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ABOUT THIS RESOURCE

Jacaranda Maths Quest 10+10A Victorian Curriculum Third Edition has been completely revised to help
teachers and students navigate the Victorian Curriculum Mathematics syllabus. The suite of resources in the
Maths Quest series is designed to enrich the learning experience and improve learning outcomes for all students.
Maths Quest is designed to cater for students of all abilities: no student is left behind and none is held
back. Maths Quest is written with the specific purpose of helping students deeply understand mathematical
concepts. The content is organised around a number of features, in both print and online through Jacaranda’s
learnON platform, to allow for seamless sequencing through material to scaffold every student’s learning.

Topic
introductions
put the topic
into a real-world

context.

NUMBER AND ALGEBRA

TOPIC 8
Quadratic equations

8.1 Overview

Numerous videos and interactivities are embedded just where you need them, at the point of learning, in
your leamON title at wwwjacplus.com.au. They will help you to learn the content and concepts covered

Visit your

- learn ]3] sesources - onne oy~ learnON title to
“ watch videos
3.2 Sketching linear graphs which tell

3.211 Linear graphs
s ot g 0 3 e s e i . the story of

pints ahvays le in a stught e whose gradient squals m and whose [ LTI 17T T mathematics.

yeintereept cquals c.
* The rule v = mx + ¢ is called the equation of a suaight line writien in

in this topic. “pradient-intercept” form.

8.1.1 Why learn this?

The Guggenheim Museum in
Bilbao (Spain) is covered with
thin metal plates like the scales
of a fish, each one designed
and shaped by a computer. This.

3.2.2 Plotting linear graphs
+ To plot a linear graph, complete a table of values to determine the points | An extensive

o cowric glossary of

Pot the lncar gaph defind by the e = 2 — 5 fo the xvalues =3, ~2,—1 0,1, 2and . !

T whrTEoRAW mathematical

g terms in print,
and as a hover-

project  required the ~solving
of thousands of  non-linear
equations. Parabolic shapes are
widely used by engineers and

architects. 2 Find the corresponding y-values 3
& i : )
the e over feature in
3 Plot the points on a Cartesian .
, e your learnON title
8.1.2 What do you know? assess(T] i e et it
1. THINK List what you know about quadratic equations. Use a thinking tool such as a concept map to should only be drawn between the
how your i, e o 3 nd

2. PAIR Share what you know with a partaer and then with a small group.
3. SHARE As a class, create a thinking tool such as a large concept map that shows your class's
knowledge of quadratic equations.

The learning
sequence at a
glance

LEARNING SEQUENCE

81 Overvew

8.2 Sohing quadratic squations algebraically
83 The quadratio formula

8.4 Soling quadratic equations graphically
815 The discriminant 3.2.3 Sketching straight lines
86 Review

4 Label the graph.

« A minimum of two points are necessary (o plot a straight line.
* Two methods can be used to plot a straight line:

- learn 11 sesounces - o oniy ~ Method 1 The x- and -intercept method.
B

~ Method 2: The gradient-intercept method.
1847)

TOPIC 3 Goordinate geometry 67

298 Jacaranda Maths Ques 10 + 104

Fully worked WORKED EXAMPLE 14 ,‘

By considering transformations to the graph of y = 2%, sketch the graph of y = —2" + 1.
examples

e © Engaging
: e Investigations at the

throughout the text P I end of each topic to
demonstrate key T R B S deepen conceptual

Sketch y = ~2' + 1 by translating y = ~2' upwards by | unit.
co ncepts- The graph has a y-intercept of 0 and a horizontal asymptote at y = 1.

understanding

- learn (&7 resounces - onne oney
YOL.J r FREE 4 Ty out this interactivity: Exponential graphs (int-1149)
online learnON
resources contain O Exercise 9.6 Exponential functions and graphs assess(T]

hundreds of videos,

Individual pathways

. TR W PRACTISE ‘B CONSOLIDATE W MASTER
interactivities estons austers esons:
i .
and traditional =) mEE indiidual pathway interactiviy: nt-4509 learn(i]] ont e oty
WorkSHEETs Toamwergueionsoline a0 ecive mmedinte fsdback snd sample rsponsesfor ey e,
. 2010 your LeamON il a v jcplus comau. Note- Question numbers may vy Sighly
and Skill[SHEETs Fuuency

below and use the table to plot the graph of y = 3' for =3 < x < +3,

1. Complete the
to support anq e
enhance learning.

= - Each topic concludes

20 = 1 fnd the value of y whr : :
P e - - 410 Review with comprehensive
3. Using a calculator or graphing program, sketch the graphs of y = 2, y = 3* and y = 4" on the same. . . .
st of s, Review questions O Review questions, in
e Whatdothe raphshave i common? . :
Careful Iy [¢] raded . How does the value of the base (2, 3, 4) affect the graph? ety vl ereiti Anaie b sl even both print an d online.
i . Predict where the graph y = §" would lie and skeich it in. 2 The cquation of a inea graph which passes through the origin with gradient —* i -
questions cater 4. Using raphing technlogy. setc e following raphe on one et of axes s [ T rensd
=342, y=3 45 y=3 -

. What remains the same in all of these graphs?
b Whatis changed? 1
. For the graph of y = 3* + 10, write down: =l

for all abilities.

Question types are T
classified according i the o e ol sy o *
to strands of
the Victorian
Curriculum.

[-rmp—
3. An online music shop charges a flat e of +5 postage for 2 CDs and S11 for § CDs. The equation
hat st represent hi, i € s the cost and i the number of CDs, s
+1one C=nt2  dC=Si+1  eC=2n+1
4 plus 53 pr Kilometre, The graph which best represents Sarah

356 Jacaranda Maths Quest 10 + 108

awalk-athon, Sara

.
Fully worked solutions

interactivities in to every question are Z Z K

Individual pathway
provided online, and

answers are provided
at the end of each
print topic.

each sub-topic
ensure consolidation
of learning for every
skill level.
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learn

LearnON is Jacaranda’s immersive and flexible digital learning platform that transforms trusted Jacaranda
content to make learning more visible, personalised and social. Hundreds of engaging videos and inter-
activities are embedded just where you need them — at the point of learning. At Jacaranda, our ‘learning
made visible’ framework ensures immediate feedback for students and teachers, with customisation and
collaboration to drive engagement with learning.

Maths Quest contains a free activation code for learnON (please see instructions on the inside front cover),
so students and teachers can take advantage of the benefits of both print and digital, and see how learnON
enhances their digital learning and teaching journey.

learn

includes:

Students and teachers connected in a class group

Hundreds of videos and interactivities to bring concepts to life
Fully worked solutions to every question

Immediate feedback for students
Immediate insight into student
progress and performance for
teachers

Dashboards to track progress
Collaboration in real time
through class discussions
Comprehensive summaries for
each topic 50)
Code puzzles and dynamic
interactivities to help students
engage with and work through ;
challenging concepts U9 ki o
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CAS SUPPORT IN
MATHS QUEST

A CAS appendix has been added to this text showing a selection of Worked Examples from the text pro-
duced with CAS instructions and screenshots. A more comprehensive guide to using CAS is included in the
About this course/prelim section of your online course.

WORKED EXAMPLE 13

Simplify 5V75 — 6V12 + V8 — 4V3.
TI| THINK WRITE CASIO | THINK WRITE

TOPIC 2

In a new problem, on a Ensure the calculator is set to

4 fiT B T

© Edit Action Intersctive

Calculator page, complete P g Standard mode. E[:]E;.] E]"'—_’ tl:tﬂ_
the entry line as: i On the Main screen, complete P [ (T L Py W o
5vV75 — 6V12 + V8 — 43 the entry line as: P
Then press ENTER [enter]. 5V75 — 6V12 + V8 — 4V/3 0

Then press EXE.

5V75 - 6V12 + V8 — 43
=9V3 +2V2

Alg Standard Fmil  Deg [ |

5V75 — 6V12 + V8 — 43
=9vV3 +2v2

ACKNOWLEDGEMENTS

The authors and publisher would like to thank the following copyright holders, organisations and individ-
uals for their assistance and for permission to reproduce copyright material in this book.

Images

* Alamy Stock Photo: 298/robertharding * Digital Vision: 247 * Getty Images: 770/Eraxion / iStockphoto ¢ Getty Images
Australia: 276 (middle)/gmnicholas; 319/Martin Ruegner; 425 (top)/fsachs78 ¢ NASA: 639 (bottom) ¢ Photodisc: 173
(top), 173 (bottom), 198, 238, 304, 305 (top), 305 (bottom), 336, 336, 365, 465 (bottom), 566, 574, 729, 859 (top), 859
(bottom) * Shutterstock: 1/Lightspring; 6 (top)/ARTSILENSE; 6 (bottom)/JIANG HONGYAN; 15, 66/arbit; 21/Julianka;
25/agsandrew; 31/EmiliaUngur; 36 (top), 645/Rashevskyi Viacheslav; 36 (bottom)/Iscatel; 40/Megapixel; 44/debra hughes;
49/L.AcoKozyna; 53 (middle)/Robyn Mackenzie; 53 (bottom)/Liv friis-larsen; 60 (right), top/davidundderriese; 60 (right),
middle/9lives; 60 (right), bottom/Photobank gallery; 60 (bottom)/Dennis Cox; 78/Maksym Dykha; 81/BlueSkylmage; 97,
343/Orla; 102/bannosuke; 112, 720/TnT Designs; 118/Crok Photography; 121/Lee Torrens; 126/trekandshoot; 126/Margaret
M Stewart; 128, 591/Oleksiy Mark; 129(A), 129 (bottom), 130, 142 (middle), 251 (top), 251 (bottom), 252, 253 (top), 253
(middle), 254, 422 (top), 711, 715, 716/Unknown; 130 (top)/CLS Design; 130 (bottom)/3445128471; 142 (top)/Darren
Brode; 147/Jayme Burrows; 151/Yuriy Rudyy; 156 (top)/Morphart Creation; 156 (middle)/stockshoppe; 156 (bottom)/
Maksim Toome; 167/CarpathianPrince; 174/0Olga Danylenko; 194/Aleix Ventayol Farrés; 195 (bottom)/pichayasri; 199/
Bplanet; 205/Repina Valeriya; 206/GraphicsRF; 216/snapgalleria; 224/More Images; 250/Popartic; 251 (middle)/koya979;
253 (bottom)/Dmitry Morgan; 259 (top)/Poprotskiy Alexey; 259 (middle)/m.bonotto; 264/Ivan Pavlov; 271/Ivonne Wierink;

ACKNOWLEDGEMENTS xiii



280/krechet; 281/dotshock; 288/Irina Voloshina; 291/Maxi_m; 302, 394/Neale Cousland; 312, 442/CHEN WS; 314/Diego
Barbieri; 323/Micha Klootwijk; 324/nito; 329/Christos Georghiou; 342/XiXinXing; 348/marco mayer; 353/Peter Barrett;
358/royaltystockphoto.com; 365/Mariya Dimova; 366/Creative Mood; 370/alean; 405/Dan Breckwoldt; 411/Vjom; 422
(bottom)/Frontpage; 425 (bottom)/Darios; 437/Robert Cumming; 438/© XuRa; 439/jordache; 450/Cheryl Ann Quigley; 453/
jabiru; 454 (top)/Viaceslav; 454 (bottom)/Vladyslav Starozhylov; 456/OlegDoroshin; 461/Lucky Business; 465 (top)/light
p o e t; 466 (top)/Astronoman; 466 (bottom)/Alexey Repka; 471/Suzanne Tucker; 471/Ollyy; 472 (top)/Ildar Akhmerov; 472
(bottom)/Adrian Niederhaeuser; 474/Aaron Amat; 475/abstract; 491/tovovan; 498 (top)/Omer N Raja; 498 (bottom)/Artazum;
500/TK Kurikawa; 501 (top)/spotmatik; 501 (bottom)/pkchai; 502 (top), 738/Andresr; 502 (bottom)/3d_kot; S06/Nadezda
Cruzova; 507/Piotr Zajc; S08/Elena Elisseeva; 510/topae; 512/Madlen; 514 (top)/Dudits; 514 (bottom)/Ariwasabi; 515 (top)/
psynovec; 515 (bottom), 528/Kzenon; 516/givaga; 520/AntonioDiaz; 524/mezzotint; 525/Barry Barnes; 515 (bottom), 528/
Kzenon; 529, 647 (bottom)/Monkey Business Images; 530/spfotocz; 531/Yellowj; 532/Nik Merkulov; 537/imagedb.com;
549/Rob Hyrons; 553 (top)/Sebastian Kaulitzki; 553 (bottom)/Champiofoto; 554/Matryoha; 556/Andrey_Kuzmin; 557/max
blain; 565/Max Earey; 567/asife; 568 (top)/Denis Tabler; 568 (bottom)/Denis Kuvaev; 569/Ain Mikail; 575/ibreakstock;
576/amasterphotographe; 577/Vectomart; 581/Aleksandr Bryliaev; 582 (middle)/Lorelyn Medina; 582 (bottom)/Pushkin;
592/Bildagentur Zoonar GmbH; 595/Alexander Raths; 596/homydesign; 597/PavleMarjanovic; 598 (top)/Maxx-Studio; 598
(middle)/Fotyma; 598 (bottom)/alexmillos; 599 (top)/mama_mia; 599 (middle)/Meder Lorant; 599 (bottom)/Tatyana Vyc;
604/0OZ Photo; 607/CandyBox images; 615 (top)/Maria Maarbes; 615 (bottom)/Natali Glado; 618/Mint and Lemon; 623/
Twin Design; 624/fuyu liu; 638/© Mariia Sats; 639 (top)/LysFoto; 640/style_TTT; 641/Petar Milevski; 643/kavione; 647
(top)/Omegafoto; 648 (top)/Macrovector; 649/gst; 650 (middle)/Anteromite; 650 (bottom)/TW van Urk; 652/Altin Osmanaj;
653 (top)/Moving Moment; 653 (bottom)/Dionisvera; 658/Inked Pixels; 659/karamysh; 660/Natykach Nataliia; 661/
stefan11; 662/zefart; 663 (top)/David Malik; 663 (bottom)/zamanbeku; 665/emilie zhang; 669/a1b2c3; 675/Kudryashka;
676 (left)/© Johan Larson, used under licence from Shutterstock; 676 (right)/© R. Gino Santa Maria, used under license
from Shutterstock; 693/Jirsak; 698/Kathie Nichols; 710/gpointstudio; 112, 720/TnT Designs; 728/Sashkin; 731/BrunoRosa;
747/Syda Productions; 752/Keo; 759/Steven Fayers; 774/science photo; 775/KKulikov; 776/BARRI; 777 (top)/Soloviova
Liudmyla; 777 (bottom)/harper kt; 778/a40757; 798/DrHitch; 807/KRIS Beauty; 832/Ron Dale; 842/Fer Gregory; 850 (top)/
Alvov; 850 (middle)/Maridav; 850 (bottom)/Inu; 851/Jose Angel Astor Rocha; 854 (top)/Phovoir; 854 (bottom)/mooinblack;
877/Nomad_Soul; 129(B)/Hydromet; 330(a)/gui jun peng; 330(b)/Amy Johansson; 330(c)/Paul D Smith; 331(d)/albund;
331(e)/Petinov Sergey Mihilovich ¢ Viewfinder Australia Photo Lib: 20 « WorldSat Royalty Free: 836/Copyright © Earth
Vistas/ WorldSat International Inc

Text

* Copyright Agency Limited: 613/“Sponges are toxic”, The Sunday Mail 5 September 2010 p36; 617/The Great Aussie Dads
survey, The Sunday Mail, 05/09/2010, David Briggs, Galaxy principal; 620/Source: The Courier Mail, 14-15 Aug. 2010,
p- 25.; 621 (middle)/*“Single women earn more”, The Weekend Australian 4-5 Sept 2010 p20; 621 (bottom)/“Egg Shortage
is no yolk”, by Paddy Hintz, The Courier Mail 28-29 August 2010 * This may be a modified extract from the Victorian Cur-
riculum F-10 and may include the work of other authors. VCAA does not endorse nor verify the accuracy of the information
provided and accepts no responsibility for incomplete or inaccurate information. You can find the most up to date version of
the Victorian Curriculum at http://victoriancurriculum.vcaa.vic.edu.au/.

Every effort has been made to trace the ownership of copyright material. Information that will enable the
publisher to rectify any error or omission in subsequent reprints will be welcome. In such cases, please
contact the Permissions Section of John Wiley & Sons Australia, Ltd.

xiv ACKNOWLEDGEMENTS



NUMBER AND ALGEBRA

TOPIC 1
Indices

1.1 Overview

Numerous videos and interactivities are embedded
just where you need them, at the point of learning, in
your learnON title at www.jacplus.com.au. They will
help you to learn the content and concepts covered in
this topic.

1.1.1 Why learn this?

Don’t you wish that your money could grow as
quickly as a culture of bacteria? Perhaps it can —
both financial investments and a culture of bacteria
can grow exponentially, that is, according to the laws
of indices. Indices are useful when a number is con-
tinually multiplied by itself, becoming very large, or
perhaps very small.

1.1.2 What do you know? assess[]]

1. THINK List what you know about indices. Use a thinking tool such as a concept map to show your list.

2. PAIR Share what you know with a partner and then with a small group.

3. SHARE As a class, create a thinking tool such as a large concept map that shows your class’s
knowledge of indices.

LEARNING SEQUENCE

1.1 Overview

1.2 Review of index laws
1.3 Negative indices

1.4 Fractional indices

1.5 Combining index laws
1.6 Review

Iearn RESOURCES — ONLINE ONLY

Watch this eLesson: The story of mathematics: Leibniz (eles-1840)
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1.2 Review of index laws
1.2.1 Review of index laws

* When a number or pronumeral is repeatedly multiplied by itself, it can be written in a shorter form
called index form.
* A number written in index form has two parts, the base and the index, and is written as:

A ~,
Base a® Index
N——7 (power or
exponent)

* Another name for an index is an exponent or a power.
* Performing operations on numbers or pronumerals written in index form requires the application of
the index laws.
First Index Law: When terms with the same base are multiplied, the indices are added.
a'"xd =a"t"
Second Index Law: When terms with the same base are divided, the indices are subtracted.

a+ad'=a"""

WORKED EXAMPLE 1 Tl | CASIO

Simplify each of the following.

2x5 4
a m*n’p x m*n"p? b 2a%b® x 3ab* c J
10x?%3
THINK WRITE
a 1 Write the expression. a m'n’p x m*n’p?
2 Multiply the terms with the same base = m: 22’;13 tptt?
by adding the indices. Note: p = p'. =mnp
b 1 Write the expression. b 24%°b’ x 3ab*
2 Simplify by multiplying the =2x3xa*x b
coefficients, then multiply the terms = 6a’h
with the same base by adding the
indices.
5 4
¢ 1 Write the expression. c 2xy
10x%y?
15243
2 Simplify by dividing both of the = -
coefficients by the same factor, then Oy .

divide terms with the same base by =75
subtracting the indices.

Third Index Law: Any term (excluding 0) with an index of O is equal to 1.
0
a=1,a#0

2 Jacaranda Maths Quest 10 + 10A



WORKED EXAMPLE 2

Simplify each of the following.
a (2b%)°
THINK

a 1 Write the expression.

b —4(a’h®)°
WRITE
a (2b%)°

2 Apply the Third Index Law, which states that any =1

term (excluding 0) with an index of 0 is equal to 1.
b 1 Write the expression. b —4(’p)°
2 The entire term inside the brackets has an index of 0, =—-4x1
so the bracket is equal to 1.

3 Simplify. =—4

Fourth Index Law: When a power (a™) is raised to a power, the indices are multiplied.
( am)n = g™
Fifth Index Law: When the base is a product, raise every part of the product to the index outside the
brackets.
(ab)™ = a"b™
Sixth Index Law: When the base is a fraction, multiply the indices of both the numerator and denom-
inator by the index outside the brackets.

WORKED EXAMPLE 3 Tl | CASIO

Simplify each of the following.

2x3 4
a (2n%)} b (3a’")? c <4> d (-4)°
y
THINK WRITE
a 1 Write the term. a 2%’
2 Apply the Fourth Index Law and simplify. = I X3 eyt x3
— 23n12
— 8}’112
b 1 Write the expression. b (3a’b’)?
2 Apply the Fifth Index Law and simplify. = 31%3 ¢ g2%X3 5 p7 %3
— 33a6b21
= 27a%h*!

¢ 1 Write the expression.

2 Apply the Sixth Index Law and simplify.

3\4
< (%)
y
_21)(4 Xx3>(4

4 x4
y

_16x"?

y16

TOPIC 1 Indices 3



d 1 Write the expression.

2 Write in expanded form.

3 Simplify, taking careful note of the negative

sign.

=—-4Xx—-4x-4

learn RESOURCES — ONLINE ONLY

Complete this digital doc: SkillSHEET: Index form (doc-5168)

Complete this digital doc: Skill[SHEET: Using a calculator to evaluate numbers given in index form (doc-5169)

Exercise 1.2 Review of index laws

Individual pathways

l PRACTISE

Questions:

1a—f, 2a—f, 3a—f, 4a—f, 6, 7a—,
9,10

Il CONSOLIDATE
Questions:
1d-i, 2d-i, 3a—f, 4e-l, 6, 7a—,
9-11,15

[l B B Individual pathway interactivity: int-4562

assess[J])

B MASTER
Questions:
1d-l, 2d-l, 3, 4d-o, 5, 6, 7d-i, 8-16

learn ONLINE ONLY

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency

1. =AM Simplify each of the following.

a.a’ xat
d. ab? x &’V

g mnp X m>n’p*

j. 3m® x 2mn® x 6m*n’

b.a’>xa’xa
e. m*n® x m’n

h. 2a X 3ab

k. 4x* x %xy3 X 6x°y

2. IZA Simplify each of the following.

aad+d

7
d.4i

jo Tab’c* + ab*c*

b. d’ = a*
2168
e.——
7b?
2x4y3

4x4y

16m'3 3 2

3. Il Simplify each of the following.

a.ao

d. 3x°

844" - (& ’
4

b. (2b)°
e. 4b°

h. 5" — 12

20m5 3. 4

c. bxb xb
f. a’b’c X a’b*c?
i. 4a2b° X 5a%b x 1195

L 2x*y? X 4x X xy
b+’

48m®
12m?

f.

i. 6x7y + 8x*

14x°y*7?

28x%y°7?

c. 3m?»)°
f. =3 x 2n)°

i. 5% — 5xy?)°
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4. IA Simplify each of the following.

2\ 4
a. (@®? b. 24%)* c. (”;)
2
d. (23”4> e. (a’b)? f. (34°h*)?
2 3 2\2
s (%) ()

3\4 3 4
(32) < (2) (2)
n? 2y’ 5b°

m. (-3)° n (=7)° 0. (-2)°
5.0 a. 2m'% is the simplified form of:
10 4 5\2
A’ x 2m*n?  B. 6’"37” c. @m’n?)? D. 2n(m’)? x n*  E. <2”§>
n n
b. The value of 4 — (5a)° is:
A. —1 B. 9 c.1 D. 3 E.5
6. IIA a. 4a°b x b* x 5a*b° simplifies to:
A. 9a°b® B. 20a°b’ C. 20a°b® D. 9a°b’ E. 214°b®
9 6
1507 X 37 simplifies to:
9x!0 x x*
A. 5x° B. 9x c. 5x% D. 9x° E. 5x
3p” x 8¢°
s simplifies to:
12p° x 44°
4 4 4 4 4 4
A. 2g* B. 29 c.Z p. 29 E. L
2 2 24 24
51,3 32
d. Ta’h + Tha simplifies to:
5a°v*  5b’a*
3 3 3
a, 30ab g, 22470 c. a’b D. ab’ g. 224b
25 49 49
Understanding
7. Evaluate each of the following.
a2’ x2*x2 b. 2 x 3% x 2? ¢ (5%
5 6 3
a3 x4 e (23 % 5)° £ (2
3% x 4% 5
4 6
g X3 h. (33 x 240 i 4(52 x 3%)°
4% x 5°
8. Simplify each of the following.
a. ()¥ b. a’ x (p?)° c. m®* x n® x (mn)°
a (LY e, £, (@ +my
» n’m
Reasoning

9. Explain why @’ X ¢ = @’ and not a°.
10. Is 2x ever the same as x*>? Explain your reasoning using examples.
11. Explain the difference between 3x" and (3x)°.

TOPIC 1 Indices 5



12. a. In the following table, enter the values of 3a* and 5a when a = 0, 1, 2 and 3.
a 01213
3d°
Sa
3a®> + 5a
3a®> X Sa

b. Enter the values of 34> + 5a and 3a®> X 5a in the table.
¢. What do you think will happen as a becomes very large?

13. Find algebraically the exact value of x if 474 = 2%, Justify your answer.
14. Binary numbers (base 2 numbers) are used in computer operations. As the
name implies, binary uses only two types of numbers, 0 and 1, to express
all numbers. A binary number such as 101 (read one, zero, one) means
(Ax2) 4+ Ox2Y) +(1x2%=4+0+1=5 (in base 10, the base we
are most familiar with).
The number 1010 (read one, zero, one, zero) means
(IX2)+O0x2)+ (1 x2H)+(0x2)=8+0+2+0=10.
If we read the binary number from right to left, the index of 2
increases by one each time, beginning with a power of zero. Using this
information, write out the numbers 1 to 10 in binary (base 2) form.

Problem solving
15. Solve for x:
7)6 X 71+2x
a‘ e —
(7°
16. For the following:

a. calculate the correct answer
b. identify the error in the solution.

(a2b3c>3 y <a3b2c2)2 _
a’b? a’b’

=16 807 b. 2% — 52" = -4

b\’ ab*c*\?
») " ( b

I
W
T o N——

Il
Q
o

Reflection
Why are these laws called index laws?

CHALLENGE 1.1

It was estimated that there were 4 x 107 locusts in the largest swarm ever seen. If each
locust can consume 2 grams of grain in a day, how long would it take
the swarm to consume 1 tonne of grain?

6 Jacaranda Maths Quest 10 + 10A



1.3 Negative indices
1.3.1 Negative indices

3
. . a . . . . .
* Consider the expression T This expression can be simplified in two different ways.

a
3
1. Written in expanded form: a - axaxa
S axaxaxaxa
1
T aXa
1
T2

2. Using the Second Index Law: & = 43-3

a
= a_2
So,a”? = i
&
0
e In general, % = % (1 =a"
=g (using the Second Index Law)

= a_n
Seventh Index Law: a7 = 1

an

* The convention is that an expression should be written using positive indices and with pronumerals
given in alphabetical order.

WORKED EXAMPLE 4

Express each of the following with positive indices.

a x73 b 2m=*n? c 4
-3
a
THINK WRITE
a 1 Write the expression. a x>
2 Apply the Seventh Index Law. = %
X
b 1 Write the expression. b 2m™*n?
2
2 Apply the Seventh Index Law to write the _ 2
expression with positive indices. m*
¢ 1 Write the expression and rewrite the fraction, c il =4+q3
using a division sign. a
2 Apply the Seventh Index Law to write the =4 = e
expression with positive indices. a’
3
3 To divide the fraction, change fraction —4xL
division into multiplication. 1 1
= 4a

* Part ¢ from Worked example 4 demonstrates the converse of the Seventh Index Law L_n =d".
a

TOPIC 1 Indices 7



WORKED EXAMPLE 5 Tl | CASIO

Simplify each of the following, expressing the answers with positive indices.

2x4 2 2 3\-2
a & x ab b = c <'"2>
3xy n-
THINK WRITE
a 1 Write the expression. a a’b> xa>b
2 Apply the First Index Law. Multiply terms with Y S
the same base by adding the indices. =abh?
3 Express the answer with positive indices. I
a’b?
. . 2y’
b 1 Write the expression. .
3xy
2 Apply the Second Index Law. Divide terms 2+ 123
with the same base by subtracting the indices. - 3
B 253y~
3
3 Express the answer with positive indices. _ LX%
3y?
3\-2
¢ 1 Write the expression. c <2’Z>
n
2 Apply the Sixth Index Law. Multiply the 27t
indices of both the numerator and denominator by I
the index outside the brackets.
3 Express all terms with positive indices. _ |
92,64
4 Simplify. =1
4mSn*

* Numbers in index form can be easily evaluated if they are expressed with positive indices first.
Consider the following example.

WORKED EXAMPLE 6

Evaluate 6 x 373 without using a calculator.

THINK WRITE

1 Write the multiplication. 6 x 373

2 Apply the Seventh Index Law to write 37> with a positive =6 X %
index. .

3 Multiply the numerator of the fraction by the whole = %
number. 3

8 Jacaranda Maths Quest 10 + 10A



4 Evaluate the denominator. =

5 Cancel by dividing both the numerator and =
denominator by the highest common factor (3).

Ieal‘n RESOURCES — ONLINE ONLY

Try out this interactivity: Colour code breaker (int-2777)

Exercise 1.3 Negative indices assess[J])

Individual pathways

B PRACTISE B CONSOLIDATE B MASTER
Questions: Questions: Questions:
1a-i, 2a-i, 3a—f, 4, 5a—e, 6a-b, 1a-i, 2a-i, 3c-h, 4, 5a-g, 6, 7, 1, 2¢-o, 3c-l, 4, 5d-j, 6, 7, 8¢c—f, 9-18
8a-c, 9, 11a, 12 8b-e, 9, 11a-b, 12, 13, 15, 18
[l B B Individual pathway interactivity: int-4563 learn ONLINE ONLY

To answer questions online and to receive immediate feedback and sample responses for every question, go
to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency
1. A Express each of the following with positive indices.
a x> b. y~* ¢ 2a”
d. ;ia'S e 3x%y~? £ 272m 3~
g 6a’b~1c h i 2
a™t 3a~*
j 6a K Ta™* 1 2m’n=>
3p~? 2673 3a7%b*
2. I Simplify each of the following, expressing the answers with positive indices.
a.a’b?xab! b. 2x7%y x 3x74y7? ¢ 3m’n™> x m™n~3
d. 4a°p* + b’ e. 200 = 3x%° f. 5x72y° + 6xy°
6m'*n h 4x7y° ; 2m*n~*
2n3m® x7y=3 6mn~!
jo Qa*m*H™ k 4(p'gH? L 3(a 2%

(o) ) )
m (— n. o|—
3¢° 2573 3b72
3. [E3 Evaluate each of the following without using a calculator.
a.2”’ b. 67 ¢ 3™
d.37?x 2’ e 47 x2? £5x67

TOPIC 1 Indices 9



3 =
j16°><24 K 5% x 25°
82 x 274 252 x 574

4. Write each of these numbers as a power of 2.

a8 b. ¢ c 32

5. Complete each statement by writing the correct index.
a. 125=5" b. =4~ el=7-
e. 0.01 =10 f.1=8" g 64=4"-
i.é:l-‘ j.ézg..‘

6. Evaluate the following expressions.

- (2) n (5 e (31)'

7. Write the following expressions with positive indices.

a (¢ - b. ‘Lz_l c L_z
b b3 b—3

8. Evaluate each of the following, using a calculator.
a.37° b. 127

e ()’ e (3)

9. I a. x° is the same as:

A —x° B. —5x C. 5x
b. 1 is the same as:

a

A. 4a B. —4a c.a*

1.
C g ls the same as:

A. 23 B. 23 c. 32

4
10. K a. Which of the following, when simplified, gives 3%?
4n

4 2
A. 3m4n B.3x22x m*x n?
2 -2
. 21n : E. 3m* x 2%n2
37'm”

b. When simplified, 3a2b~" + %a‘4b6 is equal to:

2
A 2 B. 22 c. 2@
a®p’ 44° 4b
¢. When (2x%~%) 73 is simplified, it is equal to:
18 18 12
A2 B. X c. 2
y12 8y12 8X18

d. 216 =6
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x\ 3 9
d If (iﬁ) is equal to %, then x and y (in that order) are:

a
A. -3 and -6 B. —6 and -3
D. -3 and -2 E. —2 and -3

Understanding

11. Simplify, expressing your answer with positive indices.

—3n—2 (m3n—2) =7

m
m—Sn() (m—5n3)4

12. Simplify, expanding any expressions in brackets.

a.

a (P + )0 =5 b. (m® + n°)?
(.Xﬂ+1)b X xa+b
N d (

xa(b+ 1) % x2b

2" x 8"
27 x 16

14. Write 27" x 37" x 6*" x 32" x 2*" as a power of 6.
15. Solve for x if 4* — 4*~! = 48,

Reasoning

13. Write < > in the form 24 +%,

C. -3and?2

37,-3\2 =27y-1
o 5@ (5a”h)

(ab™~'

8(x+1) 2

14

@by’

X (pZX)4

X (pIZX)O

16. Explain why each of these statements is false. [llustrate each answer by substituting a value for the

pronumeral.

asx’=1 b. 9x° + 3x° = 3x ca+a

Problem solving

17. Solve for x and y if 57 = 625 and 3% x 3’ = 243.
35*

TV X 57

18. Solve for n. Verify your answers.
a (2" x (2 x4=1

Hence, evaluate

Reflection

nmyn ny—3
b 3 37

d2ct=L

1

Are there any index laws from Section 1.2 that do not apply to negative indices?

1.4 Fractional indices
1.4.1 Fractional indices

» Terms with fractional indices can be written as surds, using the following laws:

1

1. d"=%Va
2. a" = Va"
= Vay"

24

* To understand how these laws are formed, consider the following numerical examples.

1 1
We know 42 x 42 = 4!

V4 x Va=+16

and that —4

TOPIC 1 Indices 11



1
It follows, then, that 42 = v/4.
1 1 1
Similarly, we know that 8 x 8 x 83 = 8!

and that V8 x V8 x V8 = V512
=8

1
It follows, then, that 8% = V8.

This observation can be generalised to d" = Va.

m mx L m Lym
Now consider: " =a " or a" =d"
1 1

= (@ = (d")"

= nam = (%)m

Eighth Index Law: a" = Yo" = (Va)"

WORKED EXAMPLE 7

Evaluate each of the following without using a calculator.

i 3
a 92 b 162
THINK WRITE
1
a 1 Rewrite the number using the Eighth Index Law. a 92=1/9
2 Evaluate. =3
m ; 3
b 1 Rewrite the number using a” = (\/;)’”. b 16 = (\R)3
=43
2 Simplify and evaluate the result. =64

WORKED EXAMPLE 8 Tl | CASIO

Simplify each of the following.

1 2 1 i\’
a m® x m® b (a*b%) c )%
yZ
THINK WRITE
12
a 1 Write the expression. a m Xm
2 Apply the First Index Law to multiply terms with %
the same base by adding the indices. =
1
b 1 Write the expression. b (a’h)°
2 Use the Fourth Index Law to multiply each index % %
inside the brackets by the index outside the brackets. =a’b
11
3 Simplify. — &3b2

12 Jacaranda Maths Quest 10 + 10A



¢ 1 Write the expression. c

2\ 1

B |
3
a
2 Use the Sixth Index Law to multiply the index in both %
the numerator and denominator by the index outside the = )%
brackets. 8

learn RESOURGES — ONLINE ONLY

Complete this digital doc: SkillSHEET: Addition of fractions (doc-5176)

Complete this digital doc: Skill[SHEET: Subtraction of fractions (doc-5177)
Complete this digital doc: SkillSHEET: Multiplication of fractions (doc-5178)
Complete this digital doc: SkillSHEET: Writing roots as fractional indices (doc-5179)

Complete this digital doc: WorkSHEET: Index laws (doc-5180)

Exercise 1.4 Fractional indices assess[]])

Individual pathways

B PRACTISE H CONSOLIDATE B MASTER
Questions: Questions: Questions:
1-5, 6a, d, g, 7a, d, 8a, d, g, 93, 1-5,6a, b, e, h, i, 7a, b, c, f, 8a, b, 1-5, 6¢, f, i, 7c, f, 8¢, f, i, 9b, c, e, f,
d, 10a,d, g, 11a,d, g, 12, 13, d,e, g,h,9a,b,d,e 10b, e h,11b, 10c, f, i, 11c, f, i, 12-19
14a,d, g, 15, 16 e, h,12,13,14b, e, h, 15, 16, 17
B M W Individual pathway interactivity: int-4564 learn ONLINE ONLY

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency
1. Evaluate each of the following without using a calculator.
1 1 1 1 1 1
a. 167 b. 252 c. 812 d. 8’ e. 643 f. 814
2. Write the following in surd form.
1 1 2 5
a. 152 b. m* c 7 d. 72
3 1
e wd £ w!?® g 5% h. %3
3. Write the following in index form.
a. Vi b. V57 c. V6!l d. Vx°
e. Vi’ £ Vw'® g Vi’ h. V11"
4. Without using a calculator, find the exact value of each of the following.
2 4 3 4
a. 8 b. 83 ¢ 32° d. 32°
3 2 =2 3
e. 257 f. 273 g 273 h. 814
6 1 1 1
i. 102 j. 362 k. 72 1 123

TOPIC 1 Indices 13



5. Using a calculator, evaluate each of the following. Give the answer correct to 2 decimal places.

1
a. 33

1
d. 8

)

6. A Simplify each of the following.
30001

ad x4
32
d x* xx°
2
g 4" x )’
7. Simplify each of the following.
23 13
a. a’b* x a’b*
3 1
d. 6m’ x %m“n
8. Simplify each of the following.
1 1
a. 32+ 33
6 3
da +d

AN

9. Simplify each of the following.
43
a. X’y? = X3y’
4 21

d. 10x5y + 5x3y*

10. Simplify each of the following.
3

1

b. 52
3
e 128

(

13
b. 28 x 28
1 1
e. Sm3 x 2m’
3 3
h. §a8 x 0.05a*

I8}
Rell S}

1
Y X Xy
1111

e. X°y22> X x0y%z

wn
[SSIE

b. x

NeJB
[eJ[8N)

3
SIE

h. (")

11. IEZM Simplify each of the following.
1

112
a. (a’bd)

1
13 3

133
d. Ba’bct)

2

IS

m-
O
n®

3
b. (a*b)*

1
e. 5(x%y

(IS

1
22
5

2’)

W

S
O\A‘ |

1
2

1
c. 7’

4
f. (0.6)°

c.a*xad
1§ 2
f.§b7><4b7

1

i 5 x x2

1 34

¢c. 2ab® X 3a°b°
231 33
f. 2ab8c* X 4b*c*

3
c 122+ 122
4
5
m
=
m9
3
. 253
L 1
20p*

00|

S
ENIES

0w

]
3
|
w
S

™
=
[JRN]
=
=

~
A
W[
S
O\ —
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2
12. [ a. y’ is equal to:

1 1 1
A (?)° B. y x% c. () D. 2vy E. (°)2
2
b. k* is not equal to:
1 1 1
A. (k)2 B. Vi2 C. (k2)° D. (Vk)? E. (k%)3
c 1 is equal to:
2
8 2 -2 5 _3 1
A g B.g 5 c. g% D. g 2 E. 2g°
3m 1
13. & a. If (a*)" is equal to a*, then m and n could not be:
A. 1and 3 B. 2 and 6 C.3and 8
D. 4and 9 ) E. both C and D

b. When simplified, <an> is equal to:

bf’
m P mp m’
P n n D np
AL B. & c. L % E. 2
b" b" b" e
14. Simplify each of the following.
a. Vd® b. Vb’ c. Vm'®
d. Viex* e. V8y’ £, V16552
g V27m°n" h. V32p°¢™ i. V21645

Understanding

15. The relationship between the length of a pendulum (L) in a grandfather clock and the time it takes to
complete one swing (7) in seconds is given by the following rule. Note that g is the acceleration due
to gravity and will be taken as 9.8. |

T= 2n<L> 2
8

a. Calculate the time it takes a 1 m long pendulum to complete one swing.
b. Calculate the time it takes the pendulum to complete 10 swings.
¢. How many swings will be completed after 10 seconds?

Reasoning
16. Using the index laws, show that V324°b" = 2ab?.
17. To rationalise a fraction means to remove all non-rational numbers from the

denominator of the fraction. Rationalise a73 by multiplying the numerator and
— 3+ Vb
denominator by 3 — /b3, and then evaluate if b = a*> and a = 2. Show all of your

working.
Problem solving

2

11 2 2
S 2mdn

5+n§—p5
1 1 ’
ms —nd — pd

18. Simplify "

|-
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19. A scientist has discovered a piece of paper with a complex formula written on it. She thinks that
someone has tried to disguise a simpler formula. The formula is:

aPaVp? 3 <\/c7b>2 < b )3
————Xb' X 5] %
a'b ab Vb
a. Simplify the formula using index laws so that it can be worked with.
b. From your simplified formula, can a take a negative value? Explain.
c. What is the smallest value for a for which the expression will give a rational answer? Consider only
integers.

Reflection
Why is it easier to perform operations with fractional indices than with expressions using surds?

1.5 Combining index laws
1.5.1 Combining index laws

* When several steps are needed to simplify an expression, expand brackets first.

* When fractions are involved, it is usually easier to carry out all multiplications first, leaving one
division as the final process.

* Final answers are conventionally written using positive indices.

WORKED EXAMPLE 9

Simplify each of the following.

474 n—-2 ., gn+l
, @a)'b Y
6a3b2 81n—1
THINK WRITE
: : a)*p*
a 1 Write the expression. o
6a’b
2 Apply the Fourth Index Law to remove the _ 16a*p*
bracket. 6
3 Apply the Second Index Law for each number and _ 84t
pronumeral to simplify. - 3
4 Write the answer. _ S8ab?
3
3}1—2 X 9n+1
b 1 Write the expression. b T
n—-2 2\n+1
2 Rewrite each term in the expression so that it has a — w
base of 3. @3hH !
n—2 2n+2
3 Apply the Fourth Index Law to expand the brackets. = %
3 n—
3n
4 Apply the First and Second Index Laws to simplify = i .
and write your answer. 3 {1_
- 371—4
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WORKED EXAMPLE 10

Simplify each of the following.

7 3
a (2a°b)* x 4a’h? o
(3x3y2)2
THINK
a 1 Write the expression.

2 Apply the Fourth Index Law. Multiply each index inside
the brackets by the index outside the brackets.

3 Evaluate the number.

4 Multiply coefficients and multiply pronumerals.
Apply the First Index Law to multiply terms with
the same base by adding the indices.

Write the expression.

2 Apply the Fourth Index Law in the denominator.
Multiply each index inside the brackets by the index
outside the brackets.

3 Apply the Second Index Law. Divide terms with the
same base by subtracting the indices.

4 Usea™ = Lm to express the answer with positive
a
indices.
¢ 1 Write the expression.

2 Simplify each numerator and denominator by multiply-
ing coefficients and then terms with the same base.

3 Apply the Second Index Law. Divide terms with the
same base by subtracting the indices.

4 Simplify the numerator using a° = 1.

2m°n x 3m’n*
Tm’n® x mn?
WRITE

a (2a°b)* x 4a°b?

=2%a"b* x 4a’D’

= 16a'%b* x 4a*b>
=16 X 4 x a'**?p**?
= 64a'*p’

Txy?
(Bxy?)?

B Txy?
9 X6y4

7)6_5)1_l

WORKED EXAMPLE 11 Tl | CASIO

Simplify each of the following.

a (54°b%)? % a’b’ b 8m’n—* . 4m=n~*
a @p)’ (6mn?)? 6m>n
THINK WRITE

a 1 Write the expression.

(54°b)? " a*b’

alO (a3b)7

TOPIC 1 Indices 17



2 Remove the brackets in the numerator of the first
fraction and in the denominator of the second fraction.

3 Multiply the numerators and then multiply the
denominators of the fractions. (Simplify across.)

4 Divide terms with the same base by subtracting the

indices. (Simplify down.)

S Express the answer with positive indices.

Write the expression.

2 Remove the brackets.

_25a%° _ a*p
- a° 27
_ 2545
ST

= 254" >b*
_25b*
. X

b 8mn~* B 4m~*n~*

6mn®)?  6m™>n

3 Change the division to multiplication.

4 Multiply the numerators and then multiply the
denominators. (Simplify across.)

5 Cancel common factors and divide pronumerals with
the same base. (Simplify down.)

6 Simplify and express the answer with positive indices.

_ 8min™t | Am™n?

; 216mn® .

6m=>n

_ 8mPn* 6m>n

C206m3nS dmn
_ 48m=*n=3

864mn*

RS
18
1

a 18m°n®

Note that the whole numbers in part b of Worked example 11 could be cancelled in step 3.

learn

RESOURCES - ONLINE ONLY

Complete this digital doc: WorkSHEET: Combining index laws (doc-5181)

Exercise 1.5 Combining index laws

Individual pathways

Hl PRACTISE

Questions:

1a-d, 2a-d, 3a-d, 4a—-d, 5a—d, 6, 7,
9,10, 11a, d, 12

Il CONSOLIDATE

Questions:

1c-h, 2c—, 3c—g, 4b-f, 5¢c—f, 6-10,
11b-e, 12

[l B W Individual pathway interactivity: int-4565

assess[J])

H MASTER

Questions:

1f-j, 2e—i, 3f-i, 4d-f, 5e-h, 6-10,
11c—f, 12-15

learn ONLINE ONLY

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.
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Fluency
1. IIEA Simplify each of the following.

a. 3a°h*)? x 2a*b’ b. (4ab’)? x 3a’b® ¢ 2m’n™ x (m*n=3)°

d. 2pg*)?* x (5p%¢h* e. 24’6 x (3a’b*)? £. 5% x 3(bc) ™
11 341 3 11 213 131

g. 6x%y° X (4x*y5)2 h. (16m’*n*)* x (m2n*)? i 2(0¢%) 4 x3@ptq Y 3
121 132

J- 8p3¢?) 3 x (64p°q*)°

2. IIZMA Simplify each of the following.

5a2b3 b 4X5y6 . (3m2n3)3
Qa’h)> 2xy%)* " emnd)
4 3..10\ 6 3, -5 215\ 3
R
1 23\ -4 111
(5p°¢*)* h (3bc . ()2
B S 3 —4 L
& 112 5b~%c T2 113
25(p2q4)3 (x3y 4Z3) 2

3. [IEA Simplify each of the following.

a. 2a%b x 3a’b* b, 4mbn® x 12mn’ c 10m®n> x 2m*n®
4a°p’ 6m’n® 12m*n x Sm*n®
d 6x°y? x 4x5y o (6x°y?)* £ 5x%y x 2xy°
9xy’ x 2x°y° Ox’y? X 4dxy’ 10x°y* x x*y?
31 43
a’b® x 2(ab’)? b P°¢» > % 3pq i 6x2y% X x3y°
6(a2b3)3 X a4b Zp—4q—2 % (Spq4)—2 1 1 11

2(x%y)% x 3x2y
4. I3IA Simplify each of the following.

a3b2 2a6b (2616)2 4ab6 (m4n3)2 (m3n3)3
50*7  a°b 10d’6>  64° m®n)*  (2mn)?
2m3n2 3 6m2n4 2xy2 4 x3y9 2 4x—5y—3 3X5y6
d’< 5>X 310 & 55) % 10 L NS R
3mn 4dm’n 3x°y 2y (x7y9) 277y
5p%q 5p°*\ 2 2a%b% (4a‘l‘b)% . 3x%y% 4x%
g 3q_4 ><<3p5> h. llx T l-ﬁXT
6a’b? b*a 9x3y*  xty
5. I3 Simplify each of the following.
o Sa’0 . &b p, 1@t . < 3ab >3 . <4a9>3 . <3a7>4
6a’b’>  3ab® 3a°"  \2a°* b° 20°
5220 . (4xSy)> . (xsy—3>_4 . 4x0y~10 ; 3dnt . <2m4n6>—2
2%y 10xy? 2xy” GBx )~ 2m~n™  \m~'n
11 1
13 3.4 3.3\1 1.3
g 4mnt + O h. <4b ¢ )2 s @b )2
8mn? 6¢%b
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Understanding
6. Evaluate each of the following.
a (57 x 2)"x (577 x 2%+ (5°x27H)7?
(2° % 3%)°
26 % (372)73
7. Evaluate the following for x = 8. (Hint: Simplify first.)

_ X 2, 2x
(2X) 3 X <2> - (23)4

a® X 9b* X (5ab)”
(@) x 5(3p")?
b. Find the value of y if the fraction is equal to 125.

b. (2° x 37?2+

8. a. Simplify the following fraction.

3
9. [ Which of the following is not the same as (4xy)>?
33

A. 8x§yE B. (V4xy)? C. Vo4x'y?
1
2:3v3)2 1 1
D. 2y E. 4xy2 X (2xy%)2
(V3™
Xy oy
10. I The expression + ——is equal to:
Qo??  16x°
2
A 2 B. 2 C. 2xH° p. ~ E. 1
x2y6 b6 xy6 128.Xy5
11. Simplify the following. |
1 3
a. Vm’n = Vmn® b. (g72h)> x ({3)2 [ %
3 -1 3 b2 —2n 3-3,-2p\ 2 9! 135§ 1
d22x44%x16* e.< ) +< > £ (Vd2 x Vd)s
373 a'b™?
Reasoning

12. In a controlled breeding program at the Melbourne Zoo, the population
(P) of koalas at ¢ years is modelled by P = P X 10, Given P, =20 and
k=0.3:

a. calculate the number of koalas after 2 years
b. determine when the population will be equal to 1000.

13. The decay of uranium is modelled by D = D, X 27" 1f it takes 6 years
for the mass of uranium to halve, find the percentage remaining after:
a. 2 years
b. 5 years
¢. 10 years.

Give your answers to the nearest whole number.

Problem solving
2x+1 _ 72x—1 — 48

14, Simplify .

36 x 7% — 252
4 -4 _
15. Simplify L‘o’l
2+z72-52

Reflection
Do index laws need to be performed in a certain order?
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CHALLENGE 1.2

Find an expression for x in terms of y, given that (Va)*=a" x &'.

1.0 Review

1.6.1 Review questions
Fluency

1. 3d"%" is the simplified form of:

64'%3 B\ 2
a. d%* x 3d'¢’ b. ¢. 3d’e?)? d. 3e(d)* x &° e3 ()
2¢6? &2
2. 8m’n x n* x 2m*n® simplifies to:
a. 10m°n® b. 16m°n’ c. 16m’n® d. 10m°n’ e 17mn®
3. 8x% = 4x73 is equal to: 5
a.2 b. 2+ ¢ 2 d 2x! e =
0
8 7
4. 12 x 207 simplifies to:
6x° X x°
a. 4x° b. 8x c. 4x d. 8x° e 4%
a2b3 5
5. The expression is equal to:
67,13 ')’ 3.6 67,13 3.6
a’b b. 245" ¢ 40 a. 40 e 40
4 2 2 4
2 \4 5 272
6. ®°9) + w'q) can be simplified to:
Cre)’ 2pq’
2
a. 116 b. ?—6 c. % d. 116 e. 2%p'%
4p7q Pq 4p 2p7q
3 3
7. 16 * = 92 can be simplified to:
a2 b L i .33 el
) 3, 216 27 8 2
(219m_1>
8. —————can be simplified to:
1y -2
8(5m™2)
7 7 7 7 7
8m_ b, 2m’ ¢, dm q, lom e M
1 7 8 5 7
3 P P B 2P
05
9. 132i7j'1k? can be simplified to:
212 C 105 <0 s 212
32’3 e b. 24711k e 22 75] e d. 2i7 1K' e 2’715“"5
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10. Simplify each of the following.

4165 5.2
a. 5x° x 3x%y* x g)c2y6 26a’bc C 20m’n
5 124°b°c? 6
11. Evaluate each of the following.
0 2a\° 0
a. Sa’ — 3 + 12 b. —(3b)° —

) 3
(4b)°
2

12. Simplify each of the following and express your answer with positive indices.

C. (2m_3nz)_4

a. 2a°b> x 4a~ b

b. 4x_5y_3 -+ 20x12y_5

13. Evaluate each of the following without using a calculator.

;

7
d (141’
214°

5

c43x=—-5

“(

1

4a
b3

-3
a (1 b2x (3)7x (2
2 2
14. Simplify each of the following.
301
41 13 32 3.4.9
x5 5 2 2 £ 4
a. 2a5b% X 3a’b* X 5a*b3 b -2
16xy
15. Evaluate each of the following without using a calculator. Show all working.
3 1
4 4 2 21
a. u b. (1253 _ 273)2
6x 162

16. Simplify:
a. Vo’ + V164° - 3(Va) "
17. Simplify each of the following.

—271\—3 67,2 2 4. -5 4 -2
a.(Sa b)™> x 4a°b b, 2 X(xy
3.X_6y3

2% x 5724730 © 3y0x72
18. Simplify each of the following and then evaluate.
1 3 1
a (3x5%?x32 x5+ (3°x52)°
Problem solving

19. If m = 2, determine the value of:
6a™" X 2b°" X (3ab)™"

1
(4b)" x (9a*™)?
20. Answer the following and explain your reasoning.
a. What is the tens digit of 3%
b. What is the ones digit of 63*°?
¢. What is the ones digit of 8'%72
21. For the work shown below:
a. calculate the correct answer
b. identify where the student has made mistakes.

<3a3b5c3>2 N <2ab> _ 3% | 2ab
s )\ ¢ 10a*p> ¢
3a6b10C6XL
10a*p?>  2ab
3a6b10C7
20a°b°

_ 3ab’c’

20

.

b. (6 x 3727 =

b. \5/32x5y10 + \3/64)c3y6

o

1
32x6
_62 % (3—3)0

2m’n*

Sm?n

8—2

)é

1
3)6

y
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22. A friend is trying to calculate the volume of water in a reservoir amid fears there may be a severe
water shortage. She comes up with the following expression:

4.2 2

we_lu ru X d
’%d2\/; dr3u4

the townsfolk, and W is the volume of water in kL.

, where r is the amount of rain, d is how dry the area is, u is the usage of water by

a. Help her simplify the expression by simplifying each pronumeral one at a time.

b. Does the final expression contain any potential surds?

c¢. Express the fraction with a rational denominator.

d. List the requirements for the possible values of r, # and d to give a rational answer.

e. Calculate the volume of water in the reservoir when r = 4, d = 60 and u = 9. Write your answer in:
i. kL ii. L iii. mL.

f. Does a high value for d mean the area is dry? Explain using working.

2

_r
2+ Vw?

23. The speed of a toy plane can be modelled by the equation § = where

w = wind resistance and

p = battery power (from O (empty) to 10 (full)).

a. Rationalise the denominator of the expression.

b. Using your knowledge of perfect squares, estimate the speed of a toy plane with its battery half full
and a wind resistance of 2. Check your answer with a calculator.

c. How does the speed of the toy plane change with increasing wind resistance? Explain providing
supportive calculations.

learn RESOURGES — ONLINE ONLY
Try out this interactivity: Word search: Topic 1 (int-2826)
Try out this interactivity: Crossword: Topic 1 (int-2827)
Try out this interactivity: Sudoku: Topic 1 (int-3588)
Complete this digital doc: Concept map: Topic 1 (doc-13802)

Language

It is important to learn and be able to use correct mathematical language in order to communicate
effectively. Create a summary of the topic using the key terms below. You can present your summary
in writing or using a concept map, a poster or technology.

base index pronumeral
constant index law simplify
denominator negative substitute
evaluate numerator surd
exponent positive

expression power indices
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assess Link to assessON for questions to test your
readiness FOR learning, your progress AS you
learn and your levels OF achievement.

assessON provides sets of questions for every
topic in your course, as well as giving instant
feedback and worked solutions to help improve
your mathematical skills.

www.assesson.com.au

Investigation | Rich Task
Digital world: ‘A bit of this and a byte of that’

“The digital world of today is run by ones and zeros.” What does this mean?

Data is represented on a modern digital computer using a base two (binary) system, that is, using the
two digits 1 and 0, thought of as ‘on’ and ‘off’. The smallest unit of data that is transferred on a com-
puter is a bit (an abbreviation of binary digit). Computer and storage mechanisms need to hold much
larger values than a bit. Units such as bytes, kilobytes (KB), megabytes (MB), gigabytes (GB), and
terabytes (TB) are based on the conversion of 8 bits to 1 byte. Your text messages, graphics, music and
photos are files stored in sequences of bytes, each byte being 8 bits (8b = 1B).

You may have heard the terms ‘meg’ and ‘gig’. In computer terminology, these refer to gigabytes
and megabytes. In the digital world, the prefixes kilo-, mega- and giga- express powers of two, where
kilo- means 2'°, mega- means (2'°)? and so on. Thus the number of bytes in a computer’s memory
builds in powers of 2, for example 1 kilobyte = 1024 bytes (2'° bytes). (This differs from the decimal
system, in which the prefixes kilo-, mega- and giga- express powers of ten, with kilo- meaning 10°,
mega- meaning (10%)? and so on.)

A byte (8 bits) is used to represent a single character. For example the letter ‘A’ is represented in
binary as 01000001. A book of a thousand pages in print can be stored in millions of bits, but more
commonly it would be described as being stored in megabytes with one byte per character.

1. Complete the table below to show the difference in value between the binary and decimal systems.

Unit Symbol | Power of 2 and value in bytes | Power of 10 and value in bytes
Byte B 20=1 10°=1

Kilobyte KB 219 = 1024 10° = 1000
Megabyte 220 =

Gigabyte

Terabyte

2. The two numbering systems have led to some confusion, with some manufacturers of digital
products thinking of a kilobyte as 1000 bytes rather than 1024 bytes. Similar confusion arises
with megabytes, gigabytes, terabytes and so on. This means you might not be getting exactly the
amount of storage that you think.

If you bought a device quoted as having 16 GB memory, what would be the difference in
memory storage if the device had been manufactured using the decimal value of GB as opposed to
the binary system?

Many devices allow you to check the availability of storage. On one such device, the iPhone,
available storage is found by going to ‘General’ under the heading ‘Settings’.
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3. How much storage is left in MB on the following iPhone?
4. If each photo uses 3.2 MB of memory, how many photos can be added?

Storage
3.9 GB Available 9.5 GB Used

Photos & Camera 1.6 GB
Radio 1.6 GB
Maps 1.2GB
My Movie 461 MB

Have you ever wondered about the capacity of our brain to store information and the speed at
which information is transmitted inside it?

5. Discuss how the storage and speed of our brains compares to our current ability to send and
store information in the digital world. The capacity of the human brain is 10—100 terabytes. On
average 20 million billion bits of information are transmitted within the brain per second.

6. Investigate which country has the fastest internet speed and compare this to Australia.

learn RESOURCES — ONLINE ONLY

Complete this digital doc: Code puzzle: What historical event took place in France in 17837 (doc-15917)
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Answers
TOPIC 1 Indices

Exercise 1.2 Review of index laws

l.a.d b. a° c. b? d. a*v’ e. mn?
g. m®n*p’ h. 6a%b i. 10a*° j. 36m®n’ K. 12x5°
2.a.q b. &’ c. b’ d. §a4 e. 3b*
1 3 5
3 2 03 s 713 2.2
5 h. = i. = .7b k. =
g.mn 2)’ 4X y 4m P
3. a. b. 1 c 1 d. 3 e 4
g3 h. -7 i. 4
4. a. d° b. 164%° ¢ Lt d & e. a°b’
81 9
4 12 3
g. 16m'%n* h gmﬁnS i L j- 625m k. 343x
64 X 8 gy!s
m. —243 n. 49 0. —32
5.a.D b. D
6.a. C b. E c.B d.D
7. a. 64 b. 72 c. 625 d. 48 e. 1600
g 20 h. 1 i. 4
alx 3_p 2
8. a. X b. a* c. m*n® d. - e.n” Pm1
9. Ad=axaxa 4
a=axXa
@xd=axaxaxaxa
=, nota®
Explanations will vary.
10. They are equal when x = 2. Explanations will vary.
11.3x° = 3 and (3x)° = 1. Explanations will vary.
12.a,b
a 0 1 2 3
3a* 0 3 12 27
Sa 0 5 10 15
3a® + 5a 0 8 2 )
3a% x 5a 0 15 120 405
¢ 3a* x 5a will become much larger than 3d® + 3a.
13.x= 2or4
14.1=1 2=10 3=11 4 =100 5=101
7=111 8 = 1000 9 = 1001 10 = 1010
15.a. x =4 b. x=0,2
16.a. a*bc’

f. 94%b*

81a*
625b'?

2
125

£.am

6=110

b. The student made a mistake when multiplying the two brackets in line 3. Individual brackets should be expanded first.

Challenge 1.1

1.08 seconds

Exercise 1.3 Negative indices

1. a. 1 b. 1 c. 2
E K &

3 4

b h. a° i 2@
bed 3

AmPn*
2ma?

3b*n’
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9.
10. a.

11.

12.a.

B

8 L SR
R R A
“w oo

a.

a*b’

m*n?

274°
6

56

13.2% 4
14. 6>"
15.x =3

16. Answers will vary; check with your teacher.
17.x=3,y=-1;7
18.a. n=-1, -2

Exercise 1.4 Fractional indices
1. b.

2.

a.

a.

B

®

@ P o0

&

T FE T EF F T

Ty g F T P FEF T FF

6 3
o c. 2
xﬁy n®
4y12 1
x 3m’n’
W !
4a® 8ah®
1 1
36 C 3
32 7_ 2
7 25 25
273 c. 2
-2 c. —1
-3 i. —6
4 2
5 ¢ 3
v’ a?
v P
a2 b3
b
20736
16384
© 2187
C c.B
D c. C
n 25
m a7b6
b. m'° + 2m°n’ + n'® C.
b.n=-1,4
5 c.9
10—
p
7 1
54 c. 6°
n
11*
16 c. 8
27 i. 1000
2.24 c. 1.48
0.81 i. 0.86
1 5
22 c. a®
9 7
0.0248 i. 5x2
45 8 17
x3y° ¢. 6a°bV
5 1
512 c. 122
2 7
ln§ i. §b20
3 4
7 4 1 31
apis c. b6
3

&

B BB o

a*b’

32a15m20

. 16

j. 216

. 1.26

2 5
e. il f. 2
3x 63
4, 8
k4 L3
p14 o&p2
1 £ 2
€ 6 3
3
k. 125 L. h
e. —2 £.0

¢. 0.000 059499 or —

16807
f. 9765625
d. p?

e 4 f.3

e. Yw? £. v’
7

e. x° f. w?

e. 125 f.9

k. V7 L V12

e. 2.54 f. 0.66

8 5

e. 10m!> f. 257
1955 29

e. x0y070 f. 8a°bS¢
5 u

e. x* f. m*%
1 1 7 1 S5 1

e. ~20p20 g L4 12
—a 717 q
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9 1 6 3
10. a. 220 b. 5¢ c. 7 d. a'®
2 m b oa
g. 4p° h. x” i. 3m°
11 3 67 il
11.a. a*b® b. a’h* c. ¥yt d. 33°p°c*
8 2 17
5 5 2,2
g. m h. b i 2
7 8 3
p 27 38
12.a. E b. C c.B
13.a. E b. B
14.a. a* b. b* c. m d. 4x°
g. 3m’n’ h. 2pg* i. 6a°h°
15.a. 2.007 s b. 20.07 s c. 4.98 swings
1
16. (2°a°'%)’ = 2ab?
202 _ /13
178G = VE) 4
9-p* 11
1 1 1
18.m> —n’ + p°
1 13
19.a. a™* x b2
b. No, because you can’t take the fourth root of a negative number.
ca=1
Exercise 1.5 Combining index laws s
1. a. 54a'%° b. 484°b'6 a2 d. 500p%'®
9
710 15 15 6 7 5
g. 12x8y13 h. 8Sm*n* i. — j- 8p¥q'3
pﬁ
64y
2. a. S b = c. el d. Y
8a’ 4y° 128m*n? x4
351 513
g.p3q h 625 i, x3y822
8]1720628 ) s
2
3.0.°% b. 8> AL 6.
2 3 3y8
7 754° 177
g b h 29 i. x10y10
4 11
3a 2p
3.3 9 5
4. a 2 b. da’b L d. dm”
5a*p’ 15 4m’ 9n'3
1 1
4 12 12
g 3p* h. 267 i A
5 9 17 21
q 324 3y20
- b, 564 10245 4 25
BREWIE 81 8la T 1282
11 11
16m'2n 4p?
g. h.
3 L7
32C30
125
6. a 3 b. 1
7.1
8.a, 5! b.y=4
9.E
10. A

e 2y

QN —

(9,
|—
~<
Wl—
IS}
Ui|—

. 36a%°p'°

L 24a%p7

8Ly

4y36

" 27,16

. 2xzy3

156°

26

27h'?

8g

<

=

L 48x! 1y6

i 6m19n19
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14

f. d'5 or Vd'
12. a. 80 koalas
13.a. 79%

14. 4
21

15.2+ 27245

Challenge 1.2

1.6 Review

PN R WD
waw» » 0000

10,10
y

—
=4
]
Nel
=

11.a. 16
8
allp?

13.a. 8

12.a.

41 33
14. a. 30a29p°

15.a. 1

16.a. —24° + 2a%h*

18.a. 46
1
19. %
20.a. 8 b. 6
9ab’c’
50

21.a.

b. The student has made two mistakes when squaring the left-hand bracket in line 1: 3% =9, 52 = 25.

c.33x56 d.

b. During the 6th year

b. 56% C.
32
b. 13&: ¢ c.
b 3
2
2
b. A c
5417
b. % c.
b. 4 c.
12
x20y9
b. 4
b. 6xy*
9 4
b. Y c.
321615
b. —
18
c. 2

272 or 1
4

31%

10007516 d 16p*®
27 ) 814"

_ a
e. a® S or =
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\/;
v

22. a.

b. Yes, W, Vi

|

ru

) i’

d. r should be a perfect square, u should be a perfect cube and d should be a rational number.

i. 0.0012346 kL

ii. 1.2346 L

iii. 1234.6 mL

e. A high value for d causes the expression to be smaller, as d only appears on the denominator of the fraction. This means
that when d is high there is less water in the reservoir and the area is dry.

22_ 3
23,0 P2 VW)
4—w

b. Answers will vary; approximately 5.

c. speed decreases as wind resistance increases.

Investigation — Rich task

L Unit Symbol Power of 2 and value in bytes Power of 10 and value in bytes
Byte B 20— 1 100 = 1
Kilobyte KB 210 = 1024 10° = 1000
Megabyte MB 220 = 1048 576 10° = 1000 000
Gigabyte GB 2%0 = 1073741 824 10° = 1000000000
Terabyte TB 240 =1099 511627776 10'2 = 1 000000000000

2. Approximately 1.1 GB
3. 3993.6 MB
4. 1248 photos

5. Discuss with your teacher.

6. Discuss with your teacher. The discussion will depend on the latest information from the internet.
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NUMBER AND ALGEBRA

TOPIC 2
Algebra and equations

2.1 Overview

Numerous videos and interactivities are embedded just where you need them, at the point of learning, in
your learnON title at www.jacplus.com.au. They will help you to learn the content and concepts covered in
this topic.

2.1.1 Why learn this?

Do you speak mathematics? Algebra is the
language of mathematics; it holds the key
to understanding the rules, formulas and
relationships that summarise much of our
understanding of the universe. Every stu-
dent of mathematics needs a mathemati-
cal tool chest, a set of algebraic skills to
manipulate and process mathematical
information.

2.1.2 What do you know? assess(J])
1. THINK List what you know about linear equations. Use a thinking tool such as a concept map to show
your list.

2. PAIR Share what you know with a partner and then with a small group.
3. SHARE As a class, create a thinking tool such as a large concept map that shows your class’s
knowledge of linear equations.

LEARNING SEQUENCE

2.1 Overview

2.2 Substitution

2.3 Adding and subtracting algebraic fractions
2.4 Multiplying and dividing algebraic fractions
2.5 Solving simple equations

2.6 Solving multi-step equations

2.7 Literal equations

2.8 Review

H Watch this eLesson: The story of mathematics: Al-Khwarizmi (eles-1841)

( Iearnm RESOURCES — ONLINE ONLY
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2.2 Substitution
2.2.1 Substitution

When the numerical values of pronumerals are known, they can be substituted into an algebraic expression
and the expression can then be evaluated. It can be useful to place any substituted values in brackets when
evaluating an expression.

WORKED EXAMPLE 1

If a =4, b = 2 and ¢ = —7, evaluate the following expressions.
aa-b b a®+9 —c
THINK WRITE
a 1 Write the expression. aa-—-»>
2 Substitute @ = 4 and b = 2 into the expression. =4-2
3 Simplify. =2
b 1 Write the expression. ba+9b—c
2 Substitute a = 4, b = 2 and ¢ = —7 into the expression. =43 +92) - (-7)
3 Simplify. =64+ 18+ 7

=89

WORKED EXAMPLE 2 Tl | CASIO

If c = Va® + b?, calculate ¢ if a = 12 and b = —5.

THINK WRITE
1 Write the expression. c=Va® + b?
2 Substitute a = 12 and b = —5 into the expression. =V (12)? + (-5)?

3 Simplify. _ V144 + 25
V169
13

2.2.2 Number laws
* Recall from previous studies that when dealing with numbers and pronumerals, particular rules must
be obeyed. Before progressing further, let us briefly review the Commutative, Associative, Identity and
Inverse Laws.
* Consider any three pronumerals x, y and z, where x, y and z are elements of the set of Real numbers.

2.2.3 Commutative Law

Lx+y=y+x (example:3+2=5and2 +3=5)
2.x—y#y—x  (example:3 —2=1but2 -3 =-1)
3xXy=yXx (example: 3 X 2 =6and 2 X 3 = 6)
4 x+y#y+x (example:3+2=%,but2+3=§)

Therefore, the Commutative Law holds true for addition and multiplication, since the order in which two
numbers or pronumerals are added or multiplied does not affect the result. However, the Commutative Law
does not hold true for subtraction or division.
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2.2.4 Associative Law

Lx+@+20=xx+y +z [example: 2 + 3 +4) =2+ 7 =9and
Q+3)+4=5+4=09]
22x-@-20Fx—-y) -z [example: 2 — (3 —4) =2 — —1 =3 and
2-3)—4=-1-4=-5]
3.xX(yXz7) =Xy Xz [example: 2 X (3 X 4) =2 X 12 =24 and
2%x3)x4=6x4=24]
dx=@raFE+y) +2 [example: 2 + (3+4) =2+ =2x7="{but
) 2. 42,1 _ 2 1
(273)74—574—§XZ—E—E]

The Associative Law holds true for addition and multiplication since grouping two or more numbers or
pronumerals and calculating them in a different order does not affect the result. However, the Associative
Law does not hold true for subtraction or division.

2.2.5 |ldentity Law

The Identity Law states that in general: x+0=0+x=x
xX1l=1xx=x

In both of the examples above, x has not been changed (that is, it has kept its identity) when zero is added
to it or it is multiplied by 1.

2.2.6 Inverse Law

The Inverse Law states that in general: x+—=x=—x+x=0

That is, when the additive inverse of a number or pronumeral is added to itself, it equals 0. When the mul-
tiplicative inverse of a number or pronumeral is multiplied by itself, it equals 1.

2.2.7 Closure Law

A law that you may not yet have encountered is the Closure Law. The Closure Law states that, when an
operation is performed on an element (or elements) of a set, the result produced must also be an element
of that set. For example, addition is closed on natural numbers (that is, positive integers: 1,2, 3, ...) since
adding a pair of natural numbers produces a natural number. Subtraction is not closed on natural numbers.
For example, 5 and 7 are natural numbers and the result of adding them is 12, a natural number. However,
the result of subtracting 7 from 5 is —2, which is not a natural number.

WORKED EXAMPLE 3

Find the value of the following expressions, given the integer values x = 4 and y = —12.
Comment on whether the Closure Law for integers holds for each of the expressions when these
values are substituted.

ax+y bx-—y c xXy dx=zy
THINK WRITE
a 1 Substitute each pronumeral into the expression. ax+y=4+-12
2 Evaluate and write the answer. = —8
3 Determine whether the Closure Law holds; that is, The Closure Law holds for these
is the result an integer? substituted values.
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b Repeat steps 1-3 of part a.

¢ Repeat steps 1-3 of part a.

d Repeat steps 1-3 of part a.

b x—-y=4--12

=16
The Closure Law holds for these
substituted values.

xXy=4x-12
= —48
The Closure Law holds for these
substituted values.
x+y =4+-12

The Closure Law does not hold for
these substituted values since the
answer obtained is a fraction, not an
integer.

[t is important to note that, although a particular set of numbers may be closed under a given opera-
tion, for example multiplication, another set of numbers may not be closed under that same operation.
For example, in part ¢ of Worked example 3, integers were closed under multiplication. However, in

some cases, the set of irrational numbers is not closed under multiplication, since V3 x V3 =+9=3.

In this example, two irrational numbers produced a rational number under multiplication.

learn RESOURCES — ONLINE ONLY

Complete this digital doc: SkillSHEET: Like terms (doc-5183)

Complete this digital doc: SkillSHEET: Collecting like terms (doc-5184)

Complete this digital doc: Skill[SHEET: Finding the highest common factor (doc-5185)

Complete this digital doc: Skill[SHEET: Order of operations (doc-5189)

Exercise 2.2 Substitution

Individual pathways

1a-f, 2a—f, 3c—d, 4a—c, 5a-c, 6a—e, 1c—i, 2a—f, 3c—d, 4, 5a—c, 6d—j,

B PRACTISE Il CONSOLIDATE
Questions: Questions:
7,8,10, 14 9,10, 14

Il B B Individual pathway interactivity: int-4566

assess[J])

B MASTER
Questions:
1e-l, 2c—i, 3, 4, 5, 6d-j, 9-15

learn ONLINE ONLY

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.
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Fluency
1.IE If a =2, b =3 and ¢ = 5, evaluate the following expressions.

aa+b b.c-b cc—a-—»>b
d.c - (a—b) e.7a+8b — 1lc £4404¢
’ 235
g. abc h. ab(c — b) a4+ b -2
j+a k. —axbx—c L. 2.3a — 3.2b
2. If d = —6 and k = -5, evaluate the following.
ad+k b.d -k ck—d
d. kd e. —dk+1) f. d°
g 1 h. k?Tl i. 3k — 54
3. Ifx= % and y = i, evaluate the following.
ax+y b.y—x C. Xy
d e. x2y’ £
y y2
4. If x = 3, find the value of the following.
a. x? b. —x2 c. (—x)?
d. 2x2 e. —2x2 f. (—2x)2
5. If x = -3, find the value of the following.
a. x2 b. —x2 c. (—x)?
d. 2x° e. —2x2 f. (—2x)2

6. [l Calculate the unknown variable in the following real-life mathematical formulas.

a. If ¢ = Va? + b, calculate cif a = 8 and b = 15.
b.If A = %bh, determine the value of Aif b=12and h = 5.

¢. The perimeter, P, of a rectangle is given by P = 2L + 2W. Calculate the perimeter, P, of a rectangle,
given L = 1.6 and W = 2.4.

dIfT= %, determine the value of T if C = 20.4 and L = 5.1.

nt i, determine the value of K if n = 5.

e.If K =
n_

f. Given F = 9?6' + 32, calculate F if C = 20.

g Ifv=u+ at,evaluate vifu = 16,a =5,1r = 6.

h. The area, A, of a circle is given by the formula A = zr?. Calculate the area of a circle, correct to
1 decimal place, if r = 6.

LIfE = %mvz, calculate m if E = 40, v = 4.

j- Given r = \/5, evaluate A to 1 decimal place if r = 14.1.

7.3 a. If p = -5 and g = 4, then pq is equal to:

A. 20 B. 1 c. -1 D. =20 E. —%
b. If ¢2 = a®* + b, and a = 6 and b = 8, then c is equal to:

A. 28 B. 100 c. 10 D. 14 E. 44
¢. Given h = 6 and k = 7, then kh? is equal to:

A. 294 B. 252 C. 1764 D. 5776 E. 85
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Understanding
8. Knowing the length of two sides of a right-angled triangle, the third side can be calculated using
Pythagoras’ theorem. If the two shorter sides have lengths of 1.5 cm and 3.6 cm, calculate the length
of the hypotenuse.
9. The volume of a sphere can be calculated using the formula ;177:13. What is

the volume of a sphere with a radius of 2.5 cm? Give your answer correct to
2 decimal places.

10. A rectangular park is 200 m by 300 m. If Blake runs along the diagonal of the
park, how far will he run? Give your answer to the nearest metre.

Reasoning
11. EE Determine the value of the following expressions, given the integer
values x = 1, y = —2 and z = —1. Comment on whether the Closure Law for integers holds true for
each of the expressions when these values are substituted.
ax+y b.y—-z CyXz
dx+z €.z —X fx=+y

12. Find the value of the following expressions, given the natural number values x = 8, y = 2 and z = 6.
Comment on whether the Closure Law for natural numbers holds true for each of the expressions.

ax+y b.y—-z CyXz

dx+z €.z —X fx+y
13. For each of the following, complete the relationship to illustrate the stated law. Justify your reasoning.

a. (a + 2b) + 4c = Associative Law

b. (x X 3y) X 5¢ = Associative Law

¢.2p+q# Commutative Law

d.5d+q= Commutative Law

e3z+0= Identity Law

f. 2x x = Inverse Law

g (4x +3y) + 5z # Associative Law

h. 3d — 4y # Commutative Law

Problem solving
14. s = ut + %at2
where ¢ is the time in seconds, s is the displacement in metres, u is
the initial velocity and a is the acceleration due to gravity.
a. Calculate s when u = 16.5 m/s, t = 2.5 seconds and a = 9.8 m/s2.
b. A body has an initial velocity of 14.7 m/s and after ¢ seconds has a
displacement of 137.2 metres. Find the value of ¢ if a = 9.8 m/s.

15. Find the value of m if n = p\/ 1 + % when 7 = 6 and p = 4.

Reflection
Why is understanding of the Commutative Law useful?
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CHALLENGE 2.1

The lowest common multiple of four terms is 24a%bc?d. Three of the terms are 12a%bc, 8ab and 4a’cd. The
fourth term contains only two pronumerals, and its coefficient is an odd prime number. What is the fourth term?

2.3 Adding and subtracting algebraic fractions
2.3.1 Algebraic fractions

* In an algebraic fraction, the denominator, the numerator or both are algebraic expressions. For example,

X 3x+l and ! are all algebraic fractions.

2 2% -5 x> +5

* As with all fractions, algebraic fractions must have a common denominator if they are to be added or
subtracted, so an important step is to find the lowest common denominator (LCD).

WORKED EXAMPLE 4 Tl | CASIO

Simplify the following expressions.

2x «x x+1 x+4
a — —— b
3 2 6 + 4
THINK WRITE
a 1 Write the expression. a 2X_ X
3 2
2 Rewrite each fraction as an _2x 2 _x % 3
equivalent fraction using the LCD of 3 2 2 3
3 and 2, which is 6. _ A 3x
6 6
3 Express as a single fraction. _4x—3x
6
4 Simplify the numerator. -
6
b 1 Write the expression. p x+1 x+4
6 4
2 Rewrite each fraction as an _x+1 2 L Xt 4 % 3
equivalent fraction using the LCD 6 2 4 3
of 6 and 4, which is 12. _26+1) _ 3G+4)
12 12
3 Express as a single fraction. 2+ 1) +3(x+4)
; 12
4 Simplify the numerator by _ 2x+24+3x+12
expanding brackets and collecting 12
like terms. _x+ 14
12
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2.3.2 Pronumerals in the denominator

 If pronumerals appear in the denominator, the process involved in adding and subtracting the fractions

is to find a lowest common denominator as usual.

* When there is an algebraic expression in the denominator of each fraction, we can obtain a common
denominator by writing the product of the denominators. For example, if x + 3 and 2x — 5 are in the
denominator of each fraction, then a common denominator of the two fractions will be (x + 3)(2x — 5).

WORKED EXAMPLE 5

N 1
Simplify A
THINK WRITE
1 Write the expression. 2 1
3x  4x
2 Rewrite each fraction as an equivalent 2 4 1 _3
fraction using the LCD of 3x and 4x, which x4 4x 3
is 12x. _ 8 _3
Note: 12x° is not the lowest LCD. 12x  12x
3 Express as a single fraction. _8-3
12
4 Simplify the numerator. 5

12x
WORKED EXAMPLE 6

Simplify vl + -1 by writing it first as a single fraction.
x+3 x+2
THINK WRITE
1 Write the expression. x+1  2x-1
x+3 x+2
2 Rewrite each fraction as an equivalent e+ x+2) 2x=1)  (x+3)
fraction using the LCD of x + 3 T x+3) T x+2) k+2) C (x+3)

and x + 2, which is the product
(x+3)(x + 2).

Express as a single fraction.

Simplify the numerator by expanding
brackets and collecting like terms.
Note: The denominator is generally
kept in factorised form. That is, it is
not expanded.

_x+ Hx+2)
T x+ 3 +2)

2x = 1)(x+ 3)
x+3)x+2)

G+ Dx+2)+ 2x - 1D(x +3)
- x+3)(x+2)

_(x2+2x+x+2)+(2x2+6x—x—3)

(x+3)(x +2)
_(x2+3x+2+2x2+5x—3)
a (x+ 3)(x + 2)

3 +8x -1
T+ 3 +2)
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WORKED EXAMPLE 7 Tl | CASIO

X+ 2 x—1

Simplify + by writing it first as a single fraction.
x—3 (x-3)72

THINK WRITE

1 Write the expression. x+2  x-1

x—=3 (x-23)2

:x+2xx—3 x—1
x=3 x-3 (x-23)
_G42)=3)  x-1
(x—3)° (x=3)°
_xXX—x-6 x—1
(x=37 (-3

XX —x—6+x—1

2 Rewrite each fraction as an equivalent
fraction using the LCD of x — 3 and
(x — 3)2, which is (x — 3)%.

3 Express as a single fraction.

(x = 3)?
. x =17
4 Simplify the numerator. =
(x = 3)?

Ieal‘n RESOURCES — ONLINE ONLY
Complete this digital doc: Skill[SHEET: Addition and subtraction of fractions (doc-5186)

Complete this digital doc: SkillSHEET: Writing equivalent algebraic fractions with the lowest common
denominator (doc-5190)

Exercise 2.3 Adding and subtracting
algebraic fractions assess[])

Individual pathways

Bl PRACTISE Il CONSOLIDATE Hl MASTER
Questions: Questions: Questions:
1a-f, 2a—f, 3a-f, 4-6 1d-i, 2a—f, 3a-i, 4-7, 9 1g-i, 2e—j, 3d-i, 4-10
B E Individual pathway interactivity: int-4567 learn ONLINE ONLY

To answer questions online and to receive immediate feedback and sample responses for every question, go
to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency

1. Simplify each of the following.
4 2 1,5 3,6
e b. -+ = -4+ =
773 § "9 “571s
W43 W32 (l_x
9 1 7 5 5 6
5x 4 3 2x .5 2
g 5 h. - - = | F——
9 27 8 5 x 3
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2. IIZ3 Simplify the following expressions.

2
%y b)Y QA x
3 4 8 5 3 4
I L0 w ()Y
9 3 14 28 20 4
12
7y+X h.& % l'x+1+x+3
5 7 5 15 5 2
x+2+x+6 k2x—l_2x+1 l3x+1 Sx+2
4 3 "5 6 ) 3
3. IIE Simplify the following.
2 1 3 1 5
4 b b > — ~ Db
4x+8x 4x  3x c.3x+ X
12, 4 1 9 9
d =+ — . — 4+ — f——-—
5x+15x e6x+ X 4x  Sx
2 7 1 5 .4 3
. + h.— += -
& 100x T 20z 10 " x "3
4. Simplify the following by writing as single fractions.
2 3x 2x 5 5 X
- b. + +
x+4 x-2 x+5 x-1 c'2x+1 x—=2
d 2 3 . 4x + 3x £x+2+x—1
x+1 2x-7 x+7 x-=5 x+1 x+4
x+8 2x+1 hx+5_x—1 x+1 2x-35
Brr1 x+2 "y +3 x-2 "x+2 -1
Jj 2 _ 3 k. 4 + 3 L 3 _ L
x—1 1-x x+1? x+1 x=1 (x-1)?
Understanding
5. A classmate attempted to complete an algebraic fraction subtraction problem.
x 3 X x-1 3 (x=1)
x—1 x—=1 x=1"(x=1) x=1" (x—1)
_x(x=1) =3(x—1)
x=1DKx+1)
CxE— 1 —3x =1
x=1DKx+1)
o oxb—=5x—1
x=DVKx+1)
a. What mistake did she make? b. What is the correct answer?

Reasoning
Adding and subtracting algebraic fractions can become more
complicated if you add a third fraction into the expression.

6. Simplify the following.

1 2 1 1 4 2
. b.
a x+2+x+1+x+3 x—1+x+2+x—4
C. 3 + 2 - 1 d. 2 - 3 + >
x+1 x+3 x+2 x—4 x-—-1 x+3

7. Why is the process that involves finding the lowest common denominator important in question 6?
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8. The reverse process of adding or subtracting algebraic fractions is quite complex. Use trial and error,
Ix — 4 __a 3
x=8)x+5 x—-8 x+5

or technology, to determine the value of a if

Problem solving

1 + 2

9. Simplify — .
XC+Tx+12 ¥*4+x-6 x2+2x-38

X +3x—18 x*-3x+2
Zox—42 X -5x+4

10. Simplify

Reflection
Why can’t we just add the numerators and the denominators of fractions; for example,
a+c
= ?

a c
Z+= ?
b d b+d

2.4 Multiplying and dividing algebraic fractions
2.4.1 Simplifying algebraic fractions

* Algebraic fractions can be simplified using the index laws and by cancelling factors common to the
numerator and denominator.
* A fraction can only be simplified if:
— there is a common factor in the numerator and the denominator
— the numerator and denominator are both written in factorised form, that is, as the product of two or
more factors.

3ab _ '3 x 'd x b « product of factors 3a + b _ 3 X a + b <= not a product of factors

12a 417 x 14+ product of factors 12a 12 x ¢ < product of factors

= % Cannot be simplified

2.4.2 Multiplying algebraic fractions

* Multiplication of algebraic fractions follows the same rules as multiplication of numerical fractions:
multiply the numerators, then multiply the denominators.

WORKED EXAMPLE 8

Simplify each of the following.

5
M o B wt
3x Ty x+ DH(2x-3) X
THINK WRITE
a 1 Write the expression. a Sl X 6z
3x Ty
2 Cancel common factors in the numerator 590 @
and denominator. The y can be cancelled - 13x 7751
in the denominator and the numerator. _5_ 22
Also, the 3 in the denominator can divide x 7
into the 6 in the numerator. N
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3 Multiply the numerators, then multiply _ 10z

the denominators. C Ix
b 1 Write the expression. b 2x x+1
x+ 1)2x = 3) X

2 Cancel common factors in the numerator 241 x 1!
and the denominator. (x + 1) and the x - lx4+T)(2x — 3) X P
are both common in the numerator and ) 1
the denominator and can therefore be T —3 X 1
cancelled.

3 Multiply the numerators, then multiply _ 2
the denominators. T 2x -3

2.4.3 Dividing algebraic fractions

* When dividing algebraic fractions, follow the same rules as for division of numerical fractions: write
the division as a multiplication and invert the second fraction. This process is sometimes known as
multiplying by the reciprocal.

WORKED EXAMPLE 9 Tl | CASIO

Simplify the following expressions.
3xy | 4x 4 . x=17

< v b -~
2 9y x+1)Bx —5) x+1
THINK WRITE
a 1 Write the expression. a X - 4x
2 9y
2 Change the division sign to a multiplication sign _3xy %
and write the second fraction as its reciprocal. T2 T4y
3 Cancel common factors in the numerator and 3y oY
denominator and cancel. The pronumeral x is 274

common to both the numerator and denominator
and can therefore be cancelled.

4 Multiply the numerators, then multiply the 27y?
denominators. -8
b 1 Write the expression. b 4 Lx=7
x+1)Bx=5 x+1
2 Change the division sign to a multiplication sign - 4 x+ 1
and write the second fraction as its reciprocal. x4+ DBx-5 " x-17
3 Cancel common factors in the numerator and _ 4 1
denominator and cancel. (x + 1) is common to both T 3x-5 x-1

the numerator and denominator and can therefore
be cancelled.

4 Multiply the numerators, then multiply the _ 4
denominators. - Bx=5x—-17)
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learn RESOURGCES — ONLINE ONLY
Complete this digital doc: SkillSHEET: Multiplication of fractions (doc-5187)
Complete this digital doc: SkillSHEET: Division of fractions (doc-5188)
Complete this digital doc: Skill[SHEET: Simplification of algebraic fractions (doc-5191)
Complete this digital doc: WorkSHEET: Algebraic fractions (doc-13847)

Exercise 2.4 Multiplying and dividing
algebraic fractions assess[]])

Individual pathways

Hl PRACTISE Il CONSOLIDATE B MASTER
Questions: Questions: Questions:
1a-f, 2a—f, 3a—i, 4a—b 1d-i, 2a—f, 3a—i, 4,5, 7 1g-, 2e—j, 3d-1, 4-8
Il B W Individual pathway interactivity: int-4568 learn ONLINE ONLY

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency
1. E=A Simplify each of the following.
a. { X @ b. { X 2 C. X X E
57y 47y 47 x
d £ X 2 e. i X ;25 f 3w X ;7
272y 107 2y 147 x
3 - -
g x5 h =2 x 92 R
4x Ty 3x =Ty 3z 2y
5 =20 —
j.—yxi k. yxﬂ I.in
3x 8y Tx Sy 3w 2y
2. IEA Simplify the following expressions.
2x x—1 S5x 4x + 7
a. X b.
x—-—10Bx—-2) X x=3)4x+17) X
. Ox ><5x+1 d x+4) ><x+1
Gx+ 1H(x—6) 2x x+Dx+3) x+4
2x x—1 2 x(x+1)
e X f X
x+1 x+Dkx-1) x(2x = 3) 4
g 2x % 3a h 15¢ % 21d
"4(a +3) " 15x "12(d-3) " 6¢
; 6x° y 15(x — 2) j 7x2(x — 3) y 3x—=3)(x+ 1)
T20(x — 2)2 16x* TSx(x4+ D) T 14— 3)2(x = 1)
3. EZA Simplify the following expressions.
3.3 2.9 4.12
x ' x Tx X xox
20 .20 1.5 7.3
y 3y 5w w 2x  5x
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g. 3& - ﬁ h. 2ﬂ S &
7 4y 5 y
j, Swx 3w K22 .3
5 4y 5 5
4. I=ZA Simplify the following expressions.
a 9 L Xx+3
Tx=DGx=7) x-1
c 12(x — 3)? . 4(x — 3)
TE+SHE -9  T(x-9)
Reasoning
5. 1Is the same as ! + ! + L
x+2 x+2 x+4+2 x+42
_ 2
6. a. Simplify X = PEFED . c-x
4x — x? x+3)x-=1

i6y‘3x

"9 T any
lloﬂ_@
7 14y
b, 1 . x-9
x+2)2x=15) T -5
13 3x+ 1)

T6(x — 4)2(x — 1)

? Explain your reasoning.

b. Find and describe the error in the following reasoning.

(x—=4(x+3) X —x
4x — x* x+3)x—-1
e =Hx+3) x(x—1)
x4 - x+3)x -1
=1
Problem solving
2 _ _ —
7.Simp1ifyx 2x 3xx + 4x 5,x+7x+10
-1 PR-5x+6 x*-32-4
8. Simplify * 1 where a = * = 1.
X x+1

X — —

Q=

Reflection

T2 —d)(x - 1)

How are multiplying and dividing algebraic fractions different to adding and subtracting them?

CHALLENGE 2.2

Simplify the expression: | 1 + x| 1+ ,

.sfn zﬁ;
'J"E 48 ta

£7456T890120h,
1012318 678G01:
;,u?ﬁei}iﬂhaﬁr
tf“)_u_l?& E55 ?af{ o
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2.5 Solving simple equations
2.5.1 Equations

* Equations show the equivalence of two expressions.

» Equations can be solved using inverse operations.

* When solving equations, the last operation performed on
the pronumeral when building the equation is the first oper-
ation undone by applying inverse operations to both sides of
the equation. For example, the equation 2x + 3 = 5 is built
from x by multiplying x by 2 and then adding 3 to give the
result of 5. To solve the equation, undo the adding 3 by sub-
tracting 3, then undo the multiplying by 2 by dividing by 2.

+ and — are inverse operations
X and + are inverse operations
2 and V are inverse operations

2.5.2 One-step equations

» Equations that require one step to solve are called one-step equations.

WORKED EXAMPLE 10

Solve the following equations.

d 1 4
+27="T1 b — =3 Ve = 0.87 d f2=__
aa 16 n c Ve f 25
THINK WRITE
a 1 Write the equation. a a+27=71
2 27 has been added to a resulting in 71. The addition of 27 a+27-27=71-27
has to be reversed by subtracting 27 from both sides of the a=44
equation to obtain the solution.
b 1 Write the equation. b % = 3%
2 Express 3& as an improper fraction. da_13
16 4
3 The pronumeral d has been divided by 16 resulting d % 16 = 13 % 16
in 14—3. Therefore the division has to be reversed by 16 J= 542
multiplying both sides of the equation by 16 to obtain d.
¢ 1 Write the equation. c Ve =087
2 The square root of e has been taken to result in 0.87. ( Je)? = 0.872
Therefore, the square root has to be reversed by squaring e = 0.7569
both sides of the equation to obtain e.
d 1 Write the equation. d /2= %
2 The pronumeral f has been squared, resulting in %. f==+ %
Therefore the squaring has to be reversed by taking the f=+ 2
-5

square root of both sides of the equation to obtain f.
Note that there are two possible solutions, one positive
and one negative, since two negative numbers can also
be multiplied together to produce a positive result.
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2.5.3 Two-step equations

* Two-step equations involve the inverse of two operations in their solutions.

WORKED EXAMPLE 11 Tl | CASIO

Solve the following equations.

aSy—6 =19 b 4?" =5
THINK WRITE
a 1 Write the equation. a S5y—-6=179
2 Step 1: Add 6 to both sides of the Sy—-64+6=79+6
equation. Sy =85
3 Step 2: Divide both sides of the equation 5y _ 85
by 5 to obtain y. 5 5
y =17
b 1 Write the equation. b %C =5
2 Step 1: Multiply both sides of the et X9=5%9
equation by 9. ¢ Ax = 45
3 Step 2: Divide both sides of the equation 4x _ 45
by 4 to obtain x. 4 4
45
P
4
4 Express the improper fraction as a mixed x =11

number.

2.5.4 Equations where the pronumeral appears on both sides

* In solving equations where the pronumeral appears on both sides, subtract the smaller pronumeral
term so that it is eliminated from both sides of the equation.

WORKED EXAMPLE 12

Solve the following equations.

aSh+13=2h -2 b 14 —4d =27 —-d c2x—-3)=52x+4)

THINK WRITE
a 1 Write the equation. aSh+13=2h-2
2 Eliminate the pronumeral from the right-hand side 3h+13=-2
by subtracting 24 from both sides of the equation.
3 Subtract 13 from both sides of the equation. 3h=-15
4 Divide both sides of the equation by 3 and write h=-5
your answer.
b 1 Write the equation. b 14-4d=27-4d
2 Add 4d to both sides of the equation. 14 =27 4+ 3d
3 Subtract 27 from both sides of the equation. —13 =3d
4 Divide both sides of the equation by 3. —13—3 =d
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. . . 1
5 Express the improper fraction as a mixed number. —45 =d

6 Write your answer so that d is on the left-hand side. d= —4%

¢ 1 Write the equation. c 2x—3) =52x + 4)
2 Expand the brackets on both sides of the equation. 2x — 6 =10x + 20
3 Subtract 2x from both sides of the equation. 2x — 2x — 6 = 10x — 2x + 20
4 Subtract 20 from both sides of the equation. —6—-20 =8x+20-20

—26 = 8
5 Divide both sides of the equation by 8. _26 _ .
8
6 Simplify and write your answer with the pronumeral 7w = —14—3
on the left-hand side.
Exercise 2.5 Solving simple equations assess(])

Individual pathways

Il PRACTISE Il CONSOLIDATE H MASTER
Questions: Questions: Questions:
1a-f, 2a—e, 3a-f, 4a-b, 5a-b, 6a-b, 1d-i, 2d-i, 3a—f, 4, 5a-b, 6a-b, 3-6, 7d-i, 8c—f, 9e—i, 10d-f, 11d-f,
7a-f, 8a-d, 9a-b, 10a-b, 11a—c, 7d-i, 8¢c—f, 9c-g, 10a—-d, 11c-f, 12, 12, 14, 15g-i, 16g-i, 17g-i, 18-26
12a-b, 13a-c, 15a-d, 16a-d, 13d-i, 15¢c—f, 16¢—f, 17c—f, 19-21,
17a-d, 19-21, 25 23, 25, 26

[l B B Individual pathway interactivity: int-4569 learn

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency
1. IIZrA Solve the following equations.
a.a+ 61 =285 b. k —75 =46 c.g+93=122
dr-23=07 e.h+0.84=1.1 f.i+5=3
g t—12=—-7 hog+i=3 ix—2=-2
2. [IIEIA Solve the following equations.
al=3 b - =-6 ¢ 67=—42
4 10 X
d. 9v = 63 e. 6w = —32 £ =2
12 ¢
_ m 7 .Y _ <3
g.4a—l.7 h.E—g I.Z—Sg
3. IIET Solve the following equations.
a. Vi =10 b. y2 = 289 ¢ Vg=25
4 9
2 _ i 2 _ 2
d f2=144 e.xf_7 f.p?=2
_ 15 2 _ 196 . 2 AT
g.\/g_i h.] _9671 l.a—2§
4. Solve the following equations.
aVvi—3=2 b. 5x2 = 180 ¢ 3Vm=12
d. -2 =-18 e’ +11=111 £V-5=0
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5. Solve the following equations.

a Vx=2

1
C. Vm = 5
d =2 e Vim =02 £’ =153
64
6. Solve the following equations.
ax+1=0 b. 3x} = —24 e Vm+5=6
d. -2 x Vw =16 e Vi—13=-8 £20 - 14=2
7. IZEA Solve the following.
a.5a+6=26 b. 6b + 8 = 44 c¢8i—-9=15
d 7f— 18 =45 e.8q+ 17 =26 f. 10r — 21 =33
g 6s+46 =175 h. 5t — 28 =21 i. 8a + 88 =28
8. Solve the following.
f ¢ )
.=+ 6=16 b.Z2+4=9 —+6=5
>4 6 “10
a2 _12=-10 e’ +5=85 £ 2 _18=34
9 8 12
9. Solve the following.
a. 6(x + 8) =56 b. 7(y — 4) =35
e.5(m—3)=7 d. 32k + 5) = 24
e 53n—-1) =280 f. 6(2c+7) =58
g2x—-5+3x—-7) =19 hh3(x+5) -5x—-1)=12
L302x—7) — (x+3) = —60
10. =3 Solve the following.
a K15 b2 = 18 P_ g
8 10
a8 3 e UX_» £ =08
11 4 15
11. Solve the following.
a.x—5=7 b.2m+1=_3 c.3w_1=6
3 3 4
' =2=0 0¥ - £33 ¢
2 3 4
12. [ a. The solution to the equation %) +2=7is:
A.p=5 B. p=25 C. p=45 D. p=10
b. If 5h + 8 = 53, then £ is equal to:
A ; B. 122 c. 225 D. 10 E.

¢. The exact solution to the equation 14x = 75 is:

A. x =5.357 142 857 B. x = 5.357 (to 3 decimal places)

c.x=52 D. x=54
E.x=5.5
13. Solve the following equations.
a-—x=95 b.2-d=3 ¢5-p=-2
d-7-x=4 e. —5h =10 f. —6r = =30
% ro_1 .
L —— =4 hh—=- . —4g =32
&7 124 LT
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14. Solve the following equations.

a6-—-2x=28 b. 10 - 3v =7 c.93—6l=—3

d -3-2¢=1 e. =5 — 4t =—17 1—:-?:14

8j k .4

L= h.—=-3=6 -+ 1=

g 3 1 i 7+
15. IIEEA Solve the following equations.

abx+5=5+7 b.7b + 9 =6b + 14 c llw+ 17 = 6w + 27

d8—-2=7+5 e 10r—11=5t+4 f.12r—-16=3r+5

g 12¢ — 19 = 3¢ — 31 h7h+5=2h—6 LSa—2=3a-2
16. [IIEEA Solve the following equations.

asS—-2x=6—-x b. 10 - 3c=8 - 2c c¢3r+13=9r-3

dk-5=2k-6 e.5y+8=13y+17 £17-3g=3—-g¢

g 14—5w=w+8 hodm+7=8—m L14-5p=9-2p
17. EIIZEA Solve the following equations.

a3(x+5) =2 b. 8(y + 3) =3y c.6(t—5 =41+ 3)

d. 10+ 1) =3 - 3) e. 12(f— 10) = 4(f— 5) £204r+3)=32r+7)

g 52d +9) = 3(3d + 13) h.5(h —3) =3Q2h - 1) iL20@x+ 1) =53-1x
18. [[Id a. The solution to 8 — 4k = =2 is:

1 1 1 1 2
b. The solution to —65—n+3=—7 is:
1 1 1 1 1
A.I’l=3§ B.n=—3§ C.n=§ D.n=8§ E.n=—8§

¢. The solutionto p — 6 = 8 — 4p is:

2 4 2 2

Understanding
19. If the side length of a cube is x cm, then its volume V is given by V = x>. What is
the side length (correct to the nearest cm) of a cube that has a volume of:
a. 216 cm® b. 2 m3?
20. The surface area of a cube with side length x cm is given by A = 6x%. Find the
side length (correct to the nearest cm) of a cube that has a surface area of:
a. 37.5cm’ b. 1 m?.
21. A pebble is dropped down a well. In time ¢ seconds it falls a distance of
d metres, given by d = 5¢%.
a. How far does the pebble fall in 1 s?
b. How many seconds will it take the pebble to fall 40 m?
(Answer correct to 1 decimal place.)
22. The surface area of a sphere is given by the formula A = 4712, where r is
the radius of the sphere.
a. Find the surface area of a sphere that has a radius of 5 cm.
b. What is the radius of a sphere that has a surface area equal to 500 cm??
(Answer correct to the nearest mm.)

-~ =

Reasoning

23. Find the radius of a circle of area 10 cm>.

24. The volume of a sphere is given by the formula V = gnr3, where r is the radius of the sphere. If the
sphere can hold 1 litre of water, what is its radius correct to the nearest mm?
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Problem solving

25. The width of a room is three-fifths of its length. When the width is
increased by 2 metres and the length is decreased by 2 metres, the resultant
shape is a square. Find the dimensions of the room.

26. A target board for a dart game has been designed as three concentric circles
where each coloured region is the same area. If the radius of the purple
circle is ¥ cm and the radius of the outer circle is 10 cm, find the value of r.

Reflection
Describe in one sentence what it means to solve linear equations.

2.0 Solving multi-step equations
2.6.1 Equations with multiple brackets

Many equations need to be simplified by expanding brackets and collecting like terms before they are
solved. Doing this reduces the equation to one of the basic types covered in the previous exercise.

WORKED EXAMPLE 13 Tl | CASIO
Solve each of the following linear equations.
ab6x+1)—-—4x—-2)=0 b7 —-x)=3x+1)—-10
THINK WRITE
a 1 Write the equation. a 6(x+1)—-4x-2)=0
2 Expand all the brackets. (Be careful with the —4.) 6x+6—-—4x+8=0
3 Collect like terms. 2x+14=0
4 Subtract 14 from both sides of the equation. 2x=-14
5 Divide both sides of the equation by 2 to find the x=-7
value of x.
b 1 Write the equation. b 76—-x)=3x+1)—-10
2 Expand all the brackets. 35-7x=3x+3-10
3 Collect like terms. 35 -Tx=3x—-17
4 Create a single pronumeral term by adding 7x to 35=10x -7
both sides of the equation.
5 Add 7 to both sides of the equation. 42 = 10x
6 Divide both sides of the equation by 10 to solve 42 _ .
for x and simplify. 10
21
? =X
7 Express the improper fraction as a mixed number Al
fraction. :
8 Rewrite the equation so that x is on the left-hand = 4%
side. )

2.6.2 Equations involving algebraic fractions

* To solve an equation containing algebraic fractions, multiply both sides of the equation by the lowest
common multiple (LCM) of the denominators. This gives an equivalent form of the equation without
fractions.
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WORKED EXAMPLE 14

Solve the equation *— 5 _x+7

and verify the solution.

3 4
THINK WRITE
1 Write the equation. x=5_x+7
3 4
2 The LCM is 3 X 4 = 12. Multiply both sides of the WYx -5 Zx+7)
equation by 12. 13 - 1y
3 Simplify the fractions. 4x -5 =3(x+7)
4 Expand the brackets. 4x — 20 = 3x + 21
5 Subtract 3x from both sides of the equation. x—20=21
6 Add 20 to both sides of the equation and write the answer. x =41
7 To verify, check that the answer x = 41 is true for both the
left-hand side (LHS) and the right-hand side (RHS) of the
equation by substitution.
Substitute x = 41 into the LHS. LHS = =9
_36
3
=12
Substitute x = 41 into the RHS. RHS = 4! N !
_ 48
4
=12
8 Write your answer. Because the LHS = RHS, the solution

x = 41 is correct.

WORKED EXAMPLE 15 Tl | CASIO

Solve each of the following equations.

a5(x+3)=4_|_3(x—1) b 4 _ 1
6 5 3x—-1 x+1
THINK WRITE
a 1 Write the equation. a w =4+ =D
5
2 The lowest common denominator of 5 and 6 is 30. 25(x+3) _ 120 N 18(x — 1)
Write each term as an equivalent fraction with a 30 ~ 30 30
denominator of 30.
3 Multiply each term by 30. This effectively removes 25(x +3) =120 + 18(x — 1)
the denominator.
4 Expand the brackets and collect like terms. 25x 4+ 75 = 120 + 18x — 18
25x + 75 = 102 + 18x
5 Subtract 18x from both sides of the equation. Ix + 75 =102 4
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6 Subtract 75 from both sides of the equation. Ix =27

7 Divide both sides of the equation by 7 to solve for x. = 27
7
8 Express the improper fraction as a mixed number. .
<7
b 1 Write the equation. b 4 _ 1
3x—1) x+1
2 The lowest common denominator of 3, x + 1 and x — 1 4x+ 1) B 3x—1)
is 3(x — 1)(x + 1). Write each term as an equivalent 30— Dx+1) 30— Dx+1D
fraction with a common denominator of 3(x — 1)(x + 1).
3 Multiply each term by the common denominator. 4x+1)=3x—-1)
4 Expand the brackets. 4x+4=3x-3
5 Subtract 3x from both sides of the equation. x+4=-3
6 Subtract 4 from both sides of the equation to solve for x. x+4—-4=-3-4
= -7
learn RESOURCES — ONLINE ONLY

Try out this interactivity: Solving equations (int-2778)
Complete this digital doc: WorkSHEET: Solving equations with fractions (doc-13848)

Exercise 2.6 Solving multi-step equations assess[])

Individual pathways

B PRACTISE Il CONSOLIDATE Il MASTER
Questions: Questions: Questions:
1, 2a—c, 3a-e, 4a-d, 5, 6, 9 1, 2a—f, 3b-i, 4¢c—g, 6,7, 9, 11, 12 1, 2c-h, 3g-, 4g-1, 7-13
[ B W Individual pathway interactivity: int-4570 learn ONLINE ONLY

To answer questions online and to receive immediate feedback and sample responses for every question,

go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency
1. EI3H Solve each of the following linear equations.
a6(@dx-3)+7x+1)=9 b.93 =2x) +2(5x+1)=0
¢85 —-3x) —4(2+3x) =3 d. 91 +x) —8(x+12) =2x
e6d+3x)=7x—-1)+1 f.10(4x+2)=38—-x)+6
2. 34 Solve each of the following equations and verify the solutions.
x+1 x+3 x—7 x-—38 x—6 x-—2
a. = b. = C. =
2 3 5 4 4 2
d.8x+3=2x e-2x—1:x—3 f4x+1:x+2
5 5 4 3 4
6 —x 2x—-1 8—x 2x+1
g. = h, =
3 5 9 3
3. Solve each of the following linear equations.
a Xyt _1 pr_x_3 XM _,
35 3 4 5 4 4 7
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d.ﬁ_i_f:l e 2X_x__3 g% _g_2x

5 8 4 3 6 4 8 3
g.g_ﬁz?’l ni_1_2 15,2

7 8 8 X 6 X X
.1 .4 5 2x — 4 X 4x—1 2x+5
. — —_ = — k. 6=* l- - =0
J3+x X 5 * 2 2 3

4. [II3H Solve each of the following linear equations.

a.3(x+1)+5(x+1) 2(x+1)_|_3(2x—5)= 2(4x+3)_6(x—2):1

=4 L
2 3 b= 8 0 “7 2 2
8x+3) 3(x+2) 57—x) 22x—1) 26-x) 9x+5 1
d. == = 1 f, = —
5 4 “7 7 3 6 3
S56c-2)_6@x—1) _1 | 9Q-1) _4x-5) 1 38
&3 5 3 A =1 " x+1 x+1
L3 .5 5 S L4 5 _-1
x+1 x—-—4 x+1 x—1 x x-1 2x—1 x X

Understanding

5. Last week Maya broke into her money box. She spent one-
quarter of the money on a birthday present for her brother and
one-third of the money on an evening out with her friends,
leaving her with $75. How much money was in her money box?

6. At work Keith spends one-fifth of his time in planning and
buying merchandise. He spends seven-twelfths of his time in
customer service and one-twentieth of his time training the
staff. This leaves him ten hours to deal with the accounts. How
many hours does he work each week?

7. Last week’s school fete was a great success, raising a good deal of money. Three-eighths of the profit
came from sales of food and drink, and the market stalls recorded one-fifth of the total. A third of the
profit came from the major raffle, and the jumping castle raised $1100. How much money was raised
at the fete?

8. Lucy had half as much money as Mel, but since Grandma gave them each $20 she now has three-fifths
as much. How much money does Lucy have?

Reasoning
9. a. Which numbers smaller than 100 have exactly 3 factors (including 1 and the number itself)?
b. Which two numbers smaller than 100 have exactly 5 factors?
¢. Which number smaller than 100 has exactly 7 factors?

10. To raise money for a charity, a Year 10 class has decided to
organise a school lunch. Tickets will cost $6 each. The students
have negotiated a special deal for delivery of drinks and pizzas,
and they have budgeted $200 for drinks and $250 for pizzas. If
they raise $1000 or more, they qualify for a special award.

a. Write an equation to represent the minimum number of
tickets required to be sold to qualify for the award.
b. Solve the equation to find the number of tickets they must sell

to qualify for the award. Explain your answer.
x+7 _a

x+2)x+3) x+2 x+3

11. If , explain why a must be equal to 5.

(Note: ‘=" means identically equal to.)
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Problem solving

12. Solve for x:
2 5 2 7
g(x— 1)—§(x—2)—§(x—4) —E.

24x+3) _ a b

13. If = +
x=3)x+7) x-3 x+7

, find the values of a and b.

Reflection
Do the rules for the order of operations apply to algebraic fractions? Explain.

2.( Literal equations

2.7.1 Literal equations

* Literal equations are equations that include several pronumerals or variables. Solving literal equa-
tions involves changing the subject of the equation to a particular pronumeral.
* A formula is a literal equation that records an interesting or important real-life relationship.

WORKED EXAMPLE 16

Solve the following literal equations for x.

a ax’+bd=c bax=cx+b
THINK WRITE
a 1 Write the equation. a ax’ + bd = c
2 Subtract bd from both sides of the equation. ax’> = c — bd
3 Divide both sides by a. p2oc—bd
a
4 To solve for x, take the square root of both sides. This gives c — bd
both a positive and negative result for x. x== p
b 1 Write the equation. b ax=cx+b
2 Subtract cx from both sides. ax —cx=b
3 Factorise by taking x as a common factor. x(a—c)=b
4 To solve for x, divide both sides by a — c. b

=

a-—c
WORKED EXAMPLE 17

Make b the subject of the formula D = Vb* — 4ac.

THINK WRITE

1 Write the formula. D = Vb2 = dac

2 Square both sides. D? = b? — 4dac

3 Add 4ac to both sides of the equation. D? + 4ac = b?

4 Take the square root of both sides. +VD? + dac=b

5 Make b the subject of the formula by solving for b. b = +VD? + dac
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2.7.2 Restrictions on variables

* Some variables may have implicit restrictions on the values that they may be assigned in an equation
or formula. For example:

- ifV= d , then ¢ cannot equal zero, otherwise the value of V would be undefined.

— ifd =vx —9, then:
* the value of d will be restricted to positive values or 0
 the value of x — 9 must be greater than or equal to zero because the square root of a negative
number cannot be found.
x—9>0
x > 9 (Hence x must be greater than or equal to 9.)
e Other restrictions may arise once a formula is rearranged. For example, if we look at the formula
= Is2, there are no restrictions on the values that the variables / and s can be assigned. (However,
the sign of V must always be the same as the sign of / because s° is always positive.) If the formula is
transposed to make s the subject then:

= Is?

OI‘S—+\//

This shows the restrictions that / # 0 and % > 0.

If the formula V = [s? represents the volume of the rectangular prism shown, additional restrictions
become evident: the variables / and s represent a length and must be positive numbers. Hence, when

we make s the subject we get s = \/Tl/

Exercise 2.7 Literal equations assess(]])

Individual pathways

B PRACTISE Il CONSOLIDATE Il MASTER
Questions: Questions: Questions:
1a-f, 2a-d, 3a-d, 4a-d, 5, 7 1a-g, 2a—f, 3a-f, 4a—f, 5,7, 8 1d-i, 2c—j, 3c-h, 4-8
Il B W Individual pathway interactivity: int-4571 learn ONLINE ONLY

To answer questions online and to receive immediate feedback and sample responses for every question, go
to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency
1. E31 Solve the following literal equations for x.
a.Z—x—d b.g—bc=d eVx+n=m dacx’ =w
c
&Q:Q £x+m:W g ab(x+b) =c h.g=é+m
Xy n X c
imx=ay— bx j.%+a=£
2. Rearrange each of the following literal equations to make the variable in brackets the subject.
= Ibh [ b.P =21+ 2b [p] CA= %bh [A]
dc=Va+b* |a] eF_%+32 [C] f.A=nr [r]
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gv=u+at [a] h. /= % [N] i £ = %mv2 [m]
jE= %mv2 vl k. Vv? = u? + 2as [a] L v2 =u?+ 2as [u]
1_1,1 _ nxy + mx,
'x_a+b [a] n'x_7m+n [x]

3. Complete the following.
a. If c = Va? + b% calculate aif c = 13 and b = 5.
b.If A = %bh, find the value of 4 if A = 56 and b = 16.

cIfF= % + 32, find the value of C if F = 86.

d. If v=u + at, find the value of a if v =83.6,u = 15and t = 7.
e. If V = Is2, find the value of s if V = 2028 and / = 12.
f. If v2 = u? + 2as, find the value of u if v = 16, @ = 10 and s = 6.75.

g lIfA= %h(a + b), find the value of a if A = 360, b = 15 and h = 18.
h Ifx = % find the value of x,if x = 10, m = 2, n = 1 and x; = 4.
Understanding
4. For the following equations:
i. list any restrictions on the variables in the equation.
ii. rearrange the equation to make the variable in brackets the subject.
iii. list any new restrictions on the variables in the equation formed in part ii.

ay=x>+4 [x] b.y= 2 [x]
x—3
cv=u+at [7] d.c =Va*+ b? [b]
b
es="¢ [r] f.m =221 4 [b]
1—-r p+gq

gx__bi\/bz_él'ac [C] hm=pb+qa [p]
' 2a ) p+q

Reasoning

5. The volume of a cylinder is given by V = zr°h, where r is the radius and £ is the height of the
cylinder.

a. State any restrictions on the values of the variables in this formula.
b. Make r the subject of the formula.
c. List any new restrictions on the variables in the formula.

6. T is the period of a pendulum whose length is / and g is the acceleration due to gravity. The formula

relating these variables is 7' = Zn\/g

a. What restrictions are applied to the variables T and [?
b. Make [ the subject of the equation.
¢. Do the restrictions stated in part a still apply?
d. Find the length of a pendulum that has a period of 3 seconds,
given that g = 9.8 m/s?. Give your answer correct to 1 decimal place.
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Problem solving

7.F =32+ %C is the formula relating degrees Celsius (C) to degrees Fahrenheit (F).

a. Transform the equation to make C the subject.
b. Find the temperature when degrees Celsius is equal to degrees Fahrenheit.

8. Jing Jing and Pieter live on the same main road but Jing Jing lives a kilometres to the east of Pieter.
Both Jing Jing and Pieter set off on their bicycles at exactly the same time and both ride in a westerly
direction. Jing Jing rides at j kilometres per hour and Pieter rides at p kilometres per hour. It is known
that j > p. Find an equation in terms of a, j and p for the distance Jing Jing has ridden in order to
catch up with Pieter.

Reflection
Why is it important to consider restrictions on variables when solving literal equations?

2.8 Review

2.8.1 Review questions

Fluency

1. Given E = %mv2 where m = (0.2 and v = 0.5, the value of E is:

a. 0.000 625 b. 0.1 c. 0.005 d. 0.025 e. 0.0025
2. The expression —6d + 3r — 4d — r simplifies to:

a. 2d + 2r b. —10d + 2r c¢. —10d — 4r d. 2d + 4r e. —8dr
3. The expression 5(2f + 3) + 6(4f — 7) simplifies to:

a 34f+ 2 b. 34f — 4 c. 34f — 27 d. 341 + 14 e 116f— 14
4. The expression 7(b — 1) — (8 — b) simplifies to:

a.8 -9 b. 86 — 15 c.6b-9 d. 6b — 15 e. 8+ 1
5. If 14p — 23 = 6p — 7 then p equals:

a. -3 b. —1 cl d2 e 4
6. Simplify the following by collecting like terms.

a.3c—5+4c—-38 b. =3k + 12m — 4k — 9m

c. —d+ 3c —8c —4d d. 6y’ + 2y +y* = Ty
7T.If A = %bh, determine the value of Aif b=10and h =7
8. For each of the following, complete the relationship to illustrate the stated law.

a. (a + 3b) + 6¢c = Associative Law

b. 12a — 3b # Commutative Law

c. 7p X = Inverse Law

d (x X 5y) x7z= Associative Law

e 12p+0= Identity Law

f. Bp+59)+7Tr= Associative Law

g 9d + lle = Commutative Law

h.4a + b # Commutative Law

9. Find the value of the following expressions given the natural number values x = 12, y = 8 and
z = 4. Comment on whether the Closure Law holds for each of the expressions when the values are
substituted.

axxy b.z+x cy—x
10. Simplify the following.
a.S—y—X b.x+4_'_x+2 c'i_i d'x—1+2x—5
3 2 5 2 3x  5x x+3 x+2
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11. Simplify the following.
a Y32 20y 352 e X*6 St 1)
4  x Tx 16y x+DHx+3) x+6
d é - @ g -~ & f 2x - 9x + 1
"x T x 5 Ty T+ —-1 " x+38
12. Solve the following equations.
a.p—20=068 b. s — 0.56 = 2.45 c.3b =48
dl=-5 e V=12 £2(x+5) =-3
g.%—3=12 h o = 36 L5—k=—7
13. Solve the following.
a.42 -T7b=14 b. 12t — 11 =4t+5 c¢2(4p-3)=23p-5)
14. Solve each of the following linear equations.

adSx—-2)+3x+2)=0
¢5x+1)—-62x—-1)=7x+2)
e72x -5 —4x+200=x-5

b.7(5 —2x) = 3(1 = 3x) =1
d. 8(3x — 2) + (4x — 5) = Tx
£30x+ 1) +6(x+5) =23x+40

15. Solve each of the following equations.
2il.£+£=é b.£_£=3
2 5 5 35
1 _x x d.§+%=§
217776 e
.Zx—3_§:x+3 £2(x+2):§+5(x+1)
2 5 5 3 7 3

16. a. Make x the subject of bx + cx = g b. Make r the subject of V = gmﬁ.

Problem solving

17. A production is in town and many parents are taking their children. An adult ticket costs $15 and a

child’s ticket costs $8. Every child must be accompanied by an adult and each adult can have no more

than 4 children with them. It costs the company $12 per adult and $3 per child to run the production.

There is a seating limit of 300 people and all tickets are sold.

a. Determine how much profit the company makes on each adult ticket and on each child’s ticket.

b. To maximise profit, the company should sell as many children’s tickets as possible. Of the 300
available seats, determine how many should be allocated to children if there is a maximum of
4 children per adult.

c¢. Using your answer to part b, determine how many adults would make up the remaining seats.

d. Construct an equation to represent the profit that the company can make depending on the number of
children and adults attending the production.

e. Substitute your values to calculate the maximum profit the company can make.

You are investigating prices for having business cards printed for your new games store. A local

printing company charges a flat rate of $250 for the materials used and $40 per hour for labour.

a. If 4 is the number of hours of labour required to print the cards, construct an equation for the cost of
the cards, C.

b. You have budgeted $1000 for the printing job. How many hours of labour can you afford? Give your
answer to the nearest minute.

¢. The printer estimates that it can print 1000 cards per hour of labour. How many cards will be printed
with your current budget?

18.
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19.

d. An alternative to printing is photocopying. The company charges 15 cents per side for the first

10 000 cards and then 10 cents per side for the remaining cards. Which is the cheaper option for

18 750 single-sided cards and by how much?
A scientist tried to use a mathematical formula to predict people’s moods based on the number of hours
of sleep they had the previous night. One formula that he used was what he called the ‘grumpy formula’,
g = 0.16(h — 8)2, which was valid on a ‘grumpy scale’ from 0 to 10 (Ieast grumpy to most grumpy).
a. Calculate the number of hours needed to not be grumpy.
b. Evaluate the grumpy factor for somebody who has had:

i. 4 hours of sleep ii. 6 hours of sleep iii. 10 hours of sleep.

c. Calculate the number of hours of sleep required to be most grumpy.

. Another scientist already had his own grumpy formula and claims that the scientist from question 19

stole his idea and has just simplified it. The second scientist’s grumpy formula was

_ 0.16(h - 8) y 2-h) . 2hn
8—h 3(h—8)  3(h— 8?2

a. Write the second scientist’s formula in simplified form.
b. Are the second scientist’s claims justified? Explain.

learn RESOURCES — ONLINE ONLY
Try out this interactivity: Word search: Topic 2 (int-2829)
Try out this interactivity: Crossword: Topic 2 (int-2830)
Try out this interactivity: Sudoku: Topic 2 (int-3589)
Complete this digital doc: Concept map: Topic 2 (doc-13706)

Language
It is important to learn and be able to use correct mathematical language in order to communicate

effectively. Create a summary of the topic using the key terms below. You can present your summary
in writing or using a concept map, a poster or technology.

algebra formula simplify
denominator literal substitution
equation multiple undefined
evaluate numerator variable
expression pronumeral

factor restriction

Link to assessON for questions to test your
assess readiness FOR learning, your progress AS
you learn and your levels OF achievement.

assessON provides sets of questions for
every topic in your course, as well as giving
instant feedback and worked solutions to
help improve your mathematical skills.

www.assesson.com.au
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Investigation | Rich Task
Checking for data entry errors

When entering numbers into an electronic device, or even writing numbers
down, errors frequently occur. A common type of error is a transposition error,
which occurs when two digits are written in the reverse order. Take the number
2869, for example. With this type of error, it could be written as 8269, 2689 or
2896. A common rule for checking these errors is as follows.
If the difference between the correct number and the recorded
number is a multiple of 9, a transposition error has occurred.
We can use algebraic expressions to check this rule. Let
the digit in the thousands position be represented by a, the digit
in the hundreds position by b, the digit in the tens position by ¢
and the digit in the ones position by d. So the real number can
be represented as 1000a + 1006 + 10c + d.
1. If the digits in the ones position and the tens position
were written in the reverse order, the number would be
1000a + 100b + 10d + c. The difference between the
correct number and the incorrect one would then be:
1000a + 100b + 10c + d — (1000a + 100b + 10d + c).
a. Simplify this expression.
b. Is the expression a multiple of 9? Explain.
2. If a transposition error had occurred in the tens and
hundreds position, the incorrect number would be
1000a + 100c¢ + 10b + d. Perform the procedure shown in
question 1 to determine whether the difference between the
correct number and the incorrect one is a multiple of 9.
3. Consider, lastly, a transposition error in the thousands and
hundreds positions. Is the difference between the two numbers
a multiple of 9?7
4. Comment on the checking rule for transposition errors.

Iearn RESOURCES — ONLINE ONLY

Complete this digital doc: Code puzzle: In which country was the first practical ice-making machine and
refrigerator produced in 18567 (doc-15919)
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Answers

Topic 2 Algebra and equations

Exercise 2.2 Substitution

1l.a. 5
g. 30
2.a. —11

f. 36

z
12

B

SNk W
P oo

.17

g. 46
7.a.D
8.39cm
9. 65.45 cm?
10.361 m
11.

i)

1

- e &0 T

12.

4

13.

e P mo e T

2p+rqFq+2p

[¢]

g (4x +3y) +5z#4x+ By +52)

14.a. s = 71.875 metres

15.m=1
Challenge 2.1
3a3c?

b. 2

. 1131

SEFFFT TR TE
|
O

. 3z2+40=0+3z=3z2

c. 0 d. 6

i —12 j. 27

c 1 d. 30
h. 1 i. 15
e d. 1}
c.9 d. 18
c.9 d. 18

c. 8 d. 4
is j. 624.6
c.B

. —1 — in this case, addition is closed on integers.

. —1 — in this case, subtraction is closed on integers.
. 2 — in this case, multiplication is closed on integers.
. —1 — in this case, division is closed on integers.

. —2 — in this case, subtraction is closed on integers.

- in this case, division is not closed on integers.

10 — in this case, addition is closed on natural numbers.
. —4 — in this case, subtraction is not closed on natural numbers.
12 — in this case, multiplication is closed on natural numbers.
-3 in this case, division is not closed on natural numbers.

. —2 — in this case, subtraction is not closed on natural numbers.
. 4 — in this case, division is closed on natural numbers.
.(a+2b)+4c=a+ 2b+ 4¢)

e. —17 £3
k. 30 L -5
e. —24

e o f. 48
e. —18 f. 36
e. —18 f. 36
e. 15 f. 68

b. (x X 3y) X 5¢ = x X (3y X 5¢)

d.5d+qg=q+5d

f.2x><i=

2x

—Xx2x=1
2

h.3d — 4y # 4y — 3d

b. t = 4 seconds

Exercise 2.3 Adding and subtracting algebraic fractions

26
21

17
d. o

5
1. a. orli

15x — 4
27

5
2. a.—y
12

89y

#3s

3y

40

32x
15

49
b-i
1
e'35
o 15 — 16x
T 40
c.1—3x d.ﬁ
12 9
i TIx + 17 i Tx + 30
10 D)

c 1
£ 6 — 5x
30
h. 15 — 2x
3x
e 3w f. -2
28 5
l('2x—11 L 19x + 7
30 6
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.a.i b.i c.ﬁ d.i e.l f.i
8x 12x 21x 3x 24x 20x
g.i h.s—1 i. L
100x 10x 6x
324 14x — 4 b2x2+3x+25 2x% + 6x — 10 452 - 17x =3
x+dHx-2) x+5x-=1 2x+1DHx-2) x+DH2x =7
e x> 4+ x . 22 4+ 6x+ 7 g.—x2+7x+15 h. x=17
x+7Dx-5) x+DHx+4) x+DHx+2) x+3)(x-2)
i 2+3x+9 i 5 —5x __5 .3x+7 .3x—4
x+2)Bx—1) x-Dd-x x-1 (x + 1)? x— 12

TG+ + D+ 3)

TG+ DE+3)E+2)

. The student transcribed the denominator incorrectly and wrote (x + 2) instead of (x — 2) in line 2.

Also, the student forgot that multiplying a negative number by a negative number gives a positive number.
Line 3 should have +3 in the numerator, not —1. They didn’t multiply.
X —5x+3

- Dx-2)

Tx% — 20x + 4
Ta=DE+2)(x—4)
2(2x2 — 9x + 25)
"= - D +3)

4% + 17x + 17

452 + 17x + 19

7. The lowest common denominator may not always be the product of the denominators. Each fraction must be multiplied by the
correct multiple.

g . 4x = 1) 2(x = 1)
4= TN+ HE-2) Ta=Tx—4)
Exercise 2.4 Multiplying and dividing algebraic fractions
La® b, 3% ey 6> 0. =% g3
y y X 4y 4y 2x
— « 5 —
g & h. 2 j =3 i k. 1% L=
Tx Tx 2y X 6w
2. a. 2 b. > c. K d. ! e. 2 f. X+l
3x -2 x=3 2(x — 6) x+3 (x + 1)2 2(2x - 3)
g 2 b 35d ; 9 i 3x
10(a + 3) "8(d - 3) " 3020 — 2) T10(x - 1)
2 1 1
3.a.: b. 5 3 d.3 e f.%0r5§
4y? 2y? 8y? 32xy 2
L h. = i — — k. ; L y?
&5 25 9 s 3 Y
4 9 1 21(x = 3) 13
. a Sl e

" Bx=7(x+3)

b. ——m——
x+2)x=9)

x+5

d ——F
Ix—-4H(x+1)

5. Yes, because all of the fractions have the same denominator and therefore can be added together.

6. a. —1
b. 4 — x considered to be the same as x — 4
7.1
(x+ 1)?
) 2+1
Challenge 2.2
x(x + 2) x(x +2)
=D+ 1D =1
Exercise 2.5 Solving simple equations
l.a.a=24 b. k=121 c.g=29
g.1=5 h.g=: ix=0

e. h=0.26

f.i=-2
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q S R

10.a. k=25
11.a. x =26

12.a. B
13.a. x = -5

14.a. x = -1

15.a. x =2

16.a. x = -1

17.a. x = —15

g.d=—-6
18.a. A
19.a. 6 cm
20.a. 2.5cm
2l.a.5m
22.a. 314 cm?
23.1.8cm
24.6.2cm

S F F F FFF T FF
“ .
[
It
(o))

x=-3
x==2
b=6
4
f_gg
g=130
b.y=9
h.x=4
b. m =16
b. m = -5
b. E
b.d=-1
h.r=-3
b.v=1
h. k = -36
b.b=5
1
h.h=—2§
b.c=2
h.m=é
b.y=-4-
h. h=-12
b. D
b. 1.26 m
b. 41 cm
b. 2.8 s
b. 6.3 cm

25. Dimensions are 10 m by 6 m.

10V3

26.——cm
3

z=-7
_ 1
q=6.25
_ 2
a—ilg
m=16
1!
.m=g
.m=1
i=3
1
a——75
r=-10
m=4§
1
x=—7g
_ 3
-2
W=7
.p=7
g=-0.8
[=2
_ 1
f——IZZ
=2
.a=0
2
r=2§
. 2
r=21
x=1

Exercise 2.6 Solving multi-step equations

1 20

2.a.x=3

b.x=3§

b. x =12

C. X

=2
36

e.w=—5— £. k=10
3

_ 16 .3
eh 4*9 f.p—ig
e.t==+10 f.m=25
e. m = 0.008 fw=2%
e.t=125 f.x=2
eq=1é f.r= %
e.n=28 f.p=624

2 P!
en—5§ fC—lg

_ 8 _
ex=, f.v=3
e.x=9 fn_—§
e h=-2 £.r=5
e.r=3 f.e=-23;
e.t=3 f.r=2;
ey:—lé f.g=7

1 1

e.f=125 f.r=7§

_ 8 10
ex——2ﬁ f. E
e.x=—— or x=—3§
e.x=-1; f.x=-192
k. x=52 1x=1§
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. $12 000

$60
9.a.4,9,25,49

10. a. 6x — 450 = 1000

® N2 »

b. 16, 81

_ 41 _ 15
cx=4, d.x——3ﬁ
iLx=15 jox=-41
b. 64

€.

x=5% =
T 43 : 13

b. 241 % tickets. This means they need to sell 242 tickets to qualify, as the number of tickets must be a whole number.

11. Teacher to check
12.4
13.a=3,b=5

Exercise 2.7 Literal equations
b. x = a(d + bc) c.

l.a.xzy
a

g.x—i—b h. x ac

ab
=— b. b

bh 2
_Vv—u _ 1001

a= h. N =
&a=" PR

xb

Lu=+VV?—2as m.a=

" b+ me
14 _P-2l

b—x

b.h=17
h. x, = 13

No restrictions on x

La==+12
g a=25
4. a. i.

i x #3

i. No restrictions
i.c>0

i r#£ 1

i p#—q

i. a #0,b*>4ac
h.i. p# —¢q

b.rzvl
7h

c. h # 0, no new restrictions

ii.
ii.
ii.
ii.

ii.

ii.

i

. T and [ must be greater than zero.

. b

_ 2 — v
x=(m—n) dx—iac
ay . mc — amd
1 = J- =
m+ b d
c.h=% d.a=+Ve?r-1?
b
2F . 2E
im==— jov=x\/—
2 m
x(m + n)—mx,
nxy=———
n
c. C=30 d.a=98
x=+Vy—4
x==+43
V—u
=
a
b=+Vc?—a?
s—a
r:
K
_mp+q) - qa
P
b* — (Qax + b)? )
c=————"orc=—ax"— bx
4a
pzqw—m)
) m-—>b

. No restrictions, all values must be positive for a cylinder to exist.

T’g .. .
b.l=— c. The restrictions still hold.
472
7.a.C= g(F - 32) b. —40°
8. Distance Jing Jing has ridden is - kilometres.
J—D

iii.

iii.

iii.

iii.

iii.

iii.

iii.

iii.

f.x=nw-m

5 A
.C=§(F—32) f.r=i\/;

y#0
a#0
lcl > lal

s#0

p#0

No new restrictions

m#b

.22m
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2.8 Review

1.D
2.B
3.C
4. B
5.D
6.a.7c— 13 b. =7k + 3m ¢c. —=5¢ —5d d. 7y* — 5y
7. 35
8.a. (a+3b) + 6¢c=a+ (3b + 60) b. 12a — 3b # 3b — 12a e pxt=Lya=i
p Ip
d. (x X 5y) X 7z=x X (5y X Tz) e 12p+0=0+12p=12p f.Bp+59) +7r#3p =+ (5qg+17r)
g.9d + 1le =11e + 9d h.4a+b#b+4a
9. a. 96 — in this case, multiplication is closed on natural numbers.
b. % — in this case, division is not closed on natural numbers.
¢. —4 — in this case, subtraction is not closed on natural numbers.
2
10.a.k b. Tx + 18 c.£ d 324+ 2x - 17
6 10 15x x+3)(x+2)
2
a2 b, 232 e 2 a.’ eV £
X 4x x+3 6 50 x=DOx+ 1)
12.a. p = 88 s=3.01 c.bh=16 d.r=-35 e. x =144 f.x=—1—23
g. y=060 h.a=+6 i. k=12
13.a. b =4 b.t=2 c.p=-2
14.21.x=1 bx=6l cx——i dx=1 e)c=12g fx:ll
2 5 14 9 6
15.21.x=§ b.x=221 c.x=2 d.x=5 e.x=3§ f.x——1—6
7 2 8 21
16.a.x=L b.r= [3V
2(b + ¢) in
17. a. $3 per adult ticket; $5 per child’s ticket
b. 240
c. 60
d. P = 3a + 5c, where a = number of adults and ¢ = number of children
e. $1380
18.a. C =250 + 40h
b. 18 hours 45 minutes
c. 18750
d. Printing is the cheaper option by $1375.
19. a. 8 hours
b.i. 2.56 ii. 0.64 iii. 0.64
c¢. 0.094 hours or 15.9 hours
2
20.a. g = 0.16(~ — 8) b. No, the formula is not the same.
h
Investigation — Rich task
1. a. 9(c — d)

b. Yes, this is a multiple of 9 as the number that multiples the brackets is 9.
2. 90(b — ¢); 90 is a multiple of 9 so the difference between the correct and incorrect one is a multiple of 9.
3. 900(a — b); again 900 is a multiple of 9.
4. If two adjacent digits are transposed, the difference between the correct number and the transposed number is a multiple of 9.
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NUMBER AND ALGEBRA

TOPIC 3
Coordinate geometry

3.1 Overview

Numerous videos and interactivities are embedded just where you need them, at the point of learning, in
your learn ON title at www.jacplus.com.au. They will help you to learn the content and concepts covered
in this topic.

%
s (Q\ ( - oo NG

3.1.1 Why learn this?

What did you weigh as a baby, and how tall were you? Did you grow at a steady (linear) rate, or were there
periods in your life when you grew rapidly? What is the relationship between your height and your weight?
We constantly seek to find relationships between variables, and coordinate geometry provides a picture, a
visual clue as to what the relationships may be.

3.1.2 What do you know? assess(J]

1. THINK List what you know about linear graphs and their equations. Use a thinking tool such as a
concept map to show your list.

2. PAIR Share what you know with a partner and then with a small group.

3. SHARE As a class, create a large concept map that shows your class’s knowledge of linear graphs and
their equations.

LEARNING SEQUENCE

3.1 Overview

3.2 Sketching linear graphs

3.3 Determining linear equations

3.4 The distance between two points
3.5 The midpoint of a line segment
3.6 Parallel and perpendicular lines
3.7 Review
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learn RESOURCES — ONLINE ONLY

Watch this eLesson: The story of mathematics: Descartes (eles-1842)

3.2 Sketching linear graphs
3.2.1 Linear graphs

» If a series of points (x, y) is plotted using the rule y = mx + ¢, then the

Y
. o . . . 1 /y=2x+5
points always lie in a straight line whose gradient equals m and whose fo

y-intercept equals c. Quadrant 2 | ¢ /" | Quadrant |
* The rule y = mx + ¢ is called the equation of a straight line written in /
‘gradient—intercept’ form. 10 5/ 0 0
. . Quadrant 3 s
3.2.2 Plotting linear graphs Quidsant 4

* To plot a linear graph, complete a table of values to determine the points.

WORKED EXAMPLE 1 Tl | CASIO

Plot the linear graph defined by the rule y = 2x — 5 for the x-values —3, —2,—1, 0, 1, 2 and 3.

THINK WRITE/DRAW
1 Qreate a table of values using the . 3] oo | .4 0 | > 3
given x-values.
y
2 Find the'COI“responding y—val}les x| -3 5 | 0 ] 2 3
by substituting each x-value into
the rule. e 11| -9 | -7 | -5 | -3 | -1 1

3 Plot the points on a Cartesian
plane and rule a straight line
through them. Since the x-values
have been specified, the line
should only be drawn between the
x-values of -3 and 3.

4 Label the graph.

3.2.3 Sketching straight lines

* A minimum of two points are necessary to plot a straight line.
* Two methods can be used to plot a straight line:

— Method 1: The x- and y-intercept method.

— Method 2: The gradient—intercept method.
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3.2.4 Method 1: Sketching a straight line using the x- and y-intercepts

* As the name implies, this method involves plotting the x- and y-intercepts, then joining them to sketch

the straight line.

* The line cuts the y-axis where x = 0 and the x-axis where y = 0.

WORKED EXAMPLE 2

Sketch graphs of the following linear equations by finding the x- and y-intercepts.

a2x+y=6

THINK
a 1 Write the equation.

2 Find the x-intercept by substituting y = 0.

3 Find the y-intercept by substituting x = 0.

4 Plot both points and rule the line.

5 Label the graph.
b 1 Write the equation.

2 Find the x-intercept by substituting y = 0
i. Add 12 to both sides of the equation.
ii. Divide both sides of the equation by —3.

3 Find the y-intercept. The equation is in the form
y = mx + ¢, so compare this with our equation to

find the y-intercept, c.
4 Plot both points and rule the line.

5 Label the graph.

by=-3x-12

WRITE/DRAW

a2x+y=6
x-intercept: when y = 0,

2x+0=6

2x = 6

x=3

x-intercept is (3, 0).
y-intercept: when x = 0,

20) +y=6
y==6

y-intercept is (0, 6).

YA
\ 2x+y=6
N

@3, 0\

>
>

(=]

by=-3x-12

x-intercept: when y = 0,
-3x—-12=0
—3x =12
x= -4
x-intercept is (—4, 0).
c=-12
y-intercept is (0, —12).

4.0

Y
0,-12) y=-3x-12

<Y
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3.2.5 Method 2: Sketching a straight line using the gradient-intercept
method

» This method is often used if the equation is in the form y = mx + ¢, where m represents the gradient
(slope) of the straight line, and c¢ represents the y-intercept.
* The steps below outline how to use the gradient—intercept method to sketch a linear graph.

Step 1: Plot a point at the y-intercept.

Step 2: Write the gradient in the form m = %. (To write a whole number as a fraction, place it
over a denominator of 1.)

Step 3: Starting from the y-intercept, move up the number of units suggested by the rise (move
down if the gradient is negative).

Step 4: Move to the right the number of units suggested by the run and plot the second point.

Step 5: Rule a straight line through the two points.

WORKED EXAMPLE 3 Tl | CASIO

Sketch the graph of y = gx—S using the gradient—intercept method.
THINK WRITE/DRAW
1 Write the equation of the line. y= %x -3

2 Identify the value of c (that is, the y-intercept) ¢ = =3, so y-intercept: (0, —3).
and plot this point.

3 Write the gradient, m, as a fraction. m==

rise .
4 m= un’ note the rise and run.

5 Starting from the y-intercept at (0, —3), move
2 units up and 5 units to the right to find the
second point (5, —1). We have still not found the
x-intercept.

3.2.6 Sketching linear graphs of the form y = mx

* Graphs given by y = mx pass through the origin (0, 0), since ¢ = 0.
* A second point may be determined using the rule y = mx by substituting a value for x to find y.

WORKED EXAMPLE 4

Sketch the graph of y = 3x.

THINK WRITE/DRAW
1 Write the equation. y=3x
2 Find the x- and y-intercepts. x-intercept: when y = 0,

Note: By recognising the form of 0 =3x

this linear equation, y = mx youcan x =0

simply state that the graph passes y-intercept: (0, 0)

through the origin, (0, 0). Both the x- and y-intercepts are at (0, 0).
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3 Find another point to plot by finding When x =1, y=3x1
the y-value when x = 1. =23

Another point on the line is (1, 3).

4 Plot the two points (0, 0) and (1, 3) )
and rule a straight line through them.

(O8]
~
—
]
~

=Y

©.0/ ]

5 Label the graph.

3.2.7 Sketching linear graphs of the formy =c and x = a

* The line y = c is parallel to the x-axis, having a gradient of zero and a y-intercept of c.
* The line x = a is parallel to the y-axis and has an undefined (infinite) gradient.

WORKED EXAMPLE 5

Sketch graphs of the following linear equations.

ay=-3 bx=4
THINK WRITE/DRAW
a 1 Write the equation. ay=-3

2 The y-intercept is —3. As x does not appear in y-intercept = —3, (0, —3)
the equation, the line is parallel to the
x-axis, such that all points on the line have a
y-coordinate equal to —3. That is, this line is
the set of points (x, —3) where x is an element
of the set of real numbers.

3 Sketch a horizontal line through YA
0, =3).
0 X
0, -3) y=-3

4 Label the graph.
b 1 Write the equation. b x=4

2 The x-intercept is 4. As y does not appear in x-intercept = 4, (4, 0)
the equation, the line is parallel to the
y-axis, such that all points on the line have an
x-coordinate equal to 4. That is, this line is the
set of points (4, y) where y is an element of
the set of real numbers.
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3 Sketch a vertical line through (4, 0). M x=4

0| 4,0) X

4 Label the graph.

3.2.8 Using linear graphs to model real-life contexts

If a real-life situation involves a constant increase or decrease at regular intervals, then it can be
modelled by a linear equation. Examples include water being poured from a tap into a container at a
constant rate, or money being deposited into a savings account at regular intervals.

To model a linear situation, we first need to determine which of the two given variables is the inde-
pendent variable and which is the dependent variable.

The independent variable does not depend on the value of the other variable, whereas the dependent
variable takes its value depending on the value of the other variable. When plotting a graph of a linear
model, the independent variable will be on the x-axis (horizontal) and the dependent variable will be
on the y-axis (vertical).

The following table contains a list of situations, with the independent and dependent variable being
identified in each instance.

Situation

Independent variable

Dependent variable

Money being deposited into a savings
account at regular intervals

Time

Money in account

The age of a person in years and their
height in cm

Age in years

Height in cm

The temperature at a snow resort and the
depth of the snow

Temperature

Depth of snow

The length of Pinocchio’s nose and the
amount of lies he told

Amount of lies
Pinocchio told

Length of
Pinocchio’s nose

The number of workers building a house

Number of workers

Time

and the time taken to complete the project

* Note that if time is one of the variables, it will usually be the independent variable. The final exam-

ple above is a rare case of time being the dependent variable. Also, some of the above cases can’t be
modelled by linear graphs, as the increases or decreases aren’t necessarily happening at constant rates.

WORKED EXAMPLE 6

Water is leaking from a bucket at a constant rate. After 1 minute there is 45litres in the bucket;
after 3minutes there is 35litres in the bucket; after Sminutes there is 25litres in the bucket; and
after 7minutes there is 15litres in the bucket.

a Define two variables to represent the given information.

b Determine which variable is the independent variable and which is the dependent variable.

C

Represent the given information in a table of values.

d Plot a graph to represent how the amount of water in the bucket is changing.

(3

Use your graph to determine how much water was in the bucket at the start and how long it
will take for the bucket to be empty. >
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THINK WRITE/DRAW
a Determine which two values change a The two variables are ‘time” and ‘amount of water in

in the relationship given. bucket’.
b The dependent variable takes its b Independent variable = time
value depending on the value of the Dependent variable = amount of water in bucket

independent variable.

In this situation the amount of
water depends on the amount of time
elapsed, not the other way round.

¢ The independent variable should ¢ [ Time (minutes) 1 3 5 7
appear in the top row of the table of : -
values, with the dependent variable Amount _Of =l 45 35 25 15
appearing in the second row. lmekist ()
d The values in the top row of the d gsofj\
table represent the values on the S 45
horizontal axis, and the values in the %; ‘3“5):
bottom row of the table represent = 304
the values on the vertical axis. As 825
the value for time can’t be negative ‘*Z ?(5):
and there can’t be a negative % 104
amount of water in the bucket, only g >

0 T T T T T T T T T ==
1 2 3 4 5 6 7 8 9 10
Time (minutes)

the first quadrant needs to be drawn
for the graph. Plot the 4 points

and rule a straight line through
them. Extend the graph to meet the
vertical and horizontal axes.

e The amount of water in the bucket e There was 50litres of water in the bucket at the start, and it
at the start is the value at which will take 10minutes for the bucket to be empty.
the line meets the vertical axis, and
the time taken for the bucket to be
empty is the value at which the line
meets the horizontal axis.

learn RESOURCES

Complete this digital doc: SkillSHEET: Describing the gradient of a line (doc-5197)
Complete this digital doc: SkillSHEET: Plotting a line using a table of values (doc-5198)
Complete this digital doc: Skill[SHEET: Stating the y-intercept from a graph (doc-5199)

Complete this digital doc: Skill[SHEET: Solving linear equations that arise when finding x- and y-intercepts
(doc-5200)

Complete this digital doc: SkillSHEET: Using Pythagoras’ theorem (doc-5201)
Complete this digital doc: SkillSHEET: Substitution into a linear rule (doc-5202)

Complete this digital doc: SkillSHEET: Transposing linear equations to standard form (doc-5203)
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Exercise 3.2 Sketching linear graphs assess[]])

Individual pathways

H PRACTISE Il CONSOLIDATE Bl MASTER
Questions: Questions: Questions:
1, 2, 3a—h, 4a-e, 5a—d, 6a—f, 1, 2, 3f-m, 4a—e, 5a-d, 6a—f, 1, 2, 3h-0, 4d-i, 5¢—f, 6e—i, 7d-h,
7a—-d, 8a—d, 9, 10, 12 7c—f, 8a—f, 9-12 8c-h, 9-13
[l B W Individual pathway interactivity: int-4572 learn ONLINE ONLY

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.
Fluency

1. IIZ0 Generate a table of values and then plot the linear graphs defined by the following rules for the
given range of x-values.

Rule x-values
a.y=10x + 25 -5,-4,-3,-2,-1,0,1
b.y=5x-12 -1,0,1,2,3,4
C. y = _0.5x + 10 _6’ _4’ _2’ O’ 2’ 4
d.y = 100x — 240 0,1,2,3,4,5
e.y=-5x+3 -3,-2,-1,0,1,2
f.y=7-4x -3,-2,-1,0,1,2
2. Plot the linear graphs defined by the following rules for the given range of x-values.
Rule x-values
a.y=-3x+2 X —6 —4 -2 0 2 4 6
b.y=—-x+3 X =3 -2 -1 0 1 2 3
c.y=-2x+3 x -6 -4 -2 0 2 4 6
y
3. A Sketch graphs of the following linear equations by finding the x- and y-intercepts.
a.5x—-3y=10 b. 5x + 3y =10 c. 5x+3y=10
d -5x-3y=10 e 2x — 8y =20 f.4x + 4y =40
g —x + 6y =120 h. —2x + 8y = -20 i 10x 4+ 30y = —150
J- 5x + 30y = —150 k. —9x + 4y = 36 L6x—4y=-24
my=2x—10 n.y=—5x + 20 0.y=—x—4
4. II= Sketch graphs of the following linear equations using the gradient—intercept method.
ay=4x+1 b.y=3x-7 cy=-2x+3
dy=-5x-4 e.y=%x—2 f.y=—%x+3
g y=0.6x+0.5 h. y =8x Ly=x-7
5. I3 Sketch the graphs of the following linear equations.
ay=2x b. y = 5x cy=-3x
d.y=%x e.y=§x f,y:—%x
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6. IEA Sketch the graphs of the following linear equations.

ay=10 b.y=-10 c.x=10
d.x=-10 e.y=100 fy=0
gx=0 h. x = -100 iLy=-12

7. Transpose each of the equations to gradient—intercept form (that is, y = mx + ¢). State the x- and
y-intercept for each.

a 5(y+2) =4(x + 3) b.5(y —2) = 4(x — 3) C200+3)=3(x+2)
d. 10(y — 20) = 40(x — 2) e 4(y+2) = —4(x + 2) £2(y—2)=—(x+5)
g 5+ 1) =4(x —4) h. 5( + 2.5) = 2(x — 3.5) 250 —2)=—-65x—1)

Understanding
8. Find the x- and y-intercepts of the following lines.

a —y=28—4x b.6x—y+3=0 c. 2y — 10x =50
9. Explain why the gradient of a horizontal line is equal to zero and the gradient of a vertical line is
undefined.
Reasoning
10. Determine whether g - % = % is the equation of a straight line by rearranging into an appropriate

form and hence sketch the graph, showing all relevant features.

11. I3 Your friend loves to download music. She earns $50 and spends some of it buying music online
at $1.75 per song. She saves the remainder. Her saving is given by the function f(x) = 50 — 1.75x.
a. Determine which variable is the independent variable and which is the dependent variable.
b. Sketch the function.
¢. How many songs can she buy and still save $25?

Problem solving

12. A straight line has a general equation defined by y = mx + c. This line intersects the lines defined
by the rules y = 7 and x = 3. The lines y = mx + ¢ and y = 7 have the same y-intercept while
y = mx + ¢ and x = 3 have the same x-intercept.
a. On the one set of axes, sketch all three graphs.
b. Determine the y-axis intercept for y = mx + c.
c¢. Determine the gradient for y = mx + c.
d. I The equation of the line defined by y = mx + c is:
A.x+y=3 B. 7x + 3y =21 C.3x+7y=21
D.x+y=7 E.7x+3y=7
13. Water is flowing from a tank at a constant rate. The equation relating the volume of water in the tank,
V litres, to the time the water has been flowing from the tank, # minutes, is given by V = 80 — 4¢, ¢ > 0.
a. Determine which variable is the independent variable and which is the dependent variable.
b. How much water is in the tank initially?
¢. Why is it important that # > 0?
d. At what rate is the water flowing from the tank?
e. How long does it take for the tank to empty?
f. Sketch the graph of V versus .

Reflection
What types of straight lines have an x-and y-intercept of the same value?
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3.3 Determining linear equations
3.3.1 Finding a linear equation given two points

* The gradient of a straight line can be calculated from the

coordinates of two points (x;, y;) and (x,, y,) that lie on the line. | (2 )
5 (x2,
. |
.
Gradient = m = 2 I Rise =y, -y,
run :
[— y +
_ 2 1 ! Run =x, — x;
oA N N X
* The equation of the straight line can then be found in the form
y = mx + ¢, where c is the y-intercept. /

WORKED EXAMPLE 7

Find the equation of the straight line shown in the graph.

YA

THINK WRITE
1 There are two points given on the straight line: (3, 0), (0,6)
the x-intercept (3, 0) and the y-intercept (0, 6).

rise

2 Find the gradient of the line by applying m =
rise Y2 — Vi fun
the formula m = — = —=———, where y, =y
run Xy — X — 2 1
(x1,y1) = (3, 0) and (x, y2) = (0, 6). Xy — Xy
_6-0
0-3
_ 6
-3
= -2

The gradient m = —2.
3 The graph has a y-intercept of 6, so ¢ = 6. y=mx+c
Substitute m = —2, and ¢ = 6 into y = mx + ¢ y=-2x+6
to find the equation.
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WORKED EXAMPLE 8

Find the equation of the straight line shown in the graph.

)/
5 2 1)
s ~
0 2 X
THINK WRITE
1 There are two points given on the straight 0,0), (2, 1)
line: the x- and y-intercept (0, 0) and another
point (2, 1).
2 Find the gradient of the line by applying m= "¢
_rise _ Y2 = )i run
the formula m = — = ==, where Y2 — ¥
run Xy — X ===_=-
(x1, y1) = (0,0) and (xp, yo) = (2, D). )152 —651
T2-0
_1
2
The gradient m = %
3 The y-intercept is 0, so ¢ = (. Substitute y=mx+c
m=%andc=0intoy=mx+ctodetermine y:1x+0
the equation. f
y =%

2

WORKED EXAMPLE 9 Tl | CASIO

Find the equation of the straight line passing through (-2, 5) and (1, —1).

THINK WRITE

1 Write the general equation of a straight line. y=mx+c

2 Write the formula for calculating the gradient m= iL)yCl
2 — X

of a line between two points.

3 Let (x;, y;) and (x,, y,) be the two points (-2, 5) m= 1_1 — ;
and (1, —1) respectively. Substitute the values of the -
pronumerals into the formula to calculate the gradient. = _?6
=-2
4 Substitute the value of the gradient into the general rule. y=-2x+c
5 Select either of the two points, say (1, —1), and Point (1, —1):
substitute its coordinates into y = —2x + c. —-1=-2X1+¢
6 Solve for c; that is, add 2 to both sides of the equation. -1=-2+c
l=c
7 State the equation by substituting the value of c into y = —2x + ¢. The equation of the line is
y=-=2x+ 1.
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3.3.2 Finding the equation of a straight line using the
gradient and one point

o If the gradient of a line is known, only one point is needed to determine the equation of the line.

WORKED EXAMPLE 10

Find the equation of the straight line with gradient of 2 and y-intercept of —5.

THINK WRITE

1 Write the known information. The other point is Gradient = 2,
the y-intercept, which makes the calculation of ¢ y-intercept = —5
straightforward.

2 State the values of m and c. m=2,¢c=-5

3 Substitute these values into y = mx + c to find the y=mx+c
equation. y=2x-5

WORKED EXAMPLE 11 Tl | CASIO

Find the equation of the straight line passing through the point (5, —1) with a gradient of 3.

THINK WRITE
1 Write the known information. Gradient = 3,
point (5, —1).
2 State the values of m, x and y. m=3,(xy =(OS,-1)
3 Substitute the values m = 3, x =5 and y = —1 y=mx+c
into y = mx + ¢ and solve to find c. -1=305) +c
—-1=15+c¢
—16 =c¢
4 Substitute m = 3 and ¢ = —16 into The equation of the line is y = 3x — 16.

y = mx + c to determine the equation.

3.3.3 A simple formula

* The diagram shows a line of gradient m passing through
the point (xy, y;).
* If (x, y) is any other point on the line, then:

__rise
~ run
m=)")’1
X — X
m(x —x;)) =y —y
y—yi=mx —xy)

* The formula y — y; = m(x — x;) can be used to write 0 X1 X o
down the equation of a line, given the gradient and the
coordinates of one point.
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WORKED EXAMPLE 12

Find the equation of the line with a gradient of —2 which passes through the point (3, —4).
Werite the equation in general form, that is in the form ax + by + ¢ = 0.

THINK WRITE
1 Use the formulay — y; = m(x — x;). Write the values of m=-2,x, =3,y =4
X1, y1, and m. y—y = mx- x)
2 Substitute for x,, y,, and m into the equation. y— (=4) = =2(x— 3)
y+4=-2x+6
3 Transpose the equation into the form y+4+2x-6=0
ax+ by +c=0. 2x+y—-2=0

WORKED EXAMPLE 13

A printer prints pages at a constant rate. It can print 165

pages in 3 minutes and 275 pages in 5 minutes.

a Determine which variable is the independent variable
(x) and which is the dependent variable (y).

b Determine the gradient of the equation and explain
what this means in the context of the question.

¢ Write an equation, in algebraic form, linking the
independent and dependent variables.

d Rewrite your equation in words.

e Using the equation, determine how many pages can be
printed in 11 minutes.

THINK WRITE/DRAW
a The dependent variable takes its value depending a Independent variable = time
on the value of the independent variable. In this Dependent variable = number of pages

situation the number of pages depends on the time
elapsed, not the other way round.
b 1 Determine the two points given by the information b (x, y;) = (3, 165)

in the question. (x5, ¥5) = (5,275)
2 Substitute the values of these two points into the m=22" N
formula to calculate the gradient. X2 — X
_ 275 - 165
- 5-3
_ 110
T2
=55
3 The gradient states how much the dependent In the context of the question, this
variable increases for each increase of 1 unit in the means that each minute 55 pages are
independent variable. printed.
¢ The graph travels through the origin, as the time C y=mx
elapsed for the printer to print O pages is 0 seconds. y = 55x

Therefore, the equation will be in the form y = mx.
Substitute in the value of m.
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d Replace x and y in the equation with the independent ~ d Number of pages = 55 x time
and dependent variables.

e 1 Substitute x = 11 into the equation. € y=>55
=55x11
= 605
2 Write the answer in words. The printer can print 605 pages in
11 minutes.
Iearn RESOURCES — ONLINE ONLY

Complete this digital doc: Skill[SHEET: Measuring the rise and the run (doc-5196)
Complete this digital doc: SkillSHEET: Finding the gradient given two points (doc-5204)
Complete this digital doc: WorkSHEET: Gradient (doc-13849)

Exercise 3.3 Determining linear equations assess(J]]

Individual pathways

Hl PRACTISE Il CONSOLIDATE Hl MASTER
Questions: Questions: Questions:
1a—d, 2, 3, 4, 5a—d, 7 1a-f, 2, 3,4,5¢c—9,7,9 1d-h, 2, 3, 4, 5e—j, 6-10
B M W Individual pathway interactivity: int-4573 learn ONLINE ONLY

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency
1. Determine the equation for each of the straight lines shown.

a YA b. YA ¢ YA

N
/4 12 5
20 % 0 AN
0 4\ X
d YA e y f. YA

(==}
\
<Y
|
(o)}
(==}
<Y
|
—
7
o
=
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|
(9]
(=]
<Y

=5 —-15

2. I Determine the equation of each of the straight lines shown.

a. A b. y
6 (-4, 12\ 121
1 /3.6
0 3 x
4 0 X
C. y d YA
8. N O]

—4
(—4, =2) . ,

3. I Find the equation of the straight line that passes through each pair of points.

a. (1,4) and (3, 6) b. (0, —1) and (3, 5) c (—1,4)and (3,2)

d. (3,2) and (-1, 0) e. (—4,6) and (2, —6) f. (-3,-5) and (-1, -7)
4. 31 Find the linear equation given the information in each case below.

a. Gradient = 3, y-intercept = 3 b. Gradient = —3, y-intercept = 4

c. Gradient = —4, y-intercept = 2 d. Gradient = 4, y-intercept = 2

e. Gradient = —1, y-intercept = —4 f. Gradient = 0.5, y-intercept = —4

g. Gradient = 5, y-intercept = 2.5 h. Gradient = —6, y-intercept = 3

i. Gradient = —2.5, y-intercept = 1.5 j- Gradient = 3.5, y-intercept = 6.5

5. IIIZEMA For each of the following, find the equation of the straight line with the given gradient and
passing through the given point.

a. Gradient = 5, point = (5, 6) b. Gradient = —5, point = (5, 6)
¢. Gradient = —4, point = (-2, 7) d. Gradient = 4, point = (8, —2)
e. Gradient = 3, point = (10, —5) f. Gradient = -3, point = (3, —3)
g. Gradient = -2, point = (20, —10) h. Gradient = 2, point = (2, —0.5)
i. Gradient = 0.5, point = (6, —16) j Gradient = —0.5, point = (5, 3)

Understanding

6. II3H a. Determine which variable (time or cost) is
the independent variable and which is the dependent variable. Save $$$ with Supa-Bowl!!!
b. If ¢ represents the time in hours and C represents cost ($), NEW Ten-Pin Bowling Alley
construct a table of values for 0-3 hours for the cost of Shoe rental just $2 (fixed fee)
playing ten-pin bowling at the new alley. Rent a lane for ONLY $6/hour!
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¢. Use your table of values to plot a graph of time versus cost. (Hint: Ensure your
time axis (horizontal axis) extends to 6 hours and your cost axis (vertical axis)
extends to $40.)

d. i. What is the y-intercept?
ii. What does the y-intercept represent in terms of the cost?

e. Calculate the gradient and explain what this means in the context of the
question.

f. Write a linear equation to describe the relationship between cost and time.

g. Use your linear equation from part f to calculate the cost of a 5-hour
tournament.

h. Use your graph to check your answer to part g.

Reasoning
7. When using the gradient to draw a line, does it matter if you rise before you run or run before you
rise? Explain your answer.
8. a. Using the graph at right, write a general formula for the gradient m in
terms of x, y and c. (, ¢ %\
b. Transpose your formula to make y the subject. What do you notice? E )
X X

\

N

Problem solving
9. The points A (x1, y1), B (x5, ¥,) and P (x, y) are co-linear. P is a general y

point that lies anywhere on the line.
Show that an equation relating these three points is given by

B (x2, y2)

Py
_ :}’2—)’1(x_x)
Yy =N X, — X 1)
A (x5 y1)

10. Show that the quadrilateral ABCD is a parallelogram. X

Yy

B

C(7,8)
B (3,6)

5:4

1A (1,2

— D W kA NN X
L T S R

X
1 23456 178

S

Reflection
What problems might you encounter when calculating the equation of a line whose graph is actually
parallel to one of the axes?

CHALLENGE 31 y
The graph of the straight line crosses the y-axis at (0, 2). The shaded section Area = 17.5 units®
represents an area of 17.5 square units. Use this information to determine the 2 /‘,:/
equation of the line. — :

0 s X
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3.4 The distance between two points
3.4.1 The distance between two points

* The distance between two points can be calculated using Pythagoras’ theorem.
* Consider two points A (x,, y,) and B (x,, y,) on the Cartesian plane as shown below.

Y4
S B(x,.y)
1
1
w8/ e
ERIY E
1
0 X, X, X

 If point C is placed as shown, ABC is a right-angled triangle and AB is the hypotenuse.
AC = Xy — X
BC=y, -y
By Pythagoras’ theorem:
AB? = AC? + BC?
= (= x)* + (2 = y1)?
Hence AB = vV (x, — x)2 + (y, — y))?
The distance between two points A (x,, y,) and B (x,, y,) is:
AB = V(0 —x)> + (0 = 1)
* This distance formula can be used to calculate the distance between any two points on the Cartesian plane.
* The distance formula has many geometric applications.

WORKED EXAMPLE 14

Find the distance between the points A and B in the figure below.
Answer correct to two decimal places.

y)
Pl B

/‘

34

=Y

THINK

1 From the graph, locate points A and B.
2 Let A have coordinates (x,,y,).

3 Let B have coordinates (x,, y,).

4 Find the length AB by applying the
formula for calculating the distance
between two points.

WRITE

A (=3,1)and B (3,4)

Let (x;,y,) = (=3,1)

Let (x,,y,) = (3,4)

AB = V(x; — x))> + (n — y))?
=V[3 - (=31’ + @4 - 1)?
= V(6)* + (3)?
=V36+9
= V45
=3V5

= 6.71 (correct to 2 decimal places)

Note: If the coordinates were named in the reverse order, the formula would still give the
same answer. Check this for yourself using (x,,y,) = (3,4) and (x,,y,) = (=3, 1).
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WORKED EXAMPLE 15 Tl | CASIO

Find the distance between the points P (—1, 5) and Q (3, —2).

THINK
1 Let P have coordinates (x,,y,)-

WRITE
Let (xleyl) = (_1’5)
Let ()CZ, yz) = (3’ _2)

PQ = V(x; — x)2 + (v2 — y1)?
=V[3 - (=D]> + (-2 = 5)2
— V@2 + (<7
= V16 + 49
= V65

= 8.06 (correct to 2 decimal places)

2 Let Q have coordinates (x,,,).

3 Find the length PQ by applying
the formula for the distance
between two points.

WORKED EXAMPLE 16

Prove that the points A (1, 1), B (3, —1) and (—1, —3) are the vertices of an isosceles triangle.

THINK WRITE/DRAW
1 Plot the points and draw the triangle. ! ‘Ty A
Note: For triangle ABC to be isosceles, two sides 0 /N , >

must have the same magnitude.

2 AC and BC seem to be equal. Find the length AC.

A1) = (xy y,)
C(L-=3) = ()

3 Find the length BC.
B @3, -1) = (x, y»)
C (_1’ _3) = ('xlv yl)

4 Find the length AB.
AL =,y
B (3’ _1) = (XQ,Y2)

5 State your proof.

_11

ool

-3

AC = V[l = (=D]> + [1 = (=3)]?

= V(2)? + (4)
=20
=25
BC = V[3 — (-D]* + [-1 = (-3)]?
= V(#)? + (2)?
=20
=25

AB=V[3- D+ [-1- D]

= V(2)* + (-2)°

=Va+4

=2V2
Since AC = BC # AB, triangle ABC is an
isosceles triangle.

learn

RESOURCES — ONLINE ONLY

Complete this digital doc: Spreadsheet: Distance between two points (doc-5206)
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Exercise 3.4 The distance between two points assess(]]]

Individual pathways

B PRACTISE Il CONSOLIDATE B MASTER
Questions: Questions: Questions:
1,2a-d, 5, 8,9 1,2c-,5,7,9, 11 1, 2e-h, 3-7,9-12
[ B B Individual pathway interactivity: int-4574 learn ONLINE ONLY

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.
Fluency

1. IIE4 Find the distance between each pair of points shown at right. YA
2. IIIZH Find the distance between the following pairs of points. G Z: 0
a (2.5).(6.8) b (~1,2), (4, 14) § s-\ :
4_
c. (—1,3), (-7,-5) d. (5,-1), (10, 4) MEA c
e (4,-5), (1,1 f. (-3,1),(5,13) E n\ 2la N\
N ST At >
g (5,0), (-8,0) h. (1,7), (1, —6) FEDEIR NN 10%3 BRI
i (a’ b)’ (2a9 _b) j‘ (_a’ 2b)’ (2@, _b) \&2- \
Understanding . Mo, 5
3. I3 If the distance between the points (3, ) and (-5, 2) is 5
. i -6+
10 units, then the value of b is: L7
A. -8 B. -4 c. 4 1
D. 0 E.2
4. [ A rhombus has vertices A (1, 6), B (6, 6), C (=2, 2) and D (x, y). The coordinates of D are:
A. (2,-3) B. (2,3) c. (-2,3) D. (3,2) E. 3,-2)

5. The vertices of a quadrilateral are A (1,4), B (-1,8),C (1,9) and D (3, 5).
a. Find the lengths of the sides.
b. Find the lengths of the diagonals.
¢. What type of quadrilateral is it?
Reasoning
6. I3 Prove that the points A (0, —3), B (=2, —1) and C (4, 3) are the vertices of an isosceles triangle.
7. The points P (2, —1), Q (-4, —1) and R (-1, 3V3 - 1) are joined to form a triangle. Prove that
triangle PQR is equilateral.
8. Prove that the triangle with vertices D (5, 6), E (9, 3) and F (5, 3) is a right-angled triangle.
9. A rectangle has vertices A (1, 5), B (10.6, z), C (7.6, —6.2) and D (-2, 1). Find:
a. the length of CD b. the length of AD
c. the length of the diagonal AC d. the value of z.
10. Show that the triangle ABC with coordinates A (a, a), B (m, —a)
and C (—a, m) is isosceles.
Problem solving
11. Triangle ABC is an isosceles triangle where AB = AC, B is the
point (-1, 2), C is the point (6, 3) and A is the point (a, 3a) Find
the value of the integer constant a.

A (a, 3a)

Z C(6,3)

B (-1,2)

84 Jacaranda Maths Quest 10 + 10A



12. ABCD is a parallelogram. y
a. Find the gradients of AB and BC. B (3.8)
b. Find the coordinates of the point D (x, y). ’
¢. Show that the diagonals AC and BD bisect each other.
A (1, 6)
C(,1)
0 \/ X
D (x, y)

Reflection

How could you use the distance formula to show that a series of points lay on the circumference of a
circle with centre C?

3.9 The midpoint of a line segment

3.5.1 Midpoint of a line segment

* The midpoint of a line segment is the halfway point.
* The x- and y-coordinates of the midpoint are halfway between those of the coordinates of the end
points.

 The following diagram shows the line interval AB joining points A (x;,y,) and B (x,, y,).
The midpoint of AB is P, so AP = PB.

Points C (x,y,) and D (x,,y) are added to the diagram and are used to make the two right-angled
triangles AABC and APBD.

The two triangles are congruent:

y
2 B (XZ’ yZ)
P
Vdooo ]
(x, y)
A :
4 I SR !
(1. 1) iC :
0 X1 )'C X2 X

AP = PB (given)
2APC = «PBD (corresponding angles)
2CAP = «DPB (corresponding angles)
So AAPC = APBD (ASA)
This means that AC = PD;
ie.x —x, =x,—x (solve for x)
ie. 2x =x +x,

X, +x
P B
2
In other words x is simply the average of x, and x,.
+
Similarly, y = Lzyz

TOPIC 3 Coordinate geometry 85



In general, the coordinates of the midpoint of a line segment joining the points  y)
(x;,y,) and (x,, y,) can be found by averaging the x- and y-coordinates of the (X5, )
end points, respectively. M

The coordinates of the midpoint of the line segment joining (x;,y,) and (’L;‘z #)

Xy + X Y1+ Gy
(x5, y,) are: < 7 5 > 5 X Vi -

WORKED EXAMPLE 17 Tl | CASIO

Find the coordinates of the midpoint of the line segment joining (—2, 5) and (7, 1).

THINK WRITE
1 Label the given points (x,, y,) and (x,, y,). Let (x;,¥) = (=2,5) and (x,,y,) = (7, 1)
X+ X
2 Find the x-coordinate of the midpoint. = %
_ —2+7
- 2
_3
2
1
=22
3 Find the y-coordinate of the midpoint. y = ity
2
_5+1
6 2
=2
=3
4 Give the coordinates of the midpoint. The midpoint is (2%, 3).

WORKED EXAMPLE 18

The coordinates of the midpoint, M, of the line segment AB are (7, 2). If the coordinates of A are
(1, —4), find the coordinates of B.

THINK WRITE/DRAW
1 Let the start of the line segment be (x,,y,) and the Let (x,,y,) = (1, —4) and
midpoint be (x,y). x,y) =(1,2)
X +x
2 The average of the x-coordinates is 7. Find the x-coordinate x =" > 2
of the end point. : [
2
14=1+x,
x, =13
3 The average of the y-coordinates is 2. Find the y-coordinate y = Nt Y
of the end point. 2
2 =—"=
2
4 =-4+y,
=8
4 Give the coordinates of the end point. The coordinates of the point B are
(13, 8).
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5 Check that the coordinates are feasible by drawing a Y} B (13,8)
diagram. 6-
N M
27 7,2)
0| 2 46 8101214%
A -4
learn RESOURCES
Complete this digital doc: Spreadsheet: Midpoint of a segment (doc-5207)
Complete this digital doc: WorkSHEET: Midpoint of a line segment (doc-13850)
Exercise 3.5 The midpoint of a line segment assess(J])
Individual pathways
l PRACTISE Il CONSOLIDATE Hl MASTER
Questions: Questions: Questions:
1a-d, 2, 33, 4, 9, 11 1a-d, 2-6, 9, 11 1a—-f, 2-12
[l M W Individual pathway interactivity: int-4575 learn

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency
1. IIIZ5 Use the formula method to find the coordinates of the midpoint of the line segment joining the
following pairs of points.
a. (=5,1),(-1,-8) b. 4,2), (11,-2) c. (0,4),(-2,-2)
d. 3,4),(-3,-1) e. (a,2b), 3a,—-b) f. (a+3b,b),(a—b,a—Db)
2. IIZA The coordinates of the midpoint, M, of the line segment AB are (2, —3). If the coordinates of
A are (7,4), find the coordinates of B.
Understanding
3. A square has vertices A (0,0),B (2,4),C (6,2) and D (4, —2). Find:
a. the coordinates of the centre b. the length of a side
c. the length of a diagonal.
4. I3 The midpoint of the line segment joining the points (=2, 1) and (8, —3) is:

A. (6,-2) B. (5,2) C. (6,2) D. (3,-1) E. (5,-2)
5. I3 If the midpoint of AB is (-1, 5) and the coordinates of B are (3, 8), then A has coordinates:
A. (1,6.5) B. (2,13) C. (-5,2) D. 4,3) E. (7,11)

6. a. The vertices of a triangle are A (2,5),B (1, —3) and C (-4, 3). Find:
i. the coordinates of P, the midpoint of AC
ii. the coordinates of Q, the midpoint of AB
iii. the length of PQ.
b. Show that BC = 2 PQ.
7. a. A quadrilateral has vertices A (6, 2),B (4, -3),C (-4, =3) and D (-2, 2). Find:
i. the midpoint of the diagonal AC
ii. the midpoint of the diagonal BD.
b. What can you infer about the quadrilateral?
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8. a. The points A (-5,3.5),B (1,0.5) and C (-6, —6) are the vertices of a triangle. Find:
i. the midpoint, P, of AB
ii. the length of PC
iii. the length of AC
iv. the length of BC.
b. Describe the triangle. What does PC represent?

Reasoning
9. Find the equation of the straight line that passes through the midpoint of A (-2, 5) and B (-2, 3), and
has a gradient of —3.
10. Find the equation of the straight line that passes through the midpoint of A (-1, —3) and B (3, -5),

and has a gradient of %

Problem solving

11. The points A (2m, 3m), B (5m, —2m) and C (—3m, 0) are the vertices of a triangle. Show that this is a
right-angled triangle.

y

A (2m, 3m)

c3mor—_" x

B (5m, -2m)

12. Write down the coordinates of the midpoint of the line joining the points (3k — 1,4 — 5k) and
(5k — 1,3 — 5k). Show that this point lies on the line with equation 5x + 4y = 9.

Reflection

If the midpoint of a line segment is the origin, what are the possible values of the x- and
y-coordinates of the end points?

3.0 Parallel and perpendicular lines
3.6.1 Parallel lines

* Lines that have the same gradient are parallel
lines. The three lines on the graph at right all
have a gradient of 1 and are parallel to each
other.
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WORKED EXAMPLE 19

Show that AB is parallel to CD given that A has coordinates (—1, —5), B has coordinates
(5,7), C has coordinates (=3, 1) and D has coordinates (4, 15).

THINK

1 Find the gradient of AB by applying the formula
27N
IECRE

2 Find the gradient of CD.

3 Draw a conclusion. (Note: |l means ‘is parallel to’.)

WRITE
Let A (—1,=5) = (x,.y,) and
B (5,7) = (x5, 5,)

Since m = =N
X=X
1=
_12
6
=7

Let C (=3,1) = (x;,y,) and
D (47 15) = (-x29y2)

o 15-1
e )
14
7
=2

Since m,p = mq, = 2, then AB I CD.

3.6.2 Collinear points y
* Collinear points are points that all lie on the same straight line. ¢
e If A, B and C are collinear, then m g = my..
B
A
0 X
WORKED EXAMPLE 20
Show that the points A (2,0), B (4,1) and C (10, 4) are collinear.
THINK WRITE
1 Find the gradient of AB. Let A (2,0) = (x;, )
and B (4,1) = (x,, y,)
Since m Y27
&= 4
P 1-0
2 >
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2 Find the gradient of BC. LetB (4,1) = (x;,y,)
and C (10,4) = (x,,y,)

o 4-1
"Be T 104
_3
6
_1
2
3 Show that A, B and C are collinear. Since mpp = mpc = % and B is common to both line

segments, A, B and C are collinear.

3.6.3 Perpendicular lines

* There is a special relationship between the gradients of two
perpendicular lines.
The graph at right shows two perpendicular lines. What do you
notice about their gradients?

 Consider the diagram shown below, in which the line segment 6 4 2 o 2 4\5\
AB is perpendicular to the line segment BC, AC is parallel to -2
the x-axis, and BD is the perpendicular height of the resulting 4]
triangle ABC. 6
In AABD, let Mg = My _/
-4
b
= tan (@) YA
In ABCD, let mgc = Ny B
a <
= = 0
c
= —tan (a)
In AABC,tan (a) = Z a
b
So my = _E
-1 ALY Yo a\C
= — D
m «< b ><— ¢ —>
Hence my, = -1 0 “x
my
or mniy = -1

* Hence, if two lines are perpendicular to each other, then the product of their gradients is —1. Two lines

are perpendicular if and only if:
mm, = —1

 If two lines are perpendicular, then their gradients are g and —g respectively.

WORKED EXAMPLE 21

Show that the lines y = —5x + 2 and Sy — x + 15 = 0 are perpendicular to one another.

THINK WRITE
1 Find the gradient of the first line. y=-5x+2

Hence m; = =5
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2 Find the gradient of the second line.

3 Test for perpendicularity. (The two lines are

perpendicular if the product of their gradients is —1.)

Sy—x+15=0
Rewrite in the form y = mx + c:
Sy=x—15
X
==-3
Y75
1
Hencemz—5 1
m1m2=—5><§
= -1

Hence, the two lines are perpendicular.

3.6.4 Determining the equation of a line parallel or perpendicular to

another line

» The gradient properties of parallel and perpendicular lines can be used to solve many problems.

WORKED EXAMPLE 22

Find the equation of the line that passes through the point (3, —1) and is parallel to the straight

line with equation y = 2x + 1.

THINK
1 Write the general equation.

2 Find the gradient of the given line. The two lines

are parallel, so they have the same gradient.
3 Substitute for m in the general equation.
4 Substitute the given point to find c.

5 Substitute for ¢ in the general equation.

WRITE

y=mx+c

y = 2x + 1 has a gradient of 2
Hence m=2

SO y=2x+c
(xy) =G,-D
“—1=23)+c

=il =) - (6

A==V

y = 2x-7

y=2x—-17
or

2x—y—-T7=0

WORKED EXAMPLE 23

Find the equation of the line that passes through the point (0, 3) and is perpendicular to a

straight line with a gradient of 5.

THINK

1 For perpendicular lines, m, X m, = —1. Find the

gradient of the perpendicular line.

WRITE
Given m; =5
my, = —
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2 Use the equation y — y, = m(x — x,) where Since y — y, = m(x — x,)

m=—tand (x, y) = (0, 3). and (x,,y,) = (0.3)
theny — 3 = —%(x—O)
N N—
y 5
S(y—3) = —x
Sy — 15" = —Xx

x+5y—-15=0

3.6.5 Horizontal and vertical lines

* Horizontal lines are parallel to the x-axis, have a gradient of zero, are
expressed in the form y = ¢ and have no x-intercept.

* Vertical lines are parallel to the y-axis, have an undefined (infinite) 2
gradient, are expressed in the form x = a and have no y-intercept.

2 O 2 6 *

2
-4
WORKED EXAMPLE 24

Find the equation of:

a the vertical line that passes through the point (2, —3)

b the horizontal line that passes through the point (—2, 6).

THINK WRITE

a The equation of a vertical line is x = a. The x-coordinate of the a x =2
given point is 2.

b The equation of a horizontal line is y = ¢. The y-coordinate of b y=6
the given point is 6.

WORKED EXAMPLE 25

Find the equation of the perpendicular bisector of the line joining the points (0, —4) and (6, 5).
(A bisector is a line that crosses another line at right angles and cuts it into two equal lengths.)

THINK WRITE
1 Find the gradient of the line joining the given points Let (0, —4) = (x;,y)).
by applying the formula. Let (6,5) = (x,, ).
7 S _nmn
==~ | =
Xy — X Xy — X
2= % S_ (L4
m =—-—>-
6-0
-3
6
_
T2
2 Find the gradient of the perpendicular line. m; = %
m; X m, =—1 2
1 2 my = —;
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o+ +y
3 Find the midpoint of the line joining the given points. x=1 5 2 y = VIT)Z
_ X +x y+y _ :0+6 :—4+5
M = < B where (x;,y,) = (0,—4) > | 5
and (x5, ;) = (6,5). = =2
Hence (3, %) are the coordinates of the
midpoint.
4 Find the equations of the line with gradient —% that Since y — y; = m(x — x)),
passes through (3, %). T — % _ —%(x —3)
5 Simplify by removing the fractions. 3y — %) = =2(x—3)
Multiply both sides by 3. 3y—2=-2x+6
Multiply both sides by 2. 6y —3 = —4x + 12

4x+ 6y —15=0

Iearn RESOURCES — ONLINE ONLY
Try out this interactivity: Parallel and perpendicular lines (int-2779)
Complete this digital doc: Spreadsheet: Perpendicular checker (doc-5209)
Complete this digital doc: Spreadsheet: Equation of a straight line (doc-5210)

Exercise 3.6 Parallel and perpendicular lines assess[]])

Individual pathways

Hl PRACTISE Il CONSOLIDATE l MASTER
Questions: Questions: Questions:
1a-d, 2, 5, 6a-c, 7, 8, 9a-c, 12, 13, 1a-d, 2-5, 6¢-d, 7, 8, 9a—c, 12, 13, 1c, 2, 3, 4, 5, 6e—f, 7-19, 20b, 21,
16a-b, 18, 203, 21, 23, 26a, 27 15, 16a—b, 17a, 18, 20a, 21-23, 22,24-31, 33-37
26-28, 30, 32
[l B B Individual pathway interactivity: int-4576 learn ONLINE ONLY

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency
1. IEE Find whether AB is parallel to CD given the following sets of points.

a. A (4,13),B (2,9),C (0,-10),D (15,0)

b. A (2,4),B (8,1),C (-6,-2),D (2,-06)

c. A(-3,-10),B (1,2),C (1,10),D (8, 16)
dA{d,-1),B4,11),C(2,10),D (-1, -5)

e. A(1,0),B(2,5),C (3,15),D (7,35)

f. A(1,-6),B (-=5,0),C (0,0),D (5, —-4)
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2. Which pairs of the following straight lines are parallel?

a2xx+y+1=0 b.y=3x-1
c2y—x=3 dy=4x+3
e.y=g—1 f6x—2y=0
g3y=x+4 h.2y=5—-x

3. B2 Show that the points A (0, —2), B (5, 1) and C (-5, —5) are collinear.
4. Show that the line that passes through the points (—4, 9) and (0, 3) also passes through the point (6, —6).
5. K230 Show that the lines y = 6x — 3 and x + 6y — 6 = 0 are perpendicular to one another.
6. Determine whether AB is perpendicular to CD, given the following sets of points.
a.A(1,6),B @3,8),C4,-6),D (-3,1)
b. A (2,12),B (-1,-9),C (0,2),D (7, 1)
c¢A(1,3),B4,18),C(-5,4),D (5,0)
d. A(1,-5),B (0,0),C (5,11),D (-10, 8)
e A(—4,9),B (2,-6),C (-5,8),D (10, 14)
f.A4,4),B (-8,5),C (-6,2),D (3,11)
7. IZHA Find the equation of the line that passes through the point (4, —1) and is parallel to the line with
equation y = 2x — 5.
8. IZA Find the equation of the line that passes through the point (-2, 7) and is perpendicular to a line
with a gradient of %

9. Find the equations of the following lines.
a. Gradient 3 and passing through the point (1, 5)
b. Gradient —4 and passing through the point (2, 1)
c. Passing through the points (2, —1) and (4, 2)
d. Passing through the points (1, —3) and (6, —5)
e. Passing through the point (5, —2) and parallel tox + 5y + 15=0
f. Passing through the point (1, 6) and parallel tox — 3y — 2 =10
g. Passing through the point (-1, —5) and perpendicularto3x + y + 2 =0
10. Find the equation of the line that passes through the point (-2, 1) and is:
a. parallel to the line with equation2x —y —3 =10
b. perpendicular to the line with equation 2x —y — 3 = 0.
11. Find the equation of the line that contains the point (1, 1) and is:
a. parallel to the line with equation 3x — 5y = 0
b. perpendicular to the line with equation 3x — 5y = 0.
12. [Z4 Find the equation of:
a. the vertical line that passes through the point (1, —8)
b. the horizontal line that passes through the point (-5, —7).
13. I3 a. The vertical line passing through the point (3, —4) is given by:

A.y=-4 B.x=3 C.y=3x—-4
D.y=—-4x+3 E.x=-4

b. Which of the following points does the horizontal line given by the equation y = —5 pass through?
A. (=5,4) B. (4,5) c. (3,-5)
D. (5,-4) E. (5,5)

¢. Which of the following statements is true?
A. Vertical lines have a gradient of zero.
. The y-coordinates of all points on a vertical line are the same.
. Horizontal lines have an undefined gradient.
. The x-coordinates of all points on a vertical line are the same.

mooOwmw

. A horizontal line has the general equation x = a.
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d. Which of the following statements is false?
A. Horizontal lines have a gradient of zero.
B. The line joining the points (1, —1) and (-7, —1) is vertical.
C. Vertical lines have an undefined gradient.
D. The line joining the points (1, 1) and (-7, 1) is horizontal.
E. A horizontal line has the general equation y = c.
14. The triangle ABC has vertices A (9,-2),B (3,6), and C (1, 4).
a. Find the midpoint, M, of BC.
b. Find the gradient of BC.
¢. Show that AM is the perpendicular bisector of BC.
d. Describe triangle ABC.
15. lIZ23 Find the equation of the perpendicular bisector of the line joining the points (1,2) and (-5, —4).
16. Find the equation of the perpendicular bisector of the line joining the points (—2,9) and (4, 0).
17. ABCD is a parallelogram. The coordinates of A, B and C are (4, 1), (1, —2) and (-2, 1) respectively.
Find:
a. the equation of AD b. the equation of DC
c. the coordinates of D.

Understanding
18. In each of the following, show that ABCD is a parallelogram.
a. A2,0,B4,-3),C(2,-4),D (0,-1)
b. A (2,2),B (0,-2),C (-2,-3),D (0, 1)
c. A(25,35),B(10,—-4),C (2.5,-2.5),D (-5,5)
19. In each of the following, show that ABCD is a trapezium.
a. A (0,6),B (2,2),C (0,-4),D (-5,-9)
b. A (26,32),B (18,16),C (1,—-1),D (-3, 3)
c¢A@2,7,B{,-1),C (-0.6,-2.6),D (-2,3)
20. I3 The line that passes through the points (0, —6) and (7, 8) also passes through:
A. (4,3) B. (5,4) C. (-2,10) D. (1,-8) E. (1,4)
21. 13 The point (-1, 5) lies on a line parallel to 4x + y + 5 = 0. Another point on the same line as
(-1,5) is:
A. (2,9) B. (4,2) c. 4,0) D. (-2,3) E. 3,—-11)
22. Find the equation of the straight line given the following conditions.
a. Passes through the point (—1, 3) and parallel to y = —=2x + 5
b. Passes through the point (4, —3) and parallel to 3y + 2x = -3
23. Determine which pairs of the following lines are perpendicular.

ax+3y—-5=0 b.y=4x-7 cCy=x
d2y=x+1 ey=3x+2 f.x+4y-9=0
g2x+y=6 hx+y=0

24. Find the equation of the straight line that cuts the x-axis at 3 and is perpendicular to the line with
equation 3y — 6x = 12.
25. Calculate the value of m for which lines with the following pairs of equations are perpendicular to

each other.

a2y —5x=7and 4y + 12 = mx b. 5x — 6y = =27 and 15 + mx = =3y
26. [ The gradient of the line perpendicular to the line with equation 3x — 6y = 2 is:

A3 B. —6 c.2 D. E. -2

27. I3 Triangle ABC has a right angle at B. The vertices are A (-=2,9), B (2,8) and C (1, z). The value
of z is:

A. 8% B. 4 c. 12 D. 7 E. —4

AW
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Reasoning

28.

29,

31.

32.

33.

Questions 34 and 35 relate to the diagram. y
M is the midpoint of OA.

N is the midpoint of AB. 6
P is the midpoint of OB. 5
3.

35.

The map shows the proposed course for a yacht race. Buoys have been y Scale: {unit > 1km | |
positioned at A (1,5), B (8,8), C (12,6), and D (10, w). H T
a. How far is it from the start, O, to buoy A? 1(9) ||
b. The race marshall boat, M, is situated halfway between buoys A 3 <

and C. What are the coordinates of the boat’s position? 6 B‘X’y e BuoyC
c¢. Stage 4 of the race (from C to D) is perpendicular to stage 3 (from B i

to C). What is the gradient of CD? 3 E-e
d. Find the linear equation that describes stage 4. il . i

e. Hence determine the exact position of buoy D.

f. An emergency boat is to be placed at point E, (7, 3). How far is the
emergency boat from the hospital, located at H, 2 km north of the start?

Show that the following sets of points form the vertices of a right-angled triangle.

aA(l,-4),B2,-3),CH#,-7

b. A (3,13), B (1,3), C (-4,4)

¢ A(0,5), B(9,12), C(3,14)

Starpl 2 3 4 56 7 8 9 1011 12X

. Prove that the quadrilateral ABCD is a rectangle when A is (2,5), B (6,1), C (3,-2) and

D (-1,2).

Prove that the quadrilateral ABCD is a rhombus, given A (2,3), B (3,5), C (5,6) and D (4,4).

Hint: A rhombus is a parallelogram with diagonals that intersect at right angles.

a. A square has vertices at (0, 0) and (2, 0). Where are the other 2 vertices? (There are 3 sets of
answers.)

b. An equilateral triangle has vertices at (0, 0) and (2, 0). Where is the other vertex? (There are
2 answers.)

¢. A parallelogram has vertices at (0, 0) and (2, 0). and (1, 1). Where is the other vertex? (There are
3 sets of answers.)

A is the point (0, 0) and B is the point (0, 2).

a. Find the perpendicular bisector of AB.

b. Show that any point on this line is equidistant from A and B.

A4,6)

A simple investigation:

a. Show that MN is parallel to OB.

b. Is PN parallel to OA?

¢. Is PM parallel to AB?

A difficult investigation: P

a. Find the perpendicular bisectors of OA and OB. | B

b. Find the point W where the two bisectors intersect. -2 3 4 5 6

¢. Show that the perpendicular bisector of AB also passes
through W.

d. Explain why W is equidistant from O, A and B.

e. W is called the circumcentre of triangle OAB. Using W as the centre, draw a circle through O, A
and B.

4
3 M N
2 -
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Problem solving i
36. The lines [, and /, are at right angles to each other. The line /, has the
equation px + py + r = 0. Show that the distance from M to the origin is

given by S —
VT
37. Line A is parallel to the line with equation 2x — y = 7 and passes
through the point (2, 3). Line B is perpendicular to the line with equation M

4x — 3y + 3 = 0 and also passes through the point (2, 3). Line C
intersects with line A where it cuts the y-axis and intersects with line B

where it cuts the x-axis. 0 §
a. Determine the equations for all three lines. Give answers in the form b
ax + by +c=0.
b. Sketch all three lines on the one set of axes.
¢. Determine whether the triangle formed by the three lines is scalene, isosceles or equilateral.
Reflection
How could you use coordinate geometry to design a logo for an organisation?

CHALLENGE 3.2

The first six numbers of a particular number pattern are 1, 2, 3, 6, 11 and 20.
Given that this pattern continues, what will be the next four numbers? Describe
the pattern.

3.7 Review

3.7.1 Review questions

Fluency
1. I The equation of the following line is:
Y,
3
0 N X
A.3x+2y=6 B.3x—-2y=6 C.2x+3y=6
D.2x—-3y=6 E. 2x —3y=-6
2. [ The equation of a linear graph with gradient —3 and x-intercept of 4 is:
A.y=-3x—-12 B.y=-3x+4 C.y=-3x-4
D. y=-3x+ 12 E.y=4x-3
3. I3 The equation of a linear graph which passes through (2, —7) and (-2, —2) is:
A.4x -5y +18=0 B.5x+4y+18=0 C.5x+4y—-18=0
D.5x -4y —-18=0 E.4x+5y+18=0
4. I3 The distance between the points (1, 5) and (6, —7) is:
A. V53 B. V29 c. 13 D. V193 E. 12
5. 3 The midpoint of the line segment joining the points (—4, 3) and (2, 7) is:
A. (—1,5) B. (-2, 10) C. (—6,4) D. (-2,4) E. (—1,2)
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6. I3 If the midpoint of the line segment joining the points A (3,7) and B (x, y) has coordinates (6, 2),
then the coordinates of B are:

A. (15,3) B. (0, —6) C. (9,-3) D. (4.5,4.5) E. (-9,3)
7. [ If the points (=6, —11), (2, 1) and (x, 4) are collinear, then the value of x is:
A 4 B. 3.2 c.; D. > E. 3
8. [ The gradient of the line perpendicular to 3x — 4y + 7 = 0 is:
A2 B. c. -3 D. 3 E. —4
9. I3 The equation of the line perpendicular to 2x + y — 1 = 0 and passing through the point (1, 4) is:
A 2x+y—-6=0 B.2x+y—-2=0 C.x—-2y+7=0
D.x+2y+9=0 E.x—-2y=0
10. Produce a table of values, and sketch the graph of the equation y = —5x + 15 for values of x between
—10 and + 10.
11. Sketch the graph of the following linear equations, labelling the x- and y-intercepts.
ay=3x—-2 b.y=-5x+15 c.y=—§x+1 d.y=§x—3
12. Find the x- and y-intercepts of the following straight lines.
ay=-7x+6 b.y=§x—5 c.y=;1x—3 dy=05x+28
13. Sketch graphs of the following linear equations by finding the x- and y-intercepts.
a2x—3y=6 b.3x+y=0 ¢5x+y=-3 dx+y+3=0
14. Sketch the graph of each of the following.
a.yzéx b. y = —4x cx=-2 dy=7

15. Sketch the graph of the equation 3(y — 5) = 6(x + 1).
16. Find the equations of the straight lines in the following graphs.
a. b.

Y YA y
/ >

AN

-2
d. A28 e YA £ YA
0 X
0 X -3 0 5 %

17. Find the linear equation given the information in each case below.
a. gradient = 3, y-intercept = —4 b. gradient = —2, y-intercept = —5
c. gradient = %, y-intercept = 5 d. gradient = 0, y-intercept = 6
18. For each of the following, find the equation of the straight line with the given gradient and passing
through the given point.
a. gradient = 7, point (2, 1) b. gradient = -3, point (1, 1)

c. gradient = %, point (=2, 5) d. gradient = g, point (1, —=3)

19. Find the distance between the points (1, 3) and (7, —2) in exact form.
20. Prove that triangle ABC is isosceles given A (3, 1), B (-=3,7) and C (-1, 3).
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21.
22.

30.

Show that the points A (1, 1), B (2, 3) and C (8, 0) are the vertices of a right-angled triangle.
The midpoint of the line segment AB is (6, —4). If B has coordinates (12, 10), find the coordinates
of A.

. Show that the points A (3, 1), B (5,2) and C (11, 5) are collinear.
. Show that the lines y = 2x — 4 and x + 2y — 10 = 0 are perpendicular to one another.
. Find the equation of the straight line passing through the point (6, —2) and parallel to the line

x+2y—-1=0.

. Find the equation of the line perpendicular to 3x — 2y 4+ 6 = 0 and having the same y-intercept.
. Find the equation of the perpendicular bisector of the line joining the points (—2,7) and (4, 11).
. Find the equation of the straight line joining the point (=2, 5) and the point of intersection of the

straight lines with equations y = 3x — 1 and y = 2x + 5.

. Using the information given in the diagram:

a. find:
i. the gradient of AD ii. the gradient of AB
iii. the equation of BC iv. the equation of DC
v. the coordinates of C. YA B 4.9
9 4
Cc
4
o 5T

b. describe quadrilateral ABCD.
In triangle ABC, A is (1,5), B is (-2, —-3) and C is (8, —2).

a. Find:

i. the gradient of BC ii. the midpoint, P, of AB iii. the midpoint, Q, of AC.
b. Hence show that:

i. PQ is parallel to BC ii. PQ is half the length of BC.

Problem solving

31.

32.

John has a part-time job working as a gardener and is paid $13.50 per hour.
a. Complete the following table of values relating the amount of money received to the number of hours
worked.

Number of hours 0 2 4 6 8 10
Pay ($)

b. Find a linear equation relating the amount of money received to the number of hours worked.

¢. Sketch the linear equation on a Cartesian plane over a suitable domain.
d. Using algebra, calculate the pay that John will receive if he works for 6 % hours.

A fun park charges a $12.50 entry fee and an additional $2.50 per ride.
a. Complete the following table of values relating the total cost to the number of rides.

Number of rides 0 2 4 6 8 10
Cost ($)

b. Find a linear equation relating total cost to the number of rides.
c. Sketch the linear equation on a Cartesian plane over a suitable domain.
d. Using algebra, calculate the cost for 7 rides.
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33. The cost of hiring a boat is $160 plus $22.50 per hour.

a. Sketch a graph showing the total cost for between 0 and 12 hours.
b. State the equation relating cost to time rented.
c. Predict the cost of hiring a boat for 12 hours and 15 minutes.

34. ABCD is a quadrilateral with vertices A (4,9), B (7,4), C (1,2) and D (a, 10). Given that the
diagonals are perpendicular to each other, find:
a. the equation of the diagonal AC
b. the equation of the diagonal BD
c. the value of a.

35. An architect decides to design a building with a 14-metre-square base such that the external walls are
initially vertical to a height of 50 metres, but taper so that their separation is 8 metres at its peak height
of 90metres. A profile of the building is shown with the point (0, 0) marked as a reference at the
centre of the base.

a. Write the equation of the vertical line connecting A and B.
b. Write the coordinates of B and C.
c. Find the length of the tapered section of wall from B to C.

y

i<8|m>

c

T som
e |

Aie—14m— X

36. In a game of lawn bowls, the object is to bowl a biased ball so that it gets as close as possible to a
smaller white ball called a jack. During a game, a player will sometimes bowl a ball quite quickly so
that it travels in a straight line in order to displace an opponent’s ‘guard balls’. In a particular game,
player X has 2 guard balls close to the jack. The coordinates of the jack are (0, 0) and the coordinates
of the guard balls are A (-1, %) and B (—%, %). Player Y bowls a ball so that it travels in a straight line
toward the jack. The ball is bowled from the position S, with the coordinates (—30, 24).

y

*S (=30, 24) 24

B (-1, 3 57
»a)e 13

(Not to scale)
a. Will player Y displace one of the guard balls? If so, which one?
b. Due to bias, the displaced guard ball is knocked so that it begins to travel in a straight line (at right
angles to the path found in part a). Find the equation of the line of the guard ball.
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37.

38.

39.

¢. Show that guard ball A is initially heading directly toward guard ball B.

d. Given its initial velocity, guard ball A can travel in a straight line for 1 metre before its bias affects it
path. Calculate and explain whether guard ball A will collide with guard ball B.

The graph shows the line p passing through the points A (-1, 1) and B (5, 5). Given that C is the

point (4, 1), find:

a. the gradient of p

b. the equation of p

c. the area of AABC

d. the length BC, giving your answer correct to 2decimal places.

6y
5 B (5,5)
4_
3_
2_
A1, 1D (] LM

The temperature of the air (7 °C) is related to the height above sea level (& metres) by the formula
T = 18 — 0.005h.
a. What is the temperature at the heights of:

i. 600 m

ii. 1000 m

iii. 3000 m?
b. Draw a graph using the results from part a.
¢. Use the graph to find the temperature at 1200 m and 2500 m.
d. Predict the height at which the temperature is 9 °C.

An old theory on the number of hours of sleep (/) that a child of ¢ years of age should have each

night is h = 8 + =<,

a. How many hours should a 10-year-old have?
b. How old is a child that requires 10 hours sleep?
c. For every year, how much less sleep does a child require?

learn

Try out this interactivity: Word search: Topic 3 (int-2832)

Try out this interactivity: Crossword: Topic 3 (int-2833)

Try out this interactivity: Sudoku: Topic 3 (int-3590)
Complete this digital doc: Concept map: Topic 3 (doc-13714)
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Language

It is important to learn and be able to use correct mathematical language in order to communicate
effectively. Create a summary of the topic using the key terms below. You can present your summary

in writing or using a concept map, a poster or technology.

axes horizontal

bisect independent variable
Cartesian plane linear graph
collinear midpoint
coordinates origin

dependent variable parallel

diagonal parallelogram
general form perpendicular
gradient quadrilateral
gradient-intercept form rhombus

Link to assessON for questions to test your
aSsess readiness FOR learning, your progress AS
you learn and your levels OF achievement.

assessON provides sets of questions for
every topic in your course, as well as giving
instant feedback and worked solutions to
help improve your mathematical skills.

www.assesson.com.au

rise

run
segment
substitute
trapezium
vertical
vertices
x-intercept
y-intercept

Investigation | Rich Task
What common computer symbol is this?

On computer hardware, and on many different
software applications, a broad range of sym-
bols is used. These symbols help us to identify
where things need to be plugged into, what
buttons we need to push, or what option needs
to be selected. The main focus of this task
involves constructing a common symbol found
on the computer. The instructions are given
below. Grid lines have been provided on the
opposite page for you to construct the symbol.

The construction part of this task requires you to graph nine lines to reveal a common
computer symbol. Draw the scale of your graph to accommodate x- and y-values in the
following ranges: —10 < x < 16 and —10 < y < 16. Centre the axes on the grid lines provided.
* Line 1 has an equation y = x — 1. Graph this line in the range —7 < x < —2.
* Line 2 is perpendicular to line 1 and has a y-intercept of —5. Determine the equation of this line,

and then draw the line in the range —5 < x < —1.

* Line 3 is parallel to line 1, with a y-intercept of 3. Determine the equation of the line, and then

graph the line in the range —9 < x < —4.
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* Line 4 is parallel to line 1, with a y-intercept of —3. Determine the equation of the line, and then
graph the line in the range —1 < x < 2.

* Line 5 has the same length as line 4 and is parallel to it. The point (-2, 3) is the starting point of
the line, which decreases in both x- and y-values from there.

* Line 6 commences at the same starting point as line 5, and then runs at right angles to line 5. It
has an x-intercept of 1 and is the same length as line 2.

* Line 7 commences at the same starting point as both lines 5 and 6. Its equation is y = 6x + 15.
The point (-1, 9) lies at the midpoint.

* Line 8 has the equation y = —x + 15. Its midpoint is the point (7, 8) and its extremities are the
points where the line meets line 7 and line 9.

* Line 9 has the equation 6y — x + 8 = 0. It runs from the intersection of lines 4 and 6 until it
meets line 8.

1. What common computer symbol have you drawn?

2. The top section of your figure is a familiar geometric shape. Use the coordinates on your graph,
together with the distance formula to determine the necessary lengths to calculate the area of
this figure.

3. Using any symbol of interest to you, draw your symbol on grid lines and provide instructions

for your design. Ensure that your design involves aspects of coordinate geometry that have
been used throughout this task.

learn RESOURCES

Complete this digital doc: Code puzzle: Who won the inaugural 875 km Sydney to Melbourne marathon in 19837
(doc-15921)
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Answers

Topic 3 Coordinate geometry

Exercise 3.2 Sketching linear graphs

la.

2a.

x y
-5 25
—4 -15
-3 -5
) 5
-1 15
0 25
1 35
x y
-6 13
-4 12
2 11
0 10
2 9
4 8
x y
-3 18
2 13
-1 8
0 3
1 -2
2 -7
x y
-6 20
—4 14
-2 8
0 2
2 —4
4 ~10
6 -16

y

351

y=10x+25 307
25

y=-0.5x+10

x y
-1 -17
0 -12
1 -7
2 2
3 3
4 8
x y
0 —240
1 —140
2 —40
3 60
4 160
5 260
x y
-3 19
) 15
-1 11
0 7
1 3
2 -1
x y
-3 6
) 5
-1 4
0 3
1 2
2 1
3 0

Y,
300 y = 100x =240
250
200
150
100

0]
—50]
=100
=150
=200

—250/
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X y
-6 15
—4 11
) 7
0 3
2 —1
4 -5
6 9

5x +30y =-150
¥
20! y=-5x+20
18
16
14
12
10
8_
6_
4
24
o 2465810°
YN y=pxk7
NERARE
_2_
_3_
4+
5
6
17
/

Sex—ay =24

T T T T
O 12347

g y=-5x-4

94+ 1.-9)

Y
8+ (1,8)

12 3%
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¢ d
c y d
104
51 5
0 X
-10-5 5 10
o T % 25 —
-10-55) 510" — -5
Y=
—-104
e YAy =100 f g h
— 6] 104, _o
501 54
T —To %
1059 510" ELEE
-50
—10
i ¥
0 x
—1p]y=-12
7 a x-intercept: —0.5; y-intercept: 0.4 b x-intercept: 0.5; y-intercept: —0.4 ¢ x-intercept: 0; y-intercept: O
d x-intercept: —3; y-intercept: 12 e x-intercept: —4; y-intercept: —4 f x-intercept: —1; y-intercept: —0.5
g x-intercept: 2.75; y-intercept: 2.2 h x-intercept: 9.75; y-intercept: —3.9 i x-intercept: % ~ 1.77; y-intercept: 4.6
8a (2,0),(0,-8) b (-3.0).(0.3) ¢ (-5,0),(0,25
9 Answers will vary.
10 y= %x - % 12 X-intercept
(3:5,0)
0 4
/ y-intercept
=31 0,23)
11 a Independent variable b y
= number of songs bought, dependent variable 50-4(0:-50)
= amount of money saved ;‘8 T\ y=50-1.75x
20
10 (0,2857)
0| 1020304050*

¢ 14 songs
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12 a y b 7 c 3 d B
,,- y-intercept
I\ 7 y=7
5
4+ x=3
3
2]
14 x-intercept
(3.0
o 1|2 4"
13 a Independent variable = time, dependent variable f 804
= amount of water in the tank -
b Initially there are 80 litres of water. }1_.; 60
¢ Time cannot be negative. g 40
d 4 litres per minute £
e 20 minutes = 20
O T T T T T
0 4 8 121620
¢ minutes
Exercise 3.3 Determining linear equations
l.a.y=2x+4 b.y=-3x+12 c.y=—-x+95 dy=2x-38 e.y=%x+3
fy=-—x—4 g y=Tx—5 h.y=-3x—15
2.a.y=2x b. y = -3x c.y=;—x d.yz—ix
.a.y=x+3 b.y=2x-1 c.y=—%x+% d.y=%x+%
e.y=-2x-2 f.y=-—x-8
4.a.y=3x+3 b.y=-3x+4 c.y=—-4x+2 d.y=4x+2 e.y=—-x—4
f.y=05x—-4 g y=5+25 h.y=—-6x+3 iy=-25x+15 joy=35x+65
S.a.y=5x-19 b. y=-5x+ 31 c.y=—-4x-1 dy=4x-34 e.y=3x-35
f.y=-3x+6 g y=-2x+30 h.y=2x-45 i.y=05x-19 joy=-05x+55
6. a. Independent variable = time (in hours), dependent variable = cost (in $)

ple]lol 1] 2] 3
c| 28 ]14]2

c. e d.i. (0,2)

ii. The y-intercept represents the initial cost of bowling
at the alley, which is the shoe rental.

e. m = 6, which represents the cost to hire a lane for an
additional hour.

f.C=6t+2
g $32
h. Answers will vary.

Time (hours)

7. It does not matter if you rise before you run or run before you rise, as long as you take into account whether the rise or run is

negative.
8.a.m= Y e ¢ b.y=mx+c 9. Teacher to check
10. myp = mep = 2 and mpe = myp = > As opposite sides have the same gradients, this quadrilateral is a parallelogram.
Challenge 3.1
y= %x +2

Exercise 3.4 The distance between two points

1. AB=5, CD =2V10 or 6.32, EF =3v2 or 424, GH = 2v5 or 447, 1 =5, KL = v26 or 5.10, MN = 4v2 or 5.66,
OP = V10 or 3.16

2.a.5 b. 13 c. 10 d. 7.07 e 6.71
f. 14.42 g 13 h. 13 i. Va2 + 4b? j. 3Va + b2
3.B 4.D
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S5.a. AB =447, BC=224, CD =447, DA =224

6, 7 and 8 Answers will vary.

9.a. 12 b. 5 c. 13
10. Answers will vary.

11.a=2

12.a. myg =1 and mpe = —- b.D (4,-1)

3

Exercise 3.5 The midpoint of a line segment

1. a. (=3,-3 %) b. (7;, 0) c. (=1,1)
2. (=3,-10)

3.a.3,1) b. 4.47 c. 6.32

4.D

5.C

6.a.i. (=1,4) ii. (1%,1) jii. 3.91

7.a.i. (1,-0.5) ii. (1,-0.5)

8. a.i (=2,2) ii. 894 fii. 9.55

b. Isosceles. PC is the perpendicular height of the triangle.

9. y=-3x-2

10.3y —2x+ 14 =0

Exercise 3.6 Parallel and perpendicular lines

1. a. No b. Yes ¢. No

2.b,f;c,e 3. Answers will vary.

6. a. Yes b. Yes c. No

7.y=2x-9

8.3x+2y—-8=0

9.a.y=3x+2 b.y=-4+9
f.x-3y+17=0 gx—3y—14=0

10.a. 2x —y+5=0 b.x+2y=0

11.a.3x -5y +2=0 b.5x+3y-8=0

12.a. x =1 b.y=-7

13.a. B b. C c.D

14.a. (2,5) b. 1

15.y=—x-3

16.4x — 6y +23 =0

17.a. y=—x+5 b.y=x+3 c (1,4)

18. Answers will vary.
22.a. y=-2x+1
23.a,e;b,f;¢c,h;d, g
_ 1 3
24.y=—x+3

19. Answers will vary.
b.3y+2x+1=0

25.a.m=—§ b.m:ls—s
26.E

27.B

28.a. 5.10km b. (6.5,5.5) c.2

29, 30, 31 Answers will vary.

32.a. (2,0),(2,2) or (-2,0),

b. (1,V3) or (1,-V3)
33.a.x=1
34.a. Answers will vary.

35.a. OA: 2x + 3y — 13 =0;

36. Teacher to check

(=2,2)or (1,1),(1,-1)

c.3x—-2y—-8=0

b. AC=5, BD =5

d. -22

c. Teacher to check

1
d. (0,15

b. BC=7.8=2PQ

¢. Rectangle

e. (2a, %b) f. (a+b, ta)

b. The diagonals bisect each other, so it is a parallelogram.

iv. 9.55

11. Teacher to check

d. No
4. Answers will vary.
d. Yes

d.B

c. Answers will vary.

20.B

dy=2x-18

c. 3, 1), (=1, 1) or(1,—1)

b. Answers will vary.

b. Yes

7
OB:x=3 b. (3,5)

c. Yes

d.Sy+2x+13=0

12. (4k — 1,3.5 — 5k)

e. Yes f. No
5. Answers will vary.
e. Yes f. No

ex+55+5=0

d. Isosceles triangle

e. (10,2) f. 7.07 km

¢, d. Answers will vary.
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37.a.Line A:2x —y—1=0,LineB:3x+4y - 18=0,LineC: x — 6y —6=0

b. \§y\ c¢. Scalene
4_
3_
2_
1_
J7O
Challenge 3.2
37, 68, 125, 230. To find the next number, add the three preceding numbers.
3.7 Review
1. A 2.D 3.B 4.C 5. A
6.C 7. A 8.C 9.C
10. YV
X -10 -8 -6 —4 -2 0 2 4 6 8 10 80
60+
y 65 55 45 35 25 15 5 -5 -15 | =25 | -35 404
T T T T T \I T T T
-10-8 -6 420 2 4. 8 10F
-207
—40-
—60
—804
11. a. Y = x2 b. 15\ff\y=*5x+15 c. d. i
@.o1q fan ©.15)
- o/ = 101 Y1, 10) 1
(25.0)
-24(0,-2) o I
y=%x—3
0
: 0.3

. 6 .
12. a. x-intercept = -, y-intercepth = 6 b. x-intercept = ?’ (=13 %)’ y-intercept b = -5

21

¢. x-intercept = e (=1 15—6), y-interceptb = —% d. x-intercept = —5.6, y-interceptb = 2.8

d. Y,
xX+y+3=

13. a.

14. d. y,
y=17
0 X
15.
3(y—5) =6(x+ 1)
16.a. y =2x — 2 b.y=-x-4 c.y=—%x+2 d. y =4x e.yz—z f.x=5
17.a. y=3x -4 b.y=-2x-5 c.y=%x+5 dy=6
1 3 18
18.a. y=7x - 13 b.y=-3x+4 c.y=—=x+6 dy==—x-—
y y y > y 5 15
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19. V61 20. Answers will vary.

22.(0,—18) 23. Answers will vary.
25.x+2y-2=0 26.2x+3y—-9=0 27.3x+2y-21=0
29.a. i. 4 ii. 3 iii. 4x+ 5y —61=0
5 4
b. Square
|
30. a. i. 1 ii. (—, 1)
10 2
b. Answers will vary.

31.a.

32.a.

Number ofhours | 0 | 2 |4 |6 8 |10

Pay($) 27 |54 (81| 108|135

50
2 40
< 30
20
10

Hours worked (h)

Number of rides 0 2 4 6 8 10

Cost($) 12.50|17.50 | 22.50 | 27.50|32.50|37.50

. Cost = $2.50 X number of rides + $12.50

Total cost ($)
— W A
ISR=R=%=)

—

>
L

Number of rides

d. $30
33.a. b. C =22.50h + 160
500
- 400
Z 300
S 200
100
2 4 6 8 10 12
Time (hours)
34.a. 7x—-3y-1=0 b.3x+7y-49=0
35.a. x=-7 b. B (-7, 50), C (-4, 90)
36. a.

c. 40.11 metres

21. Answers will vary.
24. Answers will vary.

28.3x — 2y + 16 =0

iv.5x -4y -25=0 v. (9,5)

b. Pay = $13.50 X (number of hours worked)

c. Approximately $436

Since the gradient of SA equals the gradient of SO = —0.8, the points S, A and O are collinear. Player Y will displace

guard ball A.

.y = —x+—or25x—20y+41 =0

20

point A, the direction of travel is toward B.

d
travel.
37.a. Gradient = m = > ! _4_2
5--1 6 3
b.y=mx+b,y=§x+b
If x = —1 and y = 1, substitute in the question:
I=3-1)+b
_ 12
b=13
_2 2

. Since the gradient of the path AB is f—v which is the same as the gradient of the known path of travel from the common

. d,yg = 0.625. Yes, guard ball A will collide with guard ball B as it will not be deviated from its linear path under 1 metre of

110
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38.a.

. Plot the point (5,1). y
6
AreaoflargeA:%x6x4=12 5
AreaofsmallA:%xlx4=2 4
3
Area of AABC = 12 — 2 = 10 units? 2
LBC2 =424 12 b
BC2 =16+ 1 ~T

BC2 = 17
BC = V17 ~ 4.12 units

i. T= 18 — 0.005(600) = 15
ii. 7= 18 — 0.005(1000) = 13
fii. 7= 18 — 0.005(3000) = 3

\

Y

154
16 -
14 H
124
104
8_
6_
4
2

Temperature (°C)

(5,5

4, D

>
T T T T T T T T T T T T T T T T T T T T
X

200 600 1000 1400 1800 2200 2600 3000 3400 3800
Height (m)

0

. 1200 m = 12 °C, 2500 m = 5.5 °C
. 1800 m
39.a.

12 hours

b. 14 years old

. h=8+

18 — ¢

2h=16+ 18— ¢
2h = —c + 34
h=—%c+17

For every year, the child requires half an hour less sleep.

Investigation — Rich task

29 6 8 10121416~

1. The symbol is the one used to represent a speaker.

2. The shape is a trapezium.

Area = %(length line 6 + length line 8) X

perpendicular distance between these lines.

= %(4\6 + 14v2) x 7V2
= 126 units?

3. Teacher to check

(5.1

219 12345 67%
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NUMBER AND ALGEBRA

TOPIC 4
Simultaneous linear
equations and inequalities

4.1 Overview

Numerous videos and interactivities are embedded just where you need them, at the point of learning, in
your learnON title at www.jacplus.com.au. They will help you to learn the content and concepts covered
in this topic.

411 Why learn this?

Picture this — you own a factory that produces two
different products, and you are planning to buy some new
machines. The big machines are more expensive than the
small ones, take up more floor space and need more staff
to operate, but they can produce more. Which machines
should you buy?

Solving simultaneous equations will help you determine
feasible solutions to questions like this.

41.2 What do you know? assess[J])

1. THINK List what you know about linear equations and linear inequations. Use a thinking tool such as
a concept map to show your list.

2. PAIR Share what you know with a partner and then with a small group.

3. SHARE As a class, create a thinking tool such as a large concept map that shows your class’s knowledge
of linear equations and linear inequations.

LEARNING SEQUENCE

4.1 Overview
4.2 Graphical solution of simultaneous linear equations
4.3 Solving simultaneous linear equations using substitution
4.4 Solving simultaneous linear equations using elimination
4.5 Applications of simultaneous linear equations
4.6 Solving simultaneous linear and non-linear equations
4.7 Solving linear inequalities
4.8 Inequalities on the Cartesian plane
4.9 Solving simultaneous linear inequalities

4.10 Review

learn RESOURCES — ONLINE ONLY

Watch this eLesson: The story of mathematics: Khayyam (eles-1843)
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4.2 Graphical solution of simultaneous linear equations

4.2.1 Simultaneous linear equations

e Simultaneous means occurring at the same time.

* When a point belongs to more than one line, the coordinates of the point satisfy all equations. The
equations of the lines are called simultaneous equations. An example is shown below.

* A system of equations is a set of two or more equations with the same

variables.

» To solve simultaneous equations is to calculate the values of the variables

that satisfy all equations in the system.

* Any two linear graphs will meet at a point, unless they are parallel.
* At this point, the two equations simultaneously share the same x- and
y-coordinates, which are referred to as the solution.

PE7RI NERPE
2] ==
3

* Simultaneous equations can be solved graphically or algebraically.

4.2.2 Graphical solution

* The solution to a pair of simultaneous equations can be found by graphing the two equations and
identifying the coordinates of the point of intersection.
* An accurate solution depends on drawing an accurate graph.

* Graph paper or graphing software can be used.

WORKED EXAMPLE 1 Tl | CASIO
Use the graphs of the given simultaneous equations to determine y
the point of intersection and, hence, the solution of the 3- =03
simultaneous equations. \,
x=2y=4 5 xX+2y=4
y = 2x - 3 T T T T T x
| 923 AN\
—
7
THINK WRITE/DRAW
1 Write the equations and number them. x+2y=4 [1]
y=2x-3 [2]
2 Locate the point of intersection of the two lines. Point of intersection (2, 1)
This gives the solution. Solution: x =2 and y =1
y
\3; y=2x-3
@1 x+2y=4
_I O T T T T X
i q /23 4\5\
=2
7
4
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3 Check the solution by substituting x = 2 and Check equation [1]:

y = 1 into the given equations. Comment on LHS = x +2y RHS =4
the results obtained. =2 +2(1)
=4
LHS = RHS
Check equation [2]:
LHS =y RHS =2x -3
— 1l =22)-3
=4-3
=1
LHS = RHS

In both cases LHS = RHS, therefore the solution
set (2, 1) is correct.

WORKED EXAMPLE 2 Tl | CASIO

Check whether the given pair of coordinates, (5, —2), is the solution to the following pair of
simultaneous equations.

3x —2y=19
4 +x =-3
THINK WRITE
1 Write the equations and number them. 3x —2y=19 [1]
4y +x = -3 [2]
2 Substitute x = 5 and y = —2 into Check equation [1]:
equation [1]. LHS = 3x — 2y RHS = 19
=30) -2(-2)
=15+4
=19
LHS = RHS
3 Substitute x = 5 and y = —2 into Check equation [2]:
equation [2]. LHS =4y + x RHS = -3
=4(-2) +5
=-8+5
=-3
LHS = RHS

Therefore, the solution set (5, —2) is a solution to
both equations.

WORKED EXAMPLE 3

Solve the following pair of simultaneous equations using a graphical method.

x+y=6
2x + 4y =20
THINK WRITE/DRAW
1 Write the equations, one under the other and x+y=6 [1]
number them. 2x + 4y =20 [2]
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2 Calculate the x- and y-intercepts for

equation [ 1]. For the x-intercept, substitute
y = 0 into equation

For the y-intercept, substitute x = 0 into
equation [1].

Calculate the x- and y-intercepts for equation
[2].

For the x-intercept, substitute y = 0 into
equation [2].

Divide both sides by 2.

For the y-intercept, substitute x = 0 into
equation [2].

Divide both sides by 4.

Use graph paper to rule up a set of axes and
label the x-axis from O to 10 and the y-axis
from O to 6.

Plot the x- and y-intercepts for each equation.

Produce a graph of each equation by ruling a
straight line through its intercepts.

Label each graph.
Locate the point of intersection of the lines.

Check the solution by substituting x = 2 and
y = 4 into each equation.

10 State the solution.

Equation [1]
x-intercept: when y = 0,
x+0=6

x=06
The x-intercept is at (6, 0).
y-intercept: when x = 0,
0+y=6

y="6
The y-intercept is at (0, 6).

Equation [2]
x-intercept: when y = 0,

2x+0=20
2x =20
x =10

The x-intercept is at (10, 0).

y-intercept: when x = 0,

0+ 4y =20
4y = 20
y=135

The y-intercept is at (0, 5).

The point of intersection is (2, 4).

Check [1]: LHS =x + y RHS =6
=2+4
=6
LHS = RHS
Check [2]: LHS = 2x + 4y
=2Q2) +44)
=4+ 16
=20
LHS = RHS

RHS =20

In both cases, LHS = RHS. Therefore, the solution
set (2,4) is correct.
The solution is x = 2,y = 4.
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4.2.3 Equations with multiple solutions

* Two lines are coincident if they lie one on top of the other. For exam- y
ple, the line in blue and line segment in red at right are coincident. 4

* There are an infinite number of solutions to coincident equations. 3
Every point where the lines coincide satisfies both equations and 29 [y=2605<x<L5
hence is a solution to the simultaneous equations. H y=2x

* Coincident equations have the same equation, although the equa- 5 1 5 3 ax
tions may have been transposed so they look different. For example, i

y =2x + 3 and 2y — 4x = 6 are coincident equations.

4.2.4 Equations with no solutions

e If two lines do not intersect, there is no simultaneous solution to the
equations. For example, the lines at right do not intersect, so there is no
point that belongs to both lines.

» Parallel lines have the same gradient but a different y-intercept.

* For straight lines, the only situation in which the lines do not cross is if
the lines are parallel and not coincident.

* Writing both equations in the form y = mx + ¢ confirms that the lines are
parallel since the gradients are equal.

x—y=1 (1] dx — 2y = =2 [2]
-y =1-2x -2y = -2 —4x
-y =-2x+1 =2y =—4x -2
y=2x-1 y=2x+1
Gradientm = 2 Gradientm = 2

4.2.5 Perpendicular lines

* Perpendicular lines meet at right angles (90°). |
* Perpendicular lines have negative reciprocal gradients: m; = ;T or mym, = —1,
2

where m; is the gradient of the first line and m, is the gradient of the second line.

For example, for the two lines at right, m; = 2 and m, = _71

learn RESOURCES

Complete this digital doc: Skill[SHEET: Graphing linear equations using the x- and y-intercept
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Fluency

1. IIE1 Use the graphs to find the solution of the simultaneous equations.
b.x+y=2
Ix—y=2

ax+y=3

321071 2 Ng 5 X
227
3] x+y=3

cy—x=4
3x+2y=8
y

y=x=4
X
IIIIIZIX

N

6

¢
24\ y+2x=3
1_
X
TSN 33
1
2
=31 2y+x=0
f.2y —4x=5
4y +2x =5
Yy
6_
4: 2y—4x =15
] 4y +2x =5
“olos 9 Tos ol s 20 X
2
_4_
~6-

2. A For the following simultaneous equations, use substitution to check if the given pair of

coordinates is a solution.

a. (7,5) 3x + 2y = 31
2x + 3y = 28

¢ 91 x+3y=12
Sx — 2y =43

e (4, -3) y=3x-15
4x + Ty =-5

g 4,-2) 2x+y =6
x—3y=38

i (—2,-5) 3x-2y=-4
2x =3y =11

b. 3,7) y—x=4

2y +x=17
d (2,5 x—y=17

2x + 3y =18
f. (6,-2) x—=2y =2

3x+y=16
h. (5, 1) y—5x=-24

3y + 4x =23
j(=3,-1) y—x=2

2y = 3x =17
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3. I Solve each of the following pairs of simultaneous equations using a graphical method.

ax+y=>5 b.x+2y=10 c¢2x+3y=6

2x+y=28 3x+y=15 2x—y=-10
x—3y=-8 _ _
"y 4y=-2 e. 6x+5y=12 f.y+2x=6

5x + 3y =10 2y +3x=9

gy=3x+10 h.y=38 idx—2y=-5
y=2x+8 3x+y=17 x+3y=4
j3x+y=11 k. 3x + 4y =27 L3y+3x=38

4x —y=3 x+2y=11 3y+2x=6

Understanding
4. Using technology, determine which of the following pairs of simultaneous equations have no
solutions. Confirm by finding the gradient of each line.

ay=2x-—4 b. 5x — 3y =13 cx+2y=38 dy=4x+5
3y —6x=10 4x — 2y =10 5x + 10y =45 2y — 10x =8

e3y+2x=9 f.y=5-3x g4y+3x=7 h2y—x=0
6x + 4y =22 3y =-9x+ 18 12y + 9x =22 14y —6x=2

5. Two straight lines intersect at the point (3, —4). One of the lines has a y-intercept of 8. The second
line is a mirror image of the first in the line x = 3. Determine the equation of the second line.
(Hint: Draw a graph of both lines.)

Reasoning

6. At a well-known beach resort it is possible to hire a jet-ski by the hour in two different locations. On
the northern beach the cost is $20 plus $12 per hour, while on the southern beach the cost is $8 plus
$18 per hour. The jet-skis can be rented for up to 5 hours.

a. Write the rules relating cost to the length of rental.

b. On the same set of axes sketch a graph of cost (y-axis) against
length of rental (x-axis) for 05 hours.

¢. For what rental times, if any, is the northern beach rental cheaper than
the southern beach rental? Use your graph to justify your answer.

d. For what length of rental time are the two rental schemes identical?
Use the graph and your rules to justify your answer.

7. For each of the pairs of simultaneous equations below, determine
whether they are the same line, parallel lines, perpendicular lines or intersecting lines. Show your working.
a2x—y=-9 b.x—-y=7 cx+6=y dx+y=-2

—4x — 18 = =2y x+y=7 2x+y=6 x+y=7

8. Which of the following problems has one solution, an infinite number of solutions or no solution?
Explain your answers.
ax—y=1 b.2x—y=5 cx—2y=-8

2x =3y =2 4x — 2y = —6 4x — 8y = —16
Problem solving

9. Line A is parallel to the line with equation y — 3x — 3 = 0 and passes through the point (1,9). Line B
is perpendicular to the line with equation 2y — x + 6 = 0 and passes through the point (2, —3).

a. Find the equation of line A.
b. Find the equation of line B.
¢. Sketch both lines on the one set of axes to find where they intersect.
10. Solve the system of three simultaneous equations graphically.
3x—y=2 y+3x=4 2y —x=1

Reflection
What do you think is the major error made when solving simultaneous equations graphically?
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4.3 Solving simultaneous linear equations using

substitution

4.3.1 Solving simultaneous linear equations

* There are two algebraic methods that are commonly used to solve simultaneous equations.
* They are the substitution method and the elimination method.

4.3.2 Substitution method

* The substitution method is particularly useful when one (or both) of the equations is in a form where

one of the two variables is the subject.

* This variable is then substituted into the other equation, producing a third equation with only one variable.
* This third equation can then be used to determine the value of the variable.

WORKED EXAMPLE 4 Tl | CASIO

Solve the simultaneous equations y = 2x — 1 and 3x + 4y = 29 using the substitution method.

THINK
1 Write the equations, one under the other and number
them.
2 yand 2x — 1 are equal so substitute expression
(2x — 1) for y into equation [2].
3 Solve for x.
i Expand the brackets on the LHS of the equation.
ii Collect like terms.
iili Add 4 to both sides of the equation.
iv Divide both sides by 11.

4 Substitute x = 3 into either of the equations, say [ 11,
to find the value of y.

5 Write your answer.

6 Check the solution by substituting (3, 5) into
equation [2].

WRITE
y=2x—-1 [1]
3x + 4y =29 [2]

Substituting (2x — 1) into [2]:
3x+42x—-1) =29

3x + 8 —4 =29

11x —4 =29
11x =33
x=3
Substituting x = 3 into [1]:
y=23)-1
=6—-1
=1

Solution: x =3,y =5 or (3, 5)
Check: Substitute (3, 5) into

3x + 4y = 29.

LHS = 33) + 4(5) RHS = 29
=94+ 20
= 29

As LHS = RHS, the solution is correct.

WORKED EXAMPLE 5

Solve the pair of simultaneous equations y = 5x — 8 and y = —3x + 16 using the substitution

method.

THINK WRITE

1 Write the equations, one under the other and number y = 5x — 8 [1]
them. y=-3x+ 16 [2]

2 Both equations are written with y as the subject, so
equate them.

Sx —8=-3x+ 16
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3 Solve for x.

i Add 3x to both sides of the equation. 8x —8 =16
ii Add 8 to both sides of the equation. 8x =24
iii Divide both sides of the equation by 8. x=3
4 Substitute the value of x into either of the original Substitutingx = 3into [1]:
equations, say [ 1], and solve for y. y=53)-38
=15-8
=7
5 Write your answer. Solution: x =3,y =7 or (3,7)
6 Check the answer by substituting the point of Check: Substitute into y = —3x + 16.
intersection into equation [2]. LHS =y
=7
RHS = —3x + 16
=-33) + 16
=-9+16
=W

As LHS = RHS, the solution is correct.

Exercise 4.3 Solving simultaneous linear equations
using substitution assess[]])

Individual pathways

Hl PRACTISE Il CONSOLIDATE Hl MASTER
Questions: Questions: Questions:
1a—d, 2a-d, 4, 6, 8 1a-d, 2c—f, 5-9 1-11

[l B W Individual pathway interactivity: int-4578 learn

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency
1. I3 Solve the following simultaneous equations using the substitution method. Check your solutions
using technology.

a.x=-10+4y b.3x+4y=2 ¢3x+y=7 d. 3x + 2y =33
3x+5y=21 x=T7+ 5y x=-3-13y y =41 - 5x

ey=3x-3 fdx+y=9 gx=-5-2y h.x=-4 -3y
—S5x+3y=3 y=11 - 5x Sy+x=-11 —3x—-4y=12

Lx=7+4y jox=14+ 4y k.3x+2y=12 Ly=2x+1
2x+y=-4 —2x 4+ 3y=-18 x=9-4y —-5x -4y =35

2. & Solve the following pairs of simultaneous equations using the substitution method. Check your
solutions using technology.

ay=2x—1landy=4x+1 b.y=3x+8andy="7x - 12
c.y=2x—10and y = —-3x dy=x—-9andy = -5x
ey=—-4x—3andy=x-8 ffy=-2x—-5andy=10x+1
gy=—x—2andy=x+1 h.y=6x+2and y = —4x
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iLy=0.5xand y = 0.8x + 0.9 j» y=03xand y = 0.2x + 0.1

k.y=—xandy=—%x+; l.y=—xandy=—§x—%

Understanding
3. A small farm has sheep and chickens. There are twice as many chicken
as sheep, and there are 104 legs between the sheep and the chickens.
How many chickens are there?
4. Use substitution to solve each of the following pairs of simultaneous

equations.
a.S5x+2y=17 b. 2x + 7y =17
3x -7 1 -3y
y = X =
2 4
c.2x+3y=13 d —2x—-3y=-14
4x — 15 2 + 5y
y= X =
5 3
e3x+2y=6 f.-3x—-2y=-12
y=3- Sx y= 5x - 20
3 3
5. Use substitution to solve each of the following pairs of simultaneous equations for x and y in terms of
m and n.
amx+y=n b.x+ny=m cemx—y=n
y = mx y = nx y =nx
d.mx—ny=n e Mmx —ny =—m fLmx+y=m
y=x X=y—n x = y+m

n

6. Determine the values of a and b so that the pair of equations ax + by = 17 and 2ax — by = —11 has a
unique solution of (-2, 3).

7. The earliest record of magic squares is from China in about 2200 BC. In magic squares the sums of the
numbers of each row, column and diagonal are all equal to a magic number. Let z be the magic number.
By creating a set of equations, solve to find the magic number and the missing values in the magic square.

m 11 7
9
n 5 10
Reasoning
8. a. For the pair of simultaneous equations:
8&x—-T7y=9
X+ 2y =4,

which of the equations is the logical choice to make x the subject of the equation?
b. Use the substitution method to solve the system of equations. Show all your working.
9. A particular chemistry book costs $6 less than a particular physics book, while two such chemistry
books and three such physics books cost a total of $123. Construct two simultaneous equations and
solve them using the substitution method. Show your working.

Problem solving
10. Use the substitution method to solve the following.
2x+y-9=0
4x+5y+3=0
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11. Use the substitution method to solve the following.

y—x x4y
5 =

(SIS

3
+

W | =
R |t

Reflection

When would you choose the substitution method in solving simultaneous equations?

4.4 Solving simultaneous linear equations using

elimination

4.41 The elimination method

¢ The elimination method is an algebraic method to solve simultaneous 5, +y

equations without graphing.
If two balanced equations contain the same variables, the equations can
be added or subtracted to eliminate one of the variables. For example, the
equations 2x + y = 5 and x + y = 3 are shown at right on balance scales.
If the left-hand side of the second equation is subtracted from the
left-hand side of the first equation, and the right-hand side of the second
equation is subtracted from the right-hand side of the first equation, the
variable y is eliminated, leaving x = 2.
Another way to represent this situation is:

2x+y =5
—x+y=3)
X =2

In this example, the variable is eliminated by subtraction to reveal the
value of x. The value of y can then be calculated by substituting x = 2

into either equation.
2 +y=5=>y=1

5
;
AV

X 1
= A
4

Subtract

x+y 3

A7P
’ v
» - ’,

X 2

—
Gy ’
'4

WORKED EXAMPLE 6

Solve the following pair of simultaneous equations using the elimination method.

2 —3y=-9 2x+y=7

THINK

1 Write the equations, one under the other and number

them.

2 Look for an addition or subtraction that will eliminate

either x or y.

Note: Adding equations [1] and [2] in order will

eliminate x.

3 Solve for y by dividing both sides of the equation by —2.

4 Substitute the value of y into equation [2].
Note: y = 1 may be substituted into either equation.

5 Solve for x.

i Subtract 1 from both sides of the equation.
ii Divide both sides of the equation by 2.

WRITE
—2x — 3y=-9 [1]
2x+y=17 [2]

(11 + [2]:
-2x—-3y+ 2x+y)=-9+7
—2x—=3y+2x+y =-2

—2y = =2
y=1
Substituting y = 1 into [2]:
2x+1=7
2x =6
x=3

122 Jacaranda Maths Quest 10 + 10A



6 Write the solution. Solution: x =3,y =1or (3,1)

7 Check the solution by substituting (3, 1) into equation [ 1] Check: Substitute into —2x — 3y = =9,
since equation [2] was used to find the value of x. LHS = -2(3) — 3(1)
=—6-3
= -9
RHS = -9
LHS = RHS, so the solution is correct.

» If a variable is not eliminated when the equations are simply added or subtracted, it may be necessary
to multiply one or both equations by some number or numbers so that when the equations are added,
one of the variables is then eliminated.

* If two equal quantities are multiplied by the same number, the results remain equal.

3x+1 4 6x + 2 8
i)
°4 # Double both sides and it ! .x 4 /

- ’4 remains balanced. = 4

WORKED EXAMPLE 7

Solve the following pair of simultaneous equations using the elimination method.

x — 5y =-17 2x+3y=5
THINK WRITE
1 Write the equations, one under the other and number them. x — 5y = —17 [1]
2x+3y=5 [2]
2 Look for a single multiplication that will create the same [1] X 2: 2x — 10y = =34 [3]

coefficient of either x or y. Multiply equation [1] by 2 and

call the new equation [3].

[3] —[2]:

2x— 10y — 2x +3y) = -34 -5
2x — 10y — 2x — 3y = -39

3 Subtract equation [2] from [3] in order to eliminate x.

—13y = -39
4 Solve for y by dividing both sides of the equation by —13. y=3
5 Substitute the value of y into equation [2]. Substituting y = 3 into [2]:
2x+33) =5
6 Solve for x. 2x+9=5
i Subtract 9 from both sides of the equation. 2x = —4
ii Divide both sides of the equation by 2. x=-2

7 Write the solution.
8 Check the solution by substituting into equation [ 1].

Solution: x = =2, y = 3 or (-2, 3)
Check: Substitute into x — Sy = —17.

LHS = (=2) — 5(3)
=—2-15
=17

RHS = —17

LHS = RHS, so the solution is correct.
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Note: In this example, equation [ 1] could have been multiplied by —2 (instead of by 2), then the two equa-
tions added (instead of subtracted) to eliminate x.

WORKED EXAMPLE 8

Solve the following pair of simultaneous equations using the elimination method.
6x + 5y =3 Sx + 4y =2

THINK WRITE
1 Write the equations, one under the other and number 6x + 5y = 3 [1]
them. Sx+4y=2 [2]
2 Decide which variable to eliminate, say y. Eliminate y.
Multiply equation [ 1] by 4 and call the new [1] x 4: 24x + 20y = 12 (3]
equation [3].
Multiply equation [2] by 5 and call the new [2] x 5: 25x + 20y = 10 (4]

equation [4].

3 Subtract equation [3] from [4] in order to eliminate y. [4] — [3]:
25x + 20y — (24x + 20y) = 10 — 12
25x + 20y — 24x — 20y = -2

x ==2
4 Substitute the value of x into equation [1]. Substituting x = —2 into [1]:
6(-2) +5y=3
—-12+5y=3
5 Solve for y.
i Add 12 to both sides of the equation. Sy=15
ii Divide both sides of the equation by 5. y=3
6 Write your answer. Solution x = =2, y = 3 or (-2, 3)
7 Check the answer by substituting the solution into Check: Substitute into S5x + 4y = 2.
equation [2]. LHS = 5(=2) + 4(3)
=-10 + 12
=W)
RHS =2

LHS = RHS, so the solution is correct.

Note: Equation [1] could have been multiplied by —4 (instead of by 4), then the two equations added
(instead of subtracted) to eliminate y.

Iearn RESOURCES — ONLINE ONLY

Try out this interactivity: Simultaneous linear equations (int-2780)

Complete this digital doc: WorkSHEET: Simultaneous equations | (doc-13851)
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Exercise 4.4 Solving simultaneous linear equations
using elimination assess[]])

Individual pathways

B PRACTISE Il CONSOLIDATE B MASTER

Questions: Questions: Questions:

1, 2, 3a—c, 4a-c, 5a-c, 6, 7 1, 2, 3a—d, 4a—-e, 5a-d, 7, 8, 9 1, 2, 3d-f, 43e-i, 5¢—f, 6-10
[l B W Individual pathway interactivity: int-4579 learn

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.
Fluency

1. IIE3 Solve the following pairs of simultaneous equations by adding equations to eliminate
either x or y.

ax+2y=5 b. 5x + 4y =2 ¢ 2x+y=10
—-x+4y=1 S5x — 4y =-22 2x + 3y =14
2. Solve the following pairs of equations by subtracting equations to eliminate either x or y.
a.3x+2y=13 b. 2x — 5y = -11 c. 3x—-y=38
S5x +2y =23 2x+y=7 —3x+4y=13
3. Solve each of the following equations using the elimination method.
a. 6x — 5y = —43 b.x —4y =127 ¢ —4x+y=-10
6x —y=-23 3x—4y=17 4x -3y =14
d. —5x+3y=3 eS5x—5y=1 fdx-3y—-1=0
—Sx+y=—-4 2x — 5y =-5 4x+T7y—-11=0
4. Solve the following pairs of simultaneous equations.
abx+y=9 b.x+3y=14 ¢5x+y=27
-3x+2y=3 3x+y=10 4x + 3y =26
d. —6x+5y=-14 e.2x+5y=14 f.-3x+2y=6
-2x+y=-6 3x+y=-5 x+4y=-9
g3x—-5y=7 h.2x +3y=9 ih—x+5y=7
x+y=-11 4x +y=-7 5x +5y=19
5. IIE Solve the following pairs of simultaneous equations.
a. —4x + 5y =-9 b. 2x + 5y = -6 c2x—2y=—-4
2x + 3y =21 3x+2y=2 Sx +4y =17
d.2x—3y=6 ety £X, Y 3
dx - 5y=9 2 f} 3.2 ¢
X x Yy 1
T4 = 4 il (A
473 > ts=7

Understanding
6. Solve the following simultaneous equations using an appropriate method. Check your answer using

technology.
a.7x+3y=16 b.2x +y=38 ¢ -3x+2y=19
y=4x —1 4x + 3y =16 4x + 5y =13
d -3x+7y=9 e. —4x +5y=-7 f.y=—x
4dx — 3y =7 x=23 -3y y=—§x—%
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Reasoning

7. Ann, Beth and Celine wanted to weigh themselves, but the scales
they had were broken and would only give readings over 100 kg.
They decided to weigh themselves in pairs and calculate their
weights from the results.
* Ann and Beth weighed 119 kg
* Beth and Celine weighed 112 kg
* Celine and Ann weighed 115 kg
How much did each of the girls weigh? Show your working.

8. a. For the general case ax+ by =-¢ [1]
cx+dy=f [2]
y can be found by eliminating x.
i. Multiply equation [ 1] by c to create equation 3.
ii. Multiply equation [2] by a to create equation 4.
iii. Use the elimination method to find a general solution for y.
b. Use a similar process to that outlined above to find a general solution for x.
¢. Use the general solution for x and y to solve each of the following.
L2x+5y=7 iil. 3x —5y=4
Ix+2y =24 x+3y=5
Choose another method to check that your solutions are correct in each part.
d. For y to exist, it is necessary to state that bc — ad # 0. Why?
e. Is there a necessary condition for x to exist? Explain.

Problem solving

9. Use the method of elimination to solve
x—4

+y=-2
2y — 1
7

10. Use an appropriate method to solve
2x+3y+3z=-1

+x=6.

3x-2y+2z=0
z+2y=0.
Reflection

How does eliminating one variable help to solve simultaneous equations?

CHALLENGE 4.1

Ifx+y=17,y + z=15and x + z = 14, what is the g‘d
value of z? ‘M |
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4.5 Applications of simultaneous linear equations
4.5.1 Applications of simultaneous linear equations

» There are many practical applications of simultaneous equations, some examples of which are shown

below.

* When solving practical problems, the following steps can be useful.
— Define the unknown quantities using appropriate pronumerals.

— Use the information given in the problem to form two equations in terms of these pronumerals.
— Solve these equations using an appropriate method.

— Write the solution in words.
— Check the solution.

WORKED EXAMPLE 9

Ashley received better results for his Mathematics test than for his English test. If the
sum of the two marks is 164 and the difference is 22, calculate the mark he received for

each subject.

THINK

1 Define the two variables.

2 Formulate two equations from the information
given and number them.
The sum of the two marks is x + y.
The difference of the two marks is x — y.

3 Use the elimination method by adding equations [ 1]
and [2] to eliminate y.

4 Solve for x by dividing both sides of the equation
by 2.

S Substitute the value of x into equation [1].

6 Solve for y by subtracting 93 from both sides
of the equation.

7 Write the solution.

8 Check the solution by substituting x = 93 and y = 71
into equation [ 1].

WRITE

Let x = the Mathematics mark.
Let y = the English mark.

x+ y= 164 [1]
x—y=22 2
[1] + [2]: 2x =186

x=93

Substituting x = 93 into [11]:

x+ y= 164
93 + y= 164
y="71
Solution:

Mathematics mark (x) = 93
English mark (y) = 71

Check: Substitute into x + y = 164.

LHS = 93 + 71 RHS = 164
= 164

As LHS = RHS, the solution
18 correct.
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WORKED EXAMPLE 10

To finish a project, Genevieve buys a total of 25 nuts and bolts
from a hardware store. If each nut costs 12 cents, each bolt costs
25 cents and the total purchase price is $4.30, how many nuts

and how many bolts does Genevieve buy?

THINK
1 Define the two variables.

2 Formulate two equations from the information given
and number them.
Note: The total number of nuts and bolts is 25. Each
nut cost 12 cents, each bolt cost 25 cents and the total
cost is 430 cents ($4.30).

3 Solve simultaneously using the substitution method,
since equation [ 1] is easy to rearrange.

4 Rearrange equation [ 1] to make x the subject by
subtracting y from both sides of equation [ 1].

5 Substitute the expression (25 — y) for x into
equation [2].
6 Solve for y.

7 Substitute the value of y into the rearranged equation
x =25 — y from step 4.

8 Write the solution.

9 Check the solution by substituting x = 15 and y = 10
into equation [1].

WRITE

Let x = the number of nuts.
Let y = the number of bolts.
x+y=25 [1]
12x + 25y = 430 [2]

Rearrange equation [ 1]:
x+y=25

x=25-y
Substituting (25 — y) into [2]:
12(25 — y) + 25y =430

300 — 12y + 25y = 430
300 + 13y = 430
13y + 300 = 430
13y = 130
y =10
Substituting y = 10 into x = 25 — y:
x=25-10
x =15
Solution:
The number of nuts (x) = 15.
The number of bolts (y) = 10.

Check: Substitute into x + y = 25.

LHS = 15 + 10 RHS = 25
= 25

As LHS = RHS, the solution is correct.

learn

RESOURCES — ONLINE ONLY

Complete this digital doc: WorkSHEET: Simultaneous equations Il (doc-13852)
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Exercise 4.5 Applications of simultaneous linear equations assess[]])

Individual pathways

Hl PRACTISE Il CONSOLIDATE H MASTER

Questions: Questions: Questions:

1-3, 6, 8, 12, 14, 16, 19 1,2,4,7,9,11,14,16, 17,19 1,2,5,7,9,10,13, 15-20
Il B B Individual pathway interactivity: int-4580 learn

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency
1. I Rick received better results for his Maths test than for his English test. If the sum of his two
marks is 163 and the difference is 31, find the mark for each subject.
2. 31 Rachael buys 30 nuts and bolts to finish a project. If each nut costs 10 cents, each bolt costs
20 cents and the total purchase price is $4.20, how many nuts and how many bolts does she buy?

Understanding

3. Find two numbers whose difference is 5 and whose sum is 11.

4. The difference between two numbers is 2. If three times the larger number minus twice the smaller
number is 13, find the two numbers.

5. One number is 9 less than three times a second number. If the first number plus twice the second
number is 16, find the two numbers.

6. A rectangular house has a perimeter of 40 metres and the length is 4 metres more than the width.
What are the dimensions of the house?

7. Mike has 5 lemons and 3 oranges in his shopping basket. The cost of the fruit is $3.50. Voula, with 2
lemons and 4 oranges, pays $2.10 for her fruit. How much does each type of fruit cost?

P

¢ o

8. A surveyor measuring the dimensions of a block of land finds that the length of the block is three
times the width. If the perimeter is 160 metres, what are the dimensions of the block?

9. Julie has $3.10 in change in her pocket. If she has only 50 cent and 20 cent pieces and the total
number of coins is 11, how many coins of each type does she have?

10. Mr Yang’s son has a total of twenty-one $1 and $2 coins in
his moneybox. When he counts his money, he finds that its total value is
$30. How many coins of each type does he have?

11. If three Magnums and two Paddlepops cost $8.70 and the difference in
price between a Magnum and a Paddlepop is 90 cents, how much does
each type of ice-cream cost?

12. If one Redskin and 4 Golden Roughs cost $1.65, whereas 2 Redskins
and 3 Golden Roughs cost $1.55, how much does each type of sweet
cost?

13. A catering firm charges a fixed cost for overheads and a price per
person. It is known that a party for 20 people costs $557, whereas a
party for 35 people costs $909.50. What is the fixed cost and the
cost per person charged by the company?

, L)
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14. The difference between Sally’s PE mark and Science mark is 12, and the sum |
of the marks is 154. If the PE mark is the higher mark, what did Sally get for = =
each subject?

15. Mozza’s Cheese Supplies sells six Mozzarella cheeses and eight Swiss cheeses to
Munga’s deli for $83.60, and four Mozzarella cheeses and four Swiss cheeses to
Mina’s deli for $48. How much does each type of cheese cost?

Reasoning
16. If the perimeter of the triangle in the diagram is 12 cm and the length of the
rectangle is 1 cm more than the width, find the value of x and y. Show your

working.
X cm L 5
5 .
N =
e u
(y+3)cm

17. Mr and Mrs Waugh want to use a caterer for a birthday party for their twin sons. The manager says the
cost for a family of four would be $160. However, the sons want to invite 8 friends, making 12 people in
all. The cost for this would be $360. If the total cost in each case is made up of the same cost per person
and the same fixed cost, find the cost per person and the fixed cost. Show your working.

18. Joel needs to buy some blank DVDs and zip disks to back up a large amount of data that has been
generated by an accounting firm. He buys 6 DVDs and 3 zip disks for $96. He later realises these are
not sufficient and so buys another 5 DVDs and 4 zip disks for $116. How much did each DVD and
each zip disk cost? (Assume the same rate per item was charged for each visit.) Show your working.

Problem solving

19. At the football hot chips are twice as popular as meat pies and three times as popular as hot dogs.
Over the period of half an hour during half time, a fast-food outlet serves 121 people who each bought
one item. How many serves of each of the foods were sold during this half-hour period?

20. Three jet-skis in a 300 kilometre handicap race leave at two hour intervals. Jet-ski 1 leaves first and
has an average speed of 25 kilometres per hour for the entire race. Jet-ski 2 leaves two hours later and
has an average speed of 30 kilometres per hour for the entire race. Jet-ski 3 leaves last, two hours after
jet-ski 2 and has an average speed of 40 kilometres per hour for the entire race.

a. Sketch a graph to show each jet-ski’s journey on the one set of axes.
b. Determine who wins the race.
¢. Check your findings algebraically and describe what happened to each jet-ski during the course of the race.

Reflection
How do you decide which method to use when solving problems using simultaneous linear
equations?

CHALLENGE 4.2

1 At a fun park, the cost of a rollercoaster ride and a Ferris wheel ride is %
$10. The cost of a Gravitron ride and a Ferris wheel ride is $12. The cost E’A_
of a rollercoaster ride and a Gravitron ride is $14. What is the cost of each

2 Anumber has five digits. The digit 6 is three places to the right of the digit 9. & ﬁ

The digit 4 is somewhere to the left of digit 6 and to the right of digit 2.

The digit 8 is three places to the left of the digit 4. What is the number? —
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4.6 Solving sim
equations

ultaneous linear and non-linear

4.6.1 Solving simultaneous linear and quadratic equations

» The graph of a quadratic function is called a parabola.

* A parabola and a straight lin
— intersect at only one point,

Y
6
4

24

e may:
as shown in red

4 —i&
(_1’ _1) L

4

— intersect at two points, as shown in blue

— not intersect at all, as shown in green.
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WORKED EXAMPLE 11

Find the points of intersection of y = x>+ x — 6and y = 2x — 4:

a algebraically b graphically.
THINK WRITE/DRAW
a 1 Number the equations. a y= L+x-6 [1]
Equate [1] and [2]. y=2x—4 [2]
P+x—6=2x—4
2 Collect all the terms on one side and X+ x—6-2x+4=2x—4 —2x+ 4
simplify. P+x—6-2x+4=0
¥-x-2=0
3 Factorise and solve the quadratic equation, x=2)x+1)=0
using the null factor law. x—2=0o0orx+1=0
x =2 x = -1
4 Identify the y-coordinate for each point of When x = 2,
intersection by substituting each y=22) -4
x-value into one of the equations. =4-4
=0
Intersection point (2, 0)
Whenx = —1
y=2(-1)-4
=-2-4
= —6
5 Write the solution. Intersection point(—1, —6)
b 1 To sketch the graph of y = X+ x— 6, b x-intercepts: y = 0
find the x- and y-intercepts and the turning 0=x>+x-6
point. 0=(x+3)(x-2)
x=-3,x=2

The x-intercepts are (—3, 0) and (2, 0).
y-intercept: x = 0

y=—-6
The y-intercept is (0, —6).

x-value of TP: o 2 =-0.5

y = (=0.5)2 + (-0.5) — 6
y=—-6.25
The TP is (—0.5, —6.25).

2 To sketch the graph of y = 2x — 4, find x-intercept: y = 0
the x- and y-intercepts. 0=2x—4
x=2

The x-intercept is (2, 0)
y-intercept: x = 0
y=—-4

The y-intercept is (0, —4)
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3 On the same set of axes, sketch the
graphsofy=x2+x—6andy=2x—4,
labelling both.

4 On the graph, locate the points of
intersection and write the solutions.

y=2x-4

2,0

W ERRE X
y=x*+x-6

The points of intersection are (2, 0) and
(—1,-6).

4.6.2 Solving simultaneous linear and hyperbolic equations

* A hyperbola and a straight line may:

— intersect at only one point, as shown in red. In the first case, the line is a tangent to the curve.

y
10

8_
1

64 rY=%x

_l 4-

y= 24\ (1, 1)

—10-8 —6—4 2
i)
4

—61
8-
—101

— intersect at two points, as shown in blue

10

10 * —1'0—2'3—6—4—22 246 810~
4

61
_8-
—101
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— not intersect at all, as shown in green.

—1'0—é—64—22 > 4 6 8 10%
4

—61
—8
—10-

WORKED EXAMPLE 12 Tl | CASIO

Find the point(s) of intersection between y = x + Sand y = g:

a algebraically b graphically.
THINK WRITE/DRAW
a 1 Number the equations. a y=x+5 [1]
6
Equate [1] and [2]. y=2 2]
x+5= 0
X
x(x+5) =6
2 Collect all terms on one side, X2 +5x—-6=0
factorise and simplify. x+6)x—=1)=0
x=—-06, x =
3 To find the y-coordinates of x=-6
the points of intersection, y=-6+35
substitute the values of y=-1
x into [1].
x =1
y=1+5
y=06
4 Write the solutions. The points of intersection are (—6, —1) and (1, 6).

b 1 To sketch the graph of y = g, b T 6l -5 [ —4 [ 23] -2 —1 0 112
draw a table of values.

y| -1 _1é _1% —2| =3| —6| Undef. | 6 | 3

2 To sketch the graph of x-intercept: y = 0
y =x + 5, find the x- and O0=x+5
y-intercepts. x= =5

The x-intercept is (-5, 0).
y-intercept: x = 0

y=35
The y-intercept is (0, 5).
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3 On the same set of axes,
sketch the graphs of y = x + 5

and y = g, labelling both.

4 On the graph, locate the points
of intersection and write the
solutions.

The points of intersection are (1, 6) and (-6, —1).

4.6.3 Solving simultaneous linear equations and circles

* A circle and a straight line may:

— intersect at only one point, as shown in red. In this case, the line is a tangent to the curve.

y
44
30,2 y=2
1-\
TR
:3_ K+yi=4
44
— intersect at two points, as shown in blue
y
‘3“- y:_x
/f'. (2,2)
BEE WY R ERE
V2,2
3] x24+y2=4
44

— not intersect at all, as shown in green.
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Exercise 4.6 Solving simultaneous linear and
non-linear equations assess[]])

Individual pathways

Hl PRACTISE Il CONSOLIDATE B MASTER

Questions: Questions: Questions:

1, 2a—c, 4, 5, 7a-b, 8a-b, 9, 12 1, 2, 3c-e, 4-6, 7b—d, 8b—d, 9, 12 1, 2, 3d-f, 4-6, 7c—d, 8c—d, 9-12
[l B W Individual pathway interactivity: int-4581 learn

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency
1. Describe how a parabola and straight line may intersect. Use diagrams to illustrate your explanation.
2. IIZ8 Find the points of intersection of the following:
i. using algebra
ii. algebraically using a calculator
iii. graphically using a calculator.

ay=x’+5x+4andy=—x—1 b.y=-x*+2x+3andy=-2x+7
¢y=-x>4+2x+3andy= -6
3. Find the points of intersection of the following.

ay=—x+2x+3andy=3x-8 b.y=—-(x-12?+2andy=x—-1
c¢y=x>+3x—7and y =4x + 2 dy=6-x*andy=4
e.y=4+x—x2andy=3;x fx=3andy=2x"+7x -2

4. [ Which of the following graphs shows the parabola y = x* 4+ 3x + 2, x € R, and the straight line
y=x+3?

A. y B. y/ C. y/
i %

AN

/A\x e
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5. I3 The diagram below could show which of the following?

Y

. y=05()(f+ 1.5)2+4andy= —%x+1
-y=-05x+ 1-5)2 —4andy = —§x+ 1

A
B
C.y=-05(x—15%+4andy=1x+ 1
D

. y=05(x—15)7+4andy=—x+1
E.y=05x—15>+4andy=—1x + 1
6. Determine whether the following graphs intersect.
ay=—-x>+3x+4andy=x—4
b.y=-x"+3x+4andy=2x+5
cy=—(x+1>+3andy=—4x -1
dy=@x-D*+5Sandy=—4x—1
7. KIIZA Find the point(s) of intersection between the following.

ay=x b.y=x-2 c.y=3x d.y:9
1 1 5 o
Y=z Y=z Y=z y= )
Understanding 2
8. Find the point(s) of intersection between the following.
a.y=3x b. x> + > =25 ¢ x> +y°=50 d x> +y'=9
X +y' =10 3x+4y=0 y=5-2x y=2-x
Reasoning
9. Show that there is at least one point of intersection between the parabola y = —2(x 4+ 1)> — 5, where

y = f(x), and the straight line y = mx — 7, where y = f(x).
Problem solving
10. a. Find the point(s) of intersection between the circle x> + y*> = 50 and the linear equation y = 2x — 5.
b. Confirm your solution to part a by plotting the equation of the circle and the linear equation on the
same graph.
11. The sum of two positive numbers is 21. Twice the square of the larger number minus three times the
square of the smaller number is 45. Find the value of the two numbers.

Reflection
WHOLE CLASS
What does it mean if a straight line touches a curve only once?
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4.7 Solving linear inequalities
4.71 Inequalities between two expressions

* An equation is a statement of equality such as x = 2; an inequation is a statement of inequality
between two expressions such as x < 2 (x is less than 2).

* The solution to a linear equation is a single point on a number line, but the solution to an inequation is
a portion of the number line. That is, there are an infinite number of solutions to an inequality.

* The following table shows examples of four types of simple inequalities and their corresponding rep-
resentation on a number line.

* Note that an open circle placed over the 2 indicates that 2 is not included; that is, 2 does not satisfy
the inequality. A closed or solid circle indicates that 2 is included; that is, it does satisfy the inequality.

Mathematical statement English statement Number line diagram

x>2 x is greater than 2 © >

-10-8-6-4-2 0 2 4 6 8 10*

x>2 X is greater than or equal to 2 M

o

x<?2 x 18 less than 2

x<2 x is less than or equal to 2

L

L]
<|>o

N
|

[\
(e
[\)_
_h_
N\
-
'_l_
o

=

4.7.2 Solving inequalities

* The following things may be done to both sides of an inequality without affecting its truth.
— A number can be added or subtracted from both sides of the inequality.

Adding or subtracting a number:
eg. 6>2 Add3to +3 +3
both sides: | m m
9>5 (True) o 1 > 3 4 5 6 7 8 9 10
e.g. 6 > —2 Subtract 3
from both sides: -3 =3
32 -1 (True) A A 4 Wrah 2 4D W
2 -l 0| 1 2 3 4 5 6 7 8
Adding or subtracting moves both numbers the same distance along the number line.

— A number can be multiplied or divided by a positive number.

Multiplying or dividing by a positive number:

eg. 6>2 Multiplylboth
sides by X

X3
3>1 (True)
N YN
T2 '

T T

X3
T . T
-1 0| 3 4 5 6 7

The distance between the numbers has changed, but their relative position has not.
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* Care must be taken when multiplying or dividing by a negative number.

Multiplying or dividing by a negative number:

eg. 6>2 Multiply both x—1
sides by —1: x—1
—6 < -2 (False)

5 6

reversed.

Multiplying or dividing by a negative number reflects numbers about x = 0. Their relative positions are

* When solving inequalities, if both sides are multiplied or divided by
inequality sign must be reversed.
For example, 6 > 2 implies that —6 < —2.

a negative number, then the

WORKED EXAMPLE 13

Solve each of the following linear inequalities and show the solution on

a number line.

adx—-—1<-2 bé6x—-7>3x+5
THINK WRITE/DRAW
a 1 Write the inequality. a 4x-—-1<-=-2
2 Add 1 to both sides of the inequality. 4x-14+1<-2+4+1
3 Obtain x by dividing both sides of the j); B 11
inequality by 4. 4 <71
x <t
4
x<—21;
T T T T T T T T T T X
-2 -1 1o 1
b 1 Write the inequality. b 6x—7>3x+5

2 Subtract 3x from both sides of the 6x —7—-3x>3x+5—3x
inequality. 3x—-72>5
3 Add 7 to both sides of the inequality. x-T74+725+7
3x > 12
4 Obtain x by dividing both sides of the 3i - 12
inequality by 3. 323
x>4
_ x>4
< T T T T T T > x
0 2 4 6 8 10

WORKED EXAMPLE 14 Tl | CASIO

Solve each of the following linear inequalities.

a -3m+5<-7 b5x—-2)>7x+3)

THINK WRITE

a 1 Write the inequality. a -3m+5<-7
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2 Subtract 5 from both sides of the inequality. 3m+5-5<-7-5

(No change to the inequality sign.) —3m < —12
3 Obtain m by dividing both sides of the inequation —3m . =12
by —3. Reverse the inequality sign, since you are -3 -3
dividing by a negative number. m >4
b 1 Write the inequality. b 5x—2)>7x+3)
2 Expand both brackets. S5x — 10 > 7x + 21
3 Subtract 7x from both sides of the inequality. Sx =10 —7x > Tx + 21 — Tx
—2x — 10 > 21
4 Add 10 to both sides of the inequation. —2x—10+10 > 21 + 10
—2x > 31
5 Divide both sides of the inequality by —2. Since —2x 31
we need to divide by a negative number, reverse —20 5 -2
the direction of the inequality sign. x < =31
-2
x < -153

learn RESOURCES

Complete this digital doc: SkillSHEET: Checking whether a given point makes the inequation a true
statement (doc-5218)

Complete this digital doc: SkillSHEET: Writing equations from worded statements (doc-5219)

Exercise 4.7 Solving linear inequalities assess(]l]

Individual pathways

Hl PRACTISE Il CONSOLIDATE Hl MASTER
Questions: Questions: Questions:
1a-f, 2, 3a—f, 4a—f, 5a—c, 6a-g, 7, 1e-l, 2, 3d-i, 4d-i, 5a-c, 6a-l, 7, 1j-1, 2g-, 3g-1, 4d-I, 5d—f, 6f-o,
8a-c, 9a—f, 10, 13 8a-c, 9a-i, 10, 12, 13 8d-f, 9-14
[ W B Individual pathway interactivity: int-4582 learn

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.
Fluency

1. EZEA Solve each of the following inequalities.

ax+1>3 b.a+2>1 cy—3>4 dm-1>3 ep+4<5
fx+2<9 gm—-5<4 h.a-2<5 Lx—4>-1 JS5+m>7
k6+g>2 L5+a>-3

2. Solve each of the following inequalities. Check your solutions by substitution.
a.3m>9 b. 5p <10 ¢ 2a<8 d. 4x > 20 e. 5p > —25
f3x <21 g 2m > —1 h. 4b> -2 i.%>6 j.§<4
k%<2 1%25
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3. IIIZEA Solve each of the following inequalities.
a.2m+3 <12 b.3x+4 > 13 ¢5p—-9>11 d4n—-1<7 e2b—-—6<4
f.8y—-2>14 g 10m+4<-6 h.2a+5> -5 L3 +2<-11 joc+7<1
k.dp —2>-10 L3a—-7>-28

4. II3EEA Solve each of the following inequalities.

am+1>m+4 b.2a -3>a-1 ¢5a—-3<a-7
d3a+4<a-2 e5x—2>40 - 2x f.7x-5<11-x
g 7b+5<2b+25 h.2(a+4)>a+ 13 L3m—-1)<m+1
j5Cm-3)<3m+6 k.3(5b+2) < -10 + 4b L5G@m+1)>2(m+9)
5. Solve each of the following inequalities.
a.x+1§4 b.x_zz—4 c.x-;7<—1
d.2x+3>6 e.3x7—122 f.5x+9<0
6. II34 Solve each of the following inequalities.
a. —2m>4 b. -5p < 15 ¢ —2a>-10 d-p-3<2
el10—-—y>13 f.14-x<7 gl—-6p>1 h.2-10a <0
23 -x) <12 J—4@+9 >8 k.—-15<-32+ D) L2x-3>5x+6
mk+5<2k-3 n3x—4)<5x+5 o7a+4) >4Q2a-3)
7. I3 When solving the inequality —2x > —7 we need to:
A. change the sign to > B. change the sign to < C. change the sign to =
D. change the sign to < E. keep the sign unchanged
8. Solve each of the following inequalities.
al=%s5 ho=Ms0 ¢« =Xy
3 4 5
6. 3-8 e« 2= <0 f._znfiowg
9. Solve each of the following inequalities.
a.3k>6 b.—a-7<-2 ¢5-3m>0 dx+4>9
7 -
e. 10—y <3 £5+3d<—1 g-?pz—z h.13"sz
i—4—2m>0 JSa-2<4a+7 kop+2<7p—-1 L2GBx+1)>2x - 16
©s

Understanding

10. Write linear inequalities for the following statements, using x to represent the unknown. (Do not
attempt to solve the equations.)
a. The product of 5 and a certain number is greater than 10.
b. When three is subtracted from a certain number the result is less than or equal to 5.
¢. The sum of seven and three times a certain number is less than 42.

Reasoning

11. Given the positive numbers a, b, ¢ and d and the variable x, there is the following relationship:
—c<ax+ b<—d.
a. Find the possible range of valuesof xifa =2,b=3,c=10and d = 1.

b. Rewrite the original relationship in terms of x only (x by itself between the < signs), using
a,b,candd.
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12. Two speed boats are racing along a section of Lake Quikalong.

The speed limit along this section of the lake is 50 km/h. Ross is

travelling 6 km/h faster than Steven and the sum of the speeds at

which they are travelling is greater than 100 km/h.

a. Write an inequation and solve it to describe all possible speeds
that Steven could be travelling at.

b. At Steven’s lowest possible speed, is he over the speed limit?

¢. The water police issue a warning to Ross for exceeding the speed
limit on the lake. Show that the police were justified in issuing a warning to Ross.

Problem solving
13. Mick the painter has fixed costs (e.g. insurance, equipment, etc) of $3400 per year. His running cost to

14.

travel to jobs is based on $0.75 per kilometre. Last year Mick had costs that were less than $16 000.

a. Write an inequality to show this information and solve it to find how many kilometres Mick travelled
for the year.

b. Explain the information you have found.

I have $40 000 to invest. Part of this I intend to invest in a stable 5% simple interest account. The
remainder will be invested in my friend’s I.T. business. She has said that she will pay me 7.5% interest
on any money I give to her. I am saving for a European trip so want the best return for my money.
What is the least amount of money I should invest with my friend so that I receive at least $2500
interest per year from my investments?

Reflection
What is similar and different when solving linear inequations to linear equations?

4.8 Inequalities on the Cartesian plane

4.

8.1 Inequalities on the Cartesian plane Inequality symbols
* A solution to a linear inequality is any ordered pair that makes the < | less than
inequality tru.e. . . . ) > | greater than
* When graphing a linear inequality on a Cartesian plane, the
solution is a region on one side of the line called a half plane. < | less than or equal to
> | greater than or equal to
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* There are an infinite number of solutions to a linear inequality. For example, some of the solu-
tions to the inequality x + y < 16 are (5, 1), (8,7) and (0, —2), whereas the point (9, 10) is not a

solution.
* To indicate whether the points on a line satisfy the inequality, a specific type of boundary line is
used.
Points on the line Symbol Type of boundary line used
Do not satisfy the < or > Dashed
inequality
Satisfy the inequality < or > Solid

* The required region is the region that contains the points that satisfy the inequality.
* Shading or no shading is used to indicate which side of the line is the required region, and a key is

shown to indicate the region.

Y /!
34 4
24 /!
y>2x—2 S
4
—4—3—2—11_1,'1 2 3%
-2
~31

’
’

The required region is [].

LY ERL

The required region is [J.

* Consider the line x = 2. It divides the Cartesian plane into two distinct regions or half-planes.

x<2

4_

x>2

* The region on the left (shaded yellow) contains all the points whose x-coordinate is less than 2, for
example (1, 3), so this region is given the name x < 2.

* The region on the right (shaded purple) contains all the points whose x-coordinate is greater than 2,
for example (3, —2), so this region is given the name x > 2.

» There are three distinct parts to the graph:
— the boundary line, where x = 2
— the yellow region, where x < 2
— the purple region, where x > 2.
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WORKED EXAMPLE 15 Tl | CASIO

Sketch a graph of each of the following regions.

ax>-1 by<3
THINK DRAW
a 1 x> —1 includes the line x = —1 and the region a y
x> -1 4
2 On a neat Cartesian plane sketch the line x = —1. 3

Because the line is required, it will be drawn as a
continuous (unbroken) line.

x=-1

3 Find a point where x > —1, say (2, 1).
4 Shade the region that includes this point. “4 3210 1 2 3 47
Label the graph x > —1.

b 1 The line y = 3 is not included. b y

2 Sketch the line y = 3. Because the line is not y=3
included, show it as a dashed (broken) line.

3 Find a point where y < 3, say (1, 2).
4 Shade the region where y < 3. — T —T—T—T
5 Label the graph. -

* Note that the boundary line is drawn as a continuous line if it is included in the inequality (e.g. x < 5)
but as a broken line if it is not included (e.g. x < 5).

* For more complex regions, first sketch the boundary line, then decide which half-plane satisfies the
inequality.

* Choose a point and decide whether it satisfies the rule or not. The origin (0, 0) is often an easy point
to use.

WORKED EXAMPLE 16

Determine whether the points (0, 0) and (3, 4) satisfy either of the following inequalities.

ax—2y<3 by>2x-3
THINK WRITE
a 1 Substitute (0, 0) for x and y. a x—2y<3
Substitute (0, 0):
2 Since the statement is true, (0, 0) satisfies the 0-0<3
inequality. 0<3 True
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3 Substitute (3,4) for x and y.

4 Since the statement is true, (3, 4) satisfies the

inequality.

b 1 Substitute (0, 0) for x and y.

2 Since the statement is true, (0, 0) satisfies the

inequality.
3 Substitute (3, 4) for x and y.

4 Since the statement is true, (3, 4) satisfies the

inequality.

x—2y<3
Substitute (3, 4):
3-24)<3
3-8<3
-5<3

True

The points (0, 0) and (3, 4)
both satisfy the inequality.

b y>2x-3
Substitute (0, 0):
0>0-3
0> -3 True
y>2x—-3
Substitute (3, 4):
4>203)-3
4>6-3
4>73 True

The points (0, 0) and (3, 4)
both satisfy the inequality.

WORKED EXAMPLE 17 Tl | CASIO

Sketch a graph of the region 2x + 3y < 6.

THINK

1 Locate the boundary line 2x + 3y = 6 by

finding the x- and y-intercepts.

2 The line is not required, so rule a broken

line.

3 Test with the point (0, 0). Does (0, 0) satisfy

2x + 3y = 6?7
4 Shade the region that includes (0, 0).
5 Label the graph.

WRITE/DRAW

x=0: 0+3y=6
y=2

y=0: 2x+0=6
x=3

Test (0, 0): 2(0) + 3(0) = 0

As 0 < 6, (0,0) is in the required region.
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Exercise 4.8 Inequalities on the Cartesian plane

Individual pathways

Hl PRACTISE Il CONSOLIDATE H MASTER
Questions: Questions: Questions:
1-8 1-8, 10 1-11

[l B W Individual pathway interactivity: int-4583 learn

assess[J])

To answer questions online and to receive immediate feedback and sample responses for every question,

go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency
1. II=H Sketch a graph of each of the following regions.
ax<l b.y>-2 x>0 dy<0
2. IIIZA Determine which of the points A (0, 0), B (1, —2) and C (4, 3) satisfy each of the following
inequalities.
ax+y>6 b.x - 3y<?2 cCy>2x—5 dy<x+3
3. 31 Sketch the graphs for the regions given by each of the following inequations.
ay>x+1 b.y<x-6 cy>—-x-—2 dy<3-x
ey>x—2 f.y<4 g2x—y<6 hy<x-7
Lx—y>3 Jy<x+7 kx+2y<5 Ly<3x
4. Verity your solutions to question 3 using technology.
5.3 a. The shaded region satisfying the inequality y > 2x — 1 is:
A. y K| B. y /A C. y
G0 /G0) ©0)
L L
0.-1) : -y " fo.-n  *
D y E. ~; y
¢ 0) NG
o, 7/ z (0, =D, x
b. The shaded region satisfying the inequality y < x + 4 is:
A. Y B. YA C. Yy
6, 4 /10,4 6, 4)

/4, 0) x

/—4, 0)
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D. YA E. y
10,4 o, b
.0
L (4,0) x Y
¢. The region satisfying the inequality y < —3x is:
A. Ny B. D/ C. ‘; y
A} 1
v £(1,3) L3
\ 1 \
\ (0, 0) A \
'\ x /€0, 0) x 0,0 =
v y %\
¥(1,-3) i 5
1 S 5
A\ '} A
D 7y E. y
(0.3)
1,00,40. D
(=1,0)/ 2 /' X
1 ’
K ,"
1 7’
1 "
ll I,

Understanding 10y- i
6. a. Find the equation of the line / shown in the diagram at right. 9 i ,

b. Write down three inequalities that define the region R. 8 1 :
7 I

6 - i R
541
4 i |
e
2 i
|
14 |

T ! T T T T T T T T
Y 123456780910"

7. Happy Yaps Dog Kennels charges $35 per day for large dogs (dogs
over 20 kg) and $20 per day for small dogs (less than 20 kg). On
any day, Happy Yaps Kennels can only accommodate a maximum
of 30 dogs.

a. If [ represents the number of large dogs and s represents the
number of small dogs, write an inequality in terms of / and s that
represents the total number of dogs at Happy Yaps.

b. Another inequality can be written as s > 12. In the context of this
problem, write down what this inequality represents.

c¢. The inequality / < 15 represents the number of large dogs that Happy Yaps can accommodate on any
day. Draw a graph that represents this situation.

d. Explore the maximum number of small and large dogs Happy Yaps Kennels can accommodate to
receive the maximum amount in fees.
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Reasoning Y,

34

8. a. Given the following graph, state the inequality it represents. o

b. Choose a point from each half plane and show how this point confirms your 1
answer to part a. —Zt—é—i—ilo/l 2 3%

—7
The required region is .

~

9. a. Find the equation of the line, [ N 4y_
b. Write an inequation to represent the unshaded region. ‘§~_\ G
¢. Write an inequation to represent the shaded region. 2- ‘\1 ¢
1' \\\
Problem solving . E— 2,
X
10. a. Sketch the graph of b. Shade the region that represents =p=4-3-2-1.1 12 5 4 I
-
x+1_x+1:2_y. x+1_x+1$2_y‘ 15
2 3 2 3 4

11. Use your knowledge about linear inequations to sketch the region
defined by
y > ¥+ 4x + 3.

Reflection
Think of some real-life situations where inequalities could be used to help solve a problem.

4.9 Solving simultaneous linear inequalities
4.9.1 Solving simultaneous linear inequalities

* The graph of a linear inequality represents a region of the Cartesian plane.
* Two linear inequalities drawn on the same set of axes will represent two regions on the graph.
* If these regions intersect, they have an infinite number of points in common.
* To graph simultaneous inequalities:
Step 1: Sketch each inequality on the same axes.
Step 2: Identify the required region that satisfies both inequalities.
Step 3: Select a point from the required region and check that the ordered pair satisfies all linear
inequalities.

WORKED EXAMPLE 18 Tl | CASIO

Identify the required region in the following pair of linear inequalities.
2x+3y>6,y<2x —3

THINK WRITE/DRAW
1 » To sketch each inequality, the boundary line  2x + 3y > 6 y<2x-3
needs to be drawn first. For the line 2x + 3y = 6, For the line y = 2x — 3,
e To draw each line, identify two points on x-intercept: let y = 0 letx =0
each line. 2x+0=6 y=20) -3
— Use the intercepts method for 2x + 3y > 6. . '~ 3 y=-3
o y-intercept: Let x = 0 Letx =2
— Use substitution of values for y < 2x — 3.
. . 0+3y=6 y=22) -3
* Write the coordinates. y=2 y=4-3
Note: The intercepts method could also y=1
have been used for the second equation. (3,0, (0,2) 0,-=3), (2, 1)
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2 Plot the two points for each line.
* Plot the x- and y-intercepts for 2x + 3y = 6,
as shown in blue.
* Plot the two points for y = 2x — 3, as shown
in orange.

3 Draw the boundary lines.

* For 2x + 3y > 6, the points on the line are
included. The boundary line is solid, as
shown in red.

» For y < 2x — 3, the points on the line are not
included. The boundary line is dashed, as
shown in green.

4 To determine which side of the line is the
required region, select a point on one side of
the line and check to see whether the point
satisfies the equation. Choose the point (3, 1)
to substitute into the equation.

5 e« The region not required for:
2x + 3y > 6 is shaded orange
y < 2x — 3 is shaded green.

» Since the point (3, 1) satisfies both
inequalities, it is in the required region. The
required region is the unshaded section of the
graph. Write a key.

l,"y=2x—3
’II
5-4-3-2-10 172 345 67
-—2-,/,
_3'-’
T
A5
Check the point (3, 1):
x=3,y=1
2x +3y>6 y<2x-3
LHS = 2x + 3y LHS =y
=2(3) + 3(1) =1
=6+3 RHS =2(3) — 3
RHS =6 =-3
LHS > RHS LHS < RHS

The point (3, 1)
satisfies the
inequality and is in
the required region
for 2x + 3y > 6.

The point (3, 1) satisfies
the inequality and is in
the required region for
y < 2x — 3.

4 y<2x-3

The required region is [].

learn

RESOURCES

Complete this digital doc: WorkSHEET: Simultaneous equations Il (doc-13853)
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Exercise 4.9 Solving simultaneous linear inequalities assess(]))

Individual pathways

l PRACTISE Il CONSOLIDATE Il MASTER
Questions: Questions: Questions:
1-4,5,7 1,2,4-7,9 1-10

[l W W Individual pathway interactivity: int-4584 learn

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency
1. IIIZH Identify the required region in the following pair of inequalities.

4x + Ty > 21
10x — 2y > 16
2. Given the graph shown, determine the inequalities that represent the shaded region.

3. Solve the following pairs of inequalities.

ay<4 b.y+3x>6 c¢. 5y —3x>-10 d.§y+2x§4
y < —x y—2x<9 6y + 4x > 12 y—4x> -8

Understanding

4. [[I3 Which system of inequalities represents y,
the required region on the graph at right? g
Ay<x-2 6

y>-3x—-06 i
B.y>x-2 31
y>-3x—-06 5
C.y<x-2 H
y<-3x-6 NP ZEREXERE
D.y>x+3
y<-3x-6
E.y>x+2
y<-3x+6

The required region is .
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5. Given the diagram at right, write the inequalities that

6. a. Graph the following system of inequalities:

Reasoning
7. The sum of the lengths of any two sides of a triangle

created the shaded region.

y>-3,x+22>20,2y+5x<7
b. Calculate the coordinates of the vertices of the required
region.

2.%)

\<5 N35 4 ¥
(2,0)

must be greater than the third side.

a. Given a triangle with sides x, 9 and 4, draw diagrams A,
to show the possible triangles, using the above statement
to establish inequalities.

b. Find the possible solutions for x and explain how you
determined this.

. Create a triangle with the points (0, 0), (0, 8) and (6, 0).

a. Calculate the equations of the lines for the three sides.

b. If you shade the interior of the triangle (including the boundary lines), what inequalities would create
the shaded region?

¢. What are the side lengths of this triangle?

Problem solving

9.

10.

a. Find the equations of the two lines in the diagram \\ Y
shown at right. T i
a. Find the coordinates of the point A. 2
b. Write a system of inequations to represent the shaded 1
region. _10_ 246
The Ecofriendly company manufactures two different o
detergents. Shine is specifically for dishwashers while =31

Motherearth is a washing machine detergent. For the first ]
week of June, the production manager has specified that

the total amount of the two products produced should be at least 400 litres as one client has already
pre-ordered 125 litres of Shine for that week. The time that is required to process one litre of Shine is
30 minutes while one litre of Motherearth requires 15 minutes. During the week mentioned, the
factory can process the detergents for up to 175 hours. If x represents the number of litres of Shine
produced and y represents the number of litres of Motherearth produced, formulate the constraints as
linear inequations and show the feasible region. Also state the coordinates of the vertices of the region.
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Reflection
How do the solutions for a system of equations differ from a system of inequations?

410 Review

410.1 Review questions

Fluency
1. @4 The inequality that is represented by the following region is:
Aly>2—x B.y>x-2 C.y<2-x D.y<x-2 E. y>2x

\{

2

1-\

ST NG
—2

—34

[ Region required

2. I3 The equation of a linear graph which passes through the origin with gradient — 3 is:

A.y=-3 B. x=-3 C.y=-3x D.y=3-3x E.y=3x-3
3. I3 An online music shop charges a flat rate of $5 postage for 2 CDs and $11 for 5 CDs. The equation

that best represents this, if C is the cost and » is the number of CDs, is:

A.C=5n+11 B.C=6n+5 C.C=n+2 D.C=5n+1 E.C=2n+1
4. [IId During a walk-a-thon, Sarah receives $4 plus $3 per kilometre. The graph which best represents

Sarah walking up to 5 kilometres is:

A. $ B. $ C. §
18 4 (5, 18) 24 4 (5,24) 24 4
15 201 20+ G, 19)
12 16 16 4
9 - 12 4 12 4
61 8 1 8
3 4 4 4 4 4
L L B LI B e B e LI B ]
0 1234 54km 0 1234 54Cm 0 1234 5dkm
D. $4 E. $
18 4 (5,19) 24 1
15 4 20
124 16 3, 18)
9 12
6 - 8
34 4 4
— T T T 1> — T T T T 1>
0 1234 5d6m 0 1234 5dkm

5. I Which of the following pairs of coordinates is the solution to the given simultaneous equations?
2x + 3y =18
Sx —y=11
A. (6,2) B. (3,—-4) c. (3,9 D. (3,4) E. (5,11)
6. I3 The graphical solution to the following pair of simultaneous equations is:
y=5-2x
y=3x-10
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10.

11.

A. Y B. C.
10-
8.
D. E. none of the above
. Sketch the half plane given by each of the following inequalities.
ay<x+1 b.y>2x+ 10 cy>3x—-12
d. y < 5x e.x>7 Ly<ix+1
g 2x + y$9 h. 4x — 3y > 48 iLy>-—12

. Use the graphs below, showing the given simultaneous equations, to write the point of intersection of

the graphs and, hence, the solution of the simultaneous equations.

a_x+3y=6 YA a.3x+2y=12 YA
y=2x-5 104 2y =3x o]
4_

2_

. Use substitution to check if the given pair of coordinates is a solution to the given simultaneous

equations.
a. (7,1) x—=2y=5 b. (4,3) y=7—-x
S5y +2x =18 S5y —2x=17
Solve each of the following pairs of simultaneous equations using a graphical method.
ady—2x=28 b.y=2x-2 c.2x+ 5y=20
x+2y=0 x—4y=38 y=7
Solve the following simultaneous equations using the substitution method.
ay=3x+1 b.y=2x+7 ¢2x+5y=6
x+2y=16 3y —4x=11 y=%x+5
dy=—x ey=3x—-11 fy=4x-17
y=8x+21 y=5x+17 y=06x—22
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12. Solve the following simultaneous equations using the elimination method.

ald3x+y=17 b.4x+3y=1 cC3x—Ty=-2
Tx —y =233 —4x+y=11 —2x—Ty=13
d4y -3x=9 e5x+2y=6 fLx—4y=-4
y+3x=6 4x +3y=2 4x — 2y =12
13. Solve the following simultaneous equations using an appropriate method.
a3x+2y=6 b. 6x — 4y = -6 c.6x+2y=14
3y+5x=9 7x + 3y =-30 x=-3+15y
14. Solve the following simultaneous inequations.
ay<x+4 b. 2y — 3x > 12 c¢5x+y<10
y=>3 y+3x>0 x+2y<11
15. Find the point(s) of intersection for each of the following pairs of lines.
a.y=x2—6 b.y=g c.x2+y2=2
y=5x-73 X y=5x-3
y=5x-3

Problem solving

16. Write the following as a pair of simultaneous equations and solve.

a. Find two numbers whose difference is 5 and whose sum is 23.

b. A rectangular house has a total perimeter of 34 metres and the width is 5 metres less than the length.
What are the dimensions of the house?

c. If two Chupa Chups and three Wizz Fizzes cost $2.55, but five Chupa Chups and seven Wizz Fizzes
cost $6.10, find the price of each type of lolly.

17. Laurie buys milk and bread for his family on the way home from school each day, paying with a $10
note. If he buys three cartons of milk and two loaves of bread, he receives 5 cents in change. If he buys
two cartons of milk and one loaf of bread, he receives $4.15 in change. How much does each item cost?

18. A paddock contains some cockatoos (2-legged) and kangaroos (4-legged). The total number of ani-
mals is 21 and they have 68 legs in total. Using simultaneous equations, determine how many cocka-
toos and kangaroos there are in the paddock.

19. Warwick was solving a pair of simultaneous equations using the elimination method and reached the
result that 0 = —5. Suggest a solution to the problem, giving a reason for your answer.

20. There are two sections to a concert hall. Seats in the ‘Dress circle’ are arranged in rows of 40 and cost
$140 each. Seats in the ‘Bleachers’ are arranged in rows of 70 and cost $60 each. There are 10 more
rows in the ‘Dress circle’ than in the ‘Bleachers’ and the capacity of the hall is 7000.

a. If d represents the number of rows in the ‘Dress circle’ and b represents the number of rows in the
‘Bleachers’ then write an equation in terms of these two variables based on the fact that there are 10
more rows in the ‘Dress circle’ than in the ‘Bleachers’.

b. Write an equation in terms of these two variables based on the fact that the capacity of the hall is
7000 seats.

¢. Solve the two equations from a and b simultaneously using the method of your choice to find the
number of rows in each section.

d. Now that you have the number of rows in each section, calculate the number of seats in each section.

e. Hence, calculate the total receipts for a concert where all tickets are sold.

21. John is comparing two car rental companies, Golden Ace Rental Company and Silver Diamond Rental
Company. Golden Ace Rental Company charges a flat rate of $38 per day and $0.20 per kilometre.
The Silver Diamond Rental Company charges a flat rate of $30 per day plus $0.32 per kilometre.

a. Write an algebraic equation for the cost of renting a car for three days from the Golden Ace Rental
Company in terms of the number of kilometres travelled, k.

b. Write an algebraic equation for the cost of renting a car for three days from the Silver Diamond
Rental Company in terms of the number of kilometres travelled, k.
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¢. How many kilometres would John have to travel so that the cost of hiring from each company for
three days is the same?

d. Write an inequation that, when solved, will tell you the number of kilometres for which it is cheaper
to use Golden Ace Rental Company when renting for three days.

e. For what number of kilometres will it be cheaper to use Silver Diamond Rental Company for three
days’ hire?

22. Frederika has $24 000 saved for a holiday and a new stereo. Her travel expenses are $5400 and her

daily expenses are $260.

a. Write down an equation for the cost of her holiday if she stays for d days. Upon her return from
holidays Frederika wants to purchase a new stereo system that will cost her $2500.

b. How many days can she spend on her holiday if she wishes to purchase a new stereo upon her return?

Iearn RESOURCES — ONLINE ONLY
Try out this interactivity: Word search: Topic 4 (int-2835)
Try out this interactivity: Crossword: Topic 4 (int-2836)
Try out this interactivity: Sudoku: Topic 4 (int-3591)
Complete this digital doc: Concept map: Topic 4 (doc-13805)

Language
It is important to learn and be able to use correct mathematical language in order to communicate effec-

tively. Create a summary of the topic using the key terms below. You can present your summary in writing
or using a concept map, a poster or technology.

collinear infinite reverse
elimination intersection simultaneous
equation number line solution
half-plane parallel substitution
inequality perpendicular tangent

Link to assessON for questions to test your
a SSE SS readiness FOR learning, your progress AS
; you learn and your levels OF achievement.

assessON provides sets of questions for

every topic in your course, as well as giving
instant feedback and worked solutions to
help improve your mathematical skills.

www.assesson.com.au
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Investigation | Rich task
Documenting business expenses

In business, expenses can be represented graphically,
so that relevant features are clearly visible. The fig-
ure at right compares the costs of hiring cars from
two different car rental companies. It will be cheaper
to use Plan 1 when travelling distances less than
250 kilometres, and Plan 2 when travelling more
than 250 kilometres. Both plans cost the same when
you are travelling exactly 250 kilometres.

Jim works as a travelling sales representative. He needs to
plan his next business trip to Port Hedland, which he antici-
pates will take him away from the office for 3 or 4 days.
Due to other work commitments, he is not sure whether he
can make the trip by the end of this month or early next
month. He plans to fly to Port Hedland and use a hire car to
travel when he arrives. Jim’s boss has asked him to supply
documentation detailing the anticipated costs for the hire
car, based on the following quotes received.

Comparison of car hire companies tj
e

Kilometres travelled

Al Rentals $35 per day plus 28c per kilometre
of travel

Cut Price Rentals $28 per day plus 30c per kilometre
of travel

Jim is aware that, although the Cut Price Rentals deal looks
cheaper, it could work out more expensive in the long run,
because of the higher cost per kilometre of travel; he intends to
travel a considerable distance. Jim is advised by both rental companies that their daily hire charges
are due to rise by $2 per day from the first day of next month.

Assuming that Jim is able to travel this month and his trip will last 3 days, use the information
given to answer questions 1 to 3.
1. Write equations to represent the costs of hiring a car from A1 Rentals and Cut Price Rentals. Use the
pronumeral C to represent the cost (in dollars) and d to represent the distance travelled (in kilometres).
2. Plot the two equations from question 1 on the set of axes provided to show how the costs
compare over 1500 km.
Comparison of cost of hiring a car from A1 Rentals and Cut Price Rentals
oy
600 -

500

400 -

Cost ($)

300

200

100

T T T T T T T >
200 400 600 800 1000 1200 1400 1600 d
Distance travelled (km)
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3. Use the graph to determine how many kilometres Jim would have to travel to make the hire costs
the same for both rental companies.

4. Assume Jim’s trip is extended to four days. Use an appropriate method to show how this changes
the answer found in question 3.

For questions 5 to 7, assume that Jim has delayed his trip until next month when the hire
charges have increased.

5. Write equations to show the cost of hiring a car from both car rental companies for a trip lasting:
a. 3 days

b. 4 days.

6. Plot the four equations from question 5 on the set of axes provided to show how the costs
compare over 1500 km.

Comparison of cost of hiring a car from A1 Rentals and Cut Price Rentals

T T T T T T T T >
0 200 400 600 800 1000 1200 1400 1600 d
Distance travelled (km)
7. Comment on the results displayed in your graph.
8. Jim needs to provide his boss with documentation of the hire car costs, catering for all options.

On a separate sheet of paper, prepare a document for Jim to hand to his boss.

learn RESOURCES

Complete this digital doc: Code puzzle: This world-first medical event took place in 1986 (doc-15923)
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Answers

Topic 4 Simultaneous linear equations and inequalities

Exercise 4.2 Graphical solution of simultaneous linear equations

l.a. (2, 1) b. (1, 1) c. (0,4) d. 2,-1)
2. a. No b. Yes c. Yes d. No
f. No g. No h. Yes i. No
3.a.(3,2) b. (4,3) c. (-3,4) d. (-2,2)
g. (=2,4) h. 3,8) i (=5 13) j. 2,5)
4. a. No solution b. 2,-1) ¢. No solution d. (1,9)
g. No solution h. 2,1)
S5.y=4x-16
6. a. Northern beach 120
C=20+121,0<t<5 100

Southern beach

e. (—2,-4)
e. Yes

j- Yes

e. (2,0

k. (5,3)

e. (3,1

80+
D=8+18:,0<t<5 g
O 60
b. Northern beaches in red, southern beaches in blue 40
c. Time > 2 hours % C=20+12r
d. Time = 2 hours, cost = $44 DB+ I8
o135 13
Time (hours)
7. a. Same line b. Perpendicular c. Intersecting d. Parallel
8. a. 1 solution b. No solution (parallel lines) ¢. No solution (parallel lines)
9.a.y=3x+6 b.y=-2x+1 c.
y=-20 1 Z7y=3x+6
Point of
intersection
=1,3) h
543 10N 23457
=2
=3
-4
10.
3x-y=2

Pointof 4
intersection 3

1, 1)

2

: T
y/’ll‘) \2345%
2 y+3x=4

2y—x=1_.

Exercise 4.3 Solving simultaneous linear equations using substitution

1.a. (2,3) b. (2,-1) c. 3,-2) d. (7,6)
g (-1,-2) h. (—4,0) i. (=1,-2) J- (6,-2)
2. a. (—6,-23) b. (5,23) c. (2,-6) d. e _§>
z. (—% —%) h. (—%3) i, (<3,-1.5) j. (1,0.3)

3. 26 chickens

e. (3,6)
k. (3, 1%)

e. (1,=-7)

44
ke (=53)

f. (-0.5,1.5)

f. 3,0
L (2, g)

f. No solution

£.(2, 1)
L (=3,-5)

f. (—5.—4)

L (1,-1)
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4.a. (3, 1) b. (-2,3) c. (5, 1) d. 4,2) e. (0,3) f. (4,0)

n n m mn n n
5.a.x=—,y=f b. x = y = C. X = ,y =
2m 2 4+ 1 n”+1 m-—n m-—n
n n —(m — n?) m(n — 1) 2m m(n — m)
d. x = Ly = e. x = Ly = f.x= Ly =
m-—n m-—n m-—n m-—n m+n m+n
6.a=-1,b=5
7.2=24 m=6,n=9
m 11 7
9
n 5 10
8.a.x+2y=4 b.x=2,y=1
9. Chemistry $21, physics $27
10.x =8,y =-7
11.x=0,y=1
Exercise 4.4 Solving simultaneous linear equations using elimination
l.a. 3, 1) b. (-2,3) c. (=2,6)
2.a. (5,-1) b. (2,3) c. (=3,
3.a. (-3,5) b. (-5,-8) e (2,-2) a. (1331) e (21%) £ (1, 1)
4. a. (1,3) b. (2, 4) e (5,2) d. (4,2) e. (=3,4) f. (—3, 1 %)
g. (—6,-5) h. (-3,5) i. (2,1.8)
5.a. (6,3) b. (2,-2) c. (1,3) d. (-1.5,-3) e. (—8,18) f. (-3,5)
6.a. (1,3) b. (4,0) c. (-3,5) d. (4,3) e. (8,5) f. (% - %)
7. Ann 61 kg, Beth 58 kg, Celine 54 kg
8. a.i. acx + bcy = ce (3) ii. acx + ady = af (4) iii. y = ce = af
bc — ad
de — bf
X =
ad — bc

ci () ii. (%.17)
d. Because you cannot divide by 0
e.ad — bc#0

9. x=7,y=-3

10.x=4,y=3,2=-6

Challenge 4.1

7=06

Exercise 4.5 Applications of simultaneous linear equations
. Maths mark = 97, English mark = 66

. 18 nuts, 12 bolts

. 8 and 3

. 9and 7

. 6and 5

. Length = 12 m and width = 8§ m

. Lemons cost 55 cents and oranges cost 25 cents.

. Length 60 m and width 20 m

9. Eight 20-cent coins and three 50-cent coins

L NN AR W N =

10. Twelve $1 coins and nine $2 coins

11. Paddlepops cost $1.20 and a Magnum costs $2.10.

12. Cost of the Golden Rough = 35 cents and cost of the Redskin = 25 cents
13. Fixed costs = $87, cost per person = $23.50
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14. PE mark is 83 and Science mark is 71.

15. Mozzarella costs $6.20, Swiss cheese costs $5.80.
16.x=3and y=4

17. Fixed costs = $60, cost per person = $25

18. $4 each for DVDs and $24 each for zip disks

19. 66 cups of hot chips, 33 meat pies and 22 hot dogs were sold during the half-hour period.

20. a.

3504
300
2 250
200 4

—_

w

(=]
!

d (kilometres

100
50

‘Winner
(11.5, 300)
Jet-ski 2
d=30(t-2)
Jet-ski 3
d=40(1-4)
Jet-ski 1
d=25t

Point of
intersection
(12,300)

1

t (hours)

. Jet-ski 3 wins the race.

12 13 14 15

c. Jet-ski 1 and 2 reach the destination at the same time although jet-ski 2 started two hours after jet-ski 1. Jet-ski 3
overtakes jet-ski 1 6 hours and 40 minutes after its race begins or 10 hours and 40 minutes after jet-ski 1 starts
the race. Jet-ski 3 overtakes jet-ski 2 6 hours after it starts the race or 8 hours after jet-ski 2 started the race.

Challenge 4.2

1. Rollercoaster = $6, Ferris wheel = $4, Gravitron = $8

2. 89246

Exercise 4.6 Solving simultaneous linear and non-linear equations

1. A parabola may intersect with a straight line twice, once or not at all.

c. (1 —10,-6) and (1 + V10, —6)
b. (=1, =2) and (2, 1)

d. (—1.41, 4) and (1.41,4)
f. (3,37)

c. Yes d. No

b. (1+v2,-1+v2),(1 =v2,-1-2)

b. (-4,3), (4,-3) c. (=1,7),(5,-5)

2. a. (=5,4) and (—1,0) b. (2,3)
3. a. (%—#, _719—9\76> and(%l+3\75, _719+92£)
c. (—2.54,-8.17) and (3.54,16.17)
e. (1,2 and (3, })
4. 5.C
6. a. Yes b. No
7. a. (1, 1), (=1, -1)
e (F52 =V15), (R V15) d. (=6,-1),(2,3)
8.a. (-1,-3),(1,3)
d. ((—l\/f -2 («/ﬁ2+ 2. ((«/ﬁ; 2 —(x/z - 2))

9. The straight line crosses the parabola at (0, —7), so no matter what value m takes, there will be at least one intersection point.

10.a. (5, 5), (=1,-7) b.

11.9,

12

X
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Exercise 4.7 Solving linear inequalities

l.a.x>2 b.a> -1 c.y>7 dm>4 e.p<l1 f.x<7
gm<9 h.a<7 i.x>3 jom=>2 k.g> -4 l.a>-8
2.a.m>3 b.p<2 ca<id dx>5 e.p>-5 f.x<-7
g.m>-0.5 h. b > -0.5 i.m>18 Jjox<8 k.a<-14 Lm>25
3.a.m<45 b.x>3 c.p>4 dn<2 e.b<5 f.y>2
g m<—1 h.a> -5 ib< -4 joe< -1 k.p>-2 lLax>-7
4.a.m>3 b.a>2 c.a< -1 d.a<-3 e.x>6 f.x<2
g b<4 h.a>>5 im<2 jbm<3 k.bs—% Lm>1
La.x<7 b. x> —18 c.x<—10 d.x>10% ex>5 f.)c<—1‘5—1
.a.m< =2 b.p>-3 c.a<s dp>-5 e.y<-3 f.x>7
g p<0 h.a>; x> -3 jea<-11 k.b<3 L x < -3
m. k> 8 nox>—183 0. a <40
7.B
8. a x<—1 b.m< -3 c.x>17 da>§ e 21% f.m>-12
9 a. k>2 b.a> -5 em<l13: d.x>5 > f.d<-=2
gp>> h.x> -5 iom< -2 jea<?9 k.p> Lx>—4]
10.a. 5x > 10 b.x-3<5 c.7+3x<42
1l.a. -65<x<-2 b ‘Ca‘b<x<‘d‘b
12.a. S > 47 b. No c. Answers will vary.
13.a. n < 16 800 km b. Mick travelled less than 16 800 km for the year and his costs stayed below $16 000.
14. $20 000
Exercise 4.8 Inequalities on the Cartesian plane
1. a. | b. y c. y d. ¥
4 | 4 4 4
3 3 3
x<l1 ;]I 2 y==2 y=0 24 x=20 2
1= 1 1 y=0 1
5432-10 12345% 543210 1234 5% 54321011234 5% 543210 1234 5%
L{! = m—) 2 =
=31 1| 43 Y 43 31 y<0
1 4 4 4
2.a.C b. A, C c. A,B d. A,B,C
3,4
ay>x+1 b.y<x-6 c.y>—-x—-2
Y )l Y
‘\
N
N
~
1,0) 40, 1) 6,0) 2~ 2,0p
0] X 0 e \0 X
Lt 0.1
N
O e
’ AN
7z N
dy<3-x e.y>x—2 f.y<4
r{ Y J y
» 7
X = OH_
0.3}, ™
N 72,0
0] 3,0) ~ X of ,7 X 0 X
N ,10-2)
N e
N 7
7
l/
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g2x—y<6 h.y<x-7 iLx—y>3
b/ /' A Y
7
2x—y<6 // //
/ 0,31,
(3,0}/ .0z o ‘ ,)’ >
0 ) X 0 X 3.0, §2
7 // x-y>3
0.6 - P
/ ) 7
Joy<x+17 k.x+2y<5 Ly<3x
b Y
o .
"I \
)3 (1,3)
St 0,2.5)
2 T 0.0
1,000 x of GO X
x+2y<5
5.a.B b. D c. A
6.a.y=%x+3 b.yZ%x+3,x>2,y§7
7.a. 14+ 5 <30 b. At least 12 small dogs c. I d. 15 large and 15 small dogs
30 1
15 \
Y 0 °

8.a.y<2x—2

9.a.y=—%x+3

10.a.y=%—éx

b. Answers will vary.

b.y>—§x+3

c.y<—§x+3

. The unshaded region is the required region.

4 ) 4 y

3 3

1 = ! x
123456789 013 Pli234567 891010213
2 2

3 3

4 4

11. The unshaded region is the required region.

6543
Local 2
minimum
G2.-)

Required region is []
2.y<2x+3andy>3x -2
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/
/
v
1
\
\
_h_'_
420 24"
A
A}
\

Required region is []

Required region is []

1

2

a. \ L b. (-2,8.5), (-2, -3), (2.6, -3)
1

8.

a. AB:x=0, AC:y=0, BC:3y + 4x =24
b. x>0,y>0,3y+4x <24

¢. a = 10 units, b = 6 units, ¢ = 8 units

9.a.y=—ix+30rx+4y=12andy=—%x+4orx+2y=8.
b. A(4,2)
.ys—%x+3orx+4y§12

(]

yz—%x+4orx+2y28
x>4
y=>0
10.y> 0
x+ y > 400
x> 125
%x+ :sz 175 or2x + y < 700
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y
700
600 Point of
intersection
500 (125, 450)
400 1
300 + Point of
Point of intersection

2004 intersection (300, 100)
100 (125,275)

0 100 200 300 400

Vertices are (125, 275), (125, 450) and (300, 100).

10 Review
A

>0 0 ma

4,
1
2
3.
4
5
6
7

. Note: The shaded region is the region required.

h.
—16)/4x -3y >48
8.a.(3 1) b. (2, 3)
9. a. No b. Yes
10.a. (=2, 1) b. (0, —2) . (=75.7)
1.a. 2, 7) b. (=5, =3) ¢ (=2, 2) d. (—g g)
12.2. 5, 2) b. (=2, 3) ¢ (=3, =) d. (1, 3)
13.2. (0, 3) b. (=3, =3) e 2 1)

14. Note: The shaded region is the region required.

a. 6_y b. \‘ y /
4 \ 71
>3 4 _ v 6
yz A 2y-3x>12 3
/2_ A
- \3-
7T LI T T 1 17T 2-
7[4 STy Ty T ex ™
—24 T T Ton T L T T T T
y<x+4 7] -6 -ﬁ;-\ 24 6%
™ Tl 30
—6 -4 \‘

e. (—14, =53)

e. (2, -2)

C. 5x-l\—y<10 y
N

~
iy
~

10“
9]
3]

N 7

]
5
4
3
2
1

~

T
864

T
39
24
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5 — V37 19 - 5V37\ (5 + V37 19 + 5V37
15,0, (S50, 0= ST) (5045 10 1 V)

b. (—g,—s), (1,2)
c (15 + \/E,73 + sdzﬁ), (15 - \@773 - 5x/f3>

26 26 26 26
16. a. Numbers are 9 and 14.
b. Length = 11 metres, width = 6 metres
c. Chupa-chups cost 45 cents and Whizz fizzes cost 55 cents.
17. Milk $1.75, bread $2.35
18. 13 kangaroos and 8 cockatoos

19. Any false statement that occurs during the solving of simultaneous equations indicates the lines are parallel, and have no
points of intersection.

20.a.d=b+10

b. 7000 = 70b + 40d

c. b=60and d =170

d. Number of seats in ‘Bleachers’ is 4200; the number of seats in the ‘Dress circle’ is 2800.

e. $644 000
2l.a. Cg =114 + 0.2k b. C3 =90+ 0.32k c. 200 km d. 114 + 0.2k <90 + 0.32k e. k<200
22.a. 5400 + 260d = Cy b. 61 days

Investigation — Rich task

1. Al Rentals: C = $35 x 3 + 0.284d
Cut Price Rentals: C = $28 x 3 + 0.3d

2. Comparison of cost of hiring a car from
A1 Rentals and Cut Price Rentals

C
600
500
)
24004 ¢ 105 + 0284
& 300{ (AlRentals) =
200 = C=844030d
1004 = (Cut Price Rentals)
07200 400 600 800 1000 1200 1400 1600 d
Distance travelled (km)
3. 1050 km
4. 1400 km
5. a. Al Rentals: C = $37 x 3 + 0.284 b. Al Rentals: C = $37 x 4 + 0.284
Cut Price Rentals: C = $30 x 3 + 0.3d Cut Price Rentals: C = $30 x 4 + 0.3d
6. Comparison of cost of hiring a car from
A1l Rentals and Cut Price Rentals
60((); Cut Price Rentals (4-day hire)~—y,
500 -
& >
\‘5400 Al Rentals TAI Rentals
S 3004 ((d-day hire) _ - (3-day hire)
© 200 i PP v e

TCu[ Price Rentals
(3-day hire)

200 400 600 800 1000 1200 1400 1600 d
Distance travelled (km)

7. The extra cost of $2 per day for both rental companies has not affected the charges they make for the distances travelled.
However, the overall costs have increased.

8. Presentation of the answers will vary. Answers will include:
Travelling 3 days this month:
« If Jim travels 1050 km, the cost will be the same for both rental companies; that is, $399.
o If he travels less than 1050 km, Cut Price Rentals is cheaper.
o If he travels more than 1050 km, A1 Rentals is cheaper.
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Travelling 4 days this month:

« If Jim travels 1400 km, the cost will be the same for both rental companies; that is, $532.
* If he travels less than 1400 km, Cut Price Rentals is cheaper.

* If he travels more than 1400 km, A1 Rentals is cheaper.

Travelling 3 days next month:

o If Jim travels 1050 km, the cost will be the same for both rental companies; that is, $405.
* If he travels less than 1050 km, Cut Price Rentals is cheaper.

e If he travels more than 1050 km, A1 Rentals is cheaper.

Travelling 4 days next month:

« If Jim travels 1400 km, the cost will be the same for both rental companies; that is, $540.
* If he travels less than 1400 km, Cut Price Rentals is cheaper.

* If he travels more than 1400 km, A1 Rentals is cheaper.
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MEASUREMENT AND GEOMETRY

TOPIC 5
rigonometry |

5.1 Overview

Numerous videos and interactivities are
embedded just where you need them, at the
point of learning, in your learnON title at
www.jacplus.com.au. They will help you to
learn the content and concepts covered in this
topic.

5.1.1 Why learn this?

Nearly 2000 years ago, Ptolemy of Alexandria
published the first book of trigonometric
tables, which he used to chart the heavens
and plot the courses of the Moon, stars and

planets. He also created geographical charts and provided instructions on how to create maps. Trigonometry
is the branch of mathematics that makes the whole universe more easily understood.

5.1.2 What do you know?

1. THINK List what you know about trigonometry. Use a thinking tool such as a concept map to show

your list.

2. PAIR Share what you know with a partner and then with a small group.

assess[]])

3. SHARE As a class, create a thinking tool such as a large concept map that shows your class’s knowl-

edge of trigonometry.

LEARNING SEQUENCE

5.1 Overview

5.2 Pythagoras’ theorem

5.3 Pythagoras’ theorem in three dimensions
5.4 Trigonometric ratios

5.5 Using trigonometry to calculate side lengths

5.6 Using trigonometry to calculate angle size
5.7 Angles of elevation and depression

5.8 Bearings

5.9 Applications

5.10 Review

learn RESOURCES

Watch this eLesson: The story of mathematics: Hypatia (eles-1844)
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5.2 Pythagoras’ theorem
5.2.1 Similar right-angled triangles

In the two similar right-angled triangles shown below, the angles are the same and the corresponding sides
are in the same ratio.

D
A 6 cm 10 cm
3cm 5cm
[ ] [ X
B 4 cm c E 8 cm F

The corresponding sides are in the same ratio.
AB _ AC _BC
DE DF EF
To write this using the side lengths of the triangles gives:

AB_3 _1
DE 6 2
AC_5 _1
DF 10 2
BC_4 _1
EF 8 2

This means that for right-angled triangles, when the angles are fixed, the ratios of the sides in the triangle
are constant.

We can examine this idea further by completing the following activity.

Using a protractor and ruler, draw an angle of 70°, measuring horizontal distances of 3 cm, 7 cm and
10 cm as demonstrated in the diagram below.

b
a
ui ui 70°
[e———
. 3 cm .
' 7 cm '

10 cm

Note: Diagram not drawn to scale.
Measure the perpendicular heights a, b and c.
a ~824cm b =~ 19.23 cm c ~ 2747 cm

To test if the theory for right-angled triangles, that when the angles are fixed the ratios of the sides in the
triangle are constant, is correct, calculate the ratios of the side lengths.
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a,,824 S5 b 1923 505 € L2747 595
3773 7777 10~ 710

The ratios are the same because the triangles are similar.
This important concept forms the basis of trigonometry.

5.2.2 Review of Pythagoras’ theorem

* The hypotenuse is the longest side of a right-angled triangle and is always the
side that is opposite the right angle.

» Pythagoras’ theorem states that in any right-angled triangle, the square of the
hypotenuse is equal to the sum of the squares of the other two sides. The rule is b
written as ¢?> = a> + b> where a and b are the two shorter sides and c is the
hypotenuse.

» Pythagoras’ theorem gives us a way of finding the length of the third side in a triangle, if we know

the lengths of the two other sides.

5.2.3 Finding the hypotenuse

* To calculate the length of the hypotenuse when given the length of the two shorter sides, substitute the
known values into the formula for Pythagoras’ theorem, ¢?> = a® + b?.

WORKED EXAMPLE 1

For the triangle at right, calculate the length of the hypotenuse, x,
correct to 1 decimal place.

8

THINK WRITE/DRAW

1 Copy the diagram and label the sides a, b and c. Remember to
label the hypotenuse as c.

2 Write Pythagoras’ theorem. t=a*+ b
3 Substitute the values of a, b and c into this rule and simplify. ¥ =52+ 8
=25+ 64
= 89
4 Take the square root of both sides. Round the positive answer x = +Vv89
correct to 1 decimal place, since x > 0. x =~ 94

5.2.4 Finding a shorter side

* Sometimes a question will give you the length of the hypotenuse and ask you to find one of the shorter
sides. In such examples, we need to rearrange Pythagoras’ formula. Given that ¢? = a*> + b, we can
rewrite this as:

P =c2—p?

or b*=c* - a2
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WORKED EXAMPLE 2 Tl | CASIO

Calculate the length, correct to 1 decimal place, of the unmarked
side of the triangle at right.

14 cm

8 cm

THINK WRITE/DRAW

1 Copy the diagram and label the sides a, b and c.
Remember to label the hypotenuse as c; it does not matter
which side is a and which side is b.

2 Write Pythagoras’ theorem.

3 Substitute the values of a, b and c into this rule and solve

for a.
4 Find a by taking the square root of both sides and round a=+VvI132
to 1 decimal place (a > 0). ~ 11.5cm

» Pythagoras’ theorem can be used to solve many practical problems.
First model the problem by drawing a diagram, then use Pythagoras’ theorem to solve the
right-angled triangle. Use the result to give a worded answer.

WORKED EXAMPLE 3

A ladder that is 5.5 m long leans up against a vertical wall. The foot of the ladder is 1.5 m from
the wall. How far up the wall does the ladder reach? Give your answer correct to 1 decimal place.

THINK WRITE/DRAW

1 Draw a diagram and label the sides a, b and c.
Remember to label the hypotenuse as c.

2 Write Pythagoras’ theorem.

3 Substitute the values of @, b and c into this rule and 552=da*>+1.5%
simplify. 30.25 = a®> + 2.25
a’* = 30.25 — 2.25
=28
4 Find a by taking the square root of 28. Round to a=+V28
1 decimal place, a > 0. ~ 53
5 Answer the question in a sentence using words. The ladder reaches 5.3 m up the wall.
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WORKED EXAMPLE 4

Determine the unknown side lengths of the triangle, correct to 2 decimal places.

3x
78 m
2x

THINK WRITE/DRAW
1 Copy the diagram and label the sides a, b and c.
2 Write Pythagoras’ theorem. ?=a*+ b
3 Substitute the values of @, b and c into this rule and 782 = (3x)% + (2x)?

simplify. 6084 = 9x? + 4x?

6084 = 13x?

4 Rearrange the equation so that the pronumeral is on the  13x” = 6084

left-hand side of the equation.
5 Divide both sides of the equation by 13. 13x? _ 6084

13 13
x? = 468

6 Find x by taking the square root of both sides. Round X = +V468

the answer correct to 2 decimal places. ~ 21.6333
7 Substitute the value of x into 2x and 3x to find the 2x = 43.27m

length of the unknown sides. 3x = 6490 m
learn RESOURCES — ONLINE ONLY

Complete this digital doc: SkillSHEET: Rounding to a given number of decimal places (doc-5224)
Exercise 5.2 Pythagoras’ theorem assess[]])

Individual pathways

B PRACTISE Il CONSOLIDATE
Questions: Questions:
1-4, 6, 12-15, 17, 20 1-3, 5-8, 12, 15-18, 20, 22

Il B B Individual pathway interactivity: int-4585

B MASTER
Questions:
1,2,5,7,9-11, 19-23

learn ONLINE ONLY

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.
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Fluency

1. [IZ0 For each of the following triangles, calculate the length of the hypotenuse, giving answers correct
to 2 decimal places.

a. 4.7 . 19.3
: 6.3 27V
d. e 09 f. 152
7.4
87
10.3
2.7
1.98
2.56
t

b. C.

562

2. Il Find the value of the pronumeral, correct to 2 decimal places.

a. s b. C.

u
8.4
30.1
472 17.52
d. 0.28 e 2870 f.
v 468
1920 N
0.67 w

114

3. I The diagonal of the rectangular sign at right is 34 cm. If the
height of this sign is 25 cm, find the width.
4. A right-angled triangle has a base of 4 cm and a height of 12 cm.
Calculate the length of the hypotenuse to 2 decimal places.
5. Calculate the lengths of the diagonals (to 2 decimal places) of
squares that have side lengths of: SMOKING
a. 10 cm b. 17 cm ¢ 3.2 cm.
6. The diagonal of a rectangle is 90 cm. One side has a length of
50 cm. Determine:
a. the length of the other side
b. the perimeter of the rectangle
c. the area of the rectangle.
7. I Find the value of the pronumeral, correct to 2 decimal places for each of the following.

a. b. C. 2x
25 3x 3x
4x
6x
18 30
X
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Understanding
8. An isosceles triangle has a base of 25 cm and a height of 8 cm. Calculate the length of the two equal
sides.
9. An equilateral triangle has sides of length 18 cm. Find the height of the triangle.
10. A right-angled triangle has a height of 17.2 cm, and a base that is half the height. Calculate the length
of the hypotenuse, correct to 2 decimal places.
11. The road sign shown below is based on an equilateral triangle. Find the height of the sign and, hence,
find its area.

12. A flagpole, 12 m high, is supported by three wires, attached from the top of the pole to the ground.
Each wire is pegged into the ground 5 m from the pole. How much
wire is needed to support the pole?
13. Sarah goes canoeing in a large lake. She paddles 2.1 km to the north, 3.8 km
then 3.8 km to the west. Use the triangle at right to find out how far
she must then paddle to get back to her starting point in the shortest

possible way. 2L km

Starting point

14. A baseball diamond is a square of side length 27 m. When a runner on first base tries to steal second
base, the catcher has to throw the ball from home base to second base. How far is that throw?

15. A rectangle measures 56 mm by 2.9 cm. Calculate the length of its diagonal in millimetres to
2 decimal places.
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16. A rectangular envelope has a length of 24 cm and a diagonal measuring 40 cm. Calculate:
a. the width of the envelope
b. the area of the envelope.

17. A swimming pool is 50 m by 25 m. Peter is bored by his usual
training routine, and decides to swim the diagonal of the pool.
How many diagonals must he swim to complete his normal
distance of 1500 m? Give your answer to 2 decimal places.

18. A hiker walks 2.9 km north, then 3.7 km east. How far in
metres is she from her starting point? Give your answer to
2 decimal places.

19. A square has a diagonal of 14 cm. What is the length of each
side?

Reasoning

20. The triangles below are right-angled triangles. Two possible measurements have been suggested for
the hypotenuse in each case. For each triangle, complete calculations to determine which of the
lengths is correct for the hypotenuse in each case. Show your working.

a. b. C. 73
60 or 65 33 185 or 195
305 or 308
56 175 136
60

21. Four possible side length measurements are 105, 208, 230 and 233. Three of them together produce a
right-angled triangle.
a. Which of the measurements could not be the hypotenuse of the triangle? Explain.
b. Complete as few calculations as possible to calculate which combination of side lengths will produce
a right-angled triangle.

Problem solving

22. The area of the rectangle MNPQ is 588 cm?. Angles M 28 cm N
MRQ and NSP are right angles. yecm
a. Find the integer value of x. R
b. Find the length of MP.
c. Find the value of y and hence determine the rem
length of RS.
S
ycm
Q P
23. Triangle ABC is an equilateral triangle of side length x cm. B 16 cm E
Angles ADB and DBE are right angles. Find the value of x,
correct to 2 decimal places.
xem 20 cm
A D C

Reflection

The square root of a number usually gives us both a positive and negative answer. Why do we take
only the positive answer when using Pythagoras’ theorem?

174 Jacaranda Maths Quest 10 + 10A



5.3 Pythagoras’ theorem in three dimensions
5.3.1 Pythagoras’ theorem in three dimensions

* Many real-life situations involve 3-dimensional (3-D) objects: objects with length, width and height.
Some common 3-D objects used in this section include cuboids, pyramids and right-angled wedges.

—; LT

Cuboid Pyramid Right-angled wedge

* In diagrams of 3-D objects, right angles may not look like right angles, so it is important to redraw
sections of the diagram in two dimensions, where the right angles can be seen accurately.

WORKED EXAMPLE 5

Determine the length AG in this rectangular prism (cuboid), correct A B
to two decimal places. '
C Scm
D Sem e ooon -
/l’ E F
) 9 cm
H 10cm G
THINK WRITE/DRAW
1 Draw the diagram in three dimensions. A B
Draw the lines AG and EG. N S
ZAEG is a right angle. LN ¢ e
D=1 JF
9 cm
H 10cm G
2 Draw AAEG, showing the right angle. Only 1 side is known, A
so EG must be found.
5
E G
3 Draw EFGH in two dimensions and label the diagonal E F
EG as x. ‘
X
9 9
n- =5
10
4 Use Pythagoras’ theorem to calculate x. (c> = a® + b?) x* =92+ 10?
= 81 + 100
= 181
x = V181
»
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5

6

7

Place this information on triangle AEG. Label the side AG as y. A

5
E 81 G
Use Pythagoras’ theorem to find y. (c* = a* + b?) y?> = 52 4+ (V181)?
=25+ 181
= 206
y = V206
~ 14.35
Answer the question in a sentence. The length of AG is
14.35 cm.

WORKED EXAMPLE 6

A piece of cheese in the shape of a right-angled wedge sits on a table. It has a rectangular base

measuring 14 cm by 8 cm, and is 4 cm high at the thickest point. An ant crawls diagonally
across the sloping face. How far, to the nearest millimetre, does the ant walk?

THINK WRITE/DRAW

1

Draw a diagram in three dimensions and label the vertices. Mark

BD, the path taken by the ant, with a dotted line. ZBED is a right 4 cm

angle. vy Cm
X
2 Draw ABED, showing the right angle. Only one side is known, B
so ED must be found.
4
D
15
3 Draw EFDA in two dimensions, and label the diagonal ED. Label E _ F
the side ED as x in both diagrams. .
8 8
m e
A 14 D
4 Use Pythagoras’ theorem to calculate x. ¢ = a® + b?
x? = 8% + 142
= 64 + 196
= 260
= V260
5 Place this information on triangle BED. Label the side BD as y. B
y
4
E V260
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6  Solve this triangle for y. yz — 42 4 (m)z
16 + 260
276

V276

16.51 cm
166.1 mm

Qo

7 Answer the question in a sentence. The ant walks 166 mm, correct
to the nearest millimetre.

learn RESOURCES

Complete this digital doc: SkillSHEET: Drawing 3-D shapes (doc-5229)
Complete this digital doc: WorkSHEET: Pythagoras’ theorem (doc-5230)

Exercise 5.3 Pythagoras’ theorem in three dimensions assess[]])

Individual pathways

B PRACTISE Il CONSOLIDATE B MASTER
Questions: Questions: Questions:
1a-b, 2,6, 7, 8a, 10 1,3,4,6,7,8,10, 11,13, 14 1, 3-5, 8-16

Il B B Individual pathway interactivity: int-4586 learn

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Where appropriate in this exercise, give answers correct to 2 decimal places.

Fluency
1. IIE Calculate the length of AG in each of the following figures.

a. A B b. A B C. A B
5 C
: C D C
D 8 D 10.4
0 12
: JE g E F
8 E | /F 9.2
2 . 5
H 8 G 4 H 11.5 G
H™7577G
2. Calculate the length of CE in the wedge at right and, hence, obtain AC. A

3. If DC = 3.2 m, AC = 5.8 m, and CF = 4.5 m in the figure at right, calculate A B

the length of AD and BF. UF
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4. Calculate the length of BD and, hence, the height of the pyramid at right. v

5. The pyramid ABCDE has a square base. The pyramid is 20 cm high. E
Each sloping edge measures 30 cm. Calculate the length of the sides of the base. EM = 20 cm

D C

6. The sloping side of a cone is 16 cm and the height is 12 cm. What is the length
of the radius of the base?

Understanding

7. BE A piece of cheese in the shape of a right-angled wedge sits B
on a table. It has a base measuring 20 mm by 10 mm, and is /E
4 mm high at the thickest point, as shown in the figure. A fly e : =
crawls diagonally across the sloping face. How far, to the nearest A/ 20 mm -
millimetre, does the fly walk? x

8. A 7 m high flagpole is in the corner of a rectangular park that
measures 200 m by 120 m.
a. Calculate:
i. the length of the diagonal of the park B
ii. the distance from A to the top of the pole
iii. the distance from B to the top of the pole.
b. A bird flies from the top of the pole to the centre of the park. How far does it fly?

9. A candlestick is in the shape of two cones, joined at the vertices as shown. The smaller
cone has a diameter and sloping side of 7 cm, and the larger one has a diameter and
sloping side of 10 cm. How tall is the candlestick?

10. The total height of the shape below is 15 cm. Calculate the length of the sloping side of
the pyramid.

E 15cm
E : 5cm
) 11 cm
11 cm
11. A sandcastle is in the shape of a truncated cone as shown. Calculate the length 20 cm
of the diameter of the base. C D
32cm
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12.

A tent is in the shape of a triangular prism, with a height of 140 cm as shown 140 cm
in the following diagram. The width across the base of the door is 1 m and the

tent is 2.5 m long. Calculate the length of each sloping side, in metres. Then ﬁ
calculate the area of fabric used in the construction of the sloping rectangles

which form the sides.

Reasoning

13.

14.

Stephano is renovating his apartment, which he accesses through two corridors. The corridors of the
apartment building are 2 m wide with 2 m high ceilings, and the first corridor is at right angles to the
second. Show that he can carry lengths of timber up to 6 m long to his apartment.

The Great Pyramid in Egypt is a square-based pyramid.
The square base has a side length of 230.35 metres and
the perpendicular height is 146.71 metres. Find the slant
height, s cm, of the great pyramid. Give your answer
correct to 1 decimal place.

230.35m

Problem solving

15.

16. The roof of a squash centre is constructed to allow for maximum

Angles ABD, CBD and ABC are right angles. Find the value D
of h, correct to 3 decimal places.

35

use of sunlight. Find the value of 4, giving your answer correct
to 1 decimal place.

Reflection

The diagonal distance across a rectangle of dimensions x by y is Vx* + y2.. What would be the rule
to find the length of a diagonal across a cuboid of dimensions x by y by z? Use your rule to check
your answers to question 1.
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5.4 Trigonometric ratios
5.4.1 Naming the sides in a right-angled triangle

* In aright-angled triangle, the longest side is called the hypotenuse.

: Hypotenuse
* If one of the two acute angles is named (say @), then the other two Opposite
sides can also be given names, as shown in the diagram.
- 0
5.4.2 Three basic definitions Adjacent

» Using the diagram opposite, the following three trigonometric ratios can be defined:

length of opposite side

— the sine ratio, sine @ =
length of hypotenuse

length of adjacent side

— the cosine ratio, cosined =
length of hypotenuse

length of opposite side

— the tangent ratio, tangent 6 = - —.
length of adjacent side

* The names of the three ratios are usually shortened to sin €, cos 8 and tan 6.

* The three ratios are often remembered using the mnemonic SOHCAHTOA, where SOH means Sin 6 =
Opposite over Hypotenuse and so on.

5.4.3 Finding values using a calculator
* The sine, cosine and tangent of an angle have numerical values that can be found using a calculator.
* Traditionally angles were measured in degrees, minutes and seconds, where 60 seconds = 1 minute

and 60 minutes = 1 degree.
For example, 50°33'48"” means 50 degrees, 33 minutes and 48 seconds.

WORKED EXAMPLE 7 Tl | CASIO

Calculate the value of each of the following, correct to 4 decimal places, using a calculator.
(Remember to first work to 5 decimal places before rounding.)

a cos 65°57’ b tan 56°45'30"
THINK WRITE
a Write your answer to the required number of decimal a cos 65°57" ~ 0.40753
places. ~ 0.4075
b Write your answer to the correct number of decimal places. b tan 56°45'30” ~ 1.52573
~ 1.5257

WORKED EXAMPLE 8

Calculate the size of angle 0, correct to the nearest degree, given sin § = 0.7854.

THINK WRITE

1 Write the given equation. sin § = 0.7854

2 To find the size of the angle, we need to undo sine with its 0 = sin~! 0.7854
inverse, sin™!. ~ 51.8°

(Ensure your calculator is in degrees mode.)

3 Write your answer to the nearest degree. 0 ~ 52°

180 Jacaranda Maths Quest 10 + 10A



WORKED EXAMPLE 9 Tl | CASIO

Calculate the value of 9:

a correct to the nearest minute, given that cos § = 0.2547

b correct to the nearest second, given that tan 8 = 2.364

THINK
a 1 Write the equation.

2 Write your answer, including seconds. There are
60 seconds in 1 minute. Round to the nearest minute.
(Remember 60" = 1’, so 39” is rounded up.)

b 1 Write the equation.

2 Write the answer, rounding to the nearest second.

WRITE
a cos @ = 0.2547

cos 1 0.2547 ~ 75°14'39”
~ 75°15'

b tan 6 = 2.364

tan~!2.364 ~ 67°4' 15.8"
~ 67°4'16"

WORKED EXAMPLE 10

For the triangle shown, write the rules for the sine, cosine and tangent ratios of the given angle.

THINK

1 Label the diagram using the symbols O, A, H with

respect to the given angle (angle 6).

2 From the diagram, identify the values of O (opposite
side), A (adjacent side) and H (the hypotenuse).

3 Write the rule for each of the sine, cosine and tangent

ratios.

4 Substitute the values of A, O and H into each rule.

0
WRITE/DRAW
c=H
4=0 \
] 0
b=A
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WORKED EXAMPLE 11

Write the equation that relates the two marked sides and the marked angle.
a b

O
22
12
8 X
H b

THINK WRITE/DRAW
a 1 Label the given sides of the triangle. a

2 Write the ratio that contains O and H. sin @ = %

3 Identify the values of the pronumerals. O=8,H=12

4 Substitute the values of the pronumerals into the ratio. (Since sinb = 1% = %

the given angle is denoted with the letter b, replace 6 with b.)

b 1 Label the given sides of the triangle. b
2 Write the ratio that contains O and A. tan 0 = %
3 Identify the values of the pronumerals. O=x,A=22,0 =40°
4 Substitute the values of the pronumerals into the ratio. tan 40° = 2)6—2

Iearn RESOURCES — ONLINE ONLY

Complete this digital doc: Skill[SHEET: Labelling the sides of a right-angled triangle (doc-5226)

Complete this digital doc: Skill[SHEET: Selecting an appropriate trigonometric ratio based on the given
information (doc-5231)

Exercise 5.4 Trigonometric ratios assess(J]]

Individual pathways

Hl PRACTISE Il CONSOLIDATE Il MASTER
Questions: Questions: Questions:
1,3, 6a-f,7,8 2-4, 6a—f, 7-9, 11 2,8,4,5,6¢-, 7-12
[l B B Individual pathway interactivity: int-4587 learn ONLINE ONLY
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To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency

1. Calculate each of the following, correct to 4 decimal places.

a. sin 30°
d. sin 57°

2, Calculate each of the following, correct to 4 decimal places.

a. sin 40°30’

d. tan 123°40’

g cos 35°42'35"
Jj- sin 23°58'21"

b. cos 45°
e. tan 83°

b. cos 53°57’

e. sin 92°32’

h. tan 27°42'50”
k. cos 8°542”
n. cos 845°

c. tan 25°
f. cos 44°

¢ tan 27°34'

f. sin 42°8’

i. cos 143°25'23”
L. sin 286°

0. sin 367°35’

3. I Find the size of angle 6, correct to the nearest degree, for each of the following.

4. IZA Find the size of the angle 6, correct to the nearest minute.

m. tan 420°

a. sin @ = 0.763
d. cos 8 = 0.321
a.sin @ = 0.814
d. cos 0 = 0.296

5. IZ Find the size of the angle 6, correct to the nearest second.

a.tan @ = 0.5
d. tan 0 = 1.1141

b. cos 8 = 0.912
e.tan @ = 12.86

b. sin @ = 0.110
e. tan = 0.993

b. cos 8 = 0.438
e.cos @ =0.8

6. Find the value of each expression, correct to 3 decimal places.

a. 3.8 cos 42°
d 2
sin 45°
12.8
& tan 60°32'
. 3.8tan 1°51'44"

4.5 sin 25°45’
Understanding

b. 118 sin 37°
220
cos 14°
18.7
" sin 35°25'42"
2.5 sin 27°8'
" 10.4 cos 83°2

c tan 6 = 1.351
f. cos 8 = 0.756

c tan 6 = 0.015
f. sin 8 = 0.450

¢ sin 0 = 0.9047
f. tan 0 = 43.76

¢ 2.5tan 83°

£ 2 cos 23°
5sin 18°

i 55.7
cos 89°21’

L 3.2 cos 34°52’
0.8 sin 12°48’

7. K30 For each labelled angle in the following triangles, write an expression for:

i. sine
a. d
U L]
b
d.
(4]
n
m

ii. cosine

iii. tangent.
c
p
k
J
-
l
f.
u
\4
17\
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8. I3 Write the equation that relates the two marked sides and the marked angle in each of the
following triangles.

a. b. 2~
18
6
9
C I d. 36 ’
p
7
e . 18.6
13 )
t
B
235
Reasoning

9. Consider the right-angled triangle shown at right.
a. Label each of the sides using the letters O, A and H with respect to the
37° angle.
b. Determine the value of each trigonometric ratio. (Where applicable,
answers should be given correct to 2 decimal places.)
i. sin37°
ii. cos 37°
jii. tan 37° 37° [
¢. What is the value of the unknown angle, a?
d. Determine the value of each of these trigonometric ratios, correct to 2 decimal places.
i sina

ii. cos a
iii. tan o
(Hint: First relabel the sides of the triangle with respect to angle a.)
e. What do you notice about the relationship between sin 37° and cos a?
f. What do you notice about the relationship between sin a and cos 37°?
g. Make a general statement about the two angles.
10. Using a triangle labelled with a, # and o and algebra, show that tan 8 =
(Hint: Write all the sides in terms of the hypotenuse.)
Problem solving
11. ABC is a scalene triangle with side lengths a, b and ¢ as shown. Angles BDA and BDC are right
angles.
a. Express h” in terms of a and x.
b. Express 4 in terms of b, ¢ and x.
c. Equate the two equations for 42 to show that ¢> = a®> 4+ b*> — 2bx.
d. Use your knowledge of trigonometry to produce the equation
2 = a* + b* — 2ab cos C, which is known as the cosine rule for
non-right-angled triangles.

sin @
cos 6
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12. Find the length of the side DC in terms of x, y and 6.

Reflection

How do we determine which of sin, cos or tan to use in a trigonometry question?

5.9 Using trigonometry to calculate side lengths
5.5.1 Using trigonometry to calculate side lengths

In a right-angled triangle if one side length and one acute angle are known, the lengths of the other sides

can be found by applying trigonometric ratios.

WORKED EXAMPLE 12

Find the value of each pronumeral giving answers correct to 3 decimal places.

a

35°

THINK
a 1 Label the marked sides of the triangle.

2 Identify the appropriate trigonometric ratio
to use.

3 Substitute O = a, H = 6 and 6 = 35°.

4 Make a the subject of the equation.

5 Calculate and round the answer, correct to
3 decimal places.

b

0.346 cm f

WRITE/DRAW

35°

sin 6 =

TIO

sin35° =4
6

6sin35° =a
a = 6sin 35°

a~ 3.441 cm
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b 1 Label the marked sides of the triangle. b
0 32° A
0.346 cm f
. . . . . A
2 Identify the appropriate trigonometric ratio to cos 0 = H
use.
3 Substitute A = f, H = 0.346 and 6 = 32°. cos 32° = L
0.346
4 Make f the subject of the equation. 0.346 cos 32° = f
f=0.346 cos 32°
5 Calculate and round the answer, correct to ~ 0.293 cm
3 decimal places.
WORKED EXAMPLE 13 TI | CASIO
Find the value of the pronumeral in the triangle shown. Give the answer correct to 2 decimal
places.
,_‘ 120 m
50
P
THINK WRITE/DRAW
1 Label the marked sides of the triangle. H ’_‘O
120 m
50
A P
2 Identify the appropriate trigonometric ratio to use. tan 0 — o
A
3 Substitute O = 120, A = P and 6 = 5°. . 120
tan 5° = —/—
4 Make P the subject of the equation. P X tan 5° = 120
i. Multiply both sides of the equation by P. p = 120
ii. Divide both sides of the equation by tan 5°. tan 5°
S Calculate and round the answer, correct to P~ 1371.61 m

2 decimal places.

learn RESOURCES — ONLINE ONLY

Try out this interactivity: Using trigonometry (int-1146)
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Exercise 5.5 Using trigonometry to calculate side lengths assess(I]

Individual pathways

l PRACTISE Il CONSOLIDATE Hl MASTER
Questions: Questions: Questions:
1-5, 8 1-6, 8, 9 1-10
[l B B Individual pathway interactivity: int-4588 learn ONLINE ONLY

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency
1. [IEA Find the length of the unknown side in each of the following, correct to 3 decimal places.
a. b.
8
10 cm a 25° -
60° I
c
X
31°
14

2. I3H Find the length of the unknown side in each of the following triangles, correct to 2 decimal places.

a b. 46m

1°
7 13°
m

n

23 m

94 mm

68°
t

3. Find the length of the unknown side in each of the following, correct to 2 decimal places.
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11.2 mm

e. f. 6°25’

80.9 cm

4. Find the value of the pronumeral in each of the following, correct to 2 decimal places.

& 2l b. 237 m
36°42'
43.9 cm y
46°
C. d.
\970/
Z
23m| ~ 153 m L
13°12
e. f.
7 q 0.732 km
P
47385 km

Understanding

5. Given that the angle € is 42° and the length of the hypotenuse is 8.95 m in a right-angled triangle,
find the length of:
a. the opposite side
b. the adjacent side.
Give each answer correct to 1 decimal point.

6. A ladder rests against a wall. If the angle between the ladder and the ground is 35° and the foot of the
ladder is 1.5 m from the wall, how high up the wall does the ladder reach?
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Reasoning
7. Tran is going to construct an enclosed rectangular desktop that is at an incline of 15°. The diagonal
length of the desktop is 50 cm. At the high end, the desktop, including top, bottom and sides, will be
raised 8 cm. The desktop will be made of wood. The diagram below represents this information.

Side view of the desktop

X
8 cm

15°

y
Top view of the desktop

Z

|
50 cm

.

a. Determine the values (in centimetres) of x, y and z of the desktop. Write your answers correct to
2 decimal places.

b. Using your answer from part a determine the minimum area of wood, in cm?, Tran needs to construct
his desktop including top, bottom and sides. Write your answer correct to 2 decimal places.

8. a. In aright-angled triangle, under what circumstances will the opposite side and the adjacent side have

the same length?

b. In a right-angled triangle, for what values of @ (the reference angle) will the adjacent side be longer
than the opposite side?

Problem solving

9. A surveyor needs to determine the height of a building. She measures the angle of elevation of the top
of the building from two points, 64 m apart. The surveyor’s eye level is 195 cm above the ground.

36024,
T
X 64m | 195cm

a. Find the expressions for the height of the building, /4, in terms of x using the two angles.
b. Solve for x by equating the two expressions obtained in part a. Give your answer to 2 decimal places.
¢. Find the height of the building correct to 2 decimal places.

10. If angles QNM, QNP and MNP are right angles, find the length of NQ.

Q

M 120 b
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Reflection
How does solving a trigonometric equation differ when we are finding the length of the hypotenuse
side compared to when finding the length of a shorter side?

5

0 Using trigonometry to calculate angle size

5.6.1 Using trigonometry to calculate angle size

Just as inverse operations are used to solve equations, inverse trigonometric ratios are used to solve
trigonometric equations for the value of the angle.

— Inverse sine (sin~!) is the inverse of sine.

— Inverse cosine (cos™) is the inverse of cosine.

— Inverse tangent (tan~') is the inverse of tangent.

For example, since sin (30°) = 0.5, then sin~! (0.5) = 30°; this is read as ‘inverse sine of 0.5 is
30 degrees’.

If sin @ = a, then sin"'a = 6.
If cos 6 = a, then cos™'a = 6.
If tan @ = a, then tan"' a = 4.

A calculator can be used to calculate the values of inverse trigonometric ratios.
The size of any angle in a right-angled triangle can be found if:

— the lengths of any two sides are known

— an appropriate trigonometric ratio is identified from the given lengths

— a calculator is used to evaluate the inverse trigonometric ratio.

WORKED EXAMPLE 14

For each of the following, find the size of the angle, 0, correct to the nearest degree.

a b
Sm
I ey 3.5cm
(%
[ 11 m
THINK WRITE/DRAW
a 1 Label the given sides of the triangle. a
H (0]
S em 3.5cm
L9 [
. . . . . . O
2 Identify the appropriate trigonometric ratio to sin 6 = H

use. We are given O and H.
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Substitute O = 3.5 and H = 5 and evaluate
the expression.

Make 6 the subject of the equation using
inverse sine.

Evaluate 6 and round the answer, correct to
the nearest degree.

b 1 Label the given sides of the triangle.

Identify the appropriate trigonometric ratio to
use. Given O and A.

Substitute O = 5 and A = 11.

Make 6 the subject of the equation using
inverse tangent.

Evaluate 6 and round the answer, correct to
the nearest degree.

sin @ = ﬁ
5
= 0.7
6 =sin"' 0.7
= 44.427 004°
0 ~ 44°
b (0]
5m
0
1Im A
tan 6 = o
A
tan 0 = i

6 = tan~! <5>
11

= 24.443 954 78°
0 ~ 24°

WORKED EXAMPLE 15 Tl | CASIO

Find the size of angle 0:
a correct to the nearest second
b correct to the nearest minute.

THINK
a 1 Label the given sides of the triangle.

2 Identify the appropriate trigonometric ratio
to use.

3 Substitute O = 7.2 and A = 3.1.

31m A
L]

0

7.2 m

WRITE/DRAW

3.1m A
0

a

7.2 m

tan 0 =

‘:‘) >0

tan 0 =

.
—
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4 Make 6 the subject of the equation using 0 = tan™! <;?>
inverse tangent. .

S Evaluate 6 and write the calculator display. 0 = 66.705 436 75°
6 Use the calculator to convert the answer to = 66°42'19.572"
degrees, minutes and seconds.
7 Round the answer to the nearest second. 0 ~ 66°42'20”
b Round the answer to the nearest minute. b 0 ~ 66° 42’

learn RESOURCES

Complete this digital doc: SkillSHEET: Rounding angles to the nearest degree (doc-5232)
Complete this digital doc: WorkSHEET: Using trigonometry (doc-5233)

Exercise 5.6 Using trigonometry to calculate angle size assess(]]]

Individual pathways

Il PRACTISE Il CONSOLIDATE H MASTER
Questions: Questions: Questions:
1-3-6, 8 1-6, 8, 10 1-11

B B W Individual pathway interactivity: int-4589 learn

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency
1. IIEA Find the size of the angle, 6, in each of the following. Give your answer correct to the nearest
degree.

a. b. C
52 4.8 4.7 i / 8
(% 0
0 [
3.2
3

2. [I3EA Find the size of the angle marked with the pronumeral in each of the following. Give your
answer correct to the nearest minute.

a. b. 79m C.
12
17
4 m [
10

12
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3. IIIZEA Find the size of the angle marked with the pronumeral in each of the following. Give your
answer correct to the nearest second.

a. b. C.
a

3m
0 3.5

4. Find the size of the angle marked with the pronumeral in each of the following, giving your answer
correct to the nearest degree.

a. b.
13.5 89.4
15.3
77.3
C. d.
106.4 g
43.7 187
92.7
e f.
12.36
13.85 7.3 cm 12.2 cm
18.56
9.8 cm

5. Find the size of each of the angles in the following, giving your answers correct to the nearest minute.

b. C.

5.7
0.798 23

0.342

Understanding
6. a. Calculate the length of the sides r, / and h. Write your answers
correct to 2 decimal places.

b. Calculate the area of ABC, correct to the nearest square centimetre.
c. Calculate «BCA.
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7. In the sport of air racing, small planes have to travel between two large towers (or pylons). The
gap between a pair of pylons is smaller than the wing-span of the plane, so the plane has to go
through on an angle with one wing ‘above’ the other. The wing-span of a competition airplane is
8 metres.

a. Determine the angle, correct to 1 decimal place, that the plane has to tilt if the gap between pylons is:
i. 7 metres ii. 6 metres iii. 5 metres.

b. Because the plane has rolled away from the horizontal as it travels between the pylons it loses speed.
If the plane’s speed is below 96 km/h it will stall and possibly crash. For each degree of ‘tilt’ the
speed of the plane is reduced by 0.98 km/h. What is the minimum speed the plane must go through
each of the pylons in part a? Write your answer correct to 2 decimal places.

Reasoning
8. There are two important triangles commonly used in trigonometry. Complete the following steps and
answer the questions to create these triangles.
Triangle 1
— Sketch an equilateral triangle with side length 2 units.
— Calculate the size of the internal angles.
— Bisect the triangle to form two right-angled triangles.
— Redraw one of the triangles formed.
— Calculate the side lengths of this right-angled triangle as exact values.
— Fully label your diagram showing all side lengths and angles.
Triangle 2
— Draw a right-angled isosceles triangle.
— Calculate the sizes of the internal angles.
— Let the sides of equal length be 1 unit long.
— Calculate the length of the third side.
— Fully label your diagram showing all side lengths and angles.
9. a. Use the triangles formed in question 8 to calculate exact values for sin 30°, cos 30° and tan 30°.
Justify your answers.

b. Use the exact values for sin 30°, cos 30° and tan 30° to show that tan 30° = S 3;(())0
cos
¢. Use the formulas sin 6 = % andcos 0 =10 prove that tan 8 = sl Z
cos
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Problem solving
10. During a Science excursion, your class visited an underground cave to observe rock formations. You
were required to walk along a series of paths and steps as shown in the diagram below.

Site 3

1 km

a. Calculate the angle of the incline (slope) you have to travel down between each site. Give your
answers to the nearest whole number.
b. Determine which path would have been the most challenging; that is, which path had the steepest slope.
11. Find the angle # in degrees and minutes.

- N —>

100°

Reflection
How is finding the angle of a right-angled triangle different to finding a side length?

CHALLENGE 5.1
At midday, the hour hand and the minute hand on a standard clock

are both pointing at the twelve. Calculate the angles the minute hand ” 72,
and the hour hand have moved 24.5 minutes later. Express both 2
answers in degrees and minutes. = ° °
9 3
5 \ ) 4
7 &
6
| 4 <
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O./ Angles of elevation and depression
5.7.1 Angles of elevation and depression

» Consider the points A and B, where B is at a higher elevation than A.
B

6 = angle of elevation of B
from A

ALL

Horizontal

If a horizontal line is drawn from A as shown, forming the angle 6, then 0 is called the angle of
elevation of B from A.

* If a horizontal line is drawn from B, forming the angle a, then « is called the angle of depression of
A from B.

Horizontal

ay

B

a = angle of depression
of A from B

A

» Because the horizontal lines are parallel, @ and a have the same size (alternate angles).

WORKED EXAMPLE 16

From a point P, on the ground, the angle of elevation of the top of a tree is 50°. If P is 8 metres
from the tree, find the height of the tree correct to 2 decimal places.
THINK WRITE/DRAW

1 Let the height of the tree be 4. Sketch a diagram and show
the relevant information.

[

Identify the appropriate trigonometric ratio.

Substitute O = h, A = 8 and 6 = 50°.

Rearrange to make 4 the subject.

Calculate and round the answer to 2 decimal places.

A U A W

Give a worded answer. The height of the tree is 9.53 m.
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learn RESOURCES

Watch this eLesson: Height of a satellite (eles-0173)
Complete this digital doc: SkillSHEET: Drawing a diagram from given directions (doc-5228)
Complete this digital doc: WorkSHEET: Elevation and depression (doc-5234)

Exercise 5.7 Angles of elevation and depression assess(]])

Individual pathways

Hl PRACTISE Il CONSOLIDATE Hl MASTER
Questions: Questions: Questions:
1-5, 8, 10 1-6, 9, 10, 14, 15 1-7,9, 11-16

Il B B Individual pathway interactivity: int-4590 learn

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency

1. IIIZE From a point P on the ground the angle of elevation from an observer to the top of a tree is
54°22'. If the tree is known to be 12.19 m high, how far is P from the tree (measured horizontally)?

2. From the top of a cliff 112 m high, the angle of depression to a boat is 9°15’. How far is the boat from
the foot of the cliff?

3. A person on a ship observes a lighthouse on the cliff, which is 830 metres away from the ship. The
angle of elevation of the top of the lighthouse is 12°.
a. How far above sea level is the top of the lighthouse?
b. If the height of the lighthouse is 24 m, how high is the cliff?

4. At a certain time of the day a post, 4 m tall, casts a shadow of 1.8 m. What is the angle of elevation of
the sun at that time?

5. An observer who is standing 47 m from a building measures the angle of elevation of the top of the
building as 17°. If the observer’s eye is 167 cm from the ground, what is the height of the building?

Understanding
6. A surveyor needs to determine the height of a building. She measures the angle of elevation of the top
of the building from two points, 38 m apart. The surveyor’s eye level is 180 cm above the ground.

35050/

T
X 38m "1 180 cm

a. Find two expressions for the height of the building, 4, in terms of x using the two angles.
b. Solve for x by equating the two expressions obtained in a.
c. Find the height of the building.
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7. The height of another building needs to be determined but cannot be found directly. The surveyor
decides to measure the angle of elevation of the top of the building from different sites, which are
75 m apart. The surveyor’s eye level is 189 cm above the ground.

T
75m  |189cm

a. Find two expressions for the height of the building above the surveyor’s eye level, , in terms of x
using the two angles.

b. Solve for x.

c. Find the height of the building.

8. A lookout tower has been erected on top of a cliff. At a distance of 5.8 km from the foot of the cliff,
the angle of elevation to the base of the tower is 15.7° and to the observation deck at the top of the
tower is 16° respectively, as shown in the figure below. How high from the top of the cliff is the obser-
vation deck?

9. Elena and Sonja were on a camping trip to the Grampians,

where they spent their first day hiking. They first walked T~ o
1.5 km along a path inclined at an angle of 10° to the §3€150 m
horizontal. Then they had to follow another path, which was at e—1.4 km—>|
an angle of 20° to the horizontal. They walked along this path
for 1.3 km, which brought them to the edge of the cliff. Here Elena spotted a large gum tree 1.4 km
away. If the gum tree is 150 m high, what is the angle of depression from the top of the cliff to the top
of the gum tree? TS

10. From a point on top of a cliff, two boats are observed. If the 58°
angles of depression are 58° and 32° and the cliff is 46 m above g ’
sea level, how far apart are the boats?
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11. The competitors of a cross-country run are nearing the finish line.
From a lookout 100 m above the track, the angles of depression to the
two leaders, Nathan and Rachel, are 40° and 62° respectively. How
far apart are the two competitors? 100 m

12. A 2.05 m tall man, standing in front of a street light 3.08 m high,
casts a 1.5 m shadow.
a. What is the angle of elevation from the ground to the source of
light?

3.08
b. How far is the man from the bottom of the light pole?

Reasoning

13. Joseph is asked to obtain an estimate of the height of his house
using any mathematical technique. He decides to use an
inclinometer and basic trigonometry. Using the inclinometer,
Joseph determines the angle of elevation, 6, from his eye level to
the top of his house to be 42°. The point from which Joseph
measures the angle of elevation is 15 m away from his house and T f :

the distance from Joseph’s eyes to the ground is 1.76 m. h

a. Fill in the given information on the diagram provided (substitute ¢
values for the pronumerals).

b. Determine the height of Joseph’s house.

14. The angle of elevation of a vertically rising hot air balloon
changes from 27° at 7.00 am to 61° at 7.03 am, according to an
observer who is 300 m away from the take-off point.

a. Assuming a constant speed, calculate that speed (in m/s and
km/h) at which the balloon is rising, correct to 2 decimal
places.

b. The balloon then falls 120 metres. What is the angle of elevation
now? Write your answer correct to 1 decimal place.

Problem solving

15. The angle of depression from the top of one building to the foot of another building across the same
street and 45 metres horizontally away is 65°. The angle of depression to the roof of the same building
is 30°. Calculate the height of the shorter building.

A -

V300 .-

\ Lo ORI

M B B RN E
‘é' .
2"cgo (ORI
!“ .

. (ORI
(ORI
(ORI
(ORI

45 m
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16. P and Q are two points on a horizontal line that
are 120 metres apart. The angles of elevation from
P and Q to the top of a mountain are 36° and
42° respectively. Find the height of the mountain
correct to 1 decimal place.

36° 42°
P 120m Q

Reflection
What is the difference between an angle of elevation and an angle of depression?

5.8 Bearings
5.8.1 Bearings

* A bearing gives the direction of travel from one point or object to another.
* The bearing of B from A tells how to get to B from A. A compass rose would be drawn at A.

N B

S
To illustrate the bearing of A from B, a compass rose would be drawn at B.

N

S
A

* There are two ways in which bearings are commonly written. They are compass bearings and true
bearings.

5.8.2 Compass bearings

* A compass bearing (for example N40°E or S72°W) has three parts.
— The first part is either N or S (for north or south).
— The second part is an acute angle.
— The third part is either E or W (for east or west).
* For example, the compass bearing S20°E means start by facing south and then turn 20° towards the
east. This is the direction of travel.
N40°W means start by facing north and then turn 40° towards the west.
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N N40°W

40°

S20°E

5.8.3 True bearings

* True bearings are measured from north in a clockwise direction and are expressed in 3 digits.
* The diagrams below show the bearings of 025° true and 250° true respectively. (These true bearings

are more commonly written as 025°T and 250°T.)
N 025°T

255

w E Vi/< 250

250°T

WORKED EXAMPLE 17

A boat travels a distance of 5 km from P to Q in a direction of 035°T.

a How far east of P is Q?
b How far north of P is Q?
¢ What is the true bearing of P from Q?

THINK

a 1 Draw a diagram showing the distance and bearing of
Q from P. Complete a right-angled triangle travelling
x km due east from P and then y km due north to Q.

2 To determine how far Q is east of P, we need to
find the value of x. We are given the length of the
hypotenuse (H) and need to find the length of the
opposite side (O). Write the sine ratio.

3 Substitute O = x, H =5 and 6§ = 35°.

4 Make x the subject of the equation.

5 Evaluate and round the answer, correct to 2 decimal
places.

WRITE/DRAW
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6 Write the answer in words. Point Q is 2.87 km east of P.

b 1 To determine how far Q is north of P, we need to b cos 0 = £
find the value of y. This can be done in several ways,
namely: using the cosine ratio, the tangent ratio, or
Pythagoras’ theorem. Write the cosine ratio.

2 Substitute A = y, H = 5 and = 35°. cos 35° = )g
3 Make y the subject of the equation. y = 5 cos 35°
4 Evaluate and round the answer, correct to 2 decimal ~ 4.10
places.
S Write the answer in words. Point B is 4.10 km north of A.
¢ 1 To find the bearing of P from Q, draw a compass rose ¢ AN

at Q. The true bearing is given by £6.

b

35°
P X
2 The value of @ is the sum of 180° (from north to True bearing = 180° + «
south) and 35°. Write the value of 6. a = 35°
True bearing = 180° + 35°
= 215°
3 Write the answer in words. The bearing of P from Q is 215°T.

* Sometimes a journey includes a change in directions. In such cases, each section of the journey should
be dealt with separately.

WORKED EXAMPLE 18

A boy walks 2 km on a true bearing of 090° and then 3 km on a true bearing of 130°.

a How far east of the starting point is the boy at the completion of his walk? (Answer correct to
1 decimal place.)

b How far south of the starting point is the boy at the completion of his walk? (Answer correct
to 1 decimal place.)

¢ To return directly to his starting point, how far must the boy walk and on what bearing?

THINK WRITE/DRAW
a 1 Draw a diagram of the boy’s journey. The first legof a N N
the journey is due east. Label the easterly component I \1300
x and the southerly component y. Ol 2 = E
50°
y 3
X Q
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Werite the ratio to find x.
Substitute O = x, H = 3 and 9 = 50°.

Make x the subject of the equation.
Evaluate and round correct to 1 decimal place.

Add to this the 2 km east that was walked in the first
leg of the journey and give a worded answer.

To find y (see the diagram in part a) we can use
Pythagoras’ theorem, as we know the lengths of two
out of three sides in the right-angled triangle. Round
the answer correct to 1 decimal place. Nofe: Alterna-
tively, the cosine ratio could have been used.

Werite the answer in words.

Draw a diagram of the journey and write in the
results found in parts a and b. Draw a compass rose

at Q.

Find z using Pythagoras’ theorem.

Find o using trigonometry.

Make a the subject of the equation using the inverse
tangent function.

Evaluate and round to the nearest minute.

The angle f gives the bearing.

Write the answer in words.

sin 0 = 0
H
sin 50° = =
3
x = 3 sin 50°
~ 2.3 km

Total distance east = 2 + 2.3
= 4.3 km

The boy is 4.3 km east of the starting
point.

Distance south = y km

a? = c* - p?

y> =32-232
=9-529
=3.71

y =Vv3.71
= 1.9 km

The boy is 1.9 km south of the starting
point.

4.3

O

22 =1.92 + 432
=22.1
7z =vV22.1
~ 4.70
43
tanoa = —
1.9

a = tan™! = |
1.9

= 66.161259 82°
= 66°9'40.535"
= 66°10’

p = 360° — 66°10’
= 293°50’

The boy travels 4.70 kmon a
bearing of 293°50 T.
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Exercise 5.8 Bearings assess([]]

Individual pathways

Il PRACTISE Il CONSOLIDATE B MASTER
Questions: Questions: Questions:
1, 2, 3a—d, 4a-b, 5-7, 11 1, 2, 3, 4a—c, 5-8, 11, 13 1-6, 8-14

Il M W Individual pathway interactivity: int-4591 learn

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency
1. Change each of the following compass bearings to true bearings.
a. N20°E b. N20°W c S35°W
d. S28°E e. N34°E f. S42°W
2. Change each of the following true bearings to compass bearings.
a. 049°T b. 132°T ¢ 267°T
d. 330°T e. 086°T f. 234°T
3. Describe the following paths using true bearings.
a. N b. N
\)) (e
@ 35
W 737 E
2
S
C. N
W E
35°
&
S
e N
N
&
% 502
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4. Show each of the following journeys as a diagram.
a. A ship travels 040°T for 40 km and then 100°T for 30 km.
b. A plane flies for 230 km in a direction 135°T and a further 140 km in a direction 240°T.
¢. A bushwalker travels in a direction 260°T for 0.8 km, then changes direction to 120°T for 1.3 km,
and finally travels in a direction of 32° for 2.1 km.
d. A boat travels N40°W for 8 km, then changes direction to S30°W for 5 km and then S50°E for 7 km.
e. A plane travels N20°E for 320 km, N70°E for 180 km and S30°E for 220 km.

5. [I3H a. A yacht travels 20 km from A to B on a bearing of 042°T:

i. how far east of A is B?

ii. how far north of A is B?

iii. what is the bearing of A from B?

b. The yacht then sails 80 km from B to C on a bearing of 130°T.

i. Show the journey using a diagram.

ii. How far south of B is C?

ili. How far east of B is C?

iv. What is the bearing of B from C?

o4

6. If a farmhouse is situated 220 m N35°E from a shed, what is the true bearing of the shed from the
house?

Understanding

7. A pair of hikers travel 0.7 km on a true bearing of 240° and then 1.3 km on a true bearing of 300°.
How far west have they travelled from their starting point?

8. IIZA A boat travels 6 km on a true bearing of 120° and then 4 km on a true bearing of 080°.
a. How far east is the boat from the starting point on the completion of its journey?
b. How far south is the boat from the starting point on the completion of its journey?
¢. What is the bearing of the boat from the starting point on the completion of its journey?

9. A plane flies on a true bearing of 320° for 450 km. It then flies on a true bearing of 350° for 130 km
and finally on a true bearing of 050° for 330 km. How far north of its starting point is the plane?

Reasoning

10. A bushwalker leaves her tent and walks due east for 4.12 km, then walks a further 3.31 km on a bear-
ing of N20°E. If she wishes to return directly to her tent, how far must she walk and what bearing
should she take? (Answer to the nearest degree.)
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11. A car travels due south for 3 km and then due east for 8 km. What is the bearing of the car from its
starting point? (Answer to the nearest degree.)

12. If the bearing of A from O is 6°T, then what is the bearing of O from A:
a. if 0° < 8° < 180° b. if 180° < 68° < 360°?

Problem solving
13. A boat sails on a compass direction of E12°S for 10 km then changes direction to S27°E for another
20 km. The boat then decides to return to its starting point.

a. How far, correct to 2 decimal places, is the boat from its starting point?
b. On what bearing should the boat travel to return to its starting point? Write the angle correct to the
nearest degree.

14. Samantha and Tim set off early from the car park of a national park to hike for the day. Initially they
walk N60O°E for 12 km to see a spectacular waterfall. They then change direction and walk in a south-
easterly direction for 6 km, then stop for lunch. Give all answers correct to 2 decimal places.

a. Make a scale diagram of the hiking path they completed.
b. How far north of the car park are they at the lunch stop?
c. How far east of the car park are they at the lunch stop?
d. What is the bearing of the lunch stop from the car park?
Samantha and Tim then walk directly back to the car park.
e. Calculate the distance they have covered after lunch.

Reflection
What is the difference between true bearings and compass directions?

CHALLENGE 5.2

Starting from their base in the national park, a group of
bushwalkers travel 1.5 km at a true bearing of 030°, then 3.5 km
at a true bearing of 160°, and then 6.25 km at a true bearing of
300°. How far, and at what true bearing, should the group walk
to return to its base?
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59 Applications
5.9.1 Applications of trigonometry

* When applying trigonometry to practical situations, it is essential to draw good mathematical
diagrams using points, lines and angles.
* Several diagrams may be required to show all the necessary right-angled triangles.

WORKED EXAMPLE 19 Tl | CASIO

A ladder of length 3 m makes an angle of 32° with the wall.
a How far is the foot of the ladder from the wall?

b How far up the wall does the ladder reach?

¢ What angle does the ladder make with the ground?

THINK WRITE/DRAW

Sketch a diagram and label the sides of the right-angled
triangle with respect to the given angle.

>

. 0)
a 1 Weneed to find the distance of the foot of the ladder from a  sin € = o
the wall (O) and are given the length of the ladder (H).
Write the sine ratio.
2 Substitute O = x, H = 3 and 6 = 32°. sin 32° = %‘
3 Make x the subject of the equation. x = 3sin 32°
4 Evaluate and round the answer to 2 decimal places. ~ 1.59 m
S Write the answer in words. The foot of the ladder is 1.59 m
from the wall.
b 1 We need to find the height the ladder reaches up the b cosf = %

wall (A) and are given the hypotenuse (H). Write the
cosine ratio.

2 Substitute A = y, H = 3 and 6 = 32°. cos 32° = %
3 Make y the subject of the equation. y = 3cos 32°
4 Evaluate and round the answer to 2 decimal places. vy~ 2.54m
S Write the answer in words. The ladder reaches 2.54 m up the
wall.
¢ 1 To find the angle that the ladder makes with the ground, ¢ « + 90° + 32° = 180°
we could use any of the trigonometric ratios, as the a+ 122° = 180°
lengths of all three sides are known. However, it is a = 180° — 122°
quicker to use the angle sum of a triangle. a = 58
2 Write the answer in words. The ladder makes a 58° angle with
the ground.
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learn RESOURCES

Try out this interactivity: Drafting problems (int-2781)

Exercise 5.9 Applications assess[]])

Individual pathways

Bl PRACTISE Il CONSOLIDATE H MASTER

Questions: Questions: Questions:

1-4, 8,10, 15 1-5, 8, 11,13, 14,16 1,8,4,6,7,9, 12-17
Il M W Individual pathway interactivity: int-4592 learn

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency
1. A carpenter wants to make a roof pitched at 29°30’, as shown in the diagram. How long should he cut

the beam, PR?

29°30’
10.6 m

Q

2. The mast of a boat is 7.7 m high. A guy wire from the top of the mast is fixed to the deck 4 m from
the base of the mast. Determine the angle the wire makes with the horizontal.

Understanding
3. A steel roof truss is to be made to the following design.

20°

I 10 m I
a. How high is the truss?
b. What is the total length of steel required to make the truss?
4. [I3H A ladder that is 2.7 m long is leaning against a wall at an angle of 20° as shown.
T

20°
2.7m

\ B
If the base of the ladder is moved 50 cm further away from the wall, what angle will the ladder make
with the wall?
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5. A wooden framework is built as shown.

38° =
A B

Bella plans to reinforce the framework by adding a strut from C to the midpoint of AB. What will be
the length of the strut?

6. Atlanta is standing due south of a 20 m flagpole at a point where the angle of elevation of the top of
the pole is 35°. Ginger is standing due east of the flagpole at a point where the angle of elevation of
the top of the pole is 27°. How far is Ginger from Atlanta?

7. From a point at ground level, Henry measures the angle of elevation of the top of a tall building to be
41°. After walking directly towards the building, he finds the angle of elevation to be 75°. If the build-
ing is 220 m tall, how far did Henry walk between measurements?

8. Sailing towards a mountain peak of height 893 m, Imogen measured the angle of elevation to
be 14°. A short time later the angle of elevation was 27°. How far had Imogen sailed in that time?

9. A desk top of length 1.2 m and width 0.5 m rises to 10 cm.

Calculate:
a. «.DBF b. ~CBE.

10. A cuboid has a square end.

H G
| X
D~ C TE"F
e - 45 cm
A25:cm B

a. If the length of the cuboid is 45 cm and its height and width are 25 cm each, calculate:

i. the length of BD ii. the length of BG iii. the length of BE
iv. the length of BH v. «.FBG vi. zZEBH.
b. If the midpoint of FG is X and the centre of the rectangle ABFE is O calculate:
i. the length OF ii. the length FX
iii. «<FOX iv. the length OX.

TOPIC 5 Trigonometry | 209



11. In a right square-based pyramid, the length of the side of the base is 12 cm and the height is 26 cm.

A

12 cm

Determine:

a. the angle the triangular face makes with the base
b. the angle the sloping edge makes with the base
c. the length of the sloping edge.

12. In a right square-based pyramid, the length of the side of the square base is 5.7 cm.

5.7 cm

If the angle between the triangular face and the base is 68°, determine:
a. the height of the pyramid

b. the angle the sloping edge makes with the base
c. the length of the sloping edge.

In a right square-based pyramid, the height is 47 cm. If the angle between a triangular face and the
base is 73°, calculate:

a. the length of the side of the square base

b. the length of the diagonal of the base

c. the angle the sloping edge makes with the base.
Reasoning

13.

14. Aldo the carpenter is lost in a rainforest. He comes across a large river and he knows that he can not

swim across it. Aldo intends to build a bridge across the river. He draws some plans to calculate the
distance across the river as shown in the diagram below.

H3em I

e
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a. Aldo used a scale of 1 cm to represent 20 m. Find the real-life distance represented by 4.5 cm in

Aldo’s plans.
b. Use the diagram below to write an equation for / in terms of d and the two angles.

¢. Use your equation from b to find the distance across the river, correct to the nearest metre.
15. A block of cheese is in the shape of a rectangular prism as shown. The cheese is to be sliced with
a wide blade that can slice it in one go. Calculate the angle (to the vertical) that the blade must be

inclined if:
a. the block is to be sliced diagonally into two identical triangular wedges

4.8 cm >
- 7.4 cm

10 cm
b. the blade is to be placed in the middle of the block and sliced through to the bottom corner, as

shown.

4.8 cm 3
- 7.4 cm

Problem solving
16. A sphere of radius length 2.5 cm rests in a hollow inverted cone as shown. The height of the cone is

12.5 cm and its vertical angle is equal to 36°.

)

a. Find the distance, d, from the tip of the cone to the point of contact with the sphere.
b. Find the distance, 4, from the open end of the cone to the bottom of the ball.
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17. The ninth hole on a municipal golf course is 630 m from the tee. A golfer drives a ball from the tee a
distance of 315 m at a 10° angle off the direct line as shown.

Hole

630 m
10°

315m

Tee

Find how far the ball is from the hole and state the angle of the direct line that the ball must be hit
along to go directly to the hole. Give your answers correct to 1 decimal place.

Reflection
What are some real-life applications of trigonometry?

5.10 Review

5.10.1 Review questions

Fluency
1. [ The most accurate measure for the length of the third side in the triangle below is:
A. 4.83m B. 23.3cm C. 3.94m D. 2330mm E. 4826 mm

5.6m
2840 mm
2. [ What is the value of x in this figure?
A. 54 B. 7.5 c. 10.1 D. 10.3 E. 4
X
5
2 7
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3. I3 What is the closest length of AG of the cube below?
A. 10 B. 30 c. 20 D. 14 E. 17

H 10 G
4. I3 If sin 38° = 0.6157, which of the following will also give this result?

A. sin 218° B. sin 322° C. sin 578° D. sin 682° E. sin 142°
5. I3 The angle 118°52'34"” is also equal to:
A. 118.5234° B. 118%O C. 118.861° D. 118.876° E. 118.786°
6. I3 Which trigonometric ratio for the triangle shown below is incorrect?
A.sinazlg’ B.sina =" C.cosa=" D.tanazg E.tan0 =
a b
a (4

7. [IId Which of the following statements is correct?
A. sin 55° = cos 55° B. sin 45° = cos 35° C. cos 15° = sin 85°
D. sin 30° = sin 60° E. sin 42° = cos 48°

8. [IId Which of the following can be used to find the value of x in the diagram below?

28.7

35°

X

A. 28.7sin 35° B. 28.7cos 35° C. 28.7tan 35° 287 287

" sin 35° " cos 35°

9. I3 Which of the following expressions can be used to find the value of a in the triangle shown?

75 35

a

~135 . 175 ~135
12 c.sin”! 2 D. cos™' 22

A. 35sin 75 B. sin 25 35 75

10. 13 If a school is 320 m S42°W from the police station, what is the true bearing of the police station

from the school?
A. 042°T B. 048°T C. 222°T D. 228°T E. 312°T
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11.

12.

13.

14.

15.

16.
17.

18.

Calculate x, correct to 2 decimal places.

a. b. 117 mm
X
123.1 cm 82 mm x
48.7 cm
Calculate the value of the pronumeral, correct to 2 decimal places.
13.4 cm
X : : X
Calculate the height of this pyramid.
10 mm
8 mm
8 mm

A person standing 23 m away from a tree observes the top of the tree at an angle of elevation of 35°.
If the person’s eye level is 1.5 m from the ground, what is the height of the tree?

A man with an eye level height of 1.8 m stands at the window of a tall building. He observes his
young daughter in the playground below. If the angle of depression from the man to the girl is 47° and
the floor on which the man stands is 27 m above the ground, how far from the bottom of the building
is the child?

A plane flies 780 km in a direction of 185°T. How far west has it travelled from the starting point?
A hiker travels 3.2 km on a bearing of 250°T and then 1.8 km on a bearing of 320°T. How far west
has she travelled from the starting point?

If a 4 m ladder is placed against a wall and the foot of the ladder is 2.6 m from the wall, what angle
(in degrees and minutes) does the ladder make with the wall?

Problem solving

19.

21.

22.

The height of a right square-based pyramid is 13 cm. If the angle the face makes with the base is 67°, find:
a. the length of the edge of the square base

b. the length of the diagonal of the base

c. the angle the slanted edge makes with the base in degrees and minutes.

. A car is travelling northwards on an elevated expressway 6 m above ground at a speed of 72 km/h. At

noon another car passes under the expressway, at ground level, travelling west, at a speed of 90 km/h.

a. How far apart, in metres, are the two cars 40 seconds after noon?

b. At this time the first car stops, while the second car keeps going. At what time will they be 3.5 km
apart? Write your answer correct to the nearest tenth of a second.

Two towers face each other separated by a distance, d, of 20metres. As seen from the top of the first

tower, the angle of depression of the second tower’s base is 59° and that of the top is 31°. What is the

height, in metres correct to 2 decimal places, of each of the towers?

A piece of flat pastry is cut in the shape of a right-angled triangle. The longest side is 60 cm and the

shortest is 2b cm.

a. Find the length of the third side. Give your answer in exact form.

b. Find the sizes of the angles in the triangle.

c. Prove that the area of the triangle is equal to 4v/2b%*cm?.
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23. A yacht is anchored off an island. It is 2.3 km from the yacht club and 4.6 km from a weather station.
The three points form a right angled triangle at the yacht club.

Yacht club Weather station

2.3 km

Yacht

a. Calculate the angle at the yacht between the yacht club and the weather station.

b. Calculate the distance between the yacht club and the weather station.
The next day the yacht travels directly towards the yacht club, but is prevented from reaching the
club because of dense fog. The weather station notifies the yacht that it is now 4.2 km from the
station.

c¢. Calculate the new angle at the yacht between the yacht club and the weather station.

d. Determine how far the yacht is now from the yacht club.

learn RESOURCES — ONLINE ONLY
Try out this interactivity: Word search: Topic 5 (int-2838)
Try out this interactivity: Crossword: Topic 5 (int-2839)
Try out this interactivity: Sudoku: Topic 5 (int-3592)

Complete this digital doc: Concept map: Topic 5 (doc-13720)

Language
It is important to learn and be able to use correct mathematical language in order to communicate

effectively. Create a summary of the topic using the key terms below. You can present your summary
in writing or using a concept map, a poster or technology.

adjacent dimensions pyramid

angle of depression equilateral Pythagoras’ theorem
angle of elevation horizontal ratio

bearing hypotenuse second

compass rose inverse sine

cosine isosceles tangent

cuboid minute true bearing

degree opposite wedge

Link to assessON for questions to test your
a SSE 55 readiness FOR learning, your progress AS
¢ you learn and your levels OF achievement.

assessON provides sets of questions for
every topic in your course, as well as giving
instant feedback and worked solutions to
help improve your mathematical skills.

www.assesson.com.au
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Investigation | Rich task
How steep is the land?

When buying a block of land on which to build a house, the slope
of the land is often not very obvious. The slab of a house built on
the ground must be level, so it is frequently necessary to remove
or build up soil to obtain a flat area. The gradient of the land can be
determined from a contour map of the area.

Consider the building block below right. The contour lines
join points having the same height above sea level. Their meas-
urements are in metres. The plan clearly shows that the land rises
from A to B. The task is to determine the angle of this slope.

1. A cross-section shows a profile of
the surface of the ground. Let us look B / 172
at the cross-section of the ground 173

between A and B. The technique

used is as follows.

* Place the edge of a piece of paper 172V 1S
on the line joining A and B. '

* Mark the edge of the paper at the
points where the contour lines

intersect the paper. 171

* Transfer this paper edge to the Contour
horizontal scale of the profile and lines
mark these points, e

* Choose a vertical scale within the
range of the heights of the contour / 170
lines.

* Plot the height at each point where / V4 / A
a contour line crosses the paper.

* Join the points with a smooth curve. Scale 1 : 500

The cross-section has been started for you. Complete the profile of the line AB. You can now
see a visual picture of the profile of the soil between A and B.

Cross-section of AB

173 1 - 173
172.5 4 -172.5
_ z
L 1721 F172 ¢
Q =
: 3
% 171.5 4 -171.5 5
2 g
T 1714 171
170.5 A -170.5
170B T T T T T A170

Profile of line BA (metres)
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2. We now need to determine the horizontal distance between A and B.
a. Measure the map distance between A and B using a ruler. What is the map length?
b. Using the scale of 1:500, calculate the actual horizontal distance AB (in metres).
3. The vertical difference in height between A and B is indicated by the contour lines. What is this
vertical distance?
4. Complete the measurements on this diagram.
B

Vertical
distance

B aonooooa m a A

Horizontal distance = ........ m

5. The angle a represents the angle of the average slope of the land from A to B. Use the tangent
ratio to calculate this angle (to the nearest minute).

6. In general terms, an angle less than 5° can be considered a gradual to moderate rise. An angle
between 5° and 15° is regarded as moderate to steep while more than 15° is a steep rise. How
would you describe this block of land?

7. Imagine that you are going on a bush walk
this weekend with a group of friends. At
right is a contour map of the area. Starting at
X, the plan is to walk directly to the hut. .

Draw a cross-section profile of the walk and

calculate the average slope of the land. How
would you describe the walk?

Scale 1 : 20000

learn RESOURCES

Complete this digital doc: Code puzzle: What will Sir have to follow the chicken? (doc-15925)
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Answers
TOPIC 5 Trigonometry |

Exercise 5.2 Pythagoras’ theorem

1.a. 7.86 b. 33.27 c. 980.95 d. 12.68 e. 2.85 f. 175.14
2.a. 36.36 b. 1.62 c. 1537 d. 0.61 e. 2133.19 f. 453.90
3.23.04 cm
4.12.65 cm
S5.a. 14.14 cm b. 24.04 cm c. 453 cm
6.a. 74.83 cm b. 249.67 cm c. 3741.66 cm?
7.a. 6.06 b. 4.24 c. 4.74
8.14.84 cm
9.15.59 cm
10.19.23 cm
11.72.75 cm; 3055.34 cm?
12.39 m
13.4.34 km
14.38.2 m
15.63.06 mm
16.a. 32 cm b. 768 cm?
17.26.83 diagonals, so would need to complete 27
18.4701.06 m
19.9.90 cm
20. a. 65 b. 185 c. 305

21. a. Neither 105 nor 208 can be the hypotenuse of the triangle, because they are the two smallest values. The other two values
could be the hypotenuse if they enable the creation of a right-angled triangle.

b. 105, 208, 233
22.a. 21 cm b. 35 cm c.y=12.6 cmand RS = 9.8 cm
23.13.86 cm

Exercise 5.3 Pythagoras’ theorem in three dimensions
1.a. 13.86 b. 13.93 c. 18.03
2.12.21, 12.85
3.484m, 1.77m
4.8.49,4.24
5.31.62 cm
6.10.58 cm
7.23 mm
8.a.i. 233.24m ii. 200.12 m iii. 120.20 m

b. 116.83 m
9.14.72 cm

10.12.67 cm

11.42.27 cm

12.1.49 m, 7.43 m?

13. Students’ own working

14.186.5 m

15.25.475

16.28.6 m
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Exercise 5.4 Trigonometric ratios

1.a. 0.5000 b. 0.7071 c. 0.4663
2.a. 0.6494 b. 0.5885 ¢. 0.5220

g. 0.8120 h. 0.5253 i. —0.8031

m. 1.7321 n. —0.5736 0. 0.1320
3.a. 50° b. 24° c. 53°
4.a. 54°29’ b. 6°19’ ¢. 0°52/
5.a. 26°33'54" b. 64°1/25" ¢. 64°46/59"
6.a. 2.824 b. 71.014 ¢. 20.361

g. 7.232 h. 32.259 i. 4909.913
T.a.isin(9) =7 ii.cos(0) =7 iii. tan (0) = ¢

b.isin(@="  iicos@=" iii. tan (a) =1

¢ i sin(f) = ii. cos () =1 jiii. tan(p) = f

d.i. sin(y) = :ni ii. cos(y) = % iii. tan(y) = %

e i sin(p) =2 ii. cos () = iii. tan (§) =

f. i. sin(y) = 5 ii. cos(y) = ﬁ iii. tan(y) = ;
8.a.sin(0) = % b. cos(0) = % c. tan (0) = g
9.a.

P
A
. i. sin(37°) = 0.60 ii. cos(37°) =0.75
a =53°

.i. sin(53°) = 0.80
. They are equal.

ii. cos(53°) = 0.60

-0 B0

. They are equal.

d. 0.8387 e. 8.1443 f. 0.7193
d. —1.5013 e. 0.9990 f. 0.6709
j- 0.4063 k. 0.9880 1. —0.9613
d. 71° e. 86° f. 41°
d. 72°47 e. 44°48' f. 26°45’
d. 48°5'22” e. 36°52'12" f. 88°41'27"
d. 2.828 e. 226.735 f. 1.192
j- 0.063 k. 0.904 1. 14.814
_36 . oy _ 13 . _ 186
d. tan(0) = N e. sin (25°) = - f. sin(a) = s

iii. tan(37°) = 0.80

jiii. tan(53°) = 1.33

g. The sin of an angle is equal to the cos of its complement angle.

S0 _ PP — tan (0)

10.5in(0) = 22, cos(9) = 24 = c0s(0) _ adj

hyp hyp
1l.a. B2 =a® — x?

12.DC =x +

y
tan (0)

b. 2 = c? — b? + 2bx — x?

c. Teacher to check d. Teacher to check

Exercise 5.5 Using trigonometry to calculate side lengths

1. a. 8.660 b. 7.250 c. 8412

2.a. 0.79 b. 4.72 c. 101.38

3.a.3345m b. 74.89 m c. 44.82m

4.a. x=31.58cm b.y=17.67m c.z=1487Tm
d.p=67.00m e p=2138km, ¢ =4229km

S5.a. 6.0m b. 6.7 m

6.1.05m

7.a. x =3091 cm, y =29.86 cm, z =39.30 cm
8. a. In an isosceles right-angled triangle

9.a, h =tan(47°48)x m
h =tan(36°24') (x + 64) m

b. 129.07 m

10. 60

d. 7.76 mm e. 80.82 km f. 9.04 cm

f.a=0.70km, b = 0.21 km

b. 2941.54 cm?

b. 0 < 45°
c. 14420 m
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Exercise 5.6 Using trigonometry to calculate angle size

1. a. 67° b. 47° c. 69°
2. a. 54°47 b. 33°45’ c. 33°33’
3. a. 75°31'21" b. 36°52'12" c. 37°38'51"
4. a. 41° b. 30° c. 49° d. 65° e. 48° f. 37°
5.a. a=25%7,b = 64°13’ b. d = 25°23', e = 64°37’ c. x =066°12", y =23°48'
6. a. r=5758, 1 =34.87, h = 28.56
b. 428 cm? c. 29.7°
7. a.i. 29.0° ii. 41.4° iii. 51.3°
b.i. 12442km/h  ii. 136.57 km/h iii. 146.27 km/h
8. Answers will vary.
9. a. sin30° = %, cos 30° = ?, tan 30° = ?
b. Answers will vary. c. Answers will vary.

10. a. Between site 3 and site 2: 61°
Between site 2 and site 1: 18°
Between site 1 and bottom: 75°

b. Between site 1 and bottom: 75° slope
11.31°57

Challenge 5.1
147°0"; 12°15’

Exercise 5.7 Angles of elevation and depression
1.8.74 m

2.687.7 m
3.a. 17642 m b. 15242 m
4. 65°46
5.16.04 m
6.a. h = xtan (47°12") m; h = (x + 38) tan (35°50") m
b. x = 76.69 m c. 84.62m
7.a. h = xtan (43°35") m; h = (x + 75) tan (32°18’) m
b. 14837 m c. 143.10 m
8.0.033 km or 33 m
9.21°
10.44.88 m
11.66 m
12.a. 54° b. 0.75 m

13.a. b. 1527 m

14.a. 2.16 m/s, 7.77 km/h b. 54.5°
15.70.522 m
16.451.5m
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Exercise 5.8 Bearings

1. a. 020°T b. 340°T
2.a. N49°E b. S48°E
3.a. 3km 325°T

d. 4 km 090°T, then 2.5 km 035°T

ii. 14.86 km

6.215°T

7.1.732 km

8.a. 9.135km

9. 684.86 km
10.6.10 km and 239°T
11.111°T

b. 2.305 km

12.a. (180 — 6)°T b. (6 — 180)°T

13.a. 27.42 km

b. N43°W or 317°T
14. a.

Car park
b. 1.76 km North

Challenge 5.2
3.65 km on a bearing of 108°T

Exercise 5.9 Applications
1.6.09 m

2.62°33’

3.a. 1.82m b. 27.78 m

c. 14.63 km East

c. 215°T d. 152°T
c. S87°W d. N30°W
b. 2.5 km 112°T

e. 12 km115°T, then 7 km 050°T

e. 034°T f. 222°T
e. N86°E f. S54°W
c. 8§ km 235°T

f. 300 m 310°T, then 500 m 220°T

iii. 222°T
ii. 51.42km iii. 61.28 km iv. 310°T
c. 104°10'T
d. N83.15°E e. D =14.74 km
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4.31°49’
5.5.94 m
6.49 m
7.194 m
8.1.829 km
9.a. 11°32/

10. a. i. 3536 cm
iv. 57.23 cm

b. i. 25.74 cm
11.a. 77°
12.a. 7.05 cm
13.a. 28.74 cm

14.a. 90 m

c. 250 m
15.a. 122.97°
16. a. 8.09 cm

b. 4°25’
ii. 51.48 cm iii. 51.48 cm
v. 29°3’ vi. 25°54
ii. 12.5cm iii. 25°54’ iv. 28.61 cm
b. 71°56’ c. 27.35cm
b. 60°15’ c. 8.12cm
b. 40.64 cm c. 66°37
b. h = ﬂ X tan 0,
tan 6, + tan 6,
b. 142.37°
b. 6.91 cm

17. Golfer must hit the ball 324.4 m at an angle of 9.7° off the direct line.

5.10 Review
l.e

2.d
3.e
4.e
5.d
6.b
7.e
8.b
9.b
10.a

11.a. x = 113.06 cm

12.9.48 cm
13.8.25 mm
14.17.6 m
15.26.86 m
16.67.98 km
17.4.16 km

18. 40°32’
19.a. 11.04 cm

20. a. 1280.64 m

21.33.29m, 21.27m

22.a. 4V2b

23.a. 60°

b. x = 83.46 mm

b. 15.61 cm c. 59°1"
b. 12:02:16.3 pm

b. 19.5°, 70.5°, 90°.

b. 3.98 km c. 71.5° d. 1.33km

¢. Area = %base X height
=1 X 2bx 4V2b
= 4V2b*em?
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Investigation — Rich task

1. Cross-section of AB
173 173
172.5 r172.5
7 172 A r172 =
2 1
51 51
g £
= 171.5 1 1715 =
.20 .20
L [
T et
171 A 171
170.5 - 170.5
170 — . L %170
B A
Profile of line BA (metres)
2.a. 8cm b. 40 m
3.3m
4. B
Vertical
distance
=3m a A
Horizontal distance = 40 m
S.a=4°17
6. Gradual to moderate
7. Cross-section X to hut
300 » 300
B B
g 250 1 250 2
= =
.20 b
£ 200 - 200 £
150 L L 150
X Hut
Profile of X to hut

The average slope is 11.46° — moderate to steep.
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MEASUREMENT AND GEOMETRY

TOPIC 6

Surface area and volume

0.1 Overview

Numerous videos and interactivities are
embedded just where you need them, at the
point of learning, in your learnON title at www.
jacplus.com.au. They will help you to learn the
content and concepts covered in this topic.

6.1.1 Why learn this?

Humans must measure! How much paint or
carpet will you need to redecorate your bed-
room? How many litres of water will it take to
fill the new pool? How far is it to the end of
the universe? These are just a few examples
of where measurements skills are needed.
Measuring tools have advanced significantly
in their capacity to measure extremely small
and extremely large amounts, leading to many
breakthroughs in medicine, engineering,
science, architecture and astronomy.

6.1.2 What do you know?

assess[J])

1. THINK List what you know about measurement. Use a thinking tool such as a concept map to show

your list.

2. PAIR Share what you know with a partner and then with a small group.
3. SHARE As a class, create a thinking tool such as a large concept map wheel that shows your class’s

knowledge of measurement.

LEARNING SEQUENCE

6.1 Overview

6.2 Area

6.3 Total surface area
6.4 Volume

6.5 Review

( Iearnm RESOURCES — ONLINE ONLY

H Watch this eLesson: The story of mathematics: Australian megafauna (eles-1845)
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0.2 Area

6.2.1 Area

* The area of a figure is the amount of surface covered by the figure.

* The units used for area are mm?, cm?, m?, km? or ha (hectares), depending upon the size of the figure.
1 ha = 10 000 (or 10%) m?

* There are many real-life situations that require an understanding of the area concept. Some are, ‘the
area to be painted’, ‘the floor area of a room or house’, ‘how much land one has’ and ‘how many tiles
are needed for a wall’.

* It is important that you are familiar with converting units of area.

6.2.2 Using area formulas

* The area of many plane figures can be found by using a formula. The table below shows the formula
for the area of some common shapes.

/>

Shape Formula
1. Square [T A=P
[
2. Rectangle A=lw
Tw

3. Triangle A=lpn

. 2

b
4. Trapezium a A=1a+bh
1 2
O
b
5. Circle @ A=
6. Parallelogram A =bh
7. Sector A= 0 % 12
360°
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Shape Formula

8. Kite A= %xy, where x and y are diagonals.
(including
rhombus)

9. Ellipse A = mab, where a and b are the lengths of the

semi-major and semi-minor axes respectively.

Note: A calculator uses a stored value for z of approximately 3.141 592 654. Before calculators were
in common usage, 7 was often taken to be approximately % or 3.14. You are advised to use the =
button on your calculator rather than 27—2 or 3.14.

6.2.3 Heron’s formula

 If the lengths of all three sides of a triangle are known, its area, A, can b a
be found by using Heron’s formula: A = Vs(s —a) (s — b) (s — ¢) /\

where a, b and c are the lengths of the three sides and s is the c
. . a+b+c
semi-perimeter where s = —
WORKED EXAMPLE 1 Tl | CASIO
Find the areas of the following plane figures, correct to 2 decimal places.
a b c
3cm Scm
15cm
6 cm
\Y;
THINK WRITE
a 1 Three side lengths are known, but not the height. a A=V s(s — a)(s — b)(s — ¢)
In this case apply Heron’s formula.
2 Identify the values of a, b and c. a=3,b=5,c=6
3 Calculate the value of s, the semi-perimeter of the § = %
triangle. 34546
2
_ 14
2
=7
4 Substitute the values of a, b, ¢ and s into Heron’s A= \/7(7 —3)(7—=5)(7 — 6)
formula and evaluate, correct to 2 decimal places. =VIx4x2x1
= /56
= 7.48 cm?
b 1 The shape shown is an ellipse. Write the appropriate b A = mab
area formula.
2 Identify the values of a and b (the semi-major and a=5b=2

semi-minor axes).
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3 Substitute the values of a and b into the formula and A=rmX5X%X2

evaluate, correct to 2 decimal places. = 31.42 cm?
¢ 1 The shape shown is a sector. Write the formula for c A= 0 X mr?
. 360°
finding the area of a sector.
2 Write the value of 6 and r. 0 =40°,r=15
3 Substitute and evaluate the expression, correct to A= 6000 X mx 152
2 decimal places. — 78 54 cm?

6.2.4 Areas of composite figures
* A composite figure is a figure made up of a combination of simple figures.
* The area of a composite figure can be calculated by:
— calculating the sum of the areas of the simple figures that make up the composite figure
— calculating the area of a larger shape and then subtracting the extra area involved.

WORKED EXAMPLE 2

Find the area of each of the following composite shapes.

a bA

B
€ AB=%cm I L —
EC =6 cm
FD=2cm 4+ 9cm
D C
2cm|
E
A B /
5cm =4
b 0, O
H 10 cm G
THINK WRITE

a 1 ACBD is a quadrilateral that can be splitinto a Area ACBD = Area AABC + Area AABD
two triangles: AABC and AABD.

2 Write the formula for the area of a triangle A =Llon
L. K triangle )
containing base and height.
3 Identify the values of b and h for AABC. AABC:b=AB=8,h=EC=6
4 Substitute the values of the pronumerals into Area of AABC = % X AB x EC
til: ]I;Oémula and, hence, calculate the area of _ % <8 %6
’ = 24 cm?
S Identify the values of b and h for AABD. AABD: b =AB =8, h=FD =2
1
6 Calculate the area of AABD. Area of AABD = 7AB X FD
=2X8x2
= 8 cm?
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7 Add the areas of the two triangles together to

find the area of the quadrilateral ACBD.

b 1 One way to find the area of the shape shown
is to find the total area of the rectangle ABGH

and then subtract the area of the smaller
rectangle DEFC.

2 Write the formula for the area of a rectangle.

3 Identify the values of the pronumerals for the

rectangle ABGH.

4 Substitute the values of the pronumerals into
the formula to find the area of the rectangle

ABGH.

S Identify the values of the pronumerals for the

rectangle DEFC.

6 Substitute the values of the pronumerals into
the formula to find the area of the rectangle

DEFC.

7 Subtract the area of the rectangle DEFC from
the area of the rectangle ABGH to find the

area of the given shape.

Area of ACBD = 24 cm? + 8 cm?
= 32 cm?

Area = Area ABGH — Area DEFC

Arcctunglc =IlXw

Rectangle ABGH:1=9+2+9
=20
w =10

Area of ABGH = 20 x 10
= 200 cm?

Rectangle DEFC: [ =5, w = 2

Area of DEFC = 5 x 2
10 cm?

Area = 200 — 10
190 cm?

learn

Watch this eLesson: Heron’s formula (eles-0177)

RESOURCES

Complete this digital doc: SkillSHEET: Conversion of area units (doc-5236)

Complete this digital doc: SkillSHEET: Using a formula to find the area of a common shape (doc-5237)

Complete this digital doc: WorkSHEET: Area (doc-5241)

Exercise 6.2 Area
Individual pathways
l PRACTISE

Questions:
1,3-5,8,9,11, 12, 14

Questions:

[l B W Individual pathway interactivity: int-4593

Il CONSOLIDATE

1-6,8-10, 12, 14, 16,18

assess[J])

B MASTER
Questions:
1-9,12-19

learn

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.
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Where appropriate, give answers correct to 2 decimal places.

Fluency

1. Find the areas of the following shapes.

a.

T 4 cm

b.

T+ T4cm

12cm

10 cm

e. f.
8mm 13 mm
-~ 7mm—
%

m 15cm

10cm

2. Express the area in questions le and 1g in terms of 7.
3. IIIZA Use Heron’s formula to find the area of the following triangles correct to 2 decimal places.

a.

W

cm

12 cm

16 cm

b.
3 cm
8 cm
6 cm

4. ITIZM Find the area of the following ellipses. Answer correct to 1 decimal place.

a.

| I
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5. lI3M Find the area of the following shapes, i stating the answer exactly; that is, in terms of z and
ii correct to 2 decimal places.
a. b. C.

707

12 cm ‘

6. [ A figure has an area of about 64 cm?. Which of the following cannot possibly represent
the figure?
A. A triangle with base length 16 cm and height 8 cm
B. A circle with radius 4.51 cm
C. A rectangle with dimensions 16 cm and 4 cm
D. A square with side length 8 cm
E. A rhombus with diagonals 16 cm and 4 cm
7. I3 The area of the quadrilateral shown at right is to
be calculated.
Which of the following lists all the lengths required to
calculate the area?
A. AB, BC, CD and AD
B. AB, BE, AC and CD
C. BC, BE, AD and CD
D. AC, BE and FD
E. AC, CD and AB

8. I Find the area of the following composite shapes.

20 cm b. - 40m—»>

a.
T 28 m
> (5 cm
C. Scm N

3em :|-2 cm

4 cm

—3
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9. Find the shaded area in each of the following.
a. b. 16 m

1 ¢

5

|

L8 m
€. <« 8m—» £ 15m
STm
2m * 7.5m
>
B3m [/™

<S5m->
Understanding
10. A sheet of cardboard is 1.6 m by 0.8 m. The following shapes are cut from the cardboard:
* acircular piece with radius 12 cm
» arectangular piece 20 cm by 15 cm
* 2 triangular pieces with base 30 cm and height 10 cm
* atriangular piece with side length 12 cm, 10 cm and 8 cm.
What is the area of the remaining piece of cardboard?
11. A rectangular block of land, 12 m by 8 m, is surrounded by a concrete path 0.5 m wide. Find the area
of the path.
12. Concrete slabs 1 m by 0.5 m are used to cover a footpath 20 m by 1.5 m. How many slabs are
needed?
13. A city council builds a 0.5 m wide concrete path around the garden as shown below.

12 m
|| L

.

8 m im

Find the cost of the job if the workman charges $40.00 per m?.
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14. A tennis court used for doubles is 10.97 m wide, but a singles court is only 8.23 m wide, as shown in

the diagram.

a. What is the area of the doubles tennis court?
b. What is the area of the singles court?

10.97 m

¢. What percentage of the doubles court is used for singles? Give your answer to the nearest whole

number.

15. Ron the excavator operator has 100 metres of barricade mesh and needs to enclose an area to work in
safely. He chooses to make a rectangular region with dimensions x and y.

a. Write an equation that connects x, y and the perimeter.

b. Write y in terms of x.

c. Write an equation for the area of the region in terms of x.

d. Fill in the table for different values of x.

x 0 5 10 15 20 25 30 35 40 45 50
Area (m?)
e. Can x have a value more than 50? Why?
f. Sketch a graph of area against x.
g. Determine the value of x that makes the area a maximum.
h. What is the value of y for maximum area?
i. What shape encloses the maximum area?
j- Calculate the maximum area.
Ron decides to choose to make a circular area with the barricade mesh.
k. What is the radius of this circular region?
I. What area is enclosed in this circular region?
m. How much extra area does Ron now have compared to his rectangular region?
Reasoning
16. Dan has purchased a country property with layout and dimensions as shown in the diagram.
a. Show that the property has a total area of 987.5 ha. N
b. Dan wants to split the property in half (in terms of area) by building a T
straight-lined fence running either north—south or east—west through the 1500 m
property. Assuming the cost of the fencing is a fixed amount per linear 5000 m
metre, justify where the fence should be built (that is, how many metres 2000 m
from the top left-hand corner and in which direction), to minimise the cost. 1650
m

17. In question 15, Ron the excavator operator could choose to enclose a rectangular or circular area with
100 m of barricade mesh. In this case, the circular region resulted in a larger safe work area.
a. Show that for 150 m of barricade mesh, a circular region again results in a larger safe work area as

opposed to a rectangular region.

b. Show that for n metres of barricade mesh, a circular region will result in a larger safe work area as

opposed to a rectangular region.
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Problem solving

18. ABC is a scalene triangle with a base length of 80 cm and a perpendicular height of 40 cm. A right-
angled triangle, AED, is nestled within ABC such that DE is 10 cm to the left of the perpendicular
height, as shown. Find the lengths of the sides labelled x and y if the shorter side of the two is 20 cm
less than the longer side and the areas of the two shaded regions are the same.

C

E 10 cm
80 cm

19. Proving the segment formula
Prove the formula for the area of a segment using the fact that area of the
segment = area of sector ABC — 2 X area of triangle ACD.

a. Using trigonometry, show that ATD =sin <g> .

b. Show that CTD = CcoS <§>

r’sin <2> cos <Z>
c¢. Show that the area of triangle ACD is > .

Note that this formula is the same if 6 is in degrees or radians.
d. Finally, show that the area of the segment (in purple) is

| mx 0 — sin 9 cos 9 if @ is in degrees.
360° 2 2

Reflection
How are perimeter and area different but fundamentally related?

CHALLENGE 6.1 I~

The diagram shows one smaller square drawn inside a larger square / ™
on grid paper. Represent the area of the smaller square as a fraction
of the larger square. /
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0.3 Total surface area

¢ The total surface area (TSA) of a solid is the sum of the areas of all the faces of that solid.

6.3.1 TSA of rectangular prisms and cubes
* The formula for finding the TSA of a rectangular prism (cuboid) is:

TSA = 2(Ih + lw + wh) — |"
’ w
l
* A special case of the rectangular prism is the cube, where all sides are equal
(Il=w=h). i
TSA = 612 -
T -t

6.3.2 TSA of spheres and cylinders
Sphere:
TSA = 477

Note: The mathematics required to prove the formula for the total surface area of a sphere is beyond the
scope of Year 10.

Cylinder:
TSA + 2zr(r + h) or 271 + 2arh -

>

* The formula for the TSA of a cylinder is found from the area of the net as shown.

TSA = 7r* + 7nr* + 2zrh
= 27r* + 2xrh @
= 27r(r + h) "
2rr
A =2mrh h

r
A=nr?,

WORKED EXAMPLE 3

Find the total surface area of the solids, correct to the nearest cm?.

a r=7cm b 50cm
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THINK WRITE

a 1 Write the formula for the TSA of a sphere. a TSA = 42
2 Identify the value for r. r=17
3 Substitute and evaluate. TSA =4 x 7 X 7*
~ 615.8 cm?
~ 616 cm?
b 1 Write the formula for the TSA of a cylinder. b TSA =2ar(r + h)
2 Identity the values for r and A. Note that the r=50cm,h=15m
units will need to be the same. = 150 cm
3 Substitute and evaluate. TSA =2 X 7 X 50 x (50 + 150)

~ 62 831.9 cm?
~ 62 832 cm?

6.3.3 TSA of cones

» The total surface area of a cone can be found by considering its net, which is comprised of a small

circle and a sector of a larger circle.

\ X~ r = radius of the cone

2
[ = slant height of the cone
l

\

» The sector is a fraction of the full circle of radius / with circumference 2zl.
* The sector has an arc length equivalent to the circumference of the base of the cone, 2zr.
* The fraction of the full circle represented by the sector can be found by writing the arc length as

fraction of the circumference of the full circle, i—ﬂ; = ?
Vid
Area of a sector = fraction of the circle X zl?
=L x a2
l
= nrl
SA = Acircular base + Acurved surface
Therefore, = 7’ + arl
=ar(r+ 1)
Cone: TSA = 7r(r + ) or ar* + arl
WORKED EXAMPLE 4 Tl | CASIO
Find the total surface area of the cone shown. \
THINK WRITE 15 cm

1 Write the formula for the TSA of  TSA = zr(r + 1)

a cone.

2 State the values of r and /. r=12,1=15
3 Substitute and evaluate. TSA =7z x 12 x (12 + 15)
= 1017.9 cm?
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6.3.4 TSA of other solids

* TSA can be found by summing the areas of each face.
* The areas of each face may need to be calculated separately.
* Check the total number of faces to ensure that none are left out.

WORKED EXAMPLE 5

Find the total surface area of the square-based pyramid shown.

5cm

6 cm

THINK

1 There are five faces: The square base
and four identical triangles.

2 Find the area of the square base.

3 Draw and label one triangular face

and write the formula for finding its area.

4 Find the height of the triangle, &, using
Pythagoras’ theorem.

S Calculate the area of the triangular face
by substituting b = 6 and h = 4.

6 Calculate the TSA by adding the area
of the square base and the area of four
identical triangular faces together.

WRITE/DRAW

TSA = Area of square base + area of four
triangular faces

Area of base = 2, where [ = 6
Area of base = 62
= 36 cm?

5 cm

<>
3 cm

Area of a triangular face = %bh; b=26

a? = c2—b*, wherea=h,b=3,c=5

h2=52_32
h*=25-9
h* =16

h =4cm

Area of triangular face = % X 6 X 4
= 12 cm?
TSA =36 +4x 12

= 36 + 48
= 84 cm?

6.3.5 TSA of composite solids

* Composite solids are formed when two or more simple solids are joined together.
* The TSA of a composite solid is calculated by summing the areas of the solid’s external faces.
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WORKED EXAMPLE 6

Find the total surface area of the solid shown correct to 1 decimal place.

6 cm

I
10 cm

THINK

1 The solid shown has 9 faces — five identical
squares and four identical triangles.

2 Find the area of one square face with the side
length 10 cm.

3 Draw a triangular face and work out its height
using Pythagoras’ theorem.

4 Find the area of one triangular face.

5 Find the TSA of the solid by adding the area of
5 squares and 4 triangles together.

WRITE/DRAW

TSA =5 X area of a square
+ 4 X area of a triangle

Alqmens = I, where [ = 10
A =10%
A = 100 cm?
6 cm
-
5 cm

a’>=c>-b*, wherea=h,b=5,c=6

h* = 6> — 52

h* =36 — 25

h* =11

h = 3.316 62... cm (or with rounding, & = 3.3)

A\l = %bh, where b = 10, h = 3.316 62
=% 10 X 331662...
= 16.5831... cm? (or, with rounding,

Alriangle =16.6 sz)

TSA =5 x 100 + 4 x 16.5831...
= 500 + 66.3324...
~ 566.3 cm? (or = 566 using the
previously rounded value)

Note: Rounding is not done until the final step. If # had been rounded to 3.3 in step 3 and this value
used in steps 4 and 5, the decimal place value of the TSA would have been lost. It is important to
realise that rounding too early can affect the accuracy of results.
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WORKED EXAMPLE 7

The silo shown below is to be built from metal. The top portion of the silo is a cylinder of
diameter 4 m and height 8 m. The bottom part of the silo is a cone of slant height 3 m. The silo
has a circular opening of radius 30 cm on the top.

a What area of metal (to the nearest m?) is required to build the silo?
b If it costs $12.50 per m? to cover the surface with an anti-rust material, how much will it

cost to cover the silo completely?

THINK

a 1 The surface area of the silo consists of an
annulus, the curved part of the cylinder and the

curved section of the cone.

2 To find the area of the annulus, subtract the
area of the small circle from the area of the
larger circle. Let R = radius of small circle.

3 The middle part of the silo is the curved part
of a cylinder. Find its area. (Note that in the
formula TSA yjinger = 271> + 27rh, the curved
part is represented by 2zrh.)

4 The bottom part of the silo is the curved
section of a cone. Find its area. (Note that in
the formula TSA,,. = 7r* + zrl, the curved
part is given by zrl.)

5 Find the total surface area of the silo by finding
the sum of the surface areas calculated above.

6 Write the answer in words.

b To find the total cost, multiply the total surface

area of the silo by the cost of the anti-rust
material per m? ($12.50).

WRITE
a TSA = area of annulus

+ area of curved section of a cylinder
+ area of curved section of a cone

Area of annulus = Ala.rgc scale — Asmall circle

= ar* — aR?
where r = %: 2mand R =30cm = 0.3 m.
Area of annulus = 7 X 22 — 7z X 0.32

= 1228 m

Area of curved section of cylinder = 2zrh

where r =2, h = 8.

Area of curved section of cylinder
=2XmX2X8
= 100.53 m?

Area of curved section of cone = 77l

where r = 2, [ = 3.

Area of curved section of cone = 7 X 2 X 3
= 18.85 m?

TSA = 12.28 + 100.53 + 18.85
= 131.66 m?

The area of metal required is 132 m?, correct
to the nearest square metre.

b Cost = 132 x $12.50

= $1650.00
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learn RESOURCES

Try out this interactivity: TSA—sphere (int-2782)

Complete this digital doc: SkillSHEET: Total surface area of cubes and rectangular prisms (doc-5238)

Complete this digital doc: WorkSHEET: Surface area (doc-5242)

Exercise 6.3 Total surface area

Individual pathways

B PRACTISE Il CONSOLIDATE B MASTER
Questions: Questions: Questions:
1-4, 6a-e, 7, 10, 12 1-4,6,7,9-12,15,18 1-8, 10-18

Il B B Individual pathway interactivity: int-4594

assess[J])

learn

To answer questions online and to receive immediate feedback and sample responses for every question,

go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency
Note: Where appropriate, give the answers correct to 1 decimal place.

1. Find the total surface areas of the solids shown.
a. ! b. ' C. 12 cm

i ! 15cm |

10|cm 8 ;:m

2. I Find the total surface area of the solids shown below.

a. 3m b. 21 ¢cm c 0.5 m

30 cm

-~
)
—
3

3. 23 Find the total surface area of the cones below.

a. >\20 ) b. /
‘ jz cm

e
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4. I Find the total surface area of the solids below.
a.

b.
12 cm 25m
15cm 1.5m
C. 9.1 cm d.
W 14 cm /
6 cm
/ 10 cm
5.1cm 7.2 cm <7 cm—>

5. Find the surface areas of the following.
a. A cube of side length 1.5 m
b. A rectangular prism 6 m X 4 m X 2.1 m
¢. A cylinder of radius 30 cm and height 45 cm, open at one end
d. A sphere of radius 28 mm
e. An open cone of radius 4 cm and slant height 10 cm

f. A square pyramid of base length 20 cm and slant edge 30 cm
6. IIE3 Find the total surface area of the objects shown.

8
a. 10 em cm b.
5cm 12 cm
5cm
20 cm 20 cm
l /35 cm
12cm
C.

3cm
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7. [ A cube has a total surface area of 384 cm?. The length of the edge of the cube is:
A.9cm B. 8 cm C.7cm D. 6 cm E. 5cm

Understanding

8. Open cones are made from nets cut from a large sheet of paper 1.2 m X 1.0 m. If a cone has a radius
of 6 cm and a slant height of 10 cm, how many cones can be made from the sheet? (Assume there is
5% wastage of paper.)

9. A steel girder is to be painted. Calculate the area of the surface to be painted.

t

2 cm
¥
%2 cm
5 cm
120 cm
2 cmi 1
12 cm

10. The greenhouse shown at right is to be built using shade cloth.
It has a wooden door of dimensions 1.2 m X 0.5 m. I
a. Find the total area of shade cloth needed to complete the greenhouse.
b. Find the cost of the shade cloth at $6.50 per m?.

2.5m 5m

N

<3 m—

11. A cylinder is joined to a hemisphere to make a cake holder, as shown
at right. The surface of the cake holder is to be chromed at 5.5 cents per cm?.
a. Find the total surface area to be chromed.
b. Find the cost of chroming the cake holder.

10 cm

12. A soccer ball is made up of a number of hexagons sewn together on its surface. 2 cm
Each hexagon can be considered to have dimensions as shown in the diagram.
a. Calculate 0°.
b. Calculate the values of x and y exactly.
c. Calculate the area of the trapezium in the diagram.
d. Hence, determine the area of the hexagon.
e. If the total surface area of the soccer ball is 192V/3 cm?, how many
hexagons are on the surface of the soccer ball?
13. a. Determine the exact total surface area of a sphere with radius V2 metres.
An inverted cone with side length 4 metres is placed on top of the
sphere so that the centre of its base is (.5 metres above the centre of the sphere.
b. Find the radius of the cone exactly.
c. Find the area of the curved surface of the cone exactly.
d. What are the exact dimensions of a box that could precisely fit the cone connected to the sphere?
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Reasoning

Complete the following question without the aid of a calculator. . 80 cm
14. The table shown at right is to be varnished (including the base 6?%
of each leg). The table top has a thickness of 180 mm and the

cross-sectional dimension of the legs is 50 mm by 50 mm.
A friend completes the calculation as shown. Assume there are

no simple calculating errors. Analyse the working presented

and justify if the TSA calculated is correct.

70 cm

Table top (inc. leg bases) 0.96 2 X (0.8 x 0.6)
Legs 0.416 16 x (0.52 x 0.05)
Table top edging 0.504 0.18 x (2(0.8 + 0.6))
TSA 1.88 m?

15. A shower recess with dimensions 1500 mm (back wall) by 900 mm (side wall) needs to have the back
and two side walls tiled to a height of 2 m.

a. Calculate the area to be tiled in m?2.

b. Justify that 180 tiles (including those that need to be cut) of dimension 20 cm by 20 cm will be
required. Disregard the grout and assume that once a tile is cut, only one piece of the tile can be used.
c. Evaluate the cheapest option of tiling; $1.50/tile or $39.50/box, where a box covers 1 m?2, or tiles of
dimension 30 cm by 30 cm costing $3.50/tile.
16. If the surface area of a sphere to that of a cylinder is in the ratio 4 : 3 and the sphere has a radius of 3a,

show that if the radius of the cylinder is equal to its height, then the radius of the cylinder is 3 5y

Problem solving
Frustum of a cone

3a

17. A frustum of a cone is a cone with the top sliced off (see the drawing on the right).
When the curved side is ‘opened up’, it creates a shape, ABYX, as shown in the diagram.
a. Write an expression for the arc length XY in terms of the angle 6. v
Write another expression for the arc length AB in terms
of the same angle 8. Show that, in radians,

_ 2x(r—1)
- s

0

b. i. Using the above formula for 8, show that x =

ii. Use similar triangles to confirm this formula.

st

(r—1

ps
o
> X0
7 N
) .

¢. Determine the area of sectors AVB and XVY and hence determine the area of ABYX. Add the areas
of the 2 circles to the area of ABYX to determine the TSA of a frustum.
18. Tina is re-covering a footstool in the shape of a cylinder with diameter 50 cm and height 30 cm.

She also intends to cover the base of the cushion.
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She has 1 m? of fabric to make this footstool. When calculating the area of fabric required, allow an
extra 20% of the total surface area to cater for seams and pattern placings. Explain whether Tina has
enough material to cover the footstool.

Reflection
Why is calculating the total surface area of a composite solid more difficult than for a simple solid
such as a rectangular prism or cylinder?

0.4 Volume
6.4.1 Volume

* The volume of a 3-dimensional object is the amount of space it takes up.
* The volume is measured in units of mm?, cm?® and m?.

6.4.2 Volume of a prism

* The volume of any solid with a uniform cross-sectional area is given by the formula: V = AH, where
A is the cross-sectional (or base) area and H is the height of the solid.

Cube : Volume = AH
N = area of a square X height
5 l =Pxl
=€ ///‘-—;:—' — l3
// :
Rectangular : Volume = AH
prism —t h = area of a rectangle X height
= Iwh
// : W
1
Cylinder Volume = AH
= area of a circle X height
= nr’h
Triangular Volume = AH
prism = area of a triangle X height
=vhx H
2
/"
b
WORKED EXAMPLE 8 Tl | CASIO
Find the volumes of the following shapes.
a 14 cm b 5 @@
4 cm
10 cm
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THINK WRITE

a 1 Write the formula for the volume of the aV=AH
cylinder (prism). = nr’h
2 Identify the value of the pronumerals. r=14, h =20
3 Substitute and evaluate. V=rnx14>x20

~ 12315.04 cm®
b 1 Write the formula for the volume of a triangular prism. b V= %bh X H
2 Identify the value of the pronumerals. (Note / is the height of b=4, h=5, H=10
the triangle and H is the depth of the prism.)

3 Substitute and evaluate. V= % X4 x5x%x10
= 100 cm?

WORKED EXAMPLE 9

a What effect will doubling each of the side lengths of a cube have on its volume?
b What effect will halving the radius and doubling the height of a cylinder have on its volume?

THINK WRITE
a 1 Write the formula for the volume of the cube. a V="r
2 Identify the value of the pronumeral. Lew =21
Note: Doubling is the same as multiplying by 2.
3 Substitute and evaluate. View = (2l)3
4 Compare the answer obtained in step 3 with the -8

volume of the original shape.

5 Write your answer. Doubling each side length of a cube
increases the volume by a factor of 8;
that is, the new volume will be 8 times as
large as the original volume.

b 1 Write the formula for the volume of the cylinder. b V=nrh

2 Identify the value of the pronumerals. r =X p —9p
new > T 'new
Note: Halving is the same as dividing by 2. 2
3 Substitute and evaluate. r\2
View = ) 2h
2
=rX 7ZX 2h
_mr’h
-2
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4 Compare the answer obtained in step 3 with the = %ﬂ'rzh
volume of the original shape.

5 Write your answer. Halving the radius and doubling the
height of a cylinder decreases the volume
by a factor of 2; that is, the new volume
will be half the original volume.

6.4.3 Volume of spheres

* The volume of a sphere of radius, r, can be calculated using the formula
V= ;izrrq’.

WORKED EXAMPLE 10

Find the volume of a sphere of radius 9 cm. Answer correct to 1 decimal place.

THINK WRITE
1 Write the formula for the volume of a sphere. W
3
2 Identify the value of r. =9
3 Substitute and evaluate. V==23%rx9
3
= 3053.6 cm®

6.4.4 Volume of pyramids

* Pyramids are not prisms as the cross-section changes from the base upwards.
* The volume of a pyramid is one-third the volume of an equivalent prism with the
same base area and height.

Volume of a pyramid = %AH

Area of base = A
Base

* Since a cone is a pyramid with a circular cross-section, the volume of a cone is T .
one-third the volume of a cylinder with the same base area and height.

Volume of a cone = %AH

_1_2
—37rrh
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WORKED EXAMPLE 11 Tl | CASIO

Find the volume of each of the following solids.
a

b

12 cm

8 cm
THINK WRITE
a 1 Write the formula for the volume of a cone. a V= %m’zh
r=38, h=10

2 Identify the values of r and A.

3 Substitute and evaluate. V='xrx8x10
3

= 670.21 cm®
b 1 Write the formula for the volume of a pyramid. b v= %AH
2 Find the area of the square base. A = Pwherel =8
A=8§

= 64 cm?

3 Identify the value of H. H=12

4 Substitute and evaluate. V=1,x64x12

3
= 256 cm®

6.4.5 Volume of composite solids

* A composite solid is a combination of a number of solids.
* The volume of each smaller solid component can be calculated separately.
* The volume of a composite solid is calculated by summing the volumes of each of the

smaller solid components.

WORKED EXAMPLE 12

Calculate the volume of the composite solid shown.

)

c--k--- 3m

T [

’
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THINK

1 The given solid is a composite figure, made up
of a cube and a square-based pyramid.

2 Find the volume of the cube.

3 Write the formula for finding the volume of a
square-based pyramid.

4 Find the area of the square base.

5 Identify the value of H.

6 Substitute and evaluate the volume of the
pyramid.

7 Find the total volume by adding the volume
of the cube and pyramid.

WRITE

V = Volume of cube + Volume of pyramid

Ve = I where [ = 3
chbe = 33
=27m?

1

Vsquarc—baSCd pyramid = gAH

A=P

=32

9 m?
H=15
Vsquare—based pyramid = % X9 x1.5
=45m’

V=27+45

=31.5m?

6.4.6 Capacity

* Some 3-dimensional objects are hollow and can be filled with liquid or some other substance.
* The amount of substance which a container can hold is called its capacity.
* Capacity is essentially the same as volume but is usually measured in mL, L. and kL.

where 1mL = 1cm?
IL = 1000 cm?
IkL = 1 m?.

WORKED EXAMPLE 13

Find the capacity (in litres) of a cuboidal aquarium, which is

50 cm long, 30 cm wide and 40 cm high.

THINK

1 Write the formula for the volume of a rectangular prism.

2 Identify the values of the pronumerals.

3 Substitute and evaluate.

4 State the capacity of the container in millilitres, using

lcm? = 1 mL.

5 Since 1 L = 1000 mL, to convert millilitres to litres

divide by 1000.

6 Give a worded answer.

WRITE
V = Ilwh

[ =50, w=30, h=40

V =50 x 30 x 40
= 60 000 cm?

= 60 000 mL

=60L

The capacity of the fish tank is 60 L.
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Try out this interactivity: Maximising the volume of a cuboid (int-1150)

Complete this digital doc: Skill[SHEET: Conversion of volume units (doc-5239)

Complete this digital doc: SkillSHEET: Volume of cubes and rectangular prisms (doc-5240)
Complete this digital doc: WorkSHEET: Volume (doc-6733)

Exercise 6.4 Volume assess[]])

Individual pathways

B PRACTISE Il CONSOLIDATE B MASTER
Questions: Questions: Questions:
1-4,6-8, 9a, 10, 13, 14, 20 1-8, 10-12, 14, 16, 19, 20, 22, 25 1-18, 20-26

[l B W Individual pathway interactivity: int-4595 learn

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency

1. Find the volumes of the following prisms.

a. | b. |
1 1
i =+ ; 1
3cm 42m
¢ 12cm d.
15 cm ,:,,,,,,,
-7 4.2 cm
20 cm 7.5 cm

2. Calculate the volume of each of these solids.

el

18 mm

[Base area: 25 mm?]

[Base area: 24 cm?]
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3. IIE Find the volume of each of the following. Give each answer correct to 1 decimal place where
appropriate.

4. [I30 Find the volume of a sphere (correct to 1 decimal place) with a radius of:
a.12m b. 15cm ¢. 7 mm d. 50 cm.

5. Find the volume of each of these figures, correct to 2 decimal places.

6. II3EA Find the volume of each of the following cones, correct to 1 decimal place.
a. b.

20 mm
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7. IIIZEA Find the volume of each of the following pyramids.

a’12cm b.

24 cm
10 cm 30 cm
8. IIIEA Calculate the volume of each of the following composite solids correct to 2 decimal places
where appropriate.

a. 8 cm b.
10 cm
3 cm 12 cm
5cm T
20 cm
20 cm l
35cm
/

12cm

3cm

Understanding
9. IZA a. What effect will tripling each of the side lengths of a cube have on its
volume?
b. What effect will halving each of the side lengths of a cube have on its
volume?
c. What effect will doubling the radius and halving the height of a cylinder
have on its volume?
d. What effect will doubling the radius and dividing the height of a cylinder by
4 have on its volume?
e. What effect will doubling the length, halving the width and tripling the
height of a rectangular prism have on its volume?
10. [T A hemispherical bow] has a thickness of 2 cm and an outer diameter of 25 cm.
If the bowl is filled with water the capacity of the water will be closest to:
A. 1.526 L B. 1.308 33 L C. 3.05208 L
D. 2.616 66 L E. 242452 L

2cmw

~~—25cm——>
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11. Tennis balls of diameter 8 cm are packed in a box 40 cm X 32 cm X 10 cm,
as shown. How much space is left unfilled?

12. A A cylindrical water tank has a diameter of 1.5 m and a height
of 2.5 m. What is the capacity (in litres) of the tank?

13. A monument in the shape of a rectangular pyramid (base length of
10 cm, base width of 6 cm, height of 8 cm), a spherical glass ball
(diameter of 17 cm) and conical glassware (radius of 14 cm, height
of 10 cm) are packed in a rectangular prism of dimensions 30 cm by
25 cm by 20 cm. The extra space in the box is filled up by a packing
material. What volume of packing material is required? : :

14. A swimming pool is being constructed so that it is the upper part of an l<— 8 m —>|

inverted square-based pyramid.
a. Calculate H. "
b. Calculate the volume of the pool. 3
¢. How many 6 m? bins will be required to take the dirt away?
d. How many litres of water are required to fill this pool? !
e. How deep is the pool when it is half-filled? N
15. A soft drink manufacturer is looking to repackage cans of soft drink to N
minimise the cost of packaging while keeping the volume constant.
Consider a can of soft drink with a capacity of 400 mL.
a. If the soft drink was packaged in a spherical can:
i. find the radius of the sphere
ii. find the total surface area of this can.
b. If the soft drink was packaged in a cylindrical can with a radius of 3 cm:
i. find the height of the cylinder
ii. find the total surface area of this can.
c. If the soft drink was packaged in a square-based pyramid with a base side length of 6 cm:
i. find the height of the pyramid
ii. find the total surface area of this can.
d. Which can would you recommend the soft drink manufacturer use for its repackaging? Why?
16. The volume of a cylinder is given by the formula V = zr2h.
a. Transpose the formula to make / the subject.
b. A given cylinder has a volume of 1600 cm?. Find its height if it has a radius of:
i. 4 cm
ii. 8 cm.
¢. Transpose the formula to make r the subject.
d. What restrictions must be placed on r? Why?
e. A given cylinder has a volume of 1800 cm?. Find its radius if it has a height of:
i. I0cm
ii. 15 cm. h
17. A toy maker has enough rubber to make one super-ball of radius 30 cm. y
How many balls of radius 3 cm can he make from this rubber?
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18. A manufacturer plans to make a cylindrical water tank to hold 2000 L of water.
a. What must the height be if he uses a radius of 500 cm?
b. What must the radius be if he uses a height of 500 cm?
¢. What will be the surface area of each of the two tanks? Assume the tank is a closed cylinder and give
your answer in square metres.
19. The ancient Egyptians knew that the volume of the frustum of a square-based pyramid was given by the
formula V = %h(x2 + xy + y?), although how they discovered this is unclear. (A frustum is the part of a

cone or pyramid that is left when the top is cut off.)

a. Find the volume of the frustum shown below.

< 5

/3@

b. What would be the volume of the missing portion of the square-based pyramid shown?

Reasoning

20. Archimedes is considered to be one of the three greatest mathematicians
of all time (along with Newton and Gauss). He discovered several of the formulas
used in this chapter. Inscribed on his tombstone was a diagram of his proudest
discovery. It shows a sphere inscribed (fitting exactly) into a cylinder.

Show that volume of the cylinder _ surface area of the cylinder

volume of the sphere ~ surface area of the sphere ~

(2
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21. Marion has mixed together ingredients for a cake. The recipe requires a baking tin that is cylindrical
in shape with a diameter of 20 cm and a height of 5 cm. Marion only has a tin as shown below left
and a muffin tray consisting of 24 muffin cups. Each of the muffin cups in the tray is a portion of a
cone as shown in the diagram below.

Should Marion use the tin or the muffin tray? Explain.

fe—12 cm——]

15Ctm LR =
Yo - - =
“Som (e .. > =

22. Nathaniel and Andrew are going to the snow for survival camp. T
They plan to construct an igloo, consisting of an entrance and
hemispherical structure, as shown. Nathaniel and Andrew are
asked to redraw their plans and increase the size of the

liveable region (hemispherical structure) so that the total volume
(including the entrance) is doubled. How can this be achieved? ‘ f
1.5m

23. Sam is having his 16th birthday party and wants to make an ice
trough to keep drinks cold. He has found a square piece of sheet
metal with a side length of 2 metres. He cuts squares of side
length x metres from each corner, then bends the sides of the ~
remaining sheet. e
When four squares of the appropriate side length are cut
from the corners the capacity of the trough can be maximised .
at 588 litres. Explain how Sam should proceed to maximise A b
the capacity of the trough. ’ r}
24. The Hastings family house has a rectangular roof with dimensions 17 m X 10 m providing water to
three cylindrical water tanks, each with a radius of 1.25 m and a height of 2.1 m. Show that approxi-
mately 182 millimetres of rain must fall on the roof to fill the tanks.

Problem solving

25. Six tennis balls are just contained in a cylinder as the balls touch the
sides and the end sections of the cylinder. Each tennis ball has a
radius of R cm.
a. Express the height of the cylinder in terms of R.
b. Find the total volume of the tennis balls.
¢. Find the volume of the cylinder in terms of R.
d. Show that the ratio of the volume of the tennis balls to the volume of the cylinder is 2 : 3.
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26. A frustum of a square-based pyramid is a square pyramid with the top sliced off. H is the height of
the full pyramid and # is the height of the frustum.

a. Find the volume of the large pyramid which has a square base side of X cm.

b. Find the volume of the small pyramid which has a square base side of x cm.
Xh

c. Show that the relationship between H and # is given by H =

d. Show that the volume of the frustum is given by %h (X2 + 2% + Xx).

Reflection
Volume is measured in cubic units. How is this reflected in the volume formula?

CHALLENGE 6.2

A large container is five-eighths full of ice-cream. After removing 27 identical
scoops it is one-quarter full. How many scoops of ice-cream are left in the
container? y (

0.5 Review

6.5.1 Review questions
Fluency
1. If all measurements are in cm, the area of the figure below is:

VAN

A. 16.49 cm? B. 39.25 cm? C. 9.81 cm? D. 23.56 cm? E. 30 cm?
2. If all measurements are in centimetres, the area of the figure below is:
A. 50.73 cm? B. 99.82 cm? C. 80.18 cm? D. 90 cm? E. 119.45 cm?
6
5
\
4
5
Y
A
5
Y
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3. If all measurements are in centimetres, the shaded area of the figure below is:

30

A. 3.93 cm? B. 11.52 cm? C. 388.77 cm? D. 141.11 cm? E. 129.59 cm?
4. The total surface area of the solid below is:

A. 8444.6 mm? B. 9221 mm? C. 14146.5 mm? D. 50271.1 mm? E. 16609.5 mm?
5. Find the areas of the following plane figures. All measurements are in cm.
10
" r
|
15
c d.
3
7
5
e f.
80°

6. Find the areas of the following figures. All measurements are in cm.

DO )y
’ ° !

20—

-~ 0> ——Z5—>
[\o}
S
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7. Find the shaded area in each of the following. All measurements are in cm.

a. Q Q0 =15cm b.
SO=8cm
PR =18 cm

+12.5

]

PR :

8. Find the total surface area of each of the following solids.

a.

\%

50
cm 20 mm

18 cm

10 mm
€. 10 f. /
UL 12 cm h

[ Ditemm VARY:
/, :
i

10 cm

[closed at both ends]
- 10 cm

9. Find the volume of each of the following.

b.

C.
7 cm

| I
40 cm

12 cm

7 cm
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d. e f.

1m / 12 cm / a

Problem solving

10.

11.

12.

13.

14.

15.

A rectangular block of land 4 m X 25 m is surrounded by a concrete path 1 m wide.
a. Calculate the area of the path.
b. Calculate the cost of concreting at $45 per square metre.
What effect will tripling the radius and dividing the height of a cylinder by 6 have on its volume (in
comparison with the original shape)?
What effect will halving the length, tripling the width and doubling the height of a rectangular prism
have on its volume (in comparison with the original shape)?
A cylinder of radius 14 cm and height 20 cm is joined to a hemisphere of radius 14 cm to form a
bread holder.
a. Find the total surface area.
b. Find the cost of chroming the bread holder on the outside at $0.05 per cm?.
¢. What is the storage volume of the bread holder?
d. How much more space is in this new bread holder than the one it is replacing, which had a quarter
circle end with a radius of 18 cm and a length of 35 cm?
Bella Silos has two rows of silos for storing wheat. Each row has 16 silos and all the silos are identi-
cal, with a cylindrical base (height of 5 m, diameter of 1.5 m) and conical top (diameter of 1.5 m,
height of 1.1 m).
a. What is the slant height of the conical tops?
b. What is the total surface area of all the silos?
c. What will it cost to paint the silos if one litre of paint covers 40 m? at a bulk order price of $28.95 per
litre?
d. How much wheat can be stored altogether in these silos?
e. Wheat is pumped from these silos into cartage trucks with rectangular containers 2.4 m
wide, 5 m long and 2.5 m high. How many truckloads are necessary to empty all the silos?
f. If wheat is pumped out of the silos at 2.5 m*/min, how long will it take to fill one truck?
The Greek mathematician Eratosthenes developed an accurate
method for calculating the circumference of the Earth 2200 years
ago! The figure at right illustrates how he did this. In this
figure, A is the town of Alexandria and S is the town of Syene,
exactly 787 km due south. When the sun’s rays (blue lines) were
vertical at Syene, they formed an angle of 7.2° at Alexandria
(«BVA = 7.2°), obtained by placing a stick at A and measuring
the angle formed by the sun’s shadow with the stick.
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a. Assuming that the sun’s rays are parallel, what is the angle £SCA?
b. Given that the arc AS = 787 km, determine the radius of the Earth, SC.
¢. Given that the true radius is 6380 km, determine Eratosthenes’ percentage error.

learn RESOURGCES — ONLINE ONLY
Try out this interactivity: Word search: Topic 6 (int-2841)
Try out this interactivity: Crossword: Topic 6 (int-2842)
Try out this interactivity: Sudoku: Topic 6 (int-3593)
Complete this digital doc: Concept map: Topic 6 (doc-13722)
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area ellipse
capacity face

circle hemisphere
composite figure parallelogram
cone prism
cross-section pyramid

cube rectangle
cylinder rhombus
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sector
semi-perimeter
sphere

square

surface
trapezium
triangle
volume
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Investigation | Rich task
So close!

Humans must measure! Imagine what
a chaotic world it would be if we didn’t
measure anything. Some of the things we
measure are time, length, weight and tem-
perature; we also use other measures derived
from these such as area, volume, speed.

Accurate measurement is important.
The accuracy of a measurement depends
on the instrument being used to measure
and the interpretation of the measurement.
There is no such thing as a perfectly accu-
rate measurement. The best we can do is
learn how to make meaningful use of the
numbers we read off our devices. It is _
also important to use appropriate units of -
measurement.

Measurement errors

When we measure a quantity by using a
scale, the accuracy of our measurement
depends on the markings on the scale.
For example, the ruler shown can meas-
ure both in centimetres and millimetres.

Measurements made with this ruler
would have + 0.5 mm added to the meas-
urement. The quantity + 0.5 is called the
tolerance of measurement or measure-
ment error.

1 . .
Tolerance of measurement = 5 x size of smallest marked unit

For a measurement of 5.6 + 0.5 mm, the largest possible value is 5.6 cm + 0.5 mm = 5.65 cm,
and the smallest value is 5.6 cm — 0.5 mm = 5.55 cm.
1. For the thermometer scale at right:
a. determine the temperature
b. state the measurement with its tolerance
c. determine the largest and smallest possible values.
2. Calculate the largest and smallest values for:
a. (56.2 + 0.1) — (19.07 + 0.05)
b. (78.4 + 0.25) X (34 £ 0.1).

Significant figures in measurement

A significant figure is any non zero-digit, any zero appearing between two non-zero
digits, any trailing zeros in a number containing a decimal point, and any digits in the
decimal places. For example, the number 345.6054 has 7 significant figures, whereas
300 has 1 significant figure.
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The number of significant figures is an expression of the accuracy of a measurement. The
greater the number of significant figures, the more accurate the measurement. For example, a
fast food chain claims it has sold 6000000000 hamburgers, not 6 453456 102. The first measure-
ment has only 1 significant figure and is a very rough approximation of the actual number sold,
which has 10 significant figures.

Reducing the number of significant figures is a process that is similar to rounding.

Rounding and measurement error in calculations

When you perform calculations, it is important to keep as many significant digits as practical,
and to perform any rounding as the final step. For example, calculating 5.34 x 341 by rounding
to 2 significant figures before multiplying gives 5.30 X 340 = 1802, compared with 1820 if the
rounding is carried out after the multiplication.
Calculations that involve numbers from measurements containing errors can result in answers
with even larger errors. The smaller the tolerances, the more accurate the answers will be.
3. a. Calculate 45 943.4503 x 86.765303 by:
1. first rounding each number to 2 significant figures
ii. rounding only the answer to 2 significant figures.
b. Compare the two results.

Error in area and volume resulting from an error in a length measurement

The side length of a cube is measured and incorrectly recorded as 5 cm. The actual size is 6 cm.
The effect of the length measurement error used on calculations of the surface area is shown
below. Complete the calculations for volume.

Error used in length measurement=1 cm

Surface area calculated with incorrectly recorded value = 52 x 6 = 150 cm?

Surface area calculated with actual value = 6% X 6 = 216 cm?

Percentage error = M X 100% =~ 30.5%

4. a. Complete a similar calculation for the volume of the cube using the incorrectly recorded
length. What conclusion can you make regarding errors when the number of dimensions
increase?

b. Give three examples of a practical situation where an error in measuring or recording would
have a potentially disastrous impact.

learn RESOURCES — ONLINE ONLY
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Answers

TOPIC 6 Surface area and volume
Exercise 6.2 Area

1. a. 16 cm? b. 48 cm? ¢. 75 cm? d. 120 cm? e. 706.86 cm? f. 73.5 mm?
g. 254.47 cm? h. 21 m? i. 75 cm?
2. Part e = 2257 cm?; part g = 81z cm?
3. a. 20.66 cm? b. 7.64 cm?
4. a. 113.1 mm? b. 188.5 mm?
5.a.i. 12zcm? ii. 37.70 cm?
b. i. 63—ﬂmm2 ii. 108.38 mm?
c. i. 261z cm? ii. 819.96 cm?
6. E
7.D
8. a. 123.29 cm? b. 1427.88 m? ¢. 52 cm? d. 30.4 m? e. 78 cm? f. 2015.5 cm?
9. a. 125.66 cm? b. 102.87 m? c. 13.73 m? d. 153.59 m? e. 13.86 m? f. 37.5m?
10. 11707.92 cm?
11.21 m?
12. 60
13. $840
14. a. 260.87 m? b. 195.71 m? c. 75%
15.a. 50 =x+y b.y=50-x c. Area = 50x — x?
d. x 0 5 10 15 20 25 30 35 40 45 50
Area(m?) | © 225 400 525 600 625 600 525 400 225 0
e. No, impossible to make a rectangle.
f. 600
500
< 400
4
100
0 1020304050 6070 X
g.x=25 h. y =25 i. Square j. 625 m?
k. r=1592m 1. 795.77 m? m. 170.77 m?
16. a. Students’ work b. 2020.83 m; horizontal

17. a. Circular area, 1790.49 m2; rectangular area, 1406.25 m?

. . . 4 .
b. Circular area, (ﬁ n2>m2; rectangular (square) area, (i nz) m?. Circular area is always 2 Or 1.27 times larger.

18.x =50cm, y =30 cm
19. Teacher to check

Challenge 6.1
29

50

Exercise 6.3 Total surface area

1. a. 600 cm? b. 384 cm? c. 1440 cm? d. 27 m?

2.a. 113.1 m? b. 6729.3 cm? c. 8.2 m? d. 452.4 cm?

3. a. 1495.4 cm? b. 502.7 cm?

4. a. 506.0 cm? b. 9.4 m? c. 340.4 cm? d. 224.1 cm?

5.a. 13.5 m? b. 90 m? ¢. 11309.7cm? d. 9852.0 mm? e. 125.7 cm? f. 1531.4 cm?
6. a. 880 cm? b. 3072.8 cm? c. 75 cm? d. 70.4 cm? e. 193.5cm? f. 1547.2 cm?
7.B
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8. 60

9. 11216 cm?

10. a. 70.0 m2 b. $455

11.a. 3063.1 cm? b. $168.47

12.a. 6 = 120° b.x=1;y=v3 ¢ 3V3cm? d. 6V3 cm? e 32
13.a. 87 m> b.?m ¢. 2V7Irm? d. V7 xVIx1

14. The calculation is correct.

15.a. 6.6 m?

b. Back wall = 80 tiles
Side wall = 50 tiles
80 + 50 + 50 = 180 tiles
c. Cheapest: 30 cm by 30 cm, $269.50; 20 cm by 20 cm (individually) $270; 20 cm by 20 cm (boxed) $276.50
16.r = #

17.a. Arc length XY = (x + 5)6
Arc length AB = x0

b x= 2" _ 9
r—t
. X
ii. =-
x+s T
X0
c. Area of sector AVB = -
2
Area of sector XVY = M
0 2
Area of ABYX = w
0 2
TSA of frustum = z(%2 + *) + w

18. The area of material required is 1.04 m?. If Tina is careful in placing the pattern pieces, she may be able to cover the footstool.

Exercise 6.4 Volume

1. a. 27 cm? b. 74.088 m? c. 3600 cm® d. 94.5 cm’®

2. a. 450 mm’ b. 360 cm?

3. a. 6333.5cm? b. 19.1 m? c. 280 cm® d. 288 mm’® e. 91.6 m? f. 21 470.8 cm®
4.a.72m? b. 14137.2 cm? c. 1436.8 mm’ d. 523598.8 cm?

5. a. 11397.34 cm? b. 1.44 m? c. 12214.51 mm? d. 101.93

6. a. 377.0 cm? b. 2303.8 mm?

7. a. 400 cm® b. 10080 cm?

8. a. 1400 cm® b. 10379.20 cm? c. 41.31 cm? d. 48.17 cm® e. 218.08 cm? f. 3691.37 cm®
9. a. Ve, = 271, the volume will be 27 times as large as the original volume.

e View = é P2, the volume will be é of the original volume.

. Voew = 2712h, the volume will be twice as large as the original volume.

b

c

d. V., = 7 ?h, the volume will remain the same.

e. View = 3lwh, the volume will be 3 times as large as the original value.
E

10.
11.7438.35 cm®
12.44179L
13.10215.05 cm?
14.a. H=6m b. 112 m? ¢. 19 bins d. 112000 L e. 1.95 m from floor
15.a.i. 457 cm ii. 262.5 cm?
b.i. 14.15cm ii. 323.27 cm?
c.i. 3333 cm ii. 437.62 cm?
d. Sphere. Costs less for a smaller surface area.
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16. a. h:l
2

7
b. i. 31.8 cm ii. 8.0cm

Y
c.\/—
h

d. r > 0, since r is a length

e. i. 7.6cm ii. 6.2 cm
17. 1000
18.a. 2.55cm b. 35.68 cm c. A, =157.88 m?, A, = 12.01 m?
19.a. 126.67 m® b. 53.33 m?

20. Answers will vary.

21. Required volume = 1570.80 cm?; tin volume = 1500 cm?; muffin tray volume = 2814.72 cm®. Marion could fill the tin and
have a small amount of mixture left over, or she could almost fill 14 of the muffin cups and leave the remaining cups empty.

22. Increase radius of hemispherical section to 1.92 m.
23. Cut squares of side length, s = 0.3 m or 0.368 m from the corners.

24. Volume of water needed; 30.9 m°.

25.a. H=12R b. 87R? c. 12zR3 d.8:12=2:3
26. a. %XZH b. %xz(H —h) ¢, d. Check with your teacher.
Challenge 6.2
18 scoops
6.5 Review
1.D
2.C
3.E
4. A
5. a. 84 cm? b. 100 cm? ¢. 6.50 cm? d. 56.52 cm?
6. a. 300 cm? b. 224.55 cm? ¢. 160 cm?
7. a. 499.86 cm? b. 44.59 cm? c. 128.76 cm?
8. a. 18692.48 cm? b. 1495.40 cm? c. 804.25 cm? d. 871.79 cm?
9. a. 343 cm’? b. 672 cm? c. 153938.04 cm? d. 1.45m?
g. 297 cm? h. 8400 cm? i. 7238.23 mm?
10. a. 62 m? b. $2790

11.V= %ﬂrzh, the volume will be 1.5 times as large as the original volume.

12. V = 3lwh, the volume will be 3 times as large as (or triple) the original volume.

13. a. 3606.55 cm? b. $180.33 c. 18062.06 cm? d. 9155.65 cm?
14.a. 1.33 m b. 910.91 m? c. $659.27 d. 303.48 m?
15.a. 7.2° b. 6263 km c. 1.8% error

Investigation — Rich task
1. a. The temperature reading is 26.5°C.
b. The smallest unit mark is 1°C, so the tolerance is 0.5.
c. Largest possible value = 27°C, smallest possible value = 26°C
2. a. Largest value = 37.28, smallest value = 36.98
b. Largest value = 2681.965, smallest value = 2649.285
3. a. i. 4002000 ii. 4000000

. 60 cm?

. 873.36 mm?
. 1800 cm?

. 11 trucks

f. 244.35 cm?

f. 760 cm?
f. 1256.64 cm?

f. 12 minutes

b. The result for i has 4 significant figures, whereas ii has only 1 significant figure after rounding. However, ii is closer to the

actual value (3986297.3861449409).
4. a. Volume using the incorrectly recorded value = 125 cm’®

Volume using the actual value = 216 cm?

The percentage error is 42.1%, which shows that the error compounds as the number of dimensions increases.

b. Check with your teacher.
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NUMBER AND ALGEBRA

TOPIC 7

Quadratic expressions

/1 Overview

Numerous videos and interactivities are embed-
ded just where you need them, at the point of
learning, in your learnON title at www.jacplus
.com.au. They will help you to learn the content
and concepts covered in this topic.

711 Why learn this?

How is your algebraic tool kit? Is there some
room to expand your skills? As expressions
become more complex, more power will be
needed to manipulate them and to carry out basic
skills such as adding, multiplying and factorising.
Dealing with quadratic expressions is the first step
to higher-level skills.

7.1.2 What do you know?

assess[J])

1. THINK List what you know about quadratic expressions. Use a thinking tool such as a concept map

to show your list.

2. PAIR Share what you know with a partner and then with a small group.
3. SHARE As a class, create a thinking tool such as a large concept map that shows your class’s knowl-

edge of quadratic expressions.

LEARNING SEQUENCE

7.1 Overview

7.2 Expanding algebraic expressions

7.3 Factorising expressions with three terms

7.4 Factorising expressions with two or four terms
7.5 Factorising by completing the square

7.6 Mixed factorisation

7.7 Review

H Watch this eLesson: The story of mathematics: Adelard of Bath (int-1846)

( Iearnm RESOURCES — ONLINE ONLY
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(.2 Expanding algebraic expressions
7.2.1 Binomial expansion

e Consider the rectangle of length a + b and width ¢ + d shown below. Its area is equal to

(a + b)(c + d).
a b

bc

bd

The diagram shows that (a + b)(c + d) = ac + ad + bc + bd.

factorised form expan@l form

» Expansion of the binomial expression (x + 3)(x + 2) can be shown by this area model.
X 3

3Xx
= 3x

3x?2

Expressed mathematically this is:
x+3)x+2) =x>+2x+3x+6
=x*+5x+6

factorised form expanded form

~ e

* There are several methods that can be used to expand binomial factors.

7.2.2 FOIL method

* The word FOIL provides us with an acronym for the expansion of a binomial product.
— First: multiply the first terms in each bracket F
A
x+a)(x—->b)

— Outer: multiply the two outer terms 0
~ A
(x+a)(x—->b)

— Inner: multiply the two inner terms I
(x+ a)”(} - b)
— Last: multiply the last terms in each bracket L
< XA
x+a)x—>b)
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WORKED EXAMPLE 1

Expand each of the following.
a@x+3)(x+2)

THINK

al

b1

Write the expression.

Multiply the first terms in each bracket, then
the outer terms, the inner terms and finally
the last terms.

Collect like terms.

Write the expression.

Multiply the first terms in each bracket, then
the outer terms, the inner terms and finally
the last terms.

Remove the brackets by multiplying each
term in the brackets by the term outside the
bracket. Remember to change the sign when
the term outside the bracket is negative.

Collect like terms.

b x—7)(6—1Xx)
WRITE

a ~— 2
x+3)(x+2)
27

=xXx,xX2, xX3,3%x2

=x2+2x+3x+6
=x>+5x+6

s e
b (x—7)(6—x)
g7

=xX6, xX—x, =7X6, —7X—x

=6x —x2— 42 + Tx

= —x*+ 13x — 42

e If there is a term outside the pair of brackets, expand the brackets and then multiply each term
of the expansion by that term.

WORKED EXAMPLE 2 Tl | CASIO

Expand 3(x + 8)(x + 2).
THINK

1 Write the expression.

2 Use FOIL to expand the pair of brackets.

3 Collect like terms within the brackets.

4 Multiply each of the terms inside the brackets by the term

outside the brackets.

WRITE
~~ a2
3x+ 8)(x+2)
=302+ 2x + 8x + 16)

= 3%+ 10x + 16)
= 3x% + 30x + 48
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7.2.3 The square of a binomial

* The expansion of (a + b)? can be represented by this area model.

~<+t+— aXb=ab

~1— bxb=0?

(a+ b)? = a’> + ab + ab + b?
= a* + 2ab + b*
e Similarly (a — b)?> = a> — 2ab + b
* This expansion is often memorised. To find the square of a binomial:
— square the first term
— multiply the two terms together and then double them
— square the last term.

WORKED EXAMPLE 3 Tl | CASIO

Expand and simplify each of the following.

a (2x — 5)? b —3(2x + 7)?
THINK WRITE
a 1 Write the expression. a 2x —5)?
2 Expand using the rule = (2x)? -2 %x2x X5+ (5)?
(a — b)? = a* — 2ab + b = 4x* — 20x + 25
b 1 Write the expression. b —3Q2x + 7)?
2 Expand the brackets using the rule =-3[20)2+2x2x X7+ (1)
(a + b)? = a*> + 2ab + b = —3(4x> + 28x + 49)
3 Multiply every term inside the brackets by the = —12x% — 84x — 147

term outside the brackets.

7.2.4 The difference of two squares
* When a + b is multiplied by a — b (or vice-versa),
(a + b)(a—b) =a>— ab + ab — b*
— Cl2 _ b2
The expression is called the difference of two squares and is often referred to as DOTS. This result can
be memorised as a short cut.
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WORKED EXAMPLE 4 Tl | CASIO

Expand and simplify each of the following.

aBGx+DH3x—-1) b 42x — 7)2x + 7)
THINK WRITE
a 1 Write the expression. a BGx+1)Bx—-1)
2 Expand using the rule (a + b)(a — b) = a*> — b>. = (3x)* = (1)°
=90x* -1
b 1 Write the expression. b 42x - T7)2x + 7)
2 Expand using the difference of two squares rule. =4[2x)* - (7)%]
= 4(4x*> — 49)
3 Multiply by 4. = 16x? — 196
Iearn RESOURCES — ONLINE ONLY
Complete this digital doc: SkillSHEET: Expanding brackets (doc-5244)
Complete this digital doc: SkillSHEET: Expanding a pair of brackets (doc-5245)
Exercise 7.2 Expanding algebraic expressions assess[]])
Individual pathways
Hl PRACTISE Il CONSOLIDATE B MASTER
Questions: Questions: Questions:
1a—-f, 2a-h, 3a—d, 5a—d, 6a, 8a—d, 1d-l, 2d-j, 3c-f, 4a—c, 5¢, 6, 7, 1d-l, 2f-1, 3e-i, 4, 5e-h, 6, 7, 8g-,
9a-d, 10a-f, 11-14 8c—f, 9c—f, 10-17, 19 9e-i, 1020
[l B W Individual pathway interactivity: int-4596 learn ONLINE ONLY

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency
1. Expand each of the following.

a. 2(x + 3) b. 4(x — 5) c.3(7 —x)
d -x+3) e x(x+2) f2x(x —4)
g 3x(5x — 2) h. 5x(2 — 3x) i2x(dx + 1)
jo 2x°(2x = 3) k 3x°2x = 1) L 5x°(3x + 4)

2. 31 Expand each of the following.
a@x+3)x—-4 b. x+ DH(x-=3) c(x—7x+2)
d x-1Dx-5) e 2—-x)(x+3) fx-—4Hx-2)
g 2x-3)(x-17) h. (x—1)3x+2) i Gx—-1)Q2x -5
B =207 -x) k. (5 —2x)(3 + 4x) L (11 = 3x)(10 + 7x)

268 Jacaranda Maths Quest 10 + 10A



3. Il Expand each of the following.

a2x+1x—-13) b. 42x+ 1)(x — 4) ¢ 2x+ DH(x—-17)
d2x(x—Dx+1) e3x(x—5x+5) f. 6x(x — 3)(x + 3)
g —2x(3 —x)(x — 3) h. -5x2 - x)(x — 4) iL6x(x+5@ —-x)
4. Expand each of the following.
a(x—DHx+DHx+2) bh.x—=3)x—-Dx+2) cC(x=5x+Dx-=1)
d x-1Dx-2)x-3) e 2x—Dx+DHx—4) £ CGx+D2x—-1Dx-1)
5. Expand each of the following and simplify.
a(x+2)x—1) —2x b.3x— 2x=-5x+2)
C2x=-3)x+ 1D+ Bx+DHx-2) d 3-202x—-1)+ @x-5x+4)
e x+Dx—-7—-x+2)x-3) L x-2)x=5—-(x-DHx-4
g (x—3)(x+1) +V3x h. (V2 = 30) (V3 + 2x) — V5x
6. I3 a. (3x — 1)(2x + 4) expands to:
A. 6x° + 10x — 4 B. 5x> —24x + 3 C.3x>+2x—4
D. 6x2 — 10x — 4 E. 6x* — 4
b. —2x(x — 1)(x + 3) expands to:
A x> +2x -3 B. 2x>—4x+6 C. —2x3 — 4x* + 6x
D. —2x% + 4x> — 6x E. -2x>-3
7. I3 The expression (x — 1)(x — 3)(x + 2) is not the same as:
A x—=3)x—-1Dx+2) B. x+3)(x—-1Dkx-2) C.x—Dx+2)(x-13)
D. x+2)(x — 1)(x — 3) E.(x-3)x+2)(x-1)
8. IIEA Expand and simplify each of the following.
a. (x — 1)? b. (x + 2)2 c. (x +5)? d (4 +x)?
e. (7 —x)? f. (12 — x)? g (3x — 1)? h. (12x — 3)?
i (5x + 2)? j (2 = 3x)? k. (5 — 4x)? L (1 — 5x)?
9. IZEA Expand and simplify each of the following.
a. 2(x — 3)? b. 4(x — 7)? ¢ 3(x+ 1)2
d. —(2x + 3)? e. —(7x — 1)? f. 2(2x — 3)?
g —3(2 — 9x)? h. =53 — 11x)? i —4(2x + 1)?
10. KIZ3 Expand and simplify each of the following.
a@x+7Hx-17 b.x+9x-9) c(x—=5x+)5)
d x-Dx+1) e. 2x—3)2x + 3) f. Bx—1)Gx+ 1
g (7-x)(7+x h. 8 +x)(8 —x) L B-203+ 2

Understanding
11. The length of the side of a rectangle is (x + 1) cm and the width is (x — 3) cm.
a. Find an expression for the area of the rectangle.
b. Simplify the expression by expanding.
c. If x = 5 cm, find the dimensions of the rectangle and, hence, its area.
12. Chickens are kept in a square enclosure with sides measuring x m. The number of chickens is increasing
and so the size of the enclosure is to have 1 metre added to one side and 2 metres to the adjacent side.
a. Draw a diagram of the original enclosure.
b. Add to the first diagram or draw another one to show the new enclosure. Mark the lengths on each
side on your diagram.
¢. Write an expression for the area of the new enclosure in factorised form.
d. Expand and simplify the expression by removing the brackets.
e. If the original enclosure had sides of 2 metres, find the area of the original square and then the area
of the new enclosure.
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13. Shown below are three students’ attempts at expanding (3x + 4)(2x + 5).
STUDENT A

STUDENT B

STUDENT C

- x+5
L {iﬁ?ﬁqli}fi- 3;2&{5 + 4x 2+ xS

1B 4 8x 426
X* §23% + 20

a. Which student’s work was correct?
b. Copy each of the incorrect answers into your workbook and correct the mistakes in each as though
you were the teacher of these students.
14. If a = 5 and b = 3, show that (a — b)(a + b) = a* — b* by evaluating both expressions.
15. If a = 5 and b = 3, show that (a + b)> = a* + 2ab + b* by evaluating both expressions.
16. Write an expression in factorised and expanded form that is:
a. a quadratic trinomial
b. the square of a binomial
c. the difference of two squares
d. both a and b.
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Reasoning

17. Explain the difference between ‘the square of a binomial’ and ‘the difference between two squares’.
18. Show that (a + b)(c + d) = (c + d)(a + D).

Problem solving

19. Expand:

a. (2x + 3y — 52)° b. <<1+§> —2x>2
20. Find an expanded expression for:

a. the volume of the cuboid

i (2x — 3) cm

_________________________

(x - 2)cm

2x +3)cm

I”7
(2x +3)cm

Reflection
Why does the difference of two squares rule have that name?

CHALLENGE 7.1

Find all the positive integers, a, which make the expression (@ —10)@@ —14) a perfect square. Consider 0 to be the
first perfect square.
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(.3 Factorising expressions with three terms

A monic quadratic expression is an expression in the form ax® + bx + ¢ where a = 1.

7.3.1 Factorising monic quadratic trinomials
* The area model of binomial expansion can be used to find a pattern for factorising a general quadratic
expression. For example,

x4+ x+h) =2+ fr+ hx+ fh C+DHx+3)=x>+4x+3x+ 12
X+ (f+ hx+ fh =x>+Tx+ 12

x  + f x  + 4

X

+
h hx fh 3 3x 12

» To factorise a general quadratic, look for factors of ¢ that add to b.
x2+bx+c=(x+f)(x+h)

N/

Factors of ¢ that add to b
3+4=7

For example, x*> + 7x + 12 = (x + 3)(x + 4).

3x4=12

WORKED EXAMPLE 5

Factorise the following quadratic expressions.

ax’+5c+6 b x? + 10x + 24
THINK WRITE
a 1 Write the expression and: a X’ +5x+6

i check for a common factor. There is no
common factor.
ii check for a DOTS pattern. The expression
is not in the form a> — bh2.
iii check for a perfect squares pattern. 6 is
not a perfect square.
This must be a general quadratic expression.

2 i The general quadratic expression has the Factors of 6 Sum of factors
pattern x> + 5x + 6 = (x + f)(x + h). f and
h are a factor pair of 6 that add to 5. 1and 6 7
ii Calculate the sums of factor pairs of 6. 2and 3 5
The factors of 6 that add to 5 are 2 and 3, as shown
in blue.

3 Substitute the values of f and & into the expression in  x* 4 5y 4+ 6 = (x + 2)(x + 3)
its factorised form.
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b 1 Check for patterns of common factors, DOTS b x>+ 10x + 24
and perfect squares patterns. None of these apply,
so the expression is a general quadratic.

2 i Izhigfngj_l gliad:r?zzc f)}[))gccS_s:ohn) flas the pattern Factors of 24 Sum of factors
where f and A are a factor pair of 24 that add to 10. 1and 24 25
ii Calculate the sums of factor pairs of 24. 2and 12 14
The factors of 24 that add to 10 are 4 and 6, 3and 8 11
as shown in blue. 4and 6 10

3 Substitute the values of f and & into the expression in  ? + 10x + 24 = (x + 4)(x + 6)
its factorised form.

7.3.2 Factorising non-monic quadratic trinomials

* A non-monic quadratic expression is ax®> + bx + ¢ where a # 1.
e When a quadratic trinomial in the form ax? + bx + ¢ is written as ax®> + mx + nx + ¢, where
m + n = b, the four terms can be factorised by grouping.

262 4+ 1lx+ 12 =2x> + 8x + 3x + 12
=24+ 8x+3x+ 12
=2x(x+4) +3x+4)
=2x(x+4)+3(x+4)
=x+4)Q2x+3)

* There are many combinations of numbers that satisfy m + n = b; however, only one particular
combination can be grouped and factorised. For example,

22+ 1lx+12=2x2+Tx+4x+ 12 or 22+ llx+12=2x24+8x + 3x + 12

=22+ Tx+4x+ 12 =22+ 8x+3x+ 12
=x2x +7) + 4(x + 3) =2x(x+4)+3x+ 4
cannot be factorised further =@x+4+ 2x+ 3)

* In examining the general binomial expansion, a pattern emerges that can be used to help identify
which combination to use for m + n = b.
(dx + e)(fx + g) = dfi®> + dgx + efx + eg
= dfx> + (dg + ef)x + eg
m+n=dg+efand mXn=dg Xef
=b = dgef
= dfeg
= ac
Therefore, m and n are factors of ac that sum to b.
* To factorise a general quadratic where a # 1, look for factors of ac that sum to b. Then rewrite the
quadratic trinomial with four terms that can then be grouped and factorised.

ax’ +bx+c=ax>+mx+nx+c

N/

Factors of ac that sum to b
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WORKED EXAMPLE 6 Tl | CASIO

Factorise 6x2 — 11x — 10.

THINK WRITE
1 Write the expression and look for common 62 —11x =10 = 6x> + —11x + —10
factors and special patterns. The expression is
a general quadratic witha = 6, b = —11 and
c=-10.
2 Since a # 1, rewrite ax* + bx + c as Factors of —60
ax® + mx + nx + ¢, where m and n are (6 x —10) S G
factors of ac (6 X —10) that sum to b (—11). —60. 1 _59
Calculate the sums of factor pairs of —60. As ’
shown in blue, 4 and —15 are factors of —60 -20,3 —17
that add to —11. -30,2 -28
15,-4 11
— 15,4 - 11
3 Rewrite the quadratic expression: 6x2 — 1lx — 10 =6x%2 + 4x + —15x — 10
ax?> + bx + ¢ = ax>+ mx + nx + ¢
withm = 4 and n = —15.
4 Factorise using the grouping 6x> — 11x — 10 = 2x(3x + 2) + =53x + 2)
method: 6x> + 4x = 2x(3x + 2) and = (3x+2)2x - 95)

—15x —10=-5Bx + 2)
Write the answer.

learn RESOURCES — ONLINE ONLY
Complete this digital doc: SkillSHEET: Finding a factor pair that adds to a given number (doc-5250)
Complete this digital doc: WorkSHEET: Factorising and expanding (doc-5251)

Exercise 7.3 Factorising expressions with three terms assess(])

Individual pathways

B PRACTISE H CONSOLIDATE H MASTER
Questions: Questions: Questions:
1a-e, 2a-e, 3a—-e, 4-6, 7a-e, 8, 1fj, 2f-i, 3f-i, 4, 5, 6, 7d-h, 8, 1k-o, 2k-l, 3j-l, 4, 5, 6, 7i-, 8, 9,
11,15 9a-d, 11, 12, 15, 16 10, 13-17
[l B W Individual pathway interactivity: int-4597 learn ONLINE ONLY

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.
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Fluency

1. IIE Factorise each of the following.

a x>+ 3x+2
d X2+ 8x+ 16
g x> — 1lx— 12
jxX>+4x-5
m. x2 — 4x + 3

b. x>+ 4x + 3
e x’—2x—3
h. x> — 4x — 12
k x>+ 6x — 7
n x> — 9x + 20

2. IE3 Factorise each of the following.

a. —2x> — 20x — 18
d —x>— 11x - 10
g —x>—Tx— 12
jo 3x% 4+ 33x + 30
. Factorise each of the following.
aa’— 6a-"17
d. m> + 2m — 15
g k* + 22k + 57
jovi—28v+ 75

b. —3x> - 9x — 6
e. —x>— Tx— 10
h. —x> — 8x — 12
k. 5x% + 105x + 100

b. 2 — 6+ 8
e. p> — 13p — 48
h. s2 — 16s — 57

k. x2 + 14x — 32

.2+ 10x + 16

c

f.x>—3x-4
ix*4+3x—4
L2+ 3x—-10
0. x>+ 9x — 70

c.—x>—-3x-2

f.—x>— 13x - 12
i 2x% + 14x + 20
L 5x% + 45x + 100

b’ +5b+ 4
f. 2+ 13c — 48
iLg?—g—-172
L x2 - 19x + 60

4. M a. To factorise — 14x*> — 49x + 21, the first step is to:

. find factors of 14 and 21 that will add to —49

. take out 14 as a common factor

. take out —7 as a common factor

. find factors of 14 and —49 that will add to make 21
E. take out — 14 as a common factor

b. The expression 42x> — 9x — 6 can be completely factorised to:
A. (6x — 3)(7x + 2) B.3Q2x — 1)(7x + 2)
C. 2x— D(R2lx + 6) D.32x+ 1)(7x — 2)
E.42(x - 3)(x+ 2)

5. [ When factorised, (x + 2)> — (y + 3)? equals:
AXx+y—2)x+y+2)
C.x—y—-Dkx+y+5)
E.x+y—-Dx+y+2)

6. Factorise each of the following using an appropriate method.

a2x>+ 5x+ 2 b. 2x> — 3x + 1
d 4x? + 4x - 3 e. 2x> — 9x — 35
g 6x>— 17x + 7 h. 12x*> — 13x — 14 i 10x> — 9x— 9
jo 2062 + 3x — 2 Kk 12x% + 5x — 2 L15x> +x—2
7. Factorise each of the following, remembering to look for a common factor first.
ad’+2x— 6 b. 9x> — 60x — 21 e 72x% + 12x — 12
d. —18x*> +3x+3 e. —60x% + 150x + 90 f. 24ax> + 18ax — 105a
g —8x2 4+ 22x — 12 h. —10x* + 31x + 14 i. —24x? 4+ 35x — 4
jo —12x% = 2xy + 2y? k. —30x + 85xy + 70y? L —600x> — 780xy — 252y?

OO0 W >

B.x—y—Dx+y-—-1
D.x—y+ D(x+y+5)

c.4x?—17x - 15
f 322+ 10x + 3

Understanding
8. Consider the expression (x — 1)+ 5(x — 1) — 6.
a. Substitute w = x — 1 in this expression.
b. Factorise the resulting quadratic.
¢. Replace w with x — 1 and simplify each factor. This is the factorised form of the original expression.
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9. Use the method outlined in question 8 to factorise each of the following expressions.

a(x+ D2+3x+1) -4 b.(x+ 2>+ (x+2) -6
. (x=32+4(x-3)+ 4 d(x+ 32+ 8x+3)+ 12
e (x—7>=T7x-7 -8 f.(x—5%-3x—-15) - 10

10. Factorise x> + x — 0.75.
11. Students decide to make Valentine’s Day cards. The total area of each card is
equal to (x> — 4x — 5) cm”.
a. Factorise the expression to find the dimensions of the cards in terms of x.
b. Write down the length of the shorter side in terms of x.
c. If the shorter sides of a card are 10 cm in length and the longer sides are 16 cm
in length, find the value of x.
d. Find the area of the card proposed in part c.
e. If the students want to make 3000 Valentine’s Day cards, how much cardboard
will be required? Give your answer in terms of x.
12. The area of a rectangular playground is given by the general expression
(6x* + 11x 4+ 3) m? where x is a positive whole number.
a. Find the length and width of the playground in terms of x.
b. Write an expression for the perimeter of the playground.
c. If the perimeter of a particular playground is 88 metres, find x.

Reasoning

13. Cameron wants to build an in-ground ‘endless’ pool. Basic
models have a depth of 2 metres and a length triple the
width. A spa will also be attached to the end of the pool.

a. The pool needs to be tiled. Write an expression for
the surface area of the empty pool (that is, the floor
and walls only).

b. The spa needs an additional 16 m? of tiles. Write an
expression for the total area of tiles needed for both
the pool and the spa.

c. Factorise this expression. ]

d. Cameron decides to use tiles that are selling at a discount price, but there are only 280 m? of the tile
available. Find the maximum dimensions of the pool he can build if the width is in whole metres.
Assume the spa is to be included in the tiling.

e. What area of tiles is actually needed to construct the spa and pool?

f. What volume of water can the pool hold?

14. Fabric pieces comprising yellow squares, white squares and black rectangles are sewn together to
make larger squares (patches) as shown in the diagram. The length of each black rectangle is twice its
width. These patches are then sewn together to make a patchwork quilt. A finished square quilt, made
from 100 patches, has an area of 1.44 m2.

a. Determine the size of each yellow, black and white section in one fabric piece.
Show your working.

b. How much (in m?) of each of the coloured fabrics would be needed to construct
the quilt? (Ignore seam allowances.)

¢. Sketch a section of the finished product.

15. Each factorisation below contains an error. Identify the error in each statement.

axl—Tx+ 12=(x+3)x—-4 box>—x—12=(x-3)(x+ 4
XX —x+2=@x-Dx+1 dxX>—4x-21=(x-=-3)@x-17
exX*+4x—-21=@x+3)Hx-17) £xX2-—x-30=(x—-35x+ 6)
g x>+ Tx—8=(x+ DHx—-28) h.x> — 11x 4+ 30= (x — 5)(x + 6)
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Problem solving
16. Factorise:

a.6Ba—- 1)?-13Ba-1)-5 b. 3m* — 19m2 — 14 c. 2sin? (x) — 3sin (x) + 1.
17. Factorise: B

a2+ 3V3x -6 b. z4+ 1)+ (z— 13
Reflection

In your own words, describe how you would factorise a quadratic trinomial.

(4 Factorising expressions with two or four terms
7.4.1 Factorising expressions with two terms

 If the terms in an expanded expression have a common factor, the highest common factor is written
at the front of the brackets and the remaining factor for each term in the expression is written in the
brackets. For example, 4x*> — 36 = 4(x> — 9).
» A Difference of Two Squares (DOTS) expression in expanded form has two squared terms separated
by a subtraction symbol.
a’> - b*=(a-b)(a+b)
T T

Expanded form Factorised form

WORKED EXAMPLE 7 Tl | CASIO

Factorise the following.

a 12k° + 18 b 16a>-25b*
THINK WRITE
a 1 Write the expression and look for common factors. a 12k* + 18 = 6(2k* + 3)

The terms have a highest common factor of 6. Write

the 6 in front of a set of brackets, then determine

what must go inside the brackets. 12k* = 6 x 2k?,
18=6x3

2 Look for patterns in the expression inside the
brackets to factorise further. The expression inside the
brackets cannot be factorised further.

b 1 Write the expression and look for common factors. b 16a4% — 25b*
The expression has no common factor.
2 Look for the DOTS pattern in the expression. Write the = 4242 — 52(p?)?
equation showing squares. = (4a)? — (5b?)?
3 Use the pattern for DOTS to write the factors. = (4a + 5b*)(4a — 5b?)

a*> —b%2=(a+ b)a->b)

7.4.2 Factorising expressions with four terms

e If there are four terms to be factorised, look for a common factor first.

* Then group the terms in pairs and look for a common factor in each pair. It may be that a new common
factor emerges as a bracket (common binomial factor).

* If an expression has four terms, it may require grouping to factorise it.

* In the process known as grouping ‘two and two’, the terms of the expression are grouped into two
pairs, then a common factor is removed from each pair.
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* When selecting terms to place as pairs, each pair after factorising should result in a common binomial
factor. For example:
2a — 6b + 3ac — 9bc = 2(a — 3b) + 3c(a — 3b)

WORKED EXAMPLE 8

Factorise each of the following.

a x—4y + mx—4my b x2+3x—y*+ 3y
THINK WRITE
a 1 Write the expression and look for a common a x —4y + mx — 4my

factor. (There isn’t one.)

2 Group the terms so that those with common = (x — 4y) + (mx — 4my)
factors are next to each other.

3 Take out a common factor from each group = 1(x — 4y) + m(x — 4y)
(it may be 1).

4 Factorise by taking out a common binomial = —4y)(1 + m)
factor. The factor (x — 4y) is common to both groups.

b 1 Write the expression and look for a common factor. b x” + 3x — y* + 3y

2 Group the terms so that those with common = (% —y) + Bx + 3y)
factors are next to each other.

3 Factorise each group. =x+yx—-—y) +3x+y

4 Factorise by taking out a common binomial factor. =x+yx—y+3)

The factor (x + y) is common to both groups.

* Now we will look at grouping a different combination, known as grouping ‘three and one’.

WORKED EXAMPLE 9 Tl | CASIO

Factorise the following expression: x> + 12x + 36 —y°.

THINK WRITE

1 Write the expression and look for a common factor. X%+ 12x + 36 — y?

2 Group the terms so that those that can be factorised = (& + 12x 4+ 36) —y?
are next to each other.

3 Factorise the quadratic trinomial. =@+ 6)(x + 6)— y?
This is the form of a perfect square. = (x + 6)2 — y2

4 Factorise the expression using a* — b*> = (a + b)(a — b). =x+6+y)x+6-—y

Iearn RESOURCES — ONLINE ONLY

Complete this digital doc: Skill[SHEET: Factorising by taking out the highest common factor (doc-5246)
Complete this digital doc: SkillSHEET: Factorising by taking out a common binomial factor (doc-5247)
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Exercise 7.4 Factorising expressions with two or four terms assess(I]

Individual pathways

B PRACTISE Il CONSOLIDATE B MASTER
Questions: Questions: Questions:
1-4, 8a-h, 9a—-d, 10a-c, 14, 15 1-4, 5a, 7a-c, 8a—h, 9a-d, 10a-d, 1-7, 8e-1, 9-19

11-13, 15, 16, 18

[l B B Individual pathway interactivity int-4598 learn

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency
1. Factorise each of the following by taking out a common factor.
a. x* + 3x b. x* — 4x c. 3x* — 6x
d. 4x> + 16x e. Ox’ — 3x f. 8x — 8x?
g 12x — 3x? h. 8x — 12x? i. 8x2 — 11x
2. Factorise each of the following by taking out a common binomial factor.
a3x(x—2)+ 2(x—-2) b. 5(x + 3) — 2x(x + 3)
. (x— D2+ 6(x-1) d (x+ D2=2(x+ 1
e(x+4Hx -4+ 2(x+ 4) £7c-3)— (x+3)(x—3)
3. IIE4 Factorise each of the following.
ax’—1 b. x> — 9 c. x* - 25
d. x> — 100 R f. 4x> — 9y?
g 16a> — 49 h. 25p? — 364> i. 1 — 100>
4. Factorise each of the following.
a 4x’ — 4 b. 5x* — 80 c. ax’ — 9a
d. 2b% — 84* e. 100x? — 1600 f. 3ax*> — 147a
g 4px> — 256p h. 36x> — 16 i. 108 — 3x?
5. I3 a. If the factorised expression is (x + 7)(x — 7), then the expanded expression must have been:
A x> =17 B. x>+ 7 C.x2—49
D. x>+ 49 E. x> — 14x + 49
b. If the factorised expression is <Z - 2) <Z + g),then the original expression must have been:
AL B2 9 c. 2 (¥
4 5 16 25 4 (V/5)2
0.5 -2 g X _ (VI
4 25 16 (1/5)2
c. The factorised form of 64x> — 9y is:
A. (64x + 9y)(64x — 9y) B. (8 + 3y)(8x — 3y) C. (8x — 3y)(8x — 3y)
D. (8x + 3y)(8x + 3y) E. (16x + 3y)(16x — 3y)
6. [ Which of the following expressions would be factorised by grouping ‘two and two’?
A. x> — a*+ 12a — 36 B. x> — 7x — 10 C. 2x> — 6x — xy + 3y
D. (s — 5)% — 25(s + 3)? E.(r+5) — @+ 3)r+5)
7. Factorise each of the following over the set of real numbers.
a x> — 11 b. x> -7 c.x>—15
d. 4x*> — 13 e. 9x*> — 19 f. 3x*> — 66
g 5x> — 15 h. 2x> — 4 i. 12x2 — 36
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8. Factorise each of the following expressions.
a(x—1)2-4 b. (x + 1)2 - 25
d (x+ 3)2-16 e 49 — (x + 1)?
g (x— 12— (x=95)? h. 4(x + 2)2 — 9(x — 1)?
. A Factorise each of the following.
a.x— 2y+ ax — 2ay b. 2x + ax + 2y + ay
d.4x + 4y + xz + yz eef—2e+3f-06
g. 6rt — 3st + 6ru — 3su h. 7mn — 21n + 35m — 105
j- 3a> — a*b + 3ac — abc k. 5x% + 10x + x%y + 2xy

10. Factorise each of the following.

axy+ 7Tx—2y— 14 b.mn+ 2n—-3m— 6

c(x—2?%-9
£36 — (x — 4)2
i 25(x — 2)2 — 16(x + 3)?

c.ax — ay + bx — by
fmn—-—Tm+n-7
i 64 — 8 + 16k — 2jk

L 2m? — m2n + 2mn — mn>

c.pqg+ 5p— 3¢g— 15

d. s? + 35 — 4st — 12t e.a’b — cd — bc + a’d
11. EEA Factorise each of the following.

a.a>— b*+ 4a — 4b b. p> - ¢* - 3p + 3q cm?—n’+Im+ In

d 7x+ 7y + x> — y? e.5p — 10pg + 1 — 44° f. 49> — 36h> — 28g — 24h
12. IE Factorise each of the following.

a x>+ ldx + 49 — y? b. x> + 20x + 100 — y? c.a’— 22a+ 121 — b?

d. 94> + 12a + 4 — b? e. 25p> — 40p + 16 — 97 f£.36r — 12t + 1 — 512
13. I3 a. In the expression 3(x — 2) + 4y(x — 2), the common binomial factor is:

£ xy— z— 522+ 5xyz

A. 3+ 4y B.3 — 4y C.x D. —x+ 2 E.x—-2
a. Which of the following terms is a perfect square?

A. 9 B.x+ Dx—1) C. 3x?

D. 5(a + b)? E. 25x

b. Which of the following expressions can be factorised using grouping?
A x* — y? B. 1 + 4y — 2xy + 4x?
D. x>+ x+y— ) E. 2a + 4b — 6ab + 18
14. I3 When factorised, 6(a + b) — x(a + b) equals:
A. 6 — x(a+ b) B. (6 — x)(a + b)
D. (6 + x)(a — b) E.(6+ x)(a+ D)

C.3d>+ 8a+ 4

C.6(a+ b— x)

Understanding
15. The area of a rectangle is (x> — 25) cm”.
a. Factorise the expression.
b. Find the length of the rectangle if the width is x + 5 cm.
c. If x = 7 cm, find the dimensions of the rectangle.
d. Hence, find the area of the rectangle.
e. If x = 13 cm, how much bigger would the area of this rectangle be?

Reasoning
16. A circular garden of diameter 2r m is to have a gravel
path laid around it. The path is to be 1 m wide.
a. Find the area of the garden in terms of r.
b. Find the area of the garden and path together in
terms of r, using the formula for the area of a circle.
¢. Write an expression for the area of the path in
fully factorised form.
d. If the radius of the garden is 5 m, then find the area
of the path, correct to 2 decimal places. Show your
working.
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17. A roll of material is (x + 2) metres wide. Annie buys (x + 3) metres of the material and Bronwyn
buys 5 metres of the material.
a. Write an expression, in terms of x, for the area of each piece of material purchased.
b. If Annie has bought more material than Bronwyn, write an expression for how much more she has
than Bronwyn.
¢. Factorise and simplify this expression.
d. Find the width of the material if Annie has 5 m? more than Bronwyn.
e. How much material does each person have? Explain your answer.

Problem solving
A polynomial in the form a®> — b3 is known as the difference of two cubes.
The difference of two cubes can be factorised as:
a’*— b= (a—- b)(@+ ab + b
Use either the difference of two squares or the difference of two cubes to answer these problem solving
questions.
18. Factorise:
a. x’ — 4xy + 4% — a®> + 6ab — 9b? b. x> + 9x? 4+ 27x — 37.
19. Factorise:
a. 270 — 1 b. 12x* — 75y% — 9(4x — 3).
Reflection
What do you always check for first when factorising?

(.5 Factorising by completing the square
7.5.1 Completing the square

* Completing the square is the process of writing a general quadratic expression in turning point form.

Complete the square

N

Iax2 + bx + ¢ = Ia(x—h)2 + kI

General form Turning point form
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The expression x> + 8x can be modelled as a square with a smaller square missing from the corner, as
shown below.

X2+ 8x = (x + 4)2— (4)2 4

* In ‘completing the square’, the general equation is written as the area of the large square minus the
area of the small square.

» In general, to complete the square for x> + bx, the small square has a side length equal to half of the

2
coefficient of x; that is, the area of the small square is <b> .

X b

I
=

o +

SIS

X2+ bx = (x +£)2 - (2)2 g

WORKED EXAMPLE 10

Werite the following in turning point form by completing the square.
a x?+ 4x b x2+ 7x+1
THINK WRITE
a * The square will consist of a square that has an area of a
x2 and two identical rectangles with a total area of 4x.
* The length of the large square is (x + 2) so its area
is (x +2)%.
e The area of the smaller square is (2)2.
» Write x? + 4x in turning point form.

X2+ 4x = (x + 2)* — (2)
=@x+2)2-4
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b 1 ¢ Complete the square with the terms containing x. b x +1
* The square will consist of a square that has an
area of x > and two identical rectangles with a total

area of 7x.

* The length of the large square is (x + %) S0 its
2

area is (x + % 5

* The area of the smaller square is (7> .

2
e Write x2 + 7x + 1 in turning point form.

2 Simplify the last two terms.

* The process of completing the square is sometimes described as the process of adding the square of
half of the coefficient of x then subtracting it, as shown in green below. The result of this process is a
perfect square that is then factorised, as shown in blue.

b\* (b)?
Ztbx=x+bx+ () — (2
© 4 br =2+ b (2) <2>

b\* [(b)?

=x>+bx+(Z) -2
ceoe (3= (5)
_ b2 b2
- (+5)- ()

+ For example, factorise x> + 8x + 2 by completing the square.

8\? 82
248+ () —(2) +2
=xX>+8+ 4> - 4@?*+2

=x>+8x+16-16+2
=(x+4)>2-14

7.5.2 Factorising by completing the square

* When an equation is written in turning point form, it can be factorised as a difference of two squares.

WORKED EXAMPLE 11 Tl | CASIO

Factorise the following by completing the square.

a x?+4r+2 b x?—9x +1
THINK WRITE
4 2 4 2
a 1 To complete the square, add the ax?+4x +2=x%*+4x+ Y +2
square of half of the coefficient
of x and then subtract it.
2 Write the perfect square created =x2+4x +2)?2 -2 +2

in its factorised form. =(x +2)2-02)2+2
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3 Write the expression as a =(x+2)2-4+2

difference of two squares by: =@ +2)?-2
e simplifying the numerical terms = (x +2) — (v2)?
e writing the numerical term as a square
2 = (2)).
4 Use the pattern for DOTS, =x+2 + ﬁ)(x +2 - \5)

a*> —b*=(a - b)(a+b),
where a = (x + 2) and b = V2.

2 2
b 1 To complete the square, add the bx?2-9x+1=x%-9x + (9) — <9> + 1
square of half of the coefficient
of x, then subtract it.

2 2
2 Write the perfect square created =x>—9x + <§> = (g) + 1
in its factorised form. 9\2 9\ 2
=(x-3) - (3) +1
. . 9\ i
3 Write the expression as a = (x - 5) -5 +1
difference of two squares by: _ (x 9 )2 7
* simplifying the numerical terms B VN 5
* writing the numerical term as a square. = ( X — g) = (@)

7 _ (7N (v
4 4) T\ 2

4 Use the pattern for DOTS: = (x ~ P @)(x 2 @)

a’> —b*=(a—-b)a+Db), -

where a = <x+ g) and b = @

* Remember that you can expand the brackets to check your answer.
« If the coefficient of x*> # 1, factorise the expression before completing the square.

learn RESOURCES

Try out this interactivity: Completing the square (int-2783)

Exercise 7.5 Factorising by completing the square assess[J])

Individual pathways

Hl PRACTISE Il CONSOLIDATE H MASTER

Questions: Questions: Questions:

1a-d, 2a—d, 3a-d, 4a—d, 5-7, 9 1e-i, 2e-h, 3e-h, 4e-h, 5-8, 10 1g-i, 2g-i, 3g-i, 4g-i, 5-11
[l B W Individual pathway interactivity: int-4599 learn

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.
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Fluency
1. IIE1 Complete the square for each of the following expressions.

a. x>+ 10x b. x*> + 6x c. x> — 4x d. x> + 16x
e. x2 — 20x f. x2 + 8x g x* — l4x h. x> + 50x
ix?+ 7x joxr—x
2. I3EA Factorise each of the following by first completing the square.
a x> —4x -7 b. x> +2x — 2 cx?—10x + 12
d. x> + 6x — 10 e. x>+ 16x — 1 f. x> — 14x + 43
g x>+ 8x+9 h. x2 —4x — 13 i x?2 - 12x + 25
3. IIZEA Factorise each of the following by first completing the square.
ax’—x-—1 b. x> — 3x — 3 ex>+x-5
d x> +3x -1 e. x> +5x+2 f.x>+5x-2
g x> —Tx—1 h. x> — 9x + 13 x> —x-3
4. Factorise each of the following by first looking for a common factor and then completing the square.
a2’ +4x—4 b. 4x> — 8x — 20 ¢ 5x>+30x+5
d. 3x% — 12x — 39 e. 5x*> — 30x + 10 f. 6x° +24x — 6
g 3x% + 30x + 39 h. 2x* — 8x — 14 i. 6x% + 36x — 30

Understanding
5. Which method of factorising is the most appropriate for each of the following expressions?
a. Factorising using common factors
b. Factorising using the difference of two squares rule
c¢. Factorising by grouping
d. Factorising quadratic trinomials
e. Completing the square

i3x2—8x—3 ii. 49m? — 16n?
jii. x> + 8x + 4 —y? iv. 7x> — 28x
V. 6a — 6b + a* — b? Vix’+x-5
vii. (x —3)2+3(x-3) - 10 viii. x> — 7x — 1
6. I3 a. To complete the square, the term which should be added to x> + 4x is:
A. 16 B. 4 C. 4x D. 2 E. 2x
b. To factorise the expression x2 = 3x + 1, the term that must be both added and subtracted is:
A9 B. 3 C. 3x p.> e
2 4
7. [ The factorised form of x> — 6x + 2 is:
A x+3 -V +3+VT) B. (x+3 - V)(x =3+ V7)
C. (x=3-V)x=3-7) D. (x =3 - V)(x+3+ V7

E.(x =34+ VT)(x=3 =7

Reasoning
8. A square measuring x cm in side length has a cm added to its length and b cm added to its width. The result-
ing rectangle has an area of (x> + 6x + 3) cm?. Find the values of a and b, correct to 2 decimal places.
9. Show that x> + 4x + 6 cannot be factorised by completing the square.

Problem solving

10. For each of the following, complete the square to factorise the expression.
a. 2x’ 4+ 8x + 1 b.3x> - 7x+5
11. Use the technique of completion of the square to factorise x> + 2(1 — p)x + p(p — 2).

Reflection
Why is this method called completing the square?
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/O Mixed factorisation

7.6.1 Mixed factorisation

* Apply what has been covered in this chapter to the following exercise. Factorising monic and non-
monic trinomials:
— factorising by grouping
— difference of two squares
— completing the square.

learn RESOURCES

Complete this digital doc: SkillSHEET: Simplifying algebraic fractions (doc-5248)
Complete this digital doc: SkillSHEET: Simplifying surds (doc-5249)

Complete this digital doc: SkillSHEET: Factorising by grouping three and one (doc-5252)
Complete this digital doc: WorkSHEET: Mixed factorisation (doc-5254)

Exercise 7.6 Mixed factorisation assess[]])

Individual pathways

l PRACTISE Il CONSOLIDATE Hl MASTER
Questions: Questions: Questions:
1-6, 8-10, 12-15, 18, 20, 21, 25, 1, 2, 4-9, 11, 13-16, 18-20, 22, 1-9, 13-15, 17, 18, 20, 23, 24, 26,
26, 31-35, 46, 48 26-29, 30, 34, 36, 38, 40, 42, 44, 34-37, 39, 41, 43, 45, 47hj, 48,
46, 47a-g, 48, 49, 52 50-53
[l B W Individual pathway interactivity: int-4600 learn

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency

Factorise each of the following expressions in questions 1-45.

1.3x+9 2.2 +4x+4-97
3.x*-36 4. x> — 49

552 -9x -2 6. 15x — 20y

7. 5¢ + de + dc + 5Se 8. 5x% — 80

9. —x>—6x-5 10. x> + x — 12
Il.mn+1+m+n 12.x° =7

13. 16x% — 4x 14. 5x% + 60x + 100

15. 18 + 9x — 6y — 3xy 16. x> — 8x + 16 — y?
17. 4x* + 8 18. fg + 2h +2g + fh
19. x> -5 20. 10mn — 5n + 10m — 5
2l x> +6x + 5 22, x> — 10x — 11

23. x> -4 24. —5a + bc + ac — 5b
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2. xy—l+x—-y 26.3x> + 5x + 2

27. 7x* — 28 28, —4x? — 28x — 24

29.2p — rs + pr —2s 30. 3x% — 27

3. —3u+tv+ut—3v 2.2 - 11

331202 —Tx+ 1 M x-12-4

35. (x+2)>-16 36. (2x + 3)> - 25

37.3(x + 5)% — 27 38.25 — (x — 2)?

39. 43 — x)% — 16y? 40. (x + 2y)> — 2x + y)?

4. (x +3)> = (x+ 1)? 2. 2x - 3y)? — (x — y)?

3. (x+3)2+5x+3)+4 M. (x-3)2+3x-3)-10

45.2(x + 1>+ 5@+ 1) +2

Understanding

46. Consider the following product of algebraic fractions.
X%+ 3x — 10Xx2+4x+4

x> —4 x> —2x -8
a. Factorise the expression in each numerator and denominator.

b. Cancel factors common to both the numerator and the denominator.

c¢. Simplify the expression as a single fraction.

47. Use the procedure in question 46 to factorise and simplify each of the following.

x2—4x+3xx2+5x+6
x> —4x — 12 x* -9
b.3x2—17x+10>< -1
6x> +5x -6 X2—6x+5
c.6x_12>< 3x+ 6

-4 x(x-Y5)
6x2—x—2>< 2 +x—1
2x°+3x+1 3x>+10x -8
e-xz+4x—5+xz+10x+25
P 4x-2 ¥ +4x+4
f.)cz—7x+6+x2—x—l2
X+x-2 x¥*-2x-38
4ab + 8a . 5Sac + 5a
(c=3) 2-2c-3
PP-Tp. pPP+p-6
TprP—49  p?+ 14p + 49
i.mz+4m+4—112;2m2+4m—2mn

4m? —4m —15  10m> + 15m
. d*—6d+9 —25¢*  4d — 12 — 20e
" 4l -5d-6 15410
48. Find the original expression if the factorised expression is (Z + %

49. Factorise the following using grouping ‘three and one’ and DOTS.
a. x> — 18x + 81 —y?
b. 4x* + 12x — 16y* + 9

)

x_3
4 5)°
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Reasoning
50. Expand the binomial factors (x + a)(x — @) and (—x + a)(—x — a). What do you notice? Use your
findings to factorise each of the following, giving two possible answers.
a. x> — 169 b. 366% — 144¢? c. 225x%? — 169x%y0
51. Use grouping ‘two and two’ and DOTS to factorise the following. Show your working.
a. x>+ 3x — y> + 3y
b. 7x + 7y + x> — y*
c.5p — 10pg + 1 — 44°
Problem solving
52. Simplify
2a2—7a+6x5a2+11a+2;10a2—13a—3
a’ + 8 a’—8 P -2a+4
Note: Use the difference of two cubes (page 282).
53. Factorise x> + 12x + 40 — 4x%y* — 4.

Reflection
When an expression is fully factorised, what should it look like?

CHALLENGE 7.2

The expansion of perfect squares
(a+ b)® =a®+ 2ab + b? and (a — b)?> = a° — 2ab + b® can be
used to simplify some arithmetic calculations. For example:
972 = (100 — 3)°
=100% - 2 x 100 x 3 + 32
= 9409
Use this method to calculate the following.
a.103?
b.622
€.9972
d.10122
e.532
f. 982

(.[ Review

7.71 Review questions

Fluency
1. 3 When expanded, —3x(x + 4)(5 — x) becomes:

A, =3x° = 3x% = 27x B. —=3x° + 3x — 27x C. 3x° + 3x* — 60x
D. —3x° + 3x* — 60x E. 3x° — 3x% — 60x

2. I3 When expanded, (3x + 7)? becomes:
A. 9x% + 49 B. 3x* + 49 C.3x% 4+ 21x + 49
D. 9x% + 42x + 49 E. 9x° + 21x + 49

3. M The factorised form of —3d*> — 9d + 30 is:
A. =3(d -5)d-2) B. =3(d + 5)(d - 6) C. —(3d +5)(d - 2)
D. —(3d + 5)(d — 6) E. -3(d +5)(d - 2)
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4. [ If the factorised expression is (2x — 5)(2x + 5), then the original expression must have been:

5.

10.

11.

12.

13.

14.

15.

A.2x* -5 B. 4% — 5 C.4x* - 25
D. 4x* — 20x + 25 E. 2x* + 25
[T To factorise —5x* — 45x + 100, the first step is to:
A. find factors of 5 and 100 that sum to —45
B. take out 5 as a common factor
C. take out —5 as a common factor
D. find factors of 5 and —45 that will add to make 100
E. take out —5x as a common factor
. [ To complete the square, the term which should be added to x*> — 12x is:
A. 36 B. —12 C. —12x D. -6 E. —6x
. [ Which of the following is equivalent to 5x*> — 20x — 5?
A. S5(x — 2)? B.5(x—2)>-3 C.5x-2)?%-15
D. 5(x — 2)> =20 E. 5(x —2)?-25
. 19 In the expanded form of (x — 3)(x + 5), which of the following is incorrect?
A. The value of the constant is —15.
B. The coefficient of the x term is 2.
C. The coefficient of the x term is —8.
D. The coefficient of the x> term is 1.
E. The expansion shows this to be a trinomial expression.
. Expand each of the following and simplify where necessary.
a 3x(x—4) b. =7x(Bx + 1)
c.x—=7kx+1D d. 2x -5 x-13)
e. (4x — 1)(Bx —-95) £3x—-4HQ2x+7)
g 2x-5x+3)Hx+7) h x+5&+7)+2x—-5)(x—06)
L(x+3)Gx—1)—2x
Expand and simplify each of the following.
a(x—17)> b. 2 — x)? c. (3x + 1)?
d. —2(3x - 2)° e. —7(2x + 5)* f. —10(4x — 5)?
g(x+9x-9) h. Bx-—1)Bx+ 1) i (5+20)(05 —-2x)
Factorise each of the following.
a. 2x* — 8x b. —4x% + 12x ¢ 3ax — 2ax*
d x+ D+ @x+1) e 32x — 5) — (2x — 5)* Ex—Hx+2) —x-4)
Factorise each of the following.
a.x’—16 b. x* — 25 ¢ 2x* =72
d. 3x* — 27y? e. 4ax® — 16ay’ f.(x—4)2-9
Factorise each of the following by grouping.
a.ax —ay + bx — by b. 7x +ay +ax+ Ty c.xy+2y+5x+10
d. mn — g — 2¢*> + 2mng e. pg — 5r° — r + 5pqr ffuv—-—u+9 -9
g a’>—b>+5a—5b h. @ — 4¢*> — 3d + 6¢ iL242m+1—m?
Factorise each of the following by grouping.
a 4> + 12x+ 9 —)? b. 49a* — 28a + 4 — 4b? c. 6452 — 165+ 1 — 3¢
Factorise each of the following.
a. x>+ 10x + 9 b x* — 11x + 18 e x* —4x - 21
d. x> + 3x — 28 e —x* +6x—9 £ 3x% +33x - 78
g —2x> +8x+ 10 h. —3x* 4+ 24x — 36 L8 +2xr—1
o +x—1 k. 8x% + 4x — 12 L 105x* — 10x — 15
m. —12x* + 62x — 70 n —45°% - 3x+ 6 0. —60x* — 270x — 270
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16. Factorise each of the following by completing the square.

a. x>+ 6x + 1 b. x* — 10x — 3 e x*+4x -2
d x> —5x+2 e x’+7x—1 £.2x% + 18x — 2
17. Factorise each of the following using the most appropriate method.
a. 3% — 12x b. x* + 6x + 2 c 4x* — 25
d. 2x* + 9x + 10 e 2ax +4x +3a+6 £ —3x* — 3x + 18
18. First factorise then simplify each of the following.
g Xt4  2x—12 p X6 Tx—42 c.x2—4xx2+4x—5
5x-30  x+1 4x — 24 6x+ 12 P 4+5c ¥—-2x-—28

Problem solving
19. A large storage box has a square base with sides measuring (x + 2) cm and is 32 cm high.
a. Write an expression for the area of the base of the box.
b. Write an expression for the volume of the box (V = area of base X height).
c¢. Simplify the expression by expanding the brackets.
d. If x = 30 cm, find the volume of the box in cm®.
20. A section of garden is to have a circular pond of radius 2r with a 2m path around its edge.
a. State the diameter of the pond.
b. State the radius of the pond and path.
c. State the area of the pond.
d. State the area of the pond and path.
e. Write an expression to find the area of the path only and write it in factorised form.
f. If the radius of the pond is 3 metres, find the area of the path.
21. In order to make the most of the space available for headlines and stories, the front page of a
newspaper is given an area of x> — 5x — 14 cm?.
a. If the length is x + 2 cm, what is the width?
b. Write down the length of the shorter side in terms of x.
c. If the shorter side of the front page is 28 cm, find the value of x.
d. Find the area of this particular paper.
22, Here is a well-known puzzle. Leta = b = 1.

Step 1: Write a = b. a=b

Step 2: Multiply both sides by a. at =ab

Step 3: Subtract b* from both sides. a’> —b%*=ab - b?

Step 4: Factorise. (a+ b)(a—b) =b(a—->b)
Step 5: Simplify by dividing by (a — b). (a+b)=">

Step 6: Substitute a = b = 1. I1+1=1

Where is the error? Show your thinking.

|earn RESOURCES

Try out this interactivity: Word search: Topic 7 (int-2844)

Try out this interactivity: Crossword: Topic 7 (int-2845)

Try out this interactivity: Sudoku: Topic 7 (int-3594)
Complete this digital doc: Concept map: Topic 7 (doc-13807)
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Language

It is important to learn and be able to use correct mathematical language in order to communicate
effectively. Create a summary of the topic using the key terms below. You can present your summary
in writing or using a concept map, a poster or technology.

binomial expression monic

coefficient factorise non-monic
common factor FOIL perfect squares
completing the square general form quadratic trinomial
difference of two squares grouping three and one term

expand grouping two and two turning point form

Link to assessON for questions to test your
a 55&5 5 readiness FOR learning, your progress AS
z you learn and your levels OF achievement.

assessON provides sets of questions for
every topic in your course, as well as giving
instant feedback and worked solutions to
help improve your mathematical skills.

www.assesson.com.au

Investigation | Rich Task
Celebrity squares and doubles

In small groups or as a class, use the process of
elimination to find your ‘square and double pair’
by playing ‘Celebrity squares and doubles’ as out-
lined below.
Equipment: roll of calculator paper, scissors,
sticky tape, marker pen
1. Set-up
* Make a class set of headbands. Each head-
band will be part of a matching pair made
by a number being squared and that same
original number being doubled (16 and
8 would be a pair, because 4> =16 and
4 x 2 = 8). Your teacher will direct the class
as to what number should be written on each
headband.
» Place the headbands randomly on a table.
2. Beginning the game
* There is to be no communication between players at this time.
* Your teacher will randomly allocate a headband to each player by placing a headband on their
head without the player seeing the number on their headband.
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3. Playing the game
The object of the game

* The object of the game is to use the process of elimination for you to find your pair. A possible
train of thought is illustrated at right.

Starting the game

* Once all headbands have been allocated, stand in a circle or walk around freely.

* Without speaking, determine who is a match; then, by a process of elimination, determine who
might be your match.

Making a match

* When you think you have found your match, approach that person and say ‘I think [ am your match.’

* The other player should now check to see if you have a match elsewhere and can reply by saying
one of two things: ‘Yes, I think I am your match,” or ‘I know your match is still out there.’

* If a match is agreed upon, the players should sit out for the remainder of the game. If a match is
not agreed upon, players should continue looking.

Ending the game

* The class should continue until everyone is in a pair, at which time the class can check their
results.

* The class should now discuss the different trains of thought they used to find their pair and how
this relates to factorising quadratic trinomials.

learn RESOURCES

Complete this digital doc: Code puzzle: Isaac Newton demonstrated this in 1665 (doc-15929)
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Answers

Topic 7 Quadratic expressions
Exercise 7.2 Expanding algebraic expressions

l.a.2x+6 b. 4x — 20 c. 21 —3x d —x-3
e 1?4+ 2x f. 2x% — 8x g 15x% — 6x h. 10x — 15x
i. 8x% 4+ 2x j. 4x° — 6x° k. 6x° — 3x? L 15x% + 2042
2.a.x—x—12 b. x> — 2x — 3 c. x> —5x— 14 d x> —6x+5
e. x> —x+6 f.x>—6x+8 g 202 — 17x + 21 h.3x*—x-2
i.6x>—17x+5 jo 21 — 17x + 247 k. 15 4 14x — 8x* L 110 + 47x — 214°
a2l —4x—6 b. 8x> — 28x — 16 c. —2x* 4+ 12x + 14 d. 2x° — 2x e. 3x° — 75x
f. 6x° — 54x g 200 — 1227 + 18x h. 5x° — 30x% + 40x i. —6x° — 6x% + 120x
4da.x+2>-x-2 b.x* =22 —5x + 6 X -5 —-x+5 d ¥ -6’ +11x -6
e 2 —7x* —5x+ 4 f.6xd — 72+ 1
5.8 -x-2 b. —2x% + 4x + 10 ¢.5x*-6x-5 d. 19x — 23 e. —5x—1
f.—2x+6 g XX —2x—3+V3x  h.V6+2vV2x - 3V3x — 6x> — V5x
6. a. A b. C
7.B
8.a.x*—2x+1 b. % + 4x + 4 c. x> + 10x + 25 d. 16 + 8x + x* e. 49 — 14x + »?
f. 144 — 24x + X° g 9% —6x+1 h. 144x* — 72x + 9 i, 25x% 4+ 20x + 4 jo 4 — 12x 4+ 957
k. 25 — 40x + 16x° L 1 — 10x + 25x°
9.a.2x> - 12x + 18 b. 4x* — 56x + 196 .3 +6x+3 d. —4x> — 12x -9 e. —49x% + l4x — 1
f. 8x2 — 24x + 18 g —12 + 108x — 243x> h. —45 + 330x — 605> i. —16x> — 16x — 4
10.a. x> — 49 b. x? — 81 c. x> -25 d ¥ -1 e.4x’ -9 f£.ox’> -1
g 49 — x° h. 64 — x* i.9—4x?
1l.a. x + D(x = 3) b. x> = 2x — 3 ¢. 6cm, 2 cm, 12 cm?
12.a. b.
x+Dm
xm (x+2)m
e (x+Dx+2) d ¥ +3x+2 e. 4m? 12m?
13.a. Student C
b. Student B:

Bx+4)2x+5)
=3 xX2x+3xX5+4Xx2x+4X%X5
= 6x> + 23x + 20
Student A:
Gx+4H)2x +5)
=3xX2x+3xX5+4Xx2x+4X%X5
=6x> + 15x + 8x + 20
=6x+ 23x + 20
14. (a = b)(a + b) = a* — b*

LHS

G-3)5+3)

=2X38

=16

RHS:

5% — 32

=25-9

=16

LHS = RHS = True
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15. (a + b)* = @* + 2ab + b*
LHS:
(5 +3)?
=8’
=64
RHS:
52 4+2x5x3+32
=254+30+9
=64
LHS = RHS = True
16. Answers will vary; examples are shown.
a (+Hx+3) =2+ Tx+ 12 b. (x + 4)?=x" + 8x + 16
. (x+Hx—-4=x>-16 d x+4>=x2+8x+16
17. The square of a binomial is a trinomial; the difference of two squares has two terms.
18.(a+ b)(c+d) = (c+ d)(a+b)
LHS:
(a+ b)(c+d) =ac+ ad + bc + bd
RHS:

(c+d)(a+b)=ca+ cb+da+ db
LHS = RHS = True

19. 2. 42 + 12xy — 205z + 92 — 30yz + 257 b. % + iz A AR
4x
20.a. V=61 — 29x% + 46x — 24 b. TSA = 12x* + 20x + 3

Challenge 7.1
10, 11, 13, 18, 35

Exercise 7.3 Factorising expressions with three terms

La@x+2)x+1) b. x+3)x+1) c. x+8)x+2) d. (x + 4)? e.(x—3)(x+1)
f.x—4dHx+1) g (x—12)(x+ 1) h. (x - 6)(x + 2) LGx+4Hx -1 Joa+SHx-1)
k.x+7x-1) Lx+5x-2) m. (x —3)(x—1) nx—4x->5) 0. (x+14)(x-5)

2.a. 2+ N+ 1) b. —=3(x +2)(x + 1) . —(x+2)(x+1) d —(x+10)(x+ 1) e. —(x +2)(x +5)
f.—(x+12)(x+1) g —(x+3)x+4 h. —(x + 2)(x + 6) L2+ 2)(x + 5) j. 3 + D(x + 10)
K. 5(x +20)(x + 1) L5x+4)(x+5)

a.(a-Ta+1 b. (t — 4)(r - 2) c.h+HB+1) d. (m + 5)(m - 3) e.(p—16)(p +3)
f. (c+ 16)(c — 3) g (k+19)(k + 3) h. (s — 19)(s + 3) i.(g+8)(E-9 jo (v =25 (v —=73)
k. (x+ 16)(x — 2) Lx—-15x-4)

4.a.C b. B

5.C

6.a. 2x+ 1)(x +2) b. 2Zx—1)(x—-1) c. (4x+3)(x—3) d 2x-1)2x+3) e. x—72x+5)
f. Gx+ D(x+3) g Bx=702x-1) h. (4x — 7)(3x + 2) i 5x +3)(2x - 3) jo (4x — DGx +2)
kK. Bx+2)(4x— 1) L Bx—1D(Gx+2)

7.2.2(x — DQ2x + 3) b.33x+ D(x = 7) c. 122x+ DHBx—1) d -3Gx+D2x—-1)

e. —302x + D(x — 3) f. 3a(4x — 7)(2x + 5) g —2(4x — 3)(x — 2) h. —(2x — 7)(5x + 2)
i —(8x— 1)GBx—4) jo —26x = 2x +y) k. —5(2x — Ty)(3x + 2y) L. —12(5x + 3y)(10x + 7y)
.a. W+ 5w —6 b. W+ 6)(w—1) e (x+5xE-2)
9. a. x(x + 5) b. x(x + 5) e (x—1)?
d x+9x+5) e. (x — 15)(x — 6) f. (x — 10)(x — 3)
10. x — 0.5)(x + 1.5)
1l.a. =5+ 1) b. (x —5)cm c.x=15m d. 160 cm?
e. 3000(x — 3)(x 4+ 1) cm? or (3000x*> — 12 000x — 15 000) cm?

12.a. 2x+3)Gx + 1) b. P =10x + 8 ¢. x = 8 metres

13.a. SA =3x% + 16x b. Total area = 3x*> + 16x + 16 e Gx+dHx+4)
d/=2lm;w=7m;d=2m e. 275 m’ f. 294 m’?
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14.a. Yellow =3 cm X 3 cm b. Yellow = 0.36 m? c.

Black =3 cm X 6 cm Black = 0.72 m?
White = 6 cm X 6 cm White = 0.36 m?

15.2. 2 = Tx+ 12 = (x — 3)(x — 4) b. X +7x—12=(x—-3)(x —4) Xl —x42=(x-2(x+1)
d X —4x—21=@x+3)x-"7 e XX +4x—-21=x-3)x+7) £.X2—x-30=(x+35(x-6)
g X+ Tx—8=(x—-1Dx+8) h. x> — 11x+ 30 = (x — 5)(x — 6)

16.a. (9a — 2)(6a — 7) b. 3m® + 2)(m — VT)(m + V7) ¢ (2sin(x) — 1) (sin(x) — 1)

17.a. (x + 2V3)(2x — V3) b. 22(Z* + 3)

Exercise 7.4 Factorising expressions with two or four terms

1. a. x(x + 3) b. x(x — 4) ¢ 3x(x —2) d. 4x(x + 4) e. 3x3x— 1)
f. 8x(1 — x) g. 3x(4 — x) h. 4x(2 — 3x) i. x(8x — 11)

2.a. (x—2)(3x+2) b. (x +3)(5 — 2x) c. x—DEx+5) d. x+ Dx=-1)
e x+4H(x—-2) f.x-3)4-x)

oa. x+ Dx = 1) b. (x +3)(x = 3) c. (x+5x=-5) d. (x + 10)(x — 10) e.V+hbb -k
f. 2x+3y)2x—3y) g (da+T)(4a—-17) h. 5p + 6¢)(5p — 69) i. (1 + 10d)(1 — 10d)

4.a.4x+ DHx—-1) b. 5(x +4)(x — 4) c.ax+3)(x—3) d. 2(b + 2d)(b — 2d) e. 100(x +4)(x — 4)
f.3ax+7)(x = 17) g. 4p(x + 8)(x — 8) h. 4(3x +2)(3x — 2) i. 3(6 + x)(6 — x)

S5.a.C b. B c.B

6. C

7.a. (x + VI (x = V11) b. (x + VD) (x = V7) c. (x + V15)(x — V15) d. 2x + V13)(2x - V13)
e. Gx + V19)(3x — V19) f.3(x + V22)(x — V22) g 5(x + V3)(x — V3) h. 2(x + V2)(x — V2)
i 1200 + V3)(x — V3)

8.a (x—3)(x+1) b. (x — 4)(x + 6) c.(x=5x+1) d &c-Dx+7) e. (6—x)(x+38)
f. (10 — x)(x + 2) g 8(x —3) h. (7-xGx+ 1) i (x—22)(9x +2)

9.a. x—2y)(1 +a) b. x+ )2+ a) c. x—y)(a+b) d x+y)@4+2 e. (f—2)(e+3)
f..n—T)(m+1) g 3Q2r—s)(t+u) h. 7m = 3)(n + 5) i.2@—-)@ + k) joaB =b)a+c)
k. x(5+y)(x+2) I. m(m + n)(2 — n)

10.a. (y + 7)(x — 2) b. (m + 2)(n — 3) c.(g+5@-3) d. (s +3)(s — 49
e. (b+d)(a*-o) f. (1+52)(y —2)

11l.a.(a — b)(a+ b+ 4) b. p—q¢p+q-3) c.im+n(m-n+l d x+yT+x-y)
e. (1 -29)(5p+ 1 +29) f. (7¢g + 6h)(7g — 6h — 4)

12.a. x+7+yx+7-y) b. x+10+y)(x+ 10 —y) c.(a—11+b)y(a—-11->b)
d. Ba+2+b)3a+2-0b) e 5p—-4+3nGp-4-13p £. (61— 1 + V5v) (61 — 1 — V5v)

13.a. E b. A c.D

14.B

15.a. =5 +5) b. (x —=5)cm, (x+5)cm c.2cm, 12cm d. 24 cm?
e. 120 cm? or 6 times bigger

16.a. A, = m’m? b. A, = a(r + 1)’m?
cA=a(r+ 1)’ —a?=zQ2r+ Hm> d.3456m’

17.a. Annie = (x + 3)(x + 2) m*> Bronwyn = 5(x + 2)m? b. (x +3)(x +2) - 5(x +2)
¢ (x+2(x-2)=x*-4 d. Width =5m
e. Annie has 30 m? and Bronwyn has 25 m?

18.a. (x— 2y —a+ 3b)(x — 2y + a — 3b) b. (x — I)(x> + 10x + 37)

19.a. 3x — 1)(9%> + 3x + 1) b. 3(2x — 5y = 3)(2x + 5y — 3)

Exercise 7.5 Factorising by completing the square
1. a. 25 b. 9 c. 4 d. 64

e.
f. 16 g 49 h. 625 i j.

P —y
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2.a. (x =2+ VIDx -2 - V1D
d. (x + 3+ V19 (x + 3 — V19)

w
Pom

( VB)( 3
d (x+>+—)(x+=
2 2 2
7 V53 7
g lx——-+—)|x—=<
2 2 2
4.2 200+ 1+ V3)(x+1-V3)
d.3(x -2+ V1) (x -2 - V17)
2.3 +5+2V3)(x +5-2V3)
5.0 d ii. b
6.a. B b. E
7.E
8.a=055b=545
9. Check with your teacher.

10.a.2<x+2—g><x+2+

x+4+ VD +4 -7

N——
(]

Bl

3

S——
=

%)

= e T

&

( 3
xX——+
2
< 9
clx ==+
2

2

< 5 V17
GRSt

L+ 1L+ V3 +1—V3)

. (x + 8 + V65)(x + 8 — V65)
=24+ VI (x =2 = V17)
V21

)2

b. 4(x — 1 + V6)(x — 1 — V6)
e 50 -3+ VDx-3-vV7)
h. 2(x =2 + VID(x = 2 — V11)

iii. ¢ iv. a

V. C vi. d

b. This expression cannot be factorised as there is no difference of two squares.

1I.x—-p)x—-—p+2)

Exercise 7.6 Mixed factorisation

e (x—=5+V13)(x—-5-v13)
£.x—7+V6)(x—7-+6)
=6+ VIDEx—-6-V1l)

1, v21 1 V21
Clx+—-+—)|x+
2 2 2 2
5
1

2 2 2 2
i <x_%+§)(x_5 ?)

5 +3+2V2)(x +3 - 2V2)
£6(x+2+ VS +2-—5)
i6(x+3+VIdH(x+3-V14)
h. e

f. <x+7+@><x+§_@>

vii. d

1.3(x + 3) 12. (x + V) (x = V7) 23.(x+2)(x — 2) M.(x+ DHx—3)
2. (x+24+3y)(x+2—-3y) 13.4x(4x-1) 24. (a + b)(c = 5) 35.x+6)(x — 2)
3. (x+6)(x — 6) 14.5(x + 10)(x + 2) 25.(y + D(x — 1) 36.4(x — 1)(x + 4)
4. x+7NHx =17 15.33 = »)(x + 2) 26. Bx+2)(x + 1) 37.3(x + 2)(x + 8)
5.65x+1DH(x=2) 16. x —4+y)(x—4—y) 27.7x + 2)(x — 2) 38. 3+ x)(7 —x)
6. 5(3x — 4y) 17.4(x* + 2) 28. —-4(x+6)(x+ 1) 39.43 - x+2y)3—x—2y)
7. (c+e)5+d 18. (g +(f+2) 29.2+1)(p—5) 40.3(y + x) (y — x)
8.5 +H(x—4) 19. (x + V5) (x — V5) 30.3(x + 3)(x — 3) 41.4(x +2)
9. —x+5(x+1 20.5(n + H(2m - 1) 3. (u+v)(t—23) 42. 3x — 4y)(x — 2y)
10. x + 4)(x = 3) 2l.(x +5)(x + 1) 32.(x + V1) (x — V11) 43.x+TD(x+4)
1.(m+ D+ 1) 22.(x + )(x — 11) 33.(dx — DBx = 1) 4. (x + 2)(x — 5)
45.2x 4+ 3)(x + 3)
46.a.(x+5)(x_2) x+2)(x+2) .(x+5)MXMM x+5
+2)x-2) -Hx+2) G+ x=2)  (x—4) x+2) x—4
47.a-x—1 .x+1 e 18 d.2x—1
x—6 2x+3 x(x =5) x+4
e.)c+2 f.x—6 g.4(b+2) . rlp+7
x+5 x+3 5 P+3)p-2)
. S(m+2+n) . 53d—-2)(d -3+ 5e)
T 202m-5) T 4d-2)4d + 3)
852
16 25

49.a. x—-9—-y)x—-9+y

50. x> — a*; they are the same.

b. (2x + 3 — 4y)(2x + 3 + 4y)

a. (x — 13)(x + 13) or (—=x — 13)(=x + 13)
b. 36(b — 2¢)(b + 2¢) or 36(=b — 2¢)(=b + 2¢)
c. xX2y*(15x — 13y%) (15x + 13y%) or x%y*(—=15x — 13y%)(~15x + 13y?)

b. x+ YT +x-y)

Sl.a. x+y)(x—y+3)
1

.a2+2a+4
53.(x + 6 — 2xy)(x + 6 + 2xy)

52

c. (1 -2¢9)5p+1+29
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Challenge 7.2

a. 10609 b. 3844 ¢. 99409 d. 1024144
7.7 Review
1.E
2.D
3.E
4.C
5.C
6. A
7.E
8.C
9. a. 3x* — 12x b. —21x* — 7x e xP—6x—7

f. 6x — 3x — 84 g 2x° + 15x* — 8x — 105 h. 3x* — 5x + 65
10.a. x* — 14x + 49 b. 4 — 4x + x* c. 9% 4+ 6x + 1

f. —160x> + 400x — 250 g. x*> — 81 h. 9x — 1
11.a. 2x(x — 4) b. —4x(x — 3) c. ax(3 — 2x) d x+Dx+2)
122. x+4H(x—4) b x+5x—-5 ¢c2x+6)(x—06)
13.a. (x —y)(@ + b) b. (x + y)(7 + a) . (x+2)(y+53)

fL.v-1Dwm+9 g (a—-b)a+b+)5) h. (d — 2¢)(d + 2¢c - 3)
14.a. 2x+3+y)2x+3 —y) b. (7a — 2 + 2b)(Ta — 2 — 2b)
15.a. (x + 9 (x + 1) b. (x — 9 (x — 2) e (x—T(x+3)

f.3(x + 13)(x — 2) g 2x—-5x+1) h. -3(x — 6)(x — 2)

K. 42x +3)(x — 1) L5(7x—-3)Gx+1) m —23x—-35Q2x—7)
16.a. (x + 3 + 2V2)(x + 3 — 2V2) b (x =5+ 2VT)(x = 5 = 2V7)

d. <x—§+@><x—§—@) e.(x+z+@><x+ z—@)

2 2 2 2 2 2 2 2

17.a. 3x(x — 4) b. x+ 3+ VD(x+3 - V7

d 2x+5)(x+2) e. (a+2)2x+3)
18,0, 20D b.

5(x+ 1) 8

19.a. (x +2)° b. 32(x + 2)? c. 32x% 4+ 128x + 128
20.a. 4r b. 2r +2 c. 4ar’ d. (477 + 8r+ dn
2l.a. (x — 7) b. x — 7cm ¢ 35 d. 1036 cm?

22. Division by zero in Step 5

Investigation — Rich task
Check with your teacher.

d.2* — 1lx + 15
i.5x% 4+ 12x -3

d. —18x + 24x — 8
i. 25 — 4x?

d x+7x-4)
iL@x-12x+1)
n. -306x—-1DGx+2)

e. 2809 f. 9604

e. 123 —23x + 5

e22x—-5@l-x) fL.x-4Hx+1)

d. 3(x +3y)(x = 3y) e.da(x+ 2y)(x = 2p)f. x — D)(x = 7)
d. (1 +2g)(mn — q)
i (1+m@3—m)

e. Sr+ (g —r)

c. 8s—1+V3)@8s—1-3)

e. —(x —3)2

j. Gx = DQ2x+ 1)
0. —30(2x + 3)(x + 3)

e (x+2+V6)(x+2 -6

f.2 x+2+@ x+2—@
2 2 2 2

c. 2x+5)(2x - 5)
f. -3(x —2)(x + 3)
c x=2(x-1)
) x(x —4)
d. 32768cm’

e. 47(2r + 1) f. 287 m?
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NUMBER AND ALGEBRA

TOPIC 8

Quadratic equations

8.1 Overview

Numerous videos and interactivities are embedded just where you need them, at the point of learning, in
your learnON title at www.jacplus.com.au. They will help you to learn the content and concepts covered

in this topic.

8.1.1 Why learn this?

The Guggenheim Museum in
Bilbao (Spain) is covered with
thin metal plates like the scales
of a fish, each one designed
and shaped by a computer. This
project required the solving
of thousands of non-linear
equations. Parabolic shapes are
widely used by engineers and
architects.

8.1.2 What do you know?

1. THINK List what you know about quadratic equations. Use a thinking tool such as a concept map to

show your list.

assess[J])

2. PAIR Share what you know with a partner and then with a small group.
3. SHARE As a class, create a thinking tool such as a large concept map that shows your class’s
knowledge of quadratic equations.

LEARNING SEQUENCE

8.1 Overview

8.2 Solving quadratic equations algebraically

8.3 The quadratic formula

8.4 Solving quadratic equations graphically

8.5 The discriminant
8.6 Review

Iearn RESOURCES — ONLINE ONLY

Watch this eLesson: The story of mathematics: The Chinese Golden Age of Mathematics (eles-1847)
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3.2 Solving quadratic equations algebraically
8.2.1 Quadratic equations

e The general form of a quadratic equation is ax*> + bx + ¢ = 0.
* To solve an equation means to find the value of the pronumeral(s) or variables, which when substituted,
will make the equation a true statement.

8.2.2 The Null Factor Law

* The Null Factor Law states that if the product of two numbers is zero then one or both of the numbers
must equal zero.

* In other words, there are two solutions to the equation pg = 0; they are p = 0 and g = 0.

* When solving quadratic equations by applying the Null Factor Law, it is best to write the equations
equal to zero.

WORKED EXAMPLE 1

Solve the equation (x — 7)(x + 11) = 0.
THINK WRITE

1 Write the equation and check that the right-hand side equals zero. (x — 7)(x + 11) =0
(The product of the two numbers is zero.)

2 The left-hand side is factorised, so apply the Null Factor Law. x—T7=0o0rx+11=0

3 Solve for x. x=17 x=—11

WORKED EXAMPLE 2

Solve each of the following equations.

ax2—-3x=0 b 3x2—-27=0
c xX¥X—13x+42=0 d 36x2=21x =2
THINK WRITE

a 1 Write the equation. Check that the right-hand side ax’-3x=0
equals zero.

2 Factorise by taking out the common factor of x* and x(x—=3)=0
3x, which is x.

3 Apply the Null Factor Law. x=0o0rx—-3=0
4 Solve for x. x=0 x =3
b 1 Write the equation. Check that the right-hand side b 3x2-27=0

equals zero.

2 Factorise by taking out the common factor of 3x? 3x2-9) =0
and 27, which is 3.

3 Factorise using the difference of two squares rule. 3x*-3) =0
3x+3)x—-3)=0
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4 Apply the Null Factor Law. x+3=00rx—-—3=0

5 Solve for x. x=-3x=3
(Alternatively, x = +3.)

¢ 1 Write the equation. Check that the right-hand side c ¥-13x+42=0
equals zero.

2 Factorise by finding a factor pair of 42 that adds Factors of 42
to —13.

Sum of factors
—6 and —7 —13
x—-6)x—-7)=0

3 Use the Null Factor Law to write two linear x—6=0o0rx —7=0
equations.
4 Solve for x. x=6x=7
d 1 Write the equation. Check that the right-hand side d 36x% — 21x =2

equals zero. (It does not.)

2 Rearrange the equation so the right-hand side of the 36x2 —2lx —2=0
equation equals zero.

3 Recognise that the expression to factorise is a Factors of —72
quadratic trinomial.

Sum of factors
3 and —24 —-21
3662 —24x +3x—-2=0

4 Factorise the expression. 12xBx—-2) + Bx—2)=0
Bx—=2)(12x+ 1) =0
5 Use the Null Factor Law to write two linear 3x—2=0or12x+1=0
equations. 3x=2 12x = —1
6 Solve for x. X = % %= —11—2

8.2.3 Solving quadratic equations by completing the square

* Sometimes it is necessary to complete the square in order to factorise a quadratic trinomial.
* This is often necessary if the solutions are not rational numbers.

WORKED EXAMPLE 3 Tl | CASIO

Find the solutions to the equation x> + 2x — 4 = 0. Give exact answers.
THINK WRITE

1 Write the equation. P +2x—-4=0

2 Identify the coefficient of x, halve it and square the 1y 5 2
result. (5 * )

300 Jacaranda Maths Quest 10 + 10A



Add the result of step 2 to the equation, placing it
after the x-term. To balance the equation, we need
to subtract the same amount as we have added.

Insert brackets around the first three terms to group
them and then simplify the remaining terms.

Factorise the first three terms to produce a perfect
square.

Express as the difference of two squares and then
factorise.

Apply the Null Factor Law to find linear equations.

Solve for x. Keep the answer in surd form to
provide an exact answer.

) 1 2 1 z
r +2x+(§><2> —4—(5><2) =0
+2x+(D2-4-1)?%*=0
P+2x+1-4-1=0

P+2x+1)-5=0
x+1)2-5=0

(x+1)2=(52=0
x+1+V5)x+1-+5=0
x+1+V5=00rx+1-v5=0

x=-1-V50rx=-1++5
(Alternatively, x = —1 + V5 .)

8.2.4 Solving problems

* There are many problems that can be modelled by a quadratic equation. You should first form the
quadratic equation that represents the situation before attempting to solve such problems.
* Recall that worded problems should always be answered with a sentence.

WORKED EXAMPLE 4

When two consecutive numbers are multiplied together, the result is 20. Determine the numbers.

THINK

1

A Ui A W DN

Define the unknowns. First number = x,

WRITE

Let the two numbers be x and

second number = x + 1. x +1).

Write an equation using the information given in the question. x(x+1) =20
Transpose the equation so that the right-hand side equals zero. x(x+1)—-20=0
Expand to remove the brackets. ¥+x-20=0

Factorise.

Apply the Null Factor Law to solve for x.

Use the answer to determine the second number.

Check the solutions.

Answer the question in a sentence.

x+5)x —-4)=0

x+5=0or x—4=0
x =-5 x =4

Ifx=-5x+1=-4.
Ifx =4,x+1=5.

Check:
4x5=20 -5x—-4=20

The numbers are 4 and 5 or —5
and —4.
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WORKED EXAMPLE 5

The height of a football after being kicked is determined

by the formula # = —0.1d> + 3d, where d is the
horizontal distance from the player.

a How far away is the ball from the player when it hits

the ground?

b What horizontal distance has the ball travelled when it

first reaches a height of 20 m?

THINK WRITE
a 1 Write the formula. a h=-0.1d%>+3d
2 The ball hits the ground when /& = (. Substitute —01d2+3d=0
h = 0 into the formula.
3 Factorise. —0.1d*+ 3d=0
d(—0.1d +3) =0
4 Apply the Null Factor Law and simplify. d=0or—-0.1d+3=0
—-0.1d =-3
d = ;3
—0.1
= 30

Interpret the solutions.

Answer the question in a sentence.

The height of the ball is 20 m, so, substitute
h = 20 into the formula.

Transpose the equation so that zero is on the
right-hand side.

Multiply both sides of the equation by 10 to
remove the decimal from the coefficient.

d = 0 is the origin of the kick.
d = 30 is the distance from the origin that
the ball has travelled when it lands.

The ball is 30 m from the player when it
hits the ground.

b h=-01d+3d
20 = —0.1d% + 3d

0.1d> = 3d +20=0

d*> —30d + 200 =0

4 Factorise. (d—-20)d—-10)=0

S Apply the Null Factor Law. d—20=00rd—-10=0

6 Solve. d=20 d=10

7 Interpret the solution. The ball reaches a height The ball first reaches a height of 20 m after

of 20 m on the way up and on the way down. it has travelled a distance of 10 m.
The first time the ball reaches a height of 20 m

is the smaller value of d. Answer in a sentence.
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learn

RESOURCES

Complete this digital doc: SkillSHEET: Factorising by taking out the highest common factor (doc-5256)

Complete this digital doc: SkillSHEET: Finding a factor pair that adds to a given number (doc-5257)

Complete this digital doc: SkillSHEET: Simplifying surds (doc-5258)

Complete this digital doc: SkillSHEET: Substituting into quadratic equations (doc-5259)

Complete this digital doc: Skill[SHEET: Equation of a verti

cal line (doc-5260)

Complete this digital doc: WorkSHEET: Solving quadratic equations (doc-5261)

Exercise 8.2 Solving quadratic equat

Individual pathways

Hl PRACTISE

Questions:

1a-f, 2a—c, 3a-d, 4a-c, 5a-h, 6-8,
10, 14, 16, 19, 20, 22

Il CONSOLIDATE
Questions:

Il B B Individual pathway interactivity: int-4601

1b-g, 2a-d, 3a—f, 4a-f, 5d-, 6, 7,
8a-d, 9, 11, 14-16, 18, 20-22, 26

ions algebraically assess[J])

Il MASTER

Questions:

1, 2, 3f-i, 4f-, 5g-1, 6, 7, 8g-1, 9f-i,
10d-i, 11d-i, 12-27

learn

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency

1. II=1 Solve each of the following equations.
ax+7Hx-9 =0 b.(x —3)(x+2)
dxx—-3)=0 ex(x—1)=0
g2x(x—3)=0 h.9x(x+2)=0
J-&x+12)(x+05)=0

2. Solve each of the following equations.
a2x-Dx-1)=0
d (7x+6)2x—-3)=0
gx(x—3)2x-1)=0

3. IZA Solve each of the following equations.

k2(x - 0.1)(2x — 1.5) = 0

b. Gx+2)(x+2) =0
e. 5x—3)Bx—2)=0
h x2x— DGx +2) =0

=0 c.(x—2)x—-3)=0

f.x(x+5 =0

(-)()-o

co !
L (x+V2)(x—+3)=0

L 3

¢ (dx-1Dx-7=0
f£.8x+50Bx-2)=0
Lx(x+3)5x-2)=0

ax’—2x=0 b. x>+ 5x =0 c x?="7x d. 3x% = —2x edx’ —6x=0
f6x2—2x=0 2.4 -2V7x=0 h32+V3x=0 il5x—12:2=0

4. [Z1 Solve each of the following equations.
ax’—4=0 b.x2—=25=0 ¢32-12=0 d.42-196=0 e9%2—-16=0
£4x2-25=0 2. 92=4 h. 36x2=9 iLx2— =0 oyt —3=0
kx2=5=0 L9x>—11=0

5. 23 Solve each of the following equations.
ax’—-x—6=0 b. x> +6x+8=0
ex’—2x+1=0 £x>-3x-4=0
L2 —-8x+12=0 joxX*—4x-21=0
m x> -8 +16=0 n x>+ 10x+25=0

dx2-8+15=0
h.x2-3x—-10=0
Lx>—7x4+12=0

exX—6x—-7=0
g x>—10x+25=0
kx>-x-30=0
0. x> —20x+100=0
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6. [IE The solutions to the equation x> + 9x — 10 = 0 are:

A.x=1land x =10 B.x=1landx=-10 C.x=—-landx =10
D.x=-land x =-10 E.x=1landx=9
7. [ The solutions to the equation x> — 100 = 0 are:
A.x=0and x =10 B. x=0and x =-10 C.x=-10and x =10
D. x =0and x = 100 E. x = —100 and x = 100
8. IIZX1 Solve each of the following equations.
a.2x’> —5x=3 b.3x+x-2=0 .5 +9x=2
do6x>—11x+3=0 e l14x> — 1lx=3 £12x*-7x+1=0
g 6x* — 7x = 20 h. 12x*> + 37x + 28 =0 10> —x=2
jo6x> —25x +24 =0 k. 30x2+7x-2=0 L 3x* — 21x = =36
9. Il Find the solutions for each of the following equations. Give exact answers.
ax’—4x+2=0 b.x>+2x—-2=0 x> +6x—1=0
dx>-8+4=0 ex’—10x+1=0 fLx2-2x-2=0
g x’+2x—5=0 h x>+4x-6=0 i x?+4x—-11=0
10. Find the solutions for each of the following equations. Give exact answers.
ax’-3x+1=0 b.x>+5x—-1=0 x> —Tx+4=0 dx>-5=x
ex—1lx+1=0 fLx>+x=1 g x’+3x—-7=0 h. x> — 3 = 5x

LxX2—9x+4=0
11. Solve each of the following equations, rounding answers to 2 decimal places.
a2’+4x-6=0 b.3x% +12x -3 =0 ¢S5 —10x—-15=0 d.4x?—-8x—-8=0

e2x’—6x+2=0 £3x°-9x—-3=0 g5x>—15x-25=0 h7*+7x-21=0

42 +8x—-2=0
Understanding
12. 24 When two consecutive numbers are multiplied, the result is 72. Find the numbers.
13. When two consecutive even numbers are multiplied, the result is 48. Find the numbers.
14. When a number is added to its square the result is 90. Find the number.
15. Twice a number is added to three times its square. If the result is 16, find the number.
16. Five times a number is added to two times its square. If the result is 168, find the number
17. EIZ A soccer ball is kicked. The height, &, in metres, of the soccer ball

t seconds after it is kicked can be represented by the equation & = —t(t — 6). - . \

b. Draw a diagram of the flag marking in the diagonal. Mark the length and the

width in terms of x.

Find how long it takes for the soccer ball to hit the ground again.
¢. Use Pythagoras’ theorem to write an equation relating the lengths of the sides to the length of the

18. The length of an Australian flag is twice its width and the diagonal length is
45 cm.
a. If x cm is the width of the flag, find the length in terms of x.

diagonal.
d. Solve the equation to find the dimensions of the Australian flag. Round your answer to the
nearest cm.
19. If the length of a paddock is 2 m more than its width and the area is 48 m?, find the length and width
of the paddock.
20. Solve for x.
a.x+5=§ b. x = 24 c.le
X x—35 X
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Reasoning

21. The sum of the first » numbers 1, 2, 3,4 ... n is given by the formula S =
a. Use the formula to find the sum of the first 6 counting numbers.
b. How many numbers are added to give a sum of 153?

22. If these two rectangles have the same area, what is the value of x?

nn+1)
—

2x+4 x+5

x+3

3x-6

23. Henrietta is a pet rabbit who lives in an enclosure
that is 2 m wide and 4 m long. Her human family has
decided to purchase some more rabbits to keep her
company and so the size of the enclosure must be
increased.

a. Draw a diagram of Henrietta’s enclosure, clearly
marking the lengths of the sides.

b. If the length and width of the enclosure are
increased by x m, find the new dimensions.

c. If the new area is to be 24 m2, write an equation
relating the sides and the area of the enclosure
(Area = length x width). s

d. Use the equation to find the value of x and, hence,
the length of the sides of the new enclosure. Justify your answer.

24. The cost per hour, C, in thousands of dollars of running two cruise ships, Annabel and Betty, travelling
at a speed of s knots is given by the following relationships.

Cannaver = 0.35 + 4.25 + 12 and Cp,yy = 0.45% + 3.65 + 8
a. Determine the cost per hour for each ship if they are both travelling at 28 knots.
b. Find the speed in knots at which both ships must travel for them to have the same cost.
c¢. Explain why only one of the solutions obtained in your working for part b is valid.
25. Explain why the equation x> + 4x + 10 = 0 has no real solutions.
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Problem solving
26. Solve (x> — x)> — 32(x*> — x) + 240 = 0 for x.

3z2-35

27. Solve 16 - z = 0 for z.

Reflection
What does the Null Factor Law mean?

CHALLENGE 8.1

A garden measuring 12 metres by 16 metres is to have a pedestrian
pathway installed all around it, increasing the total area to
285 square metres. What will be the width of the pathway?

8.

3 The quadratic formula

8.3.1 The quadratic formula

The method of solving quadratic equations by completing the square can be generalised to produce
what is called the quadratic formula.

The general equation ax? + bx + ¢ = 0 can be solved by completing the square. We will first follow
the steps involved in completing the square.

. Divide both sides of the equation by a. 24+ Zx +S—0
. Complete the square. 2 2
P d X2+ éx + by _(& +5=0
a 2a 2a a
. Factorise the first three terms as a perfect b\ B2 ¢
square. x+% a2 a=0
. Add the final two terms. < b >2 b2 — dac
x+—) ———=0
2a 4a?
. Write as the difference of two squares. b \2 b2 — 4ac\2 0
+ — - — =
* a 2a
. Factorise using the difference of two b Vb2 = dac b Vb2 = dac
squares rule. Xt T, Xt 24 =0
. Solve the two linear factors. b b2 — dac b Vb2 — 4qc
x+—+——=0o0rx+ _—————"=0
2a 2a 2a 2a
—b | Vb* — 4ac —b  Vb* - dac
X=—+—F—"—0rxX=""——7""—
2a 2a 2a 2a
— VhH2 —
The solution can be summarised as x = b+ 2b dac where a is the coefficient of x2, b is the
a

coefficient of x and c is the constant or the term without an x.
The quadratic formula can be used to solve any quadratic equation.
If the value inside the square root sign is negative, then there are no solutions to the equation.
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WORKED EXAMPLE 6 Tl | CASIO

Use the quadratic formula to solve each of the following equations.

a 3x2 + 4x + 1 = 0 (exact answer)
b —3x2—6x — 1 = 0 (round to 2 decimal places)

THINK

a 1 Write the equation.

2 Write the quadratic formula.

3 State the values for a, b and c.

4 Substitute the values into the formula.

5 Simplify and solve for x.

6 Write the two solutions.

b 1 Write the equation.

2 Write the quadratic formula.

3 State the values for a, b and c.

4 Substitute the values into the formula.

5 Simplify the fraction.

6 Write the two solutions correct to two decimal
places.

WRITE

al3?+4x+1=0

x:—bivbz—élac
2a

wherea =3,b=4,c =1

—4 +V(@)2 - 4 x3 x1)

2 X3
_—4++4
6
=4 +2
6
—4+2 —4 -2
X = or x =
6 6
1
.X=—§ x =-—1

b -3x2—-6x—1=0

x:—bivb2—4ac
2a

where a = -3,b = —6,c = —1

L _—(6)+V36-4x-3x-1
- 2x =3
624

x~—182o0orx~ —0.18

Note: When asked to give an answer in exact form, you should simplify any surds as necessary.

TOPIC 8 Quadratic equations 307



Iearn RESOURCES — ONLINE ONLY

Complete this digital doc: SkillSHEET: Substituting into the quadratic formula (doc-5262)

Exercise 8.3 The quadratic formula assess(J]]

Individual pathways

B PRACTISE Il CONSOLIDATE Bl MASTER
Questions: Questions: Questions:
1a-d, 2a—f, 3a-f, 4-7, 8a—g, 9 1d-g, 2d-h, 3d-h, 4-7, 8d-i, 10, 1e-h, 2g-1, 3g-n, 4-7, 8i-o0, 9-14
12,13
[l B W Individual pathway interactivity: int-4602 learn ONLINE ONLY

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency

1. State the values for a, b and c in each of the following equations of the form ax? 4+ bx + ¢ = 0.
a3’ —-4x+1=0 b.7x> = 12x+2=0 e8> —x-3=0
dx>-5x+7=0 e5x’-5x—1=0 £.4x>-9x—-3=0
g 12x> —29x + 103 =0 h. 43x> — 81x — 24 =0

2. [IEA Use the quadratic formula to solve each of the following equations. Give exact answers.
ax’+5x+1=0 b.x*+3x—-1=0 x> —-5x+2=0 dx>-4-9=0
ex+2x—11=0 Lx2—T7x+1=0 gx’—9x+2=0 h. x> —6x-3=0
iLx’+8x—-15=0 j—x*+x+5=0 Kk —x>+5x+2=0 L-x>-2x+7=0

3. IZT Use the quadratic formula to solve each of the following equations. Give approximate answers
rounded to 2 decimal places.
a3’ —-4x-3=0 b.4x>—x—-7=0 &2’ +7x-5=0 d7*+x-2=0
e5x’-8x+1=0 £.2x> - 13x+2=0 g 32 +2x+7=0 h.-7x> +x+8=0
i—122+x+9=0 jo—6x2+4x+5=0 k —11x>-x+1=0 L-4x>—x+7=0
m -2+ 12x—1=0 n-5x*+x+3=0

4. [ The solutions of the equation 3x> — 7x — 2 = 0 are:

A 1,2 B.1,-2 c. —0.257,2.59 D. —0.772,7.772 E. —1.544,15.544
5. I In the expansion of (6x — 5)(3x + 4), the coefficient of x is:

A. 18 B. —15 c.9 D. 6 E. -2
6. [ In the expanded form of (x — 2)(x + 4), which of the following is incorrect?

A. The value of the constant is —8. B. The coefficient of the x term is —6.

C. The coefficient of the x term is 2. D. The coefficient of the x* term is 1.

E. The expansion shows this to be a trinomial expression.
7. [T An exact solution to the equation x> 4+ 2x —5 = 0 is:

A, —3.449 B. —-1+v24 cC.-1+6 D.“f V=16 _ 2+v24

2
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Understanding
8. Solve each of the following equations using any suitable method. Round to 3 decimal places where

appropriate.

a2x>—-7x+3=0 b. x> -=5x=0 ex>-2x-3=0 dx>-3x+1=0
ex>—Tx+2=0 f£.xX2-—6x+8=0 g x> —5x+8=0 h.x>-7x—-8=0
L2 +2x—9=0 j3x2+3x—-6=0 k. 2x> 4+ 11x-21=0 L7x> =2x+1=0
m —x>+9%—-14=0 n—-6x>-—x+1=0 0. —6x>4+x—-5=0

9. The surface area of a closed cylinder is given by the formula SA = 27r(r + h), where r cm is the
radius of the can and 4 cm is the height.
The height of a can of wood finish is 7 cm and its surface area is 231 cm?.
a. Substitute values into the formula to form a quadratic equation using the pronumeral, r.
b. Use the quadratic formula to solve the equation and, hence, find the radius of the can correct to
1 decimal place.
¢. Calculate the area of the curved surface of the can, correct to the nearest square centimetre.

10. To satisfy lighting requirements, a window must have an area of 1500 cm?. x
. . . . [<—]
a. Find an expression for the area of the window in terms of x. T
b. Write an equation so that the window satisfies the lighting requirements. 30 cm

c¢. Use the quadratic formula to solve the equation and find x to the nearest mm. ~ |[--------- x

Reasoning

11. Two competitive neighbours build rectangular pools that cover the same area but
are different shapes. Pool A has a width of (x + 3) m and a length that is 3 m
longer than its width. Pool B has a length that is double the width of Pool A. The
width of Pool B is 4 m shorter than its length.
a. Find the exact dimensions of each pool if their areas are the same.
b. Verify that the areas are the same.

12. A block of land is in the shape of a right-angled triangle with a perimeter of 150 m and a hypotenuse
of 65 m. Determine the lengths of the other two sides. Show your working.

Problem solving
2
13. Solve <x + i) - 14<x + )IC> = 72 for x. M

14. Triangle MNP is an isosceles triangle with sides MN = MP = 3 cm.
Angle MPN is equal to 72°. The line NQ bisects the angle MNP.
a. Prove that triangles MNP and NPQ are similar.
b. If NP = m cm and PQ = 3 — m, show that m*> + 3m — 9 = 0.
c. Solve the equation m?> + 3m — 9 = 0 and find the side length of NP, 3cm
giving your answer correct to two decimal places.

72°

Reflection

What kind of answer will you get if the value inside the square root sign in the quadratic formula
is zero?
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CHALLENGE 8.2

The equation ax* + bx? + ¢ = 0 can be solved by applying substitution and the rules used to solve quadratics.
For example, x* — 5x2 + 4 = 0 is solved for x as follows.
Notice that x* — 5x° + 4 = (x3)2 — 5(x)2 + 4. Now let X2 = u and substitute.
(®2 — 5(x)2 + 4 = u? — 5u + 4.
Solve for u. That is,
U -5u+4=0
Uu-4u-1)=0
u—4=0o0ru-1=0
u=4oru=1
Since x? = u, that implies that
xX2=4orx’=1
X=x2o0rx=+1
Using this or another method, solve the following for x.
1 x¥*-13x°+36=0
2 4x*—17x2 = -4

3.4 Solving quadratic equations graphically

8.4.1 Solving quadratic equations

 The graph of y = ax> + bx + c is in the shape of a parabola. YA
* The graph can be used to locate the solutions to quadratic equations

y=ax*+bx+c
such as ax? + bx + ¢ = 0.

(o, C)\
0 \/T X
T\Solutions

toax? +bx+c¢=0

WORKED EXAMPLE 7 Tl | CASIO

Determine the solutions of each of the following quadratic equations by inspecting their
corresponding graphs. Give answers to 1 decimal place where appropriate.

ax?+x-2=0 b2x*+4x—-5=0
THINK WRITE/DRAW
a 1 Examine the graph of y = x2 + x — 2 a )7
. 3
and locate the points where y = 0, that 7
is, where the graph intersects the x-axis. 1-
SR AT
=it 2
13
2 The graph cuts the x-axis (y = 0) at x24+x-2=0
x = 1 and x = —2. Write the solutions. From the graph, the solutions are x = land x = —2.
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b 1 The graph of y =2x> —4x — 5isequal b A
to zero when y = 0. Look at the graph to 4
see where y = 0; that is, where it 2
intersects the x-axis. By sight, we can FoNe S AR
only give estimates of the solutions. :X
6
_8
2 The graph cuts the x-axis at 2x2 —4x-5=0
approximately x = —0.9 and From the graph, the solutions are x ~ —0.9 and
approximately x = 2.9. Write the x~2.09.
solutions.
8.4.2 Quadratic equations with only one solution y i
=x—4x+4
* Some quadratic equations have only one solution. For example, the T
graph of y = x> — 4x + 4 has only one solution at x = 2. That is, the N
graph of y = x> — 4x + 4 touches the x-axis at one point only at x = 2. \\
E2 0 2 A

8.4.3 Quadratic equations with no solutions

» There are also quadratic equations that have no real solutions. For example, ¥y
the graph of y = 3x?> — 4x + 4 does not intersect the x-axis and so
3x%> — 4x + 4 = 0 has no real solutions (that is, no solutions that are real
numbers).

8.4.4 Confirming solutions ~d aada

* It is possible to confirm the solutions obtained by sight. This is achieved by o 0 ] x
substituting the solution or solutions into the original quadratic equation,
and determining whether they make a true statement.

WORKED EXAMPLE 8

Confirm, by substitution, the solutions obtained in Worked example 7.

x> 4+ x — 2 = 0; solutions: x =1 and x = —2
THINK WRITE
1 Write the left-hand side of the equation and When x = 1,
substitute x = 1 into the expression. LHS: ? +x—-2=12+1-2
=0
2 Write the right-hand side. RHS: =0
3 Confirm the solution. LHS = RHS = Solution is confirmed.

4 Write the left-hand side and substitute x = —2.  When x = —2,
LHS: 2?2 +x-2=(-2)2+-2-2

5 Write the right-hand side. = g -2-2
RHS: =0
6 Confirm. LHS = RHS = Solution is confirmed.

TOPIC 8 Quadratic equations 311



WORKED EXAMPLE 9

A golf ball hit along a fairway follows the path shown in
the following graph. The height, 2 metres after it has
travelled x metres horizontally, follows the rule

h = L(xz — 180x). Use the graph to find how far the ball

270
landed from the golfer.
38 h= -5k (x* - 180x)
X
THINK WRITE
On the graph, the ground is represented by the The golf ball lands 180 m from the golfer.

x-axis since this is where 2 = 0. The golf ball
lands when the graph intersects the x-axis.

Exercise 8.4 Solving quadratic equations graphically assess(])

Individual pathways

Hl PRACTISE Il CONSOLIDATE B MASTER
Questions: Questions: Questions:
1la-d, 2-4,7 1c-h, 2-5,7 1e—j, 2-8
[l M W Individual pathway interactivity: int-4603 learn ONLINE ONLY

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency
1. Determine the solutions of each of the following quadratic equations by inspecting the
corresponding graphs. Give answers correct to 1 decimal place where appropriate.

axx—-x—6=0 b.x2—1lx+10=0 ¢ —x*+25=0
y >\ 3g_y=-x2+25
12 8-\ s
81 ™0 T T T 1T T g lg_\
" 2] 46 84012
T T T T T T
—— 1 ~16- §4-20 2 4\*
B L\ 0 X 40
e 23»\-_/7/4 9 -241 y=x'=1lx+10 / 0 \i
gly=x2-x-6
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d22-8x+8=0 ex?—-3x—-4=0 f£x2-3x—-6=0

gy=2x2—8x+8 15y y=x7-3x-4 15y y=x-3x-6
10 10

t \\5 \5

T 1 | T T

S HRERRIEE N1 e abe:
=10 =10
g x>+ 15x—=250=0 h. —x> =0 LxX’+x-3=0
y y y
200 50_ y==x? ER
| Il()O‘ _15 é >
0 _1-(1)000- o ms 4 _w AEInek
2001 -109 =4 x-3
— _5_
400
y ="+ 15x =250

2% +x-3=0

y
5_
R
=22 +x-3
L5

Understanding
2. = Confirm, by substitution, the solutions obtained in question 1.
3. IIE3 A golf ball hit along a fairway follows the path shown in the graph.
The height, & metres after it has travelled x metres horizontally, follows the rule & = —ﬁ(x2 — 150x).
Use the graph to find how far the ball lands from the golfer.

h
28

h = =55 (62 = 150x)

0 75 150

4. A ball is thrown upwards from a building and follows the path shown in the graph until it lands on the
ground.

M p 2 x4 dx 21
251
217
03 7 X

The ball is & metres above the ground when it is a horizontal distance of x metres from the building.
The path of the ball follows the rule & = —x? + 4x + 21. Use the graph to find how far from the
building the ball lands.
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Reasoning
5. a. The x-intercepts of a particular equation are x = 2 and x = 5. Suggest a possible equation.
b. If the y-intercept in part a is (0, 4), give the exact equation.
6. a. The x-intercepts of a particular equation are x = p, g. Suggest a possible equation.
b. If the y-intercept in part a is (0, r), give the exact equation.

Problem solving
7. A platform diver follows a path determined by the equation & = —0.5d> + 2d + 6, where h represents
the height of the diver above the water and d represents the distance from the diving board. Both
pronumerals are measured in metres.

Use the graph to determine:
a. how far the diver landed from the edge of the diving board
b. how high the diving board is above the water.
8. Find the equation of the given parabola. Give your answer in the form y = ax> + bx + c.

y

e

—
[<=]

en]

=]

o ©

Reflection
What does ‘the solution of a graph’ mean?
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8.5 The discriminant

8.5.1 The discriminant

» Where ax? + bx + ¢ = 0, the expression A = h?> — 4ac is known as the discriminant.
* The symbol used for the discriminant, A, is the Greek capital letter delta.

Discriminant
A = b? — dac

* The discriminant is found in the quadratic formula, as shown below.

Lo —bE VP —dac b+ VA
2a 2a

* The discriminant is the value that determines the number of solutions to the quadratic equation.
—If A <0, there are no real solutions to the quadratic equation.
—If A =0, there is only one solution to the quadratic equation.
—If A > 0, there are rwo solutions to the quadratic equation.

WORKED EXAMPLE 10

Calculate the value of the discriminant for each of the following and use it to determine how

many solutions the equation will have.
a2x’+9%x—-5=0

THINK

b x?

+10=0

WRITE

a 1 Write the expression and determine the values of a

a,b and c given ax*> + bx + ¢ = 0.

2 Write the formula for the discriminant and

substitute values of a, b and c.

3 Simplify the equation and solve.

4 State the number of solutions.

In this case A > 0, which means there are

two solutions.

b1
a, b and ¢ given ax?> + bx + ¢ =0.

2 Write the formula for the discriminant and

substitute the values of a, » and c.

3 State the number of solutions. In this case
A < 0, which means there are no solutions.

2x2+9x-5=0
22+ 9% +-5=0
a=2,b=9,c=-5

A = b* — dac
=92 -4x2x-5
=81 — —40
= 121

A>0

There will be two solutions to the equation
23> +9x - 5=0.

Write the expression and determine the values of b +* + 10 =0

Ix¥+0x+10=0
a=1,b=0,c=10

A = b? — dac
=02 -4x1x10
=0-40
= —40

A < 0, so there will be no solutions to the
equation x> + 10 = 0.
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8.5.2 Types of solutions

* The table below summarises the types of solutions indicated by the discriminant.

A < 0 (negative) A = 0 (zero)

A > 0 (positive)

Perfect square Not a perfect square

"

Number of No real solutions 1 rational solution | 2 rational 2 irrational (surd)
solutions solutions solutions
Description | Graph does not Graph touches the | Graph intersects the x-axis twice
cross or touch the | x-axis
X-axis
Graph y

\/
R&

\| /.
—a\\/b

WORKED EXAMPLE 11 Tl | CASIO

By using the discriminant, determine whether the following equations have:

i
ii
iii
iv
¥2
x2

two rational solutions

two irrational solutions

one rational solution (two equal solutions)
no real solutions.

- 9% —-10=0

—2x+14=0

THINK

al
2
3

Write the equation.
Identify the coefficients a, b and c.

Find the discriminant.

Identify the number and type of solutions when
A > 0 and is a perfect square

Write the equation.
Identify the coefficients a, b and c.

Find the discriminant.

Identify the number and type of solutions when
A > 0 but not a perfect square.

bx>—2x—14=0
d x> — 14x = —49

WRITE
axx-—9%x-10=0
a=1,b=-9,¢c=-10

b? — dac
(=9)? — 4 x 1 x—10)
121

A

The equation has two rational
solutions.

bx2-2x—-14=0
a=1,b=-2,c=-14

A = b* — dac
=(-2?-4x1x-14
= 60

The equation has two irrational
solutions.
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¢ 1 Write the equation. c x> —-2x+14=0
2 Identify the coefficients a, b and c. a=1,b=-2,c= 14
3 Find the discriminant. A = b?2 — dac
= (=22 - (4 x1x14)
= -52
4 Identify the number and type of solutions when The equation has no real solutions.
A <O.
d 1 Write the equation, then rewrite it so the right side  d x” + 14x = —49
equals zero. ¥+ 14x+49=0
2 Identify the coefficients a, b and c. a=1,b=14,c = 49
3 Find the discriminant. A = b2 — dac
= 14> — (4 x 1 x 49)
=0
4 Identify the number and types of solutions when The equation has 1 rational
A =0. solution.

8.5.3 Using the discriminant to determine if graphs intersect

* The discriminant can be used to determine the number of points of intersection between graphs.

WORKED EXAMPLE 12 Tl | CASIO

Determine whether the parabola y = x> — 2 and the line y = x — 3 intersect.

THINK WRITE
1 If the parabola and the line intersect, there will be at least yy=x>—-2
one solution to the simultaneous equations: let y, = y,. y,=x—3
Y1 =X2
¥-2=x-3
2 Collect all terms on one side and simplify. -2 —x4+3=x—-3—x+3

¥=2-x+3=0
¥-x+1=0

3 « Use the discriminant to check if any solutions exist. A = b? — dac
e If A < 0, then no solutions exist. a=1,b=—1
A = (=1)% - 4(1)(1)
=1-4
=-3
A < 0 .. no solutions exist
4 Answer the question. The parabola and the line do not
intersect.
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learn RESOURCES

Try out this interactivity: Simultaneous quadratic equations (int-2784)

Complete this digital doc: WorkSHEET: Using the discriminant (doc-13854)

Exercise 8.5 The discriminant assess[])

Individual pathways

B PRACTISE Il CONSOLIDATE B MASTER

Questions: Questions: Questions:

1a—f, 2a—f, 3, 4, 6-8, 10, 13, 15 1e-, 2d-i, 3, 5-9, 11, 12, 14, 15, 17 1h-n, 2f-l, 3, 5-18
B B W Individual pathway interactivity: int-4604 learn

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency
1. lIIZ1 Calculate the value of the discriminant for each of the following and use it to determine how
many solutions the equation will have.
a6x’+13x—5=0 b. x>+ 9x — 90 =0 x> +4x-2=0 d36x>-1=0
e x> +2x+8=0 f.x2-5x—-14=0 836X +24x+4=0 h.x>—19x+88=0
iLx2—10x+17=0 302 +17x—21=0 k x>+ 16x+62=0 L 9x% — 36x + 36 =0
m. 2x> — 16x =0 nx>—64=0
2. 38 By using the discriminant, determine whether the equations below have:
i. two rational solutions
ii. two irrational solutions
ili. one rational solution (two equal solutions)
iv. no real solutions.

ax>—3x+5 b. 4x> = 20x 4+ 25 =0 e xX>+9x—-22=0

d. 9x° + 12x + 4 ex’>+3x—-7=0 £.25x> = 10x+1=0

83> -2x—-4=0 h.2x> - 5x+4=0 i x> —10x+26=0

32 +5x-7=0 k2x>+7x—10=0 Lx>=11x4+30=0
3. IZA Determine whether the following graphs intersect.

ay=-x>+3x+4andy=x -4 b.y=-x>+3x+4andy=2x+5

c.y=—(@x+1)2+3andy=—4x—1 dy=@x-1)2+5andy=—4x—1

4. Consider the equation 3x*> + 2x + 7 = 0.
a. What are the values of a, b and ¢?
b. What is the value of »*> — 4ac?
¢. How many real solutions, and hence x-intercepts, are there for this equation?

5. Consider the equation —6x> + x + 3 = 0.
a. What are the values of a, b and ¢?
b. What is the value of > — 4ac?
¢. How many real solutions, and hence x-intercepts, are there for this equation?
d. With the information gained from the discriminant, use the most efficient method to solve the
equation. Give an exact answer.

318 Jacaranda Maths Quest 10 + 10A



6. I3 The discriminant of the equation x> — 4x — 5 = 0 is:

A. 36 B. 11 c. 4 D. 0 E. -4
7. [l Which of the following quadratic equations has two irrational solutions?
A x> —8x+16=0 B.2x> —7x=0 C.x>+8x+9=0
D.x*-4=0 E.x>—6x+15=0
8. [ The equation x> = 2x — 3 has:
A. two rational solutions B. exactly one solution
C. no solutions D. two irrational solutions

E. one rational and one irrational solution

Understanding
9. Find the value of k if x> — 2x — k = 0 has one solution.

10. Find the value of m for which mx> — 6x + 5 = 0 has one solution.

11. Find the values of n when x*> — 3x — n = 0 has two solutions.

12. Show that 3x? + px — 2 = 0 will have real solutions for all values of p.

13. The path of a dolphin as it leaps out of the water can be modelled by the equation & = —0.4d> + d,
where £ is the dolphin’s height above water and d is the horizontal distance from its starting point.
Both 4 and d are in metres.

a. How high above the water is the dolphin when it has travelled 2 m horizontally from its starting
point?

b. What horizontal distance has the dolphin covered when it first reaches a height of 25 cm?

¢. What horizontal distance has the dolphin covered when it next reaches a height of 25 cm? Explain
your answer.

d. What horizontal distance does the dolphin cover in one leap? (Hint: What is the value of 4 when the
dolphin has completed its leap?)

e. During a leap, can this dolphin reach a height of:
i. 0.5m ii. 1 m?
How can you determine this without actually solving the equation?

f. Find the greatest height the dolphin reaches during a leap.
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14. The parabolas y = x> — 4 and y = 4 — x? intersect in two places. Find the coordinates of their points
of intersection.

Reasoning
15. a. For what values of a will the straight line y = ax + 1 have one intersection with the parabola
y=—x*—x—-28?
b. For what values of b will the straight line y = 2x + b not intersect the parabola y = x> + 3x — 5?
16. a. Find how many points of intersection exist between the parabola y = —2(x + 1)? — 5, where
y = f(x), x € R, and the straight line y = mx — 7, where y = f(x),x € R.
b. Find m (m < 0) such that y = mx — 7 has one intersection point with y = —m(x + 1)> — 5.

Problem solving

17. The parabola with the general equation y = ax?> + bx + 9 where 0 < a < 10 and 0 < b < 20 touches
the x-axis at one point only. The graph passes through the point (1, 25). Find the values of a and b.

18. The line with equation kx + y = 3 is a tangent to the curve with equation y = kx*> + kx — 1. Find the
value of k.

Reflection
What does the discriminant tell us?

3.0 Review

8.6.1 Review questions

Fluency

1. I The solutions to the equation x> + 10x — 11 = 0 are:
A.x=1land x =11 B. x=1land x = —11 C.x=—-landx =11
D.x=—-landx = —-11 E.x=1landx =10

2. A The solutions to the equation —5x> + x + 3 = 0 are:
A x = landx=§ B. x = —0.68 and x = 0.88 C.x=3andx = -5
D. x = 0.68 and x = —0.88 E. x = 1andx=—§

3. [ The discriminant of the equation x> — 11x + 30 = 0 are:
A. 1 B. 241 c.91
D. 19 E. —11

4. I3 Which of the following quadratic equations has two irrational solutions?
A xX>—6x+9=0 B. 4> — 11x=0 C.x>-25=0
D.x**+8x+2=0 E.x>—4x+10=0

5. The area of a pool is (6x> + 11x + 4)m?. Find the length of the rectangular pool if its width is
2x+ 1)m.
6. Solve each of the following quadratic equation by first factorising the left-hand side of the equation.

ax’+8x+15=0 b.x>+7x+6=0 x>+ 1lx+24=0
d x> +4-12=0 ex’—3x—-10=0 £.x>2+3x-28=0
g x> —4x+3=0 h x> - 11x+30=0 i x>-2x—35=0
7. Solve each of the following quadratic equations.
a.2x’+ 16x+24 =0 b.3x>+9x+6=0 4> +10x—6=0
d. 5x* +25x =70 =0 e 2’ —Tx—4=0 f6x>—8x—8=0
g2 —6x+4=0 h. 6x> — 25x +25=0 L2+ 13x-7=0
8. Solve each of the following by completing the square. Give an exact answer for each one.
ax>+8x—-1=0 b.3x> +6x—15=0 c. —4x*—3x+1=0
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9. Ten times an integer is added to seven times its square. If the result is 152, what was the original

number?
10. Solve each of the following by using the quadratic formula, rounding answers to 3 decimal places.
ad’—-2x—-3=0 b.7x*+4x—-1=0 c.—-8>—-x+2=0
11. Solve each of the following equations, rounding answers to 3 decimal places.
al8x’-2x-7=0 b. 29x% — 105x — 24 =0 ¢ -5x*+2=0
12. The graph of y = x*> — 4x — 21 is shown.
\ yy=x2—4x—21
MY REIP PV RS
5_
0_
=21

(2,-25)
Use the graph to find the solutions to the quadratic equation x> — 4x — 21 = 0.
13. Determine the roots of the quadratic graph shown.
y= ;%xz —4x+6
10+
5_

B9R7EN RERPRess
57
=107

14. Identify whether each of the equations below has no real solutions, one solution or two solutions.
State whether the solutions are rational or irrational.

ax>+1lx+9=0 b.3x>+2x—-5=0 c.x>=3x+4=0
15. Solve the following pairs of simultaneous equations.
ay=x>+4x-10 b.y=x*>—7x+ 20 cy=x>+7x+11
y=6—2x y=3x-5 y=x

16. For each of the following pairs of equations:
i. solve simultaneously to find the points of intersection
ii. illustrate the solution (or lack of solution) using a sketch graph.
ay=x>+6x+5andy=11x—-1
b.y=x>+5x—6andy=8x — 8
c.y=x*>+9% + 14andy=3x+5
dy=x>-7x+10andy = —-11x + 6
e.y=—x’+ l4x — 48 and y = 13x — 54
f.y=-x>+4x+12andy = 9x + 16
Problem solving
17. When a number is added to its square, the result is 56. Determine the number.
18. Leroy measures his bedroom and finds that its length is 3 metres more than its width. If the area of the
bedroom is 18 m?, calculate the length and width of the room.
19. The surface area of a cylinder is given by the formula SA = 2zr(r + h), where r cm is the radius of
the cylinder and % cm is the height.
The height of a can of soft drink is 10 cm and its surface area is 245 cm?.
a. Substitute values into the formula to form a quadratic equation using the pronumeral r.
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20.
21.
22.
23.

4.

25.

b. Use the quadratic formula to solve the equation and, hence, find the radius of the can. Round your
answer to 1 decimal place.

c. Calculate the area of the label on the can. The label covers the entire curved surface. Round the
answer to the nearest square centimetre.

Find the value of d when 2x?> — 5x — d = 0 has one solution.

For what values of k does (k — 1)x*> — (k — 1)x + 2 = 0 have two distinct solutions?

Let m and 1 be the solutions to the quadratic equation x> — 24/5x — 2 = 0. Determine the value of m? + n?.

Although it requires a minimum of 2 points to determine the graph of a line, it requires a minimum of

3 points to determine the shape of a parabola. The general equation of a parabola is y = ax? + bx + c,

where a, b and c are the constants to be determined.

a. Determine the equation of the parabola that has a y-intercept of (0, —2), and passes though the points
(1,-5) and (-2, 16).

b. Determine the equation of a parabola that goes through the points (0, 0), (2, 2) and (5, 5). Show full
working to justify your answer.

When the radius of a circle increases by 6 cm, its area increases by 25%. Use the quadratic formula to

find the exact radius of the original circle.

A football player received a hand pass and ran directly towards goal. y

Right on the 50-metre line he kicked the ball and scored a goal. The 7
graph at right represents the path of the ball. Using the graph, answer 67
the following questions. E i
a. At what height from the ground was the ball when it was kicked? Eo 3
b. What was the greatest height the ball reached? T o
¢. How long was the kick? 1
d. If there were defenders in the goal square, would it have been pos- BBV SR B
102030140 50 6070 %

sible for one of them to mark the ball right on the goal line to prevent
a goal? Explain your answer. (Hint: What was the height of the ball
when it crossed the goal line?)

e. As the footballer kicked the ball, a defender rushed at him to try to smother the kick. If the defender
can reach a height of 3m when he jumps, how close to the player kicking the ball must he be to just
touch the football as it passes over his outstretched hands?

Distance (m)

- 2
. The quadratic formula is x = b+ \/2 b 4ac
a
An alternative form of the quadratic formula is x = 2c
—b + Vb* — 4ac

Choose a quadratic equation and show that the two formulas give the same answers.

learn RESOURCES

Try out this interactivity: Word search: Topic 8 (int-2847)

Try out this interactivity: Crossword: Topic 8 (int-2848)

Try out this interactivity: Sudoku: Topic 8 (int-3595)
Complete this digital doc: Concept map: Topic 8 (doc-13809)
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Language
It is important to learn and be able to use correct mathematical language in order to communicate

effectively. Create a summary of the topic using the key terms below. You can present your summary
in writing or using a concept map, a poster or technology.

coefficient irrational quadratic equation
completing the square linear equation quadratic formula
constant term null factor law rational
discriminant parabola real

factorise perfect square solutions
intersection product substitution

Link to assessON for questions to test your
aSSess readiness FOR learning, your progress AS
you learn and your levels OF achievement.

assessON provides sets of questions for
every topic in your course, as well as giving
instant feedback and worked solutions to
help improve your mathematical skills.

www.assesson.com.au

Investigation | Rich task

Weaving

Many articles of clothing are sewn from materials that
show designs and patterns made by weaving together
threads of different colours. Intricate and complex
designs can result. Let’s investigate some very simple
repetitive-type patterns. Knowledge of quadratic equa-
tions and the quadratic formula is helpful in creating
these designs.

We need to understand the process of weaving.
Weaving machines have parts called warps. Each warp
is divided into a number of blocks. Consider a pattern
that is made up of a series of blocks, where the first
block is all one colour except for the last thread, which
is a different colour. Let’s say our pattern is red and
blue. The first block contains all red threads, except for
the last one, which is blue. The next block has all red
threads, except for the last two threads, which are blue.

The pattern continues in this manner. The last block has Block 1
the first thread as red and the remainder as blue. The
warp consists of a particular number of threads, let’s say Block 2
42 threads. How many blocks and how many threads per
block would be necessary to create a pattern of this type? Block n

To produce this pattern, we need to divide the warp
into equally sized blocks, if possible. What size block and how many threads per block would give
us the 42-thread warp? We will need to look for a mathematical pattern. Look at the table (opposite),
where we consider the smallest block consisting of 2 threads through to a block consisting of 7 threads.
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Pattern Number of threads per block | Number of blocks | Total threads in warp
RB 2 1 2
RRB RBB 3 2 6
RRRB RRBB RBBB 4
5
6
7

1. Complete the entries in the table.
2. Consider a block consisting of n threads.
a. How many blocks would be needed?
b. What would be the total number of threads in the warp?

The 42-thread warp was chosen as a simple example to show
the procedure involved in determining the number of blocks
required and the number of threads per block. In this particular
case, 6 blocks of 7 threads per block would give us our design for a 42-thread warp. In prac-
tice, you would not approach the problem by drawing up a table to determine the number of
blocks and the size of each block.

3. Take your expression in question 2b and let it equal 42. This should form a quadratic equation.
Solve this equation to verify that you would need 6 blocks with 7 threads per block to fulfil the
size of a 42-thread warp.

4. In reality, the size of each block is not always clearly defined. Also, the thread warp sizes are

generally much larger, say, about 250. Let’s determine the number of threads per block and the

number of blocks required for a 250-thread warp.

a. Form your quadratic equation with the thread warp size equal to 250.

b. A solution to this equation can be found using the quadratic formula. Use the quadratic formula
to determine a solution.

¢. The number of threads per block is represented by n and this obviously must be a whole
number. Round your solution down to the nearest whole number.

d. How many whole blocks are needed?

e. Use your solutions to ¢ and d to determine the total number of threads used for the pattern.

f. How many more threads do you need to make the warp size equal to 250 threads?

g. Distribute these threads by including them at the beginning of the first block and the end of the
last block. Describe your overall pattern.

. Investigate the number of blocks required and threads per block required for a 400-thread warp.

6. Investigate changing the pattern. Let the first block be all red. In the next block change the
colour of the first and last threads to blue. With each progressive block, change the colour of
an extra thread at the top and bottom to blue until the last block is all blue. On a separate sheet
of paper, draw a table to determine the thread warp size for a block size of n threads. Draw the
pattern and describe the result for a particular warp size.

wn

learn RESOURCES

Complete this digital doc: Code puzzle: Aussie fact (doc-15931)
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Answers

Topic 8 Quadratic equations
Exercise 8.2 Solving quadratic equations algebraically

1.a.-7,9 b. 2,3
20,3 h. -2,0
2.a.51 b. -2, -2
g 0.2.3 h. 0,3, -2
3.a.0,2 b. =5,0
g.0. %7 h. —,0
4.a.-2,2 b. =5,5
- bl
5.a.-2,3 b. —4, -2
g. h. -2,5
m. 4 n. -5
6. B
7.C
8.a.—.3 b2 -1
g -13.2] h. 13,11
9.a.2+V22-V2
d. 4 +2V3,4 -2V3
g —1+v6,—-1 -6
10.a.%+ ?%— ?
1l.a. -3, 1 b. —4.24,0.24
g —1.19,4.19 h. —2.30,1.30

12.8 and 9 or —8 and —9
13.6 and 8, —6 and —8
14.9 or —10

15.2 or —2%

16.8 or —10

17. 6 seconds

18.a. [ =2x

c. X2 4+ (2x)2 = 452, 5x% = 2025
19.8m, 6 m
20.a. —6, 1
21.a. 21 b. 17
22.7
23.a.

2m

.

4 m
. 2+x)4+x)=24

e. 0,1 £. —5,0
k. 0.1,0.75 L. —v2,V3
32 52
€53 £-%3
1 1
e.0,1; £0,}
1 1 1 1
€ —15,15 f. —25,25
k. —v5,/5 1 -
e | £ —1,4
k. -5,6 1. 3,4
3 11
[ _ﬁ’l f. »3
21
k. 3 1. 3,4
c¢. =3+ V10,-3 - V10
£ 1+V3,1-3
i.—2+ V15,-2 - V15
7 V33 7 V33
Cat T2
1 V5 o1 V5
L—2+52- 3
. 9 V65 9 V65
Lot 2272
e. 0.38, 2.62 £. —0.30,3.30

X cm

d. Length 40 cm, width 20 cm

c. 2,3 d. 0,3
. 11 .
1. 23 J- —12, -0.5
1 6 1
C. Z’7 d. —;,15
. 2
1. 0,-3,5
c.0,7 d. 30
. 1
1. 0,11
c. —2,2 d. -7,7
. 11 .
1. —g,g J- —4,4
c. —1,7 d. 3,5
i.2,6 J--3,7
0. 10
1 1
C —2,g d. *,15
. 21 1 2
L5 1323
b. -1 +3,-1 -3
e.5+2v6,5—2v6
h. =2 + Vv10,-2 — V10
5 V29 5 V29
b.—3+%> -3
e, U YIIT 1L VilT
) 22 2
5 V37 5 V37
ho+ 23— 7
c. —1,3 d. —0.73,2.73
i. —2.22,0.22
b. bf)c“\
2x cm
b. 8, -3

b. 24+ x)m, (4 +x) m

d. x =2, 4 m wide, 6 m long
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24. 8. Cpaper(28) = $364 800, Cp,yry(28) = $422 400

b. 10 knots

c¢. Speed can only be a positive quantity, so the negative solution is not valid.

25. No real solutions — when we complete the square we get the sum of two squares, not the difference of two squares and we

cannot factorise the expression.
26.x=5,-4,4,-3

27.2=-37
Challenge 8.1
The width of the pathway is 1.5 m.

Exercise 8.3 The quadratic formula

l.a.a=3,b=—-4,c=1
d.a=1,b=-5,¢c=7

ga=12,b=-29,¢=103 h.a=43,b=-81,c=-24
2.a. 7_51;\/271 b. —3+VI3 izm c. 3£ V17 izm d.2+ V13 e.—1+2V3
g.¥ h.3+2V3 i —4 1 V31 j.l%ﬁ k.%
3.a. —0.54,1.87 b. —1.20, 1.45 c. —4.11,0.61 d. —0.61,0.47 e. 0.14, 1.46
g —1.23,1.90 h. —1.00, 1.14 i. —0.83,0.91 j- —0.64,1.31 k. —0.35,0.26
m. 0.08, 5.92 n. —0.68, 0.88
4.C
5.C
6.B
7.C
8.a.05,3 b. 0,5 c. —1,3 d. 0.382, 2.618
f.2,4 g. No real solution h. -1,8 i. —4.162,2.162
k. -7,15 1. No real solution m. 2,7 n. —%,%
9.a.27r> + 142r — 231 =0 b. 3.5cm c. 154 cm?
10. a. x(x + 30) b. x(x + 30) = 1500 ¢. 265 mm
11. a. Pool A: 3§mby 6§m; Pool B: 3%m by 7%m
b. The area of each is 24gm2.
12.25m, 60 m
13.-2+V3, 9445
14. a. Teacher to check b. Teacher to check
Challenge 8.2
l.x==+2orx=+3
2.x= i%orx: +2
Exercise 8.4 Solving quadratic equations graphically
l.a.x=-2,x=3 b.x=1,x=10 c.x=-5x=5 d.x=2

f.xr~—-14,x~44

. 150 m

7m
cay=alx—-2)(x-15)
ca.y=alx—-p)x—q)
.a.6m

.y = —4x? + 26x — 30

® N AU RWN

=3

o

g x=-25x=10

. a—j. Confirm by substitution of above values into quadratic equations.

.a=T7,b=-12,c=2
.a=5b=-5c=-1

h.x=0

b.y=2(x-2)(x- 5
=T _
b-y—pq(x P —q)

b. 6m

ix~r -23x~13

-1l,c=-3
9,¢c=-3
M 3V5
2
L —1+2V2
f. 0.16, 6.34
l. —1.45,1.20

e. 0.298, 6.702
jo-2,1

0. No real solution

c. m=1.85s0oNPis 1.85 cm.

e.x=-1,x=4

jox= —-15x=1
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Exercise 8.5 The discriminant

1.a. A = 289, 2 solutions
e. A = =28, 0 solutions

i. A = 32, 2 solutions

b. A = 441, 2 solutions
f. A = 81, 2 solutions
j- A =2809, 2 solutions

[c]

o

. A = 24, 2 solutions
. A =0, 1 solution

A = 8, 2 solutions

d. A = 144, 2 solutions
h. A =9, 2 solutions
l. A =0, 1 solution

m. A = 256, 2 solutions n. A = 256, 2 solutions
2. a. No real solutions b. 1 rational solution c¢. 2 rational solutions d. 1 rational solution
e. 2 irrational solutions f. 1 rational solution g. 2 irrational solutions h. No real solutions
i. No real solutions j- 2 irrational solutions k. 2 irrational solutions 1. 2 rational solutions
3.a. Yes b. No c. Yes d. No
4a.a=3,b=2,c=17 b. —80 c. No real solutions
S.a.a=-6,b=1,c=3 b. 73 c¢. 2 real solutions d. %
6. A
7.C
8.C
9.k=-1
10.m = 1.8
.n> -2
12. p? can only give a positive number, which, when added to 24, is always a positive solution.
13.a. 04 m b. 0.28 m c.222m d.25m
e. i. Yes ii. No

Find the halfway point between the beginning and the end of the leap, and substitute this value into the equation to find the

maximum height.
f. 0.625 m
14. (-2,0), (2,0)

15.a. a = =7 or 5 will give one intersection point.
b. For values of < —24—1, there will be no intersection points.

16. a. The straight line crosses the parabola at (0, —7), so no matter what value m takes, there will be at least one intersection
point and a maximum of two.

b. m = —g
17.a=4,b=12
18.k = —4
8.6 Review

1.B
2.B
3.A
4.D
5.3x+4)m
6.a. -5,-3
f.4,-7
7.a. =2,-6
f. —g, 2
3
8.a. —4 + V17
9.4
10.a. —0.651, 1.151
11.a. —0.571, 0.682
12.-3,7
13.-3,1

14. a. 2 irrational solutions
15.a. (=8, 22) and (2, 2)

. —6, —1
g 3,1
. —2,—1 C.

. 2,1 h.

b. -1 + V6
b. —0.760, 0.188

b. —0.216, 3.836

b. 2 rational solutions
b. (5, 10)

d. 2,-6 e.5 -2
i.7,-5
d.2,-7 e.—L 4
2
i. =7, 1
2
c. —1, l
4
c. 0.441, —0.566
c. —0.632, 0.632
¢. No real solutions
c. No solution
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16. a. y

17.

(3,32)

@.21)

2.8)

(-2,28)

—8 and 7

18. Length = 6m, width = 3m
19.a. 2zr(r + 10) = 245

20,2
8

21.k> 9andk < 1
22.24

23.a. y=2>-5x -2

24.

12(V5 + 2)cm

25.a. 0.5m

e. 9.5m away

26. Check with your teacher.

Investigation — Rich task

1.

2.a.n—1

/(1,0) x
8

b. 3.0 cm

b. 6.1m

d. No, the ball is 5.5m off the ground and nobody can reach it.

c. 188 cm?

b. No parabola is possible. The points are on the same straight line.

c. 76.5m

Pattern

Number of threads per block

Number of blocks

Total threads in warp

RB

2

2

RRB RRB

6

RRRB RRBB RBBB

12

RRRRB RRRBB RRBBB RBBBB

20

RRRRRB RRRRBB RRRBBB
RRBBBB RBBBBB

3
4
5
6

DB W N

30

RRRRRRB RRRRRBB RRRRBBB

RRRBBBB RREBBBB RBBBBBB

42

3. Teacher to check
4.a. n* — n =250 b. n

e. 240

5. Answers will vary.
6. Answers will vary.

f. 10

b. > —n

V1001 + 1

2

c.n=16 d.

g. Answers will vary.

15
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NUMBER AND ALGEBRA

TOPIC 9
Non-linear relationships

9.1 Overview

Numerous videos and interactivities are embedded just where
you need them, at the point of learning, in your learnON title at
www.jacplus.com.au. They will help you to learn the content and
concepts covered in this topic.

9.1.1 Why learn this?

The world around us, both natural and artificial, is full of elegant
curves and shapes that are not straight lines. Achieving the bril-
liance of modern and ancient architecture, or understanding the
motion of planets and tennis balls requires an understanding of
non-linear relationships.

9.1.2 What do you know? assess[]])

1. THINK List what you know about non-linear relationships. Use a thinking tool such as a concept
map to show your list.

2. PAIR Share what you know with a partner and then with a small group.

3. SHARE As a class, create a thinking tool such as a large concept map that shows your class’s knowl-
edge of non-linear relationships.

LEARNING SEQUENCE

9.1 Overview

9.2 Plotting parabolas

9.3 Sketching parabolas

9.4 Sketching parabolas in turning point form

9.5 Sketching parabolas of the form y = ax? + bx + ¢
9.6 Exponential functions and graphs

9.7 The hyperbola

9.8 The circle

9.9 Review

Iearn RESOURCES — ONLINE ONLY

Watch this eLesson: The story of mathematics: Fibonacci (eles-1848)
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9.2 Plotting parabolas
9.2.1 Plotting parabolas

* The graphs of all quadratic relationships are called parabolas.

 If the equation of the parabola is given, a table of values can be produced by substituting x-values
into the equation to obtain the corresponding y-values. These x- and y-values provide the coordinates
for points that can be plotted and joined to form the shape of the graph.
When plotting graphs, use grid or graph paper for accuracy.

 The graph of y = x> shown has been produced by generating a table of

values.
X -3 | =2 -1 1
y 9 4 1 1 9

* Parabolas are symmetrical; in other words, they have an axis of symmetry. In the parabola above, the
axis of symmetry is the y-axis, also called the line x = 0.

* A parabola has a vertex or turning point. In this case the vertex is at the origin and is called a ‘mini-
mum turning point’.

* Parabolas with the shape U are said to be ‘concave up’ and have a minimum turning point. Parabolas
with the shape ( are said to be ‘concave down’ and have a maximum turning point.

9.2.2 Parabolas in the world around us

* Parabolas abound in the world around us. Here are some examples.

The cables from a suspension bridge A cone when sliced parallel to its edge
reveals a parabola.
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The trajectory of a football when it is
thrown or kicked

Reflector

T

P

The reflectors in a car headlight

WORKED EXAMPLE 1

Plot the graph of each of the following equations. In each case, use the values of x shown as the
values in your table. State the equation of the axis of symmetry and the coordinates of the
turning point.

ay=2*for-3<x<3 by=%x2for—35x§3
THINK WRITE/DRAW
a 1 Write the equation. a y=2x
2 Produce a table of values using . 3 2] g 0 1 ) 3

x-values from —3 to 3.

y 18 8 2 0 2 8 18
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3 Draw a set of clearly labelled axes,
plot the points and join them with a
smooth curve. The scale would be
from 20 to —2 on the y-axis and —4
to 4 on the x-axis.

4 Label the graph. =2

BEER(EERINE

5 Write the equation of the axis of The equation of the axis of symmetry is x = 0.
symmetry that divides the parabola
exactly in half.

6 Write the coordinates of the turning The turning point is (0, 0).
point.
b 1 Write the equation. b y= %xz
2 Produce a table of values using ¥ 3| 2 [ 0 1 >

x-values from —3 to 3.

3 Draw a set of clearly labelled axes, y
plot the points and join them with a 6
smooth curve. The scale would be 5
from 6 to —2 on the y-axis and —4 to 4 y=31x2
4 on the x-axis. 34
4 Label the graph. 21

=2
S Write the equation of the line that The equation of the axis of symmetry is x = 0.
divides the parabola exactly in half.
6 Write the coordinates of the turning The turning point is (0, 0).

point.
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WORKED EXAMPLE 2 Tl | CASIO

Plot the graph of each of the following equations. In each case, use the values of x shown as the
values in your table. State the equation of the axis of symmetry, the coordinates of the turning
point and the y-intercept for each one.

ay=x*42for-3<x<3 b y=@+3)>for—6<x<0 c y=—x*for-3<x<3

THINK WRITE/DRAW
a 1 Write the equation. ay=x>+2
2 Produce a table of values. . 3| 2 0 1 > 3

y 11 6 3 2 3 6 11

3 Draw a set of clearly labelled axes,
plot the points and join them with a
smooth curve. The scale on the
y-axis would be from 0 to 12 and
—4 to 4 on the x-axis.

4 Label the graph.

450 2T 4x

5 Write the equation of the line that The equation of the axis of symmetry is x = 0.
divides the parabola exactly in half.

6 Write the coordinates of the turning The turning point is (0, 2).

point.
7 Find the y-coordinate of the point The y-intercept is 2.
where the graph crosses the y-axis.
b 1 Write the equation. by=x+ 3)2
2 Produce a table of values. x 61 —5] -4 3 2] —1 0
y 9 4 1 0 1 41 9

3 Draw a set of clearly labelled axes,
plot the points and join them with a
smooth curve. The scale on the
y-axis would be from O to 10 and
—7 to 1 on the x-axis.

4 Label the graph.

7654321 [0] X

5 Write the equation of the line that The equation of the axis of symmetry is x = —3.
divides the parabola exactly in half.

6 Write the coordinates of the turning The turning point is (=3, 0).
point.
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7 Find the y-coordinate of the point The y-intercept is 9.
where the graph crosses the y-axis.

¢ 1 Write the equation. c y=—x

2 Produce a table of values. - 3| 2| =1 0 1 P) 3

3 Draw a set of clearly labelled axes, YA
plot the points and join them with a
smooth curve. The scale on the
y-axis would be from —10 to 1 and
from —4 to 4 on the x-axis.

4 Label the graph.

-9

5 Write the equation of the line that The equation of the axis of symmetry is x = 0.
divides the parabola exactly in half.

6 Write the coordinates of the turning The turning point is (0, 0).
point.

7 Find the y-coordinate of the point The y-intercept is 0.
where the graph crosses the y-axis.

learn RESOURCES

Complete this digital doc: SkillSHEET: Substitution into quadratic equations (doc-5266)
Complete this digital doc: SkillSHEET: Equation of a vertical line (doc-5267)

Exercise 9.2 Plotting parabolas assess(]1]

Individual pathways

B PRACTISE B CONSOLIDATE B MASTER
Questions: Questions: Questions:
1-8, 9a-d, 10-15, 17 1-8,9a-d & g, 10-14, 16, 17, 18 1-19

[ B B Individual pathway interactivity: int-4605 learn

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

You may wish to use a graphing calculator for this exercise.

Fluency
1. II31 Plot the graph of each of the following equations. In each case, use the values of x shown as the
values in your table. State the equation of the axis of symmetry and the coordinates of the turning point.
a.y=3x>for-3<x<3
b.y=ix2f0r—3 <x<3
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. Compare the graphs you have drawn for question 1 with that of y = x*. Explain how placing a number
in front of x? affects the graph obtained.

. IIZA Plot the graph of each of the following for values of x between —3 and 3. State the equation of
the axis of symmetry, the coordinates of the turning point and the y-intercept for each one.
ay=x’+1 b.y=x*+3
cy=x>-3 dy=x"-1

. Compare the graphs you have drawn for question 3 with the graph of y = x>. Explain how adding to
or subtracting from x> affects the graph obtained.

. lIZ Plot the graph of each of the following equations. In each case, use the values of x shown as the
values in your table. State the equation of the axis of symmetry, the coordinates of the turning point
and the y-intercept for each one.
ay=@+1> -5<x<3 by=@x+2? —6<x<2
cy=(x-2?% —-1<x<5 dy=x-1?% -2<x<4

. Compare the graphs you have drawn for question 5 with that for y = x>. Explain how adding to or
subtracting from x before squaring affects the graph obtained.

. [IZ4 Plot the graph of each of the following equations. In each case, use the values of x shown as the
values in your table. State the equation of the axis of symmetry, the coordinates of the turning point
and the y-intercept for each one.
ay=-—x+1 -3<x<3 b.y=-(x—-1? -2<x<4
cy=—(x+2? -5<x<1 dy=-x"-3 -3<x<3

. Compare the graphs you have drawn for question 7 with that for y = x*. Explain how a negative sign

in front of x? affects the graph obtained. Also compare the graphs obtained in question 7 with those in

questions 3 and 5. Which graphs have the same turning point? How are they different?

Understanding

9. Plot the graph of each of the following, and state:

i. the equation of the axis of symmetry

ii. the coordinates of the turning point and whether it is a maximum or a minimum
iii. the y-intercept.

ay=@x-5>+1 0<x<6 boy=2(x+27%-3 -5<x<I
cy=-(x-37+4 0<x<6 dy=-30x—-12+2 -2<x<4
ey=x"+4x-5 -6<x<2 Ly=-x*-2x+15 -6<x<4
gy=-3"-6x+24 -5<x<3 hy=(x-2%+1  —2<x<4

10. Use the equation y = a(x — b)? + c¢ to answer the following.

a. Explain how you can determine whether a parabola has a minimum or maximum turning point by
looking only at its equation.

b. Explain how you can determine the coordinates of the turning point of a parabola by looking only at
the equation.

¢. Explain how you can obtain the equation of the axis of symmetry by looking only at the equation of
the parabola.

11. [T For the graph of y = (x — 2)? 4 5, the turning point is:

A. (5,2) B. (2,-5) C. (2,5
D. (-2,-5) E. (-2,5)

12. 1A For the graph of y = 3(x — 1)> + 12, the turning point is:
A. (3,12) B. (1,12) c. (-1,12)
D. (-3,12) E. (—1,-12)

13. [ For the graph of y = (x + 2)> — 7, the y-intercept is:
A. =2 B. -7 c. -3
D. —11 E.7
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14. [T Which of the following is true for the graph of y = —(x — 3)% + 4?
A. Turning point (3, 4), y-intercept —5 B. Turning point (3, 4), y-intercept 5
C. Turning point (-3, 4), y-intercept —5 D. Turning point (-3, 4), y-intercept 5
E. Turning point (3, —4), y-intercept 13

Reasoning

15. A ball is thrown into the air. The height, # metres, of the ball at any time,

16.

17.

t seconds, can be found by using the equation & = —(t — 4)? + 16.
a. Plot the graph for values of ¢ between 0 and 8.
b. Use the graph to find:
i. the maximum height of the ball
ii. how long it takes for the ball to fall back to the ground from the
moment it is thrown.
From a crouching position in a ditch, an archer wants to fire an arrow over
a horizontal tree branch, which is 15 metres above the ground. The height,
in metres (h), of the arrow 7 seconds after it has been fired is given by the
equation h = —8¢(¢t — 3).
a. Plot the graph forr =0, 1, 1.5, 2, 3.
b. From the graph find:
i. the maximum height the arrow reaches
ii. whether the arrow clears the branch and the distance by which it
clears or falls short of the branch
iii. the time it takes to reach maximum height
iv. how long it takes for the arrow to hit the ground after it has been
fired.
There are 0, 1, 2 and infinite possible points of intersection for two
parabolas.
a. [llustrate these on separate graphs.
b. Explain why infinite points of intersection are possible. Give an
example.
¢. How many points of intersection are possible for a parabola and a
straight line? Illustrate these.

Problem solving

18.

19.

The path taken by a netball thrown by a rising Australian player is given by the quadratic equa-

tion y = —x*> + 3.2x + 1.8, where y is the height of the ball and x is the horizontal distance from the

player’s upstretched hand.

a. Complete a table of values for -1 < x < 4.

b. Plot the graph.

c. What values of x are ‘not reasonable’ and why?

d. What is the maximum height reached by the netball?

e. Assuming that nothing hits the netball, how far away from the player will the netball strike the
ground?

The values of a, b and c in the equation y = ax® 4+ bx + ¢ can be calculated using three points that lie

on the parabola. This requires solving triple simultaneous equations by algebra. This can also be done

using a CAS calculator. If the points (0, 1), (1,0) and (2, 3) all lie on one parabola, find the equation

of the parabola.

Reflection

What x-values can a parabola have? What y-values can a parabola have?
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9.3 Sketching parabolas
9.3.1 Sketching parabolas

* A sketch graph of a parabola does not show a series of plotted points, but it does accurately locate

important features such as x- and y-intercepts and turning points.

* The basic quadratic graph has the equation y = x°. Transformations or changes in the features of the

graph can be observed when the equation changes. These transformations include:

— dilation
— translation
— reflection.
9.3.2 Dilation Wy =22
— 42
« Compare the graph of y = 2x? with that of y = x%. This graph is thinner or closer ==
to the y-axis and has a dilation factor of 2. As the coefficient of x* increases, the
graph becomes narrower and closer to the y-axis. o
X
* The turning point has not changed under the transformation and is still (0, 0). ©.0)
e Compare the graph y = ixz with that of y = x%. YA )
y=x
The graph is wider or closer to the x-axis and has a dilation factor of factor i. L,
y=gx
The turning point has not changed and is still (0, 0). As the coefficient of !
x> decreases (but remains positive), the graph becomes wider or closer to .
the x-axis. ©.0) *
WORKED EXAMPLE 3 Tl | CASIO

State whether each of the following graphs is wider or narrower than the graph of y = x* and

state the coordinates of the turning point of each one.

ay= %xz by= 4x?
THINK WRITE
a 1 Write the equation. ay= éxz
2 Look at the coefficient of x> and decide % < 1, so the graph is wider than that
whether it is greater than or less than 1. of y = x%

3 The dilation doesn’t change the turning point. The turning point is (0, 0).

b 1 Write the equation. b y=4x’
2 Look at the coefficient of x> and decide 4 > 1, so the graph is narrower than that of
whether it is greater than or less than 1. y = x%

3 The dilation doesn’t change the turning point. The turning point is (0, 0).

9.3.3 Vertical translation

« Compare the graph of y = x*> + 2 with that of y = x°.
The whole graph has been moved or translated 2 units upwards.
The turning point has become (0, 2).

0/2)

<Y
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« Compare the graph of y = x> — 3 with that of y = x°. Y y=x2
The whole graph has been moved or translated 3 units downwards. 2

The turning point has become (0, —3).

<Y

\1//
\

(07 _3)

WORKED EXAMPLE 4

State the vertical translation and the coordinates of the turning point for the graphs of the

following equations when compared to the graph of y = x~.
ay= ¥’ +5

THINK

a 1 Write the equation.

2 +5 means the graph is translated upwards

5 units.

3 Translate the turning point of y = x?, which is
(0, 0). The x-coordinate of the turning point
remains 0, and the y-coordinate has 5 added

to it.

b 1 Write the equation.

2 —4 means the graph is translated downwards

4 ynits.

3 Translate the turning point of y = x?, which
is (0, 0). The x-coordinate of the turning
point remains 0, and the y-coordinate has
4 subtracted from it.

2

by=x2—4

WRITE
ay=x"+5

Vertical translation of 5 units up

The turning point becomes (0, 5).

by=x*-4

Vertical translation of 4 units down

The turning point becomes (0, —4).

9.3.4 Horizontal translation Y
« Compare the graph of y = (x — 2)? with that of y = x°. vz
The whole graph has been moved or translated 2 units to the right.
The turning point has become (2, 0). (0, 4) y=(x-2)7
2,0 x
« Compare the graph of y = (x + 1)? with that of y = x. W y=(x+1)?
The whole graph has been moved or translated 1 unit left. The turning =2

point has become (-1, 0).

©.|1)

=Y

(_13 O)
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WORKED EXAMPLE 5

State the horizontal translation and the coordinates of the turning point for the graphs of the

following equations when compared to the graph of y = x~.
by=@x+2)?

ay=(@x-—3)?
THINK
a 1 Write the equation.

2 —3 means the graph is translated to the right
3 units.

3 Translate the turning point of y = x%, which is
(0, 0). The y-coordinate of the turning point
remains 0, and the x-coordinate has 3 added
to it.

b 1 Write the equation.

2 +2 means the graph is translated to the left
2 units.

3 Translate the turning point of y = x?, which is
(0, 0). The y-coordinate of the turning point
remains 0, and the x-coordinate has 2
subtracted from it.

2

WRITE
ay=(x-3)>

Horizontal translation of 3 units to the right

The turning point becomes (3, 0).

b y=(x+2)?

Horizontal translation of 2 units to the left

The turning point becomes (-2, 0).

9.3.5 Reflection

* Compare the graph of y = —x? with that of y = x°.

In each case the axis of symmetry is the line x = 0 and the turning point
is (0, 0). The only difference between the equations is the negative sign in
y = —x°, and the difference between the graphs is that y = x> “sits’ on the
x-axis and y = —x” ‘hangs’ from the x-axis. (One is a reflection or mirror
image of the other.) The graph of y = x> has a minimum turning point, and

the graph of y = —x? has a maximum turning point.

* Any quadratic graph where x? is positive has a U shape and is said to be
upright. Conversely, if x* is negative the graph has a [ shape and is said to

be inverted.

(0,

0)

=Y

y=-x

WORKED EXAMPLE 6 Tl | CASIO

For each of the following graphs, give the coordinates of the turning point and state whether it is

a maximum or a minimum.
_ 2
ay=—-x-=-17
THINK
a 1 Write the equation.
2 It is a horizontal translation of 7 units to the

right, so 7 units is added to the x-coordinate
of (0,0).

3 The sign in front of the x> term is negative, so
it is inverted.

by=5-x

WRITE
ay=—-(x-1772

The turning point is (7, 0).

Maximum turning point
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Write the equation.
Rewrite the equation so that the x* term is first.

The vertical translation is 5 units up, so 5 units
is added to the y-coordinate of (0, 0).

The sign in front of the x* term is negative, so
the graph is inverted.

b y=5-—x

y=—2+5

The turning point is (0, 5).

Maximum turning point

WORKED EXAMPLE 7

For each of the following quadratic equations:
state the appropriate dilation, reflection and translation of the graph of y = x? needed to

i

ii
iii

obtain the graph
state the coordinates of the turning point
hence, sketch the graph.

ay=(x+3)?
THINK

al
2

Write the quadratic equation.

Identify the transformation needed — horizontal
translation only, no dilation or reflection.

State the turning point.

Sketch the graph of y = (x + 3)2. You may find
it helpful to lightly sketch the graph of y = x?
on the same set of axes first.

Write the quadratic equation.

Identify the transformations needed —
dilation (2 in front of x%) and reflection
(negative in front of X term), no translation.

The turning point remains the same as there is
no translation.

Sketch the graph of y = —2x. You may find it
helpful to lightly sketch the graph of y = x* on
the same set of axes first.

b y=—-2x?
WRITE/DRAW
ay=(x+3)>

i1 Horizontal translation of 3 units to
the left

ii The turning point is (-3, 0).

i _ a2 )

g

(_3 s O)

b y=-2x

i This is a reflection, so the graph is

inverted. As 2 > 1, the graph is

narrower than that of y = x.

ii The turning point is (0, 0).

i A ,
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learn RESOURCES

Try out this interactivity: Dilation of y = ax? (int-1148)
Try out this interactivity: Vertical translation of y = x* + ¢ (int-1192)
Try out this interactivity: Horizontal translation of y = (x — h)? (int-1193)

Complete this digital doc: WorkSHEET: Quadratic graphs (doc-5272)

Exercise 9.3 Sketching parabolas assess(]]]

Individual pathways

B PRACTISE Bl CONSOLIDATE B MASTER
Questions: Questions: Questions:
1a-d, 2a—d, 3a—d, 4a—d, 5a—-d, 1c—f, 2¢—f, 3c—f, 4c—f, 5¢c—f, 6¢—f, 1c-h, 2c-h, 3c-h, 4e-h, 5e-h,
6a—d, 7 7,8,9 6i-p, 7-10
[l B W Individual pathway interactivity: int-4606 learn

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency
1. [ State whether each of the following graphs is wider or narrower than the graph of y = x* and
state the coordinates of the turning point of each one.

a.y=5x b.y=%x2 cy=7x d. y = 10x?
ey= %xz £y =0.25x* g y=13x h. y= V32

2. I State the vertical translation and the coordinates of the turning point for the graphs of each of the
following equations when compared to the graph of y = x%
ay=x"+3 b.y=x-1 cy=x"-17 d-y:x2+i

ey=x'—] fy=x>-0.14 g y=x>+237 hy=x>+V3

3. IIE3 State the horizontal translation and the coordinates of the turning point for the graphs of the fol-
lowing equations when compared to the graph of y = x°.
ay=(@x-1)? b.y= (x — 2)? ¢ y=(x+ 107 d.y=(x+4)?

ey=(-3° fy=(c+D? gy = (x+025) hy = (x + V3)

4. I For each of the following graphs give the coordinates of the turning point and state whether it is
a maximum or a minimum.
ay=-—x>+1 b.y=x>-3 cy=—(x+2)? d. y=3x
ey=4—x fy=-2x g y=(x—15)° h.y=1+x*

5. In each of the following state whether the graph is wider or narrower than y = x> and whether it has a
maximum or a minimum turning point.
a.y = 3x’ b. y = —3x° c_y:%xz d.y=—éx
ey= _;sz f. y =0.25x* g y= V322 h. y = —0.16x?
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Understanding
6. For each of the following quadratic equations:
i. state the appropriate dilation, reflection and translation of the graph of y = x* needed to obtain the
graph
ii. state the coordinates of the turning point
iii. hence, sketch the graph.

ay=(x+1) b. y = -3x cy=x>+1
d.y:%_x2 e,y=x2_3 ﬁy:(x_4)2

= -’ hy = 5% iy=—2+2
&y=—3 .y = Ly=—-x"+
j.y=—(x—6)2 k.y=—x2—4 l.y=—(x+1)2
my=2(x+17>-4 ny=(x—3)7+2 0.y=—+2)’+]

p.y=—a—17 -]

Reasoning
7. A vase 25 cm tall is positioned on a bench near a wall as shown. The shape of
the vase follows the curve y = (x — 10)%, where y cm is the height of the vase
and x cm is the distance of the vase from the wall.
a. How far is the base of the vase from the wall?
b. What is the shortest distance from the top of the vase to the wall?
c. If the vase is moved so that the top just touches the wall, find the new distance
from the wall to the base.
d. Find the new equation that follows the shape of the vase.
8. A ball is thrown vertically upwards. Its height in metres after 7 seconds is given
by h =7t — £
a. Sketch the path of the ball.
b. What is the highest point reached by the ball?
A second ball is thrown vertically upwards. Its total time in
flight lasts 3 seconds longer than the first ball.
c¢. State the equation for the flight of the second ball.
d. On the same set of axes used for part a, sketch the path of
the second ball.
e. State the difference in the highest point reached by the
two balls.

Wall

Bench

Problem solving
9. Consider the quadratic equation y = x*> — 4x + 7.
a. Determine the equivalent inverted equation of the quadratic that just touches the one above at the
turning point.
b. Confirm your result graphically.
10. A parabola has the equation y = —%(x — 3)% + 4. A second parabola has an equation defined by
Y=2y-1 -3.
a. Find the equation relating Y to x.
b. State the appropriate dilation, reflection and translation of the graph of ¥ = x? required to obtain the
graphof Y =2(y — 1) — 3.
c. State the coordinates of the turning point.
d. Sketch the graphof Y =2(y — 1) — 3.

Reflection
What are the turning points of the graphs y = x> + kand y = (x — h)??
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CHALLENGE 9.1

A ball blasted upwards follows a parabolic path. It reaches a maximum
height of 200 m when its horizontal distance from its starting point is

10 m. When the ball’s horizontal distance from the starting point was

1 m, the ball had reached a height of 38 m. Suggest an equation to
model the ball’s flight, clearly defining your chosen pronumerals.

94 Sketching parabolas in turning point form
9.4.1 Turning point form

When a quadratic equation is expressed in the form y = a(x — k)% + k:
— the turning point is the point (4, k)

— the axis of symmetry is x = h y=alx-h?+k

— the x-intercepts are calculated by solving a(x — h)? 4+ k = 0. / T N

Ch ing th 1 fa. hand k in th tion t f the sh Reflects Translates Translates
anging the values of a, h and k in the equation transforms the shape , leftand  up and

and position of the parabola when compared with the parabola y = x>. dilates right down

WORKED EXAMPLE 8

For each of the following equations, state the coordinates of the turning point of the graph and

whether it is a maximum or a minimum.

ay=@x-67>-—4 by=—-(x+3)>+2
THINK WRITE
a 1 Write the equation. ay=@x-6)>-4
2 Identify the transformations — horizontal transla- The turning point is (6, —4).
tion of 6 units to the right and a vertical translation
of 4 units down. State the turning point.
3 As ais positive (a = 1), the graph is upright with Minimum turning point
a minimum turning point.
b 1 Write the equation by=—-(x+3)>%+2
2 Identify the transformations — horizontal transla- The turning point is (=3, 2).
tion of 3 units to the left and a vertical translation
of 2 units up. State the turning point.
3 As ais negative (a = —1), the graph is inverted Maximum turning point

with a maximum turning point.

9.4.2 x- and y-intercepts of quadratic graphs

Other key features such as the x- and y-intercepts can also be determined from the equation
of a parabola.

The point(s) where the graph cuts or touches the x-axis are called the x-intercept(s). At these
points, y = 0.

The point where the graph cuts the y-axis is called the y-intercept. At this point, x = 0.
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WORKED EXAMPLE 9 Tl | CASIO

Determine i the y-intercept and ii the x-intercepts (where they exist) for the parabolas with

equations:
ay=@x+3>—-4
b y=2x—1)>
cy=—(x+2>*-1.
THINK

a 1 Write the equation.

2 Find the y-intercept by substituting x = 0 into
the equation.

3 Find the x-intercepts by substituting y = 0 into
the equation and solving for x. Add 4 to both
sides of the equation.

Take the square root of both sides of the
equation.

Subtract 3 from both sides of the equation.
Solve for x.

b 1 Write the equation.

2 Find the y-intercept by substituting x = 0 into
the equation.

3 Find the x-intercepts by substituting y = 0 into
the equation and solving for x.

Note that there is only one solution for x and so
there is only one x-intercept. (The graph touches

the x-axis.)

¢ 1 Write the equation.

2 Find the y-intercept by substituting x = 0 into
the equation.

3 Find the x-intercepts by substituting y = 0 into
the equation and solving for x. We cannot take
the square root of —1 to obtain real solutions;
therefore, there are no x-intercepts.

WRITE
ay=(@x+37>-4
i y-intercept: when x = 0,
y=0+3)7>-4
=9-4
=
The y-intercept is 5.

il x-intercepts: when y = 0,
(x+3)°-4=0
(x+3)° =4

(x+3) =42 or =2

x=2-30rx=-2-3
w==l x==5
The x-intercepts are —5 and —1.
b y=2(x-1)?
i y-intercept: when x = 0,

y =200 - 1)
=2x1
=2

The y-intercept is 2.

ii x-intercepts: when, y = 0,

20— 1)?2=0

x-=1%=0

x—1=0
x=0+1

x =1

The x-intercept is 1.
c y=—-(x+2°>-1

i y-intercept: when x = 0,
y=—-0+2)2-1
=—-4-1
= -5
The y-intercept is —5.

ii x-intercepts: when y = 0,
—x+2?-1=0
(x+2)? = -1
There are no real solutions, so there are
no x-intercepts.
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WORKED EXAMPLE 10

For each of the following:
i write the coordinates of the turning point

ii state whether the graph has a maximum or a minimum turning point

iii state whether the graph is wider, narrower or the same width as the graph of y = x

iv find the y-intercept

v find the x-intercepts

vi sketch the graph.
ay=x—-22+3
THINK

a 1 Write the equation.

2 State the coordinates of the turning point from
the equation. Use (A, k) as the equation is in the
turning point form of y = a(x — h)*> + k where
a=1, h=2and k = 3.

3 State the nature of the turning point by
considering the sign of a.

4 Specify the width of the graph by considering
the magnitude of a.

5 Find the y-intercept by substituting x = 0 into
the equation.

6 Find the x-intercepts by substituting y = 0 into
the equation and solving for x.

As we have to take the square root of a negative

number, we cannot solve for x.

7 Sketch the graph, clearly showing the turning
point and the y-intercept.

8 Label the graph.

Write the equation.

2 State the coordinates of the turning point from
the equation. Use (h, k) as the equation is in the
turning point form of y = a(x — h)? 4+ k where
a=-2, h=—-1and k=6.

3 State the nature of the turning point by
considering the sign of a.

2

by=-=2x+1*+6
WRITE/DRAW
ay=x-272+3

i The turning point is (2, 3).

ii The graph has a minimum turning point as
the sign of a is positive.

iii The graph has the same width as y = x* since
a=1.

iv y-intercept: when x = 0,
y=(0-27%+3
=443
=7
y-intercept is 7.

v x-intercepts: when y = 0,
(x—22+3=0
(x-2)?%=-3
There are no real solutions, and hence no
x-intercepts.

Vi YA
y=(x-22+3
-\

310273

of o x

b y=-20x+1*+6

i The turning point is (—1, 6).

ii The graph has a maximum turning point as
the sign of a is negative. >
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4 Specify the width of the graph by considering  iii The graph is narrower than y = x’

the magnitude of a. since lal > 1.
5 Find the y-intercept by substituting x = 0 into  iv y-intercept: when x = 0,
the equation. y==20+1>+6
=-2X1+6
=4

The y-intercept is 4.

6 Find the x-intercepts by substituting y = O into v x-intercepts: when y = 0,

the equation and solving for x. 20+ D*+6=0
20+ D* =6
x+1?>=3

x+1=v3 or x+1=-V3
x=—-1+V3x=-1-43

The x-intercepts are —1 — V3 and -1 + V3
(or approximately —2.73 and 0.73).

7 Sketch the graph, clearly showing the turning  vi YA
point and the x- and y-intercepts. 1,6 —,
\4

8 Label the graph. _1_(3/' 0 \_1 3 X

y=-2(x+17+6

Note: Unless otherwise stated, exact values for the intercepts should be shown on sketch graphs.

Exercise 9.4 Sketching parabolas in turning point form assess(]]]

Individual pathways

B PRACTISE H CONSOLIDATE B MASTER
Questions: Questions: Questions:
1a-d, 2a—c, 3a-c, 4, 5, 6a-d, 7, 1c—, 2c-€, 3c-e, 4, 5, 6¢—, 7, 11, 1c—i, 2¢c—f, 3¢, 4, 5, 6e—i, 7-15
10, 12 12, 14
[l B B Individual pathway interactivity: int-4607 learn

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.
Fluency

1. KA For each of the following equations, state the coordinates of the turning point of the graph and
whether it is a maximum or a minimum.

ay=@x-1%2+2 b.y=@x+2)>-1 cy=@x+D*+1
dy=-(x-272+3 ey=—(x—57>+3 f.y=@+27>-6

2
gy=(x-}) -3 hoy=(x—}) +? iy = (403 - 04
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2. For each of the following, state:
i. the coordinates of the turning point
ii. whether the graph has a maximum or a minimum turning point
iii. whether the graph is wider, narrower or the same width as that of y = x*.

ay=2x+37>-5 b.y=—-(x-1>2+1 c.y=-50x+27>-4
2
dy=la-37+2 ey=—tx+ D247 £y=02Q—g)—%
3. Select the equation that best suits each of the following graphs.
iow iil ¥ . YA
3.

1

N

iv. YA V. YA Vi. YA

<

o1 / %
50 % 0 e
-3
ay=@x-1>-3 b.y=-(x-27%+3 cy=x>-1
dy=-(x+27>+3 ey=—x>+1 , fy=@x+1*-3
4. [ a. The translations required to change y = x> into y = <x - %) + % are:
A. right L up % B. left %, down %
C. right %, down % D. left %, up %

E. right L up %

2
b. For the graph i(x - %) + %, the effect of the i on the graph is:
A. no effect B. to make the graph narrower

C. to make the graph wider D. to invert the graph
E. to translate the graph up i of a unit

¢. Compared to the graph of y = x?, y = =2(x + 1)> — 4 is:
A. inverted and wider B. inverted and narrower
C. upright and wider D. upright and narrower
E. inverted and the same width

d. A graph that has a minimum turning point (1, 5) and that is narrower than the graph of y = x
Ay=@x-1*+5 B.y=3(+1)7+5
C.y=2(x-D%+5 D.y=2(x+D?>+5
E.y=1(x—1D*+5

e. Compared to the graph of y = x%, the graph of y = —3(x — 1)> — 2 has the following features.
A. Maximum TP at (—1, —2), narrower B. Maximum TP at (1, —2), narrower
C. Maximum TP at (1, 2), wider D. Minimum TP at (1, —2), narrower
E. Minimum TP at (-1, —2), wider

2 is:
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5. IE Determine i the y-intercept and ii the x-intercepts (where they exist) for the parabolas with the
following equations.
ay=@+17>-4 b. y = 3(x — 2)? cy=—-(x+4-2
dy=x-22%-9 ey=2x"+4 f£y=@x+3)?%-5
Understanding
6. IIEMA For each of the following:
i. write the coordinates of the turning point
ii. state whether the graph has a maximum or a minimum turning point
iii. state whether the graph is wider, narrower or the same width as the graph of y = x?
iv. find the y-intercept
v. find the x-intercepts
vi. sketch the graph.

ay=@x—-47>+2 b.y=(x-3)?-4 cy=@x+D2+2
dy=x+5?%*-3 ey=—(x—1)72+2 f.y=—-(x+2?%-3
gy=—-(x+32>-2 hy=2(x-1)7%+3 Ly=-30x+2>+1

7. Consider the equation 2x> — 3x — 8 = 0.
a. Complete the square.
b. Use the result to determine the exact solutions to the original equation.
c. Determine the turning point of y = 2x> — 3x — 8 and indicate its type.
8. a. Find the equation of a quadratic that has a turning point of (—4, 6) and has an x-intercept
at (—1, 0).
b. State the other x-intercept (if any).
9. Write the new equation for the parabola y = x* that has been:
a. reflected in the x-axis
b. dilated by a factor of 7 away from the x-axis
c. translated 3 units in the negative direction of the x-axis
d. translated 6 units in the positive direction of the y-axis
e. dilated by a factor of ‘11 from the x-axis, reflected in the x-axis, and translated 5 units in the positive
direction of the x-axis and 3 units in the negative direction of the y-axis.

Reasoning

10. The price of shares in fledgling company ‘Lollies’r’us’ plunged dramatically one afternoon, following
the breakout of a small fire on the premises. However, Ms Sarah Sayva of Lollies Anonymous agreed
to back the company, and share prices began to rise.

Sarah noted at the close of trade that afternoon that the company’s share price followed the curve:
P =0.1(t — 3)> + 1 where $P is the price of shares ¢ hours after noon.
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a. Sketch a graph of the relationship between time and share price to represent the situation.
b. What was the initial share price?
¢. What was the lowest price of shares that afternoon?
d. At what time was the price at its lowest?
e. What was the final price of ‘Lollies’r’us’ shares as trade closed at 5 pm?
11. Rocky is practising for a football kicking competition. After being kicked, the path that the ball
follows can be modelled by the quadratic relationship:

_ _lg_ 152
h=—(d - 157 +8

where / is the vertical distance the ball reaches (in metres), and d is the horizontal distance (in

metres).

a. Determine the initial vertical height of the ball.

b. Determine the exact maximum horizontal distance the ball travels.

¢. Write down both the maximum height and the horizontal distance when the maximum height is
reached.

12. a. If the turning point of a particular parabola is (2, 6), suggest a possible equation for the parabola.

b. If the y-intercept in part a is (0, 4), give the exact equation for the parabola.

13. a. If the turning point of a particular parabola is (p, g), suggest a possible equation for the parabola.

b. If the y-intercept in part a is (0, r), give the exact equation for the parabola.

Problem solving

14. Use the completing the square method to write each of the following in turning point form and sketch

the parabola for each part.
ay=x"—8x+1
b.y=x*+4x-5
ey=x>+3x+2
15. a. Find the equation of the parabola shown.

=04 Local minimum
7197 2,-8)

b. State the dilation and translation transformations that have been applied to y = x” to achieve this
parabola.
¢. This graph is reflected in the x-axis. State the equation of the reflected graph.
d. Sketch the graph of the reflected parabola.
Reflection
Does a in the equation y = a(x — h)* + k have any impact on the turning point?
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9.

5 Sketching parabolas of the form y = ax® + bx + ¢

9.5 Parabolas of the form y = ax® + bx

The general form of a quadratic equation is y = ax® + bx + ¢ where a, b and ¢ are constants.
A sketch of a parabola usually shows x- and y-intercepts and the turning point.
The x-coordinate of the turning point lies midway between the x-intercepts.

The x-coordinate of the turning point can also be found using the formula x = ;—b from the quadratic
a

formula, x = b+ 2b 4ac‘ For example, for the equation y = x> + 4x — 6, the x-coordinate of the
a
4

turning point will be at x = ——— = -2,
2x1

The y-coordinate of the turning point can be found by substitution. Continuing the example, given
x=-2, y=(=2)? + 4(-2) =6 = —10. The turning point is (=2, —10).

If the equation is not written in turning point form, the coordinates of the turning point may be found by:
— finding the midpoint between the x-intercepts

— using the formula x = ;—
a

— writing the equation in turning point form by completing the square.

WORKED EXAMPLE 11

Sketch the graph of y = (x — 3)(x + 2).

THINK WRITE/DRAW
1 The equation is in factorised form. To find the y=x-=-3)x+2)
x-intercepts, let y = 0 and use the Null Factor Law. O=x-3)(x+2)
x—3=0orx+2=0(NFL)
x=30rx=-2
x-intercepts: (3, 0)(—2,0)
2 The x-coordinate of the turning point is midway between P 3+ (-2)
the x-intercepts. Find the average of the two x-intercepts '~ 2
to find the midpoint between them. =05
3 ¢ To find the y-coordinate of the turning point, substitute ~ y = (x — 3)(x + 2)
Xpp into the equation. yrp = (0.5 = 3)(0.5 + 2)
= —6.25
 State the turning point. Turning point: (0.5, —6.25)
4 « To find the y-intercept, let x = 0 and substitute. y=(0-3)0+2)
= -6
 State the y-intercept. y-intercept: (0, —6)
S « Sketch the graph, showing all the important features.

Label the graph.

I
4 =)
W

~——

[ R PR ) Sy S S e et
—

y=x-3)(x+2)
1(0.5, —6.25)
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WORKED EXAMPLE 12 Tl | CASIO

Sketch the graph of y = 2x? — 6x — 6.
THINK

1 The equation is not in factorised form, but there is a
common factor of 2. Take out the common factor of 2.

2 The equation cannot be factorised
(no factors of —3 add to —3), so use
completing the square to write the
equation in turning point form.

» Halve and then square the coefficient of x.
* Add this and then subtract it from the equation.

* Collect the terms for and write the
perfect square.

» Simplify the brackets to write the
equation in turning point form.

* Identify the coordinates of the turning
point (4, k).

3 « To find the x-intercepts, let y = 0.

No factors of —3 add to —3, so use the
quadratic formula to find the
Xx-intercepts.

» State the x-intercepts.

4 + To find the y-intercepts, let x = 0
and substitute.
» State the y-intercept.

5 e« Sketch the graph, showing all the
important features.
» Label the graph and show the exact
values of the x-intercepts.

WRITE/DRAW
y=2x*—6x—6
=2(x*=3x-3)

Turning point: (% %)

x-intercepts: let y = 0.
0=2-6x—6

b+ Vi —dac
B 2a

where a =2,b = —6,¢c = —6

L —(=6) £ V(=6)* - 42)(-6)
2(2)

6136 +48
- 4
_ 684 61221

4 4
The x-intercepts are:
3+ V21 3-v21
x="——""andx = "——"
2 2
x~ 3.79 x~ —0.79

y=2x>-6x-6

y =2(0)> - 6(0) — 6
= -6

y-intercept: (0, —6)

),
401
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learn RESOURCES

Try out this interactivity: Sketching parabolas (int-2785)
Complete this digital doc: SkillSHEET: Completing the square (doc-5268)
Complete this digital doc: SkillSHEET: Solving quadratic equations using the quadratic formula (doc-5269)

Complete this digital doc: SkillSHEET: Solving quadratic equations of the type ax®> + bx + ¢ = 0 where a = 1
(doc-5270)

Complete this digital doc: SkillSHEET: Solving quadratic equations of the type ax? + bx + ¢ = 0 where a # 1
(doc-5271)

Complete this digital doc: WorkSHEET: y = ax? + bx + ¢ (doc-5273)

Exercise 9.5 Sketching parabolas of the
formy =ax?+ bx + ¢ assess[J)

Individual pathways

B PRACTISE B CONSOLIDATE B MASTER

Questions: Questions: Questions:

1, 2a—c, 3a—c, 4,5, 7 1, 2b-d, 3c—d, 4, 6-8, 10 1, 2c—f, 3c-g, 5, 7-9, 11
[l B W Individual pathway interactivity: int-4608 learn

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency

1. What information is necessary to be able to sketch a parabola?
2. I3 Sketch the graph of each of the following.

ay=x-5x-2) by=x+4x-17) cy=x+3)x+5)

dy=>2x+3)(x+5) ey=@l-x)(x+2) f.y=(§+3>(5—x)
3. IIIZA Sketch the graph of each of the following.

ay=x>+4x+2 b.y=x*—4x-5 cy=2x"—4x -3

dy=-22+11x+5 e.y=-2x>+ 12x f.y=3"+6x+1

g y=-3x-5x+2

Understanding
4. The path of a soccer ball kicked by the goal keeper can be modelled by the equation

y= —ﬁ(x2 — 24x) where y is the height of the soccer ball and x is the horizontal distance from the

goalie, both in metres.
a. Sketch the graph.
b. How far away from the player does the ball first bounce?
¢. What is the maximum height of the ball?
5. The monthly profit or loss, p, (in thousands of dollars) for a new brand of chicken loaf is given by
p= 3x2 — 15x — 18 where x is the number of months after its introduction (when x = 0).
a. Sketch the graph.
b. During which month was a profit first made?
¢. In which month is the profit $54 000?
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6. The height, & metres, of a model rocket above the ground 7 seconds after
launch is given by the equation & = 4¢(50 — ¢) for 0 < ¢t < 50.
a. Sketch the graph of the rocket’s flight.
b. Find the height of the rocket above the ground when it is launched.
c. What is the greatest height reached by the rocket?
d. How long does the rocket take to reach its greatest height?
e. For how long is the rocket in the air?
Reasoning
7. The equation y = X% + bx + 7500 has x-intercepts of (—150, 0) and (—50, 0).
What is the value of b in the equation? Justify your answer.
8. The equation y = x> 4+ bx + ¢ has x-intercepts of m and n. What is the value
of b in the equation? Justify your answer.
9. a. What path does a spaceship take to get to the Moon?
b. What is a transfer orbit?
c. Is any part of the flight path parabolic?
Problem solving
10. A ball is thrown upwards from a building and follows the path given by the formula 7 = —x* + 4x + 21.
The ball is 4 metres above the ground when it is a horizontal distance of x metres from the building.
a. Sketch the graph of the path of the ball.
b. What is the maximum height the ball reaches?
c. How far is the ball from the wall when it reaches the maximum height?
d. How far from the building does the ball land?
11. During an 8-hour period, an experiment is done in which the temperature of a room follows the relationship
T = h* — 8h + 21, where T is the temperature in degrees Celsius / hours after starting the experiment.
a. Sketch the graph of this quadratic.
b. What is the initial temperature?
¢. After 3 hours, is the temperature increasing or decreasing?
d. After 5 hours, is the temperature increasing or decreasing?
e. State the minimum temperature and when it occurred.
f. What is the temperature after 8 hours?
Reflection

What strategy can you use to remember all of the information necessary to sketch a parabola?

AY

. . 174
9.0 Exponential functions and graphs i6-
154
9.6.1 Exponential functions 14
* Relationships of the form y = ¢" are called exponential functions with E:
base a, where a is a real number not equal to 1, and x is the index power 11
or exponent. 104
* The term ‘exponential’ is used, as x is an exponent (or index). 9|
* For example, the graph of the exponential function y = 2" can be plotted 8
by completing a table of values. 7
6_
Remember that 27% = 213 5-
=1 and so on. 49
8 3
2
x | 4| -3|-2|-11]0 1 2 |3 4
! 1] Ll 248116 " >
Y | 16 | 3 4 2 PEEERNBERYE
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The graph has many significant features.
— The y-intercept is 1.
— The value of y is always greater than zero.

— As x decreases, y gets closer to but never reaches zero. So the graph gets closer to but never
reaches the x-axis. The x-axis (or the line y = 0) is called an asymptote.

— As x increases, y becomes very large.

9.6.2 Comparing exponential graphs

The diagram at right shows the graphs of y = 2*
and y = 3%

The graphs both pass through the point (0, 1).
The graph of y = 3* climbs more steeply than
the graph of y = 2*.

y = 0 is an asymptote for both graphs.

9.6.3 Vertical translation

The diagram at right shows the graphs of y = 2* and y = 2* + 3.

The graphs have identical shape.

Although they appear to get closer to each other, the graphs are
constantly 3 units apart.

As x becomes very small, the graph of y = 2* + 3 approaches but
never reaches the line y = 3, so y = 3 is the horizontal asymptote.
When the graph of y = 2" is translated 3 units upward, it becomes the
graph of y = 2* + 3.

9.6.4 Reflection about the x-axis

X

The diagram at right shows the graphs of y = 2* and y = -2".
The graphs have identical shape.

The graph of y = —2* is a reflection about the x-axis of the graph
of y =27,

The x-axis (y = 0) is an asymptote for both graphs.

In general, the graph of y = —a” is a reflection about the x-axis of
the graph of y = a*.

y=2"

=Y

=Y
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9.6.5 Reflection about the y-axis

* The diagram at right shows the graphs of y = 2" and y = 27",

* The graphs have identical shape.

* The graph of y = 27" is a reflection about the y-axis of the graph
of y = 2%,

* Both graphs pass through the point (0, 1).

* The x-axis (y = 0) is an asymptote for both graphs.

* In general, the graph of y = a™ is a reflection about the y-axis of
the graph of y = a”.

y=27

1.2 3 4x

WORKED EXAMPLE 13

Given the graph of y = 4%, sketch on the same axes the graphs of:
ay=4"-2

b y=—-4"

c y=47"%

THINK

a

The graph of y = 4* has already been drawn. It has a y-intercept of 1
and a horizontal asymptote at y = 0. The graph of y = 4* — 2 has the
same shape as y = 4" but is translated 2 units vertically down. It has a
y-intercept of —1 and a horizontal asymptote at y = —2.

y = —4* has the same shape as y = 4* but is reflected about the x-axis.

It has a y-intercept of —1 and a horizontal asymptote at y = 0.

y = 47" has the same shape as y = 4* but is reflected about the y-axis.
The graphs have the same y-intercept and the same horizontal
asymptote (y = 0).

6_
5_

123%

—p

123%

9.6.6 Combining transformations

* It is possible to combine translations, dilations and reflections in one graph.
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WORKED EXAMPLE 14 Tl | CASIO

By considering transformations to the graph of y = 2*, sketch the graph of y = —2* + 1.

THINK DRAW
Start by sketching y = 2*.

It has a y-intercept of 1 and a horizontal asymptote at y = 0.

Sketch y = —2" by reflecting y = 2* about the x-axis.

It has a y-intercept of —1 and a horizontal asymptote at y = 0.
Sketch y = —2* + 1 by translating y = —2* upwards by 1 unit.

The graph has a y-intercept of 0 and a horizontal asymptote at y = 1.

learn RESOURCES — ONLINE ONLY

Try out this interactivity: Exponential graphs (int-1149)

Exercise 9.6 Exponential functions and graphs assess(]l]

Individual pathways

B PRACTISE H CONSOLIDATE B MASTER
Questions: Questions: Questions:
1-16 ISl 1-18
[l B E Individual pathway interactivity: int-4609 learn ONLINE ONLY

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency
1. Complete the table below and use the table to plot the graph of y = 3" for -3 < x < +3.
x -3 |=2|-11]0 1 2 3
y
2. If x = 1, find the value of y when:
ay=2" b. y=3" cy=4 d.y=10* ey=ada".
3. Using a calculator or graphing program, sketch the graphs of y = 2, y = 3* and y = 4" on the same
set of axes.

a. What do the graphs have in common?
b. How does the value of the base (2, 3, 4) affect the graph?
c. Predict where the graph y = 8" would lie and sketch it in.
4. Using graphing technology, sketch the following graphs on one set of axes.
y=3,y=3"4+2,y=3"4+5,y=3"-3
a. What remains the same in all of these graphs?
b. What is changed?
¢. For the graph of y = 3 + 10, write down:
i. the y-intercept
ii. the equation of the horizontal asymptote.
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5. a. Using graphing technology, sketch the graphs of:
iy=2%andy=-2" ii. y=3"andy = -3* iii. y=6"and y = —6".
b. What is the relationship between these pairs of graphs?
6. a. Using graphing technology, sketch the graphs of:
iy=2%andy=2"" ii. y=3"andy=37" iii. y=6"andy = 67"
b. What is the relationship between these pairs of graphs?
7. IIZH Given the graph of y = 2%, sketch on the same axes the graphs of:
ay=2"+6 b.y=-2* cy=2""
8. Given the graph of y = 3%, sketch on the same axes the graphs of:
ay=3"+2
b. y = =3

9. Given the graph of y = 4%, sketch on the same axes the graphs of:

ay=4"-3
b.y=47"

10. IIZA By considering transformations of the graph of y = 2%, sketch the following
graphs on the same set of axes.
ay=2"+2
b.y=-2"+3

11. By considering transformations of the graph of y = 5%, sketch the following graphs
on the same set of axes.
ay=-5+10
b.y=5"+10

Understanding

12. Match each graph with its correct label.

A y=2" B. y=3" C.y=-4"
b.
10 2 24 y
9 1-
8' — T 1T T 1T
7 38 234>
6 2
5 3
4 4
34 5
2 6
M} —g'
3 1Y 1234x o
g B _10_
C.
104”
9_
8_
7_
6_
5_
4
3_
2_
3 19 123 4x
24
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13. Match each graph with its correct label. Explain your answer.
A y=2"+1 B.y=3"+1 C.y=-2"+1 D.y=2"+1
y b.

2
c. d.
94” 24”
8 14
7' T T IO T T T 1T
61 3 10N 2 3 4%
5+ —24
4 3
3- 4
- A
T —6-
—l—l—lﬁ—l—l—l—r> —71
3 19 1234x —8-
2 94

Reasoning

14. By considering transformations of the graph of y = 3*, sketch the graph of y = —37* — 3.

15. The graph of f(x) = 16" can be used to solve for x in the exponential equation 16* = 32. Draw a graph
of f(x) = 16" and use it to solve 16" = 32.

16. The graph of f(x) = 6°~! can be used to solve for x in the exponential equation 6*~!' = 36V6. Draw a
graph of f(x) = 6*~! and use it to solve 6*~! = 36V6.

Problem solving
17. The number of bacteria, N, in a certain culture is reduced by a third
every hour so

t
N =N, x (%)
where ¢ is the time in hours after 12 noon on a particular day.
Initially there are 10000 bacteria present.
a. Find the value of N,

b. Find the number of bacteria, correct to the nearest whole number,
in the culture when:

=2 ii. r=5 iii. = 10.
18. a. The table below shows the population of a city between 1850 and 1930. Is the population growth
exponential?
Year 1850 | 1860 | 1870 | 1880 | 1890 | 1900 | 1910 | 1920 | 1930
Population 10 | 13 | 1.69 | 2.197 | 2856 | 3713 | 4827 | 6275 | 8.157
(million)

b. What is the common ratio in part a?

¢. What is the annual percentage increase?
d. Estimate the population in 1895.

e. Estimate the population in 1980.

Reflection
Will the graph of an exponential function always have a horizontal asymptote? Why?
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9.7 The hyperbola
9.7.1 Hyperbolas

* A hyperbola is a function of the form xy = kory =

Complete the table of values below and use it to plot the graph of y = L

X

WORKED EXAMPLE 15

x'
x | 3| 2| 1| - 0 L 1 2 3
2 2
y
THINK WRITE/DRAW
1 Substitute each x-value into the function 5 1 1
y= % to obtain the corresponding y-value. ¥| 3 - -! ’ 0 2|1 12)3
y| 5| =5 | -1 | -2 |Undefined|2 |13 |3

2 Draw a set of axes and plot the points from

the table. Join them with a smooth curve.

* The graph in Worked example 15 has several important features.
1. There is no function value (y-value) when x = 0. At this point the hyperbola is undefined. When
this occurs, the line that the graph approaches (x = 0) is called a vertical asymptote.

2. As x becomes larger and larger, the graph gets very close to but will never touch the x-axis. The
same is true as x becomes smaller and smaller. The hyperbola also has a horizontal asymptote at

y=0.

3. The hyperbola has two separate branches. It cannot be drawn without lifting your pen from the
page and is an example of a discontinuous graph.

* Graphs of the form y = I;i are the same basic shape as y = % with y-values dilated by a factor of k.

WORKED EXAMPLE 16

a Plot the graph of y = g for -2 <x <?2.

b Write down the equation of each asymptote.

THINK

a 1 Prepare a table of values taking
x-values from —2 to 2. Fill in the
table by substituting each x-value
into the given equation to find
the corresponding y-value.

WRITE/DRAW

a 1 1
2| -1 73 0 5 1 2
—2 | =4 | —8 | Undefined | 8 4 2

TOPIC 9 Non-linear relationships 359



2 Draw a set of axes and plot the ¥y
points from the table. Join them
with a smooth curve.

b  Consider any lines that the curve b Vertical asymptote is x = 0.
approaches but does not cross. Horizontal asymptote is y = 0.

WORKED EXAMPLE 17 Tl | CASIO

Plot the graph of y = _73 for -3 <x <3.

THINK WRITE/DRAW
1 Draw a table of values and sub- 1
stitute each x-value into the given x| -3|-2|-1 . ¢

equation to find the corresponding y| 1 |1.5]3 6 |Undefined| =6 | =3 | =1.5| =1
y-value.

(SHE
—_
o
(O8]

2 Draw a set of axes and plot the ¥y

points from the table. Join them 16 3
with a smooth curve. 13177 T
1 2 3

Exercise 9.7 The hyperbola assess[]])
Individual pathways
B PRACTISE B CONSOLIDATE B MASTER
Questions: Questions: Questions:
1-12 1-14 1-15
[l B W Individual pathway interactivity: int-4610 learn ONLINE ONLY

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency
1. IIIEE Complete the table of values below and use it to plot the graph of y = 1)70
x -5 -4 | =3 -2 | -1 0 1 2 3 4 5
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2. [II3ZH a. Plot the graph of each hyperbola.

b. Write down the equation of each asymptote.
iLy= 3 il.y=" Ly = 100
X X x
4
x

3. On the same set of axes, draw the graphs of y = %, y= % and y = .
4. Use your answer to question 3 to describe the effect of increasing the value of k on the graph of y = v
5. KIIZH Plot the graph of y = _?10 for -5 <x < 5.6 ;

6. On the same set of axes, draw the graphs of y = T and y = -

7. Use your answer to question 6 to describe the effect of the negative in y = <

8. Complete the table of values below and use the points to plot y = % State the equation of the
vertical asymptote. *T

x -3 -2 -1 0 1 2 3 4
y
9. Plot the graph of each hyperbola and label the vertical asymptote.
1 1
a. = b. = C. =
Y x—=2 Y x=3 Y x+1

Understanding
10. Use your answers to question 9 to describe the effect of ¢ in y =

— a.
11. Sketch each of the following, showing the position of the vertical asymptote.
ay=—— b.y= cy=
Y x+1 Y x—1 Y x+2
Reasoning
12. Give an example of the equation of a hyperbola that has a vertical asymptote of:
ax=3 b. x = —-10.

13. The graph of y = % is reflected in the x-axis, dilated by a factor of 2 parallel to the y-axis or from the

x-axis and translated 3 units to the left and down 1 unit. Find the equation of the resultant hyperbola
and give the equations of any asymptotes.
Problem solving

14. a. Complete the following table in order to graph the hyperbola defined by y = %
X

1 1
X -2 -1 - > 1 2

This hyperbola is also known as a truncus. Give the equations of any asymptotes.

b. Find the equation of the truncus which results when y = lz is reflected in the x-axis.
X

c. Find the equation of the truncus which results when y = lz is reflected in the y-axis.
X

15. Consider again the truncus defined by y = % This hyperbola is reflected in the x-axis, dilated by a
factor of 3 parallel to the y-axis or from théc x-axis and translated 1 unit to the left and up 2 units. Find
the equation of the resulting hyperbola and give the equations of any asymptotes.

Reflection

How could you summarise the effect of the transformations dealt with in this exercise on the shape

of the basic hyperbola y = %?
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9.8 The circle
9.8.1 Circles

* A circle is the path traced out by a point at a constant distance (the radius) from a fixed point (the

centre).

* Consider the circles shown below right. The first circle has its centre at the origin and radius r.

Let P(x, y) be a point on the circle.
By Pythagoras: x> 4+ y* = 1.

The equation of a circle, with centre (0, 0) and radius r, is:

y
P(x, y)
This relationship is true for all points, P, on the circle. 4
]
N

2 +yr=r
* If the circle is translated / units to the right, parallel to the x-axis, y
and k units upwards, parallel to the y-axis, then: y|- P((); Y )k)
The equation of a circle, with centre (k, k) and radius r, is: k-
(=2 + (v =k =7 .
0 h x X

WORKED EXAMPLE 18

Sketch the graph of 4x* + 4y? = 25, stating the centre and radius.

THINK

1 Express the equation in general form by dividing
both sides by 4.

2 State the coordinates of the centre.

3 Find the length of the radius by taking the square
root of both sides. (Ignore the negative results.)

4 Sketch the graph.

WRITE/DRAW
¥+ y=r

4% + 4y> = 25
b g = 22

4

Centre (0, 0)
P2 =

r =
Radius = 2.5 units

DI

Y
2.5

AN
/)

0 X

2.5
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WORKED EXAMPLE 19

Sketch the graph of (x — 2)? 4+ (y + 3)? = 16, clearly showing the centre and radius.

THINK WRITE/DRAW
1 Express the equation in general form. x-h2+@G-k%2="r
x=2?%+@y+3)32=16
2 State the coordinates of the centre. Centre (2, —3)
3 State the length of the radius. =16
r=4
Radius = 4 units
4 Sketch the graph. y
14
-2/0 2 6~
3_ 4
_7_
WORKED EXAMPLE 20 Tl | CASIO

Sketch the graph of the circle x> + 2x + y*> — 6y + 6 = 0.

THINK WRITE/DRAW
1 Express the equation in general form by x=h2+@-k>=r
completing the square on the x terms and P 4+2x+y?P—6y+6=0
again on the y terms. P+ +D-1+7-6y+9-94+6 =0
x+1)2+@»-32-4=0
x+ D2+ @y-3)2=4
2 State the coordinates of the centre. Centre (—1, 3)
3 State the length of the radius. =4
r=2

Radius = 2 units
4  Sketch the graph.

Iearn RESOURCES — ONLINE ONLY

Try out this interactivity: Compare and contrast types of graphs (int-3920)
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Exercise 9.8 The circle assess[]])

Individual pathways

Bl PRACTISE l CONSOLIDATE B MASTER

Questions: Questions: Questions:

1a-c, 2a-c, 3a-c, 4,5, 7 1c-e, 2c-e, 3c-¢, 4-7, 10 1d-f, 2d-f, 3d-f, 4-11
[l B B Individual pathway interactivity: int-4611 learn

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency

1. IIZH Sketch the graphs of the following, stating the centre and radius of each.
a. x> +y>=49 b. x> + 2 =42
¢ x> +y* =36 d. x> +y> =8l
e. 2x° + 2y* = 50 £. 9x2 + 9y? = 100

2. 31 Sketch the graphs of the following, clearly showing the centre and the radius.
a(x— 12+ (y—-2)7?%=5 b. (x +2)> + (y + 3)? = 62
. (x+3)2+(@y-12=49 d x—-4H>+ (y+5°>=64
e x>+ (y+3)?2=4 f.(x—5%+y>=100

3. [ Sketch the graphs of the following circles.
ax’+4x+y"+8y+16=0 b.x>—10x+y* -2y +10=0
x> —14x+y"4+6y+9=0 dX>+8x+y> —12y—-12=0
ex’+y?—18y—-19=0 £.2x2 —4x+ 2>+ 8 —-8=0

Understanding
4. [ The graph of (x — 2)> + (y + 5)2 = 4 is:

5. [ The centre and radius of the circle (x + 1)> + (y — 3)? = 4 is:
A (1,-3), 4 B. (—1,3),2 c. 3,—-1), 4 D. (1,-3),2
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Reasoning
6. Find the equation representing the outer edge of the galaxy as shown in the photo below, using the
astronomical units provided.

9 X

1
5
0 5

7. Circular ripples are formed when a water drop hits the surface of a pond.

If one ripple is represented by the equation x> + y> = 4 and then 3 seconds later by x> + y> = 190,
where the length of measurements are in centimetres:
a. find the radius (in cm) of the ripple in each case
b. calculate how fast the ripple is moving outwards.
(State your answers to 1 decimal place.)
8. Two circles with equations x> + y*> = 4 and (x — 1)?> + y?> = 9 intersect. Determine the point(s) of
intersection. Show your working.
9. a. Graph the line y = x, the parabola y = x? and the circle x> + y> = 1 on the one set of axes.
b. Find algebraically the points of intersection of:
i. the line and the circle
ii. the line and the parabola
iii. the parabola and the circle.
Problem solving
10. Find the point(s) of intersection of the circles x> + y> — 2x — 2y — 2 = 0 and
x* + y> — 8x — 2y + 16 = 0 both algebraically and graphically.
11. The general equation of a circle is given by x> + y* + ax + by + ¢ = 0. Find the equation of the circle
which passes through the points (4, 5), (2, 3) and (0, 5). State the centre of the circle and its radius.

Reflection

How could you write equations representing a set of concentric circles (circles with the same centre,
but different radii)?
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CHALLENGE 9.2

Does the point (1, 1.5) lie on, inside or outside the circle with
equation X% 4+ 2x + y? — 6y + 6 = 0?

Hint: It is important to know the length of the radius and the location
of the centre of the circle.

9.9 Review

9.9.1 Review questions

Fluency

1. [IF The turning point for the graph y = 3x> — 4x + 9 is:
c. (1 1t

1 2
A (g, 15)

5 (

12
33

g’

2. I3 Which graph of the following equations has the x-intercepts closest together?

A y=x>+3x+2
D.y=4x>427x -7
3. I3 Which graph of the equations below has the largest y-intercept?
A.y=3(x—-2)72+49
D.y=2(x—-5)2+4

A. right 3, up 411
D. left 3, up

A. 3
10

3

B.y=x+x-2
E.y=x>-2x—38

B.y=5x—-1%+8
E.y=12(x— 1)+ 10

4. [ The translation required to change y = x> into y = (x — 3)* + Alf is:
B. right 3, down i
E. right i, up 3
5. [ The graph of y = —3 X 2% is best represented by:

4 2 0

4X

A"x

C.y=2*+x-15
C.y=2(x—-1%+19

C. left 3, downi

)

5+

—104

4x

—101

ZLX

4'x

6. Use the completing the square method to find the turning point for each of the following graphs.

ay=x>-8x+1

b.y=x>4+4x -5
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7.

10.

11.
12.
13.
14.
15.

16.

17.
18.
19.

21.

For the graph of the equation y = x> + 8x + 7, produce a table of values for the x-values between —9
and 1, and then plot the graph. Show the y-intercept and turning point. From your graph, state the
x-intercepts.

. For each of the following, find the coordinates of the turning point and the x- and y-intercepts and

sketch the graph.
ay=(x-372+1 b.y=2x+1?>-5

. For the equation y = —x> — 2x + 15, sketch the graph and determine the x- and y-intercepts and the

coordinates of the turning point.

For the exponential function y = 5%:

a. complete the table of values below
x y

-3

-2

-1
0
1
2
3

b. plot the graph.

Draw the graph of y = 10 X 3" for -4 < x < 4.

Draw the graph of y = 10~ for -4 < x < 4.

a. On the same axes draw the graphs of y = (1.2)*andy = (1.5)".

b. Use your answer to part a to explain the effect of changing the value of a in the equation of y = a*.

a. On the one set of axes draw the graphs of y =2 X 3", y=5Xx 3 andy = % x 3*

b. Use your answer to part a to explain the effect of changing the value of & in the equation of y = ka”.
a. On the same set of axes sketch the graphs of y = (2.5) and y = (2.5)7".

b. Use your answer to part a to explain the effect of a negative index on the equation y = a*.

Sketch each of the following.

ay= % b.y=-2
Sketch y = -,
Give an example of an equation of a hyperbola that has a vertical asymptote at x = —3.

Sketch each of these circles. Clearly show the centre and the radius.

ax’+y’=16 b.(x =5+ (y+3)?=064
. Sketch the following circles. Remember to first complete the square.
ax+4x+y —2y=4 b. x> + 8x + y* + 8y = 32
Find the equation of this circle.
6

()
5

-6

Problem solving

22,

The height, 4, in metres of a golf ball ¢ seconds after it is hit is given by the formula & = 4t — £,
a. Sketch the graph of the path of the ball.
b. What is the maximum height the golf ball reaches?
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23.

25.

¢. How long does it take for the ball to reach the maximum height?

d. How long is it before the ball lands on the ground after it has been hit?

A soccer ball is kicked upwards in the air. The height, 4, in metres, ¢ seconds after the kick is

modelled by the quadratic equation & = —5¢> + 20.

a. Sketch the graph of this relationship.

b. For how many seconds is the ball in the air?

¢. For how many seconds is the ball above a height of 15 m? That is, solve the quadratic inequation
—5¢* 4+ 20t > 15.

d. For how many seconds is the ball above a height of 20 m?

. The height of the water level in a cave is determined by the tides. At any time, ¢, in hours after 9 am,

the height, A(?), in metres, can be modelled by the function A(f) = £ —12t+32, 0<r<12.
a. What values of ¢ is the model valid for? Write your answer in interval notation.
b. Determine the initial height of the water.
c. Bertha has dropped her keys onto a ledge which is 7 metres from the bottom of the cave. By using
a graphics calculator, determine the times in which she would be able to climb down to retrieve her
keys. Write your answers correct to the nearest minute.
A grassed area is planted in a courtyard that has a width of 5 metres and length of 7 metres. The shape
of the grassed area is described by the function P = —x? + 5x, where P is the distance, in metres, from
the house and x is the distance, in metres from the side wall. The diagram below represents this
information on a Cartesian plane.
a. In terms of P, write down an inequality that describes the region where the grass has been planted.
b. Determine the maximum distance the grass area is planted from the house.

Tm

1
1
i
Wall :
:
!

S5m
House

¢. The owners of the house have decided that they would prefer all of the grass to be within a maximum
distance of 3.5 metres from the house. The shape of the lawn following this design can be described
by the equation N(x) = ax*> + bx + ¢

i. Using algebra, show that this new design can be described by the function N(x) = —0.56x(x — 5).

ii. Describe the transformation that maps P(x) to N(x).

d. If the owners decide on the first design, P(x), the percentage of area within the courtyard without
grass is 40.5%. By using any method, find the approximate percentage of area of courtyard without
lawn with the new design, N(x).

. A stone arch bridge has a span of 50 metres. The shape of the curve AB can be modelled using a

quadratic equation.
a. Taking A as the origin (0, 0) and given that the maximum height b(x)
of the arch above the water level is 4.5 metres, show using algebra,
that the shape of the arch can be modelled using the equation
b(x) = —0.0072x* + 0.36x, where b(x) is the vertical height of the

bridge, in metres, and x is the horizontal distance, in metres. 45m
b. A floating platform p metres high is towed under the bridge. - T
Given that the platform needs to have a clearance of at least 50m

. . . . . ©0,0)
30 centimetres on each side, explain why the maximum value of p is

10.7 centimetres.
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27. When a drop of water hits the flat surface of a pool, circular ripples are made. One ripple is
represented by the equation x> + y* = 9 and 5 seconds later, the ripple is represented by the equation
x> + y* = 225, where the lengths of the radii are in cm.

a. State the radius of each of the ripples.

b. Sketch these graphs.

¢. How fast is the ripple moving outwards?

d. If the ripple continues to move at the same rate, when will it hit the edge of the pool which is 2 m
from its centre?

28. During an 8-hour period, an experiment is done in which the temperature of a room follows the
relationship 7 = h*> — 8h + 21, where T is the temperature in degrees Celsius /4 hours after
starting the experiment.

a. Change the equation into turning point form and hence sketch the graph of this quadratic.
b. What is the initial temperature?

c. After three hours, is the temperature increasing or decreasing?

d. After five hours is the temperature increasing or decreasing?

e. State the minimum temperature and when it occurred.

f. What is the temperature after 8 hours?

learn RESOURCES

Try out this interactivity: Word search: Topic 9 (int-2850)

Try out this interactivity: Crossword: Topic 9 (int-2851)

Try out this interactivity: Sudoku: Topic 9 (int-3596)
Complete this digital doc: Concept map: Topic 9 (doc-13811)

Language
It is important to learn and be able to use correct mathematical language in order to communicate

effectively. Create a summary of the topic using the key terms below. You can present your summary
in writing or using a concept map, a poster or technology.

algebraically horizontal sketch
asymptote hyperbola substitute
axes linear symmetrical
centre maximum symmetry
circle minimum transformation
concave down non-linear translation
concave up origin turning point
dilation parabola undefined
dilation factor plot vertex
exponent radius vertical
exponential reflection y-intercept
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Link to assessON for questions to test your
ﬂ 55&5 5 readiness FOR learning, your progress AS
z you learn and your levels OF achievement.

assessON provides sets of questions for
every topic in your course, as well as giving
instant feedback and worked solutions to
help improve your mathematical skills.

www.assesson.com.au

Investigation | Rich task
Parametric equations

' S
)
3k
ol

o
—

You are familiar with the quadratic equation y = x° and its resulting graph. Let us consider an applica-
tion of this equation by forming a relationship between x and y through a third variable, say, ¢.
x=rtand y =
It is obvious that these two equations are equivalent to the equation y = x*. This third variable
t is known as a parameter, and the two equations are now called parametric equations. We cannot
automatically assume that the resulting graph of these two parametric equations is the same as that of
y = x* for all real values of x. It is dependent on the range of values of ¢.

Consider the parametric equations x = ¢ and y = #* for values of the parameter ¢ > 0 for
questions 1 to 3.
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1. Complete the following table by calculating x- and y-values from the corresponding ¢-value.

t X y
0
1
2
3
4
5
2. Graph the x-values and corresponding y-values on this Cartesian Parametryic Gauztions
plane. Join the points with a smooth curve and place an arrow on the 25
curve to indicate the direction of increasing ¢-values. %(5):
3. Is there any difference between this graph and that of y = x*? Explain 1(5):
your answer. S0 0 8 T
4. Consider now the parametric equations x = 1 — rand y = (1 — 7). S50 12345

These clearly are also equivalent to the equation y = x>. Complete

the table and draw the graph of these two equations for values of the parameter ¢+ > 0. Draw an

arrow on the curve in the direction of increasing z-values.

x y

AW~ |o|~

5

Parametric equations
y

254
204
15+
10+

5_

EPEENREEORAC

Describe the shape of your resulting graph. What values of the parameter ¢ would produce the

same curve as that obtained in question 2?
5. The graph of y = —x°
a table and draw the graph of the parametric equations x = ¢ and

y = —* for parameter values ¢ > 0. Remember to place an arrow on

the curve in the direction of increasing t-values.

6. Without constructing a table, predict the shape of the graph of the
parametric equations x = 1 — t and y = —(1 — 1)? for parameter
values ¢ > 0. Draw a sketch of the shape.

7. This task requires you to produce the shape of the parabola y = x
in the range —2 < x < 2 by considering two different parametric

2

is a reflection of y = x” in the x-axis. Construct Parametric equations

x=tandy=—£
y

IGVEEE( EEER R
-10
=I5
=20
=25

equations to those already considered. Answer this question on a separate sheet of paper.

a. State your two equations and the range of the parameter values.
b. Construct a table showing calculated values.
¢. Draw a sketch of the graph.

learn RESOURCES

Complete this digital doc: Code puzzle: Olympic games facts (doc-15933)
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Answers

Topic 9 Non-linear relationships

Exercise 9.2 Plotting parabolas

1. a. 30y- y =3¢
254
20
154
10
5

EERL EEEG

x=0, (0, 0)

=

Il
FNE

=

24

14

EERLEREE

x=0, (0, 0)

2. Placing a number greater than 1 in front of x> makes the graph thinner. Placing a number greater than 0 but less than 1 in

front of x> makes the graph wider.

y=x¥+1

x=0, (0,-3),-3

dy=x24

©,-1)

32157

x=0,0,-1),-1

4. Adding a number raises the graph of y = x* vertically that number of units. Subtracting a number lowers the graph of y = x?

vertically that number of units.

5. a. bJ

(-5.16)

Ty=a+n?

x=2,(20),4

6. Adding a number moves the graph of y = x> horizontally to the left by that number of units. Subtracting a number moves the

graph of y = x* horizontally to the right by that number of units.

y=(x-1)2

x=1, (1,0), 1
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y==x2+1
x=0,(0, 1), 1

y=(x+2)?
x=-2,(-2,0),-4

Y,
2 34
y=-(x-1)7?
(1, 0), -1
EEPE
y=-=x2-3
x=0, 0, -3),-3

8. The negative sign inverts the graph of y = x%. The graphs with the same turning points are: y = x> + 1 and
y==x4+Ly=@x-D¥andy=—-(x-D%y=(x+2)andy=—(x + 2)%y = x> — 3 and y = —x> — 3. They differ in that

the first graph is upright while the second graph is inverted.

i.x=5 ii(51), mn iii 26

i.x=3 ii. (3,4), max iii. -5

i.x=-2 ii. (-2,-9), min

iii. -5

ix=-2

fi. (=2, -3), min iii. 5

i.x=1 ii (1,2), max iii. —1
y,
20
10
2 X
y=\x2—-2x+15
_10_
i.x=-1 ii. (-1,16), max iii. 15
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y=(x—-2)2+1

246"

i.x=2 ii.(2,1), min iii. 5

25

iLx=1 ii(-1,27), max iii. 24

10. a. If the x* term is positive, the parabola has a minimum turning point. If the x> term is negative, the parabola has a maximum
turning point.

b. If the equation is of the form y = a(x — b)? + ¢, the turning point has coordinates (b, c).
c. The equation of the axis of symmetry can be found from the x-coordinate of the turning point. That is, x = b.
11.C
12.B
13.C
14.A

15.a.
h=—(1—472+16

15. a. h
18

16
141
124
10+
8.
6
4
24

0f 1 2341

b.i. 18 m ii. Yes, by 3m iii. 1.5 iv. 3s
16. a. y, Y, y, Y
0| X 0| X 0 / \ X 0| X

b. An infinite number of points of intersection occur when the two equations represent the same parabola, with the effect that
the two parabolas superimpose. For example y = x> + 4x 4+ 3 and 2y = 2x*> 4+ 8x + 6.
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c. It is possible to have 0, 1 or 2 points of intersection.

Y, Y, Y
\\ B
0 \ X 0 X X 0| X
1T.a. [, -1 0 1 2 3 4
y -2.4 1.8 4 4.2 24 -1.4
b. y
4
2
3 }% EXAGE
La
c¢. x cannot equal —1 as this would put the ball behind her; at x = 4, the ball is under ground level.
d. The maximum height reached is 4.36 m.
e. The ball will hit the ground 3.688 m from the player.
18.y =222 —3x + 1
Exercise 9.3 Sketching parabolas
1. a. Narrower, TP (0, 0) b. Wider, (0, 0) c. Narrower, TP (0, 0) d. Narrower, TP (0, 0)
e. Wider, TP (0, 0) f. Wider, TP (0, 0) g. Narrower, TP (0, 0) h. Narrower, TP (0, 0)
2. a. Vertical 3 up, TP (0, 3) b. Vertical 1 down, TP (0, —1) ¢. Vertical 7 down, TP (0, —=7)
d. Vertical up, TP (0, ) e. Vertical down, TP (0, —) f. Vertical 0.14 down, TP (0, —0.14)
g. Vertical 2.37 up, TP (0, 2.37) h. Vertical V3 up, TP (0, v/3)
3. a. Horizontal 1 right, (1, 0) b. Horizontal 2 right, (2, 0) ¢. Horizontal 10 left, (—10, 0)
d. Horizontal 4 left, (-4, 0) e. Horizontal % right, (%, 0) f. Horizontal é left, (—i, 0)
g. Horizontal 0.25 left, (—0.25,0) h. Horizontal V3 left, (—V/3,0)
4. a. (0, 1), max b. (0, =3), min c. (—=2,0), max d. (0,0), min
e. (0,4), max f. (0,0), max g. (5,0), min h. (0, 1), min
5. a. Narrower, min b. Narrower, max c. Wider, min d. Wider, max
e. Narrower, max f. Wider, min g. Narrower, min h. Wider, max

6. a. i. Horizontal translation 1 left
ii. (-1,0)

iii. y=(x+1)?

c. i. Vertical translation 1 up
ii. (0,1)

b. i. Reflected, narrower (dilation)

ii. (0,0)
fii.

=Y

y= 332
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ii. Y y=22+1

e. i Vertical translation 3 down
ii. (0,-3)
iii.

0 X
\‘<0/,—3)

g. i. Reflected, wider (dilation)
ii. (0,0)
iii. Y 2

i. i. Reflected, vertical translation 2 up
ii. (0,2)

i, Noy=e

0,
[\,
y=-x2+2

k. i. Reflected, vertical translation 4 down
ii. (0,—4)

X
y=-x2-4

/T

m. i. Narrower (dilation), horizontal translation 1 left,

vertical translation 4 down
ii. (-1,-4)
ii. A

=2

0 %
=2(x+ 1)2-4

(-1,-4)

d. i

ii.

fii.

ii.

5

ii.
fii.

i.

ii.

B
=

ii.

fii.

Wider (dilation)
(©,0)

Horizontal translation 4 right
4,0

@ ¥

Narrower (dilation)
(©,0)

(0,|0) x

Reflected, horizontal translation 6 right
(6,0)
¥ y=x

6,0

y=—(x-6)

Reflected, horizontal translation 1 left
(=1,0)
Y, y= x2

1.0
0 X

\:7(x+ 1)?

Wider (dilation), horizontal translation 3 right,
vertical translation 2 up
(3,2)

(3,2)
2 y=%(x—3)2+2

0 x
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p. i. Narrower (dilation), reflected, horizontal translation

1 right, vertical translation % down

i (1, —g)

fii.

c. 5Scm

o. i. Wider (dilation), reflected, horizontal translation
2 left, vertical translation i up
. 1
ii. (-2, Z)
iii. Y y=x%
2D
Y x
y=—t(+27+4
7.a. 10 cm b. 5cm
8. a. and d.
hA
25
20 h=10f- 2 Ball 2
15
10
h=Tf—Balll
54
0 T T T T T T Y T T :
1 2 3 4 5 6 7 8 10
b. 12.25m c. h=t(10 -1 e. 12.75m
9.2.y=-(x-22+3=-x+4x-1
b. y
6.
4.
2:3)
2.
BN AERRE
y=—x2+4x—1
y=x2 —4x+7
10.a. Y= —(x —3)+3
b. Reflected in x-axis, translated 3 units to the right and up 3 units. No dilation.
c. (3,3)
d. v
3 -
2 Local maximum
14 x-intercept G.3 x-intercept
(1.267 949, 0) (4.732 051, 0)
o N
~14
=2+
,3 .
_4 4
-5+
_6/

=Y

y=Fa-1"-3

dy=(x-5)>
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Challenge 9.1

v = —=2h* + 40h, where v is the vertical distance # is the horizontal distance.

Exercise 9.4 Sketching parabolas in turning point form
b. (-2, —1), min
e. (5,3), max

1. a. (1,2), min
d. (2,3), max

1 3 .
(5, —), min

g 7
2.a.i. (-3,-5)
b.i. (1, 1)
c i (-2,-4)
d.i. 3,2)
e.i. (-1,7)
Lo
f.i. 5 —5)
Joavi y=@x-1)2-3
cv y=x>-1
eii y=-x>+1
4. a. A
5.a.i. -3
c. i. —18
e i 4
f.i. 4
6.a.i. (4,2)
v. No x-intercepts
b.i. (3,-4)
v. 1,5
c. i (-1,2)
v. No x-intercepts
d.i. (-5,-3)

ii. Min
ii. Max
ii. Max
ii. Min
ii. Max
ii. Min
b. i
b. C c. B
ii. =3, 1 b.i. 12
ii. No x-intercepts d.i. -5
ii. No x-intercepts
ii. =3 — V5,3 + V/5 (approx. —5.24, —0.76)
ii. Min iii. Same width
A S
18
4,2)
01234 x
ii. Min iii. Same width
Vi N a2y
)
0 1\2 3 4/5 x
e
ii. Min iii. Same width

ii.

v. -5-v3,-5+3 (approx

12 .
h. (5’ 5),mm

i y=(+D%2+2 VY

o[ %

Min

. —6

.73, -3.27)

c. (—1,1), min

f. (-2,—-6), min
i. (-0.3,-0.4), min

y=—x-2)%+3
div y=-(x+22%+3

fiii y=@x+1)>2-3

iii. Same width

Vi. y=(x+5)2—3

iv. 18

iv. 5

iv. 3

iv. 22

fii.
fii.
fii.
fii.
fii.

ii.

Narrower

Same

Narrower

Wider
Wider

Wider

ii.
ii.

e. B

-L5
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e i. (1,2) ii. Max iii. Same width iv. 1

v. 1 = V2,1 + V2 (approx. —0.41, 2.41) vi. y
(1,2
1-\2 ? 1 +42
10 1 x
y=—(x-1)2+2
f. i. (-2,-3) iii. Same width iv. =7
v. No x-intercepts
X
g. i. (-3,-2) ii. Max iii. Same width iv. —11
v. No x-intercepts vi.
h.i. (1,3) ii. iii. Narrower iv. 5
v. No x-intercepts vi.
0| ! X
e.i. (-2,1) ii. Max iii. Narrower iv. —11
v 2= L o4 L (approx. —2.58, —1.42) vi. v
V3 V3 2,1
A\
| 01
2-F 2+5
11
y=73(x+2)2+1
7. a. 2(x—§)2—B =0 box=3+ ¥13 C. (i —E) minimum
4 8 4= 4 4 87?
8.a.y=—(x+47+6 b. (-7,0)
9. a. y=—x b. y =72 c.y=(x+3)? d.y=x+3 e y=—;(x-5)"-3
10.a. p($)
1.9
1.4
1.0
t (Hours
after 12 pm)
b. $1.90 c. $1 d. 3 pm e. $1.40
11.a. 0.5m b. (15 + 4V15) m

¢. Maximum height is 8 metres when horizontal distance is 15 metres.
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12. a. Answer will vary.

An example is y = (x — 2)% + 6.

boy=—(x-22+6

13.a. Answer will vary.

An example is y = (x — p)* + q.

ro
b.y=< 2q>(x—p)2+q
P

14.a. y=(x—4)>-15

Local minimun
(=1.5,-0.25)

T T T T
a5 st 05

=0.

15.a. y=3(x-2)%-8

0 X
5_

3
c.y=(x+§)2—

/

N

Local minimun

X

LD

b. Dilated by a factor of 3 parallel to the y-axis or from the x-axis as well as being translated 2 units to the right and down

8 units.
c.y=-3x-27%+38

d. |y

Local maximum
(2,8)

T
0 1
=14

1
4
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Exercise 9.5 Sketching parabolas of the form y = ax? + bx + ¢

1. You need the x-intercepts, the y-intercept and the turning point to sketch a parabola.

2. a. \y

0| 6X

4 Turning point

(3.5,-2.25)

54
Turning point
(=3.25,-6.125) | _{o
3. a. y
4 -
2/
» vo T
. =21
Turning point
(=2,-2)
d. y,
20 Turning point
(2.75,20.1)
151
101
5]
-2 0 2 4 8
’ Turning point g -
(é 49
6 12 5
G I
24
_4 -

b.

e.

e.

10

Turning point
(1.5,-30.25)

A Turning point

(1.9)

2 i&

=101

Turning point

2,-9)
Y . .
20 Turning point
(3,18)

154
101

5

-2 2 4 g "

=5

y
15
/

f

6533310
Turning point 54
(4. -1

Turning point
(0.5, 15.125)

C. y

(1,-5)

Turning point

6 4 —3\!
Turning point*2-

d12)
_4-
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d.a.
1.4
1.2

14
0.8
0.6
0.4
0.2

b. 24 m c.lm
5. a. y

b. 6th month c. 8th month

6. a. 250&’ b. 0 c. 2500 m d. 25 seconds e. 50 seconds

2000
1500
1000

500

O 1020304050 1
7. 200
8. —(m +n)
9. Answers will vary.
10.a. hy L (2,25 b. 25m c.2m d.7m
h=—4dx 212,17
/

/
1

Vi
3 0 7 X

11.a.

o]

—_—
S Umo NS LN

02 46 8h
Hours

Temperature (degrees celsius)

b. 21°C c¢. Decreasing d. Increasing e. 5°C after 4 hours f. 21°C

382 Jacaranda Maths Quest 10 + 10A



Exercise 9.6 Exponential functions and graphs

1.

X

-3 -2 -1

0

1

2 | 3 2

y

1 1
27 | 9 3

24

20
18+

2.a. 2

16
14+
12+
10+
8_
4 Jy=
1 /y=
2

T T T T
3 10} 123 4x

f.4 g. 10 h.a

a. The graphs all pass through (0, 1). The graphs have the same horizontal asymptote, (y = 0). The graphs are all very steep.

b. As the base grows larger, the graphs become steeper.

C.

AY
167

14 1
121
10
8
6

y=2

y=8
y=4
y=3"

X

L

1
-
o
o
Fa

=Y

w
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a. The shape of each graph is the same.

b. Each graph has a different y-intercept and a different horizontal asymptote.

c.i. (0,11) ii. y=10
i Ay ii. Ay fii.

5. a.i. ¢ o]
7 8
6 7
54 6
4 5
3+ 4

2 x - .

EERET dE M

|ﬁ4$a§ﬁg T T T 1
-5-4-3-2 - 123 4% 1T
. y=2* 43218 ] 23 4%

-3 =21 x

y=-3
=4 =3
—5 4
=6 =54
-7 ~6
-8 {7
8
—9

b. In each case the graphs are symmetric about the x-axis.

6. a. i. L. fii.

4.3 _10_ 1 23 4%

=2

b. In each case the graphs are symmetric about the y-axis.
7. a-c. 8. a,b. y A

y=2%+6

sq /fr=¥
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9. a,b. 10.a, b. 11.a, b.
y=4"
1 23 4%
27 y=4"-3
=3
4
=5
—6-
=7
=8
12.a. B b. C c. D d. A
13.a. B b. D c. A d. C
pJ
14. e
EERL R RN
5
15. =32 401
20: Point ofA
intersection
y = 16+107 (1.25,32)
3500 1 5 3%
3210123
x=1.25
Point of
16. y intersection
y=361/6 1001 |,/ 3.5, 88.181631)
80
60 L
40- y:6x 1
20
-10 -390 5 10*
20
x=35
17.a. 10 000
b.i. 1111 ii. 41 iii. 0
18.a. Yes
b. There is a constant ratio of 1.3.
c. 30%

d. 3.26 million

€. 30 million
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Exercise 9.7 The hyperbola

L. x -5 —4 -3 -2 -1 0 1 2 3 4 5

y 2 =25 =33 -5 -10 Undefined 10 5 33 25 2

ii. fii. )

100+

b.i. x=0,y=0
. x=0,y=0

ili. x=0,y=0

w
Lo 8

1119

4. It increases the y-values by a factor of k and hence dilates the curve by a factor of %.

5. Y,
Jio y=:-10
X
12323
T T T T |0 T T T T
5432170 x
_10_
6. y
I\ 6)
1
/ _6
___’/’ y==
0 -7 X
7
/
1
i(1.-6)
_ -6
ly_7

. k. .
7. The negative reflects the curve y = Lin the x-axis.
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x -3 -2 -1 0 1 2 3 4
y -0.25 -0.33 -0.5 -1 Undefined 1 0.5 0.33
Y
i
=it
1
Rl
—-\'}g 3 x
\
I
1x=1
C. 1 Y
| 1
I g —
:K Y=rEd
B}
ENT
T ‘ 0 Il X
bl
1
1
i
I
x=-1
10. The a translates the graph left or right, and x = a becomes the vertical asymptote.
11.a. ¢ b. Xy c. Y
I . \
V=g | x—1 1 25
(-2, 4 i EQ i N
. . =210 x
-1 |0, X 0 11 X 1
ja B L=
i i i
I 1 3,-5% 1
I I :
12. Check with your teacher. Possible answers:
1 1
= b. y =
ay=_— T
13.y = -1, x==-3y=-1
y ot y
14. a.
x ) -1 _L 1 1 2
2 2
y 1 1 4 4 1 1
4 4
y
4 4
3 4
2 4
1 4
-3 -2 -1 0 1 2 3
x=0,y=0
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by=—f c.y=—
X 2
2.y=— 3 +2,x=-1,y=2
2
x+1)

Exercise 9.8 The circle

Centre (0, 0), radius 4 Centre (0, 0), radius 6

4.D

5.B

6. x -5+ (y-3)?%=16

7.a. 2cm, 13.8 cm b. 3.9 cm/s
8. (-2,0)
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9. a. Y
24

Point pf intersection

a1

Point of intersection
Point of intersection (0.707107, 0.707107)

(-0.786 151, 0.618 034) Point of intersection
(0.786 151, 0.618034)

=2 = 2

X

Point of intersection
(-0.707 107, -0.707 197) =

b. i. (0.707,0.707) and (—0.707, —0.707)
ii. (0,0) and (1, 1)
iii. (0.786,0.618) and (—0.786, 0.618)

10. (x — 1)2 + (- 1)2 = 4 centre at (1, 1) and radius of 2 units.
(x =42+ (y — 1)> = 1 centre at (4, 1) and radius of 1 unit.

The circles intersect (touch) at (3, 1).

11. (x — 2)> + (y — 5)% = 4 centre at (2, 5) and radius of 2 units.

Challenge 9.2

The distance between the centre and the point (1, 1.5) is 2.5, which is greater than the length of the radius. Therefore, the point
(1,1.5) lies outside the circle with equation x> + 2x + y*> — 6y + 6 = 0.

9.9 Review

SR I A
o ® a0 oo

. a. (4,-15)
b. (=2, -9)
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16

TP (-4, —9); x-intercepts: —7 and —1

8. a. TP (3, 1); no x-intercepts; y-intercept: (0, 10)

y

10\

y=@-37+1

[€R))
0 X

b. TP (-1, —5); x-intercepts: —1 — \/g, -1+ \/; y-intercept: (0, —3)

L

(=1,-5)

9. TP (-1, 16); x-intercepts: —5 and 3; y-intercept: (0, 15)

y

Y 2
(=1, 16) ,oly = —x" - 2x + 15
15

-

X

Y y=2(x+17>-5

10. a.

x -3 -2 -1 0 2 3
y 0.008 0.04 0.2 1 25 125
b.

160} = sx

140 y=s

120

100

80

60

40
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12, y=10~
¥

140
120
100
80
60
4010, 1)
20
3219 1 2 3x
13. a. y
10
8
51 y=asy
o n 4 .
; ) y=(1.2)
_—8
3 2 -1 1 2 3%

a. Increasing the value of a makes the graph steeper for positive x-values and flatter for negative x-values.

14. a.

32 -1 0

b. Increasing the value of k makes the graph steeper.

15.a. st

y=1(25) 4(5) y=25)°
35
30
25
20
15
10
5

3210 1 2 3%

b. Changing the sign of the index reflects the graph in the y-axis.

16. a. Y
(1,4)
0
y=%
17. no,
1
1
1 -3
l/' y_X72
=
0 :2 X
' {3.-3)
1
1

18. Check with your teacher. Possible answer is y =

19. a.

b.

Y

x+3

1,-2)
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20.a. 2+dx+y2-2y=4 ° b.

X2+ 8x+y2+8y=32
21.x° +y* =36

22.a.
b. 4m c.2s d.4s
23. a.
(2,20)
h==5+201
0 4t
b. 4s

c.2s(1>1>3)

d. The ball is never above a height of 20 m.
24.a. [0, 12] b. 32 m c. 11:41 am to 6:19 pm
25.a. P<—x2+4+55,0<x<5

b. 6.25m

c¢. i. Check with your teacher.
ii. Dilation by a factor of 0.56 parallel to the y-axis

d. 66.7%
26.a. Check with your teacher.

b. When x = 0.3, b = 10.7. Therefore if p is greater than 10.7 cm the platform would hit the bridge.
27. a. First ripple’s radius is 3 cm, second ripple’s radius is 15 cm.
b Y
10
-\ T T
L J 5 1o f5*
c. 2.4 cm/s

d. 1 minute 22.1 seconds after it is dropped

28.a. 2

B8 T

2 25

g 20

g15

g 10

g 5

2 0

g 0246 8h
& Hours

b. 21°C c. Decreasing d. Increasing e. 5°C after 4 hours f. 21°C
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Investigation — Rich task

L[ . y
0 0 0
1 1 1
2 2 4
3 3 9
4 4 16
5 5 25
2 Parametric equations
) x=tandy= I
Y
25
20
15
10
5

T T T T T T T T T T
543209 123435~

3. Answers will vary.

4 Parametric equations
: t x y x=1-randy=(1-1?
Y
0 1 1 £
20
1 0 0 15
10
2 -1 1 5
s | o | 4 RS EEE DR RS
4 -3 9
5 —4 16

t x y
Parametric equations
0 0 0 x=rand y=—
1 1 1 g
- T T T T T 0 T T T T T
2 2 —4 —5-4-3-2-15] 3.4 5%
~104
3 3 -9 _15
4 4 -16 —20+
25
5 5 -25 —304

6. Answers will vary.

7. Answers will vary.
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MEASUREMENT AND GEOMETRY

TOPIC 10
Deductive geometry

10.1 Overview

Numerous videos and interactivities are
embedded just where you need them, at the point
of learning, in your learnON title at www.jacplus
.com.au. They will help you to learn the content
and concepts covered in this topic.

10.1.1 Why learn this?

Learning about geometry includes being able to
reason deductively and to prove logically that cer-
tain mathematical statements are true. It is impor-
tant to be able to prove theories meticulously and
step by step in order to show that the conclusions
reached are soundly based. Mathematicians spend
most of their time trying to prove new theories,
and they rely heavily on all the proofs that have
gone before. Reasoning skills, and hence the
ability to prove theories, can be developed and
learned through practice and application.

10.1.2 What do you know? assess[])
1. THINK List what you know about geometry. Use a thinking tool such as a concept map to show your
list.

2. PAIR Share what you know with a partner and then with a small group.
3. SHARE As a class, create a thinking tool such as a large concept map that shows your class’s
knowledge of geometry.

LEARNING SEQUENCE

10.1 Overview

10.2 Angles, triangles and congruence
10.3 Similar triangles

10.4 Quadrilaterals

10.5 Polygons

10.6 Review

learn RESOURCES — ONLINE ONLY

Watch this video: The story of mathematics: Euclid (eles-1849)
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10.2 Angles, triangles and congruence
10.2.1 Proofs and theorems

* Euclid (c. 300 BC) was the mathematician who developed a systematic approach to geometry, now
referred to as Euclidean geometry, that relied on mathematical proofs.

* A proof is an argument that shows why a statement is true.

* A theorem is a statement that can be demonstrated to be true. To demonstrate that a statement is
proven, formal language needs to be used. It is conventional to use the following structure when
setting out a theorem.

— Given: a summary of the information given

— To prove: a statement that needs to be proven

— Construction: a description of any additions to the diagram given

— Proof: a sequence of steps that can be justified and form part of a formal mathematical proof.

10.2.2 Angles at a point

* The sum of the angles at a point is 360°.

b a

a+ b+ c+ d+ e= 360° ¢
\4]°
a+b+c+d+e=360°

10.2.3 Supplementary angles

* The sum of the angles on a straight line is 180°.
* Angles a, b and c are supplementary angles.

a+ b+ c=180° c a
a+b+c=180°

10.2.4 Vertically opposite angles

* Theorem 1: Vertically opposite angles ’
are equal.
c
a ) b
A C
Given: Straight lines AB and CD intersect at O.
To prove: £2AOD = «BOC and zBOD = 2AOC
Construction: TLabel #AOD as a, «BOC as b and «BOD as c.
Proof: Let ZAOD = a°, zBOC = b° and «BOD = ¢°.
a+ c=180° (supplementary angles)
b+ ¢ = 180° (supplementary angles)
ca+c=b+c
a=b

So, zZAOD = «BOC.
Similarly, zZBOD = 2AOC.
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10.2.5 Parallel lines

 If two lines are parallel and cut by a
transversal, then: /5\
— co-interior angles are supplementary. c /[ a

For example, a + b = 180°.
— corresponding angles are equal. For
example, b = d.
— alternate angles are equal. For
example, b = c. /
— opposite angles are equal. For
example, ¢ = d.

Transversal

10.2.6 Angle properties of triangles
Theorem 2

* Theorem 2: The sum of the interior angles of a
triangle is 180°.

Given: AABC with interior angles a, b and ¢
To prove: a+b+c=180°

Construction: ~ Draw a line parallel to AC, passing through B and label it DE as shown.
Label £ABD as x and ZCBE as y.

Proof: a=x (alternate angles)
c=y (alternate angles)
x+ b+ y=180° (supplementary angles)

a+ b+ c= 180°

10.2.7 Equilateral triangles

* It follows from Theorem 2 that each interior angle of an equilateral triangle is 60°, and, conversely,
if the three angles of a triangle are equal, then the triangle is equiangular.

a+ a+ a= 180° (sum of interior angles in a B
triangle is 180°) A
3a = 180°
a = 60°
a a
A f C
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* Theorem 3: The exterior angle of a triangle is equal to

Given:

the sum of the opposite interior angles.

To prove: d=a+b

AABC with the exterior angle labelled d

Proof: c+ d=180° (supplementary angles)
a+ b+ c=180° (sum of interior angles in a triangle is 180°)

sd=a+b

10.2.8 Congruent triangles

Congruent triangles have the same size and the same shape; that is, they are identical in all respects.

The symbol used for congruency is .

B
/@\@
A C

For example, AABC in the diagram below is congruent to APQR. This is written as AABC = APQR.

C

A B

PiQ
R

Note that the vertices of the two triangles are written in corresponding order.

There are five tests designed to check whether triangles are congruent. The tests are

the table below.

summarised in

Test

Diagram

Abbreviation

All three sides in one triangle are equal in
length to the corresponding sides in the
other triangle.

SSS

Two corresponding sides and the included
angle are the same in both triangles.

SAS

Two corresponding angles and a pair of
corresponding sides are the same in both
triangles.

ASA

A pair of corresponding angles and a
non-included side are equal in both triangles.

AAS

The hypotenuse and one pair of the other
corresponding sides in two right-angled triangles
are the same in two right-angled triangles.

7>>DV

AN
£\
AV
/\
N\

RHS

In each of the tests we need to show three equal measurements about a pair of triangles in order to

show they are congruent.
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WORKED EXAMPLE 1

Select a pair of congruent triangles from the diagrams below, giving a reason for your answer.

A 18 cm N
Q L
50° 15 cm
95°
C
950 350
B 1 15 cm L M
THINK WRITE

1 In each triangle the length of the side opposite the  All three triangles have equal angles, but the
95° angle is given. If triangles are to be congruent,  sides opposite the angle 95° are not equal.
the sides opposite the angles of equal size must be =~ AC = PR = 15 and LN = 18 cm
equal in length. Draw your conclusion.

2 To test whether AABC is congruent to APQR, first AABC: ZA = 50°, zB = 95°,

find the angle C. «C = 180° — 50° — 95°
= 35°
3 Apply a test for congruence. Triangles ABC and A pair of corresponding angles
PQR have a pair of corresponding sides equal in («B = £Q and £C = «R) and a non-included
length and 2 pairs of angles the same, so draw your side (AP = PR) are equal.
conclusion. AABC = APQR (AAS)
10.2.9 Isosceles triangles C

* A triangle is isosceles if the lengths of two sides are equal but the third side
is not equal.

Theorem 4
* Theorem 4: The angles at the base of an isosceles triangle are equal. .
A ‘ B
Given: AC =CB
To prove: «BAC = 2CBA

Construction: Draw a line from the vertex C to the midpoint of the base AB and label the midpoint D.
CD is the bisector of ZACB.

Proof: In AACD and ABCD,
CD = CD (common side)
AD = DB (construction, D is the midpoint of AB)
AC = CB (given)
= AACD =~ ABCD (SSS)

. 2BAC = 2CBA
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* Conversely, if two angles of a triangle are equal, then the sides opposite those angles are equal.
* It also follows that « ADC = 2BDC = d
2d = 180°

and that = d= 90° (supplementary)

WORKED EXAMPLE 2

Given that AABD = ACBD, find the values of the pronumerals in the figure below.

THINK WRITE

1 In congruent triangles corresponding sides are equal AABD =~ ACBD
in length. Side AD (marked x) corresponds to side ~ AD = CD, AD =x, CD =3
DC, so state the value of x. Sox =3cm.

«<4BAD = «BCD

2 Since the triangles are congruent, corresponding
«4BAD = 40°, zBCD =y

angles are equal. State the angles corresponding

to y and z and hence find the values of these Soy=40

pronumerals. 2BDA = ~BDC
LBDA =2, LBDC =] 900
So z = 90°.

WORKED EXAMPLE 3

Prove that APQS is congruent to ARSQ.

P m
~ " Q
m [
S i R
THINK WRITE
1 Write the information given. Given: Rectangle PQRS with diagonal QS.

2 Write what needs to be proved. To prove: that APQS is congruent to ARSQ.
QP = SR (given)
£ SPQ = 2« SRQ = 90° (given)
QS is common.

3 Select the appropriate congruency So APQS =~ ARSQ (RHS)
test for proof. (In this case it is
RHS because the triangles have
an equal side, a right angle and a
common hypotenuse.)
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learn RESOURCES

Complete this digital doc: SkillSHEET: Naming angles, lines and figures (doc-5276)
Complete this digital doc: SkillSHEET: Corresponding sides and angles of congruent triangles (doc-5277)

Complete this digital doc: SkillSHEET: Angles and parallel lines (doc-5280)

Exercise 10.2 Angles, triangles and congruence assess[]]]

Individual pathways

Bl PRACTISE Il CONSOLIDATE H MASTER
Questions: Questions: Questions:
1-5,7,9, 11 1-5, 6, 8-10, 12, 13 1-14

[l B W Individual pathway interactivity: int-4612 learn

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency
1. Determine the values of the unknown in each of the following.

C A
c
B f C
2. K20 Select a pair of congruent triangles in each of the following, giving a reason for your answer. All

side lengths are in cm.
65° 65°
3 I I
4
70° 4 3
459
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110°
6 cm
I
40° 6 cm
I
1I
110° 110° 40°
6 cm
40°
C. 3
5
3 4 1l
1 4
- 3
d. )
.8

35 3.5
2
4.8
3.5 4.8 25
4

Understanding
3. Find the missing values of x and y in each of the following diagrams. Give reasons for your answers.

a. A b. A
B
130
d A
Yy
X 45°
B C
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4. A Find the value of the pronumeral in each of the following pairs of congruent triangles. All side
lengths are in cm.

AN
NP

80°

30°

Reasoning
5. Il Prove that each of the following pairs of triangles are congruent.

N
N7

>

/\
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6. [ Note: There may be more than one correct answer.
Which of the following is congruent to the triangle shown at right?

5cm
S5cm
3cm
C. D. 3cm
3 cm
5 cm
5cm

3cm

7. Prove that AABC =~ AADC and hence find the values of the pronumerals in each of the following.

a. b.B D

7 cm

9. Explain why the triangles shown below are not congruent.

8 cm

30° 8 cm 30°

70° 70°
10. Show that AABO =~ AACO, if O is the centre of the circle.
A ‘ B

C

CB
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11. If DA = DB = DC, prove that « ABC is a right angle.

C
D
A B
12. If AC = CB and DC = CE in the diagram shown, prove that AB || DE.
D E
C
A B

Problem solving

13. ABC is an isosceles triangle in which AB and AC are equal in
length. BDF is a right-angled triangle. Show that
triangle AEF is an isosceles triangle.

14. Triangles ABC and DEF are congruent.

A D

- (2x+y)°
50°

110° (x+72)° \ Gy+2)°
B C E F

Find the values of x, y and z.

Reflection
How can you be certain that two figures are congruent?
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10.3 Similar triangles
10.3.1 Similar figures

¢ Two geometric shapes are similar when one is an enlargement or reduction of the other shape.

— An enlargement increases the length of each side of a figure in B
all directions by the same factor. For example, in the diagram /|
shown, triangle A’'B’C’ is an enlargement of triangle ABC by a ///
factor of 3 from its centre of enlargement at O. ! >
¢ The symbol for similarity is ~ and is read as ‘is similar to’. B// //A /// ¢
* The image of the original object is the enlarged or reduced shape. f e el
* To create a similar shape, use a scale factor to enlarge or reduce ///A// c

the original shape.
* The scale factor can be found using the formula below and the
lengths of a pair of corresponding sides.

. R
Scale factor = —ag® side lengt

object side length

* If the scale factor is less than 1, the image is a reduced version of the original shape. If the scale factor
is greater than 1, the image is an enlarged version of the original shape.

10.3.2 Similar triangles

* Two triangles are similar if:
— the angles are equal, or
— the corresponding sides are proportional.
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* Consider the pair of similar triangles below.

U
A

10
SN 6
B 4 CcC Vv g W

* The following statements are true for these triangles.
— Triangle UVW is similar to triangle ABC or, using symbols, AUVW ~ AABC.
— The corresponding angles of the two triangles are equal in size:
2CAB = 2WUV, 2ABC = 2UVW and ZACB = 2zUWV.
— The corresponding sides of the two triangles are in the same ratio. UV _VW_UW_ 2; that is,
AB BC AC
AUVW has each of its sides twice as long as the corresponding sides in AABC.
— The scale factor is 2.

10.3.3 Testing triangles for similarity

* Triangles can be checked for similarity using one of the tests described in the table below.

Test Diagram Abbreviation

Two angles of a triangle are equal to two angles of AAA
another triangle. This implies that the third angles are
equal, as the sum of angles in a triangle is 180°.

The three sides of a triangle are proportional to the SSS
three sides of another triangle. a
b ka ke
c
kb
Two sides of a triangle are proportional to two sides of SAS

another triangle, and the included angles are equal. a
< ka ke
c
The hypotenuse and a second side of a right-angled RHS
triangle are proportional to the hypotenuse and a
second side of another right-angled triangle. k ke

* Note: When using the equiangular test, only two corresponding angles have to be checked. Since the
sum of the interior angles in any triangle is a constant number (180°), the third pair of corresponding
angles will automatically be equal, provided that the first two pairs match exactly.
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WORKED EXAMPLE 4

Find a pair of similar triangles among those shown. Give a reason for your answer.

a b c
3om e 3 en~140° o

2 cm 4 cm

THINK WRITE

1 In each triangle the lengths of two sides and the For triangles a and b: 8 =2 =2
included angle are known, so the SAS test can be P
applied. Since all included angles are equal (140°), For triangles a and c: % = 1.6,% =15
we need to the find ratios of corresponding sides, ‘S

~ § 3
taking two triangles at a time. For triangles b and ¢: s =083,7=075

2 Only triangles a and b have corresponding sides in the Triangle a ~ triangle b (SAS)
same ratio (and included angles are equal). State your
conclusion, specifying the similarity test that has been
used.

WORKED EXAMPLE 5

Prove that AABC is similar to AEDC.

A D
C
B
E
THINK WRITE

1 Write the information given. AB is parallel to DE. 1 Given:
Transversal BD forms two alternate angles: ZABC AABC and ADCE
and zEDC. AB Il DE
C is common.
2 Write what is to be proved. 2 To prove: AABC ~ AEDC

3 Write the proof. 3 Proof:
2ABC = £EDC (alternate angles)
«BAC = «DEC (alternate angles)
«BCA = «DCE (vertically opposite angles)
.. AABC ~ AEDC (equiangular, AAA)
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learn RESOURCES
Complete this digital doc: SkillSHEET: Writing similarity statements (doc-5278)

Complete this digital doc: SkillSHEET: Calculating unknown side lengths in a pair of similar triangles (doc-5281)

Complete this digital doc: WorkSHEET: Deductive geometry | (doc-5282)

Exercise 10.3 Similar triangles assess[]]

Individual pathways

Hl PRACTISE Il CONSOLIDATE H MASTER
Questions: Questions: Questions:
1-10 1-11,15 1-15

[l B E Individual pathway interactivity: int-4613 learn

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency
1. I3 Find a pair of similar triangles among those shown in each part. Give a reason for your answer.

ii. iii.
&
6
8

a. i.

i,

=n
N H
: ;l\.) ‘ W| :ul
o 4>| :

2.5 12
c i ii. )
6
5\: 4 45&
3
d. i il fii.
40° 60° 50° 60° 40° 60°

e i ii. fii.
4 8 7
3 6 5
2 4 4
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Understanding
2. Name two similar triangles in each of the following figures.

a. Q b. A c p Q
B //Di\
A C
P R
S T
d. A B e B
D
D E
A C E
C

3. a. Complete this statement: % _BC_

S D
AE

b. Find the value of the pronumerals.

4. Find the value of the pronumeral in the diagram at right.

5. The triangles shown at right are similar.
Find the value of x and y.

6. a. State why these two triangles shown at right are similar.
b. Find the values of x and y in the diagram.
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7. A waterslide is 4.2 m high and has a support 2.4 m tall. If a student reaches this support when she is
3.1 m down the slide, how long is the slide?

|_| 3.1jm

8. A storage tank as shown in the diagram is made of a 4-m-tall cylinder m
joined by a 3-m-tall cone. If the diameter of the cylinder is 5 m, what is the @
radius of the end of the cone if 0.75 m has been cut off the tip?

4m
3m
/4075 m
9. Calculate the values of the pronumerals. v
a. 2 cm (4x+ 1) cm . b. /r\
[T 2x+1
Scm
7cm
ycm
Reasoning
10. EZ Prove that AABC is similar to AEDC in each of the following.
a. C b. D c E d » 3
A A
B B
D
A B E
A C E
11. AABC is a right-angled triangle. A line is drawn from A to D as shown ¢
so that AD L BC. Prove that:
a. AABD ~ AACB b
b. AACD ~ AACB.
A B
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12. Explain why the AAA test cannot be used to prove congruence but can be used to prove similarity.
13. a. Prove Pythagoras’ theorem, AC? = AB? + BC?, using similar triangles. A
b. Show that the converse of Pythagoras’ theorem holds true; that is,
if the square on one side of a triangle equals the sum of the squares
on the other two sides, then the angle between these other two sides
is a right angle.

Problem solving
14. Prove that AEFO ~ AGHO.

15. Solve for x.

4x-20 x-3

Reflection
How can you be certain that two figures are similar?

CHALLENGE 10.1

A tetrahedron (regular triangular-based pyramid) has an edge length
of 2 cm. A similar tetrahedron has a total surfce area of 36v'3 cm2.
What is the scale factor relationship between the side lengths

of the two tetrahedra?

v
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10.4 Quadrilaterals
10.4.1 Quadrilaterals

* Quadrilaterals are four-sided plane shapes whose interior angles sum to 360°.

Theorem 5

* Theorem 5: The sum of the interior angles in a quadrilateral is 360°.

Given: A quadrilateral ABCD
To prove: «2ABC + #ZBCD + «ADC + «BAD = 360°
Construction:  Draw a line joining vertex A to vertex C. Label the interior angles of the triangles
formed.
A B
Proof: a+b+c=180° (sum of interior angles in a triangle is 180°)
d+ e+ f=180° (sum of interior angles in a triangle is 180°)

>a+b+c+d+ e+ f=360°
.. 2ABC + #BCD + 2ADC + «BAD = 360°

10.4.2 Parallelograms

* A parallelogram is a quadrilateral with two pairs of parallel sides.

Theorem 6
* Theorem 6: Opposite angles of a parallelogram are equal. A /
7
Given: AB||DC and AD || BC
To prove: £2ABC = zADC
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Construction: Draw a diagonal from Bto D.

A/ /5

D / / C
Proof: #4ABD = #BDC (alternate angles)
«2ADB = «CBD (alternate angles)
4ABC = ZABD + «CBD (by construction)

<ADC = «BDC + «ADB (by construction)
.. 2ABC = 2ADC

» Conversely, if each pair of opposite angles of a quadrilateral is equal then it is a parallelogram.

10.4.3 Theorem 7

* Theorem 7: Opposite sides of a parallelogram are equal. A / /B

Given: AB||DC and AD||BC
To prove: AB =DC
Construction:  Draw a diagonal from B to D.

af [s

D / / C
Proof: £ABD = «BDC (alternate angles)
<ADB = «CBD (alternate angles)
BD is common to AABD and ABCD.

= AABD =~ ABCD (ASA)
- AB=DC

» Conversely, if each pair of opposite sides of a quadrilateral is equal then it is a parallelogram.

10.4.4 Theorem 8

* Theorem 8: The diagonals of a parallelogram bisect each other. A / /B

D/ /c
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Given: AB||DC and AD || BC with diagonals AC and BD
To prove: AO = OC and BO = OD

Proof: In AAOB and ACOD,
£20AB = 20CD (alternate angles)
£0BA = 20DC (alternate angles)
AB =CD (opposite sides of a parallelogram)
= AAOB = ACOD (ASA)
= A0 =0C (corresponding sides in congruent triangles)
and BO = OD (corresponding sides in congruent triangles)

10.4.5 Rectangles

* A rectangle is a parallelogram with four right angles.

Theorem 9
* Theorem 9: A parallelogram with a right angle is a rectangle. A_I
D

Given: Parallelogram ABCD with ZBAD = 90°

To prove:  «BAD = ZABC = zBCD = £ADC = 90°

Proof: ABIICD (properties of a parallelogram)
= «BAD + «£ADC = 180° (co-interior angles)
But «.BAD = 90° (given)
= «£ADC = 90°
Similarly, zZBCD = 2ADC = 90°
.. 2BAD = 2ABC = #BCD = 2zADC = 90°

10.4.6 Theorem 10

* Theorem 10: The diagonals of a rectangle are equal. A
D

Given: Rectangle ABCD with diagonals AC and BD

To prove: AC = BD

Proof: In AADC and ABCD,
AD = BC (opposite sides equal in a rectangle)
DC =CD (common)
<ADC = «BCD =90° (right angles in a rectangle)

= AADC = ABCD (SAS)

.. AC =BD
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10.4.7 Rhombuses

* A rhombus is a parallelogram with four equal sides.

Theorem 11
* Theorem 11: The diagonals of a rhombus are perpendicular. A / /B
(6)
D / : / C
Given: Rhombus ABCD with diagonals AC and BD
To prove: AC 1 BD
Proof: In AAOB and ABOC,
AO =0C (property of parallelogram)
AB = BC (property of rhombus)
BO = OB (common)
= AAOB = ABOC (SSS)

= £2AOB = «BOC

But £AOB + «BOC = 180° (supplementary angles)
= «AOB = «BOC = 90°

Similarly, ZAOD = 2DOC = 90°.

Hence, AC 1L BD

10.4.8 The midpoint theorem

* Now that the properties of quadrilaterals have been explored, the midpoint theorem can be tackled.

Theorem 12

* Theorem 12: The interval joining the midpoints of two sides of a A
triangle is parallel to the third side and half its length.

Given: AABC in which AD = DB and AE = EC
To prove: DE Il BC and DE = JBC
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Construction: Draw a line through C parallel to AB. Extend DE to F on the parallel line.

Proof: In AADE and ACEF,

AE = EC

2AED = «CEF

<EAD = #ECF

= AADE =~ ACEF

.. AD = CF and DE = EF

So, AD = DB = CF.

We have AB || CF

So BDFC is a parallelogram.
= DE || BC

Also, BC = DF
But DE = DF

= DE = ;BC
Therefore, DE || BC and DE = %BC.

(E is the midpoint of AC, given)

(vertically opposite angles)

(alternate angles)

(ASA)

(corresponding sides in congruent triangles)

(by construction)

(opposite sides in parallelogram)
(sides in congruent triangles)

» Conversely, if a line interval is drawn parallel to a side of a triangle and half the length of that side,
then the line interval bisects each of the other two sides of the triangle.
* A summary of the definitions and properties of quadrilaterals is shown in the table.

Shape Definition Properties

Trapezium A trapezium is a quadrilateral One pair of opposite sides is parallel
with one pair of opposite sides but not equal in length.
parallel.

Parallelogram A parallelogram is a quadrilateral * Opposite angles are equal.

with both pairs of opposite sides * Opposite sides are equal.
parallel. » Diagonals bisect each other.

Rhombus A rhombus is a parallelogram with | Diagonals bisect each other at right
four equal sides. angles.

» Diagonals bisect the angles at the
vertex through which they pass.
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Shape Definition Properties
Rectangle A rectangle is a parallelogram Dia