CHAPTER o .

IN

and Improper Integrals

9.1 Concepts Review

1. lim f(x); lim g(x)

xX—a x—ra

, J®
g'(x)

3. sec? x;1: limcosx#0
x=0

4. Cauchy’s Mean Value
Problem Set 9.1

1. The limit is of the form %

. 2x-sinx . 2-cosx
lim ——= hm =1
x—0 X x~»0

2. The limit is of the form %

cos X —sinx _

-1

= lim

x—=7l2

1
x=xl2nl2-x

3. The limit is of the form %

. x-sin2x . 1-2cos2x 1-2
lim ————=lim =

x-0 tanx x=0 SCCZ x 1

4. The limit is of the form %

tan”' 3x 149x2 - E =3

l-x

lim
x=0 sin”" x

= lim
x—0

2

5. The limit is of the form 9

. x? +6x+8 2x+6
lim = lim
x>-2 % _3x-10 x—-22x-3
_2_2

-7 7
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-1

11.

10.

The limit is of the form —g

X _3x% +x .
lim = lim
x—»0 x3-2x x—0 3x2-2

Ixte6x+1 1 1

-2 2

The limit is not of the form g

As x—)l-,x2—2x+2—->l,andx2—l—->0_ )
. x2_2x+2
lim ———=

x—1" x2

+1

The limit is of the form 9

. In xz .
lim = lim
x—=>1 xz -1

The limit is of the form %

1
sin” x

-1

3sin® xcosx

. 3
lim In(sin x) _
x»xl2 T/2-x
0

-1

xoxl2

The limit is of the form 9

et —e”* s
= lim
x—=0 2cosx

+e %

Iim

2,
x>0 2sinx 2

The limit is of the form %

Ji-i2

In¢

L2
=lirna’r

lim
-1 %

t—1

3
2. 3
12
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12. The limit is of the form %

Jr
7> 1In7
. 7‘/; -1 . 2Jx . 7J; In7
lim = lim = lim —f———
x-0" 2‘/; -1 x-0* _Z_J‘;l_nZ x—0* 2‘/; In2
2Vx
= E]—z- = 2.8l
In2

13. The limit is of the form % (Apply I’'Hopital’s

Rule twice.)
si
lim Incos2x _ i ?ﬂ% - —2sin2x
150 72 x=0 l4x x-014xcos2x
—4cos2x -4 2

= lim - =
x—>014cos2x—28xsin2x 14-0 7

14. The limit is of the form %

. 3sinx . 3cosx
lim = lim

x=0" V=X x50~ ——:/‘='
2VJ-x

= lim —6\/:cosx=0

x—=0"

15. The limit is of the form % (Apply ’Hopital’s

Rule three times.)
2

. tanx-x . sec” x—1
lim ———— = lim ———
1=0sin2x-2x x—o02cos2x-2

. 2secxtanx . 25ec4x+4seczxtan2x
= lim - = lim
x—0 —4sin2x 10 —8cos2x
_2+0_ 1
-8 4

16. The limit is of the form % (Apply I’Hopital’s

Rule three times.)

. sinx-tanx .
lim = lim >
-0 x“sinx x=02xsinx+x” cosx

COosS X — SCC2 X

-sinx—Zseczxtanx

= lim 5
x=02sinx+4xcosx —x“ sinx

= lim —cosx—2sec4x—4sec2xtan2x
x50 6cosx—x° cosx —6xsinx

_-1-2-0_ 1

T6-0-0 2

17. The limit is of the form % (Apply I'Hopital’s Rule

twice.)
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18.

19,

20.

21,

22,

. x? . 2x .
lim ————= lim = lim —
x=0t SINx—X  xootcosx—1  x_ 07 —sinx

This limit is not of the form % As x5 01,252,

and -sinx —» 07, so hm —
x-30% SINX

= —00,

The limit is of the form % {Apply I'Hopital’s Rule

twice.)
x _ e -1
lim e -ind+x)-1_ . ¢ "ix
x—=0 x2 -0 2x
e +—1
7
= lim S . 1+ =1
x—0 2 2
. 0 gas
The limit is of the form o (Apply I'Hépital’s
Rule twice.)
1 1 =
-1, 5= 3
lim 20 XX i L o iy D)
=0  8x3 x0 24x°  x-0 48x
. 1 1
= lim-

-0 24(1+x)? 24

The limit is of the form % (Apply I'Hopital’s
Rule twice.)
. coshx-1 . sinhx . coshx 1
lim ————= lim ———= lim ———=—
x>0 x2 x20 2x  x=0 2 2

The limit is of the form % (Apply I'Hopital's
Rule twice.)
. I-cosx—xsinx . —XCOSX
lim = Iim

10" 2—2cosx—sin’x x—0* 25inx—2cosxsinx

. xsinx—cosx
= lim o 5
x—0%" 2cosx—-2cos“ x+2sin“ x

This limit is not of the form %

As x - 0%, xsinx-cosx —» -1 and

2005x—2coszx+2sin2x—>0+, SO

. xsinx—cosx
Iim = —Q0

x—0* 2¢0s x — 2cos? x+2sin® x

The limit is of the form %

sinx+tanx _ cos x +sec’ x

lim

=0 et +e ¥ =2 x50 e -
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26. Note that sin(1/0) is undefined (not zero), so

This limit is not of the form 9
0 I'Hépital's Rule cannot be used.

- 2 1 (1
As x =07, cosx+sec” x — 2, and As x = 0,— — o and sin (—J oscillates rapidly
¥ -x _ i cosx +sec’ x x x
e -e” —>07,50 lim —————= between -1 and 1, so
x—0 e —e 5 .
o x sm(l) %2
0 lim — < lim —.
23. The limit is of the form 6 x—0| tanx x—0 tan x
E\/Hsintdt x __xzcos.r
im=2 — — lim«Jl+sinx =1 tan x sinx
x—0 X x>0 2
. x“cosx .. x
lim — =lim|| — )xcosx =0.
L 0 x=0 sinx  x-0[\sinx
24. The limit is of the form —.
0 x? sin(l)
. x
X Thus, lim ~—==0
) L '\/;COStdl ) \/;cosx x>0 tanx
Hm_ 2 = lim A table of values or graphing utility confirms
10 X x—0"  2x this
- lim cosx _
-0t 2\/;

25. It would not have helped us because we proved

. sinx ) ..
lim —= =1 in order to find the derivative of
x=0 X

sin x.

27. a. OB= cost, BC =sint and AB =1-cos t, so the area of triangle ABC is %sint(l —cos?).
The area of the sector COA is %t while the area of triangle COB is %cost sint, thus the area of the curved

region ABC is % (t —costsint).

i —_2rea of triangle ABC o 1sine(1-cost)
(—o* area of curved region ABC ;0% %(t —costsint)
. sint(l-cost) . cost —cos2 1 +sin’ ¢ . 4sintcost—sint ..  4cost-1 3
= lim —————=lim 3 = lim - = lim ==
(—0*t 1—costsint 0t 1-cos t+sint 10t 4costsint -0+ 4dcost 4

(L’ Hépital’s Rule was applied twice.)

. . . . 1
b. The area of the sector BOD is %t cos? t, so the area of the curved region BCD is %cost smi—;tcos2 L

. 1 .
iy 2reaof curved region BCD _ . 3 cosi(sint —cos!)
(—0* area of curved region ABC ;0" %(i —costsint)

sin#(2¢ cost —sint) 21(0052 ¢ —sin® 1) t(cos2 t —sin? 1)

. cost(sint—tcost) .. . .
= lim - = lim = lim - = lim -
(ot t—sintcost (>0 1—cos?r+sin? (0"  4costsint (0¥ 2costsint
= lim cos? 1 — 4t costsint —sin ¢ _1-0-0 1
1—0* 2cos? ¢t - 2sin?¢ 2-0 2

(L ’Hopital’s Rule was applied three times.)
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28. a. Note that ZDOE has measure ! radians. Thus the coordinates of E are (cost, sint).

Also, slope BC = slope CE. Thus,
0-y _ sinr-0
(1-1)-0 cost—(1-1)
_ (1-¢)sint
" cost+t-1
_ (t=Dsint
" cost+1-1

. . t-1)sinz
lim y= lim (1= Dsint
10" 1—0* COSt+1—1

This limit is of the form %

-1

lim (t - Dsint = Iim smH—(.t—l)cost =0+(—1)(l)=
(=0t Cost+1-1 0t —sins+1 —0+1

b. Slope AF =slope EF. Thus,
t _t-—sint

l_—_x 1 —-cos?
t(l-cost)
(-sint
_t(l+cost)

t —sint

tcost —sint
y=——2r 7

1-

x=1

t —sint
. . lcost—sint
lim x= lim ————
1—0" (ot (-—sint

The limit is of the form % (Apply I'Hopital’s Rule three times.)

. tcost—sint . —tsint
lim ————= lim
(—0* [-—sint (0™ 1—cos?
. —sint—tcost . tsint-2cost 0-2
= lim - = lim = =-2
1—0% sin! —0" cost 1

29. A should approach 4nh?, the surface area of a sphere of radius b.

Va? 52 a? arcsin Va’ -5

2na’barcsin

lim | 2nb? + a__|-2nb? +2nb lim — el —

a—b* \/‘12 Y a-b* 02 - b2

Focusing on the limit, we have

Va2_s? 2aarcsin ——“’2""2+a2 b
. a“arcsin¥4—" a ava? 2 i
lim ———2 = lim = lim

a
a—-b* \'az _bz a—b* m ab*

Thus. lim A = 2nb? +2nb(b) = 4nb>.

a—b*

2

30. In order for I’'Hopital’s Rule to be of any use, a(l)4 +b(1)3 +1=0,s0b=-1-a.

Using 'Hopital’s Rule,

Instructor's Resource Manual
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[2 a® b2 arcsin—— 4+
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31.

32.

33.

34.

3s.

36.

420

axt b+l dax’ +3bx’

lim - = lim —
x=] (x=Dsinnx  x-!sinme+n(x-1)cosx
To use I’Hopital’s Rule here,

da(1)® +3b(1)2 =0, sod4a+3b=0 hencea=3,b=-4.

3t o4 123 —12x° . 36x% - 24x 12 _ 6
lim - = lim— = lim =— =
tsl (x=Dsinmx  xolsinmr+n(x-1)cosmx  x-l2ncosmx — w2 (x - )sinmx  —27 n
a=3,b=-4, c=——q
n
If f'(a) and g'(a) both exist, then fand g are
both continuous at a. Thus, lim f(x)=0= f(a)
x—a
and lim g(x)=0=g(a).
X—a
p SX) S-S o
x—a g(x) x-a g(x)-gla) )
FE-fa) i L@@ ’ The slopes are approxu.nately 0.02/ O.Q 1=2 and
i TrTa _xaa %9 f'(a) 0.01/0.01 =1. The ratio of the slopes is
x’_‘:, g(x)-g(a) ~ lim g(x)-gla) g'(a) therefore 2/1 =2, indicating that the limit of the
x-a x=a X4 ratio should be about 2. An application of
I'Hopital's Rule confirms this.
2
- cosx-l+&
Iim == —
x—0 x4 24
37. T 4
| 4
2 3
lim ex—l_x-%_%=L . éw
x—0 X4 24 .% 0.5 [
—_ 2 1
lim I-cos(x )=l
=0 xsinx 2 %
o}
. tanx-—x
lim —————=2 . -—
x—0arcsinx - x 4)7 005 00 %
.47 01}
1 J y
bl 001}
1 0s 1 x
- P o
.2 { 001 0.005 001 X
024’ ool }
! % The slopes arc approximately 0.005/0.01=1/2
o oo o x and 0.01/0.01=1. The ratio of the slopes is
o1 therefore 1/2, indicating that the limit of the
02 { ratio should be about 1/2. An application of

|'Hopital's Rule confirms this.
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38,

.y 0.5 x
-1

F y
0.
0
iy 005 0l x
0.1
02
¥
oo}
001
00) 0005 001 1
-0.01
002

The slopes are approximately 0.01/0.01 =1 and

0.02/0.01=2. The ratio of the slopes is
therefore 1/2, indicating that the limit of the
ratio should be about 1/2. An application of
'Hopital's Rule confirms this.

39.

9.2 Concepts Review

JS'(x)
g'x)
2. lim '—fﬂor lim-g(L)
g(x) 70

3. ®-cx, 0°x°]°

4. Inx

Instructor's Resource Manual

40.

1.

001

The slopes are approximately 0.01/0.01=1 and
-0.01/0.01 =1. The ratio of the slopes is
therefore —1/1= -1, indicating that the limit of
the ratio should be about —1. An application of
I'Hopital's Rule confirms this.

If f and g are locally linear at zero, then, since
lim f(x)=lim g(x)=0, f(x)=~ px and

x—0 x—0

g(x) = gx. where p=£'(0) and ¢ = g'(0).
Then f(x)/g(x)= px/px=p/q when x is
near 0.

Problem Set 9.2

The limit is of the form —.

(¢ o]
1 999
1000 1660 1000x

lim In x = lim &

X~3G X X =0

1000
= lim —=
X =0 X

2. The limit is of the form =. (Apply I'Hopital’s
[+ 0]

Rule twice.)

2 2(lnx)d
lim 4007 20005
x—»o 2% xoo 2%In2

Section 9.2 421



3.

422

2(1
= lim 2nx lim (X)

o0 x.2%In2 x>0 2'In2(1+xIn2)
= lim 2 =0

T xowx.2%In2(1+xIn2)

xlOOOO
lim =0 (See Example 2).
X e

The limit is of the form —. (Apply I'Hopital's
2o}

Rule three times.)

. 3x . 3
im=————=lim

x> In(100x +e*) x—>o —L—(100+e")

100x+e

= lim 300x+3e” = lim 300+ 3¢

xo® 100+e*  xow e

X

= lim 2% =3

X—y0 ex
The limit is of the form 3.

o
. 3secx+5 . 3secxtanx
lim ———=lim —
3 fan x -3 sec’x
= lim 3tanx = lim 3sinx=3

x> SECX  x—oX
2 2
The limit is of the form —.
-—00
l -
. Insin? x . SinZXZSmxcosx
a0t 3lntanx 0t 3_gec?x
tanx
. 2cos’x 2
= lim ———==
=0t 3 3
The limit is of the form f.

[« ¢]

L —1—1000x999)
po %) lanOO(xwoo
x—® Inx £—® %
= lim ]—000— =0

x— x]n x'0%0

. The limit is of the form ——. (Apply 1'Hopital's
o0

Rule twice.)

In(4—8x)° _ lim (4-8x)°

lim

L__2(4-8x)(-8)

o) ey et

Section 9.2

10.

11.

12.

13.

327 cos mxsin iy

—16cos® nx _

lim = lim
x—»(%)- n(4-8x) x_'(%)- —-8n
= lim —-4cosmxsinnx=0

—h)

The limit is of the form —.
[« o]

cotx - (:SC2 X

lim = lim
+J-Inx +— !
x—=0 x—0 YN
. 2xJ-Inx
x=0" sin‘x

= lim [icscx«]-lu x] =0

x—0* Lsinx

. . x o
since lim ——=1 while lim cscx = and
x—0* SInx x=0*

lim v-Inx =<,

x>0t

The limit is of the form 3, but the fraction can

> o]
be simplified.

. 2escix 2 2
lim 7= lim =5 = 2
x=0 cot°x x0cos“x |

1000

. . Inx
lim(xln xlooo) = lim ———
x—0 x>0 1

X
The limit is of the form —.
[o o]

999
g0 _l—xnooo 1000x
lim = lim
x—0 1 x—=0 -4

x x2
= lim-1000x =0
x50
N 2

lim 3x% csc? x = lim 3 —— | =3 since
x=0 x=»0 \Sinx

. X
lim - = 1
x—=0sInx

2

. . l-cos®x
lim (csc2 x—cot? x)=lim ———
x>0 x>0 sin? x

.2
. sin“x
= lim =1
x-0sin” x
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14.

15.

18.

19.

sinx—1 16. The limit is of the form 1%.

lim (tan x —secx) = lim
=3 x> COSx Let y =(cosx)**, then Iny = csc x(In(cos x))
. 0 . .
The limit is of the form —. lim csc x(In(cos x)) = lim M
0 x—0 x—0 sinx
. inx-1 . 0
lim 2257 = i 225 - 2 o0 The limit is of the form 2.
X—’% cosx ~‘—>§ -sinx -l 0
lim In(cosx) _ lim ;5];(—55“ x)
The limit is of the form 0°. x>0 SinX  x—0 cos X
2 .
Let y=(3x)" , then Iny= x?In3x = lim - Smf ._-_9 =0
lim x%In3x= Hm In 3x 0 cos X ] I
B L lim (cosx)**°* = lime™” =1
x—0" x—0* xz x—»O( ) x>0
. )
The limit is of the form - 17. The limit is of the form 0®, which is not an
C m3x .3.1}..3 ‘ 2 indeterminate form.  lim _(SCosx)'a"x =0
lim = lim = lim -——=0 x—(7/2)
x—0* ‘12‘ x—0% -2 x—0" 2
X
lim 3x)* = lim €™ =1
=0 x—0*

2 2 . ~
. 2 1 . 1 1 . x? —sin?
lim | csc x——., = lim > ——2' = lim ﬁ—'
x-0 x“ x=0\sin“x x x—=0| x“sin‘x

2 .2
. . x“=sin“x 0 et e 1 .
Consider lim S The limit is of the form —. (Apply I'Hépital’s Rule four times.)
x=0 x“sin‘ x 0
2 .2 . .
. X -sin“x . 2x—2sin xcosx . X —Sinxcosx
hmﬁ-zhm — 7 = lim — 5
=20 x“sin“x x02xsin“ x+2x“sinxcosx x—0xsin” x+x“ sinxcosx
. 1-cos® x+sin® x 4sinxcosx
= lim — . 2.2 2.2, 2 : 2 : 2
x-2035in“ x+4xsin xcosx+x“cos“ x—-x“sin“x  6xcos® x+6cosxsinx—-4x° cosxsinx—6xsin” x
4cos? x—4sin® x 4 1

= lim 2 72 3 2 7 . 2
x012cos® x —4x® cos* x —32xcosxsinx-12sin” x+4x~sin“x 12 3

2
2 .2 2
Thus, lim X -snx 5 S"; ud =(l) =l
x—0 X Sin X 3 9

The limit is of the form 1%, - lim 3+¢*3 -4 4
N X3 1

Let y=(x+e*3)>* then 1ny=31n(x+e"/3). *0x+te :

x lim (x+€e*3)Y* = lim &™Y = ¢*

x/3 x—0 x>0
lirr})gln(x+e”3) - lim2RGre’T)

0 ..
xo0x ""0 * 20. The limit is of the form (=1)°.
The limit is of the form -6 The limit does not exist.
3 1 ,x/3
x/3 573 1+§e

g AnGHe?) ( )
x—0 x x—0 1

Instructor's Resource Manual Section 9.2
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21.

22,

23.

24,

25.

26.

27.

424

The limit is of the form Io, which is not an
indeterminate form.

lim (sinx)®%** =1

p14
x—3
2

The limit is of the form «%, which is not an
indeterminate form.

lim x* =
X—>0

The limit is of the form «°. Let

1
y=x"* then Iny=—Inx.
x
.1 .
lim —Inx = lim Inx
x—x X x—0 X

The limit is of the form ﬁ.

[ 0]

. Inx . % .1
lim —=lim == lim —=0
xX—x X X—>® x>0 X
lim xM* = lim ™Y =1
X—0 X—>0

The limit is of the form 1%,

L _ 1/ x2 ]
et y =(cosx) . then Iny= —21n(cos x).
x

In(cos x)

52

.1 .
lim —In(cos x) = lim
x—0 x2 x—0

The limit is of the form %

(Apply I'Hopital’s rule twice.)
L_(~sinx)

. In(cosx . —tanx
lim 0(C0SX) _ ;o cosx =
=0 x° x—0 2x =0 2x
. -sec’x -1 1

= lim =—=——

x—0 2 2 2

. 2 . - 1
lim(cosx)!’* = lime™ =2 =—
x=0 x—0 \/;

The limit is of the form 0. which is not an
indeterminate form.
lim (tanx)?’* =0

+
x>0

The limit is of the form o + e, which is not an
indeterminate form.

lim (¢ -x)= lim(ef +x)=o
X—>r—00 X—0

The limit is of the form 0°. Let

y = (sinx)”, then In y = xIn(sin x).

Section 9.2

28.

29,

30.

lim xIn(sinx)= lim l_ngs:n_x)

x=0* x—0" -

The limit is of the form :.3.
[¢ o]

. 1
. In(sinx . ~ 1 COSX
lim ( )= lim ﬂ-'l—x]—

+ A + —_—
x—=0 P x—0 )

= lim [,L(-xcosx)]ﬂ-o:o
0t LSinx

lim (sinx)* = lim €7 =1
x—0* x—0%

The limit is of the form 1°. Let

1/x

y=(cosx—sinx)’", then Iny= lln(cosx —sin x),
x

. . . —si
lim —In(cos x —sin x) = lim M

x=0x x—0 X
—1 _ (—sinx—cosx)

= lim cosx—-sinx

x>0 1

. —sinx—cosx

= Jjm JSnXZCoSx

x50 cosx—sinx
lim (cosx —sinx)"/* = lim &V = ¢!

x—0 x—=0

The limit is of the form oo — oo,
. 1 . 1 1 . x-sinx
lim|cscx-— (= lim|] ———|=lim -
x—0 X x=>0\sSmx x x=0 xsinx

The limit is of the form % (Apply 'Hopital’s

Rule twice.)

. x-sinx . l-cosx

lim - = lim —

x—=0 xSinx x—0SInx+ XxXCo0sx
. sin x 0

= lim ———=—=0

x—02cosx—xsinx 2

The limit is of the form 1%,
Y 1
Let y=(14+—| ,then ny=xIn| [+—|.
x X

1n(l+l)

lim xln(l+l)= im —]—x
X—»c0 X X—>ac -x-

The limit is of the form 9
1(1 ‘) (“Lz)
n{l++ 1

lim 27 = lim Txl X

X—»0 1 x>0 —-L
x <2

|_

i
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= lim —-1—-—-1
x—»oo1+l
x

X
. 1 .
im[1+=] = lime™Y =el =¢
X=X p s X—>0

31. The limitis of the form 3®, which is not an
indeterminate form.

lim (1+2e)* =

x—0*

32, The limit is of the form o — co,

. 1 x . Inx-x*+x
im|—-—|=lim——
-i\x-1 Inx) xot (x-1)Inx

The limit is of the form %

Apply I’Hopital’s Rule twice.

_52 L _2x+1
lim XX T i

=l (x=Dhx x5l lnx+'r—;-]

. 1-2x% +x . =4dx+]
= lim = lim
=»lxlnx+x-1 xosilnx+2

_3
2

N w

33. The limit is of the form 1%

1/x

Let y=(cosx) '".then Iny= lln(cosx).
x

In{cos x)

lim 1 In(cos x) = hm
x—0 x

x—0 X

The limit is of the form %.

! : .
In{cos x) = lim oo (—sinx) -1 sinx

lim

x>0 X =0 1 x—0 Ccosx

lim (cosx)/* = lim ™ =1
x—0 x—0

34, The limit is of the form 0-—co,

lim (x”2 Inx)= lim g
x—0% x=0% Nl
The limit is of the form ﬁ.

o]

fim X2 lim = lim -2Jx =0

4+ 1 +
x>0 J; x—0 532 x—»0

35. Since cos x oscillates between —1 and 1 as
x — oo, this limit is not of an indeterminate form

previously seen.
Let y=¢°®” theniny=(cosx)lne=cosx

lim cosx does not exist, so lim e°** does not
X—»0 X—>0

exist.
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36.

37.

38.

39,

40.

41.

The limit is of the form o ~ .
lim [in(x+1) = In(x~ ] = lim In 7
X9 —o x-—1

I+1
fim 2 = lim —£ 2150 tim nXH = 0
x—owox—1 x—ml—; x>0 X -

. 0 C .
The limit is of the form —, which is not an
—0

indeterminate form.
. X
lim —=0

x—0* Inx

The limit is of the form -0, which is not an

indeterminate form.
lim (Inxcotx)=-w
x—0*

Vi+e™' >1 foralls, so
fx/1+e"dz> fdr:.r-].

The limit is of the form =
e o]

J;x\/I««-e_'dt Ire T
X

= lim =1
x—w |

lim
X%

This limit is of the form -g

x
. £ sintdt gny
lim = lim —==sin(1)
xort x-1 x-1F

a. Let y=4’/§,thcn lny=llna.

n
L1
lim =lna=0
n—wn
tim ¥a = lim ™ =
n-->w n—w

b. The limit is of the form oo°.

Let y=(’/;.then lny=llnn.
n

.1 . Inn
lim —Inn=lim —
n—oo n—=y0 N

This limit is of the form — .
o0

I -

L,

n—ec N n—so 1

lim ¥n = lim ™Y =1
n—x Nn=—>0

=0

Section 9.2
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42, a.

426

C,

b.

n —
lim n(%-l): lim J; !
n—o0 n—w -’1;

This limit is of the form %

since lim Ya =1by parta.

n-—»x
a1 —*'7 Yalna
lim = lim —f————
n—w n—wo ——l_-’-
n n*

= lim %lna=lna
n—»w

lim n(%—l)z lim Yn -1

n—wo n—w

This limit is of the form —,

S|O 3=

since lim ¥n =1 by part b.

n—x
lim = lim ————

n—w n—w s
n

A
"2
= lim Yn(lnn-1)=w

n-—»e

The limit is of the form 0°.

Let y=x", thenlny=xInx.

lim xlnx= lim 2%

x—0" -0t o

The limit is of the form —.

o)
1
. Inx . .
lim — = lim x[ = lim -x=0
x—0" x 0" =5 x-0"
X
lim x* = lim ™ =1
x—0* -0t

The limit is of the form 1°, since

lim x* =1by parta.
x—0*

Let y =(x*)", then Iny = xIn(x¥).

lim xin(x*)=0

x—0*
lim (x*)* = lim " =1
x—0" x—0"

Note that 1° is not an indeterminate form.

Section 9.2

The limit is of the form 0'. since

lim x* =1 by part a.
0"

Let y= ) then Iny=x"lnx

lim x*Inx = -

x—=0"

x
lim xX*) = lim " =0
x—=0" x—0"

Note that 0' is not an indeterminate form.

The limit is of the form 1%, since

lim (x*)* =1by part b.
+

x>0
Let y=((x*)*)*. then In y = xIn{(x*)").

]im+ xIn((x*)*)=0

x—0
im ((x*))* = lim ™ =1
x—0* x-0*

Note that 1° is not an indeterminate form.

The limit is of the form 00, since

lim (x(xx)) =0 by partc.

x—=0%

()
Let y=x(x ) then lny=x(xx)lnx.

. x . Inx
lim xX* YInx= lim ‘
x—0" x—o*
&5
The limit is of the form —.
[> o]
Inx 1
lim ——= lim X -
—0" x=0" _y(*) ¥ Pl
x x(‘x) x(x” ) x (lnx+l)lnx+7
(X(x“))l
X
_x)

im — >
120" x*x(Inx)* + x*xInx+ x*

=——O——=0
1-0+1.0+1
2
Note: lim x(lnx)2= lim (lnlx)
x50 =0t o
Zinx .
= lim £ = lim -2xInx=0

x—=0* x—0"

L
2

. (") ] .
lim x* ) = lim € =1
0" x-07
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43.

y
20k
I.SH“
1.0
05
| I T O O I O I
20 40 60 80 100X
Inx
Iny=—
x
. Inx . .
lim —2 = —w, so lim x/* = lim " =0
=0t X x—=0" -0
1
. Inx . . . .
lim =% = lim £=0. so lim x"/* = lim ™ =1
20 X x-ool X—»® X0
ling
ylelx = ex

y,_( 1 mx)e-l;lnx
xz Xz

y' =0whenx=e.

y is maximum at x = e since y’ >0 on (0, ) and

y' <0 on(e, ©). Whenx=¢, y= e,

a. The limit is of the form (1+1)® =2, which
is not an indeterminate form.

lim (I* +25)% =
x-0*

b. The limit is of the form (1+1)™° =2"%,
which is not an indeterminate form.

lim (I* +2%)* =0
x50

c. The limit is of the form .
Let y = (1* +25)*, then
Iny = 2in(1* +2%)
x
X X
lim LI +2%) = lim 2 ¥2)
x>0 X X—>L X
The limit is of the form —. (Apply
= o]

I’'Hopital’s Rule twice.)

i x x
x x ﬁ(] Inl+2" In2)
lim B+ 2) iy P2
x>0 X x—o 1
x X 2
= lim 202y 20Dy

x50 ¥ 4 2%

> 1¥In1+2%In2

lim (1* +2%)"% = lim &Y =2 =2
X—>x0 X—rac

Instructor's Resource Manual

d. The limit is of the form 1°, since 1¥ =1 for
all x. This is not an indeterminate form.
lim (0 +25)* =1

X—>—=

lk+2"'+...+n"

45, lim Py

n—»x0 n

()G )]
=lm—|—=1 +|—=| +...+| —
n—x N n n n
k
= lim l[Lk+2—k+...+]}=0
n—ox N pn n

1/¢
n n
46. Let y= (Zc,-x,-’} ,then Iny = 1ln(ZC,-xi'].
. t
i=1

i=
n
n lﬂ Zcixi'
] . i=1
lim -In| > ¢x' |= lim =2
=0 ! (; o J t=0* !
0 n
The limit is of the form —, since Zc,- =1
0

i=l
n
ln(Zcix,-')
i=1 1

n
lim = lim Zcix,-' In x;
0+ +
1> t—0 Z =l
C; X;
i=}

]
n n
=Y ¢lnx =) Inx
i=1 i=]

n 1/t
lim [Zc,-x{) = lim &
I

=07\ g 1—0*

n .
3 xS

n
—_ oi=l —_ 4.0 cy Cp _ C;
=€ =x ' X3 ....'c,,"-l Ix,"
i=]

1/t
47. a. lim (%2‘%5’) =25 =3.162
1 4 1/t
b. lim (Ezwgs’) =32-Y5* ~4.163

1/t
c. lim [%2%%5’) ~195.959 ~ 4562
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25F d. Guess: lim _[)n xe ®dx =1

n—x
1

° N

1, - _
Ln‘xe '“dx=[-n.re T _e '“]

- n+l

=—(n+l)e " +l=l-—

0.5 e"
n+l
) , lim Ln xe ™dy= lim | 1-2—
07 04 06 08 1.0¢ fssrot o o

2 on+l L. e
- n“x o =1~ lim — if this last li .
b. nixe™™ =22 so the limit is of the form — . 1 T is last limit exists. The
enx ©0 n e
v e [}
. n°x . 2nx limit is of the form —
lim — = lim ©
nw g™t o xe . on+l . l
o 0 him = lim —=0, so
This limit is of the form — . nowo " nowe”
o0
o 2nx L. 2x lm Ln xe Ydx=1.
lim = lim =0 n—w

n—w xe'u n—w x"e"'x

49. Note f{x) > 0 on [0, ).
1 S 25 3 x
¢ _[)xe dx—[—xe ¢ ]o =! e lim f(x)= lim (r_x+r_x+(g) }:0

X—c0 x—w| e e e

1,2 x| 3
,[)4‘“? Tdx = [—er Foe leo = ]';5 Therefore there is no absolute minimum.
T S £1(x)=(25x% +3x2 42" In2)e™*
L xe —[— xe —-e ]O— —;3- _(x25+x3+2x)e-x
El6xe"“‘dx=[—4xe“‘" _e-4x]‘ N = (=% +25x% - ¥ +3x2 -2 + 25 In2)e”*
0 e? Solve for x when f'(x)=0. Using a numerical ‘\
£25xe_5" - [—Sxe‘sx _eSE :Il .56 method, x = 25. ’
0 e A graph using a computer algebra system verifies
. 1 7 that an absolute maximum occurs at about x = 25.
L36e’6xdx = [—6xe_6x - e"6x] =i-—
0 P
9.3 Concepts Review L rooexdx =[ex]"; s e® -0
0
1. converge The integral diverges.
2. lim | cosxdx 5 -3
b 2. L E: _L = ! _0_—_L
o 4 I 3(-125) 375
3 [ s [ s
x2 —x? -1, |
3. r2xexdx=[—e T:O-—(—e )=_
4. p>1 I €
1
1 ax 1 ax 1 4 1 4
4. edx=|—e =—¢ -0=—e¢
Problem Set 9.3 _[_w [4 LO 2 2

In this section and the chapter review, it is understood

that [g()c)]co means lim [g(x)]b and likewise for 5. J;n [\]l-t-x T w-82=w
4 b a . Vi+x?

similar expressions. The integral diverges.
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1

o [ 2\/2 2 13. Letu=lInx, du=—ds,dv=—sdr,v=—m.
SEINC-a P R . ’

. . Inx nx]" 1
The int 1d . = - —
e integral diverges Ex_zdx [ . ]2 + gxz dx
7 [ dx =[_ ! ]‘” _[_M_l . (_lnx+l)+ln2+l
x!-00001 0.000010-0000! ] x x|, boe X 2
2
=0—(— ' ]= L~ 100.000 _In2+]
0.00001 0.00001 2
e o3 -
g J;x: x : d.r=l[ln(l+x2):| 14. fxe Tdx
O1+x 2 10 _ _
| u=xdu=dx
=oo—Eln|101|=oo dV=e-de,V=—e—x
The integral diverges. SN BET b -x
g 8 rxed[xe]l+redx
12 o] 0 2
dx x0.00001 =[—xe’x—e'x] =0-0-(-'-e)=2
9. = =0 -100,000 = =
r 099999 [0.00001 : : e
. . ,
The integral diverges. s J" o [ 1
o —o2x-3P | 42x-3)?
X 1 -0
10. f 2,2 dx:[_ 2 | 1
(I+x°) 2(1+x%) §, =———(-0)=—
| I 4 4
=O—(_5)=3 dx
o0
16. f—z—/}=[-3(n—x)”3]
) (m-x) 4
o _ - =
1. [[——dv=(ln(n )] =0-0=c -+ 3nd -
The integral diverges. The integral diverges.
Inx 1 2 N 1
12. ——dx=|—(lnx) =0——=®
x 2 B 2

The integral diverges.

0
17 [ E—ar= [ E—dx+ ad ¢r=[J2+9 +[J2+9]:=(3- )+ (e0-3)
Sy il 5 et S v AR U A Sy

x x
The integral diverges since both —=—==dx and | —————=dx diverge.
fw\/xz +9 'E!I\/x2 +9

dx dx dx
18. = +

J'%. = Ltan‘] fad +——7x— by using the substitution x = 4 tan 6.
(x*+16)% 128 4 32(x" +16)

0
- S R S SO S _0_[L(_£)+0}=L
®(x° +16) 128 4 32(x* +16) 128 2 256

-0
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E_d’f_= LT S S =L(£)+o_(o)_L
(x2+16)2 | 128 4 32(x +16) 1284 2 256

r_dx__L+L_L
-0 (x2+16)% 256 256 128

1 I 1 I
19. _ = — = [ —— i+ [ ———dx
f 2 ©(x+1)2+9 f""(x+1)2+9 J:)m(.1:+1)2+9

©x*+2x+10

1 - . I
J'———z—dr=%tan le-H by using the substitution x + 1 =3 tan 6.
(x+1)*+9

0
J‘) _l—dx=[ltan-lx_+l] =lm-ll_l(_g)zl(n+2tan—ll)
~o (x+1)2+9 3 3 ]e 3 3 30 2) 6 3
0
§+¢x=[1m-w_ﬂ] ;(z)_lm-u:l[n_zm-x1)
(x+1)"+9 3 3 Jp 3\2,) 3 36 3
..m;dx=l(n+2tan'll}rl(n—Ztan"ll]:E
-0 32 1 2x+10 6 3) 6 3) 3
X X X
20. fw"zmd)‘:fm—-zxd”f TR
e e e
For fw
(4}

0
f xez"dx=[lxe2’] —lf e**dx =|:ixe2"—le2‘] =O—l—(0)=—l
® 2 o 27 2 4 4 4

-0

X dx= Enxezxdx, use u = x, du = dx, dv =e**dx, v=le2".
e—-2x 2

For [ grds= [Txe s, wseu=x.du=ds, dv=e'2xdx,v=_%e‘2x.

e
oc
+l fe_z“dx =l:—lxe—2x—le-2":| =0—(0‘lj=l
2 2 4 4, 4

l 00
E xe 2 dx = [——xe—z" ]
2 0

0
1

x 1
——dx=-—+—=0
fwelhl 4 4

21. Imsechxdx— ‘ msechxd.x— I sech xdx _o_ln—e+l =0.7719
-1, 0 1, 0
= t - -
[tan™" (sinh x)] o +[tan”" (sinh x)]p ( i lnb l=Osince " b-1_
bw b+ b b+1

23. Ee" cosxdx = [L (sin x —cos x):r
2e* 0

22, fcschxdx=fsinlhxdx=r . 2 —dx

€ e 0 ! 0-1 !

2 ~07300=3
T g2y (Use Formula 68 witha=—-1and b=1.)
Let u=e* du=e"dx. | -
2¢e* 2 1 1 24. Ee" sinxdx = [——(cos x+sin x)]

dx = du = —_—|d x

J;mez"‘—l ) fu?'—l ! E[V—l “*J ¢ | ) 2 0

u—-1T° =0+—-(1+0)=—

={In(u = 1)=In(u+1)]7 =[ln—] 2 2
+1], (Use Formula 67 witha=—-1and 5= 1)
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25. The area is given by

o

1 ]
r4x 2 =r(2x-]-2x+lex

w

1 1
= E[lnlz,r- 1|—ln|2x+1|]:° =5|:ln

=1 O—In[lJ =lln3
2 3 2

Note:. lim In=
X0

. 2x-1
lim =1
x—o\ 2x+1

26. The areais

2x+1

2x-1
2x+1

l =0 since

1 1 1
e )

X

=|:ln|x|—1n|x+l|:|l = |:ln .

+1

30. FP= E’ ¢~0-08 (100,000 + 1000¢)dt

|

27. The integral would take the form

1
kJ:;60;dx=[k1nx];°96o =

which would make it impossible to send anything

out of the earth's gravitational field.

Atx=1080 mi, F= 165, so

k =165(1080)> = 1.925x108 . So the work done

in mi-lb is

1.925x 108 f;so_lz‘ r=1‘925x108[—x"‘]w
X

_1.925x10°
1080

~1.782x10° mi-Ib.

FP= f e f(t)dr = f 100,000 9-08
- [—Lloo. OOOe_O'OBI] = 1,250,000
0.08

0
The present value is $1,250,000.

= [—1, 250.000¢~%98 _12,500r¢ 7098 _156,250e7 0¥ ]: = 1,406,250

The present value is $1,406,250.

31. a. J:f(x)dxz Ende+
l [x]:+0

b-a
(b-a)

=0+

_ 1
b-a

p=[ xfxds

= fwx-de-% Exbia

2
=0+ e +0
b-al 2 ,

b2 — g2
T 206-a)
_(b+a)(b-a)

T 2b-a)
_a+b

T2

ol = E(x—/x)z dx

_‘:biadx+ [oax

dx+ fx-de

= [ - 0 [ xm ) —de + [ (x= ) -0ds
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32.

432

3 b
=o+_l_[(1ﬂ] -0
b-a 3

a
| (b-p) ~(a=p)’
b-a 3
_ 1 b —3b2,u+3bp2 -a +3a2p—3a/12
" b-a 3
Next, substitute & =(a+b)/2 to obtain

2__ 1 133 _3;2 .33.2_ 1.3
o _3(b—a)[zb -4b a+4ba 40]

(b-a)

12b -a)

=(b-—a)

12

P(X <2)= fm f(x)dx

Lo L

!
105

[0 feydx= [ ode+ ["4(5 ’“ 107 4

In the second integral, let u = (x/ B)ﬁ . Then,

du=(p/0)(t/8)’'di. When x=0,u=0 and when
x = o,u—w. Thus,

[ rwac= o) e ax
= Ee_" du
T
=0+ =1
H= J:a’{f(x)dx= fmx'de+ ng(—;—)ﬂ-l 19 axp
_%E’xze—(m)z dx:%\/;
o’ = ED(I-/J)Zf(x)dx= Jﬁﬂ(x—p)z .OdH_g_ E(x_mzxe—(leg) dx
R RPN RN g
2 2 2

The probability of being less than 2 is
l" ~(x/6)P -(xlo)” §
f(x)dx 0dx+ e O gy =04 -
{ oaes G4 0
- @Y @1 _ 0359

Section 9.3
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33.

[ r@yde= [ odr+ [Pae e dx
=0+[—e"”‘];o =1

p= [ xflxyde= [ x-0dc+ [Pxae o ax
= [xae® ds

Integrate by parts: Let u =x, dv=ae **. Then
du =dx, v=—-€**. Thus,

el ] flerr)e
=[0-0]+ ["e™® ax

o= [ (x-p’ f(x)ax
= [ - 0dx+ [x-paee
=0+ [:(xz —2xp+ p? )ae—‘"dx
Pae  Fdx-2u _Goxae_‘"dx
+u? _Cacze""'Jr dx
2
xPae Fdx-2— 1 ( ! )+(lj
a\a a
On this last line, we have used the results that
u=lla, Enae_axdx=l, and

E xae ®*dx =1/a . To evaluate the integral,

use integration by parts. Let
u=x*dv=ae™ ™. Then, du=2xdx and

v=—-e"%*, Thus
[ 2 —axT E’ omax 2xa'.x
e,
a\a a

1 1

2 -
=0+—| xae ¥ dx-2—+—
p E 22 a2

] ) 1 1
=25-2—5+—5=—3

dx
34. u=Arf———-ﬁ

(r2 +x2)

{ea]
[_x__ _ﬁ[l__a_J
r2+x2 a r r2+az

Instructor's Resource Manual

Note that I(rz 2 )3/2

_ x
r2\/r2+x2

the substitution x = rtané.
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3s.

36.

a, Eosinxdxzﬁnsinxdx+gsinxdx

= lim [-cosx];
a—rxw 0 a—y—x

Both do not converge since —cos x is

oscillating between —1 and 1, so the integral

diverges.

+ lim [-cos x]g

b. lim fasinxdxz lim [-cos x])7,

a—»0 a—w
= lim [-cosa + cos(—a)]

a—®
= lim[-cosa+cosa] = lim 0=0
a—yo a—o

a. The total mass of the wire is

f: ! 3 de=Z from Example 4.
1+x 2

o0
b. f xzdx=[11n|1+x2|] which
1+x 2 o

diverges. Thus, the wire does not have a
center of mass.

. 1
37. For example, the region under the curve y =—

38.

434

X

to the right of x = 1.
Rotated about the x-axis the volume is

m r —1; dx = n . Rotated about the y-axis, the
e

volume is 2nrldx which diverges.
x

a. Suppose lim f(x)=M %0, so the limit
X—=>0

exists but is non-zero. Since lim f(x)=M,

X
there is some N > 0 such that whenx > N,

|f(x)—M|s%, or

M—%sf(x)sM+%
Since f{x) is nonnegative, M > 0, thus

£>O and
2

f@dx= [ f@des 7 [
N

> [ feode+ [ %dn ¥ f(x)dx+[—A;f—x]m

so the integral diverges. Thus, if the limit
exists, it must be 0.

Section 9.3

b. For example, let flx) be given by

2nx-2n% +1 ifn—%SxSn
2n

F(x)={-2nx+2n° +1 ifn<x< n+L,
2n~

0 otherwise

L
for every positive integer n.

f(n——lz-)= 2n? (n —%)—2713 +1
2n 2n~

=2 —1-21 +1=0

fmy=2n*(n)-2n> +1=1

lim f(n)= lim (-2n*x+2n° +1)=1= f(n)
+

x—=n X—=n

f(n-l—%) =21 (n +%) +21° +1
2n” 2n

=20 —142n° +1=0
Thus, fis continuous at
n —%,n‘ and n +—1—2.
2n 2n
Note that the intervals

I:n,n+—17] and n+l———l—?,n+l
2n 2(n+1)

1
3 SE and

2n~

will never overlap since

1 1
—_— <.
2n+1)? 8
The graph of f consists of a series of isosceles
triangles, each of height 1, vertices at

[n—’)%,O]. (n, 1), and (n+——17,0],
2n 2n

based on the x-axis, and centered over each
integer n.

lim f(x) does not exist, since f{x) will be 1
X—0

at each integer, but O between the triangles.
Each triangle has area

poo1f I
Lo L _[a-Lla
2 2[" n? (" 2n2JJ()

Y R
2\ n? 2n?

f f(x)dx is the area in all of the triangles,

thus

K

I 1 1
froa=2—5=32—~

n=l <7 n=1 1
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=l+l A =l+—]-(—0+l)=l
2 20 x), 2 2

e o]
N 1 .
(By viewing Z — asa lower Riemann sum
=27

for L’)
2

Thus, E f(x)dx converges, although lim f(x)
X=¥0

does not exist.

100
39, fmldp[-l] =09
X4

100
100 1
-ﬁ _}dez[' 01] ~3.69
x" 0.1x"

0 1 T
dx=|— =~ 4.50
J: 01 [ 0-01-’(0‘01]1

=In100 = 4.61

00
L e = fin g}
X

9

100
100 1 x0.0]
L —sd= =471
0 0.01 |

9.4 Concepts Review

1. unbounded

2. 2
1
3. lim ——dx
x—=4~ P Vd-x
4, p<|

Problem Set 9.4

23

1. f——d"m= g el
(x-DY3 port 2

b—>1+ 2 2
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]f,

0

uLoJ
I~

40.

1 0
dx =—[tan x]
s -10

_CO 1

10 71+ x%)

2.9423 ~0.937

50 ;950
I_ —Lz—dx=l[tan lx]
50 (1 +x7) n -50
_3.1016

~0.987

100 _. qi00
[ 1 g anls]
100 (1 4 x%) n

31216 604

—-¢exp(-0. 5x2 )dx = 0.6827
f r

j exp(—O 5x%)dx = 0.9545
3 1
LB—-Z—exp(—O .5x%)dx ~ 0.9973

——exp(-0.5x%)dx = 0.9999
L7

3
2. .[13 dx4/3= lm | -—> i3
(x-1) o1t (x-1)7° |,

y 3 3
=——+ lim ——=-—
2 prr(x-n? P2

The integral diverges.
LIO dx

\/—-— b3t [2J_]10
=247 - lim 2Vb-3=2V7

b-3*

dx
4. = lim —2\/9 x]b
ﬁdf’-x b—»9’

= lim -2y9-b+2J9=6

b9~

= lim

1 dx .-
5. L r__]_xz b_’l_[sm lx]z

=T o1
2 2

= lim sin"'b-sin”! 0
b1~
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&

[0 ~—dr=lim [W}b ( lim —L+j+(-i+ lim LJ

1+ x* b 100 b0~ 2b* 18  po0% 26"
( 1 1
= lim l+b +\”0 001 =(—oo+—)+(——+oo)
b0 2 8
The integral diverges. The integral diverges.
3 ] 3 |
7. —dx= lim dx+ Ihm | —dx
‘["x3 b0~ b0t P x3
b 3
= lim [—L’] + lim [—-1—2]
b—0"L 2x7 ) bs-0%L 2x° Jp
5 b -5
8. [ J—dr= im 2/3dx+ i J: = tim [3x] 4+ 1im [3:72]
x° b0+ P b—0* 5 b0 b
= lim 3b”3-3%/§+3J-_- lim 3b"3=o-3J§+3%—0=3J3 —5-335
b—0" b0~
128 _s/9 -517 128 _s47 7 217 b 7 59 1%
9. j T = lim f dx+ lim L x> 7dx = lim [—x } + lim [—r ]
-1 50" b—0* b—0" | b0* b
= lim sz”-l( 1)2’7+ (128)2” im Lp2/7 =0- —(4) 0=21
b0~ 2 2 b—>0+ 2 2
2:2/3 b 3 2.2/3 3 3 3
10. ——dx— lim ‘c = lim [-—(l ) ] =lm-=(1-5p)"+==0+>==
'[)\/ b1~ \, b->1" 0 b1~ 4 4 4 4

bz ba% 0 b—; 2

JE— 3
2-3x)" P (2- 3x)! b2 (2- 3x) ;- 2 o A

= lim —%(2-31;)2’34,%(2)2’3 —(-10)23 + lim_ (2—3b)2’3

2" 2
b—»; b—»3

=0+122/3_1102/3+0=l(22/3_10213)
2 2 2

b
12, Jj—f—x—zmdx: lim [—3(16—2x2)“3] = lim ——(16 2p2)l/3 3\/— 3\/—
(16-2x7 N G ool 4

13. 1;4 ¥ _dx= lim E’ Sde+ lim j"1
16-2x b8 T 16— 2x? b3~ P 16— 2x2

1 b —4
= lim [--mlls-zx ” + lim [——ln‘l6 2x |]
4 5

bo-V8© 0 b8
= lim ——ln16 2b2|+ In16-~1n16+ lim l1:1,16—2bz|
b—>J§ 4 ~x/§—4

=|:—(—oc)+%lnl6]+[—%ln16+(-w)]

The integral diverges.
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b
= lim [- 9—x2] =
3- 0 b3

3 X
14. Lmdx

15. ‘Lm= lim -;”3 = lim
2 (x+1) b—>-1"| (x+1) L, bl

The integral diverges.

lim —v9-52 +/0 =3

3 3 )3

(b+13

+(_l)l/3

16. Notethatj dx J dx = -
2 (x—l)(x+2) 3(x—l) 3(x+2)

+11mL 2
+

+x-2

L = lim ﬁ
Pax-2 bV x24x-2 por*

b1

b
= lim lIn x—I:, + lim [lln X‘I:I = lim llnﬂ-—ll l+ lng—— lim —ln b-1
bl x+2 o bt x+2 b b—>1-3 b+2] 3 2 3 5 b—)l+3 b+2

= —ao—llnl)+(lln3+oo)
3 2 35

The integral diverges.
1 |

3
= lim [—ln|x—l|——ln|x+2|]b+ lim [—lnlx-l[—lln|x+2|]
3 3 0 b1t 3 3 b

1 . . .
]dx by using a partial fraction decomposition.

x-2

1

17. Note that

- +
2 4(x-1) 4(x+1)

©-x?—x+l 2(x—1)
3 .
L———-———3 ‘f‘ = lim —-—3 -i-th3 5
x*=x~x+1 b1 x+1 b1t ~x"—x+1
3

b

——lnlx—l]+lln|x+ll:,
4

-
b1l 20x-1) 4 0

b1
I 11
=|w+w—— |+ -——+—In2+0-x
2 4 4
The integral diverges.

173 I 9

18. Note that =
213 _g  LI/3

+ lim | — !
b1t 2(x-~1) 4

—l+lln2— ! + Ile
4 4 206-1) 4 |b—1|

ﬁm‘{( B 3" !Zi:D ( Oj+[

IEPSETERS

——ln]x—l] —ln|x+ll]
b

527

1/3 b
L” X " = lim [3x2’3+3211n|x2’3-9|] = lim (%b2/3+%lnlb2’3—9|)—(0+?1n9)
A 3

289 psar
=£7-—co-£l 9
2

The integral diverges.
19, E tan 2xdx = llm ——ln|(:052x|:lb

lim ——ln|c052b| —lnl =—(—=0)+0

b—)z

The integral diverges.

Instructor's Resource Manual
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20. flzcscxdx = birgu [lnlcscx cotxl]

=In[1-0]- lim In|csch - cot b|
0‘0'

=0~ fim InPl=C0s?
b—0" sinb
lim 1__C08b is of the form 9
b—0* Sin 0
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1-cosb _ i sinb_g_

lim — i
b—0* Sind b—0" cosb 1
Thus, lim In I_,COSb =-oo and the integral
b0" sind
diverges.

21, [ S0 oo fim [ini-cos ]

1-cosx b—0"
=Inl- lim In[l-cosb|=0-(~c0)
b0

The integral diverges.

22 E/Z cosx = lim l:gsinu3 X]"’Z
\/smx b0+ 2 b
3 213 3, .2/3 3
==( -=(0 ==
2( ) 2( ) 2

23, E tan® xsec? xdx = lim l:; tan3x]b
0

b—)—z-

= lim ltan3b—%(0)3 =

b—’g_
The integral diverges.
2
/4
24. [" 2 = im [- ' T
(tanx —1) bt tanx -1 Jo

28. Note that Vdx—x2 = \ﬁt-—(xz —4x+4) =22 -(x-2).

. [.-x—Z
= lim |sinT ——

dx
R e i}

29, f dx = lim [ln(lnx)]b In(lne)— lim In(Ind)=
xlnx p*

b1t
The integral diverges.

= lim sin

1
= |im - +—=—-c0) -1
b—»{ tanb-1 0-1

The integral diverges.

25. Since 1-cosx =sin2-'£,
2
! =—lcsc2£.
cosx—1 2 2

dx . l: xT
E = lim | cot=
cosx—1 p0* 2

T b
=cot—— lim cot—=0-
b—0*
The integral diverges.

b
26. = lim [2 In(-x)

‘['_ \/ln(—x bo—1" ]-3
= lim 2JIn(=b)-2VIn3=0-2In3

b—-1"

=-2JIn3
X In3
27, [;"3 e dx lm[ e"—l]
Jef_1 b0 b
=2J3—1- lim 2Ve? ~1=2y2-0=2V2

b—0"

b=

—sinlo=2_0=
2

N

b4~

Inl-In0=0+w

1

10
10 dx 1 .
30. —————= lim =- + lim =- +o©
L xIn'% x b—»l*’[ 991n99x],, 99102210 5199106 991> 10

The integral diverges.
c dx [2 2 d
31, E —_—= lim []n x+vVx© —-4c ]
¢ xz - 462 b—2et b

= ln[(4+ 2J§)c]—1n 2¢ = In(2 +3)

438 Section 9.4

=1n[(4+2ﬁ)c]— lim In

b+ Vb2 —4c?

b—o2c*
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2 (x+5)dx CLZC dx

32, X4 - - p _Cpe___dx
wme b s P EE A e
= lim l:\/x2+xc-—2c2 —%ln

c 2c
x+—+\/x2+xc—2c2]

boc* 2 b
=V4c? —%In _5§c_+ 2|- lim [\)b2+bc—2 -—In b+2+\/b +be-2¢2

b—c™ 2

4c

—2c—£]n%— 0——ln3—c+0 22e-Sm e E ln3—c-2c——ln3
2 2 2 2 2 2 2 2 2
| . . ] 1
33, ForO0<c¢< |, ——— is continuous. Lel u = du=— dx .
Jx(1+x) I+x (1+x)?
1
dv=—dx,v=2\/;.
Jx

E 1 2\/_ Ln/_d.x=~ ?f Ll\/;dx_l E
J;(1+x) x| ? (1+x)? T+e (1+x)?

(|+r)- 2 l+e

[ e ) (_Jxdx }:1-0+z | Vxdx

-2 42
l+c  *(l+x) (1+x)°

1
Thus, lim | —=———dx=lim
c—)OL\/;(l+x) c—0

This last integral is a proper integral.

34. Let u=—l—,du=— !

1+x 2(1+x)*'? )
dv=%dx.v=2\/;.
2Jx Jx NN 1 x
For 0 1, — === dx
ordses L\[x(l+x) [\/l+x:|c+L(1+x)3’2 V2 \/|+c+‘L(1+x)3/2

Q
Thus, —
* L\/x(l-%x c—»oj,/x(nx “’Ol \/1+ E(|+x)3/2 J V-0 L(1+x)3”

This is a proper integral.

dx

[ 7]
3s. L3 = k- IO\/g__dx+LJ9—xr b_an;[ 9 x]b+bin31_ 9-5* |

=9+ lim v9-b2 — lim V-2 +y8=-3+0-0+3=0

b—-3" b—3"

0 b
3 3
36. .[- - de= = de+L - 2‘{"‘= lim [—llnl9—x2|j| + lim [—llnIQ—le]
39-x 39-x 9-x b->3* b 63" 0
=-In3+ lim -mlg bZI_ lim —1n|9 b'|+ln3—( In3—c0)+ (0 +In3)

b—-3" b—3"
The integral diverges.
T
+ lim | =In
p b4 8

1 i 1 1
37. dx = dx+£‘ de= lim |~In
f“16—;:2 J316—.\'2 16-x% . b—>—4“[8

x+4
x-4

x+4
x-4

[
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38,

39,

40.

41.

42,

43.

440

b+4
b-4

LTI S Laii Y l

bo—4* 8 |b-4
The integral diverges.

ln
b—)4 8

- gn1= @+ +@-0)

1 _ 12 | 1 2 | | 1

El xy~Inx| &« [1 x,[—ln|x| e fl/z x,[—lnlx] dr [:/ x,/—ln|x| ar L/z xy—In|x| -
. -1/ . b .

= lim [—2,/-ln[x|]bl2+{)lrg_[—2,/—ln|x[]_|ﬁ+b1_1$+[—2

bo-1*

=(=2VIn2 +0)+ (~0+ 2V 2) + (~2VIn 2 + ) + (0 + 2VIn 2)

The integral diverges.

x—‘p—d;:: gxipdn J‘Qprdx

1
Ifp>1, L— =| ——x7P*'| diverges
—p+1 0

a0
-p+1 |

diverges since lim x P*! =c0.
X0

since lim x P! = 0.
x—0*

Ifp<landp#0, f—l;dx
X

Ifp=0, fdr:co.

Ifp=1, both Eldx and rldx diverge.
x x

b S
= lim K S+ lim [ feds+ Jim f f(x)dx

where l<c<eo,

Jj(r 82 dr = lim [3(x- 8)”3]b

b8~
=3(0)-3(-2)=6

(%)

= lim L dr = lim [llnlx +1”
b0~ P x% +1 b0 L2 b

12 lim m|b2+1| L2
2 b0~

1 1
a. [x?Pdx= lim [3x”3] =3
N b

Section 9.4

44,

45.

46.

_m{x|];/2 + Jim [-2

—lnlxl]f/z

| . 17370
b. V=Tth"4/3dx= Iim n[—3x ”3]17

b—0"

=-3n+3nlim b~ 13
b—0

The limit tends to infinity as b — 0, so the
volume is infinite.

Sincelnx<0for0<x<1,b>1

Elnxdx— fim Llnxdx+f1nxdx

c—0"
= lim [xlnx x] +[xInx- x]l
c—>0*
=-1- lim (clnc-c)+blndb-b+1
c—0*
=blnb-»b
Thus, 5Inb-b=0when b=c.

1sinx
L—dx is not an improper integral since

ﬂ is bounded in the interval 0 < x < 1.
x
Forx>1 <1 so l <i
T et x4(1+x4) x*

=-0+ 1.1
3 3
Thus, by the Comparison Test J]m _
x (1+x )
converges.
47. Forx=1, 2 2x so x%< —x, thus
<ot
re_xdx= lim[-e ]’ = - lim 1 et
b b eb
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- o411 1 . 1P 11
= = b. ’ —2d.t= lim [——} =—lim —+-
x bowo| X ) bosob 1

=0+1=1

2

Thus, by the Comparison Test, re" dx
n-l_-x 4 _ M p1 —x n-1_-x

[ oxrtean = [7 xn e T+ 7 x" e

converges.
48. Since vx+2-1<+/x+2 we know that < LM X le  dx + r%dx
1 1 1 x
> . Consider dx
Jx+2-1 Jx+2 F X+2 =l+£Mx""e-"dx

1 1 ini
de = lim I:_—dx by part a and Problem 46. The remaining
f\/x+2 bow 2 \[x+2 . . . n-l -x
- integral is finite, so rx e “dx
= lim [2Vx+2 |, =b11_1;1:02(\/b+2—2)=oo converges,

b—w
Thus, by the Comparison Test of Problem 46, we 52. E e *dx = I:_e-x ]l =—et+1=1 _1 so the
1 . 0 e’
conclude that _ED 2 dx diverges. integral converges whenn=1.For0<x <1,

0<x" ' <1 forn> 1. Thus,

n-l
x 4 -x L - .
2 =x"'e7* < * . By the comparison test

! 1 ] 1 e’
—-2—_'5—2' Since r—zdx=[:——:| =1 ] n-l -x
x“In(x+1) x x x] from Problem 50, Lx e *dx converges.

we can apply the Comparison Test of Problem 46

49. Since x%In (x+1)2 x%, we know that

1 ©
to conclude that | —————dx converges. 53, a. TI()=[ x%*dx =|-e*| =1
'r x?In(x+1) ( E [ ]0
50. If 0 <f{x) < g(x) on [a, b] and either b. [(n+l)= Ex"e'xdx
Hm f(x)= lim g(x) = or
’;."" ’I‘—"' ben th Let u=x",dv=e""dx,
im f(x) = lim g(x) = o, then the convergence
x—>b S ) x1—>bg( ) 8 du=nx""dx,v=—e*.
of E g(x)dx implies the convergence of Cn+)=[-x"e*J5 + L‘ e % dx
ff(x)zix and the divergence of ff(x)dx =0+n Ex"“le'xdx = nl'(n)
implies the divergence of J: g(x)dx. c. Frompartsaandb
r)=1,r@)=1-r)=1,
a
51. a. From Example 2 of Section 9.2, lim LI I@=2T@=21=2.
1w g Suppose I'(n) = (n-1)!, then by part b,
for a any positive real number. C(n+1)=nl(n)=n[(n-1)]=n!.
n+l
Thus lim £ —= 0 for any positive real
oo e _ 54, n=1, J;"e"dx=1=oz=(1-1)1
number 7, hence there is a number M such
n+l -
that 0 <2 — <1 forx> M. Divide the n=2, Exe Tdr=1=1!=(2-1!
e
-l n=3, [ x*¢ Fdx=2=2!1=3-1)!
. . 2
inequality by x° to getthat 0< —<—5
& X n=4, [ Fe*dx=6=31=(4-1)!

forx> M.
_ 4 —-x
n=Ss, E): e *dx=24=41=(5-1)!
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55. a. The integral is the area between the curve 1+ x
the curve y = . and to the left of the
-x

2 _1-x .
y° =—— and the x-axis fromx =0to x =1. ]
x line x = 1. Thus, the area is \
2 _I-x _ 2 2
y == —0?=l-xx(? +1) =1 f 1_y2 dy=f 2 4
] yo+1 y o+l
x:

. -1 b
= lim [2tan y]
b—w 0

Asx20y= \} = o0, while lim 2tan"b-2tan"o=2(3)=
b—ow 2

whenx=1, J—l 0, thus the area is
Y7 56. ForO0<x<1, x? >x9 so 2x? > xP +x? and
1 . -
EO dy = lim[tan”' yJ} ! >—]—. For 1 <x, x9 > x” so
2
Y4l T b xP +x7  2xP
!
= lim tan”"' b-tan"' 0= = 2x9 > xP +x9 and >—.
b 2 xP+x9 29
1 11 1
. . dx = dx+
b. The mltigral is the area between the curve f P +x pr e r P o xd
2= l_x and the x-axis fromx =1 to Both of these integrals must converge
- 11 |
= dx > —dx which
=l pr +x9 ‘[)ZXP ’[)
2 l+x 2 .
y =l—,y —x? =1+ xy? - 1= x(y? +1); convergesnfandonlylfp<l
~-x
2 —dx dx which
x=),, ! ‘rxp+xq 2x9 x?
yo+l converges if and only if ¢ > 1. Thus. O<p<l ‘\

and [ <gq.
Whenx=-1, H+: D \/7 0. while
asx—ly= J —>oo

The area in questlon is the area to the right of

9.5 Chapter Review

Concepts Test 6. False: See Example 7 of Section 9.2.

1. True: See Example 2 of Section 9.2, 7. True: Take the inner limit first.
3. True: Use I'Hopital's Rule. 8. True: Raising a small qumber to a large
exponent results in an even smaller
4 number.
. 1000x™ +1000 1000 6
3. False: lim = =10 ) . .
>o 000Ix*+1  0.001 9. True: Since lim f(x)=-1=0, itserves
x—a
- . - 1 ffect the sign of the limit of
4. False: Jznmxe * — 0 since e”/* -1 and ?hne);l):gdaucf.c ¢ sign ol the imit 0

X—>® as X >, )
10. False: Consider f(x)=(x-a)° and

5. False: For example, if f{x) = x and
x g2(x)= , then lim f(x)=0
g(x):e ’ (x_a) x—a
X h\
lim —=0.
P
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11. False:

12. True:

13. True:

14. True:

15. True:

16. True:

17. False:

and lim g(x) =, while
x—ra

li_rﬂ,[f (g =1.

Consider f(x)= 3x? and

g(x)=x?+1, then

2
tim L& = i 32
xoo g(x)  x-ext 4|
. 3
= lim =3, but
x—wl+-L

2

xh_’ﬂ:o [f(x)-3g(x)]
= lim [3x% - 3(x% +1))
= lim[-3]=-3

X—>®0

As x> a, f(x) > 2 while

——
|g(x)|
See Example 7 of Section 9.2.
Let y =[1+ f(x)]/™®, then
1
Iny =——In[l+ f(x)].
S(x)

o [+ S
e =

This limit is of the form %

| ’
o IO TS
x=a  f(x) x—a  f'(x)

= lim =1
x—a l+f(x)

lim[l+ fO)/ P = lim e =e' =e
X—a X—=>a

Use repeated applications of
I'Hopital's Rule.

=1 and p(0) is the constant term.

Consider f(x)= 3x? +x+1 and
g(x)=4x>+2x+3 f(x)=6x+1
g'(x)=12x% +2, and so
f(x)___“m 6x+1 1

lim =— while
=0 g'(x) 0125242 2

instructor’s Resource Manual

,
Ix+x+1

f(x)

im L9 iy =1
x208(x) x-04x3 +2x+3 3

18. False: p > 1. Sce Example 4 of Section 9.4.

j':xipdm EprdH fopdx;

1] .
L—dx diverges forp > 1 and
xP

19. True:

rde diverges forp < 1.
P

4
x+1

20. False: Consider

2. Te: [0 feode= [ f(ode+ [ s

If fis an even function, then

S&x) =flx) s0
[ rede= [ fooas

Thus, both integrals making up
f; S {(x)dx converge so their sum

converges.

22, False: See Problem 33 of Section 9.3.

23, True: j:' f'(x)dx = lim [)” f(x)dx

= Jim B = Jim 1)~ 10
=0 -£0) =-A0).

A0) must exist and be finite since
f'(x) is continuous on [0, ).

24. True: L” f(x)dx < f}" e ¥dy = Jim e

. -b
= lim-e™" +1=1, so x)dx
) [re
must converge.

25. False: The integrand is bounded on the

interval {0, E:l.
4

Sample Test Problems

1. The limit is of the form %

lim —— = lim =4

x=0tanx x—0 SCCZ x
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The limit is of the form %

2sec? 2x

lim tan 2x =i

2
- im -
x-0sin3x x-0 3cos3x 3

The limit is of the form % (Apply I’"Hopital’s
Rule twice.)

. sinx—tanx . cosx—sec>x

lim 3 = lim 3
x—0 §x x>0 Ex

= lim —smx—Zsec;x(secxtan x) =0

x—0 3

lim 22X = 0 (L'Hopital's Rule does not apply

x—0 x2

since cos(0)=1.)

2xcosx

lim 2xcotx = lim —
x—0 x—0 SInx

The limit is of the form %

. 2xcosx .. 2cosx-—2xsinx
Hm — = lim —8 ™
x—0 sinx x—0 cosx

1

The limit is of the form 2.
[+ o}

1
I-x
-7 -7 CSC2 ™

. In(l-x .

lim L—)= lim

x-1 cotnx
sin? mx

1
x—1” T(1-x)

The limit is of the form %

2

sin‘ nx 2nsinmrcosmx

lim
x—s1~ T(1-x)

= lim 0

x-1" -n
“ el e o]
The limit is of the form —.
o0

1
. In¢ . .
lim —- = lim X+ = lim —=0
> 2 >0 2t (o0l

The limit is of the form 2.
[0 o]

22— lim 6x° =
X—a0

Section 9.6

9, As x—0,sinx -0, and l—mo.Anumber
X

less than 1, raised to a large power, is a very

32
small number ((%) = 2.328x10'10] )

A

lim (sinx)"/* =0.

x—0*

Inx

10. lim xlnx= lim —

x—0* -0t *

The limit is of the form —.
o0

1
lim X fim = fim —x=0

—0* X x—0" -;7 x—=0"

11. The limit is of the form 0°.

Let y=x*, thenlny=xInx.

im xlnx= lim l—nll

x—0* =07 o

The limit is of the form -03.
o0

]
. Inx . T .
lim - = lim 2= lim -x=0
x=0" —=5  x-07
X

+ 4
x—0 X

lim x* = lim €™ =1
x—0* x—0"

12. The limit is of the form 1%.

.
Let y=(1+sinx)?’*, then Iny ==In(1+sin x).
x
lim 2 In(l+sinx) = lim ———2 In(i +sin x)
x>0x -0 x

The limit is of the form %

2

m 2In(1+sinx) = lim Tesing 0o %
x—=0 X x—0 1
. 2cosx 2
= lim —=—=2
x=0l+sinx |
lim (1 +sinx)2’* = lim ™ = ¢
x—=0 x—0
. . Inx
13. lim «/;lnx= lim -
+ +
x=0 x=0 ﬁ

The limit is of the form —.
[+ 0]

1
. Inx . T .
lim —= = lim —*—= [im -2Jx =0
x—0* 7 x—0* P —0*
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14.

15.

16.

17.

24,

The limit is of the form ?.

Let y=1"*, then lny=llnt.
t

.1 . Int
lim -In¢ = lim —
1=l t—o !

The limit is of the form —.
[+ o]

1
. Int . o1
lim—=Ilimi{=1lim-=0
t—o | o]l (oot
lim (Yt = lim ™ =1
{— 1 —>®

x-sinx

. 1 1 .
lim [ —-—|= lim -
x=0t\sinx x/ x0* xsinx

The limit is of the form —g (Apply I'Hopital's

Rule twice.)
. Xx-sinx . 1-cosx
lim - = lim —————
20" xsinx ;0" sSinx+xcosx
sinx 0

= lim ——————=—=90
x—0* 2cosx - xsinx 2

The limit is of the form =. (Apply I'Hopital’s
(v o]

Rule three times.)

tan3x 3sec? 3x

= lim 3
x—)—;* sec” x

lim
X—)% tan x

3cos? x

= lim 3 =
x—>§ cos” 3x
. cos? x—sin’ x 1
= lim 3 — =- ==
—»%3(cos® 3x-sin“3x)  3(0-1) 3

cosxsinx

m
x—3 cos 3xsin3x

The limit is of the form 1%,
Let y = (sinx)®"*, then In y = tan xIn(sin x).
sin x In(sin x)

lim tan xIn(sin x) = lim

x—»lz‘- x—»-;— Cosx

E——dx—lﬁ= lim ﬁ:_dx__+ lim

2 x(In x) b1~ "2 x(In x)

dx

WSy L .r(anc)”5

The limit is of the form %

cos x In(sin x) + £2L cos x
Sinx

sinxIn(sinx) _ lim

lim -
x—}% Cosx x—)% sSinx
. cosx(1+ In(sinx 0
=hm—————( - ( ))=—=0
P4 sinx 1
lim (sin )% = lim ™Y =1
X 2
x93 x5
i n . xsinx-%
18. lm/| xtanx-—secx|= lim ——=
P 2 x»I  COSX

2

The limit is of the form %

. z .
xsinx -3 sinx+xcosx _1_1

sinx 1

= lim
cosx x—3

lim
x
X—)z

0
19. E’ d"2=[-L] =0+1=1
(x+1) x+1

0
o [ ] 20
21, Ew 2’dx=[%ezx]_m— et —0=—¢?

2. - _lim=in(i- 0P,
b—l

1-x
=-limin(l-4)+In2 =
bl

The integral diverges.
dx
23. —=[In(x+ D]y ==-0=
[ = =ln(x+ D =0-0=c
The integral diverges.
5 b 5 2
= lim [—(lnx)‘us] + lim [—(lnx)4/5]
b1"L4 % b1 4 b

|5 s, 1\ 5 415 5 _5 ws S(, 1Y _s 475 415
-Z(O)— (ln—) ]+(Z(ln2) _Z(O))—Z(lnz) _Z(mEJ —z[(lDZ) -(-In2)""")

4\ 2

= %[(m 25 _mn2)*31=0
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25,

27.

28.

29.

30.

31.

32,

33.

34,

446

[ dx - SR U O U T . O OO S S .
2.4 2 277 x T2 T4 27 4

1

1
Jl d)cz:[ 1 ] _ oo
0 2-x) 2-xlo |

JO dx i f dx +
22543, - L2ras
: b—»-%

b— b~

=| lim —In|2b+3|——(0) + —ln3- lim —ln|2b+3|

-2 3
b—-3 b—>-3

The integral diverges.

f dx
Vx- b-1*
j'; dx =[_L] B W
x(Inx)? InxJ, In2 In2

dx 2 T 2
B || =-0+>=2
Eexlz |: exIZ:IO 1

b-1*

f dx .

m = hm

3t 2x+3 3"
2 2

lim [—3(4-;:)” 3];’

b4~

1 b I 0
[—m[2x+3|] + lim [—ln|2x+3l]
2 2 p3t 2 b

=(—co)+(%ln3+co)

= lim [2J 11} = 23— lim 2Jx-1=2{3-0=23

S
+ lim | -3¢4-x)'"3
Jim, 3= ]

X X
35, £ ¢

X1 (eF)2+1

Let u=e*,du=e"dx

J'S.L= lim ﬁ’—+ lim L_dx_
4= posam B (d—x)2? st P (4-x)?3
= lim =34=5)"3 +3(1)"2 23-1)"3 + lim 3(4-b)'"* =0+3+3+0=6
b—4~ b4
2 a0
f xa'xz[—le"‘] =0+—e* le‘4
2 2
2x dx
x +1 x +1

=E[ln(x2+l)]_w+-2—[ln(x +1)]0 = (0+0) + (20— 0)

The integral diverges.
x
y dx+ [:

f“’l+x Cl+x l+x

0 0
1 4.2 I
=]—tan 'x +|—tan x
2 —o0 2 0
| IfrnY 1{n | I
=2 0-=[Z]|+={ = |-=tan"'0
2 202 ) 232 2

dx = dx

Section 9.5

X
Eeziﬂdx:f led" [ta" l"]T

u
S B S .
2 2 4 4
36. Let u=x>,du=3x2dx

'x dx = f —e Ydu
=% fwe'"du +§ fe'"du

- 0 -
s Lol
=%(—l+co)+%(—0+l)

The integral diverges.
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38.

39.

40.

See Problem 35 in Section 9.4.

let « = In(cos x). then

du= c—sinxdy =~tanxdx
cosx
b3 1
lan x o | n- 1
J———dv=| 1 -—du= f 2—du
3 (Incosx) "3 u “ u-
1
In=
| 1 1
=| —— 2 = -——+O=—
T - ln% In2

l teu)
{ (p-DxP! l

lim —l—-O whenp-1>0o0rp>1.
b—)oobp'l

Forp # L,p= 0, pr
x

1 1
= Iim =
b (1- p)bP~ p-1

and lim —l-=oo whenp<l,p = 0.
b pP!

Whenp=1, r-l—dt=[lnx];’° —w-0
x
The integral diverges.
When p =0, f ldx = [x] = —1. The integral
diverges.

f% dx converges when p > 1 and diverges
x

| 1
[_ (p-DxP~! ]0

T converges whenp-1<0orp<l.

whenp < 1.

Forp= l,p # 0, f)%dx=

+ lim l =
l—p b=0(p-1)bP~

lim
b0 phP~

Whenp = 1. ﬂ%dx:[lnx] =0 lim Inb =<
-

The integral diverges.
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41,

42,

43,

44,

1
When p =0, lex:[x]g =1-0=1]

1
E—;—dr converges when p < 1 and diverges

when | < p.

Forx 2 1. x6+x>x6, SO \/x6+x>\/x6 =x
]

and <=3 Hence,

M+x X

Mo

since 3 > | (see Problem 39). Thus
f 1
Vb4 x

Forx>1, Inx<e®

r dx which converges

In

, SO £<l and
ex

Inx _Inx 1

er

(ex )2 e*
Hence, f;h;—:dx < fe"'dx =[-e*

o1
=—0+e ' =-.
e

Inx
S—dx converges.
X

£

Inx 1
Forx>3,Inx>1,so — >—. Hence,
x X

LEJFNS j;‘ldx=[1nx]§° =w—In3.
X X

The integral diverges, thus fﬁdx also
X

diverges.

Forx 2 1,Inx<x, so mﬁ<l dln_x(i’

X X x2
Hence,
l X
B i< dy=|-—]| =0+1=1.
r ‘r [ x]l

Inx
R r ——dx converges.
x3
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.6 Additi roblem Set | _ _
9.6 A ional P m L 21 du =[tan lu]b:tan'l—tan 1o
1 u+1
1. a. For | <x<c. — is a differentiable function. I 0= 7
I T 1 a4
Let u=—, so x=—:du=——2dx ) |
o . “ x 2. For |l <x<¢, — isadifferentiable function.
dx = —x’du = -—du. . x | |
u” Let u=—. so x=—:du=——2dx. )
i 1 X u X
Whenx=1.u=1, while whenx=c, u=-—. 1
¢ dx = —x*du = -—du.
1 Lo 1 u’
f 7= »ﬁc |z ' I
I+x 1+“2 u Whenx=1,u=1, whilewhenx=c, u=—.
c

ll2 u
1
b dx = lim dx 1 1]
‘rl+x2 c—>oc'rl+x2 =-|° 3d“=,[1 3 du
1+u cu” +1
= limf ! du=£ L du by using x x
Py W +1 Thus, f S—dx= limjl‘ S dx
1 x +1 oo % x4
artaand lim —=0. | |
P o = lim [|——du= 31 du
cox "y +1 u’ +1

3. a. f{x) is an even function, so fwf(x)dx = Ebf(x)dx, thus Euf(x)dx = 2Ef(x)dx.

a0
2[elert s - S| 4L
S o k

%=l whenC=k

b. [ kx| e e = fw e de s flaze"“zdx

2 2
In both integrals, use ¥ = x, du = dx. dv = foce ™™ dx,v= —%e""‘

2 ko’ 2 ka? 1 2] | ket 1 _k? l _k?
IO ~kx"e™™ dx+ Enlcx e dr=—||-—xe +f —e " dx |+ -—xe +K—e dx
- 2 L T2 2 y 02
_ 1 k2 1l g2, 1 k2 ] ko
-—(0+0)—Efme d.r:+(0—0)+2£°e dx——; o€ dx+Efe dx
and du = \2kdx. Then the integrals become

e

Now let u = 2kx, so that kx? =

2
1

1 -u?12 —ut12 l (1 ) 1
_— e du+ e du=-——{ =21 |+
2V2k f“’ 22k f 2V2k\2 272k

2 2
Ee"‘ 20y = fwe'“ "2 gy = —;'\/27'( from Example 5 in Section 9.3.
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o —H e 5 /1) 126°
f(X)——
J_
- 1 —u) 1202 (x .U) —(x— )21202
f(x)=- P )] H
o3 \2n 2n
pd
x—u) ] 292 1 32702
= . x-mP120? _ [(x- p)? = g2)e w120
2 o°VJ2n o’ 2n
J"(x) =0 when (Jc—;:)2 =o%s0o x= 4+ o and the distance from g to each inflection point is o.
ff(x)dx=j°°CM dx = CM* ——1; CM"LO+-l—kJ=£.Th s S 21 whenC=k
® " Iy kM) k k

KMk k 1 k 1
b. #=fwxf(.r)ﬂ=J;xF¢=W J;x—kdr=kM (hm J:I kdx]

b—owo
This integral converges when k> 1.

b
When k> 1, g =kM*| lim SR — =kM*| -0+ ! — M
boo| (k-Dx"7 (k-pM*) k-1

The mean is finite only when k> 1.

c. Since the mean is finite only when & > 1, the variance is only defined when & > 1.

) , ) ot UMM
o= [ (x-m f(x)dX-J:;(x ,(_) el Jm[ P (k-l)sz"*'

2y rk+l I sk+2
gk (@] WM w1 M 1
= kM Exk_ldx— o Exkdn—(k_l)z j;xmdx

The first integral converges only when k- 1 >1 or k> 2. The second integral converges only when k> 1,
which is taken care of by requiring &k > 2.

(k-2x*2], k-l k-n* ], k-2 L Ky

2, ,k+1 3, 0k+2
k| oy 1k2_2kM 04 1kl+kM (_0+1}
(k-2)Mm* k-1 k-DM* ) (k-1)? khrk

_kM? 2EPMP KM
2 + 2
Tk-2 (k-7 (k-D

VET 0 S S e e | S C e 3 D
k=2 (k-1)? (k -2)(k-1)? (k - 2)(k -1)?
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[0 roxdx= [)” Cx@ e Pxx

y 1
Lety=fi,s0o x==< and dx=—dy.
B B

-1

E’cr“"e‘”‘dr = E"C[%J e %dy = ﬂ% f Yyl Vdy = CA T (a)

= ﬂa .
B T(a) T()

Cp ™ °I'(a)=1when C =

= [_” of (x)dx = f x@ VB gy flza) x%e P ax

Lety= fix, so x=2 and dxz—dy.
B B

= ﬂa l]a 'y_l_d =_l_ e Vdy = D= ] r =£
# F(a)f(ﬂ G b e @)=
(Recall that [(a + 1) = al (@) for a>0.)
_ a:’-ﬂa a-1_-Bx _ﬂa 2a a? a-1_~fx
azzfm(x—y)zf(x)dx— f(x—z) %x le=B~ax -m [x2-7x+F]x le=Bxdx

-1 2 -2
ﬂ £t o= Bx gy 2ap° xae_ﬁxdx+a B @B g
I'(a) I'a) I'(a)

In all three integrals, let y = fix, so x = % and dx = %dy .

a a+l a-| a 2 pa-2 a-1
2_ B m(y) vl 208 Yy 1l 2B PSR
7 Tt@ (ﬁ] Y T@ E[ﬁ) 3 @ E(ﬂ) Y

2

1 a+l -y 2a a -~y a a-1 -~y
y e Vdy - yeldy+ y“ e Tdy
) BT (a) y BT(a) )

R
a? 1 2a a?
= I'a+2)- 3 MNa+1)+ 3 INa) = (a+)ad (a) - al (@) +—
BT (a) BT(a) B(a) B (a) BT (a B’
_a2+a 202 a? _a
A
¥y ¥
i 25k
fix)
144 TR B A D :fm(‘)
-2 5 X
=2 !r s X
-1+ -15

| T
e ifx>0
SO =12
0 ifx<0

1 2 iux -
0

ifx<0
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1
)= [_6 x_5

0 ifx<0

6 %Je'”" ifx>0

lim @)= lim ¢ V* = lim
x=0" x=-0* x—+0" lx

1
Let v=—, thenas x = 0*,v— » and
X

hm l =Iimi=0.
0+ 1/x v__)mev

Use the same change of variables.

2

lim fOx)= lim —e™"* = lim v2%e™ = lim 2= = 0
x—=0* 10" x2 v v g¥
4

lim f@x)= lim 1.2 e V5| = lim[(v* - 2v*)e V] = lim V__ZL =0
x—0* ot \x? P v—reo vowo| g¥ ¥

6 5 4
lim fm(x)‘ lim [(—16-——6;+—67)e_”x:| = llm[(v6 6v° +6x* e '] = lim v__6v +6v =0
x=0* =0t |\x" x* x vo® vl o¥ ¥ @Y

a
(Recall from Example 2 of Section 9.2 that lim x_ =0 when a is any positive real number.)
X—>0 e

Forx>0andx<0, f¥)(x) is continuous and since llm FOx)=0=£90) fori=0, 1,2, 3, these are

-0t
continuous for all x.

¢. For x<0, f™(x)=0 forall n, while for x>0, £ (x) will be a sum of terms of the form —Iz-e’”’. Using
x
a

the same change of variables as in part b, this is which approaches 0 as v — «. Thus

e
lim f(x)=0= £ (0) so £ (x) will be continuous.

0"

8. a. L{®}(s)= L” 1% gy

Let t=£,so dt=ldx, then
s

[reevasf(2) erla- [ boeere-TaD

If s<0, “¢™* > o as t — o, so the integral does not converge. Thus, the transform is defined only when
s>0.

o0
b L{e™}(s) = [ e e dr = [l Mar = [a - (""”] =als|:1}ir:1w e(“")b-l]
_ y  a-

(@-sp _jo ifa>s
o ifs>a

lim e
b
-1 1 .
Thus, L{e }(s) = =—— when s > a. (When s < «, the integral does not converge.)
a-s s-a

Instructor's Resource Manuai Section 9.6 451



c.  Lisin(at)}(s)= Esin(at)e"'dt
Let I = _ED sin(at)e™*'dt and use integration by parts with u = sin(a t), du = a cos(a )dt,

_ I _
dv=ed andv=—-=¢~,
S

= o]
Then [/ =[——1—sin(a1)e“’} +& ED cos(at)e ' dt
S 0 N
Use integration by parts on this integral with

u = cos(at), du = —a sin(at)dr. dv =e 'dt,and v= Lt

s
1 © 1 *
! =[——sin(a: )e—“] +-[[——COS(C¢‘)€_S’] -— Eosin(at)e"’dt]
s o S Ry o S
1 o_sef a i a'2
=——|e sin(at) +—cos(at) ——2-1
S s 0 s
Thus,
2 1 ©
I [1 + a—J = ——[e’s’ (sin(m) +Z cos(at))]
s? s s o
! SO S 3 [3-“ (sin(at)+£cos(at))] =-= 2 > [ lim e~ (sin(ab)+gcos(ab))—ﬁ]
s(l +-"T) s 0 s“+a’ b0 s s
2
0 ifs>0
lim ¢~5? (sin(ab)+£cos(ab)) = s>
b s o ifs<0
Thus, 7 = ) when 5 > 0.
s°+a

d. L{cos(at)}(s) = fcos(a:)e"’dz
Let 7= Ecos(at)e's’dl and use integration by parts with u = cos(at), du = —a sin(at)d!,

- 1 _
dv=eS'dt,v=—=¢"%", Then,
S

0

I =[-lcos(at)e"'] _Z F sin(at)e™* dt
S 0 S

Note that this last integral is the same as in part ¢. Thus,

1 © a a 1 1 a?
I =[——cos(a1)e""] ——[ ) =—— lim cos(at)e™*® +—-
s

o s\s?+a? S baw s s(s2+a2)

The integral from part c converges only when s > 0 and when this is the case blim cos(dt)e"b =0.
~—»0

Thus, when s > 0,

]_l az _s2+a2—a2_ 5

s s(sz+a2) s(s2+a2) 2 +a?
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