newton would have confirmed
that this is indeed what will happen. However, when there is no longer any absolute
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space that the particles can rotate relatively to, the answer is not so obvious. If we,
as observers, rotate around the particles, and they are at rest, we would not observe
any stretching of the spring. But this situation is kinematically equivalent to the one
with rotating particles and observers at rest, which leads to stretching.

Such problems led Mach to the view that all motion is relative. The motion of
a particle in an empty universe is not defined. All motion is motion relatively to
something else, i.e. relatively to other masses. According to Mach this implies that
inertial forces must be due to a particle’s acceleration relatively to the great masses
of the universe. If there were no such cosmic masses, there would not exist inertial
forces, like the centrifugal force. In our example with two particles connected by a
string, there would not be any stretching of the spring if there were no cosmic masses
that the particles could rotate relatively to.

Another example may be illustrated by means of a turnabout. If we stay on this,
while it rotates, we feel that the centrifugal forces lead us outwards. At the same time
we observe that the heavenly bodies rotate. According to Mach identical centrifugal
forces should appear if the turnabout is static and the heavenly bodies rotate.

Einstein was strongly influenced by Mach’s arguments, which probably had some
influence, at least with regards to motivation, on Einstein’s construction of his general
theory of relativity. Yet, it is clear that general relativity does not fulfil all require-
ments set by Mach’s principle. For example there exist general relativistic, rotating
cosmological models, where free particles will tend to rotate relative to the cosmic
masses of the model.

However, some Machian effects have been shown to follow from the equations
of the general theory of relativity. For example, inside a rotating massive shell the
inertial frames, i.e. the free particles, are dragged on and tend to rotate in the same
direction as the shell. This was discovered by Lense and Thirring in 1918 and is
therefore called the Lense—Thirring effect. More recent investigations of this effect
have, among others, led to the following result [3]: “a massive shell with radius
equal to its Schwarzschild radius has often been used as an idealized model of our
universe. Our result shows that in such models local inertial frames near the centre
cannot rotate relatively to the mass of the universe. In this way our result gives an
explanation in accordance with Mach’s principle, of the fact that the fixed stars are
at rest on the heaven as observed from an inertial reference frame.”

1.9 Exercises

1.1 A tidal force pendulum
A tidal force pendulum consists of two points with the same mass that are
connected by a stiff, massless rod as shown in Fig. 1.10.
The length of the rod is 2¢. The pendulum oscillates with respect to the centre
of the rod, which is fixed at a constant distance from the centre of the Earth. The
pendulum oscillates in a vertical plane. The Earth is considered as a spherically
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Fig. 1.10 A tidal force

pendulum
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symmetric mass distribution. The gravitational forces acting on the two mass

points are Fy and 17“2 as shown in the figure.

Find an expression for the period of the oscillation of the rod. What is the
period of the tidal force pendulum at the surface of the Earth? What happens in

the limit of a homogeneous gravitational field?
1.2 Newtonian potential for a spherically symmetric body

(a) Calculate the Newtonian potential ¢(r) outside and inside a spherical shell
of matter with mass M and radius R.

(b) Let M and R be the mass and radius of the Earth. Assume that the Earth

has constant mass density. Find the potential outside and inside the earth.
(c) Calculate the acceleration of gravity at the surface of the Earth.

1.3 Frictionless motion in a tunnel through the Earth

(a) We neglect the rotation of the Earth and air resistance and friction. Assume

that a hollow straight tube has been drilled through the centre of the Earth.

A small ball is dropped into the tube from the surface of the Earth and will
perform an oscillating motion in the tube.

Find the position of the ball as a function of time. What is the period of the
motion?
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1.4

1.5

(b) We now consider a straight tube from one point on the surface of the Earth
to another, not passing through the centre of the Earth. A ball is dropped
into the tube from a point on the surface of the Earth.

Find the period of the motion. Does it depend upon the direction of the tube?

(c) How long time does a satellite moving in a circular path around the Earth
at the surface of the Earth use to move around the Earth?

The Earth—-Moon system

(a) Assume that the Earth and the Moon are spherical objects isolated from
the rest of the solar system. Write down the equations of motion for the
Earth—-Moon system. Show that there is a solution where the Earth and the
Moon are moving in circular orbits around their common centre of mass.
What are the radii of the orbits in terms of the masses of the Earth and the
Moon and the period of the motion?

(b) Find the Newtonian potential along the line connecting the two bodies.
Show the result graphically and find the point on the line where the
gravitational forces from the bodies cancel each other.

(c) Calculate the difference of the gravitational force from the Moon upon a
1 kg particle on the points on the Earth that are closest to the Moon and
farthest away from the Moon.

The Roche limit

(a) A spherical Moon with mass m and radius R is orbiting a planet with mass
M. Show that if the Moon is closer to the centre of the planet than

oM\ '3
r= (—) R,
m

then a stone lying freely on the surface of the Moon will be elevated due to tidal
forces.

(b) The comet Shoemaker—Levy 9, that in July 1994 collided with Jupiter, was
ripped apart already in 1992 after having passed near Jupiter. The comet
had a mass of m = 2.0 - 10'? kg, and the closest passage in 1992 was at a
distance of s = 96 000 km from the centre of Jupiter. The mass of Jupiter
isM =1.9-10"kg.

Use this information to estimate the size of the nucleus of the comet.
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Chapter 2 ®)
The Special Theory of Relativity Gzt

Abstract This chapter gives a concise and yet rather complete introduction to the
special theory of relativity. Minkowski diagrams are used to illustrate several con-
cepts such as the relativity of simultaneity. Special relativity is a theory of flat space-
time admitting accelerated and rotating reference frames. In this chapter we also
show how magnetism appears as a 2 order effect in v/c of electricity due to the
Lorentz transformation.

In this chapter we shall give a short introduction to the fundamental principles of the
special theory of relativity and deduce some of the consequences of the theory.

The special theory of relativity was presented by Albert Einstein in 1905. It was
founded on two postulates:

1. The laws of physics are the same in all Galilean frames.
2. The velocity of light in empty space is the same in all Galilean frames and
independent of the motion of the light source.

Einstein pointed out that these postulates are in conflict with Galilean kinemat-
ics, in particular with the Galilean law for the addition of velocities. According to
Galilean kinematics two observers moving relative to each other cannot measure the
same velocity for a certain light signal. Einstein solved this problem by a thorough
discussion of how two distant clocks should be synchronized.

2.1 Coordinate Systems and Minkowski Diagrams

The most simple physical phenomenon that we can describe is called an event. This
is an incident that takes place at a certain point in space and at a certain point in time.
A typical example is the flash from a flashbulb.

A complete description of an event is obtained by giving the position of the
event in space and time. Assume that our observations are made with reference to a
reference frame. We introduce a coordinate system into our reference frame. Usually
it is advantageous to employ a Cartesian coordinate system. This may be thought
of as a cubic lattice constructed by measuring rods. If one lattice point is chosen as
© Springer Nature Switzerland AG 2020 23

@. Grgn, Introduction to Einstein’s Theory of Relativity,
Undergraduate Texts in Physics, https://doi.org/10.1007/978-3-030-43862-3_2


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-43862-3_2&domain=pdf
https://doi.org/10.1007/978-3-030-43862-3_2

24 2 The Special Theory of Relativity

origin, with all coordinates equal to zero, then any other lattice point has three spatial
coordinates equal to the distances of that point along the coordinate axes that pass
through the origin. The spatial coordinates of an event are the three coordinates of the
lattice point at which the event happens. It is somewhat more difficult to determine
the point of time of an event. If an observer is sitting at the origin with a clock, then
the point of time when he catches sight of an event is not the point of time when the
event happened. This is because the light takes time to pass from the position of the
event to the observer at the origin.

Since observers at different positions have to make different such corrections, it
would be simpler to have (imaginary) observers at each point of the reference frame
such that the point of time of an arbitrary event can be measured locally. But then
a new problem appears. One has to synchronize the clocks, so that they show the
same time and go at the same rate. This may be performed by letting the observer
at the origin send out light signals so that all the other clocks can be adjusted (with
correction for light travel time) to show the same time as the clock at the origin.
These clocks show the coordinate time of the coordinate system, and they are called
coordinate clocks.

By means of the lattice of measuring rods and coordinate clocks, it is now easy to
determine four coordinates (ct, x, y, z) for every event. (We have multiplied the time
coordinate ¢ by the velocity of light ¢ in order that all four coordinates shall have
the same dimension.) This coordinatization makes it possible to describe an event
as a point P in a so-called Minkowski diagram. In this diagram we plot ct along the
vertical axis and one of the spatial coordinates along the horizontal axis.

In order to observe particles in motion, we may imagine that each particle is
equipped with a flashlight and that they flash at a constant frequency. The flashes
from a particle represent a succession of events. If they are plotted into a Minkowski
diagram, we get a series of points that describe a curve in the continuous limit. Such
a curve is called a world line of the particle. The world line of a free particle is a
straight line, as shown to the left of the time axis in Fig. 2.1.

A particle acted upon by a net force has a curved world line as the velocity of the
particle changes with time. Since the velocity of every material particle is less than
the velocity of light, the tangent of a world line in a Minkowski diagram will always
make an angle less than 45° with the time axis. A flash of light gives rise to a light
front moving onwards with the velocity of light. If this is plotted in a Minkowski
diagram, the result is a light cone. In Fig. 2.1 we have drawn a light cone for a flash
at the origin. It is obvious that we could have drawn light cones at all points in the
diagram. An important result is that the world line of any particle at a point is inside
the light cone of a flash from that point. This is an immediate consequence of the
special principle of relativity and is also valid locally in the presence of a gravitational
field.
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Fig. 2.1 World lines. World lines of particles moving slower than light are inside the light cone

2.2 Synchronization of Clocks

There are several equivalent methods that can be used to synchronize clocks. We
shall here consider the radar method. Then a mirror is placed on the x-axis and emits
a light signal from the origin at time 74. This signal is reflected by the mirror at 7
and received again by the observer at the origin at time ¢¢. According to the second
postulate of the special theory of relativity, the light moves with the same velocity
in both directions, giving

1
tp = E(tA + tc). 2.1)

When this relationship holds we say that the clocks at the origin and at the mirror
are Einstein synchronized. Such synchronization is presupposed in the special theory
of relativity. The situation corresponding to synchronization by the radar method is
shown in Fig. 2.2.

The radar method can also be used to measure distances. The distance L from the
origin to the mirror is given by

L= g(tc —14). 2.2)
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2.3 The Doppler Effect

Consider three observers (1, 2 and 3) in an inertial frame. Observers 1 and 3 are at
rest, while 2 moves with constant velocity along the x-axis. The situation is shown
in Fig. 2.3.

Each observer is equipped with a clock. If observer 1 emits light pulses with a
constant period 7, then observer 2 receives them with a longer period t, according
to his or her clock. The fact that these two periods are different is a well-known
phenomenon, called the Doppler effect. The same effect is observed with sound; the
frequency of a receding vehicle is lower than that of an approaching one.

We are now going to deduce a relativistic expression for the Doppler effect. Firstly,
we see from Fig. 2.3 that the two periods 7 and 7, are proportional to each other,

7, =K. (2.3)
The constant K (v) is called Bondi’s K-factor. Since observer 3 is at rest, the period
73 is equal to 7 so that

1
Ty = — 1. 24
3= (2.4)
These two equations imply that if 2 moves away from 1, so that 7, > 7, then 73
< 7,. This is because 2 moves towards 3.
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The K-factor is most simply determined by placing observer 1 at the origin, while
letting the clocks show #; = #, = 0 at the moment when 2 passes the origin. This
is done in Fig. 2.3. The light pulse emitted at the point of time ¢, is received by 2
when his clock shows 1, = K14. If 2 is equipped with a mirror, the reflected light
pulse is received by 1 at a point of time tc = K1, = K>t4. According to Eq. (2.1)
the reflection event then happens at a point of time

1 1, ,
tp = E(tc +14) = E(K + 1)t4. (2.5)
The mirror has then arrived at a distance xp from the origin, given by Eq. (2.2),
¢ ¢
xp = E(rc —14) = z(K2 — 1)ta. (2.6)

Thus, the velocity of observer 2 is

XB Kl—l
— = —c.
tp K1+1

2.7)

Solving this equation with respect to K gives

12
K=(C+U> . 2.8)

c—v
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This result is relativistically correct. The special theory of relativity was included
through the tacit assumption that the velocity of the reflected light is c. This is a
consequence of the second postulate of special relativity; the velocity of light is
isotropic and independent of the velocity of the light source.

Since the wavelength A of the light is proportional to the period 7, Eq. (2.3) gives
the observed wavelength A’ for the case when the observer moves away from the
source,

12
N =K\= (C+v) A (2.9)

c—Vv

This Doppler effect represents a redshift of the light. If the light source moves
towards the observer, there is a corresponding blueshift given by K ~!.
It is common to express this effect in terms of the relative change of wavelength,

A=A
A

7= —K—-1 (2.10)

which is positive for redshift. If v < ¢, Eq. (2.9) gives

4

A v

—=K~=1+- (2.11D)
A c

To this order the redshift is

z=v/c. (2.12)

This expression of the Doppler shift is well known in non-relativistic physics.

2.4 Relativistic Time Dilation

Every periodic motion can be used as a clock. A particularly simple clock is called
the photon clock. This is shown in Fig. 2.4.

The clock consists of two parallel mirrors that reflect a light pulse back and forth.
If the period of the clock is defined as the time interval between each time the light
pulse hits the lower mirror, then A’ = 2Lg/c.

Assume that the clock is at rest in an inertial reference frame ¥’ where it is placed
along the y-axis, as shown in Fig. 2.4. If this system moves along the c-axis with a
velocity v relative to another inertial reference frame X, the light pulse of the clock
will follow a zigzag path as shown in Fig. 2.5.

The light signal follows a different path in ¥ than in X’. The period At of the
clock as observed in ¥ is different from the period At’ which is observed in the
rest frame. The period At is easily found in Fig. 2.5. Since the pulse takes the time
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(1/2) At from the lower to the upper mirror and since the light velocity is always the
same, we find

1

2
L+ (Evm> . (2.13)
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2L 1
0 - (2.14)

At =y —, = .
4 c 4 V1 —v%/c?

The y factor is a useful shorthand notation for a term which is often used in
relativity theory. It is commonly known as the Lorentz factor.
Since the period of the clock in its rest frame is At = 2L /c, we get

At =y At (2.15)

Thus, we have to conclude that the period of the clock when it is observed to move
(At) is greater that its rest period (At'). In other words: a moving clock goes slower
than a clock at rest. This is called the relativistic time dilation. The period At’ of
the clock as observed in its rest frame is called the proper period of the clock. The
corresponding time ¢’ is called the proper time of the clock.

One might be tempted to believe that this surprising consequence of the special
theory of relativity has something to do with the special type of clock that we have
employed. This is not the case. If there had existed a mechanical clock in X that did
not show the time dilation, then an observer at rest in ¥ might measure his velocity
by observing the different rates of his light clock and this mechanical clock. In this
way he could measure the absolute velocity of X. This would be in conflict with the
special principle of relativity.

2.5 The Relativity of Simultaneity

Events that happen at the same point of time are said to be simultaneous events.
We shall now show that according to the special theory of relativity, events that are
simultaneous in one reference frame are not simultaneous in another reference frame
moving with respect to the first. This is what is meant by the expression “the relativity
of simultaneity”.

Consider again two mirrors connected by a line along the x'-axis, as shown in
Fig. 2.6.

Halfway between the mirrors there is a flash-lamp emitting a spherical wavefront
at a point of time 7.

The points at which the light front reaches the left-hand and the right-hand mirrors
are denoted by A and B, respectively. In the reference frame X’ of Fig. 2.6 the events
A and B are simultaneous.

If we describe the same course of events from another reference frame X, where
the mirror moves with constant velocity v in the positive x-direction, we find the
Minkowski diagram shown in Fig. 2.7. Note that the light follows world lines making
an angle of 45° with the axes. This is the case in every inertial frame.

In X the light pulse reaches the left mirror, which moves towards the light, before
it reaches the right mirror, which moves in the same direction as the light. In this
reference frame the events when the light pulses hit the mirrors are not simultaneous.
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As an example illustrating the relativity of simultaneity, Einstein imagined that
the events A, B and C happen in a train which moves past the platform with a velocity
v. The event C represents the flash of a lamp at the mid-point of a wagon. A and B
are the events when the light is received at the back end and at the front end of the
wagon, respectively. This situation is shown in Fig. 2.8.
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Fig. 2.8 Light flash in a moving train

As observed in the wagon, A and B happen simultaneously. As observed from the
platform the rear end of the wagon moves towards the light which moves backwards,
while the light moving forwards has to catch up with the front end. Thus, as observed
from the platform A will happen before B.

The time difference between A and B as observed from the platform will now be
calculated. The length of the wagon, as observed from the platform, will be denoted
by L. The time coordinate is chosen such that 7o = 0. The light moving backwards
hits the rear wall at a point of time #4. During the time t4 the wall has moved a
distance vf, forwards, and the light has moved a distance ct4 backwards. Since the
distance between the wall and the emitter is L/2, we get

L

EZUIA + ctya. (2.16)
Thus

(= — = (2.17)

A7 2t '
In the same manner one finds

L
5= v (2.18)

It follows that the time difference between A and B as observed from the platform
is

, VL
At =tg—tp =y —. (2.19)
c

As observed from the wagon A and B are simultaneous. As observed from the
platform the rear event A happens at a time interval At before the event B. This is
the relativity of simultaneity.
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2.6 The Lorentz Contraction

During the first part of the nineteenth century the so-called luminiferous ether was
introduced into physics to account for the propagation and properties of light. After
J. C. Maxwell showed that light is electromagnetic waves and the ether was still
needed as a medium in which electromagnetic waves propagated.

It was shown that Maxwell’s equations do not obey the principle of relativity, when
coordinates are changed using the Galilean transformations. If it is assumed that the
Galilean transformations are correct, then Maxwell’s equations can only be valid in
one coordinate system. This coordinate system was the one in which the ether was at
rest. Hence, Maxwell’s equations in combination with the Galilean transformations
implied the concept of “absolute rest”. This made the measurement of the velocity
of the Earth relative to the ether of great importance.

An experiment sufficiently accurate to measure this velocity to order v?/c? was
carried out by Michelson and Morley in 1887. A simple illustration of the experiment
is shown in Fig. 2.9.

Our earlier photon clock is supplied by a mirror at a distance L along the x-axis
from the emitter. The apparatus moves in the x-direction with a velocity v. In the
rest frame X’ of the apparatus, the distance between A and B is equal to the distance
between A and C. This distance is denoted by L and is called the rest length between
A and B.

Light is emitted from A. Since the velocity of light is isotropic and the distances to
B and C are equal in X, the light reflected from B and that reflected from C have the
same travelling time. This was the result of the Michelson—Morley experiment, and
it seems that we need no special effects such as the Lorentz contraction to explain
the experiment.

However, before 1905 people believed in the physical reality of absolute velocity.
The Earth was considered to move through the “ether” with a velocity that changed

C 7 C T
Loy > v
. Lo
z 2
Lo L
S ! S |
A B A B

Fig. 2.9 Length contraction
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with the seasons. The experiment should therefore be described under the assumption
that the apparatus is moving.

Let us therefore describe an experiment from our reference frame X, which may
be thought of as at rest in the “ether”. Then according to Eq. (2.14) the travel time
of the light being reflected at C is

2L,

For the light moving from A to B we may use Eq. (2.18) and for the light from B
to A Eq. (2.17). This gives

L L 2L
==, (2.21)

AIBZ —+
c—v c+v c

If length is independent of velocity, then L = L. In this case the travelling times
of the light signals will be different. The travelling time difference is

2Ly
Atg — Atc =y(y — 1)—. (2.22)
c
To the lowest order in v/c we have y & 1 + (1/2)(v/c)?, so that

1 /v\2

Aty = Ate ~ (=) (2.23)
2\c

which depends upon the velocity of the apparatus.

According to the ideas involving an absolute velocity of the Earth through the
ether, if one lets the light reflected at B interfere with the light reflected at C (at the
position A), then the interference pattern should vary with the season. This was not
observed. On the contrary, observations showed that Atg = Atc.

Assuming that length varies with velocity, Egs. (2.20) and (2.21), together with

this observation, gives
2
L=1-L1, (2.24)
c

Hence, L < Ly, i.e. the length of a rod is less when it moves than when it is at
rest. This is called the Lorentz contraction.
2.7 The Lorentz Transformation

An event P has coordinates (t’, x', 0, O) in a Cartesian coordinate system associated
with a reference frame ¥’. Thus the distance from the origin of X’ to P measured
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with a measuring rod at rest in X’ is x’. If the distance between the origin of X’ and
the position at the x-axis where P took place is measured with measuring rods at
rest in a reference frame moving with velocity v in the x-direction relative to ', one
finds the length  ~'x due to the Lorentz contraction. Assuming that the origin of ¥
and ¥’ coincided at the point of time 7 = 0, the origin of ¥’ has an x-coordinate v¢
at a point of time #. The event P thus has an x-coordinate

x=vt+y x (2.25)
or
x'=y(x —vr). (2.26)
The x-coordinate may be expressed in terms of x” and y’ by letting v — —uv,

X = y(x’ + vt’). (2.27)

The y- and z-coordinates are associated with axes directed perpendicular to the
direction of motion. Therefore, they are the same in the two-coordinate systems

y=y. z(d). (2.28)

Substituting x” from Eq. (2.26) into Eq. (2.27) reveals the connection between the
time coordinates of the two-coordinate systems,

Y P
¢ = y(t > ) (2.29)
and
vx’
r = y(t/ + —2). (2.30)
C

The latter term in this equation is nothing but the deviation from simultaneity in
% for two events that are simultaneous in X'.

The relations (2.27)—(2.30) between the coordinates of X and ¥’ represent a
special case of the Lorentz transformations. The above relations are special since
the two-coordinate systems have the same spatial orientation, and the x- and x'-
axes are aligned along the relative velocity vector of the associated frames. Such
transformations are called boosts.

For non-relativistic velocities, v < ¢, the Lorentz transformations (2.27)—(2.30)
pass over into the corresponding Galilei transformations.

The Lorentz transformation gives a connection between the relativity of simul-
taneity and the Lorentz contraction. The length of a body is defined as the difference
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between the coordinates of its end points, as measured by simultaneity in the rest
[frame of the observer.

Consider the wagon of Sect. 2.5. Its rest length is Ly = x}, — x/,. The difference
between the coordinates of the wagon’s end points, x4 — xp as measured in X, is
given implicitly by the Lorentz transformation

/

Xp x; ZV[XB—XA—U(IB—IA)]. (2.31)
According to the above definition the length L of the moving wagon is given by
L =xp — x4 withtp = t4.
From Eq. (2.3) we then get

Ly=yL. (2.32)

which is equivalent to Eq. (2.24).

The Lorentz transformation will now be used to deduce the relativistic formulae
for velocity addition. Consider a particle moving with velocity u along the x'-axis of
%', If the particle was at the origin at ¢ = 0, its position at ¢’ is x" = u't’. Using this
relation together with Egs. (2.27) and (2.28) we find the velocity of the particle as
observed in X

X u' +v

U=—-=— ">
t  1+uv/c?

(2.33)
A remarkable property of this expression is that by adding velocities less than ¢
one cannot obtain a velocity greater than c. For example, if a particle moves with a
velocity ¢ in X' then its velocity in X is also ¢ regardless of the velocity of ¥ relative
to X/,
Equation (2.33) may be written in a geometrical form by introducing the so-called
rapidity n’ defined by

!/

tanh g’ = = (2.34)
C

for a particle with velocity u’. Similarly the rapidity, 77, of X' relative to X is given
by

tanh 7 = ~. (2.35)
C

Since

tanh 1’ 4 tanh 6

- 2.36
1 + tanh n’ tanh 6 ( )

tanh(n’ + 7) =

the relativistic velocity addition formula, Eq. (2.33), may be written as
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n=mn"4+1. (2.37)

Since rapidities are additive, their introduction simplifies some calculations and
they have often been used as variables in elementary particle physics.

With these new hyperbolic variables we can write the Lorentz transformation in
a particularly simple way. Using Eq. (2.35) in Egs. (2.27) and (2.30) we find

x = x'coshfj + ct’sinh#, ¢t = x"sinh# + ct’ cosh 7. (2.38)

2.8 Lorentz Invariant Interval

Let two events be given. The coordinates of the events, as referred to two different ref-
erence frames ¥ and X', are connected by a Lorentz transformation. The coordinate
differences are therefore connected by

v
At = y(At' + —zAx’>, Ax = y(Ax +vAr), Ay=Ay, Az=A7.
C
(2.39)

This leads to

—(eAD? 4 (Ax)* + (Ay)? + (A2)> = —(cAr) + (AX) + (AY) + (A2,
(2.40)

showing that the quantity
(As)? = —(cA)? + (Ax)? + (Ay)? + (Az)? (2.41)

is invariant under a Lorentz transformation. The quantity As is called a spacetime
interval, or only an interval. Due to the minus sign in Eq. (2.40), the square of the
interval between two events may be positive, zero or negative. These three types of
intervals are termed space-like if (As)2 > 0, xero or light-like if (As)2 = 0 and
time-like if (As)* < 0.

The reasons for these names are the following. Given two events with a space-
like interval (A and B in Fig. 2.10), there exists a Lorentz transformation to a new
reference frame where A and B happen simultaneously. In this frame the distance
between the events is purely spatial. Two events with a light-like interval (C and D
in Fig. 2.10) can be connected by a light signal, i.e. one can send a photon from C to
D. The events E and F have a time-like interval between them and can be observed
from a reference frame in which they have the same spatial position, but occur at
different points of time.
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Fig. 2.10 Space-like, light-like and time-like intervals. Interval between A and B is space-like,
between C and D light-like and between E and F time-like

Since all material particles move with a velocity less than that of light, the points
on the world line of a particle are separated by time-like intervals. The curve is then
said to be time-like. All time-like curves through a point pass inside the light cone
from that point.

For a particle with velocity u = Ax/At Eq. (2.40) gives

2

(As)? = —(1 _ ”—2)(cm)2. (2.42)

C

In the rest frame X’ of the particle Ax’ = 0, giving
(As)? = —(cAr)>. (2.43)

The time ¢’ in the rest frame of the particle is the same as the time measured on a
clock carried by the particle. It is called the proper time of the particle and denoted
by t. From Egs. (2.42) and (2.43) it follows that

2
Ar=\1-ZAar=y"'Ar (2.44)
C

which is an expression of the relativistic time dilation.
Equation (2.43) is important. It gives the physical interpretation of a time-like
interval between two events. The interval is a measure of the proper time interval
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Fig. 2.11 World line of an accelerating particle

between the events. This time is measured on a clock that moves such that it is present
at both events. In the limit # — ¢ (the limit of a light signal), At = 0. This shows
that (As)2 = 0 for a light-like interval.

Consider a particle with a variable velocity, u(t), as indicated in Fig. 2.11. In
this situation we can specify the velocity at an arbitrary point of the world line.
Equation (2.44) can be used with this velocity, in an infinitesimal interval around

this point,
2(t
dr = /1- D, (2.45)
c

This equation means that the acceleration has no local effect upon the proper time
of the clock. Here the word “local” means as measured by an observer at the position
of the clock. Such clocks are called standard clocks.

If a particle moves from A to B in Fig. 2.11, the proper time as measured on a
standard clock following the particle is found by integrating Eq. (2.45)

g
2(¢
Tp— Ta = /,/1 - ”C(z ) ar. (2.46)
7}

The relativistic time dilation has been verified with great accuracy by observations
of unstable elementary particles with short lifetimes [1].
An infinitesimal spacetime interval
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ds? = —c2dr* + dx? 4 dy? + dz%. (2.47)

is called a line element. The physical interpretation of the line element between two
infinitesimally close events on a time-like curve is

ds? = —c?de?, (2.48)

where dt is the proper time interval between the events, measured with a clock
following the curve. The spacetime interval between two events is given by the
integral (2.46). It follows that the proper time interval between two events is path-
dependent. This leads to the following surprising result: A time-like interval between
two events is greatest along the straightest possible curve between them.

2.9 The Twin Paradox

Rather than discussing the lifetime of elementary particles, we may as well apply
Eq. (2.46) to a person. Let her name be Eva. Assume that Eva is rapidly accelerating
from rest at the point of time ¢ = 0 at origin to a velocity v along the x-axis of a (ct,
x) coordinate system in an inertial reference frame X (Fig. 2.12).

At a point of time 7p she has come to a position xp. She then rapidly decelerates
until reaching a velocity v in the negative x-direction. At a point of time fg, as
measured on clocks at rest in X, she has returned to her starting location. If we

Q

[
—

X

Fig. 2.12 Twin paradox world lines. World lines of the twin sisters Eva and Elisabeth
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neglect the brief periods of acceleration, Eva’s travelling time as measured on a
clock which she carries with her is

02\ /2
TEva = <1 — —) Ig. (2.49)

c2

Now assume that Eva has a twin sister named Elizabeth who remains at rest at
the origin of X.
Elizabeth has become older by tgjisabeth = fo during Eva’s travel, so that

v2 1/2
Thya = (1 - c_2> TElisabeth - (2.50)

For example, if Eva travelled to Alpha Centauri (the Sun’s nearest neighbour at
four light years) with a velocity v = 0.8c, she would be gone for 10 years as measured
by Elizabeth. Therefore Elizabeth has aged 10 years during Eva’s travel. According
to Eq. (2.50), Eva has only aged 6 years. According to Elizabeth, Eva has aged less
than herself during her travels.

The principle of relativity, however, tells that Eva can consider herself as at rest
and Elizabeth as the traveller. According to Eva it is Elizabeth who has only aged by
6 years, while Eva has aged by 10 years during the time they are apart.

What happens? How can the twin sisters arrive at the same prediction as to how
much each of them age during the travel? In order to arrive at a clear answer to these
questions, we shall have to use a result from the general theory of relativity. The twin
paradox will be taken up again in Chap. 5.

2.10 Hyperbolic Motion

With reference to an inertial reference frame it is easy to describe relativistic acceler-
ated motion. The special theory of relativity is in no way limited to describe motion
with constant velocity.

Let a particle move with a variable velocity u(¢#) = dx/dt along the x-axis in
3. The frame X’ moves with velocity v in the same direction relative to . In this
frame the particle velocity is u’ (1) = dx’/dt’. At every moment the velocities u and
u' are connected by the relativistic formula for velocity addition, Eq. (2.33). Thus,
according to Eq. (2.30), a velocity change du’ in ¥’ and the corresponding velocity
change du in X are related by

_ dt’ + (v/cz)dx’ _ 14+ u'v/c? dr’

V1 —v%/c? B V1 —v2%/c?

dr 2.51)
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Combining these expressions we obtain the relationship between the acceleration
of the particle as measured in ¥ and ¥’

7 (1- 112/c2)3/2

= = rd. (2.52)

dr (1 +uv/c?)

Let X’ be the rest frame of the particle at a point of time 7. Then u’ = 0 at this
moment, giving

RN
a= (1 - —> a'. (2.53)

c2

Here &’ is the acceleration of the particle as measured in its instantaneous rest
frame. It is called the rest acceleration of the particle. Equation (2.53) can be
integrated if we know how the rest acceleration of the particle varies with time.

We shall now focus on the case where the particle has uniformly accelerated
motion and moves along a straight path in space. The rest acceleration of the particle
is constant, say a’ = g. Integration of Eq. (2.53) with #(0) = 0 then gives

2 —-1/2
u= (1 + g—zzz) gt. (2.54)
c

Integrating once more gives

2 2 1/2 2
x= %(1 + f—2r2> Fxo— CE’ (2.55)

where the integration constant x is equal to the position at ¢ = 0.
Equation (2.55) can be given the form

6‘2 2 6‘4
(x — X0+ —) — == (2.56)
g g

This is the equation of a hyperbola in the Minkowski diagram (Fig. 2.13).

Since the world line of a particle with uniformly accelerated, rectilinear motion
has the shape of a hyperbola, this type of motion is called hyperbolic motion.

Using the proper time 7 of the particle as a parameter, we may obtain a simple
parametric representation of its world line. Substituting Eq. (2.54) into Eq. (2.45)
we get

dr
dT = ——— (2.57)

J14+ (cz/g)ﬂ-
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Fig. 2.13 World line of
particle with constant rest
acceleration

43

Integration with t(0) = 0 gives

t
T = Earc sinh(g—).
g c
t
t= < sinh(g—).
g c

Inserting this expression into Eq. (2.55) we get

or

2 2

c t c
x = —cosh(g—) +x9— —.

g c g

(2.58)

(2.59)

(2.60)

These expressions shall be used later when describing uniformly accelerated

reference frames.

Note that hyperbolic motion results when the particle moves with constant rest
acceleration. Such motion is usually called uniformly accelerated motion. Motion
with constant acceleration as measured in the “laboratory frame” ¥ gives rise to the

usual parabolic motion.
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2.11 Energy and Mass

The existence of an electromagnetic radiation pressure was well known before Ein-
stein formulated the special theory of relativity. In black body radiation with mass
density p there is an isotropic pressure p = (1/3)pc?. If the radiation moves in a
certain direction (laser), then the pressure in this direction is p = pc?. Einstein gave
several deductions of the famous equation connecting the inertial mass of a body
with its energy content. A deduction he presented in 1906 is as follows.

Consider a box with a light source at one end. A light pulse with radiation energy
E is emitted to the other end where it is absorbed (see Fig. 2.14).

The box has a mass M and a length L. Due to the radiation pressure of the shooting
light pulse the box receives a recoil. The pulse is emitted during a time interval Af.
During this time the radiation pressure is

E E

2
= —_—=s— N 2.6]
P=PC = T AeAr (2.61)

where V is the volume of the radiation pulse and A the area of a cross section of the
box.
The recoil velocity of the box is

F PA E AAt E
Av=—alt=—— At=—" A= ) =—— 62

M AcAt M Mc

The pulse takes the time L/c to move to the other side of the box. During this
time the Box moves a distance

L
e e -
— -
v ;
N s ——
—_— -
=== ———— == o M
X ' cAt
P

Fig. 2.14 Light pulse in a box



2.11 Energy and Mass 45

L EL
Ax = Av— = ———. (2.63)
c Mc?

Then the box is stopped by the radiation pressure caused by the light pulse hitting
the wall at the other end of the box.

Let m be the mass of the radiation. Before Einstein one would put m = 0. Einstein,
however, reasoned as follows. Since the box and its contents represent an isolated
system, the mass centre has not moved. The mass centre of the box with mass M has

moved a distance Ax to the left, and the radiation with mass m has moved a distance
L to the right. Thus

mL + MAx =0 (2.64)
which gives
M M EL E
m=——Ax=——)(- == (2.65)
L L Mc? c?
or
E = mc*. (2.66)

Here we have shown that radiation energy has a mass given by Eq. (2.65). Einstein
derived Eq. (2.66) using several different methods showing that it is valid in general
for all types of systems.

The energy content of even small bodies is enormous. For example, by transform-
ing 1 g of matter to heat, one may heat 300,000 metric tons of water from room
temperature to the boiling point. (The energy corresponding to a mass m is enough
to change the temperature by AT of an object of mass M and specific heat capacity
¢y i mc? = Mc,AT).

2.12 Relativistic Increase of Mass

In the special theory of relativity, force is defined as rate of change of momentum. We
consider a body that gets a change of energy dE due to the work performed on it by
a force F. According to Eq. (2.66) and the definition of work (force times distance)
the body gets a change of mass dm, given by

c?dm = dE = Fds = Fvdr = vd(mv) = mvdv + v?dm, (2.67)

which gives
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m

dm [ vdv
W) ae (268

mo 0

where my is the rest mass of the body—i.e. its mass as measured by an observer
co-moving with the body—and m its mass when its velocity is equal to v. Integration
gives

my
— = ymy.
V1 —v%/c?

In the case of small velocities compared to the velocity of light we may use the

approximation
/ v2 12
l——==14=-—. 2.70
c + 2 c? 2.70)

With this approximation Eqs. (2.66) and (2.69) give

m = (2.69)

1
E ~ myc® + Emouz. 2.71)

This equation shows that the total energy of a body encompasses its rest energy
moc® and its kinetic energy. In the non-relativistic limit the kinetic energy is

(1/2)mgv?. The relativistic expression for the kinetic energy is
Ex = E —moc? = (y — Dmgc?. (2.72)

Note that Ex — oo when v — c.

According to Eq. (2.33), it is not possible to obtain a velocity greater than that
of light by adding velocities. Equation (2.72) gives a dynamical reason that material
particles cannot be accelerated up to and above the velocity of light.

Using Eq. (2.69) the energy and momentum of a particle with rest mass m and
velocity v are

E = ymocz, p = ymov (2.73)
Using the identity

2 2”2
Y=y 5+ (2.74)

It follows from the expressions (2.73) that

E* = p202 + méc4, (2.75)
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or
mic* = E* — p*c’. (2.76)

Since the rest mass mg of a particle is a velocity-independent quantity and hence
Lorentz invariant, it follows that the quantity E? — p2c? of a particle is a Lorentz
invariant having the same value in all inertial reference frames even if the energy and
momentum of the particle depend upon the frame.

2.13 Lorentz Transformation of Velocity, Momentum,
Energy and Force

We shall write down the Lorentz transformation of velocity, momentum, energy and
force. (Detailed derivations are given by W. G. V. Rosser in An Introduction to the
Theory of Relativity, Butterworths, 1964). Let ¥ and ¥’ be two inertial frames with
a relative velocity v in the x-direction and with co-moving Cartesian coordinates. A
particle is moving with velocity components u,, uy, u; in ¥ and u,, u',, u, in ¥'.
The transformation formulae for the velocity component are

, Uy — v ;o Uyy/1—02/c? ;g1 —v?/c? 2.77)

W =—>—— U = u =
S R 7 1 —vuy/c2 ° F 1 —vu,/c?

It follows from these formulae that

(uy — v)2 + (u2 — ui)(l — vz/c2)

2 2, 0 2
u” =u +u +u’ = 5 (2.78)
(1 — vuy/c?)
As shown by Rosser this leads to
1 1- 2
Vit fC 2.79)

V1—u?/c? B V1—=v2/ct /1 - u2/c?’

In the frames X and ¥’ the momentum of a particle with rest mass m( has
components

!/

mou; mol;

Pi=—— D= (2.80)
V1—u?/c? V1I—u?/c?
and energies
2 2
E=__M¢ g M 2.81)

J1=u?/c?’ J1=u?/c
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Using the first of Eqgs. (2.77) and (2.79) gives

p, = y(mu, —mv),

where y and m is given in Eq. (2.79). Since mu, = p, and m = E /c? we get

P; = V(Px - EU/CZ)'
Using the second and third of Eq. (2.77) we get

Py =Dy, D= De

Inserting Eq. (2.79) in the second of Eq. (2.81) we obtain

E' = y(E — vpy).

At this stage we define force as a 3-vector

_dp

dt’
or

dp,
fo= dr

etc.

where p is the momentum as given in Eq. (2.73). Similarly we have

dp!
"= —ZX etc.
2 dr’

Using the transformation Eq. (2.83) we then have

= d vE\ dr (dpy v dE
TV a\ T2 )T e T )
From the Lorentz transformation " = y (t — vx/c*) we have

dr 1 1 1

dy — & T d

o oar(—%) A(1-%)
Furthermore we insert dp, /dt = f, in Eq. (2.89) and

dE
’r =f.-u= fiu, + fyu, + fu..

2 The Special Theory of Relativity

(2.82)

(2.83)

(2.84)

(2.85)

(2.86)

(2.87)

(2.88)

(2.89)

(2.90)

2.91)
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Inserting this in Eq. (2.89) and rearranging gives

, (7 vu
fi=fi—-5——f—-5——"F- (2.92)
C? — DUy C% — DUy
Since pj, = py we get
dp, dp, dtdp, dr
Pt A & R 2.93
1y de' ~ dr  dr’ dr  dr’ Fy (2.93)

Using Eq. (2.90) we obtain the transformations equations for the y- and
z-components of the force

I fy ! fZ
fy= —y(l o) f.= —y(l S o) (2.94)

The inverse transformation is

! Uu/y ! ng / f.)c
=fi+ + =
= 2 + ity Iy c2 + v, foo Iy y(l + vu;/cz)
fz= 7f£ . (2.95)
Y (14 vy /c?)
If ¥’ is the rest system of the particle, so that u, = u’y = u, = 0, the

transformation reduces to

fe=rfo H=V1=v/2f, fi=V1=v2/f.. (2.96)

Example 2.13.1 (The Lever paradox) A right-angled lever with arms of equal length
L’ is at rest at the origin of a Cartesian coordinate system co-moving with an inertial
reference frame X'. It is oriented with the arms along the x’- and y’-axes. At the
end of the x’-arm there acts a force f” in the y-direction, and at the end of the y-arm
there acts an equal force in the x'-direction. Hence the torques acting in the opposite
directions are equal, so the lever is in rotational equilibrium and will not start rotating.

Aninertial frame ¥ moves in the negative x-direction with velocity v relative to X'.
In this frame the length of the x-arm is Lorentz contracted to L = /1 — vZ/c2L’, but
the arm in the y-direction is unchanged. Furthermore, according to the transformation
Eq. (2.95) the force in the x-direction is unchanged, but the force in the y-direction
is diminished to f, = /1 —v?/c?f]. Hence in this frame there is a net torque
f'L =1 =v2/cf'/T—v2/c2L" = (v*/c?) f'L’, so one is inclined to conclude
that the lever will start rotating in the clockwise direction.

This is in conflict with the analysis in the rest frame of the lever, and this conflict
is what is called the lever paradox.




50 2 The Special Theory of Relativity

What will happen? Shall we trust the analysis in the rest frame of the lever or in
the laboratory frame where the lever moves?

The answer is related to the relativity of simultaneity and what we mean by a
physical object. If an extended physical object exists at a certain moment, it is made
up of a set of simultaneous events. Due to the relativity of simultaneity these events
are not simultaneous in a frame moving relatively to the first one. Hence the lever
in the laboratory frame and the rest frame of the lever consists of different sets of
events.

The set of simultaneous events in the rest frame of an object determines what will
happen to the object. We therefore have the rule: In order to determine what happens
to an extended body acted upon by forces one has to perform the calculations in the
rest frame of the body.

This is not in conflict with the principle of relativity. The rule does not introduce
any absolute velocity. If one transforms the description in the rest frame of the body
to the laboratory frame, there will appear unusual terms depending upon the relative
velocity of the object and the laboratory frame. This does not mean that the laws of
nature are different in different inertial reference frames. But it means that the laws
contain this relative velocity, due to the relativity of simultaneity, because the objects
that are described by simultaneity in different reference frames do not consist of the
same sets of events.

2.14 Tachyons

Particles cannot pass the velocity barrier represented by the velocity of light. How-
ever, the special theory of relativity permits the existence of particles that have always
moved with a velocity v > c¢. Such particles are called tachyons.

Tachyons have special properties that have been used in the experimental searches
for them. There is currently no observational evidence for the physical existence of
tachyons.

There are also certain theoretical difficulties with the existence of tachyons. The
special theory of relativity applied to tachyons leads to the following paradox. Using
a tachyon telephone a person, A emits a tachyon to B at a point of time #;. B moves
away from A. The tachyon is reflected by B and reaches A before it was emitted; see
Fig. 2.15. If the tachyon could carry information it might bring an order to destroy
the tachyon emitter when it arrives back at A.

To avoid similar problems in regards to the energy exchange between tachyons and
ordinary matter, a reinterpretation principle is introduced for tachyons. For certain
observers a tachyon will move backwards in time, i.e. the observer finds that the
tachyon is received before it was emitted. Special relativity tells us that such a tachyon
is always observed to have negative energy.

According to the reinterpretation principle, the observer will interpret his observa-
tions to mean that a tachyon with positive energy moves forward in time. In this way,
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Fig. 2.15 Tachyon paradox. A emits a tachyon at a point of time #;. It is reflected at B and arrives
back at A at a point of time #,. Note that the arrival event at A is later than the reflection event as
measured by B

one finds that the energy exchange between tachyons and ordinary matter proceeds
in accordance with the principle of causality.

However, the reinterpretation principle cannot be used to remove the problems
associated with the exchange of information between tachyons and ordinary matter.
The tachyon telephone paradox cannot be resolved by means of the reinterpreta-
tion principle. The conclusion is that if tachyons exist, they cannot be carriers of
information in our slowly moving world.

2.15 Magnetism as a Relativistic Second-Order Effect

Electricity and magnetism are described completely by Maxwell’s equations of the
electromagnetic field,

1
V-E=—p,. 2.97)
€0
V.B =0, (2.98)
9B
VXE=—"—, (2.99)

at
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V xB j+ L 9k (2.100)
X = -, .
Ho) 291
together with Lorentz’s force law
F=qgE+vxB). (2.101)

However, the relation between the magnetic and the electric force was not fully
understood until Einstein had constructed the special theory of relativity. Only then
could one clearly see the relationship between the magnetic force on a charge moving
near a current-carrying wire and the electric force between charges.

We shall consider a simple model of a current-carrying wire in which we assume
that the positive ions are at rest while the conducting electrons move with the velocity
v. The charge per unit length for each type of charged particle is A = Sne where S
is the cross-sectional area of the wire, n the number of particles of one type per unit
length and e the charge of one particle. The current in the wire is

J = Snev = hv. (2.102)

The wire is at rest in an inertial frame 5. As observed in & itis electrically neutral.
Let a charge ¢ move with a velocity u along the wire in the opposite direction of
the electrons. The rest frame of g is X. The wire will now be described from X (see
Figs. 2.16 and 2.17).

Note that the charge per unit length of the particles as measured in their own rest

frames, X, is
2\ 1/2
v
Me=[1—-—
-=(1-5)

Since the distance between the electrons is Lorentz contracted in & compared to
their distance in X.
The velocities of the particles as measured in X are

A hoy = A (2.103)

Fig. 2.16 Current carrying
wire seen from its own rest v

A
o A\
frame L )
1

™
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Fig. 2.17 Current carrying AR 1 -
wire seen from the frame of a Y- T )\
moving charge |
o
+ 4 = Xg il ik
.
-
|
‘e
q
v+ u
V= ———, Uy = —U. (2.104)
1+ uv/c?

The charge per unit length of the negative particles as measured in X is
W2\ 12
A= <1 — —;) Ao—. (2.105)
c

Substitution from Eqgs. (2.103) and (2.104) gives

A= y(l n %)A (2.106)
C

where y = (1 —u?/ cz)_l/ ?. In a similar manner the charge per unit length of the
positively charged particles as measured in X is

Ay = YA (2.107)
Thus as observed in the rest frame of ¢ the wire has a net charge per unit length
A=A —AL=y—A. (2.108)

As a result of the different Lorentz contractions of the positive and negative ions
when we transform from their respective rest frames to X, a current-carrying wire
which is electrically neutral in the laboratory frame is observed to be electrically
charged in the rest frame of the charge g.

As observed in this frame there is a radial electrical field with field strength

A
E = . (2.109)
2megr

Then a force F acts on ¢ this is given by
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qi v
= u
2wegr  2mweoctr va

F=qE = (2.110)

If a force acts upon g as observed in S then a force also acts on q as observed in
%. According to the relativistic transformation of a force component normal to the
direction of the relative velocity between ¥ and X, this force is

S w
F=y 'F=———qu. (2.111)
2mwegc?r

Inserting J = Av from Eq. (2.102) and using 2= (souo)_l, where ug is the
permeability of vacuum, we obtain
~ J
F=tl (2.112)
2y
This is exactly the expression obtained if we calculate the magnetic flux density
B around the current-carrying wire using Ampere’s circuit law

~

J
B =puy— (2.113)
2r

and use the force law Eq. (2.101) for a charge moving in a magnetic field
F = quB. (2.114)

We have seen here how a magnetic force appears as a result of an electrostatic force
and the special theory of relativity. The considerations above have also demonstrated
that a force which is identified as electrostatic in one frame of reference is observed as
amagnetic force in another frame. In other words, the electric and the magnetic force
are really the same. What an observer names it depends upon his state of motion.

Exercises

2.1. Robb’s Lorentz invariant spacetime interval formula (A. A. Robb, 1936)

Show that the spacetime interval between the emission event at the point of time
t4 and the reflection event at 75 in Fig. 2.2 can be expressed as As = c4/fafc, where
tc is the point of time when the reflected light signal arrives back at the emitter.

2.2. The twin paradox

On New Year’s day 2004, an astronaut (A) leaves Earth on an interstellar journey.
He is travelling in a spacecraft at the speed of v = (4/5)c heading towards Alpha
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Centauri. This star is at a distance of 4 ly (ly = light years) measured from the
reference frame of the Earth. As A reaches the star, he immediately turns around
and heads home. He reaches the Earth New Year’s day 2016 (in Earth’s time frame).
The astronaut has a brother (B), who remains on Earth during the entire journey. The
brothers have agreed to send each other a greeting every New Year day with the aid
of radio telescope.

(a) Show that A only sends 6 greetings (including the last day of travel), while B
sends 10.

(b) Draw a Minkowski diagram where A’s journey is depicted with respect to the
Earth’s reference frame. Include all the greetings that B is sending. Show with
the aid of the diagram that while A is outbound, he only receives one greeting,
while on his way home he receives nine.

(c) When does B receive signals from A?

(d) Show how the results from (b) and (c) can be deduced from the Doppler effect.

2.3. Faster than the speed of light?

The quasar 3C273 emits a jet of matter that moves with the speed vy towards Earth
making an angle ¢ to the line of sight (see Fig. 2.18).

(a) Assume that two signals are sent towards the Earth simultaneously, one from
A and one from B. How much earlier will the signal from B reach the Earth
compared to that from A?

(b) Find an expression of the transverse distance that the emitted part has moved
when it reaches B. How much time (relative to the Earth) has this part been
travelling?

(c) Calculate the velocity vy of the light source in terms of v and 6, and find the
value of vy if v = 10c and 6 = 10°. How large must vy be in order that the
observed transverse velocity shall be larger than ¢?

2.4. Time dilation and Lorentz contraction

Fig. 2.18 Light cone due
to Cherenkov radiation
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(a) At what speed does a clock move if its rate of time is 0.6 times the rate when it
is at rest?

(b) A rod moves in the x-direction. An observer following the rod measures that it
makes an angle 7 /4 with the x-axis. What is the speed of the rod if an observer
at rest on the x-axis finds that it makes an angle 7 /3 with the x-axis, due to the
Lorentz contraction of its length component in the x-direction?

2.5. Atmospheric mesons reaching the surface of the Earth

Atmospheric muons are formed when molecules in the Earth’s atmosphere are hit
by particles in the cosmic rays about Ly = 10 km above the surface. The half-life of
amuon as measured by an observer co-moving with the muonis o = 1.56 x 1076 s.
The average velocity of the muons are v = 0.98 c.

(a) According to a non-relativistic calculation, how many of ten million muons
formed at 10 km height reach the Earth’s surface?

(b) Taking the relativistic time dilation into account, how many will then reach the
surface of the Earth?

(c) How is this explained by an observer following the muons?

2.6. Relativistic Doppler shift

The relativistic formula for the Doppler effect of an object moving along the
direction of sight with a velocity v away from the observer is

p o= /e,
1—-v/c

where A, is the frequency measured by an observer co-moving with the object, and
A, 1s the frequency measured for the light received by an observer at rest. If the object
moves towards the observer the signs are interchanged.

For an object moving away from an observer there is an increase in the measured
wavelength—a redshift. The redshift of an object is defined as

A — A
= ———.
Ae

Hence the redshift due to the Doppler effect is

l14+v/c
z=_ -1
1—v/c

Positive value of z means redshift and negative value blueshift.
The measured value of z for the centre of our neighbour galaxy, the Andromeda
Galaxy, is z = — 0.0004.
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Determine the velocity of the Andromeda Galaxy along the line of sight from this
measurement. Which way does the Andromeda Galaxy move relative to the Milky
Way?

2.7. The velocity of light in a moving medium

Light moves more slowly in a material medium than in empty space. The index
of refraction, n, of the medium is defined as the ratio of the velocity of light in the
medium when it is at rest, ug, and the velocity of light in empty space. Then

We now consider a medium moving with a velocity v in the same direction as the
light. The speed of light in this medium relative to the laboratory frame is related to
the speed of light in a frame co-moving with the water by the relativistic velocity
addition law,

Find the velocity of light in a moving medium in terms of its index of refraction
and velocity.

2.8. Cherenkov radiation

When a particle moves through a medium with a velocity v greater than the
velocity of light in the medium, it emits a cone of radiation with a half-angle 6 given
by cos8 = c/nv.

From Wikipedia: https://en.wikipedia.org/wiki/Cherenkov_radiation#/media/
File:Cherenkov.svg.

(a) What is the threshold kinetic energy (in MeV) of an electron moving through
water in order that it shall emit Cherenkov radiation? The index of refraction of
water is n = 1.3. The rest energy of an electron is m,c?> = 0.5.11 MeV.

(b) What is the limiting half-angle of the cone for high-speed electrons moving
through water?

2.9. Relativistic form of Newton’s 2 law

In order to simplify the calculation we shall consider motion along the x-direction
only. Let the particle have rest mass m and velocity v. Its momentum is p = ymgv,
2,.2\"1/2
where y = (1 —v?/c?) 7"
The relativistic form of Newton’s 2 law is F = dp/d¢, where F is the force acting
on the particle, and ¢ is the coordinate time.

Calculate the form of this law as expressed in terms of v and dv/dr.

2.10. Lorentz transformation of electric and magnetic fields


https://en.wikipedia.org/wiki/Cherenkov_radiation#/media/File:Cherenkov.svg
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It follows from the Lorentz transformations (2.27), (2.28) and (2.30) that the
partial derivatives transform as

0 a n ad 0 a n v a a 0 0 0
= a. v— |, - = P S Ao, P PR = -
ot \or TVox ) ax T V\ow T @ar ) 9y T 8y 9z o7
Deduce the transformation equations for electric and magnetic fields by using

the transformation equations for the partial derivatives together with the requirement
that Maxwell’s equations shall be Lorentz invariant.

Reference

1. Frisch, D.H., Smith, J.H.: Measurement of the relativistic time dilation using j.-mesons. Am. J.
Phys. 31, 342-355 (1963)



Chapter 3 ®)
Vectors, Tensors and Forms St

Abstract In this chapter we develop the main mathematical concepts used in this
book. First vectors, not only as quantities with length and direction, but as differential
operators. Then tensors of arbitrary rank are introduced. As a preparation for using
Cartan’s formalism we introduce forms, i.e. antisymmetric covariant tensors. This
antisymmetric tensor formalism is most effective when we introduce an orthonormal
basis field. Using an orthonormal basis co-moving with an observer, i.e. where the
time-like vector is equal to the 4-velocity of the observer, simplifies the physical
interpretation of the calculations.

3.1 Vectors

An expression of the form a“é'ﬂ, where a*, u = 1, 2, ..., n are real numbers, is
known as a linear combination of the vectors €,,.
The vectors éy, . . ., é, are said to be linearly independent if there does not exist

real numbers a* # 0 such that a**¢,, = 0 (Fig. 3.1).

This has a geometrical interpretation: A set of vectors are linearly independent if
it is not possible to construct a closed polygon of the vectors (even by adjusting their
lengths).

A set of vectors éy,...,é, are said to be maximally linearly independent if
€1, ...,&,, v are linearly dependent for all vectors U # ¢, i.e. if there exist real
numbers a* such that v + a*¢,, = 0. Hence the vector v may be written as a linear
combination of the vectors Eu,

U= v"e,. 3.1)

We define the dimension of a vector-space as the number of vectors in a maximally
linearly independent set of vectors of the space. The vectors ¢, in such a set are known
as the basis vectors of the space. The numbers v* are called the components of the
vector v in this basis.
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\/

Fig. 3.1 Closed polygon (linearly dependent vectors)

3.1.1 Four-Vectors

Four-vectors (also denoted 4-vectors) are vectors which exist in (4-dimensional)
spacetime. A 4-vector equation represents four independent component equations.

As a first example of a 4-vector we shall consider the 4-velocity, i.e. the velocity
of a particle through spacetime.

Definition 3.1.1 (Four-velocity) The four-velocity of a particle is a 4-vector with
components equal to the derivatives of the coordinates with respect to the proper
time 7 of the particle,

- e dxiy
u=u"e, =——ce,. 3.2)

dr

One often writes the 4-velocity in the following way
U= (uo,ul,uz,u3), (3.3)

where 19 is the time component of the 4-velocity, and u',i =1,2,3 are the spatial
components.

The proper time of the particle is the time measured by a standard clock carried
by the particle. From Eq. (2.45) we have
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dt 1

dr — /1—v2/c? =v

where v is the ordinary velocity through 3-dimensional space. Note that v is a rel-
ative velocity which can be transformed away by referring to the rest frame of the
particle. On the other hand the 4-velocity, which is a vector in spacetime, cannot be
transformed away. In the rest frame of the particle it still has a non-vanishing time
component.

With reference to a Cartesian coordinate system with coordinates

(x*=ct, x' =x, x* =y, x* = z) the 4-velocity has the component form

3.4

i= c:t ;, j—jéx j—izy g—ip (3.5)
This may be written
U= :—i<cz, + 3—:@ + i—fé'y + 3—?&;). (3.6)
The ordinary velocity through 3-space is
_ dx_. dy. dz.
v = Eex + aey + Eez. (3.7
Using Eqgs. (3.4) and (3.7) the 4-velocity can be written
u=y(ce + ), (3.8)
or
U= y(c, Uy, Uy, vz). (3.9)

In aco-moving reference frame where the particle is at rest, the 3-velocity vanishes
and y = 1. In this frame the four-velocity is

ii = cé,. (3.10)

In its rest frame the particle moves only in the time direction.

Definition 3.1.2 (Four-momentum) The four-momentum of a particle is equal to the
rest mass of the particle times its four-velocity,

P = myii, (3.11)

where my is the rest mass of the particle. The components of the 4-momentum are



62 3 Vectors, Tensors and Forms
P =(E/c. p). P =ymob=mb, (3.12)

where E is the relativistic energy of the particle.

Definition 3.1.3 (Minkowski force) The Minkowski force acting on a particle is equal
to the derivative of the 4-momentum with respect to the proper time of the particle,

F = dP/dr. (3.13)
Its components are
. 1- . -
F=V<—f-v, f>, (3.14)
C
where
. dp
=-F 3.15
S ar (3.15)

is the ordinary force.

Definition 3.1.4 (Four-acceleration) The four-acceleration of a particle is equal to
the derivative of its four-velocity with respect to its proper time,

-

- dU
A=——, (3.16)
dr

In the general theory of relativity gravitation is not considered a force. A particle
in free fall is in Newtonian gravitational theory said to be influenced by a gravitational
force. According to the general theory of relativity the particle is not influenced by
any force. Such a particle has no 4-acceleration. The equation A # 0 implies that
the particle is not in free fall. It is then influenced by non-gravitational forces. It
is important to distinguish between the ordinary 3-acceleration, which represents
the acceleration of a particle through 3-space relative to an observer, and the 4-
acceleration which represents deviation from free fall. In the context of the general
theory of relativity the words “a non-accelerating particle” usually mean “a particle
which is in free fall”.

3.1.2 Tangent Vector Fields and Coordinate Vectors

In a curved space position vectors with finite length do not exist (see Fig. 3.2).
Different points in a curved space have different tangent planes. Finite vectors do
only exist in these tangent planes (see Fig. 3.3). However, infinitesimal position
vectors dr do exist.
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N(North pole)

Fig. 3.2 No finite position vector in curved space. Vectors can only exist in tangent planes. The
vectors in the tangent plane of N do not contain the vector NP (dashed line)

Fig. 3.3 Vectors in tangent planes. In curved space vectors can only exist in tangent planes. The
figure shows the tangent plane of a point P in a curved surface
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We shall now define the concepts reference frame, coordinate system, co-moving
coordinate system, orthonormal basis and coordinate basis vector.

Definition 3.1.5 (Reference frame) A reference frame is a set of particles with spec-
ified motion. An inertial reference frame is a frame in which Newton’s first law is
valid. In the general theory of relativity, where gravity is not a force, this means that
an inertial reference frame is a non-rotating set of free particles.

Definition 3.1.6 (Coordinate system) A coordinate system is a continuum of 4-tuples
giving a unique set of coordinates for events in spacetime.

Definition 3.1.7 (Co-moving coordinate system) A co-moving coordinate system
in a frame is a coordinate system where the particles in the reference frame have
constant spatial coordinates.

Definition 3.1.8 (Orthonormal basis) An orthonormal basis {¢;} in spacetime is
defined by

G-e=—lc=1), &2 (3.17)

where i and j are space indices.

Definition 3.1.9 (Preliminary definition of coordinate basis vector) Our preliminary
definition is: A coordinate basis vector is the partial derivative of the position vector
with respect to a coordinate,

e or 3.18
€y = M ( . )

A vector field is a continuum of vectors, where the components are continuous
and differentiable functions of the coordinates. Let u# be a tangent vector field to a
curve with parameter A (coordinate along the curve). Then

iy (3.19)
Uu=—-—. .
da

The position vector of a point on the curve is a function of the coordinates
which are again functions of the curve parameter, 7 = 7[x*(A)]. The chain rule

for differentiation then yields

oF dxt  dat_ _

u= Fyen dT = d—)\'eﬂ = u"eﬂ. (320)

Thus, the components of the tangent vector field along a curve parameterized by
A are given by

dx*

ut = —.
dxr

(3.21)
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In the theory of relativity the invariant parameter of the world line of a particle is
usually chosen to be the proper time of the particle,

dx#

M”’ = —.
dr

(3.22)

This means that the tangent vector field of the world line of a particle is made up
of the four-velocity of the particle.

3.1.3 Coordinate Transformations

Let there be given two coordinate systems, {x*} and {x“/} covering a region of
spacetime with basis vectors

-

. or or
e, = e,y = —.
B gxm” TR T g

(3.23)

Suppose there exists a coordinate transformation such that the primed coordi-
nates a functions of the unprimed, xH (x*), and an inverse transformation such
that the unprimed are functions of the primed, x“(x“’). Applying the chain rule
of differentiation we then obtain

- or or 9x* | ox#
ey = — = (3.24)

= —— =, —.
ax®  9xk 9xW Hoxw

This is the transformation equation for the basis vectors. The quantities dx* /dx*
are the elements of the transformation matrix. Indices that are not summation indices
are called free indices. We have the following rule: In all terms on each side of an
equation the free indices should appear in the same way (as an upper index or a lower
index).

Applying this rule we can now find the inverse transformation

ax"

xn

(3.25)

ey =¢€y
A vector itself is invariant. Only its components and the basis vectors transform.

Hence,

n

N 0x

v=2te, =vle,y =0vle, -
oxH

(3.26)

Thus, the components of a vector transform as follows
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, xt : dxt
v = L/, vt =t al (3.27)

IxH dxr’

The directional derivative along a curve parameterized by A is

d 0 dx* 0
—_— = =yt — (3.28)
da dxH di oxH

where v#* = dx*/dA are the components of the tangent vector of the curve. The
directional derivative along an x"-axis is found by inserting A = x". This gives

0 JdxM

dxHt 9xv

_ 0 (3.29)

0
=8— ~.
dxH 0x

Hence, the directional derivative along a coordinate axis is equal to the par-
tial derivative with respect to the coordinate of the axis. From the chain rule of
differentiation we get in the primed coordinate system

9 ox* B

dxr  dxH axn’

(3.30)

Comparing with Eq. (3.18) shows that the partial derivatives transform in the same
way as the basis vectors.

A weakness of the preliminary definition (3.18) of basis vectors is that it involves
the position vectors that are not defined in a curved space, only in the tangent plane
of the space. We would therefore like to have a general definition of basis vectors
not involving the position vector. The transformation (3.30) of the partial derivatives
motivates to the following definition.

Definition 3.1.10 (General definition of coordinate basis vectors) We define the
coordinate basis vectors as partial derivatives,

Cn = (3.31)

This is the general definition of coordinate basis vectors. It applies in curved as
well as in flat spaces.

Since an arbitrary vector can be written as a linear combination of basis vectors,
we now have a new way of thinking about vectors. From now on we can think of a
vector as a differential operator, not only a quantity with magnitude and direction,
i.e. an arrow.

Example 3.1.1 (Transformation between Cartesian- and plane polar coordinates)
The basis vectors of a Cartesian coordinate system and those of plane polar coordi-
nates are shown in Fig. 3.4. We see from the figure that the coordinates are related
by the transformation
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Fig. 3.4 Basis vectors in
Cartesian- and plane polar y €q
coordinates
[
A e i o e e e L i g
1
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ey |
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0 :
s X
e, X
x =rcosf, y=rsinf (3.32)

The transformation of the basis vectors is found from the chain rule for
differentiation
- a dx 0 ay 0 - PR
e, =—=_——+ —— =cosfe; +sinbe,,
ar ar dx  dr dy
R 0 ox 0 dy d
g =— = —

55 = 56 i + %7y = —rsin0é, + r cos 0é,. (3.33)

The basis vectors in the Cartesian coordinate system are unit vectors. The
magnitudes of the basis vectors in the plane polar coordinate system are

] = V&, & = Vcos? 0 +sin26 = 1,
165 = /@5 - 69 = Vr2cos20 + r2sin? 6 = r. (3.34)

This shows that the coordinate basis vectors need not be unit vectors.

Definition 3.1.11 (Orthonormal basis) An orthonormal basis is a vector basis
consisting of unit vectors that are normal to each other.

We shall denote orthonormal basis by writing a hat over the indices. Note that an
orthonormal basis will not in general be a coordinate basis, i.e. the basis vectors of
an orthonormal basis are not just partial derivatives.

The orthonormal basis of the plane polar coordinate system is

é =é,, €;= —ép. (3.35)

Example 3.1.2 (Relativistic Doppler effect) Consider a photon with energy E and
momentum p in the rest frame of the emitter and the observer. The energy of the
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photon as observed in a frame moving with velocity v away from the observer is found
from the transformation Eq. (2.85). Inserting the energy £ = hv and momentum
p = hv/c in the rest frame of the emitter gives

v = y(v — Ev), (3.36)
c
Giving
, c—v
= . 3.37
v P v (3.37)

This change of observed frequency depending upon the observed velocity of the
emitter is often called the Doppler shift.

3.1.4 Structure Coefficients

Let us first define a mathematical quantity which is essential in connection with the
structure coefficients.

Definition 3.1.12 (Commutator of vectors) The commutator of two vectors is

[ft, 17] = iv — Vi, (3.38)
where uv is defined as

uv = ute,(v'e,). (3.39)

Hence, v means that # acts upon v as a differential operator. The commutator of
two vectors is itself a vector.

Definition 3.1.13 (Structure coefficients) The structure coefficients cy,, are the
components of the commutators of the basis vectors,

[6u. 8] =2, (3.40)
It follows that the structure coefficients are antisymmetric in their lower indices,

¢’ =—c’ (3.41)

v T no*

Calculating the structure coefficients in a coordinate basis we get

0 0 92 92
— — | = — =0. (3.42)
dxH* dxV dxHaxV dxvVaxH
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Hence the structure coefficients vanish in coordinate basis.

Example 3.1.3 (Structure coefficients in plane polar coordinates) We shall calcu-
late the structure coefficients of an orthonormal basis in a system of plane polar
coordinates. Using Eq. (3.35) we have

(6. 4,] 9 19 /19 19
ef’eA = PN, = T A - T A
0 ar’ r oo ar \ r 96 r 30

Lo 102 19 [ 343
=—=—+- ———— = ——ey = ——€. .
r200 ' roro0  rodor 20 r
Since

[é:. 8] = c0é5. (3.44)

and using the antisymmetry (3.41), we get the only non-vanishing structure
coefficients in the orthonormal basis field of a plane polar coordinate system

= —cd = —-. (3.45)

3.2 Tensors

Definition 3.2.1 (One-form basis) A one-form basis {', ..., "} is defined by
letting the basis forms act upon the basis vectors in an operation called contraction,
according to the rule

o"(e,) = 8. (3.46)
An arbitrary one-form can be expressed as a linear combination of the basis forms
o =a,0", (3.47)

where «,, are the components of « is the given basis. Using Eqs. (3.46) and (3.47)
we find

ae,) = a,o(e,) = a8l = a,. (3.48)
This means that the contraction of a one form with a basis vector gives the compo-

nent of the one-form corresponding to the basis vector. The contraction of a one-form
o with a vector v gives
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a(@) = a(v'e,) = v'a(e,) = via,. (3.49)

This shows that the contraction of a one-form with a vector corresponds to the
scalar product of two vectors.

We shall now need the concept multilinear function which has the following
meaning. A multilinear function is a function which is linear in all its arguments.
Then we are ready to define tensors.

Definition 3.2.2 (Tensors) A tensor is a multilinear function which maps one-forms
and vectors into real numbers.
We have three different types of tensors:

® A covariant tensor maps vectors
® A contravariant tensor maps forms
e A mixed tensor maps tensors and forms.

N
A tensor of rank ) maps N one-forms and N’ vectors into real numbers. It

is, however, usual to say that the tensor has a rank N + N’. A tensor of rank zero
is called a scalar quantity and may be given in terms of real numbers. A vector is a
contravariant tensor of rank one, and a one-form is a covariant tensor of rank one.

Definition 3.2.3 (Tensor product) Let T and S be two covariant tensors of rank m
and n. The fensor product of T and S is

TSy, ..., 0m, ViyeoosUy) =T@Ui1, ..., 0n)S1, ..., Uy). (3.50)
T ® Sisatensorof rank m +n.Let R =T ® S. Then we have
R = Rﬂ]...ﬂq(ﬁ“l ®(£”’2 & --- ®Quq (351)

Noticethat S® T # T ® S. The components of a tensor are found by contracting
the tensor with the basis elements, i.e. basis vectors, in the case of a covariant tensor,

Ry, = R(€p,. ... E4,). (3.52)

The indices of the components of a covariant tensor are written as lower indices
asin Eq. (4.52), and the indices of the components of a contravariant tensor as upper
indices.

Example 3.2.1 (Tensor product of two vectors) Let i and v be two vectors and o
and B two one-forms

u=u"e, v=vr'e,, a=a0", B=p" (3.53)
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From these we can construct a contravariant tensor of rank 2 by R = i ® v with
components

RMiH2 — R(Q“‘,Q’”) ) 5(@’“,@”2) — ﬁ(g”‘)ﬁ(@“z) = ytphe, (3.54)

3.2.1 Transformation of Tensor Components

We shall not limit the discussion to coordinate transformations but will consider
transformations between any type of bases, {€,} — {€,/}. The elements of the
transformation matrices are denoted by M ,’j Then the transformations of the basis
vectors are written

Gw =e,M), é,=éyM!. (3.55)
It follows that
M MY = 5. (3.56)

For a coordinate transformation the elements of the transformation matrix are

oaxM
no_
My = (3.57)
3.2.2 Transformation of Basis One-Forms
The basis 1-forms transform inversely relatively to the basis vectors
o =ME W, W =Mo" (3.58)

The components of a tensor of higher rank transform such that every contravariant
index (upper) transforms as a basis 1-form and every covariant index (lower) as a
basis vector. Also, all elements of the transformation matrix are multiplied with one
another.

Example 3.2.2 (A mixed tensor of rank 3) Tensor components transform homoge-
neously, which means that the transformed tensor components are linear combina-
tions of the original ones. The components of a mixed tensor of rank 3, for example,
transform as follows.

TS, = MI M, M,T?,. (3.59)
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Tensor transformation of components means that tensors have a basis-independent
existence. That is, if a tensor has non-vanishing components in a given basis then it
has non-vanishing components in all bases. This means that tensor equations have
a basis-independent form. Tensor equations are invariant. A basis transformation
might result in the vanishing of one or more tensor components. Equations written
in component form will differ from one basis to another. An equation expressed in
terms of tensor components can be transformed from one basis to another using the
tensor component transformation rules. An equation that is expressed only in terms
of tensor components is said to be a covariant equation. An equation expressed in
terms of the tensors themselves has the same form in every coordinate system and is
said to be an invariant equation.

3.2.3 The Metric Tensor

Definition 3.2.4 (The scalar product) The scalar product of two vectors i and v is
denoted by g (i, v) and is defined as a symmetric linear mapping which for each pair
of vectors gives a scalar, i.e. a number. The symmetry means that g(v, #) = g(u, v).

Definition 3.2.5 (The metric tensor) The metric tensor, g = g 0" @ @', is a
covariant symmetric tensor of rank 2 with components made up of the scalar products
of the basis vectors,

Euwv = g(gp.v Ev) = Eu, : Ev' (3.60)

The values of the scalar products g(é,, é,) are given by specifying the scalar
products of each pair of basis vectors in a basis. The symmetry of the metric tensor
means that its components obey

8vp = 8uv- (361)

The components of the metric tensor are often called the metric and are written
as a 2 x 2 matrix. Those with equal indices are on the diagonal of this matrix. If
they are the only non-vanishing indices, the metric is said to be diagonal. It follows
from Eq. (3.60) that the metric is diagonal if the basis vectors are orthogonal to each
other.

The scalar product of two arbitrary vectors # and v is

u-v=g@,v) =gu'e v'e) = u“v”g((?”, EU) = utvg,,. (3.62)
The usual notation is

u-v=guu'v’ (3.63)



3.2 Tensors 73

The absolute value of a vector is

9] = Vg(@, ) = /|guvHv’]. (3.64)

The scalar product of two vectors is an invariant, meaning that is has the same
value in every coordinate system.

Example 3.2.3 (Cartesian coordinates in a plane) In the present case the scalar
products of the basis vectors are

ex-ex=e,-ey =1, e.-e,=e,-¢e, =0. (3.65)

Hence

8ix =8y =1, gy=gx=0. (3.66)

This is often written in matrix form

1
8y = <0 (1)) (367)

Example 3.2.4 (Plane polar coordinates) For this coordinate system the scalar
product of the basis vectors is

-

e, e, =1, éy-e9=r> & -69=0. (3.68)

Hence, in plane polar coordinates the metric tensor has the components

1

Example 3.2.5 (Non-orthogonal basis vectors) We consider a skew angled coordi-
nate system where the basis vectors make an angle 8 with each other as shown in
Fig. 3.5.

For this coordinate system the scalar products of the basis vectors are

Fig. 3.5 Basis vectors in a
skew angled coordinate
system. Basis vectors ¢; and
&

[¢X]
[




74 3 Vectors, Tensors and Forms

- - - -

81'31=€2~ 2=1, 81'32222~E1=C059. (370)

Hence, the metric tensor has the components

g,w=< ! 0059) 3.71)

cosf 1

Definition 3.2.6 (Contravariant components of the metric tensor) The contravariant
components of the metric tensor, g"¥, are defined by

8" gav = 81 (3.72)

The contravariant components of the metric tensor make up the inverse matrix
relative to the matrix made up of the covariant components. It follows from Eq. (3.72)
that the mixed metric tensor can be thought of as a unit tensor of rank 2,

I=580w"®e, =0 Qe,. (3.73)

Note that I(if) = (0" ® &,)(il) = w"(i)é, = u"é, = i, i.c. the unit tensor
applied to a vector gives out the vector.

It is possible to define a mapping between tensors of different type, i.e. covariant

or contravariant, using the metric tensor. An example with tensors of rank one is

shown in Fig. 3.6.
We can for example map a vector on a one-form

v =g(0,8,) = g(v¥er. 81) = v 8(Cas u) = V" gap = apv”- (3.74)
This is known as lowering an index. Raising of an index is made according to
v = g"%,. (3.75)
We shall now define distance in spacetime along a curve. Let the curve be
parametrized by A (proper time for a time-like curve) with a tangent vector field
v. The squared distance ds? between the points along the curve is defined as
ds? = g(v, v)da%. (3.76)
Using Eq. (3.56) we get
ds? = g, v v dA%. (3.77)
The tangent vectors have the components v* = dx*/dA, which gives

ds? = g, dx"dx". (3.78)
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— 9
-

i
T X~ = constant

- — |
A - X = constant

]
g}

A 0! -
®

Fig. 3.6 Covariant and contravariant components of a vector

The expression (3.78) is known as the line-element.

Example 3.2.6 (Line element in Cartesian coordinates) Inserting the metric com-
ponents (3.66) into Eq. (3.78) we obtain the line element of a plane in a Cartesian
coordinate system

ds? = dx? + dy>. (3.79)

Example 3.2.7 (Line element in plane polar coordinates) With the metric compo-
nents (3.61) we get

ds? = dr? 4 r2de?. (3.80)
The line element in (flat) four-dimensional Minkowski spacetime with Cartesian

spatial coordinates is required to be Lorentz invariant. It may be shown that the
line-element then takes the form
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ds? = —c?dr? + dx? + dy* 4 dz%. (3.81)

In this case the metric tensor is often called the Minkowski metric, and its com-
ponents are denoted by 7,,. Introducing a time coordinate xo = ct we obtain the
Minkowski metric,

—-1000
0100
o= 0 010l (3.82)

0001
The Minkowski line-element is then written
ds? = 1,,,dx"dx". (3.83)

An orthonormal basis field can be used in curved as well as in flat spacetime.
Often one uses a so-called co-moving orthonormal basis with an observer. This
means that we have an orthonormal basis field along the world line of the observer
with time-like vector equal to the four-velocity of the observer divided by the velocity
of light, ¢; = 1 /c. In every orthonormal basis field there is Minkowski metric with
components (3.82) whether spacetime is flat or curved, and the line-element takes
the form

ds? = nppdxfdx’, (3.84)

Example 3.2.8 (The four-velocity identity) Let us calculate the scalar product of the
four-velocity by itself, using Eqgs. (3.9) and (3.82),

U-u= n,;ﬁu[‘uf’ = —y2(02 - v2) = —c2. (3.85)
This is called the four-velocity identity. In an arbitrary basis it takes the form

g’ = —c*. (3.86)

3.3 The Causal Structure of Spacetime

The causal structure of spacetime can be illustrated by considering the light cone
(Fig. 3.7).

Let us recapitulate some important points. The world lines of material particles
or an observer, moving slower than light, are inside the light cone. Such curves are
called time-like. The invariant parameter of a time-like curve is usually chosen to be
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AAST LIGHT CONS

Fig. 3.7 Causal structure of spacetime From: https://en.wikipedia.org/wiki/Light_cone#/media/
File:World_line.svg

the proper time 7 of an observer following the curve. Then a tangent vector of the
curve is the 4-velocity of the observer.

A point in spacetime represents an event. The distance in spacetime between two
infinitesimally nearby points in spacetime is called an interval. A time-like interval
is the interval between two points on a time-like curve. It has ds2 . < 0.

We shall now give a general physical interpretation of the line element for time-
like intervals. For this purpose it is sufficient to consider the Minkowski line-element

which can be written

2 2 2
a5 = _cz{l _ Cg[(‘;—f) + (i—f) + (%) “dzz. (3.87)

Consider a particle moving with a coordinate velocity

. . . . dx dy dz .
V=" +v'e, + 0%, = Eex + Eey + gez. (3.88)

Then


https://en.wikipedia.org/wiki/Light_cone#/media/File:World_line.svg
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x\2 N2 7\2 2
dSZ — _|:1 _ (U ) + (1:2) + (U ) :|C2dt2 — _<1 _ IC)_Z)CZdIZ' (389)

From the special theory of relativity we know that the time measured by a standard
clock following the particle, i.e. the proper time of the particle, is

v2
dr = /1 — —dr. (3.90)
C

Hence we obtain the general physical interpretation of the line-element for a
time-like interval

ds? = —c%dr>. (3.91)

This means that a time-like interval in spacetime is measured by a clock, it is
essentially a time interval.

We shall later define geodesic curves as the straightest possible curves between
two events in spacetime. In flat Minkowski spacetime they are straight. It will also
be shown that geodesic curves have extremal length between two events.

For light the velocity is v = c. Then the proper time vanishes. The world line of
light moving freely is called light-like, and an interval along the world line of light
is called light-like. Hence the interval along a light-like curve vanishes, ds12ight =0.
It is therefore also called a zero-interval.

A spacelike curve represents the world line of a particle moving faster than light.
The interval between two events on such a curve is called a space-like interval and
has ds2__ > 0.

space

3.4 Forms

Definition 3.4.1 (Antisymmetric tensor) An antisymmetric tensor is a tensor whose
sign changes under an arbitrary exchange of two arguments,

AC iy 0y )= AC. Dy iy ). (3.92)

The components of an antisymmetric tensor changes sign under exchange of two
indices,

Apienin =A. g (3.93)

Definition 3.4.2 (p-form) A p-form is defined to be an antisymmetric, covariant
tensor of rank p.
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Definition 3.4.3 (The wedge product) The wedge product is an antisymmetric tensor
product is defined by

_ (p+q)!

e @ (394

Q[Ml®"'®Qﬂp]/\@[u]®"'®&‘)p]

where [ | antisymmetric combination, which is defined by

the sum of terms with all possible permutations
M@ @t = — | of indices with plus for even and minus for an odd
" \ number of permutations
(3.95)

Example 3.4.1 (Antisymmetric combinations) The antisymmetric combination of a
tensor product of two basis form is

1
Q[m ® Quz] — E(Qm ® 0" — 0" ® Qﬂl)' (3.96)
The antisymmetric combination of a tensor product of three basis form is

Q[Ml ® ®Qu3] — é(gﬂl R 0" ® W' + W @ WM ® W + W Q@ WY ® W'

— Qll«z ®Qﬂl ®QM3 +(L)u3 ®(£U«2 ®Qﬂl +QM1 ®Qﬂ3 ®(£ll2)_

(3.97)

Example 3.4.2 (A 2-form in a 3-space) In a 3-dimensional space a 2-form may be
written in component form as

2 1 1 3 3 1
o =0pe' @’ + w0’ Qo' tane' ® +aw’ ®w

e’ @ @’ (3.98)
The antisymmetry of & means that
0 = —0y2, Q3] = —0)3, 32 = —QA23. (3.99)

Hence

+ a0’ @0’ — 0’ ®w?), (3.100)

o = a),20" @ 0", (3.101)
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where | v| means summation with & < v, and the bracket denotes antisymmetriza-
tion. We now use the definition (3.94) of the wedge product A with p = g = 1. This
gives

a = a0 Ao’ (3.102)
which is often written as
1 v
o= zawg“ Ao (3.103)

A tensor of rank 2 can always be split up into a symmetric and an antisymmetric
part,

1 1
T = E(Tuv —To) + E(Tuv + Top) = Ay + S, (3.104)
where
1 1
Ay = E(TW —Ty), S = E(T,w + Tou)- (3.105)
We thus have
1
S,“AM” — Z(Tl“’ + TUM)(TMV _ Tvu)

1

= Z(TWTW - TWT" +T,,T" — T,,T"") = 0. (3.106)

This shows that summation over the indices of a product of a symmetric and an
antisymmetric quantity vanishes. In a summation 7, A*", where T, has no symme-
try,and A, is antisymmetric, only the antisymmetric part of 7, contributes. Hence,
in the expression (3.103) only the antisymmetric combinations ¢, contribute to
the summation. These antisymmetric combinations are the form-components.

Forms are antisymmetric covariant tensors. Because of this antisymmetry a form
dimensional space all p-forms with p > n vanish. Hence on a 2-dimensional surface
there exist only up to 2-forms, and in four-dimensional spacetime there exist only
up to 4-forms.

3.4.1 The Volume Form

The antisymmetric Levi-Civita symbol is defined by
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1 if wy...u, is an even permutation of 1...n
€y, = 1 —1if 1 ..., is an odd permutationof 1...n . (3.107)
0 otherwise

It follows that g, _,, if two indices are equal.
The determinant of an n X n-matrix A with elements A*" may be written

A =det(A) =g, ,, AT AN AT (3.108)
For example for n = 2 this equation gives
A =gy AMAM = g p ATAT 4y APAY = AT AT — A AT. (3.109)

We shall now consider an n-dimensional space with a metric tensor having com-
ponents g,,,. Let {Q"} be an orthonormal form basis. The volume form V is defined
by

V=w A Aol (3.110)

Let M" i be the elements of the transformation matrix to an arbitrary basis " =
My ™. Then

V= MIIL] c M AN = M}L] ...MzHSM'“/L"QI A A"

=Moo' A A" (3.111)

where M is the determinant of the transformation matrix.

It follows from the general Eq. (3.59) for the components of a tensor that the
transformation from the components of the metric tensor in an orthonormal basis to
the components in an arbitrary basis is

g = MM g5 (3.112)

Since the determinant of a matrix is equal to the determinant of the transposed
matrix (rows and columns interchanged), it follows from Eq. (3.113) that the corre-
sponding transformation of the determinant made up of the components of the metric
tensor is

g = M?3. (3.113)
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where g is the determinant made by the components of the metric tensor in an
orthonormal basis. In usual 3-space ¢ = 1, and in 4-dimensional spacetime g = — 1.
Inserting the positive square root of (3.113) into Eq. (3.111) gives

V=yglo' A Ao (3.114)

where |g| is the absolute value of the determinant made by the components of the
metric tensor. The tensor components of the volume form are

Vi = V181€01 gt (3.115)

The volume form represents an invariant volume-element. The corresponding
invariant distance in the p-direction is

Ly = /|8u|e". (3.116)

3.4.2 Dual Forms

The dual of a p-form ¢ in an n-dimensional space is denoted by x«, where « is called
Hodge’s star operator, and is defined by

1

*g: _—
pl(n — p)!

Vv1...v,,ul...M,,,,,avlmvpgm ANRAN len—p' (31 17)

The dual of an orthogonal basis p-form is

v 1 Vgl

*(Qm NN ]1) — Ty Egm...vﬁmmuu_,}‘ﬁm Ao Atrr, (3.118)

where g, is the determinant of the metric tensor associated with the space of the
p-form «, and g is the determinant made up of the components of the metric tensor
in the n-dimensional space.

Example 3.4.3 (Duals of basis forms in a spherical coordinate system in Euclidean
3-space) The transformation from spherical coordinates (r, 6, ¢) to Cartesian
coordinates (x, y, z) is

X =rcos¢sinf, y=rsingsinf, z=rcosb. (3.119)
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The coordinate basis vectors (¢, = 0/dr, é; = /30, é, = 3/0¢) are

¢, = sin 6 cos ¢pé, + sin 6 sin pe, + cosbe.,
€9 = r cos 0 cos pé, + r cos 0 sin e, — rsine,
éy = —r sinf sin gpe, + r sin 6 cos pe,, (3.120)

Inserting these expressions into Eq. (3.60) we find the non-vanishing components
of the metric tensor

g =1, gp=r> gpp=r’sin’0. (3.121)
The line-element takes the form
ds? = dr? 4 r2d6? + r? sin® 0dg>. (3.122)
The volume form is
V =r?sinfo" Ao’ Ao, (3.123)

The dual of a basis form is

*@" = E—vsvmmg’“ A ot (3.124)
where
g=r'sin’0, g =1, gy=r? g4=rsind. (3.125)
This gives

* = rlsinfenzw’ Ao’ = r’sinfo’ A w?, (3.126)
*o’ = sinfw? Ao, (3.127)
*? =" Ao (3.128)

The double dual is given by
ax = §(— )PP (3.129)

Hence the double dual is the identity up to a sign. The dual of the volume form is

WV = ey, 8 = = L (3.130)
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Table 3.1 Right column shows the components of the forms dual to the forms in 3-space with
components shown in the left column

0-form: 3-form:
¢=2 *$ = /8¢
1-form: 2-form:
E :[Ey, Ez, E3) 3 ,
0 E° —E
*E: Jg| —E30 E'
E? —E'0

2-form: 1-form:
*E:«/E[BZS’ BSI, BIZ]
0 Bz —B3i

B:| —B;p0 Ba3

B3 —Bx3 0
3-form: 0-form:
G: Gi3=G *G : g~ '*G

Let « and B be p-forms with corresponding vectors A and B, respectively. Then
1 1 n
) A =—a" M By, era@ A A" =(A-B)V. (3.131)
E=

Furthermore
(xa) A B = an(xp). (3.132)

The following relationship valid for n = 3 between the wedge product of 1-forms
and the vector product of vectors should be noted

*(g/\é) — %Sv,\M(A AB) o = (A x B), . (3.133)

Examples with dual forms in 3-space and 4-dimensional spacetime are shown in
Tables 3.1 and 3.2.
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Table 3.2 Right column shows the components of the forms dual to the forms in 4-dimensional
spacetime with components shown in the left column

0-form: 4-form:
¢=0¢ *¢ = /—gd
1-form: 3-form:
A :[Ao, A1, Ay, As] *A : (xA)o12 = —/—gA” etc.
2-form: 2-form:
0 For Foo Fos 0 F¥3 _fB 2
—Fo1 O F F _F23 9 F03 02
01 12 Fi3 FJF
_F02 —Fi 0 F23 F13 _F03 0 F()l
—Fop3 —Fi13 —F»3 0 —F12 02 _F0l
3-form: 1-form:
Q: Gaﬁy *Q . \/Tg[—GIB, G230, —G301, G012:|
4-form: 0-form:
H: Hoipz=H *H =—(—g)"'/?H
Exercises

3.1. Four-vectors

(a) Given three four-vectors

A =48, + 38, +28,+&,, B =56 +46, +3¢,, C=¢ +26 +3¢,+4é,

- - - N
e-eg=—1,¢e.-¢,=¢,-¢, =

-

e, =1

z
Z

Show that A is time-like (A’ A < 0), B is light-like

space-like (6’ .C> O).

(3.134)

-

(B-E’:O)andéis

-

(b) Assume that A and B are two non-vanishing orthogonal vectors, A-B=0.

Show the following

o If f:l: is light-like, then Bis space-like or light-like.
e If A and B are light-like, then they are proportional.
e If A is space-like, then B is time-like, light-like or space-like.

[lustrate this in a 3-dimensional Minkowski diagram.

(c) A change of basis is given by

¢, = cosh@e, + sinh Oe,,

¢, = sinh @¢; + cosh fe,,

B S
ey =ey, e, =e;

(3.135)

Show that this describes a Lorentz transformation along the x-axis, where the
relative velocity v between the reference frames is given by v = tanh 6. Draw



86

()

3.2

(a)
(b)

3.3.

()

(b)
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the vectors in a 2-dimensional Minkowski diagram and find what type of curves
¢, and e,/ describe as 0 varies.

The 3-vector v describing the velocity of a particle is defined with respect to an
observer. Explain why the 4-velocity u is defined independent of any observer.
The 4-momentum of a particle, with rest mass m, is defined by p = mii =
mdr /dz, where T is the co-moving time of the particle. Show that p is timelike
and that p - p = —m?. Draw, in a Minkowski diagram, the curve to which p
must be tangent to and explain how this is altered as m — 0. Assume that the
energy of the particle is being observed by an observer with 4-velocity #. Show
that the energy he measures is given by

E=—-p-u. (3.136)
This is an expression which is very useful when one wants to calculate the
energy of a particle in an arbitrary reference frame.

The tensor product

Given two 1-forms ¢ = (1, 1, 0, 0) andé = (—1,0, 1, 0). Show—by using the
vectors €y and ¢; as arguments—that ¢ ® f # f ® .
Find the components of the symmetric and antisymmetric parts of & ® B.

Symmetric and antisymmetric tensors

A tensor T of rank 2 in four-dimensional spacetime with Minkowski metric
neg = diag(—1, 1, 1, 1) has contravariant components

01 0 0

1-10 2
T =

20 0 1

10 —20

Find
1. The components of the symmetric tensor T *# and the antisymmetric tensor
Tlesl,
2. The mixed components 7§’
3. The covariant components T,g.

Does it make sense to talk about the symmetric and the antisymmetric parts of
a mixed tensor, i.e. a tensor with both vector- and form-arguments? Explain!

3.4. Contractions of tensors with different symmetries

(2

2
Let A be an antisymmetric tensor of rank <0>, B a symmetric tensor of rank

0 2
), C an arbitrary tensor of rank (2) and D an arbitrary tensor of rank (O)
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Show that
AP By =0, A¥Cup = A Clop), Bupg D™ = BoygD“P. (3.137)

3.5. Coordinate transformation in an Euclidean plane

In this exercise we shall consider vectors in an Euclidean plane. Let {Ex, Zy} be
an orthonormal basis in the plane,

-

€ -€; = 6ij-
A position vector as decomposed in this basis is

X =x'ée; = xé, + ye,
A new coordinate system {x/, y/} is related to the {x, y}-system by the transfor-
mation

X'=2x—-y, y=x+y

(a) Find e, and ¢, expressed in terms of ¢, and é,

(b) Find the basis vectors in the {x’, y'}-system in terms of {&,, &, }.

(c) Find the components of the metric tensor in the {x’, y }-system.

(d) Calculate the line-element in the {x’, y’}-system.

(e) We now define a set of basis vectors @' by &' = Mii’Ei with summation over i.
The scalar products of these vectors define the contravariant components of the
metric tensors.

Use this to find the contravariant components of the metric tensor in the
{x',y'}-system.



Chapter 4 ®)
Accelerated Reference Frames Check for

Abstract This chapter begins with an introduction to the formalism used to project
four-dimensional spacetime into a 3-dimensional spatial 3-space. Then we apply this
formalism to deduce the spatial geometry in a rotating reference frame and discuss
Ehrenfest’s paradox. Also we show that it is impossible to Einstein synchronize
clocks around a closed path in a rotating frame because this leads to a contradiction
in a non-rotating frame. Gravitational time dilation and frequency shift, and also
the Sagnac experiment are discussed. Finally we give an introduction to special
relativistic kinematic in a uniformly accelerated reference frame in flat spacetime. It
is pointed out that an observer experiences an acceleration of gravity in such a frame.

4.1 The Spatial Metric Tensor

Let &, (x° = cr) be the 4-velocity field of the reference particles in a reference frame
R. We are going to find the metric tensor y; in a tangent space orthogonal to ¢
expressed by the metric tensor g,,, of spacetime.

The spatial basis vectors {¢;} are not in general orthogonal to &y in an arbitrary
coordinate basis {Zu}~ We choose € |¢;. Let é;, be the component of é; orthogonal
to o, that is ¢;, - éy = 0. The spatial metric tensor is defined by

Yi = €L €L, Yoo = Yio=i=0. 4.1)

It follows that the spatial metric tensor is symmetric. It is the projection of the
metric tensor of spacetime onto the surface orthogonal to the 4-velocity field of
the reference particles in the given reference frame. Hence it describes the spatial
geometry in the simultaneity 3-space of the reference frame.

The component of ¢; along & is

e = s——=€y = —&o. 4.2)
Hence, the component of ¢; orthogonal to € is
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Eu_ = E,’ — 2,'” = 2,‘ — —€y. (43)
Thus, the non-vanishing components of the spatial metric tensor are

5 8i0 - > 8j0 - N
Vij =\|¢é — —¢€y ) - ej — —€y) | =¢€;- €j
800 800

8j0- - 8i0 - o 8i0&jo

—2=¢y-€ — ——€ - ¢+ %€ €
800 800 800
gingjo  &io&jo , &io&jo 8i08jo
=gij_‘f_’f+’f=g,-j—”. “4.4)
800 800 800 800
The spatial line-element is
d? = yydid = (gij _ gi‘)gfo)dxfdxf. (4.5)
800

This line-element gives the distance between simultaneous events in a reference
frame where the metric tensor of spacetime in a co-moving coordinate system is g, .
Consider a transformation of the form

K0 =x° (x“/), X =x (xi/> (4.6)

Applying the transformation Eq. (3.113) to each term in Eq. (4.4) and noting that
Mg, = 0 for the transformation (4.6) we get

Vip = MiMy;. 4.7)
This shows that y;; transform as tensor components under a transformation of the

form (4.6).
From the transformation (4.6) we have

9 axt 9
0 90 g “8)
Since 9x'/3x% = 0. Thus
- ax0 _
ey = W@o, (49)

showing that ¢y is parallel to €. It follows that the 4-velocity field of particles
with fixed coordinates in two coordinate systems connected by a transformation of
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the form (4.6) is identical. This means that Eq. (4.6) represents coordinate trans-
formations between different coordinate systems that are both co-moving with the
same reference frame. Hence transformations of the form (4.6) are called internal
coordinate transformations.

Equation (4.7) shows that the components of the spatial metric tensor transform as
tensor components and the spatial line-element are invariant under internal transfor-
mations, i.e. under transformations between different coordinate systems co-moving
with one and the same reference frame.

The line-element of spacetime can be expressed as

ds? = —cdi* + di?, (4.10)

where df = 0 represents the simultaneity defining the spatial line-element. The
temporal part of the line-element may be expressed as

di* = dI* — ds® = (Yuo — guv)dxdx”
= (v — gy)dx'd¥’ + 2(yi0 — gio)dx'dx” + (00 — goo)dx"dx”

8i0&jo . i 2
= (gz:/‘ - g—J - gij>dx v — 2gi0dx'dx’ — goo (dx°)
00

- _800[(dx0)2 + 250 404y 4 deidx]}
800 g(%o
) [(_gm)l/z (dxo " ;del)] ' (4.11)
800
It follows that
di = (—go0)"? (dx0 + @dxi). “4.12)
800

The 3-space orthogonal to the world lines of the reference particles in R, defined
by d7 = 0, corresponds to a coordinate time interval

dr = — 80 gy (4.13)
800

This is not an exact differential, that is, d¢ is not integrable, which means that
one cannot in general define a 3-space orthogonal to the world lines of the reference
particles, i.e. a “simultaneity space”, in an arbitrary reference frame. We must also
conclude that unless g;0/goo is constant, it is not possible to Einstein synchronize
clocks around closed curves.
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4.2 Einstein Synchronization of Clocks in a Rotating
Reference Frame

We shall show that it is not possible to Einstein synchronize clocks around a closed
curve in a rotating reference frame. If this is attempted, contradictory boundary
conditions in the non-rotating laboratory frame will arise, due to the relativity of
simultaneity (See Fig. 4.1).

The distance in the laboratory frame between two points is

2
Ax =TT (4.14)
n

We now make a Lorentz transformation from the instantaneous rest frame (t’ , x’)
of the circumference of the rotating frame R to the non-rotating laboratory frame

i
At=V<At/+220Ax/)s Ax=y(Ax +rodl), y = ——, @15
C

where 1 is the radios of the circumference and w is the angular velocity of R.
The proper distance between two points with distance (4.14) in the laboratory
frame is Ax’ = y Ax. Hence we get a time difference

t+2At

t & t+nAt (discontinuity)

Sl]

t+(n-1) At

Sn-l

Fig. 4.1 Simultaneity in a rotating frame. Events that are simultaneous in the rotating frame are
not simultaneous in the stationary frame
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2227”

A=y ax=y (4.16)
C

2 n

In the laboratory frame for simultaneous events in the rotating frame separated
by a proper distance Ax’. This is due to the relativity of simultaneity. Around the
circumference the time difference is accumulated to

27w

nAt =y , “4.17)

2

and we get a discontinuity of simultaneity as shown in Fig. 4.2.
Let IF be an inertial frame with cylinder coordinates (7, R, ®, Z). The line-
element has then the form

ds* = —c?dT? + dR* + R*dE* + dZ°. (4.18)
In a reference frame RF rotating with constant angular velocity w we have co-
moving cylinder coordinates (, r, 6, z). The two coordinate systems are related by

the coordinate transformation

t=T, r=R, 0=0 —oT, z=7Z. 4.19)

1T =t =constant

f =constant

‘-__.—-"‘/

f# =constant

T =t =constant

Fig. 4.2 Discontinuity of simultaneity in rotating frame
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The first equation means that the coordinate clocks in RF go with a position
independent rate equal to that of the clocks in the non-rotating frame IF, i.e. equal to
that of the inertial rest frame of the rotational axis.

The line-element in the co-moving coordinates in RF is

ds? = — 2 dr? + dr? + r*(d6 + wdr)® + d2?
= — (1 = Po?/?)d* + dr? + 7d6* + dz* + 2r7w do dr. (4.20)

The metric tensor has the following components
gu=—(1—-rw/c).gn=8:=1.80=r" 80 =80 =r'o. (421
Putting df = 0 in Eq. (4.20) gives
ds? = dr? + r*do? + dz°. (4.22)
This represents the Euclidean geometry of the 3-space in IF.
The non-vanishing components of the spatial metric tensor (4.4) in the co-moving

coordinate system of the rotating frame are

2 2. .27.2 2
g0 5 rro°/c r

= = 1’ = —_——_— =7 — = . 423
Vir = Yz Yo = 806 200 _(1 — rzwz/cz) 1— rzwz/cz ( )

Inserting this into Eq. (4.5) gives the spatial line-element in the co-moving
coordinate system of the rotating frame

r>do? 5
Taﬂ/cz + dz”. 4.24)

dr =dr* +

It describes the geometry of a local 3-space orthogonal to the world line of a

reference particle in RF. This 3-space cannot be extended to a finite 3-dimensional

space in RF since Einstein synchronization is not integrable in RF. From the line

element (4.20) it is seen that the geometry of this local simultaneity space in RF is
non-Euclidean. The circumference of a circle with radius r is

2
= —2" ooy (4.25)

V1 —rtw?/c?

This means that the spatial geometry is hyperbolic in the rotating frame.

We shall now explain this result first from the point of view of observers at rest
in the non-rotating frame F, and then from the point of view of observes co-moving
with the “rotating” frame, R.
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We shall first define the concept standard measuring rod. A standard measuring
rod has by definition a constant rest length even if it is accelerated. It is not allowed by
a standard measuring rod to be compressed or strained. Hence a standard measuring
rod will have a Lorentz contraction according to its velocity.

As observed from F the measuring rods along a circle about the origin have a
velocity v = rw. Hence they will be Lorentz contracted by the factor /1 — r2w?/c2.
Hence there is place for more standard measuring rods around the circle the faster
the frame R rotates. Therefore the measured length of the circle will be larger by
this factor. This is the reason for the result (4.25) from the point of view of an F-
observer. Hence according to the F-observers there is no question of a non-Euclidean
geometry. The result (4.25) is explained by the Lorentz contraction of the standard
measuring rods.

It may further be noted that since the material of a rotating disc cannot Lorentz
contract an engraved scale on the disc cannot be used as a set of standard measuring
rods. When the disc is put into rotation the material tries to Lorentz contract in the
tangential direction, but is not allowed to do so. Hence a tangential strain will develop
in the material of a disc that is put into rotation.

We shall now assume the validity of the principle of relativity for rotating motion.
Then the observers in R can think of themselves as at rest and the environment as rotat-
ing. From this point of view the standard measuring rods are not Lorentz contracted.
Hence the explanation of the F-observers does not work for the R-observers.

According to Einstein’s interpretation of the general theory of relativity the expla-
nation of the R-observes is as follows. The R-observer experiences what in Newton’s
theory is called a centrifugal force field. According to the principle of equivalence
this is reckoned as a gravitational field in the theory of relativity. The R-observer
will say that there is a non-Euclidean spatial geometry in the R-frame, and that this
is connected with the gravitational field which is present in this frame.

In general an experimental result—in the present case that the measured length
of a rotating disc with radius r is larger than 27 r—is independent of the reference
frame that the experiment is described from, but the explanation of the result depends
upon the motion of the observer’s reference frame.

4.3 Angular Acceleration in the Rotating Frame

We will now investigate what happens when we give RF an angular acceleration.
Then we consider a rotating circle made of standard measuring rods, as shown in
Fig. 4.3.

All points on a circle are accelerated simultaneously in IF (the laboratory system).
We let the angular velocity increase from w to w + dw, measured in IF. Lorentz
transformation to an instantaneous rest frame for a point on the circumference then
gives an increase in velocity in this system:
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"nail"

"

Standard measuring rod

Fig. 4.3 Nonrotating disc with measuring rods. The standard measuring rods are fastened with
nails at one end so that they are free to contract when the disc is put into rotation

rde) = ——— . (4.26)

Due to the relativity of simultaneity the points on the disc at the front end of the
rods are accelerated before the points on the disc at the rear ends, in the rotating
frame. The time difference of the accelerations at the front and rear ends is

rwLo/c?
V1= P22/

where Ly = 2nr/n is the rest length of the rods. In IF all points of the circumference
are accelerated simultaneously. However, in RF the front points are accelerated before
the rear points, so the distances between the points will increase, i.e. the length of
the circumference of the disc will increase.

It is a defining property of standard measuring rods that they shall move in such
a way that their proper length is preserved. They are not allowed to be stretched
or compressed. The standard measuring rods must therefore move under a different
acceleration program than the points on the disc. All the points of the standard rods
are accelerated simultaneously in RF. Hence the measuring rods will separate from
each other during a period with angular acceleration of the disc as shown in Fig. 4.4.

In IF the separation of the rods is interpreted as a consequence of the Lorentz
contraction of the standard rods.

As observed in RF the distance between the rods is increased by

Al = 4.27)
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M

Standard measuring rod,
Lorenz contracted

Fig. 4.4 Lorentz contacted measuring rods on a rotating disc. Separation of the measuring rods
has different explanations as referred to IF and RF. The standard measuring rods have been Lorentz
contracted as observed in IF, while the length of the periphery has increased as observed in RF

rrwLydw/c?

ds =rdo' At = ——————..
A) raw (1 — r2w2/c2)3/2

(4.28)

The increase of distance during the acceleration period is

2Ly [ d 1
§=" 20/ ke = 1) L. (4.29)
(1-
0

c r2w2/c2)3/2 T—1r2a?/c?

Hence, after the acceleration period there is a proper distance s’ between the rods.
In the laboratory system, IF, the distance between the rods is

1
s = VT= P = JT= Pt —— — 1)1,

=Ly — Lo/ 1 — rrw?/c2. (4.30)

We now have the situation shown in Fig. 4.4. There is room for more standard
rods around the periphery the faster the disc rotates. This means that as measured
with measuring rods at rest in the rotating frame the measured length of the periphery
(number of standard rods) gets larger with increasing angular velocity. This is how
an inertial observer would explain the measuring result of the rotating observer.
According to the rotating observer, however, the disc material has been stretched in
the tangential direction. Note that as measured by the inertial observer the length of
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the periphery is 27 r independent of the angular velocity of the disc, since the inertial
observer uses measuring rods at rest in the non-rotating reference frame.

4.4 Gravitational Time Dilation

We consider a standard clock moving along a circle about the rotational axis. This
clock has constant r and z. Along the world line of the clock the line element (4.20)
can be written as

) 240 rrw? r? ) r’w
ds* =c*dr| —(1— |+ 5o+ 2—20)(, . 4.31)
c c c

where w, = df/dr is the angular velocity of the clock in RF. Utilizing the physical
interpretation of the line-element (3.91) for a time-like interval we conclude that the
proper time interval dt of the clock is related to the coordinate time interval in RF
by

22 2 2
dr = dt\/l S R Mo (4.32)
C c c

which may be written

dr = dt\/ 1—r(w+ w)* /. (4.33)

Here t represents proper time in RF at the axis, » = 0, which is equal to the proper
time in IF, and 7 represents proper time at an arbitrary point in RF. Since the rate of
coordinate time is position independent, it follows that the rate of proper time in RF
decreases with increasing distance from the axis. Also it decreases with increasing
angular velocity w of RF relative to IF, and it depends upon the angular velocity w,
of the clock in RF, both its magnitude and sign. The rate of proper time of a clock
moving in RF compared to the time in IF, dr/d¢, is maximal for w, = —w. Such a
clock is at rest in IF which is non-rotating relative to the large scale cosmic masses.
For this clock dr = dt. As considered in RF such a clock moves together with the
large-scale cosmic masses. Hence a clock at rest relative to the large scale cosmic
masses goes at a maximal rate.

A standard clock at rest in RF has w, = 0. The proper time interval of these clocks

202
dr =dn/1——-. (4.34)

Seen from IF, the non-rotating laboratory system, Eq. (4.34) represents the
velocity-dependent time dilation from the special theory of relativity.

is
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But how is Eq. (4.34) interpreted in RF? The clock does not move relative to
an observer in this system, hence what happens cannot be interpreted as a velocity-
dependent phenomenon. According to Einstein, the fact that standard clocks slow
down the farther away from the axis of rotation they are is due to a gravitational

effect.

We will now find the gravitational potential at a distance r from the axis. The

centripetal acceleration is r? so

' "o, 1,5
D= —/ g(rydr = —/ ro‘dr = —=r-w”. (4.35)
0 0 2

We then get

rlw? 2P
dt =diy/1 — —— =d,/1 + —-. (4.36)
c

c

In RF the position-dependent time dilation is interpreted as a gravitational time
dilation: Time flows slower further down in a gravitational field.

4.5 Path of Photons Emitted from the Axis in a Rotating
Reference Frame

Let us first describe the photon paths in the inertial frame IF. In this frame the photon
paths are radial. Consider a photon path with ® = 0, R = T with light source at
R=0.

Transforming to RF the equation of the path is,

r=t, 6=—ot 4.37)

The orbit equation is thus & = —wr which is the equation for an Archimedean
spiral. The time used by a photon out to distance r from axis is t = r/c.

4.6 The Sagnac Effect

The Sagnac effect appears when a beam of light is split and the two beams are made
to follow the same path, but in opposite directions. Returning to the point of entry the
two light beams are allowed to undergo interference. The phases of the two beams,
and thus the position of the interference fringes, are shifted depending upon the
angular velocity of the apparatus.

Let us first describe the Sagnac effect in the inertial rest frame of the axis of the
apparatus. In this frame the velocity of light is isotropic, but the emitter/receiver
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Fig. 4.5 The Sagnac effect. Emitter/Receiver
Experiment demonstrates the
anisotropic velocity of light
as observed by a non-local
measurement in a rotating
reference frame

moves due to the disc’s rotation as shown in Fig. 4.5. Let ¢, be the travel time around
the disc of photons that move with the rotation.
Then

2nr + rot; = cty, (4.38)
giving
2r

= (4.39)

C—rw

For light travelling in the opposite direction the travel time is shorter because the
light meets the emitter/receiver,

fy = 27 (4.40)
T ctro )
The difference in travel time is
Ar—t . ) 1 1 2w r2rw ,4Aw 441)
= —_ = LTl _ = = , .
TR c—rw c+row ¢z —riw? Y c?

where A is the area enclosed by the photon path or orbit.

We shall now describe the same experiment from the point of view of an observer
at rest in a frame rotating together with the apparatus. In this case the line-element is
given by Eq. (4.31) with w¢ replaced by the angular velocity of the light, w;. Since
ds®> = 0 along the world line of the light, the equation of motion of the light takes
the form
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r(wp +»)? —c* =0, (4.42)
which has the solutions
wp,=—wxc/r. 4.43)
Hence, the speed of the light is
vix = —ro L. (4.44)

We see that in the rotating frame RF the measured round trip velocity of light is
not isotropic. The difference in travel time of the two beams is

1 1 L 4Aw
At=t —t,b =2nr — =y —. (4.45)
c—ro c+ro c?

In agreement with the time difference (4.41) observed in IF. In IF this time dif-
ference is explained as a consequence of the motion of the apparatus, while in RF,
where the apparatus is at rest, it is explained as due to the anisotropic velocity of
light.

4.7 Non-integrability of a Simultaneity Curve in a Rotating
Frame

We shall here give some supplementary remarks to the treatment of Einstein syn-
chronization in a rotating reference frame in Sect. 4.1. There we made a separation
of the spacetime line-element, ds?, in a spatial part, d/?, and a temporal part, ¢>d??,
according to ds? = dI* — ¢*dt?, where

ai? = <g,.j — giogjo)dxidxj, ddi = /=g (dxo + gﬂdxl‘), Xo=ct. (4.46)
800 800

As applied to the rotating reference frame R this gives

2 2 2
A =dr 4 — g d2 di= 1= e - —"% _ap).
rt 1 —riw?/c? td c? 1 —riw?/c?

(4.47)

Here d = 0 means simultaneity in the non-rotating laboratory system, IF, and
d? = 0 simultaneity in the rotating frame, RF. The simultaneity of the laboratory
frame is defined globally, but simultaneity in the rotating frame, RF, is only defined
locally. With df = 0 we get
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# =constant — { =constant

N

Fig. 4.6 Discontinuous simultaneity surface in a rotating frame

7'260

dt=————
1 —rlw?/c?

(4.48)

which is not a total differential. This means that simultaneity in the rotating frame
RF cannot be defined around a closed curve about the axis. If define simultaneous
events in RF along a circle about the axis, we come to progressively later events in
IF as given by Eq. (4.48). Going around the circle we arrive at the point of departure
at a later event than the one we started from. This means that the 3-space defined
by simultaneity in RF does not represent a simultaneity space in IF. In a Minkowski
diagram with reference to IF the 3-space is shaped as shown in Fig. 4.6. It has a
discontinuity.

4.8 Orthonormal Basis Field in a Rotating Frame

We saw in Sect. 4.1.1 how the spatial metric representing a simultaneity space of an
observer with 4-velocity # was defined in terms of orthogonal basis vectors, where
the time-like basis vector was chosen to be the 4-velocity of the observer. It has a
magnitude c.

Let us define an orthonormal basis vector field, also called a tetrad field, co-
moving with an observer at rest in an arbitrary reference frame. The 4-velocity of
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the observer is u. As time-like unit basis vector we choose

- 1.
ey = —u=—ey = €. (4.49)
c

We shall express the spatial vectors of this co-moving orthonormal basis in terms
of the coordinate basis vectors in a coordinate basis {€o, €1, €2, €3} where ¢ is parallel
to i, and the spatial coordinate vectors need not be orthogonal to the time-like basis
vector.

As shown in Sect. 4.1.1 a space-like basis vector ¢; may be separated in one
component

ey = 5%, (4.50)

- - - S S
along ¢p and one ¢;| = e; — ¢; orthogonal to e, i.e.

.. =2 — 2%, (4.51)

800

Since this vector has a magnitude |¢;,| = +/¢;1 - ;1 = ./Vi, the corresponding
unit vector is

&= (ya) 2 (2,- - @EO). (4.52)
800

The second and third space-like vectors in the orthonormal basis are then given
by

G5 =¢-8=08=¢x35 (453)

>
>
3
>

Let us now consider the rotating reference frame, RF. The coordinate transforma-
tion is

T=t,R=r,®=0+wt,Z=1z. (4.54)

Hence the transformation from the coordinate basis vectors in IF to those in RF
is
N oT 00 _ - - o N - S -
b= lr o lo = twée, & = ir, & = Co, & = &z (4.55)
Note that even if T = ¢ the basis vectors 7 and ¢; have different directions.
The vector field e7 is directed along the world lines of the reference particles in IF
that are parallel to the cylinder axis in the figure above while the vector field ¢; is
directed along the world lines of the reference particles in RF which has the spiral
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shape given by 6 = constant shown in Fig. 4.6. The simultaneity space in IF is the
horizontal planes orthogonal to e7, and the simultaneity space in RF is a succession
of simultaneity spaces locally orthogonal to é,.

In order to find the orthonormal basis carried by an observer in RF by means of the
formulae above, we must first find the components of the 4-velocity in the co-moving
coordinate system in RF. Since the observer is at rest in RF, the time component is
the only non-vanishing component. It follows from the line-element in RF as applied
to an observer at rest that the 4-velocity is

dr c R
— € = —F/——————¢€;.
dr V1 —=rtw?/c?

Inserting Eq. (4.56) into Eq. (4.49) and the expressions (4.21) and (4.23) for the
components of the metric tensor and the spatial metric tensor in RF into Eq. (4.52)
then give the orthonormal basis carried by an observer in RF

- 1 V1—ria?/c? ro/ct
- Gy + (4.57)

e .o
e = €, 6 =6, 65 =

7 2 2 0 ér-
— o r M-/

Example 4.8.1 (The acceleration of a velocity field representing rigid rotation) The
velocity field is

(4.56)

u=c

Cc

V= rwé; = wey. (4.58)

Note that the coordinate component of the velocity is not equal to the physical
velocity component. The physical velocity components are those in an orthonormal
basis (Fig. 4.7).

&

We shall calculate the acceleration field, a = o

differentiation we get

. Using the chain rule of

Fig. 4.7 Rigid rotation -
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8v%_ M8v

a= = . 4.59
a4 oxt dt Y oxH ( )
Since the only non-vanishing velocity component is v/ = w we get
- v
a=w—. (4.60)
00
This gives
- d(we, de
i= ol _ 20% (4.61)
a0 a0
We have found earlier that
é, = cosbe, +sinbe,, ¢y = —rsinbeé, + rcosHé,. (4.62)
Differentiation gives
dég . oL . -
20 = —rcoste, —rsinfe, = —re, = —re;. (4.63)
Hence the acceleration is
a=—rwe;. (4.64)

This is the centripetal acceleration for circular motion.

4.9 Uniformly Accelerated Reference Frame

Consider a particle moving along a straight line with velocity u and acceleration
a = du/dT. The acceleration in the instantaneous inertial rest frame of the particle,
its proper acceleration, is denoted by a and is given by

a=(1-u/*) " (4.65)

Assume that the particle has constant proper acceleration a = g, that is

d
3 = (=) "%, (4.66)

which on integration with u(0) = 0 gives
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dx gT

u=r = m (4.67)
Integrating once more gives
X = é(] + g)lﬂ +k, (4.68)
g c
where k is a constant of integration. This may be written
X —k)?* =217 =g (4.69)

This describes a hyperbola in the Minkowski diagram as shown in Fig. 4.8.
The proper time interval as measured by a clock which follows the particle is

I/l2 1/2
dr = (1 - —2) ar. (4.70)
c

Substitution for u(7T) and integration with t(0) = 0 give

T
T = Earcsinh<g—), “4.71)
g c

or

Fig. 4.8 Hyperbolic motion.
Graph is the world line of a
reference particle in a
uniformly accelerated
reference frames as drawn
with reference to the inertial
frame in which the particle is
at rest at the point of time
T=0
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T = § sinh(‘%). 4.72)

Inserting this into Eq. (4.68) gives

c? gt
x =% cosh(—) k. (4.73)
g c

We now use this particle as the origin of space in an uniformly accelerated
reference frame, AF. With the initial condition X (0) = 0 we get k = —c?/g and

1+ 85— cosn &7 (4.74)
c c

Example 4.9.1 (Uniformly accelerated motion through the Milky Way) Let a traveller
traverse the Milky Way, say a distance of a hundred thousand years, with a constant
proper acceleration equal to 9.8 m/s?, to the centre and then reversing the acceleration
so that the traveller stops at the other side. The travel would take approximately a
hundred thousand years as measured by the stationary observer. It has been said that
the traveller would only become around 20 years older during the travel.

Let us see how this comes about. Let X be the distance and 7 the time as measured
by the stationary observer, T the proper time of the traveller and g = 9.8 m/s> the
proper acceleration. For uniformly accelerated motion, i.e. motion with constant
proper acceleration, we saw in Eqs. (4.72) and (4.74) that

1+ l = cosh g, g = sinh il 4.75)
c ¢ c

From the identity cosh?(g7/c) — sinh?(gt/c) = 1 it then follows that

2 2
R R

T X\ 2 X X\ 2
c c c c

In the present case we have 1 year = 3.16 x 107 s, 1 light year = ¢t = 9.48 x 10"
m, and the distance from the initial position of the traveller to the centre of the Milky
Way is X = 5 x 10* light years = 4.74 x 10?° m. Hence gX /c*> = 5.16 - 10* > 1,
so we can approximate the expression (4.73) by T = X /c. The reason that this is a
good approximation in the present case is that the traveller travels with approximately
the velocity of light during nearly all the time. This can be seen by calculating the
velocity as measured by the stationary observer by taking the differentials of the
expressions (4.75)

or




108 4 Accelerated Reference Frames

-6 -5 -4 -3 5 ar/c

Fig. 4.9 The velocity of a uniformly accelerated particle

dx
U= —ctanh &%, (4.78)
dr c

The velocity as a function of the proper time is shown in Fig. 4.9.

We see that already at gv/c = 2 corresponding to gX /c?> = 2.8 or a travelled
distance of about 2.7 light years, the velocity of the traveller is close to that of light.
Then the travel time to the centre of the Milky Way as measured by the stationary
observer is close to T = 50 thousand years, giving g7 /c = 5.16 x 10*. Inserting this
into the second expression (4.75) written as

c .. gT
T = —arsinh— 4.79)
g c

gives T = 11.2 years. So the whole travel takes a hundred thousand years as measured
by the stationary observer, while the traveller only gets 22.4 years older. The traveller
ages extremely slowly because she travels with a velocity which is so close to the
velocity of light.

From her point of view she ages by only 22.4 years because the Milky Way moves
with nearly the velocity of light and is shaped like a disc which is only 22.4 light
years thick due to the Lorentz contraction.

Definition 4.9.1 (Born-rigid Motion) Born-rigid motion of a system is a motion
such that every element of the system has constant rest length.

The uniformly accelerated reference frame is required to move in a Born-rigid
way. Let the inertial frame has coordinates (7', X, Y, Z) and the accelerated frame
has coordinates (z, x, y, z). We now denote the X -coordinate of the “origin particle”
by Xo. From Eq. (4.73) we then have

X
14520 = cosh 820, (4.80)
c c
where T is the proper time for this particle and k is set to —c?/g. (These are Mgller
coordinates. Putting k = 0 gives Rindler coordinates).
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Fig. 4.10 Simultaneity in a
uniformly accelerated
reference frame. The vector

lf)

=

X lies along the
“simultaneity line” which €;
makes the same anﬂgle Wlth T P, ;
the x-axis as does ¢; with the €y
cT-axis

Ll

The coordinate time at an arbitrary point in AF is defined by ¢+ = 7. That is
coordinate clocks in AF run identically with the standard clock at the “origin particle”.
Hence, the coordinate time has a position independent rate. Let X, be the position
4-vector of the “origin particle”. Decomposed in the laboratory frame, this becomes

= c? .. 8t c? gt
Xo=4{—sinh—, —{cosh=— —1),0,0¢. 4.81)
8 c 8 ¢

P is chosen such that P and P, are simultaneous in the accelerated frame AF.
The distance (see Fig. 4.10) vector from Py to P, decomposed into an orthonormal
co-moving basis of the “origin particle”, is X = (0,%,9,z) where x,y and Z are
physical distances measured simultaneously in AF. The space coordinates in AF are
defined by

(4.82)

=
I
<>
<
I
‘q<>
A\l
I
2>

The position vector of P is X =Xy + X. The relationship between basis vectors
in IF and the co-moving orthonormal basis is given by a Lorentz transformation in
the x-direction,

coshn sinhn 00

. L oxt o - - o sinhn coshn 0 0
e =Cuy o = (er,ex,ey,ez,) 0 0o 10l (4.83)
0 0 01

where 7 is the rapidity defined by
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U
tanhn = —2. (4.84)
c
Here Uj is the velocity of the “origin particle”,

Uy = X0 _ ann & (4.85)
= — = ctann —. .
0 dT() C

Hence, in the present case the rapidity is

t
=&, (4.86)
C

So the basis vectors can be written as follows,
-~ o toL . t
e; = er cosh & + ex sinh g_,
c c
- - . t . t
e; = er sinh & + ey cosh g_,
c c
& =éy.é: = ¢y (4.87)
The equation X = )?0 + X can now be decomposed in IF,

CTET —I—sz + Yzy +ZEZ
2 2
c 1. c t N . t.
= — sinh g—eT + —(cosh g _ 1>ex + x sinh g—eT
g c g c c

t. o -
+ x cosh g—eX + yey + zeyz. (4.88)
c

This then gives the coordinate transformations:

T:isinh%—i—’c—‘_sinh%’,
X :%2 coshg?’ —1) +xcoshg7_’. (4.89)
Y=y,Z=¢

The transformations of 7 and X may be written
T t X t
8 _ (1+g) sinh &, 1452 = <1+g> cosh & (4.90)
¢ c? c c? c
It follows from these equations that

T X t
8~ 1+ 5 ) ann &, 4.91)
C C C
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showing that the coordinate curves t = constant are straight lines in the 7, X-frame
passing through the point T = 0, X = —c?/g.
Using the identity cosh? # — sinh? 6 = 1 we get

X\’ T\ 2
(1 + g—2> - <g—) - (1+%Y). (4.92)
c c c
showing that the coordinate curves x = constant are hyperbolae in the 7, X-diagram
(Fig. 4.11).
Taking the differentials of the coordinates in Eq. (4.89) gives the form of the

line-element in the co-moving coordinates of the uniformly accelerated reference
frame,

2
ds? = =T + X2+ Y2 472 = — (14 5) 2 + 4 + dy? + d22
c
(4.93)

cT

horizon

I=constant

 — p— ot =
X=constant

Fig. 4.11 World lines and simultaneity lines of a uniformly accelerated reference system.
Minkowski diagram of the world lines and simultaneity lines of the uniformly accelerated reference
frame AF with reference to the inertial frame IF in which AF is atrestat 7 = 0
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The line-element is an invariant quantity, but looks different in different coordinate
systems. Note that the metric is diagonal, i.e. only components with equal indices
are different from zero when the basis vectors are orthogonal.

‘We now consider standard clocks at rest in the accelerated reference frame, i.e.
dx = dy = dz = 0 along the world lines of the clocks. Then the line-element (4.93)
reduces to

2
a? = —(1+ 5) e, (4.94)
c

Utilizing the physical interpretation (3.91) of the line element for a time-like
interval we obtain the relationship between the proper time and the coordinate time

dr = (1 n i—f)dr. (4.95)

Since the rate of coordinate time is position independent, this equation tells how
the rate of proper time depends upon the position.

An observer in the accelerated frame AF experiences a gravitational field in the
negative x-direction. When x < 0 then dtr < dr. Equation (4.95) says that time
passes slower further down in a gravitational field. This is called the gravitational
time dilation.

Consider a standard clock moving in the x-direction with velocity v = dx/dr.
Then

2 2 2
_ctde? = _(1 n %) 2 4 di® = _[(1 + %) — v—z]czdﬂ (4.96)
C C C

Hence

2 2
dr=\/(1+5) - Sar. 4.97)
c c
This expresses the combined effect of the position dependent gravitational time
dilation and the velocity-dependent kinematic time dilation.
Let us consider how light moves in the uniformly accelerated reference frame.
As a simple example we consider light moving in the y-direction in the laboratory
frame,

X =Xo,Y =Yy +cT,Z=0. (4.98)

Inserting this in the coordinate transformation above we obtain

L 1+ ) 4 [Eo—w] = (1+22). o)
- c2y Yo), 2 C2y Yo 2 ) .
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The last equation shows that the light moves along a circular path with radius
Xo + ¢?/g. Differentiating the equation of the trajectory with respect to x we obtain

dy x+c?/g

(4.100)
dx y—>Y0

Hence dy/dx = 0 at the horizon. In other word the light moves in the vertical
direction at the horizon. At that position the light has no motion in the y-direction.
The reason is that the time does not progress at the horizon.

Note also from the line-element that

z_’: _ (1 n %)C (4.101)

for light moving in the x-direction. Light moves slower the further down it is in the
gravitational field, and the coordinate velocity of the light approaches zero as the
light approaches the horizon.

4.10 The Projection Tensor

An observer moves through spacetime with a 4-velocity #. An arbitrary 4-vector a
shall be decomposed into one component, a;, along # and one, @ , orthogonal to i,
so that @ = @ + a . Using units so that ¢ = 1 the 4-velocity is then a time-like unit
vector, # - u = —1, and

&y = % - —(G-W)id, =d+ @D (4.102)

In the following we shall need the corresponding 4-velocity form,

P (4.103)

Definition 4.10.1 (The Projection Tensor) The projection tensor, P, is a mixed
tensor of rank 2 which is given in terms of the unit tensor I = w* ® ¢, of rank 2, the
4-vector u and the corresponding 4-form u as

P=1+uQ®u. (4.104)

The mixed components of the projection tensor are

P’ =68 +uu’. (4.105)
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Note that the last term is not a scalar product. The covariant components of the
projection tensor are

P = guv +uyuy. (4.106)

Applying the projection tensor to the vector a and noting from the line below
Eq. (3.73), that I(a) = a, we get

P(a) = 1(@) + (u® i) (@) = d +u@ii = a+ (@- )i = a, . (4.107)

This means that when one applies the projection tensor to a vector & one gets out
the component a, of the vector orthogonal to the vector u of the projection tensor.
In other words one gets the projection onto the simultaneity space orthogonal to the
time direction of the observer with 4-velocity .

Example 4.10.1 (Covariant condition for uniformly accelerated motion) The covari-
ant condition for uniformly accelerated motion of a particle is that the proper acceler-
ation of the particle is constant, which means that the projection of the rate of change
of the acceleration vector vanishes in an instantaneous rest system of the particle. The
covariant mathematical expression of this is: P(da/dt) = 0, where 7 is the proper
time of the particle. The component form of this condition is: P da”/dt = 0.

Example 4.10.2 (Spatial metric and the projection tensor ) We shall here generalize
Formula (4.4) for the spatial metric tensor. Consider a coordinate interval dx*. It
has a component orthogonal to a 4-velocity u given by d/* = P“dx®. The invariant
spatial line-element is

dI? = dl,dI* = gupdl*dlP = g,sP4PPdx!dx” = P,gPldx*dx". (4.108)

The components of the spatial metric tensor in a simultaneity space orthogonal
to # may be defined by

di* =y, dx"dx". (4.109)
This gives

Viw = PupP] = (up + tttp) (8 + wtt”) = g + oty + w1t

+ uuyugu’ = g, + uuu,. (4.110)

The right-hand side is the covariant components of the projection tensor. Hence
the spatial metric tensor is equal to the projection tensor,

Y :P/w' “4.111)
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We shall now consider the simultaneity space of an observer at rest in the
coordinate system. Then the contravariant components of the 4-velocity are

u' = (=goo)”(1,0,0,0). (4.112)
The covariant components are

o = —(—go0)"'*, u; = (—g00) ™ *gio- (4.113)
Substituting these expressions into Eq. (4.110) gives

8i0&jo
Yoo = Yio =0, yyj = gj — ~—=—, (4.114)
800

in agreement with Eq. (4.4).

Exercises

4.1. Relativistic rotating disc

A disc rotates with constant angular velocity in w in its own plane and around a fixed
axis A. The axis is chosen to be the origin in a non-rotating Cartesian coordinate
system (x, y) with coordinate clocks showing ¢. (The z-coordinate is kept constant
from now on). The motion of a given point on the disc can be expressed as

x =rcos(wt + ¢),y = rsin(wt + ¢), (4.115)

where (r, ¢) are coordinates specifying the point at the disc.

(a) An observer is able to move on the disc and performs measurements of distance
between neighbouring points at different locations on the disc. The measure-
ments are performed when the observer is stationary with respect to the disc.
The result is assumed to be the same as that measured in an inertial frame with
the same velocity as the observer at the time of the measurement. The lengths
measured by the observer are given by

de* = fi(r, p)dr* + fo(r, p)dep*. (4.116)

Find f, (r, ¢) and f>(r, ¢).

We now assume that the observer measures the distance from the axis A to a
point (R, 0) along the line ¢ = 0, by adding the result of measurements between
neighbouring points. What is the result the observer finds? Furthermore the observer
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measures the distance around the circle r = R. What is then found? In what way,
based on this result, is it possible to deduce that the metric considered by the observer
is non-Euclidean? Will the observer find a negative or positive curvature of the disc?

We introduce coordinates (7, X, ¥) that follow the rotating disc. They are given by

t=t X=rcosg, y=rsing. 4.117)

(b) Find the invariant interval ds*> = dx? 4+ dy? — ¢2df? in terms of the coordinates
%, 9).

(c) Light signals are sent from the axis A. How will the paths of the light signals
be as seen from the (X, y) system? Draw a figure that illustrates this. A light
signal with the frequency vy is received by the observerin r = R, ¢ = 0. Which
frequency v will be measured by the observer?

(d) We now assume that standard clocks measuring proper time are tightly packed
around the circle »r = R. The clocks are at rest on the disc. We now want to
synchronize the clocks and start out with a clock at the point (R, 0). The clocks
are then synchronized in the direction of increasing ¢ in the following way:
When a clock is tuned at a point ¢, the clock at the neighbouring point ¢ + d¢
is also tuned so that it shows the same time at simultaneity in the instantaneous
rest frame of the two clocks.

Show that there is a problem with synchronization when this process is per-
formed around the entire circle, by the fact that the clock we started out with is no
longer synchronous with the neighbouring clock which is tuned according to the
synchronization process. Find the time difference between these two clocks.

(e) Locally around a point (r, ¢, t) we can define an inertial system being an instan-
taneous rest frame of the point (r, ¢) on the disc. We introduce an orthonormal
set of basis vectors ¢;, €; and ¢; in this frame. The vector ¢; points along the
time axis of the system, Eg points radially and e; tangentially. Find the vectors
expressed by ¢, ¢, and é,.

4.2. Uniformly accelerated system of reference

We will now study a coordinate system (¢, x) co-moving with a uniformly accelerated
reference frame, AF, in a 2-dimensional Minkowski space. The connection with a
Cartesian coordinate system (7', X) co-moving with an instantaneous inertial rest
frame, IF, of AF at the point of time 7 = 0 is given by the coordinate transformation

T = xsinh(at), X = xcosh(at) 4.118)

where a is a constant.

(a) Draw the coordinate lines # = constant and x = constant in a (7', X )-diagram.

(b) Find the line-element ds?> = —dT? + dX? expressed by ¢ and x.

(c) We now assume that a particle has a path in spacetime so that it follows one of
the curves x = constant. Such a motion is called hyperbolic motion. Why?
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(d)

(e)

dis
res

Show that the particle has constant acceleration when the acceleration is

measured in the instantaneous rest frame of the particle. Find the acceleration
of the rod has constant acceleration and the rod g. Find also the velocity and
acceleration of the particle in the system (7', X).
Show that at any point on the trajectory of a reference particle in AF the direction
of the coordinate axes in the (7', X )-system will overlap with the time and spatial
axis of the instantaneous rest frame of the particle. Explain why it is possible
to see from the line element that the X -coordinate measures length along the
spatial axis, whereas the T-coordinate, which is the coordinate time, is in general
not the proper time of the particle. For what value of X is the coordinate time
equal to the proper time?

The (¢, x)-coordinate system can be considered as an attempt to construct,

from the instantaneous rest frames along the path, a coordinate system covering
the entire spacetime. Explain why this is not possible for the entire space. (Hint:
There is a coordinate singularity at a certain distance from the trajectory of the
particle).
A rod is moving in the direction of its own length. At the time 7" = 0 the rod
is at rest, but still accelerated. The length of the rod measured in the stationary
system is L at this time. The rod moves so that the forwards point of the rod has
constant rest acceleration measured in the instantaneous rest frame.

We assume that the acceleration of the rod finds place so that the infinitesimal
tance d¢ between neighbouring points on the rod measured in the instantaneous
t frame is constant. Find the motion of the rear point of the rod in the stationary

reference system. Why is there a maximal length of the rod, Lmax ?

If the rear point of the rod has constant acceleration and the rod is accelerated as

previously in this exercise, then is there a maximal value of L ?

4.3. Uniformly accelerated space ship

(a) A spaceship leaves the Earth at the time 7 = 0 and moves with a constant
acceleration g, equal to the gravitational constant at the Earth, into space.
Find how far the ship has travelled during 10 years of proper time of the
ship.

(b) Radio signals are sent from the Earth towards the spaceship. Show that
signals that are sent after a given time 7 will never reach the ship (even
if the signals travel with the speed of light). Find T. At what time are the
signals sent from the Earth if they reach the ship after 10 years (proper
time of the ship)?

(c) Calculate the frequency of the radio signals received by the ship, given
by the frequency vy (emitter frequency) and the time f, (emitter time).
Investigate the behaviour of the frequency when the proper time on the
space ship T — oo.
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4.4. Light emitted from a point source in a gravitational field

A point-like light source is at the position x = x;, y = 0 in a uniformly accelerated
reference frame AF. A photon is emitted from the source at a point of time = 0. It
is emitted in the (x, y)— plane in a direction making an angle 6, with the x-axis.

Find the equation for the path followed by the photon, and identify the nature of
the trajectory.

4.5. Geometrical optics in a gravitational field

It was shown in Eq. (4.99) that light does not move along a straight path in the
gravitational field experienced in a uniformly accelerated reference frame AF, but
along a circular trajectory.

(a) A sphere seen from above. The observer P is at a height x = x;. The centre
of the sphere is at a distance b vertically beneath P. Light is emitted from the
surface of the body. It moves along a circular path with radius R = x;/sin#6,
where 0 is the angle between the light path and the x-axis at the position of
the observer. The corresponding angle without a gravitational field would be 6y
given by sin 6y = r/b, where r is the radius of the sphere. The acceleration of
gravity at the position of the observer is g/c?> = 1/x;.

Calculate how the angle 8 depends upon g, r and b.

(b) A sphere seen from below. Same as (a) but with the observer below the sphere.

(c) An experiment. Place a camera one metre above the centre of a sphere of radius
10 cm and another one a metre below in the gravitational field of the Earth.
Calculate the difference of 6 in photographs taken with the two cameras.



Chapter 5 ®)
Covariant Differentiation Check for

Abstract The theory of forms is a theory of antisymmetric tensors. In such a theory
we need an antisymmetric version of the covariant derivative such that the derivative
of aformis a form. Hence in this chapter we first introduce the covariant derivative and
then the antisymmetric exterior derivative. The relativistic Euler—Lagrange equations
are introduced and applied to deduce the equation of motion of free particles in curved
spacetime—the geodesic equation. Since gravity is not reckoned as a force in the
general theory of relativity “free particles” in this theory correspond to particles acted
upon by gravity in Newton’s theory. The fundamental equations of electromagnetism
in form language are also presented in this chapter.

5.1 Differentiation of Forms

‘We must have a method of differentiation which maintains the antisymmetry so that
differentiating a form gives out a form.

5.1.1 Exterior Differentiation

The exterior derivative of a O-form, i.e. a scalar function, f, is given by

df = Zic—fug“ = fuw", (6.1
where " are coordinate basis forms
w9\ _ su
w <8x"> =4l 5.2)
We then get
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o' = 8tw’ = o’ = dx". (5.3)

This shows that we can write the basis forms as exterior derivatives of the
coordinates in an arbitrary coordinate basis. The differential dx* is given by

dx*(dr) = dx*, (5.4)

where d7 is an infinitesimal position vector. Note that dx* are not infinitesimal
quantities. It follows that in a coordinate basis the exterior derivative of a p-form

— 0y, XA A dx (5.5)

has the following component form:

da= : dx"o A dxt dxtr 5.6

= g - ?aﬂl.../,bp,/,bo_x A\ e VASREIIVAN _-x ] ( . )

i

axg

Let (da),,.. ., be the form components of do. They must, by definition, be
antisymmetric under an arbitrary interchange of indices:

where (o = . This shows that the exterior derivative of a p-form is a (p + 1)-form.

1 1
do = ————(da) .., X" N - ANAX = =g, o, dXFO A A D
(p+ 1! i pl i
(5.7)
Hence

(d_“)uo...u,) =(p+ l)a[ul...xt,),;to]‘ (5.8)

The component form of the form equation doe = 0 is
py.pipoo] = 0- (5.9

Example 5.1.1 (Relationship between exterior derivative and curl) We consider a
1-form in a 3-space,

a=odx', x'=(xy72). (5.10)
Its exterior derivative is

do = o jdx/ Adx' (5.11)
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Also, assume that dae = 0. The corresponding component equation is a;, jj = 0

oro; j — o ; = 0. Writing it out we have
day, 0oy, Ja, dory day, Ja,
W_ay =0, % o2 =0, 32_¥=0' (5.12)
which corresponds to
Vxa=0. (5.13)
The outer product of an outer product is
¢ = d(dw), (5.14)
with component form
o = iam“# o A A AR, vy = 3—2. (5.15)
p! ’ dxViox"2
Since
2 2
v = ﬁ = vy = ﬁ (5.16)

the quantities o, ,.,,.v,v, are symmetric in v; and v,. On the other hand, the basis is
antisymmetric in v; and v,. We saw in Eq. (3.107) that the product of a symmetric
and an antisymmetric quantity vanishes. Hence, we have

d’a =0, (5.17)

which means that the second exterior derivative of a p-form (with scalar components,
see later) vanishes. This is sometimes called Poincaré’s lemma. For a 1-form, it
corresponds to the vector equation

V. (V x A)=0. (5.18)

Let o be a p-form and B a g-form. Then

d@AB) =da A B+ (—1)'andp. (5.19)
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5.1.2 Covariant Derivative

The general theory of relativity contains a covariance principle which states that
all equations expressing laws of nature must have the same form irrespective of the
coordinate system in which they are derived. This is achieved by writing all equations
in terms of tensors. Let us see if the partial derivative of vector components transform
as tensor components.

Consider a vector A = A*¢, = A" ¢,,,. The basis transforms as

0 axV 9
g 7 (5.20)
axv axv dxV
Hence
: 9 , ax” 9 , ax” 8 [oxH
AY, = ,(A“): all (A"): * T an). (5.21)
’ oxV dxV axV oxY ax¥ \ oxH
Performing the differentiation of the product gives
/ dx? dx* ox” 92
"= K AF——. 5.22
v axv 9xm Y + axY'" " 9xVoxH ( )

The first term corresponds to a tensor transformation. However, the presence of the
last term shows that A% does not, in general, transform as the components of a tensor.
Note that A%, will transform as a components of a tensor under linear transformations
such as the Lorentz transformations.

In order to obtain a proper tensor formalism, the partial derivative must be gener-
alized so as to ensure that when its generalization is applied to tensor components it
produces tensor components.

5.2 The Christoffel Symbols

The covariant derivative of the components of a vector field was introduced by Elwin
Christoffel to be able to differentiate tensor fields. It is defined in coordinate basis
by generalizing the partial derivative A%, to a derivative written as Af‘v and which
transforms tensorially,

o axM 9x
A =20 e (5.23)
’ ax*  axv -

Definition 5.2.1 (Christoffel symbols) The Christoffel symbols are defined by writing
the covariant derivative of the vector components in the form
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Af‘v = Aff) + A“ng. (5.24)

The Christoffel symbols I'%, are also called the “connection coefficients in coor-
dinate basis”. From the transformation formulae of the left-hand side and the first
term on the right-hand side it follows that the Christoffel symbols transform as

e axV axt ax¥ . axY  9%xe

Ny = T T _,—.
wv axY 9xH 9x® M 9x® IxH IxV

(5.25)

Due to the last term, the Christoffel symbols do not transform as tensor compo-
nents. It is possible to make all Christoffel symbols vanish by transforming into a
locally Cartesian coordinate system which is co-moving in a locally non-rotating
reference frame in free fall. Such coordinates are known as Gaussian coordinates.

As discussed in Sect. 1.4 according to the general theory of relativity an inertial
frame is a non-rotating frame in free fall. The Christoffel symbols are O (zero) in a
locally Cartesian coordinate system which is co-moving in a local inertial frame Local
Gaussian coordinates are indicated with a hat over the indices since the coordinate
vector basis is orthonormal in such a coordinate system, giving

ré —o. (5.26)

D

=

A transformation from local Gaussian coordinates to any coordinates leads to

re axe 92

= — .
wv ax% dxH dxV

(5.27)

This equation shows that the Christoffel symbols are symmetric in the two lower
indices, i.e.

=re

v

re

w'

(5.28)

Example 5.2.1 (The Christoffel symbols in plane polar coordinates) The transfor-
mation between plane polar coordinates and Cartesian coordinates is

X =rcoso, y =rsinf,

. 5.29
r=/x24y2, 6 =arctan %, (5.29)
We need the derivatives of the coordinates with respect to each other

ar X

_ x . o ox _ o
5 = cos6, 55 = rsind, o = = cos b, oy = sin @, (5.30)
ﬂ—sin@ Q—rcose 90 __ __sinb 90 __ cosf :
ar 96 T > 9x r ay —  r
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Inserting these expressions into Eq. (5.27) gives the Christoffel symbols in the
plane polar coordinates

ar 3?x  or %y

Fge = aw + 5@ = cosO(—rcosf) + sinf(—r sin )
= —r(cos6? +sin6?) = —r, (5.31)
30 92 90 92 in 6 0 1
rf,=rf =— 2 2 2Y T Gng)+ 2 (cosh) = -
dx d00r  dy d00r r r r

The geometrical interpretation of the covariant derivative was given by Levi-
Civita. Consider a curve S in any (e.g. curved) space. It is parameterized by A, i.e.
x* = x"(X). The parameter A is invariant and chosen to represent the arc length.
The tangent vector field of the curve is

i = (dx"/d))e,. (5.33)

The curve passes through a vector field A

Definition 5.2.2 (Covariant directional derivative) The covariant directional
derivative of the vector field along the curve is defined as

- dA u dx”
Vid=—=A

= AL = AL uVE,. (5.34)

Definition 5.2.3 (Parallel transport) The vectors are said to be connected by parallel
transport along the curve if

Alu’ =0. (5.35)

According to the geometrical interpretation of Levi-Civita, the covariant direc-
tional derivative is

- R A+ AL — A(h
Vid = A" u", = lim 14+ AY) = AG)

A)—0 AA (5.36)

where A” (A + AA) means the vector A parallel transported from Q to P (Fig. 5.1).
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A”( }L+A}\. )

Fig. 5.1 Parallel transport from P to Q. The vector B = Alu’Are,

5.3 Geodesic Curves
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Definition 5.3.1 (Geodesic curves) A geodesic curve is defined by the requirement
that the vectors of the tangent vector field of the curve are connected by parallel

transport.

This definition says that geodesic curves are “as straight as possible”. If vectors
in a vector field A(X) are connected by parallel transport by a displacement along a

vector i, we have Af‘vu” = 0. For geodesic curves, we then have

ulu’ =0
which is the geodesic equation
(u', +Th u*)u’ =0.
Then we are using that

d dx” 9 0
_— u s
dx dA oxV axV

which gives

% =u" ou” =u"u".
dxr axV v

Hence, the geodesic equation can be written as

(5.37)

(5.38)

(5.39)

(5.40)
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5+ Tlaucu” =0, (5.41)

A usual notation is to represent the derivative with respect to an invariant curve
parameter by an over dot, - = %. Then the expression for the components of the
tangent vector of the curve takes the form

_ (5.42)
T '
and the geodesic equation is written as
4T X" =0. (5.43)

Geodesic curves on a flat surface and on a spherical surface are shown in Figs. 5.2

and 5.3, respectively.
/ Q
P

Fig. 5.2 Geodesic curve on
a flat surface. On a flat flat surface:
surface, the geodesic curve is
the minimal distance
between P and Q

Fig. 5.3 Geodesic curves on
a sphere

sphere:
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5.4 The Covariant Euler-Lagrange Equations

Let a particle have a world line between two points in spacetime (events) P; and
P». The curve is described by an invariant parameter A (proper time 7 is used for
particles with a rest mass, i.e. for time-like world lines).

The Lagrange function is a function of the coordinates and their derivatives,

— T CH— ﬂ
L =Lx", x"), xt= T (5.44)

Note that if A = 7 then x* are the 4-velocity components.

The action integral is S = [ L(x*, x*)d\. The principle of extremal action
(Hamiltons principle) says that the world line of a particle is determined by the
condition that S shall be extremal for all infinitesimal variations of curves which
keep P; and P, fixed, i.e.

Ao
8/L(x”,)%")dk —0, (5.45)
A

where A; and A, are the parameter values at Py and P, (Fig. 5.4).
For all the variations the following condition applies,

Sx*(hy) = 8xH (X)) = 0. (5.46)
We write Eq. (5.45) as
Fig. 5.4 Neighboring ct
geodesics in a Minkowski
diagram
54
R
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A A2

oL oL

S/Ldk =/ —8x* 4+ —8xH |dA. 5.47)
dxH oxH

Al Al

Partial integration of the last term gives

A2 A
oL dL h d (3L
—Sx/LdAZ —_5le —/— —_—Q Sx"dk. (548)
axH oxH . da \ ax#

)\1 )\l

Due to the conditions §x*(A;) = §x*(A,) = 0, the first term becomes zero. Then
we have

A2

oL d /0L
S =/ — — — | — | |6x*dA. (5.49)
dxt  dr \ ox#

Al

The world line the particle follows is determined by the condition § S = 0 for any
variation 6x*. Hence, the world line of the particle must be given by

L d [dL
— _—(=)=o. (5.50)
axi dr \ 9xn

These are the covariant Euler—Lagrange equations.
The canonical momentum p,, conjugated to a coordinate x* is defined as

oL
= —. 5.51
Pu Py ( )
The Lagrange equations can now be written as
dp, oL . oL
—_—= = —. 5.52
da dxH t Pu axH ( )

A coordinate which the Lagrange function does not depend on is known as a cyclic
coordinate. Hence, (fx—L“ = 0 for a cyclic coordinate. From Eq. (5.52) then follows:
The canonical momentum conjugated to a cyclic coordinate is a constant of motion.
That is, p,, = constant if x* is cyclic. Note that only the covariant component of the
momentum is constant, not the corresponding contravariant component since raising
an index introduces metric functions.

A free particle in spacetime has the Lagrange function

I L.
u-u—= —)CM)C”' = Eglwx“xv. (553)

2

L=

| =
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An integral of the Lagrange equations is obtained readily from the 4-velocity
identity:

%, X" = —c? for a particle with rest mass (5.54)
x,x* =0 forlight ' ’
The line element is
ds? = g, dx"dx’ = g, 1" %"dA? = 2LdA%. (5.55)

Thus the Lagrange function of a free particle is obtained from the line element.

5.5 Application of the Lagrange Formalism to Free
Particles

To describe the motion of a free particle, we start by setting up the line element
of the spacetime in the chosen coordinate system. There are coordinates on which
the metric does not depend. For example, given axial symmetry we may choose the
angle 6 which is a cyclic coordinate here and the conjugate (covariant) impulse Py
is a constant of the motion (the orbital spin of the particle). If, in addition, the metric
is time independent (stationary metric) then t is also cyclic and p;, is a constant of
the motion (the mechanical energy of the particle).

A static metric is time independent and unchanged under time reversal (i.e. f —
—t). A stationary metric is independent of time, but changes under time reversal.
Examples of static metrics are the Minkowski metric and the metric in a uniformly
accelerated reference frame. The rotating cylindrical coordinate system is stationary.

5.5.1 Equation of Motion from Lagrange’s Equations

The Lagrange function for a free particle is

1
L= 2 guii’, (5.56)

where g, = g,w(xk), and the Lagrange equations are

oL d /oL
— - —\|=—=]=0. 5.57
axf  dr (8)&5) (5:57)

Differentiation of L with respect to the coordinates and velocity components give
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oL 1 oL
_ = = ¥V I Y
axB Zg;w,ﬂx X, aiF 8pvX . (5.58)

Differentiation of the latter quantities with respect to the proper time leads to

d oL\ _(oL\ . ., ey e -y 559
ar\ 558 ) =\ 558 ) =8px + gpvX" = gpv X" x" + gpuX (5.59)
Equations (5.58) and (5.59) give

1 e e oy
Eguwﬁx x" = gpuux"x" —gp, X" = 0. (5.60)

The second term on the left-hand side of Eq. (5.60) may be rewritten making use
of the fact that x*x" is symmetric in pv, as follows:

S VEAY

1 ey
gpvuXtx’ = E(gﬂ“’v + gpv, )Xt x". (5.61)

Hence, the equation of motion of the free particle may be written,

.y 1 ey
gpv X + z(gﬂu,v + gpv.p — guv,ﬁ)xﬂx =0. (5.62)

Finally, since we are free to multiply (5.62) through by g*#, we can isolate X¥* to
get the equation of motion in the form

- 1 o e
¥+ e P(gpun + 8o — Guvp) X" i = 0. (5.63)

This may be written as

B4 T 5 =0, (5.64)

o
Y

where the symbols I'?  in (5.64) are given by

r =

uv

gaﬂ(gﬁu,v + 8Bv.u — g;w.ﬂ)~ (565)

N -

Comparison with Eq. (5.43) shows that Eq. (5.64) describes a geodesic curve and
that ', are Christoffel symbols. Hence, free particles follow geodesic curves in
spacetime.

The equation of a time-like geodesic curve has been deduced from a variational
principle which says that if there are two fixed points P; and P, in spacetime, then
there exists an open subset of spacetime containing these two points such that among
all curves contained in this open subset, the geodesic will be the curve of longest
length between these two points. Note that for time-like curves, the length of a curve
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between the two events P; and P, which the curve passes through is the proper time
used by a particle travelling from P; to P, along the curve.

So, the variational principle says that time-like geodesics maximizes the proper
time along the curve among all curves in spacetime close to the geodesic.

There exist non-geodesic curves between two events far away from the geodesic
curve between the events, along which a particle following the curve may have larger
proper time between the events than a particle following the geodesic curve. Consider
for example a clock at rest outside the Earth compared to a clock moving freely along
a circular path, and calculate the proper time between two meetings of the clocks. It
turns out that a standard clock on the non-geodesic particle at rest measures a larger
proper time between departure and arrival of a clock following the particle which
moves freely along a circular path in 3-space. (An exact calculation requires the
Schwarzschild spacetime. See Chap. 9) Hence in general the variational principle
has a local character.

Example 5.5.1 (Vertical free fall in a uniformly accelerated reference frame) The
Lagrange function of the particle is

1 gx\2. 1 %2
L=—>(1+5) P+ 55, 5.66
S+ 73 +t52 (5.66)
where the dot denotes differentiation with respect to the proper time 7 of the freely
falling particle. This gives

Hence the Euler-Lagrange equation
% _ (%) —0 (5.68)
takes the form
i+ g(l + gc—f)iz —0. (5.69)

Furthermore we have
oL oL gx\2. oL\’ gx\ g .. gx\2..
g (1B (L) 214 ) i (14 5
ot ot + c? <3t) + 2/t + c?
(5.70)

Hence, the Lagrange equation

aL aL\
- = (—) =0 (5.71)
ot ot
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takes the form
2g .. gx\..
i+ (1 n —2)r —0. (5.72)
c c
Combining Eqs. (5.69) and (5.72) leads to
2
A1+ 5) it -1+ 5 )i+ ks =0, (5.73)
c?/c c
Integrating this equation gives the 4-velocity identity
2
—c2<l n %) 2 4it= (5.74)
c
Since the metric is static the momentum
. gx\2.
b= OL/di = —(1 + —2) i (5.75)
c

is a constant of motion. The value of p, is determined by the initial condition. Inserting
the expression for 7 into the 4-velocity identity gives

_ _+'_=—1. (5.76)

Assume that the particle is falling from rest at an initial position x = xo, i.e.
X (x9) = 0. Then

pr = —<1 + %) (5.77)

Inserting this into the 4-velocity identity leads after a short calculation to

T

g
/ dx = /Cdf. (5.78)
\/ gXU 1+ gX)

0

Performing the integration gives

oy -y -2

This expression shows that the particle uses a finite proper time

Tmax = (1 + @) (5.80)
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to arrive at the horizon at x = —c?/g. The position of the particle as a function of
its proper time is

X = CEZ(\/(l + %)2 _ (%)2 _ 1). (5.81)

5.5.2 Geodesic World Lines in Spacetime

Consider two time-like curves between two events in Minkowski spacetime. In
Fig. 5.5 they are drawn in a Minkowski diagram which refers to an inertial reference
frame.

The general interpretation of the line element for a time-like interval is: The
spacetime distance between O and P in Fig. 5.5 equals the proper time interval
between two events O and P measured on a clock moving in a such way that it is
present both at O and P.

ds? = —c*dz? (5.82)

The proper time interval between two events at coordinate times 7 and 7’| are

T
vi(T)
To—1 — 1— ) dT. (583)
c
To
<T
TN
non-geodetic curve between O and P

geodetic curve

vit)

¥
0 ‘\

Fig. 5.5 Time like geodesics
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The path of the particle

O P

Fig. 5.6 Projectiles in 3-space. The particle moves between two events O and P at fixed points in
time

We can see that tp_; is maximal along the geodesic curve with v(T") = 0. Time-
like geodesic curves in spacetime have maximal distance between two points.

Example 5.5.2 (How geodesics in spacetime can give parabolas in space) A
geodesic curve between two events O and P has maximal proper time. The proper
time interval of a particle with position x and velocity v in a gravitational field with
acceleration of gravity g is

gx\2 2
dr = dr (1+C—2) -

(5.84)

This expression shows that the proper time of the particle proceeds faster the
higher up in the field the particle is, and it proceeds slower the faster the particle
moves.

In Fig. 5.6, we have drawn several paths between to events O and P with the same
height in a gravitational field.

The path chosen by the particle between O and P is such that the proper time taken
by the particle between these two events is as large as possible. Thus the particle will
follow a path such that its co-moving standard clock goes as fast as possible. If the
particle follows the horizontal line between O and P it goes as slowly as possible and
the kinematical time dilation is as small as possible. Then the slowing down of its
co-moving standard clock due to the kinematical time dilation is as small as possible,
favoring a fast rate of the clock, but the particle is far down in the gravitational field
and its standard clock goes slowly for that reason. Paths further up lead to a greater
rate of proper time due to a smaller gravitational time dilation. But above the curve
drawn as a thick line, the kinematical time dilation will dominate, and the proper
time proceeds more slowly.

We shall now deduce the mathematical expression of what has been said above.
Time-like geodesic curves are curves with maximal proper time, i.e.



5.5 Application of the Lagrange Formalism to Free Particles 135

T :/./—gw)é“)'c”dt (5.85)

0
is maximal for a geodesic curve. However, the action

T T

S = —2/ Ldr = —/g,wfc“)'c”dt (5.86)
0 0

is maximal for the same curves, and this gives an easier calculation.
In the case of a vertical curve in a hyperbolically accelerated reference frame, the
Lagrangian is

1 gx\2., %2
L:§<—<1+C—2)t +c—2). (5.87)

Using the Euler-Lagrange equations now gives Eq. (5.69). Since spacetime is flat,
the equation represents straight lines in spacetime. The projection of such curves
into the three space of arbitrary inertial frames gives straight paths in 3-space, in
accordance with Newton’s 1st law. However, projecting it into an accelerated frame
where the particle also has a horizontal motion, and taking the Newtonian limit, one
finds the parabolic path of projectile motion.

5.5.3 Acceleration of Gravity

A free particle has vanishing 4-acceleration and moves along a time-like geodesic
curve. The i-component of the geodesic equation is

X4+ T =0. (5.88)

We define the acceleration of gravity as the 3-acceleration of a free particle instan-
taneously at rest. Since the spatial components of the 4-velocity of a particle at rest
vanish, the acceleration of gravity is given by

¥ =Tl (5.89)

Hence the acceleration of gravity is given by the Christoffel symbols I',. They
vanish in a local inertial reference frame, i.e. in a freely falling non-rotating reference
frame. There is an acceleration of gravity in any non-inertial laboratory independent
of the geometrical properties of spacetime.

In the Newtonian limit dt = d¢, / = 1 and the components of the acceleration of
gravity are written ¥ = g’ . It follows that
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Fig. 5.7 The twin paradox. T
The twins Eartha and Starry (1
each travel between two

fixed events in spacetime

Eartha
Starry

- X

g'=-T,. (5.90)

Example 5.5.3 (The Twin Paradox) Consider two twins, Starry and Eartha. Starry
travels to Proxima Centauri, four light years from the Earth, with a velocity v = 0.8¢
sothaty = (1 —v?/c?)” '/2 — 5/3. The trip takes five years out and five years back.
This means that Eartha, who remains at the Earth, is ten years older when she meets
Starry at the end of her journey. Starry, on the other hand, is 10/y = 6 years older
(Fig. 5.7).

According to the general principle of relativity, Starry can consider herself as
being at rest and Eartha as the one whom undertakes the long journey. In this picture
it seems that Starry and Eartha must be ten and six years older, respectively, upon
their return.

Let us accept the principle of general relativity as applied to accelerated reference
frames and review the twin “paradox” in this light.

Starry’s description of the trip when she sees herself as stationary is as follows.
She perceives a Lorentz-contracted distance between the Earth and Proxima Centauri,
namely, four light years x1/y = 2.4 light years. The Earth and Eartha travel with
v = 0.8c. Her travel time in one direction is then W = 3 years. So the round
trip takes six years according to Starry. This means that Starry is six years older when
they meet again. This is in accordance with the result arrived at by Eartha. According
to Starry, Eartha ages by only six years x1/y = 3.6 years during the round trip,
not ten years as Eartha found. It is this conflict which constitutes the twin paradox.
Note that the formulation of the twin paradox makes use of the general principle of
relativity.

On turning about Starry experiences a force which reduces her velocity and accel-
erates her towards the Earth and Eartha. This means that she experiences a gravita-
tional force directed away from the Earth. Eartha is higher up in this gravitational field
and ages faster than Starry, because of the gravitational time dilation. We assume that
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Starry has constant proper acceleration and is stationary in a uniformly accelerated
frame as she turns about. Let us follow Starry’s calculation of the ageing of Eartha

while Starry experiences this gravitation field.
The canonical momentum p, for Eartha is then (see Eq. (5.75))

2

p = —(1 + %) of. (5.91)
c
Inserting this into the 4-velocity identity gives
2 2
pi-c(1+5) =(1+5) ¥ (5.92)
c c
or

1+4%

pi—c(1+ %)

dr =

dx. (5.93)

Since x = 0 for x = x, (x; is Eartha’s turning point according to Starry), it
follows that

p; = c(l n %) (5.94)

Let x; be Eartha’s position according to Starry at the moment that Starry begins
to notice the gravitational field, that is when Eartha begins to slow down in Starry’s
frame. Integration from x; to x, and inserting the value of p; gives

T = g\/<1 + %)2 - (1 + %)2. (5.95)

Eartha neglected the time used by Starry to change from an outwards to a return
velocity at Proxima Centauri when she calculated the aging of herself and Starry.
This means that she took the limit of an infinitely large acceleration. Hence Starry
must do the same. In this limit Starry gets

: 1 /5 2
lim 71 = — /x5 — x{. (5.96)
§—>0 c
Now setting x, = 4 years and x; = 2.4 light years, respectively, we get

lim,_, o T1—» = 3.2years. Hence, Eartha’s aging as she turns about is, according
to Starry,

ATgartha = 2 lim 71— = 6.4 years.
g—)DO
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So all in all Eartha has aged by Tgama = 3.6+ 6.4 = 10 years, according to Starry,
which is just what Eartha herself found.

We have now seen: The formulation of the twin paradox makes use of the gen-
eral principle of relativity for accelerated motion. The paradox arises if one tries to
describe the ageing of both twins from the point of view of each twin without taking
into account the effect of gravity upon the rate of time. Hence, both the formulation
and the solution of the twin paradox involves the general theory of relativity.

5.5.4 Gravitational Shift of Wavelength

We shall consider the shift of wavelength of light moving up or down in a gravitational
field. The 4-momentum of a particle with relativistic energy E and spatial velocity v
(3-velocity) is given by

> E N
P == (c.?). (5.97)
C

Let U be the 4-velocity of an observer. In a co-moving orthonormal basis of the
observer we have U = (c, 0, 0, 0). This gives

A

U-P=—E. (5.98)

Hence, the energy of a particle with 4-momentum P measured by an observer
with 4-velocity U is

E=-U.P. (5.99)

Let E. = —((} . ﬁ)e and Eyg = — (I} . ﬁ)o be the energy of a photon, measured
locally by observers at rest in the emitter and observer positions, respectively. This
gives'

E. E
WU-P) (U-P)

(5.100)

Let the wavelength of the light, measured by the emitter and observer, be . and
Mo, respectively. We then have

hc hc
Ae=—, Ao=— (5.101)
E. Ey
1A. B = AoB+ A B 4+ .- = gooAOB0 —|—g11A1B1 + - - -, an orthonormal basis gives A-B=

—AOBO 4 ARl ...,
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which gives

U-P).
ro= Y, (5.102)
(U - P)o

This formula may be applied to observers with arbitrary motion.
We shall here restrict ourselves to an observer at rest in a coordinate system with
time-independent diagonal metric. Then we have

l}-f’:UtPtzc—TP,, (5.103)

where P, is a constant of motion (since  is a cyclic coordinate) for photons and hence
has the same value in emitter and observer positions. The line element is

ds? = g, c?de? + g (dx')>. (5.104)

Using the physical interpretation (3.82) of the line element for a time-like interval,
we obtain for the proper time of an observer at rest

dr? = —g,dt* = dr = /=g, dr. (5.105)
Hence
g_; _ \/—;Tm’ (5.106)
which gives
U.P=—S_p,. (5.107)
N

Inserting this into the expression for the wavelength (5.102) gives the formula for
the gravitational shift of the wavelength of light emitted and observed by an emitter
and an observer at rest in the reference frame,

Ao = Ae. (5.108)

Example 5.5.4 (Gravitational redshift or blueshift of light) Inserting the metric of
a uniformly accelerated reference frame with

g = —(1 + ‘i—f)z (5.109)
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gives

o= o he. (5.110)

The gravitational redshift (light moving upwards in a gravitational field) or
blueshift (light moving downwards) is

Mo—re 14+52 £ (xo — xe h
6= 2 e _ e _12&(0—)5)%8_’ (5.111)
Le 14 & 14 & c?

where h = x¢ — x. is the difference in height between transmitter and receiver. In
the case of motion upwards the observed wavelength increases with the height. By
motion of radiation downwards there is a blueshift.

This effect was first measured in 1959 in the Pound—Rebka experiment with a
height difference between emitter and receiver of & = 22.5m giving zg = 2.5 X
10715,

5.6 Connection Coefficients

The covariant directional derivative of a scalar field f in the direction of a vector u
is defined as

Vif = i(f). (5.112)

Here the vector # should be taken as a differential operator. (In coordinate basis,
U= u“axi”.) The directional derivative along a basis vector &, is written as

V,=V;,. (5.113)

Hence V, () = V;, () = eu().

Definition 5.6.1 (Koszul’s connection coefficients in an arbitrary basis.) In an
arbitrary basis the Koszul connection coefficients, I'},, are defined by

Ve, = I, eas (5.114)
which may also be written ¢,(¢,) = Ffjvéo,. In coordinate basis I'f;, is reduced to
Christoffel symbols and one often writes €, , = I’fjva,,. In an arbitrary basis I'}/, has
no symmetry.
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(X.y)
y J

P (xy) X

B% o

Fig. 5.8 Rotating coordinate system. The non-rotating coordinate system (X, Y) and the rotating
system (x, y), rotating with angular velocity

X

Example 5.6.1 (The connection coefficients in a rotating reference frame) In an iner-
tial reference frame, there is a co-moving Cartesian coordinate system with coordi-
nates X, Y and corresponding plane polar coordinates R, ®. In a reference frame
rotating with angular velocity w, the corresponding co-moving coordinates are x, y
and r, 6 (Fig. 5.8). The coordinate clocks in the rotating frame shows the same time
as those in the inertial frame, t = T.

The transformation between the coordinates is

t=T, r=R, 6=0 —wT,
X =Rcos®, Y =Rsin0®,
X =rcos(@ +wt), Y =rsin(d + wt). (5.115)

The time-like coordinate basis vector in the rotating frame is calculated from

> el X 0 aY o aT o
el:_:

—_————+ ——, 5.116
at ot 8X+8t8Y+8t oT ( )

Using this formula together with the transformation (5.115), and corresponding
formulae for the spatial basis vectors, give

é = —rwsin(@ + wt)éx + rwcos(d + wt)éy + ér,
. 90X 9 aY o " . o
e = + — = cos(0 + wt)ex + sin(0 + wt)ey,

ar 9X " or oy
gy = X 0 +3Y 0 in(0 + wt)ex + 6 + wt)é (5.117)
= — — — — = —r SIn r COS . .
=90 9x 909y wbex wbey
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We are going to find the Christoffel symbols, which involves differentiation of
the basis vectors. The transformation (5.117) makes this easy, since ey, éy, ér are
constant. Differentiation gives

Ve, = —rw* cos(f + wt)ex — rw’ sin(@ + wt)ey. (5.118)

The connection coefficients are calculated from Eq. (5.114). Note that to calculate
', the right-hand side of Eq. (5.118) has to be expressed by the basis which we are
differentiating. Comparing the right-hand side of Eq. (5.118) with the expression for
é, we see that V,¢, = —rw?é, giving I'!, = —rw?. The other nonzero Christoffel
symbols are

w 1
r‘ =rf = - ry =r% = - Tp =T} =—ro, Thy=-r. (5119

Example 5.6.2 (Acceleration in a non-rotating reference frame) The covariant
expression for the acceleration is

F=1 =0 0/& =@ + Tl vh)e, (5.120)

where '~ = d/dr. Here i, j and k are space indices. Inserting the Christoffel symbols
(5.31), (5.32) for plane polar coordinates gives

. . . . 200\ . e . el
Ginert = (F — r6)e, + (0 + —rQ)eg = —rb®e: + (r9 + 2r9)eé. (5.121)
r

Example 5.6.3 (Acceleration in a rotating reference frame) Inserting the Christoffel
symbols from Example 5.6.1 into Eq. (5.119) gives

- .. . . I .2 .. .\ -
droy = (F — 1> + T,i* + T,0f + T},0)e, + (9 + =0 + T F + F?,tr)ee
r
= (F —r6> — ro* — 2rwb)é: + (ré + 216 + 2iw)e;
= Ginert — (r@? + 2rwd)é; + 2fwe;. (5.122)

The angular velocity of the reference frame, is @ = wé,. We also introduce
7 = ré, . The velocity in a rotating reference frame is then

F=Fé +ré,. (5.123)
Furthermore
. de, 0 dx! -
o = Zer X g (5.124)
dr dx! dt '

Using Definition 5.6.1 in a coordinate basis, this may be written as
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e =vT)E;. (5.125)

Applying the expressions for the Christoffel symbols in Example 5.6.1 and
introducing orthonormal basis, we get

e, =T e = é%zg = 0¢;. (5.126)
Hence
U =7 =ré; +rié;. (5.127)
Inserting this into the expression for the acceleration gives
Frot = Finert + @ X (& X F) + 28 x D. (5.128)

We see that the centrifugal acceleration (the term in the middle) and the Coriolis
acceleration (last term) are contained in the expression for the covariant derivative.

5.6.1 Structure Coefficients

The commutator of two vectors, # and v, expressed by covariant directional
derivatives is given by

[, ¥] = ViV — Vil (5.129)
Let i = ¢, and v = é,. We then have
[eu. e)] = Ve, — Vie,. (5.130)
Using the definitions of the connection and structure coefficients we get
chea = Iy, — T3, )eq. (5.131)
Thus (in a torsion free space)
=Ty, —Th,. (5.132)

In coordinate basis we have

y=—, & = , (5.133)



144 5 Covariant Differentiation
and therefore

. 0 0 0 0 0 0 92 92
[e;u e\)] = ) = — —_ _— = — — 0
dx* dxV dxH \ dxV dxV \ dx* dxH*oxV  0xVoxH

(5.134)

Equation (5.134) shows that ¢j;, = 0, and Eq. (5.132) then implies that the
connection coefficients in Eq. (5.98) are symmetrical in a coordinate basis:

re, =re. (5.135)

5.7 Covariant Differentiation of Vectors, Forms
and Tensors

5.7.1 Covariant Differentiation of Vectors

The covariant directional derivative of a vector field was defined in Eq. (5.34). It
should be noted, however, that there are several ways of defining the covariant deriva-
tive that are consistent with each other. Here we shall formulate some definitions that
are alternative to those given in Sect. 5.2.

Definition 5.7.1 (Covariant derivative of a vector field) The covariant derivative of
a vector in an arbitrary basis is defined by

VoA = V,(A"E,) = V,A", + A"V, 2,. (5.136)
Using the definition (5.114) of the connection coefficients, this may be written
V,A = [2,(A%) + A°T" 16, (5.137)

The covariant derivative of the components of a vector field was introduced in
Eq. (5.23) by the requirement that the derivative of a tensor component shall transform
as a tensor component. There exists, however, another point of view. The ordinary
partial derivative of the vector components does only describe the change of the
components of a vector, not of the vector itself. The covariant derivatives of the
vector components, on the other hand, describe the change of the vector itself. Let
us see how that comes about.

Definition 5.7.2 (Covariant derivative of a vector component) The covariant
derivative of a vector component A* is written as A" and is defined by

VA =A"Z,. (5.138)
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Comparison with Eq. (5.137) shows that
Af‘v =ZV(A“)+A°‘F§U. (5.139)

Note that the term with the connection coefficients come from the second term in
Eq. (5.136). Hence, it represents the change of the basis vector field with position and
time. The first term describes the changes of the vector component with position and
time. The sum describes the change of the vector itself, as seen from the definition
(5.138).

5.7.2 Covariant Differentiation of Forms

Definition 5.7.3 (Covariant directional derivative of a 1-form field) Given a vector
field A and a 1-form field «, the covariant directional derivative of ¢ in the direction
of the vector  is defined by

(Via)(A) = Vila(A)] — a(ViA). (5.140)
——

a, AV

Let the 1-form « be a basis field, « = w*. Then w"(¢,) = §*. Furthermore let
A = ¢, and i = ¢,. We then have

(Viw")(6)) = Vi[@"(€,)] — 0" (V,é)). (5.141)
———

"
8 v

The covariant directional derivative V, of a constant scalar field is zero, V, §/' = 0.
We therefore get

(Vo) (€,) = =" (Vié,) = =" (T éy) = —T5 0 (éy) = —T5, 84 = —T'),.
(5.142)

The contraction of a 1-form and a basis vector gives the components of the 1-form,
a(é,) = a,. Equation (5.142) gives the directional derivatives of the basis forms and
tells that the v-component of V; " is equal to —I'), . Hence

Vo' = T o' (5.143)

Using the rule for differentiation of a product gives

Via = Vi(o,0') = Vi(o,)o" + a, Vio" = e ()" —a, I’ (5.144)

This motivates the following definition.
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Definition 5.7.4 (Covariant derivative of a 1-form) The covariant derivative of a
I-form o = o, " is given by

Via = [é () — o, T Jo". (5.145)

Definition 5.7.5 (Covariant derivative of a I-form component) The covariant
derivative of the 1-form components «,, is denoted by «,.; and defined by

Vi = a0 (5.146)
It follows that
ay = Exa,) —ay, Iy (5.147)

Note that I'";, in Eq. (5.147) are not in general the same as the Christoffel symbols.
However, in coordinate basis we get

Qy;p = Oy ) — a}trﬁfva (5.148)

where T} = I'Y, are Christoffel symbols.

5.7.3 Covariant Differentiation of Tensors of Arbitrary Rank

Definition 5.7.6 (Covariant derivative of tensors) Let A and B be two tensors of
arbitrary rank. The covariant directional derivative along a basis vector ¢; of a tensor
A ® B of arbitrary rank is defined by

Vi(A® B) = (V;A)® B+ A® (V,B). (5.149)

We will use Eq. (5.149) to find the formula for the covariant derivative of the
components of a tensor of rank 2:

VoS =V, (S/.LI)QM ® w")
= (VotS/w)Qu ® QV + Slw (VaQM) ® Qv + SMUQM ® (VOIQU)
= (S/w,a - Sﬂvrﬁa - S/Lﬂ F\/?a)cﬁu ® Qv’ (5.150)
where S0 = €4 (Suy)-

Definition 5.7.7 (Covariant derivative of tensor components) The covariant deriva-
tive S, of the covariant components of a tensor of rank 2 is defined by

VoS = Sy ® 0" (5.151)
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we get
Spvia = Spva — Sﬂvrﬁa - Mﬂrfa' (5.152)
For the metric tensor we get
Suvia = &uvw — 8pv Ty — 8upTh,. (5.153)
From
Suv = €+ &y (5.154)
we get

uv,a = Vutg;w = Voz(gu : Ev) = (Vagu) : 2\) + gu(vagv)

=Tlés e, + ¢ Theg=gpll, +guslh,. (5.155)
This means that
Euvia = 0. (5156)

So the metric tensor is a constant tensor.

5.8 The Cartan Connection

Definition 5.8.1 (Exterior derivative of a basis vector)
de, = Ffmé'v QR w*. (5.157)

Note that this can be thought of as a 1-form with vector components Fl‘iaé'v, a
vectorial form. The exterior derivative of a vector field is

dA = d(E,A") = ¢, @ dA” + A"dE,. (5.158)
In arbitrary basis the exterior derivative of the vector components are
dAY = ¢, (A" (5.159)

9

In coordinate basis €, (A”) = % (A") = A", giving

-

dA =2, ® [,(A")' ] + A'T, 8, ® o' = (G1(A") + A'TY,)E, @ 0. (5.160)
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Together with Eq. (5.139), this gives
dA = A%é, ® ' (5.161)

Definition 5.8.2 (Connection forms ) The connection forms 2, are 1-forms,
defined by

de, =¢,®2Q. (5.162)
From Egs. (5.157) and (5.162) we have
de, = F;aév Q' =¢® [0 = €, ® Q. (5.163)
This shows that
Q, =T,,0% (5.164)
The exterior derivatives of the components of the metric tensor:
dguw = d(é, - é,) = ¢, - dé, +é, - déy, (5.165)
where the meaning of the dot is defined as follows.

Definition 5.8.3 (Scalar product between vector and 1-form) The scalar product
between a vector i and a vectorial 1-form A = Ate, ® " is defined by

u-A=u"Al(ey-€,)0". (5.166)
Using this definition, we get
dguw = @ 602 + @, - 6,)Q), = 82} + 8., 21, (5.167)
Lowering an index gives
dgu = 2,y + Ry (5.168)

In an orthonormal basis field there is Minkowski metric: gz; = 1o which is
constant. Then we have dg;; = 0 which implies

Q.- =—Q-.. (5.169)

=2Da =24

The connection forms with lower indices are antisymmetric in an orthonormal
basis. It follows from (5.164) and (5.169) that

Topa = —Tasa- (5.170)
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Note also that

Flif =Ty =Ty = F;‘j’ F’jk = —F;,le. (5.171)

We shall now consider Cartan’s 1 structure equation which gives a relationship
between the structure coefficients and the connection coefficients. As a preparation
for deducing Cartan’s 1 structure equation we shall first deduce a mathematical
identity valid for 1-forms.

The commutator of two vectors is itself a vector, and the contraction of a 1-form
with a vector is essentially the same quantity as a scalar product of two vectors.
Hence for a 1-form o we have

a([u, v]) = a[i, 5]“ = a, (uv”,, —v*u’,,). (5.172)

From this we get

(@) = ule,(@,v") = u (., 0" +av”,,), (5.173)
and
V() = v* (ot u” +ayu’,,), (5.174)
Furthermore
da(i, 0) = (o, —ay,,)u'v. (5.175)

It follows from these expressions that
da(i, v) = i(a®) — v(a@) — o[, v]). (5.176)

This identity is valid in an arbitrary basis.
Leta = w”, i = €,, v = ¢,. Then

40’8 &) = Eu(e’ (@) — & (e (%)) — ’([e. &)
=2,(8)) —&,(80) — ’(c5,8a) = —c5, 80 = —ch,.  (5.177)

nva

A 2-form applied to two basis vectors is equal to its components. Hence we get
Cartan’s 1 structure equation

do’ = —=c” " A ". (5.178)

Combining this with Eq. (5.132) and utilizing the antisymmetry of the wedge
product we have
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1
dof = -2y, — Tp)e" Ao =T,0" A e’ (5.179)
Together with Eq. (5.164) this gives

do’ = —QF Aw". (5.180)

In coordinate basis, we have w” = dx”. Thus,
do” = d*x” = 0. (5.181)
The exterior derivatives of the basis forms vanish in coordinate basis. We also have
¢y, = 0, and Cartan’s 1 structure equation is reduced to an identity. This formalism

cannot be used in coordinate basis! But due to the antisymmetry (5.169) the Cartan
formalism is particularly useful in orthonormal basis.

Example 5.8.1 (Cartan connection in an orthonormal basis field in plane polar
coordinates.) Here the line-element is

ds? = dr? + r2de>.

Introducing basis forms in an orthonormal basis field (where the metric is gy =
gsp = 1), the metric tensor takes the form

g= g0 ®0 +gj0° ®0’ =0 ® + ' @

Hence

From Eq. (5.180) we then have
do' = -Qf Ao’ =~ AoP — 20 Ao
Furthermore d_w; = 0, which gives
) =170 (5.182)

since Qé A Qé = 0. Note that Qf = 0 because of the antisymmetry £2;, = —£2;;.
We also have
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and from Eq. (5.180) it follows that

do’ = - QI No — Q) A,
——
=0

From Eq. (5.164) we have

Q! =100 + %o, (5.183)
giving
;1
0 _ —
=

Furthermore Qg = —Qf Using Eqgs. (5.182) and (5.183) we get

rh.—o, % —_.
T Tae T T,
giving
5 1
@ = -0 = —-o'
r

5.9 Covariant Decomposition of a Velocity Field

I order to develop some intuition about the kinematics of fluids we shall first consider
an ordinary 3-velocity field in Newtonian hydrodynamics.

5.9.1 Newtonian 3-Velocity

The total or material derivative of the velocity is

Dv 9v .
—_— = — -V)v. 5.184
YERT +@-V)v ( )
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Here 0/ 9t is the local derivative which represents the change of the velocity field
at a certain position, for example the increase with time of the velocity at certain place
in a river due to rain. The term (v - V) v is called the convective derivative and is
sometimes written dv /dz. It represents the change of velocity with position at a fixed
point of time, for example the slowing down of the velocity further downwards due to
a widening of the river. The total derivative represents the change of the velocity field
following a fluid particle, due to both local changes with time and the inhomogeneity
of the velocity field. The component version of Eq. (5.184) is

Dv' av' ;o'
Dr o +v Fvh (5.185)

Introducing a Cartesian coordinate system with coordinates (x, y, z), the convec-
tive derivative may be written in matrix form as

dv* ' vt vt X

dr ox Ay 0z v

do | | o oae e | [y

a = ax 9y oz v . (5186)
dvt FIS I T B T

dr ax dy 0z

The 3 x 3 matrix may be separated into three parts: The trace

vt dvY 9t

0 = +—+ —, 5.187
ox ay 0z ( )
The antisymmetric part
dv* vy vt dv*
N A Tt vl il T
2 v’ 97
w;j = 3| 0 - el K (5.188)
the same 0
and the symmetric, trace-free part,
1 Jv* vy Jv dv* JvY v dv*
§(2W—a—y—a—z> ay o e T 9
_ 1(hov _ " _ 9 wt |
Oij= §<2W 0x BZ) 0z + ax
1 v ov* Jv?
3(237 T W)
(5.189)

Here 0 represents the volume expansion (or contraction), w; ; rotation and o;
the shear. The component form of these expressions is

vi,j = b + wij + o), (5.190)
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1

0;; = gvk,kai‘i, (5.191)
1 1 B
wij = =(vi.j —vj.i) = =(V X )5, (5.192)
2 2
1 1,
oij = z(vi,j +vj.i) — Sk 8ij- (5.193)

5.9.2 Relativistic 4-Velocity

We shall now find the relativistic generalizations of these expressions, i.e. we shall
find covariant expressions that represent expansion, rotation and shear as measured
by an observer following the fluid.

The covariant derivative may be thought of as a generalization of the total deriva-
tive. We first separate the covariant directional derivative of a 4-velocity field in a
component along the 4-velocity and a component orthogonal to it. The directional
derivative of the 4-velocity along itself is the 4-acceleration. It is orthogonal to the
4-velocity and has covariant components

g = gyt = (g — u,TY, )u. (5.194)
Putting them equal to zero gives the geodesic equation describing the world line
of a freely falling particle.

The projection of the tensor with components u,.g into the spatial simultaneity
space orthogonal to the 4-velocity, is

(tap) | = uu:w PLPS. (5.195)

where P/* are the mixed components of the projection tensor defined in Eq. (4.104).
In the same way as we did in the Newtonian case, this may be separated in three

parts.
Expansion:
1 Iz
Oup = §0Paﬂ9 6 = ul,. (5.196)
Shear:
_l( + )Pﬂpv_l ®p (5.197)
Oup = ) Upsv Up;p) Ty B 3“# af- :

Rotation:
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1
Wap = E(uw — ) PP (5.198)
The covariant derivative of a 4-velocity field can now the be separated in
expansion, shear, rotation and a 4-acceleration-term as follows

Ug;p = Oup + Oup + Wap — liallp (5.199)
In the relativistic literature, the expressions for shear and rotation are written in

different ways that are found by inserting the components of the projection tensor
from Eq. (4.106) into Eq. (5.195),

Uy PYPY = 1y (87, 4 u'ua) (8% 4 u’up). (5.200)
Using that
uM;U(Sg(SE =Uqp, UuShu'ug =g u'ug =ligug, (5.201)
we get
uﬂ;‘,Po’[‘Pg = Ug:p + Ugup + Uy pu’ug + i uuqug. (5.202)
It follows from the 4-velocity identity, u,u* = — 1, that the 4-acceleration is

orthogonal to the 4-velocity, i, u" = 0, and that (u,u"). 5 = 0, giving u; gu = 0.
Hence Eq. (5.202) simplifies to

u,WPo’ng = Ug:p + Uglip. (5.203)
Furthermore
ua;MPf’f = uamb‘g + gt ug = g pliq + Ug, (5.204)
or
Uy,p = ua;uPéL — Ugllg. (5.205)
We then get
ua;ng = Oy + 0up + Wap, (5.206)

with the alternative expressions for shear and rotation

I 1
Oup = E(ua;,m/g +upPL) - Sth P (5.207)
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1
Wop = 5(”06;/413/5 - ”ﬂ;upg)' (5.208)

5.10 Killing Vectors and Symmetries

Killing vectors are useful for describing the symmetry properties of space in an
invariant way.

Definition 5.10.1 (Killing vectors) We will here define a Killing vector as a vector
& which obeys Killing’s equation

Eu_;v + SU;/L =0. (5209)

In this form Killing’s equation is valid in an arbitrary basis. In a coordinate basis
the equation reduces to

Euv 80 =287, (5.210)

One may show that if § M and 5 @ are two Killing vectors, and a, b are con-
stants, then a€ (D + b€ @ is a Killing vector. Furthermore, the commutator [5 W g (2)]

between two Killing vectors is also a Killing vector.

In an n-dimensional space, there are maximally n(n + 1)/2 linearly independent
Killing vectors. In four-dimensional spacetime, there may be up to ten such vectors.
A metric and the corresponding space that admit the maximum number of Killing
vectors is said to be maximally symmetric.

Example 5.10.1 (Killing vectors of an Euclidean plane) We consider a two-
dimensional Euclidean plane with Cartesian coordinates. Then the line-element has
the form

di* = dx? + dy?, (5.211)
and the Christoffel symbols vanish. Hence, the Killing equations reduce to

sx,x = éy,y = O, Sx,y + ‘i:y,x =0. (5212)
These equations have the following solutions,

E=2 3 0 i (5.213)
= —, = —, = X— — —_—. .
! : ay : ay dx

The first vector represents invariance by translation in the x-direction, the second
in the y-direction, and the third vector represents invariance by rotation about an
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axis orthogonal to the plane. A two-dimensional space with three Killing vectors is
maximally symmetric. Hence the Euclidean space is maximally symmetric.

Definition 5.10.2 (Invariant basis) An invariant basis is defined as a basis where
the basis vectors commute with a Killing vector,

[5‘, Eu] = 0. (5.214)

Since the commutator of two coordinate basis vectors vanish, a consequence of
this definition is that if a basis vector of a coordinate basis is a Killing vector, then
this coordinate basis is invariant.

The commutator of two vectors, [i, 9] is also called the Lie derivative of ¥ with
respect to u#, which is writte

£ .v=[u,v]. (5.215)

<

The Lie derivative of a scalar function with respect to a vector is the directional
derivative of the scalar function along the vector,

£.f=ua(f). (5.216)

‘We have the rule
£,(AB)=(£,A)B+A-(£,B). (5.217)

From this we get
£,(g,)=£,(6,6)=(£,8,)8€+6, (£,8) (5.218)

Equations (5.214) and (5.215) give
£.€,=0 (5.219)

It follows from Eq. (5.215) for an invariant basis, together with Egs. (5.218) and
(5.219), that

E(gu) =0 (5.220)

for an invariant basis. Hence the components of the metric tensor are constants along
Killing vectors in a space with an invariant basis field.

We shall finally find the relation between the Killing vectors of a space and the
constants of motion for a particle moving freely in the space. A free particle moves
along a geodesic curve with the equation
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Viu =0 (5.221)

where 1 is the 4-velocity of the particle. Consider the scalar product i - g? , Where 5 is
a Killing vector field. The covariant directional derivative of this product along the
geodesic curve is

V; (12 : 5) = 0% (), = uu € 1 U . (5.222)

Here the first term vanishes because of Eq. (5.221), and the second vanishes since
u’u* is symmetric in o and p while &,., is antisymmetric in o and u due to the
Killing equation (5.209). Thus

Vs (ﬁ : é’) —0. (5.223)

We then have the result that i - é’ is constant along a geodesic curve. For a particle
with constant rest mass, this may also be expressed as: p - £ is constant along a
geodesic curve, where p is the 4-momentum of the particle.

Assume that éa is a time-like Killing vector associated with a cyclic coordinate x“.
Then a coordinate system can be chosen such that g?a =(-1,0,0,0),ie. §a = —82 €o.
In this case

D E, = —pub) = —pao = constant. (5.224)

which is the energy of the particle. Correspondingly, if ga is a space-like Killing
vector associated with a cyclic coordinate, and one chooses a coordinate system so
that &, = (0, 1, 0, 0), one obtains

P«1 = constant. (5.225)

This represents conservation of momentum in the x-direction for a free particle and
is in accordance with the Lagrangian dynamics that the covariant momenta conjugate
to cyclic coordinates are constants of motion for freely falling particles. The Killing
vectors describe symmetries of spacetime. Hence the equation p - é’a = constant
relates constants of motion of a free particle to symmetries of spacetime.

5.11 Covariant Expressions for Gradient, Divergence,
Curl, Laplacian and D’Alembert’s Wave Operator

The exterior derivative d of a p-form was defined in Eq. (5.6). It is an antisymmetric
derivative giving a (p 4 1)-form. The so-called Hodge dual of the exterior derivative
¢ is called the codifferential. In an n-dimensional space, it is defined by
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§ = (—=1)"PTDHL gy, (5.226)

where the Hodge star operator acting on a form gives the dual form defined in Eq.
(3.118). The codifferential acting on a p-form gives out a (p — 1)-form. For example
the codifferential of a 1-form is a scalar function. If the dimension of the space is
even, for example in four-dimensional spacetime, then

§ = —wd. (5.227)

Since there only exist forms with p — 1 > 0 the codifferential of a scalar func-
tion f is not defined as a form equation, but according to a separate definition the
codifferential of a scalar function vanishes,

Sf=0. (5.228)

In the same manner as the exterior derivative as applied to a p-form with scalar
components, satisfies Poincare’s lemma, Qz = 0, the codifferential satisfies

88 =58=0. (5.229)
A generalization of the Laplacian operator in 3-space

92 92 92
A=—+ —+ —, 5.230
0x2 + 0y? + 072 ( )

is the form operator called the Hodge Laplacian or alternatively the Laplace—Beltrami
operator, defined by

A=5d+ds. (5.231)

Due to Eq. (5.228) the Hodge Laplacian as applied to a scalar function takes the
form

A¢ = §dp = xdxde. (5.232)

The Hodge Laplacian of a 1-form is
Aa = (dxdx + *dxd)ar. (5.233)
Let us find the covariant form of the Hodge Laplacian in four-dimensional space-

time as applied to a scalar function f. Using Eq. (3.118) and the definition (5.6) of
the exterior derivative, Eq. (5.232) gives

1 9 of
Af =—VPri4 Vigys ——
Al =g aw( Mo zm)
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1 -1

o Of

- __ aﬂy(S

V=TT ( st s )
31 1

W= aa(“_ 50
_ \/l_axk («/_ v ) (5.234)

where Vog,5 = /—&&qpys, are the components of the volume form as given in
Eq. (3.116), and the minus sign comes from

1 1 1 1
afyd
vers — g apys = E\/—gsaﬂya =—-—— ngaﬂyé == =

In this case, the Hodge Laplacian reduces to minus the d’Lambertian wave

Y8 (5.235)

operator, A = —[]. Hence we have the covariant form of the wave operator
1
O v=g kﬂ 5.236
= e () 0230

Performing the same calculation for a scalar field in 3-space, we get the covariant
form of the Laplacian

1 9 . of
_ L
Af = N <J§g axj). (5.237)

We shall finally look at the relationship between the exterior derivative and the
gradient, divergence and curl. The gradient is defined as the vector corresponding to
the 1-form d¢p. Hence we get the covariant expression for the gradient as decomposed
in a coordinate basis

- Af L
Vf= g”—fei. (5.238)
ax/
Considering an orthogonal coordinate basis, the physical components of the gra-
dient are obtained by transforming to an orthonormal basis according to ¢; = ,/g;; €;.
Hence the physical components of the gradient are given by

Vf= 1 8f e (5.239)

./g” dxi ¢

The divergence of a vector is given by

lg|div A = xdxA, (5.240)
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where the components of the 1-form A are found by lowering the components of the
vector A. From Eqgs. (3.116) and (3.118) we have

1
*A = W\/ 1g1€0 1y AVdX™ A dX™ A - A dxPt (5.241)
n — .

The exterior derivative of this form is

1 d(V/TgTAY)

_ o Hi A L. Hn-1
= G g WA A AL (5242)

To avoid multicounting we use the notation &j,,.,, ..., ,| meaning that the sum-
mation over the indices is performed under the condition v < p; < -+ < Wy—1.
Then

d(V/IgTAY)

3 dx® Adx#t Ao Adxtt, (5.243)
x(){

d*A = &)y, |
The dual of this form is
a(+/|g|AY
e = g /ETA) a'g' ), (5.244)
X

Inserting this into Eq. (5.240) gives the covariant expression for the divergence
of a vector

divA = L@. (5.245)

gl oxY

_ We shall find the covariant expressions for the components of the curl of a vector
A in the special case of a coordinate system with an orthogonal vector basis. The
corresponding 1-form is A. The covariant expressions of the components of the curl
V X A is obtained from

V x A= (xdA)". (5.246)

This involves the following operations: The vector is originally given in an
orthonormal basis associated with a chosen coordinate system. We call the cor-
responding vector components for the physical components of the vector. One wants
to express the physical components of V x A in an arbitrary orthogonal coordinate
system in terms of the physical components of the vector and the components of
the metric tensor in the coordinate system. Since the expression (5.246) involves the
exterior derivative of the 1-form A, which is most easily performed in a coordinate
basis because then the exterior derivatives of the basis form vanish due to Poincare’s
lemma, one first transforms to the coordinate basis of the coclrdinate system. Then
the (contravariant) indices of the components of the vector A is lowered, and one



5.11 Covariant Expressions for Gradient, Divergence, Curl, ... 161

obtains the (covariant) components of the 1-form A in the arbitrary coordinate basis
in terms of the physical components of the vector and the components of the metric
tensor (Eq. 5.250 below). Then one takes the exterior derivative of this form and
gets the 2-form d A as decomposed in the coordinate basis. One now transforms to
the form basis corresponding to the orthonormal vector basis. Further one takes the
dual of this form and gets a 1-form xd A. The symbol # means that one converts this
1-form to a vector by raising the indices of the components of xd A. This is automat-
ically taken account of when we decompose d A in a 1-form basis corresponding to
an orthonormal vector basis where the covariant and contravariant components are
equal. Hence we get the vector as decomposed in the orthonormal basis. In this way
we have found the physical components of V x A.

We shall demonstrate this procedure in the case of an arbitrary orthogonal vector
basis, so that the metric tensor is diagonal, i.e. the only non-vanishing components
of the metric tensor are those with equal indices.

In a coordinate system with orthogonal basis vectors, the line element is

di? = gjdx'dx’. (5.247)
The coordinate basis vectors are &; = 9/dx’, and the corresponding coordinate

basis forms are dx’. Since the metric is diagonal, the transformation of the basis
vectors to a coordinate basis has the form E; = (g ,-)_1/ 2¢;. The corresponding basis

forms dual to the orthonormal vector basis are @' = ./g;;dx’. In this space we

have a vector A = A E;,f = 1, 2,3 as decomposed in an orthonormal basis. As
decomposed in the coordinate basis the vector components are

Al = (gi) 1A (5.249)
So that
A=AG = ()" \2A'G.. (5.249)
The corresponding 1-form is
A= g Aldx’ = JgrAldy', (5.250)
The exterior derivative of this form is
o= [ (EA ) (). Jo na
- %ﬁ[(@fﬁ),,—(@Af),,-]gf/\gf. (5.251)

The dual of this form is the 1-form
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1
8ii8jj

Thus the curl is

«dA =

[(@A;)’j —(@Af),i]d, ki, j. (5.252)

1
8ii&jj

Example 5.11.1 (Differential operators in spherical coordinates) The components
of the metric tensor in spherical coordinates in Euclidean 3-space are given in
Eq. (3.122), g, = 1,80 = 12, gs¢ = r’sin’0. Inserting this into Eq. (5.239)
we get the expression for the gradient in spherical coordinates

VxA:

[(win) (o) o s

_g_A Lof 1 of.

Vf= I e ——e;. 5.254
F = ar et 3% T aing g (5.254)
The curl is
. 1 (o, o aAfL
VXxA=— —(sm@A"’)—— é;
rsinf | 90 dp
1 [aA" 9 N |-
+ — — sm@—(rAd’) e
rsinf | d¢ ar
1| a LY
il A‘?) - ;. 5.255
+ r |:8r (r a0 ]e¢ ( )
The divergence is
. . P .
. 1 9 2Ar 1 8(SIH9A> 1 8A¢
v.ioloAa) g2 (5.256)
rz  or rsin @ a0 rsind 9¢
The Laplacian is
19 af 1 o (. of 1 3*f
Vif=——r*=> —(sing—= —. 5.257
! r28r<r ar)+r2sineae<sm 39)+rsin29 g2 OB

The d’ Alembertian wave operator is

19 (,0f 1 8. of 1 R2f  192f

Of == (2% 2 (sinoL )y - 2T 2T

f r28r<r 8r>+rzsin989<sm 89>+rsin29 992 % or?
(5.258)
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5.12 Electromagnetism in Form Language

We shall consider electromagnetism in flat spacetime decomposing the vectors and
forms in a coordinate basis. In this section it will be shown that the simplest possible
form equations for electromagnetism in four-dimensional spacetime leads by means
of Poincare’s lemma to Maxwell’s equations.

Let us introduce an electromagnetic potential form

A=A, dx" = —¢pcdr + cA;dx’. (5.259)
Hence
A'=—Ag =9, (5.260)

where ¢ is the electric scalar potential. The spatial component of A is the
electromagnetic vector potential.
The exterior derivative of A is

F=dA, (5.261)

and is called the electromagnetic field form. In coordinate basis it is written in
component form as

dx A dx”. (5.262)

1 1/9A, 0A
F=_F,dx*Adx"'=dA=-|— - —F&
=2 s =as 2<8x” 3x”)

Hence, the components of the electromagnetic field form are

04, 9A,

wy = .
axH axV

(5.263)
The electric field strength E and the magnetic flux density B are given by
. 1 . .
F = E;dx' A cdt + ECB,‘jQx[ Adx’, Bijj =By, k#1i,j. (5.264)

Here |ij| means that i < j. The components of the electromagnetic field form is
given in terms of the electric field strength and the magnetic flux density by

0 -E. —E, —E;
E, 0 «¢B, —cB,
E, —cB, 0 B

E, ¢By, —cB, 0

Z

F, = (5.265)

The electromagnetic field form can now be written as
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1 (0A; 0A;
F=F,dx Adt + —c| —L — =L )dx' A dx
2°\axi  axi

0A d0A;
c(—.’— )d Adt+ =

1 3A] 0A;
ox! ot

dx® A dx/
2 oxi dx)

Vo), 94; dx' A dt + Lo(24s oA dx’ A dx’. (5.2606)
-\ 2\ oxi ~ oxi ! '

It follows from Egs. (5.264) and (5.266) that the electric field strength and the
magnetic flux density is given in terms of the electric scalar potential and the
electromagnetic vector potential by

- - 9A - o -
E=-V¢——, B=VxA. (5.267)

Consider a transformation of the form
A=A +cdA, (5.268)
where A is a scalar function. Then, using Poincare’s lemma, we get

Fl=dA =dA+cddN=dA=F

(5.269)

_ Hence the field form F, and thereby the electromagnetic field strengths E and
B are invariant against a transformation of the form (5.268). This transformation is
called a gauge transformation. It has the component form

—¢'cdt + cAldx' = —¢edt + cArdx’ + ca—dt + chx’ (5.270)

Hence the gauge transformation takes the form

, )
¢ =¢_E’ A'=A+ V. (5.271)
As a consequence of Poincare’s lemma the electromagnetic field is invariant
against this transformation. This freedom of gauge has been utilized to introduce
a condition upon the potentials as follows. It follows from Eq. (5.268) that

SA=8A—cbdf =8A —cOf. (5.272)
where [ is the d’ Alembertian wave operator in Cartesian coordinates, i.e.

o1& @ @& @ (5.273)
292 ax? o 9y? 9z’ '
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and f is a scalar gauge function. Introducing a gauge function which satisfies the
Lorenz condition

cOf =84, (5.274)

Equation (5.272) reduces to
§A=0. (5.275)
This is called the Lorenz gauge (Lorenz is a Danish physicist who died in 1892).

In this gauge the 4-divergence of A vanishes in vacuum. This corresponds to the
equation

1 3¢

V A+ ——=0. 5.276
+ c? ot ( )

It follows from Poincare’s lemma that
dF=ddA=0. (5.277)

The component form of the field form is given in Eq. (5.264). Writing it out gives

F =E.dx Acdt + Eydy A cdt + E.dz A cdt + cB.dx Ady
+c¢Bydz Adx + cB.dy A dz. (5.278)

The exterior derivative of F is the 3-form

IF,
dF = 'kf'gx Adx A dxd
X

Ady Adz

t ANdz Adx

o
_ (2B, )g Ady A ds
-

ot 9z
0B, LB 8E
ot 0x

)QI/\QX Ady

y
— - 8é - = i i . .
=c -B)Qx/\gy/\gz—i—c E—}—VXE dr Adx" Ady’, k #£1, .
k
(5.279)

This shows that the form equation
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dF =0 (5.280)

corresponds to Maxwell’s source free equations
V-B=0 (5.281)

and

3B .
5 tVXE=0. (5.282)

The electromagnetic current form J is the 1-form
J = —pcdt + (1/¢) jidx". (5.283)

where p is the charge density and j; the i-component of the current density. The
source of the electromagnetic field form is the current form

1
SF=—-——J, (5.284)
€0

where 4§ is the codifferential defined in Eq. (5.227), and ¢ is the permittivity of empty
space. Writing out this equation gives

—8 F = »d«F = 3" F,;dx" = (3" Foo + ' Fyo)cdt + (3°Fy; + 9’ Fy;)dx/.

(5.285)
Using the component form (5.278) of F we obtain
.. 10E - - .
_§F = (v : E)cc_it +(=5 —eVx B ar. (5.286)
¢ J
Equations (5.283), (5.284) and (5.285) give
v.E=L (5.287)
€0
and
B2 0E i (5.288)
XB———= . .
2 a1 HoJ

where 11y = 1/g9c? is the permeability of empty space. Equations (5.287) and
(5.288) are the Maxwell source equations. Hence the form equation (5.284) contains
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the Maxwell source equations. The displacement current IE /0t is automatically
included in the formulation of Maxwell’s equation in the form language.
Let o be a p-form. In Minkowski spacetime
aoxe = —(—1)PEPg. (5.289)
Since dxF is a 3-form we have
axdxF = —(—1)°dxF = d«F. (5.290)
Hence, taking the dual of Eq. (5.284) gives
*J = —godxF. (5.291)
Taking the exterior derivative we get
dxJ = —godd*F =0 (5.292)
due to Poincare’s lemma. Taking the dual of this equation we get
§J=0. (5.293)
The divergence of the current form vanishes. This is the mathematical expression

of the conservation of charge in the form language. Using Eq. (5.283) the vector
version of this equation is

P Lv.j=0, (5.294)

which is the equation of continuity in the electromagnetism.
It follows from Eqgs. (5.261) and (5.284) that

Qc_léz—ll. (5.295)
Applying the Laplace—Betrami operator defined in Eq. (5.231) to A gives
AA=5dA+dSA. (5.296)
It follows that

J+d3A. (5.297)
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Asuming that A fulfills the Lorenz gauge condition (5.275) the last term in this
equation vanishes, so that

1
AA=——J. (5.298)
€0
This is the equation for electromagnetic waves. The time component of this
equation is

O¢ = -2, (5.299)
€0
and the space component is
OA = —p0j. (5.300)

The equation of motion and the energy equation of a charged particle in an
electromagnetic field is combined in the following equation

M= %E(ﬁ). (5.301)

Here F (1) is the contraction as defined in Eq. (3.46) of the field form F with the
4-velocity u of the charge, and M is the Minkowski force form,

dE dp;
~dr + y Pl (5.302)

M=—y
LTV dr

where E and p are the energy and momentum of the particle, and i = y(c, ).
Writing out Eq. (5.301) gives

+ (E.u' c¢B.u’ —cByu®)
+ (Exu’ — cB.u* chuz)
)

- _y(é : 17)@ + yc(é +7x é)igx". (5.303)

The time component of this equation is the equation representing energy
conservation

dE

5 = gE - 7, (5.304)
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and the space component is the equation of motion of a charge in an electromagnetic
field

P _g(E+ixB). (5.305)

The covariant form of the equation of motion is found from Eq. (5.301),

dpt
;;T = gFu. (5.306)

For a particle with constant rest mass m,, this gives
moa” = qF!'u", (5.307)

where a* is the pu-component of the particle’s 4-acceleration.

Exercises

5.1 Dual forms

Let {¢;} be a Cartesian basis in the three-dimensional Euclidean space. Using a

vector @ = a"é’; there are two ways of constructing a form:

(i) By constructing a 1-form from its covariant components a; = g;;a’
A=adx'.
(ii) By constructing a 2-form from its dual components, defined by a; HEKE kak
1 ? B
a=—a dx' Adx’.
4= 54;;9x NEx

We write this form as a = xA where x means to take the dual form.

(a) Given the vectors d = ¢, + 2¢, — ¢, and b = 2¢, — 3e, +é..
Find the corresponding 1-forms A and B, and the dual 2-forms ¢ = xA and
b = *B, and also the dual form 6 to the 1-form o = dx — 2dy.
(b) Take the exterior product A A B and show that

where§ = AABand C = a x b.
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(©)

(d)
(e)

5.2

5 Covariant Differentiation
Show that the exterior product A A B is given by the 3-form
AA*B = (a-b)dx Ady Adz.
Show that the exterior derivative of a 1-form, dA, corresponds to the curl V x A
of the corresponding vector.
Finally show that
dxdf = V2 fdx ndy Adz

for a scalar field f.

Differential operators in spherical coordinates

We consider an Euclidean three-dimensional space with Cartesian coordinates
(x, y, z) and spherical coordinates (r, 6, ¢). The transformation from the spherical
to the Cartesian coordinates is

(a)
(b)

(©)

(d)

x =rsinfcos¢, y=rsinfsing, z=rcos6

Find the components of the metric tensor and the form of the line-element in
spherical coordinates.
Let f be a scalar field. The gradient of f is given by

of . of.  9f.
V= Ee; + %eé + %64,,
where é; are the orthonormal basis vectors formed from the coordinate basis
vectors in the spherical coordinate system.
Find the expressions for the gradient of f in coordinate basis.
In a coordinate system with orthogonal coordinate basis vectors, the curl of a
vector field is given by

v i 1 9A3  9A%\. N 1 Al aad\.
xXA=——"-—|——-— e+ —| — — — }¢
V82833 \ ax? 9x? ! Jg1gs \ 0x3  ox! z

N 1 aA2  aAl\_
—_— - = ]es.
V81182 \ ax! ax2 |

Find an expression for the curl in spherical coordinates. (The division by the
factors ,/gi;g;; is a normalization of the area of a surface element normal to the
basis vector e, k # i, j.)

The divergence of a vector field can in general (in an arbitrary basis) be defined
by
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(V : K)g =dx A,
where
g =lIglo' Ao’ A,

Is the volume form, and |g| is the determinant of the matrix formed by
the components of the metric tensor. The volume form represents an invariant
volume element. .

Find the expression for the divergence of A in spherical coordinate.

Finally find the expression for the Laplacian of f in the spherical coordinate
system.

5.3 Spatial geodesics in a rotating frame of reference

Our point of departure is the line-element (4.20) for 3-space in a rotating reference
frame,

2 5 r2dg? 5
des =dr- + 1= w2 +dz”.

We shall consider geodesics in the two-dimensional surface with z = constant.
The task is to calculate the shortest curve between two points with the same dis-
tance from the axis using the Lagrangian equations with the Lagrange function
L = (1/ 2)¢2, where the dot denotes differentiation with respect to an invariant
parameter representing the arc length along the curve.

(a) Find the form of the 2-vector identity for the tangent vectors of the curve.

(b) Find an expression for the momentum py conjugate to the cyclic coordinate 6
of L.

(c) Find the differential equation for the geodesic curves.

(d) Use the boundary condition that the point on the curve closest to the axis has a
distance r( from the axis, to show that

ro

Py = —F7/—/———.
V1 —rdw?/c?

(e) Show that the differential equation of the curve can be written as

dr @  rdr do

-— =
2 _ 2 c 2 _ 2 ro
r\/r FO \/r rO

Integrate this equation and find the equation of the curve. Finally draw the
curve.
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5.4 Christoffel symbols in a uniformly accelerated reference frame

(a) Use the coordinate transformation (4.80)—(4.82) and the formula (5.27) to calcu-
late the non-vanishing Christoffel symbols in the coordinate system of Chap. 4
co-moving with a uniformly accelerated reference frame.

(b) Use Eq. (5.65) to calculate the same Christoffel symbols as in (a).

5.5 Relativistic vertical projectile motion

A particle is thrown vertically upwards with velocity v from the origin of the
coordinate system in the gravitational field of a uniformly accelerated reference
frame.

Calculate the maximal height of the particle.

5.6 The geodesic equation and constants of motion

(a) Show that the geodesic equation can be written in the following form: ‘% -

% %‘i",{ wPur = 0.
(b) Assume that the metric is static and the space is cylindrically symmetric with
cylindrical coordinates (r, 6, z). What constants of motion are there then for a

free particle?




Chapter 6 )
Curvature ot

Abstract The Riemann curvature tensor is introduced, and the expression of its
components in terms of the derivatives of the metric and the structure coefficients is
deduced. Tidal forces are discussed in a relativistic context, and it is pointed out that
the relativistic gravitational field has both a non-tidal component due to the motion
of the reference frame and a tidal component due to spacetime curvature.

6.1 The Riemann Curvature Tensor

The covariant directional derivative of a vector field A along a vector v was defined
and interpreted geometrically in Sect. 5.2 as follows:

6.1)

- Aop(h + AX) —A(M
ViA = — =A"ve, = lim or(t+ A%) — AR
4 AL—0 AM

Let AQP be the vector A parallel transported from Q to P in Fig. 6.1.

In Fig. 6.2 we have illustrated that a vector parallel transported around a closed
curve on a curved surface changes direction during the round trip.

Then to first order in AA we have Agp = Ap + (V3A)p AL and

App =Ag — (ViA)pA. (6.2)
To second order in AL we have
- 1 -
Apg = <1 — VAL + zv,;v;,(Ax)Z)AQ. (6.3)

We shall now parallel transport a vector around the closed polygon shown in
Fig. 6.3.
If Apg is parallel transported further onto R we get

S 1 1 N
Apor = (1 — Vil + EV,-,V,;(AK)2> (1 — VAL + Evava(Ax)2>AR, (6.4)
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AN+ AN

Fig. 6.2 Parallel transport of a vector around a triangle

where AQ is replaced by A g because the differential operator always shall be applied
to the vector in the first position. If we parallel transport A around the whole polygon
in Fig. 6.3 we get

- 1 1
Aporstp = <1 + Vi AL+ EV,;V,;(AA)2> (1 + Vs AX + 5%%(&?)
1
(1= Vs (Ar)?) (1 — Vi AL+ EV;,VE(AA)2>

1 -
(1 — VAL + EVDVD(AA)2>AP. (6.5)
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(Vaar® — Vigart) AA

— - 2
FT)AN [@, 7] AN
ViaartvA;
"
!_J"[_Jn ]A/\ II;’(‘;_\;\
R
VA
-T!' :TPQ W(QHax
P F(P)AX Q
A A+ AN
Fig. 6.3 Curvature and parallel transport
Calculating to second order in AA gives
Apgrstr = Ap + ([Va, V5] = Viz.51) (A2)Ap. (6.6)

There is a variation of the vector under parallel transport around the closed
polygon,

SA = APQRSTP —Ap = ([Va, V5] — V[E,GJ)AP(A)\)Z- (6.7)

Definition 6.1.1 (The Riemann curvature tensor) The Riemann’s curvature tensor
is defined as

R( A, 1,9) = ([Vi, V5] — Vias) A). (6.8)

The components of the Riemann curvature tensor are defined by applying the
tensor on basis vectors

-

Rosén = (Voo Vsl = Viz, 2,1) (60). (6.9)

It follows from Definition (6.8) that the Riemann tensor is antisymmetric in its last
two arguments. Hence the components are antisymmetric in their last two indices,

Rl = =R,

e (6.10)

The expression for the change of A under parallel transport around the polygon,
Eq. (6.7), can now be written as
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Fig. 6..4 Curl as area of a AS = i x B(AL)?
vectorial parallelogram.

Parallelogram defined by the 4
vectors A and ¥ A is Sree
. HAA
represented mathematically
by the vector
AS =i x P(AL)? AS
AL
AA =R( LA, i1, v)(AL)>
=R( A%, u"¢,. v ep)(AL)
= EuR}, A UV - (AL)?
1.
=5¢ euRl gAY (VP — uPv*) (AL (6.11)
The area of the parallelogram defined by the vectors #AA and v AA is
AS =i x v (AL)2. (6.12)
These vectors are shown in Fig. 6.4.
Using that
(1 x V)% = uP — uPr, (6.13)
we can write Eq. (6.11) as
A 1 123 af
AA = EA R, A8 e, (6.14)

The components of the Riemann tensor expressed by the connection coefficients
(5.114) and structure coefficients (3.40) are given by

¢uR}yg = [Va, Vgléy — Viz, 2,160
= (VoVp — VgV, — cgﬁvp)zv
= Vo Vgé, — VgVué, — chpV,é,
= Val'lgu — VpT,eu — cupll s
= (Vulp)é, + Tl Vae, — (VpTh ), — 1, Ve, — chyTh e,

= 6a(Thy)e, + D0 T 6, — e5(TV)E, — T, The, — chyTlE,. (6.15)

This gives the components of the Riemann curvature tensor in an arbitrary basis
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Ryp = €u(Thg) — ép(Th) + T, Th, —Th Thy —chyTh . (6.16)

In coordinate basis Eq. (6.16) is reduced to

Rffm3 = Fffﬁ,a — Fffa,ﬂ + Ffﬁrga — F",’ar‘gﬂ, (6.17)
where Ty = 'y, are the Christoffel symbols.

Since the basis vectors are derivative operators, the first two terms is a linear com-
bination of derivatives of the connection coefficients. In a local Cartesian coordinate
system co-moving with a local inertial reference frame all the connection coeffi-
cients vanish, and only the first two terms in the expression of the components of
the Riemann curvature tensor remain. As we have seen in Sect. 5.5.3 this means that
in such a system there is no acceleration of gravity. But in general the derivatives of
the connections coefficients will not vanish. Hence in general spacetime is curved.
This shows that the acceleration of gravity does not depend upon the curvature of
spacetime. It depends instead upon the motion of the reference frame. The curvature
of spacetime is given by a tensor and is an invariant property of spacetime at the con-
sidered position. The acceleration of gravity is, however, not an invariant property
of spacetime since it is given by certain connection coefficients that are not tensor
components. They can be transformed away. This is the mathematical expression of
the fact that you can transform away the acceleration of gravity locally by going into
a local inertial frame.

Definition 6.5.1 (Contraction of a tensor component) Contraction of a tensor
component is an operation defined by

Ry =R}, (6.18)

The summation is over w. In this way a new tensor is constructed from another
tensor with a rank 2 lower than the original tensor.

The tensor with components R,z is called the Ricci curvature tensor. Another
contraction gives the Ricci curvature scalar R = RY;.

Due to the antisymmetry (6.10) we can define a matrix of curvature forms,

o* Ao, (6.19)

1
_ 13
R = ER”“’S

Inserting the components of the Riemann tensor from Eq. (6.14) gives

- 1
Rl = (ea(r’jﬂ) + Tk, — Ecgﬂrgp>ga N (6.20)

‘We shall now introduce the curvature form. Then we need the connection forms,

QF =T% o (6.21)
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The exterior derivatives of the basis forms are,
dw’ = 1 P B — _QF o
dw” = _zcaﬁg N = T RAy N @
The exterior derivatives of the connection forms can now be written
dQ! = dry A of + Tl do”
- 1
= ¢, (T A P EcZﬁFfpr"‘ N
Combining Egs. (6.20)—(6.22) the curvature forms take the form
A
R = dQ! + QU A Q1.

This is Cartans 2. structure equation.

6 Curvature

(6.22)

(6.23)

(6.24)

Example 6.1.1 The Riemann curvature tensor of a spherical surface calculated from

Cartan’s structure equations

Let » = R be the radius of the spherical surface. The calculation is performed in

5 steps.

1. Write down the metric tensor and introduce a form basis dual to an orthonormal

vector basis.

g=0’ @ + 0 ® = R*d9 ® d + R sin” §dy ® dg,

giving

o’ = RO, o’ = Rsin6dg.

2. Use Cartan’s 1. structure equation, do* = " A QF, to calculate the structure
forms. Since R is constant and using Poincare’s lemma and the antisymmetry of
the connection forms, exterior differentiation of the basis forms lead to

R A . R | 0
dof =0=0f A QJ, do’ =Rcosfdd Adg =0 A~ o
- — R sinf
giving
A . P A 1 cos6 .
Ql = F(0, QY =9(0, o4 é
;=10 90", £2;=80.9)0" + 0o

where the functions f (0, ¢) and g(@, ¢) are determined from the antisymmetry of

the connection forms. Using that QZ =5, =R = —Q;ﬁ', we get
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1 cos®
97 = T ) 9’ = 0'
f,9) R<ind g0, ¢)
Hence,
Qf Qé L cosd cos 6d
o= — " = — w’ = .
=0 —% Rsinf— 2

The reason for going back to coordinate basis here is that then it is easier to
calculate the exterior derivative @e‘f.

3. Calculate the Riemann curvature forms from Cartan’s 2. structure equation,
R N N R . 1 2 R
R =d@? + Q% A Q¥ =dQ? = d(cos fdg) = —sin6do A dgp = ——o’ ne? =R,
¢ ¢ NG T S5
4. Calculate the non-vanishing components of the Riemann tensor from

RI=q( /DR 0% A

This gives
b _pb __pp __pp _ L
@09 — A6 T Tegd T T66p — R2°
5. Calculate the components of the Ricci curvature tensor and the Ricci curvature
scalar,
Ri; =R L R=Rl 4RI =2
00 = Rop = 73> R=Ry+ Ry =5

6.2 Differential Geometry of Surfaces

Imagine an arbitrary surface embedded in an Euclidean 3-dimensional space
(Fig. 6.5).
The coordinate basis vectors on the surface are

- Ja . 0
ey =—, e,=— (6.25)

where u and v are coordinates on the surface. The directional derivatives of the basis
vectors are written as

Cuw =T 8 +KuN, a=12. (6.26)
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Fig. 6.5 Surface with tangent vectors and normal vector

Greek indices run through the surface coordinates, and N is a unit vector
orthogonal to the surface. It follows from Eq. (6.26) that

Ky =24, N. (6.27)
Equation (6.26) is called Gauss’ equation. In coordinate basis we have
- 2 2 -
Cuv = g = g = év Hence
K =Ky, (6.28)

Let u be the unit tangent vector to a curve on the surface, parameterized by A .
Differentiating # along the curve, we get

du -
_ — My g,V
T e+  Kyu'u N. (6.29)
——
2nd fundamental form

We define two scalar quantities k, and ky by

du

o= K€ + kyN. (6.30)
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Here ¢ = N x i is a unit vector in the surface which is orthogonal both to N' and to ii.
K¢ is called the geodesic curvature, and ky the normal curvature (external curvature).
Note that x, = 0 for geodesic curves on the surface. The geodesic curvature is given
by the covariant directional derivative of the tangent vector field of a curve along the
curve,

kg = uf‘uu"zu = V. (6.31)
It follows from Eqs. (6.29) that

di

d—)“ -N = KMUMMMV, (632)
and from Eq. (6.30) that
du N (6.33)
K = — - . .
ATY

We also have that i - N = 0 along the whole curve. Differentiation gives

di - . dN
— N -— =0. 6.34
o VT 634
It follows from the last three equations that
. dN
Ky = KMUM”'MU = —Uu- d_)\" (635)

which is called Weingarten’s equation.

The geodesic curvature k, and normal curvature ky together give a complete
description of the geometry of a surface in a flat 3-dimensional space. We are now
going to consider geodesic curves through a point on the surface. The point of depar-
ture is the tangent vector u = u*¢, with it - u = g,,u"u’ = 1. The directions with
maximum and minimum values for the normal curvatures are found by extremalizing
kn under the condition g,,,u*u” = 1. We then solve the variation problem §F = 0
for arbitrary u* where F = K, u*u’ — k(g u*u” — 1). Here k is the Lagrange
multiplicator. Variation with respect to u* gives

8F = 2(K,, — kguv)u”su. (6.36)
The requirement that §F = 0 for arbitrary #** demands that
(Ky» — kg;w)uv =0. (6.37)

For this system of equations to have nonzero solutions, we must have
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det(K/w - kg,u,v) = 07 (638)
or

Ky — kg Kio —kgia| 0

= (6.39)
Ko1 — kga1 Kap — kg
This gives the following quadratic equation for k:
k?det(g,n) — (§11K22 — 2812K12 + gnKink + det (Ky,) = 0
(K symmetric K1, = K»y). (6.40)

The equation has two solutions, k| and k. These are the extremal values of k.
In order to find the meaning of k, we multiply Eq. (6.37) by u*, which gives

0= (K — kgu)u"u’
= Koutu” — kgutu’
ZKN—k=>k:K'N. (641)

The extremal values of «y are called the principal curvatures of the surface. Let
the directions of the geodesics with extreme normal curvature be given by the tangent
vectors # and v. Equation (6.37) gives

K u" = kg,u'. (6.42)

Multiplying by v* we get

K ' v = kiguu'v' = kiu, vt = k(- v),
Klwvvuu = ng/wvvuﬂ = kz(ﬁ : {;)a (6.43)

which gives
(ki — ko) (@ - V) = K, (v — v u) = 2K, ul”v. (6.44)
K., is symmetric in p and v. So we get (k; — ky) (i -v) = 0. For k; # k, we have to

demand # - v = 0. So the geodesics with extremal normal curvature are orthogonal
to each other.
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The Gaussian curvature (at a point) is defined as
K =«ky1 - kn2 (6.45)
Since xy and ky» are solutions of the quadratic equation above, we get

 det(K,)

= ) 6.46
det(gu) (6.40)

6.2.1 Surface Curvature Using the Cartan Formalism

When we use the Cartan formalism, we introduce an orthonormal set of basis vectors
at each point of the surface. Greek indices run through the surface coordinates (2-
dimensional) and Latin indices through the space coordinates (3-dimensional):

€ = (¢1,€5,N), ép={ej, ¢é). (6.47)

where N is a unit vector field orthogonal to the surface. Using the exterior derivative
and form formalism, we find how the unit vectors on the surface change:

4oy =e: @ =6, 92 +N @2, (6.48)

where Q’: = Fﬁ“&g" are the connection forms on the surface, i.e. the intrinsic
connection forms. The extrinsic connection forms are

Q) = Kyp0f, QF = K)o (6.49)

=> L
=

We let the surface be embedded in an Euclidean (flat) 3-dimensional space. This
means that the curvature forms of the 3-dimensional space are zero:

i ) _ 108 a k
R =0=dQ5 + Q7 A Qs (6.50)

which gives

Rl =0=dol + QI A Qi+ 9 A0} =Rl + ) A Q). 6.51)

where Eg are the curvature forms of the surface. We then have

1 . R R
_pH B _ _OM 3
TR o Ao = Q§ A Q5. (6.52)
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Inserting the components of the extrinsic connection forms, we get (using the
antisymmetry of o and § in B‘Jaﬂ)

Rgﬂ 5= KI'K, 5 — Knga&. (6.53)

= KuaK; 5 — K Koa- (6.54)

R; ;4 are the components of a curvature tensor which only refer to the dimensions
of the surface. In particular

Ri515 = K;1K55 — Kj5K57 = det K. (6.55)

We then have the following connection between this component of the Riemann

curvature tensor of the surface and the Gaussian curvature of the surface:
detKpp _ Risis

K = knikn2 = = :Rim,
NTEN det g5 det g5 212

(6.56)

where we have used that det g;; = 1 in orthonormal basis. Since the right-hand side
refers to the intrinsic curvature and the metric on the surface, we have proved that
the Gaussian curvature of a surface is an intrinsic quantity. It can be measured by
observers on the surface without embedding the surface in a 3-dimensional space.
This is the contents of Gauss’ theorema egregium.

6.3 The Ricci Identity

Applying the Riemann tensor to a vector gives

U
Rvaﬁ A"

= (VyVp — VsVy — v[?m?ﬁ])(ix). (6.57)
In coordinate basis this is reduced to
E R gAY = (Al — Allap) i, (6.58)
where

ALy = (A (6.59)

The Ricci identity on component form is
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A”R"faﬁ = Af‘ﬁa — Affxﬁ. (6.60)
‘We can write this as
- 1
@A = ER‘v‘aﬂA”_e)M ® 0 Ao’ (6.61)

This shows that the 2. exterior derivative of a vector is equal to zero only in a flat
space. Equations (6.60) and (6.61) both represent the Ricci identity.

6.4 Bianchi’s 1. Identity

We shall here need Cartan’s 1. structure equation,
do' = —QU A", (6.62)
and Cartan’s 2. structure equation,
R} = dQ) + Q' A Q. (6.63)

Exterior differentiation of Eq. (6.62) and use of Poincaré’s lemma (5.16) give
d’*w* = 0. Hence,

0=doi Ao’ - Qf Adw". (6.64)
Use of (6.62) gives
dQ* A’ + QA QAW =0. (6.65)
From this we see that
Q) + Q) A Q) A’ =0. (6.66)

We now get Bianchi’s 1. identity,
RiAN@" =0 (6.67)

The component form of Bianchi’s 1. identity is

1
ER’;‘aﬂQa AP Ao’ = 0. (6.68)
e e ——

R*

4,



186 6 Curvature

The component equation is

Rﬁaﬁ] =0 (6.69)
or
Ri.s+ Ry, + R =0, (6.70)
where the antisymmetry R, = —R}j, has been used.

6.5 Bianchi’s 2. Identity

Exterior differentiation of Eq. (6.63) gives
dR} = R A Q5 — Q AQ AR — QAR+ AR AR
=R AQ) - QAR (6.71)
We now have Bianchi’s 2. identity as a form equation:
AR+ QU AR, —RIAQL =0 (6.72)
As a component equation Bianchi’s 2. identity is given by
1t —
Ry gy = 0 (6.73)

The Riemann curvature tensor has four symmetries.

L. The definition of the Riemann tensor implies that: R}, = —R,,.
1. Bianchi’s 1. identity:R[, 5 = 0.

III. From Cartan’s 2. structure equation follows:

R “Ropap. (6.74)

pvap =

By choosing a locally Cartesian coordinate system in an inertial frame we get the
following expression for the components of the Riemann curvature tensor:

1
Rp.votﬁ = E(guﬁ,voz — 8uavp + 8vaup — gvﬁ,;wz)v (6.75)

from which we get:

IV. The fourth symmetry of the Riemann curvature tensor is R,,,q8 = Rogjuv-
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These four symmetries reduce the number of independent components of the
Riemann tensor in 4-dimensional spacetime from 256 to 20. Contraction of ¢ and o
leads to

Ry = Rgy, (6.76)

that is the Ricci tensor is symmetric. In 4-dimensional spacetime the Ricci tensor
has 10 independent components.

6.6 Torsion

Definition 6.6.1 (The torsion 2-form) The torsion 2-form is defined by
TG AV) = Viy — Vi — [id, V], (6.77)
where 1 and v are arbitrary vectors. It is a vectorial form, which means that the
torsion form has vector components. The contraction of the torsion with # A v has
the component form,

T@nv)=—(T8, —Th, +ch,)u"v'e,. (6.78)

It follows that the torsion form has the component form

1 - v
T= E(F(}’M -Iy, - cﬁv) e, @' ANw". (6.79)

Introducing the scalar torsion components 77, by

T AY) = Tlfvu"v”?p, (6.80)
we get
T/fv = Fﬁu — Fﬁv — ch’ (6.81)
So that
T=17"% @0 ne’ 6.82)
= 2 uvep w @ .. .

In coordinate basis ¢y, = 0, giving

TS, =T7, —T%,. (6.83)
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Hence torsion induces an antisymmetric part of the connection coefficients in a
coordinate basis.

The spacetime of the general theory of relativity is assumed to be torsion free.
This is called a Riemannian space. Then the connection coefficients are related to
the structure coefficients by

ch,=Tp, =T}, (6.84)

This shows that the structure coefficients represent the antisymmetric parts of the
connection coefficients. In a coordinate basis in a Riemannian space the connection
coefficients are symmetric and the structure coefficients vanish.

It follows from Egs. (5.164), (5.78) and (6.79) that the vectorial torsion form
(form with vector components) may be written

T =¢,Q (do” + Q2 A ). (6.85)
The torsion two forms, T°, with scalar components are defined by
T=¢,01" (6.86)
hence,

T = do” + QU Ao’ (6.87)

6.7 The Equation of Geodesic Deviation

Consider two nearby geodesic curves (Fig. 6.6), both parametrized by a parameter
A. Let s be a vector connecting two curves with the same value of A. The connecting
vector § is said to measure the geodesic deviation of the curves

In order to deduce an equation describing how the geodesic deviation varies along
the curves, we consider the covariant directional derivative of s along the curves, V;s,
where 1 is the tangent vector field of the curves.

Let i and 5 be coordinate basis vectors of a coordinate system. Then [5, ] =0
so that

Vis = Vsii, (6.88)
giving

Vi Vis = Vi Vsl (6.89)
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Fig. 6.6 Geodesic deviation. M A
Two neighbouring geodesic |

curves with a vector § \ 4 '
connecting points on the \
curves with the same \
parameter value I.

Furthermore
RG, $)5 = (IVa Vsl = Vg5 )it = [Va, Vil (6.90)
Thus
ViVi3 = ViViii + R, 3) . 6.91)
Since the curves are geodesics Vziz = 0, and R(ii, 5) = —R(5, i) due to the

antisymmetry of the Riemann tensor, the equation reduces to
ViVis+ R, u)u = 0. (6.92)

This is the equation of geodesic deviation. The component form of the equation
is

D*s\"
(d_xj> + Ry pus"uf = 0. (6.93)

where D/dA is the covariant derivative with respect to an invariant curve parameter
A. In co-moving geodesic normal coordinates with # = (1, 0, 0, 0) and vanishing
Christoffel symbols, the covariant derivative reduces to the ordinary derivative, and
the equation for geodesic deviation reduces to

s’ P
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6.8 Tidal Acceleration and Spacetime Curvature

In Chap. 1 we found Eq. (1.50) for the tidal acceleration, i.e. the relative acceleration
between two nearby particles,

d2§-k ) 82¢
— =, 6.95
dr? ¢ 0x;0xy 6.95)

where ¢/ is the j-component of the separation vector, and ¢ is the Newtonian grav-
itational potential. Comparing these equations we see that in the Newtonian limit
the non-vanishing components of the Riemann curvature tensor of spacetime are the
second derivatives of the Newtonian potential,

i 0%
In Newtonian physics the acceleration of gravity is given by
g=-Vo, (6.97)
or in component form
i__99
g =—a" (6.98).)

Comparing with Eq. (5.90) we see that with a locally Cartesian coordinate system
the non-vanishing Christoffel symbols are

i _ 09
Tl = 5 (6.99)

The Christoffel symbols are the first derivatives of the Newtonian gravitational
potential. According to Eq. (6.96) the second derivatives are the components of the
Riemann curvature tensor. Hence in the Newtonian approximation the non-vanishing
components of the curvature tensor are

(6.100)
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6.9 The Newtonian Tidal Tensor

There are several definitions of the Newtonian tidal tensor that are mathematically
equivalent. One is as follows.

Definition 6.9.1 (Newtonian tidal tensor) The Newtonian tidal tensor is a symmet-
rical tensor of rank 2 with components

0gi
Ej= —o (6.101)

i.e. E;; is minus the change of the i-component of the acceleration of gravity due
to a displacement in the j-direction. Since

0
P (6.102)
ox!
the components of the Newtonian tidal tensor may be written
929
= — 6.103
T dxiow ( )
It follows that the Newtonian tidal tensor is symmetrical.
The Newtonian gravitational field equation
82
Vi = ¢ = 47Gp (6.104)
0x;0x!
can now be written
E! = 47nGp. (6.105)
Also it follows that the equation of tidal acceleration can be written
d2 {k )
— = —E*¢ 6.106
i ke (6.106)

and that in the Newtonian limit the tidal tensor is related to the Riemann curvature
tensor of spacetime by

Ry = E. (6.107)
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6.10 The Tidal and Non-tidal Components
of a Gravitational Field

InNewton’s theory of gravitation all gravitational fields are caused by masses. A grav-
itational field may be described mathematically in terms of a gravitational potential
¢. The acceleration of gravity can be expressed as the negative gradient of the gravita-
tional potential as in Eq. (6.97). The gravitational field is an acceleration field which
has a gravitational field strength equal to the acceleration of gravity at each point in
space. The gravitational field strength is a local quantity, while the gravitational field
itself is a global concept.

Einstein generalized Newton’s 1 law to the form: The 4-acceleration of a free
particle vanishes when no non-gravitational forces act upon it,

_du*
T dr

AF-

+ T UUP =0. (6.108)

This equation holds in arbitrary coordinate systems in all frames of reference,
inertial or accelerated. But only in coordinate systems in which the coefficients of
the metric tensor are constant, do the Christoffel symbols vanish, so that the equation
takes the Newtonian three-vector form @ = 0. In an arbitrary reference frame the
term dU'/dt represents the i-component of the acceleration of the particle relative
to the reference frame, and according to Eq. (6.108) it is given by

du’ :

- = ~T,,UU". (6.109)
The acceleration of gravity may be defined in two mathematically identical ways,

either in terms of the 3-acceleration of a free particle instantaneously at rest, or in

terms of the 4-acceleration

dU*
dr

At =

+ T, U U” (6.110)

of a particle permanently at rest in a reference frame. Let the gravitational field point
in the i-direction at a point. Then the quantity I'! sU U A determines the acceleration
of gravity.

This has an important conceptual consequence: Experiencing a gravitational field
strength, i.e. that there is a non-vanishing acceleration of gravity, in other words that
afree particle falls, has nothing to do with the curvature of spacetime. It depends upon
certain Christoffel symbols. The fact that the Christoffel symbols are not tensor com-
ponents implies that all of them may be transformed away at a point by introducing
locally Cartesian coordinates co-moving with a freely falling local reference frame.
This is the mathematical expression of one of the properties of gravity expressed in
connection with the principle of equivalence, that gravity may be transformed away
locally by going into a freely falling room. So when do we experience a gravitational
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field strength? The answer is: We experience a gravitational field strength when we
are in a room which is not freely falling. Note that this is valid whether spacetime is
curved of flat.

As seen from Eq. (6.93) of geodesic deviation spacetime curvature is connected
to inhomogeneity in a gravitational field—the difference between acceleration at two
nearby points. In Newton’s theory this is associated with the phenomenon of tidal
forces.

Inertial effects upon physical phenomena may be defined as those effects that
depend upon the state of acceleration or rotation of the reference frame. In acceler-
ated or rotating reference frames there are non-vanishing Christoffel symbols that
represent inertial effects, such as the Coriolis and centrifugal acceleration in a rotating
reference frame. We shall take a closer look at this connection.

It should be noted that not all of the Christoffel symbols represent a deviation from
uniform motion of free particles. For example, there are non-vanishing Christoffel
symbols in a system of polar coordinates in an inertial reference frame that only
tell about the geometrical properties of the coordinate system, but do not have any
kinematical significance. On the other hand the Christoffel symbols '}, represent the
acceleration of a free particle instantaneously at rest, and I ;0 represent the Coriolis
acceleration.

The gravitational field strength depends upon the chosen frame of reference and
vanishes in a local freely falling reference frame, i.e., an inertial reference frame.
Generally a gravitational field will have both a non-tidal tidal component which can
be transformed away, and a tidal component which cannot be transformed away. We
shall now consider the mathematical representation of these components.

Let us start by considering gravity in Newton’s theory. Introducing the gravita-
tional potential ¢ and the separation vector 5 between P and a nearby point P, the
acceleration of gravity at P is given by the first two terms of a Taylor expansion about

Py,
— g\ B % B 3¢ -
= _<@)P B (axi>,,0 (axiaxj)s] = (gnr); + (87);, 6.111)

where the non-tidal component of the gravitational field strength is

d
(gnr); = —<—¢> , (6.112)
Py

ox!

and the tidal component is

a2 .
(gr),:—( ¢ > s (6.113)
Po

0x 9x/
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Noting that (gr); = d?s;/dr* and comparing with Eq. (6.94) we see that in the
weak field limit there is a simple connection between the tidal component of the
gravitational field strength and spacetime curvature,

o 92 )
(gr); = —ijosl = —< ¢ ) s (6.114)
Py

Oxiox
This shows that the relativistic counterpart to inhomogeneity of a gravitational
field, i.e. to a tidal gravitational field, is spacetime curvature.
We now proceed to consider gravity according to Einstein’s theory. Making a
Taylor expansion of Eq. (6.109) for a free particle instantaneously atrestin areference

frame with a stationary metric, we find the relativistic expression for the i-component
of the gravitational field strength

gr = —(To0) p, — (Féo,,) Py (6.115)
In this case Eq. (6.17) gives
[0, = Rojo + T6Tho — Lol (6.116)

Inserting this into Eq. (6.115) leads to

gk = —(Tho)p, + (FSOF,ij - rg;r;o)P - (joO)P s (6.117)
0 0

The first term of Eq. (6.117) represents the acceleration of gravity at point Py, i.e.,
it represents the uniform part of the gravitational field. The second term represents
the non-uniform part of the gravitational field which is also present in a non-inertial
reference frame in flat spacetime, for example, the non-uniformity of the centrifugal
field in a rotating reference frame. The last term represents the tidal effects, which

in the general theory is proportional to the spacetime curvature. This suggests the
following separation of a gravitational field into a non-tidal part and a tidal part:

8k = &nr + &7 (6.118)
where the non-tidal component of the gravitational field is given by
ghr = —(Tho), + (Tl rgjr;o)Posf, (6.119)
and the tidal part by

gh = —(R{)jo)POsJ. (6.120)
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As in the Newtonian case, the non-tidal part of the gravitational field can be
transformed away locally by going into a local inertial frame. The tidal part cannot
be transformed away.

Example 6.10.1 Non-tidal gravitational field. Let us as a simple illustrationdp con-
sider the gravitational field strength in a rotating reference frame in flat spacetime.
In this case the Riemann curvature tensor vanishes, so the gravitational field has no
tidal component. The non-vanishing Christoffel symbols are given in Eq. (5.119).
Inserting these into Eq. (6.119) gives for the non-tidal component of the gravitational
field

gy =10’ + @7, gy = s (6.121)

The term rw? is the centrifugal acceleration at the point P, and the other terms
are due to the inhomogeneity of the centrifugal gravitational field.

Exercises

6.1 Parallel transport and curvature

(a) A curve P(A) runs through a point P = P(0), and a vector A is defined at
this point. The vector is parallel transported along the curve so that in each
point P(A) there is a well-defined vector A()) . Express the condition that
the vectors along the curve are parallel as an equation of the components
of the vector A*(A). Show that the change of the components of the vector
by an infinitesimal displacement dx* is

dA* = T (n)A*dx".

(b) A closed curve has the shape of a parallelogram with the sides da and db.
The corners of the parallelogram are denoted by A, B, C and D, respectively.
A vector A is parallel transported from A and C along the two curves ABC
and ADC. Show that the result in these two cases is in general not the same.
Then use this fact to show that the change of A, by parallel transporting it
along the closed curve ABCDA, is

8A* = —R§ ;A"da” db’,

where Ry, ; is the Riemann curvature tensor.
6.2 Curvature of the simultaneity space in a rotating reference frame

Calculate the curvature scalar R of a 2-dimensional simultaneity space in a rotating
reference frame with the line-element
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The tidal force pendulum and the curvature of space

We will again consider the tidal force pendulum. Here we shall use the equation for
geodesic deviation to find the period of the pendulum.

(a)

(b)

(©)

Why can the equation for geodesic equation be used to find the period of the
pendulum in spite of the fact that the particles do not move along geodesics?
Assume that the centre of the pendulum is fixed at a distance R from the centre
of mass of the Earth. Introduce an orthonormal basis {e;} with the origin at the
centre of the pendulum (see Fig. 6.7).

Show to first order in v/c and ¢ /c?, where v is the 3-velocity of the masses and
¢ the gravitational potential at the position of the pendulum, that the equation
of geodesic deviation takes the form

&2

— + R’ Ef =0.

dr?
Find the period of the pendulum expressed in terms of the components of
Riemann’s curvature tensor.



Chapter 7 ®)
Einstein’s Field Equations oo

Abstract This chapter starts with a hydrodynamical description of energy—momen-
tum conservation in a Newtonians context in order to give some intuition about
the relativistic formulation of energy—momentum conservation as represented by
a vanishing divergence of the energy—momentum tensor. Einstein demanded that
energy—momentum conservation should follow from the field equations, and hence
he needed a divergence-free curvature tensor. This is deduced from Bianchi’s 2. iden-
tity. It is shown that one need not postulate that free particles follow geodesic curves,
but that it follows from the field equations.

7.1 Newtonian Fluid

We shall begin this chapter by giving a mathematical formulation of the law of
energy—momentum conservation. Again (like we did in the Sect. 5.9.1) we shall start
by considering a Newtonian fluid.

The total derivative of a velocity field was presented in Sect. 5.9.1 and is

—E——i—(\/'%)\j. (7.1)

The component notation for the expression of the total derivative of the velocity
takes the form
Dy v

= N 72
Dt ot " axi (7.2)

In Newtonian hydrodynamics mass conservation is represented mathematically
by the continuity equation,
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dp R ap  d(pv)
Py .om=0 or &L D
ar TV Y o o T Ton

0. (7.3)

Conservation of momentum is represented by the Euler’s equation of motion
(ignoring gravity),

Do > R v ap
— =-V —_— ) = ——. 7.4
Y pot p( ar T ay) oxi 74

The energy—momentum tensor is a symmetric tensor of rank 2 which describes
material properties,

TOO TOI T02 T03
T _ TlO Tll T12 T13 (7 5)
- T20 T21 T22 T23 ’ .
T30 T31 T32 T33

Here T represents mass—energy density, 7°° represents momentum density, 7%
represents pressure for 7" > 0 and tension for 7" < 0, and 7" represents shear
forces fori # j.

Example 7.1.1 (Energy—momentum tensor of a Newtonian fluid) In the case of a
Newtonian fluid the components of the energy—momentum tensor are

T = pc?, T = pevi, TV = pviv/ + ps¥, (7.6)

where p is the mass density, p the pressure, assumed isotropic here and V' the i-
component of the velocity. We choose a locally Cartesian coordinate system in an
inertial frame such that the covariant derivatives are reduced to partial derivatives.
The divergence of the momentum—energy tensor, 7.,", has four components, one for
each value of .

The zeroth component is

. dp  3(pv)
T =T =TY +T) = — . 7.7
v TR0 TR T g T gy 7D
which in comparison with Newtonian hydrodynamics shows that
T;%" =0 (7.8)

is the continuity equation. This equation represents the conservation of mass—energy.
The i- component of the divergence is

(pv) N d(pvivi + psi)

T[U — T[O le —
v = lo ot dx
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' 9p L 0pv/ jovap
== —~ f— ! . ~ ) 7.9
P TV T e T e T 7.9)
According to the continuity equation
d(pv' a
(ov)) _ % (7.10)
ax! ot
which implies that

- v 9o L 0p Sovi Ap Dvi  dp
T =p—+V——V—4+pvV——+ —=p—+ —. 7.11
TP T e T e TP e T~ P T o 71D

Hence the Euler equation of motion, which represents momentum conservation,
takes the form

T! =0. (7.12)

This is Euler’s equation of motion. It expresses the conservation of momentum.
It follows from Egs. (7.8) and (7.12) that the equations

" =0 (7.13)

are the general expressions for energy and momentum conservation.

7.2 Perfect Fluids

‘We now turn to the general relativistic case. A perfect fluid is a fluid with no viscosity.
The components of the energy—momentum tensor of a perfect fluid are

14
T = (p + C_z)uMuV + P8uvs (7.14)

where p and p are the mass—density and pressure of tension, respectively, measured
in the rest frame of the fluid, and u,, are the components of the 4-velocity of the fluid.

In a co-moving orthonormal basis the components of the 4-velocity are u”* =
(c, 0,0, 0). Then the energy—momentum tensor is given by

pc2 000
0 p00
00p0
000p

Ty = , (7.15)
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where p > 0 is pressure and p < 0 is tension.
There are three different types of perfect fluids that are particularly useful:

1. Dust or non-relativistic gas is given by p = 0 and the energy—momentum tensor
T = puyly.

2. Radiation or ultra-relativistic gas is given by a traceless energy—momentum
tensor, i.e. T/* = 0. It follows that p = (1/3)pc?.

3. The third type is a sort of vacuum energy of particular significance for
construction of relativistic universe models.

7.2.1 Lorentz Invariant Vacuum Energy—LIVE

Let us follow a thought presented by the Belgian cosmologist Georges Lemaitre
around 1935. Assume a particle is alone in the universe. It is not possible to define
motion for such a particle. Hence all motion is relative.

Quantum mechanics implies that particle—antiparticle pairs are created and then
annihilated again in a very short time restricted by the Heisenberg uncertainty rela-
tionships. Averaging over a macroscopic time and region in space this implies the
existence of a quantum mechanical vacuum energy on a macroscopic scale. If it is
possible to measure velocity relative to this energy, it would act as a sort of ether and
re-establish absolute motion into the physics.

According to the special theory of relativity, which has been experimentally con-
firmed in several ways, this cannot be the case. Hence it must be impossible to
measure velocity relative to the vacuum energy. This implies that all the components
of the energy—momentum tensor of the vacuum energy must be Lorentz invariant. It
is shown in Exercise 7.2 that Lorentz invariance of all the components of an energy—
momentum tensor implies that the energy—momentum tensor is proportional to the
metric tensor.

Assume now that the Lorentz invariant vacuum energy, LIVE, can be described
as a perfect fluid.

T = (puive + PLIVE/Cz)“qu + PLIVE&uv (7.16)

Lorentz invariance then requires that the vacuum energy obeys the equation of
state

PLIVE = —pLIVEC?. (7.17)

Hence LIVE is in a state of strain.
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7.2.2 Energy—-Momentum Tensor of an Electromagnetic Field

Given an electric field E = E' ¢; and a magnetic field B = B'¢;. The electromagnetic
field tensor is an antisymmetric tensor of rank 2 given by (using units so that c = 1)

0 E' E* E°
—E' 0 —B3 B?
—E* B3 0 -B!
—E*—-B?2 B' 0

F,, = (7.18)

The electromagnetic energy—momentum tensor is a symmetric tensor of rank 2
with components

1
Ty = Fuu F* — Z(g,wa,ﬂwﬁ. (7.19)

This tensor is used when one is going to find solutions of Einstein’s field equations
for spacetimes with electromagnetic fields.

7.3 Einstein’s Curvature Tensor

Einstein assumed that the field equations representing the relativistic generalization
of Newton’s law of gravitation have the form: spacetime curvature x momentum—
energy tensor. Also, he demanded that energy and momentum conservation should
follow as a consequence of the field equation. This puts the following constraints on
the curvature tensor: It must be a symmetric, divergence-free tensor of rank 2.

A good candidate is the Ricci tensor introduced in Eq. (6.18). It is a symmetric
curvature tensor of rank 2. Let us see whether it is divergence free. In order to calculate
its divergence we start with Bianchi’s 2. identity which was deduced in Sect. 6.5,

Rl‘-

vaf;o

+ Rl’fm;ﬂ + R“fﬂa;a =0. (7.20)
Contraction of u and « and using Eq. (6.73) gives

Rvﬂ;ﬂ - Rua;ﬁ + RvMﬂa;M =0. (7.21)
Further contraction of v and o leads to

2R3, = Ry (7.22)

Thus, the divergence of the Ricci tensor is
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Lo
Rf.o = 3Ry. (7.23)

It is not vanishing. Hence, the Ricci tensor is not the curvature tensor to be put
into the left-hand side of the field equations. However, we can use this expression to
construct a new divergence-free curvature tensor.

Since the metric tensor is covariant divergence free, we have that (85R):0 =

5 R.o. Now we multiply Eq. (7.23) by g/ to get

o1
(87R5)., — 5 (8ZR) 5 =0. (7.24)

Interchanging o and $ in the first term and using that the mixed components of
the metric tensor are gf = 8¢, we get

1
(Rg —=8f R) =0. (7.25)
2 B

Hence the tensor Rf — (1/2)82R is divergence-free. This tensor is called the
Einstein tensor, and its covariant components are denoted by E,g, that is

1
Eaﬁ = Raﬂ - Ega,gR. (726)

In 4. dimensional spacetime the metric tensor has ten independent components.
Due to the identities

my o _

E.; =0, (7.27)
which represent four equations that any Einstein tensor fulfils as a consequence
of Bianchi’s 2. identity, the field equations give only six independent equations to
determine the components of the metric tensor. Since there are ten independent

components, this leaves four free metric functions. This secures a free choice of
coordinate system.

7.4 Einstein’s Field Equations

Einstein’s field equations are
E, =Ty, (7.28)

where k is a constant called Einstein’s constant of gravity. Inserting the expression
(7.26) for the components of the Einstein tensor we have
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1
R, — Eg,wR =«kT,. (7.29)
Contraction and using that g/} = 8/} = 4 gives

R =—«T, (7.30)

where T = T}'. Thus the field equations may be written in the form
R, = K(T,w — %g,wT) (7.31)
In the Newtonian limit the metric may be written as
ds? = —(1 + i—f)czdtz + (14 hy;)(dx? + dy? 4+ dz?), (7.32)

where the Newtonian potential |¢| < ¢?, and h;; is a perturbation of the metric
satisfying |h;;| < 1. We alsohave Tyg > Ty and T = —Tgo. Then the 00-component
of the field equations may be approximated by

K
Ry = ETQ(). (7.33)
Furthermore we have
I i i i 8F]50 |
Roo = R0 = Rojo =Too; —Toio=5 =3V¢ (7.34)
0x c
Since Ty &~ pc?, Eq. (7.33) can be written as
2 L
Vg = FKcp. (7.35)

Comparing this equation with the Newtonian law of gravitation on local form,
V3¢ = 4nGp, (7.36)
we see that Einstein’s constant of gravity is

81 G
= C4 .

K

(7.37)
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It has the value k = 2.077 x 10~4s?/mkg.
In classical empty space we have T,,, = 0, which gives

E, =0, (7.38)
or
R, = 0. (7.39)
These are the field equations for empty space. Note that R, = 0 does not imply
R,.vep = 0. In general curvature is non-vanishing in empty space. In the words of J.
A. Wheeler: “Mass there curves spacetime here”.

It was shown by D. Hilbert that the field equations may be deduced from a
variational principle with action

/ Ry/—gd*x, (7.40)

where R./—g is the Lagrange density. One may also include a so-called cosmological
constant A:

f (R +2A)/—gd*x. (7.41)
The field equations with cosmological constant are
1
Ry, — Eg’”R + Aguy =«T,,. (7.42)
The field equations of empty space with a cosmological constant are
1
R, — Egle + Agu =0. (7.43)

Solutions of these equations are sometimes called Einstein spaces.

7.5 The “Geodesic Postulate” as a Consequence of the Field
Equations

The principle that free particles follow geodesic curves has been called the “geodesic
postulate”. We shall now show that the “geodesic postulate” follows as a consequence
of the field equations.
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Consider a system of free particles in curved spacetime. This system can be

regarded as a pressure-free gas. Such a gas is called dust. It is described by an
energy—momentum tensor

T" = putu”, (7.44)

where p is the rest density of the dust as measured by an observer at rest in the dust,

and u* are the components of the 4-velocity of the dust particles.
Einstein’s field equations as applied to spacetime filled with dust take the form

1
R*Y — Eg’“R = kputu". (7.45)

Because the divergence of the left-hand side is zero, the divergence of the right-
hand side must be zero, too,

(putu’),, =0 (7.46)
or
(pu’u™y., = 0. (7.47)

We now regard the quantity in the parenthesis as a product of pu” and u*. By the
rule for differentiating a product we get

(ou")ou + pu’u, = 0. (7.48)

Since the 4-velocity of any object has a magnitude equal to the velocity of light
we have

uut = —c*. (7.49)
Differentiation gives
(uuut),, =0. (7.50)
Using, again, the rule for differentiating a product, we get
U + uyuly, = 0. (7.51)

From the rule for raising an index and the freedom of changing a summation index
from « to u, say, we get

o _ Lo — o — a 14
U =u"uy, = g" g1y = g8 Uy, = ugul, = Uyl (7.52)
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Thus the two terms of Eq. (7.51) are equal. It follows that each of them are equal
to zero. So we have

uuut, = 0. (7.53)
Multiplying Eq. (7.48) by u,,, we get
(ou"),yu u” + puvuuuff) =0. (7.54)

Using Eq. (7.47) in the first term and Eq. (7.51) in the last term, which then
vanishes, we get

(pu”)., = 0. (7.55)
Thus the first term in Eq. (7.48) vanishes and we get

pu'ul, = 0. (7.56)
Since p # 0 we must have

u'ul, = 0. (7.57)
This is just the geodesic equation. Hence, it follows from Einstein’s field equations
that free particles follow geodesic curves of spacetime.

7.6 Einstein’s Field Equations Deduced from a Variational
Principle

It was shown by David Hilbert how Einstein’s field equations can be deduced from
a variational principle. A detailed discussion of this is given in for example @. Grgn
and S. Hervik: “Einstein’s General Theory of Relativity”, Chap. 8. We shall here
only give a brief summary as a preparation for the presentation of the Kaluza—Klein
theory in the Appendix.

Hilbert’s variational principle has the form

81 =0, I=/Lf§&n (7.58)

where [ is the action, L the Lagrange function—also called the Lagrangian—and g
the determinant of the metric tensor. Einstein’s field equations for empty space are
obtained from the Lagrange function

L =R, (7.59)
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where R is the Ricci curvature scalar. This gives

1
81 = / (R"““ ~5R g’“)S guv/—g d*x. (7.60)

Requiring that 6/ = O for arbitrary variations of g,,, gives the field equations for
empty space

1
R* — ER gt =0. (7.61)
Einstein’s field equations (7.29) for a spacetime filled with energy and matter,
described by an energy—momentum tensor with mixed components 7, are now
written

1
Ry — SR8} =k T\ (7.62)

According to the Lagrangian formalism the energy—momentum tensor of an
electromagnetic field is given by

woT! = A, — L8", (7.63)

v

A,

where A, are the components of the electromagnetic vector potential, and p is the
permeability of empty space. The electromagnetic field tensor is given in terms of
the electromagnetic vector potential in Eq. (5.263) which is here written in the form

Fon=A,,—4,,. (7.64)
The Lagrange function of the electromagnetic field is

1
L=-F"F

1 v (7.65)

In order to calculate the first term at the right-hand side of Eq. (7.3) this is written
as

L = %F’“’(Av_# —Auv). (7.66)

Due to the antisymmetry of F* this can be written as

L
L= F"Au. (7.67)
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Hence
oL
YV FrP, (7.68)
Py 1k
SO
T[4 % ! PO Sk
MOT\; =F A,o,v - ZFpo'F 5,, . (769)
The covariant components are
- , 1 o
/'L()T;w = FM Ap, v Z ,o(rF 8uv- (7.70)

The energy—momentum tensor should be symmetric and divergence free in order
to fit into Einstein’s field equations. But the first term in the expression (7.70) is
not symmetric in p and v. The usual procedure for obtaining a symmetric energy—
momentum tensor is the following. Add a term of the form K 3’; to the expression
(7.69), where K is antisymmetric in the first two indices. The mathematical expres-
sion of energy—momentum conservation is that the divergence of the energy—momen-
tum tensor vanishes. The divergence of the added term is K 3‘; 4> Which is symmetric
in the lower indices X and p and antisymmetric in the upper ones. So the summation
over A and p makes this term vanish. This means that the tensor

' =T'+ K (7.71)

is equally good for describing energy—momentum conservation as 7.
For electromagnetism we choose

KM = FH: A, (7.72)
Hence
KJ5 = (FA) , = F5 Ay + FI Ay (7.73)
The component form of Maxwell’s source free equations (5.280) is
Fi =0, (7.74)
giving
K" = F'MA, ;. (7.75)

From Egs. (7.70), (7.71) and (7.75) we get
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o 1 po
ol = Ff (A, — Apy) — ZFP(,F Suv- (7.76)

Using Eq. (7.64) we finally get the symmetric energy—momentum tensor of an
electromagnetic field

1
/’LOTMU = F,prv - Z panag;uw (777)
Example 7.6.1 (The energy—momentum tensor of an electric field in a spherically
symmetric spacetime) We shall consider a spherically symmetric space with a charge
at the centre of the coordinate system. Then there is a static, radial electric field in
this spacetime, and the electromagnetic field tensor has only two non-vanishing
components

1 0
Fop = —Fio = ZEr =

In the present case the only non-vanishing components of the electromagnetic
energy—momentum tensor (7.77) are

1
/L()T;LM = gqumFOl + gulFu()Flo - Egu/LFOIFOI, (7.79)

where we have summarized two equal terms in the last term due to the antisymmetry
For = —Fjo.
We use spherical coordinates so the angular components are

8o =1>, gpp =r’sin’ 0 (7.80)

as given in Eq. (3.122). The non-vanishing components of the energy—momentum
tensor are

oo = - (gwFon 7 — Lgwron ) = g = L0 g
00 = - 800 Fon 5800 Fon 200 800 Fon 32n2e 140
1 1 1 0% g

Ty =—\giFo F" — g1 Fu F*' | = — g1 F F*' = =—, (7.82

1 Mo(g“ o1 S8 ko Z,uog“ 01 32nteg 1 (7.82)
1 1 02 1

Ty = — g0 Fyn F' = —r? Fy FO' = —. 7.83

n =5 snto g fo 32n7ey 12 (7.83)
1 1 2 : 29

T33 = —g33F01F01 = —}’2 sin29 F()lFOl = Q i (784)
240 2440 3272y r?
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Exercises

7.1

7.2.

Newtonian approximation of perfect fluid
Let

7% = pn*f + (p + p/c2)u"‘u’3

be the components of the energy momentum tensor of a perfect fluid in flat
spacetime with Minkowski metric 7,,,. Here p is the pressure and p the mass
density of the fluid, and u* the components of its 4-velocity.

(a) Explain why the conservation law T‘;’g = Oin this case reduces to T‘;ﬂ = 0.

(b) We shall consider the Newtonian limit where p/c? can be neglected com-
pared to p in the second term of T%?, and the components of the 4-velocity
of the fluid are u® ~ (¢, V) where v is the ordinary velocity of a fluid
element. Show that in this case the conservation law (a) implies mass
conservation as represented by the equation of continuity,

dp

V.-(p¥v) =0,
8t+ (pv)

(c) And momentum conservation as represented by the Euler equation of
motion,

a§+(* V)v v
-_— V- v = — .
A p

The energy—momentum tensor of LIVE

(a) Show that the energy—momentum tensor of a Lorentz invariant medium
is proportional to the metric tensor.

(b) Show that a Lorentz invariant perfect fluid has equation of state p = —pc?.

(c) How is the density of Lorentz invariant vacuum energy, LIVE, related to
the cosmological constant?



Chapter 8 ®)
Schwarzschild Spacetime ez

Abstract The Schwarzschild solution describing spacetime outside a spherical mass
distribution is deduced. In this deduction we give a detailed prescription of how one
calculates the components of Einstein’s curvature tensor using differential forms
as decomposed in an orthonormal basis. The predictions for the classical tests
of Einstein’s theory—gravitational frequency shift and time dilation, deflection of
light passing the Sun and the perihelion shift of Mercury—are deduced. Finally
the Reissner—Nordstrom solution describing spacetime outside a charged particle is
deduced.

8.1 Schwarzschild’s Exterior Solution

This is a solution of the vacuum field equations E,, = O for a static spherically
symmetric spacetime. One can then choose the following form of the line element
(employing units so that ¢ = 1):

ds? = =20 df? + I Qr? 4 1240272,
dQ? = dh? + sin® Hdep>. (8.1)
These coordinates are chosen so that the area of a sphere with radius r is 4 r2.
They are often called “curvature coordinates”.

The physical distance in the radial direction, corresponding to a coordinate
distance dr, is

dl, = /grmdr = #7dr. (8.2)

We shall now determine the components of the Einstein tensor by using the Cartan
formalism and give the procedure in eight steps.
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212 8 Schwarzschild Spacetime

1. We first express the basis forms in orthonormal basis in terms of the coordinate
basis forms,

q)f =e"Ddr o =PV, cgé =rdf q)d; = rsin6d¢. (8.3)

2. Then we compute the connection forms by applying Cartan’s 1. structure

equations
dof = -2 Ao (8.4)
do’ = ¢*o/dr A dt
=c"d'e P Ne o
— _e—ﬂa/@f/\@f
N (8.5)
Hence
2 =P + fio. (8.6)

3. To determine the f-functions, we apply the antisymmetry
=—Q. (8.7)

This gives the non-zero connection forms

@ = -l = ~Le o,
Q; _ _Qg = —Lcotha?, (8.8)
& =49 =l
Q) =-9 =—jetdf.

4. We then proceed to determine the curvature forms by applying Cartan’s 2.
structure equations

(8.9)

=
= >
Il
o
Q
= >
_|_
R
=
>
R
c: S

I

which gives
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Bli — _672/3(0[// +Ol/2 _ Ol,ﬂ/)(,i)i A (f)f’
I3 . R
R = —1e720/0) A0,
4 " T,
Bi — _%e—zﬁa/@z /\@qﬁ’
2 (8.10)

R = 1P B0/ nof,

r

6 A
R =180 A w?,
K= W NG
R =L(1—e )’ Ao?.

5. By applying the relation

. 1 - . .
R = ERg&BQ“ N (8.11)

we find the components of Riemann’s curvature tensor.
6. Contraction gives the components of Ricci’s curvature tensor,

_ pé
7. A new contraction gives Ricci’s curvature scalar,

R = R;Zj. (8.13)

8. The components of the Einstein tensor can then be found,
1
Epo = Riy — 5o R, (8.14)

where ;5 = diag(—1, 1, 1, 1). Hence

Ex = %6_2'3,3/ + %2(1 —e %),
E;; =27y — L(1—e7?), (8.15)
Esp = Ejp = e 2 (Ol// +a?—df + aT, - ﬁT/)

We want to solve the equations E;; = 0. In the present case there are only two
independent equations,

E;=0 and E;; =0. (8.16)

Adding the two equations we get

oM ) =0 (8.17)
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Integration gives
o+ B =K, (8.18)

where K is an integration constant.
We now have

ds? = —e22dr? 4+ 2E=0gp? 4 2402, (8.19)

Letting r — oo the line element should describe flat spacetime in spherical
coordinates with « = B8 = 0. This requires that K; = 0, and hence, that 8 = — «.

Since we have ds?> = —e?*dt? + e~ >*dr? 4 r>dQ2?, this means that g,, = — 1/g,.
We must solve one more equation to get the complete solution and choose the equation
E = 0, which gives

2 1
Ze¥p 4 —(1 - e 2Py = 0. (8.20)
r r

This equation can be written as

1d 5
725[’(1 —e )] =0. (8.21)
Integration gives
r(l —e ) = K,. (8.22)

If we choose K, = 0 we get 8 = 0 giving « = 0 and
ds? = —d* + dr? + r7dQ?, (8.23)

which is the Minkowski spacetime described in spherical coordinates. In general,
Ky#0and1—e 2 =% = £ qjying

K
=P =1-—, (8.24)
r

and

2
ds? = —(1- LS dr? + dr + r2dQ2. (8.25)
r 1-£

r

We can find K by going to the Newtonian limit and compare with a purely New-
tonian calculation. According to Newton’s theory the acceleration of gravity at a
distance r from a spherical mass M is
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g= = — . (8.26)

Let us now calculate the corresponding acceleration in the Newtonian limit of
the general theory of relativity. In this limit the proper time t of a particle will be
approximately equal to the coordinate time ¢. The acceleration of a freely falling
particle in 3-space is given by the geodesic equation,

d2)CM noa B
4 + Faﬂ” u” =0. (8.27)
For a particle instantaneously at rest in a weak field, we have dt &~ dr. Using
ut = (1,0,0,0), we get

d?r

g =

This equation gives a physical interpretation of I', as the gravitational accelera-

tion. This is a mathematical way to express the principle of equivalence: The grav-

itational acceleration can be transformed to 0 since the Christoffel symbols always

can be transformed into 0 locally, by going into a freely falling non-rotating frame,
i.e. a local inertial frame. In the Newtonian approximation we have

1 Ot Oggr O 1 0
Iy = g | Sy fe e | f8n (8.29)
2<~—| ot Jr  0x“* 28, Or
1 S~ =
gra =0 =0
Inserting
K 0 K
gn=—<1——), N (8.30)
r ar r

into Eq. (8.29) and then calculating the acceleration of gravity from Eq. (8.28) we
get

K

g=-Th=-55

(8.31)

Comparing with the Newtonian expression for the acceleration of gravity,
Eq. (8.26), and inserting the velocity of light, then lead to

2GM
K="—"r. (8.32)
Cc

Then we have the line element of the exterior Schwarzschild metric,
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2GM dr?
ds? = _(1 - >c2dt2 + o * r’dQ’. (8.33)

CZ
We now introduce the Schwarzschild radius of a mass M,

2GM
Rs=—5-. (8.34)

Hence, the line element of the exterior Schwarzschild spacetime as expressed in
curvature coordinates, takes the form

Rg dr?
ds? = _<1 - ) Ad? + ——— - +r2d92 (8.35)
r

r

The Schwarzschild radius of the Earth is Rg ~ 0.9 cm and of the Sun, Ry ~ 3 km.

Far from alocalized mass distribution the gravitational field is weak. The definition
is that in a region where r >> Rg, there is a weak gravitational field.

A standard clock at rest in the Schwarzschild spacetime shows a proper time t:

/ Rs
dt =,/1 — —dr. (8.36)
r

It follows from the time independence of the metric that the coordinate clocks
are adjusted to go at the same rate independent of their position. Hence Eq. (8.36)
shows that the rate of proper time is slower for decreasing value of 1, i.e. farther
down in the gravitational field. Time is not running at the Schwarzschild radius.

Definition 8.1.1 (Physical singularity) A physical singularity is a point where the
curvature is infinitely large.

Definition 8.1.2 (Coordinate singularity) A coordinate singularity is a point (or a
surface) where at least one of the components of the metric tensor is infinitely large,
but where the curvature of spacetime is finite.

The Kretschmann’s curvature scalar is RwaﬂR’”“ﬂ. From the Schwarzschild
metric, we get

R,vap RMP = 12— (8.37)

which diverges only at the origin. Since there is no physical singularity at » = Ry,
the singularity here is just a coordinate singularity and can be removed by a transfor-
mation to a coordinate system falling inwards (Eddington—Finkelstein coordinates,
Kruskal-Szekeres analytical extension of the description of Schwarzschild spacetime
to include the region inside Ry).
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8.2 Radial Free Fall in Schwarzschild Spacetime

The Lagrangian function of a particle moving radially in Schwarzschild spacetime
is

PJELY CRY ) P S =4 (8.38)
=—(1——)c - = — .
2 r 2(1— &) dr

where 7 is the time measured on a standard clock which the particle is carrying. The
momentum p, conjugate to the cyclic coordinate ¢ is a constant of motion,

oL Rs\ ,.
=—=—|1——|)c“t. 8.39
Pt PY; ( ; )C ( )
The 4-velocity identity, u,u* = —c2, takes the form
Rs\ 5. P

7

Inserting the expression for 7 from Eq. (8.39) gives

2 R
- —<1 - —S)cz. (8.41)

2
P (1 _ ﬁ)& (8.42)

Inserting this into Eq. (8.41) gives

d 2 R 1 1
i r__\/&_<1__5)cz=_\/1TS i1 (8.43)
r r

dr c? 70

With the initial condition t(ry) = 0 we have

’ R
/ [ d4r = —c |25, (8.44)
ro—r ro
ro

Performing the integration gives
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rg/z il + r (1 d ) arcsin 4 (8.45)
= — —(1-——) - in_[— |. .
CA/ RS 2 ro ro ro

The proper time that a particle spends falling from rg to Ry is

3/2
R R R
_ T T + _S<1 _ —S) — arcsin | — |, (8.46)
c/Rs| 2 ro ro To

which is finite. Assuming that ro > Ry and calculating to 1. order in Rg/ro we
obtain

T T T
t(RS)NE?O R—OS. (8.47)

Let us calculate the corresponding travelling time as measured by a stationary
observer. From Egs. (7.39) and (7.42) we have

_ &
1=

dr =Y "dr. (8.48)

From (8.43) we have

ror
dr = — |————dr. (8.49)
V Rs(ro —r)

Hence the time taken by the particle to fall down to the Schwarzschild radius, as
measured by the stationary observer, is

o1 e
t((Re) = |— —— | —————dr, 8.50
(Rs) Ry Vo/(V—Rs)vro—r ' (8:30)
Rs

which diverges. Hence it takes an infinitely long coordinate time to fall down to the
Schwarzschild radius. But the proper time of the falling object is finite.
8.3 Light Cones in Schwarzschild Spacetime

The Schwarzschild line element (with ¢ = 1) is

R dr?
ds? = —<1 - —S>dt2 + ;R +r2dQ2. 8.51)
AR
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We will look at radially moving photons. Then ds”> = dQ? = 0, giving

radr ¥ —Rg

=4 dr, 8.52
N - (8:52)
or
rdr
= +ds (8.53)
r — RS

with + for outward motion and — for inward motion. For inwardly moving photons,
integration yields

r+t+ Rgln

I 1‘ = k = constant. (8.54)
Rs

We now introduce a new time coordinate ¢’ such that the equation of motion for
photons moving inwards takes the form

r4t =k (8.55)

Hence in this coordinate system the coordinate velocity of light is equal to the
invariant velocity of light,

dr_ (8.56)
der — ’

It follows from Eqgs. (8.54) and (8.55) that

t'=t+ Rsln
+ Rs Ry

.
- - 1‘. (8.57)

The coordinate ¢’ is called an ingoing Eddington—Finkelstein coordinate. For
photons moving outwards we have

r + Rsln

r
— —1|=t+k. 8.58
L 559

Substituting for ¢ from Eq. (8.57) we get

r+2Rsln

L=t 4k (8.59)
7= . .

Differentiating we find the coordinate velocity of outgoing light in this coordinate
system,
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dr _r—RS
dt’_r~|—R5'

(8.60)

Making use of curvature coordinates we get the following coordinate velocities
for inwardly and outwardly moving photons,

d}" RS
=—==4|1-—, 8.61
vt dr ( r ) ( )

which shows how light is decelerated in a gravitational field. Figure 8.1 illustrates how
this is viewed by a non-moving observer located far away from the mass. In Fig. 8.2
we have instead used the time coordinate ¢’ of the ingoing Eddington—Finkelstein
coordinate system.

Note that since the special theory of relativity is valid locally, all material particles
have world lines inside the light cone formed by the light they emit. From the shape
of the light cone inside » = Ry we see that nothing emitted from a position inside
the spherical surface r = Ry can escape from this region. An observer outside this
surface cannot see anything from the inside region. Hence this surface is a horizon
for an external observer.

Fl

Collapse of light cone
at the horizon, r = Rg

i

Trajectory of transmitter

i

Light cone

/

horizon

R

Fig. 8.1 Light cones in Schwarzschild spacetime with Schwarzschild time. At a radius r = Ry the
light cones collapse, and nothing can any longer escape, when we use the Schwarzschild coordinate
time
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-

t

Trajectory of transmitter

horizon

R

Fig. 8.2 Light cones in Schwarzschild spacetime with Eddington-Finkelstein time. Using the ingo-
ing Eddington—Finkelstein time coordinate there is no collapse of the light cone at r = Rg. Instead
we get a collapse at the singularity at » = 0. The angle between the left part of the light cone and the
t'-axis is always 45°. We also see that once the emitter gets inside the horizon at r = Ry, nothing
can escape

The region inside the horizon is called a black hole since it is invisible because radi-
ation cannot come out of this region according to classical (non-quantum mechanical)
general relativity. A time-reversed black hole is called a white hole.

Let us compare the coordinate velocity with curvature coordinates of a parti-
cle falling vertically with the velocity of light moving vertically. It follows from
Egs. (8.48) and (8.49) that a particle falling from rest at r = r(y has a coordinate
velocity

(8.62)

Rg(ro —r)

—(ro — Rs)rVL. (863)
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The coordinate velocity of a particle falling from rest at an infinitely far position

. [ Rs
limv=v.,/—. (8.64)
F—>0o0 r

Both Egs. (8.63) and (8.64) give v(Rs) = v. Hence, a particle falling freely from
any distance moves with the velocity of light through the horizon of a black hole.

is

8.4 Analytical Extension of the Curvature Coordinates

The curvature coordinates are co-moving with a static reference frame outside a
spherical mass distribution. If the mass has collapsed to a black hole, there exists a
horizon at the Schwarzschild radius. As we have seen in Sect. 8.3 there do not exist
static observers at finite radii inside the horizon. Hence, the curvature coordinates
are well defined only outside the horizon.

Also the rr-component of the metric tensor has a coordinate singularity at the
Schwarzschild radius. The curvature of spacetime is finite here. Kruskal and Szekeres
have introduced new coordinates that are well defined inside as well as outside the
Schwarzschild radius, and with the property that the metric tensor is non-singular
forall r > 0.

In order to arrive at these coordinates we start by considering a photon moving
radially inwards. From Eq. (8.54) we then have

t=—r — Rgln

,
— -1 8.65
Ry ‘ +v, (8.65)

where v is a constant along the world line of the photon. We introduce a new radial
coordinate

r*=r+ Rsln
s

r
— — 1. 8.66
R ‘ (8.66)

Then the equation of the world line of the photon takes the form
t+r*=v. (8.67)
The value of the constant v does only depend upon the point of time when the
photon was emitted. We may therefore use v as a new time coordinate.

For an outgoing photon we get in the same way

t—r*=u, (8.68)
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where u is a constant of integration, which may be used as a new time coordinate for
outgoing photons. The coordinates u# and v are the generalization of the light cone
coordinates of Minkowski spacetime to the Schwarzchild spacetime.

From Egs. (8.67) and (8.68) we get

1
dr = E(dv + du), (8.69)
1
dr* = E(dv —du), (8.70)
and from Eq. (8.66),
R,
dr = (1 — —)dr*. (8.71)
r

Inserting these differentials into Eq. (8.51) we arrive at a new form of the
Schwarzschild line element,

2 R 2162
ds*=—(1— — |dudv +r°dQ~. (8.72)
r
The metric is still not well behaved at the horizon. Kruskal and Szekeres found
coordinates that are well behaved at the horizon.
Introducing the coordinates

U=—e i, (8.73)
V =ex, (8.74)
gives
veu ™ R, o
UV = —e2s = —¢fs = —|— — |le® (8.75)
r
and
dudv
dudv = —4R*——. (8.76)
uv

The line element (8.72) then takes the form

3

ds? = —ﬂe—xﬁdUdv + r2dQ2. (8.77)
r
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This is the first form of the Kruskal-Szekeres line element. Here there is no
coordinate singularity, only a physical singularity at » = 0.
We may furthermore introduce two new coordinates:

1 2, t
T=3(V+U)= R%—l 7 sinh (8.78)
1
1 r 2 o
Z=—-(V-U)=|— —1| e cosh . (8.79)
2 R, 2R,
Hence
V=T+2Z, (8.80)
U=T-2Z, (8.81)
giving
dUdv =dr?* —dz>. (8.82)

Inserting this into Eq. (8.72) we arrive at the second form of the Kruskal-Szekeres
line element

2 4Rv3 - 2 2 2 2
ds? = — =S % (dT? - dZ?%) + r2dQ%. (8.83)
r

The inverse transformations of Egs. (8.74) and (8.75) are

R; —1le® =22 -T2, (8.84)
T
tanh - = —. (8.85)

Note from Eq. (8.83) that with the Kruskal-Szekeres coordinates 7' and Z the
equation of the radial null geodesics has the same form as in flat spacetime:

Z = *T + constant. (8.86)
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8.5 Embedding of the Schwarzschild Metric

We will now look at a static, spherically symmetric space. A simultaneity surface
dr = 0 through the equatorial plane, d6 = 0, has the line element

ds? = g,.dr* + r’d¢? (8.87)

with a radial coordinate such that a circle with radius » has a circumference of length
2nr.

Now we embed this surface in a flat three-dimensional space with cylinder
coordinates (z, r, ¢) and line element

ds? = dz* + dr® + r?d¢>. (8.88)

The surface described by the line element in Eq. (8.87) has the equation z = z(r).
The line element in (8.88) can therefore be written as

dz\2
ds? = [1 + <d—z> i|dr2 1 r2dg?. (8.89)
r
Demanding that (8.89) is in agreement with (8.87) we get

dz\?
g =1+ ) (8.90)

or

d
S =g, — 1. (8.91)

-
Choosing the positive solution gives

dz = /g, — ldr. (8.92)

In the Schwarzschild spacetime we have

1
1— &

r

&y = (8.93)

Making use of this we find the equation of the intersection of the simultaneity
surface dt = 0 through the equatorial plane, d6 = 0, and the paper plane,

" dr
= —— = /4R — Ry). 8.94
z /Rs T | VA4Rs(r s) ( )
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Fig. 8.3 Embedding of the
extended Schwarzschild
spacetime. It represents a
worm-hole connecting a
black and a white hole

8 Schwarzschild Spacetime

Rotating this about the symmetry axis and including negative values of z give the
surface shown in Fig. 8.3, which consists of two so-called Flamm paraboloids glued
together at the Schwarzschild radius.

8.6 The Shapiro Experiment

The radial speed of light in curvature coordinates as measured by an observer far
from a mass distribution, say the Sun, is given in Eq. (8.61). The formula shows that
the speed of light slows down farther down in a gravitational field.

To measure this effect, one can look at how long it takes for light to get from, for
example, Mercury (Shapiro used Venus in the first experiment in 1967) to the Earth
[1]. This is illustrated in Fig. 8.4.

The travel time from z; to z; is

22 d
At:f ‘
71 1__S

=2+ 1zl + Rsln

22 Rs 2 Rg
(B Y [ (e
'/Zl ( r) 21 b* 42

JB+b2+ 2
Jat+ b2 — |zl

(8.95)
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Fig. 8.4 The Shapiro
experiment. General
relativity predicts that light
travelling from Mercury to
the Earth will be delayed due Mercury
to the effect of the Sun’s ’

gravity field on the speed of z,>0
light. This effect has been
measured by Shapiro et al. &Y
[1] and is therefore called the
Shapiro effect \
piro eff Sun —— et e s
; X
z,<0

Earth

where Ry is the Schwarzschild radius of the Sun.
The deceleration is greatest when Earth and Mercury (where the light is reflected)

are on nearly opposite sides of the Sun. The impact parameter b is then small. A
series expansion to the lowest order of b / z gives

At =2+ 2|+ Rsln 4'22”2. (8.96)

The last term represents the extra travelling time due to the effect of the Sun’s
gravity field on the speed of light. The main effect is slowing down of the velocity
of light farther down in the gravitational field of the Sun. (Also the path is a little
longer because of the bending due to gravity, but the delay due to this is smaller
than the velocity effect and has been neglected in the calculation). Let us insert the
magnitudes of the quantities in Eq. (8.96) and calculate the magnitude of the Shapiro

effect.

R = the Schwarzschild radius of the Sun = ~ 3 km

|z1| = the radius of Earth’s orbit = 15 x 10'°m

25 = the radius of Mercury’s orbit = 5.8 x 10'°m

b=Ry=7x10m
give a delay of 1.1 x 10~*s. In addition to this one must also take into account the
effect of the Earth‘s atmosphere upon the travelling time of the light.
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8.7 Particle Trajectories in Schwarzschild 3-Space

The Lagrange function of a free particle in the Schwarzschild spacetime is

1 R\ 37 1,n 1, 5 o
:_E(I_T)t +1_—%+§r9 +§r sin” O¢~. (8.97)
Since ¢ is a cyclic coordinate
oL R\ .
—pr=——=\|1—— |t =constant = E, (8.98)
at r

where E is the particle’s energy per unit rest mass as measured by an observer “far
away” (r > Ry). Also ¢ is a cyclic coordinate so that

8L 2 .2 1
Po = %= r?sin’ 60 ¢ = constant, (8.99)

where py is the particle’s orbital angular momentum per unit rest mass, with units
so that ¢ = 1 the angular velocity ¢ has dimension length™!, and py has dimension
length.

In the present case the 4-velocity identity U= g,wX nX¥ = —1 takes the form
R\ 7 242 4 202952
—1-— t+1 R +r°0° +rsin“0¢° = —1, (8.100)
r _ &
which on substitution for 7 = 1_5& and ¢ = = spiﬁz ; becomes
E? T
- + + 2% + =-1. 8.101
| r2sin® @ ( )

Now, referring back to the Lagrange equation

d /oL oL
——) - =0 (8.102)
dr \ gXx~ dXH

we get

2
. . cosf
(r26) = r2sin 0 cos 04 = 22

. 8.103
r2sin’ 6 ( )
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Multiplying this by r26 leads to

. . cos 06
(r0)(r?0) = —pj, (8.104)
sin” 0
which, on integration, gives
242 Py \?
)y =k—(—), 8.105
=0 ( sin 6 ) ( )

where k is the constant of integration.

Because of the spherical geometry we are free to choose a coordinate system such
that the particle moves in the equatorial plane and along the equator at a given time
t = 0.Thatis # = /2 and § = 0 at time ¢ = 0. This determines the constant of
integration, giving k = pé such that

) 1
20)% = 2(1——>. 8.106
(r°0)” = p, 70 ( )

The right-hand side is negative for all 6 # /2. It follows that the particle cannot
deviate from its original (equatorial) trajectory. Also, since this particular choice of
trajectory was arbitrary, we can conclude, quite generally, that any motion of free
particles in a spherically symmetric gravitational field is planar.

8.7.1 Motion in the Equatorial Plane

We now consider motion in the equatorial plane. With & = 7 /2 Eq. (8.101) reduces
to

_1E2&+1 i2&+f_§:_1, (8.107)
that is

r.zzEz_<1_%><1+1:_§>, (8.108)
or

(8.109)
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A particle falling from rest infinitely far from the mass distribution, 7 (co) = 0,
has E = 1, i.e. its energy at the starting point is equal to it rest mass (when the units
are chosen so that ¢ = 1). Hence the energy equation takes the form

1
5f2+VR =0 (8.110)

with a relativistic effective potential

GM p; GMp;

Vi = . (8.111)

r 2r2 r

where we have used that Ry = 2 GM. Note that the Newtonian “mechanical energy”
of a free particle falling from rest at the zero level of the effective potential vanishes,
since the rest mass energy is not included in this energy. It is, however, included in
the total relativistic energy E.

The Newtonian potential Vyy is

2
VN=—G—M+ﬁ. (8.112)
r 2r?

Hence the last term in Eq. (8.111) is a relativistic effect. The potential (8.112) is
plotted in Fig. 8.5.

The Newtonian potential has a centrifugal barrier preventing a particle with py #
0 to arrive at the origin, r = 0.

The relativistic potential (8.111) is compared to the Newtonian potential in
Fig. 8.6.

The centrifugal barrier is not infinitely high according to the theory of relativity
as it is in Newton’s theory. This means that relativistic gravity is stronger than
Newtonian gravity. The reason is that the increase of the moving particle’s kinetic
energy gives it a larger mass, and hence, increases the gravity.

Fig. 8.5 Newtonian Vi

centrifugal barrier. =~ L. 1 i RO
Newtonian potential as <—The centrifugal barrier

function of the radius. Note
the centrifugal barrier. Due
to this, particles with pg # 0
cannot arrive at r = 0

_._._ FElipses

Straight lines p, = 0
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Fig. 8.6 Relativistic v v e
gravitational potential / Classical Centrifugal Barrier
outside a spherical body. Vg

and Vy plotted as a function
of r. When relativistic effects I
are included, there is no
longer an infinitely high
potential barrier, and a

particle with py # 0 can fall
downtor =0

\ —
J - -
\ .
\ - <
\ B
LI =%
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An orbit equation is one which connects r and ¢. For motion in the equatorial
plane for weak fields we have

dp  py d _pp d
@_p .4 _ P d 8.113
dt  mr? dt mr2dg ( )

Introducing the new radial coordinate u = 1/r we get

du 1 dr 1 mr?dr m .
*__T_ "_mT_ ", (8.114)
d¢ r2 deg r? py dt Po
Hence,
d
=P (8.115)
m d¢

Substitution from Eq. (8.115) for 7 in the energy equation yields the orbit equation

du\? , 1 E?
+ (1 —2GMu)| u” + —|=—= (8.116)
d¢ Py Py
Differentiating this, we find
Cu 2 M e = B 3 8.117)
U= — U = —— + —Rgu”. )
de? Py 2p; 2

The last term on the right-hand side is a relativistic correction term.
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8.8 Classical Tests of Einstein’s General Theory
of Relativity

8.8.1 The Hafele-Keating Experiment

In 1971 Hafele and Keating measured the difference in time shown on moving and
stationary atomic clocks at different height in a gravitational field [2]. This was
performed by flying around the Earth in the East—West direction, comparing the time
on the clock in the plane with the time on a clock on the ground.

The proper time interval measured on a clock moving with a velocity vV = dx’ /d¢
in an arbitrary coordinate system with metric tensor g,,, is

) 1
uv 4 g v : V! V2 2 2 i
dr = (—c—zdx dx ) =1 —goo —2gio? —a dr, v-=g;v'v/. (8.118)
For a diagonal metric tensor, g;0 = 0, we get
p2 : .
dr = (—goo — —2> dr, v* = gii (V)% (8.119)
c

We now look at an idealized situation where a plane flies at constant altitude &
and with constant speed along the equator,

Rs V2 %
dt=(l1————=) df, r=R+h. (8.120)

where R is the radius of the Earth. To lowest order in Rg/r and v /c?, we get

ar = (1= B _ 17y, 8.121)
r=|1—-——=-=|dr .
2r  2¢2
The speed of the moving clock is
v=(R+h)Q+u, (8.122)

where 2 is the angular velocity of the Earth and u is the speed of the plane. A series
expansion and use of the expression (8.122) for v give

GM 1 R?>Q* gh 2RQu+u?® GM
T )Ar,
Rcz2 2 2 c? 2¢2

(8.123)

u > 0 when flying in the direction of the Earth’s rotation, i.e. eastwards.
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Let us find the velocity of a clock with maximal rate of ageing. Differentiating
At with respect to u gives

dAT RQ+u

- A (8.124)

du c

Putting the derivative equal to zero shows that the maximal rate of ageing happens
for a clock moving along the equator on the Earth with a velocity u = — R<2. This may
be understood as a consequence of the fact that this clock is at rest in a non-rotating
reference frame.

For the clock that was left on the airport (stationary, 7 = u = 0) we get

A 1 GM _ 102 At (8.125)
Ty = _—_— = . .
0 Rc2 2 ¢2

To lowest order, the relative difference in travel time is

k= At — Aty . gh 2RQu + u?

ATy c? 2c2

(8.126)

Inserting approximate values,
g =10 m/s?, h =10 km, R = 6400 km, Q = 7.27 x 10rad/s, u =
£250 m/s gives a

Travel time: Aty = 1.2 x 10°s (a little over 24 h);
For travelling eastwards: k, = —1.0 x 107'2;
For travelling westwards: k,, = 2.1 x 107'2,

Hence, (A1 — Aty), = —1.2 x 1077s &~ —120ns and (A1 — A1), = 2.5 x
10~7s ~ 250 ns.

These relativistic predictions were verified with about 15% accuracy in the
experiment.

8.8.2 Mercury’s Perihelion Precession

We shall now calculate Mercury’s perihelion shift. The point of departure is the orbit
Eq. (8.117). This will here be slightly generalized to

d’u Ry
—hu=5 4kl 8.127
de? " 2pd2) “ ( )

where k is a theory-dependent or situation-dependent constant. The general theory
of relativity gives k = (3/2) Rs, and Newton’s theory of gravitation gives k = 0.



234 8 Schwarzschild Spacetime

Here py = r?d¢ /dt. For light dt — 0 and Py — oco. Hence the orbit equation
for light reduces to

d*u 5

dT(ﬁz 4+ u =ku”. (8.128)
The orbit equation for a material particle has a circular solution with an inverse

radius fulfilling

Rs

= —> 4+ ku?. 8.129
2pé + kug ( )

Uo

The corresponding Newtonian radius is

Rs

. (8.130)
2173>

Uoy =

We shall now apply the procedure used in stability analysis to calculate the per-
ihelion precession of Mercury. The equilibrium solution will be perturbed, and the
equation of motion of the perturbation is calculated to 1. order in the perturbation.
This equation will tell whether the equilibrium solution is stable or not.

Hence, the circular motion is perturbed so that u = uy + u; with u; < ug. To 1.
order in u;, we have

d R
el = =5 4 kud + 2kuou,. (8.131)
2p,

Using the equation for the circular solution we get the equation of motion for the
perturbation

d2M1
e + (1 — 2kug)u; = 0. (8.132)

If 1 —kuy > 0, thisis the equation of harmonic oscillations, and the circular motion
is stable. If 1 — kug < 0, the solution of the equation is exponential functions, and
the equilibrium solution is unstable. In the present case we assume that & is so small
that the solution is stable. In this case, and with the initial condition u(0) = euy,
where e is an integration constant, the solution of this equation can be written

uy = ugecos(fo), f=+1-—2kuy. (8.133)

The constant e is called the eccentricity of the orbit and tells how elongated it is.
Using that
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u=uo+u; =up[l +ecos(fp)l, (8.134)

we have

ro

Fr=—. (8.135)
1+ ecos(fo)

In the Newtonian case withk = O we get f = 1, and then this expression describes
a (non-precessing) ellipse. However in the relativistic case k > 0 and f < 1. Then
¢ has to increase by 2 /f > 27 in order that r shall return to the initial value. The
precession angle per orbit is

1 1

Inserting the Newtonian value of u#y we have

ﬂkRS

A¢p =
P

(8.137)

On the other hand, the general relativistic value k = (3/2) R leads to

2
A¢p = 5;1(&) . (8.138)
2 \py

The angular momentum per unit mass can be expressed in terms of the period by
means of Kepler’s 2. law. This law says that the planet has a constant areal velocity,
dA/dt, where dA is the area swept out by the radius vector from the Sun to the planet
during a time dz. In a small time dr the planet sweeps out a small triangle with base
line r and height r d¢ and area dA = (1/2)r? d¢, and so the constant areal velocity
is

dA 1 ,d¢
— = —r —. 8.139
a2 (8139
The area enclosed by the elliptical orbit is wab where a and b are the semi major
and semi minor axes of the ellipse. Hence integrating over one period, 7, we get

1 ,d 1
§r2d_(f = §p¢T =mab =na*y1 — €. (8.140)

Hence the angular per unit mass can be written

2 2 /1_ 2
pp= 2T T <. (8.141)
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Inserting this in the general formula for the precession angle per orbit gives

RsT?k

Ad = 4ra*(1—e?)’

(8.142)

According to Kepler’s 3. law the square of the period is proportional to the cube
of the semi major axis,

4n’a’ 4n’a®  8m’a?
72 = - L R (8.143)
G(MSun + mMercury) GM RS

Inserting this into Eq. (8.142) gives

Ap = 2k (8.144)
N a(l—e?)’ '
Finally, substituting the general relativistic value of k leads to
37R
Ap= T8 (8.145)
a(l —e?)

Inserting the Schwarzschild radius of the Sun, Rg = 3 km, the semi major axis
of Mercury’s orbit, @ = 5.8 x 107 km and the eccentricity ¢ = 0.2, and using that
the period of Mercury’s orbital motion is 88 days, give a precession angle 43 arc
seconds per hundred years.

This solved an old problem, namely that observations showed that Mercury’s
elliptical orbit precesses by 575 arc seconds per hundred years, while only 532 arc
seconds per hundred years could be accounted for by gravitational forces from the
other planets in the solar system. So there was a discrepancy of 43 arc seconds per
hundred years between observations and the Newtonian prediction.

8.8.3 Deflection of Light

The orbit Eq. (8.128) for light, i.e. for a free particle with mass m = 0, reduces to

d%u

dTﬁz +u = ku®. (8.146)

If light is not deflected, it will follow the straight line

b
Ccos ¢y = —= buy, (8.147)
0



8.8 Classical Tests of Einstein’s General Theory of Relativity 237

photon

M, GM<<b

Sun

Fig. 8.7 Deflection of light. Light travelling close to a massive object is deflected

where b is the impact parameter of the path. This represents the horizontal dashed
line in Fig. 8.7. The zeroth order solution (8.147) fulfils

dzuo
T,ﬁz +up = 0. (8148)

Hence it is a solution of (8.146) with k = 0.
The perturbed solution is

u=ug+u, lul<Kuop. (8.149)
Inserting this into the orbit equation gives

d2u0 d2M| ) ?) 2 1
?&+W+uo+u1:ku0+ kuouy + kuy. (8.150)
The first and third terms at the left-hand side cancel each other due to Eq. (8.148),
and the last term at the right-hand side is small to second order in #; and will be
neglected. Hence we get

d72+u1 = kud + 2kuou;. (8.151)

The last term at the right-hand side is much smaller than the first and will also be
neglected. Inserting for uy from (8.147) we then get

d2M1

k
dT)2+u1 = — cos ¢. (8.152)

=1

This equation has a particular solution of the form
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1, = A+ Bcos’ ¢. (8.153)

Inserting this into (8.152) we find

A= 2k B = k (8.154)

S 32 T 3pY '

Hence

= i(z — cos” ¢) (8.155)

Wp = 33 cos” ¢ .

giving
1 cos¢ k 2

;:u:uo—i-ul: - +3?(2—cos ). (8.156)

The deflection of the light A8 is assumed to be small. We therefore put ¢ = 7 + 48

2
where A6 « 7 (see Fig. 8.7). Hence

cos ¢ = cos T[+A9 = s'nAeN A0 (8.157)
T T )) Ty T T '

Thus, the term cos® ¢ in (8.155) can be neglected. Furthermore, the deflection of
the light is found by letting r — oo, i.e. u — 0. Then we get

4k

A = —.
3b

(8.158)

For motion in the Schwarzschild spacetime outside the Sun, k = (3/2) Rs where
Ry is the Schwarzschild radius of the Sun, and for light passing the surface of the
Sun b = Ry, where R, is the actual radius of the Sun. The deflection is then

Ry 7
AG = 2R— = 1.75". (8.159)
O]

This general relativistic prediction was verified in two British expeditions utilizing
a solar eclipse in 1919.

8.9 The Reissner-Nordstrom Spacetime

‘We shall now solve Einstein’s field equations for a static spherically symmetric space-
time with a radial electric field outside a body with mass M and charge Q. According
to Egs. (7.81)—(7.84) the non-vanishing components of the energy—momentum tensor
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in an orthonormal basis are

0’ 1 Q> 1
N © L N VO L 8.160
P 32m2g 1t 32m2g r# ( )

From Eq. (8.15) we get by adding the /f— and 77 —field equations and integrating
a(r) = —=B(r). (8.161)

Inserting this into the 77 field equation we get

1 B R? G Q?

Integrating this equation and determining the integration constant by the require-
ment that the solution shall reduce to the Schwarzschild metric with vanishing charge,
we obtain

(8.163)

Hence, the line element of the spacetime outside a massive changed body takes
the form

2 Rs 2Q 2.2 dr? 2102
ds*=—(1—- — 4+ = Jc"dt* + ——— +r7dQ~. (8.164)
S
This is the Reissner—Nordstrom solution. There are two coordinate singularities
at

R Rs\’ 2
=y (7) R, (8.165)

The exterior singularity is a horizon for an observer outside the mass and charge
distribution.

The maximum allowed charge of the body is given by Ry = Rg/2 which leads
to

Omax = 2y/meoGM. (8.166)

One may note that the “Reissner—Nordstrom length” as given in Eq. (8.162),
corresponding to the elementary charge, is
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R =6 (8.167)
CT 22\ mey '

Inserting the values of the constants gives R, = 1.38 x 1073 m, which is a little

smaller than the Planck length.

Exercises

8.1.

Non-relativistic Kepler motion

In the first part of this exercise we will consider the gravitational potential at a distance
r from the Sun, V (r) = —GM/r, where M is the mass of the Sun.

(a)

(b)

(©)

Write down the classical Lagrangian in spherical coordinates (r, 6, ¢) for a
planet with mass m moving in this field. The Sun is assumed to be stationary.

What is the physical interpretation of the canonical momenta py = £?

How is it possible, by just looking at the Lagrangian, to state that py is a
constant of motion?

Find the Euler equation for ¢ and show that it can be written into the form

d . 22
—(mr492+ - ):0. (8.168)

Based on the above equation, show that the planet moves in a plane by
choosing a direction of the z-axis so that at a given time, ¢t = 0, we have that
0 =m/2and 6 = 0.

Write down the Euler equation for r and use this equation to find u = 1/r as a
function of ¢. Show that the orbits that describe bound states are elliptic. Find
the period T for a circular orbit in terms of the radius R of the circle.

If the Sun is not entirely spherical, but rather a little deformed (i.e. more flat
near the poles), the gravitational field in the plane where the Sun has its greatest
extension will be modified into

Viry=———-—— (8.169)

where S is a small constant. We now assume that the motion of the planet takes
place in the plane where the expression of is V (r) valid. Show that a circular
motion is still possible. What is the period T now, expressed by the radius R?

We now assume that the motion deviates slightly from a pure circular orbit, that

isu = % + uy, where u; < %. Show that u; varies periodically around the orbit,

uy = ksin(f¢). (8.170)
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(d) Findf and show that the path rotates in space. What is the size of the angle A¢
that the planetary orbit rotates per round trip?

The constant S can be written as § = %JZGMRgun where J, is a parameter
describing the quadrupole moment and Rgy, is the radius of the Sun. Observational
data indicate that J, <3 - 107>. Calculate how large the rotation A¢ of the orbit of
Mercury this can cause. Is this sufficient to explain the discrepancy between the

observed perihelion motion of Mercury and that predicted by Newtonian theory?

8.2. The Schwarzschild solution in isotropic coordinates

(a) We introduce a new radial coordinate p so that the Schwarzschild metric (with
units so that ¢ = 1),

R Rg\ !
ds? = —(1 - —S)dt2 + <1 - —S> dr? + r2dQ2, (8.171)
r r
gets the following form
R
ds? = —<1 - (—R))dzz + fA(p)(dp? + p2d2?), (8.172)
r(p

where dQ2? = d§? + sin® 0d¢?. Find the functions r(p) and f(p), and write down
the explicit expression of the line element with p as the radial coordinate.

(b) What is the value of p at the Schwarzschild horizon r = Rg and at the origin,
r = 0? The Schwarzschild coordinates ¢ and r interchange their roles as r < Rg.
What is the behaviour of p inside the horizon?

8.3. Proper radial distance in the external Schwarzschild space

Calculate the proper radial distance from a coordinate position r to the horizon Ry
in the external Schwarzschild space.

8.4. The Schwarzschild—de Sitter metric

The Einstein equations for empty space with a cosmological constant A are

1
R//.v - ERg;u) + Ag/,w =0. (8173)

(a) Use curvature coordinates and solve the Einstein field equations with a cos-
mological constant for a static spacetime with a spherically symmetric 3-space
outside a spherical body with mass M.

(b) The solution of Einsteins field equations with a cosmological constant in glob-
ally empty space, i.e. with M = 0, is called the de Sitter spacetime. Introduce
a de Sitter radius Ry = +/3/A. Give a physical interpretation of this radius
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and calculate how large it is in a universe where the value of the cosmological
constant corresponds to a density of LIVE equal to the average density of the
masse and vacuum energy of the universe, A = 1072 m™2.

8.5. The perihelion precession of Mercury and the cosmological constant

(a) Show that the orbit equation for free particles moving outside a spherically
symmetric body with mass M has the form

d*u

M ame
BRI VE e
where u = 1/r, and L is the angular momentum per unit mass for the particle.
(b) Assume that the orbit can be described as a perturbation of a circle and calculate
the precession angle per round trip.
(c) Estimate the contribution to the precession of Mercury’s perihelion from the

cosmological constant if we assume that the value of the cosmological constant
is A~ 1072 m™2,

8.6. Relativistic time effects and GPS

Calculate the magnitude of the kinematical and gravitational time effects upon the
GPS satellite clocks. Are standard clocks on the GPS satellites going slower or faster
than a standard clock at rest on the surface of the Earth.

To compute the position of an object by means of the GPS system with a precision
of 1 m, the GPS satellite clocks must measure time with a precision of one part in
1013,

Are the relativistic effects so small that they can be neglected?

8.7. The photon sphere

The photon sphere is defined as a spherical shell made up of light moving horizontally
in the Schwarzschild spacetime. Calculate the radius of the photon sphere.
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Chapter 9 ®)
The Linear Field Approximation e
and Gravitational Waves

Abstract The linear field approximation of Einstein’s field equations is presented.
The solutions of these equations inside and outside a rotating spherical shell are
deduced. It is shown that inertial dragging is a consequence of the general theory of
relativity. The equations of gravitomagnetism are deduced. Gravitational waves are
described and related to their detection by the LIGO-detectors.

9.1 The Linear Field Approximation

In this chapter we shall describe weak gravitational fields, i.e. fields far from a black
hole, meaning that r > Rg, where Rg is the Schwarzschild radius of the black
hole. Normalizing the gravitational potential, ¢, to zero far from the black hole, this
means that |¢| < ¢, and that the curvature of spacetime is small. It is then possible
to introduce a coordinate system such that the metric deviates very little from the
Minkowski metric. Then it will be a good approximation in order to linearize the
field equations.

We now assume that the gravitational field is weak and introduce a near-Cartesian
coordinate system. The components of the metric tensor can then be written as
& = Nuv + hyy where n,, is the Minkowski metric, and /,, < 1. Also the
derivatives f, ; are small.

Einstein’s field equations are

1
Ry — EgMR = kT, 9.1)

Here R = Rg is the Ricci curvature scalar and R, = Rj,, the components of
the Ricci curvature tensor, where R}, are the components of the Riemann curvature

tensor. According to Eq. (6.17) they are given by the expression

o _ 1ra R pl'% o A _ o A
Rﬂﬁu = Flw,ﬂ F;/,/S,u + F)»ﬂr/w FMFM 9.2)
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in coordinate basis. Here I';,, are the Christoffel symbols. They are calculated from
the expression (5.65),

o 1 o,
F,w = Eg ﬁ(gﬂu,v + 8Bv.u — g;w,ﬁ)- (93)

In the linear approximation we will only calculate to first order in the metric
perturbation 4 ,,. Then the expression for the Christoffels symbols becomes

1
Cpy = 50 (g + R = by ) (9.4)
Inserting this into Eq. (9.2) gives

o 1 o
wpy — 5'7 y(hyv./tﬂ + hxtﬂ,yv - h/w,yﬂ - hyﬁ#ﬂ))' 9.5)

Calculating the Ricci tensor by contracting the 1. and 3. index we find

1
Ry = _(hz-a,v + hﬁa,u e — hu‘”)’ ©.6)

3 v,
where i = h% = n*  h,g. Hence the Ricci scalar is
R=Rl=h,"" —hg. 9.7)
Then the Einstein’s field equations in the linear approximation take the form

S+ h% = h o = B — 1 (R — BB = 167G T, 9.8)

This equation can be simplified by introducing

- 1
Ry = hyy — En,wh. 9.9)

We assume that / satisfies the so-called Lorenz gauge condition
ho =0. (9.10)
Then the field equations take the form
he, o = —26Ty. 9.11)

Introducing the d’ Alembert’s wave operator in Minkowski spacetime
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O = 08,85 = —8%/01> + 82 /9x* + 8% /3y + 82 /9% = —8 /31> + V2,
(9.12)

Einstein’s field equations in the linear field approximation can be written as
Ohy = =2k Ty (9.13)
Hence, the linearized field equations for empty space take the form
Oh, = 0. (9.14)

This is d’ Alembert’s wave equation for waves moving with the velocity of light.
It here describes gravitational waves. Hence, it follows from Einstein’s theory that
gravitational waves move with the velocity of light. This reveals a deep relation-
ship between electromagnetism and gravity which is not yet fully understood. The
explanation may be hidden in the Kaluza—Klein theory (see the Appendix).

In the case of a static spacetime in matter with density p the f--component of
Einstein’s field equations takes the form

Vih, = —2kp. (9.15)
Comparing with the Newtonian gravitational field Eq. (1.29) we get
hy = —4¢/c*. (9.16)
where ¢ is the Newtonian gravitational potential.
In order to find the line-element in the linear field approximation we need the

reverse of Eq. (9.9). Taking the trace of / v and utilizing that ), = 8/ = 4 we get
h = —h. Hence,

Py = hyy — %n,wﬁ. 9.17)
Inserting Eq. (9.16) gives
hi = hi; = (1/2)hy = —2¢. (9.18)
Hence the line element takes the form
ds? = —<1 + i—‘f)&dﬂ + <1 - i—‘f) (dx? + dy? + dz?), (9.19)

or

2 2
ds? = _<1 + _(f)czdtz + (1 - —‘f>(dr2 + r2dQ?). (9.20)
c c
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9.2 Solutions of the Linearized Field Equations

9.2.1 The Gravitational Potential of a Point Mass

The space time outside a spherical mass distribution with given mass does not depend
upon the radius of the mass distribution. Hence the spacetime is the same as that
outside a particle. We choose to consider spacetime outside a particle in order to
simplify the calculation.
A point mass with the mass m is situated in the origin of a Cartesian coordinate
system. Its energy—momenta tensor has only one non-vanishing component,
Too = m8(F), (9.21)

where § () is the 3-dimensional §-function.
In this case Einstein’s field equation (9.13) takes the form

Vihoy = —2kmd (7). (9.22)
Using that
f s(Hd*r =1, (9.23)
and integrating Eq. (9.22) gives
/ Vihod’r = —2km. (9.24)

Utilizing Gauss’s integral theorem we can transform the left-hand side to an
integral over the surface of a spherical surface with radius r and get

- = 5 digo

Vhy - dS = 4nr*—— = —2km. (9.25)
r
where r = /x2 + y2 + z2. Hence,

d}_l()() 4Gm
—_— = . 9.26
dr c2r? ©-26)

Integration with the boundary condition /hgy = 0 gives
limr—o0
- 4G

o = 22 (9.27)
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Hence,
- - 4Gm
h=ht=— . 9.28
h= - ©0.29
Inserting Egs. (9.27) and (9.28) in Eq. (9.17) gives
2GM R
hoo = hij = —— = —. (9.29)
c’r r
Hence the line element of the spacetime outside the particle is
R R
ds® = _<1 - —S)czdﬂ + <1 + —S)(dx2 +dy?+d?).  (9.30)
r r
In terms of spherical coordinates the line element takes the form
R R
ds? = _(1 —~ —S)czdtz + (1 + —S>(dr2 + r’dQ?). (9.31)
r r

This is the same as the linearized line element, (S8.50), of the Schwarzschild
spacetime as expressed in isotropic coordinates.

9.2.2 Spacetime Inside and Outside a Rotating Spherical
Shell

We shall solve the linearized field equations, (9.13), inside and outside a rotating
spherical shell with radius R and mass M consisting of dust particles. The energy—
momentum tensor of the shell is

8(r — R),u, = (=1, —Rwsinfsin¢, Rwsin 6 cos ¢, 0).
(9.32)

T;w = puylty, p = 47 R2

where o is the angular velocity of the shell. In this case Einstein’s field equations
(9.13) take the form

2R

V2hgy = —R—fs(r —R), V?h;=0
97 Rsa) . . 27 2Rsa) . '
Veho, = sin@ singd(r — R), V<hy, = R sin 6 cos p5(r — R)

(9.33)

These equations are integrated in the same manner as Eq. (9.22). For Ay we get
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dh - 2
ﬁ:{ 2Rs/r*, r > R 9.34)

dr 0, r<R’

Integrating once more and demanding that k¢ is continuous at the shell give

- 2Rs/r, r > R

hoo = . 9.35
0 {2RS/R,r5R ©-35)

The second Eq. (9.33) and the requirement that there shall be Minkowski metric
infinitely far from the shell gives hi; = 0.

Because of the spherical symmetry the two last equations in (9.33) will have the
same solution, so it is sufficient to solve one of then, say the last one. Due to the form
of the right-hand side we assume that ﬁoy has the form

hoy = f(r)sin6 cos ¢. (9.36)
This gives
- 10,0 1 02 1 0 0
Vhyy=|——r*—+ ———— + ———— — sinf— ino
0y [rz or" ar ' F2sinl0 042 | r2sin20 00 ae}f (r)sinf cos ¢
2 2 ’
= (f”+ -f - _zf) sin 0 cos ¢
r r
(9.37)
where f’ = d f/dr. Inserting this into the last Eq. (9.33) leads to
, 2., 2 2Rsw
R e 8(r — R). (9.38)
r r R
This equation may be written as
1 ' 2Rsw
[r—z(ﬂf)’] = RS 8(r — R). (9.39)
Using that §(r — T) = —§(R — r) we have
1 " 2Rsw
[r—z(rzf)’] = RS S(R—r). (9.40)

Integration gives

1 ,
=7 f) = { 2Rsw . (9.41)
R b
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Hence,
2 M/ 0, r>R
(7)) = { 0. . . ©0.42)
—RS“’r ,r <R
Integrating once more gives
K. r >R
2 ts
rf_{zRo‘li"g—i—Kmr<R' (9.43)

Hence,

Kou/72, r> R
= . 9.44
f { 2:1:15;’)7' _|_ Ijilns r < R ( )

The requirement that the metric is well defined at r = O implies that K, = 0.
Furthermore the requirement that the metric is continuous at the shell then implies
that Koy = 2RsR’w /3. Hence the solution of Eq. (9.33) outside and inside the shell
is

2R5a) 2
f) = {_(%) ’ZZ? (9.45)

Inserting the expressions for h w fromEgs. (9.35), (9.36) and (9.45) into Eq. (9.17)
gives the line element

R R 4R
—(1 - %)czdtz + (1 + %)(dﬂ +r2d92> - 3751;‘92 sin6dpds, r <R

R 4Rs R '
_(1 S) 2% + <1+ )(dr +r24Q7) - == sinodgdr, r > R
r r

(9.46)

2 _

The angular momentum of the shell is
S = (1/3)RsR*w. (9.47)
Hence the line-element (9.46) can be written
(; _Rs\ 2.2 Rg 2, 2,02\ 45 o
(1 R)C dr +(1—|— R)(dr +r dQ) R3r sinfd¢dt, r < R

R R 48 '
—(1 - —S>c2dt2 + (1 + —S>(dr2 +r2ds22) — 2 Ginbdedr, r> R
r r r
(9.48)

ds? =
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Let us see how the shell modifies space inside it.

9.3 Inertial Dragging

We shall first find a formula for the inertial dragging effect inside the shell. Consider
a free observer moving in the equator plane, 6 = 7/2, in the space described by the
line-element (9.46) for r < R. The Lagrange function of the observer is

1 Rs\ ,., | R 1 Rs\ »:.» 2Rsw ,..
L==——<1—-ﬁ>8ﬂ-+—(1+—ﬁ>ﬁ-+—<1+—i)ﬂ¢2—-—i9ﬂ¢p

2 R 2 R 2 R 3R
(9.49)
The momentum p, conjugates to the cyclic coordinate ¢,
oL Rs\ ,:. 2Rsw ,.
=—=|14+— - —rt. 9.50
Py 0% <+R)V¢ 3R (9.50)

An observer with ps = 0 is called a zero-angular-momentum-observer, ZAMO.
The coordinate angular velocity of the ZAMO is

dp _¢_2 Rs

_d_9_ 9.51
dt i 3R+ Rs” ©:51)

IN

The metric is time independent. This means that the physical distance between
arbitrary coordinate points is independent of the time. Hence the coordinates are
co-moving with a stiff reference frame. At the origin the d¢dr—term of the line-
element (9.46) vanishes, and close to the origin the line element approaches the
linearized line-element of the Schwarzschild spacetime. This means that as seen by
a non-rotating observer at the origin the reference frame of the coordinate system is
non-rotating.

Imagine that the observer at the origin throws out a particle. It is a free particle
with zero angular momentum, a ZAMO. This particle will however not move along
a radial line. It has a constant coordinate angular velocity given by Eq. (9.51) and
moves along a spiral path. The particle is dragged in the same direction at the shell
rotates. This phenomenon has several names. It was originally called the Lense—
Thirring effect because it was first described in a published article by the Austrian
Physicist Lense and Thirring in 1918. Later it has been called inertial dragging.

The reason for the latter name is that a free particle with vanishing angular momen-
tum represents a local inertial frame. Hence inside the shell inertial frames are
dragged around by the rotation of the shell—inertial dragging.

There is a similar effect outside the shell. Calculating the angular velocity of a
ZAMO outside the shell in the same manner as above leads to
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On = 2 Rs (R ’ (9.52)
IN_?ar—i—RS r @ ’

The dragging angular velocity outside the shell decreases from the value (9.51)
at the shell to zero infinitely far from the shell.

Note that the expressions (9.51) and (9.52) are valid only in the linear field
approximation, i.e. for R >> Rj. Corresponding expressions for arbitrarily strong
gravitational fields will be found in the next chapter.

9.4 Gravitoelectromagnetism

In the context of gravitoelectromagnetism the Newtonian gravitational potential

GM R
p=——"—"-=-22 (9.53)
r 2r
of a rotating body with mass M is called the “gravito-electric” potential. One also
introduces a “gravitomagnetic” vector potential A with components (including the
velocity of light in this section)

G Six*
A = ?Sijk_r3 ) (9.54)

where &;j is the antisymmetric Levi-Civita symbol, and S/ is the j-component of
the angular momentum of the rotating body. In 3-vector notation this takes the form

S x

73

~U

A=

(9.55)

o Q

The angular momentum of the rotating mass distribution is related to the energy—
momentum tensor by

si=2 / ehxd jrdr, (9.56)
where

jF=1%/c (9.57)

is the mass current density. Then the line element of the linear field approximation
can be written

2 2 L4
ds? = _<1 + —‘f>c2dz2 + <1 - —‘f)&-,—dxldxf — —A;dx'dr. (9.58)
Cc C ’ C
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In terms of the gravitoelectromagnetic potentials the Lorenz gauge condition
(9.10) takes the form

1agp 1 >
-—— +=-V.-A=0. 9.59
c8t+2 ( )

The “gravito-electric” field is

Eg=-V$ — ——, (9.60)
and the gravitomagnetic field is

- 1 .

Bg = EV X A. (9.61)

It follows from the field Eqs. (9.13) together with Egs. (9.59)—(9.61) that the

gravito-electric and -magnetic fields satisfy equations of similar form as Maxwell’s
equations for electromagnetic fields,

V. Eg=—4nGp, (9.62)
V-Bs =0, (9.63)
3Bg

VxEg=——, 9.64
x Eg a7 (9.64)

1 9Eg  4nG -
VX Bg=——— . 9.65
X Bo = 5 — + 2/ (9.65)

The gravitoelectromagnetic analog of the Lorentz force is
F= m(EG 45 x EG). (9.66)

In the linear field approximation the gravitomagnetic field can be written as a
dipole field,

(9.67)

If a body with an angular momentum Lisina gravitomagnetic field EG, the field
will cause a torque
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7=—1L x Bg. (9.68)

T=—. (9.69)

The rate of change of angular momentum is

-

i _541 (9.70)
— =Qx L, .
dr

where Q is the angular velocity of the inertial dragging. Equations (9.63)—(9.65) give

. 1 -
Q =——RB8g. 9.71)
2c
Outside a body, for example the Earth, producing the gravitomagnetic field (9.67),
the dragging angular velocity is

I (5-7)7
Q=4c2r3 S—3 2 . (9.72)

At the equatorial plane Sis orthogonal to 7 so S-7 =0and the equation reduces
to

G -

Q= S.
4c2p3

9.73)

In the case of a rotating body, for example a gyroscope, this dragging field rep-
resents the rate of angular precession of the rotation axis (which was observed in
the Gravity probe B experiment), and in the case of orbital motion it represents the
perihelion precession of the orbit (for example the orbit of the planet Mercury), or
the precession of the orbital plane (which was observed for the LAGEOS satellites).

9.5 Gravitational Waves

We will here consider gravitational waves in the weak field approximation of Ein-
stein’s equations using the Maxwell like equations for the gravitoelectromagnetic
fields.

Inserting Eq. (9.60) into Eq. (9.62) gives
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10 -
V3¢ — Z—CE<V . A) = —47Gp. (9.74)

From the Lorenz gauge condition we have

> 20¢
VA= ———. (9.75)
c ot

Hence

1 92
<‘§ﬁ + vz)¢ — Ol = 47 Gp. (9.76)

Furthermore, inserting Egs. (9.60) and (9.61) into Eq. (9.65) gives

Iy (V g) 1,09 1322\'_%471G7 ©.77)
=V x X =——V— - ——4 —. .
2 ot 220 T2
Using the identity
vV x (v x A) - v(v : A) —Vv2A (9.78)
we get
1o 1_ -\ 1( 13  _\- 47G- 1_- 47G-
V(-2 4 v A)=-(-—=Z +v2)A = —0A .
<03t+2 ) 2( 023t2+ + 2 173 + 2/
(9.79)

Due to the Lorenz gauge condition (9.59) the left-hand side vanishes. Hence we
obtain

J- (9.80)
In empty space Eqgs. (9.76) and (9.80) reduce to
O¢ =0, OA=0. (9.81)

These are equations of gravitational waves moving through empty space with the
velocity of light.
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9.5.1 What Sort of Gravitational Waves Is Predicted
by Einstein’s Theory?

‘We shall now investigate the nature of these waves. In order to simplify the treatment
we shall consider plane gravitational waves. There are three types of such gravita-
tional waves, transverse (T), shear (S) and longitudinal (L). We shall here investigate
what type Einstein’s theory predicts the existence of and follow a procedure given
by Eddington in an article published in 1922 [1].

We consider plane gravitational waves moving in the x-direction with velocity v.
Hence h,,, are periodic functions of x + vt. Differentiation with respect to x + vt
will be denoted by ’, and the coordinates by (x, y, z,t) = (x1, X2, X3, X4). Then the
only non-vanishing derivatives are

azglw —p azglw — " azglw
ax? M 9x10x4 X2

=vh,. (9.82)

The covariant components of the linearized Riemann tensor are

1/ 3%g., 0%g, 028,10 0%g,

R vap — & - -
meP = o\ Oxgdxp | 0x,0x,  Oxpdx,  0X,0%

For a spacetime with plane gravitational waves the Riemann tensor has 21 inde-
pendent components, six of them vanishing. The 15 non-vanishing components were
given by Eddington as follows for i and j equal to 1, 2 and 3,

"

1, 1 1
Rigja = v R, Rija = —Riju = —Evh;’ Ryinj = Ehlj»

v ” " 1 21 " " (984)
Risia = —vRii14 = E(vhh - hi4)7 Ris1a = Ev h11 - Uh14 + §h44

The corresponding non-vanishing components of the Einstein tensor are

1 1
G = g(vh’{, = 2h,) + 5 (Rl =y = ). Guo= 5 (0? = Vi k=2.3
l 1 1 1 " " 1" v " "
G = E(h44 —2vhf,) — §(h11 +hy +h5), Gu=vGu = E(vhlk — hyy).
1
Gn =5 (= ity Gy = —g(hgz +hY), (9.85)

Einstein’s field equations for empty space are G, = 0, which is a set of second-
order differential equations for #,,. Since h,, are periodic functions, the second
derivatives of the functions are equal to minus the functions themselves. This leads
to field equations

v(vhit —2h14) + hag — hyp —h33 =0, g =0,k =2,3
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hag —2v0hg — hy) — hyy — h33 =0,
Uhlk — hk4 = O, I’l23 = O, U(h22 + h33) =0. (986)

These equations can be reduced to the following seven conditions,

hy +hs3 =0, (1 —v?)(ha. h3s, ha3) =0,
]’l24 = Uhlz, ]’l34 = Uh13, U2h11 - 21)/’114 + h44 =0. (987)

Eddington pointed out that for T-waves hy;, h33, hys cannot all vanish. Hence for
these waves Eq. (9.87) implies v = +1, meaning that according to the general the-
ory of relativity transverse gravitational waves move with a coordinate independent
velocity equal to the velocity of light in empty space. For S- and L-waves hyy, h33, ha3
are zero, and there is no coordinate independent equation determining v. The value
of v found from the three last relationships in (9.87) depends upon the metric com-
ponents and is hence coordinate dependent. Furthermore from (9.84) it is seen that
for S- and L-waves the relationships (9.87) imply that the Riemann curvature tensor
vanishes so that spacetime is flat and the periodic changes of the metric components
are coordinate artifacts.

The conclusion is that the general theory of relativity predicts the existence of
transverse gravitational waves travelling with the velocity of light.

9.5.2 Polarization of the Gravitational Waves

The gravitational waves may be represented by the metric functions

hyw = Ay cos(kyx®), (9.88)
where A,, are the components of a symmetric tensor of rank 2, and k, are the

components of a constant wave vector. Inserting (9.88) into the field Egs. (9.13)
leads to

kok® = 0. (9.89)

Hence k, is a null-vector, meaning again that the gravitational waves move with

the velocity of light. An observer with four-velocity U* would observe the wave to
have an angular frequency

w = —k,U°. (9.90)

In the co-moving frame of the observer, where U* = (1,0, 0, 0), the so-called
transverse traceless gauge condition takes the form
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huo=0, hi; =0, hj=0. (9.91)

The first of these equations tells that only the spatial components of the metric
perturbations are nonzero. The second says that the spatial components are divergence
free, and the third says that they are trace free. It should also be noted that since
h = hﬁj = 0 there is no difference between i wv and A, in this gauge.

We now choose the orientation of the coordinate system such that the gravitational
wave travels along the z-axis. The metric perturbation then takes the form

00 O 0
0hyy hyy O
hy,, = ey . 9.92
" 0hyy —h O ©92)
00 O 0

There are only two free metric functions. This corresponds to the fact that there
are only two different polarizations of gravitational waves according to Einstein’s
theory.

9.6 The Effect of Gravitational Waves upon Matter

We shall investigate physical effects of gravitational waves upon systems they pass.
A gravitational wave is a “curvature wave”. We shall therefore study the physical
effects of gravitational waves by utilizing the Eq. (6.94) of geodesic deviation,

ds! S

Here s are the components of the separation vector between two nearby geodesics.
From the expression (9.5) for the components of the Riemann curvature tensor in the
linear field approximation we get in the transverse traceless gauge,

R0 = (1/2)h . (9.94)

Note that the mixed components of the metric perturbations are not equal to the
Kronecker symbols, so the derivatives do not in general vanish. Equation (9.93) now
takes the form

d%s’ 1 . .
F = —zhlj’OOS‘] . (995)

Inserting the components of the metric perturbation from Eq. (9.87) we obtain
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2.x 1 1 2.y 1 1 2.z
dd% = 35 HL o+ 38h % = 35 = 58 h C:T‘Z = 0. (9.96)

These equations show that only the s* and s” components of the separation vector
between two nearby free particles will be disturbed by a gravitational wave travelling
in the z-direction.

A gravitational antenna is a system able to shape form, and according to Eq. (9.96)
it is only disturbed in directions perpendicular to the wave propagation. Let us use
the above equations to describe what happens to a ring in the xy-plane of free test
particles at rest as a gravitational wave passes in the z-direction. To lowest order we
can then neglect the terms with s at the right-hand side of the two first Egs. (9.96)
so that

d?s* 1 d?sY 1

—r = 5t T = =3t 9.97)

Suppose a wave propagating in the z-direction with
hyy =hsinfw(t —2)], hy =0 (9.98)

hits the particles. Let us consider two particles that are hit by the wave. One is at the
origin, and the other has initially the position x = ¢cos6,y = esin6,z = 0. The
initial separation vector has the components s*(0) = ¢ cos 6, s¥(0) = esinf. Then
Egs. (9.97) and (9.98) give

ds* 1 sy 1
s = ——ghw?” cos 0 sin wt, & = —chw? sin 0 sin wt. (9.99)
dr? 2 dr? 2
These equations have the solutions
x h . . h .
st =¢gcosw 1+§smwt , s” =¢sinw l—zsma)t , (9.100)

satisfying the initial conditions. It follows from these expressions that

2 )
a? br

h h
1, a:e(l—i—zsina)t), b:s(l—zsinwt) (9.101)

This shows that an originally circular ring is deformed to an oscillating ellip-
tical shape by the gravitational wave, varying between being stretched in the y-
direction and compressed in the x-direction and then stretched in the x-direction
and compressed in the y-direction. This is called the + polarization and is shown in
Fig. 9.1.

‘We now consider the case when the wave has
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Fig. 9.1 Deformation of a ring of free particles caused by a gravitational wave with + polarization

hyy =0, hyy = hsin[w(t — 2)]. (9.102)
In this case Egs. (9.97) and (9.98) give

d%s* 1 d%s? 1
& ——ghw” sin 0 sin wt, & ——ghw? cos B sin wt. (9.103)
dr? 2 dr? 2

These equations have the solutions

1 , ) 1 .
s¥ =¢gcosf + zsh sinf sinwt, s’ =¢gsinf + zah cos 0 sin wt. (9.104)

Rotating the coordinate axes through an angle /4 we obtain new components of
the separation vector

(s* + ). (9.105)

Sl -

Inserting the expressions (9.104) gives

, h , h
s* = 8005(0 + z)(1 ~3 sinwt), sV = 8005(6 + z) (1 + > sinwt).

4 4
(9.106)
It follows from these expressions that
N2 N2
s~ sV h h
(az) + (bz) =1, a= 8(1 —3 sinwt), b= 8(1 + 5 sinwt). (9.107)

In this case the gravitational wave produces elliptical deformations rotated an
angle 7 /4 relative to those of Fig. 9.1, as shown in Fig. 9.2. This is called the x
polarization.

Since Ay, and h,, are independent, Figs. 9.1 and 9.2 show the existence of two
different states of polarization that are oriented at an angle 7 /4 relative to each other.
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Fig. 9.2 Deformation of a ring of free particles caused by a gravitational wave with x polarization

9.7 The LIGO-Detection of Gravitational Waves

As noted in Sect. 9.6 the effect of a gravitational wave, GW, upon two freely falling
nearby particle is to change the distance, L, between them. If the induced change of
distance is AL, the fractional change in length h = AL/L is called the GW-strain.
This is a dimensional measure of the amplitude of the gravitational wave.

LIGO consists of two detectors, one at the West coast of USA and one at the East
coast. They are separated by about 3000 km. Hence light uses about 10 ms to move
the distance between them. This means that signals of a certain type separated in
time by less than 10 ms can be a sign that a gravitational wave has passed through
the detectors.

The detectors are Michelson interferometers as illustrated in Fig. 9.3. The inter-
ferometer is constructed so that in normal modus the light that has been reflected
from the upper mirror and the right hand mirror is in opposite phase and there is
destructive interference when it meets after the reflections. Hence no light arrives at
the detector in normal modus.

The two mirrors of the Fabry-Pérot cavities are hanged up so that they are free
to move along the 4 km long L’s. When a gravitational wave, say from a system
of black holes with some tens of solar masses a billion light years away that spiral
towards each other and collide, passes the detector, the distances between the two
mirrors of the Fabry—Pérot cavities will get a length change with opposite signs, one
is shortened, and the other gets longer. Hence the phases of the reflected light change,
and a light signal arrives at the detector. In this situation typically the GW-strain is
1072, Hence with L = 4 km one has to be able to detect a change of length of the
order 10718 m.

The shape of the signal has been calculated and is as shown in Fig. 9.4.

The signal has three phases. The first phase is the inspiral when the objects are
outside the innermost stable orbit. In this phase the frequency and the amplitude
increase. It is said to chirp. The second phase is the merger when they are inside and
collide, and the third phase is the ringdown when the object formed by the collision,
vibrates and falls to rest. The shape of the signal in the inspiral phase can be calculated
analytically using post-Newtonian theory, the merger using numerical calculations
and the ringdown using perturbation theory.

The first detection of gravitational waves by LIGO came 14 September 2015 [2].
The most recent was detected by LIGO and Virgo. The detected signals are shown
in Fig. 9.5.
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Fig. 9.3 LIGO gravitational wave detector

Order of magnitude estimates for the amplitudes of the waves emitted at different
phases are given in [3], and a simple, but quantitative analysis has recently been
given by Mathur et al. [4]. The main points when it comes to extracting information
of the physical properties of the source of gravitational waves from the signals in an
interferometric gravitational wave detector such as LIGO when a gravitational wave
is detected, will be presented below.

The LiGO-Virgo-team detected a signal of this type the 14 August 2017.
Figure 9.5 is from this report. An analysis of the signal that lasted for about 0.2 s
showed that they had detected a gravitational wave emitted by a system of two black
holes spiralling towards each other and merging at a distance of 1,8 billion light
years. The frequency increased from 35 to 250 Hz meaning that the number of times
the black holes went around each other per second increased from 17 to 125 during
less than the fifth of a second. The masses of the black holes were detected to be
31Mg and 25 M, where 1 M, is the mass of the Sun. The mass of the final black
hole was 54 M. Hence an energy corresponding to 3M was emitted in the form of
gravitational waves. The relative velocity of the black holes increased from 0.32c to
0.57c in this brief time interval.
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Fig. 9.4 LIGO-gravitational wave signal. LIGO-signal when a gravitational wave from a system
of two compact objects, for example two black holes, passes the detector. There are three phases,
the inspiral when the objects are outside the innermost stable orbit, the merger when they are inside
and collide and the ringdown when the object formed by the collision vibrates and falls to rest.
(Nobel.org)

9.7.1 Kepler’s Third Law and the Strain of the Detector

For a system of two compact objects with masses M| and M, one defines the so-called
chirp mass,

1/5

M, M,)?
M, = (%) (9.108)

where M = M| + M, is the total mass of the system, and the reduced mass is

_ MM, (9.109)
=y .
One also defines the dimensionless mass ratio for the system,
MM
_k_ (9.110)
M M?

The expressions for the chirp mass and the total mass can be solved for the masses
of the compact objects, giving
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M M\? M M\?
M1=7+\/ (?) - MM, Mz=7‘\/ (7) — MUMG.

(9.111)

which requires My, < 27650,
In the inspiral phase there will be a maximal orbital angular frequency, €2, given
by Kepler’s third law

2Q%R? = ?Rs. (9.112)

when two objects with equal masses are about to merger, where R = R; + R, is
the sum of the radial coordinates of the compact objects, and Rs = 2G M /c? is the
Schwarzschild radii of the total mass.

At a distance r from the source of two inspiralling compact objects, the strain due
to a gravitational wave is

4RsR*Q?
h = —Qa (9.113)
It follows from the last two equations that
R2
h= 2—;. (9.114)
r

Let us use this formula to make an estimate of the expected magnitude of the strain
for a gravitational wave detector on the Earth. The maximal value of /4 is obtained
just before the objects merger, when R ~ 2Rg. Then

Bnax & Rs/T. 9.115)

The Schwarzschild radius of the Sun is Rs = 3km = 3 - 1073/ - y. Hence for
a system of for example black holes with total mass equal to 50 solar masses one
billion light years from the Earth the strain is 4 = 1.5 - 107, For an interferometer
with 4 km long arms this means that the distance between two mirrors at the ends of
the arms will change by AL = hL = 6 - 1077 m, which is less than the magnitude
of an atomic nucleus.

Combining Eq. (9.114) with Eq. (9.110) and introducing the Schwarzschild radii
Rs1 and Ry, of the two objects, the strain can be expressed as

h— 2 RsiRs»
“n rR

. (9.116)

Sometimes the strain is expressed by the total mass and the chirp mass. Introducing
the Schwarzschild radius of the total mass, Rs = 2G M, and the chirp mass, Rg., =
2G Mg, /c?, and using Eq. (9.108) the strain can be expressed as



9.7 The LIGO-Detection of Gravitational Waves 265

1/3 55/3
_ E Rg" Ry,
n rR '

h 9.117)

Using Eq. (9.112) the strain as measured at a distance r far away from the colliding
objects can then be expressed as

(9.118)

9.7.2 Newtonian Description of a Binary System
We use a coordinate system co-moving with the mass centre of the binary system,
MRy = M, R,. Using this together with R = R; + R, we get

M, M,
Ri=—R, Ry=-—R. (9.119)
M M

Furthermore we introduce an angular coordinate, 6 = 6, = 6, — 7. The kinetic
energy of the system is

1 1
Ex =S M, vl + 3 »3. (9.120)

where the square of the velocities of the compact objects are

: . My\?
2 2 242 2\ 2
=R R0 = — ,
g 1+ RiY; (M) v
M \?
2 _ p2 242 2
= R+ R2=(=) %,
1253 2 + %) ( M ) v
v2 = R? + R%*6%. (9.121)
Inserting these expressions into Eq. (9.120) and using Eq. (9.109) gives

1
Ex = E;w? (9.122)

The objects move along elliptical paths. In the Newtonian theory of binary systems
it is usual to write the equation of the elliptic orbit as

p = R(1 +ecos), (9.123)
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where p is called the semi-latus rectum, and e is the eccentricity of the ellipse, i.e. the
ratio of the semi-minor and semi-major half axis of the ellipse, e = b/a. The specific
angular momentum, L = R20, is a constant of motion. The relation L2 /p=GM
will be needed below. Differentiation of Eq. (9.123) with respect to time gives

: R%esin@ Le . . R¥% L
R=———=—sinf, RO=—=—(1+ecosh). 9.124)
R(1 +ecosb) p R p

Using these expressions and that p = a(l — ez) one finds that the kinetic energy
is

By — 1 GM 2 1\ _ GM\My GMM 9.125)
K= R TR 2a '
The potential energy of the system is
GM\M
Ep= 172 (9.126)

R

It follows that the mechanical energy of the system, E = Ex + Ep, has the value

GM\M,
2a

E = (9.127)
which is constant. Approximating the distance between the objects by the semi-major
half axis of the ellipse, R =~ a we can use Eq. (9.112) to express the mechanical
energy in terms of the angular frequency,

E=—

GM\M, [ Q\*?
—‘2< ) . (9.128)

R \2

9.7.3 Gravitational Radiation Emission

According to the general theory of relativity the binary system will emit gravita-
tional waves and thereby loose mechanical energy. The emitted power is given by
Eq. (9.121) in Ref. [5] for a system of two compact objects with equal masses. In
the general case allowing different masses this expression is generalized to

32
P= ?Gc,qu“Qﬁ. (9.129)

Using Eq. (9.108) this may be written as
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32cG*MIMIM
P="—1—2"

9.130
5 RS ( )

The emission of gravitational waves causes the compact object to move towards
each other along a spiral path. The orbital energy may be approximated by

GM | M,
E=———. 9.131
7R ( )
The rate of change of the orbital energy,
. GMM, R
E=2"1"2 " 9.132)
2 R?
is equal to the power given in Eq. (9.130). Hence
35 8
R°R = —§CR51R52R5. (9133)

where Ry = Rgs; + Rs». The distance between the objects at a point of time ¢ is
32 1/4
R = (Rg— ?R51R52R5Ct> , (9.134)

where Ry = R(0). This shows that it takes a finite time

5R;

= 9.135
326R51R52RS ( )

Iow

before two objects moving around an elliptical orbit with initial distance Ry, collides
with each other. If a detection signal lasts for a time #, until the sign that a merger
has happened appears, then the objects had an initial distance

32 1/4
Ry = (?RSIRSZRSCTD> (9.136)

when the initial part of the signal was emitted.

9.7.4 The Chirp

I order to extract information from the measured data, and it will be useful to express
the emitted effect in terms of the frequency f of the observed radiation. As shown in
Eq. (9.110) of Ref. [5] the frequency of the radiation is twice the orbital frequency.
Hence Q2 = n f. Inserting this into Eq. (9.112) gives
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Ry 1/3
R=<2n2f2> . (9.137)

Hence Egs. (9.129) and (9.131) take the form

32 2R\ 3
P ?nloﬂcGuz(cTS) £1073, (9.138)
GMM, [ 27>\ '*
E=— 2‘ 2<—C;;S> 3. (9.139)

Differentiation gives

) GM\M, [ 2 \'? .
E = —7'[2/3%(%) f_l/3f. (9140)
Equating (9.138) and (9.140) leads to
. 96 8/3
R = 2 (M), (9.141)

5¢3
where M., is the chirp mass defined in Eq. (9.108). Integration gives

-3/8

64 Rsa ' _
f= f0<1 - ?21/%3/3(&) £ 8”;) . (9.142)
C

where fo = f(0). Solving this equation with respect to the Schwarzschild radius of
the chirp mass leads to

5A; 03 1 1
Rseh = ¢ m ) Af:?_?’ At =t —t;, (9.143)
which may be written
A\
Mg, =7.8- 102Hz<E) M. (9.144)

The objects begin to coalesce when their separation is equal to the sum of their
Schwarzschild radii, R = 2Rs. Inserting this into Eq. (9.112) gives

c

Ry = ——.
ST 4nt,

(9.145)
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where f, is the frequency of the emitted gravitational radiation when the objects
begin to coalesce. This may be written

2.0-10%Hz
M=

Mg, 9.146
7. o) ( )

where Mg, is the mass of the Sun.

Let us apply Eqgs. (9.144) and (9.146) to the signals shown in Fig. 9.5. We shall
only illustrate the method and therefore do not include the uncertainties. The figure
shows that the initial frequency is f; = 30 Hz at the point of time #; = 0.46 s and the
frequency is f» ~ 150Hz at t, = 0.50s. This gives Ay = 1.1 - 107%, At = 0.04s
with a rather large uncertainty. Hence M., &~ 23 M. The measured peak frequency
was around f, = 200 Hz. This gives from Eq. (9.146) a total mass M = 100M.
More accurate relativistic calculations give a somewhat lower mass. Also there is
a rather large uncertainty in the value of the maximal frequency, which may be
somewhat higher than the measured peak frequency due to the very rapid merger.
Assuming that f, =~ 350Hz, we get M ~ 57Mg. Inserting these values for the
total mass and the chirp mass into Eq. (9.111) gives for the masses of the two black
holes, M, =~ 38Mg, M, =~ 19My. The masses determined by the more accurate
calculations of the LIGO-VIRGO-teams were M, = 24Mo, M ~ 56 Mg, M| ~
31Mg, M, =~ 25M. The Schwarzschild radii of the black holes are Rg; = 91 km
and Rg; = 74 km. Inserting these radii and the duration of the signal before merger,
tp =~ 0.07s, into Eq. (9.136) gives the distance between the black holes when they
emitted the first detected gravitational wave, Ry = 630 km.

On 17 August 2017 LIGO and Virgo detected a gravitational wave from colliding
neutron stars, and 1.7 s later ESA’s INTEGRAL telescope and NASA’s Fermi gamma
ray space telescope detected a short gamma ray burst from the same source. The
next days and weeks the afterglow of the burst was observed by a large number
of telescopes. This was the first time electromagnetic signals were observed from
the source of directly detected gravitational waves. It opened a new window for
observing the universe and gave a great stimulus to the new research area called
multi-messenger astronony.
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Chapter 10 ®)
Black Holes i

Abstract Spacetime outside black holes with and without rotation—i.e. the Kerr and
Schwarzschild spacetimes—is studied. By considering the motion of free particles
in the Kerr spacetime we find an exact expression for the angular velocity of the
inertial dragging. Hawking radiation from a non-rotating black hole is also studied.

10.1 “‘Surface Gravity”’: Acceleration of Gravity
at the Horizon of a Black Hole

The quantity which is called surface gravity is equal to the acceleration of gravity at
the horizon of a black hole. The acceleration of gravity is equal to the acceleration
of a freely falling particle instantaneously at rest as observed by a static observer in
the coordinate system. However, it has become usual to express the acceleration of
gravity measured by an observer in terms of the acceleration scalar of the observer.
Note that the 4-acceleration, and hence, the acceleration scalar of a free particle
vanishes, so this cannot be used in the same way.

It is tempting to define the acceleration of gravity mathematically as equal to the
acceleration scalar a of the observer, since this is an invariant quantity representing
the acceleration of the observer relatively to a freely falling particle, as measured by
the standard measuring rods and clocks of the observer. But we saw in Eq. (8.36)
that the standard clocks do not proceed at the horizon of a black hole. Therefore the
acceleration scalar of the observer diverges there. For this reason it has become usual
to define the acceleration of gravity as

dr a

where u' is the time component of the 4-velocity of the observer. This quantity has
a finite value at the horizon of a black hole.

In this chapter we use units so that ¢ = 1. Surface gravity is denoted by « and is
defined by
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Kk = lim i, a = ./a,a*, (10.2)

r—ry yt

where r, is the horizon radius, ry = Rg for the Schwarzschild spacetime, and u' is
the time component of the 4-velocity.
The 4-velocity of an observer permanently at rest in the Schwarzschild spacetime
is
- . dt 1 . é
Uu=ue =—e = e = ——. (10.3)

dt v — 8 1— &

The only component of the 4-acceleration different from zero is a,. The
4-acceleration of the observer is

a= Vi =ulu"é, =" +Thu“)u"e,. (10.4)

3V

The covariant, radial component of the 4-acceleration is

r,
ar = (ur,v + 1—‘rotvl'tw)l'tU = ur,vuv +Frtt(ut)2 = 1—URA (10.5)
—0 r
The Christoffel symbol is
1 9g Rs
Frtt = —EW = _ﬁ (106)
Inserting this into Eq. (10.5) gives
Rs/2r?
a = 15_/ I:S . (10.7)
The contravariant component of the 4-acceleration is
r rr ar RS RS
a =g a,:g—:(l—T)a,:ﬁ. (10.8)

The positive sign of a” means that an observer permanently at rest in the curvature
coordinate system accelerates outwards relative to an inertial (freely falling) reference
frame which has vanishing 4-acceleration.

The acceleration scalar is

a=+aa = ——. (10.9)
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This represents the acceleration as measured with standard instruments at the
position of the particle. The acceleration of gravity as defined in Eq. (10.1) is

Rs

=5 (10.10)

8

The surface gravity is equal to the acceleration of gravity at the horizon of a black
hole,

1
— lim g = —. 10.11
= 0% 8T 2R, (10.11)

Inserting the velocity of light we get

c2

= —. 10.12
3Ry ( )

K

On the horizon of a black hole with one solar mass ko = 2 x 103m/s?.

10.2 Hawking Radiation: Radiation from a Black Hole

The radiation from a black hole has a thermal spectrum. Following Hawking we shall
write down an expression for the temperature of a Schwarzschild black hole of mass
M. The Planck spectrum has an intensity maximum at a wavelength given by Wien’s
displacement law,

Nhc
A_

= —. 10.13
T ( )

where k is Boltmann’s constant and N = 0.2014. For radiation emitted from a black
hole Hawking derived the following expression for the wavelength at a maximum
intensity,

8TNGM

A =4nNRs = 5 (10.14)
c
Substituting for A from Wien’s displacement law leads to
hc? h
‘ ‘ (10.15)

T=—-—=—«.
8nGkM 2k

Inserting values for 7, ¢ and k gives
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2 x 10™*m
N — (10.16)
Rs
For a black hole with one solar mass, we have T =~ 10~7. When the mass
decreases because itradiates, the temperature increases. So ablack hole has a negative
heat capacity. The energy loss of a black hole because of radiation is given by the
Stefan—Boltzmann law,

M T4 A (10.17)
—_—— =0 -, .
de c2
where A is the area of the horizon
167 G*M?
A=dnR}= 222 (10.18)
c
In Eq. (10.17)
w2kt
= — 10.19
7= 6omie? (10.19)
is Stefan—Boltzmann’s constant. Combining these equations we get
dM Ky het 15743
— =——,Ky=——-=22-10"kg’/s. 10.20
a M2 T 153607 G2 /s (10-20)
Hence
M
/MZdM = —Kyt, (10.21)
M
giving
3 1/3
M(@) = (MO — 3KHt) . (10.22)
The time taken for a black hole to evaporate is
M} Mo\’
tev=r5"=\|7"] levos (10.23)
3Ky Mg

where #,, = 2.1 - 10%7 years is the evaporation time of the Sun. The evaporation
time of a black hole with one Planck mass is

hG
tevp = 51207,/ —- = 5120 tp. (10.24)
C
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where tp = 5.4-10~* sis the Planck time. Hence #,,p = 8.67-1074" s. A primordial
black hole made at the Big Bang and exploding at the present time when the age of
the universe is o = 13.7 - 10° years, is

Mo = 3Kyty)'>, (10.25)

giving My =~ 10"'kg which is around the mass of Mount Everest. It is called a
“mini-black hole”.

10.3 Rotating Black Holes: The Kerr Metric

The solution of Einstein’s field equations describing spacetime outside a rotating
mass distribution was found by Roy Kerr in 1963 and is therefore called the Kerr
spacetime.

A time-independent, time-orthogonal metric is known as a static metric. A time-
independent metric is known as a stationary metric. A stationary metric allows
rotation.

Consider a stationary metric which describes an axially symmetric space

ds? = —e?dr? + e¥dr? 4 €2V (dp — wdt)? + **dp? (10.26)
= — (e* — e w?)di? + e*dr? + e*V dp? + ¢**d6? — 2eP wdg dr’ ’
where v, u, ¥, A and w are functions of r and 6. The covariant components of the
metric tensor are

2 2v 20 2
9

gu=e"w’—e

g =€, 8pp =€ 7, 800 = e, 8ip = —€ W
(10.27)
Hence,
w=—3% g = gsw?— e (10.28)
8¢

By solving the vacuum field equations for this line element, Kerr found the
solution:

2 2 2
A X
o — P_’ o — :0_’ A = = sin20, & =2
R A p?
_ Rgar

where p? = r? 4 a®cos? 9,

2
A =r?+a* — Ryr,
22 = +a*? — d*Asin®6. (10.29)
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This is the Kerr solution expressed in Boyer—Lindquist coordinates. The function
 is an angular velocity. As mentioned above the Kerr solution is the metric for
spacetime outside a rotating mass distribution. The constant a represents spin per
mass unit for the mass distribution and Ry its Schwarzschild radius. With the units
we use, a has dimension length.

The line element has the form

R 2, 2R
ds? = _<1 - _Sr>dt2 + Sdr? — == sin? 0drde + pd0?
P P

R 2
+ (r2 +a? + 22 in? 9) sin® 9dg>. (10.30)
0

Light emitted from the surface, r = ry, where g, (ro) = 0, is infinitely redshifted
further out. Observed from the outside time does not proceed at this surface. The
radial coordinate ry is given by

0> = Rgro, (10.31)
or
13 +a*cos’ = Rgry, (10.32)
giving
ro = Rg/2 % \/(RS/Z)z —a?cos? 6. (10.33)

This is the equation of two surfaces with the property that light emitted from the
surfaces is infinitely redshifted. In the equatorial plane, & = 7/2, the radius of the
surface with infinitely redshifted light has a coordinate distance from the origin equal
to the Schwarzschild radius of the mass distribution,

ro = Rs. (1034)

10.3.1 Zero-Angular Momentum Observers
The Lagrange function of a free particle in the equator plane, 6 = 7/2, is
1o 202 Lo Ly 1 2 ¢ i
L:—E(e —w e )t —i—ze“r —1—56 qb—f—ze 0° —weVtp.  (10.35)

Here 6 = 0. The constant momentum Do of the cyclic coordinates ¢ is
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d . do¢

o = (10.36)

L . .
= — = —wt), =
Py e (¢ —wr) i

=%

The angular velocity of the particle relative to the coordinate system is

. .
=% _2 (10.37)
dt t
Hence
pe = Vi(Q — w). (10.38)

Thus a zero-angular momentum observer, a ZAMO, has an angular velocity in the
Boyer—Lindquist coordinate system, €2 = w. This gives the physical interpretation
of w. It is the angular velocity of the ZAMOs in the Kerr spacetime relative to an
observer at rest infinitely far from the mass distribution. Hence w is the angular
velocity of the inertial dragging in the Kerr spacetime. It follows from Eqgs. (10.28)
and (10.29) that

R
_8 _ _ Nsd (10.39)
g¢¢ r3+612(l"+R5)

Note that @ — 0 when r — o00. The Kerr spacetime approaches the
Minkowski spacetime for large r. Calculating the inertial dragging angular veloc-
ity at the surface of the Earth one finds wgyp = 10~ 14 rad/s. At the infinite redshift
surface with radius (10.34) the dragging angular velocity is

a

P 10.40
R} +2a? ( )

w(rg) =

10.3.2 Does the Kerr Spacetime Have a Horizon?

Definition 10.3.1 (Horizon) A horizon is a one-way surface through which anything
can enter, but nothing can exit, not even light. Hence the region inside the horizon is
invisible for an outside observer.
Consider a particle in an orbit with constant r and 6. Its 4-velocity is
N dx dr dx 21
U= =g s (=81t — 28162 — 89 27) "2 (1, Q). (10.41)

The existence of a stationary orbit requires

866 + 28169+ g1 < 0. (10.42)
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This implies that

Qmin < Q< Qmax’ (1043)

Quin = 0 — Ja? — 2" and Quay = 0+ |w? — 2L (10.44)
8¢¢ 8¢¢

Outside the surface with infinite redshift g,; < 0. That is 2 can be negative, zero
and positive. Inside the surface r = ry with infinite redshift g,, > 0. Here Qi > 0
and static particles, 2 = 0, cannot exist. This is due to the inertial dragging effect.
The surface r = rg is therefore known as “the static border”. The interval of €2,
where stationary orbits are allowed, is reduced to zero when Qi = Qpmax, that is

where

g = ©” 849, (1045)
which is the equation of the horizon. For the Kerr metric we have
8 =’ ggp — €. (10.46)

Comparing with the second of Eq. (10.28), we see that the equation of the horizon
becomes

e’ =0, (10.47)
which requires A = 0 or
r* — Rgr +a* = 0. (10.48)
The exterior solution is

ry = Rg/2 ++/(Rs/2)* — a2, (10.49)

and this is the equation for a spherical surface. Note that the radius of the horizon
is smaller than the Schwarzschild radius of the rotating mass. The dragging angular
velocity at the horizon is

R sr+ ’
The static border and horizon of a Kerr black hole are shown in Fig. 10.1.
Going from a region outside the static border and inwards we have the following

situation. In the outside region it is possible for an observer to stay at rest if a suitable

non-gravitational force acts upon the observer. The surface r = ry has two roles;
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light emitted from sources at rest on it are infinitely redshifted, and inside the surface
the inertial dragging is so strong that it is impossible to stay at rest even by trying
to do so by means of a motor. But it is possible to move along a path with constant
r, i.e. there exist stationary orbits. Also it is possible to come out of this region. But
inside the horizon, everything fall inwards, and it is not possible neither to move with

constant r nor to move outwards.

Exercises

10.1. A spaceship falling into a black hole

(a) Inthis problem we will consider a spaceship (A) falling radially from the
Earth (neglecting the gravitational field of the earth) into a Schwarzschild
black hole with mass the mass of the Sun, M = Ms,, at the position of
the Sun, 150 million km from the Earth.

What is the Schwarzschild radius of the black hole?
Find the equations of motion of the spaceship in curvature coordinates
r and , using the proper time t as time parameter.
Solve the equations of motion with the initial condition that the space
ship falls from rest at the Earth at proper time t = 0.
When (in terms of t) does the spaceship reach the Schwarzschild

radius? And the singularity?
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(b) The spaceship (A) has radio contact with a stationary space station (B)
at rg = 1 light years. The radio signals are sent with intervals AT and
with frequency @ from both A and B. The receivers at A and B receive
signals with frequency w4 and wpg, respectively. Find w4 and wp as a
function of the position of the spaceship. Hint: Perform the calculation
in two steps. At first find the change in frequency between two stationary
inertial systems in the points r4 (the position of the spaceship) and rp.
Then calculate the change in frequency due to a transfer into an inertial
system with the velocity of the spaceship.

10.2. Kinematics in the Kerr spacetime

A Kerr black hole is an electrically neutral, rotating black hole. When
spacetime outside a Kerr black hole is described in Boyer—Lindquist coordi-
nates, the line element is the following,

ds? = —e?dr? + e**dr? + €¥d6? + %V (d¢p — wdt)?,

where
2 2
€2v=pA 2;/,:p_ eZ)L:IOZ
22 9 A 9 9
2
eV = <E—) sin? 6, w = _Sw = 2Mar
p? 8o X2

p?=r>4+ad*cos’0, A =r>+a®> —2Mr, 2* = (r* + a»)? — a*Asin 6.

Here M is the mass of the hole and « its spin per unit mass.

(a) Consider light moving in negative and positive direction of ¢ in the
equatorial plane, & = /2. What is the coordinate velocity ¢y = d¢/dt
of light?

We now want to investigate the Sagnac effect in the Kerr space. An
emitter—receiver is attached to a point in the BL coordinate system. Light
signals with the frequency v are sent by means of mirrors in both direc-
tions along the circle r = ry, & = 7 /2. Find the travel time difference of
light travelling in opposite directions, when the signals reach the receiver.

(b) AZAMOis anobserver with vanishing angular momentum. In the follow-
ing a ZAMO in the Kerr spacetime will be describing particles with fixed
r- and #-coordinates. Introduce an orthonormal basis (¢;,, €7/, 2@,, Eriv)’
where ¢;, is the 4-velocity of a ZAMO. The dual basis 1-forms are

o =0, o = e (0’ — wo'). (10.51)
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Show that

f_,’);/ = e—u(gt + w2¢), 2;/ = e—,ugr’

¢y =e ey, €5 =e"e,, (10.52)

where (¢;, €,, €y, €,) are the coordinate basis vectors in the BL coordinate
system.
Given a particle with 4-velocity components
. . d
Ut =(i, ¢)=i(l, Q), Q= d—f (10.53)
in the Boyer-Lindquist coordinate system.

Show that the physical velocity of the particle, measured by a ZAMO,
is

v = eV (Q — w). (10.54)

What is the velocity v(‘f " of a fixed coordinate point measured by a
ZAMO?
(c) Introduce an orthonormal basis field given by the expressions

ey = (—gw)~e0. & = (vi)”"*[&i — (gio/g00)é0].  (10.55)

where

Vii = 8ii — gizo/goo-
Show that

-

A e .
e =vye e, e =e e,

= —Az 1

ey =e e, Eq; =y~ e_‘/’é'(p + ?e_”vg/a, (10.56)
where y = (1 — (vg/)z)’l/z. Find the dual basis 1-forms.

10.3. A gravitomagnetic clock effect
This problem is concerned with the difference of proper time shown by
two clocks moving freely in opposite directions in the equatorial plane of the
Kerr spacetime outside a rotating body. The clocks move along a path with
r = constant and 6 = /2.

(a) Show that in this case the radial geodesic equation reduces to

rde* +2I;,dgds + I, d¢> = 0. (10.57)
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(b)
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Calculate the Christoffel symbols and show that the equation takes
the form

dr \? dt 3
<£) PV A (10.58)

where M is the mass of the rotating body and a its angular momentum
per unit mass, a = J/M.

Show that the time difference for one closed orbit in (¢ — ¢ + 27) the
direct and the retrograde direction is ¢, — r— =~ 4mwa = 4nJ/M, or in
S.I. units,

t, —t_ =4dmwa =4 J/mc’. (10.59)
Estimate this time difference for clocks in satellites moving in the

equatorial plane of the Earth. (The mass of the Earthism = 6 - 10%° kg
and its angular momentum J = 10**kg m?/s.)
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Sources of Gravitational Fields Geda

Abstract In this chapter we shall first find a general expression of the acceleration
of gravity due to a mass distribution. Then we shall deduce the solution of Einstein’s
field equations inside an incompressible star—the internal Schwarzschild solution.
Furthermore we shall present Israel’s formalism for describing singular mass shells
in the general theory of relativity, and apply this first to a shell consisting of dust
particles, and then to find a source of the conformally flat, spherically symmetric
Levi-Civita—Bertotti—Robinson metric, and finally to the Kerr spacetime. Lastly
we shall introduce a river model of space.

11.1 The Pressure Contribution to the Gravitational Mass
of a Static, Spherically Symmetric System

According to the Definition (10.1) of the acceleration of gravity (including a minus
sign denoting inwards acceleration, here),

a

g=——, a=.,/a,a" 11.1)

ut’

where a is the acceleration scalar and u' the time component of the 4-velocity of an
observer permanently at rest in the coordinate system. We have the line element,

ds® = —e*dr? + eV dr? 4 r2dQ%. (11.2)
Hence
g = —e, g, =¢eF, (11.3)
which gives for the acceleration of gravity,

g= —e*Po. (11.4)
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From the expressions (8.15) for the components of the FEinstein tensor
Ey, Epp, Epp, E 5, it follows that

N
Ef — E] — EJ - E;{’ = —2e2ﬂ<2%“/ +ao' +a”?— a’ﬂ/). (11.5)
We also have
(r’e* Po) = rPe*? (2%/ +a +a? - 05/,3/)7 (11.6)
which gives
g = # / (El - E} — E - Eg)rze“ﬁdr. (11.7)
By applying Einstein’s field equations
EY = 8zGT! (11.8)
we get

4G
g =

i / (i — 1/ 1) - Tf)r2e”‘+ﬁdr. (11.9)

This is the Tolman—Whittaker expression for gravitational acceleration.
The corresponding Newtonian expression is

4nG
o = —— /,orzdr. (11.10)

r

The relativistic gravitational mass—density is therefore defined as
06 =_T§+Tj+T§+T£’. (11.11)
For an isotropic fluid with

Ti=—p, T/ = Téé = T; = (11.12)

t
we get p¢ = p + 3p (with ¢ = 1), which becomes

3
pG=p+c_f, (11.13)



11.1 The Pressure Contribution to the Gravitational Mass of a Static ... 285

It follows that in relativity, pressure has a gravitational effect. Greater pressure
gives increasing gravitational attraction. Strain (p < 0) decreases the gravitational
attraction. In the Newtonian limit, c — 0o, pressure has no gravitational effect.

Inserting the equation of state (7.17) of LIVE into Eq. (11.13) gives pg = —2p <
0. Hence the assumption that it is not possible to measure velocity relative to the
vacuum energy, and that the vacuum energy can be described as a perfect fluid,
together with the general theory of relativity, imply that the vacuum energy produces
repulsive gravitation.

11.2 The Tolman—-Oppenheimer—Volkoff Equation

We are going to solve Einstein’s field equations inside a spherically symmetric,
static mass distribution with density p(r). Then the line-element can be given the
form (11.2). Using Eq. (8.15) for the components of the Einstein curvature tensor
the field equation for E;; can be written

1 d
= —[r(1 —e )] =87 Gp. (11.14)
rsdr

Integration gives

r(l —e ) = 20/ A pridr. (11.15)
0

The mass inside a spherical surface with coordinate radius r is

m(r) = / 4 pridr. (11.16)
0

Hence, Eq. (11.15) can be written as

2G 1
o2 - 20m0 _ 1 (11.17)
r rr
From the field equation for E;;, we have
2d 1
S (1 —e ) = 82Gp. (11.18)
r dr r?
This leads to
2d 2G 2G
Zda () 2Gmn)) _26m@) oo Gy, (11.19)
rdr r r3
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or

da . m(r) +471r3p(r)

dr —  r(r—2Gm(r)) (1120
The relativistic equation of hydrostatic equilibrium is
TV =o0. (11.21)
Written out
T + Iy T + 1L, 1% = 0. (11.22)
The first term is
Ty =T7 = pi = &(p). (11.23)

Since ¢, - ¢, = g, we have |e,| = ./g,,. Hence, ¢; = (1/, /g,,)E,. This gives

M - _gd
TH =&:(p) = ——é.(p) = e ﬂd—p. (11.24)
’ r

Nz

We here use ordinary derivatives instead of partial derivatives since p only depends
upon r. The second term is

Lo, =TT =T p=ThLp+ T.p. (11.25)

7

The third term is
Lo, T =TT = Flffp + F;,r;p. (11.26)
In orthonormal basis, we have

Qop = —Qpp = T'opg = Dpse and Fi; =Dy =Ty = —Fé. (11.27)

ri
1

Hence the last terms in the expressions for Fgﬁ T7 and Fg 5 T%" cancel each other,
and the hydrostatic equation then takes the form

— dp 7 7
e +Tip+ T =0. (11.28)

Furthermore

I= Ty =Ty =T;

i’

(11.29)



11.2 The Tolman-Oppenheimer—Volkoff Equation 287

and
? .y da
y=e e (11.30)
The hydrostatic equation then takes the form
d do
—p+(p+,0)—=0. (11.31)
dr dr
Inserting Eq. (11.20) into Eq. (11.31) gives
dp m(r) + 4nr3p(r)
— =-G —_— 11.32
dr PP 56m() (1132

This is the Tolman—Oppenheimer—Volkov (TOV) equation which can be used to
construct relativistic star models. It can be written in the form

(r) 43 p(r)
dp  Gpm(r) (1 + %)(1 + )
2 e : (11.33)

In Newtonian theory, only the first factor appears. The three last terms are relativis-
tic corrections. They show that pressure, p > 0, makes relativistic gravity stronger
than Newtonian gravity. This is significant for the possibility of collapse to black
holes.

11.3 An Exact Solution for Incompressible
Stars—Schwarzschild’s Interior Solution

The metric component g,; = —e**"”) can now be calculated from Eq. (11.31) in the
form
d
do = - (11.34)
p+p

We now consider an incompressible star, say a neutron star, with p = constant
and radius R. Integration of eq. (11.34) with vanishing pressure at the surface then
gives

a(r)

p
/ da:—/d—p éa(r):a(R)—ln(l—i—E). (11.35)
a(R) 0 ,0+P P
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Requiring continuity of the metric at ¥ = R, and using the exterior Schwarzschild

metric, we get

R
20(r) _ gu(R) _ 1— TS

gu(r)=e

For an incompressible star, the mass inside a radius r is

dr
m(r) = ?,or .

We then get

2Gm(r) | 8qnGp ,
- =1- re.
r 3

e =1

Defining a constant a with dimension length by

5 3
a=——,
87 Gp
this may be written as
2
26
e 1 e
It may be noted that
87 G R3
Rs = 2Gm(R) = =22 R} = =
a
Hence
R® R*> R
a’ = and — = =2
RS a2 R
The TOV-equation may now be written
dp 1 r
— = 3 .
ar 242 (p+3p)(p+ p)1 =
a

So

r

p
/' dp 1 / r
=—-= —dr.
, (p+3p)(p+p) ZapR -5

(1+§)2 - (1+§)2.

(11.36)

(11.37)

(11.38)

(11.39)

(11.40)

(11.41)

(11.42)

(11.43)

(11.44)
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which leads to

ptp a’> - R
,0+3p: P (11.45)
giving the pressure distribution
- V-2 —Ja? - R? \/1——r2—\/1 .
p(r)= .
3\/(12— —\/612—7'2 3\/1 TS \/1__r2
(11.46)
This gives
R
P 21 =%
+ == (11.47)
N \/1 ey

Combining this with Eq. (11.36) we get

1 Rs Rs
g,,:—Z<3\/1—7—\/1—Fr). (11.48)

Hence the line-element of the spacetime inside an incompressible star is

1 R R dr?
ds? = __<3\/1 __S_\/l_ _S,z> dﬂ+++r2d92. (11.49)

4 1 — 2572

The spacetime described by this line-element is called the internal Schwarzschild
spacetime.

In Newtonian gravity, there is no limit to how large a star can be if there exists a
sufficiently effective mechanism for generating a pressure gradient which may resist
gravity. We shall see that it is not so in relativistic gravity.

In order to satisfy the condition of hydrostatic equilibrium, the pressure must be
positive. This must be valid at every distance from the centre of the star, also at the
centre, p(0) > 0. It follows from the expression for the pressure distribution that

p(0) = ———— >0, (11.50)
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which requires that Ry < (8/9)R. Including here the velocity of light, this leads to

the condition
? 24/2 ¢? 3
M < = —a, a=c . 11.51
G+/3nGp 3 G 81 Gp ( )

A star with a larger mass will collapse to a black hole independent of the
mechanism that generates a pressure gradient in the star.

Letus consider an incompressible neutron star as an illustrating example. A typical
density is then p, = 5 - 10! kg/m>. This gives a, = 18kmand M < 22-10*°kg =
11 Mg.

11.4 The Israel Formalism for Describing Singular Mass
Shells in the General Theory of Relativity

We shall here follow the descriptions of this formalism as presented by Israel [1],
Misner, Thorne Wheeler [2], and Lightman, Press, Price and Teukolsky [3].

Let S;; be the components of the energy—-momentum tensor of a singular shell,
and T4 the components of the energy—momentum tensor of the medium filling the
region at each side of the shell. Here the indices i, j mark the coordinates in the shell
and «, B the coordinates of the spacetime outside the shell. Israel has shown that the
equation of continuity can be written

w 8%, = —[Tupu’n’], (11.52)

where u/ is the j-component of the 4-velocity of a point on the shell, n” the B—
component of its normal vector, the vertical line denotes covariant derivative with
respect to the intrinsic metric on the shell, and the bracket denotes the difference
between the values of the quantity inside the bracket at the two sides of the shell.
The energy—momentum tensor of the shell has the form

Sij =ouju; + t;j, (11.53)

where o is the mass per unit area of the shell, and #; ; are the components of the stress
tensor of the shell.
The components of the extrinsic curvature tensor of the shell are ([2] p. 513)

(11.54)

o
Kij = —ni;j = —ni j + nol7yj,

where I'f’ are the Christoffel symbols of the spacetime. The equation of motion of
the shell is ([3] exercise 21.8)
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1 3) k ij
[Kij] =« Sij =55V ), S=S=4g"Sy (11.55)
Contraction gives
[K] = —(x/2)S. (11.56)

Hence, solving Eq. (11.55) with respect to S; gives the energy—momentum tensor
of the shell in terms of the discontinuity of the extrinsic curvature tensor of the shell,
as evaluated inside and outside the shell

K8 =[Ki] - K&, (11.57)

Example 11.1 (Thin dust shell described by the Israel formalism) We shall describe
a spherical shell consisting of dust particles in empty space. The shell will collapse,
and we shall first investigate whether the rest mass of the shell is constant and then
find the equation of motion of the shell.

In empty space, the energy—momentum tensor at the right-hand side of equation
of continuity (11.52) vanishes. Then it takes the form,
w8, =0. (11.58)
Also the stress tensor of the shell vanishes. Then the energy—momentum tensor
of the shell as given in Eq. (11.53) has the form

Sij =ouju;j. (11.59)
Hence,
ujS;’fm = u-"(oujum)‘m = wlopuju™ +uloujp, " + oujuju’l’,;. (11.60)
We now use the 4-velocity identity which here takes the form u/u j = —1,and
that the 4-acceleration is
a; =u"jm. (11.61)

Equation (11.60) then takes the form
ujS;’im =—u"op + oujaj - Uuljj. (11.62)
Here
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is the derivative of the mass density of the shell with respect to its proper time.

Furthermore, since the 4-acceleration is orthogonal to the 4-velocity, u/a; = 0.
Thus we get
. do .
u' S, = T oulu;. (11.64)

The continuity equation of the shell then takes the form

d .
d—: = —culuy. (11.65)
Writing this out we have
do ® o) 12[(®) )12,
T =-o("g) (V)" ], (11.66)

where @ g is the determinant of the three-dimensional metric on the shell.

The motion of the shell is given by » = R(t) where 4 R?(t) is the area of the
shell at the point of time 7. Let the intrinsic geometry of the shell be described in
terms of the coordinates (t, 6, ¢). Then the line-element of the intrinsic geometry of
the shell may be written

ds? = —dt? 4+ R*(1)dQ2. (11.67)
Since
P g = —R*(1)sin’0, (11.68)

and the only non-vanishing component of the 4-velocity in the intrinsic coordinate
system is

dr
=—=1, 11.69
a7 ( )

M‘L’

the continuity equation of the shell reduces to

ldo 1 dRr? _ 2dR (11.70)
odr = R2dr  Rdr’ '
Integration gives
o R? = constant. (11.71)

Hence, the rest mass of the shell
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Mg = 4no R? (11.72)
is constant.

We shall now find the equation of motion of the shell. For a shell consisting of
dust particles, Eq. (11.55) reduces to

1®
[Ki;] :w(u,-ujJr5 g,-j). (11.73)

The equation of motion will be found from the 80 — component of this equation.
Since ug = 0 and ¥ ggy = R? this gives

[Kgo] = (k/2)0 R* = Rss/2, (11.74)

where Ryg is the Schwarzschild radius of the shell. As applied to a spherical surface
with the line-element (11.67), Eq. (11.54) gives

K@g = naFgg = I’lrFrgg = —Rn". (1175)

Hence, Eq. (11.74) takes the form

R
Wt =25 (11.76)
2R
‘We now utilize that
n-n=1, u-u=-1, u-n=0. (11.77)

In the exterior region with Schwarzschild metric, these equations take the form

2
RS ) (nr+)
—(l — T)(HH_) + 1_—& =1, (11.78)
Rs\, 2, )’
_<1_T>(”) +1_%:_1, (11.79)
Rs\ , .o uwn™t
—<l—7)un + =0, (11.80)

where Rg is the constant Schwarzschild radius of the shell. Equations (11.78-11.80)
give

nr+=”—r
1—Rs/R’

R\ 12
0t = <1 + () - %) . (11.81)
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The radial component of the 4-velocity of a particle on the shell is

ro IR g (11.82)
u = d‘L’ = .
Hence,
. . R 1/2
n'+:<1+R2——S> . (11.83)
R

Inside the shell Ry = 0, giving

n = (148" (11.84)

Inserting the expressions (11.83) and (11.84) into Eq. (11.76) gives the equation
of motion of the shell

.. R¢\'? ) R
(1+R2—?S> —(1+R2)1/2:2—;:. (11.85)

Solved with respect to M = Rg/2 (using units so that Newton’s gravitational
constant and the velocity of light are equal to one), we get

12

M = Ms(1+ R*) " — M3/2R. (11.86)

Let T be the time measured on a standard clock at rest just inside the shell. Then
dT = [1 - (dRr/dT)*]” de. (11.87)
This gives
1+ R =[1 - (dR/dT)?] . (11.88)
Hence Eq. (11.86) takes the form

My M
V1 —(dR/dT)*> 2R

This equation expresses energy conservation. The mass M of the external
Schwarzschild spacetime represents the total energy of the shell. The quantity
M 5[1 — (dR /dT)z]fl/2 is the relativistic energy of the shell as measures by an
observer at rest in the coordinate system at the position of the shell, i.e. the sum of
rest mass energy and kinetic energy, not including any gravitational potential energy.

M= (11.89)
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The term M§ /2R is the Newtonian expression for the gravitational self energy—or
potential energy—of a spherical shell.
Differentiation of Eq. (11.86) with constant M gives

1/2

R=—(1+R*)"Ms/2R (11.90)

The acceleration of a shell instantaneously at rest is

R = —Mg/2R. (11.91)

It accelerates as if half of its mass is inside the shell and half is outside.

11.5 The Levi-Civita—Bertotti—Robinson Solution
of Einstein’s Field Equations

We shall here derive and give a physical interpretation of a conformally flat, static,
spherically symmetric solution of Einstein’s field equation which was found inde-
pendently by Levi-Civita in 1917 ([4]), and by B. Bertotti and I. Robinson in 1959
([5] and [6]), and which is therefore called the Levi-Civita—Bertotti—Robinson
solution of Einstein’s field equations.

A spacetime is said to be conformally flat if it admits a coordinate system such that
the line-element can be written as a function times the line element of the Minkowski
spacetime. In the static spherically symmetric case the line element of a conformally
flat spacetime can be written

ds? = e2"‘(’)(—czdt2 +dr? + rdez) (11.92)

Einstein’s field equations take the form

4 GQ?
Gl=e (20 +a*+-a' ) = —e_4“—Q, (11.93)
r 4 epctrt
) 4 GQ?
Gl =e(3a” +-d' ) = —e*““—Q, (11.94)
r 4 egctrd
2 GQ?
0 _ % _ 2« ” ) N —da
GH_G¢_e <20l + o +;Ol>—e W (1195)

Here QO = Q(r) is the charge inside a spherical shell with radius r. Subtracting
Eq. (11.93) from (11.95) we obtain

GQ?
20/
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Inserting this into Eq. (11.94) leads to two different solutions, either

Q(r) =0, (11.97)

o) = +¢%,/ 472?0 re?. (11.98)

The first solution gives «a(r) = constant, which can be chosen to be zero with
a suitable choice of coordinates. Hence this solution represents the Minkowski
spacetime.

Inserting Eq. (11.98) into (11.96) gives

or

o = —-. (11.99)

Integration gives

e’ = —, (11.100)

where Ry is a constant of integration with dimension length. Inserting this into

Eq. (11.64) leads to
2 47'[80
O(r) = +c G Ryp. (11.101)

This means that the charge inside a spherical surface with radius r is constant.
Hence the charge density vanishes in the considered region. Thus the assumption of
a conformally flat, static and spherically symmetric spacetime implies that there is
no charge in this region, although there is a radial electric field there. So there must
be a charge inside the region described by the solution (11.100). The line element of
the spacetime outside the charge distribution has the form

RZ
ds? = —2 (—c2de + dr + r2dQ?). (11.102)
r

Since the metric is static the coordinate clocks go at the same rate everywhere,
equal to the rate of standard clocks at r = R. There is continuous metric atr = Ry
with Minkowski spacetime inside this radius. Hence the charge is situated on a
spherical shell with radius r = Ry.

The line-element (11.102) shows that in this spacetime standard clocks at rest
slow down for increasing r. Hence, the gravitational field points in the direction of
increasing r. This means that the mass and charge distribution inside the region with
this geometry causes repulsive gravitation.
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The Kretschmann curvature scalar of this spacetime is

R“PR,ep = (11.103)

—,
Ry
which is constant. Hence there is no physical singularity in this spacetime.

Let us introduce a new radial coordinate equal to the physical radial distance,

R
dF = “Zdr. (11.104)

,
Integration with the boundary condition that » = R corresponds to 7 = Ry

gives

f:RQ<1+1nRLQ>. (11.105)

The inverse transformation is
r = Roe(~Re)/Re, (11.106)
With the radial coordinate 7 the line-element takes the form
ds? = —e 2(Ro)/Ro (242 1 d7? + RY Q. (11.107)

The geometry of space has a very strange property. The physical area of a spherical
surface with radius 7 is independent of the radius and equal to the area of a surface
with radius 7 = Ry.

We shall now find the physical properties of source of this spacetime [7]. These
properties will presumably provide an explanation for the phenomenon of repulsive
gravity outside the charged shell.

11.6 The Source of the Levi-Civita—Bertotti—Robinson
Spacetime

We shall now find the energy—momentum tensor of a static spherical shell as given
by Eq. (11.57) with Minkowski spacetime inside the shell and a curved spacetime
outside. In order to provide a rather general result, we shall first consider a line-
element,

ds? = —e%c2dr? + ePdr? + e7dQ?, (11.108)
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describing spacetime outside the shell, where «, 8 and y are functions of r, and then
specialize to the Levi-Civita—Bertotti—Robinson metric.
The unit normal vector to a spherical surface about the origin is

n=e"b". (11.109)
The covariant components of the extrinsic curvature tensor are given by

Eq. (11.54). Inserting the expression (5.65) for the Christoffel symbols with the
line element (11.108) gives

1 r 1 —B/2
Kij = _En gij,r = —56‘ B/ gij,r' (11110)
The mixed components are
' 1 —B/2 0 ¢ 1 —B/2
K, = —Ee a, K;= K¢ = —ze V- (11.111)

Inserting these expressions into Eq. (11.57) gives the mixed components of the
energy—momentum tensor of the shell

kSi = =2[K5] =[e"r. ],
et = 5} = ~[K!] - [K8] = 5[ (s + 7)) (1.112)
We shall now specialize to the Levi-Civita—Bertotti—Robinson spacetime with

the line element (11.102) outside the shell. Then «, = B, = 21n(RQ / r) and
v+ = 21In Ry outside the shell, and o = f_ =0, y_ = 2Inr inside it. This gives

KS! = kS =kS)=—"—. (11.113)

Surprisingly, the mass density and strain of the shell are independent of its radius.
It follows from Eq. (11.113) that the components of the energy—momentum tensor
of the singular shell may be written as

i i 2¢?
sz—aéj, o= , (11.114)
KRQ
where o is the mass density of the shell. Hence, the shell has a mass
M =470 R} = Roc*/G. (11.115)

Note that the radius of the shell is only half its Schwarzschild radius.
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Equation (11.114) shows that the shell is a domain wall. Furthermore the Levi-
Civita—Bertotti—Robinson spacetime is a solution of Einstein’s field equations with
a radial electric field. Hence the domain wall is charged. Using Eqs. (11.101) and
(11.115) can be written Q = /4w oG M, which shows that the charge of the domain
wall is proportional to its mass.

From Eq. (11.113) we can understand why there is repulsive gravity in the Levi-
Civita—Bertotti—Robinson spacetime. This equation shows that there is a strain
in the charged domain wall equal to minus its energy density. Hence, according
to Eq. (11.11) is has negative gravitational mass, and according to the Tolman—
Whittaker formula (11.9) the strain of the domain wall causes repulsive gravity in
the space outside the charged domain wall.

11.7 A Source of the Kerr—-Newman Spacetime

The most general black holes can have three properties: mass, charge and angular
momentum. The spacetime outside a black hole with all three properties is a gener-
alization of the Kerr spacetime with an electric field. It is called the Kerr—Newman
spacetime. The line element of this spacetime in Boyer—Lindquist coordinates may
be written

d 2 2

ds? = —c2di? + ,02<% + d92> + (r? + ) sin® 0d¢? + " (cdr — asin® 6dg)’,
o

rgff = Rgr — 2R2Q, p?=r’+a’cos’, A=r’+da>— resz, (11.116)

where Rg is the Schwarzschild radius of the mass distribution, R the radius given
in Eq. (11.101) corresponding to its charge O, and a = J/Mc a length representing
its angular per unit mass.

We shall need both the covariant and the contravariant components of the metric
tensor,

r2 2. sin®
~(1-%) 0 0 — arin o
= 0 50 0 (11.117)
Buv 0o 0 p2 0 ’ '
arezff sin? 0 00 a? rff sin 9
s s1n 0
»? af
—>a 00 pg
0o 50 o0
g = o 1
0 0 o7 0 (11.118)
_Wezn- 00 A—d?sin’ @
PEA PIAsIn 0
22=(r2+a) —a?Asin® 6
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The unit normal vector of the shell is7i = n’é,. Hence, 7i-ii = 1 gives g, (n")* = 1.
With the metric (11.117) this leads to

VA
=Yz, (11.119)
Jo

From Eq. (11.110) we now find the components of the external curvature tensor
of a surface with » = constant,

1 3g99 r\/Z

Kog =n'Trpg = —on" —— = —

2 or o
A 2re2 r
K¢¢:—£ 800 — _or+ [ Ry — = ) sin?o | Y= sin? 0
20 Or p2 ] 2p2
K, = _ﬂ 081 _ s — 2rw‘fr ﬂ
20 or 02 203’
Ao T el
Ko = _VAdse _ Rs — i “‘/_s in?6. (11.120)
20 Or ,02 203
Lopez [8] has considered a shell with radius
2R, Q7

ro =

Rs  dmeoMc?’ (11.121)

so that r.ir = 0. In the case that Q is equal to the elementary charge, and M is the
electron mass, r( is equal to the classical electron radius, 2.8 x 10715 m. At the shell
the line-element (11.82) reduces to

2
ds? = —c2dr® + ’:)—gdrz + p2d0% + r2 sin 0d¢?,
1
py =ry+a’cos’0, ri=r;+a. (11.122)

This line-element describes Minkowski spacetime at the shell in oblate spher-

ical coordinates. One can introduce ordinary spherical coordinates (R, ®) by the
transformation

Rcos® =rcosf, Rsin® =+/r2+a?sinf. (11.123)

The ordinary coordinates are given explicitly in terms of the oblate ones by

a? a?
=r/l+5sin’6, tan® =,/14 — tan6. (11.124)
r r
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The inverse transformation is

14+ % cos?0 in ®
TR gng = (11.125)

I+ 1+ 4

Taking the differential and inserting them into the line element (11.88) gives
ds®> = —c*dT? + dR* + R*(d®” + sin® ©dg¢?), (11.126)

which describes Minkowski spacetime in ordinary spherical coordinates.

We now assume that there is Minkowski spacetime inside the shell, so that the
metric is continuous at the shell. However the derivatives are not continuous. At the
shell the expressions (11.120) for the components of the external curvature tensor
then reduce to

; L0

ror Ry a? r
K@g :—ﬂ, K¢¢: —<r0+—s—sin29)—lsin29,
00 2 p;

R R
Ku=—-2200 K= 2% sin%0, (11.127)
2 p; 2 py

and the metric components (11.117) and (11.118) are

= diag| —1, =, pg§, r; sin , =diag| -1, 5, -5, 5——— ).
Euv g V12 Po> Ty 8 g pg ,0(% V%Sinze
(11.128)
Hence,
KgJ’:—%, K$+=—<r0+——2s1n29)—
o Py Por't
R R
k=220 k=28 L (11.129)
2 0 2 10y

outside the shell. In the oblate spherical coordinates inside the shell a # 0, but there
M = 0. Thus the discontinuities of the mixed components of the exterior curvature
tensor at the shell are

RS a2

071 _ . in2
[Ki] =0, [K¢] T sin” 0,
R R
[ki]= 200 [Kj’] == 2 (11.130)
2 0 2 ripy
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The components of the energy—momentum tensor are now calculated from
Eq. (11.57) with the result

si=-([&51+|k2]) Rsa” in2o (11.131)
kS = — = , .
! o ¢ 2r103
R Rgr
0 __ t o1\ _ S ¢ _ t 07\ _ NS
o) ==([K]+ [K7]) = =50 ws= (K + (KD = -5
(11.132)
R
KS? = [K,‘”] - a4 (11.133)
2ri1 0y
R
Sl = kg Sip = 108" Sy = k8" g9 S = —% sin® 6. (11.134)
0

The energy—momentum tensor of the shell may be written

. Rg , . . 4 1
2Ks;=_ﬁ(uzuj+5;), ulzﬁ(rf,g,o,a)_ (11.135)

This is Lopez’s source of the Kerr—Newman spacetime. The first term represents
dust with negative rest mass density, and the second term a domain wall. The four
velocity of the dust particles show that they move in the ¢— direction. Thus the
source may be described as a domain wall with “bubbles” of negative rest energy
within it rotating around in the wall.

11.8 Physical Interpretation of the Components
of the Energy—Momentum Tensor by Means
of the Eigenvalues of the Tensor

Let a system be described by an energy—momentum tensor with mixed components
S ; The eigenvalues, A, of the tensor are defined by the matrix equation

|85 — x8%| =0. (11.136)

In an n-dimensional space (11.136) is an n-degree equation for A so that S; has n
eigenvalues. Furthermore S has n eigenvectors, i*), given by

S;u(k)j _ A(k)u(k)i. (11.137)

Let # and v be two different eigenvectors of Sj. associated with two different
eigenvalues A; and A,. Then
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Stut = xu', S =y (11.138)

giving
Siju'vi — Sjulvt = (ko — Anuv'. (11.139)

Interchanging the summation indices in the last term and using that the tensor S
is symmetrical, S;; = §j;, we get

(v — A1) - V) = 0. (11.140)

Since in general A, # A; this requires

-

ii-v=0. (11.141)

Hence, the eigenvectors of S are orthogonal.

For the physical problems considered, Eq. (11.137) will give one time like eigen-
vector, and the other are space like. We now require that all of the eigenvectors shall
be unit vectors. The eigenvectors of S will form an orthonormal basis. The time like
eigenvector is the 4-velocity of a point of the system described by the tensor S. This
means that the eigenvectors form an orthonormal basis co-moving with the system.

Let this four-velocity be i. Then the eigenvectors of S have the following physical
interpretation,

Ay = P05 Ay = —Pks (11.142)

where py is the proper energy density measured by an observer at rest with the physical
system, and py is the stress in the k-direction, i.e. the stress towards a surface with
normal vector in the k-direction. The components of the energy—momentum tensor
S may in general be written as

Sij = pou; uj—i—Zp v(k)v(k) (11.143)

where ¥® is a space like eigenvector of S.

Example 11.2 (Lopez’s source of the Kerr—Newman metric) The energy—momen-
tum tensor of Lopez’s source of the Kerr—Newman tensor has components given in
Eqgs. (11.132-11.134). Equation (11.136) here takes the form

S—5n 0 8
0 Sjy—» 0 |=0. (11.144)
¢
M 0 S5—x

Thus
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(S = 2) (85 = 2)(S§ =) = SPsp(80 =) =0, (11.145)
One solution of this equation is
Ao = S0, (11.146)
The other two solutions are found from
A2 — (S;+S$)A+S;Sjj —s¢st =0, (11.147)

giving

I i 2
ho= (50 +50) - \/Z(S} - S3) + 8P,

1 I 2
Ao = §(S§+S$)+\/Z<S,’—S$) +5088. (11.148)

Inserting the components (11.133-11.134) of the energy—momentum tensor of
Lopez’s source of the Kerr—Newman spacetime we get

Rs
2ripo

A=0, Ag=2Ay=— (11.149)

The eigenvectors are now found from Eq. (11.137). The time like eigenvector, i.e.
the 4 velocity field of the source is given by

Stu' + Siu =0, SPu' + Sju® = 0. (11.150)
The 4-velocity identity gives
(') + 890 (u?)’ + 2gguu’ = —1. (11.151)
Since gy, = 0 at the shell this reduces to
2 (1) + ggo (u?)* = —1. (11.152)

Equations (11.150) and (11.152) give

) —1/2 P —1/2
t Stt ] Sé’
S5 Si

Inserting the values of the metric tensor at the shell,
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gu=—1, ggp=risin’0, (11.154)
and
2
Sl 2
) =4 (11.155)
S¢ I
gives the eigenvector
- I, -
u:—(rlet—i—aed,). (11.156)
r'1P0

This is the 4-velocity of particles following the shell. According to the interpre-
tation at the end of the previous section, this means that the bubbles with negative
rest energy within the shell rotate rigidly with an angular velocity

-, (11.157)

where we have used the last of Eq. (11.122) and inserted the velocity of light.

11.9 The River of Space

When teaching the theory of relativity one sometimes gets the question: What is
space? It is here understood that the question is concerned with ordinary three-space
and not the four-dimensional spacetime. The first part of the answer is to make clear
that space is a theory dependent concept. The second is to try to explain what we
mean by “space” according to the general theory of relativity.

One definition is to say that space is a set of simultaneous events. Even if this is
an essential part of what we mean by space, this definition is not sufficient to give
us a picture of space which makes us understand, for example, why light cannot be
emitted from the horizon of a black hole, and what is meant by an “expanding space”.
We must demand from the properties of space that it provides an interpretation of
the expression the “expanding space” according to the general theory of relativity.
Furthermore, the definition should capture the phenomenon of inertial dragging.

We shall here define the concept of “physical space” as a continuum of freely
moving reference particles with specified initial conditions. In a homogeneous and
isotropic universe, the only motion of the reference particles is that due to a universal
change of the distances between the particles. This may be described by a single
scale factor and defines the Hubble flow which obeys the Hubble-Lemaitre law.
These particles make up what we call the “river of space” ([10]).
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We shall here describe the river of space in the Schwarzschild—de Sitter space-
time with the line element (11.172). One may think of the cosmological constant as
representing the constant density of LIVE (see 7.2.1) causing repulsive gravity.

Let

Ry r? 2GM 3
—1——=— — Ry=—"—""1\ Ry=.—. 11.158
1) Pl s="2 H=4\7 ( )

H

The value of the cosmological constant representing the density of LIVE in our
universe is A ~ 10°2m~2. Hence Ry ~ 1,7 - 10%°m ~ 1.7 - 10'°L.y. The horizons
of this spacetime are given by f(r) = 0, giving

2 R 343 R
r = %RH sin@, r, = Rycosf — 7’% sinf, sin(30) = %_R—S
H

We shall assume that 0 < 6 < /6.

Let us first calculate the 4-acceleration of a particle at rest in the coordinate
system. Hence we consider a particle with dr = d@ = d¢ = 0 in the line element
(11.172). Then the only non-vanishing component of the particle’s 4-velocity is
u' = dt/dt = f(r)~"/2, where T is the proper time of the particle. Since u' is
independent of the time, the components of the particle’s 4-acceleration are given by
u® =T (u' )2, where the only non-vanishing Christoffel symbol is I';,. Hence the
only nonzero component of the 4-acceleration is

. (11.159)

2r3 — RgR?
a = # (11.160)
2R;r?
Accordingly, the 4-acceleration vanishes on a 3-surface with radius
R R2 1/3
r0:< SzH) ) (11.161)

Inserting, for example, the Schwarzschild radius of the Sun and the density of
dark energy in the universe we get rop ~ 200l.y.. It is clear that Ry > ry for all
localized systems we are aware of in the local part of the universe. A particle at rest
atr = ry is a free particle. Note further thata” < Oforr < rganda” > O forr > ry.

In this spacetime we define the river of space by a continuum of free particles
that are at rest at r = ry. Hence the river of space flows inwards towards the central
mass for r < ry and outwards for r > ry. The reason for the outwards flow outside
r = rg is the repulsive gravity of the LIVE.

Let us now calculate the velocity of the river of space in the Schwarzschild—de
Sitter spacetime. It consists of falling particles with a Lagrangian
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Lo _Ltemen s 12 (11.162)
=IO ey ‘

where the dots represent differentiation with respect to the proper time of a parti-

cle. Since L does not depend upon the time, the conjugate momentum to the time
coordinate is a constant of motion,

oL

=7 = — f(r)c*i = constant. (11.163)

Pt

From the four-velocity identity, we obtain

2 -2
P; r 2

_ = —c*. (11.164)
f@ry  f@r)

Inserting the boundary condition 7 (ry) = 0 gives

R 2/3
P = —c/f(ro), f(ro)=1—3(ﬁ) . (11.165)

Hence

P =+efro) — £ (), (11.166)

with 4 forr > rgand—forr < rg. Inserting the expression (11.165) into Eq. (11.163)
gives

= Y0 (11.167)
fr)

The coordinate velocity of the river of space is then

SN TR PR AG) (11.168)

i fro)

‘We now introduce an orthonormal basis vector field associated with observers at
rest in the coordinate system. The relationship between the coordinate basis vectors
and those of the orthonormal basis vector field is

1
V)

Hence, the velocity of the river of space as measured by an observer at rest in the
static reference frame is

e, e =+ f(Ne. (11.169)

;=
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25 3 35 4 45
r/Rs

Fig. 11.1 River of space in the Schwarzschild—de Sitter spacetime. The centre vertical line marks
the equilibrium radius, where the river of space is at rest, and the left and right lines mark the
horizons where the river of space flows with the velocity of light (From Braeck and Grgn [10])

@71 2423/ -3
g AR L zro/r . i (11.170)
df (r) @ o) R —3r

Inserting the horizon radii (11.159) gives d7/df = Zc with minus at the
Schwarzschild horizon and plus at the de Sitter horizon. Hence, the river of space
flows at the velocity of light into a black hole around the origin of the coordinate
system and there is an outwards flow with the velocity of light at the outer horizon.
The function (11.170) is plotted in Fig. 11.1.

The river of space flows with superluminal velocity inside the Schwarzschild
horizon and outside the de Sitter horizon.

Note that for » > rg the expression (11.170) reduces to

dr
@ ~ Hor, Hy=
t
R —3r0

Hence, far outside the equilibrium radius, the velocity of the river of space is
proportional to the distance. This is the Hubble-Lemaitre expansion law which will
be discussed in the next chapter. Thus, the flow of the river approaches the Hubble
flow far from the mass distribution.

(11.171)
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Exercises

11.1 The Schwarzschild—de Sitter metric

ShowSchwarzschild—de Sitter metric that the solution of Einstein’s field equations
with a cosmological constant in a static, spherically symmetric space is

R 2 dr?
d4e? — _(1 _Rs r_z)czdtz b e, (11.172)
r Ry 1_TS+1;_§1

where Ry = 2GM/c? is the Schwarzschild radius of the central mass, and Ry =
+/3/ A is the de-Sitter horizon radius which is the horizon radius in the case that there
is no central mass, Rg = 0.

11.2 A spherical domain wall described by the Israel formalism

Consider a static, spherically symmetric domain wall in empty space with mass
density o and radius R. Show that the mass M of the Schwarzschild spacetime
outside the wall is

M = (1 =270 R)4no R>. (11.173)
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Chapter 12 )
Cosmology Gzt

Abstract The Lemaitre—Friedmann—Robertson—Walker (LFRW) universe models
are deduced as solutions of Einstein’s field equations, and the Hubble—Lemaitre
expansion law is found as a general property of these models. It is shown that the
cosmic redshift due to the expansion of the space contains both the kinematic Doppler
effect due to the velocity of the emitter relative to the observer and the gravitational
shift of wavelength for light moving vertically in a gravitational field. Several obser-
vational properties of a flat LFRW universe model with dust and Lorentz invariant
vacuum energy (LIVE) are deduced. Also anisotropic and inhomogeneous universe
models are considered. Finally some inflationary universe models are discussed, and
their predictions for some observational properties are confronted with observed
data.

12.1 Co-moving Coordinate System

In this chapter we will first consider expanding homogeneous and isotropic models
of the universe. They are called Lemaitre-Friedmann—Robertson—Walker universe
models. We introduce an expanding frame of reference with the galactic clusters
as reference particles. Then we introduce a “co-moving coordinate system” in this
reference frame with spatial coordinates x, ¥, ¢. Time measured on standard clocks
carried by the galactic clusters is used as coordinate time.

The line element can then be written in the form

ds? = —c*d* + a()*[Rydx* + r()*d @], (12.1)

Here x is a dimensionless radial coordinate, and Ry represents the present value
of the curvature radius of the 3-space. The coordinate time ¢ is shown on standard
clocks co-moving with the reference particles of the expanding system, dy = dQ2 =
0 and ds?> = — ¢2dt? = — ¢2dr®. The function a(z) is called the scale factor, and t is
called cosmic time. The age of the universe is the present value of the cosmic time,
to. The scale factor tells how the reference particles move radially. It is normalized
to have the value 1 now, a(zp) = 1. Hence the scale factor represents the ratio of the
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distance between the reference particles at an arbitrary point of time and their present
distance.

We shall now investigate whether the reference particles are freely moving, i.e.
whether they obey the geodesic equation. Since a reference particle is permanently
at rest in the coordinate system, and the derivative of the coordinate time with respect
to its proper time is d¢/dt = 1, its 4-velocity has components

dx# dxM

=— =— = . 12.2
i@ (c,0,0,0) (12.2)

ut

This applies at an arbitrary time, so d:l‘—t" = 0. Hence, the geodesic equation

dut boap

W*I—Faﬂu u’ =0 (12.3)
reduces to
rf =o. (12.4)
Since
| 0 0 0
b = =

F;; = —g""(gu + & +8uv) =0, (12.5)

2

The geodesic equation is fulfilled for the reference particles. Hence they are freely
falling.

12.2 Curvature Isotropy—The Robertson—Walker Metric

We introduce an orthonormal form basis,

P=di, o =Roa(t)dy, o =a)r(x)do,
= a(t)r(x) sin 6dg. (12.6)

IS

IS

Then we use Cartan’s 1. and 2. structure equations,

do' = —Qf Ao'. RE=d0l +QF A0 (12.7)

to find the connection forms and the curvature forms. Calculations give (notation:
=4 s _d
—dr - dx)
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b (12.8)

The present curvature of 3-space (df = 0) can be found by putting a = 1. That is

/!

R = —of A,
J r
0” 1 r/z é‘ 43
R, = <r_2 - r—2>9 o (12.9)
The 3-space is assumed to be isotropic and homogeneous. This demands
r’ 1—r? k
(12.10)

_ — =
r r R;

where Ry is the present value of the curvature radius of the 3-space. Here k is a
dimensionless constant which has the value 1 for a positively curved (spherical)
space, 0 for Euclidean (flat) space, and —1 for negatively curved (hyperbolic) space.

" k /
r +ﬁr=0 and 1 = l—k(r/R())z. (12.1D)

0

The solutions with the boundary conditions r(0) = 0, r'(0) = 1 are

r = Ry sinh x, dr=\/mdx k =—1),
(12.12)

r=Rox, dr=Rodx (k=0),

r=Rysiny, dr= ,/R% —r¥dy *k=1).
In all three cases one may write

dr = Roy/1 — k(r/Ro)*dy. (12.13)

d 2
Ridy? = ;2 (12.14)
1 — k(r/Ry)

We now substitute

into the line element (12.1). In standard coordinates it then takes the form
ds? = —c*dr* + Rja® () (dx* + S{(x)d °). (12.15)
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where
siny ,k=1
SsG=3x , k=0 . (12.16)
sinh x, k = —1

With the radial coordinate r the line-element takes the form
2

d
ds? = —c*di* + a2(t)(;2
1 — k(r/Ro)

+rd 92). (12.17)

This is called the Robertson—Walker line element.

The 3-space has constant curvature and is spherical for k = 1, Euclidean for k =
0 and hyperbolic for k = —1. Universe models with k = 1 are known as “closed”,
and models with k = —1 are known as “open”. Models with £ = 0 are called “flat”
even though also these models have curved spacetime.

12.3 Cosmic Kinematics and Dynamics

12.3.1 The Hubble-Lemaitre Law

The physical distance at a point of time ¢, to a particle with an instantaneous coordinate
distance x from an observer at the origin, is

I = ./8xx x =Roa®)x. (12.18)

The value of x determines which reference, particle’ (galactic cluster) we are
observing, and a(t) how it is moving. The velocity of the particle relative to the
observer at the origin is

a
v =Ry(ay +a)'():R0<;ax +aX). (12.19)
The Hubble parameter is defined as
a
H=—. (12.20)
a

The present value of the Hubble parameter, Hy = H (t) is called the Hubble
constant. A universe expanding with constant velocity has an age equal to the inverse
value of the Hubble constant. This is called the Hubble age of the universe,
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1

=—. 12.21
He ( )

n

We shall call Iy = ¢ty the Hubble length.

A large number of observations have been performed in order to determine the
age of the universe and the value of the Hubble constant. Favoured values are #) =
13.8 x 10° years, and Hy = 21.5 km/s per million light years corresponding to a
Hubble age t; = 13.85 x 10° years. It may be noted that the astronomers use the
length unit parsec which is equal to 3.26 light years. So they give the Hubble constant
in units km/s per Megaparsec, Hy = 70.1 km/s per Mpc.

Equation (12.19) may be written as

v=HIl+aRyx = vy + vp. (12.22)
Here
vy =HI (12.23)

is the velocity of the Hubble flow, which represent the expansion of the universe.
It says that the velocity of the Hubble flow is proportional to the distance from the
observer. This is the Hubble—Lemaitre law. The general relativistic interpretation of
this law is that space expands.

Furthermore

vp = aRox (12.24)

is called the peculiar velocity of the considered particle. It is a velocity peculiar to
the considered particle due to a local gravitational field at the position of the particle.
In other words: vy is the velocity of space, and vp is a velocity through space. The
velocity of space is permitted to be larger than the velocity of light, which is the case
farther away from the observer than ¢/H, and the velocity though space is always
smaller than the velocity of light.

12.3.2 Cosmological Redshift of Light

We consider light emitted from a position with standard radial coordinate y, and
received by the observer at x = 0. Let Az, be the period of the light as measured
in the emitter position at the emission time, and At the period as measured in the
receiver position at the receiving time (Fig. 12.1).

Light follows curves with ds? =0, with do = d¢ = 0, and we have

cdt = —a(t)Rydy. (12.25)



316

12 Cosmology

Xo =10 Xe

Fig. 12.1 Cosmological redshift

Integration from emitter event to receiver event gives

to d 0
c ! — —
R at = f dx = Xes
e Xe
to+Aty d 0
c t —
% i a0 = Jdx = xe,
te+At, Xe
which gives
to+ Aty fy
dr dr 0
a a
te+ At, te
or
to+Aty to+Af,

dt dr
/__ / d_ o,
a a

fo fe

(12.26)

(12.27)

(12.28)

During the integration time interval from ¢, to ¢, + At, the expansion factor a ()
can be considered a constant with value a(,) and during the integration time interval
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from 2 to ¢y + Aty with value a(#y), giving

At, . Aty
at,) a(t)’

(12.29)

Aty and At, are periods of the light at the receiving and emitting time. Since the
wavelength of the light is . = cAr we have

Ao _ e
a(ty)  a(t,)’

(12.30)

This can be interpreted as a “stretching” of the electromagnetic waves due to the
expansion of space [1]. The cosmological redshift is denoted by z and is given by
ro—Ae _ alto)
1= — = —1
Ae a(t.)

(12.31)

The scale factor is usually normalized to have a present value equal to one, a(fy) =
1, so that

1
l+z=-. (12.32)

Q

12.3.3 Cosmic Fluids

The energy—momentum tensor for a perfect fluid with mass density p as measured
by a co-moving observer in the fluid, and pressure p (no viscosity and no thermal
conductivity), is

Ty = (p + p/c®uuuy, + pguv. (12.33)
In an orthonormal basis
Toy = (p +p/02)uﬂuﬁ + PN, (12.34)

where 1, is the Minkowski metric. We consider three types of cosmic fluid.

1. Dust:p =0,
Tyo = pujup. (12.35)

2. Radiation: p = {pc?,
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4
Tpp = 3PUMy + P

0
= 5(414,1”& + npo)- (12.36)

The trace vanishes for radiation,

_ i Py, -
T=T0= §(4u”uu + 3;;) —0. (12.37)

3. Lorentz invariant vacuum energy, LIVE, pp = —p_c?,
Tas = —pnps. (12.38)

The density of LIVE can be related to the cosmological constant by
A =k pL. (12.39)

One has also introduced a more general type of vacuum energy given by the
equation of state

Py = Wpyc?, (12.40)

where ¢ represents a scalar field, and w is a factor which is often assumed to be
constant. In a homogeneous universe the pressure and density are given by

1. 1.
o= = V@), py=38+V©®) (1241)

where V (¢) is the potential for the scalar field. Then we have

132
lgr—v
W= M (12.42)
797+ V(o)
The special case ¢ = 0 gives LIVE with w = —1. The more general vacuum is

called “quintessence”.

12.3.4 Isotropic and Homogeneous Universe Models

We will discuss isotropic and homogenous universe models with perfect fluid and a
non-vanishing cosmological constant A. Calculating the components of the Einstein
tensor from the line-element (12.17) we find in an orthonormal basis
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B — 3a? n 3kc? Eer — 2 @ kc? (12.43)
"2 R3a?’ "4 &2 R3a® '
Hence, the trace of the Einstein tensor is
B = — S (it i+ ke R 12.44
ﬁ——;(aa—i—a + c/o). (12.44)

The components of the energy—momentum tensor of a perfect fluid in a co-moving
orthonormal basis are

T =p, Tspn=p- (12.45)
Hence the 77 component of Einstein’s field equations is

%) 2 /2
a® + ke /R,
3% =kp+ A (12.46)
a
where « is Einstein’s gravitational constant as given in Eq. (7.37). The /i component
of Einstein’s field equations is

a ] 2
) — - = KkpcT — A, (12.47)

where p is the energy density and p is the pressure. These equations are called the
Friedmann—Lemaitre equations.
There are three cases of empty universe models, i.e. models with p = 0.

1. Empty, flat universe model with vanishing cosmological constant: p = p =
k = A = 0. Then Eq. (12.44) gives @ = 0. Integrating with the normalization
a(ty) = 1 gives a(¢) = 1. The line-element then takes the form

ds? = — AP + dr? + rAd Q2 (12.48)

This represents the Minkowski spacetime in spherical coordinates.
2. Empty universe model with curved 3-space and vanishing cosmological constant:
p=p=A=0, k#0.ThenEq. (12.44) gives @*> + kc?/R} = 0. This requires
k = — 1, i.e. hyperbolic 3-space. For an expanding universe model we then get
a = 1. Integrating with the normalization a(t)) = 1 gives a(t) = t/ty. The
line-element then takes the form

2 2.2 ) dr? 2162
d? =~ + (— ) (———— +r2dQ?). (12.49)
Iy 1+ (r/Ro)

The universe model represented by this line-element is called the Milne
universe model.
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In this universe model the Hubble parameter (12.20) is

H=-. (12.50)

Hence the age of this universe model is related to the Hubble constant by

1

= — = I§. 12.51
o ( )

fo

Applying the coordinate transformation

_Ja2r2 _p2 _ ctoR
ct =+/c*T* — R-, r_m (12.52)

transforms the line-element to the form (12.48) which represents the Minkowski
spacetime. When there exists a coordinate transformation between two line-
elements they represent the same spacetime in two coordinate systems, which
may be co-moving with different reference frames. The coordinate R is co-moving
with a static reference frame, SR. The coordinate r is co-moving with another
reference frame, RF. We can find the motion of the reference particles of RF
relative to those of SR as follows.
Solving the last of the two transformation equations with respect to R gives

rcT
R= —— (12.53)

e+ 2

The reference particles of RF have r = constant. Hence for these particles
R increases linearly with T. This means that the frame in which r is co-moving
is expanding with a constant expansion velocity. Hence the Milne universe is
nothing but the Minkowski spacetime as described in an expanding reference
frame.
3. Expanding, flat, empty universe model with positive cosmological constant, p =
p=k =0, A > 0For this universe model Eq. (12.46) reduces to

H:—:
a

a A
—. (12.54)
3
Hence the Hubble parameter is constant. Integration with a(#y) = 1 gives
a(r) = M0, (12.55)

The line-element takes the form

ds? = — 2 d* + 2 (A + 7 d Q). (12.56)
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The spacetime represented by this line-element is called the De Sitter
spacetime.

It was represented by De Sitter in 1917 as a static and spherically symmetric
solution of Einsteins’s equations with a cosmological constant for empty space.
Five years later it was shown that the reference particles of the static frame were
not freely moving, and that when transforming the solution to a coordinate system
co-moving with freely moving reference particles, one obtained the line-element
above. Also Georges Lemaitre showed in 1933 that the cosmological constant
could be interpreted to represent the constant energy density of Lorentz Invariant
Vacuum Energy, LIVE.

Equations (12.46) and (12.47) then give
. K ) A
a= —ga(p +3p/c’) + 3 (12.57)

Inserting the gravitational mass—density pg from Eq. (11.13) this equation takes
the form

i = —ap+ 2 (12.58)
a=——a —_—. .
61T 3

Inserting p = wpc? into Eq. (11.13) gives
pc = (14 3w)p, (12.59)
which is negative for w < —1/3, i.e. according to Eq. (12.42), for ¢> < V(¢).

Special cases:

e matter in the form of dust: w =0, pg = Pm,
e radiation: w =1, pg = 2pr,
e LIVE:w=—1, pg=—-2pL.

In a universe dominated by LIVE the acceleration of the cosmic expansion is

§= %a,oL >0, (12.60)
that is accelerated expansion. This means that LIVE acts upon itself with repulsive
gravitation.

The field equations can be combined into
e (4) 2K LA (12.61)
=\g) 7373 R3a?’ ’

where py, is the density of matter in the form of dust,
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A =kpL, (12.62)
and p is the constant density of LIVE. Then we may write

H? Kp kc?

- —, 12.63
3 Ra? ( )

where p = pp,+ pL. The critical density p., is the density in a universe with Euclidean
space-like geometry, k = 0, which gives

kpe = 3H?. (12.64)

The present value of the Hubble parameter, i.e. the Hubble constant, is

Hoy =/ (k/3)pero (12.65)

We introduce the density parameters

Qu=2m0 =2

. (12.66)
pCT IOCr

Note that these quantities are only well defined for expanding universe models
with H # 0. Furthermore we introduce a dimensionless parameter which represents
the curvature of 3-space

kc?
Q=——5——. 12.67
k RaH ( )
with present value
Q= - (12.68)
Ko = REZ .

Note that 2; < 0 means positive spatial curvature, and €2; > 0 means negative
spatial curvature. Equation (12.63) can now be written as

Qn+ QL+ Q=1 (12.69)

This equation shows that an empty, expanding universe has Q; = 1; i.e. an
empty, expanding universe has negative spatial curvature. It may be noted that since
the present value of the scale parameter is normalized to a(#y) = 1 the curvature
parameter may be written

o _ SwHy _1-9 H;
‘T enr T & By

Qo = Qo + Ruo- (12.70)
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Hence a sufficiently large mass density €29 > 1 gives spherical spatial geometry,
o = 1 gives Euclidean spatial geometry, and €29 < 1 gives hyperbolic spatial
geometry. Inserting Qo = 1 — Q2 into Eq. (12.68) and solving the resulting equation
with respect to Ry gives

ln

VIT=9]

The Hubble length in our universe is 13.8 billion light years. Observations of tem-
perature fluctuations in the CMB-radiation show that €y =~ 1. Hence the curvature
radius of the 3-space is extremely large, much larger than the Hubble length of the
universe.

Ro = (12.71)

12.3.5 Cosmic Redshift

We consider a homogeneous and isotropic universe with standard coordinates so
that the line-element has the form (12.1). An observer is at x = 0 and an emitter at
X = Xe- A light signal is emitted at a point of time 7. and received by the observer
at the present time 7. The scale factor is normalized to have the value a(f)) = 1
at the present time. The emitter is relatively close to the observer in the sense that
the expansion velocity of the emitter relatively to the observer is much smaller than
the velocity of light, vy < ¢. Due to the Hubble-Lemaitre law that the expansion
velocity is proportional to the distance, this condition takes the form

vi = H | = RoH (tc)a(te) xe < ¢, (12.72)

The equation of motion of alight signal is given in Eq. (12.25). Integrating between
the emitter and the observer gives

XE
c(ty—t.) =Ry / a(t)dy. (12.73)
0
To second order in c(#y — t.) this gives
fed 1
cdt
Roxe = [ S = ctto = 10+ 3 Hoc o — 1 (12.74)
a(t) 2
te

where we have used that a(ty) = 1 and a(¢ty) = Hy. In the condition (12.72) it is suffi-
cient to keep the first term. Hence the condition takes the form H (¢.)a(t.) (ty — t.) K
1. In this inequality we can approximate the values of the Hubble parameter and the
scale factor at the emission point of time by their values at the time that the light
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signal is received by the observer. Hence we arrive at the condition Hy(fy — ) < 1.
In the following we shall include only terms up to 2 order in Hy(#y — t.).

The cosmic redshift is given in Eq. (12.32). Introducing the deceleration
parameter,

ad
q4=——5 (12.75)
a
we have
. H -2 . H2 H2
R L L S S (12.76)
a? a a® a2 a a
giving z(ty) = — Hy, Z(ty) = H02(2 + qo). Hence a Taylor expansion of z about
t =ty to 2 order in Hy(ty — t.) gives
1 2 2
2(te) = Ho(to — 1) + | 1 + 540 Hy(to — te)”. (12.77)

We now introduce an observer G instantaneously at the position of the emitter at
the point of time f., but permanently at rest relative to the observer O at the origin.
The velocity of the emitter relative to this observer is

Ve = al(te) x.. (12.78)

Due to the Doppler effect G measures a redshift

= [(1+ Ve/o)/(1 = Ve /O =1 (12.79)

of the emitted signal. Since | V.| <« ¢ we can use the two first terms of a Mc Laurin
expansion, giving

Ve 1(V.\?
DA — + —(—e) . (12.80)
c 2\ ¢

A Taylor expansion of & about £y gives to 2 order in Hy(ty — f.),

a(te) ~ a(ty) + alto) (to — t) = Ho + qoHy (tg — te). (12.81)

Inserting the expressions (12.74) and (12.81) in Eq. (12.78) we get

1
Ve & Hoc(ty — 1) + (5 + qO>H0202(fo — ). (12.82)

Substituting this into Eq. (12.80) gives
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2o = Ho(to — te) + (1 + qo)Hg (to — 1) (12.83)

Inserting an observer in the homogeneous LFRW universe model breaks the homo-
geneous symmetry. Hence the gravitational potential depends upon the distance from
the observer. From Eq. (12.57) with a vanishing cosmological constant we see that in
the theory of relativity it is natural to generalize the Newtonian gravitational potential
of Eq. (1.29) and define a relativistic gravitational potential ¢g by

Vi¢g = 47 G(p + 3p/c?) (12.84)
Using Eq. (12.57) we then have
V2¢g = 3gH>. (12.85)
The potential at the present time is given by
Vs = 3qoH{. (12.86)

Integrating this equation with the conditions (d¢g/dr),_y = ¢c(0) = 0 gives

1 2.2
¢G = E‘IOHO” . (1287)
Note that there is accelerated expansion for gy < 0 and decelerated expansion for
qo > 0. Hence the gravitational potential decreases in the outwards direction when
there is accelerated expansion and increases for decelerated expansion.
The distance from the emitter to the observer at a time close to the present time,
when the scale factor is equal to one, is

r=cty — te). (12.88)

Hence the gravitational potential at the emitter is
1 22 2
¢ = SqoHyc"(to — o)™ (12.89)

We now consider the Newtonian limit where the contribution of the pressure to
the acceleration of gravity is negligible and the relativistic gravitational potential
reduces to the Newtonian gravitational potential, ¢ — ¢, and we can neglect the
expansion of the region between the emitter and the observer. Then the gravitational
shift of the wavelength of light is given by Egs. (5.108) and (5.111),

Ao (8o
=——-1=_/——1. 12.90
w Ae (8i)e ( )
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According to Eq. (9.20) the #-component of the metric tensor is then

gn = —(1 +2—f> (12.91)
C

where 2|¢>|/c2 < 1. We then get

_ / 14 2¢0/6‘2
G = 1—|—2—¢e/62 — 1. (1292)

Noting that ¢y = 0 and making a series expansion to 1 order in ¢/c? we have

26 = =@/~ —g /. (12.93)
Inserting the potential (12.89) gives

1

2qroHé(to — )% (12.94)

G =—
It follows from Eqs. (12.78), (12.84) and (12.95) that in the limit of small cosmic
redshifts,

Z=12p +ZG- (12.95)

In this limit the cosmic redshift due to the expansion of the universe is equal to
the sum of the kinematic redshift due to the Doppler effect and the gravitational shift
of wavelength due to the gravitational field between the emitter and the observer.
The Doppler effect is a redshift since the emitter moves away from the observer,
but the gravitational effect is a blueshift in a universe with retarded expansion due
to attractive gravitation, since the light moves downwards in this gravitational field.
In a universe with accelerated expansion due to the repulsive gravity of the vacuum
energy, light moves upwards in the gravitational field between the emitter and the
observer, and the gravitational effect is a redshift.

Hence the cosmic redshift due to the expansion of the space contains both the
kinematic Doppler effect due to the velocity of the emitter relative to the observer
and the gravitational shift of wavelength for light moving vertically in a gravitational

field.
12.3.6 Energy—Momentum Conservation

From the 2 Bianchi identity and Einstein’s field equations, it follows that the energy—
momentum density tensor is covariantly divergence free. The time component
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expresses the equation of continuity and takes the form

[(p + p/Au'u"Ls + (™). = 0. (12.96)
Since u! = 1, u"=0and n;i = -1, niﬁl =0, we get
(0 +p/c*) + (o +p/’ s —p=0 (12.97)
or
p+(p+p/A’ ; +uT7) =0. (12.98)

Here u” ;= 0and F?ﬁ = 0. Calculating F’;;rh from Cartan’s 1. structure equation
in the form

dof =T" o® A of (12.99)

=1 410 41% =32 (12.100)
a
Inserting this into Eq. (12.98) gives
(oc?a®) +p@®) = 0. (12.101)

Let V = a? be a co-moving volume in the universe and U = pc?V the energy in
the co-moving volume. Then we may write

dU +pdV = 0. (12.102)

This is the first law of thermodynamics for an adiabatic expansion. It follows that
the universe expands adiabatically. The adiabatic equation can be written as

P p
_r __ 32 12.103
prp/ . a (12109
With p = wpc? we get
d d
Lo 30+mE, (12.104)
0 a

Assuming that w = constant this equation can be integrated to give
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—3(1+w)
m2 = 1n(3> . (12.105)
Lo aop
It follows that
a =3(1+w)
o= ,oo<—> or pa*™ = constant (12.106)
ao

We have three particularly important special cases:

e Matter in the form of dust: w = 0 gives
pma’> = constant. (12.107)

Thus, the mass in a co-moving volume is constant.
e Radiation: w = 1/3 gives

pmda4 = constant. (12.108)

Thus, the radiation energy density decreases faster than the density of the dust
when the universe is expanding. The energy in a co-moving volume is decreasing
because of the thermodynamic work on the surface of a co-moving volume. In a
remote past, the density of radiation was greater than the density of dust.

e LIVE: w= —1 gives p. = constant. The vacuum energy in a co-moving volume
is increasing proportionally to @. In spite of this energy is conserved locally
because of the negative work performed at a co-moving, expanding surface. This
work transfers energy from the region outside the surface to the region inside it,
maintaining the constant value of the energy density of LIVE in the expanding
universe. Since we can choose the surface to have an arbitrarily large radius this
amounts to extracting energy from an infinitely remote region to the region in
a finite distance from the observer at the origin. Hence there is a difficulty with
global energy conservation in cosmology.

The Friedmann-Lemaitre Eq. (12.63) can be written

H* Q0 Qo - o
— = 0y Tl 2 4 Q. 12.109
1 4 T T T ( )

where Q, ;, and €, are the present values of the radiation density and the density
of dust, respectively, and €2 is given in Eq. (12.70). Since H = (1/a)(da/dt), the
scale factor can be found as a function of time by integrating the equation

d Q Q
& _ HO\/ 20 4 2Im0 4 Qi + Qroa. (12.110)
dr a? a
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By means of Eq. (12.32) this equation can be expressed in terms of the redshift of
the source. In this way we obtain an equation for the Hubble parameter at the time
of emission of light emitted from a source with redshift z and received at the present
time,

H2
77 = Qrao(l +2)* + Quo(1 +2)° + Qo1 +2)* + Q. (12.111)
0

Similarly this equation can be integrated to find the redshift, and hence the scale
factor as a function of time by utilizing that

1 dz
H=— —. (12.112)
14z dr

In combination with Eq. (12.111) this gives an expression for age of the universe
at the time a source with observed redshift z emits the observed light, i.e. the emission
point of time,

o]

dz
w0 =t [ . 3 S—
) (14 Va0 + 2" + Qo1 +2)° + Quo(l +2)” + Qg
(12.113)

where the Hubble age ty is defined in Eq. (12.21). This is called the age-redshift
relationship. The age of the universe is found by letting the redshift of the source be
zero, to = t(0). Taking the integral from O to z gives the time taken for the radiation
to move from the source to the observer and arrive at the present time. This is called
the lookback time.

Equation (12.113) is in general an elliptic integral, but it can be integrated in
terms of elementary functions in the case that the cosmological constant vanishes, so
that Q24 = 0. This gives the age-redshift relationship for a curved, dust-dominated
universe.

1 Qm 4 Qm . 1 - Qm
16(2) = | Yt m0Z 0 zarcsinh — 0 (12.114)
1-2n)(1+2) (1 —Qmo) Qmo(l +2)
The age of this universe is
H Qmo . 1 — Qo
to=tg(0) = ——— (1 — ——arcsinh | ——— |. 12.115
o =1E(0) 1—Qmo< T O ) ( )



330

12.4 Some LFRW Cosmological Models

12.4.1 Radiation-Dominated Universe Model

12 Cosmology

The energy—momentum tensor for radiation is trace free. According to the Einstein’s
field equations the Einstein tensor must then be trace free. Using Eq. (12.44) we then
have

or

ai + a® + kcz/Rg =0,
(aa + ktcz/RS)' =0.

Integration gives
. 2 /p2
aa + ktc” /Ry = B.
Integrating once more gives

1 2, 1 kc?
_a —_——
2 2 R}

The initial condition a(0) = 0 gives C = 0. Hence

a = /2Bt — kt*c*/R}.

| B
a=v2Bt, a= Z

For k = 0 we have

> = Br + C.

(12.116)

(12.117)

(12.118)

(12.119)

(12.120)

The expansion velocity reaches infinity at t = 0, 1iII(1) a = oo (Fig. 12.2).
t—

According to the Stefan—-Boltzmann law we have
PR = oT?.
Combining this with Eq. (12.108) we have

T*a* = constant,

(12.121)

(12.122)

(12.123)
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4

a(t)

time
Fig. 12.2 Expansion of a radiation dominated universe. In a radiation-dominated universe the

expansion velocity reaches infinity at t = 0

where Ty is the temperature of the radiation at the present time. Equations (12.120)
and (12.123) give

T =Ty, —. (12.124)

12.4.2 Dust-Dominated Universe Model

From the first of the Friedmann-Lemaitre equations we have
2 KT Ko
a” + = 3,oa . (12.125)

We now introduce a so-called conformal time n by

dr ():>d 1d (12.126)
— =a —_ = - — .
dn 7 dr  adnp
Hence,
da 1da

=—=-—. 12.127
“ dr  adp ( )
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We also introduce

A

K
§Pm0-

The first Friedmann—-Lemaitre equation then gives

kc? K K
2 3
aa —a=—pnad = — =A.
+ R% 3/0m 3me

Using n we get
2 2
i(—gi) = RC—% (A — ka),

da _ca [A_p— < [JaA |1 — ka
d7 — RV a T R aAy/1 A7

where we have chosen the positive root. We now introduce u by

a:Auz, u:\/g,
A

and get

which together with Eq. (12.131) gives

du c d
_ = n'
V1 —ku?2 2Ry
This equation will first be integrated for k = —1. Then
/ du cn
— = — +K,
Vi4+u?2  2Ro
or
. cn
h(u) = — + K.
arsinh(u) R, +

The condition #(0) = 0 gives K = 0. Hence

1 1
—a = sinhzc—77 = — coshc—77 -1
A 2Ry 2 Ry

12 Cosmology

(12.128)

(12.129)

(12.130)

(12.131)

(12.132)

(12.133)

(12.134)

(12.135)

(12.136)
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or

A
a=—(coshﬂ—1>. (12.137)
2 Ro

From Egs. (12.128), (12.65) and (12.66) we have

K
A="%pmo=HEZ™ = H2Quo. (12.138)

3 Pcr0
From Egs. (12.67) and (12.69) we get

_ ReHg

k 2

(Cmo — 1). (12.139)

Hence, the scale factor of the negatively curved, dust-dominated universe model
is
1 Q
a(p) = =——m0_(cosh < _1). (12.140)
21— Qmo 0

Inserting this into Eq. (12.126) and integrating with #(0) = n(0) leads to

QmO . cn cn
t = h— — — ). 12.141
) = o = Qo) (S‘n Ro  Ro (1214

Integrating Eq. (12.118) for k = 0 leads to an Einstein—de Sitter universe

a(t) = (i>3. (12.142)

fo

Finally integrating Eq. (12.125) for k = 1 gives

1 Qo cn
= — 1— — ), 12.143
= Q1 ( o Ro> (12149
o cn . en
t = | — — — ). 12.144
) = oG — )P <Ro - Ro> (12149

This is a parametric representation of a cycloid (Fig. 12.3).
In the Einstein—de Sitter model the Hubble parameter is

21
H==- (12.145)
3t

The age of this universe model is
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Fig. 12.3 Expansion of matter dominated universe models. For k = 1 the density is larger than the
critical density, and the universe is closed. For k = 0 we have p = p¢; and the expansion velocity
of the universe will approach zero as t — oo. For k = —1 we have p < p¢;. The universe is then
open and will continue expanding forever

to = (2/3) tu. (12.146)
With a Hubble age #y = 13.85 billion years the age of the flat, dust-dominated

universe becomes 7y = 9.2 billion years, in conflict with the age #) = 13.8 years
based upon a large set of different observations (Fig. 12.4).

[&'ll'l:_‘,CI)[

S P time t

Fig. 12.4 Hubble age. Here ¢y is the Hubble age, i.e. the age of the universe if the expansion had
been constant. But in the dust-dominated universe the expansion rate was faster closer to the Big
Bang, so the age is lower
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Example 12.4.1 (Lookback Time for Flat Dust-dominated Universe) In the case of a
flat universe 29 = 1. With Qo = 0 Eq. (12.113) with modified limits corresponding
to the lookback time reduces to

[ d 2 1
e =tHf—Z —tH|:l —} (12.147)

g (1+z)%_3 _(1+Z)%

Using Eq. (12.146) for the age of a flat, dust-dominated universe the expression
for the lookback time can be written

1
hB = t()|:1 — m} (12.148)

Hence, the redshift of an object with lookback time #; g is

2= ———=— 1L (12.149)

12.4.3 Transition from Radiation-Dominated
to Matter-Dominated Universe

We consider the early universe filled with radiation and matter, but where vacuum
energy can be neglected. The universe is assumed to be flat. Then Friedmann’s 1.
equation takes the form

@ = %(pm + podl. (12.150)
For matter,
Pmd> = Prmo- (12.151)
For radiation,
orat = pro. (12.152)
Hence
a*i? = %(,omoa T o). (12.153)

The present values of the critical density and the density parameters are
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KPcr0 = 3H2a Qmo = me’ Q= pro s (12.154)

Per0 Per0

giving
aa = Hy(Smoa + Q:0) /2. (12.155)
Integration with a(0) = 0 leads to

o A2 2 (Qmoa — 290)(Qmoa + Q)2
ol = = — .

12.156
32, T3 o, (12.156)

From Eqgs. (12.155) and (12.156) it follows that at the transition time fq when
Pm = pr, the scale factor has the value

Q
g = 20 = 200 (12.157)

Lm0 S2m0
Inserting this into Eq. (12.156) gives
5 Q32
feg = 5(2 - ﬁ)_Q;O th. (12.158)
m0

The microwave background radiation has a temperature 2.73 K corresponding to
a density parameter Q,y = 8.4 x 107>, In a flat universe without vacuum energy
Qumo = 1 — Q. Inserting 3 = 13.85 x 10° years then leads to leq = 47 % 103 years.

12.4.4 The de Sitter Universe Models

These are universe models without radiation and matter, containing only LIVE.
There are three models depending upon the spatial curvature. For these models the
Friedmann Eq. (12.46) takes the form

a— —a" =—-——. (12.159)

This equation has the following solution

Ry /3 A
70\/; cosh( gt), k=1

a(t) = { eVB731, k=0 . (12.160)

Ry /3 o A _
T"\/;smh( gt), k=-—1
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Fig. 12.5 The scale factor of
the De Sitter universe models cosh wt

sinh wt

The scale factor as a function of time is shown for these universe models in
Fig. 12.5. Note that the flat De Sitter universe is infinitely old. It had no Big Bang.

12.4.5 The Friedmann—Lemaitre Model

The dynamics of galaxies and clusters of galaxies has made it clear that far stronger
gravitational fields are needed to explain the observed motions than those produced
by visible matter [2]. At the same time it has become clear that the density of this
dark matter is only about 30% of the critical density, although it is a prediction by the
usual versions of the inflationary universe models that the total density of all that is
contained in the universe ought to be equal to the critical density [3]. Also the recent
observations of the temperature fluctuations of the cosmic microwave radiation have
shown that space is either flat or very close to flat [4-6]. The energy which fills up
the universe to the critical density must be evenly distributed in order not to affect
the dynamics of the galaxies and the clusters.

Furthermore, in 1998 observations of supernovae of type-I a with high cosmic
redshifts indicated that the expansion of the universe is accelerating [7, 8]. This was
explained as a result of repulsive gravitation due to some sort of vacuum energy.
Thereby the missing energy needed to make space flat was identified as vacuum
energy. Hence, it seems that we live in a flat universe with vacuum energy having a
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density around 70% of the critical density and with matter having a density around
30% of the critical density.

Until the discovery of the accelerated expansion of the universe the standard
model of the universe was assumed to be the Einstein—de Sitter model, which is a
flat universe model dominated by cold matter. Now it seems that we must replace
this model with a new “standard model” containing both dark matter and vacuum
energy [9].

Recently several types of vacuum energy or so-called quintessence energy have
been discussed [10, 11]. However, the most simple type of vacuum energy is the
Lorentz invariant vacuum energy, LIVE, which has constant energy density during
the expansion of the universe [12, 13]. This type of energy can be mathematically
represented by including a cosmological constant in Einstein’s gravitational field
equations. The flat universe model with cold dark matter and this type of vacuum
energy is the Friedmann—Lemaitre model. This universe model is usually denoted
the Lambda-Cold-Dark-Matter (A CDM) model, but a better name would be the
LIVE-Cold-Dark-Matter (LCDM) model.

The field equations for the flat Friedmann-Lemaitre universe model are found by
putting k = p = 0 in Eq. (12.62). This gives

02

224 L A A= (12.161)
a a
Integration leads to
o _ A s
aa- = —a” + K, (12.162)

3

where K is a constant of integration. Since the amount of matter in a volume co-
moving with the cosmic expansion is constant, Pm@> = Pmo ag, where the index O
refers to values at the present time. Normalizing the expansion factor so that ay =
1 and comparing Eqs. (12.46) and (12.162) then give K = (k/3) pmo- Introducing
a new variable x by a® = x? and integrating once more with the initial condition
a(0) = 0, we obtain

3K t
== sinh2<—>, (12.163)
A 159

where

2 2 2
L= = = 1y,
V3A  3Ho/Qo 34/

where L denotes LIVE. Since there is, at the present time (July 2019), a rather large
disagreement between the value of Hj as determined from supernova observations
and from observations of temperature fluctuations in the cosmic microwave back-
ground radiation, we shall here determine the parameters of the universe model

(12.164)
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from the observed values of the age of the universe and the value of the density
parameters of LIVE. From a large number of different types of observations we have
to = (13.8 £0.02) x 10° years and Q19 = 0.694 £ 0.007 [14].

Since the present universe model has flat space, the total density is equal to the
critical density, i.e. 2+ = 1. Equation (12.162) with the normalization a(ty) = 1
gives 3H? = 3K + A. Equation (12.46) with k = 0 gives kpy = 3H? — A. Hence
K =«po/3 and

3K _kpo _po_ Smo (12.165)
A A oL Qo -

In terms of the values of the relative densities at the present time the expression
for the scale factor then takes the form

t Quo  1-Q
a=A" sinh2/3<—), A=m0 L (12.166)
)8 Qro Qro

Inserting Q9 = 0.694 gives A = 0.44. Using the identity sinh(x/2) =
+/(cosh x — 1)/2 this expression may be written as

A 2t
a = —[cosh(—) - 1}. (12.167)
2 L

The age t of the universe is found from a(#y) = 1, which, by use of the formula
arctanh x = arsinh (x/+/1 — x2), leads to the expression

[ Q
to = t arsinh Q—LO = tLartanhy/ Q. (12.168)
m0

We use this to determine #, writing

To

- artanh/Qpo

Inserting 75 = 13.8 x 10” years and Q1 = 0.694 gives #;, = 11.5 x 10° years.
Substituting the values A = 0.44 and 7, = 11.5 x 10° years into Eq. (12.166) gives

(12.169)

t
a=0.76 sinh2/3<1.2 7)' (12.170)
0

This function is plotted in Fig. 12.6.

A consistency requirement on the Hubble constant H follows from Egs. (12.164)
and (12.158). If the general theory of relativity is correct, and if it is correct to describe
the universe as homogeneous and isotropic on a large scale, and dominated by dust
and LIVE, then the Hubble constant must obey the equation
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Fig. 12.6 The scale factor of the flat ACDM universe model

H 2 artanh./Qo 1
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Inserting to = 13.8 x 10° years and Q1 = 0.694 gives Hy = 68.3 km/s per Mpc.
This is the predicted value of the Hubble constant. The corresponding Hubble age is
tu = (977/Hy) x 10° years, giving ty = 14.3 x 10° years.

The ratio of the age of the universe and its Hubble age, #y/tq = Hoty, is plotted
in Fig. 12.7. The age of the universe increases with increasing density of vacuum
energy. In the limit that the density of the vacuum approaches the critical density,
there is no dark matter, and the universe model approaches the de Sitter model with

(12.171)

to/tH,
2r
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Fig. 12.7 The ratio of age and Hubble age of the flat ACDM universe model
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exponential expansion and no Big Bang. This model behaves in the same way as the
steady-state cosmological model and is infinitely old.

Invoking the phenomenon of perfect inertial dragging it has been argued that the
validity of the principle of relativity for rotational motion requires that the age of the
universe must be equal to its Hubble age, Hyfp = 1 [15]. According to Eq. (12.171)
this requires that

tanh(%\/ QLO) = QL0. (12.172)

The positive, real solution of this equation is Qry = 0.737.
Using Eqgs. (12.166) and (12.168) we obtain a nice form of the age-redshift
relationship, giving the emission point of time of an object with redshift z,

arsinh( S0 ;)

Qo (1+2)*

g = ty. (12.173)
arsinh( /%)
'm0
Inserting Qo = 0.7 and Qo = 0.3 with £y = 13.8-10° years gives
e = 12.5 x 10° arsinh( 1.53 > ears (12.174)
T (A +272) = '
This is plotted in Fig. 12.8.
le
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Fig. 12.8 Age-redshift relation of the flat ACDM universe model. The emission time is given in
billion years
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Fig. 12.9 The Hubble parameter of the flat ACDM universe model

The time which the radiation has taken in moving from the source to the observer
and being observed at the present time, i.e. the lookback time, is # g = #o — fg. The
distance which the radiation has travelled is # g light years.

The Hubble parameter as a function of time is

2 t
H=-" coth(—). (12.175)

L

Insertingty = 1.2, we get H 1y = 0.8 coth(1.2¢/ty), whichis plotted in Fig. 12.9.

It may be noted that the Hubble parameter is given as a function of the redshift
in Eq. (12.111) with Qrapo = 0 and ¢ = 1. The graph in Fig. 12.8 shows that
the Hubble parameter decreases all the time and approaches a constant value Hy, =
2/3 1, in the infinite future. The Hubble age is

ta = (3/2)t1.v/Quo. (12.176)

Inserting numerical values gives ty = 14.4 - 10%years. In this universe model the
age of the universe is nearly as large as the Hubble age, while in the Einstein—de
Sitter model the corresponding age is fopp = (2/3)tn = 9.5 x 10%years. The reason
for this difference is that in the Einstein—de Sitter model the expansion is decelerated
all the time, while in the Friedmann-Lemaitre model the repulsive gravitation due
to the vacuum energy has made the expansion accelerate lately (see below). Hence,
for a given value of the Hubble parameter the previous velocity was larger in the
Einstein—de Sitter model than in the Friedmann-Lemaitre model.

A dimensionless quantity representing the rate of change of the cosmic expansion
velocity is the deceleration parameter, which is defined as
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Fig. 12.10 The deceleration parameter of the flat ACDM universe model

q=—ad/aH’. (12.177)

For the present universe model the deceleration parameter as a function of time is
1 2

qg= 5[1 — 3tanh’(t/1)], (12.178)

which is shown graphically in Fig. 12.10.
From Eqgs. (12.169) and (12.178) the deceleration parameter at the present point
of time may be written as

1
qo = — 5(39 Lo — ). (12.179)

With Q1o = 0.7 we get go = — 0.55.
The inflection point of time #; when deceleration turned into acceleration is given
by g = 0. This leads to

f = tAartanh<1 /ﬁ) (12.180)

or is expressed in terms of the age of the universe

artanh(l/ﬁ)
= ———0.
artanh/ 2o 0

The corresponding cosmic redshift is

(12.181)
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(1)) = L a 1 (12.182)
“h a(h) S \1=Qo ’ ’

Inserting Q¢ = 0.7 gives t; = 0.54¢y and z(¢;) = 0.67.

The results of analyzing the observations of supernova SN 1997 at z = 1.7, cor-
responding to an emission time #z = 0.30fy = 4.5 x 10° years, have provided evi-
dence that the universe was decelerated at that time [16]. Turner and Riess [17] have
recently argued that the other supernova data favour a transition from deceleration
to acceleration for a redshift around z = 0.5.

It may be noted from Eq. (12.57) that in a flat universe with dust and LIVE and
vanishing cosmological constant, the transition from deceleration to acceleration
happens when the gravitational mass density vanishes, i.e. when py, + o, + 3pr, = 0.
Since py = — pL, this gives pn (1) = 2pL(¢;). Hence the constant density of LIVE
is half the density of the dust at this transition.

Note that the expansion velocity given by Hubble’s law, v = H [, always decreases
as seen from Fig. 11.8. This is the velocity away from the Earth of the cosmic fluid
at a fixed physical distance / from the Earth a. The quantity a, on the other hand, is
the velocity of a fixed fluid particle co-moving with the expansion of the universe. If
such a particle accelerates, the expansion of the universe is said to accelerate. While
H tells how fast the expansion velocity changes at a fixed distance from the Earth, the
quantity a represents the acceleration of a free particle co-moving with the expanding
universe. The connection between these two quantities is @ = a(H + H?).

The ratio of the inflection point of time and the age of the universe, as given in
Eq. (12.168), is depicted graphically as a function of the present relative density of
vacuum energy in Fig. 12.11. The turnover point of time happens earlier the greater
the vacuum density is. The change from deceleration to acceleration would happen
at the present time if Qo = 1/3.

LI
2

1.75
15}
1.25

0.75
05}

0.25

: : e * Ly
0.2 0.4 0.6 0.8 1

Fig. 12.11 Point of time for deceleration—acceleration turnover
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Fig. 12.12 Cosmic redshift at the deceleration—acceleration turnover

The redshift of the inflection point given in Eq. (12.181) as a function of vacuum
energy density is plotted in Fig. 12.12 Note that the redshift of future points of time is
negative, since then a > ay. If Qo < 1/3 the transition to acceleration will happen
in the future.

The critical density is

per = prtanh =2 (1/1). (12.183)

This is plotted in Fig. 12.13. The critical density decreases with time.
Equation (12.182) shows that the density parameter of LIVE is

Per/pL
51

. . - - t/t,
0.5 1 1.5 2 25 3

Fig. 12.13 Ceritical density as function of time
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Qr = tanh?(1/1), (12.184)

which is plotted in Fig. 12.14.

The density of LIVE approaches the critical density. Since the density of LIVE
is constant, this is better expressed by saying that the critical density approaches the
density of the vacuum energy. Furthermore, since the total energy density is equal to
the critical density all the time, this also means that the density of matter decreases
faster than the critical density. The density of matter as function of time is

Pom = pa sinh~2(1/1), (12.185)

which is shown graphically in Fig. 12.15.
The density parameter of the dust as function of time is

Q. = cosh™2(t/1), (12.186)

which is shown in Fig. 12.16. Adding the density parameters of the expressions
(12.183) and (12.185) we get the total density parameter Qror = Q2 + Q4 = 1.

The universe became vacuum dominated at a point of time t, when pp () =
om(t2). From Eq. (12.184) it follows that this point of time is given by sinh(#, /7.) = 1.
Using Eq. (12.142) we get

_ arsinh(1) ; (12.187)
" artanh(y/Q10) o '
It follows that the corresponding redshift is
Q,
1r
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Fig. 12.14 The density parameter of vacuum energy as function of time



12.4 Some LFRW Cosmological Models 347

L L L 1 J tllrto
0.5 1 1.5 2 25 3

Fig. 12.15 The density of matter as function of time
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Fig. 12.16 The density parameter of matter as a function of time

2(h) = A3 — 1. (12.188)

Inserting Q219 = 0.7 gives t, = 0.73 fp and z(#;) = 0.32. Hence, the transition to
accelerated expansion happens before the universe becomes vacuum dominated.

As mentioned above, many different observations indicate that we live in a uni-
verse with critical density, where cold matter contributes with about 30% of the
density and vacuum energy with about 70%. Such a universe is well described by
the Friedmann-Lemaitre universe model which has been presented above.

However, this model is not quite without problems in explaining the observed
properties of the universe. In particular there is now much research directed at solving
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the so-called coincidence problem. As we have seen, the density of the vacuum energy
is constant during the expansion, while the density of the matter decreases inversely
proportional to a volume co-moving with the expanding matter. Yet, one observes that
the density of matter and the density of the vacuum energy are of the same order of
magnitude at the present time. This seems to be a strange and unexplained coincidence
in the model. Also just at the present time the critical density is approaching the
density of the vacuum energy.

There is now a great activity in order to try to explain these coincidences by
introducing more general forms of vacuum energy called quintessence and with a
density determined dynamically by the evolution of a scalar field [18].

However, the simplest type of vacuum energy is LIVE. One may hope that a
future theory of quantum gravity may settle the matter and let us understand the
vacuum energy. In the meantime we can learn much about the dynamics of a vacuum-
dominated universe by studying simple and beautiful universe models such as the
Friedmann-Lemaitre model.

12.4.6 Flat Universe with Dust and Phantom Energy

We shall here consider a flat LFRW universe model with dust and phantom
energy [18]. Differentiating Eq. (12.63) with k = 0 and using Eq. (12.103) we
get

2H +3H? = —kp/c”. (12.189)
The pressure is due to the phantom energy which can be described as due to a

scalar field ¢ with a potential V (¢). The density and pressure of the phantom energy
are

kpy = =412+ V($), Kkpy/ =—§7/2 =V (). (12.190)
Equation (12.189) then takes the form
2H +3H? = %(152 + V(9). (12.191)
The evolution equation for the phantom energy field is
$+3H =V'($), (12.192)
where the prime denotes differentiation with respect to ¢.

It is now assumed that the time derivative of the phantom field is proportional to
the Hubble parameter,
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¢ =—aH = —aZ. (12.193)
a
where « is a positive constant. Integration gives
¢ =¢o—alna. (12.194)

Hence the phantom field decreases during the expansion of the universe.

We shall now deduce a differential equation for the relationship between the
Hubble parameter and

the scalar field itself (not its derivative). We use that

d . d
:d)—

=% (12.195)

Differentiating Eq. (12.191) and substituting for V'’ from Eq. (12.192) we then
get

(2H" —3H)$* +2(H' — ¢)$ + 6HH'$ = 0. (12.196)
Using the relationship (12.193) in this equation gives

3 3
HH" + H” + <a - —)HH’ - EH2 =0. (12.197)
o

Introducing y = H? this equation can be written as

3
Y+ (Ot — —)y’ -3y =0. (12.198)
o

This is a 2 order linear differential equation with constant coefficients. The general
solution is

H%(¢) = Ae’?/* 4 Be™ 9. (12.199)

It follows from Egs. (12.191), (12.193) and (12.199) that the potential of the
phantom field is

az az
V(g) = (3 + 7)36—0@ - 7Ae3"’/". (12.200)

Using Egs. (12.190), (12.193) and (12.200) we find the energy density of the
phantom field

kps = 3Be” " — a*Ae?e. (12.201)
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Similarly the pressure is
kps = —(3 +a®)Be” . (12.202)
The mass density of the dust is
Kkpm = k(per — pg) = 3H* — kpy = (3 — a?)Ae™/". (12.203)
Hence the constant A represents the dust. Note that there is no future singularity
in this model.
Inserting the expression (12.199) for H into Eq. (12.193) gives a differential
equation for the time evolution of the phantom field, but this equation has no analytical

solution. The equations simplify if we assume that there is no dust, only the phantom
field. Then A = 0, and the equation of state parameter of the phantom field is

w="2 = - = (12.204)

which is less than minus one. This is characteristic of phantom energy. In the present
case the potential of the phantom field is

az
V(p) = (3 + 7)1%“*7’, (12.205)

and the Hubble parameter is
H(¢) = VBe @2, (12.206)

Letting Hy = H(0) we have B = Hg. Inserting Eq. (12.206) into Eq. (12.193)
gives

@24 = —a Hy,. (12.207)
Integration with ¢(0) = ¢q gives
Ol2 2/a
o) = 1n[e<“/2>¢0 - ?Hot:| ) (12.208)
The field vanishes at a point of time
ty = 3( 2 — 1), (12.209)
0=72 € H, .

where ty = 1/Hy. After this point of time the field is negative and diverges at
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2 (2/2)¢
fh = —¢ °ty. (12.210)
o

Inserting Eq. (12.208) into (12.206) gives

a Hy

0= ™ wmn = (@)

(12.211)

Hence H(0) = e~ @/2% H, which is finite, H (fo) = Hy and H (t;) = oo, which
is called the Big Rip. Integration with a(fy) = 1 gives

2 —2/a?
a(t) — |:e(01/2)¢0 — %Hotjl . (12212)

Hence at the Big Rip a(#;) = w. It should be noted that the presence of dust
removes the Big Rip.

12.5 Flat Anisotropic Universe Models

We shall consider anisotropic world models with flat 3-space of Bianchi type-I
following Ref. [19]. The line-element has the form

ds? = —2dP* + @ (d')” + ()’ + a3 (dr)’. (12.213)

The directional Hubble parameters are defined by

H; = & (12.214)
a;
The mean scale factor is defined as
a = (aaaz)'>. (12.215)
A “volume scale factor”,
V =ad® = ajaas (12.216)

will also be useful. The average Hubble parameter is
1
H= 5(H1 + H, + H3). (12.217)

These definitions give
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1 : :
H = g(ln V) =(na). (12.218)

The anisotropy parameter is defined by

1 <~ (H — H\?
A=§Z( 7 ) (12.219)

i=1

Einstein’s field equations with a cosmological constant for this class of universe
models filled by a perfect fluid may be written

. 2 2 2_ K 3p
(InV)y +H{ +H; +H; = 5 p+c—2 + A, (12.220)
I(VH)'—K( p)+A (12.221)
v D=\ ' '

We shall consider some special cases.
1. Anisotropic empty universe with vanishing cosmological constant

In this case Eqgs. (12.220) and (12.221) reduces to

(InV) +H} + H; + H; =0, (12.222)

%(v H) =0. (12.223)

The last equation gives

o
H = —, 12.224
v ( )
This gives
3
3 Z Ui
3H =Y H ==L, 12.225
; 7 (12.225)
Combining this with Eq. (12.218) gives
3
V= Za,.. (12.226)
i=1

Integration with V (0) = 0 gives
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3
V= Za,- ‘. (12.227)
i=1

Inserting this into Eq. (12.224) gives

d,' o 1 Di o;
[{l-z—:——z—7 Pi=——, p,zl (12228)
a Yt 1 Y ;

Integration gives
a; = ajpt”. (12.229)

Inserting this into Eq. (12.222) gives

dopi=1 (12.230)

H=%2% H=_—. (12.231)

Inserting this into Eq. (12.219) gives

3
L&
A= - 3p;i— 12 =2. 12.232
3;@ ) (12.232)

The universe described in this subsection is called the Kasner universe. It repre-
sents the Minkowski universe as described from a reference frame with anisotropic
expansion. Due to the conditions (12.228) and (12.230) it is not possible to have
equal values for the three constants p;. Hence there is no isotropic special case of
the Kasner universe. In particular, the Milne universe is not a special case since the
Kasner universe is spatially flat, while the Milne universe has curved 3-space. It may
be noted that the Kasner universe has a constant anisotropy parameter equal to 2.

2. Anisotropic universe dominated by LIVE
In this case Eqgs. (12.220) and (12.221) take the form

(InV) +H}+H; +H} = A, (12.233)

1
V(VHJ =A, (12.234)
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where the cosmological constant represents the constant density of LIVE. It follows
from Eqs. (12.217), (12.218) and (12.234) that

H +3H? = A. (12.235)
The solution of this equation with the boundary condition H (0) = Hj is
H = Hycoth(3HLt), Hy = +/A/3. (12.236)
Inserting this into Eq. (12.218) gives
(InV) = 3Hjcoth(3HL1?). (12.237)
The general solution of this equation is
V = V, sinh™/" (3H, 7). (12.238)
In order to have a simple illustrating example we choose Hy = Hy, giving
V = Vpsinh(3HL?). (12.239)

Equation (12.234) can be written

.V
H; + VH,- = 3H}. (12.240)
Inserting (12.239) gives
H; + 3Hy coth(3Hy.t) H; = 3H. (12.241)

The general solution of this equation is

C.li Cl‘
H; = — = ———— + H; coth(3H;1), 12.242
a; sinh(3H;t) + Hp coth(3HLD) ( )

where C; are integration constants. Integration with the initial condition g;(0) = 0
gives

3 3
a; = 2'3 sinh?” <§HLt> cosh3 P (EHLt), (12.243)

where p; = %(1 + H%) Inserting (12.236) and (12.242) into Eq. (12.219) and using

that C; = (3p; — 1)H|, together with the conditions Z?Zl pi = 1 and Z?:l pi2 =1,
give the anisotropy parameter
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~ cosh’(3Hyr) '

This is shown graphically in Fig. 12.17. For 3Hpt > 1 the anisotropy param-
eter approaches zero exponentially. Hence the LIVE causes the universe model to
isotropize. At the beginning, 3Hy t — 0, and the expression (12.244) gives the value
A = 2 of the Kasner universe.

12.6 Inhomogeneous Universe Models

We shall here consider the Lemaitre-Tolman—Bondi (LTB) class of universe mod-
els following [20-23]. These universe models are inhomogeneous and spherically
symmetric. The line-element has the form

F/2 1

ds? = —2di? + 0D 2 4 P2 pa o, (12.245)

1 —k(r)

where k(r) is an arbitrary function of » which represents the curvature of 3-space.
We use the notation” = d/dr and " = d/dzt.
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12.6.1 Dust-Dominated Model

The Einstein equations for the dust-dominated LTB-universe models can be written
as

/

5 k
H? 4 2H\H, + — +

3+ T = K. (12.246)
5 kK
(1= 3g)2H? = 2HH) + 25 = 5 = —Kpm. (12.247)

where the Hubble parameters and the deceleration parameter are

F H—F/ __FF (12.248)
F7 ”_F/’ q_ .

H, = 7

Adding Egs. (12.246) and (12.247) and using the Definition (12.248) gives
2FF + F? = —k, (12.249)
Integration of this equation leads to

,  « k
H = = (12.250)
where « is a function of r. The functions « and k are not determined by the field equa-
tions. They must be specified as boundary conditions. Differentiating Eq. (12.250)
with respect to r and inserting the result into Eq. (12.247) gives

a/

= —. 12.251
I ( )

KPm
Substituting Egs. (12.249) and (12.250) into the expression (12.248) for the
deceleration parameter yields

o

= S (12.252)

q

Let F(r, t=0) = Fy(r). We now introduce a conformal time 5 by k'/?dt =
— (cF /Ry) dn, where R is the present value of the curvature radius of the 3-space.
The solution of Egs. (12.246) and (12.247) with k£ < O can then be written

Fe=—2(cosh <l —1) +Fofcosh L + J1— L ginh & (12.253)
= ——|CcOoSn — — cosn — — —— Ssmnn — |, .
2k Ro 0 Ro kF, Ro
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okt = —;—k(sinh%” — %) +Fo|:sinh;—n v -2 (eoshﬂ _ 1)}
0

0 ) kFy Ry
(12.254)

The dust-dominated solution given in Egs. (12.140) and (12.141) for a homoge-
neous dust-dominated LFRW universe with negative spatial curvature is found by
choosing Fp = 0 and o = H3Quor®, k = —HZ(1 — Qumo)r*. Note that in this case
F =ra(m).

12.6.2 Inhomogeneous Universe Model with Dust and LIVE

We shall here consider an inhomogeneous generalization of the LCDM-universe
which was presented in Sect. 12.4.5. In this case Eq. (12.246) is generalized to

!

k k
2 —
HJ_+2HHHJ_+E+W—K(pm+pL)v (12.255)

and the acceleration equation is

Fo L,k
2; +H + 2 = kP (12.256)
Here pp. = pro is the constant density of LIVE. Equation (12.250) now takes the
form

) o kK«

Equation (12.251) is still valid. Combining Egs. (12.255) and (12.256) we get

oF + F_ o ) (12.258)
F F/ - 7 oL Pm)- .

The present values of the density parameters are defined by the equations

o = H? F{Qm, (12.259)

k=H?F2(Qm+ QL — 1), (12.260)

where Fo = Fo(r) = F(r,t0), Hio = Hio(r) = H(r, 1) and Q19 = Quo(r) =
KoL/ ?»Hf0 (r). With these definitions Eq. (12.257) of the Hubble parameter H takes
the form
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. 1/2
! =H,(r, 1) =Hy| Q Fo 3+Q +(1-9 Qo) Fo’ /
R r, — _— _ _ _—

F 1 0 m0 F LO m0 LO F

(12.261)

It follows that the scale factor F' is given implicitly as a function of time by

dF

[2m0(52)’ + 0+ (1 = Qo — 210} ()

Hot = (12.262)

2]1/2'

We now consider an inhomogeneous universe corresponding to the LCDM-
universe where the density parameters of dust and LIVE obey the condition
Qmo + QLo = 1. Then Eq. (12.262) reduces to

3
Hot = ] 77 (12.263)
[Qmo(%) + QLO]
Integrating this equation with the initial condition F(r, 0) = 0 gives
Hot 2 inh| [ S0 <F>g (12.264)
ot = ——=arsin — | = . .
3V Qmo \Fo

Hence

Qo \ 2 3
F=F0(Q—0> sinh§<§w/QL0H0t>. (12.265)

LO

In the present universe model Q2,9, 2ro and Hy are functions of r, while in the
LCDM-universe they are constants.

12.7 The Horizon and Flatness Problems

12.7.1 The Horizon Problem

The cosmic microwave background (CMB) radiation from two points A and B in
opposite directions has the same temperature. This means that it has been radiated
by sources of the same temperature at these points. Thus, the universe must have
been in thermic equilibrium at the decoupling time, z; = 3 x 10° years. This implies
that points A and B, “at opposite sides of the universe” as seen by an observer, had
been in causal contact already at that time. That is, a light signal must have had time
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to move from A to B during the time from ¢ = 0 to ¢ = 3 x 10’ years. The points A
and B must have been within each other’s horizons at the decoupling.

Consider a photon moving radially in space described by the Robertson—Walker
metric (12.17) with k = 0. Light follows a null-geodesic curve; i.e. the curve is
defined by ds? = 0. We get (using units so that ¢ = 1),

dr

r=—.
a(t)

(12.266)

The particle horizon (also called the cosmological horizon) is the maximum dis-
tance from which light from particles could have travelled to the observer during the
time which the universe has existed. It represents the boundary between the observ-
able and the unobservable regions of the universe. Its distance at the present epoch
defines the size of the observable part of the universe. The coordinate distance from
an observer at the origin of the coordinate system to the particle horizon at the time
tis

t

Ar:/i. (12.267)
a(t)
0

The physical radius of the particle horizon is

Ipg = a(t)Ar = a(t)/ %. (12.268)
0

To find a quantitative expression for the “horizon problem”, we may consider a
model with critical mass—density (Euclidean space-like geometry). Using p = wp
and k = 0, Eq. (12.63) takes the form

a_ /%"Oa—%<1+w> — Hoq~ 30w (12.269)
a

Integration with the condition a(#y) = 1 gives

£\ T 21 2
a=(— , fy= — = . (12.270)
fo 3A+w)Hy  3(1+w)

where ty = 1/H) is the Hubble age of the universe. Inserting this into the expression
(12.268) and integrating gives

3W+3t
3w+1

(12.271)

PH =
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Hence, the radius of the particle horizon increases proportionally to the cosmic
time. Equation (12.270) also shows that the age of a flat radiation-dominated universe
is only half of the Hubble age.

Let us call the volume inside the horizon the “horizon volume” and denote it by
Vpy. From Eq. (12.271) it follows that Vpy 3. At the decoupling time, the horizon
volume may therefore be written as

3
(Vea = C—z) Vo, (12.272)

where V) is the size of the present horizon volume. Events within this volume are
causally connected, and a volume of this size may be in thermal equilibrium at the
decoupling time.

Let (Vp)q be the size, at the decoupling, of the part of the universe that corre-
sponds to the present horizon volume, i.e. the observable universe. For our Euclidean
universe, Eq. (12.271) holds, giving

_d), (W)
Vo)a = mvo = (t()) Vo. (12.273)

From Egs. (12.272) and (12.273), we get

3w+l

Voo _ (t_d>_ - (12.274)
(Vpr)a fo

Using that g = 10™*¢ and inserting w = 0 for dust, we find

Moo _ 1t (12.275)
(Vp)da

Thus, there was room for 10* causally connected areas at the decoupling time
within the region which represents our observable universe. Points at opposite sides
of our observable universe were therefore not causally connected at the decoupling,
according to the Friedmann models of the universe. These models therefore cannot
explain that the temperature of the radiation from such points is the same.

12.7.2 The Flatness Problem

According to Egs. (12.67) and (12.68), the total mass parameter 2 = p/p. is given
by
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kc?

Q-1l=———.
R3a*H?

(12.276)

Using the expansion factor (12.269) for a universe near critical mass—density, we
get

Q_1 2GS
o 1= (t_> . (12.277)
0~ 0
For a radiation-dominated universe, we get
Q-1 t
o1 -1 (12.278)
0— 0

Measurements indicate that €2¢p — 1 is of the order of magnitude 1. The age of the
universe is about o = 10'7s. When we stipulate initial conditions for the universe,
it is natural to consider the Planck time, fp = 10=*s, since this is the limit of
the validity of general relativity. At earlier time, quantum effects will be important,
and one cannot give a reliable description without using quantum gravitation. The
stipulated initial condition for the mass parameter then becomes that Q — 1 is of
order 10~ at the Planck time. Such an extreme fine tuning of the initial value of the
universe’s mass—density cannot be explained within standard Big Bang cosmology.
Since a universe with critical density has Euclidean spatial geometry and is called
flat, this fine tuning requirement is called the “flatness problem”.

12.8 Inflationary Universe Models

12.8.1 Spontaneous Symmetry Breaking and the Higgs
Mechanism

The particles responsible for the electroweak force are the W* and Z° bosons. They
are massive, causing the weak force to only have short-distance effects. This was
originally a problem for the quantum field theory describing this force, since it made
it difficult to create a renormalizable theory. This was solved by Higgs and Kibble
in 1964 by introducing the so-called Higgs mechanism.

The main idea is that the massive bosons W= and Z° are originally massless, but
are given a mass by interacting with a Higgs field ¢. The effect causes the mass of the
particles to be proportional to the value of the Higgs field in vacuum. It is therefore
necessary that the Higgs field has a value different from zero in the vacuum (the
vacuum expectation value must be nonzero).

Let us see how the Higgs field can get a nonzero vacuum expectation value.
The important thing for our purpose is that the potential of the Higgs field may be
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temperature dependent. Let us assume that the potential of the Higgs field is described
by the function

V(g) = %u%z + iw“, (12.279)

where the sign of u? depends on whether the temperature is above or below a critical
temperature 7.,. This sign has an important consequence on the shape of the potential
V. The potential is shown in Fig. 12.18 for two different temperatures. For 7 >
T.., u?>0,andthe shape is like in Fig. 12.18a, and there is a stable minimum for
¢ = 0. However, for T < T, w? < 0, the shape is like in Fig. 12.18b. In this case
the potential has stable minima for ¢ = £¢y = :I:‘«/LAl and an unstable maximum at
¢ =0.

The “real” vacuum state of the system is at a stable minimum of the potential.
For T > T, the minimum is in the “symmetric” state ¢ = 0. On the other hand, for
T < T, this state is unstable. It is therefore called a “false vacuum”. The system will
move into one of the stable minima at ¢ = F¢y. When the system is in one of these
states, it is no longer symmetric under the change of sign of ¢. Such a symmetry,
which is not reflected in the vacuum state, is called spontaneously broken. From
Fig. 12.16b we see that the energy of the false vacuum is larger than for the real
vacuum.

The central idea, from which the “inflationary cosmology” originated, was to take
into consideration the consequences of the unified quantum field theories, the gauge
theories, at the construction of relativistic models for the early universe. According
to the Friedmann models, the temperature was extremely high in the early history
of the universe. If one considers Higgs fields associated with GUT models (grand

V(D) V(®)
| |

(a) (b)

Fig. 12.18 Inflationary potentials. The shape of the potential depends on the sign of ;2. a Higher
temperature than the critical, with 4> > 0. b Lower temperature than the critical, with ©> < 0
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V(D)

o

Fig. 12.19 Temperature dependence of Higgs potential

unified theories), one finds a critical temperature 7., corresponding to the energy
kT.. = 10"GeV, where k is the Boltzmann’s constant. Before the universe was
about t; = 1075 old, the temperature was larger than this. Thus, the Higgs field
was in the symmetric ground state. According to most of the inflation models, the
universe was dominated by radiation at this time.

When the temperature decreases, the Higgs potential changes. This could happen
as shown in Fig. 12.19. Here, there is a potential barrier at the critical temperature,
which means that there cannot be a classical phase transition. The transition to the
stable minimum must happen by quantum tunnelling. This is called a first-order
phase transition. Alan Guth’s original inflation model [23] was based on a first-order
phase transition.

12.8.2 Guth’s Inflationary Model [24]

According to most of the inflationary models, the universe was dominated by radia-
tion during the time before 10~3>s. The universe was then expanding so fast that there
was no causal contact between the different parts of the universe that became our
observable universe. Probably, the universe was rather inhomogeneous, with consid-
erable space-like variations in temperature. There were also regions of false vacuum,
with energy densities characteristic of the GUT energy scale, which also controlled
the critical temperature. While the energy density of the radiation decreased quickly,
as a~*, the energy density of vacuum was constant. At the time t = 107%s, the
energy density of the radiation became less than that of the vacuum.
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At the same time the potential started to change such that the false vacuum went
from being stable to unstable. Thus, there was a first-order phase transition to a
real vacuum. Because of the inhomogeneity of the universe’s initial condition, this
happened with different speeds at differing places. The potential barrier slowed down
the process, which happened by tunnelling, and the universe was at several places
considerably under cooled. Then there appeared “bubbles” dominated by the energy
of the false vacuum. These regions acted upon themselves with repulsive gravity.

By integrating the equation of motion for the expansion factor in such a vacuum-
dominated bubble, one gets

871G
a=e" H=] ”3'0“. (12.280)

By inserting the GUT value above, we get H = 6.6 x 10°**s7!,ie. H~! = 1.5 x
10~%s. With reference to field theoretical works by Sidney Coleman and others,
Guth reasoned that a realistic duration of the nucleation process happening during
the phase transition is 10~3s. During this time, the expansion factor increases by a
factor of 10?8, This vacuum-dominated epoch is called the inflationary era.

Let us look closer at what happened with the energy of the universe in the course
of its development, according to the inflationary models. To understand this we first
have to consider what happened at the end of the inflationary era. When the Higgs
field reached the minimum corresponding to the real vacuum, it started to oscillate.
According to the quantum description of the oscillating field, the energy of the false
vacuum was converted to radiation and particles. In this way the equation of state
for the energy dominating the development of the expansion factor changed from
p = —p, characteristic of LIVE, to p = (1/3)p, characteristic of radiation.

The energy density and the temperature of the radiation then increased enor-
mously. Before and after this short period around the time t = 10~33s the radiation
energy increased adiabatically, such that pa* = constant. According to Stefan—Boltz-
mann law of radiation, p o T*. Therefore, aT = constant during adiabatic expan-
sion. This means that during the inflationary era, while the scale factor increased
exponentially, the energy density and temperature of radiation decreased exponen-
tially. At the end of the inflationary era, the radiation was reheated so that it returned
to approximately the energy it had when the inflationary era started.

It may be interesting to note that the Newtonian theory of gravitation does not
allow an inflationary era, since stress has no gravitational effect according to it.

12.8.3 The Inflationary Models’ Answers to the Problems
of the Friedmann Models

The horizon problem will be investigated here in the light of the inflationary universe
models. The problem was that there was room for about 10,000 causally connected
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regions inside the region defined by our presently observable universe at the decou-
pling time when the universe became transparent to the background radiation. Let
us calculate the horizon radius /;, and the radius a of the region presently within the
particle horizon, lpy = 15 x 10° Iy = 1.5 x 10%cm, at the time ¢; = 1073s when
the inflation started. From Eq. (12.120) for the radiation-dominated period before
the inflationary era, one gets

Iy =2t = 6 x 107 ®cm. (12.281)

The radius, at time #{, of the region corresponding to our observable uni-
verse is found by using a o< e during the inflation era from # =
10735 to 1, = 10735, a o t'/? in the radiation-dominated period from#, to #;3 =
10"'s and a o £*/? in the matter-dominated period from #3 until now, #) = 10"s.
This gives

e]-[t] t 1/2 t3 2/3 s
a="(2 BY) o) = 1.5 x 10 %cm. (12.282)
e \ 13 fo

Hence at the beginning of the inflationary era the horizon radius, lpy, was larger
than the radius a; of the region corresponding to our observable universe. The whole
of this region was then causally connected, and thermic equilibrium was established.
This equilibrium was preserved, and there was thermal equilibrium at the decoupling
time about 400,000 years later. This explains the observed isotropy of the cosmic
background radiation and solves the horizon problem.

We will now consider the flatness problem. This problem was the necessity, in the
Friedmann models, of fine tuning the initial density in order to obtain the closeness
of the observed mass—density to the critical density. Again, the inflationary models
give another result, making fine tuning unnecessary.

Inserting the scale factor (12.280) into Eq. (12.276), we get

ko _
Q-1=5e 21, (12.283)
where H is constant and given in Eq. (12.280). The ratio of €2 — 1 at the end of the
inflationary era to the beginning of the inflationary era becomes

Q-1 — e 2H(—1) _ 156 (12.284)
Q-1

Contrary to the Friedmann models, where the mass—density moves away from
the critical density as time increases, the density approaches the critical density
exponentially during the inflationary era. Within a large range of initial conditions,
this means that according to the inflation models the universe should still have a
density very close to the critical density.
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12.8.4 Dynamics of the Inflationary Era

During the inflationary era the evolution of the universe is assumed to be dominated
by a scalar field ¢ which is called the inflaton field. The first Friedmann equation is

K k(1.
H == §<§¢2 n V), (12.285)

where p is the energy and V = V (¢) the potential of the inflaton field. The continuity
equation is

p+3Hp = —3Hp. (12.286)
It follows from these equations that
p = —+/3kp(p+p). (12.287)

The equation for the evolution of the inflaton field which generates the dark energy
causing repulsive gravity during the inflationary era is

¢+3Hdp =~V (12.288)
where V' = dV /d¢.
It follows from the second Friedmann equation that the acceleration of the cosmic
expansion is given by
a K
—=——(p+3p). (12.289)
a 6
The inflaton field is often described as a perfect fluid with density and pressure

1., 1.,
p=38+V. p=3"-V. (12.290)

Hence, the fluid obeys the equation of state

1/2)¢> -V
p=wp, w= (/L (12.291)
(1/2)¢*+V
It interpolates between a Lorentz invariant vacuum energy (LIVE) with w = —1

for a constant inflaton field and a Zel’dovich fluid with w = 1 for a flat potential with
V = 0. Solved with respect to ¢ the second of these equations gives

_l+w

= 2V. (12.292)
1—w

QSZ
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This equation shows that V > 0 for |w| < 1.
The acceleration Eq. (12.289) of the scale factor then takes the form

a K.y
e _(¢ — v)_ (12.293)
a 3

Differentiating Eq. (2.285) and inserting Eq. (2.289) gives

H = —(xk/2)¢?, (12.294)

or

¢ =—@2/K)H’, (12.295)

where H = dH /d¢ = H / b. Equation (2.294) shows that H is a decreasing function
of time. It follows from Egs. (2.285) and (2.295) that

«*V =3kH?> — 2H". (12.296)

Equation (2.294) shows that the Hubble parameter is constant and there is expo-
nential expansion for a constant inflaton field. This represents the case where the
inflaton field behaves like LIVE with a constant density, which may be represented
by a cosmological constant. Equation (2.294) implies that the Hubble parameter is a
decreasing function of time for a variable scalar field.

During most of the inflationary era, i.e. except during the transient phases at the
beginning and the end of the era, the scalar field changes very slowly so that ¢ < H¢.
If the potential V is not too small, the condition ¢ <« V may also be satisfied. Then
w &~ —1 which means that the inflaton field behaves like LIVE with approximately
constant energy density, and with exponential expansion of the space during most of
the inflationary era.

In the so-called slow-roll approximation we shall assume that ¢ < H¢, but not
in general that ¢ < V. Then Eq. (12.288) reduces to

. %4
N ——. 12.297
¢ 37 ( )
Equations (12.291) and (12.294) give
. 1
H=—cv—" (12.298)
1—w

It follows from Eqs. (12.285) and (12.294) that

kV =H + 3H>. (12.299)
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Hence
H=—(3/2)(1 +w)H?>. (12.300)

Integration of this equation for constant w # —1 gives

N
a=a|— . (12.301)
t
Hence, power law expansion corresponds to a constant equation of state parameter
w #% —1 during the inflationary era, and exponential expansion to w = — 1. Inserting

the first of Eq. (2.291) into Eq. (12.287) gives

p=—3kp(l+w)p. (12.302)
Integrating this equation for w # —1 with p(0) = pg gives

= Po . (12.303)

p =
[1+ (1/2)(1 +w)/Brpo 1]

Hence for ,/pg t >> Mp the energy density of an inflaton field with constant equa-
tion of state parameter, w # —1, decreases approximately inversely proportionally
to the square of time.

We define the slow-roll parameters ¢, 1 by

Ly v (12.304)
e=—\|—1, = ——. .
2\ 'V 7 kV

The absolute values of the slow-roll parameters are much less than one during the
slow-roll period. This means that during a slow-roll period the graph of V (¢) is very
flat and has small curvature.

Alternatively one defines “Hubble slow-roll parameters”, ey, ng in terms of the
Hubble parameter and its derivatives with respect to the inflaton field

2(H'Y 2H (12.305)
eg=—-1—1), = ——. .
H Kk \H nH k H

Inserting the first of these expressions into Eq. (12.296) we get for the inflaton
potential

kV =3 —ey)H>. (12.306)

It follows from Eq. (12.295) that during the slow-roll era differentiation with
respect to time and with respect to the inflaton field are related by
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d 2 .d
—=——H—. 12.307
dr Kk do ( )

Using this in the Definition (12.305) we get simple expressions for e and ng

H 1 A
H? 2HH

Using that H = a/a the first equation takes the form
n=1-2 =1+q, (12.309)
a

where ¢ is the deceleration parameter defined in Eq. (12.75). A requirement for
inflation is that there is accelerated expansion, d¢ > 0. Hence a necessary condition
for inflation is that ey < 1.

It follows from Eq. (12.294) that

¢ 1H
- =5, (12.310)

¢ 2H

giving

;
=——. 12.311
NH He ( )

This equation may be written

[(1/2)¢*] = —nu H ¢*. (12.312)

Hence the sign of the parameter ny decides whether the kinetic energy of the
inflaton field increases, ny < 0, or decreases, ny > 0. The kinetic energy is constant
for ny = 0.

To lowest order

Eg =€, nNg=1n-—=&. (12.313)

Equations (2.57), (12.63) and (2.309) give
w=—1+(2/3)ey. (12.314)
It follows that a universe with ez = 0 is dominated by LIVE with equation of

state parameter w = — 1 and a constant energy density.
From Eqgs. (12.285), (2.294) and (2.308) we get
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$*/2
g = 3———

ey (12.315)
Hence the parameter ¢y represents the ratio of the kinetic energy and the
total energy of the inflaton field. This is exact. It does not require the slow-roll
approximation.
The ratio of the final value ay of the scale factor during the inflationary era and
the initial value a(N) is

U oV, (12.316)
a(N)

where N is called the number of e-folds of the slow-roll era. Hence
N = ln(af/a). (12.317)
Note that N = 0 at the end of inflation, so that N counts the number of e-folds until

inflation ends and increases as we go backward in time. It follows from Eq. (12.317)
that

N=-H, (12.318)
or

d __1d (12.319)

dN © Hdr '

If H <« H? Eq. (12.299) can be approximated by

«kV =3H?. (12.320)
Hence
— = 2%, V" = (6/k)(H*+ HH") (12.321)
Using this together with Eqs. (2.319) and N = N'¢, we have

H Kk H
— —d¢ = ——d
1) 2 H

1%
dN = ¢ =K. (12.322)

This equation can be used to relate derivative with respect to N and derivative

with respect to ¢ as
d 2¢ d
L /2L (12.323)
dN k d¢
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which may be written

2
£ = f(d—d’) , (12.324)
2\av

showing that ¢ > 0. From Eqgs. (12.288) and (12.319) we have

ey = H/;IN)‘ (12.325)

Hence H'(N) > 0. From the Definition (12.304) and Eq. (12.323) we get

1V'(N
e LY (12.326)
2V

Integration of Eq. (12.322) gives

N~ ¢Vd - ¢\/Td [_* 12.327
NK/W ¢—f £¢< 28min(¢_¢f)’ (12.327)
@r or

where g, is the minimum value of e. Note that if V' > 0 we must have ¢y < ¢ in
order that N > 0, and if V' < 0 we must have ¢y > ¢. Equation (12.327) implies a
bound on the change of the value of the scalar field during the inflationary era,

2 min
A¢ > N/ 2 — N Mpy/2emn. (12.328)
K

This is called the Lyth bound.
There exists a third type of slow-roll parameters. They are defined by

dlnle,
o1 = ey epyy = — inlenl (12.329)
N

Using Eq. (12.319) we have

il = — 2. (12.330)
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12.8.5 Testing Observable Consequences of the Inflationary
Era

It has turned out that observations of the polarization of the cosmic microwave back-
ground radiation (CMB) can be used to test predictions made by different inflationary
models [25].

The polarization of the CMB may at every point be described by an amplitude of
the oscillation and a direction. The field of polarization is decomposed in two modes:
the E-mode and the B-mode. The E-mode is curl free like the electrical field of a
charged particle. The B-mode is divergence free like the magnetic field of a current
(Fig. 12.20).

One has classified the polarization in three types:

Scalar perturbation: Energy density fluctuations in the plasma (resulting in hotter
and colder regions) cause velocity distributions that are out of phase with the acoustic
density mode. The fluid velocity from hot to colder regions causes blueshift of the
photons, resulting in E-mode polarization.

Vector perturbation: Vorticity in the plasma causes Doppler shifts resulting in the
quadrupole lobes in the figure. However, vorticity would be damped by inflation and
is expected to be negligible.

Fig. 12.20 Polarization of electromagnetic radiation. Illustration of the E-mode and the B-mode
of polarization of electromagnetic radiation
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Tensor perturbation: Gravity waves stretch and squeeze space in orthogonal direc-
tions. This also stretches the wavelength of radiation, therefore creating both E-mode
and B-mode polarization in the radiation temperature field.

Gravity waves from inflation produce tensor perturbations.

The power spectra of scalar and tensor fluctuations are represented by

)nru(l/z)as In(k/k)+... (k )n1+(1/2)o¢7 In(k/k)+...
ks

’

Ps = Atk (£  Pr = Ar(k)
2V

Ag _v Ar

= 2472eMp’ = 3n2M;

(12.331)

Here k is the wave number of the perturbation which is a measure of the average
spatial extension for a perturbation with a given power. One often writesk = a = aH,
where a is the scale factor representing the ratio of the physical distance between
reference particles in the universe relative to their present distance. The quantities
As and Ay are amplitudes, and ng and ny are the spectral indices of the scalar and
tensor fluctuations. The quantities —§,; = ng — 1 and nr are called the tilt of the
power spectra of curvature perturbations and tensor modes, respectively, because
they represent the deviation from the values §,;, = n, = 0 that represent a scale
invariant spectrum.

Furthermore ag and ar are factors representing the k-dependence of the spectral
indices. They are called the running of the spectral indices and are defined by

dl’ls dnT
= ——, U7 = .
dInk dInk

as (12.332)

If ng = 1 the spectrum of the scalar fluctuations is said to be scale invariant. An
invariant mass—density power spectrum is called a Harrison-Zel dovich spectrum.
One of the predictions of the inflationary universe models is that the cosmic mass
distribution has a spectrum that is nearly scale invariant, but not exactly. The observa-
tions and analysis of the Planck team [26] have given the result ng = 0.968 % 0.006.
Hence we may use ng = 0.968 as the preferred value of ng, corresponding to
8,5 = 0.032. Furthermore they have obtained ag = — 0.003 £ 0.007.

The tensor-to-scalar ratio r is defined by

Pr(k A
po Prlkd or (12.333)
Ps(k,) Asg
which is a positive quantity. From Eqgs. (12.331) and (12.333) we have
r = 16e¢. (12.334)

The tensor-to-scalar ratio can be determined from observations of the B-mode of
polarization of the CMB. In the measured wavelength region this B-mode pattern
is partly due to radiation from galactic dust and partly to imprints on the CMB at
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the time 380,000 years after the Big Bang, when the universe became transparent
for the CMB, from relic gravitational waves produced by quantum fluctuations in
the inflationary era. At the present time (November 2019) the best restriction on the
tensor-to-scalar ratio obtained from CMB-measurements is r < 0.04.

It follows from Eqs. (12.334) and (12.314) that the equation of state parameter
during the slow-roll era is given in terms of the tensor-to-scalar ratio as

14+w=r/24. (12.335)

With 0 < r < 0.04 this gives —0.9983 < w < —1 during the slow-roll era,
which is equal to or very close to the equation of state of LIVE.

We shall now find how the spectral indices depend upon the slow-roll parameters.
From Eq. (12.331) it follows that they are given by

dIn Pg(k dIn Pr(k
Sps = — n—S()  np = n—T() ) (12.336)
dink |,_.g dink  |,_.n

The quantities inside the brackets are evaluated at the horizon crossing where
k = k., and the wave number is equal to the scale factor times the Hubble parameter.
It will be useful to write

d d dN

dink _ dN  dlnk’

(13.337)

Hence, using that Ag oc H? /e, the scalar spectral indices may be written as

dlne dinH\ dN dlnH dN
Sns = -2 , iy =2— ——. (12.338)
dN dN Jdnk dN dlnk
Using Eqgs. (12.318) and (12.308) we get in the slow-roll approximation

dinH H

From the condition that the spectral indices are calculated at the horizon crossing
we have k = aH. Equation (12.317) gives dN = —dIna. Hence dlnk = dlna +
dlnH = —dN + dInH. Since H is approximately constant during the slow-roll
inflationary era, it follows that

dN
dlnk

~ 1. (12.340)

It follows from the Definition (12.304) that the derivative of the slow-roll
parameter ¢ with respect to the scalar field is given by
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2e
\/;e (@) =2e(n —2¢). (12.341)

Using Eq. (12.323) this may be written as

d
ﬁ = 26(n — 2¢). (12.342)

Inserting this together with Eqgs. (12.313) and (12.339) into Eq. (12.338) leads to
8,s =203e —1n) (12.343)

It follows from Eqgs. (12.313) and (12.343) that the spectral tilt can be expressed
in terms of the Hubble slow-roll parameters as

(Sn.v - 2(28H - 77H)~ (12344)
Equations (12.338), (12.339), (12.340) and (12.313) give
nr ~ —2¢ (12.345)

A consistency relation between r and ny follows from Eqgs. (12.334) and (12.245)

np = — é (12.346)

Example 12.8.1 Polynomial Inflation As a simple illustration we shall here use the
formalism above to calculate the optical parameters §,;, nr and r for the class of
inflationary models called polynomial inflation.

The so-called chaotic inflation models are a class of polynomial models. The
potential of the inflaton field in this type of inflationary models is

vV =M*¢, (12.347)

where ¢3 = /k¢. M is the energy scale of the potential when the inflaton field has
Planck mass, and it is assumed that p is constant and ¢ > 0.

We shall now deduce expressions for the spectroscopic parameters of this model
in terms of the number of e-folds and find the restrictions that the observational
results 8,; = 0.032, r < 0.04 put on this class of inflationary models.

Differentiating the potential we get

/ "
i Vi _pe—D (12.348)
V. ¢ V ¢?

Hence, the slow-roll parameters for this model are
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_1(p\  _lpp-1)
g_ﬂ(g) = (12.349)

Hence for this class of inflationary universe models we have

200 — 1)
n=——"¢
p

(12.350)

Inserting the expressions (12.349) into Eqs. (12.343) and (12.334) we get

2 8p?
3,15_,«‘%?, r:ic%. (12.351)
This gives the §,,, r— relation
8
r=—2 5 (12.352)
p+2
which may be written
_ (12.353)
P= 86/1s -r ' -

It follows from this equation that the observational results 8,; = 0.032, r < 0.04
give requirement p < 0.37.
From Eqgs. (12.322) and (12.347) we have

dN = %¢ do. (12.354)

Integrating through the slow-roll inflationary era, we get

N = ;—p<¢2 — ¢f2). (12.355)

where ¢ = ¢(INV) is the value of the field strength when the slow-roll era with N
e-folds begins. It is usual to define the end of the inflationary era by (¢ ) = 1. From
Eq. (12.349) we then get

p
«/2/('

Inserting this expression for ¢y into Eq. (12.356) gives

o= L p+any. (12.357)
2K

¢ = (12.356)
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Inserting this into Eq. (12.349) shows that for an inflationary era in which the
potential of the dark energy is a power of the scalar field, the slow-roll parameters
are

p _2p-1

= , n= . 12.358
T owan 1T praN ( )
From Eqgs. (12.343), (12.345) and (12.334) we then get
2 2 2 16
ot 2 o (12.359)
p+4N p+4N p+4N
Hence
8—r/2
N=2Zr2 (12.360)
88,5 — 1

The observational results §,;, = 0.032, r < 0.04 then requires that for these
models the number of e-folds is restricted to N < 37.

There is a consensus that in order to solve the horizon and flatness problems the
number of e-folds of the universe during the inflationary era must be larger than 50.
Hence polynomial inflation does not give a satisfactory solution of these problems.

Confrontations of observable consequences of the inflationary era and observa-
tional data have been thoroughly discussed for several inflationary universe models
in [24].

12.9 The Significance of Inertial Dragging
for the Relativity of Rotation

The first published paper on inertial dragging inside a rotating shell based on the
general theory of relativity was published by H. Thirring in 1918. He calculated the
angular velocity, €2, of a Zero Angular Momentum Observer (ZAMO) inside a shell
with Schwarzschild radius, Rg, and radius, ry, rotating slowly with angular velocity,
w, in the weak field approximation, and found the inertial dragging angular velocity,

_ 8Rs

Q=
3}’0

(12.361)

Both the angular velocity of the shell and that of the ZAMO are defined with
respect to a system that is non-rotating in the far away region with asymptotic
Minkowski spacetime.

In 1966 Brill and Cohen [26] presented a calculation of the angular velocity of an
inertial frame inside a rotating shell valid for arbitrarily strong gravitational fields, but
still restricted to slow rotation. The calculation of Brill and Cohen gave the dragging
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angular velocity €2 inside a massive shell with radius ry, Schwarzschild radius Rg
and rotating with angular velocity w,

4Rs(2ro — Rs)
= w
(ro + Rs)(3ro — Rs)

(12.362)

A detailed calculation of this expression is found in [26]. For weak fields, i.e.
for ryp > Rs, this expression reduces to that of Thirring. But if the shell has so
great mass that its Schwarzschild radius is equal to the radius of the shell, ry = Rs,
the expression above gives 2 = w. Then there is perfect dragging. In this case the
inertial properties of space inside the shell no longer depend on the properties of the
ZAMO at infinity, but are completely determined by the shell itself. Brill and Cohen
further wrote that a shell of matter with radius equal to its Schwarzschild radius
together with the space inside it can be taken as an idealized cosmological model,
and proceeded: “Our result shows that in such a model there cannot be a rotation of
the local inertial frame in the centre relative to the large masses in the universe. In
this sense our result explains why the “fixed stars” are indeed fixed in our inertial
frame”. This means that rotation is relative to the motion of the large scale cosmic
masses, and hence that the principle of relativity is valid for rotational motion in a
universe with perfect inertial dragging.

When we look outwards in space, we look backwards in time, because we see an
object the way it was when it emitted the light that we receive. Remarkably, gravi-
tational waves move at the velocity of light. Although it has a quantum mechanical
explanation in the fact that both photons and gravitons are massless, it is a strange
coincidence from a classical point of view, possibly indicating a deep connection
between gravity and electromagnetism. It means that when we search for sources of
gravitational effects that have propagated undisturbed from a changing source to an
observer, neglecting tales of gravitational waves that can be contributions from the
inside of the light cone, we must look at events along the past light cone.

12.9.1 The Cosmic Causal Mass in the Einstein-de Sitter
Universe

We search for cosmic sources of inertial dragging here and now. Hence, we introduce
the concept causal mass, i.e. the mass which produces gravitational effects here and
now. When the causal mass at the point of time #; of an observer at r = 0 is calculated
by performing an integral with a mass element formed as a spherical shell about the
observer with coordinate radius and thickness r and dr, respectively, the mass of the
element is calculated by inserting the value of the density at the emission time of the
considered mass element on the past light cone.

If the causal mass inside the particle horizon of the universe is so great that its
Schwarzschild radius is equal to or larger than the radius of the horizon, there will
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be perfect inertial dragging [26]. In this case the principle of relativity is valid for
rotational motion in such a universe.

In order to give a simple illustration we first consider an example permitting
analytical expressions in terms of elementary functions; i.e. we shall first consider
the Einstein—de Sitter universe. This is a flat universe containing only dust. It has
scale factor

at) = (t/1p)*?, (12.363)
where t is the present age of the universe, and the scale factor has been normalized
to a(ty) = 1.

The Hubble age is ty = 1/H,, where H, is the present value of the Hubble param-

eter. Inserting the most recent value of the Hubble parameter gives fg = 13.9 Gy.
The age of this universe is

foED = (2/3)1].[ (12.364)

where ED means Einstein-de Sitter.
The physical radius of the particle horizon is (we are using units so that ¢ = 1),

1
Rpu(t) = a(t)f %dt. (12.365)
0

Inserting the scale factor (12.363) gives the horizon radius of the Einstein—de
Sitter universe,

Reuen () = 31,7 1'7°. (12.366)
The present horizon radius is
Rpyep (fo) = 3foep = 2ty. (12.367)

Hence, the present radius of the particle horizon is 27.8 Gly in an Einstein—de
Sitter universe with the measured value of the Hubble parameter.

We shall now calculate the Schwarzschild radius of the causal mass inside the
particle horizon. It is calculated by integrating along the past light cone; i.e. the
density is evaluated at retarded points of time,

TopPH fopH

rsep = 2GM = 871G / [py/2],  dr = f [pa’],  r*dr. (12.368)
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Here, g is the determinant of the spatial part of the metric, and rypy is the present
radius of the particle horizon. Since the density of the dust is p = poa—>, we get

rsep = (81 G/3) porgpy- (12.369)

Using Eq. (12.367) and given that the present density is equal to the present value
of the critical density,

= 3H02 = 3 (12.370)
=826~ 8nGY '
we get
rsgp = 8 tH. (12.371)

Inserting Planck observational data gives rsgp = 108.8 Gly. Hence for this universe
model, rsgp = 4Rpuep, showing that the Schwarzschild radius of the causal mass
inside the horizon is larger than the horizon radius. This indicates that the causal mass
inside the horizon is so great that there is perfect inertial dragging in this universe,
and hence that the principle of relativity is valid for rotational motion in this universe.

The lookback distance is the radius of a surface S around an observer equal to
the velocity of light times the age of the universe, r gp = #. Inserting this as the
upper limit in the integral (12.215), we find that the Schwarzschild radius of the mass
inside S is equal to the lookback distance, rsygp = rigp. This corresponds to the
condition for perfect inertial dragging used in Sect. 12.7. However, from a causal
point of view, the relevant surface is the particle horizon.

12.9.2 The Cosmic Causal Mass in the Flat ACDM Uniyverse

We now consider the flat ACDM universe which has scale factor [9]

. 1-— QA() 2 ZZ‘H
a() =APsinh?3(1/ty), A= ——=, th= — = ——.  (12.372)
) (t/tr) T NN

The present radius of the particle horizon in this universe is

arsinh./1/A
2 1551 dx

. — - (12.373)
3Q001 -0 S sinh00)

ropu = rpH(fy) =

Inserting the Planck values Q2,9 = 0.68 and rg = 13.9 Gy and calculating the
integral numerically gives Ropy = 45 Gly.
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The mass which acts causally at the present time 7y upon the observer located at
r = 0 in the ACDM universe is

M = 4x / [owmo + plalte(r))’)] ¥ dr. (12.374)
0

Here ppo and p, denote the present density of the dust and the vacuum energy,
respectively, and 7, denotes the emission time of a signal emitted at the coordinate
distance r and received at » = 0 at the time #y. Accordingly ¢, is a function of the
coordinate distance r the signal travels and is given implicitly by the relation

dr t

it (12.375)

with the initial condition r(—fy) = 0. The present Schwarzschild radius of this mass
is Rg = 2 GM. Solving these equations numerically and plotting the Schwarzschild
radius of the causal mass inside the particle horizon and the present radius of the
particle horizon as functions of €2, we obtain the result shown in Fig. 12.21 which
is taken from the article [27].

We see from this that the Schwarzschild radius of the causal mass inside the
present particle horizon in a flat ACDM universe is larger than the present radius
of the particle horizon. This means that there is perfect inertial dragging in the
universe. Hence the motion of inertial frames in the universe is determined by the

0 /

Coordinate distance (Gly)
g
\
\
\

] 01 02 03 04 05 08 07 o8 (]

Qo

Fig. 12.21 Causal mass. The upper curve represents the Schwarzschild radius of the causal mass
inside the present particle horizon in a flat ACDM universe, and the lower curve represents the
present radius of the particle horizon
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average motion of the causal mass in the universe. If this is a realistic model of our
universe, we may conclude that rotational and accelerated motion is relative in our
universe according to the general theory of relativity.

Exercises

12.1. Gravitational collapse

In this problem we shall find a solution to Einstein’s field equations describing a
spherically symmetric gravitational collapse. The solution shall describe the space-
time both exterior and interior to the star. To connect the exterior and interior solu-
tions, the metrics must be expressed in the same coordinate system. We will assume
that the interior solution has the same form as a Friedmann solution. The Friedmann
solutions are expressed in co moving coordinates, thus freely falling particles have
constant spatial coordinates.

Let (p, 7) be the infalling coordinates, i. co-moving coordinates with freely falling
particles. 7 is the proper time of a freely falling particle starting at infinity with
zero velocity. These coordinates are connected to the curvature coordinates via the
requirements

po=r, for t=0,

12.376
T=t, for r=0. ( )

(a) Show that the transformation between the in falling coordinates and the curvature
coordinates is given by

1w
10

—r

2
T=—
SCN/RS (P

+1

2 1 RS
t=1—S(Rsr)? + —In| L — |, (12.377)
C C

~—~
R
~—
NI=

Z|~

where Rg is the Schwarzschild radius of the star.

(b) Show that the Schwarzschild metric in these coordinates takes the form

2
3

3
ds® = —cdr? + |:1 — E(Rs)écrp_g] dp?

4
3 3
+ [1 - E(Rs)iapi} p*(d6* + sin® 0d¢?). (12.378)
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Assume the star has a position-dependent energy density p(t), and that the pres-
sure is zero. Assume further that the interior spacetime can be described with a
Friedmann solution with Euclidean geometry (k = 0).

(¢) Find the solution when the radius of the star is Ry at T = 0.
12.2.  The volume of a closed Robertson—Walker universe

Show that the volume of the region contained inside a radius r = ay = a arcsinr is
3 L
V =2ma’ | x — 2 sin2y |. (12.379)
Find the maximal volume. Find also an approximate expression for V when y <
R.

12.3. Conformal time

Find the form of the line-element (12.1) if the cosmic time 7 is replaced by conformal
time 1 defined by Eq. (12.126).
What is the equation of light moving radially when we use conformal time?

12.4. Lookback time and the age of the universe

The lookback time of an object is the time required for light to travel from an emitting
object to the receiver. Hence, it is t; = fy — t,, where ¢ is the point of time the object
was observed and 7, is the point of time the light was emitted.

(a) Show that the lookback time is given by

2
tL=/d—y, (12.380)
) (1 +»H ()

where z is the redshift of the object and the Hubble parameter H (y) is given in
Eq. (12.111).

(b) Show that the lookback time in the Milne universe model with a(f) =
(t/ty), k <O0,is

_H01+Z‘

f (12.381)

and find the age of this universe.

(¢) Show that 1, = fo[1 — (1 4+2)7*/?], where to=2/(3Hp), in a flat, matter-
dominated universe.



384 12 Cosmology

What is the age of this universe.?

(d) Find the lookback time of an object with redshift z and the age of the matter-
dominated universe models with positive and negative spatial curvature.

(e) Find the age of a matter-dominated universe from the parametric solutions
(12.140)—(12.144).

Are the resulting expressions in agreement with those found in d)?

(f) Find the lookback time—redshift relation and the age of a flat universe with dust
and LIVE.
(g) Find the lookback time—redshift relation for a flat, LIVE-dominated universe.

12.5. The LFRW universe models with a perfect fluid

In this problem we will investigate FRW models with a perfect fluid. We will assume
that the perfect fluid obeys the equation of state

p=wp, (12.382)

where —1 <w < 1.

(a) Write down the Friedmann equations for a LFRW universe model with a w-law
perfect fluid. Express the equations in terms of the scale factor a only.

(b) Assume that a(0) = 0. Show that when —1/3 < w < 1, the closed model will
recollapse. Explain why this does not happen in the flat and open models.

(c) Solve the Friedmann equation for a general w # —1 in the flat case. What is the
Hubble parameter and the deceleration parameter? Also write down the time
evolution for the matter density.

(d) Find the particle horizon distance in terms of Hy, w and z.

(e) Specialize the above to the dust-dominated, radiation-dominated and LIVE-
dominated universe models.

(f) Find a general formula in terms of the density parameters for the present value
of the deceleration parameter of a LFRW universe model.

12.6. Age—density relation for a radiation-dominated universe

Show that the age of a radiation-dominated universe model is given by

t
o= — 2 (12.383)

1+ v Qrad()

for all values of k.
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12.7. Redshift—luminosity relation for matter-dominated universe: Mattig’s for-
mula

The luminosity distance of an object with redshift z is

14z
d, = Si | Hov/ |2 s 12.384
L= mk 0v 1€2k0] /H() ( )

where the function Sk is defined in Eq. (12.17) and H () is given in Eq. (12.111).
Show that the luminosity distance of an object with redshift z in a matter-
dominated universe with relative density 2,0 and Hubble constant H, is

2c
4= =[Pz + (0 = DT+ Bz = D . (12.385)
0%&mo

This is called Mattig’s formula. Find the corresponding formula for the Einstein—
de Sitter universe, with Q0 = 1.

12.8. Newtonian approximation with vacuum energy

(a) Show that Einstein’ linearized field equation for a static spacetime containing
dust with density p and vacuum energy with density p, takes the form of a
modified Poisson equation

V2 =4nG(p — 2p4). (12.386)

(b) Assume there is a particle with mass m at the origin. Solve Eq. (12.386) in the
space outside the particle, and find the acceleration of gravity at a function of
the distance from the origin.

Find the radius of a spherical surface where the acceleration of gravity vanishes.

How large is the mass inside this surface compared to the mass of the particle at
the origin?

Evaluate the importance of LIVE for gravitational phenomena in the solar system.

12.9. Universe models with constant deceleration parameter

(a) Show that the universe with constant deceleration parameter g has
expansion factor

1

£\ T+

a:(t—) ' g#—1, anda e, g=—1. (12.387)
0
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This is the scale factor of a flat universe with a perfect fluid. Find the equation of
state of the fluid.

12.10. Density parameters as functions of the redshift

Show that the relative densities of LIVE and matter as functions of a are

QLoa3
QL = 3 b
Qroa’ + (1 — Qro — Luo)a + Qo
QmO
Q (12.388)

" Quod® + (1 — Qo — o) + o’

What can you conclude from these expressions concerning the universe at early
and late times?

12.11. FRW universe with radiation and matter

Show that the scale factor and the cosmic time as functions of conformal time of a
universe with radiation and matter are [28].

a = apla(l —cosn) + Bsinn]
: 12.
=0 {f = ap[a(n — sinn) + B(1 — cosn)], (12.389)
_o. [a=alzen’ + p1]
k=0 { t= ao[éouf + %,3772], (12.390)
[ @ =aola(coshy — 1)+ Bsinh ]
k<0: {t = ap[a(sinhn — n) + B(coshn — 1)], (12.391)

where o = a%H&SZmO/Z and 8 = (a%H(nyo)l/z, and €2, and €2, are the present
density parameters of radiation and matter, and H, is the present value of the Hubble
parameter.

12.12. Event horizons in de Sitter universe models

Find the coordinate distances to the event horizons of the de Sitter universe models
withk >0, k=0 and k <O as function of time.

12.13. Flat universe model with radiation and LIVE

(a) Find the scale factor as a function of time for a flat universe with radi-
ation and Lorentz invariant vacuum energy represented by a cosmo-
logical constant A, and with present density parameter of radiation
Qa40-

(b) Calculate the Hubble parameter, H, as a function of time, and show that
the model approaches a de Sitter model in the far future. Find also the
deceleration parameter, g(?).
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(c) Whenis the inflection point, #;, for which the universe went from decel-
eration to acceleration? What is the corresponding redshift observed at
the time 7(?

12.14 De Sitter spacetime

Consider a De Sitter spacetime with coordinates (¢, r) and line element
ds* = —c*de* + 2" (dr? + r7dQ?%), (12.393)

where the Hubble parameter H is constant.

(a) Find the redshift of light emitter from a coordinate r as measured at a point of
time #( by an observer at the origin. The Hubble parameter H is assumed to be
known.

(b) Whatis the 4-acceleration of areference particle at rest in the coordinate system?
What does your result tell about the reference frame in which these coordinates
are co-moving?

Will an observer with constant radial coordinate r experience an acceleration of
gravity?
Introducing coordinates (7, R) by the transformation

R=re™", T =t—In(1-H*re*) (12.394)

or

R
r= , e =T\ /1 — H2R?/c2, (12.395)
e\ /1 — H2R?/c?

the line element takes the form (you need not show this)

2

dR
2 2 252\ 42 2162
ds ——(C — H*R )dT +1——2R2/62+R dQ-. (12.396)

(c) Find the redshift of light emitted from a coordinate R as measured by an observer
at the origin. Why is your result different to the one in a)?

(d) Whatisthe 4-acceleration of areference particle at rest in the coordinate system?
What does your result tell about the reference frame in which these coordinates
are co-moving? Will an observer with constant radial coordinate r experience
an acceleration of gravity?

(e) How does a reference particle with » = ry = constant move in the (7, R)-
coordinate system.

(f) How is the redshift of light explained in the (7, R)-coordinate system? How
is it explained in the (¢, r)-system?
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12.15. The Milne Universe

(a) The Milne Universe has a line element

ds? = —cdf® + ( ! >2< LA 92> (12.397)
57 = —c ) ——+r : :
fo 1+ r2/c23

The ¢, r coordinates are co-moving in a reference frame E. Give a physical
interpretation of the line-element.

(b) The Hubble parameter is H = a/a where a is the derivative of the scale factor
with respect to time. Calculate the Hubble parameter of this universe model at
an arbitrary point of time. Find the age of the universe in terms of the present
value of the Hubble parameter.

(c) The so-called deceleration parameter is given by ¢ = — adii/a>.

What is the value of g for this universe model? What does this tell about the
expansion?

(d) Introduce new coordinates 7" and R by the transformation

r 2 rt
T=1t]1+ (—) , R=—. (12.398)
Cly fo

Show that the inverse transformation is

_ Ja272 _ p2 _ ctoR
ct =+/c*T R r—m, (12.399)

and that

rcT
R= —— (12.400)

,/cztg + 72

(e) Make a Minkowski diagram with reference to the ¢7', R-system, and draw the
world lines of the reference particles of E, i.e. those with r = constant and the
simultaneity curves of E, i.e. those with ¢ = constant.

(f) Use the transformation Egs. (3) to show that the differentials of the coordinates
co-moving in the reference frame E are

oo CTAT —RAR  T(TdR —RAT) (12400
= r = . .
T — R (212 — R2)"?
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Use these differentials and the expressions for # and r in Eq. (3) to calculate the
line element in the 7, R coordinate system. What does your result tell about the
spacetime described by the line element you just have found and the line element

1)?

(g) Calculate the cosmic redshift, z, of a star with » = r; = constant in terms of r;
and the point of time #; of the observation. Then calculate the redshift of a star
with R = constant. Explain the results you found.

(h) Einstein’s field equations as applied to an isotropic and homogeneous universe
model lead to the Friedmann equations

a* + k> 8nG a 47G p
=T (p + 3—) (12.402)
C

a? 3 T a 3

where a is the scale factor, p and p are the density and pressure of the cosmic fluid,
respectively, and k is the spatial curvature index.

Apply these equations to the line-element (1). What does your result tell about
this universe model?

12.16. Natural Inflation

The natural inflation model has potential
Vig) = Vo(l +c0s ). (12.403)

where ¢ = ¢/M , and M is the spontaneous symmetry breaking scale. We shall here
write Einstein’s gravitational constant as k = 1/M 13, where Mp is the Planck mass.

(a) Show that for this model the spectral parameters are

Lo p IO lmcesd g locosd (Aﬁ>2
1+ cos¢ 1+ cos¢ 1+ cos¢ M
(12.404)
Observations have given the results §,;, = 0.032 and r < 0.04.
(b) Show that
r
b=26,— 7 (12.405)

and use this to calculate the requirement from the observations upon the symmetry
breaking scale. Is there any problem with the result?
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(c) Show that for this model the number of e-folds is

1 I- cos(qu)
N=-In———. (12.406)
1 —cos (qb)
Use this to express the spectral parameters as
2+ b)Y +2 2b 16b
ns = 0 ———F~~, N7 = — » I'= ’
2+ btV —2° " (2 + b)ebN —2 (2 + b)ebN —2
(12.407)

In order to solve the horizon- and flatness problems the number of e-folds must

be larger than 50. Insert N = 50, r = 0.04 and make a judgement of this model.
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Appendix
Kaluza—-Klein Theory

In the general theory of relativity gravitation is a property of 4-dimensional space-
time and of the motion of the reference frame. Kaluza—Klein theory, [1, 2], is a
unified theory of gravitation and electromagnetism in which electromagnetism is the
projection of certain elements of gravitation in 5-dimensional spacetime into our
4-dimensional spacetime. The fifth dimension is spatial. According to this theory
there is no electromagnetism in the 5-dimensional world, only gravitation which is
described by the general theory of relativity in 5-dimensional spacetime.

A.1 The Structure of the Kaluza—Klein Theory

The Kaluza—Klein theory is constructed in the following way. Let the line-element
in a Riemannian 5-dimensional space be

ds? = g,dx”dx”, w,v=1,2,3,4,5 (A.1)

with signature (—, +, +, +, +).

We experience a 4-dimensional world. We are flat-landers in a 4-dimensional
hyper-surface Rs—our spacetime—in the 5-dimensional universe. It has become
usual to consider the fifth dimension as a cylinder with axis orthogonal to 4-
dimensional spacetime. Hence, the intersection of the fifth cylinder dimension with
our 4-dimensional spacetime is a circle. Also it is assumed that this circle has an
extremely small radius, since we have no direct experience of this fifth dimension.
This means that what we ordinarily think of as a point in 4-dimensional spacetime
is a small circle according to the Kaluza—Klein theory.

Let es be a basis vector orthogonal to our 4-dimensional spacetime. Einstein and
Bergmann (1938) have shown that if one requires that closed geodesic curves in the
fifth dimension—around the cylinder—shall be continuous, then it is necessary that

Euv,5 = 0. (A2)
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Furthermore gss5 is a constant along the curve. One can then require that gss is
generally constant, and by a suitable choice of coordinate one can normalize gs5 so
that

gss = 1. (A.3)

The conditions (A.2) and (A.3) are called the cylinder conditions.

In the same way that the spatial metric in the line-element (4.5) represents a
projection of the metric in 4-dimensional spacetime into the 3-space orthogonal to the
time direction, the metric of 4-dimensional spacetime is obtained in the Kaluza—Klein
theory by projecting the metric of 5-dimensional spacetime onto the 4-dimensional
spacetime orthogonal to the a basis vector pointing along the fifth dimension. Hence
the line element of 4-dimensional spacetime is,

85i85j
855

di* = ydxidx!, y; =g — = gij — 8585/ (A4)
where we have used Eq. (A.3).

It follows from Egs. (4.6)—(4.9) that d/” is invariant against a coordinate
transformation of the form

xi/ = xi,(xi), _xS, = xS + f(xi). (A.S5)

Here the first equation represents an arbitrary transformation in 4-dimensional
spacetime, and the second a gauge-transformation in the fifth dimension: the choice
of origin on a circle x', x?, x3, x* = constant depends upon the position in 4-
dimensional spacetime. Note that the cylinder conditions (A.2) and (A.3) are invariant
against a transformation of the form (A.5). Furthermore the transformation of gs;

against (A.5) has the form

CooxMox”  9xY oxY +_ax5’axf _ox” Lo
830 = xS ot ST xS a8 T as e 899 T v 8 T
(A.6)

Hence one can introduce a one-form in the 5-dimensional spacetime

gs = gs +df. (A7)

The physical interpretation of this form from the 4-dimensional point of view is
that it represents the electromagnetic vector potential form,

g = A. (A.8)

This leads to the gauge transformation of the electromagnetic vector potential,
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A=A +df. (A.9)

From this equation and Poincare’s lemma it follows that the electromagnetic field
form

F=dA (A.10)

is invariant against the gauge transformation (A.9). Also this invariance is here seen
as a consequence of the invariance of the metric 1-form gs against a transformation
representing a free choice of the origin on the fifth cylinder dimension.

A.2 Calculation of the 5-dimensional Curvature Scalar

We shall now calculate the curvature scalar of the Riemann tensor representing the
curvature of the 5-dimensional spacetime using Cartan’s structure equations.
The line-element of 5-dimensional spacetime may be written as

ds? = ydxidx’ + (dx + Adx’)’, A, = g1, (A.11)

where y;; are the components of the metric tensor of our 4-dimensional spacetime.
We introduce a form basis

o =dx', o =dx’+ A;dx’. (A.12)

Exterior differentiation gives

i 5 l dA; _ 8AJ‘ i j
do' =0, dw’ = — — — |dx' Adx’. (A.13)
- - 2\ ox/ axt )~ -

Hence the electromagnetic field form has components

0A A, _dgs s,

VT 9xi T axi oxd axt (A1%)
From Cartan’s 1. structure equation in the form (5.180) we have
do’ = —@ Ao’ (A.15)
According to Eq. (5.164) the components of the connection form are
Q=" (A.16)

It follows from Eqs. (A.3) and (A.13)—(A.16) that
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1 1
k k k k 5
I =" Tl = 5 (A F} + A Ff), Usji=Tj =—2k; =

2

Hence

1
5
FSij = Fij = EF,'j.

With the basis (A.12) the metric has the form

_ vij O
Buv 0o 1)

Hence

Appendix: Kaluza—Klein Theory

dgs; =dgjs =dgss =0.

It follows from Eq. (5.169) and this equation that

;5 = Ly,
giving
1
lisj = —T'sij = —zFij-
Thus
i Lo

It follows from Eq. (5.132) that

i _ i i
Fjs =Tsj +cs;

1
_Fji’ F?SZO

2 J
(A.17)

(A.18)

(A.19)

(A.20)

(A21)
(A.22)

(A.23)

(A.24)

where the structure coefficients are defined by Eq. (3.40) which here gives

Here

Since A;is independent of x> we get

(A.25)

(A.26)
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LA R (A27)
x5 9xt oxs| T T ’

It follows that
cg. =0. (A.28)

i

Equations (A.23) and (A.24) then give
1
1"15 = Fs, EFj' (A.29)
We have
Q) =T + T (A.30)

The curvature forms are given in Cartan’s 2. structure equation (6.24). In the
present case they give for the curvature of the 5-dimensional spacetime,

L =dQ i A (o4 i A Ok 1Ol AOS
Rj = Q) + @, A Q5 = dQ; + 2 A2+ D A 25

= c—i(rlijk) +Q AL+ Q(F;SQS) +AQY . (A31)

=* R, + Ti5 0" A @ + T do’ + Q5 A 2

From Egs. (A.15), (A.16) and (A.19) we have
s 1 i j
do” = > Fijo Ao (A.32)
and
Qi/\QS—lFiF»’”A & (A.33)
2es A3 = b linj @ AL :
which leads to

1 1
FiFpuo™ A " + —F! Fjjo" A" (A34)

. 1
i 41
R’ R—Elka)/\w—41 25m

=

The components of the Riemann curvature tensor are given as the components of
the curvature forms by

1
R} = S Rj,0" Ao’ (A35)

We need the components, R jmn> of these curvature forms for the 5-dimensional
spacetime in 4-dimensional spacetime. Then the second term in the right-hand side of
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Eq. (A.34) does not contribute. Also the components of the 2-forms are antisymmet-
ric. This is automatically taken care of in the third term due to the antisymmetry of the
electromagnetic field tensor, but in the fourth term we have to take the antisymmetric
combination when we write down the form-components. This gives

i _4 pi 1 i 1 i 1 i
R, =" R, — 2F Foun + 4Fm — ZF”ij' (A.36)

We are going to calculate the Ricci curvature scalar in the 5-dimensional
spacetime,

R= R;' +R2, (A.37)

where the terms at the right-hand side are the mixed components of the Ricci curvature
tensor. These are calculated as follows.
The components of the Riemann curvature tensor are

R Rﬁt;m - /ln + R]Sn - ]m + RSISH - R]ln + R15"5’ (A38)

Using Eq. (A.36) and (A.48) we get

1 :
—FjiFL. (A.39)

1 1 .
R,»,1=4R,-n— FiFin+ 7/ Fyj = FFy = 7

2/ 4 4"
The electromagnetic field tensor is trace free, so Ff = 0. Hence the third term at the

right-hand side vanishes. Also since the electromagnetic field tensor is antisymmetric,
the two last terms cancel each other. Hence we get

1 .
4 i
Rjn=*Rj, — EF-’ Fip. (A.40)
Thus
R’ —4Rj—lF"jF~—4 Rf_lp..Fii (A41)
g 2 v 2"y ’ :

In order to calculate Rg we need the curvature forms
RS =dof + Qi A QF = dQ + Q) AL (A.42)
It follows from Eqs. (5.164) and (A.29) that
. . . |
Qs =T5,0 = —EF;Q] (A.43)

Hence
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dQ! e A (A.44)
845 =75 jEL N@. .
Using Eqgs. (A.30) and (A.43) we get

QEAQL= (I " + I's) AT 0"
=j T EES ( Jm= /5—) S5n= (A.45)

_ i J m n i Jj 5 n’
=TI,15,0" No" + 1'isI5,0° AN

In the first term at the right-hand side Fj.m an is symmetric in m and n while the

basis is antisymmetric. Hence this term vanishes. Using Eq. (A.29) we then obtain
QA = LFFIW A" (A.46)
ELY) nés5 — 4 J mQ w . .

Inserting the expressions (A.44) and (A.46) into Eq. (A.42) gives

: 1. A
R = —EF;’ka Ao+ ZF; Flo’ A o™ (A.47)
This gives
i 1o i
Ry, = E(Fk’j - Fjy) (A.48)
and
i Ui
Rss,, = A_LF-i F; (A.49)
or
i Lo
Rsps = =1 FjF- (A.50)
It follows that
5 i 1 i 1 ij
R5=R55=R5i5=—ZFjFi =—ZF,~jF . (A.51)

Inserting Egs. (A.41) and (A.51) into Eq. (A.37) finally gives the Kaluza—Klein
expression for the Ricci curvature scalar of the 5-dimensional spacetime

: 1 . 1 . . 1 .
4 i i 4 i
R=* R} = > FyF + JF F = R — 2 F jFY (A.52)

Comparing with Eq. (7.65) the last term is recognized as the Lagrangian of an
electromagnetic field. The variational principle (7.58) with the Lagrangian equal to
the Ricci curvature scalar of 5-dimensional spacetime gives Einstein’s gravitational
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field equations in this 5-dimensional word. But as interpreted from our 4-dimensional
perspective, the right-hand side of Eq. (A.52) shows that we have the Lagrangian
leading to the Einstein’s gravitational equations and Maxwell’s source free equations.
So the Einstein’s theory in the 5-dimensional world is interpreted as a unified theory
of gravity and electromagnetism in our 4-dimensional subspace of the 5-dimensional
world.

A.3 Field Equations for Kaluza—Klein Theory with gss = 1

The theory as developed so far has one serious problem. The Einstein equations
in 5-dimensional spacetime, (marking here the curvature tensors of 5-dimensional
spacetime by an index 5)

5

1
SE = Ry — 3 Rew =«T, (A.53)

represent in general 15 equations. Since there are 5 Bianchi identities in 5-
dimensional spacetime, there are 10 independent field equations. In general the
5-dimensional metric tensor has 15 independent components. But when the the-
ory is projected down to our 4-dimensional spacetime gss appears as an unwanted
scalar field, i.e. a scalar field which is foreign to Einstein’s theory of 4-dimensional
spacetime and gravitation. This is eliminated by the cylinder condition (A.3). With
this condition there are 14 functions to be determined. Because of the transforma-
tion (A.5) which contains 5 arbitrary functions, there are only 9 independent metric
functions. Hence the system is over determined. Thus, with the cylinder condition
(A.3) it is necessary to reduce the number of independent equations by 1. This can
be performed by adding a term in the equations in such a way that a sixth algebraic
identity results. In this way there will only be 9 independent equations.

We shall therefore require that the curvature tensor at the left-hand side of the
field equations in 5-dimensional spacetime is both divergence free, trace free and
symmetric. The trace of the 5-dimensional Einstein tensor is

35
’E = ) R. (A.54)

So in order to obtain a trace-free curvature tensor we must add a symmetric,
divergence-free tensor with trace (A.54). The tensor with components

35

Nuv =5 Rgsu8s (A.55)

fulfil these conditions. Thus a symmetric, divergence-free and trace-free curvature
tensor in 5-dimensional spacetime is
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< 1 5
SE;w =1 Rp_v - E(gp.v - 385;/.3’5\)) R. (A56)

It was originally proposed by Leibowitz and Rosen [3] and may therefore be called
the Leibowitz-Rosen tensor. Hence, the modified field equations have the form

1 5
5R/J.v - E(g;w - 3g5ug5v) R = KSTMU? (A57)

where 3T, are the components of the energy-momentum tensor in 5-dimensional
spacetime. Since the left-hand side of this equation is trace free, the right-hand side
must be so, too. From an arbitrary energy—momentum tensor 7),, we can always
construct a corresponding trace-free tensor

ST;W = Lyy — TgSMgSV- (ASS)

Since the electromagnetic energy—momentum tensor is trace free 3T}, = T},, for
electromagnetic fields.

A.4 The 5-dimensional Counterpart of Electric Charge

From the tensor °T},, we can form a quantity with components

. 2k .
Ji=— =T (A.59)
Ho

that transform as the components of a 4-vector under the transformation (A.5). Here
k is Einstein’s gravitational constant given in Eq. (7.37), and p is the permeability
of empty space. The conservation equation

T, =0, (A.60)
following from the 5-dimensional field equations, then implies that

Ji =0, (A.61)

Hi

which is the electromagnetic equation of continuity

-, 0p
V-j+——=0. (A.62)
ot
Hence conservation of charge follows from a geometric identity, the Bianchi
identity, in this theory.
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Let us consider a gas of dust particles in 5-dimensional spacetime. Its trace-free
energy—momentum tensor has the components

STuv = p(”u”v + gSMgSU)' (A63)

where u* are the components of the 5-velocity of the dust particles. For this gas the
conservation Eq. (A.60) takes the form

(pu"). ,u" + pa" =0, (A.64)
where
a* = u’u" (A.65)

are the components of the 5-acceleration of the dust particles. The 5-velocity is a
unit vector. It follows that the 5-velocity and the 5-acceleration are orthogonal. Thus,
multiplying Eq. (A.64) by u,, gives

(pu”)., =0 (A.66)
Inserting this into Eq. (A.64) gives
a* =0, (A.67)

which shows that the dust particles follow geodesic curves in 5-dimensional
spacetime. Written out this equation takes the form

d 12
o et =0, (A.68)
ds p

The k-component of this equation is

dut o A
% + huiud 208w + T4 () = 0. (A.69)

Inserting the expressions of the 5-dimensional Christoffel symbols from Eq.
(A.17) gives

du* _— o :
di T = S (AFf + A Ffju'ud + Fu'ul. (A.70)
; ‘

Since u'u’/ is symmetric in i and j this can be written as

duk o . .
di T uiud = A Flutu + Fhudu. (A1)
S
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The Lagrange function of a free particle in the 5-dimensional spacetime is obtained
from the line-element (A.11) and is

1o .
L= Sydd) + 5 + A)’, (A72)

where the dot denotes differentiation with respect to the proper arc length along the
world line of the particle. Since x is a cyclic coordinate the momentum ps conjugate
to x7 is a constant of motion,

ps = mo(u5 + Ajuj) = mols. (A.73)
where my is the rest mass of the particle. From this equation we get
5 _ J
uw =ps—Aju. (A.74)

Inserting this into Eq. (A.71) gives
du* o .
m0<dl +4 Ff‘ju’u-’) = ng,-ku’, (A.75)
s

or
mgak = ps Ekui, (A.76)

where *a* is the k-component of the particle’s 4-acceleration. It was shown by Lei-
bowitz and Rosen [1] that the physical components of the electromagnetic field tensor
are

1

EoK

Fli = F. (A.77)

where ¢ is the permittivity of empty space, and we have used S.I. units here. Hence,
Eq. (A.76) takes the form

miak = c/eok psFru'. (A.78)

Comparing with the equation of motion of a charged particle in an electromagnetic
field, Eq. (5.307) we get

q = CA/E0K P5. (A.79)

Hence the conserved covariant momentum of the particle in the fifth direction,
i.e. around the cylindrical fifth dimension, is interpreted as the charge of the particle
from our 4-dimensional point of view. Inserting the expression (7.37) for Einstein’s
gravitational constant gives
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1

q=— 87T80Gp5. (ASO)
c

The Kaluza—Klein theory may provide an explanation of the fact that gravita-
tional waves move with the velocity of light. According to this theory all of electro-
magnetism comes from projection of gravity in a 5-dimensional world into our 4-
dimensional spacetime. According to this theory electromagnetic waves are the pro-
jection of certain gravitational waves that propagate isotropically. Hence the projected
waves, both those projections that are interpreted as electromagnetic waves from
our 4-dimensional point of view, and the gravitational waves in our 4-dimensional
spacetime, move with the same velocity. This should be expressed by saying that
electromagnetic waves move with the velocity of gravity, i.e. of gravitational waves.

In this connection there appears a problem which has not, so far, been solved.
According to the general theory of relativity the source of a gravitational wave must
change its quadrupole moment; i.e. it must change its shape. A particle cannot emit
gravitational waves. But if the particle is electrically charged, it can emit electromag-
netic waves. According to Larmor’s formula it will emit electromagnetic radiation
when it is accelerated.

In the 5-dimensional world a particle which we call charged is a neutral particle
moving around the fifth spatial cylinder dimension. Hence in order that a charged
particle in our world should emit electromagnetic radiation when it is accelerated,
a neutral particle moving around the compact fifth dimension should emit those
gravitational waves that are interpreted as electromagnetic waves in our world, when
it is accelerated in a direction orthogonal to its circular motion in the fifth direction.
Whether this is really the case is still an unsolved problem.

A.5 Quantization of Charge as a Consequence
of Quantization of Momentum Along a Closed Path
Around the Fifth Cylinder Dimension

Due to the closed character of the fifth cylinder dimension the momentum ps is
periodic. As shown by Klein [2] this implies a quantization of ps according to

rsps = nh, (A.81)

where rs is the radius of the cylindrical fifth dimension. Thus

1
q=— 87’[80Gnh. (A82)
rsc

This means that in the Kaluza—Klein theory quantization of charge need not be
postulated. It follows as a consequence of quantization of momentum around the
closed fifth dimension. This is again a consequence of the de Broglie relationship
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associating a wave with the momentum. Then quantization follows from the require-
ment of constructive interference, demanding a whole number of wavelengths around
the fifth dimension.

The quantum of charge is the elementary charge e. Inserting g = e into Eq. (A.82),
solving the resulting equation with respect to rs and putting n = 1gives the smallest
allowed radius of the cylinder dimension,

h/8menG
L ALy (A.83)
ce
The Planck length is
hG
lp=1/—75- (A.84)
¢

Inserting the values of the constants gives [p &~ 1.6 x 10~*>m. The fine-structure
constant is a dimensionless number
e? 1
o= X —.
dmeghe 137

(A.85)

Thus, in terms of the Planck length the radius of the fifth cylinder dimension is

2
rs =/ =lp, (A.86)
o

giving r5 ~ 16.6lp ~ 2.6 x 1073*m. This may represent a quantum of length in
5-dimensional spacetime.

A.6 Electric Field from Inertial Dragging in the Fifth
Dimension

In Kaluza—Klein theory electric charge in the projection of momentum in the fifth
dimension. It is natural then to wonder. What in the 5-dimensional world with gravity
only is the electrical field of a charged particle the projection of?

In order to answer this question we shall consider a solution of the field equations
for empty 5-dimensional space that was found some years ago [4],

b 3 2 d 2
ds? = _<1 +- = iz)c2d’2 + 27 — Sdrde’ + (dx°)
r r I+2+% r

(A.87)
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where a and b are constants. Projecting this line-element into ordinary 4-dimensional
spacetime we obtain

b a? dr?
ds? = ds? = —(1 +-+ j—z)czdtz + 1+ 4292, (A.88)

r 1'2

With the identification b = Rg and a = R, as given in Eq. (8.164), this repre-
sents the Reissner—Nordstrom solution of Einstein’s field equations in 4-dimensional
spacetime with an electric field.

It remains to identify which part of the gravitational field in 5-dimensional space-
time is interpreted as an electric field from our 4-dimensional point of view. Let us
first identify the physical meaning of the constant a in the line-element (A.87) from
the 5-dimensional point of view.

Consider a test particle with ps = 0 corresponding to a zero-angular momentum
particle in the Kerr spacetime as was described in Sect. 10.3.1. According to Eq.
(A.74) it has

w=3=—Aul. (A.89)

Assume the particle is at rest in the spatial 3-space of the 4-dimensional spacetime.
Then the only non-vanishing component of the 4-velocity is u® = c¢f. Hence

X = —Af. (A.90)

According to Eq. (A.11) we have

Ao = gs50 = &os- (A.91)
With the line-element (A.87)
a
8gos = ——. (A.92)
r
Thus
b
Ag = ——, (A.93)
r
and
.5 4.
x° = —t. (A.94)
r

This gives
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(A.95)

dx> ¥ a
d i r

This shows that a particle with vanishing conserved momentum in the 5-direction
will drift through the coordinate system in the 5-direction. This is inertial dragging.
Thus from the 5-dimensional point of view the constant a represents inertial drag-
ging due to the motion of the central body moving in the 5-direction. Hence the
central body moving around the fifth direction causes an inertial dragging field. The
projection of this field into 4-dimensional spacetime is interpreted from our point of
view as the electric field due to the charge of this central body.

Let us conclude with a speculation. One may wonder whether it is possible to
use of our knowledge of quantum electrodynamics within the frame of Kaluza—
Klein theory to shed some light upon how we should quantize gravity. In what way
should one quantize gravity in order that the projection of quantized gravity into
our 4-dimensional spacetime shall give us the quantum electrodynamic theory? The
inertial dragging field may play a role in this programme.
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Solutions to the Exercises

Solutions for Chapter 1

1.1 A tidal force pendulum

Two particles each with mass m are connected by arigid rod of length 2 /. The system
is free to oscillate in any vertical plane about its centre of mass. The mass of the rod is
negligible relative to m. The pendulum is at a distance R from the centre of a spherical

distribution of a spherical distribution of matter with mass M (see Fig. 1.10).

Il x (F; —Fy)| =16

where I = 2mi? is the moment of inertia of the pendulum.
By Newton’s law of gravitation

R+1 R -1
Fi=-GMm—— F, = -GMm——.
IR +1] IR =1
Thus
I xR I xR 25
GMm 5 — GMm 5 = 2ml-6.
IR —1f R +1

It is seen from Fig. 1.10 that

I x R| =I[Rsin6.

It is now assumed that / <« R. Then we have to first order in //R.

1 1 6l P
— = — COSU.
R—-1° |R+1P  R*
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The equation of motion of the pendulum now takes the form

. 3GM
20 + I’

sin20 = 0.

This is the equation of motion of a simple pendulum in the variable 26 instead
of as usual 6 as a variable. The equation shows that the pendulum oscillates about
a vertical equilibrium position. The reason for 26 instead of 6 is that the tidal force
pendulum is invariant under a change & — 6 4 m while the simple pendulum is
invariant under a change 6 — 0 + 27.

Assuming small angular displacements leads to

3GM

g 6 =0.

6+

This is the equation of a harmonic oscillator with period

R3 1/3
T =27 .
3GM

Note that the period of the tidal force pendulum is independent of its length. This
means that tidal forces can be observed on a system of arbitrarily small size. Also,
from the equation of motion it is seen that in a uniform field, where F; = F, the
pendulum does not oscillate.

The acceleration of gravity at the position of the pendulum is g = GM/R?, so
that the period of the tidal pendulum may be written

R\ /2
T =27 — .
3g

The mass of a spherical body with density p is M = (47/3)pR3, which gives for
the period of the tidal pendulum at its surface

7G\'"?
r-(*7) .
1)
Hence, the period depends only upon the density of the body. For a pendulum at

the surface of the Earth the period is about 50 min. The region in spacetime needed
in order to measure the tidal force is not arbitrarily small.

1.2 Newtonian potential for a spherically symmetric body

(a) We can find the potential using Gauss’ law
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/ﬁ(r)d§=/v.ﬁ(r)dv,
vV v

where the integration on the left-hand side is over a spherical surface (which may
be inside or outside the mass shell), and the integral on the right-hand side is over
the volume enclosed by this surface. Using Newton’s law of gravity as formulated
locally, we have

V. F(F) = —mV*¢(F) = —4nmGp(7),
where ¢ (r) is the gravitational potential, p(7) is the mass density at a point with

position vector ¥, and m is the mass of a test particle at this position. Inserting this
into Gauss’ law gives

Anr’F(r) = —47[Gm/,o(7)dV

The value of the integral at the right-hand side depends upon whether the boundary
surface of the integration volume is inside or outside the mass distribution. We get

GMm >
Faoy=|_r "=k
0 r <R
Defining zero potential infinitely far from the mass distribution, the potential at a
finite distance r from the centre is found by calculating the (negative) work performed
to move a particle downwards from the zero level to a distance r from the centre,

,
| r —fGr—szrz—GerzR
¢(?):—n—1/F~d§: O;; .
o —[Zdr=-SMr <R
o0

(b) To calculate the gravitational potential outside an inside a sphere of constant
density we use the same procedure as in point (a). Outside the sphere the result
becomes the same as in point (a). Inside the sphere we now get

[ 4T 4 3
0

Hence,
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GMmr3?

4r?F(r) = —dw 3

The gravitational force outside and inside the sphere is then

L [—GMug, s R
F(r)= Gim = .
— = rr <R

This leads to the gravitational potential

_M r>R

P(r) = {_G'M(mﬁrz) R

2R3

1.3 Frictionless motion in a tunnel through the Earth

In order to find the equation of motion of a particle moving without friction in the
tube under the action of gravity only, we insert the expression for the gravitational
force inside a sphere from Exercise 1.2 into Newton’s 2. law and get

GMmr

mi = e

This is the equation for harmonic oscillations with period

R3
T =21 —.
GM
This is just +/3 times the period of the tidal force pendulum at the surface of the
Earth (see Exercise 1.1). The period is 1 h and 24 min.

(b) The figure illustrates the situation with a tube not passing through the centre of
the Earth, but having a closest distance s from the centre.

Here x = r sin 6 and the component of the gravitational force upon the direction
of motion of the particle is
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. GMmr GMm
Fy=F(r)sin = —————sinf = —
R3 R3

Hence the equation of motion takes the form

GMm
R2

mx = — x.

This gives the same period as when the tube passes the centre of the Earth, showing
that the period does not depend upon the direction of the tube. Using this procedure
(and neglecting friction and the rotation of the Earth) it takes about 42 min to travel

from an arbitrary point on the surface on the Earth to whatever other point on the
Earth, and the traveller would be weightless during all of the travel.

(c) The equation of motion of a satellite moving in a circular path around the Earth
at the surface of the Earth takes the form

GMm v?
R "R

where v is the velocity of the satellite. Hence, the velocity is

Since the magnitude of the velocity is constant, the time taken to move around

the Earth is
27 R R3
Tc = — =21,/ —,
v GM

which is equal to the period of the frictionless motion through the tube.
1.4 The Earth-Moon System

(a) The Earthand the Moon have positions 7;, 7y and masses M ;, M, respectively,
as shown in the figure.
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™M — TJ ™

"]

The equations of motion for the Earth and the Moon are

" i GM;My .
Myrj;=—-Myry = ———=(@u —ry).
lrme — 7yl
The position of the centre of mass is
2 M7y + Myry
CM - .
M;+ My

Since there are no external forces on the Earth-Moon system the mass centre is
at rest. We may therefore choose a coordinate system co-moving with an inertial
reference frame, in which the mass centre is at the origin, M;7; = —Myr;.

We shall show that there is a solution where the Earth and the Moon are moving
in circular orbits around their common centre of mass. For the Earth such a motion
may be represented by

xj(t) = Asin(wt), y;(t) = Acos(wt).

where x; and y; are the components of the position vector 7, and A is the distance
of the Earth from the mass centre. Hence the motion of the Moon is given by

@) = — L A (wt) () = -=L (wrt)

X A sin(wt), A cos(wt).

M My Im My

T'he x-component of the equation of motion of the Earth can now be written

GM; M M
Mot Asin(wt) = #A(l + —’) sin(wt).

[Py — 7yl My

Giving
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GM M
w® = %(1 + —M)
[Fy — 7yl M,

Furthermore

M

_ 2 2 I
- — + =Al1+ .

lrm =1y \/(XM X))+ (m = y1) ( v )

Hence the equation of motion is fulfilled for the circular path if

GM
W4t = CMu
(1+M;/Muy)

Inserting the values of the gravitational constant and the masses of the Earth and
the Moon together with the period of the Moon’s motion, T = 27.3 days, we get
w=2m/T =2.66 x 107%s~!. Hence the radius of the circular motion of the Earth
is A = 4670 km, and that of the Moon’s motion (M;/My)A = 3.8 x 10° km.

(b) The gravitational potential of the Earth—-Moon system is the sum of the potential
of each of the bodies. Along the line connecting the Earth and the Moon we get

GM; GMy
R-—r’

¢(r) = —

where r is the distance from the centre of the Earth, and R is the distance between
the centres of the Earth and the Moon. The gravitational force upon a test particle
with mass m is

GMJm GMMm
2 + 2°
r (R—r)

F(r)=—

This force vanishes at two points given by

M,:l:«/M,MMR
r=——————R.

M; — My

Inserting the Masses of the Earth and the Moon and the distance R = 3.8 x 10° km
gives 1| = 3.46 x 10° km and r, = 4.32 x 10> km. The first one is between the
Earth and the Moon, and the second one is beyond the Moon.

(c) The difference between the Moon’s attraction upon a particle with mass m at
a point on the surface of the Earth closest to the Moon and at the most remote
point is

_ GMym GMym 4 Rg
(R—Rg)*> (R+Rp)?
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where Ry is the radius of the Earth. This gives AF =2.2 x 107°N.

1.5 The Roche limit

(a) A Moon with mass m moves around a planet with mass M. A stone with mass i
on the surface of the Moon is acted upon by the gravitational field of the planet
and the Moon. Calculating with absolute values, the gravitational force acting
upon the stone towards the planet is equal to the gravitational force due to the
planet minus the gravitational force due to the Moon,

Fo GMu _Gmy,
r—R? R?

3

where R is the radius of the Moon and r the distance between the centres of mass of
the Moon and the planet. The centripetal acceleration of the stone is

F GM Gm GM R\ Gm
a = — _—1 —F

,uz(r—R)z_F_ r2 r

Since R « r we can use the series expansion
giving

The Moon has a centripetal acceleration

GM
ag = 5 -

r

In order that a stone at the point of the surface of the Moon closest to the Earth shall
not be lifted up from the surface of the Moon, the centripetal acceleration of the stone
cannot be larger than the centripetal acceleration of the Moon. So the acceleration of
the stone must obey the condition a < ay. Inserting the expressions above this gives

2MR

73

2M\ '3
r> (—) R.
m

m
< —
~ R

or
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The right-hand expression is called the Roche limit. If a Moon is inside the Roche
limit of the Moon-planet system, matter will be drawn from the surface of the Moon
towards the planet. Similarly, if a planet is inside the Roche limit of the planet-star
system matter will be drawn from the planet onto the star. Or if a star is inside the
Roche limit of a system consisting of the star and for example a super massive black
hole at the centre of a galaxy, matter will be drawn from the star into the black hole.
This is an essential part of the mechanism behind guasars.

(b) From the observations of what happened to the comet Shoemaker—Levy 9 when
it passed Jupiter in 1992, it is reasonable to assume that the smallest distance of
the comet from Jupiter was equal to the Roche limit of the comet-planet system.
Then the radius of the comet nucleus is given by

m 1/3
R = (—) S.
2M

Inserting m = 2.0 x 10> kg, M = 1.9 x 10*” kg and s = 96, 000 km gives
R =775m.

Solution for Chapter 2

2.1 Robb’s Lorentz invariant spacetime interval formul

Consider Fig. 2.2. We shall find a formula for the invariant spacetime interval Assp
between the emission event A and the reflection event B of a light signal reflected
by a mirror, in terms of the emission point of time ¢4 and the point of time #» when
the reflected light signal arrives back at the emission position.

Our point of departure is the usual Formula (2.41) for the invariant spacetime
interval, the Einstein synchronization Formula (2.1) and Eq. (2.2). Hence we have

1 c
Atpp = E(tA +1tc), Axap = E(fc —14),

and

2 2
2 24,2 2 ¢ 2 ¢ 2 2
Asyp =" Atyp — Axyp = Z(tA +ic) — Z(l‘c —14)” = Ctatc.

Hence we arrive at Robb’s formula

ASap = C/talcC.
2.2 The twin paradox

(a) Inthe reference frame of the Earth A travels with a velocity v = 0.8c. B remains
at the Earth. Hence according to B the travel takes 8 light years/0.8 ¢ = 10 years.
Hence B sends 10 greetings.


https://doi.org/10.1007/978-3-030-43862-3_2
https://doi.org/10.1007/978-3-030-43862-3_2
https://doi.org/10.1007/978-3-030-43862-3_2
https://doi.org/10.1007/978-3-030-43862-3_2

418 Solutions to the Exercises

Let us now describe the situation as seen from the reference frame of A. The
twin A thinks of himself as at rest while the Earth and Alpha Centauri travels with
the velocity v = 0.8c. Hence the distance between the Earth and Alpha Centauri
becomes length contracted to L4 = L/1 —v%/c? = 2.4l.y. The time taken for
Alpha Centauri to arrive at A is therefore 2.4 1 y/0.8 ¢ = 3 years. The return trip takes
the same time, so A sends 6 greetings.

(b) The figure shows the world lines of the twins and the signals.

The figure shows that the twin A receives his first greeting at the moment he
arrives at Alpha Centauri. He receives the 9 other signals from B at the return travel.

(c) The figure shows that B receives the first greeting from A after 3 years, the next
after 6 years and the last year he receives the 3 signals A send during the return
travel.

(d) Duetothe Doppler effect alight signal sent by A with a frequency v, is measured

by B to have a frequency
1—v/c
= V4.
14+v/c

Hence, if the emitted frequency is 1/year, the received frequency is 1/3 years, and
during the return travel the received frequency is 3 signals per year.

VB

2.3 Faster than the speed of light?

(a) The situation is schematically illustrated on the Figure. The radiation source
is moving from A towards B with a velocity vy. The arrows at the bottom of
the figure point towards an observer at the Earth. Here 6 is the angle between
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the direction of motion of the light source and the direction of sight. We now
consider light emit at A and B. The point A’ has the same distance from the
Earth as B. We see from the figure that
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a , a
AB = —— AA' = .
sin @ tan 6

The difference in arrival time on the Earth for light emitted from A and B is

AB AA a a
Af = — — — = - _
Vg c vosind  ctan@

giving

1 — (vo/c)cosb
=—qa.
Vg sin 0

At

(b) The observed transverse velocity normal to the line of sight is

a Vg sin 6
e
At 1 — (vy/c) cos O

Hence, the velocity of the light source is

v
~ sinf 4 (v/c)cosh’

Inserting v = 10c and # = 10° gives vy = 0.998c¢.
The observed transverse velocity is larger than c if

c
> .
sin@ + cos @

with @ = 10° this requires vy > 0.86¢.

2.4 Time dilation and Lorentz contraction

)

(a) Theformula for the time dilation is AA—;) =

andv:c/l—#.

In the present case % = 0.6 giving v = 0.8c.

X |=
[

2
=,/1—%. Hence 5 =1 —
v

ﬁNl <

(b) Let L, and L, be the components of the rod in the x- and y-directions, respec-
tively, as measured by an observer following the rod. As measured by this
observer the angle 6, which the rod makes with the x-axis, is given by

™~

y

tanfy = —
L,
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As measured by an observer at rest on the x-axis the component in the y-direction
is unchanged, and the component in the x-direction is L, /y. Hence this observer

measures that the rod makes an angle 6 given by

y

tanG:yL—;C.
Thus
1w
y 2 tan@’
giving

<tant90)2
v=oc,/1— .

tan 6

With 6y = 7/4 and 0 = /3 we get v = /2/3¢c ~ 0.82c.

2.5 Atmospheric mesons reaching the surface of the Earth.

(a) The travel time of a muonis 7 = % = 34 x 10~ %, or 21.8 half lives. Thus the
survival rate is I /Iy = 2728 ~ 0.3 x 10~°. Hence only 3 of ten million created
muons in the upper atmosphere reaches the surface of the Earth.

(b) Due to the relativistic time dilation the actual half life of the travelling muons is
t=yty= 1’0 ~ 5ty = 7.8 x 107%s. Then the survival rate is 0.049 meaning

172

-z
that 4900 of ten million muons reach the surface of the Earth.

(c) As observed by a co-moving observer with a muon its half life is 1.56 - 10%s.
But as measured by this observer the distance is Lorenz contracted to L =
(1/y)Ly = 2 km. Hence the survival rate is in agreement with the result of the

Earth-bound observer.
2.6 Relativistic Doppler effect
Solving the equation for the redshift with respect to the velocity we get

(1+2)?% -1
v=—2.
1+2°+1

Since |z| < 1 in the present case, we can use the approximation (1 4 z)? ~
1 4 2z. This gives to 1 order in z, v & zc. For the centre of the Andromeda galaxy
z = —0.0004, giving v = —120 km/s. This means that the Andromeda galaxy moves
towards the Milky Way galaxy with this velocity.
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2.7 The velocity of light in a moving medium

The velocity of light in a medium with index of refraction, n, moving with velocity
v 1is

uo+v S+v  c+nv

Tl My 4Ly nc+vc'
C nc

This formula is exact. In most applications v < ¢ and one uses an approximate

formula,
cl+2 ¢ v 1o ¢ 1
w=—" ¢ %—(1+n—) -2~ S uf1-=).
nl+> n c nc n n?

2.8 Cherenkov radiation

The geometry of the light cone formed when a source of light passes through a
medium having index of refraction n with a velocity v greater than that of light in
the medium is shown in the Figure (From Wikipedia: https://en.wikipedia.org/wiki/
Cherenkov_radiation#/media/File:Cherenkov.svg

We see from the figure that the angle 6 is given by cos 6 = -=.

n

(a) In order that the electron shall emit Cherenkov radiation it must move through
the glass with a velocity v > ¢/n. Hence the threshold kinetic energy in order
that it shall emit Cherenkov radiation is

1
K=————1|mc*= <L - l)mecz.
v1—v%/c? n? —1

Inserting the given data gives K = 0.29 MeV.


https://en.wikipedia.org/wiki/Cherenkov_radiation#/media/File:Cherenkov.svg
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(b) The limiting velocity for increasing energy is v — c. In this limit the angle 6
approaches O, given by cos Opax = % From the figure is seen that the corre-
sponding maximal half angle is given by sin ¢y = %, Inserting the refractive
index for glass gives ¢max = 50°.

2.9 Relativistic form of Newton’s 2. law

Using the chain rule of differentiation we first differentiate y = (l —v?/ (:2)71/2,

dy 1 2 =172 v\ dv ;v dv
L (=) (2 ) T = S
dt 2( /<) c2/ dt ¢ dr
The momentum of the particle is p = ymgv. Differentiating we get
1 dp dy dv ;v2dv dv 2 v? dv 1 dv
———=V—+y ==y 55—ty —= .
mg dt dr ¥ dr ¥ c? dt ¥ dr ¥
Hence Newton’s 2. law has the relativistic form

5, dv
F:)/ moa.

2.10 Lorentz transformation of electric and magnetic fields
We write out Eqgs. (5.281) and (5.282) in component form
0B, 0B, 0B,
ox ay 0z
dE, OJE, 0B, 0E, OE; dB, 0E, 0E, 0B

dy dz ot 9z ox At dx ay ot

=0,

Inserting the transformations of the partial derivatives into the y-component of
the second equation, we get

JAE, oE 0E JB JoB
—_)/< Z+U z):_<_y+v Y)'

37/ ax’ e ot at/ dx’

This equation shall be compared with the similar Maxwell equation in the marked
coordinate system,

9E, OE. 9B
9z ox’ o

Hence, we rearrange the above equation as follows

IE, 0
9z ox'

ol v
y(E.—cB,) = ——y (B, - E.).
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Requiring equivalence of these equations gives the transformation equations
, v
E. = E, E.=y(E.—vB), B, = y(By — ;E)

Using all the Maxwell-equations in this way we end up with the transformation
equations of the electric and magnetic field

E; = Ex’ B)/( = Bx’
E,=y(E,+vB.). B, = y(B, - 5E.)

E, = V(Ez - UB,V)’ B, = V(Bz + C%E))

Solutions for Chapter 3

3.1 Four-vectors

(a) The scalar products of the vectors with themselves are

A = (48, +36, + 26, + &) - (46, + 36, + 26, + &) = 2,
- B = (5, + 42, + 32,) - (5¢, + 4é, +3¢,) =0,
-C = (& +2¢, +3¢,+4¢;) - (¢, + 26, + 3¢, +4¢.) =28

Qi Ucl D>1

(b) We now assume that A-B =0.1If A is time- like, i. e. A-A < 0, we may chose a
basis where A points in the time direction, A=A" éy. Then A-B=-A" B’
Hence, the condition A-B=0 requires that B" = 0, which means that B is
space-like.

If A is light-like, then A-A=0. Assume now that B is time-like. Hence, we can
chose a basis where B = B’ &,. This gives A - B = —A" 1_3’ . The vector component
A" cannot vanish since A is light-like. This means that A - B # 0 in contradiction
to the initial assumption. Thus B cannot be time-like. .

If both A and B are light-like we may choose a basis where A = A(ey + €,).
Then A - B = A(—B" 4+ B*'). In this case A - B = 0 implies that B¥ = B, giving
B-B = (BY) + ()" Since B is light-like B - B = (B*)" + (B7) = 0 which
requires B* = B%. Hence B=B" (éy + é,) showing that the vectors A and B have
the same direction; i.e. they are proportional to each other.

IfAis space-like we may chose a basis in which only one of the spatial components
of the vectors are is different from zero, say A= A" ‘e, This gives A B =
A¥' B*, and hence B = 0. There are, however, no further requirements on the other
components of B. This means that the vector B can be either time-like, light-like or
space-like.
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(c) A Lorentz transformation along the x-axis has the form, measuring distance in
light seconds so that ¢ = 1,

t' + vx’ x' + vt

J1=02 V1=02

where v is the relative velocity of the reference frames. We now define the velocity
parameter 6 by tanh 8 = v. Using the relationships

1 tanh 0
cosh® = ——— sinh§ = ———

V1 —tanh?6 V1 — tanh2 6

The Lorentz transformation takes the form
t =t coshf + x’'sinh®, x =x"coshf +¢'sinhh, y=y, z=7.
Hence the transformation matrix becomes

cosh @ sinh6 00

AL dx" | sinh@ cosh6 00
KT gxme T 0 0 10
0 0 01

(d) The 4-velocity i is a vector in 4-dimensional spacetime. This vector may be
described by expressing its components in a chosen basis. But the vector itself
exist independently of any basis. This is expressed mathematically by

/-

u=u"e, =uey,

where the components u* and u* depend upon the basis, but i is independent of it.
The component of the 4-velocity in an arbitrary basis are given by

u=y(l,0),

where U = (dxi/dt)Zi is the ordinary velocity in 3-space and y = (1 - vz)il/z. The
3-velocity is not a vector in 4-dimensional spacetime. It depends upon the reference
frame of the observer.

It follows from the 4-velocity identity, # - # = —1 that u is a time-like vector.
Also the 4-momentum p = mii is time-like. In the limit m — 0 the 4-momentum
becomes light-like.
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The energy of the particle with rest mass m and 3-velocity ¥ is E = ym. The
velocity of the observer is 1,5, = (1, 0). Hence

E = _Izabs ' ﬁ
This formula is valid independent of the basis.

3.2 Tensor product

(a) We get
a ®/§(Eo,51) =app1 =0, @@q(go,gl) = Boor; = —1.

Hencea ® B # B ® .

(b) Calculation of all the components of o ® 8 give

-1010
-1010
0000
0000

a,u,Bv =

The symmetric part of @ ® 8 has components

-2-110

1 Il -1010
o= et ran) =3 000

0 000

and the antisymmetric part of « ® B has components

0 110
1 1[-1010

b =5 (@b —abi) =5y o
0 000

3.5 Symmetric and antisymmetric tensors

We have
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01 00
T _ 1-1 02
20 01
1 0 -20
1. The symmetric part of this tensor is
02 2 1
1 2-20 1
T(Olﬂ) —_ _ Tvtﬁ Tﬂa ——
2( + ) 20 0 —1
12 -10
The antisymmetric part of the tensor is
00 —2-1
1 00 0 1
T — Z(T7%F _ TPy — _
2( ) 20 0 3
1-1-30
2. The mixed components of the tensor are
01 00
—1-10 2
TS = T =
g = Nou 20 01
-1 0 =20
3. The covariant components are
0 -100
—-1-10 2
TO( = Nu vTW}Z
-1 0 =20

(b) TItis not possible to define a symmetric or antisymmetric part of a mixed tensor
because it is not allowed to exchange a vector by a form in the argument.

3.4 Contractions of tensors with different symmetries

SinceA is antisymmetric we may write
1

AO(ﬁ — _(Aotﬂ _ Aﬂa),
2

and since B is symmetric we may write
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1
Bup = E(Baﬁ + Bga)-
Hence, we get
A" Bup = %(A“ﬂ — AP)(Bup + Bpa)

1 9
:Z(A“ﬂ Bug + A%’ By, — AP*Boy — AP By, )

1 1
AP Chp = E(A“ﬂ — AP Cop = E(A“ﬂcaﬂ — AP Cyp)

1 1 ’

= 5 (A7 Cap = A" Cpo) = A 2 (Cop = Cpa) = A Clup)

1 1
By D = E(Ba,gD“ﬁ + Bgo D) = Baﬁz(Daﬂ + DP*) = B,z DP),

3.5 Coordinate transformation in an Euclidean plane

(a) The given transformation can be written
x 21\ [ x
y) o\t 1 )\y)
This means that we have a transformation matrix M jf given by x' = M! x' which
is
i’ 2 -1
M = .
()
The inverse transformation matrix is given by Ml-"/M ; = 8;/, and is

. 1 —
mi =~ (1),
m=3\1 2

(b) The transformation of the basis vectors is &y = M/;, giving
Go=(1/3)(E— &), &y =(1/3)(3 +22,).

(c) The scalar products of the basis vectors in the {x’, y/}-system are

- - . . I 2 L 1. - - -

ey ey = §(ex - gy) . (ex — ey) = 5, €y €y = §(ex + 2€y) . (ex + Zey)
5. . . . - - . .

=g ey = §(ex —&y) - (éx +2¢)) = —5 =& e
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Hence, in this system the covariant components of the metric tensor are

2
srr=9\ 15 )

(d) The line-element in the {x’, y'}-system is
ds? = gy pdx’dx/" = (1/9)(2dx'? + 5dy'? — 2dx'dy’).

(e) The vectors &' can be expressed in terms of the Cartesian basis vectors &, and

€ by
it Y 2—1\ /e,
a)l = M[l e = N s
1 1 ey

s - J—; -
of =26 —é, & =é,+é,.

giving

The scalar products of these vectors are

@" 0" = (28— 8)) (26— &) =5 & & = (6 +&) (e +8) =2
& o = oY = (25); - gy) : (Ex + Ey) =1 ‘

Hence, the contravariant components of the metric tensor in the {x/, y/}—system

are
i (5]
& =\12)

Solutions for Chapter 4

4.1 Relativistic rotating disk

We use units so that the velocity of light is ¢ = 1.

(a) Let dI be the physical distance measured by standard measuring rods at
rest in the reference frame between two points with coordinates (r, ¢) and
(r + dr, ¢ 4+ d¢), where (r, ¢) are co-moving coordinates with a frame RF rotat-
ing with angular velocity w. A radial distance d/, = dr is equal to that of the
non-rotating inertial system IF of the axis. A physical distance, In the tangential
direction the standard measuring rods will be Lorentz contracted, and therefore

the measured distance will be larger in RF than in IF, d/y = (1 — r2w2) 71/2rd¢.
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Using the Pythagorean rule the square of the distance of an interval with both a
radial and tangential component is

2

2 _ 472 2 _ 2 2
AP = dI} +dIf = dr* + ———dg”.

Hence

2

) = 15 ) = T 5 5-
fi(r ) f(r.9) =
The distance in the radial direction between the axis and a point with coordinates
R is [, = R. The distance around a circle with this radius is
- 27 R
v V1= Rw?

Since the observer finds that /5 # 27 R he will conclude that the geometry is not
Euclidean. On a positively curved surface (for example a part of a spherical surface)
the periphery is less than 27 R and on a part of a negatively curves surface (saddle
like) it is larger. Hence the observer concludes that the simultaneity surface with
constant z is negatively curved in the rotating frame.

(b) In order to express the line-element
ds? = —dr* + dx? + dy?

in terms of 7, X and y we must first use Egs. (4.54) to express ¢, x and y in terms of
f, X and y. This gives t = f and

x =rcos(wt + ¢) = rcos ¢ cos(wt) — r sin ¢ sin(wt) = X cos(wt) — y sin(wt),

y = rsin(wt + ¢) = r sin ¢ cos(wt) + r cos ¢ sin(wt) = y cos(wt) + X sin(wt).
The differentials are df = df and

dx = cos(wf)dx — sin(wf)dy + (—ox sin(wf) — wy cos(wi))dr,
dy = sin(wf)dx — cos(wi)dy + (—wy sin(wi) — w cos(wf))d7.

Squaring and inserting the result into the line-element above gives the form of the
line-element in the rotating frame

ds* = —=[1 = (&2 + %)@’ ]d* + d¥* + dj” — 2§wdidF + 2wididy.
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Fig. 4.12 In arotating frame
the path of a light signal
emitted from the axis is an
Archimedian spiral

(c) Alightsignalisemitted from the axis of RF. As observed from IF the light moves
along a straight radial curve in 3-space, say along the x-axis, x = ¢, y = 0.
Inverting the coordinate transformation above we get

X = xcos(wt) + ysin(wt), y = —xsin(wt) + y cos(wt).
Inserting x = ¢, y = 0 gives
X =tcos(wt), ¥y =tsin(wt).

This is the equation of an Archimedian spiral in parametric for, as shown in
Fig. 4.12.

Using that r = /X% + ¥? and the physical interpretation of the line element for
a time-like interval, ds? = —dz2, we see from the line element that the proper time
interval for an observer at rest in the rotating frame, i.e. with constant values of x
and y is related to a corresponding coordinate time interval by

dr = V1 — r2e?dst.

The frequency this observer measures may be written v = dN/dr, where dN
is the number of wave fronts passing the observer during the time interval dz. The
frequency of the emitted light is vy = dN/df. Hence, the observer measures the
frequency
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dN  dN dt Vo
Nk

Tdr drdt . 1-r2e?

This frequency is larger than the frequency at the axis. In the rotating frame the
observer experiences a gravitational field away from the axis. Hence he concludes
that light moving downwards in a gravitational field gets an increased frequency.

(d) We shall describe the synchronization process from the point of view of an
observer at rest in the laboratory frame. A Lorentz transformation from the
rotating frame to the laboratory frame gives a time difference for two neigh-
bouring clocks with the same distance from the axis and angular coordinates ¢
and ¢ + A¢ that are synchronized in the rotating frame,

At =y (At + RowAly) = y*RPwA¢

where we have used that At = 0 for the synchronized clocks and that their distance in
the rotating frame is Al, = y RA¢. Integrated around the disk the angular difference
is 27. It follows that the clocks at (R, 0) and (R, 2r) will have a time difference
27 y?R?w. But these clocks are at the same position on the disk. So it is not possible
to Einstein-synchronize clocks globally on a rotating disk.

(e) Inthe cylindrical coordinate system co-moving with the rotating reference frame
the spacetime line-element has the form

ds? = —(1 — r2w?)dr® + dr? + r2d¢? + 2r’wdedr

The non-vanishing d¢ds—term means that the coordinate basis vectors are not
orthogonal. We shall find the vectors in an orthonormal basis field co-moving with
RE

Let us start by the time-like unit basis vector. It shall have the same direction as
é. Hence, according to Eq. (4.57),

EA _ Z, g[ Ef Z;
1 = T = = =
e Ve e virml /1 —r20?’

I, V1 —=r2w?/c? rw/c? .
~ . qu = 6¢ ~|— e[.
r V1 —=r2w?/c?
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Fig. 4.13 The lines
represent simultaneity planes
in the accelerated frame AF.
They are not simultaneous in
the inertial frame IF. The
curves are world lines of
reference points in AF
plotted with reference to IF.
Three sets of basis vectors in
the orthonormal basis field
co-moving with AF are also
shown

433

4.2 Uniformly accelerated system of reference

(a) It follows from the given coordinate transformation (4.91) that

= tanh(at)X, X>—T?=x’

For t = constant the first of these equations describe a set of straight lines in the
(t, X)-system that represent simultaneity planes for the reference particles of AF
at different points of time. For x = constant the second equation represents a set
of hyperbolae. They are the world lines of fixed reference points in the accelerated
reference frame as referred to the instantaneous Inertial rest frame IF of the particles
at the point of time 7' = 0. These sets of lines and curves are shown in the Minkowski

diagram4.12.

(b) In IF there is Minkowski metric

“11
M=\ "1 1)

We can find the line element ds? by applying the transformation matrix

A
MM_

=5
S

_ (ax cosh(at) sinh(at) >

ax sinh(at) cosh(at)

]
S

5
~
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to the components of the metric tensor. This gives

g = M*M?n;5 = —[ax cosh(at)]? + [ax sinh(ar)]* = —a?x2,
gix = M!"Mn;5 = —ax cosh(at) sinh(at) + ax sinh(at) cosh(at) = 0,
gxx = MY My = [sinh(at)]* + [cosh(at)]* = 1.

Hence, the line-element takes the form
ds? = —a’x2dr? + dx?.

(c) We now consider a fixed particle in AF moving along one of the hyperbolae in
Fig. 4.13. Using the transformation 4.91 we find that Its velocity in IF is

dX dX/dt  xasinh(at)
V= — = =
dT dT/dt  xacosh(at)

= tanh(at).

and its acceleration

dv dr dv 1

dr ~ dT dr x cosh’(at)’

Lorentz transforming the acceleration to the instantaneous rest frame of the
particle gives

g=(1— v2)73/2d_v _ ( 1 )3/2 1 _ 1
daT 1 — tanh®(at) xcosh3(at) x’

Since the particle has a constant value of x in AF it follows that the proper
acceleration of the particle is constant.

(d) The time axis of an orthonormal basis co-moving with an instantaneous inertial
rest frame of AF is equal to the four-velocity of the reference particles in AF,

- dr 1.
e = Ee, = Eé‘l.

Since the metric is diagonal the coordinate basis in AF is orthogonal, and since
the values of the spatial components of the metric tensor are equal to 1, the spatial
basis vector in the orthonormal basis is ¢; = ¢,. The basis vectors ¢; and ¢, measure
unit distance in the time- and spatial directions, respectively. Hence &, has unit
length in the spatial direction, but €, = axé; does not measure unit length in the
time direction. Along the world line of a reference particle in AF x is constant. The
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time-like coordinate basis vector has unit length along the world line of a reference
particle with x = 1/a.

We see from Figure 4.13 that AF does not cover the region |f| > |x|. From the
line element it is seen that there is a coordinate singularity at x = 0. The relationship
between the proper time in AF and the coordinate time is dt = axdr, where the rate
of coordinate time is position independent. Hence at x = 0 time does not proceed in
AF.

(e) The accelerated reference frame AR is required to move in a Born rigid way.
This means that all the points on the x-axis move in such a way that the rest length
of all elements of the x-axis remains unchanged. As observed in IF the elements
then get an increasing Lorentz contraction due to the increasing velocity.

We now think of a part of the x-axis in AF as a rod with rest length L. All the points
of the rod move with constant proper acceleration. In AF the front end of the rod is at
X = X, and the rear end of the rod has a position x = xo — L. The position in IF of
a point with coordinate x in AF is given above by the by an equation of a hyperbola
which may be written X = +/T2 + x2. Differentiation gives the coordinate velocity
as measured in IF

dXx T

=@ = U
Hence, the velocity of the front end of the rod and its rear end is

T T

— V= ——
ST+ 22 VT2 + (x0 — L)

We see that the rear end of the rod moves faster than the front end. This is due to
the increasing Lorentz contraction. As observed in IF the rod becomes shorter due
to the increasing velocity.

All points of the rod have to move slower than the velocity of light. The longer
the rod is the faster its rear end moves. We have the limit lim = 1. Hence if the rest

L—xo

length of the rod approaches x( the velocity of its rear end approaches that of light.
In this limit the rear end of the rod falls together with the origin of the x-axis which
also represents the limit in the backwards x-direction of the accelerated reference
frame.

The motion of this limiting point can be inferred from Fig. 4.13. For negative
time the reference frame moves in the negative x-direction with decreasing velocity.
Then the rod has a decreasing Lorenz contraction. It gets longer, and the left end of
the rod moves faster than the right one. As observed in IF the origin of the x-axis
approaches the origin in IF with the velocity of light. At the point of time 7 = 0 the
motion is reversed, and the limiting point moves in the positive X-direction with the
velocity of light.

Vi =
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Fig. 4.14 World lines of Tl
Earth, light signals from the

Earth g S
Earth and the spaceship space ship

4.3 Uniformly accelerated spaceship

(a) A spaceship moves with constant proper acceleration g = 10m/s. The position
of the spaceship as a function of its proper time is given in Eq. (4.62),

2
X = C—cosh(ﬁ) +k,
g c

where k is a constant of integration. The spaceship starts at X = 7 = 0 giving
k = —c?/g. Hence,

2
X = C—[cosh(£> — 1].
g c

We shall find the distance which the spaceship has moved during a proper time
T = l0years. There are 3.15 x 107s in a year, and a light year is 9.46 x 10"m.
Hence the acceleration of gravity at the surface of the Earth may be expressed as
g = 9.8 m/s> = 1.03Ly./y>. This gives c*/g = 0.97Ly. and for T = 10y. we get
g7/c = 10.3. Inserting this in the formula above gives X = 1.44 x 10*Ly..

(b) InFig. 4.14 we have shown the world lines of the spaceship and of light signals
emitted from the earth.

This figure shows that light signals emitted from points on the X-axis with negative
values of X will never arrive at the spaceship even if the spaceship always travel slower
than light. If the Earth is at a position Xz and the spaceship departs at a point of time
T =0, a light signal emitted from the Earth later than T = Xg/c = ¢/g will never
arrive at the spaceship. Hence there is a horizon far down in the gravitational field
experienced in the spaceship, at a position Ax = Xy = ¢?/g lower than the initial
position of the spaceship.


https://doi.org/10.1007/978-3-030-43862-3_4

Solutions to the Exercises 437

A light signal emitted from the Earth at a point of time T is received at the
spaceship at a point of time 7z. We shall find the emitter time 7 corresponding to a
receiver time g = 10 years. The position in IF at a point of time 7 of a light signal
emitted at a point of time T from the Earth at Xz = 0 is

X = o(T — Tg).

The position of the spaceship at this point of time is

2 T 2
x=5 1+<g—) —1
8 C

Putting the two expressions for X equal to each other and solving the resulting
equation with respect to T gives

T T\?
Te=S[14+ 85 - 1+(g—>
g c c

The transformation to the proper time t of the spaceship is

T
T = Esinhg—.
g c

Using this in the expression for Tg gives

c T T
Tg = —(1 + sinh 8tE _ cosh g—E)
g c c

Inserting the acceleration of gravity at the surface of the earth, g = 9.8m/s?> =
1.031.y/y? gives c¢?/g = 0.97L.y. and for T = 10y we get g7z /c = 10.3, which gives
Tr = 0.97years.

The expression for the point of time of emission of the signal can be written

Ty = E(1 — e—g?).
g

It follows that lim 7T = c/g. Hence, signals emitted later than at Ty = c¢/g are
TE—>00

not able to reach the spaceship.

(c) Due to the Doppler effect the frequency of the signals is less than the frequency
observed at the emitter. The frequency v measured in the spaceship is given by
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1—-v/c 1 — tanh(gtg/c)
V= [ ——yy= | ————
14+v/c 1 4 tanh(gtg/c)

where vy is emitted frequency measured on the Earth, and tg is the point of time
measured on the spaceship when the signal is received. The formula in point b) for
the emission point of time may be written

1 —tanh(gte/c) | gTg
1 +tanh(gte/c) c

Hence the frequency of the received signal measured on the spaceship is

(1-5%)
v=|1—-—=—v.
c

The velocity of the spaceship increases, and the observed frequency decreases due
to an increasing Doppler effect. Since signals emitted later than at Tg = ¢/g will
not arrive at the spaceship, the expression for the frequency has physical meaning
only for T < c/g. The observed frequency at the spaceship decreases towards zero
at this limiting point of time.

4.4 Light emitted from a point source in a gravitational field

Consider a point like light source at the point x = x;, y = 0 in a uniformly
accelerated reference frame AF. Let a photon be emitted from the source at a point
of time + = 0. It is emitted in the (x, y)—plane in a direction making an angle 6,
with the x-axis. In the inertial laboratory frame IF the coordinates of the emission
eventis T = 0, X = x;. The photon follows a null-geodesic curve which in this
frame is a straight line given by

X =x;+cTcosby, Y =cT sinb,.
Using the transformation
T = xsinh(gt/c), X = xcosh(gt/c) Y=y

between the coordinate systems co-moving with IF and AF gives the equations for
the world lines of the photon in AF

X1 x1 sinh(gt/c) sin 6y
x = , = - .
cosh(gt/c) — sinh(gt/c) cos 6y Y cosh(gt/c) — sinh(gt/c) cos 6y

Dividing the expressions for x and y by each other, we get

sinh(gt/c) = — .
X sin 6y
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Fig.4.15 Lightrays and wave fronts emitted by a point particle in a uniformly accelerated reference
frame

Inserting this into the expressions for x and y gives an equation which may be
written as

2
x% + (y — x1 cotfp)* = ( s ) .
sin 6y

This is the equation of a circle with radius r = x;/sin6y. A set of these circular
trajectories and the corresponding wave front is shown in Fig. 4.15.

4.5 Geometrical optics in a gravitational field

(a) Asphere photographed from above. The situation described in the text is
illustrated in Fig. 4.16.
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Xy

Fig. 4.16 There is a camera at x = x| on the vertical x-axis in a uniformly accelerated reference
frame AF. The centre of a sphere with radius r is on the x-axis a distance b below the camera. Due
to the gravitational field experienced in AF a light signal does not move along a straight line, but
along a circle with radius R. Light emitted tangentially from the sphere to the camera makes an
angle 6 with the x-axis at the camera.

The radius of the circular light path is ¢?/g = 0.97 light years in the gravitational
field of the Earth, so the optical effects of the gravitational field are very small at the
surface of the Earth.

The camera P is at a position x = x;. The acceleration of gravity at the position
of the camera is g¢ = ¢?/x;. The centre of a sphere with radius r is a distance b below
P. A ray of light is emitted tangentially from a point on the surface of the sphere
such that it arrives at P. The angle 6 is half the apex angle.

We see from the figure that sin6, = x;/R and R? — x12 =(R—r)—(x; —b)?
which gives

X1 _)clz—i—rz—(xl—b)2 _;’2—i-2x1b—b2

sinf, 2r 2r

Hence

2rxi

ing, = —
S e = O b — 2

The half of the apex angle without the gravitational field is sin 6y = r/b. Inserting

this into the above expression and using that x; = ¢?/g gives

sin 6y . r/b
1— (gh/2¢?)cos? 6y 1 — (gb/2c?)(1 —r2/b?)’

sinf, =

This shows that as photographed from above the sphere appears enlarged.
(b) A sphere photographed from below. This situation is illustrated in Fig. 4.17.

In the present case the figure shows that R? — x12 = (R+7r)*> — (x; + b)*. Then
a similar deduction to that in point a) gives
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Fig. 4.17 Similar to the X
situation in a, but with the
camera below the sphere

sin 6y _ r/b
1+ (gb/2¢?) cos? 6y 1+ (gb/2c?)(1 —r2/b2)’

sin 6, =

This shows that as photographed from below the sphere appears diminished.

(c) The difference in 6 as photographed from above and below at the same distance
is given by

(gb/c?) cos? Oy sin 6y
1 — (gb/c2)2 cost @y

sinf, — sin 6, =

With b = 1m we get gb/c?> = 1m/0.97l.y. = 1.06 x 107!, Hence the dif-
ference, A6, between the angels 6, and 0, is very small. We can therefore use the
approximations

sinf, — sin 0, & sin(f 4+ Af) — sinf = sinH cos Af + cos 6 sin AG — sin O
~ A6 cosf,
and

2

gb . gr r
AO ~ C—2s1n9000s00 = ) 1-— =k

With r = 0.1m and b = 1m we can further use the approximation

Letting g = 9.8m/s? and r = 0.1m we get A9 ~ 1,0 x 107 This corresponds
to AO ~ 2.2 x 10~ 2arc seconds, which is beyond what we are able to observe.
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Solutions for Chapter 5

5.1 Dual forms

Let{e;} be a Cartesian basis in the 3-dimensional Euclidean space. Using a vector
A= A'é: there are two ways of constructing a form:

(i) By constructing a 1-form from its covariant components A; = g;; A’ :
A= Aydx'.

(i) By constructing a 2-form from its dual components, defined by
1 2 2 1 P 2
a=—a:dx' ANdx!/ = —SMIQA dx' A dx/
- 2= P

We write this form as a = xA, where » means to take the dual form.
(a) Given the vectors @ = &, + 2é, — &, and b = 2&, — 3¢, + ¢. .

We shall find the corresponding 1-forms A and B, and the dual 2-forms a = xA
and b = xB, and also the dual form 6 to the 1-form ¢ = dx — 2dy .

Since the space has Euclidean geometry with an orthonormal basis 8 = 8 i the
component of the 1-forms A and B are equal to the components of the corresponding

vectors A; = S;fAj and B; = S;fBj.
Hence,

A=dx+2dy —dz B =2dx —3dy +dz.
The dual I-forms @ = *A and B = xB have components o = s;;,;A’E and
B = &t BE. This gives

*A = —dx Ady —2dx Adz +dy Adz

*B = dx Ady 4 3dx Adz +2dy Adz

Given a 1-form o = a;d_xi = dx — 2dy. The 2-form 6§ = %o has components
afj = 8;]6120'/{ = Ollfjf = Slfjlggkldi which gives

0 =2dx Adz +dy Adz.

(b) Inserting the expressions for A and B found in pointa) in = A A B we find

0 = (dx +2dy — dz) A (2dx — 3dy +dz) = — Tdx A dy + 3dx A dz
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—dy A dz.

Calculating the vector product of A and B in the usual way we find

C=AxB=—é —3é —7¢..

We see that C and 6 have the same components, where C* corresponds to 6, and
so forth.

Let us show this in general. The components of the vector product are C¥ =
A" B Hence,

E ik

k
& 'kC - Sljkgmnk

; AT B = (8,87, — 8367, ) A" B" = ATBT — ATB.

im® jn in”jm
Since the exterior product of two 1-forms gives
9;]. = (A/\ﬁ);; = AEBJf — AjfBlf,

we see that with a metric g; ;= 8 there is agreement between the two expressions.
Note that if we replace &;,6+; B & ]m by gim&jn — &ingjm the deduction will
bevalid in an
arbitrary basis.

(c) Direct calculation gives

AAN%xB = (Aid) A (2 ”kBkw’ /\a)/)
= (Ang + Ay’ + A 0f ) A (BZQ AN’ — B0 A o* + B*wY /\QZ).
= (AxBx + A,B’ —i—AZBZ)Qx AW’ ANt = (A . é)g" A’ A ot

(d) The exterior derivative of A is

dA = A jo! Ao = (Ayy — Agy)e' A @
+ (Az,x - Ax.z)Qx A @t (Az,y - Ay.,z)Qy O

The curl of a vector is
VX A= (A%, —A)E — (A7, —A%L)8, + (A, —A,))e..
Hence

S\ k
(M)ij = Eijk <V X A)

(e) The exterior derivative of the dual *A is
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1 . | . .

_ k i J— (e Al k i j

dx A =Z(x4), w0 N A =S (eiAT) k0 A0 A w
= A ot A0 A 07

The exterior derivative of a scalar field f is

df = f. o'

Which has the same components as V f. Inserting A = d f in the expression for
d*x A we get

dxdf =V fo' A A &*

5.2 Differential operators in spherical coordinates

(a) Wefind the metric tensor by transforming from the metric in the Cartesian
coordinate system,

8x§ 8xf

8ij = dxi gxi 1’
The coordinate transformation is

x =rsinfcos¢, y=rsinfsing, z=rcosf

Hence, the transformation matrix has the elements

ax dx 9x . . .
g—, g_g %7’ sin6 cos ¢ r cosf cos¢ —r sin O sin ¢
_y _y l _ . . . .

o a9 35 | = | sinfsing rcosfsing rsinf cos¢
9z 9z 9z —rsi

o 36 g cos 6 rsin 6 0

Inserting this into the transformation formula for the components of the metric
tensor, we find the following non-vanishing components

g =1, g =r" oo = r?sin® 6.
This shows that the line-element has the form
dI?> = dr? + r*d6? + r? sin” 0d¢?
In the spherical coordinate system.

(b) The gradient of the scalar field f in the spherical coordinate system is gives by
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af . of . aof -
V = —e€; oA — _pA
f=are g T 54

The orthonormal basis vectors are given in terms of the coordinate basis vectors

as,
e =e¢i/leil =ei/Vei - = e/ /g

This gives
1 1

- - - -

G =e, &= -8,

e, = —ey.
¢ rsm9¢

Inserting these in the expression for the gradient gives

af . 1af. I af.
vi=g 429 -
F =t T a0% T aing 0p

(c) The curl of a vector is given as

v i 1 dA>  aA2\. N 1 aAl  aAd\_
X = —— — — ] _ | — — —— Je
V82833 \ 9x? 9x? ! Jggn \ 0x3 ox! 2

L] 9A2  9AT).
— | — — —5 ]es.
/811822 ox! 8x2
The components of the vector field in orthonormal basis are given in terms of its
coordinate component by
AT =4, AP =rA® A =rsineA?.

Using this together with the components of the metric tensor from point a) in the
above expression for the curl gives in spherical coordinates

L (a(sin9A¢) aA(?)ﬁ 1 <8A’ , 8(rA"’))q
e + —sinf €y

VXxA=— - -
r sinf a0 ap rsinf \ d¢ ar

RICEIRTAY
r ar 00 ¢

(d) The divergence of a vector field is given by
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where

is the volume form and |g| the determinant of the matrix formed by the components
of the metric tensor.
From Exercise 5.1 we have that the dual 2-form of a vector is given by

(*A),Aj = /Igleijn A",
where ¢; j; is the Levi-Civita symbol with €,44 = +1. Hence, we get

(d* é)m(p

V.A=
gl

In spherical coordinates we have

Vgl = r*sinb,
giving
(#4),, =r?sinfA?, (xA) = —r’sin0A,  (xA),, =r’singA".
The exterior derivative has only one component
(dxA),,,=(xA)ogr — (¥A) rg.0 +(*A) 1.9
=sin@(r*A"),, +r*(sin A%),o +r°sin@ A¢’,¢'
where we have used Einstein’s comma-notation for partial derivatives. This gives

V-A= % = l(;»ZA’) +L(sin9A9) +A?
r2sin 6 r2 " sin@ v e
We can also express the divergence of a vector in term of it components in an
orthonormal basis. Using that

. 1 5 1 .
AT=A" | A9=_—4A% A? — A
r rsin@

we get
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Fig 5.9 Geodesic curves on ;i
a non-rotating (dashed line) o
and rotating (solid line) disc

; 1
(sin@AO),g IRy

- 1y,
V.A= ( A) +
r2 rsin@

rsin @

Inserting A=V f, where V f is given in point b), we get the expression for the
Laplacian in spherical coordinates

1 1
V2f = ( 2 ’r)”+r (sm@fg) 9+ f¢¢

5.3 Spatial geodesics in a rotating frame of reference

InFig. 5.9, we see arotating disc. We can see two geodesic curves between P and P».
The dashed line is the geodesic for the non-rotating disc. The other curve is a geodesic
for the 3-space of a rotating reference frame. We can see that the geodesic is curved
inward when the disc is rotating. The curve has to curve inward since the standard
measuring rods along the curve are longer there (because of less Lorentz contraction
close to the axis where the velocity in the length direction of the measuring rods is
less). Thus, the minimum distance, i.e. the minimum number of standard measuring
rods along the curve between P and P,, will be achieved by an inwardly bent curve.
We will show this mathematically, using the Lagrangian equations.

(a) We first deduce the form of the tangent vector identity for the present case. The
line element for the space df = dz = 0 of the rotating reference frame is

2d92
d? = dr? + 1r 2
-3

o .
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The Lagrangian function for the spatial geodesics in the rotating frame is

Lol ] r26?
= —r -
2 21_r2w2

vl

where the dot means differentiation with respect to an invariant parameter represent-

ing the arc length along the curve. In the present case the 3-vector identity for the
tangent vectors of the spatial geodesic curves take the form

[ = .
2

(b) Itis seen from the Lagrangian function that 6 is cyclic (0L /96 = 0), implying
that

aL r20
Po = % = 1—r2w2 = constant.

2

(c) This gives

6=(1 rlw? Po Do 602170
U a2 ) 2 '

Inserting into tangent vector identity we get

2,2 2
w™p p
2 0 0
=1+ - =
2 2

This gives the equation of the geodesic curve between Py and P; .

<t

(1)2 2
idr ”2\/1'1‘ Czp —%

0 do Pe(l - ri—‘zu)
(d) The boundary conditions are 7 = 0, r = ry, for 8 = 0, where ry is the distance

from the rotational axis to the point of the curve with minimal distance to the
axis (Fig. 5.10). Inserting this into the expression for p, gives

2.2
w
POZ 1+p9

ro 6‘2

(e) Solving this equation with respect to py gives
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Fig. 5.10 Geodesic curves
on a rotating disc,
coordinates

0
Py = ———.
J1—riw?/c?

Inserting this into the equation of the geodesic curve, it takes the form

Y
do ro(l — r2w2/c2)’

which may be written

dr w*  rdr de
— =
r,/rz—rg ¢ ,/rz—rg To
Integrating this yields
row? 5 ro
9::|:c—2 r2—rO:|:arccos7.

The curve represented by this equation is shown in Fig. 5.10.
5.4 Christoffel symbols in a uniformly accelerated reference frame

(a) Theonly non-vanishing Christoffel symbols in the coordinate system co-moving
with a uniformly accelerated reference frame are
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r* ox 3°T  9x 3°X f o 01 0°T ot 3’°X
TUU9T 99X 92T Y ™ 9T 9tdx - 93X dtdx’

The coordinate transformation formulae are

&L = (1+%)sinh &, 1+ 5 =(1+g— cosh £,

%:(Hi—i‘)tanh%’,( ) ( ) (14 &)
Differentiation gives
dx gT gT ax  1+gX/c?
_— - = — 2 _— = —2’
aT \/(] —I—gX/cz)z—(gT/c)z 14 gx/c X 14+ gx/c
9t 14gX/c*  cosh(gt/c) dct  gT/c  sinh(gt/c)
T (14 gx/cz)z 1+gx/c2” 09X (1+ gx/cz)2 1+ gx/c?’

9°T

oL _ 5(1 + 8x)

ot c c? ot?

3°T t 3*X t
=& cosn®, =& &

otdx c2 c atdx ¢ c

r %X t
hg_ _=g(1+%)coshg—,
C C C

Inserting these expressions into the formulae of the Christoffel symbols leads to
2
_ 2 P 8¢
Fft—g(l—f—g)C/C ), Fxt—rtx—m.
(b) We shall use the formula for the Christoffel symbols in terms of the derivatives
of the components of the metric tensor,

1
sz = Egaﬁ(gﬂu,v + 8Bv,u — guv,ﬂ)

To calculate the same Chritoffel symbols as above.

The components of the metric tensor in the coordinate system co-moving with a

uniformly accelerated reference frame are

gx\2
81t = _(1 + ?) 027 8xx = 8yy = 82z = 1

only the term = Bg“

are

contributes to I'7,. Thus the only non-vanishing Christoffel symbols
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' =r! =1tt<%>=i%= ( )g 1 g
dx 28n 3x  2(1+ )2C2 £5) 2

D
=5 () =l ) A0 = (14 )

5.5 Relativistic vertical projectile motion

A particle is thrown vertically upwards with velocity v from the origin of the coor-
dinate system in the gravitational field of a uniformly accelerated reference frame.
We shall calculate the maximal height of the particle.

The line element, including only the vertical x-direction, has the form

2
ds? = —(1 + %) cdr? 4 dx?
c
the Lagrange function is
1 e 1 L,
L = iglwx“x = —5(1 + ) A+ 2x2,

where the dots imply differentiation with respect to the particle’s proper time
7. The initial conditions are x(0) = 0, x(0) = y(c,v,0,0), where y =
(1- vz/cz)_]/z.
: . 1.2 v
Newtonian description: 5mv° = mgh = h = %

Relativistic description: # is a cyclic coordinate = x* = ct is cyclic and py =
constant.

oL 13L gx\2.
m- (145

= 14+ 2=
930 ¢ oi - c?

In the present case the 4-velocity identity has the form

1 8xX\2 5., 1., 1,
—5(1—{—6—2)01‘ +§X Z—EC.

Since the maximum height 4 is reached when X = Owe have

gh\.
(1 + C_Z)tx=h =1.

Since py is a constant of the motion we can determine ist value from the initial
condition, py = —cf(0) = —yc, and at x = h:

gh 2,
pPo=—yc=—c 1—{—0—2 teep
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It follows from the two last equations that the maximal height of the projectile is
2

h=S(y —1).
g

In the Newtonian limit this becomes

2 1 2 1?2 v?
h=———F7—-1|=—(1+-—-1 h=—.
P ((1 YRS ) g ( Taa ) T

5.6 The geodesic equation and constants of motion

(a) Thegeodesic equation can be written

du,,
o B _—
E — Fuﬂuau =0.

Inserting the expression for the Christoffel symbols give

1
Fzﬂ”“uﬁ = Faﬂﬂ”auﬁ = E(g“u,ﬂ + 8apu — guﬂ,a)”a”ﬂ'

Since the metric tensor is symmetrical this can be written

1
Fzﬁuau’s = E(got,u_.ﬂ + 8ap. — gﬁuﬂ)“a”ﬂ'

Since gou,p — &pu.« 18 antisymmetric in o and B, and u®u® is symmetric in o and
B we have that (8uu.p — &pu.a)u®u? = 0. Hence

Fzﬂuauﬂ = —ga,g,uu“uﬁ.

2

Hence the geodesic equation in the form above reduces to

du 1 o
d_sﬂ ~ S 8apul u? =0.
(b) From the form of the geodesic equation in b) it follows that since the metric is
independent

of ¢, 0 and z in the static and cylindrically symmetric case, so that g, ; = g9 =
8uv,z = 0, then u;,uy and u, are constants of motion in this case.
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Solutions for Chapter 6

6.1 Parallel transport

Parallel transport of a vector A along a curve means that the covariant directional
derivative of the vector along the curve vanishes,

ViA = 0. (S6.1.1)

where i is the tangent vector field of the curve. Let the curve parameter be A. Then
the component equation of parallel transport along the curve takes the form

dx\)
Al u’ = A" =0. S6.1.2
= Al (86.1.2)

n

Inserting the expression AfLU = A" 4+ T’} A* of the covariant derivative, we get

an &0 _dAY o de
v da dx Y

(S6.1.3)

For an infinitesimal displacement along the curve the change of the vector
component A* thereby becomes

dA* = —T} A*dx". (S6.1.4)

(b) The result from point a) may be written as a Taylor expansion of A to first
order at the point x,

Al (x +dx) = A*(x) — TV A*dx". (S6.1.5)

The Taylor expansion is generally given as

AF(x 4 dr) = A (x) 4 2800 gv LOPAMCO 4 g 4 (S6.1.6)
X x) = X x ———— Zdx"dx 1.
oxV 2 0xVoxY
‘We see that
AN
=T} A* (S6.1.7)
oxV

We also need the next term in the Taylor expansion,

32AH d aA*  9(-T} A" .
= — = = —F
9xVoxr  9x? oxV dxv vy

A — rva%y
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Fig. 6.8 Infinitesimalt D 7 (&
parallelogram /
/’::

db
A da B

. TH
- FMJ/

A* 4T T A, (S6.1.8)

A ay

Hence, we get to 2.order that by parallel from x to x + dx the component A* of
the vector is

A'(x +dx) = A¥(x) — T}, A%dx” — T, A*dx"dx” 4 T}, T7 A%dx"dx?.
(S6.1.9)

Let A 4 be the vector A parallel transported from point A to B in the parallelogram
shown in Fig. 6.8.
Using Eq. (S6.1.9) we get

Allg = A" =T} (A)Ada” — T}, (A)A*da"da” 4T}, (AT}, (A)A%da"da”
(86.1.10)

where (A) means that the quantity is evaluated at the point A. Further parallel
transport to C gives

Al pe = Al — TJ (B)A*db" — T, (B)A*db"db” + T, (B)T;, (B)A“db"db” .
(S6.1.11)

Note that since the last parallel transport starts at the point B, we must evaluate the
connection coefficients at point B. These connection coefficients deviate infinitesi-
mally from their values in A. We want to express all the functions by their values in
A. This is performed by means of a Taylor expansion. Since the connection coeffi-
cients in (S6.2.11) are all multiplied by differentials, it is sufficient to make a Taylor
expansion to first order in the differentials. This gives

I}, (B) =T}, (A +da) =T}, (A) + %, (Ada” + - (S6.1.12)

Inserting Egs. (S6.1.10) and (S6.1.12) into Eq. (S6.1.11) we get
Al pe = ALy — TV AMda” — T/ A*dbY

n
- Fkv,)/

1 1
A* <db“day + Eda”day + Edb”dlﬂ)

1 1
+ 4, rk,, A (db”day + 5da‘da” + Edb“dby) (S6.1.13)
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Parallel transport to C via D gives a similar expression, the only difference being
that da and db are exchanged,

Allpe = Allg — Y A*dbY — T A*da” — Fi‘w

+T} T4 A%(da’db” + 1db"db” + Lda’da”)

A ay

A*(da"db” + 3db"db? + 1da"da”)
(S6.1.14)

The difference is

w v _(pr _pnm
AABC - AADC - (Fkv,y FAy,v

+ 15,5 — Féjﬁﬁ})Akda"db’/, (S6.1.15)
where we have changed some of the summation indices in order to have the same
indices on A, da and db in all the terms.

The difference A’y 5 — A’y - corresponds to adding parallel transport of A from
a to C via B and then adding the negative of the transport from A via D to C. The
latter is the same as adding parallel transport from C via D to A. Hence the difference
corresponds to parallel transporting A around the parallelogram. So the right-hand
side is the change of the vector A by this round trip. Comparing with Eq. (6.17) we
see that the quantities inside the parenthesis in equation (S6.1.15) are the components
of the Riemann curvature tensor in coordinate basis. Hence,

SAM = —RfWAAda"de. (S6.1.16)
The curvature of a space makes a vector change when it is parallel transported
around a closed curve in the space.
6.2 Curvature of the spatial simultaneity space of a rotating reference frame

Considerthe 2. dimensional simultaneity space, f = constant, z = constant, with
line element (4.20),

2d92
P =d?y— $6.2.1
rt 1 —riw?/c? ( )

We shall calculate the Riemann curvature scalar of the 2-space described by this
line-element. The 1-foms of an orthonormal basis are

o =dr, of=—"__4g (56.2.2)

¢ NEr=raras

Taking the exterior derivative gives

do’ =0

b _ r _ 1 — 1 7 b
dw d > ‘2) A d_¢ (l_rzwz/cz)}/zd_r A\ d_¢ r(l—rzwz/cz)}/zg AW

o

(56.2.3)
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From Cartan’s 1. structure equation

do' = —Q" A . (S6.2.4)
We then have
Q= f(re® QF = ! o+ e(No'. (56.2.5)
245 (A L r(l _ r2w2/c2)3/2_ w
The antisymmetry €2, = —  , now gives
1
fr) = 750 8 =0. (S6.2.6)

r(l — r2w2/cz)

Hence the only non-vanishing connection forms are

N R 1 .
Q=0 = . (S6.2.7)

—
¢ r(l —r2w2/c2)_

We then calculate the curvature forms from Cartan’s 2. structure equation
RE =dol + 9 A Q. (56.2.8)

This gives only one non-vanishing curvature form

A 3 27,2 . .
RY = —‘”—/czgﬁ A (S6.2.9)
(1 — rzwz/cz)
From
RY = R@aﬁg& N (S6.2.10)

we then get the non-vanishing components of the Riemann curvature tensor

R 3 3w?/c?
R —RY — _‘”—/Cz, (S6.2.11)
ore rer (1 _ rzwz/cz)
Contraction gives the components of the Ricci curvature tensor
N 3w?/c? R 3w?/c?
Ris = R® — _”—/02, 55 =Ri.. = _‘”—/"’2. (86.2.12)
i (1 —r2e?/c?) ore (1 —r2e?/c?)

Finally the curvature scalar is the trace of the Ricci tensor
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~ . ~ 6 272
R=R5=R5+R?=—‘”—/Cz. (S6.2.13)
¢ (1-r2w?/c?)

According to Eq. (6.55) this is equal to the Gaussian curvature of the surface, which
is again equal to the product of the curvatures of two geodesic curves orthogonal to
each other on the surface. When the Gaussian curvature is negative, these so-called
principal curvatures have opposite signs, meaning that the geodesics curve in opposite
ways, like they do on a saddle surface. Hence, the surface has negative curvature.

6.3 The tidal force pendulum and the curvature of space

(a) The particles of the pendulum are not moving geodesically. However, the forces
on the particles from the rod connecting them, have no component in the direc-
tion normal to the rods, and are thus of no consequence for the period of the
pendulum. We may therefore calculate the period of the tidal force pendulum
using the equation of geodesic deviation,

D¢+
dr?

+ Ry, u'uP = 0. (S6.3.1)

where 7 is the proper time of the pendulum.

(b) We introduce co-moving geodesic normal coordinates with # = (1,0, 0, 0),
vanishing Christoffel symbols and origin at the mass centre of the pendulum.
The coordinate basis of this coordinate system is orthonormal. The pendulum
is permanently at rest at the surface of the Earth. Then it moves with non-
relativistic velocity in a weak gravitational field. Hence, the proper time of the
pendulum can be approximated by the coordinate time ¢ of the Earth, and Eq.
(86.3.1) reduces to

d2€’T Y
iz + R@;()E =0. (S6.3.2)

(c) From Fig. 6.6 is seen that the 8-component of the equation is

e -
7 T R0 cosf — REE sing =0, (56.3.3)

where

¢ =00, 09 =rtsing, ¢ =tcosh. (S6.3.4)
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Hence, for small angular amplitudes the equation of motion of the pendulum can
be approximated by
a’e
=t (Rq;;q;; - R;;;;)@ —0. (S6.3.5)
This equation describes harmonic oscillations with period

T=——= (S6.3.6)

showing that the period of the tidal force pendulum depends only upon the curvature
of spacetime at its position.
At a distance R from the centre of a spherical body of mass M [6.1],

Rjisi = GM/R?, Ry = —2GM/R?, (86.3.7)

R3
T =21, ——, (86.3.8)
3GM

in agreement with the Newtonian calculation in Exercise 1.1 of the period of the tidal
force pendulum.

[1] Misner, C.W., Thorne, K.S., Wheeler, J.A.: Gravitation, p. 821. Freeman, San
Franscisco (1973)

giving

Solutions for Chapter 7

7.1 Newtonian approximation of perfect fluid

(a) Thecovariant formulation of energy—momentum is that the covariant divergence
of the energy—momentum tensor vanishes,

nv o
T, =0.
Writing out the covariant derivative we have
TL 4+ T3, T4 4 TAT™ =0
In the Newtonian approximation we neglect the curvature of spacetime and intro-
duce a Cartesian coordinate system with Minkowski metric and where all the com-

ponents of the metric tensor are constant. Hence all the Christoffel symbols vanish,
and the conservation laws reduce to



Solutions to the Exercises 459
T = 0.
(b) In the Newtonian limit the components of the energy—momentum tensor are
T = pc?, TY = pev', TV = ps' + pviv/.
Hence the time component of the conservation laws is

ap

9 a(pv' -

TOV — TOO + TOl — ;
A A 1Y

This is the equation of continuity of the fluid.

(c) The spatial components of the conservation laws are

riv — io i = 200) | (7 + polvl)

ot dx/
B 8(pvi) n B(pvivj) n ap —0
Y dxJ ax;
This equation can be simplified by using the equation of continuity in the
forma(ap U, ) —g—‘l’. Hence we need to rewrite the second last term in the conservation

equation as follows

8(pv vf) _ 8vi ia(pvj) _ Bv ;0p
A R TR i T

Inserting this into the conservation equation, and using the product rule in the first
term gives

8 ' Qv dp  dp
il jov 9P 9P
Vo TP TPV e TV T, T
or
dav ’+ Bv +3p _0
Pt "9 T s =

This is usually written as

v’ ol v’ ap v R v
—_— vV — = —— O0Or —_— v - v = — .
P\ %1 ox) o O P\ar P

which is the Euler equation of motion applied to a fluid in a region without a
gravitational field, i.e. the Minkowski spacetime.
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7.2 The energy—-momentum tensor of LIVE

(a) Weshall deduce the form of an energy—momentum tensor with Lorentz invariant
components as decomposed in orthonormal basis fields, i.e. with

o A B
T‘/’lf) = ﬁ/f)’ = AE;A‘;/ T&ﬁ

where AZ , are the elements of a Lorentz transformation matrix. Let us first consider

a Lorentz transformation in the x!- direction,

y yv00

7 00
AL = | YUY

H 00 10

0 0 01

—12 . . ..
where y = (l — vz) / , and we have used units so that ¢ = 1. Inserting this in the
above equation leads to

v(T()@ + Tﬁ) + Ty + T = 0.
In a similar way transformation of Tj; and T;; leads to
U(T()i + Ti()) + TO6 + T35 =0.
It follows from these equations that
Too = =Tii,  Toi = —Tis-
Transformation of 75 and T35 give, respectively
Toy = v (Tos +vTis),  Tis = v (Tis + vTps),

which demands that

>3
2>
|
e
>
Il
o

In the same way one finds

Try = Trj = Ty = Tiz = Ty = T3 = 0.

Thus, as a result of Lorentz invariance of the components Tj; under a Lorentz
transformation in the x!-direction the energy—momentum tensor must have the form
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Toyo T3 0 O

7. — | ~Toi —Tep 0 0O
o=

0 0 T Tx

0 0 Ty Ty

Demanding Lorentz invariance under a Lorentz transformation in the x>-direction
gives the additional conditions

Toi = Tip = Tzy = T35 = 0, Tz = Ty

Lastly Lorentz invariance under a Lorentz transformation in the x>-direction gives
the additional condition

I35 = Ty
It follows that the energy—momentum tensor for LIVE has the form
Typ = Typdiag(—1, 1, 1, 1) = Tygmps,
where 1, are the components of the Minkowski metric. This is valid in orthonormal

basis. Transforming to an arbitrary basis with metric g,,, the energy—momentum
tensor takes the form

Ty = Tp8 -
From the physical interpretation of the components of the energy—momentum

tensor (including here the velocity of light) we have that T = — oLIvEC, where
pLive 1S the mass density of LIVE. Thus

(TLIVE) yv = —PLIVE& v+

(c) We now assume that LIVE can be described as a perfect fluid with energy—
momentum tensor of the form (7.14),

PLIVE
(TLve) yy = ( PLIVE + —5— )uulty + PLIVEEuy -
2

Since the energy—momentum tensor of LIVE is proportional to the metric tensor,
the first term must vanish. Hence theequation of stateof LIVE is

2
PLIVE = —PLIVEC -
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(d) Einstein’ field equations with a cosmological constant for empty space, (7.41),
can be written

1
R;w - Eg/wR = _Ag/w-

We comparing this with Einstein’s field equations without a cosmological
constant, (7.29),

1
le — EgMUR = KTH_U .

Hence, a spacetime with LIVE, and nothing else, is mathematically equivalent to
an Einstein space if LIVE is represented by an energy—momentum tensor

(TLivE)p = —(A/K)guv-
We see that the cosmological constant represents the density of LIVE

AN =KpLIVE-

Solutions for Chapter 8

8.1 Non-relativistic Kepler motion

(a) According to Newtonian Lagrange dynamics the Lagrange function of a planet
with mass m (considered as a particle) moving in the gravitational field of the
Sun is it kinetic energy minus its potential energy. In spherical coordinates,
(r, 9, @), the kinetic energy is

T =-—mv? = %(ﬂ + 207 + 7 sin? 09), (S8.1)

where 77 = dr/dr and so forth. The potential energy is

GM
y =" (S8.2)
r

where M is the mass of the Sun. Hence, the Lagrange function is

. . GM
L="0 Mg Mgy 4 28 (58.3)
2" T2 2 "

Since L is does not depend upon ¢, the momentum
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oL 220
= — =mr-sin“é S8.4
Do 2% ¢ (S8.4)

is a constant of motion. It is the angular momentum of the planet.
The Lagrange equation for 6,

L d [dL
———(=)=0 S8.5
30 dt<89) (58-5)

takes the form

mr?sin 6 cos 0¢> — 2mri6 —mr*6 =0 (S8.6)

Substituting for ¢ from Eq. (S8.4) we get

2p2 cos 66 . ..
Lo T amri6? — 2mrt66 =0 (S8.7)
mr?sin® 0
which may be written
d 442 p?,
— | mro- + =0. S8.8
dr ( m sin’ 6 (58.8)
Integrating gives
. p2
mri6? + —2— =K, (S8.9)
m sin“ 0

where K is a constant determined from the initial condition 8 (0) = /2, 6(0) = 0.
This gives K = pé /m. Hence Eq. (S8.9) reduces to

2 2
mrt6? + 1?"’2 sy (S8.10)
m sin~ 0 m
This may be written
m?r*sin® 00% = pj(sin*6 — 1) = —p; cos” 0. (S8.11)

In general the left-hand side of this equation is positive, and the right-hand side
is negative. Hence, the only possibility of having this equation fulfilled is that both
sides vanish, which happens for 6 = /2,6 = 0. This shows that the planet moves
in a plane.

(b) We shall now consider motion in this plane. The Lagrange equation for ,
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9L d (0L
Z_Z(=)=0 (S8.12)
or dr\or
takes the form
: , GM
F—rf® —rsin® 0§ = ———. (S8.13)
r

which is the same as the r-component of Newton’s 2. law applied to the planet. With
0 = /2 the Lagrange Eq. (S8.4) for ¢ becomes

$="L0 (S8.14)
mr
and the Lagrange Eq. (S8.13) for r reduces to
. GM
'r'+r¢2=——2. (S8.15)
r

In order to find the orbit equation we express the derivatives with respect to ¢ in
terms of derivatives with the respect to ¢,

dr drdd)_.,_ Do

f=—=——=¢r' = r,
dt  d¢ dt mr?

d/d d d 3 2p;
po S(Y 2P Qe SN Do TP 2 (g8
dr \ dt mr2 d¢p \ mr? d¢ m2r4 m2rd

where r’ = dr/d¢. Introducing a new radial coordinate, u = 1/r, we get

(S8.16)

2

L, 2w)
r=E— =
u u

(S8.18)

Inserting this into the expressions (S8.15) and (S8.16) for the radial velocity and
acceleration, we get

p 1
F=—2y = ——‘guzu”. (S8.19)
m m

Substituting this into Eq. (S8.15) gives the orbit equation

GMm?
W= 2 (S8.20)
Py
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This is an inhomogeneous equation for harmonic oscillations with general solution

2
u= GMzm [1+ ¢&sin(¢ — ¢o)l, (S8.21)

Dy

where ¢ and ¢ are integration constants. With the boundary condition u(0) =
GMm?/pjwe have ¢o = 0.

The equation of an ellipse with major half axis a and eccentricity & in polar
coordinates with origin at one of the focal points has the form

1 .
u= m(l + esin¢). (88.22)

Hence with non-relativistic Kepler motion the planet moves along an elliptical
path.
Equation (S8.20) has a particular solution representing circular motion with radius

Pi
= . S$8.23
GMm? ( )
Using Eq. (S8.14) the period of the motion is
2 R?
Ty =" —ox™ (S8.24)
¢ P
From Eq. (§8.23) we have
py =GMm’R. (S8.25)
Inserting this into Eq. (S8.24) gives
R3/2
To =27 . (S8.26)
T oM

(c) We shall now consider the effect upon the motion of the planets of a flattening
of the Sun. The gravitational potential of the Sun is then

Vr) = -3 (S8.27)

In this case the orbit Eq. (S8.20) is modified to

GMm?* 3Sm? 2

u +u= s— +—5u". (S8.28)
Py Py
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Again there is a particular solution representing circular motion. This time the
radius R = 1/uy is given by

2
- — =0. S8.29
“ T 3gmt0 T 3 (58.29)
Hence
) 2 3Sm?
Py =GMm°R + 7 (S8.30)

The period is still given by Eq. (S8.24). Inserting Eq. (S8.30) leads to

To
P (S8.31)

- J1+3S/GMR?

The flattening of the Sun makes the orbital period of the planets a little longer
than in the spherical case.

(d) We shall now assume that the planet moves along an elliptical path which devi-
ates slightly from a circle, and calculate the precession of the perihelion due to
the flattening of the Earth. Hence, u = uo+u; whereuyp = 1/R and |u| < |ug].
Inserting this into Eq. (S8.28) we get

2
W+ g+ uy = ’;iz(GM + 35Ul + 6Suouy + 3812). (S8.32)
¢

Calculating to 1. order in u#; and utilizing that u fulfils Eq. (58.29) we get

‘o = O (58.33)
u) +up = up, .
1 1 piR 1
or
2 2 6Sm?
uptou =0, o°=1-— (S8.34)
p¢R

This is an equation for harmonic oscillations for 6Sm* < pj R. The solution with
u1(0) =0is

uy = eug sin(we), (88.35)

representing an ellipse with eccentricity €. The period of the orbit is 27 /w. For
o =1 the path is a closed ellipse with fixed orientation. For @ # 1 the ellipse will
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rotate. There will be a precession of the ellipse, where the ellipse rotates an angle

Ap =27 (l - 1) (S8.36)
w

for each travel around the sun. Using the expression (S8.34) for w and inserting the
expression (S8.30) for py gives

~VGMR? +3S 67 S
Ap = 2m [ YEARTES ) o 070 (S8.37)
GMR? —3S GMR?
The quantity S is usually written
S =(1/2),GMR3,,, (S8.39)

where J, is a numerical factor determined by measurements, J, = 3 x 107> and
Rsun = 7.0 x 10%m. For the planet Mercury the distance from the Sun is R =
5.8 x 10'%m. This gives A¢ = 4.1 x 1078 radians per round trip, which corresponds
to 3.5” per century, too small to explain the disagreement of 43" per century between
the Newtonian prediction and measurements.

8.2 The Schwarzschild solution in isotropic coordinates

(a) Incurvature coordinates the line-element of the Schwarzschild space time has
the form

R dr?
ds? = — (1= 25 )e2de? + 2 4 2402 (S8.40)
r 1= &s

We introduce a so-called radial isotropic coordinate, p(r), where the line-element
of the Schwarzschild spacetime takes the form

R
ds? = —(1 - (—S))dt2 + 2 (p)(dp* + p*dQ), (S8.41)
r(p
This requires that
dr?
& [ (p)dp?, (S8.42)

and

r* = f2(p)p*. (S8.43)
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Dividing these equations by each other and taking the positive square root gives

dp dr
—_— = (S8.44)
1% r2 — Rsl"
Integrating gives
P Rs
—=r—-—= — Rgr. S8.45
C =r—- + st ( )

It is usual with isotropic coordinates, to choose C = 1/2. This gives

p:___+ m (S8.46)

2

Solving this equation with respect to r gives

2
_ (bt Rs/H” (S8.47)
4p
From (S8.43) and (S8.47) we have
R 2
flp) = (1 + —) (S8.48)
4p

Inserting the expressions (S8.47) and (S8.48) into Eq. (S8.41) gives the line-
element of the Schwarzschild spacetime in isotropic coordinates

1—R5/4p>2 2 ( RS)4 2, 2402
ds? = —( ——=— ) d® + (1 + —= ) (dp* + p*d?). $8.49
(1 + Rs/4p 4p ( prTe ) ( )

A series expansion of this line element to 1. order in Rg/p gives
s = —(1 — Rs/p)dt* + (1 + Rs/p)(dp* + p*dQ?). (S8.50)

(b) This coordinate system does only exist outside the horizon of a black hole. From
Eq. (58.46) we find that the value of the isotropic radius at the horizon is

o(Rs) = Rs/4. (S8.51)

8.3 Proper radial distance in the external Schwarzschild space

The proper radial distance from the horizon to a point in the Schwarzschild spacetime
with radial curvature coordinate 7 is
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A—A—/rd—r— 1—&+R1 L 1—& (58.52)
S VAo T T R S N
Rs

8.4 The Schwarzschild—de Sitter metric

(a) We shall here generalize the Schwarzschild solution (8.35) to a space-time
with a non-vanishing cosmological constant. We consider a static space-time
with a spherically symmetric 3-space outside a spherical body (the Sun) with
Schwarzschild radius Rg as described in orthonormal basis associated with cur-
vature coordinates. Then the line-element has the form (8.1) and the non-
vanishing components of the Einstein tensor are given in Eq. 8.15). Einstein’s
field equations are

Ey=A, Ej =-—A. (S8.53)
Adding the equations and inserting the expressions (8.15) for the components of
the Einstein tensor, leads to 8 = —« and
2 1
e+ (1 —e ) =4, (S8.54)
r r

which may be written as

-] =ar (58.55)

The general solution of this equation is
Y A 5
r(l —e ) = 3 r’+K, (88.56)

where K is an integration constant. Going to the Newtonian limit we find in the same
manner as in a spacetime without a cosmological constant K = Rg. Thus, we get

R A
= =122 (S8.57)
r 3
and the line-element takes the form
R A dr?
2 _ (B8 _ B aYo2y2 9 2062
ds® = (1 " 3r>cdl +1_ﬁ_%r2+rd§2. (S8.58)

Introducing a De Sitter radius Ry = /3/A, the line element takes the form
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R 2 dr?
ds? — _(1 _Rs _ ;_2>czd,2 L 1+ + 2492, (58.59)

r
A r fo

(b) In globally empty space, but with LIVE, R, = 0, and the line element reduces
to

+ r2dQ?. (S8.60)

2 d 2

ds? = —(1 — r—z)czdt2 + d 5
R 1— =

A R?\

The spacetime described by this line element is called the DeSitter spacetime after
the Duch astronomer Willem De Sitter who found it as a solution of Einstein’s field
equations with a cosmological constant for empty space already in 1917.

Standard clocks at rest in this coordinate system show a time 7 related to the

coordinate time 7 by
dr = /1 —r2/R3dt. (S8.61)

The coordinate clocks of the line-element (S8.60) are adjusted to go at the same
rate as a standard clock at the origin independent of their position. Hence the standard
clocks go at a slower rate the farther they are from the origin. This means that they are
in a gravitational field pointing outwards from the origin. The time does not proceed
atr = R A-

Hence, the line-element has a singularity at r = R, . In order to find its physical
significance, we consider light moving radially. Along the world line of light, ds?> = 0,
and hence, for light emitted in the negative r-direction, i.e. towards an observer at

the origin, we have

dr r?

—=—(1-— e (S8.62)
dr Ry

Since the coordinate clocks go at the same rate as a standard clock at the origin,
Eq. (S§8.61) represents the velocity of light as measured by an observer at the origin.
As measured by this observer light emitted towards him from r = R, does not
proceed at all. This means the observer cannot receive information from the region
outside the spherical surface with radius r = R, . Hence this surface is a horizon for
observers inside it.

In our universe observations indicate that the cosmological constant has a value
which corresponds approximately to a density of LIVE equal to the critical density
of the universe (see Chap. 12), A ~ 10752 m~2, giving Ry ~ 10?® m. This is
approximately equal to ten billion light years.

8.5 The perihelion precession of Mercury and the cosmological constant
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(a) Weshallnow find the orbit equation of a body moving in the gravitational field
of the central mass distribution. It follows from Eq. (S8.45) that the Lagrange
function of the body is

1 Ry AL\, 572 1, 1, ., 0

with constants of motion

aL R A . .
pr = E = —(1 — TS — 37‘2>[7 p¢ = }"2 Sin2 9¢ (S864)

In the same way as in the case A = 0 the motion is planar, so we can put
0 = /2,60 = 0. Then the 4-velocity identity takes the form

) .5 2
Py r Py _
_1_&—%r2+1—&—%r2+7_2__1’ (S8.65)
giving
Rs A p;
PR=pr— (1= 221+ 2). (S8.66)
r 3 r2

The orbit equation is found in the same way as with A = 0, and it turns out that
Eq. (8.117) is generalized to

d*u Rs 3, A
— 4 u=—+ -Reu* — ——. S8.67
52 +u 2195) + > su 31755143 ( )

(c) Aswith A = 0 the solution of this equation represents a slowly rotating ellipse.
We shall calculate the perihelion precession of the ellipse. A circular motion
has a constant radius with u = ug, where u fulfils

Rs 3., A

=— , S$8.68
2t (58.68)

Uo

giving

1 (3/2)Rsuj — A _ ,3Rs/ri — A
1 T

~ . $8.69
3ul 1 —(3/2)Rsuy 1 —3Rs/2rg ( )

Py =
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The path of a planetis a perturbation of the circle, u = uo+u;, where |u;| << |ug|.
Inserting this into Eq. (S8.66) and calculating to 1. Order in u; gives

d%u, 3 Ar?
— = 2kuouy, k= =Rg+ —2. $8.70
i + uy Ul | S Rs + 2 ( )

This is an equation of harmonic oscillations with general solution

Uy = Euy COS[f((b — ¢o)l, f =+/1—=2kug~1— kug. (S88.71)

The period of the oscillations is 2w /f. Equation (S8.71) describes a rotating
ellipse. The precession angle per round trip is

1 3Rs  Arg
Ap =2n|—=—1)~2mkug=mn —+—2 . (S8.72)
f ro Py

(c) Inserting the approximate value of pé from Eq. (58.69) gives
3R% + (ro — &) Arg

Ap~ T . (S8.73)
(ks — 4r5)

Since Rs <« ry the last term in the parenthesis in the numerator can be neglected.
With the unit we use here the cosmological constant has dimension m~2. Hence
we can introduce a length characterizing the value of the cosmological constant,
Ry = 1/\/X. Inserting this into Eq. (S8.73) we get

2 p2 4
A~ ST 3RS ¥ (S8.74)
ro 3RsR} —r§

The cosmological constant has a value which corresponds approximately to a
density of LIVE equal to the critical density of the universe (see Chap. 12), A ~ 1072
m~2, giving R,y &~ 10?® m. The Schwarzschild radius of the Sun is Rg &~ 3 x 10° m,
and Mercury’s distance from the Sun ro = 5.8 x 10! m. This gives r§ < RsRX.
Hence the expression for the perihelion precession of Mercury can be approximated
by

RS 7‘8
Ap = 37— + 71—
ro RSRA

(S8.75)
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Here the first term is the general relativistic precession given in equation (8.145),
and the last term is the contribution from the cosmological constant. Inserting numer-
ical values givesA¢ ~ 5.1 x 1077 4+ 2 x 1023, Hence, the contribution from the
cosmological constant is negligible.

8.6 Relativistic time effects and GPS

According to the general physical interpretation of a time-like spacetime interval the
proper time interval measured on a standard clock moving in spacetime with a metric

guv 18

ydxHdx? 12
dr = (—g“—z) . (S8.76)
c

In order to find the magnitude of the relativistic effects it is sufficient to consider
a satellite moving along a circular path with radius r; in the equatorial plane. For a

clock moving with velocity v? = r’fj—‘f in the Schwarzschild metric this gives

R U¢ o\ 1/2
dr = (1 5 (-) ) dr, (S8.77)
I C

where 7 is the coordinate time as shown by coordinate clocks adjusted to go with a
position independent rate of time. Here Rg = 0.01 m is the Schwarzschild radius of
the Earth. The radius of the Earth is approximately rr = 6.4 x 10° m. Hence at the
surface of the Earth Rg/rg = 1.6 x 107°,

A typical height and velocity of the GPS satellite are r, = 2 x 10* km and
v? =4 x 10° m/s. Hence the magnitudes of the terms inside the parenthesis are

R 2\
=5 5% 1071, (”—) =1.7x 10719,
r'e C

These are the relative magnitudes of the relativistic effects. Hence we can with
good accuracy make a Taylor expansion to first order in Rg/r and (v¢ / c)z. To this
order the difference between the proper time interval as measured on the satellite
clocks and coordinate time interval corresponding to a coordinate interval At is

1 Rsh 1/v9\?
At = At + Aty = —— 3" Ar— (2 Ar S8.78
TE A A = S T 2(c> (58.78)

where At is the gravitational effect and Aty the kinematical effect. Here 4 is the
height of the satellite above the surface of the Earth. Inserting numerical values gives
for a coordinate time interval corresponding to a day, At = 24h = 8.6 x 10*s that
At = 5.2 x 10735 and Aty = —7.0 x 107%s. The minus sign means that the
kinematical effect makes the satellite clocks go slower due to the velocity-dependent
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time dilation. The gravitational effect acts in the opposite way, making the satellite
clocks go faster that the clocks on the Earth. It should be noted that the gravitational
effect is larger than the kinematical effect. The gravitational effect makes the satellite
clock go faster that the Earth clock by 52 microseconds in 24 h, while the kinematical
effect slows down the satellite clock with 7 microseconds.

To compute the position of an object by means of the GPS-system with a precision
of 1m the GPS satellite clocks must measure time with a precision of one part in
103, Our calculation shows that to obtain such a precision both the special relativistic
kinematical time dilation and the general relativistic gravitational time effect must
be taken into account.

8.7 The photon sphere

We consider a photon travelling at constant radius. Due to the spherical symmetry
there is no loss of generality if we choose to consider a photon which travels in the
equatorial plane. We the put dr = d6 = 0 and have 6 = 7/2 in the Schwarzschild
line-element. Furthermore since photons follow null-geodesic curves we have ds =
0. Hence the equation of motion of the considered photon is

R
(1 - —S)czdtz = r2d¢?, (S8.79)
r

Giving

dp\* ¢ Rs
(E) _ r_2(1 _ T)' (S8.80)

We now use the radial geodesic equation

dr
P + Flrwuuuv =0. (88.81)

The only non-vanishing Christoffel symbols with an upper index r are

2
C RS RS . RS RS
= (=S8 e o NS e (1228,
1 2< r >r2 " 2(1— %)r2 o 9 r< r )
(S8.82)

2 . .
Furthermore g—; = % = grﬁ = 0. Hence the geodesic equation reduces to

o (do\? L (dr\?

or
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do\? rr
(_¢) -l (S8.84)
dr |/

Inserting the expressions (S8.82) for the Christoffel symbols leads to

dp\*> R
=) === $8.85
<dt ) 2r3 ( )

Equations (S8.80) and (S8.85) give

C2 RS 62R5
—(1-—)= . S8.86
< ) 2 (5880

Solving this equation with respect to r gives the radius of the photon sphere in the
Schwarzschild spacetime

3
r=3Rs. (S8.87)

Solutions for Chapter 10

10.1 A spaceship falling into a black hole

(a) We shall consider a spaceship falling radially into a Schwarzschild black hole
with the mass of the Sun, My = 2,0 x 10°° kg. The Schwarzschild radius of
the black hole is

_2GMy  2-6.67 x 107" m’ /kgs® - 2.0 x 10* kg

c? (3.0 x 108 m/s)”

S =3.0km. (S10.1)

The line-element has the form

R dr?
ds? = _<1 _ TS)CZdﬁ + ﬁ + 2492 (510.2)

r

Hence, the Lagrange function of the spaceship is

1 R b 172
L:——(l——s)cztva— i (810.3)

r
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Since ¢ is a cyclic coordinate,

Rs\ ,.
P = (1 - —S>c2t (S10.4)

r

is a constant of motion. The 4 velocity identity takes the form

R . 2
—(1 — Ts>c2ﬂ + lr—R_ = —c°. (S10.5)

r

Substituting for 7 from the previous equation we get
2P Rs\ 2
F =—t—<1——>c . (510.6)

We consider a spaceship which falls from r = ry at T = 0, i.e. with 7(rg) = 0.
This gives

R
pl= (1 - —S)c4. (S10.7)
ro
Hence,
dr 1 1
— = —c¢y/Rg | —— —. (510.8)
dr roor

Integration gives

) =" (1_i)i+ [ 22 arctan /22 — 1 (S10.9)
C ro RS RS r ' ’

The proper time taken to fall from the Earth to the Sun is

R
‘L’(Rs)=%0< ll—r—os—i- /;—(;arctan /;—Z—l). (S10.10)

Since Rg < rg a good approximation is

t(Rg) ~ =20 [0 (S10.11)
2 ¢ RS

where we have used that lim arctan x = /2 Here ry is the distance from the Earth
X—>00

to the Sun, i.e. ro = 1.5 x 108 km. Inserting numerical values gives 7(Rs) ~ 64
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days. This is the same as the Newtonian result (1.11) for the case considered here,
where we neglect the gravitational field of the Earth.

(b) Let A be an observer on the spaceship and B a stationary observer at a distance
rp from the Sun. Both A and B emit signals with angular frequency w. A receives
the signals from B with an angular frequency w,, and B receives the signals
from A with angular frequency wg.

We shall find w4 and wg by utilizing an inertial observer C instantaneously at rest
in the coordinate system at 74. This observer is at rest relatively to B. The observer
C receives signals from A with an angular frequency w¢4 and from B with wcp.

Let us first consider the signals from A to B via C. Since A moves away from C
the signal from A to C will be redshifted due to the kinematical Doppler effect, but
there is no gravitational frequency shift since A and C is at the same position during
their exchange of signals. Hence

1 —|vl|/c
= | ——w. S$10.12
wca =] 1+|v|/cw ( )

The velocity as measured by standard clocks in a local inertial frame is given in
Eq. (510.8).

We then consider the signal from C to B. Then there is no kinematical Doppler
effect since B and C are at rest relatively to each other. But there is a gravitational

frequency shift,
1-R
wp = |Ede o JIZRs/ra (S10.13)
(81)p 1 —Rg/rp

Inserting the expression (S10.8) for the velocity into Eq. (S10.12) and combining
with Eq. (S10.13) gives

1—-Rs /L -1

I_R S r Ty

wp = | s/Ta . (510.14)
I=Rs/rs |1+ Ry, [ - L

We then consider the signals from B to the spaceship A in a similar manner. The
signal is first sent from B to C. Then there is no kinematical Doppler effect, only
a gravitational blue shift, since these signals move downwards in the gravitational
field of the sun,

()5 1 — Rs/rp
= = . S10.15
wer / @a \/ [—Rs/ra” (510-15)
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Then the signals are emitted further from C to A. Since A moves away from C
there is now a redshift,

1-VRs\ /7 —
Wy = wes. (S10.16)
1+ Rs %—%

Combining the last two expressions we get

1—VRs\/+; L= Rs/ra
1+FF l—RS/rA

In the limit that the spaceship falls from an infinitely far away position we get

(S10.17)

wp =

1 — &s
B

lim wy = (S10.18)

ro—> 00

1+

In this case there is a redshift, which means that the kinematical redshift then
dominates over the gravitational blue shift.

10.2 Kinematics in the Kerr spacetime

(a) We shall consider light moving in negative and positive direction of ¢ in the
Kerr spacetime in the equatorial plane 8 = /2, as described in Boyer—Lindquist
coordinates. Using that ds?> = 0 along the world line of light, we then get for
the angular velocity of light, w; = d¢/dt¢, from the line element (10.26),

a)i — 20w + w* — 7V = 0. (§10.19)
where

Rsa _y _ r/r(r—Rs) + a?
_ o fsa v . $10.20
r3+a%(r — 2Ry) ¢ r3+a%(r — 2Ry) ( )

The solution of Eq. (S10.19) is

Rsa £ry/ —R 2

i =wteV = sa£ryrr 5) +da . (S10.21)

r3+a%(r — 2Ry)
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The velocity of light in the equatorial plane of the Kerr spacetime is cx ¢ = roy,
which approaches 1, or ¢, when r — o0. In the special case without rotation, a =
0, which represents the Schwarzschild spacetime, the coordinate velocity of light
reduces to

Csp = 1——. (51022)

which is isotropic. But in the Kerr spacetime the velocity is different in the positive
and the negative ¢—direction. The time difference for light sent around the equator
in the positive and negative ¢ —direction is

1 47 Rga r + (r — 2Rs)a?
)— ARsar” +(r —2Rs)a (510.23)

1
Al=2ﬂ<———+ = 3 5 -
on ] r—Rg rP+ (r + Rg)a

This time difference vanishes for the non-rotating case, @ = 0, and in general
when r — oo.

(b) We are still describing particles and observers in the equatorial plane of the
Kerr space. In the following a ZAMO in the Kerr spacetime will be describing
particles with fixed r- and 6-coordinates. We introduce an orthonormal basis
(€, €3, €5, Eq,;,), where ¢;, is the 4-velocity of the ZAMO. It follows from the
form of the line element

ds? = —e?dr? 4 e*dr? 4 e¥dh? + ¥ (d¢ — wdr)?, (S10.24)

that the dual basis 1-forms are

;

@ :e”(i)t, @lzeu@r’
R R . S10.25
o = o, ¥ = e¥ (W — wa). ( )
Using the fundamental contraction
o"(e,) =8 (S10.26)

It follows that the basis-vectors of an orthonormal basis associated with the ZAMO
are

. . - - e
e, =e (e, +wey), ey =e e,

¢y, =e ey, €5 =e Ve, (S10.27)

We shall now find the physical velocity as measured by a ZAMO of a particle
with 4-velocity components
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Ut =(i,¢) =i(1,Q),Q = i—‘f (S10.28)

in the Boyer—Lindquist coordinate system. Here the dot denotes differentiation with
respect to the proper time of the particle. We shall find the components of its velocity
with reference to the orthonormal basis above, carried by the ZAMO. Using the
tensor transformation of the vector components we get

U' =e'U' =e'i, U =e’ (U —wlU') =e’i(Q—w). (S10.29)

The physical velocity of the particle measured by the ZAMO is

v = — =/ Q- w). (S10.30)

A particle at rest in the coordinate system has €2 = 0 and hence the velocity

-, R
v = —e o =— 52 . (S10.31)
rr(r — Rs) +a?
We shall later need the factor
—1 2
. 1 14+ (1— &)«
P = = =) (810.32)
3\2 L+ (1+ &)
1_(v¢'> +(1+ )5
0

In the non-rotating case, with a = 0, the particle is at rest relative to the ZAMO;
i.e. observers at rest in the coordinate system are ZAMOs in the Schwarzschild
spacetime. But in the Kerr spacetime observers at rest in the coordinate system are
not ZAMOs. At r = Ry the velocity of a particle at rest in the coordinate system is

vg’ = —1, i. the particle moves with the velocity of light relative to the ZAMO.

(c) We shall introduce an orthonormal basis co-moving with observers at rest in the
Boyer—Lindquist coordinate system. The vectors of this orthonormal basis are

&= ()%, &= (i) lE — (gulgél, (S10.33)

where

Vi = 8ii — 81/ 8- (510.34)

are the components of the spatial metric tensor. Using that
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20 2 2 2 3\? 2 572

gn=e"o _3V=_6v1_<0> =—e"/P"",

W (510.35)

2
8rr = 6’2”, 8¢p = € 1//’ 800 = 6’2'\, 8ip = —¢€

we get
Ver = 8rr = € Yoo = gop = €,
2 220 AN 2
8 w’e o / A
Vop = 8pp = =+ o = ew<1 +72(x) ) =%, (51036)
81t ey
Inserting the expressions (S10.35) and (S10.36) into Eq. (S10.33) gives
E; = )76_‘)2,, E; = e_ﬂgr,
G=ee, &= e Ve +pe vy e (510.37)

The vector ¢; is the 4-velocity of an observer at rest in the BL-coordinate system,
i.e. of a static observer. Using the fundamental contraction (S10.26) we get the

corresponding basis 1-forms,

o =7l — el vy o of = et o’ = o’ 0 = pele?.  (510.38)
(d) The transformation matric leading from the coordinate basis vectors in the
Boyer-Lindquist system to the ZAMO can be read off from equation (S10.37),

e’ 0 0 ye"’vf);,
(me)=[° <¢"9,° (S10.39)
® 0 0 e*0
0 0 0 pe¥
The inverse transformation matrix is
7710 0 —9@‘”1}‘7’,
i 0 e0 0
A $10.40
( " 0 0 0 ( )
0 00 7pe¥

The components in the orthonormal basis (S10.37) of the Boyer-Linquist system
of the 4-velocity of aa particle with the 4-velocity (S10.28) are found by applying

the transformation (S10.40), U# = M 5U #, which gives,
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U'=p~le'U’ — )?e"'vg;,U‘z’ =ypleVi — ﬁewvg’/ﬂi, Ut = el U? = peV Qi.
(510.41)

The physical velocity of the particle as observed by an observer at rest in the
Boyer-Lindquist coordinate system is

iU ' (510.42)
VW=s—-m=——. .
Ui J’/‘—Z +62|//—2va
Using Egs. (S10.30) and (S10.31) this can be written as
. I
=0 (S10.43)
1 —v? vg

which is the relativistic formula for velocity addition.
10.3 A gravitomagnetic clock effect

Following [10.1] and [10.2] we consider two clocks moving freely in opposite direc-
tions in the equatorial plane of the Kerr spacetime outside a rotating body. The clocks
move along a path with » = constant and 6 = /2.

(a) In this case the radial geodesic equation

&r dx®dxf

- - = = S510.44
dr? Tl dr dr ( )
reduces to
I}, de* + 2T, dgdr + I ,dg* = 0. (810.45)
Inserting the expression (5.65) for the Christoffel symbols we obtain
dr\* dr
A — 28p1.r = »=0. S10.46
&, (d¢> + 284, b + 8¢0. ( )

From the line element (10.28) we see that in the equatorial plane of the Kerr
spacetime the non-vanishing components of the metric are

R Rsa Rga?
b= (1-5) w= B g B i)

Performing the differentiations and inserting the result into equation (S10.46)
gives
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AP P A (S10.48)
- —2a— a- — — = 0. .
d¢ d¢ Rg

The solution of this equation is

dr 1
—=ax —, (510.49)
d¢ wg

where wgis the Keplerian angular frequency,
wx =% = — ($10.50)

and equation (S10.50) is an expression of Kepler’s 3. law.

(b) To find the gravitomagnetic clock effect one integrates equation (S10.49) over
2nfor co-rotating and counter-rotating clocks. This gives

ty =Tk £27na, (S10.51)
where
2
T = 2~ (S10.52)
Wk

is the Keplerian period. The time difference in the travel time around the central
rotating body is

At =4ma =4nJ/M, (S10.53)

where J is the angular momentum of the central body. Inserting the velocity of light
we have,

At =4xJ/Mc*. (510.54)

The mass of the Earth is m = 6 x 10* kg and its angular momentum J =
10** kg m?/s. Hence outside the Earth the travel time difference for clocks travelling
freely around the Equatior in opposite directions is 2 x 107 s.
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Solutions for Chapter 11

11.1 The Schwarzschild-de Sitter metric

In the static spherically symmetric case the line element can be written as in
Eq. (8.1). Then there are only 2 independent field equations, which can be taken
to be the /f—and 77 —equations. The components of the Einstein curvature tensor
are given in equation (8.15). Then the ft—and 77 —field equations (7.43) with a
cosmological constant for empty space take the form

2
e g + (1 —e ) = (SI1.1)
r
2 1
e o' — (1 —e ) =—A, (S11.2)
r
Adding the equations we get with a suitable coordinate condition f = —c.

Equation (S11.1) can be written as

-] =a (S11.3)

The general solution of this equation is

—25_1_£_£ 2

S11.4
r 3 ( )

Demanding that the solution reduces to the exterior Schwarzschild solution with
vanishing cosmological constant, we get K = Rg. Introducing the length Ry =
+/3/A the line element can then be written as

Rs 1?2 dr?
ds? = — 1——S+ A+ —— 42402, (S11.5)
R}, 1-5& o
r RH
which describes the Schwarzschild-De Sitter spacetime.
11.2 A spherical domain wall in empty space described by the Israel formalism
Theenergy—momentum tensor of a domain wall is

Sij=—09g;. (S11.6)

Hence, the only non-vanishing mixed components of the energy—momentum
tensor are

;=S5 =—o. (S11.7)
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In empty space the equation of continuity of the domain wall reduces to (11.58)
which then gives

do

— =0 o = constant (S11.8)
drt

Hence, the mass density of the domain wall remains constant during radial motion
even if the area of the domain wall changes.
Inserting Eq. (S11.6) into Eq. (11.55) gives

3 K
[Koo] = K<—0(3)gee + 50(3)899> = EURZ- (511.9)

This equation has the same form as Eq. (11.74) for dust, but there o R* =constant,
while here o =constant. The equation of motion (11.89) for dust is still valid, but
with My replaced by 47 o R?,

M= (m - 2710R)4710R2. (S11.10)
A static spherical domain wall has
M = (1 —2noR)4no R?, (SI1.11)
which may be written
Rs = Rss(1 — Rgs/4R). (S11.12)
Here Rj is the Schwarzschild radius of the domain wall as measured by an observer

far from it, Rggis Schwarzschild radius as measured by an observer at the wall, and
R is its radius.

Solutions for Chapter 12

12.1 Gravitational collapse

(a) We shall here study particles falling freely from rest at a position infinitely far
from a black hole with Schwarzschild radius Rs. In Exercise 10.1 we considered
a spaceship falling from a position ry outside a black hole and into the hole.
Hence we shall here consider the limit rp — o0.

We found the following expression for the radial component of the 4-velocity

2 R
P2= P <1 - —S>c2. (S12.1)
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The boundary condition #(c0) = 0 gives p, = 2. Hence

. Rs
F=—cy —. (§12.2)
r
New integration with r(0) = p gives
T = 2 (0’ =7 (512.3)
3C«/ RS
Inserting this expression into Eq. (S12.2) gives
dt = —c/Rs vr dr. (S12.4)
r — Rs
Integration with the boundary condition #(0) = t gives
Jr/Rs + 1
ct = ¢t + Rsln ———— — 2/ Rqsr. (S812.5)
|vF/Rs — 1|
Solving the expression (S12.3) with respect to r gives
3/2 3C«/ RS 23 3C«/ RS 3/2
r=(,0/ —Tr> =p(1—Tt,o/>. (S12.6)

Inserting this into Eq. (S12.5) gives the relationship between the proper time of a
freely falling particle and the coordinate time, which is the same as the proper time
of an observer at rest far away from the black hole. Note that p has a constant value
for a freely falling particle.

(b) We shall now assume that there is Schwarzschild spacetime outside the black
hole, and find the form of the spacetime line-element, using 7 as time coordinate
and p as radial coordinate. The radial coordinate p is commoving with the freely
falling particles. Solving Eq. (S12.6) with respect to p gives

3
p3/2 =32 + Ec\/ Rgt. (S12.7)

We see that p increases with . As seen from the freely falling particles points
with fixed Schwarzschild coordinates move outwards.
Taking the differential of ¢, using Egs. (S12.5) and (S12.4) we get

at at
=g M —ge —edme Y, (S12.8)
ot ar r — Rg
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Inserting this into the Schwarzschild line-element (8.35) gives
R R
ds?> = — (1 - —S)czdr2 +2,) cdvdr + dr? + r2dQ2. (S12.9)
r r

Taking the differential of Eq. (S12.6) gives

9 9 R
dr=Lap+ Lar = [Lap— [ e, (S12.10)
ap ot r r

Inserting this into Eq. (S12.8) and using Eq. (S12.6) gives

2 4
3 -3 3 3
ds? = —c*dr® + [1 - zw/RsCT/O_;:| dp® + |:1 - 5\/ Rscrp_g] p2d2.

(S12.11)

This metric is regular at the Schwarzschild radiusr = Rg which has an increasing
co-moving radial coordinate,

3c 2/3
0s = Rs(l + Er) , (S12.12)
S

which increases with time. But the metric is singular at
2/3

o= (3‘/2R_Scr> , (S12.13)

which corresponds to the centre of the black hole, r = 0.

(c) We shall now consider a collapsing star which has a position-dependent energy
density p(t), assuming that the pressure is zero. Assume further that the inte-
rior spacetime can be described by a Friedmann metric with Euclidean spatial
geometry (k = 0). We shall find the metric inside the star.

We assume that the star is homogeneous so that the density of the star is constant
in space, but increases with time since the star collapses. The total mass of the star
is assumed to be constant. The surface of the star has a radius given by equation
(S12.6). Let the radius of the star at an arbitrary point of time be R and at T = 0 be
Ry. Hence the density of the star is

~ 6M
3 2"
@/ITR 4R (2-3vRserry )

p(7) = (S12.14)
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Inserting this into the Friedmann equation (12.46) for a flat universe with vanishing
cosmological constant gives,

72 A? Ry
- =—7. A2=—3. (S12.15)
a (1 —3Act) Ry
Since the star collapses we take the negative root, getting
da Acdt
— = (S12.16)
a — 5Act
Integration with the initial condition a(0) = 1 gives
3 2/3
a(t) = (1 - 5Acr> . (S812.17)
Hence the metric in the collapsing star is
4/3
3VR
ds? = —2de? + [1-2X2cr ) (dp? + p2dQ?). (S12.18)
2R

12.2 The volume of a closed Lemaitre-Friedmann-Robertson-Walker (LFRW)
universe

The volume of the region contained inside a radius r = aRyx in a closed LFRW
universe is

X
_ 3p3 ) _ 3p3 .
V =4na’Ry | sin” xdx =2na’ Ry X—Esm2x . (S§12.19)
0

12.3  Conformal time

The conformal time 1 of the Isotropic and homogeneous universe models is defined
by

dt = a(n)dn. (S12.20)
Inserting this into the line-element (12.1) gives
ds® = a(n)*(—c*dn® + Rjdx” + r(x)*dQ?). (S12.21)

Light moving radially have ds?> = dQ2? = 0, and hence a coordinate velocity
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d
X _ < (S12.22)
d77 Ry
The physical velocity of the light is
Rod
X _¢ (S12.23)
dn

12.4 Lookback time and the age of the universe

(a) Accordingto Eq. (12.111) the Hubble parameter at the emission point of time is
given as a function of the redshift of the source by

H(z) = Ho[Qnao(1 + 2)* + Quo(1 +2)° + (1 + 207 + Quo] >, (S12.24)

Using Eq. (12.113) the lookback time of a source with redshift z is

; ()_t_t()_/oo dz _/Oo dz _/Z dz
L) =10 TR T UroHe ) GvoHe ) GoHE

(S12.25)
giving
Z
dz
np(z) =t . R 5
S (14 2V Quao(1 +2)* + Quo(1 + 27 + (1 +2)* + Quo
(S12.26)

where ty = 1/Hj is the Hubble age of the universe, and €2 is the present value of
the density parameter of LIVE.
The age of the universe is

oo

o = 1rLp(00) = IH/

0

dz
(14 2)vV Qa0 (I + 20" + Qo1 +2)° + (1 +2)° + Q10
(S12.27)

(b) An empty universe (the Milne universe) has Q50 = Q20 = Qo =0, 2 =1
giving
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z
fp(2) =t / e = (S12.28)
LB HO 1127 HT .

Hence the age of the Milne universe is equal to its Hubble age, ty = f15(00) = ty.

(c¢) The Einstein—de Sitter universe is a flat, mass-dominated universe with Q2,50 =
Qo = Q =0, Qo = 1. Then the integral (S12.26) reduces to

t ()—tj @ ___2. 1 ! (512.29)
LB(2) = HO (1+Z)5/2—3H Ax o7 .

The age of this universe is

2
to = 115(00) = Sti. (S12.30)

(d) A matter-dominated universe with curved 3-space has

Z
dz
np(z) =t / . (S12.31)
SRR TRV
For positive spatial curvature, Q2,0 > 1, this gives
Qo arcsin VQmo — 1(vT+ Qmoz — 1)
(o) = — | V8o =1 Cmov/1+2 (S12.32)
Qmo—l +\/1+Qm01 1
l+z
The age of the universe is
t Q 1
fo = tip(00) = — ™ arccos,[—— — 1. (S12.33)
QmO - 1 QmO - 1 Qmo
For negative curvature, Q2,0 < 1, the integral (S12.30) gives
V14 Qmoz Qo .
; 1— T — Warcsmh
g (2) = —o : & (S12.34)

1= Qo | v/T—= Quo(vT+ Qmoz — 1)
QmO\/ 1 +z
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The present age of this universe is

n

Qmo 1
1-— arccosh, | — |.
1 —Qmo< «/l —Qm() QmO)

fo = t1g(00) = (S12.35)

(e) We shall now determine the age of a matter-dominated universe from the para-
metric solution (S12.140)—(S12.144). We shall first consider the universe model
with negatively curved 3-space. The present value of the conformal time is fund
from the requirement a(ny) = 1 which gives

2 — Qm
o = arccosh<—0>. (S12.36)
Ry Qmo

Inserting this into Eq. (S12.141) gives

t 1 Qm 2 - Qm
to=1t(no) = ——|1- ——Oarccosh(—°> . (S12.37)
1_Qmo zvl—QmO QmO

This seems to be in conflict with equation (S12.35). However applying the identity
1 2
arccoshx = zarccosh(Zx — 1) (§12.38)

with x = 1/4/Qmo, shows that the expressions are identical.
Using Egs. (S12.143) and (S12.144) we find the age of a universe with a positively
curved 3-space

ty 1 Q2mo 2 - QmO)
o=t = — arccos| ——— | — 1. S12.39
o=t =g [2 Vo -1 ( Qo (51239

(f) For a flat universe with cold matter and LIVES2,,40 = Q2 = 0, and the integral
(§12.26) reduces to

; d
np() =ty / S , (S12.40)
J (14 2V Quo(1 + 27 + Qg

which gives

2y v QLO(\/QLO + Qumo(1 +2)° — 1)

g = arctanh
340 VL0 + Qmo(1 +2)° — Q10

(S12.41)
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The age of this universe is equal to the look back time of an object with infinitely
great redshift,

2 arctanh./Q2po
fo =11B(00) = ztHy——F—r—

3 A/ QLO

in agreement with Egs. (12.164) and (12.168). Since 1in}) % =1 we get

(S12.42)

2
hp= gZH (512.43)

for a flat matter-dominated universe with €y = 0, in agreement with Eq. (S12.30).

(g) In the case of a flat LIVE-dominated universe with Q0 = 0, Q19 = 1 the
integral (S12.140) gives

g = tyIn(1 + 2). (S12.44)

12.5 The LFRW universe models with a perfect fluid

Inthis problem we will investigate FRW models with a perfect fluid. We will assume
that the perfect fluid obeys the equation of state

p =wpc?, (S12.45)

where —1 <w < 1.

(a) The Friedmann equations (12.46) and (12.57) with vanishing cosmological
constant are

3612 + kc?/R? _

e Kp (S12.46)

and
i=—Sa(p+3L. (S12.47)
6 c2
Inserting equation (S12.45) the last equation takes the form
. K
a= —ga(l + 3w)p. (S12.48)

The integral (12.106) of the energy—momentum conservation equation with the
normalization a(ty) = 1 takes the form
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p = poa >, (S12.49)

(b) Forw > —1/3 Eq. (S12.48) gives @ < 0, i.e. decelerated expansion. Hence
at a point of time the expansion will stop, a = 0 and the universe will start to
collapse. It follows from equation (S12.46) that this is only possible for k > 0,
i.e. for a closed universe.

(c) Wenow assume that the spatial curvature is Euclidean, k = 0. Inserting (S12.49)
into (S12.46) then gives

a2 = %po. (S12.50)

Integration for w # —1 with the conditions a(0) = 0, a(z) = 1 gives

a(t) = (—) . (S12.51)
fo
The Hubble parameter is
a 2 1
H=-=—" - (S12.52)
3(1+w)t
and the deceleration parameter is
51
g=—2 = ~(1+3w). (S12.53)
a 2

It follows from Egs. (S12.49) and (S12.51) that the time evolution of the mass
density is

o 2
p(t) = ,00(?> . (S12.54)

(d) For the present universe model the time evolution of the radius of the particle
horizon is given in Eq. (12.194),

_ 34w,

lpy = S12.55
= T3, ( )

This shall be expressed in terms of the redshift and the Hubble age of the universe.
Using Eq. (S12.51) the relation between the redshift and the cosmic time is
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1 to \ 30+
l4+z=—-= (—> . (§12.56)
a

Hence
t=to(1 +2)" 20, (S12.57)
Inserting this into Eq. (S12.55) gives

_3(1+w)

T o 7" 20w, (S12.58)

) PH

The relationship between the age of the universe and its Hubble age is given in
equation (12.193),

2
th = ——tn. S12.59
"3 +w ( )
Inserting this into equation (S12.54) gives
Ipyy = t(1 4 z) 30, (S12.60)

143w

(e) For a dust-dominated universe, w = 0, the above results give pa® = constant,
which means that the mass of dust in a co-moving volume is constant. The
time evolution of the scale factor, the Hubble parameter and the deceleration

parameter is a(t) = (t/t0)*3, H = %% and g = 1/2, the first two in agreement

with Egs. (12.142) and (12.145). For this universe model the radius of the particle
horizon evolve as lpy = 31 = 2ty (1 4+ z)~¢/2.

For a radiation-dominated universe model, w = 1/3, we get p = poa~*. Hence
the energy of radiation in a co-moving volume decreases with time. This is due to
the work performed by the radiation upon the region outside a co-moving volume.
The time evolution of the scale factor, the Hubble parameter and the deceleration
parameter is a(t) = (¢/ t0)'/?, H = %% and ¢ = 1. The time evolution of the radius
of the particle horizon is lpy = 2f = 2ty(1 +2)"%? = 15(1 +2)72.

For a LIVE-dominated universe, w = —1, we get p = pp; i.e. the density of
the vacuum energy is constant in the expanding universe. Hence the vacuum energy
in a co-moving volume increases. This is due to the negative work performed at
the boundary of the co-moving volume due to the negative pressure of the vacuum
energy. Hence vacuum energy is extracted from an infinitely remote region into the
regions at a finite distance from the origin.

Integration of equation (S12.46) for w = —1 gives a(t) = e’. The Hubble
parameter is constant, H = Hj, and the deceleration parameter is ¢ = —1. This
universe model has no particle horizon.


https://doi.org/10.1007/978-3-030-43862-3_12
https://doi.org/10.1007/978-3-030-43862-3_12
https://doi.org/10.1007/978-3-030-43862-3_12

Solutions to the Exercises 495

(f) We shall find a general formula for the deceleration parameter of a LFRW
universe model,

i

g=-—0 (S12.61)
From & = aH we have i = aH + aH. Hence
H
q:—l—m. (S12.62)
Differentiating Eq. (12.129) we get
H 39w 22w , Qo (S12.63)

H 2d a* a?’

Using that a(#p) = 1 and that Q9 = 1 — Q2,0 — Qrad0 — 210, We find that the
present value of the deceleration parameter is

S.ZmO
90 =—" + Qrado — Lpo. (S12.64)

12.6 Age—density relation for a radiation-dominated universe

Theage of a radiation-dominated universe is given by equation (S12.27) with Q0 =
Qo =0, and Qg0 + Qk = 0, 1.e.

i d
fo = rH/ - < 2 . (S12.65)
0 (1+2) \/Qrad()(l +2)° 4+ 1 — Qrdo
This gives
" u (S12.66)
(1 I a—— .
1+ /€rado
12.7 Redshift-luminosity relation for matter-dominated universe: Mattig’s fomula
Itfollows from 1 4+ z = é that dz = —(;izdt = —%dt. The equation of motion
for light moving radially towards the origin is Rpady = —d¢. Hence we obtain a

relation between the difference in redshift of to objects and the difference of their
radial coordinate,

Rodx = . (S12.67)
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Inserting the expression (12.111) of the Hubble parameter gives the redshift-
distance relation
4.
(S12.68)

RoHodx = [Quaao(1 +2*) + Qo (1 +2)° + Qro(1 + 2)> + Q0]

This formula is valid in curved as well as flat universe models. In a matter-
dominated universe it gives

Rox = — j & (S12.69)
OX_HOO (1 4+ 2T+ Qmoz ’
The so-called distance function is
D(x) = RoSr(x)- (S12.70)

Performing the integral (S12.69) and inserting the result into equation (S12.70)
gives the distance function of a matter-dominated universe is

2 Qmoz — (2 - QmO)(\/ I+ Qmoz — 1)

D)= — (S12.71)
Hy Q2 (1 +72)
This is called Mattig’s formula.
The luminosity distance to an object with redshift z is
2 Qmoz — 2 — Qmo)(v1+ Lmoz — 1
42 = (1 +2)D(z) = — 2mo2 mo)( moz 1) (S12.72)

Hy ano

This is the redshift-luminosity relation for matter-dominated universe. For the
Einstein—de Sitter universe, with £,,0 = 1, this relation reduces to

2
d, = Fc(l—i—z—«/l—i—z). (S12.73)
0

12.8 Newtonian approximation with vacuum energy

(a) The time-time component of Einstein’s field equations is

Gy + Mg = 87Gp. (S12.74)

In orthonormal basis g;; = —1. Hence the field equations without a cosmologi-
cal constant corresponds to those with a cosmological constant if the cosmological
constant is intepreted to represent the constant density pr, of LIVE according to
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A = —-8nGpr. (S12.75)

When equations (9.15) and (9.16) of the linear field approximation are generalized
to include a cosmological constant we obtain

V3¢ + A = 4nGp, (S12.76)
which may be written
V2 =4nG(p +2p1). (S12.77)

(b) In the spherically symmetric case this equation takes the form

1d/ ,d¢
dr

=—|r*== ) =47G(p +2p0). (S12.78)
rdr

Assume there is a particle with mass m at the origin. In the space outside the
particle Eq. (S12.78) then reduces to

L4299 _ g6 (812.79)
——|r"— ) =8n . .
r2dr\' dr pL
The solution of this equation is
G 4
¢ = ——= — aGpur, (S12.80)
r 3
The acceleration of gravity is
Gm 8
g=——¢€ + nGprre,. (S12.81)
r 3

Hence, the acceleration of gravity vanishes at a radius

3 \ /3
ro = . (S12.82)
8oL
The mass of LIVE inside this surface is
4
my = T”erg. (S12.83)

It follows that the mass of the LIVE inside the surface with vanishing acceleration
of gravity is only half as large as the mass at the centre, my (1) = m/2.
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As an illustration we calculate the transition radius for the Solar system in the
present Universe. Then the density of the LIVE is p, = Qr p, where the mass
parameter of LIVE is Q; = 0.7 and the critical density is p., &~ 1072° kg/m>. The
mass of the Sun is m = 2 x 10 kg. Inserting these quantities into Eq. (13) gives
a transition radius of approximately 300 Ly. Since the distances in the solar system
are much smaller than this, the cosmological constant is of negligible significance
for solar system gravitational effects.

12.9 Universe models with constant deceleration parameter

The deceleration parameter is
qg=——. (S12.84)

Integration with constant ¢ and the boundary conditions a(0) = 0, a(t) = 1
gives

£\ 0+
a= <—> ) (S12.85)
Iy

In a flat universe filled by a perfect fluid with equation of state p = wpenergy—
momentum conservation implied Eq. (12.106),

o = poa 20w, (S12.86)

For a flat universe with vanishing cosmological constant equation (12.47) then
takes the form’

L)
3% = kp = kpoa ™0, (S12.87)
a

Integration with a(0) = 0 gives

a(t) = (;)H (S12.88)

0

Comparison with Eq. (S12.85) shows that the solution with constant deceleration
parameter is identical to the time evolution of a plat universe filled by a perfect fluid
with equation of state

1
p=30q- Dpc®. (S12.89)

12.10 Density parameters as functions of the redshift
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The density parameter in a universe with radiation matter in the form of dust, and
LIVE is

P Y
Q="—= I Qrad + Qm + QL. (512.90)

Pcr
It follows from Eq. (12.106) that
Prad = Prado(1 + 2)4, Pm = pmo(1 + Z)S, PL = PLO- (S12.91)
Combining this with Egs. (12.111) and (S12.90) can be written

Qrado(1 + 2)* + Qumo(1 4+ 2)° + Q10

Q) = 1 3 2 ’
Qrago (1 + 2)" + Quo(1 + 2)” + Qi (1 + 2)° + Quo

(S12.92)

where
Qrado + Qmo + Qk + Qo = 1. (S12.93)

The density parameters of radiation, matter and LIVE as functions of the redshift
are

Qrado (1 + 2)*

Q) = . . . , (S12.94)
Qudo(1 +2)" + Qmo(1 + 2)° + (1 4+ 2)° + Qo
Quo(l +2)°
Q) = . mo( + f) . , (S12.95)
Qrado(1 +2)" + Qmo(1 +2)” + (1 +2)” + Qo
Q
Q@) = Lo (S12.96)

Qrado(1 + 2)* + Qumo(1 +2)° + (1 +2)* + Qo
12.11 LFRW universe with radiation and matter

We shall deduce the solutions of Einstein’s field equations for LFRW-universes with
dust and radiation, following [1]. We introduce conformal time in the same way as
in Eq. (12.126). Then Friedmann’s 1. equation takes the form

da\> « 2
ay) = 3(mat o) — ke’ (S12.97)

This equation can be written as

da\? 2 2
@ =2aa + B° — ka“, (512.98)

where
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K 1 K
o« = Zomo = 5moHg, B = /3 a0 = Hov/Quaao- (512.99)

The solutions of Eq. (S12.98) with the initial condition a(0) = 0 are
Fork =1:

a=a(l —cosn)+ Bsinny, t=a(n—sinn)+ B(l —cosn). (§12.100)

For k = 0:

o - @53 B,
=— . r=—-n"+ St S12.101
a=zn + Bn " +2n ( )

Fork = —1:
a =oa(coshn — 1)+ Bsinhny, ¢ = a(sinhn —n)+ B(coshn —1). (S512.102)

12.12 Event horizons in de Sitter universe models

Theeventhorizon represents the barrier between the future events that can be
observed, and those that cannot. It is a spherical surface around an observer. The
event horizon sets up a limit in the future observable universe, since in the future the
observer will be able to obtain information only from events which happen inside
their event horizon. According to its definition the coordinate radius, 7gy, of the event
horizon is given by

TEH o
dr cdt
—_— = —. (S12.103)
, V1 —k(r/Ry)? ) a(r)
The proper distance to the horizon is
dr
¢ (S12.104)

FEH dr o0
Iy = S cdr
H a(t)O/‘/l—k(r/Rof m/a(r)

The scale factors of the de Sitter universe models are given in Eq. (12.160). We
have 3 cases
k = 1: In this case the scale factor is

Ry [3 A
a() = — Xcosh<\/;t>. (S12.105)

Inserting this into Eq. (S12.103) gives
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’/”’d_r_ﬁ ﬁfd_
J = /Ry Ro A[ cosh(y/A/3t)’

which leads to

r 6¢2
arcsin —2 | = 5 arctan(e’ A/3’).
Ro) ~ AR

Hence the coordinate radius of the event horizon is

2

6¢ X
— ; —/A/3t
reg = Ro sm|:AR2 arctan(e )]

0
k = 0: The flat de Sitter universe has scale factor

a(r) = e/,

In this case Eq. (S12.104) takes the form

TEH 00 d

cdt
/dr :f Ok
0 t

giving
ren = ¢/ A/3e VA

k = —1: For this model the scale factor is

a(t) = %\/%sinh<\/§t).

Equation (S12.104) then takes the form

r/”' &2 [3 /Oo dr
) /1 —|—(r/R0)2 B R() A / Sinh( A/3t)’

which leads to

3c? 1 /A
arcsinh e :—Lzln tanh| =,/ —1 ) |.
Ry AR; 2V 3

Hence
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(S12.106)

(S§12.107)

(S12.108)

(S12.109)

(S§12.110)

(S12.111)

(S12.112)

(S§12.113)

(S12.114)
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3c? 1 /A
ren = Rosinh{ ———In| tanh( =,/ =1 ) | }. (512.115)
AR 2V 3

12.13 Flat universe model with radiation and LIVE

(a) We shall find the scale factor as function of cosmic time following the procedure
in [1]. It follows from Eq. (12.106) that in a universe containing non-interacting
radiation and LIVE the density of LIVE is constant, and the density of the
radiation decreases as the fourth power of the expansion factor. Also in a flat
universe the sum of the densities of radiation and LIVE is equal to the critical
density. Hence the total density can be written

0 = Pro + Prado@ " = 1 — Prado + Pradoa’ (S12.116)

with the usual normalization of the scale factor, a(fy) = 1. Then the first
Friedmann equation takes the form

. K
@ = (a0 = Praa0)a” + praco)- (S12.117)

which can be written as

a’a® = (0/2)*(a* + AY), (S12.118)
where
K
w=2] g(pcro — Prado) = 2Hpv/ 1 — Qado,
1/4 Q 1/4
A= <A) _ (—‘10> . (S12.119)
Pecr0 — Prado 1- QradO

Introducing the function y = (a/ A)? Eq. (S12.118) takes the form
=0’ (y* +1). (S12.120)
The solution with the initial condition y(0) = 0 is
y = sinh(wt). (S12.121)
Hence the scale factor is

a(t) = Ay/sinh(wt). (S12.122)
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(b) The Hubble parameter and the critical density are

H = %coth(a}t) (S12.123)

and
per = (3/K)H? = pro coth? (wr). (S12.124)
Hence the density parameter of LIVE and radiation is

1

Qp = tanh®*(w1), Qrago = ———.
L = tanh”(w?) rado cosh(@n)

(S12.125)

A graph essentially of the Hubble parameter as a function of time is shown in
Fig. 12.22.

The graph shows that the Hubble parameter approaches the constant value w/2
for wt > 2. Also the scale factor then approaches an exponential function. Hence this
model approaches the flat de Sitter universe for large times. This is a consequence of
the fact that the density of LIVE is constant while the density of radiation decreases
during the expansion, so that the model ends up by being LIVE dominated.

(c) The age of the universe is determined from the condition a(ty) = 1. Equation
(S12.122) then gives

to = (1 /w)arcsinh(1/A%) M ein, |1 S0 (S12.126)
0= = ) )
21 = Qo Qrado
An alternative expression follows from Eq. (S12.125),
1 tanhy/1 — €2;.
1o = artan 2do. (S12.127)
2 I — Qrado
The acceleration of the scale factor is
. A(,()2 s 112 1 2
i = ~——sinh'(@n)| 1 - 2 coth® (@) |. (S12.128)

There is a transition from decelerated expansion due to the attractive gravity of
the radiation to accelerated expansion due to the repulsive gravity of LIVE at a point
of time #; given by ¢(t;) = 0. This leads to

coth(wt;) = V2. (S12.129)
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-2

-3

Fig. 12.22 The graph of cothx

Combining this with Eq. (S12.127) gives

artanh ( 1/ ﬁ)
fg———————.
% artanh/T — Qa0

The present density parameter of the cosmic background radiation is Q2,90 ~
10~*. Inserting this in the above equation gives #; ~ 0.17fy = 2.3 billion years.
Hence neglecting dust, a flat universe with LIVE and radiation equal to the CMB of
our universe, will experience a transition from decelerated expansion to accelerated
expansion 2.3 billion years after the Big bang.

It follows from Eqs. (S12.121) and (S12.129) that the observed redshift of an
object emitting the observed radiation at the point of time #, is

(S12.130)
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1 1 1 1 /1 — Qa0

i=—-1l=——1l=——1=— — 1.
! a(t) A./sinh(wty) J2A V2 Qrado

(S12.131)

Inserting Qa0 ~ 107 gives z; = 6.1.
12.14 The De Sitter Universe

(a) The formula for the cosmic redshift of light emitted at a point of time 7, and
received at a point of time 1y is: z; = ( ™ — 1. The scale factor of the “flat” de
Sitter universe is a(t) = e*’. This gives 7; = (01

a null geodetic curve, ds?> = 0.

— 1. Light moves along

For light moving radially this gives dr = —ce~f"dt. Integration leads to
r= = (e7Hl — gmH) = S pmHi(pHu0) _ ) (S12.132)
H H
Giving
= (H/c)eMor,. (S12.133)

(b) The 4-acceleration of an arbitrary particle is

. du du -
a:a: <?+Fﬁu u )eu. (S12.134)

With the present line-element the 4-velocity of a reference particle is u* = % =
(c, 0,0, 0) all the time. Hence 4’ . Thus the expression for the 4-acceleration
reduces to @ = I'};c?¢,,. These Christoffel symbols are

dr
1 08t 08y 081
' = g 2= — . S12.135
w=38 <3t T T e ( )

Since the metric is diagonal the first two terms vanish, and since g,; = —c? the
last term vanish. Hence the four-acceleration of a reference particle in this reference
frame is @ = 0. This means that the reference particles are freely falling. Hence an
observer with constant radial coordinate r does not experience any acceleration of
gravity.

(c) For astatic metric the frequency change of light measured locally at the position
of the emitter, e, and the receiver, r, comes from the position dependence of the
rate of time in a gravitational field. Let Az, be the period of light emitted at R
as measured locally by a standard clock at rest, and A¢, the as measured by a
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coordinate clock. The corresponding quantities as measured at the receives are
A7, and At,. Then

AT, = /= (gn), Ate, AT, = /= (g10), Aty (S12.136)

A static metric means that the coordinate clocks tick with a position independent
rate, At, = At,. Hence the proper periods of the light at the emitter and the receiver

are related by
Ar, = |8z (S12.137)
(&11)e

Locally the wavelength and the period are related by A = cAt. Hence the
gravitational redshift (for light moving upwards, blueshift downwards) is

Sy, (S12.138)

With the given static form of the de Sitter metric we get

1
— 1
J1— H?R?

The reason that the redshifts in (a) and (c) are different, is that the experiments are
not identical, since the emitter in (a) moves relative to the receiver, but the emitter in
(c) is at rest relative to the receiver.

= (S12.139)

(d) From point (b) we have that the 4-acceleration of a reference particle perma-
nently at rest in the coordinate system is

- - 1 ,,08rr- 1 0grT - 1 dgrr.
=F'M 2 = ——gHV 2"~ = —— RRZOTT = — .
GEIITC O T T8 e T T8 R BT T 2gag 0R R
(S12.140)

Inserting g7 = —(c* — H*R?), grp = (1 — H2R2/02)_l gives
d=—(1— H*R*/c*)H*Rég. (S12.141)

The particle accelerates in the negative R-direction. Hence the observers at rest in
this reference frame experiences an acceleration of gravity in the positive R-direction.
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(e

an

®

12.

()

(b)

(©)

(d)

It follows from the given coordinate transformation that a particle with r = ry
will have a motion with

HT
R=ree""J1— H’R? /> or R= —% (S12.142)
/1+ Hr§ oHT
C2

Relatively to the (7', R)-system the reference particles of the (z, r)-system have
accelerated outwards motion.

In the (¢, r)-system the redshift is explained as an expansion effect, but in the
(T, R)-system the redshift is explained as a gravitational effect. The light which
moves inwards towards the observer at the origin, moves upwards in the outwards
directed gravitational field that is experienced in this reference frame, because
the reference particles are not falling freely.

15 The Milne Universe

This line element describes an expanding, isotropic and homogeneous universe
model, a FLRW-universe. It has negative spatial curvature, and thus infinitely
large spatial extension, and the scale factor is a(t) = t/t.

The Hubble parameter is H (1) = 1/t with a present value H (fy) = 1/fy. Hence
the age of this universe is equal to the inverse of the present value of its Hubble
parameter.

The deceleration parameter is ¢ = —ad/a> = 0. Hence this universe model
expands with a constant velocity.

2
Given the coordinate transformation 7 = ¢,/ 1 + (i) ,R = % It follows that

N> [(rt\?
AT —R* =7 + (—) - <—> =% (S12.143)
fo fo

Hence

t =T — R/, (S12.144)

Furthermore it follows from the given coordinate transformation that

R . r
T ,/cztg—i—rz

Solving this equation with respect to r gives

(S12.145)
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R

Equations (d2) and (d4) are the inverse transformation.

(e) The world lines of the reference frame E in which the coordinates ¢, r are co-
moving are given by r = rp=constant. It follows from Eq. (ds) that these world
lines are given by the curves described by ¢T = K| R, K| = /T + (cto/ro) in
a Minkowski diagram referring to the T, R-system. These curves are straight
lines.

According to Eq. (d1) the simultaneity curves of the ¢, r-system, t = @ = constant,
are hyperbolae.

The world lines and simultaneity curves of the ¢, r-system relative to the 7', R-
system are shown in the Minkowski diagram below.

12.16 Natural Inflation

(a) We here consider a natural inflation model with potential
V(@) = Vo(1 +cos ). (812.147)

where ¢ = ¢/M, and M is the spontaneous symmetry breaking scale. Writing
the Einstein gravitational constant as k = 1/M 2 where M p is the Planck mass, and
inserting the potential (S12.147) into Eq. (12.304) we find the slow-roll parameters

1 —cos¢ b Mp\>
_bl-cos¢ p_ 8¢ (—”) (S12.148)

&= = ~ 77 = 0=, b =
21+cos¢ 1+ cos¢ M
Here ¢ is the initial value of the field giving rise to N e-folds. The parameter b
represents the symmetry breaking scale and b < 1 for M > Mp.
The spectral parameters are

3 —cos¢ 1 —cos¢ 1 —cos¢
By = bo 8P pl T8O gy 1T 610 149
1+cos¢ 1+cos¢ 1+cos¢

(b) It follows from these equations that

r=4(8, —b), ny = —%, (S12.150)

The symmetry breaking parameter b can be determined from observations from
the first of the relationships (S12.150),

b=8, — :—1. (512.151)
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The observed value §,,; = 0.032andr > O givesb < 0.02andhence M > 5.6 Mp.
This shows that the symmetry breaking energy is higher than the Planck energy which
is a weakness of the original natural inflation model.

(c) Imserting the potential (S12.147) into equation (12.322) and performing the
integration gives the number of e-folds

N lln 1-—- cos(q%«)
1—cos<q§)

It is usual to specify that the inflationary era ends when ¢ = 1. Inserting ¢ = ¢
in the first of the Eq. (S12.148) with ¢ = 1 we get

(S12.152)

cos(qB ) _ 2=t (S12.153)
T~ 24 '

Inserting this into Eq. (S12.152) gives

7\ 4 —bN
cos(qb)_l e (S12.154)

It follows from Eqs. (6.5.22) and (6.5.29) that

_ Q2+b)eN 42 2b 16b

w TN — 2" T T o by =2 T 2t byeN —2
(S12.155)

, T

Inserting §,; = 0.032 and N = 50 into equation the first of the expressions
(S12.155) we get b = 0.02 and DN = 1, and the last of the equations gives r ~ 0.09
which is a little larger than the observational requirement » < 0.04.
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Earth-Moon system, 21, 413, 414
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Einstein—de Sitter model, 342

Einstein—de Sitter universe, 378, 379, 490
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Einstein’s curvature tensor, 201, 211, 285,
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Electric field strength, 163
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Electric scalar potential, 163
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Electromagnetic field, 51, 167, 168,201, 207

Electromagnetic field form, 163, 166
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