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Preface

This book evolved from a set of lecture notes for a course on ‘Introduction to
Mathematical Physics’, that I have given at California State University, Stanislaus
(CSUY) for many years. Physics majors at CSUS take introductory mathematical
physics before the physics core courses, so that they may acquire the expected
level of mathematical competency for the core course. It is assumed that the
student has an adequate preparation in general physics and a good understanding
of the mathematical manipulations of calculus. For the student who is in need of a
review of calculus, however, Appendix 1 and Appendix 2 are included.

This book is not encyclopedic in character, nor does it give in a highly mathe-
matical rigorous account. Our emphasis in the text is to provide an accessible
working knowledge of some of the current important mathematical tools required
in physics.

The student will find that a generous amount of detail has been given mathe-
matical manipulations, and that ‘it-may-be-shown-thats’ have been kept to a
minimum. However, to ensure that the student does not lose sight of the develop-
ment underway, some of the more lengthy and tedious algebraic manipulations
have been omitted when possible.

Each chapter contains a number of physics examples to illustrate the mathe-
matical techniques just developed and to show their relevance to physics. They
supplement or amplify the material in the text, and are arranged in the order in
which the material is covered in the chapter. No effort has been made to trace the
origins of the homework problems and examples in the book. A solution manual
for instructors is available from the publishers upon adoption.

Many individuals have been very helpful in the preparation of this text. I wish
to thank my colleagues in the physics department at CSUS.

Any suggestions for improvement of this text will be greatly appreciated.

Turlock, California TAI L. CHOW
2000
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1

Vector and tensor analysis

Vectors and scalars

Vector methods have become standard tools for the physicists. In this chapter we
discuss the properties of the vectors and vector fields that occur in classical
physics. We will do so in a way, and in a notation, that leads to the formation
of abstract linear vector spaces in Chapter 5.

A physical quantity that is completely specified, in appropriate units, by a single
number (called its magnitude) such as volume, mass, and temperature is called a
scalar. Scalar quantities are treated as ordinary real numbers. They obey all the
regular rules of algebraic addition, subtraction, multiplication, division, and so
on.

There are also physical quantities which require a magnitude and a direction for
their complete specification. These are called vectors if their combination with
each other is commutative (that is the order of addition may be changed without
affecting the result). Thus not all quantities possessing magnitude and direction
are vectors. Angular displacement, for example, may be characterised by magni-
tude and direction but is not a vector, for the addition of two or more angular
displacements is not, in general, commutative (Fig. 1.1).

In print, we shall denote vectors by boldface letters (such as A) and use ordin-
ary italic letters (such as A) for their magnitudes; in writing, vectors are usually
represented by a letter with an arrow above it such as A. A given vector A (or A)
can be written as

A = AA, (1.1)

where A is the magnitude of vector A and so it has unit and dimension, and 4 is a
dimensionless unit vector with a unity magnitude having the direction of A. Thus
A=A/A.



VECTOR AND TENSOR ANALYSIS
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Figure 1.1. Rotation of a parallelpiped about coordinate axes.

A vector quantity may be represented graphically by an arrow-tipped line seg-
ment. The length of the arrow represents the magnitude of the vector, and the
direction of the arrow is that of the vector, as shown in Fig. 1.2. Alternatively, a
vector can be specified by its components (projections along the coordinate axes)
and the unit vectors along the coordinate axes (Fig. 1.3):

3
A= A6y + Ayey + Aoy = Y Ay, (1.2)
i=1

where ¢; (i = 1,2, 3) are unit vectors along the rectangular axes x; (x; = x, x, = y,
x3 = z); they are normally written as 7, j, k in general physics textbooks. The
component triplet (4, 45, A3) is also often used as an alternate designation for
vector A:

A:(AlaA27A3)' (128')

This algebraic notation of a vector can be extended (or generalized) to spaces of
dimension greater than three, where an ordered n-tuple of real numbers,
(4y,A4,,...,A4,), represents a vector. Even though we cannot construct physical
vectors for n > 3, we can retain the geometrical language for these n-dimensional
generalizations. Such abstract “vectors’ will be the subject of Chapter 5.

Figure 1.2. Graphical representation of vector A.
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DIRECTION ANGLES AND DIRECTION COSINES

X3

X2

X1

Figure 1.3. A vector A in Cartesian coordinates.

Direction angles and direction cosines

We can express the unit vector 4 in terms of the unit coordinate vectors é;. From
Eq. (1.2), A = A,é, + A,é, + Aé;, we have

A Ay Ay .
AzA(jel +72€2+73e3> = AA.

Now 4,/A =cosa, Ay/A = cos 3, and A3/ A = cos~ are the direction cosines of
the vector A, and «, 3, and ~y are the direction angles (Fig. 1.4). Thus we can write

A = A(cosaé| + cos Bé, + cosyé;) = AA;

it follows that

A = (cos aé| + cos 3¢, + cosyé3) = (cos «, cos 3,cos 7). (1.3)
X3
e
Y
X2
a

X1

Figure 1.4. Direction angles of vector A.
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VECTOR AND TENSOR ANALYSIS

Vector algebra
Equality of vectors
Two vectors, say A and B, are equal if, and only if, their respective components
are equal:
A=B or (4,A4,,43)= (B, B, B3)
is equivalent to the three equations
Ay = By,A, = By, A3 = Bs.

Geometrically, equal vectors are parallel and have the same length, but do not
necessarily have the same position.

Vector addition

The addition of two vectors is defined by the equation
A +B = (4,45, 43) + (B, By, By) = (4| + By, 4y + By, A3 + By).

That is, the sum of two vectors is a vector whose components are sums of the
components of the two given vectors.

We can add two non-parallel vectors by graphical method as shown in Fig. 1.5.
To add vector B to vector A, shift B parallel to itself until its tail is at the head of
A. The vector sum A + B is a vector C drawn from the tail of A to the head of B.
The order in which the vectors are added does not affect the result.

Multiplication by a scalar
If ¢ is scalar then
cA = (CA17 (,'Az, CA3).

Geometrically, the vector cA is parallel to A and is ¢ times the length of A. When
¢ = —1, the vector —A is one whose direction is the reverse of that of A, but both

Figure 1.5. Addition of two vectors.



THE SCALAR PRODUCT

have the same length. Thus, subtraction of vector B from vector A is equivalent to
adding —B to A:

A—B=A+(-B).
We see that vector addition has the following properties:

(a) A+B=B+A (commutativity);
(b) (A+B)+C=A+(B+C) (associativity);
) A+0=0+A=A;

(d) A+ (-A)=0.

We now turn to vector multiplication. Note that division by a vector is not
defined: expressions such as k/A or B/A are meaningless.

There are several ways of multiplying two vectors, each of which has a special
meaning; two types are defined.

The scalar product

The scalar (dot or inner) product of two vectors A and B is a real number defined
(in geometrical language) as the product of their magnitude and the cosine of the
(smaller) angle between them (Figure 1.6):

A-B= ABcosf (0<6<m). (1.4)
It is clear from the definition (1.4) that the scalar product is commutative:
A-B=B-A, (1.5)

and the product of a vector with itself gives the square of the dot product of the
vector:

A-A=4° (1.6)

If A - B = 0 and neither A nor B is a null (zero) vector, then A is perpendicular to B.

B

Figure 1.6. The scalar product of two vectors.
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VECTOR AND TENSOR ANALYSIS

We can get a simple geometric interpretation of the dot product from an
inspection of Fig. 1.6:

(Bcos 6)A = projection of B onto A multiplied by the magnitude of A,
(A cos 0) B = projection of A onto B multiplied by the magnitude of B.

If only the components of A and B are known, then it would not be practical to
calculate A - B from definition (1.4). But, in this case, we can calculate A - B in
terms of the components:

A-B = (4,8 + A6, + Aze3) - (B18) + Brey + Byés); (1.7)
the right hand side has nine terms, all involving the product ¢; - ¢; . Fortunately,

the angle between each pair of unit vectors is 90°, and from (1.4) and (1.6) we find
that

éi'éj:(sij, iaj:lv2737 (18)
where ¢;; is the Kronecker delta symbol
0, ifi#j,
5'7:{1, if i=. (1.9)

After we use (1.8) to simplify the resulting nine terms on the right-side of (7), we
obtain

3
A-B=AB + A8, + A;B; =Y A;B;. (1.10)
i=1

The law of cosines for plane triangles can be easily proved with the application
of the scalar product: refer to Fig. 1.7, where C is the resultant vector of A and B.
Taking the dot product of C with itself, we obtain

C’=C-C=(A+B) - (A+B)
= A+ B> +2A-B=A%>+ B>+ 24Bcosb,

which is the law of cosines.

Figure 1.7. Law of cosines.



THE VECTOR (CROSS OR OUTER) PRODUCT

A simple application of the scalar product in physics is the work W done by a
constant force F: W =F -r, where r is the displacement vector of the object
moved by F.

The vector (cross or outer) product

The vector product of two vectors A and B is a vector and is written as
C=AxB. (L.11)

As shown in Fig. 1.8, the two vectors A and B form two sides of a parallelogram.
We define C to be perpendicular to the plane of this parallelogram with its
magnitude equal to the area of the parallelogram. And we choose the direction
of C along the thumb of the right hand when the fingers rotate from A to B (angle
of rotation less than 180°).

C=A xB = ABsinbe, (0<0<m). (1.12)

From the definition of the vector product and following the right hand rule, we
can see immediately that

AXxB=-BxA. (1.13)

Hence the vector product is not commutative. If A and B are parallel, then it
follows from Eq. (1.12) that

AxB=0. (1.14)
In particular
AxA=0. (1.14a)
In vector components, we have
AxB= (Alél + Azéz + A3é3) X (Blél =+ Bzéz + B3é3). (115)
C
éc B~ T
iBsin@ ////
0 1

Figure 1.8. The right hand rule for vector product.
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VECTOR AND TENSOR ANALYSIS

Using the following relations
é;xé;=0,i=1,23,
(1.16)
€1 X & =83, ey X &3 =2¢y, &3 X €] = &y,
Eq. (1.15) becomes
A X B = (A283 — A3Bz)é1 + (A3Bl — A]B:;)éz + (Ale — AzBl)é3. (llSa)

This can be written as an easily remembered determinant of third order:

o o b
AxB= Al A2 A3 . (117)
B, B, B;

The expansion of a determinant of third order can be obtained by diagonal multi-
plication by repeating on the right the first two columns of the determinant and
adding the signed products of the elements on the various diagonals in the result-
ing array:

ai \az\,a3 Ay 4
by "by” b3'| by” by
c ”c '\’c e e
1 G Cc7] ¢
STt L N Y N
+ + *

The non-commutativity of the vector product of two vectors now appears as a
consequence of the fact that interchanging two rows of a determinant changes its
sign, and the vanishing of the vector product of two vectors in the same direction
appears as a consequence of the fact that a determinant vanishes if one of its rows
is a multiple of another.

The determinant is a basic tool used in physics and engineering. The reader is
assumed to be familiar with this subject. Those who are in need of review should
read Appendix II.

The vector resulting from the vector product of two vectors is called an axial
vector, while ordinary vectors are sometimes called polar vectors. Thus, in Eq.
(1.11), C is a pseudovector, while A and B are axial vectors. On an inversion of
coordinates, polar vectors change sign but an axial vector does not change sign.

A simple application of the vector product in physics is the torque t of a force F
about a point O: T = F x r, where r is the vector from O to the initial point of the
force F (Fig. 1.9).

We can write the nine equations implied by Eq. (1.16) in terms of permutation
symbols &;;:

e; X é] = Eijkélﬁ (1163)

(oo}



THE VECTOR (CROSS OR OUTER) PRODUCT

T=r XF

Figure 1.9. The torque of a force about a point O.

where ¢ is defined by
+1 if (4, j, k) is an even permutation of (1,2,3),
gg = —1 if (i, j,k) is an odd permutation of (1,2,3), (1.18)
0 otherwise (for example,if 2 or more indices are equal).
It follows immediately that
Eijk = €kij = Ejki = ~Ejik = —Ekji = —Eikj-

There is a very useful identity relating the €, and the Kronecker delta symbol:

3
Z EmnkEijk = (Smi(snj - 6}71]'@11’7 (119)
k=1
Z EmjkEnjk = 25111}1; Z Eijk = 6. (1193)
ijk

Using permutation symbols, we can now write the vector product A x B as
3 3 3
AxB= ZA,«éi X ZB/é, ZAB e,xe/ :Z ABa,/k éy.
i=1 j=1 ijk

Thus the kth component of A x B is
ij ij

If £k = 1, we obtain the usual geometrical result:

(A xB), = 251171‘1[3/ =13 da By + 130438, = Ay By — A3B,.

i



VECTOR AND TENSOR ANALYSIS

The triple scalar product A - (B x C)

We now briefly discuss the scalar A - (B x C). This scalar represents the volume of
the parallelepiped formed by the coterminous sides A, B, C, since

A (B x C)=ABCsinfcosa = hS = volume,
S being the area of the parallelogram with sides B and C, and / the height of the

parallelogram (Fig. 1.10).

Now
él éz €3
B, B, B;

A- (B X C) = (A]é] +A2é2 + A3é3) .

= A,(B,C5 — B3Cy) + Ay(B3Cy — B C3) + A3(B,C, — B,(Cy)

so that

A Ay Az
A - (B X C) =B, B, Bj]|. (1.20)
¢ G G

The exchange of two rows (or two columns) changes the sign of the determinant
but does not change its absolute value. Using this property, we find

A-BxC)=|B B, By|=—|B B, B;|=C-(AxB),
¢ G G A Ay Az

that is, the dot and the cross may be interchanged in the triple scalar product.

A-BxC)=(AxB) -C

(1.21)

Figure 1.10. The triple scalar product of three vectors A, B, C.
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THE TRIPLE VECTOR PRODUCT

In fact, as long as the three vectors appear in cyclic order, A — B — C — A, then
the dot and cross may be inserted between any pairs:

A-BxC)=B-(CxA)=C-(AxB).
It should be noted that the scalar resulting from the triple scalar product changes

sign on an inversion of coordinates. For this reason, the triple scalar product is
sometimes called a pseudoscalar.

The triple vector product

The triple product A x (B x C) is a vector, since it is the vector product of two
vectors: A and B x C. This vector is perpendicular to B x C and so it lies in the
plane of B and C. If B is not parallel to C, A x (B x C) = xB + yC. Now dot both
sides with A and we obtain x(A-B) + y(A-C) =0, since A-[A x (Bx C)]=0.
Thus

x/(A-C)=—-y/(A-B) =X (Ais a scalar)
and so
Ax (BxC)=xB+yC=AB(A-C)—C(A-B)].

We now show that A = 1. To do this, let us consider the special case when B = A.
Dot the last equation with C:

Cx[Ax(AxC)]=A(A-C)*—A>,
or, by an interchange of dot and cross
—(A-C)* = \[(A-C)* — A’CY.

In terms of the angles between the vectors and their magnitudes the last equation
becomes

—A*C*sin® 0 = M(A%C? cos® § — A>C?) = —\A*C?sin® 6
hence A = 1. And so
Ax (BxC)=B(A-C)—C(A-B). (1.22)

Change of coordinate system

Vector equations are independent of the coordinate system we happen to use. But
the components of a vector quantity are different in different coordinate systems.
We now make a brief study of how to represent a vector in different coordinate
systems. As the rectangular Cartesian coordinate system is the basic type of
coordinate system, we shall limit our discussion to it. Other coordinate systems

11



VECTOR AND TENSOR ANALYSIS

will be introduced later. Consider the vector A expressed in terms of the unit
coordinate vectors (€, é,,é3):

3
A = A8y + Ayey + Aey =Y Aé;.
i=1

Relative to a new system (&1, é3,é3) that has a different orientation from that of
the old system (¢, ¢é,,¢é3), vector A is expressed as

3
A= Ao+ 305+ A'e = Ale].
i=1
Note that the dot product A - é{ is equal to A1, the projection of A on the direction
of é{; A - é} is equal to 43, and A - &} is equal to 43. Thus we may write

Al = (&) -8])A) + (é3- 1) Ay + (&5 - é1) A3,
Ay = (&1 -63)A) + (& - 63) Ay + (65 - €3) A3, (1.23)
Ay = (61 -63)A1 + (63 &3) Ay + (&5 - &3)As.

The dot products (¢, - ¢/) are the direction cosines of the axes of the new coordi-
nate system relative to the old system: &/ - ¢ = cos(x;, x;); they are often called the
coefficients of transformation. In matrix notation, we can write the above system
of equations as

! ~ ~/ ~ ~t ~ Al

A4y €1-e e-é e3-¢€ A,
! A Al A Al A Al

Az = e e [ %) €3 € A2
! ~ ~/ A ~l ~ ~/

A3 €63 e-e3 &3-¢ A

The 3 x 3 matrix in the above equation is called the rotation (or transformation)
matrix, and is an orthogonal matrix. One advantage of using a matrix is that
successive transformations can be handled easily by means of matrix multiplica-
tion. Let us digress for a quick review of some basic matrix algebra. A full account
of matrix method is given in Chapter 3.

A matrix is an ordered array of scalars that obeys prescribed rules of addition
and multiplication. A particular matrix element is specified by its row number
followed by its column number. Thus g; is the matrix element in the ith row and
Jjth column. Alternative ways of representing matrix A are [a;] or the entire array

ap  dap A

~ dy Ay doy
A =

A (2% A

12



THE LINEAR VECTOR SPACE 7,

A is an n x m matrix. A vector is represented in matrix form by writing its
components as either a row or column array, such as

B=(by biyb3) or C=|cn |,

where by = by, b1y = b,,bi3=b., and ¢|; = ¢y, ¢ = ¢y, 031 = C..

The multiplication of a matrix 4 and a matrix B is defined only when the
number of columns of A is equal to the number of rows of B, and is performed
in the same way as the multiplication of two determinants: if C = 4B, then

Cjj = E by
k

We illustrate the multiplication rule for the case of the 3 x 3 matrix 4 multiplied
by the 3 x 3 matrix B:

aybiytapbytapby=cyy

1 €13

C1 €22 €23

€31 C3p C33

If we denote the direction cosines é; - ¢; by Ay, then Eq. (1.23) can be written as

i
3 3
Af =) 8 gy =) Ny, (1.23a)
It can be shown (Problem 1.9) that the quantities \; satisfy the following relations
3
S M= (k=1,2,3). (1.24)
i=1

Any linear transformation, such as Eq. (1.23a), that has the properties required by
Eq. (1.24) is called an orthogonal transformation, and Eq. (1.24) is known as the
orthogonal condition.

The linear vector space V),

We have found that it is very convenient to use vector components, in particular,
the unit coordinate vectors é; (i = 1, 2, 3). The three unit vectors ¢; are orthogonal
and normal, or, as we shall say, orthonormal. This orthonormal property
is conveniently written as Eq. (1.8). But there is nothing special about these

13
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orthonormal unit vectors é;. If we refer the components of the vectors to a
different system of rectangular coordinates, we need to introduce another set of
three orthonormal unit vectors f}, f5, and f3:

fifi=6; (i,j=1.23). (1.8a)
For any vector A we now write

3
A= ch"f/;', and Ci :f, -A.
i=1

We see that we can define a large number of different coordinate systems. But
the physically significant quantities are the vectors themselves and certain func-
tions of these, which are independent of the coordinate system used. The ortho-
normal condition (1.8) or (1.8a) is convenient in practice. If we also admit oblique
Cartesian coordinates then the f, need neither be normal nor orthogonal; they
could be any three non-coplanar vectors, and any vector A can still be written as a
linear superposition of the f,

A:CIfl +C2(}(A‘2+C3‘/}‘3. (125)

Starting with the vectors f,», we can find linear combinations of them by the
algebraic operations of vector addition and multiplication of vectors by scalars,
and then the collection of all such vectors makes up the three-dimensional linear
space often called V5 (V for vector) or R; (R for real) or E; (E for Euclidean). The
vectors fl , f;, ﬂ are called the base vectors or bases of the vector space V5. Any set
of vectors, such as the fi, which can serve as the bases or base vectors of V3 is
called complete, and we say it spans the linear vector space. The base vectors are
also linearly independent because no relation of the form

ch+eaht+eafs=0 (1.26)

exists between them, unless ¢; = ¢, = ¢3 = 0.

The notion of a vector space is much more general than the real vector space
V5. Extending the concept of V73, it is convenient to call an ordered set of n
matrices, or functions, or operators, a ‘vector’ (or an n-vector) in the n-dimen-
sional space V,. Chapter 5 will provide justification for doing this. Taking a cue
from V3, vector addition in V,, is defined to be

(xl7-~-;xn) =+ (}’1,---7J’n) = (X] +yla-"7xn +y11) (127)
and multiplication by scalars is defined by

a(xy, ..., x,) = (axy,...,ax,), (1.28)
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where « is real. With these two algebraic operations of vector addition and multi-
plication by scalars, we call V, a vector space. In addition to this algebraic
structure, V,, has geometric structure derived from the length defined to be

) 1/2
(fo) =/x} 4+ X2 (1.29)
=

The dot product of two n-vectors can be defined by
n

(xh...,xn)-(yl,...,yn):ijyj. (1.30)
J=1

In V,, vectors are not directed line segments as in V3; they may be an ordered set
of n operators, matrices, or functions. We do not want to become sidetracked
from our main goal of this chapter, so we end our discussion of vector space here.

Vector differentiation

Up to this point we have been concerned mainly with vector algebra. A vector
may be a function of one or more scalars and vectors. We have encountered, for
example, many important vectors in mechanics that are functions of time and
position variables. We now turn to the study of the calculus of vectors.

Physicists like the concept of field and use it to represent a physical quantity
that is a function of position in a given region. Temperature is a scalar field,
because its value depends upon location: to each point (x, y, z) is associated a
temperature 7T'(x,y,z). The function T(x,y,z) is a scalar field, whose value is a
real number depending only on the point in space but not on the particular choice
of the coordinate system. A vector field, on the other hand, associates with each
point a vector (that is, we associate three numbers at each point), such as the wind
velocity or the strength of the electric or magnetic field. When described in a
rotated system, for example, the three components of the vector associated with
one and the same point will change in numerical value. Physically and geo-
metrically important concepts in connection with scalar and vector fields are
the gradient, divergence, curl, and the corresponding integral theorems.

The basic concepts of calculus, such as continuity and differentiability, can be
naturally extended to vector calculus. Consider a vector A, whose components are
functions of a single variable u. If the vector A represents position or velocity, for
example, then the parameter u is usually time ¢, but it can be any quantity that
determines the components of A. If we introduce a Cartesian coordinate system,
the vector function A(u) may be written as

A(u) = Ay(u)ey + Axr(u)ey + A3 (u)és. (1.31)
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A(u) is said to be continuous at u = u if it is defined in some neighborhood of
uy and

lim A(u) = A(ug). (1.32)
u—1
Note that A(u) is continuous at u, if and only if its three components are con-
tinuous at u.
A(u) is said to be differentiable at a point u if the limit

dA@) A+ Au) — A(w)
du o Au—0 Au

exists. The vector A’ (1) = dA(u)/du is called the derivative of A(u); and to differ-
entiate a vector function we differentiate each component separately:

A (1) = A]()é; + A5(u)és + Aj(u)és. (1.33a)

(1.33)

Note that the unit coordinate vectors are fixed in space. Higher derivatives of A(u)
can be similarly defined.

If A is a vector depending on more than one scalar variable, say u, v for
example, we write A = A(u,v). Then

dA = (0A/0u)du + (0A/0v)dv (1.34)
is the differential of A, and
0A ~ lim A(u+ Au,v) — A(u,v)
Oou  Au—0 ou

and similarly for 0A/0v.
Derivatives of products obey rules similar to those for scalar functions.
However, when cross products are involved the order may be important.

(1.34a)

Space curves

As an application of vector differentiation, let us consider some basic facts about
curves in space. If A(u) is the position vector r(u) joining the origin of a coordinate
system and any point P(xy, x5, x3) in space as shown in Fig. 1.11, then Eq. (1.31)
becomes

(1) = 31 (1)é1 + x2(w)és + x3(w)és. (1.35)
As u changes, the terminal point P of r describes a curve C in space. Eq. (1.35) is

called a parametric representation of the curve C, and u is the parameter of this
representation. Then

2_; (_ r(u+ AAuL)l - r(u)>
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MOTION IN A PLANE

X

Figure 1.11. Parametric representation of a curve.

is a vector in the direction of Ar, and its limit (if it exists) dr/du is a vector in the
direction of the tangent to the curve at (x, x5, x3). If u is the arc length s measured
from some fixed point on the curve C, then dr/ds = T is a unit tangent vector to
the curve C. The rate at which 7" changes with respect to s is a measure of the
curvature of C and is given by dT'/ds. The direction of dT'/ds at any given point on
C is normal to the curve at that point: 7 -7 =1, d(T - T)/ds = 0, from this we
get T-dT/ds =0, so they are normal to each other. If N is a unit vector in this
normal direction (called the principal normal to the curve), then d7/ds = kN,
and k is called the curvature of C at the specified point. The quantity p = 1/k is
called the radius of curvature. In physics, we often study the motion of particles
along curves, so the above results may be of value.

In mechanics, the parameter u is time ¢, then dr/dt =v is the velocity
of the particle which is tangent to the curve at the specific point. Now we
can write

vfdridrdsi
S dt dsdr

N

v

where v is the magnitude of v, called the speed. Similarly, a = dv/dt is the accel-
eration of the particle.

Motion in a plane

Consider a particle P moving in a plane along a curve C (Fig. 1.12). Now r = r¢,,
where ¢, is a unit vector in the direction of r. Hence

d _dr, | de,
ai @t ar
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X2

é
0
é

Figure 1.12. Motion in a plane.

X1

Now dé, /dt is perpendicular to é,. Also |dé,./dt| = df/dt; we can easily verify this
by differentiating é, = cos fé; + sin 6é,. Hence

dr dr . n dao .
V=—=—¢ +r—~¢;
e di " ar?
€y 1s a unit vector perpendicular to é,.

Differentiating again we obtain

_ﬂ_diré —&—@@—k@%é +rﬁé —&—r@é
dt —d2”" dtdt drdt ' dr T ar !
_éA + ﬂﬁA _A'_rﬁA _ ﬁ ZA '-@—_ﬁA
T T aE \a) o\ T T a )

Thus
|ar dt

A vector treatment of classical orbit theory

6419 (240,
"rar\ dr)”

To illustrate the power and use of vector methods, we now employ them to work
out the Keplerian orbits. We first prove Kepler’s second law which can be stated
as: angular momentum is constant in a central force field. A central force is a force
whose line of action passes through a single point or center and whose magnitude
depends only on the distance from the center. Gravity and electrostatic forces are
central forces. A general discussion on central force can be found in, for example,
Chapter 6 of Classical Mechanics, Tai L. Chow, John Wiley, New York, 1995.

Differentiating the angular momentum L =r x p with respect to time, we
obtain

dL/dt = dr/dt x p+r x dp/dt.

18
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The first vector product vanishes because p = mdr/dt so dr/dt and p are parallel.
The second vector product is simply r x F by Newton’s second law, and hence
vanishes for all forces directed along the position vector r, that is, for all central
forces. Thus the angular momentum L is a constant vector in central force
motion. This implies that the position vector r, and therefore the entire orbit,
lies in a fixed plane in three-dimensional space. This result is essentially Kepler’s
second law, which is often stated in terms of the conservation of area velocity,
|L|/2m.

We now consider the inverse-square central force of gravitational and electro-
statics. Newton’s second law then gives

mdv/dt = —(k/r*)i, (1.36)

where 71 = r/r is a unit vector in the r-direction, and k = Gm m, for the gravita-
tional force, and k = ¢,¢, for the electrostatic force in cgs units. First we note that

v =dr/dt = dr/dti + rdi/dt.

Then L becomes

L =r x (mv) = mr’[ii x (di/d?)). (1.37)
Now consider
d dV k " k N 2/ N
E(VXL) —EXL— —W(n x L) = —W[n x mr= (i x di/dt)]

= —k[A(dA/dt - i) — (di/dt)(i - 7).

Since 71 - 71 = 1, it follows by differentiation that 7 - dii/dt = 0. Thus we obtain

%(v x L) = kdn/dr,
integration gives

vxL=kn+C, (1.38)
where C is a constant vector. It lies along, and fixes the position of, the major axis

of the orbit as we shall see after we complete the derivation of the orbit. To find
the orbit, we form the scalar quantity

L*=L-(rxmv)=mr-(vxL)=mr(k+ Ccosb), (1.39)
where @ is the angle measured from C (which we may take to be the x-axis) to r.
Solving for r, we obtain
L Lkm 4
1+C/(kcos) 1+ecosh’

(1.40)

Eq. (1.40) is a conic section with one focus at the origin, where ¢ represents the
eccentricity of the conic section; depending on its values, the conic section may be

19



VECTOR AND TENSOR ANALYSIS

a circle, an ellipse, a parabola, or a hyperbola. The eccentricity can be easily
determined in terms of the constants of motion:

EZ%Z%KVXL)—/CM
:%HV X LI + K = 2kir - (v x L)]'/?
Now |v x L|2 = v*L? because v is perpendicular to L. Using Eq. (1.39), we obtain
1|, , 5 2kL? 2 2L (1 5k V2 22g)"?
=7 v L+ k —7] = l—i—W(zmv —;)] :ll—i—mkz ,

where E is the constant energy of the system.

Vector differentiation of a scalar field and the gradient

Given a scalar field in a certain region of space given by a scalar function
@(x1,x,,x3) that is defined and differentiable at each point with respect to the
position coordinates (xi, x,, x3), the total differential corresponding to an infini-
tesimal change dr = (dx|, dx,, dx3) is

a’qﬁ = %d)ﬁ + a¢
Bxl

dx 2 8¢

——dx;. 1.41
GXQ + 8)63 dX3 ( )

We can express d¢ as a scalar product of two vectors:

0¢ 0p 0p

d(z) = 8x1 dX1 +%de + 87)C3dX3 = (V(;S) . dl', (142)
where
_0p 0. 0p
V¢ = aXI €1 + axz () + (9X3 €3 (143)

is a vector field (or a vector point function). By this we mean to each point
r = (x1, x5, X3) in space we associate a vector V¢ as specified by its three compo-
nents (0¢/0x;, 0p/0x,,0¢/0x3): V¢ is called the gradient of ¢ and is often written
as grad ¢.

There is a simple geometric interpretation of V¢. Note that ¢(xy, x»,x3) = ¢,
where ¢ is a constant, represents a surface. Let r = x;é; + x,é, + x3¢3 be the
position vector to a point P(xy,Xx,,x3) on the surface. If we move along the
surface to a nearby point Q(r + dr), then dr = dx,é, + dx,é, + dx;é; lies in the
tangent plane to the surface at P. But as long as we move along the surface ¢ has a
constant value and d¢ = 0. Consequently from (1.41),

dr-V¢ =0. (1.44)
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X3 V¢

X2

X1

Figure 1.13. Gradient of a scalar.

Eq. (1.44) states that V¢ is perpendicular to dr and therefore to the surface (Fig.
1.13). Let us return to

de = (V) - dr.

The vector V¢ is fixed at any point P, so that d¢, the change in ¢, will depend to a
great extent on dr. Consequently d¢ will be a maximum when dr is parallel to V¢,
since dr - V¢ = |dr||V¢|cos b, and cos 6 is a maximum for § = 0. Thus V¢ is in
the direction of maximum increase of ¢(xy, x,,x3). The component of V¢ in the
direction of a unit vector # is given by V¢ -4 and is called the directional deri-
vative of ¢ in the direction #. Physically, this is the rate of change of ¢ at
(x1, x, x3) in the direction .

Conservative vector field

By definition, a vector field is said to be conservative if the line integral of the
vector along any closed path vanishes. Thus, if F is a conservative vector field
(say, a conservative force field in mechanics), then

fF-ds:Q (1.45)

where ds is an element of the path. A (necessary and sufficient) condition for F
to be conservative is that F can be expressed as the gradient of a scalar, say

¢:F = —grad ¢:
b b b
/F~ds:—/ gradzz)ods:—/ do = ¢(a) — ¢(b):

a

it is obvious that the line integral depends solely on the value of the scalar ¢ at the
initial and final points, and §F-ds = — fgrad ¢ - ds = 0.
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The vector differential operator V

We denoted the operation that changes a scalar field to a vector field in Eq. (1.43)
by the symbol V (del or nabla):

Vz%él—k%éz +8ix3é3, (1.46)
which is called a gradient operator. We often write V¢ as grad ¢, and the vector
field V(r) is called the gradient of the scalar field ¢(r). Notice that the operator
V contains both partial differential operators and a direction: it is a vector differ-
ential operator. This important operator possesses properties analogous to those
of ordinary vectors. It will help us in the future to keep in mind that V acts both
as a differential operator and as a vector.

Vector differentiation of a vector field

Vector differential operations on vector fields are more complicated because of the
vector nature of both the operator and the field on which it operates. As we know
there are two types of products involving two vectors, namely the scalar and
vector products; vector differential operations on vector fields can also be sepa-
rated into two types called the curl and the divergence.

The divergence of a vector

If V(xy,x5,x3) = Vié; + V6, + V3¢5 is a differentiable vector field (that is, it is
defined and differentiable at each point (xy, x»,x3) in a certain region of space),
the divergence of V, written V - V or div V, is defined by the scalar product
0 0 0
V-V=|—é +—é& +—¢3] (Vie V,eé V5é
(8)6] e +8x2 € +8x3 63) (Viey + Vaes + V3é3)

_on ov, v,

o 8)61 8X2 8X3 '
The result is a scalar field. Note the analogy with A-B = 4B + 4,B, + A3 B;,
but also note that V-V # V-V (bear in mind that V is an operator). V-V is a
scalar differential operator:

(1.47)

0 B )
V-V =Viges Vgt Vige.

What is the physical significance of the divergence? Or why do we call the scalar
product V - V the divergence of V? To answer these questions, we consider, as an
example, the steady motion of a fluid of density p(xy, x,, x3), and the velocity field
is given by v(xy,x,, x3) = v (X1, X2, X3)e; + va(X1, X2, X3)es + v3(X1, X2, X3)e3. We
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now concentrate on the flow passing through a small parallelepiped ABCDEFGH
of dimensions dx;dx,dx; (Fig. 1.14). The x; and x; components of the velocity v
contribute nothing to the flow through the face ABCD. The mass of fluid entering
ABCD per unit time is given by pv,dx;dx; and the amount leaving the face EFGH
per unit time is

|:,D’U2 + a(pvz) dX2:| dxldx3.
8X2

So the loss of mass per unit time is [0(pv,)/0x;|dxdx,dx;. Adding the net rate of

flow out all three pairs of surfaces of our parallelepiped, the total mass loss per

unit time is

0 0 0
o, (pv1) + o (pv2) + s (Pva)} dxydxydxs =V - (pv)dx,dx,dxs.

So the mass loss per unit time per unit volume is V - (pv). Hence the name
divergence.

The divergence of any vector V is defined as V - V. We now calculate V - (fV),
where f'is a scalar:

0 0 0
V'(fV):?M(‘Wl)‘kafxz(sz)"'an(.sz)
(v N (o
f<8x1 + 0x, + 8x3> + (V] ox, 7 0x, Vs 8x3>
or
V- (fV)=fV-V+V.Vf. (1.48)

It is easy to remember this result if we remember that V acts both as a differential
operator and a vector. Thus, when operating on /' V, we first keep f fixed and let V

X3 C G

|

| dx;

'B

R Ay F
D L
V2 / H dx,
—_— //
A dx, E

X2

X1

Figure 1.14. Steady flow of a fluid.
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operate on V, and then we keep V fixed and let V operate on f(V - f is nonsense),
and as Vf and V are vectors we complete their multiplication by taking their dot
product.

A vector V is said to be solenoidal if its divergence is zero: V-V = 0.

The operator \V°, the Laplacian

The divergence of a vector field is defined by the scalar product of the operator V
with the vector field. What is the scalar product of V with itself?
0 0 0 0 0 0
V=V .- V=(—é+-—bt——é ) [s—é+o—b+-—6;
X ; 0x| 0x, 0x3
A
This important quantity

& 7
AT
is a scalar differential operator which is called the Laplacian, after a French
mathematician of the eighteenth century named Laplace. Now, what is the diver-
gence of a gradient?

Since the Laplacian is a scalar differential operator, it does not change the
vector character of the field on which it operates. Thus VZ¢(r) is a scalar field
if ¢(r) is a scalar field, and V[V (r)] is a vector field because the gradient V(r)
is a vector field.

The equation V2¢> = 0 is called Laplace’s equation.

v’ (1.49)

The curl of a vector

If V(x,x5,x3) is a differentiable vector field, then the curl or rotation of V,
written V x V (or curl V or rot V), is defined by the vector product

e e &
S A )
cut =V x - 8)(1 6)(2 6X3
S S

(Vs L (Vv L (o on,

- BXZ 8x3 2 8X3 8x1 3 axl aXZ

v,
== €i'k€i—. (150)
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The result is a vector field. In the expansion of the determinant the operators
0/0x; must precede V;; >~ stands for 37,575 and e are the permutation
symbols: an even permutatlon of ijk will not change the value of the resulting
permutation symbol, but an odd permutation gives an opposite sign. That is,

Eijk = Eji = Ekj = —Ejik = —Ekji = —Eij»  and
gt = 0 if two or more indices are equal.
A vector V is said to be irrotational if its curl is zero: V x V(r) = 0. From this

definition we see that the gradient of any scalar field ¢(r) is irrotational. The proof
is simple:

LB)
x>

()
Q

%)

V x (V¢) = 9x3 |p(x1, X2, X3) = 0 (1.51)

o e
o5}
=
(38
Q
<
(5]

X1 sz 8X3

Q

because there are two identical rows in the determinant. Or, in terms of the
permutation symbols, we can write V x (V¢) as

B(x1, %2, X3).

V x (V¢) = ZE,,ke,

T Ox 8 Xk

Now g 1s antisymmetric in j, k, but 0 /0x;0x is symmetric, hence each term in
the sum is always cancelled by another term:

ik Ox; Oy, " 9x, ox;

and consequently V x (V¢) = 0. Thus, for a conservative vector field F, we have
curl F = curl (grad ¢) = 0.

We learned above that a vector V is solenoidal (or divergence-free) if its diver-
gence is zero. From this we see that the curl of any vector field V(r) must be
solenoidal:

(V x V) Zax (V x V), Zax <Zs,,k k) =0, (1.52)

because € 1s antisymmetric in i, j.
If ¢(r) is a scalar field and V(r) is a vector field, then

V x (V) = (V x V) + (V) x V. (1.53)
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We first write

e & &G
VXV =5 3 el
x| 0x, Ox3
oV oV, oV;
then notice that
0 oV, 0¢

a_xl(¢V2) = ¢8—xl+8_xl Vs,

so we can expand the determinant in the above equation as a sum of two deter-
minants:

o a9 0 6 9o 0¢

<OV) =915y ax, oxs| T |ox, Oxy 0w
Vi Vo V3 Vi VvV, Vi
= ¢(V x V) + (Vo) x V.

Alternatively, we can simplify the proof with the help of the permutation symbols

Eijk:
V x E gzjket a ¢Vk)
i,jk
= E Ez)ke E Ez//cez 8
i,j,k

=o(VxV)+ (Vo) x V.

A vector field that has non-vanishing curl is called a vortex field, and the curl of
the field vector is a measure of the vorticity of the vector field.

The physical significance of the curl of a vector is not quite as transparent as
that of the divergence. The following example from fluid flow will help us to
develop a better feeling. Fig. 1.15 shows that as the component v, of the velocity
v of the fluid increases with x3, the fluid curls about the x;-axis in a negative sense
(rule of the right-hand screw), where dv,/0x3 is considered positive. Similarly, a
positive curling about the x;-axis would result from vs if dv;/dx, were positive.
Therefore, the total x; component of the curl of v is

[curl v], = Ov3/(0x, — Ov,/0x;3,

which is the same as the x; component of Eq. (1.50).
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X3

— ™"
v,

-y, — 2
V27 ox,

dxy

X2

X1

Figure 1.15. Curl of a fluid flow.

Formulas involving V

We now list some important formulas involving the vector differential operator V,
some of which are recapitulation. In these formulas, A and B are differentiable
vector field functions, and f and g are differentiable scalar field functions of
position (xy, X,, X3):

(1) V(fg) =/fVeg+gVf;

(2 V- (JA)=fV-A+ V[ A

() Vx (fA)=/V xA+Vf xA;

(4) V x (Vf) =0

(5) V-(VxA)=0;

(6) V- (AxB)=(VxA) -B—(VxB)xA,

(7) Vx(AxB)=(B-V)A-B(V-A)+A(V-B) - (A V)B;
(8) Vx (VxA)=V(V-A)—V?A;

9) VI(A-B)=AX(VxB)+Bx (VXxA)+(A-V)B+ (B:-V)A;
(10) (A-V)r = A;

(11) V-r=3;

(12) V xr=0;

(13) V- (r°r) = 0;

F
(14) dF = (dr - V)F + %dt (F a differentiable vector field quantity);
(15) dp=dr- Ve + %dr (¢ a differentiable scalar field quantity).

Orthogonal curvilinear coordinates

Up to this point all calculations have been performed in rectangular Cartesian
coordinates. Many calculations in physics can be greatly simplified by using,
instead of the familiar rectangular Cartesian coordinate system, another kind of
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system which takes advantage of the relations of symmetry involved in the parti-
cular problem under consideration. For example, if we are dealing with sphere, we
will find it expedient to describe the position of a point in sphere by the spherical
coordinates (r, 0, ¢). Spherical coordinates are a special case of the orthogonal
curvilinear coordinate system. Let us now proceed to discuss these more general
coordinate systems in order to obtain expressions for the gradient, divergence,
curl, and Laplacian. Let the new coordinates u;, u,, u3 be defined by specifying the
Cartesian coordinates (xy, x,, x3) as functions of (u, u,, u3):

xp = f(ur,up,u3),  xo = guy, up,uz), X3 = huy, u, u3), (1.54)

where f, g, h are assumed to be continuous, differentiable. A point P (Fig. 1.16) in
space can then be defined not only by the rectangular coordinates (x;, x5, x3) but
also by curvilinear coordinates (u, uy, u3).

If u, and u5 are constant as u; varies, P (or its position vector r) describes a curve
which we call the u; coordinate curve. Similarly, we can define the u, and u3 coordi-
nate curves through P. We adopt the convention that the new coordinate system is a
right handed system, like the old one. In the new system dr takes the form:

dr = ﬂa'u] —|—ﬁdu2 —|—gdu3.
Ou, Ouy
The vector Or/du; is tangent to the u; coordinate curve at P. If i;is a unit vector
at P in this direction, then i; = 9r/du; /|0r/0u;|, so we can write Or/Ou; = hyily,
where h; = |Or/Ou,|. Similarly we can write Or/Ou, = hyil, and Or/0usy = hsil,,
where h, = |0r/0u,| and hy = |0r/dus|, respectively. Then dr can be written

dl' = hldulftl + /’lzduzﬁz + h3du3ﬁt3. (155)
X3
uj curve
u, curve
u
3 122
P

1y

ﬁl

u; curve

X2

X1

Figure 1.16. Curvilinear coordinates.
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The quantities /i, hy, h; are sometimes called scale factors. The unit vectors i, i,
13 are in the direction of increasing uy, u,, u3, respectively.

If &, 4y, @13 are mutually perpendicular at any point P, the curvilinear coordi-
nates are called orthogonal. In such a case the element of arc length ds is given by

ds® = dr - dr = hdid + W33 + h3dui3. (1.56)

Along a u; curve, u, and u; are constants so that dr = hyduyit;. Then the
differential of arc length ds; along u; at P is h;du;. Similarly the differential arc
lengths along u, and uz at P are ds, = hydu,, ds; = hydus respectively.

The volume of the parallelepiped is given by

dV = |(h1du1ﬁ1) . (h2dlzl2122) X (/13du3ﬁ3)| = h1/12h3du1du2du3

since | - iy X i3] = 1. Alternatively dV' can be written as

81' al' 8]‘ 8(x1,x2,x;)
dV = |— — X —|dudurduy = | —"—>|dudu,d 1.57
Ouy 8“2x5“3 A ‘8(141»“2,“3) i dh, ( )
where
ox Ox 0
8u1 81/{2 8143

J_a(xl,xz,xz)_ 0%, Ox; Oxy
© O0(uy,un,uy) | Oup Ouy Ouy
Oxy Ox3 0x3

8u1 8142 81/13

is called the Jacobian of the transformation.

We assume that the Jacobian J # 0 so that the transformation (1.54) is one to
one in the neighborhood of a point.

We are now ready to express the gradient, divergence, and curl in terms of
uy, uy, and us. If ¢ is a scalar function of u;, u,, and u3, then the gradient takes the
form

106 . 1086 106 .

—orad = — 22 7 —— " . 1.58
V¢ gra (b h] 8u1 “ /’12 8142 2 h3 8M3 “3 ( )

To derive this, let

Vo = fitty + faiy + f3il3, (1.59)
where f, f>, f3 are to be determined. Since

or or or

dr = —d —d —d
! (‘3141 “ + 3u2 2 + 6143 "3

= hldl/llljll + /1261142122 =+ h3du3ﬁ3,
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we have
d¢ = V¢ -dr = thldul + hz_fzduz + h3f3du3.
But

09 du, +%du2 —|—%du3,

49 = gt 5, Ao+ 5

and on equating the two equations, we find

. 1 0o
= —— i =1,2,3.
f[ hl 8“] ) i ) ) 3
Substituting these into Eq. (1.57), we obtain the result Eq. (1.58).
From Eq. (1.58) we see that the operator V takes the form

B 8 2 0 i@ 0
=ng BRI BI 1.6
h] 8u1+h28u2+h38u3 ( 0)

Because we will need them later, we now proceed to prove the following two
relations:

@) |V, =h'i=1,2,3.

(b) 61y = hyh3Vu, x Vus with similar equations for i, and 5. (1.61)
Proof: (a) Let ¢ = uy in Eq. (1.51), we then obtain Vu; =i, /h; and so

|Vuy| = |ig |yt = hy!since iy | = 1.

Similarly by letting ¢ = u, and u3, we obtain the relations for i = 2 and 3.

(b) From (a) we have

Vuy =i /hy, Vu,=ih/hy,, and Vuz;=1i3/h;.

Then
U Xy 1

—— and I/All = h2h3Vu2 X VM:;.

Vuz X Vu3 = /’12/’13 = h2h3

Similarly
LAlz = h3h1VU3 X Vul and LAI3 = h]hQVul X Vuz.
We are now ready to express the divergence in terms of curvilinear coordinates.

If A = A,i; + A,il, + Az 1s a vector function of orthogonal curvilinear coordi-
nates u, u,, and uz, the divergence will take the form

1 0 0 0
-A=divA = — (hyhz3 A — (h3h A — (hihy43)|.  (1.62
Y v Ity 8141(23 1)+au2(31 2)+6u3(12 3) (1.62)
To derive (1.62), we first write V - A as

V-A=V-(4il))+ V- (Ayiiy) + V - (Asii3), (1.63)
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then, because @, = h1h,Vu, x Vus, we express V - (A4;i) as

V- (A]LAll) =V- (A1h2h3Vu2 X Vu;) (I:l] = h2/13Vu2 X Vu;)
= V(Alhzhg) . Vu2 X Vu3 + A1h2h3V . (Vuz X Vu3)7
where in the last step we have used the vector identity: V. (¢A) =

(Vo) - A+ o(V x A). Now Vu; = i;/h;,i =1, 2, 3, s0 V - (4,11;) can be rewritten
as

h h3 l/lzh‘g
The gradient V(A4,h,h3) is given by Eq. (1.58), and we have
“ I/ll 0 i 0 iiy 0 Z’All
- (4 A hyh Ayl Ayhyhy)| - ——
V(i) = I 6u1( 2h3) + h28 ( 2h3) + h38 ( 2h3) hiohs
1 0
A hyt
= iy oy it
Similarly, we have
1 0 1 0
A e A Azl
V- (Aqity) = Iy 3u2( 2hshy),  and V- (4zi3) = Iy 3u3( oy ).

Substituting these into Eq. (1.63), we obtain the result, Eq. (1.62).
In the same manner we can derive a formula for curl A. We first write it as

VxA=V X (Alljll =+ AzLAlz + A3123)

and then evaluate V x 4;i;.
Now i; = hVu;,i =1, 2, 3, and we express V x (4i;) as

V x (Alﬁl) =V x (AlhIVul)
= V(All’ll) X Vul + Alhlv X Vul

= V(A k) x L0
I

Lll 0 T/l2 0 T/Al3 0 LAll
= A — (A,/ —— (A3} —
h] 8 ( 11) hzauz( 212) +h3 aus( 313) X hl
Ll2 0 1:l3 0
=2 % (ah) -2 T (4h
/’13111 6143( ! 1) h]/’lzauz( ! 1)7
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with similar expressions for V x (A4,ii,) and V x (4si3). Adding these together,
we get V X A in orthogonal curvilinear coordinates:

_ iy [0 9 an [0 )
VA hahy [3”2( ) Qus (Ath)} +h3h1 {8u3 (ifn) Ouy (Ashs)
u [0 0
B [y ) g () (1.64)

This can be written in determinant form:

h]ﬁl hzﬁz /’Z3LAI3
XA s | u Owy, O | (1.65)

Aihy Ayhy  Aszhs

We now express the Laplacian in orthogonal curvilinear coordinates. From
Eqgs. (1.58) and (1.62) we have

106 106, 109

— d — _ "
V¢ gra ¢ h 81/11 1 h2 Buz o /13 81/13

. 1 0 0 0
V-A=divA = 7 hZh; [8u1 (h2h3 ) 6 10y (h3/’l]A2) + au;(hlthS)] .

If A=V¢, then 4, = (1/h;)0¢p/0u;, i =1, 2, 3; and
V-A=V-V¢=Vo

1 9 (hyhs 06 hshy 0¢ hihy 9
" by L%(hl Oy +6u2 hy Ouy +au3 Ty o) | (1.66)

Special orthogonal coordinate systems

There are at least nine special orthogonal coordinates systems, the most common
and useful ones are the cylindrical and spherical coordinates; we introduce these
two coordinates in this section.

Cylindrical coordinates (p, ¢, z)

uy=p,uy = d,us =z; and ) = e, i, = e,z = e..
From Fig. 1.17 we see that

X] = pCoSd,x, = psing, x3 =z
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Figure 1.17. Cylindrical coordinates.

where
p>0,0<¢<2m—00<z<00.
The square of the element of arc length is given by
ds* = hi(dp)’ + h3(d¢)* + h(dz)’.
To find the scale factors /;, we notice that ds® = dr - dr where
I = pcosge; + psin ge; + zes.
Thus
ds* = dr - dr = (dp)* + p*(d¢)* + (dz)*.
Equating the two ds®, we find the scale factors:
hy=h,=1,hy =hy=p,hy=h.=1. (1.67)

From Egs. (1.58), (1.62), (1.64), and (1.66) we find the gradient, divergence, curl,
and Laplacian in cylindrical coordinates:

od 100 0P

b= — - 0. -
v 8pe’]+p8¢eo+82

e., (1.68)
where ® = ®(p, ¢, z) is a scalar function;
1[0 04, 0
A =—|—(pd —+—(pd.)|; 1.69
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where
A=Ay, + Aye, + A.e;
ep P% (<
\Y A—1 9 0 9] 1.70
A0 96 oz 70
A, pA, A.
and
19 [ 0% 10’0 0@
2
-2 (, 2 L9 97 1.71
v pap(pap>+pza¢2+3zz (L7)

Spherical coordinates (r,0, )

up =r,uy = 0,uy = @ity = e,,ily = e, il = e,
From Fig. 1.18 we see that
x| = rsinfcos ¢, x, = rsinfsin ¢, x3 = rcos .
Now
ds® = hi(dr)* + I3 (d0)” + 3 (d¢)
but

r = rsinfcos ¢é; + rsinfsin ¢é, + rcos fé;,

Figure 1.18. Spherical coordinates.
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SO
ds? = dr - dr = (dr)* + r*(d6)* + r*sin® 6(d¢)*.

Equating the two ds’, we find the scale factors: h=h=1 h=h=r,
hy = h, = rsinfl. We then find, from Egs. (1.58), (1.62), (1.64), and (1.66), the
gradient, divergence, curl, and the Laplacian in spherical coordinates:

L0D 10D 1 00
V(b—é’rg—'—eg;%—f—eom%, (172)
V'A_rzsine sm@a(r A,‘)+r%(s1n0A9)+ra—¢ ; (1.73)

¢, reg rsinfeg
N A oy
VXAS me|or 90 96 | 174)

A, rA, rsinfA,

1 o (,00\ 0 o 1 9

Ve = e 5 "o ) T e 0% ) T sndag (1.75)

Vector integration and integral theorems

Having discussed vector differentiation, we now turn to a discussion of vector
integration. After defining the concepts of line, surface, and volume integrals of
vector fields, we then proceed to the important integral theorems of Gauss,
Stokes, and Green.

The integration of a vector, which is a function of a single scalar u, can proceed
as ordinary scalar integration. Given a vector

Au) = A, (u)e; + Ax(u)ée, + Az(u)es,

then
/A(u)du =¢ /Al (u)du + é, / As(u)du + é3 / As(u)du + B,

where B is a constant of integration, a constant vector. Now consider the integral
of the scalar product of a vector A(x[,x,,x3) and dr between the limit
Py(x1,x3,x3) and Py(xy,x3,x3):
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Py Py
/ A-dr = / (A]é] + Azéz + A3é3) . (dxlél + dXZéz + dX3é3)
Py Py

Py

Py p)
Z/ Ay (x1, X2, X3)dx +/ Ay (X1, X9, X3)dx,
P, Py

Py
+/ A5(xy, X2, X3)dx3.
Py

Each integral on the right hand side requires for its execution more than a knowl-
edge of the limits. In fact, the three integrals on the right hand side are not
completely defined because in the first integral, for example, we do not the
know value of x, and x5 in 4;:

Py
I =/ Ay (X1, X2, x3)dx; . (1.76)
Py

What is needed is a statement such as
Xy = f(x1),x3 = g(xy) (1.77)

that specifies x,, x3 for each value of x;. The integrand now reduces to
Ay (x1,x0,x3) = A1 (x1,f(x1),g(x1)) = Bi(x;) so that the integral I; becomes
well defined. But its value depends on the constraints in Eq. (1.77). The con-
straints specify paths on the x;x, and x;x; planes connecting the starting point
P, to the end point P,. The x; integration in (1.76) is carried out along these
paths. It is a path-dependent integral and is called a line integral (or a path
integral). It is very helpful to keep in mind that: when the number of integration
variables is less than the number of variables in the integrand, the integral is not yet
completely defined and it is path-dependent. However, if the scalar product A - dr is
equal to an exact differential, A - dr = dyp = Vi - dr, the integration depends only
upon the limits and is therefore path-independent:

Py Py
/ A-dr= do =1 — 1.
Py Py

A vector field A which has above (path-independent) property is termed conser-
vative. It is clear that the line integral above is zero along any close path, and the
curl of a conservative vector field is zero (V x A =V x (Vp) =0). A typical
example of a conservative vector field in mechanics is a conservative force.

The surface integral of a vector function A(x;,x,,x3) over the surface S is an
important quantity; it is defined to be

/A-da7
s
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Figure 1.19. Surface integral over a surface S.

where the surface integral symbol [ stands for a double integral over a certain
surface S, and da is an element of area of the surface (Fig. 1.19), a vector quantity.
We attribute to da a magnitude da and also a direction corresponding the normal,
7, to the surface at the point in question, thus

da = nda.
The normal 7 to a surface may be taken to lie in either of two possible directions.

But if da is part of a closed surface, the sign of 7 relative to da is so chosen that it
points outward away from the interior. In rectangular coordinates we may write

da = é]da] —+ ézdﬂz + é3da3 = é]ddeX3 —+ édeSdX] —+ é3dX1dX2.

If a surface integral is to be evaluated over a closed surface S, the integral is

written as
]{ A - da.
s

Note that this is different from a closed-path line integral. When the path of
integration is closed, the line integral is write it as

j{A-ds7
r

where I' specifies the closed path, and ds is an element of length along the given
path. By convention, ds is taken positive along the direction in which the path is
traversed. Here we are only considering simple closed curves. A simple closed
curve does not intersect itself anywhere.

Gauss’ theorem (the divergence theorem)

This theorem relates the surface integral of a given vector function and the volume
integral of the divergence of that vector. It was introduced by Joseph Louis
Lagrange and was first used in the modern sense by George Green. Gauss’
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name is associated with this theorem because of his extensive work on general
problems of double and triple integrals.

If a continuous, differentiable vector field A is defined in a simply connected
region of volume 7 bounded by a closed surface S, then the theorem states that

/V-Advzj[A-da, (1.78)
V S

where dV = dx;dx,dx;. A simple connected region V has the property that every
simple closed curve within it can be continuously shrunk to a point without
leaving the region. To prove this, we first write

3
04,
V.-AdV = E LAV,
~/V /Vil axi

then integrate the right hand side with respect to x; while keeping x,x; constant,
thus summing up the contribution from a rod of cross section dx,dx; (Fig. 1.20).
The rod intersects the surface S at the points P and Q and thus defines two
elements of area dap and day:

A 294 Q
/de:?{dxzd&/ Lalx1 :fdxzd)@/ dA,,
y 0x; S p Ox; S P

where we have used the relation d4; = (0A4,/dx;)dx; along the rod. The last
integration on the right hand side can be performed at once and we have

04,

Va—XIdV = %S [41(Q) — 4,(P)]dxydxs3,

where 4,(Q) denotes the value of A, evaluated at the coordinates of the point Q,
and similarly for 4 (P).

The component of the surface element da which lies in the x;-direction is
da, = dx,dx; at the point Q, and da; = —dx,dx; at the point P. The minus sign

X2

X3

Figure 1.20. A square tube of cross section dx,dx3.
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arises since the x; component of da at P is in the direction of negative x;. We can
now rewrite the above integral as

/ gﬁ: av = / A4,(Q)da; + /SPAI(P)dalv

where S denotes that portion of the surface for which the x; component of the
outward normal to the surface element da, is in the positive x;-direction, and Sp
denotes that portion of the surface for which da, is in the negative direction. The
two surface integrals then combine to yield the surface integral over the entire
surface S (if the surface is sufficiently concave, there may be several such as right
hand and left hand portions of the surfaces):

/8AldV j{Aldal.
Ox s

Similarly we can evaluate the x, and x; components. Summing all these together,
we have Gauss’ theorem:

/Z ’dV %ZAda or /VV~AdV=]£A'da~

We have proved Gauss’ theorem for a simply connected region (a volume
bounded by a single surface), but we can extend the proof to a multiply connected
region (a region bounded by several surfaces, such as a hollow ball). For inter-
ested readers, we recommend the book Electromagnetic Fields, Roald K.
Wangsness, John Wiley, New York, 1986.

Continuity equation

Consider a fluid of density p(r) which moves with velocity v(r) in a certain region.
If there are no sources or sinks, the following continuity equation must be satis-
fied:

Op(r)/ot+V -j(r) =0, (1.79)
where j is the current
i) = p(r)v(r) (1.79)

and Eq. (1.79) is called the continuity equation for a conserved current.

To derive this important equation, let us consider an arbitrary surface S enclos-
ing a volume JV of the fluid. At any time the mass of fluid within Vis M = fV pdV
and the time rate of mass increase (due to mass flowing into V') is

oM 8/ dV = /pdV
ot
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while the mass of fluid leaving V' per unit time is

/pv-fzds = / V- (pv)dV,
s v

where Gauss’ theorem is used in changing the surface integral to volume integral.
Since there is neither a source nor a sink, mass conservation requires an exact
balance between these effects:

/@dV:—/V~(pv)dV, or / @—i—v-(pv) dv =0.
y Ot v v \ Ot

Also since V' is arbitrary, mass conservation requires that the continuity equation

ap

17)
SV =3

ot
must be satisfied everywhere in the region.

V.j=0

Stokes’ theorem

This theorem relates the line integral of a vector function and the surface integral
of the curl of that vector. It was first discovered by Lord Kelvin in 1850 and
rediscovered by George Gabriel Stokes four years later.

If a continuous, differentiable vector field A is defined a three-dimensional
region V, and S is a regular open surface embedded in V' bounded by a simple
closed curve I', the theorem states that

/VXA-da:]{A-dl; (1.80)
S r

where the line integral is to be taken completely around the curve I" and dl is an
element of line (Fig. 1.21).

X3

X1

Figure 1.21. Relation between da and dl in defining curl.
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The surface S, bounded by a simple closed curve, is an open surface; and the
normal to an open surface can point in two opposite directions. We adopt the
usual convention, namely the right hand rule: when the fingers of the right hand
follow the direction of dl, the thumb points in the da direction, as shown in Fig.
1.21.

Note that Eq. (1.80) does not specify the shape of the surface S other than that
it be bounded by I'; thus there are many possibilities in choosing the surface. But
Stokes’ theorem enables us to reduce the evaluation of surface integrals which
depend upon the shape of the surface to the calculation of a line integral which
depends only on the values of A along the common perimeter.

To prove the theorem, we first expand the left hand side of Eq. (1.80); with the
aid of Eq. (1.50), it becomes

04, 04, 04, 04,
A -da= 1 1 22
/Sv . da /s <8x3 aa 0x, da3> - /9 <8x1 aas Ox; da1>

94; 94;
— - 1.81
+/S (axz da] aXI délz), ( 8 )

where we have grouped the terms by components of A. We next subdivide the
surface S into a large number of small strips, and integrate the first integral on the
right hand side of Eq. (1.81), denoted by I;, over one such a strip of width dx,
which is parallel to the x,x; plane and a distance x; from it, as shown in Fig. 1.21.
Then, by integrating over x;, we sum up the contributions from all of the strips.

Fig. 1.21 also shows the projections of the strip on the x;x3 and x;x, planes that
will help us to visualize the orientation of the surface. The element area da is
shown at an intermediate stage of the integration, when the direction angles have
values such that o and ~ are less than 90° and 3 is greater than 90°. Thus,

da, = —dx|dx; and da; = dx,dx, and we can write
2 194 0A
I =— d Ly, +=—Ldx; ). 1.82
: /strips XI/P (ax2 ot 8)(3 X3> ( )

Note that dx, and dx; in the parentheses are not independent because x, and x;3
are related by the equation for the surface S and the value of x; involved. Since
the second integral in Eq. (1.82) is being evaluated on the strip from P to Q for
which x; = const., dx; = 0 and we can add (04,/9x,)dx; = 0 to the integrand to
make it dA4,:

94,
a—dexl + 6x2

And Eq. (1.82) becomes

0
I :*/' dxl/ dA, :/A [41(P) — 4,(Q)]dx,.
strips P strips
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Next we consider the line integral of A around the lines bounding each of the
small strips. If we trace each one of these lines in the same sense as we trace the
path T, then we will trace all of the interior lines twice (once in each direction) and
all of the contributions to the line integral from the interior lines will cancel,
leaving only the result from the boundary line I'. Thus, the sum of all of the
line integrals around the small strips will equal the line integral " of A;:

o4, | 04, |\
/S(a—)%daz—a—xde%) _é‘Aldll (183)

Similarly, the last two integrals of Eq. (1.81) can be shown to have the respective

values
f A2d12 and % A3dl3.
T T

Substituting these results and Eq. (1.83) into Eq. (1.81) we obtain Stokes’
theorem:

/V ><A~da:]{(A1dll +A2d12+143d13) :%Adl
S T T

Stokes’ theorem in Eq. (1.80) is valid whether or not the closed curve I lies in a
plane, because in general the surface S is not a planar surface. Stokes’ theorem
holds for any surface bounded by I

In fluid dynamics, the curl of the velocity field v(r) is called its vorticity (for
example, the whirls that one creates in a cup of coffee on stirring it). If the velocity
field is derivable from a potential

v(r) = ~Vo(r)

it must be irrotational (see Eq. (1.51)). For this reason, an irrotational flow is also
called a potential flow, which describes a steady flow of the fluid, free of vortices
and eddies.

One of Maxwell’s equations of electromagnetism (Ampere’s law) states that

VXB:MOL

where B is the magnetic induction, j is the current density (per unit area), and iy is
the permeability of free space. From this equation, current densities may be
visualized as vortices of B. Applying Stokes’ theorem, we can rewrite Ampere’s

law as
j{B-dr:uo/j-da:uol;
r s

it states that the circulation of the magnetic induction is proportional to the total
current / passing through the surface S enclosed by I'.
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Green’s theorem

Green’s theorem is an important corollary of the divergence theorem, and it
has many applications in many branches of physics. Recall that the divergence
theorem Eq. (1.78) states that

/V-Ade](A-da.
14 N

Let A = ¢B, where v is a scalar function and B a vector function, then V - A
becomes

V-A=V-(yB)=¢V-B+B- V.

Substituting these into the divergence theorem, we have
%wB-da:/(wV-B+B-V¢)dV. (1.84)
s 14

If B represents an irrotational vector field, we can express it as a gradient of a
scalar function, say, (:

B =Vo.
Then Eq. (1.84) becomes

f UB - da — / [V - (V) + (Vo) - (Vib)]dV . (1.85)
S V

Now
B-da= (Vy)-nda.

The quantity (V) - /1 represents the rate of change of ¢ in the direction of the
outward normal; it is called the normal derivative and is written as

(Vo) -ii = 0p/on.
Substituting this and the identity V - (V) = V¢ into Eq. (1.85), we have
0
fzp—“’da - / WV + Vo - VildV. (1.86)
s On 14

Eq. (1.86) is known as Green’s theorem in the first form.
Now let us interchange ¢ and 1, then Eq. (1.86) becomes

O fa— 2 .
ﬁapanda—/[/[wv Y+ V- VoldV.

Subtracting this from Eq. (1.85):
(9_50_ 8_1/} _/ 2 2
?{S ( on ‘pan>d” =/, (VV2p — Vo)dV. (1.87)
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This important result is known as the second form of Green’s theorem, and has
many applications.

Green’s theorem in the plane

Consider the two-dimensional vector field A = M(xy, x,)é; + N(x1,x,)é,. From
Stokes’ theorem

M
}{A-dr:/VxA-da:/ (8N—a—>dxldxz, (1.88)
r S s \0x;  0xy

which is often called Green’s theorem in the plane.
Since §. A - dr = §.(Mdx, + Ndx,), Green’s theorem in the plane can be writ-

ten as
M
%del + NdXZ :/ a—N—a— XmdXZ. (1883)
T S 6X1 8x2

As an illustrative example, let us apply Green’s theorem in the plane to show
that the area bounded by a simple closed curve I' is given by

1
—]{ X1dxy — Xodxy.
2 Jr
Into Green’s theorem in the plane, let us put M = —x,, N = x;, giving

%X]d)(z - dexl :/ ixl —i(—XZ) dX]dX2 = 2/ dX]dX2 = 2A,
r s \0x; Ox; s

where A is the required area. Thus 4 = % 56} x1dxy, — Xodx;.

Helmholtz’s theorem

The divergence and curl of a vector field play very important roles in physics. We
learned in previous sections that a divergence-free field is solenoidal and a curl-
free field is irrotational. We may classify vector fields in accordance with their
being solenoidal and/or irrotational. A vector field V is:

(1) Solenoidal and irrotational if V-V =0 and V xV =0. A static electric
field in a charge-free region is a good example.

(2) Solenoidalif V-V =0but V x V # 0. A steady magnetic field in a current-
carrying conductor meets these conditions.

(3) Irrotational if V x V =0 but V-V = 0. A static electric field in a charged
region is an irrotational field.

The most general vector field, such as an electric field in a charged medium with
a time-varying magnetic field, is neither solenoidal nor irrotational, but can be
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considered as the sum of a solenoidal field and an irrotational field. This is made
clear by Helmholtz’s theorem, which can be stated as (C. W. Wong: Introduction
to Mathematical Physics, Oxford University Press, Oxford 1991; p. 53):

A vector field is uniquely determined by its divergence and curl in
a region of space, and its normal component over the boundary
of the region. In particular, if both divergence and curl are
specified everywhere and if they both disappear at infinity
sufficiently rapidly, then the vector field can be written as a
unique sum of an irrotational part and a solenoidal part.

In other words, we may write

V(r) = =Vo(r) + V x A(r), (1.89)
where —V¢ is the irrotational part and V x A is the solenoidal part, and ¢(r) and
A(r) are called the scalar and the vector potential, respectively, of V(r). If both A

and ¢ can be determined, the theorem is verified. How, then, can we determine A
and ¢? If the vector field V(r) is such that

V-V(r)=p, and V xV(r)=yv,
then we have
V-Vir)=p=-V-(Vé)+V-(V xA)
or
Vi =—p,
which is known as Poisson’s equation. Next, we have
VxV({I)=v=Vx[-V¢+V x A(r)]
or
VA =v;
or in component, we have
V4, =v;,i=1,2,3
where these are also Poisson’s equations. Thus, both A and ¢ can be determined
by solving Poisson’s equations.

Some useful integral relations

These relations are closely related to the general integral theorems that we have
proved in preceding sections.

(1) The line integral along a curve C between two points « and b is given by
b
| w0 a= o) - (0. (1.90)
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(1.91)

(1.92)

Proof:
b
0 » . 0 . . .
/ =/ (i'+— g, >-(dxi+dyj+dzk)
= /b % - 8(bdz
N 8x 82
B /h 8¢dx 8¢dy d¢dz i
B Ox di 8y di oz dr
d¢
- / (% )t =) - o(0
dp 2
2 da = dv.
@ §Saa= [ v
Proof: Set ¢ =1 in Eq. (1.87), then dy/0n =0 = V2 and Eq. (1.87) reduces to
Eq. (1.91).
(3) / VpdV = j{ phda.
v s
Proof: In Gauss’ theorem (1.78), let A = ¢C, where C is constant vector. Then
we have
/ V- (pC)dV = / ©C - ida.
v s
Since
V (pC)=Vp-C=C-Vyp and ¢C-n=C- (pn),
we have

/C-chdV:/C~(<pﬁ)da.
v s

Taking C outside the integrals,

C~/VgpdV=C-/(<pﬁ)da
v s

and since C is an arbitrary constant vector, we have

/V(pdV = % pnda.
v s

(4) /VdeV:/ﬁdea
4 s
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Proof: In Gauss’ theorem (1.78), let A = B x C where C is a constant vector. We
then have

/VV-(BXC)dV:/S(BxC)-ﬁda.

Since V- (BxC)=C-(VxB) and BxC)-n=B-(Cxn)=(Cxn)-B=
C-(nxB),

/VC-(VXB)dV:/C-(ﬁxB)da.

N

Taking C outside the integrals
c./ (VxB)dV:C-/(ﬁxB)da
v s

and since C is an arbitrary constant vector, we have

/VdeV:/ﬁdea.
4 s

Tensor analysis

Tensors are a natural generalization of vectors. The beginnings of tensor analysis
can be traced back more than a century to Gauss’ works on curved surfaces.
Today tensor analysis finds applications in theoretical physics (for example, gen-
eral theory of relativity, mechanics, and electromagnetic theory) and to certain
areas of engineering (for example, aerodynamics and fluid mechanics). The gen-
eral theory of relativity uses tensor calculus of curved space-time, and engineers
mainly use tensor calculus of Euclidean space. Only general tensors are
considered in this section. The general definition of a tensor is given, followed
by a concise discussion of tensor algebra and tensor calculus (covariant differen-
tiation).

Tensors are defined by means of their properties of transformation under
coordinate transformation. Let us consider the transformation from one coordi-
nate system (x',x%,...,x") to another (x'',x"%,...,x"V) in an N-dimensional
space V. Note that in writing x*, the index p is a superscript and should not
be mistaken for an exponent. In three-dimensional space we use subscripts. We
now use superscripts in order that we may maintain a ‘balancing’ of the indices in
all the general equations. The meaning of ‘balancing’ will become clear a little
later. When we transform the coordinates, their differentials transform according
to the relation

ox"

g
dx B’

dx'"". (1.94)
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Here we have used Einstein’s summation convention: repeated indexes which
appear once in the lower and once in the upper position are automatically
summed over. Thus,

N
> A,4"=4,4".
n=1

It is important to remember that indexes repeated in the lower part or upper part
alone are not summed over. An index which is repeated and over which summa-
tion is implied is called a dummy index. Clearly, a dummy index can be replaced
by any other index that does not appear in the same term.

Contravariant and covariant vectors

A set of N quantities 4"(n=1,2,...,N) which, under a coordinate change,
transform like the coordinate differentials, are called the components of a contra-
variant vector or a contravariant tensor of the first rank or first order:

I
oxt

A= 4", 1.
. (195)

This relation can easily be inverted to express A" in terms of A”. We shall leave
this as homework for the reader (Problem 1.32).

If N quantities A"(u =1,2,...,N) in a coordinate system (xl,xz, . ,xN) are
related to N other quantities 4, (v =1,2,...,N) in another coordinate system
(x"!,x",...,x'V) by the transformation equations

ax"”

they are called components of a covariant vector or covariant tensor of the first
rank or first order.
One can show easily that velocity and acceleration are contravariant vectors
and that the gradient of a scalar field is a covariant vector (Problem 1.33).
Instead of speaking of a tensor whose components are A" or 4, we shall simply
refer to the tensor A" or 4,,.

Tensors of second rank

From two contravariant vectors A" and B” we may form the N* quantities A"B".
This is known as the outer product of tensors. These N> quantities form the
components of a contravariant tensor of the second rank: any aggregate of N2
quantities T*” which, under a coordinate change, transform like the product of
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two contravariant vectors

1 v
o ox" Ox /
T axagxBT P

(1.97)

is a contravariant tensor of rank two. We may also form a covariant tensor of
rank two from two covariant vectors, which transforms according to the formula

B ox'adx'p_,

=——T.5. 1.98
y1i% 8)(# 8)(1’ afp ( )

Similarly, we can form a mixed tensor 7", of order two that transforms as
follows:

i !
ox" Ox ﬁT,a,

T = —— .
Y ox'a Ox¥ A

(1.99)

We may continue this process and multiply more than two vectors together,
taking care that their indexes are all different. In this way we can construct tensors
of higher rank. The total number of free indexes of a tensor is its rank (or order).

In a Cartesian coordinate system, the distinction between the contravariant and
the covariant tensors vanishes. This can be illustrated with the velocity and
gradient vectors. Velocity and acceleration are contravariant vectors, they are
represented in terms of components in the directions of coordinate increase; the
gradient vector is a covariant vector and it is represented in terms of components
in the directions orthogonal to the constant coordinate surfaces. In a Cartesian
coordinate system, the coordinate direction x* coincides with the direction ortho-
gonal to the constant-x* surface, hence the distinction between the covariant and
the contravariant vectors vanishes. In fact, this is the essential difference between
contravariant and covariant tensors: a covariant tensor is represented by com-
ponents in directions orthogonal to like constant coordinate surface, and a
contravariant tensor is represented by components in the directions of coordinate
increase.

If two tensors have the same contravariant rank and the same covariant rank,
we say that they are of the same type.

Basic operations with tensors

(1) Equality: Two tensors are said to be equal if and only if they have the same
covariant rank and the same contravariant rank, and every component of
one is equal to the corresponding component of the other:

aff  _ paf
AP, — B
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(2) Addition (subtraction): The sum (difference) of two or more tensors of the
same type and rank is also a tensor of the same type and rank. Addition of
tensors is commutative and associative.

(3) Outer product of tensors: The product of two tensors is a tensor whose rank
is the sum of the ranks of the given two tensors. This product involves
ordinary multiplication of the components of the tensor and it is called
the outer product. For example, 4, gl — C#,\”aﬁ is the outer product
of 4," and B’,.

(4) Contraction: If a covariant and a contravariant index of a mixed tensor are
set equal, a summation over the equal indices is to be taken according to the
summation convention. The resulting tensor is a tensor of rank two less than
that of the original tensor. This process is called contraction. For example, if
we start with a fourth-order tensor T",,pé, one way of contracting it is to set
6 = p, which gives the second rank tensor 7%, ”. We could contract it again
to get the scalar 7%,

(5) Inner product of tensors: The inner product of two tensors is produced by
contracting the outer product of the tensors. For example, given two tensors
A% and B",, the outer product is 4°°;B" . Setting § = p, we obtain the
inner product A”ﬂ#B“V.

(6) Symmetric and antisymmetric tensors: A tensor is called symmetric with
respect to two contravariant or two covariant indices if its components
remain unchanged upon interchange of the indices:

Aaﬂ :A’BQ7A(YQ :Aﬂa-

A tensor is called anti-symmetric with respect to two contravariant or two
covariant indices if its components change sign upon interchange of the
indices:

5 B
AT = A% A, = Ay,

Symmetry and anti-symmetry can be defined only for similar indices, not
when one index is up and the other is down.

Quotient law

A quantity 9%, ~with various up and down indexes may or may not be a tensor.
We can test whether it is a tensor or not by using the quotient law, which can be
stated as follows:

Suppose it is not known whether a quantity X is a tensor or not.
If an inner product of X with an arbitrary tensor is a tensor, then
X is also a tensor.
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As an example, let X = P, ,,,, A" be an arbitrary contravariant vector, and AAPAW
be a tensor, say Q,,: AAP,\W = 0, then

8xlu ax_/,ﬁ

= 4np
ox" Ox”

A
A P)\;w = yap-

But
8)( "y A
ox?

A7 =

and so

ox'“oax"Pax"

Ox* Ox¥ 9x el

This equation must hold for all values of 4", hence we have, after canceling the
arbitrary A”,

A)\P/\/w =

ox'ox"ox"

o =G g g ¥ 00

which shows that P,,, is a tensor (contravariant tensor of rank 3).

The line element and metric tensor

So far covariant and contravariant tensors have nothing to do each other except
that their product is an invariant:
ox* ox'" 5 Ox”
Ox'm gxF T T gl

A space in which covariant and contravariant tensors exist separately is called
affine. Physical quantities are independent of the particular choice of the mode
of description (that is, independent of the possible choice of contravariance or
covariance). Such a space is called a metric space. In a metric space, contravariant
and covariant tensors can be converted into each other with the help of the metric
tensor g,,,. That is, in metric spaces there exists the concept of a tensor that may be
described by covariant indices, or by contravariant indices. These two descrip-
tions are now equivalent.

To introduce the metric tensor g, let us consider the line element in Vy. In
rectangular coordinates the line element (the differential of arc length) ds is given by

ds* = dx* + dy* + dz* = (dx")* + (dx*)* + (dx°)*;
there are no cross terms dx'dx’. In curvilinear coordinates ds® cannot be repre-

sented as a sum of squares of the coordinate differentials. As an example, in
spherical coordinates we have

ds* = dr* + r*d&* + r* sin® 0d¢*

A, B" = A, A" = 8"34,4" = 4,4

which can be in a quadratic form, with x! = r, x> = 6,x° = ¢.
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A generalization to Vy is immediate. We define the line element ds in V' to be
given by the following quadratic form, called the metric form, or metric

303
ds* = Z Zgwdx“dx” = g dx"dx". (1.100)
p=1 v=1

For the special cases of rectangular coordinates and spherical coordinates, we
have

1 00 1 0 0
g=(@u)=[0 1 0],  g=@,)=[0 2 0 | (L1100
0 0 1 0 0 rsin’0

In an N-dimensional orthogonal coordinate system g,, = 0 for u # v. And in a
Cartesian coordinate system g, = 1 and g, = 0 for 1 # v. In the general case of
Riemannian space, the g, are functions of the coordinates x"(u =1,2,...,N).

Since the inner product of g,, and the contravariant tensor dx’dx" is a scalar
(ds®, the square of line element), then according to the quotient law gu 1s a
covariant tensor. This can be demonstrated directly:

ds* = gopdx"dx’ = g’ pdx"dx'".
Now dx'® = (9x'*/0x")dx", so that

, Ox'“ox"”

8 o O O

dx"'dx" = g, dx"dx"

or

. Ox'ox"?
& ab g oxv

- gw> dx"dx" = 0.

The above equation is identically zero for arbitrary dx”, so we have

la 18
ox'*ox'"”

= = o 1.102
g/w M Ox” 8aps ( )

which shows that g, is a covariant tensor of rank two. It is called the metric
tensor or the fundamental tensor.

Now contravariant and covariant tensors can be converted into each other with
the help of the metric tensor. For example, we can get the covariant vector (tensor
of rank one) 4, from the contravariant vector A"

A, =g,A". (1.103)
Since we expect that the determinant of g, does not vanish, the above equations
can be solved for 4” in terms of the 4,,. Let the result be

A" =g"4,,. (1.104)
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By combining Egs. (1.103) and (1.104) we get
A,u = g;u/gVaAu'
Since the equation must hold for any arbitrary 4, we have

gug " =6,", (1.105)

g

where ¢, is Kronecker’s delta symbol. Thus, ¢"” is the inverse of g,, and vice
versa; g is often called the conjugate or reciprocal tensor of g,,. But remember
that g" and g, are the contravariant and covariant components of the same
tensor, that is the metric tensor. Notice that the matrix (g"”) is just the inverse of
the matrix (g,,).

We can use g, to lower any upper index occurring in a tensor, and use g to
raise any lower index. It is necessary to remember the position from which the
index was lowered or raised, because when we bring the index back to its original
site, we do not want to interchange the order of indexes, in general T # T,
Thus, for example

qu = grpArtp qu = grpgqu)‘S7 API'S = ququ.S

Associated tensors

All tensors obtained from a given tensor by forming an inner product with the
metric tensor are called associated tensors of the given tensor. For example, 4®
and A, are associated tensors:

Au = ga;ﬁAﬂv A" = gaﬂAﬁ"

Geodesics in a Riemannian space

In a Euclidean space, the shortest path between two points is a straight line
joining the two points. In a Riemannian space, the shortest path between two
points, called the geodesic, may be a curved path. To find the geodesic, let us
consider a space curve in a Riemannian space given by x* = f*(¢) and compute
the distance between two points of the curve, which is given by the formula

0 1
s :/ \/ &audxPdxt :/ \/ & dx dxtd, (1.106)
P f

where dx* = dx* /dt, and t (a parameter) varies from point to point of the geo-
desic curve described by the relations which we are seeking. A geodesic joining
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two points P and Q has a stationary value compared with any other neighboring
path that connects P and Q. Thus, to find the geodesic we extremalize (1.106), and
this leads to the differential equation of the geodesic (Problem 1.37)

d (OF\ OF
dt<8)'c> I (1.107)

where F = y/g,x°%%, and X = dx/dt. Now

o 1( X 3) V2 %0 oo OF 1( x“xﬂ) Vg i
3)67 2 ga,j ax"f’ ’ ax"/ 2 gag gu'y

and

ds/dt = \/gasx*x°.

Substituting these into (1.107) we obtain

d e —1 lagaﬁ ca e —1 _ < ds
7 (gm S ) > o X“X =0, s =7
or
6g(1" o lagozg eI
g)c—i—a/x9 3 00 ’gvxssl

We can simplify this equation by writing
980y a5 1 (08ay | 085\ ..
8 /xaxﬂ_< 8 Y gS’W)xaxﬂ’

OxP OxP
then we have
G X+ [aB, 7] = g, X055

We can further simplify this equation by taking arc length as the parameter z, then
s=1,§ =0 and we have

d*x” dx® dx”
gaﬂ/ dS2 + [O[ﬁ, P)/] dS dS - (1108)
where the functions
0oy 023y  08ap
=T i Y oY o 1.1
[Oéﬂ, ’7] afyy 2 (Ebcﬂ + Ox® Ox" ( 09)

are called the Christoffel symbols of the first kind.
Multiplying (1.108) by g”7, we obtain

a*x’ p | dx®dx”
it 1.11
At { aﬁ} & ds O (1.110)
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where the functions

{apﬂ} = Fﬂa[i :gpﬁ/[aﬂv 7} (1111)

are the Christoffel symbol of the second kind.

Eq. (1.110) is, of course, a set of N coupled differential equations; they are the
equations of the geodesic. In Euclidean spaces, geodesics are straight lines. In a
Euclidean space, g, are independent of the coordinates x*, so that the Christoffel
symbols identically vanish, and Eq. (1.110) reduces to

d*x"
_’gzo
ds

with the solution

p_
X' =a,s+b,,

where a, and b, are constants independent of s. This solution is clearly a straight
line.

The Christoffel symbols are not tensors. Using the defining Egs. (1.109) and the
transformation of the metric tensor, we can find the transformation laws of the
Christoffel symbol. We now give the result, without the mathematical details:

- Ox™ 9x% ox7 ox* 9*x?

Lon=T s+ 8 rns 1.112
WA = S o % x| 57 o O Ox ( )

The Christoffel symbols are not tensors because of the presence of the second term
on the right hand side.

Covariant differentiation
We have seen that a covariant vector is transformed according to the formula

i ox"

+ o

where the coefficients are functions of the coordinates, and so vectors at different
points transform differently. Because of this fact, d4,, is not a vector, since it is the
difference of vectors located at two (infinitesimally separated) points. We can
verify this directly:

94, 04, 0x" 0x" N X"
ox’  ox’oxtoxT T TV OxtOxT

(1.113)
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which shows that d4/8x” are not the components of a tensor because of the

second term on the right hand side. The same also applies to the differential of

a contravariant vector. But we can construct a tensor by the following device.
From Eq. (1.111) we have

_ Ox” Ox" ox*  9*x” ox"

=T ains o 1.114
= o G o O | DX OR Ox° (1.114)
Multiplying (1.114) by A, and subtracting from (1.113), we obtain

8/? _ 0A axn 8)(‘6

ro « _ a P

ox" ALy = (axg A, aﬁ) O O (1.115)

If we define
04,
Amﬂ = 8)(‘8 - Apraﬁv (1116)

then (1.115) can be rewritten as

- Ox“ Ox"
A = Aos gz g

which shows that 4,5 is a covariant tensor of rank 2. This tensor is called the
covariant derivative of 4, with respect to x”. The semicolon denotes covariant
differentiation. In a Cartesian coordinate system, the Christoffel symbols vanish,
and so covariant differentiation reduces to ordinary differentiation.

The contravariant derivative is found by raising the index which denotes differ-
entiation:

AV = gmogh (1.117)

We can similarly determine the covariant derivative of a tensor of arbitrary
rank. In doing so we find the following simple rule helps greatly:

To obtain the covariant derivative of the tensor T with respect to
X", we add to the ordinary derivative 0T /Ox" for each covariant
index v(T'.,) a term —I'*,, T, , and for each contravariant index
(T a term +T%,, T,

Thus,
oT,
T/w;a = axl;l’ - Fﬂ/u} Tﬂu - Fﬁt/{u T/l,ﬂ?
oT" [
THV‘«,G = axau - Fﬁwz THH + FH"{;(J/TGV'

The covariant derivatives of both the metric tensor and the Kronnecker delta
are identically zero (Problem 1.38).
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PROBLEMS

I1.1.

1.2.

1.3.

1.4.

L.5.

1.6.
1.7.

L.8.

1.9.

1.10.

Problems

Given the vector A = (2,2, —1) and B = (6, —3,2), determine:

(a) 6A — 3B, (b) A° + B>, (¢) A - B, (d) the angle between A and B, (e) the

direction cosines of A, (f) the component of B in the direction of A.

Find a unit vector perpendicular to the plane of A =(2,—6,-3) and

B=(4,3,-1).

Prove that:

(a) the median to the base of an isosceles triangle is perpendicular to the

base; (b) an angle inscribed in a semicircle is a right angle.

Given two vectors A = (2,1,—1), B=(1,—1,2) find: (¢) A x B, and () a

unit vector perpendicular to the plane containing vectors A and B.

Prove: (a) the law of sines for plane triangles, and (b) Eq. (1.16a).

Evaluate (2¢; — 3é,) - [(é; + &, — é3) x (3é; — &3)].

(a) Prove that a necessary and sufficient condition for the vectors A, B and
C to be coplanar is that A- (B x C) = 0.

(b) Find an equation for the plane determined by the three points
P(2,-1,1), P5(3,2,—1) and P5(—1,3,2).

(a) Find the transformation matrix for a rotation of new coordinate system
through an angle ¢ about the x;(= z)-axis.

(b) Express the vector A = 3¢, + 2é, + &5 in terms of the triad é;é,é; where
the x{x) axes are rotated 45° about the x;-axis (the x;- and xj-axes
coinciding).

Consider the linear transformation 4, = Z?:I el 6,4, = Z?:I N;jA;. Show,

using the fact that the magnitude of the vector is the same in both systems,

that

3
D Nidie =6 ok =1,2,3).
i=1

A curve C is defined by the parametric equation

r(u) = xy(u)e; + xp(u)ey + x3(u)és,
where u is the arc length of C measured from a fixed point on C, and r is the
position vector of any point on C; show that:

(a) dr/du is a unit vector tangent to C;
(b) the radius of curvature of the curve C is given by

2 2 2
- d2X1 + d2X2 + d2X3
P= du? di® di®
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VECTOR AND TENSOR ANALYSIS

1.11.

1.12.

1.13.

1.14.

1.16.

1.17.

Figure 1.22. Motion on a circle.

(a) Show that the acceleration a of a particle which travels along a space
curve with velocity v is given by
2
a= @ T+ U—N ,
dt P
where 7', N, and p are as defined in the text.

(b) Consider a particle P moving on a circular path of radius r with constant
angular speed w = d6/dt (Fig. 1.22). Show that the acceleration a of the
particle is given by

a=—uwr.

A particle moves along the curve x; = 212,x2 = — 4, x3 = 3t — 5, where ¢

is the time. Find the components of the particle’s velocity and acceleration

at time ¢ = 1 in the direction é; — 3é, + 2é;.

(a) Find a unit vector normal to the surface x5 - x3 = 1 at the point
P(1,1,1).

(b) Find the directional derivative of ¢ = x%x2x3 + 4x1x§ at (1, —=2,—1) in
the direction 2¢; — é, — 2¢é;5.

Consider the ellipse given by r; + r, = const. (Fig. 1.23). Show that r; and r,

make equal angles with the tangent to the ellipse.

. Find the angle between the surfaces X+ 3+ x% =9and x5 = x4+ x5 - 3.

at the point (2, —1, 2).
(a) If fand g are differentiable scalar functions, show that
V(/fg) =/Vg+gVf.

(b) Find Vrif r = (x7 + x5 + x3) /.

(¢) Show that Vi = n/"°r.

Show that:

(@) V- (r/ r3) = 0. Thus the divergence of an inverse-square force is zero.
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PROBLEMS

1.18.

1.19

1.20.

1.21.
1.22.

1.23.

1.24.

X2
V(r +1y)
T

P

) al

X1

B O A

Figure 1.23.

(b) If fis a differentiable function and A is a differentiable vector function,
then

V- (fA) = (Vf)-A+f(V-A).

(@) What is the divergence of a gradient?

(b) Show that V(1 /r) = 0.

(¢) Show thatr- (V -r) # (rV)r.

Given V-E=0,V-H=0,V xE = —-0H/0t,V x H= 0E/0t, show that
E and H satisfy the wave equation Viu = 82u/ or.

The given equations are related to the source-free Maxwell’s equations of
electromagnetic theory, E and H are the electric field and magnetic field
intensities.

(a) Find constants a, b, ¢ such that

A = (xl + 2X2 + ax3)é1 + (bxl — 3XQ — X3)é2 + (4X1 + CX»y =+ 2X3)é3

is irrotational.
(b) Show that A can be expressed as the gradient of a scalar function.
Show that a cylindrical coordinate system is orthogonal.
Find the volume element d} in: (a) cylindrical and (b) spherical coordinates.
Hint: The volume element in orthogonal curvilinear coordinates is

8(x]7x27x3)

duydu,duy.
a(“lau27u3) R

dVv = h1h2h3du1du2du3 = ’

Evaluate the integral f((olf; (x* = p)dx + (»* + x)dy along

(a) a straight line from (0, 1) to (1, 2);

(b) the parabola x =t,y = £+1;

(c) straight lines from (0, 1) to (1, 1) and then from (1, 1) to (1, 2).
Evaluate the integral f<(017"01>> (x2 + yz)dx along (see Fig. 1.24):

(a) the straight line y = x,

(b) the circle arc of radius 1 (x — 1)* + % = 1.
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1.25.

1.26.

1.28

1.28.

1.29.

1.30.

1.31.

1.33.
1.33.

1.34.

1.35.

1.36.

X2

(L)
Path 2

Path 1

X1
(0,0)

Figure 1.24. Paths for a path integral.

Evaluate the surface integral [(A-da = [(A-7da, where A = x;x5¢,—
xié, + (x1 + xp)é3, S is that portion of the plane 2x; +2x, +x3=16
included in the first octant.

Verify Gauss’ theorem for A = (2x; — x3)é; + x1x65 — x1x§é3 taken over
the region bounded by x; =0,x; = 1,x, =0,x, =1,x3 =0,x3 = 1.

Show that the electrostatic field intensity E(r) of a point charge Q at the
origin has an inverse-square dependence on r.

Show, by using Stokes’ theorem, that the gradient of a scalar field is irrota-
tional:

V x (V(r)) = 0.

Verify Stokes’ theorem for A = (2x; — x,)é; — X2X365 — X3x365, where S is
the upper half surface of the sphere x} 4+ x3 + x3 = 1 and T is its boundary
(a circle in the x;x, plane of radius 1 with its center at the origin).

Find the area of the ellipse x; = acosf, x, = bsinf.

Show that fSr x fida = 0, where S is a closed surface which encloses a
volume V.

Starting with Eq. (1.95), express 4'” in terms of 4".

Show that velocity and acceleration are contravariant vectors and that the
gradient of a scalar field is a covariant vector.

The Cartesian components of the acceleration vector are

d*x d*y d*z

ay=—7" ay=—5 a=—7

Find the component of the acceleration vector in the spherical polar co-
ordinates.

Show that the property of symmetry (or anti-symmetry) with respect to
indexes of a tensor is invariant under coordinate transformation.

A covariant tensor has components xy,2y — 2%, xz in rectangular coordi-
nates, find its covariant components in spherical coordinates.
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1.37. Prove that a necessary condition that 7 = f;f F(t,x,x)dt be an extremum
(maximum or minimum) is that

d (OF oF 0
dt \ Ox ox
1.38. Show that the covariant derivatives of: (a) the metric tensor, and (b) the
Kronecker delta are identically zero.
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2

Ordinary differential equations

Physicists have a variety of reasons for studying differential equations: almost all
the elementary and numerous of the advanced parts of theoretical physics are
posed mathematically in terms of differential equations. We devote three chapters
to differential equations. This chapter will be limited to ordinary differential
equations that are reducible to a linear form. Partial differential equations
and special functions of mathematical physics will be dealt with in Chapters 10
and 7.

A differential equation is an equation that contains derivatives of an
unknown function which expresses the relationship we seek. If there is only one
independent variable and, as a consequence, total derivatives like dx/dt, the
equation is called an ordinary differential equation (ODE). A partial differential
equation (PDE) contains several independent variables and hence partial deriva-
tives.

The order of a differential equation is the order of the highest derivative appear-
ing in the equation; its degree is the power of the derivative of highest order after
the equation has been rationalized, that is, after fractional powers of all deriva-
tives have been removed. Thus the equation

2
d—+3dy

e +2y=0

is of second order and first degree, and

—= =1/ 1+ (dy/dx)’

is of third order and second degree, since it contains the term (d°y/dx®)* after it is
rationalized.
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FIRST-ORDER DIFFERENTIAL EQUATIONS

A differential equation is said to be linear if each term in it is such that the
dependent variable or its derivatives occur only once, and only to the first power.
Thus

d’y  dy
Y
dx3 Ty dx
is not linear, but
a . d
xsd—):;+ exsmxd—i;+y =lInx

is linear. If in a linear differential equation there are no terms independent of y,
the dependent variable, the equation is also said to be homogeneous; this would
have been true for the last equation above if the ‘In x* term on the right hand side
had been replaced by zero.

A very important property of linear homogeneous equations is that, if we know
two solutions y; and y,, we can construct others as linear combinations of them.
This is known as the principle of superposition and will be proved later when we
deal with such equations.

Sometimes differential equations look unfamiliar. A trivial change of variables
can reduce a seemingly impossible equation into one whose type is readily recog-
nizable.

Many differential equations are very difficult to solve. There are only a rela-
tively small number of types of differential equation that can be solved in closed
form. We start with equations of first order. A first-order differential equation can
always be solved, although the solution may not always be expressible in terms of
familiar functions. A solution (or integral) of a differential equation is the relation
between the variables, not involving differential coefficients, which satisfies the
differential equation. The solution of a differential equation of order » in general
involves n arbitrary constants.

First-order differential equations

A differential equation of the general form

dy _ f(x) -
dx - glny) OF Swydy+/(x,y)de=0 (2.1)

is clearly a first-order differential equation.

Separable variables

If f(x,y) and g(x,y) are reducible to P(x) and Q(y), respectively, then we have
O(y)dy + P(x)dx = 0. (2.2)

Its solution is found at once by integrating.
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ORDINARY DIFFERENTIAL EQUATIONS

The reader may notice that dy/dx has been treated as if it were a ratio of dy and
dx, that can be manipulated independently. Mathematicians may be unhappy
about this treatment. But, if necessary, we can justify it by considering dy and
dx to represent small finite changes 6y and éx, before we have actually reached the
limit where each becomes infinitesimal.

Example 2.1
Consider the differential equation

dy/dx = —y*e".
We can rewrite it in the following form —dy/ y? = ¢“dx which can be integrated
separately giving the solution
l/y=¢"+c,
where ¢ is an integration constant.
Sometimes when the variables are not separable a differential equation may be

reduced to one in which they are separable by a change of variable. The general
form of differential equation amenable to this approach is

dy/dx = f(ax + by), (2.3)

where f'is an arbitrary function and a and b are constants. If we let w = ax + by,
then bdy/dx = dw/dx — a, and the differential equation becomes

dw/dx — a = bf (w)
from which we obtain

dw
a+ bf(w)

in which the variables are separated.

=dx

Example 2.2
Solve the equation

dy/dx = 8x + 4y + 2x +y — 1)%.

Solution: Letw = 2x + y, then dy/dx = dw/dx — 2, and the differential equation
becomes

dw/dx +2 = 4w+ (w— 1)
or
dw/[Aw + (w — 1)* = 2] = dx.

The variables are separated and the equation can be solved.
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FIRST-ORDER DIFFERENTIAL EQUATIONS

A homogeneous differential equation which has the general form

dy/dx = f(y/x) (2.4)

may also be reduced, by a change of variable, to one with separable variables.
This can be illustrated by the following example:

Example 2.3
Solve the equation

dy Y +xp
dx  x*

Solution: The right hand side can be rewritten as (y/x)* + (v/x), and hence is a
function of the single variable

v=y/x.

We thus use v both for simplifying the right hand side of our equation, and also
for rewriting dy/dx in terms of v and x. Now

dy d dv
a—a()ﬂ)) —’U+Xa
and our equation becomes
v+ X dv v2 +
-—= v
dx
from which we have
dv _ds
X

Integration gives
1 —x/y
——=Inx+c¢ or x=dAde ",
v

where ¢ and 4 (= ¢ €) are constants.

Sometimes a nearly homogeneous differential equation can be reduced to
homogeneous form which can then be solved by variable separation. This can
be illustrated by the by the following:

Example 2.4
Solve the equation

dy/dx=(y+x-5)/(y —3x—1).
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ORDINARY DIFFERENTIAL EQUATIONS

Solution:  Our equation would be homogeneous if it were not for the constants
—5and —1 in the numerator and denominator respectively. But we can eliminate
them by a change of variable:

¥ =xta, Y =y+B

where o and 0 are constants specially chosen in order to make our equation
homogeneous:

dy'Jdx" = (v +x")/y" = 3x",

Note that dy’/dx' = dy/dx. Trivial algebra yields a = —1,8 = —4. Now let
v=7y'/x', then

dy/ d / / dU
= ) T g
and our equation becomes
ydv v+l v—3 dx'

X'—=—, o ———dv=
SR A1 T
in which the variables are separated and the equation can be solved by integra-
tion.

Example 2.5
Fall of a skydiver.

Solution: Assuming the parachute opens at the beginning of the fall, there are
two forces acting on the parachute: the downward force of gravity mg, and the
upward force of air resistance kv?. If we choose a coordinate system that has y = 0
at the earth’s surface and increases upward, then the equation of motion of the
falling diver, according to Newton’s second law, is

mdv/dt = —mg + kv’

where m is the mass, g the gravitational acceleration, and k a positive constant. In
general the air resistance is very complicated, but the power-law approximation is
useful in many instances in which the velocity does not vary appreciably.
Experiments show that for a subsonic velocity up to 300 m/s, the air resistance
is approximately proportional to v*.
The equation of motion is separable:
mdv

——=dt
mg — kv?
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or, to make the integration easier
dv

.
v — (mglk)  m

Now

1 B 1 1 ( 1 1 )
v — (mg/k)  (v+v)(w—v,) 20, \v—v, v+uv,)’
where v? = mg/k. Thus

1 < dv dv ) k
— — =——dt.
20, \v—v, v—u m

1 (v - vt> k
—In =——t+g,
2v, \v+v, m

where ¢ is an integration constant.
Solving for v we finally obtain
’U( ) _ Uf[l + BeXp(—Zgl/v,)]
1 — Bexp(—2gt/v,)

Integrating yields

where B = exp(2v,C).

It is easy to see that as t — oo, exp(—2gt/v;) — 0, and so v — v;; that is, if he
falls from a sufficient height, the diver will eventually reach a constant velocity
given by v,, the terminal velocity. To determine the constants of integration, we
need to know the value of k, which is about 30 kg/m for the earth’s atmosphere
and a standard parachute.

Exact equations

We may integrate Eq. (2.1) directly if its left hand side is the differential du of
some function u(x, y), in which case the solution is of the form

u(x,y) =C (2.5)
and Eq. (2.1) is said to be exact. A convenient test to see if Eq. (2.1) is exact is
does

9g(x,y) _ Of(x,y)

2.6
Ox dy (2:6)
To see this, let us go back to Eq. (2.5) and we have
du(x,y)] =0.
On performing the differentiation we obtain
ou u
—dx+—dy=0 2.7
Nt (2.7)
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It is a general property of partial derivatives of any well-behaved function that
the order of differentiation is immaterial. Thus we have

35 (&) = () e
Now if our differential equation (2.1) is of the form of Eq. (2.7), we must be able
to identify
f(x,y) =0u/Ox and g(x,y) = 0u/dy. (2.9)
Then it follows from Eq. (2.8) that

dg(x,y)  Of(x,»)
ox dy

which is Eq. (2.6).

Example 2.6
Show that the equation xdy/dx + (x4 y) = 0 is exact and find its general solu-
tion.

Solution:  We first write the equation in standard form
(x + y)dx + xdy = 0.
Applying the test of Eq. (2.6) we notice that

g _ 9 _ Og _0x _
a—yfay(ery)fl and 8x78x71'

Therefore the equation is exact, and the solution is of the form indicated by Eq.
(2.7). From Eq. (2.9) we have

Ou/dx =x+y, O0Ou/dy=x,
from which it follows that
u(x,y) = x> /24 xy+h(y), ulx,y) =xy+k(x),

where /1(y) and k(x) arise from integrating u(x, y) with respect to x and y, respec-
tively. For consistency, we require that

h(y) =0 and k(x) =x?/2.
Thus the required solution is
/24 xy =c.

It is interesting to consider a differential equation of the type

80 1) 2 4 f( ) = K, (2.10)
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where the left hand side is an exact differential (d/dx)[u(x,y)], and k(x) on the
right hand side is a function of x only. Then the solution of the differential
equation can be written as

u(x,y) = /k(x)dx. (2.11)
Alternatively Eq. (2.10) can be rewritten as
d
g, ) o+ (£, 0) = k()] = 0. (2.100)

Since the left hand side of Eq. (2.10) is exact, we have
9g/0x = f [ Oy.
Then Eq. (2.10a) is exact as well. To see why, let us apply the test for exactness for
Eq. (2.10a) which requires
0 0 0
o 8] = ay [/ (x,y) = k(x)] = ay [f(x, ).

Thus Eq. (2.10a) satisfies the necessary requirement for being exact. We can thus
write its solution as

Ulx,y) = ¢,
where
ou
dy
Of course, the solution U(x,y) = ¢ must agree with Eq. (2.11).

=ger) and 00 = f(xy) ~ k(x)

Integrating factors

If a differential equation in the form of Eq. (2.1) is not already exact, it sometimes
can be made so by multiplying by a suitable factor, called an integrating factor.
Although an integrating factor always exists for each equation in the form of Eq.
(2.1), it may be difficult to find it. However, if the equation is linear, that is, if can
be written

dy

dx
an integrating factor of the form

exp (/f(x)dx) (2.13)

is always available. It is easy to verify this. Suppose that R(x) is the integrating
factor we are looking for. Multiplying Eq. (2.12) by R, we have
dy

RE + Rf(x)y = Rg(x), or Rdy+ Rf(x)ydx = Rg(x)dx.

+f(x)y = g(x) (2.12)
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The right hand side is already integrable; the condition that the left hand side of
Eq. (2.12) be exact gives

_OR

0
oy BRI =50

which yields
dR/dx = Rf(x), or dR/R=f(x)dx,

and integrating gives

InR= /f(x)dx

from which we obtain the integrating factor R we were looking for

R = exp ( / f(x)dx).

It is now possible to write the general solution of Eq. (2.12). On applying the
integrating factor, Eq. (2.12) becomes

F
d(;i ):g(x)eF,

where F(x) = [f(x)dx. The solution is clearly given by
y=et [/ efg(x)dx + C].

Example 2.7

Show that the equation xdy/dx + 2y + x% =0 is not exact; then find a suitable
integrating factor that makes the equation exact. What is the solution of this
equation?

Solution:  We first write the equation in the standard form
(2y + x*)dx + xdy = 0;

then we notice that

0 > 0
8—y(2y+x)_2 and i 1,

which indicates that our equation is not exact. To find the required integrating
factor that makes our equation exact, we rewrite our equation in the form of Eq.
(2.12):

dy 2y

dv

dx  x
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from which we find f(x) = 1/x, and so the required integrating factor is

exp </ (1/x)dx> =exp(lnx) = x.

Applying this to our equation gives

x2%+2xy+x3 =0 or %(x2y+x4/4) =0
which integrates to
X2y + x4/4 =c,
or
c—x*
e
Example 2.8

RL circuits: A typical RL circuit is shown in Fig. 2.1. Find the current /(7) in the
circuit as a function of time ¢.

Solution. We need first to establish the differential equation for the current
flowing in the circuit. The resistance R and the inductance L are both constant.
The voltage drop across the resistance is /R, and the voltage drop across the
inductance is Ldl/dt. Kirchhoff’s second law for circuits then gives

dl(t

LﬁjL RI(t) = E(1),
dt

which is in the form of Eq. (2.12), but with ¢ as the independent variable instead of
x and [ as the dependent variable instead of y. Thus we immediately have the
general solution

1
1) = et / HREE ()t + ke RIE,

R

— MM ———

<f\J E(?) é L

Figure 2.1. RL circuit.
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ORDINARY DIFFERENTIAL EQUATIONS

where k is a constant of integration (in electric circuits, C is used for capacitance).
Given E this equation can be solved for I(z). If the voltage E is constant, we
obtain

1 —Rt/L L —Rt/L —Rt/L E —Rt/L
I(t) =— E— +k =—+k .
(1) e e e e

Regardless of the value of k, we see that
I(t) = E/R as t— oo.
Setting ¢ = 0 in the solution, we find
k=1(0)— E/R.

Bernoulli’s equation

Bernoulli’s equation is a non-linear first-order equation that occurs occasionally
in physical problems:
dy
dx
where 7 is not necessarily integer.
This equation can be made linear by the substitution w = y* with « suitably
chosen. We find this can be achieved if « =1 — n:

+f(x)y = g(x))", (2.14)

w=y"" or y= wl/a=m,
This converts Bernoulli’s equation into

dw
dx

which can be made exact using the integrating factor exp( (1 — n)f(x)dx).

+ (1 =n)f(x)w= (1 -n)g(x),

Second-order equations with constant coefficients

The general form of the nth-order linear differential equation with constant coef-
ficients is

dny dn—ly dy B .
o TP gt T Pt ey = (D" +pi D"+ 4 p D+ )y =f(x),

where pi,p,,... are constants, f(x) is some function of x, and D =d/dx. If
f(x) =0, the equation is called homogeneous; otherwise it is called a non-homo-
geneous equation. It is important to note that the symbol D is meaningless unless
applied to a function of x and is therefore not a mathematical quantity in the
usual sense. D is an operator.
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Many of the differential equations of this type which arise in physical problems
are of second order and we shall consider in detail the solution of the equation

d? d :
“Stas by = (D’ +aD+b)y =1(1), (2.15)

where « and b are constants, and ¢ is the independent variable. As an example, the
equation of motion for a mass on a spring is of the form Eq. (2.15), with «
representing the friction, ¢ being the constant of proportionality in Hooke’s law
for the spring, and f(¢) some time-dependent external force acting on the mass.
Eq. (2.15) can also apply to an electric circuit consisting of an inductor, a resistor,
a capacitor and a varying external voltage.

The solution of Eq. (2.15) involves first finding the solution of the equation with
f(t) replaced by zero, that is,

dy dy

W+aE+by:(D2+aD+b)y=0§ (2.16)

this is called the reduced or homogeneous equation corresponding to Eq. (2.15).

Nature of the solution of linear equations

We now establish some results for linear equations in general. For simplicity, we
consider the second-order reduced equation (2.16). If y; and y, are independent
solutions of (2.16) and 4 and B are any constants, then

D(Ay, + By;) = ADy, + BDy,, D*(Ay, + By;) = AD’y| + BD*y,
and hence
(D* 4+ aD + b)(Ay, + By,) = A(D* 4+ aD + b)y, + B(D* + aD + b)y, = 0.

Thus y = Ay, + By, is a solution of Eq. (2.16), and since it contains two arbitrary
constants, it is the general solution. A necessary and sufficient condition for two
solutions y; and y, to be linearly independent is that the Wronskian determinant
of these functions does not vanish:

Yroo»n
dyy dyy | #0-
dt dt
Similarly, if yy,y»,...,», are n linearly independent solutions of the nth-order

linear equations, then the general solution is
y=Ay1+ Ay + -+ Ay,
where Ay, A,,..., A, are arbitrary constants. This is known as the superposition

principle.
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General solutions of the second-order equations

Suppose that we can find one solution, y,() say, of Eq. (2.15):

(D* +aD + b)y,(1) =£(1). (2.15a)
Then on defining

ye(t) = y(1) = yp(1)
we find by subtracting Eq. (2.15a) from Eq. (2.15) that
(D* +aD + by, (1) = 0.

That is, y.(¢) satisfies the corresponding homogeneous equation (2.16), and it is
known as the complementary function y.(¢) of non-homogeneous equation (2.15).

while the solution y,(¢) is called a particular integral of Eq. (2.15). Thus, the
general solution of Eq. (2.15) is given by

y(1) = Ay (1) + By, (1). (2.17)

Finding the complementary function

Clearly the complementary function is independent of f(¢), and hence has nothing
to do with the behavior of the system in response to the external applied influence.
What it does represent is the free motion of the system. Thus, for example, even
without external forces applied, a spring can oscillate, because of any initial
displacement and/or velocity. Similarly, had a capacitor already been charged
at ¢ = 0, the circuit would subsequently display current oscillations even if there
is no applied voltage.

In order to solve Eq. (2.16) for y.(¢), we first consider the linear first-order
equation

dy
— +by=0.
adter 0

Separating the variables and integrating, we obtain
y — Ae*b[/a’

where A4 is an arbitrary constant of integration. This solution suggests that Eq.
(2.16) might be satisfied by an expression of the type

y=e"
where p is a constant. Putting this into Eq. (2.16), we have
' (p* +ap+b)=0.
Therefore y = ¢ is a solution of Eq. (2.16) if
P 4ap+b=0.
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This is called the auxiliary (or characteristic) equation of Eq. (2.16). Solving it
gives

—a+Va> —4b —a—Va* —4b
= p=—F5 (2.18)

We now distinguish between the cases in which the roots are real and distinct,
complex or coincident.

(/) Real and distinct roots (a*> — 4b > 0)
In this case, we have two independent solutions y; = ¢”'’, y, = ¢ and the general
solution of Eq. (2.16) is a linear combination of these two:

y = A" + B, (2.19)

where 4 and B are constants.

Example 2.9
Solve the equation (D*—2D —3)y =0, given that y =1 and y' = dy/dx =2
when ¢ = 0.

Solution: The auxiliary equation is p> — 2p — 3 = 0, from which we find p = —1
or p = 3. Hence the general solution is

y = Ae '+ Be.

The constants 4 and B can be determined by the boundary conditions at ¢ = 0.
Since y = 1 when ¢ = 0, we have

l=4+B.
Now
y' = —Ae”" +3Be"
and since y’ = 2 when ¢ = 0, we have 2 = —4 + 3B. Hence
A=1/4, B=3/4
and the solution is

4y = e '+ 3%,

(if) Complex roots (a*> — 4b < 0)

If the roots p;, p, of the auxiliary equation are imaginary, the solution given by
Eq. (2.18) is still correct. In order to give the solutions in terms of real quantities,
we can use the Euler relations to express the exponentials. If we let

r=—a/2,is = Va> —4b/2, then

e =" = ¢"[cos st + isin st

e = "™ = ¢"'[cos st — isin st
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and the general solution can be written as
y = Ael"" + Bel™
=¢"[(A + B) cosst + i(A — B) sin 1]
= ¢'"[4 cos st + By sin s1] (2.20)

The solution (2.20) may be expressed in a slightly different and often more
useful form by writing By/A, = tan . Then

y = (A% + B2)?¢" (cos 6 cos st + sin §sin st) = Ce'" cos(st — ), (2.20a)

where C and ¢ are arbitrary constants.

Example 2.10
Solve the equation (D 4+ 4D + 13)y = 0, given that y = 1 and y’ = 2 when 7 = 0.

Solution: The auxiliary equation is p*> +4p + 13 =0, and hence p = —2 + 3i.
The general solution is therefore, from Eq. (2.20),

y= efzt(AO cos 3¢ + By sin 31).
Since y = [ when ¢t = 0, we have A, = 1. Now
y' = —2¢ % (Aycos 3t + Bysin 3t) + 3e > (— A, sin 3¢ + B, cos 31)

and since y’ =2 when ¢ = 0, we have 2 = —24, + 3B,. Hence B, = 4/3, and the
solution is

3y = e (3 cos 3t + 4sin 37).

(iif) Coincident roots

When «® = 4b, the auxiliary equation yields only one value for p, namely
p = a = —a/2, and hence the solution y = 4¢*. This is not the general solution
as it does not contain the necessary two arbitrary constants. In order to obtain the
general solution we proceed as follows. Assume that y = ve™, where v is a func-
tion of ¢ to be determined. Then

y/ _ 'Ulem + avem,y" _ Uueaz + 2av/eat + a2vem.
Substituting for y,y’, and »” in the differential equation we have
" + 200" + v+ a(v’ + av) + bv] =0

and hence

v" 4+ v'(a+ 2a) + v(a? 4+ ac + b) = 0.
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Now
o’ +aa+b=0, and a+2a=0
so that
v =0.
Hence, integrating gives
v= At + B,

where 4 and B are arbitrary constants, and the general solution of Eq. (2.16) is

y = (At + B)e (2.21)

Example 2.11
Solve the equation (D? — 4D + 4)y =0 given that y = 1 and Dy = 3 when ¢ = 0.

Solution: The auxiliary equation is p? —4p +4 = (p — 2)> = 0 which has one
root p = 2. The general solution is therefore, from Eq. (2.21)
y = (At + B)é*.
Since y = 1 when ¢t = 0, we have B = 1. Now
y' =2(At + B)e* + Ae*
and since Dy = 3 when t =0,
3=2B+A.

Hence 4 = 1 and the solution is

y=(1+1)e".

Finding the particular integral

The particular integral is a solution of Eq. (2.15) that takes the term f(¢) on the
right hand side into account. The complementary function is transient in nature,
so from a physical point of view, the particular integral will usually dominate the
response of the system at large times.

The method of determining the particular integral is to guess a suitable func-
tional form containing arbitrary constants, and then to choose the constants to
ensure it is indeed the solution. If our guess is incorrect, then no values of these
constants will satisfy the differential equation, and so we have to try a different
form. Clearly this procedure could take a long time; fortunately, there are some
guiding rules on what to try for the common examples of f(z):
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(1) f(t) = a polynomial in .
If £(¢) is a polynomial in ¢ with highest power ¢, then the trial particular
integral is also a polynomial in ¢, with terms up to the same power. Note
that the trial particular integral is a power series in ¢, even if f(¢) contains
only a single terms A¢".

2) f(1) = 4é".
The trial particular integral is y = B,

(3) f(t) = Asinkt or Acoskt.
The trial particular integral is y = A sinkt + Ccos kt. That is, even though
f(¢) contains only a sine or cosine term, we need both sine and cosine terms
for the particular integral.

(4) f(t) = Ae" sin Bt or Ae® cos 3.
The trial particular integral is y = ¢*(Bsin 3t + C cos f3).

(5) f(1) is a polynomial of order  in 7, multiplied by ¢*'.
The trial particular integral is a polynomial in ¢ with coefficients to be
determined, multiplied by ¢"'.

(6) f(r) is a polynomial of order # in ¢, multiplied by sin kz.
The trial particular integral is y = ¥}_((B; sinkt + C;cos kt) /. Can we try
y = (Bsinkt + Ccoskt) X D,t-f? The answer is no. Do you know why?

If the trial particular integral or part of it is identical to one of the terms of the
complementary function, then the trial particular integral must be multiplied by
an extra power of ¢. Therefore, we need to find the complementary function before
we try to work out the particular integral. What do we mean by ‘identical in
form’? It means that the ratio of their r-dependences is a constant. Thus —2e¢~’
and Ae”" are identical in form, but ¢’ and ¢ % are not.

Particular integral and the operator D (= d/dx)

We now describe an alternative method that can be used for finding particular
integrals. As compared with the method described in previous section, it involves
less guesswork as to what the form of the solution is, and the constants multi-
plying the functional forms of the answer are obtained automatically. It does,
however, require a fair amount of practice to ensure that you are familiar with
how to use it.

The technique involves using the differential operator D = d( )/dt, which is an
interesting and simple example of a linear operator without a matrix representa-
tion. It is obvious that D obeys the relevant laws of operator algebra: suppose f
and g are functions of 7, and « is a constant, then

(i) D(f+g) =Df + Dg  (distributive);
(i1) Daf = aDf (commutative);
(iiiy D"D"f = D""'f (index law).
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We can form a polynomial function of D and write
F(D) =ayD" +a,D" ' +---+a, D +a,
so that
F(D)f(t) = ayD"f +aD""'f + - +a,\Df +a,f
and we can interpret D' as follows
D'Df (1) = £ (1)

and
[nai=r.

Hence D' indicates the operation of integration (the inverse of differentiation).
Similarly D™"'f means ‘integrate f(#)m times’.

These properties of the linear operator D can be used to find the particular
integral of Eq. (2.15):

d’y = dy >
W+aE+by_(D +aD+b)y—f(l)
from which we obtain
1 1
= 1) = t 2.22
= ran s’V = Fpy /O 222)

where
F(D) = D* +aD + b.
The trouble with Eq. (2.22) is that it contains an expression involving Ds in the

denominator. It requires a fair amount of practice to use Eq. (2.22) to express y in
terms of conventional functions. For this, there are several rules to help us.

Rules for D operators

Given a power series of D
GD)=ay+aD+---+aD"+---
and since D"e™ = o¢%, it follows that
G(D)e" = (ay+a\D+ -+ a,D" + )" = G(a)e™.
Thus we have
Rule (a): G(D)e® = G(a)e™ provided G(a) is convergent.
When G(D) is the expansion of 1/F(D) this rule gives

1 at 1 at .
me = Fla) e*  provided F(a) # 0.
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Now let us operate G(D) on a product function ¢V (1):
G(D)[e"V(1)] = [G(D)e™ V(1) + e™[G(D)V (1))
=e"[G(a) + G(D)|V (1) = e*'G(D + a) [V (1)].

That is, we have

Rule (b): G(D)[e*"V(1)] = ' G(D + ) [V (1)].
Thus, for example

D*[e"' ] = ™' (D + a)*[).

Rule (c): G(D?)sinkt = G(—k*) sin kt.

Thus, for example

1 1
E(Sil’l 3l) = —§Sin 3t.

Example 2.12 Damped oscillations (Fig. 2.2)

Suppose we have a spring of natural length L (that is, in its unstretched state). If
we hang a ball of mass m from it and leave the system in equilibrium, the spring
stretches an amount d, so that the ball is now L + d from the suspension point.
We measure the vertical displacement of the ball from this static equilibrium
point. Thus, L+d is y =0, and y is chosen to be positive in the downward
direction, and negative upward. If we pull down on the ball and then release it,
it oscillates up and down about the equilibrium position. To analyze the oscilla-
tion of the ball, we need to know the forces acting on it:

Figure 2.2. Damped spring system.
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(1) the downward force of gravity, mg:

(2) the restoring force ky which always opposes the motion (Hooke’s law),
where k is the spring constant of the spring. If the ball is pulled down a
distance y from its static equilibrium position, this force is —k(d + y).

Thus, the total net force acting on the ball is
mg — k(d + y) = mg — kd — ky.
In static equilibrium, y = 0 and all forces balances. Hence
kd = mg

and the net force acting on the spring is just —ky; and the equation of motion of
the ball is given by Newton’s second law of motion:

d*y

= R

which describes free oscillation of the ball. If the ball is connected to a dashpot
(Fig. 2.2), a damping force will come into play. Experiment shows that the damp-
ing force is given by —bdy/dt, where the constant b is called the damping constant.
The equation of motion of the ball now is
d*y dy b k
—=—ky—b— "2y +=y=0.
e I

The auxiliary equation is

with roots
b 1 2 b L /3
p]:7_+_m b 74km’ PZZ*_*_m b* — 4dkm.

We now have three cases, resulting in quite different motions of the oscillator.

Case 1 b* — 4km > 0 (overdamping)
The solution is of the form

(1) = cre” + cre?.
Now, both b and k are positive, so

1
— b — dkm < i
2m 2m

and accordingly



ORDINARY DIFFERENTIAL EQUATIONS

Obviously p, < 0 also. Thus, y(f) — 0 as t — co. This means that the oscillation
dies out with time and eventually the mass will assume the static equilibrium
position.

Case 2 b> — 4km = 0 (critical damping)
The solution is of the form

w(t) = e P (¢ + eat).

As both b and m are positive, y(f) — 0 as t — oo as in case 1. But ¢; and ¢, play a
significant role here. Since ¢ ?/*" £ 0 for finite 7, y(¢) can be zero only when
¢1 + ¢ot =0, and this happens when

t= —Cl/Cz.

If the number on the right is positive, the mass passes through the equilibrium
position y = 0 at that time. If the number on the right is negative, the mass never
passes through the equilibrium position.

It is interesting to note that ¢; = y(0), that is, ¢; measures the initial position.
Next, we note that

V(0) = 3 — bey /2m, or ¢ = y'(0) + by(0)/2m.

Case 3 b* — 4km < 0 (underdamping)
The auxiliary equation now has complex roots

Di :*iJer 4km — b?, Pzzfi*LV“km*bz

2m  2m

and the solution is of the form
y(t) = et [cl COS(\/4km - b2) Ly sin(\/4km — L)]
2m 2m

which can be rewritten as

y(1) = ce M cos(wt — a),

where

c=1/3+G,a=tan”’ (C—Z), and w= Vdkm—b*/2m.

€l

As in case 2, e "/ — 0 as 1 — oo, and the oscillation gradually dies down to

zero with increasing time. As the oscillator dies down, it oscillates with a fre-
quency w/27. But the oscillation is not periodic.
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The Euler linear equation

The linear equation with variable coefficients
n n—1

Y -1 dy
d n +p1 dxn_l R o lxd + Py = f( ) (223)

in which the derivative of the jth order is multiplied by x' and by a constant, is
known as the Euler or Cauchy equation. It can be reduced, by the substitution
x = €', to a linear equation with constant coefficients with ¢ as the independent
variable. Now if x = ¢, then dx/dt = x, and

dy dy dt ldy dy dy

dx didx xdi’ O Yax ar

and
d’y _d (dy\ _d (1dy\dt _1d (1dy
dx®  dx\dx) dt\xdt)dx  xdt\xdt
or
Ay ldudyd _1dy ldy
dx?  xdft  drdt C xdx? xdt
and hence
oy _dy b _d (@
&2 df  di di \dt ’
Similarly
dy d(d d
(1) (==2
Y dt(dt )(dt v
and

Wy d(d d d

Substituting for x/(d’y/dx’) in Eq. (2.23) the equation transforms into

dn dn ly d ,
dtn+ ldn 1 R a1 ld[—’_Qny:f(e)
in which ¢y, ¢, ..., g, are constants.

Example 2.13
Solve the equation

‘ %
<

5 d

6
xdx—i—x

|38}
e

+6y=—.
V=3
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Solution: Put x = ¢', then

dy dy  Ldy _dy dy

Yo T A Yol AR dt

Substituting these in the equation gives

d’y  _dy
IR Sy S
a2 Py tr=e

The auxiliary equation p> 4+ 5p + 6 = (p + 2)(p + 3) = 0 has two roots: p; = —2,
P> = 3. So the complementary function is of the form y, = Ae > 4+ Be ' and the
particular integral is

1 =y

= ¢ _2'.
T (D 2)(D+3)

=te

The general solution is
y= Ae ' + Be ™ + te .
The Euler equation is a special case of the general linear second-order equation
Dy + p(x)Dy + q(x)y = f(x),

where p(x), ¢g(x), and f(x) are given functions of x. In general this type of
equation can be solved by series approximation methods which will be introduced
in next section, but in some instances we may solve it by means of a variable
substitution, as shown by the following example:

D*y+ (4x — x Dy +4x?y =0,
where
p(x)=(4x—x"), q(x)=4x* and f(x)=0.
If we let
1/2

X =z

the above equation is transformed into the following equation with constant
coefficients:

D’y +2Dy+y =0,
which has the solution
y=(A+ Bz)e".
Thus the general solution of the original equation is y = (4 + sz)e_xz.
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Solutions in power series

In many problems in physics and engineering, the differential equations are of
such a form that it is not possible to express the solution in terms of elementary
functions such as exponential, sine, cosine, etc.; but solutions can be obtained as
convergent infinite series. What is the basis of this method? To see it, let us

consider the following simple second-order linear differential equation
d? y
—= =0.
dx? Yy

Now assuming the solution is given by y = ay + a;x + ayx* + - - -, we further
assume the series is convergent and differentiable term by term for sufficiently
small x. Then

dy/dx = aj + 2a>x + 3a;x* + - - -
and
dz)’/dxz =2ay+2-3a3x+3 -4a4x2 + -

Substituting the series for y and dzy/ dx* in the given differential equation and
collecting like powers of x yields the identity

(2a5 + ap) + (2 X 3a3 4+ a)x + (3 X day + a)x* + - - - = 0.

Since if a power series is identically zero all of its coefficients are zero, equating to
zero the term independent of x and coefficients of x, x°, ..., gives

2612+a0:0, 4><5a5+a3:0,
2><3a3+a1:0, 5><6a6+a4:0,
3X4a4+02:07

and it follows that

ar» = @ a, = — al :_ﬂ aqg = — a2 _@
2 20 B 2% 3 3 M 3x4 4
de — — a  _a a4 — — dq &)
3 4x5 51076 5x6 6!’

The required solution is

R AR v
y=a| 1=t (=g

you should recognize this as equivalent to the wusual solution
¥ = aycosx + a; sinx, a, and a; being arbitrary constants.
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Ordinary and singular points of a differential equation
We shall concentrate on the linear second-order differential equation of the form

&’ y
dx?

+ P(x) % +Q0(x)y=0 (2.24)

which plays a very important part in physical problems, and introduce certain
definitions and state (without proofs) some important results applicable to equa-
tions of this type. With some small modifications, these are applicable to linear
equation of any order. If both the functions P and Q can be expanded in Taylor
series in the neighborhood of x = «, then Eq. (2.24) is said to possess an ordinary
point at x = a. But when either of the functions P or Q does not possess a Taylor
series in the neighborhood of x = «a, Eq. (2.24) is said to have a singular point at
x=oa. If

P=Xx)/(x—a) and Q=pu(x)/(x—a)’

and A(x) and p(x) can be expanded in Taylor series near x = «. In such cases,
x = « is a singular point but the singularity is said to be regular.

Frobenius and Fuchs theorem
Frobenius and Fuchs showed that:

(1) If P(x) and Q(x) are regular at x = «, then the differential equation (2.24)
possesses two distinct solutions of the form

=Y ax—a) (a#0). (2.25)

(2) If P(x) and Q(x) are singular at x = «, but (x — )P(x) and (x — @)*Q(x)
are regular at x = a, then there is at least one solution of the differential
equation (2.24) of the form

y=Yayx - o) (4 #0), (2.26)

where p is some constant, which is valid for |x — «| < @ whenever the Taylor
series for A(x) and p(x) are valid for these values of x.

(3) If P(x) and Q(x) are irregular singular at x = « (that is, A(x) and p(x) are
singular at x = «), then regular solutions of the differential equation (2.24)
may not exist.
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The proofs of these results are beyond the scope of the book, but they can be
found, for example, in E. L. Ince’s Ordinary Differential Equations, Dover
Publications Inc., New York, 1944.

The first step in finding a solution of a second-order differential equation
relative to a regular singular point x = « is to determine possible values for the
index p in the solution (2.26). This is done by substituting series (2.26) and its
appropriate differential coefficients into the differential equation and equating to
zero the resulting coefficient of the lowest power of x — . This leads to a quadratic
equation, called the indicial equation, from which suitable values of p can be
found. In the simplest case, these values of p will give two different series solutions
and the general solution of the differential equation is then given by a linear
combination of the separate solutions. The complete procedure is shown in
Example 2.14 below.

Example 2.14
Find the general solution of the equation

2

PR

e d+y—0

Solution. The origin is a regular singular point and, writing
y =I5 anx?(ag # 0) we have

dyfdx = a\(A+p)x**7 dy/d =D a(A+ p)(A+p— DxMP,
2=0 A=0

Before substituting in the differential equation, it is convenient to rewrite it in the

form
d*y dy
4x ™ -+ 2 +{y}=0.

When a,x" is substituted for y, each term in the first bracket yields a multiple of
x?71 while the second bracket gives a multiple of x*” and, in this form, the
differential equation is said to be arranged according to weight, the weights of the
bracketed terms differing by unity. When the assumed series and its differential
coefficients are substituted in the differential equation, the term containing the
lowest power of x is obtained by writing y = gyx” in the first bracket. Since the
coefficient of the lowest power of x must be zero and, since ay # 0, this gives the
indicial equation

4p(p—1)+2p=2p(2p— 1) = 0;
its roots are p =0, p = 1/2.
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Ap+1

The term in x*™ is obtained by writing y = ay41X in first bracket and
A+p

y = a,x""" in the second. Equating to zero the coeflicient of the term obtained in
this way we have

{AA+p+ 1A +p) +2A+p+ 1D}ay +ay, =0,
giving, with A replaced by n,

1
20+n+1)(2p+2n+1)

Apy1 = — ay.

This relation is true for n = 1,2, 3, ... and is called the recurrence relation for the
coefficients. Using the first root p = 0 of the indicial equation, the recurrence
relation gives

1

G Ty e )

and hence

% a, = a
20 T e BT 30 el

Thus one solution of the differential equation is the series

1 X X2 X3
Rl TR TSI &

With the second root p = 1/2, the recurrence relation becomes

a_a o b @

a) =

1
Apyl = —man-
Replacing @, (which is arbitrary) by by, this gives
a; = — bO :_@ aHr»h = — al :@ ar, = — a2 :—@
PT3x2 0 3 TP sx4 50 BT 7xe

and a second solution is

2 3
X X X

The general solution of the equation is a linear combination of these two solu-
tions.

Many physical problems require solutions which are valid for large values of
the independent variable x. By using the transformation x = 1/¢, the differential
equation can be transformed into a linear equation in the new variable ¢ and the
solutions required will be those valid for small .

In Example 2.14 the indicial equation has two distinct roots. But there are two
other possibilities: («) the indicial equation has a double root; (b) the roots of the
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indicial equation differ by an integer. We now take a general look at these cases.
For this purpose, let us consider the following differential equation which is highly
important in mathematical physics:

xzy" + xg(x)y" + h(x)y = 0, (2.27)

where the functions g(x) and /(x) are analytic at x = 0. Since the coefficients are
not analyic at x = 0, the solution is of the form

y(x)=x" Zamxm (ag #0). (2.28)
m=0
We first expand g(x) and A(x) in power series,
g(x) =go+@ix+gx*+-- h(x)=hy+hx+hx 4+

Then differentiating Eq. (2.28) term by term, we find
Y= mAr)a, X"y () = (mA ) (m = Da, X"
m=0 m=0
By inserting all these into Eq. (2.27) we obtain
x"[r(r — l)ao + .- ] + (go +g1x + - ')X"(I‘ag + .- )
+ (hg + hyx+ - )x"(ag + a;x+---) =0.

Equating the sum of the coefficients of each power of x to zero, as before, yiclds a
system of equations involving the unknown coefficients «,,. The smallest power is
x, and the corresponding equation is

[r(r—1) 4+ gor + holag = 0.
Since by assumption a, # 0, we obtain
r(r—1)4+gor+hy=0 or r*+(gy—1)r+hy=0. (2.29)

This is the indicial equation of the differential equation (2.27). We shall see that
our series method will yield a fundamental system of solutions; one of the solu-
tions will always be of the form (2.28), but for the form of other solution there will
be three different possibilities corresponding to the following cases.

Case 1 The roots of the indicial equation are distinct and do not differ by an
integer.

Case 2 The indicial equation has a double root.

Case 3 The roots of the indicial equation differ by an integer.

We now discuss these cases separately.
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Case 1 Distinct roots not differing by an integer

This is the simplest case. Let r; and r, be the roots of the indicial equation (2.29).
If we insert r =r; into the recurrence relation and determine the coefficients
a, as, ... successively, as before, then we obtain a solution

yi(x) = X" (ap + a;x + a2x2 +-00).

Similarly, by inserting the second root r = r, into the recurrence relation, we will
obtain a second solution

ya(x) = X2 (af +afx +afx + ).

Linear independence of y; and y, follows from the fact that y;/y, is not constant
because r; — r, is not an integer.

Case 2 Double roots
The indicial equation (2.29) has a double root r if, and only if,
(g0 — 1)* — 4hy = 0, and then r = (1 — g,)/2. We may determine a first solution

17
Y1) = ¥ (d + apx + a4 - ~>(r - 2g°) (2.30)

as before. To find another solution we may apply the method of variation of
parameters, that is, we replace constant ¢ in the solution cy;(x) by a function
u(x) to be determined, such that

ya(x) = u(x)yi(x) (2.31)
is a solution of Eq. (2.27). Inserting y, and the derivatives
vi=uyi+uyt v =u"y+ 2y +uyl
into the differential equation (2.27) we obtain
X"y + 2u'yi + uyl') + xg(u'vy + upl) + huyy =0
or
Xy 4+ 252 piu’ + xgy + (XPy{ + xgyi + hy)u = 0.

Since y; is a solution of Eq. (2.27), the quantity inside the bracket vanishes; and
the last equation reduces to

xzylu" + 2x2y{u' + xgyu’ = 0.
Dividing by x’y, and inserting the power series for g we obtain
i
”_|_ (2&4_@4'_. . .)u’ =0.
X
Here and in the following the dots designate terms which are constants or involve

positive powers of x. Now from Eq. (2.30) it follows that

yfl’ix"_l[rao—i-(r—l—1)a1x+-~-] 7lra0+(r+l)a1x+~-~71+H.
71 X'ag + ajx + - - -] X  aqtax+--- X ’
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Hence the last equation can be written
2
'+ <r+g0+-~-)u' = 0. (2.32)
X

Since r = (1 — gg)/2 the term (2r + gy)/x equals 1/x, and by dividing by u" we
thus have

By integration we obtain

Inu' =—Inx+--- or u :le<"').
X

Expanding the exponential function in powers of x and integrating once more, we
see that the expression for u will be of the form

u=Inx—+kx+kx>+---.
By inserting this into Eq. (2.31) we find that the second solution is of the form

ya(x) = y1(x) Inx + x" Z A, x". (2.33)
m=1

Case 3 Roots differing by an integer

If the roots r; and r, of the indicial equation (2.29) differ by an integer, say, r| = r
and r, = r — p, where p is a positive integer, then we may always determine one
solution as before, namely, the solution corresponding to r;:

n(x) =x"(ag + arx + ax’ + - ).

To determine a second solution y,, we may proceed as in Case 2. The first steps
are literally the same and yield Eq. (2.32). We determine 2r 4+ g4 in Eq. (2.32).
Then from the indicial equation (2.29), we find —(r; + ;) = go — 1. In our case,
rp=r and r, = r — p, therefore, go — 1 = p — 2r. Hence in Eq. (2.32) we have
2r 4+ gy = p + 1, and we thus obtain

u” P41
7:_( ' +>

Inu' =—(p+1)Inx+--- or u' =x el

Integrating, we find

where the dots stand for some series of positive powers of x. By expanding the
exponential function as before we obtain a series of the form
li 1 kl

k
+—+~~~+;"+kp+1+k,,+2x+~~«.

u =—-
Pt xP
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Integrating, we have
u:——p—-«-—|—k,,lnx+kp+1x+-~~. (2.34)

Multiplying this expression by the series
yi(x) = X" (ag + a1 x + apx® + - )
and remembering that r; — p = r, we see that y, = uy; is of the form
y2(x) = k,y(x) Inx + x" Z a,X". (2.35)
m=0

While for a double root of Eq. (2.29) the second solution always contains a
logarithmic term, the coefficient k, may be zero and so the logarithmic term may
be missing, as shown by the following example.

Example 2.15
Solve the differential equation

Xy xy 4 (8 =y =0.

Solution: Substituting Eq. (2.28) and its derivatives into this equation, we obtain

Z [(m+r)m+r—1)+ m+r) —a, "+ 3 a7 =0.
m=0 m=0
By equating the coefficient of x" to zero we get the indicial equation

rr—=1)+r—1=0 or #=1

The roots ry :% and r, = —% differ by an integer. By equating the sum of the
coefficients of x**" to zero we find

[(r+Dr+(r—=1)—4a; =0 (s=1). (2.36a)

[(s+r)(s+r=1)+s+r—3a,+a,,=0 (s=2,3,...). (2.36b)

For r=r; :%, Eq. (2.36a) yields a; =0, and the indicial equation (2.36b)
becomes

(s+ Dsa; 4+ a,_» = 0.

From this and ¢; = 0 we obtain a3 = 0, as = 0, etc. Solving the indicial equation
for a, and setting s = 2p, we get

drp—2
= =1,2,...).
a2p 2p(2p+1) (p Pt )
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Hence the non-zero coefficients are

_ G @ & &
D=3 BT 5T W= T
and the solution y; is
_l>m 2m 1/2 _] m 2m+l sin x
— - = . 2.37
() ”0\/—;) 2m+ 1)! Z 2m+1 % (2.37)

From Eq. (2.35) we see that a second independent solution is of the form

ya(x) =kyi(x)Inx+x72Y " a, X"

m=0

Substituting this and the derivatives into the differential equation, we see that the
three expressions involving In x and the expressions ky; and —ky; drop out.
Simplifying the remaining equation, we thus obtain

2kxyi + Zm(m - l)amx’"q/2 + Zamx”7+3/2 =0.

m=0 m=0

From Eq. (2.37) we find 2kxy’ = —kaoxl/2 + - - -. Since there is no further term
involving x'/? and ag # 0, we must have k = 0. The sum of the coefficients of the
power x* /% i

s(s—Dag+a,_, (s=2,3,...).
Equating this to zero and solving for a,, we have

as:_a572/[s(s_1)] (S:2737"~)a

from which we obtain

dy a ay ay
) = ——,04 = — ——, etc.
2 21 4x3 4% T T

a _ a4 o t
3BT T4 5T T e

We may take a; = 0, because the odd powers would yield a;y,/ay. Then

ay = —

m 2m

—1/2 COS X
y —aox / E ag \/)-( .
m=

Simultaneous equations

In some physics and engineering problems we may face simultancous dif-
ferential equations in two or more dependent variables. The general solution
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of simultaneous equations may be found by solving for each dependent variable
separately, as shown by the following example

Dx+2y+3x=0 oy
Sx+Dy—2p—0( P=d/d)

which can be rewritten as

(D+3)x+2y=0,
3x+(D—-2)y=0.

We then operate on the first equation with (D — 2) and multiply the second by a
factor 2:

(D= 2)(D+3)x+2(D—2)y =0,
6x+2(D—2)y:0.}

Subtracting the first from the second leads to
(D*4+ D —6)x—6x=(D*+D—12)x=0,
which can easily be solved and its solution is of the form
x(1) = Ae¥ + Be ™.
Now inserting x(¢) back into the original equation to find y gives:

y(t) = =34 +1Be .

The gamma and beta functions

The factorial notation n!=n(n—1)(n—2)---3 x2x 1 has proved useful in
writing down the coefficients in some of the series solutions of the differential
equations. However, this notation is meaningless when # is not a positive integer.
A useful extension is provided by the gamma (or Euler) function, which is defined
by the integral

(o) = /0 ey (> 0) (2.38)
and it follows immediately that

(1) = /000 e tdx=[—e¢"y =1L (2.39)
Integration by parts gives

Pla+1)= / e xdx = = XF +a / e ldx = al(a).  (2.40)
0 0
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When a = n, a positive integer, repeated application of Eq. (2.40) and use of Eq.
(2.39) gives

Tm+1)=n'(n)=nn—1)I'r-1)=...=n(n—-1)---3x2xI(1)
=nn—1)---3x2x1=nl

Thus the gamma function is a generalization of the factorial function. Eq. (2.40)
enables the values of the gamma function for any positive value of o to be
calculated: thus

LG =0ErE=300ErE =30E060re-
Write u = +4/x in Eq. (2.38) and we then obtain

I'a) = 2/ uza*lef”zdu,
0
so that
INOES 2/ e du = /x.
0

The function I'(a) has been tabulated for values of « between 0 and 1.
When a < 0 we can define I'(a) with the help of Eq. (2.40) and write
IMNa)=T(a+1)/a.
Thus
P(-§) = -3r(-h = -3 (-Hrd) = 4vr.
When a — 0, [;° e “x*"'dx diverges so that T'(0) is not defined.

Another function which will be useful later is the beta function which is defined
by

1
B(p,q) = / Y= e (p,g > 0). (2.41)
0
Substituting ¢ = v/(1 4 v), this can be written in the alternative form
B(p.q) = / PN 4 o) d. (2.42)
0

By writing ' = 1 — ¢ we deduce that B(p,q) = B(q,p).
The beta function can be expressed in terms of gamma functions as follows:

I'(p)L'(q)
B(p,q) = ——=. 2.43
9= T 0 24
To prove this, write x = at (a > 0) in the integral (2.38) defining I'(«), and it is
straightforward to show that
1“ [o¢]
o) _ / ey (2.44)
a 0
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and, with a = p+ ¢, a = 1 + v, this can be written

I(p+q)(14+v)7"1 :/ e~ Hpratyy
0

Multiplying by v~ and integrating with respect to v between 0 and oo,
00 . o
F(p—l—q)/ UP*I(l +U)*P*qdv :/ vl’*ldv/ o (F0) gt gy
0 0 A

Then interchanging the order of integration in the double integral on the right and
using Eq. (2.42),

I‘(p—l—q)B(p,q):/O ef't’”q*ldt/ e P dy

0

:/ e“t”“’_l%dn using Eq. (2.44)
0
1) [ e d =T o))

0

Example 2.15

Evaluate the integral / 374 gy
0

Solution: We first notice that 3 = ¢/"3, so we can rewrite the integral as

0 0 0

Now let (4 In 3)x? = z, then the integral becomes

00 1/2 1 00 e
/ 67:d z _ / zfl/zefzdz _ (2) _ ﬁ )
0 v4In3 2v/41n3 Jo 2v/4In3 2v4In3

Problems

2.1 Solve the following equations:

(a) xdy/dx+y* = 1;
(b) dy/dx = (x + ).

2.2 Melting of a sphere of ice: Assume that a sphere of ice melts at a rate
proportional to its surface area. Find an expression for the volume at any
time ¢.

2.3 Show that (3x? + ycosx)dx + (sinx — 4y°)dy = 0 is an exact differential
equation and find its general solution.

96



PROBLEMS

2.4

2.5

2.6
2.7

2.8
2.9
2.10
2.11

2.12

R

——— AW ————

<f\, E(9) —_—cC

Figure 2.3. RC circuit.

RC circuits: A typical RC circuit is shown in Fig. 2.3. Find current flow 7()
in the circuit, assuming E(¢) = Ej.
Hint: the voltage drop across the capacitor is given Q/C, with Q(¢) the
charge on the capacitor at time ¢.
Find a constant « such that (x + y)“ is an integrating factor of the equation

(4% + 2xy + 6p)dx + (2x* + 9y + 3x)dy = 0.

What is the solution of this equation?

Solve dy/dx + y = y*x.

Solve:

(a) the equation (D2 — D —12)y = 0 with the boundary conditions y =0,
Dy =3 when t =0;

(b) the equation (D2 + 2D + 3)y = 0 with the boundary conditions y = 2,
Dy =0 when t =0;

(¢) the equation (D2 — 2D + 1)y = 0 with the boundary conditions y = 5,
Dy =3 when t = 0.

Find the particular integral of (D2 +2D—-1)y=3+ £

Find the particular integral of (2D* 4+ 5D +7) = 3¢*.

Find the particular integral of (3D* + D — 5)y = cos 3.

Simple harmonic motion of a pendulum (Fig. 2.4): Suspend a ball of mass m

at the end of a massless rod of length L and set it in motion swinging back

and forth in a vertical plane. Show that the equation of motion of the ball is

2
% + %sin 0 =0,

where g is the local gravitational acceleration. Solve this pendulum equation

for small displacements by replacing sin 6 by 6.

Forced oscillations with damping: If we allow an external driving force F(r)

in addition to damping (Example 2.12), the motion of the oscillator is

governed by

b k
y'+ =y +—y=F(1),
m m
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Figure 2.4. Simple pendulum.

a constant coefficient non-homogeneous equation. Solve this equation for
F(1) = Acos(wt).
2.13 Solve the equation
d*R . dR
rZW + 2r; —n(n+1)R=0 (n constant).
2.14 The first-order non-linear equation

dy 2 _
E—i—y +O0(x)y+R(x)=0

is known as Riccati’s equation. Show that, by use of a change of dependent
variable

1 dz
Y= Z $;
Riccati’s equation transforms into a second-order linear differential equa-
tion
d*z dz
e + Q(x)% + R(x)z =0.
Sometimes Riccati’s equation is written as
dy
dx

Then the transformation becomes

+ P(x)y2 + Q(x)y+ R(x) =0.

L
P(x) dx

and the second-order equation takes the form

d*z 1 dP\ d=
ﬁ—’_ <Q+de)dx+PRZ—0.

y=-

98



PROBLEMS

2.15

2.16

2.17

2.18

2.19

2.20

2.21

2.22

Solve the equation 4x?y” +4xy’ + (x* —1)y =0 by using Frobenius’
method, where y’ = dy/dx, and y” = d*y/dx*.
Find a series solution, valid for large values of x, of the equation

(1—x%)y" —2xy’ +2y =0.

Show that a series solution of Airy’s equation y” — xpy = 0 is

—a 1+ x + x* +
y=dd 2x3  2x3x5x6

+bo| x+ ' + i +
0 3x4  3x4x6x7 '

Show that Weber’s equation ¥+ (n+1-1x%y = 0is reduced by the sub-
stitution y = ¢ /%y to the equation d’v/dx> — x(dv/dx) + nv = 0. Show
that two solutions of this latter equation are

n oo nn=2) o nn=2)n—4)

’Ul:l—z! 4' 6[ x+_...7
n—1 n—1)n-3 n—1)n-3)(n->5
SN UED IR s W U U IS
Solve the following simultaneous equations
Dx+y=r
g } (D = d/di).
Dy—x=t

Evaluate the integrals:

() / e Vdx.
0

(b) / x%¢ > dx  (hint: let y = 2x).
0

() / \/ie‘yzdy (hint: let y* = x).
0

U dx
hint : let — In x = u).
<@A S u)

/2
(a) Prove that B(p,q) = 2/ sin?” ! B cos® ! 9d.
0
1
(b) Evaluate the integral / x4(1 — x)3dx.
0

Show that n! ~ v/2nnn"e™". This is known as Stirling’s factorial approxima-
tion or asymptotic formula for n!.

99



3

Matrix algebra

As vector methods have become standard tools for physicists, so too matrix
methods are becoming very useful tools in sciences and engineering. Matrices
occur in physics in at least two ways: in handling the eigenvalue problems in
classical and quantum mechanics, and in the solutions of systems of linear equa-
tions. In this chapter, we introduce matrices and related concepts, and define some
basic matrix algebra. In Chapter 5 we will discuss various operations with
matrices in dealing with transformations of vectors in vector spaces and the
operation of linear operators on vector spaces.

Definition of a matrix

A matrix consists of a rectangular block or ordered array of numbers that obeys
prescribed rules of addition and multiplication. The numbers may be real or
complex. The array is usually enclosed within curved brackets. Thus

I 2 4
2 -1 7

is a matrix consisting of 2 rows and 3 columns, and it is called a 2 x 3 (2 by 3)
matrix. An m X n matrix consists of m rows and n columns, which is usually
expressed in a double suffix notation:

ay  dpp ap Ay

- dyy dyp  dyz ... Ay

A= . | (3.1)
A1 Ay Ap3z -+ Ay

Each number a;; is called an element of the matrix, where the first subscript i

denotes the row, while the second subscript j indicates the column. Thus, a3
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refers to the element in the second row and third column. The element ¢;; should
be distinguished from the element a;;.

It should be pointed out that a matrix has no single numerical value; therefore it
must be carefully distinguished from a determinant.

We will denote a matrix by a letter with a tilde over it, such as 4 in (3.1).
Sometimes we write (a;;) or (a;),,,. if we wish to express explicitly the particular
form of element contained in 4.

Although we have defined a matrix here with reference to numbers, it is easy to
extend the definition to a matrix whose elements are functions f;(x); for a 2 x 3
matrix, for example, we have

(fl(X) Sa(x) fs(X))
fax) f5(x) felx))

A matrix having only one row is called a row matrix or a row vector, while a
matrix having only one column is called a column matrix or a column vector. An
ordinary vector A = A;é; + A,é, + Azéz can be represented either by a row
matrix or by a column matrix.

If the numbers of rows m and columns # are equal, the matrix is called a square
matrix of order n.

In a square matrix of order n, the elements a1, d», - . ., a,, form what is called
the principal (or leading) diagonal, that is, the diagonal from the top left hand
corner to the bottom right hand corner. The diagonal from the top right hand
corner to the bottom left hand corner is sometimes termed the trailing diagonal.
Only a square matrix possesses a principal diagonal and a trailing diagonal.

The sum of all elements down the principal diagonal is called the trace, or spur,
of the matrix. We write

mn?

Trd = i a;.
i=1

If all elements of the principal diagonal of a square matrix are unity while all
other elements are zero, then it is called a unit matrix (for a reason to be explained
later) and is denoted by /. Thus the unit matrix of order 3 is

1 0
I=]10 1
0 0

—_ O O

A square matrix in which all elements other than those along the principal
diagonal are zero is called a diagonal matrix.

A matrix with all elements zero is known as the null (or zero) matrix and is
denoted by the symbol 0, since it is not an ordinary number, but an array of zeros.
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Four basic algebra operations for matrices
Equality of matrices

Two matrices 4 = (aj) and B= (bji) are equal if and only if A and B have the

same order (equal numbers of rows and columns) and corresponding elements are
equal, that is

aj = by for all j and k.
Then we write
A=B.

Addition of matrices

Addition of matrices is defined only for matrices of the same order. If 4 = (ajx)
and B = (b;) have the same order, the sum of 4 and B is a matrix of the same
order

C=A+B
with elements
Cje = dji + Dy (3.2)
We see that C is obtained by adding corresponding elements of 4 and B.

Example 3.1
If

/21 4 /35 1

A= , B=

3.0 2 21 =3

.. (21 4 305 1 243 145 4+1
C=Ad+B= + —

30 2 21 =3 342 041 2-3

56 5

\s5 1 —1)

From the definitions we see that matrix addition obeys the commutative and
associative laws, that is, for any matrices 4, B, C of the same order

A+B=B+A4, A+(B+C)=(4+B)+C. (3.3)

hen

Similarly, if 4 = (ay) and B = (b;) have the same order, we define the differ-
ence of 4 and B as

D=A-B
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with elements

djk = dji — bj/c' (3.4)

Multiplication of a matrix by a number
IfA = (aj) and c is a number (or scalar), then we define the product of A and ¢ as
cA=Adc= (cay); (3.5)

we see that ¢4 is the matrix obtained by multiplying each element of 4 by c.
We see from the definition that for any matrices and any numbers,

c(A+B)=cA+cB, (c+k)A=cA+kA, c(kA)=ckA. (3.6)

Example 3.2

7 a b ¢ _ TJa Tb Tc
<d e f)_<7d Te 7f>'

Formulas (3.3) and (3.6) express the properties which are characteristic for a
vector space. This gives vector spaces of matrices. We will discuss this further in
Chapter 5.

Matrix multiplication

The matrix product AB of the matrices A and B is defined if and only if the
number of columns in A4 is equal to the number of rows in B. Such matrices
are sometimes called ‘conformable’. If 4 = (aj) is an nxs matrix and
B = (by) is an s x m matrix, then 4 and B are conformable and their matrix

product, written C = AB, is an n x m matrix formed according to the rule

N
= agby, i=12....n k=12,.,m (3.7)
j=1

Consequently, to determine the ijth element of matrix C, the corresponding terms
of the ith row of 4 and jth column of B are multiplied and the resulting products
added to form ¢;;.

Example 3.3
Let

o
Il
|

~ 2 1 4
A= ,
(—3 0 2)
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then
i 2x34+1x2+4x4 2x54+1x(=1)+4x2
(=3 x34+0x2+2x4 (=3)x5+0x(=1)+2x2

24 17
S\ o1 )

The reader should master matrix multiplication, since it is used throughout the
rest of the book.

In general, matrix multiplication is not commutative: 4B # BA. In fact, BA is
often not defined for non-square matrices, as shown in the following example.

Example 3.4
If

(2 =)
(D) - (- ()

- 3 1 2
BA =
<7> (3 4>
is not defined.

Matrix multiplication is associative and distributive:

(AB)C = A(BC), (A+B)C = AC + BC.

then

But

To prove the associative law, we start with the matrix product 4B, then multi-
ply this product from the right by C:

AB = Z a,«kbk,,
k

=] (S o] - o (5 ) - 0

Products of matrices differ from products of ordmary numbers in many
remarkable ways. For example, AB =0 does not imply 4 =0 or B=0. Even
more bizarre is the case where 4> = 0, A4 # 0; an example of which is

-2)
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When you first run into Eq. (3.7), the rule for matrix multiplication, you might
ask how anyone would arrive at it. It is suggested by the use of matrices in
connection with linear transformations. For simplicity, we consider a very simple
case: three coordinates systems in the plane denoted by the x;x,-system, the y;y,-
system, and the z;z,-system. We assume that these systems are related by the
following linear transformations

Xy =danyy +apny, Xy=d);+any, (3-8)
yi=bnzi +bpz, ¥y =byz +bnz,. (3.9)

Clearly, the x;x,-coordinates can be obtained directly from the z;z,-coordinates
by a single linear transformation

X| = C11Z) + CpZyy Xy = €12 + O, (3.10)
whose coefficients can be found by inserting (3.9) into (3.8),
xy = ay(biizy + bipza) + ap(byzy + bnz),
Xy = ay (bnzi + biazy) + an(byzy + byz).
Comparing this with (3.10), we find
e = anby +apnby, ¢ =anbp + apby,
€1 = an by + anby, ¢ = aynbiy + anby,

or briefly
2
Cjk:Zajibika jvk:1727 (311)
i=1

which is in the form of (3.7).
Now we rewrite the transformations (3.8), (3.9) and (3.10) in matrix form:

X=A4Y, Y=BZ, and X=CZ,

where

~ aip dp ~ biy bi i1 2
A= , B= , C= .
dz Ay by by 1
We then see that C = AB, and the elements of C are given by (3.11).

Example 3.5
Rotations in three-dimensional space: An example of the use of matrix multi-
plication is provided by the representation of rotations in three-dimensional
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X,-axis
.
X5 -axis
L2 PN
e NN x{-axis
- -7 | \
-7 7 | \x!
d . } AN 1
7 | ¢
7 )
Xy o~ a |
ks |
e N I
0 N
\ |
\\ }
6 \\J
o X x,-axis
Figure 3.1. Coordinate changes by rotation.

space. In Fig. 3.1, the primed coordinates are obtained from the unprimed coor-
dinates by a rotation through an angle 6 about the x;-axis. We see that x| is the
sum of the projection of x; onto the x{-axis and the projection of x, onto the x{-
axis:

X[ = x; cos @ + x, cos(m/2 — 0) = x| cos § + x, sin §;
similarly

X3 = X, c08(7/2 + 6) + x; cos § = —x, sinf + x, cos §

and

We can put these in matrix form

X' = RyX,
where
x| X cosf sinf 0
X' =1 x} X=|x], Ry=| —sinf cosfd 0
X! X 0 0 1
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The commutator

Even if matrices 4 and B are both square matrices of order n, the products 4B
and BA, although both square matrices of order n, are in general quite different,
since their individual elements are formed differently. For example,

GGG o G)Gs)=6)

The difference between the two products 4B and BA is known as the commu-
tator of 4 and B and is denoted by

[A,B] = AB — BA. (3.12)
It is obvious that
[B,A] = —[A, B]. (3.13)

If two square matrices 4 and B are very carefully chosen, it is possible to make the
product identical. That is 4B = BA. Two such matrices are said to commute with
each other. Commuting matrices play an important role in quantum mechanics.

If A commutes with B and B commutes with C, it does not necessarily follow
that 4 commutes with C.

Powers of a matrix

If n is a positive integer and A is a square matrix, then A* = AA4, A = AAA, and
in general, A" = AA--- A (n times). In particular, 4° = I.

Functions of matrices

As we define and study various functions of a variable in algebra, it is possible to
define and evaluate functions of matrices. We shall briefly discuss the following
functions of matrices in this section: integral powers and exponential.

A simple example of integral powers of a matrix is polynomials such as

f(A) = 4> +34°.

Note that a matrix can be multiplied by itself if and only if it is a square matrix.
Thus 4 here is a square matrix and we denote the product 4 - 4 as A*. More fancy
examples can be obtained by taking series, such as

00
S = Z ak/ik,
k=0

where a; are scalar coefficients. Of course, the sum has no meaning if it does not
converge. The convergence of the matrix series means every matrix element of the
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infinite sum of matrices converges to a limit. We will not discuss the general
theory of convergence of matrix functions. Another very common series is defined
by

Transpose of a matrix

Consider an m x n matrix A, if the rows and columns are systematically changed
to columns to rows, without changing the order in which they occur, the new
matrix is called the transpose of matrix A. It is denoted by A':

an  dp a3 ... dyy ap ay azy ...

- dyp dyp  dy3 ... Ay - dip dyp Ay ... Uy
_ T _
A= , A =

Anl  Ap2 A3 - gy apy Aoy d3p - Ay

Thus the transpose matrix has n rows and m columns. If 4 is written as (ay), then
A" may be written as (ax))-

A= (ay), A" = (ay). (3.14)

The transpose of a row matrix is a column matrix, and vice versa.

Example 3.6

1 4
- /1 2 3 . _ ~
A= , A"=|2 5|, B=(1 2 3), B'=]2
4 5 6
36 3

It is obvious that (A7)" = 4, and (4 + B)" = AT + B". It is also easy to prove
that the transpose of the product is the product of the transposes in reverse:

(AB)" = BTA". (3.15)

Proof:
(AB);; = (AB); by definition

= Z Aj By
k

=D BiAl;
k
ST 5T

= (B A )ij
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so that
(AB)" = BTAT qed.

Because of (3.15), even if A = A" and B = B', (AB)" # AB unless the matrices
commute.

Symmetric and skew-symmetric matrices

A square matrix 4 = (aj) is said to be symmetric if all its elements satisfy the
equations

ag; = aj, (3.16)
that is, 4 and its transpose are equal 4 = AT. For example,
1 5 7
A=|5 3 —4
7 =4 0

is a third-order symmetric matrix: the elements of the ith row equal the elements
of ith column, for all i.
On the other hand, if the elements of A satisfy the equations

a; = —ay, (3.17)
then A is said to be skew-symmetric, or antisymmetric. Thus, for a skew-sym-
metric A, its transpose equals minus —A: A7 = — 4.

Since the elements a; along the principal diagonal satisfy the equations
a; = —ay, it is evident that they must all vanish. For example,
0 -2 5
A= 2 o0 1
-5 -1 0

is a skew-symmetric matrix.
Any real square matrix 4 may be expressed as the sum of a symmetric matrix R

and a skew-symmetric matrix S, where
R=1(A+A4") and S=

LA —4M. (3.18)

Example 3.7
The matrix

- (2 3)
A:
5 -1
may be written in the form 4 = R + S, where
-1 - o 2 4 - 1 - 0 -1
2( +47) (4 —1) 2( ) 1 0
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The product of two symmetric matrices need not be symmetric. This is
because of (3.15): even if A = A" and B = B", (AB)" # AB unless the matrices
commute.

A square matrix whose elements above or below the principal diagonal are all
zero is called a triangular matrix. The following two matrices are triangular
matrices:

1 00 1 6
23 0|, o2 3
50 2 0 0

A square matrix 4 is said to be singular if det 4 =0, and non-singular if
det A # 0, where det A4 is the determinant of the matrix A.

The matrix representation of a vector product

The scalar product defined in ordinary vector theory has its counterpart in matrix
theory. Consider two vectors A = (41, 4>, A3) and B = (By, B,, B;) the counter-
part of the scalar product is given by

B,
A~BT == (Al A2 A3) Bz :AIBI +A2B2+A3B3.
B,

Note that BA! is the transpose of AB", and, being a 1 x 1 matrix, the transpose
equals itself. Thus a scalar product may be written in these two equivalent forms.

Similarly, the vector product used in ordinary vector theory must be replaced
by something more in keeping with the definition of matrix multiplication. Note
that the vector product

A X B = (4,85 — A3B,)¢; + (438, — A B3)é; + (A4, By — A, By)es

can be represented by the column matrix

Ay By — A3 B,
A3By — A, B3
A1 B, — A3 B,

This can be split into the product of two matrices

A>B; — A3 B, 0 -4, 4, B,
A3B1 - AlB3 - A3 0 _Al BZ
A,By — A,B, —A4, A4, 0 B,
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or
A>B; — A3B, 0 -B B A,
ABy—AB; | =| Bs 0 -B || 4,

Thus the vector product may be represented as the product of a skew-symmetric
matrix and a column matrix. However, this definition only holds for 3 x 3
matrices.

Similarly, curl 4 may be represented in terms of a skew-symmetric matrix
operator, given in Cartesian coordinates by

0 —8/3}63 8/6X2 Al
VxA= 8/(9)63 0 —8/6)61 A2
—8/6)6'2 8/3}61 0 A3

In a similar way, we can investigate the triple scalar product and the triple vector
product.

The inverse of a matrix
If for a given square matrix 4 there exists a matrix B such that AB = BA =1,

where 7 is a unit matrix, then B is called an inverse of matrix A.

Example 3.8
The matrix

is an inverse of

since

()0 D00
-0 -

An invertible matrix has a unique inverse. That is, if B and C are both inverses
of the matrix A4, then B = C. The proof is simple. Since B is an inverse of 4,

and
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BA = I. Multiplying both sides on the right by C gives (BA)C = IC = C. On the
other hand, (BA)C = B(AC) = BI = B, so that B = C. As a consequence of this
result, we can now speak of the inverse of an invertible matrix. If A is invertible,
then its inverse will be denoted by 4~'. Thus

AA ' =A4'a=1. (3.19)
It is obvious that the inverse of the inverse is the given matrix, that is,
AN '=4 (3.20)

It is easy to prove that the inverse of the product is the product of the inverse in
reverse order, that is,

(AB)' =B 'a7". (3.21)
To prove (3.21), we start with AA' =1, with 4 replaced by AB, that is,
ABUAB) =1
By premultiplying this by 4~ we get
B(AB)™' = 47"

If we premultiply this by B!, the result follows.

A method for finding 4~

The positive power for a square matrix A is defined as 4" = AA--- A (n factors)
and A° =T , where n is a positive integer. If, in addition, A4 is invertible, we define

A" =AY =447 47 (n factors).

We are now in position to construct the inverse of an invertible matrix A4:

ap [450) . Ay,
- dy dyp ... dyy
A =
) App
The ay are known. Now let

! !
ay  dp Al

! /
~ . dxp Ao
A = . .
! !
py (%) [



SYSTEMS OF LINEAR EQUATIONS

The aj’k are required to construct 4~ '. Since A4~' = I, we have
anaiy + apap + -+ apaf, = 1,
ayay + apay + -+ + azyaz, =0,
(3.22)
anlai/zl =+ anZai;2 +e annaign =0.
The solution to the above set of linear algebraic equations (3.22) may be facili-
tated by applying Cramer’s rule. Thus

cofactor ay;
det A ’

From (3.23) it is clear that A~" exists if and only if matrix A is non-singular (that
is, det 4 #£ 0).

aj = (3.23)

Systems of linear equations and the inverse of a matrix

As an immediate application, let us apply the concept of an inverse matrix to a
system of n linear equations in # unknowns (xy,...,x,):

an Xy +apx, + -+ ayx, = by;

Ay Xy + AxXy + -+ Ay, X, = by;

A Xy + Xy + -+ Ay Xy = bn;

in matrix form we have

AX = B, (3.24)
where
ap  dp ar X1 b,
- day  dx s - X2 - b,
A= , X = , B=
ayy (2%) N Xn bn

We can prove that the above linear system possesses a unique solution given by
X=A4"'B (3.25)

The proof is simple. If 4 is non-singular it has a unique inverse 4~'. Now pre-
multiplying (3.24) by 4~' we obtain

AAX) = i'B,
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but
AN AX)=(A"'AX =X
so that

X = A 'Bis a solution to (3.24), AX = B.

Complex conjugate of a matrix

If A= (ay) is an arbitrary matrix whose elements may be complex numbers, the
complex conjugate matrix, denoted by A*, is also a matrix of the same order,
every element of which is the complex conjugate of the corresponding element of
A, that is,

(A4%)5 = @ (3.26)

Hermitian conjugation

If4d = (ajc) is an arbitrary matrix whose elements may be complex numbers, when
the two operations of transposition and complex conjugation are carried out on
A, the resulting matrix is called the hermitian conjugate (or hermitian adjoint) of
the original matrix 4 and will be denoted by A We frequently call A A-dagger.
The order of the two operations is immaterial:

At = (ANy* = (4%)T (3.27)

In terms of the elements, we have
(/IT)].,( = 072/- (3.27a)
It is clear that if A is a matrix of order m x n, then A" is a matrix of order n x m.

We can prove that, as in the case of the transpose of a product, the adjoint of the
product is the product of the adjoints in reverse:

(AB)" = B'4". (3.28)

Hermitian/anti-hermitian matrix

A matrix A that obeys
AT =4 (3.29)
is called a hermitian matrix. It is very clear the following matrices are hermitian:
1 4 542 6+3i
(i 2), 5-2i 5 —1-2i |, where i=+v—1.
6—3i —1+2i 6
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Table 3.1. Operations on matrices

Operation Matrix element A B IfB=4A
Transposition B=A" bi; = ay mxn nxm Symmetric”
Complex conjugation B=A* bj;=ad} mxn mxn Real
Hermitian conjugation B=A" p, ;= aj mxn nxm Hermitian

“ For square matrices only.

Evidently all the elements along the principal diagonal of a hermitian matrix must
be real.

A hermitian matrix is also defined as a matrix whose transpose equals its
complex conjugate:

A" = A4* (thatis,ay; = a¥). (3.29a)
These two definitions are the same. First note that the elements in the principal
diagonal of a hermitian matrix are always real. Furthermore, any real symmetric
matrix is hermitian, so a real hermitian matrix is a symmetric matrix.

The product of two hermitian matrices is not generally hermitian unless they
commute. This is because of property (3.28): even if A'=4 and B' =B,
(AB)" # AB unless the matrices commute.

A matrix A that obeys

Al = -4 (3.30)
is called an anti-hermitian (or skew-hermitian) matrix. All the elements along the
principal diagonal must be pure imaginary. An example is

6i 542 6+3i
542 -8 —-1-2i
—6+4+3i 1-2i 0

We summarize the three operations on matrices discussed above in Table 3.1.

Orthogonal matrix (real)

A matrix 4 = (ay),, satisfying the relations

A" =1, (3.31a)
A"A=1, (3.31b)

is called an orthogonal matrix. It can be shown that if 4 is a finite matrix satisfy-
ing both relations (3.31a) and (3.31b), then 4 must be square, and we have

AA' =A"A=1. (3.32)
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But if 4 is an infinite matrix, then A is orthogonal if and only if both (3.31a) and
(3.31b) are simultancously satisfied.

Now taking the determinant of both sides of Eq. (3.32), we have (detfi)2 =1,
or detd ==+1. This shows that A is non-singular, and so A~ ' exists.
Premultiplying (3.32) by 4~' we have

At =4 (3.33)

This is often used as an alternative way of defining an orthogonal matrix.

The elements of an orthogonal matrix are not all independent. To find the
conditions between them, let us first equate the jjth element of both sides of
AAT = I: we find that

Zaikajk = 5!] (3343)
k=1

Similarly, equating the ijth element of both sides of 4T 4 = I, we obtain
Z akl‘akj = 511 (334b)
k=1

Note that either (3.34a) and (3.34b) gives 2n(n + 1) relations. Thus, for a real
orthogonal matrix of order n, there are only n* — n(n+1)/2 = n(n — 1)/2 differ-
ent elements.

Unitary matrix
A matrix U = (uy),,, satisfying the relations
uu't =1, (3.35a)
u'u =1, (3.35b)
is called a uni~tary matrix. If U is a finite matrix satisfying both (3.35a) and
(3.35b), then U must be a square matrix, and we have
U =0'0=1. (3.36)
This is the complex generalization of the real orthogonal matrix. The elements of
a unitary matrix may be complex, for example

1 /1 i
V2 \i 1
is unitary. From the definition (3.35), a real unitary matrix is orthogonal.

Taking the determinant of both sides of (3.36) and noting that
det U' = (det U)*, we have

(det U)(det U)* =1 or |detU|=1. (3.37)
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This shows that the determinant of a unitary matrix can be a complex number of
unit magnitude, that is, a number of the form ¢, where « is a real number. It also
shows that a unitary matrix is non-singular and possesses an inverse.
Premultiplying (3.35a) by U, we get

Ul =0". (3.38)

This is often used as an alternative way of defining a unitary matrix.
Just as in the case of an orthogonal matrix that is a special (real) case of a
unitary matrix, the elements of a unitary matrix satisfy the following conditions:

n n
* %
Z U U = 51‘_/7 Z Up iUy = 5i_/- (3-39)
k=1 k=1

The product of two unitary matrices is unitary. The reason is as follows. If U,
and U, are two unitary matrices, then

0,0,(0,0,)" = 0,0,(0500) = 0,0} =1, (3.40)

which shows that U, U, is unitary.

Rotation matrices

Let us revisit Example 3.5. Our discussion will illustrate the power and usefulness
of matrix methods. We will also see that rotation matrices are orthogonal
matrices. Consider a point P with Cartesian coordinates (x;,x,,x3;) (see Fig.
3.2). We rotate the coordinate axes about the xj3-axis through an angle # and
create a new coordinate system, the primed system. The point P now has the
coordinates (x{,x3,x3) in the primed system. Thus the position vector r of
point P can be written as

(3.41)

Figure 3.2. Coordinate change by rotation.
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Taking the dot product of Eq. (3.41) with é| and using the orthonormal relation

¢/ -é; =6;; (where §;; is the Kronecker delta symbol), we obtain xj =r-¢j.
Similarly, we have x; = r - & and x4 = r - é;. Combining these results we have

3 3
j=1 J=1

The quantities \; = él - ¢; are called the coefficients of transformation. They are
the direction cosines of the primed coordinate axes relative to the unprimed ones

Aij :éllé] ZCOS(X,-I,XJ-), l,]: 1,2,3. (3423)
Eq. (3.42) can be written conveniently in the following matrix form
X1 Al A An X1
=12 A s X2 (3.43a)
X3 A A A )\ n
or
X' =X0O)X, (3.43b)

where X’ and X are the column matrices, A(f) is called a transformation (or
rotation) matrix; it acts as a linear operator which transforms the vector X into
the vector X'. Strictly speaking, we should describe the matrix ):(0) as the matrix
representation of the linear operator A. The concept of linear operator is more
general than that of matrix.

Not all of the nine quantities );; are independent; six relations exist among the
Aij» hence only three of them are independent. These six relations are found by
using the fact that the magnitude of the vector must be the same in both systems:

i: (x)’=>x. (3.44)

With the help of Eq. (3.42), the left hand side of the last equation becomes

3 3 3
[ ST D SR B 3) 3) SERYERY
i=1 \j=1 k=1 i=1 j=1 k=1
which, by rearranging the summations, can be rewritten as
3 3
D | 2 e |
=1 =1 \/i=1

This last expression will reduce to the right hand side of Eq. (3.43) if and only if

3
Z NjAie = O, Jk=1,2,3. (3.45)
i=1
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Eq. (3.45) gives six relations among the )\,
condition.

If the primed coordinates system is generated by a rotation about the x;-axis
through an angle # as shown in Fig. 3.2. Then from Example 3.5, we have

;» and is known as the orthogonal

X] = x;c080 4+ x,8in6, x5 =—x;sinf+x,co86, xj=x;. (3.46)
Thus
Ajp =cosf, Ap=sinf, A3=0,
Ayp = —s8inf, Ay =cosf, A3 =0,
A1 =0, Ap=0, A3=1
We can also obtain these elements from Eq. (3.42a). It is obvious that only three

of them are independent, and it is easy to check that they satisfy the condition
given in Eq. (3.45). Now the rotation matrix takes the simple form

cosf sinf 0
XO) = | —sinf cosf 0 (3.47)
0 0 1

and its transpose is
cosf —sinf 0

M) =] sind cosf® 0

0 0 1
Now take the product
cosf sind 0 cosf —sinf O 1 00
MN(@OXO) = | —sind cosd® 0 || sin@ cosd 0|=]0 1 0]|=1,
0 0 1 0 0 1 0 0 1

which shows that the rotation matrix is an orthogonal matrix. In fact, rotation
matrices are orthogonal matrices, not limited to ):(9) of Eq. (3.47). The proof of
this is easy. Since coordinate transformations are reversible by interchanging old
and new indices, we must have

(K0, =g =g = o, = (1)

ij
Hence rotation matrices are orthogonal matrices. It is obvious that the inverse of
an orthogonal matrix is equal to its transpose.

A rotation matrix such as given in Eq. (3.47) is a continuous function of its
argument 6. So its determinant is also a continuous function of # and, in fact, it is
equal to 1 for any 6. There are matrices of coordinate changes with a determinant
of —1. These correspond to inversion of the coordinate axes about the origin and
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change the handedness of the coordinate system. Examples of such parity trans-
formations are

-1 0 0 -1 0 0
P=| 010, P=|0-1 0|, P=I
00 1 0 0 -1

They change the signs of an odd number of coordinates of a fixed point r in space
(Fig. 3.3).

What is the advantage of using matrices in describing rotation in space? One of
the advantages is that successive transformations 1,2,...,m of the coordinate
axes about the origin are described by successive matrix multiplications as far
as their effects on the coordinates of a fixed point are concerned:

If X = XIX,X(2> = Xzi(l),..., then

X(M) = )‘~)11X<n171) = (Xm):mfl e )‘I)X = RX
where

jé = Xm/{mfl to Xl

is the resultant (or net) rotation matrix for the m successive transformations taken
place in the specified manner.

Example 3.9
Consider a rotation of the x;-, x,-axes about the x3-axis by an angle 6. If this
rotation is followed by a back-rotation of the same angle in the opposite direction,

Left handed
P, Right handed = x
/
* X
Py Right handed =

/—> Left handed

X

Figure 3.3. Parity transformations of the coordinate system.
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that is, by —6, we recover the original coordinate system. Thus

100
R(-ORO) =10 1 0| =R"OR(®).
0 0 1

Hence

cosf —sinf 0
R'(0) = R(—0) = | sind cosf® 0 | =R7(h),
0 0 1

which shows that a rotation matrix is an orthogonal matrix.

We would like to make one remark on rotation in space. In the above discus-
sion, we have considered the vector to be fixed and rotated the coordinate axes.
The rotation matrix can be thought of as an operator that, acting on the unprimed
system, transforms it into the primed system. This view is often called the passive
view of rotation. We could equally well keep the coordinate axes fixed and rotate
the vector through an equal angle, but in the opposite direction. Then the rotation
matrix would be thought of as an operator acting on the vector, say X, and
changing it into X'. This procedure is called the active view of the rotation.

Trace of a matrix

Recall that the trace of a square matrix A is defined as the sum of all the principal

diagonal elements:
TI'/I = Z A -
k

It can be proved that the trace of the product of a finite number of matrices is
invariant under any cyclic permutation of the matrices. We leave this as home
work.

Orthogonal and unitary transformations

Eq. (3.42) is a linear transformation and it is called an orthogonal transformation,
because the rotation matrix is an orthogonal matrix. One of the properties of an
orthogonal transformation is that it preserves the length of a vector. A more
useful linear transformation in physics is the unitary transformation:

Y =UX (3.48)

in which X and Y are column matrices (vectors) of order n x 1 and U is a unitary
matrix of order n x n. One of the properties of a unitary transformation is that it
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preserves the norm of a vector. To see this, premultiplying Eq. (3.48) by
YT(: XTU") and using the condition U'U = I, we obtain

VY =Xotox = ¥x (3.492)
or
nyfyk = foka' (3.49b)
k=1 k=1

This shows that the norm of a vector remains invariant under a unitary transfor-
mation. If the matrix U of transformation happens to be real, then U is also an
orthogonal matrix and the transformation (3.48) is an orthogonal transformation,
and Egs. (3.49) reduce to

Yy =x'x, (3.50a)
VE=) % (3.50b)

as we expected.

Similarity transformation

We now consider a different linear transformation, the similarity transformation
that, we shall see later, is very useful in diagonalization of a matrix. To get the
idea about similarity transformations, we consider vectors r and R in a particular
basis, the coordinate system Ox,x,x3, which are connected by a square matrix A:

R = Ar. (3.51a)

Now rotating the coordinate system about the origin O we obtain a new system
Ox{x5x5 (a new basis). The vectors r and R have not been affected by this
rotation. Their components, however, will have different values in the new system,
and we now have

R =4 (3.51b)

The matrix A’ in the new (primed) system is called similar to the matrix A in the
old (unprimed) system, since they perform same function. Then what is the rela-
tionship between matrices 4 and 4’? This information is given in the form
of coordinate transformation. We learned in the previous section that the com-
ponents of a vector in the primed and unprimed systems are connected by a
matrix equation similar to Eq. (3.43). Thus we have

r=Sr' and R= SR’
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where S is a non-singular matrix, the transition matrix from the new coordinate
system to the old system. With these, Eq. (3.51a) becomes

SR’ = ASr’
or
R' =S '4Sr".
Combining this with Eq. (3.51) gives
A'=857'48S, (3.52)

where A" and A are similar matrices. Eq. (3.52) is called a similarity transforma-
tion.

Generalization of this idea to n-dimensional vectors is straightforward. In this
case, we take r and R as two n-dimensional vectors in a particular basis, having
their coordinates connected by the matrix A (a n X n square matrix) through Eq.
(3.51a). In another basis they are connected by Eq. (3.51b). The relationship
between A and A’ is given by Eq. (3.52). The transformation of 4 into S~ AS
is called a similarity transformation.

All identities involving vectors and matrices will remain invariant under a
similarity transformation since this arises only in connection with a change in
basis. That this is so can be seen in the following two simple examples.

Example 3.10
Given the matrix equation AB = C, and the matrices A, B, C subjected to the
same similarity transformation, show that the matrix equation is invariant.

Solution: Since the three matrices are all subjected to the same similarity trans-
formation, we have

A =S4S7', B ' =SBS!, (' =SCS!
and it follows that

Example 3.11
Show that the relation AR = Br is invariant under a similarity transformation.

Solution:  Since matrices A and B are subjected to the same similarity transfor-
mation, we have

A'=8SA4S""', B'=SBS!

we also have
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Then

=
~
I
2
LN
U

“1)(SR)=SAR and B'r' = (SBS™')(Sr) = SBr
thus
AR = B'Y'

We shall see in the following section that similarity transformations are very
useful in diagonalization of a matrix, and that two similar matrices have the same
eigenvalues.

The matrix eigenvalue problem

As we saw in preceding sections, a linear transformation generally carries a vector

X = (x,%2,...,X,) into a vector Y = (y(,»2,...,V,). However, there may exist
certain non-zero vectors for which AX is just X multiplied by a constant A
AX = XX, (3.53)

That is, the transformation represented by the matrix (operator) A just multiplies
the vector X by a number \. Such a vector is called an eigenvector of the matrix A,
and A is called an eigenvalue (German: eigenwert) or characteristic value of the
matrix 4. The eigenvector is said to ‘belong’ (or correspond) to the eigenvalue.
And the set of the eigenvalues of a matrix (an operator) is called its eigenvalue
spectrum.

The problem of finding the eigenvalues and eigenvectors of a matrix is called an
eigenvalue problem. We encounter problems of this type in all branches of
physics, classical or quantum. Various methods for the approximate determina-
tion of eigenvalues have been developed, but here we only discuss the
fundamental ideas and concepts that are important for the topics discussed in
this book.

There are two parts to every eigenvalue problem. First, we compute the eigen-
value ), given the matrix 4. Then, we compute an eigenvector X for each
previously computed eigenvalue .

Determination of eigenvalues and eigenvectors

We shall now demonstrate that any square matrix of order » has at least 1 and at
most n distinct (real or complex) eigenvalues. To this purpose, let us rewrite the
system of Eq. (3.53) as

(A—M)X =0. (3.54)

This matrix equation really consists of n» homogeneous linear equations in the n
unknown elements x; of X:
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(@ — A)xy +apx; + -+ +apx, =0

ay X + (ap — AN)xy 4 -+ 4+ ay,x, =0 (3.55)

am Xy +apxy + -0 + (ann - A)X” =0

In order to have a non-zero solution, we recall that the determinant of the coeffi-
cients must be zero; that is,

ap —A ap dipn
B B ar ay — A - oy
det(4 — \I) = . . . =0. (3.56)
ap (7] o gy — A

The expansion of the determinant gives an nth order polynomial equation in A,
and we write this as

N+ N T N+ e, A+, =0, (3.57)

where the coefficients ¢; are functions of the elements aj; of A. Eq. (3.56) or (3.57)
is called the characteristic equation corresponding to the matrix 4. We have thus
obtained a very important result: the eigenvalues of a square matrix A are the
roots of the corresponding characteristic equation (3.56) or (3.57).

Some of the coefficients ¢; can be readily determined; by an inspection of Eq.
(3.56) we find

o==1" =D an+an+-+ay), c,=det A (3.58)

Now let us rewrite the characteristic polynomial in terms of its n roots
A17A27"'aAn

N+ XN T N T g At G = (A = N = A) (A — V),
then we see that
A=E=D""T M+ F A, =AM A (3.59)

Comparing this with Eq. (3.58), we obtain the following two important results on
the eigenvalues of a matrix:

(1) The sum of the eigenvalues equals the trace (spur) of the matrix:
M+X+ 4N =a+an+-+a,=TrA (3.60)

(2) The product of the eigenvalues equals the determinant of the matrix:

Ay, = det A. (3.61)
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Once the eigenvalues have been found, corresponding eigenvectors can be
found from the system (3.55). Since the system is homogeneous, if X is an
eigenvector of A, then kX, where k is any constant (not zero), is also an eigen-
vector of A corresponding to the same eigenvalue. It is very easy to show this.
Since AX = A\X, multiplying by an arbitrary constant k will give kAX = k\X.
Now kA = Ak (every matrix commutes with a scalar), so we have
A(kX) = \(kX), showing that kX is also an eigenvector of 4 with the same
eigenvalue A. But kX is linearly dependent on X, and if we were to count all
such eigenvectors separately, we would have an infinite number of them. Such
eigenvectors are therefore not counted separately.

A matrix of order n does not necessarily have n linearly independent
eigenvectors; some of them may be repeated. (This will happen when the char-
acteristic polynomial has two or more identical roots.) If an eigenvalue occurs m
times, m is called the multiplicity of the eigenvalue. The matrix has at most m
linearly independent eigenvectors all corresponding to the same eigenvalue. Such
linearly independent eigenvectors having the same eigenvalue are said to be degen-
erate eigenvectors; in this case, m-fold degenerate. We will deal only with those
matrices that have n linearly independent eigenvectors and they are diagonalizable
matrices.

Example 3.12
Find (a) the ecigenvalues and (b) the eigenvectors of the matrix

(Y

Solution: (a) The eigenvalues: The characteristic equation is
S—=A 4 ‘

=N -TA+6=0
12— +

det(Ad — M) = ‘

which has two roots
Al=6 and X\ =1.
(b) The eigenvectors: For A = A\ the system (3.55) assumes the form
—x; +4x, =0,
xX; —4x, =0.

Thus x; = 4x,, and
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is an eigenvector of A corresponding to \; = 6. In the same way we find the
eigenvector corresponding to A\, = 1:

()

Example 3.13
If A is a non-singular matrix, show that the eigenvalues of A~ are the reciprocals
of those of A and every eigenvector of A is also an eigenvector of A~ '.

Solution: Let X\ be an eigenvalue of A corresponding to the eigenvector X, so
that

AX = \X.
Since A~ exists, multiply the above equation from the left by A4~
A'AX =42\ = x =x4"'x.

Since A is non-singular, A must be non-zero. Now dividing the above equation by
A, we have

A7 X = (1/NX.

Since this is true for every value of A, the results follows.

Example 3.14
Show that all the eigenvalues of a unitary matrix have unit magnitude.

Solution: Let U be a unitary matrix and X an eigenvector of U with the eigen-
value ), so that

UX = \X.
Taking the hermitian conjugate of both sides, we have
XTO" = \*xT,
Multiplying the first equation from the left by the second equation, we obtain
XTUTOx = Mx'x.
Since U is unitary, U'U= 1, so that the last equation reduces to
X' XA =1)=0.
Now X'X is the square of the norm of X and hence cannot vanish unless X is a

null vector and so we must have [\ = 1 or |A| = 1, proving the desired result.
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Example 3.15

Show that similar matrices have the same characteristic polynomial and hence the
same eigenvalues. (Another way of stating this is to say that the eigenvalues of a
matrix are invariant under similarity transformations.)

Solution: Let A and B be similar matrices. Thus there exists a third matrix S
such that B = S~'4S. Substituting this into the characteristic polynomial of
matrix B which is [BX — I|, we obtain
B— M| =|5"'4S - X|=|S""(4 - \)S|.
Using the properties of determinants, we have
ISTHA = A)S| = |S7V|4 — M||S].
Then it follows that
|B—X|=|S"A4—-\)S|=|S7"||4 - M||S| =4 - ],

which shows that the characteristic polynomials of 4 and B are the same; their
eigenvalues will also be identical.

Eigenvalues and eigenvectors of hermitian matrices

In quantum mechanics complex variables are unavoidable because of the form of
the Schrodinger equation. And all quantum observables are represented by her-
mitian operators. So physicists are almost always dealing with adjoint matrices,
hermitian matrices, and unitary matrices. Why are physicists interested in hermi-
tian matrices? Because they have the following properties: (1) the eigenvalues of a
hermitian matrix are real, and (2) its eigenvectors corresponding to distinct eigen-
values are orthogonal, so they can be used as basis vectors. We now proceed to
prove these important properties.

(1) the eigenvalues of a hermitian matrix are real.
Let H be a hermitian matrix and X a non-trivial eigenvector corresponding to the
eigenvalue A, so that

HX = \X. (3.62)
Taking the hermitian conjugate and note that H' = H, we have
XTH = *x1. (3.63)

Multiplying (3.62) from the left by X', and (3.63) from the right by X', and then
subtracting, we get

A= 2XTx =0. (3.64)

Now, since X X cannot be zero, it follows that A = \*, or that )\ is real.
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(2) The eigenvectors corresponding to distinct eigenvalues are orthogonal.
Let X; and X, be eigenvectors of H corresponding to the distinct eigenvalues )\,
and \,, respectively, so that

HX, =\ X, (3.65)

HX, = M X, (3.66)
Taking the hermitian conjugate of (3.66) and noting that \* = A\, we have

XJH = M\X]. (3.67)

Multiplying (3.65) from the left by X2T and (3.67) from the right by Xj, then
subtracting, we obtain

A —M)X]+ X, =0. (3.68)

Since A\ = \,, it follows that X;Xl =0 or that X} and X, are orthogonal.

If X is an eigenvector of H, any multiple of X, X, is also an eigenvector of H.
Thus we can normalize the eigenvector X with a properly chosen scalar A. This
means that the eigenvectors of H corresponding to distinct eigenvalues are ortho-
normal. Just as the three orthogonal unit coordinate vectors ¢, é,,and é; form
the basis of a three-dimensional vector space, the orthonormal eigenvectors of H
may serve as a basis for a function space.

Diagonalization of a matrix

Let A= (a;;) be a square matrix of order n, which has n linearly independent
eigenvectors X; with the corresponding eigenvalues \;: AX; = A, X,. If we denote
the eigenvectors X; by column vectors with elements xy;, X»;,...,X,, then the
eigenvalue equation can be written in matrix form:

ayp dipp oo Ay X1 X1i
dyy dpy - Ay X2i X2i

=Nl . . (3.69)
Aay1 Ay - Ay, Xni Xni

From the above matrix equation we obtain
n
Z aijki = )\l‘x]‘i. (369b)
k=1

Now we want to diagonalize A. To this purpose, we can follow these steps. We
first form a matrix S of order n x n whose columns are the vector X;, that is,
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X1 oo X o Xy

Xop v Xpp ottt Xy

oo}
I
2
=

(3.70)
Xnl 00 Xpi o X

Since the vectors X; are linear independent, S is non-singular and S~! exists. We
then form a matrix S™'AS; this is a diagonal matrix whose diagonal elements are
the eigenvalues of A.

To show this, we first define a diagonal matrix B whose diagonal elements are );
(i=1,2,...,n):

Al
~ Az
B= , (3.71)
A
and we then demonstrate that
S'4S=B. (3.72a)
Eq. (3.72a) can be rewritten by multiplying it from the left by S as
AS = SB. (3.72b)
Consider the left hand side first. Taking the jith element, we obtain
(AS); =Y (A8 =D ayxp (3.73a)
k=1 k=1
Similarly, the jith element of the right hand side is
n n
(SB)‘,',' = Z (S)jk(B)ki = ijk/\i5ki = AiXji. (3.73b)

k=1 k=1

Egs. (3.73a) and (3.73b) clearly show the validity of Eq. (3.72a).

It is important to note that the matrix S that is able to diagonalize matrix A is
not unique. This is because we could arrange the eigenvectors X, X5,..., X, in
any order to construct S.

We summarize the procedure for diagonalizing a diagonalizable n x n matrix A:

Step 1. Find n linearly independent eigenvectors of 4, X, Xa,...,X,.

Step 2. Form the matrix S having X;, X, ..., X, as its column vectors.

Step 3. Find the inverse of S, S~

Step 4. The matrix S™'AS will then be diagonal with A, \,, ..., ), as its succes-
sive diagonal elements, where ), is the eigenvalue corresponding to X;.
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Example 3.16
Find a matrix S that diagonalizes

Solution.  We have first to find the eigenvalues and the corresponding eigen-
vectors of matrix 4. The characteristic equation of 4 is
33— =2 0
-2 3-X 0 |[=(A-D\A=5=0,
0 0 5-A
so that the eigenvalues of 4 are A =1 and A = 5.
By definition
X1
X = X2
X3

is an eigenvector of 4 corresponding to X if and only if X is a non-trivial solution
of (M — A))? =0, that is, of

A=3 2 0 X 0
2 A—3 0 X |1=10
0 0 A=5 X3 0

If A =5 the above equation becomes

2 2 0 X1 0 2X1 +2X2+0X3 0
2 20 X = 0 or 2X1 + 2X2 + 0X3 — 0
0 0O X3 0 0x; 4+ 0xy + Ox3 0

Solving this system yields
X =-S5, Xp=95, X3=1I,

where s and ¢ are arbitrary values. Thus the eigenvectors of 4 corresponding to
A =5 are the non-zero vectors of the form

-5 -5 0 -1 0
X=| s |=| s |+]0]=s| 1 |+z]0
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Since
-1 0
and 0
0

are linearly independent, they are the eigenvectors corresponding to A = 5.
For A =1, we have

—2 2 0 X1 0 —2X1 + 2X2 + 0X3 0
2 =2 0 X |1=10 or 2x; — 2x5 4+ 0x3 =10
0 0 -4 X3 0 0x; + 0x, — 4x3 0

Solving this system yields
X =1, Xy =1, x3:07

where 7 is arbitrary. Thus the eigenvectors corresponding to A = 1 are non-zero
vectors of the form

t 1
X=|t]|=¢]1
0 0

It is easy to check that the three eigenvectors

-1 0 1
= 1], m=lo], n=|1]
0 1 0

are linearly independent. We now form the matrix S that has X, X, and X; as its
column vectors:

-1 0 1
S = 1 0 1
01 0
The matrix S~' A4S is diagonal:
-1/2 1/2 0 3 -2 0\ /-1 0 1 500
S'4s=1 o o 1]]l-=2 3 0 10 1]l=[0 50
1/2 1/2 0 0 0 5 010 0 0 1

There is no preferred order for the columns of S. If had we written

—_— O O

-1 1
S= 11
0 0
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then we would have obtained (verify)

5
Stas=1]0
0

S = O
- O O

Example 3.17
Show that the matrix

LN
|

(57

is not diagonalizable.

Solution: The characteristic equation of A is

A4+3 =2 5
=A+1)"=0.
’ 2 A—1 ’ (A+1)
Thus A = —1 the only eigenvalue of 4; the eigenvectors corresponding to A = —1

are the solutions of

()\4—3 -2 )(m) _ (0) N (2 —2><x1> _ (0)
2 -1 X 0 2 =2/\x 0
from which we have

2x; — 2x, =0,

2x; —2x, =0.

The solutions to this system are x; = ¢, x, = f; hence the eigenvectors are of the

0)-()

A does not have two linearly independent eigenvectors, and is therefore not
diagonalizable.

Eigenvectors of commuting matrices

There is a theorem on eigenvectors of commuting matrices that is of great impor-
tance in matrix algebra as well as in quantum mechanics. This theorem states that:

Two commuting matrices possess a common set of eigenvectors.
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We now proceed to prove it. Let A and B be two square matrices, each of order
n, which commute with each other, that is,

AB—Bi—1[4,B —o.
First, let A be an eigenvalue of 4 with multiplicity 1, corresponding to the eigen-
vector X, so that

AX = \X. (3.74)
Multiplying both sides from the left by B
BAX = \BX.

Because BA = AB, we have

A(BX) = (ABX).
Now B is an n x n matrix and X is an n x 1 vector; hence BX is also an n x 1
vector. The above equation shows that BX is also an eigenvector of 4 with the
eigenvalue A\. Now X is a non-degenerate eigenvector of 4, any other vector which

is an eigenvector of A with the same eigenvalue as that of X must be multiple of X.
Accordingly

BX = uX,
where p is a scalar. Thus we have proved that:

If two matrices commute, every non-degenerate eigenvector of
one is also an eigenvector of the other, and vice versa.

Next, let A be an eigenvalue of 4 with multiplicity k. So 4 has k linearly inde-
pendent eigenvectors, say X, X», ..., X}, each corresponding to A:

AX;=\X;, 1<i<k.
Multiplying both sides from the left by B, we obtain
I‘I(EXI') = )‘(B)Xi)v

which shows again that BX is also an eigenvector of 4 with the same eigenvalue .

Cayley—Hamilton theorem

The Cayley-Hamilton theorem is useful in evaluating the inverse of a square
matrix. We now introduce it here. As given by Eq. (3.57), the characteristic
equation associated with a square matrix 4 of order n may be written as a poly-
nomial

SO =3 e =0,
i=0
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where ) are the eigenvalues given by the characteristic determinant (3.56). If we

replace \ in f()\) by the matrix 4 so that
n

f(A) =) A"
i=0

The Cayley—Hamilton theorem says that

f(A)=0 or ;A" =0,
i=0
that is, the matrix A satisfies its characteristic equation.
We now formally multiply Eq. (3.75) by A~! so that we obtain

A (A) =A™ + A"+ F e I+, AT =0,

Solving for A~ gives

5 1 n—1 B ]
A71 _ ‘Anflfz :

i=0

we can use this to find 4~ (Problem 3.28).

Moment of inertia matrix

(3.75)

(3.76)

We shall see that physically diagonalization amounts to a simplification of the
problem by a better choice of variable or coordinate system. As an illustrative
example, we consider the moment of inertia matrix 7 of a rotating rigid body (see
Fig. 3.4). A rigid body can be considered to be a many-particle system, with the

Figure 3.4. A rotating rigid body.
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distance between any particle pair constant at all times. Then its angular momen-
tum about the origin O of the coordinate system is

L= E maraxva:E MTy X (@ X 1)
« «

where the subscript « refers to mass m, located at r, = (X417, X402, Xa3), and e the
angular velocity of the rigid body.
Expanding the vector triple product by using the vector identity

Ax(BxC)=BA-C)—C(A-B),
we obtain

L= Z my|rie —r,(r, - o))

In terms of the components of the vectors r,and w, the ith component of L; is

3

3
2
L;= E mgy | Wi E Xajk — Xa,i E Xa, jWj
a =1

k=1
_ B 2 - => 1
= wj mg |0 Xak = Xa,iXa)| = ij%j

or
L=1I&.

Both L and & are three-dimensional column vectors, while 7 is a 3 x 3 matrix and

is called the moment inertia matrix.

In general, the angular momentum vector L of a rigid body is not always
parallel to its angular velocity @ and 7 is not a diagonal matrix. But we can orient
the coordinate axes in space so that all the non-diagonal elements 7;; (i # /)
vanish. Such special directions are called the principal axes of inertia. If the
angular velocity is along one of these principal axes, the angular momentum
and the angular velocity will be parallel.

In many simple cases, especially when symmetry is present, the principal axes of
inertia can be found by inspection.

Normal modes of vibrations

Another good illustrative example of the application of matrix methods in classi-
cal physics is the longitudinal vibrations of a classical model of a carbon dioxide
molecule that has the chemical structure O—C—O. In particular, it provides a good
example of the eigenvalues and eigenvectors of an asymmetric real matrix.
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m k M k m

wad
A G

Figure 3.5. A linear symmetrical carbon dioxide molecule.

We can regard a carbon dioxide molecule as equivalent to a set of three par-
ticles jointed by elastic springs (Fig. 3.5). Clearly the system will vibrate in some
manner in response to an external force. For simplicity we shall consider only
longitudinal vibrations, and the interactions of the oxygen molecules with one
another will be neglected, so we consider only nearest neighbor interaction. The

Lagrangian function L for the system is

L= %m(x% er%) +%MY% — %k(xz — xl)2 —%k(x3 — xz)z;

substituting this into Lagrange’s equations

d (0L\ 0L ,
2?(8&)__8xi:() (i=123),

we find the equations of motion to be

. k k k
¥p=——(x1—x)=——x+—x,
m m m
X = (x5 — x1) k(x X3) =—Xx 2kx+ X
2= T W X) = (N = Xs) = 2 Xy = o X
.k k
X3 = —Xp — —X3,
m m

where the dots denote time derivatives. If we define

_k ko,
m m

X1

e[ x P A

) - M M M
X3

k k

0 Lz

m m

and, furthermore, if we define the derivative of a matrix to be the matrix obtained

by differentiating each matrix element, then the above system of differential equa-
tions can be written as
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This matrix equation is reminiscent of the single differential equation ¥ = ax, with

a a constant. The latter always has an exponential solution. This suggests that we

try
X = Ce”,
where w is to be determined and
¢
C=|G
G

is an as yet unknown constant matrix. Substituting this into the above matrix
equation, we obtain a matrix-eigenvalue equation

AC =W*C
or
k k
Ry
m m
G G
ko 2k )
M M M G| = G (3.77)
kK| NO .
0 r o r
m m

Thus the possible values of w are the square roots of the eigenvalues of the

asymmetric matrix 4 with the corresponding solutions being the eigenvectors of
the matrix 4. The secular equation is

,E,wz k 0
m m
-
M M M N
k k
0 — e
m

This leads to

The eigenvalues are
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w = @ 90—
&) ~—@ @) Q—

© —@ 0_. —Q

Figure 3.6. Longitudinal vibrations of a carbon dioxide molecule.

all real. The corresponding eigenvectors are determined by substituting the eigen-
values back into Eq. (3.77) one eigenvalue at a time:

(1) Setting w® =0 in Eq. (3.77) we find that C, = C, = C;. Thus this mode is
not an oscillation at all, but is a pure translation of the system as a whole, no
relative motion of the masses (Fig. 3.6(«a)).

(2) Setting w® = k/m in Eq. (3.77), we find C, =0 and C3 = —C;. Thus the
center mass M is stationary while the outer masses vibrate in opposite
directions with the same amplitude (Fig. 3.6(b)).

(3) Setting w® =k/m+2k/M in Eq. (3.77), we find C, =C;, and
C, =—-2Ci(m/M). In this mode the two outer masses vibrate in
unison and the center mass vibrates oppositely with different amplitude

(Fig. 3.6(c)).

Direct product of matrices

Sometimes the direct product of matrices is useful. Given an m x m matrix A
and an n x n matrix B, the direct product of 4 and B is an mn X mn matrix,
defined by

LlllB a12B s CllmB
- 61211§ azzg T Clzml§
C=A4AR B=

amlé amZB e ammB

For example, if

then
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3.1

3.2

3.3

3.4

3.5
3.6

apby  anbyy  apby apb

- anB apB ayby  aynby  apby  apbn
AR B= =
ay by anbiy  anby  anb,

aZIB Cl22B
ayibyy  ayby  axnby  axnbi,

Problems

For the pairs 4 and B given below, find 4 +

B,

/102 . /5
A= . B=

Ga) =

Show that an n-rowed diagonal matrix D

k 0 --- 0
~ 0 k --- 0
D:

k

commutes with any n-rowed square matrix 4: AD = DA = kA.

If A, B, and C are any matrices such that the addition B+ C and the
products 4B and AC are defined, show that A(B+ C) = AB + AC. That
is, that matrix multiplication is distributive.

Given

01 0 1 00 1 0
A=|1 0 1], B=|0 1 0|, C=]0 0

010 0 0 1 0 0 -
show that [4, B] = 0, and [B, C] = 0, but that 4 does not commute with C.
Prove that (4 + B)' = A" + B".

Given
- 2 -3 - -5 2 ~ 01 =2
A= , B= , and C= :
0 4 2 1 30 4

(a) Find 24 — 4B, 2(4 — 2B)
(b) Find 4", B", (B")"

(¢) Find CT,(CHT

(d) Is A+ C defined?

(e) Is C + C" defined?

(f) Is A + A" symmetric?
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3.7

3.8

3.9

3.10
3.11

3.12

3.13

3.14

3.15

3.16

3.17.

(g) Is A — A" antisymmetric?
Show that the matrix

A~:

W N
AN L A
S O O

is not invertible.

Show that if 4 and B are invertible matrices of the same order, then AB is
invertible.

Given

1 23
A=12 5 3],
1 0 8
find A" and check the answer by direct multiplication.
Prove that if A is a non-singular matrix, then det(4~') = 1/ det(A).
If 4 is an invertible n x n matrix, show that AX = 0 has only the trivial
solution.
Show, by computing a matrix inverse, that the solution to the following
system is x; =4, x, = 1:

x| — Xy =3,

X1 + Xy = 5
Solve the system AX = B if
1 00 1
A=10 2 0|, B=|2
0 0 1 3
Given matrix 4, find A*, AT, and A', where
243i 1—i 5i -3
A= | 1+i 6—i 143 —1-2i
5—6i 3 0 —4
Show that:

(a) The matrix AA4', where A is any matrix, is hermitian.
(b) (AB)' = BT A'.

(¢) If A, B are hermitian, then AB + BA is hermitian.

(d) If A and B are hermitian, then i(AB — BA) is hermitian.
Obtain the most general orthogonal matrix of order 2.
[Hint: use relations (3.34a) and (3.34b).]

Obtain the most general unitary matrix of order 2.
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3.18
3.19

3.20

3.21
3.22

3.23

3.25

3.26

3.27

If AB = 0, show that one of these matrices must have zero determinant.
Given the Pauli spin matrices (which are very important in quantum
mechanics)

/01 /0 i (10
17\ o) 270 o) P 0 1)

(note that the subscripts x, y, and z are sometimes used instead of 1, 2, and
3). Show that

(a) they are hermitian,

b) o =1,i=1,2,3

(c) as a result of (a) and (b) they are also unitary, and

(d) [o1,0,] =2l03 et cycl.

Find the inverses of o, 05, 03.

Use a rotation matrix to show that

sin(6; + 6,) = sin6; cos , + sin f, cos b;.

Show that: Tr AB = Tr BA and Tr ABC = Tr BCA = Tr CAB.

Show that: (a) the trace and (b) the commutation relation between two
matrices are invariant under similarity transformations.

Determine the eigenvalues and eigenvectors of the matrix

i- (_“b z)

Given
5 7 =5
A=]0 4 -1,
2 8 -3

find a matrix S that diagonalizes 4, and show that S™'AS is diagonal.
If 4 and B are square matrices of the same order, then
det(AB) = det(A4) det(B). Verify this theorem if

-G ()

Find a common set of eigenvectors for the two matrices

-1 V6 V2 10 V6 —V2
A=|v6 0 V3|, B=| V6 9 3
V2 V32 V2 V3 11

Show that two hermitian matrices can be made diagonal if and only if they
commute.
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3.28 Show the validity of the Cayley—Hamilton theorem by applying it to the

matrix
- 5 4
A= ;
(i 2)

then use the Cayley—Hamilton theorem to find the inverse of the matrix A.

3.29 Given
- 0 1 - 0 —i
A - b B - . b
1 0 i 0

find the direct product of these matrices, and show that it does not com-
mute.
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Fourier series and integrals

Fourier series are infinite series of sines and cosines which are capable of repre-
senting almost any periodic function whether continuous or not. Periodic func-
tions that occur in physics and engineering problems are often very complicated
and it is desirable to represent them in terms of simple periodic functions.
Therefore the study of Fourier series is a matter of great practical importance
for physicists and engineers.

The first part of this chapter deals with Fourier series. Basic concepts, facts, and
techniques in connection with Fourier series will be introduced and developed,
along with illustrative examples. They are followed by Fourier integrals and
Fourier transforms.

Periodic functions

If function f'(x) is defined for all x and there is some positive constant P such that
f(x+P)=f(x) (4.1)
then we say that f/(x) is periodic with a period P (Fig. 4.1). From Eq. (4.1) we also
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Figure 4.1. A general periodic function.
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Figure 4.2. Sine functions.
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Figure 4.3. A square wave function.

have, for all x and any integer n,
f(x+nP) = f(x).

That is, every periodic function has arbitrarily large periods and contains arbi-
trarily large numbers in its domain. We call P the fundamental (or least) period,
or simply the period.

A periodic function need not be defined for all values of its independent vari-
able. For example, tan x is undefined for the values x = (7/2) + nw. But tan x is a
periodic function in its domain of definition, with 7 as its fundamental period:
tan(x + 7) = tanx.

Example 4.1

(@) The period of sin x is 27, since sin(x + 2m), sin(x + 4w), sin(x + 67), ... are all
equal to sin x, but 27 is the least value of P. And, as shown in Fig. 4.2, the period
of sin nx is 27/n, where n is a positive integer.

(h) A constant function has any positive number as a period. Since f(x) =
c(const.) is defined for all real x, then, for every positive number P,
f(x+ P) = c¢=f(x). Hence P is a period of f. Furthermore, /' has no fundamental
period.

(0)

, K for 2nmx < (2n+ l)w
f(x) = —K for 2n+1)mr<x<(2n+2)x n=0,+l,42,+3,...

is periodic of period 27 (Fig. 4.3).
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FOURIER SERIES AND INTEGRALS

Fourier series; Euler—Fourier formulas

If the general periodic function f(x) is defined in an interval —7 < x <, the
Fourier series of f(x) in [—m, ] is defined to be a trigonometric series of the form

f(x) =%ap+a;cosx +aycos2x + -+ + a,cosnx + - - -
+ bysinx+ bysin2x+--- 4+ b, sinnx + - - -, (4.2)

where the numbers aq, a;, a, . .., by, by, b3, ... are called the Fourier coefficients of
f(x) in [—m,n]. If this expansion is possible, then our power to solve physical
problems is greatly increased, since the sine and cosine terms in the series can be
handled individually without difficulty. Joseph Fourier (1768-1830), a French
mathematician, undertook the systematic study of such expansions. In 1807 he
submitted a paper (on heat conduction) to the Academy of Sciences in Paris and
claimed that every function defined on the closed interval [—, 7] could be repre-
sented in the form of a series given by Eq. (4.2); he also provided integral formulas
for the coefficients a,, and b,,. These integral formulas had been obtained earlier by
Clairaut in 1757 and by Euler in 1777. However, Fourier opened a new avenue by
claiming that these integral formulas are well defined even for very arbitrary
functions and that the resulting coefficients are identical for different functions
that are defined within the interval. Fourier’s paper was rejected by the Academy
on the grounds that it lacked mathematical rigor, because he did not examine the
question of the convergence of the series.

The trigonometric series (4.2) is the only series which corresponds to f(x).
Questions concerning its convergence and, if it does, the conditions under
which it converges to f(x) are many and difficult. These problems were partially
answered by Peter Gustave Lejeune Dirichlet (German mathematician, 1805—
1859) and will be discussed briefly later.

Now let us assume that the series exists, converges, and may be integrated term
by term. Multiplying both sides by cos mx, then integrating the result from —7 to
7, we have

a

™ m o) s
/ f(x)cosmx dx = 70/ cosmx dx + E a, / COS nX COS mXx dx
-7 -7 n=1 -7

) m
+ Z b, / sin nx cos mx dx. (4.3)
n=1 -
Now, using the following important properties of sines and cosines:

/cosmxdx:/ sinmxdx=0 ifm=1,2,3,...,

™ ™

™ ™ 0 if n+#m,
/ COS MX COS nx dx = / sin mx sin nx dx =

x r w ifn=m,

146



FOURIER SERIES; EULER-FOURIER FORMULAS

™
/ sinmxcosnxdx =0, for all m,n >0,

™

we find that all terms on the right hand side of Eq. (4.3) except one vanish:
1 [" .
a, = —/ f(x)cosnxdx, n=integers; (4.4a)
a —T

the expression for g, can be obtained from the general expression for g, by setting
n=0.

Similarly, if Eq. (4.2) is multiplied through by sin mx and the result is integrated
from —7 to 7, all terms vanish save that involving the square of sin nx, and so we
have

b, = l/ﬂf'(x) sin nx dx. (4.4b)
™) -x

Egs. (4.4a) and (4.4b) are known as the Euler—Fourier formulas.

From the definition of a definite integral it follows that, if f(x) is single-valued
and continuous within the interval [—m, 7] or merely piecewise continuous (con-
tinuous except at a finite numbers of finite jumps in the interval), the integrals in
Eqgs. (4.4) exist and we may compute the Fourier coefficients of f(x) by Egs. (4.4).
If there exists a finite discontinuity in f(x) at the point x, (Fig. 4.1), the coeffi-
cients ay, a,, b, are determined by integrating first to x = x, and then from x, to ,
as

=1 | [ rwcosmaxs [ Fcosny . (450)
bn —_ % |:/X0.f(x) sin nx dx —+ /ﬂf(x) sin nx dx:| . (45b)

This procedure may be extended to any finite number of discontinuities.

Example 4.2
Find the Fourier series which represents the function

—k —-m<x<0
o ={ T TS s am =,

in the interval —7m < x < 7.
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FOURIER SERIES AND INTEGRALS

Solution: The Fourier coefficients are readily calculated:

1 0 s
an:—[/ (—k)cosnxdx+/ kcosnxdx]
-7 0
|-
0

0 T
b, = 1 {/ (—k) sin nx dx +/ ksinnx dx]
- 0

sin nx

+k

n

1 si 0
1 l_k innx
s

7T s
:llkcosnx _kcosnx ﬂ} =2—k(l—cosn7r)
T no|_, no | nmw
Now cos nm = —1 for odd n, and cos nm = 1 for even n. Thus

by =4k/m, by=0, by=4k/3m, by=0, bs=4ak/5T,...

and the corresponding. Fourier series is
4k [ . 1. 1.
— [ sinx+=zsin3x+—sin5x+ -+ |.
s 3 5

For the special case k = 7/2, the Fourier series becomes

2 2
25inx+§sin3x+§sin5x+---.

The first two terms are shown in Fig. 4.4, the solid curve is their sum. We will see
that as more and more terms in the Fourier series expansion are included, the sum

more and more nearly approaches the shape of f(x). This will be further demon-
strated by next example.

Example 4.3
Find the Fourier series that represents the function defined by

0 —T<t<0 | .
f(y=2"] in the interval — 7w < ¢ < .
sin ¢, 0<t<m
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Figure 4.4. The first two partial sums.

Solution:

1 0 T
a,,:—[/ 0~cosntdl+/ smtcosntdt}
™ - 0

s
cosnm + 1

I {cos(l —n)t cos(l +n)t
—__[ (1=mr | cos( )} - )
2w 1—n 1+n 0 7(1 —n)
1. 1sin” ¢ |
alz—/ smtcostdt:—sm =0,
T Jo T 2 |

0 m
bnl[/ 0~sinntdt+/ sintsinntdt}
Tl —x 0

1 [sin(1 —n)r  sin(1 +n)z ”_0
C2n 1 —n l+n |,

L[ ., 1t sin2" 1

b]—;/o sim ldt_;[i_ 2 :|0—§

Accordingly the Fourier expansion of f(¢) in [—7, 7] may be written

f(,)_Lr@_E cos2t+cos4t+cos6l+cos8t
T 2 w3 15 35 63

The first three partial sums S,(n =1,2,3) are shown in Fig. 4.5: S| = 1/x,
Sy =1/m+sint/2, and S3 = 1 /7 +sin (¢)/2 — 2 cos (2¢)/3.
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Figure 4.5. The first three partial sums of the series.

Gibb’s phenomena
From Figs. 4.4 and 4.5, two features of the Fourier expansion should be noted:

(a) at the points of the discontinuity, the series yields the mean value;

(b) in the region immediately adjacent to the points of discontinuity, the expan-
sion overshoots the original function. This effect is known as the Gibb’s
phenomena and occurs in all order of approximation.

Convergence of Fourier series and Dirichlet conditions

The serious question of the convergence of Fourier series still remains: if we
determine the Fourier coefficients a,,b, of a given function f(x) from Eq. (4.4)
and form the Fourier series given on the right hand side of Eq. (4.2), will it
converge toward f(x)? This question was partially answered by Dirichlet.
Here is a restatement of the results of his study, which is often called
Dirichlet’s theorem:

(1) If f(x) is defined and single-valued except at a finite number of point in
[_77 W]7

(2) if f(x) is periodic outside [—, 1] with period 27 (that is, f(x + 27) = f(x)),
and

(3) if f(x) and f'(x) are piecewise continuous in [—, 7],
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Figure 4.6. A piecewise continuous function.

then the series on the right hand side of Eq. (4.2), with coefficients @, and b, given
by Egs. (4.4), converges to

(i) f(x), if x is a point of continuity, or
(i) 1[f (x4 0) +f(x — 0)], if x is a point of discontinuity as shown in Fig. 4.6,

where f(x + 0) and f(x — 0) are the right and left hand limits of f(x) at x and
represent lim,_, f(x + ¢) and lim,_,, f(x — €) respectively, where ¢ > 0.

The proof of Dirichlet’s theorem is quite technical and is omitted in this treat-
ment. The reader should remember that the Dirichlet conditions (1), (2), and (3)
imposed on f(x) are sufficient but not necessary. That is, if the above conditions
are satisfied the convergence is guaranteed; but if they are not satisfied, the series
may or may not converge. The Dirichlet conditions are generally satisfied in
practice.

Half-range Fourier series

Unnecessary work in determining Fourier coefficients of a function can be
avoided if the function is odd or even. A function f(x) is called odd if
f(=x) = —f(x) and even if f(x) f(—x) =f(x). It is easy to show that in the
Fourier series corresponding to an odd function f,(x), only sine terms can be
present in the series expansion in the interval —7 < x < 7, for

g 0 ™
a, = l/ Sfo(x)cosnxdx = 1 [/ fo(x) cosnxdx +/ Jo(x) cosnx dx}
)% ™ - 0
= ! {—/ Jfo(x)cosnxdx + / fo(x) cos nxdx] =0 n=0,1,2,..., (4.6a)
T 0 0
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but
[/ "
by =~ [ / fo(x) sinnx dx + / fo(x)sinnx dX]
Uy — 0

2 m
:—/ So(x) sinnx dx n=123.... (4.6b)
TJo

Here we have made use of the fact that cos(—nx) = cosnx and sin(—nx) =
—sinnx. Accordingly, the Fourier series becomes

fo(x) =bysinx+ bysin2x + - - -.

Similarly, in the Fourier series corresponding to an even function f;(x), only
cosine terms (and possibly a constant) can be present. Because in this case,
fe(x)sinnx is an odd function and accordingly b, = 0 and the q, are given by

2 ™
an:—/ fo(x) cosnx dx n=0,1,2,.... (4.7
T™Jo

Note that the Fourier coefficients «, and b,, Eqs. (4.6) and (4.7) are computed in
the interval (0, ) which is half of the interval (—m, 7). Thus, the Fourier sine or
cosine series in this case is often called a half-range Fourier series.

Any arbitrary function (neither even nor odd) can be expressed as a combina-
tion of f,(x) and f,(x) as

) =500 +f(=x)] + 3 [f(x) = f(=x)] = fe(x) + /o ().

When a half-range series corresponding to a given function is desired, the
function is generally defined in the interval (0, 7) and then the function is specified
as odd or even, so that it is clearly defined in the other half of the interval (—,0).

Change of interval

A Fourier expansion is not restricted to such intervals as —7 < x < 7 and
0 < x < 7. In many problems the period of the function to be expanded may
be some other interval, say 2L. How then can the Fourier series developed
above be applied to the representation of periodic functions of arbitrary period?
The problem is not a difficult one, for basically all that is involved is to change the
variable. Let

X (4.8a)
then

J(2) =f(mx/L) = F(x). (4.8b)

Thus, if f(z) is expanded in the interval —7 < z < 7, the coefficients being deter-
mined by expressions of the form of Egs. (4.4a) and (4.4b), the coefficients for the
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expansion of F(x) in the interval —L < x < L may be obtained merely by sub-
stituting Eqs. (4.8) into these expressions. We have then

1 [t nmw

a, :Z[LF(x)cosfxdx n=20,1,23..., (4.92)
1 [t . nr

bnzz/_LF(x)smfxdx, n=1273.... (4.9b)

The possibility of having expanding functions in which the period is other than
27 increases the usefulness of Fourier expansion. As an example, consider the
value of L, it is obvious that the larger the value of L, the larger the basic period
of the function being expanded. As L — oo, the function would not be periodic at
all. We will see later that in such cases the Fourier series becomes a Fourier
integral.

Parseval’s identity

Parseval’s identity states that:
1 L

af | s - (2 ) i (2 +b2), (4.10)

if a, and b, are coeflicients of the Fourier series of f(x) and if f(x) satisfies the
Dirichlet conditions.

It is easy to prove this identity. Assuming that the Fourier series corresponding
to f(x) converges to f(x)

a = n. . X
f(x):—OJrZ(ancos 7 + b, sin L)

Multiplying by f(x) and integrating term by term from —L to L, we obtain

L an (L
[ rras=5 [ s
+n§;{an /if(x)cos?dx—kbn /if(x) sianxdx}

2 o0
:%L+L2(a,%+b?,), (4.11)
n=1

where we have used the results

L L L
/ f(x) cos X g = La,, / f(x) sin 22X gy = Lb,, / f(x)dx = Lay.
The required result follows on dividing both sides of Eq. (4.11) by L.
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Parseval’s identity shows a relation between the average of the square of f(x)
and the coefficients in the Fourier series for f(x):

the average of {f(x)}? is f Vdx/2L;
the average of (ay/2) is (a0/2)

the average of (a, cosnx) is a /2;

the average of (b, sinnx) is b2 /2.

Example 4.4
Expand f(x) = x,0 < x < 2, in a half-range cosine series, then write Parseval’s
identity corresponding to this Fourier cosine series.

Solution:  We first extend the definition of f(x) to that of the even function of
period 4 shown in Fig. 4.7. Then 2L =4, L = 2. Thus b, = 0 and

_%/OLf(x) X g /f cos—dx
=[-(—m %) ()],

—4
3 2(cosmr—l) if n#0.

If n=0,
L
a():/ xdx =2
0
Then
f(x) l+i 4 (cosn l)cosmrx
X) = —— - —_
n*m? i 2

We now write Parseval’s identity. We first compute the average of [f (x)]z:

8
the average of [f / {f(x)}2dx = —/ dx = 7
S®)
/N 2N N N
RN L . N RN
7 N 7 N
N S AN
| Ny | | Nid | X
-6 —4 -2 0 2 4 6
Figure 4.7.
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then the average

——(cosnm —1)%.

8_2+64 1+1+1+
3 4 34 5 ’

LI B
4 34 s 96

or

which shows that we can use Parseval’s identity to find the sum of an infinite
series. With the help of the above result, we can find the sum S of the following
series:

I T 1
sttt

NS TS NS | IS
S=qatyutatat o =(ptatat ) t(mtatat

1 1 1 1 /1 1 1 1
“\Et e ) ta\E Tttt

~ 96 16
from which we find § = 7*/90.

Alternative forms of Fourier series

Up to this point the Fourier series of a function has been written as an infinite
series of sines and cosines, Eq. (4.2):

+Z (a cos 17X +b zx)

This can be converted into other forms. In this section, we just discuss two alter-
native forms. Let us first write, with 7/L = «

a, cosnax + b, sinnax = \/az + b I cosnax + _ b sin nax
n n n n M
> 12 )
va, + b; va; + by

155



FOURIER SERIES AND INTEGRALS

@
(2 b

0’1
aﬂ
Figure 4.8.
Now let (see Fig. 4.8)
a b b
cosf, = ————— sinf, = ————, so H,=tan"' <—”),
! az + b} Ry ! ay
C, = \/ a121+b%7 COZ%am
then we have the trigonometric identity
a, cosnax + b, sinnax = C, cos(nax — 0,),
and accordingly the Fourier series becomes
f(x)=Co+ Y C,cos(nax —6,). (4.12)

n=1

In this new form, the Fourier series represents a periodic function as a sum of
sinusoidal components having different frequencies. The sinusoidal component of
frequency na is called the nth harmonic of the periodic function. The first har-
monic is commonly called the fundamental component. The angles 6, and the
coefficients C,, are known as the phase angle and amplitude.

Using Euler’s identities et — cos@ + isin @ where i = —1, the Fourier series
for f(x) can be converted into complex form

=3 e, (4.13a)
n=—0o0

where

Cop = ay + ibn
1 [t .
=57 / F(x)e™ ™ gy, for n > 0. (4.13b)
2L ),

Eq. (4.13a) is obtained on the understanding that the Dirichlet conditions are
satisfied and that f(x) is continuous at x. If f(x) is discontinuous at x, the left
hand side of Eq. (4.13a) should be replaced by [f(x + 0) +f(x — 0)]/2.

The exponential form (4.13a) can be considered as a basic form in its own right:
it is not obtained by transformation from the trigonometric form, rather it is
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constructed directly from the given function. Furthermore, in the complex repre-
sentation defined by Eqgs. (4.13a) and (4.13b), a certain symmetry between the
expressions for a function and for its Fourier coefficients is evident. In fact the
expressions (4.13a) and (4.13b) are of essentially the same structure, as the follow-
ing correlation reveals:

) ) 00 1 L
~ L ~ = intx/L _—inmx/L ~ dx.
L) e = e, S S () gy O
This duality is worthy of note, and as our development proceeds to the Fourier
integral, it will become more striking and fundamental.

Integration and differentiation of a Fourier series

The Fourier series of a function f(x) may always be integrated term-by-term to
give a new series which converges to the integral of f(x). If f(x) is a continuous
function of x for all x, and is periodic (of period 27) outside the interval
—7m < x <, then term-by-term differentiation of the Fourier series of f(x)
leads to the Fourier series of f/(x), provided f'(x) satisfies Dirichlet’s conditions.

Vibrating strings
The equation of motion of transverse vibration

There are numerous applications of Fourier series to solutions of boundary value
problems. Here we consider one of them, namely vibrating strings. Let a string of
length L be held fixed between two points (0, 0) and (L, 0) on the x-axis, and then
given a transverse displacement parallel to the y-axis. Its subsequent motion, with
no external forces acting on it, is to be considered; this is described by finding the
displacement y as a function of x and ¢ (if we consider only vibration in one plane,
and take the xy plane as the plane of vibration). We will assume that p, the mass
per unit length is uniform over the entire length of the string, and that the string is
perfectly flexible, so that it can transmit tension but not bending or shearing
forces.

As the string is drawn aside from its position of rest along the x-axis, the
resulting increase in length causes an increase in tension, denoted by P. This
tension at any point along the string is always in the direction of the tangent to
the string at that point. As shown in Fig. 4.9, a force P(x)A acts at the left hand
side of an element ds, and a force P(x + dx)A acts at the right hand side, where A
is the cross-sectional area of the string. If « is the inclination to the horizontal,
then

F, >~ APcos(a+da) — APcosa, F, = APsin(a +da) — APsina.
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dx P(x +dx)
P(x)
ﬂ L
0

\/ X

Figure 4.9. A vibrating string.

We limit the displacement to small values, so that we may set

cosa=1—0%/2, sinaatana = dy/dx,

2
F, = APK@> - (@> } — 4P .
’ dx) .4 \dx) . dx

Using Newton’s second law, the equation of motion of transverse vibration of the
element becomes

then

>y %y 9’y 1%y
pAde:APde, or ﬁ:EW’ v = P/p

Thus the transverse displacement of the string satisfies the partial differential wave
equation

82)/ 1 82)/
——==—, 0<x<L, t>0 4.14
ox* v or x ( )

with the following boundary conditions: p(0,¢) =y(L,t) =0, 9y/dt=0,
¥y(x,0) = f(x); where f(x) describes the initial shape (position) of the string,
and v is the velocity of propagation of the wave along the string.

Solution of the wave equation

To solve this boundary value problem, let us try the method of separation vari-
ables:

y(x,6) = X(x)T(1). (4.15)
Substituting this into Eq. (4.14) yields

(1/X)(d*X Jdx*) = (1/0*T)(d*T/dr*).
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VIBRATING STRINGS

Since the left hand side is a function of x only and the right hand side is a function
of time only, they must be equal to a common separation constant, which we will
call —X\%. Then we have

d*X/dx* = -NX, X(0)=X(L)=0 (4.16a)
and
d*T/dt* = —\0*T dT/dt=0 att=0. (4.16b)

Both of these equations are typical eigenvalue problems: we have a differential
equation containing a parameter A\, and we seek solutions satisfying certain
boundary conditions. If there are special values of A for which non-trivial solu-
tions exist, we call these eigenvalues, and the corresponding solutions eigensolu-
tions or eigenfunctions.

The general solution of Eq. (4.16a) can be written as

X (x) = Ay sin(Ax) + B; cos(Ax).
Applying the boundary conditions
X(0)=0= B, =0,
and
X(L)=0= A;sin(AL) =0

Ay = 0 is the trivial solution X =0 (so y = 0); hence we must have sin(AL) = 0,
that is,

AL=nnm, n=1,2,...,
and we obtain a series of eigenvalues
N, =nw/L, n=1,2,...
and the corresponding eigenfunctions
X,(x) =sin(nm/L)x, n=12,....

To solve Eq. (4.16b) for T'(z) we must use one of the values A, found above. The
general solution is of the form
T(t) = Ay cos(A,vt) + By sin(\,vt).
The boundary condition leads to B, = 0.

The general solution of Eq. (4.14) is hence a linear superposition of the solu-
tions of the form

y(x, 1) = zw: A, sin(nmx/L) cos(nmvt/L); (4.17)

n=1
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the A, are as yet undetermined constants. To find 4,, we use the boundary
condition y(x,?) = f(x) at t = 0, so that Eq. (4.17) reduces to

o0
f(x) = A,sin(nmx/L).
n=1
Do you recognize the infinite series on the right hand side? It is a Fourier sine

series. To find 4, multiply both sides by sin(mnx/L) and then integrate with
respect to x from 0 to L and we obtain

2 L
A, = z/ f(x)sin(mmx/L)dx, m=1,2,...
0

where we have used the relation

L
. . L
/ sin(mmx /L) sin(nwx/L)dx = 56,,,”,
0
Eq. (4.17) now gives
(x,1) = i g/Lf(x) sin 7 x| sin 7% cos 7T (4.18)
n 7)1—1 L 0 ' L ’ L L ' '

The terms in this series represent the natural modes of vibration. The frequency
of the nth normal mode f, is obtained from the term involving cos(nmvt/L) and is
given by

2nf, = nmv/L or f,=nv/2L.

All frequencies are integer multiples of the lowest frequency f;. We call f the
fundamental frequency or first harmonic, and f> and f; the second and third
harmonics (or first and second overtones) and so on.

RLC circuit

Another good example of application of Fourier series is an RLC circuit driven by
a variable voltage E(¢) which is periodic but not necessarily sinusoidal (see Fig.
4.10). We want to find the current /() flowing in the circuit at time ¢.
According to Kirchhoff’s second law for circuits, the impressed voltage E(¢)
equals the sum of the voltage drops across the circuit components. That is,

dr 0

where Q is the total charge in the capacitor C. But I = dQ/dt, thus differentiating
the above differential equation once we obtain
&1 dl 1 dE

+ R+ 1

L= =
dr? dt  C dt
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E(f)

Figure 4.10. The RLC circuit.

Under steady-state conditions the current /() is also periodic, with the same
period P as for E(r). Let us assume that both E(r) and I(z) possess Fourier
expansions and let us write them in their complex forms:

E)= 3 Ee™, 1))=Y ¢  (w=2n/P).
n=—oo n=—oo

Furthermore, we assume that the series can be differentiated term by term. Thus
dE > . inwt dl . . inwt dz] S 2 2 inwt
o Z inwE,e"™", o= Z ‘lnwcne A= Z (—n"w”)c,e™.

n=—00o n=—00 n=-—00

Substituting these into the last (second-order) differential equation and equating
the coefficients with the same exponential ¢”*’, we obtain

(=n*w’L + inwR + 1/C)¢, = inwE,.
Solving for ¢,

inw/L
[(1/CL)*—n*w?] + i(R/L)nw

C}’l n-

Note that 1/LC is the natural frequency of the circuit and R/L is the attenuation
factor of the circuit. The Fourier coefficients for E(¢) are given by

1/1’/2 (e g
E,=— E(t)e "™"dt.
P _pp

The current /(¢) in the circuit is given by

o0
I(t) = Z cpe™.

n=—00
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Orthogonal functions

Many of the properties of Fourier series considered above depend on orthogonal
properties of sine and cosine functions

L L
mmx . HNmX mmx  nmx

sin——sin—dx =0 cos——cos—dx =0 .

/o ! L L Y ’ /0 L L Y (m # 1)

In this section we seek to generalize this orthogonal property. To do so we first
recall some elementary properties of real vectors in three-dimensional space.

Two vectors A and B are called orthogonal if A - B = 0. Although not geome-
trically or physically obvious, we generalize these ideas to think of a function, say
A(x), as being an infinite-dimensional vector (a vector with an infinity of compo-
nents), the value of each component being specified by substituting a particular
value of x taken from some interval (a, b), and two functions, A(x) and B(x) are
orthogonal in (a, b) if

/b A(x)B(x)dx = 0. (4.19)

The left-side of Eq. (4.19) is called the scalar product of A(x) and B(x) and
denoted by, in the Dirac bracket notation, (4(x)|B(x)). The first factor in the
bracket notation is referred to as the bra and the second factor as the ket, so
together they comprise the bracket.

A vector A is called a unit vector or normalized vector if its magnitude is unity:
A - A = A% = 1. Extending this concept, we say that the function A(x) is normal
or normalized in (a, b) if

b
(A(x)|4(x)) :/ A(x)A(x)dx = 1. (4.20)
If we have a set of functions ¢;(x),i =1,2,3,..., having the properties
b
nlea0) = [ on(0)a(0x = b, (4.200)

where 6, is the Kronecker delta symbol, we then call such a set of functions an
orthonormal set in (a4, b). For example, the set of functions ¢, (x) =
(2/7r)1/2 sin(mx),m =1,2,3,... is an orthonormal set in the interval 0 < x < 7.

Just as in three-dimensional vector space, any vector A can be expanded in the
form A = A,é, + A,¢é, + Azé;, we can consider a set of orthonormal functions ¢;
as base vectors and expand a function f(x) in terms of them, that is,

F0) = agnly) a<x<h (421)
n=1
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the series on the right hand side is called an orthonormal series; such series are
generalizations of Fourier series. Assuming that the series on the right converges
to f(x), we can then multiply both sides by ¢,,(x) and integrate both sides from a
to b to obtain

Cl‘)‘l = < |S0]’n / f <pl‘)‘l (4'21a)

¢, can be called the generalized Fourier coefficients.

Multiple Fourier series

A Fourier expansion of a function of two or three variables is often very useful in
many applications. Let us consider the case of a function of two variables, say
f(x,y). For example, we can expand f(x, y) into a double Fourier sine series

TX . ATy
Z Z B, smL—1 smL—2 (4.22)
m=1 n=
where
L, L, y
B, = 13 Lz/ f(x,y) smL—sm dxdy. (4.22a)

Similar expansions can be made for cosine series and for series having both sines
and cosines.
To obtain the coeflicients B,,,, let us rewrite f(x,y) as

(x, ) Z c, sin 2 (4.23)
where
= Z B, sin nny. (4.23a)
n=1 L2

Now we can consider Eq. (4.23) as a Fourier series in which y is kept constant
so that the Fourier coefficients C,, are given by

2 rh

Cp=—

f(x ») smL—dx (4.24)

On noting that C,, is a function of y, we see that Eq. (4.23a) can be considered as a
Fourier series for which the coefficients B,,, are given by
2 L

. nmy
B — C —dy.
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Substituting Eq. (4.24) for C,, into the above equation, we see that B,,, is given by
Eq. (4.22a).

Similar results can be obtained for cosine series or for series containing both
sines and cosines. Furthermore, these ideas can be generalized to triple Fourier
series, etc. They are very useful in solving, for example, wave propagation and
heat conduction problems in two or three dimensions. Because they lie outside of
the scope of this book, we have to omit these interesting applications.

Fourier integrals and Fourier transforms

The properties of Fourier series that we have thus far developed are adequate for
handling the expansion of any periodic function that satisfies the Dirichlet con-
ditions. But many problems in physics and engineering do not involve periodic
functions, and it is therefore desirable to generalize the Fourier series method to
include non-periodic functions. A non-periodic function can be considered as a
limit of a given periodic function whose period becomes infinite, as shown in
Examples 4.5 and 4.6.

Example 4.5
Consider the periodic functions f; (x)

0when —L/2<x<-—1

fi(x) =< 1 when —-l<x<1,
0 when l<x<L)/2
1)

(a)I_II_II_II_L\I_II_II_II_Ix
-2 0 2

L —

S

(b)I_II'LI_I ..

-4 0 4

L —

S&)

(c) I-L x

-101

Figure 4.11. Square wave function: (¢) L =4; (b) L =28; (¢) L — 0.
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which has period L > 2. Fig. 4.11(a) shows the function when L =4. If L is
increased to 8, the function looks like the one shown in Fig. 4.11(b). As
L — oo we obtain a non-periodic function f(x), as shown in Fig. 4.11(c):

7w ={

I —-1l<x<l
0 otherwise

Example 4.6
Consider the periodic function g; (x) (Fig. 4.12(a)):

gr(x)=e ™ when —L/2<x<L)2

As L — oo we obtain a non-periodic function g(x): g(x) =lim;_, g;(x) (Fig.
4.12(b)).

By investigating the limit that is approached by a Fourier series as the period of
the given function becomes infinite, a suitable representation for non-periodic
functions can perhaps be obtained. To this end, let us write the Fourier series
representing a periodic function f(x) in complex form:

f(x) = zoo: cpe™, (4.25)
n=—oco
1 [r .
Cy = i/_Lf(x)efl“’xdx (4.26)
where w denotes nw/L
w= n%’ n positive or negative. (4.27)

The transition L — oo is a little tricky since ¢, apparently approaches zero, but
these coefficients should not approach zero. We can ask for help from Eq. (4.27),
from which we have

Aw = (r/L)An,
g
P . N N\
(a) 1 ! ! ‘_L)z 5 L‘/z ! ! ! Ly x
&)
® /\ i
0

Figure 4.12. Sawtooth wave functions: (a) —L/2 < x < L/2; (b) L — oc.
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and the ‘adjacent’ values of w are obtained by setting An = 1, which corresponds
to
(L/m)Aw = 1.
Then we can multiply each term of the Fourier series by (L/7)Aw and obtain
f(x) = i £c e Aw
=\ n )
where
L
Ze,
™

1 [t i
:%[Lf(x)e dx.

The troublesome factor 1/L has disappeared. Switching completely to the w
notation and writing (L/m)c, = ¢;(w), we obtain

L
) =5 [ fwet

and

o0

f(x)= Z cr (W)™ Aw.

Lw/m=—00

In the limit as L — oo, the ws are distributed continuously instead of discretely,
Aw — dw and this sum is exactly the definition of an integral. Thus the last
equations become

c(w) = lim ¢;(w) = % /_ " f(x)e (4.28)
and
f(x)= /_00 c(w)e™ dw. (4.29)

This set of formulas is known as the Fourier transformation, in somewhat differ-
ent form. It is easy to put them in a symmetrical form by defining

g(w) = V2me(-w),
then Eqgs. (4.28) and (4.29) take the symmetrical form

1 * N —iwx’ 7.1
g(w) = m/mf(x )e dx’, (4.30)
f(x) = J%TT /_ Z (W)™ dw. (4.31)
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The function g(w) is called the Fourier transform of f(x) and is written
g(w) = F{f(x)}. Eq. (4.31) is the inverse Fourier transform of g(w) and is written
f(x) = F'{g(w)}; sometimes it is also called the Fourier integral representation
of f(x). The exponential function e ¥ is sometimes called the kernel of trans-
formation.

It is clear that g(w) is defined only if f(x) satisfies certain restrictions. For
instance, f(x) should be integrable in some finite region. In practice, this means
that f(x) has, at worst, jump discontinuities or mild infinite discontinuities. Also,
the integral should converge at infinity. This would require that f(x) — 0 as
X — Fo0.

A very common sufficient condition is the requirement that f(x) is absolutely
integrable. That is, the integral

| 1rlas

oo

exists. Since | f(x)e ™| = | f(x)], it follows that the integral for g(w) is absolutely
convergent; therefore it is convergent.

It is obvious that g(w) is, in general, a complex function of the real variable w.
So if f(x) is real, then

g(—w) = g*(w).
There are two immediate corollaries to this property:

(1) f(x) is even, g(w) is real;
(2) if f(x) is odd, g(w) is purely imaginary.

Other, less symmetrical forms of the Fourier integral can be obtained by working

directly with the sine and cosine series, instead of with the exponential functions.

Example 4.7 ,
Consider the Gaussian probability function f(x) = Ne™®*, where N and « are
constant. Find its Fourier transform g(w), then graph f(x) and g(w).

Solution: Its Fourier transform is given by

1 o i N [ 2 _iox
glw) = E/ﬂ@f(x)e “dx = E[me e x.
This integral can be simplified by a change of variable. First, we note that
—ax? — iwx = —(xva + iw/2Va)’ — P /4a,
and then make the change of variable xv/a + iw/2+/a = u to obtain
N _ o [T g, N e

s = . Nerh
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J&)

g(w)

(a) J\\
gw)
S
" /K ) §

Figure 4.13. Gaussian probability function: (@) large «; (b) small a.

It is easy to see that g(w) is also a Gaussian probability function with a peak at the
origin, monotonically decreasing as w — +oo. Furthermore, for large «, f(x) is
sharply peaked but g(w) is flattened, and vice versa as shown in Fig. 4.13. It is
interesting to note that this is a general feature of Fourier transforms. We shall see
later that in quantum mechanical applications it is related to the Heisenberg
uncertainty principle.

The original function f(x) can be retrieved from Eq. (4.31) which takes the
form

1 > nwc / 7w2/4a iwx
— dw “d
V 27T /—oc g( V 27'[' \/ ¢ “
e @ ' 7iwx/dw
By
in which we have set o’ = 1/4a, and x" = —x. The last integral can be evaluated

by the same technique, and we finally ﬁnd

lU.)\ 7(1;/.) *lw‘C dw
vV 27T/ \/ N V2 /
=— \/Z_Qef‘”_
V2a
= N = f(x).
Example 4.8
Given the box function which can represent a single pulse
, 1 |x]a
f(x)_{o x| > a

find the Fourier transform of f(x), g(w); then graph f(x) and g(w) for a = 3.
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S g(w)
37
6
2,
1 ar
1 - =23 -w3 2 w3 23w

| | ! ! | | z N A \ NS
3 2 -1 0 1 2 3 0

Figure 4.14. The box function.

Solution: The Fourier transform of f(x) is, as shown in Fig. 4.14,

1 o S 1 a o, 1 —iwx’
glw) = \/2%/ S e dx’ = \/271'/ (e d" == e—iw
- —a —a

5
:\/:smwa’ w#o
™ w

For w =0, we obtain g(w) = +/2/ma.
The Fourier integral representation of f(x) is

, 1 o wy , L [ 2sinwa g,
f(x)—\/—z_ﬂ/_wg(w)e dw—zﬂ/ ¢ dw.

—00

Now

O sinwa ¢ sin wa cos wx . [0 sinwa sin wx
——edw = ———dw+i —dw

o W 00 w 00 w

The integrand in the second integral is odd and so the integral is zero. Thus we
have

1 [ sinwacoswx 2 [ sinwacoswx

R B B

the last step follows since the integrand is an even function of w.

It is very difficult to evaluate the last integral. But a known property of f(x) will
help us. We know that f(x) is equal to 1 for |x| < a, and equal to 0 for |x| > a.
Thus we can write

2 [ sinwacoswx 1 |x]a
7(&4):
0

T w 0 |x|>a
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=8 wy=16 wy =32

Figure 4.15. The Gibb’s phenomenon.

Just as in Fourier series expansion, we also expect to observe Gibb’s
phenomenon in the case of Fourier integrals. Approximations to the Fourier
integral are obtained by replacing oo by a:

“8in w cos wx
—dw,
0 w

where we have set a = 1. Fig. 4.15 shows oscillations near the points of disconti-
nuity of f(x). We might expect these oscillations to disappear as o — oo, but they
are just shifted closer to the points x = +1.

Example 4.9 ‘
Consider now a harmonic wave of frequency wy, ¢“*’, which is chopped to a life-
time of 27 seconds (Fig. 4.16(a)):

et _T<t<T
{) = ==
S(1) {0 >0

The chopping process will introduce many new frequencies in varying amounts,
given by the Fourier transform. Then we have, according to Eq. (4.30),

T T
g(w) _ (27‘_)71/2/ o0l gl gy (271_)71/2/ el(w07w>tdl

-T -T
i(wy—w T .
— (2#)71/2.8(07)[ - (2/71)1/2TM.
i(wy —w)|_p (wg—w)T

This function is plotted schematically in Fig. 4.16(b). (Note that
lim,_,q (sinx/x) = 1.) The most striking aspect of this graph is that, although
the principal contribution comes from the frequencies in the neighborhood of
wy, an infinite number of frequencies are presented. Nature provides an example
of this kind of chopping in the emission of photons during electronic and nuclear
transitions in atoms. The light emitted from an atom consists of regular vibrations
that last for a finite time of the order of 107 s or longer. When light is examined
by a spectroscope (which measures the wavelengths and, hence, the frequencies)
we find that there is an irreducible minimum frequency spread for each spectrum
line. This is known as the natural line width of the radiation.

The relative percentage of frequencies, other than the basic one, present
depends on the shape of the pulse, and the spread of frequencies depends on
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g(w)

2T
-T T 4 - | [ \/ N ®
T
‘7 '
(@) Real part of e/’ b) Onmp Ot T

Figure 4.16. (a) A chopped harmonic wave ¢ that lasts a finite time 27 (b)
Fourier transform of ¢ |¢| < T, and 0 otherwise.

the time 7 of the duration of the pulse. As T becomes larger the central peak
becomes higher and the width Aw(= 27/T) becomes smaller. Considering only
the spread of frequencies in the central peak we have

Aw=27/T, or TA=1.
Multiplying by the Planck constant /2 and replacing 7 by At¢, we have the relation
AtAE = h. (4.32)

A wave train that lasts a finite time also has a finite extension in space. Thus the
radiation emitted by an atom in 10’ s has an extension equal to 3 x 10® x 107 =
3 x 107" m. A Fourier analysis of this pulse in the space domain will yield a graph
identical to Fig. 4.11(»), with the wave numbers clustered around
ko(= 27/ Ny = wy/v). If the wave train is of length 2a, the spread in wave number
will be given by aAk = 2x, as shown below. This time we are chopping an infinite
plane wave front with a shutter such that the length of the packet is 2a, where
2a = 2vT, and 2T is the time interval that the shutter is open. Thus

eikox —a<x<a
won{ i

0, |x| > a
Then

¢(k) = (271’)71/2 ‘/700 ’L/}(x)eiikxdx — (271_)*1/2 /:1 1/J(X)€7i/cxdx

. sin(kg — k)a
- (Z/W)l/zam.

This function is plotted in Fig. 4.17: it is identical to Fig. 4.16(b), but here it is the
wave vector (or the momentum) that takes on a spread of values around k,. The
breadth of the central peak is Ak = 2x/a, or aAk = 2.
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ky+

ko

BYE|
2

Figure 4.17.  Fourier transform of ¢~

|x| < a.
Fourier sine and cosine transforms

If f(x) is an odd function, the Fourier transforms reduce to

2 oo
- \/:/ S(x")sinwx'dx',  f(x) \/7/ w)sinwxdw.  (4.33a)
T Jo

Similarly, if f(x) is an even function, then we have Fourier cosine transforma-
tions:

w) = \/z/oof(x')coswx'dx', f/ w)coswxdw.  (4.33b)
T Jo

To demonstrate these results, we first expand the exponential function on the
right hand side of Eq. (4.30)

1 © "N —iwx’ /
o) == [ e

) cos d——oo'/s' x'dx’.
m/ f(x") coswx'dx m/ocf(x)mwx X

If f(x) is even, then f(x)coswx is even and f(x)sinwx is odd. Thus the second
integral on the right hand side of the last equation is zero and we have

g(w) = \/Lz_ﬂ/_oof(x’)coswx’dx’ = \/%/Omf(x’)coswx'dx’;

g(w) is an even function, since g(—w) = g(w). Next from Eq. (4.31) we have

/ IvJde

/ ) cos wxdw +

oo

=l

ﬁ\ ﬁ!

g(w) sin wxdw.
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Since g(w) is even, so g(w) sinwx is odd and the second integral on the right hand
side of the last equation is zero, and we have

f(x) = \/lz—w/: g(w) coswxdw = \/i/omg(w) cos wxdw.

Similarly, we can prove Fourier sine transforms by replacing the cosine by the
sine.

Heisenberg’s uncertainty principle

We have demonstrated in above examples that if /(x) is sharply peaked, then g(w)
is flattened, and vice versa. This is a general feature in the theory of Fourier
transforms and has important consequences for all instances of wave propaga-
tion. In electronics we understand now why we use a wide-band amplification in
order to reproduce a sharp pulse without distortion.

In quantum mechanical applications this general feature of the theory of
Fourier transforms is related to the Heisenberg uncertainty principle. We saw
in Example 4.9 that the spread of the Fourier transform in k space (Ak) times
its spread in coordinate space (a) is equal to 27 (a¢Ak = 27). This result is of
special importance because of the connection between values of £ and momentum
p: p = hk (where # is the Planck constant / divided by 27). A particle localized in
space must be represented by a superposition of waves with different momenta.
As a result, the position and momentum of a particle cannot be measured simul-
taneously with infinite precision; the product of “uncertainty in the position deter-
mination’ and ‘uncertainty in the momentum determination’ is governed by the
relation AxAp =2 h(ahAk = 2nh = h, or AxAp =2 h, Ax = a). This statement is
called Heisenberg’s uncertainty principle. If position is known better, knowledge
of the momentum must be unavoidably reduced proportionally, and vice versa. A
complete knowledge of one, say k£ (and so p), is possible only when there is
complete ignorance of the other. We can see this in physical terms. A wave
with a unique value of k is infinitely long. A particle represented by an infinitely
long wave (a free particle) cannot have a definite position, since the particle can be
anywhere along its length. Hence the position uncertainty is infinite in order that
the uncertainty in k is zero.

Equation (4.32) represents Heisenberg’s uncertainty principle in a different
form. It states that we cannot know with infinite precision the exact energy of a
quantum system at every moment in time. In order to measure the energy of a
quantum system with good accuracy, one must carry out such a measurement for
a sufficiently long time. In other words, if the dynamical state exists only for a
time of order At, then the energy of the state cannot be defined to a precision
better than /1/At.
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We should not look upon the uncertainty principle as being merely an unfor-
tunate limitation on our ability to know nature with infinite precision. We can use
it to our advantage. For example, when combining the time—energy uncertainty
relation with Einstein’s mass—energy relation (E = mc?) we obtain the relation
AmAt = h/ ¢*. This result is very useful in our quest to understand the universe, in
particular, the origin of matter.

Wave packets and group velocity

Energy (that is, a signal or information) is transmitted by groups of waves, not a
single wave. Phase velocity may be greater than the speed of light ¢, ‘group
velocity’ is always less than ¢. The wave groups with which energy is transmitted
from place to place are called wave packets. Let us first consider a simple case
where we have two waves ¢, and ¢,: each has the same amplitude but differs
slightly in frequency and wavelength,

w1(x, 1) = Acos(wt — kx),

©a(x, 1) = Acos|(w + Aw)t — (k + Ak)x],
where Aw < w and Ak < k. Each represents a pure sinusoidal wave extending to
infinite along the x-axis. Together they give a resultant wave

=Pt
= A{cos(wt — kx) + cos[(w + Aw)t — (k + Ak)x]}.
Using the trigonometrical identity

A+ B A—-B
c0s——,

cos A +cos B =2cos

we can rewrite ¢ as
2wt — 2kx + Awt — Akx —Awt + Akx
cos
2 2
=2 cos% (Awt — Akx) cos(wt — kx).

@ =2cos

This represents an oscillation of the original frequency w, but with a modulated
amplitude as shown in Fig. 4.18. A given segment of the wave system, such as 4B,
can be regarded as a ‘wave packet’ and moves with a velocity v, (not yet deter-
mined). This segment contains a large number of oscillations of the primary wave
that moves with the velocity v. And the velocity v, with which the modulated
amplitude propagates is called the group velocity and can be determined by the
requirement that the phase of the modulated amplitude be constant. Thus

Ve = dx/dt = Aw/ Ak — dw/dk.
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cos (wt — kx)

cos Mt—&x
2 2

Figure 4.18. Superposition of two waves.

The modulation of the wave is repeated indefinitely in the case of superposition of
two almost equal waves. We now use the Fourier technique to demonstrate that
any isolated packet of oscillatory disturbance of frequency w can be described in
terms of a combination of infinite trains of frequencies distributed around w. Let
us first superpose a system of n waves

w(x’ [) = ZAjei(k/‘xfw/‘l)7
=

where 4; denotes the amplitudes of the individual waves. As n approaches infinity,
the frequencies become continuously distributed. Thus we can replace the sum-
mation with an integration, and obtain

PY(x, 1) = [ ” A(k)e = g (4.34)

the amplitude A4(k) is often called the distribution function of the wave. For
¥(x,t) to represent a wave packet traveling with a characteristic group velocity,
it is necessary that the range of propagation vectors included in the superposition
be fairly small. Thus, we assume that the amplitude A4(k) # 0 only for a small
range of values about a particular k, of k:

A(k) £0, ky—e<k<ky+e, &<k

The behavior in time of the wave packet is determined by the way in which the
angular frequency w depends upon the wave number k: w = w(k), known as the
law of dispersion. If w varies slowly with &, then w(k) can be expanded in a power
series about ky:

dw

lh) = (ko) + G (= o) - = i+ 'k = ko) +0|(k~ ko),

where

dw
Wy = W(ko), and w’ = %

0
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and the subscript zero means ‘evaluated’ at k = k. Now the argument of the
exponential in Eq. (4.34) can be rewritten as

wt — kx = (wot — kox) +w'(k — ko)t — (k — ko)x
= (WOZ — kox) + (k — ko)(u)ll — X)

and Eq. (4.34) becomes

ko+e

P(x, 1) = expli(kox — wpt)] / A(k)expli(k — ko) (x — w't)]dk. (4.35)

ko—e
If we take k — kg as the new integration variable y and assume A4 (k) to be a slowly
varying function of k in the integration interval 2¢, then Eq. (4.35) becomes
kote ,
vl 0) = explitkox — 0] [ Ak + ) expliCs — w'0ldy.

ko—e

Integration, transformation, and the approximation A(kq+ y) = A(ky) lead to
the result

1/1()67 t) = B(xv t) exp[i(kOX - wOZ)] (436)
with

sin[Ak(x — w't)]

B(x,1) = 24 (ko) ————7

(4.37)

As the argument of the sine contains the small quantity Ak, B(x, ) varies slowly
depending on time ¢ and coordinate x. Therefore, we can regard B(x,t) as the
small amplitude of an approximately monochromatic wave and kox — wyt as its
phase. If we multiply the numerator and denominator on the right hand side of
Eq. (4.37) by Ak and let

z=Ak(x —w't)
then B(x, ) becomes

B(x, 1) = 24 (ko) Ak 222
z

and we see that the variation in amplitude is determined by the factor sin (z)/z.
This has the properties

and

=0 for z=4m +2m,....
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If we further increase the absolute value of z, the function sin(z)/z runs alter-
nately through maxima and minima, the function values of which are small com-
pared with the principal maximum at z =0, and quickly converges to zero.
Therefore, we can conclude that superposition generates a wave packet whose
amplitude is non-zero only in a finite region, and is described by sin (z)/z (see Fig.
4.19).

The modulating factor sin (z)/z of the amplitude assumes the maximum value 1
as z — 0. Recall that z = Ak(x — w't), thus for z = 0, we have

x—w't=0,

which means that the maximum of the amplitude is a plane propagating with
velocity

dx _ o _dw
ar ~ T Ak,

that is, w’ is the group velocity, the velocity of the whole wave packet.

The concept of a wave packet also plays an important role in quantum
mechanics. The idea of associating a wave-like property with the electron and
other material particles was first proposed by Louis Victor de Broglie (1892—-1987)
in 1925. His work was motivated by the mystery of the Bohr orbits. After
Rutherford’s successful «-particle scattering experiments, a planetary-type
nuclear atom, with electrons orbiting around the nucleus, was in favor with
most physicists. But, according to classical electromagnetic theory, a charge
undergoing continuous centripetal acceleration emits electromagnetic radiation

Amplitude

Figure 4.19. A wave packet.
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continuously and so the electron would lose energy continuously and it would
spiral into the nucleus after just a fraction of a second. This does not occur.
Furthermore, atoms do not radiate unless excited, and when radiation does
occur its spectrum consists of discrete frequencies rather than the continuum of
frequencies predicted by the classical electromagnetic theory. In 1913 Niels Bohr
(1885-1962) proposed a theory which successfully explained the radiation spectra
of the hydrogen atom. According to Bohr’s postulates, an atom can exist in
certain allowed stationary states without radiation. Only when an electron
makes a transition between two allowed stationary states, does it emit or absorb
radiation. The possible stationary states are those in which the angular momen-
tum of the electron about the nucleus is quantized, that is, mvr = nh, where v is
the speed of the electron in the nth orbit and r is its radius. Bohr didn’t clearly
describe this quantum condition. De Broglie attempted to explain it by fitting a
standing wave around the circumference of each orbit. Thus de Broglie proposed
that n\ = 27r, where A is the wavelength associated with the nth orbit. Combining
this with Bohr’s quantum condition we immediately obtain

De Broglie proposed that any material particle of total energy £ and momentum p
is accompanied by a wave whose wavelength is given by A =//p and whose
frequency is given by the Planck formula v = E/h. Today we call these waves
de Broglie waves or matter waves. The physical nature of these matter waves was
not clearly described by de Broglie, we shall not ask what these matter waves are —
this is addressed in most textbooks on quantum mechanics. Let us ask just one
question: what is the (phase) velocity of such a matter wave? If we denote this
velocity by u, then

2
= e/ 1+ (moe/p)’ == <p’">

1 —?/c?

which shows that for a particle with m, > 0 the wave velocity u is always greater
than ¢, the speed of light in a vacuum. Instead of individual waves, de Broglie
suggested that we can think of particles inside a wave packet, synthesized from a
number of individual waves of different frequencies, with the entire packet travel-
ing with the particle velocity v.

De Broglie’s matter wave idea is one of the cornerstones of quantum
mechanics.
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Heat conduction

We now consider an application of Fourier integrals in classical physics. A semi-
infinite thin bar (x > 0), whose surface is insulated, has an initial temperature
equal to f(x). The temperature of the end x =0 is suddenly dropped to and
maintained at zero. The problem is to find the temperature 7'(x, ¢) at any point
x at time ¢. First we have to set up the boundary value problem for heat conduc-
tion, and then seek the general solution that will give the temperature 7T'(x, ) at
any point x at time ¢.

Head conduction equation

To establish the equation for heat conduction in a conducting medium we need
first to find the heat flux (the amount of heat per unit area per unit time) across a
surface. Suppose we have a flat sheet of thickness An, which has temperature 7 on
one side and T + AT on the other side (Fig. 4.20). The heat flux which flows from
the side of high temperature to the side of low temperature is directly proportional
to the difference in temperature AT and inversely proportional to the thickness
An. That is, the heat flux from I to II is equal to

KAT
An’

where K, the constant of proportionality, is called the thermal conductivity of the
conducting medium. The minus sign is due to the fact that if AT > 0 the heat
actually flows from II to I. In the limit of An — 0, the heat flux across from II to I
can be written
kT _ _xvr.
on

The quantity 9T /0n is called the gradient of T which in vector form is V7.

We are now ready to derive the equation for heat conduction. Let V' be an
arbitrary volume lying within the solid and bounded by surface S. The total

@ (ID)

T An T+ AT

Figure 4.20. Heat flux through a thin sheet.
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amount of heat entering S per unit time is

/ /S (KVT) - ids,

where 71 is an outward unit vector normal to element surface area dS. Using the
divergence theorem, this can be written as

J[[ vy aas= [[[ v wvriar. w3s)

Now the heat contained in V is given by

[l

where ¢ and p are respectively the specific heat capacity and density of the solid.
Then the time rate of increase of heat is

Sl [l

Equating the right hand sides of Eqs. (4.38) and (4.39) yields

///V [C"%‘V'<KVT)]dV=o.

Since V is arbitrary, the integrand (assumed continuous) must be identically zero:
oT
— =V (KVT
5, (KVT)
or if K, ¢, p are constants
oT
S =KV VT = kV2T, (4.40)

where k = K/cp. This is the required equation for heat conduction and was first
developed by Fourier in 1822. For the semiinfinite thin bar, the boundary condi-
tions are

T(xv 0) :f(x)v T(Oa t) =0, |T(x’ t)| <M, (441)

where the last condition means that the temperature must be bounded for physical
reasons.

A solution of Eq. (4.40) can be obtained by separation of variables, that is by
letting

T=X(x)H(t).
Then
XH =kX"H or X”/X:H’/kH.
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Each side must be a constant which we call —\?. (If we use +\?, the resulting
solution does not satisfy the boundedness condition for real values of \.) Then

X'"+XNX=0, H +XNkH=0
with the solutions
X(x)=A;cos\x+ Bysin\x, H(t) = Cre .
A solution to Eq. (4.40) is thus given by
T(x, 1) = Cle_k’\z’(Al cos \x + Bj sin Ax)
= e_k’\z’(A cos Ax + Bsin Ax).

From the second of the boundary conditions (4.41) we find 4 = 0 and so T(x, 1)
reduces to

T(x,t) = Be ™" sin Ax.

Since there is no restriction on the value of A, we can replace B by a function B(\)
and integrate over A from 0 to co and still have a solution:

T(x,1) = / B(\)e ™ sin Axd. (4.42)
0
Using the first of boundary conditions (4.41) we find
1) = / B()) sin Axd.
0
Then by the Fourier sine transform we find
2 [ 2 [
B(\) = —/ f(x)sin Axdx = —/ f(u) sin Audu
T™Jo T™Jo
and the temperature distribution along the semiinfinite thin bar is
2 o0 (o) 2
T(x,1) == / / £ ()e ™" sin Ausin Axddu. (4.43)
TJo Jo

Using the relation

sin Ausin Ax = J[cos A(u — x) — cos A(u + x)],

Eq. (4.43) can be rewritten

T(x,t) = 717/000 /Ooof(u)e_k’\zf[cos Au — x) — cos M(u + x)|d\du

T 0 0

:l/ f(u) [/ efk’\ztcos)\(u—x)d)\—/ efk’\zlcos)\(u—kx)d)\ du.
0
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Using the integral

00 5 1
/ e—a/\ cos ﬁ)\d)\ _ \/Ee—ﬂ2/4a7
0 2 «

T(X, l) — ﬁ I:/ f( ) (u—x) /4Atd / f —(u+x) /4ktdu:|

Letting (1 — x)/2v/kt = w in the first integral and (u + x)/2v/kt = w in the second
integral, we obtain

we find

o0

1 /OO ) 2
T(x,t) = — e " f(2w kt+xdw7/ e " f2wvVkt — x)dw]|.
(1) ﬁ[ e [ e )

Fourier transforms for functions of several variables

We can extend the development of Fourier transforms to a function of several
variables, such as f(x,y,z). If we first decompose the function into a Fourier
integral with respect to x, we obtain

f(x7ya /— Wy Vs 2 lw xdww
:

where + is the Fourier transform. Similarly, we can decompose the function with

respect to y and z to obtain
1 o0 Xt p-hio.z
fx,p,2) = W/ g(wxaw,ww;)elw""ww""}'w"‘)dwxdwydwm
™ —00

with
g(wwwww 2/3 / f X, V52 ~ilopxteyytus) dXdde

We can regard w,,w,,w. as the components of a vector w whose magnitude is

w= \/w§+w§+w§,

then we express the above results in terms of the vector w:

1 ~ ior
f(r)= (271_)2/3/_0C g(w)e'“"do, (4.44)

- 2/3/ f(r)e @ gr. (4.45)
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The Fourier integral and the delta function

The delta function is a very useful tool in physics, but it is not a function in the
usual mathematical sense. The need for this strange ‘function’ arises naturally
from the Fourier integrals. Let us go back to Egs. (4.30) and (4.31) and substitute
g(w) into f(x); we then have

1 o 00 ) ,
f(x) = —/ dw/ dx'f (x") e
271— —00 —00

Interchanging the order of integration gives
o 1 o0 . ’
10 = [ ey s [ dwe, (4.46)

If the above equation holds for any function f(x), then this tells us something
remarkable about the integral

1 [ i /
Z/_OC dwezw(xfx)

considered as a function of x’. It vanishes everywhere except at x’ = x, and its
integral with respect to x’ over any interval including x is unity. That is, we may
think of this function as having an infinitely high, infinitely narrow peak at
x = x’. Such a strange function is called Dirac’s delta function (first introduced
by Paul A. M. Dirac):

1 [~ io(x—x!
§(x—x') = = /_ . dwe™ =), (4.47)
Equation (4.46) then becomes
1) = / F(x)6(x — x)ax". (4.48)

Equation (4.47) is an integral representation of the delta function. We summarize
its properties below:

S(x—x")=0, if x" # x; (4.49a)
b 0, if x>b <
/ §(x — x")dx" = { Broborrsd (4.49b)
p I, fa<x<b

7(x) = /_ T )80 — x')d'. (4.49¢)
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It is often convenient to place the origin at the singular point, in which case the
delta function may be written as

1 > iwx
_E/foo dwe'™™. (4.50)

To examine the behavior of the function for both small and large x, we use an
alternative representation of this function obtained by integrating as follows:

B . sinax
6(x 1m "”dw =lim—|— | = lim
271' a— a—oco 27 i

X
where a is positive and real. We see immediately that §(—x) = é(x). To examine
its behavior for small x, we consider the limit as x goes to zero:

: (4.51)

a—oo  TTX

. sinax a, sinax a
lim = —lim =—.
x—0 7TX Tx—0 ax ™

Thus, 6(0) = lim,_,o(a/7) — oo, or the amplitude becomes infinite at the singu-
larity. For large |x|, we see that sin(ax)/x oscillates with period 27/a, and its
amplitude falls off as 1/|x|. But in the limit as a goes to infinity, the period
becomes infinitesimally narrow so that the function approaches zero everywhere
except for the infinite spike of infinitesimal width at the singularity. What is the
integral of Eq. (4.51) over all space?

o0 1 [o Oy
. sinax .2 sin ax 2w
lim dx = lim — dx =——
oo 40 TTX a—ooT Jo WX w2

=1.

Thus, the delta function may be thought of as a spike function which has unit area
but a non-zero amplitude at the point of singularity, where the amplitude becomes
infinite. No ordinary mathematical function with these properties exists. How do
we end up with such an improper function? It occurs because the change of order
of integration in Eq. (4.46) is not permissible. In spite of this, the Dirac delta
function is a most convenient function to use symbolically. For in applications the
delta function always occurs under an integral sign. Carrying out this integration,
using the formal properties of the delta function, is really equivalent to inverting
the order of integration once more, thus getting back to a mathematically correct
expression. Thus, using Eq. (4.49) we have

[ " (080 — x)dx = £(x),

but, on substituting Eq. (4.47) for the delta function, the integral on the left hand

side becomes
o0 1 00 o
X){ —— dwe’“’(“x)}dx
N ){ =/
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or, using the property 6(—x) = 6(x),

e

and changing the order of integration, we have

[l o

Comparing this expression with Egs. (4.30) and (4.31), we see at once that this
double integral is equal to f(x'), the correct mathematical expression.

It is important to keep in mind that the delta function cannot be the end result of a
calculation and has meaning only so long as a subsequent integration over its argu-
ment is carried out.

We can easily verify the following most frequently required properties of the
delta function:

Ifa<b
/a )6 — x')dx = {{) fxl)’ i; ifj; ;bx, e (4.52a)

85(—x) = 8(x), (4.52b)

§'(x) = —8'(=x),  &'(x) = db(x)/dx, (4.52¢)

x8(x) =0, (4.52d)

8(ax) =a '6(x), a>0, (4.52¢)

8(x* —d*) = 2a) '[6(x — a) + 6(x +a)], a>0, (4.52f)

/ 8(a — x)8(x — b)dx = 8(a — b), (4.52¢)

f(x)6(x — a) = f(a)8(x — a). (4.52h)

Each of the first six of these listed properties can be established by multiplying
both sides by a continuous, differentiable function f(x) and then integrating over
x. For example, multiplying x&'(x) by f(x) and integrating over x gives

/f )x6'( /6 xjx
/6 x) +xf'(x /f

Thus x6(x) has the same effect when it is a factor in an integrand as has —6(x).
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Parseval’s identity for Fourier integrals

We arrived earlier at Parseval’s identity for Fourier series. An analogy exists for
Fourier integrals. If g(«) and G(«) are Fourier transforms of f(x) and F(x)
respectively, we can show that

/_ z £ F*(x)dx = % /_ z 2(0)G*(a)day, (4.54)

where F*(x) is the complex conjugate of F(x). In particular, if F(x) =f(x) and
hence G(a) = g(«), then we have

| 1P = [ letada. (4.54)

o0 —00

Equation (4.53), or the more general Eq. (4.54), is known as the Parseval’s iden-
tity for Fourier integrals. Its proof is straightforward:

[ [ e
x [le_w /_ z G*(a’)e"“’*da’} dx

:/ da/ da’g(a)G*(a'){l/ eix(a_“/>dx]
—00 —00 27 —00

_ /_ : dag(a) /_ Z da’G*(a')(a’ — a) = /_ " g(0)G*(a)da.

o0

Parseval’s identity is very useful in understanding the physical interpretation of
the transform function g(«) when the physical significance of f(x) is known. The
following example will show this.

Example 4.10

Consider the following function, as shown in Fig. 4.21, which might represent the
current in an antenna, or the electric field in a radiated wave, or displacement of a
damped harmonic oscillator:

f(t)_{() t<0

e Msinwgt >0
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U]

Figure 4.21. A damped sine wave.

Its Fourier transform g(w) is

1 L i
sw) == [ (e
—00
1 - —t/T —iwt ;
=— e e ™ sinwytdt
V 271'[00 0

1 1 1
2V2r (w+wo —i/T w—wy— i/T)'

If f(¢) is a radiated electric field, the radiated power is proportional to |f (t)|2
and the total energy radiated is proportional to fooo |f (t)|2dt. This is equal to
IS |g(w)[*dw by Parseval’s identity. Then |g(w)|* must be the energy radiated
per unit frequency interval.

Parseval’s identity can be used to evaluate some definite integrals. As an exam-

ple, let us revisit Example 4.8, where the given function is

1 |x|<a
f(x):{o

x| >a
and its Fourier transform is

2 sinwa

gw) = T w

By Parseval’s identity, we have
[ v@pa= [ ey
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This is equivalent to

from which we find

The convolution theorem for Fourier transforms

The convolution of the functions f(x) and H(x), denoted by f * H, is defined by
f+xH= / S(u)H(x — u)du (4.55)

If g(w) and G(w) are Fourier transforms of f(x) and H(x) respectively, we can
show that

1 OC luJ‘C
+ st dwf/ F)H(x — w)du (4.56)

This is known as the convolution theorem for Fourier transforms. It means that
the Fourier transform of the product g(w)G(w), the left hand side of Eq. (55), is
the convolution of the original function.

The proof is not difficult. We have, by definition of the Fourier transform,

g(w) = \/—%%‘/_Zf(x)eiwxdx, G(u}) = \/_%;/_: H(x/)efiwx'dx/
Then

g(w)G(w) :% [ h [ Oof(x)H(x’)e—"W<X+X’>dxdx'. (4.57)

Let x + x" = uin the double integral of Eq. (4.57) and we wish to transform from
(x, x") to (x,u). We thus have
d(x,x")
O(x,u)
where the Jacobian of the transformation is
ox Ox
(x,x") |9x Ou 10 |
6()(?,1/!) 8x' 8X, - 0 1 -
Ox Ou

dxdx’ =

dudx,
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Thus Eq. (4.57) becomes

e@6) =5 [ [ st e asd

- % : e [ [ : f(xX)H(u— x)du} dx
_ F{/Zf(x)H(u - x)du} — F{f+H). (4.58)
From this we have equivalently
foH = F )6 = (1/20) [~ ee()6lo)

which is Eq. (4.56).
Equation (4.58) can be rewritten as

F{f}F{H} = F{f«H}  (¢=F{/},G=F{H}),

which states that the Fourier transform of the convolution of f(x) and H(x) is equal
to the product of the Fourier transforms of f(x) and H(x). This statement is often
taken as the convolution theorem.

The convolution obeys the commutative, associative and distributive laws of
algebra that is, if we have functions f, f>, f3 then

fxfh=fH*N commutative;
fix(faxf3)=(fi xf2) *f3 associative; (4.59)
Six (o +/f3) =fixfo +fi+f3 distributive.

It is not difficult to prove these relations. For example, to prove the commutative
law, we first have

fish= | AGA - wd
Now let x — u = v, then

ﬁ*ﬁz/ﬁﬁ@ﬁ@—mw

:/fﬁu—mﬁwm:ﬁaﬂ

Example 4.11
Solve the integral equation y(x) =f(x)+ [° y(u)r(x — u)du, where f(x) and
r(x) are given, and the Fourier transforms of y(x), f(x) and r(x) exist.
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Solution: Let us denote the Fourier transforms of y(x), f(x) and r(x) by
Y(w), F(w), and R(w) respectively. Taking the Fourier transform of both sides
of the given integral equation, we have by the convolution theorem

F(w)

Y(w)=F(w)+ Y(w)R(w) or Y(w)= T—R@)

Calculations of Fourier transforms

Fourier transforms can often be used to transform a differential equation which is
difficult to solve into a simpler equation that can be solved relatively easy. In
order to use the transform methods to solve first- and second-order differential
equations, the transforms of first- and second-order derivatives are needed. By
taking the Fourier transform with respect to the variable x, we can show that

(a) F(SZ) = iaF(u),

(b) F<32”> = —a2F(u), (4.60)

ax?
0 (%) =20

Proof: (a) By definition we have
F<8u> _ @e—mxdx’

Ox oo OX

where the factor 1/v/27 has been dropped. Using integration by parts, we obtain

ou CoU iy
F(&) = _Ocae dx

[e¢} o]
+ia / e "““dx
oo _

oo

— ue—I(YX

= iaF(u).
(b) Let u = Jv/0x in (a), then

F<%> = iaF(%) = (ia)*F(v).

Now if we formally replace v by u we have

621/{ 2
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provided that v and Ou/0x — 0 as x — +oo. In general, we can show that

#(5) = arrw

if u, 0u/ox, ..., 0" 'u/ox""" — +oo as x — Foo.
(¢) By definition

Ou > Ou ﬂav ﬂa\ _Y
F(E>: G d,_a/ dx = Fu)

Example 4.12
Solve the inhomogeneous differential equation

2
(;2+P$+Q>f( ) = R(x), — oo < x < o0,

where p and ¢ are constants.

Solution:  We transform both sides

2
F{Zé Iy qf} (i) + plia) + P (1)}
— F{R(x)}.

If we denote the Fourier transforms of f(x) and R(x) by g(«) and G(«), respec-
tively,

F{f(x)} =g(a), F{R(x)} = G(a),
we have
(o’ +ipa+q)g(e) = G(a), or g(a) =G(a)/(—a’ + ipa+q)

and hence

da

F(x) = \/ﬂ/ g
\/—/ —a? +zp21+qda

We will not gain anything if we do not know how to evaluate this complex
integral. This is not a difficult problem in the theory of functions of complex
variables (see Chapter 7).
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The delta function and the Green’s function method

The Green’s function method is a very useful technique in the solution of partial
differential equations. It is usually used when boundary conditions, rather than
initial conditions, are specified. To appreciate its usefulness, let us consider the
inhomogeneous differential equation

L(x)£(x) = M(x) = R(x) (4.61)

over a domain D, with L an arbitrary differential operator, and A\ a given con-
stant. Suppose we can expand f(x) and R(x) in eigenfunctions u, of the operator
L(Lun = )\Hun):

f(x) = chun(x)v R(X) = Zdnun(x)'

Substituting these into Eq. (4.61) we obtain

> el = Nta(x) =D dyty(x).

Since the eigenfunctions u,(x) are linearly independent, we must have
(M= AN =d, or ¢,=d,/(\, —N).
Moreover,

d, :/u,’fR(x)dx.
D

Now we may write ¢, as

1
» — *
C, = . /\/Dun R(x)dx,

therefore

f(x) = Z/\nui /\/Duif(x’)R(x’)dx’.

n

This expression may be written in the form

f(x)= /DG(x,x')R(x')dx', (4.62)
where G(x,x') is given by
G(x,x") = Z% (4.63)

n

and is called the Green’s function. Some authors prefer to write G(x,x’;\) to
emphasize the dependence of G on A as well as on x and x'.
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What is the differential equation obeyed by G(x,x’)? Suppose f(x') in Eq.
(4.62) is taken to be §(x’ — x,), then we obtain

flx)= /DG(x,x/)(S(x’ — Xxg)dx = G(x,Xxp).

Therefore G(x,x") is the solution of
LG(x,x") — AG(x,x") = 6(x — x'), (4.64)

subject to the appropriate boundary conditions. Eq. (4.64) shows clearly that the
Green’s function is the solution of the problem for a unit point ‘source’
R(x) = 6(x — x").

Example 4.13
Find the solution to the differential equation

2
% — kPu=f(x) (4.65)

on the interval 0 < x </, with u(0) = u(/) = 0, for a general function f(x).

Solution: We first solve the differential equation which G(x,x’) obeys:

d*G(x,x")

e KG(x,x") = 8(x — x'). (4.66)

For x equal to anything but x’ (that is, for x < x" or x > x'), §(x — x") = 0 and
we have

2 l
%szde,x/) =0 (x < x'),
X
2 l
%—szgx,x’) =0 (x>x).

Therefore, for x < x’

G. = Ae™ + Be™.
By the boundary condition u(0) =0 we find 4 + B =0, and G_ reduces to

G. = A(™ — ™), (4.67a)
similarly, for x > x’

G. = Ce™ + D™
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By the boundary condition u(/) =0 we find Ce!’ + De™ =0, and G. can be
rewritten as

G. = C/[ek(xfl) _ C;k(xfl)]? (4.67b)

where C’ = Cé*'.
How do we determine the constants 4 and C’? First, continuity of G at x = x’
gives

A(é’kx _ e—kX) _ Cl(ek(x_]) _ e—k(x—/)). (468)

A second constraint is obtained by integrating Eq. (4.61) from x’ — ¢ to x' + ¢,
where ¢ is infinitesimal:

x'+e | 2 x'+e
/ l‘;—f —kK*G|dx = / 8(x — x")dx = 1. (4.69)
x'—e X x'—¢

But

X +€
/ K Gdx = kK*(G. — G.) =0,

X' —€

where the last step is required by the continuity of G. Accordingly, Eq. (4.64)
reduces to

Yt PG dG. dG
=" T, 4.70
/, 2T A T Tax (4.70)
Now
dG< _ fex! —kx'
o | = Ak(e™ +e )
and
dG., k=) —k(x'=1)
|~ C'kle +e ]

Substituting these into Eq. (4.70) yields
C(' =D 4 o =Dy gk (e 4 7y = 1. (4.71)

We can solve Eqgs. (4.68) and (4.71) for the constants 4 and C'. After some
algebraic manipulation, the solution is

4 1 sinhk(x' - 1) ;1 sinhkx’
-2k sinhkl 2k sinhkl
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and the Green’s function is

_ Lsinhkxsinhk(x" — 1)

!
Glx,x) =7 sinh k/ :

(4.72)

which can be combined with f(x) to obtain u(x):

4.1

4.2

4.3

44

4.5

4.6

4.7

4.8
4.9

!
u(x):/0 G(x,x") f(x")dx'.

Problems

() Find the period of the function f(x) = cos(x/3) + cos(x/4).

(b) Show that, if the function f(f) = cosw;t+ cosw,t is periodic with a
period T, then the ratio w; /w, must be a rational number.

Show that if f(x + P) = f(x), then

a+P/2 P/2 P+x X
/ S = [ fx)dx, F(x)dx = / F(x)dx.

-p)2 ) P

(a) Using the result of Example 4.2, prove that

TR DR
3 5 7 4
(b) Using the result of Example 4.3, prove that
1 1 1 =2
[x3 3x5 5x7 T4

Find the Fourier series which represents the function f(x) = |x| in the inter-

val —r < x <.

Find the Fourier series which represents the function f(x) = x in the interval

—r<x<m.

Find the Fourier series which represents the function f(x) = x* in the inter-

val —r < x <.

Represent f(x) = x,0 < x < 2, as: (@) in a half-range sine series, (b) a half-

range cosine series.

Represent f(x) =sin x, 0 < x < 7, as a Fourier cosine series.

(a) Show that the function f(x) of period 2 which is equal to x on (—1,1)
can be represented by the following Fourier series

i iTx —inx 1 2irx 1 —2imx 1 3imx 1 —3imx
- (e e 5 e + 3 e + 3 e 3 e + .

(b) Write Parseval’s identity corresponding to the Fourier series of (a).
(¢) Determine from (b) the sum S of the series 1 + }—1 + % 4= >0% l/nz.

n=1

195



FOURIER SERIES AND INTEGRALS

4.10 Find the exponential form of the Fourier series of the function whose defi-

nition in one period is f(x) = e ", -1 < x < I.
4.11 (a) Show that the set of functions
| sin X cos X sin 21x cos 2mx » 3mx cos 3mx
) L ) L ) L ) L b L b L yc

form an orthogonal set in the interval (=L, L).
(b) Determine the corresponding normalizing constants for the set in (a) so
that the set is orthonormal in (—L, L).
4.12 Express f(x,y) = xy as a Fourier series for 0 <x < 1,0 <y <2.
4.13 Steady-state heat conduction in a rectangular plate: Consider steady-state
heat conduction in a flat plate having temperature values prescribed on the
sides (Fig. 4.22). The boundary value problem modeling this is:

Ou &u

W+82—)}2=0, 0<x<a 0O0<y<pf

u(x,0) =u(x,5) =0, 0<x<aq

u(O,y):O,u(a,y):T, 0<y<ﬂ'

Determine the temperature at any point of the plate.

4.14 Derive and solve the following eigenvalue problem which occurs in the
theory of a vibrating square membrane whose sides, of length L, are kept
fixed:

Fw  Pw

W+ay2+>\W:0,

w(0,y) =w(L,y) =0 (0<y<L),

w(x,0) =w(x,L)=0 (0<y<L).

u=0

u=0 a

Figure 4.22. Flat plate with prescribed temperature.

196



PROBLEMS

4.15

4.16

4.17

4.18

4.19

4.20

4.21

Show that the Fourier integral can be written in the form
1 o0 o0
f(x)= —/ dw/ f(x")cosw(x — x")dx'.
™ Jo —00

Starting with the form obtained in Problem 4.15, show that the Fourier
integral can be written in the form

f(x) = /oo {A4(w) coswx + B(w) sinwx }dw,
0
where
Alw) = %/mf(x) cos wx dx, B(w) = %/wf(x) sin wx dx.

(a) Find the Fourier transform of

2
f(x):{l_x x| <1

0 x| > 1
(b) Evaluate
/ooxcosx - Sinxcosfdx
0 X3 2 ’

—mx

(a) Find the Fourier cosine transform of f(x) = e ™, m > 0.

(b) Use the result in (@) to show that

*° cospx ™o
————dx=—e " >0,a>0).
/0 2 ta? 20 V2 ) )

Solve the integral equation

/”f() J {loz 0<a<l1
X)sin ax dx = .
0 “ 0 a>1

Find a bounded solution to Laplace’s equation Vzu(x,y) = 0 for the half-
plane y > 0 if u takes on the value of f(x) on the x-axis:

Pu  &u

ﬁﬂTyZ:O’ u(x,0) = f(x), u(x, y)| < M.
Show that the following two functions are valid representations of the delta
function, where ¢ is positive and real:

I . 1

(@ 0(x) = = lim e
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4.22 Verify the following properties of the delta function:
(a) 8(x) = 8(—x),
(b) x6(x) =0,
(0) '(—x) = =8'(x),
(d) x8'(x) = —8(x),
(€) ¢b(cx) = 6(x), ¢>0.
4.23 Solve the integral equation for y(x)

© y(u)du 1
= 0<a<hb.
[oc (x—u)z—&—a2 X2+ b “

4.24 Use Fourier transforms to solve the boundary value problem
ot ox*’

where —oco < x < oo, ¢ > 0.
4.25 Obtain a solution to the equation of a driven harmonic oscillator

¥(t) + 26%(t) + wyx (10 = R(2),

u(xa 0) :f(x)a \u(x, t)| <M,

where 3 and w, are positive and real constants.
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5

Linear vector spaces

Linear vector space is to quantum mechanics what calculus is to classical
mechanics. In this chapter the essential ideas of linear vector spaces will be dis-
cussed. The reader is already familiar with vector calculus in three-dimensional
Euclidean space E;3 (Chapter 1). We therefore present our discussion as a general-
ization of elementary vector calculus. The presentation will be, however, slightly
abstract and more formal than the discussion of vectors in Chapter 1. Any reader
who is not already familiar with this sort of discussion should be patient with the
first few sections. You will then be amply repaid by finding the rest of this chapter
relatively easy reading.

Euclidean n-space E,

In the study of vector analysis in F3, an ordered triple of numbers (a;, a,, a3) has
two different geometric interpretations. It represents a point in space, with a;, a,,
as being its coordinates; it also represents a vector, with «;, a,, and a3 being its
components along the three coordinate axes (Fig. 5.1). This idea of using triples of
numbers to locate points in three-dimensional space was first introduced in the
mid-seventeenth century. By the latter part of the nineteenth century physicists
and mathematicians began to use the quadruples of numbers (¢, a,, a3, a4) as
points in four-dimensional space, quintuples (a;, @, a3, a4, as) as points in five-
dimensional space etc. We now extend this to n-dimensional space E,, where 7 is a
positive integer. Although our geometric visualization doesn’t extend beyond
three-dimensional space, we can extend many familiar ideas beyond three-dimen-
sional space by working with analytic or numerical properties of points and
vectors rather than their geometric properties.

For two- or three-dimensional space, we use the terms ‘ordered pair’ and
‘ordered triple.” When n > 3, we use the term ‘ordered-n-tuplet’ for a sequence
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LINEAR VECTOR SPACES

X3

P(ay, ay, a3)
|

X

Figure 5.1. A space point P whose position vector is A.

of n numbers, real or complex, (a;, a,, as, ..., a,); they will be viewed either as a
generalized point or a generalized vector in a n-dimensional space E,,.
Two vectors u = (uy, us,...,u,) and v = (vy,vs,...,u,) in E, are called equal if

u; = vy, i:1,2,...,}’l (51)
The sum u + v is defined by
u—|—V=(u1+v1,u2—|—112,...,u,1+11,1) (52)

and if k is any scalar, the scalar multiple ku is defined by

ku = (kuy, kus, ... ku,). (5.3)
If u = (uy,uy,...,u,) is any vector in E,, its negative is given by
—u= (_ul)_uZ?"'7_uH) (54)

and the subtraction of vectors in E, can be considered as addition: v—u=
v + (—u). The null (zero) vector in E,, is defined to be the vector 0 = (0,0,...,0).

The addition and scalar multiplication of vectors in E, have the following
arithmetic properties:

utv=v+u, (5.5a)
u+ (v+w)=u+v)+w, (5.5b)
u+0=0+u=u, (5.5¢)
a(bu) = (ab)u, (5.5d)
a(u+v) = au+ av, (5.5¢)
(a+ b)u = au+ bu, (5.5f)

where u, v, w are vectors in E, and a and b are scalars.
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We usually define the inner product of two vectors in Ej3 in terms of lengths of
the vectors and the angle between the vectors: A -B = ABcos6,0 = /(A,B). We
do not define the inner product in E, in the same manner. However, the inner
product in E; has a second equivalent expression in terms of components:
A-B = A4,B| + A,B, + A3B;. We choose to define a similar formula for the gen-
eral case. We made this choice because of the further generalization that will be

outlined in the next section. Thus, for any two vectors u = (uy,u,,...,u,) and
v= (v}, vy,...,v,) in E,, the inner (or dot) product u-v is defined by
u-v=ufv, i, +---+u'v, (5.6)

where the asterisk denotes complex conjugation. u is often called the prefactor
and v the post-factor. The inner product is linear with respect to the post-factor,
and anti-linear with respect to the prefactor:

u-(av+bw)=au-v+bu-w, (au+bv) -w=a*(u-v)+>b*(u-w).

We expect the inner product for the general case also to have the following three
main features:

u-v=(v-u)* (5.7a)
u-(av+bw)=au-v+bu-w (5.7b)
u-u>0 (=0, if and only if u=0). (5.7¢)

Many of the familiar ideas from E, and FE; have been carried over, so it is
common to refer to E, with the operations of addition, scalar multiplication, and
with the inner product that we have defined here as Euclidean n-space.

General linear vector spaces

We now generalize the concept of vector space still further: a set of ‘objects’ (or
elements) obeying a set of axioms, which will be chosen by abstracting the most
important properties of vectors in E,, forms a linear vector space V, with the
objects called vectors. Before introducing the requisite axioms, we first adapt a
notation for our general vectors: general vectors are designated by the symbol | ),
which we call, following Dirac, ket vectors; the conjugates of ket vectors are
denoted by the symbol (|, the bra vectors. However, for simplicity, we shall
refer in the future to the ket vectors | ) simply as vectors, and to the ( |s as
conjugate vectors. We now proceed to define two basic operations on these
vectors: addition and multiplication by scalars.

By addition we mean a rule for forming the sum, denoted [¢);) + |1,), for
any pair of vectors |¢;) and [¢»).

By scalar multiplication we mean a rule for associating with each scalar k
and each vector [¢)) a new vector k|i).
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We now proceed to generalize the concept of a vector space. An arbitrary set of
nobjects |1),]2),|3),...,|®), ..., |p) form a linear vector V,, if these objects, called
vectors, meet the following axioms or properties:

A.1 If |¢) and |p) are objects in V7, and k is a scalar, then |¢p) + |p) and k|¢) are
in V,, a feature called closure.

A2 |®) + o) = |¢) + |¢); that is, addition is commutative.

A3 (|o) +|p) + [¥) = o) + (|¢) + |¢)); that is, addition is associative.

A4 k(|p) + |¢)) = k|p) + k|p); that is, scalar multiplication is distributive in the
vectors.

A5 (k+a)|¢) = k|¢) + a|p); that is, scalar multiplication is distributive in the
scalars.

A.6 k(a|¢)) = ka|d); that is, scalar multiplication is associative.

A.7 There exists a null vector |0) in V, such that |¢) + |0) = |¢) for all |¢) in V.

A.8 For every vector |¢) in V,, there exists an inverse under addition, |—¢) such
that [6) + [—¢) = [0).

The set of numbers a, b, ... used in scalar multiplication of vectors is called the
field over which the vector field is defined. If the field consists of real numbers, we
have a real vector field; if they are complex, we have a complex field. Note that the
vectors themselves are neither real nor complex, the nature of the vectors is not
specified. Vectors can be any kinds of objects; all that is required is that the vector
space axioms be satisfied. Thus we purposely do not use the symbol V to denote
the vectors as the first step to turn the reader away from the limited concept of the
vector as a directed line segment. Instead, we use Dirac’s ket and bra symbols, | )
and ( |, to denote generic vectors.

The familiar three-dimensional space of position vectors Ej3 is an example of
a vector space over the field of real numbers. Let us now examine two simple
examples.

Example 5.1

Let V' be any plane through the origin in EF5. We wish to show that the points in
the plane V form a vector space under the addition and scalar multiplication
operations for vector in Ej.

Solution: Since Es itself is a vector space under the addition and scalar multi-
plication operations, thus Axioms A.2, A.3, A.4, A.5, and A.6 hold for all points
in E3 and consequently for all points in the plane V. We therefore need only show
that Axioms A.1, A.7, and A.8 are satisfied.

Now the plane V, passing through the origin, has an equation of the form

ax; + bx, + cx3 = 0.
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Hence, if u = (u, us,u3) and v = (v, v,,v3) are points in V, then we have
auy +buy, + cus =0 and  av; + bvy + cv3 = 0.
Addition gives
a(uy +vp) + b(uy +vy) + c(uz + v3) = 0,
which shows that the point u + v also lies in the plane V. This proves that Axiom
A.1 is satisfied. Multiplying au; + bu, + cuz = 0 through by —1 gives
a(—u) + b(—up) + ¢(—u3) = 0,

that is, the point —u = (—uy, —u,, —u3) lies in V. This establishes Axiom A.8.
The verification of Axiom A.7 is left as an exercise.

Example 5.2

Let V be the set of all m x n matrices with real elements. We know how to add
matrices and multiply matrices by scalars. The corresponding rules obey closure,
associativity and distributive requirements. The null matrix has all zeros in it, and
the inverse under matrix addition is the matrix with all elements negated. Thus the
set of all m x n matrices, together with the operations of matrix addition and
scalar multiplication, is a vector space. We shall denote this vector space by the
symbol M,,,.

Subspaces

Consider a vector space V. If W is a subset of V' and forms a vector space under
the addition and scalar multiplication, then W is called a subspace of V. For
example, lines and planes passing through the origin form vector spaces and
they are subspaces of Ej.

Example 5.3
We can show that the set of all 2 x 2 matrices having zero on the main diagonal is
a subspace of the vector space M5, of all 2 x 2 matrices.
Solution: To prove this, let
Y- 0 xpp v — 0 yn
Xy 0 ya 0
be two matrices in W and k any scalar. Then

. 0 xp . 0 X12 + V12
kX = and X+ Y =
<kX21 0 ) <X21 + 2 0

and thus they lie in . We leave the verification of other axioms as exercises.
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Linear combination

A vector |W) is a linear combination of the vectors |v;), |v5),...,|v,) if it can be
expressed in the form

(W) = ki|vi) +kalvp) + -+ + ki |vy),

where ky,k,, ..., k, are scalars. For example, it is easy to show that the vector
[W)=(9,2,7) in E; is a linear combination of [v;)=(1,2,—1) and
|vp) = (6,4,2). To see this, let us write

(9,2,7) = k1 (1,2, —1) + k(6,4,2)
or
(9,2,7) = (ky + 6ky, 2k + dky, —ky + 2k5).
Equating corresponding components gives
ki +6ky =9, 2k +4k,=2, —ki+2k,=7.
Solving this system yields k; = —3 and k, = 2 so that
|W) = =3v1) + 2va).

Linear independence, bases, and dimensionality

Consider a set of vectors |1),|2),...,]|r),...|n) in a linear vector space V. If every
vector in V is expressible as a linear combination of [1),|2),...,|r),...,|n), then
we say that these vectors span the vector space V, and they are called the base
vectors or basis of the vector space V. For example, the three unit vectors
e; = (1,0,0),e, = (0,1,0), and e3 = (0,0, 1) span E; because every vector in Ej
is expressible as a linear combination of e, e,, and e;. But the following three
vectors in E3 do not span Ej: |1) = (1,1,2),|2) = (1,0,1), and |3) = (2,1, 3).

Base vectors are very useful in a variety of problems since it is often possible to
study a vector space by first studying the vectors in a base set, then extending the
results to the rest of the vector space. Therefore it is desirable to keep the spanning
set as small as possible. Finding the spanning sets for a vector space depends upon
the notion of linear independence.

We say that a finite set of n vectors |1),|2),...,|r),...,|n), none of which is a
null vector, is linearly independent if no set of non-zero numbers g exists such
that

S k) = 0). (53)
k=1

In other words, the set of vectors is linearly independent if it is impossible to
construct the null vector from a linear combination of the vectors except when all
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the coefficients vanish. For example, non-zero vectors |1) and |2) of E, that lie
along the same coordinate axis, say x;, are not linearly independent, since we can
write one as a multiple of the other: |1) = a|2), where a is a scalar which may be
positive or negative. That is, |1) and |2) depend on each other and so they are not
linearly independent. Now let us move the term «|2) to the left hand side and the
result is the null vector: |1) — a|2) = |0). Thus, for these two vectors |1) and |2) in
E,, we can find two non-zero numbers (1, —a) such that Eq. (5.8) is satisfied, and
so they are not linearly independent.

On the other hand, the n vectors |1),]2),...,]|r),...,|n) are linearly dependent if
it is possible to find scalars ay, a,, ..., a,, at least two of which are non-zero, such
that Eq. (5.8) is satisfied. Let us say ag # 0. Then we could express |9) in terms of
the other vectors

.
=3 .

i=1,49

That is, the n vectors in the set are linearly dependent if any one of them can be
expressed as a linear combination of the remaining n — 1 vectors.

Example 5.4
The set of three vectors |1) = (2,-1,0,3), |2) = (1,2,5,-1),|3) = (7,—1,5,8) is
linearly dependent, since 3|1) + |2) — |3) = |0).

Example 5.5

The set of three unit vectors |e;) = (1,0,0), |e;) = (0,1,0), and |e3) = (0,0,1) in
E; is linearly independent. To see this, let us start with Eq. (5.8) which now takes
the form

aile) + asles) + asles) = |0)
or
a1(1,0,0) + a,(0,1,0) 4+ a3(0,0,1) = (0,0,0)
from which we obtain
(a1,a2,a3) = (0,0,0);

the set of three unit vectors |e;), |e,), and |e;) is therefore linearly independent.

Example 5.6
The set S of the following four matrices

=y o) 2=(5 o) B=(} o) w=(y )
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is a basis for the vector space M,, of 2 x 2 matrices. To see that S spans M»,, note
that a typical 2 x 2 vector (matrix) can be written as

(a b) (1 O) (0 1) <0 0) (0 0)
=a +b +c +d
c d 0 0 0 0 1 0 0 1
=all) + b|2) + ¢|3) + d|4).

To see that S is linearly independent, assume that

a|ll) + b|2) + ¢|3) + d|4) = |0),

(o 0)*(o o)<V 0)+4(o )= (o o)

from which we find a = b = ¢ = d = 0 so that S is linearly independent.

We now come to the dimensionality of a vector space. We think of space
around us as three-dimensional. How do we extend the notion of dimension to
a linear vector space? Recall that the three-dimensional Euclidean space Ej is
spanned by the three base vectors: e; = (1,0,0), e, = (0,1,0), e3 =(0,0,1).
Similarly, the dimension 7 of a vector space V' is defined to be the number n of
linearly independent base vectors that span the vector space V. The vector space
will be denoted by V,(R) if the field is real and by V,(C) if the field is complex.
For example, as shown in Example 5.6, 2 x 2 matrices form a four-dimensional
vector space whose base vectors are

b=y o) 2=(5 o) B=( o) w=(y 1)

since any arbitrary 2 x 2 matrix can be written in terms of these:

that is,

4

a b
( d) = a|l) + b|2) + ¢|3) + d|4).

If the scalars a, b, ¢, d are real, we have a real four-dimensional space, if they are
complex we have a complex four-dimensional space.

Inner product spaces (unitary spaces)

In this section the structure of the vector space will be greatly enriched by the
addition of a numerical function, the inner product (or scalar product). Linear
vector spaces in which an inner product is defined are called inner-product spaces
(or unitary spaces). The study of inner-product spaces enables us to make a real
juncture with physics.
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In our earlier discussion, the inner product of two vectors in E, was defined by
Eq. (5.6), a generalization of the inner product of two vectors in E3. In a general
linear vector space, an inner product is defined axiomatically analogously with the
inner product on E,. Thus given two vectors |U) and | W)

| >—Z i), Zw (5.9)

where |U) and |W) are expressed in terms of the n base vectors [i), the inner
product, denoted by the symbol (U|W), is defined to be

(upwy = ZZuw @il ))- (5.10)

=1 j=

(U] is often called the pre-factor and | W) the post-factor. The inner product obeys
the following rules (or axioms):

1 (U|W) = (W|U)* (skew-symmetry);
2 (U|U) >0, =0ifand onlyif |U) = |0) (positive semidefiniteness);
3{UIX)+ W) =(U|X) + (UW) (additivity);
B.4 (aU\W) = a*(U|W), (U|bW)=b(U|W) (homogeneity);

where a and b are scalars and the asterisk (*) denotes complex conjugation. Note
that Axiom B.1 is different from the one for the inner product on Ej: the inner
product on a general linear vector space depends on the order of the two factors
for a complex vector space. In a real vector space Ej, the complex conjugation in
Axioms B.1 and B.4 adds nothing and may be ignored. In cither case, real or
complex, Axiom B.1 implies that (U|U) is real, so the inequality in Axiom B.2
makes sense.
The inner product is linear with respect to the post-factor:

(UlaW + bX) = a(U|W) 4+ b(U|X),
and anti-linear with respect to the prefactor,
(aU + bX|W) = a*(U|W) + b*(X|W).

Two vectors are said to be orthogonal if their inner product vanishes. And we
will refer to the quantity <U|U>l/2 =|| U] as the norm or length of the vector. A
normalized vector, having unit norm, is a unit vector. Any given non-zero vector
may be normalized by dividing it by its length. An orthonormal basis is a set of
basis vectors that are all of unit norm and pair-wise orthogonal. It is very handy
to have an orthonormal set of vectors as a basis for a vector space, so for (i) in
Eq. (5.10) we shall assume

o 1 fori=j
W =8=90 foriz)
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then Eq. (5.10) reduces to
(u|w) = ZZ uiw;by; = Z uf (Z w,—&,:,—) = Zu?‘w,—. (5.11)
i i J i

Note that Axiom B.2 implies that if a vector |U) is orthogonal to every vector
of the vector space, then |U) = 0: since (U] )= 0 for all | ) belongs to the vector
space, so we have in particular (U|U) = 0.

We will show shortly that we may construct an orthonormal basis from an
arbitrary basis using a technique known as the Gram—Schmidt orthogonalization
process.

Example 5.7
Let |U) = (3—4i)|1) + (5 —60)]2) and |W) = (1 —i)|1) + (2 — 3i)|2) be two vec-
tors expanded in terms of an orthonormal basis |1) and |2). Then we have, using
Eq. (5.10):
(UUY = (3 + 4i)(3 — 4i) + (5 + 6i)(5 — 6i) = 86,
WIW)y = (1+i)(1—i)+ (2+3i)(2 = 3i) = 15,
(UIW)=3+4i)(1 —i)+ (5+6i)(2—3i) =35-2i = (W|U)*.

Example 5.8
If A and B are two matrices, where

~ dip dp ~ by bip
A= B B = )
dy  axp by by
then the following formula defines an inner product on Mj,:

<“I’E> = ay by + apbiy + ay by + axnbs,.

To see this, let us first expand 4 and B in terms of the following base vectors

b=y o) 2=(5 o) B=( o) w=(y 1)

A =ay|l) +apl2) +ay|3) + anld), B =by|1) + bpa|2) + by|3) + bal4).
The result follows easily from the defining formula (5.10).

Example 5.9
Consider the vector |U), in a certain orthonormal basis, with components

14
|U):<\/§++l_>, i=v-1.
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We now expand it in a new orthonormal basis |e;), |e;) with components

-5 w-5()

To do this, let us write
|U) = uiler) + usles)
and determine u; and u,. To determine u,, we take the inner product of both sides
with <€1 |:
1 1+ 1
u = (e,|U) = —(1 1 ) == (1 + V3 +2i);
1= (el|U) ﬁ( )(\@Jrl) ﬁ( )
likewise,
1
U, = — (1 —/3).
2 \/j( )

As a check on the calculation, let us compute the norm squared of the vector and
see if it equals |1 + i|> + [v/3 + i|* = 6. We find

P + i = s (1+3+2V3+4+1+3-2V3) =6.

N —

The Gram—Schmidt orthogonalization process

We now take up the Gram—Schmidt orthogonalization method for converting a
linearly independent basis into an orthonormal one. The basic idea can be clearly
illustrated in the following steps. Let |1),]2), ...,]i), ... be a linearly independent
basis. To get an orthonormal basis out of these, we do the following:

Step 1. Rescale the first vector by its own length, so it becomes a unit vector.
This will be the first basis vector.

_ 1D
) =y
where ||1)| = /(1 | 1). Clearly
_an
<€1 |€1> - Hl>| 1

Step 2. To construct the second member of the orthonormal basis, we subtract
from the second vector |2) its projection along the first, leaving behind
only the part perpendicular to the first.

() = [2) = ler){e1]2).
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Clearly
(e1[IT) = (e1]2) — (erler)(e1]2) = 0, ie, (I[Lley).

Dividing |II) by its norm (length), we now have the second basis vector

and it is orthogonal to the first base vector |e;) and of unit length.
Step 3. To construct the third member of the orthonormal basis, consider

() = |3) — |ey)(e1[1IT) — |ea),|1IT)
which is orthogonal to both |e;) and |e,). Dividing by its norm we get
les).

Continuing in this way, we will obtain an orthonormal basis |e;), |e,),. .-, |e,).

The Cauchy—Schwarz inequality

If A and B are non-zero vectors in Ej, then the dot product gives A - B = ABcos¥,
where 6 is the angle between the vectors. If we square both sides and use the fact
that cos® 0 < 1, we obtain the inequality

(A-B)> < A’B* or |A-B|<A4B.

This is known as the Cauchy—Schwarz inequality. There is an inequality corre-
sponding to the Cauchy—Schwarz inequality in any inner-product space that
obeys Axioms B.1-B.4, which can be stated as

(U <|Ulw], U] = v{UJU) etc, (5.13)

where |U) and | W) are two non-zero vectors in an inner-product space.
This can be proved as follows. We first note that, for any scalar «, the following
inequality holds

0< (U4 aW|U+aW))* = (U +aW|U +aW)
= (U|U) + (aW|U) + (UlaW) + (aW|aW)
= |UP+a*(V|U) + a(U|W) + |a’|W].

Now let oo = MU|W)*/|{U|W)|, with X real. This is possible if |W) # 0, but if
(U|W) =0, then Cauchy—Schwarz inequality is trivial. Making this substitution
in the above, we have

0 < |UP + 2A|(U|W)| + X | W

This is a quadratic expression in the real variable A with real coefficients.
Therefore, the discriminant must be less than or equal to zero:

2 2 2
AU =4[Ul W] <0
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or
(UIW)| < [Ul[W],

which is the Cauchy—Schwarz inequality.
From the Cauchy—Schwarz inequality follows another important inequality,
known as the triangle inequality,

|U+ W| <|U|l+|W|. (5.14)
The proof of this is very straightforward. For any pair of vectors, we have
U+ W= (U+ WU+ W) =|UP+ W]+ (UW) + (W|U)
<|UP + WP+ 2/(U|w))|
<|UP+ WP+ 20U WI(UP + W)
from which it follows that
U+ W| < |UI+ W]

If V' denotes the vector space of real continuous functions on the interval
a < x<b,and f and g are any real continuous functions, then the following is
an inner product on V-

b
U@Z//@M@M

The Cauchy—Schwarz inequality now gives

b 2 b b
([ rwston) < [ rea [ fmas
or in Dirac notation

[(fl)f < 1/ lel

Dual vectors and dual spaces
We begin with a technical point regarding the inner product (u|v). If we set
[v) = alw) + B]2),
then
(ulv) = afulw) + B(ulz)
is a linear function of « and 8. However, if we set

u) = alw) + Blz),
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then
(ulv) = (vju)* = a*(v|w)* + *(v|2)* = a*(w|v) + B*(z|v)

is no longer a linear function of a and 3. To remove this asymmetry, we can
introduce, besides the ket vectors | ), bra vectors (| which form a different vector
space. We will assume that there is a one-to-one correspondence between ket
vectors | ), and bra vectors (|. Thus there are two vector spaces, the space of
kets and a dual space of bras. A pair of vectors in which each is in correspondence
with the other will be called a pair of dual vectors. Thus, for example, (v| is the
dual vector of |v). Note they always carry the same identification label.
We now define the multiplication of ket vectors by bra vectors by requiring

(ul - v) = (ulv).
Setting
(ul = (wla* + (z|5%,
we have
(ulv) = a*(wlv) + 5*(z|v),

the same result we obtained above, and we see that (w|a* + (z|3* is the dual
vector of a|w) + fz).

From the above discussion, it is obvious that inner products are really defined
only between bras and kets and hence from elements of two distinct but related
vector spaces. There is a basis of vectors |i) for expanding kets and a similar basis
(i] for expanding bras. The basis ket |¢) is represented in the basis we are using by
a column vector with all zeros except for a 1 in the ith row, while the basis (i| is a
row vector with all zeros except for a 1 in the ith column.

Linear operators

A useful concept in the study of linear vector spaces is that of a linear transfor-
mation, from which the concept of a linear operator emerges naturally. It is
instructive first to review the concept of transformation or mapping. Given vector
spaces V" and W and function T, if T associates each vector in V" with a unique
vector in W, we say T maps V into W, and write T: V' — W. If T associates the
vector |w) in W with the vector |v) in V, we say that |w) is the image of |v) under T
and write |w) = T'|v). Further, T is a linear transformation if:

(@) T(|u) + [v)) = T |u) + T|v) for all vectors |u) and |v) in V.
(b) T (k|v)) = kT |v) for all vectors |v) in V" and all scalars k.

We can illustrate this with a very simple example. If |v) = (x,y) is a vector in
E;, then T(|v)) = (x,x 4+ y,x — y) defines a function (a transformation) that maps
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E, into E;. In particular, if |v) = (1,1), then the image of |v) under T is T
(lv)) =(1,2,0). It is easy to see that the transformation is linear. If
|u) = (x1,y1) and [v) = (x2, ), then

|u) + [v) = (X1 + X2, y1 +12),
so that

T(lu) +[v) = (x1 + x5 (x1 +x2) + (01 +2), (x1 +X2) = (11 +2))

= (X1, X1 +y1,X0 = 1) + (X2, X0 + 12, X0 — ¥2)
=T(lw) + T(|v))

and if k is a scalar, then
T(klu)) = (kxy, kxy + kyy, kxy —kyy) = k(xp,x; + 1,50 — p1) = kT (|u)).
Thus T is a linear transformation.

If T maps the vector space onto itself (7: V' — V), then it is called a linear
operator on V. In Ej a rotation of the entire space about a fixed axis is an example
of an operation that maps the space onto itself. We saw in Chapter 3 that rotation
can be represented by a matrix with elements \; (i,j = 1,2,3); if x;, x5, x5 are the

components of an arbitrary vector in Ej before the transformation and xi, x5, X}
the components of the transformed vector, then

X1 = Ay 4 A + Az,
X5 = A1 X] + AnXs + A3y, (5.15)
X3 = A3pxp + A + Az

In matrix form we have

7 = M), (5.16)

x| X At A An
Y=|x|, =[x, and XO)=| A1 I Ay
X3 X3 A3 A Az

In particular, if the rotation is carried out about x3-axis, ):(9) has the following
form:

cosf —sinf 0
X#) = | sinf cosf® 0
0 0 1
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Eq. (5.16) determines the vector x if the vector x is given, and \(6) is the operator
(matrix representation of the rotation operator) which turns x into x’.

Loosely speaking, an operator is any mathematical entity which operates on
any vector in V" and turns it into another vector in V. Abstractly, an operator L is
a mapping that assigns to a vector |v) in a linear vector space V another vector |u)
in V: |u) = L |v). The set of vectors |v) for which the mapping is defined, that is,
the set of vectors |v) for which L |v) has meaning, is called the domain of L. The
set of vectors |u) in the domain expressible as |u) = L |v) is called the range of the
operator. An operator [ is linear if the mapping is such that for any vectors
lu),|w) in the domain of [ and for arbitrary scalars o, (3, the vector
alu) + B|w) is in the domain of L and

L(alu) + p|w)) = aLlu) + BLIw).
A linear operator is bounded if its domain is the entire space V" and if there exists a
single constant C such that

IL[v)| < ClJv)]

for all |v) in V. We shall consider linear bounded operators only.

Matrix representation of operators

Linear bounded operators may be represented by matrix. The matrix will have a
finite or an infinite number of rows according to whether the dimension of V' is
finite or infinite. To show this, let |1),[2), ... be an orthonormal basis in ¥; then
every vector |¢) in ¥ may be written in the form

|0} = eull) + of2) +- - -
Since L|) is also in V, we may write

Llg) = Bi|1) + 3[2) +---.

But
Llp)=aL|l) + L |2) +---,

SO

Bill) + Ba]2) +- - = L[1) + L [2) + - -.

Taking the inner product of both sides with (1| we obtain
B = (1L )ay + (1|L[2)ar = yi10q + Y2y + -+ -5
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Similarly

By = Q2IL[1)ay + 2IL[2)ay = yy1ap + yppar + -+ -,

By = BIL[1)ay + (B|L[2)ay = y310 + 300 + -+ -

In general, we have
B = Z Vij %
J
where

" = (ILL)-

(5.17)

Consequently, in terms of the vectors |1),]2), ... as a basis, operator L is repre-

sented by the matrix whose elements are ;.

A matrix representing [ can be found by using any basis, not necessarily an
orthonormal one. Of course, a change in the basis changes the matrix representing

L.

The algebra of linear operators

Let 4 and B be two operators defined in a linear vector space V of vectors | ). The

equation 4 = B will be understood in the sense that

AlYy=B|) forall|)eV.

We define the addition and multiplication of linear operators as

C=4+B and D=A4B

if for any |)

D|) = (4B)]) = 4(B|))-

Note that 4 + B and 4 B are themselves linear operators.

Example 5.10

(@) (4 B)(alu)
(b) C(4+B)

v)) =

+ [(Blu)) + B(Bv))] = (4 B)|u) + 5(4 B)|v),
v) = C(4|

T Blo) = Cal) + CBI),

A
v)

which shows that

a
b
+
=
I
To\
N
+
To\
&
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In general 4 B # B A. The difference 4 B—B 4 is called the commutator of 4

and B and is denoted by the symbol [4, B]:

[4,B)=AB-BA4. (5.18)

An operator whose commutator vanishes is called a commuting operator.
The operator equation

B=ad=4a

is equivalent to the vector equation
Bl) =adl) forany [).

And the vector equation

is equivalent to the operator equation
A=aE

where E is the identity (or unit) operator:
E[)=]|)  forany [).

It is obvious that the equation 4 = « is meaningless.

Example 5.11
To illustrate the non-commuting nature of operators, let 4 = x, B = d/dx. Then

ABS(¥) = o (),

and
d d. d d
Baf() = g3/ = (5)f +x =1+ 3% = (E+am)f

Thus,

(AB-BA)f(x) = —Ef(x)
or

dl _d d
[*Ey'a‘a =k

Having defined the product of two operators, we can also define an operator
raised to a certain power. For example

——————

m factor
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By combining the operations of addition and multiplication, functions of opera-
tors can be formed. We can also define functions of operators by their power
series expansions. For example, eA formally means
4 _ L 13
CEl At AT A
A function of a linear operator is a linear operator.

Given an operator 4 that acts on vector | ), we can define the action of the same
operator on vector (|. We shall use the convention of operating on (| from the
right. Then the action of 4 on a vector (| is defined by requiring that for any |u)
and (v|, we have

{{ula}|v) = (ul{4lv)} = (ul4]v).

We may write a|v) = |aw) and the corresponding bra as (awv|. However, it is
important to note that {(av| = A*{v|.

Eigenvalues and eigenvectors of an operator

The result of operating on a vector with an operator 4 is, in general, a different
vector. But there may be some vector |v) with the property that operating with 4
on it yields the same vector |v) multiplied by a scalar, say a:

Av) = alv).

This is called the eigenvalue equation for the operator 4, and the vector |v) is
called an eigenvector of 4 belonging to the eigenvalue a. A linear operator has, in
general, several eigenvalues and eigenvectors, which can be distinguished by a
subscript

A o) = ayelvg).

The set {a; } of all the eigenvalues taken together constitutes the spectrum of the
operator. The eigenvalues may be discrete, continuous, or partly discrete and
partly continuous. In general, an eigenvector belongs to only one eigenvalue. If
several linearly independent eigenvectors belong to the same eigenvalue, the eigen-
value is said to be degenerate, and the degree of degeneracy is given by the number
of linearly independent eigenvectors.

Some special operators

Certain operators with rather special properties play very important roles in
physics. We now consider some of them below.
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The inverse of an operator

The operator X satisfying X4 = E is called the left inverse of 4 and we denote it
by 4[1. Thus, 4214 = F. Similarly, the right inverse of 4 is defined by the
equation

AAR =E.

In general, 4 ;' or A z', or both, may not be unique and even may not exist at all.
However, if both ,flzl and 4}] exist, then they are unique and equal to each
other:

1 1

art=dax' =47,
and

447" =4"4=E. (5.19)
A" is called the operator inverse to 4. Obviously, an operator is the inverse of

another if the corresponding matrices are.

An operator for which an inverse exists is said to be non-singular, whereas one
for which no inverse exists is singular. A necessary and sufficient condition for an
operator 4 to be non-singular is that corresponding to each vector |u), there
should be a unique vector |v) such that |u) = 4 |v).

The inverse of a linear operator is a linear operator. The proof is simple: let

lur) = Alvi), |up) = Alvy).

Then
o) =47 w),  fva) = A7 uo)
so that
cilvy) = C14_1|U1>a erlv) = C24_1|U2>-
Thus,

A7 erlm) + ealun)] = A7 erd o) + 24 [02)]
= 4" dler|vy) + eafvr)]
= ci|v1) + e2fva)

or

A7 ellur) + ealun)] = ey A7 uy) + a4 un).
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The inverse of a product of operators is the product of the inverse in the reverse
order

(4B =B'a". (5.20)
The proof is straightforward: we have
AB(AB) = E.

Multiplying successively from the left by 4171 and Bil, we obtain

1

)

4B ' =B"'a"

which is identical to Eq. (5.20).

The adjoint operators

Assuming that V is an inner-product space, then the operator X satisfying the
relation

(ulxlv) = (v]dlw)*  for any [u), [v) €V

is called the adjoint operator of 4 and is denoted by 4*. Thus
(uld vy = (v|4|u)*  for any |u), |v) € V. (5.21)

We first note that { |4" is a dual vector of 4| ). Next, it is obvious that

(4N =4. (5.22).

To see this, let 47 = B, then (4 )" becomes B*, and from Eq. (5.21) we find

(v|B*|u) = (ulBlo)*, for any |u), |v) € V.

But

(ul Blv)* = (ul 4" |v)* = (v]4]u).

Thus

(| B |u) = (u| Blv)* = (v|4|u)

from which we find
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It is also easy to show that

(A4B)"=B"4". (5.23)

For any |u), |v), (v|B" and B|v) is a pair of dual vectors; (u|4 " and 4 |u) is also a
pair of dual vectors. Thus we have

(0BT 4 " u) = {(w|B"HA "|u)} = [{{ul a}{ Blv)}]*

= (ul4 Blv)* = (v[(4 B)" |u)
and therefore

(4B)"=B"4".

Hermitian operators
An operator H that is equal to its adjoint, that is, that obeys the relation
H=H" (5.24)

is called Hermitian or self-adjoint. And H is anti-Hermitian if

H=-H"

Hermitian operators have the following important properties:

(1) The eigenvalues are real: Let [ be the Hermitian operator and let |v) be an
eigenvector belonging to the eigenvalue «:

H |v) = alv).

By definition, we have
(vl4lv) = (vl4]v)*,
that is,
(a* — a){vjv) = 0.
Since (v|v) # 0, we have
a* = a.

(2) Eigenvectors belonging to different eigenvalues are orthogonal: Let |u) and
|v) be eigenvectors of H belonging to the eigenvalues « and 3 respectively:

Hlu) = alu), Hv) = flv).
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Then
(ulH|v) = (v|H|u)*.
That is,
(o — B)(v|u) =0 (since a* = a).
But « # (3, so that
(vju) = 0.

(3) The set of all eigenvectors of a Hermitian operator forms a complete set:
The eigenvectors are orthogonal, and since we can normalize them, this
means that the eigenvectors form an orthonormal set and serve as a basis
for the vector space.

Unitary operators

A linear operator U is unitary if it preserves the Hermitian character of an
operator under a similarity transformation:

where

But, according to Eq. (5.23)
(Uav) =(U Hrau",
thus, we have
(whavt=vav
Multiplying from the left by U * and from the right by U, we obtain
UtUT) AUTU = U+ 4;
this reduces to

A(UTU) = (U+U)4,

since

Thus
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or

ut=uv" (5.25)
We often use Eq. (5.25) for the definition of the unitary operator.

Unitary operators have the remarkable property that transformation by a uni-
tary operator preserves the inner product of the vectors. This is easy to see: under
the operation U, a vector |v) is transformed into the vector [v’) = U [v). Thus, if
two vectors |v) and |u) are transformed by the same unitary operator U, then

(u'[v") = (UulUv) = (ulU " Uv) = (ulv),

that is, the inner product is preserved. In particular, it leaves the norm of a vector
unchanged. Thus, a unitary transformation in a linear vector space is analogous
to a rotation in the physical space (which also preserves the lengths of vectors and
the inner products).

Corresponding to every unitary operator U, we can define a Hermitian opera-
tor H and vice versa by

U=c" (5.26)

=v".

A unitary operator possesses the following properties:

(1) The eigenvalues are unimodular; that is, if U |v) = a|v), then |a| = 1.
(2) Eigenvectors belonging to different eigenvalues are orthogonal.
(3) The product of unitary operators is unitary.

The projection operators

A symbol of the type of |u)(v| is quite useful: it has all the properties of a linear
operator, multiplied from the right by a ket | ), it gives |u) whose magnitude is
(v] ); and multiplied from the left by a bra ( | it gives (v| whose magnitude is (|u).
The linearity of |u)(v| results from the linear properties of the inner product. We
also have

{lu) (0} = [o)(ul.

The operator P; = |){j| is a very particular example of projection operator. To
see its effect on an arbitrary vector |u), let us expand |u):
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n

) = wlj),  wp = (jlu). (5.27)

J=1

We may write the above as

W) = (Z |j><j|>|u>,
=

which is true for all |u). Thus the object in the brackets must be identified with the
identity operator:

n

1= Z =Y _p; (5.28)
=1

j=1

Now we will see that the effect of this particular projection operator on |u) is to
produce a new vector whose direction is along the basis vector |j) and whose
magnitude is (j|u):

Pjlu) = 17){Jlu) = ))u-

We see that whatever |u) is, P;|u) is a multiple of | j) with a coefficient »; which is
the component of |u) along |j). Eq. (5.28) says that the sum of the projections of a
vector along all the n directions equals the vector itself.

When P; = |j) (/| acts on | j), it reproduces that vector. On the other hand, since
the other basis vectors are orthogonal to | /), a projection operation on any one of
them gives zero (null vector). The basis vectors are therefore eigenvectors of P
with the property

Pk|]>:6kj|j>7 (jvkzla ,I’l)

In this orthonormal basis the projection operators have the matrix form

1
Projection operators can also act on bras in the same way:

(u|P; = (ulj){j| = u}{jl.
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Change of basis

The choice of base vectors (basis) is largely arbitrary and different representations
are physically equally acceptable. How do we change from one orthonormal set of

base vectors |¢;), |@2),...,|e,) to another such set |£),|5%),...,]&,)? In other
words, how do we generate the orthonomal set |&;), %), ...,|¢,) from the old
set 1), [@2), - -+, |©,? This task can be accomplished by a unitary transformation:

&) =Uly) (i=1,2,...,n). (5.29)

Then given a vector |X) = Y7, a;|y;), it will be transformed into |X'):

|X/>:U|X>:Uzai‘<pl ZU“;|<P; *Z l|£l>
i=1

We can see that the operator U possesses an inverse U ~! which is defined by the
equation

|(pi>:l~]71|€i> (i:1>27--~1n)'

The operator U is unitary; for, if [X) = Y7 | a;]e;) and |Y) =37, bilg;), then

(X]Y) = Za (pilesy => b,  (UX|UY) = Za (&lg) = dtb;.
i=1 i=1

Hence
vl=ut.

The inner product of two vectors is independent of the choice of basis which
spans the vector space, since unitary transformations leave all inner products
invariant. In quantum mechanics inner products give physically observable quan-
tities, such as expectation values, probabilities, etc.

It is also clear that the matrix representation of an operator is different in a
different basis. To find the effect of a change of basis on the matrix representation
of an operator, let us consider the transformation of the vector | X) into |Y) by the
operator A4:

1Y) = 4](X). (5.30)

Referred to the basis |¢1), |@2), ..., l¢), |X) and |Y) are given by
|X) =31 aile;) and |Y) =377 bile;), and the equation |Y) = 4 |X) becomes

ZM‘P» =4 Zaj|‘pj>'
=1

i=1
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Multiplying both sides from the left by the bra vector (y;| we find

b= aleldle) =D ad;. (5.31)
= =1
Referred to the basis |£)),[&),...,]&) the same vectors |X) and |Y) are

|X) =", 4/&), and |Y) = >°7, b/|¢;), and Egs. (5.31) are replaced by
bi = Z¢l{<§i|‘4{§j> = Zaj'A{,-,
=1 =

where 4 = (§4|¢), which is related to 4; by the following relation:
Aj = (&14]5) = (Upild|Ug;) = (@ U*4 Ulg;) = (U*4U),

or using the rule for matrix multiplication

n

= (&la|g) = (U*aU), ZZU,,AHUV (5.32)

r=1 s=1

From Egs. (5.32) we can find the matrix representation of an operator with
respect to a new basis.

If the operator 4 transforms vector | X) into vector |Y) which is vector | X) itself
multiplied by a scalar A:|Y) = A|X), then Eq. (5.30) becomes an eigenvalue
equation:

A1X) = A1 X).

Commuting operators

In general, operators do not commute. But commuting operators do exist and
they are of importance in quantum mechanics. As Hermitian operators play a
dominant role in quantum mechanics, and the eigenvalues and the eigenvectors of
a Hermitian operator are real and form a complete set, respectively, we shall
concentrate on Hermitian operators. It is straightforward to prove that

Two commuting Hermitian operators possess a complete ortho-
normal set of common eigenvectors, and vice versa.

If 4 and 4 |v) = a|v) are two commuting Hermitian operators, and if
Alv) = alo), (5.33)

then we have to show that

Blv) = flv). (5.34)
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Multiplying Eq. (5.33) from the left by B, we obtain
B(4 |v)) = a(B|v)),

which using the fact 4 B = B 4, can be rewritten as

A(Bv)) = a(B[v)).

Thus, B|v) is an eigenvector of 4 belonging to eigenvalue . If o is non-degen-
erate, then B |v) should be linearly dependent on |v), so that

a(B|v)) +blv) =0, with a#0 and b#0.

It follows that
Blv) = —(b/a)|v) = Blv).

If A4 is degenerate, then the matter becomes a little complicated. We now state
the results without proof. There are three possibilities:

(1) The degenerate eigenvectors (that is, the linearly independent eigenvectors
belonging to a degenerate eigenvalue) of 4 are degenerate eigenvectors of B
also.

(2) The degenerate eigenvectors of 4 belong to different eigenvalues of B. In this
case, we say that the degeneracy is removed by the Hermitian operator B.

(3) Every degenerate eigenvector of 4 is not an eigenvector of B. But there are
linear combinations of the degenerate eigenvectors, as many in number as
the degrees of degeneracy, which are degenerate eigenvectors of 4 but
are non-degenerate eigenvectors of B. Of course, the degeneracy is removed
by B.

Function spaces

We have seen that functions can be elements of a vector space. We now return to
this theme for a more detailed analysis. Consider the set of all functions that are
continuous on some interval. Two such functions can be added together to con-
struct a third function /(x):

h(x) =f(x) +g(x), a<x<b,

where the plus symbol has the usual operational meaning of ‘add the value of f at
the point x to the value of g at the same point.’
A function f(x) can also be multiplied by a number k to give the function p(x):

p(x)=k-f(x), a<x<bh.
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The centred dot, the multiplication symbol, is again understood in the conven-
tional meaning of ‘multiply by k the value of f(x) at the point x.’
It is evident that the following conditions are satisfied:

(a) By adding two continuous functions, we obtain a continuous function.

(b) The multiplication by a scalar of a continuous function yields again a con-
tinuous function.

(¢) The function that is identically zero for a < x < b is continuous, and its
addition to any other function does not alter this function.

(d) For any function f(x) there exists a function (—1)f(x), which satisfies

S+ [(=1)f(x)] = 0.

Comparing these statements with the axioms for linear vector spaces (Axioms
A.1-A.8), we see clearly that the set of all continuous functions defined on some
interval forms a linear vector space; this is called a function space. We shall
consider the entire set of values of a function f(x) as representing a vector |f)
of this abstract vector space F (F stands for function space). In other words, we
shall treat the number f(x) at the point x as the component with ‘index x” of an
abstract vector |f). This is quite similar to what we did in the case of finite-
dimensional spaces when we associated a component a; of a vector with each
value of the index i. The only difference is that this index assumed a discrete set
of values 1, 2, etc., up to N (for N-dimensional space), whereas the argument x of
a function f(x) is a continuous variable. In other words, the function f(x) has an
infinite number of components, namely the values it takes in the continuum of
points labeled by the real variable x. However, two questions may be raised.

The first question concerns the orthonormal basis. The components of a vector
are defined with respect to some basis and we do not know which basis has been
(or could be) chosen in the function space. Unfortunately, we have to postpone
the answer to this question. Let us merely note that, once a basis has been chosen,
we work only with the components of a vector. Therefore, provided we do not
change to other basis vectors, we need not be concerned about the particular basis
that has been chosen.

The second question is how to define an inner product in an infinite-dimen-
sional vector space. Suppose the function f(x) describes the displacement of a
string clamped at x = 0 and x = L. We divide the interval of length L into N equal
parts and measure the displacements f(x;) = f; at N point x;,i =1,2,...,N. At
fixed N, the functions are elements of a finite N-dimensional vector space. An
inner product is defined by the expression

N
(flg) = fier
i=1
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For a vibrating string, the space is real and there is no need to conjugate anything.

To improve the description, we can increase the number N. However, as
N — oo by increasing the number of points without limit, the inner product
diverges as we subdivide further and further. The way out of this is to modify
the definition by a positive prefactor A = L/N which does not violate any of the
axioms for the inner product. But now

N L
Ul = tm > igd = [ o,

by the usual definition of an integral. Thus the inner product of two functions is
the integral of their product. Two functions are orthogonal if this inner product
vanishes, and a function is normalized if the integral of its square equals unity.
Thus we can speak of an orthonormal set of functions in a function space just as
in finite dimensions. The following is an example of such a set of functions defined
in the interval 0 < x < L and vanishing at the end points:

2 R
|€m>—>m(x)=\/;sinmzv, m=1,2,..., 00,

2 (L mmx | nnx
<em|en> = Z/ SIHTSIHde = 6}11)1'
0

For the details, see ‘Vibrating strings’ of Chapter 4.
In quantum mechanics we often deal with complex functions and our definition
of the inner product must then modified. We define the inner product of f(x) and

g(x) as
L
Uleh = [ rreoetods
where f* is the complex conjugate of f. An orthonormal set for this case is
m(x) = ——e"™ m=0,+1,+2 ...,

which spans the space of all functions of period 27 with finite norm. A linear
vector space with a complex-type inner product is called a Hilbert space.

Where and how did we get the orthonormal functions? In general, by solving
the eigenvalue equation of some Hermitian operator. We give a simple example
here. Consider the derivative operator D = d()/dx:

Df(x) = df (x)/dx, D|f) =d|f)/dx.

However, D is not Hermitian, because it does not meet the condition:

/ o B g (f Lg*(x)“lfd—ﬂf)dx)*.
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Here is why:

([ = [ 2
e

It is easy to see that hermiticity of D is lost on two counts. First we have the term
coming from the end points. Second the integral has the wrong sign. We can fix
both of these by doing the following:

=gf*

(a) Use operator —iD. The extra i will change sign under conjugation and kill
the minus sign in front of the integral.
(b) Restrict the functions to those that are periodic: f(0) = f(L).

Thus, —iD is a Hermitian operator on period functions. Now we have

T ),

where A is the eigenvalue. Simple integration gives
f(x) = 4e™™.

Now the periodicity requirement gives

from which it follows that
A=2mm/L, m=0,%1,42,
and the normalization condition gives
1

Hence the set of orthonormal eigenvectors is given by

fm (X) _ \/Lze%rtmx/L.

In quantum mechanics the eigenvalue equation is the Schrédinger equation and
the Hermitian operator is the Hamiltonian operator. Quantum mechanically, a
system with n degrees of freedom which is classically specified by n generalized
coordinates ¢y, ..., ¢, q, 1s specified at a fixed instant of time by a wave function
¥(q1,42,- - -, ¢,) Whose norm is unity, that is,

<1/JW> = / ‘w(QMq% o aQH)|2dql7dq2a e 7dqn = 17
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the integration being over the accessible values of the coordinates ¢y, ¢y, - - ., g,
The set of all such wave functions with unit norm spans a Hilbert space H. Every
possible state of the system is represented by a function in this Hilbert space, and
conversely, every vector in this Hilbert space represents a possible state of the
system. In addition to depending on the coordinates ¢, g5, .. ., q,, the wave func-
tion depends also on the time 7, but the dependence on the ¢gs and on ¢ are
essentially different. The Hilbert space H is formed with respect to the spatial
coordinates ¢y, ¢s,...,q, only, for example, the inner product is formed with
respect to the ¢s only, and one wave function ¥(q,, ¢,, . . ., ¢,) states its complete
spatial dependence. On the other hand the states of the system at different instants
of time f,t,... are given by the different wave functions

V1(q1,925 - 40),V2(q1, G2, - - - qy) - - . of the Hilbert space.

Problems

5.1 Prove the three main properties of the dot product given by Eq. (5.7).

5.2 Show that the points on a line V passing through the origin in E; form a
linear vector space under the addition and scalar multiplication operations
for vectors in Ej.

Hint: The points of V satisfy parametric equations of the form

x|y =at, x,=bt, x3=ct, —o0 <t < o0

5.3 Do all Hermitian 2 x 2 matrices form a vector space under addition? Is there
any requirement on the scalars that multiply them?

5.4 Let V be the set of all points (x;, x,) in E, that lie in the first quadrant; that
is, such that x; > 0 and x, > 0. Show that the set V' fails to be a vector space
under the operations of addition and scalar multiplication.

Hint: Consider u=(1, 1) which lies in V. Now form the scalar multiplication
(=Du = (=1, —1); where is this point located?

5.5 Show that the set W of all 2 x 2 matrices having zeros on the principal
diagonal is a subspace of the vector space M,, of all 2 x 2 matrices.

5.6 Show that |W) = (4,—1,8) is not a linear combination of |U) = (1,2, —1)
and |V) = (6,4,2).

5.7 Show that the following three vectors in E; cannot serve as base vectors of Ej:

1) =(1,1,2),12) = (1,0,1), and [3)=(2,1,3).

5.8 Determine which of the following lie in the space spanned by |f) = cos’ x

and |g) = sin® x: (@) cos 2x; (h)3 + x%; (¢)1; (d) sin x.
5.9 Determine whether the three vectors

|1>:(177273)’ |2>:(576771)7 |3>:(3a2a1)

are linearly dependent or independent.
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5.10

5.11

5.12

5.13

5.14

5.15

5.16

5.17

5.18

5.19

Given the following three vectors from the vector space of real 2 x 2

matrices:
=y o) 2=(y 1) B=(, )

determine whether they are linearly dependent or independent.

If S={|1),]2),...,|n)} is a basis for a vector space V, show that every set
with more than n vectors is linearly dependent.

Show that any two bases for a finite-dimensional vector space have the same
number of vectors.

Consider the vector space E; with the Euclidean inner product. Apply the
Gram—Schmidt process to transform the basis

[)=(1,1,1), [2)=(0,1,1), |3)=1(0,0,1)

into an orthonormal basis.
Consider the two linearly independent vectors of Example 5.10:

1U) = (3 —4)|1) + (5 - 60)[2),

(W) = (1=)|1) + (2 - 30)[2),

where |1) and |2) are an orthonormal basis. Apply the Gram—Schmidt pro-
cess to transform the two vectors into an orthonormal basis.
Show that the eigenvalue of the square of an operator is the square of the
eigenvalue of the operator.
Show that if, for a given 4, both operators 4 ;' and A ' exist, then

Al =4x'=4""
Show that if a unitary operator U can be written in the form U =1+ ieF,
where e is a real infinitesimally small number, then the operator F is
Hermitian.
Show that the differential operator
b hd
- idx
is linear and Hermitian in the space of all differentiable wave functions ¢(x)
that, say, vanish at both ends of an interval (a, b).
The translation operator T'(a) is defined to be such that T'(a)d(x) =
¢(x + a). Show that:

(a) T(a) may be expressed in terms of the operator

hd

P=g
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(b) T(a) is unitary.
5.21 Verify that:

mmnx nmx

2 L
(Cl) ZA SinTSianx = 5""1.

1 27 )
h) —— / MM = 6,
O e s
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6

Functions of a complex variable

The theory of functions of a complex variable is a basic part of mathematical
analysis. It provides some of the very useful mathematical tools for physicists and
engineers. In this chapter a brief introduction to complex variables is presented
which is intended to acquaint the reader with at least the rudiments of this
important subject.

Complex numbers

The number system as we know it today is a result of gradual development. The
natural numbers (positive integers 1, 2, ...) were first used in counting. Negative
integers and zero (that is, 0, —1,—2,...) then arose to permit solutions of equa-
tions such as x + 3 = 2. In order to solve equations such as bx = a for all integers
a and b where b # 0, rational numbers (or fractions) were introduced. Irrational
numbers are numbers which cannot be expressed as a/b, with a and b integers and
b # 0, such as v2 = 1.41423, 7 = 3.14159

Rational and irrational numbers are all real numbers. However, the real num-
ber system is still incomplete. For example, there is no real number x which
satisfies the algebraic equation x* +1=0:x =+/—1. The problem is that we
do not know what to make of v/—1 because there is no real number whose square
is —1. Euler introduced the symbol i = v/—1 in 1777 years later Gauss used the
notation «a + ib to denote a complex number, where @ and b are real numbers.
Today, i = v/—1 is called the unit imaginary number.

In terms of 7, the answer to equation x>+ 1 = 0 is x = i. It is postulated that i
will behave like a real number in all manipulations involving addition and multi-
plication.

We now introduce a general complex number, in Cartesian form

z=x+1y (6.1)
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and refer to x and y as its real and imaginary parts and denote them by the
symbols Re z and Im z, respectively. Thus if z = —3 4+ 2i, then Re z = —3 and
Imz=+42.
A number with just y # 0 is called a pure imaginary number.
The complex conjugate, or briefly conjugate, of the complex number z = x + iy
is
¥=x—1iy (6.2)

and is called ‘z-star’. Sometimes we write it Z and call it ‘z-bar’. Complex con-
jugation can be viewed as the process of replacing i by —i within the complex
number.

Basic operations with complex numbers
Two complex numbers z; = x; + iy, and z, = x, + iy, are equal if and only if
xp =xy and y; = y;.

In performing operations with complex numbers we can proceed as in the
algebra of real numbers, replacing i* by —1 when it occurs. Given two complex
numbers z; and z, where z; = a + ib,z, = ¢ + id, the basic rules obeyed by com-
plex numbers are the following:

(1) Addition:

21+ =(a+ib)+ (c+id) = (a+c)+i(b+d).

(2) Subtraction:

21—z =(a+ib) — (c+id) = (a—c) +i(b—d).

(3) Multiplication:

212y = (a + ib)(c + id) = (ac — bd) + i(ad — bc).
(4) Division:
zy _a+ib (a+ib)(c—id) ac+bd = bc—ad

22_c+id_(c+id)(c—id)_c2+d2+lcz—|—d2'

Polar form of complex numbers

All real numbers can be visualized as points on a straight line (the x-axis). A
complex number, containing two real numbers, can be represented by a point in a
two-dimensional xy plane, known as the z plane or the complex plane (also
known as the Gauss plane or Argand diagram). The complex variable
z = x + iy and its complex conjugation z* are labeled in Fig. 6.1.
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y(Imz)

x(Rez)

z*

Figure 6.1. The complex plane.

The complex variable can also be represented by the plane polar coordinates

(r, 0):
z =r(cosf +isinfh).
With the help of Euler’s formula
o

=cosf +isinb,

we can rewrite the last equation in polar form:
z=r(cos+isinf) =re”, r=1/x2+)? = Vzz*, (6.3)

r is called the modulus or absolute value of z, denoted by |z| or mod z; and 6 is
called the phase or argument of z and it is denoted by arg z. For any complex
number z # 0 there corresponds only one value of 6 in 0 < 6 < 2x. The absolute

value of z has the following properties. If z;, z,, . . ., z,,, are complex numbers, then
we have:
(D) |z1z2+ 2| = |z1ll22] -+ [zl
2 |21]
@ |—|=17 22#0.
) |22

(3) |Zl +z+-- +Zm| < |Zl| + |Z2| + |Zm|'
4 |z1 £ 2] > |z1] = |zl

Complex numbers z = re” with r = 1 have |z| = 1 and are called unimodular.
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We may imagine them as lying on a circle of unit radius in the complex plane.
Special points on this circle are

=0 (1)
0=mn/2 (i)
0=m (-1)
0=—m/2 (—i).

The reader should know these points at all times.

Sometimes it is easier to use the polar form in manipulations. For example, to
multiply two complex numbers, we multiply their moduli and add their phases; to
divide, we divide by the modulus and subtract the phase of the denominator:

i0
i(0+6)) z re'

zz| = (reie)(rleie‘) =rre , ==

r -
— - __ez(é 61).
Zy re%t

T
On the other hand to add two complex numbers we have to go back to the
Cartesian forms, add the components and revert to the polar form.

If we view a complex number z as a vector, then the multiplication of z by ¢
(where « is real) can be interpreted as a rotation of z counterclockwise through
angle o; and we can consider ¢ as an operator which acts on z to produce this
rotation. Similarly, the multiplication of two complex numbers represents a rota-
tion and a change of length: z; = 1 2y = re", 21z = rlrzei(91+92); the new
complex number has length r;r, and phase 6, + 6,.

Example 6.1
Find (1 + ).

Solution: We first write z in polar form: z = 1 4+ i = r(cos 6 + isin 0), from which
we find r = /2,6 = 7/4. Then
z=V2(cos /4 + isin/4) = V24,
Thus
(140 = (V2™ = 166 = 16.

Example 6.2
Show that
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10 ) 10
14+iV/3 _ 2e™/3 _ (ezm/3>10: o20mi/3
1 —iV3 2 mi/3

= ™?3 = 1[cos(27/3) + isin(27/3)] = *%Jr i\/T—'

[O8)

De Moivre’s theorem and roots of complex numbers
If z; = r1€”" and z, = r,e™, then
212y = 11y 170 = rira[cos(0) + 6,) + isin(6; + 6,)].
A generalization of this leads to
2z 2y = PPy - - pye OO O)
=riry--r,cos(@y + 60y + - +6,) +isin(0 + 6, +---+6,)];
if z; =z, =--- =z, = z this becomes
2" = (re”)" = r"[cos(nf) + isin(nd)],
from which it follows that
(cosf + isin 0)" = cos(nf) + isin(nd), (6.4)

a result known as De Moivre’s theorem. Thus we now have a general rule for
calculating the nth power of a complex number z. We first write z in polar form
z =r(cosf + isinf), then

2" =r"(cos§ + isinB)" = r"[cos nf + isin nb)]. (6.5)

The general rule for calculating the nth root of a complex number can now be
derived without difficulty. A number w is called an nth root of a complex number
zif w" = z, and we write w = z'/". If z = r(cos § + isin 6), then the complex num-
ber

0 .0
Wy = (/?(cos— + ism—>
n n

is definitely the nth root of z because wy = z. But the numbers

2 2
wk—W(cose+ ok . 0+ T(k)’ i

+ isin =12,....,(n—1),

n

are also nth roots of z because wj, = z. Thus the general rule for calculating the nth
root of a complex number is

2 2
w:\"/;<cose+ k.. 0427k

+ isin

), k=0,1,2,....(n—=1).  (6.6)
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Figure 6.2. The cube roots of 8.

It is customary to call the number corresponding to k = 0 (that is, wy) the princi-
pal root of z.

The nth roots of a complex number z are always located at the vertices of a
regular polygon of n sides inscribed in a circle of radius /r about the origin.

Example 6.3
Find the cube roots of 8.

Solution: In this case z = 8 + i0 = r(cos § + isin #),r = 2 and the principal argu-
ment § = 0. Formula (6.6) then yields

2k 2k
V8 = 2(cosTﬂ+ isinT”) k=0,1,2.

These roots are plotted in Fig. 6.2:
2 (k=0,0=0°,
—1+i/3  (k=1,0=120°),
—1—iV3  (k=2,0=240).

Functions of a complex variable

Complex numbers z = x + iy become variables if x or y (or both) vary. Then
functions of a complex variable may be formed. If to each value which a complex
variable z can assume there corresponds one or more values of a complex variable
w, we say that w is a function of z and write w = f(z) or w = g(z), etc. The
variable z is sometimes called an independent variable, and then w is a dependent
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variable. If only one value of w corresponds to each value of z, we say that wis a
single-valued function of z or that f(z) is single-valued; and if more than one value
of w corresponds to each value of z, w is then a multiple-valued function of z. For
example, w = z° is a single-valued function of z, but w = \/Z is a double-valued
function of z. In this chapter, whenever we speak of a function we shall mean a
single-valued function, unless otherwise stated.

Mapping
Note that w is also a complex variable and so can be written in the form
w=u+iv=[f(x+iy), (6.7)

where u and v are real. By equating real and imaginary parts this is seen to be
equivalent to

u=u(x,y), v=uv(x,p). (6.8)

If w=f(z) is a single-valued function of z, then to each point of the complex z
plane, there corresponds a point in the complex w plane. If f(z) is multiple-valued,
a point in the z plane is mapped in general into more than one point. The
following two examples show the idea of mapping clearly.

Example 6.4
Map w = 2% = r2e*",

Solution: This is single-valued function. The mapping is unique, but not
one-to-one. It is a two-to-one mapping, since z and —z give the same square.
For example as shown in Fig. 6.3, z= -2+ i and z =2 — i are mapped to the
same point w =3 —4j; and z=1—3i and —1 + 3/ are mapped into the same
point w = —8 — 6i.

The line joining the points P(—2,1) and Q(1,—3) in the z-plane is mapped by
w = z” into a curve joining the image points P'(3,—4) and Q'(—8, —6). It is not

z plane w plane
y v
—-1+3ie
—2+ie
“““““““““ ¥ IR R
22—
e]—3i '

, ®3-4i
e —8—06i

Figure 6.3. The mapping function w = 2%
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\

L@ =/

Figure 6.4. The mapping function w = /z.

very difficult to determine the equation of this curve. We first need the equation of
the line joining P and Q in the z plane. The parametric equations of the line
joining P and Q are given by

x—(=2) y-—1

1—(—2) —3-1 or Y
The equation of the line PQ is then given by z = 31 — 2 + i(1 — 4¢). The curve in
the w plane into which the line PQ is mapped has the equation

w=2=[Bt—2+i(1 — 4> =3 — 4 — 7% + i(—4 + 221 — 247%),

from which we obtain
u=3—4r—77,  v=—4+22— 24
By assigning various values to the parameter ¢, this curve may be graphed.
Sometimes it is convenient to superimpose the z and w planes. Then the images
of various points are located on the same plane and the function w = f(z) may be
said to transform the complex plane to itself (or a part of itself).

Example 6.5
Map w =f(z) = /z,z = re”.

Solution: There are two square roots: fi(re”?) = \/re’?, fo = —f; = \/re*+?7)/2,
The function is double-valued, and the mapping is one-to-two. This is shown in
Fig. 6.4, where for simplicity we have used the same complex plane for both z and

w=f(z).

Branch lines and Riemann surfaces

We now take a close look at the function w = /z of Example 6.5. Suppose we allow z
to make a complete counterclockwise motion around the origin starting from point
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Figure 6.5. Branch cut for the function w = /z.

A, asshownin Fig. 6.5. At 4,06 =0, and w = ﬁew/z. After a complete circuit back
to A, 0 =0, + 2rand w = /r'"t?7/2 = _ /r¢"/?. However, by making a second
complete circuit back to 4, § = 0, + 4x, and so w = \/?ei(9+4”)/ - ﬁeie/ 2. that is,
we obtain the same value of w with which we started.

We can describe the above by stating that if 0 < # < 27 we are on one branch of
the multiple-valued function /z, while if 27 < 6 < 47 we are on the other branch
of the function. It is clear that each branch of the function is single-valued. In
order to keep the function single-valued, we set up an artificial barrier such as OB
(the wavy line) which we agree not to cross. This artificial barrier is called a
branch line or branch cut, point O is called a branch point. Any other line
from O can be used for a branch line.

Riemann (George Friedrich Bernhard Riemann, 1826-1866) suggested another
way to achieve the purpose of the branch line described above. Imagine the z plane
consists of two sheets superimposed on each other. We now cut the two sheets along
OB and join the lower edge of the bottom sheet to the upper edge of the top sheet.
Then on starting in the bottom sheet and making one complete circuit about O we
arrive in the top sheet. We must now imagine the other cut edges to be joined
together (independent of the first join and actually disregarding its existence) so
that by continuing the circuit we go from the top sheet back to the bottom sheet.

The collection of two sheets is called a Riemann surface corresponding to the
function +/z. Each sheet corresponds to a branch of the function and on each
sheet the function is singled-valued. The concept of Riemann surfaces has the
advantage that the various values of multiple-valued functions are obtained in a
continuous fashion.

The differential calculus of functions of a complex variable
Limits and continuity

The definitions of limits and continuity for functions of a complex variable are
similar to those for a real variable. We say that f(z) has limit w, as z approaches
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zy, which is written as

lim f(z) = wy, (6.9)
z—Z)
if
(a) f(z) is defined and single-valued in a neighborhood of z = z,, with the
possible exception of the point z itself; and
(b) given any positive number ¢ (however small), there exists a positive number
6 such that |f(z) — wy| < € whenever 0 < |z — zg| < 6.

The limit must be independent of the manner in which z approaches z.

Example 6.6
(a) If f(z) = 2%, prove that lim._.., f(z) = z
(b) Find lim___ f(z) if

Solution: (a) We must show that given any ¢ > 0 we can find 6 (depending in
general on ¢) such that |z — 23| < e whenever 0 < |z — zp| < 6.
Now if § <1, then 0 < |z — zy| < ¢ implies that

|z = zol|z + zo| < 6]z + zo| = 6]z — zg + 22|,

|22 — 25| < 8(12 = zol +2lzo]) < 8(1 +2]z0).

Taking & as 1 or e/(1 + 2|zy|), whichever is smaller, we then have |z* — z}| < ¢
whenever 0 < |z — z| < 4, and the required result is proved.

(h) There is no difference between this problem and that in part (a), since in
both cases we exclude z = z, from consideration. Hence lim._. f(z) = z3. Note
that the limit of f(z) as z — z; has nothing to do with the value of f(z) at z,.

A function f(z) is said to be continuous at z, if, given any ¢ > 0, there exists a
6 > 0 such that |f(z) — f(z0)] < € whenever 0 < |z — zy| < é. This implies three
conditions that must be met in order that f(z) be continuous at z = z:

(1) lim._,_ f(z) = wy must exist;

(2) f(zo) must exist, that is, f(z) is defined at zy;

(3) wo = f(z0).

For example, complex polynomials, o + oz' 4 arz? + o, 2" (where «; may be
complex), are continuous everywhere. Quotients of polynomials are continuous

whenever the denominator does not vanish. The following example provides
further illustration.
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A function f(z) is said to be continuous in a region R of the z plane if it is
continuous at all points of R.

Points in the z plane where f(z) fails to be continuous are called discontinuities
of f(z), and f(z) is said to be discontinuous at these points. If lim__,. f(z) exists
but is not equal to f(zg), we call the point z, a removable discontinuity, since by
redefining f(zy) to be the same as lim._,. f(z) the function becomes continuous.

To examine the continuity of f(z) at z = oo, we let z = 1/w and examine the
continuity of f(1/w) at w = 0.

Derivatives and analytic functions

Given a continuous, single-valued function of a complex variable f(z) in some
region R of the z plane, the derivative /' (z)(= df/dz) at some fixed point z; in R is
defined as
Az) —
f/(ZO) — llm f(Z() + Z) f(ZO)

Az—0 Az ’

(6.10)

provided the limit exists independently of the manner in which Az — 0. Here
Az =z — z;, and z is any point of some neighborhood of z,. If f'(z) exists at z,
and every point z in some neighborhood of z,, then f(z) is said to be analytic at z,.
And f(z) is analytic in a region R of the complex z plane if it is analytic at every
point in R.

In order to be analytic, f(z) must be single-valued and continuous. It is
straightforward to see this. In view of Eq. (6.10), whenever f'(z,) exists, then

: S+ A7) — (=) |
i [/ (eo+ 82) =Gl = fim =2 fim 2 =0

that is,

lim f(z) =/ (2)-

Az—0

Thus f'is necessarily continuous at any point z, where its derivative exists. But the
converse is not necessarily true, as the following example shows.

Example 6.7
The function f(z) = z* is continuous at z,, but dz*/dz does not exist anywhere. By
definition,

dz* . (z4+ Az)* —z* (x+iy+ Ax+iAy)* — (x +iy)*

v Az AvAY-0 Ax + iAy
—m Y y+Ax —iAy — (x —iy) lim Ax — iAy

= = 1 Er———
Ax,Ay—0 Ax + lAy Ax,Ay—0 AX + lAy
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If Ay =0, the required limit is lima, ,0Ax/Ax = 1. On the other hand, if
Ax =0, the required limit is —1. Then since the limit depends on the manner
in which Az — 0, the derivative does not exist and so f(z) = z* is non-analytic
everywhere.

Example 6.8
Given f(z) = 22> — 1, find f'(z) at zp = | — i.

Solution:

2= (=D (1)
z—1—i zZ— (1 —l)

The rules for differentiating sums, products, and quotients are, in general, the
same for complex functions as for real-valued functions. That is, if f/'(z,) and
g'(z) exist, then:

(D) (f +2)(z0) =" (20) + &'(20);

() (f2)'(z0) =/"(z0)8(z0) +f(20)8" (20);
T\ 2 = 8(20) /" (z0) = f(20)g’ (z0)

) (g) (=) g(Zo)2

. ifg'(z) #0.

The Cauchy—Riemann conditions

We call f(z) analytic at z, if f'(z) exists for all z in some 6 neighborhood of z;
and f(z) is analytic in a region R if it is analytic at every point of R. Cauchy and
Riemann provided us with a simple but extremely important test for the analyti-
city of f(z). To deduce the Cauchy—Riemann conditions for the analyticity of
f(z), let us return to Eq. (6.10):

(zo + Az) — f(z
fl(ZO):AlirEOf( 0+ Ai f( 0)'

If we write f(z) = u(x,y) + iv(x, ), this becomes

vy u(x 4+ Ax,y+ Ay) —u(x, y) + i(same for v)
/) = A.&X?-»o Ax +iAy

There are of course an infinite number of ways to approach a point z on a two-
dimensional surface. Let us consider two possible approaches — along x and along
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¥. Suppose we first take the x route, so y is fixed as we change x, that is, Ay =0
and Ax — 0, and we have

f@) = fim,

ux + Ax,y) —ulx,y) | x4+ Axy) ol y)] _ Ou O
Ax ! Ax “ox lox

We next take the y route, and we have

7'(z) = lim [u(x,y + Ay) —u(x,y) n iv(x,y + Ay) — U(x,y)] Ou v

Ay—0 iAy iAy - _lf)_y + ay’

Now f(z) cannot possibly be analytic unless the two derivatives are identical.
Thus a necessary condition for f(z) to be analytic is

ou, 0 ou o
ox ox Oy oy’

from which we obtain

Ou v d Ou  0Ov

These are the Cauchy—Riemann conditions, named after the French mathemati-
cian A. L. Cauchy (1789-1857) who discovered them, and the German mathema-
tician Riemann who made them fundamental in his development of the theory of
analytic functions. Thus if the function f(z) = u(x,y) + iv(x,y) is analytic in a
region R, then u(x,y) and v(x,y) satisfy the Cauchy—Riemann conditions at all
points of R.

Example 6.9
If f(z) = 2 = x* — y? + 2ixy, then f'(z) exists for all z: /'(z) = 2z, and
Ju v du v
=2x=— d —=-2y=——.
ox oy’ an Oy Y Ox

Thus, the Cauchy—Riemann equations (6.11) hold in this example at all points z.

We can also find examples in which u(x,y) and v(x,y) satisfy the Cauchy—
Riemann conditions (6.11) at z = z,, but f'(z,) doesn’t exist. One such example
is the following:

Dzt if z#£0

f(z) = u(x,y) + wv(x,y) = {O if z=0

The reader can show that u(x, y) and v(x, y) satisfy the Cauchy—Riemann condi-
tions (6.11) at z = 0, but that f'(0) does not exist. Thus f(z) is not analytic at
z = 0. The proof is straightforward, but very tedious.
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However, the Cauchy—Riemann conditions do imply analyticity provided an
additional hypothesis is added:

Given f(z) = u(x,y) + iv(x, ), if u(x,y) and v(x,y) are contin-
uous with continuous first partial derivatives and satisfy the
Cauchy—Riemann conditions (11) at all points in a region R,
then f(z) is analytic in R.

To prove this, we need the following result from the calculus of real-valued
functions of two variables: If A(x,y),0h/dx, and Oh/dy are continuous in some
region R about (xg,y), then there exists a function H(Ax,Ay) such that
H(Ax,Ay) — 0 as (Ax,Ay) — (0,0) and

ah(x(hyO) Ax +

h(xg + Ax, yg + Ay) — h(xg, ) = Ix By

H(Ax, Ay)\/ (Ax)* + (Ap)*.
Let us return to

o S0+ A2) = /()

Az—0 Az ’

where z; is any point in region R and Az = Ax + iAy. Now we can write

S (20 + Az) — f(z9) = [u(xo + Ax, yo + Ay) — u(xo, )]
(xo + Ax, yo + Ay) — v(x9, ¥0)]

+ilv
_ Oulxon) o +%§YO)M + H(Ax, Ap)y/ (Ax)* + (Ay)

Ox
(X0¥0) 8 (x0¥0)
{ oy Ay

G(Ax, Ay (Ax) + <Ay>2]

where H(Ax,Ay) — 0 and G(Ax,Ay) — 0 as (Ax, Ay) — (0,0).
Using the Cauchy—Riemann conditions and some algebraic manipulation we
obtain

1o+ 89) (e = [Peede) b0l iy

+ [H(Ax, Ay) + iG(Ax, Ay)]\/ (Ax) + (Ay)?
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and

f(z0 +Az) — f(z9)  Au(xg,¥0) i iav(xmyo)
Az T dx Ox

(Ax)* + (Ay)°

+ [H(Ax - Ay) +iG(Ax - Ay)] Ax 1Ay

But

(Ax)* + (Ay)®
Ax +iAy

=1.

Thus, as Az — 0, we have (Ax,Ay) — (0,0) and

lim Sz + Az) — f(z0) _ Au(xo, ¥o) i l-aU(xoayo) ’

Az—0 Az ox 0x
which shows that the limit and so f'(z,) exist. Since f(z) is differentiable at all
points in region R, f(z) is analytic at z, which is any point in R.

The Cauchy—Riemann equations turn out to be both necessary and sufficient
conditions that f(z) = u(x,y) + iv(x,y) be analytic. Analytic functions are also
called regular or holomorphic functions. If f(z) is analytic everywhere in the finite
z complex plane, it is called an entire function. A function f(z) is said to be
singular at z = z, if it is not differentiable there; the point z, is called a singular
point of f(z).

Harmonic functions

If (z) = u(x,y) + iv(x,y) is analytic in some region of the z plane, then at every
point of the region the Cauchy—Riemann conditions are satisfied:

u_ov ou_
ox Oy’ dy  Ox’
and therefore
&u v &*u 0%
—=——, and —=-———,
ox>  Oxdy 0y? Oyox

provided these second derivatives exist. In fact, one can show that if f(z) is
analytic in some region R, all its derivatives exist and are continuous in R.
Equating the two cross terms, we obtain
*u  u
—+-5=0 6.12a
ox?  9y? ( )

throughout the region R.
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Similarly, by differentiating the first of the Cauch—Riemann equations with
respect to y, the second with respect to x, and subtracting we obtain
v v B

52 o= (6.12b)

Egs. (6.12a) and (6.12b) are Laplace’s partial differential equations in two inde-
pendent variables x and y. Any function that has continuous partial derivatives of
second order and that satisfies Laplace’s equation is called a harmonic function.

We have shown that if f(z) = u(x,y) + iv(x, y) is analytic, then both u and v are
harmonic functions. They are called conjugate harmonic functions. This is a
different use of the word conjugate from that employed in determining z*.

Given one of two conjugate harmonic functions, the Cauchy—Riemann equa-
tions (6.11) can be used to find the other.

Singular points

A point at which f(z) fails to be analytic is called a singular point or a singularity
of f(z); the Cauchy—Riemann conditions break down at a singularity. Various
types of singular points exist.

(1) Isolated singular points: The point z = z; is called an isolated singular point
of f(z) if we can find 6 > 0 such that the circle |z — zy| = 6 encloses no
singular point other than z,. If no such 6 can be found, we call z, a non-
isolated singularity.

(2) Poles: If we can find a positive integer n such that
lim,_, (z—z))"f(z) = A #0, then z =z, is called a pole of order n. If
n=1, zy is called a simple pole. As an example, f(z) = 1/(z—2) has a
simple pole at z = 2. But /(z) = 1/(z — 2)* has a pole of order 3 at z = 2.

(3) Branch point: A function has a branch point at z if, upon encircling z, and
returning to the starting point, the function does not return to the starting
value. Thus the function is multiple-valued. An example is f(z) = 1/z, which
has a branch point at z = 0.

(4) Removable singularities: The singular point z, is called a removable singu-
larity of f(z) if lim._,. f(z) exists. For example, the singular point at z =0
of f(z) = sin(z)/z is a removable singularity, since lim,_sin(z)/z = I.

(5) Essential singularities: A function has an essential singularity at a point z if
it has poles of arbitrarily high order which cannot be eliminated by multi-
plication by (z — z)", which for any finite choice of n. An example is the
function f(z) = ¢/ which has an essential singularity at z = 2.

(6) Singularities at infinity: The singularity of f(z) at z = oo is the same type as
that of f(1/w) at w = 0. For example, f(z) = z* has a pole of order 2 at
z = 00, since f(1/w) = w2 has a pole of order 2 at w = 0.

248



ELEMENTARY FUNCTIONS OF z

Elementary functions of z
The exponential function ¢ (or exp(z))

The exponential function is of fundamental importance, not only for its own sake,
but also as a basis for defining all the other elementary functions. In its definition
we seek to preserve as many of the characteristic properties of the real exponential
function e¢* as possible. Specifically, we desire that:

(a) ¢ is single-valued and analytic.
(b) de”/dz = €.
(¢) € reduces to ¢* when Im z = 0.

Recall that if we approach the point z along the x-axis (that is, Ay =0,
Ax — 0), the derivative of an analytic function f’(z) can be written in the form

f'(2) :%Z%—i—i%.
If we let
& =u-+iv,
then to satisfy (b) we must have
@ + i@ =u+iv.
ox  Ox

Equating real and imaginary parts gives

ou
- 1
el (6.13)
Ov
- _ 6.14
ok (6.14)
Eq. (6.13) will be satisfied if we write
u=-e"¢(y), (6.15)

where ¢(y) is any function of y. Moreover, since ¢” is to be analytic, ¥ and v must
satisfy the Cauchy—Riemann equations (6.11). Then using the second of Egs.
(6.11), Eq. (6.14) becomes

_Ou_
dy
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Differentiating this with respect to y, we obtain

)
=— gz (with the aid of the first of Egs. (6.11)).
Finally, using Eq. (6.13), this becomes
Ou
i

which, on substituting Eq. (6.15), becomes
e'¢"(y) = —e"¢(y) or ¢"(y) =)

This is a simple linear differential equation whose solution is of the form
¢(y) = Acosy + Bsiny.

Then
u=e"o(y)
=¢"(Acosy+ Bsiny)
and
v= 7%’ = —¢"(—Asiny + Bcosy).
Therefore

e =u+iv=e"[(Acosy+ Bsiny) + i(4siny — Bcosy)].
If this is to reduce to ¢* when y = 0, according to (c¢), we must have
e¢* =e"(4—iB)
from which we find
A=1 and B=0.
Finally we find

Z

¢ = e = ¢¥(cosy + isiny). (6.16)

This expression meets our requirements (a), (b), and (¢); hence we adopt it as the
definition of ¢°. It is analytic at each point in the entire z plane, so it is an entire
function. Moreover, it satisfies the relation

e =, (6.17)

It is important to note that the right hand side of Eq. (6.16) is in standard polar
form with the modulus of ¢° given by ¢ and an argument by y:

mod ¢ = |¢°| =¢* and arg e =y.
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From Eq. (6.16) we obtain the Euler formula: ¢” = cosy -+ isiny. Now let
y = 2m, and since cos 27 = 1 and sin 27 = 0, the Euler formula gives

=1,
Similarly,
S G
Combining this with Eq. (6.17), we find
M _ G
which shows that ¢” is periodic with the imaginary period 2mi. Thus
M — o (n=0,1,2,...). (6.18)

Because of the periodicity all the values that w = f(z) = ¢° can assume are already
assumed in the strip —7 < y < «. This infinite strip is called the fundamental
region of ¢°.

Trigonometric and hyperbolic functions

From the Euler formula we obtain

1, .. o 1 . :
cosx =3 (e +e™™), sinx= % (" —e™) (x real).

This suggests the following definitions for complex z:

1 iz —iz . _ 1 iz —iz
cosz—i(e +e "), smz—zl,(e e ). (6.19)

The other trigonometric functions are defined in the usual way:

sin z coSz 1 1
tanz=——, cotz=——, secz=——, cCOSeCz=—,
sin z CcoSz sin z

whenever the denominators are not zero.
From these definitions it is easy to establish the validity of such familiar for-
mulas as:

sin(—z) = —sinz,cos(—z) = cosz, and cos’z+sin’z =1,
cos(zy £ zy)=cosz| cosz, F sinz; sinz,, sin(z; & z,)=sinz; cosz, £ cosz; sinz,

dcosz . dsinz
= —sinz,
dz

Since ¢° is analytic for all z, the same is true for the function sin z and cos z. The
functions tan z and sec z are analytic except at the points where cos z is zero,
and cot z and cosec z are analytic except at the points where sin z is zero. The
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functions cos z and sec z are even, and the other functions are odd. Since the
exponential function is periodic, the trigonometric functions are also periodic,
and we have

cos(z = 2nm) =cosz, sin(z + 2nw) = sinz,

tan(z &+ 2nm) = tanz, cot(z & 2nw) = cot z,

where n =0,1,....
Another important property also carries over: sin z and cos z have the same
zeros as the corresponding real-valued functions:

sinz=0 if and only if z=nm (n integer);
cosz=0 if and onlyif z=(2n+1)7/2 (ninteger).

We can also write these functions in the form u(x,y) + iv(x,y). As an example,
we give the details for cos z. From Eq. (6.19) we have

| . 1, . 1 o
COSZZ—(elA +€712> :_(el(«\+l}) +e 1(A+1)~)> :_(e Vel | oY zx)
2 2 2
1
=5 [ (cosx + isinx) + ¢"(cos x — isin x)]
= P 3 X 3

or, using the definitions of the hyperbolic functions of real variables

cosz = cos(x + iy) = cosxcosh y — isin xsinh y;
similarly,

sinz = sin(x + iy) = sin x cosh y + i cos x sinh y.
In particular, taking x = 0 in these last two formulas, we find

cos(iy) = coshy, sin(iy) =isinhy.
There is a big difference between the complex and real sine and cosine func-

tions. The real functions are bounded between —1 and +1, but the

complex functions can take on arbitrarily large values. For example, if y is real,
then cos iy = 1(e™ + ") — 00 as y — oo or y — —o0.

The logarithmic function w = 1In z

The real natural logarithm y = Inx is defined as the inverse of the exponential
function ¢’ = x. For the complex logarithm, we take the same approach and
define w = In z which is taken to mean that

=z (6.20)
for each z #£ 0.
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Setting w = u + iv and z = re” = |z|e” we have

ew _ eu-Hv _ euew _ re/G'

It follows that
=r=]z] or u=Ilnr=Injz|
and
v=40=argz.
Therefore
w=Inz=Inr+if =In|z| +iargz.

Since the argument of z is determined only in multiples of 27, the complex
natural logarithm is infinitely many-valued. If we let 6; be the principal argument
of z, that is, the particular argument of z which lies in the interval 0 < 6 < 27,
then we can rewrite the last equation in the form

Inz =In|z| 4 i(6 + 2nr) n=0,£1 £2,.... (6.21)
For any particular value of n, a unique branch of the function is determined, and
the logarithm becomes effectively single-valued. If n = 0, the resulting branch of
the logarithmic function is called the principal value. Any particular branch of the
logarithmic function is analytic, for we have by differentiating the definitive rela-
tion z = ¢",

dzjdw=¢e"=z or dw/dz=d(Inz)/dz=1]z.

For a particular value of n the derivative of In z thus exists for all z # 0.
For the real logarithm, y = In x makes sense when x > 0. Now we can take a
natural logarithm of a negative number, as shown in the following example.

Example 6.10

In —4 =In| —4| + iarg(—4) = In4 + i(7 + 2nm); its principal value is In4 + i(7),
a complex number. This explains why the logarithm of a negative number makes
no sense in real variable.

Hyperbolic functions

We conclude this section on “‘elementary functions” by mentioning briefly the
hyperbolic functions; they are defined at points where the denominator does not
vanish:

. 1, . . 1.
smhz:z(e“—e_‘), COShZ:§(€_+€ D,

tanh z = sinhz/coshz, cothz = coshz/sinhz,

sech z = 1/coshz, cosechz = 1/sinhz.
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Since ¢” and e~ 7 are entire functions, sinh z and cosh z are also entire functions.
The singularities of tanh z and sech z occur at the zeros of cosh z, and the
singularities of coth z and cosech z occur at the zeros of sinh z.

As with the trigonometric functions, basic identities and derivative formulas
carry over in the same form to the complex hyperbolic functions (just replace x
by z). Hence we shall not list them here.

Complex integration

Complex integration is very important. For example, in applications we often en-
counter real integrals which cannot be evaluated by the usual methods, but we can
get help and relief from complex integration. In theory, the method of complex
integration yields proofs of some basic properties of analytic functions, which
would be very difficult to prove without using complex integration.

The most fundamental result in complex integration is Cauchy’s integral theo-
rem, from which the important Cauchy integral formula follows. These will be the
subject of this section.

Line integrals in the complex plane

As in real integrals, the indefinite integral [ f(z)dz stands for any function whose
derivative is f(z). The definite integral of real calculus is now replaced by integrals
of a complex function along a curve. Why? To see this, we can express z in terms
of a real parameter r: z(f) = x(¢) + iy(¢), where, say, a < t < b. Now as ¢ varies
from a to b, the point (x,y) describes a curve in the plane. We say this curve is
smooth if there exists a tangent vector at all points on the curve; this means that
dx/dt and dy/dt are continuous and do not vanish simultaneously for a < ¢ < b.

Let C be such a smooth curve in the complex z plane (Fig. 6.6), and we shall
assume that C has a finite length (mathematicians call C a rectifiable curve). Let
f(z) be continuous at all points of C. Subdivide C into n parts by means of points

Z1,Z2,...,2Z,_1, chosen arbitrarily, and let @ = zy, b = z,. On each arc joining z;_,;
toz; (k=1,2,...,n) choose a point w; (possibly w, = z,_; or w, = z;) and form
the sum

Now let the number of subdivisions z increase in such a way that the largest of the
chord lengths |Az;| approaches zero. Then the sum S, approaches a limit. If this
limit exists and has the same value no matter how the z;s and w;s are chosen, then
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Figure 6.6. Complex line integral.

this limit is called the integral of f(z) along C and is denoted by

/C f(z)dz or / bf(z)dz. (6.22)

This is often called a contour integral (with contour C) or a line integral of f(z).
Some authors reserve the name contour integral for the special case in which C is
a closed curve (so end ¢ and end b coincide), and denote it by the symbol § f(z)dz.

We now state, without proof, a basic theorem regarding the existence of the
contour integral: If C is piecewise smooth and f(z) is continuous on C, then

Jo f(2)dz exists.
If f(z) = u(x,y) + iv(x,y), the complex line integral can be expressed in terms
of real line integrals as

/Cf(z)dz = /C (u+ i) (dx + idy) = /C(udx —vdy) + i/c (vdx + udy), (6.23)

where curve C may be open or closed but the direction of integration must be
specified in either case. Reversing the direction of integration results in the change
of sign of the integral. Complex integrals are, therefore, reducible to curvilinear
real integrals and possess the following properties:

(M) Jelf(2) +g(2)dz = [ [(2)dz + [ g(z)dz;

() [okf(z)dz =k [.f(z)dz, k = any constant (real or complex);

3) [if(@)dz =~ [} (2)dz

@) [1f(@)dz= [ f(@)d + [, /(2)dz

(5) | [ f(z)dz| < ML, where M = max |f(z)| on C, and L is the length of C.
Property (5) is very useful, because in working with complex line integrals it is

often necessary to establish bounds on their absolute values. We now give a brief
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proof. Let us go back to the definition:

/ f(2)dz = lim " f(w) Az
¢ k=1

n—oo

Now

n

> fw)Az

k=1

n

n
< S 100l Az] < MY Az < ML,
k=1 k=1

where we have used the fact that |f(z)] < M for all points z on C and that
> |Azy| represents the sum of all the chord lengths joining z;,_; and z;, and
that this sum is not greater than the length L of C. Now taking the limit of
both sides, and property (5) follows. It is possible to show, more generally, that

/Cf(z)dz

< / ne (6:24)

Example 6.11
Evaluate the integral |, C(z*)zdz, where C is a straight line joining the points z = 0
and z =1+ 2i.

Solution: Since
(%)’ = (x = iy)* = x* — * — 2y,

we have
/ (z%)%dz = / [(x* = y)dx + 2xpdy] + i/ [—2xydx + (x* — y*)dy).
c c c

But the Cartesian equation of C is y = 2x, and the above integral therefore
becomes

1 1
/(z*)zdzz/ 5X2dx+i/ (—10x%)dx = 5/3 — i10/3.
C 0

0

Example 6.12
Evaluate the integral

/ dz
c (Z _ ZO)n+l’

where C is a circle of radius r and center at z,, and # is an integer.
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Solution: For convenience, let z — zy = re’”, where # ranges from 0 to 27 as z
ranges around the circle (Fig. 6.7). Then dz = rie"?d, and the integral becomes

2 . if . 2
rie”’ do _ i “ o p
0 ptleilnt1)d 0 :

If n = 0, this reduces to

27
i df = 2mi
0

and if n # 0, we have
i 2m
r_”/ (cosnf — isinnf)dd = 0.
0

This is an important and useful result to which we will refer later.

Cauchy’s integral theorem

Cauchy’s integral theorem has various theoretical and practical consequences. It
states that if f(z) is analytic in a simply-connected region (domain) and on its
boundary C, then

j{ f(z)dz =0. (6.25)
c

What do we mean by a simply-connected region? A region R (mathematicians
prefer the term ‘domain’) is called simply-connected if any simple closed curve
which lies in R can be shrunk to a point without leaving R. That is, a simply-
connected region has no hole in it (Fig. 6.7(a)); this is not true for a multiply-

connected region. The multiply-connected regions of Fig. 6.7(h) and (c¢) have
respectively one and three holes in them.

y y y

N N (ep©
)\ e

(@) () (©

Figure 6.7. Simply-connected and doubly-connected regions.
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Although a rigorous proof of Cauchy’s integral theorem is quite demanding
and beyond the scope of this book, we shall sketch the main ideas. Note that the
integral can be expressed in terms of two-dimensional vector fields A and B:

]{Cf(z)dz = %C(udx —vdy) + i/(vdx + udy)

¢
:]{CA(r)~dr+i7§CB(r)-dr,

A(r) = uéy —véy, B(r) =vé; + ué,.

where

Applying Stokes’ theorem, we obtain

%Cf(z)dz:/Rdw(VxA—i—iVxB)

= [fal (5 5) + (- 5))

where R is the region enclosed by C. Since f(x) satisfies the Cauchy—Riemann
conditions, both the real and the imaginary parts of the integral are zero, thus
proving Cauchy’s integral theorem.

Cauchy’s theorem is also valid for multiply-connected regions. For simplicity
we consider a doubly-connected region (Fig. 6.8). f(z) is analytic in and on the
boundary of the region R between two simple closed curves C; and C,. Construct
a cross-cut AF. Then the region bounded by ABDEAFGHFA is simply-connected
so by Cauchy’s theorem

j{f(z)dz :7{ f(2)dz=0
c ABDEAFGHFA

or

/ABDEAf(Z)dZ * AFf(Z)dZ + f(z)dz + f( Ydz =

FGHF

Figure 6.8. Proof of Cauchy’s theorem for a doubly-connected region.
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But [, f(z)dz = — [}, f(2)dz, therefore this becomes

/ f@dy+ [ fE)dzy =0
ABDEA FGHF

or
j{f(z)dz =¢ f(z)dz+ ¢ f(2)dz=0, (6.26)
C C G

where both C; and C, are traversed in the positive direction (in the sense that an
observer walking on the boundary always has the region R on his left). Note that
curves C; and C, are in opposite directions.

If we reverse the direction of C, (now C, is also counterclockwise, that is, both
C, and C, are in the same direction.), we have

f(z)dz— ¢ f(z)dz=0 or f(2)dz= ¢ f(z)dz
Cy C, (&) C

Because of Cauchy’s theorem, an integration contour can be moved across any
region of the complex plane over which the integrand is analytic without changing
the value of the integral. It cannot be moved across a hole (the shaded area) or a
singularity (the dot), but it can be made to collapse around one, as shown in Fig.
6.9. As a result, an integration contour C enclosing n holes or singularities can be
replaced by n separated closed contours C;, each enclosing a hole or a singularity:

o - kz § s

which is a generalization of Eq. (6.26) to multiply-connected regions.
There is a converse of the Cauchy’s theorem, known as Morera’s theorem. We
now state it without proof:

Morera’s theorem:
If f(z) is continuous in a simply-connected region R and the Cauchy’s theorem is
valid around every simple closed curve C in R, then f(z) is analytic in R.

51

Figure 6.9. Collapsing a contour around a hole and a singularity.
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Example 6.13
Evaluate §.dz/(z — a) where C is any simple closed curve and z = a is (a) outside
C, (b) inside C.

Solution: (a) If a is outside C, then f(z) = 1/(z — a) is analytic everywhere inside
and on C. Hence by Cauchy’s theorem

fcdz/(z —a) =0.

(b) If a is inside C and I is a circle of radius € with center at z = @ so that T is
inside C (Fig. 6.10). Then by Eq. (6.26) we have

fcdz/(z—a) :f%dz/(z—a).

NowonT,|z—a|=¢,0orz—a= ee”, then dz = ice”df, and

d 27 - i€d9 27
7{ - :/ i as=2mi
rz—da 0 ge 0

Cauchy’s integral formulas

One of the most important consequences of Cauchy’s integral theorem is what is
known as Cauchy’s integral formula. It may be stated as follows.

If f(z) is analytic in a simply-connected region R, and z, is any
point in the interior of R which is enclosed by a simple closed curve
C, then

1 f@e

S 2mi Joz—zg

/(o) dz, (6.27)

the integration around C being taken in the positive sense (counter-
clockwise).

Figure 6.10.
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Figure 6.11. Cauchy’s integral formula.

To prove this, let I' be a small circle with center at z, and radius r (Fig. 6.11),
then by Eq. (6.26) we have
f&) S,

cz—z  Jrz—z
Now |z —zo| = r or z—zy = re",0 < 6 < 2m. Then dz = ire”df and the integral
on the right becomes

2 0y -, i0 2m
JG) 4 / 2+ reT)ire” = e g — i [ f(zo + re)do.
rzZ—2=2y 0 re 0

Taking the limit of both sides and making use of the continuity of f(z), we have

27
TG g —tim [ o + a6
cZ—Zy r—0 Jo
2m

2m
= i/ lirré flzo+reYdo =i [ f(z9)d0 = 2mif (z,),
0o 0

from which we obtain

_ L1/

_27'('1 CcZ— 2

f(zo) dz q.ed.
Cauchy’s integral formula is also true for multiply-connected regions, but we shall
leave its proof as an exercise.
It is useful to write Cauchy’s integral formula (6.27) in the form
1 f(z"dz'
/() = 2_7717{ zl—z
c

to emphasize the fact that z can be any point inside the close curve C.
Cauchy’s integral formula is very useful in evaluating integrals, as shown in the
following example.
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Example 6.14
Evaluate the integral §.e°dz/ (z2 4 1), if Cis a circle of unit radius with center at
(a) z=1iand (b) z = —i.

Solution: (a) We first rewrite the integral in the form

]{ e dz
C Z+l Z—l.7

then we see that f(z) = ¢”/(z+1i) and z; =i. Moreover, the function f(z) is
analytic everywhere within and on the given circle of unit radius around z = i.
By Cauchy’s integral formula we have

i

: d
%(e ) Z,:27rif(i):27ri%:7r(cosl+isinl).
c

z+4+i)z—1

(h) We find zy = —i and f(z) = ¢°/(z — i). Cauchy’s integral formula gives

j{(e ) cfi:—w(cosl—isinl).
c\z—1i/)z

Cauchy’s integral formula for higher derivatives

Using Cauchy’s integral formula, we can show that an analytic function f(z) has
derivatives of all orders given by the following formula:

f(n)(ZO) — n_' j{c (Zf(z%’ (6.28)

- 2mi — Zy

where C is any simple closed curve around z, and f(z) is analytic on and inside C.
Note that this formula implies that each derivative of f(z) is itself analytic, since it
possesses a derivative.

We now prove the formula (6.28) by induction on n. That is, we first prove the

formula for n = 1:
oy L[ f(2)dz
S (z) %C( :

N 27 z — 20)2
As shown in Fig. 6.12, both z, and z, + /4 lie in R, and

£'(z0) = lim LG T =S (20) h})z —/&),

h—0

Using Cauchy’s integral formula we obtain
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r

Figure 6.12.

. 1 1 1
N 11113(1) 2ﬂ'ih]{C {Z —(z0+h) z—2z }f(z)dz.

Now
1{ 1 1}_ L h
hlz—=(z0+h) z=2z)) (z—2z)* (z—2z9—h)(z—z)
Thus,
R B G/ B U /() .
f<o>—2m.;{(220)2d NECLE I A

The proof follows if the limit on the right hand side approaches zero as 4 — 0. To
show this, let us draw a small circle T" of radius 6 centered at z, (Fig. 6.12), then

- /) 1 /) .
11mhj£( dz = llmhjg( dz.

" (z — 2y —h)(z—zo)2 27 h—0 z—2zp —h)(z—zo)2

Now choose / so small (in absolute value) that zo + 4 lies in I' and |h| < §/2,
and the equation for T is |z—zy|=6. Thus, we have |z—zy—h|>
|z —zo| — |h] > 6 —6/2 = /2. Next, as f(z) is analytic in R, we can find a positive
number M such that |f(z)| < M. And the length of I is 27é. Thus,

h f(2)d=
27rij€ (z—2z9—h)(z— 20)2

proving the formula for f”'(z).

W M(2r6)  2\hM
< — = — 0 ¢ h—0
=2 (5/2)(8) 8 “® ’
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For n = 2, we begin with

fleo+h) —f'(z0) _ 1 R B PO
h - 27ﬁl17(€ {(Z—Zoh)2 (Z—Zo)z}f( &

L2 f) h?{ 3(z — z9) — 2h
(

- dz +
2mi Je (z - zo)? 2mi Je (z — zg — h)(z = zp)°

f(2)dz.

The result follows on taking the limit as 7 — 0 if the last term approaches zero.
The proof is similar to that for the case n = 1, for using the fact that the integral
around C equals the integral around I", we have

)

h 3(z = zp) |h| M (2m0) _ 4lh|M
) e e S e

assuming M exists such that |[3(z — z) — 2h] f(2)| < M.

In a similar manner we can establish the results for n = 3,4,.... We leave it to
the reader to complete the proof by establishing the formula for f (n+1) ( 0), assum-
ing that £ (zy) is true.

Sometimes Cauchy’s integral formula for higher derivatives can be used to
evaluate integrals, as illustrated by the following example.

Example 6.15
Evaluate

2z
[
c(z+1)

where C is any simple closed path not passing through —1. Consider two cases:

(a) C does not enclose —1. Then ¢ /(z + 1)* is analytic on and inside C, and the
integral is zero by Cauchy’s integral theorem.

(b) C encloses —1. Now Cauchy’s integral formula for higher derivatives
applies.

Solution: Let f(z) = %, then
3! >
- 674(12
27('1 C (Z —|- 1)
Now f®(=1) = 8¢72, hence

2z
7{ ; 2mf(3)( D=2
c(z+ 1) 3
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Series representations of analytic functions

We now turn to a very important notion: series representations of analytic func-
tions. As a prelude we must discuss the notion of convergence of complex series.
Most of the definitions and theorems relating to infinite series of real terms can be
applied with little or no change to series whose terms are complex.

Complex sequences

A complex sequence is an ordered list which assigns to each positive integer n a
complex number z,,:

21320y veyZpyeess

The numbers z, are called the terms of the sequence. For example, both
ity 0" .. or 1+i (141)/2,(141)/4,(1+1i)/8,... are complex sequences.
The nth term of the second sequence is (1+4i)/2""'. A sequence
Z1,Z2y+ 52y, - - 18 said to be convergent with the limit / (or simply to converge
to the number /) if, given € > 0, we can find a positive integer N such that
|z, — /| < € for each n > N (Fig. 6.13). Then we write

lim z, = /.

n—oo
In words, or geometrically, this means that each term z, with n > N (that is,
ZN,y ZN4+1, ZN42, - - -) lies in the open circular region of radius e with center at /.
In general, N depends on the choice of . Here is an illustrative example.

Example 6.17
Using the definition, show that lim,_,. (1 + z/n) = 1 for all z.

Figure 6.13. Convergent complex sequence.
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Solution: Given any number € > 0, we must find N such that
‘14—5—1‘ <e, forall n>N
n

from which we find
|z/n| < e
or
|z|/n<e if n>|z|/e=N.

Setting z, = x,, + iy,, we may consider a complex sequence z,z,,...,z, in
terms of real sequences, the sequence of the real parts and the sequence of the
imaginary parts: X, X,, ..., X,, and y;, v, ..., y,. If the sequence of the real parts
converges to the number 4, and the sequence of the imaginary parts converges to
the number B, then the complex sequence zj,z,,...,z, converges to the limit
A + iB, as illustrated by the following example.

Example 6.18
Consider the complex sequence whose nth term is
n2—2n+3+i2n—1
z, = .
" 32 —4 2n+1

Setting z,, = x,, + iy,, we find
B n”—2n+3 1 —(2/n)+ (3/n?)

xﬂ -

and 2n—1_ 2-1/n
3’ — 4 34/ T 1T 2+ U n

Asn— oc0,x, — 1/3 and y, — 1, thus, z, — 1 /3 +i.

Complex series
We are interested in complex series whose terms are complex functions
HE) +HE) +LE) +- o fol2) 4 (6.29)
The sum of the first n terms is
Su(2) =/1(2) +/2(2) +/3(2) + - +/u(2),

which is called the nth partial sum of the series (6.29). The sum of the remaining
terms after the nth term is called the remainder of the series.

We can now associate with the series (6.29) the sequence of its partial sums
S1,S,, . ... If this sequence of partial sums is convergent, then the series converges;
and if the sequence diverges, then the series diverges. We can put this in a formal
way. The series (6.29) is said to converge to the sum S(z) in a region R if for any
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€ > 0 there exists an integer N depending in general on € and on the particular
value of z under consideration such that

[S,(z) = S(z)] <e foralln>N

and we write

lim S,(z) = S(z).
n—oo
The difference S,(z) — S(z) is just the remainder after n terms, R,(z); thus the
definition of convergence requires that |R,(z)| — 0 as n — oc.
If the absolute values of the terms in (6.29) form a convergent series

A+ 121+ 6@+ -+ @)+

then series (6.29) is said to be absolutely convergent. If series (6.29) converges but
is not absolutely convergent, it is said to be conditionally convergent. The terms
of an absolutely convergent series can be rearranged in any manner whatsoever
without affecting the sum of the series whereas rearranging the terms of a con-
ditionally convergent series may alter the sum of the series or even cause the series
to diverge.

As with complex sequences, questions about complex series can also be reduced
to questions about real series, the series of the real part and the series of the
imaginary part. From the definition of convergence it is not difficult to prove
the following theorem:

A necessary and sufficient condition that the series of complex
terms

@ +HE) +HE) + -+ fol) 4

should convergence is that the series of the real parts and the series
of the imaginary parts of these terms should each converge.
Moreover, if

i Re f, and 200: Im f,
n=1 n=1

converge to the respective functions R(z) and I(z), then the
given series converges to R(z)+1(z), and the series
fi@) +602) +f0E) 4+ -+ 1,(2) + - - - converges to R(z) + il (z).

Of all the tests for the convergence of infinite series, the most useful is probably
the familiar ratio test, which applies to real series as well as complex series.
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Ratio test

Given the series f1(z) + f>(z) + f3(z) + - - + f,,(z) + - - -, the series converges abso-
lutely if
Ju1(2)

Ja(2)

and diverges if |r(z)| > 1. When |r(z)| = 1, the ratio test provides no information
about the convergence or divergence of the series.

0 < |r(z)| = lim

n—o0

<1 (6.30)

Example 6.19
Consider the complex series

Z = i(Z "ieT") = iZW —l—lie*”
n n=0 n=0 n=0

The ratio tests on the real and imaginary parts show that both converge:

27(7!4»1) 1
lim = | =5 which is positive and less than 1;
ef(nJrl)
lim |[———| = —, which is also positive and less than 1.
n—oo| e e

One can prove that the full series converges to

S 1
ZS’1_171/2+11—e*1'

n=1

Uniform convergence and the Weierstrass M-test

To establish conditions, under which series can legitimately be integrated or
differentiated term by term, the concept of uniform convergence is required:

A series of functions is said to converge uniformly to the function
S(z) in a region R, either open or closed, if corresponding to an
arbitrary € < 0 there exists an integral N, depending on € but not
on z, such that for every value of z in R

|S(z) = S,(2)] <e foralln>N.

One of the tests for uniform convergence is the Weierstrass M-test (a sufficient
test).
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If a sequence of positive constants {M,} exists such that
|f:(2)] < M, for all positive integers n and for all values of z in
a given region R, and if the series

My+ Mo+ + M, + -
is convergent, then the series
J1@) +LE) + @)+ A+ fulz) + -
converges uniformly in R.

As an illustrative example, we use it to test for uniform convergence of the
series

in the region |z| < 1. Now

if |z] < 1. Calling M,, = 1/n3/2, we see that Y M, converges, as it is a p series with
p = 3/2. Hence by Wierstrass M-test the given series converges uniformly (and
absolutely) in the indicated region |z| < 1.

Power series and Taylor series

Power series are one of the most important tools of complex analysis, as power
series with non-zero radii of convergence represent analytic functions. As an
example, the power series

S=>a,” (6.31)

clearly defines an analytic function as long as the series converge. We will only be
interested in absolute convergence. Thus we have

n+1
12

ar[ Zn

||

lim

n—oo

<1l or |zl<R=lim

b)
=00 |an+1 |

where R is the radius of convergence since the series converges for all z lying
strictly inside a circle of radius R centered at the origin. Similarly, the series

S = ian(z - ZO)n
n=0

converges within a circle of radius R centered at z.
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Notice that the Eq. (6.31) is just a Taylor series at the origin of a function with
f"(0) = a,n!. Every choice we make for the infinite variables a, defines a new
function with its own set of derivatives at the origin. Of course we can go beyond
the origin, and expand a function in a Taylor series centered at z = z,. Thus in the
complex analysis there is a Taylor expansion for every analytic function. This is
the question addressed by Taylor’s theorem (named after the English mathemati-
cian Brook Taylor, 1685-1731):

If f(z) is analytic throughout a region R bounded by a simple
closed curve C, and if z and a are both interior to C, then f(z)
can be expanded in a Taylor series centered at z=a for

|z—a| < R:
2
1) = (@) +£'(@)(z — @) +1"(@) 2!a) t
n—1
+/"(a) % + R, (6.32)

where the remainder R, is given by

Rn(Z) = (Z — a)”if ( f(W)dW

2ri Jo (w—a)"(w—2z)

Proof: To prove this, we first rewrite Cauchy’s integral formula as

f w)dw f(w |
27”% -z 27rz% [1 “—a)/(w—a) dw. (6.33)

For later use we note that since w is on C while z is inside C,

zZ—d
’ ‘<1.
w—da

From the geometric progression
] _ qn+l 1 n+1

l+q+q + - +q'= g 1-¢ 1-4

we obtain the relation
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By setting ¢ = (z — a)/(w — a) we find

1 z—a z—a\? z—a\"
1—[(z—a)/(w—a)}:1+w—a+(w—a) +'”+(w—a)
[(z = a)/(w = a))""!
+ (w—2z2)/(w—a)

We insert this into Eq. (6.33). Since z and « are constant, we may take the powers
of (z — a) out from under the integral sign, and then Eq. (6.33) takes the form

o= L gz [ fide =) f} (f(w)dw

R,(2).
27Ti c w—a 27Tl C (W — a)z 271'[ w— a)l/H—l + IZ(Z)

Using Eq. (6.28), we may write this expansion in the form

z—a (z — a)? (z—a)"

f@) =f(@) + =/ '(@) + =" (@) + -+ == f"(a) + Ry(2),

7 . 1 f(w)dw
R =60 35, =y

Clearly, the expansion will converge and represent f(z) if and only if
lim,_,,, R,(z) = 0. This is easy to prove. Note that w is on C while z is inside
C, so we have |w — z| > 0. Now f(z) is analytic inside C and on C, so it follows
that the absolute value of f(w)/(w — z) is bounded, say,

J(w)

w—2z

<M

for all w on C. Let r be the radius of C, then |w — a| = r for all w on C, and C has
the length 27r. Hence we obtain

IR, = ;Tal” 7{c(w fg;)gf 5| < : ;VM%M
— M50 as no .
Thus
16 =@+ 22 )+ E L a4 E Y g

is a valid representation of f(z) at all points in the interior of any circle with its
center at a and within which f(z) is analytic. This is called the Taylor series of f(z)
with center at a. And the particular case where @ = 0 is called the Maclaurin series
of f(z) [Colin Maclaurin 1698-1746, Scots mathematician].
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The Taylor series of f(z) converges to f(z) only within a circular region around
the point z = q, the circle of convergence; and it diverges everywhere outside this
circle.

Taylor series of elementary functions

Taylor series of analytic functions are quite similar to the familiar Taylor series of
real functions. Replacing the real variable in the latter series by a complex vari-
able we may ‘continue’ real functions analytically to the complex domain. The
following is a list of Taylor series of elementary functions: in the case of multiple-
valued functions, the principal branch is used.

n 2

. o= Z z
e :ZM:1+Z+Z+”" |z] < o0,
n=0
) 00 . Z2n+1 23 ZS
San:ZO(—I) mzz—§+§_+, |Z|<OO,
n=
) ; Z2n 22 Z4
cosz:z;(—l) (Zn)!zl_iJrI_JrH" |z|] < o0,
n=
) 2n+1 3 5
. z y4 z
s1nhz:zgmzz+§+§+---, |z|] < o0,
n=
00 2n 2 4
Z V4 zZ
COShZ:Z;wZI“FE'FI""”; |z] < o0,
© (_1 nJrIZn 22 Z3
1n(1+z):Z()T=z—E+§—+---, |z| < 1.
n=0

Example 6.20
Expand (1 —z)~' about a.

Solution:

1 1 1 1 1 Xz a\n
1_22(1_a)_(2_a):1_a1_(z_a)/(1_a):1_anz(1_a> '

=0
We have established two surprising properties of complex analytic functions:

(1) They have derivatives of all order.
(2) They can always be represented by Taylor series.

This is not true in general for real functions; there are real functions which have
derivatives of all orders but cannot be represented by a power series.
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Example 6.21

Expand In(a + z) about a.

Solution: Suppose we know the Maclaurin series, then

z—a z—a
1n(1+z):1n(1+a+z—a):ln(1+a)(1+m)zln(l+a)+ln(l+m)

“In(l+a)+ z—a 1/z—a 2+1 z—a\’ n
N “ 1+a) 2\1+a 3\1+a

Example 6.22
Let f(z) =1In(1 + z), and consider that branch which has the value zero when
z=0.

(a) Expand f(z) in a Taylor series about z = 0, and determine the region of
convergence.
(b) Expand In[(1 + z)/(1 — 2)] in a Taylor series about z = 0.

Solution: (a)

f(z)=In(l+2z2) f(0)=0

[ =(1+2)" f'(0)=1
f'E)==(1+2)7" f"(0)=~1
e =21+2)"" 17(0) =2!

Then

[) = In(142) =f(0) +f /(0 + 2 5=
Z 72 7
=z E—F? Z"'_

The nth term is u, = (—1)""'2"/n. The ratio test gives

U1 nz

Uy

= lim

n—oo

lim

n—oo

\=|z|

n+1

and the series converges for |z| < I.
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(b)) In[(14+z2)/(1 —z)] =In(1 +z) —In(l —z). Next, replacing z by —z in
Taylor’s expansion for In(1 + z), we have

Then by subtraction, we obtain

1+Z Z3 ZS [e%e) 222}1-0-]
| =2 —t 4| = .
nl—z <z+3—|—5+ ) Z

Laurent series

In many applications it is necessary to expand a function f(z) around points
where or in the neighborhood of which the function is not analytic. The Taylor
series is not applicable in such cases. A new type of series known as the Laurent
series is required. The following is a representation which is valid in an annular
ring bounded by two concentric circles of C; and C, such that f(z) is single-valued
and analytic in the annulus and at each point of C; and C,, see Fig. 6.14. The
function f(z) may have singular points outside C; and inside C,. Hermann
Laurent (1841-1908, French mathematician) proved that, at any point in the
annular ring bounded by the circles, f(z) can be represented by the series

fe)= a(z-a)" (6.34)
where
1
n——.f M, n=0,+1,42 ..., (6.35)
2ri Je (w— a)"
Cl
z
CZ

)

Figure 6.14. Laurent theorem.
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each integral being taken in the counterclockwise sense around curve C lying in
the annular ring and encircling its inner boundary (that is, C is any concentric
circle between C; and C,).

To prove this, let z be an arbitrary point of the annular ring. Then by Cauchy’s
integral formula we have

1 f(w)derL f(w)dw

f(z) =

i Jo, w—z  2miJe, w—z'

where C, is traversed in the counterclockwise direction and C, is traversed in the
clockwise direction, in order that the entire integration is in the positive direction.
Reversing the sign of the integral around C, and also changing the direction of
integration from clockwise to counterclockwise, we obtain

f(2) = o fwdw 1 f(w)dw

2ni Jo, w—z  2miJe, w—z~

Now

L/(w=z)=[1/(w=a{l/[l = (z=a)/(w=a)]},

—1/w=2)=1/z=w)=[1/z=a){1/[1 = (w—a)/(z = a)]}.
Substituting these into f(z) we obtain:

f(z) = b fwdw 1 f(w)dw

2ni Jo, w—z 2w Jo, w2z

:2%' fc »{(lv)a L - (z—;)/(w— a)]dw

+ % fc g(—ml [1 - iz) (== a)} dw.

Now in each of these integrals we apply the identity

ql’l

1 2 —1
=1 e " 4
kR A e L R
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to the last factor. Then

1@ =g L1 2ty By B0y,

- 12— 4 ...
27i Jo,w—a +w—aJr w—a l—(z=—a)/(w—a)

+L A [1 LrmaL g (W*a)"—'jLl(wfa)”/(z,a)n }dw

27i Je,z —a z—a —(w—a)/(z-a)

_ L flw)aw Lz S(w)dw - (z—a)"! 7{ f(w)dw
c

S 2miJe, w—a 27 Jeo, (w—a)? 2mi L (w—a)"

+ Rnl

1
27i(z — a) Je,

S(w)dw + m%g (w—a)f(w)ydw+---

1
27i(z — a)"

]{ (w—a)""'f(w)dw + R,
G

where

_(z—a)" f(w)dw
R = 2mi 72 (w—a)"(w—2z)

1 (w—a)"f(w)dw
J. ~

R =
"7 2ri(z — a)” z—w

The theorem will be established if we can show that Ilim,_ . R, =0
and lim,_,, R,; = 0. The proof of lim,_,, R,; = 0 has already been given in the
derivation of the Taylor series. To prove the second limit, we note that for values
of won C,

w—al=r,lz—al=p say, [z=w[=[z-a)—(Ww=a)=p—r,
and
(S (W) < M,
where M is the maximum of |f(w)| on C,. Thus
1 (w—a)"f(w)dw 1 [w — a|"|f (w)]||dw]
T <o
2 2mi(z — a)" Je, Z—w [2mi||z — a|" J¢, |z — w]|
or

M M (r\" 27,
ol g f o -2 (2) 2
0" (p— 1) Je, m\p) p—n
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Since r/p <1, the last expression approaches zero as n — oo. Hence
lim,,_,, R, = 0 and we have

1 S(w)dw 1 f(w)dw
T =2t w—a +l% QW](Z—‘”
IR QA )L PR
+ [27”. A (w—a)3]( )+

+ {27” sz(w)dw} .t {27” %Cz (w— a)f(w)dw} - N

Since f(z) is analytic throughout the region between C; and C,, the paths of
integration C; and C, can be replaced by any other curve C within this region
and enclosing C,. And the resulting integrals are precisely the coefficients «, given
by Eq. (6.35). This proves the Laurent theorem.

It should be noted that the coefficients of the positive powers (z — a) in the
Laurent expansion, while identical in form with the integrals of Eq. (6.28), cannot
be replaced by the derivative expressions

["(a)

n!

as they were in the derivation of Taylor series, since f(z) is not analytic through-
out the entire interior of C, (or C), and hence Cauchy’s generalized integral
formula cannot be applied.

In many instances the Laurent expansion of a function is not found through the
use of the formula (6.34), but rather by algebraic manipulations suggested by the
nature of the function. In particular, in dealing with quotients of polynomials it is
often advantageous to express them in terms of partial fractions and then expand
the various denominators in series of the appropriate form through the use of the
binomial expansion, which we assume the reader is familiar with:

(540" ="+ ns"fltn(nzT l)snfztz n(n — 13)!(” -2) $13

This expansion is valid for all values of n if |s| > |t|. If |s| < || the expansion is
valid only if n is a non-negative integer.

£+

That such procedures are correct follows from the fact that the Laurent expan-
sion of a function over a given annular ring is unique. That is, if an expansion of the
Laurent type is found by any process, it must be the Laurent expansion.

Example 6.23
Find the Laurent expansion of the function f(z) = (7z — 2)/[(z + 1)z(z — 2)] in
the annulus 1 < |z + 1| < 3.
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Solution: We first apply the method of partial fractions to f(z) and obtain

-3 1 2

f<z):z+1 E+z—2'

Now the center of the given annulus is z = —1, so the series we are seeking must
be one involving powers of z + 1. This means that we have to modify the second
and third terms in the partial fraction representation of f(z):

-3 n 1 n 2

Szl (z+ D=1 (z+1)=3

/()

but the series for [(z+ 1) —3]™" converges only where |z + 1| > 3, whereas we
require an expansion valid for |z + 1| < 3. Hence we rewrite the third term in
the other order:

-3 n 1 n 2

Szl (D) =1 =34(z+1)

=3+ 1) [+ D) =1 234 (z+ 1))

/()

e )22 1) %f%(zﬂ)

—=Cz+1) = l<|z+1] <3.

Example 6.24
Given the following two functions:

(a) €3Z<Z+1>73, (b) (z+2) Sianr%’

find Laurent series about the singularity for each of the functions, name the
singularity, and give the region of convergence.

Solution: (a) z= —1 is a triple pole (pole of order 3). Let z+ 1 =u, then
z=u—1and

3z 3(u—1) 3u -3 2 3 4
e AP <1+3u+(3u) (Gu)’ , (u +>

T A R R ¥ FTRE TR T

S 1 3 9 9 27(z+1)
=e 3+ 5+ +5+ +o ]
(z+1)7 (+1)7 20z+1) 2 8

The series converges for all values of z # —1.
(b) z = —2 is an essential singularity. Let z+ 2 = u, then z =u — 2, and
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1 1 1 1 1
(Z—I—Z)Sin =yusin-=uyl-——+——5+4---
z42 u u 3 s

1 1
—1- S+ 7—+
6(z+2)> " 120(z +2)

The series converges for all values of z #£ —2.

Integration by the method of residues

We now turn to integration by the method of residues which is useful in evaluat-
ing both real and complex integrals. We first discuss briefly the theory of residues,
then apply it to evaluate certain types of real definite integrals occurring in physics
and engineering.

Residues

If f(z) is single-valued and analytic in a neighborhood of a point z = a, then, by
Cauchy’s integral theorem,

fé f(2)dz=0

for any contour in that neighborhood. But if f(z) has a pole or an isolated
essential singularity at z = a and lies in the interior of C, then the above integral
will, in general, be different from zero. In this case we may represent f(z) by a
Laurent series:

> a_q a_o

f(z)= Z an(z—a)":ao+a1(z—a)+a2(z—a)2+~--+2_a+( e

_A'_...7

where

1
a, = =— L)ldz, n=0,+1, +2,....
2ri Je (z —a)"™"
The sum of all the terms containing negative powers, namely
a_/(z—a)+a_»/(z—a)* +---, is called the principal part of f(z) at z = a. In

the special case n = —1, we have
1
a1 =75 Cf(Z)dZ
or
f 1(2)dz = 2mia,, (6.36)
c
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the integration being taken in the counterclockwise sense around a simple closed
curve C that lies in the region 0 < |z — a| < D and contains the point z = a, where
D is the distance from « to the nearest singular point of f(z). The coefficient a_; is
called the residue of f(z) at z = a, and we shall use the notation

a_ = Bzeas f(2). (6.37)

We have seen that Laurent expansions can be obtained by various methods,
without using the integral formulas for the coefficients. Hence, we may determine
the residue by one of those methods and then use the formula (6.36) to evaluate
contour integrals. To illustrate this, let us consider the following simple example.

Example 6.25
Integrate the function f(z) = z *sinz around the unit circle C in the counter-
clockwise sense.

Solution: Using

00 Z2n+l Z3 ZS

R 1) B T
Sz ;( Yo Tats

we obtain the Laurent series

sinz 1 1 z

fO="=a" 3 a0t

We see that f(z) has a pole of third order at z = 0, the corresponding residue is
a_y = —1/3!, and from Eq. (6.36) it follows that
?{ S;#dz = 2mia_| = —i g
There is a simple standard method for determining the residue in the case of a
pole. If f(z) has a simple pole at a point z = a, the corresponding Laurent series is
of the form

o0

@)= 3 ale—af =a+a -0t a4 + =
where a_; # 0. Multiplying both sides by z — a, we have
(z-a)f(e) =(z-adag+a(z—a)+--]+a,
and from this we have
Res f(2) = a_y = lim (= — a) /(2). (6.38)
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Another useful formula is obtained as follows. If f(z) can be put in the form

where p(z) and ¢(z) are analytic at z = a, p(z) # 0, and ¢(z) = 0 at z = a (that is,
¢(z) has a simple zero at z = a). Consequently, ¢(z) can be expanded in a Taylor
series of the form

! (Z — a)Z "
9(2) = (z = a)q'(@) + = —q"(a) +
Hence
—lim(—a) 2By (z—a)p(2) _ pla)
Res f(z) = lim (z —a) q(2) lim g @+ G—ag @2t g

(6.39)

Example 6.26
The function f(z) = (4 — 3z)/(z* — z) is analytic except at z = 0 and z = 1 where
it has simple poles. Find the residues at these poles.

Solution: We have p(z) = 4 — 3z,¢(z) = z> — z. Then from Eq. (6.39) we obtain
4 — 32} 4 — 32]

=1.

R - _
Res /2) [22 1 22-1].,

= —4, Res f(z) = [
z=0 z=1

We now consider poles of higher orders. If f(z) has a pole of order m > 1 at a
point z = a, the corresponding Laurent series is of the form

a_y a_j a_,,

=ay+a(z—a)+a(z—a) +---
f(z) =ap+ ai( ) + ax( )+ o, —a) Jr(z_a)m,

where a_,, # 0 and the series converges in some neighborhood of z = a, except at
the point itself. By multiplying both sides by (z — a)” we obtain

(Z - a)mf(z) =A_py + Ay (Z - a) + Cl_m+2(Z - a)Z +ooee a—m+(m—])(2 - a)(m—l)

+ (- a) g+ (- @)+

This represents the Taylor series about z = a of the analytic function on the left
hand side. Differentiating both sides (2 — 1) times with respect to z, we have

%[(Z—a)mf(z)] =m—Dla_,+mm—1)---2ay(z —a)+---.
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Thus on letting z — a
m—1
lim ———[(z = a)"f(2)] = (m = Dla_y,

z—a dz

that is,

m—1
Res /() = ooty im {d [(Za)"’f(Z)}}- (6.40)

z=a dzm1

Of course, in the case of a rational function f(z) the residues can also be
determined from the representation of f(z) in terms of partial fractions.

The residue theorem

So far we have employed the residue method to evaluate contour integrals whose
integrands have only a single singularity inside the contour of integration. Now
consider a simple closed curve C containing in its interior a number of isolated
singularities of a function f(z). If around each singular point we draw a circle so
small that it encloses no other singular points (Fig. 6.15), these small circles,
together with the curve C, form the boundary of a multiply-connected region in
which f(z) is everywhere analytic and to which Cauchy’s theorem can therefore be
applied. This gives

27rzb{f )dz + le z)dz + - %1f dZ]—O

If we reverse the direction of integration around each of the circles and change the
sign of each integral to compensate, this can be written

27”7(]( 7(,1 dz+— ) Szt +7{m/‘
C

Figure 6.15. Residue theorem.
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where all the integrals are now to be taken in the counterclockwise sense. But the
integrals on the right are, by definition, just the residues of f(z) at the various
isolated singularities within C. Hence we have established an important theorem,
the residue theorem:

If f(z) is analytic inside a simple closed curve C and on C, except
at a finite number of singular points ay, as, . . . ,a,, in the interior of
C, then

m

j{f(z)dz = 27riz Res f(z) =2mi(ri+rm+---+r,), (641)
C j=1 Z=a;
where r; is the residue of f(z) at the singular point a;.

Example 6.27
The function f(z) = (4 — 3z)/(z* — z) has simple poles at z =0 and z = 1; the
residues are —4 and 1, respectively (cf. Example 6.26). Therefore

4-3
f —dz = 2mi(—4 + 1) = —6ri
c Zz-—Z

for every simple closed curve C which encloses the points 0 and 1, and

j{ 4 - 3Zdz = 27i(—4) = —8mi
c

szZ

for any simple closed curve C for which z = 0 lies inside C and z = 1 lies outside,
the integrations being taken in the counterclockwise sense.

Evaluation of real definite integrals

The residue theorem yields a simple and elegant method for evaluating certain
classes of complicated real definite integrals. One serious restriction is that the
contour must be closed. But many integrals of practical interest involve integra-
tion over open curves. Their paths of integration must be closed before the residue
theorem can be applied. So our ability to evaluate such an integral depends
crucially on how the contour is closed, since it requires knowledge of the addi-
tional contributions from the added parts of the closed contour. A number of
techniques are known for closing open contours. The following types are most
common in practice.

o
Improper integrals of the rational function / f(x)dx
—00

The improper integral has the meaning

00 0 b
/ f(x)dx = lim [ f(x)dx+ blim f(x)dx. (6.42)
—00 =00 Jq =00 Jo
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If both limits exist, we may couple the two independent passages to —oo and oo,
and write

r—00

/ f(x)dx = lim f( )dx (6.43)

We assume that the function f(x) is a real rational function whose denominator
is different from zero for all real x and is of degree at least two units higher than
the degree of the numerator. Then the limits in (6.42) exist and we can start from
(6.43). We consider the corresponding contour integral

fc (2

along a contour C consisting of the line along the x-axis from —r to r and the
semicircle I above (or below) the x-axis having this line as its diameter (Fig. 6.16).
Then let r — oco. If f(x) is an even function this can be used to evaluate

/Ooof(x)dx

Let us see why this works. Since f/(x) is rational, f(z) has finitely many poles in the
upper half-plane, and if we choose r large enough, C encloses all these poles. Then
by the residue theorem we have

]éf(Z)dz = /Ff(Z)dz + /:;f(x)dx =2mi ) Res f(2)

This gives

/f )dx = 2mi Y " Res f(2) /f

We next prove that [;.f(z)dz — 0 if r — co. To this end, we set z = re”, then T
is represented by r = const, and as z ranges along I', # ranges from 0 to 7. Since

Figure 6.16. Path of the contour integral.
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the degree of the denominator of f(z) is at least 2 units higher than the degree of
the numerator, we have

SOI<K/l (2l =r>ro)
for sufficiently large constants k and r. By applying (6.24) we thus obtain

/F f(z)dz

Hence, as r — oo, the value of the integral over I" approaches zero, and we obtain

1 " f(x)dv = 270 3" Res £(2). (6.44)

k km
< ST =—.
r r

Example 6.28
Using (6.44), show that

/°° dx 7
0 1—|—X4_2\/§.

Solution:  f(z) = 1/(1 + z*) has four simple poles at the points

7, = 67”/4, Zy = 837”/4, 73 = 673m/4, z, = €7m/4.

The first two poles, z; and z,, lie in the upper half-plane (Fig. 6.17) and we find,

using L’Hospital’s rule

R R R R P
Res /) =[] =[] =5 =5

=2z

z=z2, =12,
z

3

1 1 1 omiia 1 i
R N D . _ i) _ i/

R = M = T T

dh
NI

Figure 6.17.
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then
© dx 27i i/ i/ T
= +e =7SIiN— = —
/_oo 1+x* 4 ( ) V2
and so
/°° dx _l/"o dx 7
o L+x* 2/ 14X 22
Example 6.29
Show that
/°° x%dx _Ir
oo (24124 2x42) SO
Solution:  The poles of
2
Z
Z) =
/) (2+ 1) (2 +2z+2)
enclosed by the contour of Fig. 6.17 are z = i of order 2 and z = —1 + i of order 1.
The residue at z =i is
2 .
9i —
lim — | (z — i) : =
zw&l( ) (z+i)' (2 - (22 +22+2) 100
The residue at z = —1 4 is
2 4
lim (z+1—1) : _3=4
Zo—li 4+ 1) z+1=i)z+1+i) 25

Therefore

o0 x2dx /9i—12 3—4i\ T«
3 =21 —t— | = —.
oo (X2 H 1) (x> +2x +2) 100 25 50

2m
Integrals of the rational functions of sin 0 and cos 6 / G(sin 6, cos 6)do
0

G(sin#,cosf) is a real rational function of sin# and cos 6 finite on the interval
0<0<2nm Let z=¢", then

dz = ie"dd, or df=dz/iz, sinf=(z—z")/2i, cosb=(z+z")/2
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and the given integrand becomes a rational function of z, say, f(z). As 6 ranges
from 0 to 2w, the variable z ranges once around the unit circle |z| =1 in the
counterclockwise sense. The given integral takes the form

$ 1%

the integration being taken in the counterclockwise sense around the unit circle.

Example 6.30
Evaluate

n db
o 3—2cosf+sinf

Solution: Let z = ¢, then dz = ie"df, or df = dz/iz, and

-1

. z—z z+z7!
smﬂzT,cosG:
i

2 )

then

/2” do B 7{ 2dz
o 3—2cosO+sind Jo (1—2i)z2+6iz—1—2i
where C is the circle of unit radius with its center at the origin (Fig. 6.18).

We need to find the poles of

1
(1 =20z 4+ 6iz—1-2i

6i (60 — 4(1 - 20)(~1 - 2i)

2(1 —2i)
=2—-i(2-10)/5,
y
1
X
Figure 6.18.
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only (2 —i)/5 lies inside C, and residue at this pole is

2
li —(2-10)/5
H<12r3')/5 7= @=0/3] [(1 — 202> +6iz—1-2i
= lim 2 _ by L’Hospital’s rule
Tohys2( 202160 2 Y p '

Then

2
" db 2dz

= = 27i(1/2i) = .

/0 3—2cosf+sind fc(l—Zi)zz+6iz—l—2i mi(1/2i) = =

L. 00 sin mx
Fourier integrals of the form / f (x){ }dx
s cos mx

If /(x) is a rational function satisfying the assumptions stated in connection with
improper integrals of rational functions, then the above integrals may be evalu-
ated in a similar way. Here we consider the corresponding integral

e

over the contour C as that in improper integrals of rational functions (Fig. 6.16),
and obtain the formula

/_ocf(x)e"’”xdx = 2771'2 Res[f(2)e™] (m > 0), (6.45)

imz

where the sum consists of the residues of f(z)e"™ at its poles in the upper half-
plane. Equating the real and imaginary parts on each side of Eq. (6.45), we obtain

/Oof(x) cosmxdx = =27 Z Im Res[f(z)e™], (6.46)

/ oof(x) sinmxdx = 2 _ Re Res[f(2)e"™]. (6.47)

To establish Eq. (6.45) we should now prove that the value of the integral over
the semicircle I' in Fig. 6.16 approaches zero as r — oo. This can be done as
follows. Since I lies in the upper half-plane y > 0 and m > 0, it follows that

imz
le

_ |ejmx‘|e—my| — < 1 (y > O,WI > 0)

From this we obtain

£ (2)e™ S =0,m>0),

which reduces our present problem to that of an improper integral of a rational
function of this section, since f(x) is a rational function satisfying the assumptions

_ |f(Z)| S |eimz
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stated in connection these improper integrals. Continuing as before, we see that
the value of the integral under consideration approaches zero as r approaches oo,
and Eq. (6.45) is established.

Example 6.31

Show that
< cosmx T _iom < sinmx
. md)&':%e 5 . deZO (Wl>0,k>0)

Solution: The function f(z) = ™ /(k* + z*) has a simple pole at z = ik which
lies in the upper half-plane. The residue of f(z) at z = ik is

R ezmz ezmz efmk
s 5—— = |=— =—.
=ik k? + 2 2z |y 2ik

Therefore

00 eimx eﬂnk - "
_ d = 2  —— — — —m
/,OC S T

and this yields the above results.

Other types of real improper integrals

/A e

whose integrand becomes infinite at a point a in the interval of integration,
m,_, |f(x)| = oco. This means that

These are definite integrals

/f x_l1m - f( )dx + lim f(x)dx

=0 J gy

where both € and 7 approach zero independently and through positive values. It
may happen that neither of these limits exists when ¢, — 0 independently, but

lim { /A T rdx + j f(x)dx]

e—0

exists; this is called Cauchy’s principal value of the integral and is often written

B
pr. v./A f(x)dx
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To evaluate improper integrals whose integrands have poles on the real axis, we
can use a path which avoids these singularities by following small semicircles with
centers at the singular points. We now illustrate the procedure with a simple
example.

Example 6.32
Show that

50
Sin x s
dx = —.

0 X 2

Solution: The function sin(z)/z does not behave suitably at infinity. So we con-
sider ¢”/z, which has a simple pole at z = 0, and integrate around the contour C
or ABDEFGA (Fig. 6.19). Since ¢”/z is analytic inside and on C, it follows from
Cauchy’s integral theorem that
7{ e—dz =0
c Z

—e IX iz R ix iz
/ e—dx—i—/ e—dz—i—/ e—dx—i—/ ¢ d=o. (6.48)
-R X c, Z e X c Z

We now prove that the value of the integral over large semicircle C; approaches
zero as R approaches infinity. Setting z = Re”, we have dz = iRe"df), dz/z = id§
and therefore

or

ei: T T
/ —dz| = / e"id@‘ < / e \do.
¢ Z 0 0
In the integrand on the right,
‘eiz| _ |eiR(cos(9+isin9)| _ |eiRc059||efRsin0‘ _ efRsin9.

Figure 6.19.
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By inserting this and using sin(w — #) = sin § we obtain

r

ei:

T . /2 .
de — / e*RSlnede — 2/ e*RSlnedQ
0 0

e . /2 .
-9 l/ €7R sin 9d9 + / €7R sin ng] ,
0 €

where ¢ has any value between 0 and 7/2. The absolute values of the integrands in
the first and the last integrals on the right are at most equal to 1 and e R*"¢,
respectively, because the integrands are monotone decreasing functions of # in the
interval of integration. Consequently, the whole expression on the right is smaller

than

€ . /2 ) ‘
2|:/ de_"_efRsmB/ d9:| — 2[E+6Rsm0<g_8):| < 28+7T€7R5m5.
0 €

Altogether
/ e—dz
¢ Z

We first take ¢ arbitrarily small. Then, having fixed ¢, the last term can be made as
small as we please by choosing R sufficiently large. Hence the value of the integral
along C, approaches 0 as R — oo.

We next prove that the value of the integral over the small semicircle C,
approaches zero as ¢ — 0. Let z = £ then

—Rsine

< 2e + e

iz 0 .6 0

e . exp(iee”) . . ) ) . .

~dz = —lim I)(—H)zse’gdﬁ = —lim zexp(zee’e)dé =i
c Z e—0 J . ge' e—0

™

and Eq. (6.48) reduces to

—e IX R ix
/ Cav+mi+ [ Sdv=0.
R X - X

€

Replacing x by —x in the first integral and combining with the last integral, we
find

R ix —ix
e —e
/ Tl dxtmi=o.
€

Thus we have
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FUNCTIONS OF A COMPLEX VARIABLE

Taking the limits R — oo and € — 0

6.1.

6.2.

6.3.

6.4

6.5

6.6
6.7
6.8

6.9

o -
Sin x ™

dx = —.

0 X 2

Problems

Given three complex numbers z; =a+ib, zo = ¢+ id, and z3 = g+ ih,
show that:

(@) z1+z=2+12; commutative law of addition;
B)z1+(z+z3)=(21+2) + 23 associative law of addition;

(¢) 2129 = 22 commutative law of multiplication;
(d) z1(2223) = (2122) 23 associative law of multiplication.
Given

3+4i 1+2i]°
= Ty =
YT34 TP 1-3
find their polar forms, complex conjugates, moduli, product, the quotient

21/z,.
The absolute value or modulus of a complex number z = x + iy is defined as

|z| = Vzz* = 1/ x* + )2

If 2y, z5, ..., z, are complex numbers, show that the following hold:
(@) |z122] = |z1]|z2| o1 |z122 - - - 2| = |z1]|22] - - - |20

(0) |z1/22] = |21]/|z2] if 2, # 0.

(©) |z1 + 22| < |z1] + |22

(@) |21 + 22| 2 |z1] = || or |z — 23| 2 |z1] = |za].
Find all roots of (a) v—32, and (b) v/1 + i, and locate them in the complex
plane.

Show, using De Moivre’s theorem, that:

(a) cos 50 = 16 .cos® 6 — 20 cos’ § + 5cos b;

(b) sin 50 = 5cos* fsin 6 — 10 cos” @sin> 6 + sin’ 6.

Given z = re”, interpret ze", where « is real geometrically.

Solve the quadratic equation az*> 4+ bz + ¢ = 0,a # 0.

A point P moves in a counterclockwise direction around a circle of radius 1
with center at the origin in the z plane. If the mapping function is w = 2%,
show that when P makes one complete revolution the image P’ of P in the w
plane makes three complete revolutions in a counterclockwise direction on a
circle of radius 1 with center at the origin.

Show that f(z) = In z has a branch point at z = 0.

6.10 Let w=f(z) = (2> + 1)'/?, show that:
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6.11

6.12.

6.13
6.14

6.15.

6.16.

6.17

6.18

6.19

6.20

6.21
6.22
6.23

(a) f(z) has branch points at z = £1.

(b) a complete circuit around both branch points produces no change in the
branches of f(z).

Apply the definition of limits to prove that:

21
lim
z—1 Zz —

=2.

Prove that:
(@) f(z) = 2% is continuous at z = z;, and

22 zZ Z|
(b)f(z>={ FF A

0 is discontinuous at z = z,, where z, # 0.
yZ =120

Given f(z) = z*, show that /(i) does not exist.

Using the definition, find the derivative of f(z) = 2} — 2z at the point where:

(a) z =zy, and (b) z= —1.

Show that f is an analytic function of z if it does not depend on

z*: f(z,z%) = f(2z). In other words, f(x,y) =f(x+iy), that is, x and y

enter f only in the combination x + iy.

(a) Show that u = y° — 3x?y is harmonic.

(b) Find v such that f(z) = u + iv is analytic.

(o) If f(2) = u(x,y) + iv(x,y) is analytic in some region R of the z plane,
show that the one-parameter families of curves u(x,y)=C; and
v(x,y) = C, are orthogonal families.

(b) Nlustrate (a) by using f(z) = z°.

For each of the following functions locate and name the singularities in the

finite z plane:

, z L\ siny/z -
(@) f(z) = m7 (b) f(z) = \/E i (o f(2) = nZ::oZ"n!'
(a) Locate and name all the singularities of

28+z4+2

R

(b) Determine where f(z) is analytic.

(a) Given ¢° = ¢*(cosy +isiny), show that (d/dz)e” = ¢°.

(b) Show that ¢“le™ = 1172,

(Hint: set z; = x; + iy, and z, = x; + iy, and apply the addition formulas
for the sine and cosine.)

Show that: (a) Ine” = z + 2nwi, (b) Inz,/z, = Inz; — Inz, + 2nmwi.

Find the values of: (a) In i, (b) In(1 —i).

Evaluate [.z*dz from z =0 to z =4 + 2i along the curve C given by:

(@) z =1 +it;

(b) the line from z = 0 to z = 2i and then the line from z = 2i to z = 4 + 2i.
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6.24

6.25

6.26

6.27

6.28

6.29

6.30
6.31
6.32

6.33

6.34

Evaluate §.dz/(z—a)",n=2,3,4,... where z=a is inside the simple
closed curve C.

If f(z) is analytic in a simply-connected region R, and a and z are any two
points in R, show that the integral

L?@&

is independent of the path in R joining @ and z.

Let f(z) be continuous in a simply connected region R and let ¢ and z be
points in R. Prove that F(z) = [> f(z")dz" is analytic in R, and F'(z) = f(z).
Evaluate

@ %SII’I?TZ +COS7T22

-2)
(b) f <
=Y
where C is the circle |z| = I.
Evaluate

2sinz’
j{ sin z -,
c(z—1)
where C is any simple closed path not passing through 1.
Show that the complex sequence

diverges.

Find the region of convergence of the series S.°°, (z +2)""' /(n 4+ 1)*4".
Find the Maclaurin series of f(z) = 1/(1 + 2%).

Find the Taylor series of /(z) = sin z about z = 7/4, and determine its circle
of convergence. (Hint: sin z = sinfa + (z — a)].)

Find the Laurent series about the indicated singularity for each of the
following functions. Name the singularity in each case and give the region
of convergence of each series.

(@) (z— )st ! z=-2

+2’
b) —— =2
(z+1)(z+2)
1

Expand f(z) = 1/[(z+ 1)(z + 3)] in a Laurent series valid for:
@1<|z1<3, B)|z2|>3, (0<|z+1]<2.
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6.35

6.36

6.37

6.38

Evaluate
oo 2
X dx
, >0,b>0.
/_Oo )@ +p)
Evaluate
27 do
(a) T
o 1—2pcosf+p
where p is a fixed number in the interval 0 < p < 1;
27
do
(b) [
0o (5—3sin#)
Evaluate
/ * xsinmx dx
oo X2 2x 45
Show that:

0o 50 1
(a) / sin x> dx = / cos X2dx = = \/E;
0 0 2V 2

ooxpfl T
b dx = — 0 1.
) /0 T+ sin pr’ <P<
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7

Special functions of
mathematical physics

The functions discussed in this chapter arise as solutions of second-order differ-
ential equations which appear in special, rather than in general, physical pro-
blems. So these functions are usually known as the special functions of
mathematical physics. We start with Legendre’s equation (Adrien Marie
Legendre, 1752-1833, French mathematician).

Legendre’s equation

Legendre’s differential equation

2

(l—xz)%—ZxZ—i+y(y+l)y:O, (7.1)
where v is a positive constant, is of great importance in classical and quantum
physics. The reader will see this equation in the study of central force motion in
quantum mechanics. In general, Legendre’s equation appears in problems in
classical mechanics, electromagnetic theory, heat, and quantum mechanics, with
spherical symmetry.

Dividing Eq. (7.1) by 1 — x?, we obtain the standard form

d*y 2x dy v(v+1)

2 1 —x2dx 1 —x?

y=0.

We see that the coefficients of the resulting equation are analytic at x = 0, so the
origin is an ordinary point and we may write the series solution in the form

y= Z a,X". (7.2)



LEGENDRE’S EQUATION

Substituting this and its derivatives into Eq. (7.1) and denoting the constant
v(v+ 1) by k we obtain

(1—x° Zm — Da,,x"" 2x2mamxm l—i—kZamx

m=2 m= m=0

By writing the first term as two separate series we have

o0 o0 o0
E m(m — 1)a,,x" E m(m— 1)a,,x" —2 E ma,,x" + k E a,x" =
m=1 m=0

m=2
which can be written as:

2% lay +3 x 2a3x +4 X 3a;x* + -+ (s 4+ 2)(s + D)ayox" + - --

2xlapx? = = (s(s = Dagx' — -
—2><la1x—2><2a2x2—~-- —2sa.x’ — -
thay  +kax  +kapxt + - +kayx' +--- =0.

Since this must be an identity in x if Eq. (7.2) is to be a solution of Eq. (7.1), the
sum of the coefficients of each power of x must be zero; remembering that
k =v(v+1) we thus have

2ay + v(v + 1)ay =0, (7.3a)

6a3 + [-2 + v(v+ 1)]a; =0, (7.3b)
and in general, when s =2,3,...,
(s+2)(s+ Dagp + [-s(s = 1) = 2s + v(v+1)]a, = 0. (4.4)
The expression in square brackets [...] can be written
v—s)(v+s+1).
We thus obtain from Eq. (7.4)

 (v=9)w+s+1) B
Agin = — GG+ a (s=0,1,...). (7.5)

This is a recursion formula, giving each coefficient in terms of the one two places
before it in the series, except for ¢y and «;, which are left as arbitrary constants.
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SPECIAL FUNCTIONS OF MATHEMATICAL PHYSICS

We find successively

P G ) g - +2)

2 Y 0> 3 3' 1y
=2 w3 _ =)= He+)v+d)
B 4! 0 - 31 &

etc. By inserting these values for the coefficients into Eq. (7.2) we obtain

¥(x) = apyi (x) + ayy12(x), (7.6)
where
) =1 1/(1/2—!&— 1) 24 (v— 2)u(u4—!i— 1)(v+3) R (7.7)
and
) x o EDOED = D)

3! Sl

These series converge for |x| < 1. Since Eq. (7.7a) contains even powers of x, and
Eq. (7.7b) contains odd powers of x, the ratio y;/y, is not a constant, and y; and
v, are linearly independent solutions. Hence Eq. (7.6) is a general solution of Eq.
(7.1) on the interval —1 < x < 1.

In many applications the parameter v in Legendre’s equation is a positive
integer n. Then the right hand side of Eq. (7.5) is zero when s = n and, therefore,
a,.» =0and a,,4 =0,.... Hence, if n is even, y;(x) reduces to a polynomial of
degree n. If n is odd, the same is true with respect to y,(x). These polynomials,
multiplied by some constants, are called Legendre polynomials. Since they are of
great practical importance, we will consider them in some detail. For this purpose
we rewrite Eq. (7.5) in the form

(s+2)(s+1)
(n—s)(n+s+1)

s = g2 (78)
and then express all the non-vanishing coefficients in terms of the coefficient a, of
the highest power of x of the polynomial. The coefficient «,, is then arbitrary. It is
customary to choose @, = 1 when n =0 and

(2n)! :1><3><5~-~(2n—1)

= 27 (n!)? n!

. on=12,..., (7.9)
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LEGENDRE’S EQUATION

the reason being that for this choice of g, all those polynomials will have the value
1 when x = 1. We then obtain from Egs. (7.8) and (7.9)

nn—1)  n(n—1)2n)!

G2 T - " T T 20— )2

n(n—1)2n2n — 1)(2n — 2)!!
22n = 1)2"n(n — Dln(n — 1)(n = 2)I"

that is,

Similarly,

_(n—2)(n—3)a B (2n —4)!
42n—3) "7 220(n—2)!(n —4)!

etc., and in general

(2n —2m)!
2"ml(n —m)!(n — 2m)!"

ap—2m = (_l)m (710)

The resulting solution of Legendre’s equation is called the Legendre polynomial
of degree n and is denoted by P,(x); from Eq. (7.10) we obtain

B M m (2n —2m)! n—2m
P"(x)*’;)(_l) 2l — m)l(n — 2m)1 2
= (7.11)
(2’1)' n (27’1 — 2)' n—2

:2n(n!)2x _2711!(’,1_1)!(”_2)!)6 + -

where M =n/2 or (n— 1)/2, whichever is an integer. In particular (Fig. 7.1)
Po(x) =1, Pi(x)=ux, Py(x)=503x"—1), P3(x)=5(5x"—3x),

Py(x) =5 (35x* = 30x7 +3),  Ps(x) = 5 (63x° — 70x° + 15x).

Rodrigues’ formula for P,(x)
The Legendre polynomials P,(x) are given by the formula
_Ld"
2"n! dx"
We shall establish this result by actually carrying out the indicated differentia-

tions, using the Leibnitz rule for nth derivative of a product, which we state below
without proof:

P,(x) [(x* —1)". (7.12)
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P,(x)

1

Figure 7.1. Legendre polynomials.

If we write D"u as u, and D"v as v,, then

n»

(uv)n = Uv, + nClulvnfl + nCrur'Unfr + 4+ u,v,

where D = d/dx and "C, is the binomial coefficient and is equal to n!/[r!(n — r)!].
We first notice that Eq. (7.12) holds for » = 0, 1. Then, write

z=(x*=1)"/2"n!
so that
(x* = 1)Dz = 2nxz. (7.13)
Differentiating Eq. (7.13) (n+ 1) times by the Leibnitz rule, we get
(1 = x*)D"?z — 2xD"'z 4+ n(n+ 1)D"z = 0.
Writing y = D"z, we then have:

(i) y is a polynomial.

(ii) The coefficient of x" in (x* —1)" is (—1)"/2 "C,/» (n even) or 0 (n odd).
Therefore the lowest power of x in y(x) is x° (n even) or x!' (n odd). It
follows that

ya(0)=0  (n odd)
and
(=1)"*n!
2"(n/2)1)°

1
ya(0) = . (-1)"? "Cppon! = (n even).
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LEGENDRE’S EQUATION

By Eq. (7.11) it follows that
32(0) = P,(0) (all n).
@@y (1 — xz)Dzy —2xDy +n(n+ 1)y = 0, which is Legendre’s equation.
Hence Eq. (7.12) is true for all n.

The generating function for P,(x)

One can prove that the polynomials P,(x) are the coefficients of z” in the expan-

sion of the function ®(x,z) = (1 — 2xz + zz)_l/z, with |z] < I; that is,
O(x,z)=(1-2xz+2)"=>"P,(x)2", <L (7.14)
n=0

®(x,z) is called the generating function for Legendre polynomials P,(x). We shall
be concerned only with the case in which

x=cosf (—m<O<m)
and then
2 —2xz+1=(z—e%)(z—¢").

The expansion (7.14) is therefore possible when |z| < 1. To prove expansion (7.14)
we have

I Ix3 5 2
th:1+EZ(2X—1)+mZ (2)(—2) + -
f X3 0=l

2"n!
The coefficient of z" in this power series is

1 x3(2n— 1x3-(2n—3)

21yl 1) (znx") + 21171(’,1 _ 1)! [—(l’l - 1)(2)()”_2} t+-= Pn(x)

by Eq. (7.11). We can use Eq. (7.14) to find successive polynomials explicitly.
Thus, differentiating Eq. (7.14) with respect to z so that

(x —2)(1 = 2xz 4 2%) -3 = an” 'P,(x)

and using Eq. (7.14) again gives

(x —z) Po(x)—l-iP,,(x) ] (1 —2xz + 2 i 1P, (x) (7.15)

n=1
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SPECIAL FUNCTIONS OF MATHEMATICAL PHYSICS

Then expanding coefficients of z" in Eq. (7.15) leads to the recurrence relation
(204 1)xPy(x) = (n+ )Py (x) + 1P, 4 (). (7.16)

This gives Py, Ps, Pg, etc. very quickly in terms of Py, Py, and P;.

Recurrence relations are very useful in simplifying work, helping in proofs
or derivations. We list four more recurrence relations below without proofs or
derivations:

xP,(x) — P,_ (x) = nP,(x); (7.16a)
Py(x) = xP,_1(x) = nP, 1(x); (7.16b)
(1 —x*)Ph(x) = nP,_ (x) — nxP,(x); (7.16¢)
(20 + 1)P,(x) = Pyyi (x) = Py (). (7.16d)

With the help of the recurrence formulas (7.16) and (7.16b), it is straight-
forward to establish the other three. Omitting the full details, which are left for
the reader, these relations can be obtained as follows:

(7)) differentiation of Eq. (7.16) with respect to x and the use of Eq. (7.16b) to
eliminate P, (x) leads to relation (7.16a);
(i) the addition of Egs. (7.16a) and (7.16b) immediately yields relation
(7.164d);
(iii) the elimination of P,_;(x) between Egs. (7.16b) and (7.16a) gives relation
(7.16c¢).

Example 7.1
The physical significance of expansion (7.14) is apparent in this simple example:
find the potential V' of a point charge at point P due to a charge +¢ at Q.

Solution: Suppose the origin is at O (Fig. 7.2). Then

q

Vp=—=q(p> —2rpcosf + rz)fl/z.

0 p 0
Figure 7.2.
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LEGENDRE’S EQUATION

Thus, if r < p

Vp §(1_220059+2) 12, z=r/p,
)

which gives

Vp = % zoc: (g) HHPn(cos 6).

There are many problems in which it is essential that the Legendre polynomials
be expressed in terms of 6, the colatitude angle of the spherical coordinate system.
This can be done by replacing x by cos 6. But this will lead to expressions that are
quite inconvenient because of the powers of cos # they contain. Fortunately, using
the generating function provided by Eq. (7.14), we can derive more useful forms in
which cosines of multiples of 6 take the place of powers of cos §. To do this, let us
substitute

x=cosf = (" +e7))2

into the generating function, which gives

[1—z(e” +e7) + 22]71/2 =[(1 —ze")(1 — ze™™)] 12— P,(cosb)z
=0

n

Now by the binomial theorem, we have
(1 B Z@ -1/2 _ Zanzn m9 (1 B 716 -1/2 _ Za Mo 7)1107

where

a_1><3><5-~~(2n—1) 0> 1
" 2x4x6---(2n) -

ap = 1. (7.17)

To find the coefficient of z" in the product of these two series, we need to form the
Cauchy product of these two series. What is a Cauchy product of two series? We
state it below for the reader who is in need of a review:

The Cauchy product of two infinite series, » < u,(x)
and Y7 v,(x), is defined as the sum over n

00 00 n
Z Z uk Up— k( )
n=0 n=0 k=0
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where s,(x) is given by
su(x) = Y u(xX) v (%) = ug(x) 0, (x) + -+ + 14, (x)vp ().
k=0

Now the Cauchy product for our two series is given by

n

Z Z (anikzn—ke(n—k)i@) (akzke—ki&) _ Z (Zn Zakanke(”Zk)ie)~ (7.18)
k=0

n=0 k=0 n=0

In the inner sum, which is the sum of interest to us, it is straightforward to prove
that, for n > 1, the terms corresponding to k = j and k = n — j are identical except
that the exponents on e are of opposite sign. Hence these terms can be paired, and
we have for the coefficient of z”,

ni6)

Pn(COS 6) = aoay (e + efniﬁ) + a1, (e(n72)i9 + ef(n72)i0) +o

(7.19)
= 2[apa, cosnf + aja,_; cos(n — 2)0 + - - |.

If n 1s odd, the number of terms is even and each has a place in one of the pairs. In
this case, the last term in the sum is

A(n—1)/28(n11)/2 €08 0.

If n is even, the number of terms is odd and the middle term is unpaired. In this
case, the series (7.19) for P,(cosf) ends with the constant term

Ap/2dy)2-

Using Eq. (7.17) to compute values of the a,, we find from the unit coefficient of 2
in Egs. (7.18) and (7.19), whether = is odd or even, the specific expressions

Py(cos ) =1, Pi(cosf) =cosf, P,(cos#) = (3cos20+1)/4

P;(cos) = (5cos 30+ 3cosb)/8

P4(cos ) = (35cos40 + 20 cos 20 +9)/64 . (7.20)
Ps(cosf) = (63cos 50 + 35cos 360 + 30cos 9)/128

Pg(cosf) = (231 cos 66 + 126 cos 40 + 105 cos 20 + 50)/512

Orthogonality of Legendre polynomials

The set of Legendre polynomials {P,(x)} is orthogonal for —1 < x < +1. In
particular we can show that

+1 C[2/@2n+1) ifm=n
/_l P,(x)P,,(x)dx = { . . (7.21)
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(i) m # n:  Let us rewrite the Legendre equation (7.1) for P,,(x) in the form

d
S [(1= )P ()] + m(m + 1) P,(x) =0 (7.22)
and the one for P,(x)
d
e (1 = X)) Py(x)] + n(n+1)P,(x) = 0. (7.23)
We then multiply Eq. (7.22) by P,(x) and Eq. (7.23) by P,,(x), and subtract to get
d 2 ! d 2 l _
Pn dx [(1 X )Pn] Pndx [(1 X )Pm] + [ﬂ(l’l‘l‘l) m(m+1)]P}71Pn = 0.

The first two terms in the last equation can be written as

a% [(1 _xz)(PmPi/z _PnPiin)]'

Combining this with the last equation we have

a%'c [(1 _xz)(PmPr; - PnP1;1)] + [n(n+ 1) _m(m+ 1)]PmPn =0.

Integrating the above equation between —1 and 1 we obtain
1
(1= ) (P Py — PuPi)| + [n(n+ 1) = m(m + 1) / P,y(x) P, (x)dx = 0.
-1

The integrated term is zero because (1 — x?) = 0 at x = £1, and P,,(x) and P,(x)
are finite. The bracket in front of the integral is not zero since m # n. Therefore
the integral must be zero and we have

1

/ P, (x)P,(x)dx =0, m # n.

-1

(if) m = n: We now use the recurrence relation (7.16a), namely
nP,(x) = xP,(x) — Py ().

Multiplying this recurrence relation by P,(x) and integrating between —1 and 1,
we obtain

1 1 1
n/_ [P,,(x)]2dx:/ xPn(x)P,’,(x)dx—/ P,(x)P;_;(x)dx. (7.24)

1 -1 -1

The second integral on the right hand side is zero. (Why?) To evaluate the first
integral on the right hand side, we integrate by parts

1 1 1
[ snipias =3P =5 [ B Par=1-3 [ P oPas

1 1
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Substituting these into Eq. (7.24) we obtain

1 1
n /_ [Pn(x)]zdx:l—% /_ [P, (x)]dx,

1 1

which can be simplified to

1 5 2
[][P’1(X)] dx:2n+1

Alternatively, we can use generating function

1 o0
—_—_—= P,(x)Z".
V1 —2xz+ 22 ; o)

We have on squaring both sides of this:

1 — 2x2 " Z Z Z Pm n nH-n'

m=0 n=0

Then by integrating from —1 to 1 we have

/11—2xz+z ii{/ ()dx} 2

m=0 n=0
Now
1 1 >
dx 1 d(l —2xz+7z%) 1 -~
/_1172xz+22 2z)0 1 —=2xz+ 22 2z n( xz+z27)|,
and

Thus, we have

or

that is,

00 22211 i {/1 5 )
= P,,(x)dx}z "
n=0 2n+1 n=0 -1

Equating coefficients of z*' we have as required fil P2(x)dx =2/(2n +1).
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Since the Legendre polynomials form a complete orthogonal set on (—1, 1), we
can expand functions in Legendre series just as we expanded functions in Fourier
series:

= ziO: ¢;Pi(x)

The coefficients ¢; can be found by a method parallel to the one we used in finding
the formulas for the coefficients in a Fourier series. We shall not pursue this line
further.

There is a second solution of Legendre’s equation. However, this solution is
usually only required in practical applications in which |x| > 1 and we shall only
briefly discuss it for such values of x. Now solutions of Legendre’s equation
relative to the regular singular point at infinity can be investigated by writing
x> = ¢. With this substitution,

dy _dy dr 2tl/2@

d’y d (dy dy d*y
and — <a’x> 2d 4td27

dx  dt dx dt dx?  dx
and Legendre’s equation becomes, after some simplifications,

dy (1 3\dy vv+1)
1(1— -z ———y=0.
d Z)dt2+<2 2Z>dt+ ;- 7=0

This is the hypergeometric equation with a = /2,8 = (1 +v)/2, and v =
) dy

b= (B xS —aBy =0,

we shall not seek its solutions. The second solution of Legendre’s equation is

commonly denoted by Q,(x) and is called the Legendre function of the second

kind of order v. Thus the general solution of Legendre’s equation (7.1) can be

written

x(1—x)

y= AP,/(X) + BQV(X),

A and B being arbitrary constants. P,(x) is called the Legendre function of the
first kind of order v and it reduces to the Legendre polynomial P,(x) when v is an
integer n.

The associated Legendre functions

These are the functions of integral order which are solutions of the associated
Legendre equation

(1 —xz)y”—2xy/+{n(n+l)— lmxz}y: (7.25)
with n® < n’.
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We could solve Eq. (7.25) by series; but it is more useful to know how the
solutions are related to Legendre polynomials, so we shall proceed in the follow-
ing way. We write

y=(1=2)"u(x)
and substitute into Eq. (7.25) whence we get, after a little simplification,
(1 —xBu" = 2(m~+ Dxu' + [n(n+ 1) — m(m + 1)]Ju = 0. (7.26)
For m = 0, this is a Legendre equation with solution P,(x). Now we differentiate
Eq. (7.26) and get

(1 =) =2[m+1) +1)x@) + [n(n+1) = (m+ 1)(m +2)Ju’ = 0.
(7.27)

Note that Eq. (7.27) is just Eq. (7.26) with «” in place of u, and (m + 1) in place of
m. Thus, if P,(x) is a solution of Eq. (7.26) with m = 0, P,(x) is a solution of Eq.
(7.26) with m = 1, P,/(x) is a solution with m = 2, and in general for integral
m,0 <m <n,(d"/dx")P,(x) is a solution of Eq. (7.26). Then

m

:1_2m/2
y=0=x)" o

P,(x) (7.28)

is a solution of the associated Legendre equation (7.25). The functions in Eq.
(7.28) are called associated Legendre functions and are denoted by

Pﬂ@:u_ﬁwﬂdfﬁm. (7.29)
dx™
Some authors include a factor (—1)" in the definition of P'(x).

A negative value of m in Eq. (7.25) does not change m?, so a solution of Eq.
(7.25) for positive m is also a solution for the corresponding negative m. Thus
many references define P7(x) for —n < m < n as equal to P (x).

When we write x = cos, Eq. (7.25) becomes

1 d /(.  dy m*

and Eq. (7.29) becomes

m

Pl (cosf) =sin" 0 i {Py(cosb)}.

d(cos0)
In particular

X
D! means/ P,(x)dx.
1
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Orthogonality of associated Legendre functions

As in the case of Legendre polynomials, the associated Legendre functions Py (x)
are orthogonal for —1 < x < 1 and in particular

/1 Pifl (X)P; (x)dx = 7.6%1' (731)
-1 (n—s)!

To prove this, let us write for simplicity
M=P'(x), and N =P)(x)

and from Eq. (7.25), the associated Legendre equation, we have

— X

2
%{(1—x2)i—}f}+{m(m+1)—l ° 2}M:0 (7.32)

and

— X

d 5 dN 'S

— (1 =x")— 1) - N =0. 7.33

= x)w}+{mW+> 1 2} (7.33)
Multiplying Eq. (7.32) by N, Eq. (7.33) by M and subtracting, we get

Mdii{(l _xz)‘%} - Ndii{(l —xz)‘;—]‘j} — (m(m+ 1) — n(n+ 1)} MN.

Integration between —1 and 1 gives

(m—n)(ern—1)/11MNdx—/]1 [M%{(l_xz)ili_f)\cf}

— Ndii {(1 —x?) ‘Z—Ajﬂ dx.  (71.34)

Integration by parts gives

1 d 2\ A7/ _ TN L ! 2 I ar!
/,IME{(I_X)N}CIX_[MN(I X, /71(1 XYM 'N'dx
/l(lxz)M'N’dx.
-1
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Then integrating by parts once more, we obtain

/11 Mdi;{(l — x*)N'"}dx = —/I(l — x)M'N'dx

1

—[MN(1 — x*)] / N— {1— YM'}dx
- /1 VL= P My
= V& x x.
Substituting this in Eq. (7.34) we get
1
(m—n)(m+n-— 1)/ MNdx = 0.

If m < n, we have

1 1
/ MNdx = / P (x)P,(x)dx =0 (m # n).
-1 -1

If m = n, let us write

s S d 1 — )C2 5/2 45t .
Py = (10— p g WX E g0y,

Hence

1 1
R lz[u—ﬁﬂwmf—wwm

—1)"}dx, (D =d"dx").
Integration by parts gives

1
221(nl)?

[(1 _ x2)sDn+S{(x2 _ 1)H}Dn+371{(x2 _ 1)”}]171

1
1 / D[(l _ xz).anﬂ{(xz _ l)n}]Dl1+S—l{(x2 _ l)n}dx.

- 22(nt)? )y
The first term vanishes at both limits and we have
-1 ! . ,
/ {P / D[(l _ XZ)JDnJrS{(xZ _ l)”}]D"“*l{(xz _ l)n}dx.
22”(11') 1
(7.35)

We can continue to integrate Eq. (7.35) by parts and the first term continues to
vanish since D”[(1 — x*)"D"™{(x* — 1)"}] contains the factor (1 — x*) when p < s
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and D" P{(x* —1)"} contains it when p > s. After integrating (n + s) times we

n+s 1
/ {PS (Zzn() )2 /_1 Dﬂ-‘rS[(l _ xZ)xDl1+S{(x2 _ l)n}](xz _ 1)"dx (736)

But D"™{(x*-1)"} is a polynomial of degree (n—s) so that
(1 — x*)*D"™™{(x* = 1)"} is of degree n—2+ 25 =n+ 5. Hence the first factor
in the integrand is a polynomial of degree zero. We can find this constant by
examining the following:

D" (x*) =2n(2n— 1)(2n —2) - (n — +1)x"~
Hence the highest power in (1 — x?)*'D""™{(x* — 1)"} is the term
(=1 2n(2n—1)---(n — s+ 1)x"*,

so that

D"PI(1 =)' D" = 1)"}] = (~1)"(2n)!

Now Eq. (7.36) gives, by writing x = cos ¥,
1 n 1 !
/ P () 2y = =D / (2n)! (Z +j)' (¥ — 1)"dx
-1

2%(nl)? (n—s)!
2 (n+9)!
= 7.37
2n+1 (n—s)! (7:37)
Hermite’s equation
Hermite’s equation is
y" = 2xy" + 2wy =0, (7.38)

where " = dy/dx. The reader will see this equation in quantum mechanics (when
solving the Schrodinger equation for a linear harmonic potential function).
The origin x = 0 is an ordinary point and we may write the solution in the form

y:a0+a1x+a2x2+~--=Zajxf. (7.39)

Differentiating the series term by term, we have

Zajx’ H Z]+1(]+2a,+2x
j=0 j=0
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Substituting these into Eq. (7.38) we obtain
[+ 1)U + 2@ +2(v = ja]x = 0.
j=0
For a power series to vanish the coefficient of each power of x must be zero; this
gives

(J+ D)+ 2)aj +2(v —jla; = 0,
from which we obtain the recurrence relations

Ay = %aj. (7.40)
We obtain polynomial solutions of Eq. (7.38) when v = n, a positive integer. Then
Eq. (7.40) gives

Upio =apig=---=0.
For even n, Eq. (7.40) gives

2n 22(n — 2)n
a = (_1)5610» ay = (—1)2%007 ag = (_1)

and generally

w2 27n(n—2) -4 %2
n!

a, = (_1) ayp.

This solution is called a Hermite polynomial of degree n and is written H,(x). If
we choose
(=122 (=1)"

O um—2) - 4x2 (n/2)

we can write

-1 —1)(n—2)(n—
H,(x) = (22 " . ) (a2 4 2 )(”2, 0 =3 (a4 (7.4
When 7 is odd the polynomial solution of Eq. (7.38) can still be written as Eq.

(7.41) if we write

(=)= 221
(n/2—1/2)1"

a, =

In particular,
Ho(x) =1, H(x)=2x, H(x)=4x>—-2, H;(x)=8x"—12x,
Hy(x) = 16x* —48x% + 12, Hs(x) = 32x° — 160x° + 120x, ... .
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Rodrigues’ formula for Hermite polynomials H,(x)
The Hermite polynomials are also given by the formula

> d" 2

Hy(x) = (1) (™). (7.42)

dxﬂ
To prove this formula, let us write ¢ = ¢ . Then
d
Dg+2xg=0, D=—.
dx

Differentiate this (n + 1) times by the Leibnitz’ rule giving
D'"2q+2xD" g4+ 2(n+1)D"g = 0.
Writing y = (—1)"D"q gives
D*y +2xDy +2(n+ 1)y =0 (7.43)
substitute u = e* y then
Du = ex2{2xy + Dy}
and
D’u= exz{Dzy +4xDy + 4x*y + 2y},
Hence by Eq. (7.43) we get
D*u — 2xDu + 2nu = 0,
which indicates that
u=(-1e"D"e™)

is a polynomial solution of Hermite’s equation (7.38).

Recurrence relations for Hermite polynomials
Rodrigues’ formula gives on differentiation
H)(x) = (—1)"2x¢" D"(e™) + (=1)"e" D" (e7).
that is,
H,(x) = 2xH,(x) — H,(x). (7.44)
Eq. (7.44) gives on differentiation
H!(x) = 2H,(x) + 2xH}(x) — H}1 ().
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Now H,(x) satisfies Hermite’s equation
H,'(x) — 2xH,(x) + 2nH,(x) = 0.
Eliminating H,'(x) from the last two equations, we obtain
2xH,(x) — 2nH,(x) = 2H,(x) + 2xH, (x) — H,(x)
which reduces to
H\ (x) = 20 + 1 H, (). (7.45)
Replacing n by n+ 1 in Eq. (7.44), we have
Hyp1(x) = 2xH,, 1 (x) = Hypo(X).
Combining this with Eq. (7.45) we obtain
H, »(x)=2xH,;(x)—2(n+ 1)H,(x). (7.46)
This will quickly give the higher polynomials.

Generating function for the H,(x)

By using Rodrigues’ formula we can also find a generating formula for the H, (x).
This is

> ; : < H, (5
B(x, 1) = 2 = LT N n(X) (7.47)

Differentiating Eq. (7.47) n times with respect to ¢ we get

k

2 0"y 2 'y > t
ex %6 (1=x) 26\/ (—1)”W€ (t=x) ;H,Hk(x)ﬁ.

Put ¢ = 0 in the last equation and we obtain Rodrigues’ formula

Hy(x) = (-1 (),

The orthogonal Hermite functions
These are defined by
Fy(x) = ¢ H, (x); (7.48)

from which we have

DF,(x) = —xF,(x) + ¢~ *H,(x),
DF,(x) = ¢ ¥ 2H,(x) — 2xe ™ PHJ(x) + e 2 H,(x) — F,(x)
— e PH (x) — 2xH,(x)] + X7F, (x) — Fy(x),
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but H,'(x) — 2xH, (x) = —2nH,(x), so we can rewrite the last equation as
DF,(x) = ¢ ¥ P[=2nH)(x)] + ¥ F,(x) — F, ()
= —2nF,(x) + X’ F,(x) — F,(x),
which gives
D*F,(x) — X’F,(x) + (2n + 1)F,(x) = 0. (7.49)

We can now show that the set {F,(x)} is orthogonal in the infinite range
—00 < x < 0co. Multiplying Eq. (7.49) by F,,(x) we have

Foy(x)DPF,(x) = X*F,(x) Fy(x) + (20 + 1) F, (x) Fy(x) = 0.
Interchanging m and n gives
Fy(x)D*Fyy(x) = X*Fyp () Fy(x) + (2m + 1)F,y (x) Fy (x) = 0.

Subtracting the last two equations from the previous one and then integrating
from —oo to +o00, we have

o 1 o
1,,,= F,(x)F, =— F)F, — F,F, .
o= [ BRIy = 5o [ (B, FiE s

The integration by parts gives

o]
2= )l = [FiF = ]~ [ (FIF — FuFa

n,m
00

Since the right hand side vanishes at both limits and if m # m, we have

Inﬁm = /OO Fn(x)Fm(x)dx = 0. (750)

o]

When n = m we can proceed as follows

m:/eﬁmmmwm:/e%%“ww“m.
Integration by parts, that is, Judv=uv— [vdu with u= e_xzD”(e_xz)
and v = D"""(e™"), gives

o0 2 ons 2 X2 ol =2 n—1; —x*
Ly =— [2xe* D"(e™ )+ e D" (e )D" (e )dx.

2

By using Eq. (7.43) which is true for y = (—1)"D"¢g = (—1)"D"(e™" ) we obtain

o 2
[n’n = / 2I’l€x_ Dnil(eixz)Dnil(eixz)dx = 2}’1],1,17,,,1.

o0

315



SPECIAL FUNCTIONS OF MATHEMATICAL PHYSICS

Since
ho= [ eFav=r(1/2) = V&,
we find that
L, = /OC cfszn(x)Hn(x)dx = 2"nl\/m. (7.51)

We can also use the generating function for the Hermite polynomials:

o0 n o0 m
ele—tz _ Hn(x)t e2sx—s2 _ Hm(x)s
- Z 1 B Z [
n=0 n m=0 n

Multiplying these, we have

M
e2tx—t2+2sx $ 2 :2 : !
mlnl ’

m=0 n=

2
—X

Multiplying by e

/oc [(x+s+1)° 2§l]d _ Z imm'/ 7‘6 m n(x)dx

m=0 n=

and integrating from —oo to oo gives

Now the left hand side is equal to

o0 ) m m
ez‘”/ e—(x+s+r)“dx:ez.vt/ —u du_ezrt\/—_ \/—22 s '

oo

m=

By equating coefficients the required result follozws.
It follows that the functions (1/2"n!\/n)"*¢™ H,(x) form an orthonormal set.
We shall assume it is complete.

Laguerre’s equation
Laguerre’s equation is
xD?y + (1 — x)Dy + vy = 0. (7.52)

This equation and its solutions (Laguerre functions) are of interest in quantum
mechanics (e.g., the hydrogen problem). The origin x = 0 is a regular singular
point and so we write

x) = X, (7.53)
k=0
By substitution, Eq. (7.52) becomes
Z (k4 p) a7 4 (v =k + p)aex] = 0 (7.54)
k=0
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from which we find that the indicial equation is p> = 0. And then (7.54) reduces to
Z [k ax* — k)apx] = 0.
k=0

Changing k — 1 to k' in the first term, then renaming k' = k, we obtain

S+ 1 + (v — M =0,

=0

P

whence the recurrence relations are

k—v
Ay = 7.55
= G (7.55)
When v is a positive integer n, the recurrence relations give a; | = @ =--- =0,
and
—n —(n=1) (=1)*(n—1)n
a :?ao, a) = 2 ap = (1% 2)2 Ao,
—(n-2 1) (n—2)(n—1
R U B 0V U (UL L
3 (1 x2x3)
In general
—k+1)(n—k+2)---(n—1
g = (kK E DOkt (1= D (7.56)

(k1)?

We usually choose ay = (—1)n!, then the polynomial solution of Eq. (7.52) is given

nj n*(n—1)

L,(x) = (_1)”{x” - ¥ +Tx”_2 — et (-1)’%!}. (7.57)

This is called the Laguerre polynomial of degree n. We list the first four Laguerre
polynomials below:

Lo(x)=1, Li(x)=1-x, Ly(x)=2—4x+x% Ly(x)=06—18x+9x> —x’.

The generating function for the Laguerre polynomials L,(x)
This is given by
,W/

D(x,z) = i

n=0

(7.58)
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By writing the series for the exponential and collecting powers of z, you can verify
the first few terms of the series. And it is also straightforward to show that

O o> 0P

Substituting the right hand side of Eq. (7.58), that is, ®(x,z) = > [L,(x)/n!]z",
into the last equation we see that the functions L, (x) satisfy Laguerre’s equation.
Thus we identify ®(x, z) as the generating function for the Laguerre polynomials.
Now multiplying Eq. (7.58) by z"~! and integrating around the origin, we
obtain
! efxz/(lfz)
L,(x)= %fmdz, (7.59)

which is an integral representation of L, (x).
By differentiating the generating function in Eq. (7.58) with respect to x and z,
we obtain the recurrence relations

Loy(x)=02n+1—-x)L,(x fnzL,,_ X),
+1(x) = ( )L, (x) 1(x) (7.60)
I/an,l (X) = I’lL,271 (X) - Lr; (X)
Rodrigues’ formula for the Laguerre polynomials L,(x)
The Laguerre polynomials are also given by Rodrigues’ formula
L,(x)=¢" P (x"e™). (7.61)

To prove this formula, let us go back to the integral representation of L,(x), Eq.
(7.59). With the transformation
Xz s—Xx

=s—X Oor z= ,
11—z S

Eq. (7.59) becomes

nle* se™"
L,(x)= —ds
)‘I( ) 27_”~ % (S _ x)nJrl ’
the new contour enclosing the point s = x in the s plane. By Cauchy’s integral
formula (for derivatives) this reduces to

n

L — X_ n_—x
o(3) = & S (e,

which is Rodrigues’ formula.
Alternatively, we can differentiate Eq. (7.58) n times with respect to z and
afterwards put z=0, and thus obtain

Ta — ) e (772) | = L),

X 1:
e lim
z—0 82"
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But

lim 4 (1 —z)flexp( - )} = d' (x"e™),

z—0 Oz" 1—z

hence
n

dx" Y

L,(x)=¢"

The orthogonal Laguerre functions

The Laguerre polynomials, L,(x), do not by themselves form an orthogonal set.
But the functions ¢/ 2L,,(x) are orthogonal in the interval (0, co). For any two
Laguerre polynomials L,,(x) and L,(x) we have, from Laguerre’s equation,

XLi/7/1 + (1 - X)Lzln +mL,, =0,

xL, + (1 —x)L,, +mL, = 0.
Multiplying these equations by L,(x) and L,,(x) respectively and subtracting, we
find
x[LnLi;; - LmL}fl/] + (l - X) [LnL}fn - LmL}fl] = (l’l - Wl)Lan

or

d I —x n—m)L,L
Z[LnLtia - Ler;] + [LnLr/n - Lerll] = ( ) .
X X X

Then multiplying by the integrating factor

exp/ [(1 —x)/x]dx =exp(lnx — x) = xe ",

we have

d
E {xeix[LnLl; - LmLig]} = (l’l - m)eimeLn'

Integrating from 0 to oco gives
(n—m) /000 e L, (x)L,(x)dx = xe *[L,L,, — L, LIy =0.
Thus if m # n
/0 L, (L, (X)dx =0 (m £ ), (7.62)

which proves the required result.
Alternatively, we can use Rodrigues’ formula (7.61). If m is a positive integer,

o0 o0 d” — o0 dﬂ—l‘)‘l
—X f’”L — m n_—Xx — _1 m ! n_—x
/0 e X" L, (x)dx /o o (x"e™Mdx = (—=1)"m /0 g (x"e™")dx,
(7.63)
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the last step resulting from integrating by parts m times. The integral on the right
hand side is zero when n > m and, since L,(x) is a polynomial of degree m in x, it
follows that

/ e “L,(x)L,(x)dx =0 (m#n),
0
which is Eq. (7.62). The reader can also apply Eq. (7.63) to show that
/ e L, (x)Vdx = (n!)’- (7.64)
0

Hence the functions {¢~/>L,(x)/n!} form an orthonormal system.

The associated Laguerre polynomials L' (x)

Differentiating Laguerre’s equation (7.52) m times by the Leibnitz theorem we
obtain

xD" 2y 4 (m4+1—x)D" Ny + (n—m)D"y =0 (v=n)
and writing z = D™y we obtain
xD*2+ (m+1—x)Dz+ (n—m)z = 0. (7.65)

This is Laguerre’s associated equation and it clearly possesses a polynomial solu-
tion

z=D"L,(x) =L (x) (m<n), (7.66)

called the associated Laguerre polynomial of degree (n — m). Using Rodrigues’
formula for Laguerre polynomial L,(x), Eq. (7.61), we obtain

m dlﬂ dm . dn -
L) (x) = dx—’”L”(x) = {e’ e (x"e )} (7.67)

This result is very useful in establishing further properties of the associated
Laguerre polynomials. The first few polynomials are listed below:

Li(x)=1; Li(x)=1-x Li(x)=-1;
LI(x) =2 —dx+x% Li(x)=—4+2x; Li(x)=2.

Generating function for the associated Laguerre polynomials

The Laguerre polynomial L,(x) can be generated by the function

8 n

1 —Xxt t
T o (7=) = L

n=
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Differentiating this k times with respect to Xx, it is seen at once that

(—1Y(1 =) (ﬁ)kexp(*—x’) - i #z% (7.68)
=k

1—1¢

Associated Laguerre function of integral order

A function of great importance in quantum mechanics is the associated Laguerre
function that is defined as

G (x) = e 2xm D2 () (m < n). (7.69)

It is significant largely because |G, (x)| — 0 as x — oo. It satisfies the differential

equation
m—1 x> omt =1
<n—T>x—Z— ) ]uo‘ (7.70)

If we substitute u = ¢~*/2x"~1/2z in this equation, it reduces to Laguerre’s asso-
ciated equation (7.65). Thus u = G, satisfies Eq. (7.70). You will meet this equa-
tion in quantum mechanics in the study of the hydrogen atom.

Certain integrals involving G} are often used in quantum mechanics and they
are of the form

x2D%u + 2xDu +

b= [ L L (o
0

where p is also an integer. We will not consider these here and instead refer the
interested reader to the following book: The Mathematics of Physics and
Chemistry, by Henry Margenau and George M. Murphy; D. Van Nostrand Co.
Inc., New York, 1956.

Bessel’s equation
The differential equation
xzy//+xy/+(x2_a2)y:0 (7.71)

in which « is a real and positive constant, is known as Bessel’s equation and its
solutions are called Bessel functions. These functions were used by Bessel
(Friedrich Wilhelm Bessel, 1784-1864, German mathematician and astronomer)
extensively in a problem of dynamical astronomy. The importance of this
equation and its solutions (Bessel functions) lies in the fact that they occur fre-
quently in the boundary-value problems of mathematical physics and engineering
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involving cylindrical symmetry (so Bessel functions are sometimes called cylind-
rical functions), and many others. There are whole books on Bessel functions.

The origin is a regular singular point, and all other values of x are ordinary
points. At the origin we seek a series solution of the form

26 = 3 @™ (a £ 0). (7.72)
m=0
Substituting this and its derivatives into Bessel’s equation (7.71), we have

o) o)
Z (m + P) (I’)’l +p- 1)amxm+p + Z (m + p)amxm-wj

m=0 m=0

o0 (o)
+ } :amxn1+p+2 _ 0422 :ammerp —=0.
m=0

m=0
This will be an identity if and only if the coefficient of every power of x is zero. By
equating the sum of the coefficients of x*** to zero we find
p(p — Dag + pay — o*ag =0 (k=0), (7.73a)
(p—Dpay+ (p+ Day —o*ay =0  (k=1), (7.73b)
(k+p)k+p — Dag + (k+ plag + ar_» — Pay =0  (k=2,3,...). (7.73¢)

From Eq. (7.73a) we obtain the indicial equation

plp—1)+p—a’=(p+a)(p—a)=0.

The roots are p = +«. We first determine a solution corresponding to the positive
root. For p = +a, Eq. (7.73b) yields a; = 0, and Eq. (7.73c) takes the form

-1

(k + 2a)kak + Aj_H = 07 or ay = mak,%

(7.74)
which is a recurrence formula: since ¢; =0 and « >0, it follows that
a3 =0,a5 =0,..., successively. If we set k =2m in Eq. (7.74), the recurrence
formula becomes
1

Ay = —mabﬂ,z, m = 1, 2, ce (775)
and we can determine the coefficients a,, a4, successively. We can rewrite a,,, in
terms of ay:

(_1)"1
22"ml(a+m) - (a+2)(a+1)

ym = ap-
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Now a, is the coefficient of x®™"

convenient if a,,, contained the factor
To achieve this, we write

in the series (7.72) for y. Hence it would be
2972 in its denominator instead of just 22"

(=D"
2a+2mm!(a + Wl) - (Oé + 2)(a + ])

ym =

(2%a).

Furthermore, the factors
(a+m) - (a+2)(a+1)

suggest a factorial. In fact, if o were an integer, a factorial could be created by
multiplying numerator by «!. However, since « is not necessarily an integer, we
must use not a! but its generalization I'(a 4 1) for this purpose. Then, except for
the values

a=-1,-2,-3,...
for which I'(a + 1) is not defined, we can write

(_l)ﬂl
2082l (o +m) -+ (o + 2)(a + DT (e + 1)

oy = [2“11(04 + l)ao}.

Since the gamma function satisfies the recurrence relation zI'(z) = T'(z + 1), the
expression for a,,, becomes finally

(_l)m @
= 2°T Day).
“am 2002\ +m + 1) (2T (e + Do

Since aq is arbitrary, and since we are looking only for particular solutions, we
choose

1
=2 (at 1)
so that
(=D"
m — y =0
om 2a+2n1m!1-\(a +m+ 1) Aom+1
and the series for y is, from Eq. (7.72),
(x) = x° 1 x? n x* n
P =Y e a+ 1) 297 (a 1 2) | 2972 (a + 3)
o0 (_1)"1 a+2m
= X . 7.76
mz:;) 2972l (o + m + 1) (7.76)

The function defined by this infinite series is known as the Bessel function of the
first kind of order « and is denoted by the symbol J,(x). Since Bessel’s equation
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of order o has no finite singular points except the origin, the ratio test will show
that the series for J,(x) converges for all values of x if a > 0.
When o = n, an integer, solution (7.76) becomes, for n > 0

J,(x) f: (=1 (7.76a)
X) =X . .
! 2= 22l (n 4 m)!

The graphs of Jy(x), J1(x), and J,(x) are shown in Fig. 7.3. Their resemblance to
the graphs of cos x and sin x is interesting (Problem 7.16 illustrates this for the
first few terms). Fig. 7.3 also illustrates the important fact that for every value of «
the equation J,(x) = 0 has infinitely many real roots.

With the second root p = —« of the indicial equation, the recurrence relation
takes the form (from Eq. (7.73c))

-1

makfz. (777)

ap =
If « is not an integer, this leads to an independent second solution that can be
written

o0 (_1)"1
J7 A =
o) Z ml(—a+m+1)

m=0

(x/2)"tam (7.78)

and the complete solution of Bessel’s equation is then
y(x) = AJ,(x) + BJ_,(x), (7.79)

where A and B are arbitrary constants.

When « is a positive integer n, it can be shown that the formal expression for
J_,(x) is equal to (—1)"J,(x). So J,(x) and J_,(x) are linearly dependent and Eq.
(7.79) cannot be a general solution. In fact, if « is a positive integer, the recurrence

Jo(x)

= J1(x)

02

Figure 7.3. Bessel functions of the first kind.
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relation (7.77) breaks down when 2« = k and a second solution has to be found
by other methods. There is a difficulty also when « = 0, in which case the two
roots of the indicial equation are equal; the second solution must also found by
other methods. These will be discussed in next section.

The results of Problem 7.16 are a special case of an important general theorem
which states that J,(x) is expressible in finite terms by means of algebraic and
trigonometrical functions of x whenever « is half of an odd integer. Further

examples are
I\ 12 /g
Bt = (2) (M2 cosx).

2\ (3sinx 3
=|— ——1 Xo.
J_s5p2(x) <7m> { . + <x2 > cos x}

The functions J,,1/2)(x) and J_(,;1/2)(x), where n is a positive integer or zero, are
called spherical Bessel functions; they have important applications in problems of
wave motion in which spherical polar coordinates are appropriate.

Bessel functions of the second kind Y, (x)

For integer o = n,J,(x) and J_,(x) are linearly dependent and do not form a
fundamental system. We shall now obtain a second independent solution, starting
with the case n = 0. In this case Bessel’s equation may be written

xp" +y +xy=0, (7.80)

the indicial equation (7.73a) now, with a = 0, has the double root p = 0. Then we
see from Eq. (7.33) that the desired solution must be of the form

e8]
12(x) = Jo(x) Inx+ Y A,x" (7.81)
m=1
Next we substitute y, and its derivatives

J o0
yh=Jylnx + ;0 + ZmAmxm_l7
m=1
2w Ty &

"no__ gyn m—2
v =J lnx—|—7—;+mz::lm(m— 1)A,,x

into Eq. (7.80). Then the logarithmic terms disappear because J, is a solution of
Eq. (7.80), the other two terms containing J, cancel, and we find

2J) + Z m(m —1)A4,x"" + Z mA,,x" " + ZAmx"’H =0.
m=1

m=1 m=1
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From Eq. (7.76a) we obtain J; as

(] mzmx2mfl 00 -1 mx2m71

— 22m(m!)2 —~ 22m—lm!(m _ 1)!'

By inserting this series we have

00 (_1)mx2mfl 00 5 | 00 |
m— m+1
Zerzlm A" N A, =0,
m=

m=1 m=1

We first show that A,, with odd subscripts are all zero. The coefficient of the
power x” is 4, and so 4, = 0. By equating the sum of the coefficients of the power
x* to zero we obtain

25+ 1) Ay g + Asy 1 =0,  s=1,2,....

Since 4; = 0, we thus obtain A3 = 0,45 =0, ..., successively. We now equate the
sum of the coefficients of x**! to zero. For s = 0 this gives

—1+4A2:0 or A2:1/4
For the other values of s we obtain

(71)s+1

PN + (254 2)7 Ayyyn + Ay = 0.

For s =1 this yields
1/84+ 1644+ A4, =0 or Ays=-3/128

and in general

(=™! 11 1
Aypy=——(1+z+=++— =1,2,.... 7.82
T U R ) L (782)
Using the short notation
1 1 |
A R T N I
m=ltgFgto o
and inserting Eq. (7.82) and 4; = A; = --- = 0 into Eq. (7.81) we obtain the result
o (_l)m_]hm 2m
x) =Jo(x)Inx + E —
y2(x) 0(x) 2 2,,1(m!)2
= Jo(x)In les 2y (7.83)
=Jo(¥)Inx+7x" -0 . .

Since Jy and y, are linearly independent functions, they form a fundamental
system of Eq. (7.80). Of course, another fundamental system is obtained by
replacing y, by an independent particular solution of the form a(y, + bJy),
where a(#0) and b are constants. It is customary to choose a =2/m and
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b=~—1In2, where v = 0.57721566490 ... is the so-called Euler constant, which
is defined as the limit of

1 1
l+z++-—Ins
2 s
as s approaches infinity. The standard particular solution thus obtained is known

as the Bessel function of the second kind of order zero or Neumann’s function of
order zero and is denoted by Y,(x):

2 x > (=1)"h, ,
Y =—|J In= X 7.84
() =2 ) (1n5 + ) 3 o (7.34)
If «=1,2,..., a second solution can be obtained by similar manipulations,

starting from Eq. (7.35). It turns out that in this case also the solution contains a
logarithmic term. So the second solution is unbounded near the origin and is
useful in applications only for x # 0.

Note that the second solution is defined differently, depending on whether the
order « is integral or not. To provide uniformity of formalism and numerical
tabulation, it is desirable to adopt a form of the second solution that is valid for
all values of the order. The common choice for the standard second solution
defined for all « is given by the formula

J.(x)cosar — Jfa(x)7 Y,(x) = lim Y, (x). (7.85)

sin ar a—n

Ya(x) =

This function is known as the Bessel function of the second kind of order «. It is
also known as Neumann’s function of order « and is denoted by N,(x) (Carl
Neumann 1832-1925, German mathematician and physicist). In G. N. Watson’s
A Treatise on the Theory of Bessel Functions (2nd ed. Cambridge University Press,
Cambridge, 1944), it was called Weber’s function and the notation Y,(x) was
used. It can be shown that

We plot the first three Y,(x) in Fig. 7.4.
A general solution of Bessel’s equation for all values of o can now be written:

y(X) = cIJa(x) + 0 Ya(x)'

In some applications it is convenient to use solutions of Bessel’s equation that
are complex for all values of x, so the following solutions were introduced

HV(x) = Jo(x) + ¥, (x),

(7.86)
HP (x) = J,(x) — iY,(x).
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0.4
02

Figure 7.4. Bessel functions of the second kind.

These linearly independent functions are known as Bessel functions of the third
kind of order « or first and second Hankel functions of order a (Hermann
Hankel, 1839-1873, German mathematician).

To illustrate how Bessel functions enter into the analysis of physical problems,
we consider one example in classical physics: small oscillations of a hanging chain,
which was first considered as early as 1732 by Daniel Bernoulli.

Hanging flexible chain

Fig. 7.5 shows a uniform heavy flexible chain of length / hanging vertically under
its own weight. The x-axis is the position of stable equilibrium of the chain and its
lowest end is at x = 0. We consider the problem of small oscillations in the vertical
xy plane caused by small displacements from the stable equilibrium position. This
is essentially the problem of the vibrating string which we discussed in Chapter 4,
with two important differences: here, instead of being constant, the tension 7 at a
given point of the chain is equal to the weight of the chain below that point, and
now one end of the chain is free, whereas before both ends were fixed. The
analysis of Chapter 4 generally holds. To derive an equation for y, consider an
element dx, then Newton’s second law gives

Ay o\ Py
(T 8x> 5 (T 6‘x> - pdx or

or

&y 9 [ .0y
pde = a (’Ta)dx7
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N}

Figure 7.5. A flexible chain.

from which we obtain

Py _ 0 (.0
Poir " ax \ ox)

Now T = pgx. Substituting this into the above equation for y, we obtain
& 9 &
LA S 1
ot 0x 0x
where y is a function of two variables x and ¢. The first step in the solution is to

separate the variables. Let us attempt a solution of the form y(x, 1) = u(x)[f(¢).
Substitution of this into the partial differential equation yields two equations:

')+ (1) =0, xu(x) +u'(x) + (W /g)u(x) = 0,

where w” is the separation constant. The differential equation for f(¢) is ready for
integration and the result is f(¢) = cos(wt — §), with § a phase constant. The
differential equation for u(x) is not in a recognizable form yet. To solve it, first
change variables by putting

x =gz /4, w(z)=u(x),
then the differential equation for u(x) becomes Bessel’s equation of order zero:
2w (2) + w'(z) + wPzw(z) = 0.
Its general solution is

w(z) = AJy(wz) + BYy(w2)

u(x) = AJ, <2w\/§) + BY, (2w\/§>.

329

or



SPECIAL FUNCTIONS OF MATHEMATICAL PHYSICS

Since Yy(2wy/x/g) — —o0 as x — 0, we are forced by physics to choose B =10

and then
y(x, 1) = AJy (Zw\/§> cos(wt — 6).

The upper end of the chain at x =/ is fixed, requiring that

o)

The frequencies of the normal vibrations of the chain are given by

Y4
204 | — = ay,
g

where «,, are the roots of Jy. Some values of Jy(x) and J;(x) are tabulated at the
end of this chapter.

Generating function for J,(x)

The function
B(x, 1) = T = N g (0" (7.87)
n=—oo
is called the generating function for Bessel functions of the first kind of integral
order. It is very useful in obtaining properties of J,(x) for integral values of n
which can then often be proved for all values of n.
To prove Eq. (7.87), let us consider the exponential functions "% and e
The Laurent expansions for these two exponential functions about r = 0 are

—xt/2

0 k 00 k
xt/2 (xt/2)"  _p (—xt/2)
D D e D D I
k=0 m=0
Multiplying them together, we get

ex(t—t’l)/z _ ii (];2:” <g)k+mlk*m. (7.88)

k=0 m=0

It is easy to recognize that the coefficient of the /° term which is made up of those
terms with k = m is just Jy(x):

= Jo(x).

00 (—l)k
2;22’6(761)2

k=0
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Similarly, the coefficient of the term ¢ which is made up of those terms for
which k — m = n is just J,(x):

. 2k+n
Y = J,(x).

This shows clearly that the coefficients in the Laurent expansion (7.88) of the
generating function are just the Bessel functions of integral order. Thus we
have proved Eq. (7.87).

Bessel’s integral representation

With the help of the generating function, we can express J,(x) in terms of a
definite integral with a parameter. To do this, let 7 = ¢” in the generating func-
tion, then

ex(r—f‘)/z _ ex(e"”—f"ﬁ)/z _ pivsind
= cos(xsinf) + isin(xcos ).

Substituting this into Eq. (7.87) we obtain

cos(xsinf) + isin(xcosf) = Z J(x)(cos O + isin )"

= Z J,(x) cosnf + iz J,(x) sin nf.

Since J_,(x) = (=1)"J,(x),cos nd = cos(—nb), and sin nf = — sin(—nh), we have,
upon equating the real and imaginary parts of the above equation,

cos(xsinf) = )+2 Z Jy,(x) cos 2nb,

n=1

sin(xsinf) = 22J2n 1(x)sin(2n — 1)6.

n=1

It is interesting to note that these are the Fourier cosine and sine series of
cos(xsin @) and sin(xsin #). Multiplying the first equation by cos k6 and integrat-
ing from 0 to 7, we obtain

L[ cosko in 6)d6 Ji(x), if k=0,2,4,...
;/0 cos k@ cos(xsinh)df = 0, if k=1,3,5..."
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Now multiplying the second equation by sin k6 and integrating from 0 to =, we
obtain

L (7 ink@sin(xsin)dg — 4 26 Th=1.3.5.
_/0 sin k6 sin(x sin 6)d = 0, ifk=0,2,4,..."

™

Adding these two together we obtain Bessel’s integral representation

1 (7 . o
Ju(x) = ;/0 cos(nf — xsinf)df, n = positive integer. (7.89)

Recurrence formulas for J,(x)

Bessel functions of the first kind, J,(x), are the most useful, because they are
bounded near the origin. And there exist some useful recurrence formulas between
Bessel functions of different orders and their derivatives.

(1) Ter(6) = 21 (5) — Jyr (). (7.90)

Proof: Differentiating both sides of the generating function with respect to ¢, we
obtain

X2 X AR S n—1
e 5 (1 + —n;ann(x)t
or
X 1 o0 o0 |
2(1 +z2> S L= nd,(x)0r
n=—00 n=—00

This can be rewritten as

; WAL +§ S L@ =S w0
n=—oc n=—oc n=—o0
or
I LS a0 = 3 (14 Dy (7
Equating coefficients of ' on both sides, we obtain
S0+ 52 (3) = (14 1), ().
Replacing n by n — 1, we obtain the required result.
(2) xJ,(x) = nJ,(x) — xJ,p1 (). (7.91)
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Proof:

00 )k
Z xn+2k.
— KT (n + k+ 1)2n

Differentiating both sides once, we obtain

f: (n+2k)( ) n2k—1
KT

x )
— n+k—|— )2n+2k

from which we have

(_ 1 )k n+2k—1
(k= D)IT(n+ k + 12721

NgE

xJ,(x) = nJ,(x) + x

k=1

Letting k = m + | in the sum on the right hand side, we obtain

/ o = (_ 1 )m n+2m+1
XJ”(X) - an(x) - me'F(n +m4+ 2)211+2m+] X
=nJ,(x) — xJ,41(x).

(3) xJ,(x) = —nJ,(x) + xJ,_;(x). (7.92)

Proof: Differentiating both sides of the following equation with respect to x

X'J ()C) _ zoo: (_l)k x2n+2k
L KD (n + K+ 1)20 ’

we have

%ﬂﬂ%@H:xWﬁﬂ+wﬂ”h@%

d & )k 2n+2k 00 k 2n+2k 1
dx ; 2"+2kk'r (n+k+1) ; 2”+2k 1k'F (n+k)
00 _1 kx(nfl)Jer
= Z (n71)+2</c | )
=2 Kl[(n—1)+k+1]
— X', ().

Equating these two results, we have

NI + 1 () = X ().
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1

Canceling out the common factor X", we obtained the required result (7.92).

@) Ju(x) = Va1 (%) = Juga (x)]/2- (7.93)

Proof: Adding (7.91) and (7.92) and dividing by 2x, we obtain the required
result (7.93).
If we subtract (7.91) from (7.92), J,,(x) is eliminated and we obtain

x']n+l(x) + XJnfl(x) = ZI’ZJ”(X)

which is Eq. (7.90).
These recurrence formulas (or important identities) are very useful. Here are
some illustrative examples.

Example 7.2
Show that Jg(x) = J_;(x) = —J;(x).

Solution: From Eq. (7.93), we have
Jo(x) = [J1(x) = L (x)]/2,

then using the fact that J_,(x) = (—1)"J,(x), we obtain the required results.

Example 7.3
Show that

J3(x) = (% - 1).11 ) — 2 1.

A

Solution: Letting n = 4 in (7.90), we have

7300 = 2 5(x) — ().

Similarly, for J,(x) we have

1a(6) = 24(3) — Jal).

Substituting this into the expression for J3(x), we obtain the required result.

Example 7.4
Find [; xJy(x)dx.

334



BESSEL’S EQUATION

Solution: Taking derivative of the quantity xJ;(x) with respect to x, we obtain

d
d—{XJl (¥)} = J1(x) + xJ{ ().
X
Then using Eq. (7.92) with n = 1, xJ{(x) = —J;(x) + xJy(x), we find

G0} = 1) + 21 (3) = xl),

thus,

/OtxJO(x)dx = xJy(x)|o = tJ;(1).

Approximations to the Bessel functions

For very large or very small values of x we might be able to make some approxi-
mations to the Bessel functions of the first kind J,(x). By a rough argument, we
can see that the Bessel functions behave something like a damped cosine function
when the value of x is very large. To see this, let us go back to Bessel’s equation
(7.71)

x2y//+xy/+(x2_a2)y:0

1 o’
y//_'_;y/_’_ (1 _F>y:()'

If x is very large, let us drop the term o’ /x2 and then the differential equation
reduces to

and rewrite it as

1
y//_’__y/_’_y:().
X

1/2 i

Letu = yx'/?, thenu' = y'x'/? +%x71/2y, and u” = y"x'? 4 X712y —%x%/zy.

From u” we have
1 1
T BN Vo
v+ . y X u + 42 V.
Adding y on both sides, we obtain

_ 1
1/2u// ery +y’

1

" ’

— =0=

y +xy +y X
—1/2 " 1
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or

1 1
" 1/2 "
u +(ﬁ+l>x y=u -‘v-(ﬁ-i-l)l/l—o,

the solution of which is
u = Acosx+ Bsinx.
Thus the approximate solution to Bessel’s equation for very large values of x is
y=x"Y*(4cosx + Bsinx) = Cx~"?cos(x + ).
A more rigorous argument leads to the following asymptotic formula

Jo(x) =~ <2) ]/zcos (x - % - ng) (7.94)

X
For very small values of x (that is, near 0), by examining the solution itself and
dropping all terms after the first, we find

X

Ju(x) ’*‘JW

T (7.95)

Orthogonality of Bessel functions

Bessel functions enjoy a property which is called orthogonality and is of general
importance in mathematical physics. If A and p are two different constants, we
can show that under certain conditions

1
/ 2, (A, () dx = 0.
0
Let us see what these conditions are. First, we can show that

O‘)Jnl(:u) — )‘Jn(M)J;;()‘)
22— uz .

/1 xJ,(Ax)J,(px)dx = s (7.96)
0

To show this, let us go back to Bessel’s equation (7.71) and change the indepen-

dent variable to Ax, where ) is a constant, then the resulting equation is
xzy// + xy’ + ()\ZXZ _ n2)y =0

and its general solution is J,(Ax). Now suppose we have two such equations, one
for y; with constant A, and one for y, with constant u:

i+l + (N =)y =0, X3 4wy 4 (12X = n?)yy = 0.
Now multiplying the first equation by y,, the second by y; and subtracting, we get

oyt =y ]+ xpavt — i3l = (W — X)Xy
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Dividing by x we obtain
d ’ / / ! 2 2
Y oyt = yival + oyt —yiva] = (0 = X)Xy

or

d ’ / 2 2

e Xt =yl = (00 = A)xps
and then integration gives

(0" = N) / xy1y2dx = X[yayi — yiya),

where we have omitted the constant of integration. Now y; = J,(A\x), y, = J,(x),

and if A # u we then have

XA (1), (AX) — pd (Ax)J, (px)
/U'Z _ )\2

JRR AT
Thus

Jn()‘)Jn/(p*) - /\Jn(,u)‘]nl(/\)
)\2 _ MZ

1
/ xJ,(Ax)J, (pux)dx = K q.e.d.
0

Now letting © — A and using L’Hospital’s rule, we obtain

1 l ! _ 1 _ "
/ XJ,%()\X)dX _ 111’1}\ )‘Jn(ﬂ)‘]n()‘) Jn()‘;'/];(/l) /~LJ}1(>‘)Jn (:u‘)
0 H—

M) = (NI (N) = AL (V) (V)
2 '

But
NI A+ M) + (A = n?),(0) = 0.
Solving for J,'()\) and substituting, we obtain

2

/ POy = [Jn’z(/\) + (1 - "—2> J,f(x)] . (7.97)
0 2 A

Furthermore, if A and p are any two different roots of the equation
RJ,(x) + SxJ,(x) = 0, where R and S are constant, we then have

RI,(A) + SM,(A) =0,  RJ, (1) + Spd, (1) = 0;
from these two equations we find, if R # 0, S # 0,

11 (N (1) = Ay ()T, (A) =0
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and then from Eq. (7.96) we obtain

/1 xJ,(Ax)J, (ux)dx = 0. (7.98)
0

Thus, the two functions v/xJ,(Ax) and /xJ,(ux) are orthogonal in (0, 1). We can
also say that the two functions J,(A\x) and J,(ux) are orthogonal with respect to
the weighted function x.

Eq. (7.98) is also easily proved if R=0and S # 0, or R # 0 but S = 0. In this
case, A and y can be any two different roots of J,(x) =0 or J,(x) = 0.

Spherical Bessel functions
In physics we often meet the following equation

d [ ,dR 22 _ -
dr<r dr>+[kz (4 1R=0,  (1=0,1,2,..).  (7.99)

In fact, this is the radial equation of the wave and the Helmholtz partial differ-
ential equation in the spherical coordinate system (see Problem 7.22). If we let
x = kr and y(x) = R(r), then Eq. (7.99) becomes

Xy 4+ 2xy + [ =1+ 1]y =0 (1=0,1,2,...), (7.100)

where y’ = dy/dx. This equation almost matches Bessel’s equation (7.71). Let us
make the further substitution

y(x) = w(x)/Vx,
then we obtain
xw” 4 xw 4 ¥ — (I+Hw=0 (1=0,1,2,...). (7.101)

The reader should recognize this equation as Bessel’s equation of order l+%. It
follows that the solutions of Eq. (7.100) can be written in the form

Ji12(x) J_-12(x)
NS + B S

This leads us to define spherical Bessel functions j;(x) = CJ; g(x)/+/x. The factor
C is usually chosen to be y/7/2 for a reason to be explained later:

Ji(x) =+/7/2xJ; + E(x). (7.102)

y(x)=4

Similarly, we can define
n(x) = V/7/2x Ny g(x).
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We can express j;(x) in terms of j,(x). To do this, let us go back to J,(x) and we
find that

d —n —n n d —n
E{x Ju(X)} = =x"Jp(x), or J(x)=—x %{x Ju(x)}
The proof is simple and straightforward:

LA A g D
dx X n dx — 2n+2kk|]_"(n+k+ )

l)k n+2k—1

N (=
X ;Zwﬂk l( ) (n+k+1)
)k+1 n+2k+1

00
= ; 2n+2k+lkyr n+k+2}

_x_n‘]n-'rl(x)'

1+3/2

Now if we set n =/ +1 and divide by x'**/*, we obtain

Jisp(x) 1ciF@ﬁgq () ld[<>}

X172 Ty dx

y+3/2 T xdx

Xt xdx

Starting with / = 0 and applying this formula / times, we obtain

/
ﬁu»#(—ld)muo (1=1,23.). (7.103)

x dx

Once jj(x) has been chosen, all j;(x) are uniquely determined by Eq. (7.103).
Now let us go back to Eq. (7.102) and see why we chose the constant factor C to
e /7/2. If we set / =0 in Eq. (7.101), the resulting equation is

xy" +2y" +xy =0.

Solving this equation by the power series method, the reader will find that func-
tions sin (x)/x and cos(x)/x are among the solutions. It is customary to define

Jo(x) = sin(x)/x.
Now by using Eq. (7.76), we find

00 /\ /2) 1/2+42k

Siplx 2; k'F (k+3/2)

/" () ) sine 2
RUENG (1/2ve x Vo

3
Comparing this with jy(x) shows that jy(x) = \/7/2xJ; 5(x), and this explains the
factor y/7/2 chosen earlier.

/\

sin x.
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Sturm-Liouville systems

A boundary-value problem having the form

d
dx

{r(x) jﬂ +[g(x) + Ap(x)]y =0, a<x<b (7.104)

and satisfying boundary conditions of the form
kiy(a) + kyy'(a) = 0, Ly(b) +hy'(b) =0 (7.104a)

is called a Sturm—Liouville boundary-value problem; Eq. (7.104) is known as the
Sturm-Liouville equation. Legendre’s equation, Bessel’s equation and many other
important equations can be written in the form of (7.104).

Legendre’s equation (7.1) can be written as

[(1=x)pT + XAy =0,  A=v(w+]1);

we can then see it is a Sturm—Liouville equation with r = 1 — x>, ¢ =0 and p = 1.
Then, how do Bessel functions fit into the Sturm-Liouville framework? J(s)
satisfies the Bessel equation (7.71)

ST+ sJ, + (s2 — nz)Jn =0, J,=dJ,/ds. (7.71a)

We assume 7 is a positive integer and setting s = Ax, with A a non-zero constant,
we have

ds

S

G dds 1, d (1 de_ 14,
"Tdx ds Ndx' " dx\MNdx)ds )\ dx?

and Eq. (7.71a) becomes
¥ I () + xJ,(Ax) + (VP = n?)J,(Ax) =0, J, = dJ,/dx
or
xJ, (AX) + J,(Ax) + (X x — n?/x)J,(Ax) = 0,
which can be written as

[xJ,(Ax)]" + (— ”;2 + /\2x> J,(Ax) =0.

It is easy to see that for each fixed n this is a Sturm—Liouville equation (7.104),
with r(x) = x, q(x) = —n*/x, p(x) = x, and with the parameter A now written as
2.

For the Sturm-Liouville system (7.104) and (7.104a), a non-trivial solution
exists in general only for a particular set of values of the parameter . These
values are called the eigenvalues of the system. If r(x) and ¢(x) are real, the
eigenvalues are real. The corresponding solutions are called eigenfunctions of
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the system. In general there is one eigenfunction to each eigenvalue. This is the
non-degenerate case. In the degenerate case, more than one eigenfunction may
correspond to the same eigenvalue. The eigenfunctions form an orthogonal set
with respect to the density function p(x) which is generally > 0.Thus by suitable
normalization the set of functions can be made an orthonormal set with respect to
p(x) in a < x < b. We now proceed to prove these two general claims.

Property 1
If r(x) and ¢(x) are real, the eigenvalues of a Sturm—Liouville
system are real.

We start with the Sturm-Liouville equation (7.104) and the boundary condi-
tions (7.104a):

S E] @ e =0, a<x<o,

kiy(a) + kyy'(a) =0, Ly(b)+ hLy'(b) =0,

and assume that r(x), q¢(x), p(x), ky, k>, 1}, and I, are all real, but A\ and y may be
complex. Now take the complex conjugates

¢ [r(x) %] g + A7 =0, (7.105)
kiy(a) + kyy'(a) = 0,4,3(h) + bLy'(b) = 0, (7.105a)

where 7 and \ are the complex conjugates of y and )\, respectively.
Multiplying (7.104) by y, (7.105) by y, and subtracting, we obtain after
simplifying

d% [r(x) (3" = 3y")] = (A= X)p(x)yy.

Integrating from «a to b, and using the boundary conditions (7.104a) and (7.105a),
we then obtain

b
(A=) / Py P = r(x) (3" — 3" = 0.

Since p(x) >0 in @ < x < b, the integral on the left is positive and therefore
A = )\, that is, \ is real.

Property 2
The eigenfunctions corresponding to two different eigenvalues
are orthogonal with respect to p(x) in a < x < b.
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If y; and y, are eigenfunctions corresponding to the two different eigenvalues
A1, Ay, respectively,

L R R MR MR ) (7.106)
kiyi(a) +kyyi(a) =0, 1y (b) + byi(b) = 0; (7.106a)
%] o+ a =0, as <o, (7.107)
kiya(a) + kays(a) =0, Ly (b) + by3(b) = 0. (7.107a)
Multiplying (7.106) by y, and (7.107) by y;, then subtracting, we obtain
% [r(x) (12 = y2yD)] = (A = Np(x)y12.

Integrating from « to b, and using (7.106a) and (7.107a), we obtain

b
urmg/pumhwzwmmﬁ—nﬂmza

a

Since A\; # X\, we have the required result; that is,

b
/ P(x)y1y2dx = 0.

We can normalize these eigenfunctions to make them an orthonormal set, and
so we can expand a given function in a series of these orthonormal eigenfunctions.

We have shown that Legendre’s equation is a Sturm-Liouville equation with
r(x) =1—x,¢g=0and p = 1. Since r = 0 when x = =1, no boundary conditions
are needed to form a Sturm—Liouville problem on the interval —1 < x < 1. The
numbers A\, = n(n + 1) are eigenvalues with n =0,1,2,3,.... The corresponding
eigenfunctions are y, = P,(x). Property 2 tells us that

1
/ P,(x)P,(x)dx =0 n#m.
~1
For Bessel functions we saw that

[xJ,(Ax)]" + (— é + )\2x> J.(Ax) =0

is a Sturm-Liouville equation (7.104), with r(x) = x, ¢(x) = —n*/x, p(x) = x, and
with the parameter A now written as A>. Typically, we want to solve this equation
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on an interval 0 < x < b subject to

J,(\b) = 0.

which limits the selection of A. Property 2 then tells us that

7.1

7.2

7.3

7.4

7.5

7.6
7.7
7.8

7.9

b
/ xJ,(Aex) T, (Ax)dx = 0, k#L
0

Problems

Using Eq. (7.11), show that P,(—x)=(-1)"P,(x) and P,'(—x)=
(=1 Py ().

Find Py(x), P1(x), P,(x), P3(x), and P4(x) from Rodrigues’ formula (7.12).
Compare your results with Eq. (7.11).

Establish the recurrence formula (7.16b) by manipulating Rodrigues’
formula.

Prove that P5(x) = 9P4(x) + 5P5(x) + Py(x).

Hint: Use the recurrence relation (7.16d).

Let P and Q be two points in space (Fig. 7.6). Using Eq. (7.14), show that

1 1
r \/1% + 13 — 2ryry cos

2
. Py +P1(cos9)lr—l+P2(cose) <r1> +-
2

2 r

What is P,(1)? What is P,(—1)?

Obtain the associated Legendre functions: (a) P3(x), (b) P3(x), (c) P3(x).
Verify that P%(x) is a solution of Legendre’s associated equation (7.25) for
m=2,n=23.

Verify the orthogonality conditions (7.31) for the functions P}(x) and P}(x).

P

r

&)

Figure 7.6.
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7.10
7.11

7.12

7.13

7.14

7.15

7.16

7.17

7.18

7.19

Verify Eq. (7.37) for the function P} (x).
Show that

dnfm dn+m
m

2 n 2 2 m
——(x =1 = -1 —1
o T =y O U g 00 = )

Hint: Write (x> —1)" = (x—1)"(x+1)" and find the derivatives by
Leibnitz’s rule.
Use the generating function for the Hermite polynomials to find:
(a) Ho(x); (b) H;(x); (¢) Ha(x); (d) H3(x).
Verify that the generating function ® satisfies the identity

oo o> 9D

o 2x—— 42— =0.

o ox T
Show that the functions H,(x) in Eq. (7.47) satisfy Eq. (7.38).
Given the differential equation y” + (¢ — xz)y = 0, find the possible values
of ¢ (eigenvalues) such that the solution y(x) of the given differential equa-
tion tends to zero as x — Foo. For these values of ¢, find the eigenfunctions
y(x).
In Eq. (7.58), write the series for the exponential and collect powers of z to
verify the first few terms of the series. Verify the identity
x82<1>+ a x)acb+ oD

bl &L

ox? Ox 0z
Substituting the series (7.58) into this identity, show that the functions L, (x)
in Eq. (7.58) satisfy Laguerre’s equation.

0.

Show that
2 4 6
X X X
Jo(x)=1— n _ f—ee
o) 217 2427 26(31)°
3 5 7
X X X X
N =5t e T
Show that

2\ 1/2 2\ 12
Jip(x) = (7T ) sinx, J_j5(x) = <7r ) COS X.

If n is a positive integer, show that the formal expression for J_,(x) gives
J_p(x) = (=1)"J,(x).
Find the general solution to the modified Bessel’s equation

x2y// + Xy’ + (x2s2 _ a2)y — 0
which differs from Bessel’s equation only in that sx takes the place of x.
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7.20

7.21

7.22

(Hint: Reduce the given equation to Bessel’s equation first.)

The lengthening simple pendulum: Consider a small mass m suspended by a
string of length /. If its length is increased at a steady rate r as it swings back
and forth freely in a vertical plane, find the equation of motion and the
solution for small oscillations.

Evaluate the integrals:

(a)/x" w1 (x)dx; (b)/)f" w1 () dx; (c)/xilJl(x)dx.
In quantum mechanics, the three-dimensional Schrédinger equation is

Op(r, 1)

ih T

2
:—%v2¢(r,t)+V¢(rat); l:\/j7h:h/27r

() When the potential V is independent of time, we can write ¢(r,?) =
u(r)T'(¢r). Show that in this case the Schrodinger equation reduces to

h2
_%vzu(r) + Vu(r) = Eu(r),

a time-independent equation along with 7'(r) = e /"
separation constant.
(b) Show that, in spherical coordinates, the time-independent Schrodinger

equation takes the form

L RO P W SV (Yo W S
2m |2 or \' or 2 sin 6 90 ) " 12sin?0 9
then use separation of variables, u(r,0, ) = R(r)Y (6, ¢), to split it into
two equations, with « as a new separation constant:

W 1ld/(,dR a
ol a( 8Y> ®wo1 o'y

“msin090 \"" %0 ) T amsint o 007

, where E is a

+ V(r)u = Eu,

=aY.

It is straightforward to see that the radial equation is in the form of Eq.

(7.99). Continuing the separation process by putting Y (6, ¢) = ©(0)®(0),

the angular equation can be separated further into two equations, with
[ as separation constant:

Po1ldo

“on W =B,

——smé)— <sm9 d®> — asin? 00 + 50 = 0.
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The first equation is ready for integration. Do you recognize the
second equation in 6 as Legendre’s equation? (Compare it with Eq.
(7.30).) If you are unsure, try to simplify it by putting v = 2ma/h,
1= (2mB/h)"?, and you will obtain

_d (. . dO o o
s1n0% <s1n9%> + (ysin“ 0 — p7)© =0

or

1 d (. ,d® s B
ind 40 (smt?%) + (’y sin29>® =0,

which more closely resembles Eq. (7.30).
7.23 Consider the differential equation

¥+ R(x)y" +[0(x) + AP(x)]y = 0.

Show that it can be put into the form of the Sturm-Liouville equation
(7.104) with

r(x) = efR(x)dx’ g(x) = Q(x)efR(x)dx, and p(x) = P(x)efR(x)dx.

7.24. (a) Show that the system »” + Ay =0,y(0)=0,y(1)=0 is a Sturm-
Liouville system.
(b) Find the eigenvalues and eigenfunctions of the system.
(¢) Prove that the eigenfunctions are orthogonal on the interval 0 < x < 1.
(d) Find the corresponding set of normalized eigenfunctions, and expand
the function f(x) = 1 in a series of these orthonormal functions.
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The calculus of variations

The calculus of variations, in its present form, provides a powerful method for the
treatment of variational principles in physics and has become increasingly impor-
tant in the development of modern physics. It is originated as a study of certain
extremum (maximum and minimum) problems not treatable by elementary
calculus. To see this more precisely let us consider the following integral whose
integrand is a function of x, y, and of the first derivative y'(x) = dy/dx:

- / " ),y () x b, (8.1)

A

where the semicolon in f separates the independent variable x from the dependent
variable y(x) and its derivative y'(x). For what function y(x) is the value of the
integral 7/ a maximum or a minimum? This is the basic problem of the calculus of
variations.

The quantity /' depends on the functional form of the dependent variable y(x)
and is called the functional which is considered as given, the limits of integration
are also given. It is also understood that y =y, at x=x;, y =), at x = x,. In
contrast with the simple extreme-value problem of differential calculus, the func-
tion y(x) is not known here, but is to be varied until an extreme value of the
integral [ is found. By this we mean that if y(x) is a curve which gives to I a
minimum value, then any neighboring curve will make I increase.

We can make the definition of a neighboring curve clear by giving y(x) a
parametric representation:

y(e,x) = ¥(0,x) +en(x), (8'2)

where 7)(x) is an arbitrary function which has a continuous first derivative and ¢ is
a small arbitrary parameter. In order for the curve (8.2) to pass through (xi,y;)
and (x»,),), we require that n(x;) = n(x,) = 0 (see Fig. 8.1). Now the integral /
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(x2,32)

()

(x1, 1) y(x) +en ()

Figure 8.1.

also becomes a function of the parameter ¢
10)= [ F{vlen)y e (83)
X1

We then require that y(x) = y(0, x) makes the integral I an extreme, that is, the
integral /() has an extreme value for € = 0:

I(e) = / S{r(e, x),y'(g,x); x}dx = extremum for £ = 0.
X1

This gives us a very simple method of determining the extreme value of the
integral /. The necessary condition is

dI
=1 =0 8.4
|, (8.4)

for all functions n(x). The sufficient conditions are quite involved and we shall
not pursue them. The interested reader is referred to mathematical texts on the
calculus of variations.

The problem of the extreme-value of an integral occurs very often in geometry
and physics. The simplest example is provided by the problem of determining the
shortest curve (or distance) between two given points. In a plane, this is the
straight line. But if the two given points lie on a given arbitrary surface, then
the analytic equation of this curve, which is called a geodesic, is found by solution
of the above extreme-value problem.

The Euler-Lagrange equation

In order to find the required curve y(x) we carry out the indicated differentiation
in the extremum condition (8.4):
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0 0
o TUED i
_ of oy  Of oy
—[1 (6)} 8€+8y 9% )dx, (8.5)

where we have employed the fact that the limits of integration are fixed, so the
differential operation affects only the integrand. From Eq. (8.2) we have

Oy _ o' _dy
0z n(x) and Oz dx’
Substituting these into Eq. (8.5) we obtain
ol af af dn
O /x1 <8y () +8y’ dx dx. (8.6)

Using integration by parts, the second term on the right hand side becomes
wof dyOf % [d (Of
—d . - Ll o \ay’ n(x)dx.

x =
x 8y dx ay

The integrated term on the right hand side vanishes because n(x;) = n(x,) =0

and Eq. (8.6) becomes

g_/x2 e dx
O v \0y 0z dx 8y 65

_ / @;;fx < gyf ))n@c)dx. (8.7)

Note that 0f/0y and 9f /0y’ are still functions of e. However, when
e =0,y(e,x) = y(x) and the dependence on ¢ disappears.

Then (01/0¢)|._, vanishes, and since n(x) is an arbitrary function, the inte-
grand in Eq. (8.7) must vanish for e = 0:

d of of _
dx oy’ 8y

n(x)

(8.8)

Eq. (8.8) is known as the Euler—Lagrange equation; it is a necessary but not
sufficient condition that the integral 7 have an extreme value. Thus, the solution
of the Euler-Lagrange equation may not yield the minimizing curve. Ordinarily
we must verify whether or not this solution yields the curve that actually mini-
mizes the integral, but frequently physical or geometrical considerations enable us
to tell whether the curve so obtained makes the integral a minimum or a max-
imum. The Euler—Lagrange equation can be written in the form (Problem 8.2)

d JOr\ of
E( _ya_y/) 70 (8.8)
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This is often called the second form of the Euler—Lagrange equation. If f does not
involve x explicitly, it can be integrated to yield
of

ffy 8)/, ¢, (88b)

where ¢ is an integration constant.
The Euler-Lagrange equation can be extended to the case in which f is a
functional of several dependent variables:

f :f{yl(x)ayl/(x)vyZ(x)ayZ,(x)’ cee ;x}~
Then, in analogy with Eq. (8.2), we now have
yi(gvx):yi(()?x)_'—gni(x)? l.:1,27...,l’l.

The development proceeds in an exactly analogous manner, with the result

oL [ (of d[of
e A (@ T (mx))”‘”“’x‘

Since the individual variations, that is, the 7;(x), are all independent, the vanish-
ing of the above equation when evaluated at € = 0 requires the separate vanishing
of each expression in the brackets:

d of of .-
oy gy =0 =2 (8.9)

Example 8.1

The brachistochrone problem: Historically, the brachistochrone problem was the
first to be treated by the method of the calculus of variations (first solved by
Johann Bernoulli in 1696). As shown in Fig. 8.2, a particle is constrained to
move in a gravitational field starting at rest from some point P; to some lower

Py(xy,y)

P(x, y)

Py(x,2)

Figure 8.2
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point P,. Find the shape of the path such that the particle goes from P; to P, in
the least time. (The word brachistochrone was derived from the Greek brachistos
(shortest) and chronos (time).)

Solution: If O and P are not very far apart, the gravitational field is constant, and
if we ignore the possibility of friction, then the total energy of the particle is
conserved:

2
1 ds
0+ mgy, =5m{ + mg(yy — ),

where the left hand side is the sum of the kinetic energy and the potential energy
of the particle at point Py, and the right hand side refers to point P(x, y). Solving
for ds/dt:

ds/dt = \/2gy.

Thus the time required for the particle to move from P; to P, is

i P gy
[ [
P P, V2gy

The line element ds can be expressed as

ds = \/a’x2 +dy* = \/1 +y"?dx, y' = dy/dx;

P, P, 1 Xy 1 12
z:/ dt:/ & _ / VIV g,
P poV28Y V2
We now apply the Euler—Lagrange equation to find the shape of the path for

the particle to go from P; to P, in the least time. The constant does not affect the
final equation and the functional f may be identified as

f=\ 1+,

which does not involve x explicitly. Using Problem 8.2(b), we find

foy L VI 1+y&—y’
oy’ VY

which simplifies to

thus, we have

!
y— :C,
/l+y/2ﬁ

1+ 2y =1/c.
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Letting 1/¢ = v/a and solving for y' gives

;o dy  Ja—y

dx y

and solving for dx and integrating we obtain

/dx:/\/zdy.

y=asin’f =

We then let

%(1 — cos 26)

which leads to

x:2a/sin29d9:a/(l —cos29)d6:g(29—sin29)+k.

Thus the parametric equation of the path is given by
x = b(1 — cos ¢), y=b(¢ —sing) +k,
where b = a/2, ¢ = 26. The path passes through the origin so we have k = 0 and
x =b(l —cos @), y=b(¢ —sing).

The constant b is determined from the condition that the particle passes through
Ps(x3,12).

The required path is a cycloid and is the path of a fixed point P’ on a circle of
radius b as it rolls along the x-axis (Fig. 8.3).

A line that represents the shortest path between any two points on some surface
is called a geodesic. On a flat surface, the geodesic is a straight line. It is easy to
show that, on a sphere, the geodesic is a great circle; we leave this as an exercise
for the reader (Problem 8.3).

> —p'

P

y

Figure 8.3.
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Variational problems with constraints

In certain problems we seek a minimum or maximum value of the integral (8.1)

= / " ),y () x (8.1)

A1

subject to the condition that another integral

Xy
J :/ g{y(x),y’(x);x}dx (8.10)
X

has a known constant value. A simple problem of this sort is the problem of

determining the curve of a given perimeter which encloses the largest area, or

finding the shape of a chain of fixed length which minimizes the potential energy.
In this case we can use the method of Lagrange multipliers which is based on

the following theorem:

The problem of the stationary value of F(x,y) subject to the con-
dition G(x,y) = const. is equivalent to the problem of stationary
values, without constraint, of F + AG for some constant A, pro-
vided either 0G/0x or 0G /0y does not vanish at the critical point.

The constant X is called a Lagrange multiplier and the method is known as the
method of Lagrange multipliers. To see the ideas behind this theorem, let us
assume that G(x,y) = 0 defines y as a unique function of x, say, y = g(x), having
a continuous derivative g’(x). Then

F(x,y) = Flx,g(x)]

and its maximum or minimum can be found by setting the derivative with respect
to x equal to zero:

OF OF dy /

Rl F._+Fg'(x)=0. 8.11

Ox Oy dx or B () ( )
We also have

Glx,g(x)] =0,

from which we find

oG  0G dy /

i’ i =0. 8.12

ox T 9y dx 0 or G, +Gg'(x)=0 (8.12)

Eliminating g’(x) between Eq. (8.11) and Eq. (8.12) we obtain
F.— (F,/G,)G, =0, (8.13)
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provided G, = 0G/dy # 0. Defining A = —F, /G, or

OF oG
F, =— — 14
+ G, ay +)\8y 0, (8.14)
Eq. (8.13) becomes
oF oG
F.+ )G, = A—=0. 8.15
CHAG = A (8.15)

If we define
H(x,y) = F(x,y) + AG(x, y),
then Egs. (8.14) and (8.15) become
OH(x,y)/0x=0,  H(x,y)/dy =0,

and this is the basic idea behind the method of Lagrange multipliers.

It is natural to attempt to solve the problem / = minimum subject to the con-
dition J = constant by the method of Lagrange multipliers. We construct the
integral

14\ = / U EGLyx) + AG(, 3" x)ldx

and consider its free extremum. This implies that the function y(x) that makes the
value of the integral an extremum must satisfy the equation

d O(F +)G) A(F + \G)
dx oy’ dy

d (OF OF d [(0G oG
[dx (ay> ‘ay} “sz (ay) ‘ay] =0 (8162)

=0 (8.16)

or

Example 8.2
Isoperimetric problem: Find that curve C having the given perimeter / that
encloses the largest area.

Solution: The area bounded by C can be expressed as
A :%/ (xdy — ydx) :%/ (xy" — y)dx
c c

and the length of the curve C is
s = 1+y2dx =1
v
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Then the function H is
H = / B (xy" =)+ A1+ ydx
c

and the Euler—Lagrange equation gives

d (1 . Ay’ +1_0
ax\2" T i) 2T

or
)\ /
4 = —X+cC.
14y
Solving for y’, we get
f—%=i Al E—
¥ A= (x—c)

which on integrating gives

y—a=t/N-(x—¢)’

(x—c1)* + (=)’ =N, acircle.

or

Hamilton’s principle and Lagrange’s equation of motion

One of the most important applications of the calculus of variations is in classical
mechanics. In this case, the functional fin Eq. (8.1) is taken to be the Lagrangian
L of a dynamical system. For a conservative system, the Lagrangian L is defined
as the difference of kinetic and potential energies of the system:

L=T-V,

where time ¢ is the independent variable and the generalized coordinates ¢;(¢) are
the dependent variables. What do we mean by generalized coordinates? Any
convenient set of parameters or quantities that can be used to specify the config-
uration (or state) of the system can be assumed to be generalized coordinates;
therefore they need not be geometrical quantities, such as distances or angles. In
suitable circumstances, for example, they could be electric currents.

Eq. (8.1) now takes the form that is known as the action (or the action integral)

- Y L)@y 0dr, G = dafdi (8.17)
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and Eq. (8.4) becomes

oI
[=2
6 Oe

de = 5/[2 L), a0 0t =0, (8.18)
e=0 4

where ¢;(7), and hence ¢;(¢), is to be varied subject to 8¢;(¢;) = 6¢;(t;) = 0.
Equation (8.18) is a mathematical statement of Hamilton’s principle of classical
mechanics. In this variational approach to mechanics, the Lagrangian L is given,
and ¢;(¢) taken on the prescribed values at 7; and ¢,, but may be arbitrarily varied
for values of ¢ between #; and #,.

In words, Hamilton’s principle states that for a conservative dynamical system,
the motion of the system from its position in configuration space at time #; to its
position at time f, follows a path for which the action integral (8.17) has a
stationary value. The resulting Euler—Lagrange equations are known as the
Lagrange equations of motion:

4OL _OL_ (8.19)
dt 0q; Oq;

These Lagrange equations can be derived from Newton’s equations of motion
(that is, the second law written in differential equation form) and Newton’s equa-
tions can be derived from Lagrange’s equations. Thus they are ‘equivalent.’
However, Hamilton’s principle can be applied to a wide range of physical phe-
nomena, particularly those involving fields, with which Newton’s equations are
not usually associated. Therefore, Hamilton’s principle is considered to be more
fundamental than Newton’s equations and is often introduced as a basic postulate
from which various formulations of classical dynamics are derived.

Example 8.3

Electric oscillations: As an illustration of the generality of Lagrangian dynamics,
we consider its application to an LC circuit (inductive—capacitive circuit) as shown
in Fig. 8.4. At some instant of time the charge on the capacitor C is Q(¢) and the

current flowing through the inductor is 7(¢) = Q(¢). The voltage drop around the

L

7500

C
[
I

Figure 8.4. LC circuit.
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circuit is, according to Kirchhoff’s law
dr 1
L—+— | I()dt=0
m*c/()
or in terms of Q
Lé+Lo=0
c2=0

This equation is of exactly the same form as that for a simple mechanical oscil-
lator:

mx +kx =0.

If the electric circuit also contains a resistor R, Kirchhoff’s law then gives
B} .1
LO + RO + C 0 =0,
which is of exactly the same form as that for a damped oscillator

mi + bx + kx = 0,

where b is the damping constant.
By comparing the corresponding terms in these equations, an analogy between
mechanical and electric quantities can be established:

X displacement 0 charge (generalized coordinate)
X velocity O =1 electric current

mass L inductance
1/k k = spring constant C capacitance
b damping constant R electric resistance
%mxz kinetic energy %LQ'2 energy stored in inductance
%mx2 potential energy %Qz /C energy stored in capacitance

If we recognize in the beginning that the charge Q in the circuit plays the role of a
generalized coordinate, and T = %LQ2 and V = %Qz /C, then the Langrangian L
of the system is

L=T-Vv=1L0"-10%*/C
and the Lagrange equation gives
1o+L0=0,
C
the same equation as given by Kirchhoff’s law.
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Example 8.4

A bead of mass m slides freely on a frictionless wire of radius b that rotates in a
horizontal plane about a point on the circular wire with a constant angular
velocity w. Show that the bead oscillates as a pendulum of length / = g/wz.

Solution: The circular wire rotates in the xy plane about the point O, as shown
in Fig. 8.5. The rotation is in the counterclockwise direction, C is the center of the
circular wire, and the angles 6 and ¢ are as indicated. The wire rotates with an
angular velocity w, so ¢ = wt. Now the coordinates x and y of the bead are given
by

x = bcoswt 4 bcos(0 + wt),

y = bsinwt + bsin(f + wr),
and the generalized coordinate is . The potential energy of the bead (in a hor-
izontal plane) can be taken to be zero, while its kinetic energy is

T =1m(&® + 7%) = tmb*[w* + (0 + w)* + 2w(0 + w) cos 6],

which is also the Lagrangian of the bead. Inserting this into Lagrange’s equation
4 (%) _OL_y
d9 \ 90 00
we obtain, after some simplifications,
0+ w’sinf = 0.

Comparing this equation with Lagrange’s equation for a simple pendulum of
length /

0+ (g/l)sinfd =0

Figure 8.5.
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Figure 8.6.

(Fig. 8.6) we see that the bead oscillates about the line OA4 like a pendulum of
length / = g/’

Rayleigh—Ritz method

Hamilton’s principle views the motion of a dynamical system as a whole and
involves a search for the path in configuration space that yields a stationary
value for the action integral (8.17):

51 = 5[2 L(gi(0), d:(1); )t = 0, (8.18)

with 6¢;(t;) = 6¢;(t,) = 0. Ordinarily it is used as a variational method to obtain
Lagrange’s and Hamilton’s equations of motion, so we do not often think of it as
a computational tool. But in other areas of physics variational formulations
are used in a much more active way. For example, the variational method for
determining the approximate ground-state energies in quantum mechanics is
very well known. We now use the Rayleigh—Ritz method to illustrate that
Hamilton’s principle can be used as computational device in classical
mechanics. The Rayleigh—Ritz method is a procedure for obtaining approximate
solutions of problems expressed in variational form directly from the variational
equation.

The Lagrangian is a function of the generalized coordinates ¢s and their time
derivatives ¢s. The basic idea of the approximation method is to guess a solution
for the ¢s that depends on time and a number of parameters. The parameters are
then adjusted so that Hamilton’s principle is satisfied. The Rayleigh—Ritz method
takes a special form for the trial solution. A complete set of functions {f;(z)} is
chosen and the solution is assumed to be a linear combination of a finite number
of these functions. The coefficients in this linear combination are the parameters
that are chosen to satisfy Hamilton’s principle (8.18). Since the variations of the gs
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must vanish at the endpoints of the integral, the variations of the parameter must
be so chosen that this condition is satisfied.
To summarize, suppose a given system can be described by the action integral

- " L@ 0d, G = dad.

The Rayleigh—Ritz method requires the selection of a trial solution, ideally in the
form

0= s, (8.20)
i=1

which satisfies the appropriate conditions at both the initial and final times, and
where as are undetermined constant coefficients and the fs are arbitrarily chosen
functions. This trial solution is substituted into the action integral / and integra-
tion is performed so that we obtain an expression for the integral 7 in terms of the
coefficients. The integral [ is then made ‘stationary’ with respect to the assumed
solution by requiring that

ol

90 =" (8.21)

after which the resulting set of # simultaneous equations is solved for the values of
the coefficients ;. To illustrate this method, we apply it to two simple examples.

Example 8.5

A simple harmonic oscillator consists of a mass M attached to a spring of force
constant k. As a trial function we take the displacement x as a function ¢ in the
form

00
= E A, sin nwt.
n=1

For the boundary conditions we have x = 0,7 = 0, and x = 0, f = 27/w. Then the
potential energy and the kinetic energy are given by, respectively,

V=1 =1k Z Z A, A,, sin nwt sin mwt,

n=1 m=1

1
2

T = 1Mx =

o0 oo
= 1MW Y Y A, A,nm cos nwt cos muwt.
= =1

The action I has the form
27w 27w r &
= /0 Lt = /0 (T—V)di = _wg (kA2 — M 42).
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In order to satisfy Hamilton’s principle we must choose the values of 4, so as to
make / an extremum:
ar
dA,

(k — n*w*M) 4, = 0.

The solution that meets the physics of the problem is
A =0, P =k/M; or 1= (n/w)'*=2x(M/k)"?

A, =0, for n=23 etc.

Example 8.6

As a second example, we consider a bead of mass M sliding freely along a wire

shaped in the form of a parabola along the vertical axis and of the form y = ax’.

In this case, we have
L=T-V =M +5%) - Mgy =1 M(1 + 4a’x*)%* — Mgy.
We assume
X = Asinwt

to be an approximate value for the displacement x, and then the action integral
becomes

27w 27 /w 2 1 2A2 M
1:/ Ldt:/ (T—V)dz:A2{w(+7“>—ga}—W.
0 0 2 w

The extremum condition, dI/dA = 0, gives an approximate w:
V?2ga
w=—"7,
1+ d*4?
and the approximate period is

21(1 4 a*4%)
T=——".
2ga
The Rayleigh—Ritz method discussed in this section is a special case of the
general Rayleigh—Ritz methods that are designed for finding approximate solu-
tions of boundary-value problems by use of varitional principles, for example, the

eigenvalues and eigenfunctions of the Sturm—Liouville systems.

Hamilton’s principle and canonical equations of motion

Newton first formulated classical mechanics in the seventeenth century and it is
known as Newtonian mechanics. The essential physics involved in Newtonian
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mechanics is contained in Newton’s three laws of motion, with the second law
serving as the equation of motion. Classical mechanics has since been reformu-
lated in a few different forms: the Lagrange, the Hamilton, and the Hamilton—
Jacobi formalisms, to name just a few.

The essential physics of Lagrangian dynamics is contained in the Lagrange
function L of the dynamical system and Lagrange’s equations (the equations of
motion). The Lagrangian L is defined in terms of independent generalized coor-
dinates ¢; and the corresponding generalized velocity ¢;. In Hamiltonian
dynamics, we describe the state of a system by Hamilton’s function (or the
Hamiltonian) H defined in terms of the generalized coordinates ¢g; and the corre-
sponding generalized momenta p;, and the equations of motion are given by
Hamilton’s equations or canonical equations

. _OH . OH

ql-_api7 pi:—aqi, i=12,...,n (8.22)

Hamilton’s equations of motion can be derived from Hamilton’s principle.
Before doing so, we have to define the generalized momentum and the
Hamiltonian. The generalized momentum p; corresponding to ¢; is defined as

oL
= 8.23
pl 8ql ( )
and the Hamiltonian of the system is defined by

Even though ¢; explicitly appears in the defining expression (8.24), H is a function
of the generalized coordinates ¢;, the generalized momenta p;, and the time ¢,
because the defining expression (8.23) can be solved explicitly for the ¢;s in
terms of p;,q;, and 7. The gs and ps are now treated the same: H = H(q;,p;, 1).
Just as with the configuration space spanned by the n independent ¢s, we can
imagine a space of 2n dimensions spanned by the 2n variables
G152 - -y 4us P15 D2, - - - s Pu- Such a space is called phase space, and is particularly
useful in both statistical mechanics and the study of non-linear oscillations. The
evolution of a representative point in this space is determined by Hamilton’s
equations.

We are ready to deduce Hamilton’s equation from Hamilton’s principle. The
original Hamilton’s principle refers to paths in configuration space, so in order to
extend the principle to phase space, we must modify it such that the integrand of
the action 7 is a function of both the generalized coordinates and momenta and
their derivatives. The action 7 can then be evaluated over the paths of the system

362



HAMILTON’S PRINCIPLE

point in phase space. To do this, first we solve Eq. (8.24) for L
L= Z pigi—H
i

and then substitute L into Eq. (8.18) and we obtain

153
51:5/ ( Gi— H ,,z)dzo, 8.25
i Z_:pq (p,q.1) (8.25)

where ¢;(?) is still varied subject to 8¢;(t;) = 6q;(t,) = 0, but p; is varied without
such end-point restrictions.
Carrying out the variation, we obtain

f OH OH )
0q; + qi6p; — =—6q; — =—0p; |dt =0, 8.26
/”Z:(pq 4i8pi = 5,64 =5 -6p (8.26)
where the 6¢gs are related to the d¢gs by the relation
d
1= 6q. 2
8d; = — 64; (8.27)

Now we integrate the term p,;6¢;dt by parts. Using Eq. (8.27) and the endpoint
conditions on d¢g;, we find that

Iy Iy
/t] Zpiéqidt:/h Zpijl&lidt
1 d 1
= / Zal’féql‘dl - /t Zf’iéq,'dl

5] 1

—/ Zpi&hd[
f T
= — /r2 Zpiéqidt.

4 i

Substituting this back into Eq. (8.26), we obtain

K . OH . OH
/t1 Z [(Qi - 8_]7,> op; — (pi + 8—%> 5q,~] dt=0. (8.28)

Since we view Hamilton’s principle as a variational principle in phase space, both
the 6¢s and the 6ps are arbitrary, the coefficients of d¢; and ép; in Eq. (8.28) must
vanish separately, which results in the 2#n Hamilton’s equations (8.22).

= pi0q;

Example 8.7
Obtain Hamilton’s equations of motion for a one-dimensional harmonic oscilla-
tor.
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Solution: We have

T:%mx, V:%sz’
oL oT . P
=—=——=mx X ==.
ox Ox ’ m
Hence
: | E R R
H=px—-L=T+V=—p +-Kx".
2m 2
Hamilton’s equations
. OH ) OH
X =— - —
op’ P Ox
then read
=L p=_kx
m

Using the first equation, the second can be written

d
E(mX):—Kx or m¥+Kx=0

which is the familiar equation of the harmonic oscillator.

The modified Hamilton’s principle and the Hamilton—Jacobi equation

The Hamilton—Jacobi equation is the cornerstone of a general method of integrat-
ing equations of motion. Before the advent of modern quantum theory, Bohr’s
atomic theory was treated in terms of Hamilton—Jacobi theory. It also plays an
important role in optics as well as in canonical perturbation theory. In classical
mechanics books, the Hamilton—Jacobi equation is often obtained via canonical
transformations. We want to show that the Hamilton—Jacobi equation can also be
obtained directly from Hamilton’s principle, or, a modified Hamilton’s principle.
In formulating Hamilton’s principle, we have considered the action

5]
1= / L), i) di, 4= dgjds,
4]

taken along a path between two given positions ¢;(¢;) and ¢;(z,) which the dyna-
mical system occupies at given instants #; and #,. In varying the action, we com-
pare the values of the action for neighboring paths with fixed ends, that is, with
6q;(t) = 6g;(t,) = 0. Only one of these paths corresponds to the true dynamical
path for which the action has its extremum value.

We now consider another aspect of the concept of action, by regarding I as a
quantity characterizing the motion along the true path, and comparing the value
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of I for paths having a common beginning at ¢;(¢;), but passing through different
points at time #,. In other words we consider the action 7 for the true path as a
function of the coordinates at the upper limit of integration:

I = I(qi7 t)a

where ¢, are the coordinates of the final position of the system, and ¢ is the instant
when this position is reached.

If ¢;(¢,) are the coordinates of the final position of the system reached at time 7,,
the coordinates of a point near the point ¢;(z,) can be written as ¢;(¢;) + d¢;,
where 6q; is a small quantity. The action for the trajectory bringing the system
to the point ¢;(¢;) + 6¢; differs from the action for the trajectory bringing the
system to the point ¢;(#,) by the quantity

nlon oL
1= |%sq+ 264, 2
5 / [aqiéq,+ aq,iéq,}dt, (8.29)

where 6g; is the difference between the values of ¢; taken for both paths at the same
instant ¢; similarly, 6¢; is the difference between the values of ¢; at the instant .
We now integrate the second term on the right hand side of Eq. (8.25) by parts:

2oL 8L d (0L
= 6q;d ; — oq;dt
" a ql = aql ql /[l dl (8 ) ql

oL
— pibg; — / & (8 )&m (8.30)

where we have used the fact that the starting points of both paths coincide, hence
6q;(t;) = 0; the quantity 8¢;(#,) is now written as just 6¢,. Substituting Eq. (8.30)
into Eq. (8.29), we obtain

51_Zp,5q, / Z B; Z(aqﬂ&y,dt (8.31)

Since the true path satisfies Lagrange’s equations of motion, the integrand and,
consequently, the integral itself vanish. We have thus obtained the following value
for the increment of the action I due to the change in the coordinates of the final
position of the system by dg; (at a constant time of motion):

ol = Zpié%‘v (8.32)

from which it follows that

ol

8—% =Pis (8.33)

that is, the partial derivatives of the action with respect to the generalized co-
ordinates equal the corresponding generalized momenta.
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The action / may similarly be regarded as an explicit function of time, by
considering paths starting from a given point ¢;(1) at a given instant ¢, ending
at a given point ¢;(2) at various times #, = f:

I = I(qia l)'

Then the total time derivative of I is
dl  OI ol ol
_ = — - =— - :y . 4

From the definition of the action, we have dI /dt = L. Substituting this into Eq.
(8.34), we obtain

%:L—Zpiéli:—l‘]

or

ol

-, + H(q;,pi, 1) =0. (8.35)
ot

Replacing the momenta p; in the Hamiltonian H by 01/0gq; as given by Eq. (8.33),
we obtain the Hamilton—Jacobi equation

H(q;,01/9q;,1) + % =0. (8.36)

For a conservative system with stationary constraints, the time is not contained
explicitly in Hamiltonian H, and H = E (the total energy of the system).
Consequently, according to Eq. (8.35), the dependence of action 7 on time 7 is
expressed by the term —E?. Therefore, the action breaks up into two terms, one of
which depends only on ¢;, and the other only on #:

1(g;, 1) = 1,(q;) — Et. (8.37)

The function 7,(g;) is sometimes called the contracted action, and the Hamilton—
Jacobi equation (8.36) reduces to

H(q;,01,/0q;) = E. (8.38)

Example 8.8

To illustrate the method of Hamilton—Jacobi, let us consider the motion of an
electron of charge —e revolving about an atomic nucleus of charge Ze (Fig. 8.7).
As the mass M of the nucleus is much greater than the mass m of the electron, we
may consider the nucleus to remain stationary without making any very appreci-
able error. This is a central force motion and so its motion lies entirely in one
plane (see Classical Mechanics, by Tai L. Chow, John Wiley, 1995). Employing
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+Ze X

Figure 8.7.

polar coordinates » and # in the plane of motion to specify the position of the
electron relative to the nucleus, the kinetic and potential energies are, respectively,

1 : Zé
T:Em(f2+r202), V= _Te.
Then
75
L=T- V:—m(l;2+r2¢92)+—e
and
— = mr 6—L—mr29
Dr Cri Po Po Y

The Hamiltonian H is

Replacing p, and p, in the Hamiltonian by 0I/0r and 01/06, respectively, we
obtain, by Eq. (8.36), the Hamilton—Jacobi equation

L g 2+l Q ’ _Z_€2+Q_O
2m |\ Or r2 \ 00 ro0t

Variational problems with several independent variables

The functional f in Eq. (8.1) contains only one independent variable, but very
often f may contain several independent variables. Let us now extend the theory
to this case of several independent variables:

I = // f‘{u;uxvuyv uZ;x7y7 Z) dXdde7 (839)
14

where V' is assumed to be a bounded volume in space with prescribed values of
u(x,y,z) at its boundary S; u, = du/9dx, and so on. Now, the variational problem
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is to find the function u(x,y,z) for which I is stationary with respect to small
changes in the functional form u(x,y, z).
Generalizing Eq. (8.2), we now let

u(x,y,2,€) = u(x,y,2,0) + en(x, y, 2), (8.40)

where 7(x, y, z) is an arbitrary well-behaved (that is, differentiable) function which
vanishes at the boundary S. Then we have, from Eq. (8.40),

ue(x,p,2,6) = uy(x,9,2,0) +eny,

and similar expressions for u,,u.; and

f o of B
=0 /// < U, N + 6uy Ny ou. 772) dxdydz = 0.

We next integrate each of the terms (9f /Ou;)n; using ‘integration by parts’ and the
integrated terms vanish at the boundary as required. After some simplifications,
we finally obtain

o o 0 9 0 of
- —— xdydz = 0.
/ / / {8u Ox Ou, Oy Ou, 0z0u. n(x,y, 2)dxdydz =0
Again, since 7(x, y, z) is arbitrary, the term in the braces may be set equal to zero,
and we obtain the Euler-Lagrange equation:

o o of 0 9o 009

Ou  Ox Ou, 0y Ou, 0z0u.

85

(8.41)

Note that in Eq. (8.41) 9/0x is a partial derivative, in that y and z are constant.
But 9/0x is also a total derivative in that it acts on implicit x dependence and on
explicit x dependence:
d 9 o o o o o
f _ 9f . 9f S, 9T L 97

Ox Ou,  OxOu, = Oudu, et o Ou,Ou, Uy Ou,Ou, oz

(8.42)

Example 8.9

The Schrodinger wave equation. The equations of motion of classical mechanics
are the Euler—Lagrange differential equations of Hamilton’s principle. Similarly,
the Schrodinger equation, the basic equation of quantum mechanics, is also a
Euler—Lagrange differential equation of a variational principle the form of which
is, in the case of a system of N particles, the following

5 / Ldr =0, (8.43)
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with

N 22 * * *
h (%@+8¢%+6¢8¢

*
=Y 2m; \ Ox; Ox; Qy; dy; 0z O i) + Vip*y (8.44)

and the constraint

/ rpdr =1, (8.45)

where m; is the mass of particle Z, V' is the potential energy of the system, and dr is
a volume element of the 3N-dimensional space.

Condition (8.45) can be taken into consideration by introducing a Lagrangian
multiplier —E"

s / (L — Eg*¢)dr = 0. (8.46)

Performing the variation we obtain the Schrodinger equation for a system of N
particles

N

Z

)b = 0, (8.47)

where V? is the Laplace operator relating to particle i. Can you see that E is the
energy parameter of the system? If we use the Hamiltonian operator H, Eq. (8.47)
can be written as

Hi = E. (8.48)

From this we obtain for E

/ V*Hidr

/ prpdr

Through partial integration we obtain

[ rar= [wrar

and thus the variational principle can be formulated in another way:
8 [¢*(H — E)Ydr =0

(8.49)

Problems

8.1 As a simple practice of using varied paths and the extremum condition, we
consider the simple function y(x)=x and the neighboring paths
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8.2

8.3

8.4

8.5
8.6

8.7

y(g,x) = x + esinx. Draw these paths in the xy plane between the limits
x = 0and x = 27 for ¢ = 0 for two different non-vanishing values of ¢. If the
integral I(e) is given by

2w
ey = [ tav/axax.

show that the value of 7(¢) is always greater than 7(0), no matter what value
of ¢ (positive or negative) is chosen. This is just condition (8.4).
(a) Show that the Euler—Lagrange equation can be written in the form

d , Of af
J— — _— — = O
dx <f Y 8y’> ox
This is often called the second form of the Euler—Lagrange equation.

(b) If fdoes not involve x explicitly, show that the Euler-Lagrange equation
can be integrated to yield

o

f_y 6}/’/70’

where ¢ is an integration constant.
As shown in Fig. 8.8, a curve C joining points (x;,y;) and (x,,),) is
revolved about the x-axis. Find the shape of the curve such that the surface
thus generated is a minimum.
A geodesic is a line that represents the shortest distance between two points.
Find the geodesic on the surface of a sphere.
Show that the geodesic on the surface of a right circular cylinder is a helix.
Find the shape of a heavy chain which minimizes the potential energy while
the length of the chain is constant.
A wedge of mass M and angle « slides freely on a horizontal plane. A
particle of mass m moves freely on the wedge. Determine the motion of
the particle as well as that of the wedge (Fig. 8.9).

(x2,2)

(1,00

Figure 8.8.

370



PROBLEMS

Figure 8.9.

Figure 8.10.

8.8 Use the Rayleigh—Ritz method to analyze the forced oscillations of a har-
monic oscillation:

mx + kx = Fysinwt.

8.9 A particle of mass m is attracted to a fixed point O by an inverse square
force F, = —k/r2 (Fig. 8.10). Find the canonical equations of motion.
8.10 Set up the Hamilton—Jacobi equation for the simple harmonic oscillator.
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The Laplace transformation

The Laplace transformation method is generally useful for obtaining solutions of
linear differential equations (both ordinary and partial). It enables us to reduce a
differential equation to an algebraic equation, thus avoiding going to the trouble
of finding the general solution and then evaluating the arbitrary constants. This
procedure or technique can be extended to systems of equations and to integral
equations, and it often yields results more readily than other techniques. In this
chapter we shall first define the Laplace transformation, then evaluate the trans-
formation for some elementary functions, and finally apply it to solve some simple
physical problems.

Definition of the Lapace transform

The Laplace transform L[f(x)] of a function f(x) is defined by the integral
L) = [ sy =Fip), ©.1)

whenever this integral exists. The integral in Eq. (9.1) is a function of the para-
meter p and we denote it by F(p). The function F(p) is called the Laplace trans-
form of f(x). We may also look upon Eq. (9.1) as a definition of a Laplace
transform operator L which tranforms f(x) in to F(p). The operator L is linear,
since from Eq. (9.1) we have

Lienf () + csg)] = | " e e f(3) + eag(x)
=c /0OO e f(x)dx + ¢, /0OC e Mg(x)dx
— o L[f(x)] + e:Llg),
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where ¢; and ¢, are arbitrary constants and g(x) is an arbitrary function defined
for x > 0.

The inverse Laplace transform of F(p) is a function f(x) such that
L[f(x)] = F(p). We denote the operation of taking an inverse Laplace transform
by L'

TEP)] = /(). (9:2)

That is, we operate algebraically with the operators L and L', bringing them
from one side of an equation to the other side just as we would in writing ax = b
implies x = ¢ 'b. To illustrate the calculation of a Laplace transform, let us
consider the following simple example.

Example 9.1
Find L[¢"], where a is a constant.

Solution: The transform is

Lle™) :/ efpxe“xdx:/ e P Ox Gy,
0 0

For p < a, the exponent on e is positive or zero and the integral diverges. For
p > a, the integral converges:

00 00 —(p—a)x
L") = / PRy = / e g €
0 0 —(p—a)l,

This example enables us to investigate the existence of Eq. (9.1) for a general
function f(x).

> 1

p—a

Existence of Laplace transforms
We can prove that:

(1) if f(x) is piecewise continuous on every finite interval 0 < x < X, and
(2) if we can find constants M and a such that |f(x)| < Me®™ for x > X,

then L[f(x)] exists for p > a. A function f(x) which satisfies condition (2) is said
to be of exponential order as x — oo; this is mathematician’s jargon!

These are sufficient conditions on f(x) under which we can guarantee the
existence of L[f ( )]. Under these conditions the integral converges for p > a:

“PYdx

X
= / |f(x)le™dx < / Me* e P dx
0 0

o0
<M / v = M
0 p—a
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This establishes not only the convergence but the absolute convergence of the
integral defining L[f(x)]. Note that M/(p — a) tends to zero as p — oo. This
shows that

lim F(p) =0 (9.3)

p—0

for all functions F(p) = L[f(x)] such that f(x) satisfies the foregoing conditions
(1) and (2). It follows that if lim,_,, F'(p) # 0, F(p) cannot be the Laplace trans-
form of any function f(x).

It is obvious that functions of exponential order play a dominant role in the use
of Laplace transforms. One simple way of determining whether or not a specified
function is of exponential order is the following one: if a constant b exists such
that

lim [e*bﬂ f(x)|] (9.4)

X—00

exists, the function f(x) is of exponential order (of the order of e_bx). To see this,
let the value of the above limit be K # 0. Then, when x is large enough, |e "/ (x)|
can be made as close to K as possible, so certainly

le™"f (x)| < 2K.
Thus, for sufficiently large x,
/()] < 2Ke™
or
|f(x)| < Me™,  with M =2K.
On the other hand, if
lim [~ | (x)]] = o 9.5)

X—00

for every fixed ¢, the function f(x) is not of exponential order. To see this, let us
assume that b exists such that

lf(x)| < Me"™ for x> X
from which it follows that
le™ 2 f (x)| < Me™"~.

Then the choice of ¢ = 2b would give us |e~“f(x)| < Me ", and e”“*f(x) — 0 as
x — oo which contradicts Eq. (9.5).

Example 9.2
Show that x° is of exponential order as x — co.
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Solution:  We have to check whether or not

X3

lim (e7*) = lim S
X—00 x—o0 "%

exists. Now if » > 0, then L’Hospital’s rule gives

3 2
. _ .X . b . 6x . 6
lim (e bxx3) = lim 5= lim —— = lim 5~ = lim - =0.
X—00 x—o0 @’ x—o00 helX x—00 h2ebX x—00 h3ebX

Therefore x° is of exponential order as x — oc.

Laplace transforms of some elementary functions

Using the definition (9.1) we now obtain the transforms of polynomials, expo-
nential and trigonometric functions.

(1) f(x)=1for x>0.
By definition, we have

< 1
L[] = / e Mdx =-, p>0.
0 p

(2) f(x) = x", where n is a positive integer.

By definition, we have

o0
L[x"] :/ e P xX"dx.
0

/m/dx = uv — /vu'dx

u=x", dv=1vdx=e"dx=—(1/p)d(e™), v=—(1/p)e ",

00 n_—px7 [
_ —X'e n _ _
/ e x"dx = {—} —|——/ e P X" dx.
0 p 0 PJo

For p > 0 and n > 0, the first term on the right hand side of the above equation is

zero, and so we have
o0 o0
—px n n —px n—1
e Xdx = - e X" dx
0 PJo
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or

Lix"] = gL[x"*]

from which we may obtain for n > 1
L[X”71] —
Iteration of this process yields

L] = nn—1)mn-2)---2- lL[xo].

By (1) above we have
Lx") = L[] =1/p.
Hence we finally have

n!
pn+1 ’

LiX"| = p>0.

(3) f(x) =e", where a is a real constant.
1

L™ = / e e dx = ,
0 p—a

where p > a for convegence. (For details, see Example 9.1.)

(4) f(x) =sinax, where a is a real constant.

L[sinax] = / e 7" sin axdx.
0
Using
/uv'dx =uv — /vu’dx with  u=e™?, dv=—d(cosax)/a,

and

mx (

"™ (msinnx — ncos nx)

n? +m2

/ " sin nxdx =

(you can obtain this simply by using integration by parts twice) we obtain

*© e P (—=psinax — acosax]”™
L[sinax] = / e PYsinaxdx = [ 5—— :
0 p-t+a 0

Since p is positive, ¢ 7* — 0 as x — oo, but sin ax and cos ax are bounded as
X — 00, sO we obtain

1(0 —a) a
pP+a> pPta’

Lisinax] =0 — p>0.
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(5) f(x) = cosax, where a is a real constant.
Using the result

mx :
e (mcosnx +n Sin mx
™ cos nxdx = ( 5 5 ) ,
n-+m
we obtain
o0
Llcosax] = / e " cosaxdx = ——, p>0.
0 p-t+a

(6) f(x) = sinh ax, where a is a real constant.

Using the linearity property of the Laplace transform operator L, we obtain
e+ e_ax] 1 1

Licosh ax] = L{ 3 = EL[e”x] + §L[e_”x]

YA Y.
2\p—a p+a) p -

(7) f(x) = x*, where k > —1.

By definition we have
LX) = / e P xrdx.
0

Let px = u, then dx = p~'du, x* = " /p*, and so

e 1 o T'(k+1
LX) = / e "ty = Tt 1 u'e™du = ( /:1 )
0 P 0 p

Note that the integral defining the gamma function converges if and only if
k>—1.

The following example illustrates the calculation of inverse Laplace transforms
which is equally important in solving differential equations.

Example 9.3
Find

(a) Ll{piz], (b) LIB], s> 0.

Solution:
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Recall L[e™] = 1/(p — a), hence L™'[1/(p — a)] = ¢**. It follows that
5 1 :
L—l | = SL—I | =5 —2.x.
[p + 2} [p + 2} ‘

(k4 1)
o

(b) Recall
o0 ) 1 o0
Lix" = / e P xR dx = —— e du =
o 0 Pk+1 0

From this we have

hence

Shifting (or translation) theorems

In practical applications, we often meet functions multiplied by exponential fac-
tors. If we know the Laplace transform of a function, then multiplying it by an
exponential factor does not require a new computation as shown by the following
theorem.

The first shifting theorem

If LIf(x)]=F(p), p > bs then LIe"f(x)] = F(p—a), p > a+b.

Note that F(p — a) denotes the function F(p) ‘shifted’ a units to the right.
Hence the theorem is called the shifting theorem.
The proof is simple and straightforward. By definition (9.1) we have

Lif(x)] = / " P (x)dx = F(p).

Then

e e}

P (x) by = / ¥ e 090 ()dx = F(p — a).
0

The following examples illustrate the use of this theorem.

Lier (o) = [

0
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Example 9.4

Show that:
(a) Lle”™x"] = ! P> —a;
(p + a)rH—l ) ’
(b) Lle™* sinbx] = b p>—a
(p+a)’ + b '
Solution: (a) Recall
LI =nl/p",  p>0;
the shifting theorem then gives
—ax  n n!
Lle™™x :W’ p > —a.
(b) Since
. a
L =
[sin ax] L
it follows from the shifting theorem that
- b
Lle™* sinbx] = ———=——, p> —a.
(p+a)” +b*

Because of the relationship between Laplace transforms and inverse Laplace
transforms, any theorem involving Laplace transforms will have a corresponding
theorem involving inverse Lapace transforms. Thus

If LYF(p) =f(x), then L'[F(p—a)]=e™f(x).

The second shifting theorem
This second shifting theorem involves the shifting x variable and states that

Given L[f(x)] = F(p), where f(x)=0 for x<0; and if g(x)=f(x—a),
then

Lig(x)] = e "LIf (x)].

To prove this theorem, let us start with
Fip) = L) = [ e
from which it follows that

Ep) =Ll ()= [ " e () .
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Let u = x + a, then

o0

e PF(p) = e PUHAF () dx —/ e (u— a)du
0 0

:/ e_”“Odqu/ e Pf(u—a)du
0

o0

e "g(u)du = Lig(u)].

N

Example 9.5
Show that given

Fx) = x for x>0
= 0 for x<0’

and if

) {0, for x<5
XxX) =
& x—35, for x>5

then
Lig(x)]=e7/p’.

Solution:  We first notice that
g(x) =f(x=75).
Then the second shifting theorem gives

Lig(x)] = e PL[x] =" /p’.

The unit step function

It is often possible to express various discontinuous functions in terms of the unit
step function, which is defined as

U(x—a):{

0 x<a
1 x>a

Sometimes it is convenient to state the second shifting theorem in terms of the
unit step function:

If f(x)=0 for x<0 and L[f(x)] = F(p), then
LlU(x—a)f(x—a)]=e "F(p).
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The proof is straightforward:

MU@—ayw—aﬂ:AméwU@—aﬂ@—Mx

:/ eiPXde—i—/ e "f(x — a)dx.
0 a

Let x — a = u, then

LUx—a)f(x—a)] = /OO e " f(x — a)dx

a

= /OO e PO L () dy = =P /00 e Pf(u)du = e TF(p).

The corresponding theorem involving inverse Laplace transforms can be stated as
If f(x)=0 for x<0 and L7'[F(p)] =f(x), then
L[ F(p)] = Ulx —a)f(x — a).

Laplace transform of a periodic function

If f(x) is a periodic function of period P > 0, that is, if f(x + P) = f(x), then

To prove this, we assume that the Laplace transform of f(x) exists:

oo P 2P
L) = [ emrods= [Cerpmass [ ersma

3P
—px .
+A P () + - -

P

On the right hand side, let x = u + P in the second integral, x = u + 2P in the
third integral, and so on, we then have

L[f (x)] :/0 efpr(x)dx—l—/o PRy + PYdu

P
+/ e P20 (4 4 2P + - -
0
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But f(u+ P)=f(u), f(u+2P)=f(u),etc. Also, let us replace the dummy
variable u by x, then the above equation becomes

= [ ersiaes [Cer s [ i

0 0

P P P
= / e P f(x)dx + efpp/ e P f(x)dx + einP/ erf(x)dx +---
0 0 0

P
=(l4e?+e 4. )/ e Pf(x)dx
0

l1—e

1 P
- /0 P (x)dx.

Laplace transforms of derivatives

If £(x) is a continuous for x > 0, and f'(x) is piecewise continuous in every finite
interval 0 < x < k, and if |f(x)| < Me™ (that is, f(x) is of exponential order),
then

LIf'(x)] = pLIf(x)] = f(0), p>b.

We may employ integration by parts to prove this result:

/udv =uv — /vdu with u=e ", and dv=rf"(x)dx;

i) = | " e (= [P — / " Cp)e P ().

Since |f(x)| < Me” for sufficiently large x, then |f(x)e | < Me!®™ for suffi-
ciently large x. If p> b, then Me®? — 0 as x — co; and e ”*f(x) — 0 as
x — oo. Next, f(x) is continuous at x =0, and so ¢ ”f(x) — f(0) as x — 0.
Thus, the desired result follows:
LIf'(x)] = pL[f(x)] = f(0), p>b.

This result can be extended as follows:

If /(x) is such that /""V(x) is continuous and /™ (x) piecewise continuous in
every interval 0 < x <k and furthermore, if f(x), /'(x),..., /™ (x) are of
exponential order for 0 > k, then

L™ (x)] = p"LIf ()] = p"7'(0) = p" 21 (0) = - - =/ 1(0).

Example 9.6
Solve the initial value problem:

"'+ y=0;»0)=»'(0)=0, and f(t) =0 for t<0 but f(r)=1 for t>0.
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Solution: Note that y' = dy/dt. We know how to solve this simple differential
equation, but as an illustration we now solve it using Laplace transforms. Taking
both sides of the equation we obtain

LIy"+ Lyl =L[1], (L[f] = L[1]).

Now
L[y") = pL[y"] = ¥'(0) = p{pL[y] — »(0)} — ¥'(0)
= p*L[y] — py(0) = »'(0)
= p’L[y]
and

L[l = 1/p.

The transformed equation then becomes

PLIY+ L[y =1/p

or

1
L = — = —
) p(pPP+1) p pP+1

therefore

We find from Egs. (9.6) and (9.10) that

L [H =1 and Ll{ ‘ZJ = cos .
V4

Thus, the solution of the initial problem is

y=1-cost for t>0, y=0 for ¢<0.

Laplace transforms of functions defined by integrals

If g(x) = [y f(u)du, and if L[ f (x)] = F(p), then L[g(x)] = F(p)/p.

Similarly, if 2! [ (P)] =/ (), then L [ (p)/p] = g(x)
It is easy to prove this. If g(x) = [; f(u)du, then g(0) = 0,g'(x) = f(x). Taking
Laplace transform, we obtam
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but
Llg'(x)] = pL[g(x)] — g(0) = pL[g(x)]

and so

pLIE) = LU/, or Liglo)] = L1700] =2,
From this we have

[F(p)/p] = g(x)

Example 9.7
If g(x) = [ sin au du, then

Lig(x)] = L[/Ou sin audu] zéL[Sin au :p(p2+az)'

A note on integral transformations
A Laplace transform is one of the integral transformations. The integral trans-

formation T[f(x)] of a function f(x) is defined by the integral equation

/f K(p.x)dx = F(p), (9.6)

where K(p, x), a known function of p and x, is called the kernel of the transfor-
mation. In the application of integral transformations to the solution of bound-
ary-value problems, we have so far made use of five different kernels:

Laplace transform: K(p,x) =¢ ?*, and a = 0,b = 0o
L) = [ s = o)

Fourier sine and cosine transforms: K(p,x) =sinpx or cos px, and

a=0,b=
00 1 X)
ﬂﬂw=[:ﬂwﬁigww=F@-
Complex Fourier transform: K(p, x) = ¢, and a = —o0, b = —oc:
P = [ o= Fo)
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Hankel transform: K(p,x) = xJ,(px),a =0,b = oo, where J,(px) is the
Bessel function of the first kind of order n:

HIF ) = [ S = ).
Mellin transform: K(p,x) = x’~', and a = 0,b = oc:
MU= [ 1 ax = F ).

The Laplace transform has been the subject of this chapter, and the Fouier
transform was treated in Chapter 4. It is beyond the scope of this book to include
Hankel and Mellin transformations.

Problems

9.1 Show that:
(a) ¢ is not of exponential order as x — oo.
(b) sin ¢ is of exponential order as x — oo.
9.2 Show that:

(@) Llsinh ax] = — ¢ 5 p>0.
V4

72 3w 6
by L[3x* —2x¥* + 6] = =< — -
(¢) L[sinxcosx] = 1/(p* + 4).
(d) If
x, 0<x<4
rw={7 2
then
1 e ¥
Lfx)=5+——-—.
V&) P opr

9.4 Show that L[U(x —a)]=e¢*/p, p > 0.
9.5 Find the Laplace transform of H(x), where

H(x) = {
9.5 Let f(x) be the rectified sine wave of period P = 27
rw={

Find the Laplace transform of f(x).

x, 0<x<4
5, x>4 '

sinx, 0<x<m
0, T<x<2n
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9.6

9.7

9.8
9.9

9.10

9.11

9.12.

Find
15
-1
L [ : } |
P tap+13
Prove that if /'(x) is continuous and f”(x) is piecewise continuous in every

finite interval 0 < x < k and if f(x) and f'(x) are of exponential order for
x > k, then

L[f"(x)] = p°LIf (x)] = pf (0) = /(0).

(Hint: Use (9.19) with f'(x) in place of f(x) and f”(x) in place of f'(x).)
Solve the initial problem y”(7) + *y(1) = Asinwt; y(0) =1, y'(0) = 0.
Solve the initial problem 3" (¢) — y'(¢) = sin ¢ subject to

»0)=2,  y0)=0, ' (0)=1
Solve the linear simultaneous differential equation with constant coefficients
y'+2y—x=0,
x"4+2x -y =0,

subject to x(0) =2, y(0) = 0, and x’(0) = »'(0) = 0, where x and y are the
dependent variables and ¢ is the independent variable.

Find
L{/ cos au du}
0

Prove that if L[f(x)] = F(p) then

Lifax) = -F (2).

a
Similarly if L™'[F(p)] = f(x) then

L [F(l—))} = af (ax).

a
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Partial differential equations

We have met some partial differential equations in previous chapters. In this
chapter we will study some elementary methods of solving partial differential
equations which occur frequently in physics and in engineering. In general, the
solution of partial differential equations presents a much more difficult problem
than the solution of ordinary differential equations. A complete discussion of the
general theory of partial differential equations is well beyond the scope of this
book. We therefore limit ourselves to a few solvable partial differential equations
that are of physical interest.

Any equation that contains an unknown function of two or more variables and
its partial derivatives with respect to these variables is called a partial differential
equation, the order of the equation being equal to the order of the highest partial
derivatives present. For example, the equations

Ou Ou & u

2

a5 — oy —
3 6x+8y . Ox0y Y

are typical partial differential equations of the first and second orders, respec-
tively, x and y being independent variables and u(x, y) the function to be found.
These two equations are linear, because both u and its derivatives occur only to
the first order and products of u and its derivatives are absent. We shall not
consider non-linear partial differential equations.

We have seen that the general solution of an ordinary differential equation
contains arbitrary constants equal in number to the order of the equation. But
the general solution of a partial differential equation contains arbitrary functions
(equal in number to the order of the equation). After the particular choice of the
arbitrary functions is made, the general solution becomes a particular solution.

The problem of finding the solution of a given differential equation subject to
given initial conditions is called a boundary-value problem or an initial-value
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problem. We have seen already that such problems often lead to eigenvalue
problems.

Linear second-order partial differential equations

Many physical processes can be described to some degree of accuracy by linear
second-order partial differential equations. For simplicity, we shall restrict our
discussion to the second-order linear partial differential equation in two indepen-
dent variables, which has the general form

Pu  Ou  Qu Ou . Ou

A—+B C—S+D—+E—+Fu=G 10.1
a2 " 8x8y+ 8y2+ ax + 8y+ e (10.)

where 4, B, C,...,G may be dependent on variables x and y.

If G is a zero function, then Eq. (10.1) is called homogeneous; otherwise it is
said to be non-homogeneous. If u;,u,,...,u, are solutions of a linear homoge-
neous partial differential equation, then cju; + cyuy + - - - + c,u, is also a solution,
where ¢, ¢,, ... are constants. This is known as the superposition principle; it does
not apply to non-linear equations. The general solution of a linear non-homo-
geneous partial differential equation is obtained by adding a particular solution
of the non-homogeneous equation to the general solution of the homogeneous
equation.

The homogeneous form of Eq. (10.1) resembles the equation of a general conic:

ax® + bxy +cy* +dx+ey+f =0.
We thus say that Eq. (10.1) is of

elliptic B —44C <0
hyperbolic 3 type when{ B> —44C > 0.
parabolic B> —44C =0

For example, according to this classification the two-dimensional Laplace equation
&u L Ou B
oxr oyt

is of elliptic type (4 =C =1,B=D =FE =F = G =0), and the equation

Pu_ 0

0

il PR =0 («is a real constant)
is of hyperbolic type. Similarly, the equation
o 0 .
8—3; - aa—i =0 («is a real constant)

is of parabolic type.
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We now list some important linear second-order partial differential equations
that are of physical interest and we have seen already:
(1) Laplace’s equation:

Viu =0, (10.2)

where V2 is the Laplacian operator. The function u may be the electrostatic
potential in a charge-free region. It may be the gravitational potential in a region
containing no matter or the velocity potential for an incompressible fluid with no
sources or sinks.

(2) Poisson’s equation:

Viu = p(x,y,2), (10.3)
where the function p(x, y, z) is called the source density. For example, if u repre-
sents the electrostatic potential in a region containing charges, then p is propor-
tional to the electrical charge density. Similarly, for the gravitational potential
case, p is proportional to the mass density in the region.

(3) Wave equation:
1 &u
T
transverse vibrations of a string, longitudinal vibrations of a beam, or propaga-
tion of an electromagnetic wave all obey this same type of equation. For a vibrat-
ing string, u represents the displacement from equilibrium of the string; for a
vibrating beam, u is the longitudinal displacement from the equilibrium.
Similarly, for an electromagnetic wave, u may be a component of electric field
E or magnetic field H.

(4) Heat conduction equation:

Vu (10.4)

5= aViu, (10.5)

where u is the temperature in a solid at time 7. The constant « is called the
diffusivity and is related to the thermal conductivity, the specific heat capacity,
and the mass density of the object. Eq. (10.5) can also be used as a diffusion
equation: u is then the concentration of a diffusing substance.

It is obvious that Egs. (10.2)—(10.5) all are homogeneous linear equations with
constant coefficients.

Example 10.1
Laplace’s equation: arises in almost all branches of analysis. A simple example
can be found from the motion of an incompressible fluid. Its velocity v(x, y, z, )

and the fluid density p(x,y, z, f) must satisfy the equation of continuity:
dp

E#—V-(pv)zo.
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If p is constant we then have
V-v=0.

If, furthermore, the motion is irrotational, the velocity vector can be expressed as
the gradient of a scalar function V:

v=-VV,
and the equation of continuity becomes Laplace’s equation:
V-v=V-(=VV)=0, or V¥V =0.

The scalar function V is called the velocity potential.

Example 10.2

Poisson’s equation: The electrostatic field provides a good example of Poisson’s
equation. The electric force between any two charges ¢ and ¢ in a homogeneous
isotropic medium is given by Coulomb’s law

/

F=c™y
p

where r is the distance between the charges, and 7 is a unit vector in the direction
of the force. The constant C determines the system of units, which is not of
interest to us; thus we leave C as it is.
An electric field E is said to exist in a region if a stationary charge ¢’ in that
region experiences a force F:
E = lim (F/¢").

q'—0

The lim,/_,y guarantees that the test charge g’ will not alter the charge distribution
that existed prior to the introduction of the test charge ¢’. From this definition
and Coulomb’s law we find that the electric field at a point r distant from a point
charge is given by

q .
E=C=F
}"2 !
Taking the curl on both sides we get
VXE=0,

which shows that the electrostatic field is a conservative field. Hence a potential
function ¢ exists such that

E=-Vo¢.
Taking the divergence of both sides
V- (V¢)=-V-E
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or
V¢ =—-V-E.

V - E is given by Gauss’ law. To see this, consider a volume 7 containing a total
charge ¢q. Let ds be an element of the surface S which bounds the volume 7. Then

//E-ds:Cq//r'zds.
N s T

The quantity 7 - ds is the projection of the element area ds on a plane perpendi-
cular to r. This projected area divided by r* is the solid angle subtended by ds,
which is written d€2. Thus, we have

//E-ds:c,’q//r'zdszc?q//dQ=47TCq.
S s r S
o= [[[ sav.

where p is the charge density, then

J[E-as=axc [[[ pav.

But (by the divergence theorem)

[[®-as= [[[ v Ear.

Substituting this into the previous equation, we obtain

[ v-rav —axc [[ [ oav
///T(V-E—47GC)dV:O.

This equation must be valid for all volumes, that is, for any choice of the volume
7. Thus, we have Gauss’ law in differential form:

V-E =4xnCp.
Substituting this into the equation V¢ = —V - E, we get

If we write ¢ as

or

V2p = —4nCp,

which is Poisson’s equation. In the Gaussian system of units, C = 1; in the SI
system of units, C = 1/4n¢,, where the constant ¢, is known as the permittivity of
free space. If we use SI units, then

V3¢ = —p/e.
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In the particular case of zero charge density it reduces to Laplace’s equation,
V¢ =0.

In the following sections, we shall consider a number of problems to illustrate
some useful methods of solving linear partial differential equations. There are
many methods by which homogeneous linear equations with constant coefficients
can be solved. The following are commonly used in the applications.

(1) General solutions: In this method we first find the general solution and then
that particular solution which satisfies the boundary conditions. It is always
satisfying from the point of view of a mathematician to be able to find general
solutions of partial differential equations; however, general solutions are difficult
to find and such solutions are sometimes of little value when given boundary
conditions are to be imposed on the solution. To overcome this difficulty it is
best to find a less general type of solution which is satisfied by the type of
boundary conditions to be imposed. This is the method of separation of variables.

(2) Separation of variables: The method of separation of variables makes use of
the principle of superposition in building up a linear combination of individual
solutions to form a solution satisfying the boundary conditions. The basic
approach of this method in attempting to solve a differential equation (in, say,
two dependent variables x and y) is to write the dependent variable u(x,y) as a
product of functions of the separate variables u(x,y) = X(x)Y(y). In many cases
the partial differential equation reduces to ordinary differential equations for X
and Y.

(3) Laplace transform method: We first obtain the Laplace transform of the
partial differential equation and the associated boundary conditions with respect
to one of the independent variables, and then solve the resulting equation for the
Laplace transform of the required solution which can be found by taking the
inverse Laplace transform.

Solutions of Laplace’s equation: separation of variables

(1) Laplace’s equation in two dimensions (x, y): If the potential ¢ is a function of
only two rectangular coordinates, Laplace’s equation reads

oxz 9y 0.

It is possible to obtain the general solution to this equation by means of a trans-
formation to a new set of independent variables:

E=x+1iy, n=x-—1y,
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where [ is the unit imaginary number. In terms of these we have

o 2o dom 09 0

ox oox Tonox o€ oy

P _0(0 0
ox2  Ox\o¢  on
L9 (0 0\oE 0 (0 0\
06\0¢  On) Ox  On\o¢  On) ox
P00 &
02 o o
Similarly, we have

¢ 00 &
r o Tocon o

and Laplace’s equation now reads

9%

2 _ _
Vo= 9ean

Clearly, a very general solution to this equation is

¢ =f1(&) +f2(n) = fi(x +iy) + folx —iy),

where fi and f, are arbitrary functions which are twice differentiable. However, it
is a somewhat difficult matter to choose the functions f; and f, such that the
equation is, for example, satisfied inside a square region defined by the lines
x =0,x =a,y =0,y = b and such that ¢ takes prescribed values on the boundary
of this region. For many problems the method of separation of variables is more
satisfactory. Let us apply this method to Laplace’s equation in three dimensions.
(2) Laplace’s equation in three dimensions (x, y, z): Now we have

Py 0o O

E),>c¢;+8)f+8zf_o' (10.6)
We make the assumption, justifiable by its success, that ¢(x, y,z) may be written
as the product

o(x,9,2) = X(x)Y(»)Z(2).
Substitution of this into Eq. (10.6) yields, after division by ¢,

| &’X 1dY  1dZ

e 10.
Yol  Yar T 72 (107)
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The left hand side of Eq. (10.7) is a function of x and y, while the right hand side is

a function of z alone. If Eq. (10.7) is to have a solution at all, each side of the

equation must be equal to the same constant, say k%. Then Eq. (10.7) leads to
&’z
—+k3Z2=0 10.8
42 + K3 s ( )

1 d°X 1 d°Y

Tt ___ - . 10.

X dx? Y dy? M (109)

The left hand side of Eq. (10.9) is a function of x only, while the right hand side is
a function of y only. Thus, each side of the equation must be equal to a constant,
say k7. Therefore

%§+HX=0, (10.10)
%;+%Y—Q (10.11)
where
k3 = ki — k3.
The solution of Eq. (10.10) is of the form
X(x) = a(k)e"™, k #0, —oo<k <o
or
X(x) = a(ky)é™ +a'(k)e™ M,k #0, 0<k <oo. (10.12)
Similarly, the solutions of Egs. (10.11) and (10.8) are of the forms
Y(y) = b(ky)e™ +b'(ky)e ™, ky £0, 0<k, < o0, (10.13)
Z(2) = c(k3)e™ + ¢ (ky)e ™, ky #£0, 0 < ky < oo. (10.14)

Hence
¢ = lalky)e"™ + a' (ky)e " ¥][b(ky)e™ + b (ky)e ™) [c(k3) e + ¢/ (k3)e ],

and the general solution of Eq. (10.6) is obtained by integrating the above equa-
tion over all the permissible values of the k; (i = 1,2,3).

In the special case when k; =0 (i =1,2,3), Egs. (10.8), (10.10), and (10.11)
have solutions of the form

Xi(x;) = a;x; + by,

where x; = x, and X; = X etc.
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Let us now apply the above result to a simple problem in electrostatics: that of
finding the potential ¢ at a point P a distance /4 from a uniformly charged infinite
plane in a dielectric of permittivity . Let o be the charge per unit area of the
plane, and take the origin of the coordinates in the plane and the x-axis perpen-
dicular to the plane. It is evident that ¢ is a function of x only. There are two types
of solutions, namely:

¢(X> = a(kl)eklx + a'(kl)efk‘x,
QS(X) =ax —+ bl;

the boundary conditions will eliminate the unwanted one. The first boundary
condition is that the plane is an equipotential, that is, ¢(0) = constant, and the
second condition is that £ = —9¢/0x = o/2¢. Clearly, only the second type of
solution satisfies both the boundary conditions. Hence b; = ¢(0),a; = —0o/2¢,
and the solution is

g

ox) = — 5

x4+ ¢(0).

(3) Laplace’s equation in cylindrical coordinates (p,,z): The cylindrical co-
ordinates are shown in Fig. 10.1, where

X =pcosy pr=x" 4y
y = psinp or ¢ = tan"'(y/x)
z=12 z=1z.

Laplace’s equation now reads

10 [ 0¢ 1 &¢ O
V2¢(p,<p,z) :;a_p<f78_p> +?%+2—;¢2=0. (10.15)
 P(p, 0, 2)
[,
N i

X

Figure 10.1. Cylindrical coordinates.
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We assume that
o(p, ,2) = R(p)2(p)Z(2). (10.16)
Substitution into Eq. (10.15) yields, after division by ¢,

1 d [ dR 1 d*o 1d*z
—— | p— S5 = S (10.17)
pRdp \" dp p~®dy Z dz
Clearly, both sides of Eq. (10.17) must be equal to a constant, say —k°. Then
1d*z  , &z
and
Ld( dr\ 1 o 2
pRap\"dp) " P ds
or

pi( dR>+k22__1d2<I>

Rap\"dp dp?
Both sides of this last equation must be equal to a constant, say o”. Hence
e
TSDZ'FOZ CI)ZO, (1019)
1d [ dR , o
—— | p— k"——=|R=0. 10.20
Rdp (p dp) * ( p2> (1020)

Equation (10.18) has for solutions

(10.21)

kz I —kz
Z() = c(k)e +c'(k)e™, k#0, 0<k< oo,
1z 4+ ¢y, k=0,

where ¢ and ¢’ are arbitrary functions of k and ¢, and ¢, are arbitrary constants.
Equation (10.19) has solutions of the form

() = a()e™?, a#0, —oco<a< oo,
bo+b', a=0.

That the potential must be single-valued requires that ®(p) = (¢ + 2n7), where
n is an integer. It follows from this that o must be an integer or zero and that
b = 0. Then the solution ®(p) becomes

(10.22)

a(e)e™?+a'(a)e ™, a#0, o= integer,
() =4,
b, a=0.
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In the special case kK = 0, Eq. (10.20) has solutions of the form

R — {d(a)pﬂ'w’(a)p-“, a £0,

10.23
flnp+g, a=0. ( )

When k # 0, a simple change of variable can put Eq. (10.20) in the form of
Bessel’s equation. Let x = kp, then dx = kdp and Eq. (10.20) becomes

d*R 1dR o’
Wﬂ‘;aﬁ-(l—F)R:O, (10.24)

the well-known Bessel’s equation (Eq. (7.71)). As shown in Chapter 7, R(x) can be
written as

R(x) = AJ,(x) + BJ_,(x), (10.25)

where 4 and B are constants, and J,(x) is the Bessel function of the first kind.
When « is not an integer, J, and J_, are independent. But when « is an integer,
J_o(x) = (=1)"J,(x), thus J, and J_, are linearly dependent, and Eq. (10.25)
cannot be a general solution. In this case the general solution is given by

R(X) = AIJ(Y(X) + B] Ya(x)a (1026)

where 4, and B, are constants; Y, (x) is the Bessel function of the second kind of
order o or Neumann’s function of order aN,(x).
The general solution of Eq. (10.20) when k # 0 is therefore

R(p) = p(a)']a (kp) + q(Oé) Ya(kp)7 (1027>

where p and ¢ are arbitrary functions of «. Then these functions are also solu-
tions:

HY (kp) = Jo(kp) + i¥o(kp), HY (kp) = Jo(kp) — Y, (kp).

These are the Hankel functions of the first and second kinds of order «, respec-
tively.

The functions J,, Y, (or N,), and H&l), and H((,f) which satisfy Eq. (10.20) are
known as cylindrical functions of integral order « and are denoted by Z,(kp),
which is not the same as Z(z). The solution of Laplace’s equation (10.15) can now
be written

=(ciz+b)(fInp+g), k=0, a=0,
= (a2 + b)[d(e)p" + d'(a)p~][a(@)e™? + d (a)e™"*7),

d(p, p,2) k=0, a#0,
= [e(k)e™ + ¢ (k)e ™) Zy(kp), k40, a=0,

= [e(k)e™ + ¢! (k)e ™) Z, (kp)[a(a)e™ + a'(a)e 7], k#0, a0.
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Let us now apply the solutions of Laplace’s equation in cylindrical coordinates
to an infinitely long cylindrical conductor with radius / and charge per unit length
A. We want to find the potential at a point P a distance p > [ from the axis of the
cylindrical. Take the origin of the coordinates on the axis of the cylinder that is
taken to be the z-axis. The surface of the cylinder is an equipotential:

¢(/) = const. for r=1/and all ¢ and z.

The secondary boundary condition is that
E=—-0¢/0p=\/2nle forr=/[and all ¢ and z.

Of the four types of solutions to Laplace’s equation in cylindrical coordinates
listed above only the first can satisfy these two boundary conditions. Thus

B(p) = b/ Inp+8) = 5 1 6(a).

(4) Laplace’s equation in spherical coordinates (r, 6, ¢): The spherical coordinates
are shown in Fig. 10.2, where

x =rsinfcosp,
y =rsinfsinp,

Z = rcos .

Laplace’s equation now reads

2 _10 (206N 1 9(. 09
VQS(V’H’SD)irar > Jrrzsinﬁae Smea@

1P
P2sin?f 0p*

(10.28)

P(r, 0, 9)

Figure 10.2. Spherical coordinates.
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Again, assume that
6(r,0,) = R(NO(6)®(p). (10.29)
Substituting into Eq. (10.28) and dividing by ¢ we obtain
sin® 6 d (ﬁz dR> sinf d < d@) 1 d*®

— — |+ ———(sinf— | = ———.
R ar\" ar )" @ aa\*" s T dy?
For a solution, both sides of this last equation must be equal to a constant, say

m*. Then we have two equations

s S

d—ap2+m d = 0, (10.30)
sin“0d ( ,dR Lsin0d (o dON o
R ar\' &) "6 av ag) ~ "

the last equation can be rewritten as

1 d (. do m’ 1d(,dR
———(sinf— | ———=—=— | r"—.
Osinfdl do sin’ 6 Rdr dr
Again, both sides of the last equation must be equal to a constant, say —3. This
yields two equations

1d/,dR
o (r E) _ 8 (10.31)
1 d (.  doe m?*
Osinfdb <s1n9%> Csin?0 L
By a simple substitution: x = cos #, we can put the last equation in a more familiar
form:
d 5. dP m’
== — P= 10.32
dx[( x)dx]+<ﬁ 1x2> 0 (1032)
or
d*P dp m’
1—x)) =5 —2x— - P= 10.32
(1= xﬂ+x31ﬁ] 0 (10.320)

where we have set P(x) = ©(0).

You may have already noticed that Eq. (10.32) is very similar to Eq. (10.25),
the associated Legendre equation. Let us take a close look at this resemblance.
In Eq. (10.32), the points x = %1 are regular singular points of the equation. Let
us first study the behavior of the solution near point x = 1; it is convenient to
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bring this regular singular point to the origin, so we make the substitution

u=1-—x,U(u) = P(x). Then Eq. (10.32) becomes

PR
u(2 — u)

d

dUu
%{u@u)E}Jr U=0.

When we solve this equation by a power series: U = >_»< a,u""”, we find that the
indicial equation leads to the values + /2 for p. For the point x = —1, we make
the substitution v = 1 + x, and then solve the resulting differential equation by the
power series method; we find that the indicial equation leads to the same values
+m/2 for p.

Let us first consider the value +m/2 m > 0. The above considerations lead us
to assume

P(x) = (1=x)"?(1+x)"y(x) = (1 = 53)"p(x), m>0
as the solution of Eq. (10.32). Substituting this into Eq. (10.32) we find

dy
dx

(1 —xz)?—Z(m—k 1)x

2 +[B—mm+1)]y=0.

Solving this equation by a power series
[o.¢]
y(x) = Z Cnx”+6a
n=0

we find that the indicial equation is 6(§ — 1) = 0. Thus the solution can be written
y(x) = Z e, X" + Z X",
neven nodd
The recursion formula is
(n+m)(n+m+1)-0
Cny2 = Cn-
m+1)(n+2)
Now consider the convergence of the series. By the ratio test,
(n+m)ntm+1) =5 | o
X[
(n+1)(n+2)

c, X"
n—2

Rn =

Cp_oX

The series converges for |x| < 1, whatever the finite value of 5 may be. For
|x| = 1, the ratio test is inconclusive. However, the integral test yields

(t+m)(t+m+1)-38 (t+m)(t+m+1) Ié;
/M (1+1)(1+2) dt_/M (r+1)(1+2) dt_/M(tJrl)(erz)a]Z

and since

/ (t+m)(t+m+1)
M

dt -0 as M — oo,
(t+1)(t+2)
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the series diverges for |x| = 1. A solution which converges for all x can be
obtained if either the even or odd series is terminated at the term in x’. This
may be done by setting 3 equal to

B=G+m(j+m+1)=I1(1+1).
On substituting this into Eq. (10.32a), the resulting equation is

d*P 5 dP+
a2 Ndx

(1-x%)
- X

2
m
(41— 2]on,

which is identical to Eq. (7.25). Special solutions were studied there: they were
written in the form PJ'(x) and are known as the associated Legendre functions of
the first kind of degree / and order m, where [/ and m, take on the values
[=0,1,2,..., and m=0,1,2,...,/. The general solution of Eq. (10.32) for
m > 0 is therefore

P(x) = ©(6) = a,P'(x). (1033)
The second solution of Eq. (10.32) is given by the associated Legendre function of

the second kind of degree / and order m: Q}'(x). However, only the associated
Legendre function of the first kind remains finite over the range —1 < x <1 (or

0<6<2nm).
Equation (10.31) for R(r) becomes
d ( ,dR
dr(r dr) —I(l+1)R=0. (10.31a)
When [ # 0, its solution is
R(r) = b(D)r' +b'(1)r "1, (10.34)

and when / = 0, its solution is
R(r)=c"+d. (10.35)
The solution of Eq. (10.30) is

d imp / —imyp e .

o= {f(m)e +/f(De ™, m+#0, positive integer, (10.36)
g, m=0.

The solution of Laplace’s equation (10.28) is therefore given by

[br' +b'r 1P (cos O) £ + f'eT"], 1#0, m#0,
¢(r,0, ) = < [br' + b'r 7" P/(cos b), 140, m=0, (10.37)
[er™! + d]Py(cosb), =0, m=0,

where P; = P!.
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We now illustrate the usefulness of the above result for an electrostatic problem
having spherical symmetry. Consider a conducting spherical shell of radius a and
charge o per unit area. The problem is to find the potential ¢(r, 6, ¢) at a point P a
distance r > a from the center of shell. Take the origin of coordinates to be at the
center of the shell. As the surface of the shell is an equipotential, we have the first
boundary condition

¢(r) = constant = ¢(a) for r =a and all § and ¢. (10.38)

The second boundary condition is that
¢ — 0 forr— oo and all § and ¢. (10.39)

Of the three types of solutions (10.37) only the last can satisfy the boundary
conditions. Thus

o(r,0,0) = (cr™' 4 d)Py(cos b). (10.40)
Now Py(cos#) = 1, and from Eq. (10.38) we have
$pla) = ca ' +d.
-1

But the boundary condition (10.39) requires that d = 0. Thus ¢(a) = ca™ ", or
¢ = ag(a), and Eq. (10.40) reduces to

o(r) = . (10.41)
Now

a)/a = E(a) = Q/4nd’e,

where ¢ is the permittivity of the dielectric in which the shell is embedded,
Q = 4rd*o. Thus ¢(a) = ao/e, and Eq. (10.41) becomes

0'612

o(r) = —. (10.42)

er

Solutions of the wave equation: separation of variables
We now use the method of separation of variables to solve the wave equation

Ou(x, 1) , 0%u(x, 1)

SRS ACAEY Vb b S A4 10.43
ox? ! or ( )
subject to the following boundary conditions:
u(0,0)=u(l,t) =0, >0, (10.44)
u(x,0) =f(1), 0<x</I, (10.45)
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and

Ou(x, 1)
o |

—g(x), 0<x<l, (10.46)

where fand g are given functions.
Assuming that the solution of Eq. (10.43) may be written as a product

u(x,t) = X(x)T (1), (10.47)
then substituting into Eq. (10.43) and dividing by X7 we obtain

ld’X 1 d'T

Xdx> T dP
Both sides of this last equation must be equal to a constant, say —b’ / v*. Then we
have two equations

1?x b

Y = (1048)
1 d°T

?_‘ihz — B (10.49)

The solutions of these equations are periodic, and it is more convenient to write
them in terms of trigonometric functions

. b b .
X(x) = Asin—>+ B cos—x, T(t) = Csinbt + Dcos bt, (10.50)
v v

where A4, B, C, and D are arbitrary constants, to be fixed by the boundary condi-
tions. Equation (10.47) then becomes

u(x,t) = (A sinb—x + Bcosb—x> (Csinbt + Dcos bt). (10.51)
v v

The boundary condition u(0,¢) = 0(z > 0) gives
0 = B(Csin bt + Dcos bt)
for all ¢, which implies
B=0. (10.52)

Next, from the boundary condition u(/,7) = 0(t > 0) we have
bl
0 = Asin— (C'sin bt + D cos bt).
v

Note that B =0 would make u = 0. However, the last equation can be satisfied
for all + when

sing =0,
v
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which implies

nmov

Note that n cannot be equal to zero, because it would make b = 0, which in turn
would make u = 0.
Substituting Eq. (10.53) into Eq. (10.51) we have

. . t t
u,(x,1) :sm@<Cnsmn%+Dncos n%)’ n=1,2,3.... (10.54)

We see that there is an infinite set of discrete values of b and that to each value of
b there corresponds a particular solution. Any linear combination of these parti-
cular solutions is also a solution:

”m). (10.55)

= nmwx nmot
t) = in— (C,sin—— + D -
u,(x,1) ;sm ; ( ', sin ; + D, cos ;
The constants C,, and D, are fixed by the boundary conditions (10.45) and
(10.46).

Application of boundary condition (10.45) yields

= nwx

X) = D, sin—. 10.56
109 =3 Dysin®] (10.56)

Similarly, application of boundary condition (10.46) gives
g(x) = ”7” ; nC, sm”ilx. (10.57)
The coefficients C,, and D, may then be determined by the Fourier series method:

2 (! : 2 /! .

D, = 7/0 f(x) sm?dx, C, = | g(x) s1n?dx. (10.58)

We can use the method of separation of variable to solve the heat conduction
equation. We shall leave this as a home work problem.

In the following sections, we shall consider two more methods for the solution
of linear partial differential equations: the method of Green’s functions, and the
method of the Laplace transformation which was used in Chapter 9 for the
solution of ordinary linear differential equations with constant coefficients.

Solution of Poisson’s equation. Green’s functions

The Green’s function approach to boundary-value problems is a very powerful
technique. The field at a point caused by a source can be considered to be the total
effect due to each “unit” (or elementary portion) of the source. If G(x; x') is the
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field at a point x due to a unit point source at x’, then the total field at x due to a
distributed source p(x') is the integral of Gp over the range of x’ occupied by the
source. The function G(x;x’) is the well-known Green’s function. We now apply
this technique to solve Poisson’s equation for electric potential ¢ (Example 10.2)

V() = — (), (10.59)

where p is the charge density and ¢ the permittivity of the medium, both are given.
By definition, Green’s function G(r;r’) is the solution of

V2G(r;r') = 6(r — 1), (10.60)

where 6(r —r’) is the Dirac delta function.
Now, multiplying Eq. (10.60) by ¢ and Eq. (10.59) by G, and then subtracting,
we find

HIOVG(r) — Gl V(1) = G(1)o(r — ) + LGl )o(r);
and on interchanging r and r’,
Sr')VG(r'sr) — G(r's1)V2o(x') = o(r)s(r' 1) + éG(r’;r)p(r’)
or
Sr)s(r' —r) = ¢(r)VG(r';r) — G(r's1)V 2o (r )**G(r Np(r’),  (10.61)
the prime on V indicates that differentiation is with respect to the primed co-

ordinates. Integrating this last equation over all r’ within and on the surface S’
which encloses all sources (charges) yields

+ /[¢(r’>v’2G(r;r’) — G(r;r )V p(x")]dr’, (10.62)

where we have used the property of the delta function

+00

SNYs(x —r")dr' = f(r).

We now use Green’s theorem
][ 1920 -vvinar = [[ o7 -ovip)-as
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to transform the second term on the right hand side of Eq. (10.62) and obtain

o(r) = —l/G(r;r/)p(r')dr'

+ /[(ﬁ(l")V’G(r;r') — G(r;x")V'p(r")] - dS’ (10.63)

o) = — / Gr:x)o(r')dr’

+/{qﬁ(r/)((z,G(r;r/)—G(r;r’)aan, (x')| - dS’, (10.64)

where n’ is the outward normal to dS’. The Green’s function G(r;r’) can be found
from Eq. (10.60) subject to the appropriate boundary conditions.

If the potential ¢ vanishes on the surface S’ or d¢/0n’ vanishes, Eq. (10.64)
reduces to

B(r) = —l/G(r;r/)p(r/)dr’. (10.65)

3

On the other hand, if the surface S’ encloses no charge, then Poisson’s equation
reduces to Laplace’s equation and Eq. (10.64) reduces to

0 0
_ ! 7 - _ - 7 / . /!
o) = [ o) 0, Glwse') = Glase') 50006 - s (10.66)
The potential at a field point r due to a point charge ¢ located at the point r’ is
1 ¢
or) = dre r—r/|

Now

vz( ! ):—4ms(r—r’)

r—r'|

(the proof is left as an exercise for the reader) and it follows that the Green’s
function G(r;r')in this case is equal

1 1

G(r;r’) :rmm

If the medium is bounded, the Green’s function can be obtained by direct solution
of Eq. (10.60) subject to the appropriate boundary conditions.

To illustrate the procedure of the Green’s function technique, let us consider a
simple example that can easily be solved by other methods. Consider two
grounded parallel conducting plates of infinite extent: if the electric charge density
p between the two plates is given, find the electric potential distribution ¢ between
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the plates. The electric potential distribution ¢ is described by solving Poisson’s
equation

Vi =—p/e
subject to the boundary conditions
(1) ¢(0) =0,
() ¢(1)=0.

We take the coordinates shown in Fig. 10.3. Poisson’s equation reduces to the
simple form

o _ p
dx? e

(10.67)

Instead of using the general result (10.64), it is more convenient to proceed
directly. Multiplying Eq. (10.67) by G(x;x') and integrating, we obtain

1 2 1
/ G% x:—/ PG (10.68)
0 X 0

Then using integration by parts gives

Lod’o N
/0 Gﬁdx:G(x,x) e

1 1
dG do
0—/0\ EEC{X

and using integration by parts again on the right hand side, we obtain
) 1 12

—/ Gd—(bdx = —G(x;x") do() - / chcll—C;dx
0 0 0 X

dx? dx
n d9(0 n do(1 ' &G
:G(O;X)M—G(l;x) i )—/0 (bﬁdx.

1
+

dG
¢

dx dx
y
px)
0 1 X
] 1

Figure 10.3.
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Substituting this into Eq. (10.68) we obtain

, dé(0 . do(1 ' d*G LG x!
G(0;x") ﬁ,i)—G(l;x) ‘Zi)—/o ¢>de=/0 Gl x)px) 4

g

1 X'X/ X
/ 6~ dx = G(1; x)%il)_c;(o;x’)d‘flio)_/o o ’6)”( Vax. (10.69)

We must now choose a Green’s function which satisfies the following equation
and the boundary conditions:

6 _
dx*
Combining these with Eq. (10.69) we find the solution to be

—5(x—x"), G(0;x")=G(1;x") =0. (10.70)

€

1
¢(x/):/0 lp(x)G(x;x')a’x. (10.71)

It remains to find G(x; x'). By integration, we obtain from Eq. (10.70)

dG /6x—x)dx+a_—U(x—x)+a

where U is the unit step function and « is an integration constant to be determined
later. Integrating once we get

G(x;x") = —/ U(x —x"dx+ax+b=—(x—x"YU(x —x') +ax+b.

Imposing the boundary conditions on this general solution yields two equations:
G0;x") =x"U(—x")+a-0+b=0+0+b=0,
G(lix")=—-(1-x"YU(l =x"Y+a+b=0.

From these we find
=(1-x"YU1-x"), b=0
and the Green’s function is
G(x;x") = —(x = x"U(x —x") + (1 — x")x. (10.72)

This gives the response at x’ due to a unit source at x. Interchanging x and x' in
Eqgs. (10.70) and (10.71) we find the solution of Eq. (10.67) to be

1 1
o(x) = /0 Lol )G (s )’ = /0 Do) = U = x) (1= 0
(10.73)
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Note that the Green’s function in the last equation can be written in the form

. (1-x)x x<x'
Glxx) = (1—x)x" x>x"

Laplace transform solutions of boundary-value problems

Laplace and Fourier transforms are useful in solving a variety of partial differ-
ential equations, the choice of the appropriate transforms depends on the type of
boundary conditions imposed on the problem. To illustrate the use of the Lapace
transforms in solving boundary-value problems, we solve the following equation:

o ou

R e 10.74

ot T ox*’ ( )
u(0,1) =u(3,1) =0, u(x,0) = 10sin 27rx — 6 sin 47x. (10.75)

Taking the Laplace transform of Eq. (10.74) with respect to ¢ gives

ou &u

Now
ou
L[E] = pL(u) — u(x,0)
and
Ou < u A o
L[W :/0 e pt@dlzﬁ/o e pfu(x’ [)d[:@L[M]

Here &° / dx* and fooo ---dt are interchangeable because x and ¢ are independent.
For convenience, let

U=U(x,p) = Llu(x,t)] = /000 e Pu(x, t)dt.

We then have

d*U
U - 0)=2—~,
p u(‘x7 ) dx2
from which we obtain, on using the given condition (10.75),
U 1 : .
W—EpU:351n47rx—551n27rx. (10.76)
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Now think of this as a differential equation in terms of x, with p as a parameter.
Then taking the Laplace transform of the given conditions u(0,7) = u(3,7) =0,
we have

Liu(0,0] =0, L[u(3,0)]=0
or
U(,p) =0, U(3,p)=0.

These are the boundary conditions on U(x, p). Solving Eq. (10.76) subject to these
conditions we find

Ssin27x  3sindmx

U(x,p) = — .
(x.p) p+16m>  p+64n>

The solution to Eq. (10.74) can now be obtained by taking the inverse Laplace
transform

u(x, 1) = L7'[U(x,p)] = Se 167 Gin 27y — 3¢ sin dnrx.

The Fourier transform method was used in Chapter 4 for the solution of
ordinary linear ordinary differential equations with constant coefficients. It can
be extended to solve a variety of partial differential equations. However, we shall
not discuss this here. Also, there are other methods for the solution of linear
partial differential equations. In general, it is a difficult task to solve partial
differential equations analytically, and very often a numerical method is the
best way of obtaining a solution that satisfies given boundary conditions.

Problems
10.1 (a) Show that y(x,?) = F(2x + 5¢) + G(2x — 5t) is a general solution of
&y s
X s
ot ox*’
(b) Find a particular solution satisfying the conditions

(0,8) = y(m, ) =0, y(x,0) =sin2x, y'(x,0)=0.

‘<:

4

S

10.2. State the nature of each of the following equations (that is, whether elliptic,
parabolic, or hyperbolic)

rFy 9y Pu  u . ,0u

(@) gptaga=0 ) xza+ azHy o

10.3 The electromagnetic wave equation: Classical electromagnetic theory was
worked out experimentally in bits and pieces by Coulomb, Oersted, Ampere,
Faraday and many others, but the man who put it all together and built it
into the compact and consistent theory it is today was James Clerk Maxwell.
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His work led to the understanding of electromagnetic radiation, of which
light is a special case.
Given the four Maxwell equations

V-E=p/e, (Gauss’ law),
V x B = puy(j+co0E/0t) (Ampere’s law),
V-B=0 (Gauss’ law),
V x E=—0B/0t (Faraday’s law),

where B is the magnetic induction, j = pv is the current density, and p is the
permeability of the medium, show that:

(a)

(b)

the electric field and the magnetic induction can be expressed as
E=—-V¢—0A/0t, B=VxA,

where A is called the vector potential, and ¢ the scalar potential. It
should be noted that E and B are invariant under the following trans-
formations:

A'=A+Vy, ¢ =¢—-0¢/0t

in which x is an arbitrary real function. That is, both (A’,¢), and
(A’, ¢") yield the same E and B. Any condition which, for computational
convenience, restricts the form of A and ¢ is said to define a gauge. Thus
the above transformation is called a gauge transformation and x is
called a gauge parameter.

If we impose the so-called Lorentz gauge condition on A and ¢:

V- A+ 1920 (00 )01) = 0,

then both A and ¢ satisfy the following wave equations:

O’A )
VA - Ho€o W = —Hol,
2

0
V2¢ — Koo

rra —p/%o-

10.4 Given Gauss’ law [[(E-ds=g/e, find the electric field produced by a
charged plane of infinite extension is given by E = o/, where o is the charge
per unit area of the plane.

Consider an infinitely long uncharged conducting cylinder of radius / placed
in an originally uniform electric field E, directed at right angles to the axis of
the cylinder. Find the potential at a point p(> /) from the axis of the cylin-
der. The boundary conditions are:

10.5
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10.6

10.7

10.8

10.9

y
0‘ ! X
Vo=10V
1l
'
Figure 10.4.
—Eyp cos p=—Epx for p— oo,
P(p, ) = _
0 for p=1,

where the x-axis has been taken in the direction of the uniform field E,.
Obtain the solution of the heat conduction equation
O*u(x, 1) 1 Ou(x,1)

Ox? a Ot

which satisfies the boundary conditions
(D) u(0,0) =u(l,t)=0, >0, (2) u(x,0)=1f(x),0<x, where f(x) is a
given function and / is a constant.
If a battery is connected to the plates as shown in Fig. 10.4, and if the charge
density distribution between the two plates is still given by p(x), find the
potential distribution between the plates.
Find the Green’s function that satisfies the equation
2

627(2; =6(x —x")
and the boundary conditions G =0 when x =0 and G remains bounded
when x approaches infinity. (This Green’s function is the potential due to a
surface charge —e per unit area on a plane of infinite extent located at x = x’
in a dielectric medium of permittivity € when a grounded conducting plane
of infinite extent is located at x =0.)
Solve by Laplace transforms the boundary-value problem

Fu_ 1o
oxr K ot

given that u = u (a constant) on x = 0 for > 0, and u = 0 for x > 0,7 = 0.

for x>0, t>0,
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Simple linear integral equations

In previous chapters we have met equations in which the unknown functions
appear under an integral sign. Such equations are called integral equations.
Fourier and Laplace transforms are important integral equations, In Chapter 4,
by introducing the method of Green’s function we were led in a natural way to
reformulate the problem in terms of integral equations. Integral equations have
become one of the very useful and sometimes indispensable mathematical tools of
theoretical physics and engineering.

Classification of linear integral equations

In this chapter we shall confine our attention to linear integral equations. Linear
integral equations can be divided into two major groups:

(1) If the unknown function occurs only under the integral sign, the integral
equation is said to be of the first kind. Integral equations having the
unknown function both inside and outside the integral sign are of the second
kind.

(2) If the limits of integration are constants, the equation is called a Fredholm
integral equation. If one limit is variable, it is a Volterra equation.

These four kinds of linear integral equations can be written as follows:
b
f(x) = / K(x, t)u(t)dt Fredholm equation of the first kind; (11.1)
a

b
u(x)=f(x)+ )\/ K(x,t)u(t)dt Fredholm equation of the second kind;

(11.2)
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filx)= / K(x, t)u(t)dt Volterra equation of the first kind; (11.3)

u(x) =1(x)+ )\/ K(x,tyu(r)dr Volterra equation of the second kind.

(11.4)

In each case u(z) is the unknown function, K(x, ) and f(x) are assumed to be
known. K(x,) is called the kernel or nucleus of the integral equation. \ is a
parameter, which often plays the role of an eigenvalue. The equation is said to
be homogeneous if f(x) = 0.

If one or both of the limits of integration are infinite, or the kernel K(x,¢)
becomes infinite in the range of integration, the equation is said to be singular;
special techniques are required for its solution.

The general linear integral equation may be written as

b
h(x)u(x) = f(x) + X / K(x, u(t)dr. (11.5)

If i(x) = 0, we have a Fredholm equation of the first kind; if #(x) = 1, we have a
Fredholm equation of the second kind. We have a Volterra equation when the
upper limit is x.

It is beyond the scope of this book to present the purely mathematical general
theory of these various types of equations. After a general discussion of a few
methods of solution, we will illustrate them with some simple examples. We will
then show with a few examples from physical problems how to convert differential
equations into integral equations.

Some methods of solution
Separable kernel

When the two variables x and ¢ which appear in the kernel K(x, f) are separable,
the problem of solving a Fredholm equation can be reduced to that of solving a
system of algebraic equations, a much easier task. When the kernel K(x, f) can be
written as

Ko =3 g(h(0), (11.6)
i=1

where g(x) is a function of x only and /(¢) a function of ¢ only, it is said to be
degenerate. Putting Eq. (11.6) into Eq. (11.2), we obtain

n b
) =f )+ A Y / () (Oulr)dr
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Note that g(x) is a constant as far as the ¢ integration is concerned, hence it may
be taken outside the integral sign and we have

n b
u(x) =£(x) + 23 () / ha()u(e)dt. (11.7)
i=1 a
Now

/ "m0t = C, (= const.), (11.8)

Substituting this into Eq. (11.7) and solving for u(z), we obtain
u(t) = f(x) +AC Y gi(x). (11.9)
=1

The value of C; may now be obtained by substituting Eq. (11.9) into Eq. (11.8).
The solution is only valid for certain values of A\, and we call these the eigenvalues
of the integral equation. The homogeneous equation has non-trivial solutions
only if X is one of these eigenvalues; these solutions are called eigenfunctions of
the kernel (operator) K.

Example 11.1
As an example of this method, we consider the following equation:

1
u(x) = x + /\/ (xt* + x*1)u(t)dr. (11.10)
0

This is a Fredholm equation of the second kind, with f(x)=x and
K(x,1) = xt* + x*¢. If we define

1 1
a:/ Fu(t)dt, 5:/ tu(t)dt, (11.11)
0 0
then Eq. (11.10) becomes
u(x) = x + Max + 6x%). (11.12)
To determine 4 and B, we put Eq. (11.12) back into Eq. (11.11) and obtain
a=1+ida+iN3, B=1+ixa+iNs (11.13)

Solving this for o and 8 we find
60 + A 80
MY T e VT T -
and the final solution is

(240 — 60X)x + 80 X*

1) =
(1) 240 — 1201 — A2
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The solution blows up when A = 117.96 or A = 2.04. These are the eigenvalues of
the integral equation.

Fredholm found that if: (1) f(x) is continuous, (2) K(x,) is piecewise contin-
uous, (3) the integrals [[K*(x,f)dxdt, [f*(t)dt exist, and (4) the integrals
[[ K*(x, #)dt and [ K*(t,x)dt are bounded, then the following theorems apply:

(a)

(b)

(c)

Either the inhomogeneous equation

b
u(x) = f(x) + A / K(x, fu(t)dt

has a unique solution for any function f(x)(A is not an eigenvalue), or the
homogeneous equation

b
u(x) = /\/ K(x, tyu(t)dt

has at least one non-trivial solution corresponding to a particular value of A.
In this case, A is an eigenvalue and the solution is an eigenfunction.
If X\ is an eigenvalue, then A is also an eigenvalue of the transposed equation

u(x) = A / " K xyut)dr

and, if A is not an eigenvalue, then A is also not an eigenvalue of the
transposed equation

b
u(x) = £(x) + A / K(t, x)u(t)dr.

If M\ is an eigenvalue, the inhomogeneous equation has a solution if, and only
if,

/ () (x)dx = 0

for every function f(x).

We refer the readers who are interested in the proof of these theorems to the
book by R. Courant and D. Hilbert (Methods of Mathematical Physics, Vol. 1,
Wiley, 1961).

Neumann series solutions

This method is due largely to Neumann, Liouville, and Volterra. In this method
we solve the Fredholm equation (11.2)

b
u(x) =f(x) + )\/ K(x, Hu(t)dt
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by iteration or successive approximations, and begin with the approximation
u(x) = up(x) ~ f(x).

This approximation is equivalent to saying that the constant A or the integral is
small. We then put this crude choice into the integral equation (11.2) under the
integral sign to obtain a second approximation:

b
u(x) =f(x)+ )\/ K(x,t)f(t)dt

and the process is then repeated and we obtain

b b b
w(x) = £(x) + A / K(x, 1) f()dt + N2 / / K(x, K (1,0 f(¢)dt'dt.

We can continue iterating this process, and the resulting series is known as the
Neumann series, or Neumann solution:

u(x) =f(x) + /\/b K(x, 1) f(1)dt + N /b /b K(x,0)K(t,t") f(¢")dt'dt + - - -

This series can be written formally as
n
x) =Y Nex), (11.14)
i1

where

eo(x) = up(x) = f(x),

/ KXZ] l] dﬁ,

b
x):/(l/a K(x,t))K(t), 1) f(t2)dt,dl,

: b rb b
x):/Q/a /u K(x, 1)K (t1,82) -+ K(ty_y, 1,) f(t,)dtydty - - - d,

The series (11.14) will converge for sufficiently small A, when the kernel K(x, ¢) is
bounded. This can be checked with the Cauchy ratio test (Problem 11.4).

(11.15)

Example 11.2
Use the Neumann method to solve the integral equation

1
u(x) =1(x) +%[1 K(x, t)u(t)dt, (11.16)
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where

Solution. We begin with

Then

e 1
ul(x):x+§[l (t—x)tdl:x—|—§.

Putting u;(x) into Eq. (11.16) under the integral sign, we obtain
1! 1 1 x
=X+ t—x)(t+s)dt=x+-—-%.
u(x) x+211( x)( +3> Xt3-3
Repeating this process of substituting back into Eq. (11.16) once more, we obtain

1 x 1

We can improve the approximation by iterating the process, and the convergence
of the resulting series (solution) can be checked out with the ratio test.

The Neumann method is also applicable to the Volterra equation, as shown by
the following example.

Example 11.3
Use the Neumann method to solve the Volterra equation

u(x) = 1 + /\/Ox u(t)dt.

Solution:  'We begin with the zeroth approximation uy(x) = 1. Then
X X
uy(x) :1+/\/ uo(t)dt:1+/\/ dt =14 Ax.
0 0
This gives
X X 1
un(x) = 1+ )\/ (i = 1 + )\/ (14 At = 14 5 3%
0 0

similarly,

¥ 1 1 1
uz(x) =1 +>\/ (1 +)\t+§)\2t2>dt =1 +Az+§A2t2 +§)\3x3.
0 .
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By induction
1 .
u,(x) = ZEAkxl‘.
k=1"

When n — oo, u,(x) approaches

u(x)=-e

Transformation of an integral equation into a differential equation

Sometimes the Volterra integral equation can be transformed into an ordinary
differential equation which may be easier to solve than the original integral equa-
tion, as shown by the following example.

Example 11.4

Consider the Volterra integral equation u(x) = 2x + 4 [ (1 — x)u()dt. Before we
transform it into a differential equation, let us recall the following very useful
formula: if

b(a)
I(a) = / | agas

where a and b are continuous and at least once differentiable functions of «, then

dI () db da bof (x, )
o :f(b,a)%—f(a,a)%—}—/a dx.

Oa

With the help of this formula, we obtain
d X
) =244l (= o}~ [ty
dx 0
=2- 4/( u(t)dt.
0

Differentiating again we obtain
d*u(x)
dx?

This is a differentiation equation equivalent to the original integral equation, but
its solution is much easier to find:

= —du(x).

u(x) = Acos2x + Bsin 2x,

where 4 and B are integration constants. To determine their values, we put the
solution back into the original integral equation under the integral sign, and then
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integration gives 4 =0 and B = 1. Thus the solution of the original integral
equation is

u(x) = sin 2x.

Laplace transform solution

The Volterra integral equation can sometime be solved with the help of the
Laplace transformation and the convolution theorem. Before we consider the
Laplace transform solution, let us review the convolution theorem. If f|(x) and
Jf>(x) are two arbitrary functions, we define their convolution (fa/tung in German)
to be

s = [ OV 1)y

Its Laplace transform is
Llg(x)] = LI/i (x)]L[/2(x)]-

We now consider the Volterra equation

ulx) =f(x)+ )\/OYK(x, Hu(t)dt

= f(x) + A/' g(x — Du(t)dr, (11.17)

0

where K(x —t) = g(x — ), a so-called displacement kernel. Taking the Laplace
transformation and using the convolution theorem, we obtain

L UO glx - l)u(f)dt} = Llg(x = 0)]L[u(1)] = G(p)U(p),

where U(p) = L{u(1)] = [;° ¢ ""u(t)dz, and similarly for G(p). Thus, taking the
Laplace transformation of Eq. (11.17), we obtain

U(p) = F(p) + AG(p)U(p)
or

F(p)
U0 =136

Inverting this we obtain u(¢):

u(t) = L™ {%]
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Fourier transform solution

If the kernel is a displacement kernel and if the limits are —oco and +oo, we can use
Fourier transforms. Consider a Fredholm equation of the second kind

u(x) =f(x) + A/ K(x — tyu(1)dL. (11.18)
Taking Fourier transforms (indicated by overbars)
1 o ) _
— dxf(x)e " = ,etc.,
= | e =)
and using the convolution theorem
| rete=nai= [ figtiea.

we obtain the transform of our integral equation (11.18):

iu(p) = f(p) + XK (p)u(p).

Solving for #(p) we obtain

I (1)
)= TR

If we can invert this equation, we can solve the original integral equation:

- 1 00 f(t)e—ixt
) = \/E/m 1 — V27K (1)

(11.19)

The Schmidt—Hilbert method of solution

In many physical problems, the kernel may be symmetric. In such cases, the
integral equation may be solved by a method quite different from any of those
in the preceding section. This method, devised by Schmidt and Hilbert, is based
on considering the eigenfunctions and eigenvalues of the homogeneous integral
equation.

A kernel K(x, 1) is said to be symmetric if K(x, ) = K(¢,x) and Hermitian if
K(x,y) = K*(z,x). We shall limit our discussion to such kernels.

(a) The homogeneous Fredholm equation
b
u(x) = A / K (x, u(t)dr.
a
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A Hermitian kernel has at least one eigenvalue and it may have an infinite num-
ber. The proof will be omitted and we refer interested readers to the book by
Courant and Hibert mentioned earlier (Chapter 3).

The cigenvalues of a Hermitian kernel are real, and eigenfunctions belonging to
different eigenvalues are orthogonal; two functions f(x) and g(x) are said to be
orthogonal if

/ FH()g(x)dx = 0.

To prove the reality of the eigenvalue, we multiply the homogeneous Fredholm
equation by u*(x), then integrating with respect to x, we obtain

b b b
/u*(x)u(x)dx:)\// K(x, t)u*(x)u(t)dtdx. (11.20)

Now, multiplying the complex conjugate of the Fredholm equation by u(x) and
then integrating with respect to x, we get

/ab u*(xX)u(x)dx = \* /ab /ab K*(x, ) (¢)u(x)drdx.

Interchanging x and ¢ on the right hand side of the last equation and remembering
that the kernel is Hermitian K*(¢,x) = K(x, 1), we obtain

/ *(x) dx—/\*//th u*(x)dtdx.

Comparing this equation with Eq. (11.2), we see that A = \*, that is, \ is real.
We now prove the orthogonality. Let );, A; be two different eigenvalues and
u;(x),u;(x), the corresponding eigenfunctions. Then we have

b b
X) = )\i/ K(x, t)u;(1)dt, ui(x) = )\j/ K (x, t)u;(1)dt

Now multiplying the first equation by Au;(x), the second by Au;(x), and then
integrating with respect to x, we obtain

A

j/bu,() dxf)\)\//th u;(x)dtdx,
)\/u, X)u;(x dv—)\)\//thu, Yu;(x)dtdx.

Now we interchange x and 7 on the right hand side of the last integral and because
of the symmetry of the kernel, we have

b
/\/ x)u;(x dx—/\)\// (x, t)u;(t)u;(x)dtdx. (11.22)
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Subtracting Eq. (11.21) from Eq. (11.22), we obtain

A —A) / (o) ()l = 0. (11.23)

Since \; # A;, it follows that

/b u;(x)u;(x)dx = 0. (11.24)

Such functions may always be nomalized. We will assume that this has been done
and so the solutions of the homogeneous Fredholm equation form a complete
orthonomal set:

/b u;(X)u;(x)dx = 6. (11.25)

Arbitrary functions of x, including the kernel for fixed 7, may be expanded in
terms of the eigenfunctions

K(x,0) = Cay(x). (11.26)

Now substituting Eq. (11.26) into the original Fredholm equation, we have

uy(1) = X, / " Kt () = 3, / " K (e, ()

1
b
i a i

or
Ci=u(t)/ N\

and for our homogeneous Fredholm equation of the second kind the kernel may
be expressed in terms of the eigenfunctions and eigenvalues as

o0

K(x,1) = ZM (11.27)

n=1

The Schmidt—Hilbert theory does not solve the homogeneous integral equation;

its main function is to establish the properties of the eigenvalues (reality) and

eigenfunctions (orthogonality and completeness). The solutions of the homoge-

neous integral equation come from the preceding section on methods of solution.
(b) Solution of the inhomogeneous equation

b
u(x) =1(x)+ )\/ K(x, t)u(t)dt. (11.28)

We assume that we have found the eigenfunctions of the homogeneous equation
by the methods of the preceding section, and we denote them by u;(x). We may
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now expand both u(x) and f(x) in terms of u;(x), which forms an orthonormal
complete set.

ux) =3 o, () =3 G () (11.29)
n=1 n=1

Substituting Eq. (11.29) into Eq. (11.28), we obtain

n n b n
> () = > () + A [ K50 D ()
n=1 n=1 a n=1
n ) b
=3 ) + 3>, [ o),
n=1 n=1 m a

= E A E L,
o ﬂﬂul’l (X) + o aﬂ )\’n nm»

from which it follows that

n n o0 anun(x)
auu,(x) = L, (X) + A . 11.30
; (x) ; Butt(X) ; N, (11.30)
Multiplying by u,;(x) and then integrating with respect to x from «a to b, we obtain
anzﬁn—’_)‘an/)‘nv (11'31)
which can be solved for o, in terms of 3,:
A
=" 11.32
0 =55 (1132
where (3, is given by
b
B, = (Hu,(1)dt. (11.33)
a
Finally, our solution is given by
- anun (x>
u(x) =f(x)+ A
() =)+ 2D
:f(x)—&—)\f: B u, (x), (11.34)
= Ny — A "

where (3, is given by Eq. (11.33), and A; # A

When X for the inhomogeneous equation is equal to one of the eigenvalues, A,
of the kernel, our solution (11.31) blows up. Let us return to Eq. (11.31) and see
what happens to ay:

ap = B + Mo/ e = Bre + oy

424



DIFFERENTIAL AND INTEGRAL EQUATIONS

Clearly, 8, = 0, and a4 is no longer determined by ;. But we have, according to
Eq. (11.33),

b
/ F(Ou ()t = B = 0, (11.35)

that is, f(x) is orthogonal to the eigenfunction u;(x). Thus if A = ), the inho-
mogeneous equation has a solution only if f(x) is orthogonal to the correspond-
ing eigenfunction u;(x). The general solution of the equation is then

/ff

x 7)% un(x), (11.36)

u(x) = 1) + o) + >

n=1'

where the prime on the summation sign means that the term n = k is to be omitted
from the sum. In Eq. (11.36) the a; remains as an undetermined constant.

Relation between differential and integral equations

We have shown how an integral equation can be transformed into a differential
equation that may be easier to solve than the original integral equation. We now
show how to transform a differential equation into an integral equation. After we
become familiar with the relation between differential and integral equations, we
may state the physical problem in either form at will. Let us consider a linear
second-order differential equation

x" + A(H)x"+ B(f)x = g(1), (11.37)
with the initial condition
x(a) = xo, x'(a) = xq.

Integrating Eq. (11.37), we obtain

t t t
x’:—/ Ax'dt—/ Bxdl+/ gdt + Cy.
a a a

The initial conditions require that C; = xj. We next integrate the first integral on
the right hand side by parts and obtain

t t
x’:fof/ (BfA’)xdtJr/ gdt + A(a)xy + x.

Integrating again, we get

_ _/tAxdt — /t/f [B(y) — A'(y)] x(y)dydt

// y)dydt + [A(a)xy + xo| (1 — a) + x,.
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Then using the relation

[ [ roac= [ a-nroa,

we can rewrite the last equation as

== A0) + (- 2){BO) - 4'0))]x0)dy

+/af(t—y)g(y)dy+ [A(a)xo + x0] (1 — a) + xo, (11.38)
which can be put into the form of a Volterra equation of the second kind
K0 =10+ [ Ko, (11.39)
with
K(t,y)= (= 0[B(y) —4'(»)] - A»), (11.39a)
10 = [ =36y + LA@so + 350 - )+ o (11.39)

Use of integral equations

We have learned how linear integral equations of the more common types may be
solved. We now show some uses of integral equations in physics; that is, we are
going to state some physical problems in integral equation form. In 1823, Abel
made one of the earliest applications of integral equations to a physical problem.
Let us take a brief look at this old problem in mechanics.

Abel’s integral equation

Consider a particle of mass m falling along a smooth curve in a vertical plane, the
vz plane, under the influence of gravity, which acts in the negative z direction.
Conservation of energy gives

1
Em(z'2 +37) +mgz = E,

where Z = dz/dt, and y = dy/dt. If the shape of the curve is given by y = F(z), we
can write y = (dF/dz)z. Substituting this into the energy conservation equation
and solving for zZ, we obtain

_ \/2E/m—2gz :\/E/mgfz (11.40)

| + (dF/dz)* u(z) -
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where
u(z) = \/1 + (dF /dz)* ) 2g.
If Zz=0and z = zy at t = 0, then E/mg = z, and Eq. (11.40) becomes
=z —z/u(z).

Solving for time ¢, we obtain

z:—/:o\/jo(z__zdz_/:\;%dz,

where z is the height the particle reaches at time ¢.

Classical simple harmonic oscillator

Consider a linear oscillator
¥4+wx=0, with x(0)=0, x(0)=1.

We can transform this differential equation into an integral equation.
Comparing with Eq. (11.37), we have

A()=0, B()=u* and g(r)=0.

Substituting these into Eq. (11.38) (or (11.39), (11.39a), and (11.39b)), we obtain
the integral equation

X =i+ [ = 0x()dy,

which is equivalent to the original differential equation plus the initial conditions.

Quantum simple harmonic oscillator

The Schrodinger equation for the energy eigenstates of the one-dimensional
simple harmonic oscillator is

wdy 1o,
A T = Eq. 11.41

m a2 TV EY (11.41)
Changing to the dimensionless variable y = \/mw/hx, Eq. (11.41) reduces to a
simpler form:

P
Y (2= Py =0, (11.42)
dy

where o = \/2F/hw. Taking the Fourier transform of Eq. (11.42), we obtain

2
ddgk(f) + (o —k*)g(k) =0, (11.43)
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where
1 0 .
) = = / R (11.44)

and we also assume that ¢) and ¢’ vanish as y — Fo0.

Eq. (11.43) is formally identical to Eq. (11.42). Since quantities such as the total
probability and the expectation value of the potential energy must be remain finite
for finite E, we should expect g(k), dg(k)/dk — 0 as k — too. Thus g and ¢ differ
at most by a normalization constant

g(k) = c(k).
It follows that ) satisfies the integral equation

1 o0 o
(k) = —— ™ dy. 11.45
vl == [ " u)eay (11.45)
The constant ¢ may be determined by substituting ¢y on the right hand side:
2 1 > > izy iky
cPlk) = 7 Y(z)e™ e dzdy
:/ W(z)6(z + k)dz
= (k)
Recall that ¢ may be simultaneously chosen to be a parity eigenstate
Y(—x) = £¢6(x). We see that eigenstates of even parity require A =1, or
¢ = =+1; and for eigenstates of odd parity we have ¢ = —1, or ¢ = =+i.

We shall leave the solution of Eq. (11.45), which can be approached in several
ways, as an exercise for the reader.

Problems

11.1 Solve the following integral equations:
(@) u(x) =5 —x+ /01 u(r)dr;
(b) u(x) = )\/01 u(t)dt;
() u(x)=x+ )\/01 u(t)dt.
11.2 Solve the Fredholm equation of the second kind
f(x) =u(x)+ A /b K(x, t)u(t)dt,
where f(x) = cosh x, K(x, ) = xt.
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11.3

11.4

11.5

11.6

11.7

11.8

11.9

The homogeneous Fredholm equation
X) = /\/ sin x sin fu(1)dt
0

only has a solution for a particular value of . Find the value of A\ and the
solution corresponding to this value of .

Solve homogeneous Fredholm equation u(x) = A f t)dt. Find the
values of A and the corresponding solutlons

Check the convergence of the Neumann series (11.14) by the Cauchy ratio
test.

Transform the following differential equations into integral equations:
d

(a) ™ _x=0 with x=1when t=0;
dt
d’x d . d

(b) dt;CJr derx* 1 with x=0, 7);: 1 when ¢ = 0.

By using the Laplace transformation and the convolution theorem solve the
equation

u(x) =x+ / sin(x — fu(r)dr.
0
Given the Fredholm integral equation
e = / ef(xf’)zu(t)dt,

apply the Fouurier convolution technique to solve it for u(¢).
Find the solution of the Fredholm equation

@:x+x/du+gmom
0

by the Schmidt—Hilbert method for A not equal to an eigenvalue. Show that
there are no solutions when X is an eigenvalue.
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Elements of group theory

Group theory did not find a use in physics until the advent of modern quantum
mechanics in 1925. In recent years group theory has been applied to many
branches of physics and physical chemistry, notably to problems of molecules,
atoms and atomic nuclei. Mostly recently, group theory has been being applied in
the search for a pattern of ‘family’ relationships between elementary particles.
Mathematicians are generally more interested in the abstract theory of groups,
but the representation theory of groups of direct use in a large variety of physical
problems is more useful to physicists. In this chapter, we shall give an elementary
introduction to the theory of groups, which will be needed for understanding the
representation theory.

Definition of a group (group axioms)

A group is a set of distinct elements for which a law of ‘combination’ is well
defined. Hence, before we give ‘group’ a formal definition, we must first define
what kind of ‘elements’ do we mean. Any collection of objects, quantities or
operators form a set, and each individual object, quantity or operator is called
an element of the set.

A group is a set of elements 4, B, C,. .., finite or infinite in number, with a rule
for combining any two of them to form a ‘product’, subject to the following four
conditions:

(1) The product of any two group elements must be a group element; that is, if
A and B are members of the group, then so is the product 4B.

(2) The law of composition of the group elements is associative; that is, if 4, B,
and C are members of the group, then (4B)C = A(BC).

(3) There exists a unit group element FE, called the identity, such that
EA = AE = A for every member of the group.
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(4) Every element has a unique inverse, 4!, such that A4~' = 47'4 = E.

The use of the word ‘product’ in the above definition requires comment. The
law of combination is commonly referred as ‘multiplication’, and so the result of a
combination of elements is referred to as a ‘product’. However, the law of com-
bination may be ordinary addition as in the group consisting of the set of all
integers (positive, negative, and zero). Here AB = 4 + B, ‘zero’ is the identity, and
Al = (=A4). The word ‘product’ is meant to symbolize a broad meaning of
‘multiplication’ in group theory, as will become clearer from the examples below.

A group with a finite number of elements is called a finite group; and the
number of elements (in a finite group) is the order of the group.

A group containing an infinite number of elements is called an infinite group.
An infinite group may be either discrete or continuous. If the number of the
elements in an infinite group is denumerably infinite, the group is discrete; if
the number of elements is non-denumerably infinite, the group is continuous.

A group is called Abelian (or commutative) if for every pair of elements 4, B in
the group, AB = BA. In general, groups are not Abelian and so it is necessary to
preserve carefully the order of the factors in a group ‘product’.

A subgroup is any subset of the elements of a group that by themselves satisfy
the group axioms with the same law of combination.

Now let us consider some examples of groups.

Example 12.1
The real numbers 1 and —1 form a group of order two, under multiplication. The
identity element is 1; and the inverse is 1/x, where x stands for 1 or —1.

Example 12.2

The set of all integers (positive, negative, and zero) forms a discrete infinite group
under addition. The identity element is zero; the inverse of each element is its
negative. The group axioms are satisfied:

(1) is satisfied because the sum of any two integers (including any integer with
itself) is always another integer.

(2) is satisfied because the associative law of addition 4+ (B+C) =
(A + B) + C is true for integers.

(3) is satisfied because the addition of 0 to any integer does not alter it.

(4) is satisfied because the addition of the inverse of an integer to the integer
itself always gives 0, the identity element of our group: 4 + (—4) = 0.

Obviously, the group is Abelian since 4 + B = B+ A. We denote this group by
Sy.
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The same set of all integers does not form a group under multiplication. Why?
Because the inverses of integers are not integers and so they are not members of
the set.

Example 12.3

The set of all rational numbers (p/q, with ¢ # 0) forms a continuous infinite group
under addition. It is an Abelian group, and we denote it by S,. The identity
element is 0; and the inverse of a given element is its negative.

Example 12.4

The set of all complex numbers (z = x+iy) forms an infinite group under
addition. It is an Abelian group and we denote it by S;. The identity element
is 0; and the inverse of a given element is its negative (that is, —z is the inverse
of z).

The set of elements in S is a subset of elements in S,, and the set of elements in
S, is a subset of elements in S3. Furthermore, each of these sets forms a group
under addition, thus S is a subgroup of S,, and S, a subgroup of S;. Obviously
S| is also a subgroup of S;.

Example 12.5
The three matrices

(0 () ()

form an Abelian group of order three under matrix multiplication. The identity
element is the unit matrix, £ = A. The inverse of a given matrix is the inverse
matrix of the given matrix:

(PN 2a = (7 N2 =Y D)ok
~\o 1) 7 L1 o) 7 S\-1 1) T

It is straightforward to check that all the four group axioms are satisfied. We
leave this to the reader.

Example 12.6
The three permutation operations on three objects a, b, ¢

[123],[231],[312]
form an Abelian group of order three with sequential performance as the law of
combination.

The operation [1 2 3] means we put the object « first, object b second, and object
¢ third. And two elements are multiplied by performing first the operation on the
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right, then the operation on the left. For example
[231][3 1 2]abc = [2 3 1]|cab = abc.
Thus two operations performed sequentially are equivalent to the operation
[123]:
231]312]=[123].
similarly
[312])23 1]abc =[3 1 2]bca = abe,
that is,
B12]231]=[123].
This law of combination is commutative. What is the identity element of this
group? And the inverse of a given element? We leave the reader to answer these
questions. The group illustrated by this example is known as a cyclic group of

order 3, Cs.
It can be shown that the set of all permutations of three objects

123), 231], 312, 132, 321], [213]

forms a non-Abelian group of order six denoted by Ss. It is called the symmetric
group of three objects. Note that C; is a subgroup of S;.

Cyclic groups

We now revisit the cyclic groups. The elements of a cyclic group can be expressed
as power of a single element A, say, as A, 4>, A>,..., A?"', A4’ = E; p is the smal-
lest integer for which 4” = E and is the order of the group. The inverse of A" is
AP~ that is, an element of the set. It is straightforward to check that all group
axioms are satisfied. We leave this to the reader. It is obvious that cyclic groups
are Abelian since 44 = 44" (k < p).

Example 12.7

The complex numbers 1, i, —1,—i form a cyclic group of order 3. In this case,
A=iand p=3:i", n=0,1,2,3. These group elements may be interpreted as
successive 90° rotations in the complex plane (0,7/2, 7, and 37/2). Con-
sequently, they can be represented by four 2 x 2 matrices. We shall come back
to this later.

Example 12.8
We now consider a second example of cyclic groups: the group of rotations of an
equilateral triangle in its plane about an axis passing through its center that brings
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Figure 12.1.

it onto itself. This group contains three elements (see Fig. 12.1):

E(=0°): the identity; triangle is left alone;

A(=120°): the triangle is rotated through 120° counterclockwise, which
sends P to O, Q to R, and R to P;

B(=240°): the triangle is rotated through 240° counterclockwise, which
sends Pto R, Rto Q, and Q to P;

C(=360°): the triangle is rotated through 360° counterclockwise, which
sends P back to P, Q back to Q and R back to R.

Notice that C = E. Thus there are only three elements represented by E, 4, and B.
This set forms a group of order three under addition. The reader can check that
all four group axioms are satisfied. It is also obvious that operation B is equiva-
lent to performing operation A4 twice (240° = 120° + 120°), and the operation C
corresponds to performing A4 three times. Thus the elements of the group may be
expressed as the power of the single element A4 as E, A, A, A° (=E): thatis, itis a
cyclic group of order three, and is generated by the element A.

The cyclic group considered in Example 12.8 is a special case of groups of
transformations (rotations, reflection, translations, permutations, etc.), the
groups of particular interest to physicists. A transformation that leaves a physical
system invariant is called a symmetry transformation of the system. The set of all
symmetry transformations of a system is a group, as illustrated by this example.

Group multiplication table

A group of order n has n* products. Once the products of all ordered pairs of
elements are specified the structure of a group is uniquely determined. It is some-
times convenient to arrange these products in a square array called a group multi-
plication table. Such a table is indicated schematically in Table 12.1. The element
that appears at the intersection of the row labeled 4 and the column labeled B is
the product 4B, (in the table A? means AA4, etc). It should be noted that all the
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Table 12.1. Group multiplication table

E 4 B C
E E 4 B C
A 4 4 AB  AC
B B BA B BC
C C Cc4 B ¢

Table 12.2.

E X Y
E E X Y
X! x ' E X'y
y~! y' v'x E

elements in each row or column of the group multiplication must be distinct: that
is, each element appears once and only once in each row or column. This can be
proved easily: if the same element appeared twice in a given row, the row labeled
A say, then there would be two distinct elements C and D such that AC = AD. If
we multiply the equation by A~! on the left, then we would have 4~'4C =
A7'AD, or EC = ED. This cannot be true unless C = D, in contradiction to
our hypothesis that C and D are distinct. Similarly, we can prove that all the
elements in any column must be distinct.

As a simple practice, consider the group C; of Example 12.6 and label the
elements as follows

123 —E [231—X, [312—7Y.

If we label the columns of the table with the elements £, X, Y and the rows with
their respective inverses, £, X', Y !, the group multiplication table then takes
the form shown in Table 12.2.

Isomorphic groups

Two groups are isomorphic to each other if the elements of one group can be put in
one-to-one correspondence with the elements of the other so that the corresponding
elements multiply in the same way. Thus if the elements 4, B, C, . .. of the group G
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Table 12.3.
1 i =1 i E A B C
1 1 i -1 i E E A B C
i i =1 —i 1 or A A B C E
-1 -1 —i 1 i B B C E A4
—i —i 1 i —1 C C E A B
correspond respectively to the elements 4',B’,C’,... of G', then the equation

AB = C implies that A'B’ = C’, etc., and vice versa. Two isomorphic groups
have the same multiplication tables except for the labels attached to the group
elements. Obviously, two isomorphic groups must have the same order.

Groups that are isomorphic and so have the same multiplication table are the
same or identical, from an abstract point of view. That is why the concept of
isomorphism is a key concept to physicists. Diverse groups of operators that act
on diverse sets of objects have the same multiplication table; there is only one
abstract group. This is where the value and beauty of the group theoretical
method lie; the same abstract algebraic results may be applied in making predic-
tions about a wide variety physical objects.

The isomorphism of groups is a special instance of homomorphism, which
allows many-to-one correspondence.

Example 12.9

Consider the groups of Problems 12.2 and 12.4. The group G of Problem 12.2
consists of the four elements £ = 1,4 =i,B= —1,C = —i with ordinary multi-
plication as the rule of combination. The group multiplication table has the form
shown in Table 12.3. The group G’ of Problem 12.4 consists of the following four
elements, with matrix multiplication as the rule of combination

E,_lo e 0 1 B,_—l 0 C,_0—1
SN0 1) S\=1 0/ 7 L 0 —-1) A1 0/

It is straightforward to check that the group multiplication table of group G’ has
the form of Table 12.4. Comparing Tables 12.3 and 12.4 we can see that they have
precisely the same structure. The two groups are therefore isomorphic.

Example 12.10

We stated earlier that diverse groups of operators that act on diverse sets of
objects have the same multiplication table; there is only one abstract group. To
illustrate this, we consider, for simplicity, an abstract group of order two, G,: that
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Table 12.4.

W A B A

AW oA
qma
M w
S

is, we make no a priori assumption about the significance of the two elements of
our group. One of them must be the identity F, and we call the other X. Thus we
have

E’=E, EX=XE=E.

Since each element appears once and only once in each row and column, the
group multiplication table takes the form:

E X
E E X
X X E

We next consider some groups of operators that are isomorphic to G,. First,
consider the following two transformations of three-dimensional space into itself:

(1) the transformation E’, which leaves each point in its place, and

(2) the transformation R, which maps the point (x,y,z) into the point
(=x,—y,—z). Evidently, R*> = RR (the transformation R followed by R)
will bring each point back to its original position. Thus we have
(E'Y* =E', RE' = E'R=RE' = R, R* = E'; and the group multiplication
table has the same form as G,: that is, the group formed by the set of the two
operations E' and R is isomorphic to G,.

We now associate with the two operations £’ and R two operators Oy and O,
which act on real- or complex-valued functions of the spatial coordinates (x, y, z),
¥(x,y,z), with the following effects:

7/)(36,%2)7 ORl/)(an/aZ) :¢(7x7 ) 72)'

OAE@(X’% Z)

From these we see that
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Obviously these two operators form a group that is isomorphic to G,. These two
groups (formed by the elements E’, R, and the elements O and Oy, respectively)
are the two representations of the abstract group G,. These two simple examples
cannot illustrate the value and beauty of the group theoretical method, but they
do serve to illustrate the key concept of isomorphism.

Group of permutations and Cayley’s theorem

In Example 12.6 we examined briefly the group of permutations of three objects.
We now come back to the general case of n objects (1,2, ...,n) placed in n boxes
(or places) labeled a4, ay,...,q,. This group, denoted by S, is called the sym-
metric group on n objects. It is of order n! How do we know? The first object may
be put in any of n boxes, and the second object may then be put in any of n — 1
boxes, and so forth: n(n — 1)(n —2) x .-+ x 3 x 2 x [ =nl

We now define, following common practice, a permutation symbol P

1 2 3 - n
P= , (12.1)

Qp Gy Qa3 - Qy
which shifts the object in box 1 to box «, the object in box 2 to box «;, and so
forth, where o, - - - @, is some arrangement of the numbers 1,2,3,...,n. The old

notation in Example 12.6 can now be written as

- (110)

For n objects there are n! permutations or arrangements, each of which may be
written in the form (12.1). Taking a specific example of three objects, we have

1 2 3 1 2 3 1 2 3
P1: s P2: ; P3: 3
1 2 3 2 3 1 1 3 2
1 2 3 1 2 3 1 2 3
Py = , Ps= , Pg= .
21 3 3 21 31 2

For the product of two permutations P;P; (i,j = 1,2,...,6), we first perform the
one on the right, P;, and then the one on the left, P;. Thus

1 2 3\/1 2 3 1 2 3
PsPe=11 3 7))z 1 2)7\n 1 3)7 0

To the reader who has difficulty seeing this result, let us explain. Consider the first
column. We first perform Pg, so that 1 is replaced by 3, we then perform P; and 3
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is replaced by 2. So by the combined action 1 is replaced by 2 and we have the first

column
|
We leave the other two columns to be completed by the reader.

Each element of a group has an inverse. Thus, for each permutation P; there is
P;!, the inverse of P;. We can use the property P,P; ! = P, to find P;!. Let us find

Pgl:
P71_312_123_P
= \123) \23 1) %

It is straightforward to check that

bpl_pp 1 2 3\/1 2 3 123P
676 —r6t2 A3 1 2)\2 3 1) \1 2 3) "

The reader can verify that our group Sj is generated by the elements P, and P,
while P; serves as the identity. This means that the other three distinct elements
can be expressed as distinct multiplicative combinations of P, and Pj:

Py =PiPy, Ps=P,P;, Pg=P;.

The symmetric group S, plays an important role in the study of finite groups.
Every finite group of order n is isomorphic to a subgroup of the permutation
group S,,. This is known as Cayley’s theorem. For a proof of this theorem the
interested reader is referred to an advanced text on group theory.

In physics, these permutation groups are of considerable importance in the
quantum mechanics of identical particles, where, if we interchange any two or
more these particles, the resulting configuration is indistinguishable from the
original one. Various quantities must be invariant under interchange or permuta-
tion of the particles. Details of the consequences of this invariant property may be
found in most first-year graduate textbooks on quantum mechanics that cover the
application of group theory to quantum mechanics.

Subgroups and cosets

A subset of a group G, which is itself a group, is called a subgroup of G. This idea
was introduced earlier. And we also saw that Cj, a cyclic group of order 3, is a
subgroup of S3, a symmetric group of order 6. We note that the order of Cs is a
factor of the order of S3. In fact, we will show that, in general,

the order of a subgroup is a factor of the order of the full group
(that is, the group from which the subgroup is derived).
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This can be proved as follows. Let G be a group of order n with elements g;(=E),
g,---, & Let H, of order m, be a subgroup of G with elements i (=E),
hy, ..., h,. Now form the set g (0 <k < m), where g is any element of G not
in H. This collection of elements is called the left-coset of H with respect to g (the
left-coset, because g is at the left of 7).

If such an element g does not exist, then H = G, and the theorem holds trivially.
If g does exist, than the elements g/, are all different. Otherwise, we would have
gh, = ghy, or h = h,, which contradicts our assumption that H is a group.
Moreover, the elements ghy are not elements of H. Otherwise, ghy = h;, and we
have

g = h;/hy.

This implies that g is an element of H, which contradicts our assumption that g
does not belong to H.

This left-coset of H does not form a group because it does not contain the
identity element (g; = h; = E). If it did form a group, it would require for some #;
such that gh; = E or, equivalently, g = h/_1 This requires g to be an element of H.
Again this is contrary to assumption that g does not belong to H.

Now every element g in G but not in H belongs to some coset gH. Thus G is a
union of H and a number of non-overlapping cosets, each having m different
elements. The order of G is therefore divisible by m. This proves that the order
of a subgroup is a factor of the order of the full group. The ratio n/m is the index
of Hin G.

It is straightforward to prove that a group of order p, where p is a prime
number, has no subgroup. It could be a cyclic group generated by an element a
of period p.

Conjugate classes and invariant subgroups

Another way of dividing a group into subsets is to use the concept of classes. Let
a, b, and u be any three elements of a group, and if

b=u"au,

b is said to be the transform of a by the element u; ¢ and b are conjugate (or
equivalent) to each other. It is straightforward to prove that conjugate has the
following three properties:

(1) Every element is conjugate with itself (reflexivity). Allowing u to be the
identity element E, then we have a = E~'aE.

(2) If a is conjugate to b, then b is conjugate to a (symmetry). If = 1~ 'bu, then
b=uau" = ) 'a(u"), where u" is an element of G if u is.
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(3) If a is conjugate with both b and ¢, then b and ¢ are conjugate with each
other (transitivity). If a = u by and b =0 y~!

cv, then a=u v~ cou=
(vu) "' e(vu), where u and v belong to G so that vu is also an element of G.

We now divide our group up into subsets, such that all elements in any subset
are conjugate to each other. These subsets are called classes of our group.

Example 12.11
The symmetric group S; has the following six distinct elements:

P\ =E, Py, P;, Py=PiP5, Ps=P,Py, Ps= P,
which can be separated into three conjugate classes:
{Pi}s P2, Ps};  {P3, Py, Ps}.

We now state some simple facts about classes without proofs:

(a) The identity element always forms a class by itself.
(b) Each element of an Abelian group forms a class by itself.
(c) All elements of a class have the same period.

Starting from a subgroup H of a group G, we can form a set of elements u/ ™ 'u
for each u belong to G. This set of elements can be seen to be itself a group. Itis a
subgroup of G and is isomorphic to H. It is said to be a conjugate subgroup to H
in G. It may happen, for some subgroup H, that for all  belonging to G, the sets
H and uhu™' are identical. H is then an invariant or self-conjugate subgroup of G.

Example 12.12
Let us revisit S3 of Example 12.11, taking it as our group G = S3. Consider the
subgroup H = C3 = {Py, P, Ps}. The following relation holds

P, P, P,
Py| Py | Py =PPy| P2 | PP = (PPy)| P2 |(PiPy)!
P P Py
P P,
= PiP,| P2 | (PIP,) = | P
P p,

Hence H = C; = {Py, P,, P¢} is an invariant subgroup of S;.
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Group representations

In previous sections we have seen some examples of groups which are isomorphic
with matrix groups. Physicists have found that the representation of group
elements by matrices is a very powerful technique. It is beyond the scope of
this text to make a full study of the representation of groups; in this section we
shall make a brief study of this important subject of the matrix representations of

groups.
If to every element of a group G, g;,>,&3, ..., We can associate a non-singular
square matrix D(g1), D(g,), D(g3), ..., in such a way that

gigi =g implies  D(g;)D(g;) = D(gk), (12.2)

then these matrices themselves form a group G’, which is either isomorphic or
homomorphic to G. The set of such non-singular square matrices is called a
representation of group G. If the matrices are n x n, we have an n-dimensional
representation; that is, the order of the matrix is the dimension (or order) of the
representation D,,. One trivial example of such a representation is the unit matrix
associated with every element of the group. As shown in Example 12.9, the four
matrices of Problem 12.4 form a two-dimensional representation of the group G
of Problem 12.2.

If there is one-to-one correspondence between each element of G and the matrix
representation group G', the two groups are isomorphic, and the representation is
said to be faithful (or true). If one matrix D represents more than one group
element of G, the group G is homomorphic to the matrix representation group
G’ and the representation is said to be unfaithful.

Now suppose a representation of a group G has been found which consists of
matrices D = D(gy), D(g>), D(g3),...,D(g,), each matrix being of dimension
n. We can form another representation D’ by a similarity transformation

D'(g) = S7'D(g)s, (12.3)
S being a non-singular matrix, then
D'(g,)D'(g;) = SilD(gi)SsilD(gj)S
= SilD(gi)D(gj)S
= S7'D(g:ig)S
=D'(gig))-

In general, representations related in this way by a similarity transformation are
regarded as being equivalent. However, the forms of the individual matrices in the
two equivalent representations will be quite different. With this freedom in the
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choice of the forms of the matrices it is important to look for some quantity that is
an invariant for a given transformation. This is found in considering the traces of
the matrices of the representation group because the trace of a matrix is
invariant under a similarity transformation. It is often possible to bring, by a
similarity transformation, each matrix in the representation group into a diagonal

form
(1
S7'DS = (DO D?2>>’ (12.4)

where DU is of order m,m < n and DW is of order n — m. Under these conditions,
the original representation is said to be reducible to DY and D?. We may write
this result as

D=Dp"ap? (12.5)

and say that D has been decomposed into the two smaller representation DY and
D<2); D is often called the direct sum of D'V and D@,

A representation D(g) is called irreducible if it is not of the form (12.4)
and cannot be put into this form by a similarity transformation. Irreducible
representations are the simplest representations, all others may be built up from
them, that is, they play the role of ‘building blocks’ for the study of group
representation.

In general, a given group has many representations, and it is always possible to
find a unitary representation — one whose matrices are unitary. Unitary matrices
can be diagonalized, and the eigenvalues can serve for the description or classi-
fication of quantum states. Hence unitary representations play an especially
important role in quantum mechanics.

The task of finding all the irreducible representations of a group is usually very
laborious. Fortunately, for most physical applications, it is sufficient to know only
the traces of the matrices forming the representation, for the trace of a matrix is
invariant under a similarity transformation. Thus, the trace can be used to iden-
tify or characterize our representation, and so it is called the character in group
theory. A further simplification is provided by the fact that the character of every
element in a class is identical, since elements in the same class are related to each
other by a similarity transformation. If we know all the characters of one element
from every class of the group, we have all of the information concerning the group
that is usually needed. Hence characters play an important part in the theory of
group representations. However, this topic and others related to whether a given
representation of a group can be reduced to one of smaller dimensions are beyond
the scope of this book. There are several important theorems of representation
theory, which we now state without proof.
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(1) A matrix that commutes with all matrices of an irreducible representation of
a group is a multiple of the unit matrix (perhaps null). That is, if matrix 4
commutes with D(g) which is irreducible,

D(g)4 = AD(g)

for all g in our group, then A4 is a multiple of the unit matrix.
(2) A representation of a group is irreducible if and only if the only matrices to
commute with all matrices are multiple of the unit matrix.
Both theorems (1) and (2) are corollaries of Schur’s lemma.
(3) Schur’s lemma: Let DY and D? be two irreducible representations of (a
group G) dimensionality n and n’, if there exists a matrix 4 such that

ADY(g) = D¥(g)4 for all g in the group G

then for n # n’, 4 = 0; for n = n’, either A = 0 or A is a non-singular matrix
and DY and D® are equivalent representations under the similarity trans-
formation generated by A.

(4) Orthogonality theorem: If G is a group of order /4 and DY and D? are any
two inequivalent irreducible (unitary) representations, of dimensions ; and
d,, respectively, then

; ; h
Z [ij)g(g)]*Di’g (g) = jléﬁéawég’iéa
g
where D' (g) is a matrix, and ij)g(g) is a typical matrix element. The sum
runs over all g in G.

Some special groups

Many physical systems possess symmetry properties that always lead to certain
quantity being invariant. For example, translational symmetry (or spatial homo-
geneity) leads to the conservation of linear momentum for a closed system, and
rotational symmetry (or isotropy of space) leads to the conservation of angular
momentum. Group theory is most appropriate for the study of symmetry. In this
section we consider the geometrical symmetries. This provides more illustrations
of the group concepts and leads to some special groups.

Let us first review some symmetry operations. A plane of symmetry is a plane in
the system such that each point on one side of the plane is the mirror image of a
corresponding point on the other side. If the system takes up an identical position on
rotation through a certain angle about an axis, that axis is called an axis of sym-
metry. A center of inversion is a point such that the system is invariant under the
operationr — —r, whereris the position vector of any point in the system referred to
the inversion center. If the system takes up an identical position after a rotation
followed by an inversion, the system possesses a rotation—inversion center.
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Mirror plane

Figure 12.2.

Some symmetry operations are equivalent. As shown in Fig. 12.2, a two-fold
inversion axis is equivalent to a mirror plane perpendicular to the axis.

There are two different ways of looking at a rotation, as shown in Fig. 12.3.
According to the so-called active view, the system (the body) undergoes a rotation
through an angle 6, say, in the clockwise direction about the x3-axis. In the passive
view, this is equivalent to a rotation of the coordinate system through the same
angle but in the counterclockwise sense. The relation between the new and old
coordinates of any point in the body is the same in both cases:

x| = X cos @ + x, sin 0,

X3 = —x) sinf + x, cos , (12.6)

!
X3 = X3,

where the prime quantities represent the new coordinates.
A general rotation, reflection, or inversion can be represented by a linear

transformation of the form
i
X| = 01X + apXy + ag3X3,
i
Xy = Q1 X] + QX + (p3X3, (12.7)

i
X3 = Q31X] + Q33X + Q33X3.

X2 X5 X2
f(xl,xz,x3) P
A P vt g
/S 4 (x{, x3, x3) R
A i AR
S AR
/ 1,7 | , } \\
S | 0 / [ ,
I 00 | / | \ X1
6.7 | | / o
.
yod | | / 0
4 . ‘ x [ X
o o
(@) (b

Figure 12.3. (a) Active view of rotation; () passive view of rotation.
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Equation (12.7) can be written in matrix form

¥ =A% (12.8)
with
Al A A X1 xl,
X = )\21 )\22 )\23 R X = X2 R )?/ = )CZ,
A3l An o Az X3 x3

The matrix X is an orthogonal matrix and the value of its determinant is &1. The
‘—1” value corresponds to an operation involving an odd number of reflections.
For Eq. (12.6) the matrix A has the form

cosf sinf 0
A= | —sind cosd 0 |. (12.6a)
0 0 1

For a rotation, an inversion about an axis, or a reflection in a plane through the
origin, the distance of a point from the origin remains unchanged:

=X+ x5+ x5 = x{2 4 x4+ x4 (12.9)

The symmetry group D), D;

Let us now examine two simple examples of symmetry and groups. The first one is
on twofold symmetry axes. Our system consists of six particles: two identical
particles 4 located at +a on the x-axis, two particles, B at +b on the y-axis,
and two particles C at £¢ on the z-axis. These particles could be the atoms of a
molecule or part of a crystal. Each axis is a twofold symmetry axis. Clearly, the
identity or unit operator (no rotation) will leave the system unchanged. What
rotations can be carried out that will leave our system invariant? A certain com-
bination of rotations of « radians about the three coordinate axes will do it. The
orthogonal matrices that represent rotations about the three coordinate axes can
be set up in a similar manner as was done for Eq. (12.6a), and they are

10 0 -1 0 0 -1 00
am)=10 -1 0], B=m=(0 1 of, =0 -1 0],
0 0 -1 0 0 -1 0 0 1

where @ is the rotational matrix about the x-axis, and 3 and 7 are the rotational
matrices about y- and z-axes, respectively. Of course, the identity operator is a
unit matrix
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S = O
—_ O O

These four elements form an Abelian group with the group multiplication table
shown in Table 12.5. It is easy to check this group table by matrix multiplication.
Or you can check it by analyzing the operations themselves, a tedious task. This
demonstrates the power of mathematics: when the system becomes too complex
for a direct physical interpretation, the usefulness of mathematics shows.

Table 12.5.
EaﬁN'y
E| Eap 7
& a E 5 8
B gy E a
¥ ¥ B a E

This symmetry group is usually labeled D,, a dihedral group with a twofold
symmetry axis. A dihedral group D, with an n-fold symmetry axis has n axes with
an angular separation of 27r/n radians and is very useful in crystallographic study.

We next consider an example of threefold symmetry axes. To this end, let us re-
visit Example 12.8. Rotations of the triangle of 0°, 120°, 240°, and 360° leave the
triangle invariant. Rotation of the triangle of 0° means no rotation, the triangle is
left unchanged; this is represented by a unit matrix (the identity element). The
other two orthogonal rotational matrices can be set up easily:

N ) -1/2 —V3)2
A= R.(120°) = Vi L |
3 —1/2 V32
B = R.(240°) = i 1)

and

We notice that C = R.(360°) = E. The set of the three elements (E, 4, B) forms a
cyclic group C; with the group multiplication table shown in Table 12.6. The z-

447



ELEMENTS OF GROUP THEORY

Table 12.6.

E A B
E | E 4 B
A | A B E
B | B E 4

axis is a threefold symmetry axis. There are three additional axes of symmetry in
the xy plane: each corner and the geometric center O defining an axis; each of
these is a twofold symmetry axis (Fig. 12.4). Now let us consider reflection opera-
tions. The following successive operations will bring the equilateral angle onto
itself (that is, be invariant):

the identity; triangle is left unchanged;

triangle is rotated through 120° clockwise;
triangle is rotated through 240° clockwise;
triangle is reflected about axis OR (or the y-axis);
triangle is reflected about axis OQ;

triangle is reflected about axis OP.

5 O B e

Now the reflection about axis OR is just a rotation of 180° about axis OR, thus

N ) -1 0
C:ROR(180):< . 1).

Next, we notice that reflection about axis OQ is equivalent to a rotation of 240°
about the z-axis followed by a reflection of the x-axis (Fig. 12.5):

N . /=1 0N [ 12 V32 12 V32
e mtr—ci- (7 V) (18, VIR) (L2, )

Figure 12.4.
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Table 12.7.

tq
'S
[sv)
n
o
~

e O B o
Ty O B e
S O TR I B
o> W Ol o TV T
oo e o T O O
NG TR o T TR
T S e O O

Similarly, reflection about axis OP is equivalent to a rotation of 180° followed by
a reflection of the x-axis:

F:ROP(180°)=62=< 12 \/5/2)

V32 —1)2

The group multiplication table is shown in Table 12.7. We have constructed a six-
element non-Abelian group and a 2 x 2 irreducible matrix representation of it.
Our group is known as Dj in crystallography, the dihedral group with a threefold
axis of symmetry.

One-dimensional unitrary group U(1)

We now consider groups with an infinite number of elements. The group element
will contain one or more parameters that vary continuously over some range so
they are also known as continuous groups. In Example 12.7, we saw that the
complex numbers (1,7, —1,—i) form a cyclic group of order 3. These group ele-
ments may be interpreted as successive 90° rotations in the complex plane
(0,7/2, 7, 37/2), and so they may be written as ¢ with ¢ =0, 7/2, 7, 37/2. If
v is allowed to vary continuously over the range [0, 27|, then we will have, instead
of a four-member cyclic group, a continuous group with multiplication for the
composition rule. It is straightforward to check that the four group axioms are all

R P P

B C
N — —
/\ 240° rotation X = —x
x

Figure 12.5.
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met. In quantum mechanics, ¢’ is a complex phase factor of a wave function,
which we denote by U(y). Obviously, U(0) is an identity element. Next,

U(p)U(p") = ¥+ = U(p + '),

and U(p + ¢') is an element of the group. There is an inverse: U~ (¢) = U(—¢),
since

Ulp)U(—¢) = U(=p)U(p) = U(0) = E
for any . The associative law is satisfied:
[U()U(2)]U(p3) = o) ivs _ Hilerteates) _ i ,ilates)
= Ule)[U(p2) U(sp3)]-

This group is a one-dimensional unitary group; it is called U(1). Each element is
characterized by a continuous parameter ¢, 0 < ¢ < 27; ¢ can take on an infinite
number of values. Moreover, the elements are differentiable:

dU = U(p +dp) — U(p) = 74 — ¢
= (1 +idp) — ¥ = ie¥dp = iUdyp
or
dU/dp = iU.

Infinite groups whose elements are differentiable functions of their parameters
are called Lie groups. The differentiability of group elements allows us to develop
the concept of the generator. Furthermore, instead of studying the whole group,
we can study the group elements in the neighborhood of the identity element.
Thus Lie groups are of particular interest. Let us take a brief look at a few more
Lie groups.

Orthogonal groups SO(2) and SO(3)

The rotations in an n-dimensional Euclidean space form a group, called O(n). The
group eclements can be represented by n x n orthogonal matrices, each with
n(n — 1)/2 independent elements (Problem 12.12). If the determinant of O is set
to be +1 (rotation only, no reflection), then the group is often labeled SO(n). The
label O} is also often used.

The elements of SO(2) are familiar; they are the rotations in a plane, say the xy

plane:
x' P X cosf sinf\ /X
y' ) y)] \—sin® cost/\y)
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This group has one parameter: the angle 6. As we stated earlier, groups enter
physics because we can carry out transformations on physical systems and the
physical systems often are invariant under the transformations. Here x> + »* is
left invariant.

We now introduce the concept of a generator and show that rotations of SO(2)
are generated by a special 2 x 2 matrix 6,, where

- 0 —i
Gy = .
T\ o
Using the Euler identity, ¢ = cosf + isin, we can express the 2 x 2 rotation
matrices R(#) in exponential form:

- cosf sinf
R(9) = (

, ) = [,c080 + i6, sinf = ¢,
—sinf cosf
where I, is a 2 x 2 unit matrix. From the exponential form we see that multi-
plication is equivalent to addition of the arguments. The rotations close to the
identity element have small angles # =2 0. We call 6, the generator of rotations for
SO(2).

It has been shown that any element g of a Lie group can be written in the form

g(915927-~~59n) = exp<2191F1>

i=1

For n parameters there are n of the quantities F;, and they are called the
generators of the Lie group.

Note that we can get &, from the rotation matrix R(6) by differentiation at the
identity of SO(2), that is, 8 = 0. This suggests that we may find the generators of
other groups in a similar manner.

For n = 3 there are three independent parameters, and the set of 3 x 3 ortho-
gonal matrices with determinant 41 also forms a group, the SO(3), its general
member may be expressed in terms of the Euler angle rotation

R(aa ﬂa 7) = Rz’ (07 07 a)Ry(Ov ﬂ7 O)Rz(oa 07 7)7

where R. is a rotation about the z-axis by an angle v, R, a rotation about the y-
axis by an angle 3, and R.. a rotation about the z’-axis (the new z-axis) by an
angle . This sequence can perform a general rotation. The separate rotations can
be written as

cospg 0 — sin I6] cos sin v 0
R@B)=| 0 1 0 [ R(y)=|-siny cosy 0],
sin@ 0 cosp 0 0 1
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1 0 0
R.(0)=]0 cosf sind
0 —sind cos@

The SO(3) rotations leave x* + y* + z* invariant.

The rotations R.(v) form a group, called the group R., which is an Abelian sub-
group of SO(3). To find the generator of this group, let us take the following
differentiation

0 —i 0
—i dR.(y)/dY|,mo=|i 0 0[=S5,
0 0 0

where the insertion of i is to make S. Hermitian. The rotation R.(&v) through an
infinitesimal angle 6y can be written in terms of S.:

dR.(v)
dfy ~v=0

R.(8y) =1+ 57+ 0((67)) = I + it3S..

A finite rotation R(v) may be constructed from successive infinitesimal rotations
R.(m1 + 6m2) = (I + i S2) (I + i67,S2).
Now let (6y = ~/N for N rotations, with N — oo, then

R.(3) = lim [Iy + (7/N)S.] " = exp(is.).

which identifies S, as the generator of the rotation group R.. Similarly, we can
find the generators of the subgroups of rotations about the x-axis and the y-axis.

The SU(n) groups

The 7 x n unitary matrices U also form a group, the U(n) group. If there is the
additional restriction that the determinant of the matrices be +1, we have the
special unitary or unitary unimodular group, SU(n). Each n x n unitary matrix
has n* — 1 independent parameters (Problem 12.14).

For n =2 we have SU(2) and possible ways to parameterize the matrix U are

- a b
U= —_p* g* ’

where a, b are arbitrary complex numbers and |a|* 4 |b|* = 1. These parameters
are often called the Cayley—Klein parameters, and were first introduced by Cayley
and Klein in connection with problems of rotation in classical mechanics.

Now let us write our unitary matrix in exponential form:

iH
U=e¢e",
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where H is a Hermitian matrix. It is easy to show that ¢ is unitary:

(eiH)Jr(eiH) _ e—iH*giI:I _ iH-HY) _ 1
This implies that any n x n umtary matrix can be written in exponentlal form with
a particularly selected set of n* Hermitian n x n matrices, H

nZ
U = exp (f > 9/H/> )
=

where the 6; are real parameters. The n H are the generators of the group U(n).
To spemahze to SU(n) we need to meet the restriction det U = 1. To impose this
restriction we need to use the identity

dete? =

for any square matrix 4. The proof is left as homework (Problem 12.15). Thus the
condition det U = 1 requires Tr H = 0 for every H. Accordingly, the generators
of SU(n) are any set of n x n traceless Hermitian matrices.

For n =2, SU(n) reduces to SU(2), which describes rotations in two-dimen-
sional complex space. The determinant is +1. There are three continuous para-
meters (2> — 1 = 3). We have expressed these as Cayley—Klein parameters. The
orthogonal group SO(3), determinant +1, describes rotations in ordinary three-
dimensional space and leaves x* + )* + z* invariant. There are also three inde-
pendent parameters. The rotation interpretations and the equality of numbers of
independent parameters suggest these two groups may be isomorphic or homo-
morphic. The correspondence between these groups has been proved to be two-to-
one. Thus SU(2) and SO(3) are isomorphic. It is beyond the scope of this book to
reproduce the proof here.

The SU(2) group has found various applications in particle physics. For exam-
ple, we can think of the proton (p) and neutron (n) as two states of the same
particle, a nucleon N, and use the electric charge as a label. It is also useful to
imagine a particle space, called the strong isospin space, where the nucleon state
points in some direction, as shown in Fig. 12.6. If (or assuming that) the theory
that describes nucleon interactions is invariant under rotations in strong isospin
space, then we may try to put the proton and the neutron as states of a spin-like
doublet, or SU(2) doublet. Other hadrons (strong-interacting particles) can also
be classified as states in SU(2) multiplets. Physicists do not have a deep under-
standing of why the Standard Model (of Elementary Particles) has an SU(2)
internal symmetry.

For n = 3 there are eight independent parameters (32 —1=28), and we have
SU(3), which is very useful in describing the color symmetry.
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Figure 12.6. The strong isospin space.

Homogeneous Lorentz group

Before we describe the homogeneous Lorentz group, we need to know the
Lorentz transformation. This will bring us back to the origin of special theory
of relativity. In classical mechanics, time is absolute and the Galilean trans-
formation (the principle of Newtonian relativity) asserts that all inertial frames
are equivalent for describing the laws of classical mechanics. But physicists in
the nineteenth century found that electromagnetic theory did not seem to obey
the principle of Newtonian relativity. Classical electromagnetic theory is sum-
marized in Maxwell’s equations, and one of the consequences of Maxwell’s
equations is that the speed of light (electromagnetic waves) is independent of
the motion of the source. However, under the Galilean transformation, in a
frame of reference moving uniformly with respect to the light source the light
wave is no longer spherical and the speed of light is also different. Hence, for
electromagnetic phenomena, inertial frames are not equivalent and Maxwell’s
equations are not invariant under Galilean transformation. A number of
experiments were proposed to resolve this conflict. After the Michelson—
Morley experiment failed to detect ether, physicists finally accepted that
Maxwell’s equations are correct and have the same form in all inertial frames.
There had to be some transformation other than the Galilean transformation
that would make both electromagnetic theory and classical mechanical invar-
iant.

This desired new transformation is the Lorentz transformation, worked out by
H. Lorentz. But it was not until 1905 that Einstein realized its full implications
and took the epoch-making step involved. In his paper, ‘On the Electrodynamics
of Moving Bodies’ (The Principle of Relativity, Dover, New York, 1952), he
developed the Special Theory of Relativity from two fundamental postulates,
which are rephrased as follows:
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(1) The laws of physics are the same in all inertial frame. No preferred inertial
frame exists.

(2) The speed of light in free space is the same in all inertial frames and is inde-
pendent of the motion of the source (the emitting body).

These postulates are often called Einstein’s principle of relativity, and they radi-
cally revised our concepts of space and time. Newton’s laws of motion abolish the
concept of absolute space, because according to the laws of motion there is no
absolute standard of rest. The non-existence of absolute rest means that we can-
not give an event an absolute position in space. This in turn means that space is
not absolute. This disturbed Newton, who insisted that there must be some abso-
lute standard of rest for motion, remote stars or the ether system. Absolute space
was finally abolished in its Maxwellian role as the ether. Then absolute time was
abolished by Einstein’s special relativity. We can see this by sending a pulse of
light from one place to another. Since the speed of light is just the distance it has
traveled divided by the time it has taken, in Newtonian theory, different observers
would measure different speeds for the light because time is absolute. Now in
relativity, all observers agree on the speed of light, but they do not agree on the
distance the light has traveled. So they cannot agree on the time it has taken. That
is, time is no longer absolute.

We now come to the Lorentz transformation, and suggest that the reader to
consult books on special relativity for its derivation. For two inertial frames with
their corresponding axes parallel and the relative velocity v along the x;(=x) axis,
the Lorentz transformation has the form:

! .

xp = y(x) 4+ iBxy),
li

Xy = Xp,
li

X3 = X3,

x‘( = ,Y(X4 - iﬁxl)7

where x4 = ict, =v/c, and v = 1/+/1 — ?>. We will drop the two directions
perpendicular to the motion in the following discussion.
For an infinitesimal relative velocity év, the Lorentz transformation reduces to

/ .
X1 = x1 +i68xy,

xé; = X4 — iéﬁxla

where 68 = dv/c, v = 1/4/1 — (68)* ~ 1. In matrix form we have

x| 1 iop X1
X4 - —iop 1 xXq )
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We can express the transformation matrix in exponential form:

Lo\ 10N 0 i
—is 1 (0 1)+6(—i 0>+50’
/10 0 i
i= g=( ).
(0 1>7 (—l 0)

Note that ¢ is the negative of the Pauli spin matrix 6,. Now we have

xl' _(F+ 885 X1
Xé = (I +6p5) A

We can generate a finite transformation by repeating the infinitesimal transforma-
tion N times with N65 = 6:

()=(+5) ()

i i+95 N
N N) ~¢

Now we can expand the exponential in a Maclaurin series:

where

In the limit as N — oo,

& =T +05+ (05)°)2! + (05)° /3! + - --
and, noting that & = 1 and

sinh0 =0+ 6°/31+6° /51 + 6" /7" + -,

cosh@=1+62/21+6* /4 +6°/6! 4 - -
we finally obtain

¢’ = I cosh @ + & sinh 6.
Our finite Lorentz transformation then takes the form:
(x{) B ( cosh § isinhﬁ) <X1>
x3) \ —isinh® coshf )\ x; )’

and ¢ is the generator of the representations of our Lorentz transformation. The
transformation

cosh@ isinh@
—isinh® cosh@
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can be interpreted as the rotation matrix in the complex x;x; plane (Problem
12.16).

It is straightforward to generalize the above discussion to the general case
where the relative velocity is in an arbitrary direction. The transformation matrix
will be a 4 x 4 matrix, instead of a 2 x 2 matrix one. For this general case, we have
to take x,- and x3-axes into consideration.

Problems

12.1.  Show that
(a) the unit element (the identity) in a group is unique, and
(b) the inverse of each group element is unique.

12.2.  Show that the set of complex numbers 1,7, —1, and —i form a group of
order four under multiplication.

12.3. Show that the set of all rational numbers, the set of all real numbers,
and the set of all complex numbers form infinite Abelian groups under
addition.

12.4. Show that the four matrices

() () () ()

form an Abelian group of order four under multiplication.
12.5.  Show that the set of all permutations of three objects

123), 231], 312, 132, 321], [213]

forms a non-Abelian group of order six, with sequential performance as
the law of combination.

12.6. Given two elements 4 and B subject to the relations 4> = B> = E (the
identity), show that:

(a) AB # BA, and
(b) the set of six elements E,A,B,A*, AB, BA form a group.

12.7.  Show that the set of elements 1, 4, 4%,..., 4", A" = 1, where 4 = &*™/"
forms a cyclic group of order n under multiplication.

12.8. Consider the rotations of a line about the z-axis through the angles
/2,7, 37/2, and 27 in the xp plane. This is a finite set of four elements,
the four operations of rotating through 7/2, 7, 37/2, and 2x. Show that
this set of elements forms a group of order four under addition.

12.9. Construct the group multiplication table for the group of Problem 12.2.

12.10. Consider the possible rearrangement of two objects. The operation E,
leaves each object in its place, and the operation I, interchanges the two
objects. Show that the two operations form a group that is isomorphic to
G).
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12.11.

12.12.
12.13.
12.14.

12.15.
12.16.

Next, we associate with the two operations two operators OAEP and OA,I),

which act on the real or complex function f(xy, y1,21; X2, ¥2,2,) with the
following effects:

OAE/,f =/, 0A1,,f(x1;y1,ZuxzaJ/z,Zz) = f(x2, 2,223 %1, ¥1,21)-

Show that the two operators form a group that is isomorphic to G,.
Verify that the multiplication table of S5 has the form:

P, P, Py P, Ps P

P, | Py Ps Py P, Pg P
Ps | Ps Py Py P, P P

Show that an n xn orthogonal matrix has n(n— 1)/2 independent
elements.

Show that the 2 x 2 matrix o, can be obtained from the rotation matrix
R(0) by differentiation at the identity of SO(2), that is, § = 0.

Show that an n x n unitary matrix has n® — 1 independent parameters.
Show that dete?! = ™ where A is any square matrix.

Show that the Lorentz transformation

xi = (%) +i0xy),
X£ = X,
!
X3 = X3,
x5 = y(x4 — iBx;)
corresponds to an imaginary rotation in the x;x; plane. (A detailed dis-

cussion of this can be found in the book Classical Mechanics, by Tai L.
Chow, John Wiley, 1995.)
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Numerical methods

Very few of the mathematical problems which arise in physical sciences and
engineering can be solved analytically. Therefore, a simple, perhaps crude, tech-
nique giving the desired values within specified limits of tolerance is often to be
preferred. We do not give a full coverage of numerical analysis in this chapter; but
some methods for numerically carrying out the processes of interpolation, finding
roots of equations, integration, and solving ordinary differential equations will be
presented.

Interpolation

In the eighteenth century Euler was probably the first person to use the interpola-
tion technique to construct planetary elliptical orbits from a set of observed
positions of the planets. We discuss here one of the most common interpolation
techniques: the polynomial interpolation. Suppose we have a set of observed or
measured data (xg,»0), (X1,1),--., (X4, »s), how do we represent them by a
smooth curve of the form y = f(x)? For analytical convenience, this smooth
curve is usually assumed to be polynomial:

F(x) =ay+ax' + ax* + - + a,x" (13.1)
and we use the given points to evaluate the coefficients ag, ay, ..., a,:

f(x0) = @y + ayxg + arxg + -+ + a,xX5 = ¥,

f(xl):a0+a1x1+(12X%+"'+anx’11:ylﬁ (132)

2
if(xn) =ay+ax, +ax, + -+ aan =Vn-

This provides n+ 1 equations to solve for the n+ 1 coefficients ay, ay,...,a,.
However, straightforward evaluation of coefficients in the way outlined above
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is rather tedious, as shown in Problem 13.1, hence many shortcuts have been
devised, though we will not discuss these here because of limited space.

Finding roots of equations

A solution of an equation f(x) = 0 is sometimes called a root, where f(x) is a real
continuous function. If f(x) is sufficiently complicated that a direct solution may
not be possible, we can seek approximate solutions. In this section we will sketch
some simple methods for determining the approximate solutions of algebraic and
transcendental equations. A polynomial equation is an algebraic equation. An
equation that is not reducible to an algebraic equation is called transcendental.
Thus, tanx — x = 0 and ¢ + 2cos x = 0 are transcendental equations.

Graphical methods

The approximate solution of the equation
f(x)=0 (13.3)

can be found by graphing the function y = f(x) and reading from the graph the
values of x for which y = 0. The graphing procedure can often be simplified by
first rewriting Eq. (13.3) in the form

g(x) = h(x) (13.4)

and then graphing y = g(x) and y = /(x). The x values of the intersection points
of the two curves gives the approximate values of the roots of Eq. (13.4). As an
example, consider the equation

f(x) = x* — 146.25x — 682.5 = 0,
we can graph
y=x° — 146.25x — 682.5
to find its roots. But it is simpler to graph the two curves
y = x> (a cubic)
and
y = 146.25x 4 682.5 (a straight line).

See Fig. 13.1.

There is one drawback of graphical methods: that is, they require plotting
curves on a large scale to obtain a high degree of accuracy. To avoid this, methods
of successive approximations (or simple iterative methods) have been devised, and
we shall sketch a couple of these in the following sections.
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Figure 13.1.

Method of linear interpolation (method of false position)

Make an initial guess of the root of Eq. (13.3), say x,, located between x; and x,,
and in the interval (x|, x,) the graph of y = f(x) has the appearance as shown in
Fig. 13.2. The straight line connecting P, and P, cuts the x-axis at point x3, which
is usually closer to x, than either x; or x,. From similar triangles

X3 — X1 Xp— X

—f(x1) B f(x2) ’

and solving for x; we get

a — xf (%) = x2f(x1)
: fx) —f(x)

Now the straight line connecting the points P; and P, intersects the x-axis at point
x4, which is a closer approximation to x, than x;. By repeating this process we
obtain a sequence of values xs, x4,...,x, that generally converges to the root of
the equation.

The iterative method described above can be simplified if we rewrite Eq. (13.3)
in the form of Eq. (13.4). If the roots of

glx)=c (13.5)

can be determined for every real ¢, then we can start the iterative process as
follows. Let x; be an approximate value of the root x4 of Eq. (13.3) (and, of
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Figure 13.2.

course, also equation 13.4). Now setting x = x; on the right hand side of Eq.
(13.4) we obtain the equation

g(x) = h(x), (13.6)

which by hypothesis we can solve. If the solution is x,, we set x = x, on the right
hand side of Eq. (13.4) and obtain

g(x) = h(xa). (13.7)
By repeating this process, we obtain the nth approximation
g(x) = h(x, ). (13.8)

From geometric considerations or interpretation of this procedure, we can see
that the sequence xy,x,,...,x, converges to the root x =0 if, in the interval
2|x; — xo| centered at xg, the following conditions are met:

(1) g'() > i ()] and 129)
(2) The derivatives are bounded. '

Example 13.1
Find the approximate values of the real roots of the transcendental equation

e —4x=0.

Solution: Let g(x) = x and &(x) = ¢*/4, so the original equation can be rewrit-
ten as

x=e"/4.
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Figure 13.3.

According to Eq. (13.8) we have
Xpp1 =€ /4, n=1,2,3,.... (13.10)

There are two roots (see Fig. 13.3), with one around x = 0.3. If we take it as x,
then we have, from Eq. (13.10)

X, = €% /4 = 0.3374,
X3 = €% /4 = 0.3503,
x4 = €7 /4 =0.3540,
x5 =" /4 =0.3565,
Xg = 55 /4 = 0.3571,
x7 =" /4 = 0.3573.

The computations can be terminated at this point if only three-decimal-place
accuracy is required.

The second root lies between 2 and 3. As the slope of y = 4x is less than that of
y = €%, the first condition of Eq. (13.9) cannot be met, so we rewrite the original
equation in the form

e* =4x, or x=Ilogdx
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and take g(x) = x, h(x) = log 4x. We now have
Xp41 =logdx,, n=12,....

If we take x; = 2.1, then

X, = log 4x; = 2.12823,

x3 = log 4x, = 2.14158,

x4 = log 4x; = 2.14783,

x5 = log 4x4 = 2.15075,

x¢ = log 4x5; = 2.15211,

x7 = log 4xs = 2.15303,

xg = log 4x; = 2.15316,

and we see that the value of the root correct to three decimal places is 2.153.

Newton’s method

In Newton’s method, the successive terms in the sequence of approximate values
X1, X2, ...,X, that converges to the root is obtained by the intersection with the x-
axis of the tangent line to the curve y = f(x). Fig. 13.4 shows a portion of the
graph of f(x) close to one of its roots, xy. We start with x;, an initial guess of the
value of the root x,. Now the equation of the tangent line to y = f(x) at P; is

.V_f(xl)f/(xl)(x_xl)' (13.11)

This tangent line intersects the x-axis at x, that is a better approximation to the
root than x;. To find x,, we set y =0 in Eq. (13.11) and find

Xy = X _f(xl)/fl(xl)

Figure 13.4.
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provided f'(x;) # 0. The equation of the tangent line at P, is
y=f(x) =/"(x)(x = x)

and it intersects the x-axis at xj:

X3 = X —f(xz)/f/(xz)~

This process is continued until we reach the desired level of accuracy. Thus, in
general

f(xﬂ)
=X, — =1,2,....
Xn+1 Xn f/(x”) ) n 5 &
Newton’s method may fail if the function has a point of inflection, or other bad

behavior, near the root. To illustrate Newton’s method, let us consider the follow-
ing trivial example.

(13.12)

Example 13.2
Solve, by Newton’s method, xX—2=0.

Solution: Here we have y = x> — 2. If we take x; = 1.5 (note that 1 < 2!/3 < 3),
then Eq. (13.12) gives

x, = 1296296296,
x; = 1260932225,
x4 = 1259921861,
x5 = 1.25992105

repetition.
x¢ = 1.25992105

Thus, to eight-decimal-place accuracy, 2173 = 1.25992105.
When applying Newton’s method, it is often convenient to replace f”'(x,) by

f(xn + 6) _f(xn)
6 )
with 6 small. Usually 6 = 0.001 will give good accuracy. Eq. (13.12) then reads

Of (x)
f(xn + 5) _f(xn) ’

n=12 ... (13.13)

Xnyl = Xp —

Example 13.3
Solve the equation x* — 2 = 0.
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Solution: Here f(x) = x> — 2. Take x; = 1 and § = 0.001, then Eq. (13.13) gives
X, = 1.499750125,
x3 = 1.416680519,
x4 = 1.414216580,
x5 = 1.414213563,
x¢ = 1.414113562
Xo = X7
x7 = 1.414113562

Numerical integration

Very often definite integrations cannot be done in closed form. When this happens
we need some simple and useful techniques for approximating definite integrals.
In this section we discuss three such simple and useful methods.

The rectangular rule

The reader is familiar with the interpretation of the definite integral f: f(x)dx as
the area under the curve y = f(x) between the limits x = ¢ and x = b:

b n
f(x)dx = Z Sle)(xi — xi1),
a i=1

where x;,_; < qa; <Xx;, a=Xx) <Xx; <X, <---<Xx,=b. We can obtain a good
approximation to this definite integral by simply evaluating such an area under
the curve y = f(x). We can divide the interval ¢ < x < b into » subintervals of
length i = (b — a)/n, and in each subinterval, the function f(«;) is replaced by a

Figure 13.5.
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straight line connecting the values at each head or end of the subinterval (or at the
center point of the interval), as shown in Fig. 13.5. If we choose the head,
«; = x;_1, then we have

b
L/fWWX%MM+yH~~+%4L (13.14)

where yo = f(x0), y1 =f(x1), ..., Yp—1 =S (x,_1). This method is called the rec-
tangular rule.

It will be shown later that the error decreases as n°. Thus, as n increases, the
error decreases rapidly.

The trapezoidal rule

The trapezoidal rule evaluates the small area of a subinterval slightly differently.
The area of a trapezoid as shown in Fig. 13.6 is given by

Sh(Y| + Yy).

Thus, applied to Fig. 13.5, we have the approximation

X b—a
/fmﬁ%(n)6m+n+b+m+n4+ﬁﬂ (13.15)

What are the upper and lower limits on the error of this method? Let us first
calculate the error for a single subinterval of length A(= (b — a)/n). Writing
X; +h =z and ¢;(z) for the error, we have

/f =5 ity +elz),

/

\ =

h

Figure 13.6.
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o2 = [ 1051100 - 1)
= [ a2 ) -G

Differentiating with respect to z:
ei(z) =f(2) = [f (x) +£(2)]/2 = (z = x) f'(2) /2.
Differentiating once again,
ef'(z) = —(z = x;)f"(2)/2-
If m; and M; are, respectively, the minimum and the maximum values of /" (z) in
the subinterval [x;, z], we can write
Z—X;

2

m; S 75[.”(2) < ﬂ

M;.
— 2 1

Anti-differentiation gives

(Z - xi)2 ) /
4

Anti-differentiation once more gives

3
%’fni < —&i(2) <
or, since z — x; = h,

n n
pMisE S EMi-

If m and M are, respectively, the minimum and the maximum of f”(z) in the
interval [a, b] then
& n
o< —g < — .
oM s E,fle for all i
Adding the errors for all subintervals, we obtain
e 3

h
_ < e <
12nm_ a_lan

or, since h = (b — a)/n,

« o b—ay 13.16
R D (13.16)

468



NUMERICAL SOLUTIONS OF DIFFERENTIAL EQUATIONS

Thus, the error decreases rapidly as n increases, at least for twice-differentiable
functions.

Simpson’s rule

Simpson’s rule provides a more accurate and useful formula for approximating a
definite integral. The interval a < x < b is subdivided into an even number of
subintervals. A parabola is fitted to points a, a + h, a + 2h; another to a + 24,
a+ 3h, a+ 4h; and so on. The area under a parabola, as shown in Fig. 13.7, is
(Problem 13.8)

h
5()’1 +4y; + y3).

Thus, applied to Fig. 13.5, we have the approximation

b
h
/f(X)dx%§(yo+4y1 +2y+4y3+2ps+ -+ 200 H 4y + ), (13.17)
a

with n even and h = (b — a)/n.

The analysis of errors for Simpson’s rule is fairly involved. It has been shown
that the error is proportional to 4* (or inversely proportional to n*).

There are other methods of approximating integrals, but they are not so simple
as the above three. The method called Gaussian quadrature is very fast but more
involved to implement. Many textbooks on numerical analysis cover this method.

Numerical solutions of differential equations

We noted in Chapter 2 that the methods available for the exact solution of differ-
ential equations apply only to a few, principally linear, types of differential equa-
tions. Many equations which arise in physical science and in engineering are not
solvable by such methods and we are therefore forced to find ways of obtaining
approximate solutions of these differential equations. The basic idea of approxi-
mate solutions is to specify a small increment / and to obtain approximate values
of a solution y = y(x) at xq, xo + &, xo +2h,. ...

N 2

Figure 13.7.
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The first-order ordinary differential equation

dy
- = 13.18
gy = (), (13.18)
with the initial condition y = y, when x = x,, has the solution
y—Yo= / S, y(t))dt. (13.19)
Xo

This integral equation cannot be evaluated because the value of y under the
integral sign is unknown. We now consider three simple methods of obtaining
approximate solutions: Euler’s method, Taylor series method, and the Runge—
Kutta method.

Euler’s method

Euler proposed the following crude approach to finding the approximate solution.
He began at the initial point (xg, yy) and extended the solution to the right to the
point x; = xo + h, where & is a small quantity. In order to use Eq. (13.19) to
obtain the approximation to y(x;), he had to choose an approximation to f/ on
the interval [xg,x;]. The simplest of all approximations is to use f(z,y(¢)) =
f(xq,¥0). With this choice, Eq. (13.19) gives

y(x1) = yo + / lf(XoJ/o)a’f = Yo +f (X0, 0) (X1 — X0)-

Letting y; = y(x;), we have

y1 = Yo+ (x0,0)(x1 — Xp). (13.20)

From y,,y{ = f(x,y,) can be computed. To extend the approximate solution

further to the right to the point x, = x; + /4, we use the approximation:
f(t,y(t)) = y{ = f(x1,¥1). Then we obtain

y2=y(x) =y + ‘/"zf(xlayl)dt =1+ (x5, 01) (6 = x9).

Continuing in this way, we approximate ys, y4, and so on.

There is a simple geometrical interpretation of Euler’s method. We first note
that f(xy, ) = »'(xy), and that the equation of the tangent line at the point
(x0,¥0) to the actual solution curve (or the integral curve) y = y(x) is

y—3o= / () dt = £ (%, 70)(x — 0)-

Comparing this with Eq. (13.20), we see that (x;, y;) lies on the tangent line to the
actual solution curve at (xy, yo). Thus, to move from point (xg, yo) to point (x;, y;)
we proceed along this tangent line. Similarly, to move to point (x,, y,) we proceed
parallel to the tangent line to the solution curve at (x;, y;), as shown in Fig. 13.8.
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Table 13.1.

X y (Euler) y (actual)
1.0 3 3

1.1 34 3.43137
1.2 3.861 3.93122
1.3 4.3911 4.50887
14 4.99921 5.1745
1.5 5.69513 5.93977
1.6 6.48964 6.81695
1.7 7.39461 7.82002
1.8 8.42307 8.96433
1.9 9.58938 10.2668
2.0 10.9093 11.7463

The merit of Euler’s method is its simplicity, but the successive use of the
tangent line at the approximate values yy, y,, ... can accumulate errors. The accu-
racy of the approximate vale can be quite poor, as shown by the following simple
example.

Example 13.4
Use Euler’s method to approximate solution to

y'=x*+y, (1) =3 on interval [1,2].

Solution: Using h = 0.1, we obtain Table 13.1. Note that the use of a smaller
step-size h will improve the accuracy.

Euler’s method can be improved upon by taking the gradient of the integral
curve as the means of obtaining the slopes at x;, and x, + &, that is, by using the

y
"k (xl/’ijl)
VN -
4 S e
L // S oo P
[ 6232 05
. 272 (x3,3)
Yo~
| | | | ¥
X0 X1 X2 X3
Figure 13.8.
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approximate value obtained for y;, we obtain an improved value, denoted by

iy
1)y = yo +3{f(x0,30) +f (0 + 1, 31)}- (13.21)

This process can be repeated until there is agreement to a required degree of
accuracy between successive approximations.

The three-term Taylor series method

The rationale for this method lies in the three-term Taylor expansion. Let y be the
solution of the first-order ordinary equation (13.18) for the initial condition
¥ =Yy when x = xq and suppose that it can be expanded as a Taylor series in
the neighborhood of x;. If y =y, when x = x; + A&, then, for sufficiently small
values of h, we have

dy\ K [(d*y wo(dy
y1y0+h(d> o <de> 3 (d >0+~~. (13.22)
Now
dy
Ef.f(xvy)v
dy of dvof of  Lof
o2 o Tavay ox oy
and

3
% ( +f )(f+ff)

of ofof o of zazf
“o ooy faxa +f< >+f |
Equation (13.22) can be rewritten as
hz 8 X0, a ' X0,
yi=yo+hf(x0,30) += 3 [% +f(xo,J’o)ﬂ870yyO)},

where we have dropped the #° term. We now use this equation as an iterative
equation:

_ : 1 [0f (xuva) f (X, 7)
Yn+1 = Vn + hf(xmyn) + 3 [T +f(xnvyn) Ty:l (1323)

That is, we compute y; = y(xy + h) from yq, y» = y(x; + h) from y; by replacing x
by x,, and so on. The error in this method is proportional #*. A good approxima-
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Table 13.2.

n Xn Yn Yn+1
0 1.0 -2.0 -2.1
1 1.1 -2.1 2.2
2 1.2 2.2 -2.3
3 1.3 -2.3 24
4 1.4 -24 -2.5
5 1.5 -2.5 -2.6

tion can be obtained for y, by summing a number of terms of the Taylor’s
expansion. To illustrate this method, let us consider a very simple example.

Example 13.5
Find the approximate values of y; through y;, for the differential equation
y" = x + y, with the initial condition x, = 1.0 and y = —2.0.

Solution: Now f(x,y) =x+y, 0f/0x =0f/dy =1 and Eq. (13.23) reduces to
2

h
Y1 = Vn —i—h(x” +yn) +?(1 + X, +yn)

Using this simple formula with 4 = 0.1 we obtain the results shown in Table 13.2.

The Runge—Kutta method

In practice, the Taylor series converges slowly and the accuracy involved is not
very high. Thus we often resort to other methods of solution such as the Runge—
Kutta method, which replaces the Taylor series, Eq. (13.23), with the following
formula:

YVt :ynJrg(kl + 4k + ks3), (13.24)
where
ky = f (X, ), (13.24a)
ko =f(x,+h/2, y, + hk/2), (13.24b)
ks = f(x, + h,yo + 2hky — hky). (13.24c¢)

This approximation is equivalent to Simpson’s rule for the approximate
integration of f(x,y), and it has an error proportional to h*. A beauty of the
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Runge—Kutta method is that we do not need to compute partial derivatives, but it
becomes rather complicated if pursued for more than two or three steps.

The accuracy of the Runge—Kutta method can be improved with the following
formula:

Yt :yn+§(k1 + 2ky + 2ks + ky), (13.25)
where
ky = f(Xu V), (13.25a)
ko =f(x,+h/2,y, + hk,/2), (13.25b)
ky = f(x, + h,yo + hky/2), (13.25¢)
ks =f(x, + hyy, + hk3). (13.25d)

With this formula the error in y,,; is of order ",
You may wonder how these formulas are established. To this end, let us go
back to Eq. (13.22), the three-term Taylor series, and rewrite it in the form

y1 = yo+ hfy + (1/2)*(Ag + foBy) + (1/6)1*(Cy + 24Dy + /5 Eo
+ AyBy + foBY) + O(h*), (13.26)

where

of of oS > o
A= B = -7 D = E=—-2,
ox’ ay’ ¢ ox?*’ Ox0y’ oy?

and the subscript 0 denotes the values of these quantities at (xg, yo)-
Now let us expand ki, k,, and k3 in the Runge—Kutta formula (13.24) in powers
of h in a similar manner:

ki = hf (xo,0),
ky =f(xo+h/2,y0 + kih/2),

1 1
=fo+ ih(Ao +foBo) + ghz(co +2fuDo + fo Eo) + O().

Thus
2ky —ky =fo + h(A4g + foBy) + - -
and
(i (2%, - k1>) s (d—z 2%k, — k, >) = 2(do +/oBo).
dh o i -
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Then
k3 :f(XO + h,y() + thz — hkl)
= fo + h(Ay + foBo) + (1/2)h*{Cy + 2/oDg + f5 Eg + 2Bo(Ag + foBo)}
+0(n).

and

(1/6)(ky + 4hy + k3) = hfy + (1/2)*(Ag + /o Bo)

+ (1/6)° (Co + 2foDo + f5 Eg + Ao By + fyBg) + O(i*).

Comparing this with Eq. (13.26), we see that it agrees with the Taylor series

expansion (up to the term in 4*) and the formula is established. Formula (13.25)

can be established in a similar manner by taking one more term of the Taylor
series.

Example 13.6
Using the Runge—Kutta method and /# = 0.1, solve

¥y =x-y/10; x=0, yy=1

Solution: With h=0.1, h* = 0.0001 and we may use the Runge-Kutta third-
order approximation.

First step: xo=0, yo=0, fo =—0.1,
ky = —0.1, yo + hk, /2 = 0.995,
k2 = —0049, 2k2 - kl = 0002, k3 = 0,

h
Y1 =1Yo +g(k1 + 4k, + ki) = 0.9951.

Second step: x; =xy+h=0.1, y; =0.9951, f; = 0.001,
ky, = 0.051, 2k, — k; = 0.101, k3 = 0.099,

h
»2 = +g(k1 + 4k, 4 ky) = 1.0002.

Third step: X, =x;,+h=02, y, =1.0002, 5 =0.1,
ki =0.1, yo + hk /2 = 1.0052,
ky =0.149, 2k, — k; = 0.198, k3 = 0.196,

;
y3=w +é(k1 ¥ 4k, 1 k) = 1.0151.
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Equations of higher order. System of equations

The methods in the previous sections can be extended to obtain numerical solu-
tions of equations of higher order. An nth-order differential equation is equivalent
to n first-order differential equations in n + 1 variables. Thus, for instance, the
second-order equation

=1y, (13.27)
with initial conditions
(o) =y, ¥'(x0) = ¥5, (13.28)
can be written as a system of two equations of first order by setting
vy =u, (13.29)
then Egs. (13.27) and (13.28) become
u' = f(x,y,u), (13.30)
y(x0) =0, u(xg) = up. (13.31)

The two first-order equations (13.29) and (13.30) with the initial conditions
(13.31) are completely equivalent to the original second-order equation (13.27)
with the initial conditions (13.28). And the methods in the previous sections for
determining approximate solutions can be extended to solve this system of two
first-order equations. For example, the equation

y'-y=2,
with initial conditions
»(0)=~1, »'(0)=1,
is equivalent to the system
yi=x+u u=1+y,
with
y(0)=—1, u(0)=1.

These two first-order equations can be solved with Taylor’s method (Problem
13.12).

The simple methods outlined above all have the disadvantage that the error in
approximating to values of y is to a certain extent cumulative and may become
large unless some form of checking process is included. For this reason, methods
of solution involving finite difference are devised, most of them being variations of
the Adams—Bashforth method that contains a self-checking process. This method
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is quite involved and because of limited space we shall not cover it here, but it is
discussed in any standard textbook on numerical analysis.

Least-squares fit

We now look at the problem of fitting of experimental data. In some experimental
situations there may be underlying theory that suggests the kind of function to be
used in fitting the data. Often there may be no theory on which to rely in selecting
a function to represent the data. In such circumstances a polynomial is often used.
We saw earlier that the m + 1 coefficients in the polynomial

y:a0+a1x+"'+amxm

can always be determined so that a given set of m + 1 points (x;, y;), where the xs
may be unequal, lies on the curve described by the polynomial. However, when
the number of points is large, the degree m of the polynomial is high, and an
attempt to fit the data by using a polynomial is very laborious. Furthermore, the
experimental data may contain experimental errors, and so it may be more
sensible to represent the data approximately by some function y = f(x) that
contains a few unknown parameters. These parameters can then be determined
so that the curve y = f(x) fits the data. How do we determine these unknown
parameters?

Let us represent a set of experimental data (x;, y;), where i = 1,2, ..., n, by some
function y = f(x) that contains r parameters a;,a,, ...,a,. We then take the
deviations (or residuals)

di = f(x;) = yi (13.32)

and form the weighted sum of squares of the deviations
S =Y wild) = wlr ) -y, (13.33)
i=1 i=1

where the weights w; express our confidence in the accuracy of the experimental
data. If the points are equally weighted, the ws can all be set to 1.

It is clear that the quantity S is a function of as: S = S(ay,a,,...,a.). We can
now determine these parameters so that S is a minimum:

oS _, 0S_, S

— = —=0,..., —=0. 13.34
Oa, " Oay " Da, 0 (13.34)

The set of r equations (13.34) is called the normal equations and serves to
determine the r unknown as in y = f(x). This particular method of determining
the unknown as is known as the method of least squares.
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We now illustrate the construction of the normal equations with the simplest

case: y = f(x) is a linear function:
y=a; + ax. (13.35)
The deviations d; are given by

d; = (a + ax) — y;

and so, assuming w; = 1

n
S :Zd? = (a1 + ax; = 01)* + (@ + axy = p2)* + -+ + (a1 + arx, — y,)".
p

We now find the partial derivatives of S with respect to a; and a, and set these to
Zero:

08/0a, = 2(a; + ax, — y1) + 2(a; + ayx; — y5) + -+ 2(a; + arx, — y,) =0,
0S/0ay = 2x1(a) + ayx; — y1) + 2x3(ay + ayxy — y2) + - 4 2x,(ay + arx, — y,)
=0.

Dividing out the factor 2 and collecting the coefficients of a; and a,, we obtain

na; + <zn:x,> ay = zn:yl, (13.36)
i=1 i=1

(i x,-> a, + (i x,2> a = ix,-y,—. (13.37)
i1 i1 i1

These equations can be solved for a; and a,.

Problems

13.1. Given six points (—1,0), (-0.8,2), (-0.6,1), (—0.4,—1), (—0.2,0), and
(0, —4), determine a smooth function y = f(x) such that y; = f(x;).
13.2.  Find an approximate value of the real root of

x—tanx =0

near x = 37/2.

13.3. Find the angle subtended at the center of a circle by an arc whose length is
double the length of the chord.

13.4.  Use Newton’s method to solve

& — X} 4+3x—4=0,
with x, = 0 and /4 = 0.001.
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13.5.

13.6.

13.7

13.8.

13.9.

13.10.

13.11.

13.12.

13.13.

Use Newton’s method to find a solution of
sin(x* +2) = 1/x,
with xo = 1 and 2 = 0.001.

Approximate the following integrals using the rectangular rule, the
trapezoidal rule, and Simpson’s rule, with n = 2,4, 10, 20, 50:

(a) / e~ sin(x? + 1)dx;

sin(x?) + 3x — 2
(0 / T

O[5
0 /2 —sin®x
Show that the area under a parabola, as shown in Fig. 13.7, is given by
h
A= g(yl +4yy + 13).

Using the improved Euler’s method, find the value of y when x = 0.2 on
the integral curve of the equation y’ = x? — 2y through the point x = 0,
y=1.

Using Taylor’s method, find correct to four places of decimals values of y
corresponding to x = 0.2 and x = —0.2 for the solution of the differential
equation

dy/dx = x — /10,
with the initial condition y = 1 when x = 0.
Using the Runge—Kutta method and 4 = 0.1, solve

y' =x* —sin(y?), xo=1and y,=4.7.
Using the Runge—Kutta method and /# = 0.1, solve
y' =ye ™, xo=1and y,=3.
Using Taylor’s method, obtain the solution of the system

yi=x+u u=1+y
with

Find to four places of decimals the solution between x = 0 and x = 0.5 of
the equations

=i Hw), w =107 ),
with y = u =1 when x = 0.
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13.14. Find to three places of decimals a solution of the equation
¥+ 2y — 4y =0,

with y = " = 1 when x = 0.
13.15. Use Eqgs. (13.36) and (13.37) to calculate the coefficients in y = a; 4+ a,x to
fit the following data: (x,y) = (1,1.7),(2,1.8),(3,2.3),(4,3.2).
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14

Introduction to probability theory

The theory of probability is so useful that it is required in almost every branch of
science. In physics, it is of basic importance in quantum mechanics, kinetic theory,
and thermal and statistical physics to name just a few topics. In this chapter the
reader is introduced to some of the fundamental ideas that make probability
theory so useful. We begin with a review of the definitions of probability, a
brief discussion of the fundamental laws of probability, and methods of counting
(some facts about permutations and combinations), probability distributions are
then treated.

A notion that will be used very often in our discussion is ‘equally likely’. This
cannot be defined in terms of anything simpler, but can be explained and illu-
strated with simple examples. For example, heads and tails are equally likely
results in a spin of a fair coin; the ace of spades and the ace of hearts are equally
likely to be drawn from a shuffled deck of 52 cards. Many more examples can be
given to illustrate the concept of ‘equally likely’.

A definition of probability

Now a question that arises naturally is that of how shall we measure the
probability that a particular case (or outcome) in an experiment (such as the
throw of dice or the draw of cards) out of many equally likely cases that will
occur. Let us flip a coin twice, and ask the question: what is the probability of it
coming down heads at least once. There are four equally likely results in flipping a
coin twice: HH, HT, TH, TT, where H stands for head and T for tail. Three of the
four results are favorable to at least one head showing, so the probability of
getting one head is 3/4. In the example of drawn cards, what is the probability
of drawing the ace of spades? Obviously there is one chance out of 52, and the
probability, accordingly, is 1/52. On the other hand, the probability of drawing an
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ace is four times as great —4/52, for there are four aces, equally likely. Reasoning
in this way, we are led to give the notion of probability the following definition:

If there are N mutually exclusive, collective exhaustive, and
equally likely outcomes of an experiment, and n of these are
favorable to an event A, then the probability p(4) of an event
Aisn/N: p=n/N, or

number of outcomes favorable to 4
p(4) =
We have made no attempt to predict the result, just to measure it. The definition
of probability given here is often called a posteriori probability.

The terms exclusive and exhaustive need some attention. Two events are said to
be mutually exclusive if they cannot both occur together in a single trial; and the
term collective exhaustive means that all possible outcomes or results are enum-
erated in the N outcomes.

If an event is certain not to occur its probability is zero, and if an event is
certain to occur, then its probability is 1. Now if p is the probability that an event
will occur, then the probability that it will fail to occur is 1 — p, and we denote it
by ¢:

14.1
total number of results ( )

qg=1-p. (14.2)

If p is the probability that an event will occur in an experiment, and if the
experiment is repeated M times, then the expected number of times the event will
occur is Mp. For sufficiently large M, Mp is expected to be close to the actual
number of times the event will occur. For example, the probability of a head
appearing when tossing a coin is 1/2, the expected number of times heads appear
is 4 x 1/2 or 2. Actually, heads will not always appear twice when a coin is tossed
four times. But if it is tossed 50 times, the number of heads that appear will, on the
average, be close to 25 (50 x 1/2 = 25). Note that closeness is computed on a
percentage basis: 20 is 20% of 25 away from 25 while 1 is 50% of 2 away from 2.

Sample space

The equally likely cases associated with an experiment represent the possible out-
comes. For example, the 36 equally likely cases associated with the throw of a pair
of dice are the 36 ways the dice may fall, and if 3 coins are tossed, there are 8
equally likely cases corresponding to the 8 possible outcomes. A list or set that
consists of all possible outcomes of an experiment is called a sample space and
each individual outcome is called a sample point (a point of the sample space).
The outcomes composing the sample space are required to be mutually exclusive.
As an example, when tossing a die the outcomes ‘an even number shows’ and
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‘number 4 shows’ cannot be in the same sample space. Often there will be more
than one sample space that can describe the outcome of an experiment but there is
usually only one that will provide the most information. In a throw of a fair die,
one sample space is the set of all possible outcomes {1, 2, 3, 4, 5, 6}, and another
could be {even} or {odd}.

A finite sample space is one that has only a finite number of points. The points
of the sample space are weighted according to their probabilities. To see this, let
the points have the probabilities

P1;P2y---5 PN
with
ptptt+py=1

Suppose the first n sample points are favorable to another event A. Then the
probability of A4 is defined to be

p(A)=pi+pr+-- 4y

Thus the points of the sample space are weighted according to their probabilities.
If each point has the sample probability 1/n, then p(A4) becomes

and this definition is consistent with that given by Eq. (14.1).

A sample space with constant probability is called uniform. Non-uniform sam-
ple spaces are more common. As an example, let us toss four coins and count the
number of heads. An appropriate sample space is composed of the outcomes

0 heads, 1 head, 2 heads, 3 heads, 4 heads,

with respective probabilities, or weights
1/16, 4/16, 6/16, 4/16, 1/16.

The four coins can fall in 2 x 2 x 2 x 2 = 2%, or 16 ways. They give no heads (all
land tails) in only one outcome, and hence the required probability is 1/16. There
are four ways to obtain 1 head: a head on the first coin or on the second coin, and
so on. This gives 4/16. Similarly we can obtain the probabilities for the other
cases.

We can also use this simple example to illustrate the use of sample space. What
is the probability of getting at least two heads? Note that the last three sample
points are favorable to this event, hence the required probability is given by

6 4 1 11

6 16716 16
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Methods of counting

In many applications the total number of elements in a sample space or in an
event needs to be counted. A fundamental principle of counting is this: if one
thing can be done in n different ways and another thing can be done in m different
ways, then both things can be done together or in succession in mn different ways.
As an example, in the example of throwing a pair of dice cited above, there are 36
equally like outcomes: the first die can fall in six ways, and for each of these the
second die can also fall in six ways. The total number of ways is

64+6+6+6+6+6=6x6=36

and these are equally likely.

Enumeration of outcomes can become a lengthy process, or it can become a
practical impossibility. For example, the throw of four dice generates a sample
space with 6* = 1296 elements. Some systematic methods for the counting are
desirable. Permutation and combination formulas are often very useful.

Permutations

A permutation is a particular ordered selection. Suppose there are n objects and r
of these objects are arranged into r numbered spaces. Since there are n ways of
choosing the first object, and after this is done there are n — 1 ways of choosing
the second object, ..., and finally » — (r — 1) ways of choosing the rth object, it
follows by the fundamental principle of counting that the number of different
arrangements or permutations is given by

Po=nn—1)n-=2)---(n—r+1). (14.3)
where the product on the right-hand side has r factors. We call , P, the number of
permutations of n objects taken r at a time. When r = n, we have

Pr=nn—1)n-2)---1=nl
We can rewrite , P, in terms of factorials:

I1Pr:n(n_1)(n_2)(n_r+1)
—nn—1)(n—2)-(n—r+1) Z

n!
(n—r)!"
When r =n, we have ,P, = n!/(n —n)! = n!/0!. This reduces to n! if we have
0! = 1 and mathematicians actually take this as the definition of 0!.

Suppose the n objects are not all different. Instead, there are n; objects of one
kind (that is, indistinguishable from each other), n, that is of a second kind, . .., n;
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of a kth kind so that n; + n, 4+ --- 4+ n, = n. A natural question is that of how
many distinguishable arrangements are there of these n objects. Assuming that
there are N different arrangements, and each distinguishable arrangement appears
ny!, m!, ... times, where n;! is the number of ways of arranging the n; objects,
similarly for n,!,...,n!. Then multiplying N by n;!n,!,... n! we obtain the
number of ways of arranging the n objects if they were all distinguishable, that
is, ,P, = n:

Nn'ny!---n! = n! or N =n!/(n'ny!...nt).
N is often written as , P, ,, ,,and then we have

n!
WP,

nmny.y

_ (14.4)
nlny! -yl

For example, given six coins: one penny, two nickels and three dimes, the number
of permutations of these six coins is

sP1oy = 61/112131 = 60.

Combinations

A permutation is a particular ordered selection. Thus 123 is a different permuta-
tion from 231. In many problems we are interested only in selecting objects with-
out regard to order. Such selections are called combinations. Thus 123 and 231
are now the same combination. The notation for a combination is ,C, which
means the number of ways in which r objects can be selected from n objects
without regard to order (also called the combination of n objects taken r at a
time). Among the ,P, permutations there are r! that give the same combination.
Thus, the total number of permutations of n different objects selected r at a time is

n!
r,C. = P, = =
Hence, it follows that
n!
C=——. 14.5
n>r r'(n _ r)| ( )
It is straightforward to show that
n! n!
C = C,_,
T m=n)! [n=(m—=r)(n—r) "

,C, 1s often written as
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The numbers (14.5) are often called binomial coefficients because they arise in
the binomial expansion

n n n n—1 n n—2_72 n n
(et p)t=at () )Y D

When 7 is very large a direct evaluation of n! is impractical. In such cases we use
Stirling’s approximate formula

n! ~V2mnn'e™".

The ratio of the left hand side to the right hand side approaches 1 as n — oo. For
this reason the right hand side is often called an asymptotic expansion of the left
hand side.

Fundamental probability theorems

So far we have calculated probabilities by directly making use of the definitions; it
is doable but it is not always easy. Some important properties of probabilities will
help us to cut short our computation works. These important properties are often
described in the form of theorems. To present these important theorems, let us
consider an experiment, involving two events 4 and B, with N equally likely
outcomes and let

n; = number of outcomes in which 4 occurs, but not B,
n, = number of outcomes in which B occurs, but not A4,
n3 = number of outcomes in which both 4 and B occur,

ny = number of outcomes in which neither 4 nor B occurs.
This covers all possibilities, hence n; + ny, +n3 +n4 = N.
The probabilities of 4 and B occurring are respectively given by

_hy+ng _ hy+ng

P(A4 P(B 14.6
(=" ey =" (14.6)
the probability of either 4 or B (or both) occurring is
P(A + B) :M7 (14.7)
N
and the probability of both 4 and B occurring successively is
13

P(AB) = —. 14.8
(4B) =22 (143)

Let us rewrite P(AB) as

ns n1+n3 n3
P(AB) =—==—"— .
( ) N N ny +nj
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Now (n; +n3)/N is P(A4) by definition. After 4 has occurred, the only possible
cases are the (n; + n3) cases favorable to 4. Of these, there are n; cases favorable
to B, the quotient n3/(n; + n3) represents the probability of B when it is known
that A occurred, PA(B). Thus we have

P(AB) = P(A)P4(B). (14.9)

This is often known as the theorem of joint (or compound) probability. In words,
the joint probability (or the compound probability) of 4 and B is the product of
the probability that 4 will occur times the probability that B will occur if 4 does.
P ,(B) is called the conditional probability of B given A4 (that is, given that 4 has
occurred).

To illustrate the theorem of joint probability (14.9), we consider the probability
of drawing two kings in succession from a shuffled deck of 52 playing cards. The
probability of drawing a king on the first draw is 4/52. After the first king has
been drawn, the probability of drawing another king from the remaining 51 cards
is 3/51, so that the probability of two kings is

4 y 31
52751 221°
If the events 4 and B are independent, that is, the information that 4 has

occurred does not influence the probability of B, then P,(B) = P(B) and the
joint probability takes the form

P(AB) = P(A)P(B), for independent events. (14.10)

As a simple example, let us toss a coin and a die, and let 4 be the event ‘head
shows” and B is the event ‘4 shows.” These events are independent, and hence the
probability that 4 and a head both show is

P(AB) = P(A)P(B) = (1/2)(1/6) = 1/12.

Theorem (14.10) can be easily extended to any number of independent events
A,B,C,....

Besides the theorem of joint probability, there is a second fundamental relation-
ship, known as the theorem of total probability. To present this theorem, let us go
back to Eq. (14.4) and rewrite it in a slightly different form

n1+n2+ng
PA+B)=——7"—=
(4+8)="11"
omtm+2n3—ny (m+n3) + (np+n3) —n
B N N N
ng+ny np+ny n3
= ——==P(4 P(B) — P(AB
R p(A) 4 P(B) - P(4B)
P(A+ B) = P(A) + P(B) — P(AB). (14.11)
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Figure 14.1.

This theorem can be represented diagrammatically by the intersecting points sets
A and B shown in Fig. 14.1. To illustrate this theorem, consider the simple
example of tossing two dice and find the probability that at least one die gives
2. The probability that both give 2 is 1/36. The probability that the first die gives 2
is 1/6, and similarly for the second die. So the probability that at least one gives 2
is

P(A+B)=1/6+1/6—1/36 =11/36.
For mutually exclusive events, that is, for events 4, B which cannot both occur,

P(AB) =0 and the theorem of total probability becomes
P(A+ B) = P(A) + P(B), for mutually exclusive events. (4.12)

For example, in the toss of a die, ‘4 shows’ (event 4) and ‘5 shows’ (event B) are
mutually exclusive, the probability of getting either 4 or 5 is

P(A+B)=P(A)+PB)=1/6+1/6=1/3.

The theorems of total and joint probability for uniform sample spaces estab-
lished above are also valid for arbitrary sample spaces. Let us consider a finite
sample space, its events E; are so numbered that E, E,, ..., E; are favorable to
A,Ej.y,. .., Eyare favorable to both 4 and B, and E,,. .., E, are favorable to B
only. If the associated probabilities are p;, then Eq. (14.11) is equivalent to the
identity

Pt AP =P+ P D)
R e R ) Rl (N R O

The sums within the three parentheses on the right hand side represent, respec-
tively, P(A)P(B), and P(AB) by definition. Similarly, we have

P(AB) = pjp1 + -+ px

Pj+1 Pk
P ) i pr+ -t Pk

= P(A)P,(B),
which is Eq. (14.9).
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Random variables and probability distributions

As demonstrated above, simple probabilities can be computed from elementary
considerations. We need more efficient ways to deal with probabilities of whole
classes of events. For this purpose we now introduce the concepts of random
variables and a probability distribution.

Random variables

A process such as spinning a coin or tossing a die is called random since it is
impossible to predict the final outcome from the initial state. The outcomes of a
random process are certain numerically valued variables that are often called
random variables. For example, suppose that three dimes are tossed at the
same time and we ask how many heads appear. The answer will be 0, 1, 2, or 3
heads, and the sample space S has 8 elements:

S ={TTT,HTT,THT,TTH, HHT ,HTH, THH , HHH}.

The random variable X in this case is the number of heads obtained and it
assumes the values

0,1,1,1,2,2,2,3.

For instance, X =1 -corresponds to each of the three outcomes:
HTT,THT,TTH. That is, the random variable X can be thought of as a function
of the number of heads appear.

A random variable that takes on a finite or countable infinite number of values
(that is it has as many values as the natural numbers 1,2, 3,...) is called a discrete
random variable while one that takes on a non-countable infinite number of
values is called a non-discrete or continuous random variable.

Probability distributions

A random variable, as illustrated by the simple example of tossing three dimes at
the same time, is a numerical-valued function defined on a sample space. In
symbols,

X(s)=x i=12,...,n, (14.13)

where s; are the elements of the sample space and x; are the values of the random
variable X. The set of numbers x; can be finite or infinite.

In terms of a random variable we will write P(X = x;) as the probability that
the random variable X takes the value x;, and P(X < x;) as the probability that
the random variable takes values less than x;, and so on. For simplicity, we often
write P(X = x;) as p;. The pairs (x;,p;) for i =1,2,3,... define the probability
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distribution or probability function for the random variable X. Evidently any
probability distribution p; for a discrete random variable must satisfy the follow-
ing conditions:

() 0<p <L
(i7) the sum of all the probabilities must be unity (certainty), > ., p; = 1.

Expectation and variance

The expectation or expected value or mean of a random variable is defined in
terms of a weighted average of outcomes, where the weighting is equal to the
probability p; with which x; occurs. That is, if X is a random variable that can take

the values xi,x,,..., with probabilities p;,p,,..., then the expectation or
expected value E(X) is defined by
E(X):P1x1+P2X2+"'=ZPiXi~ (14.14)
i

Some authors prefer to use the symbol p for the expectation value E(X). For the
three dimes tossed at the same time, we have

x;=0 1 2 3
pi=1/8 3/8 3/8 1/8
and

1 3 3 1 3
E(X)=- X 14+=x2+- ==.
(X) 8><0—i—8>< —|—8>< +8><3 5
We often want to know how much the individual outcomes are scattered away
from the mean. A quantity measure of the spread is the difference X — E(X) and
this is called the deviation or residual. But the expectation value of the deviations

is always zero:

E(X —EX)) = Z (xi — E(X))pi = le']’i — E(X) ZP;‘

1

= E(X)— E(X) - 1=0.

This should not be particularly surprising; some of the deviations are positive, and
some are negative, and so the mean of the deviations is zero. This means that the
mean of the deviations is not very useful as a measure of spread. We get around
the problem of handling the negative deviations by squaring each deviation,
thereby obtaining a quantity that is always positive. Its expectation value is called
the variance of the set of observations and is denoted by o’

o® = E[(X — E(X))’] = E[(X — n)’]. (14.15)
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The square root of the variance, o, is known as the standard deviation, and it is
always positive.

We now state some basic rules for expected values. The proofs can be found in
any standard textbook on probability and statistics. In the following ¢ is a con-
stant, X and Y are random variables, and /(X) is a function of X:

(1) E(cX) = cE(X);

(2) E(X+7Y) = E(X)+ E(Y);

(3) E(XY)=E(X)E(Y) (provided X and Y are independent);
4) E(h(X)) = >, h(x;)p; (for a finite distribution).

Special probability distributions

We now consider some special probability distributions in which we will use all
the things we have learned so far about probability.

The binomial distribution

Before we discuss the binomial distribution, let us introduce a term, the Bernoulli
trials. Consider an experiment such as spinning a coin or throw a die repeatedly.
Each spin or toss is called a trial. In any single trial there will be a probability p
associated with a particular event (or outcome). If p is constant throughout (that
is, does not change from one trial to the next), such trials are then said to be
independent and are known as Bernoulli trials.

Now suppose that we have n independent events of some kind (such as tossing a
coin or die), each of which has a probability p of success and probability of

= (1 — p) of failure. What is the probability that exactly m of the events will
succeed? If we select m events from n, the probability that these m will succeed and
all the rest (n —m) will fail is p”'¢"™™. We have considered only one particular
group or combination of m events. How many combinations of m events can be
chosen from n? It is the number of combinations of n things taken m at a time:
,Cn,. Thus the probability that exactly m events will succeed from a group of n is

flm) = P(X = m) = ,Cpp"q" ™

!
_ m'(nn )' Pl71q(n7}n)~ (1416)
This discrete probability function (14.16) is called the binomial distribution for X,
the random variable of the number of successes in the 7 trials. It gives the prob-
ability of exactly m successes in n independent trials with constant probability p.
Since many statistical studies involve repeated trials, the binomial distribution has
great practical importance.

491



INTRODUCTION TO PROBABILITY THEORY

Why is the discrete probability function (14.16) called the binomial distribu-
tion? Since for m =0, 1,2, ..., n it corresponds to successive terms in the binomial
expansion

(G+p)" =q"+.C1d" ' p+,Cod" 0+ 0 =D Cop"
m=0

To illustrate the use of the binomial distribution (14.16), let us find the prob-
ability that a one will appear exactly 4 times if a die is thrown 10 times. Here
n=10,m=4,p=1/6,and g = (1 — p) = 5/6. Hence the probability is

f4) =P(X=4)= % (éy (§>6: 0.0543.

A few examples of binomial distributions, computed from Eq. (14.16), are
shown in Figs. 14.2, and 14.3 by means of histograms.
One of the key requirements for a probability distribution is that

n n
ST ) =3, Cup" g = 1. (14.17)
m=o m=o
To show that this is in fact the case, we note that

n
> uCud" "

m=o

S (m)

0.20

0.05
0.04
0.03
0.02
0.01

012345678 91011121314151617181920 m

Figure 14.2. The distribution is symmetric about m = 10.
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S(m)

0.20

n=20
0.15F p=3/10

0.10

0.05
0.04
0.03
0.02
0.01

01234567 3891011121314151617181920 m

Figure 14.3. The distribution favors smaller value of m.

is exactly equal to the binomial expansion of (¢ + p)". But here ¢+ p =1, so
(¢ +p)" =1 and our proof is established.
The mean (or average) number of successes, /7, is given by

n
m=>3 m,C,p"(1—p)" " (14.18)
m=0

The sum ranges from m = 0 to n because in every one of the sets of trials the same
number of successes between 0 and » must occur. It is similar to Eq. (14.17); the
difference is that the sum in Eq. (14.18) contains an extra factor n. But we can
convert it into the form of the sum in Eq. (14.17). Differentiating both sides of Eq.
(14.17) with respect to p, which is legitimate as the equation is true for all p
between 0 and 1, gives

,ICm[Wlpm_l (1 7p)nfm o (n . Wl)pm(l 7[7)”7’”71] _ 07

where we have dropped the limits on the sum, remembering that m ranges from 0
to n. The last equation can be rewritten as

Zmncmpm*l(l _p)”*m = Z (n - n1)11C)11pm(1 _p)nimil
nZnCmpm(l _p)nimil - Zmncmpm(l _p)n7n171

or
ZmnCanmil(l _p)n—m +p111(1 _p)n—m—l] — nZnCmpm(l _p)n—m—ll
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Now multiplying both sides by p(1 — p) we get
Zmncm[(l _p)pm(l _p)nfm +pm+l(1 _p)nfm] — annCmpm(l _p)nfm'

Combining the two terms on the left hand side, and using Eq. (14.17) in the right
hand side we have

Zmncmpm(l _p)nﬂﬂ = me(m) = np. (1419)

Note that the left hand side is just our original expression for 7, Eq. (14.18). Thus
we conclude that

m=np (14.20)

for the binomial distribution.
The variance o is given by

o> = (m—m)’f(m) =" (m—np)’f(m); (14.21)

here we again drop the summation limits for convenience. To evaluate this sum
we first rewrite Eq. (14.21) as

o’ = Z (m* — 2mnp + n’p?) f (m)
=Y m’f(m) =2np>_mf (m) +n’p* Y f(m).

This reduces to, with the help of Eqs. (14.17) and (14.19),

o’ =Y m’f(m) - (np)*. (14.22)
To evaluate the first term on the right hand side, we first differentiate Eq. (14.19):

> myClmp” (1= p)"™" = (n—m)p" (1 = p)" "] = p,
then multiplying by p(1 — p) and rearranging terms as before
> m,Cup™ (1= p)"™" = np > m,Cpp™ (1 = p)" ™" = np(1 — p).

By using Eq. (14.19) we can simplify the second term on the left hand side and
obtain

> o, Cup" (1= p)"™" = (np)* + np(1 = p)
or
> m’f(m) =np(1 —p+np).
Inserting this result back into Eq. (14.22), we obtain
2

o® =np(1 = p+np) — (np)* = np(1 — p) = npq, (14.23)
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and the standard deviation o;

o= /npq. (14.24)

Two different limits of the binomial distribution for large n are of practical
importance: (1) n — oo and p — 0 in such a way that the product np = A remains
constant; (2) both n and pn are large. The first case will result a new distribution,
the Poisson distribution, and the second cases gives us the Gaussian (or Laplace)
distribution.

The Poisson distribution

Now np = A, so p = \/n. The binomial distribution (14.16) then becomes

f(m):P(XZM):m!(nniim)!(%>m(l—%>nm

_n(n— 1)(11—2)...(11—m—&—1))\’”(1 _)\)nm

m!ln™ n

(1 ~ %) (1 _%> (1 - 1) %”: (1 - 2) (14.25)

Now as n — oo,

while

QR VR

where we have made use of the result

lim (1 + %): .

n—oQo
It follows that Eq. (14.25) becomes

Ne™

flm) = POX = m) = =2

(14.26)

This is known as the Poisson distribution. Note that >~ P(X =m) =1, as it
should.
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The Poisson distribution has the mean

00 m)\me—)\ 0 )\me—)\ 0 )\me—)\
E(X) = Z ml Z(m— 1)! - )\Z m!
m=0 m=1 m=0
A = A" A
= Xe” Z)Ef)\e_ =\, (14.27)
m=

The variance o of the Poisson distribution is

o> = Var(X) = E[(X — E(X)] = E(X*) — [E(X)]’

o0 2ym _—\ 0 m
B m-X"e 2 mA 2
72 m! A= Z(m—l)!iA

m=0 m=1

= e*AAd—dA (M) =N =\ (14.28)

To illustrate the use of the Poisson distribution, let us consider a simple exam-
ple. Suppose the probability that an individual suffers a bad reaction from a flu
injection is 0.001; what is the probability that out of 2000 individuals (a) exactly 3,
(b) more than 2 individuals will suffer a bad reaction? Now X denotes the number
of individuals who suffer a bad reaction and it is binomially distributed. However,
we can use the Poisson approximation, because the bad reactions are assumed to
be rare events. Thus

m_ =\
POC =m) =252 with A = mp = (2000)(0.001) = 2:
23 -2
(@) P(X =3) =5~ =0.18;

(b) P(X >2)=1—[P(X =0)+ P(X = 1) + P(X =2)]

206—2 216—2 22872

B TR o

=1—5¢"2=0.323.

An exact evaluation of the probabilities using the binomial distribution would
require much more labor.
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The Poisson distribution is very important in nuclear physics. Suppose that we
have n radioactive nuclei and the probability for any one of these to decay in a
given interval of time T is p, then the probability that m nuclei will decay in the
interval T is given by the binomial distribution. However, n may be a very large
number (such as 10%°), and p may be the order of 107%°, and it is impractical to
evaluate the binomial distribution with numbers of these magnitudes.
Fortunately, the Poisson distribution can come to our rescue.

The Poisson distribution has its own significance beyond its connection with the
binomial distribution and it can be derived mathematically from elementary con-
siderations. In general, the Poisson distribution applies when a very large number
of experiments is carried out, but the probability of success in each is very small,
so that the expected number of successes is a finite number.

The Gaussian (or normal) distribution

The second limit of the binomial distribution that is of interest to us results when
both n and pn are large. Clearly, we assume that m, n, and n — m are large enough
to permit the use of Stirling’s formula (n! ~ v/2mnn"e™"). Replacing m!, n!, and
(n — m)! by their approximations and after simplification, we obtain

P =m) = ()" (M

n—m n
m/) \n— m) 2am(n —m)’

(14.29)

The binomial distribution has the mean value np (see Eq. (14.20). Now let ¢
denote the deviation of m from np; that is, 6 = m — np. Then n — m = nq — 6,
and Eq. (14.29) becomes

P =m) = \/2mnpq(1 + 61/1117)(1 —&/np) (l * %) . (1 - n%) o

or
—(np+6) —(ng—9)
HXzMA=O+i> O—£> ;
np nq
where
A= \/27rnpq<1 +£) (1 —£>
np nq

Then

log(P(X =m)A) = —(np + 6)log(1 + &/np) — (ng — 6)log(1 — 6/nq).
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Assuming |6] < npgq, so that |6/np| < 1 and |§/ng| < 1, this permits us to write the
two convergent series

Hence

8 F0 -4 S+
2npq 2 x 3n*p*q> 3 x 4n’pig?

log(P(X =m)A) =

Now, if |6] is so small in comparison with npg that we ignore all but the first term
on the right hand side of this expansion and 4 can be replaced by (27rnpq)1/ 2. then
we get the approximation formula

1 !
P(X =m) = me*“/z'lpq. (14.30)
When o = /npq, Eq. (14.30) becomes
1
f(m)=P(X =m) = mﬂz/z(’z. (14.31)

This is called the Guassian, or normal, distribution. It is a very good approxima-
tion even for quite small values of n.

The Gaussian distribution is a symmetrical bell-shaped distribution about its
mean u, and o is a measure of the width of the distribution. Fig. 14.4 gives a
comparison of the binomial distribution and the Gaussian approximation.

The Gaussian distribution also has a significance far beyond its connection with
the binomial distribution. It can be derived mathematically from elementary con-
siderations, and is found to agree empirically with random errors that actually

n=10,p=04

Figure 14.4.
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occur in experiments. Everyone believes in the Gaussian distribution: mathe-
maticians think that physicists have verified it experimentally and physicists
think that mathematicians have proved it theoretically.

One of the main uses of the Gaussian distribution is to compute the probability

my

S f(m)

m=m

that the number of successes is between the given limits m; and m,. Eq. (14.31)
shows that the above sum may be approximated by a sum

1 —82/202
e /20 14.32
Z V2o ( )
over appropriate values of §. Since 6 = m — np, the difference between successive

values of ¢ is 1, and hence if we let z = §/0, the difference between successive
values of z is Az = 1/0. Thus Eq. (14.32) becomes the sum over z,

ZLeiz/zAz. (14.33)
V2T

As Az — 0, the expression (14.33) approaches an integral, which may be evalu-

ated in terms of the function

o) - | L g | / Y (14.34)
zZ)= —e I — —F—— e Z. .
0 V27 V27 Jo

The function (®(z) is related to the extensively tabulated error function, erf(z):

z

erf(z) = \/2%/02 e_zzdz, and ®@(z) = %erf (ﬁ)

These considerations lead to the following important theorem, which we state

without proof: If m is the number of successes in » independent trials with con-

stant probability p, the probability of the inequality

m—np
npq

Z1 S S Zy (1435)

approaches the limit

1 2

—z°/2 _
— e dz = ®(z,) — ®(z 14.36
=) ()~ o) (1430

as n — oo. This theorem is known as Laplace-de Moivre limit theorem.
To illustrate the use of the result (14.36), let us consider the simple example of a
die tossed 600 times, and ask what the probability is that the number of ones will
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be between 80 and 110. Now n =600, p=1/6, g=1—p=15/6, and m varies
from 80 to 110. Hence

7 :%:—2.19 and 7 :%: 1.09.
The tabulated error function gives
O(z;) = ®(1.09) = 0.362,
and
O(z) = ®(—-2.19) = —P(2.19) = —0.486,
where we have made use of the fact that ®(—z) = —®(z), you can check this with

Eq. (14.34). So the required probability is approximately given by
0.362 — (—0.486) = 0.848.

Continuous distributions

So far we have discussed several discrete probability distributions: since measure-
ments are generally made only to a certain number of significant figures, the
variables that arise as the result of an experiment are discrete. However, discrete
variables can be approximated by continuous ones within the experimental error.
Also, in some applications a discrete random variable is inappropriate. We now
give a brief discussion of continuous variables that will be denoted by x. We shall
see that continuous variables are easier to handle analytically.

Suppose we want to choose a point randomly on the interval 0 < x < I, how
shall we measure the probabilities associated with that event? Let us divide
this interval (0, 1) into a number of subintervals, each of length Ax = 0.1 (Fig.
14.5), the point x is then equally likely to be in any of these subintervals. The
probability that 0.3 < x < 0.6, for example, is 0.3, as there are three favorable
cases. The probability that 0.32 < x < 0.64 is found to be 0.64 — 0.32 =0.32
when the interval is divided into 100 parts, and so on. From these we see that
the probability for x to be in a given subinterval of (0, 1) is the length of that
subinterval. Thus

Pla<x<b)=b-—a, 0<a<b<l. (14.37)
\ s |
0 0.3 0.6 1

Figure 14.5.
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The variable x is said to be uniformly distributed on the interval 0 < x < 1.
Expression (14.37) can be rewritten as

b b
P(a<x<b):/ a’x:/ ldx.

For a continuous variable it is customary to speak of the probability density,
which in the above case is unity. More generally, a variable may be distributed
with an arbitrary density f(x). Then the expression

f(z)dz
measures approximately the probability that x is on the interval
z< x<z+dz.

And the probability that x is on a given interval (a, b) is

Pla<x<b)= /bf(x)dx (14.38)

as shown in Fig. 14.6.
The function f(x) is called the probability density function and has the proper-
ties:

(D) f(x) 20, (~c0 < x < oo);

o0
2) / f(x)dx =1, a real-valued random variable must lie between +oc.

The function
F(x)=P(X <x)= /x f(u)du (14.39)

defines the probability that the continuous random variable X is in the interval
(—o0, x), and is called the cumulative distributive function. If f(x) is continuous,
then Eq. (14.39) gives

F'(x) =f(x)
and we may speak of a probability differential dF(x) = f(x)dx.
F)
dx
0 X a b *
Figure 14.6.
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By analogy with those for discrete random variables the expected value or mean
and the variance of a continuous random variable X with probability
density function f(x) are defined, respectively, to be:

E) == [ (14.40)
Var(X) = o® = E(X — p)*) = /_ h (x — p)*f (x)dx. (14.41)

The Gaussian (or normal) distribution

One of the most important examples of a continuous probability distribution is
the Gaussian (or normal) distribution. The density function for this distribution is
given by

Xx) = —e_<x_“’)2/2”2 —00 < x <00 14.42
S(x) ; ;

where p and o are the mean and standard deviation, respectively. The correspond-
ing distribution function is

L
F(x)=P(X <x) = e \WTH du. (14.43)
oV21 J-—x
The standard normal distribution has mean zero (1 = 0) and standard devia-
tion (¢ = 1)

f(z) = ——e 2 (14.44)

Any normal distribution can be ‘standardized’ by considering the substitution
z = (x— p)/oin Eqgs. (14.42) and (14.43). A graph of the density function (14.44),
known as the standard normal curve, is shown in Fig. 14.7. We have also indi-
cated the areas within 1, 2 and 3 standard deviations of the mean (that is between
z=—1and +1, =2 and +2, —3 and +3):

1 ! 2
P(-1<Z<1)=—r | 7 /%dz=0.6827;
- \/271’/—1

1 2
P(-2<Z<2)= 5 / e 7124z = 0.9545;
™S =2

-

1 35
P(—3 <ZzZ< 3) = \/T/ e - /de = 0.9973.
m™J -3
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-3 -2 -1 0 1 2 3
~— 68.27% ——

95.45% ——>

99.73%

Figure 14.7.

The above three definite integrals can be evaluated by making numerical approx-
imations. A short table of the values of the integral

F(x) 1 /X ’2d1( L ’2dz)
= — e = = — e
V2 Jo 2\2m S«
is included in Appendix 3. A more complete table can be found in Tables of

Normal Probability Functions, National Bureau of Standards, Washington, DC,
1953.

The Maxwell-Boltzmann distribution
Another continuous distribution that is very important in physics is the Maxwell—-
Boltzmann distribution

f(x)= 451\/§xze”xz7 0<x<oo, a>0, (14.45)
T

where a = m/2kT, m is the mass, T is the temperature (K), k is the Boltzmann
constant, and x is the speed of a gas molecule.

Problems

14.1 If a pair of dice is rolled what is the probability that a total of 8 shows?

14.2 Four coins are tossed, and we are interested in the number of heads. What
is the probability that there is an odd number of heads? What is the prob-
ability that the third coin will land heads?
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14.3

14.4

14.5

14.6

14.7

14.8

14.9

14.10

14.11

14.12

14.13
14.14
14.15

14.16

14.17

Two coins are tossed. A reliable witness tells us ‘at least 1 coin showed
heads.” What effect does this have on the uniform sample space?
The tossing of two coins can be described by the following sample space:

Event no heads one head two head

Probability 1/4 12 1/4

What happens to this sample space if we know at least one coin showed
heads but have no other specific information?

Two dice are rolled. What are the elements of the sample space? What is the
probability that a total of 8§ shows? What is the probability that at least one
S shows?

A vessel contains 30 black balls and 20 white balls. Find the probability of
drawing a white ball and a black ball in succession from the vessel.

Find the number of different arrangements or permutations consisting of
three letters each which can be formed from the seven letters A, B, C, D, E,
F, G.

It is required to sit five boys and four girls in a row so that the girls occupy
the even seats. How many such arrangements are possible?

A balanced coin is tossed five times. What is the probability of obtaining
three heads and two tails?

How many different five-card hands can be dealt from a shuffled deck of 52
cards? What is the probability that a hand dealt at random consists of five
spades?

(a) Find the constant term in the expansion of (x> + 1/x)12.

(b) Evaluate 50!.

A box contains six apples of which two are spoiled. Apples are selected at
random without replacement until a spoiled one is found. Find the
probability distribution of the number of apples drawn from the box,
and present this distribution graphically.

A fair coin is tossed six times. What is the probability of getting exactly two
heads?

Suppose three dice are rolled simultaneously. What is the probability that
two Ss appear with the third face showing a different number?

Verify that >~ ° ( P(X = m) = 1 for the Poisson distribution.

Certain processors are known to have a failure rate of 1.2%. There are
shipped in batches of 150. What is the probability that a batch has exactly
one defective processor? What is the probability that it has two?

A Geiger counter is used to count the arrival of radioactive particles. Find:
(a) the probability that in time 7 no particles will be counted;

(b) the probability of exactly one count in time z.
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14.18 Given the density function f(x)

2
f(x):{kx 0<x<3

0 otherwise

(a) find the constant k;
(b) compute P(1 < x < 2);
(¢) find the distribution function and use it to find P(1 < x < (2)).
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Appendix 1

Preliminaries (review of
fundamental concepts)

This appendix is for those readers who need a review; a number of fundamental
concepts or theorem will be reviewed without giving proofs or attempting to
achieve completeness.

We assume that the reader is already familiar with the classes of real
numbers used in analysis. The set of positive integers (also known as natural
numbers) 1, 2, ..., n admits the operations of addition without restriction, that
is, they can be added (and therefore multiplied) together to give other positive
integers. The set of integers 0, +1,+2, ..., 4+n admits the operations of addition
and subtraction among themselves. Rational numbers are numbers of the form
p/q, where p and ¢ are integers and ¢ # 0. Examples of rational numbers are 2/3,
—10/7. This set admits the further property of division among its members. The
set of irrational numbers includes all numbers which cannot be expressed as the
quotient of two integers. Examples of irrational numbers are v/2, V11, 7 and any
number of the form m, where a and b are integers which are perfect nth
powers.

The set of real numbers contains all the rationals and irrationals. The important
property of the set of real numbers {x} is that it can be put into (1:1) cor-
respondence with the set of points {P} of a line as indicated in Fig. A.I.

The basic rules governing the combinations of real numbers are:

commutative law: a+b=b+a, a-b=>b-a

associative law: a+b+c)y=(a@+b)+c, a-(b-c)=(a-b) ¢
distributive law: a-(b+c¢)=a-b+a-c

index law d"d'" =d""", d"/d"=d"" (a#0);

where a, b, ¢, are algebraic symbols for the real numbers.

Problem Al.1
Prove that v/2 is an irrational number.
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Figure Al.1.

(Hint: Assume the contrary, that is, assume that v/2 = p/g, where p and ¢ are
positive integers having no common integer factor.)

Inequalities

If x and y are real numbers, x > y means that x is greater than y; and x < y means
that x is less than y. Similarly, x > y implies that x is either greater than or equal
to y. The following basic rules governing the operations with inequalities:

(1) Multiplication by a constant: If x > y, then ax > ay if a is a positive num-
ber, and ax < ay if a is a negative number.

(2) Addition of inequalities: If x,y,u,v are real numbers, and if x > y, and
u>wv, than x+u>y+o.

(3) Subtraction of inequalities: If x >y, and u > v, we cannot deduce that
(x—u)>(y—v). Why? It is evident that (x—u)—(y—v)=
(x —y) — (u — v) is not necessarily positive.

(4) Multiplication of inequalities: If x > y, and u > v, and X, y, u, v are all posi-
tive, then xu > yv. When some of the numbers are negative, then the result is
not necessarily true.

(5) Division of inequalities: x > y and u > v do not imply x/u > y/v.

When we wish to consider the numerical value of the variable x without regard
to its sign, we write |x| and read this as ‘absolute or mod x’. Thus the inequality
|x| < aisequivalent to a < x < + a.

Problem Al.2
Find the values of x which satisfy the following inequalities:

(@) x> —7x* +21x =27 > 0,
(b) |7-13x| <2,

S
(¢) —— > —— . (Warning: cross multiplying is not permitted.)
Sx—17 2x+1

Problem Al.3
If aj,a,...,a, and by,b,,...,b, are any real numbers, prove Schwarz’s
inequality:

(anby + @by + -+ a,b,)” < (al + a3+ -+ d)(BT + b3+ + 1),
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Problem Al.4

Show that
1+1+1+ + ! <1 for all positive int > 1
e i T or all positive integers .
27473 1= P gers n
If xy,x,,...,x, are n positive numbers, their arithmetic mean is defined by
1 & Xi+x++x
A = — = n
> p

k=1
and their geometric mean by

[n
G=1{ ka: VXX T Xy
k=1

where > and [] are the summation and product signs. The harmonic mean H is
sometimes useful and it is defined by

1 11 1/ 1 1

A )

There is a basic inequality among the three means: 4 > G > H, the equality sign
occurring when x| = x, = --- = Xx,,.

Problem Al1.5
If x; and x, are two positive numbers, show that 4 > G > H.

Functions

We assume that the reader is familiar with the concept of functions and the
process of graphing functions.
A polynomial of degree # is a function of the form

f(x) =pu(x) = apx" + a)x" ' + ax" 2 + - +a, (a; = constant, ay # 0).
A polynomial can be differentiated and integrated. Although we have written
a; = constant, they might still be functions of some other variable independent

of x. For example,
7333 £sine? + Vix +1

is a polynomial function of x (of degree 3) and each of the as is a function of a
certain variable #: ay = 3, a, =sint,a, = l]/z,a3 =1

The polynomial equation f(x) = 0 has exactly n roots provided we count repe-
titions. For example, x> — 3x? +3x — 1 = 0 can be written (x — 1) = 0 so that
the three roots are 1, 1, 1. Note that here we have used the binomial theorem
nn—-1) ,_

( )an 2X2

n
5 +oo+ X

(a+x)"=d" +nd 'x+
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A rational function is of the form f(x) = p,(x)/g,(x), where p,(x) and g,(x)
are polynomials.

A transcendental function is any function which is not algebraic, for example,
the trigonometric functions sin x, cos x, etc., the exponential functions e*, the
logarithmic functions log x, and the hyperbolic functions sinh x, cosh x, etc.

The exponential functions obey the index law. The logarithmic functions are
inverses of the exponential functions, that is, if a* = y then x = log, y, where a is
called the base of the logarithm. If @ = e, which is often called the natural base of
logarithms, we denote log, x by In x, called the natural logarithm of x. The funda-
mental rules obeyed by logarithms are

In(mn) =lnm+1Inn, In(m/n)=Inm—Inn, and Inw’ =plnm.

The hyperbolic functions are defined in terms of exponential functions as
follows

X —X X —X
. e —e e +e
sinh x = — coshx = —
sinhx e"—e* 1 ¥ +e
tanh x = = — cothx = =
coshx e“+¢&°’ tanhx e —e™’
1 2 1 2
sech x = cosech x =

coshx e“+e’ sinhx e*—e™’

Rough graphs of these six functions are given in Fig. A1.2.
Some fundamental relationships among these functions are as follows:

cosh’x —sinh®x =1, sech’x+tanh’x =1, coth?x — cosech’x = 1,

sinh(x £ y) = sinh x cosh y £ cosh x sinh y,
cosh(x = y) = cosh xcosh y + sinh xsinh y,

tanh x £ tanh y
tanh(x +y) =—— ———.
(x+7) 1 &+ tanh x tanh y
y y
S N
. 1

sinhx ~ ~TTTTTTTTToTT T ="

0 0 tanh x
X X

-1 cosech x

Figure A1.2. Hyperbolic functions.
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Problem Al.6
Using the rules of exponents, prove that In (mn) = Inm + Inn.

Problem A1.7
Prove that: (a)sin”x =1 (1 — cos2x), cos® x = 1(1+cos2x), and (b) Acosx+
Bsinx = VA% + B*sin(x + §), where tan§ = 4 /B

2

Problem A1.8
Prove that: (a)cosh’? x — sinh®* x = 1, and (b) *x 4 tanh® x = 1.

Limits
We are sometimes required to find the limit of a function f(x) as x approaches
some particular value a:

lim f(x) = /.

This means that if |x — « is small enough, | f(x) — /| can be made as small as we
please. A more precise analytic description of lim,_,, f(x) =/ is the following:

For any € > 0 (however small) we can always find a number 7
(which, in general, depends upon ¢) such that |f(x) —/| <e
whenever |x — a| < n.

As an example, consider the limit of the simple function f(x) =2 —1/(x — 1) as
x — 2. Then

lirré f(x)=1
for if we are given a number, say € = 1073, we can always find a number 7 which is

such that
(2_ ! 1) —-1<107? (Al.1)

X —

provided |x —2| < 7. In this case (Al.1) will be true if 1/(x—1)>1—10"° =
0.999. This requires x — 1 < (0.999)™", or x —2 < (0.999)' — 1. Thus we need
only take 1 = (0.999) " — 1.

The function f'(x) is said to be continuous at « if lim,_,, f(x) = I. If f(x) is con-
tinuous ateach point of anintervalsuchasa < x < bora < x < b, etc.,itissaid to be
continuous in the interval (for example, a polynomial is continuous at all x).

The definition implies that lim,_,,_o f(x) = lim,_ .0 f(x) = f(«) at all points
« of the interval (a, b), but this is clearly inapplicable at the endpoints a and b. At
these points we define continuity by

»\‘E{lriof(x) =f(a) and xl—iirlof(x) =/(b).
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A finite discontinuity may occur at x=c«. This will arise when
lim, .o f(x) =1, lim,_q o f(x) =b, and I} # L.

It is obvious that a continuous function will be bounded in any finite interval.
This means that we can find numbers m and M independent of x and such that
m < f(x)M for a < x <b. Furthermore, we expect to find xy,x; such that
S(xo) =m and f(x;) = M.

The order of magnitude of a function is indicated in terms of its variable. Thus,
if x is very small, and if f(x) = a;x + ax* + a;x® + - -+ (a; constant), its magni-
tude is governed by the term in x and we write f(x) = O(x). When a; = 0, we
write £(x) = O(x?), etc. When f(x) = O(x"), then lim,_o{ f(x)/x"} is finite and/
or lim,_o {f(x)/x"'} =0.

A function f(x) is said to be differentiable or to possess a derivative at the point
x if limy_o [f(x + h) —f(x)]/h exists. We write this limit in various forms
df /dx, ' or Df, where D = d( )/dx. Most of the functions in physics can be
successively differentiated a number of times. These successive derivatives are
written as f”(x), " (x), ..., f"(x), ..., or Df ., D*f,....D"f,....

Problem A1.9
If /(x) = x, prove that: (a) lim,_, f(x) = 4, and (b) f(x) is continuous at x = 2.

Infinite series

Infinite series involve the notion of sequence in a simple way. For example, /2 is
irrational and can only be expressed as a non-recurring decimal 1.414.... We can
approximate to its value by a sequence of rationals, 1, 1.4, 1.41, 1.414, ... say {a,}
which is a countable set limit of @, whose values approach indefinitely close to v/2.
Because of this we say the limit of a, as n tends to infinity exists and equals v/2,
and write lim, ., a, = V2.

In general, a sequence uy, u,, ..., {u,} is a function defined on the set of natural
numbers. The sequence is said to have the limit / or to converge to /, if given any
€ > 0 there exists a number N > 0 such that |u, — /| < ¢ for alln > N, and in such
case we write lim,,_,, u, = L.

Consider now the sums of the sequence {u,}

n
sn:Zu,:u1+u2+u3+---, (A.2)
r=1
where u, > 0 for all r. If n — oo, then (A.2) is an infinite series of positive terms.
We see that the behavior of this series is determined by the behavior of the
sequence {u,} as it converges or diverges. If lim,_, s, = s (finite) we say that
(A.2) is convergent and has the sum s. When s, — oo as n — oo, we say that (A.2)
is divergent.
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Example Al.1.
Show that the series

i LI
= 2" 2 22 23
is convergent and has sum s = 1.

Solution: Let

1 1 1
Si=gtopta et
then
1 1 1 1
5= 23"' ' +2n+1

Subtraction gives

1— 1vf1 ! 11 ! or s, =1 !
2 - 2 ontl 2 on ) on on’

Then since lim,_,, s, = lim,_, (1 — 1/2") = 1, the series is convergent and has
the sum s = 1.

Example Al.2.
Show that the series 32°° (=1)" ' =1 —141—1+--- is divergent.

Solution: Here s, = 0 or 1 according as # is even or odd. Hence lim,,_. . 5, does
not exist and so the series is divergent.

Example Al.3.
Show that the geometric series 307 ar"~' = a + ar + ar* + - - -, where a and r are
constants, (a) converges to s = a/(1 —r) if |r] < 1, and (b) diverges if |r| > 1.

Solution: Let

2 -1
Sy, =a+ar+ar- 4+ +ar" .

Then
rs,= ar+ar*+---+a" ' +ar.
Subtraction gives
a(l —r"
(1—r)s,=a—ar" or sn:%.
—r
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(o) If |r] < 1,
1_ n
lim s, — fim {027 4
n—o0 n—oo 1—}" l—r
b) If |r| > 1,
a(l —r")

does not exist.

Example Al4.
Show that the p series Y -, 1/n” converges if p > 1 and diverges if p < 1.

Solution:  Using f(n) = 1/n” we have f(x) = 1/x” so that if p # 1,
0 M 1—p | M lep 1
/ D fim [ xd= fm S| = fim -
1 | Mex|l=p 1-—p

Xl M- J M- 1l —p
Now if p > 1 this limit exists and the corresponding series converges. But if p < 1
the limit does not exist and the series diverges.
If p =1 then

* dx . M dx .
— = lim — = lim Inx
1 X M—oo 1 X M—o0

which does not exist and so the corresponding series for p = 1 diverges.
This shows that 1 + % + % + --- diverges even though the nth term approaches
zero.

M

= lim InM,
1 M—o0

Tests for convergence

There are several important tests for convergence of series of positive terms.
Before using these simple tests, we can often weed out some very badly divergent
series with the following preliminary test:

If the terms of an infinite series do not tend to zero (that is, if
lim,_, a, # 0), the series diverges. If lim,_, . a, = 0, we must
test further.

Four of the common tests are given below:

Comparison test
If u, < w, (all n), then >, u, converges when Y, v, converges. If u, > v, (all
n), then Y | u, diverges when Y v, diverges.
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Since the behavior of °, u, is unaffected by removing a finite number of
terms from the series, this test is true if u, < v, or u, > v, for all » > N. Note that
n > N means from some term onward. Often, N = 1.

Example Al1.5
(a) Since 1/(2"+1) < 1/2" and > 1/2" converges, > 1/(2" + 1) also converges.
(b) Since 1/Inn > 1/n and Y7, 1 /n diverges, >_.~, 1/In n also diverges.

Quotient test
If u,,1/u, < v,i1/v, (alln), then > 77, u, converges when Y~ | v, converges. And
if w,y1/u, > v,i1/v, (all n), then Y7 u, diverges when >, v, diverges.

We can write

- U, Up_| Up u Uy Up—1 ) <
= =y — - =<y
Up—1 Up—2 uj Up—1 Up—2 U1

so that u, < v,u; which proves the quotient test by using the comparison test.
A similar argument shows that if w,,/u, > v,,1/v, (all n), then > > u,
diverges when Y7, v, diverges.

Example A1.6

Consider the series

zx: 4n* —n+3

~ nd42n

For large n, (4n* —n+3)/(n’+2n) is approximately 4/n. Taking

u, = (4n* —n+3)/(n’ +2n) and v, =1/n, we have lim,_ . u,/v, =1. Now
since > v, = > 1/n diverges, > u, also diverges.

D’Alembert’s ratio test:
>0, u, converges when u,, 1 /u, <1 (all n > N) and diverges when u, | /u, > 1.
Write v, = X"~ in the quotient test so that > ooe v, is the geometric series with
common ratio v, /v, = x. Then the quotient test proves that >, u, converges
when x < 1 and diverges when x > 1.
Sometimes the ratio test is stated in the following form: if lim,_ ., u,,,/u, = p,
then > u, converges when p < 1 and diverges when p > 1.

Example A1.7
Consider the series

La L
+5+3

S| =

n
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Using the ratio test, we have

Upy 1 1 n! 1
il = = <
u, @+ n (n+1)! n+1

so the series converges.

Integral test.
If f(x) is positive, continuous and monotonic decreasing and is such that
f(n) =u, for n > N, then > u, converges or diverges according as

/Oof(x)dx = lim Mf(x)dx
N M—o0 [y

converges or diverges. We often have N = 1 in practice.
To prove this test, we will use the following property of definite integrals:

b b
Ifin a <x <b, f(x) < g(x), then / f(x)dx < / g(x)dx.

Now from the monotonicity of f(x), we have
U =f(n+1) < f(x)f(n) = u,, n=1,2,3....

Integrating from x =n to x =n+ 1 and using the above quoted property of
definite integrals we obtain
n+1
Uy < f(x)dx < uy, n=17273,....

n

Summing fromn=1to M — 1,
M
Uy +uy + -+ uyy §/ f(xX)dx <up 4w+ -+ up_g. (A1.3)
1

If f(x) is strictly decreasing, the equality sign in (A1.3) can be omitted.

If limy, . |, IM f(x)dx exists and is equal to s, we see from the left hand inequal-
ity in (A1.3) that u; +uy + - - - + uy, is monotonically increasing and bounded
above by s, so that Y u, converges. If limy,_, . flM f(x)dx is unbounded, we see
from the right hand inequality in (A1.3) that > u, diverges.

Geometrically, u; + uy + --- + uy, is the total area of the rectangles shown
shaded in Fig. A1.3, while u; 4+ u, + - - - + uy,_; is the total area of the rectangles
which are shaded and non-shaded. The area under the curve y = f(x) from x = 1
to x = M is intermediate in value between the two areas given above, thus illus-
trating the result (A1.3).
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Figure A1.3.

Example A1.8

00 2 . . M LT .

= M—o0 - —00 - .
>, 1/n° converges since lim Jidx/x™ =limy (1 — 1/ M) exists

Problem A1.10
Find the limit of the sequence 0.3, 0.33, 0.333,..., and justify your conclusion.

Alternating series test

An alternating series is one whose successive terms are alternately positive and
negative u; — up + u3 — uy + - - - . It converges if the following two conditions are
satisfied:

(@) |ty |y for n > 1, (b) lim u, =0 (or lim |u,| = 0).
n—oo n—oo

The sum of the series to 2M is

Sope = (U — ) + (U3 — ug) + - + (Uspr—1 — o)
=y — (uy —u3) — (ugy —us) — -+ — (a2 — Uapr—1) — Uay-
Since the quantities in parentheses are non-negative, we have
Som >0, S$; <8 <86 < < Sy Sy

Therefore {S,;,} is a bounded monotonic increasing sequence and thus has the
limit S.

Also Spare1 = Sopr +tapgy- Since limy, o Shy, =S and limy, o trp01 =0
(for, by hypothesis, lim, ., u,=0), it follows that limy .. Sy =
limy, o0 Sopr + limys o tippr1 = S +0 = S. Thus the partial sums of the series
approach the limit S and the series converges.

516



INFINITE SERIES

Problem Al.11
Show that the error made in stopping after 2M terms is less than or equal to

Uppr41-

Example A1.9
For the series

11 1 x (—1)"!
] — -4 — ... =
2t3Tgt ; n o

we have u, = (—1)""/n,|u,| = 1/n,|u,q| =1/(n+1). Then for n>1,
ltty41| < |u,|. Also we have lim,,_, |u,| = 0. Hence the series converges.

Absolute and conditional convergence

The series Y u, is called absolutely convergent if > |u,| converges. If Y u, con-
verges but > |u,| diverges, then ) u, is said to be conditionally convergent.

It is easy to show that if > |u,| converges, then ) u, converges (in words, an
absolutely convergent series is convergent). To this purpose, let

Su=utuy+-Fuy Ty = |ug]+ ua +- -+ |uyl,

then
Sy + Tap = (uy + |wy]) + (ua + |ua]) + -+ + (uar + |ung])
< 2y |+ 2fun| + -+ 4 2up-
Since ) |u,| converges and since u, + |u,| > 0, for n =1,2,3,..., it follows that

Sy+ Ty is a bounded monotonic increasing sequence, and so
limy,_, (S + Tyy) exists. Also limy,_,. Ty, exists (since the series is absolutely
convergent by hypothesis),

A S = Jim (Su+ o = Tur) = Jim (Sur+ Tur) = i, T

must also exist and so the series ) u, converges.

The terms of an absolutely convergent series can be rearranged in any order,
and all such rearranged series will converge to the same sum. We refer the reader
to text-books on advanced calculus for proof.

Problem Al.12
Prove that the series

1 1 1 |
TRt TETeC

converges.
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How do we test for absolute convergence? The simplest test is the ratio test,
which we now review, along with three others — Raabe’s test, the nth root test, and
Gauss’ test.

Ratio test
Let lim,,_, ., |4,41/u,| = L. Then the series > u,:

(a) converges (absolutely) if L < 1;
(b) diverges if L > 1;
(¢) the test fails if L = 1.

Let us consider first the positive-term)  u,, that is, each term is positive. We
must now prove that if lim, . #,,1/u, = L < 1, then necessarily ) u, converges.
By hypothesis, we can choose an integer N so large that for all
n> N, (u,.1/u,) <r, where L <r < 1. Then

2 3
Unyy < Tuy, Uygr < TFuyy) <TFuy, Uypz <Tuyyy <7 uy, etc.
By addition
2 3
Uity o <uy(r+rt 4+

and so the given series converges by the comparison test, since 0 < r < 1.

When the series has terms with mixed signs, we consider |u| + |us| + |uz| + - -,
then by the above proof and because an absolutely convergent series is
convergent, it follows that if lim,_ . |u,,1/u,| =L <1, then Y u, converges
absolutely.

Similarly we can prove that if lim,_ . |u,.1/u,| =L > 1, the series > u,
diverges.

Example A1.10

Consider the series >.°°,(—1)""'2"/n*. Here u,=(—1)""'2"/n>. Then

limy,_ g [tys1 /14| = lim,,_ 2n%/(n + 1) = 2. Since L =2 > 1, the series diverges.
When the ratio test fails, the following three tests are often very helpful.

Raabe’s test
Let lim,_ ., n(1 — |u,41/u,|) = ¢, then the series > u,:

(a) converges absolutely if ¢ < 1;
(b) diverges if £ > 1.

The test fails if £ = 1.

The nth root test
Let lim,_, ., </|u,| = R, then the series > u,:

518



INFINITE SERIES

(a) converges absolutely if R < 1;
(b) diverges if R > 1.

The test fails if R = 1.

Gauss’ test
If
G ¢,

=]l—-——+—=
n o n’

Upt1
Uy

where |¢,| < P for all n > N, then the series Y u,:

(a) converges (absolutely) if G > 1;
(b) diverges or converges conditionally if G < 1.

Example Al.11
Consider the series 1 +2r + % + 2" +r* + 21" 4 ... The ratio test gives

{2|r|7 n odd
Ir|/2, neven’

Upt1
ul’l

which indicates that the ratio test is not applicable. We now try the nth root test:

i 21" = /2Jr|, n odd
Uu. =
T =1, n even

and so lim,_, v/|u,| = |r|. Thus if |r| < 1 the series converges, and if |r| > | the
series diverges.

Example A1.12
Consider the series

1 2+ 1 x4 2+ 1x4x7 2+ L(1xAxTBn=2)
3 3x6 3Ix6x9 3x6%x9---(3n)

The ratio test is not applicable, since

Bn+1)

2
nfélc‘ Gn+3)|

Uyl
Uy

Cimadi o (L4
e m+3) (37"
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n—oo

But Raabe’s test gives

lim n(l -
n—oo

and so the series converges.

Upt1
ul’l
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Problem Al.13
Test for convergence the series

1: 1x3 2+ 1x3x5 2+ L (1x3xS5 a1
2 2 x4 2x4x6 I x3x%x5---(2n)

Hint: Neither the ratio test nor Raabe’s test is applicable (show this). Try Gauss’
test.

Series of functions and uniform convergence

The series considered so far had the feature that u, depended just on n. Thus the
series, if convergent, is represented by just a number. We now consider series
whose terms are functions of x,u, = u,(x). There are many such series of func-
tions. The reader should be familiar with the power series in which the nth term is
a constant times x":

S(x) = ax". (Al1.4)

We can think of all previous cases as power series restricted to x = 1. In later
sections we shall see Fourier series whose terms involve sines and cosines, and
other series in which the terms may be polynomials or other functions. In this
section we consider power series in x.

The convergence or divergence of a series of functions depends, in general, on
the values of x. With x in place, the partial sum Eq. (Al.2) now becomes a
function of the variable x:

Sn(x) = U +u2(x)+"'+un(x)' (AlS)
as does the series sum. If we define S(x) as the limit of the partial sum
S(x) = lim s5,(x) = > u,(x), (A1.6)
n—oo =0

then the series is said to be convergent in the interval [a, b] (that is, a < x < D), if
for each ¢ > 0 and each x in [a, b] we can find N > 0 such that

IS(x) = s5,(x)] < e, foralln > N. (AL1.7)

If N depends only on € and not on x, the series is called uniformly convergent in
the interval [a, b]. This says that for our series to be uniformly convergent, it must
be possible to find a finite N so that the remainder of the series after N terms,
Yoo w1 ui(x), will be less than an arbitrarily small € for all x in the given interval.

The domain of convergence (absolute or uniform) of a series is the set of values
of x for which the series of functions converges (absolutely or uniformly).
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SERIES OF FUNCTIONS AND UNIFORM CONVERGENCE

We deal with power series in x exactly as before. For example, we can use the
ratio test, which now depends on Xx, to investigate convergence or divergence of a
series:

n+1
Apy1X
X"

nv

Ayl

Upi1

Uy

Apyl
al’l

= lim

n—oo

r(x) = lim

= |x| lim = |x|r, r= lim
n—oo n—oo n n—oo

thus the series converges (absolutely) if |x|r < 1 or

1
x| < R=-= lim

r n—o0

Ayl

and the domain of convergence is given by R : —R < x < R. Of course, we need to
modify the above discussion somewhat if the power series does not contain every
power of x.

Example Al1.13
For what value of x does the series .07, x"~' /n x 3" converge?

Solution:  Now u, = x"~!/n-3", and x # 0 (if x =0 the series converges). We
have

Uyt
Uy

lim —lim =" x| = Ly
_nﬁm3(n+l)x =3l

n—oo

Then the series converges if |x| < 3, and diverges if x| > 3. If |x| = 3, that is,
x = %3, the test fails.

If x =3, the series becomes Y, 1/3n which diverges. If x = —3, the series
becomes 3> (—1)""'/3n which converges. Then the interval of convergence is
—3 < x < 3. The series diverges outside this interval. Furthermore, the series
converges absolutely for —3 < x < 3 and converges conditionally at x = —3.

As for uniform convergence, the most commonly encountered test is the

Weierstrass M test:

Weierstrass M test

If a sequence of positive constants M, M,, M5, ..., can be found such that: (a)
M, > |u,(x)| for all x in some interval [a, b], and (b) > M, converges, then
> u,(x) is uniformly and absolutely convergent in [a, b].

The proof of this common test is direct and simple. Since ) M, converges,
some number N exists such that for n > N,

io: M; <e.

i=N+1

521



APPENDIX 1 PRELIMINARIES

This follows from the definition of convergence. Then, with M,, > |u,(x)| for all x
in [a, b],

0]

3 Ju(x)] <.

i=N+1

Hence

o0

Z u;i(x)

i=N+1

[S(x) = su(x)] =

<e, foralln > N

and by definition ) u,(x) is uniformly convergent in [a, b]. Furthermore, since we
have specified absolute values in the statement of the Weierstrass M test, the series
> u,(x) is also seen to be absolutely convergent.

It should be noted that the Weierstrass M test only provides a sufficient con-
dition for uniform convergence. A series may be uniformly convergent even when
the M test is not applicable. The Weierstrass M test might mislead the reader to
believe that a uniformly convergent series must be also absolutely convergent, and
conversely. In fact, the uniform convergence and absolute convergence are inde-
pendent properties. Neither implies the other.

A somewhat more delicate test for uniform convergence that is especially useful
in analyzing power series is Abel’s test. We now state it without proof.

Abel’s test

If (a) u,(x) = a,f,(x), and 3" a, = A4, convergent, and (b) the functions f,(x) are
monotonic [f,.1(x) < f,(x)] and bounded, 0 < f,(x) < M for all x in [a, b], then
> u,(x) converges uniformly in [a, b].

Example Al.14
Use the Weierstrass M test to investigate the uniform convergence of

o0 o0

(@) Zco};nx’ () Z%’ (©) Zsinnnx.

n=1 n=1 n=1

Solution:

(a) |cos(nx)/n*| < 1/n* = M,. Then since S M, converges (p series with
p =4 > 1), the series is uniformly and absolutely convergent for all x by
the M test.

(b) By the ratio test, the series converges in the interval —1 < x < I (or |x| < 1).
For all x in |x| <1, x”/n3/2’ = |x"/n** < 1/n**. Choosing M,, = 1/n*?,
we see that > M, converges. So the given series converges uniformly for
|x| <1 by the M test.
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(¢) |sin(nx)/n/n| < 1/n= M,. However, > M, does not converge. The M test
cannot be used in this case and we cannot conclude anything about the
uniform convergence by this test.

A uniformly convergent infinite series of functions has many of the properties
possessed by the sum of finite series of functions. The following three are parti-
cularly useful. We state them without proofs.

(1) If the individual terms u,(x) are continuous in [a, b] and if 3 u,(x) con-
verges uniformly to the sum S(x) in [a, b], then S(x) is continuous in [a, b].
Briefly, this states that a uniformly convergent series of continuous func-
tions is a continuous function.

(2) If the individual terms u,(x) are continuous in [a, b] and if }_ u,(x) con-
verges uniformly to the sum S(x) in [a, b], then

/ab S(x)dx = ,,2:/ (x)d
/ x)dx = Z /b u, (x)dx

Briefly, a uniform convergent series of continuous functions can be inte-
grated term by term.

(3) If the individual terms u,,(x) are continuous and have continuous derivatives
in [a, b] and if > u,(x) converges uniformly to the sum S(x) while
>~ du,(x)/dx is uniformly convergent in [a, b], then the derivative of the
series sum S(x) equals the sum of the individual term derivatives,

< d 00 < 4
:;&un(x) or dX{Zun(X)} :;aun(x)

n=1

or

Term-by-term integration of a uniformly convergent series requires only con-
tinuity of the individual terms. This condition is almost always met in physical
applications. Term-by-term integration may also be valid in the absence of uni-
form convergence. On the other hand term-by-term differentiation of a series is
often not valid because more restrictive conditions must be satisfied.

Problem Al.14
Show that the series

sinx sin2x sin nx

is uniformly convergent for —7 < x < 7.
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Theorems on power series

When we are working with power series and the functions they represent, it is very
useful to know the following theorems which we will state without proof. We will
see that, within their interval of convergence, power series can be handled much
like polynomials.

(1) A power series converges uniformly and absolutely in any interval which lies
entirely within its interval of convergence.

(2) A power series can be differentiated or integrated term by term over any
interval lying entirely within the interval of convergence. Also, the sum of a
convergent power series is continuous in any interval lying entirely within its
interval of convergence.

(3) Two power series can be added or subtracted term by term for each value of
x common to their intervals of convergence.

(4) Two power series, for example, Y a,x" and " b,x", can be multiplied
to obtain > °,c¢,x", where ¢, = ayb, + ajb,_| + ayb, >+ -+ + a,by, the
result being, valid for each x within the common interval of convergence.

(5) If the power series > .- a,x" is divided by the power series » .- b,x",
where b, # 0, the quotient can be written as a power series which converges
for sufficiently small values of x.

Taylor’s expansion

It is very useful in most applied work to find power series that represent the given
functions. We now review one method of obtaining such series, the Taylor expan-
sion. We assume that our function f(x) has a continuous nth derivative in the
interval [a, b] and that there is a Taylor series for f(x) of the form

3 n

() =a+a(x—a) +arx —a)’ +a(x— )+ +a,(x—a)' +--,
(A1.8)
where « lies in the interval [a, b]. Differentiating, we have
1) =@+ 2ay(x— 0) + 3as(x — @) 4 nay (v — ) o
-2 —+.. ,

F"(x) =2ay + 3 - 2a3(x — ) + 4 - 3as(x — a)* + -+ n(n— Day(x — a)"

fP(x) =n(n—1)(n—-2)---1-a, + terms containing powers of (x — a).
We now put x = « in each of the above derivatives and obtain
f(Oé) = dy, f,(a) = day, f”(a) = 2(12, fm(a) = 3!623, T af<n)(a) = n!ana
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TAYLOR’S EXPANSION

where f'(a) means that f(x) has been differentiated and then we have put x = o
and by f"(a) we mean that we have found /" (x) and then put x = «, and so on.
Substituting these into (A1.8) we obtain

S = (@) +£(0)(x — ) 33 £"(0)(x — ) -+ (@) (x—a)' 4+

n!
(A1.9)

This is the Taylor series for f(x) about x = «. The Maclaurin series for f(x) is the
Taylor series about the origin. Putting o = 0 in (A1.9), we obtain the Maclaurin
series for f(x):

S =£0) 41O+ o 1008 4 5 7O 4 O -
Example Al.15

Find the Maclaurin series expansion of the exponential function ¢".

Solution: Here f(x)=e". Differentiating, we have f™(0)=1 for all
n,n=1,23.... Then, by Eq. (A1.10), we have

. 1 5 1 3 OCXI‘I
e:l—i—x—i—ix +§x +---=;m, — 00 < x < 00.

The following series are frequently employed in practice:

3 S 7 2n—1
. X X X et X
(1) s1nx—x—§+§—ﬁ+--~(—l) m"f’, —00 < Xx <00,
2 4 6 2n—-2
B X~ X' X a1l X
(2) COSX—]—E—F‘“—E—F“'(—I) m+, -0 < X < 0.
2 3 n—1
(3) A QN . +- —00 < x < 00.
21 31 (n—1)!
2 3 4 n
B R o1 X
4) In|(1 =x——+—=———+---(=1 S -1 < 1.
(4) In|(1 + x| =x sty -7t (=1) PRI <x<
1 +x XX X x>l
5) 4 = I —1 1.
()Zn‘l—x x+3+5+7+ to, 1t <x<
3 5 7 2n—1
X X X X
6) tan 'x=x -4+ T ... (=] . —1<x<1
(6) tan "y =x =t () = =
1 1) (p— 1
(7) (1+x)p:1+px+%x2+.,,+p(l7 ) n'([) n-+ )x"—i--~
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This is the binomial series: (a) If p is a positive integer or zero, the series termi-
nates. (b) If p >0 but is not an integer, the series converges absolutely for
—1<x<1 (¢) If =1 <p<0, the series converges for —1 <x<1. (d) If
p < —1, the series converges for —1 < x < 1.

Problem Al.16
Obtain the Maclaurin series for sin x (the Taylor series for sin x about x = 0).

Problem A1.17
Use series methods to obtain the approximate value of fol (1 —e™)/xdx.

We can find the power series of functions other than the most common ones
listed above by the successive differentiation process given by Eq. (A1.9). There
are simpler ways to obtain series expansions. We give several useful methods here.

(@) For example to find the series for (x + 1) sin x, we can multiply the series for
sin x by (x+ 1) and collect terms:

3.5 3 4
(x—|—1)sinx:(x+1)<x—x+x—~-~> :x—|—x2—%—%+

To find the expansion for ¢* cos x, we can multiply the series for ¢* by the series

for cos x:
e*cosx = 1+x+Y2+Y3—|— 1—x2+x4—|—
o 21 3! 21 4

Note that in the first example we obtained the desired series by multiplication of
a known series by a polynomial; and in the second example we obtained the
desired series by multiplication of two series.

(b) In some cases, we can find the series by division of two series. For
example, to find the series for tan x, we can divide the series for sinx by the series
for cos x:
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¥ox
T30
X
T
2x°

Problem Al.18

Find the series expansion for 1/(1 + x) by long division. Note that the series can
be found by using the binomial series: 1/(1 +x) = (1 +x)".

(¢) In some cases, we can obtain a series expansion by substitution of a poly-
nomial or a sg:ries for the variable in another series. As an example, let us find the
series for e . We can replace x in the series for ¢* by —x” and obtain
(=22 (=) PN

12
TR TR e B TR TRRAE

Similarly, to find the series for sin /x/y/x we replace x in the series for sin x by
v/x and obtain

2
et =1-x"+

Problem Al.19

Find the series expansion for e"“"*.

Problem A1.20
Assuming the power series for ¢* holds for complex numbers, show that

™ =cosx +isinx.
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(d) Find the series for tan~'x (arc tan x). We can find the series by the succes-
sive differentiation process. But it is very tedious to find successive derivatives of
tan~' x. We can take advantage of the following integration

Y odi a -1
—F = tan " f| =tan " Xx.
0o 1+1¢ 0

1

We now first write out (1 4+ 7*)~' as a binomial series and then integrate term by

term:

X dt X 5 . 6 t3 t5 l7 X
- = 1 —+¢ =t dt=t——+———=+---| .
/01+z2 /0( - + ) + =+

Thus, we have

(e) Find the series for In x about x = 1. We want a series of powers (x — 1)
rather than powers of x. We first write

In x =1In[l + (x — 1)]
and then use the series In (1 4+ x) with x replaced by (x — 1):

Inx=1In[l + (x—1)] = (x — 1)*%()6* 1)2+%(x7 1)3*%@*1)4“'-

Problem A1.21
Expand cos x about x = 37/2.

Higher derivatives and Leibnitz’s formula for nth derivative of a product

Higher derivatives of a function y = f(x) with respect to x are written as

_d () dy_d(dy d'y _d (d"ly
~dx \dx)’ dx®  dx \dx*)]’ o dx"  dy \dx" 1)’

These are sometimes abbreviated to either

(%), f7(x), ...,f<”)(x) or D2y7 D3y, ..., D"y

where D = d/dx.
When higher derivatives of a product of two functions f(x) and g(x) are
required, we can proceed as follows:

D(fg) = fDg + gDf

P
dx

<

S
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and
D’(fg) = D(fDg + gDf) = fD’g + 2Df - Dg + D’g.
Similarly we obtain
D*(fg) =fDg +3Df - D’g + 3D’f - Dg + gD’f,

D*(fg) =fD*g+4Df - D’g + 6D°f - D’g + 4D - Dg + gD’g,
and so on. By inspection of these results the following formula (due to Leibnitz)
may be written down for nth derivative of the product fg:

(n—=1)

D'(fg) =f(D"g) +n(Df)(D"'g) + == (D) (D" %g) + -

T k;(nnlk)l (Dkf)(D"_kg) + o (DY)

Example Al.16
If f =1 —x? g = D*p, where y is a function of x, say u(x), then

D'{(1 —x*)D?*y} = (1 — x*)D""*y — 2nxD"'y — n(n — 1)D"y.
Leibnitz’s formula may also be applied to a differential equation. For example,
y satisfies the differential equation
D’y 4+ x*y =sinx.
Then differentiating each term »n times we obtain
D"y + (x*D"y + 2nxD" 'y + n(n — 1)D"?y) = sin (n?w + x)7
where we have used Leibnitz’s formula for the product term xzy.

Problem A1.22
Using Leibnitz’s formula, show that

D' (x*sinx) = {x* — n(n — 1)} sin(x 4 n7/2) — 2nx cos(x + nr/2).

Some important properties of definite integrals

Integration is an operation inverse to that of differentiation; and it is a device for
calculating the ‘area under a curve’. The latter method regards the integral as the
limit of a sum and is due to Riemann. We now list some useful properties of
definite integrals.

(1) Ifin a < x < b,m < f(x) < M, where m and M are constants, then

b
m(b— a) < / F(¥)d < M(b— a).
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2

(©)

4)

Divide the interval [a, b] into n subintervals by means of the points
X1,Xs,...,X%,_1 chosen arbitrarily. Let 7, be any point in the subinterval
Xi—1 < e < Xy, then we have

mAXka(T]k)AXkSMAXk7 k:1727"'7na

where Ax;, = x; — x;_;. Summing from k& =1 to n and using the fact that

ZAxk:(xl —a)+(p=x)+-F(b—x)=b—a,

k=1
it follows that

m(b—a) < fne)Ax < M(b— a).
rk=1

Taking the limit as » — oo and each Ax;, — 0 we have the required result.
Ifina < x <b, f(x) < g(x), then

b

f(x)dx < /b g(x)dx.

a

/abf(x)dx

From the inequality
la+b+c+- | <la|+ b+ ]|c|]+ -,

where |a| is the absolute value of a real number @, we have

b
S/ |f(x)|dx if a<b.

S Ax] <D 1 () Al = D 1 (i) | Ax
pi P k=1

Taking the limit as » — oo and each Ax; — 0 we have the required result.
The mean value theorem: If f(x) is continuous in [a, b], we can find a point 5
in (a, b) such that

b
/ S()dx = (b— a)f (n).

Since f(x) is continuous in [a, b], we can find constants m and M such that
m < f(x) < M. Then by (1) we have

b
bia/ f(x)dx < M.

Since f(x) is continuous it takes on all values between m and M; in parti-
cular there must be a value 7 such that

b
f(n):/f(X)dx/(b—a), a<n<b.

The required result follows on multiplying by b — a.

m <
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Some useful methods of integration

(1) Changing variables: We use a simple example to illustrate this common
procedure. Consider the integral

I:/ efuxzdx,
0

which is equal to (w/a)1/2/2. To show this let us write

o0 > o0 >
I = / e dx = / e dy.
0 0
o0 2 o0 2 Rl 2, 2
I’ = / e ™ dx/ e Vdy= / / e~ ) dxdy.
0 0 o Jo

We now rewrite the integral in plane polar coordinates (r,0):
x>+ y? =, dxdy = rdrdd . Then

oo pm/2 00 5 —ar’
I’ = / / e rdfdr = E/ e rdr =" (¢
0 0 2 0 2 2a

I= / e dx = (n/a)"?/2.
0

Then

oo

0 4a

and
(2) Integration by parts: Since

where u = f(x) and v = g(x), it follows that

[l )i [ o)

This can be a useful formula in evaluating integrals.

Example A1.17
Evaluate / = [tan™"' xdx

Solution: Since tan~'x can be easily differentiated, we  write
I = [tan~!xdx = [1-tan~' xdx and let u = tan~' x,dv/dx = 1. Then

_ xdx _
I = xtan 1x—/m:xtan 1x—%log(l+x2)—&-c.
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Example A1.18
Show that

00 1/2
a2 ™

X ™ dx = ——.

_ 2432

oo

Solution: Let us first consider the integral

I = / e dx
0

c

‘Integration-by-parts’ gives

¢ 7({’62 7(/ZV2
I = e dx =" x
b

C
2
+ 2/ ax’e™ ™ dx,
b b
from which we obtain

¢ 2 —ax’ 1 ¢ —ax? —ax? ‘
xe M dx=— e Tdx—e " x| ).
b 2a b b

We let limits b and ¢ become —oo and +oo, and thus obtain the desired result.

Problem Al1.23
Evaluate I = / xe™dx () constant).

(3) Partial fractions: Any rational function P(x)/Q(x), where P(x) and Q(x)
are polynomials, with the degree of P(x) less than that of Q(x), can be written as
the sum of rational functions having the form  A/(ax + b)",
(Ax + B)/(ax* + bx + ¢)*, where k=1,2,3,... which can be integrated in
terms of elementary functions.

Example A1.19

3x -2 4 B . C D
(4x—3)(2x+5)° 4x=3 (2x+5° (@x+5* 2x+5
5 —x+2  Ax+8B Cx+D  E

(2 4+2x+4)7(x—1) (F42x+4)7 ¥ +2x+4 x-1

Solution: The coefficients 4, B, C etc., can be determined by clearing the frac-
tions and equating coefficients of like powers of x on both sides of the equation.

Problem Al.24
Evaluate

6—x
e e
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(4) Rational functions of sin x and cos x can always be integrated in terms of
elementary functions by substitution tan (x/2) = u, as shown in the following
example.

Example A1.20
Evaluate

I—/ dx
) 5+3cosx’

Solution. Let tan (x/2) = u, then

sin (x/2) = u/V1+u?,  cos(x/2) =1/V1+u?

and
cos x = cos®(x/2) — sin®(x/2) = :—T——Z;
also
du=1sec’(x/2)dx or dx=2cos’(x/2) = 2du/(1 + P).
Thus

di _ _
Iz/uz—i‘l:%tan 1(u/2)+c=%tan 1[%tanx/Z)]—&-c.

Reduction formulas

Consider an integral of the form [ x"e™“dx. Since this depends upon n let us call it
I,. Then using integration by parts we have

I,=—x"e" + n/x"ilefxdx =x"e " +nl,_,.

The above equation gives I, in terms of 7,,_;(1,_», I,_3, etc.) and is therefore called
a reduction formula.

Problem A1.25

/2 /2
Evaluate I, = / sin” xdx = / sin x sin” ! xdx.
0 0
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Differentiation of integrals

(1) Indefinite integrals: We first consider differentiation of indefinite integrals. If
f(x,«) is an integrable function of x and « is a variable parameter, and if

/ﬂ&aﬂx:Gw@L (ALI1)
then we have

0G(x,)/0x = f(x, ). (Al1.12)
Furthermore, if f(x, «) is such that

O*G(x,q) B O*G(x, )

Ox0c Oadx '’

then we obtain

o ox oo

_ggﬁﬂq ;Famﬂ:wm@

and integrating gives

/af(x, @) . _9G(x,a) (A1.13)

oo O’

which is valid provided 9f(x, «)/da is continuous in x as well as a.
(2) Definite integrals: We now extend the above procedure to definite integrals:

b
I(a) = / f(x, a)dx, (Al.14)
a
where f(x, a) is an integrable function of x in the interval ¢ < x < b, and a and b

are in general continuous and differentiable (at least once) functions of a. We now
have a relation similar to Eq. (A1.11):

b
M@Z/fm@wzcw@—c@w (A1.15)

and, from Eq. (A1.13),

[Py, _9600) _26lacy
« O« - O Ja

. (A1.16)

Differentiating (A1.15) totally

dl(a) _9G(b, ) db n 9G(b,a) 9G(a,a) da  0G(a, )
da b da Oa da do da
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which becomes, with the help of Eqgs. (A1.12) and (A1.16),

d;(a) /aaf(ax Y e+ (b, )%_f(a’a)j_; (A1.17)

which is known as Leibnitz’s rule for differentiating a definite integral. If ¢ and b,
the limits of integration, do not depend on «, then Eq. (A1.17) reduces to

—a da/f dx—/ 8fgza)dx.

Problem A1.26

2

If I{a) = / sin(awx)/xdx, find dI /da.
0

Homogeneous functions

A homogeneous function f(x,x,,...,x,) of the kth degree is defined by the
relation

SO, Axa, . Ax,) = N (g, xa, 00, ).

For example, x* 4 3x?y — »* is homogeneous of the third degree in the variables x
and y.

If f(x1,%s,...,x,) is homogeneous of degree k then it is straightforward to
show that
D %ige =K

This is known as Euler’s theorem on homogeneous functions.

Problem A1.27
Show that Euler’s theorem on homogeneous functions is true.

Taylor series for functions of two independent variables

The ideas involved in Taylor series for functions of one variable can be general-
ized. For example, consider a function of two variables (x, y). If all the nth partial
derivatives of f(x,y) are continuous in a closed region and if the (n + 1)st partial
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derivatives exist in the open region, then we can expand the function f(x, y) about
X = Xg,y = )y in the form

0 0
PGt b8 = s0) + (354 kg ) xo)

1/ 0 o\?
+5 (ha‘i‘ka—y) S (x0,0)

1
o (b2 ad
n!

Ep B_y) S (x0,¥0) + Ry,

where i = Ax = x — xo,k = Ay = y — , R,,, the remainder after n terms, is given
by

R _ h2+k3 Mf( +0h,yo+0k), 0<6<1
71_(n+1)! Ox 8)/ X0 » Vo ) )

and where we use the operator notation

0 0
(haer kay)f(xo,yo) = f(x0, yo) + k1 (o0, o),

d o\’ , & > L,
- - — — 42} -
<h Ix + kay> f(Xo,yo) (h 2 + 2hk axay + k 8)/2 f(XO,yo),

etc., when we expand

0 a\"
h—+k—
( ox ay)
formally by the binomial theorem.
When lim,,_,, R, = 0 for all (x,y) in a region, the infinite series expansion is

called a Taylor series in two variables. Extensions can be made to three or more
variables.

Lagrange multiplier

For functions of one variable such as f(x) to have a stationary value (maximum
or minimum) at x = a, we have f'(a) = 0. If /"(a) < 0 it is a relative maximum
while if f(a) > 0 it is a relative minimum.

Similarly f(x,y) has a relative maximum or minimum at x=a,y =5 if
fi(a,b) =0, f,(a,b) = 0. Thus possible points at which f(x, y) has a relative max-
imum or minimum are obtained by solving simultaneously the equations

of Jox =0, Of /9y = 0.
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LAGRANGE MULTIPLIER

Sometimes we wish to find the relative maxima or minima of f(x, y) = 0 subject to
some constraint condition ¢(x,y) =0. To do this we first form the function

g(x,y) =f(x,y) +f(x,y) and then set
0g/ox =0, 0g/dy=0.

The constant A is called a Lagrange multiplier and the method is known as the
method of undetermined multipliers.
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Appendix 2

Determinants

The determinant is a tool used in many branches of mathematics, science, and
engineering. The reader is assumed to be familiar with this subject. However, for
those who are in need of review, we prepared this appendix, in which the deter-
minant is defined and its properties developed. In Chapters 1 and 3, the reader will
see the determinant’s use in proving certain properties of vector and matrix
operations.

The concept of a determinant is already familiar to us from elementary algebra,
where, in solving systems of simultaneous linear equation, we find it convenient to
use determinants. For example, consider the system of two simultaneous linear
equations

(A2.1)

ap Xy + apx, = by,
ay X1 + anx, = by,

in two unknowns x;,x, where a; (i,j = 1,2) are constants. These two equations
represent two lines in the x;x, plane. To solve the system (A2.1), multiplying the
first equation by a,,, the second by —a;, and then adding, we find
b —b
= dn T Dad (A2.22)
anday — dxdyp
Next, by multiplying the first equation by —a,;, the second by a;; and adding, we
find

o byayy — byay,

apndy — dydyp

We may write the solutions (A2.2) of the system (A2.1) in the determinant form

(A2.3)
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where

by ap

D, = , D= (A2.4)

by ay

are called determinants of second order or order 2. The numbers enclosed between
vertical bars are called the elements of the determinant. The elements in a
horizontal line form a row and the elements in a vertical line form a column
of the determinant. It is obvious that in Eq. (A2.3) D # 0.

Note that the elements of determinant D are arranged in the same order as they
occur as coefficients in Egs. (A1.1). The numerator D, for x; is constructed from
D by replacing its first column with the coefficients »; and 5, on the right-hand
side of (A2.1). Similarly, the numerator for x, is formed by replacing the second
column of D by by, b,. This procedure is often called Cramer’s rule.

Comparing Egs. (A2.3) and (A2.4) with Eq. (A2.2), we see that the determinant
is computed by summing the products on the rightward arrows and subtracting
the products on the leftward arrows:

ap  dp
= dy1ay — apdy, ete.
dy dx
(-) (+)

This idea is easily extended. For example, consider the system of three linear
equations

apyxy + apx, +apx; = by,
Ay X1 + anXx, + ayx; = by, (A2.5)

az Xy + anx; + axy = by,
in three unknowns xi, x,, x3. To solve for x;, we multiply the equations by
Ay dszz — d3pdys, - (a12a33 - 032013), djpdps — dxdg3,

respectively, and then add, finding

N biaxnasy — biaryaz, + brajzaz; — braasy + byaynary — biagzas
Al — )
ay1axds3 — Ap1azndxs + a1z — dy1d)pdss + A3 d2ax3 — d31A0d3

which can be written in determinant form
xl = DI/D7 (A26)
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where
ap  dpp dap by ap ap
D=|ay an ay| Dy=|b an ax3]|. (A2.7)
azy dzp  d3; by ayn as

Again, the elements of D are arranged in the same order as they appear as
coefficients in Egs. (A2.5), and D; is obtained by Cramer’s rule. In the same
manner we can find solutions for x,, x3. Moreover, the expansion of a determi-
nant of third order can be obtained by diagonal multiplication by repeating on the
right the first two columns of the determinant and adding the signed products of
the elements on the various diagonals in the resulting array:

ap  dpp ap|dy dap

dyy dp dx3|dy Ay

azy  dzpy dzz|d31 A3z
¥ ¥ ¥ NN

=) =) =) &) &) )

This method of writing out determinants is correct only for second- and third-
order determinants.

Problem A2.1
Solve the following system of three linear equations using Cramer’s rule:

2x1 — X2 + 2)6'3 = 2,
X1 + IOX2 — 3X3 = 5,
—X] —+ Xo + X3 = —3

Problem A2.2
Evaluate the following determinants

5 1 8 .
) 1 2 » s 3 6 cosf —sinf
(a 4 3| ( (@) sinf  cosf |
10 4 2

Determinants, minors, and cofactors

We are now in a position to define an nth-order determinant. A determinant of
order n is a square array of n° quantities enclosed between vertical bars,

540



EXPANSION OF DETERMINANTS

ayp dipp - Ay
ay dpyp o Ay

D= : e (A2.8)
Ay dpy -0 Ay,

By deleting the ith row and the kth column from the determinant D we obtain
an (n — 1)st order determinant (a square array of n — 1 rows and n — 1 columns
between vertical bars), which is called the minor of the element ;. (which belongs
to the deleted row and column) and is denoted by M. The minor M, multiplied
by (—)”k is called the cofactor of ;. and is denoted by Cjy:

Cie = (1) M. (A2.9)
For example, in the determinant

ay  dp dap
dyy  dyp Ay,

azp  dzpy  dsj
we have

day  dxy

Ch=(-1""My, = ; Cp=(—1)" Mz =~ , ete.

az  dsj

It is very convenient to get the proper sign (plus or minus) for the cofactor
(—1)’+k by thinking of a checkerboard of plus and minus signs like this

+ - 4+ -
- + - +
+ - + — cetc
- + - +
etc.
+ -
- +

thus, for the element a,; we can see that the checkerboard sign is minus.

Expansion of determinants

Now we can see how to find the value of a determinant: multiply each of one row
(or one column) by its cofactor and then add the results, that is,
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D =a;Cy +apCp+ -+ +a;,Cy,
n
= ayCy (i=1,2,...,0rn) (A2.10a)
k=1

(cofactor expansion along the ith row)
or

D =a; Cip +ayCoup + - + @ Ci
= ayCi (k=1,2,...,0r n). (A2.10b)
Py

(cofactor expansion along the kth column)

We see that D is defined in terms of n determinants of order n — 1, each of
which, in turn, is defined in terms of n — 1 determinants of order n» — 2, and so on;
we finally arrive at second-order determinants, in which the cofactors of the
elements are single elements of D. The method of evaluating a determinant just
described is one form of Laplace’s development of a determinant.

Problem A2.3
For a second-order determinant
ap ap

D =
dy  dyp

show that the Laplace’s development yields the same value of D no matter which
row or column we choose.

Problem A2.4
Let

1 3
D=| 2 6
-1 0

NN A O

Evaluate D, first by the first-row expansion, then by the first-column expansion.
Do you get the same value of D?

Properties of determinants

In this section we develop some of the fundamental properties of the determinant
function. In most cases, the proofs are brief.
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(1) If all elements of a row (or a column) of a determinant are zero, the value of
the determinant is zero.

Proof: Let the clements of the kth row of the determinant D be zero. If we
expand D in terms of the ith row, then

D =a;Cy +apCp + -+ + a;,Ciy-

Since the elements a;;,a;, . . ., a;, are zero, D = 0. Similarly, if all the elements in
one column are zero, expanding in terms of that column shows that the determi-
nant is zero.

(2) If all the elements of one row (or one column) of a determinant are multi-
plied by the same factor k, the value of the new determinant is & times the value of
the original determinant. That is, if a determinant B is obtained from determinant
D by multiplying the elements of a row (or a column) of D by the same factor &,
then B = kD.

Proof: Suppose B is obtained from D by multiplying its ith row by k. Hence the
ith row of Bis kaj, where j = 1,2,...,n, and all other elements of B are the same
as the corresponding elements of 4. Now expand B in terms of the ith row:

B = ka; Cj; + kapCp + - -+ + ka;,Cyy,
=k(anCy +apCp+ -+ +a;,Cy)
= kD.

The proof for columns is similar.
Note that property (1) can be considered as a special case of property (2) with
k=0.

Example A2.1

If
2 3 1 3

D=]0 1 1| and B=[0 3 1|,
4 -1 0 4 -3 0

then we see that the second column of B is three times the second column of D.
Evaluating the determinants, we find that the value of D is —3, and the value of B
is —9 which is three times the value of D, illustrating property (2).

Property (2) can be used for simplifying a given determinant, as shown in the
following example.
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Example A2.2

1 30 1 30 1 1 0 1 10
2 6 4/=2 1 3 2|=2x3 1 1 2|=2x3x2 1 1 1|=-12.
-1 0 2 -1 0 2 -1 0 2 -1 0 1

(3) The value of a determinant is not altered if its rows are written as columns,
in the same order.

Proof: Since the same value is obtained whether we expand a determinant by
any row or any column, thus we have property (3). The following example will
illustrate this property.

Example A2.3

1 0 2
1 0 -1 0 -1 1
D=|-1 1 0|=1x —0x +2x =
-1 3 2 3 2 -1
2 -1 3

Now interchanging the rows and the columns, then evaluating the value of the
resulting determinant, we find

1 -1 2
1 -1 0 -1 0 1

0 1 —I|=1x — (=) x +2x =1,
0 3 2 3 20

2 0 3

illustrating property (3).
(4) If any two rows (or two columns) of a determinant are interchanged, the
resulting determinant is the negative of the original determinant.

Proof: The proof is by induction. It is easy to see that it holds for 2 x 2 deter-
minants. Assuming the result holds for #» x n determinants, we shall show that it
also holds for (n + 1) x (n + 1) determinants, thereby proving by induction that it
holds in general.

Let B be an (n+ 1) x (n+ 1) determinant obtained from D by interchanging
two rows. Expanding B in terms of a row that is not one of those interchanged,
such as the kth row, we have

n
B=Y" (=) by My,
Jj=1

where M,éj is the minor of by;. Each by, is identical to the corresponding ay; (the
elements of D). Each Mj; is obtained from the corresponding M, (of a;) by
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interchanging two rows. Thus by; = a;, and M,\f_/» = —M;;. Hence

n

B=-=> " (=1)"""byM;; = -D.
j=1

The proof for columns is similar.

Example A2.4
Consider
1 0 2
D=|-1 1 0|=1.
2 -1 3

Now interchanging the first two rows, we have

-1 1 0
B=| 1 0 2|=-1
2 -1 3

illustrating property (4).
(5) If corresponding elements of two rows (or two columns) of a determinant
are proportional, the value of the determinant is zero.

Proof: Let the elements of the ith and jth rows of D be proportional, say,
ay = cap,k=1,2,...,n. If ¢=0, then D =0. For ¢ # 0, then by property (2),
D = ¢B, where the ith and jth rows of B are identical. Interchanging these two
rows, B goes over to —B (by property (4)). But the rows are identical, the new
determinant is still B. Thus B=—B,B=0, and D =0.

Example A2.5

112 3 6 -4
B=|-1 -1 0/=0, D=| 1 —1 3|=0.
2 28 -6 —12 8

In B the first and second columns are identical, and in D the first and the third
rows are proportional.

(6) If each element of a row of a determinant is a binomial, then the determi-
nant can be written as the sum of two determinants, for example,

dx+2 3 2 4 3 2 2 3 2
X 4 3|=|x 4 3|+ 0 4 3|
3x—1 2 1 3x 2 1 -1 2 1
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Proof: Expanding the determinant by the row whose terms are binomials, we
will see property (6) immediately.

(7) If we add to the elements of a row (or column) any constant multiple of the
corresponding elements in any other row (or column), the value of the determi-
nant is unaltered.

Proof: Applying property (6) to the determinant that results from the given
addition, we obtain a sum of two determinants: one is the original determinant
and the other contains two proportional rows. Then by property (4), the second
determinant is zero, and the proof is complete.

It is advisable to simplify a determinant before evaluating it. This may be done
with the help of properties (7) and (2), as shown in the following example.

Example A2.6
Evaluate
1 24 21 93
2 =37 -1 194
-2 35 0 —171}|
-3 177 63 234

To simplify this, we want the first elements of the second, third and last rows all to
be zero. To achieve this, add the second row to the third, and add three times the
first to the last, subtract twice the first row from the second; then develop the
resulting determinant by the first column:

1 24 21 93

—85 —43 8
0 —85 —43 8
D= =| -2 -1 23 1.

0o -2 -1 23
249 126 513
0 249 126 513

We can simplify the resulting determinant further. Add three times the first row to
the last row:

-85 —43 8
D=|-2 -1 23]
-6 =3 537

Subtract twice the second column from the first, and then develop the resulting
determinant by the first column:

1 —43 8 R
D=0 -1 23 :‘ ‘:—537—23><(—3):—468.
—3 537
0 -3 537
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DERIVATIVE OF A DETERMINANT

By applying the product rule of differentiation we obtain the following
theorem.

Derivative of a determinant

If the elements of a determinant are differentiable functions of a variable, then the
derivative of the determinant may be written as a sum of individual determinants,
for example,

4 a b ¢ a b a b ¢ a b ¢
le Sogl=le o+l g +le fog
“\hom n h m n h m n W m'

where a, b, ...,m,n are differentiable functions of x, and the primes denote deri-

vatives with respect to x.

Problem A2.5
Show, without computation, that the following determinants are equal to zero:

0 a -b 0 2 -3
—a 0 ¢, -2 0 4|
b — 0 3 -4 0

Problem A2.6
Find the equation of a plane which passes through the three points (0, 0, 0),
(1, 2, 5), and (2, —1, 0).
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Appendix 3

1 X
Table of * F(x) = — [ e "/?dt.
( ) \/271'/0

X 0.0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
0.0 0.0000  0.0040 0.0080 0.0120 0.0160 0.0199 0.0239  0.0279  0.0319 0.0359
0.1 0.0398  0.0438 0.0478  0.0517 0.0557 0.0596 0.0636  0.0675 0.0714 0.0753
0.2 0.0793  0.0832 0.0871  0.0910 0.0948 0.0987 0.1026  0.1064  0.1103 0.1141
0.3 0.1179  0.1217 0.1255  0.1293 0.1331 0.1368 0.1406  0.1443  0.1480 0.1517
0.4 0.1554  0.1591 0.1628  0.1664 0.1700 0.1736  0.1772  0.1808  0.1844 0.1879
0.5 0.1915  0.1950 0.1985 0.2019 0.2054 0.2088 0.2123  0.2157 0.2190 0.2224
0.6 0.2257  0.2291 0.2324  0.2357 0.2389 0.2422 0.2454 0.2486  0.2517 0.2549
0.7 0.2580  0.2611 0.2642  0.2673 0.2704 0.2734 0.2764  0.2794  0.2823 0.2852
0.8 0.2881  0.2910 0.2939  0.2967 0.2995 0.3023 0.3051  0.3078  0.3106 0.3133
0.9 0.3159 0.3186 0.3212  0.3238 0.3264 0.3289 0.3315 0.3340 0.3365 0.3389
1.0 0.3413  0.3438 0.3461  0.3485 0.3508 0.3531 0.3554  0.3577  0.3599 0.3621
1.1 0.3643  0.3665 0.3686  0.3708 0.3729 0.3749 03770  0.3790  0.3810 0.3830
1.2 0.3849  0.3869 0.3888  0.3907 0.3925 0.3944 0.3962  0.3980  0.3997 0.4015
1.3 0.4032  0.4049 0.4066  0.4082 0.4099 04115 04131 0.4147 0.4162 0.4177
1.4 0.4192  0.4207 0.4222  0.4236 0.4251 0.4265 0.4279 0.4292  0.4306 0.4319
1.5 0.4332  0.4345 0.4357 0.4370 0.4382 0.4394 0.4406 0.4418  0.4429 0.4441
1.6 0.4452  0.4463 0.4474  0.4484 0.4495 0.4505 0.4515 0.4525 0.4535 0.4545
1.7 0.4554  0.4564 0.4573  0.4582 0.4591 0.4599 0.4608 0.4616  0.4625 0.4633
1.8 0.4641  0.4649 0.4656  0.4664 0.4671 0.4678 0.4686 0.4693  0.4699 0.4706
1.9 04713  0.4719 0.4726 0.4732 0.4738 0.4744 04750 0.4756 0.4761 0.4767
2.0 0.4472  0.4778 0.4783  0.4788  0.04793 0.4798 0.4803 0.4808 0.4812 0.4817
2.1 0.4821 0.4826 0.4830 0.4834 0.4838 0.4842 0.4846  0.4850 0.4854 0.4857
2.2 0.4861  0.48064 0.4868 0.4871 0.4875 0.4878 0.4881 0.4884  0.4887 0.4890
2.3 0.4893  0.4896 0.4898  0.4901 0.4904 0.4906 0.4909 0.4911 0.4913 0.4916
2.4 0.4918  0.4920 0.4922  0.4925 0.4927 0.4929 0.4931 0.4932 0.4934 0.4936
2.5 0.4938  0.4940 0.4941  0.4943 0.4945 0.4946 0.4948 0.4949 0.4951 0.4952
2.6 0.4953  0.4955 0.4956  0.4957 0.4959 0.4960 0.4961 0.4962 0.4963 0.4964
2.7 0.4965  0.4966 0.4967  0.4968 0.4969 0.4970 0.4971 0.4972 0.4973 0.4974
2.8 0.4974  0.4975 0.4976  0.4977 0.4977 0.4978 0.4979  0.4979  0.4980 0.4981
2.9 0.4981  0.4982 0.4982  0.4983 0.4984 0.4984 0.4985 0.4986 0.4986 0.4986
3.0 0.4987  0.4987 0.4987  0.4988 0.4988 0.4989 0.4989  0.4989  0.4990 0.4990

X 0.0 0.4 0.6 0.8
1.0 0.3413447 0.3849303 0.4192433 0.4452007 0.4640697
2.0 0.4772499 0.4860966 0.4918025 0.4953388 0.4974449
3.0 0.4986501 0.4993129 0.4998409 0.4999277 0.4999277
4.0 0.4999683 0.4999867 0.4999946 0.4999979 0.4999992

* This table is reproduced, by permission, from the Biometrica Tables for Statisticians, vol. 1, 1954,
edited by E. S. Pearson and H. O. Hartley and published by the Cambridge University Press for the
Biometrica Trustees.
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Index

Abel’s integral equation, 426
Abelian group, 431
adjoint operator, 212
analytic functions, 243
Cauchy integral formula and, 244
Cauchy integral theorem and, 257
angular momentum operator, 18
Argand diagram, 234
associated Laguerre equation, polynomials see
Laguerre equation; Laguerre functions
associated Legendre equation, functions see
Legendre equation; Legendre functions
associated tensors, 53
auxiliary (characteristic) equation, 75
axial vector, 8

Bernoulli equation, 72

Bessel equation, 321
series solution, 322

Bessel functions, 323
approximations, 335
first kind J,(x), 324
generating function, 330
hanging flexible chain, 328
Hankel functions, 328
integral representation, 331
orthogonality, 336
recurrence formulas, 332
second kind Y, (x) see Neumann functions

spherical, 338

beta function, 95

branch line (branch cut), 241

branch points, 241

calculus of variations, 347-371
brachistochrone problem, 350
canonical equations of motion, 361
constraints, 353
Euler—Lagrange equation, 348
Hamilton’s principle, 361
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calculus of variations (contd)
Hamilton—Jacobi equation, 364
Lagrangian equations of motion, 355
Lagrangian multipliers, 353
modified Hamilton’s principle, 364
Rayleigh—Ritz method, 359
cartesian coordinates, 3
Cauchy principal value, 289
Cauchy—Riemann conditions, 244
Cauchy’s integral formula, 260
Cauchy’s integral theorem, 257
Cayley—Hamilton theorem, 134
change of
basis, 224
coordinate system, 11
interval, 152
characteristic equation, 125
Christoffel symbol, 54
commutator, 107
complex numbers, 233
basic operations, 234
polar form, 234
roots, 237
connected, simply or multiply, 257
contour integrals, 255
contraction of tensors, 50
contravariant tensor, 49
convolution theorem Fourier transforms, 188
coordinate system, see specific coordinate system
coset, 439
covariant differentiation, 55
covariant tensor, 49
cross product of vectors see vector product of
vectors
crossing conditions, 441
curl
cartesian, 24
curvilinear, 32
cylindrical, 34
spherical polar, 35



INDEX

curvilinear coordinates, 27
damped oscillations, 80
De Moivre’s formula, 237
del, 22
formulas involving del, 27
delta function, Dirac, 183
Fourier integral, 183
Green’s function and, 192
point source, 193
determinants, 538-547
differential equations, 62
first order, 63
exact 67
integrating factors, 69
separable variables 63
homogeneous, 63
numerical solutions, 469
second order, constant coefficients, 72
complementary functions, 74
Frobenius and Fuchs theorem, 86
particular integrals, 77
singular points, 86
solution in power series, 85
direct product
matrices, 139
tensors, 50
direction angles and direction cosines, 3
divergence
cartesian, 22
curvilinear, 30
cylindrical, 33
spherical polar, 35
dot product of vectors, 5
dual vectors and dual spaces, 211

eigenvalues and eigenfunctions of Sturm—

Liouville equations, 340
hermitian matrices, 124
orthogonality, 129

real, 128
an operator, 217
entire functions, 247
Euler’s linear equation, 83

Fourier series, 144

convergence and Dirichlet conditions, 150

differentiation, 157
Euler—Fourier formulas, 145

exponential form of Fourier series, 156

Gibbs phenomenon, 150
half-range Fourier series, 151
integration, 157
interval, change of, 152
orthogonality, 162
Parseval’s identity, 153
vibrtating strings, 157
Fourier transform, 164
convolution theorem, 188
delta function derivation, 183
Fourier integral, 164
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Fourier series (contd)

Fourier sine and cosine transforms, 172

Green’s function method, 192

head conduction, 179

Heisenberg’s uncertainty principle, 173
Parseval’s identity, 186

solution of integral equation, 421
transform of derivatives, 190

wave packets and group velocity, 174

Fredholm integral equation, 413 see also integral

equations
Frobenius’ method see series solution of
differential equations
Frobenius—Fuch’s theorem, 86
function
analytic,
entire,
harmonic, 247
function spaces, 226

gamma function, 94
gauge transformation, 411
Gauss’ law, 391
Gauss’ theorem, 37
generating function, for
associated Laguerre polynomials, 320
Bessel functions, 330
Hermite polynomials, 314
Laguerre polynomials, 317
Legendre polynomials, 301
Gibbs phenomenon, 150
gradient
cartesian, 20
curvilinear, 29
cylindrical, 33
spherical polar, 35
Gram—Schmidt orthogonalization, 209
Green’s functions, 192,
construction of
one dimension, 192
three dimensions, 405
delta function, 193
Green’s theorem, 43
in the plane, 44
group theory, 430
conjugate clsses, 440
cosets, 439
cyclic group, 433
rotation matrix, 234, 252
special unitary group, SU(2), 232
definitions, 430
dihedral groups, 446
generator, 451
homomorphism, 436
irreducible representations, 442
isomorphism, 435
multiplication table, 434
Lorentz group, 454
permutation group, 438
orthogonal group SO(3)



INDEX

group theory (contd)
symmetry group, 446
unitary group, 452
unitary unimodular group SU(n)

Hamilton—Jacobi equation, 364

Hamilton’s principle and Lagrange equations of

motion, 355

Hankel functions, 328

Hankel transforms, 385

harmonic functions, 247

Helmholtz theorem, 44

Hermite equation, 311

Hermite polynomials, 312
generating function, 314
orthogonality, 314
recurrence relations, 313

hermitian matrices, 114
orthogonal eigenvectors, 129
real eigenvalues, 128

hermitian operator, 220
completeness of eigenfunctions, 221
eigenfunctions, orthogonal, 220
eigenvalues, real, 220

Hilbert space, 230

Hilbert-Schmidt method of solution, 421

homogeneous see linear equations

homomorphism, 436

indicial equation, 87
inertia, moment of, 135
infinity see singularity, pole essential singularity
integral equations, 413
Abel’s equation, 426
classical harmonic oscillator, 427
differential equation—integral equation
transformation, 419
Fourier transform solution, 421
Fredholm equation, 413
Laplace transform solution, 420
Neumann series, 416
quantum harmonic oscillator, 427
Schmidt—Hilbert method, 421
separable kernel, 414
Volterra equation, 414
integral transforms, 384 see also Fourier
transform, Hankel transform, Laplace
transform, Mellin transform
Fourier, 164
Hankel, 385
Laplace, 372
Mellin, 385
integration, vector, 35
line integrals, 36
surface integrals, 36
interpolation, 1461
inverse operator, uniqueness of, 218
irreducible group representations, 442

Jacobian, 29
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kernels of integral equations, 414
separable, 414

Kronecker delta, 6
mixed second-rank tensor, 53

Lagrangian, 355
Lagrangian multipliers, 354
Laguerre equation, 316
associated Laguerre equation, 320
Laguerre functions, 317
associated Laguerre polynomials, 320
generating function, 317
orthogonality, 319
Rodrigues’ representation, 318
Laplace equation, 389
solutions of, 392
Laplace transform, 372
existence of, 373
integration of tranforms, 383
inverse transformation, 373
solution of integral equation, 420
the first shifting theorem, 378
the second shifting theorem, 379
transform of derivatives, 382
Laplacian
cartesian, 24
cylindrical, 34
scalar, 24
spherical polar, 35
Laurent expansion, 274
Legendre equation, 296
associated Legendre equation, 307
series solution of Legendre equation, 296
Legendre functions, 299
associated Legendre functions, 308
generating function, 301
orthogonality, 304
recurrence relations, 302
Rodrigues’ formula, 299
linear combination, 204
linear independence, 204
linear operator, 212
Lorentz gauge condition, 411
Lorentz group, 454
Lorentz transformation, 455

mapping, 239
matrices, 100
anti-hermitian, 114
commutator
definition, 100
diagonalization, 129
direct product, 139
eigenvalues and eigenvectors, 124
Hermitian, 114
nverse, 111
matrix multiplication, 103
moment of inertia, 135
orthogonal, 115
and unitary transformations, 121
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matrices (contd)
Pauli spin, 142
representation, 226
rotational, 117
similarity transformation, 122
symmetric and skew-symmetric, 109
trace, 121
transpose, 108
unitary, 116
Maxwell equations, 411
derivation of wave equation, 411
Mellin transforms, 385
metric tensor, 51
mixed tensor, 49
Morera’s theorem, 259
multipoles, 248

Neumann functions, 327
Newton’s root finding formula, 465
normal modes of vibrations 136
numerical methods, 459

roots of equations, 460

false position (linear interpolation), 461

graphic methods, 460
Newton’s method, 464
integration, 466
rectangular rule, 455
Simpson’s rule, 469
trapezoidal rule, 467
interpolation, 459
least-square fit, 477
solutions of differential equations, 469
Euler’s rule, 470
Runge-Kutta method, 473
Taylor series method, 472
system of equations, 476

operators
adjoint, 212
angular momentum operator, 18
commuting, 225
del, 22
differential operator D (=d/dx), 78
linear, 212

orthonormal, 161, 207

oscillator,
damped, 80
integral equations for, 427
simple harmonic, 427

Parseval’s identity, 153, 186
partial differential equations, 387
linear second order, 388
elliptic, hyperbolic, parabolic, 388
Green functions, 404
Laplace transformation
separation of variables
Laplace’s equation, 392, 395, 398
wave equation, 402
Pauli spin matrices, 142
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phase of a complex number, 235
Poisson equation. 389
polar form of complex numbers, 234
poles, 248
probability theory , 481
combinations, 485
continuous distributions, 500
Gaussian, 502
Maxwell-Boltzmann, 503
definition of probability, 481
expectation and variance, 490
fundamental theorems, 486
probability distributions, 491
binomial, 491
Gaussian, 497
Poisson, 495
sample space, 482
power series, 269
solution of differential equations, 85
projection operators, 222
pseudovectors, 8

quotient rule, 50

rank (order), of tensor, 49
of group, 430
Rayleigh—Ritz (variational) method, 359
recurrence relations
Bessel functions, 332
Hermite functions, 313
Laguerre functions, 318
Legendre functions, 302
residue theorem, 282
residues 279
calculus of residues, 280
Riccati equation, 98
Riemann surface, 241
Rodrigues’ formula
Hermite polynomials, 313
Laguerre polynomials, 318
associated Laguerre polynomials, 320
Legendre polynomials, 299
associated Legendre polynomials, 308
root diagram, 238
rotation
groups SO(2), SO(3), 450
of coordinates, 11, 117
of vectors, 11-13
Runge—Kutta solution, 473

scalar, definition of, 1
scalar potential, 20, 390, 411
scalar product of vectors, 5

Schmidt orthogonalization see Gram—Schmidt

orthogonalization
Schrodinger wave equation, 427
variational approach, 368
Schwarz—Cauchy inequality, 210
secular (characteristic) equation, 125
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series solution of differential equations,

Bessel’s equation, 322

Hermite’s equation, 311

Laguerre’s equation, 316

Legendre’s equation, 296

associated Legendre’s equation, 307

similarity transformation, 122
singularity, 86, 248

branch point, 240

differential equation, 86

Laurent series, 274

on contour of integration, 290
special unitary group, SU(n), 452
spherical polar coordinates, 34
step function, 380
Stirling’s asymptotic formula for n!, 99
Stokes’ theorem, 40
Sturm-Liouville equation, 340
subgroup, 439
summation convention (Einstein’s), 48
symbolic software, 492

Taylor series of elementary functions, 272

tensor analysis, 47
associated tensor, 53
basic operations with tensors, 49
contravariant vector, 48
covariant differentiation, 55
covariant vector, 48

tensor analysis (contd)
definition of second rank tensor, 49
geodesic in Riemannian space, 53
metric tensor, 51
quotient law, 50
symmetry—antisymmetry, 50

trace (matrix), 121

triple scalar product of vectors, 10

triple vector product of vectors, 11

uncertainty principle in quantum theory, 173
unit group element, 430
unit vectors

cartesian, 3

cylindrical, 32

spherical polar, 34

variational principles, see calculus of variations
vector and tensor analysis, 1-56

vector potential, 411

vector product of vectors, 7

vector space, 13, 199

Volterra integral equation. see integral equations

wave equation, 389
derivation from Maxwell’s equations, 411
solution of, separation of variables, 402
wave packets, 174
group velocity, 174
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