MAZ208 Solutions Week 2 Sem B 2000
Groups 4.2 page 19

1. a)t b) s c) e dg et f) e g) p
2. pst)y=pp = ¢ and (ps)t=rt=q hence  p(st) = (ps)t
3. e
4 q
5 ) a) z b) x c)y d) e e) x f)x
i)
e X y z
e e X y z
X X e z y i) the table is closed, the identity is e, and x, y and z are
y y z e X all self inverse. Composition of permutations is associative.
z z y X e Hence {e, x, y, z }(.) forma group
Groups 5.2 page 24
1. = IfGis abelian then ab = ba foralla, b, € G
So (ab)? = abab = aabb = a2b? “
< If (ab)? = ap? «
then abab = aabb «“
50 a "ababb™ = a'aabbb " “
hence ba = ab “ ie Gis abelian
2. X=x=>XxX=xX = x=1
So x isidempotent = X is the identity.
Since there is only one identity, there is only one idempotent element in G.
3. If (ab)*=a'b*foralla, b e G
—  (ab)(ab)* = (ab)a'b™ foralla,b e G
= 1 = aba'b? foralla,b e G
= b = aba'b'b foralla,b e G
= b = aba'l foralla,b e G
= ba= aba'a foralla,b e G
= ba= ab foralla,b € G Thus G is abelian
4. If X¥*=1 =xyyx=l=yxy'yx=y.l =yxylyxy'=yy" = (yxyH)*=1
If  (yxy')’=1 = ywylyxyyt=1= yxxy'=1 Syyly=1y
Sy =y S yly =yly=1=x=1
Hence x* =1 ifand only if (yxy )?=1
5.  Given some group G(.) where a®b® = (ab)® forall a,b e G.

Provei) a’b® = (ba)?
a’b® = (ab)’® = aaabbb = ababab

= aabbb = babab (left cancellation, theorem 5.2.1)
= aabb = baba (right cancellation, theorem 5.2.1)
= a’b’ = (ba)’

and hence deduce ii) a* b* = (ab)*

LHS=a*'b* = (a)’(b%)? = (b%a%? (result i—which holds foralla, b € G.)

= ((ab)®)? (result i — which holds for alla, b € G.) = (ab)* =RHS
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Exercise 5.3A page 24

1.

10.

In {Z5— [0]}(®) with element [2] we have the pattern
[2], [4], [3]. [1], [2], [4], [3]., [1], . . . (repeats every 4)

In {Z5— [0]}(®) with element [4] we have the pattern
[4], [1], [4], [1], . . . (repeats every 2)

In {1,-1,i,-i} with element i we have
,-1,-i,1, 1,-1,-i, 1, ... (repeats every 4)

In {1,-1,i,-1} with element -i we have
,-1,i0,1,-1,-1,1,1, ... (repeats every 4)

In Zg(®) with element [2] we have
[2], [4], [O], [2], [4], . . . (repeats every 3)

In Zg(®) with element [3] we have
[3], [0], [3], [O], [3], - . . (repeats every 2)

In Zg(®) with element [5] we have
[51, [4], [3], [2], [1], [O], [5] , [4] . . . (repeats every 6)

. - _ 2 3F
In S; with composition of permutations and element E 3 li‘ we have

e i 6 b B G e
31 1 2 2 3 31 1 2 2 3 3 1K
(repeats every 3- see also notes page 26)

In Z(+) with element 3 we have
3,6,9,12, 15,18, 21, . .. (no repetition)

In R-{0}, (.) with element 2 we have
2,4,8,16,32,... (no repetition)

Exercise 5.3B page 28

1.

O] | (1] | [2] | [3] | [4 [ [5] | [6] | [7] | [8] | [9] |[10]][11]
order| 1 [ 12 ] 6 | 4 | 3 [12] 2 |12 |3 | 4 [ 6 |12
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so the element has order 3
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3. {£-[01X©)
a) [2] has order 3
b) [5] has order 6 since:

[5]
[5] © [5] = [25] =[4]
[5] ®©[5] ® [5] =[4] © [5] = [20] = [6]
[5] ©[5] ® [5] ® [5] = [6] © [5] = [30] = [2]
[5] © [5] © [5] © [5] © [5] =[2] © [5] = [10] = [3]
[5] © [5] © [5] © [5] © [5] © [5] =[3] © [5] = [15] = [1]
4. a)

1 ab ba aba

1 1 ab ba aba

a a 1 ab b aba ba

b b ba 1 aba a ab

a ab aba a ba 1 b

ba |ba b aba 1 ab a

aba |aba ab ba a b 1

b) 1 hasorder 1, a, b, aba have order 2, ab, ba have order 3

C) 4, b, aba are self inverse, ab has inverse ba, ba has inverse ab

5. 1 hasorder 1, c, c3 have order 4, all other elements have order 2

6. a) Letahave order nanda® have order m.
Soa"=1, multiplyingbya' = a'ta"=a'l= a™l=a'
multiplying againbya® = a'a*l=zata’ = a"2=(al)?
......... =1=@""

— mthe order ofatis<n
Similarly (@)™ =1

multiplying by a —a@)"za= @Y '=a =
= nthe order of ais <m
Som<nandn<mandhencen=m
b). Suppose ab has order m and ba has order n. Then
(ab)m=1and so ababab... ab =1 (mtimes)
Hence a’l(ababab...ab)a =alla =1andso (ba)m =1.
Hence n the order of ba < m.
Similarly
(ba)"=1and so bababa... ba =1 (ntimes)
Hence b-l(bababa...ba)b =b1l1b =1andso (ab)" = 1.

Hence m the order of ab < n.
Som<nandn<mandhencen=m
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