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Preface

Practice Makes Perfect: Calculus is designed as a tool for review and practice in
calculus for the advanced beginner or intermediate learner of calculus. It is not
intended to introduce concepts, but rather it is meant to reinforce what already
has been presented to readers. To that end, it is a useful supplementary text for
introductory courses in calculus. It can also serve as a refresher text for readers
who need to revitalize previously acquired calculus skills.

Like most topics worth knowing, learning calculus requires diligence and
hard work. The foremost purpose of Practice Makes Perfect: Calculus is as a source
of solved calculus problems. We believe that the best way to develop accuracy and
speed in calculus is to work numerous practice exercises. This book has more than
500 practice exercises from beginning to end. A variety of exercises and levels of
difficulty are presented to provide reinforcement of calculus concepts. In each
unit, a concept discussion followed by example problems precedes each set of ex-
ercises to serve as a concise review for readers already familiar with the topics
covered. Concepts are broken into basic components to provide ample practice of
fundamental skills.

To use Practice Makes Perfect: Calculus in the most effective way, it is impor-
tant that you work through every exercise. After working a set of exercises, use the
worked-out solutions to check your understanding of the concepts. We sincerely
hope this book will help you acquire greater competence and confidence in using
calculus in your future endeavors.

ix
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LIMITS

The fundamental idea of the calculus is the concept of limit. The exercises in Part I
are designed to improve your understanding and skills in working with this con-
cept. The symbolisms involved are useful contractions/abbreviations and recogniz-
ing the “form” of these is essential in successfully producing required results. Before
you begin, if you need a review of functions, see Appendix A: Basic functions and
their graphs.




This page intentionally left blank



The limit concept

Limit definition and intuition

A function f(x) is said to have a limit A as x approaches ¢ written lim f(x)=A,

provided the error between f(x) and A, written | f(x)— A|, can be made less than
any preassigned positive number € whenever x is close to, but not equal to, c. Heu-
ristically, “The limit of fat the point cis A if the value of f gets near A when x is near ¢.”
We will explore this definition intuitively through the following examples.

Compute the value of f(x)=x*+5 for the following values of x that are close
to, but not equal to 2 in value; and then make an observation about the

results.

a.x=2.07 f(x)=9.2849

b. x=1.98 f(x)=8.9204

c. x=2.0006 F(x)=9.00240036
Observation: It appears that when x is close to 2 in value, then f(x) is close to
9 in value.

4
Compute the value of f(x)=— for the following values of x that are close to,

but not equal to 0 in value, and then make an intuitive observation about the

results.
a.x=.01 f(x)=400
b. x=-.001 f(x)=-4000
c.x=.001 f(x)=4000

Observation: It appears that when x is close to 0 in value, f(x) is not close to
any fixed number in value.

Using limit notation, you can represent your observation statements for the
above examples, respectively, as:

4
limx?+5=9 and lim— does not exist.
x—2 x—0 X




1-1
Compute the value of f(x) when x has the indicated values given in (a) and (b). For (c), make
an observation based on your results in (a) and (b).
1. _ X+ 2
f(x) :
a. x=3.001
b. x=2.99
c. Observation?
2 _ X= 5
fx) 4x
a. x=1.002
b. x=.993
c. Observation?
2
3. fix)=X
X
a. x=.001
b. x=-.001

c. Observation?

Properties of limits
Basic theorems that are designed to facilitate work with limits exist, and these theorems are the
“bare bones” ideas you must master to successfully deal with the limit concept. Succinctly, the
most useful of these theorems are the following:
If lim f(x) and lim g(x) both exist, then
1. The limit of the sum (or difference) is the sum (or difference) of the limits.
lim[ f(x)+ g(x)] = lim f(x)+lim g(x)
2. The limit of the product is the product of the limits.
lim[f(x)- g(x)] = lim f(x)-lim g(x)
3. The limit of a quotient is the quotient of the limits provided the denominator limit is not 0.

i S0 _ 00

_ X

e g(x)  limg(x)

4. If f(x) 20, then 1131</ flx) = »</li£n f(x)for n>0

5. limaf(x)=alim f(x) where a is a constant
X—C X—C

6. liin[f(x)]n = [liin f(x)} for any positive integer n

7. limx=c
11 .

8. lim—=- provided c#0
X—>C x C

4  LiviTs



You must guard against the error of writing or thinking that lim f(x) = f(c); that is, that you

determine the limit by substituting x = ¢ into the expression that defines f(x) and then evaluate.
Recall that in the limit concept, x cannot assume the value of c. The complete explanation re-

quires the concept of continuity, which is discussed in Chapter 3.

PROBLEMS

SOLUTIONS

Evaluate the following limits.

a.

b.

. lim

. lim =lim

. 3x-5
lim
>25x+2

lin}(3x ++/16x)

x*—-16
x—=4 x—4

3x—5 11m3x—5 1

_ x>2

im =
=25x+2 lim5x+2 12
x—2

x*—-16

(x—4)(x+4) _

x=4 x—4 x—4 x—4

lim(x+4)=38
x—4

. lim(3x ++16x) =lim3x + limy/16x = 3limx +_ [lim16x =12++/64 = 20
x—4 x—4 x—4 x—4 x—4

Notice that in this example, you cannot use the quotient theorem because the limit of the
denominator is zero; that is, lim(x —4)=0. However, as shown, you can take an algebraic ap-
x—4

proach to determine the limit. First, you factor the numerator. Next, using the fact that for all

x4,
x—4

useful approach that can be applied to a number of limit problems.

EXERCISE

Gzd)xtd) = x +4, you can simplify the fraction and then evaluate the limit. This is a

d. limv6x—12 does not exist because 6x — 12 < 0 when x is close to 1.

x—l1

1-2

3. IirT}\/x3+7

4. lim(5x*+9)

X—>T

5. lim2=2X
=0 x+11

6.

10.

Find the following limits or indicate nonexistence.

. 943x?
lim 3
x>0 x* +11
X2 =2x+1
I|m2—
x—1 X _'|

. 6-—3x
lim 5

=4 x°—16

lim V4x®+11

X—-2

. 8-3x
lim
x=>6 X—6

The limit concept
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Special limits

Zero denominator limits

Some of the most useful limits are those in which the denominator limit is 0, even
though our previous limit theorems are not directly applicable in these cases.

These types of limits can exist only if there is some sort of cancellation com-
ing from the numerator. The key is to seek common factors of the numerator and
denominator that will cancel.

PROBLEMS  Evaluate the following limits.

o x’-8
a. lim
x—4 x_2
. (5% +10xh+5h* +2)—(5x* +2)
b. lim
h—0 h
) \/x+h—\/;
C. hm—
h—0 h
3 2
-8 —2)(x*+2x+4
SOLUTIONS  a. lin}x Zzlirri(x ) 5 o ):lirr}(x2+2x+4):28
X—> x— X—> x— X—>
. (5x*+10xh+5h* +2)—(5x>+2) .. 10xh+5h’
b. lim =lim
h—0 h h—0 ]’l

= lhing(le+5h) =10x

. Nx+h—~x = (Wx+h—vx)Nx+h+x)
. lim =lim
h=0 h h=0 h(Nx+h++x)

. (x+h)—x ) h
=lim =lim

-1
0 px+h4x) 0 h(\x+h+x)

=lim

1 1
=0 (Jx+h+x) 2x

PROBLEM  If f{x) = 6x2 + 7, then find limf(x+h}z_f(x).

h—0
lim flx+h)—f(x) _ i (6(x+h)* +7)—(6x>+7)

SOLUTION li
h—0 h h—0 h
6x P+ 12xh+6h*+7—6x>—7
=l i

= lhim(12x +6h)=12x
—0



2-1
Evaluate the following limits.
x-3
B 4+ x-12
_ (x+h)Y?=x’
2. lim——
h—0
3
- 64
3. Iimx2
x4 x°—16

4. 1f F(x)=5x+8, find fim X TM=0)

h—0

5x+7

9(2)'

7. If g(x)=x?, find lim gx) .

x—2 X

x—0 X

ey
9 lim—
r—0 r
3
X +6
10. lim
x—4 x—4

Infinite limits and limits involving infinity

The variable x is said to approach co (—o0) if x increases (decreases) without bound. For example, x
approaches o if x assumes the values 2, 3, 4, 5, 6, and so on, consecutively. Note, however, that y
does not approach infinity if y assumes the values 2, -2, 4, -4, 6, -6, and so on, in the same
manner.

A function becomes positively infinite as x approaches c if for every M > 0, f(x) > M for
every x close to, but not equal to, c. Similarly, a function becomes negatively infinite as x ap-
proaches c if for every M < 0, f(x) < M for every x close to, but not equal to, c.

PROBLEMS  Evaluate the following limits.

. a .
a. lim—, where g is any constant
X0

b. limx?

. 3x+12
C. hm
xome x—1
4

. lim
x—>3|x_3|

LiMITS



. a
SOLUTIONS ~ a. lim—=0 for any constant a
X0y

b. limx* = oo

X—00

;2
3x+12 340
c. lim X = lim X — =3
xo—ee x—1] H*x’l_l 1-0
x
d. lim =0
x—>3|x_3|
Evaluate the following limits.
. . X—2
1. lim(5x-7) 6. |Im2—
X—>o0 x=ex*—5x+6
5 3
X" +6x -7
2. lim— 7. Iim#
x~>wx3 x==5x°+6Xx°—11
. 7x*+6x*-3x
3. lim3x+95 8. I|m3—
X X0 —3x° —7x+5
X=X’ +47x+9 . 2x>+8x-5
4, lim 3 o. I|m—2
x= 18x° +76x—11 X2 _3x°+4
5. lim 10. lim
x4 — X ooy — 4

Left-hand and right-hand limits

Directional limits are necessary in many applications and we write lim f(x)to denote the limit

concept as x approaches ¢ through values of x larger than c. This limit is called the right-hand
limit of fat ¢; and, similarly, lim f(x)is the notation for the left-hand limit of fat c.

X—C
Theorem: lim f(x)= L if and only if lim f(x)=lim f(x)= L. This theorem is a very useful tool
X—c x—ct x—c
in evaluating certain limits and in determining whether a limit exists.

PROBLEMS  Evaluate the following limits.

. 4
a. lim——
-3t x—3

Special limits



d. lim[x]

x—2"

e. lim[x]
x—2

. 4
SOLUTIONS a. lim——=o0
x—3" x—3
15

b. lim ——=—ce
x—=1 X —1

c. lim[x]=2
x—2"

d. lim[x]=1

x—2"

e. lim[x] does not exist because lim[x]=2and lim[x]=1, so the right- and

x—2 x—2" x—2"

left-hand limits are not equal.

Evaluate the following limits if they exist. If a limit does not exist, show why.

2
X=9
1. lim[x]+1 6. lim
x—s4* x-3 X—3
2
-4
2. IimX 7. lim
x—2" X—2 x—4" X —4
5 4
+x"—8
3. lim 8. lim xrx-e
x—8" X —9 X——4~ x+4
2
-16
4, lim+4x+3 9, IimX
x—0" x—4t x—4
2
X"=16
5. lim[x—=1] 10. lim
x—5 x—=4 X—4

10 LivrTs



Continuity

Definition of continuity

A function fis continuous at a point c if and only if
1. f(c)is defined; and

2. lim f(x)exists; and

3. lim f(x)= f(limx)= f(c).

If a function fails to satisfy any one of these conditions, then it is not con-
tinuous at x = c and is said to be discontinuous at x = c.

Roughly speaking, a function is continuous if its graph can be drawn with-
out lifting the pencil. Strictly speaking, this is not mathematically accurate, but it
is an intuitive way of visualizing continuity.

Notice that when a function is continuous at a point ¢, you have the situation
whereby the limit may be calculated by actually evaluating the function at the
point c. Recall that you were cautioned against determining limits this way in an
earlier discussion; however, when a function is known to be continuous at x = c,

then lim f(x)= f(c).

By its definition, continuity is a point-wise property of a function, but this
idea is extended by saying that a function is continuous on an interval a<x <b
if and only if f is continuous at each point in the interval. At the end points, the
right- and left-hand limits apply, respectively, to get right and left continuity if
these limits exist.

PROBLEMS ~ Determine whether the following functions are either
continuous or discontinuous at the indicated point.

a. f(x)=v4x+7atx=4

b. f(x)=x—4atx=3
c. f(x)=3x*+7atx=2
12

d. f(x)=

atx=2
2

2

atx=2

e. flx)=2=

11



SOLUTIONS  a. lim\/4x+7 = \/lim(4x+7) = \/4(limx)+7 = JZ; thus, the
x—4 x—4 x—4

function is continuous at 4.
b. lim(x—4)=((limx)—4)=—1; thus, the function is continuous at 3.
x—3 x—3

c. lim(3x*+7)=(3(limx*)+7)=19; thus, the function is continuous at 2.
x—2 x—2

12
d. lim—— does not exist; thus, the function is discontinuous at 2.

=2 x =2
2
x'—4
e. f(x)= 3 is discontinuous at 2 because the function is not defined at 2.
x f—

However, the limit of f(x) as x approaches 2 is 4, so the limit exists but
lin} f(x)# f(2). If f(2) is now defined to be 4 then the “new” function f(x) =

2
x'—4
> X # 2| is continuous at 2. Since the discontinuity at 2 can be “removed,”
4 x=2

then the original function is said to have a removable discontinuity at 2.

EXERCISE
3-1
Show that the following functions are either continuous or discontinuous at the indicated
point.
Vx-=5
1. f(x)=+5x—-7 atx=1 6. g(x)= s atx=3
X_
°-8 -5
2. f(x)=X atx=0 7. g(x)=\/; atx=28
2—-x X+2
4
3. f(x)= atx=1 8. h(x)=5x2—\/;+7atx=5
V2x-3
X—6
4, f(x)=[x] atx=3 9. f(x)= atx==6
X—2
x*+6 —-a)’ +x-6
5. glx)= atx=4 10. h(x)=u atx=a
X—5 X—a+3

Properties of continuity

The arithmetic properties of continuity follow immediately from the limit properties in Chapter 1.
If fand g are continuous at x = ¢, then the following functions are also continuous at c:

1. Sum and difference: f+ g
. Product: fg
f

. Quotient: =, provided g(c)#0

2
3. Scalar multiple: af, for a a real number
: g

12 Luvrts



Further, if g is continuous at ¢ and f is continuous at g(c) then the composite function f o g
defined by (f o g)(x)= f(g(x)) is continuous at c. In limit notation, liinf(g(x)) = f(liing(x)) =
f(g(c)). This function composition property is one of the most important results of continuity.

If a function is continuous on the entire real line, the function is everywhere continuous;
that is to say, its graph has no holes, jumps, or gaps in it. The following types of functions are
continuous at every point in their domains:

Constant functions: f(x) = k, where k is a constant
Power functions: f(x)= x", where n is a positive integer
Polynomial functions: f(x)=a x" + an_lx”"1 +otax+a,

Rational functions: f(x)= %, provided p(x)and g(x) are polynomials and g(x) #0
q

x
Radical functions: f(x)= x,x>0,na positive integer
Trigonometric functions: f{x) = sinx and f(x) = cos x are everywhere continuous; f(x) = tan x,
flx) = cscx, flx) = secx, and f(x) = cotx are continuous only wherever they exist.
Logarithm functions: f(x)=Inx and f(x)=1log, x,b>0,b#1
Exponential functions: f(x)=e*and f(x)=b"b>0,b#1

PROBLEM Discuss the continuity of the following function: g(x)=3(sin3x) at a real number c.

SOLUTION  3x is continuous at ¢ and sinx is continuous at all real numbers and so sin(3x) is
continuous at ¢ by the composition property. Finally, 3sin(3x) is continuous at ¢
by the constant multiple property of continuity.

Discuss the continuity of the following functional expressions.

11x* —8x+9
1. f(x)=5(tan 3x) at a real number ¢ 6. G(x)=X.—X on the real line
sinx
2. h(x)=tanx+cos(3x—1)atc=4 7. V(x)=sinx+cosx on the real line
5x° +2x . T
3. flx)==—2+x* —tanxsinxatc=5 8. T(x)=sin’x+cos’x at c=—
Ccos X 11
T tanx
4. t(x)=cosv5x—3+tanx at C=E 9. f(x)=— at x=2m and at x=67
sinx
5. H(x)=5/8x2—4sinx+13 forx>1 10. g(x)=vx—=15+sinx—10atx=11

Intermediate Value Theorem (IVT)

The Intermediate Value Theorem states: If f is continuous on the closed interval [a, b] and if
f(a)# f(b), then for every number k between f(a) and f(b) there exists a valuex, in the interval
[a, b] such that f(x)=k.

The Intermediate Value Theorem is a useful tool for showing the existence of zeros of a func-
tion. If a continuous function changes sign on an interval, then this theorem assures you that there

Continuity 13



must be a point in the interval at which the function takes on the value of 0. It must be noted,
however, that the theorem is an existence theorem and does not locate the point at which the zero
occurs. Finding that point is another problem. The following example will illustrate using the IVT
to determine whether a zero exists and give some insight into finding such a point (or points).

PROBLEM Is there a number in the interval [0, 3] such that f(x)=x"—x—2=—-1?
This question is equivalent to asking whether there is a number in [0, 3] such
that f(x)=x"—x-1=0.

soLuTioN  The function is continuous on [0, 3], and you can see that f(0)=0’-0—1=-1
and f(3)=3-3-1=5. Since f(0)<0 and f(3)> 0, by the IVT, you know

there must be a number in [0, 3] such that f(x)= x> —x—1=0; that is, there
is a solution to the problem. In this case, a solution can be found by solving

1+5

the quadratic equation, x> — x —1 = 0, to obtain the two roots: .
2

Approximating these two values gives 1.62 and —0.62, of which only 1.62 is in the

1++5
2

interval [0, 3]. Thus, there does exist a number, namely , in the interval

1+£}=0‘

[0, 3] such that f [ 5

EXERCISE

3-3

For 1-5, use the IVT to determine whether the given function has a zero in the given interval.
Explain your reasoning.

1. f(x)=4x*-3x>+2x-5 on [-2, 0] 4, g(x)=38x on [10, 12]
X_
3 2

2. g(x)=v9—-x* on [-2.5, 2] 5. f(x)=2 :)1( on [-2, 2]
X

3
3. f(x)= on [-5, 0]
x+4

For 6-10, use the IVT to determine whether a zero exists in the given interval; and, if so, find the zero
(or zeros) in the interval.

6. h(x)=x>+5x—2 on [-3, 4] 9. F(x)=cos(x) on [5, 8]
3 .

7. 90=""3 on [0, 6] 10. Go=nt o {—E,E}
x+4 cos(x) 4 4

8. h(x)=sin(x)on [-1, 1]

14 LviTs



DIFFERENTIATION

Differentiation is the process of determining the derivative of a function. Part II
begins with the formal definition of the derivative of a function and shows how
the definition is used to find the derivative. However, the material swiftly moves
on to finding derivatives using standard formulas for differentiation of certain
basic function types. Properties of derivatives, numerical derivatives, implicit dif-
ferentiation, and higher-order derivatives are also presented.

15
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Definition of the derivative
and derivatives of some
simple functions

Definition of the derivative
The derivative f” (read “f prime”) of the function fat the number x is defined as

/0 =i LS

not have a derivative at x. This limit may also be written f’(c)=1im
. . X—C
for the derivative at c.

, if this limit exists. If this limit does not exist, then fdoes

f(x)—f()
x—c

PROBLEM  Given the function f defined by f(x)=-2x+5, use the

definition of the derivative to find f’(x).

SOLUTION By definition, f'(x):lhingw

N

(=2(x+h)+5)—(-2x+5) (2x—-2h+5)+2x-5

=lim =lim
h—0 h h—0 h
e S N T L OOV S
h—0 h -0 | h—0

PROBLEM  Given the function f defined by f(x)= x”+2x, use the definition

of the derivative to find f’(x).
f(x+h)—f(x)
h

SOLUTION By definition, f’(x)=1lim
h—0

o ((x+h)?+2(x+h)—(x*+2x)
=lim

h—0 h

(P H2xh+ R+ 2x42h) - x7 = 2x

=lim

h—0 h

X H2xh+ R +2x+2h—x"=2x . 2xh+h*+2h
=lim =lim————
h—0 h h—0 h
ClimMPEHD) ot ht2)= 2542,

h—0 h h—0

Various symbols are used to represent the derivative of a function f. If you
use the notation y = f(x), then the derivative of f can be symbolized by

’ ’ d_}’ d
F@uyD f(x).D,y, o oF —— f(x).

17



Note: Hereafter, you should assume that any value for which a function is undefined is excluded.

EXERCISE
4.1
Use the definition of the derivative to find f’(x).
1. f(x)=4 6. f(x)=5x"+x-3
2. f(x)=7x+2 7. f(x)=x>+13x
3. f(x)=—3x-9 8. f(x)=2x>+15
1
4. f(x)=10-3x 9 f(X):—;
3 1
5. f(x)=—=x 10. f(x)=—
4 Jx

Derivative of a constant function

Fortunately, you do not have to resort to finding the derivative of a function directly from the
definition of a derivative. Instead, you can memorize standard formulas for differentiating cer-
tain basic functions. For instance, the derivative of a constant function is always zero. In other

words, if f(x)=cis a constant function, then f"(x)=0; that is, if ¢ is any constant, d (c)=0.
The following examples illustrate the use of this formula: dx
d
e —(25)=0
» (25)

d
e —(-100)=0
dx( )

EXERCISE
4.2
Find the derivative of the given function.
1. f(x)=7 6. g(x)=25
2.y=5 7. s(t)=100
3. f(x)=0 8. z(x)=2
1
4 f(t)=—3 9 = ——
Y 2
5 f(x)=n 10 f(x)=\/ﬂ

18 DIFFERENTIATION



Derivative of a linear function

The derivative of a linear function is the slope of its graph. Thus, if f(x)=mx+bis a linear func-
d
tion, then f’(x)=m; that is, d—(mx +b)=m.
X
The following examples illustrate the use of this formula:

* If f(x)=10x—2, then f’(x)=10
* Ify=-2x+5,theny’ =-2

d(3 3
® —| —x|=—
dx(S ) 5

Find the derivative of the given function.

1 f(x)=9x 6. f(x)=mx-25

2. g(x)=-75x 7. f(x):—%x

3. f(x)=x+1 8. s(t)=100t—45
4., y=50x+ 30 9. z(x)=0.08x+400
5. f(t)=2t+5 10. F(x)=V41x+1

Derivative of a power function

The function f(x) = x" is called a power function. The following formula for finding the derivative
of a power function is one you will use frequently in calculus:

d
If n is a real number, then d—(x” Y=nx"".
X

The following examples illustrate the use of this formula:

* If f(x)=x7 then f'(x)=2x

1

1 1
* If y=x2, then y'=5x :

d -1 )
* — =—1
™ (x7) X

Definition of the derivative and derivatives of some simple functions
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4-4
Find the derivative of the given function.

1. f(x)=x> 6. f(x)=x"
1

2. g(x)=x"° 7 f(X)zF

3. f(x)=x* 8. s(t)=t°

4. y=+x 9. his)=s'
1

5. f(t)=t' 10. f(x)=
3X2

Numerical derivatives

In many applications derivatives need to be computed numerically. The term numerical derivative
refers to the numerical value of the derivative of a given function at a given point, provided the
function has a derivative at the given point.

Suppose k is a real number and the function fis differentiable at k, then the numerical de-
rivative of f at the point k is the value of f’(x) when x = k. To find the numerical derivative of a
function at a given point, first find the derivative of the function, and then evaluate the derivative
at the given point. Proper notation to represent the value of the derivative of a function fata point

,andd_y

x=k dx

k includes f’(k), &
dx

k
PROBLEM  If f(x)=x7, find f’(5).

soLuTioN  For f(x)=x", f'(x)=2x; thus, f’(5)=2(5)=10

PROBLEM  If yzx%, find d_y

dx -
1 d 1 1 1
SOLUTION Fory:xz,y’=d—y=5x 25 thus, Z—y :l(9) 2 :l.lzé
X X 2 23
x=9

PROBLEM  Find i(x‘l) atx=25.
dx
SOLUTION i(x-l)z_lx—z- at x=25,—1x"=-1(25)" L
dx ’ 625

Note the following two special situations:
1. If f(x)=c isa constant function, then f’(x)=0, for every real number x; and

2. If f(x)=mx+Dbis alinear function, then f’(x)=m, for every real number x.

20 DIFFERENTIATION



Numerical derivatives of these functions are illustrated in the following examples:

* If f(x)=25, then f'(5)=0

* Ify=-2x+5, then Z—y =-2
x

x=9

Evaluate the following.

1. If f(x)=x3, find f’(5). 6. Iff(x)=x", find f’(10).
2. If g(x)=-100, find g’(25). 7. Iff(x)=i5,ﬁnd f’(2).
X
3. If f(x):x%,ﬁnd f’(81). 8. If s(t)=t°, find s”(32).
4. If yzx/;,ﬁnd dy ) 0. Ifh(s):s%,ﬁnd h’(32).
dX x=49
_ ’ 1 dy
5. If f(t)=t,find f’(19). 10. Ify = Jfind 22
3 y2 dx o

Definition of the derivative and derivatives of some simple functions 21
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Rules of differentiation

Constant multiple of a function rule

Suppose f is any differentiable function and k is any real number, then kf is also
differentiable with its derivative given by

4 k) = kL (F(x) = K ()
dx dx

Thus, the derivative of a constant times a differentiable function is the prod-
uct of the constant times the derivative of the function. This rule allows you to
factor out constants when you are finding a derivative. The rule applies even when
the constant is in the denominator as shown here:

A(F) (1N I 1
dx( p j_dx(kf(x)j kdx(f(x)) kf(x)

o Ifflx) =—5x2 then f’(x)= —Sdi(x2 )=-5(2)x' =—-10x
x

* Ity =6(x§)) then)”:;l—yZdi6(x;):6di(x§): 6[%}(‘; 32
x dx i

d d
o —(4xNH=4—(x")=—4x""
dx( *) dx(x ) x

EXERCISE
5-1
For problems 1-10, use the constant multiple of a function rule to find the
derivative of the given function.
1. f(x)=2x> 6. f(x)=—
2. glx)= LOO 7. f
3. f(x)=20x" 8. s(t)=100t°
4. y=—16vx 9. h(s)=-25s°
2t 1
5. f(t)==— 10. f(x)=
3 43/ %
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For problems 11-15, find the indicated numerical derivative.

11. £/(3) when f(x) = 2x3 14. D) when y=—16Vx

dx
100 2

15. f’(200) when f(t):%

12. g’(1 h X)=
g’(1) when g(x) 5

13. £/(81) when f(x)=20x"

Rule for sums and differences

For all x where both fand g are differentiable functions, the function (f + g) is differentiable with
its derivative given by

)+ ()= /() + g(x)
dx

Similarly, for all x where both fand g are differentiable functions, the function (f— g) is dif-
ferentiable with its derivative given by

)= g(x) = F1(x)—g(x)
dx

Thus, the derivative of the sum (or difference) of two differentiable functions is equal to the
sum (or difference) of the derivatives of the individual functions.

d d
o If h(x)=—-5x*+x, then h'(x)=—(-5x*)+—(x)=—-10x+1
dx dx

d d
¢ Ify=3x"-2x"+5x+1, then y’=i3x4—12x3+—5x+—1
dx dx dx dx

=12x>—6x*+5+0=12x" —6x>+5

d d d
—(10x° —=3x)=—(10x")——(3x)=50x" -3
.dx( x”—3x) dx( x) dx(x) X

EXERCISE
5-2
For problems 1-10, use the rule for sums and differences to find the derivative of the given
function.
1. f(x)=x"+2x"° 4. C(x)=1000+200x —40x*
2. h(x)=30-5x? 5. y:£+25
X
100 5 2 2t
3. glx)=x"—40x 6. s(t)=16t —?+10
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X]OO 5 s
7. 9(x)= e ~203x 9. q(v)=v*+7-15v°

5 5 5

8. y=12x"+045x 10. f(x)= +
4 2x? 2x? 2

For problems 11-15, find the indicated numerical derivative.

11. h’(%j when h(x)=30-5x’ 14. q’(32) when q(v)=v§+7—15v§

5 5 5

12. C’(300) when C(x)=1000+200x —40x> 15. f’(6) when f(x)=——+
2x? 2x7? 2

2t
13. s’(0) when s(t)=16t2—?+10

Product rule

For all x where both fand g are differentiable functions, the function (fg) is differentiable with its
derivative given by

%(f(x)g(x)) = f(x)g'(x)+g(x)f'(x)

Thus, the derivative of the product of two differentiable functions is equal to the first func-
tion times the derivative of the second function plus the second function times the derivative of
the first function.

o If h(x)=(x*+4)2x-3),
then h’(x)=(x2+4)i(2x—3)+(2x—3)i(x2+4) =(x"+4)2)+(2x-3)(2x)
dx dx

=2x>+8+4x*—6x=6x"—6x+8
o Ify=(2x"+1)(-x’ +5x +10),

d d
then ¥’ =(2x” +1)—(=x +5x +10) + (—x* + 5x +10)—(2x> +1)
dx dx
=(2x° +1)(2x+5)+(=x* +5x+10)(6x7)
=(—4x* +10x° —=2x +5)+ (—6x"* +30x” + 60x>)

=—-10x* +40x> +60x° —2x +5

Notice in the following example that converting to negative and fractional exponents makes
differentiating easier.

Rules of differentiation 25



d ) 3 o2 i -1 3 -1 ii 2 _
N £|:(x —5)(;+2\/§H_(x S)dx(3x +2x )+(3x +2x )dx(x 5)

You might choose to write answers without negative or fractional exponents.

w

9]

For problems 11-15, find the indicated numerical derivative.

11.

12.

13.

14.

15.

=(x* - 5)(—3)6_2 + x_;)+ (3»96_1 + Zx;)(Zx)

= 3x% 4 x2 +15x 2 —5x  +6x° +4x

3
2

—5x* +15x2 —5x * 43,

. f(x)=2x*+3)(2x=3) 6.
h(x)=(4x> +1)(—x*>+2x+5) 7.
g(x)=(x*- S)FJ 8.

%
C(x)=(50+20x)(100—2x) 0.
-15

. =| —+25 (\/;+5) 10.

’ (& J

f’(1.5) when f(x)=(2x*+3)(2x-3)

C’(150) when C(x)=(50+20x)(100—2x)

-15
when y:(—+25 (vx+5)
VX J

_10 X°+1
x> 5

%
dx

x=25

f’(2) when f(x)

For problems 1-10, use the product rule to find the derivative of the given function.

s(t) =(4t—1](5t+3j
2 4

g(x)= (2 +2x*)2¥x)
_10 x> +1
x> 5

qv)=(v’+7)(=5v7*+2)

f(x)

F)=2x° +3)3-3x)

Quotient rule

For all x where both fand g are differentiable functions and g(x) # 0, the function

ferentiable with its derivative given by

dx\ g(x)

26 DIFFERENTIATION
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Thus, the derivative of the quotient of two differentiable functions is equal to the denomina-
tor function times the derivative of the numerator function minus the numerator function times
the derivative of the denominator function all divided by the square of the denominator function,
for all real numbers x for which the denominator function is not equal to zero.

(.’vc)i(—Sx2 +4)—(=5x" + 4)i(3x)
dx

. _ —5x’+4 o n
If h(x)——3x , then h’'(x) GxY
_ (3x)(—10x)— (-5x* +4)(3) _ —30x* +15x" —12
B (3x)* B 9x°
_-15x* =12 5x*+4
T
, WL 0-0 60 Woo-m ()
o If y=—, theny’: X dx = dx
x (x)? (x)?
1 _1
_ -0+ ):_ 1
x 2x°

B (2x* +6) (2x* +6)

2x*+6

d( 8 J (2x4+6)i(8x2)—(8x§)i€(2x4+6) (2x4+6)(10x‘1‘)—(8x3)(8x3)
- - _

(20x" +60x“)—(64x“ ) _ ZOx% +6Oxi —64x% _ 15xi —llx%
4x® +24x" +36 4x® +24x" +36 x®+6x"+9

EXERCISE

For problems 1-10, use the quotient rule to find the derivative of the given function.

2t -3
1. f(x):sx+2 6. s(t)=—
3x-1 42 +6
4-5x2 X"
. = . 9x)=
2. h(x ox 7. 9 5410
> 4-5x°
3. gx)=—F 8. y=
Jx Y e =7
1.1 342
4. f(x)=X 9. q(v)=—~
2x* +6 L
3
14
_ _4x?
5. y=_" 10. f(x) ==
X —+8
X

Rules of differentiation
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For problems 11-15, find the indicated numerical derivative.

11. f’(25) when f(x)=5XJr2 14. d_y when y:ﬁ
3x -1 dx/|,, X
_Cy2 100
12. h’(0.2) when h(x)=4 X 15. g’(1) when g(x)= X
8x x> +10
13. g’(0.25) when g(x)—i

Chain rule

If y = f(u) and u = g(x) are differentiable functions of u and x, respectively, then the composition
of fand g, defined by y = f(g(x)), is differentiable with its derivative given by

dy _dy du
dx du dx

or equivalently,

(gt = f(g(x)g (%)
dx

Notice that y = f(g(x))is a “function of a function of x”; that is, f’s argument is the function

denoted by g(x), which itself is a function of x. Thus, to find di[ f(g(x))], you must differentiate
X
fwith respect to g(x) first, and then multiply the result by the derivative of g(x) with respect to x.

The examples that follow illustrate the chain rule.

+ Find y’,when y=\/3x4—2x3+5x+1; let u=3x"—2x>+5x+1,

dy dy du d, . d
DY@y L

1 1
= (Bx*=2x>+5x+1)=—u>-(12x> —6x° +5)
dx du dx du dx 2

then y

12x° —6x° +5
2\/3x4 —2x°+5x+1

:%(3x4—2x3+5x+1)‘5 -(12x° —6x2 +5)=
+ Find f’(x), when f(x)=(x"-8)’; letg(x)=x"-8,

then di[ f(gx))]= i[(xz -8)’1= f(g(x))g’(x)
x dx

=3(g(x))’g’(x)=3(x*>—8)*-2x =6x(x* —8)°

d - s d _ (1 ) _26x+y
. dx(&ﬂ) = 4(x +1) dx(&+1>—4(&+1) (zx J— %
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5-5
For problems 1-10, use the chain rule to find the derivative of the given function
1
1. f(x)=(3x>-10) 6. y=
YT ey
2. g(x)=40(3x*-10) 7. y=v2x>+5x+1
3. h(x)=10(3x>—10) 8. s(t)=(2t> +5t)°
10
4. h(x)=(/x+3) 9. f(x)= g
(2x—6)

1Y 50
5. f(u)=[——u} 10. C(t)=—/—

u’ V15t +120
For problems 11-15, find the indicated numerical derivative.

3
1
11. f7(10) when f(x)=(3x* —10)’ 14. f’(2) when f(u)= (—2_ u}
u
12. h'(3) when h(x)=10(3x>~10)" 15. Y| when y=
dx|, (x*-8)°

13. £/(144) when f(x)=(\x +3)

Implicit differentiation

Thus far, you've seen how to find the derivative of a function only if the function is expressed in what
is called explicit form. A function in explicit form is defined by an equation of the type y = f(x), where
yis on one side of the equation and all the terms containing x are on the other side. For example, the
function f defined by y = f(x) = x> + 5 is expressed in explicit form. For this function the variable y
is defined explicitly as a function of the variable x.

On the other hand, for equations in which the variables x and y appear on the same side of the
equation, the function is said to be expressed in implicit form. For example, the equation x?y =1

1
defines the function y = — implicitly in terms of x. In this case, the implicit form of the equa-
x

tion can be solved for y as a function of x; however, for many implicit forms, it is difficult and
sometimes impossible to solve for y in terms of x.

d
Under the assumption that % , the derivative of y with respect to x, exists, you can use the
technique of implicit differentiation to find Z_y when a function is expressed in implicit form—
X

regardless of whether you can express the function in explicit form. Use the following steps:

1. Differentiate every term on both sides of the equation with respect to x.

dy

2. Solve the resulting equation for I

Rules of differentiation
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PROBLEM  Given the equation x*+2y’ =30, use implicit differentiation to find %
soLuTioN  Step 1: Differentiate every term on both sides of the equation with respect to x:
d d
—(x*+2y’)=—(30)
dx 4 dx

4

2 i 3 _i
dx(x )+dx(2y )_dx(30)

dy

d_y_ —-2x
dx 6y2

d
Note that in this example, d_y is expressed in terms of both x and y. To evaluate such a
X

derivative, you would need to know both x and y at a particular point (x, y). You can denote the

numerical derivative as d_y
x

(x.y)
The example that follows illustrates this situation.

dy —2x o

o= o at (3, 1) is given by
dy| x| 20
dx (3.1) 6)/2 ‘(3,1) 6(1)2

EXERCISE

5-6

For problems 1-10, use implicit differentiation to find ﬂ

dx
1. x%y=1 4. 1,1 4
Xy
2. xy>=3x% + 5y 5 x*+y*=16
3. \/;+ y=25
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For problems 6-10, find the indicated numerical derivative.

6. & when x%y =1 9. =2
x|,

7. Y when xy> = 3x% + 5y 10.
dx|s,,

8. Y| when Vx+y=25
x|,

dy when l+l:9
dx (5,10) Xy

(2 when x2 +y? =16
x|,

Rules of differentiation

31



This page intentionally left blank



Additional derivatives

Derivative of the natural
exponential function ex

Exponential functions are defined by equations of the form y= f(x)=b"
(b#1,b>0),where b is the base of the exponential function. The natural expo-
nential function is the exponential function whose base is the irrational number e.

1 n
The number e is the limit as n approaches infinity of (1+—j , which is approxi-
mately 2.718281828 (to nine decimal places). n J
The natural exponential function is its own derivative; that is,
dx

Furthermore, by the chain rule, if u is a differentiable function of x, then

(e*)=¢e"

d, , , du
dx dx

¢ If f(x)=6e", then f'(x)= 6‘di(€x)=6e"
X
¢ Ify=e» theny’=e™- di(Zx) =e"(2)=2¢™
X

. i(e*"z) =7 i(—sxz) = e (—6x)=—6xe"
dx dx

EXERCISE
6-1
Find the derivative of the given function.
1. f(x)=20e" 6. f(x)=15x*+10e*
2. y=e¥ 7. g(x)=€"""
8 100
3. gx)=¢’ 8. f(t)= ot
4. y=—4¢" 9. g(t)=2500e>""
3 1T 2
5. h(x)=e™™ 10. f(x)=——e *
\N2m
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Derivative of the natural logarithmic function Inx

Logarithmic functions are defined by equations of the form y = f(x) = log x if and only if
b” = x(x >0),where b is the base of the logarithmic function, (b #1, b > 0). For a given base, the
logarithmic function is the inverse function of the corresponding exponential function, and re-
ciprocally. The logarithmic function defined by y =log_ x, usually denoted Inx,is the natural
logarithmic function. It is the inverse function of the natural exponential function y = e*.

The derivative of the natural logarithmic function is as follows:

d 1
2 -
dx(nx) X

Furthermore, by the chain rule, if u is a differentiable function of x, then

1 du
_1 __.=
(nu) u dx

* If f(x)=6Inx,then f’(x):6-—(lnx):6-l:E
dx X X

1 d
¢ If y=In(2x’), then y' = " -5(2x3)=

2x°

d 1 d 1 1
* _1 2 = 2 = —0" 2 = —
dx(n x) 2x dx( *) 2x @ X

The above example illustrates that for any nonzero constant k,

d 1 d 1 1
E(lnkX)_E.E(kX)_E.(k)_

X

Find the derivative of the given function.

1. f(x)=20Inx 6. f(x)=15x>+10Inx
2. y=In3x 7. g(x)=In(7x-2x>)
3. g(x)=In(5x?) 8. f(t)=In(3t* +5t—20)
4. y=-4In(5x*) 9. g(t)=In(e")

5. h(x)=In(-10x>) 10. f(x)=In(Inx)

Derivatives of exponential functions
for bases other than e

Suppose b is a positive real number (b # 1), then

d X\ _ x
E(b )=(nb)b
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Furthermore, by the chain rule, if u is a differentiable function of x, then
d du
— (") =(nb)b"- —
a0
4 d X X
* If f(x)=(6)2" then f (x):6-d—(2 )=6(In2)2
x

¢ If y=5", then y’=(In5)5"" di(Zx)z(lnS)Sz"- (2) =2(In5)5*
x

. 4 (107) = (In10)107>*"- i(—sxz )=(In10)10"* (=6x) = —6x(In10)10~>*"
dx dx

1. f(x)=20(3") 6. f(x)=15x>+10(5)
y _ 53)( 7 g(X) =37x—2x3
; 100
g(x) 2> 8. f(t)= 10705t
9.

g(t)=2500(5>"")
. h(x)=47"%" 10. f(x)=8"

Derivatives of logarithmic functions
for bases other than e

Suppose b is a positive real number (b # 1), then

d 1
“a -
i 108 X)=

Furthermore, by the chain rule, if u is a differentiable function of x, then

i(10 u)= L @
dx B (Inb)u dx
f(x)=6 i(lo xX)=6 __6
* If f(x)=6log, x, then AN g,%X)= (ln2)x_xln2
1 d 1 3
If y =log,(2x’), then y’ = —(2x") = -(6x7) = ——
o My =log, () then Y= e P ) T sy ) T ns
d d 1 1
* —1 2 = — (2 = (2)=
dx(0g3 *) (In3)2x dx( *) (In3)2x @ x1In3

Additional derivatives



The above example illustrates that for any nonzero constant k,

1

=xlnb

-i(kx) - .
(Inb)kx dx (Inb)kx

d
E(logb kx)= (k)

Find the derivative of the given function.

1. f(x)=20log, x 6. f(x)=15x+10log, x
2. y=log,,3x 7. g(x)=log,(7x—2x>)
3. g(x)=log,(5x°) 8. f(t)=log,, (3t +5t —20)
4. y=-4log,(5x°) 9. g(t)=log,(e")

5. h(x)=log,(-10x?) 10. f(x)=log(log,, x)

Derivatives of trigonometric functions

The derivatives of the trigonometric functions are as follows:

*

d .
—(sinx)=cosx
dx

d .
—(cosx)=—sinx
dx

i(tanx) =sec’ x
dx

i(cotx) =—csc’x
dx

—(secx)=secxtanx
dx

d
—(cscx)=—cscxcotx
dx

Furthermore, by the chain rule, if u is a differentiable function of x, then

d . du
—(sinu)=cosu-—
dx dx

. du
—(cosu)=—sinu-—
dx dx

i(tanu) =sec’ u-@
dx dx

36 DIFFERENTIATION



. i(cotu) - —cscu
dx dx

* %(sec u)= (secutanu)-%

¢ %(CSCU)=(—Cscucotu)-%

o If h(x)=sin3x, then h’(x)=(cos 3x)di(3x) =(cos3x)(3)=3cos3x
x

R D B O B H Oa e

. i(tan 2x+cot2x)= i(tan 2x)+ i(cot 2x)= sec2(2x)i(2x) — csc2(2x)i(2x)
dx dx dx dx dx

=[sec’(2x)](2)—[csc*(2x)](2) = 2sec*(2x) — 2 csc?(2x)

EXERCISE
6-5
Find the derivative of the given function.
1. f(x)=5sin3x 6. s(t)=4cot5t
1 2
2. h(x)= cos(2x) 7. g(x):6tan3(?XJ—20\/;
3x .
3. g(x):5tan(5j 8. f(x)=2xsinx+cos2x
4, f(x)=10sec2x 9. h(x)= 5|n.3x
1+sin3x
5. y:%sec(ZxB‘) 10. f(x)=e4xsin2x

Derivatives of inverse trigonometric functions

The derivatives of the inverse trigonometric functions are as follows:

d 1
e —(sin"'x)=
dx 1-x*
1 -1
¢ —(cos x)=
X 1-x7
d 1
e —(tan'x)= -
dx 1+x

Additional derivatives 37



38

2

. i(cot_1 x)= _
dx 1+x

. i(secf1 x)=

dx |x|,/x -

* —(csc'x)=

dx |x|,/x -

Furthermore, by the chain rule, if u is a differentiable function of x, then

. i(sm u)—\/li Zz
. i(cos u)= = ZZ
* —(tanlu)=1+1u2-%

o 4 (sec™ u)= du

1
dx |u|Vu? -1 dx

TS i(cscfl u)__—l.@
dx |u|~/u2—1 dx
* If h(x)=sin""(2x), then h’(x)=; —(2x)=

(z)——
I—Qx dx v -

e 1
If y=cos™ then y' =
dx x 3 _x 2
/ J ad 3J
9 9

2
3(;)V9—x2 9—x

d d d 1 -1
e —(tan"'x+cot x)=—(tan™' x)+—(cot " x) = ~+ >
dx dx dx I+x° 1+x

=0

Note: An alternative notation for an inverse trigonometric function is to prefix the original func-
tion with “arc,” as in “arcsin x,” which is read “arcsine of x” or “an angle whose sine is x.” An
advantage of this notation is that it helps you avoid the common error of confusing the inverse

function; for example, sin”' x, with its reciprocal (sinx)™ = —.
sin x
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Find the derivative of the given function.

1. f(x)=sin"'(=x%) 6. f(x)=cos'(x?)
2. h(x)=cos'(e") 7. h(x)=csc'(2x)
3. g(x)=tan"'(x?) 8. g(x):4sec1(§j
4. f(x)=cot™(7x-5) 9. f(x)=xsin"(7x?)
5. y=%sin“(5x3) 10. y=arcsin(\/?)

Higher-order derivatives

For a given function f, higher-order derivatives of f, if they exist, are obtained by differentiating f
successively multiple times. The derivative f”is called the first derivative of f. The derivative of f”
is called the second derivative of fand is denoted f”. Similarly, the derivative of f”is called the
third derivative of fand is denoted f”, and so on.

Other common notations for higher-order derivatives are the following:

*

d
Ist derivative: f'(x),y',ﬁ>Dx[f(x)]

2

2nd derivative: f”(x),y”,ZTy,Dj[f(x)]
x

*

3

3rd derivative: f’”(x),y'”,‘;—y,Dj[f(x)]
x

.

4

4th derivative: £ (x), y", Z4y ,DI[f(x)]
x

*

dﬂ
nth derivative: f™(x), y", n)/ D[ f(x)]
d"x
Note: The nth derivative is also called the nth-order derivative. Thus, the first derivative is the first-

order derivative; the second derivative, the second-order derivative; the third derivative, the
third-order derivative; and so on.

*

PROBLEM  Find the first three derivatives of fif flx) = x'%° — 40x>.
SOLUTION  f’(x)=100x" —200x"

f7(x)=9900x" —800x’
7 (x)=970200x"" —2400x"
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Find the indicated derivative of the given function.

1. Iff(x)=x"+2x"°, find f”(x). 6. Ifs(t):16t2—%+10,ﬁnd s”(t).
2. Ith(x)=3/x, find h"(x). 7. If 9(x)=In3x, find D[g(x)].

3
3. Ifg(x)=2x, find g®(x). 8. If f(x):l—(5)+X?, find f*(x).
4, 9.

If f(x)=5e* find f“(x). If f(x)=3%* find f”(x).

3 4
d y. 10. If y=log,5x, find d_y
d’x d*x

5. If y=sin3x, find
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INTEGRATION

Fundamentally, integration is the process of reversing the results of differentia-
tion. In Part III you will be working with integration formulas for certain basic
function types, along with practicing various techniques of integration. The
material begins with a focus on indefinite integrals, and then moves on to definite
integrals and the crowning triumph of integral calculus, the First Fundamental
Theorem of Calculus. The highly useful Second Fundamental Theorem of Calculus
and Mean Value Theorem for Integrals are also presented.
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Indefinite integral and
basic integration
formulas and rules

Antiderivatives and the indefinite integral
An antiderivative of a function f on an interval I is any function F such that
F'(x)= di[F(x)] = f(x)forall xin I
x

Thus, an antiderivative is the result of reversing the process of differentia-
tion, so to speak. The following examples illustrate this concept.

d
* 5x° is an antiderivative of 15x° because d—(5x3) = 15x>.
x

d
e 5x° — 20 is an antiderivative of 15x° because — (5x° —20) = 15x°— 0 =
2 dx
15x°.
d
* 5x°+100 is an antiderivative of 15x° because d—(5x3+ 100) = 15x*+ 0 =
X
15x°.

. . ) d 2
* tanx is an antiderivative of sec” x because d—(tanx): sec” x.
x

. o d
* tanx + 4 is an antiderivative of sec’ x because d—(tanx +4)=sec’x+0=
2 X
sec” x.

d
* tanx — 30 is an antiderivative of sec’ x because — (tanx — 30) = sec’x — 0 =
sec’ x. dx

From these examples, you can see that, although functions have at most one
derivative, they may have many (in fact, infinitely many) antiderivatives. Thus, if
F is an antiderivative of a function f over an interval I, then F(x) + C represents
the set of antiderivatives of f, where C is an arbitrary constant.

The indefinite integral of f is the set of all antiderivatives of fand is denoted
by [ f(x)dx. Thus,

[ fydx = F(x)+C,

where F is an antiderivative of f over an interval I and C is an arbitrary constant.
The process of determining the indefinite integral is called integration. The

expression '[ f(x)dx is read “the integral of f of x with respect to x”; f(x) is

called the integrand, dx is called the differential, and C is called the constant of
integration.
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Note: The differential dx indicates that the integration takes place with respect to the variable x.

Hereafter, it will be understood that in the expression jf(x)dx = F(x)+ C, Fis an
antiderivative of f over an interval.

You likely have surmised that integration “undoes” the process of differentiation to within a
constant value. In a like manner, differentiation “undoes” the process of integration. The fol-
lowing examples illustrate this inverse (“undoing”) relationship between integration and
differentiation.

PROBLEM  Verify that Jlezdx = 5x°+ C by differentiating the right member.

SOLUTION di (5x°+ C)= 15x"+ 0 = 15x°
X

PROBLEM  Verify that Jseczxdx =tan x + C by differentiating the right member.

d
SOLUTION d—(tanx+c)= sec’ x+0= sec’ x
x

7-1
Verify the following statements by differentiating the right member.
10x +30)*
1. J.100dx =100x +C 6. I(10X+30)310dx = %+ C
x> =3)
2. J6xdx =3x’+C 7. J(x2—3)42xdx= %+C
2 3 2 . 2 sin® x
3. j(3x +4x—=5)dx = x"+2x"-5x+C 8. Ism xcosxdx = +C
2 x 2 22 s s cos x’
4, I(x +1) xdx:;x2+§x2+C o. Ix sinx’dx = — +C
Xe+1
5. j(xe+ e*)dx = +e"'+C 10. Ilnxdx = xInx—x+C
e+1

Integration of constant functions

If k is any constant, then jkdx = kx + C, where C is an arbitrary constant.
* [3dx=3x+C
. J\/; dx =\7x+C

. Idxzjldx=1x+C=x+C

Note: This solution is usually written f dx=x+C.
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Find the most general indefinite integral.

. B 6. [16v2at

—_

2. j% dx 7. jezdx
3, j9.75 dx 8. jzndr
a. [{3dx 9. [-21au

(9]

/40 6
. j[\/ﬁﬂstX 10. I;dx

Integration of power functions

The following integral formulas for power functions can be derived from the formulas for dif-
ferentiating power functions (see Chapter 4) and the natural logarithm function (see Chapter 6):

n+1

J.x”dx= al

n+1

+C, forall n #-1;

and

J‘x’ldx = J.% dx =In|x| +C,

where C is an arbitrary constant.

3

. _[xzdx: X iC

3 5 5
. J\/;dxzj‘x;dx—f—+C=2x +C
2
4 1
o | —dx=|x"dx="—+C=- +C
x° J — 4x*
T+1
. Jx”dx:x +C
7T+1
1
. J—du=1n|u|+C
u

1. J.xsdx 3. J.X\EdX
2. j‘\‘/;dx 4. J%dx
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5. jt“)‘)dt 8. J'X_z dx

6. Juz”du 9. '[r’1dr

7. Jﬁdx 10. j%dt

Integration of exponential functions

The following integral formulas for exponential functions can be derived from the rules for
differentiating exponential functions (see Chapter 6) and the chain rule (see Chapter 5):

Jex dx = e +G;
e ax = %ek"+ C. for all k # 0;

[ordx = ﬁbuc, forall b> 0, b#1: and

n
1
[pdx = V™ +C, forallb>0,b#1,k#0,
kinb
where C is an arbitrary constant.
4 Je”du =e"+C
1 5x
. Iesxdxz—eSX+C=e +C
5 5
1 2"
. _|.2"dx:—2"+C: +C
In2 In2
5x
o J2vax =L omic=2 e
5In2 5In2
EXERCISE
7-4
Find the most general indefinite integral.
1. jet dt 6. Jeﬁx dx
2. [edx 7. [4rdx
3. J.e’”dx 8. '[23de
4. [e” dx 9. [100°** dx
5. J.e%dx 10. Jn%dx
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Integration of derivatives of trigonometric functions

The following integral formulas can be derived from the rules for differentiating the six trigono-
metric functions (see Chapter 6) and the chain rule (see Chapter 5):

Jsinxdx=—cosx + G

'[sin(kx)dx = —%cos (kx)+ C, for all k # 0;
Jcosxdx =sinx+ C;

Jcos(kx)dx = %sin(kx) + C, for all k # 0;
]‘sec2 xdx =tanx+ C;

.[secz (kx)dx = %tan(kx)-% C, for all k # 0;
j‘csc2 xdx=—cotx + C;

Jcscz (kx)dx = —%cot(kx)+ C, for all k # 0;
Isecxtanxdx =secx + C;
Jsec(kx)tan(kx)dx = %sec(kx)+ C, for all k # 0;
Icscxcotxdx =—cscx + Cyand

Jcsc(kx)cot(kx) dx = —%csc(kx)+ C, forall k#0,

where C is an arbitrary constant.
. Isinuduz—cosu +C
1
* | cos(10x)dx =—sin(10x) + C
Jcos(10x) dx = ——sin(10x)

tan (0.5
an ( x)+C

1
. Jsecz (0.5x) dx= Etan(O.Sx) +C= 0

. Icscztdtz—cott+c
3 3 3 3 1 3 4 3

. Jsec X tan Sl dx=Jsec Zx |tan| =x |dx=—sec| —x |+ C= —sec Sl +C
4 4 4 4 3\ 4 30| 4

Note: Special techniques are needed to determine the following integrals: Jtanxdx, cot x dx,
J sec x dx, and Icsc x dx. These integrals can be determined using techniques presented in Chapter 8.
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Find the most general indefinite integral.

. Icosvdv 6. Jsec(éxjtan(éx)dx
6 6

—_

. X X
2. Jsm(%ﬂx)dx 7. Jcscgcotg dx
3. jcos(18x)dx 8. Jcsc(ex)cot(ex)dx
4, jsecz(ﬁx)dx 9. [sin30de
5. jcsc2(2.5x)dx 10. Jcos(257tx)dx

Integration of derivatives of inverse
trigonometric functions

The following integral formulas can be derived from the rules for differentiating the six inverse
trigonometric functions (see Chapter 6) and the chain rule (see Chapter 5):

1
J. - dx =sin"'x +C= —cos' x +C;
1-x

X X

J;dx = sin_l( )+C: —cos"l( ]+C, foralla > 0;
va'—x? a a

J. ! ~dx = tan'x + C= —cot ' x + C;
1+x

X

J. ! dx = ltan_lf +C= —lcot_l[

— ]+C,foralla>0;
a‘+x a a a

a

dx =sec'x +C=—csc'x + C; and

f;
|x[Vx?-1

lsec"1 [5] +C= —lcsc_1 (fj +C, foralla>0,

1 j—
J.llexz_azdx_&l a a a

where C is an arbitrary constant.

As you can see from the above formulas, for each integrand that represents a derivative of
one of the six inverse trigonometric functions, you have a pair of corresponding antiderivatives
from which to choose. This circumstance occurs because the derivatives of the six inverse trigo-
nometric functions fall into three pairs. In each pair, the derivatives differ only in sign. For

d 1 d 1
example, — (sin”' x) = ——— and —(cos™' x) = — . When you are integrating an in-
pie. - I ) Yy g g
tegrand that is the derivative of an inverse trigonometric function, you select only one member

from the corresponding pair of antiderivatives. Although mathematically either member is correct,
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it is customary to select the inverse sine, inverse tangent, and inverse secant functions over the nega-
tives of the inverse cosine, inverse cotangent, and inverse cosecant functions, respectively.

*

J\/ld_bluz = J‘\/liuz du =sin"'u+C

1 1 .
J—mdx = J.de = sin 1[§j+ C

_ 1

1 1 4 ox
dv= [———dx = —tan”| 2= |+ C
St J.(\/g)2+x2 N [x@l

* J’;dx = J;dx = isec_1 X +C= ésec‘l(s—x] +C
xz( 2 36J |x| xz_(g)z % % 6 6

*

*

Find the most general indefinite integral.

1
' J.1+02de ° _[

—_

1
——dx
| x [/ x* =41

1

dx
> N pome e
— =X
100
1 1
3 J.49+x2dX 8 In2+x2 ax
dt d
4 Jo.25+t2 > I—t1
tz(tz—]
4
du 1
5 | — 10.
j TV J.|x|\/x2—7dx

Two useful integration rules

Two rules that allow you to integrate a variety of functions are the constant multiple rule and the
rule for sums and differences.

The constant multiple rule states that the integral of a constant times a function is the prod-
uct of that constant times the integral of the function: Symbolically, you have, if k is any constant,

J.kf (x)dx = kf f(x)dx. This rule allows you to factor out constants from an integral, and it

LR _ L] i

applies even when the constant is in the denominator as shown here: J.

provided k # 0.

Indefinite integral and basic integration formulas and rules
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The rule for sums and differences states that the integral of the sum (or difference) of two
functions is equal to the sum (or difference) of the integrals of the individual functions. Symboli-

cally, you have J[f(x) T g(x)]ldx = Jf(x)dx + J.g(x)dx.

The example that follows illustrates using the 