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Introduction

To the student

This new edition of STP Caribbean Mathematics Student Book 2 attempts to meet your needs as
you begin your study of Mathematics at the Secondary school level. Your learning experiences at
this stage lay the foundation for future achievement in CSEC Mathematics and beyond. We are
very conscious of your need for success and enjoyment in doing Mathematics, which comes from
solving problems correctly. With this in mind, we have divided most of the exercises into three
types of question:

Type 1 questions

These are identified by numbers written in bold print, e.g. 12. They help you to see if you
understand the topic being discussed and should be attempted in every chapter you study.

Type 2 questions

These are identified by a single underline under the bold print, e.g. 12. They are extra questions for
you to do and are not more difficult. They should be attempted if you need extra practice or want to
dorevision at a later time.

Type 3 questions

These are identified by a double underline under the bold print, e.g. 12. They are for those of
you who completed Type 1 questions fairly easily and want to attempt questions that are more
challenging.

Multiple choice questions

Multiple choice questions have been used throughout the book to help you become more familiar
with the format of your assessments at CSEC.

Mixed exercises

Most chapters end with Mixed exercises to help you advance your critical thinking, problem-
solving and computational skills. These exercises will also help you revise what you have done,
either when you have finished the chapter or as you prepare for examinations.

Use of calculator

You should be able to use a calculator accurately before you leave school. We suggest that you use
a calculator mainly to check your answers. Whether you use a calculator or do the computations
yourself, always estimate your answer first and always ask the question, ‘Does my answer make
sense?’

vi
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Suggestions for use of student book

e Break up the material in a chapter into manageable parts.

® Have paper and a pencil with you always when you are studying mathematics.
e Write down and look up the meaning of all new vocabulary you encounter.

® Read all questions carefully and rephrase them in your own words.

e Remember that each question contains all the information you need to solve
the problem. Do not look only at the numbers that are given.

® Practise your mathematics. This will ensure your success!

You are therefore advised to try to solve as many problems as you can.
Above all, don’t be afraid to make mistakes as you are learning. The greatest
mathematicians all made many mistakes as they tried to solve problems.

You are now on your way to success in mathematics — GOOD LUCK!

To the teacher

In writing this series, the authors attempted to present the topics in such a way that students will
understand the connections among topics in mathematics, and be encouraged to see and use
mathematics as a means to make sense of the real world. The exercises have been carefully graded
to make the content more accessible to students.

This new edition is designed to:
1  Assist youin helping students to
® attain important mathematical skills

e connect mathematics to their everyday lives and understand its role in the development of
our contemporary society

e see the importance of critical thinking skills in everyday problems
e discover the fun of doing mathematics both individually and collaboratively
e develop a positive attitude towards doing mathematics.
2  Encourage you to include historical information about mathematics in your teaching.

Topics from the history of mathematics have been incorporated to ensure that mathematics
is not dissociated from its past. This should lead to an increase in the level of enthusiasm,
interest and fascination among students, thus enriching the teaching and learning
experiences in the mathematics lessons.

Vil
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Investigations

‘Investigation’ is included in this revised STP Caribbean Mathematics series. This is in keeping with
the requirements of the latest Lower and Secondary and CSEC syllabuses in the region.

Investigations are used to provide students with the opportunity to explore hands-on and minds-on
mathematics. At the same time, teachers are presented with open-ended explorations to enhance
their mathematical instruction.

It is expected that the tasks will

® encourage problem solving and reasoning

e develop communication skills and the ability to work collaboratively

e connect various mathematical concepts and theories.

Suggestions

1

viii

At the start of each lesson, give a brief outline of the topic to be covered in the lesson. As
examples are given, refer back to the outline to show how the example fits into it.

List terms that you consider new to the students and solicit additional words from them.
Encourage students to read from the text and make their own vocabulary list. Remember that
mathematics is a foreign language. The ability to communicate mathematically must involve
the careful use of the correct terminology.

Have students construct different ways to phrase questions. This helps students to see
mathematics as a language. Students, especially in the junior classes, tend to concentrate on
the numerical or ‘maths’ part of the question and pay little attention to the information that is
required to solve the problem.

When solving problems, have students identify their own problem-solving strategies and listen
to the strategies of others. This practice should create an atmosphere of discussion in the class
centred on different approaches to solving the same problem.

As the students try to solve problems on their own they will make mistakes. This is expected,
as this was the experience of the inventors of mathematics: they tried, guessed, made many
mistakes and worked for hours, days and sometimes years before reaching a solution.

There are enough problems in the exercises to allow the students to try and try again. The
excitement, disappointment and struggle with a problem until a solution is found will create
rewarding mathematical experiences.



1 Working with nhumbers

At the end of this chapter you should be able to...

understand the laws and properties of numbers
multiply numbers written in index form

divide numbers written in index form

find the value of numbers written in index form
write numbers in standard form

write numbers correct to a given number of significant figures

N OO s W e

approximate numbers to a given degree of accuracy.

Did you know?

The googol (10'™) is said to have been so named by Milton Sirotta,
the 9-year-old nephew of the American mathematician Edward Kasner.

You need to know...)

v the meaning of place value in numbers

v how to work with fractions, decimals and percentages.

"

.( ) ............................................................ .

approximation, associative, closure, commutative, decimal place, distributive, identity
element, index (plural indices), integer, inverse element, rough estimate, scientific
notation, significant figures, standard form

oooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo



1 Working with numbers

Working with integers

Integers are all the positive and negative whole numbers including zero.
The number line is a useful tool in representing integers.

< | L il L o 1 [l Il Il 1 1 »
* t T T T T T T T T T T »

o e e | 0 1 2 3 4 5

The list below summarises the rules for working with integers that you met in Book 1.

The rules for multiplying integers are:
« when two positive numbers are multiplied the answer is positive (e.g.3 x4 =12)

* when two negative numbers are multiplied the answer is positive
(e.g. -3x—4=12)

* when a positive number and a negative number are multiplied the answer is
negative (e.g. -3 x4=-12and 3 x—-4=-12).

The rules for dividing integers are:

* when a negative number is divided by a positive number and when a
positive number is divided by a negative number the answer is negative
(e.g.-12+3=-4and 12 +-3=—4)

« when a negative number is divided by a negative number the answer is
positive (e.g. -12 +-3=4).

The rules for a calculation that involves a mixture of brackets, multiplication,
division, addition and subtraction are:

* work out calculations inside brackets first

¢ then do multiplication and division

« finally do addition and subtraction.

For example, 10+3x(6-8)=10+3x-2=10-6=4

The mnemonic Bless My Dear Aunt Sally may help you remember this order.

Exercise
Calculate:
1 2x(=3) 5 4(5+1) x(-3)(3-2) 9 g:g
o ~ N _2X(16=5)
2 2-(-4) 6 8-2(15-12) 10 Sioxes
3 (-50)+ (-10) 7 12x4-3(6-18) T
4 (—6)+(-12) 8 2-4+3(6-7) 12 3X3+16X6—2+(-8)



1 Working with numbers

Laws of numbers

From previous work you know that
8+17=17+8 andthat 8x17=17x8

i.e. for addition and multiplication the order of the numbers does not matter.
We say that numbers are commutative under addition and multiplication.

On the other hand 8 - 17 and 17 — 8 do not give the same answer;
neitherdo8+17and 17 + 8.

In this case numbers are non-commutative under subtraction and division.
You have also seen that

5+(6+7)=(5+6)+7=5+6+7
and that 4x(6x8)=(4%x6) x8=4x6x%Xx8

i.e. the brackets can be removed without changing the answer, so there is no
ambiguity in writing 5+ 6+ 7o0r4 X 6 X 8.
This illustrates the associative law for the addition and multiplication of numbers.

On the other hand, for 7 — (5 + 6) and (6 + 9) + 3 the answers will be different
if the brackets are removed. Subtraction and division of numbers do not
satisfy the associative law.

In other calculations you know that 5 (10+9) =5 X 10+5 x 9.

Here multiplication is distributing itself over addition. This is the distributive
law and is the only law expressing a relation between two basic operations.

Exercise

In questions 1 to 10, which law, if any (associative, commutative or
distributive), does each of the statements illustrate?

1 3x4x3)=3x4)x3

2 10+(G+7)=(10+5)+7

3 9+12=12+9

4 7x(3+5)=7x3+7x5

5 7+3+2=2+7+3

6 (4xX6)x2=4x(6x2)

7 8x(4-1)=8 x4+8 x(-1)
8 3x(3+2)=3x3+3x2

9 5xX4=4x5

10 6x(6-2)=6X6-6x2



1 Working with numbers

The identity element

In a set of numbers when 0 (zero) is added to any number it preserves the
identity of that number, i.e. it does not change its value, e.g. 5+ 0 =5 and
0 + 7 =7 so 0 is the identity element for addition.

The identity element for multiplication is 1. Multiplying a number by 1 does
not change its value,e.g. 6 X 1=6and 1 x 10=10.

The inverse element

For every number, another number can be found so that the result of adding
it to the original number is the identity element. The second number is called
the inverse of the first number.

For addition the identity element is O so the inverse of 8 under addition is -8
and the inverse of —4 is 4.

For every number, except 0, another number can be found such that when
it multiplies the given number, it produces the identity for multiplication,
namely 1. For example, for multiplication, the inverse of 3 is %, because 3 x % =1

Closure

You will also have noticed that if you start with a number from the set
{...,—2,-1,0,1, 2, ...} and perform any of the operations +, — or x the result
is still a member of the set. However, if you divide one member of the set by
another you may get a number that is not in the set, e.g. 17 + 8.

We say that the numbers in the set {...,-2,-1,0,1, 2, ...} are closed under +,
—and x but not under +.

Exercise

In the statement 10 + 0 =0 + 10 how would you describe the zero (0)?
In the statement 1 X 8 =8 X 1 how would you describe the 1?

In the statement 10 + (-10) = 0 how would you describe the —107?
What is the inverse of 9 under addition?

What is the inverse of 9 under multiplication?

A W -

What is the inverse of -5 under addition?
In questions 7 to 14, write down the letter that goes with the correct answer.

7 The inverse of 4 under addition is
A -4 B 0 C

A=
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10

11

12

13

14

15

The inverse of 4 under multiplication is

A

4 B -4

6+0=6s00is

A
B
C
D

not a member of the set of integers
the identity element under addition
the inverse under addition

the inverse under multiplication.

aand b are integers anda+b=c. cis

A
B
C
D

an integer

the identity element

the inverse under addition

the inverse under multiplication.

x and y are even numbers and x+y=2. z is

A
B
C
D

an even number

an odd number

a fraction less than 1

the identity element under addition.

p and g are odd numbers and p+g=r.ris

A
B
C
D

aisan odd number, b is an even number, and a+b=c. cis

A
B
C
D

a is an odd number, b is twice the value ofa, and a+b=c. cis

A

B
C
D

a fraction smaller than 1

the inverse of p under addition
an odd number

an even number.

the identity element under addition
the inverse of b under addition

an odd number

an even number.

an odd number

an even number
the inverse of b under addition
the identity element under addition.

=

a, b and c are integers. Which of the following statements are always true?

A a+b=b+a

B
C

a+b-c=a-c+b

D axbisan integer

E a-+bisan integer
a-b=b-a F a+bxc=axc+b
G a+bxc=axc+b
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Changing between fractions, decimals and percentages

¢ To change a fraction to a decimal, divide the numerator by the
denominator.

The fraction > means 3 + 8.
8 0.375

You can calculate 3 + 8: 8)3.000
So g =0.375

Any fraction can be treated like this.

¢ To change a decimal to a fraction express it as a number of tenths or

hundredths, ete. and, if possible, simplify.

The decimal 0.6 can be written %, which simplifies to %,

and the decimal 1.85 can be written 1%, which simplifies to 1%.

¢ To change a percentage to a decimal divide the percentage by 100.
To express a percentage as a decimal, start by expressing it as a fraction, but
do not simplify, because dividing by 100, or by a multiple of 100, is easy.

For example 44% = % =44+ 100 = 0.44 and 12.5% :% =12.5+100=0.125

e To change a decimal to a percentage simply multiply by 100.
For example 0.34 = 34% and 1.55 = 155%.

® To change a percentage to a fraction divide by 100 and simplify.

We know that 20% of the cars in a car park means % of the cars there.

Now % can be simplified to the equivalent fraction %, i.e. 20% = %

Similarly, 45% of the sweets in a bag means the same as % of them

45 _9 i asop=
andloo—zo,l.e.45/n o

¢ To change a fraction to a percentage change it to a decimal, then
multiply by 100.
You can write a fraction as a percentage in two steps.

First write the fraction as a decimal. For example, % =4+5=0.8

Then change the decimal to a percentage: 0.8 x 100% = 80%.
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Exercise

1 Workout each fraction as a decimal.
3 3 3
ll b < € 0 20

o

|

)
0|~

L r ]

|

2 Work out % as a decimal.

Now decide which is larger, % or 0.47?

3 Write each decimal as a fraction in its lowest terms, using mixed numbers
where necessary.

a 0.06 b 0.004 ¢ 155 d 2.01 e 3.25
In questions 4 and 5 write each decimal as a fraction in its lowest terms.
4 Itis estimated that 0.86 of the families in Northgate Street own a car.

5 There were 360 seats on the aircraft and only 0.05 of them were
vacant.

6 Write these decimals as percentages.
a 0.3 b 0.2 c 0.7 d 0.035 e 0925

@ 7 Write these decimals as percentages.

) Remember that 1 is 100%, so
a 1.32 c 24 e 2553 1.66=100% + 66% = 166%.

b 1.5 d 1.05

8 Write these percentages as decimals.
a 45% b 60% c 95% d 55% e 12.5%
9 Express each percentage as a fraction in its lowest terms.
a 40% b 65% ¢ 54% d 25%
10 Express each fraction as a percentage.
2 3 21

15
- L ¢ 50 d %

In questions 11 to 14 express the given percentage as a fraction in its lowest
terms.

11 Last summer 60% of the pupils in my class went on holiday.

12 At my youth club only 35% of the members are boys.

13 The postal service claims that 95% of the letters posted arrive the
following day.

14 A survey showed that 32% of the pupils in a year group needed to
wear glasses.
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In each question from 15 to 18 express the fraction as a percentage.

15 Atayouth club % of those present took part in at least one sporting activity.
16 About% of first-year pupils watch more than 20 hours of television a week.
17 Approximately% of sixteen-year-olds have a Saturday job.

18 Recently, at the local garage, % of the cars tested failed to get a test certificate.

19 Copy and complete the following table.

Fraction Percentage Decimal
3
= 60% 0.6
5
33
5
75%
0.7
11
20
44%

20 The registers showed that only 0.05 of the pupils in the first year had
100% attendance last term.
a What fraction is this?

b What percentage of the first-year pupils had a 100% attendance last term?

21 Marion spends % of her income on food and lodgings.

a What percentage is this?
b As adecimal, what part of her total income does she spend on food
and lodging?
22 Marmalade consists of 28% fruit, g sugar and the remainder water.

a What fraction of the marmalade is fruit?
b What percentage of the marmalade is sugar?
¢ What percentage is water?

23 An alloyis 60% copper, % nickel and the remainder is tin.

a What fraction is copper?
b What percentage is i nickel ii either nickel or copper?
¢ Express the part that is tin as a decimal.



1 Working with numbers

Positive indices
We have seen that 32 means 3 X 3
and that 2 X 2 x 2 can be written as 2°

The small number at the top is called the index or power. (The plural of index
is indices.)

It follows that 2 can be written as 2, although we would not normally do so.

5!means 5

Exercise
Find:
3 ®7 ¥ 34[2’—2x2x2x2x2x2x2J
2 4 8 10!
3 10? 9 43
4 5° 10 10*
5 10° 11 10°
6 34 12 33
Find the value of:
@13 7.2x10° 17 2.75 x 10! 6 4{103: 10x10 x 10 J
14 8.93 x 10? 18 5.37 x10°
15 6.5 x 104 19 4.63 x 10! 21 7.09 x 10?
16 3.82 x 10° 20 5.032 x10? 22 6.978 x 10!

Multiplying numbers written in index form
We can write 22 X 2? as a single number in index form because
P2 x =2 x 2) X (2 X.2 X 2)
=2X2X2x2x2
=25
231 2%=22+3= s
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But we cannot do the same with 22 x 5% because the numbers multiplied
together are not all 2s (nor are they all 5s).

We can multiply together different powers of the same number by adding the
indices but we cannot multiply together powers of different numbers in this

way.
Exercise
Write as a single expression in index form:
@1 3°x3? 5 b*xb? G
2 7PX7 6 S5*mbt
92 x 98 7 124x 125 9 4" x4
2% %27 8 p°xpt 100 Sxr

Dividing numbers written in index form

If we want to write 25 + 22 as a single number in index form then

25+22_25_ \fo \E\IX2X2X2:2_3

2 2% 3 -

s 2
1e. ==22=2
2

We can divide different powers of the same number by subtracting the indices.

Exercise

Write each as a single expression in index form:

44+ 42 6 158+15% 11 64 x 67 16 22242
2 7+7 Z 62+67 12 37+3°¢ 17 4?2 x43+4*
3 58+5° 8 b +b° 13 28+27 18 @ xa’+a’
4 10%+10° 9 915914 14 a°xa® 19 35+32x3*
5 ¢+¢° 10 p*+p? 15 c¢¢+¢ 20 b*x b*xb?

10



1 Working with numbers

. Inuestlgal:lon ~

Everyone has two biological parents.

Going back one generation, each of your parents has two biological
parents.

Copy and complete the tree — fill in the number of ancestors for five
generations back.

Do not fill in names!

2 Giving your answers as a power of 2, how many ancestors does this
table suggest you have

a five generations back
b six generations back
¢ ten generations back?

3 If we assume that each generation spans 25 years, how many
generations are needed to go back 1000 years?

4 Find the number of ancestors the table suggests that you would expect
to have 6000 years back. Give your answer as a power of 2.
What assumptions are made to get this answer?

5 About 6000 years ago, according to the Bible, Adam and Eve were the
only people on Earth. This contradicts the answer from part 4.
Suggest some reasons for this contradiction.

Mixed questions on indices

Exercise

Find the value of:

2+ 6 241x10°
2 4 7  4.971x10?
3 5° 8 5.92x10*
4 3¢ 9 7.834x10*
5 4 10 3.05x101

T
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Write each as a single number in index form:

11 23 x 24 14 a*xad
12 4%+ 4° 15 ad’'+a®
13 32 x 34

Standard form

The nearest star beyond our solar system (Alpha Centauri) is about 25 million
million miles away, or to put it another way, 25 thousand billion miles away.
Written in figures this very large number is 25000 000000 000.

The diameter of an atom is roughly 2 ten-thousand-millionths of a metre, or
0.000000 000 2 metres, and this is very small.

These numbers are cumbersome to write down and, until we have counted the
zeros, we cannot tell their size. We need a way of writing such numbers in a
shorter form from which it is easier to judge their size: the form that we use is
called standard form. It is also called scientific notation.

Written in standard form 25 000 000000000 is 2.5 x 10%.

Standard form is a number between 1 and 10
multiplied by a power of 10.

S0 1.3 x 10%2and 2.86 x 10* are in standard form, but 13 x 10° is not in
standard form because the first number is not between 1 and 10.

Exercise

Each of the following numbers is written in standard form. Write them as

ordinary numbers.

3.78 x 10° 6 3.67 x 10°
2 1.26 x10° 7 3.04 x10*
3 5.3x10° 8 8.503 x 104
4 7.4 x10% 9 4.25x 10%2
5 1.3x10* 10 6.43 x 10°
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1 Working with numbers

Changing numbers into standard form

To change 6800 into standard form, the decimal point has to be placed
between the 6 and the 8 to give a number between | and 10.

Counting then tells us that, to change 6.8 to 6800, we need to move the

decimal point three places to the right (i.e. to multiply by 10?)

ie. 6800=6.8 x 1000 =6.8 X 10 X 10 x 10=6.8 x 10°

Exercise

Change the following numbers into standard form:

1 2500

2 630

3 15300

4 260000

5 9900

6 39070

7 4500000

8 530000000
9 40000

10 80000000000
11 26030

12
13
14
15
16
17
18
19
20
21
22

547000
30600
4060000
704

79.3
80600
60.5
7080000
560800
5 300000000000
708000

23
24
25
26
27
28
29
30
31

40.5
503000000
99000000
84

351

36

5090
268000
30.7

Investigation

Find out what giga and tera mean.

‘Giga’ and ‘tera’ are prefixes used to describe very large numbers.

There are other prefixes used to describe very small numbers.

If you read about computers, you will notice specifications such as ‘4 GB RAM’
or ‘1 TB hard disk’. GB stands for gigabytes and TB stand for terabytes.

Find out what other prefixes are used to describe very large and very small
numbers and what they mean.

13



1 Working with numbers

Approximations: whole numbers

We saw in Book 1 that it is sometimes necessary to approximate given
numbers by rounding them off to the nearest 10, 100, ... For example, if you
measured your height in millimetres as 1678 mm, it would be reasonable to
say that you were 1680 mm tall to the nearest 10 mm.

The rule is that if you are rounding off to the nearest 10 you look at the units.
If there are 5 or more units you add one on to the tens. If there are fewer than
5 units you leave the tens alone.

For example, 67 is closer to 70 than to 60, as you can see on the number line.
So 67 =70 to the nearest ten.
67

l I l l

60 65 70

Similar rules apply to rounding off to the nearest 100 (look at the tens); to the
nearest 1000 (look at the hundreds); and so on.

For example, 435 is closer to 400 than to 500, so 453 =400 to the nearest hundred.
435

400 450 500

Exercise

Round off 1853 to

a the nearest ten

b the nearest hundred

¢ the nearest thousand.

a 1853 =1850 to the nearest 10 (put a cut-off line (}) after the 10s)

b 1853 =1900 to the nearest 100 (put a cut-off line (}) after the 100s)

¢ 1853 =2000 to the nearest 1000 (put a cut-off line (}) after the 1000s)

Round off each of the following numbers to

a the nearest ten b the nearest hundred ¢ the nearest thousand.
1 1547 3 2750 5 68414 7 4066 9 53804 11 4981
2 8739 4 36835 6 5729 8 7507 10 6007 12 8699
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1 Working with numbers

A building firm stated that, to the nearest 100, it built 2600 homes last
year. What is the greatest number of homes that it could have built and
what is the least number of homes that it could have built?

Look at this number line.

l ] l l |
2500 2550 2600 2650 2700
from 2550 on  below 2650

round up round down

The smallest whole number that can be rounded up to 2600 is 2550.
The biggest whole number that can be rounded down to 2600 is 2649.

So the firm built at most 2649 homes and at least 2550 homes.

13 Abagofmarbles is said to contain 50 marbles to the nearest 10. What
is the greatest number of marbles that could be in the bag and what is
the least number of marbles that could be in the bag?

14 To the nearest thousand, the attendance at a particular international
football match was 45 000. What is the largest number that could have
been there and what is the smallest number that could have attended?

15 1500 people came to the school bazaar. If this number is correct to
the nearest hundred, give the maximum and the minimum number of
people that could have come.

16 The annual accounts of Scrub plc (soap manufacturers) gave the
company’s profit as $3 000 000 to the nearest million. What is the least
amount of profit that the company could have made?

17 The chairman of A. Brick (Builders) plc said that they employ

2000 people. If this number is correct to the nearest 100, what is the
least number of employees that the company can have?

Approximations: decimals

If you measure your height in centimetres as 167.8 cm, it would be reasonable
to say that, to the nearest centimetre, you are 168 cm tall.

We write 167.8 = 168 correct to the nearest unit.

If you measure your height in metres as 1.678 m, it would be reasonable to say
that, to the nearest ﬁ m. you are 1.68 m tall.

Hundredths are represented in the second decimal place so we say that
1.678 =1.68 correct to 2 decimal places (abbreviated to 2 d.p.).
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1 Working with numbers

Exercise

Give each of the following numbers correct to

a 2decimal places b 1 decimal place ¢ the nearest unit:
1 2.758 6 3.896
2 7.371 7 8.936
3 16.987 8 73.649 e ‘ZL il e J
4 23.758 9 6.896
5 9.858 10 55.575
Give the following numbers correct to the number of decimal places given in
brackets:
11 5.07 (1 16 0.9752 (3
12 0.0087 (3) 17 5.5508 3
13 7.897 (2) 18 285.59 (1)
14 34.82 (1 19 6.749 (1)
15 0.007831 “4) 20 9.999 (2)

What is the largest number you can make with two nines?

Significant figures

In the previous two sections we used a height of 1678 mm as an example. This
height was measured in three different units and then rounded off:

in the first case to 1680 mm correct to the nearest 10 mm,
in the second caseto 168cm correct to the nearest centimetre,
in the third case to 1.68 m correct to 2 d.p.

We could also give this measurement in kilometres, to the same degree of
accuracy, as 0.001 68km correct to 5 d.p.

Notice that the three figures 1, 6 and 8 occur in all four numbers and that it is
the 8 that is the corrected figure.
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1 Working with numbers

The figures 1, 6 and 8 are called the significant figures and in all four cases the
numbers are given correct to 3 significant figures. Note that significant figure
is abbreviated to s.f.

Using significant figures rather than place values (i.e. tens, units, first d.p.,
second d.p., ...) has advantages. For example, if you are asked to measure
your height and give the answer correct to 3 significant figures, then you can
choose any convenient unit. You do not need to be told which unit to use and
which place value in that unit to correct your answer to.

The first significant figure is the non-zero digit with the highest place value.
For example, for the number 170.6, the digit with the highest place value is 1.

So lis the first significant figure in 170.6.

The second significant figure is the next digit to the right (7 in this case).
The third significant figure is the next digit to the right again (0 in this case),
and so on.

In 0.0305, the first non-zero digit is 3, so this is the first significant figure. The
first significant figure can never be zero, but zeros after the first significant
figure are significant figures. The next figure to the right of 3 in 0.0305 is 0,
so 0 is the second significant figure.

Exercise

For the number 0.001 503, write

a the first significant figure

b the third significant figure.

a The highest non-zero place value digit in 0.001 503 is 1 so the first s.f. is 1.

b The third s.f. is 0. Note that zeros after the first significant figure are included.

For each of the following numbers write the significant figure specified in the
bracket:

1 36.2 (1st) 6 5.083 (3rd)
2 3785 (3rd) 7 34.807 (4th)
3 0.0867 (2nd) 8 0.07603 (3rd)
4 3.786 (3rd) 9 54.06 (3rd)
5 47632 (2nd) 10 5.7087 (4th)
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1 Working with numbers

Exercise

18

Give 32 685 correct to 1 s.f.
The highest non-zero place value digit is 3, so 3 is the first significant figure.

(As before, to correct to 1 s.f. we look at the second s.f.: if it is 5 or more we add
one to the first s.f.; if it is less than 5 we leave the first s.f. alone.)

So 3i2685=30000to 1 s.f.

Give the following numbers correct to 1 s.f.:

1 59727 4 586359 7 51488 10
2 4164 S 80755 8 4099 11
3 4396185 6 476 9 667505 12
Give the following numbers correct to 2 s.f.:
13 4673 16 892759 19 72601 22
14 57341 17 6992 20 444 23
15 59700 18 9973 21 50047 24
Give 0.021 94 correct to 3 s.f.
2 is the first s.f. so 9 is the third s.f.
(The fourth s.f. is 4 so we leave the third s.f. alone.)
So 0.02194 =0.0219 to 3 s.f.
Give the following numbers correct to 3 s.f.:
25 0.008463 28 78.49 31 7.5078 34
26 0.825716 29 46.8451 32 369.649
27 5.8374 30 0.0078547 33 0.989624

Give each of the following numbers correct to the number of significant figures
indicated in the brackets.

35 46.93106 (2) 40 4537 (1
36 0.00684503 @ 41 37.85672 (3)
37 576335 (@) 42 6973 (2)
38 497 (2) 43 0.070865 (3)
39 7.82438 (3) 44 0.06734 (1)

908
26
980

53908
476
597

53.978



1 Working with numbers

Find 50 + 8 correct to 2 s.f.

(To give an answer correct to 2 s.f. we first work to 3 s.f.)

6.25
8i 50.00
So 50 +8=6.3to0 2s.f.
Give, correct to 2 s.f.:
45 20+6 47 25+2 49 125+9 81 73+3 53 0.23+9
46 10+6 48 53+4 50 143+5 52 0.7+3 54 0.0013+3
\\
Everton Giles stands on the middle rung of a ladder. He climbs 3 rungs
higher but has forgotten something so descends 7 rungs to get it. He now
goes up 16 rungs and reaches the top of the ladder. How many rungs are
there to the ladder?
4

Rough estimates

If you were asked to find 1.397 x 62.54 you could do it by long multiplication
or you could use a calculator. Whichever method you choose, it is essential
first to make a rough estimate of the answer. You will then know whether the
actual answer you get is reasonable or not.

One way of estimating the answer to a calculation is to write each number
correct to 1 significant figure.

So 1.397 x 62.57 =1 x 60 =60

Exercise

Correct each number to 1 s.f. and hence give a rough answer to:

a 9.524 x 0.0837 b 54.72+0.761
a 9.524 x 0.0837 ~ 10 x 0.08=0.8

p 272_50 _500_ .,

0.761 0.8 8
=60 (giving 500 +8to 1s.f.)
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1 Working with numbers

Correct each number to 1 s.f. and hence give a rough answer to each of the
following calculations:

1 4.78 x 23.7 6 82.8-+146 11 347 x 21 16 0.0326+12.4

2 56.3 x0.573 7 0.632 x 0.845 12 8.63 x 0.523 17 0.007 24 x 0.783
3 0.0674+5.24 8 0.0062 x 574 13 34.9+15.8 18 3581+45

4 354.6 X 0.0475 9 7.835+6493 14 047+ 0.714 19 1097 x 94

5 576 x 256 10 4736 X 729 15 985+57.2 20 45.07 x 0.0327

0.048x3.275

Correct each number to 1 s.f. and hence estimate to 1 s.f.
0.367
0.048x3i275 0.05x3 _0.15 1.5
0367 04 04 4
=0.4 (to 1 s.f.)
21 3.87x5.24 25 43.8x3.62 29 0.527
— 213 T 4,72 = 6.41x0.738
292 0.636x2.63 26 89.03x0.07937 30 57.8
= 5.47 — 5.92 = 0.057x6.93
23 21.78x4.278 27 975x0.636
- 7.96 - 40.78
24 6.38x0.185 28 8.735
- 0.628 — 5.72x5.94

Calculations: multiplication and division

display  When you key in a number on your calculator it

1 L) appears on the display. Check that the number on
display is the number that you intended to enter.

Also check that you press the correct operator,
i.e. press X to multiply and + to divide.
Lo [R v [ + | To find 38.4 x 0.67, first estimate:

5 (] P
4] 38.4x0.67=40 x 0.7=28
[1] =
Ca [ = On your calculator, press[ 3 [ & ][ [« ][ x][o ][ |[e][7][=]
\. J

The display shows 25.728, so 38.4 X 0.67 =25.7
correct to 3 s.f.
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1 Working with numbers

Exercise

First make a rough estimate of the answer. Then use your calculator to give the

answer correct to 3 significant figures.

o e Ny B W N

ok
o

[y
o

SRERRBRERIE &R &R

2.16 x 3.28
2.63 x 2.87
1.48 x 4.74
4.035 x 2.116
3.142 x 2.925
6.053 x 1.274
2.304 x 3.251
8.426 x 1.086
5.839 + 3.618
6.834 +4.382
9.571+2.518
5.393 +3.593
7.384+2.51
4.931+ 3.204
8.362 + 5.823
23.4 x 56.7
384 x 21.8
45.8 x 143.7
537.8+34.6
45.35+6.82
63.8 x 2.701
40.3+2.74
400 = 35.7
(34.2)2

5007 x 2.51

26
27

|u1|-h|-l>|-l>|.b.b.b.b.b.bl.nlmlmlmlmwwwmmlmlmlw
S N o NIy 1 o W N =IO NI INIYWOG & W N =[O N I

5703 +154.8
39.03 X 49.94
2000 + 52.66
(36.8)?

29 006 +2.015
0.366 x 7.37
0.0526 x 0.372
6.924 x 0.007 93
0.638 x 825

52 x 0.0895
0.0826 x 0.582
24.78 X 0.0724
0.00835 x 0.617
0.5824 x 6.813
(0.74)2
0.583+4.82
0.628 +7.61
0.493 +1.253
0.518 +5.047
82.7+593
89.5+0.724
38.07 +0.682
5.71+0.0623
7.045+0.0378
6.888 +0.0072

51
52

B 18 1% 1& I& RIS IR12 8 Bk K& & & &
O (e N eyl B e e = o N e NIy 1 b W

E [FE R S o
(NI N S 0=

45.37 +0.925
8.41 +0.000748
6.934 +0.0829
0.824 +0.362
0.572+0.851
0.528 + 0.0537
0.571+0.824
0.0455 = 0.0613
0.006 +0.04 703
0.824 +0.00008
5000+ 0.789
(0.078)2

0.0608 x 573
(78.5)°

3.782x 0467
4.89

4.88 x0.00417
0.9467 + 7683
0.0467 + 0.000074
(0.00031)2

54.9 X 36.6
0.406

68.41+392.9
0.0482 + 0.00289

(0.0527)

0.857 x 8.109
0.5188
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1 Working with numbers

Mixed exercises

Exercise

Find the value of 4°.

2  Simplify b® + b2

3  Find the value of 32;33.

4  Write 36400 in standard form.

5 Give 57934 correctto 1 s.f.

6 Give 0.061374 correctto 3 s.f.

7 Find 0.582 X 6.382, giving your answer correct to 3 s.f.

8 Find 45.823 + 15.89, giving your answer correct to 3 s.f.
Exercise

1 Find the value of 6°.
2% % 22

23

Find the value of 5° + 5°.

N

Write

as a single number in index form.

Simplify a? X a* X a.
Write 650 000000 in standard form.
Give 45 823 correct to 2 s.f.

N oy W

The organisers of a calypso show hope that, to the nearest thousand,
8000 people will buy tickets. What is the minimum number of tickets
that they hope to sell?

Find the value of 12.07 + 0.008 97 giving your answer correct to 3 s.f.
Find the value of (0.836)? giving your answer correct to 3 s.f.
10 Change 35% into

a afractionin its lowest terms b adecimal.
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1 Working with numbers

Exercise
1 Find the value of 5% x 53.
2 Simplify —
M e

3 Find the value of 3% x 3%+ 36,

4 Write 78 260 in standard form.

5 Give 9764 correctto 1 s.f.

6 Give 0.050806 correct to 3 s.f.

7 Correct to 1 significant figure, there are 70 matches in a box. What is
the difference between the maximum and the minimum number of
matches that could be in the box?

Find 0.0468 + 0.004 73 giving your answer correct to 3 s.f.

9 Find % giving your answer correct to 3 s.f.

10 Change % into
a apercentage b adecimal.
Exercise

Select the letter that gives the correct answer.

1

2 as a decimal is
20

A 0.33 B 0.35 C 0.36
30% as a fraction in its lowest terms is
& 2 B = c 2

10 3 8
iasa ercentage is
202°8P 5
A 20% B 22.5% C 24.5%
0.006 as a fraction in its lowest terms is

1 1 3
= B 300 C 50

The value of 4.36 x 10°is

A 4360 B 43600 C 436000
As a single expression in index form 31° + 3% is
A 3 B 3 € 3¢

0.37

v b

25%

4360000

316

23



1 Working with numbers

10

11

12

13

14

8.743 x 10%is

A 8.743 B 87.43 C874.3
Expressed in standard form, 60800 is

A 6.08 x 10! B 6.08 x 10? C6.08 x 10°
Correct to the nearest 100, the number 8507 is
A 8400 B 8500 C 8600
Correct to two decimal places, 63.549 is

A 63.00 B 63.54 C 63.55
Correct to two significant figures, 4.5707 is

A 45 B 4.6 Cc4.7
Correctto 3 s.f., 279.540 is

A 279 B 279.5 C279.55

D 8743

D 6.08 x 10*

D 8700

D 63.56

D471

D 280

A rough estimate for the value of 0.00527 x 0.717 is

A 0.0035 B 0.035 C 0.055

47% as a decimal is
A0.047 B 0.47 Cc4.7

D 0.35

D47

Did you know?

Did you know these facts?

1

1729 is the smallest positive integer that can be represented in two ways as

the sum of two cubes:
9°+10%® or 1°*+123

The total number of gifts given in the song ‘The Twelve Days of Christmas’ is
364. That is one gift for each day of the year except Christmas Day. Check it.

2592=25 x 92

ey
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1 Working with numbers

In this chapter you have seen that...

v the associative and commutative laws are true for the addition and
multiplication of whole numbers but not for subtraction and division,
eg. 7+8=8+7 and 7x8=8x7
but 7-8isnotequalto8-7
and 7+8isnotequalto8+7

v the identity element is O for addition and 1 for multiplication

v the inverse element for any whole number under addition is minus it,
and for multiplication it is the reciprocal, e.g. the inverse of 4 under

multiplication is 1 + 4 [or X %]

¢’ you can interchange fractions, percentages and decimals using these rules

numerator + denominator X 100

fraction decimal percentage

decinihl 6
— R (depending an i
100r 100 ar HHH.‘PH:Z % - 100

Eﬂ%ﬂ and simplify

v’ you can multiply different powers of the same number by adding the
indices, e.g. 34 X 33 =343=37

v you can divide different powers of the same number by subtracting the
indices, e.g. 57+ 52=57-2=55

v anumber in standard form or scientific notation is a number between 1 and
10 multiplied by a power of 10, e.g. 1.2 X 10° is in standard form

v the first significant figure is the first non-zero digit in a number. The next
digit (zero or otherwise) is the second significant figure, and so on

v to correct a number to a given degree of accuracy, place a cut-off line after
the place value required and look at the next digit — if it is 5 or more, round
up, otherwise round down

v you can make a rough estimate of a calculation by first writing each number
correct to one significant figure

v’ youneed to be careful when you use a calculator to work out accurate
answers.
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2 Number bases

At the end of this chapter you should be able to...

1 use markers to represent groups of fives or powers of fives for a given number

2 write in figures the numbers represented by markers under the headings of five
and powers of five

write, in headed columns, numbers to a given base
write, in base ten, numbers given in other bases

3

4

5 write a number given in base ten as a number to another given base

6 perform operations of addition, subtraction and multiplication in bases other than ten
7

determine the base in which given calculations have been done.

Did you know?

Computers work using different number systems from the one based on powers
of 10 that we use in daily life. One of these is the hexadecimal system.

Find out what you can about hexadecimal numbers and why they are important. '

You need to knnw...)

v your multiplication tables — and this means instant recall.

.

._,( T m—— :

Denary system (base ten)

We have ten fingers. This is probably why we started to count in tens and
developed a system based on ten for recording large numbers. For example

3125 =3 thousands+ 1 hundred + 2 tens + 5 units

= 3x10° + 1x10* +2x10'+5x10°
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2 Number bases

Each place value is ten times the value of its right-hand neighbour. The base of
this number system is ten and it is called the denary system.

Base five

If man had started to count using just one hand, we would probably have a
system based on five.

Suppose we had eleven stones. Using one hand to count with, we could
arrange them like this:

[ ] [ ] [ ] [ ]
[ ] L ]
[ ] [ ] [ ] [ ] L ]
ie. two handfuls + one }
or 2 fives +1

The next logical step is to use a single marker to represent each group of five.
We also need to place these markers so that they are not confused with the
marker representing the one unit. We do this by having separate columns for
the fives and the units, with the column for the fives to the left of the units.

Fives Units
[ ]

We can write this number as 21. and we call it ‘two one to the base five’. We
do not call it ‘twenty-one to the base five’, because the word ‘twenty’ means
‘two tens’.

To cope with larger numbers, we can extend this system by adding further
columns to the left such that each column is five times the value of its right-
hand neighbour. Thus, in the column to the left of the fives column, each
marker is worth twenty-five, or 52,

Twenty-fives Fives Units
For example *
L ] L ]
[ ] L ] [ ]

The markers here represent 132 and it means

(1x5)+(3x5)+2

27



2 Number bases

Exercise

28

Write in figures the numbers represented by the markers:

The number is 1302;

(The ‘5’ column is empty, so we write zero in this column.)

53

52

5

Units

Write in figures the numbers represented by the markers in questions 1 to 4:

54 53 5% 5 Units
1 .
L ]
[ ] L ]
2 e
L ]
L ]
[ ] L ]
3 L ]
L ] [ ]
[ ] [ ]
[ ] L ] [ ]
4 °
L ] [ ]
[ ] L ] L ]
Write 120, in headed columns.
5 Units
1 0

Write the following numbers in headed columns:

5 31,
6 42,

7 410,
8 231,

9

1

34,
10,

s 1=
B |

204,
400,



2 Number bases

Write 203. as a number to the base 10

54 5 Units

2 0 3

203, = (2% 52) + (0 X 5) + 3
== 5010 4= 0 + 3]0
= 5310

(Although we do not normally write fifty-three as 53,,, it is sensible to do so
when dealing with other bases as well.)

Write the following numbers as denary numbers, i.e. to base 10:

13: 31 16 121. 19 32, 22 400,
14 24, 17 204 20 20, 23 240,
15 40, 18 43, 21 4, 24 300,

Write 38,,as a number to the base 5.

(To write a number to the base 5 we have to find how many ... 125s, 25s, 5s and
units the number contains.)

(Starting with the highest value column.)
38 contains no 125s.
38 +25=1 remainder 13 i.e.38=1x52+13
13 + 5=2remainder 3 ie. 13=2x5+3
38=1x52+2x5+3
=123,

Write the following numbers in base 5:

25 8, 28 39, 3 T 34 128,
26 13, 29 43, 32 9, 35 82,
27 10, 30 150, 33 30, 36 100,
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2 Number bases

Other bases

Any number can be used as a base for a number system.

If the base is 6, we write the number in columns such that each column is 6 times the
value of its right-hand neighbour. For example, writing 253, in headed columns gives:

62 6 Units
2 5 3

We see that 253, means (2 x6%) +(5x6) +3

Similarly for 1011,, we can write this in headed columns.

2 2?2 2 Units

Therefore 1011, means (1 x 23) + (0x 22) + (1 x2) +1.

Exercise

Write 425, in headed columns and then write it as a denary number.

7t 7 Units
4 2 5

425,=(4x79)+(2%x7)+5
— 19610 + 1410 + 510

- 21510

Write the following numbers
a inheaded columns b as denary numbers.
1 23, 5 57, 9 21, 13 303,
2 15 6 204, 10 18, 14 1001,
3 131, 7 210, 11 24, 15 1211,
4 101, 8 574, 12 175, 16 1000,
Write 29,,as a number
a tothebase9
b tothe base 2.
a 29 +9 =3 remainder 2

SO 294=3x9+2

2910 = 329
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2 Number bases

b 2)29
2)14 remainder 1 (unit)
2)07 remainder 0 (twos)
2)°3 remainder 1 (22)
2N L remainder 1 (23)
0 remainder 1 (2%

29,,=11101,

Write the following denary numbers to the base indicated in brackets:

17 9 4 25 8 (3) 33 163 (8)
18 12 (5) 26 15 (6) 34 640 (4
19 24 (7) 27 34 (9 35 142 (2)
20 7 (2) 28 28 (3) 36 158 (6)
21 13 (5) 29 56 (7) 37 43 (6)
22 32 (6) 30 89 (9 38 55 (5)
23 53 (8) 31 45 (2 39 99 (2)
24 49 () 32 333 (3) 40 394 (7)
Express each of the following numbers as a number to the base indicated in
brackets:

41 45, (4 44 432, (3) 47 11011, (8)

42 23, (6) 45 562; (4 48 378, (3)

43 17, (2) 46 2120, (5) 49 3020, (8)

Addition, subtraction and multiplication

Numbers with a base other than 10 do not need to be converted to base 10;
provided that they have the same base they can be added, subtracted and
multiplied in the usual way, as long as we remember which base we are
working with.

For example, to find 132; + 44 we work in fives, not tens. To aid memory, the
numbers can be written in headed columns:

Twenty-fives Fives Units
1 3 2
@ 40 . *
2 3 1
® @
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Adding the units gives 6 units:

6 (units) =1 (five) + 1 (unit)

We put 1 in the units column and carry the single five to the fives column.

Adding the fives gives 8 fives:

8 (fives) =5 (fives )

+ 3 (fives)

=1 (twenty-five) + 3 (fives)

We put 3 in the fives column and carry the 1 to the next column.

Adding the numbers in the last column gives 2,

i.e.

132, + 44, =23l

If the numbers are not to the same base we cannot add them in this way.

For example, 432, and 621, cannot be added directly.

Exercise

Find 174, + 654,

83 82 8 Units
1 7 4

@& %@ @ *
1 0 5 0

. 1744 + 654, =1050,

Find:

1 12431 8 101, +11;,

2 11,+2, 9 43,+24,

3 11,+13, 10 132,+201,

4 10,+1, 11 345,+402,

5 24,+35, 12 1101,+111,

6 21,4 114 13 1225+ 1014

7 43,+52, 14 231,+103,

32
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Make sure that you are clear
about which base you are
working in. Use headed
columns if necessary.

635, + 62,
10010, + 1111,
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Find 132, - 13,

(There are two methods of doing subtraction and we show both of them here.)

First method

42 4 Units
1 3@ 2©

1 3 o
1 1 3

(We cannot take 3 from 2 so we take one 4 from the fours column, change it to
4 units and add it to the 2 units.)

Second method

If you use the ‘pay back’ method of subtraction, the calculation looks like this:

4* 4 Units
1 3 y 40,
10 3 -
1 1 3
In either case 132,-13,=113,
Find:
17 153,24, 21 210, 1, 25 231,-32, 29 144,-53,
18 110,-2, 22 30, - 14, 26 153,-64, 30 1010,-101,
19 32,-23, 23 253,- 25, 27 205,-132, 31 724,- 56
20 52,-14, 24 10,-1, 28 100,-10, 32 120,-12,
Find 352, x 4,
6° 62 6 Units
3 5 2
@ @ @ 4 X
2 3 3 2

352, x4, =2332,
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Find:

33 4.x3, 37 5,x4, 41 132,x2,
34 2,x3, 38 13.x2; 42 501,x5;
35 12,x2, 39 24.,x3, 43 202, %2,
36 20,x3, 40 56,3, 44 241, x2,
Find:

45 261,+123, 50 232,-103,

46 32,x2, 51 22,4

47 434,-142; 52 365,+173;

48 36,x2, 53 121,-112,

49 451,+124, 54 344x5;

Harder examples

Exercise

34

Calculate 133,x 32,

First place the number in headed columns, then use long multiplication,
i.e. multiply by 2, and then by 30,:

44 43 (=64) 42 (=16) 4 Units
1 3 3
3 2
%2 3 3 2
x 30 1 1 3 1 0
+ 1 2 3 0 2.

133, x 32, = 12302,

Find:

1 123,x23, S 2120,x212,
2 413;x24, 6 46,x 35,

3 1001,x1101, 7 2345,x 423,
4 73,x264 8 452,x324,



2 Number bases

o

=

11

12

a Find 64,x 27, as a number to the base 8.

b Express 64;and 27, as denary numbers.

¢ Multiply together your two answers for b.

d Change your answer to ¢ into a number to the base 8. Does this

answer agree with your answer to a?

a Find 476, %57, as anumber to the base 9.

b Express 476, and 57, as denary numbers.

¢ Multiply together your two answers for b.

d Change your answer to cinto a number to the base 9 . Does this

answer agree with your answer to a?

Find 55, x 43, and use the process described in questions 9 and 10 as a
check on your working.

Choose a base and make up a long multiplication question of your
own. Check your calculation using the process above.

Binary numbers

Numbers with a base of two are called binary numbers. We have singled binary

numbers out for special attention because of the wide application that they

have, especially in the world of computers.

Exercise

If you have access to a computer and have done some programming
using machine code, or have copied program listings from magazines,
you will have seen instructions such as

BIN 1101, 1011, 11001, 100, 1100, 11101
‘BIN’ means ‘binary’.
Convert the binary numbers given above to denary numbers.
Basically, computers are very simple; their fundamental computing

parts can only be off (0) or on (1), i.e. computers count in binary
numbers.

a Complete the adjacent addition table for binary numbers.
b Find 1011011,+110101,.
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Investigation

a Subtract 23,, as many times as you can from 138,,. Hence find the

value of 138,,+ 23,,.

b Subtract 11, from 1111, as many times as you can.
Hence find 1111, +11,.

4 Complete the following multiplication table for binary numbers.

1
2
3
4
5
6

X 0 1
0

Convert 7., 514, 104, 1644, 194, 24,, into binary numbers.

How many symbols are needed to represent all binary numbers?
Write each of the denary numbers 1 to 20 as binary numbers.
How can you see when a binary number is even?

How can you see when a binary number is odd?

Find some machine code and see if you can interpret it.

Mixed exercises

Exercise

1 Convert the following denary numbers to base 3 numbers:
a 5 b 8 c 12 d 31

2 How many different symbols are needed to represent all numbers in
base three?

3 Make up a multiplication table for base three numbers.
Use repeated subtraction to find the value of 1111, + 101,.
Convert the following denary numbers to base 5 numbers:
a 27 b 18 € 153

6 Whatdo you think 31.2; could mean?

7 Ifanumber to the base 10 ends in 0, what does the same number to
the base 5 end in?

8 Isit possible to write a number in base one? Give a reason for your answer.

9 How many digits are there in 5° written in base 5?

10 How many digits are there in 37 written in base 3?
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11 a Convert 10, 104 10,, 105, 10, 10,, 10, into denary numbers.
b Find i 1101,x10, i 121,x10, iii 175,% 10;

¢ What is the effect of multiplying a number by the base number?

Find the base in which the following calculation has been done:
134+5=22
13
D5+
22

N
&

From the addition, 5 + 3 = 8. To leave 2 in the units column, 6 units
have been carried to the next column. The total in the next column
is 2, so the 6 units have been carried as 1 to the next column.

the base is 6

Find the bases in which the following calculations have been done.

12 15+23=42 16 13-4=4
13 12+13=31 17 21-2=17
14 110+121=1001 18 13x2=31
15 134+213=350 19 21x3=103

20 Isthe following statement true or false? Give a reason for your answer.
A number written to any base is even if it ends in zero.

Exercise

1 Write the following numbers as denary numbers:

a 12, b 101, c 403,

2  Write the denary number 20 as a number to the given base:
a 5 b 3 c 8

3 Find:

a 204.+132, b 110,-2, ¢ 212,x3,

4  There are four possible answers given below to the calculation 213, x 2,.

Only one answer is correct. Which one is it?
A 426, B 2130, C 1032, b S 8
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Exercise

Select the letter that gives the correct answer.

1 Expressed as a denary number 34 is

A 15 B 19 Cc 21 D 24
2  Written to the base 5, the number 31,, is

A 100, B 101, C 110, D 111,
3 The denary number 54, written as a number to the base 8, is

A 52, B 57 C 66, D 67
4  Working to the base 2, the value of 1011, + 10111, is

A 100010, B 100110, C 110110, D 111010,
5 254, -24,equals

A 222, B 224, C 230, D 234,
6 33; + 4sequals

A 32 B 42 C 52 D 342
7 315 X 20. equals

A 112 B 160, C 1120, D 1122,
8 Expressed as a denary number 54, + 275 equals

A 11 B 21 C 67 D 81
9 165;- 20, equals

A 45 B 145, C 187, D 205,

10 In what base has the calculation 23 — 4 = 13 been made?
A 3 B 4 C 6 D 8

Did you know?

wehe
amukel

The Jivaro Indians of the Amazon rain forest
express the number ‘five’ by the phrase

‘wehe amukei’, meaning ‘I have finished one
hand’, and the number ‘ten’ by ‘mai wehe
amukahei’, meaning ‘I have finished both
hands’.
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In this chapter you have seen that...

+/ numbers can be expressed in any base

v if a number is in base q, the first column from the right is units, the second
column gives the number of d’s, the next column gives the number of a®s
and so on. For example, 165, means
1x82+6x8'+5

¢’ you can add, subtract and multiply numbers in a base other than ten in the
usual way, but it is sensible to write them in headed columns so that you can
keep track of your working.
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At the end of this chapter you should be able to...

1 solve simple equations
2 form simple equations and use them to solve problems

3 construct formulae from given information

4 substitute numerical values in a formula.

Did you know?

The German mathematician Carl Friedrich Gauss (1777—-1855) was the leading
algebraist and theoretical astronomer of the day. He was born of poor parents
but, because of his prodigious talent, his education was paid for by the Duke

of Brunswick. Nearly all his fundamental mathematical discoveries were made

before he was 22. '

You need to knuw...) N\

v how to simplify expressions containing brackets

+" how to collect like terms

v’ the order in which to do multiplication, division, addition and subtraction
v how to multiply directed numbers

+* what the lowest common multiple means

v how to convert units to smaller or larger units.
- _/

2 i
.

area, breadth, directed number, eliminate, equation, equilateral triangle, equivalent,
expression, formula (plural formulae), like terms, negative number, perimeter,
rectangle

ooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo
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Equations

Imagine a balance.

On the left-hand side
there are two bags each
containing the same (but
unknown) number of
apples and three loose
apples.

On the right-hand side
there are thirteen
apples.

Using the letter x to stand for the unknown number of apples in each bag we

can write this as an equation:

2x+3=13

We can solve this equation (i.e. find the number that x represents) as follows:

take three apples off each pan 2x+3-3=13-3
2e="10

halve the contents of each pan X=5

Remember that we want to isolate x and that we can do anything as long as we

do it to both sides of the equation.

Exercise

Solve the equation 5x—4 =6

5x—-4=6
Add 4 to each side 5x-4+4=6+4
5x=10
Divide each side by 5 Xx=2k

Check: LHS=5x2-4=6 RHS=6

Solve the following equations:

2x=8 6 3x-2=10
2 x-3=1 Z S542x=7
3 x+4=16 8 5x-4=11
4 2x+3=7 9 3+6x=15
5 3x+5=14 10 7x-6=15
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Equations with letter terms on both sides

Some equations have letter terms on both sides. Consider the equation
S5x+1=2x+9

We want to have a letter term on one side only so we need to take 2x from both sides.
This gives
3x+1=9

and we can go on to solve the equation as before.

Notice that we want the letter term on the side which has the greater number
of x’s to start with.

If we look at the equation
9—-4x=2x+4

we can see that there are fewer x’s on the left-hand side, so there are more x’s
on the right-hand side. Add 4x to both sides and then the equation becomes

9=6x+4

and we can go on as before.

Exercise

Solve 5x+2=2x+9
Deal with the letters first, then the numbers.

5x+2=2x+9
2x < 5x so take 2x from both sides 3x+2=9
(< means ‘less than’)
Take 2 from both sides Bx=17
Divide both sides by 3 x=%=2%
Solve the following equations:
3Ix+4=2x+8 5 7x+3=3x+31
Choose to take
2 x+7=4x+4 6 6z+4=2z+1 \ away the lower
2 Sxi5=5x—4 7 7x—25=3x-1 mubier o e
4 3x-1=5x-11 8 1lx-6=8x+9
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9 2x+5=x+9 14 x+4=4x+1
10 3x+2=2x+7 15 3x—-2=2x+1
11 x—4=2—-x 16 1-3x=9-4x
12 3-2x=7-3x 17 2-5x=6-3x
13 2x+1=4-x 18 5-3x=1+x

Equations containing like terms

If there are a lot of terms in an equation, first collect the like terms on each
side separately.

Exercise

Solve the equation 2x+3 —x+5=3x+4x—-6
2x+3-x+5=3x+4x-6

Simplify each side x+8=7x-6
Take x from both sides 8=6x-6
Add 6 to both sides 14=6x
Divide both sides by 6 Hex

= % = 2%

Solve the following equations:

1 3x+2+2x=7 9 5x+6+3x=10 17 4x-2+6x-4=64

2 7+3x-6=4 10 8=7-11+6x 18 2x+7-x+3=6x

3 6=5x+2-4x 11 7+4+2x=12x-7x+2 19 6-2x-4+5x=17

4 9+4=3x+4x 12 1+4-3+2x=3x 20 9x-6-x-2=0

5 3x+2x-4x=6 13 3x+4x—-x=x+6 21 x-3+7x+9=10

6 7=2-3+4x 14 2+4x-x=x+8 22  15x+2x-6x—-9x=20
7 Sx+x-6x+2x=9 15 4-x-2+x=x

8 S5+x+x=1+4x 16 3x+1+2x=6
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Solve the equation4x +2-x=7+x-3

dx+2-x=7+x-3

Collect like terms 3x+2=4+x
Take x from each side 2xt2=4
Take 2 from each side Fe=1F
Divide each side by 2 =

Solve the following equations:

23 x+2+2x=8 33 5x-8=2

24 x—-4=3-x+1 34 4-x=3x

25 3x+1-x=5 35 5-x=7+2x-4
26 4+3x-1=6 36 4-2x=8-4x
27 7+4x=2-x+10 37 15=21-2x

28 3+x-1=3x 38 x+4-3x=2-x
29 x—-4+2x=5+x-1 39 3x-7=9-x+6
30 x+5-2x=3+x 40 x+4=6x

31 x+17-4x=2-x+6 41 8-3x=5x

32 8-3x—-3=x—-4+2x 42 5-4x+7=2x

Brackets

Reminder: If we want to multiply both x and 3 by 4, we group x and 3 together
in a bracket and write 4(x + 3).

So 4(x+ 3) means that both x and 3 are to be multiplied by 4. (Note that the
multiplication sign is invisible, as it is in 5a.)

So 4(x+3)=4x+12
(4x and 12 are unlike terms so 4x + 12 cannot be simplified.)

When we multiply out brackets, this is called expanding the brackets.
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Exercise

Expand the following brackets:

1 6(x+4) 3 4(x-3) 5 4(3-2x) 7 3(2-3x) 9 2(5x-7)
2 302x+1) 4 2(3x-5) 6 50@x+2) 8 7(5-4x) 10 6(7+2x)
Simplify:

11 23 +x)+3(2x+4)
12 7(2x+3)+4(3x-2)

BRREBllkkla &= &

Solve the following equations:

31
32

4(6x+3) +5(2x-5)
2(2x—4) +4(x+3)
5(3x—2) +3(2x+5)
3(3x+1) +4(x+4)
5(2x+3) +6(3x+2)
6(2x—-5)+2(3x-7)
8(2-x)+3(3+4x)
5(7-2x) +4(3 - 5x)
32x-1)+40c+2)
52-x)+2(2x+1)

2(x+2)=8
4(2-x)=2
5(3x+1)=20
2(2x-1) =6
3(2x+5)=18
3(3-2x)=3
2(x+4)=3(02x+1)
4(2x-3)=2(3x-5)
6(3x+5)=12
6(x+3)=2(2x+5)
8(x-1)=4

IWlNlNlNlNNNN
S o e IN Iy L1 b W

& &R S

First expand the brackets, }

G: 4 then collect like terms.

3(x—-4)+72x-3)
2(2x+1)+4(3-2x)
6(2-x)+2(1-2x)
504+ 3x) + 32+ 7x)
4(3+2x)+5(4-3x)
8x+1)+72-x)
3(2x+7)+5(3x—-8)
9(x-2)+5(4-3x)

Start by expanding the

G 4[ brackets.

3(1-4x)=11

7(1+2x)=21

4(3x+2)=14

5(3—-2x)=3(4-3x)

7(2x-1)=5(3x-2)
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Directed numbers
Reminder: (+2) x (+3) =46 (+2) x (-=3) =-6
2)x(+3)=—6 (-2)x(-3)=+6

Another way to remember these rules when multiplying directed numbers is
like signs give positive, unlike signs give negative.

Division is the reverse of multiplication, e.g. 4 +4=1,s0 4+ (-4) =1

This means that dividing a negative number by a negative number gives a
positive number,

e.g. —8+(-2) =+4
In the same way (+8) + (-2) = —4
and (-8) + (+2) =—4

Hence we can use the rules of multiplication of directed numbers for the
division of directed numbers.

Exercise
Evaluate:
1 (42)x(-4) 4 [—%)X(H’)) 7 (+12) = (=3)
2 (=3)x (=5) 5 (-16)+ (-8) 8 [+%]><(+§]
3 (=6)x (+4) 6 (-4)x(-7) 9 (=6) =+ (-2)

Simplify 4(x— 3) — 3(2 - 3x)

Remember that the positive sign is often omitted, i.e. 6 means +6.
Multiply out the brackets. Remember that —3(2 — 3x) =—3 X 2 — 3 X (-3x)

4(x—3)—-3(2-3x)=4x-12-6+9x

Collect like terms =13x-18

Simplify:

10 7-2(x-5) 13 4-7(2x-3) 2 2(8x+5) -2(4+3x)
11 2x+5(3x-4) 14 3x-4(5-3x) 17 5(2x-8)-3(2-5x)
12 3x-6(3x+5) 15 3(x-4)+6(3-2x) 18 7(x-2)-(2x+3)
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Solve the following equations:
19 4x-2(x-3)=8

20 7-3(5-2x)=10 ] Start by multiplying out
21 4x+2(2x-5)=6 brackets, then collect like

terms.
22 3(x—-4)-7=2(x-3)
23 4-3x=3+4(2x-3)
24 3x-2(4-5x)=5-3x

~
My dog weighs nine-tenths of its weight plus nine-tenths of a kilogram.
What does it weigh?
. >
Formulae

For all rectangles it is true that the area is equal to the length multiplied by the
breadth, provided that the length and breadth are measured in the same units.

If we use letters for the variable quantities (A for area, [ for length, b for breadth)
we can write the first sentence more briefly as a formula: A=1xb.

The multiplication sign is usually left out giving

A=I[b
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Exercise

The letters in the diagrams all stand for a number of centimetres.

The perimeter of the square below is P cm. Write a formula for P.

l Start by writing the perimeter in terms of the letters in the
diagram: this is [+ [+ +1 (cm). As we are told that Pcm is
1 | the perimeter we can write

P=[+1+1+1

Collect like terms P=4]

In each of the following figures the perimeter is Pcm. Write a formula for P
starting with P=

1 ! 3 5 l

d

G is the number of girls and B is the number of boys in a class.

Given that T is the total number of students in the class, write a formula for T
in terms of G and B.

Start by writing an expression for the total number of students.
The total number of students in the class is the sum of G and B, i.e. G + B.
As T is equal to the total number of students,

T=G+B
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10

11

12

13

14

15

[

Ie

18

I buy x Ib of apples and y 1b of pears. Write

; : ; , Read each question
a formula for Wif W1b is the mass of fruit that ' carefully.

I have bought.

If Im is the length of a rectangle and bm is the breadth, write a
formula for P if the perimeter of the rectangle is Pm.

I start a game with N marbles and win another M marbles. Write a
formula for the number, T, of marbles that I finish the game with.

I start a game with N marbles and lose L. marbles. Write a formula for
the number, T, of marbles that I finish with.

The side of a square is Im long. Write a formula for A if the area of the
square is A m?.

Peaches cost n cents each. Write a formula for N if the cost of

10 peaches is N cents.

Oranges cost x cents each and I buy n of these oranges. Write a
formula for C where C cents is the total cost of the oranges.

I have a piece of string which islcm long. I cut off a piece which is dcm
long. Write a formula for L if the length of string which is left is Lcm.

A rectangle is 2/m long and Im wide. Write a formula for Pwhere Pm
is the perimeter of the rectangle.

Write a formula for A where A m? is the area of the rectangle described
in question 14.

I had a bag of sweets with S sweets in it; [ then ate T of them. Write a
formula for the number, N, of sweets left in the bag.

Alorry has mass T tonnes when empty. Steel girders with a total mass
of S tonnes are then loaded on to the lorry. Write a formula for W
where W tonnes is the mass of the loaded lorry.

I started the term with a new packet of N felt-tipped pens. During the
term I lost L of them and R of them were recycled. Write a formula for
the number, S, that I had at the end of the term.

A truck travels pkm in one direction and then it comes back g km in
the opposite direction. If it is then rkm from its starting point, write a
formula for r.

One box of tinned fruit has mass Kkg. The mass of n such boxes is
Wkg. Write a formula for W.

A letter costs x cents to post. The cost of posting 20 Be careful — look at
such letters is $q. the units given.

Write a formula for q.

49



3 Algebra

@& 22 One grapefruit costs y cents. The cost of n such
— \ Look carefully at
grapefruit is $L. Write a formula for L. G the units.
23 Arectangleis Imlong and bem wide.
The area is A cm?. Write a formula for A.

24 On my way to work this morning the bus [ was travelling on broke
down. I spend t hours on the bus and s minutes walking. Write a
formula for T if the total time that my journey took was T hours.

Substituting numerical values into a formula

The formula for the area of a rectangle is A =b.

If a rectangle is 3 cm long and 2 cm wide, we can substitute the number 3 for [
and the number 2 for bto give A=3x2=6.

So the area of that rectangle is 6 cm?.

When you substitute numerical values into a formula you may have a mixture
of operations, i.e. ( ), X, +,+, —, to perform. Remember the order from the
capital letters of ‘Bless My Dear Aunt Sally’.

Exercise

Ifv=u+at, ﬁndehenu:Z,a:%andt=4.

v=u-+at
Whenu=2,a =%, =4 v =23 +%>< 4 (Do multiplication first)
=242
=4
1 IfN=T+G,findNwhenT=4 and G=6.
2 IfT=np,find Twhenn=20and p=5.
3 IfP=2(l+b), findPwhenl=6andb=09.
4 IfL=x-y,find L whenx=8andy=6.
5 IfN=4(l-s),find Nwhenl=7ands=2.
6 IfS=n(a+b),findSwhenn=20,a=2andb=8.
7 IfV=Ibw, find Vwhenl=4,b=3and w=2.
8 PRT

IfAzﬁ, find Awhen P=100,R=3 and T=5.
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9 Ifw=u(lv-t), findwwhenu=5,v=7andt=2.

10 Ifs=%(a+b+c),ﬁndswhena=5, b=7and c=3.

Ifv=u-—at, find vwhenu=5,a=-2 and t=-3.
v=u—at
Whenu=5,a=-2,t=-3: v=5—-(-2) x (-3)
=5—(+6)
=5-6
=-1

(Notice that where negative numbers are substituted for letters they have
been put in brackets. This makes sure that only one operation at a time is
carried out.)

11 IfN=p+q,find Nwhenp=4andq=-5.

12 IfC=RT, find CwhenR=4and T=-3. c 4[

Ifz=w+x-y, find zwhenw=4,x=-3 and y =—4.
Ifr=u(v—w), findrwhenu=-3,v=—6 andw=>5.
Giventhat X=5(T—-R), find Xwhen T=4 and R =-6.
GiventhatP=d—-rt,find Pwhend=3,r=-8 and t=2.

Giventhatv=I[(a+n), find vwhenl=-8,a=4and n=-6.
a-b
¢
If Q =abc, find Q whena=3,b=-7 and c=-5.

IfD= ,find Dwhena=-4,b=-8and c=2.

B el kRl & 3 &

If] =§ (x+y - 2), find [ when x= 4,y =-5 and z=—6.

Given that 28 =d(a+10), find awhenS=20,d=2and = 16.

2S=d(a+1)
Substituting S=20, d=2, =16 gives

40=2(a+16)
We can now solve this equation for a.
Multiply out the brackets 40 =2a + 32
Take 32 from each side 8=2a
Divide by 2 4=a or a=4

Put negative numbers J

o1



3 Algebra

21
22
23
24

25
26
27

28

Given that N= G + B, find Bwhen N=40 and G = 25.
IfR=t+c, find twhen R=10 and c = 20.

Given that d =st, find t when d = 50 and s = 15.
IfN=2(p+q), find gwhen N= 24, and p=5.
Giventhat L =P(2 —a), find a when L =10 and P = 40.
Giventhatv=u+at, find u whenv=32,a=8 and t=4.
Ifv?=u?+2as, findawhenv=3,u=2 ands=12.
IfH=P(Q-R), find QwhenH=12,P=4and R=-6.

Problems

Exercise

o2

Il

[

Given that v = at, find the value of
a vwhena=4andt=12 ¢ twhenv=18anda=3
b vwhena=-3andt=6 d awhenv=25andt=5.

Given that N = 2(n — m), find the value of
a Nwhenn=6andm=4 ¢ nwhenN=12andm=2
b Nwhenn=7and m=-3 d mwhenN=16andn=-4.

IfA=P +QT, find the value of

a AwhenP=50,Q=%and T=4

b AwhenP=70,Q=5and T=-10

¢ PwhenA=100, Q:% and T=16

d TwhenA=25P=-15and Q=-10.

If P=100r — t, find the value of
a Pwhenr=0.25andt=10
b Pwhenr=0.145and t=15.6
¢ twhenP=18.5and r=0.026
d rwhenP=50andt=-12.
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A rectangle is 3lcm long and [cm wide. If the area of the rectangle is
Acm? write a formula for A.

Use your formula to find the area of this rectangle if it is 5 cm wide.

Area = length x width
3l e A = 31 X I

Whenl=5, A=3bc5 x5

=75

11%)]

[[=)}

II~3

lloe

[Ne]

el
Yk

.. Area=75cm?

Oranges cost n ¢ each. If the cost of a box of 50 of these oranges is C
cents, write a formula for C. Use your formula to find the cost of a box
of oranges if each orange costs 12c.

Lemons cost n ¢ each. The cost of a box of 50 lemons .
; Be careful with the
is $L. Write a formula for L. Use your formula to G units.
find the cost of a box of these lemons when they
cost 10 ¢ each.

A rectangle is acm long and bcm wide. Write a formula for Pif Pcm is
the perimeter of the rectangle. Use your formula to find the perimeter
of a rectangle measuring 20 cm by 15 cm.

The length of a rectangle is twice its width. If the rectangle is xcm
wide, write a formula for P if its perimeter is P cm. Use your formula to
find the width of a rectangle that has a perimeter of 36 cm.

A roll of paper is Lm long. N pieces each of length rm are cut off the
roll. If the length of paper left is Pm, write a formula for P. Use your
formula to find the length of paper left from a roll that was 20 m long
after 10 pieces, each of length 1.5m, are cut off.

An equilateral triangle has sides each of length a cm. If the perimeter
of the triangle is Pcm, write a formula for P. Use your formula to find
the lengths of the sides of an equilateral triangle whose perimeter is
72cm.

Tins of baked beans weigh a g each. N of these tins are packed into a
box. The empty box weighs p g. Write a formula for Wwhere Wg is the
weight of the full box. Use your formula to find the number of tins that
arein a full box if the full box weighs 10 kg, the empty box weighs 1kg
and each tin weighs 200 g.

03
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The rectangular box in the diagram is [ cm long, wem wide and hem
high. Write a formula for A if Acm? is the total surface area of the

box (i.e. the area of all six faces). Use your formula to find the surface
area of a rectangular box measuring 50cm by 30 em by 20 cm.

A person whose weight on Earth is W finds his weight on certain
planets from these formulae:

a weightonVenus 0.85 W

b weight on Mars 0.38 W

¢ weight on Jupiter 2.64 W.

Calculate your weight on each of the above planets.

Expressions, equations and formulae

In this chapter you have worked with expressions, equations and formulae.

Remember that:

An expression is a collection of one or more algebraic terms, for example
2x, 5x + 2y, a*—4b and 6(2x — 3) are expressions.

An equation is an equality between two expressions, for example 2x =4 and

y+2=3x+1 are equations.

A formula is a general rule for finding one quantity in terms of other

quantities, for example the formula for finding the area, A cm?, of a rectangle

measuring lcm bybemis A=1xb.

(A=Ixbis alsoan equation.)

Exercise

o4

For each question write whether what is given is an expression, an equation
or a formula.

HWN

P=2(+b) 5 y:%(3x+321) 9 3x+2y=6
S5x—1=4x+2 6 3(x-2)+8 10 A=mnr?
5x—9—%x=0 7 5a+2b-3(a—b) 11 r:%
4@-3)+2(b+4) 8 %(x+3)=4 12 4(7a+4)
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Mixed exercises

Exercise
1 Solve the equation 8 =3 + 2x.
2 Solve the equationx—4=5-2x+ 1.
3 Multiply out 3(2x — 8).
4  Simplify the expression 3x -2(4 —x).
5 Write aformula for Pif Pcm is the perimeter of the figure in the diagram.

(Each letter stands for a number of centimetres.)

6 IfP=a-b, find the value of Pwhena=2and b =5.
Exercise

1 Solve the equation 3 —x=2 +2x.

2 Solve the equation 3(2x + 2) = 10.

3 Simplify 6(3 —2x) — 4(2 - x).

4 Ifz=x -2y, findzwhenx=3andy=-6.

5 There are three classes in the first year of Appletown School. There are
a children in one class, b children in another class and ¢ children in the
third class. Write a formula for the number, N, of children in the first year.

6 Giventhatn=N —ab, find the value of Nwhenn=6,a=-1and b=2.

ala]
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Exercise

Solve the equation 5(3 — 4x) =x— 2(3x - 5).

2 Ithink of a number and double it, then I add on 3 and double the result:
this gives 14. If x stands for the number I first thought of, form an
equation for x and then solve it.

3 Giventhat r=s—vt, find the value of rwhens=4,v=3 and t=-2.

Arectangle is twice as long as it is wide. If it is acm wide, write a
formula for P where Pcm is the perimeter of the rectangle.

Simplify 3(a -5) — (4 —3a) + 6a -2
Given L = 3pq, find the value of pwhen L =18 and g = 2.

Exercise

Select the letter that gives the correct answer.

1  The value of x that satisfies the equation 7x -6 =15 is

A1 B 2 € 3 D 4
2  The value of x that satisfies the equation 2x+ 3 =5x—9 is
A 2 B 3 C 4 D 5
3  The value of x that satisfies the equation 3x— 2 + 7x—4=241is
A 3 B 4 C 5 D 6
4 2(x—2) + 3(x+ 5) simplifies to
A x+2 B 3x+11 C 4x-1 D 5x+11
5 (+20) + (-4) is equal to
A -16 B -5 C S D 16
6 If3x—2(x—5)=14thenx=
A 3 B 4 C 5 D 6
7  Giventhat P=q+r, the value of Pwheng=3 andr=-4is
A -2 B -1 cC 1 D 2
8 GiventhatR =3(s +t), thevalueof swhen R=48and t=111is
A 2 B 3 C 4 D 5

9 I think of a number, treble it and add 3. The result is 18.
The number I first thought of was
A 2 B 3 C 4 D 5

10 Ithink of a number, halve it and subtract 4. The resultis 2.
The number I first thought of was
A 6 B 8 Cc 10 D 12
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Did you know?

The Italian scholar Jerome Cardan (1501-1576)
was one of the greatest 16th century
mathematicians. He was also considered to be

a very strange man. Cardan ‘read the stars’, and
claimed that he could, through them, tell the
exact day of his death.

In this chapter you have seen that...

v’ to solve an equation where the unknown quantity is on both sides of the
equals sign, collect the terms containing the unknown on the side where
there are more of them

v when an equation contains brackets, multiply these out first

v when you substitute numerical values into a formula, place negative
numbers in brackets.

o/



4 Inequalities

At the end of this chapter you should be able to...

1 solve inequalities algebraically
2 represent inequalities on a diagram

3 use set builder notation to describe an inequality.

Did you know?

You know that there are an infinite number of counting numbers: 1 is the 1st,
2 is the 2nd, 3 is the third, 4 is the 4th, and so on.

Did you know that there are exactly the same number of positive even numbers?

21s the 1st, 4 is the 2nd, 6 is the 3rd, 8 is the 4th, and so on. '

You need to know... ) N
v the meaning of the symbols <, =, >and =
v how to draw a number line
v the meaning of a set.
J

( ) ............................................................
[
,

.............................................................................

Inequality notation
Consider the statement

‘More than 1000 people came to see a firework display.’
This is an example of an inequality.

We do not know how many people were at the firework display, but if we use x
as the variable number of people, we can write this statement as

x>1000

where the symbol > means ‘is greater than’.
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4 Inequalities

Now consider the statement
‘At least 50 students belong to the chess club.’

This is also an inequality but it is slightly different from the first example
because it means 50 or more students belong to the chess club. Using n for the
number of students we can write this statement as

n =50
where the symbol = means ‘is greater than or equal to’.

Other inequalities involve quantities that are less than, or less than or equal to,
a given quantity. For example, ‘The cost of oil is now less than $60 a barrel’ or
‘Ten or fewer people came to the meeting’.

The symbols used in these cases are < which means ‘is less than’ and = which
means ‘is less than or equal to’.

Exercise

Form an inequality from the statement ‘more than 100 guests attended
the wedding’.

n > 100 where n is the number of guests who attended the wedding.
Form an inequality from the following statements. For each question choose a

letter to represent the variable and state what your letter stands for.
1 Aschoollibrary can afford to buy fewer R ————

than 20 new books. ) to make sure you understand
whether the inequality includes

2 Fewer than 100 people attended a rally. the number given or does not.
3 More than 20 albums were sold on the first day.
4  Fifty or more cars passed the school between 9 and 10 a.m.
5 The perimeter of a rectangle is not more than 50 cm.
6 The cost of making a widget is less than $5.
7 Ceejay owns at least 3 goats.
8 There are more than 50 one dollar coins in a bag.
9 Ittakes at least 250 days to build a bungalow.
10 Victoria has more than 5 pens in her school bag.
11 Jesse has fewer than 5 rubbers in his school bag.
12 A box of fireworks contains at least 50 fireworks.

09



4 Inequalities

13 A bus journey takes 10 minutes or less to get to school.
14 There are at most twenty $5 bills in a cash box.

15 Annais at least two years older than her sister Charelle, who is 4 years old.

Using a number line to illustrate inequalities
Consider the statement
=5
This is an inequality (as opposed to x =5 which is an equality or equation).

This inequality is true when x stands for any number that is greater than 5.
Thus there is a range of numbers that x can stand for and we can illustrate this
range on a number line.

O
3 4 5 6 7

The circle at the left-hand end of the range is ‘open’, because 5 is not included
in the range.

Exercise

Use a number line to illustrate the range of values of x for which x < -1

(The open circle means that —1 is not included. All values smaller than —1 are
to the left of it on the number line.)

Use a number line to illustrate the range of values of x for which each of the
following inequalities is true:

1 x>7 4 x>0 7 x<5
2 x<4 5 x<-2 8 x<0
3 x>-2 6 x>% 9 x<1.5

10 State which of the inequalities given in questions 1 to 9 are satisfied by
a value of x equal to

a 2 b -3 c 0 d 1.5 e 0.0005
11 For each of the questions 1 to 9 give a number that satisfies the inequality

and is

a awhole number b notawhole number.
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4 Inequalities

12 Consider the true inequality 3> 1.

a Add 2 to each side. ¢ Take 5 from each side.
b Add -2 to eachside. d Take —4 from each side.
In each case state whether or not the inequality remains true.

13 Repeat question 12 with the inequality —2 >—3.
14 Repeat question 12 with the inequality -1 < 4.

15 Try adding and subtracting different numbers on both sides of a true
inequality of your own choice.

Solving inequalities

From the last exercise we can see that:

An inequality remains true when the same number is added to, or
subtracted from, both sides.

Now consider the inequality x — 2 < 3.

Solving this inequality means finding the range of values of x for which
it is true.

Adding 2 to each side gives x < 5.

| | | 1
T T T T T T

We have now solved the inequality.

Exercise

Solve the following inequalities and illustrate your solutions on a number line:

@1 x-4<8 5 x+4<2
2 x+2<4 6 x-5<-2 ﬁ Add4toeachsideﬁrst.j
3 x-2>3 7 x-3<-6 G
4 x-3>-1 8 x+7<0 9 x+2<-3
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4 Inequalities

Solve the inequality 4 —x < 3.
4-x<3

(Aim to get the x term on one side of the inequality and the number term
in the other.)

Add x to each side 4<3+x
Take 3 from each side
If 1 is less than x then l<x or x>1

x must be greater than 1.

An inequality remains true if the sides are reversed but you must
remember to reverse the inequality sign.

Solve the following inequalities and illustrate your solutions on a number line:

10 4-x>6 16 3-x>2 22 3-x<3
11 2<3+x 17 6<x+8 23 5<x-2
12 7-x>4 18 2+x<-3 24 7>2-x
13 5<x+5 19 2>x-3 25 3>-x
14 5-x<8 20 4<5-x 26 4-x>-9
15 2>5+x 21 1<-x 27 5-x<-7
28 Consider the true inequality 12 < 36.

a Multiply each side by 2. d Divide each side by 6.

b Divide each side by 4. e Multiply each side by 2.

¢ Multiply each side by 0.5. f Divide each side by -3.

In each case state whether or not the inequality remains true.
29 Repeat question 28 with the true inequality 36 > -12.
30 Repeat question 28 with the true inequality —18 < 6.
31 Repeat question 28 with a true inequality of your own choice.

32 Canyou multiply both sides of an inequality by any one number and
be confident that the inequality remains true?

An inequality remains true when both sides are multiplied or divided by
the same positive number.

Multiplication or division of an inequality by a negative number should be
avoided, because it destroys the truth of the inequality.
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Exercise

Solve the inequality 2x —4 > 5 and illustrate the solution on a number line.

2x-4>5
Add 4 to both sides 2x>9
Divide both sides by 2 x> 4%
O

Solve the inequalities and illustrate the solutions on a number line:
1 3x-2<7 3 4x-1>7 5 5+2x<6 7 4x-5<4
2 1+2x>3 4 3+5x<8 6 3x+1>5 8 6x+2>11

Solve the inequality 3 — 2x = 5 and illustrate the solution on a number line.
(= means ‘less than or equal to’.)

(As with equations, we collect the letter term on the side with the greater
number to start with. In this case we collect on the right.)

3-2x=5
Add 2x to each side 3=5+2x
Take 5 from each side -2 =2x
Divide each side by 2 -1<sx i.e. which inreverseis x = -1
—

(A solid circle is used for the end of the range because —1 is included.)

Solve the inequalities and illustrate each solution on a number line:

9 3=5-2x 12 4=9-5x 15 x-1>2-2x 18 2x+1=<7-4x
10 5=2x-3 13 10<3-7x 16 2x+1=5-x 19 1-x>2x-2
11 4-3x=10 1 8-3x=2 17 3x+2<5x+2 20 2x-5>3x-2
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64

Find, where possible, the range of values of x which satisfy
both of the inequalities:

a

a

x=2andx>-1 b x=2andx>-1 ¢ x=2andx<-1

I I 'l | | L 1 Il Il
¥ ¥ T U I U ¥ Ll T

-3 -2 -1 0 1 2 3 4 5

e =
(Mustrating the ranges on a number line, we can see that both inequalities
are satisfied for values on the number line where the ranges overlap.)

. x= 2 and x> -1 are both satisfied for x = 2.

x = 2 and x> —1 are both satisfied for -1 < x < 2.

=2 =1 0 1 2 3
—O

There are no values of x for which x = 2 and x < -1 are both satisfied.

(The lines do not overlap.)

Find, where possible, the range of values of x for which the two inequalities
are both true:

21

22

a x>2andx>3 23 a x=4andx>-2
b x=2andx=3 b x=4andx<-2
¢ x<2andx>3 ¢ x=4andx<-2
a x=0andx=1 24 a x<-landx>-3
b x<Oandx<1 b x<-land x<-3
¢ x<Oandx>1 ¢ x>-landx<-3

Solve each of the following pairs of inequalities and then find the range of
values of x which satisfy both of them:

25
26
27
28

5x-6>4and 3x-2<7
3—x>land2+x>1
1-2x=3and3+4x<11
0>1-2xand2x-5=1

x—4<8andx+3>2
3+x<=2and4-x<1
x—-3=4andx+5=3
2x+1>3and3x-4<2

W W W |
=R
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Find the values of x for whichx-2<2x+1< 3.
: Some people call this a
(x—2<2x+1<3 represents two inequalities, double-sided inequality.

ie. x—2<2x+1and2x+1<3, so solve each one separately.)

x—2<2x+1 2x+1<3
—2<x+1 2x< 2
-3<x ie. x>-3 x<l

St _(,;.__.('}_
==eaadl b

So -3<x<1

Find the range of values of x for which the following inequalities are true:
33 x+4>2x-1>3 38 x-3<2x+1<5

34 x-3=2x=4
35 3x+1<x+4<2
36 2-x<3x+2<8
37 2-3x=4-x=<3

2x<x-3<4
r—-1<x-4<2
4-3x<2x-5<«1

[
o= O N

x<3x-1<x+1

Find two numbers, one of which is twice the other, such that the sum of their
squares is equal to the cube of one of the numbers.

Using set builder notation

The inequality x > 5 can also be described in words as ‘the set of values of
x such that x is greater than 5. This can be written in symbols as {x|x> 5},
where the vertical line is short for ‘such that’.

This is called set builder notation.

Similarly, {x|x <-1} means ‘the set of values of x such that x is less than
or equal to —1’,

and {x|2<x< 12} means ‘the set of values of x such that x is greater than 2
and less than 12’.
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Exercise

Write the following inequalities in set builder notation.

1 x=12 6 -2<x<1
2 x<2 7 3=x<5
3 x=-2 8 5<x=8
4 x=10 9 3=y
5 2<x<6 10 30<x =40

[lustrate the following inequalities on a number line.

11 {x|x>5} 16 {x|-2<x=<1}

12 {x|x=-1} 17 {x|0=x= 3}

13 {x|x <4} 18 {x|-1<x<0}

14 {x|x = 3} 19 {x|-2<x=<2}

15 {x|x=-1} 20 {x|-2<x=<-1}
Exercise

66

Select the letter that gives the correct answer.

1 Which two of the numbers 3, 4, 6 and 7 satisfy the inequality x> 5?

A 3and7 B 4and6 C 4and7? D 6and7
2  The solution of the inequality 5 —-x >4 is

A x<l1 B x<2 C x<3 D x<5
3 If4=7-3xthen

A x<-1 B x=-1 C x«l1 D x=1
4 If x>3 andx < 4 then

A 2<x=4 B 3<x<4 C 3<x=4 D 3=sx<=4

5 Given thatx—5<7andx + 2> 1, then

A -1<x<12 B -1<x=10 C 1<x<10 D 1l<x<12
6 Written in set builder notation, x > -3 is

A {x|x>-3} B {x|x>-2} C {x|x>0} D {x|x>3}

7 One element on a number line that is not defined by {x | x = 2} is

A -2 B 0O cC 1 D 3
8 One element on a number line defined by {x | -1 <x <0} is
A -2 B -1 C 0 D 1
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Did you know?

Optical illusions use patterns, shapes or colours to create images that
are misleading.

Estimate which distance is the greater < >
— from A to B or from B to C. A B K

Now check your answer by measuring.

Investigate other optical illusions. '
In this chapter you have seen that...

v an inequality remains true when the same number is added to, or subtracted

from, both sides

v/ an inequality remains true when both sides are multiplied or divided by the
same positive number. Do not multiply or divide an inequality by a negative
number. It changes the direction of the inequality.
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At the end of this chapter you should be able to...

use correctly the given symbolse, ¢, c,c,uU,n,Pand { }
classify sets as finite or infinite
determine when two sets are equal

identify empty sets and use the correct symbol for a set

1

2

3

4

5 write down the subsets of a given set

6 give a suitable universal set for a given set

7 find the union or intersection of sets

8 draw Venn diagrams to show the union or intersection of sets
9

solve simple problems using Venn diagrams.

Did you know?

Venn diagrams are named after John Venn (1834-1923), an Englishman born
in Yorkshire who studied logic at Cambridge University.

. ( ) ............................................................
1

disjoint sets, element, empty set, equal set, finite set, infinite set, intersection of sets,
member, null set, proper subset, set, subset, union of sets, universal set, Venn diagram,
the symbols e, ¢, c, c,uU,N, Pand { }

ooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

Set notation

A set is a collection of things having something in common.

Things that belong to a set are called members or elements. When written
down, these members or elements are usually separated by commas and
enclosed by curly brackets or braces.

Instead of writing ‘the set of Jamaican reggae artists’, we write
{Jamaican reggae artists}.
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The symbol € means ‘is a member of’ so that ‘History is a member of the set of
school subjects’ may be written History € {school subjects}.

Similarly the symbol ¢ means ‘is not a member of’.

‘Elm is not a breed of dog’ may be written ElIm ¢ {breeds of dogs}.

Exercise

1 Usethe correct set notation to write the following sets:

a thesetof teachers in my school b theset of books I have read.

2  Write two members from each of the sets given in question 1.

Describe in words the set {2, 4, 6, 8, 10, 12}.
{2,4, 6, 8,10, 12} = {even numbers from 2 to 12 inclusive}

3 Describe in words the given sets:
a {1,3,5,7,9}
b {Monday, Tuesday, Wednesday, Thursday, Friday}

Note that these descriptions must be very precise,

! e.g.itis correct to say
{1, 2, 3, 4, 5} = {first five natural numbers}
but it is incorrect to say

{alsation, boxer} = {breeds of dogs}
because there are many more breeds than the two that are given.

4 Describe a set that includes the given members of the following sets
and state another member of each.

a Hungary, Poland, Slovakia, Bulgaria b 10,20, 30,40, 50

Write each of the following statements in set notation.
5 John is a member of the set of boys’ names.

6 English is a member of the set of school subjects.
7 June is not a day of the week.
8 Monday is not a member of the set of domestic furniture.

State whether the following statements are true or false.
9 32 e {odd numbers}

10 Washington € {American states}
11 Washington € {capital cities}
12 1 ¢ {prime numbers}
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Finite, infinite, equal and empty sets

When we can write down all the members of a set, the set is called a finite set,
e.g.A = {days of the week} is a finite set because there are seven days in a week.
If we denote the number of members in the set A by n(A), thenn(A) =7.

Similarly if B={5, 10, 15, 20, 25, 30}, n(B) =6
and if C = {letters in the alphabet}, n(C) = 26.

If there is no limit to the number of members in a set, the set is called an infinite set,
e.g. {even numbers} is an infinite set because we can go on adding 2 time and time
again.

Two sets are equal if they contain exactly the same elements, not necessarily in
the same order,

e.g.if A = {prime numbers greater than 2 but less than 9}

and B ={odd numbers between 2 and 8}

then A =B, i.e.they are equal sets.

A set that has no members is called an empty or null set. It is denoted by & or { }.

Exercise

Are the following sets finite or infinite sets?
1 {odd numbers}

2 {the number of leaves on a particular tree}
3 {trees more than 60 m tall}
4 {the decimal numbers between O and 1}

Find the number of elements in each of the following sets.
5 A={vowels}

6 C={primenumbers less than 20}

If n(A) is the number of elements in set A, find n(A) for each of the
following sets.

7 A={5,10,15, 20, 25, 30}
8 A={theconsonants}
9 A={players in a soccer team}

State whether or not the following sets are equal.
10 A={8,4,2, 12},B={2,4,6,8)}
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11 C={letters of the alphabet except consonants}, D ={i, 0, u, a, e}

12 X ={integers between 2 and 14 that are exactly divisible by 3 or 4},
Y={3,4,6,8,9,12}

Determine whether or not the following sets are null sets.

13 {animals that have travelled in space} 15 {prime numbers less than 2}

14 {multiples of 11 between 12 and 20} 16 {consonants}

Universal sets

Think of the set {pupils in my class}.
With this group of pupils in mind we might well think of several other sets,
ie. A = {pupils wearing spectacles}
B = {pupils wearing brown shoes}
C = {pupils with long hair}
D = {pupils more than 150 cm tall}
We call the set {pupils in my class} a universal set for the sets A, B, C and D.

All the members of A, B, C and D must be found in a universal set, but a
universal set may contain other members as well.

We denote a universal set by U or &.

{pupils in my year at school} or {pupils in my school} would also be suitable
universal sets for the sets A, B, C and D given above.

Exercise

Suggest a universal set for {5, 10, 15, 20} and {6, 18, 24}.
U= {integers}

In questions 1 to 3 suggest a universal set for:
1 {knife, teaspoon}, {fork, spoon}

2 {10, 20, 30, 40}, {15, 25, 35}
3 {8, 12,16, 20,24}, {9, 12, 15, 18, 21, 24}
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4 U={integers from 1 to 20 inclusive}
A ={prime numbers} B ={multiples of 3}
Find n(A) and n(B).
5 U={positive integers less than 16}
A={factorsof 12} B={prime numbers}
C = {integers that are exactly divisible by 2 and by 3}
List the sets A, Band C.
6 U={x, awhole number, such that 4 < x = 20}
A= {multiples of 5} B={multiples of 7} C = {multiples of 4}
Find n(A), n(B) and n(C).

Subsets

If all the members of a set B are also members of a set A, then the set B is called
a subset of the set A. This is written B € A. We use the symbol C rather than c
if we don’t know whether B could be equal to A.

Subsets that do not contain all the members of A are called proper subsets. If B
is such a subset we write B C A.

Exercise

If A = {David, Edward, Fritz, Harry}, write down all the subsets of A with exactly
three members.

The subsets of A with exactly three members are
{David, Edward, Fritz}

{David, Edward, Harry}

{David, Fritz, Harry}

{Edward, Fritz, Harry}

1 IfA={John, Joy, Peter, Anora, Tissha}, write down all the subsets of A
with exactly two female members.
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2 IfN={positive integers from 1 to 15 inclusive}, list the following
subsets of N:

A ={odd numbers from 1 to 15 inclusive}

B = {prime numbers less than 15}

C = {multiples of 3 that are less than or equal to 15}
Do sets A and B have any element in common?

3 IfA={even numbers from 2 to 20 inclusive}, list the following
subsets of A:

B = {multiples of 3}
C = {prime numbers}

D ={numbers greater than 12}

:

During the day, because of the heat, the pendulum of a clock lengthens,
causing it to gain half a minute during daylight hours. During the night
the pendulum cools, causing it to lose one-third of a minute. The clock
shows the correct time at dawn on the first of August. When will it be five
minutes fast?

Venn diagrams

In the Venn diagram the universal set (U) is usually represented by a rectangle
and the subsets of the universal set by circles within the rectangle.

If U= {families}, A = {families with one car} and u

A B
B ={families with more than one car} the Venn diagram would be
as shown.

No family can have just one car and, at the same time, more than

one car,
i.e. A and B have no members in common.

Two such sets are called disjoint sets.
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Exercise

s~}

You are given the following information:

U = {pupils in my year}

A= {pupils in my class who are my friends}

B ={pupils in my class}

a Copythe Venn diagram and shade the region that shows the pupils
in my class that are not my friends.

b  Areall my friends in my class?

For each of questions 2 to 5 draw the diagram given below.

LI-

B
&=

In questions 2 to 5:
U= {pupils who attend my school}

A ={pupils who like coming to my school }
B ={pupils who are my friends}

In each case describe, in words, the shaded area.

2 U 4 u
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Union and intersection of two sets

If we write down the set of all the members that are in either set A or set B we
have what we call the union of the sets A and B.

The union of A and B is written A U B.

The set of all the members that are members both of set A and of set B is called
the intersection of A and B, and is written A N B.

Exercise

U:{l) 2) 3) 4) 5) 6) 7; 8}

IfA=1{2,4,6,8} andB={1, 2, 3, 4, 5} find A U B illustrating these sets on a
Venn diagram.

AUB={1,2,3,4,5,6, 8}

We could show this on a Venn diagram as follows.

A B

9

The white area represents the set A U B.

In questions 1 to 3 find the union of the two given sets, illustrating your answer
on a Venn diagram.
1 U={girls’ names beginning with the letter J}

A = {Janet, Jill, Jamila} B = {Judith, Janet, Jacky}
2 U={positive integers from 1 to 16 inclusive}

X=1{4,8,12,16} Y=1{2,6, 10,14, 16}
3 U= {letters of the alphabet}

P ={letters in the word GEOMETRY}

Q = {letters in the word TRIGONOMETRY}

4 Draw suitable Venn diagrams to show the unions of the following sets,
and describe these unions in words as simply as possible.

a U={quadrilaterals} A= {parallelograms} B = {trapeziums}
b U={angles} P ={obtuse angles} Q = {reflex angles}
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U = {integers from 1 to 12 inclusive}

IfA={1,2,3,4,5,6,7,8tand B=4{1, 2, 3,5, 7, 11} find A n B and show it on

a Venn diagram.
A
9
10
12

A ﬁB:{l, 2; 3) 5) 7}
The white area represents the setA N B.

o

Draw suitable Venn diagrams to show the intersections of the following sets. In
each case write the intersection in set notation.
5 U= {integers from 4 to 12 inclusive}

X={4,5,6,7,10} Y={5,7,11}
6 U={colours of the rainbow}
A= {red, orange, yellow} B = {blue, red, violet}
7 U={positive whole numbers}
C = {positive whole numbers that divide exactly into 24}
D = {positive whole numbers that divide exactly into 28}
8 U= {integers less than 25}
A = {multiples of 3 between 7 and 23}
B ={multiples of 4 between 7 and 23}

Simple problems involving Venn diagrams

Exercise

If U= {girls in my class}

A ={girls who play netball} = {Helen, Bina, Natori, Sara, Lana} and
B={girls who play tennis} = {Kath, Sara, Helen, Maria}

Illustrate A and B on a Venn diagram. Use this diagram to write the
following sets:

a {girls who play both netball and tennis}

b  {girls who play netball but not tennis}
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¢ Ifn(U) =30 find the number of girls who play neither netball nor tennis.

Natori
Lana

Bina

From the Venn diagram

U

a {girls who play both netball and tennis} = {Helen, Sara}
b {girls who play netball but not tennis} = {Natori, Lana, Bina}
¢ n(girls who play neither netball nor tennis) =30-7 =23

1 U=/{thepupils in a class}
X = {pupils who like history}
Y = {pupils who like geography}
List the set of pupils who
a like history but not geography

L

b like geography but not history
¢ like both subjects.

2 U={boysinmy class}
A = {boys who play soccer}
B = {boys who play rugby}
Write the sets of boys who
a play soccer

pS

=

b play both games
¢ play rugby but not soccer.

3 U={my friends}
P = {friends who wear glasses}
Q = {friends who wear brown shoes}

List all my friends who
a wear glasses

Bernard

Norbet
John

b wear glasses but not brown shoes
¢ wear both glasses and brown shoes.
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4 U={whole numbers from 1 to 14 inclusive}
A ={even numbers between 3 and 13}
B = {multiples of 3 between 1 and 14}

Ilustrate this information on a Venn diagram and hence find
a the even numbers between 3 and 13 that are multiples of 3
b n(A) and n(B).

5 U= {letters of the alphabet}
P = {different letters in the word SCHOOQL}

Q = {different letters in the word SQUASH}
Show these on a Venn diagram and hence find
a n@
b n(PuQ)
¢ n(PNnQ)
U ={months of the year}
A ={months of the year beginning with the letter J}
B ={months of the year ending with the letter Y}

a Findn(U), n(A) and n(B)

Hence find
b n(AnB)
¢ n(AuB)

a n(U) =12 (there are 12 months in a year)
A= {January, June, July} son(A) =3
B ={January, February, May, July} son(B) =4

b  We canillustrate these sets with a Venn diagram using the numbers in
each region, rather than the members.

| There are 2 months
in B that are not
inA

There are 7 months
that are not

June is the only inAorB

month that is in :
Abutnotin B in both A and B

There are two members

This shows that n(A nB) =2.
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n(AuB) =5

Alternatively, we know that A U B is the set of months in both A and B.
However two months, January and July, are in both A and B. This means
that we cannot find n(A U B) just by adding n(A) and n(B), because that
includes the two months in (A n B) twice.

Hence n(AuB)=n(A) +n(B) -n(AnB)
=3+4-2=5

For any twosets,Aand B, n(AuB)=n(A) +n(B) -n(AnB)

o

U = {letters of the alphabet}

P = {letters used in the word LIBERAL}
Q = {letters used in the word LABOUR}
a Findn(U), n(P) and n(Q).

b  Show these on a Venn diagram.

¢ Hencefind i n(PnQ) ii n(PuQ) describingeach of these sets.

U = {counting numbers less than 12}

C = {prime numbers}

D ={odd numbers}

a Findn(U), n(C) and n(D).

b  Show these on a Venn diagram.
Hencefind i n(CnD) ii n(CuD).

U ={whole numbers from 1 to 35 inclusive}
R = {multiples of 4}

S = {multiples of 6}

a Findn(U), n(R) and n(S).

b Find i nRnS) ii n(RuS).

A and B are two sets such that n(A) =8, n(B) =5and n(An B) = 3.
Find n(A U B).
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Complement of a set
If U = {pupils in my school}
and A ={pupils who represent the school at games}

then the complement of A is the set of all the members of U that are not
members of A.

In this case, the complement of A is
{pupils in my school who do not represent my school at games}
The complement of A is denoted by A”.
Similarly if U = {the whole numbers from 1 to 10 inclusive}
andA ={1,3,5,7,9}
the complement of A, i.e. A" = {2,4, 6, 8, 10}.

Exercise

Give the complement of P where

P = {Thursday, Friday} if U= {days of the week}

P’ = {Monday, Tuesday, Wednesday, Saturday, Sunday}

Give the complement of each of the following sets.

1 A={5,15,25if U=A5, 10, 15, 20, 25}
2 B={7,8,9,10}ifU=1{5,6,7,8,9,10,11}
3 V={a, e, i,o,u}if U={letters of the alphabet}
4 P={consonants} if U= {letters of the alphabet}
5 A ={Monday. Wednesday, Friday} if U= {days of the week}
6 X={children} if U= {human beings}
7 M = {British motor cars} if U = {motor cars}
8 S ={male tennis players} if U= {tennis players}
9 (C={Jamaican towns} if U= {Caribbean towns}
10 D ={squares} if U= {quadrilaterals}
11 E={adults over 80 years old} if U= {adults}
12 F={male doctors} if U = {doctors}

Q@
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If A = {men} and A’ = {women}, what is U?

U =A+A" ={adults}

13

14

15

16

17

18

If A= {homes with television sets }

and A’ = {homes without television sets}, what is U?
If A={vowels} and A’ = {consonants}

a findn(A) and n(A")

b whatisn(U)?

X={a,b,c,d,e}and X' ={f, g, h, 1, j}.

a Write downn(X) and n(X"). What is U?

b Hence write down n(U).

U
A B

a Copy the Venn diagram and shade the region representing A’.
b Copy the Venn diagram and shade the region representing B'.

(&9

2 4 8

LI-

=

Use this Venn diagram to find:

a n(a)

b n(B’)

¢ n(AuB)

d n(AuB)’

e n(AuB)+n(AuB)

f Find n(U) and compare your answer to your answer for part e.

U={1,2,3,4,56,7,8,9,10,11, 12,13, 14, 15}
A={factors of 12} and B={odd numbers}

Show U, A and B on a Venn diagram.

Hence find

n(A’nB)

n(A uB)

n(An B)’

n(Au B)’

n(AuB)+n(AuB)’.

Compare your answer for part e with the value of n(U).

-0 A6 T
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Using algebra and Venn diagrams to solve problems

In both questions 17 and 18 in the last exercise, part f showed that
n(U) =n(AuB) +n(AuUB)’.

These Venn diagrams show that this result is true for any two sets.

u U U
A B A B A

&=

Therefore n(U) = n(AuB) +n(AuB)’

Now consider this example:

The Venn diagram illustrates the number of students A B
in A = {students who play soccer} and °
in B = {students who play baseball} 4

from a group of 36 students.

From the information in the diagram,
n(AuB)=3x+x+8 and n(AuB) =4

We know there are 36 students in the group, so n(U) = 36.

Using the result above we can form the equation
36=3x+x+8+4

We can now solve this equation to find x:

Simplifying the equation gives 36=4x+12
Taking 12 from each side gives 24 =4x
Therefore x=0

Now we know the value of x we can find the value of n(A) and of n(B),

ie. nA)=4x=24 and nB)=x+8=14
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Exercise

1

This Venn diagram shows the number of students in the chess

club (C) and the number of students in the athletics club (A)

in a class of 33.

a Use the information to form an equation in x.

b Solve the equation and hence find the number of students
who are not in either club.

The Venn diagram shows the number of people in a drama
club who will sing (S) and the number of people who will
dance (D).

a Givenn(S) =11, form an equation in x.

b Solve the equation and hence find n(U).

a Use the information in the Venn diagram to find
expressions in terms of x for n(A u B) and n(A U B)".

b Given that n(U) = 40, form an equation in x.

¢ Solve the equation and hence find n(A N B).

In the Venn diagram, P is a subset of A, and Q is a subset of B.

@

L[

U

tn
o ©

L[

h S
- =

a Giventhatn(A) = 10 and n(B) = 8, write expressions for n(P) and

n(Q) in terms of x.
b Ifn(AuB) = 24, form an equation in x and solve it.
¢ Giventhatn(A uB)’ = 30, find n(U).

A and B are two sets and B is a subset of A.

a Form an expression for n(U) in terms of x.

b Form an equation in x given that n(U) = 60.
¢ Solvethe equation and hence find n(B).

A and B are two sets where n(U) = 21 and n(A) = 8.
a Form an equation in x and solve it.
b Hence find n(B) and n(A N B’).
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Exercise

Select the letter that gives the correct answer.

1  Which of the following are finite sets?
i vowels in the alphabet
ii trees less than 30 m tall
iii decimal numbers between 1 and 2
iv the number of leaves on a particular tree

A iandii B i, iiandiii C i,iiandiv D iiiiandiv
2 IfP={2,4,6,8,10,12, 14}, n(P) =
A S5 B 6 G 7 D 8

3  Which of these three sets are null sets?
P = {multiples of 7 between 8 and 16}
Q = {prime numbers less than 2}
R ={multiples of 9 between 10 and 17}
A PandQ B PandR C P QandR D QandR

4 U= {x, awhole number such that 5 =< x < 20}.
If A = {multiples of 5} then n(A) is

Al B 2 CcC 3 D 4

5 If U={pupils who attend my school}
X ={pupils who walk to school}
Y = {pupils who are my friends}

the shaded area in this Venn diagram represents

A pupils who are my friends who walk to school

B pupils who are my friends who do not walk to school

C pupils who are not my friends who walk to school

D pupils who are not my friends who do not walk to school.

6 If U={pupils who attend my school} ]

>
~

X = {pupils who walk to school}
Y = {pupils who are my friends}

the shaded area in this Venn diagram represents

A pupils who are my friends who walk to school

B pupils who are my friends who do not walk to school

C pupils who are not my friends who walk to school

D pupils who are not my friends who do not walk to school.
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7 U={1,2,3,4,5,6,7,8,9,10}
The set {2, 3, 4, 6, 8,9, 10} are the members in the set

8

A
B
C
D

E
EUF
ENnF
F

L[

Using the same data as in question 7, the members 3, 6, 9 are the only
elements in the set

A

E B EUF C EnF

Use this Venn diagram for questions 9 and 10.

10

U=

{pupils in my class}

P = {pupils in my class who like maths}

Q:

{pupils in my class who like science}

The pupils who like both maths and science are

A
B
C
D

Adam and Emma
Alan and Lee

Ann and Scott

Clive, Jack and Sean

The pupils who like maths but not science are

A

B
C
D

Adam and Emma
Alan and Lee

Ann and Scott

Clive, Jack and Sean

F

Ann

Scott
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Investigation =

Ask any 12 members of your class these questions:
Do you swim? Do you play cricket? Do you play football?

Now write the following sets:

A= {pupils in my class who swim}

B = {pupils in my class who play cricket}
C = {pupils in my class who play football}

Now write each name in the correct place in this Venn diagram.

For example a classmate who swims and plays cricket but does not play football goes in the
region that is inside circle A, inside circle B but outside circle C. This is marked with a x.

L[

Write down a possible universal set.

Are there any empty sets? If there are, write a sentence to explain what each one means.
\_ J

In this chapter you have seen that...

v/ an infinite set has no limit on the number of members in it

v in a finite set, all the members can be counted or listed
v’ the intersection of two sets contains the elements that are in both sets
v a proper subset of a set A contains some, but not all, of the members of A

v/ the union of two sets contains all the members of the first set together with
the members of the second set that have not already been included

v when two sets have exactly the same members, they are said to be equal

v aset that has no members is called an empty or null set and is written { } or &

v n(AuB)=n(A) +n(B) -n(AnB) and n(U) =n(AuB)+n(AuB)’.
.
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At the end of this chapter you should be able to...

recognise a relation

describe a relation in words

use an arrow diagram to show a relation
use an ordered pair to show a relation
find the domain and range of a relation
identify the different types of relation

use tables and equations to represent relations

0 N9 O 1 b W N

substitute values into an equation.

You need to know...)

\.

v/ about sets

v what x? and x® means.

.,,( T _:

-----------------------------------------------------------------------------

Relations

Look at the pairs of numbers in the set {(1, 2), (2, 4), (6,12)}.

There is the same relation between the numbers in each pair: the second
number in each pair is twice the first number.

The pairs (1, 2), (2, 4) and (6, 12) are called ordered pairs because the order
of the numbers in them is important. This is because if, for example, we
change (1, 2) to (2, 1), it is no longer true that the second number is twice
the first.
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Theset {(1, 2), (2,4), (6,12)} is an example of a relation.

A relation is a set of ordered pairs with a rule that connects the two objects in
each pair.

The objects do not have to be numbers, and the relation does not have to be
mathematical.

For example, John, David and Mary are friends.

John is taller than David and David is taller than Mary; each of these is a
relation between two children.

We can write this information as a set of pairs: (David, John), (Mary, David).

John must also be taller than Mary, so we can add another pair with the same
relation: (Mary, John).

Again, the order of the two names in each pair is important. For example, for
the pair (John, David), the relation is not true because David is not taller than
John.

We can describe the relation as ‘the second child in each pair is taller than the
first child’. We can write this relation as the set of ordered pairs

{(David, John), (Mary, David), (Mary, John)}
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Exercise

1 Describe the relation between the second and the first number in each
pair in this set.

{(1,2),.(2,3), (5,6), (10, 11)}
2 Describe the relation between the second and the first number in each
pair in this relation.
{(1, 3), (2,4), (6,8), (10,12)}
3 Describe the relation between the second and the first number in each
pair in this relation.
{(2,4), (3,9), (4,16), (5,25)}

4 This table shows the subject and number of pages in three school books.

Title Number of pages
Maths 160
Spanish 210
Science 140

Write the set of ordered pairs in the relation described as ‘The second
book in each pair has more pages than the first book.’

@5 Thisisasetofshapes{[] (], A}.
) Remember that a relation is a
set of ordered pairs.

Write the relation described as the
set of ordered pairs where the first object is
the number of sides and the second object

is the shape.
6 This table lists some countries and their populations.
Country Population
Jamaica 2500000
Trinidad 1300000
Barbados 300000
St Lucia 150000

Give the relation described as ‘the second country has a larger
population than the first country’.

7 The second number in each pair in this relation is the square of the first
number. Fill in the missing numbers.

{(2,4),6, ),( ,64)}
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8 The second number in each pair in this relation is the next prime
number that is larger than the first number. Fill in the missing numbers.

{(8, 11)) (6, )) (1, ), (14, )}

Domain and range

The domain of a relation is the set of the first objects in the ordered pairs.

For example, the domain of the relation {(1, 2), (2, 4), (6, 12)} is the set
{1, 2, 6} and the domain of the relation {(David, John), (Mary, David),
(Mary, John)} is the set {David, Mary}.

Notice that we do not include Mary twice as it is the same person.
The range of a relation is the set of the second objects in each ordered pair.

For example, the range of the relation {(1, 2), (2, 4), (6, 12)} is the set
{2,4, 12} and the range of the relation {(David, John), (Mary, David),
(Mary, John)} is the set {John, David }.

Exercise

1 Write the domain and the range of the relation
{(1,2),(2,3), (5,6}, (10, 11)}.
2 Write the domain and range of each relation.
a {(ab),(a,c),(b,c)} b {C10D, A4, (1,00}
3 Theset {2, 4, 6} is the domain of a relation. The second number in each
ordered pair is the square of the first number. What is the range?
4  Fred, Dwayne and Scott are three boys. Fred is older than Dwayne and
Dwayne is older than Scott.
a Write the relation described as ‘the second boy in each pair is older
than the first boy.’
b Give the domain and range.

5 Write the domain and range of each relation.
a {(10° acute), (150° obtuse), (45° acute), (175° obtuse) }
b {(t 1), (tw,(s,1), (s, W}
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Mapping diagrams
We can represent a relation with a mapping diagram.

This mapping diagram represents the relation {(1, 2), (2, 4), (6, 12)}

1

g X

/

6

/ 2
\ 4

12

A 4

vyYy

domain range

The members of the domain are placed in one oval and the members in the
range are placed in a second oval. The arrows show the association between
the members in the domain and the members in the range.

We say that 1 maps to 2, 2 maps to 4 and 6 maps to 12.

This mapping diagram represents the relation {(David, David), (Mary, David),
(Mary, John)}.

David % David
Mary b John
domain range

This shows clearly that David maps to David and that Mary maps to John and
David. This mapping diagram represents another relation.

We can use this diagram to write down the relation as a set of ordered pairs:

{(20°, acute angle), (100°, obtuse angle), (60°, acute angle), (210°, reflex angle) }

Exercise

1 Draw amapping diagram to represent these relations.
1,2),(2,3), (5,6), (10,11
a {(1,2), 2,3), (5,6), (10, 11)} Start by writing down the domain and

b {(a, b), (a,c), (b,0)} the range. Remember that these are
¢ {(2,4),(3,9), (4,16), (5,25} sets so only list the different members
d

{(a, 2a), (b, 2b), (c, 20)} of the set.
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2 Each diagram represents a relation. Write the relation as a set of
ordered pairs.

a 1 » 4
N 7 .
<

b

C
a b

b - c

d

a b
_—_—jr__——jh-1ET____d
b |

C

3 Arelation is described as 0 maps to 0, 90 maps to 1 and 180 maps to O.
Draw a diagram to represent this relation.

Types of relation
Look again at the relation {(1, 2), (2,4), (6,12)}.

No two ordered pairs have the same first number, and no two ordered pairs
have the same second number.

We can see this clearly from the mapping diagram:

1
2

N
=)

domain range

2
4
12

TN

YyYvyYyvy

There is only one arrow from every member of the domain. There is only one
arrow to every member of the range. Every member of the domain maps to
only one member of the range, and every member of the range comes from
only one member of the domain.

Any relation where this is true is called a ‘one to one’ relation.
This is written as 1: 1 or 1-1.
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6 Relations

There are other types of relation.

One type is where more than one member of the domain maps to one member
of the range.

This is the case with this relation.

This type is called a ‘many to one’ relation, which we write as n:1.

Another type is where a member of the domain maps to more than one
member of the range.
This is the case with this relation.

domain range

This is an example of a ‘one to many’ relation, written as 1:n.

The last type of relation is where a member of the domain maps to more than
one member of the range and more than one member of the domain maps to
one member of the range.

This is the case with the relation {(David, John), (Mary, David), (Mary, John)}.

David S8 David
Mary M John
domain range

This type is called a ‘many to many’ relation. We write this as n:n.
This diagram summarises the different types of relation.
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6 Relations

Exercise

Describe the type of relation in each question in Exercise 6c.

Investigation

1 Davidisolder than Emma.

father, younger brother and younger sister.

2 (lare is not Emma’s younger brother.

\
Kim, David, Jenny and Clare are Emma’s family. They are Emma’s mother,
3 Jenny is not Emma’s father. She is also not Emma’s younger sister.
Who is the mother, father, younger brother and younger sister?
/

Using tables

When the ordered pairs in a relation are numbers, such as {(1, 2), (2, 4), (6,12)},

we can represent them in a table of values.

We use x to stand for the values of the first number in each pair and y to stand
for the values of the second number in each pair.

So therelation {(1, 2), (2, 4), (6, 12)} can be represented by the table

X

1

2

6

y

2

4

12

The values of x give the members of the domain and the values of y give the

members of the range.

Exercise

1 Represent each relation as a table of values of x and y.
c {(@10,0),(7,3),(5,5),(0,10)}

a {(1,2),(2,4),3,0),4,8)}

b {(2,1),(4,2), (6,3), (9,4.5)}

2 What type of relation is each one in question 1?

@3 The tablerepresents a relation.

d {(0,0),(1,4,(2,06),(3,8),(4,6)}

X

1

4

4

8

8

Y

1

0

2

0

6

)

Draw a mapping diagra
G to help you.

What type of relation is this? Give a reason for your answer.
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6 Relations

4 Repeat question 3 for these tables.

a | x 1 4 4 9

y -1 1 -2 2 -3

b [y 2 2 4 3

y 1 g 2 -3

¢ x 2 3 4 5

y . 3 4 5
Equations

We have already seen that we can describe the connection between the two
numbers in each ordered pair in the relation {(1, 2), (2, 4), (6, 12)} as ‘the
second number in each pair is twice the first number’.

Using x to stand for the first number and y to stand for the second number, we
can describe the connection more briefly as the equation y = 2x.

If we also give the values that x can have, we can use the equation to define
the relation as
{(¢y)} where y=2x forx=1,2,6

Now consider the relation {(x, y)} where y=2x-1forx=2, 4, 6, 8.

This means that the value of x in the first ordered pair is 2 and we use the
equation y = 2x - 1 to find the value of y by substituting 2 for x.

Remember that 2x means 2 X x, so whenx=2,
y=2x2-1
=4 -1 (do multiplication before subtraction)
=3

We can find the other ordered pairs in the same way and represent the relation
in a table.
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6 Relations

Exercise

@1

@2

@5

&6

96

A relation is given by {(x, y)} where
y=3xforx=1,2, 3.

Copy and complete this table of values.

x 1 2 3
y 6

A relation is given by {(x, y) }

wherey=4x-1forx=1, 2, 3.

Copy and complete this table of values.
x 1 2 3
y 7

Remember that 3x means 3 X x.
To find y when x = 1, use the equation
¥ =3xand substitute 1 for x, i.e.
whenx=1,y=3 x 1.

Remember that multiplication and
division must be done before addition
and subtraction.

A relation is given by {(x,y)} where y=10—-x forx=2, 4, 6, 8.

Copy and complete this table of values.

X 2 4 6 8
y 6

Arelation is given by {(x,y)} where y=12-2xforx=1, 2, 5, 6.

Remember that x% means
x X x,sowhenx=2,
XP4+1=2x2+1.

Copy and complete this table of values.

x 1 2 5 6
y 2

A relation is given by {(x, y)} where
y=x*+1forx=1, 2, 3, 4.

Copy and complete this table of values.

X 1 2 3 4
y 10

A relation is given by { (x, y)} where
y=2x*-1forx=1,2,3, 4.
Copy and complete this table
of values.
x 1 2 3 4
y 17

&

22 means 2 X x X x, so when x=4,
2x2-1=2x%x (4 x4 -1.

]




6 Relations

7 Arelationis given by {(x,y)} where y=x?-3x+4forx=1, 2, 3, 4.

Copy and complete this table of values.

x 1 2 3 4

y 2

8 Arelation is given by { (x, y) where
y=x?*-xforx=1, 2, 3,4.

a Copy and complete this table of values.

X 1 2 3 4
y 2

b Write the domain and range.
¢ Represent the relation with an arrow diagram.
&@d What type of relation is this?

9 Arelation is given by { (x, y)} where y = 3x +% forx=1, 1%, 2.

a Copy and complete this table of values.

2

X 1 1%

1
y 33

b Write the domain and range.
¢ Represent the relation with an arrow diagram.
d What type of relation is this?

. This means, isita
i 1:1 relation or is
it one of the other

types?

10 Arelation is given by {(x, y)} wherey=x2-5x+6forx=1, 2, 3,4.

a Copy and complete this table of values.

x 1 2 3 4
y o o

b Write the domain and range.
¢ Represent the relation with an arrow diagram.
d What type of relation is this?

11 Arelation is given by {(x, y)} where y=x* —8x*+ 15x forx=0, 2, 3, 5.

a Copy and complete this table of values.
X 0 2 3 5
y 0

b Write the domain and range.
¢ Represent the relation with an arrow diagram.
d What type of relation is this?
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Exercise

Select the letter that gives the correct answer.

1 The relation between the first number and the second number in each
of the pairs in the set {(2, 3), (3, 5), (4, 7), (5,9), (6,11)} is
A double the first number and subtract 1
B double the first number and add 1
C treble the first number
D treble the first number and subtract 3.

2 The second number in each pair in the following relation is double the
first plus 3:

{(3,9), (6, ), (8,19)}

The missing number is

A 12 B 14 C 15 D 18
3 The domain of the relation {(3, 5), (4, 7), (5,9), (6, 11)} is the set
A {3,4,5} B {3,4,5,6}
C {4,5,6} D {5,7,9,11}
4 The range of the relation {(3, 9), (4, 12), (5, 15), (6, 18)} is the set
A {3,4,5,6} B {4,5,6}
Cc {9,12,15} D {9,12,15,18}
5 2 P 3
4 5
6 9
domain range

Which type of relation is this?
A 1:1 B 1:n C n:1 D n:n

acute angle

obtuse angle

reflex angle

domain range

Which type of relation is this?
A 1:1 B 1:n C n:1 D n:n
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6 Relations

7  What type of relation is represented by the set {(a, b), (a, ¢), (b,c), (c, b)}?
A 1:1 B 1:n C n:1 D n:n
8 The table represents a relation.

x| 2|54 |5|7
y|1[0]|3|2]5

What type of relation is this?
A 1:1 B 1:n C n:1 D n:n

9 Arelation is given by {(x, y)} where y=8 - 2xforx=1, 2,4, 6
x| 1|2]|4]|6

y| 6|4 -4
The missing number from this table is
A -2 B O cC 2 D 4
10 Arelation is given by { (x, y)} where y =x* — 3x + 4 and x takes the
values 1, 2, 3, 4.
x| 1[2]3]|4
y | 2 4 1 8
The missing number from this table is
A 0 B 1 C 2 D 4

Did you know?

One of the most important relations in physics is the relation between the
position of a subatomic particle and its momentum. It is called the ‘uncertainty
relation’ and was stated by the German theoretical physicist Werner Heisenberg
in 1927 as:

‘The more precisely the position is determined, the less precisely

the momentum is known in this instant, and vice versa.’ '
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6 Relations

In this chapter you have seen that...

v arelation is a set of ordered pairs

v’ the set of the first objects in each pair is the domain and the set of the
second objects in each pair is the range

v’ arelation can be represented by a mapping diagram, e.g.

13 even

L

b = W

domain range

v/ arelation where a number maps to a number can be represented by an
equation, e.g.y = 2x, together with the values that x can take

v there are four types of relation: 1:1,n:1,1:nand n:n.
~ 7,
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Review test 1: Chapters 1-6

¢/ REVIEW TEST 1: CHAPTERS 1-6

In questions 1 to 10, choose the letter for the correct answer.
1 To two significant figures, 6.7483 =
A 6.7 B 6.74 C 675 D 6.8

2 When simplified, 8 —3(x—-2) =
A 5x-10 B 14-3x C 6-3x D 5x-2

3 Giventhat p=q-3r,ifq=5,r=-2,thenp=
A 11 B 9 G D 4

4  The inverse of 3 under addition is
1

A 3 B -3 CS D O

5 pisan even number, g is an odd number and r=p +gq.
ris
A the identity element under addition
B the inverse of g under addition
C anodd number
D aneven number.

6 64% as a fraction in its lowest terms is
A B 2 ¢ 10

100 50 25 100
7  The value of 0.005 473 correct to 3 significant figures is

A 0.00547 B 0.0055 C 0.005 D 0.010

8 —zwritten as a decimal is

A 0.3 B 0.375 C 0.8 D 0.875
9 0.1-+0.001=
A 10 B 100 C 1000 D 10000

10  What type is the relation {(0, 0), (1, 5), (2, 6), (3,5), (4,6)}?
A 1:1 B 1:n G Tl D n:n

11 Write in standard form
a 243.2 b 57300 ¢ 426000

5 7

12 Simplify a a+a h — =

a4
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13

14

5

16

17

18

19

20

21

22

102

Give

a 43542 correctto 1 s.f. b 4260000 correct to 2 s.f.
Change 55% into

a afractionin its lowest terms b adecimal.

A book contains four short stories. The first is % of the whole, the second
% of the whole, the third 126 pages, and the fourth% of the whole. How

many pages are there in the book?

Write
a 27,inbase5 b 34, in base 10.
Find

Solve the equations

a x+15=4x+3 b 2(83x-3)=9
Simplify
a 3(1-2x)+9x-2 b 4(3x-5)-2(3-4x)

a Solve the inequalities and illustrate each solution on a number line:
i 5>7+x ii 3x-1>5

b Solve the inequalitiesx—3 < 7andx+2 > 4.
Now find the range of values of x which satisfy both inequalities.

U = {letters of the alphabet}

P = {letters used in the word ARITHMETIC}

Q = {letters used in the word CARIBBEAN}

a Find n(U), n(P) and n(Q). b Show these sets on a Venn diagram.

If N = {the positive integers 1 to 12 inclusive}, list the following subsets of N:
A ={even numbers from 1 to 12 inclusive}
B ={prime numbers <12}
C ={multiples of 3 that are less than or equal to 12}.

Do sets A and B have any element in common?



Review test 1: Chapters 1-6

23

24

25

a Write down the domain and range of {(1, 4), (2, 5), (4,7), (10,13)}.

b Draw a mapping diagram to represent the relation
{2, 5), (3, 10, (4,17), (5, 26)}.
What type of relation does this diagram represent?

A relation is given by { (x, y) } wherey =5+ 2x forx=2, 4, 6, 8.
Copy and complete this table of values:

X 2 4 6 8
y 13

A relation is given by {(x, v) } where y =x? forx=-2,-1,0, 1, 2, 3.
a Copy and complete this table of values:

X -2 -1 0 1 2 3
y 1

b Write the domain and range.
¢ Represent the relation with an arrow diagram.
d What type of relation is this?
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1] Coordinate geometry

At the end of this chapter you should be able to...

describe the position of a point with reference to a pair of perpendicular axes
plot points on a rectangular grid given the coordinates

write the coordinates of given points on a rectangular grid

know the meaning of the equation of a straight line and plot its graph

find the gradient of a straight line

find the equation of a straight line parallel to the x- or y-axis

N O s W e

illustrate a simple inequality as a region of the xy-plane.

Did you know?

The ideas used in this chapter are part of Descartes’ Geometry. He thought of
these ideas as he watched a fly crawling along a ceiling.

You will learn more about Descartes later.

You need to know...) L

v how to work with directed numbers
v what arelation is
+" how to solve an inequality

+" how to represent an inequality on a number line.
\ y

.- 4 T TTTTTTTs )
. i

axis, Cartesian coordinate system, Cartesian plane, coordinates, domain, gradient,
inequalities, range, region, relation, y-intercept

.
ooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo
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7 Coordinate geometry

Plotting points using positive coordinates

There are many occasions when you need to describe the position of an object.
For example, telling a friend how to find your house, finding a square in the
game of battleships or describing the position of an aeroplane showing up on a
radar screen. In mathematics we need a quick way to describe the position of a
point.

We do this by using squared paper and 4
marking a point O at the corner of one ot
square. We then draw a line through O 8t

across the page. This line is called Ox. Next 7}
we draw a line through O up the page. This 6}
line is called Oy. Starting from O we then sk
mark numbered scales on each line. 4

O is called the origin
Ox is called the x-axis
Oy is called the y-axis

0 1 1 1 1 1 I I i 1 >

We can now describe the position of a point A as follows:

start from O and move 3 units along Ox, e
then move 5 units up from Ox parallel to Oy.

|
T

We always use the same method to describe A(3,5)
the position of a point:

start from O, first move along and then up. | B

We can now shorten the description of the 2
position of the point A to the number pair (3,5). 1}

The number pair (3, 5) is referred to as the O3 4 t 6 7 8 % X

coordinates of A.

The first number, 3, is called the x-coordinate of A.
The second number, 5, is called the y-coordinate of A.
Now consider another point B

whose x-coordinate is 8
and whose y-coordinate is 3.
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7 Coordinate geometry

If we simply refer to the point B(8, 3) this tells us all that we need to know
about the position of B.

The origin is the point (0, 0).
The coordinates of a point are another example of an ordered pair.
The x-coordinate always comes first and the y-coordinate is always second.

This way of specifying the position of a point is called the Cartesian coordinate

system.

Exercise

1 Write the coordinates of the points A, B, C, D, E, F, G and H.

Y4

The x-coordinate is written

10}
first —this is the distance you
oF 20 across.
G H

1F

0}

2 Draw a set of axes of your own. Along each axis mark points
0,1, 2,...,10 units from O. Mark the following points and label each
point with its own letter:
A(2,8) B(4,9) C(7,9) D(8,7) E(8,6) F(9,4) G(8,4)
H(7,3) 1(5,3) J(7,2) K(7,1) L(4,2) M(2,0) N(O,2)
Now join your points together in alphabetical order and join A to N.

[9%]

Draw a set of axes and give them scales from 0 to 10.
Mark the following points:

Remember, the first number

A(2,5) B(7,5) C(7,4) D(8,4) E(8,3) ; .
G is the distance you go across

F(9,3) G(9,2) H(6,3) 1(6,1) J(7,1)
K(7,0) L(5,0) M(5,2) N(4,2) P(4,0)
Q2,00 R(2,1) s@B,1) T@GB,2) U(O,?2)

and the second number is
the distance you go up.

V(0,3) W(1,3) X(1,4) Y(Z,4)
Now join your points together in alphabetical order and join A to Y.

106



7 Coordinate geometry

[=)}

2]

Mark the following points on your own set of axes:
A(2,7) B(8,7) C(8,1) D(2,1)

Join Ato B,Bto C,CtoDand D to A. What is the name of the figure
ABCD?

Mark the following points on your own set of axes:

A(2,2) B(8,2) C(5,5)

Join A to B, B to C and C to A. Describe fully the triangle ABC.
Mark the following points on your own set of axes:

A(4,0) B(6,0) C(6,4) DH4,4)

Join AtoB,BtoC,CtoDand D to A. What is the name of the figure
ABCD?

Mark the following points on your own set of axes:
A(5,2) B(8,5) C(5,8) D(2,5)
Join the points to make the figure ABCD. What is ABCD?

On your own set of axes mark the points A(8, 4), B(8, 8) and C(14, 6).
Join Ato B,Bto C and C to A.

Describe fully the figure ABC.

For each of questions 9 to 14 you will need to draw your own set of axes.

9

10

11

12

13

14

The points A(2, 1), B(6, 1) and C(6, 5) are three corners of a square
ABCD. Mark the points A, B and C. Find the point D and write the
coordinates of D.

The points A(2, 1), B(2, 3) and C(7, 3) are three vertices ofa
rectangle ABCD. Mark the points and find the point D. Write the
coordinates of D.

The points A(1, 4), B(4, 7) and C(7, 4) are three vertices of a square
ABCD. Mark the points A, B and C and find D. Write the coordinates
of D.

Mark the points A(2, 4) and B(8, 4). Join A to B and find the point C
which is the midpoint (the exact middle) of the line AB. Write
the coordinates of C.

Mark the points P(3, 5) and Q(3, 9). Join P and Q and mark the point R
which is the midpoint of PQ. Write the coordinates of R.

Mark the points A(0, 5) and B(4, 1). Find the coordinates of the
midpoint of AB.
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7 Coordinate geometry

Negative coordinates

If A(2, 0), B(4, 2) and C(6, 0) are three corners of a square ABCD, we can see
that the fourth corner, D, is two squares below the x-axis.

i

4

3k

To describe the position of D we need to extend the scale on the y-axis below
zero. To do this we use the negative numbers

(N, .

In the same way we can use the negative numbers —1, -2, -3, ... to extend the
scale on the x-axis to the left of zero.

YT

4k
3k

‘o 2} .

1..
L L L L AL AL L L L ‘(' L I
-4 -3 42 10 1 2 3 @ §& B 7 .x
_]»—
-2F D.

The set of the perpendicular x- and y-axes defines what is called the Cartesian

plane.
The y-coordinate of the point D is written —2 and is called ‘negative 2.
The x-coordinate of the point E is written —3 and is called ‘negative 3’.

The numbers 1, 2, 3, 4, ... are called positive numbers. They could be written
as +1,+2, +3, 44, ... but we do not usually put the + sign in.
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7 Coordinate geometry

Now D is

and

Eis

and

Exercise

4 squares to the right of O so its x-coordinate is 4

2 squares below the x-axis so its y-coordinate is —2,

D is the point (4, -2)

3 squares to the left of O so its x-coordinate is —3

2 squares up from O so its y-coordinate is 2,

E is the point (-3, 2)

Use this diagram for questions 1 and 2.

=

1 Write down the x-coordinate of each of the points A, B, C, D, E, F, G, H,
I, J and O (the origin).

2 Write the y-coordinate of each of the points A, B, C, D, E, H, I and J.

In questions 3 to 8 draw your own set of axes and scale each one from

-5to 5.

3 Mark the points A(—3, 4), B(-1,4), C(1, 3), D(1, 2), E(-1, 1), F(1, 0),
G(]-; _1)) H(_]-; _2)) I(_B) _2)

Join the points in alphabetical order and join I to A.

4 Mark the points A(4, -1), B(4, 2), C(3, 3), D(2, 3), E(2,4), F(1, 4), G(1, 3),
H(-2. 3),1(-3, 2), J(-3, -1).

Join the points in alphabetical order and join J to A.

5 Mark the points A(2, 1), B(-1, 3), C(-3, 0), D(0, -2).
Join the points to make the figure ABCD. What is the name of the

figure?
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7 Coordinate geometry

6 Mark the points A(1, 3), B(-1, -1), C(3, -1).
Join the points to make the figure ABC and describe ABC.

7 Mark the points A(-2, 1), B(5, -1), C(5, 2), D(-2, 2).
Join the points to make the figure ABCD and describe ABCD.

8 Mark the points A(-3, 0), B(1, 3), C(0, —4).
What kind of triangle is ABC?
In questions 9 to 18, the points A, B and C are three corners of a square ABCD.
Mark the points and find the point D. Give the coordinates of D.

9 A(1,1) B(1,-1) C(-1,-1)
10 A(1,3) B(6,3) C(6,-2)
11 A@3,3) B(3,-1) C(-1,-1)
12 A(-2,-1) B(-2,3) C(-6,3) A(-2,-1) B(2,-2) C(@3,2)
18 A(5-3) B1.-9 @01,70) A=3,~7) B(5,2) CEl,4
In questions 19 to 28, mark the points A and B and the point C, the midpoint of
the line AB. Give the coordinates of C.

19 A(2,2) B(6,2) A2, 1) B(6, 2)
20 A(2,3) B(2,-5) A(2, 1) B(—4, 5)
21 A(-1,3) B(-6,3) 26 A(-7,-3) B(5,3)
22 A(-3,5) B(-3,-7) A(-3,3) B(3,-3)
23 A(-1,-2) B(9,-2) A(-7,-3) B(5,3)

A(-3,-1) B(-3,2) C(0,2)
A(0,4) B(-2,1) C(1,-1)
A(1,0) B@B,2) C1,4)

il el i el (e
=3 <l N N

& 1%

o N
18 5|

Straight lines

When the ordered pairs in a relation are numbers, as in {(1, 2), (2, 4), (6, 12)},
we can think of them as sets of coordinates.

This means we can represent them in a table and plot them as points, (x,y), on
a plane.

We use x to stand for the values of the first number in each pair and y to stand
for the second number in each pair.

So the relation {(1, 2), (2, 4), (6, 12)} can be represented by the table

X 1 2 6
y 2 4 12

The values of x give the members of the domain and the values of y give the
members of the range.
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7 Coordinate geometry

We can then represent these ordered pairs as points on a graph.

}’ll
15F

10F

w
—
(==
—
w
¥

Exercise

1 Represent each relation as a table of values of x and y and illustrate

them on a graph.

a {(1,2),(2,49,@3,6),4,8)} ¢ {(10,0),(7,3),(5,5),(0,10)}

b {(2,1),4,2),(,3),%,45} d {(0,0),1,4),(2,6),(3,8),(4,6)}
2 Arelation is represented by this table.
X 2 6 10
y | 113 |5

Ilustrate the relation on a graph.

3 This graph illustrates a relation. y4
a Represent the relation as a table.
b Give therelation as a set of ordered pairs. =p
¢ What type of relation is this? - Sean
SF ' ?
.
4 The points A, B, C, D and Eillustrate a relation. = 5 0 15 ¥
a Represent these points as a table. s
b How is the y-coordinate of each point related 7}
to its x-coordinate? 61
¢ The points A, B, C, D and E all lie on the same 5k
straight line. r
G is another point on this line. Its x-coordinate ~ °[
is 8; what is its y-coordinate? A
d F, HandIarealso points on this line. Find the (1) | 1 N SO UL 1010

o . Ge X
missing coordinates. L2838 TRl

G, ), (6, ), (a, )
1



7 Coordinate geometry

-
L

5 The points A, B, C and D illustrate a relation.

a Represent these points as a table.

b How is the y-coordinate of each point related to its
x-coordinate?

¢ The points A, B, C, and D all lie on the same
straight line.
E is another point on this line. Its x-coordinate is 5;

R I I N - T

what is its y-coordinate? 0 1 2 3 4
d F, Hand]I are also points on this line. Find the

missing coordinates.

1, ),QAz, ), (a )
In the following questions we are going to investigate the properties of the
diagonals of the special quadrilaterals. You will need your own set of axes for
each question. Mark a scale on each axis from -5 to +5. Mark the points A, B, C
and D and join them to form the quadrilateral ABCD.

6 A(5,-2) B(2,4) C(-3,4) D(0,-2)
a What type of quadrilateral is ABCD?
b JoinAto C and B to D. These are the diagonals of the
quadrilateral. Mark with an E the point where the diagonals cross.
¢ Measure the diagonals. Are they the same length?
Is E the midpoint of either, or both, of the diagonals?
e Measure the four angles at E. Do the diagonals cross at right

angles?

For questions 7 to 10, repeat question 6 for the following points.

7 A(2,-2) B(2,4) C(-4,49 D(H4,-2)

8 A(2,-2) B(5,4) C(-3,4) D(-1,-2)

9 A(2,00 B(,4 C(-2,00 D(,-4
10 A(1,-4) B(1,-1) C(-5,-1) D(-5,-4)
11 Name the quadrilaterals in which the two diagonals are of equal

length.

12 Name the quadrilaterals in which the diagonals cut at right angles.

13 Name the quadrilaterals in which the diagonals cut each other in half.
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7 Coordinate geometry

Investigation ~

Draw your own set of x- and y-axes and scale each of them from —6 to +8.
Plot the points A(—1, 3), B(3,-1) and C(-1, -5).
1 Can you write

a thecoordinates of a point D such that ABCD is a square

b thecoordinates of a point E such that ACBE is a parallelogram

¢ the coordinates of a point F such that CDEF is a rectangle?

2 Can you give the name of the special quadrilateral EDBF?

The equation of a straight line

YA

=Y

If we plot the points with coordinates (-4, —4), (1, 1), (3, 3) and (6, 6), we
can see that a straight line can be drawn through these points that also passes
through the origin.

For each point the y-coordinate is the same as the x-coordinate.

This is also true for any other point on this line,

e.g. the coordinates of A are (5, 5) and the coordinates of B are (-3, —3).
Hence y-coordinate = x-coordinate

or simply y=x

This is called the equation of the line.
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7 Coordinate geometry

We can also think of a line as a set of points, i.e. this line is the set of points, or
ordered number pairs, such that {(x, y) } satisfies the relation y =x.

It follows that if another point on the line has an x-coordinate of -5, then
its y-coordinate is -5 and if a further point has a y-coordinate of 4, its
x-coordinate is 4.

In a similar way we can plot the points with coordinates (-2, —4), (1, 2), (2, 4)
and (3, 6).

g

%

These points also lie on a straight line passing through the origin.
In each case the y-coordinate is twice the x-coordinate.

The equation of this line is therefore y = 2x and we often refer to it simply as
‘the line y = 2x.

If another point on this line has an x-coordinate of 4,
its y-coordinate is 2 X 4, i.e. 8,
and if a further point has a y-coordinate of -5,

its x-coordinate must be —2%.
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7 Coordinate geometry

Exercise

(o)

N

[72]

@
o

Find the y-coordinates of points on the line y = x that have
x-coordinates of
a 2 b 3 c 7 d 12.

Find the y-coordinates of points on the line y = x that have
x-coordinates of

a -1 b -6 ¢c -8 d -20.
Find the y-coordinates of points on the line y =—x that have
x-coordinates of

1 1
a 35 b —45 c 6.1 d -83

Find the x-coordinates of points on the line y =—x that have
y-coordinates of

a 7 b -2 ¢ 55 d —42.
Find the y-coordinates of points on the line y = 2x that have
x-coordinates of

a 5 b -4 c 3% d -26.

Find the x-coordinates of points on the line y = —3x that have
y-coordinates of
a 3 b -9 ¢ 6 d —4.

Find the x-coordinates of points on the line y = %x that have
y-coordinates of
1

a 6 b -12 c 3 d -8.2.

Find the x-coordinates of points on the line y = —4x that have
y-coordinates of
a 8 b -16 c 6 d -3.

If the points (-1, a), (b, 15) and (¢, —20) T
lie on the straight line with equation | y by a and x by —1. Then solve
y = 5x, find the values of a, b and c. the equation @ find 4.

If the points (3, a), (=12, b) and (c, —12) lie on the straight line with

equationy = —%x, find the values of a, b and c.

Using 1 cm to 1 unit on each axis, plot the points (-2, -6), (1, 3),
(3,9) and (4, 12). What is the equation of the straight line that passes
through these points?
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7 Coordinate geometry

12 Using 1cm to 1 unit on each axis, plot the points (-3, 6) (-2, 4),
(1, -2) and (3, —6). What is the equation of the straight line that
passes through these points?

&

Using the same scale on each axis, plot the points (-6, 2), (0, 0),
(3,-1) and (9, —-3). What is the equation of the straight line that
passes through these points?

Using the same scale on each axis, plot the points (-6, —4), (-3, -2),
(6,4) and (12, 8). What is the equation of the straight line that passes
through these points?

=

15 Which of the points (-2, —-4), (2.5, 4), (6, 12) and (7.5, 10) lie on the
line y = 2x?

16 Which of the points (-5, -15), (-2, 6), (1,-3) and (8, —24) lie on the
liney =-3x?

17 Consider these points:

(2,2),(-2,1), (3,0), (-4.2,-2) and (-6.4, -3.2).
Which of the points lie

a abovetheliney= %x

b below the liney :%x?

Plotting the graph of a given equation

If we want to draw the graph of y = 3x for values of x from -3 to +3, then we
need to find the coordinates of some points on the line.

As we know that it is a straight line, two points are enough.
However, it is sensible to find three points, the third point acting as a
check on our working. It does not matter which three points we find,
so we will choose easy values for x, one at each extreme and one
near the middle.

If x=-3, y=3x%x(-3)=-9
If ¥=0, y=3x0=0
If x=3, y=3xXx3=9

These look neater if we write them in table form:

—3
=

THE




7 Coordinate geometry

Exercise

In questions 1 to 6, draw the graphs of the given equations on the same set of
axes. Use the same scale on both axes, taking values of x between —4 and 4,
and values of y between —6 and 6. You should take at least three x values and
record the corresponding y values in a table. Write the equation of each line
somewhere on it.

. =1 =1
1 y=x 3 y=5x S y=3x
2 =2x 4 =1y 6 =3x
Yy X d=Z 2 Y=5

In questions 7 to 12, draw the graphs of the given equations on the same set
of axes.

— =_1 =1
7 y=—x 9 vy X 11 y= 3X
8 =-2Xx 1 ———lx 12 ——Ex
y 10 y=-c 12 ye==g

We can conclude from these exercises that the graph of an equation
of the form y = mx is a straight line that:

e passes through the origin

e gets steeper as m increases

* makes an acute angle with the positive x-axis if m is positive

e makes an obtuse angle with the positive x-axis if m is negative.

Gradient of a straight line

The gradient or slope of a line is defined as the amount the line rises
vertically divided by the distance moved horizontally,

CB
ie. gradient or slope of AB=—
AC

The gradient of any line is defined in a similar way. A C

Considering any two points on a line, the gradient of the line is given by

the increase in y value
the increase in x value e

If we plot the points O(0, 0), B(4, 4) and C(5, 5), all of which lie on i C

the line with equation y =x, then: al B ﬁEM
|
i
gradient of OC = =+ = > =1 5 i :
OL 5 |
| |
gradient 0f08=%:%:1 2 Ni e

17



7 Coordinate geometry

gradient of BC

These show that, whichever two points are taken, the gradient of the line is 1.

5

5

MC_>5-4_1
BM 5-4 1

Similarly, if we plot the points P(-3, 6), Q(-1, 2) and R(4, -8), all of
which lie on the line with equation y = —2x, then:

gradient of PR =

Exercise

each axis.

y=—x. Find the gradient of

=

L

P@p-———6F————— |
increase in y value from P to R al !
increase in x value from P to R oW} 5
y-coordinate of R — y-coordinate of P :
x-coordinate of R — x-coordinate of P 4] 2 [ON[ 2 4 ¥

1al |
(-8)-(6) . |
I
4)-(-3) T !
IE3 ) I
—-8-6 ” -14 — 9 6 !
4+3 7 —8F R ’
Draw axes for x and y, for values between —6 and +6, taking 1cm as 1 unit on
Plot the points A(—4, 4), B(2, —-2) and C(5, —5), all of which lie on the line
c AC
Y4
6k
__--~4-|-—--E'———'-'|[2
A (4, 4) : ;
2+ :
1 :
-6 4 -2 0 211416 X
-2} B&---R
223 :
_4 = |
o C(5,-5)

a AB b BC

a Gradient of AB
_(=2)-4_-6_
C(@-(4) 6

b Gradient of BC
962 8
S 9-@

¢ Gradient of AC
_(5-4) _-9_
S B-(4) 9

1

of which lie on the line y = 2x. Find the gradient of

a AB

1718

b BC ¢ AC

Using 2 cm to 1 unit on each axis, draw axes that range from 0 to 6 for x
and from O to 10 for y. Plot the points A(2, 4), B(3, 6) and C(5, 10), all



7 Coordinate geometry

1w

(5N

Draw the x-axis from —4 to 4 taking 2 cm as 1 unit, and the y-axis from
—16 to 12 taking 0.5 cm as 1 unit. Plot the points X(-3, 12), Y(-1, 4)
and Z(4, —-16), all of which lie on the line y = —4x. Find the gradient of
a XY b YZ c XZ

Choosing your own scale and range of values for both x and y, plot the
points D(-2, -6), E(0, 0) and F(4, 12), all of which lie on the line y = 3x.
Find the gradient of

a DE b EF ¢ DF

Taking 2cm as 1 unit for x and 1 cm as 1 unit for y, draw the x-axis from
—1.5 to 2.5 and the y-axis from —10 to 6. Plot the points A(-1.5, 6),
B(0.5, -2) and C(2.5, —10), all of which lie on the line y = —4x. Find the
gradient of

a AB b BC ¢ AC

Copy and complete the following table and use it to draw the graph of y = 1.5x.

x |-6|-4|0 | 2| 4|6
y

Choosing your own points, find the gradient of this line using two
different sets of points.

-4
s

-6
y | 9

Four points, A, B, C and D, have been chosen.
EC_6-(-6) 12

Gradient of line=—= = 1.5
AE 4-(4) 8
Gradientofline:F—=E=é=1.5
BF 6-2 4

(Finding the gradient using any other two points also gives a value of 1.5.)
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7 Coordinate geometry

5 Copy and complete the following table and use it to draw the graph of

¥y =2.5x.

x | =3

-1

Y

Choose your own pairs of points to find the gradient of this line at least

twice.

Copy and complete the following table and use it to draw the graph of

y=-0.5x.

X -6

-2

X

Choose your own pairs of points to find the gradient of this line at least

twice.

Determine whether the straight lines with the following equations have
positive or negative gradients:

a y=5x

b y=-7x

¢ y=12x

d yz—%x

e 3y=-x

f S5y

1675

These exercises, together with the worked examples, confirm our conclusions on
page 117, namely that

o the larger the value of m the steeper is the slope

* lines with positive values for m make an acute angle with the positive x-axis

e lines with negative values for m make an obtuse angle with the positive x-axis.

120

R

\ acute angle

positive m and

X

positive gradient

V4

\obms e angle

X

negative m and
negative gradient
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Exercise

For each of the following pairs of lines, state which line is the steeper. Show both
lines on the same sketch.

1 y=5x, yzéx 4 y=-2x, y=-3x Z y=-6x, y=-3x
2 y=2x, y=5x 3 y=10x, y=7x 8 ¥=0.5x, y=0.75x
el wk -1 -1

Determine whether each of the following straight lines makes an acute angle or
an obtuse angle with the positive x-axis.

9 y=4x 12 y=3.6x 15 y=10x 18 y=—%x
10 y=-3x 13 yzéx 16 y=0.5x 19 yz—%x
11 yz—%x 14 y=0.7x 17 y=-6x 20 y=-0.4x
21 Estimate the gradient of each of the lines shown in the sketch.
c ys .
a
0

£ 4

\

Here is a very ingenious method of guessing the values of three dice thrown
by a friend, without seeing them.

e Tell your friend to think of the first die.

e Multiply by 2. Add 5. Multiply by 5.

e Add the value of the second die.

e  Multiply by 10. Add the value of the third die.

e Now ask for the total. From this total subtract 250.

e The three digits of your answer will be the values of the three dice.

As an example, if the total was 706, then 706 — 250 = 456. The three dice
were therefore 4, 5 and 6. Try it and see. Why does it work?
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7 Coordinate geometry

Lines that do not pass through the origin

If we plot the points (-3, -1), (1, 3), (3, 5), (4, 6) and (6, 8), and draw the

straight line that passes through these points, we can use it to find
a the equation of the line

b its gradient

¢ the distance from the origin to the point where the line crosses the y-axis.

a Ineach case, the y-coordinate is 2 more than
the x-coordinate, i.e. all the points lie on the
line with equationy =x + 2.

b Using the points A and B, the gradient of the
line is given by

@ i.e.§=1

AC’ 3
¢ The line crosses the y-axis at the point (0, 2) /
@

which is 2 units above the origin. This quantity )
is called the y-intercept.

Exercise

Draw the graph of y = —4x + 3 for values of x between —4 and +4.
Hence find
a the gradient of the line

b itsy-intercept.

30| 3
y |15| 3 | -9

a Moving from the point (0, 3) to (-3, 15) the gradient is
3-15 —_12

- =— =4
0-(-3) 3 1

b The y-intercept is 3.
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7 Coordinate geometry

In the following questions, draw the graph of the given equation using the given
x values. Hence find the gradient of the line and its intercept on the y-axis. Use
1cm as 1 unit on each axis with x values ranging from -8 to +8 and y values
ranging from —10 to +10.

Compare the values you get for the gradient and the y-intercept with the
numbers in the right-hand side of each equation.
1 y=3x+1;xvalues-3,1,3

Use your graph to find the value of y when x is a -2 b 2
2 y=-3x+4;xvalues-2,2,4

Use your graph to find the value of y when x is a -1 b 3
3 y= %x +4; xvalues -8, 0, 6

Use your graph to find

a the value of y when x is -2 b the value of x whenyis 6
4 y=x-3,xvalues—4,2,8

Use your graph to find the value of x when y is a 4 b -5
5 y=%x+ 3; x values -4, 0, 8

Use your graph to find the value of x when y is a 6 b 4.5

Draw the graph of y = —2x+ 3 for values of x between —4 and +4.
Hence find

a the gradient of the line b itsy-intercept.

Compare the values for the gradient and the y-intercept with the number
of x’s and the number term on the right-hand side of the equation.

4lo]4
11| 3 | =5
a Gradient of line = 3-11 _ 8
0-(-4) 4
=

b The y-intercept is 3.

The number of x’s on the right-hand side is —2, which is
the same as the gradient of the line.

The number term on the right-hand side is 3, which is the
same as the y-intercept.
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7 Coordinate geometry

In the following questions, draw a graph for each of the given equations. In each
case find the gradient and the y-intercept for the resulting straight line. Take
1cm as 1 unit on each axis, together with suitable values of x within the range
—4 to +4. Choose your own range for y when you have completed the table.

Compare the values you get for the gradient and the y-intercept with
a thenumber of x’s

b the number term on the right-hand side of the equation.

6 y=2x-2 8 y=3x-4 10 y=—§x+3 12 y=-2x-7

ek
w

7 y=-2x+4 9 y=1x+3 11 y=2x+5 y=—3x+2

Lines parallel to the axes

Now we will see what happens when the gradient of a line is zero.
Think, for example, of the equationy = 3. Y4

For every value of x the y-coordinate is 3. This means that

the graph of y = 3 is a straight line parallel to the x-axis at a 3
distance 3 units above it. 2t
y =cis therefore the equation of a straight line parallel to 2

-

the x-axis at a distance c units away from it. If ¢ is positive, b
the line is above the x-axis, and if ¢ is negative, the line is =
below the x-axis.

Similarly x = b is the equation of a straight line parallel to
the y-axis at a distance b units from it.

Exercise

Draw, on the same diagram, the straight-line graphs
ofx=-3,x=5,y=-2andy=4.

Y
< y=4
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7 Coordinate geometry

In the following questions, take both x and y in the range —8 to +10, Let 1ecm
be 1 unit on each axis.

1 Draw the straight-line graphs of the following equations in a single

diagram:
- = — — 1 = — l
x=2,x=-5,y 2,y 32
2 Draw the straight-line graphs of the following equations in a single

diagram:
y=-5,x=-3,x=6,y=5.5

3 On onediagram, draw graphs to show the following equations:
x=5y=-5y=2x
Write down the coordinates of the three points where these lines
intersect. What kind of triangle do they form?

4 On onediagram, draw the graphs of the straight lines with equations
x=4,y=—%x,y=3
Write down the coordinates of the three points where these lines
intersect. What kind of triangle is it?

S5 Ononediagram, draw the graphs of the straight lines with equations

y=2x+4,y=-5y=4-2x
Write down the coordinates of the three points where these lines
intersect. What kind of triangle is it?

lllustrating inequalities in the Cartesian plane

In Chapter 6 we represented inequalities on a number line. Now we look at
them in a more visual way.

If we have the inequality x = 2, x can take any value greater than or equal to 2.
This can be represented by the following diagram.

4 = 2 i ) Il Il Il |
T T T T T

q
= ==l =) 0 1 2 3 4 5

On this number line, x can take any value on the heavy part of the line
including 2 itself, as indicated by the solid circle at 2.

If x> 2 then the diagram is as shown below.

Il Il | Il Il Il Il Il 1
T T T T T

=3 = =] 0 1 2 3 4 5

In this case, x cannot take the value 2 and this is shown by the open circle at 2.
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7 Coordinate geometry

It is sometimes more useful to use two-dimensional space
with x and y axes, rather than a one-dimensional line. We x =2
represent x = 2 by the set of points whose x-coordinates are

greater than or equal to 2. (y is not mentioned in the inequality

so y can take any value.) =

The boundary line represents all the points for which x = 2 and the
region to the right contains all points with x-coordinates greater
than 2.

To indicate this, and to make future work easier, we use a ¥ e
continuous line for the boundary when it is included and we shade
the region we do not want.

The inequality x > 2 tells us that x may not take the value 2. ¥4
In this case we use a broken line for the boundary.

[
Il
]

|
]
o
e e i e e e
b
=y

We can draw a similar diagram for y > -1 4
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Exercise

Draw diagrams to represent these inequalities:

a x=1 b 2<y
The boundary line is x = 1 (included).
The unshaded region represents x = 1 2r
Ol 1 2 4 x
_Z -
b 2<y i |
The boundary line is y = 2 ‘
(notincluded). e Sl e
The unshaded region represents 2 <y
(0] 2 4 ):c

Draw diagrams to represent the following inequalities:
1 x=2 3 x>-1 5 x=0 7 x=-4

2 y=3 4 y<4 6 0>y 8 2<x

Draw a diagram to represent —3 < x < 2 and state whether or not the points
(1,1) and (-4, 2) lie in the given region.

-3 <x < 2 gives two inequalities, —3 <x and x < 2, so the boundary lines are
x=-3 and x= 2 (neither included). Shade the regions not wanted.

]
(&}

s e e
(45
|
b2
5 o 5 [
T T
- o
NS
-V

The unshaded region represents -3 <x< 2
Plot the points. Then you see that (—4, 2) does not lie in the given region.

(1, 1) lies in the given region.
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7 Coordinate geometry

Draw diagrams to represent the following pairs of inequalities:

9 2<x<4 12 4<y<5 15 -l<x<1i
10 —3<x<1 13 0=x<4 16 —2=<y<-1
11 -1<sy<2 14 -2<y<3 17 3<x<5

18 In each of the questions 9 to 11, state whether or not the point (1, 4)
lies in the unshaded region.

Give the inequality that defines the unshaded region.

Y4

2k

Boundary line x= 2 (included)

Inequality isx = 2

Give the inequalities that define the unshaded region. V4

Boundary lines y =4 (not included)

0 X

and y=-1 (included) =i
The inequalitiesarey<4andy=-1 or -1<=y<4.
Give the inequalities that define the unshaded regions:
19 Yt x=2 20 ¥a

4F 4F

2k 2k i @

0 3 X o | 4 %
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7 Coordinate geometry

21 [ L 23 T
1 4k :
: i
1 1
I 1
i 2r 2k I
1 ]
1 1
1
- : ; | i 1
T & Al -1 0 TREE:
I 1
]
i—2} L [
I -2 !
| ]
1
]
1
22 4 24 ¥4
2
=2
3F
12 | © 2 X < i
y=|—9 —.2 o) .2 fl- x
—2 T [ Ty il ) I Dol
_1-

25 Ineach of the questions 19 to 24 state whether or not the point (2, —1)
isin the unshaded region.

In questions 26 to 29 give the inequalities that define the shaded regions:

26 ¥4 28 ¥4
4p
——————————— 3 — ——————— -
= 9
L Ly L >
=3 (0] 2z 4 x —4 —2 0] o 4 X
_2-
27 ya 29 4
2.
2-
—2 0] 2 4 x
-1 0 3 6 X
_2-
—4

30 Ineach of the questions 26 to 29 state whether or not the point (0, 2) is
in the shaded region.
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Exercise

Draw a diagram to represent the region defined by the set of inequalities
-lsx=<2and-5sy=<0

There are four inequalities here: -1 < x,x<2,-5 <yandy < 0.

The boundary lines are A VL
x=-1: for—1 = x, shade the region on the left of the line 9
x=2: forx = 2, shade the region on the right of the line
y=-5: for-5 =<y, shade the region below this line a ° : 3t
y=0: fory =0, shade the region above the line i
The unshaded region represents the inequalities. —4

y=-5

Draw diagrams to represent the regions described by the following sets of
inequalities. In each case, draw axes for values of x and y from -5 to 5.

1 2sxs4,-1sys<3 5 —4<x<0,-2<y<2
2 2<x<2,-2<y<2 6 -l<x<1,-3<y<l1
3 3<x=2-1=sy 7 x=0;y=0
4 0sxs=40sys3 8 x=1l,-1sys=2
Give the sets of inequalities that describe the unshaded regions:
9 ¥4 10 e
4F 1
I
I
F %
: E :
—2) 9] 2 X
-2 § 2 (B E
= A
_2. ]
]
1

11 Isthe point (2%, 0) in either of the unshaded regions in questions 9
and 10?
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Give the sets of inequalities that describe the unshaded regions:

12 ¥4 14 i i
1 1
1 I
2 i i
4 L
o
i i 1 I
= 5) > 1 1
2 b x 1 | ]
= 0 21 Xx
e 1 1
= 1 [
S . VU Y g
1 -2 1
1 1
I i
1 1
13 4 15 Y4 i
-
I 1
2F 1 I
edisla) | pobedes
1
A L - ' I
15 | © 2 X 1 i
1
_______ (o
I 1
-2t et
0 1 3 x
] 1
1 I
1 1

Solve each of the following inequalities and find the range of values that satisfies
them both. Illustrate your solution as a region of the xy plane.

16 x+3>1and x+2<3

17 y+4=5and y+3=<5

18 2x>-—4 and 3-x>0

19 x>0and y<3

20 x+1=1,2x<6,y=0and2y<38
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Exercise

Select the letter that gives the correct answer.
Use this diagram for questions 1 to 7.

¥4
10

9

b

132

1 2 3 4 5 6 ¥ 8 g 10
The coordinates of B are
A (3,6) B (4,5 C (4,6) D (5,6)
The coordinates of F are
A (5,6) B (5,8) C (6,8) D (8,6)

When the points A, B, C, D, A are joined in order the resulting shape is a
A rectangle B rhombus C square D trapezium

When the points A, E, F, D, A are joined in order to give a quadrilateral
the resulting shape is a
A rectangle B rhombus C square D trapezium

The coordinates of the midpoint of the line segment AF are
A (4,5) B (54 c (5,5 D (6,6)

The angle between the line segments BF and BE is
A 30° B 45° C 60° D 90°

The angle ACF between the line segments AC and CF is
A acute B arightangle C obtuse D reflex
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Use this diagram for questions 8 to 12.
Y4

8 The coordinates of the point A are

A (2,5) B (2,6) c 3,4 D (3,5)
9 The coordinates of the point B are
A (_4; _2) B (_4s 2) C (_2) 2) D (_2) 4)
10 The gradient of the line AB is
A -2 B -1 C 1 D 2
11 The y-intercept is
A -2 B -1 C 1 D 2
12 The coordinates of the midpoint of the line segment AB are
A (-1,1) B (_1, 11] C (0,2) D [1, 21J
27 2 2" 2
13 ¥4
4 -
aF
IR EEEEE R NE
—2F
| R
—6F

The inequalities that define the unshaded area are
A —4<y<3 B -4<ys<3 C —4s<y<3 D 4=y<3
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7 Coordinate geometry

14 4

e e

The inequalities that define the shaded area are

A —“4<x<6 B —4<x=6 C 4=x<6 D 4=
15 ya i
i
I
6F i
]
_________________________________ i
I
at ;
1
I
]
2t |
I
I
1L L Il 1 ! L .
-8 —6 —4 -2 0 2 [ 6 x
E
_2 i
]
1
—a} :
1
1
I
1

The inequalities that define the unshaded area are
A -6<x<4and-2=y<5
B -6<x<4and-2<y<5
C -6=x<4and-2=y<5
D -6=x<4and-2<y<5

Did you know?

A US gallon is 231 cubic inches, which is equal to the old English wine gallon.

An imperial gallon is 277.42 cubic inches, which is about 20% more than a
US gallon.

134



7 Coordinate geometry

In this chapter you have seen that...

v you can write down the coordinates of a point as an ordered pair of
numbers

v the first number (x-coordinate) gives distance across and the second
number (y-coordinate) gives distance up or down

v you can find the missing coordinate of a point on a line, given the equation
of the line and one coordinate, by substituting the given coordinate into the
equation and solving it

v’ you can draw a straight-line graph, given its equation, by finding the
coordinates of three points on the line

increase iny

v you can find the gradient of a straight line by calculating et

one point to another point on the line

v’ the equation of a straight line parallel to the x-axis is y = a and the equation
of a straight line parallel to the y-axis is x=b.
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8 Reflections and translations

At the end of this chapter you should be able to...

identify shapes that have lines of symmetry
complete drawings of shapes, given their lines of symmetry

draw in lines of symmetry for given shapes

represent a vector by a straight line

1

2

3

4 find the mirror line given a reflection

5

6 write a vector as an ordered pair in a column
7

describe a translation using a vector.

Did you know?

Many well-known trademarks have line symmetry, for example logos on cars.
Which trademarks can you find that have line symmetry?

You need to know...) N

v how to plot points on a set of x and y axes
v the equations of lines parallel to the x and y axes
v the meaning of image and object

v the meaning of a translation and of a reflection

v how to use a protractor to draw an angle.
\. J

._.( R .

bilateral symmetry, displacement, image, invariant point, line symmetry,

line of symmetry, mapped, midpoint, mirror line, object, parallel, perpendicular,
reflection, right angle, scalar, translation, vector

.
oooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo
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8 Reflections and translations

Transformations

A transformation of a shape moves it or reflects it or rotates it or enlarges it.
This diagram shows different transformations of a triangle marked A.

The object is triangle A. The images are transformations of A. Triangle B is
a translation of A, triangle C is a reflection of A, triangle D is a rotation and
triangle E is an enlargement.

In this chapter we concentrate on reflections and translations.

Line symmetry

? <V cope

As we saw in Book 1, shapes like these are symmetrical. They have line
symmetry (or bilateral symmetry); the dashed line is the line of symmetry
because if the shape were folded along the dashed line, one half of the
drawing would fit exactly over the other half.
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8 Reflections and translations

Exercise
1 Which of the following shapes have a line of symmetry?
A @ B ) ; c M
Copy the following drawings on square grid paper and complete them so that
the dashed line is the line of symmetry.

" HE "o
i
3 5 | 7
_.._A_ i
I AL 0 L]
I
Two or more lines of symmetry
N ! A
_ - _____\_‘/;:;:_'___-__
//’ : \\\
’ | \\
I

Shapes can have more than one line of symmetry. In the drawings above, the
lines are shown by dashed lines and it is clear that the first shape has two lines
of symmetry, the second has three and the third has four.
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8 Reflections and translations

Exercise

Sketch or trace the shapes in questions 1 to 12. Mark in the lines of symmetry
and say how many there are. (Some shapes may have no line of symmetry.)

><

I ] 1 12

L

L1 1

OX"¥
°

QA Q
o O
Yr o

Copy and complete the following drawings on square grid paper. The dashed lines
are the lines of symmetry.

13 : 15 I 17
I |
I
I |
I I
Lage—t-b=t = e [ S PR ol Mo
I |
————— == [
I |
I |
| |
I |
14 ! 16 ! 18
| Y | A
~ |
| B | 7
r\ S /
________ IS B B S R U
I L,
11 T e e
[ L)
I AT
| /’ | \\
I ’ ~

19 Draw, on square grid paper or on plain paper, shapes of your own with
more than one line of symmetry.
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8 Reflections and translations

Show how sixteen counters can be arranged in ten rows with exactly four
counters in each row.

Reflections

We saw in Book 1 that when we reflect an object in a line (called the mirror
line), the object and its image together form a symmetrical shape.

mirror line

image object

Exercise

In each question copy the object and the mirror line on to square grid paper and
draw the image of each object.

1
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8 Reflections and translations

In questions 7 to 11 use graph paper and a scale of 1 cm to 1 unit.

7 Draw axes, for x from -5 to 5 and fory from O to 5. Draw triangle ABC
by plotting A(1, 2), B(3, 2) and C(3, 5). Draw the image A'B'C' when
ABC is reflected in the y-axis.

8 Draw axes, for x from O to 5 and for y from -2 to 2. Draw triangle PQR
where Pis (1,-1),Qis (5,-1) and R is (4, 0). Draw the image P'Q'R’
when APQR is reflected in the x-axis.

9 Draw axes for x and y from -5 to 1. Draw rectangle WXYZ: W is (-3, -1),
Xis (-3,-2),Yis (-5,-2) and Z is (-5, —1). Draw the mirror liney =x.
Draw the image WX'Y'Z' when WXYZ is reflected in the mirror line.

10 Draw axes for x and y from -1 to 9. Plot the points A(2, 1), B(5, 1),

C(7, 3) and D(4, 3). Draw the parallelogram ABCD and its image by
reflection in the line y = x.

11 Draw axes for x and y from -6 to 8. Draw triangle ABC when A is
(-6,-2),Bis (-3,—4) and Cis (-2, -1). Draw the following images of
triangle ABC:

a triangle A B, C, by reflection in the y-axis

b triangle A B,C, by reflection in the line y =—x (this is the straight line
through the points (2, -2), (-4, 4))

¢ triangle A B,C, by reflection in the x-axis

d triangle A ,B,C, by reflection in the line x=-1.
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8 Reflections and translations

Finding the mirror line

A A’ G

|
|
|
|
|
|
|
|
|
| i
|
|
|
|
|
|
|
|

We can see from these diagrams, and from the work in the previous exercise,
that the object and image points are at equal distances from the mirror line,
and the lines joining them (e.g. AA' and LL") are perpendicular (at right angles)
to the mirror line.

Exercise

Find the mirror line if AA'B'C' is the image of AABC.

The mirror line is halfway between an object point and its
image and perpendicular to the line through them.

B*

So the mirror line is halfway between B and B' and

—
55
(%]

perpendicular to the line BB'. Check that it also goes -3 0
through the midpoint of CC'. oL

The mirror line is the linex=1. c

Copy the diagrams in questions 1 to 4 and draw in the mirror lines.
1 Y4 2 Y4

4 4t
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8 Reflections and translations

RZ 4 Vi
4 =
D C C D
2+ 2k
A B B A
1 L L 1 > 1 1 || .
42 |0 2 4 6 X -2 | O 2 o+ X
=9

Draw axes for x and y from -5 to 5 for each of questions 5 to 8.

5

@6

lloe

If AB'C' is the reflection of ABC,
draw the mirror line.

(Join AA' and BB' and find their midpoints,
marking them P and Q. Then PQ is the
mirror line.)

Draw square PQRS: P(1, 1), Q(4, 1), R(4,4), S(1, 4). Draw square
P'QR'S: P'(-2, 1), Q'(-5, 1), R'(-5, 4), S'(-2, 4). Draw the mirror line so
that P'Q'R'S' is the reflection of PQRS and write its equation.
Draw AXYZ:X(2,1),Y(4,4),2(-2,4), _ -
An invariant point is where
and AX'Y'Z':X'(2, 1), Y'(4, -2), Z'(-2, -2). 6 a point on the object and the

Draw the mirror line so that AX'Y'Z' is the corresponding point on the
. L. . image are in the same place.

reflection of AXYZ and write its equation.

Are there any invariant points? If there are,

name them.

Draw AABC: A(-2, 0), B(0, 2), C(-3, 3), and APQR: P(3, -1), Q(4, —4),
R(1, -3). Draw the mirror line so that APQR is the reflection of AABC.
Which point is the image of A? Are there any invariant points? If there
are, name them.

Draw lines AB and PQ: A(2,-1),B(4, 4),P(-2,-1), Q(-5,4).IsPQa
reflection of AB? If it is, draw the mirror line. If not, give a reason.
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8 Reflections and translations

Whenever you attempt to draw a mirror line in this way, always check that the
mirror line is at right angles to AA' and BB'. If it is not, then A'B'C' cannot be a
reflection of ABC.

[\e]

IS

el
ek

e

Trace the diagrams and draw the mirror lines.

a b c R
Q C’ i &
P
D’ 0
. D G o
BB )
P
A A
A B R

Draw axes for x and y from —4 to 5. Draw AABC: A(3, 1), B(4, 5),
C(1,4), and AA'B'C": A'(0,-2), B'(-4, -3), C'(-3, 0). Draw the mirror
line so that AA'B'C' is the image of AABC.

Draw axes for x and y from —4 to 4. Draw lines AB and PQ: A(—4, 3),
B(0, 4), P(1,-2), Q(2, 2). Draw the mirror line so that AB is the image
of PQ.

Draw axes for x and y from -3 to 5. Draw AXYZ: X(3, 2),Y(5, 2),
Z(3,5), and ALMN: L(0, -3), M(0, -1), N(-3, -1). Draw the mirror
line so that ALMN is the image of AXYZ.

Construction of the mirror line

If we have only one point and its image, and we
cannot use squares to guide us, we can use the fact
that the mirror line goes through the midpoint of
AA'and is perpendicular to AA'. The mirror line is
therefore the perpendicular bisector of AA" and can
be drawn.

Exercise

144

On plain paper mark two points P and P’ about 10 cm apart in the
middle of the page and the perpendicular bisector of PP'. Join PP
and check that it is cut in half by the line you have drawn and that
the two lines cut at right angles. Are we correct in saying that P' is the
reflection of P in the drawn line?



8 Reflections and translations

2 On square grid paper draw axes for x and y from -5 to 5, using 1cm to
1 unit. A is the point (5, 2) and A' is the point (-3, —3). Draw the mirror
line so that A' is the reflection of A.

3 Draw axes for x and y from -1 to 8, using 1 cm to 1 unit. B is the point

(-1, 0) and B'is the point (6, 3). Draw the mirror line so that B'is the
reflection of B.

Vectors

Before we look at transformations again we introduce a shorter way of
describing movement using vectors.

If you arranged to meet your friend 3 km from your home, this information
would not be enough to ensure that you both went to the same place. You
would also need to know which way to go.

Two pieces of information are required to describe where one place is in
relation to another: the distance and the direction. Quantities that have both
size (magnitude) and direction are called vectors.

A quantity that has magnitude but not direction is called a scalar. For example,
the amount of money in your pocket or the number of pupils in your school
are scalar quantities. On the other hand, the velocity of a hurricane, which
states the speed and the direction in which it is moving, is a vector quantity.

Exercise
State whether the following sentences refer to vector or scalar quantities:
There are 24 pupils in my class.
To get to school I waLk% km due north.
There are 11 players in a cricket team.
John walked at 6 km per hour.
The vertical cliff face is 50 m high.

b W N -

Give other examples of

a vector quantities b scalar quantities.
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8 Reflections and translations

Representing vectors

Because a vector has both size and direction we can represent a vector by a
straight line and indicate its direction with an arrow. For example

We use a, b, c,... to name the vectors.

When writing by hand it is difficult to write a, which isin
heavy type, so we use a.

In the diagram on the right, the movement along a
corresponds to 4 across and 2 up and we can write

The vector b can be described as 8 across
and 4 down. As with coordinates, which
we looked at in Book 1, we use negative
numbers to indicate movement down or
movement to the left.

Therefore b =[ BJ

Notice that the top number represents movement across and that the bottom
number represents movement up or down.

Exercise

Write the following vectors in the form (‘D J:
q
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8 Reflections and translations

To move from the start to the end of a, you go 4 squares back (to the left) and

-4
2squares up:a= 2].

For b you need to go 3 squares back and 5 squares down: b= [_5].

0
For ¢ you do not need to go across, but you go 2 squares up: ¢= [ZJ

Write the following vectors in the form (p}
q

1
Move in the direction of the arrow
a \ and remember that the top number
gives the distance across and the
bottom number gives the distance up
or down.
2 5
T |
e
3 C
+
4 6
d
f
Z P
b
i
h /n/
—_———
k
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8 Reflections and translations

On square grid paper draw the following vectors. Label each vector with its
letter and an arrow:

3 6
8 a= 11 d= 14 g
=12

o) o3 ]

o) mel el

What do you notice about the vectors in questions 8 and 14, and in
questions 10 and 11?

Il
o
La
o O
S

IS

Exercise

[ZJ is a vector and (2, 1) is its starting point. Find the coordinates of its other end.

Ya
4

(7,3)
ab

EDPEMY

O—% 9o 39 4 5 6 7 B © %

Starting at (2, 1) we need to go 5 squares to the right and 2 squares up.

The coordinates of its other end are (7, 3).

In each question you are given a vector followed by the coordinates of its starting
point. Find the coordinates of its other end, or end point.

1 3 1 5 > 3, -1 4 2. -3
3;(4;) 2;(;_) 2 3;(_;_)
3 4 5
2 -2, -3 6 2 10 2, =1
1])( ) ) _2 )(4) ) e _3 ,( 3 )
3 4], @3, 5) 7 |7 - 1 |7 4-3
2 4 2
4 -6 4
5,2 8 3,2 12 3,-1
4 _3}(,) g | a2 2 || e
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8 Reflections and translations

(j} is a vector and (8, 6) are the coordinates of its end point.

Find the coordinates of its starting point.

From the end of the vector, you need to go
backwards, i.e. 6 units left and 4 units down
to get to the start of the vector.

The coordinates of the vector’s starting point
are (2, 2).

Y4

3

8-
7-
(8,6)
6.
5_
[ )
3_
(2,2)
2-
1-
g7 -2 3. & B & ¥ & 9 %

In each question a vector is given followed by the coordinates of its end point.
Find the coordinates of its starting point.

13 [0 L (4:1) 17 |73
2 4
14 | °| G- 18 [l s 2
-1 -3
15 _5(24) 19 4(32)
_2 3K a2 _2 B L]
16 %] 6.3 20 |3 4
6 )( ] ) .= 4 6 )(_ ] )
Capital letter notation
In the diagram A and B are two points.
We can denote the vector from A to B
= '7
asﬁwhereAB =(1J.
_ -4
Similarly BC =[ 6} A

] (_2; 1) c

Remember that the point
given is the end of the
vector so you have to go in
the opposite direction to
get to its start point.

1
[4]; (_5; _2)

22 [ 2], 1,7

-3
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8 Reflections and translations

Exercise
i = B 5 Ya
Write the vector AB where Ais (2,4),Bis (3, 9). Sl
Plot the start and end points of the vector. 12 i B
Then you can see that you need to go 1 forward and 5 up. 8r
_> 7 L
Vector AB is 6F
5k
R
3l
2 L
1k
0

S T S T
1 2,3 4 x

) —
Write the vector AB where:

1 Ais(1,4), Bis(7,6) 6 Ais(3,0), Bis(5,-2)
2 Ais(-3,4), Bis(2,3) 7 Ais(6,3), Bis(4,1)

3 Ais(7,3), Bis(1,2) 8 Ais(-1,-3), Bis(-5,-8)
4 Ais(-1,4), Bis(5,9) 9 Ais(2,6), Bis(2,-6)
5 Ais(2,1), Bis(-3,-5) 10 Ais(2,-3), Bis(4,5)
Translations

In Book 1 we saw that a translation moves an object without reflecting it or
rotating it or changing its size.

This diagram shows a triangle ABC translated by 6 units horizontally to the
right and 2 units vertically downwards.

180



8 Reflections and translations

Using vectors to describe translations

The translation of triangle ABC in the previous diagram can be described more
6

briefly by the vector( 2}

Remember that the top number gives the displacement parallel to the x-axis
and the bottom number gives the displacement parallel to the y-axis.

O/ X BN B4

If the top number is negative, the displacement is to the left, and if the bottom
number is negative, the displacement is downwards.

—_— 5
Consider the diagram: AA’ = q

Y&

-2 0 2 4 X

5
A is the image of A under the translation described by the vector [3}

2
A is mapped to A' by the translation described by the vector [3]

Exercise

Find the images of the points given in questions _—_—a
1 to 10 under the translations described by the move 4 units to the right and
given vectors. 2 units up.

&1 (3, 1), [4} @4 (3, 2),[
2 3

_2] means 2 units to the left
2 -3 3
2 (4,5), 5 (4,5), c

4 -2 and 3 units up.

9 _/
3 (_2) 4)) [4J (4, _4)) [ ]
3 -3

[[=)
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8 Reflections and translations

I~

(—6,—3),[4} 9 (3,—2),[ 6}
1 »
(1,1),[‘5] 10 (7,4),[‘5]

3 4

In questions 11 to 16, find the vectors describing the translations that map Ato A'.
11 A(]-) 2), AF(S; 3) 13 A(_4, _SJ) AF(O, 0) E A(_S) _4)) AF(_S) _6)
12 A(?’) 8)) Ar(z, 9) H A(_z) 6)) Ar(z, 6) 1_6 A(4) _2)) A'(S) _1)

In questions 17 to 19, the given point A’ is the image of an object point A under
the translation described by the given vector. Find A.

2 2 1
17 A 18 A'(0,6 19 A'(-3,-2
17 (7,9),[3] 18 A0, ),[3] 19 AGS, ),[BJ

[

Investigation

2 2
This diagram shows the vectors a = [ 3] and b= [1 J

The point (6, 7) can be reached from the origin by adding
a and b, and then adding a to the result. This is shown in

the diagram.

1 Inhow many different ways can these vectors be V4
combined to get from the origin to the point (6, 7)? 8F
Show them on a diagram.

2 The vector in the direction opposite to a is called —a so as

2 -2 =
— —a= 1 i D= A4
a [3], a [_3]. Similarly —b [_1].

Investigate how many of the points on this grid it is 2
possible to get to from the origin if combinations of
a, b, -a and -b are allowed.

=y

A translation moves each point of an object the same distance in the same
direction.

p_rr’=[5] ﬁi"=[5] QQ'=[5] l
1 1 1 R’
' R
— :
i.e.PP’=QQ'=RR’ p/IQ 7
(0]
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8 Reflections and translations

Exercise
_> },
1 Given the following diagrams, find the vectors AA’, o} 4
— —_— : C’

BB’ and CC’. Are they all equal? Is the transformation
a translation?

'l 'l B A >
-4 -2 0 2 X
2 Given the following diagrams, find the vectors 4
— - -
LL", MM’ and NN’. Are they all equal? Is the ok i
transformation a translation? '
Al N
L/ M’
2+
L M

o
(] 9
I
(=3}
(e}
=y

3 Find the vector that describes the translation 4
mapping Ato A, Bto B'and Cto C'.

a

A

-

A
2
4  Give the vectors describing the translations y -
that map !
a AABCto APQR
b APQRto AABC. af
¢
P Q
2k
o T 4 1 8 X 15| *
A B
-2k
5 Give the vectors describing the translations %
that map N | 4 C
a AABCto APQR A i
b AABCto ALMN i TR B
¢ AXYZto AABC . . . R | | 4
d AABCto AABC. ¥ 2 0 7% K RE
A_z' T
X Y
—4L
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8 Reflections and translations

6

[[RN]

lloo

=]

154

Draw axes for x and y from —4 to 5. Draw the following triangles:
AABC with A(2, 2), B(4, 2), C(2, 5)
APQR with P(1,-2), Q(3,-2),R(1, 1)
AXYZ with X(=3, 1), Y(-1, 1), Z(-3, 4).
Give the vectors describing the translations that map
a AABCto APQR
b APQR to AABC
¢ APOR to AXYZ
d AABCto AABC.
Draw axes for x and y from 0 to 9. Draw AABC with A(3, 0), B(3, 3),
C(0, 3) and AA'B'C' with A'(8, 2), B'(8, 5), C'(5, 5).
Is AA'B'C' the image of AABC under a translation? If so, what is the
vector describing the translation?
Join AA', BB' and CC'. What type of quadrilateral is AA'B'B? Give
reasons. Name other quadrilaterals of the same type in the figure.
a Square ABCD is translated parallel to AB a
distance equal to AB. Sketch the diagram
and draw the image of ABCD.
b Square ABCD is translated parallel to AC a D C

distance equal to AC. Sketch the diagram
and draw the image of ABCD.

Draw axes for x and y from -2to 7.
Draw AABC with A(-2, 5), B(1, 3),C( 1, 5).

5
Translate AABC using the vector [J Label this image A B.C,.

Then translate AA B C, using the vector[ J Label this new image

AB.C,.

Give the vectors describing the translations that map
a AABCtoAABC,

b AAB,C, to AABC

¢ AABC,t0 AABC,
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Exercise

Select the letter that gives the correct answer.

1 ¥4

Triangle A'B’C’ is the image of triangle ABC under reflection.
The equation of the mirror line is

A x=1 B y=1 C x=2 D y=2
2 Which of these sentences refer to a vector quantity?

i Clive walked to school at 6km/h.

ii The number of pupilsin my class is 27.

iii The nearest post office from my home is 1 km away in the direction

northwest.

iv To get to the leisure centre my journey takes me due east.

A iandii B iandiii C iii D iiiandiv
3 Which of the sentences in question 2 refer to a scalar quantity?

A iandii B iandiii C iii D iiiandiv

2

4 The starting point of the vector [ 4] is the point (3, 1).

The coordinates of this vector’s other end are

A (1,3 B (51) C (5:3) D (5,5)

5 The coordinates of the end point of the vector[_zJ are (—1, 5). The
coordinates of this vector’s starting point are
A (1,2 B (2,3) C (3,2 D (3,3)

> (3

6 If Aisthe point (2, 6) and B is the point (—1, 4) the vector @ is

G o) )
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8 Reflections and translations

7 The coordinates of the image of the point (2, 5) under a translation

4
described by the vector [3} is

A (2,-3) B (2,2) C (6,2) D (6,3)
Use this diagram for questions 8 and 9.

N

el A B’

A ¥ | B

LA T LY
PANNENEN
—4 ?/0 2 4 6 8

_2_

S

8 The vector that describes the translation mapping AABC to AA’B'C’ is

el el ()

9 The vector that describes the translation mapping AA’B’C’ to AABC is

= R L I N

10 Ya

The vector that describes the translation mapping APQR to AP'Q'R’
= -8 -8

A ¢ B @ D 2
-3 -3 3 3
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8 Reflections and translations

Investigation N

Palindromes

A palindrome is a word or sentence or number that reads the same from right
to left as it does from left to right.

Examples of single word palindromes are DID and CIVIC.
An example of a sentence is
ABLE WAS 1 ERE I SAW ELBA.
Examples with numbers are much easier to find.
For example: 242, 1551 and 3672763.
These numbers are called palindromic numbers.

Consider the times that appear on a digital watch or clock. For a clock set
for a 12-hour cycle midday is shown as 1200. The time shown on the face
continues 1201, 1202, 1203, ... until it gets around to midnight and starts
again at 1200.

1 For aclock set for a 12-hour cycle investigate:
a all the possible palindromic times

b the shortest number of minutes between two consecutive palindromic
times

¢ the longest time between two consecutive palindromic times.

2 Repeat these questions for a digital clock set for a 24-hour cycle. For a
watch or clock set in 24-hour mode the cycle ends at midnight with the
face showing 0000.

There are therefore many more possible palindromic times when the
timepiece is set in this way.

3 The dates when important buildings were opened are often shown
on them, for example 1754 or 1991. The second of these dates is a
palindrome. What do you notice if you turn this date upside down?

Is it possible to find a date in the last 200 years that is not only a
palindrome but reads the same when turned upside down? Investigate.

If you find this investigation interesting try it with words; it is more difficult.
The more letters in the word the more difficult it becomes. Should you want a
really difficult challenge, try to create a palindromic sentence.
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8 Reflections and translations

In this chapter you have seen that...

v/ when an object is reflected in a mirror line, the object and the image are
symmetrical about the mirror line

v’ the mirror line is the perpendicular bisector of the line joining a point on
the object to the corresponding point on the image

v avector has size (magnitude or length) and direction
v ascalar has size only

v/ avector can be represented by an ordered pair of numbers written
vertically. The top number gives movement across and the bottom number
gives movement up or down

v atranslation moves an object without turning it or reflecting it

v atranslation can be described by a vector.
\ .
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9 Measurement

At the end of this chapter you should be able to...

convert between metric units of length
convert between metric units of mass
know the different imperial units of length and mass

use approximations to convert between metric and imperial measures

G Hh W N -

use and draw conversion graphs.

Did you know?

According to legend, Euclid, who was the father of geometry, posed this puzzle.

A mule and a donkey were carrying a load of sacks. When the donkey groaned
the mule looked at him and said, ‘Why are you complaining? If you gave me one
sack, I would have twice as many as you; and if I gave you one of my sacks, we
would have equal loads.’

How many sacks was each carrying? '

You need to know... ) o

NS

v how to multiply and divide decimals
v how to read values from scales and graphs

v how to draw a conversion graph.

:_.( B ,:

approximate, Celsius, centimetre, dollar, equivalent, Fahrenheit, foot, gallon,
gram, hundredweight, imperial, inch, kilogram, kilometre, litre, mass, metre, mile,
milligram, millilitre, millimetre, ounce, pound (Ib), pound (£), scale, ton, tonne, yard
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9 Measurement

In Book 1 we looked at units of length and mass and we revise this work here.

Units of length

There are two commonly used systems of units of length.

The metric system is used in most countries. The metric units of length in
everyday use are

the millimetre (mm), the centimetre (cm), the metre (m) and the kilometre
where
1I0mm=1cm, 100cm =1m, 1000m = 1km

Imperial units are used in the USA and, for some lengths, in the UK. The
imperial units in everyday use are

the inch (in), the foot (ft), the yard (yd) and the mile
where
12in = 1ft, 3ft=1yd, 1760yd = 1 mile
A rough conversion between metric and imperial units of length gives

e 1in = 2.5cm (good enough for most purposes; for a better approximation
lin = 2.54cm)

e 5miles = 8km.

Many rulers show both inches and centimetres.

e

R N

Most of us use rulers and tapes for everyday measurement.
More specialised measuring instruments are Vernier
callipers. These are used for measurements such as
internal and external diameters of pipes, and for
measurements that are required to 0.1 mm.

The picture shows a digital Vernier calliper.

Also used are electronic instruments for measuring
distances, for example lengths of rooms.

These typically use lasers or ultrasound and give the
lengths digitally.
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9 Measurement

Exercise

Express 2.4 cm in millimetres.

lecm=10mm, so2.4cm=2.4 X 10mm
=24mm

Express 2400m in kilometres.

1km =1000m or 1m=ﬁkm, 50 2400 m = 2400 + 1000 km
=24km
Express the given quantity in terms of the unit in Reitiinbehar o hange
brackets. ; to a smaller unit, multiply,
and to change to a larger
1 5cm (mm) 7  54cm (mm) unit, divide.
2 30mm (cm) 8 5000m (km)
3 0.5km (m) 9 56cm (m)
13 48in (ft)
4 300cm (m) 10 1350mm (m)
. 14 12ft(yd)
5 1.5m(cm) 11 2ft (in)
15 1.5miles (yd)
6 345mm (cm) 12 2yd (ft)

Use 1in = 2.54cm to express 1 ft as an approximate number of
centimetres.

1ft=12inand as 1in = 2.54cm, 12in~= 12 X 2.54cm
=30.5cm (correct to 1 d.p.)

Express the given quantity approximately in terms of the unit in brackets.
Uselin = 2.5cm and 5miles = 8 km.

16 6in(cm)

17 20cm (in)

18 60km (miles)

‘ to inches.
@20 1ft(cm) c i
@21 S5m(in) First change metres
22 2yd (cm) c to centimetres.
23 450mm (in)

24 1.5m (ft)
25 600yd (m)
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9 Measurement

Units of mass

The metric units of mass in everyday use are the milligram (mg), gram (g),
kilogram (kg) and tonne (t)

where
1t=1000kg, 1kg=1000g, 1g= 1000mg

The imperial units of mass in everyday use are ounces (0z), pounds (Ib),
hundredweights (cwt) and tons

where
lton =20cwt, lcwt=1121b, 1lb=160z

Imperial units of mass are not all quite equivalent in the UK and the USA. The
approximations given here are for UK units.

You can use the following approximations to convert between metric and
imperial units of mass:

e arough conversion between kilograms and pounds is 1kg = 21b
® amore accurate conversion is 1kg = 2.21b
® a metric tonne is very nearly the same as an imperial ton, so 1 tonne = 1 ton

Instruments for measuring mass are called scales or balances and they come in
a variety of forms.

A spring balance is used for These kitchen scales These are digital kitchen
weighing heavy objects such are also calibrated scales. Most digital scales

as luggage and gas cylinders. in kilograms and give the option of weighing in
The scale is marked in pounds. grams or pounds and ounces.
kilograms and pounds.
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9 Measurement

Exercise Remember that to change
G to a smaller unit, multiply,
. e . and to change to a larger
!Express the given quantity in terms of the unit unit, divide.
in brackets.
1 6kg(g) 5 1.5t(kg) 9 2cwt(lb)
2 2000g (kg) 6 3400kg (1) 10 2t(cwt)
3 0.5t (kg) 7 300g (kg) 11 3921b (cwt)
4 0.5kg(g) 8 320z (Ib) 12 1.51b (oz)

Express the given quantity approximately in terms of the unit in brackets.

Use 1kg = 2.21b and give your answers correct to 1 decimal place.

13 3kg (Ib) 15 500¢g (Ib) 17 3t (cwt)
14 8Ib(kg) 16 2t (tons) 18 60I1b (kg)

Write the masses shown on the following scales in kilograms and grams and in
pounds and ounces.

19
800558
-]
6002Z 8
%" $
400%%, /7 S§600
%, 8 6 5 8
200"%, ", 8 A 800
5 ""!/mrmhuM
I 2
gog "t 200
20 22 Use the scales shown to find

approximately the number
of grams in 1 ounce.

23 Using the scales, can you give
a better approximation for
the number of pounds in
1 kilogram?

%, 8 6 5
fz;;,’ 8
il
2 800 I
600 400
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9 Measurement

Conversion graphs

There are many quantities that we may need to convert apart from length

and mass. For example, many countries measure temperature using degrees
Celsius, but the USA uses degrees Fahrenheit. If you go to another country you
will need to convert your home currency to the that of the country you visit.
Straight-line graphs are a useful way of doing this.

If you were to go to England for a
holiday, you would probably have a
little difficulty in knowing the cost of
things in dollars and cents. If we
know the rate of exchange, we can
use a simple straight-line graph to
convert a given number of pounds
into dollars or a given number of
dollars into pounds.

Given that $1 converts to £0.083, we
can draw a graph to convert values
from, say, $0-$300 into pounds.

Take 5cm = $100 and
2cm = £5.
(=means ‘is equivalent to’. )

Because $100 = £8.30 and

$200 = £16.60,
we can now plot these points and
join them with a straight line.

From the graph:

Dollars ($)

4

300

280

260

240

220

200

180

160

140

120

100

80

60

40

20

0

S I I T A 6 I O O O

I U O 0 O I LI A G U

10 15
Pounds (£)

20

$144 =£12 (going from $144 across the graph then down to the £-axis)

$240=£20
£7.50=$90
£22.50=$270
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9 Measurement

Exercise

1

The table gives temperatures in degrees Fahrenheit (°F) and the
equivalent values in degrees Celsius (°C).

Temperature in °F 57 126 158 194
Temperature in °C 14 52 70 90

Plot these points on a graph for Celsius values from 0 to 100 and
Fahrenheit values from 0 to 220. Let 2 cm represent 20 units on each
axis.
Use your graph to convert:
a 97°Finto°C ¢ 25°Cinto°F
b 172 °Finto °C d 80°Cinto°F
The table shows the conversion of various sums of money from US
dollars to EC dollars.
US dollars (US $) 100 270 350
EC dollars (EC $) 270 729 945

Plot these points on a graph and draw a straight line to pass through
them. Take 2 cm to represent 50 units on the US $-axis and 100 units on
the EC $-axis.

Use your graph to convert:
a 160US $intoEC$
330US $intoEC $

¢ 440EC$intoUS $
d 980EC$intoUS $

When you choose scales for axes, make them easy toread. On
graph paper, you have 5 subdivisions between each centimetre,
so choose a multiple of 5.

The table shows the distance a girl walks in a given time.

Time walking in hours 0 1 2% 4 5

Distance walked in km 0 6 15 24 30

Draw a graph of these results. What do you conclude about the speed at

which she walks?
How far has she walked in a 2hours b 3% hours?

How long does she take to walk ¢ 10km d 21km?
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9 Measurement

| en

166

Marks in an examination range from 0 to 65. Draw a graph that enables
you to express the marks in percentages from 0 to 100. Note that a mark
of 0 is 0% while a mark of 65 is 100%.

Use your graph

a toexpress marks of 35 and 50 as percentages

b to find the original mark for percentages of 50% and 80%.
Deductions from the wages of a group of employees amount to $35 for
every $100 earned. Draw a graph to show the deductions made from
gross pay in the range $0-$400 per week.

How much is deducted from an employee whose gross weekly pay is

a $125 b $240 ¢ $335?

How much is earned each week by an employee whose weekly
deductions amount to

d $40 e $88?

The table shows the fuel consumption figures for a car in both miles per
gallon (X) and in kilometres per litre (V).

mpg (X) 30 45 60
km/litre (Y) | 10.5 15.75 21

Plot these points on a graph taking 2 cm = 10 units on the X-axis and
4 cm =5 units on the Y-axis. Your scale should cover 0-70 for X and
0-25 forY.

Use your graph to find:
a 12km/litre in mpg

b 64mpgin km/litre.

The table gives various speeds in kilometres per hour with the
equivalent values in metres per second.

Speed in km/h (S) 0 80 120 200
Speed in m/s (V) 0 222 33.3 55.5

Plot these values on a graph taking 4 cm = 50 units on the S-axis and
4cm = 10 units on the V-axis.

Use your graph to convert:
a 140km/hinto m/s

b 46m/s into km/h
¢ 18m/s into km/h
d 175km/hinto m/s.



9 Measurement

8 Anumber of rectangles, measuring [ cm by b cm, all have a perimeter of 24 cm.

Copy and complete the following table:

1 2 3 4 6 8

b 9 4
Draw a graph of these results using your own scale. Use your graph to
findlif b is
a 2.5cm b 6.2cm
and to find b if | is
¢ 55cm d 2.8cm.

Exercise

Select the letter that gives the correct answer.

1

654 mm in cm is

A 0.0654 B 0.654 C 6.54
8500 mm in km is

A 0.00085 B 0.0085 C 0.085
24ftinyards is

A 6 B 8 C 10
750 cm in metres is

A 0.075 B 0.75 g 75
If 1 inch is approximately 2.5 cm, 12 inches is approximately
A 18cm B 20cm C 24cm
5000 g in kilograms is

A 0.05kg B 0.5kg C 5kg

2.75kg in grams is
A 275g B 275g C 2750g

65.4

0.85

12

i

30cm

50kg

27500g
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9 Measurement

Use this graph for questions 8 and 9.
Y4
8k
7k

6F

US dollars ($)

=% 2 8 4 5 §

Pounds (£)

8 The graph enables you to convert pounds sterling (£) into US dollars ($).
From the graph, the equivalent value of £4 is
A $4 B $5 C $6 D $8
9 The equivalent value of £6 in US dollars is
A $6.50 B $7 C §$7.50 D $8
10 Using your answer to question 9 the equivalent of £600 is
A $750 B $800 C $850 D $900

Trains leave London for Edinburgh every hour on the hour. Trains leave
Edinburgh for London every hour on the half-hour. The journey takes five
hours each way.

Carrie takes a train from London to Edinburgh. How many trains from
Edinburgh bound for London pass her train? Do not count any trains that
may be in the stations at either end of the journey.
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9 Measurement

In this chapter you have seen that...

¢ the metric units of length in common use are the kilometre, the metre, the
centimetre and the millimetre, where
lcm = 10 mm
I1m = 100cm
1km = 1000 m
v the metric units of mass in common use are the tonne, the kilogram, the
gram and the milligram, where
1g =1000mg
1kg =1000g
1t = 1000 kg
¢ you can convert approximately between metric and imperial units using

lkg = 2.21b
10cm = 4 in
8km = 5 miles

¢ you can draw a graph and use it to convert a quantity from one unit to another.
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10 Circles: circumference and area

At the end of this chapter you should be able to...

state the relationship between the circumference and diameter of a circle
calculate the circumference of a circle given its diameter or radius
solve problems involving the calculation of circumferences of circles

calculate the radius of a circle of given circumference

G Hh W N -

calculate the area of a circle of given radius.

Did you know?

Circumference means ‘the perimeter of a circle’. The word comes from the Latin
circumference — ‘to carry around’. The symbol 7 is the first letter of the Greek
word for circumference — perimetron. In Germany, 7t is identified as the
ludolphine number, because of the work of Ludolph van Ceulen, who tried to

find a better estimate of the number. '

You need to know...) N

v the meaning of significant figures

v/ the units of area

v how to find one quantity as a fraction of another
v how to find the area of a rectangle

v how to find the area of a triangle.
& i

-4 B S !

annulus, approximate, area, centre, circumference, cone, cylinder, decimal place,
diameter, formula, fraction, grid line, minimum, perimeter, pi (1), quadrant, radius,
rectangle, revolution, sector, semicircle, significant figure, square unit

Diameter, radius and circumference

When you use a pair of compasses to draw a circle, the place where you put
the point is the centre of the circle. The length of the curve that the pencil
draws is the circumference of the circle.
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10 Circles: circumference and area

The length of this curve
is the circumference

Any straight line joining the centre to a point on the
circumference is a radius.

A straight line across the full width of a circle (i.e. going

through the centre) is a diameter.

The diameter is twice as long as the radius. If d stands for the length of a
diameter and r stands for the length of a radius, we can write this as a formula:

d=2r

Exercise

In questions 1 to 6, write down the length of the diameter of the circle whose
radius is given

1 2
3 15mm 5 1km
4 3.5cm 6 4.6cm

7 - "

For this activity you will need some thread and a cylinder (e.g. a tin of soup, a
soft drink can, the cardboard tube from a roll of kitchen paper).

Measure across the top of the cylinder to get a value for the diameter. Wind
the thread 10 times round the can. Measure the length of thread needed to do
this and then divide your answer by 10 to get a value for the circumference.

If C stands for the circumference and d for the length of the diameter, find,
approximately, the value of C +d.

(Note that you can also use the label from the cylindrical tin. If you are careful
you can reshape it and measure the diameter and then unroll it to measure
the circumference.)

Compare the results from the whole class for the value of C +d.
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10 Circles: circumference and area

Introducing m

From the activity on page 171 you will see that, for any circle,
circumference = 3 x diameter

The number that you have to multiply the diameter by to get the
circumference is slightly larger than 3.

This number is unlike any number that you have met so far. It cannot be
written down exactly, either as a fraction or as a decimal: as a fraction it is
approximately, but not exactly, 22. asadecimal itis approximately 3.142,
correct to 3 decimal places.

Now with a computer to do the arithmetic we can find its value to as many
decimal places as we choose: it is a never-ending, never-repeating decimal
fraction. To sixty decimal places, the value of this number is

3.141592653589793238462643383279502884197169399375105820974944 ...

Because we cannot write it down exactly we use the Greek letter rt (pi) to stand
for this number. Then we can write a formula connecting the circumference and
diameter of a circle in the form C = nd. But d = 2r so we can rewrite this formula as

(=21

where C = circumference and r = radius

The symbol t was first used by an English writer, William Jones, in 1706. It
was later adopted in 1737 by Euler.

Calculating the circumference

Exercise

Using 3.142 as an approximate value for 7, find the circumference of a circle
of radius 3.8 m.

To get your answer correct to 3 s.f. you must work to 4 s.f.
Using C=2nr
with m=3.142andr=3.8
gives C=2x3.142x3.8
=23.9to 3s.f.
Circumference =23.9m to 3 s.f.
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10 Circles: circumference and area

Using 3.142 as an approximate value for n and giving your answers correct to
3 s.f.,, find the circumference of a circle of radius:

1 2.3m 4 53mm 7 36cm 10 0.014km 13 14m
2 4.6cm 5 87m 8 4.8m 11 7cm 14 35mm
3 29cm 6 250mm 9 1.8m 1 28 mm 15 5.6cm

For questions 16 to 23 you can use C = 2nr or C=nd.
Read the question carefully before you decide which one to use.

Using nt = 3.14 and giving your answer correct to 2 s.f., find the circumference
of a circle of:

16 radius 154mm 20 radius 34.6cm
17 diameter 28 cm 21 diameter 511 mm
18 diameter 7.7 m 22 diameter 630 cm
19 radius 210mm 23 diameter 9.1m

In early times, /10 was used as an approximation for .

Investigation \

Count Buffon’s experiment

Count Buffon was an 18th-century scientist who carried out many probability
experiments. The most famous of these is his ‘Needle Problem’. He dropped
needles on to a surface ruled with parallel lines and considered the drop
successful when a needle fell between two lines. His amazing discovery was
that the number of successful drops divided by the number of unsuccessful
drops was an expression involving 7.

You can repeat his experiment and get a good approximation for the value of
n from it:

e Take a matchstick or a similar small stick and measure its length.
e Take a sheet of paper measuring about% m each way and fill the sheet with a
set of parallel lines whose distance apart is equal to the length of the stick.

e With the sheet on the floor, drop the stick on to it from a height of about 1 m.

e Repeat this about a hundred times and keep a tally of the number of times
the stick touches or crosses a line and of the number of times it is dropped.
e Find the value of
2 x number of times it is dropped
number of times it crosses or touches a line
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10 Circles: circumference and area

Problems

Exercise

Use the value of t on your calculator and give your answers correct to 3 s.f.

Find the perimeter of the given semicircle.

(The prefix ‘semi’ means half.)

Remember that perimeter means distance all round, so you need to ALl
find half the circumference then add the length of the straight edge.

The complete circumference of the circle is 27r
The curved part of the semicircle is % X 21r
=§ X 2’ : XX4m
= 12;.57m (correctto 4 s.f.)
The perimeter = curved part + straight edge
=(12.57+8)m
=20.57m
=20.6m to 3 s.f.

Find the perimeter of each of the following shapes:

1 4cm &4

5cm

\i\

This is one-third of a circle
because 120° is% of 360°.

L2
b
w
(&)
=)

This is called a quadrant: it
G is one quarter of a circle.

2cm

i
=
[x)
=

45°

A‘slice’ of a circle is called a

45 _1 :
sector. 0 this sector

4 cm 6

]

is % of a circle.
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10 Circles: circumference and area

I~
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Is
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12

The perimeter is the distance

round all the edges. The region 7.2¢m
between two concentric circles

is called an annulus.

13

14

4 cm

o
T, . —
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10 Circles: circumference and area

Exercise

Use the value of m on your calculator and give your answers correct to 3 s.f.

A circular flower bed has a diameter of 1.5 m. A metal edging is to be
placed round it. Find the length of edging needed and the cost of the
edging if it is sold by the metre (i.e. you can only buy a whole number of
metres) and costs 60 ¢ a metre.

First find the circumference of the circle, then how many metres you need.
Using C=nd,
C=nx1.5
=4,712 ...

Length of edging needed =4.71m to 3 s.f.
(Note that if you use C = 27xr, you must remember to halve the diameter.)
As the length is 4.71 m we have to buy 5m of edging.

Cost=5x60c

=300c or $3.00

1 Measure the diameter, in millimetres, of a 25 c coin. Use your
measurement to find the circumference of a 25 ¢ coin.

Repeat question 1 with a 10c coin and a 5 ¢ coin.

A circular tablecloth has a diameter of 1.4 m. How long is the hem of the
cloth?

A rectangular sheet of metal measuring 50 cm by 30 cm has a semicircle

[l

of radius 15 cm cut from each short side as shown. Find the perimeter of
the shape that is left.

50 cm
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10 Circles: circumference and area
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A bicycle wheel has a radius of 28 em. What is the circumference of the
wheel?

How far does a bicycle wheel of radius 28 cm travel in one complete
revolution? How many times will the wheel turn when the bicycle
travels a distance of 352m?

A cylindrical tin has a radius of 2 cm. What length of paper is needed
to put a label on the tin if the edges of the paper just meet?

A square sheet of metal has sides of length 30 cm. A quadrant (one
quarter of a circle) of radius 15cm is cut from each of the four corners.
Sketch the shape that is left and find its perimeter.

A boy flies a model aeroplane on the end of a wire 10 m long. If he
keeps the wire horizontal, how far does his aeroplane fly in one
revolution?

If the aeroplane described in question 9 takes 1 second to fly 10 m,
how long does it take to make one complete revolution? If the
aeroplane has enough power to fly for 1 minute, how many turns can it
make?

A cotton reel has a diameter of 2 cm. There are 500 turns of thread on
the reel. How long is the thread?

A bucket is lowered into a well by unwinding rope from a
cylindrical drum. The drum has a radius of 20 cm and with the
bucket out of the well there are 10 complete turns of the rope on
the drum. When the rope is fully unwound the bucket is at the
bottom of the well.

How deep is the well?

A garden hose is 100 m long. For storage it is wound on a circular
hose reel of diameter 45 cm. How many turns of the reel are needed to
wind up the hose?

The cage that takes miners up and down the shaft of a coal mine is
raised and lowered by a rope wound round a circular drum of diameter
3m. The rope does not wind on top of itself. It takes 10 revolutions

of the drum to lower the cage from ground level to the bottom of the
shaft. How deep is the shaft?
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10 Circles: circumference and area

Investigation

Kevin entered a 50 km sponsored cycle ride. He wondered how many pedal
strokes he made. The diameter of each wheel is 70 cm.

1

Investigate this problem if one pedal stroke gives one complete turn of
the wheels.

What happens if Kevin uses a gear that gives two turns of the wheel for
each pedal stroke?

Find out how the gears on a racing bike affect the ratio of the number of
pedal strokes to the number of turns of the wheels.

Discuss the assumptions made in order to answer parts 1 and 2.

Write a short report on how these assumptions affect the reasonableness of
your answers.

Finding the radius of a circle given the circumference

If a circle has a circumference of 24 cm, we can find its radius from the formula
C=2nr

ie.

24=2x3.142 <r

and solving this equation for r.

Exercise

Use the value of t on your calculator and give your answers correct to 3 s.f.

The circumference of a circle is 36 m. Find the radius of this circle.

Using C = 2nr gives
36=2xmXr

36=6.283xr

(writing down the first 4 digits in the calculator display)

178
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10 Circles: circumference and area

Find the radius of the circle whose circumference is:

44 cm 3 550m 5 462mm 7 36.2mm 582 cm
2 121mm 4 275cm 6 83lcm 8 391m 1 87.4m

[\=}

11 Find the diameter of a circle whose circumference is 52 m.

12 Aroundabout at a major road junction is to be built. It has to have
a minimum circumference of 188 m. What is the corresponding
minimum diameter?

13 Abicycle wheel has a circumference of 200 cm. What is the radius of
the wheel?

14 A car has a turning circle whose circumference is 63 m. What is the
narrowest road that the car can turn round in without going on the
sidewalk?

15 When the label is taken off a tin of soup it is found to be 32 cm
~=

If there was an overlap of 1 cm when the label was on the tin,
what is the radius of the tin?

16 The diagram shows a quadrant of a circle. If the curved edge is 15 cm
long, what is the length of a straight edge?
Y
17 Atea cup has a circumference of 24 cm. What is the radius of the cup?

Six of these cups are stored edge to edge in a straight line on a shelf.

What length of shelf do they occupy?

A sector of a circle is the

13

an arc and the two radii

On a sheet of paper draw a circle of radius 8 cm.

Make a cone from a sector of a circle as follows: G shape enclosed between

at the ends of that arc (it

Draw two radii at an angle of 90°. Make a tab looks like a slice of cake).

on one radius as shown. Cut out the larger sector and stick
the straight edges together. What is the circumference of
the circle at the bottom of the cone?
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10 Circles: circumference and area

19 Aconeis made by sticking together the straight edges of the sector of a
circle, as shown in the diagram.

(one-third of a circle)

The circumference of the circle at the bottom of the finished cone is
10 cm. What is the radius of the circle from which the sector was cut?

20 The shape in the diagram on the right is made up of a semicircle aem
and a square. /\
Find the length of a side of this square. -

21 The curved edge of a sector which is% of a circle is 10 cm.

Find the radius and the perimeter of the sector.

What is the exact time after 1 o’clock when the minute hand of a clock is
immediately over the hour hand?

The area of a circle
The formula for finding the area of a circle is
A=mr?

You can see this if you cut a circle up into sectors and place the pieces together
as shown to get a shape which is roughly rectangular. Consider a circle of
radius r whose circumference is 2nr.

Area of circle = area of ‘rectangle’
=length x width
=Rt Mir=Jr
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10 Circles: circumference and area

Exercise

Use the value of  on your calculator and give your answers correct to 3 s.f.

Find the area of a circle of radius 2.5 cm.
Using A=mr*
with r=2.5
gives A=mx(2.5)2
=19.63...
=19.6to 3s.f.
Areais 19.6cm? to 3 s.f.

Find the areas of the following circles:

1 @4

N

-

o

b
93]
[}

w This sector is% of a circle.

. area of sector :% of area of circle of radius 3m

Area of sector = % of itr?

=%><1:><9m2

=3.534m?
=3.53m2t0 3 s.f.
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10 Circles: circumference and area

Find the areas of the following shapes:

10

11

12
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4 cm

1
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circle)

1
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circle)

15 mm

|
I
I
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16 cm
[
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| \

s

=

I

21

22

23
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10 Circles: circumference and area

24 \ 26
3.7 ecm } m
\
|
8.4 cm Hiam
25 27
8cm
12 cm by
- 12 cm o 10m
Problems
Exercise

Use the value of  on your calculator and make a rough sketch to illustrate each
problem. Give your answers to 3 s.f.

A circular table has a radius of 75 cm. Find the area of the table top.
The top of the table is to be varnished. One tin of varnish covers 4 m2.
Will one tin be enough to give the table top three coats of varnish?

The area to varnish is three times the area of the top of the table.
Area of table top is nr?
=mx 75 x75cm?
=176714...
=17670cm? to 4 s.f.
=(17670 + 100% m?
=1.767m*to 4 s.f.

(To give an answer correct to 3 s.f. work to 4 s.f.)

For three coats, enough varnish is needed to cover

3x1.767m?2=5.30m?to 3 s.f.

So one tin of varnish is not enough.
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[[=)}

N

[

11
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The minute hand on a clock is 15 ¢m long. What area does it pass over
in 1 hour?

What area does the minute hand described in question 1 cover in
20 minutes?

The diameter of a 25 ¢ coin is 25 mm. Find the area of one of its flat
faces.

The hour hand of a clock is 10 cm long. What area does it pass over in
1 hour?

A circular lawn has a radius of 5m. A bottle of lawn weedkiller says
that the contents are sufficient to cover 50 m2. Is one bottle enough to
treat the whole lawn?

The largest possible circle is cut from a square of paper 10 cm by
10 cm. What area of paper is left?

Circular place mats of diameter 8 cm are made by stamping as many

circles as possible from a rectangular strip of card measuring 8 cm by
64 cm. How many mats can be made from the strip of card and what

area of card is wasted?

A wooden counter top is a rectangle measuring 280 cm by 45 cm.
There are three circular holes in the counter, each of radius 10 cm.
Find the area of the wooden top.

The surface of the counter top described in question 8 is to be given four
coats of varnish. If one tin covers 3.5 m2, how many tins will be needed?

Take a cylindrical tin of food with a paper label:

BAKFD :D BAKED
BEANS BEANS

Measure the diameter of the tin and use it to find the length of the
label. Find the area of the label. Now find the total surface area of the
tin (two circular ends and the curved surface).

You need 5 mm squared paper for this question.

In Book 1 we counted squares to find estimates for the areas of several
different shapes. Let us now apply the method to finding the area of a
circle.

a Draw a circle, of radius 3 cm, taking its centre at the intersection of
two grid lines
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Investigation

-

b Count the number of squares within the circle. Include a square if
at least half is inside the circle, otherwise do not.
¢ What is the area of one grid square? Give your answer
i in square millimetres ii in square centimetres.
What area do the total number of squares you have counted cover?
e Use the formula for the area of a circle to calculate the area of a
circle of radius 3 em.
Give your answer correct to 1 decimal place.
f Now compare your answers for parts d and e. Does counting
squares give a good estimate for the area of a circle?

In addition to using the formula A = 7tr? to calculate the area of a circle, there
are other methods that provide reasonably good results. One such method is
by weighing.

This method requires floor tiles, linoleum, or other material of measurable

weight that can be easily cut. Trace the circle whose area is required on the
tile and cut out the resulting circular region.

Use the remaining tiles to cut out three 10 cm squares, five 10cm by 1 cm
rectangles, and ten 1 cm squares. You will need more cutouts if the circle is
large. These rectangular cutouts will be used as weights.

Place the circular cutout in the scale pan and use the rectangular pieces as
weights. When the scale balances, remove the rectangular pieces and find
their total area. This area will be the area of the circular cutout.

Why does this method of weighing to find area make sense?

Mixed exercises

Use the value of  on your calculator. Give your answers to 3 s.f.

Exercise

1 Find the circumference of a circle of radius 2.8 mm.
Find the radius of a circle of circumference 60 m.
Find the circumference of a circle of diameter 12 cm.

Find the area of a circle of radius 2.9 m.

192 IS N I %

Find the area of a circle of diameter 25 cm.
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10 Circles: circumference and area

6 Find the perimeter of the quadrant in the diagram.

8 mm
7 Find the area of the sector in the diagram,
| . ‘
which is 5 of a circle. A
4.5cm
Exercise
1 Find the circumference of a circle 6 Find the perimeter
of diameter 20m. of the sector,
N |
2 Find the area of a circle of radius which is 3 of
12 cm. a circle.
3 Find the radius of a circle of
circumference 360 cm. 7  Find the area of
the shaded part of

4 Find the area of a circle of
diameter 8 m.

: 12
the diagram. .

5 Find the diameter of a circle of

circumference 280 mm.

Exercise
1 Find the area of a circle of radius 2km.
2 Find the circumference of a circle of radius 49 mm.
3 Find the radius of a circle of circumference 88 m.
4 Find the area of a circle of diameter 14 cm.
5 Find the area of a circle of radius 3.2 cm.
6

An ornamental pond in a garden is a rectangle with a semicircle on each
short end. The rectangle measures 5m by 3 m and the radius of each
semicircle is 1 m. Find the area of the pond.
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10 Circles: circumference and area

Exercise

Select the letter that gives the correct answer.
1 The circumference of a circle of radius 8 cm is
A 251cm B 50.2cm C 50.3cm D 50.4cm

2 The radius of a circle of circumference 25 cm is
A 397cm B 3.98cm C 3.99cm D 7.96cm

3 The circumference of a circle of diameter 12 cm is
A 37.6cm B 37.7cm C 37.8cm D 37.9cm

4 The area of a circle of radius 15cm is
A 707cm? B 717cm? C 827cm? D 2830cm?

5 The area of a circle of diameter 12m is
A 113m? B 114m? C 453m? D 454m?

6 When the label is taken off a cylindrical tin it is 35 cm long. There was an
overlap of 1 cm when the label was on the tin. The radius of the circular
cross-section of the tin, correct to 3 s.f., is

A 5.3%9cm B 5.40cm C 541cm D 5.44cm

7 The perimeter of this quadrant of a circle, correct to 3 s.f., is
A 20.6cm B 25cm C 28.5cm D 28.6cm

8cm

8 The shaded area of the shape shown below correct to 3 s.f., is

A 100cm? B 129cm? C 135cm? D 164cm?
=] L]
._E'_C_m__- __E;_c_rn__ 12cm

6cm

9 The circumference of a circle is 46 cm. Its area, correct to 3 s.f., is
A 168cm? B 172cm? C 176cm? D 184cm?

10 The area of a circle is 200cm?. The length of its circumference, correct to 2 s.f., is
A 50cm B 5lcm C 58cm D 60cm
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10 Circles: circumference and area

Did you know?

Over the centuries mathematicians have spent a lot of time trying to find the

true value of . The ancient Chinese used 3. Three is also the value given in
2
the Old Testament (1 Kings 7:23). The Egyptians (c. 1600 BCE) used 4 x[%) 5

Archimedes (c. 225 BCE) was the first person to use a sound method for finding
its value and a mathematician called Van Ceulen (1540-1610) spent most of

his life finding it to 35 decimal places! '
In this chapter you have seen that...

v for any circle the circumference divided by the diameter gives a fixed value; this value is
denoted by nt and its approximate value is 3.142

v/ you can find the circumference of a circle using either the formula C = 27r or the formula
C =nd when you know the radius or diameter of the circle

v/ you can use the formula A = nr? to find the area of a circle

v/ asector of a circle is shaped like a slice of cake.

188



11 Volume and capacity

At the end of this chapter you should be able to...

recognise volume as a measure of space
measure volume using standard units
calculate the volume of solids given the necessary dimensions

convert from one standard metric unit of volume to another

2 A WD -

construct a net to make a solid.

Did you know?

Archimedes, one of the greatest mathematicians, lived on the island of Sicily
during the 3rd century BC. While taking a bath in a tub he discovered a law
about things floating in water. He saw how this law could help the king, who
thought that the man who made his crown had cheated him, know whether his
crown was pure gold or not.

He was so excited that he ran out of the house naked shouting ‘Eureka’, which

means ‘I have found it’. '

You need to know... ) .

\.

v how to change from one metric unit of length to another
v how to find the area of a square

v how to find the area of a parallelogram.

aa T :

ooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

189



11 Volume and capacity

Volume

In the science laboratory you may well have seen a container with a spout
similar to the one shown in the diagram (some people call this a Eureka can;
do you know why?).

"

N\ N\
L @

The container is filled with water to the level of the spout. Any solid which is

put into the water will force a quantity of water into the measuring jug. The
volume of this water will be equal to the volume of the solid. The volume of a
solid is the amount of space it occupies.

Cubic units s 2 ~

As with area, we need a convenient unit for

measuring volume. The most suitable unit
is a cube. A cube has six faces. Each face is a

square. A B

How many of the smallest cubes are needed to fill the same space as each of
the solids A and B? Careful counting will show that 8 small cubes fill the same
space as solid A and 12 small cubes fill the same space as solid B.

A cube with a side of 1 em has a volume of one cubic centimetre which is
written 1 cm?3.

Similarly a cube with a side of 1 mm has a volume of 1 mm?® and a cube with a
side of 1m has a volume of 1 m?.

Volume of a cuboid

5 e Vi i
A cuboid is the mathematical name for a rectangular A4
block. Each face of a cuboid is a rectangle.
2cm row 1
row 2
row 3
4 cm
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11 Volume and capacity

The diagram shows a rectangular block or cuboid measuring 4 cm by 3 cm by
2cm. To cover the area on which the block stands we need three rows of cubes
measuring 1 cm by 1 em by 1 em, with four cubes in each row, i.e. 12 cubes.

A second layer of 12 cubes is needed to give the volume shown, so the volume
of the block is 24 cubes.

But the volume of one cube is 1 cm?3.

Therefore the volume of the solid is 24 cm?.

This is also given when we calculate length x breadth x height,

ie.

or

the volume of the block=4 x 3 x 2cm?

the volume of the block = length x breadth x height

Exercise

Find the volume of a cuboid measuring 12 cm by 10 cm by 5cm.

ie.

Volume of cuboid = length x breadth x height
=12x10x 5cm?

Volume = 600 cm?

Find the volume of each of the following cuboids:

U W N =

Length
4em
20mm
45 mm
5mm
6.1m
3.5cm

Breadth
4cm

10 mm
20mm
4mm
4m
2.5cm

Height Length Breadth Height
3cm 7 4m 3m 2m

8 mm 8 8m Sm 4m
6mm 9 8cm 3cm %cm
0.8mm 10 12cm 1.2cm 0.5cm
1.3m 11 45m 1.2m 0.8m
1.2cm 12 1.2m 0.9m 0.7m

Find the volume of a cube with the given side:

@13
14
15
16
17

4cm
5cm
2m

1

5 Cm
2.5cm

18

=18 e
= O N

3km
The edges of a cube are all the

8km ' same length so the volume is
(4x4x4)cm>.
1%1(1:11

3.4m
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11 Volume and capacity

Which two of these shapes will fit together to form a cube?

Sllwe

Exercise

Draw a cube of side 8 cm. How many cubes of side 2 cm would be needed to fill
the same space?

L g o F
L ———top layer
L 4
V4 third layer
// second layer
8cm L/ | bottom layer
/
2
2cm EAL 2 cm
2cem
8cm 2cm

The bottom layer requires 4 x 4, i.e. 16 cubes of side 2 cm, and there are four
layers altogether.

Therefore 64 cubes are required.

1 Draw acube of side 4 cm. How many cubes of side 2cm would be
needed to fill the same space?

2 Draw a cuboid measuring 6 cm by 4cm by 2 cm. How many cubes of
side 2 cm would be needed to fill the same space?

3 Draw a cube of side 6 cm. How many cubes of side 3 cm would be
needed to fill the same space?

4 Draw a cuboid measuring 8 cm by 6 cm by 2 cm. How many cubes of
side 2 cm would be needed to fill the same space?
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11 Volume and capacity

The outer surface of the large cube in the worked example on page 192 is
painted red. How many of the 64 small cubes are unpainted?

Changing units of volume

Consider a cube of side 1 em. If each

edge is divided into 10 mm the cube I00eibe car Wi
avolume of 1 mm?~,

can be divided into 10 layers each in every one of

these layers

layer with 10 x 10 cubes of side 1 mm.

So lem®*=10 x 10 x 10 mm?

ie. 1cm® =1000 mm?

Similarly, since 1m=100cm

1 cubic metre = 100 x 100 x 100cm?

ie. 1m?®=1000000cm?

Exercise

Express 2.4m? in a cm? b mm?.
a Since 1m3=100 x 100 x 100 cm?
24m>=2.4x100x 100 x 100 cm?
=2400000 cm?
b Since 1m?*=1000 x 1000 x 1000 mm?
2.4m3=2.4x 1000 x 1000 x 1000 mm?
=2400000 000 mm?
1 Which metric unit would you use to measure the volume of
a aroom b ateaspoon ¢ acanofcola?

Express in mm?:
2 8’ 3 14cm’ 4 62cm’ 5 043cm? 6 0.092m’

Express in cm?:
8§ 3m’ 10 042m’ 12 22mm°®
9 25m® 11 0.0063m? 13 731mm?

7 0.04cm’
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11 Volume and capacity

Capacity

When we buy a bottle of milk or a can of engine oil we are not usually
interested in the external measurements or volume of the container. What
really concerns us is the capacity of the container, i.e. how much milk the
bottle can hold, or how much engine oil is inside the can.

The most common unit of capacity in the metric system is the litre. (A litre is
usually the size of a large bottle of water.) A litre is much larger than a cubic
centimetre but much smaller than a cubic metre. The relationship between
these quantities is:

1000 cm® =1 litre
i.e. alitre is the volume of a cube of side 10 ecm

and 1000 litres=1 m?3

When the amount of liquid is small, such as dosages for medicines, the
millilitre (ml) is used. A millilitre is a thousandth part of a litre, i.e.

1000ml =1 litre or 1ml=1cm?

Exercise

Express 5.6 litres in cm?.

1 litre = 1000 cm?

SO 5.6 litres = 5.6 x 1000 cm?
=5600cm?
Express in cm?:
1 2.5litres 3 0.54litres 5 35 litres
2 1.76litres 4 0.0075 litres 6 0.028 litres

Express in litres:
7 7000cm?® 8 4000cm?® 9 24000cm? 10

Express in litres:
11 5m? 12 12m? 13 4.6m?d 14

194
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Nets

Any solid with flat faces can be made from a flat sheet.

(We are using the word ‘solid’ for any object that takes up space, i.e. for any
three-dimensional object, and such an object can be hollow.)

A cube can be made from six separate squares.

We can avoid a lot of unnecessary sticking if we join some squares together
before cutting out.

This is called a net.

There are other arrangements of six squares that can be

folded up to make a cube. Not all arrangements of six R

squares will work however, as we will see in the next

exercise.

Exercise

1 Below is the net of a cube of edge 5cm.

Draw the net on 1cm squared paper and cut it out. Fold it along the
broken lines. Fix it together with sticky tape.

If you mark the faces with the numbers 1 to 6 you can make a dice.
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11 Volume and capacity

2 Draw this net full-size on 1 em squared paper.

196

3em
Jem 3em 6cm

4cm E E ' 4 cm

Cut the net out and fold it along the dotted lines. Stick the edges
together.

a i How many faces are rectangles measuring 6 cm by 3 cm?
ii How many faces are rectangles measuring 6 cm by 4 cm?
iii What are the measurements of the remaining faces?

b Draw another arrangement of the rectangles that will fold up to
make the same cuboid.
This cuboid is 6 cm long, 4 cm wide and 3 ¢cm high.

a How many faces does this cuboid have?

b Sketch the faces, showing their measurement.

¢ On1cm grid paper, draw a net that will make
this cuboid.

Draw this net full-size on 1 cm squared paper.

The longest edge is 8 cm long.

a Cut the net out and fold it along the
dotted lines. Stick the edges together.
What name do we give to this solid?

¢ What shape is the cross-section?
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Draw this net full-size on 1 cm squared

paper. The square, which is shown with
dotted lines has an edge of 4 cm.

5
a
b
c
6

b
c
d

Cut the net out and fold it along the
dotted lines. Stick the edges together.
Does the solid have a uniform
cross-section? Justify your answer.
What name do we give to this solid?

Draw this net full-size on 1 em squared paper.

6cm

H
H 7 cm

Cut the net out and fold it along the dotted lines. Stick the edges
together.

What name do we give to this solid ?

What shape is the cross-section?

Find the length of the perimeter of the shape at one end.

7 The diagram shows a pyramid with a square base.

a

b

Sketch a net for this solid. Label it and insert the 7 cm
measurements.

How many triangles are exactly the same shape and

size as triangle AED? Name them. C
How many triangles are exactly the same shape and
size as triangle ECD? Name them. 5cm
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11 Volume and capacity

8 This net will make a cuboid.

E ; G
¢ D !
y : P 1 H
Tem ! : a Sketch the cuboid, and show its
! i measurements.
A YT y . i
N ) M b Which edge joins HI?
cIm
i i ¢ Which corners meet at A?
2ecm

9 This cube is cut along the edges drawn with a coloured line i

and flattened out. . G
Draw the flattened shape.

10 Here are two arrangements of six squares.

a Draw as many other arrangements of six squares as you can find.

b Which of your arrangements, including the two given here, will
fold up to make a cube? If you cannot tell by looking, cut them out
and try to make a cube

Investigation N

A rectangular piece of card measuring 12 cm by 9 cm
is to be used to make a small rectangular box.

The diagram shows one way of doing this.

1 How many different open boxes can be made
from this piece of card if the length and
breadth of the base is to be a whole number of
centimetres? e
Draw each possibility on squared paper.
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11 Volume and capacity

2 For each different box find

3 Use the information you have found in part 2 to state whether each of
these statements is true (T) or false (F).

A The box with the largest base has the greatest capacity.

B The box with the smallest total external surface area has the
smallest capacity.

C The box with the greatest capacity is as deep as it is wide.

4 Find the dimensions of the largest cubical open box that can be made
from a rectangular card measuring 12cm by 9 cm. How much card is
wasted?

5 Investigate other sizes of card to find the dimensions of the box with the
largest volume that can be made from each size.

a its dimensions b its total external surface area ¢ its capacity.

Mixed units

Before we can find the volume of a cuboid, all measurements must be expressed
in the same unit.

Exercise

Find the volume of a cuboid measuring 2 m by 70 cm by 30 cm.
Give your answer in a cm? b ms.

a (All the measurements must be in centimetres so we first convert the 2 m
into centimetres.)

Length of cuboid =2m =2 x 100 cm = 200 cm
Volume of cuboid = length x breadth x height
=200x 70 x 30cm?
=420000cm?
b (We convert all the measurements to metres before finding the volume.)
Breadth of cuboid = 70 cm = 2% m =0.7m

100

Height of cuboid =30cm = 30 m=0.3m

100
Volume of cuboid =2 x 0.7 x 0.3 m?

=0.42m?
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11 Volume and capacity

Find the volumes of the following cuboids, giving your answers in the units
stated in brackets:
Length Breadth Height

1 50mm 30mm 20mm (cm?)
2 400cm 100ecm 50cm (m?)
3 1m 4cm 2cm (cm?®)
4 15cm 80 mm 50 mm (cm?)
5 6cm 12mm 8 mm (mm?3
6 2m 50cm 40 mm (cm?)
7 4cm 35mm 2cm (cm3)
8 20m 80cm 50cm (m?3)
9 3.5cm 25mm 20mm  (cm?)
10 %m 45 mm 8 mm (cm?®)

Problems involving cuboids

Exercise

Find the volume of a rectangular block of wood measuring 8 cm by 6 cm which is
2m long. Give your answer in cubic centimetres.

Working in centimetres:

Length of block =2m= 2 x 100 cm = 200 cm
Volume of block = length x breadth x height
=200 x 8 x 6cm?
=9600cm?®

A rectangular metal water tank is 3m long, 2.5m wide and 80 cm deep.
Find its capacity in a m? b litres.

To find the capacity of the tank you need to find the volume inside the tank.
a Working in metres:

Depth of tank = 80 cm:% m=0.8m

Capacity of tank = length x breadth x height
=3x%x2.5x0.8m?

=6m?
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11 Volume and capacity

v

{[=)

N

lloo

I 1o

[
[

1m?3=1000 litres
Capacity of tank = 6 x 1000 litres
= 6000 litres

Which unit would you use to give the volume of

a thisbook d aspoonful of water g apetrol can
b the room you are in e alorry load of rubble h a25ccoin
¢ one vitamin pill f apacket of cornflakes i a concrete building block?

Find the volume of air in a room measuring 4 m by 5m which is 3m
high.

Find the volume, in cm?, of a concrete block measuring 36 cm by 18cm
by 12cm.

Find the volume of a school hall which is 30 m long and 24 m wide if
the ceiling is 9 m high.

An electric light bulb is sold in a box measuring 10 cm by 6 cm by 6 cm.
If the shopkeeper receives them in a carton measuring 50 cm by 30 cm
by 30 cm, how many bulbs would be packed in a carton?

A classroom is 10 m long, 8 m wide and 3 m high. How many pupils
should it be used for if each pupil requires 5m? of air space?

How many cubic metres of water are required to fill a rectangular
swimming bath 15m long and 10 m wide which is 2m deep
throughout? How many litres is this?

How many rectangular packets, measuring 8 cm by 6 cm by 4 cm, may
be packed in a rectangular cardboard box measuring 30 cm by 24 cm
by 16 cm?

A water storage tank is 3 m long, 2m wide and 1%[11 deep. How many
litres of water will it hold?

How many lead cubes of side 2cm could be made from a lead cube of
side 8cm?

How many lead cubes of side 5mm could be made from a rectangular
block of lead measuring 10 cm by 5 cm by 4 cm?
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11 Volume and capacity

3 ‘

Everton is returning from the local farm with an 8-pint can which is full
of milk. He meets Amy who is going to the same farm for milk. She has an
empty 5-pint can and an empty 3-pint can. Everton knows that there is no
milk left at the farm, so being the kind boy he is, decides to share his milk
equally with Amy. How do they do it using only the three containers they
have?

Everton Amy

Volume of a prism

’;‘ﬂ

When we cut through any one of the solids
above, parallel to the ends, we always get the
same shape as the end.

cross-section
This shape is called the cross-section.
It is said to be uniform or constant.
First consider a cuboid (which can also be thought of as a rectangular prism).
Volume = length x width x height

= (width x height) x length

= area of shaded end x length

length
= area of cross-section x length
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11 Volume and capacity

Now consider a triangular prism. If we enclose it in a cuboid we can see that
its volume is half the volume of the cuboid.

Volume = (% x width x heigth) x length = =

= area of shaded triangle x length

= area of cross-section x length

length

This is true of any prism so that

Volume of a prism = area of cross-section x length

Exercise

Find the volume of the solid below. 0
2 cm
To find the volume you need
; first to find the area of the
cross-section. 3cm

Draw the cross-section, then divide it into two rectangles.

Area of A=2 x 5cm?=10cm?

5cm

e " Area of B=2 x 3cm?= 6cm?

- Area of cross-section = 16 cm?

3cm| B Volume = area x length
r = (16 x 7) cm?
=112cm?

Find the volumes of the following prisms. Draw a diagram of the cross-section

but do not draw a picture of the solid.
1 2

8 cm 12 cm

15cm
12 cm
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11 Volume and capacity

193]

15¢cm

10 cm

4 @6

6cm

18 cm 10 cm

8 cm

2cm
Be careful that you get the
G right cross-section.

The following two solids are standing on their ends so the vertical measurement
is the length.
7 8 2cm

15cm

k 8 cm

In questions 9 to 10, the cross-sections of the prisms and their lengths are given.

6cm 8 cm

Find their volumes.
9 10

10cm 15 em

15 cm 12cm

length 20 cm length 20 cm
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11

12

&
ek
w

IS

9cm

length 7% cm

10 cm
3 cm 3cm
S5wm
3cm
length 12 cm
12 cm 9 cm
11 ecm
14 cm

length 10 cm

You need the area between
J the two rectangles.

A tent is in the shape of a triangular prism. I

10 cm

4 cm 4 cm

10 ecm
length 12 cm

4 cm 2cm
=g 4cm}
7 cm

12 cm

length 12 cm

16
3 cm
6 cm 2cm
9cm

length 24 cm

ts length is 2.4 m, its

height 1.8 m and the width of the triangular end is 2.4 m. Find the

volume enclosed by the tent.

The area of the cross-section of the given
solid is 42 cm? and the length is 32 cm.
Find its volume.

A solid of uniform cross-section is 12m long
Its cross-section is shown in the diagram.
Find its volume.

4m
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11 Volume and capacity

20
6 i 3 cm
4 cm
.
8 cm
The diagram shows the uniform cross-section of a prism. The prism is
30 cm long. Find its volume.
21

This solid has a constant cross-section and is 10 cm long.

a What name do we give to the shape of the cross-section?
b Find the area of the cross-section.

¢ Find the volume of the solid.

22 This solid has a constant cross-section.
a How highisit?
b What name do we give to the shape
of the cross-section? 12cm
¢ Find the area of the cross-section.
d Find the volume of the solid.

7:5em

Leela has a bag of identical .
triangular wooden blocks. A ﬂ

She uses some of them to make the letter F.

How many blocks does she need?




11 Volume and capacity

Volume of a cylinder

Reminder: The circumference of a circle is given by C = 2nr and the area of a
circle by A = nr2.

A cylinder can be thought of as a circular prism so its
volume can be found using

volume = area of cross-section X length

= area of circular end x length
(cross-section is the circular end of a cylinder)

From this we can find a formula for the volume.

We usually think of a cylinder as standing upright so that its length is
represented by h (for height).

If the radius of the end circle is r, then the area of the cross-section is ntr?

volume =mr2 x h h
=nrzh

Exercise

Find the volume inside a cylindrical mug of internal diameter
8 cm and height 6 cm. Use the &t button on your calculator

As the diameter is 8 cm,
s the radius is 4cm.

The volume is given by the formula

V=mnrth
=ntx4x4x6=301.59...

Therefore the volume of the mug is 302 cm? (correct to 3 s.f.).

An alternative method would be:
: Area of cross-section = 2
=71 x4x4cm?=50.265... cm?

Volume = area of cross-section x length
=(50.265... x6) cm®
=301.59... cm?
=302cm? (correctto 3s.f)

207



11 Volume and capacity

Use the value of Tt on your calculator and give all your answers correct to 3 s.f.
Find the volumes of the following cylinders:

Radius 2 cm, height 10cm 11 Radius 3.2 cm, height 10cm
Radius 3 cm, height 4cm Radius 6 cm, height 3.6 cm
Radius 5cm, height 4cm Diameter 10 cm, height 4.2 cm
Radius 3 cm, height 2.1 cm Radius 7.2 cm, height 4 cm
Diameter 2 cm, height 1 cm Diameter 64 cm, height 22 cm
Radius 1cm, height 4.8 cm Diameter 2.4 cm, height 6.2cm
Diameter 4 cm, height 3cm Radius 4.8 mm, height 13 mm
Diameter 6 cm, height 1.8 cm Diameter 16.2 cm, height 4cm
Radius 76 cm, height 88 cm

Diameter 0.02m, height 0.14m

Radius 12 c¢m, height 10 cm

|5|\o|oo|~4|c\u1-n-wm
Bkl & 5 & &

Radius 7 cm, height 9cm

Compound shapes

Exercise

Find the volumes of the following solids. Use the

. : Find the area of the
value of © on your calculator and give your answers / cross-section first.

correct to 3 s.f.

Draw diagrams of the cross-sections but do not
draw pictures of the solids.

1

llwo

A tube of length 20 cm. The inner

T‘adlus is 3cm and the outer radius Kisolid o lengehi 6,2 am, whoge

1s 5cm. . . .
cross-section consists of a square of side

2 cm surmounted by a semicircle.

—

A disc of radius 9 cm and thickness
0.8cm.

bo
[l

A half-cylinder of length 16 cm and
radius 4 cm.
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11 Volume and capacity

llen
[f=)}

A solid made of two cylinders each A solid made of two half-cylinders

of height 5 cm. The radius of the each of length 11 cm. The radius of the
smaller one is 2 cm and of the larger one is 10 cm and the radius of the
larger one is 6 cm. smaller one is 5cm.

\

A set of three encyclopaedias is placed in the normal way on a shelf.

!

A bookworm takes% day to eat through a cover and % day to eat
through the pages of one book.

How long will it take this bookworm to eat its way from the first
page of Volume 1 to the last page of Volume 3?

- J

( Volume 1
( Volume 2
( Volume 3 l

Mixed exercises
Exercise
1 Express3.2m?in
a cm? b mm?3.
Express 1.6 litres in cm?.
Find the volume of a cube of side 4 cm.

Find the volume, in cm?, of a cuboid measuring 2m by 25 cm by 10 cm.

Find the volume, in mm?, of a cuboid measuring 5cm by 3 cm by 9 mm.

oA WwWN

Find the volume of this prism.

10 cm
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11 Volume and capacity

Exercise

1 Express 8cm?®in

a mm? b md,
2 Express 3500 cm?® in litres.
3 Find the volume of a cuboid measuring 10 cm by 5 cm by 6 cm.
4 Find, in cm?, the volume of a cube of side 8 mm.
5 Find the volume, in cm?, of a cuboid measuring 50 cm by 1.2m by 20 cm.
6 The diagram shows the uniform cross-section of a prism. The prism is

12 cm long. Find its volume.

\ 10em
10cm
6 cm
B []
15cm
Exercise

1 Express 0.009 m®in

a cm’ b mm?d.
2 Express 0.44 litres in cm?®.
3 Find the volume of a cube of side 6cm.
4 Find the volume of a cuboid measuring 12 cm by 6 cm by 4 cm.
5 Find the capacity, in litres, of a rectangular tank measuring 2m by 1.5m

by 80 cm.
6 Find the volume if this disc with radius 10 cm and thickness 2.5 mm
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11 Volume and capacity

Exercise
1 Express 900cm? in m.
2 Express 10800cm? in litres.
3 Express 0.075m?2in litres.
4 Find, in cm?, the volume of a cube of side 20 mm.
5 Find, in m3, the volume of a cuboid measuring 150 cm by 100 cm
by 80 cm.
6 Find the volume in cubic metres of a cylinder of radius 30 cm and
height 1.5m.
Exercise

Select the letter that gives the correct answer.

1 The volume of a cube with a side of 6¢cm is
A 108cm?® B 188cm? C 216cm® D 324cm?®

2 The volume, correct to 3 s.f., of a cuboid measuring 5.5 cm by 4.2 cm by 3¢cm
is

A 579cm? B 68.5cm? C 69.3cm’ D 70.2cm?
3 How many cubes of side 3 cm will fit into a rectangular box measuring 9 cm

by 6 cm by 6 cm?

A 6 B 8 Cc 10 D 12

4 Expressed in mm?, 0.53 cm? is
A 53mm? B 53mm? C 530mm? D 5300mm?

5 Expressed in cm?, 0.000 75 m?is
A 75cm? B 75cm? C 750cm? D 7500cm?

6 Expressed in cm?, 0.65 litres is
A 6.5cm? B 65cm? C 650cm? D 6500cm?

7 300cm? expressed in litres is

A 0.031 B 0.31] G 3 D 301

]



11 Volume and capacity

8 The diagram shows a pyramid with a square base.
The number of edges this pyramid has is

A 6 B 7 C 8 D 9
10 cm
8 cm 8 cm

9 The number of identical triangular faces the pyramid shown in
question 8 has is
A 2 B 3 C 4 D 6

i /

5 / 5

7

The diagram shows the cross-section of a prism which is 7 cm wide.

All the measurements are in centimetres.

The volume of this prism is

A 350cm? B 375cm?® C 378cm? D 385cm?
11

4 T E 3
I 11 111 v

All measurements for these four solids are in centimetres.

Which solid has the largest volume?

A1 B II G I D IV

12  Which of the solids shown in question 11 has the smallest volume?
A1 B II C 1I D IV
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11 Volume and capacity

Did you know?

A Moebius strip is named after the German mathematician August Ferdinand
Moebius. You can make one: take a strip of paper, twist it once and join the ends
together. It has only one surface and only one edge (try it — draw a line along its

surface —what happens?). '
In this chapter you have seen that...

v volume and capacity are measures of space

v the volume of a cube or a cuboid is found by multiplying the length by the breadth
by the height

v if the dimensions are given in different units you must change some of them
so that they are all in the same unit before multiplying

v you should be familiar with the common metric units used to measure large
and small volumes

These are cubic millimetres (mm?), cubic centimetres (cm?), cubic metres (m?),
litres and millilitres (ml). The relationships between them are

1ecm?®=10x10 x 10mm?3 = 1000 mm?
1m®*=100x 100 x 100cm®=1 000 000cm?
1 litre =1000 cm?® = 1000 ml

v any solid with a uniform cross-section is called a prism and its volume is equal
to the area of the cross-section multiplied by its length

v in particular the volume of a cylinder is given by V = nr?h.
\ J
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Review test 2: Chapters 7-11

¢/ REVIEW TEST 2: CHAPTERS 7-11

In questions 1 to 9, choose the letter for the correct answer.

1 Which of the four lines, whose equations are given below, makes the
greatest angle with the x-axis?

A y=%x B y=2x C y=-3x D y=—%x
8 : ; ;
2 For the vector [3} the coordinates of its end point are (4, 2).
The coordinates of its starting point are
3 The vector describing the translation of a point A(—2, 4) to a point
A'(3,-3) is
-5 =5 5 5
A B C D
4 For the vector [_i}rhe coordinates of its starting point are (3, 2).
The coordinates of its end point are
A (-5,-2) B (-5,2) C (5,-2) D (5,2)
5 P’ isthe image of P under reflection in a mirror line [. At what angle
does PP’ cut [?
A 30° B 45° C 60° D 90°
22

6 The circumference of a circle is 88 cm. What is its radius? (Take t= 7.)

A 1lecm B 14cm C 22cm D 44cm

7 Expressed in cm?, 0.047 m?is
A 47 cm?® B 470cm?® C 4700cm’® D 47000cm?®

8 A cuboid measures 8 cm by 6 cm by 4 cm. The number of cubes of side
2 cm that would be required to fill the same space is
A 18 B 24 G 32 D 48

9 Expressed in litres, 36 000 cm? is
A 3.6 litres B 36 litres C 360 litres D 3600 litres
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Review test 2: Chapters 7-11

10

11

12

13

Find, in millimetres, i 3m+55cm+8 mm ii 6m—62cm.
Find, in kg, 3 x4kg 345g.
Find the difference, in grams, between 6 g and 475 mg.

o e

(g

d Express i 734minkm ii 216 hours indays.

The points (4, a), (-6, b) and (¢, —3) lie on the straight line with
equationy = —%x.

Find the values of a, b and c.

a Give the inequalities that define v4
the shaded region.
4 -
b Isthe point (2, —5) within
the shaded region? o
AR AR RSN AE:
_2 L
....................... s (WL NI N, SN L S O S|
—6HF

B
>

The points A, B, C and D

illustrate a relation.

a Represent these points as a table.

b How is the y-coordinate of each point
related to the x-coordinate?

¢ The points A, B, C and D all lie on the
same line. E is another point on this line.
Its x-coordinate is 3; what is its
y-coordinate?

d Fisapoint on the line whose y-coordinate is 4. What is its
x-coordinate?

O = N WwbH o N o<

1 2 3 456 7 8 9101112

e
e
X

Zks



Review test 2: Chapters 7-11

14 ABCDisa square. The coordinates of A, B and C are respectively A(3, 0),
B(2, 4) and C(6, 5).
Write
a thecoordinates of D
b the coordinates of E, the midpoint of AC
¢ the coordinates of F, the midpoint of BD.
What do you notice?

15 Draw triangle PQR with vertices P(1, 5), Q(6, 4) and R(5, 1).
Draw the image of PQR after reflection in
a thex-axis b they-axis ¢ theliney=x.
Name the coordinates of the image in each case.

16 Draw square PQRS: P(1, —1), Q(5, —-1), R(5, 3) and S(1, 3).
Draw square P’Q'R’S": P’(-3, -1), Q’(-7, -1), R’(-7, 3) and S’'(-3, 3).
Draw the mirror line so that P'Q'R’S’ is a reflection of PQRS and write

its equation.
17 3 cm
-
-,
I 6em
1
y
L
| 3cm
l__ _ '
6 cm

A rectangular sheet measuring 16cm by 9 c¢m has its corners cut off as
shown in the diagram. Each corner is the quadrant of a circle. Find,
correct to 3 s.f., the area of the sheet remaining.

18 The circumference of a circle is 30 cm.
Calculate, correct to 2 d.p.,
a its diameter b its radius c Its area.

216



Review test 2: Chapters 7-11

19

20

21

Express

a 80000cm?in m?

b 0.007 m?in litres
¢ 0.0006m?® in mm?3.

The diagram shows a square ABCD of side 12 cm.
ABCE is a quadrant of a circle.
Find, correct to 3 s.f., the area of

a thequadrant ABCE b ABCF ¢ AECF.

This net will make a cuboid.
a Sketch the cuboid and show its measurements.
b Which edge joins with c__ 3cm

D
i GH ii AB?
¢  Which corners meet at G? Sch
E F
Fi|oa—— ;
5cm E E
A S

ZEW i



12 Ratio and proportion

At the end of this chapter you should be able to...

express the ratio of one number to another
express the ratio of one unit of measurement to another
write a ratio equivalent to a given ratio

divide a quantity in a given ratio

U W o =

use the map ratio to calculate the actual distance between two places given
their distance apart on a map

solve problems on direct proportion using the unitary method
read from a distance—time graph the distance or time of motion of a moving object

draw distance—time graphs using suitable scales

A= = BN I =)

calculate the distance travelled in a given time by an object moving at a constant speed
10 calculate the time taken to travel a given distance at a constant speed

11 calculate the average speed of a body, given the distance travelled and time taken

12 calculate the average speed for a body covering different distances at different speeds

13 read information from a distance-time graph.

You need to know...) N

v the meaning of equivalent fractions

v how to simplify fractions

v how to multiply a fraction by a whole number
v the meaning of lowest common multiple

v’ the angle sum of a triangle.
N J

. 4 B .

average speed, constant speed, denominator, direct proportion, equivalent fraction,
lowest common multiple, map ratio, numerator, proportion, ratio, rectangle,
representative fraction, speed, square, triangle
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12 Ratio and proportion

Simplifying ratios

Suppose that Peter makes a model of his father’s boat. If the model is 1 m long

while the actual boat is 20 m long, we say that the ratio of the length of the

model to the length of the actual boat is 1 m: 20 m or, more simply, 1:20. We

can also write the ratio as the fraction %.

If Peter built a larger model which was 2m long then the ratio would be
lengthofmodel  2m 1

length of actualboat 20m 10

or length of model :length of boat=1:10

Ratios are therefore comparisons between related quantities.

Exercise

Expresstheratios a 24to72 b 2cmto1m in their simplest form.

a % = % =% (dividing both numbers by 8 and then by 3)
or 24:72=3:9=1:3
SO 24:72=1:3
b (Before we can compare 2cm and 1 m they must be expressed in the
same unit.)
2em __2cm or 2cm:1m=2cm: 100cm
Im 100cm
=2:100
== =1:50
~ 50 -
SO 2cm:1m=1:50

Express the following ratios in their simplest form:

1 8:10 6 45g:1kg

2 20:16 7 $4:75c

3 12:18 8 48c:$2.88
4 2cm:8cm 9 288:306

5 32c:96¢ 10 10cm?:1m?
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12 Ratio and proportion

Simplify the ratio 24:18:12

(As there are three numbers involved, this ratio cannot be expressed as a
single fraction.)

24:18:12=4:3:2 (dividing each number by 6)

11 4:6:10 16 7:56:49

12 18:24:36 17 15:20:35
13 2:10:20 18 16:128:64
14 9:12:15 19 144:12:24
15 20:24:32 20 98:63:14

We know that we can produce equivalent fractions by multiplying or dividing
both numerator and denominator by the same number,

2 4 . a2 . 0

so that 356 o 13 O 3¢

We can do the same with a ratio in the form 3: 6.
3:6=06:12 (multiplying both numbers by 2)

and 2: % =6:1 (multiplying both numbers by 3)

We can use this to simplify ratios containing fractions.

Exercise

Express in their simplest form the ratios

1 2.4
a 3:— b S
a 3: % =121 (multiplying both numbers by 4)
3
b 2:4- 51!5 2 ,145 x4 (multiplying both numbers by 15 which is
3'5 FIa f

the lowest common multiple of 3 and 5)
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12 Ratio and proportion

Express the following ratios in their simplest forms:

1 5:% 5 %:43 9 2%:1% 13 4:% 17 1%:3:4%
2 2l e 23 L wbe 1 e
3 %% 7 E:g 11 24:15:9 15 7%:9% 19 é:%:%
4 %41 8 3:% 12 %:% 16 %:% 20 6:8:12

Relative sizes
Exercise

Which ratio is the larger, 6:5 or 7:6?

(Express each ratio as a fraction. We need to compare the sizes of % and % SO
we express both with the same denominator.)

6 _ 36 7 _ 35

5 30 ol 6 30
so 6:5islargerthan7:6

1 Which ratiois the larger, 5:7 or 2:3?

2 Which ratio is the smaller, 7:4 or 13:8?
3 Which ratio is the larger,% or %?

4 Which ratiois the smaller,% or %‘?

In the following sets of ratios some are equal to one another. In each question
identify the equal ratios.

. g 3.

2 B8 2492, 4" 1 , Simplify each ratio, then
you can see which are

6 10:24, 2:4 5.4 equal.
= > 9'5" 9°3

. . 1.1
7 8:64, 2:14, =i

2

8 3 3, 4:18, 2:6
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12 Ratio and proportion

Problems

Exercise

A family has 12 pets of which 6 are cats or kittens, 2 are dogs and the rest are
birds. Find the ratio of the numbers of
a birds to dogs b  birds to pets.

a Thereare 4 birds and 2 dogs
So number of birds : number of dogs =4:2
=l
b There are 4 birds and 12 pets

So number of birds : number of pets =4 :12
=23

In each question give your answer in its simplest form.

1 Acouple have 6 grandsons and 4 granddaughters. Find
a the ratio of the number of grandsons to that of granddaughters
b the ratio of the number of granddaughters to that of grandchildren.
2 Square A has side 6cm and square B has side 8 cm. Find the ratio of
a the length of the side of square A to the length of the side of square B
b the area of square A to the area of square B.

3 Tom walks 2km to school in 40 minutes and John cycles 5km to school
in 15 minutes. Find the ratio of

a Tom’sdistance to John’s distance
b Tom’stime to John's time.

[l

Mary has 18 sweets and Jane has 12. As Mary has 6 sweets more than
Jane she tries to even things out by giving Jane 6 sweets. What is the
ratio of the number of sweets Mary has to the number Jane has

a tostart with b toendwith?

If p:q=2:3, find the ratio 6p : 2q.

[ley liwn

Rectangle A has length 12 cm and width 6 cm while rectangle B has
length 8 cm and width 5 em. Find the ratio of

a thelength of A to the length of B

b the area of A to the area of B

¢ the perimeter of A to the perimeter of B

d the size of an angle of A to the size of an angle of B.

I~

A triangle has sides of lengths 3.2 cm, 4.8 cm and 3.6 cm. Find the ratio
of the lengths of the sides to one another.
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12 Ratio and proportion

8 Twoangles of a triangle are 54° and 72°. Find the ratio of the size of the
third angle to the sum of the first two.
9  For a school bazaar, Mrs Jones and Mrs Brown make marmalade in 11b jars.

Mrs Jones makes 5 jars of lemon marmalade and 3 jars of orange. Mrs Brown makes
7 jars of lemon marmalade and 5 of grapefruit. Find the ratio of the numbers of jars of
a lemon to orange to grapefruit
b MrsJones’ to Mrs Brown’s marmalade
¢ Mrs Jones’ lemon to orange.
Finding missing quantities

Some missing numbers are fairly obvious.

Exercise

Find the missing numbers in the following ratios:

a 6:5= :10 b 2=-_=-2

3 9
a 10is5x 2, so the missing number is 6 x 2. Therefore 6:5=12:10
b Think of these as equivalent fractions. % = % = %

Find the missing numbers in the following ratios:

1 2:5=4: 6 :15=8:10
2 :6=12:18 7 9:6= :4
e s A3
3 24:14=12: 8 -=1
6.2 L
4 T3 2 8 12
5 3: =12:32 10 6:9=8
Problems
Exercise

Two speeds are in the ratio 12: 5. If the first speed is 8 km/h, what is the
second speed?

8=12+3x%x2
So the second speed is 5+ 3 x 2km/h

=1—??km/h = 3% km/h
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12 Ratio and proportion

1 The ratio of the amount of money in David’s pocket to that in Indira’s
pocket is 9: 10. Indira has 25 c. How much has David got?

2 Twolengths are in the ratio 3: 7. The second length is 42 cm. Find the
first length.

3 Iftheratioin question 2 were 7: 3, what would the first length be?

4 Inarectangle, the ratio of length to width is 9 :4. The length is 24 cm.
Find the width.

S The ratio of the perimeter of a triangle to its shortest side is 10:3. The
perimeter is 35cm. What is the length of the shortest side?

6 Alength, originally 6 cm, is increased so that the ratio of the new length
to the old length is 9: 2. What is the new length?

7 Aclassis making a model of the school building and the ratio of the
lengths of the model to the lengths of the actual building is 1: 20.
The gym is 6 m high. How high, in centimetres, should the model of
the gym be?

8 The ratio of lengths of a model boat to those of the actual boat is 3 : 50.

Find the length of the actual boat if the model is 72 cm long.
Division in a given ratio
Exercise

Share $60 between Anne and John so that Anne’s share and John’s share are in
the ratio 3:2.

I N N N

Anne’s share John's share

Anne has 3 portions and John has 2 portions so they have 5 portions between
them. Therefore Anne has 3 out of 5 portions, i.e. % of $60.

Anne’s share =§ of $60
1
=$3 x 60
i1
=$36
%
John’s share =$ 2. ﬁd
8
=$24
Check: $36 + $24 = $60
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12 Ratio and proportion

Divide 80c into two parts in the ratio 3: 2.
Divide 32 cm into two parts in the ratio 3:5.
Divide $45 into two shares in the ratio 4: 5.

W N -

Dick and Tom share the contents of a bag of peanuts between them in
the ratio 3:5. If there are 40 peanuts, how many do they each get?

5 Mariais 10 years old and Eleanor is 15 years old. Divide 75 ¢ between
them in the ratio of their ages.

6 Inaclass of 30 pupils the ratio of the number of boys to the number of
girls is 7: 8. How many girls are there?

7 Divide $20 into two parts in the ratio 1:7.

8 Ina garden the ratio of the area of lawn to the area of flowerbed is

12:5.If the total area is 357 m?, find the area of
a thelawn b the flowerbed.

In a bowl containing oranges and apples, the ratio of the numbers of
oranges to apples is 4 : 3. If there are 28 fruit altogether, how many
apples are there?

Gabriella and Ronnel get a share of an inheritance in the ratio of 4: 3.
Gabriella receives $50 more than Ronnel. Find the total inheritance.

You can visualise this problem by drawing a block for each part of the money

that each receives.

[ ][ ][ ][ 550 ] Gabriella’s share

’ " " ] Ronnel's share

Now you can see that the $50 is one of seven equal shares.

Therefore the total inheritance is 7 x $50 = $350

10 A wooden plank was sawn into two pieces in the ratio 5: 7. What
remained was 44 cm longer than the length cut off.
a How long was the original plank?
b What length was cut off?

11 After Jo had peeled an orange she found the ratio of what she could
eat to what was wasted was 3: 2. If she could eat 42 g more than she
wasted what was the mass of
a theoriginal orange
b the part she could eat?
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12 Ratio and proportion

12

13

14

The Education and Social Services departments of a region divide
the total grant they receive from the government between the two
departments in the ratio 5: 4. As a result the Education department
receives $546 000 more than Social Services.

How much does each receive?

Uncle Rohan gives Misha and John a sum of money to share between
them so that Misha gets $100 more than John. He says, ‘Divide it in
theratio5:7.

How much does each receive?

A plank of wood is cut into two pieces. The shorter piece is % of the
original plank.

What is the ratio of the lengths of the two pieces?

Divide 6 m into three parts in the ratio 3:7: 2.

Thereare 3+ 7 + 2, i.e. 12 portions altogether,

first part = % x 600cm

=150cm

Similarly second part = 17—2 X 600cm

=350cm
and third part = % X 600 cm

=100cm

Check: 150 + 350 + 100 = 600cm = 6 m

15

16

17

Divide $26 amongst three people so that their shares are in the
ratio4:5: 4.

The perimeter of a triangle is 24 cm and the lengths of the sides are in
the ratio 3:4: 5. Find the lengths of the three sides.

In a garden, the ratio of the areas of lawn to beds to pathsis 3:1 %
Find the three areas if the total area is 63 m?2.

A man left $799500 to be divided between his widow, four sons and five
daughters. He directed that every daughter should have three times as
much as a son and that every son should have twice as much as their
mother. What was the widow’s share?
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12 Ratio and proportion

Map ratio (or representative fraction)

The map ratio of a map is the ratio of a length on the map to the length it
represents on the ground. This ratio or fraction is given on most maps in
addition to the scale. It is sometimes called the representative fraction of the
map, or RF for short.

If two villages are 6 km apart and on the map this distance is represented by
6 cm, then the ratio is

6cm:6km=6cm:600000cm
=1:100000

1
100000

so the map ratiois 1:100000 or

Any length on the ground is 100 000 times the corresponding length on the map.

Exercise

Find the map ratio of a map if 12 km is represented by 1.2 cm on the map.
RF=1.2cm:12km
=1.2em:1200000cm (changing both to the same unit)
=12:12000000 (multiplying both numbers by 10)
=1:1000000 (dividing both numbers by 12)

Find the map ratio of the maps in the following questions:
2cm on the map represents 1 km.

The scale of the map is 1 cm to 5km.
10km is represented by 10 cm on the map.
3.2cm on the map represents 16 km.

%cm on the map represents 500 m.

AW N -

100 km is represented by 5 cm on the map.
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12 Ratio and proportion

If the map ratio is 1: 5000 and the distance between two points on the
map is 12 cm, find the actual distance between the two points.

1 cm on the map represents 5000 cm on the ground.
12cm on the map represents 12 x 5000 cm on the ground,

i.e. 60000 cm =600 m

7 The map ratio of amapis 1:50000. The distance between A and B on
the map is 6 cm. What is the true distance between A and B?

8 The map ratio of amapis 1:1000. A length on the map is 7cm. What
real length does this represent?

9 The map ratio of amapis 1:10000. Find the actual length represented
by 2cm.

10 The map ratio of amap is 1:200000. The distance between two towns
is 20km. What is this in centimetres? Find the distance on the map
between the points representing the towns.

11 The map ratio of amap is 1:2000000. Find the distance on the map
which represents an actual distance of 36km.

If four hens lay four eggs in four days, how long will it take twelve hens to
lay 36 eggs?

Proportion

When comparing quantities, words other than ratio are sometimes used. If two
varying quantities are directly proportional they are always in the same ratio.

Sometimes it is obvious that two quantities are directly proportional, e.g. the
cost of buying oranges is proportional to the number of oranges bought. In
cases like this you would be expected to know that the quantities are in direct
proportion.
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Exercise

A book of 250 pages is 1.5 cm thick (not counting the covers).
a How thick is a book of 400 pages?

b How many pages are there in a book 2.7 cm thick?

a If250 pagesare 15mm thick then 1 page is % mm thick

-
8
so 400 pages are ?’kg— X Aﬁﬁ mm thick that is, 24 mm or 2.4 cm thick
50
!

b If15mm contains 250 pages then 1 mm contains % pages

50
so 27 mm contains 250 X g’fq pages that is, 450 pages

By

i

!

1 Sam covers 9 m when he walks 12 paces. How far does he travel when
he walks 16 paces?

2 Ican buy 24 bottles of a cold drink for $25 when buying in bulk. How
many bottles can I buy at the same rate for $75?

3 If64 seedlings are allowed 24 cm? of space, how much space should
be allowed for 48 seedlings? How many seedlings can be planted in
27 ecm??

4 Aream (500 sheets) of paper is 6 cm thick. How thick a pile would
300 sheets make?

5 Ataschool picnic 15 sandwiches are provided for every 8 children.
How many sandwiches are needed for 56 children?

A family with two pets spends $7.50 a week on pet food. If the family gets a
third pet, how much a week will be spent on pet food?

We are not told what sort of animals the pets are. Different animals eat
different types and quantities of food so the amount spent is not in proportion
to the number of pets.

Beware! Some of the quantities in the following questions are not in direct
proportion. Some questions need a different method and some cannot be
answered at all from the given information.
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Investigation

People come in all shapes and sizes but we expect the relative sizes of
different parts of our bodies to be more or less the same.

Two tea towels dry on a clothes line in 2 hours. How long would 5 tea
towels take to dry?

Three bricklayers build a wall in 6 hours. How long would two
bricklayers take to build the wall working at the same rate?

House contents insurance is charged at the rate of $4.50 per thousand
dollars worth of the contents. How much is the insurance if the
contents are worth $13600?

If the insurance paid on the contents of a house is $90.00, at the rate
of $5 per thousand dollars worth, what are the house contents worth?

It takes Margaret 45 minutes to walk 4 km. How long would it take her
to walk 5km at the same speed? How far would she goin 1 hour?

It takes a gardener 45 minutes to dig a flower bed of area 7.5m?. If he
digs at the same rate, how long does he take to dig 9 m??

Fencing costs $12.00 per 1.8 m length. How much would 7.5 m cost?

Mrs Brown and Mrs Jones make 4 dozen sandwiches in half an hour in
Mrs Jones’ small kitchen. If they had 30 friends in to help, how many
sandwiches could be made in the same time?

A recipe for 12 scones requires 2 teaspoons of baking powder and
240 g of flour. If a larger number of scones are made, using 540 g of
flour, how much baking powder is needed?

For example, we do not expect a person’s arms to be twice as long as their
legs! We might expect the ratio of arm length to leg length to be about 2: 3.

1 Gather some evidence and use it to find out if the last statement is
roughly true.

2 Does the age of the person make any difference?

3 Investigate the ratio of shoe size to height.
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Speed, time and distance

When Wesley drives on the freeway he aims to travel at a steady (or constant)
speed of 80 kilometres per hour (km/h).
This means that in 1 hour he travels 80 km, i.e. at 80 km/h
in 2 hours he travels 80 x 2 =160km
and in 3 hours he travels 80 x 3 =240km.
More generally Distance travelled = Speed x Time

The icon may help you to remember how these quantities are related.

Put your finger over the quantity you want to find. What is left is the formula
you need.

It follows that D=8§xT, Szg and T:%

If the speed is measured in kilometres per hour and the time is measured in
hours, the distance travelled will be measured in kilometres.

Exercise

A coach travels at 60 km/h. How far will it travel in
a 3hours b 5% hours?
a Distance = speed x time

Therefore distance travelled in 3 hours = 60 x 3 km
=180km

b Distance travelled in 5% hours =60 x 5% km

=60><1_21km
=330km

1 An express train travels at 200 km/h. How far will it travel in

a 4hours b S%hours?

2 Ken cycles at 24 km/h. How far will he travel in

a 2hours b 3% hours (¢ 2% hours?
@ 3 An aeroplane flies at 300 mph. How far will it travel in G ﬁ ggl;gl;am Todles J
a 4hours b 5% hours?
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4

5

A bus travels at 60km/h. How far will it travel in
a 1% hours b 2% hours?

Susan can cycle at 12mph. How far will she ride in

3 1
et 'y vl
a i hour b 14 hours?

& 6 An athlete canrun at 10.5 m/s. How far will he travel in

10

11

12

a 5seconds b 8.5seconds?

A boy cycles at 12 mph. How far will he travel in
a 2hours40minutes b 3 hours 10minutes?

Majid can walk at 8 km/h. How far will he walk in
a 30minutes b 20minutes ¢ 1h 15minutes?

A racing car travels at 111 mph. How far will it travel in
a 20minutes b 1 hour 40 minutes?
A bullet travels at 100 m/s. How far will it travel in

1
a 5seconds b SEseconds?

A Boeing 747 travels at 540 mph. How far does it travel in
a 3hoursl5minutes b 7hours45minutes?

A racing car travels around a 2 km circuit at 120 km/h. How many laps
will it complete in
a 30minutes b 1 hour 12 minutes?

Calculating the time taken

If you know the speed something is travelling at, then you can find out how
long it takes to travel a given distance. For example, suppose Georgina walks
at 6km/h. How long will it take her to walk 24 km?

If she takes 1 hour to walk 6 km, she will take % hours, i.e. 4 hours, to walk

24 km.

Similarly, if the distance is 15 km, then she will take % hours, i.e. 2% hours, to
walk 15 km.

&5 Tim E:=Dlst:ar1ce
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Exercise

1 How long will Zena, walking at 5 km/h, take to walk

a 10km b 15km?
2 How long will a car travelling at 80 km/h take to travel
a 400km b 260km?

3 How long will it take David, running at 10 mph, to run
a Smiles b 12% miles?

4 How long will it take an aeroplane flying at 450 mph to fly

a 1125 miles b 2400 miles?
5 Acowboyrides at 14km/h. How long will it take him to ride
a 2lkm b 70km?
6 Arally driver drives at 50 mph. How long does it take him to cover
a 75 miles b 225 miles?
7 An athlete runs at 8 m/s. How long does it take her to cover
a 200m b 1600m?
8 Adogruns at 20 km/h. How long will it take him to travel
a 8km b 18km?
9 Aliner cruises at 28 nautical miles per hour. How long will it take to
travel
a 6048 nautical miles b 3528 nautical miles?

10 A car travels at 56 mph. How long does it take to travel

a 70miles b 154 miles?

11 Acyclist cycles at 12 mph. How long will it take her to cycle
a 30 miles b 64 miles?

12 How long will it take a car travelling at 64 km/h to travel
a 48km b 208km?

Average speed

Russell Compton left home at 8 a.m. to travel the 50km to his place of work.
He arrived at 9 a.m. Although he had travelled at many different speeds
during his journey he covered the 50 km in exactly 1 hour. We say that his
average speed for the journey was 50 kilometres per hour, or 50 km/h. If he had
travelled at the same speed all the time, he would have travelled at 50 km/h.
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Judy Smith travelled the 135 miles from her home to Georgetown in 3 hours.
If she had travelled at the same speed all the time, she would have travelled

at 12—5 mph., i.e. 45 mph. We say that her average speed for the journey was

45 mph.

total distance travelled
total time taken

In each case: average speed=

This formula can also be written:

distance travelled = average speed x time taken

distance travelled
average speed

Suppose that a car travels 35km in 30 min, and we wish to find its speed
in kilometres per hour. To do this we must express the time taken in hours
instead of minutes,

and time taken =

ie. time taken = 30 min = % hour
_35 _ 2
Then average speed === km/h =35 x 5 km/h
5
=70km/h

Great care must be taken with units. If we want a speed in kilometres per hour,
we need the distance in kilometres and the time in hours. If we want a speed
in metres per second, we need the distance in metres and the time in seconds.

Exercise

Find the average speed for each of the following journeys:

1 80kmin 1 hour 5 80min 4 seconds 9 245 milesin 7 hours
2 120kmin 2 hours 6 135min 3 seconds 10 104 milesin 13 hours
3 60milesin 1 hour 7 150km in 3 hours 11 252min 7 seconds

4 480 milesin4 hours 8 520kmin 8 hours 12 255min 15 seconds
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Find the average speed in km/h for a journey of 39 km which takes 45 minutes.

To find a speed in km/h you need the distance in kilometres and the time in
hours.

First, convert the time taken to hours:
.. 45 _3
45 min = 5 hour = 7 hour

distance travelled
time taken

—39km
43 hour

Then average speed =

=39><%km/h

=52km/h

Find the average speed in km/h for a journey of:

13 40km in 30 min 15 48kmin45 min

14 60km in 40 min 16 66km in 33 min

Find the average speed in km/h for a journey of:

17 4000min 20 min 19 40min8s ——

18 6000m in 45 min 20 175min35s in hours and the distance is
in kilometres.

Find the average speed in mph for a journey of:

21 27 milesin 30 min 23 25 miles in 25 min

22 18 milesin 20 min 24 28 miles in 16 min

The following table shows the distances in kilometres between various towns in
the West Indies.

StJohn's
Roseau 174 | Roseau
Castries 382 | 211 | Castries
Basseterre 100| 478| 621 | Basseterre
Kingstown 446 | 272 74| 557 |Kingstown
St Georges 549 | 570| 554(1040| 118|StGeorges
Portof Spain | 723 | 659| 534|1218| 528| 176 |Portof Spain
Georgetown | 1234 | 1224|1099 | 1694 | 1093 | 741 | 565

Use this table to find the average speeds for journeys between:
25 StJohn’s, leaving at 1025 h, and Kingstown, arriving at 1625 h

26 St Georges, leaving at 0330 h, and Castries, arriving at 0730 h
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27 Basseterre, leaving at 1914 h, and St Georges, arriving at 2044 h
28 Port of Spain, leaving at 0620 h, and St Johns, arriving at 0750 h
29 Roseau, leaving at 1537 h, and St Georges, arriving at 1907h
30 Castries, leaving at 1204 h, and Georgetown, arriving at 1624 h
31 Roseau, leaving at 1014 h, and Port of Spain, arriving at 1638 h

Problems frequently occur where different parts of a journey are travelled at
different speeds in different times but we wish to find the average speed for
the whole journey.

Consider for example a motorist who travels the first 50 miles of a journey
at an average speed of 25 mph and the next 90 miles at an average speed of
30 mph.

One way to find his average speed for the whole journey is to complete the
following table by using the relationship:

. distance in miles
time in hours = :
speed in mph
Speed in Distance in Time in
mph miles hours
First part of journey 25 50 2
Second part of journey 30 90 3
Whole journey 140 5

We can add the distances to give the total length of the journey, and add the
times to give the total time taken for the journey.

total distance

average speed for whole journey = toril Hine
1

_ 140 miles < ogenk
5 hours

Note:  Never add or subtract average speeds.

We could also solve this problem, without using a table, as follows:
distance

time to travel 50 miles at 25 mph =
speed

50 miles

_25—11'@1 =2 hours
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distance

time to travel 90 miles at 30 mph =
speed

_ 90 miles

=———=3h
30 mph ours

.. total distance of 140 miles is travelled in 5 hours

ie.

total distance

average speed for whole journey =———--—

_ 140 miles _

28 mph
5 hours op

Exercise

1

lIn

{9+

[l

oy

I~

I walk for 24km at 8 km/h, and then jog for
. , To find the average speed
12km at 12km/h. Find my average speed for G you need the rotal distance

the whole journey. travelled and the total time
taken,

A cyclist rides for 23 miles at an average speed
of 11% mph before his cycle breaks down, forcing him to push his cycle
the remaining distance of 2 miles at an average speed of 4mph. Find his
average speed for the whole journey.

An athlete runs 6 miles at 8 mph, then walks 1 mile at 4 mph. Find her
average speed for the total distance.

1
Awoman walks 3 miles at an average speed of 45 mph and then runs
4 miles at 12 mph. Find her average speed for the whole journey.

A motorist travels the first 30 km of a journey at an average speed of
120km/h, the next 60 km at 60 km/h, and the final 60 km at 80km/h.
Find the average speed for the whole journey.

Phil Sharp walks the 1km from his home to the bus stop in 15 min, and
catches a bus immediately which takes him the 9 km to the airport at
an average speed of 36 km/h. He arrives at the airport in time to catch
the plane which takes him the 240 km to Antigua at an average speed
of 320 km/h. Calculate his average speed for the whole journey from
home to Antigua.

A liner steaming at 24 knots takes 18 days to travel between two ports.
By how much must it increase its speed to reduce the length of the
voyage by 2 days? (A knot is a speed of 1 nautical mile per hour.)
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Finding distance from a graph

When we went on holiday we T
travelled by car to our holiday resort
at a constant speed of 30 kilometres ., 150}
per hour (km/h), i.e. in each hour E
we covered a distance of 30km. ;E o

g E

a sok

Qe

Time in hours

This graph shows our journey. It plots distance against time and shows that

in 1 hour we travelled 30 km in 4 hours we travelled 120 km
in 2 hours we travelled 60 km in 5 hours we travelled 150 km
in 3 hours we travelled 90 km

Using this graph, which represents our journey, we can read off how far we
travelled for any given time and, how long it took to travel any distance.

Exercise

Make sure you understand
what the subdivisions on
the scales represent.

The graphs that follow show four different journeys.
For each journey find: o

a thedistance travelled

b thetime taken
¢ thedistance travelled in 1 hour

1 > 2 'y
n 90F w 30}
2 U
g d
£ 8
= S|
= g2
5 6OF = 20}
g g
g :
8 30k a 10k
0 L L » 0 L 1 i
0 l; 2 0 1 2 3
Time in hours Time in hours
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3 A 4 r'y
120 60F
]
g g
B =
5] =] s
= 80 = 40
R=| u
o o
& 40F a 2ok
a
0 L I L > 0 L L >
0 1 2 3 0 1 2
Time in hours Time in hours

Drawing travel graphs

If Peter walks at 6 km/h, we can draw a graph to show this, using 2 cm to
represent 6 km on the distance axis and 2 ¢cm to represent 1 hour on the time
axis.

Plot the point which shows that in 1 hour he has travelled 6 km. Join the origin
to this point and produce the straight line to give the graph shown. From this
graph we can see that in 2 hours Peter travels 12 km and in 5 hours he travels
30 km.

30
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|
|
|
|
1
|
|
1
1
i
1
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1
:
|
|
1
|
|
|
1
|
|
|
1

24}
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Distance in kilometres

12f==== €
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I
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I

1

1
0 L I i

2 3 4
Time in hours
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Exercise

Draw a travel graph to show a journey of 150 km in 3 hours. Plot distance along

the vertical axis and time along the horizontal axis.

Let 4 cm represent 1 hour and 2 cm represent 50 km.

Draw a line from O to the point above 3 on the time axis and along from 150 on
the distance axes.

L

150 F

100

Distance in kilometres

50

i

v

2
Time in hours

Draw travel graphs to show the following journeys. Plot distance along the

vertical axis and time along the horizontal axis. Use the scales given in brackets.

1

11

240

60km in 2 hours
(4em=1hour, 1cm=10km)
180km in 3 hours

(4em=1 hour, 2cm =50km)
300km in 6 hours

(1ecm=1 hour, 1cm =50km)
80 milesin 2 hours

(6cm =1 hour, 1 cm = 10 miles)
140 miles in 4 hours

(2cm =1 hour, 1 cm = 25 miles)

6

N

loo

ho

10

100km in 2% hours
(2cm=1hour, 2cm =25km)
105km in 3% hours

(2cm =1 hour, 4cm =50km)
75 miles in 1% hours

(8cm =1 hour, 2cm = 25 miles)
90 m in 5 seconds
(2em=1seconds, 2cm =10 m)
240 m in 12 seconds

(1cm=1second,2cm=50m)

Alan walks at 5 km/h. Draw a graph to show him walking for 3 hours.

Take 4 cm to represent 5 km and 4 cm to represent 1 hour. Use your
graph to find how far he walksin a 1% hours b 24l hours.
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12 Julie can jog at 10km/h. Draw a graph to show her jogging for
2 hours. Take 1 cm to represent 2 km and 8cm to represent 1 hour.
Use your graph to find how far she jogsin a % hour b 1% hours.

13 Jodrives at 35 mph. Draw a graph to show her driving for 4 hours.
Take 1 cm to represent 10 miles and 4 cm to represent 1 hour. Use your
graph to find how far she drivesin a 3 hours b 1% hours.

14 John walks at 4 mph. Draw a graph to show him walking for 3 hours.

Take 1 cm to represent 1 mph and 4 cm to represent 1 hour. Use your
graph to find how far he walksin a %hour b 3% hours.

Information from a travel graph

Exercise

The graph shows the journey of a coach that calls at three service stations A, B
and C on a motorway. B is 60 km north of A and C is 20 km north of B. Use the
graph to answer the following questions:
a At what time does the coach leave A?

At what time does the coach arrive at C?

]

At what time does the coach pass B?
How long does the coach take to travel from A to C?
What is the average speed of the coach for the whole journey?

o o

C80fF —— == m e

70F

B0 -+ o

50F

40}

30F

Distance in kilometres

20F

10F

D L i A »
0900 0930 1000 1030
Time

A

a The coach leaves A at 0900.

b Itarrives at C at 1000. (Go from C on the distance axis across to the
graph then down to the time axis.)
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¢ Itpasses through B at 0945.
d Time taken to travel from A to C is 1000 — 0900, i.e. 1 hour.
e Distance from A to C = 80km (reading from the vertical axis)

Time taken to travel from A to C=1 hour.

distant travelled 80 km

= =80km/h
time taken 1 hour /

average speed =

1 The graph shows the journey of a car through

\ Make sure that you understand

three towns, Axeter, Bexley and Canton, what the subdivisions of the
which lie on a straight road. Axeter is 100 km scales represent.

south of Bexley and Canton is 60 km north

ofit. Use the graph to answer the following

questions:

a At what time does the car
i leave Axeter ii passthrough Bexley iii arrive at Canton?
How long does the car take to travel from Axeter to Canton?

¢ How long does the car take to travel
i the first 80 km of the journey ii the last 80 km of the journey?

d Whatis the average speed of the car for the whole journey?

Canton. 160k o HrH o rtoToT T A TH T
140}
120
Bextey 100F-rArortarnoAETOTAT oA

80F

Distance in kilometres

60F

40}

20F

Axeter

U 1 L 1 1 'l 'l _;
1200 1300 1400 1500
Time
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2 Acar leaves Kingston at noon on its journey
to Port Antonio via Morant Bay. The graph

shows its journey.

& a

@&d

~
\ Go up from 1.30 p.m. on the
time axis to the graph then
across to the distance axis. Do

How far is it from

i  Kingston to Morant Bay

ii Morant Bay to Port Antonio?
How long does the car take to travel
from Kingston to Port Antonio?
What is the car’s average speed for the
whole journey?

How far does the car travel between
1.30 p.m. and 2.30 p.m.?

After travelling for 1% hours, how
far is the car from

i  Kingston

ii ~Morant Bay?

the same for 2.30 p.m. Then
find the difference between
these readings or the distance
axis.

3 The graph shows the journey of a car
through three towns A, B and C.

a

Where was the car at
i 0900h ii 0930h?

What was the average speed of the car between

i AandB ii BandC?
For how long does the car stop at B?

How long did the journey take?

Distance in kilometres

What was the average speed of the car for the

whole journey? Give your answer correct
to 1s.f.

where the graph starts going
uphill again.

\ The car arrives at B at the point
where the graph stops going
uphill and leaves B at the point

You need the difference
between these two values on
the distance axis.

140

Kingston

120

100

80

60

Morant bay

40

20

Port Antonio 0

Noon

C 160

140

B 80

Distance in kilometres

40t

20F

r

120F

100F

60F

v

1p.m. 2p.m.

Time

3p.m.

0
0800

1000 1100

Time

0900
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Mixed exercises

Exercise

Express the ratio 10 mm?: 1 cm? in its simplest form.

2 Simplify the ratio % : %

Adrian has 24 c and Brian has 36c. Give the ratio of the amount of
Adrian’s money to the total amount of money.

Which ratio is the larger, 16:13 or 9:7?
What is the map ratio of a map with a scale of 1 cm to 5km?
Find the missing number in theratio 7:12= :9.

Share $26 amongst three people in the ratio 6:3: 4.

0w N p

The ratio of boys to girls in a school is 10:9. There are 459 girls.
How many boys are there?

9 a Nina takes 3 hours to pedal 42 kilometres. Find her average speed.
b An animal runs at 20 km/h. How long will it take to runi 6 km ii 9km?

10 An aircraft travels for 4 hours at an average speed of 400 mph, but then,
because of a headwind, reduces its average speed to 350 mph for the
remaining hour of the journey. Find

a the total distance travelled
b thetotal time taken
¢ the average speed for the whole journey.

Exercise
1 Expresstheratio 96:216 in its simplest form.
2 Simplify the ratio % - %
3 Divide $100 into three parts in the ratio 10:13: 2.
4 Two cubes have edges of lengths 8 cm and 12 cm. Find the ratio of

a thelengths of their edges
b their volumes.

Find the missing number in the ratio[ 1: 18 =11:24.
What does 1 cm represent on a map with map ratio 1:10000?

Ifx:y=23:4, find the ratio 4x: 3y.

0 N v

It costs $22.50 to feed a dog for 12 days. At the same rate, how much
will have to be spent to feed it for 35 days?
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9 a An athlete takes 4 minutes to run 1500 metres. Find his average
speed in metres per second.
b  Bobwalks at 5 km/h. How long will it take him to walk
i 1.5km ii 8km?

10 Benny wants to make the 110 km trip to Singleton in 2 hours. He
travelled the first 60 kilometres at an average speed of 45km/h, and
the next 30 kilometres at an average speed of 90 km/h. What must his
average speed for the final 20 kilometres be if he is to arrive on time?

Exercise

Express the ratio 1028 : 576 in its simplest form.
2  Which ratio is the smaller, 32:24 or 30:22?
An alloy is made of copper and zinc in the ratio 11 : 2. How much zinc
does 65 kg of alloy contain?
4 Increase a length of 24 m so that the ratio of the new length to the old length is 11 : 8.
5 Anne has twice as many crayons as Martin, who has three times as many as Susan.
Give the ratio of the number of crayons owned by the three children.
6 The map ratio of a map is 1:50000. Find the length on the ground represented by
6.4cm on the map.
Simplify the ratio 1_3 3,

2 21
Carpet to cover a floor of area 15 m? costs $550. How much would you expect to

pay for a similar carpet measuring 5m by 4.2m?

9 a Alorrytravels275km at 50 km/h. How long does the journey take?
b Freda cycles at 12km/h. How far will she cycle in
i Sminutes
ii 12 minutes?

10 Neal walks the % mile from his home to the bus stop at an average speed of 4 mph
and immediately catches the bus that takes him the 10 miles to the city centre at
an average speed of 20 mph. Find his average speed for the whole journey.

11 The ratio of Mr Khan'’s cell phone bill to Mr Newton’s is 5: 6. Mr Khan’s bill is $44
less than Mr Newton’s. How much does each pay?

Exercise

Select the letter that gives the correct answer.

1 Inits simplest form, the ratio 102: 136 is equal to
A 3:4 B 3:5 C 4:5 D 4:7
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2 The ratio % :g

A 3:4 B 4:3 C 15:28 D 28:15
3 $210 is shared between A, B and C in the ratio 5:2: 7. B’s share will be

A $28 B $30 C $60 D $90
4 The missing number in theratio 17:6 = :12is

A 8 B 12 C 21 D 34

5 The ratio of men to women working in a factoryis 2 :3.
There are 155 workers altogether.
How many more men than women are there?

A 27 B 31 Cc 33 D 45
6 The map ratio of a map with ascale of 1em:4km is

A 1:400 B 1:4000 C 1:40000 D 1:400000
7 Scott takes 2 hours to pedal 17 kilometres. His average speed is

A 7km/h B 7 km/h C 8 km/h D 9km/h
8 Zoeruns at 8km/h. How long will it take her to run 18 km?

A 1% hours B 2hours C 2% hours D 2% hours
9 Ifx:y=7:6andy = 24, thenx =

A 28 B 30 C 144 D 168

10 The map ratio of a map is 1: 20000. The distance represented by 2 cm on
the map is
A 0.2km B 0.4km C 2km D 4km

11 One cube has an edge of 4 cm and another cube has an edge of 6 cm.
The ratio of the number of edges of the first cube to the number of edges of
the second cube is

A 1:1 B 2:3 C 3:2 D 3:4

12 The ratio of the volume of the first cube to the volume of the second cube
given in question 11 is
A 2:3 B 4:9 C 8:27 D 64:81

A train, 400 m long and travelling at 120 km/h, enters a tunnel that is
5.6km long. For what time is any part of the train in the tunnel?
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12 Ratio and proportion

Did you know?

Bhaskara, who lived in India around ct 1150, did some very interesting work in
arithmetic.

Bhaskara’s work was full of puzzles and stories.

He had a problem about Hari, a god who had four hands.
He wanted to pick up a hammer, a shell, a flower and a
discus. Hari wanted to know in how many ways he can
pick up these four things. Can you figure it out?

A chart like the one below will help you.

Hand 1 Hand 2 Hand 3 Hand 4
1st way Hammer | Shell Flower Discus
2nd way | Hammer | Shell Discus Flower
3rd way
— - ——

Complete the table. How many ways are possible?
| € ‘
In this chapter you have seen that...

v/ aratio can be simplified by dividing (or multiplying when fractions are involved) all
parts in the ratio by the same number

¢/ you can compare ratios by expressing them with the same denominator
v you can divide a quantity in the ratio a : b by first dividing it into (a + b) equal parts
v’ ajourney at constant speed can be represented by a straight line on a graph

v when you read values from a graph you need to make sure that you understand the
meaning of the subdivisions on the scales on the axes

v/ the formula ‘distance = speed x time’ can be used to find one quantity when the
other two are known

v the scale of a map is sometimes given as a ratio, e.g. 1: 25000, and it is called the
map ratio; it is sometimes given as a fraction, e.g. 1/25 000, when it is called the
representative fraction

v/ two quantities that are directly proportional are always in the same ratio

v when you are working out speeds, you must make sure that the units are consistent,
e.g. to find a speed in kilometres per hour, the distance must be in kilometres and
the time must be in hours

v’ the average speed for a journey is equal to the total distance travelled divided by
the total time taken.
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13 Consumer arithmetic

At the end of this chapter you should be able to...

calculate percentage increase and decrease
calculate the cost of buying an item using hire-purchase
calculate workers’ wages, salaries and commission

calculate sales tax and exchange rates

G Hh W N -

calculate the amount due on telephone and electricity bills.
\.

The clock strikes 12 and both hands point upwards. How many times will
the minute hand and hour hand coincide before the hands point upwards
at 12 again?

<

~

You need to know... )

v how to work with decimals and fractions
+" how to use a calculator
v how to find a percentage of a quantity

v how to find one quantity as a percentage of another.

"

w R P P PP PP UC PP TON '

commission, exchange rate, gross and net wages, income tax, kilowatt-hour, salary,

standing charge

-----------------------------------------------------------------------------

Percentage increase

My telephone bill is to be increased by 8% from the first quarter of the year
to the second quarter. It amounted to $64.50 for the first quarter. From this
information I can find the value of the bill for the second quarter.
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If $64.50 is increased by 8%, the increase is 8% of $64.50,

1.2. m X $64.50 = $5.16

The bill for the second quarter is therefore
$64.50 + $5.16 = $69.66

The same result is obtained if we take the original sum to be 100%. The

increased amount is (100 + 8)%, or %, of the original sum,

i.e. the bill for the second quarter is % x $64.50 = $69.66
The quantity % is called the multiplying factor.

To increase a quantity by 12%, the multiplying factor would be 12

100

Percentage decrease

Similarly if we wish to decrease a quantity by 8%, the decreased amount is
(100 - 8)%, or %, of the original sum.

If we wish to decrease a quantity by 15%, the new quantity is 85% of the

original quantity, and the multiplying factor is %.

Exercise

If a number is increased by 40%, what percentage is the new number of the
original number?

The new number is 100% + 40% = 140% of the original.

If a number is increased by the given percentage, what percentage is the new
number of the original number?

1 50% 3 20% 5 75% 7 48% 9 175% 11 57%
2 25% 4 60% 6 35% 8 300% 10 12%% 12 15%
What multiplying factor increases a number by 44%?
o . 100144 _ 144
The multiplying factor is — 6 o0
Give the multiplying factor which increases a number by:
13 30% 14 80% 15 65% 16 130%
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If a number is decreased by 65%, what percentage is the new number of the
original number?

The new number is 100% — 65% = 35% of the original.
If a number is decreased by the given percentage what percentage is the new

number of the original number?
1

17  50% 19 70% 21 35% 23 4% 25 625% 27

1
18 25% 20 85% 22 42% 24 66% 26 333;% 28

3

What multiplying factor decreases a number by 30%?

100-30 _ 70

The multiplying factor is o

What multiplying factor decreases a number by:

29  40% 30 75% 31 34% 32 12%

Increase 180 by 30%.
The new value is 130% of the old

ie. the new value is % x180=234

Increase:

33 100 by 40% 37 1600by 73% 40 111by 66%%
34 200 by 85% 38 745by 14% 41 145by 120%
35 340 by 45% 30 64by623% 42 644 by 275%
36 550by36%

Decrease 250 by 70%.

The new value is 100% — 70% = 30% of the original value

. . 30 .

i.e.  the new valueis T 250=75

Decrease:

43 100 by 30% 47 3400 by 28% 50 273by 66%%
44 200 by 15% 48 3450 by 4% 51 208 by 87%%
45 350 by 46% 49 93by 33%% 52 248by 37%%

46 750 by 13%

200

53%

10%
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Problems

Exercise

The number of cases of mumps reported this year is 4% lower than the number
of cases reported last year. There were 250 cases last year. How many cases were
reported this year?

There were 4% fewer cases this year so to find the number of cases this year, we
need to decrease 250 by 4%.

100-4 _ 96

The multiplying factor is T

The number of cases this year is % x 250 = 240.

1 Aboy’s weight increased by 15% between il _ -

. . " ea e question carefu to
his fifteenth and sixteenth birthdays. If he __ make Surgthat youun ders);and
weighed 55 kg on his fifteenth birthday, whether you are being asked to

; . s : increase or to d uantity.
what did he weigh on his sixteenth birthday? TR AU

2 The water rates due on my house this year are 8% more than they
were last year.

Last year I paid $640. What must I pay this year?

3 There are 80 teachers in a school. It is anticipated that the number of
staff next year will increase by 5%. How many staff should there be
next year?

4 Pierre is 20% taller now than he was 2 years ago. If he was 150 cm tall
then, how tall is he now?

5 A factory employs 220 workers. Next year this number will increase by 15%.
How many extra workers will be taken on?

6 Aliving room suite is priced at $26 000 plus value added tax (VAT) at
15%. How much does the suite actually cost the customer?

7 A CD costs $35 plus value added tax at 20%. How much does the CD
actually cost?

8 The cost of a meal is $64 plus service charge at 15%. How much must I
pay for the meal?

9 Miss Kendall earns $1080 per week from which income taxis deducted

at 30%. Find how much she actually gets. (This is called her net pay.)

10 Ina certain week a factory worker earns $900 from which income tax
is deducted at 30%. Find his net income after tax, i.e. how much he
actually gets.
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11

12

13

14

15

1<

3

Ie

S

[
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Mr Hall earns $2000 per month. If income tax is deducted at 25%, find
his net pay after tax.

As a result of using Alphamix fertiliser, my potato crop increased by
32% compared with last year. If I grew 150 kg of potatoes last year,
how many kilograms of potatoes did I grow this year?

The number of children attending White Sands village school is 8%
fewer this year than last year. If 450 attended last year, how many are
attending this year?

The marked price of a man’s suit is $750. In a sale the price is reduced
by 12%. Find the sale price.

In a sale all prices are reduced by 10%. What is the sale price of an
article marked
a $40 b $85?

Last year in a school there were 75 reported cases of measles. This year
the number of reported cases has dropped by 16%. How many cases
have been reported this year?

Mr Connah was 115 kg when he decided to go on a diet. He lost 10% of
his weight in the first month and a further 8% of his original weight in
the second month. How much did he weigh after 2 months of dieting?

A car is valued at $48 000. It depreciates by 20% in the first year and
thereafter each year by 15% of its value at the beginning of that year.
Find its value

a after 2 years b after 3 years.

In any year the value of a motorcycle depreciates by 10% of its value
at the beginning of that year. What is its value after two years if the
purchase price was $7200?

When John Short increases the speed at which he motors from an
average of 40 mph to 50 mph, the number of miles travelled per gallon
decreases by 25%. If he travels 36 miles on each gallon when his
average speed is 40 mph, how many miles per gallon can he expect at
an average speed of 50 mph?

When petrol was $2.00 per litre I used 700 litres in a year. The price
rose by 12% so I reduced my yearly consumption by 12%. Find

a the new price of a litre of petrol

b my reduced annual petrol consumption

¢ how much more (or less) my petrol bill is for the year.
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Ed bought a watch for $50. He marked it up by 30% and put it in the window
of his shop. He could not sell it, so in a sale marked it ‘30% off’. Molly bought
the watch and claimed she had paid less than Ed bought it at. Was this true?

Mixed exercise

Exercise

1 Express85%
a asadecimal b asacommon fraction in its lowest terms.
Express 6mm as a percentage of 3 cm.

Find 35% of 120 m?.
4 Ifanumber is increased by 25%, what percentage is the new number of
the original number?
What multiplying factor would increase a quantity by 45%?
a Increase 56 cm by 75%. b Decrease 1200 sheep by 20%.

7 The annual cost of insuring the contents of a house is 0.3% of the value of the contents.
How much will it cost to insure contents valued at $29 0007?

Hire-purchase

Hire-purchase (HP) is a popular and convenient way of buying things when
you cannot afford the full price out of your income and don’t wish to spend
your savings. It is frequently used to buy such things as a washing machine,
camera, motorcycle or car. As the term implies, you don’t really own the article
until you have made the last payment. An article bought on HP always costs
more, sometimes much more, than if you can pay cash.

Exercise

A motorcycle is priced at $22500. If bought on hire-purchase the terms are:
% deposit plus 36 monthly payments of $640. Find the HP price.

Deposit of% of $22500 = $7500

Total of 36 monthly payments of $640 = $640 x 36
=$23040
Total HP price = $7500 + $23 040
=$30540
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Find the total hire-purchase cost in each of the following cases:
No deposit, 12 monthly payments of $124

No deposit, 12 monthly payments of $252

No deposit, 12 monthly payments of $744

Deposit $5120 plus 12 monthly payments of $461
Deposit $3120 plus 24 monthly payments of $258
Deposit $17 370 plus 24 monthly payments of $940
Deposit $624 plus 52 weekly payments of $103

Deposit $8670 plus weekly payments of $521 for 3 years

O 00NN A W

Deposit $24 130 plus monthly payments of $2123 for 2 years

ek
=]

Deposit $19 370 plus monthly payments of $1650 for 3 years.

The complete furnishings for a lounge display in a department store amount
to $128 160. If cash is paid a 5% discount is given, but if sold on hire-purchase
the terms are: a deposit of 25% plus a monthly payment of $3472 for three
years.

Find a the cash price
b the deposit
c the total HP price
d the amount saved by paying cash.
a Cash price = $128 160 — discount of 5%
Discount = $128 160 x o= = $6408
Cash price = $128 160 — $6408
=%121752
b Deposit = $128 160 x % =$32040

¢ Total HP price = deposit + 36 monthly payments of $3472
=$32040 + 36 x $3472
=$32040 + $124992
=$157032
d Saving by paying cash = HP cost — cash price
=$157032 - $121 752
=$35280
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The cash price of a dining suite is $7840. Hire-purchase terms require
25% deposit together with 24 monthly repayments of $282. Calculate
the amount saved by paying cash.

An electric lawn mower is offered for sale at $1855. If bought on
hire-purchase a deposit of % is required, followed by 24 equal monthly
payments of $119. How much is saved by paying cash?

A camera is advertised at $2240. If bought on HP, the terms are: 25%

deposit plus 12 monthly payments of $179. How much is saved by

paying cash?

A grand piano is advertised at $220 000. If bought on hire-purchase,

the terms are: 20% deposit plus 18 monthly payments of $12 600.

How much is saved by paying cash?

The cash price of a cut-glass water set is $1710. The hire-purchase

terms are % deposit plus 52 weekly payments of $34.50. How much is

saved by paying cash?

A man’s suit can be bought for $2520 cash or for a deposit of $840 plus

12 monthly instalments of $194.

a How much more does the suit cost if bought on the instalment
plan compared with the cash price?

b Express the additional cost as a percentage of the cash price.

A motorcycle is offered for sale at $11 200. If bought on hire-purchase

a deposit of % is required, together with 24 monthly payments of $435.
Calculate the difference between the cash price and the hire-purchase price.
The marked price of a three-piece suite is $25 800. A 5% discount is

offered for a cash sale, butif bought on HP, the deposit is %, followed

by 18 monthly payments of $1166. Find the cash difference in the two
ways of paying for the suite and express this difference as a percentage
of the cash price, giving your answer correct to three significant figures.

The marked price of an electric cooker is $3660. If bought for cash,
a discount of 2%% is given, but if bought on hire-purchase, the terms
are: % deposit plus 24 monthly payments of $132. How much more
does the cooker cost if bought on hire-purchase?

A bus company is offered a second-hand coach for $200 700. Since it
cannot afford to pay cash it has two options:

Option 1: 6 half-yearly payments of $38 880
Option 2: a deposit of % plus 12 three-monthly payments of $14 580.
Which option is the cheaper, and by how much?
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Retiling a house will cost $114 000. If paid for on hire-purchase, a
deposit of % is required together with 60 monthly payments of $2128.

Find the additional cost when bought on HP and express this as a
percentage of the cash price .

A motorist decides to buy a new car, the list price of which is $223 200.
If he sells his old car privately for $69 000 and then pays cash for the

new car, he is given a discount of 12%%. However, if he offers his car
in part-exchange, it is valued at $75 000 and in addition he must make
36 monthly payments of $5760. How much will he save if he sells his
car privately and pays cash?

A carpet, which is suitable for use in a lounge measuring 5m by 4 m,
is offered for sale at $428 per square metre. Hire-purchase terms are
as follows: 33%% deposit, the balance to be increased by 12% and
divided by 12 to give the monthly repayments for 1 year.

Find:

a the monthly repayments

b the increased cost if bought on hire-purchase

¢ the increased cost expressed as a percentage of the cash price.

A food mixer may be bought by paying a deposit of $292 together with
26 equal payments of $43.40. If this is $170.80 more than the cash
price, find the cash price.

A professional standard football may be bought by paying a deposit of
$114.80 together with 52 equal instalments of $9.20. If this is $78.80
more than the cash price, find the cash price.

The cash price of an outfit is $5292. Alternatively it may be paid for
with a cash deposit of $1323 followed by 23 monthly payments of
$241. How much cheaper is it to pay cash?

The cash price of a colour television set is $11 550. On the instalment
plan a deposit of 20% is followed by monthly payments of $839 for one
year. For the second and subsequent years the set may be insured against
failure for $960 p.a. If the same set had been rented, the rental fee
would have been $284 per month for the first year and $278 for every
additional month. Compare the hire-purchase costs with the rental costs
over a 6-year period. Which is the cheaper and by how much?
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28

i adeposit of 25% of the cash price

ii the balance is charged interest at 12%%

An electrical discount store calculates its HP prices as follows:

iii the balance plus interest is divided by the number of monthly
instalments paid.

Using this information calculate

a the monthly repayments over one year on a video recorder marked $7872

b the total cost of a music centre, the list price of which is $4464, if
it is paid for over an 8-month period.

Wages

Everybody who goes to work expects to get paid. Some are paid an annual
amount or salary, but many people are paid a wage at a fixed sum per hour.
There is usually an agreed length to the working week and any hours worked
over and above this may be paid for at a higher rate.

If John Duffy works for 37 hours for an agreed hourly rate of $9.00, he
receives payment of $9.00 x 37, i.e. $333.00. This figure is called his gross
wage for the week. From this, deductions are made for such things as National
Insurance contributions and income tax. After the deductions have been made
he receives his net wage or ‘take-home’ pay.

All this information is gathered together by the employer on a pay slip, an
example of which is given below.

Union Dues

STAFF NO. DATE Basic Salary | Additional Payts. A | Deduction for Gross Pay
Absence
01035932 | JAN 2015 130.34 24.44 154.78
Loan Repayts/ | Vol. Dedns. B Nat. Ins. Income Tax | Total Deducted
Adv. Recovered
13.54 46.50 60.04
A—~Acting Allow. | Commission Bonuses Other Non-Taxable. NET PAY
Alices
aht 94.74
Detail Detail Detail Detail ==l y Uea Gches
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Exercise

Calculate the gross weekly wage for each of the following factory workers.

i AW N -

Name Number of hours worked Hourly rate of pay
E. D. Nisbett 40 $10

A. Dexter 35 $11.00

T. Wilson 38, $11.20

A. Smith 44 $10.80

D. Thomas 39% $14.80

In the questions that follow, it is assumed that the meal breaks are unpaid.

Sally Green works a five-day week Monday to Friday. She starts work every
day at 8 a.m. and finishes at 4.30 p.m. She has 1 hour off for lunch. How many
hours does she work in a week? Find her gross pay if her rate is $9.84 for each
hour worked.

Number of hours from 8 a.m. to 4.30 p.m. is 8%.

She has 1 hour off for lunch, so number of hours worked each day is 7%.

208

Number of hours worked each week = 7% X 5= 37%
Gross pay for the week = $9.84 x 37% =$369.00

Edna Owen works a five-day week. She starts work each day at 7.30 a.m.
and finishes at 4.15 p.m. She has 45 minutes for lunch and a 10-minute
break each morning and afternoon. How long does she actually work

a inaday b inaweek?

¢ If her hourly rate is $9.32, calculate her gross wage for the week.

Martin Jones starts work each day at 7 a.m. and finishes at 4.30 p.m.
He has a 45-minute lunch break. How many hours does he work in a
normal five-day week? Find his gross weekly wage if his rate of pay is
$10.48 per hour.

Elaine Mock works ‘afternoons’. She starts every day at 2 p.m. and
finishes at 10.30 p.m., and is entitled to a meal break from 6 p.m. to
6.45 p.m. How many hours does she work

a inaday b ina five-day week?

¢ Calculate her gross weekly wage if she is paid $9.04 per hour.
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Mary Killick gets paid $8.24 per hour for her normal working week of 37% hours.
Any overtime is paid at time-and-a-half. Find her gross pay in a week when she
works 45% hours.

Basic weekly pay = $8.24 x 37.5 = $309.00
Number of hours overtime = (45% - 37%) hours = 8 hours

Because overtime is paid at time-and-a-half, which is one-and-a-half times the
hourly rate, the rate of overtime pay is $8.24 x 1.5 = $12.86 per hour

Payment for overtime = $12.86 x 8 = $98.88
Total gross pay = basic pay + overtime pay
=$309.00 + $98.88
=$407.88

9 Tom Shepherd works for a builder who pays $6.20 per hour for a basic
week of 38 hours. If overtime worked is paid at time-and-a-half, how
much will he earn in a week when he works for
a 38hours
b 48 hours
¢ 50 hours?

10 Maxine Brown works in a factory where the basic hourly rate is $3.92
for a 35-hour week. Any overtime is paid at time-and-a-half. How
much will she earn in a week when she works for 46 hours?

11 Walter Markland works a basic week of 37% hours. Overtime is paid at
time-and-a-quarter. How much does he earn in a week when he works
44% hours if the hourly rate is $6.80?

12 Peter Ambler’s time sheet showed that he worked 7 hours overtime in
addition to his basic 38-hour week. If his basic hourly rate is $6.32 and
overtime is paid at time-and-a-half, find his gross pay for the week.

13 During a certain week Adelle Dookham worked 8L hours Monday to
Friday together with 4 hours on Saturday. The normal working day was
7 hours and any time worked in excess of this was paid at time-and-a-
half, with Saturday working being paid at double time. Calculate her
gross wage for the week if her basic pay is $8.64 per hour.

14 Diana Read works a basic week of 39 hours. Overtime is paid at
time-and-a-half. How much does she earn in a week when she works

47% hours if the basic hourly rate is $7.28?
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15 Joan Danby’s pay slip showed that she worked 5% hours overtime in
addition to her basic 37-hour week. If her basic rate of pay is $5.92 and
overtime is paid at time-and-a-half, find her gross pay for the week.

16 The timesheet for Anne Stent showed that during the last week in
November she worked as follows:

Morning Afternoon

Day
In Out In Out

Monday 7.45 a.m. 12 noon 1.00 p.m. 5.45 p.m.

Tuesday 7.45 a.m. 12 noon 1.00 p.m. 4.15 p.m.
Wednesday | 7.45 a.m. 12 noon 1.00 p.m. 4.15 p.m.
Thursday 7.45 a.m. 12 noon 1.00 p.m. 4.15 p.m.

Friday 7.45 a.m. 12 noon 1.00 p.m. 4.15 p.m.
a What is the length of her normal working day?
b How many hours make up her basic working week?
¢ Calculate her basic weekly wage if the hourly rate is $5.68.
d How much overtime was worked?
e Calculate her gross wage if overtime is paid at time-and-a-half.

Commission

Some workers, such as salesmen and representatives, are paid in a different
way. They are given a fairly low basic wage but they also get commission on
every order they secure. The commission is usually a percentage of the value
of the order.

Other workers get paid a fixed wage plus an amount that depends on the
amount of work they do.

For example, Pete gets paid $240 a week plus 80 ¢ for every article he produces
after the first 30.

Exercise

@ 1 Inaddition to a basic weekly wage of $80, Miss
Black receives a commission of 1% for selling

Find 1% of the value of
the cars she sold and add

second-hand cars. Calculate her gross wage for a this to the basic wage.

week when she sells cars to the value of $100000.
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@8

A salesman receives a basic wage of $100 per week plus commission at
6% on the value of the goods he sells. Find his income in a week when
sales amount to $10600.

Tom Hannah receives a basic wage of $110 per week and receives a
commission of 2% on all sales over $2000. Find his income for a week
when he sells goods to the value of $17 600.

Sue Renner receives a basic wage of $200 per week plus a commission
of 2% on her sales. Find her income for a week when she sells goods to
the value of $42 400.

Penny George is paid a basic wage of $190 per week plus a commission
of 15% on her sales over $3000. Find her income for a week when she
sells goods to the value of $42600.

Alan McKay is paid a basic wage of $100 per week plus a commission
of 3% on all sales over $4800. Find his income for a week when he sells
goods to the value of $34800.

In addition to a weekly wage of $340, Olive MacCarthy receives
commission of 1%% on the sales of antique furniture. Calculate her
gross wage in a week when she sells furniture to the value of $31 000.

Don Smith receives a guaranteed weekly — i
First find the total number on which
wage of $520 plus a bonus of 40 ¢ for the bonus is paid: 33 the first day,
every circuit board he completes each 28 the second, and so on. Next
. . calculate the total bonus and add it
day after the first 20. During a particular to the gross wage.
week the number of boards he produced

are as follows:

Monday 53, Tuesday 48, Wednesday 55, Thursday 51, Friday 47.
Calculate his gross wage for the week.

Audley Davis gets paid 80 c for each article he completes up to 100 per
day. For every article above this figure he receives 90c. In a particular
week his production figures are

Mon  Tues Wed Thurs Fri

216 192 234 264 219
How many articles does he produce in the week?
For how many of these is he paid 80 c each?
For how many of these is he paid 90 ¢ each?

o n oo

Find his earnings for the week.
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10 The table shows the number of electric light fittings produced by five

Exchange rates

factory workers each day for a week.

Ms Arnold
Mr Beynon
Miss Capstick
Mr Davis

Mrs Edmunds

Mon
34
37
35
42
39

Tues
38
40
40
45
38

Wed
34
37
43
40
37

Thurs
39
44
37
52
35

Fri
41
39
46
42

The rate of payment is: $1.90 for each fitting up to 20 per day and
$2.70 for each fitting above 20 per day.
a How many fittings does each person produce in the week?

b For each person find

i how many fittings are paid at $1.90 each

ii how many fittings are paid at $2.70 each.

¢ Find each person’s income for the week.

d On which day of the week does this group of workers produce the

greatest number of fittings?

When we shop abroad, prices quoted in the local currency often give us little

idea of value so we tend to convert prices into the currency we are familiar

with. To do this we need to know the exchange rate.

This tells us how many units of currency are equivalent to 1 unit of our own

currency.

For example, using an exchange rate of 1 US dollar (US$1) = 0.8 euros

means that $100 =100 x 0.8 euros = 80 euros

and that 100 euros = % US$ = US$125.

Exercise

This table gives the equivalent of US$ in various currencies.

Us$

UKE

Barbadian $

Canadian $

Trinidad $

Jamaican $

1

0.76

2

1.29

6F

130

Use this table to convert

1

US$45 into Jamaican dollars

2 US$550 into Canadian dollars

262

3 US$400 into UK pounds

4 US$68.90 into Barbadian dollars
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For the amounts of money shown in questions 5 to 14, use the table
a to estimate the equivalent value in US$
b to calculate, to the nearest whole number, the equivalent value in US$.

&5 £100 The table shows that £0.76 is equivalent
6 345 Barbadian dollars @ to US$1 so £1 is equivalent to O_]?US:B
7 5567 Jamaican dollars - £100 is equivalent to US$100 x 0%6
500 Barbadian dollars
12 £246.40
£642

13 1188 Barbadian dollars
14 860 Trinidad and Tobago dollars

10 462 Canadian dollars
11 1000 Jamaican dollars

Use the table to convert

@15 £200 into Barbadian dollars Start with £0.76 = 2 Barbadian
, ; ; . 2 .

16 500 Canadian dollars into Jamaican dollars c dollars, so £1 =77 Barbadian

dollars. The equivalent of £200

17 3000 Barbadian dollars into UK pounds wil be 900 times thisvalue.

18 275 Jamaican dollars into Barbadian dollars

19 £754 into Jamaican dollars
20 560 Trinidad and Tobago dollars into UK pounds

Telephone hills

The cost of a telephone call on a landline depends on four factors:

1 the line rental

2 the distance between the caller and the person being called

3 the time of day and/or the day of the week on which the call is being made
4 the length of the call.

These factors are put together in various ways to give metered units of time,
each unit being charged at a fixed rate.

Today, very many people use a cell phone. Users may buy such a telephone
outright and pay a monthly charge to their service provider or, they can hire a
phone, two years being a typical contract period. At the end of the two years
the phone is theirs. Their choice is then to pay a much smaller charge to the
service provider, or upgrade to a more up-to-date device.
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For example, suppose that Chris Reynolds’ landline telephone account for the
last quarter showed that his telephone had been used for 546 metered units.
If the line rental was $31.00 and each unit cost 5 ¢, his telephone bill for the
quarter can be worked out as follows:

cost of 546 units at 5 ¢ per unit=546 x 5¢
=$27-20
line rental = $31
.. the telephone bill for the quarter was $58.30

In some islands, for example Barbados, telephone bills are calculated at a fixed
rate. Additional charges are made only for overseas calls, which will depend
on the three factors above. Details similar to the following will be shown on
such a bill.

Date Country Area Code Number Minutes
06/11 Tdad & Tobago 000 645-3272 7
06/19 Tdad & Tobago 000 622-0000 12
06/29 Jamaica 000 927-9751 8
06/29 Jamaica 000 927-8798 4
07/03 Jamaica 000 927-9751 12
07/20 Miami 305 279-1319 1
07/20 Miami 305 949-4616 9
Balance Forward $177.30

Payments $177.80

Overseas Calls $149.98

Other Charges $ 0.00

Service Charge $ 25.40

TOTAL DUE $175.38
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Exercise

Find the quarterly telephone bill for each of the following households.

Name Number of Line rental Cost per unit
units used
1 Mrs Keeling 750 $28 Sc
2 Mr Hodge 872 $32 6¢
3 Miss Hutton 1040 $33 7c
4 Miss Jacob 1134 $37.60 85c
5 | Mrs Buckley 1590 $36.80 8.3¢
6 | MrLeeson 765 $42 7.68¢
7 | Mrs Solly 965 $51 10.5¢

Calculate the monthly telephone bill for each of the following people.

Name  1st3min  Each additional min Number of min Service charge
Singh $3.90 $1.30 70 $25.40
Bird $6.45 $2.15 28 $30.00

10 Lee $9.15 $3.05 105 $25.40

11 Colin has agreed to pay $112 each month for two years for his cell
phone with unlimited calls. There are no other charges. Find the total
cost to Colin during the period of the contract.

12 Paul buys a SIM-free cell phone for $2550 and has to spend $80 each
month for the SIM card to operate it. How much does he spend for his
cell phone during the first two years?

If he had taken out a two-year contract the cost would have been $199
per month with no other charges. Would this have been a cheaper way
of having a cell phone? Justify your answer.

13 Amy and Bernadette decide the buy cell phones. Amy agrees a contract
for $212 per month for 2 years with free calls, texts, and all the data
she could possibly need. Bernadette pays $2999 for her phone but, in
addition, pays $95 a month for the SIM card. Which of the two girls
has the cheaper way of having a cell phone? Justify your answer.
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14 Penny’s cell phone costs $96 a month but there are extra costs when
she exceeds the agreed usage. They are 15 ¢ a minute for each extra
call, 10 ¢ for sending each extra text and 55 ¢ for each extra
10 MB of data downloaded.

Find Penny’s total bill for a month when she makes 22 extra calls
totalling 182 extra minutes, sends 45 additional texts and uses 40 MB
for downloading extra data.

Electricity: kilowatt-hours

A kilowatt-hour is electric power of one
kilowatt used for one hour. Electricity
companies charge one rate for the first
number of kilowatt-hours and a lower rate
for additional usage.

In an attempt to encourage consumers to use less electricity some suppliers
increase their unit cost after a certain number of kilowatt-hours have been used.

We all use electricity in some form and we know that some appliances cost more
to run than others. For example, an electric fire costs much more to run than

a light bulb. Electricity is sold in units called kilowatt-hours (kWh) and each
appliance has a rating that tells us how many kilowatt-hours it uses each hour.

A typical rating for an electric fire is 2kW. This tells us that it will use 2kWh
each hour, i.e. 2 units per hour. On the other hand, a light bulb can have a
rating of 100W. Because 1 kilowatt = 1000 watts (kilo means ‘thousand’ as we
have alre?dy seen in kilometre and kilogram), the light bulb uses 1—10 kWh each

hour, or — of a unit.
’ 10

Exercise

How many units (i.e. kilowatt-hours) will each of the given appliances use

in 1 hour?

1 a3kWelectricfire 5 a60W DVD player
2 alO0OW bulb 6 a20Wradio

3 a 1%kW fire 7 an 8KkW cooker

4 a1200W hair dryer 8 a2kW dishwasher
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With the help of an adult, find the rating of any of the following appliances that
you might have at home. The easiest place to find this information is probably
from the instructions.

9 anelectric kettle 12 the television set
10 therefrigerator 13 abedside lamp
11 thewashing machine 14 the electric cooker

How many units of electricity would

15 a2kW fire use in 8 hours 19 a150W refrigerator use in 12 hours

16 a 100W bulb use in 10 hours 20 al2Wradio usein 12 hours

17 an 8KkW cooker use in 1% hours 21 an 8 W night bulb use in a week at
10 hours per night

18 a60W bulb usein 50 hours 22 aS5Woclockusein 1 week?

For how long could each of the following appliances be run on one unit of electricity?

23 a250W bulb 25 al00W television set

24  a 2kW electric fire 26 a360W electric drill

In the following questions assume that 1 unit of electricity costs 6 ¢c.
How much does it cost to run
27 a100W bulb for 5 hours 29 a3Wclockfor 1 week

28 a250W television set for 8 hours 30 a3kW kettle for 5 minutes?

Electricity bills

It is clear from the questions in the previous exercise that lighting from
electricity is cheap but heating is expensive. While electricity is a difficult
form of energy to store, it is convenient to produce it continuously at power
stations, 24 hours a day. There are, therefore, some times of the day when
more electricity is produced than is normally required. The electricity
providers are able to solve this problem by selling off-peak electricity to users
at a cheaper rate. Most of the electricity consumed in this way is for domestic
heating.

Domestic electricity bills are calculated by charging every household a fixed
amount, together with a charge for each unit used. Off-peak electricity is
sold at approximately half price. The amount used is recorded on a meter,
the difference between the readings at the beginning and end of a month or
quarter showing how much has been used.
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The following shows an electricity bill that might be received by a customer in
a Caribbean Island.

LIGHT & POWER COMPANY August 2017
Meter Meter reading & date kWh Fuel
No. Previous Present Used Cts/kWh
F12906 09118 09218 100 5.5408
04-07-17 04-08-17
Charges
Fixed $20.60
Energy 5.54
Subtotal 26.14
Arrears
TOTAL $26.14

The above bill shows the number of kWh registered on the meter on 04-07-17
as 09118 and on 04-08-17 as 09218. The number used for the one-month
period is calculated as the difference between 09118 and 09218, i.e. 100 kWh.

The cost of the energy is therefore 100 kWh at 5.5408 ¢ per kWh = $5.54.

There is also a fixed charge of $20.60 to add, so the total is
$20.60 + $5.54 = $26.14.

Sometimes a customer is unable to pay the full amount in a particular period
and only pays a portion. The remainder is then added to his next bill as
‘Arrears’. In the above bill, there were no arrears.

In some territories bills are sent quarterly instead of monthly.

Exercise

Mrs Comerford uses 1527 units of electricity in a quarter. If the fixed
charge is $9.45 and each unit costs 8 c, how much does electricity cost her
for the quarter?

Cost of 1527 units at 8c per unit=1527 x 8¢
=$122.16
Fixed charge = $9.45
Total bill=$131.61

268



13

Consumer arithmetic

Find the quarterly electricity bills for each of the following households:

([« )W {91 B ¥) B % R N TR

N

Name Number of units Fixed charge Cost per unit
used

Mr George 500 $20 5c¢

Mrs Newton 600 $24 5c

Mr Churchman 950 $30 10¢c

Mr Khan 750 $28 12¢

Mr Vincent 1427 $31.80 6.65c¢
Mrs Jackson 684 $36 11c

Mr Wilton 938 $32.80 7.36¢

Find the quarterly electricity bills for each of the following households.
Assume in each case that there is a fixed charge of $20, and that off-peak

units are bought at half price.

10

. Investlgatlun

Find an electricity bill for a domestic property in your area. Use the bill to
work out how the company charges for the electricity used.

Name Number of units used Basic cost per unit
At the basic price Off-peak

Mr Bennett 1000 500 10c

Miss Cann 800 600 8¢

Mr Hadley 640 1200 7:BC

The questions you can try to answer are:

is there a standing charge

what is the cost of 1 kWh

is there a cheaper rate for off-peak usage

what period of time does the bill cover

are there any taxes applied to the bill?

2 Investigate how the charges for a landline telephone are worked out in your
area. You will need to find a telephone bill.
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Mixed exercises

Exercise
1 a Increase 260 by by 30%. b Decrease 206 by 49%.
2 Ifanumberis decreased by 42%, what percentage is the new number of

the original number?
What mutliplying factor would decrease a quantity by 18%?
a Increase 70m by 35%. b Decrease 55 miles by 84%.

In a sale a shopkeeper reduces the prices of his goods by 10%. Find the
sale price of goods marked
a 8§97 b $492.

Exercise

270

The cash price of a television set is $4800. If bought on hire-purchase
there is a deposit of $1600 followed by 36 monthly payments of $154.
Find

a the total cost of the television set if bought on HP

b the extra cost if bought on HP compared with the cash price.
Mounir Ekdawi works a basic week of 38 hours at an hourly rate of
$12.84. Overtime is paid at time-and-a-half.

How much does he earn in a week when he works 42% hours?

Convert

a 750 Barbadian dollars into UK pounds if each Barbadian dollar is
equivalent to £0.35

b £550 into Barbadian dollars if £1 = 3.30 Barbadian dollars.

During the last quarter Mr Barrett’s telephone bill showed that he had
used 842 units at 12.5 ¢ per unit. In addition there was a line rental
charge of $54.50. Find the total amount due.

Electricity costs 26 ¢ per unit. How much is Mildred’s quarterly bill if she
uses 750 units and there is a quarterly fixed charge of $55?
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Exercise

1 The cost of some furniture, if bought on hire-purchase, is:
a deposit of $344 plus 12 monthly payments of $146.
Find the total HP cost.

2 Mrs Esther works a basic 36-hour week. She is paid at an hourly rate of $45.
Any overtime is paid at time-and-a-half.
Find
a her gross earnings in a normal week

the hourly rate when she works overtime

the extra she would be paid if she worked 5 hours overtime

her total wage for a week when she works 46 hours.

B AN o

Convert US$200 into Trinidad and Tobago dollars when the exchange rate is
US$1 =TT$6.8.
b At the same rate of exchange, how many US dollars would I get for TT$550?
4  Mrs Spencer’s telephone bill records that she has used 2740 units during the
last three months. The cost of each unit is 89 c. There is no service charge. How
much is Mrs Spencer’s telephone bill?
5 Mr Peter’s quarterly electricity bill, including a fixed charge, is $516.80.
Electricity is charged at 56 ¢ per unit.
He finds that he has used 840 units. Calculate his fixed charge.

Exercise

Select the letter that gives the correct answer.
1 When 460 mis increased by 10% its value is

A 470m B 506m C 560m D 660m
2 When 240 km is decreased by 5% its value is
A 210km B 216km C 228km D 235km
3 The multiplying factor that increases a quantity by 35% is
Z B 3 ¢ = D 2
20 2 10 20
4 The multiplying factor that decreases a quantity by 15% is
A2 B ¢ 2 n 2
5 20 10 20
5 Expressed as a percentage of 7.4 m, 629 cm is
A 75% B 80% C 85% D 90%

6 If 1 Barbadian dollar is equivalent to 0.28 US dollars, the equivalent value of
US$500 in Barbadian dollars, correct to 3 s.f., is

A $1760 B $1770 C $1780 D $1790
2]
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7 1get £518 when I exchange 700 US dollars into pounds sterling.

The rate of exchange I receive is US$1 is equivalent to

A £0.70 B £0.74 C £0.84 D £1.35
8 How long can a 50 W light bulb burn on 1 unit of electricity?
A 2hours B 5 hours C 10hours D 20 hours
9 The cash price of an item of furniture is $5500 + sales tax of 15%. The total
cost to the buyer is
A  $6050 B $6100 C $6325 D $6600
10 Clive Prior works a 40-hour week for which he is paid at $13.50 an hour. His
weekly pay is
A $500 B $540 C $560 D $580

Investigation \

These references to percentages were in a newspaper. Investigate what each means.
1 ‘The annual rate of inflation has fallen from 3.5% last month to 3.46% this month.’
Does this mean that prices are rising, falling or standing still?

2 ‘Everyonein the company is to get a raise of 4.5%. This means that the annual
increase ranges from $2350 to $500.

How can this be true if everybody gets the same raise? Can you explain?

Did you know?

If 320 players enter a singles knockout competition, then 319 matches must b

e
played to find the winner. i
In this chapter you have seen that...

100+a, 100+a

v toincrease a quantity by a%, multiply it by is called the multiplying factor

100 °’ 100
: oo oa 00, 100=a: i
v to decrease a quantity by a%, multiply it by 0 - 100 called the multiplying factor

v/ akWhis 1 kilowatt used for 1 hour

v bills for domestic utilities usually include a fixed charge and a charge for the number of
units used

v’ exchange rates are used to convert from one currency to another.
o g
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At the end of this chapter you should be able to...

identify two parallel lines as lines that are always the same distance apart
identify corresponding angles

use the equality of corresponding angles to draw parallel lines

solve problems involving corresponding angles

identify alternate angles

state and use the equality property of alternate angles

use the interior angles property for a pair of parallel lines and a transversal

use the exterior angle property of a triangle

O 00NN AW

recall the sum of the exterior angles of any polygon.

-
L

You need to know... ) .

v that the three angles of a triangle add up to 180°

v that angles on a straight line add up to 180°

v that vertically opposite angles are equal

v that angles at a point add up to 360°

v that the sum of the four angles in a quadrilateral add up to 360°

v thatisosceles triangles have two equal sides and the base angles are equal
v that equilateral triangles have three equal sides and three equal angles

+" how to read a protractor.

.4 I '

alternate angles, base angle, construct, corresponding angles, exterior angles,
horizontal, interior angle, isosceles, midpoint, parallel lines, parallelogram, polygon,
protractor, transversal, vertically opposite angles

ooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo
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Parallel lines

Two straight lines that are always the same distance apart, however far they
are drawn, are called parallel lines.

The lines in your exercise books are parallel. You can probably find many other
examples of parallel lines.

Exercise

1 Using the lines in your exercise book, draw three lines that are parallel.
Do not make them all the same distance apart. For example

A4

Vv VY

(We use arrows to mark lines that are parallel.)

2 Using the lines in your exercise book, draw two parallel lines.
Make them fairly far apart. Now draw a slanting line across them.
For example

Mark the angles in your drawing that are in the same position as those
in the diagram. Are they acute or obtuse angles? Measure your angles
marked p and q.

3 Draw a grid of parallel lines like the diagram below. Use the lines in
your book for one set of parallels and use the two sides of your ruler to

draw the slanting parallels.
, F 7

Mark your drawing like the diagram. Are your angles p and g acute or
obtuse? Measure your angles p and q.
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Repeat question 3 but change the direction of your slanting lines.

5 Draw three slanting parallel lines like the diagram below, with a
horizontal line cutting them. Use the two sides of your ruler and move it
along to draw the third parallel line.

5 L u
Mark your drawing like the diagram. Decide whether angles s, t and u
are acute or obtuse and then measure them.

6 Repeat question 5 but change the slope of your slanting lines.

Corresponding angles

In the exercise above, lines were drawn that crossed a set of parallel lines.
A line that crosses a set of parallel lines is called a transversal.
When you have drawn several parallel lines you should notice that:

Two parallel lines on the same flat surface will never meet
however far they are drawn.

A\ O

If you draw the diagram above by moving your ruler along you can see that all
the shaded angles are equal. These angles are all in corresponding positions:
in this diagram they are all above the transversal and to the left of the parallel
lines. Angles like these are called corresponding angles.

When two or more parallel lines are cut by a transversal, the
corresponding angles are equal.

ZF s
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Exercise

In the diagrams below write down the letter that corresponds to the shaded
angle:
1 5

Drawing parallel lines (using a protractor)

The fact that the corresponding angles are equal gives us a
method for drawing parallel lines.

If you need to draw a line through the point C that is parallel to
the line AB, first draw a line through C to cut AB.

Use your protractor to measure the shaded angle. Place your
protractor at C as shown in the diagram. Make an angle at C

the same size as the shaded angle and in the corresponding

position. A

You can now extend the arm of your angle both ways, to give
the parallel line.
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Exercise

1 Using your protractor draw a grid of parallel lines like the one in the
diagram. (It does not have to be an exact copy.)

2 Trace the diagram below.

oC

LA D)
Now draw lines through the points C, D and E so that each line is
parallel to AB.

3 Draw a sloping line on your exercise book. Mark a point C above the

line. Use your protractor to draw a line through C parallel to your
first line.

4 Trace the diagram below.

A B C D

Measure the acute angle at A. Draw the corresponding angles at B, C
and D. Extend the arms of your angles so that you have a set of four
parallel lines.
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In questions 5 to 8 remember to draw a rough sketch before doing the accurate
drawing.
5 Draw an equilateral triangle with the equal sides each 8 cm long.

Label the corners A, B and C. Draw a line through C that is parallel to

the side AB.

6 Draw an isosceles triangle ABC with base AB which is 10cm long and
base angles at A and B which are each 30°. Draw a line through C which
is parallel to AB.

7 Draw the triangle as given in question 5 again and this time draw a line
through A which is parallel to the side BC.

8 Make an accurate drawing of the figure below where the side AB is
7 cm, the side AD is4cmand A = 60°.

(A figure like this is called a parallelogram.)

/D | /C
A > B

Copy this grid.

How many different-shaped parallelograms can you draw on
this grid?

Each vertex must be on a dot. One has been drawn for you.

Do not include squares and rectangles.

L=

Problems involving corresponding angles

The simplest diagram for a pair of corresponding angles is an F shape.

[~ L L XX

Looking for an F shape may help you to recognise the corresponding angles.
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Write down the size of the angle marked d in each of the following diagrams:

d=60° (d and the angle of 60° are corresponding angles.)

1
. Look for an F shape round
] the angle you need to find.
d 60°

2 477( A\\ 6 @

AN -
7

d 507

o]

&/

60°

50°

Y

ZFAS
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N

A4
/N
%{
=]
=)

10 N\ 11

Using angle facts

Reminder:
Vertically opposite angles are equal. Angles on a straight line add up to 180°.
Angles at a point add up to 360°. The angles of a triangle add up to 180°.

& A

You will need these facts in the next exercise. If you cannot see immediately
the angle you want, copy the diagram. On your diagram, write down the size of

any angles you can, including those that are not marked. This should help you
to find the size of other angles in the diagram, including those that you need.
Remember you can use any facts you know about angles.

Exercise

Find the size of each angle marked with a letter:

b p=75° (angles of A add up to 180°)
@ q = 65° (corresponding angles)
[s/ S s=115° (s and 65° add up to 180°)

q r r=40° (corresponding angles)

—~
”~

A
A
/

t=140° (t and 40° add up to 180°)

[

N4

A4
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I

[=))

N

Ico

o

Y

Y

IS

[y
[

I

&
W

=

[
191}

I

125°

A4

A4

Y

Y
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Find the size of angle d in questions 17 to 24:

D

iy
AY

.

o 45°
= o
20 v /W

Alternate angles

I

21

i

Y

>

Draw a large letter Z. Use the lines of your exercise book to make sure that the

outer arms of the Z are parallel.

When this letter is turned through 180° about the point marked with a cross,
the diagram looks exactly the same. This means that the two shaded angles

are equal. Measure them to make sure.

Draw a large N, making sure that the outer arms are parallel.

Also when this letter is turned through 180° about the point marked with a
cross, the diagram looks exactly the same, so once again the shaded angles are

equal. Measure them to make sure.
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The pairs of shaded angles like those in the Z and N are between the parallel
lines and on alternate sides of the transversal.

Angles like these are called alternate angles.

When two parallel lines are cut by a transversal, the alternate
angles are equal.

The simplest diagram for a pair of alternate angles is a Z shape.

7 A s

Looking for a Z shape may help you to recognise the alternate angles.

Exercise

Look for a Z shape around
Write down the angle that is alternate to ' the angle you want to find.

the shaded angle in the following diagrams:

1 4 Z
AR e

/i (@]e) avy
AP S
9o, QY

2 5 _ 8
< j \/3
LY, (X
3 6 9
&, — - XY\ ey RET
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Problems involving alternate angles

Without doing any measuring we can show that alternate angles are equal by
using the facts that we already know:

Y

p=r because they are corresponding angles

A4

A4

qg=r because they are vertically opposite angles

P=q and these are alternate angles

Exercise

Find the size of each marked angle:

]

1 )
. Remember that you can
“v & use any angle you know.

2 4 ———
‘m
Y
[\
3 EA
5

/
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4

LA
Y

N
N
=t
oy
I>

D
B

75

[ve]
N
[y
[

@ Investigation N

This diagram represents a child’s billiards table.

}y-ﬁ

There is a pocket at each corner.

The ball is projected from the corner A at 45° to the sides of the table. It
carries on bouncing off the sides at 45° until it goes down a pocket. (This
is a very superior toy — the ball does not lose speed however many times it
bounces!)

1 How many bounces are there before the ball goes down a pocket?
Which pocket does it go down?

What happens if the table is 2 squares by 8 squares?

Can you predict what happens for a 2 by 20 table?

Now try a 2 by 3 table.

(9 N - JU I V]
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6 Investigate for other sizes of tables. Start by keeping the width at
2 squares, then try other widths. Copy this table and fill in the results.

Size of table | Number of bounces | Pocket
2x6
2x%x8
2x3
2%3

e ]

7 Can you predict what happens with a 3 x 12 table?

Interior angles

In the diagram on the right, f and g are on the same side of the /
transversal and ‘inside’ the parallel lines. 7 -
Pairs of angles like f and g are called interior angles. /4/
g "
>

Exercise

In the following diagrams, two of the marked

. : ; You may find it helpful to
angles are a pair of interior angles. ' look for a U shape.

Name them:

ﬁ7<U\ Qx&
2 4 >>
A,
(£d
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A4

T, N e
- TR

In the following diagrams, use the information given to find the size of p and of
g. Then find the sum of p and q.

7 / 10 /
s
%y - 120°
/ P

. 11 Make alarge copy of the diagram below. Use
(2\ the lines of your book to make sure that the
w outer arms of the ‘U’ are parallel.
UC\

q

A
/@y

~
g

S
&

>
-

P

/ q S
>

Measure each of the interior angles p and g.
Add them together.

8
9

g

The sum of a pair of interior angles is 180°.

You will probably have realised this fact by now.
We can show that it is true from the following diagram.

[
A4

d+f=180° because they are angles on a straight line -
d=e because they are alternate angles e =
So  e+f=180° /

The simplest diagram for a pair of interior angles is a U shape.

\N /TS

Looking for a U shape may help you to recognise a pair of interior angles.
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Find the size of each marked angle:

1 / 6
S
7~

/ =
2 Z
A
\2\
. 50°
o
3 > 8
95°
d N
—

ho
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The exterior angle of a triangle

If any side of a triangle is produced, an exterior angle is formed.
In the diagram AC is produced to a point D. Angle BCD is an
example of an exterior angle of a triangle.

A * D
In this diagram the side AC is produced to D and B E
the line CE is drawn parallel to the side AB.
It follows that
/BAC = ZECD because they are
corresponding angles C 5

ZABC = /BCE because they are
alternate angles
so that Z/BCD = ZBAC + ZABC

i.e. the exterior angle shown equals the sum of the two opposite
interior angles.
More generally in any triangle:

The exterior angle equals the sum of the two interior and opposite angles.

Exercise

Find angles a and b.

e
a=64°+45°=109° (exterior angle equals the sum of the
two interior and opposite angles)

b=180°-109°=71° (angle sum of a triangle)

289



14 Geometry

In each question find, in alphabetical order, the angles marked with letters:

@\
ﬂ‘
Q)

\%)

3 “ 7 @
<4 e N
8

4
ol %
S
DN A
A s

Polygons

57°¢ 33°

A polygon is a plane (flat) figure formed by three or more points joined by line segments.
The points are called vertices (singular ‘vertex’). The line segments are called sides.

This is a nine-sided polygon.

O

Some polygons have names which you already know:

a three-sided polygon is a triangle N
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Regular polygons

A polygon is called regular when all its sides are the same length and all its
angles are the same size. The polygons below are all regular:

Exercise

State which of the following figures are regular polygons. Give a brief reason for
your answer:

Square 5 Right-angled triangle
2 Rectangle 6 Equilateral triangle
3 Parallelogram 7 Circle

4  Isosceles triangle

Make a rough sketch of each of the following polygons. (Unless you are told that
a polygon is regular, you must assume that it is not regular.)

8 Aregular quadrilateral 12 Aregular hexagon
9 Ahexagon 13 Apentagon

10 Atriangle 14 A quadrilateral

11 Aregular triangle 15 Aten-sided polygon

Convex and concave polygons

When the vertices of a polygon all point outwards, the polygon is convex.

Sometimes one or more of the vertices point inwards, in which case the
polygon is concave.

convex polygon concave polygon

In this chapter we consider only convex polygons.
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Interior angles

The angles enclosed by the sides of a polygon are the interior angles.
For example:

p, g and r are the interior angles of the triangle

6 u, v, w, x and y are the interior angles of the pentagon.

(2

Exterior angles

If we produce (extend) one side of a polygon, an angle is formed outside the
polygon. It is called an exterior angle.

For example, s is an exterior angle of the quadrilateral.

If we produce all the sides in order we have
all the exterior angles.

242



14 Geometry

Exercise

What is the sum of the interior angles of any triangle?
What is the sum of the interior angles of any quadrilateral?

In triangle ABC, find 5 Intriangle ABC, write down the value of
a the size of each marked angle a x+gq
b the sum of the exterior angles. the sum of all six marked angles

b
¢ the sum of the interior angles
d

the sum of the exterior angles.

4 ABCDis a parallelogram. Find

a the size of each marked angle

b the sum of the exterior angles. 6 Draw a pentagon. Produce the sides in
order to form the five exterior angles.
Measure each exterior angle and then
find their sum.

7 Construct a regular hexagon of side Scm. (Start with a
circle of radius 5 cm and then with your compasses still
open to a radius of 5 cm, mark off points on the
circumference in turn.) Produce each side of the hexagon
in turn to form the six exterior angles.

If O is the centre of the circle, joining O to each vertex

forms six triangles.

a Whatkind of triangle is each of these triangles? e G
What is the size of each interior angle in these triangles? \

¢ Write down the value of ABC.
d Write down the value of CBG.
e Write down the value of the sum of the six exterior angles of the hexagon.
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The sum of the exterior angles of a polygon

In the last exercise, we found that the sum of the exterior angles is 360° in each
case. This is true of any polygon, whatever its shape or size.

/ W\<

B

B

A

Consider walking round this polygon. Start at A and walk along AB. When you get
to B you have to turn through angle p to walk along BC. When you get to C you
have to turn through angle g to walk along CD, ... and so on until you return to A.
If you then turn through angle z you are facing in the direction AB again. You have
now turned through each exterior angle and have made just one complete turn, i.e.

The sum of the exterior angles of a polygon is 360°.

Exercise

Find the size of the angle marked p.

p+r+110°+50°=360° (sum of exterior angles of a polygon)
but r=90° (angles on a straight line)
p=360°-90°-110°-50°
p=110°
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In each case find the size of the angle marked p:
6

2 Z
1105
3 8
-
p
Ao

Y

657
130°

=

130°

120°

ZiZ s
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In questions 11 and 12 find the value of x.
11

12 4
4x

I_'sy

13 The exterior angles of a hexagon are x, 2x, 3x, 4x, 3x and 2x.
Find the value of x.

14 Find the number of sides of a polygon if each exterior angle is
a 72° b 45°.

This flag is to be coloured red, white and blue.

Adjoining regions must have different colours.

How many different flags are possible?

NG

Mixed exercises

You now know that when a transversal cuts a pair of parallel lines:
* the corresponding (F) angles are equal

» the alternate (Z) angles are equal

¢ the interior (U) angles add up to 180°.

You can use any of these facts, together with the other angle facts you know, to
answer the questions in the following exercises.
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Exercise

Find the size of each marked angle:

Exercise
Find the size of each marked angle:
1 lﬁ
2 H

&

8 Construct a triangle ABC in which
AB=12cm,BC=8cmand AC=10cm.
Find the midpoint of AB and mark it D.
Find the midpoint of AC and mark it E.
Join ED. Measure ADE and ABC. What
can you say about the lines DE and BC?
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S b
Ry
M

NI

R

Exercise

Select the letter that gives the correct answer.

Use this diagram for questions 1 to 6.

S
S

1 Which angle corresponds to w?
A p B ¢

2 Which angle corresponds to r?
At B u

3 Which angle is alternate to s?
At B u

4 Which angle is alternate to t?

A p B ¢
5 Which angle is vertically opposite g?
A p B r

6 The angle interior to angle u is
A p B g
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8 Construct the parallelogram below,
making it full size.

>>
5cm
70° —
77
8 cm
C r D s
C v D w
C v D w
G or D s
C s D u
[ G D s
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10

11

12

The value of the angle marked a is
A 52° B 80°

&

</

The angle marked a is
A 63°

B 107°

g I

D 127°

The angle marked b is
A 65°

B 81°

C 99°

D 115°

The angle marked c is
A 45°

B 47°

¢ 52°

D 58°

The sum of the six marked angles is
A 360°

450°

510°

540°

o 0w

C82° D 90°
N
63 = a
%
P
>~
€ b
< i
.
b
7
b
7

The angles of a pentagon, in anticlockwise order, are

5x, 3x, 4x, 90° and 114°.
The value of x is

A 24°

B 28°
C 30°
D 32°
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In this chapter you have seen that...

v’ you can draw parallel lines

v parallel lines cut by a transversal give different types of angles — some are called
corresponding angles, some alternate angles and others interior angles

v corresponding angles are equal; they can be recognised by an F shape
v alternate angles are equal; they can be recognised by a Z shape
v interior angles add up to 180°; they can be recognised by a U shape

v’ geometry problems can often be solved by starting with a copy of the diagram and
filling in the sizes of the angles you know

v’ the exterior angle of a triangle is equal to the sum of the two interior opposite angles

v’ the sum of the exterior angles of any polygon is 360°.
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At the end of this chapter you should be able to...

1 construct angles of 30°, 60°, 90° and 45° without using a protractor

2 construct an angle equal to a given angle

3 useruler and compasses to:

a bisectaline

b drop a perpendicular from a point to a line

c construct triangles.

Did you know?

Isaac Newton (1642-1727) wrote:

The description of right lines and circles, upon which geometry is founded, belongs

to mechanics. Geometry does not teach us to draw these lines, but requires them to

be drawn.

You need to know...)

S

o

v/ what a right angle is

v how angles are measured

v how to use a protractor, a pair of compasses and a ruler

v how to use, to solve problems, the properties of:

vertically opposite angles

the sum of angles at a point

angles on a straight line

the sum of the three angles in a triangle

the sum of the four angles in a quadrilateral

corresponding, alternate, interior angles with respect to two parallel lines

v what an arc of a circle is

v the properties of equilateral and isosceles triangles.
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. f ) ............................................................
0

<

alternate angles, angles at a point, angles on a straight line, angle sum of a
quadrilateral, angle sum of a triangle, arc, bisect, chord, circle, circumcircle,
compasses, construct, corresponding angles, diagonal, equilateral, incircle, interior
angles, isosceles, midpoint, net, parallel, perpendicular, perpendicular bisector,
polyhedron, protractor, radius, regular, rhombus, right angle, square, supplementary,
symmetry, tetrahedron (plural tetrahedra), transversal, vertically opposite angles

ooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

Angles and triangles

Reminder:

Vertically opposite angles are equal.

Angles at a point add up to 360°.

d+e+f+g=360°

Angles on a straight line add up to 180°. /}/
E m

[+ m=180°

The sum of the three angles in any triangle is 180°.

x+y+z=180°

The sum of the four angles in any quadrilateral is 360°. 6

h+j+k+1=360°

An equilateral triangle has all three sides the same
length and each of the three angles is 60°.
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An isosceles triangle has two equal sides and the two
angles at the base of the equal sides are equal.

When a transversal cuts a pair of parallel lines:

A

/< the corresponding angles, or F angles, are equal
P

/

/

X the alternate angles, or Z angles, are equal

d

/

Exercise

Find the sizes of the marked angles. If two angles are marked with the same
letter they are the same size.
1 2

120°

4 ANAN

ﬂlf}(f -d the interior angles are supplementary (add up to 180°).
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3 7
P £
O

4 8

&

6 . o

=y V.
70° 8\ A

In ten years’ time the combined age of four brothers will be 100. What will
it be in five years’ time?

Constructing angles without using a protractor

Some angles can be made without using a protractor: one such angle is 60°.

Every equilateral triangle, whatever its size, has three angles of 60°. To make
an angle of 60° we construct an equilateral triangle but do not draw the third
side.
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To construct an angle of 60°

Start by drawing a straight line and marking a point, A, near one C
end.

Next open your compasses to a radius of about 4 cm (this will be
the length of the sides of your equilateral triangle).

With the point of your compasses on A, draw an arc to cut the

line at B, continuing the arc above the line. &

Move the point to B and draw an arc above the line to cut the first # / B
arc at C.

Draw a line through A and C. Then A is 60°.

AABC is the equilateral triangle so be careful not to alter the radius on your
compasses during this construction. Why is AABC always equilateral?

Bisecting angles

Bisect means ‘cut exactly in half’.

The construction for bisecting an angle makes use of the fact
that, in an isosceles triangle, the line of symmetry cuts A in
half. .

To bisect A, open your compasses to a radius of about 6 cm.

With the point on A, draw an arc to cut both arms of A atBand C.
(If we joined BC, AABC would be isosceles.) C

With the point on B, draw an arc between the arms of A.

Move the point to C (being careful not to change the radius)
and draw an arc to cut the other arc at D.

Join AD. c D
The line AD then bisects A.
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Exercise

Construct an angle of 60°.
. . Make sure that your
Draw an angle of about 50°. Bisect this angle. G pencil is sharp.

Measure both halves of your angle.

Construct an angle of 60°. Now bisect this angle.
What size should each new angle be? Measure both of them.

Use what you learnt from the last question to construct an angle of 30°.

Draw a straight line and mark a point A near the middle.

|

A

You now have an angle of 180° at A.

Now bisect the angle of 180° you have drawn. What is the size of each
new angle? Measure each of them.

Construction of angles of 60°, 30°, 90°, 45°

You constructed these angles in the last exercise. Here is a summary of these

constructions.

\

angle of 60° } angle of 30° }
(This is bisecting a 60° angle.)
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Exercise
Make sure that your
Construct the following figures using only a ruler 6 pencil is sharp.
and a pair of compasses:
1 6
4cm
60°
6cm
6cm
z Ll

2 Tt
5cm £ =+

7 cm

45° K
8 cm
3
4 cm
7cm
] ]
ﬁ 8 cm
30°

7 cm
! .
S5cm 4
cm
S 10
5cm A
8 cm

For questions 11 to 15, draw a rough sketch before starting the construction.

(o]
i

o

11 Drawaline, AB, 12cm long. Construct an angle of 60° at A. Construct an
angle of 30° at B. Label with C the point where the arms of A and B cross.
What size should C be? Measure C as a check on your construction.
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12 Construct a triangle, ABC, in which ABis 10cm long, A is90° and AC is
10 cm long. What size should Cand B be? Measure C and B as a check.

13 Construct a square, ABCD, with a side of 6 cm.

14 Construct a quadrilateral, ABCD, in which AB is 12 cm, A is 60°, AD is
6cm, B is 60° and BC is 6 cm. What can you say about the lines AB
and DC?

15 Construct an angle of 120°. Label it BAC (so that A is the vertex and B

and C are at the ends of the arms). At C, construct an angle of 60° so
that C and A are on the same side of AC. You have constructed a pair of
parallel lines; mark them and devise your own check.

To construct an angle equal to a given angle
A

B' ]P e D' R E

Draw any angle ABC. To construct an angle at D, on the line DE, equal to the
angle ABC proceed as follows:

With the point of your compasses at B, draw an arc to cut the arms of angle
ABC at P and Q. Next, with the point of your compasses at D, draw an arc of the
same radius. With the point of your compasses at P open out your compasses
until it reaches Q. Transfer the point to R and, keeping the same arc, draw an
arcto cut the first arc at S. Then, angle RDS is equal to the angle ABC.

Construction to bisect a line

To bisect a line we have to find the midpoint of that line. To do this we
construct a rhombus with the given line as one diagonal, but we do not join the
sides of the rhombus.
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To bisect XY, open your compasses to a radius that is
about% of the length of XY. b

s

With the point of the compasses on X, draw arcs
above and below XY.

Move the point to Y (being careful not to change the

radius) and draw arcs to cut the first pair at P and Q.

Join PQ.

The point where PQ cuts XY is the midpoint of XY.
PQ is called the perpendicular bisector of XY.

(XPYQ is a rhombus because the same radius is AN
used to draw all the arcs, i.e. XP = YP = YQ = XQ.

PQ and XY are the diagonals of the rhombus so

PQ bisects XY.)

&
Q

Note: When you are going to bisect a line, draw it so that there is plenty of
space for the arcs above and below the line.

Dropping a perpendicular from a point to a line

If you are told to drop a perpendicular from a point, C, to a line, AB, this
means that you have to draw a line through C which is at right angles to the
line AB.

A B

To drop a perpendicular from C to AB, open e

your compasses to a radius that is about 1%
times the distance of C from AB.

=}
N

With the point of the compasses on C, draw
arcs to cut the line AB at Pand Q.

Move the point to P and draw an arc on the
other side of AB. Move the point to Q and
draw an arc to cut the last arc at D.

Join CD.
CD is then perpendicular to AB.
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Remember to keep the radius unchanged throughout this construction: you
then have a rhombus, PCQD, of which CD and PQ are the diagonals.

Constructing triangles

We now revise and extend some of the work we did in Book 1.

To construct a triangle given the lengths of the
three sides, start by drawing one side, AB.

With the point of the compasses at A, and the
radius equal to AC, draw an arc.

Then with the point of the compasses at B and }

the radius equal to BC, draw an arc to cut the
first arc.

To construct a triangle given two sides and the
angle between them, start by drawing one of the
known sides, say PQ.

Next, use your protractor to measure and draw
the angle at P.

Then with the point of your compasses at P, radius PR,
draw an arc to cut the arm of your angle.
This gives R. Join R and Q.

To construct a triangle given one side and two A
angles, start by drawing the side, say BC.

Now measure and draw the angle you want

I -

at B and the angle you want at C. B
(If either B or £C is not known you can find it using ZA + ZB + ZC = 180°)

The point of intersection of the two lines drawn to make the angles gives A.
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Exercise

Before you start a construction, remember to make a rough sketch and to put
all the information that you are given on to that sketch. Then decide which
method to use.

Construct the following triangles:

A U W N

10

11

AABC in which AB=5cm, BC=7cm and AC=6cm
APQR in which P = 60°,Q = 40° and PQ =8cm
ALMN in which M=45°, LM = 7cm and MN =8 cm
AXYZ inwhich X = 100°, ¥ =20° and XY = 5cm
ARST in which RS=10cm, ST=6cm and RT =7cm

Construct a triangle ABC, in which AB = 6c¢m, BC = 8cm and CA = 10cm.
Using a ruler and compasses only, drop a perpendicular from B to AC.

Use a protractor to measure each of the interior angles of the triangle.

Now find their sum. Is this the value you expected? Justify your answer.
Construct a triangle ABC, in which AB = 8cm, AC = 10cm and BC = 9cm.
Construct the perpendicular from C to AB and measure and record

its length.

Construct a triangle XYZ, in which XY = 12em, XZ = 5em and YZ = 9cm.
Construct the perpendicular from Z to YX at P. Produce this line to a point Q.
Use your protracor to measure angles XZP, ZXP and XPQ. Hence verify

that the exterior angle of triangle XZP is equal to the sum of the two
opposite interior angles.

Construct the isosceles triangle LMN in which LM = 6em, LN = MN = 8cm.

Construct the perpendicular bisector of the side LM. Explain why this
line is a line of symmetry of ALMN.

Construct the isosceles triangle PQR, in which PQ = 5cm, PR = RQ = 7cm.

Construct the perpendicular bisector of the side PR. This line is not a
line of symmetry of APQR; why not?

The diagram shows a circle whose centre is C,

with a line, AB, drawn across the circle.

(AB is called a chord.)

This figure has one line of symmetry that is not shown.

Make a rough sketch of the figure and mark the line
of symmetry. Explain what the line of symmetry is in relation to AB.

311



15 Constructions

12

(92 I /K2
& 1=

IS

e &

312

Draw a circle of radius 6 cm and mark the centre, C. Draw a chord, AB,
about 9 cm long. (Your drawing will look like the one in question 11.)
Construct the line of symmetry:.

Construct a triangle ABC, in which AB = 8cm, BC = 10cm and AC = 9cm.
Construct the perpendicular bisector of AB. Construct the perpendicular
bisector of BC. Where these two perpendicular bisectors intersect (i.e.
cross), mark G. With the point of your compasses on G and with a radius
equal to the length of GA, draw a circle.

This circle should pass through B and C, and it is called the circumcircle
of AABC.

Repeat question 13 with a triangle of your own.

Construct a square ABCD, such that its sides are 5 cm long. Construct
the perpendicular bisector of AB and the perpendicular bisector of BC.
Label with E the point where the perpendicular bisectors cross. With
the point of your compasses on E and the radius equal to the distance
from E to A, draw a circle.

This circle should pass through all four corners of the square. It is
called the circumcircle of ABCD.

Construct a triangle ABC, in which AB = 10cm, AC = 8cm and
BC=12cm. Construct the bisector of A and the bisector of B. Where
these two angle bisectors cross, mark E. Drop the perpendicular from E
to AB. Label G, the point where this perpendicular meets AB. With the
point of your compasses on E and the radius equal to EG, draw a circle.

This circle should touch all three sides of AABC and it is called the
incircle of AABC.
Repeat question 16 with the equilateral triangle ABC, with sides that
are 10 cm long.
Repeat question 16 with a triangle of your own.
Construct a square ABCD, of side 8 cm. Construct the incircle (i.e. the

circle that touches all four sides of the square) of ABCD. First decide
how you are going to find the centre of the circle.
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\

How many cubes can you see?

& .4

(7d) "

You can use your construction skills to make three-dimensional polyhedron
models.

N————

The net above, which consists of four equilateral triangles, makes a regular
tetrahedron. A regular solid is one in which all the faces are identical.

Construct the net accurately, making the sides of each triangle 4 cm long. Start by
drawing one triangle of side 8 cm; mark the midpoints of the sides and join them
up. Draw flaps on the edges as shown (they are not part of the net). To complete
the model shown on page 314 you will require 8 identical tetrahedra like the one
shown above.

This net, which is also drawn with equilateral triangles of side 4 cm, gives the
solid shown on the right. It is called an octahedron. This is another regular solid.
All the faces are identical. Start by making AB 12 cm long.
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This shows how four of the tetradedra we made can be fixed to the four faces of
the octahedron which are facing us. The other four are fixed to the faces on its
opposite side.

It needs a great deal of patience to make this model, but is well worth the trouble.

You could make it even more interesting by colouring the tetrahedra or by using
coloured paper.

The solid you have made is an eight-pointed star or stella octangula.

\
\--_

In this chapter you have seen that...

v’ you can construct an angle of 60° by constructing an equilateral triangle
v/ you can construct an angle of 90° by constructing a perpendicular to a line

v/ you can construct an angle of 30° by bisecting an angle of 60° and an angle
of 45° by bisecting an angle of 90°

v’ you can construct the perpendicular bisector of a line
¢/ you can bisect any angle
+/ you can construct the perpendicular from a point to a line

+' you can construct an angle equal to a given angle.
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o

At the end of this chapter you should be able to...

1 draw pie charts and interpret information from them

2 find the mode, mean and median from data given in a frequency table
3 draw line graphs

4 understand the difference between discrete data and continuous data

5 draw histograms.

Did you know?

Statistics wasn’t generally taught in schools until the introduction of the
electronic calculator.

Imagine trying to do all the calculations you need to do using pencil and paper!

B

You need to know... )

.

v how to add, subtract, multiply and divide whole numbers

v how to add, subtract, multiply and divide decimal numbers
v how to put a set of numbers in ascending or descending order
v how to use a protractor to draw and measure angles

v the meaning of a frequency table.

.4 T T T T Ty L aTeeIor

arithmetic average, bar chart, categorical data, continuous data, discrete data,
frequency table, histogram, interval data, line graph, mean, median, mode, nominal

data, numerical data, ordinal data, pie chart, ratio data

-------------------------------------------------------------------

----------
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Pie charts

A pie chart is used to represent information when some quantity is shared out
and divided into different categories.

Here is a pie chart to show the proportions, within a group, of people with
eyes of certain colours.

o The size of the ‘pie slice’ represents the size of the group.

We can see without looking at the numbers that there
@ are about the same number of people with brown eyes
@ 6 as with grey eyes and that there are about twice as many
with grey eyes as with blue. The size of the pie slice is

20
given by the size of the angle at the centre, so to draw a
pie chart we need to calculate the sizes of the angles.

The number of people is 60.

As there are 12 blue-eyed people, they form % of the whole group and are
therefore represented by that fraction of the circle.

r

5 \{‘) b
Blue: % x@ x 1=72° Grey: % xﬁ —120°
/ I
-+ \":r, o \":r,
Hazel: % X S‘iﬁo = 36° Brown: % x% =132°
Total 360°

Now draw a circle of radius about 5 cm (or whatever is
suitable). Draw one radius as shown and complete the
diagram using a protractor, turning your page into the
easiest position for drawing each new angle.

Label each ‘slice’.

Exercise

Draw pie charts to represent the following information, first working out the angles.

@1 Abox of 60 coloured balloons contains the following

Find the number
numbers of balloons of each colour: / stballoons i
each category as a
Colour Red | Yellow | Green | Blue | White fraction of the total
number of balloons.
Numberof | 16 22 10 7 5 Then find this
balloons fraction of 360°.
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2 Ninety people were asked how they travelled to work and the following
information was recorded:

Transport Car | Bus | Walk | Motorcycle | Bicycle

Number of people 32 38 12 6 2

3 On a cornflakes packet the composition of 120 g of cornflakes is given in
grams as follows:

Protein Fat Carbohydrate | Other ingredients

101 1 10 8

4  Of 90 cars passing a survey point it was recorded that 21 had two doors,
51 had four doors, 12 had three (two side doors and a hatchback) and 6
had five doors.

5 Alarge flower arrangement contained 18 dark red roses, 6 pale pink
roses, 10 white roses and 11 deep pink roses.

6 The children in a class were asked what pets they owned and the
following information was recorded:

Animal Dog Cat Bird Rabbit Fish

Frequency 8 10 3 6 3

The eye colours of 54 people were recorded:

Eye colour Blue Grey Hazel Brown

Frequency 10 19 5 20

The total number here is 54, which is not as convenient as in the previous
problems. In problems like these we may have to find an angle correct to the
nearest degree.

Blue: 10 - 360° =
Ay, 1 3
= 66%0 =67° (to the nearest degree)
20
Grey 19 . 360° _ 380°
4 5 1 3

= 126%0 =127° (to the nearest degree)
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Hazel: S x 3660 = 100°
s4: 1 <
= 33%0 = 33° (to the nearest degree)
20
Brown: 20 % ’366 > A0
545 1 3

1

= 13350 =133 (to the nearest degree)

Total =67 + 127 + 33 + 133 = 360°

Draw pie charts to represent the following information, working out the angles
first and, where necessary, giving the angles correct to the nearest degree.

7 300 people were asked whether they lived in a condo, a house, a
studio, an apartment or in some other type of accommodation and the
following information was recorded:

Type of Condo | House | Studio | Apartment | Other
accommodation
Frequency 90 150 33 15 12

8 Inastreetin which 80 people live the numbers in various age groups
are as follows:

Age group 0-15 | 16-21 | 22-34 | 3549 | 50-64 | 65and
(years) over
Number of 16 3 19 21 12 9
people
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Interpreting pie charts

Exercise

1 This pie chart shows the uses of personal computers in 2018:

Key:

Home and hobby
Educational

Scientific

Business and professional

@ a For which purpose were computers used ¢ e Weiatdocs e Blgsent
pie-slice represent?
most? J

b Estimate the fraction of the total

%
used for Identify the pie-slice for

@i . ifi ' ‘scientific’, and estimate what
1, ‘scientilic PUTPAses fraction of a circle this is.

ii home and hobbies.

2 The pie chart below shows how fuel is used for different purposes in the
average house in the Caribbean:

Hot water Cooking
Appliances
Air conditioning Is the angle of the slice for
| ‘cooking’ bigger or smaller
a For which purpose is most fuel used? than the angle of the slice for

‘hot water’ and by roughly
how much?

@b How does the amount used for cooking
compare with the amount used for hot water?

3 The pie chart shows the age distribution of a population
in years in 2018:

a [Estimate the size of the fraction of the population in the age groups
& i wunder10years

. Remember that a whole turn
B [20-89yedars, ; is 360°. What fraction of a

b State which groups are of roughly the whole turn represents each
same size. age group?
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Mean, mode and median

In Book 1 we saw that, when we have a set of numbers, there are three
different measures we can use that attempt to give a ‘typical member’ that is
representative of the set.

Mean

The mean (arithmetic average) of a set of n numbers is the sum of the numbers
divided by n. The mean of the set 2, 6, 8, 8, 10, 10, 12, is

2+6+8+8+10+10+12 —E—S
7 7

The mean value of a set of numbers is the most frequently used form of
average, so much so that the word ‘average’is often used for ‘mean value’.

For example, if you were asked for your average mark in a set of examinations,
you would total the marks and divide by the number of examinations, i.e. you
would find the mean mark.

Mode

In a set of numbers, the mode is the number that occurs most often. For
example, for the set 2, 2, 4, 4, 4, 5, 6, 6, the mode is 4 as the number 4 occurs
more often than any of the other numbers.

The mode is easier to find if the numbers are arranged in order of size.
If the numbers in a set are all different, there is no mode.
For example, the set 1, 2, 3, 5, 8, 10, has no mode.

If there are two (or more) numbers which equally occur most often, there are
two (or more) modes.

For example, inthe set 1, 2, 2, 3,5, 5, 8, both 2 and 5 are modes.

Median

If we arrange a set of numbers in order of size, the median is the number in the
middle. For example, for the seven numbers in the set 2,4, 5,7, 7, 8, 9, the
median is 7.

When there is an even number of numbers in the set, the median is the mean
of the two middle numbers. For example, for the eight numbers in the set
2,3,4,4,5, 6, 7,7, the median is the mean of 4 and 5, i.e. 4.5.
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For a small set of numbers, say 15, it is easy to find the median and we can see

that itis the ( 152+ i ]th value, i.e. the 8th value. From examples such as these we

deduce that, for n numbers arranged in order of size, the median is the [ ”Tﬂ]th
number.

59+1
2

]th number,

60+1
2

For example, for 59 numbers, the median is the [

i.e. the 30th number. For 60 numbers, the median is the( ]th number,

i.e. the (30%]&1 number. This means the average of the 30th and 31st numbers.

Exercise

A page from a novel by George Lamming was chosen at random and the number
of letters in each of the first twenty words on that page was recorded:

3,45, 3, 7,83.3.6 2,46 46 313, 4,3 3 2
Find the mean, mode and median of the number of letters per word.
Arranging the numbers in size order:

22,3 3,3, 3 3, 3,344 44 5 6 6, 6,7, 8 13

/

10th 11th
.92
The mean is 5 4.6
The mode is 3
The median is the value of the [ 20; 1)th number,

i.e. the [ 10%)th number, which is the average of the 10th and 11th numbers

.. the median is 4

Find the mean, mode and median of the sets of numbers in questions 1 to 4.
Remember to arrange the numbers in order of size first. Give answers correct
to three significant figures where necessary:

3,6,2,5,9,2,4 3 1.6,24,39,1.7,1.6,0.2,1.3,2.0
13,16, 12, 14, 19, 12, 14, 13 4 13,1.8,1.7,1.9,1.4,1.5,1.3,1.8,1.2

Ten music students took a Grade 3 piano examination.
They obtained the following marks:

106, 125, 132, 140, 108, 102, 75, 135, 146,123
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Find the mean and median marks. Which of these two representative
measures would be most useful to the teacher who entered the
students? (Give brief reasons — do not write an essay on the subject.)

A small firm employs ten people. The salaries of the employees are as follows:
$30000, $8000, $5000, $5000, $5000, $5000, $5000, $4000, $3000, $1500
Find the mean, mode and median salary.

Which of these three figures is a trade union official unlikely to be

interested in, and why?

Thirty 15-year-olds were asked how much pocket money they received

each week and the following amounts (in cents) were recorded:

0, 0,0, 50, 50, 50, 100, 100, 100, 100, 100, 100, 100, 150, 150, 200,

200, 200, 200, 200, 200, 200, 200, 200, 200, 250, 250, 250, 500, 1000

Find the mean, mode and median amount.

If you were presenting your parents with an argument for an increase in

pocket money, which of the three representative measures would you
use and why?

The first eight customers at a supermarket one Saturday spent the
following amounts:

$25.10, $3.80, $20.50, $15.70, $38.40, $9.60, $46.20, $10.46

Find the mean and median amount spent.

Finding the mode from a frequency table

The frequency table shows the number of houses in a village that are occupied

by different numbers of people:

Number of people livinginonehouse | 0 | 1 | 2 | 3 | 4 | 5

Frequency 2 ]110| 8 [15(25 (12| 4

The highest frequency is 25 so there are more houses with four people living

in them than any other number, i.e. the modal number of people living in one
house is 4.

Finding the mean from a frequency table

The pupils in class 3G were asked to state the number of children in their own

family and the following frequency table was made:

Number of childrenperfamily | 1 | 2 | 3 [ 4 | 5

Frequency 7 |15 5 [ 2 1
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Adding the frequencies gives the total number of families as 30.

This information has not been grouped: all the numbers are here so we can
total this set. We have seven families with one child giving seven children,

15 with two children giving 30 children and so on, giving the total number of
children as

(7x1D)+(15x2)+(5x3)+(2%x4)+(1 x5) =65

There are 30 numbers in the set, so the mean is

65
an 2.2 (to1d.p.)

i.e. there are, on average, 2.2 children per family.

To avoid unnecessary errors, this kind of calculation needs to be done
systematically and it helps if the frequency table is written vertically.

We can then add a column for the number of children in each group and sum
the numbers in this column for the total number of children.

Number of cfhildren Prequiency e
per family x
1 7 7
2 15 30
3 5 15
4 2 8
5 1 5
No. of families=30 | No. of children = 65

mean=%= 2.2(to1d.p.)

Exercise

@1 Number of tickets bought per

1 2 3 5]6
person for a football match 4

Frequency 2501200100 | 50 |10 | 3

Find the mean number of tickets

. Draw a vertical frequency table, like
bought per person. ] the one above, with a third column.
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2 15p
® . Make a vertical frequency
' table with three columns.

10F

Frequency

1 2 3 4 5 6
Number of books taken home
from school each night

Find the mean for the number of books taken home each night.

3 This table shows the results of counting the number of prickles per leaf
on 50 holly bushes.

Number of prickles | 1 2 3 4 5 6
Frequency 4 2 8 7 [20] 9

Find
a the mean number of prickles per leaf b the mode.

4  Asix-sided die was thrown 50 times. The table gives the number of
times each score was obtained.

Score 1 2 >, 4 5 6
Frequency 7 8 10 | 8 5 12

Find
a the mean score per throw b the mode.

5 Three coins were tossed together 30 times and the number of heads per
throw was recorded.

Number of heads 0 1 2 3

Frequency 3 12 | 10 5
Find
a the mean number of heads per throw
b the mode.
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Finding the median from a frequency table

Exercise
1 A group of students gathered this &
@ ) & p . & _. Z You want to find the middle value.
information about themselves. : .
- (add up the frequencies).
{\]umber of C:hlldren Frequency You can find where in the order the
in each family middle value is by adding 1 to the
1 8 total, then dividing this by 2.
This tells you which family or
2 12 families you want.
3 4 Is it in the first 8 families? This
would give a median of 1 child.
4 2 Is it in the next 12 families,
ie.9to 20?7
Find the median number of children per family. = ’

2 Once every five minutes, Debbie counted the number of people queuing
at a checkout. Her results are shown in this table.

Number of people queuing Frequency
at a supermarket checkout

0
1
2
3
4

M| lo | A

Write down the median number of people queuing.

3 This frequency table shows the distribution of scores when a die is
rolled 20 times.

Score 1 2 3 4 5 6

Frequency 3 2 5 3 3 4

Find the median score.

4 Inashooting competition a competitor fired 50 shots at a target and got
the following scores

Score 1 2 3 4

Frequency 3 4 | 18 | 16

Find
a the median score b themode ¢ the mean.
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5 The table shows the distribution of goals scored by the home teams one

Saturday.
Score 0 1 3 4 5
Frequency 3 8 4 3 5 2
Find
a the median score b the mode

Line graphs

A line graph is used to show how a quantity changes over time.
For example, temperature, share prices, cost of living and profits are all

quantities that change over time.

¢ the mean.

This table shows the profits of AB Manufacturing Company as declared at the

end of each year from 2010 to 2017.

2010

2011

2012

2013

2014

2015

2016

2017

$25000000

$15000000

$10000000

$12000000

$13000000

$18000000

$26000000

$29000000

We can draw a line graph to illustrate these figures by plotting the profits

against the years and joining the points with straight lines.

525
$20

$15

Profitin $m

310

55

50

201020112012 2013 2014 2015 2016 2017

Year

The lines help to show how the profits are changing but values between the

lines mean nothing. For example, it is not possible to give the profits half way
between the end of 2016 and the end of 2017 for two reasons: there is no
point on the graph for this time and half-year profits may or may not be half

the yearly profits.
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Exercise

When Sara went into hospital her temperature was taken every hour

and recorded on this line graph.

40°F

939-

£ ag°}

©

£ 37

by

£ 36°L

=

35°F

34°F
fF &~ § § 8§ § § 8§ § &8 § €
(=9 ] o o (1] o o o o o o
— — ™ = (Ty] o [ {= ] (= =
— —

Time

The graph shows that Sara’s temperature at 1 a.m. was 38.4°C.

Use the graph to answer these questions.

a Whatwas Sara’s highest recorded temperature and when did it

occur?
What was her lowest recorded temperature?

¢ By 6 a.m. her temperature had returned to normal.
What is her normal temperature?

d How long was she in hospital before her temperature returned to

normal?

e Can you say what her highest temperature was while she was in

hospital?

35F
30F
25pk

20F

Sales (thousands)

Jan Feb Mar Apr May Jun July Aug Sep Oct Nov Dec
Month

The graph shows the total monthly sales at Benshaw plc.

a In which month were the sales
i greatest ii least?

327



16 Statistics

Does the graph suggest gradually increasing sales?

¢ Doesit look as though the sales improve around Christmas?

d Assuming that the sales graph has looked like this every year for the
last five, can you think of a business that could have this sales pattern?

3 The line graph shows the price of a share in a privatised company at
yearly intervals after privatisation.

700

600

Price of sharesin cents

9 1 4 3 4 & B ZF B

Number of years after privatisation

a What was the price of the share when issued?
b Copy and complete the following table.

Time after Value of share
privatisation (years) (cents)
1
2
3
4
5
6
7

¢ Inwhich year after privatisation did the price of the share rise most?
d What trend do you notice in the price of the share?
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4

a Use the graph given in question 3 to estimate the price of the share,

8 years after privatisation.

b Do you think that, 8 years after privatisation, the share price will be

the same as your estimate?

Give a reason for your answer.

5 Usethe graph for question 2 for these questions.

a Can the graph be used to find the half-monthly sales figures for the

year? Explain your answer.

b Looking at this graph, the managing director asked why the sales had

fallen in the first half of July. The sales director replied that they had not;
they had in fact increased for the first two weeks of July. How could the
sales director justify this statement and, assuming it is correct, describe
what happened to the sales in the second half of July.

Categorical data

Categorical data is information about different categories such as eye colour or

types of reptiles. There are two forms of categorical data.

1

This is a table from Book 1. It shows the different types of vehicle passing

along a road.

Vehicle

Cars

Vans | Trucks | Motorcycles

Bicycles

Frequency

62

11

10

2

The vehicles listed are in categories and could be in any order. This is an
example of nominal data.
Other examples of nominal data are different subjects taught in school,
different vegetables on sale.

This table shows the highest educational qualifications of people living in

avillage.
Type of qualification None CSEC Cape Graduate | Postgraduate
Frequency 50 60 20 5 2
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The qualifications are in categories but there is a clear order here from
lowest to highest. This type of data is called ordinal data.

Examples of ordinal data are often found in questionnaires, such as when
you are asked to tick boxes labelled

Agree, Neither agree nor disagree, Disagree.

Numerical data

Numerical data can be counted or measured, for example the numbers of
children born each year and the heights of five-year-olds in a swimming class.

There are two forms of numerical data.

1

330

This table shows the number of days the highest temperature in degrees
Celsius was recorded in one week.

Temperature 20° | 22° | 24° 26° 28°

Frequency 1 0 3 2 1

The temperatures are numerical and there is a clear interval between
them (2°). This type of data is called interval data.

Interval data has no absolute zero, for example zero degrees Celsius is not
the same as zero degrees Fahrenheit.

Another example of interval data is years. Again there is no absolute zero
because different cultures measure the number of years from different
starting points.

This table shows the numbers of different lengths of wooden planks for
sale at a DIY store,

Length 200cm | 300cm | 400cm | 500cm | 600cm

Frequency 1 0 3 2 1

A plank of length 0 cm does not exist. This is not the same as a
temperature of 0°C because this does exist. Therefore the data in the table
has an important difference from interval data because there is a zero
where the quantity cannot exist.

This type of data is called ratio data.
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Exercise

State whether the quantities in the following questions could be nominal,
ordinal, interval or ratio data.
Different types of fuel used in houses.

Numbers of rooms in houses.

The ages of dogs in a rescue centre.

The masses of mangos harvested from a tree.
The profit made by stores in your high street.

The different colours of rose bushes in a park.

N Y b W N -

The heights of students in your form.

Discrete and continuous data

Numerical data can have exact and distinct values such as numbers of objects
or sizes of apparel.

For example: If you count the number of students in your class, you can give
an exact value. For example, 28 students is exact. If we show this number on
a number line, it can be marked at only one point. If we mark another number
of students on the number line, it will be at a separate and distinct point (we
cannot have 1.5 students, or any other part of a student!).

Also there is no such thing as two and a half cats or a size 10% dress. These are
types of discrete numerical data.

Discrete data can be illustrated by a bar chart where the bars do not have to touch.

For example this bar chart shows the number of different items that are on
discount in several supermarkets.
12

11
10

Frequency

S = MW UG ~1000

]

0 1 2 3 4 5 6
Number of different items on discount
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Some numerical data cannot have exact values.

For example, suppose that the length of a piece of wood is being measured.

0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150

mim

The length is close to 120 mm, so we can give the length as 120 mm to the
nearest 10mm.

If we magnify the scale where the end of the wood is, we can see that the
length is 118 mm to the nearest millimetre.

If we use stronger magnification, we can see that it becomes impossible to
measure this length any more accurately because the edge is not smooth enough.

This means that we cannot give an exact value for the length of this wood;
we can say that the length lies between 117.5 mm and 118.5 mm. Any

other piece of wood will have a length that can be measured to the nearest
centimetre, or millimetre, or tenth of a millimetre, depending on the
smoothness of the ends and the accuracy of the measuring scale. But it is not
possible to give a length exactly. In general the length of a piece of wood can
be anywhere on a scale.

This is an example of continuous numerical data that can have any value
within a range.
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Mass, length and time are examples of continuous data as they can never

be measured exactly, only correct to a given significant figure. For example,
Usain Bolt ran the 100 m race in a world record time of 9.58 seconds in Berlin
in 2009. The time of 9.58 seconds is not exact; it is correct to the nearest 0.01
seconds so lies in the range between 9.575 and 9.585.

Exercise

1 Give some possible values for
a the number of people standing at a bus stop
b the shoe size of a 13-year-old boy
c aperson’s weight
d the world high jump record.

2 Discuss whether the values in question 1 are exact or can only be given
correct to a number of significant figures.

3 Jane’s height is 152 cm correct to the nearest centimetre. Amjad’s
height is 152 cm correct to the nearest centimetre.
Discuss this statement: ‘Jane and Amjad are exactly the same height.’

4 You probably have been, or soon will be, involved in a conversation like this:
Bus driver: ‘How old are you?’
Sam: ‘T'm 13.
Does Sam mean that he was 13 on his last birthday, or does he mean
that he is 13 years old correct to the nearest year? (We will assume that
Sam is telling the truth!)
Discuss the difference between these possibilities.

This frequency table shows the heights of 55 children which have been
rounded down to the nearest centimetre so 141.2cm and 141.8 cm, for
example, are both rounded down to 141 cm.

Height (to

E;fn‘;i:f:“ 131|132]133|134|135|136|137(138|139| 140|141 | 142| 143|144 | 145 | 146|147 | 148| 149|150 151 | 152|153
cm)

Frequency | 1 |2 | 2| 3|2 |4|3]|2]|3|3|2|s5]|z2|s|3|2|[3]2|3]|2]0|1]1

There are 2 children whose heights are recorded as 132 cm.

This means that each child’s height is in the range 132 cm up to (but not
including) 133 cm.
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However, the two children are unlikely to be exactly the same height. This can

be shown in the frequency table by giving the heights, x cm, as

131 =x < 132,132 < x< 133, andsoon

Because of the space that this notation takes, it is sometimes simplified to

131-, 132—, and so on, where 131—, 132—, mean a number from 131 up to, but

not including 132, etc.

Height

(cm) 131-|132-|133-|134-|135-(136-|137-|1358—|139-|140-|141-|142—

143-

144~

145-|146-|147-| 148

149-

150-151-{152-|153-

Frequency| 1 2 2 3 2 4 3 2 3 3 2 5

Now we can see that continuous values are in groups.

It is easier to understand this information if it is grouped into wider ranges, so

we will start the first group at 130 cm, the second group at 135 cm, the third
group at 140 cm, and so on. This will give us five groups which we can write as

130 <x <135, 135 <x <140, 140<x < 145,

Any height that is less than 135 cm belongs to the first
group, but a height of 135 cm belongs to the second
group.

Looking along the list of heights we can see that there
are 8 children whose heights are in the first group,

14 children whose heights are in the second group,
and so on.

We can write this information in a frequency table.

Histograms

145 < x < 150,

150 =x <155

Height (cm) Frequency

130 <x < 135 8

135 < x < 140 14

140 < x < 145 17

145 < x < 150 12

150 < x < 155 4
Total: 55

We can use the information in the frequency table to draw a chart.

Fy

Frequency
[
=
L]

130 135 140 145 150
Height in cm
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Notice that the horizontal axis gives the heights on a continuous scale, like
part of a tape measure, so there are no gaps between the bars.

A bar chart illustrating continuous data must have no gaps between
the bars and is called a histogram.

Exercise

1

*

This histogram summarises the times

taken by all the students in Year 2 to ok —

complete a technology task.

20F

Frequency

10F

||

012 3 & 7 9 11 18 45 17
Time in hours
a How many students took more than 9 hours?
How many students completed the task?

¢ There are 200 students in Year 2. How many of them did not
complete the task?

d Jane was asked to estimate the number of students who spent less
than 2 hours on this task. Which of these two answers do you think
is the better estimate and why?

i 14 ii 7

e Is it true to say that most students took between 5 and 7 hours?

Here is a frequency table showing the times, in minutes, taken by the

students in a class on their journeys from home to school on a particular

morning.
Time, t (minutes) Frequency
0<t<10 2
10=t<20 9
20 <t <30 5
30 <t <40 4
40 <t <50 2
50 <t < 60 1
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336

Copy and complete this histogram, using the table.

r s

10k

24 3
(518

Frequency

4_

2

U i L 'l :
10 20 30 40 50

Time in minutes

The heights of students belonging to a trampolining club were
recorded; the histogram summarises the information gathered.

L 3

14F

12k

10F

8-

Frequency

0—¢ A Ly
150 152 154 156 158 160 162 164 166 168 170 172 174 176 178 180 182
Heightin cm

a How many heights were recorded?

b The heights were rounded when they were recorded. How do you
think these heights were rounded and why do you think that?

¢ How many of these heights were more than 160 cm?

d In which group should a height recorded as 158 cm to the nearest
centimetre, be placed?

e How would you reply if asked to give the height of the shortest
student in the club?

f Estimate the number of students who are taller than 168 cm, and
explain how you get your estimate.

g What can you say about the number of students whose heights are
155cm to 160cm?

h Can you tell how many students are 162 cm tall?

At the health-centre, some babies were weighed one afternoon. Their
masses, in kilograms, were recorded by the nurse in this frequency table.

Mass, m (kg) 4=m<8 8=sm<12 |12=sm<16

Frequency 7 12 6
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The next two babies were weighed at just under 12 kg and just
over 12kg.

a Complete the frequency table including these two masses.
b Draw a histogram to illustrate this information.

This is a list of the masses in kilograms, rounded up to the nearest
kilogram, of 30 14-year-old boys.

51 56 60 62 65 65 67 67 68 69

52 57 60 64 65 65 67 68 68 70

5 57 61 64 65 66 67 68 69 75
You are asked to draw a histogram to illustrate this data.
a Decide on the groups that you will use and make a frequency table.

b Draw the histogram.
¢ Which of your groups contains the largest number of masses?

These are two of the charts drawn to illustrate the data in question 5.

Sally’s chart Tom’s chart
r r
24 24F
22F 22F
20p 20F
18f 18F
16fF 16F
& 14F & 14}
g |
z W
g 12p 5 12F
g g
=10} = 10}
8 8
6 6
i o 4
2F 2F ’7
oA » oLA [ | 5
50 60 70 80 50 60 70 80
Mass in kg Mass in kg

a What groups did Sally use?

b What groups did Tom use?
¢ What are the advantages and disadvantages of Sally’s choice
of groups?

d What are the advantages and disadvantages of Tom’s choice
of groups?

e What are the advantages and disadvantages of your choice in
question 5?
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7 The students in Class 8G were given two sets of five multiple choice
questions to answer. They did the first set without any previous
experience of this type of question. After the first set, they discussed the
problems encountered and then they answered another set.

Time for first set Time for second set
124 12}
10} 10
. =,
2 8 28t
a a
= =
=y =g
& 6f s 6F
i m
4 4
2t 2
0 2 4 6 8 10 12 14 0 2 4 6 8 10 12 14
Time in minutes Time in minutes

These histograms illustrate the times taken by the students in Class 8G

to answer each set of multiple choice questions.

a Give two ways in which these distributions are different.

b Jennylooked at these two bar charts and said, ‘Practice helped us to
do the second set more quickly.’ Is she right?
Can you think of another reason why the times taken for the second
test were, on average, less than those for the first test?

¢ Khalil took 13 minutes to answer the first set of questions. Is it true
to say that he took less than 13 minutes to answer the second set?
Justify your answer.

d Sukei completed the first set in 8 minutes. What can you say, and
why, about the time she took to complete the second set?

e Erol thought these times would be easier to compare if they were
drawn on the same set of axes. He used a chart drawing program
and came up with these two charts.

Frequency
oSN bREO
Frequency

2 4 6 8 10 12 14
Time in minutes

5

Time in minu

m First set
o Second set

List some advantages and some disadvantages of each of these illustrations.
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Exercise

Select the letter that gives the correct answer.

1 The pie chart shows the pets owned by the families in a village.
The two pets that are almost equally popular are
A abird and a cat
B abird and a dog
C abird and a rabbit
D acatandadog.

2 This pie chart shows the types of vehicles involved in road
accidents in a city over a period of one month. The greatest
number of accidents involved

A buses W’
B cars
C trucks

D motorcycles
Use the following data for questions 3 to 5.

The number of letters in the first 20 words on a page from a novel were counted
and gave the following numbers:

2.3,8,5,4,6,7,8,8,9

3 The mean number of letters per word is
A 5 B 6 c 7 D 8

4 The median number of letters per word for this data is

A S B 5; c 6 D 7
5 The modal number of letters per word is

A S5 B 6 cC 7 D 8

Use the following data for questions 6 to 9.

This frequency table shows the number of goals scored by the teams in a football
league one Saturday.

Number of goals 0 1 2 3 4 5
Frequency 12 15 4 6 2

6 How many teams were there in the league?
A 18 B 20 cC 22 D 40
7 The mean number of goals scored per team was
A 1.35 B 1.65 Cc 22 D 2.8
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8

9

The median value for the number of goals scored per team was
A O B 1 cC 2 D 3

The modal number of goals scored per team was
A1l B 2 Cc 3 D 4

Use this data for questions 10 to 12.

In a competition 50 competitors received the scores shown in the frequency

table.
Score 1 2 3 4 5 6
Frequency 3 8 16 13 9 1
10 The mean scoreis

A 34 B 3.6 C 3.8 D 3.9
11 The median score is

A 2 B 3 C 4 D 5
12 The modal score is

A 3 B 4 C 45 D 5

Use this histogram to answer questions 13 and 14. It shows the time in minutes
taken by the science students in a year group to complete a homework.

The time categories go from 0 <t < 10upto 60 <t < 70.

13

14

340

12F

10F
stk

Frequency
=2}

10 20 30 40 50 60 70
Time (minutes)
The number of students in the year group is
A 32 B 34 C 35 D 37

How many more students spent less than 30 minutes compared with
the number who spent who spent 50 minutes or more?
A S5 B 6 C 7 D 8
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Investigation ~

1 Count the number of letters in the surname of each of the teachers in
your school.

Enter this information in a frequency table like this.

Number of letters 3 4 5 6 7 8
in surname

Frequency

You do not have to start your table with 3. Start with the number of
letters in the shortest surname. Go up as far as you need to.

2 Now find, from these data
a the mode b the median ¢ themean.

3 Repeat this investigation for the students in your class. Compare the
mode, median and mean for your class with that for the teachers. Are
the values similar or quite different?

In this chapter you have seen that...

v the slices on a pie chart represent the fractions that the groups are of the total
v aline graph shows how a quantity changes over time

v/ you can draw a line graph by plotting the values of the quantity at given times and joining
the points with straight lines

v you find the mean by adding all the values then dividing this sum by the number of values
v the mode is the value or values that occur most often, i.e. with the greatest frequency

v/ the median is the middle value after a set of values has been arranged in order of size;
when there are two middle values the median is halfway between them.
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¢/ REVIEW TEST 3: CHAPTERS 12-16

In questions 1 to 9, choose the letter for the correct answer.
1 What percentage of 14 is 42?

A %% B 3% C 33%% D 300%

4 ;
2 S asa percentage is

A 0.16% B 4% C 16% D 160%
3 Inasale, all marked prices are reduced by 10%. The sale price of

goods marked $250 is
A $25 B $125 C $225 D $240

4 The perimeter of a square is 24 cm. Its area is
A 24cm? B 36cm? C 48cm? D 96cm?
Use this diagram to answer questions 5 to 7.

—

40°

r s—l

5 The measure of the angle r in degrees is
A 40 B 50 C 60 D 70

6 The measure of the angle s in degrees is
A 40 B 50 C 60 D 70

7 The measure of the angle t in degrees is
A 20 B 30 C 40 D 90

8 The median of the numbers 2,4, 6, 7 is

A«% B 4.75 C 5 D 6

9 Apiechartshows the age distribution of persons in Caricom countries.
Twenty-five per cent of the people are in the age range ‘over 60 years’.
What is the size of the angle representing this group?

A 25° B 60° C 75° D 90°
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10

11

12

13

14

15

16

a Which ratiois the larger 7: 50or 12: 7?

b  Which ratio is the smaller % or 17—2?

¢ Divide $480 between two people in the ratio 3 : 7.
What is the map ratio if 1 cm on the map represents 500m?

It takes Ho Chan 45 minutes to walk 5 km.
a At the same rate, how long would it take him to walk 7 km?
b How far would he walk in 3 hours?

a Ifanumber is increased by 30% what percentage is the new number
of the original number?

b Ifanumber is decreased by 25% what percentage is the new number
of the original number?

¢ Increase 135 by 66%%.
d Decrease 366 by 33%%.

A jug contains a mixture of fruit syrup and water in the ratio 1: 5.
How much syrup is there in a jug containing 3 litres of mixture?

a The cost of my meal is $64 plus a service tax of 15%.
How much does my meal cost me?

b The number of people employed at Tompson Bros is 12% fewer than
this time last year. Last year there were 350 employees. How many
are there this year?

The cost price of a car is $128 000. If bought on hire-purchase a deposit
of $13 000 is required, followed by a monthly payment of $4695 for
3 years.

Find a the total HP price b the amount saved by paying cash.

Tommy Owen starts work each day at 7.30 a.m. and finishes at 4.15 p.m.
He has an unpaid 45-minute lunch break.

a How many hours does he work in a normal 5-day week?

b Find his gross weekly wage if he is paid $12.40 per hour.
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17

18

19

20

21

344

Sally Humble receives a basic weekly wage of $200. In addition she is

paid 4% commission on the value of the goods she sells. Find her total

income in a week when she sells goods to the value of $42 300.

a

How many units (kilowatt-hours) will a 2kW electric fire use in

5 hours?

How long would a 50 W light bulb run on 1 unit of electricity?

At 12 ¢ per unit how much would it cost to run a 2W electric clock for
a week?

In the figure below calculate the sizes of the angles marked x, y and z.

A triangle ABC has three axes of symmetry. If AB = 6cm, what are
the lengths of BC and AC? What is the measure of the angle ABC?
Explain your answers.

Find the angles marked with letters.

A worker digs a ditch with perpendicular sides. It is 1.05 m wide at the
top and at the bottom. If it is 1.80m deep and 21.6 m long, how many
cubic metres of earth are removed? (Give your answer to 1 decimal
place.)



Review test 3: Chapters 12-16

22

23

24

25

Find the size of each angle marked with a letter.

Construct a triangle ABC in which AB = 10 ecm, angle BAC = 30°and
angle ABC = 45°. Now construct CD, the perpendicular from C to AB.

Measure and record the lengths of AC, BC and CD.

a Complete the following table showing the masses of students in a class.

Mass (kg) Tally Number
40.5 <x < 45.5 I
45.5 <x < 50.5 |
50.5 < x< 55.5 T 4t | 11
55.5<x<605 |4 [l
60.5 < x < 65.5 m 7

65.5=x< 705

b Draw a histogram showing this information.

The marks out of 20 in a maths test were
5,7,4,15,17,12,15, 13,19, 20, 20, 15,18, 4, 10, 11,9, 17, 15, 8, 12, 14

Find
a the mean mark

the modal mark

¢ the median mark.
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¢/ REVIEW TEST 4: CHAPTERS 1-16

Choose the letter for the correct answer.
1 Thevalue of -2 - (—4) + (-3) is
A -9 B -7 C -1 D 5

2 The expression 3(4 — x) — (7 — x) simplifies to
A 5-2x B 5-4x C -2x D 5+2x

3 The value of x that satisfies the equation 5 — 2x =15 — 7x is

A =2 B 1 C 2 D 20
2 9

4 Thevalueof 74 x 73+ 7°is
A% B 1 C 7 D 72

5 The angles marked p and q are
A alternate
B corresponding
C supplementary
D vertically opposite

7
The values of x and y respectively are

A 54°and 126° C 36°and 164°
B 36°and 144° D 54°and 146°

7 The largest integer x such that 17 —x>3x—-11 is
A 3 B 6 G D 8

8 The map ratio of a map is 1: 50 000. On the map the distance between
A and Bis 2.5cm. On the ground the distance between A and B, in
kilometres, is
A 1.25 B 125 C 125 D 1250
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10

11

12

13

14

15

16

Written in standard form, 450 000 000 is
A 4.5x107 B 0.45x10° C 45x108 D 45x107

Correct to 3 significant figures, 0.03493 + 0.003523 =
A 992 B 9.92 C 991 D 9.915

In a game, the score occurs with the frequency shown in the table.

Score 1 2 4 6 12

Frequency 12 | 6 3 2 1

The mean score is
A1 B 25 Cc 11 D 12

1 3
y 1 0 2 0 6

The table represents a relation. This type of relation is
A one-one B one-many C many-one D many-many

The equation of the straight line parallel to the y-axis passing through
the point (-3, 0) is
A x=3 B x=-3 G y=3 D y=-3

The inverse of 4 under multiplication is

1 1
A -4 B 7 C 2 D +4
The lines y = -3 and x = 2 intersect at the point
A (-3,2) B (3,-2) C (-2,3) D (2,-3)

10% of 20 differs from 0.5 of 2 by
A1l B 2 Cc 4 D 5
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17 N={positive integers from 2 to 15 inclusive}.
Consider the following subsets of N:
P = {prime numbers)
Q = {numbers = 10}
R ={odd numbers < 15}
S = {multiples of 3}

The set with the smallest number of members is

A P B Q C R D S
18 The equations of four straight lines arey = 2x, y = —3%, y=-3xandy= %x.
The line that makes the smallest angle with the x-axis is
A y=-3x B y=—3?x C _yzéx D y=2x
19 The area of this shape is
e A 46cm?
o B 94cm®
& o C 102cm?
D 80cm?

14 cm

20 4 The gradient of this straight line is
S8k
\_ A -5 B .3 c 3
3 5 5
4 L
3
2 o] ZN\4 6%
o} \
21  The largest of the four fractions ﬂ, 2, 43 and 2L s
32’ 43’ 51 72
21 32 43 51
o B 5 & 5 D
22 The value of x that satisfies the equation 5x — 4 =2(x+ 7) is
A 6 B 4 G 3 D 2

348

wlu



Review test 4: Chapters 1-16

23

24

25

Use this diagram for questions 23 and 24.

Ye
sk
A
sk p
4_
B c 2} R 0
3 -4 LA2 O 2 4 6 x
X
-2
M N 4}
! Z
—HF

The vector that describes the translation of triangle ABC to triangle XYZ is

SRR E

The equation of the mirror line, given that triangle PQR is the reflection
of triangle ABC, is

A ¥=0 B x=1 C x:l% D %x=2

R={equilateral triangles} and I={isosceles triangles}
The diagram illustrating R and I is

O
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26

27

28

29

30

31

32

33

350

P={1,2.3,...10}. In the set P, the largest odd number exceeds the
largest prime number by
A 0 B 1 G D 3

Which one of the following statements defines an infinite set?
A Vehicles that carry passengers.

B Sixth form students who can sing well.

C The fifth form students of a certain school.

D Plane figures bounded by three or more straight lines.

Before a sale a store owner raises the price of an item by 10%. In the sale
he offers a 10% discount. The cost of the item in the sale is

A the same as before he raised the price

B less than before he raised the price

C more than before he raised the price.

The median of the set of numbers 6, 1, 2,3, 7 and 5is
A 2 B 25 Cc 3 D 4

The square of 0.07 is
A 049 B 0.049 C 0.0049 D 0.00049

Given that 2(x+3) =9, x is

1 1
A 15 B 3 C 6 D 75
The statement 9 x (4 —3) =9 x4 — 9 x 3 is an example of
A the associative law C the distributive law
B the commutative law D none of these

A salesman is given commission of 5% of the amount by which his
weekly sales exceed $1000. His sales in a certain week are $3500. His
commission is

A $20 B $125 C $175 D $50
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34

35

36

37

38

39

40

Quadrants of radius 1 cm are cut from each corner of the square A1 1 B
ABCD to leave the figure shaded in the diagram on the right.
The area of the shaded region, in cm?, is
A 4-nm B 1-2r C 8-2rn D 4-2r
1
C D

The range of values for which the inequalities -3 —x<2x+3 <9 are
true is
A 2<x=3 B 0=x<3 C 2<x=3 D -6<x=<3
The domain of the relation {(1, 2), (1, 3), (2, 2)}is
A {1,3} B {1,2 3} € {2 3} D {1,2}
The set of inequalities that describe the unshaded Y4 !
region are 2 I l

1
A x=-2,x<3,y=2 :
B x>-2,x<3,y<2 : . il g i i I M
C x>2,x=3,y<2 -3 —1_?_ 1 284 85X

I
D x=-2x=3d v=2 ol :

|

I

160 miles in kilometres is about
A 320km B 256km C 240km D 100km

I think of a number, double it, and add 3. The resultis 13.
The number I first thought of was
A 5 B 6 (&, D 8

The vector that translates ABC to DEF is

(3 <l

[}

(3 -0
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acute angle

alternate angles

angles at a point

angles on a straight line

annulus
approximation
area

arc

arithmetic average

associative law

average speed

bar chart

base

bilateral symmetry
binary system
bisect

bonus

boundary line
breadth

capacity

Cartesian cordinates

Cartesian plane
categorical data
centimetre

centre (of a circle)
chord

circle
circumcircle

circumference

352

an angle less than 90°

equal angles on opposite sides of a transversal, e.g. __}t‘

a group of angles round a point that make a complete revolution. e.g. 2
a group of angles that together make a straight line, e.g. YA

area between two concentric circles

an estimate of the value of a calculation or quantity

the amount of surface covered

part of a curve

the sum of a set of values divided by the number of values

this says that for the same operation brackets can be removed without
changing the result, e.g. 2+ (3+4))=(2+3)+4=2+3+4

the total distance travelled divided by the total time taken

a diagram of bars; each represents a quantity. The height of the bar
represents the number (frequency) of that quantity

the line from which the perpendicular height of a plane figure is measured
having a line of symmetry that divides an object into two equal halves

a counting system based on 2

divide into two equal parts

extra wages that employees are paid

a line showing the edge of an area or region

a measure of length

capacity
they give the position of a point in two-dimensions by stating its shortest
distance from two fixed reference lines at right angles to each other.

the plane containing the x and y axes

data about different categories such as eye colour or types of cars

a metric measure of length

the point that is the same distance from any point on the circumference
the straight line joining two points on a curve

a curve made by moving one point at a fixed distance from another

the circle that passes through the vertices of a plane figure

the edge of a circle



Glossary

closure

commission
common factor

commutative law

complement of a set A

complementary angles

composite number
cone

construction
continuous data

coordinates

corresponding angles

cross-section
cube

cubic unit
cuboid
currency

cylinder

data

decimal
decimal place
degree
denary system
denominator
deposit
diagonal
diameter
difference
digit
dimension
directed numbers

disc

a set is closed under an operation such as addition where the result is
always a member of the set

pay earned by successful selling
a number that divides exactly into two or more other numbers

the law that says that order does not matter in an operation, e.g.
7x6=6x7

the set of members not in A

angles that add up to 90°

a number that can be written as the product of two or more prime numbers
a pyramid with a circular base

drawing a figure exactly

data that cannot be measured exactly but lies within a range of values
an ordered pair of numbers giving the position of a point on a grid
equal angles on the same side of a transversal, e.g. __,f:

the shape formed by a plane cutting a solid

a solid with six faces, each of which is a square, e.g. @

a measure of volume

a solid with six faces, each of which is a rectangle, e.g. @

the money used by a country

a prism with a uniform circular cross-section

a collection of facts

a fraction expressed by numbers on the right of a point, e.g. 0.2
the position of a figure after the decimal point

unit of measure for an angle or for temperature

a counting system based on 10

the bottom of a fraction

an initial payment to secure a purchase

a line from one corner to another in a figure

a line across a circle going through the centre

the value of the larger number minus the smaller number
one of the figures 0, 1, 2, 3,4,5,6, 7, 8,9

a measurable length in an object

positive and negative numbers collectively

a thin circular solid
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Glossary

discount

discrete data
disjoint sets
displacement
distance-time graph

distributive law

domain

element

empty set

equal set

equation
equivalent fraction
equilateral triangle
estimate

exchange rate

expression

exterior angle

factor

finite set
foot
formula
fraction
frequency

frequency table

gallon
gradient
gram

gross and net wages
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reduction in the cost of an article

separate or distinct

sets that have no common elements

the distance and direction of an object from some fixed point

a graph showing the relation between the distance travelled in a given time

the law that says that one operation can be distributed over another,
e.g.3x(4+5)=3%x4+3x5

the set of the first objects in the set of the ordered pairs of a relation

a member of a set

a set with no members

two sets with identical members

two expressions connected by an equals sign

measures the same part of a quantity

a triangle whose sides are all the same length

an approximate value

the number of units of one currency equal to one unit of another

a collection of algebraic terms connected with plus and minus signs,
without an equals sign

the angle between the extension of one side of a polygon and another
side,e.g. /\

a number or letter that divides exactly into another number or algebraic
term

a set whose members are limited in number

an imperial measure of length

a general rule for expressing one quantity in terms of other quantities
part of a quantity

the number of times that a value occurs

a table listing the number of each quantity

an imperial unit of capacity
a measure of the slope of a line
a metric measure of mass

gross is the amount before any deductions, net is the amount after
deductions
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hexagon

highest common factor

hire-purchase

histogram
horizontal
hundredweight

hypotenuse

identity element
image

improper fraction
inch

incircle

income tax

index (pl. indices)

inequality
intercept
infinite set
integer

interior angles

intersection of sets
interval data
invariant

inverse

isosceles triangle

kilogram
kilometre

kilowatt-hour

like terms

line of symmetry

a plane figure bounded by six straight line segments
the largest number that divides exactly into two or more other numbers

paying a deposit to hire an article and the balance in instalments after
which it becomes yours

a bar chart used for continuous data where the bars touch on a number line
parallel to the surface of the earth
an imperial measure of mass

the longest side in a right-angled triangle

a number that preserves the identity of a given number under an operation
the resulting shape after a transformation of an object

a fraction whose numerator is larger than its denominator

an imperial measure of length

the circle inside a shape that touches all its sides

a tax due on income levied by the government

a superscript to a number that tells you how many of those numbers are
multiplied together

the relationship between two quantities that are not equal
the distance from the origin to where a line crosses an axis
a set with an unlimited number of members

a whole number

angles between a transversal and two parallel lines that add to 180°,

7 M

the set of elements common to two or more sets

data that has a clear interval between them

a line or point that does not change under a transformation
the reverse of an operation

a triangle with two equal sides

a metric measure of mass
a metric measure of length

a unit of energy

terms that contain the same combination of letters, e.g. 3xy? and 7xy?
but not xy? and xy

a line that divides a figure into two identical shapes
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line segment

litre

lowest common multiple

magnitude

map ratio

mapping
mass
mean
median
member
metre
midpoint
mile
milligram
millilitre
millimetre
mirror line
mixed number

mixed operations

mode

multiple

multiplying factor

natural number
negative number
net

net pay

nominal data
null set

number base

356

a line with a beginning and an end
a measure of capacity

the lowest number that two or more other numbers divide into

the size of a quantity

the ratio between the distance of two points on a map and the
corresponding two points on the ground

describes the relation of the first and second elements in an ordered pair
the quantity of matter in an object

the sum of a set of values divided by the number of values
the middle item of a set of items arranged in order of size
an item that belongs to a set of items

a metric measure of length

halfway between the two given points on a straight line
an imperial measure of length

a metric measure of mass

a metric measure of capacity

a metric measure of length

the line in which an object is reflected to give its image
the sum of a whole number and a fraction

a calculation involving two or more of addition, subtraction,
multiplication and division

the most frequent item in a set

a particular number multiplied by any other number is a multiple of
that particular number

a number that multiplies to increase or decrease a quantity

a counting number, i.e. 1, 2, 3, 4,...

all the real numbers which are less than zero

a flat shape that can be folded to make a polyhedron
pay received after deductions for tax and other purposes
categorical data that could be put in any order

a set with no members

the number of distinct digits, including zero, used to represent
numbers, e.g. numbers to base five use the digits 0, 1, 2, 3 and 4
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number line
number pair
number pattern
numerator

numerical data

object
obtuse
octagon

octahedron

order of rotation

ordered pair
ordinal

origin

pair of compasses

parallel
parallelogram

pentagon

perpendicular bisector

percentage
perimeter
perpendicular
pi ()

pie chart

place value
plane figure
polygon
polyhedron
pound

prime number
prism

product

a line on which numbers can be marked to show their relative size

a pair of numbers in a particular order, e.g. the coordinates of a point

a pattern of numbers with a rule for getting the next number in the pattern
the top number of a fraction

data that can be counted or measured

the original shape before a transformation is performed
an angle whose size is between 90° and 180°

a plane figure bounded by eight straight line segments
a solid with eight faces

the number of different positions in which an object looks the same
when rotated about a fixed point

a pair of objects in a defined order
the natural numbers used to describe the position of an object in a set

the point where the x-axis and y-axis cross

an instrument used for drawing circles or parts of circles
two lines that are always the same distance apart

a four-sided figure whose opposite sides are parallel

a plane figure bounded by five straight line segments

a line that bisects a given line segment at right angles
out of a hundred

the total distance round the edge of a figure

atright angles to a line or surface

the ratio of the circumference of a circle to its diameter

a circle divided into slices where each slice shows the fraction that one
category is of the whole information

the position of a digit in a number that shows its value

a closed shape made by lines drawn on a surface

a plane figure drawn with three or more straight lines

a solid with many plane faces

a measure of mass or the currency of the UK

a number whose only factors are 1 and itself (1 is not a prime number)
a solid whose cross-section is the same everywhere along its length

the result of multiplying two or more numbers together
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proper subset a subset that is not the whole set

proper fraction a fraction whose numerator is less than its denominator
proportion the ratio of one quantity to the other

protractor an instrument for measuring angles

pyramid a solid with a polygon as a base and triangular sides that meet at a

common point

quadrant a quarter of a circle

quadrilateral a plane figure bounded by four straight lines

radius the distance from the centre of a circle to the edge

range of arelation the set of the second objects in the ordered pairs in a relation

ratio the comparison between the sizes of two quantities

ratio data data where there is no zero

rectangle a four sided figure whose angles are each 90°

rectilinear solid a solid whose edges are straight lines and faces are flat

reflection a transformation in which any two corresponding points in the object

and the image are both the same distance from a fixed straight line

reflex angle an angle whose size is between 180° and 360°

regular polygon a polygon which has all angles equal and all sides of equal length
relation a set of ordered pairs

remainder the amount left over when one number is divided by another

representative fraction  the scale of a map
right angle one quarter or a revolution (90°)

rotational symmetry a figure has rotational symmetry when it can be turned about a point to
another position and still look the same

salary an agreed amount of pay, usually for a year

scalar a quantity that has size but not direction, e.g. speed

sector part of a circle enclosed by two radii and an arc

semicircle half a circle

set a collection of items

significant figure position of a figure in a number, e.g. in 2731 the third significant figure is 3
solution the correct answer to a problem or equation

speed the rate at which an object covers distance
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square

square unit
standard form
standing charge
subset

supplementary angles

symmetry

table of values
tetrahedron
ton

tonne
transformation
translation
transversal
trapezium

triangle

uniform
union

unit
universal set

unlike terms

variable

vector

Venn diagram
vertex (pl. vertices)
vertically opposite

volume
x and y axes

yard

a four-sided figure whose sides are all the same length and each of
whose angles is a right angle

a measure of area

a number between 1 and 10 multiplied by a power of 10
an initial charge made by a service company

a set whose members are also members of another set
two angles whose sum is 180°

having congruent parts each side of a line or around a point

a table giving corresponding values to two or more variables
a solid with four triangular plane faces

an imperial measure of mass

a metric measure of mass

a change in position and/or size

a movement in one direction

a line that crosses two or more parallel lines

a four-sided figure with one pair of sides parallel

a plane figure bounded by three straight lines

everywhere the same

the set containing all the different elements of two or more sets

a standard quantity used to measure, e.g. a metre, a litre, a square inch
a set that contains all the elements of the sets being considered

terms containing different combinations of letters

a quantity that can vary in value

a quantity that has size and direction e.g. velocity

a diagram used to show the elements in two or more sets
corner

the pair of angles opposite each other where two lines cross

a measure of space
two fixed lines Cartesian coordinates at right angles to each other

a imperial measure of length

399



Answers

SIS n Fraction Percentage Decimal
Exercise 1a page 2 3
1
2% 3 45 80% 0.8
3 5 3
1 _1 3
4 > 10 3 n 75% 0.75
2
5 -72 1 -1 = 70% 0.7
1
g 2 12 1053 % 55% 0.55
Exercise 1b page 3
1 associative for multiplication 11
2 associative for addition 25 % 0:34
3 commutative
4 distributive 1
5 commutative 20 a 20 b 5%
6 associative for multiplication
7 distributive 21 a 42% b 0.42
8 distributive 22 a b 60% c 12%
9 commutative 25
10 distributive 23 a % b i 35% ii 95% c 0.05
Exercise 1c page 4 s
1 identity for addition E_:‘ermse Te ?afgss 13 7200 19 263
2 identity for multiplication 9 e 46.
3 inverse of 10 under addition 2 4 8 10 14 893 20 503.2
4 -9 3 100 9 64 15 65000 21 709
e 4 125 10 10000 16 3820 22 69.78
5 divid
ey ey § i B i 5 1000 11 1000000 17 27.5
7 A 10 A 13 C 6 81 12 27 18 537000
8 C 1 A 14 A "
15 a true d true g true Exercise 1f page 10
b false e sometimes 13 4 21 7 12° 10 *
c true f usually false 2 7= 5 b° 8 p*
3 10 6 58 9 16
Exercise 1d page 7 2 3
1 : gzs ; {?135 ? ggjs Exercise 1g page 10
5 Ba% ' ' 14 6 15° 11 6" 16 2
: 2 7 7 6° 12 3° 17 4
3 a 3 s c 151 d 2L e 3l 3 5! 8 b 13 2! 18 d'
50 250 2 100 4 4 10° 9 o 14 q'? 19 38
43 5 ¢q* 10 p! 15 ¢ 20 p?
4 il
50
1 Exercise 1h page 11
5 &% 14 5 4 9 783.4 13 3
2 64 6 2410 10 30500 14 d’
6 a 30% c 70% e 92.5% 3 125 7 4971 1 27 15 o
b 20% d 3.5% 4 81 8 59200 12 4°
7 a 132% c  240% e 255.5%
b 150% d 105% . e 12
8 a 0.45 c 0.95 e 0.125 metittme i o L
b 06 d 0.055 1 3780 6 3670000
3 4 g i 2 1260 7 30400
9al b 2 c % d 5 3 5300000 8 85030
4 740000000000000 9 4250000000000
10 a 40% b 15% c 42% d 37.5% 5 13000 10 643000000
11 2 13 &2 15 85% 17 60%
5 20
12 2 1% = 16 34% 18 12.5%
20 25 ° =27
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Answers

Exercise 1j page 13

1 25x10° 12 5.47x10° 23 4.05x 10
2 6.3x10? 13 3.06 % 10* 24 5.03x 108
3 1.53x10* 14 4.06x10° 25 9.9x107
4 26x10° 15 7.04x10° 26 8.4x10!
5 99x10° 16 7.93x10! 27 3.51x10°
6 3.907 x10* 17 8.06 % 10* 28 3.6x10'
7 4.5x10° 18 6.05x 10! 29 5.09x10°
8 5.3 x10¢8 19 7.08x10° 30 2.68x10°
9 4x10* 20 5.608x10° 31 3.07x 10!
10 8x 10" 21 5.3x10%

11 2.603 x 10* 22 7.08x10°

Exercise 1k page 14

1 1550, 1500, 2000 10 6010, 6000, 6000
2 8740, 8700, 9000 11 4980, 5000, 5000
3 2750, 2800, 3000 12 8700, 8700, 9000

4 36840,36800, 37000 13 54,45

5 68410, 68400, 68 000 14 45499, 44500

6 5730, 5700, 6000 15 1549,1450

7 4070, 4100, 4000 16 $2500000

8 7510, 7500, 8000 17 1950

9 53800, 53800, 54 000

Exercise 1l page 16

1 2.76,2.8,3 9 6.90,6.9,7

2 737,74,7 10 55.58,55.6,56

3 16.99,17.0,17 1 51

4 23.76,23.8, 24 12 0.009

5 9.86,9.9,10 13 7.90

6 3.90,3.9,4 14 348

7 894,899 15 0.0078

8 73.65,73.6,74 16 0.975

17 5.551 19 6.7

18 285.6 20 10.00

Exercise 1m page 17

13 57 90

28 6 8 10 8

36 70

4 8 8 0

Exercise 1n page 18

1 60000 19 73000 37 600000
2 4000 20 440 38 500

3 4000000 21 50000 39 7.82

4 600000 22 54000 40 5000

6 80000 23 480 41 379

6 500 24 600 42 7000

7 50000 25 0.00846 43 0.0709
8 4000 26 0.826 44 0.07

9 700000 27 5.84 45 3.3

10 900 28 78.5 46 1.7

11 30 29 46.8 47 13

12 1000 30 0.00785 48 13

13 4700 31 7.51 49 14

14 57000 32 370 50 29

15 60000 33 0.990 51 24

16 890000 34 54.0 52 0.23

17 7000 35 47 53 0.026
18 10000 36 0.006845 54 0.00043

Exercise 1p
1 100

2
3
4
6
6 0.8
7
8
9
0

10 3500000

Exercise 1q
1 7.08
2 7.55
3 7.02
4 8.54
6 9.19
6 7.71
7 749
8 9.15
9 1.61
10 1.56
11 3.80
12 1.50
13 294
14 1.54
16 1.44
16 1330
17 8370
18 6580
19 15.5
20 6.65
21 172
22 14.7
23 11.2
24 1170
25 12600

Exercise 1r
1 64
2 p
31

Exercise 1s
1 216
2
3 5
4 da
5 6.5x108

Exercise 1t
1 55=3125

GB

1

7.826 x 10*

10000

abhwN

Exercise 1u
1B

BN

A
B
c

page 19
11 600
12 4.5
13 2
14 0.7
15 17
16 0.003
17 0.0056
18 80
19 90000
20 1.5

page 21

26 36.8

27 1950
38.0
1350
14400
2.70
0.0196
0.0549
526
4.65
0.0481
1.79
0.005 15
3.97
0.548
0.121
0.0825
0.393
0.103
0.139
124
55.8
91.7
186
957

SH6RBRL88L8U8RRBBLEYY

E&E&8R

page 22
4 3.64 x104
5 60000
6 0.0614

page 22
6 46000
7 7500
8 1350

9 0.699

H
10320

page 23
6 0.0508
79
8 9.89
9 4.70
10 a 62.5%

age 23
9B
10 C
1 B

p
5
6
7
8 12 D

Dor0|

10
0.36
10
2

32
1.2
15
0.25
0.12
140

49.0
11200
83.6
2.28
0.672
9.83
0.693
0.742
0.128
10300
6340
0.00608
34.8
484000
0.361
0.0203
0.000123
631
0.0000000961
4950
0.174

A4 I X

0.000146
13.4

3.71
2.88

0.35

0.625
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Answers

CHAPTER 2
Exercise 2a page 28
1 213, 2 2014,
5 52 5 Units

5 3 1
6 4 2
7 4 1 0
8 2 3 1
9 3 4
10 1 0
11 2 0 A
12 4 0 0
13 16, 19 17,
14 14, 20 10,
15 20, 21 4,
16 36, 22 100,
17 5410 23 7010
18 23 24 75,
Exercise 2b page 30
1a 4|1

213
2a 7|1

1 5

1101
5a 8|1
517

5 4
9 a 3 s
AE:

10 a 9 |1
8

1 a 6|1
2| 4

12a 8|8 |1

362

10

13 a 4 b 51,
3
3 41240, 4 30201,
14 a 28 | 22 b 9,
1 0
15 a 3|3 b 49
1 2
16 a 6 | 62 b 216
1 0
25 13, 31 12,
26 23, 32 41, 17 21, 28 1001,
27 20, 33 110, 18 22, 29 110,
28 124, 34 1003, 19 33, 30 108,
29 133, 35 312, 20 111, 31 101101,
30 1100, 36 400, 21 23, 32 110100,
22 52, 33 243,
23 65, 34 22000,
24 100, 35 10001110,
11, 25 22, 36 422,
26 23, 37 111,
27 37, 38 210,
12, Exercise 2¢  page 32
1 43, 19 3,
2 20, 20 35,
29, 3 30, 21 202,
4 11, 22 11,
5 103, 23 226,
6 102, 24 1,
10 7 115, 25 133,
8 1000, 26 56,
9 122, 27 33,
47 10 333, 28 10,
1o 11. 1151, 29 51,
12 10100, 30 101,
13 1000, 31 646,
54, 14 1000, 32 101,
15 1030, 33 22,
16 100001, 34 12,
17 125, 35 101,
21, 18 101, 36 120,
Exercise 2d page 34
472, 1 10221,
2 22022,
3 1110101,
4 2422,
o 5 2011210,
6 2116,
7 222142,
8 220041,
17, 9 a 2254, c 1196,
b 52,23 d 2254,
10 a 31026, c 20436
16 b 393,52 d 31026,
10
11 3047,
125

1100011,
1102,
131,
15,
1111,
11100,
11302,
234,
33,
102122,
310,



Answers

Exercise 2e page 35
1 13,11,25,4,12, 29

2a +|0]|1
0|l0 |1

b 10010000,

b 101

c 110,

c 1103,

iii 1750,
¢ The figures move one column to the left; i.e. the effect is

d 1011,

the same as multiplying a denary number by ten.

0|0 o0
11011
Exercise 2f page 36
1a 12, b 22,
2 three
3 x|0 1 2
0]0 0 0
110 1 2
210 2 11
4 11,
5 a 102, b 33,
2
6 315+§ or 16.4
70
8 no
9 four, 5°=1000,
10 eight, 37 = 10000000,
11 a 2,3,4,5,6,7,8
b i 11010, ii 1210,
12 6 15 7
13 4 16 5
14 3 17 9
Exercise 2g page 37
1 a6 b 5
2 a 40, b 202,
3 a 341, b 1o1,
4 partc
Exercise 2h page 38
1 B 3 C 5
2 D 4 A 6
CHAPTER 3
Exercise 3a page 41
14 5 3
2 4 6 4
3 12 71
4 2 8 3
Exercise 3b page 42
14 7 6
21 8 5
3 3 9 4
4 5 10 5
5 7 13 3
12 4
B =g 13 1

18 5
19 6

20 False

c 147
c 24,
c 636,

w0~
SR

14
15
16

0o L =

17 -2
18 1

Exercise 3c

O 0 ~N o0 b
b=

STl oG T N S e
~lo

10
11

12 2

13 11
5
14 3

—
Llra

Exercise 3d

6o+ 24
6x+3

4x — 12
6x — 10
12 — 8x
20x+10

6:—9x
35 — 28x

10x — 14

© ONO O b W N

10 42+ 12x

11 8x+18
12 26x+ 13
13 34x-13

14 8x+4
15 21x+5
16 13x+19

Exercise 3e
-8

15

—24

-3

2

28

—4

0 NG hWN -

1
3

Exercise 3f
20+ 2w
20 +d

3l

51
2A+s+d
W=x+y
P=21+2b
T=N+M
T=N-L
A=]?
N=10n

-0V ~NOO A WN -

— -k

page 43
15 2 29 4
16 1 30 1
1
17 7 31 4;
18 2 32 13
19 5 33 2
20 1 34 1
1 2
21 35 2
22 10 36 2
23 2 37 3
24 4 38 2
2 2 39 57
4
2 1 40
27 1 41 1
28 1 42 2
page 45
17 28x+27 33 1
18 18x — 44 34 2
19 4x+25 35 %
20 —30x+47 36 1%
21 10x+5 37 121
22 —x+12 38 1
23 17x—33 39 -1
24 —4x+14 40 -4
25 —10x+14 41 1%
26 36x+26 42 —%
27 —7x+32 43 3
28 x+22 44 1
29 21x— 19 45 3
30 —6x+2 46 %
31 2
1
32 15
page 46
9 3 18 5x-17
10 —-2x+17 19 1
11 17x— 20 20 3
12 —15x - 30 21 2
13 25 — 14x 22 13
14 15x - 20 13
15 -9x+6 2 5
16 2 i
17 25x — 46 24 ¢
page 48
12 C=nx
13 L=1-d
14 p=6l
15 A=2[
16 N=S-T
17 W=T+S
18 S=N-L-R
19 r=p—gorr=q-p
20 W=Kn

363



Answers

21 g=% 23 A=100b
il_Y_ 24 T:t+$

22 Las
Exercise 3g page 50
1 10 1 -1 21 15
2 100 12 -12 22 200
3 30 13 5 1
42 14 33 2 3
5 20 15 50 24 7
6 200 16 19 3
7 24 17 16 % 17
8 15 18 2 26 0
9 25 19 105 5

i 1 27 %
10 7 20 33 B =
Exercise 3h page 52
1 a 48 b -18 c 6 d 5
2 a4 b 20 c 8 d -12
3 a 52 b 20 c 96 d -4
4 a 15 b -11 c —-159 d 0.38
5 C=50n,600cor $6

=n
6 L—2,$5
7 P=2a+2b,70cm
8 P=6x,6cm
9 P=L-Nr,5m
10 P=3a,24cm
11 W=Na+p, 45
12 A=2lw +2lh + 2hw, 6200 cm?
Exercise 3i page 54
1 formula 5 formula 9 equation
2 equation 6 expression 10 formula
3 equation 7 expression 11 formula
4 expression 8 equation 12 expression
Exercise 3j page 55
12 4 5x-8

. 5 P=4l+f+g
2 3=

3 6 -3
3 6x-—24
Exercise 3k page 55
13 4 15

) 5 N=a+b+c

3 6 4

—8x+10
Exercise 3l page 56
11 4 P=6a

= 5 12¢-21
2 2 6 p3
3 10
Exercise 3m page 56
1 C 3 A 5 B 7 B 9 D
2 & 4 D 6 B 8 D 10 D

364

CHAPTER 4

Exercise 4a

1

E I ]

Oo~NO

10

11

12
13

14
15

page 59

a < 20 where a is the number of library books a school can
afford to buy.

b <100 where b is the number of people who attended a rally.
¢ > 20 where ¢ is the number of albums sold on the first day.

d = 50 where d is the number of cars that passed the school
between 9 a.m. and 10 a.m.

p = 50 where p is the perimeter of a rectangle in cm.

¢ < 5 where ¢ is the cost in dollars of making a widget.

g = 3 where gis the number of goats Ceejay owns.

d > 50 where d is the number of $1 coins in a bag.

d = 250 where d is the number of days it takes to build a
bungalow.

p > 5 where p is the number of pens Victoria has in her school
bag.

r < 5, where r is the number of rubbers Jesse has in his school
bag.

f = 50, where fis the number of fireworks there are in a box.
t = 10, where t is the number of minutesa bus takes to get to
school.

n = 20 where n is the number of $5 bills in a cash box.

a = 6 where a is Anna's age in years.

Exercise 4b  page G0

[ O -
7

2 ——0
4 5

3 O—mm
i)

10

b3 b3 b
w:m'w
e B B
\O‘mp\
o~

o

12
15> —1; yes
0>—1;yes
—4> —5;yes
1 <6;yes
—3<2; yes

13

14

TLOoTLDOoTOOOCTOL

cocoao
2%
v
\.I—‘
‘B
w

Exercise 4c page 61
1 x<12 ——m 8 — 0
12
2 x<2 —m 0
2
3 x>5 O—m—
5
4 x>2 O——m—o
2
5 x<-2 —o0— o0
-2
6 x<3 — 8 0
3

7 <=3 ——0uw0
-3



Answers

10 x< -2

11 x>-1
12 x<3 —m8 —0
3
13 x>0 OQ—m —
0
14 x>-3 O0—m8
-3
15 x<-3 —m8M8 —0
-3
16 x<1 —m———O
1
17 x>-2 O— o
-2
18 x<-5 —m8m87 0O
=5
19 x<5 —m —8—0
5
20 x<1 —m 0
1
21 x<~-] —0
-1
22 x>0 O0—mrouo---—
0
23 x>7 O0—m————r
&

24 x>-5 O—m8 8 ——
-5

25 x>-3 O——
3

26 x<13 — o

13
27 x>12 O0—m—m—
12
28 a 24<72 c 6<18 e —24<-72
b 3<9 d 2<6 f —-4<-12
a yes c yes e no
b yes d yes f no
29 a 72>-24 c 18>-6 e —72>24
b 9>-3 d 6>-2 f —-12>4
c 18> -6
a yes c yes e no
b yes d vyes f no
30 a -36<-12 c —9<-3 e 36<12
1 1
b —45<-1; d -3<-1 f 6<2
a yes c yes e no
b yes d yes f no

32 Ounly when you are multiplying by a positive number.

Exercise 4d page 63

1 —0 «x<3
3

10

11

12

13

14

15

16

17

18

19

x>1

x>2

x<l1

2=x=3
x=0

a x>3 b
a 0=x=1 b
a —2<x=4 b no values of x
a —-3<x<-1 b x<-3
x<12;x>-1;-1<x<12

x= —1; x= 3; no values of x
x=7x=-2;-2=x=7

x> x<2;1<x<2
x>2;x<3;2<x<3

x<2;x>=1; =1l<x<2
x=—-lx<2; -1 =x<2

x>l;x53;lﬁx53
2 2

o000

x<=3
x<=1

M 1%<x<3

2<x<5
-3=x=2
x< =2
D<x<2
x=1
—4<x<2

88

42 1oy
2

no values of x
no values of x

x< =2

no values of x
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Answers

Exercise 4de page B6 3 B={6,12,18},C={2},
1 {x|x>12} D=4{13,14,15,16,17,18,19, 20}
2 {x|x<2}
3 {x|x=-2} Exercise 5e  page 74
4 {x|x=10} 1 your own answers
5 {x|2<x<6} 2 my friends who do not like coming to my school
6 {x|-2<x<l} 3 my friends who like coming to my school
7 {x|3=x<5} 4 all pupils at my school except those who are not my friends
8 {x|5<x=8} and like coming to school
9 {x|-3=x=0} 5 my friends who like coming to school and the pupils who are
10 {x|30<x=4} not my friends who do not like coming to school
1 0—mm 6 O———————@
5 2 1 Exercise 5f page 75
12— 17 0—e@ 4 &
=1 0 3 A B
13 ———@ 18 &——0
4 -1 0
14 @—m 19 O——m—@
3 -2 2
15 &—m 20 O—mm@
-1 -2 -1 Ay B={Janet, Jill, Jamila, Judith, Jacky}
2 u
Exercise 4f page 66
1 D 3 D 5 A 7 D
2 A 4 C 6 A 8 C
CHAPTER 5
Exercise 5a page 69 7 9 11 13 15
1 a {teachersin my school} XuY=1{2,4,6,8,10,12, 14,16}
b {booksIhave read}
3 a oddnumbersupto 9 3 u
b the days of the week from Monday to Friday
4 a {European countries}, France
b {multiples of 10}, 60
5 Johne {boys names}
6 English e {school subjects}
7 June g {days of the week}
8 Monday ¢ {domestic furniture} jklpgsuvwzxz
9 false 10 true 1 tue 12 true .
PuQ={e,g,i,mmno,t1y}
Exercise 5b page 70 4 a u
1 infinite 76 13 no A B
2 infinite 8 21 14 yes parallelogram,
3 finite 9 11 15 yes !
4 infinite 10 1o 16 1o Sty
55 11 yes
6 8 12 yes

quadrilaterals

Exercise 5c page 71
1 cutlery A U B = {all parallelograms and trapeziums}

2 whole numbers less than 50 b i
3 whole numbers less than 25
4 n(A)=8,n(B)=6
B={3,6,9,12, 15,18} obtuse
5 A={1,23,4,6,12} B=1{2.3.5,7,11,13} angles

C=1{6, 12}
6 n(A)=4,nB)=2n(C)=5

angles

Exercise 5d page 72
1 {Joy, Anora}, {Joy, Tissha}, {Tissha, Anora} P U Q= {angles that are either obtuse or reflex}
2 A={1,3,5,7,9,11,13, 15},

B=1{2,3,5,7,11,13},C={3,6,9, 12,15}
ves, 3,5, 7, 11,13

366



Answers

orange

yellow

AnB = {red}

7 U
CnD={1,2,4}
8 U
A B
8
16
20
AnB={12}
Exercise 5g page 76
1 a Lenny, Sylvia
b Adam, Richard
¢ Jack, Scott, Lee
2 a David, Joe, Tarig, Paul
b Tarig, Paul
¢ Claude, Alan, Clive
3 a Emma, Majid, Clive, Sean, Ann
b Emma, Majid, Clive
¢ Sean, Ann
4 U
A B
4
10
1 57 11 13 14
a 612 b n(A)=6,n(B) =4

6

8

9

u
P Q
B
DE
FGIJKMNPRTVWXYZ
a s b 8
a 26,6,6
b
Q
CcD
FGH
JKMNPQSTVWXYZ
c i4 ii 8
a 11,5,6
b
C D
4 6 8 10
i 4 i 7
a 35,8,5
b iz2 i 11
10

Exercise 5h page BO

{10, 20}
{5,6,11}

{b,c,d,f, g h, J k1, m,n, P.9.5S LV, W, X, ¥, 2}

{a, e,i, o,u}

{Sunday, Tuesday, Thursday, Saturday}
{adults}

{non-British motor cars}

{female tennis players}

{Caribbean towns not in Jamaica}
{quadrilaterals that are not squares}
{adults aged 80 or younger}
{female doctors}

{all homes}

a n(Ad)=5,n(4) =21

a nX)=5nX)=5U={ab,cdefghi,j

a
A B

=
o~}

u

b 26
b 10
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Answers

17 a 6 c 8 e 12

b 8 d 4 f 12;theyare equal
18 U

A B
8 10 14

a 3 c 13 e 15

b 12 d 3 f  15;theyare equal
Exercise 5i page 83
1 a 3x+9=33 b x=8;8 in neither club
2 a x+2=11 b x=3;n(l)=20
3 a nAuB)=6x+12, n(AuB) =x

b 7x+12=40

c x=4nAmB)=8
4 a n(P)=10-x,n(Q=8-x

b 18-x=24,x=6 c 54
5 a 48+«x ¢ x=12;n(B) =12

b 48+x=60
6 a 13+4x=21,x=2 b nB)=6,n(AnB) =6
Exercise 5j page 84
1C 3D 5 C 7B 9
2 C 4 D 6 A 8 A 10
CHAPTER 6
Exercise Ba page B9

1 The second number is one more than the first.

2 The second number is two more than the first.

3 The second number is the square of the first.

4 {(Maths, Spanish), (Science, Spanish),

(Science, Maths) }

{(4,00, (5,00, (3, &)}

{(Tnd, Jma), (Bds, Jma), (St Lucia, Jma), (Bds, Tnd),
(St Lucia, Tnd), (St Lucia, Bds)}

7 25,8

8 7,2,17

- 1]

Exercise 6b page 90
1 {1,2,5,10},{2,3,6,11}
2 a{a,b}, {b,c}

3 {4,16, 36}

4 a {(Dwayne, Fred), (Scott, Fred), (Scott, Dwayne)},
b {Dwayne, Scott}, {Fred, Dwayne}

5 a {10° 150°,45° 175}, {acute, obtuse}
b {t s}, {t u, w}

b {4 0L{0 A}

Exercise Bc page 91
1 a
N _, /7
|, |
PR

368

ow

2 a {(1,9,03,8),(5,14)}
b {(1,2),(2,2),(3,2),4,5)}
¢ {(a,b), (ac), (b,c)}
d {(a,b), (a,d), (b,c)}
3
0
"
90 —) v
180
Exercise 6d page 94
1 a: il b n:n c 1:1 d 1:1
2 a 1:1 b n:1 c n:n d 1:n
3 n:1
Exercise Be page 94
1 a
x 1 2 3 4
y 7 4 6 8
b« 2 4 6 9
y 1 2 3 45
c
x 10 7 5 0
y 0 3 5 10
91 x| o | 1| 2] 3| 4
y 0 4 6 8 6
2a 1:1 b 1:1 c 1:1 d n:1
3 1:n,one value of xmaps to different values of y
4 a 1:n,onevalue of x maps to different values of y
b n:n,twovalues of x map to one value of y and one value

Exercise 6f

O~ b WN -

o

7]

g it

of x maps to two values of y
¢ 1:1,onevalue of x maps to one value of y

page 96
missing values: 3, 9
missing values: 3, 11
missing values: 8, 4, 2
missing values: 10, 8,0
missing values: 2, 5, 17
missing values: 1, 7, 31
missing values: 2, 4, 8

a missing values: 0,6,12
b {1,23,4},{0,2,6,12}



Answers

c
\_, /
|
JARGAN
d 1:1 .
9 a missingvalues: 5, 65
1 1 1
b {1,13,2},{3;,5,6;}
| “
d 1:1
10 a missing values: 2,2
b {1,2,3,4} {0, 2}
c
T
“-—
d n:1
11 a missing values: 0,6,0
b {0,23,5},{0,6}
c .
\ =
=
d n:1
Exercise Bg page 98
1A 3 B 5 D 7
2. & 4 D 6 C 8
REVIEW TEST 1 page 101
1A 5 C
2B 6 C
3 A 7 A
4 B 8 B
11 a 2.432x10?
b 5.73 x 10*
c 426 x10°
12 a @ b af
13 a 40000 b 4300000
14 a 1 b 0.55
20
15 336
16 a 102, b 19
17 a 303, b 12,
1
18 a 4 25
19 a 3x+1 20x - 26
20 a i —O 2<x<10
-2
i 00—
2

c 124,

21 a 26,8,7

b

DFGJKLOPQS
UVWXY?Z

'

22 A={2,4,6,8,10, 12}
B=1{2,3,5,7,11}
C=1{3,6,9,12}, yes

23 a domain {1, 2, 4, 10}

range {4,5,7,13}

b

1:1
24 missing valuesare 9,17, 21

25 a missing valuesare4, 1,0,1,4,9
range {0, 1, 4,9}

b domain {-2, -1,0,1,2, 3}

d n:1

CHAPTER 7
Exercise 7a page 106

1 A(2,2) B(5, 2) C(7, 6)

E(7,0) E(9, 4 G(0, 8)

4 square 10 (7,1)

5 isosceles triangle 1 41

6 rectangle 12 (5, 4

7 square ;

8 isosceles triangle ::3 (g’ g)

9 (2’ 5) ( , )
Exercise 7b page 109

1 23615205 8. 657

2 2,-2,5,-4,2,5,-5,0

5 square 18 (1,0)

6 isosceles triangle 19 (4,2)

7 rectangle 20 (2,-1)

8 right-angled 7

9 (-1,1) 2 (33
10 (1,-2) 22 (-3,-1)
11 (-1,3) 23 (-5,-2)
12 (-6, -1) )
13 (-5,1) 24 (4.9
14 (0,-1) 25 (—1,3)
15 (3,2) 26 (- 1’ 0
16 (-1,2) 27 Eo 6))
I 1.3 28 (—,1 0)

D(4, 5)
H(5, 8)
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Answers

Exercise 7¢c page 111
1 & x 1 2
¥y 2 <

ynk

10F

5k

5 X
b x 2 4 9
¥y 1 4.5
¥
5 L]
T L -
o 5 10 x
¢l =« 10 7 0
% 0 3 10
y h
10¢-
5F .
L ]
g 5 10 X
d x 0 3
¥y 0 4 8
}'u
10
L ]
5 -
L ]
————
(0] 5 "
2y
5 .
¥ L
0 X

370

10

3ar i Jal 7w
y 1210 7| 6] 4
b {(1,12), (4,10), (7,7), (10, 6), (13,4)}
c 1:1
4 a
x 0 2z 4 10
¥ | ¢ | = 4 | 6
b %[x-coordinate) +1
c 5
d 3%,9,1a+1
293
Sal xlo|lz2]a|7]s
A 7 3.5
b 7—%(x-coordir1ate) c 4.5
1 1
d 65,1,7—5(1
6 a parallelogram d both
c no e no
7 a square d both
c yes e yes
8 a trapezium d neither
c no e no
9 a rhombus d both
c no e yes
10 a rectangle d both
c yes e no
11 rectangle, square
12 rhombus, square
13 parallelogram, rectangle, thombus, square
Exercise 7d page 115
1a 2 b 3 c 7 d
2 a -1 b -6 c -8 d
3a -3 pal c -6.1 d
2 2
4a -7 b2 c -5 d
5 a 10 b -8 c 7 d
6 a -1 b 3 c -2 d
7 a 3 b -6 c 1 d
8a -2 b4 ¢ -3 d
9 a=-5b=3,c=—4
10 a=-2,b=8,c=18
11 y=3x 13 y:—%x
12 y=-2x 14 y=2x
15 (-2,-4),(6,12)
16 (-2,6),(1, -3}, (8, —24)

17

a above: (2,2),(-2,1),(—4.2, —2)
b below: (3,0)

12
-20

8.3

4.2
-5.2

-16.4

ST



Answers

Exercise 7e page 117

3
1-6
4
5
7-12
1
6 y=-3x Yy
7
8
Exercise 7f page 118
1ia 2 b 2 c 2
2 a —4 b —4 c —4
3 a 3 b 3 ¢ 3
4 a —4 b —4 c —4
5 25
6 -0.5 9 acute 13 acute 17 obtuse
7 a + c + e -— 10 obtuse 14 acute 18 obtuse
b - d - = 11 obtuse 15 acute 19 obtuse
12 acute 16 acute 20 obtuse

Exercise 7g page 121

1 y=5x Exercise 7h page 122
1 gradient 3, y-intercept 1, a -5 b 7
2 gradient —3, y-intercept 4, a 7 b -5
3 gradient %, y-intercept 4, a 3 b 4
4 gradient 1, y-intercept -3, a 7 b -2
B yeby 5 gradient %, y-intercept 3, a 4 b 2
6 gradient 2, y-intercept -2
7 gradient -2, y-intercept 4
8 gradient 3, y-intercept —4
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Answers

9 gradient —;., y-intercept 3
10 gradient —%, y-intercept 3
11 gradient 2, y-intercept 5
12 gradient —2, y-intercept —7
13 gradient -3, y-intercept +2
Exercise 7i page 124
1 Y&
x=-5 3F x=2
2k
13
Yy=3 1F
=ho=g 3= 40 A4 3 3;:;(
1k
-2}
¥y :—3% -3k
_4 L
2 VA
6k ¥=55
i 6
=— X=
x=-3 2}
-6 —4[-20] 2 4 x
o}
—4F ¥ =-5
—6}
3 Y
10F
sk
6k
x=5
4 =
2F fy = 2x
-6 4 -2/02 4]6 %
E (5,10), (5,-5), (-2.5,-5)
y=-5 /[-4}F aright-angled triangle
1
4 ;
y4 x=4
6k
- Ar y=3
ok
-6 -4 -20 } 6 8 x
-2 2y=—x
—4r (4,3), (4,-2),(-6,3)
—6F aright-angled triangle

372

5 ™
4
—6 —4 £20 4 6 x
_2-
—4F y=->5
yuggral  Of T
(0,4), (4.5, - 5),(-4.5, =5)
an isosceles triangle
Exercise 7j page 127
] 4 232
2k
S0t | 4
Lt b
2 yk
4}
=3
ol X
B | 2] 4%
3 x_—1= Ya
1
1
V20
1
1
1 1 L -
-2 :0 2 X
1
-2k
i
4 Ya
______ s i oy
2t
m 2 4%




Answers

y=5

y=4

11

12

2

Ya

[¢]

Ya

= ¥
o Y
! i
s =1
deii ¥
1
1
i L [
= 5] [#] _.1“
1
Joi g
T K
1
1
H
s
-
F
o<t
™
i
= o
IIIIIII P 1., I R e |
i 1 L
p=r ] 1o J_
4
|
[=+]

10

h
e F i
e
i 1
- s nln
n l =)
= i~}
I
——
S [e] “
I - Q1 o
i = !
s o1
'
1
n w0
b ™
F T
A=
s —
s
a0 "
s LS5 B S (o S A
= & L
= o
i
o 1 1l Y b
5 o [a) . e e e T [
[}
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Answers

17
Ya _‘.11‘25;
1
af il
|
1
L L I 'l .
0] 2 | 4] 6x
1
ok :
1
18 9:no 10:no 1l:no 2 -2=sy=<2
19 x=2 23 -1=x<2
20 y<3 " 1
oY Feeisy 24 —E€y€2£
25 19:yes 20:yes 21:no 22:yes 23:no 24:no
26 -3=x=1 28 2=y<3
27 —4=y=-— 29 3=x=6
30 26:yes 27:no 28:yes 29:no
Exercise 7Tk page 130
1
Ya
4F
al
= 0] |2 7 X
) 8
2 i Ya i
| |
: I
o e e o
H |
: I
] | .
-2, |0 2 |
I I
|
SR EET SRty B
I I
1 |
1 1
3 i Y&
i
1 2F
1
1
l 1 b
i 2|0 B
i
1 -2
1
4 Ya
a4k
2k
o 2 P %

374

_a}

9 -2=x=3,-1=y=2
10 -2<x=<2,-2=<y=<l]
11 9%:yes 10:no

12 -2=<x=x1,y=-1
13 x<0,y>0

14 -2<x<2,-2<y<2
16 1<x<3, 1l<y<3
16 —2<x<1

Y4

3+

=

—
T




Answers

17 1=y=2

Ya

18 -2=x<3

¥4

o1

b ————

=Sl

19

¥4

20

Ya

=V

Exercise 71

i C 4 A
2 D 5 C
3 C 6 B

CHAPTER 8

Exercise 8a
1 A,BandC

2 |

page 132

7 C
8 D
9 A

page 138

<>
* BOX

Exercise 8b
1 I

page 139

-~y

10 C
1 D
12 B

13 A
14 B
15 C

375
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Answers

el
-

15

page 140

Exercise 8c

B2 | =1

o )

L 'l 'l L L
il B I R
= N
B -
= ]
™~ -
5]

376



Answers

11 Ty 4
:}é_ 6
1 B:
16
By |
4t
: <
Af 12 [
L L ICI“ O L 'l L .
-6 4|2 G2 4 [ 6 [x
c}:4 :
{2 Ay
H
|4 § Ba B, 7
]
+6F
1
Exercise 8d page 142
1 Ya
4 =
2r 4 mirror line
0 2 6 x
<2
= <2 !f
—4}f S 8 Vi
5 3
2 ya Q 4 e
&.:----,—/ 3F
2f "~ 18
0] Z?T’x €4 NPd 9
< ) 3
2
3 e S If there isa mirror line it has to be the perpendicular bisector
4k : of AP. But this line does not pass through the midpoint of QB,
e | so PQ is not the reflection of AB.
- |
|
L 1 ' L 9 C : Cr
20 2 4 6x :
|
I
4y, ) Bl B!
£ I
i e
s |
// I
A | A A
7 il &
// o2 | x B' G
i /
’
5 YA B
R’ S’ % P R D C
| /1
3k ’
| r /
Q L L lP’ 1 [ p L lQ . G A B
S=4 =2 O] 2. 4 % R
|
ol
= __E‘i; " P
= et .
x==3

377



Answers

10 Y

// -2
s
—4-
12
Y 7
N S5k
\\ 4-
\\
LY
2k, X Y
el 8o poww
-3-2-1| 1 2 5 X
M \3\ 4 x
1R B
-¥FL \\
Exercise 8e page 144
1 yes
2 YA
N ST
\\\ 4-
~2f ‘}
L L \\ 'l L L .
-4 20| Y 45
_2. \\\
A" gl B
3 Y&
&k
6p
\
q.-\\ ,
\ .
gL N
L
_Bi__l_\\_l_l_l_;
—_1_0 2 \\\4 6 8 x

Exercise 8f page 145
1 scalar 3 scalar
2 vector 4 scalar

378

5 vector

Exercise 8g

page 146
3 4] 5
0
4 —zy 6
2
i-=|° m =
7
k:[_sy n:[
-2
1= 3
-1

17 Both pairs are parallel.

Exercise 8h
(7,4)

1, -2)
(-3,7)
{1;:=5)
8, 1)
(8,0)
(-1,0)
(-9, -8)
(2,0

(7, —4)
(=9, =1)

= O0OWWONOOLEWN=

e

Exercise 8i

1

Exercise 8j

(7.3)
(6,9
27
1,5

(1, 3)

6, =7)
(-2,-2)
(—-4,-2)
(9, —6)
2,0

OO~ WN =

—

Exercise 8k

page 148
12 (-7,-3)
13 (-6, -1)
14 {-2, -3)
15 (3,-2)
16 (-2, -3)
17 (1,-3)
18 (1,5)
19 (-7.4)
20 (-1, -10)
21 (-6, —6)
22 (-1,10)
page 150
57 9
-6
6 2 10
-2
= -2
-2
4 -4
-5
page 151
11 4] 15
1
12 —1] 16
1
4 17
13
3] 18
19
14 4]
0
page 153

1 ﬁ:[‘S],BT;':[‘S], Fce(‘s]
1 1 1

yes, yes

—
e b

-12

(5,6)
(-2,3)
(—4,-5)



Answers

5 E[“Jm
2

yes, yes

I
—_—
[ S =N
\'_/
b
2|
n
w K
\'_/

7 |8
3
4al” b | >
4 -4
5al° b [0 c il?
—4 0 0
g }’n C —]. —4
a c
41 |2 —4 3
anRﬁ B b |1 al®
e YR oo 4 0
-4 -2 0 5 4%
_2-p Q
_4.
T ya
8..
6F c B’
4-
C
: B
2t X

0 2A4 6

5
yes,

AA'C’C,BB'C'C

(#+]
=Y

, parallelogram — the opposite sides are parallel.
2

8 a C_ c
D
A .
A B B
b D' o
D C
A’ B’
A B
3 'g“: Al Cl
A C
;:I Ay G B
2k B
: g BE
20 2 4 6x
_2-
a4 p |~ & |~
-2 2 3

Exercise 8l page 155

1B 3 A 5 A 7 C 9 B

2D 4 D 6 A 8 C 10 C

CHAPTER 9

Exercise 9a page 161

1 50 mm 10 1.35m 18 37 miles

2 3cm 11 24in

3 500m 12 6ft ;g ggkm
cm

4 3m 13 4ft 21 200in

5 150 cm 14 4yd 22 180 cm

6 34.5cm 15 2640 yd 53 18in

7 540 mm 16 15cm 24 St

8 S5km 17 8in 25 540m

9 0.56m

Exercise Sb page 163

1 6000g 12 240z

2 2kg 13 6.61b

3 500kg 14 3.61b

4 500g 15 1.11b

5 1500 kg 16 2 tons

6 3.4t 17 60 cwt

7 03kg 18 27.3kg

8 2Ib 19 2Db8oz 1kgl70g

9 2241b 20 3kg200g,7b1loz

10 40 cwt 21 500g,11b2oz

11 32 cwt 2 228

2

Exercise 9c¢ page 165

1 a 36°C b 78°C ¢ 77°F d 176°F

2 a EC5432 b EC$891 ¢ US$163 d US$363

3 constant speed

a 12km ¢ 1 hour 40 minutes
b 21km d B%hou:rs
4 a 54%,77% b 32%,52
5 a $43.75 ¢ $117.25 e $251.43
b $84 d $114.30
6 a 34mpg b 22kmy/litre
7 a 39m/s ¢ 65km/h
b 166 km/h d 49 m/s (to nearest unit)
8 a 95cm c 6.5cm
b 5.8cm d 92cm
Exercise 9d  page 167
1D 3 B 5 D 7 C 9 C
2B 4 C 6 C 8 B 10 A
CHAPTER 10
Exercise 10a page 171
1 12cm 4 7cm
2 10m 5 2km
3 30 mm 6 92cm
Exercise 10b page 172
1 145m 3 18.2cm 5 54.7m
2 289cm 4 333 mm 6 1570 mm
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Answers

7 226cm 13 8.80m
8 30.2m 14 220 mm
9 11.3m 15 35.2am
10 0.0880 km 16 970 mm
11 44.0cm 17 88 cm
12 176 mm 18 24m
Exercise 10c page 174
1 10.3cm 6 33.6cm
2 10.7cm 7 94.2cm
3 183 cm 8 62.8 mm
4 20.5cm 9 20.6cm
5 27.9cm 10 45.1cm
Exercise 10d page 176
1 785mm 9
2 62.8mm, 88.0 mm 10
3 4.4 11
4 194cm 12
5 176cm 13
6 176cm, 200 14
7 12.6cm
8
Exercise 10e page 178
1 7.00cm 8 62.2m
2 19.3mm 9 92.6cm
3 875m 10 13.9m
4 438cm 11 16.6m
5 73.5mm 12 59.8m
6 132cm 13 31.8cm
7 5.76 mm 14 20.0m
Exercise 10f page 181
1 50.3 cm? 15
2 201 m?* 16
3 785m? 17
4 78.5 mm’ 18
5 385cm? 19
6 11300 cm? 20
7 45.4m* 21
8 9.62km* 22
9 20100 m? 23
10 25.1cm? 24
11 51.3m? 25
12 58.9cm? 26
13 118 mm? 27
14 451 mm?®
Exercise 10g page 183
1 2
707 cm?
3 491 mm?

380

1300 mm
220 cm
1600 mm
2000 cm
29 m

BB

1
12
13

30.8 cm
41.7 cm
229.2cm
67.2 cm

62.8m

6.28 s, 9.55 revolutions
3140 cm

12.6 m

70.7

942 m

15
16
17

4.93 cm

9.55 cm each
3.82cm, 45.8cm
37.7 ecm

4.77 cm
9.55cm
9.55cm, 29.1cm

19

21

374 cm?
457 cm?
714 m?
942 cm?®
3540 cm?
193 cm?
828 cm? (3s.f.)
214 cm?
74.1 cm?
425 cm?
93.7 cm?
31.4 cm?
42.9 m?

236 cm?

26.2 an?

Exercise 10h page 185
1 17.6mm
2 9.55m
3 37.7cm
4 26.4m’

Exercise 10i
1 62.8m
2 452 cm?
3 57.3cm
4 50.3m?

page 186

Exercise 10j
1 12.6 km?
2 308 mm
3 14m

page 186

Exercise 10k page 187
1C 3 B 5 A
2B 4 A 6 C

CHAPTER 11

Exercise 11a
1 48 cm®

2 1600 mm®
3 5400 mm?®
4 16 mm®

5 31.72m?
6
7
8
9

page 191

10.5 cm?®
24 m?
160 m*
12 cm?®
7.2 cm?®
4.32m?
0.756 m?

Exercise 11b
18
2 6

page 192

Exercise 11c page 193
a m’ b
8000 mm®
14000 mm?*
6200 mm®

430 mm?
92000000 mm?
40 mm?

mm?® c

N0 b WN -

Exercise 11d page 194
2500 cm®

1760 cm?®

540 cm®

7.5 cm?

35000 cm?®

28 cm®

7 litres

NOOsWN -

~N oo ~N o, OoOo~NDIO;

[N

14
15

16

17
18
19

21

no
21.5 cm?
8,110 cm?
11700 em?
2

491 em?
28.6 mm
7.95 cm?

89.1 mn
40.9 cm
87.5 cm?

154 cm?®
32.2 cm?
18.1 m?

@~

64 cm?
125 cm®
8 m*
g
15.625 cm?
27 km?
512 km?®

3 e
381{1'1'1

39.304 m®

cm®

8
9
10
1
12
13

10

12
13
14

3000000 cm®
2500000 an®
420000 cm?*
6300 cm?
0.022 cm?®
0.731 cm?®

4 litres

24 litres
0.6 litres
5000 litres
12000 litre
4600 litres
67 litres

e



Answers

Exercise 11e page 195
2 aiz2 i 2 iii 4cmx3cm
b
3 ————————
I i
4 I l
I 1
I i
3
6
3 a6
b
3cm
6 cm 6 cm 3cm
c
2 ________
| I
3 | |
I I
2
6
4 b prism ¢ triangular
5 b no ¢ pyramid
6 b prism
¢ paralellogram
d 22cm
7 a
b 2, AED and ECB
¢ 2,ECD and EAB
8 a

4cm

2cm

b lJ ¢ GK
9 G
E G H | ]
] |
1 1
I ]
1 1
| D!
B BTN
Bf—————1 A
F E

10 a There are 35 arrangements altogether.
b 11 willmakeacube

Exercise 11f
30 cm®
2m?

800 cm®
600 cm?®
5760 mm®

O bW -

Exercise 11g
60 m?
7776 cm?®
6480 m*
125

48

W

[N -

Exercise 11h
720 cm®
2160 cm?®
1120 cm?®
720 cm®
1242 cm?®
128 cm®
660 cm?
192 cm®
2400 cm®
10 2880 cm®

-

Co~NOOR,WON

page 199

page 200

page 203

21 a parallelogram

22 a 12cm

b parallelogram

Exercise 11i
126 cm?
113 cm?
314 cm®
59.4 cm?®
3.14 am®
15.1 m?
37.7 am?®
50.9 cm?®
4520 cm?®
1390 cm?®

OV ~NOGAWN=

-

Exercise 11j
1 1010 cm®
2 402 cm®
3 345an®

page 207

page 208

OLWO~N®

-

-0 W~

—

N4

40000 cm®
28 cm?®
8m?

17.5 cm®
180 cm®

300 m* 300000
60

9000

64

1600

315 cm?®
450 cm®
690 cm?®
624 cm®
864 cm®
720 cm®
5.184 m?
1344 cm?®
624 m*
540 cm®
28 cm?, 280 cm®
90 cm?
540 cm?

322 cm?
407 cm?
330 cm®
651 cm?®
70800 cm?®
28.0 cm?®
941 mm?®
824 cm®
1.60 m®
44.0 cm?®

204 cm?
628 cm®
2160 cm?
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Answers

Exercise 11k page 209
1 a 3200000cm?
2 1600 cm?®
3 64cm®
4 50000 cm?®

Exercise 111
1 a 8000 mm®
2 3.5 litres
3 300cm?®
4 0512 cm?®

page 210

Exercise 11m page 210
1 a 9000cm®
2 440 cm®
3 216 cm?
4 288 cm®

Exercise 11n page 211
1 0.0009 m*

2 10.8 litres

3 75 litres

Exercise 11p page 211
1. ©
2 C
3D

[N
000
0o~

REVIEW TEST 2 page 214

1 C 4 C
2D 5D
3 cC 6 B
10 a i 3558 mm
b 13.035kg
c 5.525g
d i0734km i 9
11 a=-6,b=9,c=2
12 a -4=y<3 b no

3200000 000 mm?
13 500 mm?
504 cm?®

[N B3

0.000008 m®
120000 cm?
1200 cm?®

[N Ry

9000000 mm?®
2400 litres
78.5 cm®

[N Ry

8 cm®
1.2m?
0.424 m* (3s.f.)

[ 4

10 C
1 D
12 B

DO W

0o~
[==Rle=Nw)

ii 5380 mm

13 a

x 11 9

hg 2

b y:é(lS—x) c

14a (7,10 b (32) ¢

6 d 7

1 1
(43,23)

(]

(1, =5), (6, -4),(5,-1)
(-1,5),(-6,4),(-51)
(5, 1), (4, 6), (1,5)

OoT L

382

o] &
=y

16 YA
6-
R’ s s R
2k
8 |5 -4 |2 2 416 x
Q' P" P Q
17 73.3 cm?
18 a 9.55cm
b 4.77cm
¢ 71.62cm*
19 a 0.08m?
b 7 litres
c 600000 mm?
20 a 113 cm?
b 30.9 cm?
c 822cm?
21 a 3em
=y
5cm
b i HI it JK
¢ landC
CHAPTER 12
Exercise 12a page 219
1 4:5 11 Z:3:5
2 5:4 12 3:4:6
3 2:3 13 1:5:10
4 1:4 14 3:4:5
5 1:3 15 5:6:8
6 9:200 16 1:8:7
7 16:3 17 3:4:7
8 1:6 18 1:8:4
9 16:17 19 12:1:2
10 1:1000 20 14:9:2
Exercise 12b page 220
1 15:1 11 8:5:3
2 8:1 12 2:3
3 3:2 13 40:9
4 3:1 14 2:15
5 4:9 15 15:19
6 7:10 16 5:4
7 35:24 17 1:2:3
8 9:4 18 4:3
9 16:7 19 4:3:2
10 10:7 20 3:4:6
Exercise 12c page 221
1 5:7 6 10:24=2:%
2 13:8 %3
3 5:8 7 8:64=21:1
4 7:10 16 2
5 6:8-24:32=3:1 8 2:3=4:18



Answers

Exercise 12d page 222 2
1 3:2,2:5 3 2:58:3 5 2:1 & a Alm b 2y dm o 10k
2 3:4,9:16 4 3:2,2:3 9 a 37miles b 185 miles
6 a 3:2 b 9:5 c 18:13 d 1:1 10 a 500m b 850m
7 8:12:9 8 3:7 11 a 1755 miles b 4185 miles
9 a 12:3:5b 2:3 c 5:3 12 a 30 b 72
Exercise 12e page 223 Exercise 12k page 233
1 10 5 8 9 9 1 a 2hours b 3hours
g ; g é?. " s 2 a 5 hours b 3% hours
42 8 6 ; .
3 a 5 hour b lzhou:rs
Exercise 12f page 223 1 4
4 a 2=hours b 5= hours
1 221¢ 4 102cm 7 30cm = 3
2 . 8 12m 5 1
2 18cm 5 10.5cm a 1E hours b 5hours
3 98cm 6 27 cm
6 a 1% hours b %hours
Exercise 12g page 224 7 a 25seconds b 200 seconds
; ‘Igcﬂzzco g ?gC, 45c 8 a 24 minutes b 54 minutes
cm, 20cm . 1
3 $20,$25 7 $2.50,817.50 9 a 216 hours=9 days b 5Z days
4 Dick 15, Tom 25 1 3
8 a 252m? b 105 m? 10 a ].Z hours b 221'101.11’5
9 12
10 a 264cm b 110 cm, 11 a 2% hours b 5 hours 20 minutes
11 a 210g b 126g
12 Education $2730 000, Social Services $2184 000 12 a 3 hour b 3L hours
13 Misha $350, John $250 4 4
14 5:3 Exercise 121 page 234
15 $8, 510, 53 1 80km/h 17 12km/h
16 6cm, 8cm, 10 cm 2 60 km/h 18 8 km/h
17 42m% 14m?, 7 m* 3 60 mph 19 18km/h
4 120 mph 20 18km/h
5 20 m/s 21 54 mph
Exercise 12h page 227 6 45m/s 22 54 mph
1 1:50000 7 3km 7 50km/h 23 60 mph
2 1:500000 8 70m 8 65km/h 24 105 mph
3 1:100000 9 200m 9 35mph 25 74.33 km/h
4 1:500000 10 2000000 cm, 10 cm 10 8 mph 26 138.5 km/h
5 1:100000 11 1.8cm 11 36 m/s 27 693.3 km/h
6 1:2000000 12 17 m/s 28 482 km/h
13 80 km/h 29 162.86 km/h
Exercise 12i page 229 14 90 km/h 30 253.62km/h
5 T 7 9hours 15 64km/h 31 102.97 km/h
2 72 8 $61.20 16 120km/h
3 18cm?, 72 9 $18000
4 3.6cm 1. 1 Exercise 12m page 237
5 105 10 562 minutes, 55 km 1 9km/h 5 75km/h
6 2hours 11 54 minutes 2 10 mph 6 200 km/h
12 $50 (must buy complete lengths) 3 7mp§ 7 3knots
13 hardly any! (no room to work) 7mp
1
14 4 reaspoons Exercise 12n page 238
1 a 90km b 2hours ¢ 45km
Exercise 12j page 231 2 a g{)km b 3hours c iro km
1 a 800km b 1100 km 3 a 107km b 3.2 hours ¢ 33.4km
2 a 48km b 84km ¢ 54km 4 a 50 miles b 2hours ¢ 25 miles
3 a 1200 miles b 1650 miles
4 a 90km b 135km
5 a 9miles b 15 miles
6 a 525m b 89.25m
7 a 32miles b 38 miles
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Exercise 12p page 240 7 :
1 150}
=
£ 60
8 ]
Y 40 g
g 4 2 100F
= o
9 ]
a 20 E
ke
0 ' L . D
1 2 S0
Time in hours
2 b
o L ! A EERET
- 200f 1 2 3 4
= Time in hours
£ 150F
g 8 i
& 100}
2 . 100}
50 =2
u
0 L L prry ¥
1 2 3 g sof
Time in hours Rl
a
3 3
0 L L i L ERR
300F 1 1 3 1
i .z 7., I I3
Time in hours
g
9 4
8 200p
W 0 E
= g 90
z E
=}
100} =
2 60f
8
2
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0 L ' i L i ' »
I 2 E 4 & E ol T
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H 250F
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U ' I . o
1 2 g
Time in hours & 1L
a
5 S sok
g 2008 =% & 10 12
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H
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= 100pF
g
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0 L i L g -
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g
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=
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100 M
75k i L R~
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= 1 2 3
g Time in hours
g
i 1 1
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Answers

12 4 Exercise 12r page 244
20} 1 1:10 4 9:7 7 $12,$6, 58
- 2 7:6 5 1:500000 8 510
S16 3 2:5
£ 6 5%
g1z 9 a 14km/h
g gl b i 18min ii 27 min
s 10 a 1950 miles b 5hours ¢ 390 mph
4k
0 : s Exercise 12s page 244
g 4 1
Tir I ok by
me in hours 1 9 5 84
i i 2 5:8 6 100m
& fykm b 14 lem 3 $40:552: 68 7 1:1
13 . 4 a 2:3 b 8:27 8 %6563
« 160k 9 a 6.25m/s
= b i 18min ii 1hour 36 min
& 120F 10 60 mph
% 8o} :
i Exercise 12t page 245
8 q0f 1 257:144 4 33m 7 91:20
o 2 32:24 5 6:3:1 8 $770
1 % 3 3 10kg 6 3.2km
Time in hours 1 2
9 a 55 hours b i 1lkm ii 2§ km
a 105 miles b 44 miles 5
14 4r 10 lﬁgrnph
1ok 11 Mr Khan $220, Mr Newton $264
E Exercise 12u page 245
E Ll 1A 4D T ¢ 10 B
5 2 C 5 B 8 C 1 A
= 6f 3 B 6D 9 A 12 C
8 4f
2r CHAPTER 13
g 1 5 3 Exercise 13a page 249
Time in hours 1 150% 18 75% 33 140
2 125% 19 30% 34 370
a 2miles b 14 miles 3 120% 20 15% 35 493
4 160% 21 65% 36 748
Exercise 12q page 241 5 175% 22 58% 37 2768
1 a i 1215 ii 1348 iii 1445 6 135% 23 96% 38 849.3
. 7 148% 24 34% 39 104
b 23 hours 8 400% 1 40 185
2 9 275% x 35 41 319
c i 14lhours i 14lhours 10 112.5% y 42 2415
11 157% 26 663% 43 70
d 64km/h 12 115% 27 47% 44 170
2 a i8kn i 50km 13 130 il 45 189
b 2hr36min ¢ 30.8km/h d S50km 100 50 46 652.5
e i 76km i 4km 14 180 2 .5 47 2448
3 aiB ii B 100 » 48 3312
b i 80km/h i 64km/h 15 165 30 100 49 62
ETy 50 91
c %hout d Zghour 100 21 66 51 26
230 100
e 58.2 km/h (counting the stop) 16 75 b2 155
32 88
17 50% T
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Exercise 13b page 251
1 63.25kg 8 §$73.60
2 $691.20 9 5756
3 84 10 $63011, $630
4 180cm 11 51500
5 33 12 198kg
6 $29900 13 414
7 $42 14 5660
16 a 536 b $76.50
16 63
17 94.3kg
18 a 532640 b $27744
19 $5832
20 27 mpg
21 a $2.24 b 616 litres ¢ $20.16less
Exercise 13c page 253
1 a 085 B 2
20

2 20%
3 42m?
4 125%
5 145

100
6 a 98cm b 960 sheep
7 $87
Exercise 13d page 253
1 51488 9 §75082
2 $3024 10 $78770
3 58928 11 $888
4 $10652 12 $1372
5 59312 13 5468
6 $39930 14 550800
7 $5980 15 $426
8 3589946
16 a 5648 b 25.7%
17 $2040
18 $5078, 20.7%
19 $819.50
20 Option 1 by $8580
21 $36480, 32%
22 36060
23 a $532.62 b $684.80 c 8%
24 $1249.60
25 $514.40
26 $1574
27 HPbuy $17 178, rent $20 088, HP buy by $2910
28 a $553.50 b $4882.50
Exercise 13e page 258
1 $400 4 $475.20
2 $385 5 5$584.60
3 $431.20
6 a 7h40min b 38 h 20 min c $357.27
7 43%}1, $458.50
8 a 7% b 38§r ¢ $350.30
9 a 523560 b $328.60 c $347.20
10 $201.88 13 5468.72
11 $314.50 14 $376.74
12 $306.52 15 $267.88
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16 a 72h c $213 e $225.78
1 1

b 37E d IEh

Exercise 13f page 260

1 $1080 5 §784

2 $736 6 $1000

3 $422 7 $805

4 $1048 8 $581.60

9 a 1125 b 500 c 625 d $962.50

10 a bi bii c
Ms Arnold 186 100 86 $422.20
Mr Beynon 158 80 78 $362.60
Miss Capstick 194 100 94 $443.80
Mr Davis 225 100 125 $527.50
Mr Edmunds 191 100 91 $435.70
d Thursday

Exercise 13g page 262

1 $5850

2 $709.50

3 £304

4 $137.80

5 a $5131.58 b $132

6 a $172.50 b $173

7 a $42.82 b $43

8 a 35250 b $250

9 a 35844.74 b $845

10 a $358.14 b 5358

11 a $7.69 b 58

12 a $324.21 b $324

13 a 5594 b $594

14 a $128.36 b $128

15 $526.32

16 £50387.60

17 $1140

18 $4.23

19 $128973

20 £63.52

Exercise 13h page 265

1 $65.50 8 $116.40

2 $84.32 9 $90.20

3 $105.80 10 $345.65

4 $133.99 11 $2688

5 $168.77 12 $4470, no, $4776

6 $100.75 13 Amy by $191

7 $152.33 14 $130

Exercise 13i page 266

13 15 16 23 4hours

2 1 16 1 24 L hour
10 2

31l 17 12 25 10hours

5 is 18 3 26 27 hours

6 0.02 20 0.144 28 12c

7 8 21 0.56 29 3.024c

8 92 22 0.84 30 13c



Answers

Exercise 13] page 268
1 545 6 $111.24
2 $54 7 $101.37
3 5125 8 5145
4 %118 9 $108
5 $126.69 10 $113
Exercise 13k page 270
1 a 338 b 105.06
2 58%
41
3 0.820r5
4 a 945m b 8.8 miles
5 a $87.30 b $442.80
Exercise 131 page 270
1 a 57144 b $2344
2 $574.59
3 a £262.50 b 51815
4 $159.75
5 $250
Exercise 13m page 271
1 $2096
2 a 351620 b $67.50 c $337.50
d $2295
3 a TT$1360 b US$80.88
4 $2438.60
5 $46.40
Exercise 13n page 271
1B 3 D 5 C 7 B 9 C
2 C 4 B 6 D 8 D 10 B
CHAPTER 14
Exercise 14bh page 276
1g 3d 5 f 7 d
2 e 4 e 6 f 8 g
Exercise 14d page 279
1 607 4 60° 7 117 10 130°
2 110° 5 60 8 120° 11 130°
3 75° 6 80° 9 30°
Exercise 14e page 280
1 50°,50° 13 80°
2 130°, 130°, 50° 14 90°, 90°, 50°
3 60°,60° 607 120°, 60° 15 120°
4 50°,80°, 50° 16 40°
5 70°,80°,30° 17 70°
6 115°115° 18 60°
7 1407, 40°, 40° 19 135°
8 70°,110° 70°, 70° 20 55°
9 50°,45°50° 21 55°
10 55°,125°% 55° 22 120°
11 110° 707, 1307, 130° 23 120¢
12 40°, 100° 24 45°
Exercise 14f page 283
1e 4 d 7 ¢
2 e 5 d 8 e
3d 6 g 9 d

Exercise 14g page 284
50°, 130°

130°, 50°

50°, 70°

260°, 40°, 60°

707, 70°, 70°

45°, 90°

DG WN -

Exercise 14h page 286

e}g
e d

e}g
e, d

h,f

-

O bhwN

Exercise 14i
1200

130°, 50°

85°

40°, 100°, 60°
55°, 125°

page 288

O b W -

Exercise 14j
a=107°
b=90°
g=50°, h=140°
i=75° j=39°
c=45",d=97
e=143° f=48°
k=116°% = 64°

page 289

O~NOO b WN -

Exercise 14k page 291
1 vyes
2 no,sidesnotequal
3 no, { sides not equal
angles not equal
A o { sides not equal
" | angles not equal
5 o { sides not equal
" Langles not equal

55° 65°
60°
45°
30°
11 9¢°

iy
(=T == I |

d, g

70°,110°, 180°
130°, 50°, 180°
140°, 40°, 80°
120°, 60°, 180°

WO ~NO

-

40°
807, 80°

130°, 1307, 50°
80°, 100°, 80°, 100°
70°,110°

oOWO~N®

-

m=>50°n=130°p=38",9=142",r =88°,5=92°

c 180° d 360°

6 ves

7 no, not bounded by straight lines

Exercise 141 page 293

1 180°

2 360°

3 a p=100°r=135%x=55% q=125°
b 360°

4 a w=120°%x=60%y=120° 2 =60°
b 360°

5 a 180° b 540°

6 360°

7 a equilateral
b 60°

Exercise 14m page 294
60°
90°
50°
50°
60°
90°
95°
14 a 5

~NoOObs W -

c 120°
d 60°

e 360°

8 55°

9 3
10 125°
11 x=50°
12 x=30°
13 x=24°
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Answers

Exercise 14n page 297

1 65° 5 70°

2 140° 6 70°

3 5% 7 45°

4 110° 8 parallel
Exercise 14p page 297

1 80° 3 110° 5 50° 7 40°
2 60° 4 40° 6 40°

Exercise 14q page 298

1D 4 C 7B 10 B
2 C 5 C 8 C 11 D
3B 6 C 9 A 12 B
CHAPTER 15

Exercise 15a page 303

1 60° 5 d=60°e=120°
2 75° 6 70°

3 100° 7 p=130°q=50°
4 130° 8 s=70°r=110°
9 [=60°, m=100° n=20°

10 d=30%e=75%f=105"

Exercise 15¢ page 307

11 90°

12 45°

14 They are parallel.

Exercise 15d page 311

1
1

6 £A=53° /B=90°, £C=37° 180°
7 86
8 ZYPQ=90° £PXZ =43°, ZXZP=47
S0 ZYPQ=/PXZ + /XZP
9 The perpendicular bisector of LM passes through N.
0 The perpendicular bisector of PR does not pass through Q.
1 The perpendicular bisector of the chord AB which passes
through the centre C.

CHAPTER 16

Exercise 16a

page 316

96°, 132°, 607, 42°, 30°
128°,152°, 48°, 24°, 8°

303°, 3°, 30°, 24°

84°, 204°, 48°, 24°

144°, 48°, 80°, 88°

96°, 120°, 36°, 72°, 36°

108°, 180°, 40°, 18°, 14°
72°,13.5°, 85.5°, 94 5°, 54°, 40.5°

OO B WN =

Exercise 16b page 319

1 a business and professional

- o 7
b i = i %%
2 a airconditioning
b alittle less
L1 o
3 ai i ii 7
b 20-39 and 40—59; under 10 and 60-79
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Exercise 16c page 321
Mean Mode Median
1 4.43 2 4
2 14.1 12,13 and 14 13.5
3 1.84 1.6 1.65
4 154 13and1.8 1.5
5 mean 119.2 median 124
The median; one very low mark brings down the mean.
6 mean $7150 mode $5000 median $5000
The mean. This suggests workers are paid a lot more than
they are.
7 mean $180 mode $200 median $175
The median because it is the lowest.
8 mean $21.22 median $18.10

Exercise 16d page 323

1 2.00 (to3s.0)
2 38
3 a 4.28 b 5
4 a 364 b 6
5 a 1.57 b 1
Exercise 16e page 325
12
21
3 3.5
4 a 35 b 3 c 348
5 a 2 b 1 c 22
Exercise 16f page 327
1 a 39°,12noonc 36.3°
b 36.6° d 7hours
e no, readings between each hour not recorded
2 a i November ii May
b maybe for May to December
c yes
d e.g. Xmas cards
3 a 250c
b
Time after Value of share (cents)
privatisation (years)
1 300
2 350
3 430
4 520
5 530
6 560
7 590
¢ the fourth year
d anupward trend
4 a about620c
b The share price is unlikely to maintain a steady 30 crise
for two years in a row.
5 a No; half-monthly sales figures would be about half the

monthly sales, but sales can fluctuate a lot from week to
week.

b The overall sales for July were down on June; if sales
increased in the first half of July, they must have slumped
badly during the second half to give this downward trend
for the month as a whole.



Answers

Exercise 16g page 331 d Nothing; we can only be sure that Sukei took no more
1 nominal 5 interval than 12 minutes.
2 ordinal 6 nominal e i This chart clearly separates and displays the two sets
3 interval 7 ratio of data but it is not easy to compare them with one
4 ratio another.

ii This one enables the heights of corresponding bars
to be compared, but the second set cannot be easily

Exercise 16i page 335
pictured because the bars are displaced.

1 a 68
b 170
c 30 Exercise 16j page 339
d 7 isa better estimate: 14 students took between 1 and 1D 5D 9 A 13 C
3 hours and some of these are likely to have spent 2 hours 2B 6 D 10 A 14 D
or ]_Dnger 3 B T A i1 B
e no; only 32 out of the 170 students took between 5 and 4 C 8 B 12 A
7 hours
2 REVIEW TEST 3 page 342
g Bp 1¢ 4 B 7 A
g 6oF B C 5D 8 C
T 4r 3 C 6 D 9 D
&
m 2 — 10 a 12:7 ¢ $144,8336
0 1 > 7
0 10 20 30 40 50 60 b 5 d 1:50000
Time in minutes 11 a 63min b 20km
3 a 45 12 a 130% b 75% c 225 d 244
b They were rounded up to the nearest half centimetre, or 1..
corrected to the nearest centimetre. 133 litre
c 28 14 a $73.60 b 308
d  the second group 15 a $182020 b $54020
e We cannot know the height of the shortest student; his 16 a 40 b $496
height lies between 150.5 cm and 155.5 cm. 17 $1892
f 10; 6 students are atleast 170.5 cm tall; 9 other students 18 a 10 b 20 c 4c
are between 165.5 cm and 170.5 cm tall and lessthan half 49 z y= 50°,y=130°% z="70° b 6cm, 60°
of these (about 4) are likely to be taller than 168 cm. 20 q=82°bh=98c=82°
g About 10 students are in this range. 21 40.8m®
h no 22 q=80°b="75"c=25"d=75"ex=105" f= 100°
4 a 23 AC=7.3cm,BC=52cm,CD=3.7cm
Frequency | 7 | 13 [ 2 ‘ 24 a
& Mass (kg) Number
r
12} 40.5=x<45.5 1
> sl 45.5=x<505 3
g 50.5=x<55.5 11
= af
E 55.5=x<60.5 9
0 > —
0 4 8 12 16 60.5 = x < 65.5 4
Mass in kg 65.5=x<70.5 3
6 a Sally worked in units of 10 kg, from
50<m=60to70<m =80 25 a 12.7told.p. b 15 c 135

b Tom worked in units of 5 kg, from
50<m=55t075<m =80
¢ Sally’s chart is quicker to construct, but gives less detailed =~ REVIEW TEST 4 page 346

mformation.

, 1C i1 B 21 C 31 A

d Tom’s chart takes longer to draw up, but gives more 2 A 12 D 20 A 2 C
infprmation; 3c 13 B 23 B 33 B

4 C 14 C 24 B 34 A

7 a The second set gives a more even distribution of imes; the 5 B 15 D 25 ¢ 35 C
average time taken on the second set was less. 6 B 16 A 2% C 3 D

b Jenny was right; they discussed the problems they 7 B 17 D 27 D 37 A
encountered on the first test before attempting the second. 8 A 18 C 28 B 38 B

The. second testk ma}]rhave been easier. N . 9 C 19 C 20 D 30 A

¢ Yes; no one took as long as 13 minutes on the second test. 10 C 20 A 30 C 40 A
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A

addition 31-5
algebra 40,57
brackets 44-5
directed numbers 46-7
equations 41-4
expressions, equations and
formulae 54
formulae 47-54
key words 40
puzzle 47
using algebra and Venn diagrams
to solve problems 82-5
alternate angles 282-3
problems involving alternate
angles 284-5
angles 3024
alternate angles 282-5
bisecting angles 305-6
constructing angle equal to a
given angle 308
constructing angle of 60° 305
constructing angles of 60°, 30°,
90°,45° 306-8
constructing angles without using
aprotractor 304
corresponding angles 275-6,
278-80
exterior angles 289-90, 292-6
interior angles 286-8,292
using angle facts 280-2
approximations
decimals 15-16
whole numbers 14-15
Archimedes 189

B

base five 27

base ten 26-9
Bhaskara 247
brackets 44-5

C

calculators 315
multiplication and division 20-1
capacity 194,213
Cardan, Jerome 57
categorical data 329-30
circles 170,188
activity 171
area of a circle 180-5
calculating the
circumference 172-7

390

diameter, radius and
circumference 170-1
finding the radius of a circle given
the circumference 178-80
introducing n 172,188
investigations 173,178,185
key words 170
puzzle 180
circumference 170-1
calculating circumference 172-7
finding the radius of a circle given
the circumference 178-80
closure 4-5
commission 260-2
compound shapes 208-9
consumer arithmetic 248, 272
commission 260-2
electricity bills 267-9
electricity kilowatt-hours 266-7
exchange rates 262-3
hire-purchase 253-7
investigations 269, 272
key words 248
percentage decrease 249-52
percentage increase 248-9
puzzles 248, 253
telephone bills 263-6
wages 257-60
conversion graphs 164-8
coordinate geometry 104,135
equation of a straight line
113-16
gradient of a straight line 117-21
illustrating inequalities in the
Cartesian plane 125-34
investigation 113
key words 104
lines parallel to the axes 124-5
lines that do not pass through the
origin 1224
negative coordinates 108-10
plotting points using positive
coordinates 105-7
plotting the graph of a given
equation 116-17
puzzle 121
straight lines 110-12
corresponding angles 275-6
problems involving corresponding
angles 278-80
cubic units 190
cuboids 190-2

problems involving cuboids
200-1

cylinders 207-8
D

data 329-34
decimals 15-16
changing between
fractions, decimals and
percentages 6-8
denary system (base ten) 26-9
Descartes, René 104
diameter 170-1
directed numbers 46-7
discrete and continuous data 331-4
distance 231-2
finding distance from a
graph 238-9
division 20-1
dividing numbers written in index
form 10
division in a given ratio 224-6
domain 90
E

electricity bills 267-9
electricity kilowatt-hours 266-7
empty sets 70-1
equal sets 70-1
equations 41
equation of a straightline 113-16
equations containing like
terms 434
equations with letter terms on
both sides 42-3
expressions, equations and
formulae 54
plotting the graph of a given
equation 116-17
relations 95-9
Euclid 159
exchange rates 262-3
expressions 54
exterior angles 292-3
exterior angle of a triangle
289-90
sum of the exterior angles of a
polygon 294-6
F

finite sets 70-1
formulae 47-50
expressions, equations and
formulae 54



Index

substituting numerical values into
aformula 50-4

fractions

representative fraction 227-8
changing between
fractions, decimals and
percentages 6-8

frequency tables 322-6

G

gallons 134
Gauss, Carl Friedrich 40
geometry 273, 300, 301, 314

activity 313-14

alternate angles 282-5

angles and triangles 302-4

bisecting angles 305-6

constructing angles 304-8

constructing triangles 310-12

construction to bisect a line
308-9

corresponding angles 275-6,
278-80

dropping a perpendicular from a
pointto a line 309-10

exterior angles 289-90, 292-6

interior angles 286-8, 292

investigation 285-6

key words 273, 302

parallel lines 274-5,276-8

polygons 290-6

puzzles 278,296, 304,313

using angle facts 280-2

see coordinate geometry

googol 1
graphs

H

conversion graphs 164-8

finding distance from a
graph 238-9

line graphs 326-9

plotting the graph of a given
equation 116-17

travel graphs 239-43

Heisenberg, Werner 99
hire-purchase 253-7
histograms 334-40

I

identity element 4-5
indices 9

dividing numbers written in index
form 10

multiplying numbers written in
index form 9-10

inequalities 58, 67
illustrating inequalities in the
Cartesian plane 125-34
inequality notation 58-60
key words 58
puzzle 65
solving inequalities 61-5
using a number line to illustrate
inequalities 60-1
using set builder notation 65-6
infinite sets 70-1
integers 2
interior angles 286-8, 292
inverse element 4-5
K

kilowatt-hours 266-7
L

laws of numbers 3
length 160-1
line graphs 326-9
lines 137-9
construction to bisect a line
308-9
dropping a perpendicular from a
point to a line 309-10
see parallel lines; straight lines

M

map ratio (or representative
fraction) 227-8
mapping diagrams 91-2
mass 162-3
mean 320
finding the mean from a
frequency table 322-4
finding the median from a
frequency table 325-6
measurement 159, 169
conversion graphs 164-8
key words 159
puzzle 168
units of length 160-1
units of mass 162-3
median 320-2
mirror line 1424
construction of the mirror
line 144-5
mode 320
finding the mode from a
frequency table 322
Moebius strip 213
multiplication 20-1, 31-5
multiplying numbers written in
index form 9-10

N

negative coordinates 108-10
nets 195-8

Newton, [saac 301

number bases 26, 38, 39

addition, subtraction and
multiplication 31-5

base five 27

binary numbers 35-6

denary system (base ten) 26-9

investigation 36

key words 26

other bases 30-1

number lines 60-1
numbers 1, 24, 25

changing between
fractions, decimals and
percentages 6-8

changing numbers into standard
form 13

closure 4-5

decimals 15-16

directed numbers 46-7

dividing numbers written in index
form 10

identity element 4-5

inverse element 4-5

investigations 11,13

key words 1

laws of numbers 3

multiplication and division 20-1

multiplying numbers written in
index form 9-10

positive indices 9

puzzles 16,19

rough estimates 19-20

significant figures 16-19

standard form 12

whole numbers 14-15

working with integers 2

numerical data 330-1

o

optical illusions 67

P

parallel lines 274-5

corresponding angles 275-6
drawing parallel lines using a
protractor 276-8

percentages

changing between
fractions, decimals and
percentages 6-8
percentage decrease 249-52
percentage increase 248-9

4387



Index

pie charts 316-18
interpreting pie charts 319

polygons 290
convex and concave

polygons 291

exterior angles 292-6
interior angles 292
regular polygons 291

positive coordinates 105-7

positive indices 9

prisms 202-6

proportion 228-30

R

radius 170-1
finding the radius of a circle given
the circumference 178-80
range 90
ratios 218, 247
average speed 233-7
calculating the time taken
232-3
division in a given ratio 224-6
drawing travel graphs 239-41
finding distance from a
graph 238-9
finding missing quantities 223-4
information from a travel
graph 241-3
investigation 230
key words 218
map ratio (or representative
fraction) 227-8
proportion 228-30
puzzles 226,228, 246
relative sizes 221-3
simplifying ratios 219-21
speed, time and distance 231-2
reflections 136, 140-1, 158
construction of the mirror
line 144-5
finding the mirror line 142—4
investigations 152,157
key words 136
line symmetry 137-8
puzzle 140
transformations 137
two or more line of
symmetry 138-9
relations 87-90, 99, 100
domain and range 90
equations 95-9
investigation 94
key words 87

392

mapping diagrams 91-2
types of relation 92-4
using tables 94-5

rough estimates 19-20

S

set builder notation 65-6
sets 68,86
complement of a set 80-1
finite, infinite, equal and empty
sets 70-1
investigation 86
key words 68
puzzle 73
set notation 68-9
subsets 72-3
union and intersection of two
sets 75-6
universal sets 71-2
using algebra and Venn diagrams
to solve problems 82-5
Venn diagrams 73-4, 76-9
significant figures 16-19
speed 231-2
average speed 233-7
standard form 12
changing numbers into standard
form 13
statistics 315, 341
categorical data 329-30
discrete and continuous
data 331-4
histograms 334-40
investigation 342
key words 315
line graphs 326-9
mean, mode and median 320-6
numericaldata 330-1
pie charts 316-19
straight lines 110-12
equation of a straight line
113-16
gradient of a straight line 117-21
lines parallel to the axes 124-5
lines that do not pass through the
origin 122-4
plotting the graph of a given
equation 116-17
subsets 72-3
subtraction 31-5
symmetry 136
line symmetry 137-8
two or more lines of
symmetry 138-9

T

tables 94-5
frequency tables 322-6
telephone bills 263-6
time 231-2
calculating the time taken
232-3
transformations 137
translations 150, 158
using vectors to describe
translations 151-6
travel graphs 23941
information from a travel
graph 241-3
triangles 302-4
constructing triangles 310-12
exterior angle of a triangle

289-90
U
universal sets 71-2
A\

vectors 145,158
capital letter notation 149-50
representing vectors 146-9
using vectors to describe
translations 151-6
Venn diagrams 73-4
simple problems involving Venn
diagrams 76-9
using algebra and Venn diagrams
to solve problems 82-5
Venn, John 68
volume 189-90, 213
capacity 194
changing units of volume 193
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