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Preface

This manual contains solutions with notes and comments to problems from the
textbook

Partial Differential Equations
with Fourier Series and Boundary Value Problems
Second Edition

Most solutions are supplied with complete details and can be used to supplement

examples from the text. There are also many figures and numerical computions on

Mathematica that can be very useful for a classroom presentation. Certain problems

are followed by discussions that aim to generalize the problem under consideration.
I hope that these notes will sevre their intended purpose:

e To check the level of difficulty of assigned homework problems;
e To verify an answer or a nontrivial computation; and
e to provide worked solutions to students or graders.

As of now, only problems from Chapters 1-7 are included. Solutions to problems

from the remaining chapters will be posted on my website
www.math.missouri.edu/ nakhle
as I complete them and will be included in future versions of this manual.

I would like to thank users of the first edition of my book for their valuable
comments. Any comments, corrections, or suggestions from Instructors would be
greatly appreciated. My e-mail address is

nakhle@math.missouri.edu
Nakhlé H. Asmar
Department of Mathematics
University of Missouri
Columbia, Missouri 65211



Errata

The following mistakes appeared in the first printing of the second edition.

Corrections in the text and figures

p- 224, Exercise #13 is better done after Section 4.4.
p. 268, Exercise #8(b), n should be even.

p.387, Exercise#12, use y2 = Ip(x) not yo = Ji(x).
p. 425 Figures 5 and 6: Relabel the ticks on the z-axis as —m, —7/2, 7/2, 7, instead
of —2m, —m, m, 2m.

p. 467, 1. (—=3): Change reference (22) to (20).

p. 4771 10: (at) < (z, t).

p. 477 1. 19: Change "interval” to ”triangle”

p- 487, 1.1: Change ”is the equal” to ”is equal”

p. 655, 1.13: Change In|In(z? + y?)| to In(z? + y?).

Corrections to Answers of Odd Exercises
Section 7.2, # 7: Change i to —i.
Section 7.8, # 13: f(z) =3for 1l <z <3 not 1<z < 2.

Section 7.8, # 35: \/g )58 sinGiw)
Section 7.8, # 37: i\/2 &

Section 7.8, # 51: % [61 — do].
Section 7.8, # 57: The given answer is the derivative of the real answer, which
should be

1
E((3; +2)(U-g —Up) + (—x +2) (U — Uh) + (Uh — Us) + (—z +4) (Us —u4))
Section 7.8, # 59: The given answer is the derivative of the real answer, which
should be

L (@ 3) (U —Uoz) + (204 5) U —Uoa) + (2 + 4) (U1 — Uo)

w4 4) Uy — ) + (=20 +5)(Uh — Us) + (— + 3) Uy — Us))
Section 7.10, # 9: $[tsin(z +t) + 5 cos(z +t) — § cos(z — t)].

Any suggestion or correction would be greatly appreciated. Please send them to
my e-mail address
nakhle@math.missouri.edu
Nakhlé H. Asmar
Department of Mathematics
University of Missouri
Columbia, Missouri 65211



Section 1.1 What Is a Partial Differential Equation? 1

Solutions to Exercises 1.1

1. If u; and ug are solutions of (1), then

ouy  Our Ous  Oug
D I R

Since taking derivatives is a linear operation, we have

D (erun + eaun) + Do(erun + caug) = a0 422 00 00
8t C1Uq CoU2 8:6 C1Uq CoUun = 8 8t C1 8:6 (6] 8
=0 =0
o 8’(1,1 8’&1 8’&2 8’&2 o
- a (W+3_x>+ (WJFJF@_;C) =0

showing that ¢iyug + cousg is a solution of (1).

2. (a) General solution of (1): u(z, t) = f(x —t). On the x-axis (t = 0): u(z, 0) =

ze ™ = f(x —0) = f(z). Sou(z, t) = flz —t) = (x — t)e @D’

3. (a) General solution of (1): u(z, t) = f(z —t). On the t-axis (x = 0): u(0, )
= f(0—1t) = f(—t). Hence f(t) = -t and so u(z, t) = f(r—t) = —(xz—t) =

4. Let a = ax +bt, = cx + dt, then

—X.

t)

Ou _ Ouda w05 0w o
oz~ Oaoz 030z "da 0B
ou Oou da Ou 9f ou ou
— = ——+——*b— aZy.
ot da Ot 9B Ot s
So (1) becomes
ou ou
(a+b)8a (C+d)86 0.
Leta=1,b=1, ¢c=1, d=—1. Then
8u ou
80[ =0 = 8_04 —O,

which implies that u is a function of 5 only. Hence u = f(5) = f(z — t).
5. Let a = ax + bt, § = cx + dt, then

o _ ouda 008 ou ou
Ox Oa 0x O Ox op
@::@%+@%_ﬁwww
ot da Ot OB Ot 0B

Recalling the equation, we obtain

ou Ou ou ou
Leta=1,b=2, ¢c=1, d=1. Then
ou

5 =0 = u=[B) = ulzt)=fl+1),

where f is an arbitrary differentiable function (of one variable).

6. The solution is very similar to Exercise 5. Let o = ax + bt, § = cx + dt, then

Ou  Ouda L ou dudp 8u + ou
dr  Odadx 0Of dr 86
ou Ouda  OQudf 8u ou

o daot oot "oa  “op
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Recalling the equation, we obtain

ou ou ou ou
2—+3—=0 2b 4+ 3a)— 2d 4 3c)— = 0.
8t+8x = +a)8a+( +C)36
Let a=0, b=1, ¢ =2, d = —3. Then the equation becomes
ou
23_ =0 = u=fp) = ulzt)=f(cx+dt) = f(2z — 3t),
a
where f is an arbitrary differentiable function (of one variable).
7. Let a = ax + bt, § = cx + dt, then
ou Oouda  Ou df ou ou
— = —— 4 — L —g— 4 c—
Ox Oa 0x O Ox Oa op
ou _ uda w0l ou  ou
o Odadt 030t O op’
The equation becomes
ou ou
b—2a)— d—2c)— = 2.
(b= 20) 5+ (d - 205
Leta=1,b=2, c=—-1, d=0. Then
ou ou
a8 RO
Solving this ordinary differential equation in 3, we get u = 8+ f(«) or u(x, t) =
—z + f(z +21).
8. Let a = cyx + dit, B = cox + dst, then
o _ o o
or ~ oo 0B
ou ou ou
E = dla—a + dQ%
The equation becomes
(ad1 + bCl)g—z + (ad2 + bCQ)g—Z = U.

Let ¢y =a, di = —b, co =0, dy = % (a #£0). Then

=u = u= f(a)’.

gl

Hence u(zx, t) = f(ax — bt)ew.

9. (a) The general solution in Exercise 5 is u(x, t) = f(x +t). When ¢ = 0, we get
u(z, 0) = f(x) =1/(x? +1). Thus

¢) As t increases, the wave f(z) = 1z moves to the left.
1+x
10. (a) The directional derivative is zero along the vector (a, b).
(b) Put the equation in the form 2% 4+ 29% — () (g # 0). The characteristic curves

ox ady
are obtained by solving
dy b b

=- = y=-zxz+C = y—gx:C.
dr a a a

Figure for Exercise 9(b).
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Let ¢(z, y) =y — gaz. The characteristic curves are the level curves of ¢.

(¢) The solution of ag—g + bg—Z = 0 is of the form u(z, y) = f(¢(z, y)) = f(y — L),
where f is a differentiable function of one variable.

11. The characteristic curves are obtained by solving

dy 2
< = =
v~ " 3

Let ¢(x, y) = y— %xg’. The characteristic curves are the level curves of ¢. The solu-

tion of is of the form u(z, y) = f(¢(x, y)) = f(y — 2*), where f is a differentiable
function of one variable.

12. We follow the method of characteristic curves. Let’s find the characteristic
curves. For x # 0,

ou Yy ou __
8_m+m8y_0’
dy _ y —
= =2=y=_Cun,

where we have used Theorem 1, Appendix A.1, to solve the last differential equation.
Hence the characteristic curves are £ = C and the solution of the partial differential
equation is u(z, y) = f (£). To verify the solution, we use the chain rule and get
Uy = —% f (£) and uy = 1 /7 (¥). Thus zu, + yu, = 0, as desired.

x x

13. To find the characteristic curves, solve g—g = sinz. Hence y = —cosx +

C or y +cosx = C. Thus the solution of the partial differential equation is
u(z,y) = f(y+cosx). To verify the solution, we use the chain rule and get
uy = —sinzf' (y+cosz) and uy, = f'(y+cosz). Thus u, + sinzu, = 0, as
desired.

14. Put the equation in the form g—g + ze g—Z = 0. The characteristic curves
are obtained by solving

d 1 1
ﬁ:xeﬂcz = y:—567m2—|—0 = y+§e*m2:C-

Let ¢z, y) = y + %e*mz. The characteristic curves are the level curves of ¢.

The solution is of the form u(z, y) = f(¢(x, v)) = f(y + %e*ﬁ), where f is a
differentiable function of one variable.
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Exercises 1.2

1. We have
O (OuN__ 0 (ov) g 9 (O\__9 (ou
o\ot) ot \ox oxr \ot)  ox \ox)’
So
Pu_ O P
o7~ otow 0 Owot | 022
Assuming that % = %, it follows that %% = ngZ, which is the one dimensional

wave equation with ¢ = 1. A similar argument shows that v is a solution of the one
dimensional wave equation.

2. (a) For the wave equation in w, the appropriate initial conditions are u(z, 0) =
f(z), as given, and wu(x,0) = —vgz(x, 0) = h'(z). (b) For the wave equation in
v, the appropriate initial conditions are v(xz, 0) = h(z), as given, and v;(z,0) =
—ug(x, 0) = f'(z).

3. Uy = F'(z+ct)+G"(x+ct), uy = AF"(x +ct) + Gz — ct). So uy = ¢y,
which is the wave equation.

4. (a) Using the chain rule in two dimensions:

ou _ uda 05 Ou Ou
Ox dadxr 0B 0xr Oa I0
0%u 0 [Ou Ou
022 3_x(8—a+%>

Pu O%u Pu OPu
902 " 950a " 9008 T 0P
0%u Pu Pu
902 + 285801 + 8—62

Similarly
Ou _ Ouda OudB _ Ou_ Ou
o dadt 9Bt Oa ap
Pu _ 0 (0u ou
o2~ ot \“oa 9B
2 2 2 2
_ @0 p 0, 0w L0
oa? 060« 0adf 032
2 2 2
_ 2050 0u | 20
oa? 060« 03?2
Substituting into the wave equation, it follows that
5 0%u 0%u ,%u 0% 0%u 5 0%u 0%u

+2———+c"=— =c 0.

- - 92— J— — =
“oa2 T 9800 o2 " “9a2 ‘0500 93 T da0p

b) The last equation says that 2% is constant in a. So
Y a8

Ju
% =9(B)
where g is an arbitrary differentiable function.
(c) Integrating the equation in (b) with respect to 3, we find that u = G(3) + F(«),
where G is an antiderivative of g and F' is a function of o only.
(d) Thus u(z, t) = F(x + ct) + G(z — ct), which is the solution in Exercise 3.
5. (a) We have u(x, t) = F(z + ct) + G(x — ct). To determine F' and G, we use
the initial data:

1 1

s = F@+Gl) = (1

u(zx, 0) =
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8—”(3:, 0)=0 = cF'(z)—cG'(z)=0

ot
= Fl(z)=G'(z) = F(z)=G@x)+C, (2)

where C' is an arbitrary constant. Plugging this into (1), we find

1 1 1
260 +C= 7 = 6@ =g [0

and from (2)

1 1
P =g |17
Hence
(2,8) = Fl+ct) + Gla—ct) = 5 |-~ 1
WE B = e Ty 1+ (z+ct)2 14+ (x—ct)?]’

6. We have u(z, t) = F(x + ct) + G(x — ct). To determine F' and G, we use the
initial data: ) )

u(z,0)=e* = F@)+Ga)=e"; (1)

Ju , ,
E(x,O):O = cF'(z)—cG'(x)=0
= Fl(z)=G(z) = F(z)=G@x)+C, (2)

where C' is an arbitrary constant. Plugging this into (1), we find

2G(x)+C = e = G(r) =

and from (2)

Hence 1

u(z, t) = Flz +ct) + Gz —ct) = 5 [e*“ctﬁ t e @t
7. We have u(z, t) = F(z + ct) + G(x — ct). To determine F' and G, we use the
initial data:

u(z,0)=0 = F(x)+Gx)=0; (1)

2

—(z,0) = —2ze™" = cF'(z) — G (z) = —2ze™"

= cF(x)—cG(z) = /—23:679”2 do=e " +C

where we rewrote C'/c as C' to denote the arbitrary constant. Adding (2) and (1),
we find

71-2

1
2F(z) = “—+C = F(x):%[e*f +cl;
and from (1)
1 e
G(z) = % [e + C}

Hence

1
u(z, t) = F(x+ct) + Gz —ct) = % [e*(m“tf — e (@e)*}
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8. We have u(z, t) = F(x + ct) + G(x — ct). To determine F' and G, we use the
initial data:

wx,0)=0 = F@)+Gx)=0 = F(z)=-Gx) = F'(r)=-G(); (1)

ou x , o x
E(x,()): m cF (.I)—CG (.I)— 7(1—}-,@2)2
= 2cF'(z) = A7 = Fl'(z)= e 1277 , (from (1))

T -1
F = d =
= F) / 2¢(1 + x2)? * 4e(1 + x?) +G

where C' is an arbitrary constant. From (1),

1

where the C here is the same as the C' in the definition of F'(z). So
1 -1 1
t)y=F t —ct) = — .
u(z, t) (x+ct) + Gz —ct) 40[(1+(x+ct))2+(1+(x—ct))2

9. As the hint suggests, we consider two separate problems: The problem in
Exercise 5 and the one in Exercise 7. Let uj(x, t) denote the solution in Exercise 5
and wus(x, t) the solution in Exercise 7. It is straightforward to verify that u =
u1 + ug is the desired solution. Indeed, because of the linearity of derivatives, we
have uy = (ug)e + (u2)ee = c2(u1)ze + c2(u2)zs, because u; and ug are solutions
of the wave equation. But c¢2(u1)ze + ?(U2)ze = (U1 + U2)sx = Uze and so
Uy = c*ug,, showing that u is a solution of the wave equation. Now u(z, 0) =
uy(x, 0)+ua(x, 0) = 1/(1+22)+0, because uy (z, 0) = 1/(1+22) and ua(z, 0) = 0.

Similarly, us(z, 0) = —2{E€7I2; thus u is the desired solution. The explicit formula
for u is
1 1 1 1 2 2
) = = = | = (z4cet)? _ —(z—ct) :| )
u(@, t) 2[1+(x+ct)2+1+(x—ct)2]+2c [e c

10. Reasoning as in the previous exercise, we find the solution to be u = uy + us,
wehre uq is the solution in Exercise 6 and us is the solution in Exercise 8. Thus,

1 5 2 1 -1 1
_ = | = (ztet) —(w—ct) —
u(z, 1) 2[6 te }+4C[(1+(x+ct))2+(1+(x—ct>)2]'
11. We have
92V B oI 02T ol
9 oz (‘La‘fﬂ = Lo Tar
oI oV ov._—17101
= Co GV = E‘F[a_ﬁm/]’
SO
OV _ L[ ooV
o2 C | otox ot |’

To check that V verifies (1), we start with the right side

2
LCa—V+(RC+LG)8—V+RGV

ot? ot
-1[0%1 ov —1[or
= LC? [% +G§] + (RC + LG) vl [8—$+Gv] + RGV

=)
9?1 ol LG ov ol
= oo o [CE * o +GV]
9?1 oI 9%V
Lowr ~or T o
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which shows that V satisfies (1). To show that I satisfies (1), you can proceed as we
did for V or you can note that the equations that relate I and V are interchanged
if we interchange L and C, and R and G. However, (1) remains unchanged if we
interchange L and C, and R and G. So I satisfies (1) if and only if V satisfies (1).

12. The function being graphed is the solution (2) with ¢ = L = 1:
u(zx, t) = sinwa cos mt.

In the second frame, t = 1/4, and so u(z, t) = sinmzcosm/4 = @sinmc. The
maximum of this function (for 0 < z < 7 is attained at = 1/2 and is equal to

@, which is a value greater than 1/2.

13. The function being graphed is
. 1. 1.
u(z, t) = sinwx cos wt — 5 sin 2mx cos 2wt + 3 sin 3w cos 3rt.

In frames 2, 4,6, and 8, t = 7, where m = 1, 3,5, and 7. Plugging this into
u(zx, t), we find

mm

. mr 1 . mr 1 .
u(z, t) = sin T cos 4 ~gsin 2mx cos 53 + 3 sin 3mx cos

For m =1, 3, 5, and 7, the second term is 0, because cos "5~ = 0. Hence at these
times, we have, for, m =1, 3, 5, and 7,

m . 1.
u(z, Z) = sinwx cost + 3 sin 3w cos 3rt.

To say that the graph of this function is symmetric about = 1/2 is equivalent
to the assertion that, for 0 < 2 < 1/2, w(1/2 4z, F) = u(1/2 — z, ). Does this
equality hold? Let’s check:

3mm

u(l/2+a, )

1
= sinw(r + 1/2)cos% + gsin37r(x+ 1/2) cos

mr 1 3mm
= (COSTT COS —— — — COS 3T COS ,
4 3 4

where we have used the identities sin(x 4+ 1/2) = cosma and sin27(z + 1/2) =
— cos 3rz. Similalry,

1 3
u(1/2 -z, %) = sinm(1/2 — ) cos % + 5 sin3m(1/2 — ) cos mr
mmr 1 3mm
= COSTX COS 7 3 COS 3T cos

So u(1/2+z, F) =u(1/2 —x, 5), as expected.

14. Note that the condition u(0, t) = u(1, t) holds in all frames. It states that the
ends of the string are held fixed at all time. It is the other condition on the first
derivative that is specific to the frames in question.

The function being graphed is

1 1
u(z, t) = sinwx cos Tt — 3 sin 27 cos 27t + 3 sin 37z cos 37t.
As we just stated, the equality w(0, t) = u(1, t) holds for all ¢. Now
8—u(x, t) = 7 cosmx cos Tt — T cos 2mx cos 2t + 7 cos 3w cos 37t
x

To say that a%u((), t) = 0 and a%u(l, t) means that the slope of the graph (as a
function of x) is zero at @ = 0 and « = 1. This is a little difficult to see in the
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frames 2, 4, 6, and 8 in Figure 8, but follows by plugging ¢t = 1/4, 3/4, 5/4 and 7/4
and = 0 or 1 in the derivative. For example, when 2 = 0 and ¢ = 1/4, we obtain:

0

8—u(0, 1/4) = wcosm/4 — mwcosm/2 4+ weos3n /4 = weos /4 + weos3w/4 = 0.
x

15. Since the initial velocity is 0, from (10), we have

Zb sm—co cnmt
7

Bﬂm

The initial condition u(z, 0) = f(z) = % sin ZZ + 1 sin 22 implies that

ib sin nrr *sin%—x
" L L

The equation is satisfied with the choice by = 0, by = 1, and all other b,’s are zero.
This yields the solution

(@, 1) . 21w 2ert
u(x = sin — cos
’ L L

Note that the condition u.(z, 0) = 0 is also satisfied.

16. Since the initial velocity is 0, from (10), we have

t
u(z, t) = Z by, sin BT cos CTZT
n=1
The initial condition u(z, 0) = f(z) = % sin ZZ + 1 sin 32 implies that
ib . nmx 1 7T+1,37T:c
sin — = — sin — + —sin —.
" L 2 L 4 L
n=1
Clearly, this equation is satisfied with the choice b; = %, bs = %, and all other b,,’s
are zero. This yields the solution
(2, 1) = 1 T crt n 1 . 3nzx 3emt
= — €os — + — sin — co!
u(x, 2smL ST 7 Sin——cos —

Note that the condition u.(z, 0) = 0 is also satisfied.

17. Same reasoning as in the previous exercise, we find the solution

(@, 1) = T crt n 1 . 3nx 3crt n 2 . Trx Tert
— — CcoS — + — — COo - — COo .
u(z, 2smL S i7 1 sin 7 S 7 53111 7 S 7

18. Since the initial displacement is 0, we use the functions following (1):

cnmt
by sm —_— si .
Z 7

The initial condition u(x, 0) = 0 is clearly satisfied. To satisfy the second intial
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condition, we proceed as follows:

T 0
= n— = — O
g9(z) sin — = —u(z, 0)
0 = t
SR DT T
=S g T2 O (g et
- — " L 0Ot L t=0
> b* . NTT cnm cnmt
= sin —— —— cos
— L L L t=0
> . . MTTcnm
= b, sin — —.
L L
n=1
Thus
sin % =30 —C’F in —”Zx —C’F

This equality holds if we take b7 %

L
u(zx, t) = e

This solution satisfies both initial conditions.

CcTm

— * _ L
=lorby ==,

— sin —sin —.
L

and all other b} = 0. Thus

crt

L

19. Reasoning as in the previous exercise, we satrt with the solution

Zb* sm—si 7

is clearly satisfied. To satisfy the second intial

The initial condition u(x, 0) = 0
condition, we must have

cnmt

1 . 3nx 1 . 6nx - Zb* nmx . cnmt
4sm 7 0 sin 7 (?t sin sin 7 .
St
L
n=1
Thus
1 3C7Tb* oo L
4 L3 37 12en”
1 6cm L
—— =0 = b=
10 L ° 6 60cr’
and all other b8 are 0. Thus
3mx 3crt L . 6mx . 6emt

¢
ulz, ) = g sin - sin—p

20. Write the initial condition as u(z, 0) =
15 or 16 and you will get

~ 60cr L st L

(@, 1) 1 . 4nx 4emt

u(z, t) = = sin —— cos

’ 4 L L

21. (a) We have to show that u(3, t) is a constant for all ¢ > 0. With ¢ =L
we have

u(z, t) = sin 2mwx cos 2nt = u(1/2, t) =sinmcos2nt =0 for all ¢ > 0.

9

4 sin 4ﬂ then proceed as in Exercises

:1,
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(b) One way for z = 1/3 not to move is to have u(x, t) = sin 3w cos3wt. This
is the solution that corresponds to the initial condition u(z, 0) = sin3wa and
%(I, 0) = 0. For this solution, we also have that z = 2/3 does not move for
all ¢.

22. (a) Reasoning as in Exercise 17, we find the solution to be
1. L.
u(zx, t) = 5 sin 27 cos 2wt + 7 5in 4ra cos4mt.

(b) We used Mathematica to plot the shape of the string at times ¢ =0 to t = 1 by
increments of .1. The string returns to some of its previous shapes. For example,
when ¢t = .1 and when ¢ = .9, the string has the same shape.

ufx , t 1=1/28in[2Pix] Cos[2Pit] +1/4Sin[4 Pix] Cos[4 Pit]
tt = Table[u[x, t], {t, 0, 1, .1}];
Plot[Evaluate[tt], {x, 0, 1}]

1

5 Cos[2mt] Sin[2 tx] + % Cos[4t] Sin[4 nx]

The point = 1/2 does not move. This is clear: If we put = 1/2 in the solution,
we obtain u(1/2, t) = 0 for all .

23. The solution is u(z, t) = sin27x cos2nt. The motions of the points z =
1/4,1/3, and 3/4 are illustrated by the following graphs. Note that the point
2 = 1/2 does not move, so the graph that describes its motion is identically 0.

u[x_, t_] = Sin[2 Pi x] Cos[2 Pi t]
Plot[{u[l/4, t], u[1/3, t], u[3/4, t]1}, {t, 0, Pi}]

x=1/4

x=3/4
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In each case, we have a cosine wave, namely u(xg, t) = sin 2wz cos 27t, scaled by
a factor sin 27xy.

24. The solution in Exercise 22 is
1. 1.
u(zx, t) = 5 sin 27 cos 2wt + 7 5in 4ma cos4mt.
The motions of the points x = 1/4, 1/3, 1/2, and 3/4 are illustrated by the following

graphs. As in the previous exercise, the point x = 1/2 does not move, so the graph
that describes its motion is identically 0.

u[x_, t_]=1/28in[2Pix] Cos[2Pit] +1/4 Sin[4 Pix] Cos[4 Pi t]
Plot[{u[l/4, t], u[1/3, t], u[3/4, t]}, {t, 0, Pi}]

%COS[27(t] Sin[2 mx] + % Cos[4 mt] Sin[4 mx]

x=3/4 X=13

Unlike the previous exercises, here the motion of a point is not always a cosine wave.
In fact, it is the sum of two scaled cosine waves: u(xg, t) = % sin 2mxq cos 27t +
% sin 4mxg cos 4t.

25. The solution (2) is

( t) . T mwct
u(x = gin — cos —.
’ L L
Its initial conditions at time ty = % are
( 3L) . T wc 3L . TT 3 0
u(x, —) =sin—cos | — - — | = sin — cos — = 0;
" 2¢ L L 2c L 2 '

and

ou 3L Tc . TT . (wc 3L> wc . X 3 wC . TX

E(x’ Tc):_fsmfsm T 90 ) T pSmpsmy =S
26. We have
T T 3L
t+(3L)/(2 = sin — R

u(z, t+ (3L)/(2¢)) sin —- cos — (t+ 20)

. T 7Tct+37r . omx . mct

—C - - — - -

sin 7 0S 7 5 sin 7 sin 7

where we used the indentity cos(a + 3%) = sina. Thus u(z, t + (3L)/(2c)) is equal
to the solution given by (7). Call the latter solution v(x, t). We know that v(zx, t)
represents the motion of a string that starts with initial shape f(x) = 0 and intial
velocity g(x) = 7 sin 7*. Now, appealing to Exercise 25, we have that at time
to = (3L)/(2¢), the shape of the solution u is u(z, (3L)/(2¢)) = 0 and its velocity is
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%( , %) = T¢sin ¥, Thus the subsequent motion of the string, u, at time ¢ 4t

is identical to the motion of a string, v, starting at time ¢ = 0, whenever v has
initial shape u(z, tg) and the initial velocity %(x, to).

27. (a) The equation is equivalent to

10u kou
= _ "y
r ot rox
The solution of this equation follows from Exercise 8, Section 1.1, by taking a = —%
and b = —2. Thus
(. 1) = f(—ra+ e
w(zx, t) = f(——x+ —t)e .
’ T T
Note that this equivalent to
u(, 1) = flz - kt)e ™,

by replacing the function = +— f(x) in the first formula by « — f(—ra). This is
acceptable because f is arbitrary.
(b) The number of particles at time ¢ > 0 is given by ffooo u(zx, t) de. We have

M = [%_u(z,0)dz. But u(z, 0) = f(z), so M = [~ f(z)dx. Fort > 0, the
number of particles is

/Oo u(z, t)de = /O:o flx —rKt)e " da

— 00

= et /Z flx — kt)de = e /Z flz)dz = Me™™,

where, in evaluating the integral ffooo f(x — kt) dx, we used the change of variables
z < x — kt, and then used M = [*_ f(z)dx.
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Solutions to Exercises 2.1

1. (a) cosw has period 2r.  (b) cos 7z has period T = 22 = 2. (c) cos 2 has
period T' = 22/”3 =3m.  (d) cosx has period 27, cos 2z has period m, 27, 37,:. A
common period of cosx and cos 2z is 27. So cos x + cos 2z has period 27.

2. (a) sin 77wz has period T = 2& = 2/7.  (b) sinnwz has period T = 2Z = 2,

Since any integer multiple of T’ 1s also a per1od we see that 2 is also a period of
sinnmz.  (c) cosmz has period T = 2. Since any integer multiple of T is also
a period, we see that 27 is also a period of cosma. (d) sinz has period 27, cosx
has period 27; cosz + sinz so has period 2m. (e) Write sin? 2z = % — COS“ The

function cos4z has period T = %T’T =3. S0 sin? 2z has period 5

3. (a) The period is T' = 1, so it suffices to describe f on an interval of length 1.

From the graph, we have
|0 if—%§x<0,
f(x>_{1 ifo<w<i

For all other x, we have f(x + 1) = f(z).

(b) f is continuous for all = # %, where k is an integer. At the half-integers,
z = 2EH using the graph, we see that limy_,+ f(h) = 0 and limj,_,- f(h) =
1. At the integers, x = k, from the graph, we see that lim,_,,+ f(h) = 1 and
limy,_,,— f(h) = 0. The function is piecewise continuous.

(c) Since the function is piecewise constant, we have that f/(z) = 0 at all z # %,
where k is an integer. It follows that f’(z+) = 0 and f'(z—) = 0 (Despite the fact
that the derivative does not exist at these points; the left and right limits exist and
are equal.)

4. The period is T' = 4, so it suffices to describe f on an interval of length 4. From
the graph, we have

Flx) = Tz +1 if —2<2<0,
Tl —x+1 if0o<a<2

For all other z, we have f(x +4) = f(x). (b) The function is continuous at all .
(¢) (c) The function is differentiable for all & # 2k, where k is an integer. Note that
/' is also 4-periodic. We have

o1 i —2<a <0,
f(x>—{—1 if0<z<2

For all other x # 2k, we have f(x +4) = f(x). If x = 0, 4, £8, ... , we have
f'(z+)=1and f'(xz—) = —1. If v = £2, £6, £10, ... , we have f'(z+) = —1 and
F(e-) =1.

5. This is the special case p = 7 of Exercise 6(b).

6. (a) A common period is 2p. (b) The orthogonality relations are

P
/ cos 2% cos L gz = 0 iftm#n, mn=0,1,2,...;
p p

-p

P mmx | nwx .
sin sin—dr=0 ifm#n, mn=1,2...;
“p D

P
/ cos 2 in ™ gy =0 forallm=0,1,2,..., n=1,2,....
p p p

These formulas are established by using various addition formulas for the cosine
and sine. For example, to prove the first one, if m # n, then

p mnx nwr
cos cos — dx
p

—p
P _
/ [cos (m + n)mz + cos (m n)w:c] dx
—p P P

- P
P n (m+n)rx R (m —n)rx ’ o
m+n)m P m—n)m P —p

1
2
1
2
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7. Suppose that Show that fi, fa, ..., fan, ... are T-periodic functions. This
means that fj(z +7T) = f(z) forall z and j =1, 2, ..., n. Let s,(z) = a1 fi(z) +
asfo(x) + -+ + anfn(x). Then

sn(x4+T) = =arfile+T)+asfole+T)+ -+ apnfu(z+T)
arfi(x) + azfa(x) + -+ 4 anfu(r) = sn(2);

which means that s, is T-periodic. In general, if s(z) = 2;11 a;fj(x) is a series
that converges for all x, where each f; is T-periodic, then

s(x+T) = Zajfj(x+T) = Zajfj(x) = s(x);

and so s(x) is T-periodic.

8. (a) Since |cosz| < 1 and |cos7z| < 1, the equation cosx + cosmz = 2 holds if
and only if cosx = 1 and cosmx = 1. Now cosx = 1 implies that x = 2kn, k and
integer, and cos mx = 1 implies that x = 2m, m and integer. So cosx + cosmx = 2
implies that 2m = 2k7, which implies that k = m = 0 (because 7 is irrational). So
the only solution is z = 0. (b) Since f(x) = cosx + cosmax = 2 takes on the value
2 only at x = 0, it is not periodic.

9. (a) Suppose that f and g are T-periodic. Then f(z+T) -g(xz+T) = f(z)-g(x),
and so f - g is T periodic. Similarly,
fla+T) [z

gz +T)  g(x)

3

and so f/g is T periodic.
(b) Suppose that f is T-periodic and let h(x) = f(x/a). Then

h(z +aT) = f(‘rJ““T) :f(§+T)

a

= f (g) (because f is T-periodic)
= h(x).

Thus h has period aT. Replacing a by 1/a, we find that the function f(az) has
period T'/a.

(¢) Suppose that f is T-periodic. Then g(f(z +T)) = g(f(z)), and so g(f(x)) is
also T-periodic.

10. (a) sina has period 27, so sin 2z has period 27/2 = 7 (by Exercise 9(b)).

(b) cos 2z has period 47 and sin 2z has period 7 (or any integer multiple of it).
So a common period is 47. Thus cos 32 + 3sin 2z had period 47 (by Exercise 7)
(¢c) We can write m = g(f(x)), where g(z) = 1/x and f(z) =2 + sinx. Since
f is 2m-periodic, it follows that m is 2m-periodic, by Exercise 9(c).

(d) Same as part (c). Here we let f(z) = cosz and g(x) = e®. Then €“37% is
2m-periodic.

11. Using Theorem 1,

/://Zf(‘r)d‘r—/Oﬂf(x)dﬂi—/oﬂsinxdx_z

12. Using Theorem 1,

/:Zf(x)d‘r—/oﬂf(x)dx—/Oﬂcosxdx_()_
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13.
/W/2 fla)dz = /077/2 1dz = /2.

—7/2

14. Using Theorem 1,

‘/Zif@ﬂdx_:Aﬂf@ﬂdx_:éﬂx2¢r_z;.

15. Let F(z) = [ f(t)dt. If F is 2m-periodic, then F(z) = F(x + 27). But

r+2m €T T+2m r+2m
Hmﬂﬂ:/) ﬂﬂﬁ:/f@ﬁ+/ ﬂﬂﬁ:ﬂ@+/ F(#) dt.

Since F'(z) = F(x + 27), we conclude that

r+2m
/ F(t)dt = 0.

Applying Theorem 1, we find that

r+2m 2m
[ rwma= [ raa-

0

The above steps are reversible. That is,

2 x+27‘r
fHdt=0 = / t)dt =0

- /f nar= "1 dt+/“2ﬂf<t>dt—/:mf(wdt

= F(x)=F(z+2n);

0

and so F' is 2m-periodic.

16. We have

x+T T z+T
F@+ﬂ:/ f@ﬁ:/f@ﬁ+/ £(t)dt.

So F'is T periodic if and only if

T x+T x
F(z +T) = F(x) @‘/f@ﬁ+/ f@ﬁ:/f@ﬁ
aerT T a
= / f)dt =0
& /HT f(t)dt =0,

where the last assertion follows from Theorem 1.

17. By Exercise 16, F' is 2 periodic, because fo t)dt = 0 (this is clear from
the graph of f). So it is enough to describe F' on any interval of length 2. For
0 <z < 2, we have

2z 2

F@y_A?1_wﬁ_t_3-<_x_

x
2 lo 2

For all other z, F'(z+2) = F(z). (b) The graph of F over the interval [0, 2] consists
of the arch of a parabola looking down, with zeros at 0 and 2. Since F' is 2-periodic,
the graph is repeated over and over.
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18. (a) We have

(n+1)T T
/ flx)de = / f(s+nT)ds (let x =s+nT, do=ds)
nT 0

T
= / f(z)dx

0

(b)
a+T a
/ flx)de = / f(s+T)ds (let x=s+T, dex=ds)
(n+1)T
= / f(s)ds (because f is T-periodic)

- [ i

()

/GHT fla)dz = /a(nH)T fl@)dz + /(HT f(z) da

n+1)T

19. (a) The plots are shown in the following figures.

The Mathematica command to plot the graphs is the following:
p=Pi
Plot[x - p Floor[x/p], {x, -Pi, Pi}]

Il
a

I/

(b) Let us show that f(z) =2 —p [%} is p-periodic.

fle+p) = x+p—p[$;p] —x+p—p[g+1] —x+p—p<[g] +1>
RIHE

From the graphs it is clear that f(z) = « for all 0 < 2 < p. To see this from the
formula, use the fact that [t] =0if 0 <t < 1. So, if 0 <z < p, we have 0 < 5 <1

o) [%} =0, and hence f(z) =

20. (a) Plot of the function f(z) =z — 2p [ } forp=1, 2, and 7.
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P=1
Plotlx -2pFloor[ (x+p)/(2p) 1,{x,-2,2}1]

2 P= 2 7T

flz+2p) = (z+2p)—2p [%] = (z+2p)—2p [%4—1]

_ (x+2p)—2p([$+p] +1> —r—2 [Hp] — f(a).

2p 2p

x

So f is 2p-periodic. For —p < = < p, we have 0 < % < 1, hence [QLPP] =0, and
so f(x )—x—Zp[“p} =2.

21. (a) With p = 1, the function f becomes f(z) = 2—2 [£1], and its graph is the
first one in the group shown in Exercise 20. The function is 2-periodic and is equal
to x on the interval —1 < z < 1. By Exercise 9(c), the function g(z) = h(f(x) is 2-
periodic for any function h; in particular, taking h(z) = 22, we see that g(x) = f(x)?
is 2-periodic. (b) g(z) = 22 on the interval —1 < z < 1, because f(z) = z on that
interval. (c) Here is a graph of g(z) = f(z)* = (z — 2 [IT“])Q, for all .

Plot[(x-2Floor[(x+1) /2])72, {x, -3, 3}]
1
. 2
f@)? = (z -2 [55])
3 2 1 1 2 3
22. (a) As in Exercise 21, the function f(z) =z —2 [£$}] is 2-periodic and is equal

to « on the interval —1 < z < 1. So, by Exermse 9(c), the function

o) = 0] = o -2 [Z]|

is 2-periodic and is clearly equal to |z| for all =1 < x < 1. Its graph is a triangular
wave as shown in (b).
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Plot[Abs[x-2Floor[(x+1)/2]], {x, -3, 3}]
1

g9(x) = [f(z)| =

=[]

3 -2 -1 1 2 3

(¢) To obtain a triangular wave of arbitrary period 2p, we use the 2p-periodic
function

x—i—p]

f(sc)—x—zp[ o

which is equal to x on the interval —p < z < p. Thus,

g(z) =

x—i—p”

:C—Zp[ 2p

is a 2p-periodic triangular wave, which equal to |z| in the interval —p < & < p. The
following graph illustrates this function with p = 7.

p =Pi

Plot[Abs[x-2pFloor[(x+p)/ (2p)]1], {x, -2Pi, 2Pi}]
[

—2n .’ n 2m

23. (a) Since f(z + 2p) = f(z), it follows that g(f(z + 2p)) = g(f(x)) and so
g(f(x)) is 2p-periodic. For —p < x < p, f(x) = = and so g(f(z)) = g(z).

(b) The function e9(*), with p = 1, is the 2-periodic extension of the function which
equals e” on the interval —1 < x < 1. Its graph is shown in Figure 1, Section 2.6
(with a = 1).

24. Let fi1, fo, ..., fn be the continuous components of f on the interval [0, T, as
described prior to the exercise. Since each f; is continuous on a closed and bounded
interval, it is bounded: That is, there exists M > 0 such that |f;(x)| < M for all z
in the domain of f;. Let M denote the maximum value of M; for j =1,2,...,n.
Then |f(z)| < M for all z in [0, T] and so f is bounded.
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25. We have

a+h
x)dx — /0 f(z)dx

/aa+h fo)do

where M is a bound for | f(z)|, which exists by the previous exercise. (In deriving
the last inequality, we used the following property of integrals:

SMh’a

x| <(b—a) M,

which is clear if you interpret the integral as an area.) As h — 0, M - h — 0 and so
|F(a+h)—F(a)] — 0, showing that F'(a+h) — F(a), showing that F is continuous
at a.

(b) If f is continuous and F'(a fo x) dzx, the fundamental theorem of calculus
implies that F'(a) = f(a). If f is only p1ecew1se continuous and ag is a point of
continuity of f, let (z;_1, z;) denote the subinterval on which f is continuous and
ap isin (z;—1, ;). Recall that f = f; on that subinterval, where fiisa continuous
component of f. For a in (z;_1, z;), cons1der the functlons F(a fo x) dr and
G(a) = [ | fi(z)de. Note that F(a) a)+ [ dx = Gla )+c. Since
f;j is continuous on (x;_1, z;), the fundamental theorem of calculus implies that
G'(a) = f;j(a) = f(a). Hence F'(a) = f(a), since F' differs from G by a constant.

Fla) = /O " f(a)dz — /O " F@) do

By the previous exercise, F' is a sum of two continuous and piecewise smooth
functions. (The first term is a translate of [, f(z)dx by T, and so it is continuous
and piecewise smooth.) Thus F is continuous and piecewise smooth. Since each
term is differentiable the points of continuity of f, we conclude that F' is also
differentiable at the points of continuity of f.

(b) By Exercise 25, we have, at the points where f is continuous, F'(a) = f(a +
T) — f(a) =0, because f is periodic with period T. Thus F is piecewise constant.
(¢) A piecewise constant function that is continuous is constant (just take left and
right limits at points of discontinuity.) So F is constant.

26. We have

27. (a) The function sin 1 does not have a right or left limit as  — 0, and so it
is not piecewise continuous. (To be piecewise continuous, the left and right limits
must exist.) The reason is that 1/z tends to +00 as 2 — 07 and so sin 1/z oscillates
between +1 and —1. Similarly, as * — 07, sin1/x oscillates between +1 and —1.
See the graph.

(b) The function f(z) = zsinl and f(0) = 0 is continuous at 0. The reason for
this is that sin1/z is bounded by 1, so, as x — 0, zsin1/x — 0, by the squeeze
theorem. The function, however, is not piecewise smooth. To see this, let us
compute its derivative. For z # 0,

f'(z) = sin 11 cos l

xr x oz

As x — 07, 1/ — +o0, and so sin1/z oscillates between +1 and —1, while

1 cos L oscillates between +o0o and —oo. Consequently, f/(z) has no right limit at

0. Similarly, it fails to have a left limit at 0. Hence f is not piecewise smooth.

(Recall that to be piecewise smooth the left and right limits of the derivative have
to exist.)

(¢) The function f(z) = ?sin 1 and f(0) = 0 is continuous at 0, as in case (b).
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Also, as in (b), the function is not piecewise smooth. To see this, let us compute
its derivative. For x # 0,

1 1
f(x) = 2zsin = — cos —.
x x

Asx — 0%, 1/2 — +o0, and so 2xsin1/z — 0, while cos

- oscillates between +1
and —1. Hence, as x — 0T, 2z sin% — cos% oscillates between +1 and —1, and so
f/(z) has no right limit at 0. Similarly, it fails to have a left limit at 0. Hence f is
not piecewise smooth. (d) The function f(z) = z®sin < and f(0) = 0 is continuous
at 0, as in case (b). It is also smooth. We only need to check the derivative at
x = 0. We have

3ain 1
710)= i S = iy 58 iy 2

For x # 0, we have
1 1
f/(x) = 3z%sin — — 2 cos —.
T T
Since f'(z) — 0= f'(0) as x — 0, we conclude that f’ exists and is continuous for
all x.

Plot[ xSin[1/x], {x, -.3, .3}, PlotPoints - 10]

. \/\/‘M"uﬂv -

Plot[Sin[1/x], {x, -.3, .3}, PlotPoints - 5]

]

-0.3 0.3

[®A28in[1/x], {x, -.1, .1}] Plot[xA38in[l1/x], {x, -.1, .1}]

0.1 0.1 ‘\/\/V”"ﬂ' '""V\/\/‘ 0.1

-0.0002
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Solutions to Exercises 2.2

1. The graph of the Fourier series is identical to the graph of the function, except
at the points of discontinuity where the Fourier series is equal to the average of the

function at these points, which is %

Function Fourier series
y y
1 - 1
o X R B
3 — T 21 3m -3n - T 2n 3m

2. The graph of the Fourier series is identical to the graph of the function, except
at the points of discontinuity where the Fourier series is equal to the average of the
function at these points, which is 0 in this case.

Function Fourier series
y y
1 S 1
| | | | | | X ° " " Py Py ° X
—‘375 | —‘TC ‘TC éﬂ: 3713 :375 ) :TE Y7'12 in 3TE
-1 -1

3. The graph of the Fourier series is identical to the graph of the function, except
at the points of discontinuity where the Fourier series is equal to the average of the
function at these points, which is 3/4 in this case.

Function Fourier series

4. Since the function is continuous and piecewise smooth, it is equal to its Fourier

series.
Function Fourier series
y y
1 1
/ARVARVARNERVERVARVERY:
[ [ P A A

5. We compute the Fourier coefficients using he Euler formulas. Let us first note
that since f(x) = |z| is an even function on the interval —m < x < , the product
f(z)sinnzx is an odd function. So

odd function

1 s e N
b, = —/ |z| sinnz dx =0,
T

—T

because the integral of an odd function over a symmetric interval is 0. For the other
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coefficients, we have

a = /f dx_—/ || da
- 27r /
7

1 [ 1
= —/ rdr = —a?
T Jo 2m

In computing a,, (n > 1), we will need the formula

/xcosaxdx: cos(ax) 42 sin(a ) O (a£0),

a? a

sy

0

which can be derived using integration by parts. We have, for n > 1,

1 1 [
ap, = —/ f(z cosnxdx——/ || cosnx dx
) . ) .
2 ™
= —/ x cosne dx
T Jo
- I
= - —smnx—l——cosnx
T |n n?
2 [(=D)™ 1 2 "
= ;[ e _ﬁ]_m[(_l) -1
o 0 if n is even
T -2 ifnisodd.

—
wn

Thus, the Fourier series i
T4 1
- — = ———cos(2k + 1
5 w; k1) cos(2k + 1)z

2= s[n ,x ]:=Pi/2 -4/PisSum[l/(2k +1)A2Cos[(2k +1) x], {k, 0, n}]

In[25]:= partialsums = Table[s[n, x], {n, 1, 7}];
f[x ] =x - 2PiFloor[(x+Pi) / (2Pi)]
g[x_] = Abs[f[x]]
Plot[g[x], {x, -3 Pi, 3 Pi}]
Plot[Evaluate[{g[x], partialsums}], {x, -2 Pi, 2 Pi}]

The function g(x) =1 x |
and its periodic extension

Partial sums of

the Fourier series. Since we are
summing over the odd integers,
when n =7, we are actually summing
the 15th partial sum.

21 2n
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6. We compute the Fourier coefficients using he Euler formulas. Let us first note
that f(x) is an odd function on the interval —7 < z < 7, so

1 ™
ao_glﬂ,f(x)dx—O,

because the integral of an odd function over a symmetric interval is 0. A similar
argument shows that a,, = 0 for all n. This leaves b,,. We have, for n > 1,

1 sy
b, = -— f(z)sinnzx dx
Tr —T
1 0 1 w/2
= —/ (—l)sinnxdx—i-—/ sin nz dx
™ J—x/2 ™ Jo
2 71’/2
= —/ sinnx dz
T Jo
2 [ 1 ] /2
= — |——cosnx
T n 0
2 (=™ 1 2 nm
= — _ | = — 1 —
T [ n? nQ} wn[ D) ]

Thus the Fourier series is

o0
2 1 —cos g |
— E —=sinnz.
m n

n=1

(b) The new part here is defining the periodic function. We willuse the same

construction as in the previous exercise. We will use the Which command to

define a function by several formulas over the interval - 2 Pi to 2 Pi. We then use the

construction of Exrcises 20 and 22 of Section 2.1 to define the periodic extension.
s[n_, x_ ] :=2/Pisum[(1-Cos[kPi/2])/kSin[kx], {k, 1, n}]

partialsums = Table[s[n, x], {n, 1, 10, 2}];

f[x ] = Which[x<-Pi/2, 0, -P1/2<x<0, -1, 0<x<Pi/2, 1,x>Pi/2, 0]

g[x_]=x - 2PiFloor[(x+Pi) / (2Pi)]
hix ] = £[g[x]]

Plot[h[x], {x, -3 Pi, 3 Pi}]
Plot[Evaluate[{h[x], partialsums}], {x, -2 Pi, 2 Pi}]

1

37:/2

302

/2 21 |

The partial sums of the Fourier series converge to the function at all points of
continuity. At the points of discontinuity, we observe a Gibbs phenomenon. At the
points of discontinuity, the Fourier series is converging to 0 or £1/2. depending
on the location of the point of discontinuity: For all x = 2kw, the Fourier series
converges to 0; and for all x = (2k+1)7/2, the Fourier series converges to (—1)%/2.
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7. fiseven, so all the b,’s are zero. We have

™

0

(" 1 (" 1
aoz—/ f(x)dx:—/ sinx dr = ——cosx
27 J_ . T Jo T
We will need the trigonometric identity

sinacosb = = (sin(a — b) + sin(a + b)).

N~

Forn > 1,

™ 2 ™
/ f(z) cosnx dr = —/ sin z cos nx dz
T Jo

/ %(sin(l —n)x +sin(l + n)x) dx

[ ! cos(l —n)x — 1 cos(1 —|—n)x] ’Z (ifn#1)

1—-n (I1+n)
1 1 1
— 1 1-n _ 1 1+n
l—n( ) (l—i—n)( ) +1—n+1+n]

0 if n is odd

if n is even.

A 2= 3= 3 3=
|
—

A
=
|
3

W)

If n =1, we have

2 (7 1 ["
a = —/ sinz cosx dr = —/ sin(2x) dz = 0.
0 0

m m

2 4 1
Thus, the Fourier series is : | si =—— — ———— cos 2kx .
u urier series i | sin x| - W; o7 =1 x
8. You can compute the Fourier series directly as we did in Exercise 7, or you can
use Exercise 7 and note that |cosz| = |sin(z + T )|. This identity can be verified
by comparing the graphs of the functions or as follows:
—0 =1
~ = ~ =
. s . ™ .
sin(x + 5) = sinzcos 5 + cos z sin 5 = CosT.

So
|mm|:|mm+gﬂ

2 4 1

= 2_Z 2%(x + =
™ wkzl(2k)2—lcos( (x+2))
2 4 (—1)F

= 2_Z 2k
™ wkzzl(2k)2—lcos -

where we have used

cos (2k(x + g)) = cos 2kx cos km — sin 2kz sin kr = (—1)" cos 2kz.

9. Just some hints:
(1) f is even, so all the b,’s are zero.

2)
1 (7 2
aoz—/ xde:W—.
™ 0 3

—~
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(3) Establish the identity

2z coz(ax) N (-2 + a? zz) sin(a x) L (a£0),

/x2 cos(ax)dr =

a
using integration by parts.

10. The function f(x) = 1 — sinx + 3 cos 2z is already given by its own Fourier
series. If you try to compute the Fourier coefficients by using the Euler formulas,
you will find that all a,s and b,’s are 0 except ag = 1, as = 3, and by = —1. This
is because of the orthogonality of the trigonometric system. Let us illustrate this
by computing the b,’s (n > 1):

1 [" . .
b, = — (1 —sinx + 3 cos2zx) sinnz dz
27 J_ .
=0 for all n =0 for all n
1 s 1 s 3 s
= — sinnx de —— sin x sinnx dx + — cos 2z sinnx dx
2 J_ . 2 J_ . 2 J_ .
1 s
= —— sin x sin nx dx
2 ),

-1 ifn=1
; 0 otherwise,

which shows that b; = —1, while all other b,s are 0.

11. We have f(z) = 1 — £ cos2z and g(z) = § + 1 cos2z. Both functions are

given by their Fourier series.
12. The function is clearly odd and so, as in Exercise 6, all the a,s are 0. Also,

2 ™
by, = —/ (m?x — 2®) sinnw dz.
0

™

To compute this integral, we use integration by parts, as follows:

u v
2 [T NG o
b, = — (r°x — 2”)sinnx dz
T Jo
2 —cosnx|™ 2 [T —cosnx
= (-2 ——| - = [ (7* -32H)—dz
7r n lo 7w/ n

Thus the Fourier series is
)nJrl

o= (=1
12 Z (T sinnx.
n=1

13. You can compute directly as we did in Example 1, or you can use the result
of Example 1 as follows. Rename the function in Example 1 g(x). By comparing



26 Chapter 2 Fourier Series

graphs, note that f(x) = —2¢g(z + 7). Now using the Fourier series of g(x) from
Example, we get
oo 1 n+1
f(z) :_2251117177—1-:0 _ Z sinna

14. The function is even. Its graph is as follows:

y
AN S

- —él‘d m

Since ag = 5= ffﬂ f(z) dz, by interpreting the integral as an area, we see that ag is
1/(2m) times the area under the graph of f(x), above the z-axis, from = = —d to
xz =d. Thus a9 = %cd. To compute a,,, we use integration by parts:

u ’

9 d o Y
anp = —C/ (x — d)cosna’ dx
dr J,
_ ﬁ(x_d)smnaj‘d_z/d sinna:dx
dm n lo wJjy n
2¢ —cosnx |4 2¢
dm n? ‘0 dmn? ( cos(nd))

Using the identity 1 — cos v = 2sin® £, we find that

_de . ,nd
T dmn? 2

Thus the Fourier series is

cd 4c sin® "2—d
ot o Z —

COS NT.
dm

=1

15. f is even, so all the b,’s are zero. We have

1 1 (7 rTm 1—e™ "
ap = f() —/ e Tdy=—-"—| = S
0

2 T 7 lo T

We will need the integral identity

a ae®® cos(bx) be®® sin(bx) 5 o
/e cos(bx) dx = pr + pr +C (a®+b° #0),

which can be established by using integration by parts; alternatively, see Exer-
cise 17, Section 2.6. We have, for n > 1,

2 iy
an = —/ e " cosnx dx
™ Jo
2 n e 1 . ™
= —|—=— sinnr — COS T
n2 + 1e n2 + 1e 0
2 _ 2(1 = (=)™ ™)
= _—— 71' —1 n 1 =
m(n?2+41) [z (=) +1] m(n?+1)

e —1 2
——(e
wer wer n?+1
n=1

Thus the Fourier series is
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16. In general, the function is neither even nor odd. Its graph is the following:

veot? 79

d X

din d—;c d+c d+m

Total length 27t

As in Exercise 14, we interpret ag as a scaled area and obtain ag = 5= (2¢)/(2¢) =
1/(2m). For the other coefficients, we will compute the integrals over the interval
(d — m, d + ), whose length is 27. This is possible by Theorem 1, Section 2.1,
because the integrands are 2m-periodic. We have

1 d+c
a, = — cos nx dx
2em Ja_.
d+c
= 5o sin na:’dic = S (sinn(d + ¢) — sinn(d — ¢))

- L cos(nd) sin(nc).

cnm
Similarly,
1 d+c
bn = 5— sinnx dx
2em Ja_e
1 d+c 1
- _2cn7r oS n:t’dic = 2enn (COS n(d — c) — Cos n(d + C))

I .
= Cn—ﬂsm(nd) sin(nc).

Thus the Fourier series is

(cos sin(nc) sin(nd) sin(nc) . )
— —Z cosnr + —————sinnz | .
cm

2 n

Another way of writing the Fourier series is as follows:

1 1 <~ [sin(ne) . .
- 4 po ,;1 {T (cos(nd) cos nz: + sin(nd) sin naz)}

2T
1 1 < [ sin(ne)
= 5 + o ng_l{ " cosn(x—d)}.

17. Setting z = 7 in the Fourier series expansion in Exercise 9 and using the fact
that the Fourier series converges for all  to f(z), we obtain

7T2:f :% g

where we have used cosnm = (—1)". Simplifying, we find

2 0 1
Tl

7T2+4i 1
cosnNmT = — —
3 n2’

n=1

18. Take z =

5 in the Fourier series of Exercise 13, note that sin(ng) = 0 if
n =2k and sin(nf) =

(—=1)¥ if n = 2k + 1, and get

i 2k+2( 0
=2
= 2k+1

l\>|>\
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and the desired series follows upon dividing by 2.

19. (a) Let f(x) denote the function in Exercise 1 and w(z) the function in

Example 5. Comparing these functions, we find that f(z) = %w(x) Now using the

Fourier series of w, we find

1| = sin(2k + 1) 1 2 Xsin(2k + Da
S ) i ook e /Aie ) B Bl ST
J@) =213 kZ:O 2%+ 1 2+7rkZ:0 2%+ 1

(b) Let g(x) denote the function in Exercise 2 and f(x) the function in (a). Com-
paring these functions, we find that g(z) = 2f(z) — 1. Now using the Fourier series
of f, we find

o0

4 sin(2k + 1)z
g(x)_?; 2%+1

(¢) Let k(z) denote the function in Figure 13, and let f(x) be as in (a). Comparing
these functions, we find that k(z) = f(x + 5). Now using the Fourier series of f,

we get
1 2Ksin(2k+1)(z+ %)
k(z) ==+ = 2
() 2+7rkZ:0 ok + 1
=0 =(—-1)*
o0 /_/%
= 1+EZ ! ( in[(2k + 1)a] cos[(2k + 1) 7] + cos[(2k + 1)a]si [(2k+1)1])
= B 7Tk:0 2]€+1 Sin X S B S Z|Sin B
1l 2N (—)F
= 5+;;2k+1003[(2k+1)x].

(d) Let v(z) denote the function in Exercise 3, and let k(z) be as in (c¢). Comparing
these functions, we find that v(z) = 1 (k(x) +1). Now using the Fourier series of
k, we get

(D" cos(2k + 1)a].

(o4
&

I
NGNSV

+
3=

hE

2
+

20. (a) Let f(z) denote the function in Figure 14 and let |sinz|. By comparing
graphs, we see that |sinz| +sinx = 2f(z). So

(|sinz| 4 sinx) .

N~

flz) =

Now the Fourier series of sinx is sinz and the Fourier series of |sinz| is computed
in Exercise 7. Combining these two series, we obtain

= —si - - — <o o 2k .
f (.I) B sinx + kg ‘ (2k>2 1 CcOs X

N =

In particular, f(z) has only one nonzero b,,; namely, b; = 5. All other b,,s are 0.
(b) Let g(x) denote the function in Figure 15. Then g(x) = f(z + % ). Hence, using
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sin(a + §) = cosa, we obtain

g@) = flz+2)

2
1. T 1 2 1 .
= gsin(e+ )+ - ;kzﬂ T 2k(e + 3)]
! + —cos
= —+4 —cosz
T 2
(-1)F -0
) —_— —_—
2 Z [¥ cos(2kzx) COS(QkE) —sin(2kx) sin(2kz) }
= (2k)? —1 2 2
R OO B GVl
= - + §cosx - Z [(21@)2 — cos(2kx)|.

k=1

21. (a) Interpreting the integral as an area (see Exercise 16), we have

1 1 n 1
ap=—+ =+ —=—.
2r 2 2 8

To compute a,, we first determine the equation of the function for 7 < z < 7.
From Figure 16, we see that f(z) = 2(7 — z) if 3 <z < 7. Hence, for n > 1,

o

u ’
v

1 [T 2——
an, = = — (m — x)Cosne dx
™ 71./27T
_ l(ﬂ_x)sinn:c 77 2 T sinnz dx
2 no w2 w2 e on
2 |—m . nmw 2 ™
= — |=—sin—| — ——= cosnz
w2 | 2n 2 m2n2 /2
2 [7n . nm (=)™ 1 nmw
= _F %SIHT—F 7’),2 —ECOST .
Also,
1 (7 2/—M/JH
b, = —/ — (7w — x)sinnx dz
™ 71./27T
B —l(w— )cosn:c” 2 4 cosnz
2 noAx2z 7w i on
2 | m nm 1 nm
S E | Tty
Thus the Fourier series representation of f is
1 2 T . nr (=)™ 1 nw
flz) = §+ﬁ;{_ [%sm?—l- — —ECOST]COSTLCC
n T n7r+1 .onm o
— €08 — + — sin — | sinnx ;.
2n 2 n? 2
Y S (x) YA g =/(-x)
1 1
\ X
-

‘ 0 a2 - Cx ) ‘ 0
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(b) Let g(z) = f(—z). By performing a change of variables « «+» —x in the Fourier
series of f, we obtain (see also Exercise 24 for related details) Thus the Fourier
series representation of f is

1 2 & T . onm (=) 1
g(SC) = g + ﬁ nEZI {— [% 1 ? n2 - 0S —:| cosnx
T nm n 1 T .
— | =—cos— + —=s S
5 5 5 sin inne

22. By comparing graphs, we see that the function in Exercise 4 (call it k(z)) is
the sum of the three functions in Exercises 19(c) and 21(a) and (b) (call them h,
f, and g, respectively). Thus, adding and simplifying, we obtain

k(z) =

2 & , (-1 1 nm
—Z S1 + 5~ — 5 COS ——| COSNT
2 —~ 2

n n2

+ 1 nr| .
2n cos > 2 sm > sin nx

-1 1
+ + ﬁ E [ sin + ( n2) - ﬁcos T;—W] cosSNT
s T ™ .
—|z—cos—+ —s S
o > 5 sin innz

4 & -1
= %——Z{[( 2) ——2COS%:| cosnx}
7T n n

We illustrate the convergence of the Fourier series in the following figure.

s[n_,x ]1:=3/4-4/Pin28um[((-1)Ak -Cos[kPi/2]) Cos[k x]/kA2, {k, 1, n}]
partialsums = Table[s[n, x], {n, 1, 7}]1:

Plot[Evaluate[partialsums], {x, - Pi, Pi}]

Plot[Evaluate[partialsums], {x, - 3 Pi, 3 Pi}]

-7 T 37 -7 T 3n

23. This exercise is straightforward and follows from the fact that the integral is
linear.

24. (a) This part follows by making appropriate changes of variables. We have

og.0) = 5 [ otwyde=g- [ s

= 5= f(@) (=1)dx = % f() =a(f,0).
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Similarly,
1 us ™
a(g,n) = — / g(x) cosnzdr = — f(=x) cosnz dx
T ) T )
1 /7 1 [7
= —/ f(z) cos(—nzx) (—1)dx = — f(z) cosnx dx = a(f, n);
- T )
1 [" . 1 [" .
b(g,n) = = / g(x)sinnxdr = — f(=x)sinnz dx
T™J % —7
1 [ . 1 [" .
= —/ f(z)sin(—nz) (=1)de = —— f(z)sinnx de = =b(f, n).
T Jr T )
(b) As in part (a),
1 [ 1 [
a(h,0) = — h(z)de = — (r — a)dx
27 J_ . 27 J_ .
1 T—Q
= 5 - f(z)dx
= 2i f(z)dx =a(f, 0); (by Theorem 1, Section 2.1)
™ —T
1 [7 1 [7
ath,n) = — / h(z) cosnz dx = — flz — a)cosnz dx
T™J—x —7
1 T—Q
= - / f(z)cos(n(x + a)) dx
- ene / f(z) cosnx de — Smne / f(z)sinnz dz
™ —T—o ™ —T—o
- osna f(x) cosnzx dx — e f(z)sinnzx dz
T —7 —7
(by Theorem 1, Section 2.1)
= a(f, n)cosna—b(f, n)sinnao;
b(h,n) = l/ h(z)sinnz dx = 1 flz — a)sinnz dx
T™J—x —7
1 T—Q .
= = / f(z)sin(n(x + a)) dx
- osna / f(z)sinnz de + Smna / f(z) cosnzx dx
T —T—o T —T—o

= b(f, n)cosna+ a(f, n)sinna.

25. For (a) and

(c) We have s,(z) = > p_, S252 S0 5,(0) = 0 and s,(27) = 0 for all n. Also,
lim, o+ f(x) = %, so the difference between s, () and f(z) is equal to m/24 at
x = 0. But even we look near z = 0, where the Fourier series converges to f(z), the
difference |s,(z)— f(z)| remains larger than a positive number, that is about .28 and
does not get smaller no matter how large n. In the figure, we plot |f(z) — s150(z)].
As you can see, this difference is 0 everywhere on the interval (0, 27), except near
the points 0 and 27, where this difference is approximately .28. The precise analysis

of this phenomenon is done in the following exercise.

—~

b), see plots.

~
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/2 sin kx

k

n=5, 10, 15.

2n

-1/2

|f(2) = s150(2)]|

28 L J

0

26. (a) We have

w(F)- L - p

(b) Consider the Riemann integral

T o
S x
I= dx,
0 X

sin x

where the integrand f(z) = 5% may be considered as a continuous function on
the interval [0, 7] if we define f(0) = 0. This is because lim, o ¥22 = 1. Since the
definite integral of a continuous function on a closed interval is the limit of Riemann
sums, it follows that the integral I is the limit of Riemann sums corresponding to
the function f(x) on the interval [0, 7]. We now describe these Riemann sums.
Let Ax = % and partition the interval [0, 7] into N subintervals of equal length
Az. Form the Nth Riemann sum by evaluating the function f(z) at the right
endpoint of each subinterval. We have IV of these endpoints and they are 5, for

n=1,2,..., N. Thus,
N nm
1= dm () e

oS r osin(BE) L sin(57)
= lim Z—~T:hm 27
n:lN N

N—oco N—oo

= e ()

lim sy (1) :/ smax dx,
N—oo N 0 x

Hence
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as desired.
(¢) From the Taylor series

& p2n+l
smxznzzo(—l) m, (—OO<$<OO),
we obtain, for all z # 0,
2SNy T (< <00, 2 £0)
= 1)t —00 < x <00, X .
x (2n + 1)1’ ’

n=0

The right side is a power series that converges for all z # 0. It is also convergent
for x = 0 and its value for x = 0 is 1. Since the left side is also equal to 1 (in the
limit), we conclude that

sin.z i " (—o0 <z < 0)
o 2n+ @2n+1) '

(d) A power series can be integrated term-by-term within its radius of convergence.

Thus
Tsinx L 2"
d -1)"—d
/0 z /0 (Z( ) (2n+1)!> ’

n=0

- 2 [ (g

St (_1)71 x2n+1

-y ey L
2 @+Di2nt 1l A @2nt+ )20+ 1

We have thus expressed the integral I as an alternating series. Using a property
of an alternating series with decreasing coeflicients, we know that I is greater than
any partial sum that is obtained by leaving out terms starting with a negative term;
and [ is smaller than any partial sum that is obtained by leaving out terms starting
with a positive term. Soif I = > (—1)"a,, where a, are positive and decreasing

to 0, then I > ano( 1)"a, if N is even and I < ano(_ )" ayn if N is odd. So

5 n 2n+1 4 n 2n+1
§2n+1'2n+1 Z271—1—1'2n—i—1
More explicitely,
17T3+17T5 17T7++17T9 17T11<I< 17T3+17T5 17T7++17T9
—_ _— T——t—— ——
33 55 77 9! 9 11! 11 33 55 77 9! 9

With the help of a calculator, we find that
1.8519 < I < 1.85257,
which is slightly better than what is in the text.

(e) We have
T T 1 T T
7(5) - ()] - ’5“— N (N)"

fr—Z%)— Zand sy (&) — Iso

2
m |7 (* AP
Jim | () = ()l =15 -1
Using part (f), we find that this limit is between 1.86 — 5 ~ .2892 and 1.85 — § ~
.2792.

As N — oo, we have
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(f) The fact that there is a hump on the graph of s,(z) does not contradict the
convergence theorem. This hump is moving toward the endpoints of the interval.
So if you fix 0 < z < 27, the hump will eventually move away from x (toward the
endpoints) and the partial sums will converge at .

27. The graph of the sawtooth function is symmetric with respect to the point
/2 on the interval 0, 7); that is, we have f(z) = —f(27 — ). The same is true
for the partial sums of the Fourier series. So we expect an overshoots of the partial
sums near 7 of the same magnitude as the overshoots near 0. More precisely, since
sy(z) = SON | sz it follows that

n=1

N sm 27r—— N sin N sin(n
(%——) ) 3 -y )

n=1 n=1

2|=‘
Zlﬂ

So, by Exercise 26(b), we have

T T Tsinx
li (2 ——):1' - (—):— dz.
NLIEOSN T N Nllgo SN N 0 T *

Similarly,
o 5o o= B[ o )
T——)—s T——)=|z(-7+=)+snv (=]
N) N N 2 N’ NN
As N — oo, we have 3(—m+ &) — —% and sy (%) — I so
e ar 5) <o e B -1
The overshoot occurs at 27 — g = (2%11)” (using the result from Exercise 26(f)).

28. This exercise is very much like Exercise 26. We outline the details.
(a) We have

nrr

N N
41 sin (mr — oz T sin %)
SN (W o _) Z . Z N nx ’

where we have used the identity sin(nm — a) = —cosnmsina = (—1)" ! sina.
(b) As in Exercise 26(b), we have Thus,
I ( 7T)721. i\[:w sin (%) ) ”sinxd
NEN TN TANER AN nw N , oz D
n=1 N
as desired.
(¢) We have

F(5) o )=l g o (- 5]
T sv(m—w )= sv (T y)|-
AsN—>oo,wehave7r—%—>7randsN(7r—%)—>2Iso

. T TN

i (e 5) o ()] =

Using Exercise 26(f), we find that this limit is between 2(1.86) — 7 ~ .578 and
2(1.85) — 7 ~ .559.
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Solutions to Exercises 2.3
1. (a) and (b) Since f is odd, all the a,’s are zero and

9 [P
b, = —/ sinﬂdx
P Jo p
-2 T -2
= Ceos =—[(-)"—1]
nmw plo nrm

0 if n is even,

B { % if n is odd.

4 1 2k + 1
Thus the Fourier series is — Z sin (2k + >7Tx. At the points of discon-
™ (2k+1) P

k=0
tinuity, the Fourier series converges to the average value of the function. In this

case, the average value is 0 (as can be seen from the graph.

2. (a) and (b). The function is odd. Using the Fourier series from Exercise 13,
Section 2.2, we have

t=2 E ————sinnt for — T <t <.
P n Sin or m ™

o0
_1 n+1
E:ZZLSiHW for —7T<E<7T-
D — n P p
Hence

2 0 -1 n+1
x:—pz(isin(ﬂx) for —p<ax <p;

T = n P

which yields the desired Fourier series. At the points of discontinuity, the Fourier
series converges to the average value of the function. In this case, the average value
is 0 (as can be seen from the graph.

3. (a) and (b) The function is even so all the b,’s are zero,

ap = l/Opa[(l — (E)Q] dx =

a
p p

(- 55

and with the help of the integral formula from Exercise 9, Section 2.2, for n > 1,

2 (7 2 2 [?
an, = = (1—x—2)coswdx:——g 22 cos = dz
P Jo p p P~ Jo p
9 2 3 2 »
= ——ZL [2x—p 5 COS LLE AN S(=2+ _(m;) )a? si _mrx] ’
p? [ (nm) p  (nm) p 0
 Aa(-1)"
T a2

1)n+1

2 o0 (_
Thus the Fouri ies is — 4 E -—
us the Fourier series is 3a + an:1 (n

cos(ﬂx). Note that the function
™)? p

is continuous for all x.

4. (a) and (b) The function is even. It is also continuous for all . Using the
Fourier series from Exercise 9, Section 2.2, we have

2 7 — (="
t :?—1-42 2 cosnt for —m<t<m.
n=1
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T
for —mT< — <.
< n p p

Hence

for —p<ax<p,

which yields the desired Fourier series.

5. (a) and (b) The function is even. It is also continuous for all z. All the b,s are
0. Also, by computing the area between the graph of f and the z-axis, from z = 0
to x = p, we see that ap = 0. Now, using integration by parts, we obtain

’
v

2 [P 2 4 p’_fh
an, = —/ —(—C> (x—p/2)cosﬁxdx:——s/ (x—p/2)cosﬁx dz
P Jo p p P Jo p

=0
4 P P -I
——s [i(x—p/2) sin g P sin g dx|
p p

z=0 N7m Jy

p4 |nmw

4c p? nm
= —— cos —x
P2 n2n2 D

- 0
- 8c
n2m2

Thus the Fourier series is

P 4e
= 53 (1 — cosnm)

x=0

if n is even,

if n is odd.

8¢ 2, o8 [(21@—1— 1)%4

w2k + 1)

flz) =

6. (a) and (b) The function is even. It is not continuous at +d + 2kp. At these
points, the Fourier series converges to ¢/2. All the b,s are 0. Also, by computing
the area between the graph of f and the z-axis, from x = 0 to x = p, we see that
ap = cd/p. We have

2¢ [
a, = — cos —x dx
P Jo p
2¢c . nm |4 2c¢c . nmd
= —sgin—=x = —sin —
nmw p le=0 nmw P
Thus the Fourier series is
ed  2¢ < sin E nmw
fl@)=—+— E— cos(—ux)
p T =0

7. The function in this exercise is similar to the one in Example 3. Start with the
Fourier series in Example 3, multiply it by 1/¢, then change 2p <> p (this is not a
change of variables, we are merely changing the notation for the period from 2p to
p) and you will get the desired Fourier series

The function is odd and has discontinuities at x = +p + 2kp. At these points, the
Fourier series converges to 0.
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8. (a) and (b) The function is even. It is also continuous for all z. All the b,s are
0. Also, by computing the area between the graph of f and the z-axis, from z =0
to = d, we see that ag = (cd)/(2p). Now, using integration by parts, we obtain

9 d
an, = 5/0 —(E)(x—d)cos—xdx———/ cos?wxd:c

=0 -|
2 d ¢
I [i(x —d)sin L -2 a2y dx|
dp | nm p le=0 nm J, P
2¢ p? nmw |4 2¢cp 1 nwd
= —— —x —cos — | .
dp n?n? v=0 _ dn’m? D

Thus the Fourier series is

9. The function is even; so all the b,,’s are 0,

1 (P 1
ag = —/ e Cdr=——e "
P Jo cp

P 1—e

0 cp

and with the help of the integral formula from Exercise 15, Section 2.2, for n > 1,

anp = g/pefx oswdx
P Jo p
2 1 nwx nwx | P
= EW [mrpe smT —p ce” " cos 7] ’0
2pc

= (e,

n272 + p2c2
Thus the Fourier series is

1
p

1 —c = _c n nim
—0(1—6 p)+20pgm(l—€ p(—l) )COS(?ZE

10. (a) and (b) The function is even. It is also continuous for all . All the b,s
are 0. Also, by computing the area between the graph of f and the z-axis, from
x =0 to x = p, we see that ag = (1/p)(c+ (p — ¢)/2) = (p+ ¢)/(2p). Now, using

integration by parts, we obtain

]

2 [° nm 2 [P 1 nm
an, = — [ cos—uzdr+— — (x — p) cos —x dx
P Jo p P Je p—c p
'U/
u
2 p . nw |° 2 P—"""nr
= ——sin—zx| — —— (x —p)cos —ux dx
pnr p lo plp—c) e p
2 . nme 2 P . onm P p (P . nrm
= —sin— — — | —(x — p)sin—zx| — — sin —x dx
nt p  plp—c) |nw ple nm). " p
2 . nme 2 P .oonm p2 nm
= ——sin Py [—mr(c—p)sm( ) C)+n27r2 cos » x
2 2
= - b ( 1)"—cosE
p(p — ¢) n*m? p
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Thus the Fourier series is

fl@) =

p+0
2p

X (= — cos 2Z< p ni
E Cos| —x ).
(c— — p

11. We note that the function f(z) = zsinx (—7 < x < 7) is the product of sinz
with a familiar function, namely, the 27-periodic extension of = (—7 < z < 7). We
can compute the Fourier coefficients of f(x) directly or we can try to relate them
to the Fourier coefficients of g(z) = . In fact, we have the following useful fact.
Suppose that g(x) is an odd function and write its Fourier series representation

as

where by, is the nth Fourier coefficient of g. Let f(x) =

o0
x) = E by, sinnz,
n=1

g(x)sinx. Then f is even

and its nth cosine Fourier coefficients, a,, are given by

To prove this result, proceed as follows:

To write this
follows:

f(x)

flz) =

o0
sinx E by, sinnx

n=1

8

= E b, sin z sin nx

n=1

bn
2

I
i[M]8

[ — cos[(n + 1)z] + cos[(n — 1)z]].

n=1

series in a standard Fourier series form, we reindex the terms, as

i( %" cos[(n + 1)z >+Z(—cos [(n—1)z ])
( bn- 1cosn:c>+§:<b"2“

COS TLCC)
n=0

by — b1 by bt
n2( 1cosn:c>§+gcosx+2(

b
é—l——cosx—l—Z( nil bn— 1>cosn:c.

cosnx )

This proves the desired result. To use this result, we recall the Fourier series from

Exercise 2: For —7 < = < 7, g(z) = z =

by = —1/2 and b, =
where ag = 1, a1

=-1/2, 7zlmd, for n > 2,

25, (717);#1 sinnz; so by = 2,
2 > 2. So, f(z) = xsinz = > >, a, cosnz,

Thus, for —7m <z <,

1 2(_1)n+2 2(_1)71 2(_1>n+1
ap = = — = .
2 n+1 n—1 n?—1
n+1
xsinx:l—cosx 22 cos nx
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The convergence of the Fourier series is illustrated in the figure. Note that the
partial sums converge uniformly on the entire real line. This is a consequence
of the fact that the function is piecewise smooth and continuous for all . The
following is the 8th partial sum.

s[n, x ]=1-Cos[x]/2 + 28um[(-1)A(k+1)/ (kA2-1) Cos[kx], {k, 2, n}];

Plot[Evaluate[{x Sin[x], s[8, x]}], {x, - Pi, Pi}]

1.75
() = 1 cosx+2i2(—1)"+1
sg(r)=1— —— ———~——cosnx
® 2 — n? -1
f(z) =xsine —7n<z<m7
L T
_TE‘ ‘ ‘ ‘ ‘ TT

To plot the function over more than one period, we can use the Floor function
to extend it outside the interval (—m, 7). In what follows, we plot the function and
the 18th partial sum of its Fourier series. The two graphs are hard to distinguish
from one another.

f[x ] =x8in[x];

g[x ]=x - 2PiFloor[(x+Pi)/ (2Pi)];

hix ] = f[g[x]];

Plot[Evaluate[{h[x], s[18, x]}], {x, -2 Pi, 2 Pi}]
1.75

-2 - T 21

12. The Fourier series of the function f(z) = (7 — x)sinz (-7 < & < 7) can be
obtained from that of the function in Exercise 11, as follows. Call the function in
Exercise 11 g(z). Then, on the interval —m < 2 < 7, we have

flx) = (m—a)sinx =nsin—zsinz

= m7sinz — g(x).

Since 7sin x is its own Fourier series, using the Fourier series from Exercise 11, we
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obtain

, cos = 2(—1)Ht
f(x) = msinx— <1 - +2;ﬁcosnx

\ & 2(—1)"
= wsinx—1+cogx+2z n(Q )1 cosn.

n=2

s[n_, x ]-=
PiSin[x] -1 +Cos[x]/2 - 28um[(-1)A(k+1)/ (kA2-1) Cos[kx], {k, 2, n}];

Plot[Evaluate[{(Pi -x) Sin[x], s[8, x]}], {x, - Pi, Pi}]

1

The 8th partial sum of the Fourier series provides a

I very good approximation of the function on the interval
(-m, m). In fact, by periodicity, because the function

r is also continuous, the approximation is uniformly

' good over the entire real line.

-5t

13. Take p = 1 in Exercise 1, call the function in Exercise 1 f(x) and the function
in this exercise g(z). By comparing graphs, we see that

1
o) = 5 (1+ J(@)).
Thus the Fourier series of g is
1 4 1 1 2, 1
— |14+ —=) ——sin(2k+1 =4+ =Y ——sin(2k + 1)7z.
2( —|—sz:0(2]€+1>$111( + )7m:> 2+ﬂ}§)(2k+1>sm( + 1)rx

f[x ] =Which[x<0, 0, 0<x<1, 1, x>1, 0]
s[n_,x ]=1/2+2/Pisum[1/(2k +1) sin[(2k +1) Pix], {k, 0, n}];
Plot[Evaluate[{f[x], s[20, x]}], {x, -1, 1}]

Which[x<0, 0, 0<x<1, 1, x>1, 0]

N A
v Y

The 41st partial sum of the Fourier series
and the function on the interval (-1, 1).

Aoy i
_Ul 1
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14. Call the function in Exercise 13 g(«) and the function in this exercise h(x). By
comparing graphs of the 2-periodic extensions, we see that

Thus the Fourier series of h is

2 1 123
;gT)bln[(zk—i_l) 7(—x :5—;20 2k bm [(2k + 1)ma].

[\D|H

h[x ] =Which[x<1, 0, 1<x<2, 1, x>2, 0]
s[n ,x 1=1/2-2/PiSum[l1/(2k +1) Sin[(2k +1) Pix], {k, 0, n}];
Plot[Evaluate[{h[x], s[20, x]}1, {x, 0, 2}]

Which(x<1, 0, 1<x<2, 1, x>2, 0]

N A A/\n

vy vV

1 ‘ 2

15. To match the function in Example 2, Section 2.2, take p = a = 7 in Example 2
of this section. Then the Fourier series becomes

o0

T 4 1
-4+ — —_— 2k +1
24—7Tkz:0(2k+1)2cos( + 1)z,

which is the Fourier series of Example 2, Section 2.2.

16. (a) As d — p, the function becomes the constant function f(z) = c. Its Fourier
series is itself; in particular, all the Fourier coefficients are 0, except ag = c¢. This
is clear if we let d — p in the formulas for the Fourier coefficients, because

dnm
Sln —_—
2c »

d
lim «@_ 0 and lim —
d—p P d—p T n

=0.

(b) If ¢ = p/d and d — 0, interesting things happen. The function tends to 0
pointwise, except at = 0, where it tends to co. Also, for any fixed d (no matter
how small), the area under the graph of f and above the z-axis, from x = —d to
x =d, is 2p. Taking ¢ = p/d, we find that ap = 1 for all d and, hence, ag — 1, as
d — 0. For n > 1, we have

2p sin d’;f” 2p n €OS d"—”

hrnan—hrn— = lim — —
—0

=2
d—odmr n d—0 T P n

3

by using ’'Hospital’s rule. Thus, even though the function tends to 0, its Fourier
coefficients are not tending to 0. In fact, the Fourier coeflicients are tending to 1 for
ap and to 2 for all other a,. These limiting Fourier coefficients do not correspond
to any function! That is, there is no function with Fourier coefficients given by
ag =1, ap, =2 and b, = 0 for all n > 1. There is, however, a generalized function
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(a constant multiple of the Dirac delta function) that has precisely those coefficients.
You may have encountered the Dirac delta function previously. You can read more
about it in Sections 7.8-7.10.

17. (a) Take x = 0 in the Fourier series of Exercise 4 and get
2 4p2 & _1)n-1 2 o _1)n-1
T o Y Gl ) $ =)
3 12 n?

n=1 n=1

o 2 oL+ 1)2 2"
6 =n? = (2k +1) P (2k)
2
But 377 1(2k)2_42k L= =1%- So
w2 > 1 w2 > 1 A I
F‘Z(zkﬂ)frﬂ - Z(%H)?‘F_ﬂ_?

k=0

e
Il
=)

18. To derive (4), repeat the proof of Theorem 1 until you get to the equation (7).
Then continue as follows:

1 ™
ap, = —/ g(x) cos nx dx

T™J—x

1 (T px px
= 7T/fﬁf(7T)cos,71:r:clx (1ett—7r)

= %/z f(t) cos (%t) dt,

which is formula (4). Similarly,

1 us
b, = —/ g(x)sinnx dx

T™J %

R N A A _px
= 7T/iﬁf(w)smn:cda: (let t = —)

1 [P T
= 5/pf(t)sm (;t) dt,

19. This is very similar to the proof of Theorem 2(i). If f(z) = Y07, b, sin 2,
then, for all z,

which is formula (5).

Zb sin( ——x Zb sm—x— —f(x),

and so f is odd. Conversely, suppose that f is odd. Then f(x)cos 2 2 is odd and,
from (10), we have a,, = 0 for all n. Use (5), (9), and the fact that f( )sin 2 is
even to get the formulas for the coefficients in (ii).

20. (a) fe is even because

fe(_x) _ f(_x) +2f(_ — 'r) _ f(.I) +2f(—$) _ fe(«r)-
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fo is odd because

(b) We have

fe(«r) + fo(«r) _ f(.I) —|—2f(—$) + f(.I) —2f(—$) _ f(.I)

To show that this decomposition is unique, suppose that f(x) = g(x) + h(z), where
g is even and h is odd. Then f(—z) = g(—z) + h(—z) = g(x) — h(x), and so

f(@) + f(=z) = g(x) + h(z) + 9(x) — h(z) = 29(x);

equivalently,
flx) + f(=x

o) = TDEIED _ piay,
By considering f(z) — f(—x), we obtain that h(z) = f,(x); and hence the decom-
position is unique.
(c) If f(x) is 2p-periodic, then clearly f(—x) is also 2p-periodic. So f. and f, are
both 2p-periodic, being linear combinations of 2p-periodic functions.
(d) If f(z) =ao+ Y., ~(a,cos 2ZL + b, sin "”) then

f(=2) = Cbo—i-Z(an cos mr(p—x) +b,, sin o » = ao+z an COS ——b sin npg),
and so
fe(@) K >+2f( —ao—i—Zancos m,
and _
folz) = f@) —2f(—x) = Z by, sin nre
n=1

21. From the graph, we have

() = -l-z if —1<2<0,
F@) =142 ifo<a<l.

So )
o= {57, el
hence .
fota) = 1 +2f(_x) - { ot O_<1x<<xl< '
and T
fola) = 22 _2f(_x) - { 1 ifo<act "

Note that, fe(z) = |z| for =1 < 2 < 1. The Fourier series of f is the sum of the
Fourier series of f. and f,. From Example 1 with p =1,

4 1
Je(z) == — - kg TSV cos[(2k + 1)7x].

| =

From Exercise 1 with p =1,

W~

sm [(2k + 1)mx].

>\
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Hence
sin[(2k + 1)7x]
2k +1

1 4] cos[(2k + 1)mx)
f@)_§+;g;L_w@k+U2 *

22. From the graph, we have

fx+1 i —1<2<0,
f(x>_{1 if0<a<1.
So
J1 if —1<xz<0,
f(_x)_{l—x if0<a<1;
hence
fe(x):f(x)Jrf(—x): %+1 if —1<z<0,
2 1-35 if0<a <1,
and
@) = @I 2oy,

g(x) be the function in Example 2 with

2
As expected, f(z) = fe(x) + fo(x). Let
= g(x) + 1/2. So from Example 2 with p = 1 and

p=1and a =1/2. Then f.(x)
a =1/2, we obtain

7% Z ﬁ cos|(2k + 1)ma]

fle) = s+g+

I
> w
+
:]M|M
M8
™
N

1
e cos[(2k + 1)mx].

1 2s (1)t 1 & (—1)mtt
Jo(x) = 5 ;; % sin(nmx) ;n:1 sin(nmx).
Hence
3 2 > 1 1 & 1 n—+1
flx) = 1 + = Z m cos[(2k + 1)mx] ; Z sin(nmx)
k=0 oy
Lo~ 1—(=1)" —1)ntt
= % + = 7;1 w(nQ ) cos(nmz) + % sin(nmx).

Let’s illustrate the convergence of the Fourier series. (This is one way to check that
our answer is correct.)

f[x ] =Which[x<-1, 0, -1<x<0,x+1, 0<x<1, 1,x>1, 0]

s[n_,x ]=3/4+ 1/Pisum[(1- (-1)Ak)/ (PikA2) Cos[kPix]+
(-1)A(k+1) /kSin[kPix], {k, 1, n}];

Plot[Evaluate[{f[x], s[20, x]}], {x, -1, 1}]

A\

V
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23. From the graph, we have

—2z—1 if —1<2z<0,
f(x)—{

1 if0<x <1,
So .
(=) = { 1—1+2:c 1£O_<1:c<<xl<0
hence .
I
and

_ f) = f(==) { —z—1 if —1<z<0,

1—=x if0<x <1,

As expected, f(z) = fe(x)+ fo(x). Note that, fo(x) = |z| for —1 < & < 1. Let g(x)
be the function in Example 2 with p = 1. Then f.(z) = g(z). So from Example 1
with p = 1, we obtain

fe(x) =

| =

48 1
k=0

Note that fo(x) = 1 — 2 for 0 < x < 2. The Fourier series of f, follows from
Exercise 7 with p = 2. Thus

- 2 mr:c
o
n=1
Hence
1 4 & 1 2 = sin(n7z)
= —— — —_ 2k+1) —
f(z) 5 3 ; e cos[(2k + 1)7zx] + - 2
1 2 [(-1)"—1 sin(nmx
= 5 —+ ; 7;1 [T COS(TLT{':C n :|

Let’s illustrate the convergence of the Fourier series. (This is one way to check that
our answer is correct.)

Clear([s]

f[x ] = Which[x< -1, 0, -1<x<0, -2x-1, 0<x<1, 1,x>1, 0]

s[n ,x 1=1/2+2/PiSum[-(1- (-1)Ak)/ (PikA2) Cos[kPix]+
Sin[kPix]/ ( k), {k, 1, n}];

Plot[Evaluate[{£f[x], s[20, x]}], {x, -1, 1}]

1 [\vf\
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24. From the graph, we have

R
So
s ={ 0T el s
hence F(@) + f(~2) Hz 3 1 <2<0
felx) = 5 —{% ifo<z<1,
and —l-z
fo(x)—w—{? ;£0_<1:c<<561<.0’

Note that, as expected, f(z) = fe(z) + fo(x). We have f.(x) = g(z), where g(z) is
the function in Example 2 with p =1 and ¢ =1/2. So

el

fe(z) =2+ % kZ:O ﬁ cos[(2k + 1)mz].

Also, fo(z) = ””T*l for 0 < z < 2. So, from Example 3, with p =1 and ¢ = 1/2, we

obtain
1 X sinnme
fO(x)—;ngl n
Hence
1 2 1 1 <X sin(nmz)
= -+ ————cos[(2k+ 1 — _—
@) = 3+ m L gy ppel@rr Umad v 22 =
I 1 &[(-)"—1 sin(n7z)
= 14-;;[70%(717@)4-7 .

Let’s illustrate the convergence of the Fourier series. (This is one way to check that
our answer is correct.)

Clear([s]
f[x ] = Which[x<0, 0, 0<x<1l, 1-%x,x>1, 0]
s[n ,x 1=1/4+1/PiSum[(1l- (-1)Ak)/ (PikA2) Cos[kPix]+
Sin[kPix]/ ( k), {k, 1, n}];
Plot[Evaluate[{£f[x], s[20, x]}], {x, -1, 1}]
1
A~ A} ‘
-1 v 1

25. Since f is 2p-periodic and continuous, we have f(—p) = f(—p + 2p) = f(p).
Now

" = () - fp) =0

O P VN
=5 | f@dz=gr@f =
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Integrating by parts, we get

/ (= s—dx

brn
nrx(p  nmwl [P
= — f(x)cos — — - f(z)sin — dx
p pl» popl,
- X,
p
Similarly,
1 /P
b= - f'(z) sin — dx
PJ—p
=0
/_/%
1 1
= —f(x)sinw —E—/ flz cos—dx
p P
nmw
= ——an
p

26. From Exercise 25, the Fourier series representation of [’ is

o0 o0
nmwxr nmwxr nm nmwxr nmwxr nmwxr
f/(x) :a6+ E (Q;COST‘Fb;SiH 7) = E ?b COST — TCL"SiH 7

n=1 n=1

This series is precisely the series that we obtain by differentiating term by term the
Fourier series of f(x). That is,

) /
fl(x) = (ao + Z(an cos npg + by, sin npg))

n=1
o0 /
nmwx . nmwx
= E a, cos —— + b, sin —
— p p
o0
nmw nwr e . nmar
= E —b, coS — — ——a, sin —.
p p p p

n=1

27. The function in Exercise 5 is piecewise smooth and continuous, with a piecewise
smooth derivative. We have

—%C if0<a<p,

1o —
f(x)—{% if —p<a<O.

The Fourier series of f’ is obtained by differentiating term by term the Fourier
series of f (by Exercise 26). So

> -1 2k +1 2k + 1 1 2k + 1
8¢ ( +)7fsm( +)7Tx, 802 . (2k+1)m

72 = (2k +1)2 D D N pr £ 2k+1 st D

fi(x) =

Now the function in Exercise 1 is obtained by multiplying f'(z) by —4=. So to
obtain the Fourier series in Exercise 1, we multiply the Fourier series of f’ by —£

and get
4 1 (2k+ D)7
— E sin x.
™= 2k+1 P

28. The function in Exercise 4 is piecewise smooth and continuous, with a piecewise
smooth derivative. We have f’(z) = 2z for —p < & < p. The Fourier series of f’ is
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obtained by differentiating term by term the Fourier series of f (by Exercise 26).
So

n+1

o]
nm
E ~————sin —ux.

p

RERE S = (L4 PHC LA

2 n D D

n=1

>‘|@

Now the function in Exercise 2 is obtained by multiplying f'(x) by 3. So to obtain
the Fourier series in Exercise 2, we multiply the Fourier series of f’ by % and get

n+1

—_— in —x.
[ p

29. The function in Exercise 8 is piecewise smooth and continuous, with a piecewise
smooth derivative. We have

g ifo<z<d,
if d < |z| < p,
if —d<az<O.

fix) =

e © |

The Fourier series of f is obtained by differentiating term by term the Fourier series
of f (by Exercise 26). Now the function in this exercise is obtained by multiplying
f'(z) by —24. So the desired Fourier series is

dnm

oo dnrr %)
d 2cp 1 —cos &+ nrt\ . nw 2 1 —cos &+ p . nm
—— =——— E —— |sin—x = — g — = sin —ux.
f( ¢ dm? £ P H P . T n H P .

n=1

30. The function in Exercise 10 is piecewise smooth and continuous, with a
piecewise smooth derivative. So we can differentiate its Fourier series term by term
to obtain the Fourier series of f/(z). We have

—pic ifc<a<p,
fix)y=1< 0 if |z < e,
1 .
i if —p<z<—ec

Hence
1 if c < <p,
(c—p)f@)=4 0 iflel<e,
-1 if —p<z<—c

which is the desired function. Differentiating term by term the Fourier series of f
(by Exercise 26), we obtain

flo) = Z L (M) e ().

Simplifying, we get the desired Fourier series

D) = (e S (1) g (1)

] —z—"”‘(_”" ().

The convergence of the Fourier series is illustrated in the figure for the case p =1
and ¢ = 1/3.
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Clear([s]
flx_]=

which[x< -1, 0, -1<x<-1/3, -1, -1/3<x< 1/3, 0, 1/3<x<1, 1, x>1, 0]
s[n_, x ] =2/Pisum[(Cos[kPi/3]- (-1)Ak)/ (k) Sin[kPix], {k, 1, n}];
Plot[Evaluate[{f[x], s[20, x]}], {x, -1, 1}]

1! /\V /\\/\
-1 -1/3
‘ ‘ N J ‘
1/3 1
N N -1
VY v

31. (a) Iflim,_ . cosnz = 0 for some z, then any subsequence of (cos nx) also con-

verges to 0, in particular, lim,, .., cos(2nz) = 0. Furthermore, lim,, ., cos? nx = 0.

But cos2ngp — Ltcos@nz)

0= 1+0

, and taking the limit as n — oo on both sides we get
or 0 = 1/2, which is obviously a contradiction. Hence lim,,_,~, cosnx = 0
holds for no x.

(b) If }°, _,00cosnx converges for some z, then by the nth term test, we must
have lim,,_, cosnz = 0. But this limit does not hold for any z; so the series does
not converge for any x.

32. (a) The function 27-periodic function given by f(z) = 3(7 — ) if 0 <z < 27
is piecewise continuous with derivative equal to —1/2 for all x # 2k7w. At the points
where the derivative fails to exist, the left and right limits of the derivative exist
and equal to -1/2. So the function is piecewise smooth.

(b) If we differentiate term by term the Fourier series > 7 ) SLM% we obtain the
Fourier series Y~ cos nz, which is not convergent for any x, by Exercise 30. Thus
the differentiated series does not converge for any x, and, in particular, it does not

converge to f'(x). Hence the series cannot be differentiated term by term.

33. The function F(z) is continuous and piecewise smooth with F’(x) = f(z) at all
the points where f is continuous (see Exercise 25, Section 2.1). So, by Exercise 26,
if we differentiate the Fourier series of F', we get the Fourier series of f. Write

F(z)= Ao+ Z (An cos %Tx + B, sin %x)
n=1

and
nmw
Z (an cos —x + b, sin —x) .
— p

Note that the ag term of the Fourier series of f is 0 because by assumption
02p f(z)dz = 0. Differentiate the series for F' and equate it to the series for f

and get

o0 o0
Z ( A, —sm Tx—l— n—B cos Tx) = Z (an cos Ex—l—bnsin Tx) .
p p p p p

n=1 n=1
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Equate the nth Fourier coefficients and get
nm
-Ay—=b, = A,=-——
p
nm
B,—=a, = B,= ian.
D nm

This derives the nth Fourier coefficients of F for n > 1.
F(0) = 0 because of the definition of F(z) = [ f(t)dt. So

0)=Ao+ > Ap=Ao+ Y —
n=1 n=1
and so Ag =Y 07 | Lb,.

el We thus obtained the Fourier series of F' in terms of the
Fourier coefficients of f; more precisely,

o0 o0
b nmw nmw
:B E AU E (_ibncos—x+£ansin—$> .
T~ A~ nmw P nmw P

The point of this result is to tell you that, in order to derive the Fourier series of
F, you can integrate the Fourier series of f term by term. Furthermore, the only
assumption on f is that it is piecewise smooth and integrates to 0 over one period
(to guarantee the periodicity of F.) Indeed, if you start with the Fourier series of

/s
_Z( os—t—l—b sm—t)
— P
and integrate term by term, you get
nmw * nmw
/ f&)dt = (an/ cos —t dt—l—bn/ sin —t¢ dt)
p 0 p
p P nmw |%
an (—) sin —t’ dt + b, (——) cos —t
p lo nmw 0
n=1
> b > nmw nmw
- L Z =+ Z (——b cos —x + iansul—x) ,
T~ A~ nmw P nmw P

nmw D
as derived earlier. See the following exercise for an illustration.

To get Ao, note that

F(z) =

I
(]

34. The function in Exercise 2 meets all the requirements of the previous exercise
that allow term-by-term integration of its Fourier series. Note that if you integrate
the function in Exercise 2 (called f(x)), you get the function in Exercise 4 (called
F(z)) Thus, using the Fourier series in Exercise 2, we obtain

Fla) — / £ dt— (—171"* /Oxsin(%rt)dt

2p n+1 D T
= - Ty
Z (=) s,
=n?/(12)
_oP e DM 2P s () (" )
2 n? 72 n? s P
n=1 n=1
2 n+1
p* 2p (-1) nw
S Vet G

where we used Exercise 17(a) to evaluate the infinite series > | (72: 22 /(12).
This gives us the Fourier series of F'(x), which is the function in Exercise 4.
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Solutions to Exercises 2.4

1. The even extension is the function that is identically 1. So the cosine Fourier
series is just the constant 1. The odd extension yields the function in Exercise 1,
Section 2.3, with p = 1. So the sine series is

éi in((2k + 1)mz)
T 2k +1

This is also obtained by evaluating the integral in (4), which gives

! 2 12
b, = 2/ sin(nrx) de = —— cosnrx| = —(1 - (=1)").
0

nm 0 nm

2. (a) The odd extension of the function is the 2m-periodic function given by
fa(x) = (m —x) for 0 < x < 2m. This is 2 times the sawtooth function (Example 1,
Section 2.1). Thus the sine series in this case is

> sinnz
2 E .
n

n=1

The even extension is the triangular 27-periodic function given by

Fi(z) = m—x if0<xz<m,
W=\ r+z if —r<z<0,

The cosine series follows from Example 2, Section 2.3 (with a = p = 7). We have

4 cos(2k + 1)z
+?kzzo (2k +1)2

filz

w|>n

3. The even extension is the function in Exercise 4, Section 2.3, with p = 1. So
the cosine Fourier series is

1 4 1
n+1
3 2 nEﬂ(—l) —3 COSNTL.

In evaluating the sine Fourier coefficients, we will use the formula

/xQSinaxdx: B ((—2—1-@23;2) cos(ax)) N 2z sin(ax) O (a£0),

a3 a?

which is obtained using integration by parts. For n > 1, we have

by, = 2 /0 13;2 sin(nmr) dr
_ [( (nw()i:;) cos(nmx) 2w ?2175;1277 :c)] ’(1)
nm)?)(—1 2
o
B [( U, (ni)g((—mn_m]

Thus the sine series representation

n+1 2

2 Z [ * ((-1)" — 1)] sin(nmz).
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4. (a) Let us use the formulas for the coefficients from Theorem 1. We have

2
b, = / (x—l)sinﬁxdx
1 2
2 2, nmw 2 nmw 2 nmw |2
= — SIn —& — — COS —I + — COS —X
nmw 2 nmw 2 nmw 2 I
2 2\°
= ——(-1)" = (—) sin %
nmw nmw 2

Thus the sine Fourier series is

2 2\? . nr nm
- _1 n o __ = : _ : — .
n§1< (1) ( >sm2>sm2x

For the cosine coefficients, we have ag = 1/4 (compute an area under the graph of
f) and, for n > 1,

2
an, = / (x — 1)cosﬁxdx
1 2
2\? n 2 2 nw |2
= — COS —& + —x Sln —x — — SIn —&
nmw 2 nmw nmw 2

_ (%)2 (=17 = cos 2]

Thus, we have the cosine series

file) =7+ > (%)2 (1) — cos ] cos "

n=1

(b) The graphs of the partial sums of the since and cosine series both converge
to f(x) on the interval [0, 2], as expected. The partial sums differ outside this
interval. In fact, the sine series is odd while the cosine series is even. There is also
a major difference in the way the series converge to the function. The odd extension,
which gives us the sine series, is discontinuous at x = +2 and the discontinuities
there are similar to those of the sawtooth function. As a consequence, the partial
sums of the Fourier series display a Gibbs phenomenon at these points. Moreover,
since the Fourier coefficients are of the order 1/n, the partial sums converge slowly
to the function. By contrast, the even extension, which yields the cosine series,
is piecewise smooth and continuous every where. Consequently, its Fourier series
converges uniformly on the entire real line. The cosine coefficients are of the order
1/n?, and this makes the series converge quite fast, faster than the Fourier sine
series.
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We first plot the sine series then the cosine series on the interval [0, p]

b[k_]=-2/ (kPi) (-1) Ak - (2/ (kPi))A28in[k Pi/2];
ss[n_, x ] := Sum[b[k] Sin[kPi/2x], {k, 1, n}];
partialsineseries = Table[ss[n, x], {n, 1, 31, 10}];
fix ]=If[0<x<1l, 0, x-1]
Plot[Evaluate[{partialsineseries, £[x]}], {x, 0, 2}]

.

=0 1.5 2

Here is the cosine series:

alk ] =(2/ (kPi))A2 ( (-1)Ak -Cos[kPi/2]);

cs[n_,x ]:= 1/4+ Sum[a[k] Cos[kPi/2x], {k, 1, n}]:
partialcosineseries = Table[cs[n, x], {n, 1, 5}];

f[x ]=If[0<x<1, 0, x-1]

Plot[Evaluate[{partialcosineseries, £[x]}], {x, 0, 2}, PlotRange » All]

53
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Sine series:

2 [P . nrx 2 p nwa nmb
bn = — sin — dxr = —— [ cos — — cos — | ;
P Ja p pnm p p

thus the odd extension has the sine series

2.1 ( nwa mrb) . nwx
:—Z— cos——cos— sin ——.
T 4~n D D

6. The even extension is the function f;(x) = cosx for all . Hence the Fourier
series expansion is just cosx. For the odd extension, we have, for n > 1,

2 s
b, = -— cosx sinnx dx
™ Jo

sy

| Do

_ [cos(l —n)z  cos(l+ n)x}
7| 2(1—n) 2(1+n) |lo

Dyt 1

™ [ A—n) (+n (-n (l—i—n)]

2m 1+ (—1)

T n?2-1

For n = 1, you can easily show that by = 0. Thus the sine Fourier series is

o0 o0

2 1+ (=1)" 4 ko
; ;nﬁ SINNT = ; Z (2/{)71 SIH(QkI).

k=1

bk _]=2k/Pi (1 + (-1)Ak)/ (kn2-1);

ss[n_, x ] := Sum[b[k] Sin[kx], {k, 2, n}];
partialsineseries = Table[ss[n, x], {n, 5, 30, 5}];
f[x ] = Cos[x]

Plot[Evaluate[{partialsineseries, £[x]}], {x, 0, Pi}]

7. The even extension is the function | cosz|. This is easily seen by plotting the
graph. The cosine series is (Exercise 8, Section 2.2):

2 4 (—-)n
|COS$|:;_;ZWCOS(2H$)'

n=1
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Sine series:

55

4
b, = —/ cosx sin 2nx dx
™ 0
2
= — Sml—i—2nx—sm(1—2n) )] dx
™ Jo
-0 =0
(=142n) w (I+2n) 7
9 1 1 003(72 ) 003(72 )
- _[—1—1-271 1+2n —1+2n B 1+2n
JE— 8 n .
T owdn?2 -1’
thus the odd extension has the sine series
fole) = 23 P in
o(z) = — ————sin2nz.
4n? —1

n=1

8. The even 27-periodic extension of the function f(z) = xsinz for 0 < z < 7 is
given on the interval (—7, w) by fi(z) = xsinz. Its Fourier series is computed in

Exercise 11, Section 2.3. We have

cosx (—1)ntt

filz)=1-

The odd extension is given by fa(z) =
we have, for n # 1, Sine series:

2

™

1

™

1

s
b, / rsinzsinne dx
0

/7T x] —cos(n+ 1)z + cos(n — 1)z] da
0

/7T z[cos(n 4 1)z 4 cos(n — 1)z] dx
T Jo

L(n+1)?

cos(n + 1)x — nj— . sin(n + 1)z

n—1)x+

+cos(n — 1)z +

(nt

QZW

|z sinx for —m < & < 7. For the sine series,

cosnx.

z 1 sin(n — 1)z + cos(n — 1)x]

(n+1)?

and o /7 )
blz—/ rsin?zdr = =
0 v

Thus

o]
m

fo(x) = —sinae — —
2 T

9. We have

/ (1 — cos 2x) dx
0

Z [1+(=1)"] =12

=

5.

n .
smnx.

1
by, = 2/ (1 — z) sin(nmx) dr.
0

To evaluate this integral, we will use integration by parts to derive the following

two formulas: for a # 0,

/x sin(az) dx

sin(a x)
2

x cos(ax)

+C,

a a

™

0
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and

/x2 sin(ax) dx = 2 cos(ax) z? cos(ax) 2z sin(ax)

- + +C.

a3 a a?

So

/ 2(1 — z) sin(az) dz

_ 2 cos(az) x cos(ax) 42 cos(ax) n sin(az) 2w sin(ax) e

a3 a a a? a?

Applying the formula with a = nx, we get

/O 1 2(1 — ) sin(nrz) dz

—2cos(nmx) wcos(nmx) x?cos(nmx) sin(nrx) 2 sin(nrar)|l
= — —+ —
(nm)3 nmw nm (nm)? (nm)? 0
B T S N LG L V(G L)
(nm)3 nmw nmw (nm)3
B (ni)g if n is odd,
N 0 if n is even.

Thus
b { % lfTLISOdd,

0 if n is even,

Hence the sine series in

sin(2k + 1)z
7732 (2k+1)3

b[k 1] =8/PiA31/ (2k+1)A3;
ss[n_, x ] := Sum[b[k] Sin[(2k+1) Pix], {k, 0, n}];
partialsineseries = Table[ss[n, x], {n, 1, 5}];
flx ]1]=x(1-x)
Plot[Evaluate[{partialsineseries, £[x]}], {x, 0, 1}]
0.25
0.2
0.15
0.1
0.05
0.2 0.4 0.6 0.8 1
Perfect!

10. We use the fact that the function is the sum of three familiar functions to
derive its sine series without excessive computations. Write

1—z2=1-—1¢ + (1 —2) = g1(x) + g2(x) + g3(x),

where g1(x) =1, go(x) = —x, and g3(z) = (1 — x). For g1, use Exercise 1; for go,
use Example 1; and and for g3, use Exercise 9. Putting all this together, we find
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the sine coefficient

by = %(1—(—1)71)_2(—;):“+—4(((:;);—1)
_ 2=y
- onm 4 (nm)3 )

Thus, we have the sine series
S (L, -
2 2 (mr -2 (nm)? sinnmx.

11. The function is its own sine series.

12. Sine series expansion:

1
by, 2/ sin(gx) sin(nrx) dz
0

sin(nm — 7/2)x  sin(nw 4+ 7/2)x] |1
[ nm—7/2  nam4+n/2 | lo
sin(nm — 7/2)  sin(nm 4 7/2)
nt—7/2  nr4n/2
cos(nm) cos(nm) 1 1
= - — =—(-1)" +
nr—7w/2 nr+7/2 \nT+7/2 nw—7/2
2nm (=)t 8n
(nm)? — (7/2)2 T -1

= (-

Thus the sine series is
)nJrln

8 o= (—1 .
;Z mSlHTLT(CE.

13. We have

. 1.
sin Tx cos mr = 3 sin 2mx.
This yields the desired 2-periodic sine series expansion.

14. We have

1
(14 cosmz)sinme = sinwe + 3 sin 27z,

This yields the desired 2-periodic sine series expansion.

15. We have
! 2e” 1
b, = 2/ efsinnrrdr = = -———— (sinnmxr — nwcosnwr) ’
0 1+ (nm)?

2e 2nm
- == 1 n+1 oo enn
1+ (nm)? ((=1)"") + 1+ (nm)?

2nm

= o (e,

Hence the sine series is

> 2nm n .
7;1 m (1 =+ 6(—1) +1) SINNTX.

57

16. Just add the sine series of 1 and the sine series of —e® for 0 < x < 1 and you

will get the sine series

Z [:—n(l — (=" - 1_37(17”7;)2 (1+e(—1)"*") | sinnrz.

n=1



58 Chapter 2 Fourier Series

Here is an illustration of the since series convergence.

b[k_]= 2/ (kPi) (1- (-1)Ak) - (2kPi) /(1 + (kPi)A2) (1+ E (-1)A(k+1));
ss[n_, x_] := Sum[b[k] Sin[kPix], {k, 1, n}];

partialsineseries = Table[ss[n, x], {n, 3, 10, 2}];

f[x ]1]=1-EAx

Plot[Evaluate[{partialsineseries, £[x] }], {x, 0, 1}, PlotRange » All]

-0.25¢
-0.5¢
-0.75¢
-1t
-1.25¢
-1.5¢
-1.75¢

17. (b) Sine series expansion:

2 [*h 2 (P h
b, = —/ —xsinwd:c—i-—/ (x—p)sinﬂd:c
PJo @ p bpJo a—Pp p
2h a N
= —[—xic nre —|—i coswdx]
ap nmw p lo nmw jy P
2h - P P
—1-7[(x—p)m cos(m) + [ Locos xd:c}
(a—pp nm p la J, nw p
2h r—ap nwa p? . nma
= —[—cos——l— sm—}
pal nm p  (nm)? p
2h 2
+7[£(a—p)cos@— P 5 in@]
(@ —p)p Lnm p  (nm) p

(nm)?>”" p ta a-p

2hp? . nma
= ————— SIIl ——
(nm)?(p — a)a p

Hence, we obtain the given Fourier series.

2hp sin@[l 1 ]

Solutions to Exercises 2.5

1. We have

1 <<,
f(‘”)_{—1 if —1<z<0;

The Fourier series representation is

I 1
flz) = - Y sin(2k + 1)z,
k=0
The mean square error (from (5)) is
EN_l/l Q(ZC)dZC—CLQ—li(CLQ—FbQ)
2 1 0 2 — n nit
In this case, a, = 0 for all n, boy =0, bog11 = m, and

1, 1t
— f xdx:—/ dr =1.
2/71 (@) 2J4
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So

1 8
By =1- 5(b;%) =1- 5 ~0.189.
Since by = 0, it follows that F, = E;. Finally,
1,5 5 8 8
2. We have
f) = x if —m<az<om,
R B (x 4+ 2m) otherwise.
Its Fourier series representation is
0 1 n+1
f(x):2z ( sin nx
n=1
The mean square error (from (5)) is
1" 1<
_ 2 2 2 2
Eny = % 77Tf (.I) dx_a’O_ 5;(a’n+bn)
1" 1
= 3 7ﬂx2dx—ag—§;(ai+bi)
1 g 1
_ 3 2 2 2
- 6_7Tx ﬂ_a0_§;(a’n+bn)

Il
w|,

|

)
[]=

where, in the last equality, we used a,, = 0 and b,, = 2# for all n. So
2

™
FE = ?—2%1.29;
E2 = El — 2/(22) ~ 79,
By = E,—2/(3%) ~ .57

3. We have f(z) =1 — (z/7)? for —7 < & < . Its Fourier series representation is

N O Vi
flz) = 3 + 4; 7( (m)r)Q CcoSNT.

Thus ag = %, anp = 4(27127;:1, and b, = 0 for all n > 1. The mean square error

(from (5)) is

N
R T A o 1 2 2
Eny = % 771-f (x)d'r—ao_§nzl(an+bn)
N
1 (" 9y 2 4 8 1
1" 22 2t s L1
1 2235 2 m 4 8 L1
NPT S TS o
T 3r2  Hrtllo 9 7T4n:1n4
_, 2,1 4 8 |
N 3 9 7T4n71n4
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So
4 8
E, = 4_5_FN'0068’
8 1
By, = El—ﬁ2—4~.0016,
8 1
E; = EQ—F3—4~.0006

4. We have f(z) = 22 for —1 < x < 1. Its Fourier series representation is

1 4 & "
flz) = § = Z COSNTX.
Thus ag = %, ap = 4((7”;2 , and b, = 0 for all n > 1. The mean square error (from
(5)) is
1! 1 &
Ex = 3 1f2(g;) dr — a2 — 3 > (a2 +b2)
- n=1
1 N
1 1
0 T =n
_Llosee L
5 9 gt = n4
48 XN: 1
45 gt — n4
So
4 8
E, = T ~ .0068;
T
8 1
E2 = El — F 2—4 ~ 0016,
8 1
5. We have
1 2 2 1 " 2
Ey = 3 1f () dx — a2 52@ +b2)
- n=1
N
1 9 8 1
SREE YIRS D
n=1 1<n odd<N
With the help of a calculator, we find that E39 = .01013 and E4; = .0096. So take
N =41.

6. This exercise is a well-known application of the definite integral and can be
found in any calculus textbook.

7. (a) Parseval’s identity with p = m:

1 2 L - )
o | f ()? dx = af + B z:: a;, + by.)
Applying this to the given Fourier series expansion, we obtain
17 a2 I 1 2 1 1 = 1
J— —dr = = J— PR —— J— = R — J—
) T2 5= 52 =2
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For (b) and (c) see the solution to Exercise 17, Section 2.3.

8. Applying Parseval’s identity, we obtain

Ty, 1N 16 ot 1 =1 7t
Sl 9+2;n - 3 9+8;n4 - nzln4 90

9. We have f(z) = 7z — 2% for —7 <@ < 7 and, for n > 1, b, = 22(~1)"*1. By
Parseval’s identity

™
N R I AN
7\ 3 5 7 ) lo

Simplifying, we find that

13. For the given function, we have b, = 0 and a,, = # By Parseval’s identity,

we have
: f2( ydz =23 / P i L ory ="
5= 5 — =
2m 2 —mn —~ nt ~ 90’
where we have used the table preceding Exercise 7 to compute ((4).

15. Let us write the terms of the function explicitly. We have

>, cosnz cosr  cos2x
= p— 1 —_— S

Thus for the given function, we have
1
b, =0 for all n,ag =1, an = 5o forn > 1.

By Parseval’s identity, we have

1 [ 1 &
[ P@d = drzYa
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Hence
— 1 1 4
ar 1-3 3
and so - L 14 .
9 m
de =2r1(z+ z5) = —
7ﬁf (x) m(3+53) =3
17. For the given function, we have
1
ap =1, an:3—n, b, = — forn >1.

By Parseval’s identity, we have

%/:fQ(:c)d:c _

n=1
I, 1
= 1 — —_—
+22((3n)2+ 2)
n=1
I 1 11 11
= 3titilytilw
I 131 1K1
-t lotilw
Using a geometric series, we find
— 1 1 9
on T g
n:09 -5 8
By Exercise 7(a),
n:1n2 6
So
T 172 170 w3
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Solutions to Exercises 2.6

1. From Example 1, for a # 0, +i, £2i, £3i, . . .,

inh o 1)
0T — smhma Z ( ) eine

a—1in
o0

(—m <z <m);

consequently,

_qz _ Sinhma i (-1)

n
e = —e'" (= <z <),
s a—+in
n=—oo
and so, for —m <z < T,
eam + e*(lx
coshar = ———
2
o0
sinh wa 1 1 ,
2 Z (=1) (a—i—zn a—1in
n=—oo
asinhma i =™ .
= e,
T n2 +a?

2. From Example 1, for a # 0, +i, 24, +34, . . .,

inh %) ERAV
0T — Simnnma Z ( ) eine

(=7 <z <m);

™ a—1n
n=—oo
consequently,
. o0
_ sinh wa " .
e ar __ E ( ) eznx (—7T<CC<7T),
s a—+n
=—00
and so, for —m <z <,
axr —axr
. e —e
sinhar =
2

sinhma " 1 1 ine
B 2T Z (=1) ( B )e

n=—oo

.. o0
_ isinh ma Z (—1)"— n 261-7”'
™ n“+a
n=-—o00
3. In this exercise, we will use the formulas cosh(iaz) = cosax and sinh(iaz) =

isinaz, for all real @ and z. (An alternative method is used in Exercise 4.) To
prove these formulas, write

ezam _"_ e*laI

cosh(iaz) = —5  =cosag,
by Euler’s identity. Similarly,
ar _ ,—iax
sinh(iax) = % = isinaz.

If a is not an integer, then ia # 0, +i, £2¢, £3i, .. ., and we may apply the result of
Exercise 1 to expand €®® in a Fourier series:

cos(ar) = cosh(iax) = (ia) su;h(ma) n;m n2(—7-1()ia)2€mx
—asin(wa) > =D"™ .
- T Z n2—azt

n=—oo
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4. We have _ _
) elar _ o—iax
sinaxr =
2
Since a # 0, £1, £2, ..., we can use Example 1 to expand e!*® and e . We
have, for —m < x <,
. . o0
eiam _ Slnh(lﬂ'a) Z (_1)71 einx
T (ia) —in
n=—oo
eiﬂ'a _ e*iﬂ'a 0 (_1)71 )
I mx
2um a—n
n=—oo

_ sin(7a) i (—1)"61-7”'

= a—n
Similarly,
. o0
e*iax _ 31n(7ra) Z (_1)71 einx'
s i a—+n
Hence
eiam _ e*iax
si =
in ax >
- sinma i (1) 1 1 pine
a 2um Mt a—n a+n
- isinma i (1) n pine
a ™o = a? —n? '
5. Use identities (1); then
2ix —2ix 3ix —3ix
cos2e 4 2sin3r — 0T o €
2 21
y —2ix 621x 30
= je "4 + — e’
2 2
6. Use identities (1); then
3ix —3ix
e e
sin3x =
in 3x 2
) 673ix ) €3ix
= 1 —1
2 2

7. You can use formulas (5)—(8) to do this problem, or you can start with the
Fourier series in Exercise 3 and rewrite it as follows:

e & _1\ninx
cosar asin(ra) Z (=1)™e
™ n? — a?
n=—oo
_ —asin(7a) i (—=1)"e™*  asin(mwa) 1 asin(ma) i (—1)"eine
N ™ n? — a? T —a? ™ n? — a?
n=-—oo n=1
~ sin(wa)  asin(7a) i (—=1)"me=™m*  gsin(ma) i (—1)neine
N Ta ™ (—n)? — a? ™ n? —a?
n=1 n=1
=2cosnx
—
sin(ra)  asin(ma) o net e
= - D
Ta T n?—a
n=1
_ sin(ra) 2asin(7ra) > (—1) cos nT
Ta T n? —a?’

n=1
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8. You can use formulas (5)—(8) to do this problem, or you can start with the
Fourier series in Exercise 4 and rewrite it as follows:

.. o0
) isinma n -
smar = — . Z (—l)nmelnx
n=—oo
isin(ma) . (=1)"ne™  isin(ma) = (—1)"ne™®
s ot 5
™ n? —a? ™ n? —a?
n=-—oo n=1
isin(ra) o= (—=1)"(=n)e~™* isin(na) w= (—1)"ne™®
- Z 52 Z 2 _ 42
™ (—n)?2 —a ™ n?—a
n=1 n=1
=2isin nx
.. oo e —
_ ’LSlIl(?TCL) Z gl)nz (einx _ efinac)
7r n?—a
n=1
2sin(ma) = (=1)"n .
= - Z 5 sinnz.
T ‘=n’-a

9. If m = n then

1 v Ty —gIRT g 1 v Ty T g 1 v
e'r e e dy = % e'r e e Tdy = — dr =
D J—p

2/, 2p J—p
If m # n, then
1 [P o : 1 (mon)w
— e Ye r ¥dr = — e P
2p —p 2p -p
—1 jn=m)w P
= (& p
2(m —n)m —p
-, . .
_ i(m—n)m _ 71(m7n)7'r)
2(m —n)m (e c

= m (cos[(m — n)w] — cos[—(m

—n)m]) = 0.
10. From (6), we have
Cp + C—p = Qnp,

and
Cn — C—p = —iby, = by = i(cy, —cp).

11. The function in Example 1 is piecewise smooth on the entire real line and
continuous at x = 0. By the Fourier series representation theorem, its Fourier series
converges to the value of the function at x = 0. Putting 4x=04 in the Fourier series
we thus get

(-1

a? +n?

sinh wa

FO)=1="—— 3"

n=—oo

(a+in).

The doubly infinite sum is to be computed by taking symmetric partial sums, as
follows:

o) N
= L = ,
n;m a2+n2(a+m) N ngnoo ;N a2+n2(a+m)
N N
. (=)™ - (=)™
= aj]\}gnoo Z a,2+n2+ll\flgnoo Z a2+n2'
n=—N n=—N
But
a? +n? ’

n=—N
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because the summand is an odd function of n. So

sinh a (=)™ ) asinhma (=)™
l=— E E :
T (a+in) T

a? +n? a? +n?’
=—00 =—00

which is equivalent to the desired identity.

12. Starting with the Fourier series of Example 1, we have, for —m < z7m and

a#0,

a sinhma < N ing
e = Z (a+in)e
™ 24+ n2
sinhma (a4 in ) o
= Z 2 3 ( cos nT + 1SN n:c)
T = a“+n
~ sinh7a i (=1)"[(acosnz — nsinnz) + i(n cosnx + asinnz)]
N T = a? 4+ n?
_ sinh7a i (=1)"(a cos nx — nsinnx)
N ™o = a? + n? ’

where in the last step we have used the fact that the symmetric partial sums of an
odd integrand in n adds-up to 0 (see the previous exercise).

13. (a) At points of discontinuity, the Fourier series in Example 1 converges to
the average of the function. Consequently, at x = 7 the Fourier series converges to

% = cosh(ar). Thus, plugging 2 = 7 into the Fourier series, we get

=(—1)"

sinh(ra) = (—1)" 7N sinh(ma) <= (a+in)
cosh = + mr = R
(CLTF) s n;m a? + n? (CL Zn) ¢ n;m a? +n?
The sum anfoo = +n2 is the limit of the symmetric partial sums
al n
. _" _)
(2 ;N a2 + n2
Hence anfoo aﬁ# =0 and so
sinh(ma) a - 1
cosh =— — = coth == e
P D m=7 L @

upon dividing both sides by sinh(arw). Setting ¢t = aw, we get

o0 o0

t 1 t
ht —_ 5 — = _—
cot 2 Z (L)2 4+ n2 Z 2+ (mn)?’

n—=——oo ‘T n=—oo

which is (b). Note that since a is not an integer, it follows that ¢ is not of the form
ki, where kis an integer.

*9

14. Start with the expansion from Exercise 13(b): For ¢ # 0, +im =+ 2im, ..

o0

t

cotht = Z m

n=—oo

Take t = iz with z # km; then

o0
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But ) )
e 4 e 2cosx .
= = —1cot x.

coth(ix) = — = —
(iz) ewr — e 2isinx

So

o0

. o0
i x
—_ 'Cot = [ — _—_—
LR Zﬁ (ix)? + (mn)? anzioo (mn)2 — 22’

equivalently, for x # km,

> x

cotx = —_—.
Z 2% — (mn)?
n=—oo

Additional remarks: For a fixed x in the domain of convergence of the series,
the series converges absolutely. By writing the n = 0 term separately and taking
symmetric partial sums, we get, for x # k,

1 = T
ter=—+2 _
T=T + ngl 22 — (mn)?

This is a pretty good approximation of the cotangent function by a sum of simple
rational functions. See the figure for the approximation obtained by using only
one term from the series on the interval (0, 7). The approximation of cotz that
we derived tells you how badly the cotangent behaves around kn. For example,
around x = 0, cot z is as bad (or as good) as 1/x.

The approximation of cot = by rational functions is also useful in solving equa-
tions like cot & = x, which arise frequently in applications (see Section 3.6).

Plot[{Cot[x], 1/x+2x/ (xA2-PiAn2)}, {x, 0, Pi}]

60
40
20

_20,
_40,
_60,

15. (a) This is straightforward. Start with the Fourier series in Exercise 1: For
a#0,+i,+2i,43i,..., and —7 < x < 7, we have

asinhma <= (=1)" ;..
On the left side, we have
1 [ 1 [™ cosh(2 1
— cosh?(az)dx = —/ cosh(2az) + 1 dz
2 J_, T Jo 2
1 1 ﬂ 1 1
= % [IE + % Slnh(2a,$)] 0 = % [7T + % Sinh(2a7r)] .

On the right side of Parseval’s identity, we have

(asinh7a)? i 1
(

T2 n2 + CL2)2 '
n=-—o00
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Hence
2 2a suhisa o s

(asinh7a)? i 1
2 L (2t a?)

Simplifying, we get

o0

1 T 1
= — sinh(2 .
Z (n?+a?)?2  2(asinhra)? [m+ 2¢ " (2m)]

n=—oo

(b) This part is similar to part (a). Start with the Fourier series of Exercise 2: For
a#0,+i,+2i,+3i,..., and —7 < x < 7, we have

isinhma n
sinhar = —— E (—1)"ﬁemx.
s n“+a
n=—oo

On the left side, we have

X

I 1 (™ cosh(2azx) — 1
_/ sinh2(ax) dx _/ M d
2 J_ . T Jo 2

1 1 .
= 3 [—z+ % sinh(2ax)]

i 1 1
. %[—w—l-%smh@aw)].

On the right side of Parseval’s identity, we have

. oo
sinh? ra Z n?
2 (n? + a?)?’

Hence 2
1 1 sinh”®(7a) < n?
5 [ — T+ % s1nh(2a7r)] = 2 n;m (n? +a2)?’
Simplifying, we get
oo n2 T 1
_ — m 4+ — sinh(2a7)|.
RORCET e A T

16. (a) Following the hint, for a given w, we have

d eeru) ez eeru) _ ez eeru)
_— = = O'
dz e* (e?)?

(This calculation uses the fact that -Le* = e“9%.) Since L i
dz dz dz

= 0, we conclude

=
that ez;w = C or e = Ce* for all z, where C is a constant (that depends on w).

Take z = 0. It follows that C' = e® and hence e*T% = e*e®.

(b) We have
0 _ o (if)" _ ; 20° 500 40"
e? = ; S =il it
6 o 6
= 1——+— <H@——+—— )
20 4! 3! 5l

= cosf +isiné.

(¢) Replace 0 by —6 in (b) and you get
e = cos(—0) + isin(—0) = cos — isin 6,
which is the complex conjugate of cosf + isin . Thus

e 0 = ¢if
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(d) For any complex number, |2|?> = 2 -Z. Thus

’61'9’2 — oG — i =i _

So |e"| = 1.

(e) e +e% = (cos @+isin @)+ (cos —isin ) = 2 cosd. Thus cosf = (e +e~1)/2.
Similarly, sin@ = (e — e~%)/(2i) (f)

™% = cos(m/2) +isin(n/2) = i;
. 2 2
e/t = cos(3m/4) + isin(3w/4) = —% + i%;
e™ = cosm+isinm = —1;
e*™ = cos(2m) +isin(27) = 1;
e = cos(167) 4 isin(167) = 1.
(g) We have _ _
ez+27‘r1 — 626271'1 — ez . 1 — ez'

17. (a) In this exercise, we let a and b denote real numbers such that a? + b* # 0.
Using the linearity of the integral of complex-valued functions, we have

L +ily, = /e“cosbxd:c—ki/e“sinbxd:c

= / (e cos bx + ie®” sinbx) dx

e’LbI

—_—
= /e‘” (cosbx + isinbz) dx

_ /eameibm do = /em(aJrib) dx

_ 1 : em(aJrib) + C,
a+1b
where in the last step we used the formula [ e*® dz = Le*® 4+ C (with a = a +1b),
which is valid for all complex numbers a # 0 (see Exercise 19 for a proof).
(b) Using properties of the complex exponential function (Euler’s identity and the
fact that e*T% = e*e"), we obtain

1 .
I +ils = mem(aJﬂb)—FC

(a +1ib)
(a+1ib) - (a+1id)
— b
= ﬁe“(cosbx—kismbx)—kc
= 2€+ = [(acosbx+bsinbx) —|—i( —bcosbx—!—asinbx)] + C.
a

eamelbm + C

(¢) Equating real and imaginary parts in (b), we obtain

ax

L=l

a cos bx + bsin bx)
a

and e
e

12:a2—|—b2

(— bcosbx+asinbx).

18. (a) Use Euler’s identity and properties of the exponential as follows:

cosnf +isinnd = "= (ew)

= (cosf+isind)".
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(b) With n = 2, the identity in (a) becomes

c0s20 +isin20 = (cos® +isinf)’
(cos 0)% + (isin#)? + 2i cos fsin O

cos? @ — sin” 6 4 2i cos Asin 6.
Equating real and imaginary parts, we obtain
c0s20 = cos?f —sin®@ and sin20 = 2sinf cosf.
(¢) Proceeding as in (b) with n = 3, we obtain

cos30+isin30 = (cosf+isinf)’
= (cos)® + 3cosf(isin 0)* + 3(cos §)*(isin 6) + (isin 0)?
= (cosf)® — 3cosf(sin6)* + i(3(cos ) sinf — (sin)?).

Equating real and imaginary parts, we obtain
cos 30 = cos®f — 3cosfsin?@ and sin30 = 3 cos® fsinf — sin® 6.
But sin? 0 = 1 — cos? 6, so
cos 30 = cos® @ — 3 cos (1 — cos? ) = 4 cos® @ — 3 cosb.
Similarly, using cos?# = 1 — sin? §, we obtain

sin30 = —4sin® 6 + 3sin6.

19. The purpose of this exercise is to show you that the familiar formula from
calculus for the integral of the exponential function,

1
/e‘” dex = —e*™ + C,
a

holds for all nonzero complex numbers a. Note that this formula is equivalent to

i ar __ ax
daze = ae”,
where the derivative of %e‘” means
d ar __ d ax . ax o d ax . d ax
P —dx(Re(e ) +iIm (e ))—dee(e )—|—zd$1m(e ).

Write a = a4 i3, where o and 3 are real numbers. Then
- em(aJriﬁ) _ eameiﬁm

= e**cos fx + ie*" sin fz.

So

d d
d—xe‘” = d—xe‘” cos fBr + id—xe‘” sin Sz
= «ae** cosfr — [e™ sin fx + i(ae‘” sin B + [Fe™* cos 633)
= e‘”(acosﬁx — Bsin fx —|—i(asin63:—|—6cosﬁx))
= e*(cos Bz + isinfz)(a +if)
aeameiﬁm _ aeam+iﬁmaeiam

as claimed.
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20. By definition of the integral of a complex-valued function, we have

b b b
/ (h(t) + g(1)) dt = / Re (h(t) + g(1)) dt + i / T (h(t) + g(t)) dt.
But Re(h(t) + g(t)) = Re(h(t)) + Re(g(t)) and Im (h(t) + g(t)) = Im (h(t)) +
Im (g(t)). So

b b

/ b(h(t)+g(t))dt - / Re (h(t)) dt + i / Im (h(t)) dt

a a
b b

+ [ Rel(g(t))dt+ z/ Im (g(t)) dt

a a
b b

_ / h(t) dt + / g(t) dt.

a a

In a similar way, we can show that

/abah(t) dt_a/abh(t) dt

for any complex number «. Combining the two properties, we obtain that
b b b
/ (ah(t) + Bg(t)) dt = a/ h(t)dt + 6/ g(t) dt.

21. By Exercise 19,

2m

2m
/ (e’Lt 4 2672115) dt = _'e’Lt 4 i 672115
0

7 -2
=1 =1

0

N
= —ie*™ fie ™ —(—i+1i)=0.

Of course, this result follows from the orthogonality relations of the complex expo-
nential system (formula (11), with p = ).

22. Taking a hint from the real-valued case, and using Exercise 19, we integrate
by parts and obtain

—u =dv
T AT 1 o™ 1 [™ ..
/ toe*tdt = t—e?| — — / et dt
0 27 0o 2 )
T g Loy
= ’L2€ +4e 0
T 1 T
= —i—+-(1-1)=—i=
gt =3
23. First note that
1 1 it

—_— S = — =€ .
cost —isint e~
Hence )
/%,dt:/e“dt:—ie“—l—C:sint—icost—l—C.
cost —isint

24. Using linearity and integrating term by term, we have
27
/ (3t — 2 cost + 2isint) dt = 6.
0

Hence

27
/ (3t — 2cost + 2isint) dt = 67 = 6.
0
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25. First note that

1+t (1+1t)? 1— 1% 4 2it 1—t2+, 2t
— = = 1 .
L—it (1 —idt)(1+it) 1+ t2 1+ 142

1+t 1—¢2 2t
dt = — _dt+i | = —dt
/1—it /1+t2 +Z/1+t2

2 2t
14— dt+i [ ——dt
/( e +Z/1+t2

= —t+2tan" 't +iln(l+#%) +C.

Hence

22. For n # 0, using the orthogonality relations, we have

=0
—u =dv
T —_ A —T 1 L 1 77 )
/ (1—t)e ™dt = (1—t)—e ™| + —/ e " dt
o —in - —in J_,
[ —inm inm
= n—[(l—w)e — (1+m)e"]
S R L
N n N n

If n = 0, the integral becomes
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Solutions to Exercises 2.7

1. (a) General solution of y’ 4+ 2y’ + y = 0. The characteristic equation is
A2+2X+1=0or (A+1)% = 0. It has one double characteristic root A = —1. Thus
the general solution of the homogeneous equation y” + 2y’ +y = 0 is

Yy = cleft + czteft.
To find a particular solution of " 4+ 2y’ 4+ y = 25 cos 2t, we apply Theorem 1 with

uw =1, ¢=2,and k = 1. The driving force is already given by its Fourier series:
We have b,, = a, = 0 for all n, except as = 25. So «a,, = (B, = 0 for all n,

except oy = A‘%i"ég and 3y = %, where A9 = 1 —22 = —3 and By = 4.
Thus as = =2 = —3 and B = 290 = 4, and hence a particular solution is
25 25 ; p

Yyp = —3 cos 2t + 4sin 2¢t. Adding the general solution of the homogeneous equation
to the particular solution, we obtain the general solution of the differential equation
Yy 4+ 2y +y = 25cos 2t

Yy = cre b 4 cote™ — 3cos 2t + 4 sin 2t.
(b) Since lim; .o cre™t + cate™ = 0, it follows that the steady-state solution is

Ys = —3cos 2t + 4sin 2¢.

3. (a) General solution of 4y” + 4y’ + 17y = 0. The characteristic equation is
4)\% + 4\ + 17 = 0. Tts characteristic roots are

—2+4-(4)(1 —2+—-64 1
A= 1 () 7): 1 6 :—§:|:2i.

Thus the general solution of the homogeneous equation is
y = cle*t/2 cos 2t + cze*t/2 sin 2t.

It is easy to see that y = 1/17 is a particular solution of 4y” + 4y’ + 17y = 1. (This
also follows from Theorem 1.) Hence the general solution is

1
Yy = cle*t/2 cos 2t + 02€7t/2 sin 2t + ITa

(b) Since limy .o c1e™/2 cos 2t + coe™/?sin 2t = 0, it follows that the steady-state

solution is )

ys:ﬁ-

5. (a) To find a particular solution (which is also the steady-state solution) of
y' + 4y + 5y = sint — £ sin 2¢, we apply Theorem 1 with =1, ¢ =4, and k = 5.
The driving force is already given by its Fourier series: We have b,, = a,, = 0 for
all n, except by = 1 and by = —1/2. So a,, = 3, = 0 for all n, except, possibly, a7,
a9, 61, and betag. We have Al = 4, A2 = 1, Bl = 4, and B2 =38. So

—B1by —4 1

(@] = _— = ——

! A2 4 B2 32 8’

—Boby 4 4

a2 = W = — = -,
2+B: 65 65
Aiby 4 1

b = ﬁ = %0 o
24 B2 32 8

g, = _Asb2 _ -1/2 1

A2+ B2 65 130
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Hence the steady-state solution is

1 1 4 1
Yp = —35 cost + < sint + — cos 2t — ——=sin 2¢.

8 8 65 130
(b) We have
1 1 4 1
Yp = —=cost+ —sint+ — cos2t — ——sin 2¢,
8 8 65 130
1 1 8 1
(yp)/ = 3 sint + 3 cost — o5 sin 2t — o5 cos 2t,
1 1 1 2
(yp)" = gcost gsmt— £cos2t+ gSlHQt

1 4 5 1 4 5
"y / L 4 o . o405
) )+ 5y (8 8 8) cost ( 8 + 8 + 8) st

2 32 5 16 4 20
+|=-=- sin2t + | — + — | cos2t

65 65 130 65 65 65
= (=20 9t — Lsin2
= sin 75 T 65 130 sin 3 sin 22,

which shows that 7, is a solution of the nonhomogeneous differential equation.

9. (a) Natural frequency of the spring is

k
wo = \/i =v10.1 =~ 3.164.
I

(b) The normal modes have the same frequency as the corresponding components
of driving force, in the following sense. Write the driving force as a Fourier series
F(t) = ao 4+ Y. .2 fa(t) (see (5). The normal mode, y,(t), is the steady-state
response of the system to f,,(¢). The normal mode y,, has the same frequency as
fn- In our case, F is 2m-periodic, and the frequencies of the normal modes are
computed in Example 2. We have wa,,,11 = 2m + 1 (the n even, the normal mode
is 0). Hence the frequencies of the first six nonzero normal modes are 1, 3, 5, 7, 9,
and 11. The closest one to the natural frequency of the spring is ws = 3. Hence, it
is expected that y3 will dominate the steady-state motion of the spring.

13. According to the result of Exercise 11, we have to compute ys3(t) and for this

purpose, we apply Theorem 1. Recall that y3 is the response to f3 = 5—sin3t, the

component of the Fourier series of F'(t) that corresponds to n = 3. We have az =0,

by = 2, =1, c= .05 k=10.01, A3 = 10.01 — 9 = 1.01, By = 3(.05) = .15,
—Bsbs —(-15)(4)/(3m) Asbs

_ _ ~—.0611 and Bs = —2 _ ~ 4111
T A2 r B2 (1.01)2+ (.15)2 0611 and /s As + B2

So
ys = —.0611 cos 3t 4 .4111 sin 3¢.

The amplitude of y3 is v.06112 4 .41112 ~ .4156.

17. (a) In order to eliminate the 3rd normal mode, y3, from the steady-state
solution, we should cancel out the component of F' that is causing it. That is, we
must remove f3(t) = 2823t Thus subtract 2823 from the input function. The
modified input function is Lsin 3
sin
F(t)— 3
Its Fourier series is he same as the one of F', without the 3rd component, f3(t). So
the Fourier series of the modified input function is

(2 1t
= sm t+ — Z s1n2mm++1
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(b) The modified steady-state solution does not have the ys-component that we
found in Exercise 13. We compute its normal modes by appealing to Theorem 1
and using as an input function F'(t) — f3(¢). The first nonzero mode is y;; the sec-
ond nonzero normal mode is y5. We compute them with the help of Mathematica.
Let us first enter the parameters of the problem and compute «,, and /3, using the
definitions from Theorem 1. The input/output from Mathematica is the following

Clear[a, mu, p, k, alph, bet, capa, capb, b, y]

mu=1;
c=5/7100;
k=1001/7100;
p=Pi;

a0 =0;
aln_]=0;

b[n ]=2/(Pin) (1- Cos[nPi]);

alph0 =al0/k;

capa[n ] =k-mu (nPi/p)Ar2

capb[n ] =cnPi/p

alph[n ] = (capa[n] a[n] - capb[n] b[n]) / (capa[n] A2 +capb[n]A2)
bet[n_] = (capa[n] b[n] + capb[n] a[n]) / (capa[n] A2 +capb[n] A2)

1001
100

o
20
1 -Cos[nr]

n2 1001 2, 2
1O<W+(1oo -n?) >7T

2 (% _nz) (1-Cos[nr])
0

100
2 1001 2
T ( 100 n?) ) T

400

n {

It appears that

— (1 —cos(nm)) and f, 2 (455 —n?) (1 —cos(nm))

* = 10 a2 4 (1001 _ 2y 22 4 (1001 _ p2)?
200 100 n v\ 200 100 " n

Note how these formulas yield 0 when n is even. The first two nonzero modes of
the modified solution are

y1(t) = aq cost + B sint = —.0007842 cost + .14131 sint

and

y5(t) = as cos 5t + (5 sin 5t — .00028 cos 5t — .01698 sin 5¢.

(¢) In what follows, we use 10 nonzero terms of the original steady-state solution
and compare it with 10 nonzero terms of the modified steady-state solution. The
graph of the original steady-state solution looks like this:
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steadystate[t_] = Sum[alph[n] Cos[n t] +bet[n] Sin[nt], {n, 1, 20}];
Plot[Evaluate[steadystate[t]], {t, 0, 4 Pi}]

S
A

The modified steady-state is obtained by subtracting ys from the steady-state.
Here is its graph.

modifiedsteadystate[t_] = steadystate[t] - (alph[3] Cos[3 t] +bet[3] Sin[3 t]);
Plot[Evaluate[modifiedsteadystate[t]], {t, 0, 4 Pi}]

2 4 8 0 1
-0.05
-0.1

In order to compare, we plot both functions on the same graph.

Plot[Evaluate[{steadystate[t], modifiedsteadystate[t]}], {t, 0, 4 Pi}]

It seems like we were able to reduce the amplitude of the steady-state solution
by a factor of 2 or 3 by removing the third normal mode. Can we do better? Let
us analyze the amplitudes of the normal modes. These are equal to /a2 + §2. We
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have the following numerical values:

amplitudes = N[Table[Sqgrt[alph[n] A2 +bet[n]A2], {n, 1, 20}]]

{0.141312, 0., 0.415652, 0., 0.0169855, 0., 0.00466489, 0., 0.00199279, 0.,
0.00104287, 0., 0.000616018, 0., 0.000394819, 0., 0.000268454, 0., 0.000190924, 0.}

It is clear from these values that ys has the largest amplitude (which is what
we expect) but y; also has a relatively large amplitude. So, by removing the
first component of F', we remove y;, and this may reduce the oscillations even
further. Let’s see the results. We will plot the steady-state solution ys, ys — ys,

and ys — y1 — ys.

modifiedfurther[t_] = modifiedsteadystate[t] - (alph[1l] Cos[ t] +bet[1] Sin[ t]):;
Plot[
Evaluate[{modifiedfurther[t], steadystate[t], modifiedsteadystate[t]}], {t, 0, 4 Pi}]

Steady-state solution

/ Modified steady-state solution
"k /Modiﬁed even further steady-state solution

21. (a) The input function F(t) is already given by its Fourier series: F(t) =
2 cos 2t +sin 3t. Since the frequency of the component sin 3t of the input function is
3 and is equal to the natural frequency of the spring, resonance will occur (because
there is no damping in the system). The general solution of y+9y = 2 cos 2¢+sin 3¢
is y = yn +yp, where yj, is the general solution of y” +9y = 0 and y, is a particular
solution of the nonhomogeneous equation. We have y, = ¢; sin 3t + c2 cos 3t and,
to find y,, we apply Exercise 20 and get

b

Yp = (% cos 2t + A—Qsin2t> + R(1),
2 2

where az =2, by =0, Ao =9—22=5, a,, =0, by, = 1, and

t
R(t) = —g oos 3t.

Hence

2 t
Yp = gcos2t— Ecos3t

and so the general solution is

2 t
Yy = c1 8in 3t 4 o cos 3t + gcos2t— Ecos3t.
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(b) To eliminate the resonance from the system we must remove the component of
F that is causing resonance. Thus add to F'(t) the function —sin 3¢. The modified
input function becomes I, qifiodq (f) = 2 cos 2t.

25. The general solution is y = ¢ sin 3t + c2 cos 3t + % cos 2t — % cos 3t. Applying

the initial condition y(0) = 0 we get ¢z + 2 = 0 or ¢; = —2. Thus

2 2 t
Yy = cysin 3t — gcos3t+ gcos2t— Ecos3t.

Applying the initial condition y'(0) = 0, we obtain

1 t
y = 3cicosdt+ gsin 3t — gsin 2t — 6 cos 3t + §sin 3t,
1
y/(o) = 301_65
1
! — —

Thus

1 2 2 t
Y= Esin3t— gcos3t+ gcos2t— Ecos3t.
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Solutions to Exercises 2.9

1.
1

sinnx 0
— —0asn — oo.
vno| T n

The sequence converges uniformly to 0 for all real z, because % controls its size
n

()] =

independently of x.

5. If x = 0 then f,(0) =0 for all n. If x # 0, then applying 'Hospital’s rule, we
find

lim |fn(z)] = |z| lim —— = |2| lim —— =0

n—oo n—oo e NT n4xm|x|e n
The sequence does not converge uniformly on any interval that contains 0 because
fa(%) =e~1, which does not tend to 0.

6. As in Exercise 5, the sequence converges to pointwise to 0 for all z, but not
uniformly on any interval that contains 0 because f,, (L) = e™! — ™2, which does

not tend to 0.

7. The sequence converges to 0 for all = because the degree of n in the denominator
is greater than its degree in the numerator. For each n, the extreme points of f, (x)
occur when f/ (x) =0 or

32 +1
nonr nx2:O = n-nlz=0 = z=_—".
(1+n?22?) n
Since fn(1) = % the sequence does not converge to 0 uniformly on the interval

[0, o) (or any interval that contains 0).

9. ’COZ#’ < k% = My, for all z. Since Y M}, < oo (p-series with p > 1), the series
converges uniformly for all x.

14. ’19”—0’ < ()% = My for all |z] < 9. Since Y (75)* < oo (geometric series with
ratio 9/10 < 1), the series converges uniformly for all |z| < 9.

17. l(gl—i),; < k% = My, for all z. Since > M}, < oo (p-series with p > 1), the

series converges uniformly for all z.

24. (a) If x = 0, the series Y 5o | SBEZe=F i obviously convergent. If z > 0, say

k
x>0 >0, then

ek
< = Mj,.
=z k

sin kx

k

eka

. —kés . . . .
The series ) My = > ¢5— is convergent by comparison to the geometric series

> (e*‘s)k < 0. By the Weierstrass M-test, the series Y po | S2EZe=ke converges
uniformly for all z > § > 0. Since z > 0 is arbitrary, it follows that the series
converges for all z > 0.

(b) The differentiated series is Y- (cos kx — sin kz)e=**. For z > § > 0, we have

|(cos ka — sin kx)e*kx’ < 2e7k0 = M.

The series >, My, = 23", e % is convergent (geometric series >, (e*‘s)k < 00. By
the Weierstrass M-test, the series > p—, (coskz — sinkz)e™* converges uniformly
for all z > § > 0. We proved in (a) that the series Y p- , S2EZe—ke converges
uniformly for all z > § > 0. Hence by Theorem 4, since the series and the dif-
ferentiated series are uniformly convergent for x > ¢ > 0, it follows that we can
differentiate the series term by term and get

/
o0 . k o0 . k / o0
( smk xe’”) = Z (smk xe’”) = Z(cos kx — sin kx)e ™.

k=1 k=1 k=1
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Since x > 0 as arbitrary, we see that term-by-term differentiation is justified for
all z > 0. Note that this process can be repeated as often as we wish, because,
as we differentiate a term in the series, we obtain polynomials in k times e™**.
Since e** dominates the polynomial, just like it did with the first derivative, the
differentiated series will converge uniformly.
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Solutions to Exercises 2.10
3. By Theorem 2(c), the series converges for all © # 2nw. For = 2nr, the series
Sorey % =3, ﬁ is divergent.
4. This series converges uniformly for all 2 by the Weierstrass M-test, because

sin 3kx

1
2 < — (for all x)

k2

and >, 77 is convergent.

5. The cosine part converges uniformly for all x, by the Weierstrass M-test. The
sine part converges for all = by Theorem 2(b). Hence the given series converges for
all .

9. (a) If limg_oosinkz = 0, then

klim sinkz =0 = klim (1—cos’kx)=0 = klim cos’kr =1 (x).
Also, if limg_oosinkz = 0, then limy_.osin(k + 1)z) = 0. But sin(k + 1)z =
sin kx cos x + cos kx sinx, so

—0
—_——
0= lim (sinkzcosx+coskrsinz) = lim coskzsinz =0

k—o0 k—o00

= lim coskx =0 or sinxz = 0.

k—o00

By (*), cos kx does not tend to 0, so sinz = 0, implying that x = mx. Consequently,
if # # mm, then limk — cosinkz is not 0 and the series ) ;- sinkz does not

converge by the nth term test, which proves (b).
10. (a) The series Y po ; “EZ converges uniformly on [0.2, Z] by Theorem 2(a). If
we differentiate the series term by term, we obtain the series — Y ;- sin kx, which
does not converge for any x in the interval [0.2, T] by Exercise 9. So the given series
is uniformly convergent on [0.2, 7], but cannot be differentiated term by term.
(b) A similar situation occurs with the series Y oo, SnZ

where 0 < a < b < 2w. We omit the proof.

on any interval [a, b]
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Solutions to Exercises 3.1

1. Uzg + Uyzy = 2u is a second order, linear, and homogeneous partial differential
equation. u;(0,y) = 0 is linear and homogeneous.

2. Upy + TUgy = 2, is a second order, linear, and nonhomogeneous (because of
the right side) partial differential equation. u(z,0) =0, wu(x,1) =0 are linear and
homogeneous.

3. Uy —ur = f(x,t) is a second order, linear, and nonhomogeneous (because of the
right side) partial differential equation. wu;(x,0) = 2 is linear and nonhomogeneous.

4. uz, = uy is a second order, linear, and homogeneous partial differential equation.
u(z,0) = 1 and u(x,1) = 0 are linear and nonhomogeneous (because of the first
condition.

5. Ut + Uy = 2u is second order and nonlinear because of the term wugu,. w(0,t)+
u5(0,¢) = 0 is linear and homogeneous.

6. gy +etuy = ucosx is a second order, linear, and homogeneous partial differential
equation. u(z,0)+ u(x, 1) = 0 is linear and homogeneous.

7. (a) Ugy = Uyy = 0, S0 Ugy + Uyy = 0.

(b) Uae =2, Uyy = =2, 50 Ugz + uyy = 0. (c) We have u = 5. So
—x? 492 —2xy
= o, Uy = 5,
(2% +v?) (=% +y?)
and
2 (333 - 33:y2) —2 (333 - 33:y2)
(% +y?) (% +y?)
(d) We have u = ﬁ Switching = and y in (c), it follows immediately that
—y? + 22 —2xy
= o a2 YT oo
(2 +y?) (=% +y?)
and
2 (y3 - 3yx2) —2 (y3 - 33:2y)
Uy = a0 W S T T AuS tee iy, =0
(% +y?) (x% +y?)

(e) We have u = In(2? + y?), so

2x 2y
T ey Ty
and
—2 3:2—y2 2 3:2—y2
(2 +y?) (2% +4?)
(f) We have u = e¥ cosz, so
uy = —e¥ sin(z), wu, = €Y cos(x),
and
Upy = —€Y cos(x), Uyy =e€Y cos(z) = Au=ugy + Uy, =0.

(g) We have u = In(z? + y?) + €Y cosx. Since u is the sum of two solutions of
Laplace’s equation (by (e) and (f)), it is itself a solution of Laplace’s equation.
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8. We note that the function is symmetric with respect to z, y, and z, so we
only need to compute the derivatives with respect to = (or any other one of the
variables) and then replace = by the other variables to get the other derivatives.
We have

X z
Uyp = — 3 uy:_%, Uy = = 3>
($2+y2+z2)2 ($2+y2+z2)2 ($2+y2+z2)2
and
. B 2$2—y2—22 . —$2—|—2y2—22 Yy _x2_y2_|_2z2'
TT 5 vy — 5 2z — 5
($2+y2+z2)2 ($2+y2+22)2 ($2+y2+22)2
SO

AU = Ugy + Uyy + Uz = 0.

9. (a) Let u(z,y) = e*®e®. Then

Uy = ae®®etV

uy = be"™ ey
Upy = a2eam eby
Uyy = b2e® by
Ugy = abe™™ ey,

So
Aty + 2Buyy + Cuyy + Duy + Euy + Fu =0
& Aa’e e + 2Babe eV + Cb2e® e
+Dae® e 4+ Ebe™ e + Fe®@eb =
& ee’(Aa® +2Bab+ Cb? + Da+ Eb+ F) =0
& Ad®> +2Bab+ CV? + Da+ Eb+ F =0,

because e #£ 0 for all  and y.
(b) By (a), in order to solve

Ugg + 2Ugy + Uyy + 2Uy +2uy +u =0,
we can try u(z, y) = e*e?¥, where a and b are solutions of
a® +2ab+b* +2a+2b+1 = 0.

But
a?+2ab+b* +2a+204+1=(a+b+1)%

So a+ b+ 1= 0. Clearly, this equation admits infinitely many pairs of solutions
(a, b). Here are four possible solutions of the partial differential equation:

a=1,b=-2 = uzx,y) =ee?
a=0,b=-1 = uz,y)=e"
a=-1/2, b=-1/2 = wu(x,y) =e */2eV/?
a=-3/2,b=1/2 = u(z,y) = e 3/2eu/2

10. According to Exercise 9(a), to find solutions of
Ugg + 2Buy — gy + Au=0 (c>0, A>0)
we can we can try u(x, y) = e®@e’, where a and b are solutions of

a> =2 +2Ba+A=0 or ala+2B)—c*b?+A=0.
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This equation admits infinitely many pairs of solutions (a, b). Here are two possible
solutions of the partial differential equation:
a=0,b=VAlc = u(t z)= ¢VAz/e
a=—-2B, b=cVA/c = u(t,z)= e 2BteVAT/c,

12. Consider the nonlinear equation
(1) ut + A(u)uy, = 0, with initial condition u(z,0) = ¢(x), (*)

where A(u) is a function of u.
Let x(t) denote a solution of the first order differential equation

@ X A1), ()

This is a characteristic curve of (*). Restrict a solution u of (*) to a characteristic
curve and consider the function of ¢ given by ¢ +— u((z(t), t)). The derivative with
respect to t of this function is

d d
@), 1) = us((2(t), 1)) ma(t) +ur((2(2), 1))

= ug((z(t), ) A(u(z(t), 1) + w((z(t), 1)) = 0,

since u is a solution of (*). Thus, ¢ — u((z(t), t)) is constant on the characteristic
curves. But this implies that ¢ — A(u((x(t), t))) is constant on the character-
istic curves, and hence from (**) it follows that the characteristic curves have
constant derivatives and so the characteristic curves are straight lines with slopes
A(u(x(t), t))). Setting ¢t = 0. We conclude that the slope of a characteristic line is
A(u(x(0), 0))) = A(¢(z(0))). We write these lines in the form

x = tA(9(2(0))) + (0).

We complete the solution of (*) by solving for z(0) in the preceding equation to
get an implicit relation for the characteristic lines, of the form L(x,t) = x(0). The
final solution of (*) will be of the form u(z,t) = f(L(x,t)), where f is a function
chosen so as to satisfy the initial condition in (*). That is f(L(x,0)) = ¢(z).

13. We follow the outlined solution in Exercise 12. We have
A(u) =In(u), ¢(z) =", = A(u(x(t)), t)) = A(¢(x(0))) = In(e")) = z(0).

So the characteristic lines are

x=tzx(0)+2(0) = 2(0)=L(xt)= H—Ll
So u(x, t) = f(L(z, t)) = f (Hil) The condition u(x, 0) = e® implies that f(x) =
e’ and so
u(z, t) = eI
Check: u; = —eti_lﬁ, Uy = €T T H%,
up + In(u)u, = —e ™1 R ! =0
! e t+1)2  t+1  t+1

14. We follow the outlined solution in Exercise 12. We have

Aw) =u+1, ¢(x) =2% = Alu(z(t)), t)) = A(¢(z(0))) = z(0)* + 1.
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So the characteristic lines are
r=tx0)*+1)+20) = tx(0)>+z(0)+t—z=0.

Solving this quadratic equation in z(0), we find two solutions

114 —a)

#(0) N ,

and so

w(z §) = f (-11 12—t4t(t—:c)>'

We now use the initial condition u(z, 0) = 22 to determine the sign in front of
the radical. Since we cannot simply set ¢ = 0 in the formula, because of the
denominator, we will take the limit as ¢t — 0 and write:

14+ \/1—4t(t— )
. _ .2 . _ .2
}m(l)u(:c, ty=a2° = tpn&f( 57 ) =z°.

Now

=1l — /1 —4t(t — )
lim
t—0 2t

does not exist, but using I’Hospital’s rule, we find that

141 —4t(t—2) . (1 —4tt—2))"/2(=8t + 4z)
lim = lim
t—0 2t t—0 4

So assuming that f is continuous, we get

ey <hm —1+ 12—t4t(t—x)> ),

t—0

w(a, §) = (—1+ 12—t4t(t—x)>2

15. We will just modify the solution from the previous exercise. We have

and hence

Alw) =u+2, ¢(z) =22, = A(u(z(t), t)) = A(¢(z(0))) = 2(0)% + 2.
So the characteristic lines are
r=1t(2(0)2+2)+20) = tx(0)?+x(0)+2t—x=0.
Solving for #(0), we find

14T 4102 —a)

#(0) - ,
and so
-1+ /1 —4t2t —x)
u(z, t) = f ( 57 ) .
Now
. =1 — /1 —4t(2t — )
lim

t—0 2t
does not exist, but using I’Hospital’s rule, we find that

_ _ _ _ _ —1/2(_
lim 1+ /1 —4e(2t —x) T (1 —4t(2t — x)) (=16t 4 4x) B
t—0 2t t—0 4
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2
—1+ /1 —4t(2t —x)
2t
16. We have

Aw) =v?, p(z) =z, = Alu(z()),t)) = A(6(2(0))) = z(0)*.

So

u(x, t)

So the characteristic lines are
r=1tz(0)? +2(0) = tz(0)*+2(0)—x=0.

Solving for z(0), we find

—1++1+4tx
(0) = ———,
2t
and so
—1++/1+4tx
ulz, t)=f —— | .
2t
Now
. =1 =1+ 4tz
lm ——M
t—0 2t
does not exist, but using I’Hospital’s rule, we find that
. =1+ T4tz (14 4tx)"V3(4a)
lim ————— = lim =x.
t—0 2t t—0 4
So
—1++V1+4tx
u(z, t) = ———.
2t
17. We have

Alu) =u?, ¢(x) = Vo, = A(u(z(t)), t)) = A(p(x(0)) = =(0).
So the characteristic lines are
xz=tx(0)+2z(0) = z(0)(t+1)—x=0.

Solving for z(0), we find

2(0) = 7.
and so
u(z, t)=f (%)
Now
ul(z, 0) = f(z) = V&
So
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Solutions to Exercises 3.3

1. The solution is
> nmwx nmt nmt
u(z, t) = ;_:1 sin A (bn cosc——+ by, sin CT> ,

where b, are the Fourier sine coefficients of f and b are % times the
Fourier coefficients of g. In this exercise, b} = 0, since g = 0, by = 0.05; and
b, = 0 for all n > 1, because f is already given by its Fourier sine series
(period 2). So u(z, t) = 0.05sin7z cost.

2. The solution is
[ee]
u(z, t) = Z sinnmx (b, cosnt + b, sinnt) ,
n=1

where b,, are the Fourier sine coefficients of f and b}, are % times the Fourier
coefficients of g. In this exercise, b} = 0 since ¢ = 0. To get the Fourier
coefficients of f, we note that f(x) = sinmx cosmz = %Sin(27m). So by = %,
and all other b, = 0. So u(zx, t) = 0.5sin(27x) cos(2t).

3. The solution is

u(z, t) = Z sin(nmz) (by, cos(nmt) + by, sin(nnt)) ,

n=1

where b = 0 since g = 0. The Fourier coefficients of f are by = 1, by = 3,
bs = —1 and all other b, = 0. So

u(x, t) = sinma cos(mt) + 3sin(27x) cos(27t) — sin(5mwx) cos(bnt).
4. The solution is

u(z, t) = Z sin(nmz) (by, cos(nmt) + by, sin(nnt)) ,

n=1

where b3 = %, all other by =0, b; =1, bg = %, b7 = 3 and all other b, = 0.
So

1
u(z, t) = sinmxcos(wt) + o sin(27x) sin(27t)
T

1
+5 sin(37zx) cos(37t) + 3sin(7rx) cos(7nt).
5. (a) The solution is

u(x, t) = Z sin(nmwz) (by, cos(4nmt) + by sin(4nmnt)),

n=1

where by, is the nth sine Fourier coefficient of f and b} is L/(cn) times the
Fourier coefficient of g, where L =1 and ¢ = 4. Since g = 0, we have b, =0
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for all n. As for the Fourier coefficients of f, we can get them by using
Exercise 17, Section 2.4, with p =1, h =1, and a = 1/2. We get

8 . &F
by, = —sin %
Thus
8 sin -
u(z, t) = = Tsm(mm:) cos(4nt)
n=1
85 (D

% sin((2k + 1)7x) cos(4(2k + 1)xt).

(b) Here is the initial shape of the string. Note the new Mathematica com-
mand that we used to define piecewise a function. (Previously, we used the
If command.)

Clear[f]

flx ]:=2x /; 0<x<1/2
flx ]:=2(1-x) /i 1l/2<x<1l
Plot[f[x], {x, 0, 1}]

Initial shape of the
string

Because the period of cos(4(2k + 1)7t) is 1/2, the motion is periodic
in ¢ with period 1/2. This is illustrated by the following graphs. We use
two different ways to plot the graphs: The first uses simple Mathematica
commands; the second one is more involved and is intended to display the
graphs in a convenient array.

Clear[partsum]

partsum[x , t_] :=

8/PiA2 Sum[Sin[(-1)Ak (2k+1) Pix] Cos[4 (2k +1) Pit]/ (2k+1)A2, {k, 0, 10}]
Plot[Evaluate[ {partsum[x, 0], £[x]}], {x, 0, 1}]

Approximation of the initial shape
1 of the string by the Fourier series solution
att=0

Here is the motion in an array.
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tt = Table[

Show[GraphicsArray[Partition[tt, 4]1]]

Plot[Evaluate[ partsum[x, t] ], {x, 0, 1}, PlotRange -» {{0, 1}, {-1, 1}},
Ticks -» {{.5}, {-1, -.5, .5, 1}}, DisplayFunction -» Identity], {t, 0, 1, 1/20}];

1 1 1
0.5 0.5 0.5

~———
-0.5 -0.5 -0.5
-1 -1 -1
1 1 1
0.5 0.5 0.5

~————
-0.5 -0.5 -0.5
-1 -1 -1

t=.5

1 1 1

0.5 0.5 05 TN
-0.5 -0.5 -0.5
-1 -1 -1
1 1 1
0.5 0.5 0.5

0.3 0.5 0~
-1 -1 -1
1 1 1

0.5 0.5 05 TN
-0.5 -0.5 -0.5
-1 -1 -1

The first frame is the initial shape at t = 0. Subsequent frames occur in icrements of time of size 1/20.

6. (a) Using the formula from the text with ¢ = 1/7 and L = 1, we find
the solution

[e.e]
u(x, t) = Z sinnmx (b, cosnt + by, sinnt) ,

n=1

where b,, is the nth sine Fourier coefficient of f and

9 1
b, = —/ g(z) sinnmx dx
nJo
1 4 .
= —Wcosmm‘ :W(l_(_l) ).

We now compute the Fourier coefficients of f. We have

/2/3($ Iy 9 /2;3

sinnmx dr + —
1/3 30

2

bn
30

(1 —x)sinnrz dz.
We evaluate the integral with the help of the following identity, that can be
derived using integration by parts:

a+ bx
c

/(a—{—b:z:)sinc:nd:z::— cosc:zt—i—c%sinca:—{—C’ (c#0).
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Thus
b, = — - 1/3 cosnwx + sinmm:] ‘2/3
" 15| nm n?m? 1/3
1 [z—1 1 . 1
+E [ - COSNTIT — Wsmnwm] ‘2/3
[ 1/3 onm 1 . 2n7w 1 nm
= 15 __E cos 3 + RO sin 3 a2 sin ?]
1 71/3 2nm 1 . 2nmw
I [E cos 3 + poRCEL 3 ]
= ; [2s,ilr12n—7T —sinﬂ]
15 n2m2 3 3
.o nmw
= msm? [4(:05? — 1}
Thus
u(zx, t) =

o .
sinnrxr /s 1 . nm nmw .
> (Gpoin g [deos T 1 cosnt 4 4(1 - (~1") sinn).

n=1

(b) Here is the initial shape of the string approximated using a partial sum
of the series solution at time ¢ = 0.

Clear[partsum, n, t, f]
Clear([f]
f[x ]:=0 /i 0<x<1/3
f[x ]:=1/30 (x-1/3) /;1/3<x<2/3
f[x ]:=1/30(1-x) /; 2/3<x<1
partsum[x , t_] =
Sum[ Sin[n Pi x] (1/nA2 Sin[nPi/3] / (15PiAn2) (4Cos[nPi/3] -1) Cos[nt]
+ 4/ (nA2Pi) (1- (-1)An) Sin[n t])
, {n, 1, 10}1;
Plot[Evaluate[{partsum([x, 0], £[x]}], {x, 0, 1}]

0.01
0.008
0.006
0.004

0.002

Because the period of cosnt and sinnt is 27, the motion is 2w-periodic
in t. This is illustrated by the following graphs.
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Plot[Evaluate[ Table[partsum[x, t] , {t, 0, 2Pi, 2Pi/20}]], {x, 0, 1}]

It is interesting to note that soon after the string is released, the initial
velocity affects the motion in such a way that the initial shape does not
appear to have a significant impact on the subsequent motion. Here are
snapshots of the string very soon after it is released.

Plot[Evaluate[ {partsum[x, 0], partsum[x, .01], partsum[x, .1]}], {x, 0, 1}]

7. (a) Using the formula from the text with ¢ = 4 and L = 1, we find the
solution

[e.e]
u(x, t) = Z sinnmx (b, cos dnrt + b), sindnwt) ,

n=1

where b,, is the nth sine Fourier coefficient of f and

9 1
b, = o g(z) sinnmx dx
0
1 1 1
= g S| = 5 (1= (1)),

The Fourier coefficients of f. We have

1

1/4 3/4
bn:8/ :L"sinmrznd:z:—l—2/ Sin’I’L7TZEd$—|—8/ (1 —z)sinnrzx dz.
0 1/4 3/4
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We evaluate the integral with the help of the identity

/(a—l—b:n)sinc:nd:nz—a :ECOSCZE—FC%SH]C:E—I—C (c#0).

We obtain

x 1
b, = 8[——cosn7m—|—2—
nmw nmw

—— cosnnmx
nmw

i

3/4
‘1/4
z—1

COSNTT — —5—~
n

[1/4 3nw 1. 3n7r]
+8 | — cos +
nmw

8 . nm n 8 . 3nm
———sin— + ——sin —
n2m2 4 n2m2

B 8 . nm . oanw
= n2—71-2 S11 T + sin T .

Thus

[e.e]
8 3
u(z, t) = ;::lsinmr:n <n2—7T2 (sin % + sin %) cos4dnmt

1

+ 2m2n2

(1-(-1)" sin4n7rt> :

(b) Here is the initial shape of the string approximated using a partial sum
of the series solution at time ¢ = 0.
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Clear[partsum, n, t, f]
Clear[f]
fix ]:=4x /; 0<x<1l/4
f[x ]:=1 /;1/4<x<3/4
flx ]:=4(1-x) /;3/4<x<1
partsum[x , t_] = Sum[ Sin[n Pi x] (
8/ (Pin2nA2) ( Sin[nPi/4] +Sin[3nPi/4]) Cos[4nPit]
+ 1/(2nA2PiA2) (1-(-1)An) Sin[4 nPi t]
)
, {n, 1, 10}];
Plot[Evaluate[{partsum[x, 0], £[x]}], {x, 0, 1}, PlotRange -» All]

1

Because the period of cos4nnt and sindnnt is 1/2, the motion is 1/2-
periodic in ¢. This is illustrated by the following graphs.

Clear([tt, t]
Plot[Evaluate[ Table[partsum[x, t] , {t, 0, 1/2, .04}]1]1, {x, 0, 1}]

8. (a) The solution is

u(x, t) = Z by, sin(nmz) cos(nt),

n=1

where b,, is the nth sine Fourier coefficient of f. We will get b,, from the
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series that we found in Exercise 8, Section 2.4. We have, for 0 < x <,

[e.e]
rsinz = gsinaz — %Z 14 (—=1)"] (nznfl)zsinnm.
n=2
Let © = wt. Then, for 0 <t < 1,
T 4 & n
mtsinmt = 5 sinmt — — nz_:z 1+ (—=1)"] mEo1)2 sinnmt.

Equivalently, for 0 < z < 1,

1 e
rsinmx = isinwaz =) Z::z 14 (—1)"] ﬁsinnmﬂ.

n

So
1 —4n

by = 3 and b, =[1+ (—-1)"] 22— 12 (n>2).

Thus
(@, 1) sinTzcost 4 — [+ (—1)"] n in( ) cos(nt)
ulz _ X nerer — ————sin(n
7 5 — 2 212 S mx) cos(n
sinTzcost 16 n .
- —5 =3 ETEEEE sin(2nmzx) cos(2nt).
n=1

(b) Here is the initial shape of the string.

Clear[partsum, n, t, £]
Clear[f]
f[x ] =xSin[Pi x]
partsum[x_, t_] =
Sin[Pix] Cos[t] /2 -16/PiA2Sum[ Sin[2nPix] Cos[2nt]ln/ (4nA2 - 1)A2
, {n, 1, 10}1;
Plot[Evaluate[{partsum[x, 0], £[x]}], {x, 0, 1}, PlotRange -» All]

x Sin [ x]

9. The solution is

u(z, t) = Z sin(nmz) (by, cos(nmt) + by, sin(nnt)) ,

n=1
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where bj = 1 and all other b} = 0. The Fourier coefficients of f are
1
by, = 2/ (1 — z) sin(nrz) dz.
0

To evaluate this integral, we will use integration by parts to derive first the
formula: for a # 0,

x cos(ax sin(a x
(az) , sin(az)

i dr = — C
/:ESID((I:E) x . 2 +C,
and
2 2 2z si
/:E2 sin(az) dr = cosga z) " cos(am) 42 sur;(a x) e
a a a
thus

/ 2(1 — 2) sin(az) dz

—2 cos(ax x cos(ax x2 cos(ax sin(a x 2x sin(ax
_ 2oowlas) acoslas) o cos(as) | sin(ax)  2osinfas) |
a a a a a

Applying the formula with a = nw, we get

/0 ' 21— 1) sin(nre) da

2

—2 cos(nmx) x cos(nmx) g cos(nmx) sin(nrz) 2z sin(nmwx) |l

(nm)3 B nmw nmw (nm)? (nm)?
o2yt -y et Dt 22 ()t )
(nm)3 nm nm (nm)3
_ ﬁ if n is odd,
0 if n is even.
Thus
b, — ﬁ if n is odd,
0 if n is even,
and so
8 =~sin((2k + 1)7x) cos((2k + )mt) 1 | .
u(z, t) = 3 kzzo 2k 1 1) + - sin(mz) sin(mt).

10. (a) Using the formula from the text with ¢ = 1 and L = 1, we find the

solution
o0

u(x, t) = Z sinnmxb,, cosnrt,

n=1

where b, is the nth sine Fourier coefficient of f,

1

1/4 3/4
by, :8/ :ESiD’I’L7T:Ed:L'—8/ (:E—1/2)sinmrznd:n—|—8/ (z—1)sinnmzx dx.
0 1

/4 3/4

0
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We evaluate the integral as we did in Exercise 7:

T 1 . 1/4
b, = 8|——cosnmr + —— sinnwx ‘
nw n2m2 0
—1/2 3/4
-8 —ucos nrr + sinnmx ‘
nm n2m2 1/4
+8 cosnmwx + sinnmx ‘
nm n2m2 3/4
1/4 nm 1 . nr
= 8 [_E cos e + ) sin T]
g 1/4 o 3nm i 1 sin 3nt 1/4  nm 1 . nm
—8 | ——— — oS — — ———=sin —
nmw 4 n2m2 4 nmw 4 n2m2 4
8 —1/4 3nm 1 . 3nmw
— cos 1 33 sin 1
B 16 nmw . 3nmw
= 271'2 S1n T — S1n T
Thus
16 . sinnwxcosnwt [ . nw . 3nmw
u(x, t)_ﬁ — 3 (sin o —sin——
n=1
11. (a) From (11),
. nmx enmt « . cnmt
Up(x, t) = sin —— |{ by, cos + b} sin ,
L L
hence
2L . nwx enm(t 4 2L . . enm(t + 2L
Up(x, t+ n_c) = sin—— (bn Cos % + b}, sin %

cnrt

t
= sin % (bn cos( +27) 4+ b} sin(% + 27r)>

. nmx cenmt « . cnmt
= sin—— by, cos I + b), sin

) =)

S0 up(x, t) has time period % Since any positive integer multiple of a
period is also a period, we conclude that u,(z, t) has time period %, and
since this period is independent of n, it follows that any linear combination
of u,’s has period % This applies to an infinite sum also. Hence the series
solution (8) is time periodic with period 2&, which proves (b). To prove (c),
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note that
L enm(t+ L enm(t+ L
Up(x, t+ z) = sin ? (bn cos % + by, sin %)
t t
= sin 7 (b, cos(Z 4 ) + 7% sin( Y 4 )
L L
t t
= (—1)"sin _mlr/:n (bn Cos anw + by, sin anw >
. NI enmt « . cnmt
= sm(T —nr) | by, cos 7 + b sin 7 >
. nm(L—= entt . . cnmt
= —s1n(7( T )) (bn cos — + b sin 7 >
= —up(L—x,t).

Since this relation holds for every n, summing over n, we obtain

:Et—l— Zu:p t—l— Zu —z,t) = —u(L — =z, t).
n=1 n=1

Think of the string at time ¢ as part of an odd 2L-periodic graph, so that we
can talk about wu(z, t) for x outside the interval [0, L]. Moreover, we have
u(—x, t) = —u(z, t) and u(x+2L, t) = u(zx, t). This graph moves as t varies
and returns to its original shape at ¢ + % The shape of the string at time
t+ % (half a period) is obtained by translating the portion over the interval
[—L, 0] to the interval [0, L]. Thus, u(z, t+£) = u(z—L, t) = —u(L—=, t),
since u is odd.

12. In this exercise, we solve the wave equation
0? 0 0%u
_’LL 4+ 2k‘ u 2 ,
ot? ot " 0a?

where 0 < x < L, t > 0, subject to the conditions

u(0,t) =0, wu(L,t)=0,

and 9

u(z, 0) = f(z), a?(:” 0)=g(z) 0 <z < L.
(a) To find the product solutions, plug u(z, t) = X (x)T'(t) into the equation
and get

XT"+2kXT = EX'T;
T// T/ X//
Cz—T + 2k62—T = 7 (DlVlde both SideS by C2XT).
Since the left side is a function of ¢ only and the right side is a function of
x only, the variables are separated and the equality holds only if
T// T/ X//
?+2k—_0 and Y:C,

where C' is a separation constant. Equivalently, we have the following equa-
tions in X and 71"

T +2kT' =CT = T" +2kT' — CT =0
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and
X"—-CX =0.

Plugging v = X T into the boundary conditions, we arrive at X (0) = 0 and
X(L) = 0, as we did in the text when solving equation (1), subject to (2)
and (3). Also, as in the text, the nontrivial solutions of the initial value
problem X" —CX =0, X(0) =0 and X(L) = 0, occur when C = —p? < 0.
Otherwise, if C > 0, then the only solution of the initial value problem is
X = 0. Thus, we must solve the equations

X"+ 12X =0, X(0)=0, X(L)=0,
T" 4+ 2kT" + (uc)*T = 0,

where now  is the separation constant.
(b) As in the text, for the solution of equation (1), the nontrivial solutions
in X are nr
X=X, :sinfzn, n=12 ...,
and these correspond to the separation constant
nm
K= Hn = I

(¢) To determine the solutions in 7' we have to solve 7”42k T'+(%E¢)*T = 0.
This is a second order linear differential equation with constant coefficients
(Appendix A.2). Its general solution has three different cases depending on
the roots of the characteristic equation

2
X4 2mn+ (Zhe) =0,
L
By the quadratic formula, the roots of this equation are

A= —k+4/k2— (%cf.

2 Lk
Case I: k2 — (%c) > 0; equivalently, & > %c >0or — >n > 0. For
e

these positive integers n, we have two characteristic roots

A= —k+ k‘2—<%c>2 and Ay — —k — k2—<%c>2.

To these roots correspond the following solutions:
fl(t) = e(—k-l-\/Z)t and f2(t) — e(—k—\/Z)t’

where A = k? — (”T“c)z. By taking linear combinations of these solutions,
we obtain new solutions of the equation. Consider the following linear com-

binations:
fi+ fo and fi—fa
2 2 '
We have
f1%2-f2 _ %(e(—k—l—\/Z)t +e(—k—\/Z)t>

VAL —VAt
= e_kt% = e M cosh(VAL).
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Similarly, we have

h —; f2 —e M sinh(\/Kt).

It is not difficult to show that these solutions are linearly independent. Thus

the general solution in this case is

T, = e_kt(an cosh A\t + by, sinh A\,t),

where
nmw \2
=2 = ()
2 Lk
Case I: k2 — (12¢6)" = 0; equivalently, k = %c >0 orn=—. In this
me
case, we have a double characteristic root, A = —k, and the corresponding

solutions are
filt)y=e ™™ and fo(t) =te *

The general solution in this case is

Lk
T, :e_kt(an—l—bnt) n=—.
e

nmw 2 nmw Lk
Case IIT: k? — <fc> < 05 equivalently, k < T¢ > 0 or — < n. For these
mc
positive integers n, we have two complex conjugate characteristic roots

M= ki k‘2—<%c>2 and Ay — —k — i k2—<%c>2.

Thus the general solution in this case is
T, = e_kt(an cos A\pt + by, sin A, t),

where
2

(d) When % is not a positive integer, Case II does not occur. So only
Cases I and II are to be considered. These yield the product solutions

. nmx
sin TTn(t)’

where T,, is as described in (c). Adding all the product solutions, we get
solution is

u(z, t) = ekt Z sin %:p(an cosh A\t + by, sinh \,t)
I<n<iE
+eht Z sin E:E(an cos Apt + by, sin A,t)
L )

kL
o <n<oo

where these sums run over integers only. Setting ¢ = 0 and using the initial
condition, we obtain

. nw . nw
u(x, 0) = f(x) = Z ansmfzn—l— Z ap S0 —2.

1<n<iL AL cn<oo
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The two sums can be combined into one sum, and we get
= nm
f(zx) ;::lan sin —2.
Thus a,, is the nth Fourier sine series coefficient of f. Hence

9 L
anzf/o f(:n)sin%:nd:p, n=1,2,....

To determine b,,, we differentiate with respect to time, set ¢ = 0, and use
the initial conditions. This yields

g(z) = Z:l(—k‘an + Anby) sin %:p
Thus I
2
—kan, + A\pby, = E/o g(z) sin%:ndzn, n=12,....

Having determined a,, previously, this last equation can be used to determine
b,. More precisely,
_ kay 2

s w7

L
/ g(:n)sinﬂzndzn, n=12,....
0 L

(e) If EL = pn for some positive integer n, the solution u(z, t) is as in (d)
with the following additional term that corresponds to 7}, from Case II in

(c) (since n = %, we have nTW = %) :

k
sin(~xz)(axz e ® + brote Ft).
C TC TC
To determine a,, and b, we use the initial conditions, as we did in part (d).
From the initial displacement, we find that all the a,, including the case

n = L are determined by the Fourier coefficients of f:

e’

9 L
anzf/o f(:n)sin%:nd:p, n=1,2,....

When we differentiate (with respect to t) the series solution, the derivative

of the term corresponding to n = % is

k
sin(—x) [bge_kt — ke M (a@ + b@tﬂ )
C TC TC TC
Setting t = 0, we get
k
sin(;:n) [bﬁ - k‘a@} .

II}L[S? a’l n I ( )7 I n kq-rc?
k kL kL l:/ g( ) k

or

bay = k +2/L()'kd
— — 11 — .
i = kagL Log:ESC:E:E
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13. To solve
82_u L ou ou  0%u
o2 " ot ox2
u(0,t) = u(m, t) =0,
ou
u(x,0) =sinz, 5 —(z,0) =0,
we follow the method of the previous exercise. We have c =1, k = .5,

L=, f(z) =sinz, and g(z) = 0. Thus the real number ££ = 5 is not an
integer and we have n > % for all n. So only Case III from the solution of
FExercise 12 needs to be considered. Thus

Ze : smn:n anCOS/\ t + b, sin A\t
where
Setting t = 0, we obtain
sinx = Z an Sinne.

n=1

Hence a1 =1 and a,, = 0 for all n > 1. Now since

ka 2 L . nw
bn:T:+AnLA g(':U)Slnf:Ed:E? n:172""’

it follows that b,, = 0 for all n > 1 and and the solution takes the form
u(z, t) = e*sin :E( cos A1t + by sin /\175),

where A\ = \/(.5)2—1=+.75= and

k‘al 1

by =—=—.
S VY
So J3 \/_
3 1 3
u(z, t) =e ™ sin:n(cos(Tt) + \/gsm( 5 t)).
14. We follow the solution outlined in Exercise 12. We have k = 5, ¢ = 1,
L=, f(z) = zsinz, g(zr) = 0. Since 2£ = 1 is not an integer and is less

than 1, the solution is given by

o0
u(zx, t) = e 2t Z sinnz (ay, cos A\pt + by, sin Ayt) ,

n=1
where, for n > 1,
1
An: 5\/4’”2—1,

2 s
ap = — x sinx sinnx dx
™Jo
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and ) )
To compute a,, we treat the case n = 1 separately. Using the identity
sin?x = #, we have
. 9 B (1 — cos2z) _$_2_cos2$_:nsin2:n '
/:Esm $d$—/$72 der = 1 3 1 +
SO
2/7r 20 d 2 (2% cos2x xsin2x\|T 7
a1 = — rsin“zdr=—|(— — — =—
LI A m\ 4 8 4 o 2’
and hence
by = ia =T
L= oM 53
For n > 1, using the formula sinz sinnz = 3(cos((n — 1)z) — cos(n + 1)z)
and integration by parts, we first derive the formula
/:psin:nsinnzn dx
1
= 5 /:E(cos((n —1)z) — cos(n + 1)x) dx
cos((—14+n)z) xsin((—14+n)z) cos((l+n)x) zsin((1+n)x) Lo
2(—1+mn)? 2(—1+mn) 2(1+n)? 2(1+n)
Thus, for n > 2,
2(-1)t—1 2(-1)"t —1
a _= — —_
! T2(-1+n)? 7 2(1+n)?
_ w(—Iin)Z + W(lin)z if n is even,
0 if n is odd,
_ 7r(n_28—n1)2 if n is even,
0 if n is odd.
Consequently,
16k P 1 N
and so
3 1 3
u(w, t) = ge_'5t sinx (cos gt + ﬁ sin §t>
16 - = ksin(2kz) / 1 1 , / 1
——e — 4k% — —t R 4k2 — —t || .
T w2 | )T e 4

15. (a) We use Exercise 12 to solve

P, 0
ot? ot oz?’

u(0,t) = u(m, t) =0,
ou

’LL(:L', 0) = 07 at

(z,0) = 10.
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We have ¢ = 1, k = 3/2, L = w, f(z) = 0, and g(x) = 10. So £k = 3/2,

CTt

which is not an integer. We distinguish two cases: n < 3/2 (that is, n = 1)
and n > 3/2 (that is, n > 1). For n = 1, we have \; = v/5/2, a; = 0 and

2 ™
b1:—/ 1051nxdmzﬂ.
AT Jo 7T\/5

The corresponding solution in 7T is

80
/5

5
e 1% sinh gt.

For n > 1, we have

= V1327 =2 :%\/4712—9

and
bn = i sin nx dx
T Jo
40
30 —
= (2k+1)m/4(2k+1)2—9 ifn=2k+1
0 otherwise.
Thus
80 5
w(z, t) = —=e ' singsinh ot

@ st Z sin[(2k + 1)) sin[y/(2k + 1)2 — 9/41¢]
(2k+ )7\ /4(2k+1)2 -9 '

(b) The following figure shows that the string rises and reaches a maximum
height of approximately 3, and then starts to fall back down. As it falls
down, it never rises up again. That is the string does not oscillate, but
simply falls back to its initial rest position.

uf[x , t ] =80/ (Pisqrt[5]) EA(-3/2t) Sin[x] Sinh[Sqgrt[5]/2t] +
40/PiEA(-3/2t) Sum[Sin[ (2] + 1) x]
Sin[Sqgrt[(2]J +1)A2 -9/41t]/ ((23+1)sSqgrt[(2]j+1)A2-9/4]), {j, 1, 7}];

tt = Table[u[x, t], {t, .1, 8, .6}];

Plot[Evaluate[tt], {x, 0, Pi}, PlotRange -» All]
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Solutions to Exercises 3.4
1. We will use (5), since ¢g* = 0. The odd extension of period 2 of f(z) =

sinmz is f*(x) = sin7z. So

u(z, t) = [sin(7rz +t) + sin(rz — t)].

N

[Sin(ﬂ(:n + %)) + sin(m(z — %))] _

N

2. Reasoning as in Exercise 1, we find

u(z, t) = = [sin(rz + t) cos(mz + t) + sin(wz — t) cos(mx — t)].

N

3. We have f*(z) = sin7x + 3 sin 27z, ¢*(z) = sinwz. Both f* and g¢*
are periodic with period 2 and they are odd functions. So, the integral of
g* over one period, f_ll g*(x) dx = 0. This implies that an antiderivative of
g* is also 2-periodic. Indeed, let

x

’ 1 1
G(x) = / sinTsds = ——cosws| = —(1— cosmx).
0 ™ 0 ™

This is clearly 2-periodic. By (6) (or (4)), we have

w(z, ) = %hmh@+ﬂ)+%m@ﬂ$+ﬂﬂwmh@—ﬂ%+%m@ﬂm—ﬂﬂ
+%ﬂﬂ—w%w@+ﬂ]—ﬂ—m%w@—ﬂﬂ
_ %th@+ﬂ)+%m@ﬂ$+ﬂﬂﬂmm&—ﬂ)+%m@ﬂ$—ﬂﬂ
+% [cosm(z —t) — cosm(z +t)].

4. For —1 <z < 1, we have

(@) = 1 if0o<z<l,
I =Y 21 if —1<z<0.

An antiderivative of this function on the interval [—1, 1] is given by

x if0<ax<l,
—zr if —1<z<0.

m@:{:

We define G outside the interval [—1, 1] by extending it periodically. Thus
G(z+2) = G(z) for all z. By (6),

M@w:%m@+w—au_w]
5. The solution is of the form
wz, t) = S[f@-t)+flz+t)]+

[(f*(@—1t) = Gz —1))

QG@+0—G@_w}
_I_

(f*(z+1t)+ Gz +1))],

N — DN

where f* is the odd extension of f and G is as in Example 3. In the second
equality, we expressed u as the average of two traveling waves: one wave



Section 3.4 D’Alembert’s Method 105

traveling to the right and one to the left. Note that the waves are not the
same, because of the G term. We enter the formulas in Mathematica and
illustrate the motion of the string.

The difficult part in illustrating this example is to define periodic functions with Mathematica. This can be done by
appealing to results from Section 2.1. We start by defining the odd extensions of f and G (called big g) on the
interval [-1, 1].

Clear[f, bigg]

f[x ]:=2x /; -1/2<x<1/2
flx 1:=2(1-x) /;1/2<x<1
flx ] :=-2(1+x) /; -1<x<-1/2
bigg[x ] =1/2xnr2-1/2

Plot[{f[x], bigg[x]}, {x, -1, 1}]

Here is a tricky Mathematica construction. (Review Section 2.1.)

extend[x ] :=x - 2 Floor[(x+1) /2]

periodicf[x ] := f[extend[x]]

periodicbigg[x ] :=bigg[extend[x]]
Plot[{periodicf[x], periodicbigg[x]}, {x, -3, 3}]

l L

Because f* and G are 2-periodic, it follows immediately that f*(x =+ ct)
and G(z £ ct) are 2/c-periodic in ¢t. Since ¢ = 1, u is 2-periodic in t.
The following is an array of snapshots of u. You can also illustrate the
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motion of the string using Mathematica (see the Mathematica notebooks).
Note that in this array we have graphed the exact solution and not just
a big advantage of the

an approximation using a Fourier series. This is

d’Alembert’s solution over the Fourier series solution.

uf[x _, t_] :=1/2 (periodicf[x-t] +periodicf[x+t]) +
1/2 (periodicbigg[x - t] - periodicbigg[x + t])
tt = Table[
Plot[Evaluate[ u[x, t] ], {x, 0, 1}, PlotRange - {{0, 1}, {-1, 1}},

Ticks -» {{.5}, {-1, -.5, .5, 1}}, DisplayFunction -» Identity], {t, 0, 2.3, 1/5}];

Show[GraphicsArray[Partition[tt, 4]]]

t=0

1 1 1
-1 -1 -1

1 1

-1 -1

t=2

1 1 1

-1 -1 -1

6. The solution is of the form

w(z, t) = % Gz +1) — Gl —

where G(z) is a continuous antiderivative of the odd extension of g (denoted

g also). Since g(—z) = —g(z), we have

t)],

[*| —cosmtdt if —1<z<0
G(x) = 0 N .
f_l —cosmtdt + fo coswtdt if 0 <z <1.
But
0
/ —cos7tdt =0,
-1
SO

Gla)={ |~

From this we conclude that, for all z,

G(x) = %’ sinw:n’.

Lsinge if —1<x<0
L sin fo<z<l.
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7. Very much like Exercise 4.

8. Very much like Exercise 8 but even easier. We have, for all z,

1
G(z) = — COSTZ.

9. You can use Exercise 11, Section 3.3, which tells us that the time period
of motionis T' = % So, in the case of Exercise 1, T' = 27, and in the case of
FExercise 5, T = 2. You can also obtain these results directly by considering
the formula for u(z, t). In the case of Exercise 1, u(x, t) = §[sin(rz +t) +
sin(rz — t)] so u(z, t + 27) = §[sin(rz + 27) + sin(rz — 27)] = u(z, t).
In the case of Exercise 5, use the fact that f* and G are both 2-periodic.

10. Here is a plot with Mathematica.

Clear[f, u, c]

c=1/Pi

f[x ] = Sin[Pi x]

ufx , t ] :=1/2 (f[x-ct] +f[x+ct])

Plot[{f[x], f[x-c/2], f[x+c /2], ul[x, 1/2]}, {x, 0, 1}]

f(x+el2) f(x=clD)
/ f(x) \
1 — ‘ —
e
AN N
/ v N N
/ N .

/ u(x,1/2) N\

The string at time ¢t = 1:

Plot[{f[x-1/Pi], £f[x+1/Pi], u[x, 11}, {x, 0, 1}]

1

e N T pemey
4 7\
‘ | \‘ .
u(x,1) AN
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12. Let us recall some facts about periodic functions. (a) If f is T-periodic,
then any translate of f, say f(z+7) is also T-periodic. (b) If f is T-periodic,
then any dilate of f, say f(+ax) is T/|al-periodic (o # 0). (c¢) Linear
combinations of T-periodic functions are also T-periodic. Properties (a)—(c)
are straightforward to prove. (See Exercise 9, Section 2.1.) In d’Alembert’s
solution, f* and G are 2L-periodic. So, the functions f*(ct) and G(ct) are
2L/c-periodic. Thus, for fixed x, the translated functions f*(z 4 ct) and
G(+£cx) are 2L /c-periodic in the t-variable. Hence u(zx, t) is 2L/c-periodic
in ¢, being a linear combination of 2L /c-periodic functions.

13. We have
1 xr+ct
u(e, ) = 5@t et) e+ o [ g
2 2¢ r—ct
where f* and g* are odd and 2L-periodic. So
L 1 1 z+ct+L
uwz, t+—=)==[f(x+ct+L)+ f(xr—ct—L)]+ —/ g (s)ds.
c 2 2¢ r—ct—L
Using the fact that f* is odd, 2L-period, and satisfies f*(L — x) = f*(x)
(this property is given for f but it extends to f*), we obtain
ffle+ct+L) = f(r+ct+L—-2L)=f"(r+ct—L)
= —ff(L—z—ct)=—f"(L—(z+ct)=—f"(z+ct).
Similarly
fflx—ct—L) = —f(L—x+ct)
= —f(L—z+ect)=—f(L—(x—ct)=—f"(x—ct).
Also g*(s+L) = —g*(=s— L) = —g"(=s— L+2L) = —g"(L —5) = —g"(s),

by the given symmetry property of g. So, using a change of variables, we
have
1 z+ct+L 1 /m—l—ct 1 z+ct

g (s)ds = — g (s+L)ds=——
( ) 2c xr—ct 2c xr—ct

- g (s) ds.
2c x—ct—L

Putting these identities together, it follows that u(z, t + £) = —u(z, ).
14. We have

u(, 1) = 5 1o+ ) + f*(x — ct)] + 5 (Gl + ) — Gl — et)],

where f* is odd and 2L-periodic and G is 2L-periodic. In fact, G is even
(see Exercise 17 or see below). For any 2 L-periodic even function ¢, we have

d(L+a)=¢(L+a—2L)=¢(a—L)=¢(L — a).
And for any 2L-periodic odd function v, we have
Y(L+a)=¢(L+a—2L)=v¢(a—L)=—y(L—a).
Using these two facts and that f* is odd and G is even, we get Then

uw, L) = 3[F(L+et)+ f*(L—ct)] + g G(L+ et) — G(L —ct)

= S et) 4 (L~ ]+ o [G( — ef) — G(L —et)] =0.
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To have a complete proof, let us show that GG is even. We know that ¢* is
2 L-periodic and odd. For any =, we have

G(—z) = / a= [ o' (=01t = [ g (1) dt

Giz)

= / g ( dt—l—/mg*(t)dt
(@),

where we have used that g* is odd to infer that its integral over a symmetric
interval is 0.
(b) Checking the initial condition is easier. We have

[f () + (@) + o

N |

u(x, 0) =

and

Lleg(@) + cg(@)] = g(@).

wle, 0) = 5 [ef*(2) — ef*(2)] + 5-

Here we have used the fact that G’ = g. You can check that this equality is
true at the points of continuity of g.

15. Let us define the function f(x) on (0, 1) and then plot it.

Clear[f]

flx ]:=4x /; -1/4<x<1/4

flx ]1:=4(1/2-x) /;1/4<x<1/2
flx ]1:=0 /;1/2<x<1

flx ]:=4(-1/2-x) /; -1/2<x<-1/4
fix ]1:=0 /; -1 <x<-1/2

Plot[ £[x], {x, -1, 1}]

l L

Let us now plot the periodic extension of f
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extend[x ] :=x - 2 Floor[(x+1) /2]
periodicf[x ] := f[extend[x]]
Plot[periodicf[x], {x, -3, 3}]

l L

-1

Periodic extension of /'

We are now ready to define v and plot it for any value of t. We plot

u(x, 1/4) along with f(z —1/4) and f(x + 1/4) to illustrate the fact that u
is the average of these two traveling waves.

u[x_, t_] :=1/2 (periodicf[x-t] +periodicf[x+t])

Plot[
Evaluate[{periodicf[x], periodicf[x+1/4], periodicf[x-1/4], u[x, 1/4]1}],
{x, 0, 1}, PlotRange -» All]

f(x)
Flx+1/4)
N //\
IR Y, NSRS
N/ N
0.5 1
/
ey u(x, 14)
Y
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Next, we show the string at ¢ = 1/2.

ulx_, t_]
Plot[

Evaluate[{periodicf[x], periodicf[x+1/2], periodicf[x-1/2], u[x, 1/2]1}],
{x, 0, 1}, PlotRange -» All]

:=1/2 (periodicf[x - t] +periodicf[x+t])

1+ f(x) S(x—=1/2)
(x+1/2
\ s \ )/ \ .
/
L7/ N
0.5 / 1
\ / u(x,1/2)
N/
-1t %

Note that f(x + 1/2)=f(x—-1/2)
in this problem.

(b) It is clear from the graph of u(z, 1/4) that the points .75 < z < 1 are
still at rest when t = 1/4.

(c) Because f*(z) =0 for .5 <z < 1.5 and u(z, t) = 3(f(z +t) + f(z — 1)),

a point xq in the interval (1/2, 1) will feel a v1brat10n as soon as the right
traveling wave reaches it. Since the wave is traveling at speed ¢ = 1 and is
supported on the interval (0, 1/2), the vibration will reach the point z( after
traveling a distance zyp — 1/2. Since the wave is traveling at speed ¢ = 1,
it will take xg — 1/2 time for the point z( to start move from rest. For all
values of ¢t < xy — 1/2, the point xy will remain at rest. For example, if
3/4 < xg < 1, then this point will remain at rest for all time ¢ < 1/4, as we
saw in the previously.

(d) For an arbitrary value of ¢ > 0, the wave will travel at the speed of
c. Thus it will take (xg — 1/2)/c time to reach the point =g located in the
interval 1/2 < x < 1.

16. (a) From (8), Section 3.3, with b} = 0 (since g = 0), we have

u(z, t) = Zb sin =~ :Eb oS (cft)

[e.e]
an Sln— x — ct) + sin %(:p —|—ct)>

n=1

where we have used the formula sina cosb = §(sin(a — b) + sin(a +b)).
(b) Since, for all ,

[e.e]
x) = Z by, sin %:p
n=1
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putting x + ¢t and x — ¢t in place of x, we get
1 — nm
u(z, t) = 3 ;_:1 by, sin[f(:n — ct)] Z by, sm (z + ct)]

= %(f*(:n —ct) + f*(x + ct)).

17. (a) To prove that G is even, see Exercise 14(a). That G is 2L-periodic
follows from the fact that g is 2L-periodic and its integral over one period
is 0, because it is odd (see Section 2.1, Exercise 15).

Since G is an antiderivative of ¢g*, to obtain its Fourier series, we apply
Exercise 33, Section 3.3, and get

o

L n
Gx)=A)— — Z bul9) oS E:E,

s n L
n=1

where by, (g) is the nth Fourier sine coefficient of g*,

L
bn(g) = E/o g(z) sin %JE dz

and

In terms of b}, we have

Lb, 2 [k
Lbalg) = —/ g(z) sin%:n dx = cby,
0

™ n nm

and so

G(zr) = L S~ bnl0) —%i bul9) cos g

TAo N = n L
> nmw

= Zcbi(l—cos(fzn))
n=1

(b) From (a), it follows that

e}

Glx+ct)—Glx—ct) = Zcb; [(1 — cos( L7T(:E + ct))> - (1 - cos(nL—W(:E - ct)))}
n=1
= 3 —cby, [cos —(x +ct)) — cos(nL—W(:E - ct))}
n=1

(c) Continuing from (b) and using the notation in the text, we obtain

1 x+ct

5 g (s)ds = x (G(z + ct) — G(x — ct)]

2c
— Z —b = [cos (:E—I—ct))—cos(Z—W(:E—Ct))

nm

= ;::1 by, sin(nL—W:L") sin(fct)

= Z by, sin(nL—W:E) sin(Apt).

n=1
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(d) To derive d’Alembert’s solution from (8), Section 3.3, proceed as follows:

u(z, t) = Zb sin( ) cos(Ant) Zb* sin %:E) sin(Apt)
n=1
= %(f*(;n—ct)—i—f*(;z;—kct))—|—2LC[G(:E—|—C7§)—G(;E_C7§)]’

where in the last equality we used Exercise 16 and part (c).

18. (a) Recall that u and its partial derivatives are functions of x and ¢.
By differentiating under the integral sign, we obtain

d 1 (La 5 o
th() = 5/0 dt[ut—l—cu}dzn

1 L
= 3 / [2’LLt’LLtt + 262umumt] dz.
0

(b) But ug = gy, S0

d

L
—E(t) = / [CPuptizy + Fugug| do
di ;

L
— 02/ [Uptgy + Uptigy] d
0

L
= 62/ (utum)mdzn
0

L

= Pupuy .= Alug(L, t) ug (L, t) — ug(0, ) ug (0, t)].

(c) Since u is a solution of the wave equation representing a string with fixed
ends, we have that the velocity at the endpoints is 0. That is, u(0, t) =

’LLt(L, t) =0.
(d) From (c) and (d), we conclude that
d
B =0.

Thus E(t) is constant for all ¢. Setting ¢ = 0 in the formula for E(¢) and
using the initial conditions, we obtain

1

L L
B(0) = %/0 (u3(z, 0) + Pul(x, 0)) do 5/0 (°(x) + ALf (2)]?) da.

Since FE is constant in time, this gives the energy of the string for all £ > 0.

19. (a) The characteristic lines are lines with slope +1/¢c = +1 in the
xt-plane.

(b) The interval of dependence of a point (zg, tg) is the interval on the z-
axis, centered at wo, with radius ctg. For the point (.5, .2) this interval is
.3 <z <.7. For the point (.3, 2) this interval is —1.8 < z < 2.3.

(c¢) The horizontal, semi- 1nﬁn1te, strip S is bounded by the line = 0 and
x = 1 and lies in the upper half-plane. The region [ is the triangular
region with base on the interval (0, 1), bounded by the lines through (0, 0)
at slope 1, and through (1, 0) at slope —1. The three vertices of I are (0, 0),
(1/2,1/2), and (0, 1). The point (.5, .2) is in I but the point (.3, 2) is not
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in [.
(d) For the points (z, t) in I, u(x, t) depends only on f and g and not their
periodic extension. We have

T+t
wet) = =5lfe—n+s@+o]+z [ ats)ds
1 -+t
= §/m_t sds
= = le - @) =at

20. Let P; = (xq, tp) be an arbitrary point in the region I7. Form a char-
acteristic parallelogram with vertices Py, Pa, @1, @2, as shown in Figure 7
in Section 3.4. The vertices P, and Q5 are on the characteristic line x—¢t =0
and the vertex @)1 is on the boundary line z = 0. From Proposition 1, we
have u(P;) = u(Q1) + u(Q2) — u(P). We will find u(P;) and u(Q2) by using
the formula u(z, t) = xt from Exercise 19(d), because P, and @9 are in the
region I. Also, u(Q1) = 0, because of the boundary condition u(0, ¢) = 0
for all ¢ > 0.

The point ()2 is the intersection point of the characteristic lines x + ¢ =
xo + to and z —t = 0. Adding the equations, we get 2x = xg + to or
x = %. From z = t, we obtain t = mo;to, and so Q2 = (%, %).
The coordinates of Q1 and P, are computed similarly. The point @, is the
intersection point of the characteristic line x —t = xg —ty and the boundary
x = 0. Thus t = tyg — zp and so @1 = (0, tg — xp). Similarly, the point
P, is the intersection point of the characteristic lines x + ¢t = tg — x¢ and
r —t = 0. Adding the equations, we get 2z = tg — xg or x = t0—2ro' Thus
P = (_QEOTHO, _”EOTHO). Let us simplify the notation and write P; = (z, t)
instead of (zg, typ). Then, for P, = (x, t) in the region I1,

u(z, t) = u(Q2) —u(P)

- x+t x4+t —x+t —x+t
- ’LL( 92 ) 9 )—’LL( 9 ) 9 )
- x+t -+t —x+t —x+t
T2 T2 T2 T2

_ i[(:p—i—t)z—(—:n—l—t)z]

= tx.

Interestingly, the formula for u(x, t) for (z, t) in region IT is the same as
the one for (x, t) in the region I. In particular, this formula for u(z, t)
satisfies the wave equation and the boundary condition at x = 0. The other
conditions in the wave problem do not concern the points in the region 11
and thus should not be checked.

21. Follow the labeling of Figure 8 in Section 3.4. Let P; = (xq, tg) be an
arbitrary point in the region II. Form a characteristic parallelogram with
vertices Py, Py, (Q1, D2, as shown in Figure 8 in Section 3.4. The vertices
P, and Q1 are on the characteristic line z + 2t = 1 and the vertex ()2 is on
the boundary line x = 1. From Proposition 1, we have

u(Pr) = u(Q1) + u(Q2) —u(P2) = u(Q1) — u(R),
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because u(@Q2) = 0. We will find u(P,) and u(Q1) by using the formula
u(z, t) = —4t2 + x — 22 + Stx from Example 4, because P» and Q; are in
the region 1.

The point ()1 is the intersection point of the characteristic lines x — 2t =
xo — 2tg and x + 2t = 1. Adding the equations and then solving for z, we
get

_xo+ 1 — 2t
-
The second coordinate of )1 is then

‘— 1 —z9+ 2ty
=—

The point ()2 is the intersection point of the characteristic line x + 2t =
xo + 2ty and x = 1. Thus

t_:Eo—l—Qto—l
= 5 .

The point P; is the intersection point of the characteristic lines x+2t = 1
and z — 2t = 1 — (zg + 2tp — 1). Solving for z and ¢, we find the coordinates
of P, to be

3—x9— 2ty —1 4 xo + 2ty
r=—— and t=——"—"-—+—+.
2 4
To simplify the notation, replace xg and tg by = and y in the coordinates of

the points Q1 and P, and let ¢(z, t) = —4t% + 2 — 2% + 8tz. We have

u(z, t) = u(Q1) —u()

_ x+1—2t 1—x+2t " 3—xz—2t —1+x+2t
N 2 ’ 4 2 ’ 4

= 5—12t— 5z + 12tx,

where the last expression was derived after a few simplifications that we
omit. It is interesting to note that the formula satisfies the wave equation
and the boundary condition u(1, t) = 0 for all ¢ > 0. Its restriction to the
line x + 2t = 1 (part of the boundary of region I) reduces to the formula for
u(z, t) for (z, t) in region I. This is to be expected since u is continuous in
(z,t).
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22. Label the problem as in the following figure:

2 3 12

x+2t=1 Q2 20
x—2t=x,—2t
0 0 } X+ 2t=x4t 214,

Let P, = (z9, t9) be an arbitrary point in the region I'V. Form a char-
acteristic parallelogram with vertices Py, P», Q1, @2, as shown in the figure.
The point P, is on the intersection of x — 2t = 0 and x + 2t = 1. Its coor-
dinates are found to be (.5, .25). Since P, belongs to three regions, we can
compute u(P;) from one of three formulas that we have thus far. Let’s use
the formula for the points in region I. We have (from Example 4)

u(Py) = u(.5, .25) = —4(.25)% + .5 — (.5)% + 8(.25)(.5) = 1.

The point @7 is on the intersection of the lines x — 2t = zy — 2¢y and
x + 2t = 1. Its coordinates are

<$0—|-1—2t0 $0>
—_— o —— | .
2 2

Since @ is in region I1, we compute u(()1) using the formula from Exam-

ple 5. We find
To+ 1 — 2t X0 To + 1 — 2t
w20y ) = T 20
2 2 2
To + 1 — 2t xo
47-@——)
* 2 07 79
1 T
= —4t—4t?— S 44tz -2
2—1— 2—1— Tr—x

We now consider the point (5 on the intersection of x —2¢t = 0 and z+ 2t =

zo + 2tg. We have
Oy = <$0 + 2ty xg —|—2to> ‘

2 4

Since Q2 is in region 11, we compute u(Q2) using the formula from Exer-
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cise 21. We find

(:E() + 2ty o+ 2t0>
u

o + 2t 5:170 + 2ty
2 ’ 4

4 2
T + 2ty xo + 2t
4 2

11
— 5—11t—|—8t2—7$—|—8t:13—|—2:n2.

= 5H—12

+12

From Proposition 1, we have

u(P) = u(Q1)+u(Q2) —u(fz)

1
= §—|—t—4t2—§—|—4t:p—:p2

11
+5— 11+ 88— == 4+8ta+2a” 1
9
= 5 —10t+4t* -6z + 12tz + 27
It is not difficult to show that this function satisfies the wave equation. As

further verification, you can check hat this formula yields 1 when evaluated
at (.5, .25), which are the coordinates of the points Ps.
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Solutions to Exercises 3.5

1. Multiply the solution in Example 1 by 1080 to obtain

12 oo —(2k+1)2t
37'( emgj Sll’l(2k + 1):17

2. The function f is given by its Fourier series. So

u(z, t) = 30 sinze "

3. We have
ane "*t gin (nz),

where

66 [™/? 66 (™

b, = — :Esinnzndzn—l——/ (m — x) sinnx dz
™ Jo w/2
66 ( x cos(nx)  sin(n :E)>
T n n 0

+E§<%w—@cw@w)_$ﬂn@>

T n n?

66 (_% cos(ny) N sin(n%) N 5 cos(ng) N sin(n%))

w/2

n n
132sin(ng)
T n?

_ { 132G ifn=2k+1,

0 if n = 2k.

Thus 5
132 f: e~ (D gin((2k + 1))
(2k 4+ 1)2

4. We have
ane n? tsinnz,

where b, is the nth sine Fourier coefficient of the function f(z) = 100 if
0<z<m/2and 0if 7/2 < x < 7. Instead of computing b,,, we will appeal
to Exercise 29, Section 3.3, with d = /2 and p = 7. We get

200
b, = — (1—cosﬂ>

™ 2

Thus o
u(z, t) = 200 (1 — cos E) ¢t ST
™ 2 n
n=1

5. We have

t) = ane_(m)zt sin(nmx),
n=1
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where

b = 2/01$Sin(n7733) dr =2 [_m cos(n 7 z) Sin(”mﬂ)] ‘1

nw n2 2

0
_1\n+1
_ _gcosnm :2( 1)
nm nm
So i
2 o= (1) e~ (™t sin(nrx)
=2 .
TEES -
6. We have
u(z, t) = ane_(mr)zt sin(nmz),
n=1
where
1
b, = 2/ e “sin(nrz) dz
0
= ﬂ(— innrx —nmw nmw )‘1
= T2 S T COS NTT
2¢~ 1 2
- =  (_ 1)) - = (-
1—|—(n7r)2( nm(=1) ) 1—1—(n7r)2( mr)
2nm
= ————(1+ (-1 e ).
1—|—(n7r)2( (=) e )
So

u(z, t) =27 Z ﬁ (1+ (—1)n+1€_1)€_(n7r)2t sin(nmz).
n=1

Putting ¢ = 0, we obtain the sine series expansion of e™* for 0 < = < 1.
Let’s check this result with a graph.

Clear[f, partsum]
f[x ] :=EA(-X)
partsum[x , t_, n_] :=
2Pisum[k/ (1+kA2Pin2)
(1+ (-1)A(k +1) EA(-1)) EA(-kA2PiA2t) Sin[kPix], {k, 0, n}];
Plot[Evaluate[ {f[x], partsum[x, 0, 20]}], {x, 0, 1}]

Approximation of e~ ¥ by a partial sum of its sine series.

0.2 0.4 0.6 0.8 1
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7. (a) From the figures in Example 1, we can see that when ¢ is equal to 1
the temperature is already below 50 degrees. We will give a more accurate
approximation. Let us first check the solution by plotting an approximation
of the initial temperature distribution.

Clear[f, partsum]
£[x_] := 100
partsum[x , t_, n_] :=
400/ PiSum[EA (- (2k+1)A2¢t) Sin[(2k+1) x]/ (2k +1), {k, 0, n}];
Plot[Evaluate[{f[x], 50, partsum[x, 0, 20]}], {x, 0, Pi}, PlotRange -» All]
120 /\ /\
100 \/\V/\V VA\/\\/
80H
60
40
20
0.5 1 1.5 2 2.5 3
Let us now examine the temperature distribution, starting with ¢ = .5
to t = 1.2 with increments of ¢ = .1.
tt = Table[

Plot[Evaluate[{ partsum[x, t, 10] , 50}], {x, 0, Pi},
PlotRange » All, DisplayFunction -» Identity], {t, 0.5, 1.2, 1/10}];
Show[GraphicsArray[Partition[tt, 4]1]]

t=.5 t=.6 t=.7 t=8
60 60 50 50
40 \\ 40 \\
50 50 50 50
30
=9 r=1 =11 =12

It appears that the maximum temperature dips under 50 degree between
t =.9and t = 1. You can repeat the plot for t = .9tot = 1, using increments
of .01 and get a more accurate value of ¢.

(b)
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Plot3D[partsum[x, t, 20], {x, 0, Pi},
At time t = 0, the initial {t, 0, 5}, PlotRange -> All, ViewPoint - {3, 3, .4}]
temperature is 100, exceptﬁ

the endpoints, which 100
are kept at 0 degree. 50 u(x, 1)
0&
2
t 5 X
As t increases, the temW
the bar tends to 0 This 3 dimensional plot shows the
uniformly. temperature across the whole bar as a function
of time.

To prove that the temperature tends uniformly to 0 in the bar, you can
proceed as follows (this is more than what the question is asking for): for
t >0 and all z,

o

400 _ 2,8in(2k + 1)z
’u(:ﬂ, t) = 726 (2k+1) t72k‘—|—1
k=0
400 = 5 400K, ok
= et =2 )
k=1 k=1

Ast — oo, the last displayed expression tends to 0, which shows that u(z, t)
tends to 0 uniformly in z.

8. (a) Applying (4), we see that, for an arbitrary ¢ > 0, the solution becomes

400 X _ 2 2,sin(2k 4 1)z
u(z, t) = 726 c* (2k+1) t72k‘—|— |
k=0

(b) As c¢ increases, the rate of heat transfer increases as illustrated by the
following figures. This is also
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£
p

P

Clear[f, partsum]

[x_] :=100

artsum[x_, t_, n_, c_] :=

400/ PiSum[EA(-(2k+1)A2¢tc) Sin[(2k+1) x]/ (2k +1), {k, 0, n}];

lot[

Evaluate[ {50, partsum[x, 1, 20, 1], partsum[x, 1, 20, 2], partsum[x, 1, 20, 3]}],
{x, 0, Pi}, PlotRange -» All]

50
40f /tzl,c:l
30} t=1, c=2
20+

t=1, c=3
10t

T

9. (a) The steady-state solution is a linear function that passes through the
points (0, 0) and (1, 100). Thus, u(x) = 100z.

(b) The steady-state solution is a linear function that passes through the
points (0, 100) and (1, 100). Thus, u(xz) = 100. This is also obvious: If
you keep both ends of the insulated bar at 100 degrees, the steady-state
temperature will be 100 degrees.

10. (a) Recall that u; satisfies (u1); = ¢?(u1)gs, and ug satisfies (ug); = 0
and (u2)zz = 0. So

up = (ug +ug)e = (u1)e + (u2)s = (u1)r = (1) g

= A(u1)az + A (Ug)zz = C 2

(u1) 2z + (U2)zz] = CUgy.

Thus u satisfies (6). Now recall that u;(0) = T, u1 (L) = Ts, and us(0, t) =
0 = ug(L, t). Thus

(0, t) = u1(0) 4+ uz(0, t) = Ty and w(L, t) = uy (L) + uz(L, t) = Ts.

Thus u satisfies (7). Now uy(x) = TZElen + T3 and ug(x, 0) = f(x) —ui(t).
So

’LL(:E, 0) = ul(:p) —|—’LL2(£E, 0) = f(:E),

showing that u satisfies (8).
(b) According to (14), we have (see the integral formula in Exercise 7, Sec-
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tion 3.3)
2 L T, — T4 .onm
b, = ), flx) — T x+T Slnf:Ed:E
2 [t 2 (L/n-T
— E/0 f(:n)sin%:nd:n—f/o ( 2L 1:E+T1>sin%:nd:£
2 [t 2 L (Th-T
= 7 ; f(:n)sin%:nd:n—f[—a (%:ﬂ—l—ﬂ) cos%:n
TQ—T1<L>2 . nm ‘L
L ne) SN 0

2
nmw

L
= %/0 f(2) Sin%lEdlE— (T — (-1)"T).

11. We use the solution outlined in the text. We have the steady-state
solution

0—100
ui(z) = x 4100 = 100(1 — x).
Then
[e.e]
ug(z, t) = Z by e~ (nm)°t sin(nmx),
n=1
where

1
b, = 2/0 (30 sin(mz) — 100(1 — z)) sin(nmz) dv

. . _200
=30 if n=1, 0 if n#1 =

A

1 1
= 60/ sin(mx) sin(nrx) dz — 200/ (1 —x) sin(nmzx) dx
0 0

(3020 ifn=1,
- —200 ifn > 1.

nm

Thus So

0o _ 2
e (nm)?t

sin(nmz)

200
u(z, t) = ui(z)+ue(z, t) = 100(1—2)430 e ™ tsinrr—— Z
T

n=1

n
12. Let us use (13) and the formula from Exercise 10. We have
> 2.2
u(x, t) = uy(x) + Z bpe ™ ™ tsinnma,
n=1

where u; () = 100 and

1 1—(=1)"
b, = 100/ :E(l—:n)sinmmdzn—200¥
0 nm
_ 900 = (DY gl (=D
(nm)3 nm

(1-—(CnYH 1-(1"
ok 200———.

= 200
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Thus
[ee]
1—(—=1)" 1—(—=1)"
u(z, t) = 100—1—2002 [( ( 3) ) _ (=1) ]e‘"zwzt sinnmx
— (nm) nm
> 1 1 2 2
- 1 4 _ —(2k+1)°m4t ; 2% 1 .
00 + 00};0 [((Qk‘—l— 0o~ @k 1)#] e sin[(2k + 1)mz]
13.  We have uj(z) = —2z + 100. We use (13) and the formula from
Exercise 10, and get (recall the Fourier coefficients of f from Exercise 3)
50
u(z,t) = ——ax+100
T
o0 .
132sin(nZ 2 (—1)"
+Z [ism(;%) — 100 <7( ) >] et sin na.
—lmoon nm

14. We have u;(z) = 2222, We use (13) and the formula from Exercise 10,

and get (recall the Fourier coefficients of f from Exercise 4)

100
u(z, t) = —=x
v
[ee]
200 -n"
+ E [— (1 — CoS %) + 200u] e tsinng
= | nmw
1 200 —nt g
_ 00$+ 002[1%—(—1)"—005@} e sin nx
T T 2 n
n=1
100 100 & e~ (2"t gin(2na)
= =S 2 (~1)" .
D

It is good at this point to confirm our results with some graphs. We will
plot a partial sum of the series solution at ¢t = 0 (this should be close to the
initial temperature distribution). We also plot the partial sum of the series
solution for large t (the graphs should be close to the steady-state solution

The graphs suggest that u(1/2,t) = 50 for all t. Can you explain this
result using the formula for v and on physical grounds?
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Clear[f, partsum, n, k, sstate]
/; 0<x<Pi/2

£[x_] :=100

f[x ]:=0 /; Pi/2<x<Pi

sstate[x ] =100/Pix

partsum[x , t_, n_] := sstate[x] +

100 /PiSum[(2- (-1)Ak) EA(- (2 k)A2t) Ssin[2 k x]/k, {(k, 1, n}];
Plot[Evaluate[{f[x], partsum[x, 0, 20]}], {x, 0, Pi}]

Plot[Evaluate[ {sstate[x], partsum[x, .1, 20],

partsum[x, .5, 20], partsum[x, 1, 20], partsum[x, 4, 20]}], {x, 0, Pi}]

120¢

100

80y

60
40
20

Initial temperature distribution
A and its approximation using a partial

[\/\/\
V

sum of the series
solution at time ¢ = 0.

_20,

100¢

807

60

40¢

20t

L L L N /\/\/\/\
0.5 1 1.5V Y 3 2.§VV§\}

\ Steady-state temperature distribution along
with the temperature distribution
at various values of .
Note how quickly the temperature
converges to the steady-state distribution:
At t=4, we can't distinguishu (x , 4)
from the steady-state temperature distribution.

15. From (14), we have b,, = 0, since f(z) —ui(x) = 0. Hence ua(z, t) =0
and so u(z, t) = uy(x) = steady-state solution. This is obvious on physical
grounds: If the initial temperature distribution is already in equilibrium,
then it will not change.

16. This problem is very much like Exercise 10(a). We sketch the details.
Let uq(x, t) = uy(x) = BL;A$ + A. Then u; satisfies the wave equation

2
Ut = C Uz,
the boundary conditions

u1(0,t)=A and w(L,t) =B,
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and the initial conditions

L

Let ug(x, t) denote the solution of the wave equation with 0 boundary data
(that is uz(0, t) = 0 and wus(L, t) = 0) and satisfying the initial conditions

u(z, 0) = f(z) —ui(x) and w(z, 0) = g(x).

It is straightforward to show that

ui(z, 0) = uy(x) = x4+ A and (uy)i(x, 0) =0.

u(x, t) = uy(x) + ug(x, t)

is a solution of the nonhomogeneous wave problem
Uty = Pl

u(0,t)=A, wu(L,t)=B;

’LL(:E, 0) = f(:E)v ut($7 0) = g(:E)

We can appeal to the solution of the wave equation from Sections 3.3 or 3.4
to express the solution us in terms of the initial conditions. For example,
using the solution from Section 3.3, we obtain

[ee]
ug(z, t) = Z sin %JE (b, cos At + by, sin A\pt) ,
n=1

where A\, = <%,

L n
b= /0 (F(x) — i (@) sin T,

and .
2 nm
b, = — in—uxdz.
"= o ) g(z) sin 7 zde

17. Fix ty > 0 and consider the solution at time ¢ = #:
= nm 2
u(zx, tg) = ;_:1 by, sin T:Ee_AntO.

We will show that this series converges uniformly for all z (not just 0 < z <
L) by appealing to the Weierstrass M-test. For this purpose, it suffices to
establish the following two inequalities:

(a) |by, sin nTW:EG_AitOI < M, for all x; and

(b) 2onty My < o0

To establish (a), note that

L nm 2 [F nmw
b /0 f(z)sin L:Ed:E < L/o ‘f(:n)sm—L:E dx

2

L

(The absolute value of the integral is
<

the integral of the absolute value.)

9 L
f/ |f(z)| de = A (because |sinu| <1 for all u).
0

IN
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Note that A is a finite number because f is bounded, so its absolute value
is bounded and hence its integral is finite on [0, L]. We have

2_2

.onm 2 )2 _c7mtg, 2
|bnsm TJEG A"t°| < Ae Anto — Ae” 2z "
_czrrzto n
< Ale 12 = Ar",
2_2

cont

where r = e "7 < 1. Take M,, = Ar™. Then a holds and ) M, is
convergent because it is a geometric series with ratio r» < 1.
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Solutions to Exercises 3.6

1. Since the bar is insulated and the temperature inside is constant, there is
no exchange of heat, and so the temperature remains constant for all ¢ > 0.
Thus u(z, t) = 100 for all ¢ > 0. This is also a consequence of (2), since in
this case all the a,,’s are 0 except ag = 100.

2. The initial temperature distribution is already given by its Fourier cosine
series. We have a; =1 and a,, = 0 for all n # 1. Thus

u(x, t) = e~ (" cos .
3. We apply (4):

[ee]
2
u(x, t) =ag + g ane "t cos ni,
n=1

where
1 w/2 1 w/2
ag = —/ 100:13d:£—|——/ 100 (77 — x) dz
T Jo T Jo
50 o7/2 50 9| 25 25
- — (r— = — —m1 =25
7o 7T(7T @) /2 p Tt YT ™
and
92 w/2 92 w/2
an, = —/ 100:L"cosn:13d:n—|——/ 100 (7w — z) cosnz dx
T Jo T Jo
200 (cosnx xsinnz) |7/2
= = — +
T n n 0
200 cosnx (m—x)sinnz\ |7
+— (———+
T n n w/2
_ 200 cosn g %Sinng_i_cosn%_%sinn%_i_cosnw
T n? n n? n n2 n2
200
- = (2cosn5—(1+(—1)n)>
™ 2
0 if n=4k+1 or n = 4k + 3,
= 0 if n =4k or n =4k + 3,
—58% ifn=4k+2=2(2k+1).
So
200 - 1 —4(2k+1)2t
'LL(ZL', t) = 257T — 7 kz_o me COS(2(2k + 1)1:),

4. Refer to Example 1. We need to expand f(x) in a cosine series. The
series can be derived from Exercise 6, Section 2.3, with d =1/2, p =1, and
¢ = 100. We have, for 0 < z < 1,
100 200 = sin &
flz)=—+— 2 cosnmx.
2 m n

n=1

But
if n = 2k,
—1)k ifn=2k+1,

wn
2
=,
“’|=1
—N—
— O
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SO

o 1)k
f(z) =50+ 277&;:% 2(l<: _11_)1 cos[(2k + 1)mx],

and the solution of the heat problem becomes

200 o= (—1)*

cos[(2k‘—|—1)w:n]e_(2k+1)27r2t (t>0,0<z<1).

5. Apply the separation of variables method as in Example 1; you will
arrive at the following equations in X and 7'

X" kX =0, X(0)=0, X'(L)=0
T — k*T =0

We now show that the separation constant k£ has to be negative by ruling
out the possibilities £ = 0 and k > 0.

If K =0 then X” =0 = X = az+b. Use the initial conditions X (0) =0
implies that b = 0, X’(L) = 0 implies that a = 0. So X =0 if £k = 0.

If £ > 0, say k = p?, where p > 0, then

X" 2X =0 = X =¢coshpuz + cosinh px;
X(0)=0 = 0=c;X = cosinhpz;
= 0= copcosh(uL)

= 62:0,

because p # 0 and cosh(uL) # 0. So X = 0 if £ > 0. This leaves the case
k = —p?, where ;> 0. In this case

X"+ 12X =0 = X =cjcospux + cosin u;
X(0)=0 = 0=c;X = cysinpux;
X'(L)=0 = 0=copcos(uL)
= c¢g=0or cos(uL) =0.

To avoid the trivial solution, we set cos(uL) = 0, which implies that

™

= (2k+1
p=( +)2L,

k=0,1,....
Plugging this value of k£ in the equation for 7', we find
T +123PT =0 = T(t) = Bpe "l = Bke_((z’”l)%)zczt.

Forming the product solutions and superposing them, we find that

(o] o
T \2
u(z, t) = ZBke_“zczt = ZBke_((%H)Z) @t gin [(Qk‘ + 1)%$ )
k=0 k=0
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To determine the coefficients By, we use the initial condition and proceed
as in Example 1:

u(z, 0) = f(x) = f(z ZBksm [(2k‘—|— 1)2L } ;

k=0

= f()sin[@n+ 1))

= in sin [(Qk‘ + 1)%4 sin [(271 + 1)%4

k=0
L
= / f(x)sin [(271 + 1)%4 dz
= ZBk/ sin [ 2k + 1)%4 sin [(271—1— 1)ﬁ$} dx

= /f sin 2n—|—1)ﬁ$}d:ﬂ

—Bn/0 sin [(211—1—1)%:13} dzx,

where we have integrated the series term by term and used the orthogonality
of the functions sin [(2k‘ + 1)%:@ on the interval [0, L]. The orthogonality
can be checked directly by verifying that

/OL sin [(2k‘ + 1)%4 sin [(271 + 1)i$} dxr =0

if n # k. Solving for B,, and using that

L
L
/0 sin [(271—1— 1)ﬁ‘4 dzx = 3

(check this using a half-angle formula), we find that

L
:%/0 f(x)sin 2n—|—1)i:p} dz.

6. In order to apply the result of Exercise 5, we must compute the Fourier
coefficients of the series expansion of f(x) = sinz in terms of the functions

sin [%:ﬂ} (n=20,1,2,...) on the interval [0, w]. That is, we must find

B,, in the series expansion

= 2n + 1
sinx = Z B, sin [wm] .

2
n=0
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According to Exercise 5, we have

= g 7rSin:psin 7(2n+1)$ T
o= e [B
1 (7 1 3
= ;/0 (cos[(n - 5):13] — cos[(n + §)$]> dx
1 . 1 1 . 3 m
= - - I sin[(n — §)$] - msm[(n-i- §)$] 0
27 1 Y 1. 37
= - o1 sin[(nm — 5)] ~ T3 sin[(nm + 7)]]
2D (=D
T orl2n—1 +2n—|—3]
B § (_1)n+1
o (2n—-1)(2n+3)

We can now apply Exercise 5 and get the solution

e e}

8 (=)t —@n+1)2t/a . [ (2n+1)
u(x, t) = 7rn§::0(2n—1)(2n—|—3)e sin | —5—"| .

7. In the first part of this solution, we will justify term-by-term integration
of the series solution. Recall that the solution is given by

[ee]
32 nmx
u(x, t) =ag+ E ane 't cos <

n=1

where a,, is the cosine Fourier coefficient of f. Since f is a temperature
distribution, we can suppose that it is bounded; hence |f(z)| < M for all z,
where M is a constant. Hence

<M sl
ol = 2| [ ey eon T atel < 2 [V feos "7 a
Qg = 7 o ZECOSL ZE_L o x COS 7 X

2 L 2
< 2| Mdx==LM=2M,
L Jo L

and so, for t > 0,

o)
u(z, £)] < laol +
n=1

(o]
2 nwr )2
ane ! cos A ‘ < lao| +2M g e Mt < 0.
n=1
. 00 —2\2¢ - .
To see that the series ) °° , e”"»" is convergent, write
2

2 tcz 7'r2 n tcz 7'r2 n
—Aot - - n
e n’ —= e L2 < (& L2 =17 s

tczw2
where r = e 12 < 1. Thus the series converges by comparison to a
geometric series with ratio 0 < r < 1. From this it follows that, for fixed
. 2 .
t > 0, the series ag + Y oo, ane Mt cos “7E converges uniformly for all z,
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by the Weierstrass M-test. Thus we can integrate the series term by term
(Theorem 3, Section 2.7) and get

=ag =0
—N— — N

1 L 1 L 00 1L
E/o u(x, t)de = E/o aodlﬂ—i-;ane_)\itf/o cos?daz
1 L
- a=1 [ f@a.

where the last equality follows from the definition of ag. Thus at any time
t > 0, the average of the temperature distribution inside the bar is constant
and equals to the average of the initial temperature distribution f(x). This
makes sens on physical grounds since the bar is insulated and there is no
exchange of heat with the surrounding, the temperature may vary but the
total heat inside the bar remains the same, and so the average temperature
remains the same at any time ¢ > 0.

8. By Exercise 7, the average temperature in Example 1 is ag. We now
show that the steady-state temperature is also ag. Take the limit as ¢ — oo,
assuming that we can interchange the limit and the summation sign:

o cnm 2
lim u(z, t) = tlim (ao + Zane_( )"t cos E:E)
—00

t—o0 L
n=1
=0
> nm ( )2
. _ CNn t
= ap-+ [a cos —zx lim e \'L }
0 E: n L t—00

n=1
= Qap.

If you really want to justify the interchange of the limit and the summation

sign, you can use the estimate that we found in Exercise 7, as follows. Let
2 2

_tetm

r=e¢ 12 . Then

> ( )2 nm > r
cnm t n o
Zane L cosfzn < Zr =1,
n=1 n=1
As t — oo, r — 0, showing that
> ( )2 nm
tlirglo Zane L cos TJE =0

9. This is a straightforward application of Exercise 7. For Exercise 1 the
average is 100. For Exercise 2 the average is ag = 0.

10. Using the relation sinazsinbz = %[cos(a — b)z — cos(a + b)z], we
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obtain, for m # n,

L
/ sin @ sin ppx do
0

L
— 1/ [cos(,um — fin)x — oS (i + Mn)gp] dr
0

2
1 1
= —— sin — L—
1
= — [Sin i L €08 i L — €OS fiyy, L sin pu, L]
2(pm — fin)
1
——————— | sin yy, L cos py L + oS py, L sin iy, L
R + o) L L cO8pin L+ co8 i Lisin 1, L

= [ftm sin iy, L cos pi L — fiy, €OS iy L sin pu, L] /(/‘i - /Lgn) :

———————in + L

We now show that g, sin g, L oS piy L — iy, co8 pp Lsin i, L = 0, by using
(7), which states that tan(uL) = —£ for all = ;. In particular, cos uL #
0. Dividing through by cos g, L cos p, L # 0, we find
Lo, SIN o, L €OS po L — i, cOS pip Lsin p, L = 0
& pmp tanp, L — pp tan gy, L = 0
K K

which establishes the desired orthogonality relation.
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11. To do this problem, as well as Exercises 12-14, we will need the numer-
ical values from Example 3. This will be done entirely on Mathematica.
In the first window, we plot f(z), tanz, and —z, and find numerical

values for the roots of tanx = —x.

flx ]:=x
Plot [f[x], {x,0,1}]

1

Plot[{Tan[x], -x}, {x,0,20}]

T

\\

approxsol={3,5,8,11,14.3,17.5};

sol=Table[
FindRoot [Tan [x] ==-x, {x,approxsol [[j]11}],

{j,1,6}]
{{x>2.02876}, {x—>4.91318}, {x—>7.97867}, {x—>11.0855}, {x—>14.2074}, {x > 17.3364}}

In the second window, we form a partial sum of the series solution.
This requires computing numerically the generalized Fourier coefficients of
f(x). We then evaluate the partial sum solution at time ¢ = 0 (this should

approximate f(z)), and plot it against f(x).
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u6[x ,t 1= Sum[c[j] Expl[- sol[[j,1,2]11A2 t] Sin[sol[[j,1,2]1] xI,
{j,1,6}1

@ 411586t =117 8in[2.02876 x] + e 241393t ¢[2] 5in[4.91318x] + e ®3-%%%1t ¢[3] 8in[7.97867 x] +
@ 122889t o147 9in[11.0855x] + @ 201:851t ¢[5] §in[14.2074 x] + e 2095t ¢[6] Sin[17.3364 x]

cl[j_l:=1/IntegratelSin[sol[[j,1,2]]1 xIA2,{x,0,1}] *\
Integrate[f[x] Sin[sol[[j,1,2]] x] ,{x,0,1}]

tableofcoeff=Table[Chop[c[jl], {j,1,6}]

{0.729175, -0.156164, 0.0613973, -0.0321584, 0.0196707, -0.0132429}

Plot [Evaluate[{f [x] ,u6[x,0]1}], {x,0,1},
AspectRatio->1.7/2.7,Ticks->None]

In the third window, we plot the series solution at various values of t.

tabplot=Tablel

ué [x,t],

{t,0,1,.2}1;

Plot [Evaluate[{tabplot,.1}], {x,0,1},PlotRange->{0,1},
AspectRatio->1.7/2.7,Ticks->None]l

1

12., 13., and 14. follow by repeating the same commands as in Exercise 11
for the appropriate function f(z).

15. Following the solution in Example 2, we arrive at the following equa-
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tions

T — kc*T = 0,
X" kX =0, X'(0)=0, X'(L)=—-xX(L),

where k is a separation constant. If £ = 0 then

X"=0 = X=azr+b,
X'0)=0 = a=0
X'(L)=-kX(L) = b=0;

so k = 0 leads to trivial solutions. If & = o? > 0, then, as in the text,

we conclude that X = 0. This leaves the case k = —u? < 0. In this case

X (z) = ¢1 cos px + cosin px. From X'(0) = 0 it follows that co = 0 or X =

cocos px. Set co =1 to simplify the presentation. From X'(L) = —kX (L),

we find that —psin ul = —k cos L. Hence p is a solution of the equation
u cosplL

1
- == or cotul = —p.
K sinpl K

Let p,, denote the nth positive solution of this equation, and let X, (z) =
cos pnpx. Solving the equation for T for each py,, we find

2,2
T =T, = cpe ¢ Hnl

and hence, by superposing the product solutions, we arrive at
o 2,2
u(x, t) = Z Cn COS e < Fnt,
n=1

To prove that the X,,’s are orthogonal, see Exercise 19. The proof involves
ideas that will be studied in greater detail in Chapter 6, in the context of
Sturm-Liouville theory.

Using the initial condition, it follows that

u(x, 0) = f(z) = chXn(:n).
n=1

Multiplying both sides by X, and integrating term by term, it follows from
the orthogonality of the X,, that

=0 if m#n

L 00 L
/0 ) Xon(a) o= 3 en /0 X, ()X (2) dt.

Hence . .
/ f(@)Xp(x) de = cn/ X2(z)dx
0 0

or

1 L

Cp = — f(@) X, (x) dx

RKn Jo

where

L
/{n:/ X2(z)dx.
0
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Let us evaluate k,. Recall that u, is a solution of cot Ly = % . We have

L 1 (L
Ky = / cos? fipx dx = 5/ (1+ cos2u,x) dz
0 0
1 L L 1
= EM sin2ppx| = EM sin 2pp, L.

In order to use what we know about p,, namely, that it is a solution of
cot Ly = %,u, we express the sine in terms of the cotangent, as follows. We
have
. . 2sin v cos

sin2a = 2sinacosq = —5—————

sin® a + cos? «
cot o

cot?a+1’

2

where the last identity follows upon dividing by cos® . Using this in the

expression for k,, we find

1 cot pp L
o TRl
dpp 1+ cot® pu, L
L (pn/K)
20t 1+ (pin/K)?
K
2(k% + )

Kp =

M EeENIEe i)
+

16. (a) Take a product solution, u(x, t) = X (x)T'(t), plug it into the heat
equation u; = c*uy,, proceed formally by using the typical argument of the
separation of variables method, and you will get

T'X =c2X"T
T/ o X//
AT — X
T _ X" _
27 =k and =k

T —ke*?T=0 and X" —kX =0,

where k is a separation constant. Doing the same with the periodic boundary
conditions, you will find

X(—m)T(t)=X(m)T(t) and X'(—m)T(t)=X'(7)T(t)
X(—7)=X(n) and X'(—7)=X'(m).

(b) If k = o® > 0, then the general solution of the X" — a?X = 0 is
X = c¢j coshaz + cosinh az (see Appendix A.2). But

X(m)=X(—7) = cycosharm+ cosinhar = ¢q cosham — ¢y sinhar
= cosinhar =0
= co2 =0,

because sinh am # 0. Using the second boundary condition, we obtain

acy sinham = —acy; sinhar = ¢; =0.
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So the case k = o? > 0 leads only to trivial solutions.

(¢) If k = 0, then the solution of X’ = 0 is X = az + b. The boundary
condition X’(—7) = —X'(7) implies that @ = —a or a = 0. Hence X is
constant, and we denote it by ag. Note that this is an acceptable solution
of the differential equation and the periodic boundary conditions.

(d) If k = —p? < 0, the solution in X is X = ¢; cos yx + cosin pz. Using
the boundary conditions, we have

X(—7m)=X(7w) = c¢1008um — cosinpumw = ¢1 cos um + co sin um
= cosinpum =0
= =0 or sinpum=0.
If ¢; = 0, then the condition X'(—7) = X'(7) implies that —copsin ur =
copsin pmr, which in turn implies that sin uyr = 0. So, either way, we have the
condition sin uw = 0, which implies that p = +m, where m =1, 2, 3, .. ..

In order not to duplicate solutions, we take 4 = m, where m =1, 2, 3, .. .,
and obtain the solutions

X, = am, cosmx + by, sinma.
The corresponding solutions in 1" are
2.2

T —m?3PT =0 = T=¢ ™

Therefore, The product solutions are

2.2¢

Xon(2) T (t) = (am cosma + by, sinma)e™™ 1 (m > 1).
Superposing the product solutions, we obtain
> 2
2
u(zx, t) = ag + Z (@ cOs M + by sinma)e”™ L,

m=1
Setting t = 0 and using the boundary conditions, it follows that

u(z, 0) = f(z) =ag + Z(am cos max + by, sinmz).

m=1

Thinking of this as the Fourier series of f, it follows that the a,, and b,, are
the Fourier coefficients of f and are given by the Euler formula in Section 2.2.
Here we are considering f as a 2w-periodic function of the angle x.

17. Part (a) is straightforward as in Example 2. We omit the details that
lead to the separated equations:
T — kT =0,
X"—kX =0, X'(0)=-X(0), X'(1)=-X(1),

where k is a separation constant.
(b) If £ =0 then

X"=0 = X=ax+b,
X'(0)=—-X(0) = a=-b
X'(1)=-X(1) = a=—(a+b) = 2a= -
= a=b=0.
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So k = 0 leads to trivial solutions.
(c) If k = a® > 0, then

X = ¢y cosh px + cosinh pa;

e = —C1

ey sinh g+ pes cosh p = —cq cosh g — o sinh p
pey sinh g — ¢ cosh p = —cq cosh pp — co sinh

ey sinh g = —cosinh p

L

pey sinh g = a sinh p.
1
Since p # 0, sinh p # 0. Take ¢; # 0 and divide by sinh o and get
,uclzc—l = =1 = k=1
1
So X = ¢y coshx + cosinhz. But ¢; = —co, so
X =cjcoshz + casinhx = ¢y coshz — ¢y sinhx = cje™ .

Solving the equation for T, we find T'(t) = e!; thus we have the product
solution

where, for convenience, we have used ¢y as an arbitrary constant.

(d) If k = —a? < 0, then

X”—l—uzX:O = X = cjcos pux + cosin pux;

X'(0)=—-X(0) = pcy=—c

X'(1)=—-X(1) = —pcysinp+ jucy cos = —c1 CoS L — cosin i
= —pucysinp — ¢1Ccos ft = —C1Cos [ — casin
= —pcysinp = —cgsinp
=

. Cc1 .
—pcy sin = — SIn [i.
n

Since p # 0, take ¢; # 0 (otherwise you will get a trivial solution) and divide
by ¢1 and get

,uzsin,u = —sinpy = sinpy=0 = u=nm,
where n is an integer. So X = ¢j cosnmx + cosinnmz. But ¢ = —cop, so
X=-¢ (mr cosnmwx — sin mr:n).

Call X,, = nmcosnmwx — sinnwx.
(e) To establish the orthogonality of the X,,’s, treat the case k = 1 separately.
For k = —pu?, we refer to the boundary value problem

X" 42X =0, X(0)=-X'(0), X(1)=-X'(1),

that is satisfied by the X,’s, where u, = nw. We establish orthogonality
using a trick from Sturm-Liouville theory (Chapter 6, Section 6.2). Since

X! =2 X, and X! = 12 X,



140 Chapter 3 Partial Differential Equations in Rectangular Coordinates

multiplying the first equation by X, and the second by X, and then sub-
tracting the resulting equations, we obtain

X X! = p2 X Xy, and X, X! = 12 X0 X
Xn X — XXy = (4 — 1) Xin X,
(XnX;n - XmX;z)/ = (Ngz - N%n)Xan

where the last equation follows by simply checking the validity of the identity
Xp X! — X X! = (Xp X)), — X X1)'. So
1 1 )
) [ K@ Xal@)de = [ (Xal@) X (o) = X)X, (2) do
0 0
1
= Xo(@)X],(2) = Xn(2) X, (@)

because the integral of the derivative of a function is the function itself. Now
we use the boundary conditions to conclude that
/ / 1
KXn(2) X (2) = X (2) X (2)|

= Xn(1)X7,(1) - ( )X, (1) — X0 (0)X7,(0) + X (0)X,,(0)

= _Xn(l)Xm(l) ( )Xn( ) + Xn(O)Xm(O) - Xm(O)Xn(O)

= 0.
Thus the functions are orthogonal. We still have to verify the orthogonality
when one of the X,,’s is equal to e™®. This can be done by modifying the

argument that we just gave.
(f) Superposing the product solutions, we find that

u(x, t) = cope* t—|—ch n
Using the initial condition, it follows that
’LL(:E, O)Zf( = cpe +ch

The coefficients in this series expansion are determined by using the orthog-
onality of the X,,’s in the usual way. Let us determine ¢g. Multiplying both
sides by e™* and integrating term by term, it follows from the orthogonality
of the X,, that

=0

1 1 00 1
/ f@)e ™ dx = cg / e 2 dx + Z cn/ Xp(x)e ™ dx.
0 0 = Jo

1 1 12
/ fx)e ™ dx = CQ/ e 20 dx = ¢
0 0 2

x)e Tdx.

Hence

Thus

21
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In a similar way, we prove that

1t
Cp = — f(@) X, (x) dx
Kn Jo
where

1
/{n:/ X2(z)dx.
0

This integral can be evaluated as we did in Exercise 15 or by straightforward
computations, using the explicit formula for the X,,’s, as follows:

1 1
/ X2(z)dr = / (nm cosnma — sinnma) ?da
0 0

1
= / (n27r2 cos? nmx + sin® nrx — 2nmw cos(nmx) sin(nrz)) da
0

=(n?n?)/2 :}/2

A

1 1
= / n?m? cos?® nrx dx + / sin® nrx dx
0 0

=0

A

1
—2n7r/ cos(nmx) sin(nmx) dx
0
n?r? 41
5

19. (a) Following the solution in Exercise 16, we arrive at the following
equations

T — kT =0,
X"~ kX =0, X'(0)=X(0), X'(1) = —X(1),

where k is a separation constant. We will not repeat the details.
(b) If £ =0 then

X"=0 = X=azr+b,
X'(1)=-X(1) = a=-a = a=0
X'(0)=X(0) = a=b=0;

so k = 0 leads to trivial solutions. If k = o > 0, then

X"—a?’X =0 = X =ccoshax + cysinhaz,
X(0)=c1, X'(0) = acy,
X(1) = ¢y cosha + cosinh o, X'(1) = aeg sinh a + g cosh o,
X'0)=X(0) = ¢ =ac
X'(1)=-X(1) = —(cicosha+ cysinha) = acy sinh a + acy cosha.

Using acy = ¢1, we obtain from the last equation

C1 . .
—(cq cosha + — sinh ) = ey sinh a + ¢4 cosh a.
o
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Fither ¢; = 0, in which case we have a trivial solution, or

—(acosh a + sinh @) = a(asinh a + cosh )

—2acosha = (a? + 1) sinh .

If o > 0, then the left side is < 0 while the right side is > 0. So there are
no positive solutions. Also, if @ < 0, then the left side is > 0 while the right
side is < 0. So there are no negative solutions. Hence the only solution that
satisfies the equation and the boundary conditions is the trivial solution in
the case k = a? > 0.

(c) The separation constant must be negative: k = —u? < 0. In this case
X (z) = ¢y cos px + cosin pz. From X'(0) = X (0) it follows that ¢; = pcs.
Hence X (z) = copcos pz + cosin pux, where co # 0. From X'(1) = —X (1),
we find that —cou?sinp + coprcosjp = —capucos pu — cosinp. Hence p is a
solution of the equation

—p?sinp 4 pcosp = —pcosp—sinp = 2ucosp = (p? —1)sinp

Note that 4 = £1 s not a solution and cos u = 0 is not a possibility, since
this would imply sin g = 0 and the two equations have no common solutions.
So we can divide by cos u(u? — 1) and conclude that p satisfies the equation
tanpu = % This equation has infinitely many solutions p = 4pu,, that
can be seen on a graph. We take only the positive i, since we do not gain
any new solutions in X for —pu,. Write the corresponding solutions

X =X, =cp(pincos ppx +sinpy,), (n=1,2,,...)
The corresponding solutions in 1" are
T(t) = e Hat,

(e) We can prove that the X,, are orthogonal on the interval [0, 1] as follows.
(The ideas in the proof will be studied in greater detail in Chapter 6, in the
context of Sturm-Liouville theory. They will also appear when we establish
the orthogonality of Bessel functions (Chapter 4) and Legendre polynomials
(Chapter 5).) We will not need the explicit formulas for X,, and X,,. We
will work with the fact hat these are both solutions of the same boundary
value problem

X p2X =0, X(0) = X'(0), X(1) = ~X'(1),
corresponding to different values of pu = p,, and g = py, with py, # py. So
X! = p2 X, and X! = 12 X,,.

Multiplying the first equation by X, and the second by X,, and then sub-
tracting the resulting equations, we obtain

X X! = p2 X Xy, and X, X! = 12 X0 X
Xn X — XXy = (4 — 1) X X,
(XnX;n - XmX;L)/ = (11, — Hi) XX
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where the last equation follows by simply checking the validity of the identity
X, X! — X X! = (X, X, — X X2)'. So

1 1
2 _ 2 X n\T xr = n\T ! xr) — m\L ! €T ' €z
(12 um>/oxm< )X o) d /0(X<>Xm<> Xon(2) X4 () d
1
= Xu()Xp(2) = Xn(2) X0(2)

because the integral of the derivative of a function is the function itself. Now
we use the boundary conditions to conclude that

X (2) X () = Xon () X4,

= Xn(1)X,(1) = Xin(1)X,,(1) = Xn(0)X7,(0) + X (0)X,(0)
= _Xn(l)Xm(l) + Xm(l)Xn(l) - Xn(O)Xm(O) + Xm(O)Xn(O)
= 0.

Thus the functions are orthogonal.
(f) Superposing the product solutions, we find that

’LL(:E, t) = chTn(t)Xn(:E)'
n=1
Using the initial condition, it follows that
u(z, 0) = f(z) = Z cnXn(z).
n=1

Multiplying both sides by X, and integrating term by term, it follows from
the orthogonality of the X,, that

=0 if m#n

1 0 1
/0 f(x)Xm(:n)d:c:;cn /0 X (2) X () d.

Hence L L
/ f(@)Xp(x) de = cn/ X2(z)dx
0 0

or

1 1

Cp = — f(@) X, (x) dx

RKn Jo

where

1
/{n:/ X2(z)dx .
0
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Solutions to Exercises 3.7

3. We use the double sine series solution that is outlined in the text.

nmy

. . mnT
u(z, y, t Z Z mn COS Amnt + By, SIN Ay t) sin ——sin—=,

n=1m=1

where a and b are the dimensions of the membrane,

m2  n?
__I_b_2’

4 b ra
B = —/ / f(x, y) sin T in MY g dy,
(Ib 0 0 a b

4 b a
":ab/\mn/o /0 g

Applying these formulas in our case, we find

/\mn = Vm2+n27

B* _{%:% if(mvan):(1’2)’
mn 0

A, = CT

sin % dx dy.

otherwise,

because of the orthogonality of the functions sinmnz sinnmy and the fact
that g contains only the function sin 7wz sin 21y. We also have

1,1
By = 4/ / z(1 —x)y(1 — y) sinmnz sinnry dx dy
0
1

1
= 4/ z(1—x) sinmw:ndzn/ y(1 —y) sinnmy dy
0 0

B % if m and n are both odd,
N 0 otherwise.
Refer to Example 1 of this section or Exercise 9, Section 3.3, for the com-
putation of the definite integrals. Thus
u(z, y, t) =
(o] o . .

64 sin((2k + 1)7x) sin((20 + 1)7y) .

((2k +1)(21 + 1)7?)3

08/ (2k +1)2 + (20 4+ 1)2t

k=0 =0

2
+— sinmzsin(27y) sin(vV/5¢).

V5

5. We proceed as in Exercise 3. We have

u(x, y, t Z Z mn COS Amnt + By, Sin Ay t) sinmx sin nry,

n=1m=1

where A\, = vVm?2 +n?, B,,, =0, and
4 1 1
B’ = 7/ / sinmmz sinnmy dx d
o = ), ydx dy

4 /1 / !
= sinmnmx dx sinnmy dy
vm? +n? Jo 0

- \/W+WL)W2 if m and n are both odd,
B 0 otherwise.
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Thus

u(z, y, t) =
Ses 16 sin((2k + 1)7wzx) sin((20 + 1)7y) )
kzo 122 JRET 2 @+ D22k + )@+ a2 V(2k+1)2+ (20 + 1)

12. We use the double sine series solution that is outlined in the text.

. MWL | NTY _\2
u(x, y, t E E Apmn sin , Sin— e Amnt

n=1m=1

where a and b are the dimensions of the membrane,

m2  n2
+ b_27

4 b a
Amn = %/0 /0 f(:Ea y) sin e

Applying these formulas in our case, we find

Amn = TV m?% +n2,

A, = CT

sin n_zy dx dy.

1,1

Apn = 4/ / z(1 —x)y(l — y) sinmnz sinnmy dx dy
0o Jo
6

B W if m and n are both odd,
N 0 otherwise,

We have used the result of Exercise 3. Thus

u(z, y, t) =

i > 64 sin((2k + 1)mz) sin( (2 + 1)7Ty) —(@k+1)2+(2141)2) 2
((2k+1)(21+ 1)7w?)3

k=0 [=0
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Solutions to Exercises 3.8

1. The solution is given by

u(z, y) = Z By, sin(nmx) sinh(nmy),

n=1
where
9 1
B, = —0— i
sinh(2n7r)/0 xsin(nmx) dx
B 2 ~zcos(nmx)  sin(nwz) ‘1
~ sinh(2n7) nm n? w2 0
~ sinh(2nw) nm sinh(2nw) T
Thus,

o _1\n+1
u(z, y) = % Z 112#)(211@ sin(nmz) sinh(nry).

3. The solution is given by

Z A, sin( nh( ( —y))+ Z D,, sin(nmy) sinh(nrz),

n=1

where

B { 400 if s odd,

n
0 if n is even;

and

S
s
Il

2 ! :
m/o 100(1 — y) sin(nmy) dy

200 (=1+y) cos(nmy) sin(nwy)] |t

sinh(2n) [ nm © n2a? ] ‘0
200

nm sinh(2nm)

Thus,

. (2k+1)7rm

ZL'y I

400 X sin(~=2TE) sinh(@(l —)) +@ i sin(nmy) sinh(nmrz)
Ll (2k + 1) sinh (AL ™

nm sinh(2nm)

7. (a) From Example 1, the solution is

Z B, sm — smh mry
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where
B, = / fa(z sm— dx
a sinh( 212
= ! / fa(z sm UL
~ sinh( ;rb ?
- 1
~ sinh( Z:b)

where by, is the sine Fourier coefficient of fa(z), as given by (3), Section 2.4.
Replacing B,, by its value in terms of b, in the series solution, we obtain
(a). In the general case, we refer the series solution (9). It is easy to see, as
we just did, that

bngl)
1 2 [ nmx 1
Ay = — = in 7y = ——b(fu),
S - /0 AT e = ()
bn(gl)

C, = / in yd o)
" smh ) b g(y)s V= sinh("7%) nig);
bn(92)

D, = / yd L ()
" smh ) b g2(y) sin v= sinh("7¢) 92/

where, b,(f) denotes the nth sine Fourier coefficient of f. So, in terms of
the Fourier coefficients of the boundary functions, the general solution (9)
becomes

nr sinh %% (b — y) nm _sinh %ty

an f1) sin—:L" h"“b —I—Zb (f2) SID—ZL' h"“b

sin sin
n=1
> h2r mr _ h 2t
Z b nm sin (a —x) nm Sin T
n(g1) sin —y— g n(g2) sin —yi.
Slnh n7ra h nmTa

S1
n=1 n=1 b
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Solutions to Exercises 3.9
1. We apply (2), witha=b=1:

[ S IENNe o]

x,y) = Z Z E,,,sinmrmz sinnmy,

n=1m=1

where

E,., = m / / rsinmmx sinnwy dr dy

_1-(yn

4 1 1
= - rsinmmx dx sinnmy d
w2<m2+n2>/o /0 v

7T4(m;£:- o7 Sl—l)n (_:L' cos(m ) N Sil’l(’;}’l,;p)) ‘(1]
— (

4 —1)" (—1)m

w4(m? 4+ n?) m

Thus

8 [ee] [ee] _1 m . .
u(z, y) = v Z Z 2+ 2l<:(—|— 1))2)m(2l<: Y sinmmx sin((2k + 1)7y).

k=0m=1

3. We use the solution in the text:
(o] (o]

u(z, y) = ur(z, y) +uz(z, y) Z Z Epn sinmrx sinnwy + ug(x, y),
n=1m=1

where u1 is the solution of an associated Poisson problem with zero boundary
data, and us is the solution of the Dirichlet problem with the given boundary
data. We have

E = — sin mx sinmmx sinnmy dx d
" T (m?+n?) Jo Jo yeed
_1-(=nn

0 if m#1, 1/2 if m=1

A

4 r
= 2m2 12 J, sin mx sinmnx dr ; sinnmy dy
0 if m #£ 1,
B 7r3(1_—|%n2) (1_(;1) ) ifm=1
Thus
(2, y) = —5 sin 3 ! in((2k + 1)7y)
u(r, y 7T3S ) TENCIETE )(2]<:—|—1)S TY).

=0

To find wue, we apply the results of Section 3.8. We have

(o]
E By, sin nmx sinhnry,

n=1
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where
9 1
B, = —— / rsinnmz dx
sinh(n)
B 2 ( 1)n+1
~ sinh(nw) nm
Thus )
[ee] n—+
2 Z L sinnmx sinh ny,
™ = nsinh(nm)
and so
—4 . 1 .
u(z,y) = sy sin(mz) kzo T2 )@+ D) sin((2k + 1)my)

9 oo n—l—l
+— E sm nmx sinh nry.
T smh

5. We will use an eigenfunction expansion based on the eigenfunctions
¢(z, y) = sinmmz sinnmy, where An(z, y) = —7%(m?+n?) sinmrz sinnry.

So plug
o (o]
= Z Z FEn sinmmx sinnmy

n=1m=1

into the equation Au = 3u — 1, proceed formally, and get

A S | Eppsinmrzsinnry) =3 00 5% | Epy sinmrzsinnry — 1
oo i > B A (sinmaa sinnmy) =33 00 1 Y Epy, sinmaa sinnay — 1
S 1 Sy —Empm?(m? + n?) sinmma sinnry
=3> 0 > | Empsinmrasinnmy — 1
St i Yoy (34 @2 (m? 4+ n?)) Epp sinmaz sinnmy = 1.
Thinking of this as the double sine series expansion of the function identically

1, it follows that (3 + 72 (m2 + nz))Emn are double Fourier sine coefficients,
given by (see (8), Section 3.7)

(3 + 72 (m2 + nz))Emn = / / sinmmx sinnmy dx dy
_ n™1- (="
N mm nm
- 0 if either m or n is even,
- Wzlﬁn if both m and n are even.
Thus
0 if either m or n is even,
Ein = 16 if both m and n are even,
7r2mn(3+7r2 (m2 +n2))
and so
i i sin((2k 4 1)mwz) sin((20 + 1)7y)
w2 (2k+1)( m+1x3+w%@k+1) +(20+1)%))
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8. Following the outline in the text, leading to the solution (21), we first

compute
! 2(—1)m+1
bn(y) = 2/ rsinmnrx dr = L;
0 mm
then N
u(z, y) = Z E,.(y)sinmnz,
m=1
where
—1 . v 2(—1)mtl
Em(y) = | sinh 1— h A=
) mm sinh(mn [Sm (mr( y))/o sinh(mms) o ds +
' 2(—1)m+!
sinh(mmy) /y sinh(mm(1 — 3))% ds}

# (cosh(mmy)—1)

Y
m 772 smh (m) [Sm (m( ))/0 sinh(mms) ds

# (cosh(mm(1—y))—1)

A

+ sinh(mmy) /yl sinh(mn(1 — s)) ds}

= A anb(mn(1 - ) eosh(mmy) — 1)

+ sinh(mmy)(cosh(mm (1 —y)) — 1)}
2(-1)™

= 53 sihi) | ) = siwh(m(1 ) ~ sinh(mry)]

where in the last step we used the identity sinh(a 4+ b) = sinhacoshb +
coshasinhb. So

( 1)m+1

u(x, y) ——————(sinh(mm)—sinh(mm (1—y))—sinh(mry)) sin mrz.
7T3 — m? sinh(m)
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Solutions to Exercises 3.10

1. We use a combination of solutions from (2) and (3) and try a solution
of the form

u(x, y) = Zsin ma Ay, coshm(1 — y) + By, sinhmy].

n=1

(If you have tried a different form of the solution, you can still do the prob-
lem, but your answer may look different from the one derived here. The
reason for our choice is to simplify the computations that follow.) The
boundary conditions on the vertical sides are clearly satisfied. We now
determine A,, and B,, so as to satisfy the conditions on the other sides.
Starting with (1, 0) = 100, we find that

o
100 = Z A, coshmsinmax.

m=1

Thus A,, coshm is the sine Fourier coefficient of the function f(x) = 100.
Hence

200
7m coshm

2 ™
Ay, coshm = —/ 100sinmadxr = A, = [1—(-1)"].
0

™

Using the boundary condition u,(z, 1) = 0, we find

0= Z sinma Ay, (—m) sinh[m(1 — y)] + mB,, coshmy| ‘y:l'

Thus
[ee]
0= Z mB,, sinmx coshm.

m=1

By the uniqueness of Fourier series, we conclude that mB,, coshm = 0 for
all m. Since m coshm # 0, we conclude that B,, = 0 and hence

200 )]
u(z, y) = 7m:1 mcoshm smm:zscosh[m(l—y)]
400 sin[(2k + 1)x]
B h[(2k + 1)(1 — y))].
m k:o (2k + 1) cosh(2k + 1) cosh[(2k + 1)(1 — y)]

2. Try a solution of the form
[ee]
u(z, y) = Z sinma [ Ay, coshm(1 — y) + By, sinhmy].
n=1

Using the boundary conditions on the horizontal sides, starting with u(z, 0) =
100, we find that

(o]
100 = Z A,, coshmsinmax.

n=1
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Thus A,, coshm is the sine Fourier coefficient of the function f(z) = 100
(as in the previous exercise). Hence

2
A 200
7m coshm

11— (1)),

Using the boundary condition u,(z, 1) = sin 2z, we find

[ee]
sin2z = E mB,, sinmx coshm.

n=1

By the uniqueness of Fourier series, we conclude that mB,, coshm = 0 for

all m #£ 2 and 2By cosh2 =1 or By = m Thus

1
= in(2z) sinh(2
u(z, y) 5 ool 3 Sn(22) sinh(2y)

400 sin[(2k + 1)x]
T 2k + 1) cosh(2k + 1)

( cosh[(2k 4+ 1)(1 — y)].
k=0

3. Try a solution of the form

u(z, y) = Zsin ma [ Ap, coshm(1 — y) + By, sinhmy].

n=1

Using the boundary conditions on the horizontal sides, starting with u,(z, 1) =
0, we find

o0
0= E mB,,, sinmx coshm.

n=1

Thus B,, = 0 for all m and so

u(z, y) = Z sinmax A, coshm(l —y).

n=1

We now work with the Robin condition u(z, 0) 4 2u,(z, 0) = g(x) and get

[e.e] [e.e]
Z sinmxA,, coshm — 2 Z sinmzA,,msinhm = g(z)

n=1 n=1

= g(x)= Z Ay, sinma [ coshm — 2m sinhm|

n=1
2 ™
= Ay [coshm — 2msinhm)| :;/ g(z) sinmzx dz
0
= A= 2 /W (z) sinmaz d
"™ r[coshm — 2msinhm] J, JAE) BT OF,

which determines the solution.

5. We combine solutions of different types from Exercise 4 and try a solution
of the form

u(z, y) = Ao + Boy + Z Cos %:ﬂ[;‘lm cosh[?(b —y)|+ Bm sinh[?y]].
m=1
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Using the boundary conditions on the horizontal sides, starting with u,(z, b) =
0, we find that

o
0= By + Z mBm cos mlE cosh [mb]
— a a a

Thus By = 0 and B,,, = 0 for all m > 1 and so

(o]
Ag + Z A,, cos mlE cosh

mn
[—(b—y)].
— a a
Now, using u(z, 0) = g(x), we find
- mn mnm
=A Ay, cosh[—b —2.
g(z) 0—1—2 cos[a | cos -

m=1

Recognizing this as a cosine series, we conclude that

1 a
Ao = —/ g9(z) dx
aJo
and 5 fo
Am cosh[mb] = —/ g(z) cos T dx;
a a o a
equivalently, for m > 1,
A _#/a (:E)cosmzndzn
"™ acosh[ZZp] J, g a '

7. The solution is immediate form (5) and (6). We have

(o]
u(x, y) = Z B,,, sinmax sinh my,

m=1

where B,, are given by (6) with f(z) = sin2z. By the orthogonality of the
trigonometric system, we have B, = 0 for all m # 2 and By =

1
2 cosh(27) "
Thus

1
’LL(ZE, y) = m sin 2x Sinh 2y

9. We follow the solution in Example 3. We have

’LL(ZE, y) = ’LL1(ZE, y) +’LL2(ZE, y)7
where

[e.e]
ui(z, y) = Z B,,, sinmax sinh my,
m=1
with
B o [ sinmad (1 (1))
=— [ sinmzdr=——F—(1—(— .
" wmcosh(mn) J, 7m? cosh(mm)

and

us(z, y) = Z Ay, sinma coshm(m — y)],

m=1
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with

2 T 2
Ap=—"" [ s S — LY
7 cosh(mm) /0 sinma d ™m cosh(mw)( (=1)")

Hence

u(x, y) = % Z wsin mx [sthmy + cosh[m(m — y)]]

—m cosh(mm)

% i sin(2k + 1)z [sinh[(Qk‘ +1)y]

(2k + 1) cosh[(2k + )] | (2k+ 1) +Cosh[(2’f+1>(7f—y)]]-

=0
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Solutions to Exercises 4.1

1. We could use Cartesian coordinates and compute i, ty, Uzz, and gy,
directly from the definition of u. Instead, we will use polar coordinates,
because the expression z2 4+ y? = r2, simplifies the denominator, and thus it
is easier to take derivatives. In polar coordinates,

x rcosf  cosf 1
wz,y)=5—5=—5—= =r" " cosf.
e+ r r
So
_ —2 _ -3 _ —1 2 _ —1 0
Up = —1 “cosl, U =2r °cosf, ug=—r "sinf, wugg= —1 " cosb.

Plugging into (1), we find

1 1 2cosf) cos@  cosb .
Vu = up + —up + —Ugy = s ——3 ——3 =0 (if r # 0).
r r r r r

If you used Cartesian coordinates, you should get

2z(z? — 3y?)
(2% + y2)2

2z(z? — 3y?)

and  uy, = — @2t 50

Ugge =

2. Reasoning as in Exercises 1, we will use polar coordinates:

Y rsinf  sin6 1.
wz,y) = s =—5— = =7 !sing.
e +y r r
So
=2 9.=3 _ .1 R
Up = —7 “sinf, wup. =2r °sin€, wug=r""cosl, wug = —r " sinb.

Plugging into (1), we find

1 1 2sinf sinf  sin6 .
VU = Uy + ~up + U =—5———3 ——3 =0 (if » # 0).
r r r r r

3. In polar coordinates:

1 2 B B
u(r, 0) = S U= g Uy = o, Up = 0, ugp = 0.
Plugging into (1), we find
1 1 2 1 1
2, _ _
V’LL—’LLT7«+;’LL7«+T—2’LL99—T—3—T—3—T—3 (fOI‘T’;'éO).

Thus u does not satisfy Laplace’s equation.
4. In cylindrical coordinates:

z 2z
u(p, ¢, z) = ; = Upp = 3 Uso = 0, u,, = 0.

Plugging into (2), we find

Ou  1ou 10% 0% _ 22
op2  pdp  p2og? 022 13

z

Viu = —%—1—0—1—0:—3 (for p #0).
r r
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5. In spherical coordinates:
u(r, 0, ¢) =1° = Uy = 67, up = 0,up9 = 0, ugy = 0.
Plugging into (3), we find

U2y — Pu 20u (82 ou 9%u

_ _—— —_— 2 —_— pr— pu
G g o (g +ootd 5 4 ese 96¢2> 6r + 6r = 12r.

6. In polar coordinates:

w(z,y) = In(z®+y?) =2Inr;
1 1
Vi = U+ ~up + —uge
T T
2 2

7. In spherical coordinates:

_ 1 2
'LL(’I", 07 ¢) =T ! = Uy :_7"_27 Upy = T_ga ug :O,UQQZO, u¢¢:0
Plugging into (3), we find
0%u 2 0u 0%u ou 0%u 2 2
Viu=—+-— ( oth 2L 9—>:———:0 fi 0).
" 8r2+r 8r+ 892+ 00 ose 0¢? r3 3 (forr #0)
8. In polar coordinates:
_ Osind ~ Osind ~ 20sind
’LL(T’, )_ r = ur—_Ta urr—Tv
sinf + 6 cos 6 2cosf — fsinf
Upg = ————————————, Ugg — ———————————————.
r r
Plugging into (1), we find
T2y = 298?19 B 951?1:19 n 20059;951110 _ 2(:(;59 (for £ 0).
r r r r

Thus u does not satisfy Laplace’s equation.

9. (a) If u(r, 6, ¢) depends only on r, then all partial derivatives of u with
respect to 6 and ¢ are 0. So (3) becomes

o2 ror w2‘” w “Cew2_aﬂ ror’
(b) If u(r,0,¢) depends only on r and 6, then all partial derivatives of u
with respect to ¢ are 0. So (3) becomes

vzu:a% 2 0u i(@z 8u>

o Trar Ta\aE Tt
10. From (7), we have

9 1 1 1 1
Vou = upr + ;Ur + T_2u99 + ;’pr + ?’L%qﬁ.
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1 _
2, z =rcosf, = tan~! f. Hence, by the

Now p = rsinf, r = (p? + 2?)
chain rule in two dimensions,

B g P — ing cosf
Up = UpTp + Uty = ;Ur + mué) = sinbu, + Ug.
So
V2 i 1 i 1 i 1 n O + cos 1
u o= u —Up + =1, sin Qu U, U
I AT " 0 r2gin29 ¢

2 1
= Ut Ut [ugp + cot O ug + csc? Qugy) |

which is (8).

11. (a) This part follows from the fact that differentiation is a linear
operation. Hence

V2(au + Bv) = aV3(u) + BV (v).

So if V2u = 0 and V?v = 0, then V?(au + Bv) = 0, implying that au + Bv
is harmonic.

(b) Take u(x, y) = « and v(z, y) = x. Clearly, uzs = uyy = 0 so u and
hence v are harmonic. But uwv = 2?; so (uv)z; = 2 and (uv)y, = 0. Hence
V2(uv) = 2, implying that uv is not harmonic.

(c) If u is harmonic then g, + uyy = 0. We have

(%) gz = (2uty)y = 2(ug)?+2uty, and  (u?)yy = (2uuy)y = 2(uy)?+2uty,.
If 42 is also harmonic, then

0= (u)ps + () yy = 2(uz)?® + 2ungy + 2(uy)? + 2uny,
=0

= 2((ua)® + (uy)?) + 2u (g + uyy)
= 2((uz)? + (uy)?),

which implies that both u, and wu, are identically 0. This latter condi-
tion implies that u is constant on its domain of definition, if the domain
is connected. This result is not true if the domain of the function u is not
connected. For example, suppose that u(z, y) = 1if x > 1 and u(z, y) = —1
if z < —1. Clearly, u is not constant and both u and u? are harmonic. (For
the definition of connected set, see my book “Applied Complex Analysis and
Partial Differential Equations.”) Examples of connected sets are any disk,
the plane, the upper half-plane, any triangular region any annulus.

(d) This part is similar to (¢). We suppose that the domain of definition of
the functions is connected. (Here again, the result is not true if the domain
is not connected.) Suppose that u, v, and u? 4+ v? are harmonic. Then

Ugz + Uyy = 0; Ugg + Vyy = 05

=0 =0
2((um)2 + (uy)z) + 2u (Ugy + uyy) (v ) + (v y)z) + 20 (Vge + Uyy) .

+ (v2)? + (vy)? = 0, which, in

2(
The last equation implies that (u;)? + (uy)?
= 0. Hence v and v are constant.

turn, implies that u, = u, = v, = v, =
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Solutions to Exercises 4.2

1. We appeal to the solution (5) with the coefficients (6). Since f(r) = 0, then
A,, = 0 for all n. We have

1 2 o
B = oy ), e
4 Qn o
= W/o Jo(s)sds (let s = TT)
4 an
O[?ljl an)Q[ 1( )] 0
4
S for all n > 1.
anJ1(Op
Thus
t) = 4 2 Qnl
’LL(T; ) O[2J1 an)s ( B )

2. We appeal to the solution (5) with the coefficients (6). Since f(r) =1 —1r?, we
can use the result of Example 2 and get

8

as Ji(ay)’

n =

For the B,,’s, we can compute as in Exercise 1 and get

1 1
B, = 750471571(0471)2/0 Jo(apr)rdr
1 n
1 on
= =7 3sh(s)]
503 T ()2
1
= ——— foralln>1.
52 J1(con) or all n >
Thus
> Jo(a,r) .
u(r, t) = ——————— |40 cos(10a,t) + vy, sin(10a,t)]| .
(r0) = 3 525 ot s 0eos(10a) (100,0)

3. Asin Exercise 1, f(r) =0 = A, =0 for all n. We have

1
9 3
B, = — Jo(a,r)rd
OénJl(Ozn)Q/o o(anr)rdr
2 an/2
= 4/ Jo(s)sds
ey,
an /2
2
= Tl
n n 0
Iy (Qxn
- 2}((2 ))2 for all n > 1.
Qi J1(Op

Thus -
u(r, t) = Z LTJJQ(OZHT) sin(a,t).

4. Asin Exercise 1, f(r) =0 = A, =0 for all n. We have

9 1
B, = 7/ Jo(asr)Jo(aur)rdr =0 for n # 3 by orthogonality.
anJi(an)? Jo
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For n = 3,

2 ! 2 1
By=—"—— [ J rdr= ——————J o —
3 P ACHE /0 o(asr)rdr PAPED) 1(as) -

where we have used the orthogonality relation (12), Section 4.8, with p = 0. Thus

1
u(r, t) = a—gJO(agr) sin(ast).

5. Since g(r) = 0, we have B,, = 0 for all n. We have

2 1
Ap = / Jo(arr)Jo(apr)rdr =0 for n # 1 by orthogonality.
Ji(an)? Jo

Forn =1,
2 ! )
A= —— J dr=1
= T Jy o=

where we have used the orthogonality relation (12), Section 4.8, with p = 0. Thus

u(r, t) = Jo(aqr) cos(aqt).

6. a=2,c=1, f(r) =1—r, and g(r) = 0. We have

g(r)y=0 = B, =0 forall n;

Also,
1 2
A, = 72J1(QH)QA(1—T)J0(anr/2)rd7"
2 n 2s
= FERACRE / (l—a—)JO(s)sds (let s = au,r/2)
B 2 o2 [
a a2J1(ozn) [SJI(S)O Can 0 Ji(s)d ]
_ 2 4 2
T adilan) | addi(an)? [ Ay = [t ]
-2 4
p— d
e Rn e ARCOL
—2 4 o
vt s vl MRS
-9 4 Qn Qn
— ACH — PENATME [SJo(S) o —/0 Jo( )ds}
—2 4 o
o rw sl ML
Thus

ds — o Jl(ozn) anT ap,t
uln ?) —22 asJ1<an>2 (%) COS(T)'

7. Using orthogonality as in Exercise 5, since f(r) = Jo(asr), we find that A4, =0
for all n # 3 and A3 = 1. For the B,,’s, we have

2 ! )
S A / (1= r®)Jo(anr)r dr

2 o 2 = a,Tr
e | @ = sds ets = aun).

a5J1
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The last integral can be evaluated by parts: u = a2 — s?, du = —2s, Jo(s)sds =
dv, v =sJ1(s). So

2 . an
B, = —— _|(a® =52 n 2/ 9 p
b Ji(an)? [(a" s T8y + , Ji(s)ds
4 Gn
= agjl(any/o s¥J1(s) ds
4 n
- as Ji(a )252J2(5) (by (7), Section 4.8)
" n 0
_ 4Jo(an)
b Ji(on)?
= ° (using Ja(an) = —J1(@n))
= ol (e =g A
Thus N
u(r, t) = Jo(asr) cos(ast) + 8; % sin(ant).

8. Since g(r) = 0, we have B,, = 0 for all n. We have

2 |
A= m/o Tog 3 —4r* + 1) Jo(anr)rdr
1 on
= G408 Ty (an)? /0 (Bap —4als® + s*)Jo(s)sds (et s = ar).

We now integrate by parts: u = 3a —4a2s?+s*, du = 4(s*—2a2s)ds, Jo(s)sds =
dv, v =sJ1(s). Then

1 on
An — 4_422 4 a"_4/ 2_22 2 d
G400 7 (0 [(3an a,s”+s )le(s)’O | (s a;)s”Ji(s) ds
1 on
= —WA (s* —2a2)s*J1(s) ds
Integrate by parts again: u = s —2a2, du = 2sds, s*Ji(s)ds = dv, v = s?Ja(s).
Then
1 a on
A, = ————— | (s —2a2)s? "—2/ 3 d
1608 1 (a2 [(s az)s”Ja(s) 0 | s°Ja(s) ds
1 an
S e AR COREE OLENY
1

Now recall that 5
P
To-1() + Jyea(@) = Ly ().

Take p =1 and = = «,,, and get

Jg(Oén) = i,]2(0[71) — Jl(ozn).

n

Hence oy, Ja(on) + 2J3 () = O?—nJg(ozn) = 12 Ji(a). Therefore,

1
A, =——
apJi(an)
and the solution becomes
B = J (anr)
u(r, t) =Y RACS cos(ant).

n=1
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9. (a) Modifying the solution of Exercise 3, we obtain

u(r, t) = Z MJQ(O["T) sin(apct).

— agcdi(an)?

(b) Under suitable conditions that allow us to interchange the limit and the sum-
mation sign (for example, if the series is absolutely convergent), we have, for a given

(r; 1),

Ji(an /2 .
lmu(r ) = lm Y %%(am sin(cnct)
n=1 "N n
o i (@ /2) .

) ; M2 GZe (g p ) S ne)
= 0,

Ji(an/2) _
aZcti(an)?
the solution corresponding to ¢ = 1 and wu.(r, ¢) denote the solution for arbitrary
¢ > 0. Then, it is easy t check that

because lim._, 0 and sin(ayct) is bounded. If we let uq(r, t) denote

1
’U,C(T, t) = _ul(ra Ct)'
C

This shows that if ¢ increases, the time scale speeds proportionally to ¢, while the
displacement decreases by a factor of %

10. Separating variables, we look for solutions of the form u(r, t) = R(r)T'(t).
Plugging this into the heat equation, we find

=_)2

T/ R// 1R/
2T R RER

1
RT' = & [R”T + —R’T] =
T

where \? is a separation constant. (The choice of a nonnegative sign for the sep-
aration constant will be justified momentarily.) Hence we arrive at two ordinary
differential equations:

T+ \2¢T = 0
rR" +rR' + \?r?R = 0.

Note that the equation in T is first order. Its solution is an exponential function
T(t) = Ce <>,

If we had chosen a negative separation constant —A? < 0, the solution in 7' becomes
T(t) = Ce” >,

which blows up exponentially with ¢ > 0. This does not make sense on physical
grounds and so we discard this solution and the corresponding separation constant,
and take the separation to be nonnegative. The boundary conditions on R are

R(0) is finite and R(a) = 0.
The solution of the parametric form of Bessel’s equation
R’ +rR +  Nr’R=0

is
R(r) = c1Jo(A\r) + c2Yo(Ar).
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In order for R(0) to be finite, we take co = 0, because Yp is not bounded near zero
and Jo(0) = 1. The boundary condition R(a) = ¢;Jy(Aa) = 0 implies that

Aa = ay, :>)\:)\n:%, n=12 ...,
a
where «, is the nth positive zero of Jy. Solving the corresponding equation in 7,
we find
Thus the product solutions are

AnJo(Anr)ec Mnt.

These satisfy the heat equation and the boundary conditions. In order to satisfy
the given initial condition, we form a series solution by superposing the product
solutions and take

)= Ane Mo (Aar).

n=1

Setting t = 0, we find that
f(r)y =u(r,0) ZA Jo(Anr).
Hence the A,’s are the Bessel Fourier coefficients of f and are given by

2 a
A, = m/o Fr)Jo(Apr)r dr.

11. (a) With f(r) = 100, we have from Exercise 10,

A, = 7a2510((;n) ‘/Oajo(%T)TdT
= %/0% Jo(s)sds (let % =5
ST e
Hence
Jo(#2r)  _Pape

(T t —2002 me a?

The solution represents the time evolution of the temperature of the disk, starting
with an initial uniform temperature distribution of 100° and with its boundary held
at 0°. The top and bottom faces of the disk are assumed to be completely insulated
so that no heat flows through them.

(b) The maximum value of the temperature should occur at the center, since heat
is being lost only along the circumference of the disk. Of all the points in the disk,
the center is least affected by this loss of heat. If we takea =1, c=1,andt =3
in the solution to part (a), we obtain

o0

u(r, 3) _2002 Jolanr) 302

anjl an

S
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To plot the solution, we need the zeros of Jy(x). You can find these zeros by using the FindRoot command to solve

Jo(x)=0 or, better yet, you can use the built-in values, as we now show. First, load the following package
<< NumericalMath‘’BesselZeros’
Here are the first 7 zeros of Jy(x).
BesselJZeros [0, 7]

{2.40483, 5.52008, 8.65373, 11.7915, 14.9309, 18.0711, 21.2116}

To get the 3rd zero, you can use the following
BesselJZeros [0, 7]1[I[3]]

8.65373

An approximation to our solution, using 2 terms of the series solution is

Clear[u]
u[r_] =200 Sum[Besseld[0, r BesselJdZeros[O0, 7]1[[J]1]1/
(BesselJZeros[0, 7]1[[j]] BesselJd[1l, BesseldZeros[0, 7][[J]111])
EA (-3 BesselJdZeros[0, 71[[§11/2), {3, 1, 2}]

200 (2.33781x10° % BesselJd[0, 2.40483 r] -1.06105x10 *° BesselJ[0, 5.52008r])

Note that the coefficients are very small. We will not get a better approximation by adding more
terms.

Plot[u[r], {r, 0, 1}]

4x10 701
3x10 0|
2x10 701

1x10 0}

0.2 0.4 0.6 0.8 1




164

Chapter 4 Partial Differential Equations in Polar and Cylindrical Coordinates

12. (a) Take (8), Section 4.8, with p = 1. Then

/Jl(x) de = —Jo(x) + C.
Take (7), Section 4.8, with p = 0. Then

/xJO(x) de =z Ji(x) + C.
(b) From (5), Section 4.8, we obtain

Tyt () = Ty (2) — 27 (2).
Integrate both sides, then

/Jp+1(x) dx = / Jp—1(z)dz —2J,(x) + C.

(¢) The formula is true for n = 0, since it reduces to

/Jl(x) de = —Jo(z) + C,

which is true by (a). Assume the formula is true for n > 1 and let us prove it for
n + 1. We have from (b), with p = 2(n + 1) and the induction hypothesis,

/JQ(n+1)+1(x) de = /JQ(nJrl),l(fE) dx — 2Jap42(x) + C

= —Jo(z) =2 Jok(x) — 2Jonta2(z) + C
k=1

n+1
—Jo(x) =2 Jak(x) + C,
k=1

which shows that formula holds for n + 1 and thus it holds for all n by induction.
Take n =1 and get

/Jg(x) de = —Jo(x)— 22 Jok(x) + C
k=1

—JQ(IE) - 2J2(ZE) + C.

Take n = 2 and get

/J5(x) de = —Jo(z)— Zi Jor(x) +C
= —Jo(z) — 2(];2:(;) — 2Jy(z)C.
(d) Starting with (3), Section 4.8, we have
I @) + (@) = wdya(e)

/xJ];(x)de/Jp(x)dx - /xjp,l(x)dx.

Integrate by parts:

/ 2 J(x) dz = xJ,(x) — / J,(x) da.
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So
2 (x) — / Jo(x) dz + p / J(2)dr = / o (2) dx
xJp(x)—F(p—l)/Jp(x) iz = /xjp,l(x) dx

/ v () da,

2dyia(@) + [ Jpia(o) do

where the last equality follows fromt eh previousone by changing p to p + 1.
(e) From (d) and (c), we have

/xJzn(x) dx xJont1(z) + 2n / Jont1(x)de + C

= wJopir(z) +2n[ — Jo(x) — 2 i Jok(z)] + C
k=1
= aJopt1(x) — 2nJo(z) — 4ni Jo(x) + C.
k=1
Take n = 1, then
/xJQ(x) de = xJs(x) — 2Jy(x) — 4J2(x) + C.
Take n = 2, then

/xJ4(3:) dx = xJs(x) — 4Jo(x) — 8J3(x) — 8J4(x) + C.

165
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Solutions to Exercises 4.3

1. The condition g(r,d) = 0 implies that af, = 0 = bf,.. Since f(r,0) is
proportional to sin 26, only bs ,, will be nonzero, among all the a,, and b,,. This
is similar to the situation in Example 2. For n =1, 2, ..., we have

2 27
bon = W/ / (1—T2)T2 sin 260.J5 (ag 1) sin 20r d6 dr

=7

2 2 9
= —— in? 20 d0(1 — )13 Jo(ag. 1) d
7TJ3(042,n)2/0 /0 sin ( r)r° Ja(ag nr) dr

2 1
= 7J3(a2 )2/0 (1 —r2)r3 Ty (g ) dr
2 2 4Jy(a2n)
= —F n) = 5o
J3(azn)? a3, a(azn) a3, J3(azn)?

where the last integral is evaluated with the help of formula (15), Section 4.3. We
can get rid of the expression involving J; by using the identity

T @)+ Tpia (@) = 2L, ().

With p = 3 and & = asg ,, we get

=0
—
Ja(ovon) +Ja(aon) = J3(azn) = Jalazn) = o J3(2.n).
2.n 2.n
So
L
YA Jslaza)
Thus

Ja(anr)

a2 n']3 (012 n)

u(r, 0, t) = 243111292

n=1

cos(ag pnt).

2. The condition g(r,0) = 0 implies that af, = 0 = b%,. Since f(r,0) is
proportional to cos#, only a; , will be nonzero, among all the a,,, and b,,. This

is similar to the situation in Example 2. For n =1, 2, ..., we have
a1, = m/j/jﬂ@—TQ)TCOSHJl(al;T)cos@rd@dr
T . af
= 97TJ2041n // cos? 0.dO(9 — r?)r? Jy (—— 3 )dr
- m/0 (9 = )2 Ty () dr
.95
= e ah )= T e

where the last integral is evaluated with the help of formula (15), Section 4.3. We
can get rid of the expression involving Js by using the identity

T &)+ Ty () = Ly ().

With p =2 and & = a5, we get

=0
—
Ji (Ozlyn) +J3 (Oél,n) =

4
Jo(arn) = Jzlarn) = Ja(a1,n).

1,n 1,n
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So
432

a = —"C.
b a8 Ja(an )

Thus

J1(Z5) Q1,0

u(r, 0, t)—432cost92a AT os( 3’ t).
1,n n

n=1

3. Since f(r,0) is proportional to sinf, only b ,, will be nonzero, among all the

Gmn and by, . This is similar to the situation in Example 2. Forn =1, 2, ..., we
have
27
b1, = 27TJ2 (o) / / 4—r? TSlnHJl( )sm@r df dr
(5] nT
= — 4 — J d
AT / (4= 221 (22 dy
32,]3(0[17")
af ,Ja(a,)?
128

a?,nJQ(OZlﬂJ

where we evaluated the last integral with the help of formula (15), Section 4.3, and
then simplified with the help of the identity

J3(in) = Ja(0 )

a1.n

(see Exercise 2).
For the part of the solution coming from the condition g(r,8) = 1, see the
solution to Exercise 1, Section 4.2. Thus

Jl(al n’r’) oo JO 040 n'r a0.n

0, t) = 128sinf > +4 in(—=1).
u(r, 0, t) 8 sin ZaanQ( )cos Zaomfl (o) sm( 5 )

4. The condition g(r,#) = 0 implies that a,,, = 0 = b,,,. Also, by orthogonality,
or simply by considering the special form of f(r,d), we see that all a,,, and by,
are zero except for b3 » which should be 1. Thus

u(r, 0, t) = J3(asar) sin 36 cos g ot.

5. We have amp = byn = 0. Also, all aj,,, and b}, are zero except b3 ,,. We have
2 27 b s
. R 1— 120 ) sin 2r dd dr-
o 7Ta27n']3(a2,n)2 / / ( " )T s J2(a27 T) S T T

The integral was computed in Exercise 1. Using the computations of Exercise 1,
we find 04

by, = ————.
? a%,nJB‘(an)

\n

hus
Ja(ag nt)

sin(ag ,t).
o Ty(az,) S200)

u(r, 0, t) = 243111292

n=1
6. Let us write the solution as

’LL(T, 95 t) = ’Lbl(T, 95 t) +’LL2(T, 95 t)a
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where u; is the part that comes from f(r,0) = 1 —7? and usy is the part that comes
form g(r,0) = Jo(r). For uy, we can use Example 2, Section 4.2, and get

o0

- OZO nT
(r,0,t) = Z AT cos(ao nt).

To compute uz, we need to do some work. We first note that only af ,, is nonzero
because g(r, 0) = Jo(r) depends only on r. We have

2 1
= — Ji Ji . dr.
%o,n ao,nJl(Ozo,nV/o o(r)Jo(ao,r)rdr

We evaluate the integral by using the Bessel differential equation, as we did when
we established the orthogonality of Bessel functions (see the proof of Theorem 3,
Section 4.8). The function y = Jy(r) is a solution of

(ry") +ry =0.
The function R,,(r) = Jo(o n7) is a solution of
(rR,) +af,rR, =0  R,(1)=0.

Multiplying the first differential equation by R,, and the second by y and subtract-
ing, we obtain

Ru(ry') —y(rR;) = (ag,, — DryR, = (05, — 1)ryRy = [r(Rny' — Ryy)].

Integrating from 0 to 1 gives

1 1
(@ =1) [ rh)dlannr)dr = (B’ = Ryl
0
= —R,(y(1) = —aonJ(e0.n)Jo(1)
- aO,nJI(aO,n)JO(l)a
because Jy(z) = —Ji(x). Since ag,, > 1, we can divide by af ,, — 1 and get
1
nd n)Jo(1
/ Jo(r)Jo(cg nr)r dr = 22 12(%’ ol )
0 ag,—1
S0 2Jp(1
. o)

™ (o, — Di(om)
and the solution is

o0 o0

OZO nT 2J0 JO (7)) nT) .
0, t nt nt).
u(r, Z J1 (o) cos(ap, Z ao )1 (a0) sin(ag nt)

7. The partial differential equation is

1 1
’U,tt:C2(’UJTT+—’UJT+—2’U,99), forO0<r<a, 0<60<2m, t>0.
r r

The boundary condition is
u(a, 0, ¢t) =0, for0<6<2m, t>0.
The initial conditions are

u(r, 6, 0) =0 and w(r, 6, 0) = g(r, 0), for0<r <a, 0<0<2m.
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(b) Assume that u(r, 0, t) = R(r)©(0)T(t). Since u(r,d,0) =0forall0 <r <a
and 0 < 0 < 27, we set T(t) = 0 to avoid having to take R(r) = 0 or ©(f) =
which would lead to trivial solutions. Separating variables, as in the text, we arrive
at

u(r, 0, t) Z Z Im (amnr) o cOsmO 4 Y sinmf| sin (am:d> :

m=0n=1

(¢) From (b),

o0 o0
t
(r,0,1) E E Qmn€ (amnr) [as, cosm + b, sinmb)] cos (amnc )
a

m=0n=1

and hence
g(r, 0) :ut(r 0, 0)

Z Qmn€ (amnr) [ar,, cosmf + bl sinmb]

=a, (1) =b;, ()

+ Z { Z Gmnt arnIm (a,,;nr) cosmb + Z azncbf,me (oz,,;nr) sinm@}.
n=1

(d) Thinking of the result of (c) as a Fourier series (for fixed r and 0 < 6 < 27)

g(r, 0) = aj(r +Z r) cosmb + bl (r) sinmf),
m=1

we see that we must have

n=1
* 1 " AUmnC 4 AmnT
am()—g/ (r 9)cosm9d9—nzl anm( - )
and
1 ™ > mn mn
bfn(r):%/o Q(T,G)sinmt?dt?:nz::la bt T (aar),
form=1,2,....

(e) We now let r vary in [0, a] and view the expansions in (d) as Bessel series.
Then, by Theorem 2, Section 4.8, we must have

a 2 @ oaonT
S = (1) J. ( ) d
@on QonC a2J1(040n)2/0 a(r)Jo a )Y

1 a r2m oonT
- - L) ( ) do dr,
7Toz0ncaJ1(a0n)2/0 /0 9(r, 0)Jo a " "

which implies (17). Also, form =1, 2, ...,

2 @ mn
ay,., = a4 / ay, (r)m (a T) dr
amn

QynC @ Jm+1(

27
= / / (r, 0)J
wamncaJm+1 A )?

) cos(mb) r df dr,
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which implies (18), and

a 2 @ O
[ b Jm( mn ) d
mn amnC Jm+1(amn)2 / ( ) "

27
a
- 0).J,, (L ) in(m8) r d d
wamncaJm+1 P, / / (r, sin(m@) r T,

which implies (19).

8. (a) Subproblem #1

(ur)yy = V2u;, 0<r<a, 0<60<2m t>0,
ui(a, 0,t) = 0, 0<6<2m, t>0,
ui(r, 0,0) = f(r,0), 0<r<a, 0<60<2m,

(u1)e(r, 6,0) = 0, 0<r<a, 0<6<2m.
Subproblem #2

(ug)yy = V2, 0<r<a, 0<0<2m t>0,
us(a, 0,t) = 0, 0<6<2m, t>0,
us(r, 6,0) = 0, 0<r<a, 0<6<2m,

(ug)e(r, 0,0) = g(r, 0), O<r<a, 0<6<27.

By linearity, or superposition, it follows that
u(r, 0, t) =ui(r, 0, t) +ua(r, 0, t)

is a solution of

uy = c2Vu, 0<r<a, 0<0<2m t>0,
u(a, 0,t) = 0, 0<60<2m, t>0,
u(r, 6,0) = f(r,0), 0<r<a, 0<6<2m,
u(r, 0,0) = g(r, 0), 0<r<a, 0<6<2m.

(b) By Example 1,

(r, 0, t) Z Z I, (OzmnT) Qmn €OS MO + b Sinm@] cos (Om;ct) ,

m=0n=1

with the ap,, and by, as given by (12)—(14). By Exercise 7,

(r, 0,1) Z Z (amnr) * o cOsmO + bk sinmf] sin (an;"d> ,

with the a¥,, and b¥ . as given by (17)-(19). This implies the solution (16).

n

9. (a) For [ = 0 and all & > 0, the formula follows from (7), Section 4.8, with
p=k:

/TkJrle(r) dr =" T () + C.

(b) Assume that the formula is true for I (and all & > 0). Integrate by parts, using



Section 4.3 Vibrations of a Circular Membrane: General Case

u =

/ phti+2l g, (r)dr

/T2l[rk+1Jk(r)] dr
2R L () = 21

Tk+1+2l Jk

+1(r) — 21

Tk+1+2le+1(T) — 2l

and so, by the induction hypothesis, we get

/ phti+2l g, (r)dr

k+1+2le+1

212

kJrlJrQZJk

1(r)
n+12n+ll|

+Z (l—(m+1))

l
kJrlJrQZJk 1 _|_ E
=1

! mzz
E:

m=0

1)m2n( 1—1)

171

r2l dv = r*T1J, 1 (r) dr, and hence du = 21r?~ldr and v = r¥+1J  (r):

T2lflrk+1Jk+1(r) dr

Tk+2lz]k+1 (r)dr

T(k+1)+1+2(l71)!]k+1(1ﬁ) dr

— T —

Tk+2l7an+n+2(T) 4 C
(l—-1-n)

k+1+2z—(n+1)JkJr(nH)H(T) +C

m2 l
k+1+2l ka+ +1( )—FC

phtte=m g 1 (r) + C,

which completes the proof by induction for all integers £ > 0 and all [ > 0.

10.
then ay,

E3
5, and bmn

a=c=1, f(r,0) =

(=)} =2

)r3sind, g(r, ) = 0. Since g(r, 8) = 0,
are 0. Since f(r, #) is proportional to sin 36, by orthogonality,

only bs,, can possibly be nonzero. All other coefficients a,,, and b,,, must be 0.

We have
2

J4 (a3n 2

2

an

a3n']4(

1
203, J4

1

asn
P
azn)? Jo

— (41
2agnJ4(a3n)2( 2

[

2
ZOZBn -

A3y —

s%)(

— 503,11 + a3, 1o),

where, using the result of the previous exercise,

1

an
/ s J5(s) ds
0

l

5%)J3(s)st ds

] /0 (1- T2)(£ — )3 J3(as,r)r dr

(where s = a3, 7)

asn
_— 45% — 5a2ns2 + oz4n s*J5(s) ds
9 (04311)2‘/0 ( 3 3 ) 3( )

(—1)™2m0 o s
> 7 mJ m
U—m)! 14m (8],
m=0
l
—1)mom]| .
1 S e i )
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Thus
Iy = a%nJ4(O‘3n)
L = a§,Ja(asn) — 203, J5(asn),
Iy = aj,Ja(azn) — 4, Js(asn) + 803, Js(azn).
Hence
4l — 502, I + a3, Iy = 45, Ji(as,) — 1605, Js(asn) + 3203, Js(asn)
=503, Ja(azn) + 1003, J5(asn) + a5, Ja(asn)
= —6a%,J5(azn) + 32035, J6(asn).
Thus

—6a§nJ5(a3n) —|— 32agnJ6(a3n) . —30[3nJ5(O[3n) —|— 16J6(O[3n)
2agnJ4 (O[gn)2 B agn']4 (O[gn)2

an -

3

and the solution is

—3agnJs(osn) + 16J, " )
u(r, 6, t) Z aspJds(asy) + 6(as )Jg(agnT) i 30 cos(aignt).

a3n']4 (O[gn>

Note: Using the identity

2p
Tp1(@) + Ty (2) = L @),
we can simplify the b3, into

—40(a2, — 32)

b3, =
0, Ja(asn)

11. The solution is similar to the solution of the wave equation. The only difference
is the equation in 7', which is in this case

T = —\T

with solution
T(t) = Ce= M = Qe mnt/a,

The other parts of the product solutions are as in the wave equation

I (QZ"T) [amn cos mb + by, sin m@] .

Thus the solution is

u(r, 0, t) == Z Z Im (amnr) [amn cos mb + b sinm@] e~ Amnt/a®

Using the initial condition u(r, 6, 0) = f(r, 0), we see that the coefficients a,,, and
bmn are determined by (12)—(14), as in the case of the wave equation.

12. a=c=1, f(r, 0) = (1 —r?)rsinf. Using Example 2, we see that the solution
is given by

Jl (OzlnT) 2
———€

alnt'
aanQ (a1n>

u(r, 0, t) == 16 smﬁz

n=1

(b) We have u(r, 0, 0) = (1 — r?)rsinf. Since (1 — r?)r > 0, the maximum occurs
when 6 = 7/2 (sinf = 1) at the value of r in [0, 1] that maximizes the function
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h(r) = r(1 —r?) = r — 3. We have h/(r) = 1 —3r%2 So W(r) = 0 = r =
1/4/3. So the maximum occurs at § = 7/2 and 7 = 1/+/3. The maximum value is
(¢) We have

Ji (a1nr) o0
aanQ(aln)

u(r, 0, 1) == 16311192

The maximum will occur when 6 = /2. Also

Ji (ainr) .

7204%"'
aanQ(aln)

u(r, 0, 2) == 16311192

The maximum will occur when 6 = /2.

13. The proper place for this problem is in the next section, since its solution
invovles solving a Dirichlet problem on the unit disk. The initial steps are similar
to the solution of the heat problem on a rectangle with nonzero boundary data
(Exercise 11, Section 3.8). In order to solve the problem, we consider the following
two subproblems: Subproblem #1 (Dirichlet problem)

1 1
(ul)rr + ;(ul)r + T_Q(UI)HH = 0; 0<r< 1; 0 S 0 < 27Ta
ui(1, ) = sin30, 0<0<2m.

Subproblem #2 (to be solved after finding u1(r, 8) from Subproblem #1)

(u2)e = (u2)pr + L(u2)y + H(us)ps, 0<r<1,0<6<2m, t>0,
us(1,0,t) = 0, 0<6<2m, t>0,
us(r, 0,0) = —uq(r, 0), 0<r<l1, 0<6<2m.

You can check, using linearity (or superposition), that
’LL(T, 95 t) = ’Lbl(T, 9) +’LL2(T, 95 t)

is a solution of the given problem.
The solution of subproblem #1 follows immediately from the method of Sec-
tion 4.5. We have
ua(r, 0) = r®sin 36.

We now solve subproblem #2, which is a heat problem with 0 boundary data and
initial temperature distribution given by —us(r, ) = —r3sin36. reasoning as in
Exercise 10, we find that the solution is

us(r, 0, t) = Z banJs(as,r) sin(360)e *sn?

n=1
where
b 2 / /277 3 sin? 30.J5 (3, 7)r df d
n = T 11 a3nT )T T
3 7TJ4(a3n)2 o 3 3
—92 1 .
= — Js(agnr) d
J4(Ozsn)2/o v Ja(agar) dr
=2 L ™ agis)ds (where )
= —_— S s)as (where asz,r =S
Ti(asn)? of, Jo ’ ’
-2 1 4 Qa3zn
= —
Jy(azn)? agns 1(s) 0
-2

a3nJ4 (QBH) '



174  Chapter 4 Partial Differential Equations in Polar and Cylindrical Coordinates

Hence

= Js(azer) e
3. . 3 3n az,t
u(r, 0, t) = r’ sin 30 — 2sin(30) HEZI me anl
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Exercises 4.4

1. Since f is already given by its Fourier series, we have from (4)

u(r, 0) =rcosf = x.

2. Since f is already given by its Fourier series, we have from (4)

u(r, 0) = r?sin 20 = 2r?sin f cos 6 = 2xy.

3. Recall the Fourier series of the sawtooth function

£(0) = Z sin nf

n

—

n=

(see Example 1, Section 2.2). From (4)

n

o0 . 9
u(r, 0) = Zrnsmn .
n=1

4. Let us compute the Fourier coefficients of f (or use Example 4, Section 2.2).

We have
1" 1 T
- —0)d) = ——(7m—0)*| = —;
ag o 0 (7T ) 47T(7T ) 0 4’
1 s
a, = —/ (m — 0) cosmb db
™ Jo
= —[—(w—@)sinm? +—/ sinn@d@]
T™|n 0 nJo
1 ™ 1—(—1)"
= —cosnd :(72>;
™ 0 ™
1 (" .
b, = —/ (m — ) sinnb df
™ Jo
1[-1 o
= —[—(w—@)cosn@ ——/ cosn@d@]
s n 0 nJo
1 s
= —[E—isinnﬁ ]—l
Tln n? o n
Hence
T o= (1= (=1)" I
and
u(r, 0) = g—i—; (# cosnb + Esinn@) .

5. Let us compute the Fourier coefficients of f. We have

7@ 71’/4 25'

df = —
aq T Jo 2 )
/4 ™
an:@ cosnf df = @sinnﬁ :@smﬂ;
T Jo nm nm 4

0
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1 /4 1 ™ 1
bn:E sinnf df = —Ecosnﬁ = 00(1—0 mr)
T Jo nmw o nm 4
Hence
25 100 <=1

f(0) = ?5 + %;E (sini—wcosnﬁ—l- (1 — cos %)sinn@) ;

and
(r, 0) 100 il(s cosnf + (1 — cos 7T)s 9)
u(r — — 1n— n - —)sinn
’ T —n 4

6. In Cartesian coordinates,

_ rsin 6 _ Y
=tan~' ( ——— | = tan"" :
u(z, y) = tan (1—rcos€> o (1—x>

Let U(z, y) = u(—x + 1, y). Note that U is a solution of Laplace’s equation if and
only if w is a solution of Laplace’s equation. But

o _ -1 Y _ -1(Y\ _
Uz, y) =u(—x +1, y) = tan (71 Sy p— 1>> tan (x) 0 + 2km.

Back to polar coordinates, it is clear that U is a solution of Laplace’s equation.

7. Using (6), we have

>, sinnf _ rsinf _ Y
0) = n _ 1 _ 1 )
u(r, 9) ;r " tan (71 — rcos@) tan (1 — x)

Let =5 <T < 7, and set

Y

— X

— X

T = u(x, y):tanfl (1y ) = tamT:1
= y=tan(T) (1 —x).
Thus the isotherms are straight lines through the point (1, 0), with slope —tanT.

8. wu(rf) =rcosd =x. So u(ry) =T if and only if z = T, which shows that the
isotherms lie on vertical lines.

9. u(r 9) = 2r?sinfcos @ = 2xy. So u(xy) = T if and only if 22y = T if and only
if y = 5=, which shows that the isotherms lie on hyperbolas centered at the origin.

10. (a) Since f is already given by its Fourier series, we have from (4)
u(r, ) =14+ 7?sin20 = 1 + 2r? cosfsinf = 1 + 2zy.

(b) u(x, y) = T if and only if 1 +22xy = T if and only if y = S—, which shows that
the 1sotherms lie on hyperbolas centered at the origin.

11. (a) If u(r, ) = u(0) is independent of r and satisfies Laplace’s equation, then,
because u, = 0 and u, = 0, Laplace’s equation implies that

1
—Ugy = 0 or wugy=0.
r

The solution of this equation is

u(f) = ab + b,
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where a and b are constants.
(b) Using the boundary conditions

U(O):Tl = b=1T
ua) =Ty = aa+TH =T

T, -1
Q= —-.
«

=

Thus

LT

u(6) 04T

is a solution that satifies the boundary conditions «(0) = 77 and u(«) = T>. On
the circular boundary, u satsifies u(f) = =110 + T3.

12. (a) If u(r, ) = u(r) is independent of § and satisfies Laplace’s equation, then,
because ugp = 0, Laplace’s equation implies that

Upp + =up =0 or 72 upr + ru, = 0.
r

This is an Euler equation (appendix A.3), with indicial equation
plp—1)+p=0 or p*=0.
We have one double indicial root p = 0 and thus the solution is
u(r) =alnr+b

(see the solution of Euler’s equation in Appendix A.3).
(b) Using the boundary conditions

u(1l/2)=1 = —aln2+b=1

w(l)=2 = b=2

N 1
“T e
Thus |
u(r) = nr+2

T2

is a solution of the Dirichlet problem in the annulus that satifies the given boundary
conditions. (It is a good idea to verify the solution by plugging into the equation
and checking the boundary conditions.)

13. We follow the steps in Example 4 (with a = %) and arrive at the same equation
in © and R. The solution in © is

0,(0) =sin(4nh), n=1,2

5 g ey

and the equation in R is
R’ + 1R — (4n)*R = 0.
The indicial equation for this Euler equation is

PP —(n)* =0 = p=-+4n.
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Taking the bounded solutions only, we get

R,(r) = rin,

4n

Thus the product solutions are r*" sin46 and the series solution of the problem is

of the form

o0
u(r, 0) = Z b, sin 4nf.
n=1
To determine b,,, we use the boundary condition:

r= 1

(7, 9)’ | =sinf = Z bpdnr*™ ! sin4nf ,—q =sind
n=1

= Z bpdn sindnf = sin 6

n=1

2 71’/4
= 4nb, = —/ sin @ sin4nf db.
/4 Jo

Thus
9 /4
b, = —/ sin 6 sin 4n6 do

™ Jo

1 71’/4
= —/ [— cos[(4n + 1)0] + cos[(4n — 1)0]] dO

™ Jo
1 [ sin[(4n+1)0]  sin[(4n —1)6]] |7/4
o i 4n +1 4n —1 0
1 [ sin[(dn+1)F sin[(dn —1)F
o i 4n +1 4n —1
1 [ cos(nm)sing]  cos(nm)sin 7
T __ 4n +1 B 4n —1
GRS 1
o 2 |4n+1 4n—1
B (_1)n+1\/§ 4
N T 16n2 —1°

Hence /3
AWV2 3 (=),
u(r, 0) = . Z T6n2 = 1r sin 4nf.

n=1
14. Modify the solution of Exercise 13 as follows. The solution in © is
0,(0) =sin(2nb), n=1,2,...,
and the equation in R is
r?R"4+rR — (2n)?R =0
with indicial equation

PP —(2n)*=0 = p=42n.
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Taking the bounded solutions only, we get
R, (r) = 7"

Thus the product solutions are 72" sin 20 and the series solution of the problem is
of the form

u(r, 0) = Z by, " sin 2n6.
n=1

To determine b,,, we use the boundary condition:

Uy (7, 9)’7«:1 =60 = Z bn2nr?"sin 2n0 ey =90
n=1
= an2nsin2n9:9
n=1
2 71'/2
= 2nb, = —/ 0 sin 2n6 d6.
/2 Jo
Thus
2 71'/2
b, = —/ 0 sin 2n6 do
™ Jo
2 1 0 /2
= | 20— ~cos2 9}
wn[(2n)2 sin 2n o cos 2n o
B (_l)nJrl
- 2n2
Hence

St -1 n+1
u(r, ) = g %T2"Sin2n9.
n
n=1

15. This is immediate by superposition and linearity of the equation. Indeed,
Viu=V?u +V?uy =0+ 0=0.
We now check the boundary conditions. For § = 0, we have
u(r,0) = uq(r,0) + uz(r,0) =11 + 0 =T7.
For 0 = «, we have
u(r, @) = ur(r, @) +ua(r, @) =To + 0 =Ts.
For r = a, we have

u(a, 0) = ui(a, 0) +ua(a, 0) = g(0) + £(0) — g(0) = f(0).

16. We fllow the method of Exercise 15. Accordingly, we consider two Dirichlet
problems. The first one can be described by Figure 7(b) by taking o = /4, T3 =0
and T> = 1. The solution in this case depends only on 6 and is u1() = 26. The
second problem is described by Figure 7(c) with o = 7/4, f(0) = 3sin46, and
g(0) = 20 (the values of u; on the circular boundary). Thus the boundary values
in Figue 7(c) are given by u;(f) = 3sin46 — 26. The solution of this problem is

follows by applying the method of Example 4. We find that

us(r, 0) = Z b, sin(4nd),

n=1
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where
2 [m/4 4
b, = —/ (3 sin460 — —9) sin(4nf) do
/4 Jo ™
3 if n=1, 0 otherwise
8 71'/4 32 71'/4
= —/ 3 sin(40) sin(4nd) do —— 0 sin(4n0) do.
™ Jo ™ Jo
Also
32 [m/4 32 6 /4
=g Osin(4nd) dd = - [16712 sin(4nf) — Ecos(éln@)] .
32 T (—1)n+t
= —|-—— =2
7T2|: 16n cos(n) ™m
So 5
by =3+ —
T
and, for n > 2,
-1 n+1
b, — 5(=1)
™m
Thus
U(T,o) = Uq(o)%-UQ(T,o)
4 2, . — (=" .
= -0 — 40 + 2 — 4n0).
- +(3+7T)s1n + 7;2 e sin(4nf)

17. Since u satsifies Laplace’s equation in the disk, the separation of variables
method and the fact that u is 27-periodic in 6 imply that u is given by the series (4),
where the coefficients are to be determined from the Neumann boundary condition.
From

u(r, 0) = ap + Z (g)n [an cosnf + b, sinnd],
n=1

it follows that

Tnfl

w,(r, 0) = n an cosnb + by, sinnf|.
an
n=1

Using the boundary condition u,(a, 0) = f(6), we obtain
> n
0) = —|an 0 + b, sinnd|.
10 ;a[a cosnfl + by, sinnf|

In this Fourier series expansion, the n = 0 term must be 0. But the n = 0 term is

given by
1 2w
— 0) do
5 | r@a
thus the compatibility condition
27
f(0)do =0
0

must hold. Once this condition is satsified, we determine the coefficients a,, and b,
by using the Euler formulas, as follows:
n 1 [

—ap = — £(0) cos no do

a ™ Jo
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and
1 2w

LT / £(6) sin n do.

a T Jo
Hence

a 2w a 2o
Ap = — f(9) cosnfdf and b, = — f(@) sin n@ db.
nm 0 nm 0

Note that ag is still arbitray. Indeed, the solution of a Neumann problem is not
unique. It can be determined only up to an additive constant (which does not affect
the value of the normal derivative at the boundary).

18. Since u satsifies Laplace’s equation in the unit disk, it is of the form
o0
u(r, 0) = ap + Z " [a, cosnb + by, sinnd).

Hence

= Z nr™ L [an cosnb + b, sin n9] + 2ag + Z 2r™ [an cos n + b, sin n9]

n=1

= 2ap+ 2(21"" + nr™ 1 [an, cosn + by, sinnd].

n=1

Using the boundary condition u,(1, 6) + 2u(1, §) = 100 — 2 cos 20, we obtain

2a9 + i@ + n) [a, cosnf + by, sinnd] = 100 — 2 cos 26.
n=1
By orthogonality (or uniqueness of Fourier coefficients), we conclude that
2a0 =100 = ag = 50
3a1=-2 = a3 =-—
24+m)an=0(>2) = ay=0(n>2)
2+n)b,=0n>1) = b,=0((n=>1).

Thus

2
u(r, 0) =50 — 37 cos 0,

as can be verified directly by using the equation and the boundary conditions.

19. For |z| < 1,
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Taking imaginary parts and using z = re’® = r(cos @ + isin 0), we get

in

log(l—2)"' = Zr"

S
—

i ncosn@—l—zsmn@
r

S
—

_ i ,n <08 n9 Z p Sin nf n9

n=1

Im (log(l _ Z)fl) - m (Z COSTL@ ,Zrn Sinnn9>

n=1

o0 .
nsinnd
= E r .
n

n=

—

But

Im (log(1 —2)"") = —Im (log(l — 2))
= —Arg(1—2)=-Arg[(1—2)—1dy] = Arg[(1 — x) + iy]

- Y
= t 1
an (l_x)

— tan-? rsinf
a 1—rcosf )’

This is valid for all 0 < 7 < 1 and all 6, since in that case 2 +4? < 1 and therefore
the point (1 — x, y) always lies in the right half-plane, where Arg (z + iy) can be
expressed as tan~!(y/z). Here Argz denotes the rincipal branch of the argument
(see Section 12.5 for further discussion).

20. For |z| < 1,

o0

log(1+ 2) = Z "“Z

Taking imaginary parts and using z = re’® = r(cos @ + isin #), we get

in6
(_1)n+1rn e

n

[M]8

log(l+2) =

3
Il
-

nt1 nCosnb +isinnd
r

I
[M]8

(=1

n
n=1
_ Z(_l)n+lrncosn +iz(_1)n+lrn81nn :
n=1 n n=1 n

nt1 nSinnd
r

[M]8

Im (log(1+2)) = (-1)

n

3
Il
-
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But

Im (log(1+4z)) = TIm (log(l+ z))
= Arg(l1+42z) = Arg[(1 + ) + iy]

tan1< L )
1+

— tan-! rsin 6

- 14+ 7rcosf )’

This is valid for all 0 < r < 1 and all 6.
(b) Taking real parts yields

> cosnb
_1 n+1l_n
O L

= Re (log(1+ 2))

n=1

] 1/2

=

[(142)] =1n ((1 +)? +y2)

In ((1 +z)% + y2)

N = N =

In (1+2rcost9+r2),

where x = rcosf and y = sin 6.

21. Using the fact that the solutions must be bounded as r — oo, we see that
¢1 = 0 in the first of the two equations in (3), and ¢z = 0 in the second of the two
equations in (3). Thus

r

R(r)=R,(r)=cpr " = (a)n forn=0,1,2,....

The general solution becomes
o) a\n .
u(r,0) = ag + Z(;) (an cosn + by sinnb), r > a.
n=1
Setting r = a and using the boundary condition, we obtain

f(0) =ao + Z (an cosnb + by, sinnb) ,

n=1

which implies that the a, and b,, are the Fourier coefficients of f and hence are
given by (5).

22. The Fourier coefficients of the boundary function are computed in Example
1. Applying the result of the previous exercise, we find
o0

100 1—(=1)" sinnd
0) — i
u(r, 0) =50+ - E

, > 1.

n rh
n=1
This is precisely the solution in Example 1, except that r is replaced by % So to
find the isotherms, we can proceed exactly as in Example 2, change r to %, and get:
for 0 < T < 100,

T
wr,y) =T & z°+9y°—-1=-2 (tan%)y.

If T'= 50, we find that y = 0 is the corresponding isotherm. If 7" # 50, obtain

x2+ +tan£ 2*SGC2£
4 100) ~° 100
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Thus the isotherms lie on circles with centers at (0, — tan %) and radii ’sec ﬁ%
Note that the isotherms here are the complementary portions of the circles

found in Example 3, and these correspond to the complementary temperature 1T —
100.

23. Using Exercise 5 and formula (6), we find

u(r, ) = 2 + 100 1 (Sm (2F) cosnb + (1 — cos (2F)) s1nn9>

2 T n rn
n=1

_ 25, 100 (5 <smn9_n(9—g)>
n=1

2 T nrn nrn

25 N 100 tan-1 r~1sing tan—1 r~lsin (6 — %)
= — 4+ — |tan — ) —tan

2 T 1—7r"1cosf 1—r—1cos (9—%)
= 2 =+ 100 tan~! 781119 —tan~! —sin (9 - %) .

2 T r — cosf r—cos(@—%)

To find the isotherms, let 0 < 7" < 100, then

2 1 in 6 in(@—Z=
u(r, 9) :T S T: _5 + E ta,n71 L _ta,n71 M
2 T r —cosf r—cos(@—%)

T 25 sin 6 sin (9 — E)
& —(T-Z ) =tan' | ——— ) —tan ! | ———2L_ | .
100 ( 2 ) an (r—cost9> an (r—cos (60— %))

sinf )
r—cos r—cos(0—%
fud
1

14+ sin 6

r—cost r_cos(H—

(s1n9—s1n (9— %)) — sin 6 cos (9— —) — cosfsin (9— %)
rZ2 —rp (cos@—l—cos (9— —)) + cos 6 cos (9— %) + sin @ sin (9— %)

(sin9 — sin (9 — E)) — sin%

72 — 1 (cosf +cos (0 — T)) +cos &

r (\/isint?—sint?—l-cost?) —
V2r2 —r(ﬁcos@—l—cos@—l—sin@) +1

:c—l-(\/i—l)y—l
V2(@2+y?) - (V2+1)a—y+1

s 25
K = cot [100 (T—;)]

Let
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The equation becomes of the isotherms becomes

V2@ +y?) - (VE+1)a—y+1=Ke+ K(V2-1)y— K

or

o 2 )
(1+\/5+1>+1—L+%2+i<1—\/§+%>1(2

Thus the isotherms are circles with centers at

k) ()9
\/% (1-%) (1 K2).

It is now straightforward to check that all these circles pass through the points
(1, 0) and (ﬂ f)

24. (a) As in the text, we have

and radii

and

The condition R(Rz) = 0 implies that

oan(RQ):cl(g—z)"Jr@(g_z)*n S o= —cp;
and R
O—RO(RQ)—01+021H( ) 0120
Ry
Hence
Ro(r) =c |(5-) " = ()| forn=1,2
n\T") = C2 R, Ry Trn =
and

Hence the general solution is

)= (5"

> r
u(r, ) = Ao ln(—=- ,; [A,, cosnb + By, sinnd) [( o

RQ RQ
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Using the boundary condition, we obtain

fl (9) = U(Rl, ) AO hl g A cos nb + Bn sin n@] [(g:) g_:)n ,
which is the Fourier series of f;(#). Thus
R 1 2m
AoIn(2) = a0 = 5 [ f1(6)do;
Ry Ry 1 [
A, (=) — (=2)| =a, = = 0 6 do;
=G| =a =1 [ n@)cosn
and 5
Ro Ry 1 [ .
B, ()" = ()" =bp=— 0 0 de.
=gy ==t [T @i
Solving for A,,, B, in terms of a,, and b,, and plugging back into the solution u, we
obtain
In(z;) ()" — ()"
u(r,0) = ap—2- 4 ap cosnb + by, sinnf] —2 2
AR ()
Inr—InRy | < R R3" — 2"
= Qo m Z Ay, COS n9 —+ b SlIl n@] m .

(b) Using the condition R(R — 1) = 0 and proceeding as in (a), we find

Rr) = | ("~ (-

-n f =1,2, ...
Rl Rl) ] orn Y Y 3

and

Ro(r) = ca 1n(RL1).

Hence the general solution is

o0

w(r,0) = A In(— Rl + 3" [A5 cosnb + By sinnd] [(Rl)n_(RLl)"].

n=1

Using the boundary condition, we obtain

f2(0) = u"(Ra, 0) = Aj 111(;—?) + Z A cosnf + B sinnf) [(gj) (g—:)"] ,

which is the Fourier series of f(#). Thus

. R2 . 1 2m
Al (Rl) Gy = % f2(0)d0
R2 Rl :| 1 21
A (=) — (25| = gf = = 0) cos nb do;
G -G —a =1 [ Re
and 9
Ry Ry ] L[ .
B* [(=2) — (=2 )| = p* = = 0) sinnf db.
sl - G| =n=1 [ neo)
Solving for A%, B in terms of a; and b} and plugging back into the solution u*,
we obtain
In(4 )= ()"
u*(r,0) = agl (R ) +Z [a) cosnb + b}, smn@]%
(Rl) — ()" — (&)
, Inr—InRy - N Ry r*" — RY"
= aom Z [ay, cosnb + b}, sinnb] "W,

n=1
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where af, a’, and b}, are the Fourier coefficients of f2(0).
(¢) Just add the solutions in (a) and (b).

25. The hint does it.
26. (a) The function is already given by its Fourier series. We have
f(0) =50 — 50 cos 6.
(b) The steady-state solution follows by usng the Fourier series of f. We have
u(r, 0) =50 — 507 cos 6.

(d) To find the isotherms, we must solve u(r, §) = T, where T is any value between
0 and 100. Using = = rcos 6, we find

50 =507 cos@ =T = 50—-50x =T

Thus the isotherms are portions of the vertical lines

50T
T 50

inside the unit disk.
(e) We follow the steps outlined in Exercise 25. First subproblem: VZu; = 0,
u1(1, 0) = 50 — 50 cos 6. Its solution is

uy(r, 0) =50 — 507 cos 6.

Second subproblem: v; = V2v, v(1, 6, t) = 0, v(r, 8, 0) = —50 + 507 cosf. We
next find the Bessel series expanson of v(r, 6, 0). It is clear that only ag, and
a1p are nonzero and that all the remaining coefficients a,,, and b, are 0. From
Example 1, Section 4.8, we find that, for 0 <r < 1,

1_22 Jo OzOnT

Qo nJ1 aO n)

Thus, for 0 <r < 1,
—50 = —1002 Jolao nr)

aO nJ1 aO n

Also, from Execrise 20, Section 4.8, we have, for0<r <1,

Ji(aq pnr)

r=2 _—
a1 ndo(a1n)

n=1
So, for 0 <r < 1,
507 = 1002 Ji(a1,07)

a1 nJa(0n )
Thus the solution is

o r 2
Jo(@onr) a2

0,t) = 01
u(r, 6, t) 50 — 507 cos oozaon AT

Jilainr) a2

+100 cos 8 Z rna ()
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27. (a)a=c=1, F(r, 0) = (1 —r¥)rsinf, G(0) = sin20. Using the notation of

Exercise 25, we have
up (r, 0) = r*sin 26.

Also by Example 2, Section 4.3, we have

Ji(aq ,t)

F(r,0)=>01-r )Tsmt?*lﬁsm@zﬁ
Oéln 2(01n

We now find the Bessel series expansion of u;. Since u; is proportional to sin 26,

we only only need by, (all other a,,, and b,,, are 0). We have

2

1
be,y, = ——— 2J. nr)rd
2, J3(042,n)2/0 rJo (g nr)rdr

aon
e — 2 Th(s)ds (s = a nt
T Jg(% — / 2(5)ds (s = ann)

azn

= [P .

012771,]3 (OZQW)

2

@z nds(2n)

Thus
Ja (g nr)

up (r, 0) = r? 511129*23111292 AT
Q2,nJ3(O2,n

and

Ji(ovr,nt)

al nJQ(al n)

v(r, 0, t) = 16511192

1z nd3(a2n)

and so

Jilanr) a2

u(r,0,t) = r 511129—1-16511192& AT
1,nY2 1,n

n=1

JQ a2 T ]
—25sin 20 g i e aznt

1z nd3(a2n)

041 nd2(arn) az nJ3(n

(b) The steady-state solution is

Ja(ova nr)

up (r, 0) = r? 511129—23111292 YACTSE
Q2,nJ3 02,n

28. (a) For z = re? with 0 <r = |2| < 1, the geometric series is

—Z Z"““’

Alsoz=re ", |z| =r. Soif |z| <1 then |Z| < 1 and we have

R MO ST

16511192 Ji(1,n7) 70‘1" +2s1n292 JQO[72"T))(1—

_ Jo(aanr) 42
olnt _ 94in 26 g e o,nt,

2
e*az,nt)
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For |z| < 1, we have

1 1 . n _in6 . n_—in6
1—z+1—2_1 = ;TG —i-;?"e —1

o
= 1+ Z n (eme + e*inﬁ)
n=0

= 1+2Zr"cosn9,

n=0

where we have used e? + "¢

conjugate, we see that

= 2cosnf. Using properties of the complex

11 [ 1
1-z2 1—-z \1-2z2)°

So, because for any complex number w, w +w = 2 Rew, we infer that

1
1—2)°

Comparing with the previous equations, we find that

1 1
+ —2Re<

1—2 1—-%

1 o0
2Re (1—z> —1:1+22r"cosn9;

n=0

equivalently,

1 o0
14+ 2Re (:—1) :1+22r"cosn9,

n=0

for all 0 <7 < 1 and all 6.
(b) From (a) we have

= 1 1
1+2Zr"cosn9 = + —1

1—2 1-—-%

n=0
2—2z2—72
= Toon-m !
2—(z2+2)—(1-(2+2)+]2?
1—(z4+z+ |22

1 —r2

1 —2rcosf + r2’

where we hae used z -z = |z =r? and 2z + Z = 2Re z = 22 = 2r cos .
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29. (a) Recalling the Euler formulas for the Fourier coefficients, we have

u(r, 0) = ag + il (g)n [a,, cosnb + by, sinnb]

1 2m

= 5[ f@do

[e'e] n 27 21
+3 (2) [l £(¢) cos ne dep cosnf + %/0 f(¢)sinng d(bsinm?]

> n 21
+nz_:l(§) [l i f(¢)[cosn¢cosn9+sinn¢sinn0]dqﬁ]

0

1 2m 0 1 2m
= 5 | @+ (1) L | f@)cosnlo - 9)do
n=1

1

= E f

1+2Z( ) cosn(f — ¢)] do.

(b) Continuing from (a) and using Exercise 28, we obtain

L 1)
u(r, ) = —
(r.0) 27 Jo f(¢>1—2( L) cosf + (£ )2
1 (%7 a? —r?
T oor o f(¢>a2—2arcos(9—¢)+r2d¢

1 2m

= 5= | f@P(r/a,6-0)do.
0
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Solutions to Exercises 4.5

1. Using (2) and (3), we have that

00 o,
= Ap np)sinh(Apz),  Ap = )
u(p, z) nE 1 Jo(Anp) sinh(A,z) .
where a,, = gy, is the nth positive zero of Jy, and
2 /a f(p)Jo(Anp)pd
sinh(Ah)a2Jy (an)2 Jy 7 \F/70VmPIP P

So

An

200 1
Jolomp)pd
sinh(2ozn)J1(ozn)2/0 o(anp)p dp

200 n
sinh(2ay,) o2 Jy (o, )? /0 Jols)sds (let s = anp)
200 o
sinh(2a,)a2 J1 (a,)?
200
sinh(2a, ) J1 (o)

[J1(s)s]

0

Jo(app) sinh(a, 2)
=2
OOZ sinh(2a0,) o J1 (o)

2. Using (2) and (3), we have that

u(p, z) = ZAnJO(/\np) sinh(An2), A= —,
n=1

where a,, = gy is the nth positive zero of Jy, and

An

So

2

Sinh(/\nh)a2jl(an)2/0 f(p)Jo(Anp)pdp

2

sinh(2ay,)

1
100 — p? "
Jl(an)g/o (100 = p%)Jo(amp)p dp
2

s1nh(2ozn)oz4 J1

smh(Qan at Ji(ap)

2

(9903 J1 (o) + 2[s2 Ta(5)]

smh(Qan at Ji(ap)

[100a — 5)s.J1(s)
[

an:|
0

2

sinh(2ozn)osz1(ozn )?

(9902 +4) (because Jo(a,) = iJl(ozn))

(9903 J1 (aun) + 202 o (an) |

sinh(2a,)a3 J1 () an

o0

20 a3 J1 (o)

9902 + 4 .
u(p, z) =2 Z b Jo(amp) sinh(ay,2).
n=1

TRE /a (10002 — 5?)sJo(s)ds (let s = a,p)

an+2/ nsle(s) ds]
0 0

191
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3. We have
p - 200 /%J( o
no = sinh(2a,) J1(n)? Jo olanp)pap
200 =h
N let s = an,
Sinh(2an)a%J1(an)2/0 Jo(s)sds (let s = anp)
200 R
N Sinh(2an)aglj1(an)2[Jl(s)s] .
B 100 (%)
~ sinh(2a,)anJi(an)?’
So
00 Jl(%)JO(anp) sinh(anz)
=100 2
u(p, z) 2:1 sinh (20, ) o J1 ()2
4. We have
A = 2 s | T e
" sinh(A\,h)a?Ji(on)? p)Jo(Anp)p ap
140 1
= A, D hlanslods

In evaluating the last integral, we can proceed as we did in Exercise 6,
Section 4.3. The details are very similar and so will be omitted. The result
is

anJO(l)Jl(an)'

1
| ) Itanplp dp. = 2

So
anJo(anp) sinh(ay, z
u(p, ) = 140Jo(1) Y Smh(;;fn)(g)% = 1§J1((1n).

n=1

5. (a) We proceed exactly as in the text and arrive at the condition Z(h) = 0
which leads us to the solutions

Z(z) = Zp(z) = sinh(An(h — 2)), where )\, = %n.

So the solution of the problem is

u(p, z) = Z CnJo(Anp) sinh(A,(h — 2)),

n=1
where
- 2
~ a?Jy(ay)?sinh(\,h)
(b) The problem can be decomposed into the sum of two subproblems, one

treated in the text and one treated in part (a). The solution of the problem
is the sum of the solutions of the subproblems:

Cy /0 ’ f(p)Jo(Anp)p dp.

u(p, z) = Z (AnJo(/\np) sinh(\,2) 4+ C, Jo(App) sinh(\,(h — z))),
n=1
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where
2

A“:ﬁLWM%mMMmZ}MW%QwWW,

and
2

a2J1(an)2sinh(Anh)/0 J1(p)Jo(Anp)p dp.

6. Apply the result of Exercise 5. We have

Cp =

A, =C, = 200 /1J(a \pd
T T T (am)?sinh(2am) Jo 0 npIpap
200 n
= J, d
a%Jl(an)zsinh@an)/o o(s)sds
200 o
-~ a2Ji(ap)?sinh(2ay,) Ti(s)s 0
B 200
 apJi(ay)sinh(2a,)
Hence the solution
Jo(anp . .
u(p, z) = 200 Z AT () sm121(2a ) [sinh(ay,z) + sinh(a, (2 — 2))].

Using identities for the hyperbolic functions, you can check that
sinh(a,z) + sinh(a,(2 — z)) = 2sinh oy, cosh(a, (z — 1))

and
sinh(2«;,) = 2 sinh oy, cosh avy, .

So

Jol(ay, .
u(p, z) = 400 Z OénJ1(ozn() 515121(2om) sinh oy, cosh(a, (z — 1))

Jo(anp)
= 200 h(ay,(z —1)).
Z o J1 (o) cosh(ay,) cosh(an(z — 1))

7. Let z = A\p, then

and the equation

which is the same as

2 2
pd2—|- 7 A p"R=0
becomes 2R iR
2 9 29
Ap d$2+/\pd ANp°R =
or

193



194  Chapter 4 Partial Differential Equations in Polar and Cylindrical Coordinates

which is the modified Bessel equation of order 0. Its general solution is
R(x) = c1lp(z) + coKo(x)

or

R(p) = c1lo(Ap) + c2Ko(Ap).

8. (a) To separate variables in the problem

upp—l—%up—l—uzz = 0 forO<p<a, 0<z<h,
u(p, 0) =u(p, h) = 0 for0<p<a,
u(a, z) = f(z) for0< z<h,

let u(p, z) = R(p)Z(z). We obtain

1
R'Z+-RZ+RZ'"=0
P

or
R// 1 R/ Z//
—t——=——= A\
R pR Z
Hence
Z'+\Z = 0,
pR'+ R —X\pR = =0.

Separating variables in the boundary conditions, we have
u(p, 0) =0=wu(p, h) = Z(0)=0=Z(h).
(b) The boundary value problem
7"+ X\Z=0 Z(0)=0=Z(h)

has nontrivial solutions given by

These correspond to the separation constant
nm\ 2
A== (55)
" h

(c) The equation in R becomes

pR"+ R — <%>2pR =0

and, by Exercise 7, this has nontrivial solutions
nm nm
R(p) = c1ly <TP> + 2K <TP> :

For R(p) to remain bounded as p — 0T, we must take co = 0 and hence we
conclude that

Rulp) = Balo (=-p) -
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where B, is a constant. We can now write the series solution of the problem
as

> nm nwz
z) = B 1 (— > sin —.

To determine B,,, we use the boundary condition

f(z) =u(a, 2) ZB I(]( >sinn—;zz.

Thinking of this as a sine series of f, we conclude that

B IO = / fz sm—dz

or

B, = / f(2)sin % dz.

9. We use the solution in Exercise 8 with a =1, h =2, f(z) = 10z. Then

2
nmwz
B, = 7/ 0zsin — dz
! Io (%) Jo 2

(_1)n+1'

Il ( %

Thus

10. Adding the solutions to Exercises 6 and 9, we obtain, for 0 < p < 1 and
0<z<2,

Jo(an
u(p, 2) = 2002 - 0(anp) cosh(a,(z — 1))

J1(ay,) cosh(ay,)
L40 f:
ot

(T >sin—mz
2 P 2

n—l—l

11. We have a = 10, h =6,

u(p, 0) =56, for 0 < p < 10,
u(p, 6) =78, for 0 < p < 10,

56 for 0 < z < 4,
“(10"”)_{ 78 for4 <z <6.

Hence the solution is

[ee] o . 6 z
Jo(222) sinh(2 ”( .

112 § 10 B, Io( nmz
! n= anjl(an) Slnh % +Z 0 Sln 6
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where

1 6 nmz
B, = ——— u(10, z) sin — dz
"= J, 009

1 4 nmz 6 nmz
= — 56/ Sin—dz—|—78/ sin—dz]
3[0(5nT7r) [ 0 6 4 6

2 2nm
= —— |56 +22cos — — 78(—=1)"| .
nmlo(25) [ 3 1) ]
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Solutions to Exercises 4.6

1. Write (1) in polar coordinates:

Grr + %(Jﬁr + T%(b(-}(-} = —k¢ o(a, 6) = 0.

Consider a product solution ¢(r, ) = R(r)0(6). Since @ is a polar angle, it follows
that
O(0 + 2m) = ©(8);

in other words, © is 2m-periodic. Plugging the product solution into the equation
and simplifying, we find

R'©+ LR'© + 3 RO" = —kRO;

(R"+ LR +kR)© = —%RO";

TQ%N—‘,-T%—FIW"Q:—%N;
hence . )
TQ%-FT%-FICTQ:)\,
and
@//
_6:)\ = 0"+X0=0,

where A is a separation constant. Our knowledge of solutions of second order linear
ode’s tells us that the last equation has 27-periodic solutions if and only if

A=m?, m=0,=+1, £2,....

This leads to the equations
0" +m?e =0,

and

R !
2

T ﬁ‘i‘TE‘i‘kTQZmQ

= 7r*R'+rR + (kr* —m*)R =0.

These are equations (3) and (4). Note that the condition R(a) = 0 follows from
¢(a,0) =0 = R(a)O(0) =0 = R(a) = 0 in order to avoid the constant 0 solution.

2. Forn =1,2 .., let ¢on(r, 0) = Jo(Aonr) and for m = 1,2, ... and n =
1,2, .. let @pmn(r, 0) = Jn(Amnr)cosml and ¥, o (1, 0) = Jm(Amnr) sinmé.
The orthogonality relations for these functions state that if (mn) # (m’/, n’) then

2m a
/ / (bmn(T, 9)¢m/n/(7", 9)7" dT d9 = O,
0 0

2m a
/ / 1Z)n’m (T, 9)1/)m/n/(r, 9)7" dT‘ d9 = O,
0 0
and for all (mn) and (m/, n’)
2m a
/ / (bmn(r, 9)1/)m/n/(7", 9)7" drdf = 0.
0 0

The proofs follow from the orthogonality of the trigonometric functions and the
Bessel functions. For example, to prove the first identity, write

27 a 27 a
/ / Gomn (1, O) P (1, O)r drdf = / cos mf cosm’6do / T An1) I} (Arr)r dr
o Jo 0 0
L.
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If m # m/, then I; = 0 by the orthogonality of the 27w-periodic cosine functions. If
m = m/, then necessarily n # n’ (otherwise (m, n) = (m/, n’)) and then

I, = / I Ant) I, (M) dr = 0,
0

by the orthogonality relations for Bessel functions ((11), Section 4.8). Either way,
we have I = I1I, = 0. The other relations are established similarly. We omit the
proof.

3. Let ¢pn and ¥, be as in Exercise 2. We will evaluate

2m
I = / /(;5 (r, O)r drdb

= / cos m@d@/ T (Anr)?r dr
0 0
- 11125

where m # 0. We have

27 27
1 20
11:/ costt?:/ i:w,
0 0 2

and
2

I —/0 Ton(Anr)?r dr = %ngl (mn)s

by (12), Section 4.8. Thus
2

=" y2 2 1 (Ctonm).-
2
If m =0, then
27 a
I = / / b3, (r, 0)r dr df
o Jo
27 a
= / d@/ Jo(Nor)?r dr
0 0
= 7wa®J2 ().
Finally,

2m
I = / /1/) (r, O)r drdo

= / sin m@d@/ Jn(Anr)?r dr
0 0

ma
= J2 +1(amn)

5. We proceed as in Example 1 and try

= i i Im (AmnT) (Amn cosml + By, sinmb) = i i Gmn(r, 0),

m=0n=1 m=0n=1

where ¢un(r, 0) = (M) (Amn cosml + By, sinmf). We plug this solution
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into the equation, use the fact that VZ(¢yn) = —A2,,

2 (i iqﬁmn(r, 9)) -

Gmn, and get

1= > bmal(r, 0)

m=0n=1 m=0n=1
m=0 n=1 m=0n=1
= 3T A b ) =1= D3 dn(r, 0)
m=0 n=1 m=0n=1
= Z Z(l - O‘?nn)(bmn(ra ) = 1.
m=0n=1

We recognize this expansion as the expansion of the function 1 in terms of the
functions ¢,,,. Because the right side is independent of 6, it follows that all A,,,
and B, are zero, except Ag . So

o0

> (1—a2,,)Aondo(con)r) =1,

n=1

which shows that (1 — a?,,)Ag, = ao, is the nth Bessel coefficient of the Bessel
series expansion of order 0 of the function 1. This series is computed in Example 1,
Section 4.8. We have

)Jo(aoynr) 0<r<l

n—1 OnJ1 aQn
Hence
2 2
1—ai,,)Aon = = Ay, = ;
( Mo = G Tiaon) O = A= aZ)aondi(@on)
and so

Jo(onr).

:g 1_a )QOnjl(aOn)

6. We proceed as in the previous exercise and try

oo oo

D

m=0n=1

where ¢ (r, ) =

u(r, ) =

into the equation, use the fact that VZ(¢,) = —

2 (i 3 bl o)) -

m=0n=1

I Amnt) (Amn cosmb + By, sinmé

I (A T) (Amn cosmé + By, sinmd).

) = Z Z(bmn(ra 9)5

m=0n=1
We plug this solution
A?nn(bmn = _agnn(bmn, and get

3 i iqﬁmn(r, 0) 4 rsind

m=0n=1

= Z ZVQ (Gmn(r, 0)) =3 Z Z¢mn(7“, ) + rsinf

m=0n=1

- Y-

m=0n=1

S WE

m=0n=1

m=0n=1

O‘?nn(bmn(r, 9) =3 Z Z (bmn(r, 9) + rsinf

m=0n=1

o) Pmn (1, 0) = rsin .

We recognize this expansion as the expansion of the function rsin 6 in terms of the

functions ¢y, .
Apn and By, are zero, except By ,. So

Slnﬁz

Because the right side is proportional to sin#, it follows that all

—a?,)B: nd1(aipr) =7sind,
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which shows that (=3 — a3, )Bi ,, = b1, is the nth Bessel coefficient of the Bessel
series expansion of order 1 of the function r. This series is computed in Exercise 20,
Section 4.8. We have

> 2
r= Z aiJl(aLnr) 0<r<l1.

Hence

2 —2
—————— = Bi,= ;
a1 nda(0 ) b (B+af a1 n2(arn)

(_3 - a%n)Blﬂl =

and so

0) = sinf nT)-
u(r, ) = sin Z 3+041n041nJ2(041n)J1(aL r)

7. We proceed as in the previous exercise and try

= f: f: ArmnT) (Apn cosml + By, sinmé) Z Z¢mn r, 0),

m=0n=1

where Gun(r, 0) = (M) (Amn cosml + By, sinmf). We plug this solution
into the equation, use the fact that V?(¢yn) = =2, dmn = —2,,,dmn, and get

2<ii¢mn(r,9)> = 2+ 73cos30

m=0n=1

= Z ZV2 (Gmn(r, 0)) =2 + 1 cos 30

m=0n=1

= ZZ A2 Gmn (1, 0) = 2 + 73 cos 30.

m=0n=1

We recognize this expansion as the expansion of the function 2 + 3 cos 36 in terms
of the functions ¢,,,. Because of the special form of the right side, it follows that
all A,,,, and B, are zero, except Ay, and As ,. So

o0

Z _agnAO,nJO(aOnT) = 2

n=1
and -
cos 36 Z —a3, Az nJ3(aznr) = r® cos 36.
n=1

Using the series in Example 1, Section 4.8:

2
= —J n 0<r<l,
g (&%) nJI(aO n) 0(a0 T) :

we find that
- 4
2= —J " 0 1,
ngl o nJ1(o.n) o(c0.ur) =TS
and so
o0 o0 4
Z —ag, Aondo(onr) = Z mJg (qvo.n1),

n=1 n=1
from which we conclude that
4

2
a2 Agp = ——
On 20, aO,njl (aO,n)
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or

—4
App = 54—
Ot ad Ji(ao )

From the series in Exercise 20, Section 4.8 (with m = 3): We have

o0

2

—J n 0<r<l,
a3,nJ4(a3,n> 3(0137 T) "

n=1

we conclude that

2
n - — A n "
ngl a3, nJ4 a3 n) Jg(a& T) 7;1 Q3 A3, JB(OZg T)
and so )
Mg = 2
B ag,nJ4(a3,n>
Hence
i JO(O‘O nr) + cos 360 Z 72573 (013 nT)-
X i (ol ilasa)

8. We proceed as in Exercise 5. Let

= Z Z (bmn(ra 9)5

m=0n=1

where ¢ (1, 0) = Jo(Amn?) (Amn cosmb + By, sinmé). Plug this solution into
the equation, use the fact that V2(¢,u,) = —A2,,, ¢mn, and get

2<ZZ¢mn<r,9>> _
m=0n=1
Y S bl 6) =12

m=0n=1

We recognize this expansion as the expansion of the function 1 in terms of the
functions ¢,,,. Because the right side is independent of 6, it follows that all A,,,
and B, are zero, except Ag . So

o0

Z —a2,, Ao nJo(r) =17,

n=1

which shows that —a2,, Ag., = ao n is the nth Bessel coefficient of the Bessel series
expansion of order 0 of the function r2. By Theorem 2, Section 4.8, we have

2 o
ao, Jl(a07n>2‘/0 r<Jo(copn)rdr

2

@o,n
= =4 $Jo(s)ds  (let agn)r = s
amhmMVA o(s)ds  (let ag.)r = s)

u=s% du=2sds, dv=sJy(s)ds, v=sJi(s)

2 [BJ()ao,n 2/ao,n 2]()d]
= S S — S S S
g J1(c0,n)? o 0 '
2 3 2 &0,n
_ 1 (00.n) — 252 |
2
(

B} [agynJl(aoyn) — 20[37",]2(010771)] .
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Hence
—2
A n= "4 7 /. o n n)—2 n)ls

0 aéynJl (ao,n)? [@0.01(a0.1) To(@o.n)]
and so

Z [Oéo nJ1 (O[O n) — 2J2(O[0 n)] JO (O[()ynT).

n—1 aO n)

9. Let

_fr if0<r<1/2,
h(’")_{o if1/2<r <1

Then the equation becomes V?u = f(r, 6), where f(r, ) = h(r)sinf. We proceed
as in the previous exercise and try

= i i I M) (Amn cosml + By, sinmb) Z Zqﬁmn (r, ),

m=0n=1 m=0n=1

where Gun(r, 0) = (M) (Amn cosml + By, sinmf). We plug this solution
into the equation, use the fact that VZ(¢n) = =2, dmn = —a2,,,Pmn, and get

2(2 > bumnlr, 9)) = h(r)sinf

m=0n=1

= Z Z V2 (¢mn(r, 0)) = h(r)sinf

m=0n=1

= Z Z a2, Gumn(r, 0) = h(r)sing.

m=0n=1

We recognize this expansion as the expansion of the function h(r)sinf in terms of
the functions ¢,,,. Because the right side is proportional to sinf, it follows that
all A,,,, and B,,,, are zero, except By ,. So

sin 6 Z —a3, BinJi(a1,r) = h(r)sin,
n=1

which shows that —a?, By, is the nth Bessel coefficient of the Bessel series expan-
sion of order 1 of the function h(r):

2 2 1/2 2
—OélnBLn = m‘/o T Jl(O[LnT) dT

2 Otl,n/2 9
= Ji(s)d
Oz:inJQ(Oél,n)2 /0 s s)ds

2 9 Otl,n/2
= ———s°J
of oo, n)QS 2(s) 0
JQ(OZLH/Z)

201 pJa(an n)?

Thus

o0

JQ Oq n/2)
T 9 —smﬁz m,}l(alﬂﬂ").



Section 4.6 The Helmholtz and Poisson Equations 203

11. We have u(r, ) = uy(r, 0) +uz(r, ), where u1(r, 6) is the solution of V?u = 1
and u(1, §) = 0, and wua(r, ) is the solution of V2u = 0 and u(1, §) = sin26. By
Example 1, we have
= =2
Ul (T, 9) = Z mJg(anT),

n=1

while ug is easily found by the methods of Section 4.4:
ua (1 0) = r? sin 26.

Thus,

u(r, 0) = r*sin 260 + Z Jo(anr).
n=1

— o Ji(an)
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Solutions to Exercises 4.7

1. Bessel equation of order 3. Using (7), the first series solution is
2k+3 1 23 1 2 L
O = T
k'k+3 1-6 8 1-24 32 2120 128

5. Bessel equation of order % The general solution is

y(x) = ClJ%"‘CQJ?%

- (i @ -y @)
o (e (5)7%‘1 w6 )
nd (1

wlw

So

2 12 =
(- (—=2Z2 -2 _ e
2 7TCC( ) ( 2x 2 )
2 (22 2t i n 2 /1 n T
— e = o] — (=42 ...
W U3 30 Nrz\z " 2
9. Divide the equation through by z? and put it in the form

1 29
y+y+

y=0 foraxz>0.

Now refer to Appendix A.6 for terminology and for the method of Frobenius that
we are about to use in this exercise. Let
z?2 -9

pa) =1 for qlr) ="

The point = 0 is a singular point of the equation. But since xp(z) = 1 and
22 q(x) = 22 — 9 have power series expansions about 0 (in fact, they are already
given by their power series expansions), it follows that = 0 is a regular singular
point. Hence we may apply the Frobenius method. We have already found one
series solution in Exercise 1. To determine the second series solution, we consider
the indicial equation
r(r —1) +por +qo = 0,

where po = 1 and ¢ = —9 (respectively, these are the constant terms in the series
expansions of zp(z) and z%¢(z)). Thus the indicial equation is

r—9=0 = r; =3, ro=-3.

The indicial roots differ by an integer. So, according to Theorem 2, Appendix A.6,
the second solution y» may or may not contain a logarithmic term. We have, for
x>0,

yo =ky lnz + 273 Z bz™ = kyy Inx + Z bx™ 3,

m=0 m=0
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where a9 # 0 and by # 0, and k£ may or may not be 0. Plugging this into the
differential equation
3:2y” —|—33y/ 4 ($2 _ g)y =0

and using the fact that y; is a solution, we have

y2 = kyilnz+ > bya™
m=0

= kY lnz+ kL — 3™,
vh yh Inw + x—!-mzzo(m 3)bmx ;

R T = m—
v = kyi’lnﬁkj+k}72+n;(m—3)(m—4)bmx i

/ o0

= ky/Inx+ 2/€ﬂ — ky—; + Z(m— 3)(m —4)bm$m75§
T T m—0

Yy + b + (2% — 9y

= ka*yInx + 2kxy) — ky; + Z (m —3)(m — 4)bpa™?

m=0

+kzy) Inx + kyy + Z (m — 3)byz™ 3

m=0
+(2% = 9) [kysInz + Z byx™ 3
m=0

=0

= klnz[2%y] +zy] + (#* — 91 |

+2kxy] + i [(m —3)(m — 4)by, + (m — 3)bp, — by |22

m=0

[eS)
—|—$2 E bmxmfl%
m=0

= 2kay, + Z (m — 6)mbz™ 3 + Z bnz™t

m=0 m=0
To combine the last two series, we use reindexing as follows

(m — 6)mbyz™ 3 + Z bpz™ !

m=0 m=0

= —5biz ?+ Z (m — 6)mby,z™ 3 + Z by_ox™ 3

m=2 m=2

= —5biz ?+ Z [(m — 6)mby, + bm,g] ™3,

m=2

Thus the equation

22yl 4+ zyh + (22 — 9)y2 = 0

implies that

2kxy) — Bbjz~? + Z [(m — 6)mby, + bm,g]xmfg =0.

m=2
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This equation determines the coefficients by, (m > 1) in terms of the coefficients of

y1. Furthermore, it will become apparent that k cannot be 0. Also, by is arbitrary

but by assumption by # 0. Let’s take by = 1 and determine the the first five b,,’s.
Recall from Exercise 1

3 1 1 T

1 7
NWE168  1-2432 2120 198

So
, 3 a? 5 at N 7 af N
y1_1~68 1-24 32 2-120 128
and hence (taking k = 1)

oz 6k a3 10k x° n 14k 27 n
T [ JR— JR— e
NTT68 1.2432 " 2120 128

The lowest exponent of x in

2kxy) — 5bix 2 + Z [(m — 6)mby, + bm,g] M3

m=2

is 272, Since its coefficient is —5b;, we get b; = 0 and the equation becomes

2y + Z [(m — 6)mb,, + bm,z]xmfg.

m=2

Next, we consider the coefficient of 271, Tt is (—4)2by + by. Setting it equal to 0,
we find

by 1
by = —

8 8
Next, we consider the constant term, which is the m = 3 term in the series. Setting
its coefficient equal to 0, we obtain

(—3)3()3 +b1=0 = b3=0

because by = 0. Next, we consider the term in x, which is the m = 4 term in the
series. Setting its coefficient equal to 0, we obtain

1 1
—2)4bs +b2 =0 = by = -by = —.
(—2)4by + b2 1 =32 =5
Next, we consider the term in x2, which is the m = 5 term in the series. Setting its
coefficient equal to 0, we obtain b5 = 0. Next, we consider the term in x3, which
is the m = 6 term in the series plus the first term in 2kzy]. Setting its coefficient
equal to 0, we obtain

k 1
O0+bs+ =-=0 = k=-8y=—-.
+4+8 4 3

Next, we consider the term in z*, which is the m = 7 term in the series. Setting
its coefficient equal to 0, we find that b7 = 0. It is clear that bs,,11 = 0 and that

Lymet ~ v Ly Loy
~——yimhe+—<+—+—x+---
v g 2 8r 64
Any nonzero constant multiple of 32 is also a second linearly independent solution
of y1. In particular, 384 ys is an alternative answer (which is the answer given in
the text).

10. Linear independence for two solutions is equivalent to one not being a constant
multiple of the other. Since J, is not a constant multiple of Y}, it follows that
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xzPJ, are not a constant multiple of x”Y},, and hence z?.J, and z?Y), are linearly
independent. We now verify that they are solutions of

xy”" + (1 —2p)y + 2y = 0.

We have
y = a"Jp(x),
y = paP ' Jy(x) + 2P,
y' = plp— 12" (x) + 2paPT T (2) + 2P (2),
' +(1=2p)y +zy = x[pp—Da?"?Jy(x) + 2pa?~ T} (x) + 2P (z)]
—|—(1—2p)[pxp71J( —|—pr’ (z) ] + zaPJ,(x)

= P71 [3:2(];/(33) + [2pz + (1 — 2p)x]J;(3:)
+p(p = 1) + (1 = 2p)p + 2®]J, ()]

= Pl [3:2(];/(33) + xJ;;(x) + (332 - pQ)Jp(x)]
0

because Jj, satisfies 22.J)/ (x) + .J) (z) 4+ (2* — p*)Jp(x) = 0. A similar proof shows
that zPY), is also a solution of zy” + (1 — 2p)y’ + zy = 0.

11. The equation is of the form given in Exercise 10 with p = 0. Thus its general
solution is

y = c1Jdo(x) + c2Yo ().

This is, of course, the general solution of Bessel’s equation of order 0. Indeed, the
given equation is equivalent to Bessel’s equation of order 0.

12. The equation is of the form given in Exercise 10 with p = 1/2. Thus its general
solution is

y = clx1/2J1/2(3:) + 023:1/2}/1/2(33).
But it is also clear that
y=acosx + bsinx

is the general solution of 3" + 3y = 0. In fact, the two solutions are equivalent
since 21/ J; j2() is a constant multiple of sinz (see Example 1) and z/2Y] j5(z)
is a constant multiple of cosz. (From Example 1, it follows that 21/2.J_ »(z) is a
constant multiple of cos z. But, by (10), Y1 /2(z) = —J_1 2(z). So 2'/2Y] () is a
constant multiple of cos z as claimed.)

13. The equation is of the form given in Exercise 10 with p = 3/2. Thus its general
solution is
Yy = Cl$3/2z]3/2($) + 023:3/2}/3/2(33).

Using Exercise 22 and (1), you can also write this general solution in the form

cosT .
—sinx

sinx
y = Cx — Ccosx| + cox | —
x

= ¢ [sinz —zcosx] + ca[—cosx — xsing].

In particular, two linearly independent solution are
y1 =sinx —xcosx and Yy, =cosx + rsinz.

This can be verified directly by using the differential equation (try it!).
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14. The equation is of the form given in Exercise 10 with p = 2. Thus its general
solution is

y = 12’ Ja(x) + cox?Ya(x).

15. All three parts, (a)—(c), follow directly from the series form of Jy,(x) (see (7)).

17. We have
y = x Pu,
y = —pr P luta P,
y' = pp+1)a P Put 2(-p)aT P TP
zy' + (1+2p)y +a2y = = [p(p + 1)x7p—2u —opar Lyl 4 xfpu”]

+(1+2p)[ —pr P lu+ 2P| 2 Pu
= o P [2%u + [-2pz + (1 + 2p)z]u’

+[p(p+1) — (14 2p)p + 2°]u]

= 2P 2% 4+ zu + (2 — pP)ul.

Thus, by letting y = 7 Pu, we transform the equation
zy’ + (14 2p)y + a2y =0

into the equation
z P! [3:21// + zu + (2% — p2)u] =0,
which, for x > 0, is equivalent to
2?u’ 4 zu’ + (22 — p*u =0,
a Bessel equation of ordr p > 0 in u. The general solution of the last equation is
u=c1Jp(x) + c2Yp ().

Thus the general solution of the original equation is

Y =ciz7PJ(x) + cox™PY, ().

18. For « > 0, let z = /z and ¢(z) = y(z). Then 4 = 2\1/5 = 5= and, by the
chain rule,

dy d dbdz dp 1 do 1

B _ by dod & L _db1

dx dx dzdxr dz2\/x dz2z

Py ddy  d [dp 1

de?  dedr dr |dz2\x

d [de] 1 d [ 1 1dé
- E[E]ﬁ+ﬁ[ﬁ]ﬂ
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So
xy”—i—y/—i-iy:() = zi % 273% +%i+ 0=
f—(f—l—z*l%—l-(b:()
= ZQif—(f—l—z%—l-zQ(b:O.

This is a Bessel equation of order 0 in ¢. Its general solution is
d(2) = e1Jp(2) + c2Yp(2).

Thus the solution of the original equation is

y(x) = erdo(Vr) + Yo (V).

e 20
Ty = Zk'F(k +1)(2)

\/72 E'T k+ 22k

k 92k 2k
- \/72 k(2K l\/_22k (by Exercise 44(a))

22. (a) Using (7),

- (—1)k z\ 2k+3
Ji(z) = S —— (2
3(@) kz_ok!F(k—l—%—i-l)(Z)
$2k+2

_ \/5§: (="

Vo &R k+2+%)22k+2
\/7 k 9 92k+1L| p2k+2

- Z k' (2k + 3)(2k + 1)! 22k+2

209

1 1
(T(k+2+ 2) Ik+1+ ) (k+1+ 2) then use Exercise 44 (b))

k(2k +2
\ / Z 1Rk +2) 2?*2 (multiply and divide by (2k 4 2))

2k+3

\/72 2kk+112k 22k (change k to k — 1)
- \/iz( 2k (2[1524]?;;1)—1] L2k

f Z o2 i L
_ V;;(mmx+$;>_
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25. (a) Let u= %e*%(at*b), Y(u) = y(t),e 4+ = ‘14—2 u?; then

dy _ dY du oy —L(at—b) 'd2y _ d ’ —L(at—b)\\ _ v/ —at+b 14 _Liat—b)
d = dra Y TG = g (v (e B)) Sy ey ey,
So

Y//efater 4 Y/gefé(atfb) 4 YefaiH»b — O = Y// 4 gy/efé(atfb) 4 Y — O
2 2 ’
upon multiplying by e, Using u = %e*%(at*b), we get
1
Y'+-Y'+Y =0 = Y +uY’ +4*Y =0,
U

which is Bessel’s equation of order 0.
(b) The general solution of u?Y” + uY’ + u?Y = 0 is Y (u) = c1Jo(u) + c2Yo(u).
But Y (u) =y(t) and u = %e*%(at*b), 0

2 2
y(t) = Cljo(—eié(atib)) + 02}/0(— 7%(at7b))'
a

e
a
(¢) (1) If e =0 and c2 # 0, then
2 _1(at-b)
u(t) = Y (2ot

Ast — o0, u — 0, and Yy(u) — —oo. In this case, y(t) could approach either 400
or —oo depending on the sign of ¢o. y(t) would approach infinity linearly as near

0, Yo(z) ~ Inx so y(t) ~ In (%e*%(at*b)) ~ At.
(ii) If ¢1 # 0 and ¢o = 0, then

2
y(t) = cr Jo(Zem a0,
a

Ast — oo, u(t) — 0, Jo(u) — 1, and y(t) — c¢;. In this case the solution is
bounded.

(ii) If 1 # 0 and c2 # 0, as t — oo, u(t) — 0, Jo(u) — 1, Yo(u) — —oo. Since Yj
will dominate, the solution will behave like case (i).

It makes sense to have unbounded solutions because eventually the spring wears
out and does not affect the motion. Newton’s laws tell us the mass will continue
with unperturbed momentum, i.e., as ¢ — oo, ¥’ = 0 and so y(t) = c1t + c2, a
linear function, which is unbounded if ¢; # 0.

31. (a) From I'(z) = [;° " e~"dt, we obtain

o0
0

)= / e tdt = —e"
0

=0
—

F(2):/ te tdt = —te " +/ e tdt=1.
0 0 0

(b) Using (15) and the basic property of the gamma function

(3= 3 = 140 = 7
_%F(—%) = F(—%) = —2./7 (see Exercise 5) = F(—%) = %\/;

33. (a) In (13), let u? = t, 2udu = dt, then

F(x):/ tr et dt:/ u2(x71)67“2(2u)du:2/ u2r e dy.
0

0 0
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F@)I(y) = 2/0 u2x*167“2du2/ v Le " dy

0
o0 o0 2 2
4/ / e~ (W) 20 =12y =1 g0y .
o Jo

(c) Switching to polar coordinates: u = rcosf, v = rsiné, u? + v? = r?, dudv =
rdrd®; for (u, v) varying in the first quadrant (0 < u < oo and 0 < v < o0), we

have 0 <6 < 7, and 0 < r < oo, and the double integral in (b) becomes

L@)I'(y) = 4/ /267’”2(rcos9)2x71(rsin9)2971rdrd9
o Jo

=I'(z+y)

= 2/2(003 9)2x*1(sin9)29*1d92/ P2@ty)—1,-12 g,
0 0

(use (a) with x + y in place of x)

™

2T (x + y) / i (cos 0)** ! (sin §)* 1 a,
0

implying (c).

34. Using Exercise 33 with z =y = 1,
1 3 3 .
T(=)]? = 2F(1)/ cost 1 Osint "t 0dh = 2/ df =2— =,
soT'(3) = /7.

35. From Exercise 33(a) and Exercise 34,

1 o0
ﬁ:r(-):z/ e du,
2 0

SO JE - -
b 2 2
— = / e du = Jr= / e " du,
2 0 —co
2, .
because e is an even function.

38. Let I = 077/2 cos® @sin® 0 dh. Applying Exercise 33, we take 2z — 1 = 5 and
2y —1 =6, sox:3andy:%. Then

rerG _,,
2= =2].
F(3+ 5)
Now, I'(3) = 2! = 2, and
7 7 7 447 247 7 1197 7 693 7
IB+3) =2+ )2+ 35) = (5 )7 IM1+35) =5 530(5) = T()
So . .
_IMPMG) - M) 8
2Ir3+1)  8r(%) 693
40. Let I = fo”/ *sin®* 0 df. Applying Exercise 33, we take 2z —1 = 0 and 2y — 1 =

_ 1 _ 1
2k,s0 z = 5 and y = k + 5. Then
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Now, I'(})= /7, T(k+1)=k!,and I'(k + %) = <§,’j>’, 7 (see Exercise 44). So
2 2 22k ]

_VE @R w2
1= 50 2V = ST

41. Let I = foﬁ/Q sin?*T1 9 dg. Applying Exercise 33, we take 2z — 1 = 0 and
2y —1=2k+1,s02=3 and y =k + 1. Then

L(3Ck+1) VTk! B 2.7 k!
Ck+1+1)  (k+HDk+3)  @k+DIk+31)

2l =

As in (a), we now use I'(k + 3) = éé’,’j}c, m, simplify, and get
22k(/€!)2
C(2k+ 1)

44. (a) Proof by induction. If n = 0, the formula clearly holds since by (15)
I'(1/2) = /7. Now suppose that he formula holds for n and let us establish it for
n + 1. That is, suppose that

1 (2n)!
2) 221

I'(n+ VT

(the induction hypothesis) and let us prove that

1 (2(n+ 1)
'(n+1+ 2) S0 (4 1)1 V.
Starting with the right side, we have

(2(n+ 1))!
220D (1 + 1)!

(2n +2)(2n + 1)((2n)!)
22227 (n + 1)(n!)
1. (2n)!
= §>2(2n31!\/;

1 1
= (n+ §)F(n + 5) (by the induction hypothesis)

VT VT

1
= D(n+ 3 +1),
by the basic property of the gamma function. Thus the formula is true for n + 1
and hence for all n > 0.
(b) We use (a) and the basic property of the gamma function:

F(n—i—%—i—l) = (n+%)F(n+%)
1, (2n)! (2n+1) (2n)!
= Ot ) VT= T VT
(2n+1)!

= 92ntlg) V.
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Solutions to Exercises 4.8

1. (a) Using the series definition of the Bessel function, (7), Section 4.7, we have

d. _, L d & (—1)k 2k

pr ) Ekz_ozpk'r(wrpﬂ)(z)
- (—1)k d 2k & (—1)*2k 1 sx\2k-1
- ZZPk'F(k—l-p )E(_) _I§2Pk!F(k+p+1)§(§)

B ( ) ( )2k 1
N = 2w(k—1)IT(k+p+1) \2

S =™ T\ 2m+1
B _mzz()2pm!r(m+p+2) (5) (set m =k —1)

B oo (_1)m (x)2m+p+l -
= — p _— — = — pJ .
’ n;m!F(erpM) 2 7 (7)

To prove (7), use (1):

d
dx

— 2P Iy (z)] = 2P Jp_i(z) = /prp,l(x) dx = 2P J,(x) + C.
Now replace p by p+ 1 and get
/prrlJp(x) dx = 2P Jpq(2) + O,

which is (7). Similarly, starting with (2),

%[xprp(x)] =—aPlp(zr) = -— / Py (z)de =27 PJ,(x) +C

= /xprerl (x)de = —x7PJ,(x) + C.

Now replace p by p — 1 and get
/xprrlJp(x) dr = —x P, 4(z) +C,

which is (8).
(b) To prove (4), carry out the differentiation in (2) to obtain

eI ()~ pr Py (0) =~ Phpa(e) = ed)@) - plye) = —adp (),

upon multiplying through by xP*1. To prove (5), add (3) and (4) and then divide
by « to obtain

Jpr() = Jyia(w) = 2J3(2).
To prove (6), subtract (4) from (3) then divide by .

2. (a) Since L Jo(z) = —J1(2), the critical points (maxima or minima) of Jy occur
where its derivative vanishes, hence at the zeros of Jy(z).

(b) At the maxima or minima of .J,, we have Jy(x) = 0. From (5), this implies
that, at a critical point, Jp—1(z) = Jpt1(x). Also, from (3) and (4) it follows that

Jp () Jp ()

L@ TPy

3. /xJO(x) dx = xJy(z) + C, by (7) with p = 0.
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4. /x4 Js(z) dx = 2* Jy(z) + C, by (7) with p = 3.

5. /Jl(x)dx:—Jo(x)+C, by (8) with p = 1.

6. /x72J3(x) dx = —x % Jy(x) + C, by (8) with p = 3.
7. /xBJg(x) dx = 2 J3(z) + C, by (7) with p = 2.

8.

/ 23Jo(x)dz = / 22[zJo(z)] dz

22 = u, xJy(x) de = dv, 22 dr = du,v = x.J,(z)
= 23 () — 2/x2J1(x) dx = 23 J;(z) — 222 Ja(z) + C

= 230 (z) — 222 (%Jl(x) — Jo(x)> + C (use (6) with p=1)

= (xg — 4x)J1($) + 2$2J0($) +C.

/ Js(z)dz = / 22z~ J3(z)] dz

22 =u, 2% J3(x) de = dv, 2z dr = du,v = —x 2Jo(x)
= —Jo(x) + 2/x71J2(x) de = —Jo(z) — 22~ 'y () + C
2 2 .
= Jo(z) — Ejl(x) - Ejl(x) + C(use (6) with p=1)

— Jo(a) — %Jl(x) el

10. We assume throughout this exercise that n is a positive integer. Let u = Jy(x),
then du = —Jy(z). If n # —1, then

e e 1 o -1 1
nd _ nd - = n—+1 — —1) =
| m@nerds - [ =g = Sh0-n= g
where we have used lim, o Jo(z) = 0 and Jy(0) =
11. By (2) with p = 3,
1d . 1 1 /2 d (sinx
Tapp(@) = —at e BT (@)] = oty [ o ( z )

s d . _3 3 smx cosT
s = g EA (o)
2 g [cosw 3 sinx n sinx COS &
p— —_— x p—
V r 3 i 2 3
2 3 COS & sinxr sinx
= - 2|3 -3
wa ( 3 i + 2 )
2 3 . 3
= — (—2—1)s1nx——cosx .
Tr \\T T
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13. Use (6) with p =4. Then

B = L) - @)
= 2|20 - )] - ) o (6) with =3
— (B-1) a0 - Sae
= (8B-1) (320 -5@) - a6 @y 6 vitp=2)

- (ﬁ - 1) Jo(z) + (‘%4 - ;—z + 1) Ji(x).

r \ 22

14. From the formula J; j5(z) = 1/ % sinz, it follows that the zeros of J; /2(z) are
located precisely at the zeros of sinx. The latter are located at nm, n =10, 1, 2, .. ..

15. (a) and (b) We will do this problem on Mathematica. Let us make some
comments about the equation 882 = cosz. This equation is equivalent to the
equation tanx = z, which we have encountered in Section 3.6. It is clear from
the graph that this equation has one root zj in each interval (—% +km, 5+ kw),
k=0,1,2,.... We have zyp = 0 and the remaininng roots can be obtained by
iteration as follows. Take the case £ = 1. Start at z; = 7 and go up to the line
y = x then over to the right to the graph of tanz. You will intersect this graph at
the point zp = 7 + tan~! 7. Repeat hese steps by going up to the line y = z and
then over to the right to the graph of y = tanx. You will intersect the graph at
2o = m+tan~! z;. As you continue this process, you will approach the value of ;.
To find xy, start at z; = km and construct the sequence z, = k7 +tan='z,_;. Let
us compute some numerical values and then compare them with the roots that we
find by using built-in commands from Mathematica.




216

Chapter 4 Partial Differential Equations in Polar and Cylindrical Coordinates

grphl = Plot[{x, Tan[x]}, {x, O,
PlotRange -» {-2, 5}]

5.

3Pi/2}, AspectRatio- 1.5,

/

| /2

31/2

y=tanx
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z[1l] = Pi

z[k ] :=N[ArcTan[z[k-1]] +Pi]
Table[z[k], {k, 1, 10}]
7, 4.40422, 4.48912, 4.49321, 4.4934, 4.49341, 4.49341, 4.49341, 4.49341, 4.49341

pts = Table[{z[k], Tan[z[k]1}, {k, 1, 5}]

{{r, 0}, {4.40422, 3.14159},
(4.48912, 4.40422), {4.49321, 4.48912), {4.4934, 4.49321}}

Iterative process to approximate
the first root of tan x = x

grph2 = ListPlot[pts, PlotStyle » PointSize[0.02]]

e

w®

.2

3

.4

3.

6

3.8 4

.2

4.

Plot of points generated
by iterative process.

Show[{grphl, grph2}, AspectRatio-» 1.5,

PlotRange » {-2, 5}]

The points
( T + tan_lzk, Zk)
on the graph of tan x,
showing a fast convergence to

to the root of the equation
tanx =x .

n/Z

217
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If you want to use a built-in command to find the root, you can do the following
(compare the result with the iterative process above).

FindRoot[Tan[x] = x, {x, 4}]

(x> 4.49341})

16. (a) There are j — 1 roots in (0, a). They are

xk:%a fork=1,2,...,5—1,

Qpj

which are just the j — 1 positive zeros of Jj,(x), rescaled by the factor —*- (the
pPJ

reciprocal of the scale factor occuring in the argument of .J, (%x)

17. (a) From (17),

2 ! 2 ¢
A, = 7/ z)Jo(eix)x dr = / Jo(osz)x dx
] Jl(aJ)Q 0 f( ) 0( J ) Jl(O[J)2 0 0( J )
2 COL]‘
= - J d let a;x =
a;"-Jl(ozj)Q/o o(s)sds (let ajz =s)
2 T 2eq(ay)
afJi(aj)? 1s)s ajJi(ay)?

Thus, for 0 < x < 1,

fla) = - 2 ).

(b) The function f is piecewise smooth, so by Theorem 2 the series in (a) converges
to f(x) for all 0 < z < 1, except at x = ¢, where the series converges to the average

value 71"(”);“67) =1

18. Done on Mathematica

f[x ]:=1 /; 0<x<1/2
flx 1:=0 /;1/2<x<1
Plot[£[x], {x, 0, 1}]
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To describe the Bessel series, we need the zeros of Jy(x). These are built-in the program. To recall them, we need a
package.

<< NumericalMath’BesselZeros’

Here are the first 20 zeros of Jy(x).
zerolist=BesselJdzeros [0, 20]

{2.40483, 5.52008, 8.65373, 11.7915, 14.9309, 18.0711,
21.2116, 24.3525, 27.4935, 30.6346, 33.7758, 36.9171, 40.0584,
43.1998, 46.3412, 49.4826, 52.6241, 55.7655, 58.907, 62.0485}

Here are the first and second partial sums

partsum[x, 1]
partsum[x, 2]

0.769756 BesselJ [0, 2.40483 x]
0.769756 BesselJ [0, 2.40483 x] +0.661472 BesselJ[0, 5.52008 x]
Here are graphs of some partial sums , compared with the graph of the function

tt := Table[partsum[x, n], {n, 1, 20, 5}]
Plot [Evaluate[{tt, £[x]}], {x, 0, 1}]

1 QA m/><7<\

0.4 W= — 1

19. (a) This is a Bessel series of order 4. By Theorem 2, we have

2 1
A, = 7/ 2t Jy(ay 2)x dx
T e )

Qg g5
= - Ji(s)s®ds (let ay o =s
TR, s et o=

Q4,5

2
= Ji(s)®| =

Js(aua,5)?

2

g s (o)

Thus, for 0 < x < 1,

B 2i Ja(a jz)

OZ4JJ5 OZ4J)
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To describe the Bessel series, we need the zeros of Jy(x). These are built-in the program. To recall them, load the
package as previously.

zerolist=BesselJZeros [4, 20]

{7.58834, 11.0647, 14.3725, 17.616, 20.8269, 24.019
27.1991, 30.371, 33.5371, 36.699, 39.8576, 43.0137, 46.1679,
49.3204, 52.4716, 55.6217, 58.7708, 61.9192, 65.067, 68.2142}

Now the partial sums of the Bessel series can be defined as follows:

partsum[x , n ] := Sum[2/ (zerolist[[]j]] BesselJ[5,
BesselJ[4,

zerolist[[j]11])
zerolist[[j]1]1 x], {3, 1, n}]

Here are graphs of some partial sums , compared with the graph of the function

tt := Table[partsum[x, n], {n, 1, 20, 5}]
Plot[Evaluate[{tt, xA4}], {x, 0, 1}]
1

20. This is a Bessel series of order m. By Theorem 2, we have

9 1
A = 7/ 2™ I (i) x dx
J Jerl (am,j)Q 0 ( 3J )
2 /amj
—m Jn(8)s™ T ds  (let ayy, jz = s)
Jr2an+1(047n,j)2 0 !
2 e 2
= g1 (s)s™T! -—
b2 T (v )2 m,jIm+1(m, )

Thus, for 0 < x < 1,

zzam%

GIm+1 (O‘mu) '

21. (a) Take m = 1/2 in the series expansion of Exercise 20 and you’ll get
> J1/2 QT
=2 for0<z <1,
Z O[J J3/2 O[J

where «; is the jth positive zero of J; /o(x). By Example 1, Section 4.7, we have

2 .
Jija(x) = —_sinz.
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So
aj=gn forj=1,2,....

(b) We recall from Exercise 11 that

2 sinx
J3/2(x) = — ( . —cosx) .
So the coefficients are
A = 2 B 2
! aj Jzpa(az)  gm Iz (i)
2

. 2 sin jm .
Jm m (J—ﬂ’ — COS]?T)

= (=1~ 7

and the Bessel series expansion becomes, or 0 < = < 1,

N Z(_Uﬂ'l\/?m(ajx).

(c) Writing J; /2(x) in terms of sin 2 and simplifying, this expansion becomes

R SRVEY. S

o0

= (-1 ! 2/ 2

I\ Ty

Sin Qi

<.
—

2 X (=11 sin(jrx)
R

U

Upon multiplying both sides by /x, we obtain

Tr =

SR

Z%sin(ij) for 0 <z <1,
J

Jj=1

which is the familiar Fourier sine series (half-range expansion) of the function

f(z) ==

23. Just repeat the computation in Exercises 20 with m = 2 and you will get, for
0<x<l,

24. Repeat the computation in Exercises 20 with m = 3 and you will get, for
0<x<l,

o0 1
3_ .
x° =2 g P 7_)J3(a3dx).
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25. By Theorem 2 with p = 1, we have

2 1
A = —— J ) d
J J2(041,j)2/§ 1(a1ﬂ) v
2 *L.j
= - Ji(s)ds (let a1 52 = s
ATt /_ ((s)ds (let an ja = 5)
2 L.
N — — by (8) withp =1
alijQ(alj)Q[ o(S)a_li (by (8) with p =1)

2

—2[Jo(ar ;) — Jo(“52)]
a1, d2(a1,5)?

—2[Jo(ea5) — Jo(“52)]
a1, Jo(ai,5)?

3

where in the last equality we used (6) with p = 1 at x = aq j (so Jo(au j)+J2(aq ;) =

0 or Jo(alyj) = —JQ(O[LJ')). Thus, for0 <z < 1,

2 —2[Jo(ar,;) — Jo(%52)
= —22 J B} 2 ] Jl(alij).

a1,5Jo(on )

26. By Theorem 2 with p = 0 and a = 3, we have

2 3 Q. T
Aj = ——— 2Jo(—)zd
J 9J1(0107j)2 ‘/0 . 0( 3 )IE .

1 X
= 90— 8 ) / Jo(s)s®>ds  (let
0

= S)
g ;J1(ao,5)?

(let u = 52, dv = sJo(s), du=2s, v==sJ1(s).)

O[LJ'.I

18 r 3] ( ) a0,7 2/040,]’ 2J ( )d ]
f [ ——— s - < 5 .
aéj']l(ao,j)Q L 1 0 0 1
= L —013 J (OZ ) _ 252J (5) O‘O,j:|
ag i Ji(ao )2 L0 11505 208)|
L ens) - 200 )]
T af Tilag,)? O 3" Jale0,5
=0
18 r 9
N PRE BTN o))
O‘g,jjl(ao,j)Q —aO’le(aO’J) OZO,jJI(QOJ) Jo(eo,;)

(by (6) with p =1)
18(a, —4)

o jJ1(ao;)

Thus, for 0 < x < 3,

x2:18§: %%, 4 To(221%)
= 1OZOJJ1(OZOJ) 3
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27. By Theorem 2 with p = 2, we have

2 1
A = ——— d
J J3(012J) ‘/_ JQ(QQJ'I) €
= a2 J / ds (1et Q2 ;T = S)
Q2 j
= — = [-s71J
J3(012,j)2[ 1(s) 224
_ 2 i _Nlony) o h (*34)
Ji(az,5) a2, o2

(because J3 = —Jp at a zero of Jo by (6))

—2 [Jl (a2 ) — 2J1(%)]

sz, jJ1(az,;)?

Thus, for 0 < x < 1,

Jl O[QJ 2J1( )
Z ag jJi (o ;)2 2(02,5%)
28. By Theorem 2 with p = 3, we have
2 oy
A-zi/foa-xxdx
J J4(O[37j)2 . 3( 3,7 )
20[3j 3.3

= — Ja(s)s % ds (let agjo =
J4(Oz3,j)2 i 3(5)5 ’ (e st S)

20[3 j _9 3.5
= -5 a(s)
J4(043,j)2 28,
—20[37j 900 J2 (Ot'g]) JQ (O[gyj)
= 2 + 2
Ja(as,j) 35 g ;

—2[Jz(as,j) — 900 Jo(%")]

az,jJ2(as,;)?

3

because Jy = —Jo at a zero of J3 by (6). Thus, for 0 < z < 1,

s,
- _22 Jo( al JB JJQQZZ ;7)25 ) Js(as i),
29. By Theorem 2 with p = 1, we have
1 2
45 = W/o Ji(ag jx/2)x d
2 1,5
- W/O Ji(s)sds (let aq jz/2=s).

Since we cannot evaluate the definite integral in a simpler form, just leave it as it
is and write the Bessel series expansion as

oo 9 ai,j
1:Zm [/0 Jl(s)sds] Ji(o jz/2) for 0 <z < 2.
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30. This problem has a short answer. We want to expand the function f(z) =
Jo(z) for 0 < & < a1 in a series expansion in terms of the functions

Jo(ﬂl), j=1,2,....
o1

Note that the first function in this set is

So f is its own Bessel series expansion in this system. We (must) have A; = 1 and
Aj =0 for all j > 0. This will come out of the formula for the Bessel coefficients,
using orthogonality.

31. p =1,y = aai(Ar) + Y1(Az). For y to be bounded near 0, we must
take ¢ = 0. For y(1) = 0, we must take A = \; = a1, j = 1,2, ...; and so
y =yi = c131( ;).

33. p=1,y= c1J1(Ax) + Y1 (Az). For y to be bounded near 0, we must

take co = 0. For y(m) = 0, we must take A = \; = % =4,7=1,2 ... (see
Exercises 21); and so

(%

L 2 ..
y =1y =c1;Ji( ;’J z) = c15/ — sin(jz)

(see Example 1, Section 4.7).

35. (b) Bessel’s equation of order 0 is zy” + 3 4+ 2y = 0. Take y = #~2u. Then

Y =a [ — 5=u] and
1 1 1
noo_ e T A A
4 U 2" * 222" 2 (u 2xu)]
1 3
= xf%[u” — EU/ + @u]

Substituting into Bessel’s equation and simplifying, we find

3 1 1
(xu”—u’—l— Eu) + (u’— %u) +zu=0 = '+ (1+ @)u: 0 (x).
Since Jo(x) satisfies Bessel’s equation, it follows that u = /zJy(z) is a solution of
the last displayed equation (x).
(c¢) Let v = sinz. Then v 4+ v = 0. Multiplying this equation by w and () by v,
and then subtracting yields

= (uv/ — u/v)/ =

w'" —ovu” = = —uw
427

—4x2 uv

which implies (c), since pzuv = —(u” + u)v from (b) (multiply the displayed
equation in (b) by v).

(d) is clear from (b).

(e) Integrating both sides of the equation

from (c), we obtain

1
/—uvdx =w —vv+C.

422
So for any positive integer k,
(2k+D)m 4 (2k+1)m (2k+1)m
—su(r)sinzdr = w' —u'v =wucosz —u' sinx’
2%k 4z 2k 2km

— —(u(2k7r) + u((2k + 1)77))-
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(f) Consider the integrand in (e): “(964)% This is a continuous function on

[2km, (2k+1)7]. The function S2Z does not change signs in the interval (2km, (2k+
1)m) (it is either always positive or always negative depending on the sign of sin ).
Let us consider the case when k is even. Then S2£ > 0 for all z in (2k, (2k+1)m).
Assume that u(z) does not vanish in (2km, (2k + 1)7). So u(x) > 0 or u(x) < 0
for all « in (2k7, (2k + 1)7). Take the case u(x) > 0 for all z in (2k7, (2k + 1)).

Then “(m)smm > 0 for all z in (2km, (2k + 1)7), which implies that

/ T u@sine g,
2km 4{E2

By continuity of w, it follows that u(2k7) > 0 and u((2k + 1)m) > 0, and so (e)

implies that ( :
2k+1)m .
/ u(x4) s;nx dr <0,
2k €L
which is a contradiction. Thus u(z) is not positive for all = in (2k7, (2k+1)7) and
so it must vanish at some point inside this interval. A similar argument shows that
u(z) cannot be negative for all z in (2k7, (2k + 1)7). A similar argument works
when £ is odd and shows that in all situations, v must vanish at some point in
(2km, (2k + 1)m).
(g) From (f) it follows that u has infinitely many zeros on the positive real line; at
least one in each interval of the form (2km, (2k 4 1)7). Since these intervals are
disjoint, these zeros are distinct. Now Jy and u have the same zeros, and so the
same applies to the zeros of Jj.
Note: You can repeat the above proof with sin x replaced by sin(x —a) and show
that « (and hence Jy) has at least one zero in every interval of the form (a, a + )
for any a > 0.

36. (a) We know that the function J, (“2£z) is a solution of the parametric form
of Bessel’s equation of order p > 0,

2y + xy + (Nia® — p*y =0,

where A\, = O‘Z" and ay, is the kth positive zero of J,. Rewrite the left side of the
equation as follows: for x > 0,

2 1 - _ 1 / )\i$2 _p2 ..
22y oy + (N2t —p)y = w4y + - (Divide by x.)
2
= (z¢) + Ny — —y (Use product rule.)
/ .
= (a)(ay') +NaPyy' —p’yy’  (Multiply by ay'.)

= [5?) + (e =) 307

Qpk
Hence J, ( L

3:) is a solution of

L] + 022 - )

3
[(@y)’] + (\a® =) [y*] =0

(l))) and (c) Integrate from 0 to ¢ and use that y(a) = 0 (because y(a) = Jp (apr) =

0

1

277 _
¥ =0

or

(zy')? / (Afz® —p )[y2]/d33 = 0 (The integral cancels the
first derivative.)
[(333/) + (\z? = p*)y ]’0 — 2)@/ vedr = 0 (Integrate by parts.)
0

(ay/(a))?* — 2)\% /Oa v'rdr = 0 y(a)=0,y(0)=0ifp>0.)

(Chain rule.)
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Thus, with y = J, (“2:2), we obtain

207 [ a 2
[y/(a)]2:a—2k | JIp (ﬂx) xdz.

a
(d) For y = J, (Axx), by (4), we have
)\ka; (M) — pdp (M) = =X dpy1 (Ap)
or
zy' (z) — py(x) = =Mz Jpr1 (M) .
Substituting z = @ and using y(a) = 0, we get ay’(a) = —AgaJpy1 (o). Thus from

()

@ apr \2 a’ a?
/0 JIp (Lx) rdr = ﬂ)\it]wrl(aky = ?[Jerl(O‘k)]Q'

a

One more formula. To complement the integral formulas from this section,
consider the following interesting formula. Let a, b, ¢, and p be positive real numbers
with a # b. Then

/0 ‘ Jp(azx) J,(br)x dz = ﬁ [a],(be) T, 1 (ac) — bJy(ac)J,_1 (be)].

To prove this formula, we note that y; = Jp(ax) satisfies

2y + xy) + (®2® — p*)y1 =0

and yo = Jp(bx) satisfies

22yl + wyh 4+ (22 — p*lye = 0.

Write these equations in the form

(w9h) +¢h + ————m =0
and

(e15) + 95+
Multiply the first by y2 and the second by y — 1, subtract, simplify, and get

va (21) = 1 (29h)" = 10 (07 — ).
Note that
v2 (201)" = (wgh)" = % [y () — y1 (2yh)].-
So
(67 — Yy = - [ya () — wr (o4h)],

and, after integrating,

C

0 = x[yQy/l - yly’Q]

C

(b* —a?) /0 ) yi(x)y2(z)z dz = [y2 (1) — y1(z1h)]

.
On the left, we have the desired integral times (b?> — a?) and, on the right, we have
c[Jp(be)ad)(ac) — bJy(ac) ], (be)| — clady(0)J,(0) — bJ,(0).J,(0)].

Since Jp(0) = 0 if p > 0 and Jj(x) = —Ji(z), it follows that J,(0)J,(0) —

Jp(0)J,(0) = 0 for all p > 0. Hence the integral is equal to

¢ c
1 :/0 Jp(ax) Jp(bx)x dx = (P

— a2

[aJp(bc)J;(ac) - bJp(ac)J;(bc)] .
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Now using the formula

we obtain
1 = sz [0 00) (Jpa (00) — Ty (a0)) = by (ac) (s (b) — Ty (b))

Simplify with the help of the formula

T (@) = Ly (a) — Jya (2)
and you get
I = 72(1)2 C_ ) [aJp(bc) (prl(ac) - (%Jp(ac) — prl(ac)))
b, (a) (T2 (b) — (LT (be) — Ty (b))
= [y (be)Jpm1(ac) — b, (ac) Ty (be)),
as claimed.

Note that this formula implies the orthogonality of Bessel functions. In fact its
proof mirrors the proof of orthogonality from Section 4.8.
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Solutions to Exercises 4.9

1. We have
I . I .
Jo(x) = —/ cos (—xsind) df = —/ cos (zsin6) do.
™ Jo ™ Jo
So Lo
JO(O):—/ =1
T Jo
For n # 0,
1 us
In(z) = —/ cos (nf — x sin 6) db;
T Jo
SO Lo
Jn(0) = —/ cosnfdf = 0.
T Jo
2. We have

l / cos (n9 — xsin 9) do
0

<1

/ ’cos (n9 — xsin 9)’ do
0

< l/ dog =1.
™ Jo

3. taking imaginary parts from teh series in Exampe 2, we obtain

IN
|

sine = H_ZOO JIn () sin 5
= Y nmw
= ;Jn(x)&n?—l- ; In( )sm7
= ZJ"( )smE - ZJ,n(x) sin (E)
n=1 n=1
= Z Jok 11 - Z J_(2k+1)
k=0 k=0

= 22 V¥ Taki1 ().

4. (a) For any real number w, we have
le"| = |cosw + isinw| = V cos? +sin” w = 1.

If  and 6 are real numbers then so is x sin 6, and hence

’elxsmﬁy —1.

(b) For fixed x, apply Parseval’s identity to the Fourier series

ms sin 9 E J 1710

n=—oo
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whose Fourier coefficients are J,(z), and you get

1 T iz sin 02 —
o U SR
or
1 [ =
%/ 1d0 = Jo(z)* +2  Ju(2)?
- n=1
hence

1= Jo(x)> 42 Z T (
(¢) Since the series converges (for fxed x), its nth term goes to 0. Hence lim,, o0 J (2) =
0.

5. All the terms in the series
1= Jo(x)> 42 Z T (

are nonnegative. Since they all add-up to 1, each must be less than or equal to 1.
Hence

Jo(2)? < 1= |Jo(x)] <1
and, for n > 2,

2J,(2)* <1 = |J,(2)] <

%\

6. (4) implies that

cos (x sin 9) + isin x sin 9 Z In( cos nf + isin n@) .

n=—oo

taking real parts, we get

cos (x sin 9) = Z Jn () cosnb

n=—oo

= Z Jn(x) cosnb + Z Jn(x) cosnb

n=-—1 n=1

= —|-ZJ cosn@—l—ZJ ) cosnf

n=1

= Jo(x)+

M8i

(=1)"Jn(x) cosnb + Z JIn () cosnd

n=1

[(1 + (=1)") Jn(x) cos nﬁ]

Il
-

n

= Jo(x)+

hE

Il
-

n

= )+ 2 Z Jon () cos 2n9).

The second identity follows similarly by taking imaginary parts.
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7. We have f(t) = f(r —t) and g(t) = —g(m — t). So

g /2 g
/0 fet)ydt = / F(b)g(t) dt + / T gty

/2 0
/ f(t)g(t)dt—/ fr—z)g(mr —x)dx (let t =7 —x)
0 /2

/2 /2
[ swswa— [ g as=o.
0 0

8. (a) Apply Exercise 7 with f(t) = cos(zsint) and g(t) = cost. Part (b) is true for
even n and not true if n is odd. If n is even, apply Exercise 7 with f(t) = sin(x sint)
and ¢(t) = sin(nt).
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Solutions to Exercises 5.1
1. Start with Laplace’s equation in spherical coordinates

9%u  20u 1 (82u

du 5, 0%u
(1) W-ﬁ-;g-‘rﬁ + cot @— + csc 9—)—0,

002 o0 2

where 0 < r < a,0< ¢ <27, and 0 < < w. To separate variable, take a product
solution of the form

u(r, 8, ¢) = R(r)0(0)®(¢) = ROD,

and plug it into (1). We get
2 1
R'6® + ZR'OP + — (RO"D + cot YRO'® + csc? § ROD" ) = 0,
r T

Divide by RO® and multiply by 72:

R// R/ @// @/ @//
r2§+2rE + 5 +eotfg +csc219E =0.

Now proceed to separate the variables:

/! !/ 11 !/ @//
r2%+2r% =— (%—l—cot@%—l—csf@;) .

Since the left side is a function of r and the right side is a function of ¢ and 6, each
side must be constant and the constants must be equal. So

R// R/

2
oo —
r R + TR W
and 11 @/ @//
6+C0t96 +csc29$:—,u.

The equation in R is equivalent to (3). Write the second equation in the form

1 / 1

6+cot9%+u:—030203;

@// @/ @//
.2

sin“ @ | — + cot0— + =——
o ( 0 2 “) T
This separates the variables # and ¢, so each side must be constant and the constant
must be equal. Hence

11 /
sin? @ (%—l—cott?% +,u> =v

and
@//
I/:——(I) = " 4+vd=0.

We expect 27-periodic solutions in @, because ¢ is and azimuthal angle. The only
way for the last equation to have 27-periodic solutions that are essentially different
is to set v = m?, where m = 0, 1, 2, .... This gives the two equations

" +m*® =0
(equation (5)) and
11 /
sin? (% + cot 9% + ,u> =m?,

which is equivalent to (6).
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3. From Section 5.5, we have
1
Py(z) =1, Pi(z) =2z, P(z)= 5(3352 —-1).

So
1
Py(cos@) =1, Py(cosf) =cosl, Pa(cosh) = 5(3 cos? @ —1).
Next, we verify that these functions are solutions of (7) with u = n(n + 1), with
n = 0, 1, 2, respectively, or u = 0, 2, 6. (Recall the values of p from (14).) For

=0, (7) becomes
0" + cot 60" = 0,

and clearly the constant function Py(cos 6) = 1 is a solution. For u = 2, (7) becomes
0" 4+ cot 0" + 20 = 0.

Taking © = P;(cosf) = cosf, we have © = —sinf, and ©” = —cosf. Plugging
into the equation, we find

0" + cot 0" +20 = —cosb + ;OTSZ(—Sinﬁ) +2cosf =0.
Finally, for p = 6, (7) becomes
0" 4 cot 0" + 60 = 0.
Taking © = P5(cos ) = (3 cos?§ — 1), we have
O = —3sinfcos b,
0" = —3 (cos?§ —sin”0) ,

cos 6
sin 0

0" +cot#0' +60 = —3(cos’f —sin®0) + (—3sinf cos )
+3(3cos? 0 — 1)
= 3(cos?f +sin?f) —3=0
4. When m = 0, P(cos) = Pi(cosf) was treated in Exercise 3. When m = 1,
Pl(cosf) = —/1 —cos? 0 = Vsin?§ = sinf. You should note that 0 < 6 < 7, so
sin @ > 0, thus the positive sign in front of the square root. With m =1 and p =1,
equation (6) becomes

0" + cot 0O’ + (2 — csc® §)© = 0.

Taking © = P} (cos §) = sin 6, we have ©' = cosf, ©” = —sinf. So

0
0" +cot O’ + (2 —csc?0)® = —sinf + Z?S
i

1 .
ocosﬁ—i- (2— - 29) sin 6

Sin

—=—sin?0

1 —
= sinf+ —— (cosQH— 1) =0.
sin 6
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Solutions to Exercises 5.2
1. This problem is similar to Example 2. Note that f is its own Legendre series:
f(0) =20 (Pi(cos ) + Py(cosb)).

So really there is no need to compute the Legendre coefficients using integrals. We
simply have Ay = 20 and A; = 20, and the solution is

u(r, 0) =20+ 207 cos 6.

3. We have -
u(r, 0) =Y Apr™Py(cosb),
n=0
with
2 1 /7
A, — ”; / F(6) P (cos6) sin6 do
0

m+1 (2 o+l [T
= ”;‘ / 100 P,,(cos ) sin 6 db + ”2"‘ / 20 P, (cos 0) sin @ df.
0 x

Let © = cosf, dv = —sinfdf. Then

A, = 50(2n+1) /1 P, (z)dx+10(2n+1) /0 P, (z)dz.
0

—1
The case n = 0 is immediate by using Py(z) = 1,
1 0
A0:50/ dx—l—lO/ dx = 60.
0 ~1

For n > 0, the integrals are not straightforward and you need to refer to Exercise 10,
Section 5.6, where they are evaluated. Quoting from this exercise, we have

1
/ Py, (x)dx =0, n=1,2 ...,
0

and L
_ (=) (@2n)! _
/0 P2"+1(x)dx_22"+1(n!)2(n+1)’ n=0,1,2,....

Since Py, (z) is an even function, then, for n > 0,

/0 Pon(z)dz = /01 Pon(z)dz = 0.

—1

Hence for n > 0,
Ay, = 0.

Now Ps,+1(2) is an odd function, so

0 1 —1)"*(2n)!
/1 Poyi1(x) da = —/0 Ponyi(z) de = _22n4(rl(73!)g(n)+ 1)’

Hence forn =20, 1, 2, ..,

1 0
A2n+1 = 50(47’L + 3) / P2n+1($) dx + 10 (47’1, + 3) / P2n+1($) dx
0

(—1)"(2n)! (1))
22n+l(p)2(n+ 1) 22n+l(ph2(n+ 1)
(—1)" @n)!
21 ()2 (n + 1)
(—1)" 2n)!
P (2 (n+ 1)

= 50(4n +3)

—10(4n +3)

= 40(4n+3)

= 20(4n+3)
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So
(=1)"(2n)!

ulr, o>—60+2024”+3>m

T2n+1P2n+1(COS 0).

5. Solution We have

ZA r" P, (cosf),

with
2 1
A, = ”+ /f . (cos 0) sind df
= 2”;1/ cos 6 P, (cos @) sinf do
0

on+1 [t
_oont / z Py(z) dx,
2 0

where, as in Exercise 3, we made the change of variables x = cosf. At this point,
we have to appeal to Exercise 11, Section 5.6, for the evaluation of this integral.
(The cases n = 0 and 1 can be done by referring to the explicit formulas for the
P, but we may as well at this point use the full result of Exercise 11, Section 5.6.)

We have
! I 1
2Py(x)de = =; | xPi(z)dx = =;
0 2" Jo 3
1
—1)"+1(2n —2)!
/ngn(x)dx: 2( ) (;L ) con=12...;
0 22n((n — D)NH)2n(n+1)
and
1
/xP2n+1(x)dx:O; n=1,2,....
0
Thus,
1 1 31 1
A g _ = = A = = — = — An :O, :1,2,3,...;
°To2 Ty T a3 g Tt "

1
2
and for n =1, 2,

22n)+1  (=1)""(2n —2)!
2 229((n—1))2n(n+ 1)

(—=1)"*1(2n — 2)!

Aon = 27 (n— 1))2n(n+ 1)

=(n+1)

So
1) (4n +1)(2n — 2)!
22t ((n—1))2n(n+1)

1 1
u(r, §) = 1 + 3" cos 6 + Z 72" Py, (cos ).

7. (a) From (8)

nrEn)!
u(r, 6) = 50 + 252 dn + 3)%# 1Py, 11 (cos 6) .
n=0
Setting ¢ = 7, we get
T _ (=D)"2n)! 5nia T
u(r, 2) = 50—}-257120 (4n+3) 22n( )2(n+1)r P2n+1(cos,2)
=0
(=D)"(2n)! am

= 50+252 (4n + 3)

20t ) e 1 1)

= 50
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This is expected, since the points with ¢ = 7 are located halfway between the

boundary with The temperature at these points is the average value w or 50.
(d) For # = 0, we have

u(r, 0) + u(r, m)

2
- (-1(n) -~
I
= 50425 7;0(477, + 3)WT (P2n+1(COS O) + P2n+1(COS 7T))
— 50,

because Poy41(c0s0) = Poyq1(1) = 1 and Pajp1(cosm) = Popga1(—1) = —1. This
makes sense because the average of temperatures equidistant from v = 50 in a +z
symmetrical environment ought to be 50 itself.

9. We first describe the boundary function. From the figure, we see that there is
an angle 6y, with cos 8y = —%, and such that

[ 70 if0<0 <6y,
f<9)_{55 if g <0 <.

Appealing to (5), we have

A, = 2”;1/ﬂf(0)Pn(cos9) sin6 do
0
= 2”;1/00 70 cos 0 Py, (cos @) sinfdf
0
+2”2+ ! /; 55 cos 6 Py (cos 0) sinf do
0
_ 2”;1/1%5513"(0 dt+2n+1/11 70 Py (1) dt,

3

where we have used the substitution cosf = t, dt = —sinfdf, and cosfy = —
For n = 0, we have Py(z) = 1 and so

1
3

1

ao=3 |69

3

4
5 + (70)(5)] = 65.

For n > 1, we appeal to Exercise 9(a) and (c), Section 5.6. The results that we
need state that forn=1, 2, ..,

and

Thus, for n > 1,

A = 2EE (p- - pa-p)
+%( -1 ( ;)_PnJrl(_%))]
= S (Patg) - Pty

So
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Solutions to Exercises 5.3
1. (c) Starting with (4) with n = 2, we have

5 (2—m)! ,
Yom(0,0) =] ——F PJ" 6)em?
2,m (0, ¢) mErmyt? (cos 0)e"™?,
where m = —2, —1, 0, 1, 2. To compute the spherical harmonics explicitely, we will

need the explicit formula for the associated Legendre functions from Example 1,
Section 5.7. We have

Pya)= L1 —2%); Pyl(z)=lavI—a% PY(z) = Py(x) = 3271,
Pl(z) = —3zv1 — 22; P3(x) = 3(1 — 2?).
So

YQ,fl(oa (b) -

531 ’ 57 it
= EF§COS€\/1—COS Oe

151 ; / j
g 3 cos @ sin Pe 1P = g 6% cos 0 sin fe ™%,

Note that since 0 < § < 7, we have sinf > 0, and so the equality v/1 — cos? § = sin 6
that we used above does hold. Continuing the list of spherical harmonics, we have

Ya0(0,0) = % g i_ 8;: Py(cos f)e ™

i300329—1 1

5 2
5 Z\/;(3cos 0—1).

The other spherical harmonics are computed similarly; or you can use the identity
in Exercise 4. We have

- —— 3 /5 —
Yoo = (1Y 2=Ys o= Ver sin? fe—2i¢

= §\/131112962“15.
4V 61

In the preceding computation, we used two basic properties of the operation of
complex conjugation:

=~
3

az = az if a is a real number;

and
—1ia

et =¢ if a is a real number.
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Finally,

S 3 /5 —
Yo1 = (—1)1}37,1:—137,1:—5 G—Wcosﬂsine*w

= —;UG% cos 0 sine*?.

3. To prove (5), we use the definition of the spherical harmonics, (4), and write

27 T
/ / Ym0, 8)Y s s (0, ¢) sin 6 df dop
0 0
=1

=II

27 s
= C/ elme eim/¢d¢/ P (cos ) PT¥ (cos §) sin 6df,
0 0

where C' is a constant that depends on m, n, m’, and n/. If m # m’, then I = 0,
by the orthogonality of the complex exponential functions (see (11), Section 2.6,
with p = 7). If m = m’ but n # n’, then II = 0 by the orthogonality of the
associate Legendre functions. (Make the change of variable cosf = x and then use
(6), Section 5.7.) Thus if (m, n) # (m’, n’), then the above double integral is 0.
Next we prove (6), but first note that the left side of (6) is what you would get if
you take (m, n) = (m/, n’) in (5). This is because

Ym,n(oa ¢)Ym,n(9; (b) = |Ym,n(9; ¢)|2 .
Here again we are using a property of complex numbers, which states that
2Z=|z|*> for any complex number z.

Using (4), we have

/ V(0. )F (0, &) sin 6 d6
0

=1 =II
1 2m ) 9 1 . ! o
=L [T e mimo g (Gt V(0 = m) / [P™(cos 6))? sin 0df .
27 Jo 2(n+m)! 0
We have
1 2m . ¢ . ¢d 1 2m d
_ = im —im _ = -1
27 Jo cc ¢ 27 /0 o=1
because e™? =M% = 1. Also, II = 1 by (7), Section 5.7. (You need to make a
change of variables in the integral in I1, x = cos, dx = —sin 6 df, before applying
the result of Section 5.7). [ |

5. (a) If m =0, the integral becomes

2m 1 o
bdp = —¢2’ — 272,

0 2" lo

Now suppose that m # 0. Using integration by parts, with u = ¢, du = d¢, dv =

e~ md = —L_e7"m? we obtain:
—1m

—u =dv
2T A /—/\ 1 ) 2m 1 2w )
/ (b e*lmqb d(b _ |:¢ _ e*lmqb T e*lmqb d(b
0 —1m 0 mn 0
We have _
eﬂmﬂ(ﬁ:% = [cos(m(b) - isin(mtb)’ = 1,
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and
o . 2w
/ "M dp = / (cosmg — isinme) do
0 0
B 0 ifm#0,
- 27 ifm=0
So if m #£ 0,
2w 2
pe—imd gy — 2T _ 2T,
0 —im m

Putting both results together, we obtain

2w 27 - .
—imé B =L ifm #0,
g dp = {27r2 if m = 0.

0

(b) Using n =0 and m = 0 in (9), we get

Agoy = i LO—!/Qﬂqﬁdqﬁ/ﬂP( 0) sin 0 df
0,0 = oy : v(cos 0) sin

2\/_/ \/_sm@dt?

1 us
= Wﬁ/@ sinfdf = /7

Using n =1 and m = 0 in (9), we get

Ay = 1./31/2ﬁ¢d¢/ﬁp( 0) sin 6 do
1,0 — o a1 o A 1(COS Sin

=0
—_——~
- L §<22>/1P<>d
= s L ) (x) dx
— 0,

where we used fil Py(z)dx = 0, because Pi(x) = z is odd. Using n = 1 and
m = —11in (9), and appealing to the formulas for the associated Legendre functions
from Section 5.7, we get

27 _
71

/3 2! g
A1 = Py 4#0'/ “bdqﬁ/ cos@ sin 6 df

31 [ 1
= —i E§/0 sin? 0 do (Pfl(cosﬁ):§sin9)
_ i fm
4V 27

Using n = 1 and m = 1 in (9), and appealing to the formulas for the associated
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Legendre functions from Section 5.7, we get

.
T

30

—_—~
1 2m ] ™
_ -2 —i¢ 1 :
A = 5\ 1r 2!/0 pe d(b/o P;(cos 0) sin 6 df

—
= i,/i/ —sin?6df (Pl(cosf) = —sinb)
87 Jo
3

N
- iV

(¢) The formula for A, o contains the integral foﬂ PY(cos @) sinfdb. But P) = P,,
the nth Legendre polynomial; so

vl

/ P%(cosf)sinfdf = / P, (cos @) sin 6 db
0 0

where the last equality follows from the orthogonality of Legendre polynomials (take
m = 0 in Theorem 1, Section 5.6, and note that Py(z) =1, so fil(l)Pn(x) dx =0,
as desired.)

7. (a) The boundary function is given by

100 if —Ze<T
6, ¢) = { 0 otherwise.

The solution u(r, 0, ¢) is given by (11), where the coefficients A, are given by (8).
Since the integrand in (8) is 2w-periodic in ¢, the outer limits in the integral in (8)
can be changed to —m to 7 without affecting the value of the integral. So we have

A = /ﬂ/o F(O, §)Y (6, ¢)sin 0 do dp

/4 L
- 100/ /Ynym(o,(b)smodod(b.
0

—7/4

(b) Using the explicit formulas for the spherical harmonics from Exercise 1, obtain
the coefficients given in the table.

If m =n =0, then

=2
100 71'/4 ™
/ sin 0 df dg = 501/
0

AO,O =5 =
2\/7? —7/4

If m = 0 but n # 0, then A,,, contains the integral fil Py(z)dx (n=1,2,...),
which is equal to 0 by the orthogonality of the Legendre polynomials; and so A,,, =
0 if m = 0 and n # 0. For the other coefficients, let us compute using the formula
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for the spherical harmonics:

/2 1(
Ay = 100 ”+ —m) / e=mb dob / P™(cos 0) sin 6 df
n+m —7/4

—— sin 2T

/4 1
= 100\/2”+1ﬂ/ (cosm¢—isinm¢)d¢/ P™(s)ds
—1

n+m

200 /2n+1 —m)! / m(
= sm— P’
n+m

The integral I,,,,, = fil P! (s)ds can be evaluated for particular values of m and n
(or you can use the general formula from Exercises 6). For example, if m =n =1,

then
=half area of a disk of radius 1
—_—
1 1
/ Pl(s)ds = — / V1—2s2ds :—g.
-1 -1
So

200 /3 O' T, T
A= s 4(_5)__25\/3_”'

The other coefficients are computed similarly by appealing to the explicit formulas
for the associated Legendre functions from Section 5.7 and using the preceding
formulas.

(¢) Using an approximation of the solution with n running from 0 to 2 and m
running from —n to n, we get

u(r,0,¢) = 2; 2; A ™Yoy (6 2; 2; A Yoy (6, ¢).

Now substituting the explicit formulas and values, we obtain

u(r, 0, ¢)
~ 1950400+ 7 Y1 —1A1 1+ Y11 A+ 17 Ye 0As o+ 177V 0A00

1 1 /3 - 1 /3 -
o - - 2w —i¢p - it i
= 2ﬁ50ﬁ+r 5\ ox sinfe 25V 31w + 5\ 3r sinfe'? 25V 3w

3 /5 , 5 3 /5 , 5
2 / 02 —2i¢ / / in2 et /
—\/— 0 1 — + -/ = 0 1 —
+r i\ 6r sin” fe 00 o + i\ 6r sin” fe 00 6#]
=cos ¢ =cos2¢p
—_—~ —_—
5 i —id 1 2id —2i¢
— 25475 grsmo (%) 12512 L sin2 0 (%)
T

3 1
- 25+75§rsm9cos¢+ 125 12— sin? 0 cos 26 .
w

9. We apply (11). Since f is its own spherical harmonics series, we have

u(r, 0, 6) =Yoo(0. 9) = 5= W
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11. The solution is very much like the solution of Exercise 7. In our case, we have

[2 1(
Ay = n+ —m) / ﬂm‘ﬁdqﬁ/ P (cos @) sin 6 df
n+m

/3
= 50\/2n+1( m)/ (cosm¢ — isinma) d(b/ P (s
4 (n+m)!
n+

1 !
_ 100 /2 1 (n—m)! sm—/ Pros
4 (n+m)!

100 [2n+1(n—m)! m)
= — Inma
m 4 (n+m)! m)

where I,,,, = fil P (s)ds. Several values of I, were found previously. You can
also use the result of Exercise 6 to evaluate it. [ |

+
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Solutions to Exercises 5.4

5. We apply Theorem 3 and note that since f depends only on 7 and not on 6
or ¢, the series expansion should also not depend on 6 or ¢. So all the coefficients
in the series are 0 except for the coeflicients A; ¢ o, which we will write as A; for
simplicity. Using (16) withm =n=0,a =1, f(r, 0, ¢) =1, and Yy 0(0, ¢) = ﬁ,
we get

2 1 27 T 1
A = 7// /j()\y-r)—TQSinﬁde(bdr
! ]%(O‘%,j) o Jo Jo W
=27 —2

2 1
1 ™ ™ . )
= W‘/O d¢‘/0 Sln@d@A ]0()\07j T)TQ dr
35J
4 1
= i/ jo(Xo, jr)r?dr,
0

j%@‘%,j)

where Ao j = a1 ;, the jth zero of the Bessel function of order 1. Now

[ 2 .
Jijo(x) = —sinz

(see Example 1, Section 4.7), so the zeros of J; /o are precisely the zeros of sinz,
which are jm. Hence

Also, recall that

(Exercises 38, Section 4.8), so

1 1 1 . .
/ jo(Xo,jr)r¥dr = / Jo(jmr)rtdr = / 75111(]#1") r2dr
0 0 0

Jmr
_(cnpitt
=0T
—_—
1t
= — [ sin(jrr)rdr
JT Jo
(_1)j+1
(Gm)*
where the last integral follows by integration by parts. So,

_ Avm ()7

I j3Gm) (m)E

This can be simplified by using a formula for j;. Recall from Exercise 38, Sec-

tion 4.7,
. sinx — x cosx
]1(@:7.
Hence
2(jm) SmUﬂ—jwcos(jw)r [—cosow)r [<—1>j+1]2 |
11UT) = - = - = : = _ ,
1 ()7 I in G
and

AJ - 4(_1)J+lﬁa
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and so the series expansion becomes: for 0 < r < 1,

1= S At yEERIT 6, )

Jrr

> 1
_ A(—1)i+1 sin jmr
2; (VR

_ i2(_1>j+lsinj7rr'

Jmr
It is interesting to note that this series is in fact a half range sine series expansion.
Indeed, multiplying both sides by r, we get

S
:—Z 1)7+1 sinjmr (0<r<1),

which is a familiar sines series expansion (compare with Example 1, Section 2.4).H

7. Reasoning as we did in Exercise 5, we infer that the series representation is of
the form

> AYoo(6, d)jolay 1),
Jj=1

where
27
4; = o / / / Jo(Ao 57 NG *sin 6 df do dr
7
=27
/—/%
1 /Qﬂd¢/ﬂ~ ode/l()\ )4d
- st Jo( Ao,z r)r™ dr
\/_]1(01% j) 0 0 0 J
4/ L
= 57 \/_ / ]0()\0ij)7"4 dT,
jl(a%,j) 0
where Ao, ; = o j, the jth zero of the Bessel function of order 1. Again, from
Exercise 5:
Tpla) = = s
1/2\L) = g sz,
Noj =0y, =i
and .
. sinx
Jolz) = —
So
' ! ! sin(jnr)
/ jo(Ao,jr)rtdr = / Jo(jmr)rt dr :/ ——=——ptdr
0 0 o Jmr
=(—6+452a2) DI (13,];1

= —/ sin(jm r)r® dr

—6 + j°m) (=17
(jm)*

3

where the last integral follows by three integrations by parts. So,

4V (1 (=6 + j°n%)
AGm Gt

A; =
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From Exercise 5,

4, [sin(jm) — jmcos(jm) 47 — cos(jm) 47 (—1)7H+ 47 1
Ji(gm) = (§m)2 ] _[ g ] _[ jm ] - (Gm)A’
&)
(64T
Ay = a1y T,

and so the series expansion becomes: for 0 < r < 1,

o0

2 i1 singmr 9 oy 1
o= A1) (=6 + ) =
; (jm)3r 2\/m
_ oo 2 J+1 +j27r2)si%1j;ﬂ"'
2 Grpr

Here again, it is interesting to note that this series is a half range sine series expan-
sion. Indeed, multiplying both sides by r, we get

P =S AP o AT o)

j=1

which is a sines series expansion of the function f(r) =73, 0 <r < 1.
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Solutions to Exercises 5.5

1. Putting n =0 in (9), we obtain

1 < (0 — 2m)! .
() =35 2 (- 10 — m)'(0—2m)!x0 '

m=0
The sum contains only one term corresponding to m = 0. Thus

0!
Py(x) = (—1)0m$0 =1

because 0! = 1. For n = 1, formula (9) becomes

245

M
1 2 —2m)!
_ = Z ( m) gl=2m

21 —m)!(1 —2m)!
where M = ; = 0. Thus the sum contains only one term corresponding to m = 0
and so

1 0 20 4
Pi@) = 1D 5mme =

For n = 2, we have M = 2 =1 and (9) becomes

—m)!(2 —2m)!
m=0 m=1

1 , Al LA—2)0
= 5D em 1ol ©
1, 1 3 e

= 4656 +4( 1)2 = 57~

1
v* 4oz (1)
1
2°

For n = 3, we have M = 351 =1 and (9) becomes

1
1 (6 — 2m)! .
P = —_— m
3(2) 23Z 13— m)I(3— 2m)!"

1 6 1A
= D gEE® Tt mm®

5, 3
= —Tr — =X.

27 T3

For n = 4, we have M = 2 =2 and (9) becomes

1 < . 8 — 2m)! Com
Pie) = 7D (-1 m!(4£m)!(4)—2m)!x4

18 4 16, 14

24 T Y YL RS T TG
= §(35:c — 3022 + 3)



246  Chapter 5 Partial Differential Equations in Spherical Coordinates

3. By the first formula in Exercise 2(b) (applied with n and n 4 1), we have

Py, (0) = Pont2(0) = = P2u(0) — Pa(n41)(0)
(2n)! ne1_ (2(n41))!
= (—1 22"(71!)2 _(—1) + 22("+1)((n+1)!)2
(2n)! L (2n+2)(2n+ 1)((2n))

= D'z T Y e s 2
~ @[y Cr )
. )n22(3(n73!!)2 :1+ 2(n1:r(;)£2g;r 1)]

= (- >"22(32!!>2 " %111))]

— )

5. Using the explicit formulas for the Legendre polynomials, we find

/ Piy(x)dx = / (2% — Zx)dx
. 2t T

— 54 3
= "3

Another faster way to see the answer is to simply note that Ps is an odd function, so
its integral over any symmetric interval is 0. There is yet another more important
reason for this integral to equal 0. In fact,

1
/ P,(z)dx =0 foralln #0.
—1

This is a consequence of orthogonality that you will study in Section 5.6.

7. Using the explicit formulas for the Legendre polynomials, we find

/01 Py(z)dz = /Ol(ggﬂ - %) dz

This integral is a special case of a more general formula presented in Exercise 10,
Section 5.6.

9. This is Legendre’s equation with n(n + 1) = 30 so n = 5. Its general solution
is of the form

y = abs(@)+cQs(@)
1
= 13(632° = 702% + 152) + ¢5 (1 — 1527 + 302" + )
= ¢1(632° — 702° + 15z) + ¢ (1 — 1527 + 302 + - - )

In finding Ps(x), we used the given formulas in the text. In finding the first few
terms of Q5(x), we used (3) with n = 5. (If you are comparing with the answers in
your textbook, just remember that ¢; and c¢o are arbitrary constants.)

11. This is Legendre’s equation with n(n + 1) = 0 so n = 0. Its general solution
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is of the form

y = c1Py(x)+ c2Qo(x)

+ 2y By
= ct+cl|lr——=z —
re 6 5!

.IB .IS
= 01+02<$+?+€+"'>

where we used Py(x) =1 and (4) with n = 0.

13. This is Legendre’s equation with n(n + 1) = 6 or n = 2. Its general solution
is y = c1Pa(z) + c2Q2(x). The solution will be bounded on [—1, 1] if and only
if ¢ = 0; that’s because P» is bounded in [—1, 1] but @2 is not. Now, using
Py(z) = (322 — 1), we find

y(0) = c1P2(0) + c2Q2(0) = —%1 + c2Q2(0)

If ¢ = 0, then ¢; = 0 and we obtain the zero solution, which is not possible (since
we are given y'(0) = 1, the solution is not identically 0). Hence c2 # 0 and the
solutions is not bounded.

15. This is Legendre’s equation with n(n + 1) = 56 or n = 7. Its general solution
is y = c1P7(x) + c2Q2(z). The solution will be bounded on [—1, 1] if and only if
¢z = 0. Since Pr(z) is odd, we have P;(0) = 0 and so

1= y(O) = 01P7(0) =+ 02Q7(0) = CQQQ(O).
This shows that co # 0 and the solutions is not bounded.

17. (To do this problem we can use the recurrence relation for the coefficients,
as we have done below in the solution of Exercise 19. Instead, we offer a different
solution based on an interesting observation.) This is Legendre’s equation with

1

n(n+1) =2 orn = 1. Its general solution is still given by (3) and (4), with n = £:

Yy = c1y1 + c2y2,

where
1,1 1 1/1 1
33 +1 I-9ld+1ni+3
yi(z) = 1_2(22| )x2+(2 )2(24' )(5 )x4+
3., 21,
= ot t
and
L1yt Logy i 1)t 42)(L+4a
o) = oo DD B VGG
= $+ix3+£x5+...
24 128

Since y1(0) = 1 and y2(0) = 0, 1 (0) = 0 and y5(0) = 1 (differentiate the series term
by term, then evaluate at x = 0), it follows that the solution is y = y1 (z) + y2(z),
where y; and y» are as describe above.

19. This is Legendre’s equation with 4 = 3. Its solutions have series expansions
Y= _gamx™ for =1 <z < 1, where

oo mm+l)—p
T m42)(m+1)

Since y(0) = 0 and 3/(0) = 1, we find that ap = 0 and a3 = 1. Now because the
recurrence relation is a two-step recurrence, we obtain

O=ay=as=a4=""-
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The odd-indexed coefficients are determined from a;. Taking 4 =3 and m =1 in
the recurrence relation, we find:

2—-3 1
az = a] = —=.
(3)(2) 6
Now using m = 3, we find
3(4) -3 9 1 3

and so forth. Thus the solution is

23 3 5,
=r——— —z+---.
Y 6 40

23. Using the reduction of order formula in Exercise 22 (with n = 0) and the
explicit formula for Py(x) = 1, we find for —1 < & < 1,

1
W) = A [ =

1
= /—1_x2dx
1 1 1
. _/ — da
2 1+ —-1+=x
1 1 1
- 5(ha|1+3;|_1n|3;_1|):_m(| ”')

2 | — 1]
- 11 (1—1—35)
B R G

In evaluating the integral, we use the partial fraction decomposition

1 1 RV 1
1—22 (1-2)(1+2z) 2\14+42 —1+z/)°

You should verify this identity or derive it using the standard methods from calculus
for partial fraction decomposition. The second comment concerns the absolute
value inside the logarithm. Because —1 < z < 1, we have |1 + 2| = 1 4+ z and
| =14 2| =1— z. So there is no need to keep the absolute values.

29. (a) Since
’(x +iv/1— 22 cos 0"
it suffices to prove the inequality
’x—l—i\/l —x200s9’ <1,

which in turn will follow from
2
’x—l—i\/l —x200s9’ < 1.

For any complex number « + i3, we have |a +i3|?> = o? + 3. So

2
’x—l—i\/l—chosH’ = 22+ (V1 — 22cosf)?

n
= ’x—i—i\/l—chosH’ ,
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which proves the desired inequality.
(b) Using Laplace’s formula, we have, for —1 <z < 1,

Po(@)| = =

/ (x + 1V 1 —a2cosh)"” d9’
™ Jo

1 s

—/ (r+iv1—a%cosh)”
™ Jo

1 T
L / 6 (by (a))

T
= 1

IN

IN

31. Recall that if « is any real number and k is a nonnegative integer, the kth
binomial coefficient is

(a> e

and ( g ) = 1. With this notation, the binomial theorem asserts that
(I+x) —Z( ) , —l<z<l.
k=0

(a) Set o= —1, and obtain that

o0

Z 22k k' o", lv] < 1.

Solution We have

()

k factors

—_
7N
w||

—_
|
—_
N~
/‘\
w||
—_
|
~—~
=N
|
—_
S—
"

28 (2-1)-(2-2)---(2- k)
(=" (2K)! _ (=D*(2k)!

1 —
k2
1 -1 (-3 (2k — 1)
- wz () (5)
1 k
= E zk [1-3---(2k —1)]
1 (=DF[1-2-3-4---(2k—1)-(2k)]
Tk 2k 2-4---(2k)
1 (=" (2k)!
k!
1
k!

2k 2R(K1)  22k(k!)2

So, for |v| < 1, the binomial series gives

1 e e —1/2 -
=~ Y /_Z( /> Z k22kk' v*

k=0 =0
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(b) We have

1

1+ (—2zu + u?)

(—l)k %(—2xu + u2)k

>

k=0

S R SR v
kzzo( 1) 22k(k|)2]¥0(] )( 2 )

>

k
Z(_l)k ﬂ(_l)kﬂ'#zkﬂxkﬂukﬂu%

2o 2 gy A=)
o k

; (2k)! k—j, k+j
kZ:o;)( Vommmm = Y

Let n =k +j,s0 k =n —j and j cannot exceed n/2, because 0 < j < k. Hence

1

& Cn—)) s

V14 (—2zu + u?)

;ung(_w 20—l — 271

Z u" Py (x)
n=0
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Solutions to Exercises 5.6

1. Bonnet’s relation says: Forn =1, 2, ...,
(n+ 1)P,11(x) + nPyr—1(x) = (2n + 1)aP,(x).

We have Py(z) =1 and Py(x) = . Take n = 1, then

2Ps(x) + Po(x) 3xPy(x),

2Py (z) = 3z-z—1,
L, o
Py(z) = 5(33: —1).

Take n = 2 in Bonnet’s relation, then

3P3({E) + 2P1({E) = 5$P2({E),

3Ps(z) = 533(%(3332—1))—23;,

Py(z) = —a°— 2%
Take n = 3 in Bonnet’s relation, then
4Py(z) + 3Py(x) = TxPs(x),

4Py(z) = 7x(§x —-xz) — g(x2 -1),

1
P4($) = Z |:?$4 — 15$2 4+ =1.

/1 z Py(z) dz = /1 Py(z) Py(2) dz = 0,

—1 —1
by Theorem 1(i).

5. By Bonnet’s relation with n = 3,

TePs(x) = 4Py(x)+ 3Px(z),
xPs(x) = %P4($)—|—%P2(x).

So

/1 o Po(2)Py(2) dz — /1 (%P4(x) + %g@:)) Polx) dx

—1 —1

4 [t 3 ! )
= = Py(x) Py(z)dx + = [P2(x)])” dx
7)., 7).,
32 6
- 75T

where we have used Theorem 1(i) and (ii) to evaluate the last two integrals.
1
7. / 22 Py(x) dr = 0, because 22 is even and P;(z) is odd. So their product is

-1
odd, and the integral of any odd function over a symmetric interval is 0.
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9. (a) Write (4) in the form
(2n +1)Po(t) = Py (1) — Py (1)

Integrate from z to 1,

1

(2n+1)/:Pn(t)dt = /;P,’Hl(t)dt—/ Pl (t)dt

x

1 1
= Punat)] = Paa®)

x

= (Pnfl(x) - Pn+1(x)) + (PnJrl(l) - Pnfl(l))-

By Example 1, we have P,41(1) — P,—1(1) =0. Soforn=1, 2, ...

/ Po(t)dt = 2n1+ [P (w) = Pt (&)

(b) First let us note that because P, is even when is even and odd when is odd, it

follows that P,(—1) = (—=1)"P,(1) = (—=1)". Taking x = —1 in (a), we get

/71 P, (t)dt = JT[Pnfl(_l) = Poyi(-1)] =0,

because n—1 and n+1 are either both even or both odd, so P,_1(—1) = Pp41(—1).

(¢c) We have
O:/ Pn(t)dt:/ Pn(t)dt—i-/ P, (t)dt.
So
/r P,(t)dt = —/1 P, (t)dt
1
= —m[Pnfl(x)—PnH(x)]
1

= m[PnJrl(x) - Pnfl(x)]

10. (a) Replace n by 2n in the formula in Exercise 9(a), then take z = 0, and get

1

/0 Pan(t) dt = T——[Pan-1(0) — Pans1(0)] =0,

because Pa,—1(x) and Poy,41(2) are odd functions, so Pa,—1(0) =0 = Pa,41(0).

(b) Applying the result of Exercise 9(a) with = 0, we find

1 1
m[PQ"(O) = Pana(0)] = +3

1 (2n)!(4n + 3) (2n)!

= sV 20 () 2(n + 1) (-1" 22041 (pl)2(n + 1)

/O Ponea (1) dt [P2(0) = Paony2(0)]

by the result of Exercise 3, Section 5.5.
11. (a)
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(b) Using Bonnet’s relation (with 2n in place of n):
1
P = ——[(2n + 1) Panya1(2) + 2nPap—1(2)] .
in+1

So, using Exercise 10 (with n and n — 1), we find

/lepzn(x) de = 4n1+1 [(271—1— 1)/01 Ponsi(2) dx+2n/01 Pyn () dx]
- T [(2n " ”z%i(%gm D 2n22(_711);;5(27571_—1)1!)))2!”]
- 4(;3? 2%2725)2_(31 0 [(2” + 1>% —A(n + 1)n2]
e en

(—1)" 1 (2n — 2)!
22n((n — 1)))2n(n + 1)

Using Bonnet’s relation (with 2n + 1 in place of n):

$P2n+1 = [(27’L + 2)P2n+2($) + (27’L + 1)P2n($>] .

in+3
Now using Exercise 10, it follows that fol 2 Popi1(2) do = 0.

13. We will use D" f to denote the nth derivative of f. Using Exercise 12,

1 C 13 1
/71(1 — 2?) Pi3(z) dx = 2(13(11)3)! /71 DB[(1 - 23] (2* - 1)B¥dz =0

because D[(1 — 2?)] = 0.
15. Using Exercise 12,

" Py(z)dx = " (7 — T
1 21! 1
—1)r 1
= (=1 / (z? —1)" dx
2n o J
_1 " ™ 1 us
. 2,3 / (cos® 0 — 1)" sin0df = Tl / sin®* ! 0do
0 0
(Let x = cosf, dx = —sinfdf.)
1 71'/2 1 ™
= o sin®" ! 0do + o sin®"*! 9do
0 /2
1 71'/2 1 71'/2
= = sin®" 1 96 + o sin2" (0 + g)do
0 0
1 71'/2 1 71'/2 T
= — sin®" ! 0do + — cos*™ 1 0do (sin(@ + =) = cos )
A A 2
2 (™2 2 227(pl)2  2ntl(pnl)?

— i 3 2n+19d9: = —
on J, M 2 2nt ) @t )l

where we have used the results of Exercises 41 and 42, Section 4.7.
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17. Using Exercise 12,

111n(1_x)P2(x)dx = (2_21;! 11D2[1n(1_x)](x2_1)2dx

IR | ) )
_ 5/,17(1—3:)2 (@~ 1)%(x + 1)2dz
— %1 71(x+1)2dx:;—i(x+1)3 11:%1.
21. For n > 0, we have ( )
(1 — )] = = n—1)!
D fn(1 — )] =
. So
111n(1_x)Pn(x)dx = (;}73:1 /AD"[ln(l—x)] (22 —1)"dx
B G O (U VL R G VG Ol
N 2mn) /,1 (I —ax)» de
_ L[ D de = — (@ 1mt]
T onp 71(3:—1— ) x_2"n(n+1)(x+ ) -1
-2
nn+1)

For n = 0, we use integration by parts. The integral is a convergent improper
integral (the integrand has a problem at 1)

/1 In(1 — z) Py(a)dz = /1 In(1 — z) dz

—1 —1

1
= —(1l-2)ln(l—2)—2| =-24+2ln2.
—1

To evaluate the integral at = 1, we used lim,_1(1 — z)In(1 — x) = 0.

22. The integral can be reduced to the one in Exercise 21, as follows: Let ¢t = —x,
then

/1 In(1+ )P, (z)dx = /1 In(1—¢t)P,(—t)dt

—1 —1

(—1)" /11 In(1 — t) Pyt dt

2

— (_1)n+1 m

ifn>0,and =2+ 2In2 if n = 0.

23. Using Bonnet’s relation and then the result of Exercise 21: for n > 1,

1 1
1
/ In(1 — x)zP,(z)dx = / In(1 —x) [(n + )P q1(x) + nPn,l] dx
—1 2n+1 1
n+1 !
= S— /71 In(1 — x)P,y1(x) dx
1
i / In(1 —x)P,—1 dx
2n+1 J_4
. on+1 —2 n n —2
o 2n+1(n+D)(n+2) 2n+1(n—1)n
7—2[1+17—2 2n + 1
o2+ 1ln+2 n—-1 2n+1(n+2)(n-1)
—2

(n+2)(n—1)
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The cases n = 0 and n = 1 have to be computed separately. For n = 0, we have

/1 In(l —z)zdr = %(mQ—l)ln(l—x)ll —%/1(1+x)dx

—1 -1 -1
= -1

For the integration by parts, we used u = In(l — z), dv = xdx, du = flx dz,
v = %(xQ —1). For n = 1, applying Bonnet’s relation as described previously, we

obtain

/71 In(1 —x)zPy(z)de = %/71 In(1 — z)[2Py(z) + 1P| da

1 1
= 2/ In(1 — x)Py(x) dx + l/ In(1 — z)Pydx
3/ 3/

Now use the results of Exercise 21:

1
2 -2 1
In(1 — P, dr = ——+ -(—2+4+2In2
/,1 n(l - z)aby(z) de 32051 3222
-8 2
= 24 Zm2
g "3
26. (a) Using the result of Exercise 10, we have
2k+1 [
A = 5 /f(x)Pk(x)dx
0
2k+1 [
= Py(z) dx
2 Jo
2%l 0 ifk=2n,n=1,2,...,
- T2 (-1)“% ifk=2n+1,n=0,1,...,
0 ifk=2n,n=1,2,...,

- (-1)“% ifk=2n+1n=0,1,....

1 (! 1 /! 1
0 2/0 0(35) x 2/0 x B

flx) = % + 2(—1)“ (iz j: i) 22(3(”73!!)2 Py ().

Also,

Hence

27. Let f(z)=|z|, -1 <z <1. (a) We have

1t
Ay = —/ |x| Po(z) dx
2J)
1
1
= /xdx:—
0 2
2+1 (1
A = e |z| xdx =0
2 Ja
(Because the integrand is odd.)
Ay = §/1| |1(32 1)d
2 = 3 713: 5 (32 x
5 5

1
5/0 x(3x2—1)dx:z
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(b) In general Asgy1 = 0, because f is even, and

dn+1 [*
Aop n2+ / || Poy () da:
1

= (4n+1)/0 2 Py () dx

(1)1 (2n — 2)!

= Ut D) G S I 1)

by Exercise 11
29. Call the function in Exercise 28 g(z). Then

(12 +2) = 5 (lal + Pi()).

N~

g(z) =

Let By denote the Legendre coefficient of g and Ay denote the Legendre coefficient
of f(x) = |z|, for —1 < & < 1. Then, because P;(z) is its own Legendre series, we

have
B %Ak ifk#1
k =
%(Ak—l-l) ifk=1
Using Exercise 27 to compute Ay, we find

1 1 1 1 1 1

BO:§AO_Z, Blz§+§A1:§+O:§,Bgn+1:O, n:1,2, ceey
and
1 (—1)"1(2n — 2)! [dn+1
B2n - _A2n - .
2 22ntl((n —1)H)2n \ n+1
30. (a) With the help of Exercise 21, we find
1 1
Ay = 5/ In(1 — z)Py(x)de =1n2 —1;
-1
2n+1 (!
A, = 5 In(1 —2)P,(z)de (n=1,2,...)
-1
2n+1 (=2)  —(2n+1)

2 n(n+1) nin+1)°

31. (a) For —1 <z < 1, we use the result of Exercise 30 and get and the Legendre

series
Inl+2z) = In(l-(—x))
= 2n+1
= In2-1- — P, (-
" ngl n(n+1) (=2)
- . 2n 41

because P,(—z) = (—1)"P,(x).
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Solutions to Exercises 6.1

1. Let fj(x) = cos(jmzx), j =0, 1, 2, 3, and gj(z) = sin(jrz), j = 1, 2, 3. We
have to show that f02 fj(@)gr(x) dx = 0 for all possible choices of j and k. If j = 0,
then

2 2
-1 2

/ fi(@)gr(x)dr = / sin krx doe = — cos(kwz)| = 0.

0 0 km 0

If j #0, and j = k, then using the identity sin «cosa = %sin 2a,
2 2
/ fi(x)gj(x)dx = / cos(jmz) sin(jma) da
0 0
1 2
= —/ sin(2jmx) dz
2 Jo

-1
= ——cos(2jmx)

2
45m ’

=0.
0
If j #0, and j # k, then using the identity

sin cos f =

(sin(a + B) + sin(a — B)),

N~

we obtain

[ fom@ar =
0

2
sin(kmz) cos(jmx) dz

wl»—tC\

/ sin(k + j)mx + sin(k — j)mz) da

2

-1 1 1
= 2_(k - cos(k + j)mx + - cos(k —j)w:c) ’0 =0.

5. Let f(x) =1, g(x) = 2z, and h(z) = —1 + 4. We have to show that

/71 f@)g(x)w(z)dx =0, /71 f@)h(z)w(z)dx =0, /71 g(x)h(x)w(x)dr = 0.

Let’s compute:
/ f(z dx—/ 2z\/1 —2%2dx =0,

because we are integrating an odd function over a symmetric interval. For the
second integral, we have

[ sometoras = [ 1y R

= /(—1+4c0329)sin29d9
0
(x =cos0, dv = —sinfdf,sinf >0 for 0 <0 < m.)

/ sin 9d9+4/ (cos fsin 0)* d
0 0

T cos20 [T 1
/ S 1044 / (3 sin(26))” df
0 0

_ —E—l-/ 1_COS(49)d9:O
0 2
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For the third integral, we have
1 1
/ g(x)h(z)w(x)de = / 22(—1 + 42%)\/1 — 22 dx = 0,
-1 -1
because we are integrating an odd function over a symmetric interval.
9. In order for the functions 1 and a + bx + 22 to be orthogonal, we must have
1
/ 1-(a+br+2*)dr=0
-1
Evaluating the integral, we find

2
= 2a+-=0

b 1
axr + — g2 + Zg3
-1 3

1
2 3 ’

1
a = ——.
3

In order for the functions x and % +bx + 22 to be orthogonal, we must have

1
1
/ 1~(§+bx+x2)xdx20
—1

Evaluating the integral, we find

12 b3 141 _
R S I

b =

S wlo

13. Using Theorem 1, Section 5.6, we find the norm of P, (x) to be

- (] e - () -

Thus the orthonormal set of functions obtained from the Legendre polynomials is

V2
— Y _P(2), n=0,2 ...
T (@)

17. For Legendre series expansions, the inner product is defined in terms of
integration against the Legendre polynomials. That is,

1
P)= [ s@P @ = 2a,

where A; is the Legendre coefficient of f (see (7), Section 5.6). According to the
generalized Parseval’s identity, we have

o0

[ e Z \PHQ

)
]+1 27 +1

2

I
Yo

(The norm || P;|| is computed in Exercise 13.)
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Solutions to Exercises 6.2

1. Sturm-Liouville form: (xy’)/ + Ay =0, p(x) ==z, g(x) =0, r(x) = 1. Singular
problem because p(z) =0 at x = 0.

5. Divide the equation through by x2? and get y?// - g—; + A% = 0. Sturm-Liouville
form: (%y’)/ + AL =0, p(z) = L, q(x) =0, r(z) = 1. Singular problem because
p(z) and r(z) are not continuous at z = 0.

9. Sturm-Liouville form: ((1—x?) y’)/—i-)\y =0,p(x)=1-22% q(x) =0, r(z) = 1.
Singular problem because p(£1) = 0.

13. Before we proceed with the solution, we can use our knowledge of Fourier
series to guess a family of orthogonal functions that satisfy the Sturm-Liouville
problem: yi(z) = sin L;lx, k=0,1,2,.... It is straightforward to check the
validity of our guess. Let us instead proceed to derive these solutions. We organize
our solution after Example 2. The differential equation fits the form of (1) with
p(z) =1, ¢(x) =0, and r(x) = 1. In the boundary conditions, a = 0 and b = T,
with ¢; =ds = 1 and ¢2 = d; = 0, so this is a regular Sturm-Liouville problem.
We consider three cases.

CASE 1: A < 0. Let us write A\ = —a?, where a > 0. Then the equation becomes
y" — a?y = 0, and its general solution is y = c¢; sinh ax + ¢z coshax.  We need
y(0) = 0, so substituting into the general solution gives co = 0. Now using the
condition 3/ (7) = 0, we get 0 = ¢jcosh amr, and since cosh x # 0 for all x, we infer
that ¢; = 0. Thus there are no nonzero solutions in this case.

CASE 2: )\ = 0. Here the general solution of the differential equation is y =
c1x + c2, and as in Case 1 the boundary conditions force ¢; and c2 to be 0. Thus

again there is no nonzero solution.

CASE 3: ) > 0. In this case we can write A = a? with « > 0, and so the
equation becomes y” 4+ a?y = 0. The general solution is y = ¢; cos ax + co sin a.
From y(0) = 0 we get 0 = ¢1 cos0 + c2sin0 or 0 = ¢;. Thus y = casinax. Now
we substitute the other boundary condition to get 0 = caarcosam. Since we are
seeking nonzero solutions, we take c¢o # 0. Thus we must have cosar = 0, and
LQH. Since A = a2, the problem has eigenvalues

NEELER 2
k — 2 )
and corresponding eigenfunctions

2k+1
2

hence a =

Y = sin z, k=0,1,2,....
17. Case IIf A = 0, the general solution of the differential equation is X = ax +0.
As in Exercise 13, check that the only way to satisfy the boundary conditions is to
take a = b= 0. Thus A =0 is not an eigenvalue since no nontrivial solutions exist.
Case II If A = —a? < 0, then the general solution of the differential equation
is X = c¢1 cosh ax + co sinh axz. We have X’ = ciasinh o + coar cosh avx. In order to
have nonzero solutions, we suppose throughout the solution that ¢; or ¢z is nonzero.
The first boundary condition implies

c1+ace =0 ¢ =—acs.
Hence both ¢; and ¢y are nonzero. The second boundary condition implies that
c1(cosh a + asinh o) + eo(sinh o + avcosh o) = 0.
Using ¢; = —aca, we obtain
—acg(cosh o + asinh ) + ca(sinha + acosha) = 0 (divide byes # 0)
sinha(l—a?) = 0
0

sinha =0 or 1 —a?
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Since a # 0, it follows that sinh v # 0 and this implies that 1 —a? = 0 or a = +1.
We take o = 1, because the value —1 does not yield any new eigenfunctions. For
«a = 1, the corresponding solution is

X =cycoshz + cosinhx = —cy cosh @ + ¢ sinh x,
because ¢; = —ace = —cg. So in this case we have one negative eigenvalue \ =
—a? = —1 with corresponding eigenfunction X = cosh z — sinh x.

Case III If A = o? > 0, then the general solution of the differential equation is
X =cicosax + cosinax.

We have X’ = —cjasin ax + coa cos ax. In order to have nonzero solutions, one of
the coefficients ¢ or ¢o must be # 0. Using the boundary conditions, we obtain

c1 + aco

ci(cosa — asina) + ca(sina + acosa) =

The first equation implies that ¢; = —ace and so both ¢; and cs are neq0. From
the second equation, we obtain

—acy(cosa — asina) + ca(sina + acosa) =

—a(cosa — asina) + (sina + a cos a)
sina(a? +1)

Since a? + 1 # 0, then sina = 0, and so a = n7w, where n = 1, 2, .... Thus the
eigenvalues are
A = (nm)?
with corresponding eigenfunctions
Yn = —NT COSNTT + sin nmwx, n=12,....

21. If A = o2, then the solutions are of the form c¢; cosh az + ¢ sinh ax. Using
the boundary conditions, we find

y0)=0 = =0
y(1)=0 = cosinha=0.

But a # 0, hence sinh o # 0, and so ¢ = 0. There are no nonzero solutions if A > 0
and so the problem as no positive eigenvalues. This does not contradict Theorem 1
because if we consider the equation y” — Ay = 0 as being in the form (1), then
r(z) = —1 < 0 and so the problem is a singular Sturm-Liouville problem to which
Theorem 1 does not apply.

25. The eigenfunctions in Example 2 are y;(z) = sinjz, j =1, 2, .... Since f is
one of these eigenfunctions, it is equal to its own eigenfunction expansion.

29. You can verify the orthogonality directly by checking that
27
/ sin % sin % dx =0 if m #n (m, n integers).
0

You can also quote Theorem 2(a) because the problem is a regular Sturm-Liouville
problem.

33. (a) From Exercise 36(b), Section 4.8, with y = Jy(Ar) and p = 0, we have

2\? / ()P dr = [y (@) + Xa?[y(a))”
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But y satisfies the boundary condition 3/(a) = —ry(a), so

2\? / WEPrdr = @@ + Ny
¢ 2 . a? 2[J ()\ka)]2 2
[ worar = 5| v

? [[JO()\I@CL)]2 + [Jl()\ka)]Q] y

because, by (7), [Jo(Aga)]? = [%Jl()\ka)f.
(b) Reproduce the sketch of proof of Theorem 1. The given formula for the coeffi-
cients is precisely formula (5) in this case.

34. (a) We apply the result of Exercise 33. For 0 < r < 1, we have
Fr) =100 =" ApJo(Ner),
k=1
where A\, (k =1, 2, ...) are the positive roots of (7), with a = k = 1, and

2 1
A= [JO()\k)P—i-[Jl()\k)]z/o 100Jo(Agr)r dr

200

Ak
B [Jo(Ak>]2+[A§J1(Ak)]2/O Jo(s)sds  (Let Aer = s.)

= 200 sJ1(s)
22 ([Jo o + LA
2007, (\x )
A ([Jo(Ak)]% + [J1(Ak)]2)
(b) By the definition of Ay, we know that it is a positive root of (7), which, in this
case, becomes A Ji(\) = Jo(N). Thus, for all k, A\ J1(Ag) = Jo(Ax) or Ji(A\g) =
%2"), and so, for 0 <r < 1,

Ak

0

Jo(Ak)

"o Zookzzlei([Jo(Ak)]“r[Jl(Ak)]Q)JO(AkT)

_ = J1(Ak) .
= 200 e+ oo )

Ji(Ar)

= 20()kz:1 O (L + 2] Jo(Ar).

35. Because the initial and boundary values do not depend on 6, it follows that the
problem has a radially symmetric solution that does not depend on 6. Following
the steps in the solution of Exercise 10, Section 4.2, we find that

u(r, t) = ZAkei)\itJQ()\mﬂ (t >0,0<r < 1),
k=1
where, due to the Robin boundary condition, the radial part R in the product so-

lutions must satisfy the boundary condition R'(1) = —R(1). (If you separate vari-
ables, you will arrive at the equation in R that is treated in Example 6.) Considering
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that R(r) = Jo(Ar), this condition gives AJj(N\) = —Jo(A). Using Ji(r) = —J1(r),
we see that A is a solution of equation (7): AJi(A) = Jo(A). Setting ¢t = 0 and using
u(r, 0) = 100, we find that

100 = Y ApJo(Mer),
k=1

which is the series expansion in Exercise 34. Thus

B s Jo(Ar)
u(r, t) = 200;:1 A2 ([Jo(Ae)]? + [J1(Ak)]?)

e M Jo(M\er)  (E> 0,0 <7 < 1).
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Solutions to Exercises 6.3

1. (a) The initial shape of the chain is given by the function
flz) = —-.01(x—.5), 0<uz<.5

and the initial velocity of the chain is zero. So the solution is given by (10), with
L = .5and B; =0 for all j. Thus

e, ) = 2 Ao (o, V2 cos (/29 % 1).

To compute A;, we use (11), and get

A, = 2 /0'5(—.01)(33—.5)570(@]-\/%) dz

J7 (0)
.5
- J%Z;/o (2= 5)Jo (0522 da

Make the change of variables s = a;Vv2z, or s* = 2ajz, so 2sds = 2ajdx or
dr = 25 ds. Thus

02 (5, .
4; = 2—)/0 (—?S 5)Jo(s)

where we have used the integral formula (15), Section 4.3, with a = a = «;. We
can give our answer in terms of J; by using formula (6), Section 4.8, with p = 1,
and x = o . Since a; is a zero of Jy, we obtain

%Jlmj) = Jo(a) + Ja(a) = Ja(a).

So

Thus the solution is

u(zx, t) =

where g ~ 9.8 m/sec?.
Going back to the questions, to answer (a), we have the normal modes

uj(z, t) = LJO (aj\/%) cos (@%t) .

a?Jl(aj) 2

The frequency of the jth normal mode is
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A six-term approximation of the solution is

0 04

)Jo (aj\/ﬁ) cos (@%t) .

At this point, we use Mathematica (or your favorite computer system) to approxi-
mate the numerical values of the coefficients. Here is a table of relevant numerical

data.
J 1 2 3 4 5 6
aj | 2.40483 | 5.52008 | 8.65373 | 11.7915 | 14.9309 | 18.0711
v; | 847231 | 1.94475 | 3.04875 | 4.15421 | 5.26023 | 6.36652
Aj | .005540 | —.000699 | .000227 | —.000105 | .000058 | —.000036
Table 1 Numerical data for Exercise 1.
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Exercises 6.4

1. This is a special case of Example 1 with L = 2 and A = o*. The values of o
are the positive roots of the equation

1
cosh 2a”

cos2a =

There are infinitely many roots, «,, (n =1, 2, ...), that can be approximated with
the help of a computer (see Figure 1). To each «,, corresponds one eigenfunction

cosh 2a, — cos 2ar,

X, (x) = cosh az — cos ax — (sinh v, — sin )

sinh 2¢v,, — sin 2ay,

5. There are infinitely many eigenvalues A = a*, where « is a positive root of the
equation

1
cosha’

CcCos ¥ =

As in Example 1, the roots of this equation, a,, (n = 1,2, ...), can be approxi-
mated with the help of a computer (see Figure 1). To each «,, corresponds one
eigenfunction

cosh a,, — cos ay,

X, (x) = cosh ax — cos ax — (sinh cv, @ — sin )

sinh o, — sin «v,

The eigenfunction expansion of f(z) =z(1 —z), 0 <z < 1, s

f(x) = Z Aan(x),

where

fol z(1 —2)X,(x)dx '
) X2(z) d

After computing several of these coefficients, it was observed that:

An ==

1
/ X2(z)dr =1 foralln=1,2,...,
0

Ay, =0 foralln=1,2,....
The first three nonzero coefficients are
Ay =.1788, A3 =.0331, As;=.0134.

So
F(z) ~ 1788 X1 (z) + .0331 X5(z) + .0134 X5(),

where X, described explicitely in Example 1. We have

Xi(z) = cosh(4.7300x) — cos(4.7300 x) + .9825 (sin(4.7300 ) — sinh(4.7300 z)),
Xa(z) = cosh(1.0008 ) — cos(1.0008 z) + 1.0008 (sin(1.0008 x) — sinh(1.0008 x)),
Xs(z) = cosh(10.9956 ) — cos(10.9956 =) + sin(10.9956 x) — sinh(10.9956 z),
Xi(z) = cosh(14.13722) — cos(14.13722) + sin(14.1372 z') — sinh(14.1372 ),

X5 () cosh(17.2788 x) — cos(17.2788 x) 4 sin(17.2788 ) — sinh(17.2788 ).

9. Assume that p and X are an eigenvalue and a corresponding eigenfunction of
the Sturm-Liouville problem

X"+ puX =0, X(0)=0, X(L)=0.
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Differentiate twice to see that X also satisfies the fourth order Sturm-Liouville
problem

XMW —AX =0,
X(0) =0, X”(0)=0, X(L) =0, X"(L)=0.

If o and X are an eigenvalue and a corresponding eigenfunction of
X"+puX =0, X(0)=0, X(L)=0,
then differentiating twice the equation, we find
XW 4 X" =0, X(0)=0, X(L)=0.
But X” = —pX, so X — 12X = 0 and hence X satisfies the equation X —\X =

0 with A = p2. Also, from X(0) = 0, X(L) = 0 and the fact that X" = —uX, it
follows that X”(0) =0 and X" (L) = 0.
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Exercises 6.6

1. Upzyy = 0, Upzae = 4!, Uyyyy = —4!, V4 = 0.

3. Let u(x,y) = 7757 and v(x, y) = = - u(x, y). We know that u is harmonic
(Exercise 1, Section 4.1), and so v is biharmonic by Example 1, with A =0, B =1,
C=D=0.

5. Express v in Cartesian coordinates as follows:
v = 71%cos(20)(1 —r?)
= 7?[cos? 0 —sin? 0](1 — r?)
= (@ -y)(1- @ +y?)).
Let u = 22 — y?. Then u is harmonic and so v is biharmonic by Example 1, with
A=1,D=1,B=C=0.

7. Write v = 7% - " cosnf and let u = r" cosnf. Then u is harmonic (use the
Laplacian in polar coordinates to check this last assertion) and so v is biharmonic,
by Example 1 with A=1and B=C =D =0.

9. Write v = ar?Inr + br? + clnr +d = ¢ + 1, where ¢ = [ar? + c]Inr and
1 = br?+d. From Example 1, it follows that 1 is biharmonic. Also, Inr is harmonic
(check the Laplacian in polar coordinates) and so, by Example 1, ¢ is biharmonic.
Consequently, v is biharmonic, being the sum of two biharmonic functions.

11. Since the boundary values are independent of 6, try for a solution a function
independent of § and of the form v = ar?Inr + br? +clnr + d. We have

ur = 2arInr 4+ ar + 2br + - 2arInr 4+ r(a+ 2b) + <
r r

Now use the boundary conditions to solve for the unknown coefficients as follows:

w(l,0)=0 = b+d=0,

u(2,0)=0 = 4aln2+4b+cln2+4+d=0,
u(l,0)=1 = a+2b+c=1,

(2,0 =1 = 4a1n2—|—2a+4b+§:1.

Solving this system of four equations in four unknowns, we find

o 22 2 22
T3 4dm2 VT 3—4m2’ °T 3—4m2’ ‘T 3-4m2’

a

and hence the solution

u(r, 0) = (r*lnr —2In(2)r* + 2In7 + 21n2).

3—4In2

13. We follow the method of Theorem 1, as illustrated by Example 2. First, solve
the Dirichlet problem V2w = 0, w(1, 0) = cos26, for 0 < r < 1,0 < § < 27.
The solution in this case is w(r, ) = r?cos20. (This is a simple application of
the method of Section 4.4, since the boundary function is already given by its
Fourier series.) We now consider a second Dirichlet problem on the unit disk with
boundary values v(1, 6) = %(w.(1,60) — g(#)). Since g(d) = 0 and w,(r, ) =
2r cos 20, it follows that v(1, 6) = cos 20. The solution of th Dirichlet problem in v
is v(r, @) = 2 cos 20. Thus the solution of biharmonic problem is

u(r, 0) = (1 — r?)r? cos 20 + 12 cos 20 = 2r? cos 20 — r* cos 26.
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This can be verified directly by plugging into the biharmonic equation and the
boundary conditions.

15. We just give the answers details: w(r, ) =1, Vv =0, v(1, ) = £(1 — cosf),
o(r, 0) = —4rcosb; u(r, 0) = —ircosf(1 —r?) + 1.
17. (1, 0) = 0 implies that w = 0 and so v(1, §) = — 22 So
o(r, 0) = —= [ag + Z (cosnf + by, sinnd)],

where a,, and b,, are the Fourier coeflicients of g. Finally,

u(r,0) = (1 —r*)v(r,0) = ; 1—r? [ao + Z (cos n + by, sin n@)} .
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Exercises 6.7
12. Correction to the suggested proof: yo = Iy and not Jj.

15. Repeat Steps 1-3 of Example 2 without any change to arrive at the solution

Z a, cos(E2ct) + By, sin(k2 ct))qﬁn(r),

where the ks are the positive roots of (16). Putting ¢ = 0 we get 0 = >_°° | a, ¢y (1),
which implies that «,, = 0 for all n. Differentiating with respect to ¢t then setting
t = 0, we obtain

r) = Z kflcﬂn(bn(r)
n=1

which implies that

1 1
/ 9(F)éu(r)r dr = K2cB, / 92 (r)r dr
0 0

or

fo r)rdr
kncﬁn fo (;5,21 Tdr

The integral fol @2 (r)rdr is given by (23).

17. Let uq(r, t) denote the solution of the problem in Example 3 and let ua(r, t)
denote the solution in Example 3. Then, by linearity or superposition, u(r, t) =
uy(r, t) + uz(r, t) is the desired solution.

19. Sketch of the solution:

u(r, t) = Z An(t>¢ (T)
w(r,t) = D AL

Viu(r, t) = ZkﬁAn(t)(b (r)

U = —*Viy

o
s~
—

~
~—

o

[ ¥

N

'

¢
N
2
[
N
3
4
i

where A,, is a constant. So

Setting t = 0, we get, for 0 <r < 1,

100 = f: Ann(r)

n=1

Thus A, is as in Example 1.
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20. Sketch of the solution:

U(T, t) = Z O‘n(bn(r)a
n=1
V4U(T, t) = Z k:lzan(bn(r)
n=1

100 = Vi — 100 khonen(r)
n=1

— kla,=A, ora, = .
n

3

where A, is as in Example 1.
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Solutions to Exercises 7.1
1. We have

|1 if—a<zx<a, (a>0)
fl@) = { 0 otherwise,

This problem is very similar to Example 1. From (3), if w # 0, then

1 [ 1 e inwt]* 2si
= —/ f(t) coswtdt = —/ coswt dt = [smw ] — cEnaw
T ) o T .

—a W W

S AVOTEEY
T J oo T J_ 4o m

Since f(z) is even, B(w) = 0. For |z| # a the function is continuous and Theorem
1 gives

If w =0, then

fla) ==

™

2a [°° sin aw coswzx
S——————— 7
0 w

For x = +4a, points of discontinuity of f, Theorem 1 yields the value 1/2 for the
last integral. Thus we have the Fourier integral representation of f

1 if || < a,
dw =< 1/2 if |z] =a,
T Jo “ 0 if || > a.

2a [°° sinaw cos wx

3. We have

f 1—=cosz if—7/2<z<m/2,
flz) = { 0 otherwise.

The solution follows by combining Examples 1 and 2 and using the linearity of the
Fourier integral, or we can compute directly and basically repeat the computation
in these examples. Since f is even, B(w) = 0 for all w, and

2 71’/2
Alw) = —/ (1 — cost) coswt dt
T Jo
2si 2 2
= 2sin(rw/2) —/ [cos(w + 1)t + cos(w — 1)t] dt
W T Jo
_ 2sin(rw/2) 1 [51 n(w + 1)t smw ] (w £ 1)
W T w+1 w —
2sin(mw/2) 1 sin(w + 1) g sm(w—l 5
= - +1
Tw m w+ 1 w—1 (w# +1)
_ 2sin(rw/2) 1 [cos*GE  cos &F
N Tw 7r w+1 -1
94
_ sin(rw/2) 2 cos E,
W ml— w2 2
If w==+1,
2sin(£r/2) 2 (/2
Alw) = 2sin(En/2) )——/ cos? t dt
+7 T Jo

2

2 2 (™%
_ ___/ ltcos2t, 2 _1
I T 2

(Another way to get this answer is to use the fact that A(w) is continuous (whenever
[ is integrable) and take the limit of A(w) as w tends to £1. You will get 3.
Applying the Fourier integral representation, we obtain:

2 [ [si 2 = — i
_/ (s1n(7rw/ ) _ o 22> coswrdw = f(x) = { L —cosw }f |xI i
0

T w 1—w 0 if |z

wl=\t¢|=\
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5. since f(x) = e~1*! is even, B(w) = 0 for all w, and

2 (o)
Alw) = —/ e coswt dt
T Jo
2 et >
= = 5 [~ cos wt + wsin wt]
Tl+w 0

2 1
14 w?’

where we have used the result of Exercise 17, Sec. 2.6, to evaluate the integral.
Applying the Fourier integral representation, we obtain:

~Jal 2/00
e = —
™ Jo
if0<x <1,

1
fl@) = { 0 otherwise,

is neither even nor odd. We will need to compute both A(w) and B(w). For w # 0,

Truz coswz dw.
w

7. The function

1 1
A(w) = —/ coswtdt = — ;
o T

™

1 [t 11
B(w) = —/ sinwtdt = —
0 v

™

1 sinw

w

— COosw
w .

If w = 0, just take limits of A(w) and B(w) as w tends to 0. You will find: A(0) = <
and B(0) = 0. Thus we have the Fourier integral representation of f

1

™

9. The function
T

2—=x
—2—=x

0

flz) =

o0
—/ (sinwcoswz + (1 — cosw) sinwz), dw =
0

0 ifz<0oraxz>1,
1/2 ifz=0o0rz=1,
1 ifo<z <1

if —l<z<1l,
ifl<x <2,
if =2 <z < -1,
otherwise,

is odd, as can be seen from its graph. Hence A(w) = 0 and

B(w) = / ) sinwt dt
2 2 [? .
= — tsmwtdt—i— (2 —t)sinwtdt
m 1
2| —t L coswt
= —|—cos wt dt
T | w w
2 — / cos wt ]
+— | - CcOSs wt
s

2
= [2sinw — sin 2w] .

Tw?

Since f is continuous, we obtain the Fourier integral representation of

2 (1
flz) = —/ —5 [2sinw — sin 2w] sin wz, dw.
T )y w
11. For the function
Flx) = sinz if0<z<m,
10 otherwise,
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we have
1 /™.
Alw) = —/ sin ¢ cos wt dt
™ Jo
1 T :
= — [sin(1 +w)t + sin(1 — w)t] dt
27T 0
1 [cos(l+w)t cos(l—w)t]|”
1 1
2#[ 17w | 1-w 0 w7y
_ 1 Jeos(w+ )7  cos(l —w)r 1 !
T or 14w l—w ltw 1-w
1 [coswm  coswm 2
o | 14w l-—w 1—w?
- 1].
p—y [cos wrr + 1]
1 (" . .
B(w) = —/ sint sin wt dt
™ Jo
1 s
™ Jo
1 [sin(14+w)t sin(l—w)t]|"
1 B 1
2#[ 1+w L—w ], ey
1 [sin(w+Dm  sin(l —w)m
o 14w 1—w
B sin wm
(1 —w?)

Thus the Fourier integral representation of f is

1 /1 i
flx) = _/ [M coswx + % sinwx] dx.
0

1 —w? —w

13. (a) Take z =1 in the Fourier integral representation of Example 1:

2 [*° sinw cosw 1 > sinw cos w T
Z ——dw== = —dw = —.
0 2 0 4

273

T w w
(b) Integrate by parts: u = sin® w, du = 2sinw cosw dw, dv = ﬁdw, v = —%:
=0
o0
> sin? w sin? w °° sin w cos w T
5 dw = +2 ———dw =5,

0 W wo |, 0 w 2

by (a).
o0 : 2
15. / SHiw Cos 2w dw = 0. Solution Just take z = 2 in Example 1.
0 w

17.

0 if z <0,
dv=1< /2 ifz=0,
e ® ifx > 0.

/°° €OSs Tw + w sin zw
0 1+ w?

Solution. Define
0 if x <0,
flx)=< =n/2 ifz=0,
me * ifx>0.
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Let us find the Fourier integral representation of f:

1 o0
A(w) = — / me ¥ coswx dr =
T Jo 14+ w?
(see Exercise 5);
1 [> .. w
B(w) = — e  Usinwzr dr = ——,
T Jo 14+w

(see Exercise 17, Sec. 2.6). So

> coswx + w sin wx
p— d
f('r) ‘/0 1 + w2 w,

which yields the desired formula.

19. Let f(x) = el where a > 0. Then f, satisfies the conditions of Theorem
1, f is continuous and even. So it has a Fourier integral representation of the form

el :/ A(w) cos wz d,
0

where

2 o0
Alw) = —/ e coswx dx
0

T
2a

m(a? + w?)’

where the integral is evaluated with the help of Exercise 17, Sec. 2.6 (see Exercise
5 of this section). For x > 0, the Fourier integral representation becomes

o0
oo _ 2a coswx

——d > 0).
T Jo a?4w? w (z20)

23. (a)

Si(—z) = /O h %dt
“sin(—u) " ot u—
/o (—u) (-1)d (Let t.)
= —/ smu du = —Si(x).
0

u

Thus Si(z) is an odd function.
(b) limg . o Si(x) = lim, .o —Si(z) — 5, by (8).

(¢) We have
o0 s2n+1
sint = HZ:O(—l) TES —o00<t< oo
sint = .t .
— = HZ:O(_U T oo <t<oo (Divide by t.)

By a well-known property of power series, a power series may be integrated term
by term within its radius of convergence. Here we are dealing with power series
that converge for all ¢; thus we may integrate them term by term on any interval.
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In particular, we have

t

t
Z 2n+1)>dt

©ve
0{ 2n+1>/ &0
v

1 2n+1’
2n+1)'2n+1 0

C/)

Si(z) =

Il
Mg%%

3
Il

I
Mg

n=0

n 1 2n+1
(=1) (2n+ 1)!(2n + 1) o

/smt /smt
Si( /Sl_ntd_/wd_/&_ntdt

Il
g

25. We have

So

27. Let u=1—cosz, du =sinzx, dv = xl—gd:c, v = —%. Then
b b b .
1 — cos 1 —cos S
/ . xd:c _ T +/ inx e
a T T " 0 T

_ COSl;)_l _ Cosz_l—l-Si(b)—Si(a),

where we have used the result of Exercise 25.

275
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Solutions to Exercises 7.2

1. In computing f, the integral depends on the values of f on the interval (—1, 1).
Since on this interval f is odd, it follows that f(z)coswz is odd and f(z) sin wx is
even on the interval (—1,1). Thus

1 > —iwT
flw) = E‘/foo f(z)e dx

=0

1 1
= — f(x) coswxdx—— f ) sinwz dx
\2m /4

2i /1, p
= — sin wx dx
V2r Jo
21 coswx’l

V2r w

,\/Ecosw—l
= -
s w

3. We evaluate the Fourier transform with the help of Euler’s identity: e
coswx — tsinwx. We also use the fact that the integral of on odd function over
a symmetric interval is 0, while the integral of an even function over a symmetric
interval [—a, a] is twice the integral over [0, a].

N 1 > —iwx
fo) = <= [ st

sin x(cos wx — isinwz) dx

0

—lwr __

7.

=0

sin x cos wx dr — —— sin z sin wx dx

=l 8
= T / —cos(w + 1)z + cos(w — 1)x] dx.

Ifw=1,
~ i i W
1) =— —cos2x + 1] do = ———.
fy=——= [ I o= —27
If w =1, we find similarly that

~ i/ T
f(=1) = i
V2
(You may also note that fis odd in this case.) For w # £1, we have

™

~ ; 1 1
flw) = —\/;_W (w+1sin(w+1)x—w_lsin(w—l)x)o
i . I
= \/E(w_i_lsm(w—i-l)w—w_lsm(w—l)w)
i 1
AR SR I SR
\/?(w—i-l( ) sinwn w—l( ) sinw)
1 1
= Sln’LU?T( —+—)
w+1 w-1

\/_
_\/7nw7r
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Check that as w — =+1, f(w) — f(:l:l).

5. Use integration by parts to evaluate the integrals:

1 > —iwT
flw) = E/ f(z)e dx

(1 = |z|)(cos wz — isinwx) dz

51

=0

= —lz|) / 1 — |z|) sinwz dx
= =

’U

= \/—_/ (1—x) coswxdm
(-

sm wx ! 2 L .
) + sin wx dx
0 21w 0
B \/Ecos wr
- 21— cosw
oV r w?

7. Before we compute the transform, let us evaluate the integral
I= /xeﬂ'wx dxr (w #0)

B o ' B 1 iwm i
by parts.1 Let u = x, dv = 7" dx; then du = dx and v = ——e """ = Le™"7,

because 7=l So

. . 1 . . 1 .
re” T Jp — j g iwr e W J0 — ;2 pmiwe ~e we 4 o
w w w w

We are now ready to compute the transform. For w # 0, we have

2 10 —iwT
flw) = E/@ xe d

2 |: T _iwx 4 1 iwx:|
= 1—e€ —F=€
\/ 27T '(U2 0

2 10 ) —102w __
— = |:,L-_€101w+ ;] .
Vol w w?

In terms of sines and cosine, we have

10

flw) = %[i%(cos(low)—isin(low))+Cos(low)_;zm(low)—l]
_ \/§ [10 sin(10w) coS(lOts) -1, (10 cos(10w) Si““f“”)] |

8. Counsider the function in Example 1, which depends on the real number a >
0, and denote this function by f,(z) instead of f(z). Now check that g,(z) =
1/ f1/n(x). We have from Example 1 (with a = 1/n)
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)= [T T TR 0 5)
w

For fixed w # 0, we have

So

If w =0, we have

7T12
‘”\[f”" AT =

(see the graph of f/lzl in Figure 2).

9. In Exercise 1,

f(0)= x (area between graph of f(x) and the zaxis) = 0.

51~
3

In Exercise 7,

—~ 1 100
0) = —— X (area between graph of f(x) and the zraxis) = —.
fo) ( graph of /(z) )= o

Ver

11. We use the identity FF(f)(x) = f(—z). In case f is even, this identity
becomes FF(f)(x) = f(—z). Consider g(x) = H% and, for convenience, let us
. Recall from Exercise 5 that

*lxl
\/71 + w? \/;g

Multiplying both sides by \/g and using the linearity of the Fourier transform, it

follows that
f<\/§e'f'><w> — g(w).

by the reciprocity relation. If we use the symbol w as a variable in the Fourier

transform, we get
1 T
T N e
(1 + x2> \/;e ’

sin ax

write it as g(w) = 72

So

13. We argue as in Exercise 11. Consider g(x) = where we assume a > 0.
For the case a < 0, use sin(—ax) = —sinax and linearity of the Fourier transform.
Let f(z) = 1if |z| < a and 0 otherwise. Recall from Example 1 that

2 sin aw
_1/7T o=

Multiplying both sides by \/g and using the linearity of the Fourier transform, it

follows that
f<\/§f<x>><w> — g(w).

#o=77(\[310) =\ [57@
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by the reciprocity relation. Using the symbol w as a variable, we get
}_(sinax) \/?f( ) \/§ if |w| < a,
= — w) =
T 2 0 otherwise.
15. Consider the function in Example 2,

i@ e ™ ifx >0,
xr) =
0 if x <0.

If @ > 0, then (see Exercise 17)

F(f(ax))(w) = é\/ﬂl(l -FMEZf/La)Q) = \/2_:@210102).
but e ifx >0,
f(m)_{ 0 ifz<o0.
Hence )
g(w) = g = V2T F(f(az)) (w);
and so

2me®® if x < 0,

Flo) = Vanf(-aa) = { 0 it >0

Using the variable w,

If a < 0, use the identity

F(f (=) (w) = F(f(2))(-w)

(see Exercise 17 with a = —1) to conclude that

F(g)(w) =

2me®  if w > 0,
0 if w < 0.

17. (a) Consider first the case a > 0. Using the definition of the Fourier transform
and a change of variables

Fflaz)(w) = % / flaz)e— i dz
L - —IET dy ar = T = l
= EE/,OOf(x)e d (ax = X, dx = adX)

(ﬂ

= AN,

If a < 0, then

F(f(az))(w) = ﬁ /  Ha)e e da

11 o —iZx T
= AN,
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Hence for all a # 0, we can write

(b) We have

By (a),

e 12129
Fle(w) = 5\/;1—1-(10/2)2 - \/;4—1-102'

(c) Let f(x) denote the function in Example 2. Then g(z) = f(—x). So

~ 1+w

g(w) = f(-w) = NIRRT

h(w) = f(w) + G(w) = Ve

27(1 4+ w?)

1+ 3w

2 1
TS
or(1+w?) Vwltw?

1—dw

27(1 4+ w?)

19. Using the definition of the Fourier transform

% / O; f(o — a)em = d

1 e ,
= — f(x)e @+ gy (r—a=X, de=dX)
\/27T ~/—oo

7iwaL > T e*iwx x:efiaw w
= e [ e dn = A,

21. We have }'(eﬂ”2 = %e*“ﬁ/‘l, by Theorem 5. Using Exercise 20, we have

CcosT

Z(

ev?

23. We have F (L

1422
cosx + cos2x
f _—m p—
( 1 + x2 )
25 Let

= F(cos xe*xz)

1 ( _(w—a)?
= — e 4
2v/2

_ (wta)?
+e 1

) = /Ze~"l. Using Exercise 20, we have

cos2x
1+ 22

CcCos ™

]:(1—1-3:2

)+ F( )
1 /n

V5 (eflwfll 1o lwtl] g o—lw=2] ef|w+2|) ,

if x| < 1,

@ =1
Y=\ 0 otherwise,

and note that f(z) = cos(z) g(z). Now F(g(x)) = \/gm Using Exercise 20, we

have

F(f(x))

w

F(coszg(x))
1 /2 /sin(w—1) sin(w+1)
2 ?( w—1 w+1 )
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27. Call g(«) the function in the figure. The support of ¢ is the interval (a, b), that

has length b — a. Translate the function by ”Ta in order to center its support at
the origin, over the interval with endpoints at (—bfTa, bfTa) Denote the translated

function by f(z). Thus, g(z) = f (v — &%), where f(z) = h if [2| < 52 and 0
otherwise. By Example 1 and Exercise 19,

~

Gw) = Y f(w)

— e*iHTa“’h . zSin (biTaw)
a ™ w

T, e, sin (b520)

™

g

29. Take a = 0 and relabel b = a in Exercise 27, you will get the function f(x) =h
if 0 < < a. Its Fourier transform is

~ 2 . sin (o

f(w) — _hefzgwsul( 2 )

™ w

Let g(z) denote the function in the figure. Then g(z) = Lz f(z) and so, by Theo-

rem 3,

N 1.d ~
gw) = Elmf(w)
_ s 2hd | eysin(45?)
- T adw ¢ w
B ,\/?ﬁei%w cos (42) — isin (42) _ sin (22)
- Ta w @ 2 w

2h _a, | —2sin(%* —igw
— a2l tgw ( 2 )+CL’LU€ 2 .
2w?

31. Let f(z) =1if —a < x < a and 0 otherwise (Example 1), and let g(z) denote
the function in the figure. Then g(z) = 22 f(x) and, by Theorem 3,

g(w) = f(w)

dw?

B 12 d? sinaw
o mdw? w

2 2aw cos aw + a’w? sinaw — 2 sin aw

T w3

33. Let g(x) denote the function in this exercise. By the reciprocity relation, since
the function is even, we have F(F(g)) = g(—z) = g(x). Taking inverse Fourier
transforms, we obtain F~!(g) = F(g). Hence it is enough to compute the Fourier
transform. We use the notation and the result of Exercise 34. We have

9(x) = 2f2a(x) = fa(z).

Verify this identity by drawing the graphs of fo, and f, and then drawing the graph
of fou(x) — fa(x). With the help of this identity and the result of Exercise 34, we
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have

2 foa(w) — fa(w)

8a sin? (aw) 4a sin® ()

2 or Aaw?  Var (aw)

_ 4 [Sin2 (aw) B sin? (%)

,Q
£
I

w2 w

av 2w

34. Let f(x) denote the function in Exercise 5 and f,(x) the function in the figure
of this exercise. Then fo(z) = f (£) and so

fow) = £(2)@) = af(aw)

21—
= ayf 21— cos(aw) (Exercise 5)
7 (aw)?
[2 2sin® (42)
= a _——
7 (aw)?

4q sin? (%)

Vor (aw)?
35. (a) Apply Theorem 5 with a = 2, then
2 1 2
Fle™®) = —=e v /4
V2
36. (a) Theorem 5 with a = 1,
f(eiéx%&) = 62.7:(67%30 )= e2e” 3"

37. By Exercise 27,

2 1 2
Fle™™ )= ——e w/4
)=
By Theorem 3(i)
d /1
Fae) = g (")
_ [ —w? /4

&
2v2

39. Let
1 if 2] < 1,
g(z) =

0 otherwise,

and note that f(z) = zg(z). Now F(g(x)) = \/EM By Theorem 3(i)

™ w

F(f(x)) = Flzg(z))
o d 2 sinw
aw (V7o)
/2 wcosw — sinw

= )
T w2

™ w
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41. We have F(t5) = /Ze 1"l Soif w >0

1422

Fl)w) =iy [T e = =iy [,
Ifw<0
]:(ﬁ)(w) = i\g%ew - i\/gew.
If w=0, .

(odd integrand). We can combine these answers into one formula

Fli3)(w) = —i\/gsgn (w)e 1wl

43. Using linearity,
.7-'((1 - $2)€7I2) = .7:(67962) - f(xQefxz).
By Theorem 3(ii) and Exercise 27,

1 1 d?
_7_-((1 _ $2)€7I2) _ _67w2/4 + __67w2/4

42
45. Theorem 3 (i) and Exercise 19:
f(xe*%(acflf) _ ii(].‘(ef%(xflf))
dw

= z% (eiiw}'(e*%ﬁ))

= i%(eﬂwe*%“ﬁ)) — i%(eféuﬁ—m))

= i(-w-— i)ef%wzﬂ'

= (1- iw)ef%“ﬁ*“”.

49.
~ 2 1 1 2 T
(W) = e _ ~a?/ay . ~Jz]
@ = e g = F (e (S5
Hence
1 > 1 -2 |7
hz) = fxglx)=— — e 1 Ze g
@ = frae) == [ e 2
1 X @en)?
_ - “1tl
= e T e I"dt.
il
51. Let
=1 || <1
fw) _{ 0 otherwise.
Then

~ ~ 2

h(w) = flw)e 2"
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We have F~1(e=2%") = ¢=3%" and f(z) = \/gM Thus

x

1 © _@-n? [2sint
h = = — T2 ——dt
@ = fro@ === e \/; t
1 [ z—)2 Sint
_ _/ 67( ) snt1 gt

T™J-—

53. Let f(z) = ze=*"/2 and g(x) = e
(a) F(f)(w) = —iwe™ 5, and F(g)(w) = =T .

(b)
{«} = {}
LW _w?w?
= —i—e T 2
V2
— _iﬂe*?’sz
7 .
(c) With the help of Theorem 3
2
* = fﬁl(—iﬂefng)
fxg NG
1 4d w?
- ()
Z\/ﬁﬁdw
12 d w 12 w
= —2§ 71(1’@673%) = —2§$.7:71(€73T2)
2 C1a2
= ——=xe
3v3

In computing F 1 (673%2), use Exercise 10(a) and (5) to obtain

2 1 —a)2 1 =2
fﬁl(eiaw ) e 67% = e da,

55. We use the uniqueness of the Fourier transform, which states that if h=k
then h = k.
(a) Let h=fxgand k =gx* f and use Theorem 4. Then

F(h) = F(f) - Flg) = Flg) - F(f) = Flg * [)-

hence f*xg=gx f.
(b) Let u= fx(g*h)and v=(f*g)*h. Then

Fu) = F(f) - Flg=h)=F(f) (F(g) - F(h))
= (F(f) F(g) - F(h)=F(f*g)  F(h)
= F((f*g)*h)=F().

Hence u =v or f*(gxh) = (f xg)*h).
(c) Use Exercisel:

F(fa) = F(f(x — a)) = e F(f).
So

F((f *9)a) F(f xg(x —a)) = e """ F(f xg)
F(fa)
—_——

= e "F(f)F(g9) = F(fo)F(g) = F(fa *g).
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Thus (f * g)a = fa * g. Similarly, (f *x¢)e = f * (9a)-
57. Recall that f is integrable means that

| i@l <o

— 00

If f and ¢ are integrable, then

frgla \/_/ fz —t)g(t)dt.

So, using properties of the integral:

N <mk%:/mf@‘“““ﬁﬁx

< (x —t)g(t)| dx dt
T2 / / )l

(Interchange order of integration.

=[5 1 (@) d

< (x —t)|dx dt
< = [ [ isa-oldls)

(Change variables in the inner integral X = = —¢.)
<

)| dx t)| dt < oo;
thus f « g is integrable.

60. Suppose that f(w) = 0 for all w not in [a, b]. This fact is expressed by saying
that the support of f is contained in [a, b]. Suppose also that support of g is
contained in [¢, d], where [a, b] is disjoint from [¢, d]. Consider the function h = fxg.
Then for all w, /f\z(w) = f(w) - g(w). In order for the product f( ) - g(w) to be
nonzero, w has to be simultaneously in [a, b] and [c, d]. But this is impossible,
since [a, b] and [c, d] are disjoint. So

for w, and hence f* g = 0. To complete the solution of this exercise, we must con-
struct nonzero functions f and g with the stipulated Fourier transform properties.

Let .
TSInT X
T =\ 5=

From Example 1 (and Exercise 10(b)), we have

ﬂm—{o‘% i < 2

othewise.

The function f has support contained in [—2, 2], because it is zero outside |w| < 2.
To construct a function whose Fourier transform is supported outside the support
of [—2, 2], it suffices to take f and translate its Fourier transform by, say, 5. This
is done by multiplying f by €@ (see Exercise 20(a). Let g(z) = ¢ f(x). Then

1— =5 — 5] <2
— 2 ’
(w) { 0 othewise.

This Fourier transform is just the translate of f It is supported in the interval
[3, 7]. By the first part of the solution, f* g = 0.
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Solutions to Exercises 7.3

1.
o _ o
oz 9z’
1 ou

Follow the solution of Example 1. Fix ¢ and Fourier transform the problem with
respect to the variable x:

2

wﬂ(w, t) = —w?au(w, t),
1 m d
u(w, 0) .F(l mn x2) 7€ dtu(w, 0)=0.

Solve the second order differential equation in u(w, t):
u(w, t) = A(w) coswt + B(w) sin wt.

Using 24i(w, 0) = 0, we get

=0 = B(w)w=0 = B(w)=0.

—A(w)w sinwt + B(w)w cos wt
t=0

Hence
u(w, t) = A(w) cos wt.

Using t(w, 0) = \/Ze~ "I, we see that A(w) = /Ze~ "l and so

u(w, t) = \/gelwl cos wt.

Taking inverse Fourier transforms, we get

o0
u(z, t) = / eI cos wt €™ duw.

3.
ou_ 100
ot 40x2’

u(z,0) = e
Fix t and Fourier transform the problem with respect to the variable z:

d . w?
Eu(wa t) - _Iu(wa t)a

Aw, 0) = Fe**) = %

Solve the first order differential equation in @(w, t):

2

Using u(w, 0) = %eiT, we get A(w) = %eiT. Hence
1 2 w? 1 w?
U(w, t) = —=e~ Te Tt = —e T+
(w, 1) 7 5
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Taking inverse Fourier transforms, we get

1 >~ 7w—2(1+t) ixw
u(zx, t) = ﬁ e 1 e dw.

Pu 0%
gu _ 294
ot? ox?’

2sinx ou

Fix t and Fourier transform the problem with respect to the variable z:

2

Eﬂ(w, t) = —w?u(w, t),

N B sin x o 1 i w <1
aw, 0) = F( =) w) = fw) = { 0 if jw| > 1,
d

Eﬂ(w, 0)=0.

Solve the second order differential equation in u(w, t):
u(w, t) = A(w) cos cwt + B(w) sin cwt.
Using £4i(w, 0) = 0, we get

u(w, t) = A(w) cos cwt.

~

Using u(w, 0) = f(w), we see that

~

u(w, t) = f(w) coswt.
Taking inverse Fourier transforms, we get

1 RPN . 1 1 .
u(w, t) = E/ f(w) cos cwt e dw = = / 1COS cwt € duw.

7.
ou ou
—+3—=0
Ox + ot ’
u(z,0) = f(z).
Fourier transform the problem with respect to the variable z:
d .
Zlw, 1) = ~=i(w, ),

~

u(w, 0) = F(u(z, 0))(w) = f(w).
Solve the first order differential equation in @(w, t):
a(w, t) = A(w)e 51,
Using the transformed initial condition, we get
U(w, t) = flw)e "5,
Taking inverse Fourier transforms, we get

1 ® = —1 %t izw 1 >~
u(%ﬂiﬁ/ f(w)e*5te dwzﬁ/

o t
(w)e™® 3)dw:f(3:—§).



288

Chapter 7 The Fourier Transform and its Applications

ou Ou
2— _—— =
t or Ot 0,

u(z,0) = 3cosz.

The solution of this problem is very much like the solution of Exercise 7. However,
there is a difficulty in computing the Fourier transform of cos x, because cos z is not
integrable on the real line. One can make sense of the Fourier transform by treating
cosz as a generalized function, but there is no need for this in this solution, since
we do not need the exact formula of the Fourier transform, as you will see shortly.

Let f(x) = 3cosz and Fourier transform the problem with respect to the
variable x:

d
tiwi(w, t) — Eﬂ(w, t) =0,

u(w, 0) = F(3cosz))(w) = f(w).

Solve the first order differential equation in @(w, t):
i(w, t) = A(w)e 57
Using the transformed initial condition, we get

i(w, t) = f(w)e 57

Taking inverse Fourier transforms, we get

1 EORIPN w3
u(x, t) = E/ f(w)eil?tg e1mw dw

L% v g
_ w)e @ F)
Tﬂ/ﬂf()

3 3
= flz+ %) = 3cos(z + %)

11.
ou_ ou
ox  Ot’
u(z,0) = f(z).
Fourier transform the problem with respect to the variable z:

d
Eﬂ(w, t) —iwu(w, t) = 0,
u(w, 0) = f(w).
Solve the first order differential equation in @(w, t):
a(w, t) = A(w)e™.

Using the transformed initial condition, we get

a(w, t) = f(w)e™.

u(z, t) = —/ A(w)efmt e dw

1 U
= / (w)e™™ @+ duy
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13.
o,
ot 0x?’
u(er, 0) = f(x).

Fix t and Fourier transform the problem with respect to the variable z:
d . 9n
Eu(w, t) + tw*u(w, t) = 0,

u(w, 0) = f(w).

Solve the first order differential equation in @(w, t):
2,2

u(w, t) = A(w)e™ 2~

~

Use the initial condition: A(w) = f(w). Hence

~ £2,2

lw, 1) = flwyeF

Taking inverse Fourier transforms, we get

202

u(z, t) = \/% /Z f(w)ei 2 e dw.

15.
9%u ou

— — =—u

ot? a7
u(z,0) = f(z), w(z,0)=g(z).

Fourier transform the problem with respect to the variable z:

d? d . N
—u(w, t) + 2Eu(w, t) + u(w, t) =0,

dt?

~ n d . ~
Solve the second order differential equation in u(w, t). The characteristic equation
is A2 42X\ 4+ 1 = 0. Since we have a repeated root A = —1, the general solution is

of the form:
t(w, t) = A(w)e™" + B(w)te .

The initial condition #(w, 0) = f(w) implies that f(w) = A(w). So u(w, t) =
f(w)e™"+ B(w)te~". The condition £a(w, t) = g(w) implies that — f(w)+ B(w) =

g(w) or B(w) = f(w) + g(w). So

i(w, 1) = fw)e™ + (F(w) + glw))te™".
Hence Taking inverse Fourier transforms, we get

~

u(z, 1) = \/%/O; (Fw)e™ + (f(w) + G(w))te™) e dw

= e*t\/% /700 f(w) e duw + teft\/% /700 (A(w) + g(w)) e dw
= e 'f(x) +te” (fz) + g(2).

17.
Pu O*u

o dat

[ 100 if]z] <2,
u(,0) = { 0 otherwise.
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Fourier transform the problem with respect to the variable z:

2

wﬂ(w, t) = w'i(w, t),

i(w, 0) = Flw) = 100\/?“ 2w,

w

Solve the second order differential equation in u(w, t):
i(w, t) = A(w)e """ + B(w)e” "

Because a Fourier transform is expected to tend to 0 as w — +oo, if we fix t > 0
and let w — oo or w — —o0, we see that one way to make u(w, t) — 0 is to take
B(w) = 0. Then @(w, t) = A(w)e~*"t, and from the initial condition we obtain

B(w) = f(w). So

_ 2 sin 2
i(w, t) = flw)e ™" = 100\/;5”1 Yemw’t,

w

Taking inverse Fourier transforms, we get

1 [ 2 sin 2 .
— / 100\/jsm W e—wt gizw gy,
V2T ) oo T w

100 [ sin2w
— ——

u(zx, t)

— 2 y
w”t emcw dw

T ) W
19.
*u  Pu
otz Otdx?’

u(z,0) = f(z), wi(zr,0)=g(z).

Fourier transform the problem with respect to the variable z:

2 d
wa(w, t) = —'LU2E'ZZ('LU, t),
~ > d . ~
Solve the second order differential equation in u(w, t). The characteristic equation
is A2 +w?\ = 0, with roots A = 0 or A = —w?. The general solution is of the form:

A(w, t) = A(w) + B(w)e "t

The initial condition @(w, 0) = f(w) implies that f(w) = A(w) + B(w) or A(w) =
flw) — B(w). So R

i(w, t) = f(w) + B(w)(e ™ = 1).
The condition £7(w, 0) = g(w)

So

i, #) = w, £) = ) - L2 =t 1) = flu) + L1 ooty

Taking inverse Fourier transforms, we get

u(z, t) = L/ﬁoo (A(w) + M(l _ €7w2t)) I

27 J—o w?
Lo L g

= — we”“”dw—i——/ 1—¢e" e dw
T A Nz T )
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21. (a) To verify that

x+ct
u(e,t) = 3lfe )+ S+ e+ 50 [ gls)ds

N~

is a solution of the boundary value problem of Example 1 is straightforward. You
just have to plug the solution into the equation and the initial and boundary con-
ditions and see that the equations are verified. The details are sketched in Section
3.4, following Example 1 of that section.

(b) In Example 1, we derived the solution as an inverse Fourier transform:

1 RN 1 .
u(z, t) = E/ [f(w) coscwt + —g(w) sincwt]e™” dz.

cw

Using properties of the Fourier transform, we will show that

[f(x—ct) + f(z +ct)];

N =

(1) \/% /Z Fw) cos cwte™™ dw =

1 o] 1/\ ) o 1 x+ct
(2) Nors Eg(w) sincwt " dw = 3 t g(s)ds.

To prove (1), note that
eicwt + e*icwt
cos cwt = —

SO

~

1 > .
— w) cos cwte™* dw
=/ Jw

1 1 RPN , 1 RN .
- = iw(z+ct) d iw(z—ct) d
5 [——27r /700 flw)e w—_27r /700 flw)e w

_ %[f(x—i—ct) + f@— )]s

because the first integral is simply the inverse Fourier transform of Zevaluated at
x + ct, and the second integral is the inverse Fourier transform of f evaluated at
x — ct. This proves (1). To prove (2), we note that the left side of (2) is an inverse
Fourier transform. So (2) will follow if we can show that

—ct

3) ]-'{ /x ) ds} - %g(w) sin cut.

Let G denote an antiderivative of g. Then (3) is equivalent to
2
F(G(z+ ct) — G(x — ct)) (w) = —G'(w) sin cwt.
w

Since G’ = iwG , the last equation is equivalent to
(4) F(G(z+ct)) (w) — F(G(z —ct)) (w) = 2iG(w) sin cwt.
Using Exercise 19, Sec. 7.2, we have

F(G(x+ct)) (w) — F(G(x —ct)) (w) = “"F(G) (g}) - e’“f“’]—'(G) (w)
— ]:(G)(w) (ewtw _ e*lctw)

= 2iG(w) sincwt,
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where we have applied the formula

. elctw _ e*’LCtU}
sin ctw = -
2

This proves (4) and completes the solution.

23. Fourier transform the boundary value problem

u 282u+k8u <z< t>0
ot 083:2 Ox’ OSSO ’
u(z,0) = f(z),
and get
d
(w, 1) = —w? a(w, t) 4 ikwi(w, t) = G(w, t)(—w? + ikw),

u(w,0) = f(w).
Solve the first order differential equation in @(w, t) and get
A(w, t) = A(w)e(~¢w kvt
The initial condition @(w, 0) = f(w) implies
(w, t) = fw)e~Cw kv,

Taking inverse Fourier transforms, we get

1 RPN . _
u(z, t) = E/ f(w)e(*62w2+lkw)temcw dw

1 ® o —c2w?t iw(z+kt)
= — w)e e dw.
=/ Jw

25. Using the Fourier transform, we obtain
2

Eﬂ(w, t) = cwli(w,t),

Uw,0) = flw),  —a(w, 0)=gw).
Thus , ,
t(w, t) = A(w)e” " + B(w)e™ .

Using the initial conditions:

~ o~ ~

i(w, 0) = fw) = A(w)+B(w) = f(w) = A@w) = f(w) - Bw);

and
%a(w, 0)=g(w) = —cw?A(w)+cw’Bw)=g(w)
= —A(w)+ B(w) = i(;?
=~ flw) + 2B(w) = 2
= Bw) - 3 (Fw)+ 22).
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Hence

tw.t) = 3 (- L) ot L (F + L) e
)

cw cw
2 2 2 2
B - (ecw t +efcw t) ’g\(w (ecw t _ e~ cw t)
= fw) 2 + cw? 2
= f(w) cosh(cw?t) + g(u;) sinh(cw?t)
cw

Taking inverse Fourier transforms, we get
u(z, t) = L /00 f(w) cosh(cw?t) + g(w) sinh(cw?t) ) €* duw.
Vor ) o cw?

27. Fourier transform the boundary value problem:

Eﬂ(w, t) = —iccw?u(w, t),
Apply the initial condition:

Inverse Fourier transform:

1 RPN 2 o3,
u(z, t) = E/ f(w)eﬂczwgt e dw.

293



294  Chapter 7 The Fourier Transform and its Applications

Solutions to Exercises 7.4

1. Repeat the solution of Example 1 making some adjustments: ¢ = 3, g;(z) =

%e*%,
we ) = feol)
- %/Zf(s)%e#ds
= % 116#615 (v:x\;;, dv:—%ds)
= 20 Ij{leqﬁds

VA S
= 10 (erf(%)—erf(%)).

3. Let us use an approach similar to Example 2. Fourier transform the boundary
value problem and get:

d
Ea(wa t)
I2

w2
u(w,0) = F(70e T)="T0e 2.

—w?t(w, t)

Solve the equation in u:
2
a(w, t) = A(w)e ™",
Apply the boundary condition:

w2

U(w, t) =70e” 2 )eﬂ”zt = 70e~ W (t+3),

Inverse Fourier transform:

1 1
uz, ) = F (7oe*w2<t+%>) (o =t+3)
0, w2 1
- V2i+1 a) —
ol ( e (=577
00 .
= e~ e |

V2t +1

where we have used Theorem 5, Sec. 7.2.
5. Apply (4) with f(s) = s?:

u(z, t) = frgi(x)

1 1 e z—s)?
——/ 5267( 7 ds.
\/ﬂ V2T J s
You can evaluate this integral by using integration by parts twice and then appealing
to Theorem 5, Section 7.2. However, we will use a different technique based on the
operational properties of the Fourier transform that enables us to evaluate a much

more general integral. Let m be a nonnegative integer and suppose that f and
s™ f(s) are integrable and tend to 0 at +00. Then

% 1 Z 5 f(s)ds = (i) [ dcf:n F (f)(w>]

This formula is immediate if we recall Theorem 3(ii), Section 7.2, and that

w=0

o~

o0 == [ " ols)ds.
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We will apply this formula with

1 (z=5)?
f(s) = Ee T
We have
F (Le#> (w) = e ™rF (Le%> (w) (by Exercise 19, Sec. 7.2)
V2t V2t

= ewremw't = o—(watw’) (See the proof of Th. 1.)

So

_(@=9)?
t

u(z, t) = ds

1 1 <,
_— s“e
V2t V2T J oo

[ d? 1 (@52
- ‘_d—wzf(ﬁe )“‘”L_o

_ -d_2€(iwm+w2t):|

_dw2 w=0
F .
= —|—- e*(“’“”“”%)(i:c + 2wt)]
| dw w=0

= e (ot i 4 2ut)? 4+ ate ety

w=0
= 2242

You can check the validity of this answer by plugging it back into the heat equation.
The initial condition is also obviously met: u(z, 0) = z2.

The approach that we took can be used to solve the boundary value problem
with f(z)a™ as initial temperature distribution. See the end of this section for

interesting applications.

7. Proceed as in Example 2. Fourier transform the problem:

d ~
d—?ﬂ(w, t) = —t2w(w, t), a(w, 0) = flw).

Solve for u(w, t):
543

U(w, t) = flw)e ™ 5.
Inverse Fourier transform and note that

u(z, t) = f*F 1 (efwu;) .

With the help of Theorem 5, Sec. 7.2 (take a = g), we find

Fi (67102%3) = V3 e " am,

Thus

1 o0 V3 _sa—9?
’LL(.I, t) = E ‘/700 f(s)\/T?e 4t3 dS
\/5 /Oo  3(z—s)2
= s)e” a3 ds.
2\/ 7Tt3 —00 f( )

9. Fourier transform the problem:

du ~
Eﬂ(w, t) = —e tw?u(w, t), u(w, 0) = f(w).
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Solve for u(w, t):
A(w, t) = fw)e ™ 0=,

Inverse Fourier transform and note that
u(z, t) = fxF! (67“’2(178%)) .

With the help of Theorem 5, Sec. 7.2 (take a = 1 —e™*), we find
]:71 (e*wz(l e f)) - ¢ 4(1fj—t) )
\/_\/1 — et

Thus

2

6 4(1 et ds.

o= e [

11. This is a generalization of Exercise 9 that can be solved by similar methods.
Fourier transform the problem:

du 9 =N 2
Eu(w t) = —a(t)w u(w, t), u(w, 0) = f(w).

Let B(t) denote an antiderivative of a(t), hence B(t fo . Then u(w, t):
i(w, t) = f(w)e*w23<t>.
Inverse Fourier transform and note that
u(z, t) = fxF ! (efsz(t)) .

With the help of Theorem 5, Sec. 7.2 (take a = B(t)), we find

71 (€7w2B(t)) I e
2 B(t)
Thus
u(x, ) = ———— s)e” 4B® (s.
( ) 2\/ WB(t) — 00 f
13. If in Exercise 9 we take
100 if x| < 1,
otherwise,
then the solution becomes
50 __(@=s)?
u(x, t) = ————— e 4-e7 (s,
( ) ﬁ\/l — et ~/71
o Tr—s o —ds
Let Z = Nﬁ, dZ = ﬁ. Then
x+1
u(x, t) = 2\/1—et/2 S e dz
-
\/_ I—e Wi
_ 100 (WA e
= ﬁ
2y/1—e—t

x+1 x—1
= 50 f{ —— | —erf | ————— .
[er (2 1—et> . (2\/1—et>]
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As t increases, the expression erf ( 5 \/%) —erf ( 5 \/—) approaches very quickly
erf (IT“) —erf (I—gl), which tells us that the temperature approaches the limiting

distribution
1 -1
oo (247) it (551

You can verify this assertion using graphs.

15. (a) From the definition

2/79672
— e 7 dz
‘\/_

- __/ e dz (2=-2Z, dz=—dZ)

erf(—x)

= —erf(z

Thus erf is an odd function.
(b) From the definition

2 [0 .

erf(0) = \/—%/0 e * dz=0,
2 o0

erf(c0) = \/—%/0 e dz =1,

by (4)m Sec. 4.2.
(¢) By the fundamental theorem of calculus,

d
d_/ e dz
2
>

—z 0

d
Eerf(x) =

e

g

for all . Thus erf is strictly increasing.

(d) We have
%(xerf(x) + %eﬂf = erf(z) + x%erf(x) - \2/—:;67962
= ef(z)+ \2/—”%6*%2 - \2/—”%6*%2 (by (c))
= erf(x).
Thus
/erf(x) dz = (xerf(z) + %eﬂcz +C.

(e) From the power series expansion of
o0
2"
Z ) (—o0 < 2 < ),

we obtain the power series

(_;)n - 2}(_1)"% (00 < 2 < o).

. . . 2 . .
Since the power series expansion for e™*" converges for all z, we can integrate it
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term by term over any interval. So we have

erf(z) = e % dz

| Ty ifa<ax<d,
fl@) = { 0  otherwise,

then
_(z=9)?
izt ds.

u(zx, t) =

20\/_ /

(b) Let z = £=%, dz = =%2. Then

C\/_
u(z, t) = 20\/_20\/_ e 4y
C\/t

- Bl () ()]

19. Using (4) with f(x) = Tp, then

_(e=9)?
u(x, t) 1t ds.
u 20\/ /
_ x—s _ —ds
Let z = 2D dz = PR Then
Ty /°° 2
w(zx, t) = 2e\/t e % dz =Ty,
(z, 1) 2e/mt oo 0
y (4), Sec. 7.2.
21.

23. The solution of the heat problem with initial data f(x) is given by (4), which
we recall as follows

u(z, t) = gi * f(2),

where g¢(x) is Gauss’s kernel,

1 2,042
gt(l“) _ e 7 /(4c t)'

Let ug(x, t) denote the solution of the heat problem with initial data f(z — a).
Applying (4) with f replaced by (f)q(z) = f(x — a), we obtain

ua(x, t) = gi * (f)a(@)-

By Exercise 47(c), Sec. 7.2, we know that the convolution operation commutes
with translation. So

uz(x, t) = g * (f)a(®) = (9¢ % fla(®) = u(z = a, 1).
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25. Let us(z, t) denote the solution of the heat problem with initial temperature
distribution f(z) = e~ @D Let u(zx, t) denote the solution of the problem with
initial distribution e=**. Then, by Exercise 23, ug(x, t) =ulx — 1, t)
By (4), we have
1

—z2/(4c%t) —z?
& * e .
cV2t

We will apply Exercise 24 with a = % and b = 1. We have

u(zx, t) =

c2t
ab B 1 y 1
a+b 42t 4C12t +1
B 1
1 4-4e2t
1 B 1
2(a+b) 27 +1)

V2t
Vacct +1°

So
u(z, t) = Leﬂcz/(k%) xe ®
’ cV2t

1 T

— . e 1+4c<t
cV 2t 4c2t +1
1 2

R s v=-4
VARt +1 ’

and hence
1 _ (@=1)?
us(x, t) = ———=e 1%,
4c2t +1

27. We proceed as in Exercise 25. Let ug(z, t) denote the solution of the heat
problem with initial temperature distribution f(z) = e~@~2°/2. Let u(x, t) denote
the solution of the problem with initial distribution e=e’/2, Then, by Exercise 23,
ug(z, t) =u(zr —2,t)

By (4), we have
1 —z?/(4c%t —z2/2
c\/ﬂe [(4c*t) | o=77/2

u(zx, t) =

We will apply Exercise 24 with a = ﬁ and b = 1/2. We have

ab B 1 y 1
a+b 82t 4C12t+%
B 1
2+ 4c?t
1 B 1
2(a+ ) 2k + 1)
- 2e\/t
VAt +2
So
1 2 2 2
u(z, t — T /(4c”t) xe T /2
(z, 1) T
= 1 . 20\/E 67 2+gfj:§t
V2t VARt +2
1 o2

- ¢ 2t4c%t
= e +c,

V2c2t +1
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and hence
1 _ (2=2)2
us(x, t) = ————=e 2%,
2c2t 4+ 1

29. Parts (a)-(c) are obvious from the definition of g;(x).
(d) The total area under the graph of g;(x) and above the x-axis is

o0 1 o0 2 2
) dx A
/700 9:(x) cV 2t /700

20\/% > _ 2
e
V2t J_ oo

x
d = ——, dz =2cVid
z (z VA = 2cVtdz)

\/5/ e dr =V 2m,

by (4), Sec. 7.2.

(e) To find the Fourier transform of g.(z), apply (5), Sec. 7.2, with
1 1 1
=, — =2cV2t, — =c%.
“Taer v2a VEL g T
We get
1 2 2
gi(w) = f(e*x /(4e t)) dx
9e(w) cV2t
1 2 2
= X 2c\/2te” ¢
cV2t
—c?tw?
= e .

(f) If f is an integrable and piecewise smooth function, then at its points of conti-
nuity, we have

lim g+ f(x) = f(2).

This is a true fact that can be proved by using properties of Gauss’s kernel. If we
interpret f(z) as an initial temperature distribution in a heat problem, then the
solution of this heat problem is given by

u(z, t) = g x f(x).

If t — 0, the temperature u(z, t) should approach the initial temperature distribu-
tion f(x). Thus lim;_0g: * f(z) = f(x).
Alternatively, we can use part (e) and argue as follows. Since

lim 7 (g.) () = lim e~**1" =

So
lim F(g; + f) = lim F (g) F () = F (f)

You would expect that the limit of the Fourier transform be the transform of the
limit function. So taking inverse Fourier transforms, we get lim; g g * f(x) = f(x).
(Neither one of the arguments that we gave is rigorous.)

A generalization of Exercise 5 Suppose that you want to solve the heat equation
Ut = Uy, subject to the initial condition u(x, 0) = 2™ where n is a nonnegative
integer. We have already done the case n = 0 (in Exercise 19) and n = 2 (in
Exercise 5). For the general case, proceed as in Exercise 5 and apply (4) with

f(s) =s™:

u(@, t) = [fxgi(x)

1 1 /°° o @=)? d
— Y S € t S.
V2t V2T ) oo



Section 7.4 The Heat Equation and Gauss’s Kernel 301

Use the formula

with 1
(z—s)2
fls) = == 5
V2t

&
2t
1 (z—s5)2 . 2
Fl——e w) = ef(uuerw t)
()

(see the solution of Exercise 5). So

and

u(z, t) = (i)" [d—

—(lwz+w?t)
dwn ]

w=0
To compute this last derivative, recall the Taylor series formula
o /() n
fla) =) ——(@-a"

n!
n=0

So knowledge of the Taylor series gives immediately the values of the derivatives at

a. Since -
(aw)"
aw __
e = Z n!
n=0
we get _
[d—J.eaw] =al.
dwI w=0
Similarly,

o 0 if k is odd,
[d—w’“ ]w_o_ YE ip = g5,

Returning to u(z, t), we compute the nth derivative of e~ (1w +©*) ysing the Leibniz
rule and use the what we just found and get

d"” 2, .
u(x, t) — (,L)n |: nefw telwm:|
dw w=0
— A\ . n dj —w?t dnij —twx
= 02 (5) a ™ wm
Jj=0 w=
[5] 2 n-2j
( )n ( n > d~ —w3t d / —iwx
= (3 . B} . Y
=0 2] dw?7 dw J w=0
oy e
= ()" ( . ) - (—ix)" 2
=\ 7t

For example, if n = 2,

1 ; .
t7(25)! -
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which agrees with the result of Exercise 5. If n = 3,

! 3(27)! :
u(z, t) = Z( 23] > BOIE e = 2° + 6ta.

il
=0 7

You can easily check that this solution verifies the heat equation and u(z, 0) = z3.

If n =4,
- 4\ @) o 4
u(z, t) = E ( . ) Lt =t 12t 1262
; 2j J!
Jj=0
Here too, you can check that this solution verifies the heat equation and u(z, 0) =
4
x4,

We now derive a recurrence relation that relates the solutions corresponding to
n—1,n, and n+1. Let u,, = u,(z, t) denote the solution with initial temperature
distribution u, (z, 0) = z™. We have the following recurrence relation

Upt1 = TUyp + 20Uy 1.

The proof of this formula is very much like the proof of Bonnet’s recurrence formula
for the Legendre polynomials (Section 5.6). Before we give the proof, let us verify
the formula with n = 3. The formula states that us = 4usg + 6tus. Sine uy =
at + 12t2? + 1262, ugz = 23 + 6tx, and uy = 2% + 2t, we see that the formula is true
for n = 3. We now prove the formula using Leibniz rule of differentiation. As in
Section 5.6, let us use the symbol D" to denote the nth derivative, We have

41 [ g+l (wztw?t)
tnia 1) = ()" ertivesa]
_dwnJrl w=0
_ (,L-)nJrl —Dn+1€7(iwm+w2t)}
L w=0

_ (i)nJrl :Dn (Def(imerw%))}

w=0

= ()" :D" (—(i:c + 2wt)e*(mm+w2t))]

w=0

= ()" :D" (—(i:c + 2wt)e*(mm+w2t))]

w=0

= ()" —Dr (ef(iwmﬂu%)) (iz + 2wt) — 2nt D™ ! (e*(“’“”*wzt))]

w=0

= z(i)" D" (e*(iwwrwzt)) ’ +2nt (i)" 1D (e—(iwm+w2t)) ’
w=0 w=0

= Tupy + 2ntu,_1.
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Solutions to Exercises 7.5

1. To solve the Dirichlet problem in the upper half-plane with the given boundary
function, we use formula (5). The solution is given by

u(z, ) 2/00 G

T ) o (=8)+y?
soy [ ds
T Joy (@ —8)?Fy?

- B (5 (52))
T Y Y

where we have used Example 1 to evaluate the definite integral.

3. We appeal to the Poisson integral formula (5). In evaluating the integral, we
will come across the improper integral

Y /°° CoS S
= ——— ds,
T ) oo S2 +y2

which is a nontrivial integral. In order to evaluate it, we will appeal to results
about Fourier transforms. Fix y > 0 and consider

yv2

"= TR

(o0 < s < 00).

The Fourier transform of h(s) is

e y 71511)
Y / €os sw — ¢ sin sw
= — S S E— ds
™ §2 + 42
_ Y COS SW
T 2ty 74

because the sine integral has an odd integrand, so its value is 0. Let us now use a
table of Fourier transforms to evaluate the Fourier transform of h (see also Exercise
12, Section 7.2). From entry 7, form the table of Fourier transforms, Appendix B.1,
we have

~

h(w) = e~vIvl (y >0, —o0 < w < 00).

So

o0
(1) Yy G055 4 = evlvl (y >0, —00 < w < 00).
T ) oo S2 +y2

We are now ready to evaluate the Poisson integral for the given boundary function
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f(@):

()
u®, y) fﬂmx—$2+wds

L,
- wlm@—@uwfi
~ fa-s)

T ) oo 52+y2

B g/oo cos(x—s)dS

< 3|

s (Change variables s =z — S.)

T S2+y2
y/°° cosxcoss—i—sinxsinsd
= — S
2 1 .2
T J_ o sc 4y

=0

,—/ﬁ

ycosx/Oo coss_ +ysinx/°° sin s d

= S S
T e 52+y2 T e S2 +y2

(The integrand is odd in the second integral.)

o0
CcOS §
= cosxg/ ﬁds
T ) oo S°+Y

= cosxe Y,

where we have used (1) with w = 1. It is instructive t check that we have indeed
found the (bounded) solution to our Dirichlet problem: u(x, y) = cosze™ Y. We
have u, = —cosre™¥ and uy, = cosze Y. S0 Uy, + Uy, = 0. This shows that u is
a solution of Laplace’s equation. Does it satisfy the boundary condition? Let’s see:
u(z0) = cosz = f(x). Yes, it does. Can you guess the solution of the Dirichlet
problem with boundary condition f(z) = sinz?

5. Appealing to (4) in Section 7.5, with y = y1, y2,y1 + y2, we find

F(Py)w) = ¥, F(B,)(w) = e W, F(Py ) (w) = ¢ Wil

F(Py)(w) - F(Pyy)(w) = 7t lemvalvl = e=ntvallvl = F(py, 1) (w).

But
F(Py)(w) - F(Py,)(w) = F(Py, x Py, )(w),

Hence
F(Pyy1y,)(w) = F(Py, * Py,)(w);
and so Py, 1y, = Py, * Py,.

7. () If f(z) = ﬁ, then in terms of the Poisson kernel, we have from (3), Sec.

7.5,
) = 5[5 Pa(0)

The solution of the Dirichlet problem with boundary value f(z) is then

e, v) = Py £2) = 3 [ 2R Pulo) = 1 2 Pacs (o),

by Exercise 5. More explicitely, using (3), Sec. 7.5, with y 4+ 2 in place of y, we

obtain
y+2 - l Y+ 2
e 2R 2Pt (2P
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(b) The boundary function, ﬁ, takes values between 0 and 1/4. For 0 < T < 1,
the points in the upper half-plane with u(z, y) = T satisfy the equation

224+ (y+2)? - 55:(y+2)=0
2+ (y+2-77)° = wre-
These points lie on the circle with radius ﬁ and center at (0, 75 — 2).

9. Modify the solution of Example 1(a) to obtain that, in the present case, the

solution is T
u(z, y) = =2 [tanl (a—i—x) +tan~! (a—x)] .
™ Y Y

To find the isotherms, we must determine the points (z, y) such that u(z, y) = T.
As in the solution of Example 1(b), these points satisfy

z? + (y - acot(§)>2 = (CLcsc(7;—T)>2 .

0 0

Hence the points belong to the arc in the upper half-plane of the circle with center
(0, acot(%)) and radius acsc(%). The isotherm corresponding to 7' = & is the
arc of the circle
T2 T2
%+ (y — acot(i)) = (acsc(i)) ,

or
2

%+ y2 =a”.
Thus the isotherm in this case is the upper semi-circle of radius a and center at the
origin.

13. Parts (a)-(c) are clear. Part (e) fellows from a table. For (d), you can use (e)
and the fact that the total area under the graph of P,(z) and above the z-axis is
VERP(0) = vame 0 — v/,
(f) If f is an integrable function and piecewise smooth, consider the Dirichlet prob-
lem with boundary values f(z). Then we know that the solution is u(zx, y) =
P, f(z). In particular, the solution tends to the boundary function as y — 0. But
this means that lim, g P, * f(z) = f(z).

The proof of this fact is beyond the level of the text. Another way to justify
the convergence is to take Fourier transforms. We have

F(Pyx f)(w) = F(Py)(w) - F(f)(w) = e F(f)(w).

Since limy_.g e~vlwl = 1, it follows that

lim F(P, « f)(w) = lim e F( ) (w) = F(f)(w).
y— y—
Taking inverse Fourier transforms, we see that lim, .o P, * f(z) = f(z).

The argument that we gave is not rigorous, since we did not justify that the
inverse Fourier transform of a limit of functions is the limit of the inverse Fourier
transforms.
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Solutions to Exercises 7.6

1. The even extension of f(x) is

fe(x)—{ L if-1<z<l,

0 otherwise.

The Fourier transform of f.(z) is computed in Example 1, Sec. 7.2 (with a = 1).
We have, for w > 0,

2 sinw

Fe(H)w) = F(fe)(w) =/ =

™ w

To write f as an inverse Fourier cosine transform, we appeal to (6). We have, for

x>0,
\/7/ Fe(f)(w) cos wz dw,

or

9 % sinw 1 if0o<a<l,
—/ coswxdw=<¢ 0 ifx>1,
TJo W Ioifr=1

Note that at the point * = 1, a point of discontinuity of f, the inverse Fourier
transform is equal to (f(z+) + f(z—))/2.

3. The even extension of f(z) is f.(z) = 3e 2l We compute the Fourier
transform of f.(x) by using Exercises 5 and 17(a), Sec. 7.2 (with a = 2). We have

Flram =322

Fu) = FUrw) = 22

To write f as an inverse Fourier cosine transform, we appeal to (6). We have, for

x>0,
\/7/ Fe(f)(w) cos wz dw,

367296:%/00 coswr
T Jo 4+w?

So, for w > 0,

or

5. The even extension of f(z) is

fulz) = cosr if =27 <z < 2m,
0 otherwise.

Let’s compute the Fourier cosine transform using definition (5), Sec. 7.6:

Aipw) = =2 [ cosveosurds
= \/7/27T [cos(w + 1)z + cos(w — 1)x] dx

2 [sin(w+ Dz sin(fw— 1)z

_ 12 1
2 p [ wrl w1t |, w7V
1 /2 [sin2(w+ 1) sin2(w — )7

_ 12 1
2 w[ w+1 w—1 (w#1)
1 /2 |sin27w  sin27w

= o4/= 1
2V [ w+1 + w—1 ] (w#1)

2 w
= — sl 2 —_— 1 .
\/;sm ™o (w#1)
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Also, by I’'Hospital’s rule, we have
. 2, w
lim 4/ = sin2rw——— = V2,
w—0 \ w? —1

which is the value of the cosine transform at w = 1.
To write f as an inverse Fourier cosine transform, we appeal to (6). We have,
for z > 0,

2 [ w . cosr if 0 <z < 2m,
— —— sin 27w cos wx dw = .
T Jo w*—1 0 if @ > 2.

For x = 2m, the integral converges to 1/2. So

2 [ 1
—/ 2L sin 27w cos 2rw dw = —.
T )y w?—1 2

7. The odd extension of f is

1 ifo<z <1,
folx)=¢ -1 if —1<2z<0
0 otherwise.

To avoid computing the Fourier transform of f, from scratch, let us introduce the

function
1if -3 <<y,
9(x) = :
0 otherwise.

From Example 1, Sec. 7.2, we have

Flo)w) =/ 2%
Note that f,(z) = g(z — ) + g(z — 3). So
Flf)w) = Flgle — 5)w) + Flgla — 5))w)
= e TF(g)(w) + e F(g)(w)  (Exercise 20, Sec. 7.2)

_92isin &
2isin g

= Flg)w) (e7H" + +ebv)

~ [2sin? w2

™ w

Applying (10), Sec. 7.6, we find

Fulf)(w) = iF (o) (w) = 2\/?1“ w2 _ [21-cosw

w ™ w

The inverse sine transform becomes

2 [*1-
flz) = —/ = O sinwa duw.
0

™ w

9. Applying the definition of the transform and using Exercise 17, Sec. 2.6 to
evaluate the integral,

2 oo
Fo(e ") (w) = 4 —/ e ?" sinwaz dx
™ Jo
2 672x ) 0
= = — [~wcoswz — 2sinwx]
T 4+w =0

e
- T4+ w?’
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The inverse sine transform becomes

2 (o)
flz) = ;/0 4+ww2 sinwz dw.

11. The odd extension is

sin2z if —7m<ax<m,
fO(x =

0

otherwise.

To evaluate the Fourier transform of f,, write f,(z) = sin2z - g(x), where

g(z) = {

1 if —m<x<m,

0 otherwise.

Then by Exercise 20(b), Sec. 7.2, we have

F(fo) = F(sin2zg(x))

By Example 1, Sec. 7.2,

So

A = ik
B \/51
- Vru

~ o (Fl)w —2) ~ Flg)(w+2)).

sinw(w—2)  sinm(w +2)
w— 2 w+ 2

sinTw  sinww
w— 2 w + 2

2 sin Tw

- 2
C  Vriw?2—4

Applying (10), Sec. 7.6, we find

Fs(H(w) =i

Fig ) =22 500

The inverse sine transform becomes

fa) =2

T
13. We have f.(z) = H% So

1
Fol—)=F
(=)

by Exercise 11, Sec. 7.2.
15. We have f,(z) = 1755 So

1 .
Fs <—1+x2> =1F

by Exercise 35, Sec. 7.2.

17. We have f.(r) = {255 So

cosx cos T
Fe (1—1—3:2) _]:(l—i-xQ

® sinTw .
5 sin wzx dw.
0 we — 4

) - \/g (e*'w*” +e*<w“>) (w > 0),
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by Exercises 11 and 20(b), Sec. 7.2.
19. Let f. denote the even extension of f so that f.(x) = f(z) for all z > 0. Then,

for w > 0,
2 o0 2 o0
\/j/ f(z) coswa dx = \/j/ fe(x) coswz dx
™ Jo ™ Jo
21 [
\/;5 ‘Amfe(x)coswxdx

(The integrand is even.)

Fe(f)(w)

1 oo
= — o(z)(coswr —isinwz) dx
= st )
(The integral of fe(x)sinwa is 0 because the integrand is odd.)
1 e -
= — o(z)e " dx
=/ f@
= F(fe)(w).

We proceed in a similar way when dealing with the sine transform. Let f, denote
the odd extension of f. The f(z) = f,(z) for > 0 and

Fs(Hw) = \/g/ooo f(@)sinwz dz = \/g/ooo folz) sinwz d
_ \/gé/o:ofo(x)sinwxdx

(The integrand is even.)
1 oo
= i— fo(x)(coswa — isinwz) dx
V 27T w/foo
(The integral of f,(z)coswz is 0 because the integrand is odd.)

= E/,OO fo(z)e "% da
= iF(fo)(w).

21. From the definition of the inverse transform, we have F.f = F. 1 f. So F.F.f =
FF L f = f. Similarly, FoFof = FoF 1 f = f.
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Solutions to Exercises 7.7

1. Fourier sine transform with respect to x:

=0
g~ R 5 ——
B (w, 1) = —w?i,(w, ) + /2w 5(0, 1)

dt

Lis(w, t) = —wug(w, t).

dt
Solve the first-order differential equation in us(w, t) and get

s(w, t) = Aw)e "

Fourier sine transform the initial condition

A, 0) = Alw) = Fu @) (w) = Toy 2=

Hence
N 21— cosbw
Us(w, t) = ST P vt
T w

Taking inverse Fourier sine transform:

2 [ 1—cosbw _,z2, .
e lsinwzdw.
0

t) ==
ul, 1) = = -

3. As in Exercise 1, Fourier sine transform with respect to x:

=0
g~ N 5 ——
Ba(w, 1) = —w,(w, 1) + /2w w0, 1)

dt

Lis(w, t) = —wug(w, t).

dt
Solve the first-order differential equation in us(w, t) and get

Us(w, t) = A(w)e ",

Fourier sine transform the initial condition

us(w, 0) = A(w) = Fo(f(2))(w) = \/gew-

Hence
2 2
Ty(w, £) = || Zeve 0t = [ 2 - (wtru),
s s

Taking inverse Fourier sine transform:

2 o0
/ e~ (W) Gin 4 dw.
0

u(zx, t) = -

If you Fourier cosine the equations (1) and (2), using the Neumann type

5.
condition 9
u
—(0,7) =0
20,1 =0,
you will get
=0
d
Lac(w, 1) = [ = wie(w, 1) - V2 Sulo, 2]
dx
Liie(w, t) = —c2w?u.(w, t).

dt
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Solve the first-order differential equation in u.(w, t) and get

2,2

Ue(w, t) = A(w)e L.
Fourier cosine transform the initial condition
Uc(w, 0) = A(w) = Fe(f)(w).

Hence
Us(w, t) = Fe(f)(w)e™ "

Taking inverse Fourier cosine transform:

u(x, t) =4/ = / Fe( *C“’tcoswxdw.

7. Solution (4) of Example 1 reads

u(zx, t) \/7/ fS e~ sinwt dw,
fo(w) = \/g/“; f(s)sinwsds.

2 o0 o0
u(z, t) = = / f(s)sinws dse™¢""t gin wt dw

T Jw=0 Js=0

2 [ o0
= —/ f(s)/ sinws sinwt e~ tdwds

T Js=0 w=0

where

So

Use sin Asin B =

- \/% /Sj) f(s)\/g/wojo [cos(w(x — s)) — cosw(x + s)]e*g“’ztdwds.

Evaluate the inner integral by appealing to a result of Example 4, Sec. 7.2, which
we recall in the following convenient notation:

/2 /Oo —aw? d 1 =2
- e COSTW aw = e 4da,
a w=0 V 2@

[cos(A — B) — cos(A+ B)].)

N~

Hence
2 > —cZw?t
- cos( (x —s)) —cosw(z + s)]e dw
T
= /= / cos(w(z — s))e —wt gy \/7/ cosw(z + s)e —wt gy
(x—5)2 (z+5)?
= |: 12t — e 4c2t };
\/ic\f
and so

u(x, t) =

(z=5)2 _ (zts)?
[ 42t — e 42t ]ds.

20\/_

9. (a) Taking the sine transform of the heat equation (1) and using u(0,t) = Tp
for t > 0, we get

d 2 2~ \/5 .
7 us(w,t) =c¢ [— w s (w, t) + ;wu(O, t)},
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or

d 2
— g (w, ) + Aw?ts(w, t) = 2 \/ijo.
dt m

Taking the Fourier sine transform of the boundary condition u(z,0) = 0 for 2 > 0,
we get ug(w,0) = 0.
(b) A particular solution of the differential equation can be guessed easily: us(w, t) =

% Lo The general solution of the homogeneous differential equation:

d
7 Us(w, ) + s (w, t) = 0

is us(w, t) = A(w)e*g“ﬁt. So the general solution of the nonhomogeneous differ-

ential equation is
~ 2 T
us(w, t) = A(w)efczwth /222
™ w

Using 7, (w, 0) = A(w)\/g% =0, we find A(w) = _\/g%. So

us(wt) = \/zﬁ - \/zﬁeg“ﬁt.
T w T w

Taking inverse sine transforms, we find

2 [ [T T
u(w,t) = —/ (—O - —Oec2w2t> sin wx dw
™ 0 w w
=sgn(z)=1
—_—
2 [ sinwx 2Ty [°° sinwz
= T —/ dw —=2 PR et
T Jo w T Jo w
_ 7 2Ty [ Sinwxefc%”ztdw

™ 0 w
11. We will solve the Dirichlet problem
Upg + Uyy =0 O<z<1, 0<y)
U(O, y) = Oa g_::(x, O) = O, u(l, y) =e Y.

Cosine transform with respect to y:

=0
€
& Ge(w, w) — whe(w, w) — /2 2 (x, 0) =0
dy
d2

T lle(x, w) = w2l (z, w).

The general solution is

Ue(z, w) = A(w) cosh wzr + B(w) sinh wa.

Using
80, w) = 0 and  Au(1, w) = Fule V) = \/?;
w1+ w?
we get
2 1 1
A(w)=0 and B(w)= \/;1—1-—102 e
Hence

o )= 2 1 sinhwz
el W)= V7l4+w? sinhw
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Taking inverse cosine transforms:

( ) 2/°° 1 sinhwzx d
u\r = — ——F ——— COS .
T ), T w? sinhw Y

13. Proceed as in Exercise 11 using the Fourier sine transform instead of the cosine
transform and the condition u(x 0) = 0 instead of u,(x, 0) = 0. This yields

The general solution is

us(x, w) = A(w) cosh wz + B(w) sinh wa.

Using
2w
As - d As 1; = Js )= - 5
Us(0, w) =0 and us(l, w) = Fs(e™Y) ”wl—i—wQ
we get
2w 1
A = d B Y e
(w)=0 an (w) \/;1—1-102 sinh w
Hence

s ) = 2 w sinhwz
usx’w_\/wl—l-wQsinhw'

Taking inverse sine transforms:

2/°° w sinhwzx .
0

ulz, y) = = 1+ w? sinhw

15. We will solve the Dirichlet problem
Ugz + Uyy = 0 0<z, 0<y)

u(x, O) =0, u(O, y) = f(y)a

where
1 ifo<y <,
f(y)_{o if1<y.

Sine transform with respect to y:
=0
Nealy (x 27 2 _
Tt (1, w) — ws(z, w) + /Zwu(z, 0) =0

2 ~ —~
dd?us(x, w) = wis(x, w).

The general solution is
Us(x, w) = A(w)e™™* + B(w)e ™.

Since we expect a Fourier transform to be bounded and since w and z are > 0, we
discard the term in e"* and take

Us(x, w) = A(w)e™ ™",
Transforming the boundary condition:

21 —cosw

(0, w) = A(w) = Fs(f(y)(w) =1/ =

™ w
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Hence
=N 21—cosw _
Us(x, w) =4/ ——e
s w

wxT
Taking inverse sine transforms:

2 [*1-—
u(z, y) = —/ ST Y e sin wy dw.
™ Jo w
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Solutions to Exercises 7.8

1. As we move from left to right at a point xg, if the graph jumps by ¢ units, then
we must add the scaled Dirac delta function by ¢d,, (). If the jump is upward, c is
positive; and if the jump is downward, c¢ is negative. With this in mind, by looking
at the graph, we see that

(6-2(x) +6-1(x) — 61 (z) — d2(z)) -

N =

F(@) = 5 8-t g 61(@)— 61 (a)— da(x) =

3. We reason as in Exercise 1; furthermore, here we have to add the nonzero part
of the derivative. We have

0 if v < =2,

-1 if —2<2z<—1,
if —1l<x<l,
0 ifx > 1,

Using unit step functions, we can write

f'(@) = =(U-a(x) = U1 (2)) + (U-1(x) = Us(2)) + 6-1(2) — 205(x).

Exercises 5, 7, 9, and 11 can be done by reasoning as in Exercises 1 and 3. See
the Answers in the back of the text.

13. We do this problem by reversing the steps in the solutions of the previous
exercises. Since f(x) has zero derivative for x < —2 or & > 3, it is therefore
constant on these intervals. But since f(z) tends to zero as © — +oo, we conclude
that f(x) = 0forz < —2 or > 3. At x = —2, we have a jump upward by one unit,
then the function stays constant for —2 < x < —1. At x = —1, we have another
jump upward by one unit, then the function stays constant for —1 < z < —1. At
x = 1, we have another jump upward by one unit, then the function stays constant
for 1 < x < 3. At z = 3, we have a jump downward by three units, then the
function stays constant for x > 3. Summing up, we have

0 ifx< -2,

1 if —2<2<—1,
flz) = 2 if —l<z<l,

3 ifl<ax <3,

0 if3<ux.

15. We reason as in the previous exercise and find that f(z) = 0 for x < —1. At
r = —1, we have a jump downward by one unit, then the function has derivative
f'(z) = 2x for —1 < x < 1, implying that the function is f(z) = 22 + ¢ on this
interval. Since the graph falls by 1 unit at = —1, we see that f(z) = 22 — 2 for
—1 <x < 1. At x =1, we have a jump upward by one unit, then the function
stays constant and equals 0 for z > 1. Summing up, we have

0 if v < —1,
flz) = -2 if —1<x<1,
0 if1 <.

17. We use the definition (7) of the derivative of a generalized function and the
fact that the integral against a delta function d, picks up the value of the function
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at a. Thus

(@ (x), f(x)) (d(x), =f'(2)) = —(d(), f'(x))

—(0o(x) = d1(x), f'(z)) = —f(0) + f'(1).

19. From Exercise 7, we have ¢/(2) = 1 (U_z4(2) —U_a(2)) — L (Us(x) — Una()).
Using the definition of the unit step function, we find

1 1

<¢/(«T>a f($)> = <E(Z/{72a($) —Z/{ia(x)) _ E(ua(x) _ u2a(x>), f($)>
N /,Oo [i(u,za(@ —U-u(7)) = i(ua(m — Usa(@)) | f(2) da

21. From Exercise 7, we have ¢'(z) = L (U_sq(2) —U_o(2)) — L (Us(2) — Una(2)).
Using (9) (or arguing using jumps on the graph), we find

F'(2) =+ (5-20(2) 00 2)) ~+ (80 @) ~020(x)) = = (5-20(x)—3a() 0 (&) +620 ().

a

23. From Figure 19 we see that ¢ has no jumps on the graph. So, as a generalized
function, the derivative has no deltas in it and

0 if v < =2,

-1 if —2<az< -1,
¢ (z) = 1 if —1l<x<l,
-1 ifl<z<?2,

0 if x > 2.

In terms of unit step functions, we have

Thus, using (9),

(b”(:t) e —(5,2(35)—5,1(35))4—(5,1(x)—51 ($))—(51 (.I)—52($)) = —0_9+20_1—201+0>.

25. Using the definition of ¢ and the definition of a derivative of a generalized
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function, and integrating by parts, we find

(@' (2), f(@)) = —((x), f'(x)) = —/jo ¢(x)f'(x)d
0 1
= —/71 2(3:—|—1)f/(3:)d3:—/0 —2(z—1)f"(z)dx

= 2z + 1)f(2) +2/ flz)de +2(x — 1)f ]-2/10

= —2f(0)—|—2/71f(3:)d33—|—2f(0)—2/0 f(z)dx

= QU ()~ Uo(@), F@)) — 2(Uo(w) — i (@), F(@)).
= QU ()~ Uo(@)) — 2(Uo(w) — Us (), ().

Thus
¢'(z) = 2(U_1(z) — Up(z)) — 2(Uo(2) — Us(2)).

Reasoning similarly, we find

(@"(2), f(2)) = —(¢(z), ['(x)) = —/jo ¢'(z)f'(z)d

- _z/olf’(x)dx+2/01f/($)d$

= =2(f(0) = f(=1)) +2(f(1) = f(0)) = 2f(=1) — 4f(0) + 2f(1)
= <2571 — 450 + 251, f($)>

Thus
(;5”(33) = 25,1 - 450 + 251

27. We use definition (7) of the derivative of a generalized function and the fact
that the integral against a delta function d, picks up the value of the function at a:

(00 (x), f(x)) = —{do(x), ['(x)) = —f'(0);
similarly,
(05 (2), f(2)) = =(da(x), ['(2)) = —f'(a)

and

(657 (), f(2)) = (=1)"(d(x), f"(2)) = =" ().
29. We use (13) and the linearity of the Fourier transform:

1

F(38) —26_2) = E(

3 2e%iv).

31. We have (sgnz)’ = 20p(x). This is clear if you draw the graph of sgnz, you
will see a jump of 2 units at x = 0, otherwise it is constant. Hence

2

F((sgna)') = F(25(z)) = Nors

But
F((sgnz)') =iwF(sgnw).
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So
f(sgnx) = —i]:((sgnx)/) - i - — 2 i

w 2 T w

33. Using the operational property in Theorem 3(i), Section 7.2, we find

Flz U1 —Uy)) = dif(u 1 —U)

d i - i -
— 7/_ _ elu} _"_ e*lﬂ)
dw [ V2T w V2T w ]

—z(z) d [ew —e W
7 dw w

1 d [2isi ' '
[ zsmw] (Recall €™ — e~ = 2jsinu)
V2r dw

w

[ w Ccosw — smw]

mﬁ

[w cosw — smw]

The formula is good at w = 0 if we take the limit as w — 0. You will get

.. /2 Jw cosw — sinw /2. —wsinw
f(x(““””)—i%l\/;[T] —Z\/;ilinoT—O-

(Use 'Hospital’s rue.) Unlike the Fourier transform in Exercise 31, the transform
here is a nice continuous function. There is a major difference between the trans-
forms of the two exercises. In Exercise 31, the function is not integrable and its
Fourier transform exists only as a generalized function. In Exercise 33, the function
is integrable and its Fourier transform exists in the usual sense of Section 7.2. In
fact, look at the transform in Exercise 31, it is not even defined at w = 0.

An alternative way to do this problem is to realize that

(b/(x) =—0_1—01 +U_1 —U.

So
F(@'(x) = F(=6-1—-0+U1—Uh)

_ L (_ iw _—iw e + -eiw>

= e e it )
But

f((b’(x)) :iw}'(qﬁ(x)).
So
]'-((b(x)) _ %}-(eiw_i_efiw_i_iew _iew )

= ! [2cosw+

V2T w

2 [wcosw—sinw]

%(21’ sin w)]

= VA — B}

™ w
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35. Using linearity and (15), we find

3 . 3
F JU— Uiy | = —— j (emiiw — gmili+Dw
(j_zg J Jj+1 ) \/?w j;ZS ( )

_ Z ]efuw _ 7110)

V21w Pt

J:l

; 3
= - *“” —24) sin(jw)
\/27rw ;] Y

\/5( ol Z]smjw

37. Write 72(x) = 22Uy (z), then use the operational properties
F(r*(z) = F(2’Up(x))

- L F @)

_ i a7l
n Vor dw? |w

21 1 /2 1
= —_— = ’L

/27'( ’LU3 ’LU3

F(@) = 5 (5-a(e) +51(2) — 61(x) — (e

39. We have

So
FUe) = 7 (50260465100 - ) - )
1

o 2 [621'10 4 eiw _ e*iw _ 6721'10]
s

5

= [sin(2w) + sinw] .

5

Hence
F(f(x)) = _Eif (f'(x)) = %ﬁ [sin(2w) + sinw] = \/12_7rsin(2w)w+ sinw'
41. We have

fi(x) = -U_o(x) +2U_1(x) — Ui (x) + 6_1(x) — 252(x).
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F(f'(x) = F(-U_(x)+2U_1(x) —U(x)+5_1(x) —262(x))
—i e?w —i e —i et 1 .. 2 oiw

+2 — = + e — e
V2r w V2T w V2r w V2T V2T

Hence

1 25w Tw —iw ) )
— e + e 2| |

43. Given f(z) = e ® if > 0 and 0 otherwise, we see that f'(x) = dp(x) — e 7 if
x > 0 and 0 otherwise. Hence f'(z) = do(x) — f(z) and so

F(f (@) = Foolx) = f(z));

wF (f(z)) = E—f(f(x)),
1 1
= FUE@) = 7= 1
1 1—ww
= F@)=7=170

45. You may want to draw a graph to help you visualize the derivatives. For
f(z) = sinx if || < m and 0 otherwise, we have f”(z) = cosz if |z| < © and
0 otherwise. Note that since f is continuous, we do not add delta functions at
the endpoints = +7 when computing f’. For f”, the graph is discontinuous at
x = +7 and we have

/' (x)=—0_n + 6 —sinz

if |z] < 7 and 0 otherwise. Thus
(%) = =0_r +6; — f(x) for all 2.

Taking the Fourier transform, we obtain

F(f'@) = F(—b-r+0x—f2));
SEF(f(@) = =™ e F (1))
=2 cos(mw)
= (1 +’LU2).7: (f(x)) — L (eirrw 4 e*’iﬂ'w)

2

ﬁ

= F () = o= T

47. In computing the Fourier transform F (f * f), it is definitely better to use the
formula F (f = f) = F (f) - F(f), since we already have F (f) = \/;# So

T a?4w? "

CL2

F(fef)=2

7 (a2 +w?)?’
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The second method is used here only to practice this method, which is a lot more
useful in other situations. From Example 8, we have

"= a?f — 2ady.
So from 2 d2f
a2\l =gt

we have

F(gmren) = #(5r) =7 (s -20m) )

—w?F (fxf) = F((a®f=f—2ad=*[))
/2

——

= a*F(f*f)—2aF (60 * f)

2a
V2T

2 a
F(f=f)= \/;m]:(f)-
Writing F (f = f) = F (f) - F(f), we conclude that

0=\

72 a?

T @+ P

= F(f*f)- F(f)-

Thus

and that
F(f=f)

49. From Example 9, we have
ff=61—01.

So from

d _df
E(f*f)—a*f
we have

Lren = Loraa-s)er

= b S b fi= o=(fla+ )~ [z - D).

Using the explicit formula for f, we find

L if —2<2<0,

d Var
E(f*f): —# ifo<z<2,
0 otherwise,

as can be verified directly from the graph of f * f in Figure 18.
51. Using (20), we have

(b * 1/) = (3571) * (52 - 51)
= 3571 * 52 — 35,1 * 51

1 3
— [30_142 — 36— =—1[01 — 9
Jon (30142 141] o [61 — do]



322  Chapter 7 The Fourier Transform and its Applications

53. Using (20), we have

oxp = (571 + 252) * (571 + 252)
= d_1%0_1+20_1 %89 +202 % 0_1 + 409 * 59

1
= —\/% [0_2 + 401 + 464] .

55. Following the method of Example 9, we have

de
— %
dx

= (5,1 - 51) * ((Z/{fl - Ul)x) .

d
E(Qﬁ”/)) = P

Using (19) and the explicit formula for 4, it follows that

d 1
. (pxv) = N [(left translate by 1 unit of ¢) — (right translate by 1 unit of )
1 .

—(z+1) if —2<z<0

(—x+1) f0<z<?2

™

54

otherwise

Integrating % (¢ * ) and using the fact that ¢ * ¢ equal 0 for large |x|, we find

(L +a) i —2<2<0
pxp(z) = #(—%—l—x} ifo<x<?2
0 otherwise
1 z? 1 22
—= E(7”)(1/{,2—2/{0)+—%(—7Jra:)(z/{o—uz).

57. Following the method of Example 9, we have
W,
dx

= (571 — 51) * (Z/{fl —Z/{l +Z/{2 —Z/{3)

d
E((b*w = o

= 01U 1 —0_1 UL +0_1xUs —_1 xU3 — 01 xU_1
+51 *Z/{1—51 *Z/{Q+51 *Z/{g

1

= E(Z/{72—Z/{0+Z/{1—Z/{2—Z/{0+UQ—Z/{3 +Z/{4)
1

= (U-2 = Uo) — (Uo —Ur) — (Us —Ua)) .

Integrating % (¢ * 1) and using the fact that ¢ x ¢ equal 0 for large |z| and that
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there are no discontinuities on the graph, we find

ﬁ;@+m if —2<2<0
ﬁ;@x+m ifo<z<1

pxp(x) = ﬁ ifl<z<3
ﬁ;@x+® if3<z<4
0 otherwise
1

- = (@ +2) (U2 — Uo) + (~ +2) o — L)
(U —Us) + (— + ) (Us — Us) ).
59. We have

6= %(u,2 U+ U — )+ %(u1 )

and
Y=U_1—U.
So
d oy
EW*U)) = 5*05

= (571 — 51) * (%(Z/{Q —Z/Ll) + (Z/{fl —Z/{l) + %(Z/{l —Z/{2)>

1 1 1 1
= 55,1 *Z/Lg - 5571 *Z/{,1 + 571 *Z/Ll - 5,1 *Z/{l + 5571 *Z/{l — 55,1 *Z/{Q

1 1 1 1
—551 *Z/{72+§51 xU_1 — 01 *xU_1+ 01 *ul)—§51 *Z/{1+§51 * Uy

1 1 1 1 1
= E(§Z/{,3 — 51/{72 +U_o —Z/{o) + 51/{0 — 51/{1
1 1 1 1
—5U-1+ SU —Uo +Up) — SUp + 5u?,)
1 1 1 1 1 1 1
= —%(51,{,3 + U = U = Uy — Sl + Sl + 5143)
= lL(u U3 — Uy — 2y — Uy + Us +Us)
- ) \/ﬂ —3 —2 —1 0 1 2 3
1 if —3<z<-2
2 if —2<z<-1
1 if —1<z<0
L1 X 1 if0<ax<1
= — — 1 T
2./2r
=2 ifl<ax<?2
-1 if2<ax<3
0 otherwise

Integrating % (¢ * 1) and using the fact that ¢ x ¢ equal 0 for large |z| and that
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there are no discontinuities on the graph, we find

(x+3) if —3<ao<-2
2z +5) if —2<z<-1
(x+4) if —1<2<0

11

pxp(r) = ——x< (—z+4) if0o<z<l
227w

(—2z+5) fl<z<?2

(—x+3) if2<zx<3

0 otherwise
11

= 5= 3)(U—3 —U_3) + 22 +5) (U2 —U_1) + (x +4) (U-1 — Uo)

v

+(—z+4)(Uo —Uy) + (=22 +5) (U —Us) + (—x + 3) (Ua — ug)).
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Solutions to Exercises 7.9

1. Proceed as in Example 1 with ¢ = 1/2. Equation (3) becomes in this case

2
u(z, t) = Eeﬂﬁ/t*(ﬁ(m)
1
= e @Dt
it

since the effect of convolution by ¢; is to shift the function by 1 unit to the right
and multiply by \/%—ﬂ

3. We use the superposition principle (see the discussion preceeding Example 4).
If ¢ is the solution of u; = %um + do, u(z, 0) = 0 and 7 is the solution of u; =
%um—l-(h, u(x, 0) = 0, then ¢+ is the solution of u; = %um—l-zso +41, u(z, 0) =0.
Applying Examples 2 and 4, we find

:Me*xz/t_%r l,‘r_Q
I Jr o \20 ¢

2
:2_\/Eef(acfl)2/t_2|x_1|r l, (-1
NG NG 2" ¢

5. We use the superposition principle (see the discussion preceeding Example 4). If
¢ is the solution of u; = %um + 9o, u(x, 0) = 0 and ¥ is the solution of u; = %um,
u(x, 0) = Up(x), then you can check that ¢ 4 1 is the solution of u; = Tuee + do,
u(z, 0) = Up(x). By Examples 1,

Pz, t) = 2—\/\/569”2” - %F (%, ?)

¢(, t)

and

(2

and by Exercise 20, Section 7.4,

Wz, t) = %erf (%) .

7. See the end of Section 7.4 for related topics.
9. Apply Theorem 2 with ¢ =1 and f(z, t) = cos ax; then

u(z, t) = e~ (#=9)*/(4(=9)) cos(ay) dyds

[ ]

eV /(4lt=9)) cos(a(r — y)) dyds

IS =

(Change variables z — y < y)

eV’ /(4(t=s) cos(ay) dyds

cos(ax)/ot \/12—#/(: \/2(27—5)

(Integral of odd function is 0.

t
= cos(ax)/ em0"(t=5) g (Fourier transform of a Guaussian.)
0

= % cos(az) (1 — efa%).

10. Very similar to Exercise 9. The answer is

1
u(zx, t) = o) sin(axz)(1 — efazt),



326  Chapter 7 The Fourier Transform and its Applications

as you can check by using the equations.

11. Write the Fourier series of f(z) in the form

flx)=ao+ Z (an cosna + by, sinnz).

n=1
It is not hard to derive the solution of
Ut = Ugy + A0, u(x, 0) =0,

as ug(x, t) = apt. Now use superposition and the results of Exercises 9 and 10 to
conclude that the solution of

o0
Uy = Ugy + ag + Z (an cos nx + by, sin n:c)
n=1
is
X ] et
u(z, t) = apt + Z ——— (an cosnz + b, sinnz).
n

n=1
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Solutions to Exercises 7.10

1. Apply Proposition 1 with f(z, s) = e~(@+9)” then
dU 0
T - (et [ e sds
= e*4x2 o / 2(x + s)ef(gchS)2 ds
0

2x
= e’ _ / 20e™"" dv (v=a+s)

2

3. Use the product rule for differentiation and Proposition 1 and get

%(ﬁ/oxf(x, S)ds) = 23:/096]“(3:, s)ds+x2%/0xf(xa s)ds

2 xf(x, s)ds+x? | f(x, x) + xﬂf(x, s)ds | .
/ (e [

5. Following Theorem 1, we first solve ¢y = ¢yz, ¢(, 0, s) = e *z2, where s > 0
is fixed. The solution is ¢(z, t, s) = e *(2t + 2?) (see the solution of Exercise 5,
Section 7.4). The the desired solution is given by

u(z, t) = /Ot oz, t —s, s)ds
t

_ / et — 5) + a?)ds

0

t
= e 425+ 2% — e ®
0

= —2+42t+2%+e (2 -2?).

7. Following Theorem 2, we first solve ¢t = ¢ua, ¢(x, 0, 8) =0, ¢¢(x, 0, 8) = cosx
where s > 0 is fixed. By d’Alembert’s method, the solution is

[sin(z + t) — sin(z — t)].

N~

1 x+t
Pz, t, ) = 5/ cosydy =

—t

The the desired solution is given by
t
u(z, t) = / oz, t — s, s)ds
0
1

= 5/O [sin(z +t — s) — sin(z — t + s)]ds

[cos(z +t — ) 4 cos(x —t + 5)] ;

N = N =

= —[2cosz — cos(z +t) — cos(z —t)].
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9. Following Theorem 2, we first solve ¢y = ¢us, ¢(x,0,8) = 0, ¢d¢(x, 0, 5) =
cos(s + x) where s > 0 is fixed. By d’Alembert’s method, the solution is

[sin(s +z +t) — sin(s + = — 1)].

N =

1 x+t
oo tos) =5 [ cosls+u)dy =

—t

The the desired solution is given by
t
u(z, t) = / o(x, t —s, s)ds
0
1

— /t [sin(x +t)—sin(z —t + 25)] ds
0

DO |

1 1 t
= 3 [ssin(z +1t) + 3 cos(z —t + 2s)]
0

1 1 1
= 3 [tsin(z +t) + 3 cos(z +t) — 3 cos(z —t)].

11. We use superposition and start by solving ¢y = ¢ue, ¢(x, 0, 8) =0, ¢¢(x, 0, 5) =
x cos s where s > 0 is fixed. By d’Alembert’s method, the solution is

1 x+t
Qj(;p, t, 5) = 5‘/ ycossdy = CO4$S [(:E + t)2 — (:E — t)2] = xt coss.
x—t

By Theorem 2, the solution of ¢y = ¢ur +x cost, ¢(x, 0) = 0, ¢¢(z, 0) = 0 is given
by

bz, t) = A%@»—&@@

dv

b s ——
= / x(t—s)cossds (Integrate by parts.)
0
" t
+ / sinsds]
0 Jo

Next, we solve ¥y = Yy, ¥(x, 0) = 0, ¥ (x, 0) = . D’Alembert’s method implies
that

- x[(t—s)sins

= x(1 —cost).

1 [rtt 1 .+t
t) == dy = ~y? = at.
P(z, 1) 2/9H ydy=y°| =2

Thus the solution of the desired problem is
u(z, t) = ¢(z, t) + P(x, t) = x(1 — cost) + xt = x(1 +t — cost).

The validity of this solution can be checked by plugging it back into the equation
and the initial conditions.

13. start by solving ¢y = ¢us, d(x, 0, 8) = 0, ¢(x, 0, s) = do(x) where s > 0 is
fixed. By d’Alembert’s method, the solution is

1

x+t
oot ) =5 [ ) dy = 5[to(o+ )~ ol 1)

By Theorem 2, the solution of ws = gy + do(x), u(z, 0) =0, ¢(x, 0) = 0 is given
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b, 1) = /O b, 1 — 5, 5)ds

= %/0 [Uo(z+t—5) —Uo(x —t+ s)]ds

[—T(x+t—s)—T(x—t+59)] ;

| =

= —7(x)+ % [(z+1t)+7(z—t)],

where 7 = 79 is the antiderivative of Uy described in Example 2, Section 7.8,
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Solutions to Exercises A.1

1. We solve the equation ' +y = 1 in two different ways. The first method basically
rederives formula (2) instead of just appealing to it.

Using an integrating factor. In the notation of Theorem 1, we have p(x) = 1
and ¢(z) = 1. An antiderivative of p(z) is thus [1-dz = z. The integrating factor

1S
ILL({E) _ ef p(z)de _ v

Multiplying both sides of the equation by the integrating factor, we obtain the
equivalent equation

ey +y] = e
d
oty = e,

where we have used the product rule for differentiation to set - [e%y] = e[y’ + y].
Integrating both sides of the equation gets rid of the derivative on the left side, and
on the right side we obtain [ e® dz = e* + C. Thus,

ECy=e"+C = y=14Ce "

where the last equality follows by multiplying by e~ the previous equality. This
gives the solution y = 14 C'e™ up to one arbitrary constant, as expected from the
solution of a first order differential equation.

Using formula (2). We have, with p(z) = 1, [p(z)dz = = (note how we took
the constant of integration equal 0):

y=e * [C+/1~exdx] =e "[C+e’]=1+Ce "

2. We apply (2) directly. We have p(x) = 2z, an integrating factor is

ILL({E) _ ef 2ede _ ex2

3

and the solution becomes

N~

3. This is immediate:
Y =—-5y = y=Ce ",

4. Put the equation in the form ¢’ — 2y = z. Then from (2)

y = e /2@ [C—l— /xef QdIdx]

= [C+/xe2xdx]

1
_ 2x _ = — _ T2z — 20 _ .
= e [C 2{E€ 46 ] Ce 23:

where we used integration by parts to evaluate the last integral: u = z, dv =
e 2 dx, du = dx, v = —%eih,
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5. According to (2),

y=e" [C—!— /sinxemdaz] .

To evaluate the integral, use integration by parts twice

/ sinze *dx

I‘r —

d
“d

sinre “dr =

2/31113:67

y=e" [C— %eﬂ”(

—sinze " + / e *cosxdr
—sinze * + cosz(—e ") — / e sinzdx;
—e " ( sinz + cos 3:)

—%efm(sinx —|—cosa:).

sinx+cosx)] =(Ce* — %(sinaﬁ—cosx).

6. We have [ p(z)dx = —2?, so according to (2),

C+/3:36I2d3:]

7. Put the equation in standard form:

An integrating factor is

[ 1 1
C— —g2e + 3 /67962 2x dx]
[ 1 1
C— —g2e em2]
. 1, 1
— 5T 5
1 COS &

y+-y= :
X

L
ef p(x)de _ ef L dmelnm -

A373

Multiply by the integrating factor (you will see that we just took an unnecessary

detour):

zy +y
d
7 ]

Y

8. We use an integrating facto

of p(@) de

= coszx;

= cosx;

= /cosxdx:sina:+C;

siny C
_|_
T T

T

_ ef —2/xdr _ 6721nm - =
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Then
%y’—%y = 1
2] -
%y = z+C
y = 2+ C2

9. We use an integrating factor

ef p(x)de _ ef tanzdr _ e In(cosz) _ 1 — sec .
cosx
Then

secwy —secxrtanTy = SecT cosT;

d
T [y secx] = 1
X
ysecx = z+C=
y = zcosx+ Ccosx.

10. Same integrating factor as in Exercise 9. The equation becomes

3

sec xy/ —secxtanzy = sec’z;
d 3
— [y secx] = sec’x
dx

ysecxr = /sechdx.

To evaluate the last integral, you can use integration by parts:

du

v A
3 _ Py 2
sec’rdr = Sec x sec” x dx

(u=tanz, dv =tanzsecx)
= tanxsecx — /tan23:secxd3:
(tan? = sec? —1)

= tana:seca:—/secgazdx+/secxd3:;

2/se033:dx = tanxsecx+/secxdx.

Now we use a known trick to evaluate the last integral:

/secxdx _ /seca:(tana:+seca:) .

tanz + sec x
= In|tanx +secz|+ C,
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where the last integral follows by setting u = tan x+sec x, du = sec x(tan x +sec ).
Hence

1 1
ysecx = §tanxsecx—|—§ln|tan3:—|—secx|—|—C—|—C;
1 cos T
y = §tanx—|—Tln|tanx—|—secx|—|—Ccosx.

11.
Y=y = y=Ce%
y0)=1 = 1=C
= y=e".
12. An integrating factor is €%, so

y+2y=1 = [y +2y ="

d
= E [e2my] — e2m

1
= yeQm:/ehdaj:§e2m—|—C

= y= % + Ce 22,
We now use the initial condition:
y(0)=2 = 2:%4—6’
3
= C= 3
R B g
2 2

I2
13. An integrating factor is e =, so

22 2 2 d [z 2
ey +tre2 y=xe2 = — eyl =ez2x

= y=1+ Ce 7.
We now use the initial condition:
y(0)=0 = 0=1+C
= C=-1

z2
2

= y=1—e"

14. An integrating factor is z, so

/ . d .
zy +y=sinx = E[xy]:smx

= xy:/sinxdx:—cosx—kc
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We now use the initial condition:

1 C
ym)=1 = 1=—+4—
T

= C=7m-1

cosx+7r—1 m—1—cosx

15. An integrating factor is z, so

2?2y +2ry=2 = di[x2y]:x

We now use the initial condition:

1
y(—l):—Z = —2:§+C

5
= C=—-
2

L, 1.5

Y=o a2
16. An integrating factor is 1/23, so

y o2 1 A1 ] 1
22 x37 gt dz | 227 x4

= y= —§x71 + Cz2.

We now use the initial condition:

1
1
= C=-
3
= y= 1+x2
L TR

17. An integrating factor is sec z (see Exercise 9), so

secxy’ +ytanxsecw = tanxsecr = e [y sec ] = sec x tan
x

= ysecx:/tanxsecxdx:secx—l—C

= y=1+Ccosuz.
We now use the initial condition:

y0)=1 = 1=1+4+C
= C=0

= y=1
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18. Use the solution of the previous exercise, y = 1+ C' cos x. The initial condition
implies:
y0)=2 = 2=1+4C
= (C=1

= y=1+cosz.

19. An integrating factor is
ef e®dr _ 681.

The equation becomes

« @ @ d @
68 y/+€8 emyzemee j E |:68 y:| :emee

x

= eezy:/eezemdaj:eez—kc

= y=14Ce".
We now use the initial condition:
y(0)=2 = 2=1+Ce! = 1=Cc!
= (C=e¢
= y=1l+e ¢ =1+e""°.
20. An integrating factor is e”. The equation becomes

d
emy/ _|_emy — e%e® = E [emy] — e2m

1
= emy:/ehdaj:§e2m—|—c

1

= y==c"+Ce "
2
We now use the initial condition:
1 1
y(3)=0 = 0= 563 +Ce3 = —563 =Ce?
1

= C: —566
1 1 1

= y:_em_§€67m:§(em_€6 m)

21. (a) Clear.

(b) e as a linear combination of the functions cosh z, sinha: e” = coshz+sinhz.
(¢) Let a, b, ¢d be any real numbers such that ad—bc # 0. Let y1 = ae® +be™* and
yo = ce® + de~*. Then y; and yo are solutions, since they are linear combinations
of two solutions. We now check that y; and ys are linearly independent:

Y1 Y2
Wy, y2) = , ,
hn Ya

ae® + be™* ce® +de™*

B ae® — be™* cet —de™®

= —ad+ bc— (ad — be) = —2(ad — be) # 0.



A378 Appendix A Ordinary Differential Equations: Review of Concepts and Methods

Hence y; and yy are linearly independent by Theorem 7.

22. (a) Clear.
(b) In computing the determinant, we use an expansion along the first row:

e’ e " cosh z
W(e*, e % coshzx) = | €* —e " sinh z
e’ e " cosh z
—e " sinh x —e* sinh x
xT —X
= ¢ —e
e " cosh z er cosh z
er —e "
+ cosh x
e e "

= ¢"(—e “coshz —e “sinha) — e * (e” coshz — e” sinh z)
coshz (e"e™™ + e"e ™)

0.

(¢) Clearly the function 1 is a solution of ¢y — 3’ = 0. The set of solutions
{1, e*, e~} is a fundamental set if and only if it is linearly independent (Theo-
rem 7). Let us compute the Wronskian. Expand along the 3rd column:

e’ e " 1
W(e* e, 1) = | € —e " 0
e’ e " 0
e _e® e e %
= 1 . - 0 .
er e " er e "
er e "
+0 -
er —e "
= 2.
23. (a) Clear (b)
T 2
W(x, 2%) =
1 2x
= $2

(¢) Note that the Wronskian vanishes at = 0. This does not contradict Theorem
2, because if you put the equation in standard form it becomes

/!

2, 2
y'— =y +5y=0.
X X

The coefficients functions are not continuous at x = 0. So we cannot apply Theo-
rem 2 on any interval that that contains 0. Note that W (x, 22) # 0 if z # 0.

24. (a) and first part of (b) are clear. In standard form, the equation becomes

1 1
i +xy/+—y:().
X

€T
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Since the coefficient functions are not continuous at 0, Theorem 6 will not apply if
we use an initial condition at x = 0. So there is no contradiction with Theorem 6.

()

er 1+
W(e*, 1+z) =
er 1
= ¥ —¢e¥ —zxe” = —xe”.

The Wronskian is clearly nonzero on (0, co) and hence the solutions are linearly
independent on (0, co).

25. The general solution is
y = c1e” + cpe*® 4 2 + 3.

Let’s use the initial conditions:

y(0) =0
y'(0)=0
Subtract (*) from (**)

01+02+3:0
Cl—|—202—|—2:0

co—1=0; co=1

L

Substitute into (*) 1 +4=0; ¢ = —4.

Thus, y = —4e” + ** + 2z + 3.
26. The general solution is
y = c1e” + cpe*® 4 2z + 3.

From the initial conditions,

y(0) =1

y'(0) =—1

Subtract (*) from (**)

Substitute into (*)

Cl—|—02—|—3:1

(*)
c1+2c0+2=-1 (k)

co—1=-2; co =—1

© el

cp+2=1; ¢ = —1.

Thus, y = —e® — €%* + 22 + 3.

27. The function e*~!(= e~!e”) is a constant multiple of the e®. Hence it is itself
a solution of the homogeneous equation. Similarly, e2(*=1 is a solution of the
homogeneous equation. Using the same particular solution as in Example 3, we
obtain the general solution

y=ce® 4 c2e2@=1) 4 24 4 3.
From the initial conditions,
y(1) =0
y'(1) =2
Subtract (*) from (**)
Substitute into (*)

ci+ca+5=0
c1+2c0+2=2
co—3=2;c0=5H

c1 +10=0; ¢ = —10.

()

$ el

Thus, y = —10e*~' 4+ 5e2®=1D 4+ 22 + 3.

28. As in the previous exercise, the general solution

y=ce® 4 2@ 4 24 4 3.
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From the initial conditions,

y(1) =1

y(1)=-1

Subtract (*) from (**)
Substitute into (*)

c1+e+5=1 ()
c1+2c+2=-1 (k)

c2—3=-2,c0=1

L

cp+6=1; ¢ = —5.

Thus, y = —5e* 1 4+ 2= 4 22 4 3.
29. As in the previous exercise, here it is easier to start with the general solution
y=ce® 2+ c2e2@=2) 4 24 4 3.
From the initial conditions,
y(2) =0
y'(1)=1
Subtract (*) from (**)
Substitute into (*)

01+02+7:0 (*)
c1+2c2+2=1 (k)
co—5=1; co =56

cp+13=0; ¢cg = —13.

R

Thus, y = —13e*~2 4+ 6e2(*~=2) 4+ 22 + 3.
30. Start with the general solution
y=ce® 3+ c2e2@3) 4 24 4 3.

From the initial conditions,

y(3) =3

y'(1) =1

Subtract (*) from (**)

Substitute into (*)

ci+ca+9=3 ()
c1+2c+2=3 (s
co—T7T=0; co=7
cp+16=3; ¢c; = —13.

~—

R

Thus, y = —13e*~3 4 7e2(*=3) 4 22 + 3.

31. Project Problem: Abel’s formula for n = 3.
(a) Let y1, y2, y3 be any three solutions of the third order equation

/17

y" +pa(x)y” + p1(x)y + po(x)y = 0.

Then the Wronskian is (expand along the 3rd row):

Y1 Y2 Ys
Wyt, y2,¥3) = | ¥ Yo Y3
(VA T 4
1 y2 1 yl yg
= Y| , —Y2| ,
Yo Y1 Ys
Y1
+ys |
Y1

= (y2ys — ¥oy3)yi — (1y3 — ¥193)Ys

+(y1s — Y1Y2)Ys -
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Using the product rule to differentiate W, we find
Wy, y2, y3) = (y2ys — yaus)vh + (Yays + v2ys — Yo ys — Yay3)y1
—(1ys — viys)ys — (V1Y + v1ys — yiys — y1y5)ve
+(1ys — vhy2)ys + (Whiye + Y1y — yi've — Yiys)ys

/17

= (vous — vau3)yy — (195 — v193)v5 + (Y1ys — ¥192)Y3 -

(b) For each j =1, 2, 3, we have, from the differential equation,

y;' = —pa(2)y; — p1(x)y; — po(2)y;-.
Substituting this into the formula for W’ we obtain
W' = —(y2y5 — voy3) (p2(2)yy + p1(2)y) + po(x)yn)
+(W1ys — v1ys) (p2(2)ys + pr(x)ys + po()y2)
— (s — y1y2) (p2(2)ys + p1(2)ys + pol(2)ys)
= —p2(2)(y2y5 — yaya)yi + p2(2)(y1y5 — Y1Y3)vs
—p2(2) (Y19 — Y1 y2)ys
= —po(z)W.

(¢) From (b) W satisfies a the first order differential equation W' = —p, W, whose

solution is
W= Ce- I,

32. (a) Let f(x) = |z?|,
23 ifx >0
flz) = 0 ifx =0

-3 ifx <0

Clearly f'(x) exists if z #. For x = 0, we have
fl@+h)— fz)

/ . .
A
BN T
L ST
= limh|h| = 0.
h—

Hence the derivative exists for all z and is given by
3a? ifx>0
f(z) = 0 ifx=0
—32% ifr<0

Another way of writing the derivative is f’(z) = 322 sgnz, where sgnx = —1,0, or
1, according as © < 0, x = 0, or x > 0. We have

3

T |23

W(2®, |2°]) =

3a? 3r?sgnx

= 32°sgnx — 32?27
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You can easily verify that the last expression is identically 0 by considering the
cases ¢ > 0, x = 0, and = < 0 separately.

(b) The functions x® and |z3| are linearly independent on the real line because one
is not a constant multiple of the other.

(c) This does not contradict Theorem 7 because z* and |z3| are not solution of a
differential equation of the form (3).
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Using Mathematica to solve ODE

Let us start with the simplest command that you can use to solve an ode. It isthe DSolve command. Weiillustrate by
examplesthe different applications of this command. The simplest caseisto solvey' =y

DSolve [y’ [x] =YyI[x],y [X], X ]
{{y[x] »e*C[1]}}

The answer isy= C €* asyou expect. Note how Mathematica denoted the constant by C[1]. The enxt exampleisa2nd
order ode

DSolve [y” [Xx] =Yy[x],y [X],x]
{{y[x] »e*C[1] +e*C[2]}}

Here we need two arbitrary constants C[1] and C[2]. Let'sdo an intial value problem.

Solving an Initial Value Problem

Hereis how you would solve y" =y, y(0)=0, y'(0)= 1
DSolve [{y” [X] = yI[x],y [0]=0,y" [0] =1}, y [X],X]

{{yx1 - % e* (-1+e**)}}

Asyou see, the initial value problem has a unique solution (there are no arbitrary constants in the answer.
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Plotting the Solution

First we need to learn to extract the solution from the output. Hereishow it isdone. First, solve the problem and call the
output solution:

solution ~ =DSolve [{y” [X] = y[x],y [0] =0,y [0] =1}, y [X],X ]

{{y[x] - %—e'x(—l-rezx)}}

Extract the solution y(x) as follows:

Y[X_]1 =y[x] /. solution [[11]

1

2X
5 )

e*(-1l+e

Now you can plot the solution:

Plot [y[x], {X,0,2 }]

3.5
3 The solution y(x) goes through the point
2.5 (0, 0). This confirms the initial condition
; ¥(0) =0.
1.5
1
0.5

0.5 1 1.5 2

Note theintial conditions on the graph: y(0)=0 and y'(0)=1. To confirmthat y'(0)=1 (the slope of the graph at x=0is 1),
plot the tangent line (line with slope 1)

Plot [{y[x], x}, {X,0,2 }]

3.5 The tangent to the solution y(x) at x =0
3 is the line y = x, whose slope is 1.

2.5 Thus y'(0) = 1, because the derivative

1 525 is equal to the slope of the tangent line.
1

0.5

0.5 1 1.5 2
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The Wronskian

The Wronskian is a determinat, so we can compute it using the Det command. Hereisan illustration.

Clear [y]
soll =DSolve [y"” [X] +Yy[X] =0,y [X], X ]

{{y[x] »C[1] Cos [x] +C[2] Sin[x]}}

Two solutions of the differential equation are obtained different values to the constants c1 and c2. For

Clear [yl,y2 ]
yl[x_1 = clCos [X];
y2 [X_] =¢2Sin [X];

Their Wronskian is

wx_1 = Det [{{yl[x],y2 [X1}, {yl' [X],y2" [x]}}]
clc2Cos[x]?+clc2Sin[x]?

Let'ssimplify using the trig identity cos®2 x + sin*2 x =1
Simplify  [w[x]]
clc2

The Wronskian is nonzero if c1\=0and c2\=0. Let ustry adifferent problem with a nonhomogeneous

Clear [y]
sol2 =DSolve [y’ [X]+VY[X] =1V [X], X ]

{{y[x] >1+C[1l] Cos[x] +C[2] Sin[x]}}

Two solutions of the differential equation are obtained different values to the constantscl and c2. For

Clear [yl,y2 ]
yl[x_]1=1+ Cos[x];
y2[x_]1 =14+ Sin [X];
These solutions are clearly linearly independent (one is not a multiple of the other). Their Wronskian is
Clear [w]
wix_] =Det [{{y1[x],y2 [X]}, {yl' [x],y2" [X1}}]
Cos [x] + Cos [x]%2+Sin[x] +Sin[x]?
Let'ssimplify using the trig identity cos*2 x + sin"2 x =1
Simplify  [w[x]]
1+Cos[x] +Sin[x]

Let's plot w(x):
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Plot [w[x], {X,0, 2 Pi}]

=
a B a N

The Wronskian does vanish at some values of x without being identically 0. Does this contradict Theorem 7 of Appendix
A.1?
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Solutions to Exercises A.2

1.

Equation: y' —4y +3y =

Characteristic equation: A2 —4X+3 =
A-1A=3) =

Characteristic roots: AM=1;, =3

General solution: Y = c1e% + cpe3”

Equation: y'—y —6y
Characteristic equation: A2 —\A—6

A+2)(A—3)
Characteristic roots: A =-2; X=3

3z

General solution: Yy =cre % 4+ ce

Equation: y' =5y +6y =

Characteristic equation: A2 —5X+6 =
A=2)(A=-3) =

Characteristic roots: A =2; X=3

General solution: Yy = c1e%* 4 cped”

Equation: 2y" =3y +y
Characteristic equation: 202 - 32+ 1
A=D1D2r-1)

1

Characteristic roots: AM=1 A= 3

General solution: y = cre® + cpe®/?

Equation: y' +2y +y
Characteristic equation: A2 42041

(A+1)2
Characteristic roots: A1 = —1 (double root)

x

General solution: y=cie *+coxre”

Equation: 4y”" — 13y 4+ 9y

Characteristic equation: 402 —13X+9
A=1)(4r-9)

9

Characteristic roots: AM=1 A= 1

—9x/4

General solution: y=cre*+cae

A387
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" Equation: 4y" —4y' +y = 0;
Characteristic equation: 4N —4X+1 = 0
2Ax—-1)2 = 0
Characteristic roots: A1 = 1/2 (double root);
General solution: y=ce"/? 4+ cyxetl/?
8.
Equation: 49" — 12y +9y = 0
Characteristic equation: 4N2 —1204+9 = 0
(2A—-3)2 = 0;
Characteristic roots: A1 = 3/2 (double root);
General solution: y=ce3%2 feyxedt/?
9.
Equation: ' +y = 0
Characteristic equation: A+1 = 0
Characteristic roots: A =1 Ao = —i;
Case III: a=0, pg=1,
General solution: Y =c1€08T + cosinx
10.
Equation: 9¢y" +4y = 0
Characteristic equation: IN+4 = 0
A2 = -
Characteristic roots: A = %z Aoy = —%i;
Case III: a=0, (A= %;
General solution: Y = €1 COS (%x) + cosin (%x)
11.

Equation:

Characteristic equation:

Characteristic roots:

General solution:

12. y" +3y +3y=0.
Equation:

Characteristic equation:

Characteristic roots:

Case I1I:

General solution:

y' -4y = 0
N—4 = 0
A=2)A+2) = 0

)\1:2 )\2:—2;

Yy = c16%% 4 coe 2",

y' +3y +3y

M +32+3

—3++4/9-12 —-3+i/3

)\: - ;
2 2

N oo T3FVE L 3-ivB

1 — 2 ) 2 — 2 )

a:_ga 6:£’

= e con (Gha) + cae sin ()

Ol
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13.

14.

15.

16.

17.

Equation: y'+4y +5y = 0;
Characteristic equation: AN 4+4AN+5 = 0
Characteristic roots: A= w = -2+

M =241 I=-2-—1
Case III: a=-2, [=1;
General solution: Yy = cre 2% cosx + cpe " sinx

Equation: y' =2y +5y = 0
Characteristic equation: A2 —2X+5 = 0;
24++/-16
Characteristic roots: A= — = 1+ 24
M=1+2 do=1-2;
Case III: a=1 pf=2;
General solution: Yy = c1e” cos (2x) + cpe” sin (2x)
Equation: y'+6y +13y = 0;
Characteristic equation: A +6X+13 = 0;
Characteristic roots: A=-3++v—-4=-3+2
A =-342i, X =-3-—2i;
Case III: a=-3, [B=2;
General solution: y = c1e73% cos(2x) + coe 3% sin(2x)
Equation: 2y" -6y +5y =
Characteristic equation: 2X2 —6A+5 =
+ /-1 +4
Characteristic roots: A= 5 5 = k 5 Z;
3 4 3 i
ME=gty M=y
3 1
C IIT: == - .
ase « X 16} X
General solution: y = c13%/2 cos(x/2) + coe3*/? sin(x/2)
Equation: y'=2y"+y = 0
Characteristic equation: M —222+ ) = 0
AA =12 = 0;
Characteristic roots: A1 =0; A2 =1 (double root)

General solution: y=-c1+coe®*+c3xe”

A389



A390

Appendix A Ordinary Differential Equations: Review of Concepts and Methods

18.
Equation: y"' =3y +2y = 0
Characteristic equation: A =3\ +4+2 = 0
A=1)(N2=2X1-2) = 0;
Characteristic roots: M=1L A=1+v-1
)\1:1, )\2:1+Z, )\3:1—1,
General solution: y=cre’+coe’cosx+cge’sinx
19.
Equation: y b =29y 4y =
Characteristic equation: M—2X2 41 =
(W2 -1)° =
Characteristic roots: two double roots, Ay =1, Ao = —1;
General solution: y=cre*+coe * +csre +cgre™”
20.
Equation: y b —y =
Characteristic equation: M1 =
A2—-1)(\2+1) =
Characteristic roots: A =1, Ao =—1, A3 =1, g = —i;
General solution: y=cie®+coe ¥ +c3cosx+cysine
21.
Equation: Y =3y +3y —y = O0;
Characteristic equation: A =32 +32-1 = 0
(A=1)7° = 0
Characteristic roots: A1 = 1 (multiplicity 3);
General solution: y=cre’ +coxe’ +c3 x2e”
22.
Equation: v 4y

Characteristic equation:

Characteristic roots:

General solution:

Ar=1, A2 =

A% 41
A—1)(A2 = A+1)

14++/=3
A o=1, )\:T
1+4v/3 1—14v3
T’AB:T;

y =" + coe*/? cos (@x) + c3 e®/2sin (\/Tgx)
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23.
Equation: y b —6y" +8y —3y = 0;
Characteristic equation: M —6X24+80 -3 = 0
A=12A\+3) = 0;
Characteristic roots: A1 =1 (multiplicity 3), Ay = —3;
General solution: y=-ci1e® +caxe” +c3 x?e” +cge 3,
24.
Equation: y W 4y 46y + 4y +y = O
Characteristic equation: M 44N +6X2+40+1 = 0
A+1)* = 0
Characteristic roots: A1 = —1 (multiplicity 4);
General solution: y=cre “+care T +czrie ™ fegade .
25.
Equation: y' —4y +3y = ¥
Homogeneous equation: y' =4y +3y = 0
Characteristic equation: A2 —4X+3 = 0
A-1DA=3) = 0
Characteristic roots: AL =1, Ao =3;

Solution of homogeneous equation: 1y = ¢ €* + co €3%.
q Y

To find a particular solution, we apply the method of undetermined coefficients.
Accordingly, we try

Yp = Ae?®:
y; = 24¢%%,
yg = 4Ae%.

Plug into the equation 3 — 41y + 3y = €2*:
4Ae*" — 4(2Ae*) + 34 = *
—Ae? = 2
A = -1
Hence y, = —e** and so the general solution
Yg =cre” +c2 e — 2%,
26.
Equation: y'—y -6y = €%
Homogeneous equation: y'—y —6y = 0
Characteristic equation: X —-X-6 = 0
A+2)(A=3) = 0
Characteristic roots: AL =—2, Ay =3;

Solution of homogeneous equation: ¥, = ¢ e 2% + ¢ €37,
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To find a particular solution, we apply the method of undetermined coefficients.
Accordingly, we try

yp = Ae”;
Yp = Ae’
y;/ = Ae".

Plug into the equation y"" — ¢ — 6y = e*:

Ae® — Ae® — 6Ae” = e
—64e* = €%
A = -1/6.
Hence y, = —e” /6 and so the general solution

xT
_ e
Yg=cire 2I+0263I—F.

27.
Equation: y' =5y +6y = € +u;
Homogeneous equation: y' =5y +6y = 0
Characteristic equation: A —5A+6 = 0
A=2)(A=3) = 0
Characteristic roots: AL =2, Ao =3;

Solution of homogeneous equation: 1y, = c¢; €2 + ¢y e3*.

To find a particular solution, we apply the method of undetermined coefficients.
Accordingly, we try

yp = Ae®+ Bx+C;
y; = Ae” + B;
yg = Ae".

Plug into the equation ¢y — 5y +6y = e* + a:

Ae® —5(Ae®"+ B)4+6(Ae*+Bx+C) = "+
2Ae" = €%
6B = 1
6C —5B = 0.
Hence
A=1/2, B=1/6, C=5/36 yy— > +%4 2,
[ e A BT
and so the general solution
T 5

2 3 e
yg:clem+026m+?+g+%.
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28.
Equation: 29" -3y +y = ¥ +sinua;
Homogeneous equation: 29" =3y +y = 0
Characteristic equation: 202 -3X+1 = 0
2A-1)(A-1) = 0;
Characteristic roots: M =1/2, My =1;

Solution of homogeneous equation: y, = ¢ e*/2 4 ¢y e®.

To find a particular solution, we apply the method of undetermined coefficients.
Accordingly, we try

yp = Acosz+ Bsinz + Ce*”;
y]’o = —Asinz + Bcosz + 2Ce%%;
y]’o’ = —Acosz — Bsinx + 4Ce**.

Plug into the equation 2y” — 3y + y = €2* + sinx:

—2Acosz — 2Bsinx + 8Ce?® + 3Asinz — 3Bcosx — 60>

+Acosz + Bsinz + Ce** = €** +sinz
—-A-3B = 0;
3A-B =1
3¢ = 1

Hence

3 1 1
A=3/10, B=-1/10, C=1/3; ypzl—ocosx—ﬁsinx—kgeh;

and so the general solution

_ a2 e, 3 L. L 9,
Yg =C1€ +coe —|—Ecosx—ﬁs1nx—|—§e .
29.
Equation: y' =4y +3y = ze™¥
Homogeneous equation: y' =4y +3y = 0
Characteristic equation: A2—4X+3 = 0
A-1DA=3) = 0
Characteristic roots: AL =1, Ao =3;

Solution of homogeneous equation: 1y, = ¢ €% + ¢z €37.

To find a particular solution, we apply the method of undetermined coefficients.
Accordingly, we try

b = (Az+B)e,
y; = e "(Axz — B+ A);

y, = ¢ “(Ar—B-2A).
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Plug into the equation y" — 4y’ +3y =€ ":

e "(Ar — B —2A)—4e "(Ax — B+ A)+3(Ax+ B)e™® = e *
8A = 1;
—6A+8B = 0.

Hence 5
x
A=1/8, B=3/32 =(=+=)e "
/ 9 / 9 y;D (8 + 32)6 9
and so the general solution
— x 3z E i —x
yg=cre’ +coe —|—(8—|—32)e
30.
Equation: y'—4y = coshua;
Homogeneous equation: y'—4y = 0;
Characteristic equation: XN —4 =0
Characteristic roots: AL = =2, Ay =2;

Solution of homogeneous equation: 1y, = ¢ cosh 2z + ¢, sinh 2z.

To find a particular solution, we apply the method of undetermined coefficients.
Accordingly, we try

yp = Acoshz + Bsinhu;
y, = Asinhz+ Bcoshu;
y, = Acoshx+ Bsinhz.

Plug into the equation y"” — 4y = cosh :

Acoshx 4+ Bsinhx — 4Acoshxz — 4Bsinhx; = coshx
-34 = 1;
-3B = 0.

Hence 1
A=-1/3, B=0; y,= —3 cosh x;

and so the general solution

1
Yg = c1 cosh 2x + cp sinh 2z — 3 cosh x.

31. Using the half-angle formula,

Equation: y' +4y = §— icos2a;
Homogeneous equation: y'+4y = 0;
Characteristic equation: A +4 = 0
Characteristic roots: A= =20, Ay = 2i;

Solution of homogeneous equation: 1y, = ¢1 cos2x + co sin 2x.
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To find a particular solution, we apply the method of undetermined coefficients.
We also notice that 1/8 is a solution of 3" 4+ 4y = 1/8, so we really do not need to
look for the solution corresponding to the term 1/8 of the nonhomogeneous part.
We try

1
3 + Az cos 2z + Bx sin 2;

Yyp =
y, = Acos2r —2Axsin2z + Bsin 2z 4 2Bz cos 2x;
y, = —4Asin2z —4Axcos2z + 4B cos 2z — 4Bxsin 2.

Plug into the equation v/ + 4y = 1 — 1 cos 2a:
—4Asin2x — 4Ax cos 2z + 4B cos 2z — 4 Bx sin 2x

1 1 1
+4 ( = + Ax cos2x + Bz sin2x | = = — = cos2x;
8 2 2
. 1
—4Asin2x +4Bcos2x = — cos 2z;
1
4A=0; 4B = —.
2
Hence 1 1
A =0, B:—g; yp:§—§sin2x;
and so the general solution
. 1z .
Yg = €1 €OS 2T + ¢ sin 2z + 3 §s1n2x.
32.
Equation: y'+4y = xsin2x;
Homogeneous equation: y'+4y = 0
Characteristic equation: NM4+4 =0
Characteristic roots: AL = —2i, Ay = 245

Solution of homogeneous equation: 1y, = ¢ cos2x + co sin2x.

To find a particular solution, we apply the method of undetermined coefficients:

yp = z(Az+ B) cos2x + x(Cx + D) sin2x;
y, = (24z+ B)cos2 —2(Az” + Bz)sin2z + (2Cx + D) sin 2z + 2(Ca”® + D) cos 2a;
yy = 2Axcos2z —4(2Az + B)sin2x — 4(Ax” + Bx) cos 2z

+2C2 sin 22 + 4(2Cx + D) cos 2z — 4(Cx? + D) sin 2z.

Plug into the equation y"” + 4y = x sin 2x:

2Az cos2x — 4(2Ax + B)sin 2z 4+ 2Cxsin2x + 4(2Cx + D) cos2z = x sin2x;
(2A +4(2Cx + D))) cos 2z + (2C — 4(2Ax + B)))sin2x = = sin2x;

—8A =1; 8C = 0;

—-4B+2C =0

2A+4D =0.
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Hence

1 1
A=—-,C=0,B=0, D=—; yp:—§x2cos2x+ﬁxsin2x;

|~

and so the general solution

1 1
Yg = €1 COS 2T + ¢ sin2x — §x2 cos2x + Ex sin 2.

33.
Equation: y'+y = 3+ 3cos2z;
Homogeneous equation: yV'+y = 0;
Characteristic equation: A+1 = 0
Characteristic roots: A1 = —1i, Ao =1

Solution of homogeneous equation: 1y, = ¢ cosx + ¢ sinz.

To find a particular solution, we apply the method of undetermined coefficients.
We also use our experience and simplify the solution by trying

1
o= 5 + Acos 2x;
y; = —2Asin2x;
y, = —4Acos2z.

Plug into the equation y” +y = 3 + 3 cos 2z:

1 1 1
—3Acos2x+§ = 5—1—500323:;
1
-3A = =
27
1
A=—-.
6

Hence

1 1
Yp = —Ecos2x+ >

and so the general solution

1 1
Yg = €1 COS 2T + co sin 2z — Ecos2x+ 3

34.
Equation: Yy +2y +2y = e ¥ cosu;
Homogeneous equation: y' +2y +2y = 0;
Characteristic equation: A2+20+2 = 0
Characteristic roots: A =—-1—14, Ag=—1+7;

Solution of homogeneous equation: 1y = c;e *cosx + co e “sinz.
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To find a particular solution, we apply the method of undetermined coefficients:

Yp = e*mx(Acosx—FBsinx);
y, = —e “z(Acosz+ Bsinx)
+e “[(Acosx + Bsinz) + x( — Asinz + Bcosx)];
yy = ¢ “z(Acosz + Bsinz)
—e *[(Acosz + Bsinz) 4+ z( — Asinz + Bcosx)]
—e *[(Acosz + Bsinz) + z( — Asinz + Bcosz)]
(

e *[(— Asinz + Beosz) + (— Asinz + Beosz) +z( — Acosz — Bsinz)]
= —2¢ "[(Acosz + Bsinz) + z( — Asinz + Bcosz)]
+2¢7*(— Asinz + Bceosz).

Plug into the equation y"” + 2y + 2y = ™% cos 2x:
_2€7I[(ACOS‘T + BSiHI) + 33( — Asinz + Bcosx)
+2€7m( — Asinx 4+ Bcos
—2679”3:(/1 cosz + Bsin
—|—26*m[(Acosx + Bsinx) + 3:( — Asinz + Bcosx)
267IZE(A cosz + Bsinzx

X
X

= e % cos2w;

= ¢ % cos2zx.

]
)
)
]
)
)

2e*m(—Asinx—|—Bcosx

Hence 1 )
A=0,2B=1 = B:§; ypzixefmsinx;

and so the general solution

Yg=cire “coszr+cpe “sinx + 53:679” sin .

35.
Equation: YV +2y +y = e 7
Homogeneous equation: v +2y 4y = 0
Characteristic equation: A 4+22+1 = 0
Characteristic roots: A1 = —1 (double root);

Solution of homogeneous equation: yp, =c1e ™ +coze ",

To find a particular solution, we apply the method of undetermined coefficients:

yp = A z?e 7,
y]’o = —Az?e T +24zxe %
y]’o’ = Az’ —24xe " 4+24e " —2Axe ",

x

Plug into the equation y”" + 2y +y = e *:
Az?e ™ —2Axe "+ 24 —24xe™®

—|—2(—A50267I—|—2A:cefm)—|—A:c2efm = e %
24" = 7%

1

A=—.

2
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Hence
Yp = 535 e

and so the general solution

_ _ 145
yg=cre “+caze T4 Zp2e .

2
36.
Equation: vV +2y +y = ze T4 6;
Homogeneous equation: vy +2y 4y = 0
Characteristic equation: A 4+22+1 = 0
Characteristic roots: A1 = —1 (double root);

Solution of homogeneous equation: yp, =c1e™* +coze ",

For a particular solution, try

yp = 6+ A e T,
y, = —A e +3Ax% e,
y]’o’ = Azde®—3Az%e "+ 6Axe * —3Az%e 7.

x.

Plug into the equation ¢’ + 2y +y =6+ ze™*:
Aade™ —3A2% e +6Axe ™ —3A2%e™"

—Azde ™ 43422 T+ 6+ AxPe™ = 6+xe

6Axe ™ = xe 7
1

A=-.
6

Hence 1
=6+ e %
Yp it

and so the general solution

1
yg=cre “+coze C + Exg’e*m + 6.

37.
Equation: ' —y —2y = 22— 4
Homogeneous equation: y' =y -2y = 0
Characteristic equation: AX—-A-2 =0
Characteristic roots: A =1, A=2;

Solution of homogeneous equation: g, = ¢y e~ + ¢ €27,
For a particular solution, try

Yp = Az?+ Ba + C;

y; = 24x+ B;

y;/ = 2A.
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Plug into the equation 3"’ — ¢/ — 2y = 22 — 4:

24 —2Ax— B —-2A2? —2Bxz—2C = a?—4;
24 = 1;
1
A=——;
2
—-2A-2B=0 = 1-2B=0;
1
B=—;
2
1 1
2A-2C—-B=4 = ——-——--20=4
2 2
5
C=-.
4
Hence
1o, 1 5
=——x+ -z + —;
TRt Tty
and so the general solution
=ce " +c eQI—lx2+lx+§
Yo =@ 2 2" Tt
38.
Equation: y' =y -2y = 222+ xe%
Homogeneous equation: y' =y -2y = 0
Characteristic equation: AX—-X-2 =0
Characteristic roots: AL=-1, A =2;
Solution of homogeneous equation: gy, = ¢y e~ + ¢ €27,
For a particular solution, try
yp = A2’ +Ba+C+ (Dzx+ E)e;
y, = 2Ax+ B+ De® + (Dz + E)e”;
y, = 2A+2De” + (Dx+ E)e”.
Plug into the equation 3’ — ¢/ — 2y =222 + ze®:
2A+2De” + (Dx + E)e” —2Ax — B — De* — (Dx + E)e”
—2A2% —2Bx —2C —2(Dzx + E)e® = 22° +xe";
—2A2% + 2(—2B — 24) +2A — B —2C + (D — 2E)e* — 2Dze® = 22% + e
24=2 = A=-1;
1
-2D=1 = =——;
2’
—-2B—-2A=0 = B=-A=
2A-2C—-B=0 = -2-1-2C=0
3
= C=—-
2
D
D-2E=0 = E:E:_
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Hence

1 1

vp= —2* +o— St~z — )

and so the general solution

Yyg=cre “+cae

2 2 4

2 _ gl rrx— x4 (—r—-

39. Even though the equation is first order and we can use the integration factor
method of the previous section, we will use the method of this section to illustrate

another interesting approach.

Equation: vy +2y = 2x+sing;
Homogeneous equation: y+2y = 0;
Characteristic equation: A+2 = 0
Characteristic root: A= —2;
Solution of homogeneous equation: 1y, = c; e~ 2%,
For a particular solution, try
yp = Ax+ B+ Ccosxz+ Dsinx;
y, = A—Csinz+ Dcosu;
Plug into the equation y' 4+ 2y = 2z + sinz:
A—Csinx+ Dcosx +2Ax+ 2B+ 2Ccosx+ 2Dsine = 2x + sinx;
24=2 = A=1;
A+2B=0 = B= lAf L.
B o202
2 1
2D-C=1land D+2C =0 = D:g, C:—g.

Hence

L +2 i
=Ir——-———=2CO - ;
Yp =7T 5% ST 5s1nx,

and so the general solution

_ 1 .
Yy =cre * +x— ~— —cosz + gsmx.

2 5
40. Use preceding exercise:

Equation: Yy +2y = sinx;

Solution of homogeneous equation: yn = cre @,
For a particular solution, try y, = Ccos x+ D sinz, and as in the previous solution.

it follows that

= ——cosx + —sinuz;
Yp 5 5
and so the general solution
Yy = cre” 2% — lcosa: + —sinx
g 5 5 '
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41. 2y —y = €%,

Equation: 2y —y = e
Homogeneous equation: 2y —y = 0
Characteristic equation: 2X -1 =0

1
Characteristic root: A = 5;

/2

Solution of homogeneous equation: y, = ¢ €*/~.
For a particular solution, try
Yp = Ae?®,

y; = 24e%T,

Plug into the equation 2y’ — y = 2*:

4Ae%T — Ae®* = e,
1
3A=1 = A=_-.
3
Hence
Yp = 2%
and so the general solution
Yy = Clem/2 + ey
42,y — Ty = € 4 cos .
Equation: y =Ty = e*+cosx;
Homogeneous equation: y =Ty = 0
Characteristic equation: A=T7T =0
Characteristic root: AN =T,

Solution of homogeneous equation: 1y, = ¢ €7*.

For a particular solution, try
yp = Ae” + Bcosz+ Csinw;

/

y, = Ae®—Bsinx+ Ccosz;

Plug into the equation y' — 7y = e* + cos x:

A401

Ae® — Bsinw + Ccosx — TAe® —T7Bcosx — 7TCsinx = €% + cosx;
1
—-64A=1 = A=-——;
6
1
B+7C=0and TB+49C =0 = C:%,B:——.
Hence 1
Yp = ——€* — —cosx + —sinw;

6 50 50
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and so the general solution

1 7 1
Yg = C1 e 4 ——e® — —cosx + — sin .

6 50 50
43.
. " S sinna
Equation: '+ 9y = ngl —;
Homogeneous equation: ¥y +9y = 0
Characteristic roots: A1 = 31, Ao = —3i;
Solution of homogeneous equation: Yn = €1 COS3x + cosin 3.

To find a particular solution, we note that the term 232 which appears in the

nonhomogeneous term, is part of the homogeneous solution. So for a particular
solution that corresponds to this term, we try y3 = Asxsin3x + Bsx cos3z. For
the remaining terms of the nonhomogeneous part, use

6
E B, sinnz.

n=1, n#3
Thus we try
6
Yp = Asxsin3z + Bsxcos3x + Z B, sinnuz;
n=1, n#3
6
y]’o = Assin3z + 3Asx cos 3z + Bs cos 3z — 3B3x sin 3z + Z nB,, cosnx;
n=1, n#3
y;’ = 3Azco83x + 3A3co83x — 9Azxsin3x — 3B3sin3x — 3B3sin 3z
6
—9B3x cos 3z — Z n?B, sinnx;
n=1, n#3
Plug into the equation y"” + 9y = % + Zi:L nt3 %
0 sin 3x 0 sin nx
6A3cos3z — 6Bssin3z+ »  (9—n®)B,sinnz = o+ >
n=1, n#3 n=1, n#3 "
in3
6A3cos3z — 6Bssin3z = S”; .
6 9 . 6 sinnx
Z (9 —n")B,sinnx = Z ;
n
n=1, n#3 n=1, n#3
6A3 =0 63*1:>A*OB* L
3 — Y 3 — 3 3 — Y 3 — 187
(nz’—g)Bn:l (n#3) = Bu=—1+ .
n n(9 —n?)

Hence

6 .

1 sinnz
= —— 3 .
Yp 18xcos T+ n:} ” n® —n2)’
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and so the general solution

1 sin nx
= ¢y cos3x + cgsin3x — —x cos 3x + _
Yo =4 ? 18 Z n(9 — n?)
n=1, n#3
44.
0 sin 2nx
Equation: YV +y = Z —
n=1

Homogeneous equation: vV +y = 0;

Characteristic roots: A1 =1, Ao = —1;

Solution of homogeneous equation: Yp = €1 COST+ cosinz.
To find a particular solution, try

6
Yp = Z B,, sin 2nx;
n=1
6
yg = - Z 4n?B,, sin 2n;
n=1
. . 6 in2na .

Plug into the equation y"’ +y =3 _, *=="%:

6
> (1 —4n*)B, sin 2nx

n=1 n=
9 1
(1—-4n*)B, = -—;
n
1
B, =
n(l — 4n?)
Hence
6 .
sin nx
= Z n(l —4n2)’
n=1
and so the general solution
Y c] cosx + ¢ sinx—l—iismnx
= 1 2 .
¢ = n(l—4n?)
45. Write the equation in the form
y' —4y +3y = e*Tsinhz
1
_ 20— (x _ _—=x
= €75 (e e )
1 3z T
) (€ —¢)

From Exercise 25, yn, = c1e® + c2e3*. For a particular solution try

yp = Are’® + Bre®.
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46. y" — 4y + 3y = e sinh 2x. Write the equation in the form

y' —4y +3y = e"sinh2z

From Exercise 25, yp, = c1e® + c2e3*. For a particular solution try

yp = Awe’® + Be ",

47. y" 4+ 2y + 2y = cosx + 622 — e"%sinz. Characteristic equation
MA42XA4+2=0 = A= -1+
So yp, = cre” T cosx 4 cge” P sinx. For a particular solution, try

yp = Acosz + Bsinz + Cz® + Dz + E + ¢ *(Fasinz + Ga cosz).

48. yY — y = cosh z + cosh 2z. The equation is not of the type that is covered by
the method of undetermined coefficients, but we can take a hint from this method.
Characteristic equation

M—1=0 = \N=41, +i.
So yp, = c1e™" + coe” " + cgcosx + ¢y sinx. For a particular solution, try

Yp = Ae® + Be™* + Ce** + De ",

49. y" — 3y + 2y = 3z%e® + x e~ ?* cos 3z. Characteristic equation
M -3XA4+2=0= A\ =1, Ay =2.
So yp, = c1e” + c2e2®. For a particular solution, try

yp = v(Az* +Bx® + C2?+ Dax+ E)e” + (Gr+H) e > cos 3z + (Kx + L) e~ ** sin 3.

50. y" — 3y +2y =ze"® + 7Tz?e 2. From Exercise 49, y, = c1e® + c2e?®. For
a particular solution, try

yp = v(Az* + Ba® + C2* + Dz + E)e ™ + (Ga* + Hx + K) e 7.

51. ¢ + 4y = €2*(sin2x + 2cos2x). We have y, = cj cos2z + casin2x. For a
particular solution, try

yp = 2" (Asin 2z + B cos 2z).

52. ' + 4y = xsin2zr + 2e?* cos2x. We have 3, = c; cos2x + cysin2z. For a
particular solution, try

yp = 2(Az + B)sin 2z + 2(Cx + D) cos 2z + €**(E sin 22 + F cos 2).
53. y" — 2y +y = 6z — e”. Characteristic equation
M —2X+1=0 = A\ = 1(double root).
So yp, = c1€” + coxe®. For a particular solution, try

yp = Ar + B + Cx?e”.
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54. y" — 3y +2y = €® + 3¢ 2%. From Exercise 49, y5 = c1e® + cpe?*. For a

particular solution, try
yp = Ave” + Be .

55. From Exercise 25, we have
yn = c1€® + coe®”.

If o # 1 or 3 (the characteristic roots), a particular solution of
Yy — 4y + 3y = "

is yp = Ae®”. Plugging into the equation, we find

Aa?e®® — 4o Ae®® 4+ 342" = 2%,
A(e® —4a+3) = 1 (divide by e** #0);
A=
a? —4a+3

Note that a? —4a + 3 # 0, because a # 1 or 3. So the general solution in this case

is of the form
eOLI

a? —4a+3°
If @« = X is one of the characteristic roots 1 or 3, then we modify the particular
solution and use y, = Aze*®. Then

Yg = 1" + c0e3® +

y; = AeM + Az)e’®,
yg = AXe™ + AN + Ax)ZeM®

= 24X 4 AzAZeT.
Plug into the left side of the equation
2ANN 4 AzNZer — 4(Ae)‘m + Ax)\e)‘m) + 3Az)e?®
=0
= Aze® ()\2 — 4N+ 3) —2AXeM
= —24A)eM.
This should equal e**. So —2A =1 or A = —1/2 and hence

1
Yg = 1" + coe3® — 5.%6)\96.

56. The characteristic equation of v/ — 4y’ + 4y = 0 is A2 — 4\ +4 = 0, with a
double characteristic root A = 2. Thus

yn = c1** + coxe®®.
If o # 2, a particular solution of

y// _ 4y/ + 4y = e™*

is yp = Ae®”. Plugging into the equation, we find

Aa2e™® — 4 Ae®® + 44T = o,
A(a® —4a+4) = 1 (divide by e** #0);
1
A =

a? —da+4
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Note that a? — 4a + 4 # 0, because a # 2. So the general solution in this case is

of the form o
e

o2 —4da+4°

If @ = 2 is a characteristic root, then we modify the particular solution and use
yp = Az?e®* | since it is a double root. Then

Yg = c16%* + core®® +

y; = 2Aze*® +24x%e%*,
y;/ = 24e%" + 4Axe®® + 4Axe®® + 4Ax%e®
= 24e%* 4+ 8Axe*® + 4Ax?e*”.
Plug into the left side of the equation " — 4y’ + 4y = e**:
2Ae*" + 8Axe®® + 4Ax?e* — 4(2Axe2m + 2A$262m) + 4Az%e* = 24€%".

This should equal €?*. So 24 =1 or A = 1/2 and hence
2x 2x 1 2 2x
Yg = C1€77 + coxe™ + 53: e,

57. ¢y + 4y = coswx. We have
Yp = €1 COS 22 + co sin 2.
If w # +2, a particular solution of

Yy’ + 4y = coswz

is yp = Acoswz. So y, = —Aw? coswz. Plugging into the equation, we find
Acoswr(4—w?) = coswz;
Ad-u?) = 1
1
A = .
4 —w?

Note that 4 — w? # 0, because w # 42. So the general solution in this case is of

the form
COS WX

Yg = €1 €08 2x + cosin 2x + — 2

If w = %2, then we modify the particular solution and use y, = x(A coswz +
Bsinw:c). Then

y]’o = (Acosw:c + B sinw:c) + xw( — Asinwz + Bcosw:c),
y;’ = wa( — Acoswzx — Bsinw:c) + 2w( — Asinwz + B cosw:c).
Plug into the left side of the equation
xw2(—Acosw:c — Bsinw:c) —|—2w(—Asinw:c—|—Bcosw:c) —|—43:(Acosw:c—|—Bsinw:c).
Using w? = 4, this becomes

2w( — Asinwzx + Bcosw:c).

This should equal coswz. So A =0 and 2wB =1 or B =1/(2w).

1
Yg = €1 €OS 2T + co8in 2z + 2, sinwz  (w = £2).
w
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Note that if w = 2 or w = —2, the solution is

1
Yg = €1 €COS 2T + co sin 2x + 13: sin 2.

58. We have
Yp = €1 COS 3x + co sin 3.

If w # £3, a particular solution of

Yy + 9y = sinwx

is yp = Asinwz. So y]’o’ = —Aw?sinwz. Plugging into the equation, we find
Asinwz(9 —w?) = sinwaz;
A9 —-w?) = 1
1
A = )
9 —w?

Note that 9 — w? # 0, because w # 43. So the general solution in this case is of

the form .
sinwx

9 — w2’

If w = £3, then we modify the particular solution and use y, = Az coswz. Then

Yg = €1 €08 3x + cosin 3z +

y, = Acoswr— Awrsinwz,
y, = —2Awsinwz — Aw?z coswr.
Plug into the equation and get
—2Awsinwzr = sinwz.

So —2wA =1 or A = —1/(2w). The general solution is

Yg = €1 €08 3T + cp sin 3z — ¥ cosw (w==£3).
w

If w = 3 the general solution is
. 1
Yg = €1COS 3T + cg sin3x — 63: cos 3x.
If w = —3 the general solution is

1
Yg = €1€OS 3T + co sin3x + 63: cos 3x.

59. We have
Yp = €1 COS WX + C2 SINWX.

If w # £2, a particular solution of
Y 4w’y = sin 2z

is yp, = Asin2z. So y,) = —4Asin2x. Plugging into the equation, we find

Asin2z(—4+w?) = sin2;
Aw? —4) = 1;
A = !
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Note that w? — 4 # 0, because w # 42. So the general solution in this case is of

the form .
sin 2x

w? —4°

If w = £2, then we modify the particular solution and use y, = Az cos2z. Then

Yg = €1 COSWT + cpsinwzx +

y]’o = Acos2x — 2Axsin 2z,
y]’o’ = —4Asin2x — 4Ax cos2x.

Plug into the equation and get
—4Asin 2x = sin 2.

So —4A =1 or A= —1/4. The general solution is

1
Yg = €1COS 3T + c2 sin 3w — Zx cos 2x.

60. The characteristic equation of ¥/ + by +y =01is A2 +bA+1=0.
Case 1: b?> — 4 > 0. In this case, we have two distinct roots,

—b+ Vb2 -4 —b— Vb2 —1
= ———  and )\2: - -

M 2 2

Then

h = c1eMT 4+ e 2T,
Y

For a particular solution, we try y, = Acosx + Bsinz. Plugging into the equation,
we find

—Acosz — Bsinz + b(—Asinz + Beosz) + Acosx + Bsinz = sinz;
b(—Asinz + Bcosz) = sinu;
1

B=0, ~Ab=1 A=

Note that b # 0. So the general solution in this case is of the form

Yg = CleAlx + 026)\2x - 5 COoST.

Case 2: b?> — 4 = 0. In this case, we have one double root, A = %b. Then

b _b
yp = cre” 2% + cowe” 27,
A particular solution has the same form as the previous case. So

)\zx

Yg = c1eMT 4 e — 5 COoS .

Case 3: b? — 4 < 0. In this case, we have two distinct roots,

—b+ivV—b2+4 —b—iV—b2+ 4
M= and M=

Then
V0r 14 _ V=2 +14

5 x)+ 2627 sin( 5 x).

Case 3 (a) If b # 0. Then we use the same form of the particular solution as in
Case 1 and get

=b
yn = c1e2 ¥ cos(

V=b>+4
2

V—=b%>+4 1
f.@) — 5 CoSs .

Yg = c1e2? cos( x) + e 27 sin(



Section A.2 Linear Ordinary Differential Equations with Constant Coefficients ~A409

Case 3 (b) If b = 0, the equation becomes y” +y = sinx. Then
Yp = €1 COST + cosinz.

For a particular solution, we try y, = Az cosx. Then

y, = Acosz— Azsinz
y, = —2Asinz— Azxcosz.

Plugging into the equation, we find

—2Asinx = sinux;
1

A = ——.

2

So the general solution in this case is of the form

. 1
Yg = C1COST + CoSINT — 53:00333.

61. To solve ¢/ —4y =0, y(0) =0, y'(0) = 3, start with the general solution
y(x) = ¢y cosh 2z + ¢ sinh 2.
Then
y(0) =0 = c¢ycosh0+ casinh0=0

4

c1 = 0; so y(z) = cysinh 2.

y'(0)=3 = 2cycosh0=3

= y(z)= g sinh 2.

62. To solve ¢/ + 2y +y =0, y(0) =2, ¥/(0) = —1, recall the solution of the
homogeneous equation from Exercise 35:

y=cie “+cowe "

Then
y(0)=2 = c¢1=2;s0y(x)=2¢ "+ core *.
y(0)=-1 = —2+c=-1
= =1
= ylz)=2e""4+xze ",

63. To solve 4y” — 4y +y =0, y(0) = —1, 3/(0) = 1, recall the solution of the
homogeneous equation from Exercise 7:

y= c1e%/? + cox /2.

Then
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64. Tosolvey”"+y =0, y(r) =1, y/(7) =0, use the general solution in the form
y = ¢y cos(x — ) + cosin(z — 7).
Then
yr) =1 = ¢ =1; so y(x) =cos(z — ) + casin(x — ).
y(r)=0 = —%—!—02:1
= =0
= y(z) = cos(x — ) = —cos .

65. To solve ¢y — 5y + 6y = ¢, y(0) =0, 3/'(0) = 0, use the general solution
from Exercise 27 (modify it slightly):

1
y=c1e*® 4 cye 4 569”.

Then

1
y(0) =0 = e ter=—g;

1
y(0)=0 = 201+302:—§

1 1
= yx) = —e* + =3 4 —¢”.

66. To solve 2y — 3y’ +y =sinz, y(0) =0, ¥'(0) =0, we first need the general
solution of the differential equation. The solution of the homogeneous equation is

yn = c1e” + cpe®/?
(see Exercise 4). For a particular solution, try
y = Acoszx + Bsinz.

Then y" = —Acosxz — Bsinz, y = —Asinx + B cosz. Plug into the equation

—2Acosx —2Bsinx + 3Asinz —3Bcosx + Acosx + Bsinx = sinz
(A —3B)cosxz + (3A— B)sinx = sinuz;

—-A-3B = 0

3A—-B = 1.

Solving for A and B, we find A = 13—0 and B = —11—0. Thus the general solution is

3
y=cre® + coe®/? + Ecosx — Esinx.
Using the initial conditions

3
y(0) =0 = 01—|—02:—E

1 1
/ = —_ = —_——:
y(0)=0 = 01+202 0
4 1

= C=—-, Cl = =

) 2
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Lo dap, 3 1
= —€ — —€ — COSX — — SsInax.
y=3 5 10 10

67. Start with the homogeneous equation y’ — 4y + 3y = 0. Its characteristic
equation is
AN —4N+3=0 = A\ =1, \y=3.

Thus
yn = c1€® + coe®”.

For a particular solution of ¢y — 4y’ + 3y =xe™?, try
y=(Az+be ", y =Ae " — (Az +b)e™ ™, ¢/ = —2Ae™ " + (Ax + b)e” ™.

Plug into the equation and get

—2Ae™" + (Az 4+ b)e ™ —4(Ae " — (Az + b)e ") + 3(Az + ble™® = ze®
(= 24+b—4A+4b+3b) +xe T (A+4A+3A) = ze™
—6A+8 = 0
8A = 1,

So the general solution is

= c1€” + cpe®” + (lx—k i)eﬂc
yoae e g T3¢
We can now solve ¢y’ — 4y’ + 3y = xe™*, y(0) =0, v'(0) = 1. The boundary
conditions imply that

c+c 4—i = 0
1hetas =
1 3
3 ——— = 0
¢+ C2+8 ) ;
c1te = —3
PR T3
1
c1+3ca = 32’
1 1
Co=—;0 = —=
2 327 1 ]
Hence
— lm+i3m+(l +3) —x
Y780 T 8" T 32)¢

68. The general solution of ¢/ — 4y = 0 is y = ¢; cosh 2z 4 cosinh2x. For a
particular solution of y" — 4y = coshx, we try y = Acoshz. Then y” = Acoshz.
Plugging into the equation:

coshz =y" — 4y = Acoshax —4coshz = (A —4)coshz = 1=A4—-4, A=5.
So y = ¢1 cosh 2z 4 ¢9 sinh 2x 4+ 5 cosh z. Using the initial conditions
y0)=1 = a+56=1=c=-4

y(0)=0 = c3=0;
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and so y = —4 cosh 2z 4 5 cosh z.

69. Because of the initial conditions, it is more convenient to take

y = c1 cos[2(z — g)] + o sin[2(z — g)]
as a general solution of ¢/ + 4y = 0. For a particular solution of y"" + 4y = cos 2z,

we try
y = Axsin2z, y = Asin2x + 2Ax cos2z, y’ = 4Acos2x — 4 Ax sin 2z.

Plug into the equation,
1
4Acos2r = cos2x = A= 1

So the general solution is

1
y = ¢y cos[2(x — g)] + cosinf2(x — g)] + i sin 2.

Using the initial conditions

y(r/2)=1 = ¢ =1

y(r/2)=0 = 202+gcos7r:0
T
= @:g;

and so

1
y = cos[2(x — g)] + gsin[2(x - g)] +7° sin 2z

using the addition formulas for the cosine and sine, we can write
cos[2(x — g)] =—cos2r and sin[2(z — g)] = —sin 2z,
and so
T, 1 T 1 .
Yy = —Cos2x — gs1n2x+ szm2x = —cos 2z + (— 3 + Zx) sin 2.

70. From Exercise 43, the general solution of ¢/ + 9y = Zizl sinng jg

6 .
1
y= e cosdotopsinde - freosdzt Y e
n=1, n#3
Using the initial condition y(0) = 0, we find ¢; = 0 and so
1 0 sinnx
Yy = c2sindx — Excos&r—i— Z m
n=1, n#3
' 3¢y cos 3 ! cos3 +1 sin3z + Z COoS nx
- ¢ T =79 T + —xsin3x e
! ’ 18 6 92
n=1, n#3
1 6 1
/ — 2 L B 2
y'(0) = 3c2 18+ Z T
n=1, n#3
6
1 1 1
= — (2  _
@ 3 * 18 Z 9 — n2
n=1, n#3
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and so

6 .

29831 1 sin nx
= ——sindz — — 3 7 S—
) 15360 sin 3x 183:003 x+n:§¢3 (9 —n?)

71. An antiderivative of g(z) = e” sinx is a solution of the differential equation
y = e¥sina.

To solve this equation we used the method of undetermined coefficients. The solu-
tion of homogeneous equation 3y’ = 0 is clearly y = c¢. To find a particular solution
of y = e*sinx we try

y = €"(Asinz+ Bcosx)

y = €e"(Asinz + Bceosz)+ e"(Acosz — Bsinz)
= ¢"(A— B)sinx + €e"(A+ B);

Plugging into the equation, we find

e*(A—B)sinz +e¢"(A+ B)cosx = e’sinx

A-B=1A+B=0 = A:%, - _L

S0
1 1 x
/emsinxdx: §emsin3:— §emcosx—|—C: 6?(Sinaz—cosaz) +C.

72. See Exercise 73.
73. An antiderivative of g(z) = e®® cos bx is a solution of the differential equation

y = e®" cos ba.

We assume throughout this exercise that a # 0 and b # 0. For these special
cases the integral is clear. To solve the differential equation we used the method of
undetermined coefficients. The solution of homogeneous equation y' =0 is y = C.
To find a particular solution of y’ = e%* cosbx we try

y = e (Acosbr + Bsinbx)
Yy = ae®(Acosbxr + Bsinbzx) + e**(—bAsinbx + bB cos bx)
= e"(Aa+bB)cosbr + e (aB — bA) sin bz.

Plugging into the equation, we find

e (Aa + bB) cosbx + e**(aB — bA)sinbz = € cosbx
a b
ACL-'—bB:l, CLB—bA:O = A:m,B:m,
)

ax

/e‘” cos bx dx = (acosx+bsinbx) +C.

CL2 + b2
74. Repeat the steps in the previous exercise. To solve 3/ = e* sinbx, try
y = e (Acosbr + Bsinbx)

y = e"(Aa+bB)cosbz + e (aB — bA)sinbz.
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Plugging into the equation, we find

e"(Aa+bB) cosbr + e (aB — bA)sinbr = e sinbx
A A A b a .
a+bB:0, CLB-b :1 = :—m,B:m,
SO .
/e‘”cosbxd:c: a2€7+b2(—bcosx+asinbx)+0.

Concerning Exercises 75-78 and for information about the Vandermonde de-
terminant, please refer to the book “Applied Linear Algebra,” by P. Olver and C.
Shakiban, Prentice Hall, 2006.
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Solutions to Exercises A.3

1. We apply the reduction of order formula and take all constants of integration

equal to 0.

y' +2y —3y=0,

p(x) = 2, /p(x) dr = 2z,

e~ [ p(x)da
Yo =1 / ————dr =
Y1

Thus the general solution is

y = cre® 4+ coe”

Yy =€

e~ J p(z) dz _ 672x,

—2x
e
e’ 5 dx
e xT

3z

2. We apply the reduction of order formula and take all constants of integration

equal to 0.

y' =5y +6y=0,

Thus the general solution is

3z,
Yy1=¢€"

e~ [ p(x)dx _ €5x;

y = c163% + cpe?®.

3.2y’ —(3+x)y +3y =0,
w_ 3+x , 3

Yy y+-y=0,
T
3
—— —1)dx =
J2-nas
effp(ac)dx _
e~ [ p(a) da
y2:y1/72dx =
Y1

y1 = €. We first put the equation in standard form.

3+
x. —
Y1 =¢€; p(x)__ 3
X
—3lnzx — =z,
eBlnerac x3€x;
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Thus the general solution is

Ordinary Differential Equations: Review of Concepts and Methods

y = c1e” + ca(2® + 32% + 61 + 6).

4. zy" — (2 —2x)y —2y =0,

Y1 =e .

We first put the equation in standard form.

2—x 2
y' - Yy —~y=0,
T T
2
—— +1)d
J2+nas
effp(m)dm
effp(m)dm
y2:y1/72d3:
Y1

Thus the general solution is

_ —24+x
y=e " plx) = :
T
—2Inx + x,
e2lnm7m :x2€7m,

2 —x
_ zle
e’ 5 dr
67 xT
efm/x2em dx

e ” [3:269” — 2xe” + 269”]

2 —2x + 2.

y=cie " + ez — 2+ 2).

5.9 +4y=0, 1wy =cos2x.

y' +4y=0,

Thus the general solution is

Y1 = COS 2x;

e~ [ p(x)dz _ 1’

1
2 ——d
cos x/cos? 55 0%

cos 2x / sec? 2z dx

1 1
cos 2x [5 tan 23:] = B sin 2.

Y = ¢1 COs 2x + co sin 2.
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Thus the general solution is

Y1 = sin 3x;

e~ [ p(x)dz _ 1’

1
sin 3z / ———dzx
sin” 3x

sin 3x / csc? 3z dx

1 1
sin 3x [_§ cot 33:] = 3 cos 3x.

Y = ¢1 cOs 3x + co sin 3.

Thus the general solution is

y1 = cosh x;

o= p@dr _ q,

1
= coshz / — dx
cosh” z
= coshzx / sech 2z dx

= coshz [tanh z] = sinh .

y = ¢1 coshx + cosinh z.

y' 2y +y=0, pm=c "

p(x) = 2, /p(x) dr = 2z,

—2x
—ez [ €
Y2 = e—2x

Thus the general solution is

Yy =cre

de =

T 4 ecgxe "

e [ p(z)de _ 672m;

efm/ de =e¢ “x.

x

A417
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9. Put the equation in standard form:

(1—2?)y" — 22y +2y =0, Y1 =
2z 2 2z
/! / — [
y 1_x2y+1_x2y_05 p('r)_ 1-.@2’
2z

/p(x)dx = /_1—x2 dr = In(1 — 2?)
— x)dx —In(1—22 o 1 .
e~ Jp(@) — e In( )_1—x2’

Y2

1
*’”/md"”

To evaluate the last integral, we use the partial fractions decomposition

1 B 1
(1—22)22 (1 —2)(1+2)22
A B C D
Y T S eyt S SR

A(l+2)2? + B(1 —2)2? + C(1 — 2%)x + D(1 — 2?)

(I —2)(1+x)a?
1 = A(l+2)2*> + B —2)2*> + C(1 — 2%z + D(1 — 2?).
Takex =0 = D=1

Takex =1 = 1=2A4

Takez =—-1 = 1=2B

Checking the coefficient of 2%, we find C' = 0. Thus

-t ;1 .1
(1—22)22  2(1—-xz) 2(1+2) x?
1 1 1 1
————dr = —-In(1- —In(1 - =
/ (1 —a?)a? * 2 n(l—2)+ 2 n(l+2) x

1 1+ 1
= —In - —.
2 1—=x T

So

B 11 1+ l 7E1 1+ 1
=g\ T2 T2 M\ T

Hence the general solution

—erte|tm ()
y=cx C2 211 1— = .
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10. Put the equation in standard form:

(1—2%)y" —2zy =0, y=1
2x 2x
m_o_2r =
V' =1y =0 p(@) =7
2
/p(x) de = /— T dr= In(1 — 2%)
1— 22
e~ [p(@)dz e~ In(1—22) _ 1
1—a2’

1
Y2 = /1—x2d$

Hence the general solution

(l—l-x)
y=-c1+coln .
1—=x

11. Put the equation in standard form:

2,1

vy’ +ay —y =0, Y1 = ;
1 1 1
'+ =y — =5y =0, p(z) = —;
T T T
1
p(x)de = ~dxr =z
e~ J p(z) dz = e Inz _ l’
T

Hence the general solution

C2
y=cr+ —.
T

A419
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12. Put the equation in standard form:

x2y”—xy’+y:(), Y1 = T
1 1 1
" ’ o .
Y=y 5y =0, p(e) =~
/p(x)dx = /——dx——lnx
— [ p(z)dx _ elnas =

= zlnxz.

Hence the general solution
y=c1x + cexlnz.

13. Put the equation in standard form:

22y +xy +y =0, y1 = cos(Inx);
1 1 1
oo T — .
Yy Sy =0, p(x) = —
1
/p(x)dx = /—dx:lnx
T
effp(x)dx - e lnx:l
x’
= (1
02 cos(Inz) /xcos2 Inx) de
= cos(l )/ ! du (u=1 d*ld)
= s(lnz o2yt (u=lnz, du=_dz

= cosu tanu =sinu = sin(Inu).
Hence the general solution

y = ¢y cos(lnx) + cosin(Inu).

14. Put the equation in standard form:

2”+2xy+iy—0 mz%;

y'+ y’+41?y 0, p(r) = %;
/p(x) de = / dex =2Inz
o~ Ip@de  _  —2mz _ 1

_ L/id _ e
2= a2t
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Hence the general solution

Inx
Y= +ca—=

f v

15. Put the equation in standard form:

sin 2x
xy +2y +4zy =0, 1= —"
2 2
Y+ =y +4y =0, p(z) = =;
T T
2
p(x)de = —dr=2lnz
T
1
(z)dx _ —2Inzx .
e~ Jp = =3

Hence the general solution

sin 2x
y=c C2
x x

cos2x

16. Put the equation in standard form:
vy’ +2y —xy=0,

2
—y —y =0,
X

/ p(z)de =

e [ p(x)dz

y// _"_

Y2 =

Hence the general solution

y=c— +co—.
x x

sin 2z T
Y2 = — dx
x 22 sin”(2z)

A421
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17. Put the equation in standard form:

zy'+2(1—2)y + (z—-2)y =0, Y =€’

2(1—x) ,+x—2

2
— = — — 2'
- —y =0, p(x) ;

y// _|_

8

/p(x)dx = 2lnz -2z

2x
— [p(x)dz _ —2Inz+2c € .
e = e = —5;
X
2x
€
. €T -
Y2 = e /3:2629“ dx

- 1 e’

Hence the general solution
X

y=cie’ +ca—.
x
18. Put the equation in standard form:

(z—1%y" =3(x—-1)y +4y =0, y1 = (z —1)%

3 4 3
y' - y’+(x_1)2y:0, p(x) = ———;

e~ [p(@)dz e3 In(z—1) _ (.I _ 1)3’
3
X
Y2 = ($_1)2/E$— )4d$

Hence the general solution

y=ci(r—1)*+ ca(x — 1)*In(z — 1).

19. Put the equation in standard form:

22y — 22y +2y =0, Yy = o
y”—%y’+%y:0, p(x):—%;
/p(x) dr = —2lnzx
e~ Jp@ds _ 2ima_ 2.
Yo = xQ/z—idx

1
_ 2 _
= =z /—332 de = —x.

Yy = 013:2 + cox.

Hence the general solution
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20. Put the equation in standard form:

(22 = 2z)y" — (2* = 2)¢y/ + 2(x — 1)y = 0, yn ="
2 2
,  xt=2 , 2x-1) x® =2
3:2—233y + 3:2—23:y ’ p(@) 2 — 2

/ p(z)dr = —z—In(z?®—22)

e~ [ p(x)de _ em+1n(m272m) _ ($2 _ 2{E)€m;

2_2 x
Y2 = em/%d'x

Hence the general solution
y = cre” + oz’

21.y" — 4y +3y=e"".
M —4A+3=0 = A-1D(A=-3)=0
= A=1lor\=3.

Linearly independent solutions of the homogeneous equation:

y1 =¢€* and gy = e,
Wronskian:
et eBm . . .
W(z) = = 3™ — ™" = 27",
et 3€3m

We now apply the variation of parameters formula with

glz) = %
y29(2) y19(x)
yp Y1 W(.I) T + Y2 W(.I)
_ 3z x x x
x 3x
= & [e2yg +— [ e
2
x 3x —x —x
B PR o S
4 8 4 8
J— 671‘
-8

Thus the general solution is

x 3x e’
Yy = c1€ + co€ +?

22.y" — 15y + 56y =™ +127.
M 1A +56=0 = A-7T)(A-8)=0

= A=Tor A=28.
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Linearly independent solutions of the homogeneous equation:

yr =€ and 1y, = €57
Wronskian:
6790 6890
W(.I) — — 8615m _ 7615m — 615m'
Tet  8eB*

We now apply the variation of parameters formula with

glz) = e +12ux;
—Y29(x) y19()
= ———d d
wo= o Sty e [
_ 8x( Tz Tx(, Tx
_ e”/ e (615—|—123:) d$+€8m/e (e 15—|—12x) Iz
eror eror

= ¢ /(1 +12ze™ %) da + 3° / e " 4+ 12z dx

= " [aj + 12/.@67896 dx] + 3 [—em + 12/.@67896 dx]

= Xr — 7$ — E g.fe — 6—46
v e 120120 12 12
= —xe e + — = =T — —
7 49 8 64
3 45
_ 7 Tx - Y
A VA VR

Thus the general solution is

yzcle7m+c2e8m_:pe7m_e7m+_ +

23.3y" + 13y 4+ 10y = sinx.

—13+£ /169 — 120 1347
6 6
20 10

- 3 or A= —1.

N2+ 130+10=0 = \=

)\:

Two linearly independent solutions of the homogeneous equation:

10

x x

y1=e 3% and y, =€ .
Wronskian:
eFT  en 10 7
_ 13 _ 13 _ 13
W(zx) = =—e¢ 3%+ —e 3% =—¢ 3"
_10,-Rz -z 3 3
3

_6790 [ 12 —Tx 1267m] _|_e8ac [_em o 12 —8x 12 —8

]
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We now apply the variation of parameters formula with

sin

g(x) = 3
_ —9(®) n(@) ;.
wo=nf @ T W

Evaluate the integrals with the help of the formulas in the table at the end of the
book and get

10
1,10, €3 10 sinz —cosx | + 16796 ¢ (sinz — cos x)
= ——e — — — — J— —
Yp 7 (D212 \3 7 12412

1 1 10 . 11 .
= -z —sinx —cosz | + == (sinx — cosx)

O +1\3 72
) (10 si cosx | + ! (si cosx)
= ——— | —Ssimx — X — (SInx — X
763 \ 3 14
= Lsmx Ecosgc
218 218

Thus the general solution is

_10, e . 13
y=ce 37 +ce T+ ——=SImr — —— COST.

21 218

24,y +3y=nu.

Two linearly independent solutions of the homogeneous equation are:
Y1 = COs V3z and Y2 = sin V3.

Wronskian:

CcOoS \/gx sin \/gx

W(x) = . =
—V/3sinv3z  /3cosV3x
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We now apply the variation of parameters formula with

g(z) =

B —y2g(x) . y19(x)
o= ey T W

— _cos B /xs1n\/_xdx+sm\/— /xcos\/_x .

_% [_%comﬁ%/msx/gm]

Sln \/_x sin \/gx - % /Sin \/gx d$:|

&
cosx/_x [

1
T COS \/gx + —sin \/gx]
V3

i 1
+ s \/gx T sin \/gx + —— cos \/gx]
3 V3

x
3"
Thus the general solution is

y:clcosx/gx—l-@sin\/gx—l-g.

25. y" +y =secux.
Two linearly independent solutions of the homogeneous equation are:

y1 =cosz and y =sinz.

Wronskian:
W(z) = =1.

cosr sinz
—sinx  cosx

We now apply the variation of parameters formula with

1
g(x) = secx = p
—y29(x) y19(z)
= ——=d d
yp 1 W(.I) T + Y2 W(.I)

sinx .

= —cosz | ——dz+sinx [ dz
cos T

= cosz-In(]cosz|) + x sinz.

Thus the general solution is

Yy =c1co8x + casinx + cosx - In (| cosz|) + = sinz.

26. y' + y =sinz + cos x.
Two linearly independent solutions of the homogeneous equation are:

y1 =cosz and yp =sinz, W(z)=1
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(as in previous exercise). We now apply the variation of parameters formula with

g(x) = sinz+ cosux;
—y29(x) y19(x)
= ———d d
Yr I We T W

= —cosx/sinx(sinx+cosx) dx+sinx/cosx(sinx—|—cosx) dz

= —cosx/(sin23:—|—sinxcosx) dx+sinx/(sinxcosx—|—0032x) dz

1-— 2 1
= —cosx /ﬂdaz—k—stz]

[ 2 2
. 1.5 /1—|—cos233
+sinz |-sin“z+ | ——— dx

2 2

x sin23:+1 . 9 L 1. +3: sin 2x
= —cosST |=— — —sin“ x sinz |=sin“x + — —

2 4 2 2 2 4

x sin23:+1 . 9 L 1. +3: sin 2x
= —cosT |=— — —sin“ x sinz |=sin“x + — —

2 4 2 2 2 4

Thus the general solution is

- s x sin23:+1,2 s 1.5 +3: sin 2z
Y = €1 COS T+C2 SIN T —COS & 5 1 2sm x| +sinx 2sm T 5 1 .

27. 2y’ — (1+2)y +y = 23
Two linearly independent solutions of the homogeneous equation are given:

y1 =14z and 1y =e€".

Wronskian:

1+x e€*
=" + xze® — ze® = xe”.
1 erx

We now apply the variation of parameters formula with

gl@) = —=d%
_ —429() yy(x)
T ey TR i

= —(1+4u2) C 2dz el /(1—|—3:)3367I dx
re®

2
= —(1+ 3:)% + e /(xeﬂc +a?e™ ") dx

a3 2 2
= —?—?—Fe[aze —e T —x%e " —2xe” " — 2e ]
3

Thus the general solution is

B . 33,
y=c1(1+2z)+coe -5 57 — 3z — 3.
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This can also be written as

33
y=c1(1+ z)+ coe” — % - 53:2.

28. vy — (1 +2)y +y = ate”.
Two linearly independent solutions of the homogeneous equation are given:

y1 =14+ and 1y =e€".
Wronskian:

1+x e€*
=" + xe® — ze® = xe”.

1 erx

We now apply the variation of parameters formula with

gle) = ave”;

—1y29()

_ y1g9(z)
Yy = W W d

dx + yo W)

v 1
= —(1+u2) L 13T da +e® / ﬂxgem dz
xer xer

= —(1—|—3:)/332em da:—|—em/(1—|—x)x2 dx
= —(1 —|—{E)/{E2€m dx—!—em/(l + x)x? dx
= —(1+u2) [3:269” —2ze” 4 2¢"]| +€” [— + —]

2t
= € [—(14—3:)3:24—23:(14—3:)—2(1—|—3:)—|—?—|—I]

Thus the general solution is

4

2
y=ci(l4+z)+ coe” +€” [%—§x3+x2—2 .

29. 2%y" + 32y + y = /. The homogeneous equation is an Euler equation. The
indicial equation is

P+2r+1=0 = (r+1>=0.
We have one double indicial root » = —1. Hence the solutions of the homogenous
equation

y1=2"' and 3 =2 'lnz.

Wronskian:

% %11133 B 1—Inz Inz 1

=1 l=lnz 3 3 3

2 T
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We now apply the variation of parameters formula with

VT s

g(z) = 22 =T 23
—y29(x) y1g9(z)
= ——d d
yp yl W(.I) €T + y2 W(.I)
= —— / hl—xx?’xfﬁ dr + hl—x lx?’x*% dx
T T
dv

,_}\,_/\
= —l/lnx \/de—i-ln—x/x%dx
x x

- 1 2 3/2 /2 3/21 1nx2 3/2
= [3 Inx — 33: xdx + - 33:

x
12
T3
Thus the general solution is

4
Y= iz Ve Mng + §x1/2.

30. The homogeneous equation, z2y” + xy' +y = 0, is an Euler equation. The
indicial equation is

?41=0 =r==4i
Hence the solutions of the homogenous equation

y1 =cos(lnx) and gy, =sin(lnx).

Wronskian:
cos(lnz) sin(lnz)lnz 1 ) ) 1
- == - 1 i 1 = —,
W(.I) —sin(In z) cos(In z) T (COS ( H.TE) +sin ( H.I)) T

We now apply the variation of parameters formula with

o) = =

y19(z)
W)

—1y29()

= ——2(
Yp Y1 W(z) T + Y2

u dv

——
= —cos(lnx)/sin(lnx) dz +sin(1nx)/cos(1nx) dz

u dv

—_——
/sin(lnx) dr = wzsin(lnz)— /cos(lnx) dz
= uzsin(lnz) — z cos(Inz) — /sin(ln x) dx;
2/sin(ln x)dr = xsin(lnz)— x cos(lnx);

sin(lnz)de = ; [sin(lnz) — cos(lnx)].
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Similarly,
/cos(ln x)dr = ; [sin(lnx) + cos(lnx)].
So

yp = —cos(ln x)g [sin(Inx) — cos(Inx)] + sin(In x)g [sin(lnz) + cos(In )]

x
5"
Thus the general solution is

y = cycos(lnzx) + casin(lnz) + ;

31. 22y’ + 4y’ + 2y = 0. Euler equation with a = 4, 8 = 2, indicial equation
P 4+3r+2=0  (r+1)(r+2)=0;

indicial roots: 71 = —1, ro = —2; hence the general solution

Yy = 013:71 + 023:72.

32. 2%y’ + 9 — 4y = 0. BEuler equation with o = 1, 8 = —4, indicial equation
P —4=0 (r+2)(r—2)=0;

indicial roots: 71 = —2, r9 = 2; hence the general solution

Y= 013:72 + 023:2.

33. 22y” + 32y’ + y = 0. See Exercise 29.

34. 42%y" +8xy +y=0or 2%y’ + 22y + 1y = 0 . Euler equation with v = 2,
0= %, indicial equation

1 1
2 2
_7—0 - 7—0'
re+r—4+ (T+2) 5

one double indicial root: r = —%; hence the general solution
y = 013:71/2 + 023:71/2 Inzx.
35. 22y” 4+ xy + 4y = 0. Euler equation with o = 1, 3 = 4, indicial equation
r? 4+ 4 = 0; indicial roots: 71 = —2i, ry = 2i; hence the general solution
y =crcos(2lnx) + cosin(2Inx).
36. 422y +4ay +y =0 or 22y’ + zy' + 1y = 0. Euler equation with a = 1,

8= %, indicial equation 72 + % = 0; indicial roots: 71 = —i2, r9 = i2; hence the
general solution

| |
y=c1 cos(%) +co sin(%).

37. 2%y + 7xy + 13y = 0. Euler equation with oo = 7, 3 = 13, indicial equation
r? 4+ 67+ 13 = 0; indicial roots:

r=—-3+v—-4; r=—-3—21, ro=-—-3+2.
Hence the general solution

y=a"[cicos(2Inz) + cosin(21nz)].
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38. 2%y — x4y’ + 5y = 0. Euler equation with a = —1, 8 = 5, indicial equation
r? — 27 4 5 = 0; indicial roots:

r=1++v—4; ri=1—21, ro=1+21.
Hence the general solution

y=x[crcos(2Inx) + cosin(2lnx)].

39. (1 —2)%" +3(z -2y +y=0,(z >2). Lett =2 -2, 2 =t+2, ylx) =
y(t +2) =Y (1),
dy_dy v a4y,
Vo4 " de T dtde ar
, d(dy) d_, dY'dt &Y

dx

_ @ _ Y at &t
o dx dx dt dx dt? Yo

The equation becomes t2Y" +3tY’ +Y = 0, t > 0. Euler equation with a = 3,
[ =1, indicial equation

P?4+2r+1=0 (r+1)°=0;
one double indicial root 7 = —1. Hence the general solution

Y =cit "+t ' n t,

and so
y=ci(r—2)" 4+ ca(x —2)  In(x - 2).

40. (x+ D)% +(z+ D)y +y=0,(z > -1). Let t =z + 1, 2 =t—1, y(z) =
yt = 1) =Y (),
dy Ay v _ay |,
de dz dt dx dt ’
, d (dy) d , dY'dt d*v v

:E = —

Y

dx

T dx  dt dx dt2

The equation becomes t?Y"” +tY’ +Y = 0, t > 0. Euler equation with a@ = 1,
[ =1, indicial equation
r? +1=0;

indicial roots r = +i. Hence the general solution
Y = ¢; cos(Int) + cosin(Int) (t > 0),
and so

y = cycos(ln(z + 1)) + casin(ln(z + 1)) (x> —1).

41. We have

e~ J p(z) de
Yo = / —s——dx.
Y1

Using the product rule for differentiation

e~ J p(x) dx e~ J p(z) de
/ /
Yo = 91/72 dr +y1——s—
1 Y1

5 dr +
Y1 Y1

, / e~ | p(x)dz e~ [ p(a) da
= U .
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So
o I p(@) do
Y1 Y1 f 7& e dx
W(yla y2) = , ) e I p(@)de e~ I p(@) do
vi Wi e+ =
— [ p(x) dz = [ p(z) dz
= ylyi/efdx—ke*fp(m)dm —y/lyl/eide
L L
— o Jr@dz o
This also follows from Abel’s formula, (4), Section A.1.
42. We have
y1 = acos(blnx)
vy = ax* cos(blnz) — bz 'sin(blnw);
y2 = a%sin(blnx)
vh = ax® 'sin(blnxz)+ bz ' cos(blnw).
So
2 cos(blnx) x”sin(blnx)
Wy, y2) =

az® L cos(blnz) — bz Lsin(blnz) az® tsin(blnz) + bz !cos(blnz)
= az**cos(bInz)sin(blnx) + bz** tacos®(bInzx)
—ax** tsin(blnz) cos(bInz) + bz** ! sin®(bInzx)
= ba*'>0.

This also follows from Abel’s formula, (4), Section A.1.
43 In the equation 22y + ay’ + By = 0, let t = Inx, x = e, y(z) = y(e!) = Y (¢).

Then,
@1
de x_e '
dy dY dY dt 1
g %y et ar at g 1yt
y = dx dx dt dz Y T Yier
d d d
noo_ % S e A v 1 Yo —t
Y= o [Y e ] e dx[Y]+de[e ]

a4y’ dt dt
. —t - nm_ 7t_
= gty

— 672ty// _ 672ty/'

g2 = 2,

Substituting into the equation and simplifying and using z = e
obtain

we

d?Y dy

which is a second order linear differential equation in Y with constant coefficients.

44. Using the change of variables t = Inx, we transformed Euler’s equation into
Y+ (a—1)Y' +3Y =0.
Three cases can occur depending on the characteristic equation

P+l -a)r+8=0
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(we are using r instead of the traditional A to denote the characteristic roots.
Case I: If (1 — a)? — 48 > 0, then we have two distinct roots

—l4+a+/(1-a)?2—-4 —“1l+a—/(1-«a)?—-4
= To = .
2

N 2

T1

The general solution in this case is
Y (t) = cre™t + cpe™t.
Using y(x) = Y(Inz), we get
y(x) =Y (t) = c1e™ 0% 4 e 0% = ¢ 2™ 4y,
Case II: If (1 — a)? — 43 = 0, then we have one double root

14+«
r= .

2

The general solution in this case is
Y (t) = cre" + cote™.
Using y(x) = Y(Inz), we get
y(x) =Y (t) = c1e" ™% + co(lnz)e" % = 12" + cpz” Inz.
Case III: If (1 — a)? — 483 < 0, then we have two complex conjugate roots

—1l+a+iy—(1—-a)?+4 . —1l4+a—iy—(1—-a)?+4
ry = > =aqa+ib 1y = >

= a—1b.
The general solution in this case is

Y (t) = e [c1 cos bt + co sinbt] .
Using y(x) = Y(Inz), we get

y(x) =Y (t) = ™% [c; cos(bInzx) 4 cosin(bInz)] = 2% [e; cos(bInz) + casin(blnx)].

45. (a) From Abel’s formula (Theorem 2, Section A.1), the Wronskian is

iy — Yhyp = Ce™ TP,
where y; and yo are any two solution of (2).
(b) Given yi, set C' =1 1in (a)
—Ip(x)dz

Yivh — yry2 =€
This is a first-order differential equation in y that we rewrite as

Yo — gly2 =€
n

—I'p(z)dz

The integrating factor is

el 7%(“ =e U1 =
Y1
Multiply by the integrating factor:

/
v_W, Ll e
Yy N Y1
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or )
4 [9_2 _ Ll e
dr (y1]
Integrating both sides, we get

vz _ /iefpmdm] d:
Y1 LY1

1
Y2 = yl/[—efp(m)dm] dz,
hn

46. (a) Following the proof of (3), put y = vy;. Then,

which implies (3).

yiv" 4 245 +p(x)p ]’ = g(x)
oy Bntp@ul o g(@)
Y1 Y1
/
v+ [2y—1 +p(3:)] o= _g(az)
1 Y1

(b) To solve the first order differential equation in v' (Theorem 1, Section A.1), we
use the integrating factor

ef[2i+:v(m)] dw el P@)ds,

The equation becomes

/
yrel P dny g2l ple) de [2%+p(x)] Vo= el PO P g(a);
d x X x X
o [yfefp( ) v’] = yrel PO g(g);

yrel P@deyr — / [ylef p@)dmg(x)} dz + Cy;

1
o o= e @ / [ylefpmdmg(x) .
Y1

1
+e1—e” [ p(z)dz
Y1

Integrating once more, we get
1
v = / [_QS.fm)dm / [1re/ 797 ) dx]
Y1
1
—|—cl/ [—QEIP(I)CII] dx;
Y1

e~ I p(z)dz
Y2 = C1Y1 / ———dz
Y1

— [ p(z)d=
1

where the last two occurrences of [ p(z)dz represent the same antiderivative of
p(z).
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47. In solving the equation y” — 4y’ + 3y = e*, y; = e*, we follow the steps in
the proof of the previous exercise. Let

y1 = €", ya = ve”, yh =v'e” +ve”, yy =v"e” + 20" 4 ve”.
Then
y' — Ay +3y=¢e" = e+ 20" +ve” —4(v'e” +ve”) + ve” = e”
= 0" 4+20 +v—4( +v) +3v=1 (divide by €)
= -2 =1

As expected, we arrive at a first order o.d.e. inv’. Its solution (using an integrating
factor) is

672mv// o 2672mv/ — 672m
d
- [672mv/] — 672m
—2x, ./ —2x -1 —2x
e M = e dr = 76 +C
-1
= = 4Ce
v 2 +Ce

Integrating once more,

Vo= _Tx+0162m+02

—x
Yo = VY = Tem + O 3 4 Oqe”.

Note that the term Cie® is corresponds to the solution y;.
48. 2%y + 3z +y = Vr, yi =1
As in the previous exercise, let
1 1, Yr-vw , v v v

v w 2Y 19
= — = V— = = — — — = — - —_— —_—
1 .I, Yy .I, Yy 72 T $2, Yy T 72 13

Then

22y + 3y +y=vr = xv”—2v/—|—22—|—3v/—32—|—2:\/5
x Tr

- xv//+v/:\/5'

We arrive at a first order o.d.e. in v'. Its solution (using an integrating factor) is

d
Ir [z0] = Va
/ 2 3/2
v = Vrdr = 53: +C
v = 2$1/2 + g
3 T
Integrating once more,
4
Vo= §x3/2+Clnx—|—D

4 1 D
y = vylz—x1/2—|—Cﬂ—|——.
9 T x
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49.3y" + 13y + 10y =sinx, y; =¢e 7.

As in the previous exercise, let

Then

3y + 13y + 10y =sinz = 3@'e ™ —20'e” " +ve ")
+13(v'e™™ —ve™ ) + 10ve™™ = sinx
= '+ 7 =e"sinx

7 1
= '+ gv/ = gem sinx.

We now solve the first order o.d.e. in v':

e /3" 4 zeh/?’v’ = 6796/31696 sin
% [eh/?’v/} = %elom/g sin x
e /3y = % / %elom/g sinx dz
— %(g;:fl(?smx—cos)+0
o= %:Q(IOSinx—gcos)—FC.

(We used the table of integrals to evaluate the preceding integral. We will use it
again below.) Integrating once more,

Vo= ﬂ egcsina:da:—i e® cosxdx

109 327

10 &%, . 9 e* .

= @?(smx—cosx)—ﬁ?(cosx+smx)+0

= v *ﬂ(sinx—cosx)—i(cosx+sinx)+067m
Yoo T O 654

= Eco —|—L inx+Ce™™

— 218 ST 218SIH$ (& .

50. 2y — (1+2)y +y =123y =e*. We have

/ / /! 1! /
yr=¢e%, y=we®, y =v'e’ +ve”, iy =0v"e” + 20" e” + ve®.
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Then
z (v e" + 20 e" +ve”) — (1 + x)(v'e” +ve”) +ve® =2° = xe +xe®v — e =13
v 1 1
= Syt (——2—|——> vV =z
x 22
d |e* ,
— | —v =
de | z
v 1
o= /xdaz:—xz—FC
T 2
/ 1 3 —x —x
Vo= gate + Cze™™.
Integrating once more,
1
v o= §/$367md$—|——|—0/$67md$

[—3:36796 — 322%™ — 6xe " — 66796] +C [—xeﬂ” - efm]

N = N =

[—2® —32® — 62 — 6] + C [—z —1].



A438 Appendix A Ordinary Differential Equations: Review of Concepts and Methods

Solutions to Exercises A.4

1. Using the ratio test, we have that the series
>
om+1

m=0

converges whenever the limit

xmtl x™ . 5m+1
= lim |z| = |z|
5(m+1)+1/ dbm+1| m—ooc \5m+6

is less than 1. That is, || < 1. Thus, the interval of convergence is |z| < 1 or
(=1, 1). Since the series is centered at 0, the radius of convergence is 1.

lim
m—0o0

2. Using the ratio test, we have that the series

O°3mm
>

m=0

converges whenever the following limit is less than 1:

3m+1 merl 3m xm
(m+1)! m!

m!

lim
m—0o0

= A 3l

1
3lz] im —— =3|z|-0=0.
m—oo m + 1

Since the limit is always less than 1, the series converges for all z. It is cantered at
0 and has radius of convergence R = co.

3. Using the ratio test, we have that the series
0 (_1)m xm+2
>
m=0

converges whenever the limit

(_1)m+1 x(m+1)+2/(_1)m 2

_
2

lim
m—0o0

2m+1 m

is less than 1. That is, 1|z| < 1 or |#| < 2. Thus, the interval of convergence is
(=2, 2). Since the series is centered at 0, the radius of convergence is 2.

4. Using the ratio test, we have that the series

> (@2

m=0

converges whenever the limit

(z - 2)’”“/(33 -2)"

is less than 1. That is, |z — 2] < 1. This is an interval centered at 2 with radius 1.
Thus interval of convergence is (—1, 3).

lim
m—0o0

= |z —2|

5. Using the ratio test, we have that the series

o0
S
m!

m=1
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converges whenever the following limit is < 1:

I (m 4 1)m+L gm+l [ypmgm i (m+1)"™(m+1) m! o]
1m = 1m . A
m—o00 (m+1)! m! m—o00 (m+1)! mm gm
1 m
= |z| lim (u> = elz|.
m— 00 m

We have used the limit

1\ 1\"
lim (u> = lim (1 + —) =e
m— o0 m m— 00 m

(see the remark at the end of the solution). From |z|e < 1 we get |z| < 1/e. Hence
the interval of convergence is (—1/e, 1/e). It is centered at 0 and has radius 1/e.

One way to show
lim | —— =e
m— 00 m

is to show that the natural logarithm of the limit is 1:

h{ﬂigm—mmctﬂ>—mhm+n—mﬂ.

m m

By the mean value theorem (applied to the function f(x) = Inz on the interval
[m, m + 1]), there is a real number ¢, in [m, m + 1] such that

In(m+1)—Inm = f'(cn) = =

Cm

Note that
1 1 1
< — < —
m+1—"¢, — m

So

< - <1.
o <m[n(m+1)—Inm] <1

Asm — oo — 1, and so by the sandwich theorem,

T
m[ln(m+ 1) —Inm] — 1.

Taking the exponential, we derive the desired limit.

6. Using the ratio test, we have that the series

> (m—1)(m+ 3)z™
zjl( )(m )

converges whenever the limit

m—oo m+1 m

mlm+pnm+umwﬂ/m_mmmmm

m(m+4). m
m—oo  m+41 (m—1)(m + 3)

= ||

is less than 1. That is, |z| < 1. Thus the interval convergence is (—1, 1). It is
centered at 0 and has radius 1.

7. Using the ratio test, we have that the series
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converges whenever the limit

merl xm
In(m+1)/ Inm

is less than 1 (see the note at the end of the solution). That is, |z| < 1. Thus the
interval convergence is (—1, 1). It is centered at 0 and has radius 1. To show that

lim

m—0o0

Inm

lim ———— =
moso In(m + 1) ’

you can use I’Hospital rule. Differentiating numerator and denominator, we obtain

Inm . 1/m o m+1
m ——— = 11m —_— = 11m _— = 1
m— o0 1n(m + 1) m— 00 1/(m + 1) m—oo M

8. Using the ratio test, we have that the series

e

m=1

converges whenever the limit
= Jz+1| lim
m—

(x+ )™t [z +1)™ m

(m+1)2 m? o (m+1)?
is less than 1. That is, |z — (—1)| < 1. Thus the interval convergence is (-2, 0). It
is centered at —1 and has radius 1.

—Jz+1

m—00

9. Using the ratio test, we have that the series

o0

Zl [10( x—i—l)]

converges whenever the following limit is < 1:

o |00@ 4 DY SR0@ + D o e (mh)?
A T R )1 / (m!)2 = 1001 i ((m+1)1)?
(m!)?

= 10? 12 lim ————2
2 +1] s (m+ 1)2(m!)?

1
= 10°|z+ 1] lim ———— =0.
=+ e
Thus the series converges for all x, R = oo.

10. Using the ratio test, we have that the series

2m

it
—~|©

converges whenever the following limit is < 1:
2(m+1) 2m 12

(92) (92) Lo i ™)

((m+1)h2 /- (m!)? m—oo ((m +1)!)?

I)Q
— 022 i (m!

lim
m—0o0

1
= 92z]? lim ———— = 0.
|:E| m1~>oo (m —+ 1)2
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Thus the series converges for all x, R = oo.

11. Using the ratio test, we have that the series

o0

= 10m
converges whenever the following limit is < 1:

2m+1 (.I _ 2)m+1 om (.I _ 2)m
10m+1 10m

lim
m—0o0

2

Thus |z — 2| < 5. Hence the interval of convergence is centered at 2 and has radius
5; that is, (=3, 7)

12. Using the ratio test, we have that the series

= m! (z—2)™

10m

m=0

converges whenever the following limit is < 1:

! (z —2)m+L e —2)™ 1
lim (m+ Dz —2) /m (z—2) = |z —2| lim —ml—g =

m— 00

10m+1 10m

if z # 2. Hence the series converges only at its center 2 and diverges otherwise. Its
radius of convergence is 0.

13. We use the geometric series. For |z| < 1,

3—xz 1+x+ 4
1+z 1+ 1+
= 1+ 1
B 1—(—x)

= 1+ 4%(-1)%“.
n=0

14. Differentiate the geometric series

o0

1 n,..n
- (=2 = Z(—l) z (Jz] <1)
n=0
term-by-term and you get
LSS (el <)
— = —1)"nx x .
(1 +$) n=0
Multiply by —z both sides,
1 - n n
T = D e (el < 1),
n=0

Replace n by n — 1 and shift the index up by 1:

ﬁ =S (=)= (2] < 1)

15. Start with the geometric series

o0

1 n,..n
b > (1) (Jz] < 1).

n=0



A442  Appendix A Ordinary Differential Equations: Review of Concepts and Methods

Replace = by z2:

o0

1 n n
H—xQ:Z(_U 22 (|22 < 1 or |z| < 1).
n=0
Differentiate term-by-term:
Sy eme (el <)
2)\2 :
(1 Tz ) n=1
Divide by —2 both sides,
z - n n—
Ao~ 2D e (el <),
n=1

16. Using a geometric series,

1 o0
——=> " (2] <)
n=0

1—2z2

So for |z| < 1,

T+ 2 T 2

1— 22 1—x2+1—x2

o 0o
- Z x2n +2 Z x2n
n=0 n=0
0o 0o
_ Z x2n+1 +2 Z x2n
n=0 n=0

o0
k=0
where ag = 3, agr, = 2, agky1 = 1.
17. Use the Taylor series
o0 xn
z f— _ p—
e’ = Z o oo < T < 00.
n=0
Then
. 2n
W N Y _
e’ = Z ol oo < u < 0o0.
n=0
Hence, for all z,
2 2
e3TT L e(\/gx)
o0
3z 2n
= ey )
n'
n=0
o0
3nx2n
- ¢ Z nl
n=0

18. For |z| < 1,
St (_l)erlxm
n(l+z)=3 2 L
n(1+x) =y C

m=1
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SO

o erlmerl O (_ m e

m=1 m=2

19. Using the sine series expansion, we have for all x

ot (2x)2n+1 ot N 22n+1

rsinx cosz = gsin(Zx) = ;(-Un

20. Using the sine and cosine series expansions, we have for all =

xsin(xr+1) = z[sinzcosl+ coszsinl]
s p2ntl 00
= 1 n" 1 -1
x Ccos nzzo( ) @n T 1 + zsin nzzo( ) )l
ot x2n+2 ot
= 1 n" 1 -1
cos nzzo( ) @n T 1 + sin nzzo( )
= Z(—l) arz”,
k=0
where, for k > 0,
~ sinl and ~cosl
R Y I R O I DT
21.We have
1 1 o
213c 201-(-%2) 20-w)
where u = —3Z. So

2

1 Ies , Ion/ 32\" B
2+3x:§2” _52(_7@«) = (1) goppa”

n=0 n=0

The series converges if |u| < 1; that is |z| < 2.

22. We have
l+z 12—3x+1 5
23z 32—3x 32-—3x
_ 115
3 32(1 - 3z)
_ 1,51
o 61—u’

where © = 379” So

1 1 5, 1 5K (3z\"
eI A P __§+E§<7>'

The series converges if [u| < 1; that is |z| < 2.

A443

m - 7;0(_1) mx2n+l'



A444  Appendix A Ordinary Differential Equations: Review of Concepts and Methods

23. We have
x+ 23 (322 4+2+1)
2+ 322 T2
T
ST

where u = —222. So

x—i—x?’ x
24322 2

371
= x4+ Z(—l)"—2n+l 2t

The series converges if [u| < 1; that is 2* < 2 or |z| < \/g

1

24. To find the Taylor series expansion of P s

two solutions.

The first solution is based on partial fractions with complex roots. The final
answer will be a series with real coefficients.

We start by finding the roots of

is not straightforward. We offer

2 —22+2=0.
Using complex numbers, we find

24+ +—4
r=—
2

= x1=147 and ao=1-—1.

Write
1 A B
- - +
2 — 22 +2 T—x1 T —To
_ Alr—z2)+ B(r —71)
(x —x1)(x —22)
1 = A(x —x2)+ Bz — x1);
Set v =19 = = B(xg — 1)
1
= B=
Xro — I
Set =21 = 1=A(x1—x2)
1
= A= =-B
Xr1 — Ig
Note
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22 —2x+2 2(x—x1)+2(x—x2)

= o 25 T )
- n[z 1 i 1]

= Zx 5 om 9. m
= 2z x7 2z Th
i [ 1 1

= 57;0 |:x711+1 x721+1:|

1 1 1 . . _ .
_ _ —i(n+1)% _ 71(n+1)1:|
= e &
gt 9t [
1

= == [—Zisin((n—l-l)g)},

by Euler identities. So

1 P 1 B _
22— 9 +2 = 571220x = [—213111((71—1—1)1)}

The series converges if |z/z1] < 1 and |z/x2| < 1. These were the conditions that
we needed in order to apply the geometric series. Since |z1| = |z2| = v/2, we find
that the series converges if |z| < v/2. Note that you can derive this from the series
itself.

Professor Montgomery-Smith offered a faster but tricky solution. Notice that
4 2 2
2+ 4= (24 2z +2)(z* — 2z + 2).

So

1 2 4+ 2x 42
2 —2x+2  zt+4
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The rest is straightforward:

2 42z + 2 - 2 n 2z n 2 '
i 44 ot 4 44 44
1 1

zd +4 4 (=(=(z/vV2)H) + 1);

1 0 N x4n
2x 1 > 1nx4"+1'
a4 inz:;(_> n/2
$2 1 oo x4n+2
zd4 ZZ(_ on/2 °

3
Il
=)

The series converge if |z| < v/2, as we found previously. If you combine the series,
you should get the answer that we found previously. There are no terms in x47+3.
So every 3rd term is O—confirming what we found previously.

25. Let a be any real number # 0, then

- 1
r  a—a+z
1 1
e 1-(%9)
s (H)”
a a
n=0
= el
The series converges if
7% <1 or la — x| <lal.
26. Let
B & (_1)kx2k 1)k 2k+1
f@) =3 (k1)222k and g(z Z;d (k + 1)l22kt°

(a) Using the ratio test, we have that the series for f converges if the following limit

is < 1t
(_1)k+1x2(k+1) (_1)kx2k ) (k!)222k
(& + 1)1222k+D) [ ~(k1)222%

= z* lim

koo ((k + 1)1)222(k+1)

k—o00

1 2
= ol e T 00

Since the limit is always less than 1, the series converges for all z. The same works
for the series for g.
(b) A converging power series can be differentiated term by term within its radius
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& ( 1)k 2k
flx) = ;W,
=0
_ N DR
flx) = ZW

e
Il
—

I
Mg

((k + 1)1)222(k+1)

e
Il
=)

e (EDREE £ D)2
2 (k+ 1)I(k + 1)l22F32°

0 ( 1)k 2k+1
= Xm0

(c) Integrating both sides of f'(z) = —g(x), we get

(d) Integrating term by term,

Aw<

S S
| |

_— (=D* L2kt

(k + 1)1k122F+1

( 1)k+1( (k+1))x2(k+1)71'

)

A447

27. Let f(x) be as in Exercise 26. From the formula for the Taylor coefficients, we

know that

S I™0)

Comparing coeflicients with

we find that

_ D
f1(0) =0;
f10) _ (=1* 1

= f"(0)=—=.
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(b) In general, since the Taylor series has no terms with odd powers of x, we find
that find f(2*+1)(0) = 0. For the eve powers, we have

S0 (=DF 2 _(=DkER)!
R ! k)(o)_W'

(c) Integrate term-by-term the Taylor series

1 —1)k 1 )
/Of(x)dx = (I(C!)Q;Qk/o 2P dx

- (=" 2ht1 |t
= > < (k1222 (2k 1) " ’0

NE

e
Il
=)

- (="
(KD)222F(2k + 1)

=
(=)

We estimate the alternating series (with terms decreasing to 0) by a partial sum.
The error in stopping at the k-th term is less than or equal to the (k + 1)-term.
Thus

< .
;0 ) 22% 2k+1) = ((n+ D)2227+2(2n 1 3)

Taking n = 3, we find that the integral is equal to

3
1 1 1 74167
—*1— - —— = —— ~0.91973
kZ:o k1)222k(2k + 1) + 320 16128 80640
with an error less than
! Lo 7.5 %1077,

(4)228(9) ~ 1327104

With Mathematica, using the command NIntegrate, I found

1 1
flz)dx = / Jo(z) dx = 0.91973.
0 0

28. Let us find the Taylor series expansion around 0 of f(z) = 1=£. We have

1+ - 11—z 2
11—z l—z 1—x
2
= -1
+1—x

-1+ 2§ ",
n=0

Using

() =a, or fM(0)=a,n!,

n!

where a,, is the n-th Taylor coefficient, we conclude that

fO)—142=1  f0)=2  f199(0) = (2)100!,
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A449

29. Recall that changing m to m — 1 in the terms of the series requires shifting
the index of summation up by 1. This is what we will do in the second series:

o0

D

=1

m

m
m

2imxm+l = i%—2i(m—l)xm
m=0 m=1 m=1
= gxm [%—Z(m—l)]

o0

—2m2 +2m+1 m
— Z—x .

m
m=1

30. If k is a positive integer, changing m to m —k in the terms of the series requires
shifting the index of summation up by k; and changing m to m + k in the terms of
the series requires shifting the index of summation down by k:

31.

32.

o0

D

m=1

m-+1 e e m e
xm! +mzz?)(m—1)xmfl = szi(mx_ 1)!+mzz2m:cm
o0 1 "
B E[m—m!*m]"”
= 1+m! m
R A TE
m=2
2me:22\/m+2x +mZ:2m+6
00 . 00 xmfl
- m2;24\/m+23; +1+mz::2m+6
o0 . o0 xm
= mzzgélx/m—l—lx +mZ:1m+7
o0 o0 m 2
_ ;4¢m—+1xm+n§[mﬂ7] L
= E+x—2+§:[4 T ]xm
89 +7
2™ = 2 x4 x
22 m 22 m—1 22 m—1
m=2 m=2 m=2

= izrm—i- i2xm71: ilrm—i- ime
m=2 m=2 m=2 m=1

= 2z+ i 2™ + i 2™
m=2 m=2

= 2z+ i 4™,
m=2
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33. Let
o0 o0
y= Z ama™ Yy = Z mamax™ L.
m=0 m=1
Then
oo o0
vty = Z mamx™ 4+ Z amax™
m=1 m=0
oo oo
= Z (m+ Dapp12™ + Z amx™
m=0 m=0
o0
= Z [(m + l)aerl + am] xm
m=0
34. Let
o0 o0
y= Z amx"™ y = Z mama™ .
m=0 m=1
Then
oo oo
y +2ty = Z may,e™ ' + z? Z amr™
m=1 m=0
oo oo
= Z (m+ Dagp12™ + Z ama™?
m=0 m=0
o0 o0
= Z (m + l)am+1xm + Z Qo™
m=0 m=2
oo
= a; +2asx + Z [(m 4+ Dams1 + am—2] ™.
m=2
35. Let

o0 o0
y = Z mamx™ Yy = Z m(m — Day,z™"

2
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Then
o0 o0
(1 -2y +22¢/ = (1—2° Z m(m "% 4 2y Z My ™!
m=2 m=1
o0 o0 o0
= Z m(m — Da,z™ % — Z m(m — Da,z™ + Z 2mapya™
m=2 m=2 m=1
o0 [o ] o0
= Z (m+2)(m + Dayp2z™ — Z m(m — Danpz™ + Z 2mama™
m=0 m=2 m=1
o0
= 2as2 + 6aszz + Z (m =+ 2)(m + 1)ami22™
m=2
o0 o0
- Z m(m — Dapz™ + 2a12 + Z 2ma, ™
m=2 m=2
= 2az+ (2a; + 6ag)x
o0
+ Z [(m+2)(m+ Damio — m(m — V)ay, + 2ma,| ™.
m=2
36. Let
o0 o0
Y= Z amx™ y = Z Mmay,z™ !
m=0 m=1
Then
o0 o0
242y +2°y = (2+2) Z My r™ ! 4 23 Z ama™
o0 o0 o0
= 2 Z mamx™ "t + Z mamz™ + Z ™3
m=1 m=1 m=0
o0
= Z2m+1 Q1™ +Zmamx —i—Zam sz
m=0
= 2a1 +4asx + 6&33:2
o0
+ Z 2(m~+ Damerz™ + a1z + 2a92% + Z mamz™ + Z Q32"
=3 m=3 m=3
= 2a1 +4asx + 6&33:2 +a1x + 2&23:2
+Z (m+ Dams1 + mamy, + am—s] ™
= 2a; + (a1 + 4az)z + (2a2 + 6az)r?
o0
+ Z 2(m 4 Dams1 + mam, + am—g] ™
m=3
37. Let

oo oo oo
Y= g amx™ g ma,,x™ g m(m — Danx m=2
m=0

m=1 m=2
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Then
o0 o0
2y +y = o° Z m(m — 1) a,z™ 2% + Z ama™
m=2 m=0
o0 o0
= Z m(m — Danpz™ + Z A @
m=2 m=0
o0 o0
= Z m(m — Dapz™ 4+ ag + a1z + Z ama™
m=2 m=2
o0
= aptarz+ Z [m(m — 1)am + am) 2™
m=2
o0
= aptarz+ Z (m? —m+ Da,z™
m=2
38. Let
o0 o0 o0
Y= Z A @ Yy = Z My T Yy = Z m(m — 1)a,z™ >
m=0 m=1 m=2
Then
o0 o0 o0
v 4y +ay = Z m(m — 1)az™ % + Z mamz™ ! + Z U™
m=2 m=1 m=0
o0 o0 o0
= Z (m+2)(m+ Dami22™ + Z (m+ Dapmpr2™ + Z Q1™
m=0 m=0 m=1
o0
= 2as+ Z (m+2)(m + Damp22™
m=1
o0 o0
+a; + Z (m+ Dapmpr2™ + Z Q1™
m=1 m=1
o0
= ar+2a+ Y [(m+2)(m+ Damez + (m+ Damer + am_] 2™,
m=1
39. Let
o0 o0
y= Z amx"™ y = Z mama™ .
m=0 m=1
Then
o0 o0 o0 xm
/ r m m
Ty +y—e° = Zmamx +Zamx _ZW
m=1 m=0 m=0
o0 o0 o0 xm
RTINS ST Sr
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40. Let
Y= Z ™ Yy = Z mamx™ ! Yy = Z m(m — Da,z™ 2
m=0 m=1 m=2
Then
1—2)y +sine = m(m — Dag,z™ 2 — m(m — Day,z™ !

( )Y m m

m=2 m=2

o 22k
-1
2D G

= Z m+2)(m + 1)ay, o™ Z (m 4+ Dmam4iz™

m=0 m=1

2k+1

z:: 2k+1)

= 2a2+ Z [(m+2)(m+ Damiz — (m + D)mag41]a™

m=1

2k+1

z:: 2k+1)

= 2a3+ Y _[(m+2)(m+ amsz — (m+ )mami1 + bpla™,

m=1

o _ (="
where bor, = 0 and bog11 = DT
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Solutions to Exercises A.5

1. For the differential equation 3y’ + 2zy = 0, p(z) = 1 is its own power series
expansion about a = 0. So a = 0 is an ordinary point. To solve, let Let

oo oo
Y= Z amx™ Yy = Z ma,r™ "
m=0 m=1
Then
o0 o0
Yy +2xy = Z map,z™ "+ 2z Z amx™
— oo

= a + Z [(m~+ Dams1 + 2am—1] ™

m=1
So 3/ + 2zy = 0 implies that
o0
ar+ Y [(m+ Damir +2am1]2™ = 0;
m=1
ay = 0
(m+ Dams1 +2am-—1 = 0
2
a = — .
m—+1 m+ 1 Am—1
From the recurrence relation,
ap =az=as ="+ =dagg+1 = = 0;
ag is arbitrary;
2
Qa = _—— = —
2 2&0 ag,
B 2 1
ay = _ZQQ - EQOa
B 2 1
ag = —6&4 = —gaoa
B 2 1
as = —g%‘ = Jao,
—1)k
agp = %ao.

So
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2. For 4/ +y = 0, p(x) = 1 is its own power series expansion about 0. So 0 is
an ordinary point. To solve ' +y = 0, use the result of Exercise 33 or previous
section. Then

y/—l-y:O = Z [(m+1)am+1 +am]xm:0

m=0

= (m+1Dams1+am =0 forallm>0

= m41 = mal—:jl for all m Z 0.

So ag is arbitrary;

1

ar = —Iao——ao,
1 1

a2 = —§a1:iﬂo,
1 1

as = - a2:—§a0,
1 1

aqs = —Zaszzaoa
—1)m

Ay = ( ) agp.
m!

So

Yy = ap i (=D™ ™ = ag i (o)™ = apge .
m=0

m!

3. From the previous exercise

o0

Yry=a = Y[+ Damp +apla™ =2

m=0
= a1+ap=0 (m=0)
2a0+a1 =1 (m=1)

(m+ 1Damy1 +am =0 forallm>2

= A1 = ma—:fl for all m > 2.
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So ag is arbitrary;

ai = —aop,
1+CLO
Qa =
2 ) ’
1 1 1
a = —_—o = ——Qan — —
? 3727 33
11 1
a4y = —Zas—zao-i-ﬂ,
_1)ym
Ay = ? (a0 +1).
So
_ — (=D ., _ e
y——l—i-x—l-(ao—l-l)z —a" = —l4+z+Ce".
m!

m=0

4. For the differential equation y’ + (cosz)y = 0, p(x) = 1 is its own power series
expansion about 0. So a = 0 is an ordinary point. To solve, recall that cosxz =
S0 CLTa2n and et

n=0 (2n)! x

o0 o0
y= E anx" Yy = E napz™ L.
n=0 n=1

Then

/ = n—1 - - 2n = n
Yy + (cosx)y = Znanx + (ZO ((273! x ) Zanx

where, using the Cauchy product, we have
- (
Cp = Z anbnfk; b2k+1 - O; b2k = —Z=a\1
k=0

So 3 4 (cosz)y = 0 implies that

1 n
(TL + 1)6Ln+1 +cn=0 = apy1 = _TL 1 kzioanbnfk-
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Take ag arbitrary, then

ar = —apby = —agp
= = Lok 4 aibo)
az = 201— 26L01 @109
1 1
= —5(—@0)25%
1 1
az = —=cp = —=(aohy + a1by + azbp)
3 3
1( —1+ ) 1 1
= ——(ag— +az) = -ag — —a
370 T T T g
1 11
= Zag—>zag=0
60 32
So
aq 2 3 aq 4 $2 $4
y:ao—aox—i-?x +0-x - g7 +~~~:a0(1—x+?+—§+~~).

Another way to derive this solution is to use the method of Example 4.

5. For the differential equation y”’ —y = 0, p(z) = 0 is its own power series expansion
about a = 0. So a = 0 is an ordinary point. To solve, let

o0 o0 o0
Yy = Z ™ Yy = Z mamx™ ! Yy = m(m — Da,z™ 2
m=0 m=1 m=2
Then
o0 o0
y' -y = Z m(m — Dapz™ % — Z ama™
m=2 m=0
o0 o0
= Z (m+2)(m + Dapyp2z™ — Z ama™
m=0 m=0
o0
= Y [(m+2)(m+ Damiz — am]z™

So ¢y —y = 0 implies that

(m+2)(m+ Damiz —am =0 = apypo = 0 & for all m > 0.

m+2)(m+1)

So ag and a; are arbitrary;

— CLO

az = ?,
o az Qg
“o= 3T
o a4 Qg
ag = ﬁ 6

ao

e YT
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Similarly,
ai

a2n4+1 = (27’L+ 1)|a

and so

— . 1 2n - 1 2n+1 .
y—aonzzomx +alnzzomx = ag cosh z + aq sinh x.

6. As in the previous exercise, y” — y = x implies that

S [m+ 2)(m+ Dagss — apla™ = x
m=0
2&2—CL0 = 0 iazz%
a 1
3'20;3—61,1 = 1 ja3:3_}+§
Am+2 — dm m > 2

(m+2)(m+1)  —

Note that since the recurrence relation is the same as in the previous exercise and
aog and ag are the same, all even-indexed coefficients will be the same. For the
odd-indexed coefficients, we have

as = —a3=—|—

a1 + 1
Ck+1)! | (2k+ 1)

A2k+1 =

So

_ a; 1] 3 a1 1 2k+1
v = a1“[3!+3!]x * +[(2k+1)!+(2k+1)! v

o0

ai 1 2k+1
= Z[(2k+1)!+(2k+1)!]xk+ -

k=0

= (a1 4+ 1)sinhz — .
Thus the general solution is

yey coshx + cosinhz — .

7. For the differential equation y” —x ¢y’ +y = 0, p(x) = —z is its own power series
expansion about a = 0. So a = 0 is an ordinary point. To solve, let

oo oo oo
Y= g amx™ g ma,,x™ g m(m — Danx m=2
m=0

m=1 m=2
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Then

/.

y'—ay +y =

m(m — Da,z™" —meamxml+Zamx

(m+2)(m + 1)ag, o™ Z mam,z™ + Z amx™

m

Il
NITRRANE ng

[(m +2)(m + Damta(1 — m)ay]«

3
I
o

So y” —xy +y = 0 implies that

(m—1)

—————a,, for allm > 0.
(m+2>(m+1>a orallm >0

(m+2)(m+1)am2(I1—m)am =0 = apmi2 =

So ag and a; are arbitrary;

- _M
az = 25
- P2 _ M
“oT r3T T
ag = % —3a
6 — 65_ 6' 05
Similarly,
a3 = a;-0=0,
as = 0,
azk+1 — 0, k21
So
B 1 z2 ozt 3 6
Yy =a1x + ag —?—I—ax IR I

8. For the differential equation y” + 21y +2y = 0, p(z) = 2 is its own power series
expansion about a = 0. So a = 0 is an ordinary point. To solve, let

oo oo oo
y:Zamxm Z ma,,x" Zm — Dapa™ -2,
m=0 m=1 m=2
Then
oo oo
m(m — Dapaz™ 2 + 2 Z mamz™ "t +2 Z amx™

m=1 m=0

y' 2y +2y =

(m+2)(m + Dapmi22™ + Z m+ Dampra™ + Z 2a,x™

= m=0

Il
Mo i P

[(m+2)(m+ Dams22(m 4+ Dams1 + 2a,] ™.

3
I
o
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So v 4+ 2y + 2y = 0 implies that

1

m [2(m + 1)a:m+l + 2

(m+2)(m~+1)ami22(m+1)ami1+2am =0 = Gmys = —

So ag and a; are arbitrary;

az = —ag+ar,
2
az = ap — ga’Oa
1 2
ay, = —ap — Z a1
2 3

So

2 4 2
Y =ag (1+x2—§x3+%+~~>+a1 (x—x2+x3—§x4+~~~>.

9. For the differential equation " +2xy' +y = 0, p(z) = 2z is its own power series
expansion about a = 0. So a = 0 is an ordinary point. To solve, let

o0 o0 o0
Y= g amx™ Yy = g ma,r™ " g m(m — Danx m=2
m=0 m=1

m=2

[(m+2)(m+ Damsa + 2m+ Da,] 2™

Then
y' +2zy +y = im( — Dapz™ Z2mamx +Zamx
m=2
=S et DA Va3 2mana™ £
m=0 m=0 m=0
>

3
I
o

Soy" +2xy + y =0 implies that

(m+2)(m + Dams2 + 2m+ Da, =0

(2m+1)

— Gy f 11 m > 0.
(m+2)(m+1)a or all m >

= Qm42 = —
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So ag and a; are arbitrary;

_ 1
az = _2a’Oa
- 5 5
ay = —maz—gao,
B 5 =95
ag — —mzao— 6! ao,
- 3.,
az = 3.9 1
7 713
B = TEB T Ty ™
1173
ay = _Tal

So

_ Lo, 5 4 955
y—a0(1—§x —i-ﬂx—wx 4+

3., 7.3 5 11-7-3 .
+aq x—gx +—!x—Tx + -0 ).

10. For the differential equation ¥’ + x 3’ +y = 0, p(x) = x is its own power series
expansion about a = 0. So a = 0 is an ordinary point. To solve, let

o0 o0 o0
Y= g ™ Yy = g mamx™ ! Yy = g m(m — Da,z™ 2
m=0 m=1

m=2

Then

o0 o0
v dxy by = m(m — 1apz™ 2% + Z map ™ + Z ama™
m=1 m=0

(m+2)(m + Dami22™ + Z mapx™ + Z ama™

m=0 m=0

Il
M i F0

[(m+2)(m+ Damias + (m + Day,) 2™,

3
I
o

So ' +zy + y =0 implies that

(m+2)(m+ Damsz + (m+Da, =0

(m+1) _ am

m+2)m+1) ™ m+2

= Qg2 = — for all m > 0.
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So ag and a; are arbitrary;

1
az = _50105
11
as = 4&2— 4.261’05
1 1
@0 = TEMT 712
agp = (_1)k a
2 (2k) - (2k —2) - - 272
(=D*
= ToRgr 4o
Similarly,
1
as = _ga’la
1 1
as = —gaszmal,
1 1
v = TR T T3
as = (_1)k Qa
2kl (2k+1)-(2k—1)----- 372
(=1)*2kk!
_ a
(2k +1)!
So

o0

w03 S e Zi)kzkk'x%“
— 2kk' YL (2k 4 1)) '

11.y" =2y +y =0, y(0)=0, y'(0)=1.
For the differential equation ' — 2y +y = 0, p(x) = —2 is its own power series
expansion about a = 0. So a = 0 is an ordinary point. To solve, let

o0 o0 o0
Y= E amx™ Yy = E ma,r™ " E m(m — Danx m=2
m=0 m=1

m=2

The initial conditions y(0) = 0, y'(0) =1 tell us that ag = 0 and a; = 1. Then

y' =2y +y = m(m — Daypz™™ —2Zmamx +Zamx
(m+2)(m+ Dami2z™ — 2 Z m+ Dap12™ + Z ama™
m=0 =

Il
e i ng

[(m+2)(m+ Damsa — 2(m + Damyr + am] ™.

3
I
o
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So y' —2y' + y =0 implies that
(m=+2)(m + Damsz2 —2(m + 1)amy1 + am =0

2 m
= Umi2 = ————Qmi1 — _9m torallm > 0.
(m+2) (m+2)(m+1)

Using ap = 0 and a; = 1, we find

ag = 1,
_2 1 1
@ = 3T 39Ty
_ro 11
= 5957 1.3 3
B 1
N T

(It is not difficult to derive this formula by induction.) So

> 1
y=> (k— 1)!”“"k'

k=1

12.y" -2y +y =2, y(0) =2,4'(0) = 1. From exercise 11, we have for all m # 1
(m+2)(m+ Damiz —2(m + )amy1 + am = 0.

Now, ap =2, a1 =1,

2a5 — 2a1 +ag =0

as =10

=
=
m=1 = 3-2a3—2-2a2+a1 =1
= a3z =0;

=

ar = 0 for all k > 3.

CLQZCL3:O

Soy=2+uz.
13. To solve (1 — z2)y” — 2zy’ +2y =0, y(0) =0, 3/ (0) = 3, follow the steps in
Example 5 and you will arrive at the recurrence relation
m(m+1)—2 (m+2)(m—1) m—1
Ay = Ay, = a
m+2)(m+1) (m+2)(m+1) m+1

Am+42 = ( ms mZO

The initial conditions give you ag = 0 and a; = 3. So az = a4 = --- = 0 and, from
the recurrence relation with m = 1,

_ =1
az = 1+16L0—0
So a5 = a7 = --- =0 and hence y = 3x is the solution.

14. Following the steps in Example 5, we find the recurrence relation for the co-
efficients of the solution of (1 — 22)y” — 2zy’ + 6y = 0, y(0) =1, ' (0) = 1, to
be

m(m+1) —6 0 — (m+3)(m—2)am, m> 0.
m+2)(m+1) (m+2)(m+1)

Am+2 = (
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The initial conditions give ag = 1 and a; = 1. So, from the recurrence relation,

_ 0+30-2
“2 = 0r20+n" "
_ e+3e-y
N T CE S A
(077 = CLgZ"':O
(143)(1-2) 2
ST a¥2a+n™ T 3
. (343)(3-2) 6 2 1
“ T B B+ n® T T3 5

So

2 1
y:1—3x2+x—§x3—5x5+~~

15. Following the steps in Example 5, we find the recurrence relation for the co-
efficients of the solution of (1 — 22)y” — 2xy’ + 12y = 0, y(0) = 1, /(0) = 0, to

be
1) —12 - 4
Am+2 = m(m e ) Qm = (m 3)(m+ )am; m > 0.
(m+2)(m+1) (m+2)(m+1)
The initial conditions give ag = 1 and a; = 0. So, ag = a5 = --- = 0, and, from the

recurrence relation,

_ -390+
“2 = wr20+n”
@2-3)2+4) -6,
“ T Gryern w9
L @-3Ety 8 4
% = Grzmarn™ 3073

So A
y:1—6x2+3x4+5x6+~~

16. We have the same recurrence relation as in Exercise 13 but here ag = 1 and

a1 =0. Soag =a5 =---=0and
_0-1 1
S
2—1 1 1
= :__1 —
4 2112300 =3
4—-1 31 1
Qa, = —_— —_—— - = —_——
6 4+1 ' 53 5
So )
y=1—a2— 22— Zab ...

3 )
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17. Put the equation (1 — 22)y” — 22y + 2y = 0 in the form
2z 2
/!
. S———
4 1— 22 + 1— a2

Apply the reduction of order formula with y; = x and p(x) = —%. Then

o p@dz  _ [ Eizde
o —In(1—2> o 1
= )= 1— 22
e~ [ p(x)da
Y2 = U1 / ——dw
Y1
1
= ——d
x/ 22(1 — x?) *
Use a partial fractions decomposition
1 A B C n D
22(1 — x?) x x2 1l—-z 14z
1 1 1

TR S Gy

So

v = x/(%+2(11—x>+2(1ix>> "

= 2 [(_é - %111(1 — )+ %111(1—1—3:)]

T 1+
—1+51H(1_x>

18. One solution of (1 —22)y” —2zy’ + 6y = 0 on the interval —1 < z < 1 is found
in Exercise 14: y; = 1 — 3z2. To find a second solution, we apply the reduction of

order formula with y; = 1 — 322 and p(x) = —%. As in the previous exercise,
1
Use a partial fractions decomposition
1 B 1 n 3 n 3 1
(1 —22)(1 —322)2 8(x +1) 8(\/533— 1)2 8(\/533—1-1)2 8(x —1)
So
1 3 1
= 1-32%)|-In(z+1) - ————
o = (1-30)[chn(e+1) 53 73 )
3 1 1
- — —In(z -1
8V3 (V3z+1) 8 ( )}

Sl (x4l 3 1 1
- (1—3x)[glﬂ(xi_1>—8\/§<(\/§x_1)+(\/§x+1)>}

- (1—33:2)[%111 (ii) - 4(33:3;— 1)}

x—i—l) 3z

+ =

_ 1 2
= 8(1—33:)111( 1

r—1
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The following notebook illustrates how we can use Mathematica to solve a
differential equations with poser series.

The solution isy and we will solve for the first 10 coefficients.
Let'sdefine apartial sum of the Taylor series solution (degree 3) and set y[0]=1:
In[82:= Seriessol = Series [y[x], {X,0,3 }1/.y [0]-1

ougzl= 1 +y’[0] X + %y”[O] X2 + %y@ [0] x3+0[x]*

Next we set equations based on the given differential equation y'+y=0.

in[g3= leftside = D[seriessol, X ] + seriessol
rightside =0
equat = LogicalExpand [leftside = rightside ]
y”[0] 1

ougsl= (L +y’[0]) + (y'[0] +y”[0]) x + > t 5
outjg4l= 0O

ouss= 1 +y’[0] =0&&y’'[0] +y”[0] ::o&&@ + %y“) [0] =

This givesyou a set of equations in the coefficients that Mathematica can solve
in[gel:= seriescoeff = Solve [equat ]

oussl= {{y’[0] » -1, y"[0] -1, y® [0] »-1}}

Next, we substitute these coefficientsin the series solution. This can be done as follows

In[871:= Seriessol /. seriescoeff [[11]
x2 X3 4
oug7]= 1 - X + > "5 +O[x]

To get a partia sum without the Big O, use

ingg:= Normal [seriessol /. seriescoeff [[111]

x2  x3
out[ggl= 1 - X + > "5
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With the previous example in hand, we can solve Exercises 19-22 using Math-
ematica by repeating and modifying the commands. Here is an illustration with
Exercise 19. We suppress some outcomes to save space.

19. v —y +2y=¢€", y(0) =0, y'(0)=1.

inf7op= Clear [y, seriessol, n, partsol ]
n =10
seriessol = Series [y[x], {X,0,n }] /. {y[0] >0,y [0] -1}
leftside = D[seriessal, {X, 2 }] - D[seriessoal, {x,13}] + 2seriessal,
rightside = Series [E™X, {X,0,n }I;
equat = LogicalExpand [leftside = rightside  1;
seriescoeff = Solve [equat ];
partsol = Normal [seriessol /. seriescoeff [[1111;
out71]= 10
out72l= X + % y”[0] x2 + % y @ (0] x3+ %‘7 y @ [0] x4+ #1;0 y®) 0] x5+
1 e 6, YO [0]x" y®[0]x® y®[0)x? y*9[0]x!0 11
y [0] xX° + 5040 + 20390 + + +O[x]

720 362880 3628800

The eguation can be solved using analytical methods (undetermined coefficients). The exact solution is

sol =DSolve [{y” [X] - Y [X]+2y[x]=E"X,y [0]=0,y [0]=1}, vy [X],X1;

In6l:= SSS =sol [[1, 1,2 ]]
2
11—4ex/2 _7ms[qx]+7eX/2ms[qx] +3\/78in[\/zx]+7<e"/28in[@]

Let's compare with the partial sum that we found earlier

inje7]:= Plot [{sss, partsol }, {X, -2,2}]

1.5¢

0.5¢

-2 -1 1 2

oufe7]= = Graphi cs -

We have a nice match on the interval [-2, 2]
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Solutions to Exercises A.6

1. For the equation y”/ + (1 — 22?)y’ + 2y =0, p(z) = 1 — 2% and ¢(x) = x are both
analytic at a = 0. So a = 0 is a ordinary point.

2. For the equation zy” + sinzy’ + %y =0,

ple) = 25 ap(a) =sina

p(z) is analytic at @ = 0 but ¢(z) is not. So a = 0 is not an ordinary point. Since
xp(x) and x2q(x) are analytic at a = 0, the point a = 0 is a regular singular point.

3. For the equation 23y” 4+ 2%y +y =0,

P =2, ap() =1
o) = 2 waa) =2

p(z) and ¢(z) are not analytic at 0. So a = 0 is a singular point. Since xp(z)
is analytic but x2q(x) is not analytic at a = 0, the point a = 0 is not a regular
singular point.

4. For the equation sinzy” + 3 + %y =0,

1 T

plr) = —, zplr)=—7;
sinx sinx

1 T
g(z) = ——,  2Pqlz) = —.
rsinx sinx

p(z) and ¢(z) are not analytic at 0. So a = 0 is a singular point. Since zp(x) and
x2q(x) are analytic at a = 0, the point a = 0 is a regular singular point. To see
that I is analytic at 0, note that f(z) = *2% is analytic and nonzero at 0. So

ﬁ is analytic at 0.
5. For the equation z%y” + (1 — e®)y’ + 2y = 0,

71—696 l—ex'

p(x)

p(z) and ¢(z) are not analytic at 0. So a = 0 is a singular point. Since zp(x) and
x2q(x) are analytic at a = 0, the point a = 0 is a regular singular point. To see
that xp(x) is analytic at 0, derive its Taylor series as follows: for all z,

2 $3

Z P x DRy
€ = 1+$+§+§+
z2 28
1—e" = —x—g—g—iﬂ--
x  x2
1—e" T 2
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(valid for all ), it is analytic at

0.
6. For the equation 3zy” + 2y — B%y =0,
2 2
o) =2 ) =
1 , 1
o) =g Tala) =

p(z) and ¢(z) are not analytic at 0. So a = 0 is a singular point. Since zp(x) and
22q(x) are analytic at a = 0, the point a = 0 is a regular singular point.

7. For the equation 4 zy" + 6y’ +y = 0,

3 3 3
p(.I) %a xp(x)—§, Po = 53
1 1
q(z) = P roq(x) = VR& qgo =10

p(z) and ¢(z) are not analytic at 0. So a = 0 is a singular point. Since zp(x) and
x2q(x) are analytic at a = 0, the point a = 0 is a regular singular point. Indicial
equation

1
r(r—l)—l—%r:() = T2+§T:O
1
= leo T2:—§.

Since r; —ro = % is not an integer, we are in Case I. The solutions are of the form

o0
Y1 = Z amr™ and yy = Z byx™ %,
m=0

with ap # 0 and by # 0. Let us determine y;. We use y instead of y to simplify the
notation. We have

o0 o0 o0
Y= E amx™; Yy = E mamz™ Yy = E m(m — Dapaz™ 2
m=0 m=0

m=0

Plug into 4zy”" + 6y +y = 0:

Z dm(m — Damz™ ! + Z 6mamz™ ! + Z amz™ = 0

m=1 m=1 m=0
Z4m+1mam+1x +26m+1)am+1x +Zamx = 0

m=0 m=0 m=0
Z [4(m + D)mamy1 + 6(m + Damyr + ap) 2™ = 0

m=0

4(m+ Dmamsr +6(m+ Damyr +am = 0
(m+1)(4m +6)amsi1 +am = 0.

This gives the recurrence relation: For all m > 0,

1
(m+1)(4m + 6)

Am+1 = — Ay .
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Since ag is arbitrary, take ag = 1. Then

JE— 1 — 1.

A
1 1 1

%2 = 50073 T &

B 1 1
T T3gs T

1 1
Y1 = ap [1 3|x+5|x2—ﬂx3+ ]
We now turn to the second solution:
m=0 m=0 2 m=0 2

m=0 m=0
+ Z bm,1$ 75
m=0
= 1 3 me2 > m—3
> A(m— )= Dbz 7% + > 6(m— 5)bma™ 3
m=0 m=0
+ Z bm,1$ %
m=1
=0
1 : 1
A(=5)(=5)boz™ % + 6(~ 2 )box™
2 2
E 1 1
+ Z [4(m - 5)(7)@ - g)bm +6(m — §)bm + bml] a2

This gives by arbitrary and the recurrence relation: For all m > 1,

bmfl o bmfl

bm:— - —

4m(m — 1) m(4m —2)°
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Since by is arbitrary, take by = 1. Then

by = —%;
by = —% = %;
bs = 317210 é"
y2 = bor % |1- 21|x + %xQ - gx?’ +
9. For the equation 4 z ld4dzy +(20—2)y=0
P =~ wpl) =1, po=-u;
o) =T @) =5-5 a=d

p(z) and ¢(z) are not analytic at 0. So a = 0 is a singular point. Since zp(x) and
22q(x) are analytic at a = 0, the point a = 0 is a regular singular point. Indicial
equation

7
T(T—l)—§r+5:() = 27 -9r4+10=0, (r—2)(2r—5)=0

Since r; —ro = % is not an integer, we are in Case I. The solutions are of the form

= i amr™?  and Yo = Z bt
m=0

with ap # 0 and by # 0. Let us determine y;. We use y instead of y to simplify the
notation. We have

Y= Z U™, = Z (m + 2)amz™ ™ o = Z(m—i— 2)(m + 1)ama™

Then
4%y —1dzy + (20 — 2)y

4(m+2)(m + Dame™? — 14 Z (m + 2)amz™? + (20 — z) Z U™ T2

m=1

[4(m+1) = 14)(m + 2)apn 2™ +20 > apa™ ™ = > apa™

m=0

[(4m — 10)(m + 2) + 20]ama™ Z ama™

[4m? — 2m]a,,z™ Z A1z

m—+2

Il
M B B i M

[4m? — 2m]a,, — am_1]x

3
Il
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This gives the recurrence relation: For all m > 0,

Gm—1 Gm—1

AmZ—2m  2m(2m—1)

A =

Since ag is arbitrary, take ag = 1. Then

1
a; = 5,
1 1
a: f - =
2 2(12) 4
1 1
a f - =
’ 46-5 6
1 1 1
y = apx’ [1+5x+ﬂx2+§x3+'”]
We now turn to the second solution:
y= i bna™ 3y = i(m+§)bmxm+%; y' = i(m 2) (et 2 )bzt
m=0 m=0 2 m—0 2 2

So
4%y —1dzy + (20— 2)y

- 5 3 5 il E S
= mzzo [4(m+ 5)(m+ 5)—14(m+§)] byt 2 +(20_x)mzzobmx 5

= [4(m + g)(m + g) —14(m + g) + 20] bma™ 2 = 3" bamtE

m=0

3
I
o

o0
[4m2 + 2m] bmmer% - Z bmflmer%
m=1

[(4m2 +2m)b,, — bmfl] 23

Mg 10

3
I

This gives by arbitrary and the recurrence relation: For all m > 1,

b — bmfl
™ 2m(2m + 1)
Since by is arbitrary, take by = 1. Then
1
by = 3y
11 1
by = ———=—
2 314.5 5
11 1
b = —_—— = —
’ 516.7 70
1 1 1
ya = boz®/? 1+§x+5x2+ﬂx3+~~
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13. For the equation xy” + (1 —2)y +y =0,

p(z) = ,  xpl@)=1l-2, po=1;

1
q(x):;, Y Q(x):xa QOZO-

p(z) and ¢(z) are not analytic at 0. So a = 0 is a singular point. Since zp(x) and
22q(x) are analytic at a = 0, the point a = 0 is a regular singular point. Indicial
equation

r(r—1)+r=0 = r =0 (double root).
We are in Case II. The solutions are of the form
Y1 = Z amz™ and Yo =y lnz + Z byx™
= m=0

with ag # 0. Let us determine y;. We use y instead of y to simplify the notation.
We have

o0 o0 o0
Y= E amx™; Yy = E mamz™ Yy = E m(m — Dapz™ 2
m=0 m=0

m=0

Plug into zy" + (1 —z)y +y =0:

im —lamxml—i-Zmamx

m=1 m=1
o0 o0
—E mamxm—i-g amz™ = 0
m=1 m=0

oo
Z (m+ D)mapp12™ + Z m+ Dampra™
m=0

m=0
o0 o0
—E mamxm—i-g amz™ = 0
m=1 m=0

o0
Z m+ mam412™ + a1 + Z (m+ Dagyrz™
m=1

m=1
o0 o0
—Zmamxm—i-ao—i-Zamx =0
m=1 m=1
o0
aop + ar + Z [(m 4+ 1)mams1 + (m+ Damsr — may, + ap)z™ = 0
m=1
o0
ap + a1 + Z [(m+1)2ame1 + (1 —m)an] 2™ = 0

m=1

This gives ag + a3 = 0 and the recurrence relation: For all m > 1,

1—-m
CLerl:—( Ay .

m+ 1)2
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Take ag = 1. Then a; = —1 and as =az =---=0. Soy; =1 — 2. We now turn
to the second solution: (use y1 =1—=z, y; = -1, yf =0)
o0
y = pnz+ Y bpa™;
m=0
y o0
y o= gzt Y mbpa™
m=0
e B D S - e
¥y’ = y Inz xyl x2y1 Om m T .
m=

Plug into zy” + (1 —x)y' +y = 0:

1 o0
ay Inz + 2y — —y+ > m(m = Dbpa™

m=0

+(1 —2)yyInx + yx—l(l —x)+ (1 —x) Z Mmbma™ ' +y1 Inx + Z ba™ = 0

m=0 m=0

-2 — l(1 —x)+ i m(m — 1)bpz™ !

v m=1 "

—i—ﬂ—kimb xmfl—imb xm—l—ib 2™ =0
T m m m

m=0 m=0 m=0

—3+z+ Z [((m + D)mbyy1 + (m 4 1)bpyr — mby, + bpJz™ = 0
m=0

—34x+ Y [(m+1)bpis + (L —m)by]z™ = 0

m=0

For the constant term, we get by + by — 3 = 0. Take by = 0. Then b; = 3. For the
term in x, we get

1
L2+ 2 —bitb =0 = b=
For all m > 3,
b m—1
T 12"
Then
11 1
b p— —_ — — e —
s 31 = 35
2 1 1
b — — - ) =
4 16736) = ~a2sa’
1 1
Y2 = —3x——x2——x3+
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p(z) and ¢(z) are not analytic at 0. So a = 0 is a singular point. Since zp(x) and
22q(x) are analytic at a = 0, the point a = 0 is a regular singular point. Indicial
equation

rr—1)+4r4+2=0 = P 4+3r+2=0
= T1:—2 T2:—1.

We are in Case III. The solutions are of the form
= Z ama™ Y and yo =kyilnz + Z bx™ 2,
= m=0

with ag # 0, bg # 0. Let us determine ;. We use y instead of y to simplify the
notation. We have

o0 o0 o0
Y= g Q™ L g m— Day,z™™ % g (m — 2)amaz™ 3.
m=0 m=0 m=0

Plug into 2%y +4xy' + (2 — 22)y = 0:

m=0 m=0
Z 2a,x" T — Z amz™™t = 0
m=0 m=0
(=) (=2)agz™" + > (m —1)(m — 2)ama™ "
m=2
+4 CLQZE + Z —1 CLm{E B
200! + 2a1 + Z 2a,r™ 1t — Z m_ox™ 1 = 0
m=2
2a1 + Z [(m —1)(m = 2)am + 4(m — 1)am2am — am_o]z™ ' = 0
2a1 + Z [(M? 4+ M) am — am_o]z™ ' = 0
m=2

This gives the recurrence relation: For all m > 1,

1

m2+m

Ay, =— — Am—2.
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Take ag = 1 and a; = 0. Then a3 =a5 =--- =0 and
1 1
Qa = _—_— = ——
2 6 3l
1 11 1
a = —_—_— 0y = — = = —
4 2447206 5
1 1 1 1 1
Qa, = _— = —_ = —
¢ 62+65  7-65 7!
_ 1 1 1
Yy = a0x1<1—§x2+§x4—ﬁx6+~~>

We now turn to the second solution:

kyp Inx + Z bx™ 2

y =
m=0
' = kYo + kL — )by
y v Inw + x+ﬂ;(m o™,
2k k G
y' = ky!lnz+ —y; — Sy + Z (m —2)(m — 3)bpz™ .
x x

m=0

Plug into zy” + (1 —x)y' +y = 0:

2kxyy 4+ kyi 2 Inx — kyy + Z (m — 2)(m — 3)bz™ 2+
m=0

dkyix Inx + 4ky; + Z 4(m — 2)byx™ 2

m=0
+(2 — 2))ky) Inz + (2 — 2?) Z bp™ 2 = 0
m=0
2y + 3kyy + D [(m+2)? = (m + 2)bpio + bpla™ = 0
m=0
(m+2)* = (m+2)bmia+bn = 0
Take k = 0 and for all m > 0,
b I S
T i 2)(m+ 1)
Take by = 1 and b; = 0. (Note that by setting b; = 1 and by = 0, you will get y;.)
Then
1
by = —5;
1
by = nk

1 1
_ 2 (i _Lt o2 L a4
Y2 = box (1 5% +4!x )



