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PREFACE

This book provides several resources for instructors using Finite Mathematics, Eighth Edition, by Margaret L. Lial,
Raymond N. Greenwell, and Nathan P. Ritchey.

Hints for teaching Finite Mathematics are provided as a resource for faculty.

e One open-response form and one multiple-choice form of a pretest are provided. These tests are an aid to

instructors in identifying students who may need assistance.

e One open-response form and one multiple-choice form of a final examination are provided.

Solutions for nearly all of the even-numbered exercises in the textbook are included. Solutions are usually not

provided for exercises with open—response answers.

The following people have made valuable contributions to the production of this Instructor’s Resource Guide and
Solutions Manual: LaurelTech Integrated Publishing Services, editors; Judy Martinez and Sheri Minkner, typists;
and Joe Vetere, Senior Author Support/Technology Specialist.
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HINTS FOR TEACHING FINITE MATHEMATICS

Algebra Reference

This chapter is not as important for finite mathematics as it is for calculus. Nevertheless, we have included it in
both books for those instructors who wish to cover this material. Some instructors get best results by going through
this chapter carefully at the beginning of the semester. Others find it better to refer to it as needed throughout the
course. Use whichever method works best for your students. We refer to the chapter as a “Reference” rather than
a “Review,” and the regular page numbers don’t begin until Chapter 1. We hope this will make your students less
anxious if you don’t cover this material.

Section 1.1
This section and the next may seem fairly basic to students who covered linear functions in high school. Some
students have difficulty finding the equation of a line from two points. Emphasize that there is no point-point form.
Perpendicular lines are not used in future chapters and could be skipped if you're in a hurry.

Section 1.2

Linear functions are the only functions students learn about in this section, giving them a gentle introduction
to functions. Review graphing lines using intercepts, especially horizontal lines, vertical lines, and lines through the
origin.

Supply and demand provides the students’ first experience with a mathematical model. Spend time developing
both the economics and the mathematics involved.

Stress that for cost, revenue, and profit functions, = represents the number of units. For supply and demand
functions, we use the economists’ notation of g to represent the number of units.

Emphasize the difference between the profit earned on 100 units sold as opposed to the number of units that
must be sold to produce a profit of $100.

Section 1.3

The statistical functions on a calculator can greatly simplify these calculations, allowing more time for discussion
and further examples. In this edition, we use “parallel presentation” to allow instructor choice on the extent tech-
nology is used. This section may be skipped if you are in a hurry, but your students can benefit from the realistic
model and the additional work with equations of lines.

Chapter 2

The echelon method and the Gauss-Jordan method presented in the text are improved variations of the traditional
methods. The “leading ones” are postponed until the last step, so as to avoid fractions and decimals. You may want
to practice a few examples before presenting this method in class. We also present the traditional Gauss-Jordan
method using a graphing calculator, for which keeping track of the fractions presents no difficulty.

Section 2.1

We have found it useful to spend less time on the echelon method and save the larger examples for the Gauss-
Jordan method in the next section. Consequently, most of the exercises in this section involve only two equations.
Use this section to introduce the concept of solving a system of linear equations and to show how a system can have
one solution, no solutions, or an infinite number of solutions. Also use this section to show students how to solve
applied exercises. Notice the application exercises in which a dependent system only has a finite number of solutions
because the solution is restricted to nonnegative integers.

Emphasize row notation as a way to keep track of and to check the problem solving process.

Stress the guidelines, found before Example 5, for solving an application problem.

Section 2.2
Shown on the next page is a comparison between the improved version and the traditional Gauss-Jordan method.
Note the absence of tedious fractions in the improved version.
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Solve:
dr — 2y — 3z = —23
—4dr+3y+ z= 11

Sv—by+dr= 6
New Method Traditional Method
4 -2 -3 -23 4 -2 -3 -23
—4 3 1 11 —4 3 1 11
s 5 4| 6 8 5 4| 6
4 -2 —3| -23 lRoR [ 1 -4 -3z
R1 +R2 —>R2 0 1 -2 —12 _4 3 1 11
—2R1 + Rg — R3 L 0 -1 10 52 8 -5 4 6
Ri+2Ry — R, [4 0 —7|—47 f] 1 _3|_23
0 1 -2|-12 S I
4R 4+ R — Ro 0 1 -2 =12

Ro+ Ry — R: 00 8| 40
i L _8R;, + Rs — Ry 0 -1 10| 52

7R3+ 8R; — Ry 32 0 0] -9 1 Lo | a1
Ry + 4Ry — Ry 0 4 0| -8 gRo+Ri — Ry R
0 0 8 40 0O 1 =21 -12
i Ry + R3 — R3 0 0 8| 40

&R — Ry 1 0 0] -3 10 T | 477
1Ry — Ry 0 1 0 -2 1 1
iR3—Rs |0 0 1| 5 ) 0 1 -2 -12

g3 — R3 [0 0 1 5 |

(—3,—2,5) is the solution.

%Rs + Rl — Rl i 1 0 0 -3
2R3 + RQ — R2 1 0 -2
0 1 5

(—3,—2,5) is the solution.

By reworking a problem from Section 2.1 using the Gauss-Jordan method, students will see how closely this
method parallels the echelon method given there.

Remind students to operate on the entire row. A common error is to forget the entry to the right of the vertical
bar.

Section 2.3

Mention that, as in algebra, only like things can be added or subtracted. In this case, the like things are matrices
having the same dimensions.

Section 2.4

Using the visual approach to matrix multiplication given after Example 2, students will have no trouble multiplying
matrices. Most will eventually no longer need this tool.

Section 2.5

Explain that the technique used in finding the multiplicative inverse of a matrix is still the Gauss-Jordan method,
now with more than one entry per row to the right of the vertical bar.

Students may be resistant to learning another method for solving a system of equations. Stress the advantage of
using the inverse method to solve systems having the same matrix of coefficients. See Example 4. Point out that
these systems can be found in many different fields of application. See Exercise 60.
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Section 2.6
Discuss how the entries of A, the input-output matrix, could be determined. Stress the economic significance of
the matrices A, D, X, and AX.

Section 3.1

Emphasize that the test point can be any point not on the boundary. Choose several points on either side of the
boundary and on the boundary itself to illustrate this concept.

Students may fall into the habit of always choosing (0, 0) as the test point. Do a couple of problems where (0, 0)
is not available for use as a test point.

Using a different color to shade each half plane for a system of inequalities will make their overlap easier to
recognize.

Section 3.2

Use diagrams like Figures 11 and 12 to convince students of the believability of the corner point theorem.
Emphasize that a corner point must be a point in the feasible region. Also, stress that not all corner points can be
found by inspection. Some require solving a system of two linear equations. Have students note the equation of the
boundary line next to its graph, so they will know which equations to solve as a system.

Section 3.3

Review the guidelines for setting up an applied problem (Section 2.1) to determine the objective function and all
necessary constraints.

Students find those constraints comparing two unknown quantities the most difficult. See Exercise 12 for an
example of this type of constraint.

Section 4.1

The simplex method in this chapter is modified from the traditional method along the lines of the Gauss-Jordan
method in Chapter 2, eliminating tedious fractions until the last step. The notation of s instead of = for slack
and surplus variables will help students remember which variables are the originals and which are slack or surplus
variables.

Note the horizontal line in the simplex tableau to separate the constraints from the objective function.

Students may need several examples to be able to pick out the basic variables and to find the basic feasible
solution from a matrix.

Section 4.2

Vocabulary is extremely important in this section. An understanding of the terms basic variables, basic feasible
solution, indicators, and pivots is a necessity.

Remind students that the simplex method stated before Example 1 works only for problems in standard maximum
form.

Example 1 is extremely important because it connects the two methods of solving a linear programming problem.
You may want to do a similar example in class. Emphasize the advantages of the simplex method, especially for
larger problems.

Section 4.3

If you are in a hurry, either Section 4.3 or 4.4 can be skipped. Section 4.3 is needed if you wish to cover Section
11.3 on game theory and linear programming. If you choose to cover this section and skip Section 4.4, your students
will only know how to solve standard minimization and maximization problems, but they at least they will see the
profound and amazing theorem of duality. Notice in Exercises 16 and 17 that for maximization problems, shadow
costs become shadow profits.

Provide numerous examples for reading the optimal solution from the last row of the final tableau of the dual
problem.
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Section 4.4

The usual method for solving nonstandard problems (those with mixed constraints) is the two-phase method,
which is somewhat complicated for students at this level. We use a modification of this method which students
should find simpler.

Stress that slack variables are used for < constraints, while surplus variables are used for > constraints. Artificial
variables only need to be covered if you want to solve constraints with an =. Even then, they can be avoided by
replacing each = constraint with two inequalities, one with < and one with >.

Emphasize that to use the simplex method to find the optimal feasible solution, one must start with a feasible
solution.

In Step 5 of the box “Solving a Nonstandard Problem,” our choice of the positive entry that is farthest to the
left is arbitrary. If your students choose a different column, they may still come up with the correct answer, and it
might even require fewer steps.

Remind students to convert from z to w as the last step in solving a minimization problem.

Chapter 5

The chapter on mathematics of finance does not depend on earlier chapters and may be covered at any time.

Students may feel overwhelmed by the number of formulas presented in Chapter 5. Guidelines for choosing the
appropriate formula can be found at the end of the chapter. This summary may be referred to throughout Chapter
5.

Chapter 5 requires numerous financial calculations. Make sure students are familiar with their calculators. The
financial features of the TI-83/84 Plus make calculations easy.

Section 5.1

Interest is the key concept in Chapter 5. It is important that students understand that interest is the cost of
borrowing money (or the reward for lending money). Both simple and compound interest are covered in the first
section.

Point out that as the frequency of compounding increases, so does the amount of interest earned. Also note,
however, that this increase in interest gets smaller and smaller as the interest is compounded more frequently. See
Exercises 58 and 59.

The effective rate of interest is a topic that students find most useful and interesting. Bring in advertisements
for loans that hide the effective rate (the APR) in the fine print.

Chapter 5 is full of symbols and formulas. It is imperative that students become familiar with the notation and
know which formula is appropriate for a given problem. A summarization of the formulas in Section 5.1 is found at
the end of the section.

Section 5.2
This section starts with an introduction to geometric sequences, which lays the groundwork for developing the
future value formula as the sum of a geometric sequence.

Section 5.3
Make sure students understand that the present value formula presented here is for an ordinary annuity only.
Many students have had experience with amortization. Ilustrate this topic using examples with present day
interest rates. Students may bring in personal examples that may be used in class.

Chapter 6

This chapter has been substantially rewritten and reorganized from the previous edition. It now leads students
toward the construction of proofs in Section 5, with quantifiers briefly introduced in Section 6. Proofs are more
difficult than truth tables, but they are also far more important. In this edition we use meaningful variables, such
as d for “Django is a good dog,” rather than generic variables such as p and ¢. We find (and our students do too)
that this makes it easier to keep track of which variable stands for each statement.
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This is a nice chapter to cover before sets (Chapter 7), because many of the same ideas appear in both contexts.
You should point out the parallels to the students whenever possible.

Section 6.1

The chapter starts with fairly easy material, but the statement “Neither p nor ¢” can cause trouble. Notice that,
in this edition, we have introduced the basic truth tables in this section, and the material on the quantifiers “For
all” and “There exists” has been moved to Section 6.

Section 6.2
Students usually find truth tables fun. The alternative method presented in Example 5 helps alleviate any tedium.

Section 6.3 and 6.4

The conditional is probably the most challenging logical operator, perhaps because its usage in mathematical
language is just different enough from that of common language to cause confusion. We have found that even after
students have studied logic, they still give erroneous answers to tests of reason such as those in Exercises 59 and 60 of
Section 6.4. The common translations of p — ¢ given before Example 3 of Section 6.4 are particularly troublesome.
Don’t assume your students have mastered this material until you have firm evidence.

Section 6.5

This section is the culmination of the first four sections. The two most important skills are showing an argument
is invalid by counterexample, and showing an argument is valid by proof. Look carefully at Examples 5 through 8.
This is the most difficult material in the chapter, so students need a lot of practice to master these ideas. The payoff
is worth it when students learn to create a proof. The puzzles by Lewis Carroll in Example 6 and Exercises 38-43
are fun.

Section 6.6

Some students won’t believe Fuler is pronounced “oiler.” The material on quantifiers, previously scattered in two
sections, is now united here. This is just an introduction; we do not try to teach proofs using quantifiers except by
Euler diagrams.

Chapter 7
The material on probability is arranged so that if you are in a hurry to get to Markov chains, you can skip Section
7.6 and all of Chapters 8 and 9.

Section 7.1

Manipulatives are quite useful in this chapter, especially a deck of cards. Further, set brackets may be modeled
as a box and the elements of the set as objects inside the box.

Stress the key word for each set operation: “not” for complement; “and” for intersection; “or” for union.

Section 7.2
Mention the order of set operations.
If parentheses are present, simplify within them in the following order:
1) Take all complements.
2) Take the unions or intersections in the order they occur from left to right.
If no parentheses are present, start with 1).
To solve a survey problem, students must first be able to identify what type of object belongs to a certain region
before they can determine how many objects belong to that region.
Have students explore the union rule for sets by determining the number of cards that are red or a king in their
decks. Compare this problem with the problem of determining how many cards are fives or sevens (disjoint sets).

Section 7.3

Students need to be able to identify the experiment, the number of trials, the sample space, and the event in each
probability problem.

Tllustrate the basic probability principle using numerous examples with manipulatives.
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Section 7.4
Redo the examples used to explore the union rule for sets to explore the related union rule for probability.
The complement rule is most useful for problems that contain statements of the form greater than, less than, etc.

Section 7.5

Sometimes independent events can be thought of as events that have the same sample space. For example, when
two cards are drawn one at a time with replacement, both draws have a sample space consisting of all 52 cards. If
these cards are drawn, instead, without replacement, the sample space for the second card has been reduced to 51
cards. Emphasize that the notation P(A|B) reminds us how the sample space was reduced.

Section 7.6

Point out that trying to calculate P(F'|E) directly is sometimes impossible, too expensive, or too inconvenient.
Thus, there is a need for Bayes’ theorem which allows for the indirect calculation of P(F|E) using P(E|F). If a tree
diagram is employed, then Bayes’ theorem can be stated as

the probability of the branch through F' and F
the sum of the probabilities of all branches ending in F

P(F|E) =
Point out that the branch in the numerator will also be one of the branches in the denominator.

Section 8.1

To use the multiplication principle, break down the problem (the task) into parts. Draw a blank for each part.
Fill in each blank with the number of ways that part of the task can be completed. Finally, multiply these numbers
to obtain the solution.

Permutations are a special case of the multiplication principle that does not allow for repetition.

Section 8.2
An additional way to determine whether to use combinations or permutations is as follows:
1) Give a label to each of the n objects.
2) Pick r objects from the n objects.
3) Rearrange the r objects.
)

4) If this rearrangement can be considered the same as the original arrangement, use combinations.

If it is different, use permutations.

Section 8.3
This section combines the counting techniques of the previous two sections with the basic probability principle.

Section 8.4
Students often have difficulty dealing with the phrases “at least,” “at most,” “no more than,” etc. Have the
students work numerous examples that include these phrases.

Section 8.5

In this section, we complete the discussion of binomial probability from the previous section by giving the formula
E(x) = np for the expected value in binomial probability. Having students work out expected value in a binomial
probability exercise by the definition and by this formula will increase their confidence in both.

Section 9.1
Warn students that the term “average” is ambiguous. Illustrate this concept using the average salary example
following Example 6. Have students find the modal salary. Discuss the problems this ambiguity may cause.
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Section 9.2
The square of the standard deviation is the variance, while the square root of the variance is the standard
deviation. Students often get these confused.

Section 9.3

Note that the standard normal table used in this text is different from the table that is found in many statistics
books. Call this to the attention of students. Some may be familiar with the other table.

Students may find it helpful to draw the nonstandard normal curve with z-values first, then convert to z-scores
and draw the standard normal curve.

If your students have graphing calculators that give normal probability, they will have no need for the standard
normal table in the back of the book. Their answers to exercises and examples, however, may be slightly different
from ours, which were found using the table.

Section 9.4
When using the normal approximation to the binomial, students often have difficulty choosing the appropriate
x-value(s) on the normal curve. Provide numerous examples to practice this technique.

Chapter 10
Chapter 10 requires a knowledge of the Gauss-Jordan method, matrix multiplication, and matrix inverses, along
with probability.

Section 10.2

Remind students that since the equilibrium vector, V = [v; w2 ... w,], is a probability vector, we have the
additional equation vy + vo + ...+ v, = 1. This equation will always be part of the system of linear equations that
is solved to determine V.

Section 10.3
Tllustrate the construction of G, the transition matrix for an absorbing Markov chain, very carefully. Make sure
the students can identify I,,, @, R, O, and the number of absorbing states.

Chapter 11
Chapter 11 utilizes matrices (Chapter 2), probability (Chapter 7), and expected value (Chapter 8).

Section 11.1

Begin developing the concept of strategy that is central to the entire chapter. Contrast strategies with states of
nature.

There is a lot of specialized vocabulary in this section, which can be quite confusing for students. They need to
have an understanding of the following terms: game, two-person game, zero-sum game, strictly determined game,
fair game, strategy, dominated strategy, optimum strategy, and value of the game.

Section 11.2

Emphasize that the optimum strategy in a non-strictly determined game occurs when F; = E5. Notice the new
Exercises 27 and 28, in which we show how the method of this section can be extended to matrices with two rows
and more than two columns. Of course, the method can also be extended to matrices with two columns and more
than two rows. This forces students to think through the process of Example 3, rather than to just memorize the
formulas in the box “Optimum Strategies in a Non-Strictly-Determined Game.”

Section 11.3

Section 11.3 requires an understanding of solving linear programming problems by the simplex method (Chapter
4), including Section 4.3 on duality. Point out that the technique presented in this section is used to solve games
that don’t have a saddle point and in which each player has an arbitrary number of choices.
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Name:

Find the value of each of the following expressions.

507 +2(35)

. Find the value of % ifa=6and b =—2.

Solve each of the following equations.

7

10.

11.

12.

13.

14.

15.

16.

. 18— %y = gy

3r — (4 +8) =25

. 4(22-3)+5=-2(2+6)

.03z +.05(200 — 2) = 9

Solve the equation ¢ = %p — 8 for p.

Solve the equation 4z — 5y = 8 for y.

Find the coordinates of the point where the graph of
6z — 5y = 10 crosses the z-axis.

Suppose C = 35x — 250. Find x when C' is 450.

A coat that sells for $125 is put on sale for $80.
Find the percent of markdown.

66 is 120% of what number?

10.

11.

12.

13.

14.

15.

16.

Pretest, Form A




17.

18.

19.

20.

21.

22,

23.

24.

25.

Margaret can travel 216 miles on 9 gallons of gas.
How many gallons will she need to travel 336 miles?

Solve the inequality 3 (2 —z) —4(x +6) < —2(x —1).

Graph the equation 5z — 2y = 10.

Find the slope of the line through the points with
coordinates (4,7) and (—3,5).

Write an equation in the form ax + by = ¢ for the line
through the points with coordinates (2, —3) and (5,6).

Solve the following system of equations.
3z + 4y = 14
—2x + by = 29
Which of the following describes the graph of the
equation x = —47
(a) A line with slope —4 (b) A line with slope 4
(c) A horizontal line (d) A vertical line

Find the slope of the line with equation 4z — 5y = 10.

Graph the inequality 3x + 5y > 15.

FINITE MATHEMATICS Pretest, Form A

17.

18.

19. y

20.

21.

22.

23.

24.

25. Y
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Pretest, Form B

Choose the best answer.

Find the value of each of the following expressions.

1. (3% (! 1.
(a) 2.1 (b) .63 (c) .21 (d) .063
2. /16 (3) (1—3) 2.
(a) 8 (b) 4 (c) 2 (d) 4v2
1\3
3. 4000 (1 + §> 3.
(a) 13,500 (b) 9000 (c) 6000 (d) 3000
9-8.7-6-5-4-3-2-1
4. 5-4-3-2-1 4
(a) 9876 (b) 6789 (c) 3024 (d) 120
6(.3)
5. 5.
6(.3)+.4(.9)
(a) 2 (b) 3 () 3 (d) .54
6. Find the value of 240 if o = 10 and b = 5. 6.
(a) 1 (b) 55 (©) % (d) —15
Solve each of the following equations.
3 5
7. 12_1T_§T+23 7.
(a) =8 (b) 8 (c) —1 (d) 4
8.

8. 2r—(3x+7) =18
(a) 11 (b) —11 (c) 25 (d) —25



10.

11.

12.

13.

14.

15.

16.

17.

18.

(a) 4 (b) 10 (c) —6 (d) No solution

04z + .07 (900 — z) = 51

(a) 4000 (b) 400 (c) 317

Solve the equation ¢ = —gp — 3 for p.

=—2x+7 (b)
22+ 1 (d)

(a)
()

N[—=

8

+ an
[N BN

Y
4

(d) 2083

Find the coordinates of the point where the graph of

Tx — 4y = 8 crosses the y-axis.

(a) (0,7) (b) (0,4) (c) (=2,0)

(d) (0,-2)

Suppose C = 20x + 500. Find x when C' is 650.

(a) 13,500 (b) 1150 (c) 7.5

(d) 3

A Dboat that sells for $5000 is marked up to $8000.

What is the percent increase?

(a) 80% (b) 60% (c) 62.5%

68 is 85% of what number?

(a) 125 (b) 80 (c) 57.8

Bob can travel 160 miles on 8 gallons of gas.

(d) 37.5%

(d) 54.4

How many gallons will he need to travel 400 miles?

Solve the inequality 4 (5 —2z) —2(x +7) < =2 — (z — 80).

(a) x> -8 (b) =z < -8 (c) x>8

FINITE MATHEMATICS Pretest, Form B

10.

11.

12.

13.

14.

15.

16.

17.

18.

(d) x <8
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19.

20.

21.

22.

23.

24.

25.

Graph the equation 4z — 3y = 12.

Find the slope of the line through the points with
coordinates (3,8) and (—2,4)

(a) 6 (b) 3 (c) 2 (d) —%

Write an equation in the form ax + by = ¢ for the line
through the points with coordinates (5,8) and (6,4).

(a) 4z —y =12 (b) 4z +y =12
(¢) z+4y =37 (d) 4z +y =28

Solve the following system of equations.

T+ 2y=2>5
z — 20 = 3y

(a) (=50,25)  (b) (11,=3)  (c) (=5,5)
Which of the following describes the graph of the
equation x = 77

(a) A vertical line (b) A parabola

(¢) A line with slope 7 (d) A horizontal line
Which of the following lines does not have slope 47

(a) y=4z -8 (b) 2y —8x =7

(c) x=14 (d) 4z —y =19

Graph the inequality 6x + 4y > 12.

(d) (5,-9)

20.

21.

22.

23.

24.
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ANSWERS TO PRETESTS

PRETEST, FORM A

1. .005 12. y=322-8% 20. 2

2. 2V/3 13. (2,0) 21. 3z —y=9
3. 125 14. 20 22. (-2,5)

4. 1680 15. 36% 23. (d)

5.1 16. 55 24. 4

6. —1 17. 14 y

8. —33 19. Y snonl NG
9. —3 R
oo /2 lllll x
11. p=3q+ % ?
PRETEST, FORM B
1. (d) 6. (b) 11. (b) 16. (b) 21. (d)
2. (c) 7. (a) 12. (d) 17. (c) 22. (b)
3. (a) 8. (d) 13. (d) 18. (a) 23. (a)
4. (c) 9. (d) 14. (c) 19. (c) 24. (c)







FINITE MATHEMATICS Name:

Final Examination, Form A

1. The supply and demand functions for chocolate
ice cream are given by

p=5(z)=%zandp=D (z) =9 — 3z,
where p represents the price in dollars. Find the
equilibrium price. 1.

2. Suppose that a linear cost function for an item is
given by C () = 50x + 300. The items sell for $75
each. Find the break-even quantity. 2.

3. If 6 items cost $900 to produce and 13 items cost
$1600 to produce, find the linear cost function. 3.

4. The cost in dollars for producing x units of a particular
item is given by C (z) = .37z + 682. How many units
could be produced for a cost of $9787 4.

5. Use the echelon method to solve the following system
of equations.
9r — 8y = 12 5.
6z + 4y = 1

6. Use the Gauss-Jordan method to solve the following
system of equations.

20 + y — z = -1 6.
T — 2y + 22 7
v+ y+ z= 4

3 2 1 0 -3
7.Le’5A—[_4 _1]and3—{4 9 5].

Find the products AB and BA, if these products exist. 7.

8. Find the inverse of the following matrix, if the inverse
exists.
0
1 8.
-1

2
A=10
1

S W =



10

9. Graph the feasible region for the following system of
inequalities.
—B3<zr <2
0<y<3
T+2y <6

10. Give the coordinates of the corner points of the
feasible region for the following system.
<7
y<zw
y=>3

11. For the system given in Problem 10, find the maximum
value of the objective function z = 62 — 3y.

12. Use the graphical method to solve the following linear
programming problem.

Maximize 2z = 5x + 2y

subject to: 3z + 2y < 6
T+ y <2

x>0

y =0

FINITE MATHEMATICS

Final Examination, Form A

10.

11.

12.
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

To pour a concrete sidewalk takes 2 hours of preparation and
3 hours of finishing. To pour a concrete patio takes 4 hours of
preparation and 3 hours of finishing. There are 8 hours avail-
able for preparation and 21 hours available for finishing. ABC
Concrete Company makes a profit of $450 on a sidewalk and
$700 on a patio. How many sidewalks and patios should the
company construct to maximize its profit?

Set up a system of inequalities for this problem, identify all
variables used, and give the objective function, but do not
solve.

Write the initial simplex tableau for the linear programming
problem given in Problem 13.

Use the simplex method to solve the linear programming
problem given in Problem 13.

Read the solution from the following simplex tableau.
I i) I3 S1 S9 z
0 2 4 1 6 0
1 3 6 0 9 01350
0 -8 16 0 24 1

Find the maximum value of z in Problem 16.

State the dual of the following linear programming problem.

Minimize w = 6y1 + 8y2

subject to:  2y; + by > 9
2y1 + 3y2 > 11
Ty1 + 2y2 > 5

with y1 >0, y2 > 0.

Find the compound amount if $750 is invested at 8%
compounded quarterly for 3 years.

Jerry Herst wants to have $2400 available for a vacation

2 years from now. How much must he invest today, at

6% compounded monthly, so that he will have the required
amount?

Find the tenth term of the geometric sequence with a =5
and r = 2.

Find the payment necessary to amortize a loan of $10,000
if the interest rate is 8% compounded quarterly and there
are 20 quarterly payments.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

11
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23.

24.

25.

26.

27.

28.

29.

30.

Write the negation of

“Some pennies are made of silver.”

If p is false and ¢ is true, find the truth value of
¢V ~p)—(p—0q).

Determine the truth value of the statement

“If it is raining, then if it is not raining it is pouring.

Determine whether the following argument is valid or
1noalid:

~ps——4q

-9

p

Write “p is a necessary condition for ¢” symbolically.

7 25.

FINITE MATHEMATICS Final Examination, Form A

23.

24.

26.

27.

LetU:{a’7b’C7d7e’f’g}’ M:{b7€?f}7 N:{C’f,g}’

and P = {a,b,c,d} . List the members of each of the
following sets, using set braces.

(a) (MNP)UN
(b) M'Nn(NUP)

Let A, B, and C be three sets. Draw a Venn diagram
and use shading to show the set AN (B'NC").

In a survey, 28 people drank coffee with breakfast and

28. (a)
(b)

29.

22 drank milk. 8 people drank both, and 5 people drank

neither coffee nor milk.

Use a Venn diagram to determine how many people were

surveyed.

30.
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31.

32.

33.

34.

35.

36.

37.

38.

A die is rolled and then a coin is tossed.

(a) Write the sample space for this experiment.

(b) What is the probability that an even number
is rolled and a head is tossed?

A phone number consists of seven digits. How many such
numbers have the prefix (first three digits) 4877

A bag contains 4 red, 3 white, and 5 blue marbles. How
many samples of 4 marbles can be drawn in which 2
marbles are red and 2 marbles are blue?

In the experiment described in Problem 33, what is the
probability that a sample of 4 marbles contains 2 red and
2 white marbles?

Cass is taking a 5-question multiple-choice quiz in which
each question has three choices. He guesses on all of the
questions.

(a) What is the probability that Cass answers all of the
questions correctly?

(b) What is the probability that he answers exactly three
questions correctly?

A raffle has a first prize of $400, two second prizes of $75
each, and ten third prizes of $20 each. One thousand
tickets are sold at $1 apiece. Find the expected winnings
of a person buying 1 ticket.

Consider the following list of test scores:
98, 70, 32, 48, 71, 80, 85, 50, 46, 71.
For this data, find each of the following. Round to the
nearest tenth when necessary.
(a) The mean
(b) The median
(c¢) The mode
(d) The range

Find the mean for the following data. Round to the
nearest hundredth.

Value | Frequency

1 S
3 8
5 10
7 3
9 4

31. (a)

(b)

32.

13

33.

34.

35. (a)

(b)

36.

37. (a)
(b)
(c)
(d)

38.




14

39.

40.

41.

42,

43.

44.

45.

46.

FINITE MATHEMATICS Final Examination, Form A

Find the standard deviation for the following set of
numbers. Round to the nearest hundredth.

14,5, 9, 3, 11, 12

Suppose 12 coins are tossed. Using the binomial
probability formula, find the probability of getting
fewer than 5 tails.

The probability that a certain basketball team will
win a given game is .62. If the team plays 50 games,
find the expected number of wins and the standard

deviation. (Round to the nearest hundredth if necessary.

Name three things that must be true of a transition
matrix.

Find the long-range distribution for the following
transition matrix.

8 .2
6 4
Identify all absorbing states for the following matrix.

40 .30 .30
0o 1 0
0 0 1

Is the matrix in Problem 44 a transition matrix for an
absorbing Markov chain? Why or why not?

Maria Perez has $10,000 to invest. She can invest in a stock

39.

40.

41.

42.

43.

44.

45.

fund or a money market fund. There are two states of nature:
the market goes up or the market goes down. The following
payoff matrix shows the amounts she will have after 2 years
under the various circumstances.
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Market Market
Up Down

Buy Stocks | $12,050 $7800
Buy Money Market | $11,025  $11,025

Which investment should Maria make if she is

(a) an optimist;

(b) a pessimist?

47. In the following game, decide on the payoff when the given

strategies are used.

B
12
13 -4 0
A2 |5 0 2
312 -5 4
(a) (2,3)
(b) (3,2)

48. Remove any dominated strategies in the following game.
-6 3 1 -4
7T -2 1 -8

49. For the following game, find any saddle points and the
value of the game.

3 4 -5
0 5 —1
1 0 -2

50. Suppose a game has the payoff matrix

e

Find the expected value of the game for the following
strategies for the players A and B.

A=[6 .4];13:[:;]

15

46. (a)
(b)

47. (a)
(b)

49.

50.
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Choose the best answer.

1. Suppose that the variable cost of producing an item is $300 and the
fixed cost is $200. Find a linear cost function for production of this

item. 1.
(a) C(x) =200z + 300 (b) C (x) = 300z + 200
(¢) C(x) = 500z + 200 (d) C (z) = 300z

2. The supply and demand functions for a particular commodity are

given by
p=2>5(z)=2zand p= D (z) =22 — 3z,
where p represents the price in dollars. Find the equilibrium price. 2.
(a) $28 (b) $14 (c) $8 (d) $6

3. An item which sells for $37 has a linear cost function given by
C (z) = 13z + 4800. Find the break-even quantity. 3.

(a) 366 (b) 200 (c) 7400 (d) 300

4. The cost in dollars for producing x units of a particular item is given
by C (z) = 0.78x 4+ 576. How many units could be produced for a
cost of $8497 4.

(a) 273 (b) 1088 (c) 350 (d) 1238

5. Give the solution of the system with the following augmented matrix.
1 0] -2
{ 0 6 ‘ 18 } 5.

6. Use the Gauss—Jordan method to solve the following system of
equations. Give only the x—value of the solution.

—dr + y = —12 6.
3y + 2z = —18
2 — 3z = 13
(a) 2 (b) —2 (c) 3 (d) No solution
17
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(d) Product does not exist.

8. If A= {_; g},ﬁmiA—P 8.
1 _3 S 2
@ |73 s <b>[;_§] <c>[§ ;]

(d) A~! does not exist.

9. Describe the graph of the inequality 2y + 4z < 8.

(a) The region to the left of the dashed line y = —2z + 4

(b) The region to the right of the dashed line y = —2x + 4

(c) The region to the left of and including the solid line y = —2x + 4

(d) The region to the right of and including the solid line y = —2z + 4 9.

10. Graph the feasible region for the following system of inequalities.

—2<z <4
0<y<5
2z 4+ 3y > 6 10.
(@ 1 O S © wi O
y\—i—s—i—» y\—i—s—i—> 4—‘{1‘5 —i—» < >
WE WL R N
] NN NN VN N
¥ v vEoy v ' ™
11. If the feasible region for a system has corner points (0,8), (4,3), and
(5,0), find the maximum value of the objective function z = 6x — 3y. 11.
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12. Use the graphical method to solve the following linear programming problem.

Maximize  z = 2z + 3y S Y. 12.
subject to: 2x + 5y < 10 : ;
r—y >0
z >0
y > 0. g

(a) 10at (5,0) (b) 2 at (L2, 2) () 15at (0,5) (d) No maximum value

13. It takes 3 hours to build a planter box and 2 hours to paint it. It takes 4 hours
to build a step-stool and 3 hours to paint it. A man has 12 painting hours and
8 building hours available. If x is the number of planter boxes and y the num-
ber of stepstools, which of the following systems of inequalities describes this
situation? 13.

(a) 3x+2y< 8 (b) 3Bx+4y< 8 () 3z+ 8y<4 (d) 3Bx+4y <12
4o + 3y <12 20 + 3y <12 20 + 12y < 3 2z 4+3y < 8
r>0,y>0 r>0,y>0 x>0,y>0 r>0,y>0

14. Read the solution from the following simplex tableau.

il i) S1 S92 z

3 0 3 1 0f17
4 1 5 0 0]20 14.
-1 0 6 0 1] 0
(a) 11 =3, 22=0, 51 =3, sa=1, 2 =17
(b) z1 =—1, 22 =0, 81 =6, s9=0, z2=1
(c) 21 =0, 22 =20, s1 =0, so =17, 2=0
(d) z1 =0, 22 =20, 1 =0, s9 =17, z=1
15. To solve a linear programming problem with the following initial
simplex tableau, which element would be selected as the first pivot?
I i) S1 S92 z
1 5 0 10 0100 15
0 4 1 15 01200 )
0 —6 -10 1| O
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16. Find the transpose of the following matrix.

2 0
3 -1 16.
1 4
0 2 3 —1 1 4 9 3 1
@ | -1 3 b |1 4 © |3 -1 () [0 o 4}
4 1 2 0 2 0

17. Margaret Murphy opened a savings account with a deposit of $7500.
The account pays 8% interest compounded quarterly. If no further
deposits and no withdrawals are made, find the balance in Margaret’s
account at the end of 5 years. 17.

(a) $10,500 (b) $34,957.18 (c) $8100 (d) $11,144.61

18. Marc Rossoff wants to have $25,000 available 10 years from now to buy a
car. How much must he invest today, at 6% compounded monthly, so that
he will have the required amount? 18.

(a) $23,584.91  (b) $13,959.87  (c) $13,740.82  (d) $15,000

19. Find the sum of the first five terms of the geometric sequence
Witha:6andr:—%. 19.

(a) F (b) —15 () 3 (d) ¥

20. Find the payment necessary to amortize a loan of $20,000 if the interest
rate is 10% compounded quarterly and payments are made quarterly for

10 years. 20.
(a) $296.72 (b) $796.72 (c) $500 (d) $800
21. Write the negation of “Some coins are worth one dollar.” 21.

a) Some coins are not worth one dollar

(

(b) No coins are worth one dollar.

(c) If it is a coin, it is worth one dollar.
(

d) If it is not worth one dollar, it is a coin.

22. If p is true and q is false, find the true statement. 22.

(a) gAp (b) ~qvV~p (c) gh~p (d) ~p



FINITE MATHEMATICS Final Examination, Form B

23.

24.

25.

26.

27.

Find the valid argument. 23.
(a) pVyq (b) p—yq
p q—p
~q PAQ
() p—aN(a—p) (d) (~pVvgAr(~p—q)
p p
pVyq ~q
Write “p is sufficient for ¢” symbolically. 24.
(a) p—q (b) g—p (c) pe—4q (d) ~p—r~g
How many subsets does the set {a, b, c,d, e} have? 25.
(a) 64 (b) 32 (c) 16 (d) 30
Which of the following statements is false? 26.
(a) 7€{7,9,12} (b) {a,b} € {a,b}
(c) 6¢{5,6,7} (d) 0 {5,6,7}

A survey of members of a health club found that:

24 members swim;
32 members use exercise bikes;
20 members use weight machines;
8 members swim and use weight machines;
13 members use exercise bikes and weight machines;
12 members use exercise bikes only;
5 members swim, use exercise bikes, and use weight machines;

6 members do not swim and do not use either exercise bikes
or weight machines

Use a Venn diagram to determine how many members were surveyed.

(a) 120 (b) 82 27.

21
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28

29.

30.

31.

32.

33.

34.

35.

36.

FINITE MATHEMATICS

Suppose that a single card is drawn from a standard 52-card deck.
Find the probability that the card is a black seven.

() 7 (b) 11 () 13 (d) 5
If P(A)=.3, P(B|A)=.6, P(B'|A") = .1, find P (B'|A).
@2 L ©& @ 9
Suppose that Marco has 6 shirts, 5 pairs of pants, and 3 pairs of shoes.

How many outfits can he create if an outfit consists of 1 shirt, 1 pair of
pants, and 1 pair of shoes?

(a) 150 (b) 30 (c) 90 (d) 14

Find the number of distinguishable permutations of the letters in the
word moose.

(a) 120 (b) 60 (c) 30 (d) 5

From a group of 6 boys and 3 girls, an after-school reading club of 2 boys
and 2 girls is selected. How many such clubs are possible?

(a) 126 (b) 720 (c) 18 (d) 45
Georgia is taking a 5-question multiple-choice quiz in which each question

has 4 choices. She guesses on all of the questions. What is the probability
that she answers exactly 2 of the questions correctly?

(a) 15 () 1352 () 313 (d) 373

If 3 balls are drawn from a bag containing 4 red, 3 blue, and 2 yellow balls,
what is the expected number of yellow balls in the sample?

—
o
N—
[\)
—~
o
SN—
—
~—
o
~—
Rell M
—~
(o}
N—
wiro

Suppose that a student has test scores of 70, 78, 80, and 94.
What is the student’s mean score?

(a) 322 (b) 79 (c) 80.5 (d) 80

Find the median for the following set of numbers.
6,14, 9, 13, 12, 11

(a) 10.83 (b) 11.5 (c) 11 (d) No median

Final Examination, Form B

28.

29.

30.

31.

32.

33.

34.

35.

36.



FINITE MATHEMATICS Final Examination, Form B 23
37. Find the mode or modes for the following set of numbers.
2,1,5,2,8 5,9 37.

(a) 2 (b) 5 (c) 2and 5 (d) No mode

38. Find the standard deviation for the following set of numbers.
Round to the nearest hundredth.

15, 13, 20, 8, 22, 12 38.
(a) 27.20 (b) 5.22 (c) 4.76 (d) 15.88
39. Find the mean for the following grouped data. Round to the nearest

hundredth.
39.

Interval | Frequency
1-3 8
4-6 12
7-9 20
10-12 32

(a) 8.17 (b) 6.5 (c) 7.17 (d) 9.17

40. The probability that a certain baseball team will win a given game
is .46. If the team plays 100 games, find the expected number of
wins and the standard deviation. (Round to the nearest hundredth
if necessary.) 40.

(a) p=4.98; 0 =46 (b) u=46; c =6.78
(¢) uw=46; c =4.98 (d) pw=46; c =735

41. Which one of the following matrices could be a probability vector? 41.

(a) [Z p i] ) [ 7 5 —2]

(c) [ 999 .111 ] (d) [ 36 24 22 18]

42. Which one of the following matrices could be a transition matrix? 42.

(a) H p 8] (b) Hi 22} (c) [?ﬁ gg} @ [_?, _H
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43.

44.

45.

46.
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Suppose that
2 8
a=7 3]

is a transition matrix. What is the probability that state 1 changes
to state 2 after two repetitions of the experiment? 43.

Which one of the following transition matrices is not regular? 44.

d 2007 2 4 2 9 1 10

ol3zi] wlani] olsa] elol]

Find all absorbing states for the following transition matrix.
2 3
45.

DO
R =
o wo
=

(a) State 1 only (b) State 2 only
(c) State 3 only (d) States 1 and 3

A farmer must decide whether to irrigate his fields. The payoff
matrix for a given week is as follows.
Rain No Rain

Irrigate | —$2500 $8000
Don’t Irrigate $6200  $2100

If there is a 40% chance of rain during the week, what strategy

is best? 46.
(a) Irrigate (b) Don'’t irrigate
(c) Both strategies are equally good.

(d) The best strategy cannot be determined from the given information.
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47. In the following game, decide on the payoff when the strategy (3, 1) is used.

B
1 2 3
1 4 -2 1
A2 | -3 0 2
3 | —6 3 0

(a) $1 from A to B (b) $1 from B to A
(c) $6 from A to B (d) $6 from B to A

48. Remove any dominated strategies in the following game.

-3 -2 5
2 1 6
4 -2 -3

wli s 5] ofs 3] el ]

(d) No dominated strategies

49. Find any saddle points for the following game.

2 -1
-3 4
6 5
(a) 6 at (3,1) (b) =1 at (2,1)
(c) 5at (3,2) (d) No saddle point

50. Suppose that a game has payoff matrix
-2 3
M= [ 2 ] .

Suppose that player A chooses row 1 with probability .3 and
player B chooses column 1 with probability .5. Find the expected
value of the game.

(a) $.90 (b) $.85 (c) —$.85 (d) $1.05

25

50.
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ANSWERS TO FINAL EXAMINATIONS

FINAL EXAMINATION, FORM A

1. $3 13. Let x = the number of sidewalks;
y = the number of patios.
2. 12 2r+4y < 8
3z + 3y <21
> 0
3. C(x) =100z + 300 y> 0

Maximize z = 450x + 700y.
4. 800 units or

Let z1 = the number of sidewalks;

5 (%, —%) T9 = the number of patios.
2x1 +4x0 < 8
6. (1,-1,2) 3z1 4 329 <21
I Z 0
zo > 0
11 -4 1 . o
7. AB = g 9 7| BA does not exist. Maximize z = 45021 + 700xs.
3 1 1 I X9 S1 59 z
5 °5 75 14 2 4 1 0 0| 8
8. Al=| -1 2% 2 ‘ 3 3.0 1 o021
3 .1 _¢ —450 —700 0 0 1] 0
5 5 5
y 15. Construct 4 sidewalks and no patios,
9. Lot for a profit of $1800.
! ol 3<x<2
~_ 't i O=y=3
[ x+2y<6 16. 1 =350, 2 =0, 3 =0, s; = 200,
T > 52=0, z=0
R AN
N ~ 17. 800
i b
18. Maximize 2z =9x1 4+ 11lxo 4 dx3
subject to:  2x1 4+ 2x9 + Txs < 6
10. (3,3), (7,3), (7,7) 5r1 + 319 + 223 < 8
with 1 >0, 29 >0, 3 > 0.
11. 33 at (7,3) 19. $951.18

12. Maximum of 10 at (2,0) 20. $2129.25
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21

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

. 2560

$611.57

No pennies are made of silver.
True

True

Valid

q—p

(@) {b;¢, f,9} (b) {a,¢,d, g}

A
4%

U

AN(B NC)

47

(a) {1H,2H,3H,4H,5H,6H,
1T, 2T, 3T, AT, 5T, 6T}

(b) §
10,000

60

2
55

FINITE MATHEMATICS ANSWERS TO FINAL EXAMINATIONS

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

@) 33 (b) 353

—$.25

(a) 65.1 (b) 70.5 (c) 71 (d) 66
4.53

4.24

~ .1938

w=31; 0 =3.43

1. It must be a square matrix.

2. All entries must be between
0 and 1, inclusive.

3. The sum of the entries in
any row must be 1.

(7 4]

States 2 and 3

R [SY]

Yes; it is possible to move from state 1 into
state 2 or state 3.
(a) Buy stocks (b) Buy money market

(a) $2 from B to A (b) $5 from A to B

6 —4
7 -8
—1 at (2,3); value —1

$1.04
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FINAL EXAMINATION, FORM B
1.

2.

3.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42,

43.

44.

45.

46.

47.

48.

49.

50.

29
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Chapter R

ALGEBRA REFERENCE

14. (6m + 5)(6m — 5)
R.1 Polynomials = (6m)(6m) + (6m)(=5) + (5)(6m)
(5)( 5)

= (—4y® — 3y + 8) + (—2y* + 6y + 2) = 36m” —25

= —4y? — 3y +8 — 2y? + 6y + 2

= (—4y® — 2y°) + (=3y + 6y) 16. (2p— 1)(3p* — 4p +5)

+(8+2) = (20)(3%) + (2p)(~4p) + (20)(5)
= 0y + 3y +10 + (=1)(3p%) + (=1)(=4p) + (=1)(5)

=6p3 —8p? + 10p — 3p® +4p — 5

2(3r2 + 4r +2) — 3(—12 + 47 —
(3r2 +4r +2) — 3(—r* +4r — 5) —6p° — 1% + 1dp— 5

= (672 4+ 8r +4) + (3r? — 12r + 15)
= (6r% + 3r%) + (8r — 12r)

+ (4+15) 18. (k+2)(12k3 =3k + k +1)
=9r?2 —4r +19 = k(12k%) + k(—3k?) + k(k) + k(1)
+ 2(12k3) + 2(=3k?) + 2(k) + 2(1)
6. 83(57’2 —2r+ 7) — (7.127“2 +6.423r — 2) — 12k4 — 3k3 + k2 iy 24k3 — k2
= (4.15r2 — 1.66r + 5.81) k49
+(—7.12T2—6.4237“+2) :12k4+21k3*5k‘2+3k+2
= (4.15r% — 7.12r?)
+ (—1.66r — 6.423r) + (5.81 + 2)
= —2.97r2 — 8.083r + 7.81 20. (r—3s+t)(2r —s+1)
=7r(2r) +r(—s) +r(t) — 3s(2r)
8. (6k —1)(2k — 3) — 3s(—s) — 3s(t) +t(2r) 4+ t(—s)
= (6R)(2K) + (6k)(~3) + (~1)(2k) 1)
+ (=1)(-3) =2r2 —rs+rt—6rs+ 3s? — 3st
= 12k? — 18k — 2k + 3 + 21t — st +t2
= 12k? — 20k + 3 =2r2 — Trs+ 352+ 3rt — 4st + t2
10. (9% +q)(2k — q)
= (9k)(2k) + (9k)(—q) + (9)(2k) 22. (z—-1)(z+2)(z—3)
+(9)(—9) = [z(z +2) + (-1)(z + 2)|(z — 3)
= 18k2 — 9kq + 2kq — ¢? =(2*+2z -2 —-2)(z—-3)

(2 +2 = 2)(z - 3)
=22(x —3)+a(xr —3)+ (=2)(x — 3)

43 43 =23 —-222 -~ 52 +6

E NG

= 18k2% — Tkq — ¢?

n <_28) (ls) = [(x = 2y)(x — 2y)](z — 2y)
3 3 = (2% — 22y — 20y + 49°) (2 — 2y)
- 97"2 + lrs — §rs — 232 = (22 — day + 4y°)(z — 2y)
T16 177679 = (2% — day + 4y°)x + (2? — dvy + 4y®)(—2y)
15, 7 2, =23 — 42%y + 42y? — 222y + 8xy® — 83
=757 TS T8 = 2% — 622y + 1229% — 8y®

16 12 9 33
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R.2 Factoring

2.

10.

12.

14.

16.

18.

20.

22,

24.

26.

28.

3y° + 24y% + 9y
=3y -y*+3y-8y+3y-3
= 3y(y* + 8y +3)

. 60m* — 120m3n + 50m?2n?

= 10m? - 6m? — 10m? - 12mn
+ 10m? - 5n?
= 10m?(6m? — 12mn + 5n?)

2?2 +4r—5=(z+5)(z—1)

since 5(—1) = =5 and —1+5=4.

28+ T=(0b-T)b—1)

since (—7)(—1) =7 and —7+ (—1) = -8.

52 4 2st — 35t2 = (s — 5t)(s + Tt)
since (—5t)(7t) = —35t? and Tt + (—5t) = 2t.

6a% — 48a — 120 = 6(a® — 8a — 20)
=6(a — 10)(a +2)

222 — 5z — 3

The possible factors of 222 are 2z and x and the
possible factors of —3 are —3 and 1, or 3 and —1.
Try various combinations until one works.

2% —b5x —3 = (224 1)(xz — 3)

2a% — 17a + 30 = (2a — 5)(a — 6)
21m? + 13mn + 2n? = (Tm + 2n)(3m + n)

3225 — 20z%a — 1223a?
= 423(82% — 5za — 3a?)
= 423(82 + 3a)(z — a)

9m? — 25 = (3m)? — (5)?
= (3m+5)(3m —5)

922 + 64 is the sum of two perfect squares. It
cannot be factored. It is prime.

m? — 6mn + 9n?
=m? —2(3mn) + (3n)?
= (m — 3n)?

= (a = 6)[(a)® + (a)(6) + (6)?]
= (a — 6)(a® + 6a + 36)

Chapter R ALGEBRA REFERENCE

30. 64m> + 125
= (4m)3 + 5°
= (4m + 5)[(4m)? — (4m)(5) + (5)?)
= (4m + 5)(16m? — 20m + 25)

32. 16a* — 814"
= (4a?)? — (92)?
= (4a® + 9v?)(4a® — 9b?)
= (4a® + 9v*)[(2a)? — (3b)?]
= (4a® + 9b?)(2a + 3b)(2a — 3b)

R.3 Rational Expressions

0 25p3_5.5.p.p.p_5_p
T 10p2 2-5-p-p 2

L 35 3
T (t+5)(t—-3) t-3

36y° + 72y 36y(y + 2)

6.
9y 9y
_9-4-yly+2)
= 3y
=4y +2)
8 r2—r—6 (r=3)(r+2)
Tr24r =12 (r+4)(r-3)
_r+2
Cr+4
10 22 —5246 (2—-3)(2—2)
o224 (242)(2-2)
_z—3
z+2

6y +1ly+4  (By+4)(2y+1)

3+ Ty+4 Byu+Hy+1)
_ 2y+1
Coy+1

12.

14, 15p3 . 6p _ 15p3 ' 10p?
9p2 " 10p2  9p?  6p

_ 150p°

54t




Section R.3  Rational Expressions

a—3  a—3 a-—3 32

16. - == .
16 32 16 a—3
_a—S 16 -2
16 a-—3
_2
1
=2

9y —18 3y-+6
"6y +12 15y — 30

9Ny —2) 3y+2)

6(y+2) 15(y—2)
27 3-3 3

9 10.3 10

20. 6r — 18 .127“—16
92 +6r —24  4r —12
6(r—3)  4(3r—4)
3(3r2+2r—8) 4(r—3)
6(r—3)  43r—4)
33r—4)(r+2) 4(r—3)
6
_3(7’—1—2)
2
Tt
29, m?+3m+2 m*+5m+6

m2+5m—+4  m2+10m + 24
_m43m 2 m? 4 10m+ 24
m2+5m+4 m2+5m-+6

_(m+1)(m+2) (m+6)(m+4)
(m+4)(m+1) (m+3)(m+2)
m+6

m+3

6n° —5m—6 12n? —17n +6
6n2+5n—6 12n2—n—6
(2n—3)(3n+2) (3n—2)(4n —3)
(2n+3)(3n—2) (3n+2)(4n —3)
_2n-3

2 +3

3 1
26. = 4 =
p+2

24.

Multiply the first term by £ and the second by f—)

2-3 p-1 6+p
p-2 2p 2p

]
=

35

28.L+l+i
6m  5dm m

5.1 6-2 30 -4
5~6m+6-5m+30~m
5 12 120
= 30m " 30m | 30m
54124120
N 30m

137

~ 30m

5
r—2

30. 9—
r

_ 6(r—2 5r
Cor(r—2 r(r—2)
_ 6(r—2)—5r
o r(r—2)
_ 6r—12-5r
or(r—2)
- r—12

r(r—2)

) _
)

8415
- 20(k —2)
23

- 20(k —2)

2y - y
v2+Ty+12 32 +5y+6
2y _ Yy
+Hw+3) W+3)y+2)

_ 2y(y +2)
(y+4)(y+3)(y+2)
yy+4)
(y+3)(y+2)(y+4)
_ 2y +2) —yly+4)
(y+4)(y+3)(y+2)
2y° +4y —y® —dy
(y+4)(y+3)(y+2)

y2

(y+4)(y+3)(y+2)

34.
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4m m
3m2+7Tm—6  3m2— 1dm +8
_ 4m m
C (Bm—=2)(m+3) (3m—2)(m—4)
dm(m — 4)
(3m —2)(m+3)(m —4)
m(m + 3)
(3m — 2)(m — 4)(m + 3)
~ 4m(m —4) —m(m +3)
~ (3m —2)(m —4)(m + 3)
- 4m? — 16m — m? — 3m
(3m —2)(m + 3)(m —4)
3m? — 19m
(3m —2)(m + 3)(m —4)
m(3m — 19)
(3m —2)(m + 3)(m —4)
5z + 2 3 1
x2 -1

36.

38.

24+x a2—x
5x + 2 3 1

- (z+1D)@x—-1)  z@x+1) z@-1)

_(E)Qxf%a{10+<i:1>(a;in>
(1) ()

z(br+2)+ (z—1)3) — (x +1)(1)
z(z+1)(z—-1)
_ba?+2x+3r—-3—x—1
N z(x+1)(z—-1)
_ 5a? 4 4x — 4
Cz(z+ D (x—1)

R.4 Equations

5 1 2
2. 2k —2%k+4-=-2
6 373

Multiply both sides of the equation by 6.

() -emea(d) (2

Sk —12k+2=4

—Tk+2=14
Tk =2

2

k=—=

7

The solution is f%.

Chapter R ALGEBRA REFERENCE

4. S5r+2=8-3x

8qr+2=28
8r =06
L3

4

The solution is %.
6. 5(a+3)+4a—5=—(2a—4)
5a+15+4a—5=—-2a+4
9a+10 = —2a+4

1la+10=14
1la = —6
a8
11

The solution is —%.

8. 42p—(3—-p)+5]=-Tp—2
42p—3+p+5=—-Tp—2
ABp+2 = —Tp—2
12p4+8=-Tp—2

19p+8=-2
19p = —-10
10
P="19

The solution is —%.
10. 2?2 =342
22 —2x—-3=0
(x=3)(x+1)=0
r—3=0 or
r=3 or

r+1=0
r=-1

The solutions are 3 and —1.
12. 2k — k=10

22—k —10=0
2k —5)(k+2) =0

2k—5=0 or k+4+2=0
k:g or k=-2

The solutions are % and —2.

14. m(m—7) =-10
m2—Tm+10=0
(m—=5)(m—-2)=0

m—2=0
m=2

m—5=0 or
m=25 or

The solutions are 5 and 2.



Section R.4

16.

18.

20.

22,

24.

Equations

2(2z+7)=4
224+ 72-4=0

(2z—1)(z+4)=0

22—1=0 or z+4+4=0
1
= - :_4
z 5 or z

The solutions are % and —4.
322 —-5x4+1=0

Use the quadratic formula.

() ARM _ 5k V-2
— 5 _

6
5+ v13 5—1+13
r= or r = ———
6 6
~ 1.434 ~ 232

The solutions are % ~ 1.434 and

5—v13
==~ .232.

pPP+p—1=0

-1 /12—4)(-1)  -1+£45
= 0 -

p 2

The solutions are _1+‘/3 ~ .618 and

—15 ~ —1.618.

202 + 122 +5=0

~ —12+,/(12)2 - 4(2)(5)
2(2)

_ —124+/104  —12+£/4-26
B 4 B 4

_ —124V4V26 —12+2V26
- 4 B 4

~ 2(—6+v26) —6++26

2.2 N 2

The solutions are _6+T\/% ~ —.450 and

—6—v26 .
—== ~ —5.550.

202 — Tz +30 = 0
o —(ENEVET)? - 4(2)(30)

202)
749240
= 1
7+ /=101
r=———

4

26.

30.

37

Since there is a negative number under the radical
sign, v/—191 is not a real number. Thus, there are
no real number solutions.

5m? +5m =0
5m(m+1) =0
5bm=0 or m+1=0
m=0 or m=—1
The solutions are 0 and —1.
x 3z
-3 7T=6— T
Multiply both sides by 12, the least common de-
nominator of 3 and 4.
T 3z
12(——7) —12(6-2%
5-7)=12(6-F)
3
12(3) - 021 = 126 - 012) ()
4r — 84 =72 —9x
132 —84 =172
13x = 156
=12
The solution is 12.
5 3 4

2p+3 p-2 2p+3

Multiply both sides by (2p + 3)(p — 2). Note that
p# f% and p # 2.

(20 +3)(p— 2) <2p5+ 3 PLZ)
= (2p+3)(p—2) <2pi- 3)

(2p+3)(p=2) (Ti?>> —(2p+3)(p—2) (2%)

—r+3)0-2 (55

2p+3
(P—=2)5) - 2p+3)3) = (p—2)4)
op—10—-6p—-9=4p—8
—p—19=4p—28

—Bp—19=-8
—5p =11
!
P="7%

The solutions is f%.
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2 10 —

32, W _5, 108
y—-1 'y y -y
2y 5 10-—8y
y—1 y yly-1)

Multiply both sides by y(y — 1).
Note that y # 0 and y # 1.

y(y —1) (%) =yly—1) @)
1)

y(2y) = (y — 1)(5) + (10 — 8y)
2y% =5y — 5+ 10 — 8y
2% =5—3y
22 +3y—5=0
(2y+5)(y—1)=0
204+5=0 o y—1=0

= —— :1
Y D) or Y

Since y # 1, 1 is not a solution.
The solution is —%.

5 -7 a2 —2a+4
34- -_ =
a+a+1 a?+a
5 -7 a?—2a+4
(2 - (LT
oat ) (24 Z5) —ater ) (S0

Note that @ # 0 and a # —1.

5(a+1)+ (=7)(a) = a? —2a + 4
5a+5—Ta=a?>—2a+4
5—2a=a®—2a+4

5=a’+4

0=a?>-1

0=(a+1)(a—1)
a+1=0 or a—1=0
a=—-1 or a=1

Since —1 would make two denominators zero, 1 is
the only solution.

Chapter R ALGEBRA REFERENCE

- 2 .5 1
) 224 3x+42

2 -2x -3 22—2—6
2 5 1

@ 3@+ @-3)@+2) @it

Multiply both sides by (z — 3)(z + 1)(z + 2).
Note that « # 3,  # —1, and © # —2.

(z —3)(z+1)(z +2) (ﬁ)

+(z=3)(x+1)(z+2) <W5(x+2)>

= (@=3) @+ 1)@ +2) <Wl(x+1))

20z +2)+5(x+1)=x—-3
2c+4+5x+5=2x—-3

Tt4+9=x-—3

6xr+9=-3
6r = —12
r= -2

However, x # —2. Therefore there is no solution.

R.5 Inequalities

2. x> -3

Because the inequality sign means “greater than
or equal to,” the endpoint at —3 is included. This
inequality is written in interval notation as [—3, c0).
To graph this interval on a number line, place a
solid circle at —3 and draw a heavy arrow pointing
to the right.

4. 5<zx <4

The endpoint at —4 is included, but the endpoint
at —5 is not. This inequality is written in interval
notation as (—5, —4]. To graph this interval, place
a an open circle at —5 and a closed circle at —4;
then draw a heavy line segment between them.

—5—4 0



Section R.5 Inequalities

6.

10.

12.

14.

16.

18.

6<zx

This inequality may be written as x > 6, and is
written in interval notation as [6,00). Note that
the endpoint at 6 is included. To graph this in-
terval, place a closed circle at 6 and draw a heavy
arrow pointing to the right.

]
1

0

o9

2,7)

This represents all the numbers between 2 and 7,
including 2 but not including 7. This interval can
be written as the inequality 2 <z < 7.

(3,00)

This represents all the numbers to the right of 3,
and does not include the endpoint. This interval
can be written as the inequality = > 3.

Notice that neither endpoint is included. The in-
terval shown in the graph can be written as
0<z<8.

Notice that the endpoint 0 is not included, but 3
is included. The interval shown in the graph can
be written as x < 0 or x > 3.

6k —4<3k—1
6k < 3k+3
3k <3
k<1

The solution in interval notation is (—oo, 1).

-
O
1

0

—2(3y —8) > 5(4y — 2)
—6y + 16 > 20y — 10
—6y + 16 + (—16) > 20y — 10 + (—16)
—6y > 20y — 26
—6y + (—20y) > 20y + (—20y) — 26
—26y > —26
1

1
e (226)y < —5(-20)

y<l1

The solution is (—oo, 1].

20. +5(xz+1)>42—z)+=x
r+br+5>8—-4dr+z
6r+5>8—3z
6x >3 — 3x
9x > 3
m>l
3

The solution is (%, oo) .

0

W=

22. 8<3r+1<13

8+ (1) <3r+1+(-1) <13+ (-1)

7T<3r <12

L (3r) <

1 1
30 =300 =302

IA

7)
g r<4

The solution is |

Wl

4],

P
[SSIEN )
N

oy + 2

24. -1< <4

) 2
mus3<y;')sa®
—3<5y+2<12
—5 <5y <10
-1<y<2
The solution is [—1, 2].

|
—_
=y B
S 2

26.

24(z —4) <232+ 2)

24z —96 <62 +4
24z < 6z + 100
182 < 100

L < 100
=718

50
< =
=7

The solution is (—oo, 2].

39
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28. (t+6)(t—1)>0
Solve (¢t +6)(t—1)=0.

t+6)(t—1)=0
t=—6 or t=1

Intervals: (—oo, —6), (—6,1), (1,00)
For (—o0, —6), choose —7 to test for .
(~T+6)(=T—1) = (~1)(-8) =8 > 0
For (—6, 1), choose 0.
(046)(0—1) = (6)(—1) = —6 £ 0
For (1, 00), choose 2.
2+6)2-1)=(8)(1)=8=0

Because the symbol > is used, the endpoints
—6 and 1 are included in the solution,
(—OO, _6] U [17 OO)

—6 0

30. 2k2 +Tk—4>0
Solve 2k2 + 7k — 4 = 0.

%2+ Th —4 =0
2k —1)(k+4) =0

k= % or k=-4
Intervals: (—oo, —4), (—4, %) (3,0)
For (—o0,—4), choose —5.

2(=5)24+7(-5)—4=11>0

For (—4, %) , choose 0.

2(0)2+7(0) —4=—4 %0
For (3,00), choose 1.

2(1)24+7(1)—4=5>0

The solution is (—oo, —4) U (%, 00) .

= ;

32.

34.

Chapter R ALGEBRA REFERENCE

262 —Tk—15<0
Solve 2k% — Tk — 15 = 0.

2k — Tk — 15 =0
(2k+3)(k—5) =0

k:fg or k=5

Intervals: (—oo, —%) , (—%, 5),(5,00)

For (—oco,—32), choose —2.
2(-2)2 —7(-2)—15=7%0
For (—%, 5) , choose 0.
2(0)2 —=7(0) — 15 = —15< 0
For (5, 00), choose 6.
2(6) —7(6) —15 £ 0

The solution is [—%, 5] .

[ 3

[(SR[SSEY 3
(=]

1072 +7r <2
Solve 102 + 7 = 2.
10r2 +r =2

10r2+r—-2=0
(5r—2)(2r+1)=0

Intervals: (—oo, —%) ; (_%, %) , (37 oo)

1

For (—oo, —5) , choose —1.

For (—1,2), choose 0.

10002 +0=0<2

For (%, oo) , choose 1.

10(1)2+1=11¢2

The solution is [f%, %} .
102
2 5
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36. 30’ +a>10
Solve 3a2 + a = 10.

3a%2 +a =10
3a2+a—-10=0
(B3a—5)(a+2)=0

a= g or a=—2
Intervals: (—o00,-2),(-2,3),(2,00)
For (—o0, —2), choose —3.
3(=3)? 4+ (=3) =24 > 10
For (—2, %) , choose 0.
3002 +0=0%#10
For (%,oo) , choose 2.

3(2)2 +2=14> 10

The solution is (—oo, —2) U (2, 00) .

|

[\S]

o
Wl O

38. p> —16p >0
Solve p% — 16p = 0.

p?> —16p=0
p(p—16) =0
p=0 or p=16

Intervals:  (—o00,0), (0,16), (16, 00)

For (—o0,0), choose —1.

(=1)> = 16(-1)=17>0
For (0,16), choose 1.

(1) —16(1) = —15 % 0
For (16, c0), choose 17.

(17)2 —16(17) = 17> 0

The solution is (—o0,0) U (16, 00).

A A
—) - u—

0 16
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r+1

40. 0
r—1 =
1
Solve the equation rj_L 1=
r+1
=0
r—1
(r 1) = (= 1)(0)
r—1
r+1=0
r=-—1
Find the value for which the denominator equals
zZero.
r—1=0
r=1
Intervals: (—o0,—1), (—1,1), (1,00)
For (—o0, —1), choose —2.
241 _ -1 1,
-2-1 -3 3
For (—1,1), choose 0.
0+1 1
o1 1
For (1, 00), choose 2.
2+1 3
o1 1070
The solution is (—oo, —1) U (1, 00).
42, 0 oy
a+2
Solve the equation a=5 =—1.
a-+2
a—>5
=-1
a+2
a—5=—-1(a+2)
a—5=—a—2
20 =3
L3
2

Set the denominator equal to zero and solve for a.

a+2=0
a= -2

Intervals: (—o0,—2), (*27 %) ) (%a Oo)
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44.

For (—o0,—2), choose —3.
-3-5 =8
ey e Bk R

For (—2, %) , choose 0.

2= 2
0otz 2 2°
For (%, oo) , choose 2.
225 _ 33,

4
The solution is (—2, %) .

a+2

<5
34+ 2a —
+ 2
For th ti =
or the equa 10n3+2a
at+2
3420

a+2="5(3+2a)
a+2=15+10a
—9a =13

13
a=——

9

Set the denominator equal to zero and solve for a.

34+2a=0
20 = -3

oo _3
)

Intervals: (foo, 7%) , (7%7 fl_g?)) ’ (7%,00)
For (—oco,—2), choose —2.

—2+2 0

——=—=0<5
3+2(-2) -1 -
For (—2,—42)  choose —1.46.
—1.46+2 .54
— = — =6.7T54<5
3+ 2(—1.46) .08 i
For (-4, c0), choose 0.
0+2 2 _.
3+ 2(0) 3~
The value —% cannot be included in the solution
since it would make the denominator zero. The
solution is (foo, f%) U [f%, oo) .

Chapter R ALGEBRA REFERENCE

5 12
46. —— > ——
p+1 p+1

12

Solve the equation —— = ——

+1 p+1

5 12

p+1 p+1

5=12

The equation has no solution.
Set the denominator equal to zero and solve for p.

p+1=0
p=-1
Intervals: (—o0, —1), (—1,00)

For (—o0, —1), choose —2.

5
= —5and
o1 oad 45

5 - 12
241" —24+1

= —12, so

For (—1,c0), choose 0.

5 12
2 —5and —— =12
or1 Moy T e

5 12
0+1}0+r
The solution is (—oo, —1).

8
48. —— >1
p?+2p

Solve the equation 1.

P+2p
8

21 9 =1
p+2p
8

=p°+2p
0=p>+2p—38
0=@+4(P-2)
p+4=0 or p—2=0
p=-—4 or p=2

Set the denominator equal to zero and solve for p.

p?+2p=0

p(p+2)=0

p=0 or p+2=0
p=—-2

Intervals:  (—o0, —4), (—4,-2), (—2,0),

(0,2), (2,00)



Section R.6

50.

Exponents

For (—oo, —4), choose —5.

8 8

52125 17

For (—4,—2), choose —3.

s Bt
(=3)2+2(-3) 9-6 3
For (—2,0), choose —1.
8 8
— = — =-8%1
SEESIE S RS
For (0,2), choose 1.
L — § >1
(1)24+2(1) 3
For (2, 00), choose 3.
8 8
L |
Brr@E B
The solution is (—4, —2) U (0, 2).
a’? 4+ 2a
<2
a?—4 —
2
2
Solve the equation a4 2+ @ _ 2.
a’—4
a’®+2a
- T 9
a? -4
a® +2a =2(a® — 4)
a®+2a=2a>-38
0=a%—-2a—-38
0=(a—4)(a+2)
a—4=0 or a+2=0
a=4 or a= -2

But —2 is not a possible solution.

Set the denominator equal to zero and solve for a.

a?2—4=0
(a+2)(a—2)=0
a+2=0 or a—2=0
a=-—2 or a=2
Intervals:  (—o0, —2), (—2,2),

(2.4), (4,00)

For (—o0, —2), choose —3.

(=3)2+2(-3) 9-6
(=3)2-4  9-4

For (—2,2), choose 0.
(0)2+2(0) 0
—_— —— — = < 2
0—4 ;- 0=
For (2,4), choose 3.
3)*+2(3) _9+6 15 29
(32—-4 9-5 4
For (4, 00), choose 5.
(5)2+2(5) 25+10 35 <
(52 -4  25-4 21~

The value 4 will satisfy the original inequality,

but the values —2 and 2 will not since they
make the denominator zero. The solution is
(700, *2) U (*2? 2) U [4a OO)

R.6 Exponents

=2

|
T
«

[\v]
Il

|
/|\
|~
~_
Il

|
/—I\
NeN i
~

|
O =

10. 8._3 —_ 89+(—7)—(—3) = {9—7+3 _ g5
—6 3\ —1
19. <5 57-25 ) — —6+3—(— 2)
= (5-0+3+2)-1 = (5-1)~1
_ (DD 5l —5
9,7
Yy _
14, L — yovr-13 _ o
(322)—1 B 3_1(22)_1 _ 3 1Z2( 1)
16. i p = 7
371272 e
1 1
_3—1 -7 _ .-
? 3 2 37



44 Chapter R ALGEBRA REFERENCE
52m2y=2 52 m2 g2 , 1 1\ 2
18- = e— — i — 72 72 — _ - 4
52m-ly=2 52 -1 y-2 28. (v72 +y7?) <:r2 y2>
— 52 22—(~1)y~2(~2) 1 2 2 1\172
— 57272m2+1y72+2 = F y—2 + F E
: 1 2 2\ 2
_r—4,3,0_ 1 3
bmy 5 " ! :< g 7+ :20 2)
3 aty? - a?y
T 5t y2 + 22 -2 22y? 2
a2 ~\y2 1 a2
-2 _ _ 2\2(,,2)2 4,4
20 ﬁ _2 ) ()~ = (1?2) (92)2 = ;U 2 212
"\ B (@)2 (@2 +9%)? (2 +9?)
2722 g2 30. 271/ = Y27 =3
o dB(=2) d—6
£ 32. —125%% = —(125'/3)2 = —52 = —25
T 24
gq (S4)_64 4
“\27) 2t 3
_77—1\ 1/3 .
22. (V) = (gt 1 1
b~4a? 36. 625711 = —— = -
_ (a’9b3)1/3 625 5
— (a—9\/3 (33)\1/3 121 %2 1 1
= (a7%) " (¥°) 38. (ﬁ) = = —
%! (1%5) [(15)"]
- a_b3 111000
= 3= BT
(%) 1600 1331
2 1 40. 272/3 . 97-1/3 — 97(2/3)+(~1/3)
24. 0 —a=3-a — 972/3-1/3
1 b2 = 271/3
375/2 . 33/2
2 D ————————
— bi2 % 42. 37/2 .3-9/2
1= ab? = 3(=5/2+(3/2)~(7/2~(-9/2)
=~ — 3-5/2+3/2-7/2+9/2
=3'=1
3/4  195/4 ., —2 3/4+5/4  , —2
s —1 A —2 3\ ! 92\ 2 44. 12 12 y - 12 y
(5 (3) "= (3) - (2 T
m n
8/4 ., —2
3 4 _ 12Ty
Twmw 1270y
2,2
3\ (n? 4\ (m _L2v
= () (&) (=) G 127y
_ 192—(=1) . ,,—2—6
_ 3n? 4m : 153 . Y
 mn2  mn? =y
3n® +4m _ 12
T mm? 8



Section R.7 Radicals

8p3(4p?)~2  8p~3.472pA(-2)
46. = —
p p

_ 8p73472 —4

p
p=5
=8. 4—2p(—3)+(—4)—(—5)
—-5. 4’2p’3’4+5
=8 472p72
1 1
2

3

—
[=p}
"dml —_

1/3 . ,2/3

xH eyl
25/3 . y—1/3. ;3/4

= g1/3-(5/3)4(2/3)=(=1/3) ;1/4=(3/4)

48.

— 1/3-5/3y2/3+1/3 ,1/4-3/4
— p—4/3y3/3 -2/

_ Y

T p4/3,2/4

_ Yy

T A/3,1)2
m7/3 . p=2/5 . 3/8
m—2/3 . n3/5 . p=5/8

— T/3=(=2/3),=2/5(3/5) 3/8~(~5/8)

50.

— m7/3+2/3=2/5-3/5,,3/8+5/8
= m9/3p=5/5p8/8

3
_ m-p
=m3n~lp! =
n

52. 6z(z3 +7)% — 622(32% +5)(2® + 7)
= 6x(x® + 7) (23 +7) — 62(z) (322 + 5)(z® + 7)
= 6x(z3 + 7)[(2® 4+ 7) — (322 + 5)]
= 6x(z® + 7) (2% + 7 — 323 — bx)
= 6x(a® + 7)(—22% — 5z +7)

54. 9(6x +2)Y/2 +3(9z — 1)(6x +2)71/2
=3-3(6z +2)"/%(6z + 2)*

+3(92 — 1)(6x +2)~1/2

3(6x +2)"/2[3(62x 4 2) + (92 — 1))

3(62 4+ 2)"Y2(18z + 6 4+ 9z — 1)

3(6x +2)~Y/2(27x + 5)

45

56. (422 4+ 1)2(2x — 1)7Y/2 + 162 (42 +1)(2z — 1)1/2

= (4% + 1) (422 + 1)(22 — 1)~1/2

+ 16x(42% + 1) (22 — 1)71/2 (22 — 1)
= (422 +1)(22 — 1)~ 1/2

[(42% + 1) + 162(22 — 1)]

= (42% +1)(2z — 1)~ Y2 (42? + 1 + 3222 — 16x)

= (422 4 1)(2x — 1)/2(3622 — 162 + 1)

R.7 Radicals

=

10.

12.

14.

16.

18.

. V1296 = V6t =6

V50 = /25 -2 = /252 =52

- V/32y° = /(16y%)(2y)

= V16y'v2y
= 4y*\/2y

. 43 =512+ 375

= 4v/3 —5(V4v/3) + 3(V25/3)
=43 - 5(2v3) + 3(5v3)
=43 - 10v/3 +15V/3
=(4-10+15)V/3=9V3

3v/28 — 4v/63 + V112
= 3(VAVT) — 4(v9V/7) + (VI6\/T)
=3(2V7) —4(3V7) + (4V7)
=67 — 12T+ 47

(6 — 12+ 4)V/7

=-2/7

24/3 + 4324 — V81
=2V/34+48-3— 273
=23 +4(2)V/3-3V3
=2¢/3+8V3-3Y3
=73

V223y224 = \/a2y22t - 22

= zyz2\/2x
\3/16:1083/42‘5 = \3/8x6y3z3 - 212y 22
= 20%yz {/22%y2?
Vadb® — 2va"b3 + Va3b?
= Va2b*ab — 2vabb2ab + v a2b8ab
= ab®>vab — 2a*b\/ab + ab*\/ab
= (ab® — 2a°b + ab*)Vab
= abvab(b — 2a® + b3)




46 Chapter R ALGEBRA REFERENCE

o B _ 5 VT _ VT g LTVZ_ (1+V2(1-VD)
NVTOOVT VT T T2 2(1—/2)
1-2
22.__3:__3 2(1 —+/2)
V12 V43 1
_ 3 V3 T 2(1-VR)
2V3 V3
33 VT4V +1
_ 36, —————
-7 6 VI —+r+1
_ ¥ _VERVERT VB Vo]
2 Vi Vitl Vi iil
x—(x+1)
3 3 1+V5 =
24. = - r—2y/r-Vver+1l+(z+1
1-=v6  1-v5 1+V5 v . ey
3(1++/5) = —
T T 1-5 2 —2\/zx(zr+1)+1
_ 30+ V5) 38. \/I6 — 82 + 22
4 =4/(4—x)?
— [4—a]
o6, "2 __ 2 V3+V2 nce o .
" B-v2 VB3-v2 V312 Since denotes the nonnegative root, we must
have 4 —z > 0.
_ 2(V3+42)
- 32 40. V4 —252%2 = \/(2+ 52)(2 — 52)
_ *2(\/§ + \/5) This factorization does not produce a perfect square,
1 so the expression /4 — 2522 cannot be simplified.
=—2(v/3+2)
28 1 = L VT V3
CVP-VB V= VB P B
VT3
- r—3
— — 5
50, U=5 _ _ _y=b VI + Vb

T—v5  i-vB it
(v —5)(yi+V5)

y—>5

=Vi+V5

VZHYVe+1l  Vr+Vetl Jat+Ve+l
V-V +l Va—vVr+l Ja+Vr+l

ot 2y/x(r+ 1)+ (v +1)

N x—(x+1)

B 20+ 2/x(z+1)+1
-1

32.

=2z —2y/x(z+1) -1



Chapter 1

LINEAR FUNCTIONS

1.1 Slopes and Equations of Lines

2.

10.

12.

Find the slope of the line through (5,—4) and
(1,3).
3-(=4)

1-5

Ly=3r—-2

This equation is in slope-intercept form,
y = mx + b. Thus, the coefficient of the z-term,
3, is the slope.

LArx+Ty=1

Rewrite the equation in slope-intercept form.

Ty=1—4x

1 1 1

Z(7y)==(1) - =(4

= (Ty) = 2(1) — 2 (42)
14
Y=o
y=-—zr+z

4
The slope is —=.

The z-axis is the horizontal line y = 0. Horizontal
lines have a slope of 0.

y=—4

By rewriting this equation in the slope-intercept
form, y = mx + b, we get y = Oz — 4, with the
slope, m, being 0.

14.

16.

18.

20.

Find the slope of a line perpendicular to

6r =y — 3.

First, rewrite the given equation in slope-intercept
form.

6r=y—3
6xr+3 =y
or y=06x+3

The slope of this line is 6.
Let m be the slope of any line perpendicular to
the given line. Then

6m= -1
m__l
=5

The line goes through (2,4), with slope m = —1.
Use point-slope form.

The line goes through (—8, 1), with undefined slope.
Since the slope is undefined, the line is vertical.

The equation of the vertical line passing through

(—8,1)is . = —8.

The line goes through (8, —1) and (4, 3).
Find the slope, then use point-slope form with
either of the two given points.

_3-(h
41-38
_3+1
4
4
:—:—1
1

47
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5_3 0 _3
m—_2_4 _ 471
3-(=2  3+%
!
—1_2
EREY
3 921
B P
=3 =2 ()
3_21 42
Y173 3
21 423
V=337 T3]
221 12
Y732 716 " 16
2 33
V=33 16

24. The line goes through (-1, 3) and (0, 3).

3-3 0
m=——g" 1"

This is a horizontal line; the value of y is always
3. The equation of this line is y = 3.

26. The line has z-intercept —2 and y-intercept 4.
Two points on the line are (—2,0) and (0,4). Find
the slope; then use slope-intercept form.

_4-0 4,
T (2 2
y=mx+b
y=2xr+4

28. The line is horizontal, through (8, 7).
The line has an equation of the form y = k where
k is the y-coordinate of the point. In this case,
k =17, so the equation is y = 7.

30. Write the equation of the line through (2,-5),
parallel to y — 4 = 2x. Rewrite the equation in
slope-intercept form.

y—4=2x
y=2x+4

The slope of this line is 2.
Use m = 2 and the point (2, —5) in the point-slope
form.
y—(=5) =2z —2)
y+5=2c—4
y=2xr—9

32.

34.

Chapter 1 LINEAR FUNCTIONS

Write the equation of the line through (—2, 6), per-
pendicular to 2x — 3y = 5.
Rewrite the equation in slope-intercept form.

2z — 3y =5
—3y=—-2x4+5
2 5
= =-r — —
Y7373

The slope of this line is % To find the slope of a
perpendicular line, solve

2
gm = -1
e 2
2
Use m = —32 and (—2,6) in the point-slope form.
3
y—6= ol (-2)]
3
y—6=—5(z+2)
2
3
y—6= 5T 3
3
y=-—357 +3

Write the equation of the line with z-intercept —%,
perpendicular to 2x — y = 4.
Find the slope of the given line.

20 —y =4
20 —4 =y

The slope of this line is 2. Since the lines are
perpendicular, the slope of the needed line is —%.
The line also has an z-intercept of —%. Thus, it
passes through the point (—%, 0) .

Using the point-slope form, we have



Section 1.1  Slopes and Equations of Lines

36. (a) Write the given line in slope-intercept form.

20 +3y =6
Jy=-—-2x+6
2
y:f§x+2

This line has a slope of —%. The desired line has
a slope of —% since it is parallel to the given line.
Use the definition of slope.

Y2 — 1
m=———
T2 — T1
22— (-1
3 k-4
2 3
3 k—4
—2(k—4) = (3)(3)
—2k+8=9
9%k =1
PR
2

(b) Write the given line in slope-intercept form.

dr — 2y = —1
2y =5x+1
) +1
Y=oy

This line has a slope of g The desired line has a
slope of —% since it is perpendicular to the given
line. Use the definition of slope.

Y2 — Y1
m=———
To — X1
_2-(=
k-4
2 241
5 k—4
-2 3
5 k-4
—2(k —4) = (3)(5)
—2k+8=15
—2k =7

b=t
2

49

38. Two lines are perpendicular if the product of their
slopes is —1.
The slope of the diagonal containing (4,5) and
(—=2,-1) is

_5—(=1) 6

=-=1

T (2) " 6

The slope of the diagonal containing (—2,5) and
(4,-1) is
5-(-)_ 6 _
 -2—-4 -6
The product of the slopes is (1)(—1) = —1, so the
diagonals are perpendicular.
40. The line goes through (1, 3) and (2,0).
3-0 3
(s e
The correct choice is (f).
42. The line goes through (—2,0) and (0,1).
o 1-0 1
S 0—-(-2) 2
4. y=x -1
Three ordered pairs that satisfy this equation are
(0,—1), (1,0), and (4,3). Plot these points and
draw a line through them.

46. y = —4x+9

Three ordered pairs that satisfy this equation are
(0,9), (1,5), and (2,1). Plot these points and draw
a line through them.

O
I T N B P~

ot
-
LI
)
4/_
=
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48.

50.

2z — 3y =12
Find the intercepts.
If y =0, then
2z — 3(0) =12
2¢ =12
=26
so the z-intercept is 6.
If x =0, then
2(0) — 3y =12
-3y =12
y=-4

so the y-intercept is —4.

Plot the ordered pairs (6,0) and (0, —4) and draw
a line through these points. (A third point may
be used as a check.)

i
A E 2x-3y=12
LI B I | I()_—I J 6 T x
3y+4r =12
Find the intercepts.
If y =0, then
3(0) + 4z =12
dor =12
x =3,
so the z-intercept is 3.
If x =0, then
3y +4(0) =12
3y =12
y =4,

so the y-intercept is 4.

Plot the ordered pairs (3,0) and (0,4) and draw a
line through these points. (A third point may be
used as a check.)

3y+4x=12

0__ T T é\x

52.

54.

56.

Chapter 1 LINEAR FUNCTIONS

y= -2

The equation y = —2, or, equivalently, y = 0z — 2,
always gives the same y-value, —2, for any value
of x. The graph of this equation is the horizontal
line with y-intercept —2.

y
2 =4
—— IO_ L
4 y=-2
z+5=0
This equation may be rewritten as x = —5. For

any value of y, the z-value is —5. Because all
ordered pairs that satisfy this equation have the
same first number, this equation does not repre-
sent a function. The graph is the vertical line with
z-intercept —5.

| I T -
T

[
19,1
T =)
=

L L

y =2z

Three ordered pairs that satisfy this equation are
(0,0), (—2,—4), and (2,4). Use these points to
draw the graph.

1 111 1
L




Section 1.1

58.

60.

62.

Slopes and Equations of Lines

r+4y =0

If y = 0, then x = 0, so the x-intercept is 0. If
x = 0, then y = 0, so the y-intercept is 0. Both
intercepts give the same ordered pair, (0,0).

To get a second point, choose some other value of
x (or y). For example if x = 4, then

r+4y =0

444y =0
dy = -4
y=-1

giving the ordered pair (4,—1). Graph the line
through (0,0) and (4, —1).

$~
Ly 3
ﬁlll
=

4
x+4y=0

| I T
L

(a) The line goes through (2, 27,000) and (5, 63,000).

_ 6300027000 _ ) 000

52

y — 27,000 = 12,000(z — 2)

y — 27,000 = 12,0002 — 24,000
y = 12,0002 + 3000

(b) Let y =100,000; find x.

100,000 = 12,000z -+ 3000
97,000 = 12,000
8.08 =z

Sales would surpass $100,000 after 8 years, 1 month.

(a) Using the points (.7,1.4) and (5.3,10.9), we
obtain
C109-14 95
T 53-.7 46

- 4.6
~ 2.065.
To avoid round-off error, keep all digits for the

value of m in your calculator; then round the dec-
imals in the final step.

64.

66.

51

Use the point-slope form.

95
14 =2
Yy 4.6(~’r 7)
95 95
o= a6t
95 95
=20, 20 1.4
V=16 160

y = 2.0652 — .0456

(b) y = 2.065(4.9) — .0456 =~ 10.1 million passen-
gers; this agrees favorably with the FAA predica-
tion of 10.3 million.

(a) Let x = age.

u=.85(220 — z) = 187 — .85z
1=.7(220 —z) =154 — .7x

(b) w=187—.85(20) =170

I =154 —.7(20) = 140
The target heart rate zone is 140 to 170 beats per
minute.

(c) u =187 — .85(40) = 153
I =154 — .7(40) = 126

The target heart rate zone is 126 to 153 beats per
minute.

(d) 154 — .72 =187 — .85(x + 36)
154 — 7x = 187 — .85z — 30.6
154 — .7x = 156.4 — .85z
Abx =24
x =16

The younger woman is 16; the older woman is
16 + 36 = 52. [ = .7(220 — 16) ~ 143 beats per
minute.

Let * = 0 correspond to 1900. Then the “life

expectancy from birth” line contains the points

(0,46) and (100, 76.9).
_76.9—46  30.9
©100—0 100

=.309

Since (0,46) is one of the points, the line is given
by the equation

y = .309z + 46.

The “life expectancy from age 65”7 line contains
the points (0,76) and (100, 82.9).

82976 6.9

00-0 100 0



52

68.

70.

Since (0, 76) is one of the points, the line is given
by the equation

y = .069z + T6.

Set the two equations equal to determine where
the lines intersect. At this point, life expectancy
should increase no further.

309z + 46 = .069x + 76
24x = 30
r =125

Determine the y-value when z = 125. Use the first
equation.
y = .309(125) + 46
= 38.625 + 46
= 84.625

Thus, the maximum life expectancy for humans is
about 85 years.

(a) The line goes through the points (0, 86,821)
and (26, 217,753).

217,753 — 86,821
- 26—0
130,932

26

~ 5035.85

Since one of the points is (0,86,821), the line is
given by the equation

y = 5035.85x + 86,821.
€ year corresponds to x = 36.
b) Th 2010 d 36

y = 5035.85(36) + 86,821
y ~ 268,112

We predict that the number of immigrants to Cal-
ifornia in 2010 will be about 268,112.

(a) Using the points (0,9.6) and (31, 19.2),

_19.2-96
 31-0
96

T 31

~ .31

Since (0,9.6) is on the line, the equation is given
by
p= 31t +9.6.

72.

74.
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(b) The year 2010 corresponds to ¢t = 40.
p = .31(40) + 9.6 = 22

If the trend continues, about 22% of college stu-
dents will be 35 and older in 2010.

(c) Let p = 31 and solve the equation for ¢.

31 =.31t+9.6
21.4 = .31t
t ~ 69

This corresponds to the year 1970 + 69 = 2039.

(a) If the temperature rises .3C° per decade, it
rises .03C° per year.

m = .03
b = 15, since a point is (0, 15).

T=.03t+15

(b) Let T = 19; find ¢.

19 =.03t + 15
4= .03t
133.3 =t
133 =t

1970 + 133 = 2103

The temperature will rise to 19°C in about the
year 2103.

(a) m = 13,150 — 2773 10,377
2000 — 1950 50

This means that each year there is an average in-
crease of about 208 stations.

= 207.54

(b) Use the point-slope form with (2000, 13,150).

y — 13,150 = 207.54(2 — 2000)
y — 13,150 = 207.542 — 415,080
y = 207.542 — 401,930

(c) Let y = 15,000 and solve the equation for x.

15,000 = 207.54x — 401,930
416,930 = 207.54x
x ~ 2008.9

The estimated year when it is expected that the
number of stations will first exceed 15,000 is 2009.
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Linear Functions and Applications

1.2 Linear Functions and

10.

12.

Applications

. This statement is false.

The graph of f(x) = —3 is a horizontal line.

. This statement is true.

For any value of a,
f(0)=a-0=0,

so the point (0,0), which is the origin, lies on the
line.

. $12 is the fixed cost and $1 is the cost per hour.

Let £ = number of hours;
C(z) = cost of renting a saw for
x hours.

Thus,

C(z) = fixed cost + (cost per hour)
- (number of hours)

Cx)= 12+ 1z
12 4 .

50¢ is the fixed cost and 35¢ is the cost per half-
hour.

Let x = the number of half-hours;
C(x) = the cost of parking a car for
x half-hours.

Thus,
C(x) =50 + 35z
= 3bx + 50.

Fixed cost, $100; 50 items cost $1600 to produce.

Let C(x) = cost of producing x items.
C(x) = max + b, where b is the fixed
cost.

C(z) = mz + 100
Now,
C(zx) = 1600 when = = 50, so

1600 = m(50) + 100
1500 = 50m
30 = m.

Thus, C(z) = 30z + 100.

14.

16.

18.
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Marginal cost, $90; 150 items cost $16,000 to pro-
duce.

C(z) =90z +0b

Now, C(x) = 16,000 when x = 150.

16,000 = 90(150) + b
16,000 = 13,500 +b
2500 = b

Thus, C(x) = 902 + 2500.

For a linear function, the average rate of change
will be the same as the slope of the line. If the
function is not linear, the average rate of change
is the slope of the secant line connecting the be-
ginning and ending points.

5
D(q) =16 — Zq

(@) D(0) = 16— Z(O) —16-0=16

When 0 can openers are demanded, the price is
$16.

(b) D) = 16—%(4) —16-5=11

When 400 can openers are demanded, the price is
$11.

(©) D) :16-%(8) —16-10=6

When 800 can openers are demanded, the price is

$6.
(d) Let D(q) = 8. Find q.

8= 16— 2q
4
5o
11~
q==64

When the price is $8, 640 can openers are demanded.

(e) Let D(q) = 10. Find q.

10=16 — —¢q
5

2o=6

4(1

q=438

When the price is $10, 480 can openers are de-
manded.
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(f) Let D(¢q) = 12. Find q.

5
12=16—--
4(]
5
Co=14
4‘]
q=3.2

When the price is $12, 320 can openers are demanded.

3
(h) S(q) = Zq
Let S(q) = 0. Find q.
3
0=gq

When the price is $0, 0 can openers are supplied.

(i) Let S(q) = 10. Find g.

3
10 = -
17
40
3 — 4
qg=13.3

When the price is $10, about 1333 can openers are
supplied.

(3) Let S(¢) = 20. Find q.

20=2q

80

g—q
g=26.6

When the price is $20, about 2667 can openers are
demanded.

Chapter 1 LINEAR FUNCTIONS

k
(k) y
4
-16-2
p=16-7¢
4 p:%q
6+ (806
I I ; f
0 8 64 q
5

5 3
16-79=7
16 = 2¢
8=¢q

S = 2(9) =6

The equilibrium quantity is 800, and the equilib-
rium price is $6.

a
@ i
100 « 2 =100-%¢
2
-+ pP= gq
50 + (125, 50)
| } | ¥
0 125 2507

2 =100 2
517 59
4
20 =100
=4
q =125
2

5(125) = =(125) = 50

The equilibrium quantity is 125, the equilibrium
price is $50
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22,

24.

Linear Functions and Applications

(a) C(z) = max + b; m = 3.50; C(60) = 300

C(z) =3.50z + b

Find b.
300 = 3.50(60) + b
300 =210+10
0=0>b
C(z) = 3.50z + 90
(b) R(xz)=9x
C(x) = R(z)
3.50x + 90 = 9z
90 = 5.5z
16.36 = x

Yoshi must produce and sell 17 shirts.
(¢) P(z) = R(x) — C(z); P(x) =500

500 = 92 — (3.502 + 90)

500 = 5.5z — 90
990 = 5.5z
10727 ==z

To make a profit of $500, Yoshi must produce and
sell 108 shirts.

(a) Using the points (100, 11.02) and (400,40.12),

40121102 291
400 -100 300
y — 11.02 = .097(z — 100)
y —11.02 = .097z — 9.7
y = .007z + 1.32
C(z) =.097x + 1.32

.097.

(b) The fixed cost is given by the constant in
C(z). Tt is $1.32.

(c) C(1000) = .097(1000) + 1.32 = 97 + 1.32
=98.32

The total cost of producing 1000 cups is $98.32.

(d) C(1001) =.097(1001) + 1.32 = 97.097 + 1.32
= 98.417

The total cost of producing 1001 cups is $98.417.

(e) Marginal cost = 98.417 — 98.32
=8%.097 or 9.7¢
(f) The marginal cost for any cup is the slope,

$.097 or 9.7¢. This means the cost of producing
one additional cup of coffee would be 9.7¢.

26.

28.
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(a) (100,000)(50) = 5,000,000

Sales in 1996 would be 100,000 + 5,000,000 =
5,100,000.

(b) The ordered pairs are (1, 100,000) and

(6, 5,100,000).

5,100,000 — 100,000 5,000,000

B 6—1 5

— 1,000, 000

(c) m

y — 100,000 = 1,000,000(z — 1)
y — 100,000 = 1,000,000z — 1,000,000
y = 1,000,000z — 900,000
S(x) = 1,000,000z — 900,000
(d) Let S(z) = 1,000,000,000. Find z.

1,000,000,000 = 1,000,000z — 900,000
1,000,900,000 = 1,000,000z
z = 1000.9 ~ 1001

Sales would reach one billion dollars in about
1991 + 1001 = 2992.

(e) According to our linear model, in 2003, z = 13
and estimated sales would be

S(13) = 1,000,000(13) — 900,000 = 12,100,000

or about $12,100,000. Sales are growing much
faster than linearly if they reached one billion dol-
lars in 2003.

C(z) =12z + 39; R(z) = 25z
(a)  C(z) = R(x)

12z + 39 = 25x
39 = 13x
3=z

The break-even quantity is 3 units.

(b) P(a) = R(x) - C(x)

P(z) = 25z — (12x + 39)
P(z) =13z — 39
P(250) = 13(250) — 39
— 3250 — 39
= 3211

The profit from 250 units is $3211.
(c) P(z) = $130; find =.

130 = 132 — 39
169 = 13z
3=z

For a profit of $130, 13 units must be produced.
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30. C(z) = 105z + 6000

R(z) = 250z
Set C(z) = R(x) to find the break-even quantity.
105z + 6000 = 250x
6000 = 145z
4138~ x

The break-even quantity is about 41 units, so you
should decide to produce.

P(z) = R(z) — C(x)
= 250z — (1052 4+ 6000)
= 145z — 6000

The profit function is P(x) = 145x — 6000.

32. C(z) = 1000z + 5000
R(x) =900z

9002 = 1000z + 5000
—5000 = 100z
—50==x

It is impossible to make a profit when the break-
even quantity is negative. Cost will always be

greater than revenue.

P(z) = R(z) — C(z)
= 900z — (10002 + 5000)
= —1002 — 5000

The profit function is P(z) = —100x—500 (always
a loss).

34. Use the formula derived in Example 7 in this sec-
tion of the textbook.

F:90+32
5
5
— 2(F - 32
c=3r-m)
(a) C = 37; find F.
:%(37)+32
F=23 3
5
F =98.6

The Fahrenheit equivalent of 37°C is 98.6°F.

Chapter 1 LINEAR FUNCTIONS

(b) C = 36.5; find F.

F= %(36.5) +32

F=65.7+32
F =977

C = 37.5; find F.

F= 2(37.5) +32

=67.5+32=99.5

The range is between 97.7°F and 99.5°F.

1.3 The Least Squares Line

2. For the set of points (1,4), (2,5), and (3,6),
Y =z + 3. For the set (4,1), (5,2), and (6, 3),
Y=2-3.

4. nb+ (O x)ym=>y
(o) + (S a?)m = S ay
nb+ (3 x)m =3y
nb= (3 y)-Q_x)m
) Sy-m(Xa)

n

) (Zy—@”%@r?)m:zmy

D0y —m ) +nm(a?) = n( )

o)y —mo 1) +nm(oa?) = n(ay)
nm(Y2?)—m(Yx)* = nry) —0o2) y)
m (2% -0 27 = nCey -2y
nQ_wy)—0_2) QoY)

m =

n(2a?)— (L x)?
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6. (a) 10b+ 965m = 95.3 8b + 788m = 59,023
10b + 965m = 95.3 8b = 59,023 — 788m
106 = 95.3 — 965m 59,023 — 788m,
, _ 95.3-965m b= 8
10 788b + 77,660m = 5,830,043

b=95.3—96.5m

2 _
788 <M) 4 77.660m = 5,830,043
965b + 93,205m — 9165.1 8

965(9.53 — 96.5m) + 93,205m = 9165.1 788(59,023 — 788m) + 621,280m = 46,640,344
9196.45 — 93,122.5m + 93, 205m = 9165.1 46,510,124 — 620,944m + 621,280m = 46,640,344
82.5m = —31.35 336m — 130.220
m = —.38 m ~ 387.56
b= 9.53 — 96.5(—.38) = 46.2
Y = —.38x + 46.2 59,023 — 788 (%)
b= — 30,796.74

(b) The year 2004 corresponds to x = 104. 8
Y = 387.56x — 30,796.74
Y = —.38(104) + 46.2 = 6.68 (in thousands)

If the trend continues, there will be about 6680

banks in 2004. 9000
(c) r= /1093 21005()91—62615);\(/955()55223)7) —05.32 2™
’ ' ' S 7000

~ —.986 % 6000

This means that the least squares line fits the data E 5000

points very well. The negative sign indicates that
the number of banks is decreasing as the years /[/, —t——t—

T T T T T
95 96 97 98 99 100101 102

increase. Years Since 1900
8. (a) 9000 +
— 8000 o ° The line appears to be a good fit.
= 7000 L o *
E . (c)
= 0000 . 8(5,830,043) — (788)(59,023)
2 5000+ /8(77,660) — 7882 - /8(441,882,495) — 59,0232
T/t ~ 991

95 96 97 98 99 100101 102
Years Since 1900

This indicates that the least squares line fits the

Yes, the pattern is linear. data points very well,

(b) = y xy z? y?

95 5832 554,040 9025 34,012,224 (d) Let Y = 10,000 and solve for z.
96 6487 622,752 9216 42,081,169
97 6900 669, 300 9409 47,610,000

98 | 7188 | 704,424 | 9604 | 51,667,344 10,000 = 387.562 — 30,796.74
99 | 7564 | 748,836 | 9801 | 57,214,096 40,796.74 = 387.56x
100 | 8123 | 812,300 | 10,000 | 65,983,129 r =~ 105

101 8367 845,067 | 10,201 | 70,006,689
102 8562 873,324 | 10,404 | 73,307,844

If the trend continues, household debt will reach
788 | 59,023 | 5,830,043 | 77,660 | 441,882,495

$10,000 in 1900 + 105 = 2005.
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(@) Esof © 1= 7(28,917.1) — (679)(298.6)
Sl .t /7(65,891) — (679)2 - \/7(12,330.38) — 298.62
2 451
< * . r~ —.923
% 40—+ .
8 . This indicates a reasonably good fit, as concluded
35+ .
5 in part (b).
Z L Il | | | 1 ] Il |
"94 95 96 97 98 99 100101 (d) The line lies near most of the points. The
Years Since 1900 most distant two are still relatively close to the
If all points are included, the pattern is line.
not linear. 12. (a) T y Ty 72 Y2
88.6 20.0 1772 7849.96( 400.0
® x| o 2 2 71.6 | 160 | 11456 | 5126.56| 256.0
93.3 19.8 1847.34 8704.89| 392.04
) T e R Sa | 1ea | dooia] Tioeas| et
96 47'0 4512 9216 2209' 80.6 17.1 1378.26 6496.36( 292.41
o7 43'0 4171 9409 1849 75.2 15.5 1165.6 5655.04| 240.25
98 41'0 4018 9604 1681 69.7 14.7 1024.59 4858.09| 216.09
99 38.5 38115 9801 1482.95 82.0 17.1 1402.2 6724 292.41
100 37'1 3710' 10.000 1376'41 69.4 15.4 1068.76 4816.36| 237.16
: ’ - 83.3 16.2 1349.46 6938.89| 262.44
679 | 298.6 | 28,917.1 | 65,891 | 12,830.38 79.6 15.0 1194 6336.16| 225

82.6 17.2 1420.72| 6822.76( 295.84
80.6 16.0 1289.6 6496.36| 256.0
83.5 17.0 1419.5 6972.25| 289.0
76.3 14.4 1098.72 5821.69| 207.36
1200.6 | 249.8 |20,127.47| 96,725.86 | 4200.56

7b + 679m = 298.6
7b = 298.6 — 679m

_298.6 — 679m
N 7

679b + 65,891m = 28,917.1 15b + 1200.6m = 249.8
670 (298.6 — 679m 1200.6b + 96, 725.86m = 20,127.47

7

b

65,891m = 28.917.1
> oo.80m ’ 150 = 249.8 —1200.6m

249.8—1200.6m

679(208.6 — 679m) + 461,237m = 202,419.7 b= =
202,749.4 — 461,041m + 461,237m = 202,419.7 408 12006
196m = —329.7 1200.6 (1—57”) 196,725.86m = 20,127.47
208.6 — 670 (=327 m~ —1.682 1200.6(249.8 — 1200.6m) + 1,450,887.9m = 301,912.05
p—= 0 - (S5s) — 205.825 299,909.88 — 1,441,440.36m = 301,912.05
Y = —1.682z + 205.825 +1,450,887.9m
9447.54m = 2002.17
m~ 212

§ 501 249.8 — 1200.6(.212)
= = =-.31
2 b 5 315
=45+
= Y = 212z — 315
5 40
g 35 (b) Let x = 73; find Y.
g Y = .212(73) — .315
Z /L/I | | | | | ] | |
"94 95 96 97 98 99 10010 ~ 152
Years Since 1900 If the temperature were 73°F,

you would expect to hear 15.2
The line fits the data reasonable well. chirps per second.
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(c) Let Y =18; find z.
18 = .212z — .315
18.315 = .212x
86.4 ~ x
When the crickets are chirping 18
times per second, the temperature
is 86.4°F.

(d)

15(20,127) — (1200.6)(249.8)

r =
/15(96,725.86) — (1200.6)2 - 1/15(4200.56) — (249.8)2
=.835

14. (a)

Income in thousand
of dollars

i T T T T T T
5 10 15 20 25 30 35 40
Year

Yes, the data appear to lie along a straight line.

(b)
7(1460.97) — (105)(75.402)

V/7(2275) — 1052 - 1/7(968.270792) — 75.4022
r =~ .998

Yes, there is a strong positive linear correlation be-
tween the income and the year.

(c) 7+ 105m = 75.402
7b = 75.402 — 105m

_75.402 — 105m
B 7
105b + 2275m = 1460.97

(75.402 — 105m)

b

105 + 2275m = 1460.97

105(75.402 — 105m) + 15,925m = 10,226.79
7917.21 — 11,025m + 15,925m = 10,226.79
4900m = 2309.58
m = .471

75.402 — 105 (239258
b: ( 4900 ) ~ 3702

7
Y = 471z + 3.702

59

(d) The year 2015 corresponds to
T = 45.
Y = .471(45) + 3.702
Y ~ 24.897

The predicted poverty level in the year 2015 is
$24,897.

16. (a)

x y xy z? y?

150 | 5000  750,000] 22,500] 25,000,000
175 | 5500 962,500 | 30,625 | 30,250,000
215 | 6000| 1,290,000| 46,225 36,000,000
250 | 6500| 1,625,000 | 62,500| 42,250,000
280 | 7000| 1,960,000| 78,400| 49,000,000
310 | 7500| 2,325,000| 96,100 56,250,000
350 | 8000| 2,800,000 |122,500| 64,000,000
370 | 8500| 3,145,000 |136,900| 72,250,000
420 | 9000| 3,780,000 |176,400| 81,000,000
450 | 9500| 4,275,000 (202,500| 90,250,000
2970 72,500 | 22,912,500 [974,650| 546,250,000

10b + 2970m = 72,500
29700 4 974,650m = 22,912,500

10b = 72,500 —2970m
b="7250—29Tm

2970(7250 — 297m) + 974,650m = 22,912,500
21,532,500 — 882,090m + 974,650m = 22,912,500
92,560m = 1,380,000
m=14.9

b= 7250 — 207(14.9) ~ 2820
Y =14.9x + 2820
(b) Let x = 150; find Y.

Y = 14.9(150) + 2820
Y =~ 5060, compared to actual 5000

Let = 280; find Y-

Y = 14.9(280) + 2820
=~ 6990, compared to actual 7000

Let x = 420; find Y.

Y = 14.9(420) + 2820
~ 9080, compared to actual 9000

(c) Let z = 230; find Y-

Y = 14.9(230) + 2820
~ 6250

Adam would need to buy a 6500 BTU air condi-
tioner.
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18. (a)

(b)

2

Chapter 1 LINEAR FUNCTIONS

2

x Y Ty x y
5| 1134 567 25| 12,859.56

15 | 111.9 1678.5 225 12,521.61
25 | 111.9 2797.5 625 12,521.61
35 | 109.7 3839.5 1225] 12,034.09
45 | 106.6 4797 2025 11,363.56
55 | 105.7 5813.5 3025 11,172.49
65 | 104.3 6779.5 4225 10,878.49
75 | 103.7 77075 5625| 10,753.69
85 | 101.73| 8647.05| 7225 10,348.9929
95 | 101.11| 9605.45( 9025 10,223.2321

500 [1070.04 [52,302.5 |[33,250| 114,677.325

10b + 500m = 1070.04
50006 + 33,250m = 52,302.5
10b = 1070.04 — 500m
b =107.004 — 50m

500(107.004 — 50m) + 33,250m = 52,302.5
53,502 — 25,000m + 33,250m = 52,302.5

b =107.004 — 50(—.1454)
b~ 114.27
Y = —.1454x + 114.27

8250m = —1199.5
m = —.1454

x Y Ty x? y?

25 [144.0 3600.0 625 20,736

35 [135.6 4746 1225 18, 387.36
45 [132.0 5940.01 2025 17,424

55 [125.0 6875.0] 3025 15,625

65 [L18.0 7670.0| 4225 13,924

75 [117.48| 8811 5625 13,801.5504
85 [113.28| 9628.8| 7225 12,832.3584
95 [113.28|10,761.6 9025 12,832.3584
480 998.64|58,032.4| 33,000 | 125,562.6272

8b + 480m = 998.64
480b + 33,000m = 58,032.4
8b = 998.64 — 480m
b=124.83 — 60m

480(124.83 — 60m) + 33,000m = 58,032.4
59,918.4 — 28,800m + 33,000m = 58,032.4

b = 124.83 — 60(—.4490)
b= 15177
Y = —.4490z + 151.77

4200m = —1886
m = —.4490
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(c) —.1454x + 114.27 = —.4490z + 151.77
30362 = 37.5
x A~ 123.52 ~ 124
1900 + 124 = 2024

The women will catch up to the men in the year 2024.

10(52,302.5) — (500)(1070.04)

/10(33,250) — 5002 - \/10(114,677.325) — (1070.04)?
8(58,032.4) — (480)(998.64) o688

/3(33,000) — 4807 - 1/8(125,562.6272) — (998.64)2

(d) Tmen = = —.9877

Twomen —

Both sets of points closely fit a line with negative slope.

20. (a) = Y xy x?

1] 33 33 1

2 34 68 4

3| 36| 108 9

41 35| 140 16

5| 40| 200 25

6 44| 264 36

7T 48| 336 49

8| 45| 360 64

9| 46 | 414 81
10 | 48 | 480 | 100
11 49 539 121
12 49 588 144
13 48| 624 | 169
14| 54| 756 | 196
15| 57| 855 | 225
120 | 666 | 5765 | 1240

15b + 120m = 666
1200 4 1240m = 5765
15b = 666 — 120m

666 — 120m

b 15

666 — 120m
120 ( ———=
< 15

8(666 — 120m) + 1240m = 5765
5328 — 960m + 1240m = 5765
280m = 437
m ~ 1.5607

) + 1240m = 5765

666 — 120(1.5607)
o 15

Y = 1.5607x + 31.914

b ~ 31.914
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(b) Let Y =75 (1 hour and 15 minutes beyond
2 hours); find x.

75 = 1.5607z 4 31.914
43.086 = 1.5607x
276l ~z

If the trend continues, the average completion
time will be 3 hours and 15 minutes in the year
1980 + 27.61 ~ 2008.

Chapter 1 Review Exercises

2. To complete the coefficient of correlation, you need
to compute the following quantities: > x, >y,

Say, S22, Yo y? and n.

4. Through (4,—1) and (3, —3).

The slope of the line is undefined.

8. dx —y=7
—y=—4x+7
y=4x -7
m=4

10. 3y —1=14
3y=14+1
3y=15
y=>

This is a horizontal line. The slope of a horizontal
line is 0.

12.

14.

16.

18.

20.

Chapter 1 LINEAR FUNCTIONS

T =95y
1
57"
1
=5
Through (8,0), with slope f%

Use point-slope form.

1
y—O:—Z(x—S)
1
y:f1x+2

Through (2,—-3) and (—3,4)

_A-(=3) T
- =3-2 5
Use point-slope form.
7
y=(-3)= (= -2)
+3——7x+14
Yre=TEt Ty
7 14
=—= — -3
Y 5:1:+5
7 14 15
V=TETTE T
7773:71
Y=TETTE

Through (—2,5), with slope 0

Horizontal lines have 0 slope and an equation of
the form y = k.

The line passes through (—2,5) so k = 5. An equa-
tion of the line is y = 5.

Through (0, 5), perpendicular to 8z + 5y = 3
Find the slope of the given line first.

8r +5y =3
5y =—8x+3
-8 3
Y=F s
8
=75

The perpendicular line has m = 2.
Use point-slope form.

]
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22. Through (3, —5), parallel to y = 4

Find the slope of the given line.

y = 0x + 4, so m = 0, and the required line will
also have slope 0.

Use the point-slope form.

y— (=5 =0(z-3)

y+5=0
y=-5
24, y=4x+3
Let x = 0. y=4(0)+3
y=3
Let y = 0. 0=4z+3
—3=4z
3.
1

26. 3z — 5y = 15
—5y=—3z +15

3
=2z-3
Y 5$
When 2 =0, y = —3.
When y =0, z =5.
Draw the line through (0, —3) and (5,0).
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28.2+2=0
T =2

This is the vertical line through (—2,0).

L L L L

|
]
IIIIII§>__II]IIII

L

30. y =2z
When z =0, y =0.
When z =1, y =2.
Draw the line through (0,0) and (1, 2).

¥
4]

I |
L L L L

1111 1 1
L

32. (a) F =352+ 42z (where z is in thousands)
(b) R =130z (where x is in thousands)

(c) R>FE
130z > 352 + 42x
88x > 352
x >4

For a profit to be made, more than 4000 chips
must be sold.

34. Using the points (60,40) and (100, 60),

mo BB _
100 —60 40
p —40 = .5(q — 60)
p—40 = .5¢ — 30
p=.5q¢+10
S(q) = .5¢ + 10

36. S(q)=D(q)
5q+ 10 = —.5q + 72.50
q=62.5
5(62.5) = .5(62.5) + 10 = 31.25 + 10 = 41.25

The equilibrium price is $41.25, and the equilib-
rium quantity is 62.5 diet pills.
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38.

40.

42.

44.

46.

Fixed cost is $2000; 36 units cost $8480.

Two points on the line are (0,2000) and (36, 8480), so

8480 — 2000 6480

= = 180.
36 -0 36 80

Use point-slope form.

y = 180z + 2000
C(x) = 180z + 2000

Thirty units cost $1500; 120 units cost $5640.
Two points on the line are (30, 1500), (120, 5640),

SO
5640 — 1500 4140

120—30 90

Use point-slope form.

46.

y — 1500 = 46(x — 30)
y = 46z — 1380 + 1500

y = 462 + 120

C(z) = 46z + 120

(a) C(x) = 3x +160; R(z) =Tx

C(z) = R(x)
3z + 160 = Tz
160 = 4x
40 ==z

The break-even quantity is 40 pounds.
(b) R(40) =7 -40 = $280

The revenue for 40 pounds is $280.

Using the points (91, 6) and (101, 19),
19—-6 13
= — = — = 1.
K T R T T A

y—10 =1.3(x — 91)
y—10=13-118.3
y=13-108.3

x y zy z? y?

75 6000 450,000 5625 36,000,000
80 7500 600,000 6400 56,250,000
85 | 12,000 | 1,020,000 7225 144,000,000
90 | 16,000 | 1,440,000 8100 256,000,000
95 | 20,400 | 1,938,000 9025 416,160,000
100 | 24,900 | 2,490,000 | 10,000 620,010,000

525 | 86,800 | 7,938,000 | 46,375 | 1,528,420,000

Chapter 1 LINEAR FUNCTIONS

6b + 525m = 86,800
6b = 86,800 — 525m
86,800 — 525m
- =
525b + 46,375m = 7,938,000

b

595 (w) +46,375m = 7,938,000

525(86,800 — 525m) + 278,250m = 47,628,000
45,570,000 — 275,625m + 278,250m = 47,628,000
2625m = 2,058,000
m = 784
, _ 86,800 — 525(784)
Y = 784z — 52,133.33

~ —54,133.333

(b) Y = 784(105) — 54,133.33
~ 28,186.67

The average cost of a new car in the year 2005 is
predicted to be about $28,187.

(c)

6(7,938,000) — (525)(86,800)
1/6(46,375) — 5252, /6(1,528,420,000) — 86,8002
~.993

Yes, this indicates that the line fits the data points
quite well.

(d) 30,000
25,000 + .

20,000
15,000

10,000
5000+ ¢
0 YH—+—"F+—"F+——+——+—
75 80 85 90 95 100105
Years Since 1900

Cost (in dollars)

No, the scatterplot suggests that the trend is lin-
ear.



Extended Application: Using Extrapolation to Predict Life Expectancy

48. (a) =z y xy x? >
130 170 22,100 16,900 28,900
138 160 22,080 19,044 25,600
142 | 173 | 24,566 | 20,164 | 29,929
159 181 28,779 25,281 32,761
165 201 33,165 27,225 40,401
200 192 38,400 40,000 36,864
210 | 240 | 50,400 | 44,100 | 57,600
250 290 72,500 62,500 84,100
1394 | 1607 | 291,990 | 255,214 | 336,155

8b 4 1394m = 1607
1394b + 255,214m = 291, 990

8b = 1607 — 1394m

1607 1394m

b
8

1607 — 1394
1394 (W) 4 255.214m = 291,990

1394(1607 — 1394m) + 2,041,712m = 2,335,920
2,240,158 —1,943,236m+2,041,712m = 2,335,920
98,476m = 95,762
m = .9724400
~ .97

1607 — 1394(.97)
o 8

Y = .97x 4 31.85

b ~ 31.85

(b) Let « = 190; find Y.

Y = .97(190) + 31.85
Y = 216.15 ~ 216

The cholesterol level for a person whose
blood sugar level is 190 would be about 216.

(c)
8(291,990) — (1394)(1607)

50. Using the points (90, 52.6) and (100, 59.9),

_59.9-526 T3
100 — 90 a

T 10

73

y — 59.9 = .73(z — 100)
y—959.9=.73x - 73
y=.73x —13.1
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Extended Application: Using
Extrapolation to Predict Life

T =
/8(255,214) — 13942 - /3(336,155) — 16072
=.933814 ~ .93

Expectancy
1. T Y Ty x? y?
1950 | 71.3 139,035 | 3,802,500 | 5083.69
1960 | 73.1 143,276 | 3,841,600 | 5343.61
1970 | 74.7 147,159 | 3,880,900 | 5580.09
1980 | 77.4 153,252 | 3,920,400 | 5990.76
1985 | 78.2 155,227 | 3,940,225 | 6115.24
1990 | 78.8 156,812 | 3,960,100 | 6209.44
1995 | 78.9 157,406 | 3,980,025 | 6225.21
13,830 | 532.4 | 1,052,167 | 27,325,750 | 40,548

7b + 13,830m = 532.4
13,8300 + 27,325,750m = 1,052,167
7b = 532.4 — 13,830m

_ 532.4—13,830m

b
7

532.4 — 13,830m
7

13,830(532.4 — 13,830m) + 191,280,250m = 7,365,169
7,363,092 — 191,268,900m + 191,280,250m = 7,365,169
11,350m = 2077
m ~ .183

13,830 < > +27,325,750m = 1,052,167

_ 532.4—13,830(.183)
- 7

Y = —285+ .183z

b ~ —285

2. Let x = 1900

Y = —285 + .183(1900)
Y = 62.7

From the equation, the guess is the life expectancy
of females born is 1900 is 62.7 years.

3. The poor prediction isn’t surprising, since we were
extrapolating far beyond the range of the original
data.



Chapter 1 LINEAR FUNCTIONS

4. T Predicted value | Residual
1950 71.850 —.550
1960 73.680 —.580
1970 75.510 —.810
1980 77.340 .060
1985 78.255 —.055
1990 79.170 —.370
1995 80.085 —1.185

2..
1<_
T 19]50 . 19]70 . 19?0
_1: e °
]

5. It’s not clear that any simple smooth function will
fit this data—there seems to be a break in the pat-
tern between 1970 and 1980. This will make it
difficult to predict the life expectancy for females
born in 2010.

6. You’ll get 0 slope and 0 intercept, because you’ve
already subtracted out the linear component of
the data.

7. They used a regression equation of some kind to
predict this value!



Chapter 2

SYSTEMS OF LINEAR EQUATIONS AND MATRICES

6. —6x+2y= 8§
2.1 Solution of Linear Systems by br—2y = —8

the Echelon Method

—6r+2y= 8
. . 5R; + 6R2 — R —2y = -8
In Exercises 2-16 and 20-26, check each solution by
substituting it in the original equation of the system. Make each leading coefficient equal 1.
1 4
2.de+y=9 (1) —tRi—R1 z—sy=—=
3 3
3r—y=5 (2) )
—§R2 - RQ Yy = 4

First use transformation 3 to eliminate the x-term
from equation (2). Multiply equation (1) by 3 and Back-substitution gives
add the result to —4 times equation (2).

1 4
r—=4)=-<
de+y=9 (1) 3 3
3R1+(*4)R24>R2 7y:7 (3) l‘—é:—é
Now use transformation 2 to make the coefficient 3 3
of the first term in each equation equal to 1. z=0.
1 9
iRi—Ry z+ V= (4) The solution is (0,4).
iR —Ra y=1 (5) 8.4m+3n = —1
Complete the solution by back-substitution. Sub- 2m+5n= 3
stitute 1 for y in equation (4) to get Am 4 3n = —1
1 9 _ e
$+Z(1)=Z R1+( 2)R2—>R2 m 7
3 Make each leading coefficient equal 1.
T=-=2. 3 1
4 iR1—>R1 m—i—ZTL:—Z
The solution is (2,1).
_%RQ —>R2 n= 1
4. 2x+T7y= -8 (1) o .
23y =12 (2) Back-substitution gives
2e+Ty= -8 (1) m+§(1):—1
R; + Ry —Ro 10y =-20 (3) 1 j
Make each leading coefficient equal 1. m = 1T -1
1 T 4
sRi—Ri wdgy=-4 (4) The solution is (—1,1).
1 _
5R2— R y=-2 (5) 10. 125 — 5t = 9
Substitute —2 for y in equation (4). 3s — 8t =—18
vt -2y =4 125 — 5t = 9
2 Ry + (—4)R; —Ro 27t = 81
r—T7T=-4
5 3
1 _
rx=3 ﬁRlﬂRl S*Et— Z
The solution is (3, —2). 2—17R2 — Ry t= 3
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12.

14.

16.

Chapter 2

Back substitution gives

=00 =W k=l w
Il
N

The solution is (2, 3).

2a +9b = 3
5a + T7b = —8

2a+9b= 3

5R; + (—2)Ry — Ry 31b =31

9
%R1—>R1 a + §b=

ool w

B%RQ — R,Q b=
Back-substitution gives
3

9
2y =2
a+2() 5

-2 __3
“=73

The solution is (=3, 1).
9z — Hy =1
18z + 10y =1
9r —by =1
2R;1 + Ro — R 0=3
The equation 0 = 3 is a false statement, which

indicates that the system is inconsistent and has
no solution.

x4+ Sy+2=0
9z + 15y +6 =0
Begin by rewriting the equations in standard form.

3r+ dy= -2

9z + 15y = —6

3x+by=-2
3R1 + (-1)R2— Ry 0=0

The true statement, 0 = 0, shows that the two
equations have the same graph, which means that
there are an infinite number of solutions for the
system. All ordered pairs that satisfy the equation

3x 4+ 5y = —2 are solutions. Solve this equation
for x.
3x = —by —2
by —2
N 3

18.

20.

22.

SYSTEMS OF LINEAR EQUATIONS AND MATRICES

The general solution is the set of all ordered pairs
of the form
oy =2
3 ) y Y

where y is any real number.

The solution of a system with two dependent equa-
tions in two variables is an infinite set of ordered

pairs.
L 3y=31
o Y
20— == 8
75
Multiply each equation by 5 to eliminate fractions.
x + 15y = 155
10z — y= 40
r+ 15y = 155
10Ry + (—1)R2 —Ro 151y = 1510
x4+ 15y = 155
1—51)1R2 HRQ Yy = 10

Back-substitution gives

x4+ 15(10) = 155
x 5.

The solution is (5, 10).

s+d=—6 (1)

3
T y_iz
54" 4(%

Multiply equation (1) by 3 and equation (2) by 20
to eliminate fractions. This gives the system

3z + y=-—18
4x + by = —35.

Now proceed as usual.

3z+y=-18
4Rq + (—3)R2—>R2 —11ly = 33

1
— :76
x+3y

y=-3

%Rl HRl

1
_HRQ —>R2

Finally, back-substitution gives

r—1=-6
r = —5.

The solution is (-5, —3).
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24.

26.

Solution of Linear Systems by the Echelon Method

2+y+2=9 (1)
—x—y+z=1 (2)
3r—y+2=9 (3)

First, eliminate the z-terms from equations (2)
and (3).
2e+y+ 2= 9 (1)
—y+32=11 (4)
Sy+z= 9 (5)
Next, eliminate the y-term from equation (5).
(1)

(4)
5Rs + Rz —Rg3 (6)

Now make the coefficient of the first term in each

Ri +2R2;— R,
3R1 + (—2)R3—>R3

20 +y+z= 9
—y+3z=11
16z = 64

equation equal to 1.

1 1 9
—1R2—>R2 ’y—3Z: —11 (8)
1—16R3*>R3 z = 4 (9)

Complete the solution by back-substitution. Sub-
stitute 4 for z in equation (8) to find y.

y—3(4)=-11
y—12=-11
y= 1

Finally, substitute 1 for y and 4 for z in equation
(7) to find x.

8
_|_
|
—~
—
~—
+
|
—~
>~
~
|

Il
o

8
+
1S N ot
Il I
N N[O o] ©o

The solution is (2,1,4).

(1)

(2)

(%)

First, eliminate the xz-terms from equations (2)
and (3).

dr — y+3z=-2
3r+5y— z=15
—2x+ y+4z=14

dr— y+ 3z=-2 (1)
“3R; + 4Ry — R 2y — 132 =66  (4)
R + 2R3 —R3s y+11z2=26 (9)
Next, eliminate the y-term from equation (5).
dr— y+ 3z= =2 (1)
23y —132= 66 (4)
Ry + (—23)Rs —Rs 266z = —532  (6)

28.

69

Now make the coefficient of the first term in each
equation equal to 1.

1 3 1
iR1—>R1 $—1y+12=—§ (7)

13 66
2—13R2—>R2 y—2—3222—3 (8)
—ﬁRgHRg z= 2 (9)

Complete the solution by back-substitution. Sub-
stitute 2 for z in equation (8) to find y.

13 66
_ 20 = =
v- 53 =53
_26_ 66
Y7373
92

:—:4
Y=133

Finally, substitute 4 for y and 2 for z in equation
(7) to find x.

1 3 1
LW+ 2@2) ==
g+ 2=
L1
TR T
r=—1
The solution is (—1,4,2).
br+3y+42=19 (1)
3r— y+ z=-4 (2)
Sr+3y+42=19 (1)
3Ry + (—5)Rs — Ry Uy +72 =77 (3)

Since there are only two equations, it is not possi-
ble to continue with the echelon method as in the
previous exercises involving systems with three
equations and three variables. To complete the
solution, make the coefficient of the first term in

each equation equal 1.

3 4 19
1 _
sRi—Ri z4oyt+ee=— (4)
1 11
Solve equation (5) for y in terms of the parameter
z.
IR
R
or 11—z
YT
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Substitute the first expression for y in equation bt me _ & (3)
(4) to solve for x in terms of the parameter z. n n
—>.z)Ri + Ro—R
+3(11 1>+4 19 (2)12 e
r+-——=z2 —z=— -
5.2 2 5 5 {_ﬂ+zx2]m:M+zmy (4)
n n
LB 3 41 1
0 10° "5 Multiply equation (4) by 5 2? .
LB 38 3 = e
10 107 107 10 5 >
pr B, 5 bt =im ==L (3)
107 10 " "
1 1
=-_Z -z 1
1—2 _74_21‘2
o r=— n

Simplify the right side of equation (5).

1—2z 11—
The solution is < 5 Z, Z,z) .

3 e [FEAED ] [
30 2 +32=11 (1) | S
. T2y +oz= ny xy— x
2r— y+ 2= 2 (2) m= %(Zyxg)(_z(z):(%f)
r+2y+32= 11 (1) From equation (3) we have
—2R1 + Ry — Ry -5y — bz =-20 (3) b:&_&m
r+2y+3z2=11 (1) " "
—%RZ_’RQ y+ z= 4 (4) b:_Zy—;n(Zx).

Since there are only two equations, it is not pos-
sible to continue with the echelon method. To

complete the solution, solve equation (4) for y in
terms of the parameter z. Use a table to organize the information.

34. Let x = the number of units of ROM chips
and y = the number of units of RAM chips.

ROM | RAM | Totals
y=4—z
II;I'ourzon 1 3 15
Now substitute 4 — z for y in equation (1) and e
. Hours on
solve for = in terms of z. . 2 1 15
Line B
r+2(4—-2)+3z=11 The system to be solved is
T=3-% 2+ y=15. (2)
The solution is (3 — 2,4 — z, 2). Eliminate x in equation (2).
z+3y= 15 (1)
2. wi(Cam=Sy () DR +TamRe sy 15 (&

2+ (Cat)m =3y (2)

Multiply equation (1) by <.

Make each leading coefficient equal 1.

r+3y=15 (1)

_1 =
pp 2T 2 3) sRa— Ry y= 3 (4)
n n Substitute 3 for y in equation (1) to get * = 6.
2\, _
b+ (e )m =22y (2) 6 units of ROM chips and 3 units of RAM chips

Eliminate b from equation (2). can be produced in a day.
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36.

38.

Solution of Linear Systems by the Echelon Method

Let x = the number of skirts originally in
the store

and y = the number of blouses originally
in the store.

The system to be solved is

45z + 35y = 51,750 (1)

1 2
45 <§x> +35 <§y> =30,600. (2)

Simplify each equation. Multiply equation (1) by
1 and equation (2) by 2.

9z + 7y = 10,350 (3)
27z + 28y = 36,720 (4)

Eliminate x from equation (4).
9z + Ty = 10,350 (3)
—3R:1+ Ro — Ro Ty = 5670 (5)
Make each leading coefficient equal 1.

7
tR1—Ry x+§y:1150 (6)

iR —Ra y= 810 (7)
Substitute 810 for y in equation (6).

7
x4 5(810) = 1150

x + 630 = 1150
= 520

Half of the skirts are sold, leaving half in the store,
SO ) .
—x = =(520) = 260.

5% 2(5 0) 60
Two-thirds of the blouses are sold, leaving one-
third in the store, so

1 1

3Y°3

There are 260 skirts and 270 blouses left in the
store.

(810) = 270.

Let x = the number of shares of Disney stock
and y = the number of shares of Intel stock.

30z + 70y =16,000 (1)
45z + 105y = 25,500 (2)

Simplify each equation. Multiply equation (1) by
— and equation (2) by +=.
32+ 7y = 1600 (3)
3z + 7y = 1700 (4)

71

Since 3z + Ty cannot equal both 1600 and 1700 for
one point (z,y), we have an inconsistent system.
Therefore, this situation is not possible.

40. Let £ = the number of fives,

y = the number of tens, and
z = the number of twenties.

Since the number of fives is three times the num-
ber of tens, x = 3y.

The system to be solved is

r+ y+ =z= 70 (1)
x— 3y = 0 (2
5z + 10y + 202 = 960. (3)

Eliminate z in equations (2) and (3).

x+ y+ z= 70 (1)
dy+ z= 70 (4)
5y + 152 = 610 (5)

Ry + (—1)R2 — Ry
—5R1 + Rs—R3

Eliminate y in equation (5).

z+ y+ z= 70 (1)
dy+ z= 10 (4)

—5Ra2 +4R3—R3 552z =2090 (6)
Make each leading coefficient equal 1.

rHy+2z=70 (1)

1 35
iR2—R; yt17=% (7)
=R3—R3 z2=38 (8)

Substitute 38 for z in equation (7) to get y = 8.
Finally, substitute 38 for z and 8 for y in equation
(1) to get = = 24.

There are 24 fives, 8 tens, and 38 twenties.

42. Let x = the number of long-sleeve blouses,

y = the number of short-sleeve blouses, and
z = the number of sleeveless blouses.

Make a table.

Long [ Short | Sleeve- Totals
Sleeve | Sleeve less
Cutting 1.5 1 D 380
Sewing 1.2 9 .6 330

The system to be solved is

1.5z + y+.52=380 (1)
1.2z + 9y + .62 =330. (2)
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Simplify the equations. Multiply equation (1) by
2 and equation (2) by 4.

3r+2y+ z= 760 (3)
dr + 3y +22=1100 (4)

Make the leading coefficient of equation (3) equal
1.
2 1 760
1 —
§R1—>R1 x+§y+52— = (5)

Az +3y+22=1100 (4)

Eliminate x from equation (4).

2 1 760
1 2 260
—4R; + Ry — Ry gy‘f‘gZ:T (5)

Make the leading coefficient of equation (6) equal
1.
2 1 760

:L’JrgergZI? (5)

y+22=260 (7)

From equation (7), y = 260 — 2z. Substitute this
into equation (5).

3R2 — R2

1 760

=(260 — 2 Zp=—
x4+ =( )+3z 3
Ly 0204 1 760
3 3" 3" 3
240

r—z=—

3

r=2z+80

The solution is (z + 80,260 — 2z, z). In this
problem z,y, and z must be nonnegative, so

260 —2z >0
—2z > —260
z < 130.

Therefore, the plant should make z + 80 long-
sleeve blouses, 260 — 2z short-sleeve blouses, and
z sleeveless blouses with 0 < z < 130.

44. Let x = the number of EZ models,

y = the number of compact models, and
2z = the number of commercial models.

Make a table.

EZ | Compact | Commercial | Totals

Weight [ 10 20 60 440

Space 10 8 28 248

10z + 20y + 60z = 440 (1)
10z + 8y+28z=248 (2)

Eliminate x from equation (2).

10z + 20y 4+ 60z = 440 (1)
Ri 4+ (-1)Ry—R» 12y + 322 =192 (3)

Make the leading coefficients equal 1.

wR1i—R1 z+2y+62=44 (4)
8
SR2— Ry y+§z=16 (5)

Solve equation (5) for y.

8
y:16—§z
4882
Y773
8(6 — 2)
4 3

Substitute this expression for y into equation (4)
and solve for x.

x+2[@] 162 =44

x:44—6z——16(6_2)
3

132182 — 96 + 162
v 3
36 -2z
T3

2(18 — 2)
T3

The solution of the system is
<2(18 —z) 8(6—2) z)
3 ’ 3 )
The solutions must be nonnegative integers. There-
fore, 0 < z < 6. (Any larger values of z would
cause y to be negative which would make no sense
in the problem.)

Values of z Solutions
0 (12,16,0)
1 (331
2 3%
3 (10,8,3)
4 (2.2.4)
5 (%39
6 (8,0,6)
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Ignore solutions which contain values that are not
integers. There are three possible solutions:

1. 12 EZ models, 16 compact models, and
0 commercial models;

2. 10 EZ models, 8 compact models, and 3
commercial models; or

3. 8 EZ models, 0 compact models, and 6
commercial models.

46. (a) For the first equation, the first sighting in 1980

was on day y = 759 — .338(1980) = 89.76, or dur-
ing the eighty-ninth day of the year. Since 1980
was a leap year, the eighty-ninth day fell on March
29.

For the second equation, the first sighting in 1980
was on day y = 1637 —.779(1980) = 94.58, or dur-
ing the ninety-fourth day of the year. Since 1980
was a leap year, the ninety-fourth day fell on April
3.

(b) y= 759 — 338z (1)
y=1637— 779z (2)

Rewrite equations so that variables are on the left
side and constant term is on the right side.

338z +y= 759 (3)
79z +y = 1637 (4)

Eliminate y from equation (4).

338z +y =759 (3)

—1R; + Ry — Ry 4412 =878 (5)

Make leading coefficient for equation (5) equal 1.

338x+y="759 (3)

878
=g ©
The two estimates agree in the year closest to
z = 318 ~ 1990.93 so they agree in 1991. The
estimated number of days into the year when a
robin can be expected is

878

1
ZimR2 — Ro x

y ~ 86.
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(a) Since 8 and 9 must be two of the four numbers
combined using addition, subtraction, multiplica-
tion, and/or division to get 24, begin by finding
two numbers to use with 8 and 9. One possibility
is 8 and 3 since (9 — 8) - 8 -3 = 24. If we can find
values of x and y such that either z + y = 8 and
3r+2y=3,or x+y =3 and 3z + 2y = &8, we will
have found a solution. Solving the first system
gives x = —13 and y = 21. This, however, does
not satisfy the condition that x and y be single-
digit positive integers. Solving the second system
gives x = 2 and y = 1. Since both of these val-
ues are single-digit positive integers, we have one
possible system. Thus, one system is

z+y=3
3z+2y =8

Tts solution is (2,1). These values of = and y give
the numbers 8, 9, 8, and 3 on the game card.
These numbers can be combined as (9 —8) -8 -3
to make 24.

2.

2.2 Solution of Linear Systems by

the Gauss-Jordan Method

3z + by =—13
20 +3y = -9
The equations are in proper form, so the aug-
mented matrix is
3 5| —13
2 3| -9/
cAr—-2y+3z2=14

3x+5y+ z=17
Sx— y+4z=7

The equations are in proper form, so the aug-
mented matrix is

T W
ot
= =W
ENEEN TN
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6. {1 0 ‘ 5} 16. Replace R3 by IRs.
0 1]-3 The original matrix is

is equivalent to the system 1 0 0] 6
0 1 0 5
. 5 0 0 4|12

y=—3. The resulting matrix is
1 0 0|6
0 1 015
0 0 113

1 0 0]4
8 |0 1 0f2
0 0 1]3 18. z+2y= 5

20+ y=-2
is equivalent to the system To begin, write the augmented matrix for the given

system.

=4 { 1 2 5) ]

=2 2 1] -2

z=3. The third row operation is used to change the 2
in row 2 to 0.

1 2 5
12. Replace R3 by —1R; + 3Ra. —2R; + Ry — Ry [ 0 -3 ‘ ~12 }

The orieinal L
¢ original matrix 1s Next, change the 2 in row 1 to 0.

32 618 2R, + 3R, — Ry {3 ’ ‘13}
2 =2 5| 7 - o
1 0 51|20 Finally, change the first nonzero number in each
row to 1.
The resulting matrix is %Rl —Rj 1 0f -3
—3R2—Ry [0 1| 4
2 _; g 1? The final matrix is equivalent to the system
0 —2 9|42 -3

so the solution of the original system is (—3,4).
14. Replace Ry by R3 + (—3)R;.
20. 4dx—-2y=3
The original matrix is —2r+3y=1

The augmented matrix for the system is

1 0 4|21 [ 4 2|3
0 6 5130 -2 311"
0 0

12| 15 _ ‘

4
Ri 4+ 2Rs—Rs 0 4
The resulting matrix is )
8
0

[ 0|11
Ro +2R1—R; 4 ‘ 5}
-3 0 0| —48 L
0 0 12 15 iRQHR? 0 1 %

The solution is (%, %) .
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22,

24.

26.

Solution of Linear Systems by the Gauss-Jordan Method 75
rz+2y=1 The augmented matrix is
20 +4y =3

The augmented matrix is

1 2
2 4
1 2 ‘

—2R1 + Ro— Ry |:0 0

The second equation says 0 = 1 (which is impos-
sible), so the system is inconsistent and has no

solution.
r—y= 1
—r+y=-1

The augmented matrix is

1 -1 1
-1 1] -1

1 —-1]1
R1 +R2—>R2 0 0 0

The row of zeros indicates dependent equations.
(Both equations have the same line as their graph.)
The remaining equation is  — y = 1. Solving for
x gives x = y + 1. There are an infinite number of
solutions, each of the form (y + 1,y), for any real
number y.

z=1—-y
20 =z
22 =-2—-y

Put the equations in proper form to obtain the
system

z+y= 1
20 —2= 0
Y+ 2z=-2.

1 1 0 1
2 0 -1
10 1 21 -2
M1 1 0 17
0 -2 -1 -2
72R1 +R2 *)RQ 0 1 9 _9
Re + 2R — R4 [ 2 0 -1 07
0o -2 —-1/|-2
Ra+2R3—R3 1 0 0 3| —6 ]
[ 6 0 O —6
Ratshi=Ri g 6 of 12
R3s + 3Ry — Ry 0 0 3 6
iRy —»R;, [1 0 0| -1
—%Rg —>R2 0 1 0 2
fRs—Rz [0 0 1] -2

The solution is (—1,2,—2).

28. =z - z=-3
y+ z= 9
—2x 4+ 3y +5z= 33

Write the augmented matrix and use row operations.

1 0 —-1]-3
0 1 1 9
-2 3 33
[1 0 —1|-=3]
0 1 1 9
2R1 +R3—Rs L0 3 3| 27
[1 0 —1| 3]
0 1 1 9
—3R2+R3—>R3 _0 0 0_

The last row indicates an infinite number
of solutions. The remaining equations are

r—z=-3 and y+2z=09.
Solve these for x and y, the solutions are
(z—=3,—24+9,2)

for any real number z.
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30. z+4+3y—6z2= 7
20— y+22= 0

T+ y+2z=-1

The augmented matrix is

—_

—2R1 + RQ —>R2
—1R1 + Rg —>R3

3R2 + 7R1 — R1

2R2 + (—7)R3 —>R3

o ~N oo N © o=
|
J

Rs +2Rs—Ro

—
o

%Rl —>R1
—~LRy—Ry |0 1

—QLSR3—>R3 _O 0
The solution is (1,0, —1).
32. 3z —6y+ 32z =11

204+ y— z= 2
or —dy+2z= 6

Write the augmented matrix and use row

operations.

—2R; + 3Ry — Ry
*5R1 + 3R3 HRg

2R2 + 5R1 HRl 15 0

—Rs +R3—R3 0 0

The last row indicates inconsistent equations.

There is no solution to the system.

11

11
—16
—37

23
—16
—21

—14
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34. 3x+2y— z=-16
6 —4y +3z= 12
dr —2y+2z2= 4

Write the augmented matrix and use row operations.

72R1 + R2 *)RQ 0 -8 5 44
—5R1 + 3R3—Rg3 0

R2 + 4R1 —>R1 12 0 1

o
|
o0
ot
>~
=~

—2Rs + Rs—Rs | O 0 1 4
Ry 4+ RioR, |12 00 —24
—5R3 + Ro —R L B
TR L0 001 4 |
%Rl _>R1 1 0 O 72

—%R2—>R2 0 1 0] -3
0 0 1 4

Read the solution from the last column of the
matrix. The solution is (=2, —3,4).

36. 3z —-5y—2z=-9
—drx+3y+ z=11
8r—bdy+4z= 6
Write the augmented matrix and use row operations.
3 -5 —-2|-9
—4 3 1] 11
8 —5 4 6

3 -5 =21 -9
4R1 4+ 3R —Re [0 —-11 —-5| -3
—8R1 + 3R3—R3 | 0 25 28| 90

—b5Re+11R; — Ry [ 33 0 3| -84
0 —-11 =5 -3

25R,+11Rs—Rs | 0 0 183 | 915
Ry 4 61R, R, | 2013 0 0] —6039
KR b 183R. R 0 —2013 0| 4026
3 0 0 183 915
a=Ri—Ri [1 0 0f-3
— LRy Ry [0 1 0] -2
1R;—Rs |0 0 1] 5

183
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Read the solutlion from the last column of the

matrix. The solution is (—3,—2,5). (-2 -1 2 7| 2
2R1 + Ra—Ra 0 -5 5 15|25
38. x+3y—2z— w= 9 5R1 + R3—Rg | 0 =5 5 15|25
1 3 -2 -1 9 R + R1—Ry [—2 0 1 41 -3
2 4 0 2 10 0 1 -1 =-3|-5
-3 =5 2 —-1]-15 Ro + R3—Rg3 | 0 0 0 0 0
| 1 -1 -3 2 6
r 3 -2 1 97 The last row indicates that there are an infinite
—2R; + Ra— Ry —9 4 4| =8 number of solutions. The remaining equations are
3Ry + Rz =Ry S B 2r4+z+4w=-3 and y—2z—3w=—->
—1R1 + R4—>R4 L —4 -1 3 -3

Solve these for x and y to obtain

S O O N S O O N O O O =
o
S
S
|
B

3Rs + 2R; — R4
_9 4 4] -8 z+4w+3

r=———+ and y=2z+3w-—>5.
2R, + Rz —Rs 2

—2Rs + Ry—Ry | 0 -9 -5 13} There are an infinite number of solutions, each of

- the form
—2R3 + R1— R 0 0 2 2
—1R3 + Ra—Rs -2 0 0 —4 z+4w+3 _

0 4 Al 4 < 5 , 2+ 3w —5,z,w |,

9R3 + 4Ry —Ry [ 0 0 16| 16 or

[ —16 0 0 0 0 (1.5 + .52+ 2w, =5 + 2 + 3w, z, w),

Rit (Z8Ri—Ry 0 2 0 0|4
0 0 —16 0 32 for any real numbers z and w.

Ry + (—4)R3 —R3
00 0 16716 42. 28.62 + 94.5y + 16.02 — 2.94w = 198.3

—1—16R1 —Ry 1 0 0 0 0 16.7x 4+ 44.3y — 27.3z + 8.9w = 254.7
12.5x — 38.7y + 92.5z + 22.4w = 562.7
_1 0 1 0 0 2
2Rz = Rs 40.1z — 28.3y + 17.52 — 10.2w = 375.4
_L . 0 1 0]-2
51s — Rs 0 This exercise should be solved by graphing calcu-
%GR4—>R4 _0 0 0 1 1 | lator or computer methods. The solution, which
may vary slightly, is
The solution is (0,2, -2, 1).
(11.844, —1.153,.609, 14.004).
40. 4x-3y+ z+ w=21
—2r— Y424 Tw= 2 44. Let x = the number of hours to hire the
10z — 5z —20w =15 Carcia firm
4 _3 1 11921 and y = the number of hours to hire the
9 1 9 71 o Wong firm.
10 0 -5 =201 15 The system to be solved is
Interchange rows 1 and 2. 102 + 20y =500 (1)
9 1 9 71 2 30z + 10y =750 (2)
4 -3 1 1] 21 5x 4+ 10y = 250. (3)

10 0 -5 -20115
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Write the augmented matrix of the system.

[10 20 | 500
30 10 | 750
| 5 10| 250
+=Ri—R; [1 2|50
R2 —Ro 3 1|7
:Rs —Rs |1 50
(1 2| 50
—3R1+ Rs —R» 0 -5 -75
—1R1+ R3 —Rs L0 0 0
(1 2|507
7;R2 *)R2 0 1 15
[0 0] O
[1 0207
—2R2+ R1 —>R1 0 1 15
L0 0] O

The solution is (20,15). Hire the Garcia firm for
20 hr and the Wong firm for 15 hr.

46. Let = = the number of chairs produced
each week,
y = the number of cabinets produced
each week, and
z = the number of buffets produced
each week.

Make a table to organize the information.

Chair | Cabinet | Buffet | Totals
Cutting 2 b 3 1950
Assembly 3 4 1 1490
Finishing 1 .6 4 2160

The system to be solved is

2z 4+ .5y + .3z = 1950
B+ 4y + .12 = 1490
dx 4+ .6y 4+ .4z = 2160.

48.

Write the augmented matrix of the system.

2 5 319507
3 4 .1 1490
1 6 .4 2160 |

10R; —R4 2 5 319,500
10R2 —Re 3 4 11| 14,900
10R3 —Rs 1 6 4] 21,600
Interchange rows 1 and 3.
(1 6 4] 21,6007
3 4 1| 14,900
2 5 3| 19,500 |

1 6 4| 21,600
—3R; + Ry —R» 0 —14 —11 | —49,900
0

2Ry +R3—Rs |0 -7 —5|—23700
1 6 4] 21,600
11 24,950
_1_14R2 —Ro 0 Lo 7
0 -7 —5| 23,700
—6R2 + R1 —R; 10 _% L;)O 7
24,950
01 4L -
TRy + R3 »Rg L0 0 3| 1250
B 5 1500 ]
0 -7 | =
24,950
0 1 3| =7
9R; »Rs |0 O 1| 2500
1 0 0] 2000
2R3 + R; —R
e, _’Rl 0 1 0] 1600
Trgtsth —Re 0 0 12500

The solution is (2000, 1600, 2500). Therefore, 2000
chairs, 1600 cabinets, and 2500 buffets should be
produced.

(a) Let x be the number of trucks used, y be the
number of vans, and z be the number of station
wagons. We first obtain the equations given here.

2¢ + 3y + 32 =25
2z + 4y + bz = 33
Jx+2y+ 2=22

Write the augmented matrix and use row operations.
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2 3 3|25
2 4 5|33
13 2 1|22
[2 3 3 25
71R1 + R2 — RQ 0 1 2 8
—3R1 + 2R3 — Rj3 L0 -5 =7 | =31
—-3R>+ R1 — Ry (2 0 =311
0 1 218
5Ro+ Rs—Rs [0 0 3|9
[ 2 1
R3 + R1 — R1 0 0 0
—2R3+ 3Ry — R 0 3 0p 6
3 2 > o o 3| 9
iR = Ry 1 0 0 |5
2R2 — Ro 01 0 |2
sRe—Rs [0 0 1 |3

Read the solution from the last column of the ma-
trix. The solution is 5 trucks, 2 vans, and 3 station
wagons.

(b) The system of equations is now

20 +3y+32 =25
2z +4y + 5z = 33.

Write the augmented matrix and use row operations.

(2 3 3|25

2 4 5|33

(2 3 3|25

~Ri+Ry—Ry [0 1 2| 8
(2 0 —-3|1

—3R2+ R1—>R1 -0 1 2‘8:|

Obtain a one in row 1, column 1.

1
2
8‘|

The last row indicates multiple solutions are pos-

1 _3
%R1—>R1 [ 0 2

0 1 2
sible. The remaining equations are
3 1
x—izzi and y+ 2z =38.
Solving these for x and y, we have
3

1
x:§z+§ and y=—2z+38.

Solution of Linear Systems by the Gauss-Jordan Method
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The form of the solution is (32 + 3, -2z + 8, 2).
Since the solutions must be whole numbers,

gz+%20 and —2z24+8>0
1

322—5 -2z > =8
1

22—§ z<4

Thus, there are 4 possible solutions but each must
be checked to determine if they produce whole
numbers for z and y.

1
When z =0, (5, 8, 0) which is not realistic.
When z =1, (2,6,1).

When z = 2, <; 4, 2> which is not realistic.

When z = 3, (5,2,3).
13 D .
When z = 4, (;, 0, 4) which is not realistic.

The company has 2 options. Either use 2 trucks, 6
vans, and 1 station wagon or use 5 trucks, 2 vans,
and 3 station wagons.

Let x = the amount borrowed at 13%,
y = the amount borrowed at 14%,

and 2z = the amount borrowed at 12%.

(a) The system to be solved is

T+ y+ z=25000 (1)
13z + 14y + .12z = 3240 (2)

1
y=5 +2000. (3)

Multiply equation (2) by 100 and equation (3) by
2. Then rewrite the system.

T+ y+ 2= 25000 (1)
132 + 14y + 122 = 324,000  (4)
—x+ 2 = 4000 (5)

Write the augmented matrix of the system.
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11 1| 25,000 The augmented matrix for this system is
13 14 12 | 324,000
LI-1 2 0 4000 [ 1 1| 19,000
~13R; + Ry =Ry 0 1 —1]|—1000 L-1 2] 4000
R; + Rz —R3 L 0 3 1| 29,000 | [1 1] 19,000 ]
_ ; —13R; + R2 —R 0 1 5000 | .
—1R, + Ry =R, 1 0 226000 Rll i Ri :Ri o 3| 23000
0 1 -—11-—1000 - T
3Ry +R3—Rs | 0 0 432000 ] (1) 1 19{;888
1 0 2| 26,000 T —3Rs + R3 —R3 0 0 8000 |
0 1 —1] —1000
iR3 —R3 L0 0 1] 8000
] The equation that corresponds to the last row of
—2R3 + R; =R, (1) (1) 8 107’888 this matrix is Oz 4+ Oy = 8000, so there is no solu-
Rs + Ry —Ry tion if $6000 is borrowed at 12%.
L0 0 1 8000

The solution is (10,000, 7000, 8000). Borrow $10,000 52. Let 2y = the number of units from first

at 13%, $7000 at 14%, and $8000 at 12%. supplier for Roseville,
(b) If the condition is dropped, refer to the first 2 = the m.lmber of units from first
two rows of the fourth augmented matrix of part supplier for Akron,
(a). x3 = the number of units from second
1 0 2 | 26,000 supplier for Roseville, and
[ 0 1 —=11 =1000 } x4 = the number of units from second
This gives supplier for Akron.
x = 26,000 — 2z ) )
y = 2 — 1000 Roseville needs 40 units so
Since all values must be nonnegative,
Tl +x3 = 40.
26,000 — 2z >0 and z—1000>0
z < 13,000 and z > 1000.

Akron needs 75 units so
Therefore, the amount borrowed at 12% must be
between $1000 and $13,000. If z = 5000, then
x = 26,000 — 2(5000) = 16,000 and
y = 5000 — 1000 = 4000.

Therefore, $16,000 is borrowed at 13% and $4000

To + x4 = 75.

The manufacturer orders 75 units from the first
supplier so

at 14%.
(c) Substitute z = 6000 into equations (1), (4), x1 + 2 = T75.
and (5) from part (a) to obtain the system
r+ y+ 6000 = 25,000 (6) The total cost is $10,750 so
132 + 14y + 12(6000) = 324,000  (7)
—r+ 2 —  4000. (5)

70x1 + 90x5 + 80x3 + 120z4 = 10,750.
This gives the system

x4+ y= 19,000 (8)
132 + 14y = 252,000  (9)
x4+ 2= 4000. (5)
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The system to be solve is

T +I3 = 40
pip) + Ty = 75
r1+ X9 =75

70z; + 90x2 + 80x3 + 12024 = 10,750.

Write augmented matrix and use row operations.

1 0 1 0 40
0 1 0 1 75
1 1 0 0 75
|70 90 80 120 | 10,750
10 1 0] 40
o 1 0 1| 75
—1R; +R3 — R 0 1 -1 0] 35
T0R +Ry—Ry L0 90 10 120 | 7950
10 1 0| 40
01 o0 1] 75
—1Rs+ Rs—Rs 0 0 —1 —1] —40
—90Rs+ Ry—Rs [0 0 10 30 | 1200
10 1 0| 40
01 0 1| 75
*1R3*>R3 0 0 1 1 40
10R3+Rs—Rs LO 0 0 20800
10 1 0]407
01 0 1|7
0 0 1 140
LR, —Rs L0 0 0 1]40]
10 1 0407
1Ryt RymB, 01 0 035
—1R4+ R3—R 0 0 1 0} 0
AT AT 1o o0 0 140
1 0 0 0407
“IRs+ R =Ry 01 0 035
001 0|0
(0 0 0 1140

The solution of the system is x1 = 40, x5 = 35,
x3 = 0,24 = 40, or (40, 35,0,40). The first sup-
plier should send 40 units to Roseville and 35 units
to Akron. The second supplier should send 0 units
to Roseville and 40 units to Akron.

Solution of Linear Systems by the Gauss-Jordan Method
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54. (a) The other two equations are

xo + x3 = 700
x3 + x4 = 600.
(b) The augmented matrix is
T 0 0 1] 1000
1 1 0 0] 1100
0 1 1 0 700
L0 0 1 1 600
1 0 O 1| 1000 7
0 1 0 -1 100
—1R; + Ry —Ry 0 1 1 0 700
LO 0 1 1 600 |
1T 0 O 1| 1000 7
0O 1 0 -1 100
0 0 1 1 600
SR A Rs =R 10 1 1] 600 )
1 0 O 1| 1000 7
0o 1 0 -1 100
0 0 1 1 600
—1R3 + R4 —Ry L0 0 O 0 0 |

Let x4 be arbitrary. Solve the first three equations
for x1, x2, and x3.

T = 1000 — g
T2 = 100 + X4
I3 = 600 — Xa

The solution is (1000 — x4, 100 4 x4, 600 — 24, 24).

(c) For x4, we see that x4 > 0 and x4 < 600
since 600 — x4 must be nonnegative. Therefore,
0 S Xyg S 600.

(d) z1: If x4 =0, then 21 = 1000.

If 4 = 600, then z; = 1000 — 600 = 400.

Therefore, 400 < z1 < 1000.

x9: If x4 =0, then x5 = 100.
If 4 = 600, then x5 = 100 + 600 = 700.

Therefore, 100 < zo < 700.
x3: If x4 =0, then x3 = 600.
If 4 = 600, then x3 = 600 — 600 = 0.
Therefore, 0 < x3 < 600.

(e) If you know the number of cars entering or
leaving three of the intersections, then the number
entering or leaving the fourth is automatically de-
termined because the number leaving must equal
the number entering.
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56. Let x = the number of grams of group A,

y = the number of grams of group B,
and
z = the number of grams of group C.

(a) The system to be solved is

r+y+2z=400 (1)
1

= - 2

x 5v (2)

x 4z= 2y (3)

Rewrite equations (2) and (3) in proper form and
multiply both sides of equation (2) by 3.

r+ y+2z=400

3r— vy = 0
r—2y+z= 0

Write the augmented matrix.

(1 1 1 400 T
—3R; + Re—Ro 0 —4 -3 | —1200
—1R; + R3—Rs 0 -3 0 —400 |

1 1 1 400
—1200

—%Rg —>R3 0 1 0 400

Interchange rows 2 and 3.

M1 1 1 400

400
0 1 0|

0 —4 —3|—1200)
—1Re+Ri—R:1 71 0 1 800
400
0 1 o 4
iRy + Ry—Rs L0 0 -3 | %%
- 800
1 0 1 5
00
0 1 0 4
—%R3—>R3 -0 0 1 % -
—1R3 + R1 — R I 00 4_80
400
0 1 0 4o
2000
00 1] 5]

58.

The solution is (432,432, 2000) Include 43¢ g of

group A, 4g—0 g of group B, and @ g of group C.

(b) If the requirement that the diet include one-
third as much of A as of B is dropped, refer to
the first two rows of the fifth augmented matrix

in part (a).
800
ll 0 1| T]
400
0 1 0|4
This gives
_ 500
3
400
Y= 3"

Therefore, for any positive number of grams of
group C, there should be C grams less than Sg_o g

of group A and 4g—0 g of group B.

(c) Since there was a unique solution for the orig-
inal problem, by adding an additional condition,
the only possible solution would be the one from
part (a). However, by substituting those values of
A B, and C for z,y, and z in the equation for the
additional condition, .02x+.02y+ .03z = 8.00, the
values do not work. Therefore, a solution is not
possible.

Let x be the number of two-person tents, y be the
number of three-person tents, and z be the num-
ber of four-person tents that were ordered. The
problem then is to solve the following system of
equations.

2x+ 3y+ 4z= 166
150z 4 200y + 250z = 11,150
3xr+ dy+ 8z= 289

To simplify matters, divide each term in the sec-
ond equation by 50 to obtain 3z + 4y + 5z =
223. Write the augmented matrix and use row
operations.
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Solution of Linear Systems by the Gauss-Jordan Method

2 3 4/ 166
3 4 51223
|3 5 8289
(2 3 4] 1667
*3R1 + R2 *)RQ 0 — —2 —52
—3R1 + 2R3 —R3 L0 4 80
3Rs + R1 —R; M2 0 -2 10
0 -1 -2 -52
Ry + Rz —Rs [0 2| 28
[ 2
R3 + R1 HRl O 38
R; + Ry —R 0 -1 0} -24
S ) 2| 28
iRt —R; [1 0 0]19
*1R2 *)RQ 0 1 0 24
iR3—Rs [0 0 1|14

Read the solution from the last column of the ma-
trix. The solution is x = 19,y = 24, and z = 14
so 19 two-person, 24 three-person, and 14 four-
person tents were ordered.

60. Let x = the number of species A,

62.

y = the number of species B, and
z = the number of species C.

Use a chart to organize the information.

Species
A B C  Totals
1] 1.32 2.1 .86 | 490
Food II |29 .95 1.52 897
I | 1.75 .6 2.01 653

The system to be solved is

1322+ 2.1y + .86z =490
2.9z + .95y 4 1.52z = 897
175z + .6y + 2.01z = 653.

Use graphing calculator or computer methods to
solve this system. The solution, which may vary
slightly, is to stock about 244 fish of species A, 39
fish of species B, and 101 fish of species C.

(a) Bulls:

The number of white ones was one half plus one
third the number of black greater than the brown.

X:<1+l>y+T

2 3
X=2v 4T
6X =5Y + 6T

6X —5Y =6T

83

The number of the black, one quarter plus one
fifth the number of the spotted greater than the
brown.

11
V= (>4=)Z+T
<4+5> T
9
Y=—Z+T
207 "

20Y =97 4+ 20T
20Y — 972 = 20T

The number of the spotted, one sixth and one sev-
enth the number of the white greater than the
brown.

11
Z=<—+—>X+T

6 7
13
Z=—=X+4+T
42 +

427 = 13X + 42T
427 — 13X =42T

So the system of equations for the bulls is

6X —5Y =6T
20Y — 97 = 20T
427 — 13X = 42T.

Cows:

The number of white ones was one third plus one
quarter of the total black cattle.

T = (é%—%) (Y +y)

7
=—(Y
=5V +y)
120 =T7Y 4+ Ty
120 — Ty =TY

The number of the black, one quarter plus one
fifth the total of the spotted cattle.

y=(%—|—%> (Z + 2)

9
-2z
y 20( + 2)
20y = 97 + 9z

20y — 92 =97
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The number of the spotted, one fifth plus one sixth
the total of the brown cattle.

1 1
—(=42) T+t
z <5+6>( +1)
11
_%(
30z =117 + 11¢
30z — 11t = 11T

z T +1)

The number of the brown, one sixth plus one sev-
enth the total of the white cattle.

1 1

t=(=+=) (X
<6+7>( + )
13

= —(X

t 42( +x)

42t = 13X + 13x
42t — 132z = 13X

So the system of equations for the cows is

120 -7y =7Y

20y — 92 =97

30z — 11t = 11T
—13z 4+ 42t = 13X

(b) For T' = 4,149,387, the 3 x 3 system to be
solved is

6X — 5Y = 24,896,322
20Y — 97 = 82,987,740

—13X + 427 = 174,274,254

Write the augmented matrix of the system.

6 -5 0 | 24,806,322
0 20 -9 | 82,987,740
13 0 42| 174,274,254

This exercise should be solved by graphing cal-
culator or computer methods. The solution is
X = 10,366,482 white bulls, Y = 7,460,514 black
bulls, and Z = 7,358,060 spotted bulls.
For X = 10,366,482, Y = 7,460,514, and
Z = 7,358,060, the 4 x 4 system to be solved is

122 — 7Ty = 52,223,598

20y — 9z = 66,222,540

30z — 11t = 45,643,257

—13x 4 42t = 134,764,266

Write the augmented matrix of the system.

12 -7 0 0 | 52,223,598
0 20 -9 0 | 66222540
0 0 30 —11| 45,643,257
13 0 0 42 | 134,764,266

64.

66.

SYSTEMS OF LINEAR EQUATIONS AND MATRICES

This exercise should be solved by graphing
calculator or computer methods. The solution is
x = 7,206,360 white cows, y = 4,893,246

black cows, z = 3,515,820 spotted cows,

and t = 5,439,213 brown cows.

(a) 5.4=a(8)2+b(8)+c
5.4 =64a+8b+c
6.3 = a(13)% +b(13) + ¢
6.3 = 169a + 13b + ¢
5.6 = a(18)% + b(18) + ¢
5.6 = 324a + 18b + ¢

The linear system to be solved is

64a+ 8b+c=54
169a + 13b+ ¢ = 6.3
324a + 18b + ¢ = 5.6.

Use a graphing calculator or computer methods to
solve this system. The solution is a = —.032,b =
.852, and ¢ = .632. Thus, the equation is

y = —.03222 + .852x + .632.

(b)

Huadkea
g=gxi+hx+tc
a=-.
b=.832
C=.B32
Rz=1

The answer obtained using Gauss—Jordan elimi-
nation is the same as the answer obtained using
the quadratic regression feature on a graphing cal-
culator.

(a) zii+x12+ 221 =1
Ti1+ T2+ X2 =1
i1+ To1 +xo2 =1
Ti2 +To1 + T2 =1

Write the augmented matrix of the system.

11 1 01
1 1 0 1|1
1 0 1 1|1
0 1 1 1|1
11 1 01
0 -1 110
—1R; + Ry — Ry
1R; + Rs —R. 0 —1 Lo
— —
trERsTEs e o 0101 11
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Since —1 = 1 modulo 2, replace —1 with 1. (b) 11 + 212+ 221 =0
101 1 017 Tl +T12 + 222 =1
oo 1 1lo T11 + T21 +x22 =1
o010 1lo T12 +T21 +x22 =0
|0 1 1 1/|1] Write the augmented matrix of the system.
Interchange rows 2 and 3. I 1.1 070
) ) 11 0 11
L1 10l 101 1|1
0 10 110 01 1 1]0
0 0 1 170
0 1 1 11, 1 1 1 0]o0
0 0 -1 1|1
“IRy+Ri1—R; [1 0 1 —-1]1 “IRi+Rp—=Re |0 111
01 0 1]0 SRR Re 0
0 0 1 110 )
"Ry +Rs—Ry LO 0 1 ol1 Replace —1 with 1.
1 1.1 0]0
Again, replace —1 with 1. o0 1 1|1
10 1 1]1 010 171
01 0 1]0 0 1 1 170
0 0 1 110 Interchange rows 2 and 3.
0 0 1 0fl 1 11 00
1Rs + R1 —R 1 1 0 1 0 1)1
—Hs (1) 0 0 00 1 1]1
0 0 1o 0 1 1 1/0
0 0 1 110
—1R3 + R4 — Ry 0O 0 0 -—-1]1 —1Rs + R1— R 1 01 —-1|-1
0 1 0 1 1
Replace —1 with 1. 0 0 1 1 1
0 1 0 170 Replace —1 with 1.
00 1 170 1 0 1 1]1
00 0 1]1 01 0 1]1
1 0 0 O 1 0 0 1 1p1
01 0 O 1 0 0 1 01
*1§4+§2H§2 00 1 0]-1 1IR3+ Ri—Ry [1 0 0 0]0
TR g g 0 1] 1 01 0 1|1
, , 00 1 1|1
Finally, replace —1 with 1. “1Rs+ Ry—Rys LO 0 0 —1]0
1 0 0 0|1 Replace —1 with 1.
0 10 01 1 00 0]o0
00 1 01 01 0 1|1
00 0 1]1 00 1 1|1
The solution (1,1,1,1) corresponds to x1; = 1, 00 0 1]0
x12 = 1,291 = 1, and x99 = 1. Since 1 indicates 1 0 0 0]0
that a button is pushed, the strategy required to 0 1 0 011
turn all the lights out is to push every button one 1Ry + Ry =R, 0 0 1 011
time. SRR =R g 0 1]
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The solution (0, 1, 1, 0) corresponds to x1; = 0, z12 =

1,291 = 1, and x93 = 0. Since 1 indicates that a
button is pushed and 0 indicates that it is not,
the strategy required to turn all the lights out is
to push the button in the first row, second col-
umn, and push the button in the second row first
column.

2.3 Addition and Subtraction of

N

10.

12.

Matrices
1
2l =01 2 3
3

For two matrices to be
equal, they must be the same size, and each pair
of corresponding elements must be equal. These
two matrices are different sizes.

3 5 2 8
1 -1 4 0

This statement is false.

] is a 4 X 2 matrix.

Since the matrix has 2
rows and 4 columns, it is a 2 X 4 matrix.

This statement is false.

2 4 -1 9 4 1
3 7 5| = 3 7 5
0 0 O

This statement is false since the matrices are dif-
ferent sizes.

-9 6 2
4 1 8
This matrix has 2 rows and 3 columns, so it is a
2 x 3 matrix. The additive inverse is

I
8 -2 4 6 3]

The matrix has 1 row and 5 columns, so it is a
1 x 5 matrix. It is a row matrix since it has only
1 row. The additive inverse is

[-8 2 -4 -6 -3].

[=9]

This matrix has 1 row and 1 column, so it is a
1 x 1 square matrix. It is also a row matrix since
it has only 1 row, and a column matrix because it
has only 1 column. The additive inverse is [9].

14.

16.

18.

20.

22,

SYSTEMS OF LINEAR EQUATIONS AND MATRICES

Since A is a 5 x 2 matrix, and since A and K can
be added, we know that K is also a 5 x 2 matrix.
Also, since A+ K = A, all entries of K must be
0.

=5 |-5
y| 8
Two matrices can be equal only if they are the

same size and corresponding elements are equal.
These matrices will be equal if y = 8.

9 71 _|m—=-3 n+5
r 0| 8 0
The matrices are the same size, so they will be

equal if corresponding elements are equal.

9=m-—3 r=28
12=m

Thus, m =12, n =2, and r = 8.

T=n+5
2=n

a+2 3z+1 dm 3a 2z bm
4k 0 3 2k 5 6

_[10 —14 80
Tl 509

{4@—}-2 5z+1 10m]

6k 5 9
_[10 —14 80
110 5 9
4a+2 =10 524+ 1=-14
10m =80 6k =10
m:8 ]{;:E
3

Thus,a:2,z:—3,m:8,andk=§.

1 5 2 3 142 5+3
2 -3|+| 8 5|=| 2+8 345
3 7 -1 9 13+(-1) 7+9

3 8

=110 2

| 2 16
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9 1 1 -8 0
5 —3 5 3 2
261 7 9|l T|6 7 -
9 0 9 1 0

This operation is not possible because the matri-
ces are different sizes. Only matrices of the same
size can be added.

43 17,11
Sl R IR
1
1

B R Rt
:'4+«4y+13+4—n+1}
[ 1+(-1)+1 240+4

[4 3
|16

so- | 5 o)+ 3 3]+ [ ]

|1

1
4 3 n
1 2

| -1+441 14341 |4 3
_[—1+1+1 0+2+4]_[1 4
4k — 8y 5k + 6y
39. 6z—3x| | 2z+5w
2k + 5a 4k + 6a
—4m 4+ 2n 4m —2n
[ 4k — 8y —5k — 6y
_ 6z — 3z —2z — 5z
N 2k + 5a —4k — 6a
L —4m + 2n —4m + 2n
[ —k— 14y
_ 4z — 8x
| —2k—a
| —8m + 4n

34. Verify that X +T =T + X.

X+T:{$+T y+8}
z+t w+u
T+X:[T+x 5*%

t+2z u+w

Because of the commutative property for addition
of real numbers, x+r = r+x. This also applies to
the other corresponding elements, so we conclude
that T+ X =X +T.

87

36. Verify that X + (—X) = O.

X+ (—X)

38. All of these

properties are valid for matrices that

are not square, as long as all necessary sums exist.

The sizes of

all matrices in each equation must be

the same.
I I I
Bread 88 105 60
40. (a)  Milk 48 T2 40
PB 16 21 0
Cold cuts 112 147 50
88 +.25(88) 105+ £(105) 60 + .1(60)
(b) 48 +.25(48) T2+ 1(72) 40+ .1(40)
16 +.25(16)  21+1(21)  0+.1(0)
112+ .25(112) 147+ £(147) 50 + .1(50)
110 140 66
| 60 96 44
|20 28 0
140 196 55
(c) Add the final matrices from parts (a) and (b).
88 105 60 110 140 66
48 72 40| | 60 96 44
16 21 0 20 28 0
112 147 50 140 196 55
198 245 126
_ 108 168 84
136 49 0
252 343 105
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42. () Length [56 64 69 7.6 6.1
: Weight |144 138 149 152 146
(b) Length [10.2 11.4 114 127 10.8

Weight | 196 196 225 250 230

(c) Subtract the matrix in part (a) from the one in part (b).

102 114 114 127 108| |56 64 69 7.6 6.1
196 196 225 250 230 144 138 149 152 146

|46 5.0 45 51 4.7| Change in length
|52 58 76 98 84| Change in weight

(d) Add the new matrix to the one from part (b).

10.2 114 114 127 108 1.8 15 23 18 20
196 196 225 250 230 25 22 29 33 20

_[12.0 129 13.7 14.5 12.8]| Final length
221 218 254 283 250

Final weight

44. (a) The matrix for the death rate of male drivers is

Number of Passengers

0 1 2 >3
Age 16 2.61 439 6.29 9.08
Age 17 1.63 2.77 461 6.92
Ages 30-59 .92 .75 .62 .54

(b) The matrix for the death rate of female drivers is

Number of Passengers

0 1 2 >3

Age 16 138 1.72 194 3.31
Age 17 126 148 2.82 2.28
Ages 30-59 A1 33 27 40

(c) The matrix showing the difference between the death rates of males and females is

2.61 439 6.29 9.08 1.38 1.72 194 331
1.63 277 461 692 | — | 1.26 148 2.82 2.28
.92 .75 .62 .54 41 33 27 40

[ 2.61 439 6.29 9.08 T -138 —-1.72 -194 -3.31

=| 163 277 461 692 |+ | —1.26 —-148 —2.82 —2.28

L .92 .75 .62 .54 —A41 -33 =27 —-40

1.23 2.67 435 577
=| 37 120 1.79 464
51 42 35 14 |
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46. (a) The matrix for the educational attainment of males is

(b) The matrix for the educational attainment of females is

1960
1970
1980
1990
1995
2000

1960
1970
1980
1990
1995
2000

4 Years of
High School
or More

39.5
51.9
67.3
7.7
81.7
84.2

4 Years of
High School
or More

[ 42.5

52.8
65.8
77.5
81.6

| 84.0

4 Years of

College
or More
9.7
13.5
20.1
24.4
26.0

27.8 |

4 Years of

College
or More
5.8 ]

8.1
12.8
18.4
20.2

23.6 |

(¢) The matrix showing how much more (or less) education males have attained than females is

48. (a)

[ -

Cl

39.5
51.9
67.3
7.7
81.7
84.2

o o o

9.7 1
13.5
20.1
24.4
26.0
27.8 |

J Ca Cl

— =
= = O =
== O =

42.5
52.8
65.8
7.5
81.6
84.0

5.8 ]

8.1
12.8
18.4
20.2
23.6 |

39.5
51.9
67.3
7.7
81.7
84.2

9.7 1
13.5
20.1
24.4
26.0

278 |

[ —42.5
—52.8
—65.8
—775
—81.6

| —84.0

— 5.8
— 8.1
—12.8
—184
—20.2

~23.6 |

[ —3.0
-9
1.5

2

1

2

3.9 ]

5.4
7.3
6.0
5.8
4.2

89

(b) Rows 1 and 2 will stay the same. Since the cats now like Musk, the zeros in rows 3 and 4 change to ones.

[

Cl

=

== O =

J Ca(Cl

— = =
= O =
= o= O =
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2.4 Multiplication of Matrices

In Exercises 2-6, let

2.

4.

6.34—-10B =3 {_2 4} —10 [_6 2}

8.

10.

12.

14.

16.

18.

-2 4 —6 2
a2 im0 2],

-6 2 18 —6
_33__3{ 4 0]_[—12 0}

-2 4 ~10 20
5’4_5[ 0 3}_{ 0 15}

0 3 40
[-6 12] [-60 20
Lo 9 40 0
(-6 12 60 —20
Lo 9T [-40 0
[ 54 -8
T -4 9

Ais 3 x3,and Bis 3 x 3.

The number of columns of A is the same as the number of rows of B, so the product AB exists; its size is 3 x 3.
The number of columns of B is the same as the number of rows of A, so the product BA also exists; its size is
3 x 3.

Matrix A size Matrix B size
4x3 3 x6

Since the number of columns of A, 3, is the same as the number of rows of B, 3, the product AB exists. Its
size is 4 X 6.

Matrix B size Matrix A size
3x6 4 x3

The product BA does not exist since the number of columns of B, 6, is not the same as the number of rows of

A, 4.
Ais7x3,and Bis 2 x 7.
The product AB does not exist, since the number of columns of A is not the same as the number of rows of B.

The product BA exists; its size is 2 x 3.

The product matrix AB has the same number of rows as A and the same number of columns as B.

BRI HE R

5 2] 4, 5:142-2 5-442(-1) 5-0+2-2 9 18 4
76 [2 . 2]: 7-146-2 7-44+6(—1) 7-046-2| =19 22 12
10 1-140-2 1-440(=1) 1-0+40-2 1 4 0
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0 —47 71 6-1+0-2+(—4)0 6
20. 1 2 5 2| = 1-14+2-245-0 = |5
10 -1 3 0 10-1+(-1)2+3-0 8
2
29 -9 2 1 1] = -9-242(-1)+1-4 |16
) 3 0 0 4 N 3:240(-1)4+0-4 N 6
24 -1 5||1 2| [-1-14+5-3 —-1-2+5-4] |14 18
) 7 013 4| 7-14+0-3 7-24+0-4|
6 6(—1) 6-1 6-1 -6 6 6
26. |5|[-1 1 1]=|5(-1) 5-1 5:-1|=|-5 55
4 4(-1) 4-1 4-1 —4 4 4
3 3 110
GG R AR E
0 —5] 5 50
30 2 —21[4 3 " 2 =2 7T 0 |6 2 + 16
Tlro-1) 1 2 1 —1)[-1 5] [3 1 8
32. Verify that (PX)T = P(XT).

wor=([5 5[ 2

| pPT+qz  py+quw

q| |zr+wt zs+

[m(zr + yt)+n(zr + wt)
| plxr + yt)+q(zr + wt)

[ mar+myt+nzr+nwt
pxr+pyt+qzri+qut

[ mard+nzr+myt-+nwt

pxr+qzr+pyt+qut

Thus, (PX)T = P(XT).

[max +nz my—l—nw] [r s]

pxr + qzr + pyt + qut

S »
| I

t u

5D
n]{xr—i—yt xs—s—i/)ﬂ

m(zs + yu)+n(zs + wu)
p(xs + yu)+q(zs + wu)

mxs+myu+nzs+nwu
PTS+pyu+qzs+quu

maxs+nzs+myu+nwu
PTS+qzs+pyu+quu

|
|

|

-

[ (mx + nz)r+(my + nw)t (mr+nz)s+ (my—l—nw)u}
(px + gz)r+(py + qu)t

[mar + nezr + myt + nwt  mas + nzs + myu + nwu
PIS + qzS + pyu + quu

(pr+q2)s+(py+qw)u

22
11

-8
—4

|

91
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34. Prove that k(X +T) = kX + kT for any real number k.

Ri)

rT+r y+s
z+t wH+u

r
t u

Yy S

k:(X+T)k<[”; w

-

Jk(z+7r) Ely+s)
kG4t k(w+u)
kx4 kr  ky+ks Distributive property
- | kz+kt kw4 ku for real numbers
~[kx  ky N kr ks
__kz kw kt  ku
=[]
z w t u
=kX + kT
36. (a)
Ipzlo}{mn:mnzp
10 1] Lp q Lp 4q]
Thus, IP =P
PI:mn}{l():mn_P
Lp q/l0 1] [p q
Thus, PI=P
e[ 4 8- 2
10 1] |z w z w
Thus, IX =X
(b) IT=T

The matrix [ is called an identity matrix because it acts like the multiplicative identity for real numbers, which

is 1.

If = is a real number,

If X is a 2 X 2 matrix,

IX=XI=X.
(c) I is called an identity matrix, because if a matrix is multiplied by I (assuming that these matrices are
2 x 2), the resulting matrix is the matrix you originally started with. Hence, I maintains the identity of any

2 x 2 matrix under multiplication.
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Multiplication of Matrices

12 [ e
w4 3ol

40.

If AX = B, then

[ 1 2 X o —4
=3 5] [z2] [ 12]°
Using the definition of matrix multiplication,

1$1 + 21‘2 . —4
_—3$1 + 51’2 - 12 '

By the definition of equality of matrices, corre-
sponding elements must be equal, so

x1+2x0=—-4 (1)
—3x1 + 520 =12. (2)

This is a linear system of two equations in two
variables, 1 and x».

Solve this system by the elimination (addition)
method. Multiply equation (1) by 3 and add the
result to equation (2).

3x1 + 6xy = —12
—3x1 + 5z = 12
111‘2 == 0

Ty = 0

Substitute 0 for xo in equation (1) to find .
T = —4
The solution of the system is (—4,0).

Substitute —4 for x; and 0 for x5 in the matrix
equation to check this result.

1 2] -4 | (-49+20)]| [-4
-3 5 0] [=3(-4)+50)] [12]°
This exercise should be solved by graphing calcu-

lator or computer methods. The answers are as
follows:

44 75 —60 —33 11
20 169 —164 18 105

(a) CD=|113 —-82 239 218 —55];
119 83 7 82 106

162 20 175 143 74
110 96 30 226 37

-94 127 134 -87 -33
(b) DC = | -52 126 193 153 22 |;
117 56 =55 147 57

54 69 58 37 31
(c) No, CD # DC.

42.

93

Exercise 41 illustrates the distributive property.

CC MM AD

44. ) S [5H5 4 3

46.

C 2 3 3

S C
SD 4 3
(b) MC 2 5
M 1 7
4 3 5 4 3
(c) |2 5 9 3 3
1 7 '

CC MM AD
SD 2.6 2.5 2.1
= MC 2 2.3 2.1
M 1.9 2.5 24

(d) Look at the entry in row 3, column 2 of the
last matrix. The cost is $2.50.

26 25 217 [100 1810
(e) |2 23 21 |200]| = |1710
1.9 25 24 [500 1890

The total sugar and chocolate cost is $1810 in San
Diego, $1710 in Mexico City, and $1890 in Man-
agua, so the order can be produced for the lowest
cost in Mexico City.

[0 30

=l 0| o= 3]
120 20
F 20
180
R:
60
| 925
20
(10 2 0 2] |180
@) QR=15 1 o 2} 60
25

[ 10(20) + 2(180) + 0(60) + 2(25)
| 50(20) + 1(180) + 20(60) + 2(25)
[ 610}

| 2430

The rows represent the cost of materials for each
type of house.
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610 (c) Use the matrices found for XY and YZ from
b) F t (a), QR = :
(b) From part (a), @ [2430] parts (a) and (b).
[0 307 - 610 72,900 [20 52 277 [8 503
P(QR)= |10 20 2430] = | 54,700 (XY)Z =125 62 35 41 = 1623
(20 20 ¢ 60,800 130 72 43] |5 743
- 20 ~ - [ 75
0 30 2 1 2 1 503
10 2 0 2 180 4
(PQR=| |10 20 X(YZ)=1|3 2 2 1 51— | 623
20 20 0120 2 00 4 3 2 1 70 43
- 2% L 1| 168
71500 30 600 60 1;8 The rows give the number of calories in each meal.
= | 10040400 601 g, 60.0  68.3 [ 68.0 756
1200 60 400 80 ' ’ ' )
- 25 52 1 63.8 72.5 n 5| 70.7 78.1
£72.900 6 64.5 73.6 6 | 72.7 79.4
_ | 54.700 67.2 74T | 743 79.9
60,800 60.0  68.3 68.0  75.6
Therefore, P(QR) = (PQ)R. _1 63.8 72.5 45 70.7 78.1
6 64.5 73.6 2.7 79.4
. (a) To increase by 25%, multiply by 1.25 or 2. To 67.9  TAT 743 799

increase by %, multiply by 1% or %. To increase by

10%, multiply by 1.10 or %. The matrix is [ 400 446.3
. _ 14173 446
1 C 6 | 428 470.6
% | 438.7 474.2
o 66.7 744
| 69.6 77.2
88 105 60 % 316 ~ | 713 78.4
(b) 48 72 40 4| _ | 200 73.1 79.0
16 21 0 31| 48
112 147 50] |1 391
2.5 Matrix Inverses
IERIEES
.(d Xy =13 2 2 2. [P 713 T
43 2 1 0 15 2 2 3| |2 5
- - L10 12 8
5(3) +7(-2) 5(7)+7(5)}
[20 52 277 = {
2(3) +3(—2) 2(—=7)+3(5
I D (3)+3(=2) 2(=7)+3(5)
130 72 43| B {1 0] g
The rows give the amounts of fat, carbohydrates, 0 1
and protein, respectively, in each of the daily meals. 3 7175 7
5 0 7 8 75 [—2 5] [2 3]
0 10 1 45
DYYZ=1 0 15 o |27 70 _ {3<5>+<—7><2> 3(7) + (- 7)(3)
10 12 8 168 (=2)(5) +5(2)  (=2)(7) +5(3)
The rows give the number of calories in one ex- _[1 0] 7
change of each of the food groups. o 1|
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10.

12.

Matrix Inverses

Since the products obtained by multiplying the
matrices in either order are both the 2 x 2 iden-
tity matrix, the given matrices are inverses of each
other.

-1 2][-5 -2 -1 0
= 1
| s R
Since this product is not the 2 x 2 identity matrix,
the given matrices are not inverses of each other.

0 1 0 1 01 1 00
0 0 -2 1 0 0|=1]0 2 0f#1I
1 -1 0] L0 -1 0 0 0 1

Since this product is not the 3 x 3 identity matrix,
the given matrices are not inverses of each other.

1 4 2
-1 0 25 © ~1
31 312
0 2 -3 2 2 _1
5 15 15
r 1 4 4 4 2 2
g+0+g —1—5+0+1—5 1—5+0—ﬁ
— 3 3 12 3 2 2
= *gﬂLngO 1—5+1—5+0 *ngngO
6 6 2 2 4 1
L 0+g*3 OJrg*g OJrngg
1 0 0
=10 1 0| =1
10 0 1
1 4 2
5 15 15| | L0 2
3 1 2
g = £ 3 1 0
2 2 _1 0o 2 -3
5 15 15
1 4 4 4 2 2
g+g+0 0+15—ﬁ —g—|—0+g
3 3 1 4 6 6
- —g+g+0 0+5+g rt+0—z
2 2 2 2 4 1
—g+5+0 0+ﬁ_1_5 5+0+g
1 0 0
=10 1 0of=1
|0 0 1

Since the products obtained by multiplying the
matrices in either order are both the 3 x 3 iden-
tity matrix, the given matrices are inverses of each
other.

Since the inverse of A is A7!, (A7)~ would be
the inverse of the inverse of A, which is A.

Find the inverse of A = {_1 2} , if it exists.

-2 -1

95

Write the augmented matrix [A|]].
-1 211 0
[A|I]_{—2 —1‘0 1]

Perform row operations on [A]I] to get a matrix
of the form [I|B].

[—1 2 1 0

—2R1 + Ry — Ry | 0 -5 -2 1
-5 0 1 2

2R2 + 5R1*>R1 0 _5 ‘ _9 1:|
—iRi—R;  [1 0|—-3 -2
—%R2—>R2 _0 1 % —%

The last augmented matrix is of the form [I|B],
so the desired inverse is

1 2
A_]_ o 5 5
B 2 1|
5 5
. . -1 =2| ... .
14. Find the inverse of A = { 3 4] , if it exists.
0
i 1

[—1 -2 0
3Ri +Ro—Ry | 0 -2

Z I

w = O =

[ —1 0f-2 -1
—1R2 + R1— Ry 0 -2 3 1:|
“1IR;—Ry [ 1 o] 2 1
_%RQ —>R2 L 0 1 —% —%
2 1
Al = 3 1 1
L 2 2
. . 5 10| ... .
16. Find the inverse of A = 3 6l if it exists.
5 101 0
[Al] = [—3 —6 ‘ 0 1}
5 101 O
3R:1 + 5R2 —R; 0 013 5

At this point, the matrix should be changed so
that the first row, second column element will be
0. Since this cannot be done using row operations,
the inverse of the given matrix does not exist.

1 0 1
18. Find the inverseof A= [0 —1 0], if it exists.
2 1 1
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1 0O 1|1 0 O
[A|ﬂ =(0 -1 0|0 1 O
| 2 1 170 0 1
[1 0 1 1 0 0]
0 -1 0 0 1 0
—2R;1 + R3—Rg3 L0 1 -1 -2 0 1]
(1 0 1 1 0 0]
0 -1 0 1 0
R +Rs—Rs [0 0 —-1|-2 1 1]
M1 0 0] -1 1 17
Rs + Ri— R 0 -1 0 0 1
L 0 0 —-1(-2 1 1]

1 0
—1R2 — Ry 0 1 0 0 -1
0 0

—1R3— R4 1 2 -1 -1
[ —1 1 1
A7l = 0 -1
| 2 -1 -1
2 0 4
20. Find the inverse of A = 3 1 51, if it
-1 1 -2
exists.
2 0 411 0 0]
[A]T] = 3 1 5(0 1 0
-1 1 —-2]0 0 1]
[2 0 4|1 0 07
3R1 + (—2)R2— Ry 0 -2 2|3 -2 0
Ri+2Rs3—Rs [0 2 011 0 2]
[2 0 4|1 0 0]
0 -2 2|3 -2 0
RQ +R34>R5 _0 0 2 4 —2 2_
[2 — 4 —4
—2R3+R1—R4 00 !
IRs + Ry —R 0 -2 0] -1 0 -2
— - —
BT o 0 2] 4 -2 2
iRi—Ry [1 0 O0|-2 2 -2
7%R24’R2 0 1 0 % 1
%R3—>R3 L0 0 1 2 -1 1
r_z
-3 2 =2
A71 — % 1
L 2 -1 1
2 0 4

22. Find the inverseof A= |1 0 -1, ifit exists.
3 0 -2

2 0 4|1 0 0
[AIl=]1 0 —-1]0 1 0
13 0 =2|{0 0 1
(2 0 4 0 0
Ri+(—2R;—Ry |0 0 6|1 -2 0
3R1 +(—2)Rs—R3 |0 0 163 0 -2

Since the second column is all zeros, it will not be
possible too get a 1 in the second row, second col-
umn position. Therefore, the inverse of the given
matrix does not exist.

2 2 —4
24. Find the inverse of A = 2 6 0], if it
-3 -3 5

exists.

2 2 —4]1 0 o0
[A|I] = 2 6 0|0 1 0
| -3 -3 5|0 0 1
2 2 —4] 1 0 o
—Ri +R2— R 0 4 41 -1 1 0
3Ri+2R3—Rs |0 0 —2| 3 0 2
-4 0 12]-3 1 0
Ry + (—2)R1 — Ry 0 4 4|-1 1 0
L 00 —2| 3 0 2
-4 0 0]15 1 12
ORy + Ry =Ry 04 0|5 1 4
2Ry + Ro = Ry 00 -2/ 3 0 2
—iR;—R; [1 0 0| -8 -1 -3
iR2—>R2 0 1 0 % i 1
—iR3—Rs [0 0 1| -2 0 -1
r 15 1
-T -1 3
-1 __
Al=] 2 1
-3 0
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1 1 0 2
. . 2 -1 1 -1
26. Find the inverse of A = 5 3 2 —o
1 2 1 0
if it exists.
1 1 0 211 0 0 O
2 1 1 -1 1 0 O
Al = 3 2 —2/0 0 1 0
1 2 1 00 0 0 1

Carry out these row operations to get the next

matrix: —2R;4+ Ro —Ra, —3R1+ R3 —Ra,

Carry out the row operations Ro + 3R; — Ry,

0
0
1

S O = O
— o O O

0

1 1 0 0
2 1 0 0
3 0 1 0
5 1 0 3

0
0
0

—1R1+ R4 —R4.
1 1 0 2 1
0 -3 1 —-5|-2
0 0o 2 -8|-3
0 1 1 -2 -1
Rs +3R4 —Ry
3 0 1 1
0 -3 1 -5 | —
0 0 2 -8 | —
0 0 4 -—-11| -
Rs + (*Q)Rl HRl, Rs + (72)R2 *)RQ,
—2R3+ R4 —>R4
-6 0 0 -—-10| —
0 6 0 2
0 0 2 -8 | —
0O 0 0 5

2R4+R1 =Ry, —2R4+5R2 —Rs, 8R4+5R3 —Rs

B 1
1 0 0 0 :
01 0 0| &
00 1 0|-%
0 0 0 1 1
B 1

oo

1 2

4-1 10 5

ol 4

10 5

101

L 5 5

5 =2 1
1 =2 1
3 0 1
1 1 -2

1
0 2
_2 3
5 10
4 _1
5 10
1 2
5 5
. -
Lo
3 _1
10 5
uo12
10 5
2 3
5 5

3

(-6 0 0 0] -3 0 -3
0 30 0 O 3 —12 9
0 0 10 0] -7 8§ 11
0 0 0 5 1 1 -2

-1

o
N Ot

[Sa] (¥4 C"l

6

—6
24

3

1 1 1 1
—5R1 —R1, 55R2 —Ra, 75R3 —Rs, R4 —Ry

28.

30.

32.

97

—x+2y=15
—2z— y=120
This system may be written as the matrix equation
[—1 2] [z] [15
-2 -1 |y] [20]°
In Exercise 12, it was calculated that
- 11
S
2 ] Tl

and we now know that X = A~!B is the solution
to AX = B.

Thus,
Y % _% 20 2

and (—11,2) is the solution of the system.

—x—2y= 8

3r+4y =24

This system may be written as the matrix equation
(-1 =2 J«] [ 8

3 4] |yl [24)

In Exercise 14, it was calculated that

-1 2] 2 1
3 4 .3 _1|°
L ] 2 2

and since X = A7!'B, we get

INE[ENE

Therefore, the solution is (40, —24).

Jr—6y= 1
=5z +9y = -1

This system may be written as the matrix equation

5 B -]

Calculate the inverse of

SO
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34. z+3y=-14

36.

20— y= 7
This system may be written as the matrix equation
2 L
2 —1| |y e
Calculate the inverse of
1
A= [2 _ﬂ |
The inverse is

A7l =

<= s

|

so X = A~ !B leads to

R I RE]

which indicates that (1, —5) is the solution.

e -

ESTCIEENTE

2x +4z=-8
3x+y+5z= 2
—r+y—2z= 4

This system may be written as the matrix equation

20 4 T —8
31 5 y| = 2
-1 1 =2 z 4

In Exercise 20, it was calculated that

2 0 417 [-3 2 -2
31 5| |+ o 1],
-1 1 =2 2 -1 1
7
z 2 -1 1 4 —14

The solution is (24,0, —14).

20 +2y —4z= 12
2z 4 6y = 16
—3x — 3y + 5z = —-20

This system may be written as the matrix equation

2 2 47 [z 12
2 6 0| |y|=]| 16
-3 -3 5] |2 —20

—1

15 1
2 2 —4 L 13
_ 1
2 6 0 5 1 11,
-3 -3
5 -3 0 -1
] [-% -1 -3 12
o) = % i 1 16
: -2
z __% 0 —1 0
[ 11
= -1
i 2

The solution is (11, —1,2).

T + z=3
y+22=8
-+ y =4

The system may be written as the matrix equation

10 17 [z 3
01 2| |y|l=18
-1 1 0] |z 4

Calculate that

2 -1 1
A"l = 2 -1 2
-1 1 -1
2 -1 1 3 2
X=A"'B= 2 -1 2 8| =16
-1 1 -1 4 1

The solution is (2,6, 1).
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42. =+ y +2w=3 48. Show that AA~! = 1.
2r— y+ z2- w=3 From Exercise 46,
3r+3y+2z—2w=>5
r_d —b
r+ 2y + z =3 41— ad—bc ad—bc
This system may be written as the matrix equation = T
1 Lo 2 x 3 1 _(1 b adibc adibbc
2 -1 1 -1 |y| |3 A4 = gl | = a
3 3 2 -2 P - 5 __C ad—bc ad—bc
o2 o) le] s s =]y
d—cd betad | =1
The inverse of this coefficient matrix was calcu- Er=r e 0 1
lated in Exercise 26. Use that result to obtain
N 1 50. Assume that matrix A has two inverses B and C.
x 3 0 z 1 3 Then
Y B L _% % _% 3 AB=BA=1 (1)
A7 2 4 1 12 5 and AC=CA=1(2)
10 5 10 5 . .
w . 1 2 3 3 Multiply equation (1) by C.
L 5 5 5 5
o C(AB)=C(BA)=CI
0 Since matrix multiplication is associative,
2 C(AB) = (CA)B.
1
L Since [ is an identity matrix,
The solution is (1,0,2,1). Ol =C
. a b
In Exercises 44-48, let A = {c d} ‘ Combining these results, we have
r C(AB)=C
a bl[1 0O
war=[2 Y[ Y] =G
C[a-14b-0 a-0+b-1 From equation (2), CA = I, giving
__c~1—|—d~0 c-0+d-1 IB=C
B=C.
_ | 2] —A
Thus, if it exists, the inverse of a matrix is unique.
46. [a b ‘ 1 0} 52. Use a graphing calculator or a computer to per-
Lc d]0 1 form this calculation. With entries rounded to 6
a b 1 0 places, the answer is
—cRi+aR2—Ry [0 ad—bc | —c a (CD)*l
r ad —ab
—ﬁfh +R; =Ry | ¢ 0 ad=bc  ad—bc .010146 —.011883 .002772 .020724 —.012273
|0 ad—bc —c a .006353 .014233 —.001861 —.029146 .019225
- _ = | —.000638 .006782 —.004823 —.022658 .019344| .
lRl SRy 1 0 _d _ _=b
a ad—be  ad—be —.005261 .003781 .006192 .004837 —.006910
——+—R;—Ry [0 1 vl o —.012252 —.001177 —.006126 .006744 .002792
d b 54. Use a graphing calculator or a computer to de-
Thus, A~ = ad—bc  ad—be . if ad — be # 0. termine that, no, C~*D~! and (CD)~! are not
ad:cbc ada—bc equal'
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56.

58.

60.

Chapter 2

Use a graphing calculator or a computer to obtain

62963
148148
.259259

X =

Use a graphing calculator or a computer to obtain

489558
1.00104
2.11853

—1.20793
—.961346

X =

Let © = the number of transistors,
y = the number of resistors, and
z = the number of computer chips.

Solve the following system:

3z 4 3y + 2z = amount of copper available;
T+ 2y + z = amount of zinc available;
2r + y+ 2z = amount of glass available.

First, find the inverse of the coefficient matrix

3 3 2
1 21
2 1 2
3 3 2|1 0 0
1 2 1)]0 1 0
2 1 2|0 0 1
(3 3 2|1 0 O]
Ri+(-3)R:—Ro |0 -3 —-1]|1 -3 0
2R+ (-3)Rs—Rs |0 3 —2]2 0 -3
R2+R1*>R1 _3 0 1 -3 0_
0 -3 -1(1 -3 0
Ro+Rs—Rs |0 0 -3 -3 =3
[9 0 0|9 —-12 -3
R3+3R1—>R1
09 00 6 -3
Rg + (—3)R2 —>R2 0 0 -3 3 3 _3
SRi—R; 1 00| 1 -4 -1
gR2—R> |0 1 0| 0 2 —%
—1Rz—Ry [0 0 1|-1 1 1
1 -4
-1 _
at=] 0 gy
-1 11

(a) 810 units of copper, 410 units of zinc, and 490
units of glass

62.

SYSTEMS OF LINEAR EQUATIONS AND MATRICES

x 1 -3 —%7 1810 100
yl=1] 0o 2 —L|]40|=]110
2 11 1| L4%o 90

100 transistors, 110 resistors, and 90 computer
chips can be made.

(b) 765 units of copper, 385 units of zinc, and 470
units of glass

. 1 =3 =37 1765 95
— 1 —
yl=] o 2 -1 ||385]=100
p 11 1| L4 90

95 transistors, 100 resistors, and 90 computer chips
can be made.

(c) 1010 units of copper, 500 units of zinc, and
610 units of glass

x 1 -2 —3 7 11010 140
_ 1 _
yl=] o 2 -1 500 | = | 130
2 1 610 100

140 transistors, 130 resistors, and 100 computer
chips can be made.

Let £ = the number of pounds of pretzels,
y = the number of pounds of dried
fruit, and
z = the number of pounds of nuts.

The total amount of trail mix is

rt+y+=z.

The cost of the trail mix is

3z + 4y + 8z.

Twice as many pretzels as dried fruit means

T = 2y.
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(a) The system to be solved is

x4+ y+ z=140
3z + 4y + 8z = 140(6)
x =2y,

which can be rewritten as

z+ y+ z=140
3z +4y +8z = 840

T —2y = 0.
[1 11 x
Let A=13 4 8|,X=]y]|,
11 -2 0 z
140
B = ]840
| 0

Thus, AX = B, and

1 1 1 T 140
3 4 8 y| = | 840
1 -2 0 z 0

Use row operations to obtain the inverse of the
coefficient matrix.

g _1 2
7 7 7
-1 4 1 5
AW =1 7 - &
_5 3 1
7 14 11
Since X = A7 B,
8 1 2
T 7T 7 7 140 40
_| 4 1 5 _
y|=] 4 -1 —5||s40| =120
z _5 3 L 0 80
7 14 11

Use 40 1b of pretzels, 20 1b of dried fruit, and
80 1b of nuts.

(b) For 112 1b at $6.50/1b, the matrix of constants
is changed to

112 112

B = | 112(6.50) | = | 728

0 0
T % —% % 112 24

_ 4 1 —
Y| = = —11 —% 728 | = |12
z _5 3 1 0 76

7 14 14

Use 24 1b of pretzels, 12 1b of dried fruit, and
76 1b of nuts.

101

(c) For 126 1b at $5/1b, the matrix of constants is
changed to

126 126

B=|126(5) | = | 630

0 0
;r 3 -7 2] 126 54

_ 4 _
y|=| 2 -2 —2||630| =27
z _5 3 1 0 45
7 14 14

Use 54 1b of pretzels, 27 Ib of dried fruit, and
45 1b of nuts.

64. (a) First, divide the letters and spaces of the sen-
tence into groups of 3, writing each group as a
column vector.

[ A (space) (space) i
L, i , f , r ,
| 1 s a (space)
[ l e n w
n .| o, | (space) |, d .| a
| (space) v a (space) r

Next, convert each letter into a number, assigning
1 to A, 2 to B, and so on, with the number 27
used to represent each space between words.

1 7] 2017 [ 277 9 9
12 [, 91, 6 [,] 181, | 14 |,
L 12 ] L 19] | 1 | |27 | 27
(127 [ 577147 [ 237
15 (27 [, 4 |, 1
122 | [ 1 | [ 27 ] [ 18 |
Now find the product of the coding matrix pre-
1 3 4
sented in Example 6, A= | 2 1 3 |, and each
4 2 1

column vector above. This produces a new set of
vectors which represents the coded message.

[ 85 1307 [ 49 7 [ 1717 [ 159
50 |, | 120 |,| 63 |, | 117 |, | 113 |,
| 40 145 | 121 ] [ 99 | | a1
[ 145 9071 [ 1347 [ 98 ]
105 |, | 40 [, | 113 |, | 101
| 100 75 ] | o1 | | 112 |
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The message will be transmitted as 85, 50, 40, 4 A— .01 .03 _ 100
130, 120, 145, 49, 63, 121, 171, 117, 99, 159, 113, ) .05 .05’ 200
91, 145, 105, 100, 90, 40, 75, 134, 113, 91, 98, 101,

112.

To find X = (I — A)~' D, first calculate I — A.
(b) First, divide the coded message into groups of M ( ) » HISL cafettiane

three numbers and form each group into a column

vector.
A {1 O} _ {.01 .03}
138 101 162 210 0 1 .05 .05
81 [, | 67 |,| 124 |, | 150 99 —.03
102 109 173 165 = {_.05 _95}
Next, find the product of the decoding matrix pre-
sented in Example 6, the inverse of matrix A in
_9 9 9 Then use row operations to find the inverse of I —
part (a) above, A7! = 4 —6 .2 |,and A.
0 4 =2
each of the column vectors above. This produces
a new set of vectors which represents the decoded (I—-A)1t= [1'?);;;15 ) 8;;35]
message. : :
9 15 27 21
27 |, 22 |, | 25 |, | 27 Since X = (I — A)~'D,
12 5 15 27

Y {1.011715 .03195} {100}

Lastly, convert each number into a letter, assign- 0532 1.0543 200
ing A to 1, B to 2, and so on, with the number 27 107.6

used to represent each space between words. - {216.2] :

Decoded message: I love you

Input-Output Models

2 .04 3 150 10
2.14:{_6 -05}’D:{10} 6. A=|0 3 4|,D=| 4
1 2 1 2
To find the production matrix X, first calculate
I-A.
1 0 2 .04 9 -5 0
I-A= -
[0 1} [.6 .05] I-A= 0 7T —4
3 —.04 -1 -2 9
- [—.6 .95} [1.158  .947 4217
o1
Next, use row operations to find the inverse of (I—A4)~" =) .08¢ 1705 .758
I A | .147 484 1.33 |
1.29 054 [1.158 .947  .4217 [10
(I-A)"= [ 815 1 087] X=(I—-A)"'D=| 084 1705 .758]| | 4
| 147 484 1.33 | 2
ince X = (I - A)~'D _
Since X = (I —A)7'D, 16.21
X - 1.29 .054 31 | 44 = 9.18
| 815 1.087||10]| [13.3]° | 6.06
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A B C
8 A 2 1 5
"B 4 3 4| =4
C 4 6 1

10.

Calculate I — A, and then set (I — A)X = O to
find X.

1 0 0 2 1 5
I-A=(0 1 0|—1(4 3 4
0 0 1 4 6 .1
[ .8 —1 —.5]
=|—-4 7 -4
-4 -6 9
[ 8 —.1 —.5_ I 0
(I—AX=|-4 7 —4||z| =10
-4 -6 .9_ T3 0

Multiply to get
.81‘1 - .11‘2 - 51‘3

0
—A4xy + Txg — 43| = |0
7.41’1 — .61’2 + .91’3 0

The last matrix equation corresponds to the fol-
lowing system.

.8.%‘1 - .11‘2 - .51‘3 =0
—Adxy + T2 — 423 =0
—.4.%‘1 — .6.%'2 + .91‘3 =0

Solving this system with x3 as the parameter will

§.’E.’L‘x
437 3,43 | -

If 3 = 4, then 1 = 3 and x3 = 4, so the produc-
tion of A, B, and C should be in the ratio 3:4:4.

give the solution

This exercise should be solved using a graphing
calculator or a computer. The answer is

9972
4956
9364
3045

Values have been rounded.

14.

16.
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al= O
O W=

} 500
, D=
1000

X=(-A"D

[ _%}‘1 500
-3 1 1000

1 ] [ 500]

|2 13| ]1000

[ 8929

- | 1178.6

5 Eler

-
S

Produce about 892.9 metric tons of wheat and
about 1178.6 metric tons of oil.

|—=

00 1 1000
A=14 0 o, D= |1000
0 1 0 1000
r 1
1 0 -1
I-A=|-1 1 0
L0 -1 1
[1.043 130 5217
(I—A)"'=| 3478 1.043  .1739
| 0870 .2609 1.043
[1694.7
X =(I-A)"'D=|1564.7
| 1390.9

Produce about 1694.7 units of agriculture, about
1564.7 units of manufacturing, and about 1390.9
units of transportation.

0 3 1 500
A=|1 0 i|, D= 500
500
EE
b
T-A=|-1 1 -1
1
-5 -1 1
(1538 9231  .6154
(I—A)"'=| 6154 1436 5128
| 9231 8205 1.436
[1538.3
X=(-A)"'D= 12821
| 1589.8

Produce about 1538.3 units of agriculture, about
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18.

20.

22.
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1282.1 units of manufacturing, and about 1589.8
units of transportation.

For this economy,

d1 0.2 1
A=1.2 .1 05
0 .05 1

Use a graphing calculator or a computer to find
(I — A)~'D where

1000
D = | 1000
1000

The solution, which may vary slightly, is

1583.91
1529.54
1196.09

Produce about 1584 units of oil, 1530 units of
corn, and 1196 units of coffee.

Use a graphing calculator or a computer to find
(I—A)~'D. The solution, which may vary slightly,

is
18.2

73.2
66.7

Values have been rounded.

Produce $18.2 billion of agriculture, $73.2 billion
of manufacturing, and $66.7 billion of households.

(a) Use a graphing calculator or a computer to
find (I — A)~'D. The solution, which may vary
slightly, is

183,464

304,005

42,037

Values have been rounded.

In 100,000 RMB, produce about 183,000 for agri-
culture, 304,000 for industry/construction, and
42,000 for transportation/commerce.

(b) The entries in matrix (I—A)~! are called mul-
tipliers, and they give the desired economic values.

1.24 34 .04
30 1.85 .14
.03 .08 1.02

(I-A)1=

(Each entry has been rounded to two decimal places.)

Since we are interested in the result when there
is a 1 RMB increase in demand for agricultural
exports, we are interested in the first column of
this matrix. Interpreting the multipliers shown,
we find that an increase of 1 RMB in demand
for agricultural exports will result in a 1.24 RMB
increase in production of agricultural commodi-
ties, a .30 RMB increase in production of indus-
trial/construction commodities, and a .03 RMB
increase in production of transportation/commercial
commodities.

. (a) Use a graphing calculator or a computer to

find (I — B)~!'C. The solution, which may vary
slightly, is

Values have been rounded.

A $50 million increase in manufacturing demand
will result in a $3 million production increase in
natural resources, a $60 million production in-
crease in manufacturing, a $27 million produc-
tion increase in trade and services, a $42 million
production increase in personal consumption, and

1002 new jobs.
(b) The matrix (I — B)™!is

1.1 1 .0 .0
2 1.2 2 1
7 S 1.9 7

1.3 8 13 16

409 20.0 39.2 16.0

_ o O O O

The bottom row of this matrix indicates the total
employment requirement, per million dollars, of
a sector. For example, the total employment re-
quirement, per million dollars, of natural resource
output is 40.9 employees.
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26. Find the value of I — A, then set (I — A)X = O.

NGRS
D= o=

[ I |

v

—
8 8
[N

[ I |

N [—le + %ZCQ
Thus,

3
27T1 —

If 25 = 3, then a1 = 2. Therefore, produce 2 units
of yams for every 3 units of pigs.

28. Find the value of I — A, then set (I — A)X = O.

11
1 00 z 5 0 x1
— 11 1
1 3
00 1] |5 7 1 3
- ) -
3 -3 0 m:
= | -1 3 _1
= 3 1 1| |72
1 1 1
L3 1 2] LT3
[2 1
301~ %2 0
_ 1 3 1 _
= | —3T1F+ 5T — 123 | = 0
1 1 1
| =371 — 3T2 + 773 0
The system to be solved is
2 1
5331 — 5.’E2 = 0

1 3 1 _
—gl'l + Zl‘g - Zﬂ?g = 0

1 1 1 _
—gl‘l — Zl’g —|— Zil?g = 0

Write the augmented matrix of the system.

105
r2 1
P,
-3 1 —1|0
1 1
-3 -1 110
SRi—-Ry [ 1 -2 010
12Ry — Ro —4 9 3]0
12R3 — Rg3 | -4 -3 310
(1 -3 0]0
4Rq1 + Ry — Ry 0 6 310
4R1 + R3 — Rs L0 —6 310
r 3
1 -3 ? 0
1R, Ry, |9 1 =30
L0 —6 310
%RQ +Ri—R; i 1 0 —% 0
0 1 —% 0
6Rs + R3—R3 [0 0 00
Use x3 as the parameter. Therefore, z; = %.’173

and zo = %1'3, and the solution is (%l’g, %l’;g,l’g) .

If x3 = 8, then z1 = 3 and x5 = 4.

Produce 3 units of agriculture to every 4 units of
manufacturing and 8 units of transportation.

Chapter 2 Review Exercises

4§+%=3
x
1734
First, multiply both equations by 4 to clear frac-
tions.
2v+ y=12
r—2y=16

Now proceed by the echelon method.

2w +y= 12

Ry + (—2)R2 — Ry 5y = —20

1
%R1—>R1 r+-y= 6

2
%RQ *)RQ Yy = —4
Back-substitution gives
r+-(—4)=6
r=8.

The solution is (8, —4).



106 Chapter 2 SYSTEMS OF LINEAR EQUATIONS AND MATRICES

6. z— vy = 3
204+3y+ z=13
3z —2z=21

Use the echelon method, applying the appropriate
row operations.

T—y = 3
2Rq + (—1)R2 —Ro -5y — z=-T7
T—y = 3
=5y — z=-T7
3Ry + (—5)R3 —R3 —13z =39
T—y = 3
1 7
—%Rg —Rs Y+ A= %
—1—13R3 —>R3 z= -3

Back-substitution gives

1 7
Z(—3)= =
yt+z(=3)=¢
10
:—:2
Yy 5 s
and
r—2=3
xr =35.

The solution is (5,2, —3).
8. x+2y=-9
4 + 9y =41

Write the system in augmented matrix form and
apply row operations.

1 2] -9
L 4 9 41
(1 2] =9
—4R; + R —Rs 10 1| 77
1 0] —163
—2Rs +R1— R4 _0 1 77:|

The solution is (—163,77).

10, z—2z= 5
3r+2y= 8
—x+22=10

Write the system in augmented matrix form and
apply row operations.

1 0 -2 5
3 2 0 8
-1 0 2|10

1 0 -2 5
—3R1 + Ry — Ry 0 2 6| —7
Rl +R3—>R3 _0 0 0 15

The last row says that 0 = 15, which is false, so
the system is inconsistent and there is no solution.

In Exercises 12 and 14, corresponding elements
must be equal.

2 3 a b
12. =
5o
Size: 2x2; a=2, b=3, ¢c=5, ¢ =9; square
matrix

14. [m 4 2z —1]=[12 k -8 r]

Size: 1 x4;, m=12, k=4, 2= -8, r = —1; row

matrix

16. A+C=|-2 3|+ |-1

~N Ww O

5 0 4 10
18.3C+2A=3|-1 3|+2|-2 -3

[15 0 8 20

|12 21 12 18
(23 207

24 39 |
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4 10 5 0
20.24-5C=2|-2 -3|-5|-1 3
6 9 4 7
T8 20 25 0
=|-4 —6|-|-5 15
12 18 20 35
[—17 20
=| 1 -21
| -8 17

22. Ais 3 x 2 and C is 3 x 2, so finding the product
AC is not possible.

A C
3 x 2 3 x 2

(The inner 2 numbers must match.)

6
24. ED=[1 3 —4]|1| =[1-6+3-1+(—4)0] = [9]
0

26. EA = {—2 —
[1-4+3(=2)+(—4)6 1-10+3(—3)+(—4)9]
=[-26 -35]
2 3 -2
28. Find the inverse of B= |2 4 0| ,if it exists.
01 2

Write the augmented matrix to obtain

9 3 —2|1 0 o0
Bll= |2 4 olo 1 of.

001 2|0 0 1

2 03 2| 1 0 0

01 2|-1 1 o

SRR =R g ol g g

—3R2 +Ri— Ry 2 0 -8 4 -3 0

o
—
o
\
—
—
o

71R2+R3*>R3 _0 0 0 1 -1 1

No inverse exists, since the third row is all zeros.

30. Find the inverse of A = E Zl’)} , if it exists.

The augmented matrix is

2 11 0
A|ll = .
i = |3 ‘O ']
[2 1 0]
5R1 + (—2)R2 —>R2 L 0 - 5 —2 ]
[2 0({6 —2]
Ro +R1— Ry 0 -1 ‘ 5 —2]
%R1—>R1 1 0 3 —1-
*1R2*>R2 _0 1 -5 2_
[ 3 -1
Al =
3

32. Find the inverse of A = {i g} , if it exists.

The augmented matrix is

[ 2 0|1 0
Al = ! 5‘0 1}
2 0|1 0
Ri + 2Ry — Ry 10 101 2

IR —Ry 10| 3 0]
%RQ—)RQ _0 1 % %

1
P A

1

10

107
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2 -1 0 2 4 8
38. A= B =
34. Find theinverseof A= |1 0 1|, if it exists. [—1 —3] ’ {3]
1 =20 The matrix equation to be solved is AX = B, or
2 41 (x| |8
The augmented matrix is -1 =3||y|  [3]|"
Calculate the inverse of the coefficient matrix A
2 -1 01 0 O to obtain
[AlIl= |1 0 1|10 1 0 e
1 -2 0]0 0 1 240 g 2
-1 -3 -1 1
Now X = A7'B, so
(2 =1 0|1 0 0] T 3278 18
Ry + (—2)R2 —Rs 0O -1 —-2]1 -2 0 = =
Y -1 -1 3 -7
Ri+(-2)Rs—R3 [0 3 0|1 0 -2] 2 -
—1Rs+ R1—R; [2 0 210 2 0] 1 0 2 ]
0 -1 =21 -2 0 40. A=|-1 1 0|, B= 4
3R+ Rs—Rs |0 0 6|4 —6 -2 3 0 4 —6
Rs + 3R, — R, 6 0 014 0 -2 By the us1-1a1 metho.d,.we find that the inverse of
Ry + (—3)Rs — R 063 01 0 =2 the coefficient matrix is
s 7 o0 6|4 -6 -2
Ri—Ry [1 00| 2 0 —% -2 0 1
. . ) Al=1-2 1 1
1 _2 1
cRs—Rs L0 0 1 5 1 3 Since X = A™1'B,
r 2z g -1
3 3 -2 0 1 8 —22
A1 = 10 -2 X=|-21 1 4] =|-18
1 3 _1 —6 15
-3 1 3 2 0
42.224+ y=5
3r—2y=4
1 3 6 The coefficient matrix is
36. Find theinverseof A= [4 0 9] ,if it exists. 9 1
5 15 30 A=, 2}
Find that the inverse of A is
1 3 6|1 0 0 ro2 1
A= |4 0o 9]0 1 o0 A= |7 Z}
5 15 300 0 1 L3 -7
[1 3 6 1 0 0 and use X = A7!B to find that
—4R; + Ro— Ry 0 —-12 —-15|1 -4 1 0 . 2 1 5 9
—5R;1 +Rs—Rs [0 0 0-5 0 1 [ ]:[7 7] _
2
y 3 2] |4 1

The last row is all zeros, so no inverse exists. The solution is (2,1).
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4. x4+ y+z= 1
20+ y =-2
Jy+z2= 2

The coefficient matrix is

A:

O N =
W = =
— O

Find that the inverse of A is

1 2 _1
5 5 5
“1_|_2 1 2
AT = 5 5 5
6 _3 _1
5 5 5
Now X = A™1'B, so
1 2 1
@ 505 3] | ! -1
— | -2 1 2 _ —
vl = 5 5 5 2| = 0
6 _3 _1
z 2 5 5 2 2

The solution is (—1,0, 2).

.01 .05 200

46. A= [.04 .03} D= {300}
X=(I-A"D

1 0 .01 .05
[=A= [0 1] a [.04 .03]
| 99 -.05
| —.04 97
Use row operations to find the inverse of I — A,
which is

(-7 = |

1.0122 .0522
.0417  1.0331

Since X = (I — A)~!'D, the production matrix is

X - 1.0122  .0522| |200| |218.1
| .0417 1.0331||300| |318.3|°
48. z+2y+ z= 7 (1)
)

1
2e— y— z= 2 (2
3z —3y+2z=-5 (3)
(a) To solve the system by the echelon method,
begin by eliminating x in equations (2) and (3).
x4+2y+ z= 7 (1)
“9R; +Ry—Rs By —3z=-12 (4)
“3R; +R3—Ry;  —9y— z=-26 (5)

Eliminate y in equation (5).

109

z+2y+ z= T (1)
-5y —3z2=-12 (4)
*QRQ + 5R34’R3 222z = —22 (6)
Make each leading coefficient equal 1.
x+2y+ z= 7 (1)
3 12
1 _
—3R2—>R2 y—l—gZ— E (7)
%R3 —>R3 z= —1 (8)
Substitute —1 for z in equation (7) to get y = 3.

Substitute —1 for z and 3 for y in equation (1) to
get x = 2.

The solution is (2,3, —1).

(b) The same system is to be solved using the
Gauss-Jordan method. Write the augmented ma-
trix and use row operations.

1 2 1 7
2 -1 -1 2
L3 -3 2|1 -5
M1 2 1 7]
—2R; +R2—Ro 0 -5 =-3]| —12
*3R1 + Rg HRg L 0 -9 -1 —26
2R2+5R1 HRl _5 0 -1 11
0 -5 -3| —-12
—9R2 + 5R3 —>R3 L 0 0 22 —22
Rs + 22R; — R, 110 0 0 220
3R3 + 22R, — R 0 —110 0| =330
’ e 0 0 22| —22
ﬁfﬁ + Ry 1 0
—1—%0R2 —Ra 0 1 0 3
»%Rs—Rs 0 0 -1

The corresponding system is

=2
y=3
z=—1.

The solution is (2,3, —1)

(c) The system can be written as a matrix equa-
tion AX = B by writing

1 2 17z 7
2 -1 —1||y| =] 2
3 =3 2] |z -5
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(d) The inverse of the coefficient matrix A can be

found by using row operations.

[AlT] =

72R1 + R2 — RQ
*3R1 + R3 — Rg

2R2 4+ 5R1 — R4
—9Rs + 5R3—R3

R3+ 22R; — Ry
3R3 + 22R5 — R

Nl N Nl

2 =2

Ble Bl= ¥~

Rlor Bleo ¥

Q

Blor Bleo ¥

.32
14

—_

[\]

—_

—A41

Once again, the solution is (2,3, —1).

50.

o

oo © = O
—

—.14
23

Let = number of shares of $32 stock,

and y = number of shares of $23 stock.

Then

32 + 23y = 10,100,

and

1.2z + 1.4y = 540.

The augmented matrix is

71.2R1 + 32R2 *)RQ

—23Rs +17.2R1 — R4

1
sroai — Ra

1
maR2—Ro

(1

0

[ 32
| 1.2

0

[ 550.4

0
1

23
1.4

(32 23
| 0

17.2 ‘
0

10,100

540} ’

10,100

17.2

100
300

|

5160]

55,040
5160

35
-5 15
3 -9

|

Chapter 2 SYSTEMS OF LINEAR EQUATIONS AND MATRICES

She should buy 100 shares of the first stock and
300 shares of the second stock.

52. Let x = Tulsa’s number of gallons,
y = New Orleans’ number of gallons,
and
z = Ardmore’s number of gallons.

The system that may be written is

br+ 4y + .32 = 219,000 Chicago
2x 4+ 4y + .42 =192,000 Dallas
3x+ .2y + .32 = 144,000. Atlanta

The augmented matrix is

T5 4 .3 219,000
2 4 4] 192,000
|3 2 .3 144,000
r5 4 3| 219,000
9Ri + (—5)Ra—Ro | 0 —1.2 —1.4 | —522,000
3R, +(-5)R3—Rs |0 .2 —6| —63,000
“9Rs+ R, =R, [.5 0 15| 345000
0 —1.2 —1.4 | —522,000
Ro+6Rs—Rs | O 0 —5 | —900,000
5 0 0 75,000
3R R, >R ’
_14R3i50R1:R1 0 —60 0| —13,500,000
3 2 1o 0 -5 —900,000
2Ri—Ri [1 0 0] 150,000
~dR,—R, [0 1 0] 225000
~1R;—Rs [0 0 1 |180,000

Thus, 150,000 gal were produced at Tulsa, 225,000
gal at New Orleans, and 180,000 gal at Ardmore.

High 3170
54. (a) Medium | 2360
Coated 1800
x
(b) |y
z
10 5 8] = 3170
(¢) [12 0 4| |y| =]2360
0 10 5 z 1800
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x 10 5 8 3170
@ |y|l=[12 0 4 2360
2] Lo 10 5 1800
[—.154 212 07697 [ 3170
= |—231 192 2154 | 2360
462 —.385 —.231 | | 1800
150
— | 110
| 140

56. (a) Use a graphing calculator or a computer to

find (I — A)~'. The solution, which may vary

slightly, is

[ 1.30 .045 567  .012 .068  .020
204 1.03 183 .004  .022  .006
155 038 1.12 .020 .114 .034
.018 .021 .028 1.08 .016 .033
b37 525 483 279 1.73 419

| 573 346 497 536 .087 1.94

58.

Values have been rounded.

The value in row 2, column 1 of this matrix, .204,
indicates that every $1 of increased demand for
livestock will result in an increase of production
demand of $.204 in crops.

(b) Use a graphing calculator or computer to find
(I-A)~!'D. The solution, which may vary slightly,

1S

3855
1476
2726
1338
8439

| 10,256

Values have been rounded.

In millions of dollars, produce $3855 in livestock,
$1476 in crops, $2726 in food products, $1338 in
mining and manufacturing, $8439 in households,
and $10,256 in other business sectors.

(a) The X-ray passes through cells B and C, so
the attenuation value for beam 3 is b+ c.

(b) Beam1: a+b=.8
Beam 2: a + ¢ = .55
Beam 3: b+ ¢ = .65

.05

1 1 0
1 0 1
01 1 .65

o o Q
I

60.

111
a1l 1 1 07 '8
bl=11 0 1 55
0 1 1 65
-3 3 3] L6
35
= | 45
|2

The solution is (.35,.45,.2), so A is tumorous, B
is bone, and C' is healthy.

(c) For patient X,

1 1 1
a R 21
bl=1] & -+ L|]40|=|.33
¢ -3 L 3] [52 19

A and C' are healthy; B is tumorous.
For patient Y,

a 3 &+ —ilr165 35
_ 1 1 _

bl =1 1 S 80| = |3

c —% z 5 .75 45

A and B are tumorous; C' is bone.

For patient Z,

a 5 5 —3|[51 28
_ 1 1 _
bl=| 3 -1 1||49| =23
1 1
e A ! 21

A could be healthy or tumorous; B and C' are
healthy.

The matrix representing the rates per 1000 athlete-
exposures for specific injuries that caused a player
wearing either shield to miss one or more events
is

3.54 1.41
1.53 1.57

.34 .29
7.53 6.21

Since an equal number of players wear each type of
shield and the total number of athlete-exposures
for the league in a season is 8000, each type of
shield is worn by 4000 players. Since the rates
are given per 1000 athletic-exposures, the matrix
representing the number of 1000 athlete-exposures
for each type of shield is

)
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62.

64.

Chapter 2 SYSTEMS OF LINEAR EQUATIONS AND MATRICES

The product of these matrices is

20
12
3
95

Values have been rounded.

There would be about 20 head and face injuries, 12
concussions, 3 neck injuries, and 55 other injuries.

1 2
3+ %WQ =150 (1)

V3 V2
7W1 - 7W2 = 0 (2)

Adding equations (1) and (2) gives

(% + ﬁ) W, = 150.

2
Multiply by 2.

(1++/3)W; = 300

300
Wy =—=~110
1++/3
From equation (2),
V3 V2
5 =g
Wy = Y3,
V2
Substitute 22 from above for Wj.

1+V3

_ V3 300 300v3
V2 1+V3 T (1+VBV2

Therefore, W7 ~ 110 1b and W5 =~ 134 1b.
1 0 [

@ [ ]=+[2]o-]
z ], 0] [1]

z 2y | | 2 |

T 1]

r4+2y | | 2 ]

Since corresponding elements must be equal, x =
1 and x+2y = 2. Substituting = 1 in the second

equation gives y = % Note that x =1 and y = %
are the values that balance the equation.

W2 ~ 134

N —
L )

(b) xCOs 4+ yHy + 2CO = Hy0
1 0 1 [0 ]
Olz+| 2 |y+ | 0 |[2z=] 2
2 0 1 | 1 ]

x 0 z ] [0 ]
O |+ 2y |+ 0]|=1]2
2z 0 z | | 1 ]
x4z ] [0 ]
2y = 2
20 + 2 | | 1 ]

Since corresponding elements must be equal, x +
z=0,2y =2, and 2x+2z = 1. Solving 2y = 2 gives

r+2z=0
= 1. Solving the syst ives
y olving the system { Ytz —1 gives
r =1 and z = —1. Thus, the values that balance
the equation are x =1, y = 1, and z = —1.

Extended Application: Contagion

110111
1.0 0 07/00 00 1 0
PQ = 0 1 0|0 00000
11 0]lo 10100
100010

1 2 0 2 11
=(0 1 01 0 O
1101 2 1

. In the product PQ, as3 = 0, so there were no

contacts.

. In the product PQ, column 3 has all zeros. The

third person had no contacts with the first group.

. In the product PQ, the entries in columns 2 and 4

both have a sum of 4 while the entries in column
5 have a sum of 3. In @, columns 2, 4, and 5
have a sum of 2, 2, and 3, respectively. Therefore,
the second, fourth, and fifth persons in the third
group each had a total of 6 first-and second-order
contacts.
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LINEAR PROGRAMMING: THE GRAPHICAL METHOD

3.1 Graphing Linear Inequalities
2. y<z+1

The boundary is the line y = x 4+ 1. Graph a solid
line using the points (0,1) and (—1,0). Use (0, 0)
as a test point to get 0 < 1, which is true. Shade
all points below the line, or the half-plane contain-
ing (0,0).

4. y>x -3

The boundary is the line y = x — 3. Graph a solid
line using the points (0, —3) and (3,0). Use (0, 0)
as a test point to get 0 > 0 — 3, which is true.
Shade all points above the line, or the half-plane
containing (0, 0).

6. 3y+z >4

The boundary is the line 3y + x = 4. Graph a
dashed line using the points (4,0) and (0, %) . Use
(0,0) as a test point to get 0 + 0 > 4, which is
false. Shade the half-plane that does not contain
(0,0), or all points above the line.

|||||||__}|||||

8. 2xr—y>2

The boundary is the line 2z — y = 2. Graph a
dashed line using the points (0, —2) and (1,0). Use
(0,0) as a test point to get 0—0 > 2, which is false.
Shade the half-plane that does not contain (0, 0),
or all points below the line.

<
~
~
~
N

~

4+ N
T~

R__

g
I
<
1 v

S b
=) I I A A
I I B
— -

S
1|

10. 22 +3y <6

The boundary is the line 2z + 3y = 6. Graph a
solid line using (0, 2) and (3,0). Use (0,0) as a test
point to get 0 + 0 < 6, which is true. Shade all
points below the line, or the half-plane containing
(0,0).

113
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12.

14.

16.

Chapter 3 LINEAR PROGRAMMING: THE GRAPHICAL METHOD

2 >y

The boundary is 22 = y. Graph a solid line using
the points (0,0) and (2,4). Since (0,0) is on the
line, use (3,1) as a test point to get 2-3 > 1, which
is true. Shade the half-plane containing (3,1), or
all points below the line.

) T
LI L

3z +2y >0

The boundary is 3z + 2y = 0. Graph a solid line
using (0,0) and (2,—3). Use (4,1) as a test point
to get 12 + 2 > 0, which is true. Shade the half-
plane containing (4, 1), or all points above the line.

llllk<

(98]

LI L I B I |

IIIIIIIO—_II

LI L I I I |

y> -2z

The boundary is y = —2x. Graph a dashed line
using the points (0,0) and (2, —4). Use (4,1) as a
test point to get 1 > —8, which is true. Shade the
half-plane containing (4, 1), or all points above the
line.

UL
(3]

]
%

) |
L B B |
P

18. y>5

20.

22,

The boundary is y = 5, a horizontal dashed line.
y > 5 is the set of points in the half-plane above

this line.
y |-
*;;5——5—:;————>
-
x >3
The boundary is x = 3, a solid vertical line. The
graph of x > 3 is the set of points which are on or
to the right of this line.
y__
x23 EE
IIIIIII(}:II:SI[Ix
2 —y <1
3z+y <6

Graph 2z — y < 1 as the half-plane above the
dashed line 2z — y = 1. Graph 3z 4+ y < 6 as the
half-plane below the dashed line 3z+y = 6. Shade
the overlapping part of these two half-planes to
show the feasible region for this system.

YA
/
’
v/
3 ‘,/2x—y<1
)\ 3x+y<6

I 0] W/
I P e

T
\3
7 \
/ \

4 |

X



Section 3.1

Graphing Linear Inequalities

24, —x —y <5

2v —y <4

Graph —x — y < 5 as the half-plane above the
dashed line —x — y = 5. Graph 2z —y < 4 as the
half-plane above the dashed line 2x —y = 4. Shade
the overlapping part of these two half-planes to
show the feasible region.

26.37 —2y > 6

28.

r+ y< -5
y< 4

Graph the solid lines 3x — 2y = 6, x +y = —5,
and y = 4. Use (0,0) as a test point. 0 —0 > 6 is
false, 0+0 < —5 is false, and 0 < 4 is true. Shade
all points below each line. The feasible region is
the overlap of the three half-planes.

—2<r<?2
y>1
z—y>0

The inequality —2 < = < 2 defines a vertical re-
gion from & = —2 to x = 2 with dashed boundary
lines = 2 and © = —2. The inequality y > 1 de-
fines the half-plane above the dashed line y = 1.
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For x —y > 0, use (4,1) as a test point. 4—1>0
is true. Shade all points below z —y = 0. The
feasible region is a small triangle bordered above
by x —y = 0, below by y = 1, and on the right by

x = 2. x = —2 does not affect the feasible region.
A yt A 7
1 1 7
1 1 3’
1 z1
<«—-L-__L__za__
| : 1 O ’‘ | : 1
|_2I |// T 2' T X
1 7/ - 1
1,7 1, 5
A -+ 4 <x<
Ra 1 1 y>1
VN | yx—y>0

30. 2z + 3y <12

2z + 3y > —6
e+ y< 4
x>0
y=>0

The inequalities > 0 and y > 0 restrict the
feasible region to the first quadrant. Graph

2z 4+ 3y = 12 as a solid line, 2x + 3y = —6 as
a dashed line, and 3z + y = 4 as a dashed line.
2z + 3y = —6 does not cross quadrant I and has
no effect on the answer. For 2z + 3y = 12 and
3x+1y = 4, use test point (0,0). 040 < 12 is true,
and 0+ 0 < 4 is true. Shade all points below each
line and in quadrant I. The feasible region is the
overlap of these regions.

~<

A

~ Y
~ T, X
SN e
2x+3y<12 ::\\\
2x+3y>-6 -T \\\\
3x+y<4 T v o~y
x20 T \
y=0
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32.

34.
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0<z<9

x—2y>4
3z + by < 30
y>0

0 <z <9andy > 0 restrict the region to the first
quadrant. Graph x =9, x—2y =4, and 3z+5y =
30 as solid lines. Use test point (0,0). 0 —0 > 4
is false, and 0 + 0 < 30 is true. Shade all points
from x = 0 to x = 9, below z — 2y = 4, and below
3z + 5y = 30. The feasible region is the region
in the first quadrant which is bounded above by
x— 2y =4 and 3z + 5y = 30, below by y = 0, and
on the right by x = 9.

y
HoHA PR
L 4 910\
T 0<x<9
T x—2y2>4
T 3x+5y<30)
- y=0

dr — 3y < 12

Use a graphing calculator. The boundary line is
the graph of 4x — 3y = 12. Solve this equation for

Y.

—3y = —4x + 12
—4 +12
= —X —_—
LA
4
y—gac—ll

Enter y; = %x — 4 and graph it. Using the origin

as a test point, we obtain 0 < 12 which is true.
Shade the region that contains the origin.

10

-10 10

36. 61 — 4y > 8

38.

3r+2y>4

Use a graphing calculator. One boundary line is
the graph of 6z — 4y = 8. Solve this equation for
Y.

—4y = —6x + 8
*_—6x+i
YTt
3
y—ax—Q

Enter y; = %x — 2 and graph it. Using the origin
as a test point, we obtain 0 > 8 which is false.
Shade the region that does not contain the origin.

The other boundary line is the graph of 3z 42y =
4. Solve this equation for y.

2y =—-3x+4
3
y:—§x+2

Enter yo = —%x + 2 and graph it. Using the ori-
gin as a test point, we obtain 0 > 4 which is false.
Shade the region that does not contain the ori-
gin. The overlap of the two graphs is the feasible
region.

a
=) Glazed | Unglazed | Maximum
Number T Y
Made
Time on 1
Wheel 2 ! i
Time in
Kiln 1 6 20

(b) On the wheel, = glazed planters require %:c =

%a: hr and y unglazed planters require 1-y = y hr.
Since the wheel is available for at most 8 hr per
day,

1
- <8.
2x+y_

In the kiln, x glazed planters require 1 -z = x hr
and y unglazed planters require 6 - y = 6y hr.
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40.

Graphing Linear Inequalities

Since the kiln is available for at most 20 hr per
day,

z + 6y < 20.
Since it is not possible to produce a negative num-
ber of pots,

x>0and y > 0.

Thus, we have the system

1

x+ 6y <20
x>0
y > 0.

y
81 Xiy<8
6 x+6y<20

x20,y20

1
10 15 20 *

(c) Yes, 5 glazed and 2 unglazed planters can be
made, since the point (5, 2) lies within the feasible
region.

From the graph, it looks like the point (10,2)
might lie right on a boundary of the feasible re-
gion. However, (10, 2) does not satisfy the inequal-
ity  + 6y < 20, so the point is definitely outside
the feasible region. Therefore, 10 glazed and 2
unglazed planters cannot be made.

(a) x > 3000
y > 5000
2 4y < 10,000

(b) The first inequality gives the half-plane to
the right of the vertical line x = 3000, includ-
ing the points on the line. The second inequal-
ity gives the half-plane above the horizontal line
y = 5000, including the points on the line. The
third inequality gives the half-plane below the line
x +y < 10,000, including the points on the line.

42.

44.
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Shade the region where the three half-planes over-
lap to show the feasible region.

y x 23000

25000
10,000 \

x+y< 10,000
5000

N

AN

T
10,000

3000

(a) x> 1000
y > 800
T +y <2400

(b) The first inequality gives the set of points on
and to the right of the vertical line x = 1000.
The second inequality gives the set of points on
and above the horizontal line y = 800. The third
inequality gives the set of points on and below the
line x +y = 2400. Shade the region where the
three graphs overlap to show the feasible region.

Y x> 1000
¥>800
X +y <2400

2400

1600-\

" \\
|

|
T T
1000

0 2400 *

(a) Number Emissions Cost
Type 1 x ) .16
Type 2 Y 3 .20
Maximum 1.8 .8

The manufacturer produces at least 3.2 million
barrels annually, so

T+y > 3.2

Operating costs are not to exceed $.8 million, so
162 + .20y < .8. Total emissions must not exceed
1.8 million 1b, so .5z + .3y < 1.8. We obtain the
system
r+y=>3.2
16x 4+ .20y < .8
Sr+ .3y <18
x>0
y > 0.
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(b) Using the above system, graph solid lines and
shade appropriate half-planes to get the feasible
region.

x+y=32
Sx+3y<1.8

Jd6x+.20y< .8
x20,y20

3.2 Solving Linear Programming
Problems Graphically

2. Make a table indicating the value of the objective
function at each corner point.

C;O;i?lir Value of z =6z —y

(1,5) 6(1)—5=1  Minimum
(6,8) 6(6) — 8 = 28

(9,1) 6(9) —1 =53 Maximum
(1,2) 6(1) —2=4

The maximum value of 53 occurs at (9,1). The
minimum value of 1 occurs at (1,5).

4.

CPoorirllletr Value of z = .35z + 1.25y

(0,15) .35(0) + 1.25(15) = 18.75

(6,18) .35(6) + 1.25(18) = 24.60
Maximum

(10,9) .35(10) 4+ 1.25(9) = 14.75

(12,0) .35(12) 4+ 1.25(0) = 4.20

(0,0) .35(0) + 1.25(0) =0
Minimum

The maximum is 24.6 at (6,18); the minimum is
0 at (0,0).

6. (a) z=4dx+y

(;O;Irllir Value of z =4z +y
(0,10) 4(0) + 10 =10 Minimum
(2,4) 4(2)+4 =12

(5,2) 4(5)+2 =22

(15,0) 4(15) + 0 = 60

The minimum value is 10 at (0,10). There is no

maximum because the feasible region is unbounded.

(b) z =5z + 6y
Corner
Point Value of z = 5z + 6y
(0, 10) 5(0) + 6(10) = 60
(2,4) 5(2) +6(4) = 34 Minimum
(5,2) 5(5) +6(2) =
(15,0) 5(15) 4 6(0) =

The minimum value is 34 at (2,4). There is no
maximum because the feasible region is unbounded.

(c) z=x+2y
C;;irrllir Value of z = x + 2y
(0,10) 0+2(10) =
(2,4) 2+2(4) =
(5,2) 5+2(2) = Minimum
(15,0) | 15+2(0) =

The minimum value is 9 at (5, 2). There is no max-
imum because the feasible region is unbounded.

(d) z=2+ 6y

Corner
Point
(0,10) 0+ 6(10)
(2,4) 2+ 6(4)
(5,2) 54 6(2)
(15,0) 15 4+ 6(0)

Value of z =z + 6y

60
26
17
1

5 Minimum

The minimum value is 15 at (15,0). There is no
maximum because the feasible region is unbounded.

. Minimize z = = + 3y

subject to: r+y <10
5 + 2y > 20
—xr+2y>0

x>0

y=>0.

Graph the feasible region, and identify the corner
points. The corner point (%2, 1) can be found by

solving the system

r+ y=10
—x+2y= 0,

and the corner point (?0 %) can be found by solv-
ing the system
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5x + 2y = 20
—x+2y= 0.

y

‘x' (0, 10)

Cor.ner Value of z =z + 3y
Point
(0,10) 0+ 3(10) = 30
(5% | 3+3(5) =%
10 5
(53) 9 +3(8) =% Minimum

The minimum value is % when x = % and y = %

Maximize z = 10x + 8y

subject to: 2z + 3y < 100
5z + 4y < 200

x> 10

0 <y <20.

Graph the feasible region, and identify the corner
points. The corner point (20, 20) can be found by
solving the system

22 + 3y = 100
y= 20,
and the corner point (2—(7)0, %) can be found by

solving the system

22 + 3y = 100
5z + 4y = 200.

A
50
N\
(10, %k_(go 20)

“ 200 100

(40, 0) SNX

Solving Linear Programming Problems Graphically

12.
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Corner
Point Value of z = 10x + 8y
(10,0) 10(10) + 8(0) = 100
(10, 20) 10(10) + 8(20) = 260
(20, 20) 10(20) + 8(20) = 360
(22, 190) 110 (22) +8 (1) =400 Maximum
(40,0) (40) + 8(0) = 400 Maximum
The maximum value is 400 when x = @ and
Y= 100 , as well as when « = 40 and y = 0 and at

all pomts in between.

Maximize z = 4z + 5y

subject to: 10x — 5y < 100
20z 4+ 10y > 150
T+ y>12
x>0
y > 0.

Graph the feasible region and identify the corner
points. The corner point (Q é) can be found by

313
solving the system

10x — 5y = 100
r+ y= 12,

and the corner point (3,9) can be found by solving
the system

20z + 10y = 150
r+ y= 12.

Since the region is unbounded, there is no maxi-
mum value, hence no solution.
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14. Minimize z = 3x + 2y subject to the following

constraints, with > 0 and y > 0.

(a) 10z 4+ Ty <42
4x + 10y > 35

Graph the feasible region and identify the corner
points. The corner point (ﬁ 91

2 51) can be found
by solving the system

10x + Ty =42
4 4+ 10y = 35

by the elimination method.

175 91
(ﬁ! %)

AN

Corner

- Value of z = 3z + 2y

(0,1 3(0)+2(%) =7 Minimum
(0,6) 3(0) +2(6) = 12

(1_725’%) 3(%)4_2(%):878—29%12.35

The minimum value is 7 when z =0 and y = %

(b) 6z + 5y > 25

2x + 6y > 15
Graph the feasible region, and identify the corner
points. The corner point (E @) can be found by

267 13
solving the system

6x + Sy = 25
22 + 6y =15

by the elimination method.

Corner

Point Value of z = 3z + 2y

(0,5) 3(0) +2(5) =10 Minimum
(L2,0) 3(8)+20)=24£=225
(z:35) | 3(@)+2(f) =@~ 117

The minimum value is 10 when x = 0 and y = 5.

(c) z+2y>10
2+ y > 12
r—y <8

Graph the region and identify the corner points.
The corner point (%, %) can be found by solving

the system

r+2y=10
20+ y =12,

and the corner point (%, %) can be found by solv-

ing the system

42y =10
r— y= 8

Cor.ner Value of z = 3z + 2y

Point

Y | s@0-5-m
Minimum

) | s 2@ -2om

(0,12) 3(0) +2(12) = 24

. . . 5
The minimum value is "?8 when x = 3= and y = %.
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Applications of Linear Programming

3.3 Applications of Linear

Programming

2. Let x represent the number of cows. Then %x is the
number of acres used by x cows. Let y represent
the number of sheep. Then %y is the number of
acres used by y sheep. There are at least 120
acres of pasture, so the inequality is

1 1
— —y > 120.
3J:+ 4y >

. If x represents the number of small computers
sold, then 3z is the number of hours spent. If
y represents the number of large computers sold,
then 5y is the number of hours spent. Since Pauline
works no more than 45 hr/wk, the inequality is

3z + 5y < 45.

. Let z represent the number of gallons of light oil
and y represent the number of gallons of heavy
oil. The total must not exceed 120 gal, so the
inequality is

x4y <120

(Note that the price per gallon is not used in set-
ting up this inequality.)

. Let x = the number of refrigerators to ship to
warehouse A

and y = the number of refrigerators to ship to
warehouse B.

Minimize z = 12z + 10y

subject to: x4y > 100
x <75
y <80

4x + 2y > 300
x>0

y=>0.

Graph the feasible region in quadrant I, and iden-
tify the corner points.

r+ y =100
4x + 2y = 300.

10.
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y
A
100
‘\\:s\\gss,so) (75, 80)

(50, 50)

(75, 25)

50 N \ x

The corner points are: (35,80), which is the in-
tersection of y = 80 and 4x + 2y = 300; (75, 80);
(75,25), which is the intersection of x = 75 and
x +y = 100; and (50, 50), which is the interection
of x +y = 100 and 4z + 2y = 300.

%o;;(zr Value of z = 12x + 10y
(35,80) 1220

(75, 80) 1700

(75, 25) 1150

(50, 50) 1100 Minimum

Ship 50 refrigerators to warehouse A and 50 to
warehouse B for a minimum cost of $1100.

(a) Let x = the number of bargain sets
and y = the number of deluxe sets.
Maximize z = 100x + 150y

subject to: 3z + by < 3900
z + 3y < 2100
2z 4+ 2y < 2200

x>0

y > 0.

Graph the feasible region in quadrant I.

::::::’\\éigo,ﬁoo)

(800, 300)

*\

0.0 500 1N~
I (1100,6;\;::\“

The corner points (0,0), (1100,0), and (0, 700)
can be identified from the graph. The coordinates

of the corner point (800, 300) can be found by solv-
ing the system

3z + 5y = 3900
2z 4 2y = 2200.
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The coordinates of the final corner point, (300, 600),

can be found by solving the system

z + 3y = 2100

3z + 5y = 3900.
Corner Value of z = 100z + 150y
Point
(300, 600) 120,000
(800, 300) 125,000 Maximum
(1100, 0) 110,000
(0,700) 105, 000
(0,0) 0

A maximum profit of $125,000 is obtained by pro-
ducing 800 bargain sets and 300 deluxe sets.

(b) The objective function changes to

z =100z 4 170y.

The corner points stay the same.

(;O;;‘zr Value of z = 100z + 170y
(300, 600) 132,000 Maximum
(800, 300) 131,000

(1100, 0) 110, 000

(0,700) 119,000

(0,0) 0

A maximum profit of $132,000 is obtained by pro-
ducing 300 bargain sets and 600 deluxe sets.

Let x = the number of gallons of gasoline in
millions to produce each day

and y = the number of gallons of fuel oil in
millions to produce each day.

Maximize z = 1.25z 4+ 1.00y
subject to: x> 2y
y>3
r <64
25z 4+ 1y < 4.65
x>0
y > 0.

14.

Graph the feasible region in quadrant I, and find
the corner points.

y magnified view

oy

-3 __“,{k

é‘r I .

Corner Value of z = 1.25z + 1.00
Point o Y
(6,3) 10.5
(6.2,3.1) 10.85
(6.4, 3.05) 11.05 Maximum
(6.4,3) 11

Produce 6.4 million gal of gasoline and 3.05 million
gal of fuel oil for a maximum revenue of $11.05
million (or $11,050,000).

Let £ = the number of hectares of coffee
and y = the number of hectares of cocoa.

Maximize z = 220x + 550y
z +y < 500,000

x> 100, 000
200,000 < y < 270,000

subject to:

2z 4+ by < 1,750,000
x>0
y > 0.

Graph the feasible region in quadrant I, and iden-

tify the corner points.

Yy
\> N
(1007000,
270,000)

h (200,000,

270,000
\ (250,000,
v 250000

\__ 4. >

A

(100,000,
200,000)

(300,000\,
200,000)

Corner
Point

Value of z = 220z + 550y

(100,000, 200,000)
(100,000, 270,000)
(200,000, 270,000)
(250,000, 250,000)
(300,000, 200,000)

132,000,000
170,500,000
192,500,000 Maximum
192,500,000 Maximum
176,000,000
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A maximum profit of $192,500,000 is obtained by
growing 250,000 hectares of each crop or by grow-
ing 200,000 hectares of coffee and 270,000 hectares
of cocoa (or any point on the line between these
two points).

Let x = the number of boxes shipped
from warehouse I to San Jose

and y = the number of boxes shipped
from warehouse I to Memphis.

Then, 350—x is the number of boxes shipped from
warehouse II to San Jose. 300 — y is the number
of boxes shipped from warehouse II to Memphis.
The constraints are represented by the following
inequalities:

z+y <370
(350 — z) + (300 — y) < 290 or x + y > 360
x < 350
y < 300
x>0
y > 0.

Minimize the shipping cost

z = .25z + .22y + .23(350 — x) 4+ .21(300 — y)
or

z = .02z + .01y + 143.5

subject to the above constraints.

Graph the feasible region in quadrant I, and iden-
tify the corner points.

y

y N
(70, 300)

(60, 300)

Y

Cor.ner Value of z = .02z + .01y + 143.5
Point

(60, 300) 147.7  Minimum
(70,300) 147.9

(350, 20) 150.7

(350, 10) 150.6

Thus, a minimum cost of $147.70 is obtained when
60 boxes are shipped from warehouse I to San

18.

20.

22.
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Jose, 300 boxes are shipped from warehouse I to
Memphis, and 290 boxes are shipped from ware-
house II to San Jose. Notice that no boxes are
sent from warehouse II to Memphis.

1 Zeta + 2 Beta must not exceed 1000; thus (b)
is the correct choice.

$4.00 Zeta + $5.25 Beta equals the total contri-
bution margin; (c¢) is the correct choice.

Let x = the number of species I prey
and y = the number of species II prey.

| Protein  Fat
I 5 2
IT 3 4
Minimize z = 2x + 3y

Species

subject to: 5z + 3y > 10
2¢ +4y > 8

x>0

y > 0.

Graph the feasible region in quadrant I, and iden-
tify the corner points (O, 1—30) , (4,0), and the in-
tersection of 5z + 3y = 10 and 2z + 4y = 8, which

is (3, 7)

() !
‘\2-

L L

Corner
Point

(0.2) 10
(4,0)

(7. %) 7

The minimum value is 4—76 ~ 6.57 units of energy.
% units of species I and 1—70 units of species II will
meet the daily food requirements with the least
expenditure of energy. However, a predator prob-
ably can catch and digest only whole numbers of
prey. This problem shows that it is important to
consider whether a model produces a realistic an-

swer to a problem.

Value of z = 2x + 3y

Minimum
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24. Let x = the number of Brand X pills Graph the feasible region on a graphing calculator
and y = the number of Brand Y pills. and identify the corner points.
Minimize z = .05z + .04y Corner
. Value of z=x+y
subject to: 3000z 4 1000y > 6000 Point
45z + 50y > 195 (0,0) 0
75z + 200y > 600 (92.31, 553.85) 646.16
>0 (181.82,509.09) 690.91 Maximum
y>0. (500, 0) 500
Graph the feasible region in quadrant I. The maximum total area is 690.91 sq ft occurring

26.

when 181.82 sq ft is used for windows and 509.09
sq ft is used for walls.

Chapter 3 Review Exercises

2. There is no limit to the number of constraints in
the graphical method. We are, however, limited
to two variables.

4. 3r—y <5
The corner points (0, 6) and (8,0) can be identified
from the graph. The coordinates of the corner
point (1,3) can be found by solving the system

Graph 3z —y = 5 as a solid line using the points

(2,0) and (0, —5). The test point (0,0) gives 0 <

5, which is true. Shade the half-plane containing
452+ 50y = 195 (0,0), that is, all points above the line.

30002 + 1000y = 6000.

The approximate coordinates of the corner point
(1.7,2.4) can be found by solving the system

45z + 50y = 195
752 + 200y = 600.

Corner
lue of z =. .04
Point Value of z = .05x + .04y
(1,3) .17 Minimum
6. 2x — 6y > 18
(1.7,2.4) 18 e
8,0 .40 raph 2x —6y = 18 as a solid line using the points
, 4 Graph 2x—6 18 lid 1i ing the poi

0,6 2 ,0) an ,—3). e test point (0, ives 0 >

(0,6) 4 (9,0) and (0,-3). Th int (0,0) gives 0
A minimum daily cost of 17¢ is incurred by taking 18, thh. is false. Shac.le the hélf_plane that d.oes
1 Brand X pill and 3 Brand Y pills. not contain (0, 0), that is, all points below the line.
Let £ = the number of square feet of window space y

and y = the number of square feet of wall space.

Maximize z =z +y 2x—6y>18

1
subject to: x> gy 9 7
10z + 20y < 12,000
.32z + .20y < 160
x>0
y > 0.
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8. y<3

Graph the horizontal solid line y = 3, and shade
the half-plane below the line.

Lo
|

T
=

RN = N

10. 4+ y>8

20 -3y <6

Graph 4z + y = 8 as a solid line using (2,0) and
(0,8), and graph 2z — 3y = 6 as a solid line using
(3,0) and (0,—2). The test point (0,0) gives 0 +
0 > 8, which is false and 0 — 0 < 6, which is
true. Shade the half-planes above 4z 4+ y = 8 and
above 2z — 3y = 6. The final shaded region is the
overlapping part of these two half-planes, which is
the region above both lines.

The only corner point is the intersection of the
two boundary lines. To find the coordinates of
this point, solve the system

dr+ y=8
2z — 3y = 6.

The corner point is (1—75, —%) .

(15/7, -417)

12.

14.
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2<x<5H
1<y<T7
r—y<3

Graphx =2, =5, y=1, y=T7,andz —y =3
as solid lines. (0,0) can be used as a test point for
each inequality to help graph the feasible region.
The corner points are (2,1), (2,7), (5,7), (5,2),
and (4,1).

2,7
Y AL A G
gan
@ DT ///
v, A
HHHE AP R HHH
oY
T 2<x<5
-+ 1<y<7
T x-y<3

r+2y <4
20 — 3y < 6
x>0
y=>0

Graph = + 2y = 4 and 2z — 3y = 6 as solid lines.
The inequalities * > 0 and y > 0 restrict the re-
gion to quadrant I. Use (0,0) as a test point to
get 04+ 0 < 4 and 0 — 0 < 6, which are true.
The feasible region contains all points on or below
x + 2y =4 and on or above 2z — 3y = 6 in quad-
rant 1.

The corner points (0,0), (0,2), and (3,0) can be
identified from the graph. The fourth corner point,
(%, %) , is the intersection of the lines = 4 2y = 4

and 2z — 3y = 6.

y
| x+2y<4
2x—-3y<6
1 x>0
y=0
,10.2)
T (24 ;)
L < \7 7
T hd T
(0, 0) (3,0) 4 X
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16.

18.

20.
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Evaluate the objective function z = 2z + 4y at all
the corner points.

(;O;rrllir Value of z = 2z + 4y

(0,8) 2(0) +4(8) =32

(8,8) 2(8) +4(8) =48 Maximum

(5.2) | 2(5)+4(2) =18

(2,0) 2(2)+4(0) =4  Minimum
(

(2,0).
Minimize z = 3z + 2y

subject to: 8x + 9y > 72
6x + 8y > 72

x>0

y > 0.

Graph the feasible region, which contains all points
in quadrant I on or above 6x + 8y = 72, and iden-
tify the corner points.

\Z

Evaluate the objective function at each corner point.

Corner

Point Value of z = 3z + 2y

(0,9) 3(0) +2(9) =18 Minimum
(12,0) 3(12) +2(0) = 36

The minimum value is 18 at (0,9).

Maximize z = 4x + 3y

subject to: 2z + 7y < 14
2z + 3y <10

x>0

y > 0.

Graph the feasible region, which is the overlap of
all points on or below 2z + 3y = 10 and 2z + Ty =
14, and identify the corner points. The corner

point (%, 1) can be found by solving the system

204+ Ty =14
2z + 3y = 10.

24.

Evaluate the objective function at each corner point.

Corner

Point Value of z = 4z + 3y

(0,2) 4(0)+3(2) =6

(0,0) 4(0)+3(0)=0

(5,0) 4(5) + 3(0) =20 Maximum
(3:1) | 4(3)+3(1) =17

The maximum value is 20 at (5,0).

Maximize z = 4z + 3y

subject to: 2z 4+ Ty < 14
2z + 3y <10

x>0

y > 0.

Using the method of Exercise 23, z = 20 or 4x +
3y = 20 is the line that is as far from the origin
as possible but still touches the feasible region. It
touches the feasible region at (5,0). Note that a
value of z greater than 20, such as z = 25, will
produce a line that does not intersect the feasible
region, while a value of z less than 20, such as z =
15, will produce a line that intersects the feasible
region in more than one point.

0,0

The maximum value of z is 20 when z = 5 and
y=0.
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26. Let x = the number of units of special pizza
and y = the number of units of basic pizza.

The system of inequalities is

x>6
y=>4
S5z + 4y < 100
20+ y <32
x>0
y > 0.

304
25 '\ (6, 17.5)

28. Maximize z = 20x + 15y.

Identify the corner points from the graph of the

feasible region in Exercise 26.

Corner

Point Value of z = 20x + 15y
(6,4) 180

(6,17.5) 382.5

(%, %0) 386.6 Maximum
(14,4) 340

Produce % units of special pizza and % units of
basic pizza for a maximum revenue of $386.67.

30. Let z = the number of Atlantic boathouses.
and y = the number of Pacific boathouses.

Minimize z = 30,000x 4 40,000y
subject to: 1000z + 2000y > 8000
3000z + 3000y > 18,000
2000z + 3000y > 15,000
x>0
y > 0.

/7
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The corner points (0, 6) and (8, 0) can be identified
from the graphs. The coordinates of the corner
point (3,3) can be found by solving the system

3000z + 3000y = 18,000
2000z + 3000y = 15,000.

The coordinates of the point (6,1) can be found
by solving the system

1000z + 2000y = 8000
2000z + 3000y = 15,000.

Corner |y e of 2 = 30,0002 + 40,000y
Point

(0,6) 240,000

(3,3) 210,000 Minimum

(6,1) 920,000

(8,0) 240,000

A minimum cost of $210,000 is incurred by build-
ing 3 of each model.

. Let x = ounces of Health Trough

and y = ounces of Power Gunk.

Minimize z = 8z + 4y
subject to: 30x + 10y > 360
10z + 10y > 160
10x + 30y > 240
x>0
y > 0.

The corner points (0, 36) and (24, 0) can be identi-
fied from the graph. The coordinates of the corner
point (10,6) can be found by solving the following
system.

30z + 10y = 360

102 + 10y = 160.

The coordinates of the corner point (12,4) can be
found by solving the system

10z + 10y = 160
10z + 30y = 240.
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CPO;TEY Value of z = 8z + 4y
(0,36) 144

(10,6) 104 Minimum
(12,4) 112

(24,0) 192

Ten ounces of Health Trough and six ounces of
Power Gunk should be used for a minimum choles-
terol intake of 104 mg.

34. Let x = the number of hours Ron should
spend with his math tutor
and y = the number of hours he should
spend with his accounting tutor.

The number of points he expects to gain on the
two tests combined is z = 3z + 5y. The given
information translates into the following problem.

Maximize z = 3x + 5y

subject to: 20z + 40y < 220 (finances)
T+ %y <8 (aspirin)
x+3y <15 (sleep)

x>0

y=>0.

Sketch the feasible region.
y
U
D)

©,0)]

The corner points of the feasible region are (0, 0),
(0,5), (3,4), (7,2), and (8,0). Evaluate the ob-
jective function at each corner point.

(;O;?Er Value of z = 3x + 5y
(0,0) 0

(0,5) 25

(3,4) 29

(7,2) 31 Maximum

(8,0) 24

Therefore, Ron should spend 7 hours with the
math tutor and 2 hours with the accounting tutor
in order to gain a maximum of 31 points.



Chapter 4

LINEAR PROGRAMMING: THE SIMPLEX METHOD

4.1 Slack Variables and the Pivot

2. 31’1 +5£U2 S 100

Add s; to the given inequality to obtain

3931 + 5.%2 + 51 = 100.

4. 8x1 + 6x9 + bxz < 250

Add s; to the given inequality to obtain

81’1 + 6%2 + 51’3 + 81 = 250.

6. Maximize z=1.2x1 + 3.529
subject to: 2.4z + 1.5x2 < 10
1.721 +1.925 < 15
with x1 > 0,20 > 0.

(a) We need one slack variable for each inequality.
Thus, 2 are needed.

(b) We will use s and sy for the slack variables.

(¢) 2.4z + 1.529 < 10 becomes
2.41}1 + 15.132 + 81 = 10.
1.721 + 1.925 < 15 becomes

1.7y + 1.9z + s = 15.

8. Maximize z = 1221 4+ 1529 + 10x3
subject to: 2x1 +2x9+ x3< 8
Ty +4xo 4+ 33 < 12
with I Z 0,1’2 Z 0,([3 Z 0.

(a) There are two inequalities, so 2 slack variables
are needed.

(b) Use s1 and s9 for the slack variables.

(€) 2z1 + 229+ x3 +51 = 8
Ty + 4o + 373 +s9 =12
10. T To T3 S1 So %

0 2 1 1 3 0] 5
1 5 0 1 2 o0} 8
0 -2 0 1 1 1|10

x1 and x3 are the basic variables. The solution is
1 =8,20=0,23 =5,51 =0,8, =0, and z = 10.

12. T To T3 S1 So S3  Zz
0 2 0 5 2 2 0|15
0 3 1 0 1 2 0 2
7 4 0 0 3 5 0135
0 —4 0 0 4 3 2|40

1,3, and s; are the basic variables. The solution
isxy =59 = 0,23 = 2,851 = 3,59 = 0,53 =0,
and z = 20.

14. T ) I3 S1 52 z
5 4 1 1 0 0150
3 3 2 0 1 0] 40

-1 -2 -4 0 0 1, 0

Clear the z3 column.

T T2 T3 S1 Sy z
—Ry+2R;—Ry| 7 5 0 2 -1 0160

3 3 2 0 1 0 (40

2Rs+ R3—R3| 5 4 0 0 2 1180

r3 and s; are now basic. Thus, the solution is
r1 = 0,9 = 0,z3 = 20,87 = 30,85 = 0, and
z = 80.

16. Tr1 To T3 S1 So S3 2
4 2 3 1 0 O 22
2 21510 1 0 28
1 3 2 0 0 1 45
-3 -2-4 0 0 0 1 0

Clear the z3 column.

xryp T2 T3 S1 S22 S3 2
—3R2+5R1 — Ry 14 4 0 5-3 0 0 26
2 2150 1 0 O 28
—2R5+5R3 —Rs 111 0 0-2 5 0169
4Rs+5R4—Ry| =7 -2 0 0 4 0 5| 112

xs, S1, and s3 are now basic. Thus, the solution is

28 26 169

1’1:0,372:0,1'3:?,81:?, 5 )

112
12

82:0,83 =

and z =
129
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18.

20.

22,

Ty T2 T3 T4 S1 S2 S3 %2
1 2 3 1 1 0 0 0]115
2 1 8 5 0 1 0 01200
10 1 0 O O 1 O 50
-2 -1-1-1 0 0 0 1 0

Clear the x1 column.

Chapter 4 LINEAR PROGRAMMING: THE SIMPLEX METHOD

r1 T2 T3 T4 S1 S2 S3 Z
—-R3+Ri1—R4y| 0 2 2 1 1 0-1 0] 65
—2R3+Ros—Re[ O 1 6 5 0 1 -2 0] 100
1 01 0 0 0 1 0f 50
2Rs+Rs4—Ry| O -1 1 -1 0 0O 2 1] 100
r1, 51, and so are now basic. Thus, the solution
is 1 = 50,29 = 0,23 = 0,24 = 0,57 = 65,89 =
100, s3 = 0, and z = 100.

Find z1 > 0 and x5 > 0 such that

2x1 + 3x2 <100
5x1 + 4xo < 200

and z = x1+3x9 is maximized. We need two slack
variables. Add s; and s, to get the system

21’1 + SIQ +31 =100
5x1 + 4o +S2 =200
—T1 — 3£U2 +z = 0.
The initial simplex tableau is
o T2 S1  S2
2 3 1 0 0100
5 4 0 1 0] 200
-1 -3 0 0 1| 0
Find x; > 0 and x5 > 0 such that
1+ 2 <10
5x1 + 322 <75
and z = 4x1 + 25 is maximized.
Add s; and s to get the system
xr1+ X2+ 81 =10
5x1 + 3x2 + S =75
—4x1 — 220 +2z= 0
The initial simplex tableau is
I i) S1 S9 z
1 1 1 0 0]10
5 3 0 1 75
-4 -2 0 0 1] 0

24. Find z; > 0 and x5 > 0 such that

26.

10151 + 4[L’2 S 100
201 + 10z2 < 150

and z = 4x1 + bz is maximized.
Add s; and ss to get

1021 + 4z + s1 =100
20x1 + 10x- + 89 = 150
—4x1 — bdxo +z= 0.
The initial simplex tableau is
X T2 S1 82 z
10 4 1 0 0]100
20 10 0 1 0]150
-4 -5 0 1] o

Let &1 represent the number of racing bicycles, o
the number of touring bicycles, and x3 the number
of mountain bicycles. Organize the information in
a table.

Racing Touring Mountain Amount

Available

Steel 17 27 34 91,800

Aluminum 12 21 15 42,000
Profit $8 $12 $22

Using this information, the problem may be stated
as:

Find z7; > 0,22 > 0, and x3 > 0 such that

1721 4+ 2729 4 3423 <

< 91,800
1221 4 2129 + 1523 <

42,000
and z = 8x1 + 1225 + 22x3 is maximized.

Introduce slack variables s; and so, and the prob-
lem can be restated as:

Find z1 > 0,29 > 0,23 > 0,57 > 0, and s > 0
such that

1721 + 2729 + 3423 + 51 = 91,800
1221 4+ 2129 + 1523 + s5 = 42,000

and z = 8x1 + 1225 + 22x3 is maximized.
Rewrite the objective function as
—8x1 — 1229 — 2223+ 2 = 0.

The initial simplex tableau is

1 D) T3 S1 So 4
17 27 3 1 0 0]91,800
12 21 15 0 1 0] 42,000
-8 —12 —-22 0 1] 0
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28. Let x; represent the number of Basic sets, x5 the
number of Regular sets, and x3 the number of
Deluxe sets. Organize the information in a table.

Basic Regular Deluxe Number
Set Set Set Available
Utility
2 2 3 800
Knife
Chef’s
1 1 1 4
Knife 00
Slicer 0 1 1 200
Profit $30 $40 $60

Using this information, the problem may be stated
as:

Find 1 > 0,25 > 0, and x3 > 0 such that

2381 + 21’2 + 3183 S 800
T+ T2+ a3 <400
To + w3 < 200

and z = 30x1 + 40z9 + 60z3 is maximized.

Introduce slack variables s1,s3, and s3, and the
problem can be restated as:

Find 1 > 0,25 > 0,23 > 0,81 > 0,82 > 0, and
s3 > 0 such that

2x1 4+ 229 + 33 + 51 = 800
r1+ a2+ x3 + 39 =400
T2+ T3 + 83 = 200

and z = 30z + 40x5 + 603 is maximized.
Rewrite the objective function as
—30x; — 4029 — 60x3 + 2 = 0.

The initial simplex tableau is

1 T2 X3 S1 S2 S3 2
2 2 3 1 0 0 0]800
1 1 1 0 1 0 0]400
0 1 1.0 0 1 0]200
—-30 =40 =60 0 0 0 1| O

4.2 Maximization Problems

2. Ty T2 T3  S1 S22
2 2 1 1 0 0]10
1 2 3 0 1 0]15
-3 -2 -1 0 0 1|0

The solution which can be read from this initial
simplex tableau is not optimal. We will try to
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improve the value of z. To choose the pivot, first
identify the most negative indicator, which is —3,
in the first column. This means that the vari-
able x1 will be made basic. Now form quotients
by dividing each number on the right side of the
tableau by the corresponding number from the
column with the most negative indicator, which
is column 1.

Quotients T To T3 s1 Sy Z
10/2= 5 2 2 1 1 0 0110
-3 -2 -1 0 0 1] 0

Of the two quotients, the smallest is 5 (from row
1), so the 2 in the first row, first column is the
pivot.

xr1 T2 x3 S1 Sy z
2 2 1 1 0 0]10
~Ri+2R;—Ro| 0 2 5 -1 2 0]20
3Ri+2Rs—Rs| 0 2 1 3 0 230

None of the indicators in this tableau are negative,
so we have found the optimal solution. To simplify
the reading of the final tableau, create a 1 in the
columns corresponding to the basic variables and

Z.
1 T2 T3 S1 S22 Z
iR Ry 11 4 i 0 0] 5
1R, =Ry o 1 2 i 0110
IRs—Rs | 0 1 & 2 0 1|15

All indicators are positive, so the maximum is 15
when x1 = 5,20 = 0,23 = 0,51 =0, and s5 = 10.

4. T T9 T3 S1 82 S3 2
2 2 1 1 0 0 0150
1 1 3 0 1 0 0140
4 2 5 0 0 1 01 80

-2 =3 =5 0 0 0 1 0

The most negative indicator is —5. Of the quo-

tients % = 50, % = 13%, and 8—50 = 16, the small-

est is 43—0, so pivot on the 3 in row 2, column 3.

1 T2 T3 S1 S22 S3 2
—Ry+3R;—Ry| 5|5(0 3-1 0 0/[110

1 1 3 0 1 0 0} 40
—5R2+3Rs—Rs| 7 1 0 0-5 3 0/ 40
SRe+3Ru—Ra|"™ "7 "4 0 0 5 0 3 [200
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The solution is still not optimal. The most nega-

tive indicator is —4. Of the quotients 1—51)0 =22, 470 =
40, and 4—10 = 40, the smallest is 22, so pivot on

the 5 in row 1, column 2.

Tr1 X9 Tz 81 S2 S3 z
5 5 0 3 -1 0 O 110
—Ri1 +5Rs— Ry 0 015 -3 6 0 0 90
—R;+5R3—R3| 30 0 0 -3 -24 15 O 90
4Ry +5R4—Ry| 15 0 0 12 21 0 15 | 1440

None of the indicators in this tableau are negative,
so we have found the optimal solution. To simplify
the reading of the final tableau, create a 1 in the
columns corresponding to the basic variables and

Z.

xryp T2 T3 S1 S22 S3 <2
IR —-R[ 110 22— 0 0]22
=R2—Ra 00 1-%f 2 00| 6
=Rs—R3 2 00 —% —% 1 0| 6
=Rs—Ry 1 00 2 I 0 1|96

The maximum is 96 when x1 = 0,25 = 22,3 =
6,51 =0,80 =0, and s3 = 6.

T T2 T3 S1 So z
3 2 4 1 0 O0f18

2 1 5 0 1 0] 8

-1 -4 =2 0 0 1] 0

The most negative indicator is —4. Of the quo-
tients % = 9 and % = 8, the smallest is 8, so
pivot on the 1 in row 2, column 2.

r1 X9 XT3 S1 S92 2

—2Rs+Ri—Ry| -1 0-6 1 -20] 2
2 1 5 0 10| 8
4R, +Rs—Rs| 7 0 18 0 41|32

This solution is optimal. The basic variables are
ro and s1. The maximum is 32 when x1 = 0,25 =
8,23 =0,81 =2, and s = 0.

Maximize z=2x1 + 322

subject to:  3x1 + bxe < 29
2([1 + X2 S 10

with X1 2 O,IL’Q Z 0.

Introduce s; and sy as slack variables. Rewrite

the objective function as

—2x1 — 3x0 +2=0.

The initial tableau as follows.

I T2 S1 S92 z

3 5 1 0 0129
1 0 10

-2 -3 0 1| o

—R1 +5R2—Ro 7 0 -1 5 0] 21

3R1 +5R3—R3 | —1 0 3 0 5|87

Pivot on the 7 in row 2, column 1.

X1 i) S1 S92 z
—3Re+7R;—»Ry[ 0 35 10 —15 0| 140
70 -1 5 0‘ 21
Ry+7Rs—Rs| 0 0 20 5 35630

10.

—1.9R; + 1.5Rs — R
3.5R; + 1.5R3 —R3

Create a 1 in the columns corresponding to z1, 2,
and z.

T ) S1 S9 z
=Ri—Ri| 0 1 2 -2 of 4
IR, —»R,| I 0 -1 2 0] 3
AR;—Rs| 0 0 & L 1[18

This is optimal. The maximum is 18 when x; =
3,29 =4,s51 =0, and sy = 0.

Maximize z=1.2x1 + 3.522

subject to:  2.4xy + 1.5x2 < 10
1.7x1 +1.925 < 15

with r1 > 0,29 > 0.

The initial tableau follows.

€ ) S1 So  z
24 |15 1 0 10
1.7 19 0 15
-12 =35 0 0 1] 0

Pivot on the 1.5 in row 1, column 2.

X1 o S1 S2 z
24 15 1 0 0 10
2010 —-19150 3.5

66 0 350 15]35
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Create a 1 in the columns corresponding to 2, S,
and z.

X1 o S1 S92 z

1—15R1 —R; 1.6 1 67 0 0 6.67
%RQ —Ro| —134 0 -1267 1 0 2.33
#Rs—Rs| 44 0 233 0 12333
The maximum is 23.33 (or 2) when @1 = 0,2, =
6.67 (or 22),s1 =0, and s, = 2.33 (or I).
12. Maximize z = 1221 4+ 1525 + 523
subject to: 2z +2x2+ x3< 8
T + 4z + 323 < 12
with r1 > 0,20 > 0,23 > 0.
The initial tableau is as follows.
Z1 T2 T3 S1 S92 z
2 2 1 1 0 0 8
1 4 3 0 1 0] 12
-12  -15 -5 0 0 1 0

Pivot on the 4 in row 2, column 2.

Tr1 X2 T3 S1 S2 z
—R2 + 2R — Ry 3 0-1 2-1 0 4

11413 0 1 0] 12

15Ry; +4R3—Rs| —33 0 25 0 15 4| 180

Pivot on the 3 in row 1, column 1.

N

L1 L2 T3 81 82

3(0-1 2 -1 0 4

—Ri1 +3R2— Ry 012 10 =2 4 0| 32

11R; + Rs—Rs 0 0 14 22 4 4224

Create a 1 in the columns corresponding to 1, 2,

and z.

T1 To XT3 S1 S92
%R1—>R1 10 _% %_% 0 %
LR2—Ry| 0 1 t-t 3 0|3
Rs—=Rs| 0 0 I L 1 1]56

The maximum is 56
when z; = %,xg = %,:L‘g =0,s1 =0, and s, = 0.

This solution is optimal.

14. Maximize z=x1+ xo +4x3 + dxy

subject to: r1 4 229 +3x3+ x4 < 115
2x1 + x2 4+ 8xz + by < 200

T + x3 < 50

with x1 > 0,29 > 0,23 > 0,24 > 0.

133
Ty T2 T3 T4 S1 S22 83 <
1 2 3 1 1 0 0 0]115
2 1 81|50 1 0 01200
1 0 1 0 0 O 1 O 50
-1 -1-4-5 0 0 0 1 0
Pivot on the 5 in row 2, column 4
Ty X2 T3 T4 S1 S2 S3 %
—Ro+5R1—Ry| 3 9 7 0 5 -1 0 0|37
2 1 8 5 0 1 0 01200
101 0 0 0 1 O0f 50
Ro+ Rg4—Ry4| 1 0 4 0 0O 1 0 1200

18.

Create a 1 in the columns corresponding to x4 and

S1.
T1 T2 T3 T4 S1 S22 S3 2
221 0 1-2 00|
Ri—Ri| 2 1 £ 1 0 L 0 0] 40
1Ry—Ro| 1 0 1 0 0 0 1 0| 50
1 0400 1 0 1]200

This solution is optimal. The maximum is 200
when 21 = 0,29 = 0,23 = 0,24 = 40,81 =

75,82 = 0, and s3 = 50.

Let 1 be the number of bargain sets and xo be
the number of deluxe sets.

Then 3x1 + 5z < 3900
x1 + 3re < 2100
and 211 + 229 < 2200.

To maximize z = 100x1+150x5, introduce s1, so, and
s3 as slack variables. The initial tableau will be
as follows.

Tr1 Ty 81 S2 S3 Z
3 5 1 0 0 0/ 3900
1 310 1 0 0] 2100
2 2 0 0 1 012200
—100 =150 0 O O 1 0

Pivot on the 3 in row 2, column 2.

X1 T2 S1 S92 S3 2

TR =R T 5 5 g o] 1200
30 1 0 0| 2100

9R,13Rs — Ry 0 0-2 3 0| 2400
50 0 0 50 0 1] 105,000

50R2+ R4 — Ry
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Pivot on the 4 in row 1, column 1.
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1 T2 81 S2 83 %
4 0 3 -5 0 O 1200
—Ri1 +4Rs — Ro 012 -3 9 0 O 7200
“Ri+ Rs—=Rs| o9 0-3 [3]3 o0 1200
25R;1 + 2R4 — Ry 0 0 75 =25 0 2| 240,000
Pivot on the 3 in row 3, column 4.
r1 X9 S1 SS9 S3 <2
5Rz3+3R; —Ry| 12 0 -6 0 15 0 9600
—3R3+ Ry —R» 012 6 0-9 0 3600
0 0-3 3 3 0 1200
25R3 + 3R4 — Ry 0 0150 0 75 6 | 750,000

Create a 1 in the columns corresponding to x1, zo, s2, and z.

r1 X2 81 S S3 2
LRy —R[ 1 0—-5 0 3 0O 800
LR, —Ro| 0 1 4 0-3 0 300
iRz —Rs| 0 0 -1 1 1 0 400
gRe—Ra| 0 0 25 0 2 1125000

The maximum profit is $125,000 when 21 = 800 and x5 = 300, that is, when 800 bargain sets and 300 deluxe
sets are produced.

20. (a) Let z7 be the number of loaves of raisin bread and x5 be the number of raisin cakes.
Then x1 + bxe < 150
T, + 225 < 90
and 2x1 + a9 < 150.

To maximize z = 1.75x1 + 4x2, add s1, s2, and s3 as slack variables. The initial tableau will be as follows.

Z €2 S1 S9 S3 z
1 5 1 0 0 0 | 150
1 2 0 1 0 0 90
2 1 0 0 1 0 [ 150
- 4 0 0 0 1 0
Pivot on the 5 in row 1, column 2.
Z1 €r2 S1 S9 S3 z
[ 1 5 1 0 0 0150
—2R; +5R2 — Rs 3 0 -2 5 0 0| 150
—R1 +5R3 — R3 9 0 -1 0 5 0]600
4R +5R4 — Ry -1 0 4 0 0 5 | 600
Pivot on the 3 in row 2, column 1.
Z1 €2 S1 S9 S3 z
—R2 +3R;1 — Ry 0 15 5 =5 0 0| 300
3 0 -2 5 0 0| 150
—3R2+ Rs—Rgs 0 0 5 =15 5 0| 150
LRy + 3Ry — Ry o o0 3 L0 15| 8B
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Create a 1 in the columns corresponding to x1, 9, s3, and z.

Z1 T2 S1 52 S3 z
LR — Ry 0 1 i -1 0 0| 20
iR, — Ry 1 0 -2 2 0 0| 50
iRs — Rs 0 0 1 -3 0] 30
Ry — Ry 0 0 i 2 o0 1|3

The optimal solution occurs when x7 = 50 and x> = 20; that is, when 50 loaves of raisin bread and 20 raisin

cakes are baked.

335
(b) - = 167.5; the maximum gross income is $167.50.

(c) When x; = 50 and 3 = 20, the number of units used are as follows.
Flour: 50 + 5(20) = 150
This is the total amount of available flour.
Sugar: 50 + 2(20) = 90
This is the total amount of available sugar.
Raisins: 2(50) + 20 = 120
This leaves 150 — 120, or 30 units, of raisins.

22. (a) The tableau and set up were explained in Exercise 28 of Section 4.1.

x T2 T3 S1 S22 83 %2
2 2 1 0 0 0] 800
1 1 1 0 1 0 0| 400
0 1 110 0 1 0] 200

-30 —40 -60 0 O 0 1 0

Pivot on the 1 in row 3, column 3.

T Tro X3 S1 S2 S3 Z
—3R3;+Ri —Ri| [2]-1 0 1 0 =3 0 200
—Rs+ R2— R 1 00 1 -1 0 200
1 100 10 200
60Rs+ Ra—Rsa|" 300 20 0 0 0 60 1] 12,000

Pivot on the 2 in row 1, column 1.

xryp r2 I3 S1 S22 83 <
2-1 0 1 0-3 0
—R;1 4+ 2Ry — Ry 0O 1. 0-1 2 1 O 200
0O 1.1 0 0 1 O
15R; + Ry — Ry 0 5 0 15 0 15 1

Create a 1 in the column corresponding to z;.

r1 T2 T3 S1 S22 S3 2
1-32 0 3 0-2 0 100
0 1.1 0 0 1 0 200
0 5 0 15 0 15 1| 15,000
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24.

26.

28.
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The maximum profit is $15,000 when z; = 100,22 = 0, and x5 = 200, that is, when 100 basic sets, no regular
sets, and 200 deluxe sets are made.

(b) Even though regular sets make a larger profit, there are only 200 slicers available. Since slicers are used in
regular and deluxe sets, and deluxe sets account for $20 more profit, slicers should be used in deluxe sets (as
many as possible) with any leftovers used in regular sets.

(a) Let x1 represent the number of toy trucks and xs the number of toy fire engines.

Maximize z = 8.50x1 + 12.10x9

subject to: —2x1 + 39 < 0
T1 < 6700
xo < 5500
1+ w9 < 12,000
with T 2 O,ZEQ Z 0.

This exercise should be solved by graphing calculator or computer methods. The answer is to produce 6700
trucks and 4467 fire engines for a maximum profit of $110,997.

(b) Many solutions are possible.

(c) Many solutions are possible.

(a) Look at the first table, which has to do with the profits. The profit-maximization formula is
$2A +$5B 4-$4C = X,

so the answer is choice (1).

(b) Look at the “Painting” row of the second chart. The “Painting” constraint is
1A +2B +2C < 38,000,

so the answer is choice (3).

Maximize z = 100x + 150y
subject to: 3x + 5y < 3900
x + 3y < 2100
2x + 2y < 2200

with x>0,y >0.

Using Excel, we enter the variables « and y in cells A1 and B1, respectively. Enter the z- and y-coordinates of
the initial corner point of the feasible region, (0,0), in cells A2 and B2, respectively, and NAME these cells x
and y, respectively. In cells C2, C4, C5, C6, C7, and C8, enter the formula for the function to maximize and
each of the constraints: 100z + 150y, 3z + 5y, « + 3y, 2x 4+ 2y, z, and y. Since x and y have been set to 0, all
the cells containing formulas should also show the value 0, as below.

A B C

1| x y

2 0 0 0
3

4 0
5 0
6 0
7 0
8 0

Using the SOLVER, ask Excel to maximize the value in cell C2 subject to the constraints C4 < 3900,
C5 < 2100,C6 < 2200,C7 > 0, C8 > 0. Make sure you have checked off the box Assume Linear Model in
SOLVER OPTIONS.
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Excel returns the following values and allows you to choose a report.

800

300

125000

3900

1700

2200

800

oo} BN | Rep) GL) N UL I O

300

Select the sensitivity report. The report will appear on a new sheet of the spread sheet.

Adjustable Cells

Cell Name Final Reduced Objective Allowable Allowable
Value Cost Coefficient Increase Decrease
$A$2 x 800 0 100 50 10
$B$2 Y 300 0 150  16.66666667 50
Constraints
Cell Namme Final Shadow Constraint Allowable Allowable
Value Price R.H. Side Increase Decrease
$C38 300 0 0 300 1E+4-30
$C%4 3900 25 3900 400 600
$CS$7 800 0 0 800 1E4-30
$C$5 1700 0 2100 1E+30 400
$C36 2200 12.5 2200 400 400
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For the bargain sets, the allowable increase is $50 and the allowable decrease is $10. So the profit from the
bargain sets can be as high as $100 + $50 = $150 or as low as $100 — $10 = $90 and the original solution is
still optimal. For the deluxe sets, the allowable increase is $16.67 and the allowable decrease is $50. So the
profit from the deluxe sets can be as high as $150 + $16.67 = $166.67 or as low as $150 — $50 = $100 and the
original solution is still optimal.

30. (a) Let x1 represent the number of species A, xo represent the number of species B, and x5 represent the

number of species C.

Maximize z = 1.62x1 4+ 2.14x5 + 3.01x3
subject to: 1.32x1 4+ 2.1xz5 + .86x3 < 490
2.921 + .95z9 + 1.5223 < 897
1.7521 + .69 +2.01x3 < 653
with r1 > 0,20 > 0,23 > 0.

Use a graphing calculator or computer to solve this problem and find that the answer is to stock none of species
A, 114 of species B, and 291 of species C for a maximum combined weight of 1119.72 kg.



138

32.
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(b) When x1 =0, 29 = 114, and x5 = 291, the number of units used are as follows.
Food I: 1.32(0) + 2.1 + (114) 4 .86(291) = 489.66
or 490 units, which is the total amount available of Food I.
Food II: 2.9(0) + .95(114) + 1.52(291) = 550.62
or 551 units, which leaves 897 — 551, or 346 units of Food II available.
Food III: 1.75(0) + .6(114) + 2.01(291) = 653.31
or 653 units, which is the total amount available of Food III.

(c) Many answers are possible. The idea is to choose average weights for species B and C that are considerably
smaller than the average weight chosen for species A, so that species A dominates the objective function.

(d) Many answers are possible. The idea is to choose average weights for species A and B that are considerably
smaller than the average weight chosen for species C.

(a) Let 1 = number of large fund-raising parties, xo = number of letters requesting funds, and x3 = number
of dinner parties.

Maximize 2z = 200,000z1+ 100,000z2+ 600,000z3
subject to: 1+ To + r3 < 25

3000z+ 1000z, + 12,000x5 < 102,000
with  z1 > 0,290 > 0,23 > 0.

We need two slack variables. The initial simplex tableau is as follows.

il X9 I3 S1 82 z
1 1 1 1 0 O 25
3000 1000 12,000 | 0 1 0 [ 102,000
—200,000 —100,000 —600,000 0 0 1 0
Pivot on the 12,000 in row 2, column 3.
T X2 T3 S1 S9 z
Ra + (—12,000R1) — Ry —9000 | —11,000 0 —12,000 1 0| —198,000
3000 1000 12,000 0 1 0 102,000
50R2 + R3 — R3 —50,000  —50,000 0 0 50 1 | 5,100,000
Pivot on —9000 in row 1, column 1.
Z1 Z2 X3 S1 S9 z
—9000 —11,000 0 —12,000 1 0 —198, 000
Ri+3Rs — Ry 0 —8000 36,000 —12,000 4 0 108,000
50R; + (—9)R3 — R3 0 —100,000 0 —600,000 —400 -9 | —55,800,000

Create a 1 in the columns corresponding to x1,x3, and z.

T i) I3 S1 S92 z
__1 11 4 I
gooo 1 — Ra 1 9 3 9000 0 22
=Ry — R 0 —2 1 —1 e 0 3
36,000 2 2 9 3 9000
~1Ry >Ry | 0 1000 o 200000 40 g | 6200,000

The maximum amount of money is $6,200,000 when x1 = 22,22 = 0, and x3 = 3, that is, when 22 fund-raising
parties, no mailings, and 3 dinner parties are planned.
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8. Minimize w =1y +y2 + 4y

4.3 Minimization Problems; Duality subject to:  y1 + 2y2 + 3ys > 115
2y1 + y2 + 8yz > 200
2. The transpose of a matrix is found by exchanging Y1 + y3 > 50
the rows and columns. The transpose of with y1 > 0,92 > 0,y3 > 0.
29 58 6 0 Write the augmented matrix for the problem.
1 -1 0 12 14 1 2 3115
i 2 1 81200
2 1 1 0 1 50
5 —1 1 1 4 0
8 0
6 12 Form the transpose of this matrix.
0 14
1 2 1)1
4. The transpose of 2 1 0|1
3 8 114
Lo1l1s 115200 50 |0
0 10 —6
4 12 -2 The dual problem is:
1 -1 13
9 95 _1 Maximize  115z; + 200z2 + 5023
subject to: T+ 2204+ 23<1
is 2x1 + o <1
1 0 4 1 2 3r1 +8xs + 13 <4
1 10 12 -1 25 |. with r1 > 0,20 > 0,23 > 0.

15 -6 -2 13 -1
10. Find y; > 0 and y2 > 0 such that
6. Maximize z = 8x1 + 3z + x3

subject to: 7y + 6z2 + 8x3 <18 3y1 + y2 > 12
4x1 + 59 + 1023 < 20 y1 +4y2 > 16
with r1 > 0,20 > 0,23 > 0.

and w = 2y; + yo is minimized.
To find the dual, first write the augmented matrix

for the problem. Write the augmented matrix for this problem.

7 6 8|18 3 1112
4 5 10|20 1 416
8 3 1] 0 2 110

Then form the transpose of this matrix. Form the transpose to get the matrix for the dual

problem.
7T 4|8 3 119
3 1 4|1
1 12 16 [0
18 2010

Use this matrix to write the dual problem:
The dual problem is:

L. Find x; > 0 and x2 > 0 such that
Minimize 18y1 + 20y2

subject to:  Ty; + 4y > 8 3r1 4+ a0 <2

6y + Sy2 >3 T +4rs <1
8y1 + 10y > 1
with y1 > 0,92 > 0. and z = 12z1 + 165 is maximized.
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12.

Introduce slack variables and write the initial tableau.

1 X2 S1 So z

3 1 1 0 0 2

1 4 0 1 0 1
—12 —16 0 0 1 0

Pivot on the 4 in row 2, column 2.

X1 T2 S1 S2 z

7R2+4R1 HRl 11 0 4 —1 0 7
1 4 0 1 0 1
Mo+ Rs—=Rs |50 0 4 1] 4
Pivot on the 11 in row 1, column 1.
r1 X2 S1 82 z
11 0 4 -1 0 7
—R; +11Rs — Ry 0 4 —4 12 0 4
8R1 + 11R3 — Rs 0 0 32 36 11 | 100

Create a 1 in the columns corresponding to z1, x2,
and z.

r1 X2 S1 S92 z

1 4 1 7

LRy — Ro 01 -+ 2 o] &

1 32 36 100

ﬁRg — R3 0 0 i1 i1 1 | q1

The minimum is % when y; = % and yo = %.
Minimize w = 3y1 + 2y2
subject to:  2y; + 3ya > 60
y1 +4y2 > 40
with y1 > 0,99 > 0.

Write the augmented matrix for this problem.

2 3160
1 4140
3 210

Transpose to get the matrix for the dual problem.

2 113
3 412
60 40 (0

Write the dual problem from this matrix:

Maximize z = 60x1 + 4029

subject to: 2z + x2 <3
3r1 + 4 <2

with x1 > 0,29 > 0.

Chapter 4 LINEAR PROGRAMMING: THE SIMPLEX METHOD

Write the initial tableau.

I T2 S1 S22 %

1 0 0] 3
3 4 0 1 O0f 2
—-60 —40 0 0 1 0

Pivot on the 3 in row 2, column 1.

Ty T2 81 82

—2R2 + 3R — Ry 0 -5 3 -2 0 )

14.

3 4 0 1 0 2

S1.
r1 X2 S1 S92 z
sRi—=Ri 1 g2 1 -2 o] 2
L 3 0 5 003
1Ry — Ry 0 40 0 20 1]40

This solution is optimal. The minimum is 40 when
y1 = 0 and yo = 20.

Minimize — w = 3y; + 2y»
subject to: y1 + 2y > 10
y1+ y2 > 8

291+ y2 > 12

with y1 > 0,y2 > 0.

Write the augmented matrix.

11 2|3
2 1 12
10 8 120

Write the dual problem:

Maximize z = 10x1 4+ 8xo + 1223

subject to: T+ a9+ 2203 <3
201 + 1o+ a3 <2

with x1 > 0,29 > 0,23 > 0.
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Write the initial tableau.
T ) xr3 S1 82

1 1 |21 0 0f 3
2 1 1.0 1 0] 2
-10 -8 -12 0 0 1] 0

Pivot on the 2 in row 1, column 3.

r1 X9 XT3 S1 S2 z

1 2 1 0 0] 3
2R2 - R1 — R2 3 1 0 -1 2 0 1
Rsy+6Ri—Rs |74 20 6 0 1|18

Pivot on the 3 in row 2, column 1.

Tr1 X2 X3 S1 S z
3R1— R2—>R1

4R; + 3R3 — Rs -2 0 14 8 3|58

Pivot on the 1 in row 2, column 2.

Tr1 X2 X3 S1 S92 z
Ri—-2R; =Ry | 6 0 6 6 —6 0

3 1 .0 -1 2 0‘ 1
Rs + 2R, — Rs 6 0 0 12 12 3|60

Create a 1 in the columns corresponding to x, z3, and z.

Tr1 T2 X3 S1 82 z

iRy —-R [ -1 0 1 1 -1 0f 1
31 0-1 2 0f 1
IRs—Rs | 2 0 0 4 4 1|20

This solution is optimal. The minimum is 20 when y; = 4 and y, = 4.
16. (a) The initial matrix for the original problem is

11 1| 100
400 160 280 | 20,000
120 40 60 | 0

The transposed matrix, for the dual problem, is

1 400 | 120
1 160 | 40
1 280 | 60
100 20,000 0

Minimize w = 100y;+ 20,000y
subject to:  y; + 400y > 120

y1 + 160y > 40

y1 + 280y > 60
with Y1 20,52 > 0.
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(b) We apply the simplex algorithm to the original maximization problem. The initial tableau is
x To T3 S1 S2 2
1 1 1 1 0 0 100

400 |160 280 0 1 0 | 20,000
—-120 =40 =60 0 0 1| O

Pivot on the 400 in row 2, column 1.

X X9 I3 S1 S22 Z
400R; — Ry — Ry 0 240 120 400 —1 0 | 20,000
400 160 280 0 1 0 ‘ 20,000
#Ra+Rs —Rs| 0 8 24 0 3 1| 6000

Create a 1 in the columns corresponding to x; and s;.

Ty T2 X3 81 S92 z

0 63 1 —55 0] 50
wihi =R 2 o s
ﬁRQ N R2 . . m

0 824 0 3 1] 6000

This solution is optimal. A maximum profit of $6000 is achieved by planting 50 acres of potatoes, 0 acres of
corn, and 0 acres of cabbage.

From the dual solution, the shadow cost of acreage is 0 and of capital is %
3
New profit = 6000 + 0(—10) + (E) 1000 = $6300

Now calculate the number of acres of each:

Profit = 120P + 40C + 60B
6300 = 120P + 40(0) + 60(0)
P =52.5.

The farmer will make a profit of $6300 by planting 52.5 acres of potatoes and no corn or cabbage.
3
(c) New profit = 6000 + 0(10) + 1—0(—1000)

= $5700

Calculate the number of acres of each:

Profit = 120P + 40C + 60B
5700 = 120P + 40(0) + 60(0)
P =47.5.

The farmer will make a profit of $5700 by planting 47.5 acres of potatoes and no corn or cabbage.

18. (a) Let y; = number of units of regular beer
and ys = number of units of light beer.

Minimize w = 36,000y, + 48,000y,

subject to: Y1 > 12
Y2 2 10

100, 000y; + 300,000y, > 7,000, 000

Y1+ Y2 > 42

with y1 = 0,92 > 0.
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Write the augmented matrix for this problem.

1 0 12
0 1 10
100,000 300,000 | 7,000,000
1 1 42
36,000 48,000 | 0

Form the transpose of this matrix for the dual problem.

1 0 100,000 1 | 36,000
0 1 300,000 1| 48,000
1210 7,000,000 42 | 0

The dual problem is:
Maximize 1221 + 1022 + 7,000, 000x3 + 4224

subject to: + 100, 000z3 + x4 < 36,000
zs + 300,000x3 + x4 < 48,000
with I ZO,ZQZO,$320,$4ZO.

Write the initial tableau.

T T2 x3 T4 S1 S2 Z
1 0 100,000 1 1 0 0] 36,000

0 1 300,000 1 0 1 048,000

—-12 —-10 -7,000,000 —42 0 0 1 0
Pivot on the 300,000 in row 2, column 3.

Tl T2 3 T4 S1 S22 Z
—Ro+3R; — Ry 3 -1 0 213 -1 0 60,000
0 1 300,000 1 0 1 0 48,000
T0R2 +3R3 — R3 | 736 40 0 =56 0 70 3 | 3,360,000
Pivot on the 2 in row 1, column 4.
T1 T2 T3 Ty S1 S2 %
3 -1 0 2 3 -1 0 60,000
—R;1 + 2Ry — Ro -3 3 600,000 0 -3 3 O 36,000
28R; +Rs — R3 48 12 0 0 84 42 3 | 5,040,000
Create a 1 in the columns corresponding to x3, x4, and z.
€ ) T3 T4 S1 So z
iR, — Ry 5 -1 0 1 5 -1 0 30,000
1 1 1 3
GOOTOOORQ — Re *200}000 200,000 L0 ~200,000 200,000 0 50
i1Rs — R3 16 4 0 0 28 14 1 | 1,680,000

The minimum value of w is 1,680,000 when y; = 28 and y, = 14. Therefore, 28 units of regular beer and 14
units of light beer should be made for a minimum cost of $1,680,000.

(b) The shadow cost for revenue is $.06. An increase in $500,000 in revenue will increase costs to

$1,680, 000 + .06(500,000) = $1, 710, 000.
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20. Let y; = the number of political interviews

conducted
and yo = the number of market interviews
conducted.

The problem is:

Minimize w = 45Yy1 + 55Y»

subject to: Yy + 12 > 8
8y1 + 10y2 > 60
6y1 + Sy2 > 40

with y1 > 0,92 > 0.

Write the augmented matrix.

Transpose to get the matrix for the dual problem.

1 8 6|45
1 10 555
8 60 40| 0

Write the dual problem:

Maximize  z = 8x1 + 60zy + 40x3

subject to:  x1 + 8x2 + 6x3 <45
1+ 101’2 + 5£C3 S 55

with T 2 O,ZEQ Z 0,1’3 Z 0.

Write the initial tableau.

T T2 X3 S1 89 z
1 8 6 1 0 0| 45

1 10 5 0 1 0 [ 55

-8 —60 —40 0 0 1] O
Pivot on the 10 in row 2, column 2.

xTr1 X2 r3 81 S22 %
—4R52+5R1 — Ry 1 01105 -4 O )
110 5 0 1 0 55

ORo+Rs—Rs|" 570 -10 0 6 1330

Pivot on the 10 in row 1, column 3.

Xr1 T2 T3 S1 S22z
11010 5 -4 0 5
—Ri1+2Ry— Ry 120 0 -5 6 0] 105

Ri+Rs—=Rs| 170 0 5 2 1335

Pivot on the 1 in row 1, column 1.
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22,

r1 T2 X3 S1  S2
1 0 10 5 —4 0 )
—Ri+R2—Ra2| 0 20 =10 —10 | 10 |0 | 100

Ry+Rs—Rs| 0 0 10 10 —2 1 | 340

Pivot on the 10 in row 2, column 5.

1 T2 X3 S1 So z
2R, +5R; —Ry| 5 40 30 5 0 0 225
0 20 —-10 —10 10 O 100
Ro +5R3—R3| 0 20 40 40 0 5 | 1800

Create a 1 in the columns corresponding to 1, So,
and z.

Tr1 T2 X3 S1 S92 Z
iIRi—»Ri[ 1 8 6 1 0 0] 45
LRy—Rs| 0 2 -1 -1 1 0] 10
1Rz —Ry| 0 4 8 8 0 1]360

The minimum time spent is 360 min when y; = 8
and yo = 0, that is, when 8 political interviews
and no market interviews are done.

Organize the information in a table.

Units of  Units of
Nutrient Nutrient | Cost
A B (per bag)
(per bag) (per bag)
Feed 1 1 2 $3
Feed 2 1 $2
Minimum 7 4

Let y; = the number of bags of feed 1
and yo = the number of bags of feed 2.

(a) We want the cost to equal $7 for 7 units of A
and 4 units of B exactly. Therefore, use a system
of equations rather than a system of inequalities.

3y1 +2y2 =7
y1+3y2 =7
2y1+ y2:4
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Use Gauss-Jordan elimination to solve this system
of equations.

3 2|7
1 3|7
12 1|4
(3 2 7
*Rl + 3R2 — R2 0 7 14
—2R; +3R3 — R3 |0 -1 ]| -2
—2Rs +7TR; — Ry (21 0| 21
0 71|14
Ry + 7R3 — Rj3 L 0 0 0
%Rl — Ry [ 1 0 1
%RQ — Ry 0 2
L 0 0 0

Thus, y1 = 1 and yo = 2, so use 1 bag of feed
1 and 2 bags of feed 2. The cost will be 3(1) +
2(2) = 87 as desired. The number of units of A is

1(1) + 3(2) = 7, and the number of units of B is
(1) +1

2(1) (2) =4.
(b)
Units of Units of
Nutrient  Nutrient | Cost
A B (per bag)
(per bag)  (per bag)
Feed 1 1 2 $3
Feed 2 3 1 $2
Minimum 5 4
The problem is:
Minimize w = 3y; + 2y
subject to: Y1 +3y2 > 5
21+ y2 >4
with y1 = 0,y2 > 0.

The dual problem is as follows.

Maximize  z = b5xq + 4o
subject to: T, + 220 < 3

31+ w2 <2
with I Z 0,1’2 Z 0.

The initial tableau is as follows.

T Ty 81 S22 %2

31 0 1 0] 2

-5 -4 0 0 1] 0

Pivot as indicated.

24.
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r1 X2 S1 So
—Ry +3R; — Ry 053 -1

3 1 0 1
5Rs 4+ 3R3 — R3 0 -7 0 5

Wl O X

X1 T2 S1 S2 z
0 5 3 -1 0f 7
—Ri +5R2 — R 15 0 -3 6 0 3
TR1 +5R3 — R3 0 0 21 18 15|99

Create a 1 in the columns corresponding to 1, x4,

and z.
r1 T2 S1 82 z

1 7
iR, - Ry 01 ¢ -1 o1
1 _1 2 1
1—5R2 — Ro 1 0 = £ 0 5
1 . z 6 33
1583 — Rs 00 5 35 1 | 5

Reading from the final column of the final tableau,
2o = $1.40 is the cost of nutrient B and x; = $.20
is the cost of nutrient A. With 5 units of A and 4
units of B, this gives a minimum cost of

5($.20) + 4($1.40) = $6.60

as given in the lower right corner. 1.4 (or %) bags
of feed 1 and 1.2 (or £) bags of feed 2 should be
used.

Let y; = the number of #1 pills
and yo = the number of #2 pills.

Organize the given information in a table.

Vitamin Vitamin Vitamin Cost
A B, C
#1 8 1 2 $.10
#2 2 1 7 $.20
Total
1 2
Needed 6 g 0

The problem is:

Minimize w =1y + .2y

subject to: 8y + 2y > 16
Bt Y225
2y1 + Ty2 > 20

with y1 20,92 > 0.

The dual problem is as follows.

Maximize z = 16x1 + dxo + 2023
subject to:  8x1 4+ xo +2x3 < .1

2z + 2o+ T3 < .2
with r1 > 0,20 > 0.
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The initial tableau is as follows.
1 X2 I3 S1 S2 Z2

-16 =5 =20 0 0 1| O

Pivot as indicated.
1 x2 r3 S1 S2
—2R2 + 7R1 — R1 52 5 0 7T =2

z
0
2 1 70 1 0
20R2+7TRs =R |"—727—15 0 0 20 7

X1 T2 r3 81 S22 z
52 |51 0 7 -2 0 3
—R;+26R; = Ry| 0 21182 —7 28 0| 4.9
18R; +13R3 — Rg| 0 —105 0 126 224 91 | 57.4

Z1 T2 T3 S1 So  Z
52 5 0 7T =2 0 3
—921R; 4+ 5Ry — Ry | —1092 0 910 —182 182 0 | 18.2

21R;1+ Rz —Rs| 1092 0 0 273 182 91 | 63.7

Create a 1 in the columns corresponding to xs, 3, and z.

r1 X9 T3 81 S9 z
iRi—>R[ 2 10 £ -2 0]f.06
7Ry > Re| =2 0 1 -3 & 0[.02
sRs—Rsl 12 0 0 3 2 1| 7

From the last row, the minimum value is .7 when y; = 3 and yo = 2. Mark should buy 3 of pill #1 and 2 of
pill #2 for a minimum cost of 70¢.

26. Let y; = the number of units of ingredient I;
yo = the number of units of ingredient II;
and y3 = the number of units of ingredient III.

The problem is:

Minimize  w = 4y, + Tys + 5y3
subject to:  4y; + y2 + 10y3 > 10
3y1 +2y2 +  y3 > 12
dys + Sys > 20
with y1>0,52>0,y3>0.

The dual problem is as follows.

Maximize z =10z 4+ 1229 + 2023
subject to: 4z + 34 <4
T1+ 2w + 423 <7
1021 + o +5x3 <5

with x1 > 0,29 > 0,23 > 0.
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The initial tableau is as follows.

I X2 r3 S1 S2 S3 <
3 01 0 0 O 4
1 2 4 1 0 0 7
10 1 510 0 1 0 )

-10 -12 =20 0 0 0 1 0

Pivot as indicated.

X1 X2 r3 81 S22 83 z

4 01 0 0 0] 4
—4R3+5R2 —Ra| —35 6 0 0 5 -4 0|15

10 1 500 1 0|5
4R3+Rs—Rs|7 30 =8 0 0 0 4 1]20

T4 X9 X3 ST Sy S3 2

430 10 004
—2R;+ Re—Ro| —43 0 0-2 5 -4 0] 7
“Ry+3R; —Rs| 26 015-1 0 3 0]11
8R;+3Rs —Rs4| 122 0 0 8 0 12 3] 92

Create a 1 in the columns corresponding to xs, z3, and z.

Ty T2 I3 S1 S2 S3 2
iR — Ry 310 2 0 0 0f 3
—43 0 0 -2 5-4 0| 7
#Rs—Rs| 2 0 1 - 0o 1 o|d
3Ra—Rs| 2 0 0 50 4 1| %]

From the last row, the minimum value is 9—32 when y; = %, yo = 0, and y3 = 4. The biologist can meet his needs
at a minimum cost of $30.67 by using % units of ingredient I and 4 units of ingredient III. (Ingredient IT should
not be used at all.)

4.4 Nonstandard Problems

2.5x1 + 89 <10
6x1 + 229> 7

We need one slack variable, s1, and one surplus variable, so. The system becomes

5r1 + 8y + s =10
6x1 + 229 — 59 = T.
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4. 221 + x3 <40
xr1 + o Z 18
X1 + x3 Z 20

10.

We need one slack variable, s;, and two surplus
variables, sy and s3.
The system becomes

221 + a3 + 51 =40
1 + X2 — 52 =18
xr1 + x3 — 83 = 20.
. Minimize  w = 8y; + 3y2 + ys3
subject to: Ty + 6y + 8yz > 18
4y1 + 5y2 + 10y3 > 20
with Y1 2> an2 > O,y?) > 0.
To minimize w = 8y + 3ys + s,
we maximize z = —w = —8y; — 3y2 — ¥3.

The constraints are not changed.

. Minimize w =1y + Y2 +4ys3
subject to:  y1 + 2y2 + 3y3 > 115
21 + y2 + y3 <200
Y1 +ys > 50
with y1 > 0,92 > 0,y3 > 0.

To minimize w = y; + y2 + 4y3,
we maximize z = —w = —y; — Y2 — 4ys.
The constraints are not changed.

Find x; > 0 and x5 > 0 such that

3.’1?1 + 41’2 Z 48
2(171 + 4332 é 60

and z = 621 + 8z is maximized.

Introducing one surplus variable and one slack
variable, the system becomes

=48
+ 89 = 60.

31‘1 + 4562 — 81
21’1 +4$2

The initial simplex tableau is

r1 X2 81 S22 =z

314 -1 0 48
2 4 0 1 60
—6 -8 0 0 1] 0

Chapter 4 LINEAR PROGRAMMING: THE SIMPLEX METHOD

12.

The initial basic solution is not feasible since

s1 = —48. Pivot on the 3 in row 1, column 1.
r1 T2 81 S9 z
3 4 -1 0 0]48
—2R; +3R2 — Ry 0 4|2 3 0] &4
Mat+ Rs—>Rs 17970 2 0 1]096
Pivot on the 2 in row 2, column 3.
X1 Lo S1 82
Ry +2R; — Ry 6 12 0 3 0] 180
0 4 2 3 84
Ro+ Ry —Ry | 0 4 0 3 1][180
r1 X2 S1 S22 %
1 2 0 % 0ol 30
I R Y
%RQ — R2 2
0 4 0 3 1]180

The maximum is 180 when x; = 30 and x5 = 0.

Find 21 > 0,22 > 0, and x3 > 0 such that

r1 + 22 + 223 < 38
2x1 + a2+ w3 >24

and z = 321 + 229 + 223 is maximized.

The initial simplex tableau is

ry T2 T3 S1 S2 z
1 1 2 1 0 0]38
211 1 0 -1 0|24

-3 -2 -2 0 0 10

The initial basic solution is not feasible since

S = —24. Pivot on the 2 in row 2, column 1.
T Tro XT3 S1 S2 z
—Ro+ 2Ry — Ry 0 1 3 2 10|52
2 1 1 0 -1 0]24
SRo+2Rs = Rs| 0 1 -1 0 -3 2|72
Pivot on the 1 in row 1, column 5.
r1 9 T3 S1 SS9 <
0O 1 3 2 1 0 52
Ri+Rs—Rs| 2 2 4 2 0 0 76
3Ri+R3 —»R3| 0 2 8 6 0 2228
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xr1 To T3 S1 So 2 16. Minimize w = 3y1 + 2y2 + 3ys
0 1 3 2 1 0] 52 subject to:  2y; + 3y2 + 6y3 < 60
Ro—Ry| 1 1 2 1 0 0] 38 Y1+ 4y2 + Bys > 40
sRs—Rs| 0 1 4 3 0 1]114 with y1 20,92 20,y3 20
The maximum is 114 when x; = 38,22 = 0, and Let z = —w = —3y1 — 2y — 3y3. Maximize z.

xg3 =0. The initial simplex tableau is

14. Find z; > 0 and x5 > 0 such that

Y1 Y2 Y3 S1 S22 2
1+ 229 < 18 213 6 1 0 0]60
T + 3z > 12
221 + 220 < 24 1 4 5 0-1 0]40
32 3 0 0 1] 0
and z = bx; — 102, is maximized.
Introduce slack and surplus variables to get the The initial basic solution is not feasible since
system sg = —40. Pivot on the 2 in row 1, column 1.
x1 + 229 + S =18 y Y2 Ys s 82
21 + 319 — 89 =12 2 3 6 1 0 0 60
21 + 2, + 83 = 24. “Ry+2Ry —Ry| 0 5 [4|-1 -2 0 20
The initial tableau is _3R,+2Rs —Rs| 0 —5 —12 -3 0 21 180
T *2 51 82 53 2 There are negative indicators, so now pivot on the
121 00 0]18 4 in row 2, column 3.
113 0-1 0 0]12
2 2 0 0 1 024 | s s
—3R2+2R; — Ry _
510 0 00 1l o 4 -9 015 6 0 60
S9 = —12 is not a feasible solution. Pivot on the

0 5 4-1 -2 0 20
1 in row 1, column 1. 3R2+ R3—R3z| 0 10 0 -6 —6 2| —120

Pivot on the 5 in row 1, column 4.

X1 To S1 S S3 <2
—Rs+Ri1 — Ry 0-1 1 100 6 Y Y2 Y3 S1 S22 2
1 3 0-1 0 0] 12 4 -9 0 5 6 0 60
—2Rs +R3—Rs| 0 -4 0(2]|1 O 0 Ri +5Rs — Rs 411620 0 —4 0 160
SRe+Re = Re\T0795 0 -5 0 1]60 6R1+5Rs —Rs |52 —2 0 0 6 10 | —240
Pivot on the 2 in row 3, column 4. Pivot on the 16 in row 2, column 2.
r1 T2 S1 S2 83 2 Y1 Y2 Y3 S1 S22
—Rs+2R1 — R4 0O 6 2 0-10 12 IR,
2+ 16R; — Ry
Ry + 2Ry — Ry 5 2.0 0 10 94 100 0 180 8 60 0 | 2400
0-4 0 2 10 0 4 16 20 0 —4 0] 160
SRg +2R4 —Rqe| 0 30 0 0 52120 Ry+ 4Rs3 —Rs| 100 0 20 0 20 40 | —800
Tr1 T2 S182 S3 z
Y Y2 yYs S1 S22 =
1
IRy —=Ry| 0 3 10-5 0} 6 1R, >R [ 3 02 1 2 0] 30
1 1 100 1 o012 ¥ 1 405 ]
3R2 = Ro 2 =Ry—Ry| 7 13 0—-3 0 10
iR; —Rz| 0-2 01 L 0] 0
SRs 3 2 4—10R3—>R3 % 0% 0 % 1|—20
1 5
2R4 — Ry 015 00 2 1160 The minimum is w = 20 when y; = 0, y» = 10,

The maximum is 60 when x; = 12 and x9 = 0. and y3 = 0.
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18. Maximize z = 10z1 4+ 922

subject to: x1 + 20 = 30

T1+ w2 > 25
2x1 +x9 <40
with z1 > 0,29 > 0.
With artificial, slack, and surplus variables, we
have
r1+x2 +a =30
T1 + X2 -8 =25
2x1 + T2 + so = 40.

(Note: Since x1 + x5 = 30, it is clear that s; = 5.)

The initial tableau is

r1 T2 S1 82 a z
11 0 0 1 0130
1 1 -1 0 0 0]25
211 0 1 0 0f40

-10 -9 0 0 0 1| O

Pivot on the 2 in row 3, column 1.

r1 T2 S1 S22 a =z
~Rs +2R; — Ry 0 1 0-1 2 0 20
—R3 +2Rs — Ry 0l1]-2-1 0 O 10
2 1 0 1 0 0f 40
SR3+Ra—Ra|"0—4 0 5 0 1]200
Pivot on the 1 in row 2, column 2.
r1 X2 S1 S92 a z
—Ro+R;1 — Ry 0 012 0 2 0 10
0 1 -2 -1 0 0 10
—Re+R3—Rs| 2 0 2 2 0 0] 30
Ro+Ra—=Ra|"770 08 1 0 1]240
Pivot on the 2 in row 1, column 3.
X1 L9 S1 S2 a z
0O 0 2 0 2 0 10
Ri+Ro — Ry 0O 1 0-1 2 0 20
—Ri1+Rs — Rg 2 0 0 2 -2 0 20
4R; + R4 — Ry 0O 0 0 1 8 1| 280
r1 9 81 S22 a4 =z
%Rl —-Ri| 0O 0O 1 0 1 0 5
01 0-1 2 0 20
tR3—Rz| 1 0 0 1 -1 0] 10
0 0 0 1 &8 11280

The maximum is 280 when x; = 10 and x5 = 20.

20. Minimize w = 15y + 12y2 + 18ys
subject to:  y1 + 2y + 3ys < 12
3y1 + y2+3ys > 18
n+ y2+ y3=10
with y1 > 0,92 >20,y3 >0

Let z = —w = —15y; — 12y, — 18y3 and maximize
z. Introduce the slack variable s1, the surplus vari-
able s9, and the artificial variable a;. The initial
tableau is as follows.

Y Y2 Yz S1 S22 z
2 3 1 0 0 01 12
1 3 -1 0 01 18
1 1 1 0 0 1 01 10

15 12 18 0 0 0 1] O

First, eliminate the artifical variable a;. Pivot on
the 1 in row 3, column 1.

Y Y2 Yz S1 S22 a1 z
—Rs3+Ri—R; 0 1 21 0 -1 0 2
—3R3+Rs— Ry 0O -2 0 0-1 =3 0 —12
1 1 1 0 0 1 0 10
—15R3s+Ry4— Ry 0 -3 3 0 0-15 1] —150

Now a; = 0, so we can drop the a; column.

Y1 Y2 Yz S1 S2%2

112 1 00 2

-2 0 0 —-10 —12
1 1 0 00 10

-3 3 0 0 1] —150

o= o O

Pivot on the 1 in row 1, column 2.

Yi Y2 Y3 s1 S22 %
01 2 1 0 O 2
2R + Ry — Ro 0O 0 4 2-1 0 -8
—R1 +R3 — Rg 1 0-1-1 0 O 8
3R1 + R4 — Ry O 0 9 3 0 1] -144
The maximum value of z = —w is —144.

Therefore, the minimum value of w is 144 when
Y1 = 8,y2 :2, and Ys =0.
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24. Let y; = amount shipped from S; to Dy,
1o = amount shipped from S; to Do,
ys3 = amount shipped from Sy to D1,

and y4 = amount shipped from Sy to Ds.

Minimize w = 30y + 20y2 + 25y3 + 22y,

subject to: 1 + ys3 > 3000
Y2 + w4 > 5000
Y1+ Y2 = 5000

ys + y4 = 5000
2y1 + 6y2 + dys + 4y < 40,000
with Y1 2073/2 207y3207y420

Maximize z = —w = —30y; — 20y2 — 25y3 — 22y,.

Y1 Y2 Y3 Yo 51 S22 83 41 Gz 2 )
1 01 0-1 0 0 0O O O 3000
0101 0-1 0 0 0 O 5000
11 0 0 0 0 O 1 0 O 5000
0011 0 0O0O0 10 5000
2 6 54 0 0 1 0 0 0] 40,000

| 30202522 0 O O O O 1 0 ]

Pivot on the 1 in row 3, column 1 to remove the a columns.

Y Y2 Y3 Ya S1 S22 S3 a1 Az 2
-Ri+Rs—R[ 0 1-1 0 1 0 0 1 0 O 2000 ]
0 1 01 0-1 0 0 0 O 5000
1 1 0 0 0 0 O 1 0 0 5000
0 0 1.1 0 0 O 0 1 0 5000
—2R3+Rs — Rs 0 4 5 4 0 0 1 =2 0 O 30,000
—30R3+Rg - Re¢|[ 0 —-10 2522 0 0 0 —-30 0 1| —150,000 |
Column a; can be removed since a; = 0.
Y Y2 Y3 Y4 S1 S2 S3 G2 <
[0 1-1 0 1 0 0 0 O 2000 |
0 1 01 0-1 0 0 O 5000
1 1 00 0 00 0 O 5000
0 oOof1|1t 0o 0 O 1 O 5000
0 4 5 4 0 0 1 0 O 30,000
| 0-10 2522 0 O O O 1] —150,000 |
Pivot on the 1 in row 4, column 3.
Yi Y2 Y3 Y4 S1 S22 S3 a2 Z
Rs+R; — Ry 0 1 0 1.1 0 O 1 0 7000
0 1{0 1 0-1 0 0 0 5000
1 1 0 0 0 0 O 0 0 5000
0 01 1 0 0 O 1 0 5000
—5R4 +R5 — Rs 0 4 0-1 0 0 1 -5 0 5000
—25R4 +Rg — Re | 0-10 0-3 0 0 0 -25 1] —275,000 |
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Column as can be removed since as = 0. Pivot on the 1 in row 2, column 2 since the basic solution is not yet
feasible (s2 = —5000).

Yyr Y2 Y3 Ya S1 S22 S3 %
“Ry+R;,—R;, [ 000 01 100 2000 T

010 10 -1 00 5000
“Ry + Rs — Ry 1 00 -1 0 10 0 0

001 1 0 0 0 5000
—4R2 + Rs — Rs 00 0|-5]0 1 0] —15,000
10R;+R¢—R¢ | 0 0 0 7 0—-10 0 1| —225000 |

Pivot on the —5 in row 5, column 4.

Y1 Y2 Y3 Ya S1 S22 S3 %

[ 0 0 0 1 {10 o 2000 |
Rs + 5Ry — Ry 0 5 0 0 -1 1 0 10,000
Rs—5Rs >Ry | ® 0 0 0 0 -1 1 0 —15,000
Rs + 5Rs — Ry 005 00 4 1 0 10,000
00 0-5 0 4 1 0 —15,000
TRs+5Rg =Rg L 0 0 0 0 0-22 7 5] —1,230,000 |
Pivot on the 1 in row 1, column 6.
) Y1 Y2 Y3 Ysa S1 S22 S3 2 )
00 0 0 1 1 0 0 2000
Ri +Rs — Ry 05 0 0 1 0 1 0 12,000
Ri+Rs—Rs | =5 0 0 0 1 0 1 0 —13,000
—4R; + Ry — Ry 005 0-4 01 0 2000
—4R1 + Rs — Rs 00 0-5-4 01 0 —23,000
22Ri1+R¢—Rs | 0 0 0 022 0 7 5| —1,186,000 |
~ Y Y2 Y3 Ya S1 S2 S3 2 ~
00 00 1 1 00 2000
iR, >R, 0100 £ 0 £ 0 2400
—1R; —Rs 1 00o0-f o0-1o0 2600
iRy — Ry 001 0-%2 0 % 0 400
—iR; — R; 0001 2 0-%0 4600
tRe—=R¢ | 0 0 0 0 2 0 { 1|-237,200

Here, y; = 2600, yo = 2400, y3 = 400, y, = 4600, and z = —w = 237, 200. Therefore, ship 2600 barrels from S;
to Dy, 2400 barrels from S; to Do, 400 barrels from Sy to D1, and 4600 barrels from Sy to Dy for a minimum
cost of $237,200.
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26. Let x7 = the number of pounds of bluegrass seed,
o = the number of pounds of rye seed,
and x3 = the number of pounds of Bermuda seed.

Minimize w = 12x1 + 1529 + Sx3
subject to: x1 > 2(x1 + 22 +x3) Or 811 — 229 — 223 >0
T3 S %1:2 or 72.%2 + 3173 S 0
x1 + x2 + x3 > 5000

with 1 >0, 29 >0, 3 > 0.
Maximize z=—w = —12x1 — 1525 — dx3.
T T2 xs3 S1 52 S3 z
8 -2 -2 -1 0 0 0 0
0 -2 3 0 1 0 0 0
1 1 1 0 0 -1 0 | 5000
12 15 5 0 0 0 1 0

Since the basic solution is not feasible, pivot on the 1 in row 3, column 1.

X T2 I3 S1 S9 83 z

SRz +(-Ri))—=Ri | 0 1 [1| 1 0 0 4000
0 -2 0 1 0 0
1 1 1 0 0 -1 0 5000
—12R3 + Ry—R4 | 0 -7 0 0 12 1 | —60,000
Pivot on the 1 in row 1, column 3.
x7 T2 T3 S1 52 S3 z
0 1 1 1 0 .8 0 40,000
—3Ri+Ro—Ra| 0 | -5| 0 -3 1 —24 0 | —12,000
—R1+ R3 —R3 1 0 0 -1 0 -1.8 0 1000
TRi +R4—R4 | O 10 0 7 0 17.6 1 | —32,000
Pivot on the —5 in row 2, column 2.
Z1 €2 Z3 S1 S2 S3 z
Ra +5R1—R; | 0 0 5 2 1 1.6 0 8000
0 -5 0 -3 1 -24 0 | —12,000
1 0 0 -1 0 -1.8 0 1000
2Ro + Ry—R4 | O 0 0 1 2 128 1 | —56,000
Create a 1 in the columns corresponding to z2 and x3.
T ) T3 S1 59 83 z
iR\—-R; [0 0o 1 %2 LI 32 0 1600
—1Ry—R2 | 0 1 o0 ¢ -4 48 0 2400
1 0 0 -1 0 -1.8 0 1000
0 0 0 1 2 128 1 | —56,000

Here, 1 = 1000, zo = 2400, 3 = 1600, and z = —w = 56,000. Therefore, use 1000 1b of bluegrass, 2400 1b of
rye, and 1600 Ib of Bermuda for a minimum cost of 56,000¢, that is, $560.
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28. Let x; = the amount invested in government securities,
r9 = the amount invested in municipal bonds,
and x3 = the amount invested in mutual funds.
Maximize  z = .07x1 + .06x2 + .10z3
subject to: r1  + To + x3 = 100,000
1 > 40,000
i) + T3 Z 50,000
0221 + .0lze 4+ .03x3 < 2400 or 221 + xo + 3x3 < 240,000

with 1 >0, 22 >0, z3 > 0.
I X2 X3 ay S1 S92 S3 z
1 1 1 0 0 0 | 100,000
1 0 0 -1 0 0 40,000
0 1 1 0 0 -1 0 0 50,000
2 1 0 0 0 1 0 | 240,000
| —.07 —-.06 -.10 0 0 0 0 1 0

Pivot on the 1 in row 1, column 1.

xr1 T2 X3 a1 S1 So S3 z
1 1 0 0 0 0 | 100,000 ]
R; + (-Ry)—Rs 0 1 1 0 0 0 | 60,000
0o 1 (1| 0 0 -1 o0 0 | 50,000
—2R; + Ry—Ry 0o -1 1 -2 0 o0 1 0 | 40,000
7Ry + 100Rs—Rs | 0 1 -3 7 0 0 0 100 | 700,000 |

Since a; = 0, we can now eliminate column a;. Pivot on the 1 in row 3, column 3 since the basic solution is
not feasible (s2 = —50,000) .

€1 T2 z3 S1 S2 S3 z

“Rs3+R;—»R; [ 1 0 0 0 0 0 | 50,000 ]
—R3+Ry—R,| O 0 0 1 1 0 0| 10,000
0 1 1 0 -1 0 0 50,000
Rs — Ry— Ry 0 2 0 0o -1 -1 0 10,000

3R3 + Rs—Rs5 | 0 4 0 0 -3 0 100 | 850,000 |

Pivot on the 2 in row 4, column 2 since the basic solution is not feasible (s5 = —10,000) .
Z1 T2 xs3 S1 52 S3 z
1 0 0 0 1 0 0 50,000
0 0 0 1 1 0 0 10,000
—R4 + 2R3—R3 0o 0 2 0 -1 0 | 90,000
0 2 0 0 -1 -1 0 10,000
—2R4+Rs—Rs |" "0 0 0 0 -1 2 100 | 830,000
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Since all basic solutions are feasible, continue with the simplex method by pivoting on the 1 in row 2, column
5.

T X9 I3 S1 S9 S3 z
Ry + Ri—R4 1 0 0 -1 0 0 0 40,000
0 0 0 1 1 0 0 10,000
Rs + R3—R3 0 0 2 1 0 1 0 | 100,000
Rs + Ry—Ry 0 2 0 1 0 -1 0 20,000
Rs + Rs—Rs 0 0 0 1 0 2 100 | 840,000

Create a 1 in the columns corresponding to xs, 3, and z.

Ty T2 T3 S1 Soy 83 2

1 0 0 -1 0 0 0 |40,000 ]

0 0 0 1 1 0 o0 [10,000

iRs—Rz| 0 0 1 3 0 & 0 |50,000
IRg—Rq| 0 1 0 5 0 —5 0 {10,000
wsRs—Rs| 0 0 0 .01 0 .02 1 | 8400 |

30.

32.

Here, x1 = 40,000, x2 = 10,000, x3 = 50,000, and z = 8400. Therefore, invest $40,000 in government
securities, $10,000 in municipal bonds, and $50,000 in mutual funds for maximum interest of $8400.

Let x7 = the amount of chemical I,
To = the amount of chemical II,

and 3 = the amount of chemical III.

Minimize w = 1.0921 + .87x5 + .65x3

subject to: r1 + X2 + 23 > 750
.0921 + .0422 4 .03z3 > 30
31‘2 = 4583
with 1 >0, 290 >0, x3 > 0.

Use a graphing calculator or computer to find that we should use 59.21 kg of chemical I, 394.74 kg of chemical
IT, and 296.05 kg of chemical III for a minimum cost of $600.39.

Let y; = the number of gallons of ingredient 1, yo = the number of gallons of ingredient 2, y3 = the number
of gallons of ingredient 3, y4 = the number of gallons of ingredient 4, y5 = the number of gallons of ingredient
5, and yg = the number of gallons of water.

Note that 10%(15,000) = 1500, and .01(15,000) = 150.
The problem becomes:
Minimize

subject to:
28y1 +.19y2 +.43y3 +.5Tys +.22y5 < 1500
Ys+ Y4 > 150
Y2 +  Us > 150
(1 + U > 150
yi+ y2+ ys+ wyat  ys+ ye= 15,000

with y1 > 0,92 > 0,93 > 0,4 > 0,95 > 0,96 > 0.
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This exercise should be solved by graphing calcu-
lator or computer methods. The answer is to use
0 gal of ingredient 1, 150 gal of 2, 0 gal of 3, 150
gal of 4, 0 gal of 5, and 14,700 gal of water for a
minimum cost of $678.

Chapter 4 Review Exercises

2. If a surplus variable cannot be made nonnegative,
then the inequality which represents one of the
constraints can never exist. This means that no
solution is possible.

4. Maximize z = 2511 + 30z,

subject to: 3x1 + bxy < 47
1 + 290 <25
bxr1 + 229 < 35
2x1 + x2 < 30

with x1 >0, z2 > 0.

(a) Add sy, s2, s3, and s4 as slack variables to

obtain
3x1 + 5x2 + s1 = 47
r1 + X9 + S9 = 25
5r1 + 2x9 + 83 =35
201 + 2o + s4 = 30.

(b) The initial tableau is

T X2 S1 S92 S3 S4 z

3 ) 1 0 0 0 0 47

1 1 0 1 0 0 0 25

5 2 0 0 1 0 0 35

2 1 0 0 0 1 0 30
-25 =30 0 0 0 0 1 0

6. Maximize z =2x1 + 3xo + 423

subject to: r1 + w9 + x3 > 100
2r1 + 3x9 < 500
1 + 2x3 < 350

with T 2 0, Zo Z 0, I3 Z 0.

(a) Introduce s; as a surplus variable and s2 and
s3 as slack variables to obtain

1T + X2 + T3 — 81 = 100
2z + 3x9 + So 500
1 + 2x3 + s3 = 350.

4 LINEAR PROGRAMMING: THE SIMPLEX METHOD

(b) The initial tableau is

T ) x3 S1 S9 S3 z
1 1 1 -1 0 0 0 100
0 0 1 0 0 500
1 0 2 0 0 1 0 350
-2 -3 -4 0 0 0 1 0
Ty X2 S1 83 1
2 1 1 0 0 10

1 3 0 1 0 16

-2 =3 0 0 1 0

The most negative indicator is in the x5 column.

The smallest quotient is %, since % = 10 and
13—6 = 5.3. Pivot on the 3 in row 2, column 2.

*RQ + 3R1—>R1 5 0 -1 0 14

1 3 0 0 16

RotRs—Rs |71 0 0 1| 16

Pivot on the 5 in row 1, column 1.

I X9 S1 S92 z

5 0 3 -1 0 14

—R;y+5Rs—R2| O 15 =3 6 O 66

Ri+5Rs—Rs| 0 0 3 4 b5 94

None of the indicators in this tableau are nega-
tive, so we have found the optimal solution. To
simplify the reading of the final tableau, create a
1 in the columns corresponding to the basic vari-
ables (21 and x2) and z.

X1 X9 S1 S9 z
%R1—>R1 1 0 % 7% 0 15_4
1_15R2_7R2 0 1 _% % 0 25—2
Re—Rs| 0 o 2 4 1|4

The maximum is 18.8 (or %) when z1 = 2.8

(or &), 20 =44 (or ), 51 =0, and s, = 0.
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10.

12.

Z1 T2 S1 S92 S3 z
3 6| —1 0 0 0 28
1 1 0 1 0 0 12
2 0 0 1 0 16
-1 -2 0 0 0 1 0

Pivot on the 6 in row 1, column 2.

r1 X2 S1 S22 S3 Z
3 6 -1 0 0 0128
—R1+6R2—R2 | 3 0|1]|6 0 0|44
—Ri+6R3—=R3| 9 0 1 0 6 0|68
Ri+3Rs—Ra| 0 0-1 0 0 3|28
Pivot on the 1 in row 2, column 3.
X1 X9 S1 S9 S3 z
Ro+R1—R; [ 6 6 0 6 0 0|72
3 0 1 6 0 0|44
—Ro+R3—Rs| 6 0 0 —6 6 0|24
Ro4Rs—Rs | 3 0 0 6 0 3|72
X1 T2 S1 S92 S3 z
Ri—Ri |1 1 0 1 0 0|12
3 0 1 6 0 0|44
SRs—=Rs | 1 0 o0 -1 1 0| 4
tRy—Rs |1 0O 0 2 0 1|24

The maximum is 24 when z1 =0, x5 = 12,
s1 =44, so =0, and s3 = 4.

Minimize w = 20y; + 15y2 + 18y3
subject to:  2y; + y2 + y3 > 112
yi + y2 +ys > 80
Y1+ Y2 > 45
with y1 >0, y2 >0, y3 > 0.

To minimize w = 20y; + 15y + 18ys3, we maximize
z = —w = —20y; — 15y, — 18y3 subject to the same
constraints.

Using the dual:

Maximize z = 11221 + 80x5 + 4523

subject to: 2z1 + mo + z3 < 20
x1 + 20 + 23 < 15
xr1 + T2 < 18

with x1 >0, x2 >0, x3 > 0.

16.

18.
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Y1 Y2 Y3 S1 52 S3 z

1 0 0 3 1 2 0 12
0 0 1 4 ) 3 0 )
0 1 0 -2 7 —6 0 8
0 0 0 ) 7 3 1 | =172

Here y1, y2, and y3 are basic. A maximum
of —172 gives a minimum of 172 when y; = 12,
y2 =28, y3 =5, 51 =0, 55 =0, and s3 = 0.

Y1 Y2 Y3 S1 52 Z

) 1 0 7T -1 0 100
—2 0 1 1 3 0 27
12 0 0 7 2 1][-640

Here yo and y3 are basic. A maximum of —640
gives a minimum of 640 when y; = 0, yo = 100,

ys = 27, s1 =0, and s, = 0.

Minimize w = 3y1 + Y2
subject to: Y1+ y22> 5
3y1 + 6y2 < 18
y1 20,4220
Let z = —w = —3y1 — y2 and maximize z.

Introduce the surplus variable s; and the slack
variable so. The initial tableau is as follows.

Yy Y2 S1 S22 2
1{1 -1 0 0] 5
3 6 0 1 0f18
3.1 00 1|0
The initial basic solution is not feasible since
s1 = —5. Pivot on the 1 in row 1, column 1.
Y1 Y2 S1 S22 2
1 1 -1 0 O 5
—3R1+R2 =R, 0[3[3 1 0| 3
—3R1+Rs —Rs 0-2 3 0 1[-15

Pivot on the 3 in row 2, column 2.

Yi Y2 S1 S22 2

—Rs + 3Ry =Ry 3.0-6-1 0] 12
03 3 1 0] 3
2Rs + 3R3 —R3 0 015 2 3[-39

iR —Ry 1 0-2-4 0 4
iR, —R, 01 1 %+ 0 1
sRs —Rs 00 5 2 1|-13
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The maximum value of z = —w is —13. Therefore,
the minimum value of w is 13 when y; = 4 and
Yo = 1.

20. Minimize

subject to:

w = 24y + 30y2 + 36y3
5y1 + 10y2 + 15y3 > 1200
v+ Y2+ Y3 <950

Y120, y2>0,y3 >0

Let z = —w = —24y; — 30y, — 36y3 and maximize
z.

Introduce surplus variable s; and slack variable
S9.

The initial tableau is as follows.

Y1 Y2 Yys s1 S22 <

51015 -1 0 0] 1200
111 0 1 0 50
24303 0 0 1 0

The initial basic solution is not feasible since
s1 = —1200.
Pivot on the 1 in row 2, column 1.

Y1 Y2 yYs Si1 52 z
—5Re+R; —R; 0 510 —1 -5 0 950

111 0 1 0 50
—24R5+R3 —R3 0 612 0 —24 1| —1200

Pivot on the 1 in row 2, column 2.

Y1y2 Y3 s1 S2  Z
—5Ro+R1 —Ry -50 5-1 =10 O 700
11]1f0 1 0 50
—6R2+Rs —R3 —-60 6 0 —-30 1| —1500
Pivot on the 1 in row 2, column 3.
Y1 Y2 Y3 S1 S2 Z
—5Ro+R1 —Ry -10 50 -1 —-15 0 450
1 11 0 1 0 50
—6Ro+R3 —Rs | —12 =6 0 0 —36 1| —1800
Now s; = —450 is not a feasible solution, but it

is not possible to choose a pivot point. Therefore
there is no solution.

22. A dual can be used to solve any standard mini-
mization problem.

24. (a) Find matrices A, B, C, and X such that the

problem

Maximize z =311+ 212 + 23

subject to: 2z; + 29 + x3 < 150
21’1 + 21’2 + 8£U3 S 200
21’1 + 31’2 + 3 S 320

with 1 >0, 20 >0, 23>0

can be written as

Maximize CX
subject to: AX < B
with X > 0.
(2 1 1 150
A=12 2 8 |,B=] 200 |,
| 2 3 1 320
- 1
C=13 2 1|, X=|
L s

(b) To write the dual, write the augmented matrix
for the given problem.

2 1 1 ] 150
2 2 8 | 200
2 3 1320
3 2 1 0

Now form the transpose.

2 2 2|3
1 2 3|2
1 8 111
150 200 320 | O

The dual is now stated as:

Minimize w = 150y; + 200y + 320y3
subject to:  2y; + 2ys + 2y3 > 3

y1 + 2y2 + 3ys > 2

y1 +8y2 + yz > 1
with 120, y2 >0, y3 > 0.

This can be stated as:

Minimize BTy
subject to:  ATY > C
with Y > 0.
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26. (a) Let x7 = the amount invested in oil leases;
r9 = the amount invested in bonds;

and x3 = the amount invested in stock.

(b) We want to maximize

z = .15271 + 09()32 + 05933

(c) The constraints are

1 + x2 + x3 < 50,000
r1 + T2 < 15,000
T + x3 < 25,000.
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28. (a) Let y; = the number of kilograms of canned whole tomatoes produced
and yo = the number of kilograms of tomato sauce produced.

(b) The minimum cost function is
w = 4y; + 3.25ys.

(c) The constraints are

1+ y2 < 3,000,000
v > 800,000

Yo > 80,000
6y1 + 3y2 > 6,600,000.

30. Based on the information given in Exercise 26, the initial tableau is as follows.

x1 €2 €3 S1 52 S3 z

1 1 1 1 0 0 0 | 50,000

1 1 0 0 1 0 0 [ 15,000

1 0 1 0 0 1 0 | 25,000

-1 —-.09 -—-.05 0 0 0 1 0

Continue by pivoting on each indicated entry.

1 X2 T3 S1 S2  S3 z

~Ro+Ri— Ry [ 1 1 -1 0 0 |35000

1 1 0 0 1 0 0 |15,000

—Ry+R3— Ry | 0 -1 1 0 -1 1 0 |10,000

15R2 +R4—R4 | 0 .06 —.05 0 .15 0 1 2250
X1 T2 I3 81 S92 S3 z

—R3+R1—R; [0 0 1 0 -1 0 |25000

1 0 0 1 0 0 | 15,000

0 -1 1 0 -1 1 0 | 10,000

05R3+R4—Rq [ 0 .01 0 0 1 .05 1 2750

The maximum value is z = 2750 when z; = 15,000, 25 = 0, and 23 = 10,000. He should invest $15,000 in oil
leases and $10,000 in stock for a maximum return of $2750.
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32. Based on Exercise 28, the initial tableau is as follows.

U1 Y2 S1 52 S3 S4 z
[ 1 1 1 0 0 0 0 |3,000000 ]
1 0 0 -1 0 0 800,000
0 1 0 0 -1 0 80,000
6 3 0 0 0 -1 0 |6,600000
| 4325 0 0 0 0 1 0 |

Pivot on the 1 in row 2, column 1 since the basic solution is not feasible.

U1 Y2 S1 S9 83 S4 z
“Ro+ R, =R, [ O 1 1 1 0 0 0] 2200000 ]
1 0 0 -1 0 0 0 800,000
0 1| o -1 0 0 80,000
—6R2+ Ry—R4 | ¢ 30 0 -1 0 1,800,000
—4R;+Rs—Rs [0 325 0 4 0 0 1 [-3200,000 |

Pivot on the 1 in row 3, column 2 since the basic solution is not feasible.

1 Y2 S1 S2 53 S4 Z
Ry iR,oR, |0 0O 1 1 1 0 0] 1,400,000
1 0 0 -1 0 0 0 800,000
o0 1 0 0 -1 0 0 80,000
_3R;+R,—R,| 0O 0 0 [6 3 -1 0| 1,560,000
—3.2Rs+ Rs—Rs |70 0 0 4 325 0 1 | —3,460,000 |

Pivot on the 6 in row 4, column 4 since basic solution is not feasible.

Y1 Y2 S1 52 S3 S4 z
R4+ (—6R1)—R4 0 0 —6 0 -3 -1 0 | —6,840,000
R4+6R2—Rs | 6 0 0 0 3 -1 0 6,360,000
0 1 0 0 -1 0 0 80,000
0 0 0 6 3 -1 0 1,560,000
2R4+ 3R5—Rs5 0 0 0 0 -37% -2 -3 13,500,000

Create a 1 in the columns corresponding to y1, y2, s1, So, and z.

U1 Y2 S1 52 S3 Sy4 z
—tRi=>Ri[ 0 o0 1 0 $ L 0| 1,140,000 ]
iR—R2| 1 0 0 0 -1 0| 1,060,000
o 1 0 0 -1 0 0 80,000
IR»Ry | 0 0 0 1 i -1 0 260,000
~IRs—R; L 0 0 0 0 125 3 1 |-4500000

The final tableau gives the solution yo = 1,060,000, y» = 80,000, and z = 4,500,000. Use 1,060,000 kg of whole
tomatoes and 80,000 kg for sauce for a minimum cost of $4,500,000.
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34. Let y; = the number of packages of Sun Hill
and y2 = the number of packages of Bear Valley.

The problem is:

Minimize w = 3y1 + 2y

subject to: 10y + 2y2 > 20
dy +4ye > 24
2y1 + 8y2 > 24

with y1 > 0,y2 > 0.

(a) Change this to a maximization problem by letting z = —w = —3y; — 2y2. Now maximize z = —3y; — 2y
subject to the constraints above. Begin by inserting surplus variables to set up the first tableau.

The initial simplex tableau is as follows.

Y1 Y2 S1 S2 S3 z
2 -1 0 0 0]20
4 4 0 -1 0 o0f2
2 8 0 0 -1 0|24
32 0 0 0 1] 0
Pivot on the 10 in row 1, column 1.
Y1 Y2 S1 S2 S3 z
10 2 -1 0 0 ol 20
AR, + 10Ry — Ry 0 32 4 —-10 0 0] 160
“R, + 5Rs — Rs 0 1 0 -5 0] 100
—3R1 +10R4 — Ry 0 14 3 0 0 10] 60
Pivot on the 38 in row 3, column 2.
Y1 Y2 S1 52 S3 1
Ry 4+ 19R, » R, | 190 0 —20 0 5 0 230
ot 10r s | 0 0 [80]-190 s 0| 140
0 38 1 0 -5 0 100
—TR3 + 19R4 — Ry 0 0 50 0 35 190 | —1840
Pivot on the 60 in row 2, column 3.
1 Y2 S1 52 S3 z
570 0 0 —190 95 0 2280
R2 + 3R1 — R1
0 60 —190 0 1440
—Ro +60R; — Rs 0 2280 0 190 —380 0 4560
—SRz2+ 6Rs — Ry 0 0 0 950 —190 1140 | —18,240
Pivot on the 80 in row 2, column 5.
n Y2 S1 S2 S3 z
—19R, + 16R; — Ry | 9120 0 —1140 570 0 0 9120
0 0 60 —190 80 0 1440
19R, + 4R3; — Rg 0 9120 1140 —-2850 O 0 45,600
19R, + 8R4 — Ry 0 0 1140 3990 0 9120 | —118,560
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Create a 1 in the columns corresponding to yi,y2, and z.

o Y2 81 52 83  Z )
s5R1 — Ry 1 0 -1 = 0 0 1
0 60 —190 80 0 | 1440
si55Rs — Rs 0 1 3 -3 0 0 5
g Ra — Ru 0o 0 3 = 0 1| -13

The maximum value of z is —13 when y; = 1 and y» = 5. Hence the minimum value of w is 13 when y; = 1
and y2 = 5. Thus the minimum cost is $13 for 1 package of Sun Hill and 5 packages of Bear Valley.

(b) The dual problem is as follows.

Maximize z = 20z + 2429 + 24x3

subject to:  10x1 + 4o + 223 < 3
2x1 + 4o + 8x3 < 2

with T Z 0,562 Z 0, I3 Z 0.

The initial simplex tableau is as follows.

X1 T2 T3 S1 S92 z
10 4 2 1 0 0

2 [4] 8 o0 1 0

—20 —-24 -24 0 O 1|

Pivot about the 4 in row 2, column 2.

I X9 I3 S1 S92 z
—Ry+R; — Ry 0 -6 1 -1 0] 1
2 4 8 0 0] 2
6Ro+R3—Rs | -8 0 24 0 1] 12

Pivot about the 8 in row 1, column 1.

X1 T2 I3 S1 S92 z
8§ 0 —6 1 -1 0] 1
—R; +4R2 — Ry 0 16 38 -1
0

R+ R; — Rs 0 18 1 5 1|13
r1 Ty I3 S1 52
RioR [ 10 -3 4 4 o]
LR> — Ry o 1 L& - Iz oL
o 0 18 1 5 1]|13

The minimum value of w is 13 when y; = 1 and y» = 5, that is, you should buy 1 package of Sun Hill and 5
packages of Bear Valley for a minimum cost of $13.

(c) The shadow cost for peanuts is based on the variable 2; and can be read from the final simplex tableau:
%. To get 8 more ounces of peanuts will cost an additional 8 (%) = $1, so the total cost will then be $14.
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Extended Application: Using Integer Programming in the Stock Cutting

Problem
1. (a) With Plan A you will need to buy 8 timbers: one cut will give you the two 4-ft lengths, two more cuts will

give you two each of the 3-ft and 5-ft lengths, the two 3-ft pieces will come out of another full length, leaving
2 ft over, and all four 6-ft lengths will come out of 8-ft pieces. Your total waste amounts to 10 ft.

(b) There’s no advantage to Plan B; you still need 8 pieces of lumber: two cuts will give you four 4-ft lengths,
two more cuts will give you two each of the 3-ft and 5-ft lengths, the two 5-ft lengths will come out of 8-ft
pieces as will each of the two 6-ft lengths, leaving a total waste of 10 ft.

(c) If the original timbers were 9 ft in length, you could but 6 timbers and cut the lengths for either Plan A
or Plan B with no waste.

2. Four patterns not in the minimizer’s list are, for example,
14|14/33|33|, 31|33|33], 33|33|33|, and 14|17|31|33|.
3. The patterns are 31|33|36, 17|17|33|33, 14]|17|33|36, and 14|14|36|36.

808
4, —— =~ 9
35,600 3%

5. A leftover piece less than 14 inches wide can’t be used for any standard width, but a leftover piece of 22 inches,
for example, could be cut to make either the 14-inch or the 17-inch standard width. So it might be better to
reserve the choice about how to cut this leftover until more orders come in.

6. The highest value is 34: choose weights 2, 2.5 and 4.5.
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MATHEMATICS OF FINANCE

5.1 Simple and Compound Interest

2.

10.

14.

164

If we use 365 days,

85
A=11,280 |1+ .11 [ — ) | ~ 11, 568.95.
, 80[ + (365” ,568.95

The maturity value is $11,568.95. Using 365 days
in a year is more advantageous to the borrower.

. $25,000 at 7% for 9 mo

Use the formula for simple interest.
I =Prt
9
= 25,000(.07) | —
= 1312.50

The simple interest is $1312.50.

. $1974 at 6.3% for 7 mo

I =Prt

7
=1974(.063) | —
(o) (5
~ 72.54
The simple interest is $72.54.

$5147.18 at 10.1% for 58 days

I =Prt
58
= 5147.18(.101) <%>
~ 83.76

The simple interest is $83.76.
The formula for the compound amount is
A=P1+i)".

To find A, substitute P = 1000, 7 = .06, and
n = 8.
A =1000(1 + .06)®
= 1000(1.06)®
~ 1593.85

The compound amount is $1593.85.

16.

18.

20.

22,

24.

To find the compound amount A, substitute
P =470, i = 4% = .05, and n = 12(2) = 24
in the formula for the compound amount.

A=Pl+i)n"
— 470(1.05)%4
~ 1515.80

The compound amount is $1515.80.

Use the formula for compound amount with
P =6500, i = <2, and n = 6(4) = 24.

A= P(1+1i)"
192 24
= 6500 (1 + T)

= 6500(1.03)%
~ 13,213.16

The compound amount is $13,213.16.

$15,902.74 at 9.8% compounded annually for 7 yr

Use the formula for present value for compound
interest with A = 15,902.74, ¢ = .098, and n = 7.

A 15,902.74

P = =
(1+4i)"  (I+.098)7

~ 8265.24

The present value is $8265.24.

$2000 at 9% compounded semiannually for 8 yr

Here A = 2000, i = 22 = .045, and
n =8(2) = 16.

A 2000

- ~ (1.045)16

. ~ 988.94
(1 +2)"

The present value is $988.94.

$8800 at 10% compounded quarterly for 5 yr

Here A = 8800, i = <42 = .025, and n =
5(4) = 20.

A 8800

P=aT = Mom)m

~ 5370.38

The present value is $5370.38.
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28.

30.

32.

34.

36.

Simple and Compound Interest

3% compounded quarterly

Use the formula for effective rate with » = .03

and m = 4.
re:(1+i) 1
m

03\*
(1+7)
~ .03034
The effective rate is 3.034%.

8.25% compounded semiannually

Here » = .0825 and m = 2.

m
re:(l—i—%) 1

0825 2
—(1+222) -1
(1+2)

.08420
The effective rate is 8.420%.

Q

Use the formula for future value for simple
interest.

A= P(l1+rt)

= 25,900 |1 +.084 1
o ’ 12

= 27,894.30.
She repaid $27,894.30.
The interest is
$101,133.33 — 100,000 = $1133.33.
Use the formula for simple interest.

I = Prt

60
1133.33 = 100,000r ( ——
el <360)

068 = r
The interest rate was about 6.8%.
The interest per share is
(24 — 22) + .50 = 2.50.

Use the simple interest formula with I = 2.50,
P =22 and t = 1, and solve for 7.

I =Prt
2.50 = 22r(1)
114 ~r

The interest rate was about 11.4%.
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38. P =50,000, i = 52, n =12(4) = 48

First find the compound amount.

A=P1+i)n"

48
12
= 14 ==
50,000( + 12)

= 50,000(1.01)48
~ $80,611.30

Amount of interest = A — P
= $80,611.30 — $50, 000
= $30,611.30

The business will pay $30,611.30 in interest.

40. First find the compound amount. This is the to-
tal amount required to pay off the loan, including

both interest and repayment of principal. Here
P =80,000, i = <42 =.025, and n = 5(4) = 20.

A=P1+)"
= 80, 000(1.025)2°
~ 131,089.32

Now find the amount of interest.
I=A-P
= 131, 089.32 — 80, 000
= 51,089.32

The interest on the loan will amount to $51,089.32.

42. Use the formula for present value for compound

interest with A = 20,000, i = <& = .02, and
n = 5(4) = 20.
A 20, 000
= N ~ 13,459.43
(144)"  (1.02)20 ’

George should invest $13,459.43.

44. Use the formula for compound amount to find the
value of $1000 in 5 yr.

A=P(1+in"
= 1000(1.06)°
~ 1338.23

In 5 yr, $1000 will be worth $1338.23. Since this
is larger than the $1210 one would receive in 5 yr,
it would be more profitable to take the $1000 now.
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46.

48.

50.

Use the formula for effective rate with
ro = .0201 and m = 12.

1.0201)1/12 = 1 4+ =

r
1.001660 ~ 1 + —
* 12

r
.001 ~—
001660 B

0199 =~ r

Thus, the actual rate is 1.99%.

Use 8% compounded quarterly for 20 yr. Then
i =<8 = .02 and n = 20(4) = 80.

A=P(1+4)" = P(1.02)%
For $10,000,
A= 10,000(1.02)%° ~ 48,754.39,

that is, $48,754.39.

For $149,000,
A = 149,000(1.02)8 ~ 726, 440.43,

that is, $726,440.43.

For $1,000,000,
A = 1,000,000(1.02)% ~ 4,875, 439.16,
that is, $4,875,439.16.

2 = (14 .05)"
2 = (1.05)"

Try various values for n.
(1.05) ~ 1.979932 ~ 2
Thus, n ~ 14. It would take about 14 yr for the

general level of prices in the economy to double at
the annual inflation rate of 5%.

52.

54.

56.

58.
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Find n such that
2 =(1.02)"

By trying various values of n, we see that n ~ 35
is approximately correct because

(1.02)3% ~ 1.999890 ~ 2.

It will take about 35 yr before the utilities will
need to double their generating capacity.

Let P = 150,000, ¢ = —.024, and n = 8.
A=P(l+1i)"
= 150,000(1 — .024)3

= 150, 000(.976)%
= 123,506.50

After 8 yr, the amount on deposit will be $123,506.50.

Use the formula
A=P(1+4)"

with P = £ cent = $.0025 and r = .04 com-

pounded quarterly for 2000 yr.

4(2000)
.04
A = .0025 <1 + %)

.0025(1.01)8000
~9.31 x 103!

The money would be worth $9.31 x 103! 2000 yr
later.

Use the formula

A=P(1+)"
with P = 10,000 and r = .05 for 10 yr.
(a) If interest is compounding annually,

A = 10,000(1 + .05)°
~ 16,288.95.

The future value is $16,288.95.

(b) If interest is compounding quarterly,

40
A= 10,000 (1 + %)

~ 16,436.19.

The future value is $16,436.19.
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60.

Future Value of an Annuity

() If interest is compounding monthly,

05 120
A= 10,000 ( 1+ =2
(i)

~ 16,470.09.
The future value is $16,470.09.

(d) If interest is compounding daily,

05 3650
A=1 14—
0,000 ( + 365>

~ 16,486.65.

The future value is $16,486.65.

First consider the case of earning interest at a rate
of k per annum compounded quarterly for all 8 yr
and earning $2203.76 on the $1000 investment.

4

B 32
2.20376 = <1 + Z)

Use a calculator to raise both sides to the power
1

8(4)
2203.76 = 1000 <1 + —)

3_2.

k
1.025 =1+ —
* 4

k

025 = -

4

1=k

Next consider the actual investments. The $1000
was invested for the first 5 yr at a rate of j per
annum compounded semiannually.

-\ 5(2)
A = 1000 <1 i %)

.\ 10
A = 1000 (1 n %)

This amount was then invested for the remaining
3 yr at k = .1 per annum compounded quarterly
for a final compound amount of $1990.76.

1\ 3@
1990.76 = A <1 + Z)

1990.76 = A(1.025)'2
1480.24 ~ A

167

10
Recall that A = 1000 <1 + %) and substitute

this value into the above equation.
.\ 10
1480.24 = 1000 (1 + %)

.\ 10
1.48024 = (1 T %)

Use a calculator to raise both sides to the power

1

10° )
J
1.04=~1+ =
0 +2

J

04 ==

2

08=j

5.2 Future Value of an Annuity

2. a=5,r=3
a, = ar" !

as = 5(3)% = 405

as = art = 12(-2)* =192

8. a=T729 r=1

4
as = ar* =729 (5) =9

10. a=3;r=3; n=4

_a(r”fl)
Sn = r—1
33t —1)

12. a:6;7":%;n:4

_a(r"—1)
Sn = r—1
B (e BT N
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14. a = 81; T:_s? n=4
_a(r™—1)
Sn = r—1
81/(-3)"—1| s1(-&
54 — |: 23 :| — ( E 1) =39
_2_q _5
3 3
1+2)"—1
16. s = %
)
(1.06)20 —1
(1.015)18 —1
22. R =1000;7 =.06;n =5

24.

26.

28.

Use the formula for the future value of an ordinary
annuity.

S = RS,’—L“ = 100053|.06

= 1000 {—(1‘0%2 - 1}

~ 5637.09
The future value is $5637.09.
R =29,500; i = .058; n =15

S—R[“+Q”‘1

7

(14 .058)15 — 1
= 2 _—
9,500 [ 058

~ 676,272.05
The future value is $676,272.05.
R =3700; i = % = .04; n =11(2) = 22

S:R{u+gn—1

7

— 3700 {%}

.04
~ 126, 717.49
The future value is $126,717.49.
R = 4600; i = 0578 — 21825; n = 9(4) = 36

S_R[u+?n—1

(1+.021825)36 — 1
1021825

= 4600 {

~ 247, 752.70
The future value is $247,752.70.

30. R =42,000; i =

32.

34.

36.

38.
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4905 — 05025; n = 12(2) = 24

S:R{u+on—1

2

14.05025)%4 — 1
:42,000[( +.05025) }

.05025
~ 1,875, 230.74
The future value is $1,875,230.74.

R =1400; i = .08; n = 10

To find the future value of an annuity due, use
the formula for the future value of an ordinary
annuity, but include one additional time period
and subtract the amount of one payment.

1+ —1
S=R {%} -R
1+.08)1 —1
= 1400 [%} — 1400
~ 21,903.68

The future value is $21,903.68.
R =4000; 7 =.06; n =11

1 n+1 —1
CEL R

(1+.06)12 —1
.06

S:R{

= 4000 } — 4000

~ 63,479.76
The future value is $63,479.76.
R =750; i = 952 = .004916; n = 15(12) = 180

n+1
S:R{l—l-z ]

1+ .004916)18!
1004916

=750 [( ] — 750
~ 217, 328.08
The future value is $217,328.08.

R =1500; i = 998 = 028; n = 11(2) = 22

An+1 _
S=R {(LH)%} _R
(1+ .028)23 —1
=1 - -1
500 { 093 500
=~ 46,034.09

The future value is $46, 034.09.
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40. S =100,000; i = B = .04; n =9(2) =18

Let R represent the amount to be deposited into
the sinking fund each year. Solve the formula

S = Rsy);
for R and proceed.
S
574
100,000
a 5T8|.04
100, 000(.04)
(1+.04)18 —1
~ 3899.33

R=

The periodic payment is $3899.33.

42. S=28500; i =.08; n=17
S
574
~ 8500
B 57].08
8500(.08)
(14.08)7—1
~ 952.62

R:

The payment is $952.62.

44. S =175,000; i = 98 = .03; n=41(2) =9
S
574
_ 75,000
a 59.03
75,000(.03)
(14.03)2 -1

A2 7382.54

R:

The payment is $7382.54.

46. S =50,000; i = L2 = .01975; n = 21(4) = 10

S
S7i
50,000
570.01975
50,000(.01975)
(14.01975)10 —1

~ 4571.55

R =

The payment is $4571.55.

48.

50.

52.
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(a) R=12,000; i =.08; n=9

S—R [M]
= 12,000 {%}

~ 149, 850.69
The final amount is $149,850.69.
(b) R = 12,000; i = .06; n =9

140" —1
S=R [—( i) ]
(2
(1+.06)° —1
= 12,000 |——L
000 { o
~ 137,895.79

She will have $137,895.79.

(c) The amount that would be lost is the differ-
ence between the two amounts in parts (a) and
(b), which is

$149,850.69 — 137,895.79 = $11,954.90.
R =80; i =015 = .00625; n = 3(12) +9 =45

Because the deposits are made at the beginning of
each month, this is an annuity due.

S:R{%]—R

B (14 .00625)% — 1
=80 { .00625 80

~ 4168.30
The account will have $4168.30 in it.

This may be considered an annuity due, since pay-
ments are made at the beginning of each year,
starting with the day the daughter is born. How-
ever, a payment should not be subtracted at the
end, since a twenty-second payment is made on
her twenty-first birthday. Thus, the future value
is given by

S:R{(l—l—i):*l—l],

where R = 1000; ¢ = .095; and n = 21. Therefore,

(1.095)22 — 1}

=1
S 000[ o0
~ 66, 988.91

There will be $66,988.91 in the account at the end
of the day on the daughter’s twenty-first birthday.
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54.

56.

From ages 50 to 60, we have an ordinary

annuity with R = 1200, i = 47 = .0175, and

n = 10(4) = 40. Use the formula for the future
value of an ordinary annuity.

SZR[QiﬂZ:q

7

(1.0175)%0 — 1
= 1200 |—— ——
00 { 0175

~ 68,680.96

At age 60, the value of the retirement account is
$68,680.96. This amount now earns 9% interest
compounded monthly for 5 yr. Use the formula
for compound amount with P = 68, 680.96,

i =22 =.0075, and n = 5(12) = 60 to find the
value of this amount after 5 yr.

A=P(1+i)n"
= 68, 680.96(1.0075)%0
~ 107,532.48

The value of the amount she withdraws from the
retirement account will be $107,532.48 when she
reaches 65.

The deposits of $300 at the end of each month into
the mutual fund form another ordinary annuity.
Use the formula for the future value of an ordinary
annuity with R = 300, i = % =.0075, and
n = 5(12) = 60.

SZR[EiQE:i}

7

B (1.0075)60 — 1
=300 [ 0075

= 22,627.24
The value of this annuity after 5 yr is $22,627.24.

The total amount in the mutual fund account when
the woman reaches age 65 will be

$107,532.48 4 22,627.24 = $130, 159.72.

For the first 12 yr, we have an annuity due. To
find the amount in this account after 12 yr, use
the formula for the future value of an annuity due
with R = 10,000, ¢ = .05, and n = 12.
14+t -1
S=R [L} - R

7

= 10,000

1.05)13 — 1
[(OE’)T} — 10,000

~ 167,129.83

58.

60.

62.

Chapter 5 MATHEMATICS OF FINANCE

This amount, $167,129.83, now earns 6% interest
compounded semiannually for another 9 yr, but no
new deposits are made. Use the formula for com-
pound amount with P = 167,129.83, i = -9 =
.03, and n = 9(2) = 18.

A=P1+in"
= 167,129.83(1.03)'8
~ 284,527.35

The final amount on deposit after 21 yr is $284,527.35.

This is a sinking fund with S = 12,000,
i =98 =03, and n = 4(2) =8.

S
ST
_ 12,000
B 53.03
12,000(.03)
(14.03)8—1
/2 1349.48

R =

Each payment should be $1349.48.

Use the formula for future value of an ordinary
annuity with R = 280 = 1000, i = 3¢ = .03, and
n = 25(2) = 50.

S:R{u+nn_1

7

(1.03)50 — 1
— 1 _—
000 [ 3

~ 112, 796.87

The total amount in the account will be $112, 796.87.

Use the formula for future value of an ordinary
annuity with R = 280 = 1000, i = 3¢ = .02, and
n = 25(2) = 50.

S:R[u+nn_1

7

1000 [(1.02)50 - 1}

02
~ 84, 579.40

The total amount in the account will be $84,579.40.
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64.

66.

Present Value of an Annuity; Amortization

Let x = the annual interest rate.
n = 20(12) = 240

Graph y; = 147,126 and

240
Y2 = 300 M] .

L

12

The z-coordinate of the point of intersection is
.06499984. Thus, the annual interest rate was
about 6.5%.

(a) Compare the future amounts for an ordinary
annuity with R = 1,350,000 and ¢ = .08 to com-
pound amounts with P = 7,000,000 and 7 = .08
for different values of n, starting with n = 1.

: A=P(1+1i)"

. S:R[(1+i)7‘—1]

1.08—1
1| 1,350,000 | ———
oo { 08 ]

= $1, 350, 000.00

[(1.08)2 — 1]
2 | 1,350,000 | ———=
T 08

$7,560,000.00

— $2,808,000.00

[(1.08)3 — 17

3 | 1,350,000 | —2f——
A T

= $4, 382, 640.00

[(1.08)* — 1]
4 | 1,350,000 | ————
08

$8,164,800.00
$8,817,984.00

= $6,083,251.20
[(1.08)5 — 1]
5 | 1,350,000 | ~————

A T

= $7,919,911.30
[(1.08)6 — 1]
6 | 1,350,000 | ~————

08

= $9,903,504.20
(1.08)7 — 1]

$9,523,422.72

$10, 285, 296.54

$11,108,120.26

7 | 1,350,000
e { 08

= $12,045,784.54 $11,996, 769.88

After 7 yr, the investors would do better by win-
ning the lottery.

68.
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(b) Repeat the calculations from part (a), but
change the interest rate to ¢ = .12.

n S_R{%} A=P(1+i)"
1 $1, 350, 000.00 $7, 840, 000.00
2 $2, 862, 000.00 $8, 780,800.00
3 $4, 555, 440.00 $9, 834, 496.00
4 $6,452,002.80 | $11,014,635.52
5 $8,576,343.93 | $12,336,391.78
6|  $10,955,505.21 | $13,816,758.80
7| $13,620,165.83 | $15,474, 769.85
8 |  $16,604,585.73 | $17,331,742.23
9| $19,947,136.02 | $19,411,551.30

After 9 yr, the investors would do better by win-
ning the lottery.

This exercise should be solved by graphing calcu-
lator or computer methods. The answers, which
may vary slightly, are as follows.

(a) The amount of each interest payment is $120.

(b) The amount of each payment is $681.83, ex-
cept the last payment, which is $681.80. A table
showing the amount in the sinking fund after each
deposit is as follows.

Payment
Number

Interest
Deposit Earned

A t of
mount o Total

$681.83
$1418.12
$2213.50
$3072.41
$4000.00

1 $681.83 $0

$681.83 $54.55
$681.83 $113.46
$681.83 $177.08
$681.80 $245.79

T W N

5.3 Present Value of

2.

an Annuity;
Amortization

The symbol sz|; represents the expression

(1+i)" -1

?

which is choice (b).
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4.

10.

12.

11—+ "
=T
1—(1+.03)71°
a19].03 = 013
~1-(1.03)71°
B .03
=~ 8.53020
1—(14+)™"
i =T
1—(1+.029)32
331029 = 1+ ) ~ 20.66906

.029

. Payments of $890 each year for 16 yr at 8% com-

pounded annually

Use the formula for present value of an annuity
with R =890, ¢+ = .08, and n = 16.

pon[imtri

2

~ 200 [1 - (1.08)‘16}

.08
= 7877.72
The present value is $7877.72.

Payments of $10,000 semiannually for 15 yr at
10% compounded semiannually

Use the formula for present value of an annuity
with R = 10,000, i = 42 = .05, and n = 15(2) =
30.

P-R [1(1—”}
= 10,000 [%@5)30}

~ 153,724.51
The present value is $153,724.51.

Payments of $15,806 quarterly for 3 yr at 10.8%
compounded quarterly

Here R = 15,806, i = <28 = 027, and
n=3(4) = 12.

P—R [M}
(3
_ 1—(1.027)712
= 15,806 [T

=~ 160, 188.18
The present value is $160,188.18.

Chapter 5 MATHEMATICS OF FINANCE

14. 4% compounded annually

18.

20.

22,

24.

26.

We want the present value, P, of an annuity with
R =10,000, ¢ = .04, and n = 15.

P=R [ﬁ]
= 10,000 [%ﬂlg_ﬂ

~ 111,183.87
The required lump sum is $111, 183.87.

P =41,000; i = 42 = .05; n =10

Use the formula for amortization payments.

Pi
R=1z (141d)—™
R — _41,000(.05)
1—(1+.05)"10
~ 5309.69

Payments of $5309.69 are necessary to amortize
this loan.

P =140,000; i = 42 = .03; n =15
Pi
R=——
1—(1+i)™
~140,000(.03)
11— (1+4.03)-15
~ 11,727.32

Each payment is $11,727.32.
P =5500; i = 22 = .010416; n = 24
Pi
1—(1+4)"
5500(.010416)
1 — (1+.010416) 24

~ 260.19

R:

Each payment is $260.19.

The “Portion to Principal” column of the table in-
dicates that $87.10 of the 11th payment of $88.85
is used to reduce the debt.

The amount of interest paid in the last 4 months
of the loan is

$3.47 4 2.61 + 1.75 + .88 = $8.71.
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28.

30.

32.

34.

Present Value of an Annuity; Amortization

$4000 deposited every 6 mo for 10 yr at 6% com-
pounded semiannually will be worth

4000 - 55,05 & $107, 481.50.

(Note that ¢ = 98 = .03 and n = 10(2) = 20.)

For the lump sum investment of x dollars, use i =
228 = 02 and n = 10(4) = 40 in the formula
A = P(1 4 4)™. Our unknown amount z will be

worth 2(1.02)%°, so

2(1.02)4 = 107,481.50
x ~ 48,677.34.

About $48,677.34 should be invested today.

P =170,892, i = & = 0067583, n = 30(12) =
360

P
T
R 170, 892(.0067583)

= T—(1+.0067583)—360
~ 1267.07
The monthly payment is $1267.07.

P = 96,511, i = 25T = 007975, n = 25(12) =

300 )
Pq

I+

96,511(.007975)
1— (1 +.007975)-300

~ 847.91

The monthly payment is $847.91.

R

(a) R=130, i =.0125, n=12(3) = 36
Use the formula for the present value of an annuity

— (1+.0125)736

1
P =
30 .0125

~ 865.42

Since there was a down payment of $600, the cost
of the stereo system will be

$865.42 + 600 = $1465.42.

(b) Since a payment of $30 was paid each month
for 36 months, the total of the payments will be
36($30) = $1080. From part (a), the cost of the
stereo system will be $865.42. Therefore, the total
amount of interest paid will be

$1080 — 865.42 = $214.58.

36.

38.

40.
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Use the formula for amortization payments with
R =15,000, i = 42 = .05, and n = 4(2) = 8.
Pi
1—(1+i)™
~15,000(.05)

~ 1—(1.05)-8
~ 2320.83

R:

The amount of each payment is $2320.83.

(a) There is no interest with 0% financing, so the
monthly payment is 25,500 + 60 = $425.

.045
(b) P =21,500, i = 7 = 0.00375, n = 48

1—(14+2)"
P=R [&]
7
1— (1+.00375)~18
21 =
500 =R [ 00375

R ~ 490.27

At 4.5% for 48 months, the monthly payment
is $490.27 and the total amount paid back is
490.27 x 48 = $23,532.96.

P =21,500,i = % = .00575,n = 60

PR [1 - (1;-1‘)—”]

- —60
217500:]%[1 (1+ .00575) ]

.00575
R~ 424.71

At 6.9% for 60 months, the monthly payment
is $424.71 and the total amount paid back is
424.71 x 60 = $25,482.60.

(c) If the person can afford the higher monthly
payments, the best deal is to choose the $4000
cash back option and finance $21,500 at 4.5% for
48 months because the total amount repaid is the
least. However, if the person can only afford about
$425 per month, then the other two deals are about
the same.

P = 35,000 at 7.43% compounded monthly for 10

yr. Thus, i = 202 = 0061916 and n = 10(12) =
120. pi
7
R= ————
1—(1+i)™

_35,000(.0061916)
11— (1+.0061916)—120

~ 414.18
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42.

The monthly payment is $414.18. The total inter-
est is given by

120(414.18) — 35,000 = 14, 701.60.

The total interest is $14,701.60.

The amount of each annual payment is
4000
R= ~ $1207.68.
a7).08

On the first payment, the firm owes interest of
I = Prt =4000(.08)(1) = $320.

Therefore, from the first payment, $320 goes to
interest and the balance,

$1207.68 — 320 = $887.68,

goes to principal. The principal at the end of one
year is

$4000 — 887.68 = $3112.32.

The interest for the second year is

I = Prt = 3112.32(.08)(1) = $248.99.

Of the second payment, $248.99 goes to interest
and

$1207.68 — 248.99 = $958.69

goes to principal. Continuing in this way, we ob-
tain the following amortization schedule.

Chapter 5 MATHEMATICS OF FINANCE

44. The total price is 8($1048) = $8384. Since there
is a $1200 down payment, the amount financed is

$8384 — 1200 = $7184.

i=42=.01, n=4(12) =48

12

The amount of each monthly payment is

R:

7184

a73).01

~ $189.18.

For the first payment, the interest is

7184(.12) (1—12> — $71.84.

The portion applied to principal is

$189.18 — 71.84 = $117.34.

The principal at the end of this period is

$7184 — 117.34 = $7066.66.

Continue in this way to complete the amortization
schedule for the first four payments.

Amount Interest Portion Principal
Payment
of for to at End of
Number . - .
Payment Period  Principal Period
0 $7184.00
1 $189.18 $71.84 $117.34  $7066.66
2 $189.18 $70.67 $118.51  $6948.15
3 $189.18 $69.48 $119.70  $6828.45
4 $189.18 $68.28 $120.90  $6707.55

46. The total amount of the loan is

14,000 + 7200 — 1200 = 20, 000.

We have $20,000 at 12% compounded semiannu-

ally for 5 yr.

(a) i=-12=.06, n=5(2)=10

Amount Interest Portion Principal
Payment
of for to at End of
Number . - .
Payment Period Principal Period
0 $4000.00
1 $1207.68  $320.00 $887.68 $3112.32
2 $1207.68  $248.99 $958.69 $2153.63
3 $1207.68  $172.29 $1035.39 $1118.24
4 $1207.70 $89.46 $1118.24 $0.00

R=1—arp=
20, 000(.06)
- VD) 971736
1—(1+.06)~10

The amount of each payment is $2717.36.
(b) Graph

1 —1.06-(10=2)
—

The z-coordinate of the point of intersection is
7.9923292 or approximately 8. Therefore, 2 pay-
ments are left.

y1 = 2717.36 { } and y» = 5000.
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48. This is an amortization problem with P = 25, 000.
R represents the amount of each annual withdrawal.
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(a) i = .06, n=38

R

Pi

TI1-(1+i)n
25,000(.06)

T I1-(1+.06)°
~ 4025.90

She will be able to withdraw about $4025.90/yr

for the 8 yr.

(b) i =.06, n =12

R

Pi

11+
25,000(.06)

T 1-(1+.06)12
~ 2981.93

She will be able to withdraw about $2981.93/yr for

the 12 yr.

50.

This exercise should be solved by graphing cal-

culator or computer methods. The amortization
schedule, which may vary slightly, is as follows.

Amount Interest Portion  Principal
Payment
of for to at End of
Number . L. .
Payment Period Principal Period
0 - - - $37,947.50
1 $5783.49 $3225.54  $2557.95 $35,389.55
2 $5783.49 $3008.11 $2775.38 $32,614.17
3 $5783.49 $2772.20 $3011.29 $29,602.88
4 $5783.49 $2516.24  $3267.25 $26,335.63
5 $5783.49 $2238.53  $3544.96 $22,790.67
6 $5783.49 $1937.21 $3846.28 $18,944.39
7 $5783.49 $1610.27 $4173.22 $14,771.17
8 $5783.49 $1255.55 $4527.94 $10,243.23
9 $5783.49  $870.67 $4912.82 $5330.41
10 $5783.49  $453.08 $ 5330.41 $0.00

Chapter 5 Review Exercises

2. [ = Prt
11
=4902(.095) [ —
(.095) <12)
~ 426.88

The simple interest is $426.88.

4. I = Prt
88
= 3478(.074) | —
3478(.07 )<360>
~ 62.91

The simple interest is $62.91.

6. $2800 at 6% compounded annually for 10 yr

Use the formula for compound amount with
P =2800, i = .06, and n = 10(1) = 10.

A=P1+i)"
= 2800(1.06)°
~ 5014.37

The compound amount is $5014.37.

8. $312.45 at 6% compounded semiannually for 16 yr

Use the formula for compound amount with
P =31245, i = 98 = 03, and n = 16(2) = 32.

A= P(1+i)"
= 312.45(1.03)*
~ 804.58

The compound amount is $804.58.

10. $3954 at 8% compounded annually for 12 yr

Here P = 3954, ¢ = .08, and n = 12(1) = 12.
First, find the compound amount.

A=P1+)"
= 3954(1.08)12
~ 9956.84

The compound amount is $9956.84. To find the
amount of interest earned, subtract the initial de-
posit from the compound amount.

Amount of interest = A — P
9956.84 — 3954

=3
= $6002.84
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12.

16.

18.

20.

22.

$12,903.45 at 10.37% compounded quarterly for
29 quarters

Here P = 12,903.45, i = <1937 "and n = 29.
A=P(l+i)"
1037\*
=12,903.45 (1 + T)
~ 27,105.57
The compound amount is $27,105.57.

Amount of interest = A — P
= $27,105.57 — 12,903.45
= $14,202.12

$17,650 in 4 yr, 8% compounded quarterly

Use the formula for present value for compound
interest with A = 17,650, ¢ = 'OTS = .02, and
n =4(4) = 16.

A
(1+4)m
17,650

(1.02)16
~ 12,857.07

The present value is $12,857.07.

$2388.90 in 44 mo, 5.93% compounded monthly
A =12388.90, i = 293% — 0893 'y — 44

12 12
A
2388.90

1+ )"

~ 1923.09

The present value is $1923.09.

_ _ 1
a=4,r=3

The first four terms are

() )

or

4,2,1,
a=-2,r=-2
For the fifth term, n = 5, so
as = ar"t = —2(=2)* = —2(16) = —32.

The fifth term is —32.

24.

26.

28.

30.

32.

Chapter 5 MATHEMATICS OF FINANCE

a=28000, r=—%, n=>5

(1+i)" —1
Smli = T,

(1.05)20 — 1

S50 = gz ~ 33.06595

R =500, i =28 = .03, n=28(2) = 16

This is an ordinary annuity.

S = RSﬁM
S = 50057503
(1.03)16 — 1
=500 | ———
[ 03
~ 10, 078.44

The future value is $10,078.44.
R = 4000, i = %8 = 015, n = 7(4) = 28

This is an ordinary annuity.

SR[(1+i)”—1]

?

(1+.015)28 — 1
S = 4000 |—— 2~
{ 015

~ 137,925.91
The future value is $137,925.91.

R=672, i=8 =02 n="7(4) =28

This is an annuity due, so we use the formula
for future value of an ordinary annuity, but in-
clude one additional time period and subtract the
amount of one payment.

s—R[W]R

7

=672

{(1 + .(.)3)29 - 1] -

~ 25, 396.38
The future value is $25,396.38.
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36. S =57,000, i = 9% = .03, n= (83)2=17

Let R represent the amount of each payment.

S = RSﬁli
57,000 = Rs17) o3
57,000
Rr= 200N
5T7].03

57,000(.03)
(1+.03)17—1

= 2619.29

The amount of each payment is $2619.29.

38. 5 =1,056,788, i = £12 ~ 0067667,
n=(43)12 =54

Let R represent the amount of each payment.

S = Rsgy;
1,056, 788 = Rszz) gos7667
1,056,788

554).0067667

1,056, 788(.0067667)
~ (1+.0067667)5% — 1

~ 16,277.35

R=

The amount of each payment is $16,277.35.

40. R =1500, i = 98 = .02, n ="7(4) = 28

1— (14"
P=R [&]
(3
1—(1+.02)"28
P=1500 | ————————
{ .02
~ 31,921.91

The present value is $31,921.91.

42. R=1877.34, i = U4 ~ 0078333, n = 17

e

_ 17
P 87734 {1 (1+.0078333) }

0078333
~ 13,913.48

The present value is $13,913.48.

44.

46.

48.

50.

52.

54.
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P =80,000, i =.08, n=9
Pi
1— (144"
80, 000(.08)
1—(1+.08)9
~ 12, 806.38

R:

The amount of each payment is $12,806.38.

P =32,000, i = 2% = 0235, n =17

Pi
R=—
1—(1+i)"
_32,000(.0235)
T 1—(1+.0235)-17
~ 2305.07

The amount of each payment is $2305.07.

P = 56,890, i = L% = 00895, n = 25(12) =

300
Pi

11+
_ 56,890(.00895)
1 —(1+.00895)—300

~ 546.93

R

The monthly payment is $546.93.

Look in the column titled “Interest for Period.”
$896.06 of the fifth payment of $1022.64 is interest.

In the first 3 months of the loan, the total amount
of interest paid is

$899.58 + 898.71 + 897.83 = $2696.12.

Here P = 5800, » = 10.3% = .103, and ¢t = %.
I =Prt
10
= .1 —
5800(.103) (12>
~ 497.83

The interest he will pay is $497.83. The total
amount he will owe is

$5800 + 497.83 = $6297.83.
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56. Here P = 28,000, r = 11.5% = .115, and
I = 3255.

Use the formula for simple interest.

I = Prt

L1
- Pr
3255
~28,000(.115)
~ 1.011

The loan is for about 1.011 yr; convert this to
months.

12
1.011 yr( : mo) ~ 12.13 mo
T

The loan is for about 12.13 mo.

58. A=17500, i = 2 = .05, n=3(2) =6

Let P represent the lump sum.

A=P(1+iq)"

A
(1+1i)»
~ 7500

(1.05)6
~ 5596.62

She should deposit about $5596.62 today.

60. Suppose you receive $6000/yr at age 55 until age
75. Then R = 6000, ¢ = .08, and n = 20.

(1+.08)2° —1

S = 6000
[ 08

] /2 274,571.79

You would receive a total of $274,571.79.
Suppose you receive $12,000/yr at age 65 until age
75. Then R = 12,000, 7 = .08, and n = 10.

S = 12,000

14.08)10 — 1
[%} ~ 173,838.75

You would receive a total of $173, 838.75.

Receiving half the pension at 55 would produce
the larger amount.

62.

64.

66.

68.
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Use the formula for amortization payments with
P = 28,000, i = <42 = .03, and n = 63(4) = 26.

Pi 28,000(.03)
= = ~ ]. .2
=+ 1 (L03) 2 0 7

R

The amount of each payment is $1566.27.

Use the formula for compound amount with
P = 3250, i = .09, and n = 4.

A= P(1+1i)" = 3250(1.09)* ~ 4587.64
Mark must pay back $4587.64.

Use the formula for amortization payments with
P =115,700, i = =3 = .00875, and n = 300.

Pi
1— (144"

115, 700(.00875)
1— (14 .00875)—300

~ 1092.42

R:

Each monthly payment will be about $1092.42.
The total amount of interest will be

300($1092.42) — 115,700 = $212,026.

(a) There is no interest with 0% financing, so
the monthly payment is 31,500 + 60 = $525.

.04
(b) P = 28,000,i = %,n:%

1—(1+)™
P:]{{&}
7
1— (14 939)~8
28,000_1%[ (L;?) }
12

R~ 643.55

At 4.9% for 48 months, the monthly payment
is $643.55 and the total amount paid back is
643.55 x 48 = $30,890.40.

055

8,000, i = ==, n.=60

P_R{l_(l,—w)n}

7

.055\—60
-1+ =32) }
12

28,000 = R { e

R~ 534.83
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70.

At 5.5% for 60 months, the monthly payment
is $534.83 and the total amount paid back is
534.83 x 60 = $32,089.80.

(c) If the person can afford the higher monthly
payments, the best deal is to choose the $3500
cash back option and finance $28,000 at 4.9% for
48 months because the total amount repaid is the
least. However, if the person cannot afford $643.55
per month, then the best deal is 0% financing be-
cause the monthly payments are the lowest and
the total amount repaid is less than the third fi-
nancing option.

The death benefit grows to
10,000(1.05)7 ~ 14, 071.

This 14,071 is the present value of an annuity due
with P = 14,071, i = % = .0025, and n = 120.
Let X represent the amount of each monthly pay-
ment.
P=R- an—Hli - R

14,071 = X - ag37) 0925 — X

14,071 = (aml.0025 -1HX

14,071 ~ (104.301 — 1) X

14,071 ~ 103.301X
135 ~ X

Each payment is about $135, which corresponds
to choice (d).

Extended Application: Time, Money,
and Polynomials

1.

$127.40

Time

$50 $70

The polynomial equation is
50(1 +14)? + 70(1 4 i) — 127.40 = 0.
Let x = 1 + 4. The equation becomes

5022 + 70z — 127.40 = 0.

179

Use the quadratic formula to solve the equation
for x.

~ —bE Vb2 —dac

T 2a

Lo TT0E /702 — 4(50)(—127.40)
N 2(50)

Reject x = 77071030’380 because it is negative.
Thus,

r= _70+ VO?’O’?’SO ~ 1.04298.

Since x =1+ 1,

1417 =1.04298
1~ .043.

Thus, the YTM is 4.3%.

- (a)

fo i Time

$10,000 $12,000

(b) A =1.05(10,000) + .045(1.05)(10, 000)
+1.045(12, 000)
= 23,5125

At the end of the second year, $23,512.50 was in
the account.

(c) The polynomial equation is
10,000(1 + i) + 12,000(1 + i) = 23,512.50 = 0.

Let £ = 1 + 7. The equation becomes
10,0002 + 12,0002 — 23,512.50 = 0.

Use the quadratic formula to solve for x.

12,000  \/T2,000% — 4(10,000)(~ 23, 512.50)

2(10, 000)
Reject
~—12,000 — /12,0002 — 4(10, 000)(—23, 512.50)
v 20,000

because it is negative. Thus,

L Z12,000+ /12,000% — 4(10, 000)(—23, 512.50)

20,000
~ 1.04658.
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Since x =1 + 4,

1417 =1.04658
© = .04658.

Thus, the YTM is 4.7%. As might be expected,
the YTM is between 4.5% and 5%.

. (a) $5864.17

0 d 25 Time

Iy

$1025 $2200 $1850 $0
(b) The polynomial equation is

1025(1 +4)* 4 2200(1 + )3
+ 1850(1 +4)? — 5864.17 = 0.

Let £ = 1 + ¢. The equation becomes
10252* + 220023 + 185022 — 5864.17 = 0.

Let f(x) = 1025z* 4 220023 + 185022 — 5864.17.
Since 0 < i< 1, then 1 < z < 2 and

F(1) = —789.17;
£(1.1) = 803.2325;
£(1.05) = —31.8761;
£(1.052) = .00172.

The YTM is approximately 5.2%.

. (a) $21,259

f f 1 13 1 ts 16

I7

$1000 $2000 $2500 $2500 $2500 $2500 $5000

(b) The polynomial equation is
1000(1 +4)7 4 2000(1 + )% + 2500(1 + 7)®
+2500(1 +i)* + 2500(1 + 7)3 + 2500(1 + 4)?
+5000(1 + i) — 21,259 = 0.

(c) Let z =1+ and
f(z) =1000(z" + 22° + 2.52° + 2.52* + 2.523

+2.522 4+ bz — 21.259).
Then

£(1.0507) = 7.1216;
£(1.0505) = —6.9040.

Time
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Since f(1.0507) is positive and f(1.0505) is nega-
tive, the value of x that makes f(x) zero is between
1.0507 and 1.0505.

1.0505 < 1 414 < 1.0507
.0505 < ¢ < .0507
5.05% < i < 5.07%

(d) Graph y; = f(x). The graph intersects the
z-axis at © = 1.0505985. Therefore, i = .0505985
or 5.06%.

- (a) $90

fo I Time

$50 $50

The polynomial equation is
50(1 4 4)* +50(1 +14) — 90 = 0.
Let x = 1 + 4. The equation becomes

5022 + 50z — 90 = 0
522 +5x —9=0.

Solve for x using the quadratic formula.

L o5 EV/FAE(Y)
B 2(5)
e —54 /205
o 10
e —54+/205 or 1o —5— /205
o 10 o 10
~ 93178 ~ —1.93178
Then

1+:=.93178 or
i = —.06822
i~ —6.8% or

1+4¢=-1.93178
1= —2.93178
1~ —293.2%.

(b) For i = —6.8% use the formula for compound
amount for each $50 investment. For the first in-
vestment P = 50 and n = 2.

A=P1+i)"
= 50(1 — .068)2
= 43.4312
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For the second investment P = 50 and n = 1.

A=P(1+)"
= 50(1 — .068)*
= 46.6

Each value of A seems to be a reasonable future
value for the investment considered. Also, note
that

43.4312 + 46.6 = 90.0312.

For ¢ = —293.2% use the formula for compound
amount for each $50 investment. For the first in-
vestment P = 50 and n = 2.

A=P(1+i)"
= 50(1 — 2.932)2
= 186.6312

For the second investment P = 50 and n = 1.

A=P1+i)"
= 50(1 — 2.932)"
= —96.6

Although 186.6312—96.6 = 90.0312, neither value
seems like a reasonable future value for the invest-
ment considered. Only i = —6.8% seems a reason-
able interpretation in the context to the problem.

181



Chapter 6

LOGIC

6.1 Statements and Quantifiers

2

10.

12.

14.

16.

18.

20.

24.

26.

28.

30

182

. Because the declarative sentence “The ZIP code

for Manistee, MI, is 49660” has the property of
being true or false, it is considered a statement.

“Yield to oncoming traffic” is a command, not
a declarative sentence and therefore, it is not a
statement.

“b+8 =12 and 4 — 3 = 17 is a declarative sen-
tence that is false and therefore, is considered a
statement.

“Behave yourself and sit down” is a command,
not a declarative sentence, and therefore, is not
considered a statement.

“Tomorrow is not Sunday” is a compound state-
ment because it contains the logical connective
“not.”

“The sign on the back of the car read ‘Califor-
1”7 is not compound because only one
assertion is being made.

nia or bust

“If Mike is a politician, then Jerry is a crook” is
a compound statement because it consists of two
simple statements combined by the connective “if
... then.”

The negation of “The flowers are to be watered”
is “The flowers are not to be watered.”

A negation for “r < —6” (without using a slash
sign) would be “x > —6.”

A negation for “r < 19” would be “r > 19.”

[

A translation for “~0” is “He is not 48 years old.”

A translation for “gV o” is “She has green eyes or
he is 48 years old.”

A translation for “g A ~o0” is “She has green eyes
and he is not 48 years old.”

“

. A translation for “~ gA ~ 0" is “She does not

have green eyes and he is not 48 years old.”

32.

34.

36.

38.

40.

42.

44.

46.

A translation for “~ (gV ~0)” is “It is not the
case that she has green eyes or he is not 48 years
old.”

If ¢ is true, then q V (g A ~p) is true, since only
one part of the disjunction statement must be true
for the compound statement to be true.

If pV q is false, and p is false, then ¢ must also be
false. Observe that both parts of the disjunction
must be false for a disjunction to be false.

If ~(p A q) is false, then both p and ¢ must be
true. This will assure that the conjunction itself
is true making its negation false.

Since ¢ =T,
=F.

Thus, ~q is false.

Since p is false and ¢ is true, we may consider the
“and” statement as

FAT
E,

by the logical definition of an “and” statement.
That is, p A q is false.

With the given truth values for p and ¢ we may
consider ~p A q as

~F AT
TAT
T

b

by the logical definition of “A”. Thus, the com-
pound statement is true.

Replacing p and ¢ with the given truth values, we
have
FA~T
FAF
F.

Thus the compound statement p A ~q is false.
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48.

50.

52.

54.

56.

58.

Statements and Quantifiers

Replacing p and ¢ with the given truth values, we
have
~(~FV ~T)
~(TVF)
~T
F.

Thus, the statement ~(~pV ~q) is false.

Replacing p and g with the given truth values, we
have
~[(~FA ~T)V ~T]
~[(TAF)VF]
~[F VF]
~F
T.

Thus, the statement ~[(~pA ~q)V ~q] is true.

The statement “6 > 2” is true because 6 > 2.
The statement “6 > 6” is true because 6 = 6.

Replacing p, ¢, and r with the given truth values,
we have
(FV ~F)AT
(FVT)AT
TAT
T.

Thus, the statement (qV ~7r) A p is true.

Replacing p, ¢ and r with the given truth values,
we have
(~TAF)V ~F
(FAF)VT
FvT
T.

Thus, the statement (~p A q)V ~r is true.

Replacing p, ¢ and r with the given truth values,
we have

(~F A ~F)V(~FAF)
(TAT)V(TAF)
TVF

T.

Thus, the statement (~r A ~q)V (~r Aq) is true.

60.

62.

64.

66.

68.

70.
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Replacing p, ¢ and r with the given truth values,
we have

~[FV(~F A ~T))
~[FV (T AF)]
~[F VF]

~F

T.

Thus, the statement ~[r V (~gA ~p)] is true.
Since p and ¢ are false, we have

F v ~F
FvT
T.

The statement pV ~q is true.
Since p is false and r is true, we have

~F A ~T
TAF
F.

The statement ~pA ~r is false.
Since p and ¢ are false and r is true, we have

~FV(~TV ~F)
TV (FVT)
TVT

T.

The statement ~p V (~rV ~q) is true.
Since p and ¢ are false and r is true, we have

~FV ~F)Vv ~T
~FVT)VF
~TVF
FVF
F.

The statement ~(pV ~q)V ~r is false.

(a) This is a compound statement, formed us-
ing “The Ohio laws against discrimination require
that all creditors make credit equally available to
all creditworthy customers” and “The Ohio laws
against discrimination require that credit report-
ing agencies maintain separate credit histories on
each individual upon request.

(b), (¢), (d) These are simple statements, not
compound ones.
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7

N

74.

76.

78.

80.

84.

86.

88.

. (a), (b), (d) These are declarative sentences that
are true or false and therefore statements.

(c) This is a command, not a declarative sentence,
and therefore not a statement.

“Life
insurance payments are not not subject to income

The negation is formed by adding “not”:

tax,” which simplifies to “Life insurance payments
are subject to income tax.

(a) This is a question, not a declarative sentence,
and therefore not a statement.

(b), (c), (d), (e) There are declarative sentences
that are true or false and therefore statements.

The negation of “A number of viral illnesses can
cause swollen glands,” which means “Some viral
illnesses can cause swollen glands,” is “No viral
illnesses cause swollen glands” or “Viral illnesses
do not cause swollen glands.”

(a), (b) These are commands, not declarative
sentences, and therefore not statements.

(c) This is compound statement, formed using the
statements “The court won’t do it for you” and
“Hiring an attorney is usually not cost-effective
given the small amount of money involved.”

(d) This is a compound statement, formed us-
ing the statements “You can’t marry,” “You're at
least 18 years old, and “You have the permission
of your parents or guardian.”

(e) This is a simple statement, not a compound
one.

“Chris collects videotapes and Jack does not play
the tuba” may be symbolized as cA ~j.

“Chris does not collect videotapes or Jack plays
the tuba” may be symbolized as ~ cV j.

“Neither Chris collects videotapes nor Jack plays
the tuba” may be symbolized as ~ (¢ V j) or
equivalently, ~ c A ~j.

90.
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Assume that c is true and that j is true. Under
these conditions, the statements in Exercises 84-
89 have the following truth values.

84. ¢ N ~j: False, because c is true and ~ j is
false.

85. ~c V ~j: False, because ~c is false and ~j
is false.

86. ~c V j: True, because ~ c is false but j is
true.

87. j N ~c: False, because j is true and ~c is
false.

88. ~c A ~j: False, because ~c and ~ j are
both false, so their conjunction is false.

89. (jVe)A[~ (jAc)]: False, because jV ¢ is true
but ~ (j A ¢) is false.

The only statement that is true is the statement
in Exercises 86.

6.2 Truth Tables and Equivalent

10.

12.

Statements

. Since there are three simple statements (p, ¢, and

r), we have 23 = 8 rows in the truth table.

. Since there are five simple statements (p,q,r, s,

and t), we have 2° = 32 rows in the truth table.

. Since there are eight simple statements (p, q,r, s,

m, n, u, and v), we have 28 = 256 rows in the
truth table.

. It is not possible for a truth table of a compound

statement to have exactly 48 rows, because 48 is
not a whole number power of 2.

~pV ~q
p q|~p|~q]|~pV~q
T T|F | F F
T F| F | T T
F T|T/|F T
F F|T|T T
pV ~q
p q|~q|pV~q
T T| F T
T F| T T
F T| F F
F F|T T




Section 6.2  Truth Tables and Equivalent Statements 185

14. (pA ~q) Ap 22. (~v7V ~p)A(~pV ~q)
P q|~q|pAN~qg| (PN ~gAp p g r|(~rV~p A (~pV~g)
T T| F F F T T T\ F ¥F F F F F F
T F| T T T T T F T T F F F F F
F T| F F F T F T F F F F F T T
F F| T F F T F F T T F T F T T
¥ T T|{F T T T T T F
In Ezercises 16-24 to save space we are using the F T F|TTT T TTF
alternative method, filling in columns in the order Fr T)FTT T TTT
indicated by the numbers. Observe that columns FF FITTT T TTT
with the same number are combined (by the logical 121 ) 3 4 3
definition of the connective) to get the next numbered
column. Note that this is different from the way the
numbered columns are used in the textbook. Remember 24. (~rVs)A(~pAg)
that the last' column (highest numbered column) p ¢ r s](~rvs) A (~phra
completed yields the truth values f07." the complete T T T TIF T T F F F T
compound sz'fatemer.tt. Be sure 7.50 alzgn.truth values under T T T FIFFF F FF T
the appropriate logical connective or simple statement. T T F TIT T T F F F T
T T F F|T T F F F F T
16. ~pV (~qA ~p) T F T T|FTTTF FFF
T F T F|F FF F F F F
,]Ig‘ ,% Fp ; (F Q/]_\:‘ g) T F F T|T T T F F F F
T FlF F T F F T F F F|T T F F F F F
F TIlT T FF T F T T T|F T T T T T T
F FIT T T T T F T T F|F FF F T TT
1 1 5 3 2 F T F T|T T T T T T T
F T F F|T T F T T T T
¥F ¥ T T|F T T F T F F
18. (~ph ~g)V(~pVa) F F T F|FFF F TFF
F F F T|T T T F T F F
p_q|(~pA~g vV (~pVa) F F F F|[T TF F T FF
T T\ F FF T F T T 1 2 1 5 3 4 3
T F| F F T F F F F
F T|TVF F T T T T
F F| T T T T T T F 26. “I am not going or she is going” has the symbolic
1 2 1 5 3 4 3 form ~pV q. Its negation, ~ (~pV q), is equiv-

alent, by De Morgan’s law, to pA ~¢. The word
20. 7V (pA ~q) translation for the negation is “I am going and she
is not going.”

28. “1/2 is a positive number and —12 is less than
zero” is of the form p A g. The negation, ~ (pAq),
is equivalent, by De Morgan’s law, to ~pV ~gq.
The word translation for the negation is “1/2 is
not a positive number or —12 > zero.” (Note
that the inequality “>” is equivalent to “not less
than.”)
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30.

32.

34.

36.

38.

40.

44.

“Linda Nelson tried to sell the book, but she was
unable to do s0” is of the form pAgq. The negation,
~(p A q), equivalent, by De Morgan’s law, to
~pV ~q. The word translation for the negation
is “Linda Nelson did not try to sell the book, or
she was able to do so.”

“3<100r7 # 2" is of form pV ~ q. The negation,
~(pV ~q), is equivalent, by De Morgan’s law,
to ~p A q. A translation for the negation is

“3 > 10 and 7 = 2. (Note that the inequality “>”
is equivalent to “#£ 7).

“The lawyer and the client appeared in court”

is of the form p A ¢. The negation, ~ (p A q), is
equivalent, by De Morgan’s law, to ~pV ~gq. The
word translation for the negation is “The lawyer
did not appear in court or the client did not appear
in court.”

“3+1=4V2+5=T is false since both
component statements are true.

“341 =7V 2+5 =7 is true since the first
component statement is false and the second is
true.

The negation of p A g is ~ pV ~ g. The Ohio
laws against discrimination either do not require
that all creditors make credit equally available to
all credit-worthy customers or they do not require
that credit reporting agencies maintain separate
credit histories on each individual upon request.

(a) p: Tissue samples may be taken from almost
anywhere in the body.

q: The procedure used depends on the site.

The statement is p A q. The negation is ~pV ~q.
Negation: Either tissue samples may not be taken
from almost anywhere in the body or the proce-
dure need does not depend on the site.

(b) p: The doctor or nurse holds your tongue
down with a depressor.

q: The doctor or nurse uses a plastic stick with a
sterile cotton end (swab) to collect a fluid sample
from your throat.

The statement is p A g. The negation is ~pV ~q.
Negation: Either the doctor or nurse does not hold
your tongue down with a depressor or the doctor
or nurse does not use a plastic stick with a sterile
cotton end (swab) to collect a fluid sample from
your throat.

46.

48.
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(c) p: The doctor holds your tongue down with a
depressor.

q: The doctor wipes a swab over your tonsils and
the back of your throat.

The statement is p A g. The negation is ~pV ~q.
Negation: Either the doctor does not hold your
tongue down with a depressor or the doctor does
not wipe a swab over your tonsils and the back of
your throat.

Inclusive, since the “and” case is allowed.

p: You could reroll the die again for your Large
Straight.

q: You could set aside the 2 Twos and roll for your
Twos or for 3 of a Kind.

The statement is p V q.

Its negation is ~p A ~q.

Negation: You cannot reroll the die again for your
Large Straight and you cannot set aside the 2
Twos and roll for your Twos or for 3 of a Kind.

6.3 The Conditional and Circuits

2.

10.

12.

14.

16.

The statement “If the consequent of a conditional
statement is true, the conditional statement is true”
is true, since a true consequent is always asso-
ciated with a true conditional statement (i.e., it
doesn’t matter what the truth value of the an-
tecedent is, if the consequent itself is true).

. The statement “If p is true, then ~p — (¢ V r) is

true” is true since the antecedent, ~ p, is false.

“Given that ~ p is false and ¢ is false, the condi-
tional p — ¢ is true” is a false statement since the
antecedent, p, must be true, so that p — ¢ is false.

“6 > 6) — F” is a false statement, since the
antecedent is true and the consequent is false.

“(4% #£16) — (4 — 4 = 8)” is a true statement,
since a false antecedent always yields a true con-
ditional statement.

’ expressed in words, becomes “If

“(8 /\ p) N m77
she has a snake for a pet and he trains ponies,

then they raise monkeys.”

“(~sV ~m)—~p,” expressed in words, becomes
“If she does not have a snake for a pet or they do
not raise monkeys, then he does not train ponies.”
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18.

20.

22,

24.

26.

28.

30.

32.

The statement “If the play is cancelled, then it
does not rain” can be symbolized as “p — ~7r.”

The statement “The play is cancelled, and if it
rains then I do not ride my bike” can be symbol-
ized as “p A (r —~0).”

The statement “It rains if the play is cancelled”
can be symbolized as “p — r.”

Replacing p and r with the given truth values, we
have
~F —-~F
T— T
T.

Thus, the statement ~p — ~7r is true.

Replacing ¢ and r with the given truth values, we
have
~T—F
F—-F
T.

Thus, the statement ~q — r is true.

Replacing r and p with the given truth values, we
have
(~FVF)—>F
(TVF)—=F
T—F
F.

Thus, the statement (~7 V p) — p is false.

Replacing p, ¢, and r with the given truth values,
we have

(~FA ~T)— (FA ~F)
(TAF)— (FAT)
F—-F
T.

Thus, the statement (~pA ~¢q) — (pA ~7) is
true.

Replacing p, ¢, and r with the given truth values,
we have

(F—- ~T)A(F —=F)
(F—F)AT
TAT
T.

Thus, the statement (p —~¢q) A (p — ) is true.

36. p —~q
p q|p — ~q
T T|T F F
T F|T T T
F T|F T F
F F|F T T
1 2 1
38. (~q —~p) —~q
p q|(~vqg—~p) — ~q
T T| F TF F F
T F| T FF T T
F T| F TT F F
F F| TTT T T
1 2 1 4 3
40. (pAgq) — (pVa)
p gl N g9 — (p V ¢
T T| T T T T T T T
T F|l TFF T TTTF
F T|FTT T FTT
F F| FFF T FFTF
1 21 5 3 4 3
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Since this statement is always true (column 5), it

is a tautology.

42. r — (pA ~q)

2
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44.

46.

48.

50.

52.

54.

56.

(~vr—s8)A(p —~q)

p g r s|(~r— s VvV (p —~q)
T T T T| FTT T T FF
T TTTF|FTF T TFTF
T TF T| TTT T TFTF
T TF F| TFF F TFF
T FTT|FTT T TTT
T FTF|FTF T TTT
T FF T|TTT T TTT
T F F F| TFF T TTT
F T TT|FTT T FTF
F T T F|FTF T FTTF
F TF T| TTT T FTF
F TF F| TFF T FTTF
F FTT|FTT T FTT
F F T F|FTF T FTT
F FF T/  TTT T FTT
F F F F| TFF T FTT

1 21 5 3 4 3

The statement is not a tautology if at least one F
appears in the final column of a truth table, since
a tautology requires all T’s in the final column.

The negation of “If the English measures are not
converted to metric measures, then the spacecraft
will crash on the surface of Mars” is “The Eng-
lish measures are not converted to metric mea-
sures and the spacecraft does not crash on the
surface of Mars.”

The negation of “If loving you is wrong, I don’t
want to be right” is “Loving you is wrong and 1
want to be right.”

An equivalent statement to “If the check is in the
mail, I’ll be surprised” is “The check is not in the
mail or I'll be surprised.”

An equivalent statement to “If I say yes, she says
no” is “I do not say yes or she says no.”

p q|l~@m — @ p AN ~q
T T|F T TT|TTFF
T F|T TFTF|TTT
F T|FFTT|TFTFTF
F F|FFTF|FFT

31 2 1 1 2 1

Since the truth values in the final columns for each
statement are the same, the statements are equiv-
alent.

58.

60.

62.

64.
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b q|lq — P|~p—~q
T T({T T T|F T F
T F|(F T T|F T T
F T|T F F| T F F
F F|F T F| T T T
1 2 1 1 2 1

Since the truth values in the final columns for each
statement are the same, the statements are equiv-
alent.

p g|p — g|~g — ~p
T T)T T T|F T F
T F|T F F|[ T F F
F T|F T T|F T T
F F|F T F| T T T
1 2 1 1 2 1

Since the truth values in the final columns for each
statement are the same, the statements are equiv-
alent.

P q|l~p AN q|~p — ¢
T T| F F T|F T T
T F| F F F|F T F
F T| T T T|T T T
F F| T F F| T F F

1 2 1] 1 2 1

Since the truth values in the final columns for each
statement are not the same, the statements are
not equivalent.
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The column labeled 2 and 4 are identical.
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66.

68.

70.

2.

74.

The Conditional and Circuits

p g r| A @ AN r|p AN (@ AN T)
T T T|T T T T T|T T T T T
T T | T T T F F|T F T F F
T v T|(T ¥ ¥ ¥ T|T F F F T
T ¥ F|{T ¥ ¥ FF F|T F F F F
¥r T T|F ¥ T FF T|F F T T T
F T F|F ¥ T F F|F F T F F
F F T|F ¥ » F T|F F F F T
F F F|F ¥ » F F|F F F F F
1 2 1 4 3|5 8 6 7 6
The columns labeled 4 and 8 are identical.
p g r|p A (g VvV )l A g VvV (p AT
T T T|T T T T T|T T T T T T T
T T ¥|T T T T F|T T T T T F F
T v T|(T T ¥ T T|(T ¥F ¥ T T T T
T ¥ ¥F|{T ¥ ¥ ¥ F|{T F F ¥ T F F
¥ T T|\F ¥ T T T|F¥ ¥F T ¥ F F T
F T F|F ¥F T T F|F¥F ¥ T F F F F
F F T|F F ¥ T T|F¥F F F F F F T
F F F|F F ¥ F F|F¥F ¥ F F F F F
1 4 2 3 2|5 6 5 9 7 8 7

The columns labeled 4 and 9 are identical.
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The p column and the column labeled 4 are identical.
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In the diagram, a parallel circuit is shown, which corresponds to r V ¢g. This circuit, in turn, is in series with p.
Thus, the logical statement is

pA(rVa).

The diagram shows ¢ in parallel with a series circuit consisting of p and the parallel circuit involving ¢ and ~ p.
Thus, the logical statement is

qVipA(qv ~p).

One pair of equivalent statements listed in the text includes

pA(@V ~p)={@PAQ V(PN ~p).

Since (pA ~p) is never true, p A (¢V ~p) simplifies to

Thus,

(A VE=(pAg).

qVipA(gV ~p)l=qV(pAq)

(@qVp)N(gAq)
(qVp)Ag
q.
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76.

78.

80.

82.

The diagram shows two parallel circuits, ~pV ¢
and ~ pV ~ ¢ which are parallel to each other.
Thus, the total circuit can be represented as

(~pV @)V (~pV ~q).

This circuit can be simplified using the following
equivalencies.

(~pV @)V (~pV ~q) =~pVaV ~pV ~q
=~pVgqV ~q
=~pV(qV ~q)
=~pVT
=T

In the diagram, series circuit ~pA ~ ¢ is parallel
to the parallel circuit p V q. This entire circuit is
in series with the parallel circuit p V g and p. The
logical statement is

{l(~pA ~) VPV OIA(PV @)} Ap.

This statement simplifies to p as follows:

{l(~vpA ~g) VPV QIAN PV @} AP
={l(~@VvaVEVYIANPVe}AD

[TA(Va)lAp

(pVa) Ap

p.

The logical statement (~pA ~ ¢g)A ~ 7 can be
represented by the following circuit.

T e s

~7 @=—

The logical statement (~gA ~p)V (~pV q) can
be represented by the following circuit.

The statement (~gA ~p)V (~pV ¢q) simplifies to
~pV q as follows:

(~gN ~p)V (~pVaq)
=[~qV(~pVQIN[~pV(~pVa)]

[~qV ~pVgAl~pV ~pV(

[(~qV @)V ~p]A[(~pV ~p) Vg

=(TV ~p)A(~pVq)

=TA(~pVa)

=~pVa.

84.

86.

88.
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The statement [(~pA ~7)V ~g] A (~pAr) can
be represented by the following circuit.

The statement [(~pA ~7r)V ~g] A (~pAr) sim-
plifies to (~p Ar)A ~¢q in the following manner.
Both [(~pA ~7r)V ~gq] and (~p A r) must be
true. But if (~p A7) is true, then (~pA ~r) is
false. If (~pA ~r) is false, then ~¢ must be true
for the original disjunction to be true. Thus,

[(~pA ~T)V ~qgl A(~pAT)
=FV ~gA(~pAr)
=~qA(~pAT)
= (~pAT)A ~q.

The logical statement ~p — (~pV ~q) can be
represented by the following circuit.

~q

The statement ~p — (~pV ~q) simplifies to T
as follows:

~p— (~pV ~q) =pV (~pV ~q)
=pV ~pV ~q
=(pV ~p)V ~q
=TV ~q
=T.

The logical statement [(pAq)V (pAQ)]V (pAT)
can be represented by the following circuit.

The statement simplifies to p A (g V r) as follows:

(A VAQIV(PAT)=(@AQV (PAT)
=pA(qgVr).
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90.

92.

94.

More on the Conditional

Referring to Figures 10 and 11 of Example 6 in
the text:

Cost per year of the circuit in Figure 10

= number of switches x $.03 x 24 hrs x 365 days
=4 x .03 x 24 x 365

= $1051.20.

Cost per year of the circuit in Figure 11

= number of switches x $.03 x 24 hrs x 365 days
=3 x .03 x 24 x 365

= $788.40

The savings is $1051.20 — $788.40 = $262.80.

The form of each statement is p — ¢, which is
equivalent to ~p V ¢q. The negation has the form

pA ~q.

(a) Statement: Either you do not create an artis-
tic work or invention for which you get a govern-
ment patent or copyright or you may depreciate
your costs over the life of the patent or copyright.
Negation: You create an artistic work or invention
for which you get a government patent or copy-
right and you may not depreciate your costs over
the life of the patent or copyright.

(b) Statement: Either you are not married at the
end of the year or you may file a joint return with
your spouse.

Negation: You are married at the end of the year
and you may not file a joint return with your
spouse.

(c) Statement: Either you do not receive your
company’s stock as payment for your services or
you include the value of the stock as pay in the
year you receive it.

Negation: You receive your company’s stock as
payment for your services and you do not include
the value of the stock as pay in the year you re-
ceive it.

The form of each statement is p — ¢, which is
equivalent to ~p V g. The negation has the form

DA ~q.

(a) Statement: Either you are not married or you
can’t get married again.

Negation: You are married and you can get mar-
ried again.
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(b) Statement: Your job will cost $500 or less
or your contractor is legally required to put it in
writing.
Negation: Your job will cost more than $500 and
your contractor is not legally required to put it in
writing.

(c) Statement: Your application for citizenship is
not denied or you can appeal in federal court.
Negation: Your application for citizenship is de-
nied and you cannot appeal in federal court.

6.4 More on the Conditional

Wording may vary in the answers to Exercises 2-10.

2. The direct statement: If you lead, then I will

follow.
(a) Converse: If I follow, then you lead.

(b) Inverse: If you do not lead, then I will not
follow.

(c) Contrapositive: If T do not follow, then you do
not lead.

. The direct statement: If I had a nickel for each

time that happened, I would be rich.

(a) Converse: If T were rich, then I would have a
nickel for each time that happened.

(b) Inverse: If T did not have a nickel for each
time that happened, then I would not be rich.

(c) Contrapositive: If I were not rich, then I would
not have a nickel for each time that happened.

It is helpful to restate the direct statement in an if ..
form for Exercises 6 and 8.

6. The direct statement: If it’s milk, then it contains

calcium.

(a) Converse: If it contains calcium, then it’s
milk.

(b) Inverse: If it’s not milk, then it does not con-
tain calcium.

(c) Contrapositive: If it does not contain calcium,
then it’s not milk.

. then
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8.

10.

12.

14.

16.

20.

22,

24.

The direct statement: If it is a rolling stone, then
it gathers no moss

(a) Converse: If it gathers no moss, then it is a
rolling stone.

(b) Inverse: If it is not a rolling stone, then it
gathers moss.

(c) Contrapositive: If it gathers moss, then it is
not a rolling stone.

The direct statement: If there’s smoke, then there’s
fire.

(a) Converse: If there’s fire, then there’s smoke.

(b) Inverse: If there’s no smoke, then there’s no
fire.

(c) Contrapositive: If there’s no fire, then there’s
no smoke.

The direct statement: ~p — q.

(a) Converse: ¢ — ~p.

(b) Inverse: p —~q.

(c) Contrapositive: ~q — p.

The direct statement: ~q — ~p.
(a) Converse: ~p — ~q.

(b) Inverse: q — p.

(c) Contrapositive: p — q.

The direct statement: (rV ~gq) — p.
(a) Converse: p— (rV ~gq).

(b) Inverse: ~(rV ~gq) —~por (~rAqg) —~p.

(c) Contrapositive: ~p —~ (rV ~gq) or ~p —
(~7rAq).

The statement “If I finish studying, I’ll go to the
party” becomes “If I finish studying, then I'll go
to the party.”

The statement “‘Today is Wednesday’ implies that
yesterday was Tuesday” becomes “If Today is
Wednesday, then yesterday was Tuesday.”

The statement “Being in Fort Lauderdale is suffi-
cient for being in Florida” becomes “If you are in
Fort Lauderdale, then you are in Florida.”

26.

28.

30.

32.

34.

36.

42.

44.

46.
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The statement “Being an environmentalist is nec-
essary for being elected” becomes “If one is elected,
then one is an environmentalist.”

The statement “The principal will hire more teach-
ers only if the school board approves” becomes “If
the principal hires more teachers, then the school
board approves.”

The statement “Jesse will be a liberal when pigs
fly” becomes “If pigs fly, then Jesse will be a lib-
eral.”

The statement “A parallelogram is a four-sided
figure with opposite sides parallel” becomes “If
the figure is a parallelogram, then it is a four-sided
figure with opposite sides parallel.”

The statement “A square is rectangle with two
adjacent sides equal” becomes “If the figure is a
square, then it is a rectangle with two adjacent
sides equal.”

The statement “An integer whose units digit is 0
or 5 is divisible by 5” becomes “If an integer has
a units digit of 0 or 5, then it is divisible by 5.”

The statement “3 + 1 # 6 if and only if 8 £ 8”
is false since this is a biconditional consisting of a
true and a false statement.

The statement “6 x 2 = 14 if and only iff 9 + 7 #
16” is true, since this is a biconditional consisting
of two false statements.

“The moon is made of green cheese if and only if
Hawaii is one of the United States” is false, since
this is a biconditional consisting of a false and a
true statement.
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48.

50.

52.

Analyzing Arguments and Proofs

For p — ¢, the converse is ¢ — p, the inverse is
~p — ~¢q, and the contrapositive is ~q¢ — ~p.

Converse: If you may avoid paying the annual fee
billed on this statement, then you close your ac-
count within 30 days from the date this statement
was mailed.

Inverse: If you do not close your account within
30 days from the date this statement was mailed,
you may not avoid paying the annual fee billed on
this statement.

Contrapositive: If you may not avoid paying the
annual fee billed on this statement, then you do
not close your account within 30 days from the
date this statement was mailed.

The converse and the inverse are equivalent, and
the contrapositive and the original statement are
equivalent.

(a) Let p represent “there are triplets,” let ¢ rep-
resent “the most persistent stands to gain an extra
meal,” and let r represent “it may eat at the ex-
pense of another.” Then the statement can be
written as p — (g A 7).

(b) The contrapositive is ~ (g A7) — p, which is
equivalent to (~qV ~r) — p: If the most per-
sistent does not stand to gain an extra meal or it
does not eat at the expense of another, then there
are not triplets.

(a) if ... then form: If you make a stitch in time,
then it will save you nine (stitches).
contrapositive: If you will not save nine (stitches),
then you do not make a stitch in time.

or form: You do not make a stitch in time or it
will save you nine (stitches).

(b) if ... then form: If a stone rolls, then it gathers
1O moss.

contrapositive: If a stone gathers moss, then it is
not rolling.

or form: A stone does not roll or it gathers no
moss.

(c) if ... then form: If they are birds of a feather,
then they flock together.

contrapositive: If they do not flock together, then
they are not birds of a feather.

or form: They are not birds of a feather or they
flock together.

54.

56.

58.

60.
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If liberty and equality are not best attained when
all persons share alike in the government to the
utmost, then they are not, as is thought by some,
chiefly to be found in democracy.

The statement can be written as

(d—> l)/\ N(l — d)

If there is an R.P.F. alliance, there there is a Mod-
éré incumbent. Converse: If there is a Modéré in-
cumbent, then there is an R.P.F. alliance. Inverse:
If there is not an R.P.F. alliance, then there is
not a Modéré incumbent. Contrapositive: If there
is not a Modéré incumbent, then there is not an
R.P.F. alliance.

The contrapositive is equivalent to the original.

“worked on the weekend”: Must be turned over
to see whether the employee got a day off.

“did not work on the weekend”: Need not be
turned over, since it does not describe an employee
who worked on the weekend.

“did get a day off”: Need not be turned over, since
it cannot describe an employee who worked on the
weekend without getting a day off.

“did not get a day off”: Must be turned over to
see whether the other side says “worked on the
weekend.”

2.

6.5 Analyzing Arguments and Proofs

Let p represent “Billy Joel comes to town,” q rep-
resent “I will go to the concert,” and r represent
“I’ll call in sick for work.” The argument is then
represented symbolically by:

p—yq
q—r

p—T.

This is the valid argument form Reasoning by Tran-
sitivity.
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10.

12.

. Let prepresent “Teri Lovelace works hard enough”

and ¢ represent “she will get a promotion.” The
argument is then represented symbolically by:

p—q
p
q.

This is the valid argument form Modus Ponens.

Let p represent “He doesn’t have to get up at
5:30 A.M.” and q represent “he is ecstatic.”
The argument is then represented symbolically by:

p—4q

q

.
Since this is the form Fallacy of the Converse, it
is invalid and considered a fallacy.

. Let p represent “Pedro Martinez pitches” and ¢

i

represent “the Red Sox win.” The argument is

then represented symbolically by:

p—4q
~4q
Np.

This is the yalid argument form Modus Tollens.

Let p represent “I have seen farther than others”
and ¢ represent “ I have stood on the shoulders of
giants.” The argument is then represented sym-
bolically by:
p—4q

~p

~q.
Since this is the form Fallacy of the Inverse, it is
invalid and considered a fallacy.

Let p represent “She uses e-commerce” and g rep-
resent “she pays by credit card.” The argument
is then represented symbolically by:

pVq(orqVp)
~q
D.
Since this is the form Disjunctive Syllogism, it is
a valid argument.

To show wvalidity for the arguments in the following
exercises we must show that the conjunction of the

premises implies the conclusion. That is, the
conditional statement [Py APy A...\NP,] = C
must be a tautology.

14.

16.

18.

20.

22,

24.

26.
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1. pv~q T
p T

The argument is invalid. When p = T and ¢ = T,
the premises are true but the conclusion is false.

1. ~p—qT
2. P T

The argument is invalid. When p = T and ¢ = T,
the premises are true but the conclusion is false.

The argument is valid.

1. p —~q Premise
2. q Premise
3. ~p 1, 2, Modus Tollens

The argument is valid.

1. pVvg Premise

2. ~p Premise

3. r—~gq Premise

4. ¢ 1, 2, Disjunctive Syllogism
5. ~7T 3, 4, Modus Tollens

The argument is valid.

1. p—gq Premise
2. r —~q Premise
3. q—~r 2, Contrapositive
4. p—~r 1, 3, Transitivity

The argument is valid.

1. p—gq Premise
2. ~p—r Premise
3. §—n~gq Premise
4. ~r —p 2, Contrapositive
5. ~r—q 1, 4, Transitivity
6. q—r~s 3, Contrapositive
7. ~r —~s b5, 6, Transitivity

Make a truth table for the statement p — (pV q).

p qlp — (p VvV q
T T|T T T T T
T F|T T T T F
F T|F T F T T
F F|F T F F F
2 3 1 2 1
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30.

32.

34.

Analyzing Arguments with Quantifiers

Let i represent “that tree is infested with pine bark
beetles,” d represent “it will die,” and p represent
“people plant trees on Arbor Day.” The argument
is then represented symbolically by:

i —d

D —~ d

p — 1.
The argument is valid.
i—d Premise
p —~d Premise
~d —~1i 1, Contrapositive
2, 3, Transitivity

=

Let p represent “I’'ve got you under my skin,” ¢
represent “you are deep in the heart of me,” and
r represent “you are really a part of me” The ar-
gument is then represented symbolically by:

p—q
q—~r
qVvr
p—T.

HHHH

The argument is invalid. When p =T, ¢ =T, and
r = F, the premises are true but the conclusion is
false.

Let p represent “Peyton leads the league in pass-
ing,” crepresent “the Colts will be in the playoffs,”
and m represent “Marv loves the Colts.” The ar-
gument is then represented symbolically by

p—c
mVp

~mo
c

The argument is valid.

1. p—c Premise

2. mVp Premise

3. ~m Premise

4. 2, 3, Disjunctive Syllogism
5. ¢ 1, 4, Modus Ponens

36.

38.

40.

42.
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The argument is valid.

Let p represent “my car starts,” q represent “the
battery is strong,” r represent “I got a jump,” and
s represent “I'm taking the train.”

The argument is then represented symbolically by

p—(qVr)
pVs
~gN ~T

S
1. p—(¢Vr) Premise
2. pVs Premise
3. ~gN\ ~r Premise
4. ~(qVr) 3, De Morgan’s Law
5. ~p 1, 4, Modus Tollens
6. s 2, 5, Disjunctive Syllogism

(a) d 5>~w (b) 0o > worw —~o(c)p —d
(d) p —=~o, Conclusion: If it is my poultry, then
it is not an officer. In Lewis Carroll’s words, “My
poultry are not officers.”

(a) b >~tort -~b(b)w—c(c) ~b—h
(d) ~w -~porp —w(e)c—t(f)p—h,
Conclusion: If one is a pawnbroker, then one is
honest. In Lewis Carroll’s words, “No pawnbroker
is dishonest.”

(a) d = p (b) ~t =5~i (c) r =~ for f —o~r
(d) o —dor ~d —-~o (e) ~c =i (f) b—s
(gp—f(t) ~o—o~corc—o (i) s—o~t
or t —~s (j) b —~r, Conclusion: If it is written
by Brown, then I can’t read it. In Lewis Carroll’s
words, “I cannot read any of Brown’s letters.”

2.

6.6 Analyzing Arguments with

Quantifiers

Let p(z) represent “x is a student that is present”
and c(x) represent “x will get another chance.”

(a) Va[p(r) — c(x)]
(b) Jz[p(x)A ~c(w)]

(c) There is a student present who will not get
another chance.
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4.

10.

Let b(x) represent “x is a business” and s(x) rep-
resent “x is like show business.”

(a) Vz[b(z) —~ s(x)]
(b) Jz[b(x) A s(x)]

(c) There is a business like show business.

. Let d(z) represent “z is a day” and b(z) represent

“r is better than others.”
(a) Jz[d(z) A b()]
(b) Va[d(z) —~ b(z)]

(c) No days are better than others.

. (a) Let a(z) represent “x is an amusement park”

and t(x) represent “x has thrill rides.” Let g rep-
resent Great America. We can represent the ar-
gument symbolically as follows.

Vr[a(z) — t(x)]
a(g)
t(g)

(b) Draw an Euler diagram where the region rep-
resenting “amusement parks” must be inside the
region representing “locations that have thrill rides”
so that the first premise is true.

Locations that have thrill rides

Amusement parks
X

x represents Great America

Let = represent the amusement park “Great Amer-
ica”. By the second premise, = must lie in the
“amusement parks” region. Since this forces the

conclusion to be true, the argument is valid.

(a) Let p(z) represent “z is a politician” and I(x)
represent “z lies, cheats, and steals.” Let t rep-
resent that man. We can represent the argument
symbolically as follows.

V[p(z) — I(z)]

12.
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(b) Draw an Euler diagram where the region rep-
resenting “politicians” must be inside the region
representing “those who lie, cheat, and steal” so
that the first premise is true.

Those who lie, cheat, and steal
X

X represents that man

Let x represent “that man.” By the second premise,
x must lie in the “those who lie, cheat, and steal”
region. Thus, he could be inside or outside the
inner region. Since this allows for a false conclu-
sion (he doesn’t have to be in the “politicians” re-
gion for both premises to be true), the argument
is invalid.

(a) Let d(x) represent “z is a dog” and b(x) rep-
resent “x loves to bury bones.” Let a represent
Archie. We can represent the argument symboli-
cally as follows.

Vzld(x) — b(z)]
~b(a)
~d(a)

(b) Draw an Euler diagram where the region rep-
resenting “dogs” must be inside the region rep-
resenting “creatures that love to bury bones” so
that the first premise is true.

Creatures that love to bury bones

Dogs

x represents Archie

Let x represent “Archie.” By the second premise,
x must lie outside the region representing “crea-
tures that love to bury bones.” Since this forces
the conclusion to be true, the argument is valid.
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14.

16.

Analyzing Arguments with Quantifiers

(a) Let r(z) represent “z is a resident of Minneso-
ta” let I(x) represent “z likes snow,” and let s(x)
represent “r is a skier.” We can represent the ar-
gument symbolically as follows.

Az[r(z)A ~I1(z)]
z[s(x) — U(z)]
s(z)]

Draw an Euler diagram where the region repre-

L
8
=
8
>
2

senting “residents of Minnesota” lies completely
outside the region representing “likes snow.” This
keeps the first premise true.

likes snow

By the second premise the region representing

residents

of Minnesota
X

“skiers” must be inside the region “likes snow.”
Then since z lies outside “likes snow” it also lies
outside “skiers,” hence the conclusion is true and
so the argument is valid.

(a) Let d(x) represent “x is a dinosaur” and p(x)
represent “x is a plant-eater.” Let y represent
Danny. We can represent the argument symboli-

cally as follows.

Jz[d(z) A p(z)]
()
)

U

(b) Draw an Euler diagram where the region rep-
resenting “dinosaurs” intersects the region repre-
senting “plant-eaters.” This keeps the first premise
true.

Plant-eaters
X

x represents Danny

Let x represent “Danny”. By the second premise,
2 must lie in the region representing “plant-eaters.”
Thus, he could be inside or outside the region “di-
nosaurs.” Since this allows for a false conclusion,
the argument is invalid.

18.

20.
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(a) Let n(z) represent “x is a nurse” and b(x) rep-
resent “xr wears a blue uniform.” Let k represent
Becky Finnerty. We can represent the argument
symbolically as follows.

Jz[n(z) A b(zx)]
(k)

[~

(b) Draw an Euler diagram where the region rep-
resenting “nurses” intersects the region represent-
ing “those who wear blue uniforms.” This keeps
the first premise true.

Those who wear
blue uniforms

x represents Becky Finnerty

Let x represent “Becky Finnerty”. By the sec-
ond premise, x must lie in the region represent-
ing “nurses.” Thus, he could be inside or outside
the region “those who wear blue uniforms.” Since
this allows for a false conclusion, the argument is
invalid.

The (valid) argument of Example 5 (in the text) is

All expensive things are desirable.

All desirable things make you feel good.

All things that make you feel good make you live longer.

All expensive things make you live longer.

22,

Another possible conclusion, which will keep the
argument valid, is “All expensive things make you
feel good.”
the premises diagrammed (Figure 19, in the text)
force this conclusion to be true also.

The argument remains valid since

The following is a valid argument which can be
constructed from the given Euler diagram.

All people with blue eyes have blond hair.
Julie Ward does not have blond hair.
Julie Ward does not have blue eyes.
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24.

26.

28.

30.

The following represents one way to diagram the
premises so that they are true but does not lead
to a true conclusion.

Things that fly

Planes

Thus, the argument in invalid.

The following Euler diagram yields true premises.
It also forces the conclusion to be true.

Animals with beaks

Chickens

Thus, the argument is valid. Observe that the
diagram is the only way to show true premises.

The following Euler diagram represents true premises.

Cities that are
northeast of Ottowa

Cities that are
northeast of Toronto

x represents Ottowa

But z can reside inside or outside of the “Cities
that are northeast of Toronto” diagram. In the
one case (z inside) the conclusion is true. In the
other case (z outside) the conclusion is false. Since
true premises must always give a true conclusion,
the argument is invalid.

The following Euler diagram represents the two
premises as being true and we are forced into a
true conclusion.

Negative numbers

Whole numbers
X

x represents —4

Thus, the argument is valid.
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The premises marked A, B, and C are followed by
several possible conclusions (Exercises 34-38).

Take each conclusion in turn, and check whether the
resulting argument is valid or invlaid.

A. All people who drive contribute to air pol-
lution.

B. All people who contribute to air pollution
make life a little worse.

C. Some people who live in a suburb make life
a little worse.

There are three possibilities for diagramming premise
C; labelled I, II, and III.

Those who
make life a little worse

B
Tho(se )who

Those who live
in the suburbs

in the suburbs

34. We are not forced into the conclusion, “Some peo-
ple who live in a suburb contribute to air pollu-
tion” since option (I) represents a true premise
and a false conclusion. Thus, the argument is
invalid.

36. We are not forced into the conclusion, “Suburban
residents never drive” since diagram (IIT) repre-
sents a true premise where this conclusion is false.
Thus, the argument is invalid.

38. The conclusion, “Some people who make life a lit-
tle worse live in a suburb” yields a valid argu-
ment since all three options (I-III) represent true
premises and force this conclusion to be true.

42. We might write the statement “There is no one
here who has not done that at one time or anoth-
er” as “Everyone here has done that at one time
or another.”

44. The condition that “No picture has a frame” is
satisfied by group B.

46. The condition that “Not every picture has a frame”
is satisfied by groups A and B. Observe that this
statement is equivalent to “At least one picture
does not have a frame.”
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48.

50.

The condition that “No picture does not have a
frame” is satisfied by group C. Observe that this
statement is equivalent to “All pictures have a
frame.”

The condition that “Not every picture does not
have a frame” is satisfied by groups A and C. Ob-
serve that this statement is equivalent to “At least
one picture does have a frame.”

Chapter 6 Review Exercises

2.

10.

14.

. Writing the symbolic form

The negation of “She passed GO and collected
$200” is “She did not pass GO or did not collect
$200.” Remember that ~(p A q) = (~pV ~q).

. The symbolic form of “I will love you if you will

love me” (or equivalently, “If you will love me,
then I will love you”) is “y — 4.”

“~y A4” in words, we
get “You won’t love me and I will love you.”

. Replacing g and r with the given truth values, we

have
~F A ~F
TAT
T

The compound statement ~q A ~r is true.

Replacing r with the given truth value (s not known),

we have
F— (sAF)
T

since a conditional statement with a false antecedent
is true.
The compound statement r — (s V r) is true.

Sl ISRl b
Sl Bies Bl IS

> " 3>
SRR

=
w3 HEAa<
NGRS RESS

RN LS

The statement is not a tautology.
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The wording may vary in the answers in
Ezercises 16-24.

16.

18.

20.

22,

“All integers are rational numbers” can be stated
as “If the number is an integer, then it is a rational
number.”

“Being divisible by 3 is necessary for a number
to be divisible by 9” can be stated as “If a num-
ber is divisible by 9, then it is divisible by 3.”
Remember that the “necessary” part of the state-
ment becomes the consequent.

The direct statement: If a picture paints a thou-
sand words, the graph will help me understand it.

(a) Converse: If the graph will help me under-
stand it, then a picture paints a thousand words.

(b) Inverse: If a picture doesn’t paint a thousand
words, the graph won’t help me understand it.

(c) Contrapositive: If the graph doesn’t help me
understand it, then a picture doesn’t paint a thou-
sand words.

(a) Let p represent “he eats liver” and ¢ represent
“he will eat anything.” The argument is then rep-
resented symbolically by:

p—q
p
q.

This is the valid argument form Modus Ponens,
hence the answer is A.

(b) Let p represent “you use your seat belt” and
q represent “you will be safer.” The argument is
then represented symbolically by:

p—4q
~p
Nq.

The answer is F, a Fallacy of the Inverse.

(c) Let p represent “I hear Come Saturday Morn-
ing,” q represent “I think of her,” and r represent
“I get depressed.” The argument is then repre-

sented symbolically by:

p—q
q—r
p—T.
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24.

26.

28.

32.

This is the valid argument form Reasoning by Tran-
sitivity, hence the answer is C.

(d) Let p represent “she sings” and q represent
“she dances.” The argument is then represented
symbolically by:

pVyq
~p
q.
This is the valid argument form Disjunctive Syl-
logism, hence the answer is D.

In the diagram, two series circuits represented by
pApand ~pAq are in parallel. The logical state-
ment is (pAp)V (~ pAq). This statement is equiv-
alent to p V q.

p qg|rg VvV (~p AN g |pVg
T T T T F F T| T
T F T T F F F| T
F T F T T T T| T
F F F F T F F| F
1 4 2 3 2] 5

Columns 4 and 5 are identical.

The logical statement pA(pVq) can be represented
by the following circuit.

—F

The statement simplifies to p A (p V ¢q) simplifies
to p by the Absorption Law.

p g |(@¥y |~ [Pve — (Ag)]

T T| F |F T T T

T F| T |T T F F

F T| T |T T F F

F F| F |F F T F
IE 2 4 3

Columns 1 and 5 are identical.

Let s represent “Smith received enough votes to
qualify,” j represent “Jones received enough votes
to qualify,” and e represent “the election was rigged.”
The argument is then represented symbolically by:

l.~(sVvyj) T
2. s— eT
~e. F

34.

36.

38.

40.

Chapter 6 LOGIC

The argument is invalid. The premises are true
but the conclusion is false when s = F, j = F|
and e =T.

The argument is valid.

1. p—gq Premise
2. r —~q Premise
3. q —~r 2, Contrapositive
4. p —~r 1, 3, Transitivity

Let m(x) represent “x is a member of the class”
and f(x) represent “x went on the field trip.”

(a) z[m(x) A f(2)]
(b) Va[m(z) —~ f(z)]
(c) No members of this class went on the field trip.

(a) Let v(x) represent “z is a member of that
video club,” m(x) represent “x saves money” and
b represent Bill Hoffman.

Fz[v(z)A ~m(z)]
m(b)
~v(b)

(b) Complete an Euler diagram as follows:

Those who save
money

Members of
video club
b

The conclusion is not forced to be true. The ar-
gument is invalid.

(a) This is a compound statement, formed using
the statements “You adopt a child who is not a
U.S. citizen or resident at the time the adoption
effort begins” and “A credit may not be claimed
until the year the adoption becomes final.”

(b) This is a compound statement, formed us-
ing the statements “A foster child who lives with
you for the whole year qualifies,” “The child was
placed with you by an authorized placement agency,”
and “The child is your sibling or a descendant of
a sibling.”
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42.

44.

46.

48.

50.

(¢) This is a compound statement, formed using
the statements “An individual who is a nonresi-
dent alien for any part of the year who is not el-
igible for the credit,” “An individual is married,”
and “An election is made up by the couple to have
all of their worldwide income subject to U.S. tax.”

(d) This is not a statement and therefore not a
compound statement.

The contrapositive of p — ¢ (“p only if ¢”) is
~q —~p: “If a foster child who lives with you
the whole year was not placed with you by an au-
thorized placement agency and is not your sibling
or a descendant of a sibling, then the child does
not qualify.”

The negation of p A qis ~pV ~gq.

(a) Regulations do not have both costs and ben-
efits or rules that are passed to solve a problem
cannot make it worse.

(b) Shooters do not overwhelmingly have prob-
lems with alcoholism or they do not have long
criminal histories, particularly arrests for violent
acts.

(c) They are not disproportionately involved in
automobile crashes or they are not much more
likely to have their driver’s license suspended or
revoked.

(a), (b), (d) These are commands or requests,

not declarative sentences and therefore not statements.

(c) This is a declarative sentence that is true or
false and therefore a statement.

(a) ~s—g

(b) l—~yg

()w—l=~1r~w

(d) If the puppy does not lie still, it does not
care to do worsted work. In Lewis Carroll’s words,
“Puppies that will not lie still never care to do
worsted work.”

(@) f—t=~t—n~f

(b) ~a »~g=g—a

() w—f

(d) t 5~g=g —nt

(€) d— w=~w—~a

(f) If the kitten will play with a gorilla, it does
not have green eyes. In Lewis Carroll’s words, “No
kitten with green eyes will play with a gorilla.”
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Extended Application: Logic Puzzles

1. Draw charts as indicated and complete using the

initial information given. Use “®” for Yes and “x”
for No. For any cell that is assigned “e”, mark
[

x” in the appropriate nearby unmarked cells in
that row and column.

(a) Neither Lauren nor Zach was the child accom-
panied by Ms. Reed. Tara was more interested
in shopping at the country store than in picking
pumpkins. Mark (x)’s in the boxes for Lauren and
Zach under Ms. Reed’s column. Place (e) into the
intersection of Tara and country store since that
was her interest. Note: remember to always mark
(x)’s in the appropriate nearby cells of a row or
column when marking a cell with (e).

(b) Xander and his father, Mr. Morgan, didn’t
go on the hay ride. Ms. Fedor’s child (who is-
n’t Zach or Lauren) was fascinated by the cider-
making process. Place (e) into cell representing
the intersection of Xander and Mr. Morgan since
you know that they are father and son. Place (x)
into cell representing the intersection of Xander
and hay ride as well as the cell for his father, Mr
Morgan, and hay ride. Place (e) into the cell the
intersection of Ms. Fedor and cider-making. Place
(x)’s in the cells representing Lauren and Zach in
Ms. Fedor’s column. Since neither Lauren nor
Zach is Ms. Fedor’s child neither can be inter-
ested in cider-making. Mark (x)’s in the cells for
cider-making in Zach and Lauren’s rows.

(¢) Zach is neither the child who went on the hay
ride nor the one who wanted to go apple pick-
ing. Mr. Hanson’s child didn’t go on the hay ride.
Place an (x) in the aspect cells for apple picking
and hay ride in Zach’s row. This leaves feeding
animals as Zach’s favorite aspect. Place () in the
feeding animal cell for Zach. Mark (x) in the as-
pect cell for the hay ride in Mr. Hanson’s column.

Tara and Raven are the only two children that
could still belong to Ms. Fedor. Since Ms. Fe-
dor’s child liked cider-making check the aspect
columlns and notice Tara liked the country store.
This leaves Raven as Ms. Fedor’s child. Place (e)
in the cell for Raven in Ms Fedor’s column and (e)
in the cider-making cell in Raven’s row. The only
aspect now available to Xander is apple picking.
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Place (o) in that cell. The last aspect, the hay
ride, is now Lauren’s only possible aspect. Place
(o) in the appropriate cell.

At this point Chart I will have been completed.

Chart 1 PARENT ASPECT
z| |Z|Z|8|2
Z S5 =Zz
AEIPIEIREEIEE
SIZ2lE|zalB S Z|0|w
RZIZIBm|=|=|=2|18
m<ﬂ<omm =Z|=
5IE|2 13210 |2
A E SIS
=| === |=Z|<|O|0|= |z
LAUREN X X[ X[x[X[x[X]e
A | RAVEN o [X|X[X[X[X[ e |[X[X]X
= TARA X x| [X[X[e[X[X
OU| XANDER X[x[x]e[x[e[xX[X][X]X
ZACH X X[X[x[x][x]e]x
APPLE PICK. X
5| CIDER MAK. | [X|X|X|X
& COUNTRY _ [X
Z|FEEDING __ [X
HAYRIDE _ [X[X]| [X

Tara is now the only child left in Ms. Reed’s col-
umn. Place (e) at the intersection of Lauren and
Ms. Reed. Notice that Xander’s favorite aspect
is apple picking and we know that Mr. Morgan
is Xander’s father. Thus we can place () in Mr.
Morgan’s column in the apple picking cell. This
leaves Lauren and Zach with the possibility of Mr.
Hanson and Mr. Maier for parents. By compar-
ing Lauren’s favorite aspect, the hay ride, to Mr.
Hanson and Mr. Maier’s aspect columns we find
that Mr. Hanson’s child did NOT like the hay
ride. Thus Mr. Maier must be Lauren’s father.
Mr. Hanson is left as Zach’s father. Now it is
a simple matter of matching each child’s interest
with the aspect cell for his or her parent. Zach
likes feeding animals; mark (e) in the feeding an-
imals cell for Mr. Hanson. Lauren likes the hay
ride; mark (e) in the hay ride cell for Mr. Maier.
The country store is now the only available inter-
est in Ms. Reed’s column. Check to see that Ms.
Reed’s child, Tara is, in fact, the child that likes
the country store. Place (o) in the appropriate
cell and the logic puzzle is complete (Chart 2).

Chapter 6 LOGIC

Chart 2 PARENT ASPECT
AREAREAEE
MEIME RS
OU)LQOQU<>‘<LIJ
ZIZ %= |=|=(9|a
a1<|<1C|8 =S
mIEEmEE}%EM
slz|g|2|g|E|5[3|E
== | =22 |=|<|O|O|=|=

LAUREN X[ x[ o XX [X[X[X][X] e

A | RAVEN o XX |X[X[x] e [X]X][X

= | TARA XX [X[X[ e [X[X[ e [X[X

O XANDER X[ x[x]e[x[ e [X[X[X]Xx

ZACH X o [X[X[X[X[X][X]e]Xx

APPLE PICK. [X|X[X]e[X

5| CIDER MAK. | e [X|X[X|X

HI COUNTRY [X[X[X[X|e

Z|FEEDING  |X[e|X[X]|X

HAY RIDE _ [X[X[e[X][X

Thus, Lauren, Mr. Maier, hay ride; Raven, Ms.
Fedor, cider making; Tara, Ms. Reed, country
store; Xander, Mr. Morgan, apple picking; Zach,
Mr. Hanson, feeding animals.

. Draw charts as indicated and complete using the

initial information given. Use “o” for Yes and “x”
for No. For any cell that is assigned “e”, mark
[{3)

x” in the appropriate nearby unmarked cells in
that row and column.

(a) Arlene had her mame imprinted on her new
orange bowling ball. Devon bought a bowling bag
for his new ball, which is lighter than Silas’s. Ar-
lene’s ball is orange and therefore, can’t be an-
other color. Devon’s ball is lighter than Silas’s.
Thus Devon’s ball cannot weigh the most, 18 1b.
Mark (x) appropriately.

(b) Tina bowls with a 14-pound ball. The pink
bowling ball is exactly 6 pounds lighter than the
turquoise one. Tina’s ball is 14 1bs. and therefore,
can’t be any other weight (all other cells x).

(¢c) The red bowling ball, which isn’t Rosetta’s weighs
the most. Rosetta didn’t buy the 16-pound ball.
The red ball weighs the most so it must be 18 Ibs.
Place (e) in the 18 1b. cell in the red column. The
red ball (which is 18 Ibs.) is not Rosetta’s so (x)
the 18 1Ib. and red columns in Rosetta’s row. Also
mark (x) in the 16 1b. cell in Rosetta’s row.
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The smallest ball is 10 lbs. and the largest ball
is 18 1bs. Having already determined that the 18
Ib. ball is red, the turquoise ball (which weighs 6
pounds heavier than the pink ball) must be 16 Ib.
and the pink ball 10 Ib. Put (x)’s in all rows and
columns that contain a known value (o). At this
point you will have completed the following chart.

Chart 1 COLOR | WEIGHT/POUNDS
2
Sl E
=]
Glo|Z|=|E|10]12]14|16] 18
ARLENE |X| e |[X|X|X X
%[ DEVON X X X
= [ROSETTA X[ X XXX
Q[ SILAS X X
TINA X[ [X[X[X[X] e[ X[|X
10 X[X[ e [X[X
(12 X|X[x
Ol 14 X|x[x
2116 X[X[X[X]®
18 X[X|X[¢]X

The orange ball cannot be 10, 16, or 18 lbs. By
transferring these (x)’s to Arlene’s row (Arlene
owns the orange ball), we determine that Arleme’s
ball is 12 Ib. Place (e) in the cell at the intersec-
tion of 12 Ib. and Arlene’s ball. The only weight
cell open in Rosetta’s row is 10 lbs. and we know
that the 10 1b. ball is pink. Thus Rosetta has
the 10 1b. pink ball. This leaves the 16 1b. ball
as the only weight available to Devon. Silas’s ball
must be 18 1b. to be heavier than Devon’s. The
16 1b. ball is turquoise therefore Devon has the
turquoise ball. We know the 18 lb. ball, which
belongs to Silas, is red. Thus, Tina must own the
gray ball. Place (e) in the appropriate cell. Since
Tina’s (gray) ball is 14 1bs. mark (e) in the 14 lb.
cell in the gray column. This leaves the orange
ball at 12 Ibs. We can check by noting the orange
ball belongs to Arlene and Arlene’s ball is 12 lbs.
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Your chart should now be completed as in Chart
2 below.

Chart 2 COLOR _ | WEIGHT/POUNDS
2
2l212/83
S|O|=|=|E|10]12 14|16 18
ARLENE _[X[e[X[X[X[ X[ e [ X[X[X
&[DEVON _ [X[X[X[X[e | X [X[X [ [X
S [ROSETTA |X|X|e[X|X| ¢ [X | X [ XX
Q[ SILAS X|IX[X[e X[ XX [X[X]e
TINA o X[X[X[X[X[X] e [X[X
10 X[X[e[X[X
£l X[ o [X[X]X
Ol14 o [X[X[X[x
2116 X[X[X[X]®
18 X[X[X[e X

Thus, Arlene, orange, 12; Devon, turquoise, 16;
Rosetta, pink, 10; Silas, red, 18; Tina, gray, 14.

. Draw charts as indicated and complete using the

initial information given. Use “®” for Yes and “x”
for No. For any cell that is assigned “e”, mark
[}

x” in the appropriate nearby cells in that row
and column.

(a) The tie with the grinning leprechauns was-
n’t a present from a daughter. Mark (x) in the
cell at the intersection of daughter and grinning
leaprechauns.

(b) Mr. Crow’s tie features neither the dancing
reindeer nor the yellow happy faces. (x) the danc-
ing reindeer and the yellow happy faces from Mr.
Crow’s row.

(¢) Mr. Speigler’s tie wasn’t a present from his
uncle. Place (x) in the uncle cell in Mr. Speigler’s
row.

(d) The tie with the yellow happy faces wasn’t a
gift from a sister. Mark (x) in the cell at the in-
tersection of yellow happy faces and sister.
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(e) Mr. Evans and Mr. Speigler own the tie with
the grinning leprechauns and the tie was a present
from a father-in-law, in some order. The lep-
rechaun tie could not have come from the father-
in-law so mark (x) at that intersection. For either
Mr. Evans or Mr. Speigler to receive the tie from
his father-in-law no one else could have received
a tie from his father-in-law so (x) the father-in-
law cells for Mr. Crow and Mr. Hurley. The
same logic applies to the leprechaun; neither Mr.
Crow nor Mr. Hurley could have received the lep-
rechaun tie. (x) the appropriate cells. Mr. Crow’s
only tie option is now the tie with the cupids so
place (o) in the cell at the intersection of cupids
and Mr. Crow.

(f) Mr. Hurley received his flamboyant tie from his
sister. Place (o) for the cell for sister in Mr. Hur-
ley’s row. Since Mr. Hurley received the tie from
his sister and the sister did NOT give the happy
faces tie (x) the happy faces cell in Mr. Hurley’s
row. This leaves reindeer as the only choice for
Mr. Hurley’s row. (e) the cell for reindeer in Mr.
Hurley’s row and (e) the cell for reindeer in the sis-
ter row because Mr. Hurley received his tie from
his sister.

Since Mr. Crow did NOT receive his tie from his
father-in-law or sister (x) those cells in the column
under cupids. The father-in-law could now only
have given the happy faces tie so (e) the appropri-
ate cell. This leaves the cupids tie for the daugh-
ter and the leprechaun tie for the uncle. Since the
cupid tie belongs to Mr. Crow, place (e) in the
daughter cell in Mr. Crow’s row.

Mr. Speigler’s tie could now only have come from
his father-in-law, leaving the uncle’s tie for Mr.
Evans. Now notice that Mr. Evan’s tie came from
his uncle and the uncle purchased the leprechaun
tie so Mr. Evans received the tie with leprechauns
and Mr. Speigler received the only remaining tie,
the tie with happy faces.
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Your completed chart should look like the follow-
ing chart.

Chart ol o 2
ol e S
8 g | B é
| = OB'T‘
312825 5|5l
SEEEEEHE
O|Z|3||8|E|5|D
Mr. Crow | | X|X|X|®|X|X|X
Mr. Evans | X |X| o [X|X|X|[X]|®
Mr. Hurley | X |X|X|o|X|X]|o|X
Mr. Speigler |X | e [X|X|X|e|X|X
Daughter |[o X|X|X
Father-in-law | X | e [ X|X
Sister |X|X|X]|eo
Uncle |X|X]|o|X

Thus, Mr. Crow, cupids, daughter; Mr. FEvans,
leprechauns, uncle; Mr. Hurley, reindeer, sister;
Mr. Speigler, happy faces, father-in-law.

. Draw charts as indicated and complete using the

initial information given. Use “o” for Yes and “x”
for No. For any cell that is assigned “e”, mark
[

x” in the appropriate nearby cells in that row
and column.

(a) The seal (who isn’t the creation of either Joanne
or Lou) neither rode to the moon in a spaceship
nor took a trip around the world on a magic train.
Place (x) in the cells for train and spaceship in
the column under seal. Also (x) that seal cell for
Joanne and Lou.

(b) Joanne’s imaginary friend (who isn’t the griz-
zly bear) went to the circus. Place (x) in the cell
for grizzly bear in Joanne’s row. Mark (e) at the
intersection of Joanne and Circus. Since the griz-
zly bear did not go to the circus (x) the appropri-
ate cell in the grizzly bear column.

(¢) Winnie’s imaginary friend is a zebra. Place
(o) for zebra in Winnie’s row. Joanne is left with
the moose as her character so place (e) in that
cell. This leaves the grizzly bear for Lou and once
that is marked the seal lis left for Ralph. Joanne’s
moose went to the circus so place (o) in the cell
for circus in the moose’s column. The seal’s only
adventure choice is now the rock band so place (e)
appropriately. Since Ralph created the seal place
(o) in the rock band cell in Ralph’s row.
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(d) The grizzly bear didn’t board the spaceship to
the moon. Mark (x) in the cell at the intersection
of grizzly bear and spaceship. The grizzly bear
must have taken the train so (e) the train cell in
the grizzly bear column. This leaves the space-
ship for the zebra. Lou’s character, the grizzly
bear rode the train so mark (e) in the train cell in
Lou’s row. This leaves the spaceship for Winnie’s
character, the zebra. The completed chart would
look like the following chart.

Chart
g <
° =IR=y
3|2
212 =22l =
S EE R E
O|=2 | |N|O|Z|n|=
Joanne [X|e® (X |X|®|X|X|X
Lou |o [X|X[|X[X|X]|X]|e®
Ralph X |X|e[X|X]|e|X|X
Winnie |X|X|X|o|[X|[X|e®|X
Circus [X|o [X|X
Rock band |X|[X|e([X
Spaceship | X |X|X]|e®
Train | e |X|X|X

Thus, Joanne, moose, circus; Lou, grizzly bear,
train; Ralph, seal, rock band; Winnie, zebra, space-
ship.

. Draw charts as indicated and complete using the
initial information given. Use “o” for Yes and “x”
for No. For any cell that is assigned “e”, mark
“x” in the appropriate nearby cells in that row

and column.

(a) The right fielder took three more throws than
Josh (who wasn’t the last dunker). Either the right
fielder took five throws and Josh took two, or else
the right fielder took nine throws and Josh took
six. Mark (x) in the row for Right Field under
Josh, Two, Four, and Six. Also put (x) under
Josh in the rows for Fitfh, Four, Five, and Nine.

(b) The shortstop threw immediately before Mr.
Belford, who threw immediately before Geoffrey.
The shortstop threw third at the latest, Mr. Belford
did not throw first or last, and Geoffrey threw
third at the earliest. Mark (x) under Geoffrey in
the rows for First, Second, Shortstop, and Belford.
Mark (x) under Belford in the rows for First, Fifth,
and Shortstop. Mark (x) under Shortstop in the
rows for Fourth and Fifth.
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(¢) Mr. Cavallo dunked the coach with his sizth
pitch. Put (e) at the intersection of Six and Cav-
allo and (x) the appropriate nearby cells.

(d) The players who took an even number of throws
are Scott, Mr. Hepler, and the fifth person to dunk
the coach, in some order. Mark (x) under Scott
in the rows for Fifth, Five, Nine, and Hepler. Put
(x)’s under Hepler in the rows for Fifth, Five, and
Nine. Mark (x) under Five and Nine in the row
for Fifth.

(e) The pitcher (who wasn’t the fourth dunker)
took more throws than Oliver, but fewer throws
than Mr. Janney. The pitcher did not take the
fewest or the most throws, Oliver took at most five
throws, and Mr. Janney took at least five throws.
Place (x) under Oliver in the rows for Pitcher, Six,
Nine, and Janney. Mark (x) under Janney in the
rows for Pitcher, Two, and Four. Mark (x) in the
row for Pitcher under Two and Nine. Put an (x)
in the row for Fourth under Pitcher.

(f) The players who took an odd number of throws
are Edgar and the catcher, in some order. Write
(x) under Edgar in the rows for Catcher, Two,
Four, and Six. Write (x) in the row for Catcher
under Two, Four, and Six

You have now completed this chart:

=
First X X
Second X
Third
Fourth X X
Fifth X XX X X X X
Catcher | X XX X
First Base
Pitcher X X X X
Right Field X X|X X
Shortstop X X
Two | X X X
Four | X X X X
Five X X X | X
Six | X X X|eo|[X|[X|X
Nine X|X|X X | X
Belford X
Cavallo
Hepler X
Janney X
Winslow




206

The catcher and right fielder each took five or nine
throws, so one of them took five and the other took
nine. Edgar took five or nine throws, so he is ei-
ther the catcher or the right fielder. But his is not
the catcher, so he is the right fielder. Mark (o) at
the intersection of Right Field and Edgar.

Josh took two or six throws and thus took an
even number. But he can’t be Scott and he didn’t
throw last, so he is Mr. Hepler. Mark (e) at the
intersection of Hepler and Josh. And because Josh
is not Mr. Cavallo, he took two throws. Mark (e)
at the intersection of Two and Josh.

Since Josh took two throws, the right fielder, namely
Edgar, took five. Place an (e) at the intersection
of Five and Edgar and another (o) at the inter-
section of Right Field and Five. It follows that
the catcher took nine throws. Put an (e) at the
intersection of Catcher and Nine.

Oliver can only have taken four throws, so mark
an (e) at the intersection of Four and Oliver. And
because Goeffrey is the only player left who can
have nine throws, he must be the Catcher. Mark
an (e) at the intersection of Nine and Geoffrey
and another (e) at the intersection of Catcher and
Geoffrey.

This leaves Scott to have taken six throws, and
thus he must be Mr. Cavallo. Write an (e) at
the intersection of Six and Scott and an (e) at
the intersection of Cavallo and Scott. Since nei-
ther Scott Cavallo nor Josh Hepler threw fifth,
the last person to throw must have been Oliver,
the only other player who took an even number of
throws. Write an (e) at the intersection of Fifth
and Oliver.

The pitcher threw more than Oliver and so must
have thrown six and must be Scott Cavallo. Mark
(e) at the intersections of Pitcher and Scott, Pitcher
and Cavallo, and Pitcher and Six. Mr. Janney,
who threw more than the pitcher, must have thrown
nine and thus must be Geoffrey, the catcher. Mark
(o) at the intersection of Janney and Geoffrey and
at the intersection of Catcher and Janney.

The shortstop, Mr. Belford, and Geoffrey threw
in succession. They cannot have thrown third,
fourth and fifth, since Oliver threw fifth. But they
also cannot have thrown first, second, and third—
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since that would leave no room for the pitcher,
Scott Cavallo, who didn’t throw fifth and didn’t
throw fourth. So the shortstop, Mr. Belford, and
catcher Geoffrey Janney threw second, third, and
fourth. Then the pitcher threw first. Mark (e)
for the following intersections: First and Scott,
First and Cavallo, First and Pitcher, Second and
Shortstop, Third and Belford, Fourth and Geof-
frey, Fourth and Janney, and Fourth and Catcher.

It is now apparent that Mr. Hepler, i.e., Josh
can only have thrown second. Write (o) at the
intersection of Second and Josh and of Second
and Hepler. The remaining open cells reveal that
Edgar went third and is Mr. Belford, and that
Oliver, who went last, is Mr. Winslow. Write (e)
at these intersections: Third and Edgar, Belford
and Edgar, Fifth and Winslow, and Winslow and
Oliver.

From the first five columns (the first names), it
is evident that the first dunker (Scott) took six
throws, the second dunker (Josh) took two throws,
the third dunker (Edgar) took five throws, the
fourth dunker (Geoffrey) took nine throws, and
the fifth dunker (Oliver) took four throws. Mark
(e) in the appropriate cells under Two, Four, Five,
Six, and Nine.

The first five columns also show that two throws
were taken by Mr. (Josh) Helper, four by Mr.
(Oliver) Winslow, five by Mr. (Edgar) Belford,
and nine by Mr. (Geoffrey) Janney. Mark (e) in
the appropriate cells under Belford, Hepler, Jan-
ney, and Winslow.

Enough is known about the right fielder (Edgar
Belford, who went third and took five throws) to
fill in the rest of both the row and the column la-
beled “Right Field.” Mark (e) and (x) as appro-
priate. The shortstop, who went second and took
two throws, is Josh Hepler; mark (o) and (x) in the
row labeled “Shortstop” as appropriate. The first
baseman is Oliver Winslow who took four throws.
Mark (o) and (x) in the row labeled “First Base”
as appropriate.
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Finish filling in the chart by placing (x) in any re-
maining blank cells. The completed chart should
look like this.

e . 2lels| |3 5 ﬁ 5 g
515122215222l |22|3|2]|2]2
Z|S|2(5|2|&|8|2|E|5|E|L|E|&|2|S|£|E|&]|5
First X|[X|X|[X|o|[X|e | X[X[X[|[X|X|X|o|[X[X|X]|e X
Second X |X|eo |[X[X|[X|X|e|[X|[X|e|X|X|X[X|X|X]|X .
Third o [ X |X[X|X|e|X[X|X|X|[X|X|[e|X[X|X[X]|X X
Fourth X |e [ X | X |X|X|X[X|e|[X[X[X|X|X|e®|e|X|X X
Fifth X[ X | X | [X[X|[X|X|X|[eo|X|e|X|X|[X|[X]|e®|X X
Catcher X | o [ X|X|[X[X[|X|X|o|X|X|X|X|[X]|e®
FirstBase X [ X [X | o | X |X[X|[X|X || X | [X|X|X
Pitcher X | X | X |[X|o|X | | X[X[X|X|X|X|[®[X
RightField o [ X [X[X[X | [X|X|X|X|X|X|e®|X|X
Shortstop X [ X [ e [X[X|X|X|e |X|X | |X|X|[X|[X
Two X |[X|e|X|X|X|[X|e|[X|X
Four X |[X|e|X|X|X|[X[X|[X]|e
Five o | X |X|[X|[X|e|X|X[X]|X
Six X|X|X|[X|e|X|e|[X|[X|X
Nine X |o [X|X|X|X|X|[X]|e®|X
Belford o | X [ X | X [X
Cavallo X [X | X |[X | e
Hepler X | X[ e [x[X
Janney X [ e [ X |[X[X
Winslow X [ X [X|e|X
Here is the final answer:
Order First Last Throws Position
name name
1 Scott Cayvallo 6 Pitcher
2 Josh Hepler 2 Shortstop
3 Edgar Belford 5 Right Field
4 Geoffrey  Janney 9 Catcher
5 Oliver Winslow 4 15t Base
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Chapter 7

SETS AND PROBABILITY

7.1 Sets

2.

6€{-2,6,9,5

Since 6 is an element of the given set, the state-
ment is true.

. 3¢ {7,6,5,4}

Since 3 is not an element of the given set, the
statement is true.

. {3,7,12,14} = {3,7,12,14,0}

Two sets are equal only if they contain exactly the
same elements. Since 0 is an element of the second
set but not the first, the statement is false.

. {z|x is an odd integer, 6 < z < 18}

={7,9,11,15,17}

The number 13 should be included in the set so
the statement is false.

In Exercises 12-22,

12.

14.

16.

18.

20.

208

A={2,4,6,8,10,12},

B ={2,4,8,10},
C ={4,8,12},
D = {2,10},

E = {6},

and U ={2,4,6,8,10,12,14}.

Since every element of E is also an element of A,
E is a subset of A, written E C A.

Since 10 is an element of B but is not an element
of C, B is not a subset of C, written B ¢ C.

Since 0 is an element of {0,2}, but is not an ele-
ment of D, {0,2} € D.

Since 2, 6, and 10 are elements of A, but are not
elements of C, A ¢ C.

A set with n distinct elements has 2" subsets. A
has n = 6 elements, so there are exactly 26 = 64
subsets of A.

22,

26.

28.

30.

32.

A set with n distinct elements has 2" subsets, and
C has n = 3 elements. Therefore, there are ex-
actly 23 = 8 subsets of C.

{8,11,15} N {8,11,19,20} = {8,11}

{8, 11} is the set of all elements belonging to both
of the first two sets, so it is the intersection of
those sets.

{6,12,14,16} N {6, 14, 19} = {6, 14}

{6, 14} is the set of all elements belonging to both
of the first two sets, so it is the intersection of
those sets.

{3,5,9,10} U0 = {3,5,9,10}

The empty set contains no elements, so the union
of any set with the empty set will result in an
answer set that is identical to the original set. (On
the other hand, {3,5,9,10} N0 = 0.)

It is possible for two nonempty sets to have the
same intersection and union only if they are equal,
as in Exercise 31.

In Exercises 34-42,

34.

36.

38.

U=1{23,4,5,7,9},

X ={2,3,4,5},

Y ={3,5,7,9},
and Z ={2,4,5,7,9}.

X UY, the union of X and Y, is the set of all
elements belonging to X or Y or both. Thus,

XUY ={2,3,4,5,7,9}.

Y’, the complement of Y, is the set of all elements
of U that do not belong to Y. Thus,

Y’ = {2,4}.

X'NnZ={7,91n{2,4,5,7,9}
:{7’9}
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40. From Exercise 35, X’ = {7,9}; from 42. (a) (ANB)U(ANB)
Exercise 36, Y’ = {2,4}. = ({3,6,9} N {2,4,6,8}) U ({3,6,9}
o (03057010
={7,9} N ({2,4} U{2,4,5,7,9}) : (3.6,9) ’
={7,9}n{2,4,5,7,9} :A’ ’
={7,9} B

44. M U N is the set of all students in this school taking this course or taking accounting.
46. N’ N P’ is the set of all students in this school not taking accounting and not taking zoology.

48. Disjoint sets have no elements in common. Since each pair of sets has at least one element in common, none of
the pairs are disjoint.

50. AN B is the set of all stocks with a high price greater than $80 and a closing price between $60 and $90.
AN B = {Chevron}.

52. (AU C) is the set of all stocks on the list that do not have a high price greater than $80 or a positive price
change.

(AU C) = {Hershey, GnMill, PepsiCo}
54. B ={a,b,c,{d},{e, f}}

(a) a € B is true.

(b) {b,¢,d} C Bis false. (d ¢ B)
(c) {d} € B is true.

(d) {d} C B is false. ({d} € B)

(e) {e, f} € B is true.

(f) {a,{e, f}} C B is true.

(g) {e, f} C Bis false. ({e,f} € B)

56. V N (FUT) = {General Electric Co., Microsoft Corp., Pfizer, Inc., Wal-Mart Stores, Inc.,

Exxon Mobil Corp.} N ({Citigroup Inc., General Electric Inc., Viacom
International, American International Group, Inc., Microsoft Corp.} U {Pfizer,
Inc., Citigroup, Inc., UnitedHealth Group, Microsoft Corp., First Data})

= {General Electric Co., Microsoft Corp., Pfizer, Inc., Wal-Mart Stores, Inc.,
Exxon Mobil Corp.} N {Citigroup, Inc., General Electric Co., Viacom
International, American International Group, Inc., Microsoft Corp.,
Pfizer, Inc., UnitedHealth Group, First Data}

= {General Electric Co., Microsoft Corp., Pfizer, Inc.}

58. J' NT’" = {Citigroup, Inc., Roche Holding A.G., Pfizer, Inc., Microsoft Corp., Samsung

Electronics Co., Ltd.}’ N {Pfizer, Inc., Citigroup, Inc., UnitedHealth Group,
Microsoft Corp., First Data}’

= {General Electric Co., Wal-Mart Stores, Inc., Exxon Mobil Corp., Viacom
International, American International Group, Inc., UnitedHealth Group,
First Data} N {General Electric Co., Wal-Mart Stores, Inc., Exxon Mobil Corp.,
Roche Holding A.G., Samsung Electronics Co., Ltd., Viacom International, American
International Group, Inc.}

= {General Electric Co., Wal-Mart Stores, Inc., Exxon Mobil Corp., Viacom
International, American International Group, Inc.}
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60. U = {s,d,c,g,i,m,h} and N = {s,d, ¢, g}, so
N’ = {i,m,h}.
62. NUO = {s,d,c, g} U{i,m,h,g}

= {Svda c,g,i,m, h}
=U

64. The number of subsets of a set with 51 elements
(50 states plus the District of Columbia) is

251 2 92.522 x 10'°.

66. The number of subsets of a set containing 9 ele-
ments is 27 = 512.

68. G = {TBS, ESPN}

70. FFNG = {TBS, Discovery Channel, ESPN}
N {TBS, ESPN}
— {TBS, ESPN}

72. F' = {TBS, Discovery Channel, ESPN}’
= {USA, C-SPAN}

7.2 Applications of Venn Diagrams

2. AU B’ is the set of all elements in A or not in B,
or both.

U

AUB'

4. A'N B’ is the set of all elements not in A and not
in B.

U

ANB
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6. (ANB)UB
First find AN B, the set of elements in A and in
B. Now combine this region with B’, the set of all

elements not in B. For the union, we want those
elements in AN B or B’, or both.

I &

(ANB)UB’

8. " = U, so the entire region is shaded.

U

¢=U

10. The notation n(A) represents the number of ele-
ments in set A.

12. (AnC"UB
First find AN C’, the region in A and not in C.

<

(-1

For the union, we want the region in (ANC") or
in B, or both.

<

(P

ANnC)UB
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14. An(BNQC)

First find A’, the region not in A.

Then find BN C, the region where B and C'

overlap.

S

: :..

Now intersect these regions.

16. (ANB)UC

First find AN B’, the region in A and not

in B.

)
28

e
5 >
(s

o

<

ANB’
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For the union, we want the region in (AN B’) or

in C, or both.

18. A/\n(B'UC)
First find A’.

o=
%
Y

Then find B’ U C, the region not in B or in C,
or both.

<

ANB UC)

30 =39 — n(AN B)

n(ANB)=9

20. n(AUB) =n(A) +n(B) —n(ANB)
30=12+427—n(ANB)
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22.n(AUB)

26.

=n(A) +n(B) —n(AN B)
35 =13 +n(B) — 5
35 = 8 + n(B)

n(B) = 27

n(AU B) =n(A)+n(B) —n(ANB)
30 = 26 + 10 — n(AN B)
30 = 36 — n(AN B)
n(ANB) =6

To fill in the regions, start with AN B. n(A4) = 26
and n(ANB) =6, so n(ANB') = 20. n(B) =
10 and n(AN B) = 6, so n(BN A’) = 4. Since
n(A’) = 17, 4 of which are accounted for in BNA’,
13 elements remain in A’ N B'.

13

n(A’) =28
n(B) =25
n(A’"UB'") =45
n(ANB) =12

n(B) = 25 and n(AN B) =12, so n(BN A') =
13. Since n(A’) = 28, of which 13 elements are
accounted for, 15 elements are in A’ N B’.

n(A'UB') = n(A) + n(B') — n(A' N B')

45 =28+ n(B') — 15
45 =13 +n(B')
32 = n(B)

15 elements are in A’NB’, so the rest are in ANB’,
and n(ANB') =17.

15

30.
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.n(A) =
n(AnN B) =22
n(AUB) =85
n(ANBNC)=4
n(AnC) =15
n(BNC) = 16
n(C) =44

n(B') = 63

Start with AN BN C. We have n(ANC) = 15, of
which 4 elements are in ANBNC,son(ANB'N
C) =11. n(BNC) = 16, of which 4 elements are
in ANBNC,son(BNCNA)=12. n(C) = 44,
so 17 elements are in CNA'NB’. n(ANB) = 22,
so 18 elements are in AN BN C'. n(A) = 54, so
54 — 11 — 18 — 4 = 21 elements are in AN B’ NC".

Now use the union rule.

n(AUB) =n(A)+n(B) —n(ANB)
85 = 54 + n(B) — 22
53 = n(B)

This leaves 19 elements in BNA'NC’. n(B’) = 63,
of which 21 + 11 + 17 = 49 are accounted for,
leaving 14 elements in A’N B’ ' NC".

[
%8
N

14

n(A) =13
n(ANBNC)=4
n(ANC)=6
n(ANB') = 6
n(BNC) =
n(BNC") —11
n(BUC) =22

n(ANB'NC") =5

Start with the regions ANBNC and A’NB'NC".
n(BNC) = 6, leaving 2 elements in BNC N A’

n(ANC) = 6, leaving 2 elements in ANC N B’.
n(AnN B') =6, leaving 4 elements in AN B' NC’.
n(A) = 13, leaving 3 elements in AN BNC".

n(BNC’) =11, leaving 8 elements in BNC'NA’.
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32.

Applications of Venn Diagrams

Now use the union rule.

n(BUC)=n(B)+n(C)—n(BNC)
22 =17+n(C) -6

11 =n(C)
This leaves 3 elements in C N A’ N B’.
U
[\,
(NN
5

(AN B) is the complement of the intersection
of A and B; hence it contains all elements not
in AN B.

‘ <

(AN BY

A’ U B’ is the union of the complements of A and
B; hence it contains any element that is either not
in A or not in B.

A’ is the set of all elements in U that are not in

A.

‘ <

A/

B’ is the set of all elements in U that are not in
B.

‘ Q

34.
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Form the union of A’ and B’.

‘ <

AU B’
The Venn diagrams show that
(AnB) =A'"UB,
as claimed.

AU (BNC) contains all the elements in A or in
both B and C.

D
'QD

AUBNC)

(AUB)N(AUC) contains the intersection AU B
and AUC.

>
'CD

b

UB

O\
>

AUC
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36.

A
4%

(AUB)N(AUC)
Comparing the Venn diagrams, we see that
Au(BNC)=(AuB)N(AU(C),
as claimed.

Let M be the set of those who use a microwave
oven, F be the set of those who use an electric
range, and G be the set of those who use a gas
range. We are given the following information.

n(U) = 140

n(M) = 58

n(E) =63

n(G) =58
n(MNE) =19
n(MNG) =17
n(GNE)=4
n(MNGNE)=1
n(M'NG'NE)=2

Since n(M NGNE) =1, there is 1 element in the
region where the three sets overlap.

Since n(M N E) = 19, there are 19 — 1 = 18 ele-
ments in M N E but not in M NG N E.

Since n(M N G) = 17, there are 17 — 1 = 16 ele-
ments in M NG but not in M NG N E.

Since n(G N E) = 4, there are 4 — 1 = 3 elements
in GNE but not in M NGNE.

Now consider n(M) = 58. So far we have 16 +1 +
18 = 35 in M; there must be another 58 — 35 = 23
in M not yet counted.

Similarly, n(F) = 63; we have 18 + 1 + 3 = 22
counted so far. There must be 63 — 22 = 41 more
in E not yet counted.

Also, n(G) = 58; we have 16+ 1+ 3 = 20 counted
so far. There must be 58 — 20 = 38 more in G not
yet counted.

38.
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Lastly, n(M’' N G' N E’') = 2 indicates that there
are 2 elements outside of all three sets.

A
0%

U

\S]

Note that the numbers in the Venn diagram add
up to 142 even though n(U) = 140. Jeff has made
some error, and he should definitely be reassigned.

(a) n(Y N R) = 40 since 40 is the number in the
table where the Y row and the R column meet.

(b) n(M N D) = 30 since 30 is the number in the
table where the M row and the D column meet.

(c) n(DNY) =15 and n(M) = 80 since that is
the total in the M row. n(M N(DNY)) = 0 since
no person can simultaneously have an age in the
range 21-25 and have an age in the range 26-35.
By the union rule for sets,

n(MU(DNY))
=n(M)+n(DNY)—-n(MnN(DNY))
=80+15-0
= 95.

(d) Y/ N (DU N) consists of all people in the D
column or in the N column who are at the same
time not in the Y row. Therefore,

n(Y' N (DUN)) =30+ 50 + 20 + 10
= 110.

(e) n(N)

3

( 45

(0) =170

n(0') = 220 — 70 = 150
n(O'NN)=15+20=35

3

By the union rule,

n(0' UN) = n(0’) + n(N) — n(O’ N N)
= 150445 — 35
= 160.
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40.

Applications of Venn Diagrams

(f) M’ N (R' N N') consists of all people who are
not in the R column and not in the N column
and who are at the same time not in the M row.
Therefore,

n(M' N (R A N')) =15+ 50 = 65.

(g) MU (DNY) consists of all people age 21-25
who drink diet cola or anyone age 26-35.

We start with the innermost region, which is the
number of professors who invested in stock and
bonds and certificates of deposit (CDs). Since this
is our unknown, place an x in this region. If 80
invested in stocks and bonds, then 80 — z invested
in only stocks and bonds.

If 83 invested in bonds and CDs, then 83 — z in-
vested in only bonds and CDs. If 85 invested in
stocks and CDs, then 85—z invested in only stocks
and CDs. If 111 invested in stocks, then the num-
ber who invested in only stocks is:

111 — [(80 — z) + (85 — ) + ] = = — b4.

If 98 invested in bonds, then the number who in-
vested in only bonds is;

98 — [(80 — x) + (83 — z) + z] = x — 65.

If 100 invested in CDs, then the number who in-
vested in only CDs is:

100 — [(85 — z) + (83 — x) + 2] = = — 68.

There are 9 who did not invest in any of the three,
so place a 9 outside all three circles. Now, the sum
of all the regions is 150, so

150 =(x —54)+ (80 —x) + (x — 65) + =
+ (85— )+ (83 —x) + (x — 68) +9
150=70+=
x =80

80 professors invested in stocks and bonds and
certificates of deposits.

42.

44.
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(a) The blood has the A antigen but is Rh neg-
ative and has no B antigen. This blood type is
A-negative.

(b) Both A and B antigens are present and the
blood is Rh negative. This blood type is AB-
negative.

(c) Only the B antigen is present. This blood type
is B-negative.

(d) Both A and Rh antigens are present. This is
blood type is A-positive.

(e) All antigens are present. This blood type is
AB-positive.

(f) Both B and Rh antigens are present. This
blood type is B-positive.

(g) Only the Rh antigen is present. This blood
type is O-positive.

(h) No antigens at all are present. This blood
type is O-negative.

Extend the table to include totals for each row
and each column.

w B I A Total

F 1,009,509 132,410
M 986,884 144,110
Total

4591 13,696 1,160,206
5985 17,060 1,154,039
1,996,393 276,520 10,576 30,756 2,314,245

(a) n(F) is the total for the first row in the table.
Thus, there are 1,160,206 people in the set F.

M) n(FNITUA) =n(FNnI)+nFnNA =
4591 + 13,696 = 18,287

There are 18,287 people in the set F'N (I U A).

(c) n(MUB)=n(M)+n(B) —n(MnNB)
— 1,154,039 + 276,520 — 144,110
— 1,286,449

There are 1,286,449 people in the set M U B.

(d) WU TI'"U A’ is the universe since each per-
son is either not white, not American Indian, or

not Asian or Pacific Islander. Thus, there are
2,314,245 in the set W/ Ul U A’.

(e) The set F'N (I U A) consists of females who
are either American Indian or Asian or Pacific Is-
lander.
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46.

48.

50.

52.

54.

56.

Chapter 7 SETS AND PROBABILITY

(a) n(AU B) =n(A) +n(B) = 71,778 + 66,166 = 137,944, since A and B are disjoint sets. Thus, there are
137,944 female military personnel in the set AU B.
(b) n(EU(CUD))=n(E)+n(CUD)—n(EN(CUD))
=n(E)+n(C)+n(D)—n(ENC)—n(END)
= 165,518 4+ 50,694 4 9782 — 42,261 — 8928
— 174,805
There are 174,805 female military personnel in the set EU (C'U D).

(c) O'NnM’ = E, since the enlisted are the only group who are both not officers and not cadets or midshipmen.
Thus, n(O’' N M') = m(F) = 165,518. There are 165,518 female military personnel in the set O’ N M’.

Of the 3842 thousand children living with grandparents, 531 4+ 1732 + 220 = 2483 thousand have at least one
parent living with them. Thus, 3842 — 2483 = 1359 thousand live with grandparents only.

n(GUB) =n(G)+n(B) —n(GNB) =61.3+32.5—4.9=283.9
There are 88.9 million people in the set G N B.

n(FN(BUH)) =n(FNB) =257
There are 25.7 million people in the set F N (B U H).

A’'NC" = BU DU F since the people who are both not in the set A and not in the set C' are the people who
are in one of the sets B, D, or E. The set G’ N (A’ N C") consists of people in either F' or H and also in either
B, D, or E. Thus,

n(GNA'NC))=n(FNB)+n(FND)+n(FNE)+n(HNB)+n(HND)+n(HNE)
=257+76+154+19+.8+.2
=37.7.

There are 37.7 million people in the set G' N (A’ N C").

Let F' be the set of people who brought food, C' be the set of those who brought costumes, and K be the set
of those who brought crafts. We are given the following information.

n(U) =75
n(FNCNK)=15
(FNC)=25

(F) = 42
(
(
(

S 3

n(CNKNF)=6

n(KNF' NC') =4

n(F'NC'NK') =10

n(CNK')=18

Start by putting 15 in the Venn diagram for FNC N K, 6 for CN KN F’, 4 for KN F' ' NC’, and 10 for
F'NnC'"NK', as shown. With n(F N C) = 25 this leaves n(FNC' N K') = 25 — 15 = 10.

With no other regions that we can calculate, denote by x the number in FNCNK'. Then n(CNK'NF’) = 18—z,
and n(FNC'NK')=42—-10 — 15— 2 = 17 — z, as shown. Summing the values for all eight regions,

17T—z)+2+(18—2)+10+154+6+44+10="75
80—z =715
r=2>5
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14. S = {Y,W, B}

(a) A yellow marble is drawn. This event is writ-
ten {Y'}.

(b) A blue marble is drawn. This event is written

(NTeN ().
v (c) A white marble is drawn. This event is written

10
{W}.

(d) A black marble is drawn. There are no black

a)n(CNF)=154+2=15+5=20
(a) n( ) v marbles, so this event is written 0.

(b) n(C) =z + (180 — z) + 15+ 6 = 39
16. Let w = wrong; ¢ = correct.
(c)n(KNC")=10+4=14
S = {www, wwe, wew, cww, ccw, cwe, wee, ceck
(Adn(K')=(17T—2z)+ 2+ (18 —x) + 10

1245413410 — 40 (a) The student gets three answers wrong. This

event is written {www}.
(e) (FUC)=(1T—a2)+2+ (18— 2)+ 10+ 15+6
=124+5+134+104+15+6
=61

(b) The student gets exactly two answers correct.
Since either the first, second, or third answer can
be wrong, this can happen in three ways. The
event is written {ccw, cwe, wee}.

7.3 Introduction to Probability

(c) The student gets only the first answer correct.
The second and third answers must be wrong.

4. List the days in April. This event is written {cww}.

S =411,2,3,4,...,29,30
{ J 18. There are 4 possibilities for the first choice and 5

for the second choice. The sample space is
6. List the possible number of hours of TV watching

in a day. S ={(1,1),(1,2),(1,3),(1,4),(1,5),
(2,1),(2,2),(2,3),(2,4),(2,5),
(3,1),(3,2),(3,3), (3,4), (3,5),
(4,1),(4,2), (4,3), (4,4), (4,5)}.

S=1{0,1,2,3, ...,23,24
t ; (a) The first choice must be 2 or 4; the second can

range from 1 to 5:
8. Let v = up and d = down. There are 23 = 8
possible 3-day outcomes, so
§ = {uuw, uud, udu, du, ddu, dud, udd, ddd}. (b) The first choice can range from 1 to 4; the
second must be 2 or 4:

10. There are 5 -5 = 25 possible outcomes.
{(1,2),(1,4),(2,2),(2,4),(3,2), (3,4), (4,2), (4,4)}.

S:{(171)a(1’2)7(1a3)’(174)a(1’5)7 .
(2,1),(2,2),(2,3), (2,4), (2,5), (c) The choices must add up to 5:
(3,1),(3,2),(3,3),(3,4),(3,5),
(4,1),(4,2), (4,3), (4,4), (4,5), {(1,4),(2,3),3,2), (4. )}
(5’ ]‘)7 (5’ 2)’ (57 3)’ (57 4)7 (5’ 5)}

(d) It is not possible for the sum to be 1: §.
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For Exercises 20-24, use the sample space

S =1{1,2,3,4,5,6}.

20. Let O be the event “getting an odd number.”

22,

24.

0 ={1,3,5}
3 1
POI=5=3

Let A be the event “getting a number greater than

2"7
A={3,4,56}
4 2
P(A)=-==
(W=5=3

Let B be the event “getting any number except
3.77

B=1{1,2,4,5,6}

For Exercises 26-34, the sample space contains
all 52 cards in the deck, so n(S) = 52.

26.

28.

30.

Let B be the event “drawing a black card.” There
are 26 black cards in the deck, 13 spades and 13
clubs.

n(B) = 26
2% 1
PB)=5%=3

Let H be the event “a heart is drawn.” There are
13 hearts in the deck.

n(H) =13

13 1
PH)=—==-
(H) 52 4

Let F' be the event “drawing a face card.” The
face cards are the jack, queen, and king of each of
the four suits.

n(F) =12
12 3
F=5%-5

Chapter 7 SETS AND PROBABILITY

32. Let R be the event “drawing a black 7 or a red 8.”
There are two black 7’s and two red 8’s.

n(R) =4
mm:%—%

34. Let H be the event “drawing a heart or drawing
a spade.” There are 13 hearts and 13 spades.

n(H) = 26
26 1
P =53

For Exercises 36-40, the sample space consists of all
the marbles in the jar. There are 2 + 3 + 5 + 8 = 18
marbles, so n(S) = 18.

36. There are 3 orange marbles.

3 1
P = —_— = -
(orange) 8= 6
38. There are 8 black marbles.
8 4
P(black) = — = =
(Plack) = 75 = 3

40. There are 8 marbles which are orange or yellow.

8 4
P(orange or yellow) = E=39

42. Let W7 be the event “win on the first draw” and
W5 be the event “win on the second draw.”
First of all, P(W7) = %, a simple choice from three
slips of paper.
To determine P(Ws), the first slip of paper is
drawn (from the three available) and thrown away.
There are two slips left which may be chosen in
any way. So P(Ws) = % . % = %. Altogether, the
probability of winning using this strategy is

P(Wh) + P(W2) =

L1
6 2

wl =
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15.558 22,083
44. (a) P(Federal government) = 56343 .5906 52. (a) P(III Corps) = m /.
1.896
— ~ 22
(b) P(Industry) = 52— ~ 07197 (b) P(lost in battle) = 22227 ~ 37
. 70,076
(c) P(Academic institutions) = 497 1890 7661
26.343 (c) P(I Corps lost in battle) =
20,706
80
46. (a) P(invested in stocks and bonds) = 150 ~ .37
8 20,706 — 7661
=T (d) P(I Corps not lost in battle) = W
(b) P(invested in stocks and bonds and CDs) ~ .63
80
= — 2 -
150 P(IT Corps not lost in battle) = 20,666 — 6603
g 20,666
~ 15 ~ .68
) 22,083 — 8007
48. E: person smokes P(III Corps not lost in battle) = 2083
F: person has a family history of heart ~ 64
disease o
G person is overweight P(Calvary not lost in battle) = %
(a) E U F occurs when E or F or both occur, so ~ 96
EUF is the event “person smokes or has a family
history of heart disease, or both.” The Calvary had the highest probability of not be-
ing lost in battle.
(b) E' N F occurs when E does not occur and F
. 7661
does occur, so E'NF is the event “person does not (e) P(I Corps loss) = 20.706 .
smoke and has a family history of heart disease.” '
P(IT Corps loss) = LI
(c) F" UG is the event “person does not have a P 20,666

family history of heart disease or is not overweight, P(ITT Corps loss) = 8007

or both.” 92,083 .
286
50. The total population for 2000 is 275,400, and the P(Calvary loss) = 2o ~ .04

total for 2025 is 338,300.
I Corps had the highest probability of loss.

32,500
(a) P(Hispanic in 2000) = 275’ 400
’ 54. There were 342 in attendance.
~ .118
1
56.900 (a) P(speaks Cantonese) = %
(b) P(Hispanic in 2025) = —=
338,300 25
~ 168 o7
192
33,500 ==
(c¢) P(African-American in 2000) = 275 100 (b) P(does not speaks Cantonese) 349
’ 32
~ .122 = 57
. . . 44,700 . .
(d) P(African-American in 2025) = 235300 (c¢) P(woman who did not light firecracker).

T2 4
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7.4 Basic Concepts of Probability

2. A person can own a car and a truck at the same
time. No, these events are not mutually exclusive.

4. A person can be married and over 30 at the same
time. No, these events are not mutually exclusive.

6. In one roll of a die, it is impossible to get both a 4
and an odd number at the same time. Yes, these
events are mutually exclusive.

8. When two dice are rolled, there are 36 equally
likely outcomes.

(a) Of the 36 ordered pairs, there is only one for
which the sum is 2, namely {(1,1)}. Thus,

1
P is 2) = —.
(sum is 2) 36
(b) {(1,3),(2,2),(3,1)} comprise the ways of get-
ting a sum of 4. Thus,

3 1
P(sum is 4) = %=1
(c) {(1,4),(2,3),(3,2),(4,1)} comprise the ways
of getting a sum of 5. Thus,

4
P i = —=—.
(sum is 5) B9
(d) {(1,5),(2,4),(3,3),(4,2),(5,1)} comprise the
ways of getting a sum of 6. Thus,

P(sum is 6) = %

10. Again, when two dice are rolled there are 36 equally
likely outcomes.

(a) Here, the event is the union of four mutually
exclusive events, namely, the sum is 9, the sum is
10, the sum is 11, and the sum is 12. Hence,

P(sum is 9 or more) = P(sum is 9) + P(sum is 10)
+ P(sum is 11) + (sum is 12)

12.

14.

Chapter 7 SETS AND PROBABILITY

(b) P(sum is less than 7)
= P(sum is 1) + P(sum is 2) + P(sum is 3)
+ P(sum is 4) + P(sum is 5) + P(sum is 6)
0 1 2 3 4 5
T3 3636 36 36 36
15
T 36
5
T 12

(¢) P(sum is between 5 and 8)
= P(sum is 6) + P(sum is 7)

5 6
=36 36
1
=36

P(first die is 3 or sum is 8)

= P(first die is 3) + P(sum is 8)
— P(first die is 3 and sum is 8)

6 5 1

736 36 36

10

T 36

5

18

(a) The sample space is

3—-1 3-1 3-5 3-5 3-9 3-9
3—-1 3-1 3-5 3-5 3-9 3-9
4—-1 4-1 4-5 4-5 4-9 4-9
4-1 4-1 4-5 4-5 4-9 4-9
8§—-1 8-1 8-5 8-5 8-9 8-9
8§—-1 8-1 8-5 8-5 8-9 8-9

where the first number in each pair is the number
that appears on A and the second the number
that appears on B. B beats A in 20 of 36 possible
outcomes. Thus,

20 5
P(Bbeats A) = — = —.
(B beats A) B9
(b) The sample space is
1-2 1-2 1-6 1-6 1-7 1-7
1-2 1-2 1-6 1-6 1-7 1-7
5—2 5—-2 5—-6 5—-6 H—-7 H-7
5—2 5—-2 5—-6 5—-6 H—-7 H-7
9-2 9-2 9-6 9-6 9-—-7 9-7
9-2 9-2 9-6 9-6 9-7 9-7
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16.

Basic Concepts of Probability

where the first number in each pair is the number
that appears on B and the second the number
that appears on C. C beats B in 20 of 36 possible
outcomes. Thus,

20 5
P(C beats B —.
(O beats B) = 55 =3
(c) The sample space is
3—-2 3-2 3-6 3—-6 3—-7 3-7
3—-2 3-2 3-6 3—-6 3—-7 3-7
4-2 4-2 4-6 4—-6 4-7 4-7
4-2 4-2 4-6 4—-6 4-7 4-7
8§—-2 8-2 8-6 8—-6 8—7 8—-7
8—2 8-2 8-6 8—-6 8—-7 8-—7

where the first number in each pair is the number
that appears on A and the second the number
that appears on C. A beats C in 20 of 36 possible
outcomes. Thus,

20 5

P(A —.
P(A beats C) = =9

(a) Less than a 4 would be an ace, a 2, or a 3.
There are a total of 12 aces, 2’s, and 3’s in a deck
of 52, so

12 3

P(ace or 2 or 3) = 5= 13

(b) There are 13 diamonds plus three 7’s in other
suits, so

16

4
P(diamond or 7) = 5 =13

Alternatively, using the union rule for probability,

P(diamond) + P(7) — P(7 of diamonds)

13,4 1 _16_4
52 52 52 52 13
(c) There are 26 black cards plus 2 red aces, so

28 7
P(black or ace) = =13

13 26 39 3
(d) P(heart or black) = 53 +—= 5=t 1

(e) There are 26 red cards plus 6 black face cards,

SO

32 8
P(red or face card) = 2= 13

18.

20.

22,

221

(a) There are 3 uncles plus 2 cousins out of 10, so
P(uncle or cousin) = — = —.

(b) There are 3 uncles, 2 brothers, and 2 cousins,
for a total of 7 out of 10, so

7
P(mal in) = —.
(male or cousin) 10
(c) There are 2 aunts, 2 cousins, and 1 mother,
for a total of 5 out of 10, so

1
P(female or cousin) = 2 =
10 2
(a) The sample space for this experiment is listed
in part (b) below. The only outcomes in which
both numbers are even are (2,4) and (4,2), so
P(even) = — = —.

(b) The sample space is

{(1,2 )(,)(14)(5),
(2,5), (3,1),
(4,3), (4,5), (5

The 18 underlined pairs are the outcomes in which
one number is even or greater than 3, so
18 9

P(even or > 3) = =10
(c) The sum is 5 in the outcomes (1,4), (2,3), (3,2),
and (4,1). The second draw is 2 in the outcomes
(1,2), (3,2), (4,2), and (5,2). There are 7 distinct
outcomes out of 20, so

P(sum is 5 or second number is 2) = 20

P(Z)= 42, P(Y)= .35 P(ZUY) = .61

Begin by using the union rule for probability.

P(ZUY)=P(Z)+P(Y) - P(ZNY)
61 =.42+.35— P(ZNY)
61=.77—P(ZNY)

~16=-P(ZNY)
16=P(ZNY)

This gives the first value to be labeled in the
Venn diagram. Then the part of Z outside Y
must contain .42 — .16 = .26, and the part

of Y outside Z must contain .35 — .16 = .19.
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24.

26.

Observe that .26 + .16 + .19 = .61, which agrees
with the given information that P(ZUY) = .61.
The part of U outside both Y and Z must contain
1—-.61=.39.

.39

This Venn diagram may now be used to find the
following probabilities.

(a) Z’ NY’ is the event presented by the part of
the Venn diagram that is outside Z and outside
Y.

P(Z'nY') = .39

(b) Z' UY' is everything outside Z or outside YV’
or both, which is all of U except ZNY.

P(Z'UY')=1-.16= .84

(c) Z' UY is everything outside Z or inside Y or
both.

P(Z'UY)=.19+.39+.16 = .74
(d) ZNY’ is everything inside Z and outside Y.
P(ZNY') = .26
Let E be the event “a 5 is rolled.”
1 5
The odds in favor of rolling a 5 are

PE) _
P(E)

olufol—

1
5 )
which is written “1 to 5.”

Let E be the event “a 1, 2, 3, or 4 is rolled.” Here
P(E) =4 =2 and P(E') = 1. The odds in favor
of E are

P(E)
P(E)

2
1

)

wol—=|eoln

which is written “2 to 1.”

28.

30.

34.

36.

38.

40.

44.

46.

Chapter 7 SETS AND PROBABILITY

(a) Yellow: There are 3 ways to win and 12 ways
to lose. The odds in favor of drawing yellow are 3
to 12, or 1 to 4.

(b) Blue: There are 8 ways to win and 7 ways to
lose; the odds in favor of drawing blue are 8 to 7.

(c) White: There are 4 ways to win and 11 ways
to lose; the odds in favor of drawing white are 4
to 11.

When two dice are rolled, there are 36 equally
likely outcomes.

P(7or 11) = P(7) + P(11)

6 2
=36 36
_8
=36
_2
=9

The odds of rolling a 7 or 11 are

P(E) 2

P(E) 1-2

©l~|om
o

which is written “2 to 7.”

It is possible to establish an exact probability for
this event, so this is not an empirical probability.

It is not possible to establish an exact probability
for this event, so this is an empirical probability.

It is not possible to establish an exact probability
for this event, so this is an empirical probability.

The gambler’s claim is a mathematical fact, so this
is not an empirical probability.

The probability assignment is possible because the
probability of each outcome is a number between
0 and 1, and the sum of the probabilities of all the
outcomes is

92+.03+0+.02+.03 = 1.

The probability assignment is not possible. All of
the probabilities are between 0 and 1, but the sum
of the probabilities is

11 1 1 1 13

57375 T

which is greater than 1.
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48.

50.

52.

54.

56.

The probability assignment is not possible. One
of the probabilities is negative instead of being
between 0 and 1, and the sum of the probabilities
is not 1.

The answers that are given are theoretical. Using
the Monte Carlo method with at least 50 repeti-
tions on a graphing calculator should give values
close to these.

(a) .2778 (b) 4167

The answers that are given are theoretical. Using
the Monte Carlo method with at least 50 repeti-
tions on a graphing calculator should give values
close to these.

(a) .15625 (b) .3125

(a) P($500 or more) =1 — P(less than $500)

=1—(.31+.18)
=1-.49
= .51

(b) P(less than $1000) = .31 + .18 + .18
= .67

(c) P($500 to $2999) = .18 + .13 + .08
=.39

(d) P($3000 or more) = .05+ .06 + .01
=.12

(a) P(less than $350)
=1— P($350 or more)

=1—(.08+.03)
=1-.11
— .89

(b) P($75 or more)
= P($75-$99.99) + P($100-$199.99)
+ P($200-$349.99) + P($350-$499.99)
+ P($500 or more)
=.114.09 4+ .07+ .08 4- .03
=.38

(c) P($200 or more)
= P($200-$349.99) + P($350-8499.99)
+ P($500 or more)
=.074.08+.03
=.18

223

58. Let S be the event “the person is short,” and let

O be the event “the person is overweight.”

U

24

From the Venn diagram,

204+ .25+2x+.24=1
069+2x=1
xz = .31.

The probability that a person is
(a) overweight is .25 + .31 = .56;
(b) short, but not overweight is .20;

(c) tall (not short) and overweight is .31.

. (a) Since red is dominant, the event “plant has

red flowers”

={RR, RW,WR}; P(red) = Z

(b) P(white) = 1~ P(red) = ©

. (a) P(no more than 4 good toes)

=.77+.13=.90

(b) P(5 toes) = .13+ .10 = .23

. Since 55 of the workers were women, 130—55 = 75

were men. Since 3 of the women earned more than
$40,000, 55 — 3 = 52 of them earned $40,000 or
less. Since 62 of the men earned $40,000 or less,
75 — 62 = 13 earned more than $40,000.

These data for the 130 workers can be summarized
in the following table.

Men Women
$40,000 or less | 62 52
Over $40,000 13 3

(a) P(a woman earning $40,000 or less)
52

=130~
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66.

68.

70.

72.

(b) P(a man earning more than $40,000)

130

(c) P(a man or is earning more than $40,000)

6241343
T 130
78

=130 ="

(d) P(a woman or is earning $40,000 or less)

5243+ 62

o 130
117

=— =29
130

Let A be the set of refugees who came to escape
abject poverty and B be the set of refugees

who came to escape political oppression. Then
P(A) = .80, P(B) = .90, and P(AN B) = .70.

P(AUB) = P(A) + P(B) — P(AN B)
=80+.90—-.70=1

P(A'NB)=1-P(ANB)
=1-1=0

The probability that a refugee in the camp was
neither poor nor seeking political asylum is 0.

The odds of winning are 3 to 2; this means there
are 3 ways to win and 2 ways to lose, out of a
total of 2 + 3 = 5 ways altogether. Hence, the
probability of losing is %

(a) P(somewhat or extremely intolerant of Facists)

= P(somewhat intolerant of Fascists)
+ P(extremely intolerant of Facists)

271 595 86.6

100 " 100 ~ 100 D06

(b) P(completely tolerant of Communists)
= P(no intolerance at all of Communists)

47.8
=—=24
100 7

Since the odds are 4 to 7, the probability of rain
is

Chapter 7 SETS AND PROBABILITY

7.5 Conditional Probability;

10.

12.

14.

Independent Events

P(4Neven)
. P(4 =—
(4]even) P(even)
n(4 Neven)
~ n(even)
~3
. P(sum of 8|greater than 7)

P(8Ngreater than 7)
P(greater than 7)

_ n(8N greater than 7)

n(greater than 7)
) 1

15 3

. The event of getting a double given that 9 was

rolled is impossible; hence,

P(double|sum of 9) = 0.

. P(second is black|first is a spade) = 22, since there

are 25 black cards left out of 51 cards. Note that
the sample space is reduced from 52 cards to 51
cards after the first card is drawn.

P(second is an acelfirst is not an ace) = 2=, since
there are 4 aces left out of 51 cards.

The probability of drawing an ace and then draw-
ing a 4 is

4 4 4

52 51 663
The probability of drawing a 4 and then drawing
an ace is

4 4 4
52 51 663
Since these are mutually exclusive, the probability
of drawing an ace and a 4 is
4 4
— 4+ — = .012.
663 + 663
The probability that the first card is a heart is
% = i. The probability that the second is a heart,
given that the first is a heart, is % Thus, the
probability that both are hearts is
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16.

18.

22,

Conditional Probability; Independent Events

(a) The events that correspond to “sum is 7" are
(2,5),(3,4),(4,3), and (5,2), where the first num-
ber is the number on the first slip of paper and
the second number is the number on the second.
Of these, only (3,4) corresponds to “first is 3,” so

P(first is 3jsum is 7) =

=~ =

(b) The events that correspond to “sum is 8” are
(3,5) and (5,3). Of these, only (3,5) corresponds
to “first is 3,” so

1
P(first is 3|sum is 8) = 7

(a) Many answers are possible; for example, let B
be the event that the first die is a 5. Then

1
P(AN B) = P(sum is 7 and first is 5) = m

P(A)- P(B) = P(sum is 7) - P(first is 5)
6 1 1
36 6 36
so, P(ANB) = P(A) - P(B).
(b) Many answers are possible; for example, let
B be the event that at least one die is a 5.

P(ANB) = P(sum is 7 and at least one is a 5)

2
~ 36
P(A)- P(B) = P(sum is 7) - P(at least one is a 5)
6 11
%5

so, P(ANB) # P(A) - P(B).

At the first booth, there are three possibilities:
shaker 1 has heads and shaker 2 has heads;
shaker 1 has tails and shaker 2 has heads;

shaker 1 has heads and shaker 2 has tails.

We restrict ourselves to the condition that at least
one head has appeared. These three possibilities

are equally likely so the probability of two heads

o 1

1S 3-

At the second booth we are given the condition of
one head in one shaker. The probability that the

second shaker has one head is %

Therefore, you stand the best chance at the second
booth.

24. No, these events are not independent.

26.

28.

30.

32.

34.
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Since A and B are independent events.
P(ANnB)=P(A)-P(B) =

Thus,

Assume that each box is equally likely to be drawn
from and that within each box each marble is
equally likely to be drawn. If Laura does not

redistribute the marbles, then the probability of
winning the Porsche is %7
marble being drawn is equivalent to the event of

since the event of a pink

choosing the first of the two boxes.

If however, Laura puts 49 of the pink marbles into
the second box with the 50 blue marbles, the prob-
ability of a pink marble being drawn increases to
%. The probability of the first box being cho-
sen is %, and the probability of drawing a pink
marble from this box is 1. The probability of the
second box being chosen is %, and the probabil-
ity of drawing a pink marble from this box is %.
Thus, the probability of drawing a pink marble is
1.9, 1. 40 _ 14
2 2°99 — 99

The probability that a customer cashing a check
will fail to make a deposit is

P(D'|C) = % _ % _ g

The probability that a customer making a deposit
will not cash a check is

P(C'|D) = % - % - %

(a) Since the separate flights are independent, the
probability of 3 flights in a row is

98(.98)(.98) ~ .94.

(b) Independence is not very realistic.
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36. Let W be the event “withdraw cash from
ATM” and C be the event “check account balance
at ATM.”

P(CUW) = P(C) + P(W) — P(CNW)
96 =.32+.92— P(CNW)
—98=—P(CNW)

P(CNW) = .28
PCNW
L
.32
~ .875

The probability that she uses an ATM to get cash
given that she checked her account balance is .875.

38. Let I be the event “the bike passes the inspection”
and B be the event “the bike came off assembly
line B.” The fact that 90% of line B’s products
pass inspection gives P(I|B) = .9. Thus,

P(I' N B) = P(B) - P(I'|B)
= 6(.1)
= .06.

40. The sample space is
{RW,WR, RR,WW}.

The event “red” is { RW, W R, RR}, and the event
“mixed” is {RW, W R}.

n(mixed and red)
n(red)

P(mixed|red) =

2
=3
Use the following tree diagram for Exercises 42
and 44.

1st 2nd 3rd
child child child Branch Probability

12__ B 1 1/8

12 B<__

B< 126G 2 1/8
12 D~ 1/2_ B 3 1/8
1/2—=G 4 1/8
1/2 B 5 1/8
172 GKBI/<2G 6 1/8
1/2 __ B 7 1/8
12~ @G
1/<2G 8 1/8

42.
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P(3 girls|3rd is a girl)
P(3 girls and 3rd is a girl)
P(3rd is a girl)

= = ol=]ool=

44. P(3 girls|at least 2 girls)

46.

P(3 girls and at least 2 girls)
P(at least 2 girls)
P(3 girls)
P(at least 2 girls)
B P(3 girls)
~ P(2 girls) + P(3 girls)

ool

+
[ou] =

= = ool]ool=  ooleo

(Note that
. 1 11
P(3 girls) = P(GGG) = 33573

and

P(2 girls) = P(GGB)

+ P(BGG) + P(GBG)
L
8

(a) P(homosexual contact|male)

8388
= ~ .4
18,423 6

(b) P(intervenous drug use|female)

1541
=—~.2

5401 )
5401

(c) P(female) = 53.821 .

(d) P(female|heterosexual contact)
1806
T 2952
(e) No, the probabilities in (c¢) and (d) are not
equal.

.61
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48.

50

52

54

56.

58.

P(M|C) =

P(M'|C) =

Conditional Probability; Independent Events

P(M) = .487, the total of the M column.

P(M NC) = .035, the entry in the M column and
C row.
PMNQC)
P(C)
.035
~ 039
~ .897

P(M'NC)
P(C)

004
~ 039

~ .103

(a) From the table,
P(C'N D) = .0008 and
P(C) - P(D) = .0400(.0200) = .0008.

Since P(C N D) = P(C) - P(D), C and D are
independent events; color blindness and deafness
are independent events.

(a) P(letter is in drawer 1) = .1

(b) P(letter is in drawer 2|letter is not in drawer 1)
1
= —=.1111
9

(c) P(letter is in drawer 3|letter is not in drawer 1

or 2)
1

=—=.125
.8

(d) P(letter is in drawer 8|letter is not in drawers 1
through 7)

1
= — =~ .3333
3

(e) The probability is increasing.
(f) P(letter is in some drawer) = .8

(g) P(letter is in some drawer|not in drawer 1)

EN |

= — = 7777

ol

(h) P(letter is in some drawer|not in drawer 1
or 2)

=—=.75

ol o

60.

62.

64.

66.

68.
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(i) P(letter is in some drawer|not in drawers 1
through 7)

—_

=3 3333

(j) The probability is decreasing.

PA) = 22« 204
576
95
P(A|H) = — ~ .274
(AlH) = o7

No, P(A) # P(A|H).

Draw the tree diagram.

64 married
have job <
.36

single
26 married
48 . <
no job
14 single

(a) P(married) = P(job and married)
+ P(no job and married)
= .52(.64) + .48(.86)
= .3328 + .4128
= .7456

(b) P(job and single) = .52(.36) = .1872

P(component fails) = .03

(a) Let n represent the number of these compo-
nents to be connected in parallel; that is, the com-
ponent has n — 1 backup components.

P(at least one component works)

=1 — P(no component works)
=1 — P(all n components fail)
—1-(03)"

If this probability is to be at least .999999, then

1— (.03)" > .999999
—(.03)" > —.000001
(.03)" < .000001,

and the smallest whole number value of n for which
this inequality holds true is n = 4. Therefore,
4 — 1 = 3 backup components must be used.
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70. First draw the tree diagram.

26 have loan
65 or over <
29 74

no loan

have loan

%0 .53
’ under 65 <
47 no loan

(a) P(person is 65 or over and has a loan)
= P(65 or over)-P(has loan|65 or over)
= .20(.26) = .052

(b) P(person has a loan)

= P(65 or over and has loan)
+ P(under 65 and has loan)
20(.26) + .80(.53)

=.052 + .424
= 476
72.
4/5 §
D <
2/3 73 ¢
s

D’<
1/2 s’

From the tree diagram, we see that the probability
that a person

(a) drinks diet soft drinks is

204y, 1/1\_8 1
3\5)73\2) 1576
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74. First draw a tree diagram.

1/3 no ticket
stopped
1/2 P <
2/3 ticket

172 not stopped

1/1 1 2
P 1 k = — —_ _ = -
(a) P(no ticket) 5 <3> + 5=73

(b) P(no ticket on three consecutive weekends)
2 22 8

76. Let A be the event “student studies” and B be the
event “student gets a good grade.” We are told
that P(A) = .6, P(B) = .7, and P(AN B) = .52.

(a) Since P(A) - P(B) is not equal to P(AN B),
A and B are not independent. Rather, they are
dependent events.

(b) Let A be the event “a student studies” and
B be the event “the student gets a good grade.”
Then
P(BNA) .52
P(B|A) = ———~+— = — ~ .8T.
(Bl4) P(A) .6
(c) Let A be the event “a student gets a good
grade” and B be the event “the student studied.”
Then

P(BNA) _ .52

7.6 Bayes’ Theorem
2. By Bayes’ theorem,
P(M'|N) =1 — P(M|N)
. P(M) - P(N|M)
N P(M)-P(N|M)+ P(M')- P(N|M")
L A4(.3)
4(3) +.6(.4)
B 12
T 12+.24
_q_Lr_2
3 3
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4. P(R.|Q)
P(Ry) - P(Q|Rz)

B 6(.3)
~.05(.4) + .6(.3) + .35(.6)
18 18

T4 4

6. This is the complement of the event in Exercise 3,
SO
P(R,'|Q) =1 - P(R|Q)
2.3
41 417

10. Let @ be the event “person is qualified” and A be
the event “person was approved.” Set up a tree

.83
(0] <
.70 15 A’
30 .20
o' <
.80 A’

Using Bayes’ theorem,

PQ) - P(AlQ)
P(Q)- P(A|Q) + P(Q') - P(A|Q")
B 70(.85)
~ 70(.85) + .30(.20)
595 595
655 655

diagram.

P(QIA) =

I
¢
©
S
%

P(R1)P(Q|R1) + P(R2) P(Q|R2) + P(R3) P(Q|R3)
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12. Let A be the event “the bag came from supplier
A" B be the event “the bag came from supplier
B,” and D be the event “the bag is damaged.” Set
up a tree diagram.

90_—D'
A <
79 10 D
” 95 D!
B <
05 ~p
- P(A) - P(D|A)
PAID) = 5o BDIA)  P(B) - PODIB)
~70(10)
= 770(.10) + -30(.05)
_ 070 s
.085

14. Let A represent the event “slow pay” and L rep-
resent the event “large down payment.” Set up a
tree diagram.

14 L

A <
02 = L
L

.98 -50
AI
.50 L'
Use Bayes’ therorem.

P(A) - P(L|A)
P(A) - P(LIA) + P(A") - P(L|A")
02(.14)
~ 02(.14) + .98(.50)
0028 1

= 2038~ 176 =000

P(AIL) =
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16. Let D be the event “a defective appliance” and
A be the event “appliance manufactured by com-
pany A.” Start with a tree diagram, where the
first stage refers to the companies and the second
to defective appliances.

.01 D
A <

15 99 D'

.015 D

985 D'

45 02 D
C <

98 D'

From Bayes’ theorem, we have

P(A|D)

_ P(4) - P(D]A)
- P(A)-P(D|A)+P(B)-P
0015
0015 + .006 -+ .009

~ .091.

18. Let H be the event “high rating,” F} be the event
“sponsors college game,” F5 be the event “spon-
sors baseball game,” and Fj3 be the event “spon-
sors pro football game.” First set up a tree dia-
gram.

Now use Bayes’ theorem.
P(F1|H)
P(Fy) - P(H|Fy)

(D|B) + P(C) - P(D|C)

P(Fy)P(H|F1)+P(Fy) P(H|Fy)+ P(F3)P(H|F3)

B 5(.70)

~ 5(.70) + -2(:50) + .3(.60)
35 5

T 639
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20. Let L be the event “the object was shipped by
land,” A be the event “the object was shipped by
air,” S be the event “the object was shipped by
sea,” and E be the event “an error occurred.”

P(L|E)

P(L)- P(E|L)
P(L)- P(E|L) + P(A) - P(E|A) + P(S) - P(E|S)

_ .50(.02)
~.50(.02) + .40(.04) + .10(.14)

0100

T.0400 2

The correct response is (c).

22. Let FE represent the event “hemoccult test is posi-
tive,” and let F represent the event “has colorectal
cancer.” We are given

P(F) = .003, P(E|F) = .5, and P(E|F') = .03

and we want to find P(F|E). Since P(F) = .003,
P(F') = .997. Therefore,

P(F) - P(E|F)
P(F)- P(E|F) + P(F")- P(E[F")
0035
~ 003~ 5+.997- .03

P(F|E) =

~ .0478.

24. Let H be the event “has hepatitis” and T be the
event “positive test.” First set up a tree diagram.

Using Bayes’ theorem,

P(H)- P(T|H)
P(H)-P(T|H)+ P(H')- P(T|H")
8(.90)
~ 8(:90) + 2(.05)
272

P(H|T) =
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26. Let H be the event “has HIV” and T be the event “positive test.” The problem asks for P(H|T'). Using the

given values
950,000

~ 491,000,000
95 T

H <
P(H)

05> T1'

P(H)

~

1-P(H) 02
9

H’<
8

T '

Using Bayes’ Theorem,

950,000 (.95)
P(H|T) = P(H)-P(T|H) . 191,000,000 J \ ~ 0843
" P(H)-P(T|H P(H" - P(T|H" , ) T
(H) - PCTTH) + PO - PCOIHY) (LS040 ) (95) + (1 - ittes ) (02)

28. Let M be the event “wife was murdered” and G be the event “husband is guilty.” Set up a tree diagram.

1 M
G <
001 5 .
999 { M
G
999 M

P(G) - P(M|G) .001(1) ~ 00

P(GIM) = P(G) - P(M|G) + P(G")- P(M|G") _ -001(1) + .999(.001)

30. P(between 18 and 24|woman who has been married)

B .123(1 — .775)
n .123(1 — .775) + .194(1 — .298) + .219(1 — .121) + .284(1 — .062) + .181(1 - .047)
B .027675 -
T 795249 T
32. Set up a tree diagram.
29 unharmed
seat belt A4 injured
49
27 ™ killed
09 unharmed
= n(;(s;ta t <‘41 injured
.50 killed
.49(.27)

~ .342

Pkilled|wore seat belt)= —5—7~— 253
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34. Let V represent the event “person votes” and “65”
represent “65 or older.” Look at the tree diagram.

P(18-21|V)

B .11(.48)

o .11(.48)+.076(.53)+.376(.68)+.283(.64)+.155(.74)
.0528

= ~ .082
.64458 08

36. Refer to the tree diagram for Exercise 32.
P(45-64)|V")

B 283(.36)

T 11(.52)+.076(.47)+.376(.32)+.283(.36)+.155(.26)
10188

T 35542 287

Chapter 7 Review Exercises
2. 4¢{3,9,7}

Since 4 is not an element of the given set, the
statement is true.

4. 0€{0,1,2,3,4}

Since 0 is an element of the given set, the state-
ment is true.

6. {1,2,5,8} C {1,2,5,10,11}

Since 8 is an element of the first set but not of the
second set, the first set cannot be a subset of the
second. The statement is false.

8. 0 C {1}

The empty set is a subset of every set, so the state-
ment is true.

Chapter 7 SETS AND PROBABILITY

10. 0C 0

The empty set contains no elements and has no
subsets except itself. Therefore, the statement is
false.

In Exercises 12-20,

U= {37 ba G, da €, fa g}7
K = {C7 d? f7 g}? and
R = {av G, d7 €, g}

12. n(R) =5, so R has 25 = 32 subsets.

14. R’ = {b, {} since these elements are in U but not
in R.

16. KUR =/a, ¢, d, e, f, g} since these elements are
in K or R, or both.

18. (KUR)’' = {b} since this element is in U but not
in K U R. (See Exercise 16.)

20. U’ = (), which is always true.

22. BN D is the set of all sales employees who have
MBA degrees.

24. A’ N D is the set of all employees with MBA
degrees who are not in the accounting department.

26. (B UCY) is the set of all employees who are not
either in the sales department or female, that is,
all male employees not in the sales department.

28. A’ N B contains all elements in B and not in A.

U

ANB

30. (AUB)'NC includes those elements in C' and not
in either A or B.

AuB)'nC
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32

34.

36.

38.

40.

42.

44.

50.

52.

54.

. S ={ace, 2,3,4,5,6,7,8,9,10, J, Q, K}
There are 16 possibilities.

S = {hhhh, hhht, hhth, hthh, thhh
hhtt, htht, htth, thht, tthh,
thth, httt, thtt, ttht, ttth, tttt}

Let R = red and G = green.
E= {(7a R)v (7? G)a (97R)’ (9, G)> (11?R)a (117 G)}

The outcomes are not equally likely since there are
more red than green balls. For example, (7, R) is
twice as likely as (7, G).

There are 2 red queens out of 52 cards, so
2 1
P = —_—= —
(red queen) 55 = 98

There are 26 black cards plus 6 red face cards, so
32 8
P(black f == =—
(black or a face card) 5= 13

There are 12 face cards, of which 4 are jacks, so
4 1
P(jack|f d) = — = -.
(jack|face card) 3= 3

Independent events are never mutually exclusive.
If A and B are nonempty and independent, then

P(ANB) = P(A) - P(B).

For mutually exclusive events, P(A N B) = 0,
which would mean P(A) = 0 or P(B) = 0. This
is impossible.

Let C be the event “a club is drawn.” There are 13
clubs in the deck, so n(C) =13, P(C) = £ = 1,
and P(C') =1— P(C) = 3. The odds in favor of

drawing a club are

pPC) _
P(C7)

INH SN

which is written “1 to 3.”

Let R be the event “a red face card is drawn” and

Q@ be the event “a queen is drawn.” Use the union
rule for probability to find P(RU Q).

P(RUQ) = P(R)+ P( P(RNQ)

6 4

"R ®

8 2

52 13

Q) -
2
52

56.

58.

60.

62.

64.
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P(RUQ) =1-P(RUQ)
2 11

T3 13
The odds in favor of drawing a red face card or a

queen are
P(RUQ) 1
P(RUQ) % 11’

which is written “2 to 11.”

A sum of 0 is impossible, so

P(sum is 0) = 0.

P(sum is no more than 5)

— P(2) + P(3) + P(4) + P(5)

1 2 3 4
= —+ ot ot

36 36 36 36
10 )

A roll greater than 10 means 11 or 12. There are 3
ways to get 11 or 12, 2 for 11 and 1 for 12. Hence,

1
P(12|sum greater than 10) = 3

For P(at least 9|one die is a 5), the sample space
is reduced to

{(5,1),(5,2),(5,3), (5,4), (5,5),
(5,6),(1,5),(2,5),(3,5), (4,5),(6,5)};

of these 11 outcomes, 5 give a sum of 9 or more,
SO

P(at least 9|at least one die is 5) = % ~ .455.

First make a tree diagram. Let A represent “box
A” and K represent “black ball.”
K

1/6
A <
3/8 Py o
K
5/8 3/5
A’
2/5 K'
Use Bayes’ theorem.

P(A) - P(K|A)
"P(K|A) + P(A) - P(K|A')

P(AIK) =

a

(A

el PITS)
o=

= T
olen
alw

~ .143

|
shfzl- =
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66.

68.

P(C|R) =

70.

72.

74.

First make a tree diagram letting C' represent “a
competent shop” and R represent “an appliance
is repaired correctly.”

95
c <
.80 03 R
20 .60
. C' <
40 R'

To obtain P(C|R), use Bayes’ theorem.
P(C) - P(R|C)
P(C)- P(R|C)+ P(C") - P(R|C")
.80(.95)
~ 780(.95) + .20(-60)
7619
88 27
Refer to the tree diagram for Exercise 66.
Use Bayes’ theorem.
P(C) - P(R'|C)
P(C)- P(R'|C)+ P(C") - P(R'|C")
.80(.05)
~ '80(.05) + .20(-40)
.04 1
T 123
To find P(R), use

P(C|R) =

.864

P(R) = P(C) - P(R|C) + P(C") - P(R|C")
= .80(.95) + .20(.60) = .88

(a) “A customer buys neither machine” may be
written (EUF) or E' N F’.

(b) “A customer buys at least one of the
machines” is written U F.

Use Bayes’ theorem to find the required probabilities.

(a) Let D be the event “item is defective” and Ej,
be the event “item came from supplier k,”
k=1,2,34.

P(D) = P(E1) - P(D|E1) + P(E») - P(D|E»)

+ P(Ey) - P(D|By) + P(Ey) - P(D|Ey)

= 17(.04) 4 .39(.02) + .35(.07) + .09(.03)
= .0418

76.
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(b) Find P(E4|D). Using Bayes’ theorem, the nu-
merator is

P(Ey) - P(D|Ey) = .09(.03) = .0027.

The denominator is P(Ey) - P(D|Ey) + P(E2) -
P(D|E») + P(E3) - P(D|E3) + P(E4) - P(D|Ey),
which equals

17(.04) +.39(.02) + .35(.07) + .09(.03) = .0418.
Therefore,

0027

P(E4|D) = 0a8 ™

.065.
(c¢) Find P(E»|D). Using Bayes’ theorem with the
same denominator as in part (a),

P(E,) - P(D|E,)
0418

~.39(.02)

~ 0418

0078

~ 0418

~ .187.

P(E,|D) =

(d) Since P(D) = .0418 and P(D|E,) = .03,
P(D) # P(D|Ey)

Therfore, the events are not independent.

(a) | No T
Ni | NN, N1Ts
Ty | T1Ns Ty

Since the four combinations are equally likely, each
has probability %.
1
(b) P(two trait cells) = P(T1T3) = 1
(c) P(one normal cell and one trait cell)
= P(N1T5) + P(T1N»)

11
T4 4
1
T2
(d) P(not a carrier and does not have the disease)
= P(N1Ns)
1

4
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78. Let W be the event “voter was a woman” and R
be the event “voter was a Republican.” Complete
a tree diagram.

27_R
w

51 N

49 SR
w

64 R’

To obtain P(W|R), use Bayes’ Theorem.

PW) - P(RIW)

mezpmymmm+mww

P(RIW")

84. (a) P(making a 1st down with n yards to go)

number of successes

number of trials

235

Probability of Making
n | Trials | Successes First Down with n
Yards to Go
388
1 543 388 g3 ~.715
186
2 327 186 35 ~ .569
146
3 356 146 g ~ 410
97 .
4 302 97 353 ~ 321
5 336 91 % ~ .271

86. Let L = the set of songs about love;

51(.27)
51(.27) + .49(.36)
1377
3141

~ .44

80. (a) P(answer yes)
= P(answer B) - P(answer yes|answer B)
+ P(answer A) - P(answer yes|answer A)

Divide by P(answer B).

P
% = P(answer yes|answer B)
+P(answer A) - P(answer yes|answer A)

P(answer B)

Solve for P(answer yes|answer B).
P(answer yes|answer B)

P(answer yes)—P(answer A) - P(answer yes| answer A)

P(answer B)

(b) Using the formula from part (a),

6-3(3) _ 7

82. In calculating the probability of two babies in a
family would die of SIDS is (1/8500)2, he assumed
that the events that either infant died of SIDS are
independent.
which case the events are dependent.

There may be a genetic factor, in

P = the set of songs about prison;

and I = the set of songs about trucks.

We are given the following information.

n(LNPNT) =12
LmPy—B
L)=

LmTy_m

(
n(
(
(
n(PNTNL)=3
(
(L
(

3 3

n(PNLNT) =2
n(l' N P'NT") =8
n(T NP =16

Start with LNPNT.n(LNPNT) =12
Complete L N P with 1 for a total of 13.
Complete L N'T with 6 for a total of 18.
Complete PNT with 3 since n(PNT NL)
Complete L with 28 — (1 + 12 +6) = 9.

Complete P with 2 since n(PNL' NT") = 2.

Since n(T' N P’) = 16, complete T with
16 — 6 = 10.
Put 8in (L'NP'NT").

A
(SN

[}

=3.
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88.

(a) The total number of songs surveyed is
9+1+12+6+2+3+10+8 =51
(b) The number of songs about truck drivers is
n(T) = 6+12+3+10 = 31.
(c) The number of songs about prisoners is
n(P)=1+2+3+12=18

(d) The number of songs about truck drivers in
prison is

n(I'NP)=12+3 =15.

(e) The number of songs about people not in prison
is

n(P')=9+6+10+8 = 33.

(f) The number of songs about people not in love
is

n(L')=2+3+10+8 =23.

(a) P(double miss) =.05(.05) = .0025

(b) P(specific silo destroyed)
=1 — P(double miss)
=1-.0025
=.9975

c) P(all ten destroyed) = (.9975)10 ~ .9753
(c) y

(d) P(at least one survived)
= 1 — P(none survived)
=1 — P(all ten destroyed)
=1-.9753
=.0247 or 247%

This does not agree with the quote of a 5% chance
that at least one would survive.

(e) The events that each of the two bombs hit
their targets are assumed to be independent. The
events that each silo is destroyed are assumed to
be independent.

Chapter 7 SETS AND PROBABILITY

Extended Application: Medical
Diagnosis
1. Using Bayes’ theorem,
P(Hy|Ch)
_ P(C1|Hz) - P(H2)
P(C1|H1)P(Hy) + P(C1|H2) P(H2) + P(C1|H3) P(Hs)
B 4(.15)
~.9(.8) + .4(.15) + .1(.05)

.06
T .076.

2. Using Bayes’ theorem,
P(H,|Cs)

_ P(Co|Hy) - P(Hy)

o P(C5|Hy)P(H,y) + P(Co|Hy)P(Hs) + P(Co|Hs)P(H3)
B 2(.8)

—.2(.8) + .8(.15) + .3(.05)

.16
= —— =~ .542.
.295 g

3. Using Bayes’ theorem,
P(H;3|Cs)

_ P(Cs|H3) - P(H3)
P(Cy|Hy)P(Hy) + P(C2|H2) P(Hz) + P(C|H3) P(Hs)

_ .3(.05)

~.2(.8) + .8(.15) + .3(.05)

015

T 295

~ .051.



Chapter 8

COUNTING PRINCIPLES; FURTHER PROBABILITY TOPICS

8.1 The Multiplication Principle;

Permutations
2. 7M=7-6-5-4-3-2-1=15040
4.16!=16-15-14-13-12-11-10
.9.8.7-6-5-4-3-2-1
~ 2.092 - 103
12! 12!
6. P(12,3) = ——— = —
(12,3) (12=3)! ol
~12-11-10-9!
B 9!
= 1320
33! 33!
8.P33,19) =75 =—
(33, 19) (33—-19)! 14!
~ 9.960 - 10%°
10. P n! n!  nl |
. P(n,n) = e =nl!
12. P 1 n! n!
P =) = e T T g 1
n!
= —=n!
1!
14. By the multiplication principle, there will be
3-8-5=120
different meals possible.
16. The number of ways to choose a slate of 3 officers
is
15! 15!
P(15,3) = —— = —
(15,3) (15—3)! 12!
_15-14-13-12!
B 12!
= 2730.
18. There is exactly one 3-letter subset of the letters

A, B, and C, namely A, B, and C.

20.

22,

(a) initial

This word contains 3 i’s, 1 n, 1 t, 1 a, and 1 ¢.
Use the formula for distinguishable permutations
withn=7 n =3, no=1 n3=1, ng =1, and
ns = 1.

n! 7!
ningingnang! 3L
7-6-5-4-3
31
= 840

There are 840 distinguishable permutations of the
letters.

(b) little
Use the formula for distinguishable permutations
withn =6, ny =2, ng =1, n3 =2, and ng = 1.
6! 6! 6-5-4-3-2-1
212111~ 2021 2-1-2-1
There are 180 distinguishable permutations.

(c) decreed

Use the formula for distinguishable permutations
withn=7 n =2, no =3, ng=1, and ny = 1.
o7 7-6-5-4-3
2131111~ 2131 2.1-3!

There are 420 distinguishable permutations.

=180

=420

(a) The 9 books can be arranged in
P(9,9) = 9! = 362, 830 ways.

(b) The blue books can be arranged in 4! ways,
the green books can be arranged in 3! ways, and
the red books can be arranged in 2! ways. There
are 3! ways to choose the order of the 3 groups of
books. Therefore, using the multiplication princi-
ple, the number of possible arrangements is

41312131 =24 -6 -2 -6 = 1728.

(c) Use the formula for distinguishable permuta-
tions with n = 9, ny = 4, ne = 3, and ng = 2.
The number of distinguishable arrangements is
99 9-8-7-6-5-4!
43120 41-6-2

= 1260.

237
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24.

26.

28.

30.

32.

34.

36.

Chapter 8 COUNTING PRINCIPLES; FURTHER PROBABILITY TOPICS

(d) There are 4 choices for the blue book, 3 for
the green book, and 2 for the red book. The total
number of arrangements is
4-3.-2=24.
4! 4!
G-o o
If 0! = 0, then P(4,4) would be undefined.

P(4,4) =

(a) The number 13! has 2 factors of five so there
must be 2 ending zeros in the answer.

(b) The number 27! has 6 factors of five (one each
in 5, 10, 15, and 20 and two factors in 25), so there
must be 6 ending zeros in the answer.

(c) The number 75! has 15 + 3 = 18 factors of five
(one each in 5, 10,..., 75 and two factors each in
25, 50, and 75), so there must be 18 ending zeros
in the answer.

Use the multiplication principle. There are
7-6-4-5=840

varieties of automobile available.

If each species were to be assigned 3 initials, since

there are 26 different letters in the alphabet, there

could be 263 = 17,576 different 3-letter designa-

tions. This would not be enough. If 4 initials were

used, the biologist could represent 26* = 456, 976

different species, which is more than enough. There-
fore, the biologist should use at least 4 initials.

The number of ways to seat the people is

6! 6!
=6-5-4-3-2-1
= 720.

The number of ways to arrange a schedule of 3
classes is

6! 6!
P(6,3) = 6-3)! 3l
_ 6-5-4-3
N 3!
=120.

The number of possible batting orders is
200 20!
(20—-9)! 11!
= 60,949, 324, 800
~ 6.09493 - 100,

P(20,9) =

38.

40.

42.

44.

(a) The number of ways 5 works can be arranged
is
P(5,5) = 5! = 120.

(b) If one of the 2 overtures must be chosen first,
followed by arrangements of the 4 remaining pieces,
then

P(2,1)-P(4,4)=2-24 =148

is the number of ways the program can be arranged.

By the multiplication principle, a person could
schedule the evening of television viewing in

8:-5-6 =240
different ways.
(a) There are 5 odd digits: 1, 3, 5, 7, and 9.

There are 7 decisions to be made, one for each

digit; there are 5 choices for each digit. Thus,

57 = 78,125 phone numbers are possible.
(b) The first digit has 9 possibilities, since 0 is not
allowed; the middle 5 digits each have 10 choices;
the last digit must be 0. Thus, there are
9-10° - 1 = 900,000
possible phone numbers.
(c) Solve as in part (b), except that the last two
digits must be 0; therefore there are
9.10*-1-1 = 90,000
possible phone numbers.

(d) There are no choices for the first three digits;
thus,

13 .10* = 10,000
phone numbers are possible.

(e) The first digit cannot be 0; in the absence
of repetitions there are 9 choices for the second
digit, and the choices decrease by one for each
subsequent digit. The result is

9.-9.8-7-6-5-4=>544,320
phone numbers.

There are 8 choices for the first digit, since it can-
not be 0 or 1. Since restrictions are eliminated for
the second digit, there are 10 possibilities for each
of the second and third digits. Thus, the total
number of area codes would be

8-10-10 = 800.
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46.

48.

50.

52.

Combinations

Since a social security number has 9 digits with
no restrictions, there are

10° = 1,000, 000,000 (1 billion)

different social security numbers. Yes, this is enough
for every one of the 281 million people in the
United States to have a social security number.

Since a zip code has nine digits with no restric-
tions, there are

10° = 1,000,000,000
different 9-digit zip codes.

Since a 20-sided die is rolled 12 times, the number
of possible games is

2012 or 4.096 - 10 games.

(a) The number of different circuits is P(9, 9) since

we do not count the city he is starting in.
P(9,9) = 9! = 362, 830

is the number of different circuits.

(b) He must check half of the circuits since, for
each circuit, there is a corresponding one in the
reverse order. Therefore,

1
5(362, 880) = 181,440
circuits should be checked.

(¢) No, it would not be feasible.

8.2 Combinations

2.

To evaluate (3), use the formula

O

with n = 8 and r» = 3.

()= 5=
8!

IR
8765

_5!.3.2~1_56

4.

10.

12.
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To evaluate (;lé), use the formula

() =5

with n = 44 and r = 20.

44\ 44l
20) (44 — 20)120!

44!

= 241200
— 1.761 - 10'2

There are 13 clubs, from which 6 are to be chosen.
The number of ways in which a hand of 6 clubs
can be chosen is

13\ 13!
= —— = 1716.
( 6) 716!

(a) The number of ways to select a committee of
4 from a club with 30 members is

30
(4) = 27, 405.

(b) If the committee must have at least 1 member
and at most 3 members, it must have 1, 2, or 3
members. The number of committees is

30 30 30
(1) +(2> +<3) = 30 + 435 + 4060
525.
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14.

18.
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(a) With repetition permitted, the tree diagram
shows 16 different pairs.

< -
TZ2r 9ZE v ZE e vz

A

(b) If repetition is not permitted, one branch is

missing from each of the clusters of second branches,

for a total of 12 different pairs.

2 —
ZZ2- w2 vz vz=

A

(c) Find the number of combinations of 4 elements

(-

No repetitions are allowed, so the answer cannot

taken 2 at a time.

equal that for part (a). However, since order does
not matter, our answer is only half of the answer
for part (b). For example, LM and ML are distinct
in (b) but not in (¢). Thus, the answer differs from
both (a) and (b).

Since order is not important, the answers are
combinations.

(a) If there are at least 4 women, there will be
either 4 women and 1 man or 5 women and no
men. The number of such committees is

()01

20.

22,

24.

26.

(b) If there are no more than 2 men, there will be
either no men and 5 women, 1 man and 4 women,
or 2 men and 3 women. The number of such com-
mittees is

b -0

= 7722.

Order does not matter, so use combinations.

(a) The 3 students who will take part in the course
can be chosen in

12\ 120 12-11-10-9!
=2 2 0T 990 ways.
(3) oIt~ T ol-3-2-1 ways

(b) The 9 students who will not take part in the
course can be chosen in

12 12!

Since order does not matter, use combinations.

(a) There are
25
= 2300
()

possible samples of 3 apples.

(b) There are
3
=10
(5

possible samples of 3 rotten apples.

(c) There are
()=

possible samples with exactly 1 rotten apple.

Since order is important, use a permutation. The
plants can be arranged in

P(9,5)=9-8-7-6-5=15,120
different ways.

Use combinations since order does not matter.

(a) First consider how many pairs of circles there
are. This number is

6 6!
(5) =5 =15

Each pair intersects in two points. The total num-
ber of intersection points is 2 - 15 = 30.
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28.

30.

32.

Combinations

(b) The number of pairs of circles is

_ n(n —1)(n —2)!
(n—2)-2
= %n(n —1).

Each pair intersects in two points. The total num-
ber of points is

2~%n(n— 1) =n(n-1).

Since order is important, use permutations. (Each
secretary is being assigned to a manager, which is
essentially the same as putting them in numbered
slots.) The secretaries can be selected in

P(7,3)=7-6-5=210
different ways.

Since order is not important, use combinations.

(a) Since 2 workers are to be chosen from a group
of 7, the number of possible delegations is

[

(b) Since a particular worker must be in the del-
egation, the first person can only be chosen in 1
way. The second person must be selected from
the 6 workers who are not the worker who must
be included. The number of different delegations

()

(¢) We must count those delegations with exactly
1 woman (1 woman and 1 man) and those with 2
women. The number of delegations including at
least 1 woman is

(0 ()-er-

Since order is not important, use combinations.

50 50!
=——=2/11
( ) > 45!5! , 118,760

is

34.

36.

38.

40.

42.
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Since the plants are selected at random, that is, or-
der does not matter, the answers are combinations.

(a) She is selecting 4 plants out of 11 plants. The
number of ways in which this can be done is

11
<4> = 330.

(b) She is selecting 2 of the 6 wheat plants and
2 of the 5 other plants. The number of ways in
which this can be done is

(2)(2) =

Since order is important, use permutations.

10! 10!
T = — = 5040

POOA) = G571 ~ &

different committees are possible.

Since order does not matter, use combinations.

52\ 52!
13) (52— 13)!13!

52
~39113!
= 635,013, 559, 600

Since order does not matter, use combinations.

4

2 good hitters: (;) <1> =10-4=40
4

3 good hitters: (Z) <0> =10-1=10

The total number of ways is 40 + 10 = 50.

Since order does not matter, use combinations.

20
= 15,504
(5)=

different ways to select 5 of the orchids.

(a) There are

(b) If 2 special orchids must be included in the
show, that leaves 18 orchids from which the other
3 orchids for the show must be chosen. This can

be done in
18
= 816
(5)

different ways.
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44.

46.
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In the lottery, 6 different numbers are to be chosen
from the 99 numbers.

(a) There are
99 99!
= —— =1,120, 529, 256
(6> o316l —

different ways to choose 6 numbers if order is not
important.

(b) There are

99!
P(99,6) = 931 = 806, 781, 064, 320

different ways to choose 6 numbers if order mat-
ters.

(a) There can be 5, 4, 3, 2, 1, or no toppings. The
total number of possibilities for the first pizza is

11+11+11+11+11+11
5 4 3 2 1 0
=462+330+4+165+55+ 1141

= 1024.

The total number of possibilities for the toppings
on two pizzas is

1024 - 1024 = 1,048, 576.

(b) In part (a), we found that if the order of the
two pizzas matters, there are

1024% = 1,048, 576

possibilities. If we had a list of all of these possibil-
ities and if the order of the pizzas doesn’t matter,
we must eliminate all of the possibilities that in-
volve the same two pizzas. There are 1024 such
items on the list, one of each of the possibilities
for one pizza. Therefore, the number of items on
the list that have a duplicate is

1,048,576 — 1024 = 1,047,552.
To eliminate duplicates, we eliminate the second
listing of each of these, that is,

1,047,552

= 523,776.
2 )

48.

Subtracting this from the number of possibilities
on the list, we see that if the order of the two
pizzas doesn’t matter, the number of possibilities
is

1,048,576 — 523,776 = 524,800.

Consider the first conference with five teams in
each of the three divisions. The three winners
from the three divisions can result in 5-5 -5, or
53, ways. Then, of the remaining 15 — 3 = 12
teams, the three wild card teams can be chosen in
12-11-10 ways. And since the order of the teams
is not relevant, there are 53'12#

the teams from the first conference.

ways to choose

In the second conference, the situation is the same
with the single exception being that one division
has six, not five, teams. Therefore, there are
6-5-5 =652 ways to choose the three division
winners and 13 - 12 - 11 ways to choose the wild
card teams. Therefore, there are 6'52'13# ways
to choose the six teams from the second confer-
ence.
Finally, the number of ways the six teams can
be selected from the first conference and the six
teams can be selected from the second conference
is
53.12-11-10 6-5%-13-12-11
6 6

= 1,179,750,000.

2.

8.3 Probability Applications of

Counting Principles

There are (130) = 120 ways to select 3 of the 10
apples, while there are (3) = 4 ways to select 3

yellow ones. Hence,

4
P(3 yellow) = (—3> = 4 = i

“More red than yellow” means 2 or 3 red. There
are (g) ways to choose 2 red apples and (411) ways

to pick a yellow; hence, there are (g) (411) = 60 ways
to choose 2 red. Since there are (g) = 20 ways to

pick 3 red, we have 60 + 20 = 80 ways to have
more red than yellow. Therefore,
80 80 2

P(more red) = @ =10=3
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6. There are (;1) = 6 ways to pick 2 aces out of (522)
ways to pick 2 cards; hence,

G 6 1
P(2aces)—@—ﬁ—m~0045

8. There are (123) = 78 ways to pick 2 spades; hence,

78 1
P(2 spades) = ﬁ = ﬁ = .059.

10. There are (122) = 66 ways to pick 2 face cards;

hence,

66 11
1326 221 0498

12. Ace, 2, 3, 4, 5, 6, 7, and 8 are the cards in each
suit that are “not higher than 8,” for a total of 32,
SO

P(2 face cards) =

P(no card higher than 8)

_ () o6 248

(522) 1326 663
14. Only the first letter is specified; the other 4 can
be any letter. The probability of starting with the

letter p is

1
— =~ .038.
26

16. There are 26° possible 5-letter “words,” and 23°
words” that do not contain x, y, or z. Hence,

P(no x, y, or z)

23° 6,436,343

= — = ~ .5417.
265 11,881,376 HalT

20. Using the result from Example 6, the probability
that at least 2 people in a group of n people have
the same birthday is

P(365,n)

(365)"

Therefore, the probability that at least 2 of the

100 U.S. Senators have the same birthday is

P(365,100)

(365)100

1-—

1—

22. There are (Z) ways to pick which pair is to have
the same birthday. One member of the pair has
365 choices of a birthday, the other only 1. The
other n—2 people have 364, 363, 362, etc., choices.
Thus, the probability is

24.

26.

28.

243

Let & = the total number of balls. Since the prob-
ability of picking 5 balls which all are blue is %,
we can see that x > 5. (If x = 5, the probabil-
ity would be 1.) Let’s look at the number of blue
balls needed. If there were 6 blue balls, (J) = 6
and (7) = 12, since the probability is 3. Since
x must be larger than the number of blue balls,
x > 7. But since (;) =21,

(g) > 91 #12.

If there were 7 blue balls, (g) = 21 and (g) = 42.

Since = > 8,
(g) > 56 % 42.

If there were 8 blue balls, (£) = 56 and (¥) = 112.
Since z > 9,

<§> > 126 £ 112.

If there were 9 blue balls, (g) = 126 and (g) =
252. Since x > 10, (75") > 252, and x must be 10.

Therefore, there were 10 balls, 9 of them blue,

P(all 5 blue) = % = %

P(matched pair)
= P(2 black or 2 brown or 2 blue)
= P(2 black) + P(2 brown) + P(2 blue)

0 O 0
ORRGENE
36 15 1
136 136 136
52
~ 136
B
34

There are 6 letters so the number of possible spellings
(counting duplicates) is 6! = 720. Since the letter
1 is repeated 2 times and the letter t is repeated

2 times, the spelling little will occur 212! = 4
times. The probability that little will be spelled
4 1

18 756 = 180"
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30.

32.

34.

36.

38.
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There are 9 ways to choose 1 typewriter from the
shipment of 9. Since 2 of the 9 are defective, there
are 7 ways to choose 1 nondefective typewriter.
Thus,

7
P(1 drawn from the 9 is not defective) = g

There are (g) ways to choose 3 typewriters.

9 9  9.-8-7
(3)%3-2-184

There are (;) ways to choose 3 nondefective type-

7 7765
(3)‘@‘3-2-1_35

writers.

Thus,

P(3 drawn from the 9 are nondefective)

B 5
84 127

There are (142) = 495 different ways to choose 4
engines for testing from the crate of 12. A crate
will not be shipped if any one of the 4 in the sam-
ple is defective. If there are 2 defectives in the
crate, then there are (') = 210 ways of choosing

a sample with no defectives. Thus,

P(shipping a crate with 2 defectives)

210
= — =~ .424.
495

There are P(5,5) different orders of the names.
Only one of these would be in alphabetical order.
Therefore, P(5,5) — 1 are not in alphabetical or-
der. Thus,

P(not in alphabetical order)

_P(5,5)—1 120—1 119
~ P(5,5) 120 120

(c) No, everybody has the same chance.

40.

42.

44.

46.

48.

A flush could start with an ace, 2, 3,4, ..., 7, 8,
or 9. This gives 9 choices in each of 4 suits, so
there are 36 choices in all. Thus,

36 36

P(straight flush) = -+ = ————
(straight flush) (052) 2,598, 960

~ .00001385
=1.385-1075.

A straight could start with an ace, 2, 3, 4, 5, 6, 7,
8, 9, or 10 as the low card, giving 40 choices. For
each succeeding card, only the suit may be chosen.
Thus, the number of straights is

40 - 4* = 10, 240.

But this also counts the straight flushes, of which
there are 36 (see Exercise 37), and the 4 royal
flushes. There are thus 10,200 straights that are
not also flushes, so

10,200
P(straight) = .

=—""" . 2.
2,598, 960 0039

There are 13 different values of cards and 4 cards
of each value. Choose 2 values out of the 13 for the
values of the pairs. The number of ways to select
the 2 values is (%}'). The number of ways to select
a pair for each value is (3). There are 52 — 8 = 44
cards that are neither of these 2 values, so the

number of ways to select the fifth card is (414).
Thus,

(5)E) GG
(%)
123,552

~ 2,598,960

P(two pairs) =
~ .04754.

There are (?g) different 13-card bridge hands. Since
there are only 13 hearts, there is exactly one way
to get a bridge hand containing only hearts. Thus,

L
(2)
There are (3) ways to obtain 3 aces, (g) ways to

obtain 3 kings, and (474) ways to obtain the 7 re-
maining cards. Thus,

P(only hearts) = ~ 1.575- 10712

P(exactly 3 aces and exactly 3 kings)

OO g0

@)
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Probability Applications of Counting Principles

50. There are 21 books, so the number of selections of

any 6 books is

21
= 54,264.
(5)

(a) The probability that the selection consisted of
3 Hughes and 3 Morrison books is

9 (7
(6)(z) _85-35 _ 2040 .~

(3) 54,264 54,264

(b) A selection containing exactly 4 Baldwin books
will contain 2 of the 16 books by the other authors,
so the probability is

D)) 5-120 600

(@) T 54,264 54,264

.011.

(c) The probability of a selection consisting of 2
Hughes, 3 Baldwin, and 1 Morrison book is

()G _36-10-7 2520
(3 54,2064 T 54,264

.046.

(d) A selection consisting of at least 4 Hughes
books may contain 4, 5, or 6 Hughes books, with
any remaining books by the other authors. There-
fore, the probability is

B +E)E) + @)
(%)
126 - 66 + 126 - 12 + 84
- 54, 264

8316 + 1512 + 84
N 54,264

(e) Since there are 9 Hughes books and 5 Bald-
win books, there are 14 books written by males.
The probability of a selection with exactly 4 books
written by males is

(4)()  101-21 21,021
() 54,264 54,264

.387.

52.

54.

56.
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(f) A selection with no more than 2 books writ-
ten by Baldwin may contain 0, 1, or 2 books by
Baldwin, with the remaining books by the other
authors. Therefore, the probability is

(o) () + G (5)+ G ()
(%)
8008 + 5 - 4368 + 10 - 1820
54, 264
8008 + 21,840 + 18,200
54,264

48,048 _
T 54,264

.885.

To find the probability of picking 5 of the 6 lot-
tery numbers correctly, we must recall that the
total number of ways to pick the 6 lottery num-
bers is (%) = 1,120,529, 256. To pick 5 of the 6
winning numbers, we must also pick 1 of the 93
losing numbers. Therefore, the number of ways of
picking 5 of the 6 winning numbers is

() () =

Thus, the probability of picking 5 of the 6 numbers

(6) <93>
) 1
~7Z "7 ~50-107".
99 5.0-10
6
P(saying “Math class is tough.”)

00
=) 0148

No, it is not correct. The correct figure is 1.48%.

correctly is

(a) There are only 4 ways to win in just 4 calls:

the 2 diagonals, the center column, and the center
7F
4)
The probability that a person

will win bingo after just 4 numbers are called is
A~ 3.29 x 1076,
(%)

(b) There is only 1 way to get an L. It can oc-
cur in as few as 9 calls. There are (795) combi-
nations of 9 numbers that can occur in 9 calls is

ﬁ ~ 7.96 x 10712,
9

row. There are ( ) combinations of 4 numbers

that can occur.
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(c) There is only 1 way to get an X-out. It can
ocur in as few as 8 calls. There are (785) combina-
tions of 8 numbers that can occur. The probability
that an X-out occurs in 8 calls is

ﬁ ~ 5.93 x 10711,
8

(d) Four columns contain a permutation of
15 numbers taken 5 at a time. One column

contains a permutation of 15 numbers taken
4 at a time. The number of distinct cards is
P(15,5)4 - P(15,4) ~ 5.52 x 1026,

8.4 Binomial Probability

2. This is a Bernoulli trial problem with P(success)
= P(girl) = 1. The probability of exactly = suc-
cesses in n trials is

()ra=nr.

where p is the probability of success in a single
trial. Here n =5, =3, and p = %

P(exactly 3 girls and 2 boys)

B Q) o)

4. We have n =5, x = 0 is the number of boys, and
p= % is the probability of having a boy.

5\ /1\" /1\° 1
(no boys) (O) <2> <2> 5 03

6. We have 3, 4, or 5 boys, so
P(at least 3 boys)

OO'O-06E
OO

10 5 1 16 1

TR TR TR R Y

8. P(no more than 4 girls)
=1— P(5 girls)

-(6) G

10. We have n =12, x =6, and p = %, SO

P(exactly 6 ones) = (162) <é>6 <%>6

~ .0066.

12. We have n =12, x =2, and p =

- (3) 0 ()

=~ .296.
14. “No more than 1 one” means 0 one or 1 one. Thus,

P(no more than 1 one)

= P(0 one) + P(1 one)

BEE-0EE

16. We have n = 6, x:3,andp:%,so

e s ) (')

_20_5
64 16
~ .313.

18. P(at least 3 heads)

= P(3 heads) + P(4 heads)
+ P(5 heads) + P(6 heads)

06 6) 06 6
)G G 66 6)

“H e T ®
42 21
= @ = 3—2 .656

22. Since these two crib deaths cannot be assumed to
be independent events, the use of binomial proba-
bilities is not applicable and thus the probabilities
that are computed are not correct.

24. We define a success to be the event that a cus-
tomer overpays. In this situation, n = 15, x =
3, p=+,and 1 —p= .

P(customer overpays on 3 items)

-(9)(%) (%)

1285

Q
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26. As in Exercise 24, we define a success to be the
event that a customer overpays. In this situation,

n=15 =123, ..., 15;p:1i0; and 1 —p =
9
1_0.

P(customer overpays on at least one item)
= 1 — P(customer overpays on no items)

(Y (LN ()"
B 0 10 10
~ 7941

28. Again, we define a success to be the event that a
customer overpays. In this situation, n = 15; x =

0, 1,or2;p=%; andl—pzl%.

P(customer overpays on at most 2 items)
(15 1"915+15 1\'/9\"
~\0/\10/) \10 1/\10/ \10
L (15) (1 2r9\"
2 10 10
~ .8159

30. n=10, p=.9,2=9

P(exactly 9) = (19()) (.9)%(.1)* ~ .387

32. n=10, p=.9,2 =8,9, or 10

P(less than 8)
=1-P(8, 9, or 10)

1 {(18())(.9)8(.1)2 + (190)(.9)9(.1)1
10 10 0
+ (10>(.9) (.1)}

~1-.930
=.070

34. nz6,p=%,x=0

P(0 correct) = (g) (%)O <§>6

4096
15,625

~ .262
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36. “No more than 3 correct answers” means 0, 1, 2,
or 3 correct answers.

P(no more than 3 correct)
= P(0 correct) + P(1 correct)
+ P(2 correct) + P(3 correct)

OOE-06 0
OO OO0

38. n=20,p=.05 =0

P(0 defective transistors)

_ <200) (.05)0(.95)%0 ~ 358

40. Let success mean producing a defective item. Then
we have n =75, p=.05, and 1 — p = .95.

(a) If there are exactly 5 defective items, then
x = 5. Thus,

P(exactly 5 defective) = (755> (.05)%(.95)™

~ .149.

(b) If there are no defective items, then x = 0.
Thus,

P(none defective) = (705) (.05)°(.95)7
~ .021.

(c) If there is at least 1 defective item, then we
are interested in x > 1. We have

P(at least one defective) =1 — P(x = 0)
~1-—.021
= .979.

42. (a) Since 80% of the “good nuts” are good, 20%
of the “good nuts” are bad. Let’s let success rep-
resent “getting a bad nut.” Then .2 is the proba-
bility of success in a single trial. The probability
of 8 successes in 20 trials is

(%) (:2)8(1 —.2)2078 = (%) (.2)8(.8)12
~ .0222
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(b) Since 60% of the “blowouts” are good, 40% of
the “blowouts” are bad. Let’s let success represent
“getting a bad nut.” The .4 is the probability
of success in a single trial. The probability of 8
successes in 20 trials is

(280) ('4)8(1 _ .4)2078 — (280) (.4)8(.6)12
~ .1797

(c) The probability that the nuts are “blowouts”
is

Probability of “Blowouts”
having 8 bad nuts out of 20

Probability of “Good Nuts” or “Blowouts”
having 8 bad nuts out of 20

_ 3[(%) (4)8(.6)12]
T (2)8(.8)12] +.3[(%)) (:4)8(.6)12]
~ .T766
44. We have n =20, x =17, p= .7, and 1 —p = .3.
Thus,
P(exactly 17 cured) = <i(7))(.7)17(.3)3
= 1140(.7)'7(.3)3
~ .072.

46. P(at least 18 cured)
= P(exactly 18 cured) + P(exactly 19 cured)
+ P(20 cured)

— (P32 + (20) (o) + (ny
(i) (i)

+ @8) (7)29(.3)°
— 190(.7)18(.3)2 + 20(.7)19(.3) + (.7)20
~ .035

48. We have n = 100, p = .012, and 1 — p = .988.
Thus,

P(at most 2 sets)
=Plx=0)+Px=1)+ Pz =2)

= <180> (.012)0(.988)100+<1(1)O) (-012)*(.988)

4 <1go)(.012)2(.988)98

= (.012)°(.988)1%0 4+ 100(.012)(.988)%9
+4950(.012)2(.988)%8 ~ .881.
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50. We have n =6, z =3, p=.70, and 1 — p = .30.
Thus,

P(exactly 3 recover) = <3

6> (.7)3(.3)% ~ .185.

52. P(no more than 3 recover)
= P(0 recover) + P(1 recovers)
+ P(2 recover) + P(3 recover)

=~ .256

54. We have n = 10,000, p = 2.5 - 10~7 = .00000025,
and 1 —p = .99999975. Thus,

P(at least 1 mutation occurs)
= 1 — P(none occurs)

10,000
:1—( ’

. )pO(l — p)10,000

=1 —(.99999975)10,000
=~ .0025.

56. We define a success to be the event that an in-
oculated person gets the flu. In this situation,
n=83, p=.2,and 1 —p=.8.

G’z) (2)10(.8)7

~ .0210

(a) P(10 successes) =

(b) P(no more than 4 succeses)

= P(0 successes) + P(1 success)
+ P(2 successes) + P(3 successes)
+ P(4 successes)

= (3 (200 4 () (21 (8)»
<0) <1)
4 <823) (.2)2(.8)81 + (833> (:2)°(.8)*

+ <843) (.2)%(.83)"

~ 8.004 x 107
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(¢) P(none of the inoculated people get the flu)
= P(no successes)

— <803) (.2)°(.8)% ~ 9.046 x 1079

58. (a) P(10 or more)
=1 — P(less than 10)
=1—-[P(0)+P(1)+ P(2) +

—1- Klgo) (.073)0(.927)100

+ <1OO) (.073)1(.927)%9

(.073)2(.927)%8

..+ P(9)]

_|_

(.073)3(.927)°7

_|_

+

(.073)4(.927)%
(.073)5(.927)%

(.073)6(.927)%4

+

_|_
7/ N 7 N 7 N7 N 7 N 7N N

+ (.073)7(.927)%3

— = — = — — —
0O O OO Ut kRO WwWo NOoO =
o o o o o o o

N— N N N~ N~ N~

+

+ (18()) (.073)9(.927)91]

~ 1 — [.00051 4 .00402 + .01567 + .04031
+.07698 + .11639 + .14512
+.15346 + .14049 + .11309]

=1 - .80604

= .19396

(.073)8(.927)92

The probability that 10 or more will experience
nausea/vomiting is about .194.

249
(b) P(10 or more)
=1 — P(less than 10)
=1—-[P(0)+P(1)+P(2)+ ...+ P(9)]

=1- {(13()) (.071)°(.929)100

+ (1?()) (.071)1(.929)%

+ <1go) (.071)2(.929)%8
+ (120) (.071)3(.929)°7
+ (12()) (.071)%(.929)%
+ <120) (.071)3(.929)%
+ (120> (.071)6(.929)%4
+ (120) (.071)7(.929)%8
+ (120> (.071)8(.929)%2

+ (18()) (.071)9(.929)91]

=1-—.82765
=.17235

The probability that 10 or more will experience
nausea/vomiting is about .172.

60. We define a success to be the event that a woman
would prefer to work part-time rather than full-
time. In this situation, n = 10; * = 3, 4, 5, ...,
10; p=.33; and 1 — p = .67.

P(at least 3)
=1—-Plx=0, 1,0r 2)

=1-[Plx=0)+P(x=1)+ P(x =2)]
=1-P(x=0)—P(x=1)—Plx=2)

1 (100>(.33)0(.67)10 - (11())(.33)1(.67)9
- (12())(.33)2(.67)8

.6930

Q
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62. We have n =10, x =7, p= .2,and 1 — p = 8.

Thus,
10 7( )3
P(exactly 7 correct) = . (.2)"(.8)° ~ .00079.
64. We have
P(fewer than 8 correct)
=1 — P(8 or more correct)
=1—[P(x =8)+ P(x =9) + P(x = 10)]
=1—P(x=8)—P(x=9)— P(x=10)
10 10
=1- (.2)8(.8)% — (.2)%(.8)1
8 9
10
— .2)10(.8)0
HERE
=1 —.000074 — .000004 — .0000001
=.999922.
66. (a) No, the results only indicated that 84% of col-

lege students believe they need to cheat to get
ahead in the world today. It says nothing about
whether or not they cheat.

(b) P(90 or more)
= P(90) + P(91) + ... + P(100)

_ (100) (:84)90(.16)1° + (100) (84)1(.16

90

~ .02915 4 .01682 + .00864 + .00390
+.00152 + .00051 + .00014
+.00003+0+0+0

=.06071

The probability that 90 or more will answer affir-
matively to the question is about .06.

COUNTING PRINCIPLES; FURTHER PROBABILITY TOPICS

8.5 Probability Distributions;
Expected Value

2. There are 36 outcomes. We count the number of
ways each sum can be obtained, and then divide
by 36 to get each probability.

Number
of 2
Points
Ways to
Get This 1 2 34 56 54 3 2 1
Total

3 45 67 8910 11 12

S T
12 18 36

Ol
o=

Probability % %8 %

4. Use combinations to find the probabilities of draw-
ing 0, 1, and 2 black balls.

(5 15
OO _ 8
N R
P O 1
(5 15
)9
Number of 1 5
Black Balls
Probability | % 1% %
6. P(z > 11)

Use the probabilities that were calculated in Ex-
ercise 2, and shade the regions corresponding to
r =11 and x = 12.
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8.

10.

12.

14.

16.

18.

Probability Distributions; Expected Value

P(at least one black ball)

Use the probabilities that were calculated in Ex-
ercise 4, and shade the regions corresponding to
r=1and x = 2.

E(y) = 4(.4) +6(.4) + 8(.05) + 10(.15)
=59

E(x) = 30(.31) + 32(.30) + 36(.29)
+ 38(.06) + 44(.04)
= 33.38

P(2) = 2, P(4) = .3, P(6) = .2,
P(8) =.1, and P(10) = .2.

B(z) = 2(.2) + 4(.3) + 6(.2) + 8(.1)
+10(.2)
=5.6

Notice that the probability of all values is .2.

E(x) =.2(10 + 20 + 30 4 40 + 50)
= .2(150)
=30
Possible Results

Result of toss H H
Call H T
Caller wins? Yes No
Probability % %

(a) Yes, this is still a fair game, since the proba-
bility of Donna matching is still %

(b) If Donna calls heads, her expected gain (since
she will match with probability = 1) is

1(80¢) = 80¢.

(c) If Donna calls tails, her expected gain (since
she will lose with probability = 1) is

1(—80¢) = —80¢.
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20. (a) Use combinations to set up the probability

22.

distribution. In each case, there are 5 rotten ap-
ples and 20 good apples to pick from. There are
a total of (%) ways to choose any two apples.

Number of
Rotten Apples 0 L 2
N LG O O
Probability
(%) (%) (%)
Simplified % % %
P
200/300
160/300
120/300 +
80/300
40/300 T
t } —
0 1 2 X

(b) We therefore have

190 100 10
Ex)=0(— 1| — 2( =—
(@) 0(300>+ (300)+ (300)
120
S 300

The probability that the delegation contains no
liberals and 3 conservatives is

O 14 4

®) T84 84’

Similarly, use combinations to calculate the re-

maining probabilities for the probability distribution.

(a) Let x represent the number of liberals on the
delegation. The probability distribution of x is as
follows.

0
2 30 40 10
P(x) | 84 B84 34 &4

The expected value is

=0 (&) +1(2) +2 () +3(2)

140 5
51 3 667 liberals



252

24.

26.

30.
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(b) Let y represent the number of conservatives
on the committee. The probability distribution of
y is as follows.

y o 1 2
P(y)|10 40 30

The expected value is

84 B4 B84
10 40 30 4
112 4
= v = 3 =~ 1.333 conservatives.

Let x represent the number of junior members on
the committee. Use combinations to find the prob-
abilities of 0, 1, 2, and 3 junior members. The

Bl | wo

probability distribution of x is as follows.

z |0 1 2 3
P(l-)|ﬂ&£6

203 203 203 203

The expected value is

57 95 45 6

= 1 junior member.

The probability of drawing 2 diamonds is
(5) _ 18

(2) ~ 1326°
and the probability of not drawing 2 diamonds is

T8 18

1326 1326
Let x represent your net winnings. Then the ex-
pected value of the game is

E(z) =45 (%) (-5) <%)

9273
= ——_— ) — 21
326~ 52 o

No, the game is not fair since your expected win-
nings are not zero.

— 21¢.

We first compute the amount of money the com-
pany can expect to pay out for each kind of policy.
The sum of these amounts will be the total amount
the company can expect to pay out. For a single
$10,000 policy, we have the following probability
distribution.

Pay Don’t Pay
Outcome $10,000  $10,000
Probability .001 .999

32.

34.

36.

E(payoff) = 10,000(.001) + 0(.999)
= $10

For all 100 such policies, the company can expect
to pay out
100(10) = $1000.

For a single $5000 policy,

E(payoff) = 5000(.001) + 0(.999)
= $5.

For all 500 such policies, the company can expect
to pay out
500(5) = $2500.

Similarly, for all 1000 policies of $1000, the com-
pany can expect to pay out

1000(1) = $1000.

Thus, the total amount the company can expect
to pay out is

$1000 4 $2500 + $1000 = $4500.

(a) Expected number of good nuts in 50 “blow
outs” is

E(x) = 50(.60) = 30.
(b) Since 80% of the “good nuts” are good, 20%
are bad. Expected number of bad nuts in 50 “good
nuts” is

E(x) = 50(.20) = 10.

(a) Expected cost of Amoxicillin:

E(x) = .75($59.30) + .25($96.15)
= $68.51

Expected cost of Cefaclor:

E(x) = .90($69.15) + .10($106.00)
= $72.84

(b) Amoxicillin should be used to minimize total
expected cost.

Expected number of a group of 500 college stu-
dents that say they need to cheat is

E(x) = 500(.84) = 420.
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38. (a) If the two players are equally skilled, the old
pro’s expected winnings are

1 1
5 (80,000) + (20, 000) = $50,000.

(b) If the pro’s chance of winning is 2, then his
expected winnings are

1
2(80, 000) -+ 7 (20,000) = $65, 000.

40. (a) We define a success to be the event that a let-
ter was delivered the next day. In this situation,
n=10; =0, 1, 2, 3, ..., 10; p = .83, and

1—p=.1T.
Number of Letters
Delivered the Probability
Next Day
0 (19)(.83)°(.17)° & .0000
1 (17)(.83)1(.17)° ~ .0000
2 (1)) (.83)2(.17)% ~ .0000
3 (1)) (.83)3(.17)" ~ .0003
4 ("9)(.83)4(.17)5 ~ .0024
5 (19)(.83)°(.17)° ~ .0141
6 (19)(.83)%(.17)* ~ .0573
7 (19)(.83)7(.17)% ~ .1600
8 (19)(.83)8(.17)2 ~ .2929
9 (') (.83)°(.17)* ~ .3178
10 (19)(.83)10(.17)° ~ .1552

(b) P(4 or fewer letters would be delivered)
=Plx=0)+Px=1)+ Pz =2)
+P(x=3)+P(x=4)
~ .0027

(d) Expected number of letters delivered next day
~ 0(.0000) + 1(.0000) + 2(.0000)
+ 3(.0003) + 4(.0024) + 5(.0141)
+ 6(.0573) 4 7(.1600) + 8(.2929)
+ 9(.3178) 4 10(.1552)
~ 8.3

42.

44.

46.

48.
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Reduce each price by the 50¢ cost of the raffle

ticket, and multiply by the corresponding probability.

1 2
BE(z) = 999.50 [ ———— | +299.50 [ ——
(x) 99950(10’000>+ 9950(10700())
20 9977
950 <10,000> +(=50) (10,000)

—3200
- — _$.32
Tooo0 ~ 32 or

No, this is not a fair game. In a fair game the ex-
pected value is 0.

— 32¢

The probability of getting exactly 3 of the 4 selec-
tions correct and winning this game is

4\ /1\%/12\!
=) () ~.001681.

The probability of losing is .998319. If you win,
your winnings are $199. Otherwise, you lose $1
(win —$1). If = represents your winnings, then the
expected value is

E(z) = 199(.001681) + (—1)(.998319)
= 334519 — .998319

= —.6638 ~ —$.66 or — 66¢.

In this form of roulette,

19

1
P(even) = 18 and P(noneven) = 37

37

If an even number comes up, you win $1. Other-
wise, you lose $1 (win —$1). If x represents your
winnings, then the expected value is

E(z)=1 <;—§> +(—1) <;—g)

1
= ™ —$.027 or —2.7¢.

In this form of the game Keno,

20 1
P b =—=-
(your number comes up) i
and
60 3
P(your number doesn’t come up) = 01

If your number comes up, you win $2.20. Other-
wise, you lose $1 (win —$1). If x represents your
winnings, then the expected value is

E(z) = 2.20 G) -1 G)

— 55— .75=—-$20 or — 204
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50.

1 1
E(x) = 100,000 (176,402, 500) +25,000 <39, 200, 556)

52.

Chapter 8 COUNTING PRINCIPLES; FURTHER PROBABILITY TOPICS

At any one restaurant, your expected winnings are

1 1
— )11 - -
5000 <17, 640, 250> +1000 <1, 568, 022>

1 1 1
1 1(—
100 <288, 244) o (7056) M <588>

= .00488.

Going to 25 restaurants gives you expected earn-
ings of 25(.00488) = .122. Since you spent $1, you
lose 87.8¢ on the average, so your expected value
is —87.8¢.

(a) Expected value of a two-point conversion:
E(z) = 2(.37) = .74

Expected value of an extra-point kick:
E(z)=1(.94) = .94

(b) Since the expected value of an extra-point kick
is greater than the expected value of a two-point
conversion, the extra-point kick will maximize the
number of points scored over the long run.

Chapter 8 Review Exercises

2.

Since order makes a difference, use permutations.

6! 6!
=6-5-4=120

There are 120 variations in first-, second- and third-
place finishes.

. (a) The sample will include 1 of the 2 rotten or-

anges and 2 of the 10 good oranges. Using the
multiplication principle, this can be done in

2\ /10
<1)<2> =245 = 90 ways.

(b) The sample will include both of the 2 rotten
oranges and 1 of the 10 good oranges. This can
be done in

2\ /10
(2)<1>_1~10_1ﬂways.

(c) The sample will include 0 of the 2 rotten or-
anges and 3 of the 10 good oranges. This can be

done in
2\ /1
<0> <3O> =1-120 = 120 ways.

(d) If the sample contains at most 2 rotten or-
anges, it must contain 0, 1, or 2 rotten oranges.
Adding the results from parts (a), (b), and (c),
this can be done in

90 4 10 + 120 = 220 ways.

. Since a certain picture must be first, the number

of ways to arrange the pictures is

1-4.3-2-1=24.

. (a) The order within each list is not important.

Use combinations and the multiplication princi-
ple. The choice of three items from column A can
be made in (g) ways, and the choice of two from
column B can be made in () ways. Thus, the
number of possible dinners is

@ @ = 56 - 15 = 840.

(b) There are

)+ () )+ )

ways to pick up to 3 items from column A. Like-
wise, there are

() ()

ways to pick up to 2 items from column B. We use
the multiplication principle to obtain

)6+ G-I -C)+ )

=(148+28+56)(146+ 15)
= 03(22)
= 2046.

Since we are assuming that the diner will order at
least one item, subtract 1 to exclude the dinner
that would contain no items. Thus, the number
of possible dinners is 2045.
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12.

14.

16.

18.

20.

22,

24.

There are (131) ways to choose the 3 balls and (;1)
ways to get all black balls. Thus,

P(all black) = G) 4 o
() ~ 165

There are (5) ways to get 2 black balls and (3)

ways to get 1 green ball. Thus,
P(2 black and 1 green)

4\ (5
:(2)11(1):ﬁ:ﬂ:3z.182.
(y) 165 165 11

There are (f) ways to get 1 blue ball and (g) ways
to get 2 nonblue balls. Thus,

P(exactly 1 blue)

_ D6 _2-36 72 24

() ~ 165 To5 55 - 436

This is a Bernoulli trial problem with P(success)
= P(girl) = 3. Here, n =6, p= 1, and = = 3.

P(exactly 3 girls)

() ()

_20_ 5
T 64 16
~ .313

P(at least 4 girls)
= P(4 girls) + P(5 girls) + P(6 girls)

06 G606 6)
() 3) ()

S22 11
64 32
~ 344

P(both red)

26
2 2
(2) 1326 102
P(at least 1 card is a spade)
= 1 — P(neither is a spade)
39
41
Lol oy
) 1326
585 15

=——=—r~.441
1326 34

26.

28.

30.

32.

255

There are 12 face cards and 40 nonface cards in
an ordinary deck.

P(at least 1 face card)
= P(1 face card) + P(2 face cards)

-G, 6
5) (%)
480 66
1326 1326
546

This is a Bernoulli trial problem.

(a) P(success) = P(head) = 1. Hence, n = 3 and
1

p=3.

Number .
of Hoads Probability
: 0 3
0 0 (3) (3)" =125
1 2
1 () (3) (3)" =375
2 1
2 (3) (3)" (3) =375
3 0
3 (3) (3)" (3) =125
(b)
3/8
2/8
1/8
BEw

(c) E(z) =0(.125) + 1(.375) + 2(.375) + 3(.125)
=15

The probability that corresponds to the shaded
region of the histogram is the total of the shaded
areas, that is,

1(.3) +1(.2) + 1(.1) = .6.

The probability of rolling a 6 is %, and your net

winnings would be $2. The probability of rolling
a 5 is ¢, and your net winnings would be $1. The
probability of rolling something else is %, and your
net winnings would be —$2. Let x represent your
winnings. The expected value is

wo-3(0) 1) o )

__>5
6

~ —$.833 or —83.3¢
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This is not a fair game since the expected value is

not 0.

Number

34. (a) of Aces

Probability

() (3) _ 17,296

(°2) 22,100
O e
(if) © 22,100

, |0 s

1
%2y 22,100

L lom

0
52 -
2y T 22,100

17,296 4512
B(z) = ’ 1
() =0 <22,100>+ (22,100)

+2 288 +3 4
22,100 22,100

_ 5100 51
© 22,100 221
3
::1§,~.231
(b) iuéﬁ)gz Probability
. (1032)2(339) _ 9139
(%2) 22,100
e e
2
(%2) 22,100
, | B0 o
52
(%2) 22,100
s | ) s
52
(%2) 22,100

9139 9633
E — _— 1 _—
() =0 <22,100>+ (22,100)

9 3042 43 286
22,100 22,100

Il
R
I
\]
Ut

Chapter 8 COUNTING PRINCIPLES; FURTHER PROBABILITY TOPICS

36. We define a success to be the event that a stu-
dent flips heads and is on the committee. In this
situation, n = 6; * = 1,2,3,4, or 5; p = %; and
1—-p= %

P(x=1,2,3,4, or 5)
=1-P(x=6)—P(x=0)

-6 G -06) 6

B 1 1
64 64
62 31
T 64 32
gs. T | seond | gl
Card Card

for Third Card

EN|

S O U UL U ix i i R W W W W W hNhNDNDDNDDNDDND R = = =
CO 1 00 I O 00 ~I O UL OO I O UL 00 -1 O UL i W 00 1O O i W N

R R N RN WRFRDNDWERRFRNWERTTFEDNDWER DD P, DN W oD

-
(0]

The sum of the numbers in the third column is 84.

(b) There are 4 even digits and 5 odd digits.

P(all even) = —(i) ((5)) _ 41

(g) 84 21
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(c) There are 7 possibilities for three consecutive
digits:

1,2,3

2,3,4

3,4,5

4,5,6

5,6,7

6,7,8

7,8,9.

P(consecutive integers) = r_r_1

(g) 84 12
(d) Refer to column 3 from part (a). The sum of
the numbers when the first card is 4is 1 + 2 + 3
+ 4 = 10.
10 5
84 42

(e) From part (a), we see that the first card x

Plx=4)=

ranges from 1 to 7. If k is an integer such that
1 <k <7, the number of possibilities is

1+2+--4+[9—(k+1)]
9—(k+ 19— (k+1)+1]

2
_ (8=k)(9—Fk)
=
The probability of x = k is given by
(9—k)(8—k)
Plx=k)= 2
(s)
_(9-k)@B—k) 1
B 2 84
_(9-k)(@B—Fk)
- 168

The expected value of z is

8.7 7.6 6-5
Ez)=1(2L) 42(L2 20
() (168)+ (168>+3<168)
54 4.3 3.2
4
+ <168>+5<168>+6(168>
2.1
+7(1_68)

420 5
o168 2
40. We have n =20, x =3, p= .01, and 1 — p = .99,
SO

P(x=3)= (230) (.01)3(.99)17 ~ .00096.

257

42. P(z > 12)

12) + P(x = 13) + - - - + P(x = 20)

i
( ) (01)12(.99)% + (fg>(.o1)13(.99)7

4o @8) (.01)20(.99)°

44. Denote by S the event that a product is success-
ful.
Denote by U the event that a product is unsuc-
cessful.
Denote by @ the event of passing quality control.
We must calculate the conditional probabilities
P(S|Q) and P(U|Q®) using Bayes’ Theorem in or-
der to calculate the expected net profit (in mil-
lions)
E =40P(S|Q) — 15P(U|Q).
P(S) = P(U) =.5

P(QIS) = 8, P(QIU) = .25

B P(S) - P(Q|S)
P(S|Q) = P(S)- P(Q|S) + P(U) - P(Q|U)
_ .5(.8)
= ES 50
4
=TT B 762
B P(U)- P(Q|U)
PU|Q) = P(U) - P(Q|U) + P(S) - P(Q|S)
_ 125 — 938
= =
Therefore,

E =40P(S|Q) — 15P(U|Q)
= 40(.762) — 15(.238)
~ 27, so

the expected net profit is $27 million, or choice

(e).

46. Let I(x) represent the airline’s net income if x
people show up.

1(0)=0

I(1) = 100

1(2) = 2(100) = 200

1(3) = 3(100) = 300

I1(4) = 3(100) — 100 = 200
I1(5) = 3(100) — 2(100) = 100
1(6) = 3(100) — 3(100) = 0
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Let P(x) represent the probability that = people
will show up. Use the binomial probability for-
mula to find the values of P(x).

P(0) = (0) (.6)°(4) = .004
(.6)1(-4)° = .037
(.6)2(4)* = .138
(.6)3(.4)% = .276
(.6)1(.4)% = 311
(.6)3(.4)! = .187

(.6)6(.4)° = .047

(a) E(I)=0(.004) + 100(.037) + 200(.138)
+300(.276) + 200(.311) + 100(.187)
+0(.047)

= $195
(b) n=3
T 0 1 2 3

Income | 0 100 200 300
P(z) | .064 288 432 216

E(I) = 0(.064) 4 100(.288) + 200(.432)
+300(.216)
= $180

On the basis of all the calculations, the table given
in the exercise is completed as follows.

x 0 1 2 3 4 b} 6

Income [ O 100 200 300 200 100 O

P(r) |.004 .037 .138 276 .311 .187 .047

T 1 1 2 3 4
Income 0 100 200 300 200
P(x) .0256 .1536 .3456 .3456 .1296

E(I) = 0(.0256) + 100(.1536) + 200(.3456)
+ 300(.3456) + 200(.1296)
= $214.08

n=>5

COUNTING PRINCIPLES; FURTHER PROBABILITY TOPICS

T 0 1 2 3 4 5

Income 0 100 200 300 200 100

P(xr) |.01024 .0768 .2304 .3456 .2592 .07776
E(I) = 0(.01024) + 100(.0768) + 200(.2304)
+ 300(.3456) + 200(.2592) + 100(.07776)
= $217.06

Since E(I) is greatest when n = 5, the airlines
should book 5 reservations to maximize revenue.

()6 ()

1875

48. P(exactly 5)

Q

The probability that exactly 5 will choose a green
piece of paper is about .1875.

50. (a) We define a success to be the event that
a woman athlete is selected. In this situation,
n=>5; x=0,1,2,3,4, or 5; p= .4; and

1—p=_6.
Olf\lgér;lrf;n Probability

0 (3)(4)°(.6)° = .07776
X (3)(A)L(.6)* = 2592
) (3)(A4)2(.6)® = 3456
; (3)(4)3(.6)2 = 2304
A (3)(A)1(.6)! = .0768
- (3)(.4)5(.6)° = .01024

(c) Expected value = np = 5(.4) =2
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52. (a) lgciml;)erV:I}rllZV\]f)oiri Probability
0 00 _2 1
T
( 5 ) 252 12
1 OO _105_s
10
( 5 ) 252 12
2 OO 1055
10
( 5 ) 252 12
; OO _2 1
10
( 5 ) 252 12

(b) Draw a histogram with four rectangles.

6/12+

412+

2/121

0 1 2

X

(c) Expected number who did not do homework

() () @) ()

54. It costs 2(.37 + .04) = .82 to play the game.

x| $1999.18 | —$.82

Pe) | o | B
1 7999
= —$.57

56.

58.

259

If the game was played 365 times a year for

26 years, it was played 9490 times. About

ﬁ of those times, any one outcome—specifically,
000—would result. So, 000 would result

-(9490) = 9.49, or about 9.5 times.

(a) (i) When 5 socks are selected, we could get 1
matching pair and 3 odd socks or 2 matching pairs
and 1 odd sock.

First consider 1 matching pair and 3 odd socks.
The number of ways this could be done is

10 18 9\ /16
- = 6720.
(1) -C) )] o
(110) gives the number of ways for 1 pair, while

[(138) — (?) (116)] gives the number of ways for the

remaining 3 socks from the 18 socks left. We must
subtract the number of ways the last 3 socks could
contain a pair from the 9 pairs remaining.

Next consider 2 matching pairs and 1 odd sock.
The number of ways this could be done is

10\ /16
= 720.
(2)(7)
(120) gives the number of ways for 2 pairs, while

(116) gives the number of ways for the 1 odd sock.

The total number of ways is
6720 + 720 = 7440.

Then

P(matching pair) = —— =

(ii) When 6 socks are selected, we could get 3
matching pairs and no odd socks or 2 matching
pairs and 2 odd socks or 1 matching pair and 4
odd socks. The number of ways of obtaining 3
matching pairs is (%) = 120. The number of ways
of obtaining 2 matching pairs and 2 odd socks is

) - G =ow

The 2 odd socks must come from the 16 socks
remaining but cannot be one of the 8 remaining
pairs.
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The number of ways of obtaining 1 matching pair
and 4 odd socks is

(1) 00 ) )-»

The 4 odd socks must come from the 18 socks

remaining but can be 2 pairs and cannot be 1 pair
and 2 odd socks.

The total number of ways is
120 4 5040 + 20, 160 = 25, 320.

Thus,
25,320

20

6
(c) Suppose 6 socks are lost at random. The worst
case is they are 6 odd socks. The best case is they

P(matching pair) = ~ .6533.

are 3 matching pairs.

First find the number of ways of selecting 6 odd
socks. This is

BOOOOEE -

The (%) gives the number of ways of choosing 6
different socks from the 10 pairs. But with each
pair, (f) gives the number of ways of selecting 1
sock. Then

13,440
20
6
Next find the number of ways of selecting three
matching pairs. This is (130) = 120. Then

P(6 odd socks) = ~ .3467.

12
P(3 matching pairs) = 20 ~ .003096.

20
6

Extended Application: Optimal
Inventory For a Service Truck

1. (a) C(Mo)

=NL[1 — (1 =p1)(1 = p2)(1 = p3)]
— 3(54)[1 — (.91)(.76)(.83)]
= $69.01

(b) C(M>)
= Hy+ NL[1 — (1 —p1)(1 - p3)]
— 40 + 3(54)[1 — (.91)(.83)]
= $79.64

(c) C(Ms)
= H3+ NL[1 - (1-p1)(1—p2)]
— 94 3(54)[1 — (.91)(.76)]
= $58.96

(d) C(Miz)
= H1 +H2 +NL[1 - (1 —pg)]
=15+ 40 + 3(54)[1 — .83
= $82.54

(e) C(Mis)
=Hy+Hs+ NL[1 - (1 —pa)]
=15+ 9 + 3(54)[1 — .76]
= $62.88

(f) C(Mia3)
— Hy + Hy + Hy + NL[1 — 1]
=15+40+9
= $64.00

. Policy M3, stocking only part 3 on the truck, leads

to the lowest expected cost.

. It is not necessary for the probabilities to add up

to 1 because it is possible that no parts will be
needed. That is, the events of needing parts 1, 2,
and 3 are not the only events in the sample space.

. For 3 different parts we have 8 different policies:

1 with no parts, 3 with 1 part, 3 with 2 parts, and
1 with 3 parts. The number of different policies,
8 = 23, is the number of subsets of a set containing
3 distinct elements. If there are n different parts,
the number of policies is the number of subsets of
a set containing n distinct elements which is 2.
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(c)-(d)
9.1 Frequency Distributions; ol
Measures of Central Tendency 181 7%&
2141
2. (a)-(b) Use seven intervals, beginning with 30-39 %}(2):
and ending with 90-99. Making a tally of how EFEE
many data values lie in each interval leads to the 46;:
following frequency distribution. 2+
Interval | Frequency s g g
T n O >~ ©
30-39 1
40-49 6 g 7 2t
50-59 13 n
60-69 29 44441425+ 36+ 67+ 51
70-79 17 6
264
80-89 13 _ 64
90-99 8 6
10. " = = 38,500 + 39,720 + 42,183
(c)-(d) The histogram consists of 7 bars of equal 121,982 + 43,250
width having heights as determined by the fre- — 185,635
{ each interval.
dueney ot cach mietva The mean of the 5 numbers is
For the frequency polygon, join consecutive mid- Yz 185,635
points of the tops of the histogram bars with straight =T "5 T 37,127.

line segments.
12. > 2 =30.1+42.84+91.6+51.2 + 88.3

+21.9443.7+51.2
al =420.8
) A |
7 6 The mean of the 8 numbers is
8 164
Ll L_Yw 408
&3 n 8
8__
i 14.
Value | Frequency | Value x Frequency
YT TEY ) 5 Jos=
23 eggesgs 12 5 12-5= 60
15 1 15-1= 15
18 1 18-1=_18
4. (a)-(b) Th Ton
Interval | Frequency Totals: 10 120
39-48 6 _ 120
49-58 13 T=g =12
09-68 20 16. 596,604,612, 683,719
69-78 19 + 996,604,612, 683,
79-88 13 The median is the middle number, in this case,
89-98 9 612.

261
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18.

20.

22.

24.

26.

28.

32.

1072,1068, 1093, 1042, 1056, 1005, 1009

First arrange the numbers in numerical order, from
smallest to largest.

1005, 1009, 1042, 1056, 1068, 1072, 1093

The median is the middle number, in this case,
1056.

.6,.4,.9,1.2,.3,4.1,2.2,.4,.7,.1

First arrange the numbers in numerical order, from
smallest to largest.
1,.3,.4,.4,.6,.7,.9,1.2,2.2/4.1

Since there is an even number of entries, the me-

dian is the mean of the two middle numbers.

median = % = .65

Using a graphing calculator, £ = 69.475 and the
median is 69.

21,32, 46, 32,49, 32,49

The mode is the most frequent entry. In this case
the mode is 32, which occurs 3 times.

158,162, 165, 162, 165, 157, 163

The mode is the most frequent entry. In this case
there are two modes, 162 and 165, each of which
occurs twice.

12.75,18.32,19.41,12.75, 18.30, 19.45, 18.33

The mode is the most frequent entry. In this case
the mode is 12.75, which occurs twice.

Interval | Midpoint, | Frequency, f | Product, xf
30-39 34.5 1 34.5
40-49 44.5 6 267
50-59 54.5 13 708.5
60-69 64.5 22 1419
70-79 74.5 17 1266.5
80-89 84.5 13 1098.5
90-99 94.5 _8 756
Totals: 80 5550

Use the formula for the mean of a grouped fre-
quency distribution.

SMaf _ 5550 ~ 69.4

T:

n 80
The modal class is the interval containing the most
data values. The above table shows that the high-
est frequency, 22, occurs in the interval 60-69.

34.

36.

38.

40.

Chapter 9 STATISTICS

Find the mean of the numbers in the “Price” col-
umn.
2.
7= e _ 3278 3.973
n 10

The mean price per bushel of wheat is $3.27.

To find the median, list the ten values in the “Price”

column from smallest to largest.

2.48,2.62,2.65,2.80, 3.24,
3.26, 3.38, 3.45, 4.30, 4.55
The median is the mean of the two middle entries.

3.24 + 3.26

=3.2
5 3.25

The median price per bushel of wheat is $3.25.

(a) Find the mean.
1,963,217
po 2@ LIBS2IT a3
n 15

Since the total pay is given in thousands of dol-
lars, the mean total pay for this group of people
is $130,881,133.

(b) The values are listed in order, so the median
is the middle value, 86,534.

The median total pay for this group of people is
$86,534,000.

(a) Find the mean for grouped data.

>zf

T ==

n

(2500)(2037) + (7500)(4870) + ... + (87,500)(9740)

2037 + 4870 + ... + 9740
~3,185,002,500

~ 41,92
75,973 923

The estimated mean household income for full-
time white Americans in 2000 is $41,923.

[E—
[«2 ]

Frequency

N A~ N

nononan
‘_"—I'—'N AN on

Home range
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42.

44.

(a) From the histogram, the height of the bar rep-
resenting 10-19 is 14.

Therefore, 14% of the population is estimated to
be in the 10-19 age group.

(b) From the histogram, the height of the bar rep-
resenting 60-69 is 7.

Therefore, 7% of the population is estimated to
be in the 60-69 age group.

(c) The tallest bars have height of 15.

These represent age groups 30-39 and 40-49.
Therefore, the age range 30-49 has the largest per-
cent of the population.

(a)
Interval | Frequency
0-4 6
5-9 9
10-14 13
15-19 1
20-24 4
25-29 1
(b)
141
12:
10
> 4
X%
g 6]
i3 AT
2]
0 I T Ll I
<t o T O
I A
O e N
228 4

(c) For the original data, >z = 355, n = 34, and

Sz 355

T = VY ~ 10.44.
(d) —

Interval |Midpoint, x|Frequency, f|Product, = f

0-4 2 6 12

5-9 7 9 63

10-14 12 13 156

15-19 17 1 17

20-24 22 4 88

25-29 27 1 27

Totals: 34 363

The mean of this collection of grouped data is

Saf _ 363

~ 10.68.
n 34

:f:

Frequency Distributions; Measures of Central Tendency

46.

48.

50.

263

(f) Arrange the data in increasing order.

07 37 37 47 47 47 57 57 57 67 77 77 8’87
8, 10, 10, 11, 11, 11, 11,11, 11, 12,
12, 13, 14, 14, 16, 20, 21, 21, 24, 25

There are 34 items. The mean of the two middle
items is 10.5, so the median is 10.5.

The item with the greatest frequency is 11, so the

mode is 11.
.Y
(a) 7= &
35437 +37+37+49+57+64+67+72477
N 10
532
=— =53
10
The mean is 53.
49 + 57
(b) The median is o 53.

(c) The mode is the most frequent number, which
is 37.

(a) Counting Gates, there would be 10,001 resi-
dents of the town. 10,000 residents have no per-
sonal wealth; 1 resident is worth $10,000,000,000.

~10,000(0) + 1(10,000,000,000)
- 10,001

S]]

Z =999,900.01
The mean wealth is roughly $1 million.

(b) The median is $0 since 0 is the middle value
in the list of 10,001 values.

(c) The mode is $0 since it occurs with the great-
est frequency.

(d) The median or mode is most representative of
the wealth of the town’s population.

a® =1 and a' = a, so the sequence can be written:

a’,a,a?, a3, ..., a".

There are n + 1 values and n is even. Therefore,
there is an odd number of values. Since there is
an odd number of values, the median is the value
in the middle position. The middle value is in
position ”T*O = 4, which is a whole number since
n is even.

The median is equal to a”/?

, which is choice (c).
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6. 51,58,62,64,67,71,74,78,82,93

9.2 Measures of Variation The range is 93 — 51 = 42. The mean is
o _ > x 700

2. For every set of numbers, the sum of the deviations T==-= 10 - 70.
from the mean equals zero.

x x?

4. 122,132,141, 158, 162, 169, 180 51 2601
The range is the difference between the largest and 22 gzii
smallest numbers. Here the largest number is 180 64 4096
and the smallest is 122. The range is

67 4489
180 — 122 = 58, il 5041
74 5476
To find the standard deviation, the first step is to 8 6084
find the mean. 82 6724
Yz 93 8649
== Total: | 50,368
1224132 + 141 + 158 + 162 + 169 + 180 The standard deviation is
N 7
> 2% — na?
1064 Z
=—= 152 n—1
Now complete the following table. _ /20,368 _910 (70)*
x x? =152~ 12.3
122 14,884
132 17,424 8. 15,42,53,7,9,12,28,47,63, 14
141 19,881 The range is 63 — 7 = 56. The mean is
158 24,964 9290
162 26,244 T=735 =2
169 28,561 5
180 32,400 i r
Total: | 164,358 15 225
42 1764
The total of the second column gives Y a? = 53 2809
164,358. The variance is 7 49
9 81
2 vt —na? 12 144
n—1 28 784
164,358 —7(152)? 47 2209
B 7-1 63 3969
164,358 — 161,728 14 196
6 Total: | 12,230
_ 2630 ~ 438.3 The standard deviation is
6 Y
>z —na? x?
and the standard deviation is n — 1
133.3 ~ 20.9. _/12:230 —10(29)”
B 9

=+1/424.4 =~ 20.6.
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10. Recall that when working with grouped data, z 20. 2 — > (x—7)?
represents the midpoint of each interval. Com- n—1
plete the following table. Y2 — 223 4 2?)
B n—1
Interval | f T xf x? fa? = DY 2x1:r 37
30-30 | 1345 | 345119025 | 1190.25 , L
40-49 | 6 | 44.5 | 267.0 | 1980.25 | 11,881.50 2o 2”3219””“’
n—

50-59 | 13 | 54.5 | 708.5 | 2970.25 | 38,613.25
60-69 | 22 | 64.5 | 1419.0 | 4160.24 | 91,525.50 S 02 - 25(n =) 1 na?
70-79 | 17 | 74.5 | 1266.5 | 5550.25 | 94,354.25 - n

80-89 | 13 | 84.5 | 1098.5 | 7140.25 | 92,823.25 n-1
90-99 | 8945 | 756.0 | 8930.25 | 71,442.00 _ 2o’ —23(na) +na’
Totals: | 80 5550.0 401,830.00 n—1
~ Ya? —2n@? +na?
N n—1
Use the formulas for grouped frequency distrib- Y22 - nz?
utions to find the mean and then the standard =T -1
deviation. 18 41547+ 10
fo 5550 22. (a) 7 Zx - - =125
T = = 69.375

(b):f— Zx _ 1+(—8)+(—5)+0:_3.0

> fﬂc — nz? on 4
 on—1 (¢) —— .

x x
B \/401 ,830 — 80(69.375)2 118 | 324
7 +15 | 225
_ [16,798.75 +7 49
79 +10 | 100
~ \/212.64 ~ 14.6 Total: | 698
> a° —nx? x? — nz?
12. Use k = 4 in Chebyshev’s theorem. n—1
) ) 15 698 — 4(12.5)2
1-5=1——=—, 3
k2 42 16
~/24.33 ~
so at least 12 of the numbers in the data set lie (d)
within 4 standard deviations of the mean. z ?
+1 1
-8 64
14. We have 38 = 50 — 2 -6 = pu — 20, and 62 = _5 925
50+2-6 = pu+20, so Chebyshev’ s theorem applies 0 0
with k& = 2; hence, at least 1 — k2 = .75 = 75% of Total: %
the numbers lie between 38 and 62. -
oo Y a? — nz?
B -1
16. The answer here is the complement of the answer " .
to Exercise 14. It was found that at least 75% of _ 90 —4(=3.0)
the distribution of numbers are between 38 and 3
62, so at most 100% — 75% = 25% of the numbers =18~ 4.2

are less than 38 or more than 62.
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24.

26.

(e) 12.5 — (—3) = 15.5

(f) Low: 15.5 — 7.95 = 7.55
High: 15.5 + 7.95 = 23.45

Sample Sample Sample Standard
Number Mean Deviation

1 0 4.36

2 —.33 3.21

3 1.00 1.00

4 .67 4.51

5 .33 3.21

6 -1.67 3.79

Use the results from Exercise 23(e) and (f). The
upper and lower control limits for the standard
means are 4.41 and —2.51, while the upper and
lower control limits for the sample deviations are
4.31 and 0. The table shows that for the data
given in this exercise, all sample means fall within
the control limits.

However, two of the sample standard deviations,
those for samples 1 and 4, exceed the upper con-
trol limit of 4.31. Therefore, the process is out of
control.

_ Yw 7242
@z==-=75
Unemployment is closest to the mean 7.242 in

1996 when it was 7.24.

=17.242

(b) Use a graphing calculator with statistical keys
to help find the standard deviation.

M a? — nz?
s =1/ F——
n—1

B \/539.4826 —10(7.242)?

10-1

= JETE

(c) T+ s=7.242+1.292 = 8.534
I—s=7242—-1.292 =595

Six of the years fall between these two values, that
is, are within 1 standard deviation of the mean.

(d) T+ 3s = 7.242 + 3(1.292) = 11.118
T —3s =7.242 — 3(1.292) = 3.366

All ten of the years fall between these two values,
that is, are within 3 standard deviations of the
mean.

28.

30.

32.
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(a) Use a graphing calculator or a spreadsheet to
find the variance and standard deviation.

52 =14.76
s =+14.76 = 3.84

(b) T+s="7.38+3.84=1122
T—s="738—2384=354

Ten of the animals have blood types that are within
1 standard deviation of the mean.

_ >x o 1627
EPDL AT
(@) == 11

The mean salary is $148,000. The salary of gov-
ernors of Illinois and New Mexico is $150,000, so
Illinois and New Mexico have governors with a
salary closest to the mean.

(b) Use a graphing calculator or spreadsheet to
find the standard deviation.

s~ 20.7

The standard deviation is $20,700.

(c) Z+s=148+20.7 = 168.7
T—s=148 —20.7 = 127.3

Five of the 11 salaries fall between these two val-

ues. Thus,
5

11
of the governors have salaries within 1 standard
deviation of the mean.

(100) ~ 45%

(d) T+ 3s =148 + 3(20.7) = 210.1
T — 3s =148 — 3(20.7) = 85.9

All 11 salaries fall between these two values, so
100% of the governors have salaries within 3 stan-
dard deviations of the mean.

Use a graphing calculator to find values.

(a) T=2898¢g
maximum = 3.8 g
minimum = 2.1 g
s=.37¢g

(b) T=5.756¢g
maximum = 6.9 g
minimum = 3.3 g

s=.709 g

(¢) T+ 25=5.756 4+ 2(.709) = 7.174
T — 25 = 5.756 — 2(.709) = 4.338
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The Normal Distribution

There are no data values, 0%, of traditional Oreo
cookies within 2 standard deviations of the Dou-
ble Stuf Oreo mean.

(d) There are 46 data values, 35 ~ 94%, of the
traditional Oreo cookies (when multiplied by 2)
that are within 2 standard deviations of the Dou-
ble Stuf Oreo mean.

9.3 The Normal Distribution

2.

10.

The total area under the normal curve (above the
horizontal axis) is 1.

. Use the table “Area Under a Normal Curve to the

Left of z” in the Appendix. To find the percent of
the area under a normal curve between the mean
and .81 standard deviation from the mean, sub-
tract the table entry for z = 0 (representing the
mean) from the table entry for z = .81.

.7910 — .5000 = .2910

Therefore, 29.10% of the area lies between p and
w—+ .8lo.

. By the symmetry of the normal curve, the area be-

tween z = —2.04 and the mean is the same as the
area between the mean and z = 2.04. Proceeding
as before, we obtain

9793 — .5000 = .4793 = 47.93%.

Note: Since the table in the text gives areas for
the negative values of z (often omitted), this an-
swer could also have been found by subtracting
the area below z = —2.04 from the area below the
mean:

.5000 — .0207 = .4793 = 47.93%.

Between z = .64 and z = 2.11

P(64 < 2 < 2.11)
= P(z<211) — P(z < .64)
= (area to the left of z = 2.11)
— (area to the left of z = .64)
= .9826 — .7389
=.2437 or 24.3™%

12.

14.

16.

18.

20.
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Between z = —1.74 and z = —1.02

P(-1.74 < 2 < —1.02)
= P(z < —1.02) — P(z < —1.74)
= (area to the left of z = —1.02)
— (area to the left of z = —1.74)
.1539 —.0409
1130 or 11.3%

Between z = —2.94 and z = .43

P(—2.94 < 2 < .43)
=P(z < .43) — P(» < —2.94)
= (area to the left of .43)
— (area to the left of —2.94)
.6664 — .0016
=.6648 or 66.48%

1% of the total area is to the left of z.

Use the table backwards, looking for the value
closest to .0100, and find the corresponding z us-
ing the left column and top column of the table.

The closest value to .0100 in the body of the table
is .0099, which corresponds to z = —2.33.

25% of the total area is to the right of z.

Having 25% of the area to the right of z means
that 75% is to the left. The closest value to .75 in
the body of the table is .7486, which corresponds
to z = .67.

According to Chebyshev’s theorem, the probabil-
ity that a number will lie within 2 standard devi-
ations of the mean of a probability distribution is
at least

1
- —=1-—

3
= = =75

N

Using the normal distribution, the probability that
a number will lie within 2 standard deviations of
the mean is .954.

These values are not contradictory, since “at least
.75” means .75 or more. For the normal distribu-
tion, the value is more.
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In Exercises 22-28, let x represent the life of a
light bulb.

22,

24.

26.

28.

1 =500, o =100
At least 500 hr means x > 500.
P(z > 500) =1 — P(x < 500)

Find the z-score that corresponds to x = 500.

500 —500
“TT100

P(x > 500) = P(z > 0)
=1-—.5000 = .5000

0

Thus, 10,000(.5) = 5000 bulbs can be expected to
last at least 500 hr.

Between 650 and 780 hr

For x = 650,
650 — 500
= —— =1.5.
? 100
For x = 780,
780 — 500
= — =28
? 100

P(650 < < 780) = P(1.5 < z < 2.8)
= P(2<2.8)— P(2 < 1.5)
=.9974 — 9332
= .0642

Thus, 10,000(.0642) = 642 bulbs can be expected
to last between 650 and 780 hr.

Less than 740 hr
For x = 740,

2_74()*500_
100

P(z < 740) = P(z < 2.4) = .9918

2.4.

Thus, 10,000(.9918) = 9918 bulbs can be expected
to last less than 740 hr.

In the standard normal distribution, we must first
find the z-values which bound the middle 80%,
that is, we must find z; and 25 such that

P(z < z1) = .1000 and P(z < z2) = .9000.

Read backwards in the table, finding the closest
values,
z1 = —1.28 and 2z, = 1.28.

Chapter 9 STATISTICS

Now find z; and 5.
x1 — 500 x9 — 500

— 128 and — 128

100 a 100
21 — 500 = —128 2o — 500 = 128
r1 =372 and T9 = 628

Thus, the shortest and longest lengths of life for
the middle 80% of the bulbs are 372 hr and 628
hr.

In Exercises 30 and 32, let x represent the weight
of a package.

30.

32.

For x =16, p=16.5, and o = .3,
16 — 16.5
7= —

= —1.67.
3 67
Hence,
P(zx < 16)
= P(z < —1.67)
= area to the left of z = —1.67
= .0475.

The fraction of the boxes that are underweight is
.048.

This is the same as Exercise 30 except that o = .1,
S0

16 — 16.5
e
Hence,
P(z < 16)
= P(z < —5)
= area to the left of z = —5
=.0000.

None of the boxes are underweight.

In Exercises 34-38, let x represent the weight of a

chicken.

34. Less than 1800 g

For x = 1800, we have
1800 — 1850
1= =

—.33.
150
Thus,
P(x < 1800)
= P(z < —.33)
= area to the left of z = —.33
= .3707.

Therefore, 37.07% of the chickens will weigh less
than 1800 g.
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36.

38.

40.

The Normal Distribution

Between 1600 and 2000 g
For x = 1600,

1600 — 1850
= —

=—-1.
150 o7,

and for x = 2000,

2000 — 1850
=T

150
Thus,
P(1600 < x < 2000)
=P(-167<z<1)
= area between z = —1.67 and z =1
= .8413 — .0475
= .7938.

Therefore, 79.38% of the chickens will weigh be-
tween 1600 and 2000 g.

Let —k and k be the two z-values such that the
middle 95% of the distribution falls between them.

P(z < —k) = .0250 and P(z < k) = .9750.

Reading the table backwards, k = 1.96. Find the
corresponding x-values.

x — 1850 x — 1850
_— = 1. _ =1
50 96 or 50 96
T — 1850 = —294 x — 1850 = 294
x =1556 or Tz = 2144

Therefore, the middle 95% of the chickens have
weights between 1556 g and 2144 g.

Let = represent the number of ounces of milk in a
carton.

p=322 0=12
Find the z-score for z = 32.

r—p  32-32.2
= ~ *17
o 1.2

z =

Pz <32)=P(z < —.17)
= area to the left of z = — .17
= 4325

The probability that a filled carton will contain
less than 32 oz is .4325.

42.

44.

46.

48.

50.
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Let x represent the weight of an egg (in ounces).
pw=15 0c=.4

Find the z-score for z = 2.2.
T—p  22-15

= =1.
z > v 75,
SO
Pz > 2.2)
= P(z > 1.75)

= area to the right of z = 1.75
=1 — (area to the left of z = 1.75)
=1-.9599

=.0401.

Thus, out of 5 dozen eggs, we expect .0401(60) =
2.406 eggs, or about 2, to be graded extra large.

The Recommended Daily Allowance is

11+ 2.50 = 1800 + 2.5(140)
= 2150 units.

The Recommended Daily Allowance is

w4+ 2.50 = 1200 + 2.5(92)
= 1430 units.

Let x represent the length of a fish.
w=123, 0 =4.1

Find the z-score for x = 18.
_18-12.3
44
P(x>18)=1— P(x <18)
=1-P(2<1.39)
=1-.9177
=.0823

~ 1.39

Let x represent a driving speed.
w=30,0=5

Read the table backwards. In the body of the
table, the closest area to .85 is .8508, which cor-
responds to z = 1.04. Find the value of x that
corresponds to z = 1.04.

Zix—u
o
x — 30
1.04 =
5
52=x—30
3b2=ux

The 85th percentile speed is 35.2 mph.
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52. For a grade of B, we have

<z<

N
N | o

The area between z = .5 and z = 1.5 is
9332 — .6915 = .2417 or 24.17%,

which should be the percent of students to receive
B’s.

54. This system would be more likely to be fair for
the freshman psychology class since a large group
of students is more likely to produce a normal dis-
tribution of total points.

In Exercises 56 and 58, let x represent a student’s
test score.

56. Since the top 8% of the students get A’s and the
next 15% get B’s, we want to find the number b
for which

Read the table backwards to find the z-score for
an area of .77, which is z = .74. Find the value of
x that corresponds to z = .74.

_rT—p
o
T —T74
74 =
6
r = 78.44

The bottom cutoff score for a B should be 78.

58. Since 8% of the students get F’s, the minimum
passing score (cutoff for a D) would be the number

d for which
Pz <d) =.08.
Read the table backwards to find the z-score for
an area of .08, which is z = —1.41. Find the value
of x that corresponds to z = —1.41.
z:x—u
o
T — 74
—1.41 =
6
xr = 65.54

The bottom cutoff score for a D should be 66.
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60. Let x represent the height of a man.

©=169.60, o =3.20

For x = 66.27,
_66.27 — 69.60
N 3.20
= —1.04.

P(z < 66.27) = P(z < —1.04) = .1492

62. (a) ©=6.9,0=46

Find the z-score for x = 6.0.
x—p 6.0-6.9

Zz = =

o 4.6
~ —.20

Thus,

P(z > 6.0) = P(z > —.20)
= area to the right of z = —.20.
=1-.4207
= .5793 ~ .58

(c) p=.6,0=.3
Find the z-score for z = 6.0.

_60-.6

18
3

z

Thus,

P(zx >6.0) = P(z > 18)
= area to the right of z =18
~0

No, the probability is about 0.
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64. Reference
a. head size: = 530 - 537 =24
2.9
P(x >53.0) = P(z > —.24)
=1—.4052
= .5948
b. neck size: z= w =-1.11
1.9
P(x <321)=P(z < -1.11)
=.1335
75.0 —91.2
. chest size: = = -3
c. chest size 13 3.38
Pz <75.0) = P(2 < —3.38)
=.0004
27.1 — 28.
d. upper arm size: z = ﬁ =77
2.2
Pz <271)=P(z < -.77)
= .2206
e. walist size: z = w =-249
9.8
Pz <56.5) = P(z < —2.49)
=.0064

Football

53.0 — 52.1
= S =39
P(x > 53.0) = P(z > .39)
=1- 6517
= 3483

32.1 —34.6
= -——:_01u _1.39
i 1.8

Pz < 32.1) = P(2 < —1.39)
=.0823
75.0 — 92.3
T35
P(x <75.0) = P(z < —4.94)
~ 0
27.1 —29.9
z = —19 = —1.47
Pz <27.1) = P(z < —1.47)
= .0708
56.5 — 75.1
T 36
P(x <56.5) = P(z < —5.17)
~ 0

=—-4.94

= —5.17
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9.4 Normal Approximation to the Binomial Distribution

2. The normal distribution can be used to approximate a binomial distribution as long as np > 5 and n(1—p) > 5.

4. Let x represent the number of heads tossed.
For this experiment, n = 16,z = 7, and p = %

(a) Pz =7) = (f) (%)7 (1 - %)9 ~ 1746

1
(b) u:np:16<§) =8
For x = 6.5,

For x = 7.5,

P(—75 < z < —.25) = P(z < —.25) — P(z < —.75) = .4013 — .2266 = .1747
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6. Let x represent the number of tails tossed.
For this experiment, n = 16;x = 0,1,2,3, or 4;

(D6 (-9
(7)) (-2)
() (-2)
()6 (-3

~ .00001 + .00024 + .00183 + .00854
+.02777
~ .0384

(b) ,uznpzlG(%) =38
o= =7 = 6 () () = VE-2

For x = 4.5,

4.5—-38
2

P(x < —1.75) = .0401

= —1.75.

Zz =

8. Let x represent the number of heads tossed.
n =1000,p = 1
We have

1
©=np = 1000 <§> =500

and

Exactly 510 heads corresponds to the area under
the normal curve between z = 509.5 and * =
510.5. The corresponding z-scores are

509.5 — 500
T 1581 60
and 510.5 — 500

10.

12.

14.

Chapter 9 STATISTICS

= .7454 — .7257
=.0197

Let x represent the number of tails tossed.
n =1000,p = 1
As in Exercise 8, ;1 = 500 and o = 15.81.

Less than 470 tails corresponds to the area under
the normal curve to the left of x = 469.5. The
corresponding z-score is

469.5 — 500

P(less than 470 tails) = P(z < 469.5)
= P(z < -1.93)
=.0268

Let x represent the number of 6’s tossed.

n=120,p= 13

o=+/np(1 —p) =,/120 (%) (3) ~ 4.08
We want the area between x = 23.5 and x = 24.5.
The corresponding z-scores are .86 and 1.103.

P(exactly twenty-four 6’s)
= P(23.5 < x < 24.5)
= P(.86 < 2 < 1.103)
= P(2<1.103) — P(z < .86)
= .8643 — .8051
=.0592

Let x represent the number of 6’s tossed.
n=120,p = %

As in Exercise 12, = 20 and o =~ 4.08.
We want the area to the left of x = 21.5. The
corresponding z-score is .37.

P(fewer than twenty-two 6s)
= Pz < 21.5)
= P(z<.37)
= .6443
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16. (a) Let = represent the number of heaters that are
defective.

n = 10,000, p = .02
w=mnp= 10,000(.02) = 200
o = /np(1 — p) = 1/10,000(.02)(.98) = 14

To find P(fewer than 170), find the z-score for
r = 169.5.

169.5 — 200
Z=—

~ —2.18
14
P(fewer than 170) = .0146

(b) Let x represent the number of heaters that
are defective.

n = 10,000, p = .02, u =np = 200
o= /np(1 —p) = /10,000(.02)(.98) = 14

We want the area to the right of x = 222.5. For
x = 222.5,

222.5 — 200
7= —

~ 1.61.
14 6

P(more than 222 defects) = P(z > 222.5)
= P(z > 1.61)
=1- P(z < 1.61)
=1-.9463
=.0537

18. Use a calculator or computer to complete this ex-
ercise. The answers are given.

(a) P(all 58 like it) = 1.04 x 1072 =~ 0

(b) P(exactly 28, 29, or 30 like it) = .0018

20. Let x be the number of nests escaping predation.
n=206,p=.3
pw=np=26(.3)="17.8

o = /np(1 —p) = /26(:3)(.7)
— /546 ~ 2.337

To find P(at least half escape predation), find the
z-score for x = 12.5.

12578

~ 2.01
2.337

P(z>2.01) =1— 9778 = .0222
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22. Let x represent the number of hospital patients
struck by falling coconuts.

(a) n=20;2=0o0r 1; and p = .025

P(x=0or1)= (200) (.025)°(.975)20

+ <210>(.025)1(.975)19

.60269 + .30907
9118

~
~
~
~

(b) n=2000;x=0,1,2,..., or 70; p = .025

11 = np = 2000(.025) = 50
o = /np(1 — p) = 1/2000(.025)(.975) = /48.75

To find P(70 or less), find the z-score for z = 70.5.

~70.5 - 50
VART5

Pz < 2.94) = .9984

R 2.94

24. (a) Let x represent the number of people cured.
n =25,p=.80
w=mnp=25(.80) = 20
o = /np(1 —p) = /25(.80)(.20) = 2

To find

P(exactly 20 cured) = P(19.5 < z < 20.5),

find the z-scores for x = 19.5 and x = 20.5.
For x = 19.5,

C195-20

—.25.
5 )

z

For x = 20.5,

20.5 — 20
2= — =

.25.
2

Using the table,

P(exactly 20 cured) = .5987 — .4013
=.1974.
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26.

(b) Let x represent the number of people who are
cured.

n=25p=.8

w=mnp=25(.8) =20

o =/np(l—p) = /25(8)(2) = Vi=2
To find P(all are cured) = P(25 are cured), find
the z-scores for x = 24.5 and = = 25.5.

24.5 - 20 25.5 —20

Z = T =225 z = T

Using the table,

P(all are cured) = .9970 — .9878
=.0092.

(c) Pz =0) = (205)(.80)0(.20)25

= (.20)%
=3.36 x 10718
~ 0
(d) From parts a and b, =20 and o = 2.

To find P(12 or fewer are cured) = P(x < 12),
find the z-score for x = 12.5.

12.5 —20
-
Since the table does not go out to z = —3.75, we

must extrapolate, that is, read beyond the values
in the table.

= 2.75.

z =-3.75

P(x < 12) ~ .0001

(a) Let x represent the number that are AB—.
n = 1000; z = 10,11,12,....,1000; p = .006
4t = np = 1000(.006) = 6

o =+/np(l —p)
= ,/1000(.006)(.994)

~~ 2.442

To find P(10 or more), find the z-score for z = 9.5.

9.5—-6
VD) =1.43

P(z>1.43)=1-.9236 = .0764

(b) Let x represent the number that are B—.
n = 1000; z = 20,21, ...,39,40; p = .015
1= np = 1000(.015) = 15

o= /np(1—p)

= /1000(.015)(.985)

~ 3.844

28.

30.
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To find P(between 20 to 40 inclusive), find the
z-scores for x = 19.5 and x = 40.5.

19.5 — 15 40.5 —15
= 3sun  lhEE gy T 008
P(1.17 < 2 < 6.63) = P(z < 6.63) — P(z < 1.17)
=1-.8790
=.1210

(¢) w=np=>500(.015)="7.5

np(1l —p)
500(.015)(.985)
~ 2.7T18

To find P(15 or more donors being B—), find the
z-score for x = 14.5.

o =

P(z > 2.57) = 1 —.9949 = .0051

The probability that 15 or more donors are B— is
only .0051.

n = 1400, p = .55
1= np = 1400(.55) = 770
o = /np(1 — p) = 1/1400(.55)(.45) ~ 18.6
To find P(at least 750 people) = P(x > 749.5),
find the z-score for x = 749.5.
7495 — 770
- 186
P(z>-1.10)=1- P(z < —1.10)
=1-.1357
= .8643

~ —1.10

(a) The numbers are too large for the calculator
to handle.
(b) n=25,825,043,p=.5

= np = 5,825,043(.5) = 2,912,522

o=/np(l—p)
= /5,825,043(.5)(.5)
~ 1206.8
L 2912258291252
1206.8
L 2912790 - 2,912,522
1206.8 ’

P(2,912,253 < = < 2,912,790)
= P(—.22 < 2 < .22)
= P(2<.22) — P(z < —.22)
= .b871 — .4129
= .1742
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32. Let x represent the number of questions.

n = 100;z = 60,61,62,..., or 100;p:%

1
u:np:180(§):50

o~ - () )

=v25=5

To find P(60 or more correct), find the z-score for
T = 59.5.

59.5 — 50

7= —

=1.90
)

P(z>1.90) =1 — P(z < 1.90)
=1- 9713
= .0287
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2. In a grouped frequency distribution, there should
be from 6 to 15 intervals.

4. (a)
Interval | Frequency
9-10 3
11-12 6
13-14 6
15-16 7
(b)-(c)
8__
g6T / “
e
G4t
2__
eI s
o f o9
Units

6. 105,108,110, 115,106,110, 104, 113, 117

:E:&:%QIOQB
n 9

10.

12.

14.

16.
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Interval| Midpoint, x | Frequency, f | Product, x f
40-44 42 2 84
45-49 47 5 235
50-54 52 7 364
55-59 57 10 570
60-64 62 4 248
65-69 67 1 __ 67
Totals: 29 1568

Use the formula for the mean of a grouped fre-
quency distribution.

 Yaf 1568
v n 29

32,35, 36, 44, 46, 46, 59

The median is the middle number; in this case, it
is 44.

The mode is the most frequent number; in this
case, it is 46.

The modal class is the interval with the greatest
frequency; in this case, the modal class is 30-39.

The range of a distribution is the difference be-
tween the largest and smallest data items.

14,17,18,19, 32
The range is the difference between the largest and
smallest numbers. For this distribution, the range
is
32 —-14 =18.
To find the standard deviation, the first step is to
find the mean.
S _ 14+17+ 184+ 19+ 32 _ 100 _ 90
n 5 5
Now complete the following table.

"f:

x x
14 196
17 289
18 324
19 361
32 1024
Total: | 2194
oo S a? — nz?
n—1
_ [2194—5(20)2
B 4
=485~ 7.0
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18. Recall that when working with grouped data, z
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To find P(between 249,500 and 251,000), find the

represents the midpoint of each interval. Com- z-scores for x = 249,499.5 and x = 251,000.5.
plete the following table.
For x = 249,499.5,
Interval | f x xf x? fa?
10-19 6 |14.5 87.0 | 210.25 1261.50 _ 249,499.5 — 250,000 ~—_116
20-29 | 12 [24.5| 294.0 | 600.25| 7203.00 250v/3 o
30-39 | 14 |34.5] 483.0 | 1190.25 | 16,663.50
40-49 | 10 |44.5| 445.0 | 1980.25 | 19,802.50 For z = 251,000.5,
50-59 8 | 54.5| 436.0 |2970.25 |23,762.00
Totals: | 50 1745.0 68,692.50 o — 201.000:5 = 250,000, o

2501/3

P(~1.16 < z < 2.31) = P(2.31) — P(—1.16)

Use the formulas for grouped frequency distribu-
tions to find the mean and then the standard devi-

ation. (The mean was also calculated in Exercise = .9896 — .1230
7.) = .8666
T = M = % =34.9
n 50 30.
Interval | x Tally flaf
3 =2
PO OO Lkl -3 | 2| W] 6] 12
n—1 4-6 51 M 51 25
~ [68,692.5 — 50(34.9)? 79 8 | MM | 11| 88
= 19 10-12 | 11 | N | 20 | 220
126 13-15 | 14 | | 6| 84
16-18 | 17 | || 2| 34
22. Between z =0 and z = 1.27 s 50 | 463
P(0<2z<1.27) i 23:8 —.5000 - P(x) |z P(x)
T 0 .001 .000
1 .010 .010
24. Between z = —1.88 and z = 2.10 2 044 .088
3 117 .351
=.9520 5 246 | 1.230
6 .205 1.230
26. If 8% of the area under the curve is to the right of 7 117 819
z, then 92% of the area is to the left of z. Find the 8 .044 .352
value closest to .92 in the body of the table, and 9 .010 .090
read the table backwards to find the corresponding 10 .001 .010
z-score, which is z = 1.41. Totals: | 1.000 5.000

28. (a) Let z represent the number of hearts drawn. (a) The mean of the frequency distribution is

n = 1,000,000; = 249,500, 249,501, . . ., 251,000; 463
=2 _ 4630603,

_ 13 _ 1 n 50
P=%5 =1

1 = np = 1,000,000 (1/4) = 250,000

o= /(1= ) = /1000000 (3) (3)

/ 1
_ 3,00106,000 _ oogﬁ — 250v3

The expected value of the probability distribution
is

E(z) = Z(x - P(z)) = 5.
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(b) The standard deviation of the frequency dis-
tribution is

Y fat —na?
TN ST

5027 — 50(9.26)>
= ~ 3.9.
\/ 50 —1

The standard deviation of the probability distrib-
ution is

s =+/np(1 —p) = /10(.5)(.5) ~ 1.58.

(c) 95.44% of the area under the normal approx-
imation of the binomial probability distribution

will lie between z = —2 and z = 2.
z = —2means —2 = T or 1.84—=1zx.
1.58
-5

z =2 means 2 = or &816=u=x.

1.58
The interval is 1.84 < x < 8.16.

(d) The normal distribution cannot be used to
answer probability questions about the frequency
distribution because the histogram of the frequency
distribution is not close enough to the shape of a
normal curve.

2 - 32.1
32. P(z <32) =P <z < %)

=P(z < -1)
= .1587 or 15.87%

34. Let x represent the number of businesses that go
bankrupt in their first year.

n="50,p=.21

w=mnp=>50(.21) =10.5
o =+/np(l —p) = /50(.21)(.79) ~ 2.88

(a) Use the binomial probability formula.

Pla=8) = (580> (21)8(.79)42

~ .1019

Now use the normal approximation. To find P(8
go bankrupt), find the z-scores for z = 7.5 and
x = 8.5.

For x = 7.5,

= —7.5 — 105 ~ —1.04.
2.88
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For x = 8.5,

8.5 —10.5
=58 %

P(8 go bankrupt) = .2451 — .1492
=.0959

(b) Use the binomial probability formula.

P(z=0,1, or 2)
— <500>(.21)0(.79)5° + <510>(-21)1(-79)49

4 (520) (21)2(.79)%

.00001 + .00010 + .00066
.0008

Q

Now use the normal curve approximation. To find
P(xz < 2), find the z-score for x = 2.5.

2.5 —10.5
_ 20T 09 o
i 9.3 &

Pz < 2) = .0027

36. Let = represent the number of flies that are killed.
n = 1000, x = 980, p = .98

(= np = 1000(.98) = 980
o=+/np(l—p)
= ,/1000(.98)(.02)
=/19.6

To find P(exactly 980), find the z-scores for x =
979.5 and x = 980.5.

For x = 979.5,

L 979.5-980 1
V19.6 o

For x = 980.5,

_ 9805980
V19.6 o

P(—11< z<.11) = P(z < .11) — P(z < —.11)
5438 — 4562
= .0876
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38.

40.

Again, let x represent the number of flies that are
killed.

n = 100; x = 975,976, ...,980; p = .98

As in Exercise 36, u = 980 and ¢ = v/19.6. To find
P(at least 975), find the z-score for = 974.5.

974.5 — 980
2= ——~—-1.24
v/19.6
P(z>—-124)=1—- P(z < —1.24)
=1-.1075
=.8925
(a) Find the mean.
T = & = % =12.6
n 10

The mean is 12.6.
To find the median, list the values from smallest
to largest.

5,9,11,11,12,12,13, 15,17, 21

The median is the mean of the two middle values.

12+12
=

12.

The median is 12.
There are two values that appear twice in the list,
11 and 12, so the modes are 11 and 12.

(b) Use a graphing calculator or spreadsheet to
find the standard deviation.

s ~ 4.3767

The standard deviation is 4.3767.

(c) T+ s=12.6+4.3767 = 16.9767
T—s=12.6—4.3767 = 8.2233

Seven of the 10 entries fall between these two val-
ues.

Thus (100) = 70% of the data are within one
standard deviation of the mean.

(d) T+ 3s = 12.6 + 3(4.3767) = 25.7301
T — 3s = 12.6 — 3(4.3767) = —.5301

All of the data fall between these two values, so
100% of the data are within three standard devi-
ations of the mean.

42.

44.

46.
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No more than 35 min/day
n=42, c =12
Find the z-score for x = 35.

3542
T

~ —.58

P(x < 35) = P(z < —.58) = .2810

28.10% of the residents commute no more than 35
min/day.

Between 38 and 60 min/day
p=42, 0 =12
Find the z-scores for x = 38 and x = 60.

For z = 38,

For z = 60,

60 — 42
Z = =

1.5.
12

P(38 <z < 60) = P(—.33 < z < L5)
= P(z <1.5) — P(z < —.33)
=.9332 — .3707
= .5625

56.25% of the residents commute between 38 and
60 min/day.

n = 500,p = .555
1t = np = 500(.555) = 277.5
o =+/np(l —p)

= /500(.555)(.445)

~ 11.11

300.5 — 277.5
P(x > 300) = P (z > —>

11.11

= P(z > 2.07)
=1 - .9808
= .0192
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Extended Application: Statistics in

the Law-The Castaneda Decision
L 688 — 339 901
V/870-0.791 - 0.209

2. The court used the normal approximation to com-
pute this (tiny) probability.

3. (a) 220(.791) = 174.02
The expected number of Mexican-American is 174.

(b) o =+/np(l—p)
= 1/220(.791)(1 — .791)

~ 6.03
100 — 174
(c) 2 6.03

The actual number is 12.3 standard deviations
from the expected number.

(d) The table only goes to —3.4 standard devi-
ations; a result this far below the mean, or far-
ther, has probability 0.003, so the pool with 100
Mexican-Americans has probability less than 0.003.
Using the normal approximations to the binomial
distribution, we can show that the true probabil-

ity is much smaller, in fact less than 1073,
6— 2= 112
4. (a) 2= —22% — ~ 57
88 . 206
12 557 - Soa

The expected number is about 6 standard devia-
tions from the actual number.

(b) Yes; The court should have decided this was
evidence of discrimination.
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MARKOV CHAINS

10.1 Basic Properties of Markov

2.

10.

12.

14.

280

C[3 -1

Chains

[% 1] could not be a probability vector because
the sum of the entries is not equal to 1.

[.1 .1] could not be a probability vector because
the sum of the entries is not equal to 1.

H % %] could be a probability vector since it
is a matrix of only one row, having nonnegative

entries whose sum is 1.

.8] could not be a probability vector
because it has a negative entry.

(5 0

| 0 5

The entries in each row do not add up to 1, so this
could not be a transition matrix.

iy

This could be a transition matrix since it is a

NN
(] Eat [oV)

square matrix, all entries are between 0 and 1,
inclusive, and the sum of the entries in each row

is 1.
1/4 172
3 3/4 ;
12
111
3 3 3
0 1 0
1 1
3 0 3

This could be a transition matrix since it meets all
the requirements given in the solution for Exercise

12.

1/3
1/3 1

172
173

172

16.

18.

20.

22,

The given diagram is not a transition diagram be-
cause the sum of the probabilities from each of the
three states is not 1.

A C
A 6 2 2
B 9 .02 .08
C 4 0 6

All entries in this square matrix are between 0 and
1, inclusive, and the sum of the entries in each row
is 1, so this is a transition matrix.

7 37149 .51
3 _ B.R2
B'=15-B {0 1H0 1}
_ [.343 657
1o 1

The entry in row 1, column 2 of B? gives the prob-
ability that state 1 changes to state 2 after three
repetitions of the experiment. This probability is
.657.

[3 .2
D=|0 0 1
L6 .1

39 11 5
DP=|6 1 3
| .36 .15 .49

417 128 455
D}*=D-D*= |36 .15 .49
402 121 477

The probability that state 1 changes to state 2
after three repetitions is .128.
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Basic Properties of Markov Chains

0l .9 .09
24, F=|.72 .1 .18
|34 0 .66

(6787 099 .2223

F2=| 1404 658 .2016

| 2278 306 .4662

(1536 .6207 .2256

F3 = | 5437 1922 2641

| 3811 .2356 .3833

26.

The probability that state 1 changes to state 2
after three repetitions is .6207.

This exercise should be solved by graphing cal-
culator methods. Let A be the given transition
matrix. The first power, A!, is the given matrix.
The other powers of the transition matrix are

A2 =

A3 =

At =

A5 =

23
.26
23
19
A7

.226
222
219
213
213

.2205
.2206
2182
2183
2176

21932
.21956
.21905
.21880
21857

21
18
18
.19
.20

.24
.26
.24
27
.26

A7
.16
19
18
19

15
.14
.16
A7
A8

192
.196
189
192
189

.249
.252
.256
.252
.252

A7
174
A7
181
183

156
156
159 |,
162
163

1916
1922
1920
.1909
.1906

2523
2512
.2525
.2526
2533

1774
1778
1781
1787
1787

.1582
.1582
.1592
1595
1598

19167
19152
19152
.19144
.19148

.25227
.25226
.25227
.25251
.25253

17795
17794
17818
17817
17824

.15879
.15872
.15898
.15908
15918

The probability that state 2 changes to state 4
after 5 repetitions of the experiment is found by
looking at the entry in row 2, column 4 of A®. This
probability is .17794.

28.

30.

32.
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The given matrix is
8 .2
A= .
[ 35 .65 }
The one-week matrix is just A.

The two-week matrix is

7129
A? = .
[ 5075 .4925}

The three-week matrix is

43— .6695 .3305
T | 578375 421625 |
The four-week matrix is
4 | -651275 348725
~ | .61026875 .38973125 |

(a) The required probability is given by the first
row, first column entry in A, .8.

(b) Use A?; the probability is .71.
(c) Use A3; the probability is .6695.

se ; the probability 1s . . .
d) Use A%; th bability is .651275 ~ .6513

(e) Use A?; the required probability is given in
row 2, column 1. This probability is .5075.

The probability of a G; becoming a G2 must be
.20 so that the row sum is 1. All of the other
entries are given directly in the exercise. All of the
probabilities are given in the following transition

matrix.
Go Gi Go
Go [.85 .10 .05
G1 0 .80 .20
G 0 0 1
.85 .10 .05
P=1.15 .75 .10
10 .30 .60

is the transition matrix, and the entries of
Xo=[50,000 0 O]

gives the number of policyholders in the initial
group. To obtain the numbers for each subsequent
year, multiply by P.

(a) XoP = [42,500 5000 2500 ]

After 1 yr, there will be 42,500 policyholders in
Gy, 5000 in G4, and 2500 in Gs.
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34.

(b) XoP? = (XoP)P
=[37,125 8750 4125]

After 2 yr, there will be 37,125 policyholders in

Gy, 8750 in G1, and 4125 in Gs.

(C) X0P3 = (X0P2)P

=[33.281 11,513 5206]

After 3 yr, there will be 33,281 policyholders in
Gy, 11,513 in G, and 5206 in Gs.

(d) The transition matrix for a 2-yr period is

7425 175 .0825
P2=1| 25 6075 .1425
.19 415 .395

(e) The probability that a Gy will be a G after
2 yr is given by the entry of P? in the first row,
first column, that is .7425.

(a) Let A denote agricultural, U denote urban,
and I denote idle. Then the transition matrix P
is given by

A U I
A [.80 .15 .05
U 0 .90 .10
20 .70

(b) The initial categories are
Xo=[.35 10 .55].

(c) Multiply by P to obtain the results after 10
yT:
XoP =[.335

2525 4125 ].

(d) Multiply again by P to obtain the results after
20 yr:
XoP? =1.30925 .36 .33075].

(e) The transition matrix for a 20-yr period is

645 265 .09
PZ=1| .01 .83 .16
15  .335 515

(f) The probability that an idle plot of land is still
idle after 20 yr is given by the entry of P? in the
third row, third column; that is, .515.

36.

38.

Chapter 10 MARKOQOV CHAINS
(a) Since the transition matrix
S, -
z2 =2 00
111
» 02 3 %
- 11
00 5 5
13
00 7 %

describes the proportional change of rabbits among
various immune response classifications from one
week to the next, we need to consider the entry
in the first row, first column of P®. Because P
has zero entries in rows two through four of col-
umn one, the proportion of the rabbits in group
1 that were still in group 1 five weeks later was
57~ .1859.

(b) Find the product XoP*, where Xg =[9 4 0 0].
XoP* = [2.31 2.62 3.47 4.56], where the en-

tries are approximate. Therefore, after 4 weeks
there are approximately 2.34 rabbits in group 1,
2.62 rabbits in group 2, 3.47 in group 3, and 4.56

in group 4.

(c) Using a graphing calculator, when P is raised
to a larger and larger power, the entries in the
first row, first two columns, and the entries in the
second row, first two columns are either zero or
positive numbers that are getting smaller—that
is, they are approaching zero. This leads to the
conclusion that the long-range probability of rab-
bits in group 1 or 2 staying in group 1 or 2 is zero.

(a) Use L for liberal, C for conservative, and I for
independent. The transition matrix P is given by

L C I
L [.80 .15 .05
C .20 .70 .10
I [.20 .20 .60

(b) The initial distribution is given by
Xo=[40 45 .15].

(c) One month later in July,

XoP=[44 405 .155],

so there will be 44% liberals, 40.5% conservatives,
and 15.5% independents.
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(d) Two months later in August,
XoP? = (XoP)P =[.464 .3805 .1555],

so there will be 46.4% liberals, 38.05% conserva-
tives, and 15.55% independents.

(e) Three months later in September,
XoP? = (XoP?)P = [.4784 36705 .15455],

so there will be 47.84% liberals, 36.705% conserv-
atives, and 15.455% independents.

(f) Four months later in October,
XoP* = (XoP3)P = [.48704 .359605 .153355 |,

so there will be 48.704% liberals, 35.9605% con-
servatives, and 15.3355% independents.

(g) The transition matrix for a two-month period

is given by
[ .80 .15 .05 80 .15 .05
P2=1] 20 .70 .10 20 .70 .10
L .20 .20 .60 20 .20 .60
[ .68 .235 .085
=| .32 54 .14
| 32 .29 .39

10.2 Regular Markov Chains

2. ta= | 0

43 .57

A is a regular transition matrix since A = A con-
tains all positive entries.

[.55 .45
4. Let B = 0 1 ]
[.30250 .69750
B2 =
R
) [.16638 .83363
B3 =
el

B is not regular since any power of B will have
[0 1] as its second row and thus cannot have all
positive entries.

3 .5 2
6.Let C=|1 0 0
5 1 4
69 17 .14
C?=13 5 2
| .45 .29 .26

. Let P =

283

C is a regular transition matrix since C? contains
all positive entries.

0ol Wi

] , and let V' be the probability

00|~ W=

vector [m Ug] . We want to find V such that

VP =YV,

= [vl 1)2].

or [v1 vs] [

Use matrix multiplication on the left.

00— Wl

00|~ W=

(3o +du dot Dol = [0 w)
Set corresponding entries from the two matrices
equal to get
%’Ul =+ %1}2 =1
%1)1 + %’UQ = Vs.
Multiply both equations by 24 to eliminate frac-
tions.

16v1 + 3vy = 241,
87_}1 + 21U2 = 24’1}2

Simplify both equations.

—8v1 +3v2 =0
v — 3va =0

These equations are dependent. To find the values
of v1 and vy, an additional equation is needed.
Since V = [vl vg} is a probability vector

v, +vy =1.
To find vy and vy, solve the system

—8’01 +3’Ug =0 (])
V1 + U2 = 1. (2)
From equation (2), v1 = 1 — vy. Substitute 1 — vy

for v1 in equation (1) to get

—8(1 —Ug) +3v9 =0
—8 4+ 8vg +3v =0

11’(}2:8
8
’Ug—ﬁ
_ _ 3
and vy =1—-wv2 =53,

The equilibrium vector is
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10. Let P = [

12.

? ;} , and let V' be the probability

vector [1)1 vg].

R -/
o wl [ 3] =l w)
Bup + . 1ve = vy
201 + vy = vy

Simplify these equations to get the system

—.2’01 + .1U2 =0
201 — 1vg = 0.

These equations are dependent. Since V is a prob-
ability vector,

V1 + V9 = 1.
Solve the system
—.2’[}1 + .11]2 =0
v+ v =1

by the substitution method.

—.2(1 — ’UQ) + .1vo =0
—.2+ 2vy+.1vo =0
.31}2 =.2

Vo =

= wlro

|
wlro
W=

v =

Thus, the equilibrium vector is

W
[E—

Let P=|.1 4 .5|,andletV be the

probability vector [vl Vg Ug} .

D23

[Ul () Ug] .1 4 .5 = [Ul (%] ”U3]
2 2 6

ov1 + 1vg + 2vu3 =0

201 + 4vg + 203 = vy

.31)1 + .5U2 + .61)3 = U3

Simplify these equations to get the system

7.5’[)1 + .1’02 + .2’03 = 0
.21)1 — .6U2 + .2113 =0
3vy + .5vy — 4wvg = 0.

14.
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Since V' is a probability vector,
U1 —+ V2 —+ V3 = 1

This gives us a system of four equations in three
variables.

v+ v+ vg=1
—.5v1 + . 1vg + 2v3 =0
.2’{)1 — .61)2 + .2U3 =0
3v1 + vy — 4vg = 0.

This system can be solved by the Gauss-Jordan
method. Start with the augmented matrix

1 1 111
—.5 N 210
2 —6 210
3 S5 =410

The solution of this system is v; = i, Vg = i, and
vz = %, so the equilibrium vector is

1 01 1
[Z 1 5]
.16 .28 .56
Let P=| .43 .12 45|, and
86 .05 .09
let V' be the probability vector [vl Vo "Ug}
.16 .28 .56
[Ul (%] 1)3] 43 12 .45 = [’Ul (%) 1)3]

.86 .05 .09

.16v1 + .43v + .86v3 = vq
28v1 + .12v9 + .05v3 = vy
.b6v; + .4bvy + .09v3 = v3

Simplify these equations and also use the equation
v1 + v9 +v3 = 1 to get the system

v + v+ wy3=1
—.841)1 + .43’[)2 + .862)3 =0
.28v1 — .88vy + .05v3 =0
.56v1 + .45v5 — .91vg = 0.

Solve this system by the Gauss-Jordan method to

oy, . TT83 . 2838 _ 6188
obtain vy = 155, V2 = 15795, and vz = 75455
The equilibrium vector is

7783 2828 6188
16,799 16,799 16,799 | °
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16.

18.

20.

Regular Markov Chains

.85 .10 .05
Let P=|.15 .75 .10 |, and let V be the
.10 .30 .60

probability vector [’Ul Vg U3] .

.85v1 + .15v5 + .10v3 = vq
10v1 + .75v2 + .30v3 = ve
.05v1 + .10v3 + .60v3 = v3

Simplify these equations and also use the equation
v1 4+ v2 +vs3 = 1 to get the system

U1 + (%] + V3 = ].
—.15’[)1 + .15’02 + .101)3 =0
.10’1)1 — .2502 + .301)3 =0
.05v1 + .10vy — .40v3 = 0.

Solve this system by the Gauss-Jordan method

to obtain v; = %, Vg = %, and vs = 5%. The
equilibrium vector is
[2_8 22 &}
50 59 B9
80 .15 .05
[’Ul (%] 1)3] 0 .90 10 = [Ul (%] 1}3]
10 .20 .70
.80v1 + .10v3 = vy

15v1 + .90v2 + .20v3 = ve
.05v1 + .10v3 + .70v3 = w3

Simplify these equations and also use the equation
v1 +v2 +v3 = 1 to get the system

V1 + Vo + vy3 =1
—.20v; + .10v3 =0
15v; — .10ve 4+ .20v3 =0
.05v1 + .10v2 — .30v3 = 0.

Solving this system by the Gauss-Jordan method,

we obtain v; = vy = L and vy = 1%. The

2
17 17>

equilibrium vector is

[

1
1

[,

\,
Sl

]

She

(v ][ p)=lw v

.90’01 + .051)2 = U1
.10’01 + .951)2 = Vg

Simplify these equations to obtain the system

—.10v1 + .05v2 =0
.101}1 — .051)2 =0.

24.

26.

28.
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These equations are dependent. Use the substitu-
tion method to solve the system

—.10v1 + .05v9 =0
U1 + vy =1,
obtaining v; = %+ and vy = %. The equilibrium

vector is

—
=
Wi
.

There are an infinite number of solutions to the
system VK = V. A few examples would be (0,0, 0),
(5,7,11), and (&, £, 1). In fact, any vector of

the form (151 T3, 171x3,:£3) would be a solution to

the system.

(ol [y | =l ]

.95’[)1 + .801}2 =1
.05U1 + .201}2 = Vg

Simplify these equations to obtain the system

7.051)1 + .80’02 =0
.05”01 — .801}2 =0.

These equations are dependent. Use the substitu-
tion method to solve the system

—.05v1 + .80vy =0
U1 + vy =1,
obtaining v; = i—? and vy = 1—17 The long-run

probability that the line will work properly is %

This exercise should be solved by graphing cal-
culator methods. The solution may vary. The
answers are as follows.

(a) [4 .6]; [.53 .47];[.5885 .4115];
[.614825 .385175];[.626671 .373329];
[.632002 .367998] ; [.634401 .365599 ] ;
[.635480 .364520] ; [.635966 .364034] ;
[.636185 .363815 ]

(b) .236364;.106364; .047864;.021539; .009693;
.004362; .001963; .000884; .000398; .000179

(c) The ratio is roughly .45 for each week.
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30.

32.

(d) Each week, the difference between the proba-
bility vector and the equilibrium vector is slightly
less than half of what it was the previous week.

(e) [.75 .25];[.6875 .3125];
[.659375 .340625];[.646719 .353281

)
)

;[.638461 361539

3

] ]
[.641023 358977 ] ]
[.637307 .362693]; [.636788 .363212]
[.636555 .363445] ;[.636450 .363550 ]

.113636; .051136; .023011; .010355; .004659;
.002097; .000943; .000424; .000191; .000086

The ratio is roughly .45 for each week, which is
the same conclusion as before.

The transition matrix is

A B C
A 3 3 4
B A5 .3 .55
C 3 6 1

To find the long-range distribution, use the system

U1 + v+ wv3=1
Bvy + .15v9 + 3vs = vy
Bup 4+ 3ug + .6y = vy
A4vy 4 .55vy 4+ . 1vg = vs.

Simplify these equations to obtain the system

U1 —|— Vo + V3 = ].
—.7U1 + .151)2 + .31)3 =0
Buy — Tvg + .6vs =0
.4111 + .55’02 — .91)3 =0.

Solve this system by the Gauss-Jordan method to

ve = 22 and vy = 2%, The

60 102
2517 2517 251"

long-range prediction is

obtain v; =

(a) Look at the probability in the third row, third
column of

645 .099 .152 .033 .071
611 138 .128 .033 .090
P=| 514 .067 .271 .030 .118
609 107 .178 .064 .042
523 .093 183 .022 .179

which is .271.
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(b) Use a graphing calculator to find

612 .098 .171 .033 .087
.611 .100 .168 .033 .088
P?= 592 .092 .187 .032 .097
611 .098 .174 .034 .084
595 096 178  .031 .100

where entries are rounded to three decimal places.
The probability that a criminal’s second crime af-
ter committing theft is also theft is the entry in
the third row, third column of P?, which is .187.

(c) Since all of the entries of P are positive, then
P is a regular transition matrix. Therefore, there
is a unique equilibrium probability vector V =

[ V1 Uy U3 Vg Us ] .The equation VP =V yields

the system of equations

.645v7 + .611vy + .514v3 + .609v4 + .523v5 = 1
.099v1 4 .138vy + .067v3 + .107v4 + .093v5 = vo
15201 4 128wy + 271wz + .178v4 + .183v5 = v3
.033v1 + .033vs 4+ .030v3 + .064v4 + .022v5 = v4
.071vy 4+ .090v 4 .118v3 + .042v4 + .179v5 = vs,

which along with the equation
v1 4 vo + v3 + v4 + v5 = 1 simplifies to

—.355v; 4 .611v9 4 .514v3 + .609v4 + .523v5 = 0
.099v; — .862v, 4 .067vs + .107v4 + .093v5 = 0
15201 + .128v9 — .729v3 + .178vy + .183v5 =0
.033v; + .033ve + .030v3 — .936v4 + .022v5 = 0
.071vy 4 .090v, 4 .118v3 4 .042v4 — .821vs = 0.

U1 +’U2 +’U3 +’U4+U5:1.

Use matrices and a graphing calculator to solve
this system by the Gauss-Jordan method. This
yields the solution

V=1[.607 .097 .174 .032 .090 |,

where entries are rounded to three decimal places.
Therefore, the long-term probabilities for each type
of crime are .607 for nonindex, .097 for injury, .174
for theft, .032 for damage, and .090 for combina-
tion.
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34. The transition matrix is

N
I-p p
The columns sum to p+(1—p) = 1, so by Exercise

23 the equilibrium vector is [ £ 1 ].

The long-range prediction for the fraction of the
people who will hear the decision correctly is %

36. Let F, C, and R represent fair, cloudy, and rainy,
respectively, and let [vl Vg 1;3] be a probabil-
ity vector. The transition matrix is

F C R
F [.60 .25 .15
C |40 35 .25/,
R [.35 40 .25

and the resulting system of equations is

.60v1 + .40v9 + .3bv3z = vy
.257}1 + .35’02 + .40’[)3 = V3
.157_}1 + .25’02 + .25’1}3 = V3.

Also, v1 +wvg +wv3 = 1.
Solving this system, we obtain

__ 155 99 _ 32
V1= 3150 V2 = 318, V3 = 1R9-

[5 99 32
318 318 159 1 °

Over the long term, the proportion of days that

: . 155
are expected to be fair, cloudy, and rainy are 53¢ ~

48.7%, 3% ~ 31.1%, and % ~ 20.1%, respec-

tively.

38. The transition matrix is

12 .88
P= {.54 .46] '

Let V be the probability vector [vl Ug] .

(o ] 57 Gg)=ln ]

12v1 + .54vg = 14
881 + .46v5 = vy

Simplify these equations to get the dependent sys-
tem
—.88v1 + .54v2 =0
.881}1 — .541)2 =0.
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Also, v1 + v = 1.
Solving this system, we obtain

and note that

27
— ~ .38 = 38%.
71 %

About 38% of letters in English text are expected
to be vowels.

10.3 Absorbing Markov Chains

S oot N
— oo W

1
1
2
0

W N =

Since p33 = 1, state 3 is an absorbing state. Since
p13 # 0 and pog # 0, it is possible to go from the
nonabsorbing states (states 1 and 2) to the ab-
sorbing state. Thus, this is the transition matrix
for an absorbing Markov chain.

1 2 3
1[5 5 0
218 2 0
300 0 1

Since p33 = 1, state 3 is absorbing. Since p13 =0
and pog = 0, it is not possible to go from either
of the nonabsorbing states (states 1 and 2) to the
absorbing state. Thus, this is not the transition
matrix of an absorbing Markov chain.

1 2 3 4

117.32 .41 .16 .11
2 (.42 .30 0 .28
310 0 0 1
411 0 0 0

No states are absorbing, so this matrix is not that
of an absorbing Markov chain.
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10.

12.

1 2 3
111 0 O
216 1 3
3L0 0 1

Rearrange the rows and columns so that absorb-
ing states 1 and 3 come first.

1 3 2
1 1 0[O0
3 0O 110
21 6 3|.1
Here R=[.6 .3] and Q = [.1]. Find the funda-

mental matrix F.
F=(L-Q =[5 =[¥]

The product matrix FR is

rR=14]1% #]=(3 4]
1 2 3

1 1 0 0

AER

3 L0 0 1

The rearranged matrix is

4
7]
1 2 3 4
1 1 n 1
Ltz 5 0 3
2 1o 1 0 0
310 0 1 0
4 |3 0 0 3

Note that states 2 and 3 are absorbing states. Re-
arranging, we obtain

2

B~ = W N

oo
Ol

W= RO O =

RI=RI=H O O

14.

Chapter 10 MARKOQOV CHAINS

1 9 11
HereR—{% O]andQ— i i
2 2

Therefore,

[\l N
[ I EN

)

and

U W o
o, OO K =
o UOo ~ N
O R = O W W
o oo o~
— N o o~

Observe that states 2, 3, and 5 are absorbing. The
rearranged matrix is

2 3 5 1 4
2 1 0 0[O0 O
3 0O 1 0|0 O
5 0O 0 1|10 O
1 2 3 114 0
41 5 1 2.1 .1
Then
3 0 -t
P=-Q7 = | 5,
~10 10
5
5 10 [
27 9
and
50 31
FR = ? 10] ]
£ W 1 .2

Cﬂ|>—‘ < I —
e

I
| —
K)l»—l wl—
Slo
o= N
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16. The transition matrix is 20. To calculate the expected total number of times a
Markov chain will visit state j before absorption,
1 2 3 4 5 .
_ - regardless of the current state, simply sum the
0 3 0 2 00 0 elements in column j of the fundamental matrix.
1 ¢ 0 £ 0 0 O
3 2
2 10 3 ;? 5 (2) 0 22. This exercise should be solved by graphing cal-
3 0 0 5 9 5 8 culator methods. The solution may vary. The
4 100 0 5 0 3 answers are as follows.
5 0 0 0 0 0 1
) ) P 1.66667  .606061
States 0 and 5 are absorbing. We arrange to obtain (a) ) 1.81818
0o 5 1 2 3 4 FR— 113636  .886364
o [1 ofo o 0 017 ~1.090909 .909091
5 1
3(,) 0 0 0 0 (b) 090909
1 £ 0|0 2 0 0
2 {0 02 0 2 0 (c) .886364
3 10 o0j0 2 0 2
4 [0 % 0 0 % 0 | 24. (a) The transition matrix is
Then, 1 2 3
) , . 1 [.05 15 8
1 -5 0 0 2 |05 .15 .8
-5 1 -3 0 3 Lo o 1
F=1 0 2 1 2
L0 6 _% i ) Rearranging, we obtain the matrix
[1.540284 9004739  .4739336  .1895735
| 1.350711 2.251185 1.184834 4739336 3
| 1.066351 1.777251  2.251185 9004739 1
.6398104 1.066351 1.350711 1.540284 2
and 87 05 .15
w-[3)ie-[o ]
0 . 8| 05 .15
1 [.9242 0758 (b) F=[L-Q!
2 | .8104 .1896
FR= . -1
B="3 | 6308 3602 :({1 0]_{-05 -15])
4 |.3839 .6161 0 1 05 .15
(a) If B has $3, then A has $2 and the probability [ 95 -5 -
of ruin is .810. -~ |-05 .8
(b) If B has $1, then A has $4 and the probability _ [1.0625 1875
of ruin is .384. | 0625 1.1875
[1.0625 1875 .8 1
18. p = .50, so FR = =
P B=1" o625 1.1875} {8} {1]
1-p 1-.50
r= > =" 1. (c) The probability that the disease eventually
disappears is 1, since that is the entry in row 2,
Hence, column 1 of FR.
I b 30 30 3 (d) The expected number of people is 1.25, since
o=

a+b - 10+ 30 - 40 - 4’ that is the sum of the entries in row 2 of F.



26. (a) The transition matrix is

A LR SO

A 80 .15 .05
LR .05 .80 .15
SO 0 0 1

Rearranging, we obtain the matrix

SO A LR
SO 1|0 o0
A 05| .80 .15
LR | .15|.05 .80
.05 80 .15
k= {.15} Q= [.05 .80}
F = [IQ 7Q]71
C([1 0] _[80 a5]\ "
|0 1 .05 .80
T2 —as]
=05 2
_ [6.154 4615
| 1.538  6.154
pp o [6154 4615 [.05] _ [1.000
| 1.538  6.154 | | .15 1.000

(b) The probability that a person who commuted
by car ends up avoiding the downtown area is 1,
since that is the entry in row 1, column 1 of F'R.

(c) The expected number of years until a person
who commutes by automobile this year ends up
avoiding the downtown area is 10.769 ~ 10.77 yr
since that is the sum of the entries in row 1 of F.

(@ 1 2 3 4 5
1 [4 3 2 1 0
2 |2 1 0 6 .1
310 0 1 0 0
4 11 1 4 1 3
5 10 0 0 0 1

is the transition matrix. States 3 and 5 are ab-
sorbing. Upon rearranging, we obtain

3 5 1 2 4
3 1 00 0 O
) 0 1170 0 O
1 2 014 3 1
2 0 1.2 1 6
4 4 311 1 1
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Then

T 6 -3 —17 "
F=1-2 9 —6

| -1 -1 9

[2.0436 7629 7357

= .6540 1.4441 1.0354 |,

| 2997 2452 1.3079

and
3 5

1 703 .297
FR= 2 545 455

4 583 417

The second column of FR gives the probability
of ending up in compartment 5 given the initial
compartment.

(b) From compartment 1, the probability is .297.
(c) From compartment 2, the probability is .455.

(d) From compartment 3, the probability is 0
since state 3 is absorbing.

(e) From compartment 4, the probability is .417.

(f) To find the expected number of times that a
rat in compartment 1 will be in compartment 1
before ending up in compartment 3 or 5, look at
the entry in row 1, column 1 of F, 2.0436 ~ 2.04.

(g) To find the expected number of times that a
rat in compartment 4 will be in compartment 4
before ending up in compartment 3 or 5, look at
the entry in row 3, column 3 of F, 1.3079 ~ 1.31.

Chapter 10 Review Exercises

-2 1.2
4.
{ .8 .2]
This could not be a transition matrix because it
contains a negative entry.

6 2 3
6 1 5 4
3 3 4

This could not be a transition matrix because the
sum of the entries in the first row is not 1.
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v o-[3 ]

po[2 T[] ¥

Dg_D.Dg_[.s .7H.44 .56]

5 5]l4 6
_ [412 588
a2 8

(b) The entry in row 2, column 1 of D3 gives the
probability that state 2 changes to state 1 after
three repetitions of the experiment. This proba-
bility is .42.

(14 12 T4
10. (a) F=|.35 .28 .37
|71 24 .05
(587 228 185
F2=| 4097 2092 .3811
| 2189 1644 6167
2933 1787 5280
F3=F.F2=| 4012 .1992 .3996
5260 2203 2536

(The entries of F*® are rounded to 4 places.)

(b) The probability that state 2 changes to state 1
after three repetitions of the experiment is .4012.

2 8
T g 37[7 3] [.55 45
12 8|2 8| |3 71

DI?* =8 .2] [:25 :§5} =[5 5]

gives the distribution after two repetitions. To
find the long-range distribution, let V" be the prob-
ability vector [Ul 1)2} . We want to find V' such
that

12. D=[8 .2];T:[‘7 .3}

VT =V,

or [v1 vg}[:; :2}:[1}1 v].

This matrix equation is equivalent to the system

v + 2v9 =
Bv1 + .8ug = vs.

291

Simplify these equations to get the system

—.3v1 + 20, =0
.3’01 — .21}2 =0.

These equations are dependent, so we need an ad-
ditional equation in order to find the values of v;
and vy. Since V = [vl ’Ug] is a probability vec-
tor,

v, +vy = 1.

To find vy and vs, solve the system

—3v1+.20=0 (1)
v+ vy = 1. (2)

From equation (2), v; =1 — vy. Substitute 1 — vy
for v1 in equation (1) to get

—3(1 — ’Ug) + .20y =0
-3+ .3vg+ 205 =0

.5U2 =.3
V2 = %7
and vy =1-— % = %
The long-range distribution is
2 3
(3 2]
2 b
D=[1 1 8];T=]|. 8
12
42 14 44
T? =159 .12 .29,
29 .24 47
SO
DT? =[.333 218 .449]

gives the distribution after two repetitions. The
long-range distribution comes from the solution of
the system

201 + dvg + . Tvg = 1
.31}1 + .1’02 + .1’03 = Vg
bvy + .8vg 4+ 2v3 = vg.

Simplify these equations and also use the equation
v1 + v3 +v3 = 1 to get the system

v+ wvoa+ wvy3=1
—.8v1 + .1vg + . T3 =0
Buy — 9 + .1lvg =0
.Dv1 + .8vg — vz = 0.
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Solve this system by the Gauss-Jordan method to
obtain v; = g—f, 12—692, and v = %. The long-

term distribution is

Vo =

16. A=

A2 =

[ I T Ol

A? has all positive entries, so A is regular.

1 0 0
18. Let B=( 0 1 0
3 5 .2

B is not regular since any power of B will have
[1 0 O] as its first row and thus cannot have
all positive entries.

1 0 0
22, |5 1 4
0 1 0

Since p1; = 1, state 1 is absorbing. Since po; # 0,
it is possible to go from state 2 to the absorbing
state. Since pzs = 1 and py; = .5, it is possible
to go from state 3 to the absorbing state in two
steps. This is the transition matrix of an absorb-
ing Markov chain.

24.

— = o W
o oo -
O = =
o O W

05 .05

There are no absorbing states. Hence, this is not

the transition matrix for an absorbing Markov chain.

Chapter 10 MARKOQOV CHAINS

26. 2
0
1
1

I
U = R SN
oo o @

States 1 and 2 are absorbing. Since the absorb-
ing states already come first, we do not have to
rearrange the rows and columns. We have

1 0|0
P=|0 1|0
3 .1].6
R=[3 .1] and Q = [.6].
F=(L-Q ' =[-6""=[4"=[3],
and
FR=[3]l% wl=1[1 1]
28. 1 2 3 4
1 73 5 .1 .1
2 |4 1 3 2
3 /0 0 1 0
4 Lo 0o 0 1

Rearrange the rows and columns so that absorb-
ing states 3 and 4 come first.

3 4 1 2
3 1 0]0 O
4 0 1 ‘ 0 O
1 1 113 5
2 3.2 ‘ 4 .1
We have

-1

r=w-07= (|, 1]-17 7))

7 —.5}_1_{2.0930 1.1628]

-4 9 9302 1.6279

and

[2.0930 1.1628][.1 .1
FR__ 9302 1.6279} [.3 .2}

[.5581 .4419
| 5814 4186 |



Chapter 10 Review Exercises

30. Let P = ['8

4 2] , and let V' be the probability

vector [v1 o).

E R R

8up 4 4vg = 11
201 + .6vgy = 1o

Simplify these equations to get the system

7.21)1 + .41)2 =0
.2’01 - .41)2 = 0.

These equations are dependent. Use the substitu-
tion method to solve the system

—2v1 + 4vy =0
vi+ v =1,
obtaining v; = % and vy = % The long-range

market share for Dogkins is v; = %

32.Xg=[4 4 2]

8 15 .05
A=1]25 55 2
.04 21 75

[.6795 213 .1075
A2 = | 3455 382 2725
| 1145 279 .6065

The distribution after 2 mo is given by

XoA? =[.4329 2938 .2733].

34. To find the long-range distribution, use the system

U1 + Vg + v3=1
.81}1 + .251}2 + .04’[)3 =71
.151}1 + .55’1}2 + .211)3 )
.051)1 + .2’02 —|— .75’[)3 = V3.

Simplify these equations to obtain the system

U1 + Vo + v3 =1
—.2v1 + .25v9 + .04v3 =0
.151}1 — .451}2 + .21’[}3 =0
.05’01 + .21}2 — .25’[)3 =0.

Solve this system by the Gauss-Jordan method to
obtain v; = %, vy = %, and vy = 13T54' The

long-range distribution is

[% 13124 1315 } :
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In Exercises 36-44, the original transition matrix is

3 5 2
P=12 6 2
1 5 4

36. The probability that a man of normal weight will
have a thin son is given by the entry in row 2,
column 1 of P, which is .2.

3 5 2][3 5 2
38.P2=|2 6 2|2 6 2
15 4] |1 5 4
21 55 .24
=12 56 .24
17 55 .28
(3 5 27[.21 55 .24
PP=|2 6 2||2 .56 .24
|1 5 4] |17 55 .28
[.197 555 .248
= |.196 556 .248
| 189 555 256

The probability that a man of normal weight will
have a thin great-grandson is given by the entry
in row 2, column 1 of P2, which is .196.

21 55 .24
40. P2=1|.2 56 .24
17 55 .28

The probability that an overweight man will have
an overweight grandson is given by the entry in
row 3, column 3 of P2, which is .28.

42. The distribution of men by weight after 1 genera-

tion is
3.5 .2
[2 55 25]|.2 6 .2
1 5 4

=[.195 555 .25].

44. The distribution of men by weight after 3 genera-
tions is

197 555 248
[2 55 .25]|.196 .556 .248
189 555 256

=[.194 556 .25].
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46. If the offspring both carry genes AA, then so must

their offspring; hence, state 1 ends up in state
1 with probability 1. If the offspring both carry
genes a, then so must their offspring; hence, state
6 ends up in state 6 with probability 1. If AA
mates with aa, then the offspring will carry genes
Aa; hence, state 3 ends up in state 4 with prob-
ability 1. If AA mates with Aa, then there are
four possible outcomes for a pair of offspring: AA
and AA is one of the outcomes, so state 2 ends
up in state 1 with probability i; AA and Aa can
happen two ways, so state 2 ends up in state 2
with probability % or %; and Aa and Aa is the
last possible outcome, so state 2 ends up in state
4 with probability %. If Aa mates with Aa, then
there are sixteen possible outcomes for a pair of
offspring: state 4 ends up in states 1, 2, 3, 4, 5, 6
with respective probabilities %, i, %, i, i, and
%. If Aa mates with aa, then there are four possi-
ble outcomes for a pair of offspring, corresponding
to three of the possible states: state 5 ends up in
states 4, 5, 6 with respective probabilities i %,
and i.

This verifies that the transition matrix for this
mating experiment is

Hl)_‘

o O (e L I

O ORI OoONE O N

O OO OO W

e R TN [N Py SN

ONER-E O O O Ot
HlH

= = O O O >

S T e W N

48. Rearrange the rows and columns of the transition

matrix so that the absorbing states come first.

1 6 2 3 4 5
1 7 1 o0olo 0o 0 07
6 0 1/0 0 0 0
2 i 0|2 0 1 0
3 0O 0/0 0 1 0

1 1 1 1 1 1
4 i 16|21 § 1 1
5 Lo f]lo o 1 4]

From this rearranged matrix, observe that

1 1
3 0 7 0
0 0 1 0
Q=11 1 1 1
4 8 4 4
o 0o 1 14

50.

52.
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In Exercise 49, it was shown that the fundamental
matrix for this absorbing Markov chain is

WIN Wl Wl wloo
D Wl Wik =
ol w00 Wloo Lol
W00 Wk W Wl

If Aa mates with Aa (which corresponds to state 4,
which in turn corresponds to row 3 of F'), % pairs
of offspring with these genes can be expected be-
fore ending up in one of the two absorbing states.
This is because % is the entry in row 3, column 3
of F.

(a) After the duplication, there are 2n genes and
n of them are being selected; this can be done in
(2:) different ways. Suppose there are ¢ mutant
genes before the duplication and j mutant genes in
the next generation. After the duplication, there
will be 2¢ mutant genes, of which j will be selected;
this can be done in (2;) different ways. Also, there
are 2n — 2¢ nonmutant genes, of which n — j will
be selected; this can be done in (2Z:J2.i) different
ways.
Therefore, the probability of a generation with
mutant genes being followed by a generation with
7 mutant genes, which is the transition probability
from state i to state 7, is
2i\ (2n—2i
- D)
n
(b) The absorbing states are state 0 and state
n. If a generation has no mutant genes, then af-
ter duplication there will still be none, and if a
generation consists entirely of mutant genes, its
successor will also.

(c) Use
24\ (2n—2i
e
Y/ (2n)
with n =3 and i = 0,1,2,3 and j = 0,1,2,3 to
calculate the entries of the transition matrix. Let
(") =0whenn<r.

r



Extended Application: A Markov Chain Model for Teacher Retention 295

The transition matrix is

o 1 2 3
0O (1 0 0 O
.
R
3 10 0 0 1

(d) Rearrange the rows and columns of P.

0 3 1 2
0 1 0|0 0]
3 0 1/0 0
1 3
L
2 [0 5|5 2]
r q -1 -1
1 3 1 3 1 2 1 10
L 9 2 1 1 0 g 1 2z 1 19
S R R (HRO R | R B I
L 5 5 5| 5 5 5 5 3

o G-

=

| —

wl— win

wo wi—
—

9|3 cofen

e[ 411 1) |

(e) If a set of 3 genes has 1 mutant gene, the probability that the mutant gene will disappear is %, since that
is the entry in row 1, column 1 of F'R.

(f) If a set of 3 genes has 1 mutant gene, 5 generations would be expected to have 1 mutant gene before either
the mutant genes or the nonmutant genes disappear, since that is the sum of the entries in row 1 of F.

Extended Application: A Markov Chain Model for Teacher Rentention

1. 0.139; 0.055.
2. They will spend, on average, 13 years in the system.

3. In the transition matrix, the only possible transition from “On Sabbatical” is to “Continuing.” This means
that every teacher who was on sabbatical in year 1 or year 2 of the study came back to teach the following year.
In general, sabbaticals are granted at most every 7 years, on the assumption that the teacher will teach at least
one more year, so this outcome is not a surprise. Since in this sample the future of a teacher on sabbatical
is exactly like that of a continuing teacher, the only difference in rows 2 and 4 of F' is that row 4 is 1 higher
in the sabbatical column (we know this teacher will spend at least one year on sabbatical, since he or she is
currently on sabbatical). However, if a teacher had died on sabbatical, or become seriously ill in the following
year, the transition matrix would show other possible transitions from the sabbatical state, and rows 2 and 4
would look different.

4. The expected number of years spent on sabbatical by a currently active teacher is 0.091, so sabbaticals are rare
in this school system.
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5. The product FR is
Resigned

0.785
0.734
F-R=1 0933
0.734
0.626

(a) 0.933; 0.533

Retired

0.198
0.240
0.060
0.240
0.352

Decreased

0.021
0.026
0.007
0.026
0.022

Chapter 10

New
Continuing
On Leave

On Sabbatical
il

MARKOV CHAINS

(b) The teacher with at least one year in the system (probability 0.24 versus 0.197 for the new teacher).

(c) 0.021

6. The Markov model assumes the transition probabilities are constant over time. With two sets of transition data,

the experimenters could check this by seeing if the transition frequencies for year 1 to year 2 were approximately

the same as those for year 2 to 3.



Chapter 11

GAME THEORY

11.1 Strictly Determined Games

For Exercises 2-8, use the following game.

B
1 2 3
1 6 —4 0
A 2 3 -2 6
3 -1 5 11

2. The strategy (1,2) means that player A chooses
row 1, and player B chooses column 2. A negative
number represents a payoff from A to B. Row 1
and column 2 lead to the number —4, which rep-

resents a payoff of $4 from A to B.

4. The strategy (2,3) means that player A chooses
row 2, and player B chooses column 3. A positive
number represents a payoff from B to A. Row 2
and column 3 lead to the number 6, which repre-

sents a payoff of $6 from B to A.

6. The strategy (3,2) means that player A chooses
row 3 and player B chooses column 2. Row 3 and
column 2 lead to the number 5, which represents

a payoff of $5 from B to A.

8. Underline the smallest number in each row, and
draw a box around the largest number in each

column.
6 =4
3 =2
-1 |5 11

There is no number that is both the smallest num-
ber in its row and the largest number in its col-

umn, so the game has no saddle point.

6 )
10. 3 8
-1 -4

Row 3 is dominated by both rows 1 and 2, so

remove row 3 to obtain

5 5]

12.

16.

18.

20.

2 31 -5
-1 5 4 1
1 0 2 =3

Column 4 dominates columns 2 and 3, so remove
columns 2 and 3 to obtain

2 =5

-1 1

1 -3
6 2
-1 10
3 5

There are no dominated rows or columns, so there
are no dominated strategies.

71 8

-2 |15

Underline the smallest number in each row, and
box the largest number in each column. The num-
ber that is both boxed and underlined is 7. Thus,
the saddle point is 7 at the strategy (1,1), and
the game has a value of 7. Since the game has a
saddle point, it is strictly determined.

413 51 =9

—7 is both the smallest number in its row and the
largest number in its column. The saddle point is
—7 at the strategy (1,4); the game has value —7
and is strictly determined.

1 4 -3 1 -1
2 5|1 0 4 |10

1 =3 215 2

There is no number that is both the smallest in its
row and the largest in its column. Therefore, there
is no saddle point, and the game is not strictly

determined.
297
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22,

24.

26.

31181 4 =9

-1 -2 | =3] 0

—2 6 -4 |5

—3 is both the smallest number in its row and the
largest number in its column. The saddle point is
—3 at the strategy (2,3); the game has value —3
and is strictly determined.

-3 -2 |6
2 o] 2
51-2 —4

The entry 0 is both the smallest number in its row
and the largest number in its column. The saddle
point is 0 at the strategy (2,2); the game has a
value of 0 and is strictly determined.

3 8§ —4 -9
-1 -2 -3 0
-2 6 —4 5)

(a) Every entry in column 3 is smaller than the
corresponding entries in columns 1 and 2. Thus,
column 3 dominates column 1 and column 2. So,
remove columns 1 and 2 to obtain

—4 -9
-3 0
-4 5

(b) Every entry in row 2 is greater than the cor-
responding entry in row 1. Thus, row 2 dominates
row 1. So, remove row 1 to obtain

(0]

(c) Every entry in column 1 is smaller than the
corresponding entry in column 2. This, column
1 dominates column 2. So, remove column 2 to
obtain

28.

32.

Chapter 11 GAME THEORY

(d) The entry in row 1 is larger than the entry in
row 2. Thus, row 1 dominates row 2. So, remove
row 2 to obtain

[—3].

To verify that this is a saddle point, underline the
smallest number in each row and box the largest
number in each column.

318 4 -9

-1 -2 | =3] o0

-2 6 -4 |5

Thus, —3 is the saddle point.

.01 .10 .20
Repair —$130 —$130 —$130
No Repair | — $25 —$200 —$500

(a) An optimist should make no repairs; minimum
cost is $25.

(b) A pessimist should make repairs; a worst case
of $130 is better than a possible cost of $500 if no
repairs are made.

(c) Find the expected cost of each strategy.
Make repairs:
7(—130) + .2(—130) + .1(—130) = $130
Make no repairs:
7(=25) + .2(—200) + .1(—500) = —$107.50

He should make no repairs. The expected cost to
the company if this strategy is chosen is —$107.50.

(a) Fails Dcl):‘e;? k
Overhaul —$8600 —$2600
Don’t Overhaul | —$6000 $0
(b) Find the expected cost under each strategy.
Overhaul:

.1(—8600) + .9(—2600) = —$3200
Don’t overhaul:
.55(—6000) + .7(0) = —$3300

To minimize his expected costs, the businessman
should overhaul the machine before shipping.

(¢) Column 1 dominates column 2, and row 2
dominates row 1. The saddle point is —$6000.
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34.

36.

38.

B
City 1 City 2 City 3
City 1 5 -2 6
A City2 |7 5 9
City 3 |3 -3 5

To get the entries in the above matrix, look, for
example, at the entry in row 2, column 1. If mer-
chant A locates in city 2 and merchant B in city
1, then merchant A will get 80% of the business
in city 2, 20% in city 3, and 60% in city 1. Taking
into account the fraction of the population living
in each city, we get

.80(.45) +.20(.30) 4 .60(.25) = .57.

Thus, merchant A gets 57% of the total business.
Now 57% is 7 percentage points above 50%, so the
entry in row 2, column 1 is +7.

Likewise for row 3, column 1, we get
.80(.25) 4+ .20(.30) + .60(.45) = .53 = 53%,

which is 3 percentage points above 50%. The
other entries are found in a similar manner. (Note
that all diagonal entries are 5 since 55% is 5 per-
centage points above 50%.)

The 5 at (2,2) is the smallest entry in its row and
the largest in its column, so the saddle point is the
5 at (2,2). The value of the game is 5.

3-8 | =9
0 |6|=12
—8 4 —10

Underline the smallest number in each row, and
box the largest number in each column. —9 is
the smallest entry in its row and the largest in its
column. The saddle point is —9 at (1,3), and the
value of the game is —9.

The payoff matrix is as follows.

Rock Paper Scissors
Rock 0 -1 1
Paper 1 0 =1
Scissors =1 1 0

Underline the smallest number in each row, and
box the largest number in each column; in this
matrix, the two categorizations do not overlap.
The game is not strictly determined since it does
not have a saddle point.

299
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0 —4 1772
2. (a) AMB=[.1 4 5]|3 2 —4| |4
1 -1 0] L4

2

=[17 -1 -15]|4

4

The expected value of the game is —.3.

0 —4 1738
(b) AMB=[3 4 3]|3 2 —4

i

The expected value of the game is 1.

{5

This game has no saddle point, so it is not strictly
determined and mixed strategies must be used.
Here a1 = —4,a12 = 5,a91 = 3, and ag = —4.
To find the optimum strategy for player A, first
find p;.

Q22 — Q21
p1=
a1l — a1 — a2 + a2
B —4 -3 =T _l
- —4-3-5+(-4) —16 16’
7 9

b2 b1 16 16

Now find the optimum strategy for player B.

o a2z — A12
ql_a11—a21—a12+a22

B —4 -5

4 -3-5+(—4)

-9 9

T —16 16’
(12:1—Q1:1—126

T

T 16
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Thus, player A should choose row 1 with proba-
bility 1—76 and row 2 with probability %. Player B
should choose column 1 with probability =% and
column 2 with probability %. The value of the
game is

a11a22 — a12a21 —4(=4) = 5(3)
aip —ag — ajg +azx —4—3—5+(—4)
_ 1
TS

6 2
-1 10
There are no saddle points. For player A, the op-
timum strategy is

O 10-(-1) 1
=S ) —2+10 15
1

D2 b1 15

For player B, the optimum strategy is

10 — 2 8
6—(—1)—2+10 15’
7

QQ:1—(J1=E~

q1 =

The value of the game is

6(10) —2(-1) 62
6—(—1)—2+10 15

i o)

There are no saddle points. For player A, the op-
timum strategy is

o 0-4 2

PL=0"4-6+0 5
3

p2=1—p1:g.

For player B, the optimum strategy is

__0-6 3

D=0"41-6+0 5
2
Q2=1—Q1=3~

The value of the game is

0(0)—6(4) _ 12
0—4—6+0 5

12.

14.

16.

Chapter 11 GAME THEORY

The game is strictly determined since it has a sad-

dle point. Thus, pure strategies can be used. The

value of the game is %, which is the saddle point

and occurs at the strategy (1, 2).

e wito
| I

e BN ENI

There are no saddle points. For player A, the op-
timum strategy is

3 7 13
o= “1°% _—x _3
1 7 2 3 67 ?
—3-5—3+(-3) -9, 67
28
= 17 = —_—
b2 D1 67
For player B, the optimum strategy is
3 2 17
o= —1°3 _ T 34
- 1 7 2 3\ 67 !
—3-§-5+(-3) -5 67
33
q2 = q1 = 67"

HEH-3E & 5
T3+ E W
8 18

-4 2

The game is strictly determined since there is a
saddle point. The value of the game is 8, which is
the saddle point and occurs at the strategy (1,1).

3 4 -1
-2 1 0
Column 1 dominates column 2, so remove column
2. This gives the payoff matrix

Bl

For player A, the optimum strategy is

0—(-2) 1
b1 = =3
3—(-2)—(-1)+0 3
2
p2=1-p1= 3
For player B, the optimum strategy is
0—-(-1 1
Q= 1)

3-(—2)—(-1)+0 6

g2 = 0 (column 2 was removed),

5
Q3=1—(Q1+Q2):6-
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The value of the game is The value of the game is
3O - (=1)(=2) _ 1 ~1(0)-1(9) 9
3—(-2)—(-1)+0 3 m:ﬁ
18 _é g 22. Let the non-strictly-determined game have payoff
) 5 = matrix

Row 1 dominates row 3, so remove row 3. This

gives the matrix ) )
The optimum strategy for player A is [ p1 P2 ] ,

-1 6 ) where
8 3
. a2 — G21
For player A, the optimum strategy is p1= 411 — ag1 — a19 + agg’
- 3-8 - 5 o aj; — a2
=98 "613 12 P —am — a2+ azm
1 7
p2=1—=-pP1 =75
12 The optimum strategy for player B is {fh ] , where
q2
p3 = 0 (row 3 was removed).
For player B, the optimum strategy is g = a2 — d12
_ 3—-6 1 a1l — ag1 — a12 + a2
N= T8 "6+3 4 0= 11021
3 a1l — az1 — a2 + a2
©e=1-qg=-. .
4 The value of the game is AM B.
The value of the game is a a 7
AMB — 11 a2 1
—_1(3) —6(8) — 1_7 [p1 pz] [am a2 | [ Q2
-1-8-6+3 4
4 8 -3 = [p1a11 + p2a21  p1a12 +p2a22] [Zj
20. |12 -1 1
7 9 0 AMB = [p1ai11q1 + p2a21q1 + p1a12G2 + P2a22G2]

Remove row 1 (which is dominated by row 3) and Since this is a 1 x 1 matrix, we will drop the ma-

column 1 (which is dominated by column 3). This frix notation.

. . 92 — a s —a
gives the matrix AMB = 22 — %21 Cay - 22 — %2
L1 a11 —a21 —a12+a22 a11 —G21 —a12+ag2
N . a1 — a2 az2 — a21
9 0 + Sa21
a11 —a21 —ai12+az2 a11 —ag1 —ai2+a22
For player A, the optimum strategy is i Q22 — Q21 a1l — a1
.a12 .
11— 021 —a12+0a22 11 — 021 —a12+0a22

p1 =0 (row 1 was removed),
0-9 9

ailp — a2 ailp —azi
.0/22.
a11 —ag1 —ai2+az2 a11 —ag1 —ai2+az2

PPETT 10 1
5 _ a11(a — az1)(azs — aiz)
p3=1—(p1+p)= T (@11 — as1 — a2 + as2)?
For player B, the optimum strategy is +a21(a11 — a12)(azz — a12)

(@11 — ag1 — a12 + ag2)?

¢1 = 0 (column 1 was removed), a15(az — asy)(a11 — as)

_|_
_ 0-1 _ i (@11 — ag1 — a1z + az)?
-1-9-1+0 11’

q2
+a22(a11 —a12)(a11 —az)

10
Gs=1—-(n+¢q) = o (a11 — a1 — a2 + az)?
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26.

_ (a22 — arz)lari(aze — az1) + azi(an — a)]

(@11 — ag1 — a12 + ag)?

(011 - a21)[a12(a22 - 021) + a22(a11 - alz)]

+
(@11 — as1 — a2 + az2)?

(a2 — a12)(a11a22 — az1a12)

(@11 — a2 — a12 + az2)?

(@11 — a21)(—ai2a21 + azaii)
(@11 — a1 — ar2 + as2)?

+

(a11a22 - a21012)(a22 — a2 +a — a21)
(a11 — ag1 — a1z + a2)?
a11022 — 421412
ajl — a1 — a2 + a2

This is the expression for the value of a non-strictly-
determined game that is given in the text.

Let

a11 12
M =
G21 Q22

be the payoff matrix of the game.

(a) Let A =[p; p2] be the optimum strategy for
player A. Thus,

» Q22 —a21 and p a1l — a2
1= g =
d d

where d = a11 — as1 — a2 + aso.

AM =[p; po] { ailr Q12 }
a1 Q22
= [pra11 + p2a21  pra12 + p2asg;]
=[g 4]

Since

p1ai1 + p2a21

G22 — (21 a1 — a2
=—— a1+ ———— a2

d d
11022 — Q11621 11021 — A12G21
d d
_ 011022 — A11021 + G11021 — 412021
d
a11Q22 — 412021

d

=g

and

Chapter 11 GAME THEORY

Dp1a12 + P2a22

Q22 — Q21 a0 + aj;p — a2 a
=7 Q12T ———— @22
d d

12022 — Q12021 11022 — G12022
d d
Q12G22 — Q12021 + A11022 — 12022
d
11022 — 412021

d

=9
then AM = [g g], where g is the value of the
game.

(b) Let B = [ ;h } be the optimum strategy for
2

player B. Thus,

_ Q22 — a2 da — a1l — a1
e mde s T
where d = a11 — as1 — a2 + aso.
MB — ay;r  a12 q1
L A21 Q22 q2
| a11q1 +a12q2 }
| @21q1 + a22Q2
|9 }
L 9
Since
a11q1 + a12q2
- a2z — A12 ai;p — asy
I
~G11G22 —a11diz | A11012 — A12021
d d
(11022 — A11Q12 + A11012 — Q12021
d
Q11022 — Q12021
d
and
a21q1 + 2292
_ ag2 — a12 ailp — ag1
STt T
_ Q21022 — a12021 | G11022 — (21022
d d
_Q21Q22 — Q12021 + A11G22 — (21022
d
_ Q11022 — Q12021
d - g7

then MB = { g }, where ¢ is the value of the

game.
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-1 5 1
28.

[ 3 1 2 ]

(a) El = —1p1 =+ 3(1 _pl)
= —p1+ 3— 3p1
=3 —4dp

Ey =5p1 +1(1 —p1)
=5p1+1-—p
=1+4+4p

Es =1p; + 2(1 —pl)
=p1+2-2p
=2-m

b

®) |

44

34

24

1+¥ 0.2, 1.8)

30.

T T T T
0 02 04 06 08 1

(c) From the graph, p; = 1 maximizes the mini-
mum expected value the row player receives.

Competitor’s

Strategy

4.9 4.75
Boeing’s 4.9 2 —4
Strategy 4.75 [O 2}

There is no saddle point. The optimum strategy
for pricing is

0—-2 -2 1

PP= T 970 8 1

3

p2=1—p1 = 1

(¢1 and g2 are not of interest here.) This means

that Boeing’s price strategy should be to aim for

the $4.9 million profit 1 of the time and the $4.75
million profit 3 of the time. The value is

—4(0)—2(2) -4 1
—4-2-240 -8 2’

which means this strategy will increase Boeing’s
profit by % million dollars.

32.

34.

36.

303

(a) Strain
1 2

.. 1 (.6 4
Medicine 9 [ 0 1]

(b) There is no saddle point. The optimum strat-
egy for prescribing medicine is

. 1-0 1 10 5

L= "0-4+1 12 12 6
1

p2=1—101=6.

(¢1 and g2 are not of interest here.) This means
that Dr. Goedeker should prescribe medicine 1 about
% of the time and medicine 2 about % of the time.

The result (value) will be
6(1)-40) 6 6 1

6—-0—4+1 12 12 2

which indicates an effectiveness of 50%.

@[

(b) There is no saddle point. For player A, the
optimum strategy is

B 1—(-1) 2 1
LSy gy ey g i L
1
P2 :17])1 = 5
For player B, the optimum strategy is
_ 1—(-1) 2 1
T ) -(D+1 42
1
q2 = 1—Q1 = 5

The value of the game is

- (D) 0,

I—(-1)—(-1)+1 4

so this is a fair game.

(a) The playoff matrix for the game is
Number of Fingers

0 2
Number of 0 0 -2
Fingers 2 |2 4
(b) For player A, the optimum strategy is
_ 4-(=2) _6_3
L N 5 Sy > Y &
1

P2=1—P1=Z~



304

For player B, the optimum strategy is

B 4 (-2) 63

M= (2 —(—2)+4 8 7
_ _1

QQ—l—Ch—Z'

Both players should choose 0 fingers with proba-
bility % and 2 fingers with probability i.

The value of the game is

11.3 Game Theory and Linear

Programming

2[5 3]

Let player A choose row 1 with probability p; and
row 2 with probability ps. Then

E, =5p;
and Fs = 2p; + 3ps.

Let g represent the minimum of the expected gains,

so that

E, =5py >g
Ey =2p; +3p2 > g.

Dividing by g yields

Letx:]ﬂandy:p—
g

We can rewrite the problem as the following linear
programming problem:

Minimize w=z+Yy
subject to:  bx >1
2z 4+3y > 1

with x>0,y >0.

Chapter 11 GAME THEORY

This linear programming problem can be solved
by the graphical method. Graph the feasible re-
gion.

The corner points are (£, 5) and (3,0). The min-
imum value of w =z +y is 2 at (4, 1). Thus, the
value of the game is g = i = g The optimum

strategy for A is

Let player B choose column 1 with probability ¢;
and column 2 with probability g. Then

E1 =5q1+ 2¢2
and Fy = 3qs.

Let g represent the maximum of the expected gains,
so that

By =51+ 2 < g
By = 3g2 < g.

Dividing by ¢ yields

Letxzﬂandy:q—Q.
9 g

We now have the linear programming problem.

Maximize z=x-+y

subject to: Sr+2y <1
Jy <1

with x>0,y >0.
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Graph the feasible region.

There are four corner points to consider: (0, 0), (0, %

(#,3), and (2£,0). The maximum value of z =

r+yis £+ 35 =2 =%at (&, 1) Thus, as
before, the value of the game isg=1=23 The

optimum strategy for B is

_ 5 1
A 15 6

_ 5 (1\_53
w=9=5(3)=7%

To summarize, player A should choose row 1 with
probability % and row 2 with probability %, while
player B should choose column 1 with probability
—, and column 2 with probability g 5. When these
optlmum strategies are used, the Value of the game

tq O
lSa.

I

To guarantee that the value of the game is posi-
tive, we add 6 to all entries in the matrix to obtain

5 11
7T 0]
Let player A choose row 1 with probability p; and

row 2 with probability ps. Then,

Ey =5p1 + Tp2
and E2 = 11])1

Let g represent the minimum of the expected gains,

so that

E, =5p1+Tp2 > g
Ey =11p >g.
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Dividing by g yields
5 <p1> +7 ( > >1
g g
11 <ﬂ> > 1.
g

Letx:ﬂandy:@.
g

We have the following linear programming problem:

Minimize w=zx+y

subject to: dSr+Ty>1
11z > 1.

with x>0,y >0.

Graph the feasible region.
y

A
1k

\ (1‘—1,%)
F G0

o

e L x
1
vllxXlASx +7y=1
The corner points are (4, %) and (% 0). The min-
imum value of w = x +y is 42 at (&, Z). Thus,
the value of the game is g = 1 = It To find the

value of the original game, we mubt subtract 6.

Z—G 778 _i
13 13 13 13

The value of the original game is 7%3. The opti-
mum strategy for A is

o (YT
pr=9r=33\17) " 13’

B 77 6
P2=9Y=13 77 13

Let player B choose column 1 with probability g;
and column 2 with probability gs. Then

Ey =5q1 +11¢2
and E2 = 7Q1~

Let g represent the maximum of the expected gains,
so that

Ey=5¢1 +11¢2 < g
Ey =Tq <g.
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Dividing by g yields

5<2> +11 (q—2> <1

g g

7<q—1> <1
g

Letmzﬂandy:q—z.
g g

We have the following linear programming problem:

Maximize z=x+y

subject to: bz + 11y <1
Tx <1

with x>0,y >0.

Graph the feasible region.

A7x =1

\'(%\,‘%)

(%,0) N
vy Sx+ lly =1

There are four corner points to consider: (0,0), (0, 71
(%, %), and (%,0). The maximum value of z =

7
x+yis 22 at (4, %). As before, the value of the
1
z

game is g = - = I—; The value of the original
game again is I—Z —6= —1—13. The optimum strat-
egy for B is
77 (1 11
= qQr = — _ = -,
N=IrmE\7) T 1B

T2y 2
L=9Y=93\77) T 13

To summarize, player A should choose row 1 with
probability % and row 2 with probability 1%, while
player B should choose column 1 with probability
% and column 2 with probability 1—23 When these
optimum strategies are used, the value of the game

s 1
1S —1i3°

),
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-4 1
6.
5o
To guarantee that the value of the game is posi-
tive, we add 4 to all the entries in the matrix to

obtain
0 5
9 4|°

Let player A choose row 1 with probability p; and
row 2 with probability ps. Then

By = 9p2
Ey = 5p1+ 4ps.
Let g represent the minimum of the expected gains,
so that
Ey = Ip2 > g
E> =5p1+4p2 > g.

Dividing by g yields

Letx:&andy:&.
g g

We have the following linear programming problem:

Minimize w=zx+y

subject to: 9y > 1
Sr+4y >1

with x>0,y >0.

Graph the feasible region.

> 9

L X
1
\5x+4y=1

The corner points are (0,1) and (3, 1). The min-

imum value of w =z +y is 2 at (3, 3). Thus, the
value of the game is g = % = % To find the value

of the original game, we must subtract 4.

$'\(% D 9y
AN

=1

9,42
2 2

1
2

N | oo
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The value of the original game is % The optimum strategy for A is

9 /1 1
plzg:c=§<§>=§,
1

2

r=9y=3lg)=

Let player B choose column 1 with probability ¢; and column 2 with probability gs. Then

B = 5q2
Ey = 9q1+ 4qo.

Let g represent the maximum of the expected gains, so that

E, = 52 < g
Ey =91+ 4¢2 < g.

Dividing by g yields

@) (z)e
g g
We have the following linear programming problem:

Maximize z=x+y

subject to: 5y <1
9r4+4y <1
with x>0,y >0.
Graph the feasible region.
y
1
b ‘
©, 1 Sy=1"

3.0
0.0 1
Ix+4y=1

There are four corner points to consider: (0,0), (0, 1),

(45, %), and (5,0). The maximum value of z = x + y is £ at (55, %). As before, the value of the game is
1
5.

PERNS 9
g= % = %. The value of the original game again is % — 4 = 5. The optimum strategy for B is

91N 1
h=9r=5\ 1) " 100

X

To summarize, player A should choose row 1 with probability % and row 2 with probability %, while player B

should choose column 1 with probability %0 and column 2 with probability %. When these optimum strategies

are used, the value of the game is %
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-6 1 4 2
9 3 -8 -7

Because of negative entries, we will add 8 to all entries. The resulting payoff matrix is

8.

2 9 12 10
17 11 0 1

The linear programming problem to be solved is:

Maximize z2=x1+ X0+ T3+ x4

subject to: 2x1 + 9x9 4+ 1223 + 1024 < 1
1721 + 11ao + x4 <1

with x1 > 0,290 > 0,23 > 0,24 > 0.

We will solve this problem by the simplex method. The initial tableau is
I X2 X3 Trg S1 S22 2
2 9 12 10 1 0 O0f1
171 11 0 1 01 01
-1 -1 -1 -1 0 0 1[0
We arbitrarily choose the first column. The smallest ratio is formed by the 17 in row 2. We make this the pivot
and arrive at the following matrix.

1 T2 r3 T4 S1 S &
—2R2+17R1 — R4 0 131 ] 204 |168 17 —2 0| 15

17 11 0 1.0 1 0] 1
Ry +17Rs=Rs |70 6 —17 16 0 117 1

The next pivot is the 204 in row 1, column 3. We arrive at the following matrix.
r1 T2 I3 X4 S1 S22 =z
0 131 204 | 168 |17 =2 0] 15

17 11 0 1 0 1 0f 1
Ri+12Rs—=Rs 770 50 0 —24 17 10 204 | 27

The next pivot is the 168 in row 1, column 4. We arrive at the following matrix.

I X9 T3 X4 S1 S92 z
0 131 204 168 17 -2 0 15
—R;1+168R; — Ry | 2856 1717 —204 0 —17 170 0 ‘ 153
Ri+ TR3—Rs 0 544 204 0 136 68 1428 | 204

Dividing the bottom row by 1428 gives a z-value of 124—0248 = %, S0 g = % = 7. The values of y; and y, are read
from the bottom of the columns for the two slack variables after dividing the bottom row by 1428:

136 2 68 1

=18 o T s T o1

We find the values of p; and p2 by multiplying the values of y; and y, by g:
2

n=1(%)
1

p2 =T (2—1>

2
57
1
3
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10.

Next, we find the values of x1,x2,x3, and x4 by
using the first four columns combined with the last
column:

x ——153 —ix =0,z5=0,z —E
YT856 56T T YT Be
We find the values of ¢, g2, ¢q3, and ¢4 by multi-

plying these by g¢:

Finally, the value of the game is found by subtract-
ing from g the 8 that was added at the beginning,
yielding 7 — 8 = —1.

To summarize, the optimum strategy for player A
ispp = % and py = % The optimum strategy for
player B iS q1 = %7(]2 = O,q3 = 07 and qqs = %

When these strategies are used, the value of the

game is —1.
1 0
-2 4
-1 -1

Row 1 dominates row 3. Removing row 3 gives us
the following game:

10
-2 4]
Because of the negative entry, we will add 2 to all
entries. The resulting payoff matrix is

bl

The linear programming problem to be solved is:

Maximize z=x1+ X2

subject to:  3x; +2x2 <1
6902 S 1

with I 2 O,.%‘Q Z 0.

The initial tableau is

r1 T2 81 S2 %2
3 2 1 0 01

309

We arbitrarily choose the second column. The
smallest ratio is formed by the 6 in row 2. We
make this the first pivot and arrive at the follow-

ing matrix.
X1 Ty S S92 %
—Rs+3R1— R4 910 3 -1 2
0 6 0 1
Ry +6Rs—=Rs |76 0 0 61

The next pivot is the 9 in row 1, column 1.

X1 T2 81 S9 z
0 3 -1 0‘2

9
0 6 0
2R, + 3R3—R3 0 0 6

Dividing the bottom row by 18 gives a z-value of
1—78, S0 g = % = %. The values of y; and yo are
read from the bottom of the columns for the two
slack variables after dividing the bottom row by

18:
6 1 1

BECRERGETS
We find the values of p; and ps by multiplying the
values of y; and ys by ¢:

_ BN _ 6
pl*,7 3 *7a

18 /1) 1
PRP=2\R) T

p3 = 0 (row 3 was removed).

Y1

We next find the values of x; and x2 by using the
first two columns combined with the last column:
2 1

y L2 = E

We find the values of ¢; and go by multiplying
these by g:
18 2\ 4
q1 = 7 9 - 77
3

I8 (1)
L=7\6) "7

Finally, the value of the game is found by subtract-

ing from g the 2 that was added at the beginning,
18 4
T

xr1 =

7

yielding = —2 =
To summarize, the optimum strategy for player A
is pp = g,pQ = %, and p3 = 0 (since row 3 was
removed). The optimum strategy for player B is

Q= % and ¢» = % When these strategies are

used, the value of the game is %.
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2 -1 1
12. |0 2 3
4 1 0
Because of the negative entry, we will add 1 to all the entries. The resulting payoff matrix is

3 0 2
1 3 4
5 2 1

The linear programming problem to be solved is:

Maximize z=x1+ T2+ x3
subject to: 3z +2x3 <1
r1+ 3xg +4x3 < 1
521 +2x9+ w3 <1
with x1 > 0,20 > 0,23 > 0.

The initial tableau is

r1 X2 X3 81 S2 S3 %
3 0 2 1000]1
1 3 4 0100f(1
512 1 0010]1
-1 -1 -1 000T1]0

We arbitrarily choose the first column. The smallest ratio is formed by the 5 in row 3. We make this the first
pivot and arrive at the following matrix.

X1 T2 T3 S1 S92 83 2
—3R3 + 5R; — Ry 0 -6 7 50 -30]2
—Rs3 + 5R2 — Ra 0 13]19|(05 -1 014

5 2 1 00 1 0|1
Rs +5R4—Ry 0-3 -4 00 15]1

The next pivot is the 19 in row 2, column 3.
Z1 €2 €3 S1 52 S3 4
—7Rs + 19R; — Ry 0 —-206 0 95 -—-35 —-50 0|10
0 1319 0 5 -1 0] 4

—R2 +19R3 —R3 95 2 0 0 -5 20 0|15
4R2 + 19R4 — Ry 0 -5 0 0 20 15 95| 35

The next pivot is the 13 in row 2, column 2.

I T2 I3 S1 S92 S3 z
205R2 + 13R1 — R4 0 0 3895 1235 570  —855 0] 950
0 13 19 0 5 -1 0 4
—25Ry + 13R3—R3 1235 0 —475 0 —-190 285 0] 95
5Ro + 13Ry — Ry 0 0 95 0 285 190 1235 | 475

Dividing the bottom row by 1235 gives a z-value of 142—7355 = 15—3,

read from the bottoms of the columns for the three slack variables after multiplying the bottom row by Tl%:

S0 g = % = 1—53 The values of y1,y2, and y3 are

_ 0 .28 3 190 2
=935 ~ 2T 1035 T 130 T 1235 T 13
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We find the values of p1,p2, and ps by multiplying the values of y1,y2, and y3 by g:

13 13 / 3 3 13/ 2 2
P = E(O) =0,p2 = = <1—3) == <1—3> =3

We next find the values of x1,x2, and x3 by using the first three columns combined with the last column:

95 1 4
AP TR
We find the values of q1, ¢2, and g3 by multiplying the values of x1, x2, and x3 by ¢:

_1B(1N_1 134N _4
q1 = 5 13 —5,(]2— 5 13 _5aq3_ .

Finally, the value of the game is found by subtracting from g the 1 that was added at the beginning, yielding
13 _ 38

5 5°

I ,.133:0.

To summarize, the optimum strategy for player A is p; = 0,py = %, and p3 = % The optimum strategy for

player B is ¢ = %, qQ = %, and g3 = 0. When these strategies are used, the value of the game is %.

-1 -1 1

-1 0 0

14. 1 -1 -1
1 1 -1

Because of the negative entries, we will add 1 to all the entries. The resulting payoff matrix is

0 0 2
01 1
2 0 0
2 2 0
The linear programming problem to be solved is:
Maximize z=x1+x2 + X3
subject to: 23 <1
o+ x3 <1
21’1 S 1
21’1 + 2.%'2 S 1
with r1 > 0,20 > 0,23 > 0.
The initial tableau is
Tq T2 r3 81 S92 83 S4 <=
[0 0o 2 1 0 0 0 0]1]
0 1 1 01 0 0 O0]1
2 0 0 0 1 0 0]1
2 2 0 0 0 0 1 01
| -1 -1 -1 0 0 0 0 1|0 |

We arbitrarily choose the first column. Both ratios are %, so we will use the 2 in row 4 as the first pivot. We
arrive at the following matrix.

1 To XT3 S1 S2 S3 S4 2

0 0 211 0 0 01

0 1 1 0 1 0 01
-R4+R3—Rs [0 -2 0 0 0 1 -1 0]0

2 2 0 0 0 O 01
R4 +2Rs5 —Rs | 0 0 -2 0 0 O 2|1 |



312

16.

18.

Chapter 11 GAME THEORY

The next pivot is the 2 in row 1, column 3.

T o T3 S1 S2 S3 S4 Z
0 0 2 1 0 O 0 0|1
“Ri4+2Rs—Ry |0 2 0 -1 2 0 0 01
0 -2 0 0 01 -1 0|0
2 2 0 0 0 0 1 011
Ri+Rs—Rs | 0 0 0 1 0 0 1 2]2

Dividing the bottom row by 2 gives a z-value of 1, so g = % = 1. The values of y;, y2,y3, and y4 are read from

the bottom of the columns for the four slack variables after dividing the bottom row by 2:
1 1
Y1 9’ Y2 » Y3 ) Y4 B

We find the values of pi, p2, p3, and ps by multiplying the values of y; y2,y3, and y4 by g:

1 1 1 1
D1 <2> 5 P2 0,p3 =0,p4 <2> 3

We next find the values of z1, x2, and x3 by using the first three columns combined with the last column:

1 1
I 25,1‘2:0,.%3:5.

We find the values of ¢, g2, and g3 by multiplying the values of x1, x5, and x3 by g:

1 1 1 1
(J1—1(§> —§7q2—0>Q3—1(§> =3

Finally, the value of the game is found by subtracting from g the 1 that was added at the beginning, yielding
1-1=0.

Thus, labor should use strategies 1 and 4 with probabilities % each and should never use strategies 2 or 3.
Management should use strategies 1 and 3 with probabilities % each and should never use strategy 2. The value
of the game is 0.

This exercise should be solved by graphing calculator or computer methods. The solution may vary slightly.
The answer is that the manufacturer should emphasize modern cards with probability .088, old-fashioned cards
with probability .418, and a mixture with probability .495, giving a value of $78.87 for the game.

(a) Row 3 dominates row 4. So, remove row 4 to obtain

5 8 10
8§ 10 6
10 6 2

(b) Using the matrix from part (a), the linear programming problem to be solved is:

Maximize: z = x1 + 2 + 23
Subject to: 5z + 8zo 4+ 10z3 <1
8xr1 + 10xs + 623 <1
10z + 6x2+ 223 <1

The initial tableau is

T T2 X3 S1 S22 S3 2
5 8§ 10 1 0 0 01
8 10 6 0 1 0 O0f1
10 6 2 0 0 1 0f1
-1 -1 -1 0 0 0 1{0
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We arbitrarily choose the first column. The smallest ratio is formed by the 10 in row 3. We use this as the
first pivot and arrive at the following matrix.

X1 T2 I3 S1 S2 S3 z
—Rs+2R;—Ry

10 18 2 0 -1 011
—4R3 + 5Rs — Ry
26 22 0 5 -4 011
10 6 2 0 0 011
Rs + 10R, — Ry 0 —4 -8 0 0 10 | 1
The next pivot is the 22 in row 2, column 3.
T T2 xr3 S1 S9 S3 z
—9Rs 4+ 11R; — Ry 0 -—124 0 22 —45 25 0 2
0 26 22 0 5 —4 0 1
—Re +11R3—Rs | 110 40 0 0 -5 15 0/]10
4Rz + 11R4 — Ry 0 60 0 0 2 -5 11015
The next pivot is the 25 in row 1, column 6.
T T2 X3 S1 So S3 z
0 —-124 0 22 —45 25 0 2
4Rq + 25Rs — Ro 0 154 550 88 =55 0 0 33
—3R1 +5R3—R3 550 572 0 —66 110 0 0| 44
Ri +5Rs—Ry 0 176 0 22 55 0 550 | 77

Create a 1 in the columns corresponding to 1,3, S3, and z.

1 To T3 S S S$3 2
FRi-oR [0 —F 0 F -3 1 0%
;ﬁRQ —Ro 0 % 1 2% _1_10 0 0 %
LSRR |1 E 0 - 1 o0 0|2
=5 Ri—Rs | 0 £ 0 = = 0 1|
From the final tableau, we have
2 3 1 1
T1 = ops T2 =0,23 = 500 T 92 T 1
ys =0and z = %
Note that
1 50
9=277
The optimum strategy for the hospital is
50 (1 2
plzgy1:7 (2—5) 27
50 (1 5
P2:9y2=7 (E) :?
Pp3 = gys = 5—70(0) =0

py = 0 (row 4 was removed).

That is, the hospital should assign one nurse with probability % and two nurses with probability % Never
assign three or four nurses.
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50 0
10 40
To find the student’s optimum strategy,

Minimize w=zx+y
subject to:  50x + 10y > 1

40y > 1
with z >0,y >0.
y
\ ©. 1)
) ()
D \ 40y=1 1
0
\50x + 10y = 1
Corner Point | Value of w =2 +y
1 1
: 3 11
(205> 70) %0 T 10 = 25
The minimum value is w = 5= at (525, 3 )- Thus, the value of the game is g = 1 = 25 points, and the optimum

strategy for the student is

3 3
= = 2 — = —
p1 =91 =25 <200) 3’

1 5
=gy=25|—=) =-.
P2 =gy < 40> 3
That is, the student should choose the calculator with probability % and the book with probability %.

(a) For player A, choice 1 is to believe B when B says “ace,” and choice 2 is to ask B to show his card when
B says “ace.” For player B, there are four choices. Choice 1 is to always tell the truth.

Choice 2 is to lie only if the card is a queen. Choice 3 is to lie only if the card is a king. Choice 4 is to lie if
the card is a queen or king. These lead to the following payoff matrix:

(b) Because of the negative entries, we will add 1 to all the entries, giving the matrix

{1 % 0]
2 5 .
3 1 3

S NIV [N

The linear programming problem to be solved is:
Maximize z2=x1+ a0+ T3+ x4

. 1 2
subject to: T+ gﬂ?g + §$3 <1

2x+x+4x+5x <1
341 2t 33+ gl s

with x1 > 0,20 > 0,23 > 0,24 > 0.
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The initial tableau is

X1 o T3 T4 S1 So Z

1 2
1]+ 2 010 0f1
2 5
2 i 2 01 0]1
-1 -1 -1 -1 0 0 1[0

We arbitrarily choose the first column. The smallest ratio is formed by the 1 in row 1. We use this as the first
pivot and arrive at the following matrix.

r1 T2 r3 T4 S1 S92 2
1+ 2 0 100|1
e A R IR RRE:
Ri+R;3—RsL 0 =2 -2 -1 1 0 1|1
The next pivot is the % in row 2, column 4.
Tr1 X2 T3 T4 S1 S2 %
1 £ %20 10 0|1
o [5]8 3 -3 1 0]
Ro+3R3—RsL 0 —3 5 0 1 1 2|2
The next pivot is the % in row 2, column 2.
r1T T2 XT3 T4 S1 S22 2
—Ro+IRi—»Ri[ 2 0 2 -2 3 -1 0‘2
0 3 22 1 0ly
RetfRaoRe[0 0§ 5§ B B[

Dividing the bottom row by % gives a z-value of g—g = %, S0 g = % = % The values of y; and y, are read from
the bottom of the columns for the two slack variables after dividing the bottom row by %: Yy = %, Yo = %. We
find the values of p; and ps by multiplying these values by g:

1

§7

CT(6) 2
p2_§(?>_§'

Next, we find the values of x1, 9,3, and x4 by using the first four columns combined with the last column:
Ty = %,xg = %,mg = 0,24 = 0. We find the values of q1, q2, g3, and g4 by multiplying the values of x1,z9, x3,

and x4 by g:
7 /(6 2
n=5(3)=%
1
3

)

Finally, the value of the game is found by subtracting from ¢ the 1 that was added at the beginning, yielding

I _1=-2
s —1=-3
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Thus, player A should use strategy 1 with proba-
bility % and strategy 2 with probability % Player
B should use strategy 1 with probability %, strat-
egy 2 with probability %, and should never use
2

strategies 3 and 4. The value of the game is —3.

Chapter 11 Review Exercises

For Exercises 4-8, use the following payoff matrix.

—2 5 —6 3
0 -1 )
2 6 —4 4

4. The strategy (1,4) means that player A chooses
row 1 and player B chooses column 4. A positive
number represents a payoff from B to A. Row 1
and column 4 lead to the number 3, which repre-
sents a payoff of $3 from B to A.

6. The strategy (3,4) means that player A chooses
row 3 and player B chooses column 4. Row 3 and
column 4 lead to the number 4, which represents
a payoff of $4 from B to A.

8. Underline the smallest number in each row, and
box the largest number in each column.

-2 5 =6 3

0 -1 |75

2 6|—4 4

There is no number that is both the smallest in
its row and the largest in its column, so the game
has no saddle point.

-1 9 0
10. 4 —-10 6
8§ —6 7

Row 3 dominates row 2, so remove row 2 to obtain

-1 9 0
8 —6 7|
3 -1 4
0 4 -1
12. 1 9 _3
0 0 2

There are no dominated strategies.

14.

16.

18.

20.
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691318

3 is both the smallest number in its row and the
largest in its column. The saddle point is 3 at
(2,3), and the value of the game is 3.

afl =16
-3 -2 0
-1 —4 3

—1 is both the smallest number in its row and the
largest number in its column. The saddle point is
—1 at (1,2), and the value of the game is —1.

2 -9
7T 1
4 |12

The 2 in row 3, column 2 is both the smallest
number in its row and the largest number in its
column. The saddle point is 2 at (3,2), and the
value of the game is 2.

2 -3
-3 5
There is no saddle point, so the game is not strictly

determined, and mixed strategies must be used.

For player A, the optimum strategy is

_ 5—(=3) _ 8
P T Sy = (345 13
5

:1— = —.
b2 P1 13

For player B, the optimum strategy is

_ 5—(=3) _8
=T (C8) —(=3)+5 13’
5

QZ—l—Q1—E~

The value of the game is

2(5) = (=3)(=3) !

2—(-3)—(-3)+5 13
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22,

24.

)

There is no saddle point.
For player A, the optimum strategy is

_ 2 (-06) _8
=T (e - (3)+2 19’
1

b2 Y41 19

For player B, the optimum strategy is

_ 2-(=3) _ 5
BT (6 - (3)+2 10
14

©2=1l-qa=15

The value of the game is

1 0 3 -3

4 -2 4 -1
Column 2 dominates columns 1 and 3, so remove
columns 1 and 3 to obtain

0

For player A, the optimum strategy is

B —1-(-2) 1
) P )y (D

p2=1—-p1 =

=~

For player B, the optimum strategy is

¢1 = 0 (column 1 was removed),
_ -1-(=3) 1
R e R C R C A,

g3 = 0 (column 3 was removed),

1 1
The value of the game is
0=)—-(3)(2 _—6_ 3
0—(=2)—(=3)+(-1) 4 2

26.

28.
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8 —6
4 -8
-9 9

Row 1 dominates row 2, so remove row 2 to obtain

)

For player A, the optimum strategy is

B 9— (—9) 189
T C—(=6)+9 32 16’

p2 = 0 (row 2 was removed),

7
p3=1—(p1+p2):1—6~

For player B, the optimum strategy is

_ 9 — (=6) _ b
NS (—9) —(—6)+9 32
17

QQ—l—Q1—§~

The value of the game is

8(9) — (—6)(—9) 18 9

8—(—9) —(—6)+9 32 16

5]

To guarantee that the value of the game is posi-
tive, we add 2 to all entries in the matrix to obtain

H!

Let player A choose row 1 with probability p; and
row 2 with probability ps. Then

Ey = 5p2
and FEy = 4pi1+ 3po.

Let g represent the minimum of the expected gains,
so that

E, = op2 > g

Ey = 4p1+ 3p2 > g.

Dividing by ¢ yields



We have the following linear programming problem:

Minimize w=x+Yy

subject to: 5y >1
dr+3y >1

with z >0,y >0.

Graph the feasible region.

The corner points are (0,3) and (35

3 , £)- The min-
3

1
imum value of w = x +y is & at (75, 5). Thus,
the value of the game is g = + = %. To find the

w
value of the original game we must subtract 2:

1
0 ,_14
3 3

The optimum strategy for A is

10 /1 1
= xr = — —_— —
b1 g 3 10 37

101y 2
Pz—gy*?’ 5] T3

Let player B choose column 1 with probability g;
and column 2 with probability go. Then

E, = 4qo
and E2 = 5Q1+ 3(]2.

Let g represent the maximum of the expected gains,
so that

E = 420 < g
Ey =5q1+ 3q2 < g.

Dividing by g yields

Letxzﬂandy:—.
g

30.
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We have the following linear programming problem:

Maximize z=x-+vy
subject to: 4y <1
oxr+3y <1
with x>0,y >0.
Graph the feasible region.
y

0=
T

T
2
\5x+3y=1

There are four corner points to consider: (0,0),

(0,1), (55, 1), and (3,0). The maximum value of
z=x+yis & at (5, 1) As before, the value of
% = %. The value of the original
10 4

game again is 5 —2 = 3.

the game is g =

The optimum strategy for B is

10 /1 1
= xr = — —_— e —
q g 3 20 67

101\ _5
e=9w=3(7)=%

To summarize, player A should choose row 1 with

probability % and row 2 with probability %7 while

player B should choose column 1 with probability

% and column 2 with probability %. When these

optimum strategies are used, the value of the game
4

1S 3.

R

To guarantee that the value of the game is posi-
tive, we add 2 to all entries in the matrix to obtain

i

Let player A choose row 1 with probability p; and
row 2 with probability ps. Then

Ey=2p1 + po
and Fy = 5pa.
Let g represent the minimum of the expected gains,
so that
Ey=2p1+ p22>yg
Ey = 5p2 = g.
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g g

Letx:&andy:p—Q.
9 9

We have the following linear programming problem:

Minimize w=zx+y

subject to: 2r+y > 1
oy >1

with x>0,y >0.

Graph the feasible region.

2x+y=1

The corner points are (0,1) and (£, £). The mini-
mum value of w =z +y is 2 at (£,1). Thus, the
value of the game is g = % = % To find the value

of the original game, we must subtract 2:

The value of the original game is fé. The opti-
mum strategy for A is

5 (2 2
P1=91‘=§<3>=§,
1

3

p=gy=3(z)=3

Let player B choose column 1 with probability g;
and column 2 with probability gs. Then

Ey =2q¢
and Ey = gq1 + 5¢o.
Let g represent the maximum of the expected gains,
so that
Ey =2¢ <y
Ey= q+5¢ <g.
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Dividing by g yields

2("—1) <1

g
2+5<@><1.
g g

Letx:q—landyzq—Q.
g g

We have the following linear programming problem:

Maximize z=2x+y

subject to: 2z <1
rz+oy<1
with x>0,y >0.

Graph the feasible region.

There are four corner points to consider: (0,0),

(0,1), (3, 75), and (3,0). The maximum of z =
z+yis 2 at (3, 15). As before, the value of the

t
game is g = % = % The value of the original game
2

5 _

again is 3

The optimum strategy for B is

To summarize, player A should choose row 1 with
probability % and row 2 with probability %, while
player B should choose column 1 with probability
% and column 2 with probability %. When these
optimum strategies are used, the value of the game
o 1

1S -3
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1 -3
32. |4 2
-2 1

Because of the negative entries, we will add 4 to
all the entries. The resulting payoff matrix is

5 1
0 6
2 5

The linear programming problem to be solved is:

Maximize z=1x1 + X2
subject to:  bxy; + x5 <1
61’2 S 1
2x1 + dre <1
with z1 > 0,29 > 0.

The initial tableau is

Pl Trog 81 S2 S3 <2
) 1 1 0 011
0 6 0 1 0 0]1
2 5 0 0 1 01
-1 -1 0 0 0 1]O0

We arbitrarily choose the first column. The small-
est ratio is formed by the 5 in row 1. We use this
entry as the first pivot and arrive at the following

matrix.
Z1 T2 81 82 83 %
5 1 1 0 0 0|1
0 6 1 0 01
—2R1+5Rs—=Rs | 0 [23|—2 0 5 03
R; +5Rs—Ry 0 —4 1 0 0 5|1
The next pivot is the 23 in row 3, column 2.
T Tro S1 82 S3 z
—Rs3+23Ri1—R;| 115 0 25 0 =5 0] 20
—6R3 + 23R3 — R 0 0 12 23 -30 0 5
0 23 -2 0 5 0 3
4R3 + 23R4 — Ry 0 0 15 0 20 1151 35

Dividing the bottom row by 115 gives a z-value of
%, S0 g = % = % The values of y1,y2, and y3 are
read from the bottom of the columns for the slack

variables after dividing the bottom row by 115:

15 3 20 4

—7y2=0,y3=m=2—3-

17115~ 23

34.
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We find the values of p1, p2, and ps by multiplying
the values of y1, 12, and ys by g:

_23(3\_3
nm=w\23) "7

p2:07
934\ 4
ps=\33) =7

Next, we find the values of x; and x5 by using the
first two columns combined with the last column:

20 4 3

= —_——= — d = —.
=115 ~ 23 ™27 o3

We find the values of ¢; and g9 by multiplying

234\ 4
‘“‘7(2_3)_7
23(3) 3
q2_7<2_3)_?‘

Finally, the value of the game is found by subtract-

these by g¢:

ing from g the 2 that was added at the beginning,
yielding

To summarize, the optimum strategy for player
Aisp; = %,pz =0, and p3 = %. The optimum
strategy for player B is ¢; = 2 and g2 = 2. When

these strategies are used, the value of the game is
9

7

21 -1
0 1 2
-1 2 0

Because of the negative entries, we will add 1 to
all the entries. The resulting payoff matrix is

3 2 0
1 2 3
0 3 1

The linear programming problem to be solved is:

Maximize Z2=x1+ a2+ x3
subject to: 3x1 + 222 <1
1+ 220+ 323 <1
3xo+ x3<1
with x1 > 0,29 > 0,23 > 0.
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The initial tableau is
Ty €2
3 2 0 1 0 O

r3 S1 SS9 S3 <
0
12 3 0 1 0 0f1
0
1

0 3 1 0 0 1 1
-1 -1 -1 0 0 O 0
We arbitrarily choose the first column. The small-

est ratio is formed by the 3 in row 1. We make this
the first pivot and arrive at the following matrix.

T4 T2 T3 S1 S2 S3 Z
3 2 0 10 00]1
—R;+3R2—Ry| 0 4 91-1 3 0 0]2
0 3 1 00 1 0|1
Ri+3R4—Rs|"0 21 =3 10 0 3|1

The next pivot is the 9 in row 2, column 3.

1 T1 T3 S1 S2 S3 X
3 20 1 00 0f1
0 4 9 -1 3 0 02
—Rs+9R3—R3| 0 23 O 1 -3 9 0|7
Ro+3R4—Ry4| O 1 0 2 3 0 915

Dividing the bottom row by 9 gives a z-value of %, SO
g = % = %. The values of 1,2, and y3 are read from
the bottom of the columns for the three slack variables

after dividing the bottom row by 9:

2 3 0
Y1 = 97y2 = 97.743 =0
We find the values of py, p2, and p3 by multiplying the

values of y1, 42, and y3 by g:

Pp3 = 0.
Next, we find the values of x1,zs, and x3 by using the
first three columns combined with the last column:
1 2
g =, g 0, 2 = —,
X1 3 X2 T3 9
We find the values of ¢1, ¢2, and g3 by multiplying these

values by g¢:
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Finally, the value of the game is found by subtracting
from g the 1 that was added at the beginning, yielding
9 4
-——1=-.

5 5
To summarize, the optimum strategy for player A is
D= %apz = %, and ps = 0. The optimum strategy for
player B is ¢; = %7612 =0, and g3 = % When these

strategies are used, the value of the game is %.

36. If the chance of rain is 90% every day, carry an
umbrella every day. For “player A,” we will say
strategy 1 is to carry an umbrella, and strategy 2 is
to not carry an umbrella. For “player B,” strategy
1 is that it rains, and strategy 2 is that it does not
rain.

The payoff matrix is

0 -1
[—100 O} ’
. g2 — A21
pr= a1l — azr — a12 + a2
_ 0 — (—100)
~0—(—=100) — (=1)+0
_ 100
P11 = 101

According to game theory, carry an umbrella with
a probability of %.

In the first situation, there was no penalty for car-
rying an umbrella when there was no rain.

In Exercises 38 and 40, use the following payoff

matrix.
Management
Friendly Hostile
Friendly [ $600 $800
Labor g ostile | $400 $950

38. “Friendly” has a worst payoff of $600 and “hos-
tile” has a worst payoff of $400, so the absolute
worst payoff of $400 can be avoided by labor be-
ing friendly. Therefore, a pessimist should choose
the strategy of being friendly.

40. Find the expected payoff from each strategy.
Friendly: .6(600) + .4(800) = $680;
Hostile: .6(400) 4 .4(950) = $620

Labor should adopt a friendly strategy.
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42.

44.

Economy
Inflationary Stable
Stocks Blue-Chip 2800 3200
Growth 5000 —2000

The optimum strategy for Victor is

B —2000 — 5000 35
P17 9800 — 5000 — 3200 + (—2000) _ 37’
p2=1- »_2Z

37 37

That is, Victor should invest in blue-chip stocks
with probability % and growth stocks with prob-
ability %

The value of the game is

2800(—2000) — 5000(3200)  —21,600,000
2800 — 5000 — 3200 + (—2000)  —7400
~ $2918.92.

5000 —2000
Add 2000 to each entry to obtain

{2800 3200]

4800 5200
7000 O

The linear programming problem to be solved is:

Maximize z=x1+ X2

subject to:  4800x1 + 5200x5 < 1
7000z <1

with x> 0,29 > 0.

The initial tableau is as follows.

T To S1 S =z
4800 5200 |1 0 0|1
7000 0 0 1 0f1
-1 -1 0 0 1]0
Pivot on each indicated entry.
I1 Tz  S1 S2 z
4800 5200 1 O 011
7000 0 0 1 01
Ry +5200R; »RsL —400 0 1 0 5200 |1
Z1 T2 S1 82 z

7000 0 0 1 0

—24R,+35R; —R; [ 0 182,000 35 —24 0 ‘

2R2+35Rs—Rs3| 0 0 35 2 182,000| 37

Chapter 11 GAME THEORY

Create a 1 in the columns corresponding to z1, 2,

and z.
r1 To 81 S9 z
—L_R,—=R 1 3 11
182,000 1 10 1 5w —mme V| w2000
1 R, >R 1 1
7002 "2l 1 0 0 7m0 | 7om
1 1 37
1 —_—
mroRs—RsL 0 0 560 ar000 182,000

From this final tableau, we have

1 n
17 %0000 T 182,000

1 1 37
Y= 520002 = 9000”24 * T Ta2.000°

Note that g = % = %. The optimum strategy
for Victor is

182,000 < 1 > 35
Pr=9N = —(— =

37 \5200) 37
182000 1\ 2
P2 =92 =37 91,000 ) ~ 37’

That is, he should invest in blue-chip stocks with
pQrobability % and growth stocks with probability

ﬁ.
The value of the game is

182,000
37

— 2000 =~ $2918.92.

For Exercises 46 and 48, use the following payoff

matrix.
Opponent
Favors  Waffles Opposes
Favors 0 —1000 —4000
Candidate Waflles 1000 0 —500
Opposes | 5000 2000 0

46. As a pessimist, Martha would look at the worst
possible outcome from each strategy, and choose
the best of them. If she favors the factory, she
could lose 4000 votes; if she waffles, she could lose
500 votes; and if she opposes the issue, she could
lose 0 votes. The best of these options is to lose 0
votes, so she should oppose the factory.
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48. Find the expected payoffs (in vote changes) for 52. The linear programming problem to be solved is:

each strategy.
&y Maximize 2z =x1 + 22

Favors: subject to:  4xy + x2 <1

3x1+4x9 <1

0(0) 4+ .7(—1000) + .3(—4000) = —1900 with 21> 0,29 > 0.

Walffles: The initial tableau is
0(1000) + .7(0) + .3(—500) = —1500 r1 T2 81 S2 Z

o 4 1 1 0 0]1
pposes: 3 4 0 1 0]1
0(5000) + .7(2000) + .3(0) = 1400 -1 -1 0 0 1 | 0

We arbitrarily choose the first column. The small-
est ratio is formed by the 4 in row 1. We make
this entry the first pivot and arrive at the follow-

Martha should oppose the factory for an expected
gain of 1400 votes.

For Exercises 50 and 52, use the following payoff matrix. ing matrix.
Rontovia r1 X2 S1 S2 %
Attack 1 Attack 2 4 1 10 071
Defend 1[ 4 1 —3R1 +4R2—Ro 0 [13|-3 4 0]1
Ravogna
Defend 2| 3 4 Ri +4R3—Rs 0 -3 1 0 4 | 1
g2 — A21 . . .
50. p; = The next pivot is the 13 in row 2, column 2.
a1 — a1 — a2 + a2
4-3 1

I T2 S1 S92 z

o — ~Ry+13R1—R; |52 0 16 -4 0 ‘ 12

bz = a11 — G21 — a12 + G22 0 13 -3 1 0
3Rg+13Rg—Rs | 0 0 4 12 52|16

4-3-1+4 4

_4-1 3
T4 4 o :
s — 1o 11)61V1d111g the bott?m rolxév by 52 gives a z-value of
Q= 55 = 13, 80 g = 5 = . The value of the game
a11 — @21 — a12 + G22 2% 3
A-1 3 is 5. The values of y; and yo are read from the
=—=- bottom of the columns for the two slack variables
4 4 after dividing the bottom row by 52:
- a1 — ag1
= a1 — a1 — a2 + a2 4 1 12 3
_4-3 1 TR TR
4 We find the values of p; and ps by multiplying the
The value of the game is values of y; and ys by ¢:
aiiQg2 — a12a21 _ 4(4) - 1(3) 13 /1 1
a11—a21—a12+a22_ 4 pl_z<1_3>_17
= E 1B /3N 3
4 P2 = (1—3> =7
Ravogna should defend installation #1 with prob-
ability % and installation #2 with probability %. Next, we find the values of z1 and 3 by using the
Rontovia should attack installation #1 with prob- first two columns combined with the last column:
ability % and installation #2 with probability %. 12 3 ] 1

The value of the game is %. = =132 337 13
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We find the values of ¢; and ¢o by multiplying

these values by g:
_1(3)_3
"mr\) T

4
13/1 1
and q2 = Z (1—3> = Z

Thus, Ravogna should defend installation #1 with

probability % and installation #2 with probabil-

ity %. Rontovia should attack installation #1 with

probability % and installation #2 with probability
13

1. The value of the game is 2.

Extended Application: The
Prisoner’s Dilemma-Non-Zero-Sum
Games in Economics

1. Since neither row dominates the other, Linda does

not have a dominated strategy. Similarly, since
neither column dominates the other, Mel does not
have a dominated strategy. Linda and Mel should
consider cooperating.

. If they decide to cooperate, they will either both

pick Chinese or both pick French, since disagree-
ment leads to the worst payoff for each player. If
they both pick Chinese, their combined degree of
enjoyment is 6, whereas if they both pick French,
their combined degree of enjoyment is 8. They
maximize their combined enjoyment by both pick-
ing French.

. Linda’s expected payoff:

8 .2][2 gH:;]:M .6}{:;]
— L4

Mel’s expected payoff:
10 Nl 1
FIIRETR

Mel does better.
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4. Let [p1 po] represent Linda’s strategy which max-

imizes her expected payoff. Then, her expected
payoft is given by

o[ 3]

bl |y |

= .5p1 + 27p2
Substituting 1 — p; for ps, we find

E = 5p1 +27(1—p1) =—-2.2p; +2.7.

Since this is maximized when p; = 0, we have py =
1—0 = 1. Thus, Linda should choose the strategy
[0,1]. That is, Linda should always choose French
for an expected payoff of 2.7. If she does this, Mel
might always choose French in order to maximize
her enjoyment.

. If Linda picks Chinese and Mel picks French, her

degree of hapiness will be zero, however, Mel may
not continue with his “always French” strategy
since his degree of happiness would also be zero.

. Since their combined enjoyment is 6 when choos-

ing Chinese and 8 when choosing French, they
may opt to make their decisions based on the fol-
lowing spinner. If the arrow of the spinner lands
in the unshaded region, they will eat French. Oth-
erwise, they will eat Chinese.

QN























