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Infegration

8.1 Concepts Review
1. Iusdu

2, &

3. f wdu

4. complete the square.

Problem Set 8.1

1. .[(x—2)5dx=%(x—2)6+c

2. j\/3_x¢x=%j\/§3dx=§(3x)3’2 +C

3. u=x2+l,du=2xdx

When x=0,u=1 and when x=1,u=35.

2 2. 05, 1 2
Lx(x +1)dx—5L(x +1)(2xdx)

_Lp,s
-2J;u du
5
6 5 .5
_|u =5 1 =15624=1302
12l 12 12

4. u=l—x2,du=—2xdx

When x=0,u=1 and when x=1,u=0.

ﬂx 1—x2 dx = —% E\/l—xz (-2xdx)
= —% fu”z du =% gullz du

!
=[lu3/2] _1
3§y 3
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10.

u=2+e".du=edx

X
e
2+¢e* u
=ln|u|+C
=1n’2+e* +C=InQ+e*)+C

u=x2+4, du=2xdx

sz dr= o
x“+4 27 u

=Linf+C
2
=11n|x2+4|+c
2

=%ln(x2 +4)+C

2 2 .
2t dt=IZI 2+1 1
202 +1 202 +1
1
= {\dt - dt
I I2:2+1
u=\/§t,du=\/§dt
du
2

) I

(- \——di=t-—
’[2t2+l \/5‘[

1 -
=t-—=tan”' (V21)+C

V2
u=4+z% du=2zdz '
I6zx/4+zzdz=3IJ;du
=23%+C
=204+22)*2+C

dt

l+u

u=2+1,du=2dt

demijﬂ
V2t +1 29 Ju
=5\/;+C
=5J2t+1+C
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x +Tx

tanz 2 5 1
11. dz = |tanzsec” zdz 18. = [(x? +x+8)dx +8 [—dx
‘[coszz j '[ x-1 I( ) '[x—-l
2
u=tanz, du=sec” zdz =%x3+%x2+8x+81nlx-1|+6'

]
Itanzsecz zdz = Iudu =§u2 +C
19. wu=Indx* du 2

=%tan22+C x
i} sm(ln4r ) I
12. u=cosz, du=-sinzdz .[ X dx = ~JSInudu
cosz s 4 [,€087 (_cinzdz
Ie sin z dz fe (-sinzdz) =—lcosu+C
—Je"du =-é"+C ?
e 4 C =—5cos(ln4x2)+C
1
13. u=t,du=—¢dt 20. u=Inx, du=ldx
2t
Jsm\/—dt ZJ‘smudu Iw lj‘sec udu
\/- 2x 2
=-2cosutC —ltanu+C
= 2cosVi+C 2
1
14. _ 2 dll=2xdx —Etan(lnx)'f'c
j’ 2xdx —I
\/lfx4 fu I dx 6sin” (e y+C
=sin"tu+C
=12
=sin" () +C 22, u=x ,du=2xdx
15. u=sinx, du=cosxdx j‘ X Ly du 1 Ly
/14 cosx 2/2 du x4+4 29444% 4 2
l+sin” x 1+u® 1 ] =x
N =Ztan > +C
= [tan'] ll](‘)/ilz = tan-l —2—
= 06155 23. u=1-&" du=-2"dx
2x
1 3e 3 rdu
16, u=+1-x,du=- dx dx:—— Jlniad
2J1-x '[ 2I
/4 1/2 = -
ﬁ sinvi-x Ji-x =—2£ sinudu 3\/;+C
vi-x =-W1-e¥ +C
=2j;l sinudu
/2
i 1 24. I dx=- .[
=[—2cosu]],2=—2(cosl—c053) xtaa < +4
il
~0.6746 —4ln|x +4|+c
3x? +2x 1 =it +ay+C
17. j-—'dx:j(3x-1)dx+j—dx 4
x+1 x+1

=%.l’2 —x+1n|x+ll+C
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25. Er3’2dt=%ﬁ2t3’2dt tan x + IeSi"xcosxdx=tanx+ e du
, =tanx+ée" +C=tanx+e""* +C
3.3 1
2In3| ~ 2In3 2In3 32, u=+v3t-r-1,
0
1 .2 -1/2
du=—(3t"-t-1 6t — 1)dt
=%:0.9102 u=y y =D
n
(6t -1)sin V3% -1 -1 .
/6 /6 I dr=2|sinudu
26. ['%2%%% sinxdr = - [ 2% (sinx ) V3r? —i-1
16 =-2cosu+C
_ _ZCOSX =-2cosV32 —t-1+C
In2
: f/z 33, u=r-2, du=3">ds
—(2 -2) 2 3_, )
"In2 It cos(t” - )dt=—fc°su du
) _pV312 sin(* -2) 3'sinu
T2 = 0.2559 v =sinu, dv=cos u du
. L LY =%Iv_2dv=—%v"l+c
27, “-sm.vc‘—cosxdx= I(I—C?Sx)dx sin u
s x sinx _ 1 +C
u=sinx, du=cosxdx ~ 3sinu
Ismx.—cosxdxzx_ du _ 1 vC.
Sinx u 3Sin(13 _ 2)
=x-Infu+C
=x—ln|sinx|+C 34, Il+c;>s2xdx_]r 1 de+ Icostdx
sin® 2x sin? 2x sin® 2x
28. u=cos(4:- l) du =—4 sin(4s - l)dt _ Icscz 2xdx+jcot2xcsc2xdx
I sin(4t Ism(4l | |
1-sin? (41—1) cos (41 =—Ecot2x—-5csc2x+c
=1 [y
47y 35. u=£ -2, du=3"dt
2.2 2
=%u'1+C=%sec(4t-l)+C Ir cos? (£ - 2) =1I°°S L
sin?(3 -2) 37sinu
29. u=e*, du=e"dx =%jcot2udu =%J'(csczu—1)du
jex sece’dx = Isecudu :
= In|secu +tanu|+C =§[_°°“"“]+C1
=ln|secex+tane‘ +C =%[—cot(t3—2)—(t3—2)]+Cl
1
30. u=e*, du=e'dx =—§[cot(13—2)+l3]+C
Ie“ sec? (¢¥)dx = Isecz udu=tanu+C
=tan(e*)+C 36. u=1 +cot 21, du=-2csc? 2t
J' csc” 21 _ lJ' 1 du
3 sinx . ('— = 5
31. J'Ec_x-l-e_ =I(scc2x+es'”cosx)dx 1+ cot2¢ 27
secx ==Ju +C
=tanx+ J'eSi"‘cosxdx =—Jl+cot2t +C

u = sin x, du = cos x dx

366 Section 8.1
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37. u= tan~' 2t , du= 5 dt
1+4¢
tan~! 2
Ie 3 dt =—l- Ie"du
1+ 4¢ 2

-1
=lzeu+c=lelan 2!+C

38. u=-1>-2-5,

du=(-2t=-2)d1==-2(t+ l)dt
—12-21-5 _ Ty
I(t + e =3 Ie du

39. u= 3y2, du = 6ydy

40. u=3x, du=3dx
J'cosh 3x dx

1 1.
=3 I(cosh n)du =§smhu+C

=lsinh3x+C
3

41, u=x', du=>3x2dx
Ixz sinh x3dx =% jsinh u du

=lcoshu+C
3
1 3
=—coshx’ +C
3
42, u=2x,du=2dx
5 5 1
—_—dx == |—=du
‘[\/9-4)3 2 '[\/32 —u?
=ésin'l(£)+c
2 3
=§sin_l(2—x)+c
2 3
43, u=e3', du =33 dt
3t
e 1 1
—_——dt = — |——=d
I/4_esr 3I [52_,2 y
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=lsin'l(£)+c
3 2
3
=lsin'l £ l+c
3 2

44, u=72t du=2dt
J' dt 1 |

2 4% -1 2 uvu? -1
= l':sec'l |u|]+C
2

%sec'l 2n+C

du

45, u=cosx, du=-sinxdx

/2 i
ﬂ -ﬂ‘x—,,—dx=—‘|;0 ! 2du
16 +cos” x 16+u

|
=L l 2du
16+ u

o (2]
Lo (2]

- Lian™ (lJ ~0.0612
4 4

46, u=e +e | du=(2e** -2 )dx

- Z(CZX _ e—2x )dx
2x _ -2x
1 _
J’Oe__e_ dx =

1
e2x +e—2x 22 u

| o242

= 5[ln|u|]2

=lln\e2 +e‘2\—lln2
2 2

4

e +1

32

1

=—1

—lmz
2

1
= E1n(e4 +l)—-%ln(ez)—%ln2

4
Ml = 06625
2 2

1
+2x+5

dx = I—l—— dx

47.
'[ x2+2x+1+4

<2

= j——lz—;d(x+l)
(x+1)*+2°

= —I—tan'l (fﬂ)+c
2 2
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1 sin x
48. dx = dx —_  dx
Ix2—4x+9 IX2-4X+4+5 J5\,/1—4c052,1:
|
= |————d(x-2) L R SO PR
f(x—2)2+(\/—)2 2 Imdu 2Sln u+C
=L tan (x 2J+C L
- = ——=gin_ ‘(2
\/- \/‘ 2sm (2cosx)+C
49, ,[ I 55. IxJ3x+ 2dx
9x? +18x+lO 9x% +18x+9+1 312
== !
(3x+3) +1 2 372
u=3x+3 du=3dx =§(9-r—4)(3x+2) “+C
J’ dx 1 au Use Formula 96 witha= 3, 5=2, and u =x for
Gx+32+12 37,2412 juJ3u+2dz:.
1
=—tan" (3x+3)+C
3 56. _[2N3—4t dt = 2‘[1\/—41 +3dt
50, & _ dx = 2{ = (3(~4) — 2-3)(~4r + 3/ +le
Vi6+6x-x?  °\J{x* —6x+9-25) 15(-4)
=.[ dx =$(—121—6)(3—41)3'2+C
,/—(x—3)2+52

i =-%(2:+1)(3—4r)3’2+c

B I,/52 —(x-3) Use Formula 96 witha=-4,b=3, and u = ¢ for
1(x-3 J'u\/-4u +3du.
=sin~ (-—]+C

57. u=4x,du=4dx
[ x+] dx:ij 18x+18 Igdx =1I32d" du

51. — 2 2
9x2 +18x+10 187952 4+18x+10 —16x* 4
L2 LY B LA S
—Elnlgx +18x+10|+C [2(3) u-3

1 4x+3
:—ln +C
5. I-x de e 6-2x 24 |4x-3

1
ke [
- < 6+6
16+6x—x 16+6x-x UseFonnulalSwnha—Bforj du .
=V16+6x-x2 +C -u?

53. u=x/§l,a’u=\/§dt 58, J' dx =_J' dx
dt_ ¢ du 5x2-11 “11-5x7
J'I\/212—9_J'u\/u2—32 u=\/ir.du=\/—dx
X
%S -1 @ +C Ill—Sx fj( ) _2
1 1 u+\/—|
= In
54, tan x di = cosx tanx e «/_[2\/_ u—\/_l]
\/seczx—4 c°S’f\/seczx—4 I\/_x+J_|
_J- siny_ 2J— I\/—x \/_|

) \,/l—4cos2 x

u=2cosx du=-2sinxdx
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59.

60.

Use Formula 18 with a= J11 for

I du .
()

dx

Ixz\/9—2x2 dx = I\/Exz

=ﬁjx2@¢=ﬁjx2,/(%)z-x2 &

g1
=2 %(sz —2] g—xz -f(—‘;;—)sin_l[i +C

9—2Jc2
2

3
2/\2 %
.—.1%(4):2 —9)\/9—2):2 +813f sin’l[\/sz+C

Use Formula 57 with a = —3— and u = x for

SRS

u= \/St , du= \/Sdt
J16-32 I\/P—u’

Ildt=udu

44V16-u?

u

44416312
V3

16-u —4In +C

=J16-3 ~4In

+C

\!42—u

Use Formula 55 with a = 4 for I du.

=\/§x,du=s/§dx

_[ dx =_1_.[ du
Js+3:2 V3 \/(432
=-1—1nu+\lu2+5l+c
IR N RV YO
_\/51 Gx+v3 5‘+C

Use Formula 45 with a = x/-S- for

I du )
(V) +4

=5, du=+5dt

u
jzz 3+502dt =% Ié,{(ﬁ)z +u? du

instructor's Resource Manual

5—1\/?]112 (\/g)z-t-uz du
%.[g(muz)\/mz
—%ln u+\/3+uz):|+C
=ﬁ§.[-€—’(3+10r2)d3+512
—21n(\/§t+\/3+512):|+C

Use Formula 48 with a = \/_ 3 for

I ,’ +u du.

63. u=t+1,du=adt
I dt _
\/T+2t 3
\/(t+l) -4
- fr

=In

dr
«,/12+21+1 4

u+Vu -

4+C

r+ 14V +20-3+C

du
Use Formula 45 witha=2for |[————.
J.\/ ul - 22

64, u=x+1,du=dx

Vx? +2x- 3 \/ +2x+1- 4
dx= [

'[ x+1 x+1
= JWR)H‘DZ —4 dx = J‘\/ljz-—22 du
x+1 u

=Vu? -4 —25ec'1%+C
=\]x2 +2x—-3-2sec”! [xTH)+C
Vu —22

Use Formula 47 with a =2 for I du

65. u=sint,du=costd:
sinzcos?
I dt

J3sint+5
2

du=— Gu-2-5\3u+5+C
3-3

u
B j«]3u+5
=%(3sint—10)\/3sint+5+C
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66.

67.

68.

70.

370

Use Formula 98 witha=3,and b= 5 for

J. i du.
J3u+s

u=cosx, du=-sinxdx

sinx du
j =]
cosxv/5—4cosx uv5 — 4u

_Izlm

I N R TR
5 [aues|

L [5=4cosx- V5]

=——in

JE J5- 4cosx+\/_|

Use Formula 100a with a =—4, and b= 5 for
,[ du
uv—-4u +5 ’

The length is given by

L= j‘b,’1+ d}
=£l \/1+[ 1 (- sma.)]
cosx

/4
=E 1+ tan? x dx

/4

= K sec? x dx
al4

[; secxdx

= [In |secx +tan x}] /4

=In[V2+1|-Ini]
=in[V2+1| = 03881

l+sinx

secx = = .
cosx cosx{l+sinx)

2

. .2 . .
sin x +sin® x+cos? x _ sinx(l+sinx)+cos” x

cos x(1 +sin x) cos x(1+sin x)

sinx cosx
= +

cosx l+sinx

sinx cosx
J'secx= —_—+ -
cosx l+sinx

3
V= 2nf‘i(x+§)|sinx—cosxldx
e

u=x—£,du=dx
4

Section 8.1

69.

_ J‘Slnkdx*"f COsx dx

cosx 1+sinx
For the first integral use u = cos x, du = —sin x dx,
and for the second integral use v=1 + sin x,
dv = cos x dx.

J-sinxdx Jcosx N ﬂ_{_ dv

cosx I+sinx u Y
-—ln|u|+lnlv|+C
=-In|cos x|+In|l +sinx|+C

I+sinx

=In +C

COosx

=In[secx+tanx|+C

u=x-7x.du=dx
_[)27[ xlsmxl f (u+n)|sm(u+n)|
1+cos? x T ]+cos? (u+m)
(u+7r)|smu|
= du
T l+cos’u
=£;K ulsinu| dus nt|sinu| "

2 _
l+cos” u Tl4+cos‘u

ulsiny|
f‘n—zdu =0 by symmetry.

1+cos“u
[{ n|smu| ZH nsinu
| +cos> u 1+cos? u

v=1c0s u, dv=—sin u du

-2 dv=2m
f 1+v? ‘[‘I+v
=2nftan”'v]', =2x| Z- —E)
atan”" v]_; [4 ( 2
=2n(£]=n2
2

dv
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du
4

V2

=2n Px (u +£]|£sin u
—2 2 /12

=2V2n EE usinu|du =0 by symmetry.

X X
v =2n%2 Esinua’u = "\/En?'[—cosu]o =22’

8.2 Concepts Review

l+cos2x
=

dx

2, j(l —sin? x)cosxdx

3. Isinz x(1 —sin? x)cosxdx

4, cosmxcosnx = %[cos(m +n)x +cos(m - n).t]

Problem Set 8.2

1. J'sinzxdxzjl_ic&dx
2
1 1
=~ Idx—; jcoszxdx
1 1.
=—x—-—sin2x+C
2 4
2. u=6x,du=6dx
Isin4 6xdx = l '[sin" udu
6

2
=lj-(l—cos2u) du
6 2
= 5'1—; I(l —2¢08 2u +cos® 2u)du

1 1 1
= >a Idu Y IZcoszu du +-4—8 I(l +cosdu)du

3
r4 A/2 hand
6. [sinfodo= [ (——1 c<2)s29) do

12
= % E (1-3cos28 +3cos? 26 - cos® 260)d8

Instructor's Resource Manual

2.
——siny +——cosu ———Ccosu+——SsInu
2 2 2 2

du=2\2n [72;_ u |sin u|du +V272 J’_%1|sin u|du
2 2

1
3 jdu -— jzcoszudu +L j4cos4u du
48 24 192

= i(6x)——l—sin12x+Lsin 24x+C
48 24 192

=§x——l—sinl2x+Lsin24x+C
g8 24 192

Isin3 xdx = Isin x(1 —cos? x)dx
= jsin xdx - '[sinxcosz xdx

1
= —cosx+§cos3 x+C

Icos3 xdx =
= Icos x(1 —sin? x)dx
= Icosxdx— jcosxsinz xdx

3

. 1.
=smx—§sm x+C

/
E 20055 6do= Elz(l —sin? 9)2 cosfdo

/2 . .
= g‘ (l—25m2 6 +sin’ B) cos#dO
ni2
=|:sin0—gsin30+lsinS 9]
5 0
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1 /2 3 /2 3 m/2 12
=§K d&—gg 2c0529d0+§£[ 005229—%E cos> 2046

3, . /2
[9]"’2 —[Sln2913’2+3[: (M d9—— '21_sin? 26)cos 20 d6
16 8 2
17 3 @2 /2 n/2
-—-:+— d6+iﬂ 4cos49d€—i 200520d0+LElzsin220-2cos29d9
8 2 16 16 16
_m a3, v STy S I By BLL
= 16 32 [sm 6] l6[5"'120]0 +R[Sln 20]0 —E

7. Isins 4xcos® 4xdx = I(l - cos? 4):)2 cos’ dxsindxdx = I(I —2cos? 4x+cos? 4x) cos? 4xsin dx dx

1
=—— j(cosz 4x-2cos? 4x+cos® 4x)(—4sindx)dx = —Lcos3 4x +Lcos5 4x - ~I—cos7 4x+C
4 12 10 28

8. [(sin® 21)Jcos2tdr = j(] —cos® 2)(cos20) 2 sin2r dr = -% [ltcos 202 —(cos 21)*' 2 (=2 sin 20)d!

3/2 7/2

=—%(c052t) += (cole)

9. J'cos3 39sin"236d6 = I(I-sin230)sin'2 30cos30d0 =% j(sin‘2 38 -1)3cos36d0
1 1.
=—~~csc30-—sin3@+C
3 3

10. J‘sin”2 2zcos’ 2zdz = I(l-—sin22::)sin“2 2zcos2zdz

J(snnl/22z sm5/222)200522dz Esmy“Zz ; n’22:4+C

2 2
11. Isin“ 3rcost 3rds = f[ 126986 (HCOS& ar = I(l —2cos? 61 +cos® 61)dr
2 2 16

=l 1—(]-s-cosl2t)+l(l+c05121)2 dt =—L J‘cosl2td1+LI(l+2cosl2r+005212z)dt
16 4 16 64

L jlzcoslzzdml J'dx+L jlzcoslzzduLj(1+cosz4:)dz
192 64 384 128

sin24r+C

=—Lsinl2t+Lt+Lsin]2t+Lt+ sin24t+C =it—Lsinl2t+ !
128 3072 128 384 3072

6,2 1+ cos28 3(1-cos26 1 3 4
12. Icos @sin“8do = > 5 dé =—I(1+2c0529—2cos 20 —cos” 26)d6

=E d0+—j2coszed9-—j(1-sm 29)coszoda-—j(1+cos49) de

=— d9+—jzcoszeda-—jzcoszede+ jzsm zocoszede-—j(1+2cos49+cos 46)d6

=— J'd9+— J.sin2 29-2c0529d8—— J'dG—— I4cos49d0—— j.(l+c0589)d9
16 16 64 128 128
|

=l tandoe-to-Lsinao-—Lo-—! sinso+cC
16" a8 6a° 128 128~ 1024

3 gty 329-—sm49 sin80 + C

128" " 8 128 1024
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. 1 . . 1 . .
13. Ism 4ycosSydy = 3 I[sm9y+sm(—y)]dy =3 I(sm 9y —sin y)dy

1 1 1 1
=—| ——cos9y+cosy |[+C=—cosy-—cos9y+C
2[ g %7 y) 2T St

1 1, | 1 1
14. [cosycosdydy = — |[cos 5y +cos(-3y)ldy =—sinSy——sin(-3y)+C =—sinSy+—sin3y+C
Jeos ycosaydy 2][ y+cos(=3y)dy =osinSy—csin(=3y) [gsinay+sindy

2
. 2 ' - 4
15. Ism“ i)cosz Wlaw= cosu) (l+cosw dw =l'|'(l~-cosw—cos2 w+cos> w)dw
2 2 2 2 8

A

1 .
= —;— j{l —-cos w—E(] +cos2w)+(1 —sin® w)cos w}dw =— J-I:%—%cos 2w-sin® wcos w}iw

8 2
=Lw—isin ?.w—isin3 w+C
16 32 24
. . 2 2 2
16. J‘sm315m1d1= I—%[cos4t—c0521]dt = I(COt xcsc” x —cot x)dx
2 2 2
= |cot® xcsc x dx— —1)dx
=—l(jcos4tdl—'fc0521dl) j x v ax I(CSC x-1)
2 1 3
=—§cot x+cotx+x+C

= -l lsin4t-—lsin 2I)+C
2\4 2

=—%sin4t+%sin 2+ C 19. tan3x= I(tanx)(tanz x)dx
= I(tanx)(secz x—])dx
17. jmn4x dx = J.(tan2 x)(tan2 x) dx

= %tan2 x+In|cosx|+C
= J'(tan2 .r)(sec2 x—1)dx

= I(tanz xsec? x — tan? x)d.x 20. Icot3 xdx = I(cot x)(cot2 x)dx
= J'tan2 xsec? x dx - I(secz x—1)dx = I(cotx)(cscz x- l)dx
=ltan3x—tanx+x+C = Icotxcsczxdx—jcotxdx

3

= —lcot2 x=Insinx{+C
18. jcot" xdx= j(cotz J:)(cot2 x) dx 2

= J'(cot2 x)(csc2 x—1)dx

21. Itans (g)de

uz(g): du=ﬁ
2 2

[tan® (g)dﬁ =2 [tan’ u du
= ZJ.(tan3 u)(sec2 u—l)du

= 2J.tan3 usec2 u du —ZJ'tan3 u du
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= ZImn3 usec® u du—2jtanu(sec2 u—l)du

=2 Itan3 usec®u du-2 Itan usec® u du+2 Jtan u du

= ltan4 (2)— tan? (2]—2111
2 2 2

22. Icots 2 dt
u=2,du=2dt

+C

6
cos—
2

[cot® 2¢ =% [cot® u du
= % J'(cot3 u)(cot2 u)du = % j(cot3 u)(cscz—l)du
= % I(cot3 u)(csc2 u)du —% Icot3 u du
= ?lz- J’(cot3 u)(c502 u)du ——;— J’(cot u)(csc2 u- 1) du

% J'(cot3 u)(csc2 u)du —% J'(cot u)(csc2 u) du +% cotu
= —%cot4 u +%cot2 u +%ln|sinu| +C

- ot e teor? 2 +lln|sin 2u/+C
8 4 2

23, jtan‘3 xsec? xdx = I(tan”3 x)(sec2 .1:)(sec2 x)dx
= I(tan’3 x)(l +tan? x)(sec2 x)dx
= '[tan"3 xsec? x dx + I(tan )c)_l sec? x dx

= —%tan_zx+ln|tanx|+C

24, J'tan':”2 xsect x dx = J'(tan'”2 x)(sec2 x)(se02 x)
= J'(tan_y2 x)(l +tan? x)(sec2 x)dx
= J'tan':”2 xsec? x dx+ J'tan”2 xsec? x dx

w2, 2, 312

=-2tan"_ x+§tan x+C

25. jtan3 xsec? x dx = I(tanz x)(sec x)(secxtan x)dx
= j‘(sec2 x—l)(secx)(secxtanx)dx
= Isec3 xsecxtanx dx— Jsecx(secxtanx)dr

=lsec4 x—%sec2 x+C

4

-3/2

26. Itan3 xsec V2 xdx= j.tan2 xsec x(sec x tan x)dx

= I(secz x- 1)(5&(:_3/2 x)(secxtan x)dx
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= _[sec”2 x(secxtanx)dx - J'sec'y2 x(secx tan x)dx

2 —1/2
=§sec3/2x+2sec 24c

1 . : "
27. r cosmxcosnxdx = 1 r (cos[(m + n)x]+ cos[(m —n)x])dx = - sin[(m+ n)x]+ sin[(m — n)x]
~T 2°-n 2l m+n m-n _x
=0 form = n, since sin kx =0 for all integers .
28. Ifweletu= ZX then du = %dr. Making the substitution and changing the limits as necessary, we get

L T
I_ cos ol cosm—x dx= L I_ cosmucosnu du=0 (See Problem 27)
L L L T

29, Kn(x+sinx)2dx=nE(x2+2xsinx+sil12x)dr=n xzdx+2nﬂxsinxdx+gE(l—cos?.x)dx

Gs

S »

0
0

T . 1
=7 l763 +27t[sin.1c—.vccosx]ﬂ+E x—lsm2x =—T[4+27t(0+1t-0)+£(1[—0—0) =ln4+—n’ = 57.1437
3 2 2 3 2 3 2

0
Use Formula 40 with u = x for |xsinxdx

/2
30. v=2n[" " xsin?(x)dx

u=x2, du=2xdx

/2 2

/ 21— R
V=n£l 2si112ua’u=1t":/ -l—coﬂdu=n lu—lsinZu =n—z2.4674

2 2 4 o 4

FA A

1 . 1 yoo : 1¥ w :
31. a. - f,[ f(x)sin(mx)dx = = fn n};lan sin(nx) [sin(mx)dx = ;;an fnsm(nx)sm(mx)dx
From Example 6.

f sin(nx) sin(mx)dx = { .
n nifn=m

If m > N, there is no term where # = m, while if m < N, then n = m occurs. Whenn=m

Oifnzm . .
so every term in the sum is 0 except for when n =m.

a, Ersin(nx)sin(mr)dx =a,,n sowhenm < N,

1 . 1
. fnf(x)mn(mr)dx:;-am m=a,.

b, L[ feod =L [ Saysi 5" g sins) |dx =+ 370, 5 in(rx)si
. ;fnf (x) _;Et Ean sin(nx) || Y 4,y sin(mx) -;?_‘,:lanmzﬂam KRS‘“("")S‘“{”"")d"

m=l
From Example 6, the integral is O except when m = n. When m = n, we obtain

1 N N 5
;Za"(ann)=2an .
n=1 n=|

32. a. Proof by induction

x X
n=1: cos—=cos—
2 2

Assume true for k < n.

X x x x 1 3 " 1 x
COS —COS —+++COS—+ COS—— =] COS— X+ COS— X + -+ COS X cos
4 A+l 9 Al 2" 2n-l 2n+1

Instructor's Resource Manual Section 8.2
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Note that

k 1 1 2k +1 2k-1
cosz—”x cos il iy cos peny X+COS o x}, so

[ I 3 2" | ]( 1) [ 1 3 2"*‘—1]1
COS—X+COS—x+++-+COS P X |{ COSs X =] Cos X+ COS——Xx +-+-+ COS X |—

o on 2 2n+1 2n+l 2n+1 i

. l 3 n_ | 1 .. 1 3 7 x
b. lim|cos—x+cos—x+---+cC0Os X =—lim | cos—x+cos—x+:--+cos x
n— 2:1 2n 2n 2n-1 X n—o 2n 2n 2n 2n—l

1 x
—;L costdt

sinx

c. 1 Ecostdt =l[sinl]‘6 =
x x

33. Using the half-angle identity cos% = JHCZOS'X, we see that since

n 2 2
COS—=C0s= = —
2 2
n 2 l“‘% 242
COS— =C0s= = = ,
8 4 2 2
COS— = COS = = z_ - 2+ 2+J§,etc
8 2 2
g n g4 ﬁ
Thus. ﬁ 2;J§ 2+ 22+ﬁ =cos(%)cos[%]cos[%}

3 z z sin{2 2
= lim cos| 2 [cos| 2 |---cos| 2 [= (2)=_
n—owo 2 4 on % -

34. Since (k-sin x)2 =(sinx - k)2, the volume of S is En(k —sin x)2 =r _[;‘(k2 —2ksin x +sin? x)dx

T ] . T

= nk? de—anEsinxdx+§ E(l—cost)dx = nk? [x]:)l +2kn[cosx]g +12t—[x—ism2x]o
2
=n2k2+2kn(—l—l)+g(n—0)=n2k2_4kn+£2_

,
2 2

Let f(k)=n’k? —4kn+n7, then f'(k)=2n’k —4m and f'(k)=0 when k==.

b1

The critical points of fk)on 0 < k < 1 are 0, z, 1.
T

2 2 2
£(0)= "7 ~4.93, f(z) = 4-8+"7 =093, f(1)=n? -4n+£2- ~2.24
T

.. 2
a. S has minimum volume when k =—.
b1e

b. S has maximum volume when k =0. ' \.
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8.3 Concepts Review

1. Vx-3

2, 2sin¢
3. 2tan«
4, 2sect
Problem Set 8.3
1. u= \[t_-#-_l,z:z =x+1,2udu=dx
I.rs/—JH_ldx = I(uz —Du(2u du)

= J'(Zu4 - 2142)du =%us —%u:" +C

,
=Z(x+1)"? 224
5 3

2, u= \/3 X+ n,u3 =X+, 3uldu = dx
In/3 x+ndx = j(u3 - n)u(BuZdu)

= I(3u6 —3nu3)du = %lﬂ —%u‘t +C

773 4/3+C

=%(x+7t) —gzn—(x+n)

3. u=V3t+4.ut=3r+4 2udu=3d

J. rdt _J.3(u —4)3udu
V3r+4

=—u3 -§u+C
27 9

2 3/2 8 1/2
=—(@3r+4 C_—(3t+4) “+(

4. u=\,/x+4.u2 =x+4, 2udu=dx

2 242 2 _
J-x +31dr= J-(u 4)° +3(u 4)2udu

Jx+4 u

,
= 2-[(114 ~5u? +4)du = §“5 —?UJ +8u+C

2
=§(x+4)5/2 -1—30-(:c+4)3/2 +8(x+ N2 +C

u=-t, u2=1. Qudu=dt

n

2 2udu 2u+e-e
[ [P _pphurece,,
\/_+e | u+e u+e

2 e
=2 du—-2 du
u+e

= 2[11]1‘/E - 20[]n|u + e‘|]l\/3

Instructor's Resource Manual

% j(uz —4)du

=2(¥2 - 1) - 2¢{In(\/2 + €) - In(1 + &)]
= 2\/5-2-2e|n[‘/]§”)

+e

”
u=\/t_ u=t, 2udu=dt

o -L,‘ o

2
] -
=2L u? du=2Lu +1 la’u
u? +1 u-+1

=2£du—2£ 2

u-+1

(2u du)

=2—2tan"]=2—§=0.4292

7. u=+2)"2 u? =31+2,2udu = 3d

[r3r+2*2ar = J%(uz -2 @udu]

= 2 J‘(u6 —2u4)du = 1117 -iu5 +C
9 63 45

2 72 4 512
=—(3t+2 -—@t+2 +
63( ) 45( )

8. u '—'(1—1’)”3,113 =1-x.3u’du=—dx
[x1-xdr = [(1-u® u? (-3u?)du

3 3
=3 7_ 4(1 =—8——- 5+
I(u u)du 8u Su C

3 8/3 3 5/3
==(l-x —-——(l-x +(

9. x=2sint,dx=2costdt

\/4—x 2cost

_[ . dx = Ism cost dt)

l-sm“z

=2

—dr = 2jcsczdz-2jsimdx
sint

=2In|escs - cot|+ 2cost +C

u +Va-x2+C
x

=2In

10. x=4sint,dx=4costdt

sm lCOSl

'[\/16 e _]6I cost

=16 [sin® rd =8I(l —cos2t)dt
=81 -4sin2t+C =8r-8sinrcost+C

. -1 x xV16 - x?
=8sin 2 -——+C

2

Section 8.3
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11, x=2tans.dx=2sec? tdt 16, x= 7 tant, dx = msec? 1 dt

dx 2sec’tdr |
= =— |costd! mx -1 — [(x2
.[(x2+4)3/2 I(4S€C21)3/2 4I Iﬁdx— I(ﬂ tant —1)secr dr
l . x
=—sint+C =———=+C
4 - ax? +4 =n? Itanlsectdt— jsectdt
12. 1=seccx, dr = sec x tan x dx =nzsect—ln|secl+tant|+C
Note that 0< x < —. NN LN S
2 =nvx“+n° —In|—vx +n° +—-+C
T n
\/12—1=|tanxi=tanx
mx—1
3 dt ec”'(3) secxtanx ﬂ———dx
- = _——dx J 2,2
‘[2,2,/,2_1 /3 sec? xtanx xrotn
:cc'l(3) 5 2 "
=fy cosxes B PN LA
O n T
=[sinx]7; 3 =sin[sec'l(3)]—sin§ 0
_ 2 _ el _
[ (1] 3 22 B = [V2n? - In(2 + )] -[n? - In1]
=sin|cos” | = [|[-— =——-—=0.0768
2 32 —(V2-Dn? -In(Z +1) = 3.207

13. r=secx, di=secxtanxdx

17. x2+2x+5=x* +2x+1+4=(x+1)2 +4
u=x+1,du=dx

\/12_—;=|tanx'=—tanx dx J' du

\/xz +2x+5 B \/u2 +4

7
Note that E <x<T

2 -1
IVt -1 sec (-3) —tanx
= - _ 2

fz 3 dt .EHB SecsxseCXtanxdx u—zdtant, du = 2sec’ tdt

2 e -3)( ] ! X =([secrdr = In|secs + tan(|+C
—En/3 —sin xah:-Eﬂ/3 Ecosh—i dx J(—u2+4 I

—] 2
3) u“+4 u

=|:lsin2x—lx In 3 +5 +G

4 2 ]lea

2x/3

1 e . I\]x2+2x+5+x+ll
r = n| +C

= lsinxcosx——x
[2 2 |

2 1 3
=—£9‘-—-£sec ‘(—3)+l§—+§zo.151252 —inVx? +2x+5+x+1+C
14. 1 =sinx, di = cos x dx 18, 2 +dx+5=x2 +ax+d+l=(x+2)7 4]
I ! dt=jsinxdx=—cosx+C u=x+2,du=dx

Vi-¢? [ dx - du
=\1-12+C \/x2+4x+5 \/u2+1

u=tan!,du = sec?tdt

15. z=sint. dz=costdt

2:-3 4o I(zsint_3)d, I du =Isectdt =In|sect + tant|+C
1-22 u? +1
=-2cost-3t+C

=-2W1-2* -3sin"' z+C
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+C

dx [2
—_——=InjWu  +1+u
'[\/x2+4x+5
=InVx?+4x+5+x+2/+

19. x?+2x+5=x? +2x+1+d=(x+1)° +4
u=x+1,du=dx
3x _f 3u-3

\/x2+2x+5 J\/u2+4

—BI\Iu +4 J.\/u +4

(Use the result of Problem 17.)

=3Wu? +4-3nu? +4+u{+C
\fx2+2x+5+x+l|+c

du

=3Wxt +2x+5-3In

20, x?+4x+5=x* +dx+4+1=(x+2)% +1

u=x+2,du=dx
2x-1 _ f2u 5
\/x2+4x+5 \/u +1
J'Zudu B I du
\/u +1 \/u +1

(Use the result of Problem 18.)

=2Vu2 +1-SIn|Nu? +1+ul+C
=2Vx2 +4x+5-5n|Vx® +4x+5+x+2

+C

21, 5-4x-x?=9-(4+4x+4x2)=9-(x+2)?
u=x+2,du=dx
I 5—4x—xzdx=j 9—u?du
u=3sint,du=3costadt

j 9-u? du=9 jc:os2 tdt = % j(l +c0s 21)dt

=2(1+lsin2!)+c =2(t+sintcost)+C
2 2 2

=gsm 1[3)+;u\/9 u +C

2

=-9-sin—l(x+2) x+2 5-4x-x2 +C
2 3 2

22, 1646x-x? =25-(9-6x+x%)=25—(x-3)°
u=x-3,du=dx
dx _J du
V16+6x-x* 2512
u=5sint,du=5cost
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23,

24,

25.

26.

=[dr=1+C =sin'1(%J+C

Nl
=sin~ ( 53)+C

4x-x*=4-(4-4x+x2)=d—(x-2)
u=x-2,du=dx
du

dx —
IJ4X—X2 B J’\/4—142

u=2sint,du=2costdt
J’ du =fdr=1+C =sin”! (ﬁ)w
Va-u? 2
=sin-‘("—“2)+c
2

dx-x*=4-(4-dx+x°)=4-(x-2)
u=x-2,du=dx

u+2

x
dx:
J‘\lfix—xz \ﬁt—uz

='I —udu

du
el N

(Use the result of Probiem 23.)

= V42 +2sin“‘(ﬁ)+c
2
= —V4x-x? +2sin”! (XT—Z)+C>

du

x2+2x+2=x2+2x+1+1=(x+l)2+1
u=x+1,du=dx

2x+1 2u-1
I 3 du
+2x+2 uc+1
R
us+1
=]n|u +l|—tan u+C
=ln|x2+2x+2|—tan"(x+1)+c

x?—6x+18=x% —6x+9+9=(x-3)2+9
u=x-3.du=dx
I 22x—1 2u+5du
6x+18 uc+9
2udu 5_[ :
u“+9 u°+9

= ln|u2 +9'+§tan ’(3)+C

= ln|x2 —6.):+18|-4~§tan_1 (3‘—;3)+c

Section 8.3
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”
| 1 -
2 "‘“L(m) =

2
) |
=q[|———— dx
nj@{(x+1)2+4]

x+1=2tant, dx =2sec tdt

2
/4
V=1tf‘ ! L 2sec? rdt
an” (1 2)\ 4sec?

_m(m/4 1 _m /4 2
i) 4[::1"(1/2) Secztd’ 8 J::n"(wz)cos edi

14 1 1
=3 En '(1/2)(2T200821)d

a1 1 /4
= —[—-t +—sin 21]
gL2 4 an'(1/2)

=1 1 n/4
==| —t+—sintcos?
8[2 2 ]

an~t(1/2)

n (n 1) (l -1l l)

= — —-—+—= |- —tan —+
8|\8 4 2 2 5

- £(L+£_m-l l) ~0.082811
16,10 4 2

28. V= Zan—ﬂ;xdx

X
=2an| ———adx
E(x+l)2+4

dx

x+1
=2n dx-2
L(x+l) +4 7t‘|‘°(Jc+1)2+4

1 1
=2n[lln[(x+1)2+4]] —2n] Lian™! (iﬂ)
2 0 2 2 )],
=n[ln8—ln5]—n[mn_ll—Mn-l%]

= n(ln§—£+tan‘l 1) ~0.465751
5 4 2

29. a. wu=x°+9,du=2xdx

jx‘i"g—z du ‘m|u|+c
+
=51n|x +9‘+C

b. x=3tant, dx =3sec? tdt

I:dx =jtantdt =—ln|cosl|+C
x“+9
=-In 3 +C|

2 +9

380 Section 8.3

= In{Vx? +9|-In[3|+C;
lnl(x +9)”2| %m‘x2+9i+c

—\J9+x2,u2 =9+x2, 2udu=2xdx

W2ul -9

x

3 x?
= xdx:
\/9+ L\/9+x2 u

udu

342

3
j;f( ~9)du _[?-911] =18-9v2

3

= 5272

u=\/4-x2,112=4—x2 2u du=-2xdx
V4 \/4 -x? wdv= j'u 2du

jxdx

j-“"4+—4“—d =4 [+ jdu

U

-4t
4

’ 2
4-x +2 +Va-x*+C

4-x2 -2

u+2

+u+C

u—

=-In

x=2sint, dx=2costdt

\)4-x cos? l

j’ dx=2
X sint
_ 2I(l—sin‘ 1) dt
sint

= ZIcscldl -2 _[sintdt
= 2ln|csct—cott|+2cost+C

2
=2in 2_V4-x | +V4-x* +C

X X

_ _ .2
NP -k i Y PRI

X

To reconcile the answers. note that

l«/;_x_+2| |~/4—_-2|
|\[4 -Xx -2| |\/4 x +2|
a2yt |
|(J4 2+ (a-x* -2)|
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n 2-vV4-x* )2|=1n|(2—\/4—x2 )2|

] a-xP-4 | | -4 |

o 2_4;_]22,2_3_2
\

32. The equation of the circle with center (-a, 0) is

(x+a)2+y2 =b%, so y=i\/b2—(x+a)2 .By

symmetry, the area of the overlap is four times
the area of the region bounded by x =0,y =0,

and y= \[bz —(x+a)2a'.r.
A= 40 B - (x+a)ax

x+a=bsint,dc=bcostd!

12
A=4E o b% cos? tdt
in" ' (a/b)

a2
=2b L’i'n_,(a/b) (1+cos2t)dt

1 /2
= 2b? [z +—sin 2:]

2 sin~Y(a/b)
/2
sin"}(a/b)

[2_2
= 2p2 g—{sin‘l (3)+£_b__"_]

b) b b

= 2b? [t +sintcos?]

= nb? - 2b% sin”! (%)— 2avb? —a?

33. a. The coordinate of C is (0, —a). The lower arc
of the lune lies on the circle given by the

equation x* +(y+a)2 =2a% or

y=%V 20> -x* -a. The upper arc of the
lune lies on the circle given by the equation

Jc2+y2-—-a2 or y=:Na2—x2.
A= fa az—xzdx—r (\/2a2 ~-x? —a)dx

—a

_ 2_ 2, 2_ 2 2
—faa x“dx fa 2a“ - x“dx+2a 3s.

Note that f \/az —x%dx is the area of a
a

semicircle with radius a, so
2
f \/az—xzdx=—m .
a 2
2 2
- t
For fa 2a° —-x“dx, le

x= Jfasint,dx= \/iacostdt

f \JZaz—xzdx= f“ 2a® cos? 1 dt
a n/4
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34.

=—g Il —sin

- ) I n/4
=a f (l+cos2t)dt=a”|t+—sin2t
n/4 2 /4
2
= 4a?
2
na? | na’
A=—-—(—+a2)+2a2=a2
2 2

Thus, the area of the lune is equal to the area
of the square.

Without using calculus, consider the
following labels on the figure.

Area of the lune = Area of the semicircle of
radius g at O + Area (A4BC) — Area of the
sector ABC.

1 2 2 (= 2
A=— +a? -~ 2|2
211:11 a 2[2)( a)

1
=—na’ +a® - —na® = a®
2 2

Note that since BC has length V2a, the

A
measure of angle OCB is e so the measure

of angle ACB is g

Using reasoning similar to Problem 33 b, the area is

Lra? L oapb? —a? - 2sin~1 2 |2
2™ 2 b

| . 14
=—1caz+a\/b2 —a? —p¥sin' =,
2 b

2
dy a* -3
X
\Jaz—x2
y= I————dx
x
x=asint, dx=acostdt
2
acost cos“ ¢
y=I— - ‘acostd1=—aj —dt
asint sin?

2,

- dt=a j(sin t —-csct)dt
sin¢?

=a(—cost-ln|csct—cott|)+C
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+C

—\/az-xz —aln a-va’-s’
x

8.4 Concepts Review
1. wv- Ivdu
2. x;sinxdx

3.1

4. reduction

Problem Set 8.4

1. u=x dv=e*dx

du=dx y=¢*

J'xe"dx=xe’r - Iexdx =xe*-e*+C
2. u=x dv=e¥dx

du=dx v=%e3"r

J'xek dx = %xeh - _%ek dx

=lxe3x —leh +C
3 9

3. u=t¢ dv=e""dt
du=dr y=lostm
5
I’ oS4 = L sten j‘l Sy
5 5
—Ies“'“ __1_e51+x +C
5 25

4. u=t+7 dv=e*dt

du = dl V= 1621+3
2
[+ 7y 3dr = %(: +7)e2 3 - j%e2'+3d,

=l(1+7)82'+3 _18214-3 +C
2 4

t 13 544
=Ee2’+3 +_e2t.3+c

382 Section 8.4

Since y=0 whenx=a,
0=0-alnl1+C,soC=0.

y=—\/;i——x2—aln a-Nd X a’ -+

X

. uU=x dv=cos xdx

du =dx y=sinx
Ixcosxdx =xsinx - Isinxdx

=xsinx+cosx+C

. U=X dv=sin 2x dx

du=dx v=——1-cos2x
2
Ixsin 2xdx = —-lxc052x— J—lCOSZxdx
2 2

= —-lxcos2x+lsin2x+C
2 4

. u=t-3 dv=cos (t - 3)d!t

du=dt v=sin (1 -3)
j (t —3)cos(t - 3)dt = (¢ — 3)sin(t - 3) - jsin(: -3)dr
=(-3)sin(t-3)+cos(t-3)+C

. u=x-nx  dv=sin(x)dx

du=dx V=—0S X
I (x —m)sin(x)dx = (x—w)cosx+ Icosxd.r

=(mr -x)cosx+sinx+C

. u=t dv=+t+1dt

du=dt v=§(1+1)3/2

2 32 _4 5/2
==¢t+1 —_(t+1 +C
3 ( ) 15( )

. u=t dv="32r+7dt

du = dt v=%(2,+7)4/3
H 2+ 7dt = %z(Z:+7)‘”3 - 12(2”7)4/3‘1‘

3 413 9 773
==1(2t+7 ——(2t+7 +C
2 ( ) 112( )
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11, u=In3x dv=dx

Iln3xdx=.tln3x—fxldx =xln3x-x+C
X

12. u=In(70) dv=dx

du=—3—dx v=x
X

jln(7x5 )dx = xIn(7x%) - Ix—s—dx
X

= xIn(7°)-5x+C

13. u=arctanx dv=dx
1
du = =dx v=Xx
1+x~
x
Iarctanx = xarctanx — I 3 dx
l+x
—xarctanx-— dx

l+r

=xarctanx—51n(l+x )+C

14. u = arctan 5x dv=dx
du = 3 dx v=x
1+25x
jarctan Sxdx = xarctan 5x — I 5dx
1+ 251

50xdx

= xarctan Sx—— 3
1+25x

= xarctan 5x —% In(1+25x%)+C

15. u=Inx dv=£2
x
du=ldx v=—l
x x
Iln_zxdx__m_x_ —l(ljdx
X X X\ X
=_M_l+c
x x

16, u=In2> dve——dx

.1'2
du=§dx v=—l
x X

Instructor's Resource Manual

3
In2x ——}

5

[ L
x -

( %an 35)——)-[—11n(2-25)—§)
8

5]n2——ln3+gln0 .85=-0.11806

17. u=Int dv=\/;dl

du=ldl v=313'2
t 3

312 _[2n2
f\/_lntdr [3 1:] f3 dt

”
=3e3/21ne Z.ilnl- i
3 3 9 |
3
9

2
232 .4
9 9

_2 A2 _o- 4 A2
3 9

18. u=lnx®  dv=+2xdx
du=2ac  v=1t@a?
x 3

1
IS‘\/Z_xlnx3dx =[%(2x)3/2 lnx3] _EZB/Z\/;dx

5

1
1 2,3 2% 3
=l -2x)""Inx’ ———x
3 3 s

5/2 5/2
=¥ -2——[1(10)3/2 n5° -2—53/2)
3 3 (3 3

_ 42 532 _4\/—2_ —10¥21n5 = -31.699
3 3
19. u=lnz  dv=2'dz
du:ldz V=lz4
z 4

20, u = arclan? dv=tdt

dut = — i y=lp
1+¢ 2

jtarctantdt = l12 arctan{ —— I—dt
2 1+12
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21.

23,

24.

25.

26.

27.

384

1 2

1 1 1
=51 arctanl—i_[dt+5_[ >

1+¢°

dr =tarctan(lj+%ln(l+tz)+C
t

_112 arctant—lt+-l-arctant+C
) 2 2 22. u=In(t"y dv=rdt

] du =ldl 1!:116
u = arctan]| - dv=dt ! 6

14
du=- dt  v=t sz In(t")dt = L8 1n( 7y -1 feoar

1+12 6 6
] 7
Iarctan(l dt =tarctan(1]+'[ ! > dt =—8 ]n(17)-—16 +C
! 14 1+~ 6 36
u = xcos’ x dv=sinxdx
du= (cos2 x—2xcosxsin x)dx v=—osXx
IICOSZ xsinxdx = —xcos’ x+ J'(cos3 x - 2xcos® xsin x)dx = —xcos> x+ J'cos3 xdx-2 Ixcosz xsinxdx
BJ'xcos2 xsinxdx = —xcos> x + Icosx(l —sin? x)dx = —xcos’ Jc+simr—lsin3 x+C
3

. 1. .

J'xcos2 xsinxdx = — =cos’ JH-—smx--lsm3 x+C
3 3 9
.3 1.
u = xsin” nx v =—sinmx dv = cosmx dx
n

du= (31vcsin2 T cos 1ux + sin’ nx)dx

4 3

. X . 1 . .
I.r81n3mcosmdx=—51n nx——J.(Bmcsm 7x cos 7ox + sin? T )dx
n T

X .
= —Sll'l4

) 1 ¢.
nx—3jxsm3 nxcos txdx —— _[sm‘1 e dx
T T

2
4-[Jcsin3 nx cos x dx = —sin? nx-—l- J‘(M—J dx = Zsin* Tr.x—::— I(l—ZcosZchos2 2mx)dx
T

14 T 2 T
=£sin4m—i+Lsin2m-Lj(m)dx =£si 47t7c—3—"[+isin21tx— l >sindme+C
n 4n 42 4n 2 n 8T 42 3212
Ixsin3 nxcosxdx = isin4 nx—3—x+ =sin 2nx — sindnx+C
4n 321 16n2 12872
u=x dv = csc? xdx
du=dx v=-cotx

n/2

et ﬁ/’: cotxdx = [—xcotx+1n |sin xl]:Z

J:”zxcsczxdx =[—xcotx]
16

=_£.0+]n]+-§\/§—lnl=—n-—+h’12=l.60
2 6 2

23

12 n n
EM csc? xdx=[—cotx]’,§f‘2, = —cot;+cotz=0+l =1

u=x dv = sec? xdx
du=dx v=tanx
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V2 (=x B
(6@ mT]

J:l//:xseczxdx=[xtanx]:§2 - K//:tanxdx =[xtanx+ln|cosx|]://2 =%+ln—-—

2
J_ \/—3- n T 2
2

—l —=0.28
3

\/_1—46J_2

28. u =scc"\/z_c dv=dx

=Z+in
4

du=—tdr v=x
2xvJx-1
Isec ! Jxdx = xsec IJ;-_IJ_ =xsec ' Vx-JVx-1+C
x_.
29, u=x dv=x*vx +4dx

du =3x%dx v=g(x3 +4)3/2

5 3/2 2,3, 032, _ 23,3, 32 4 .3 .52
[V +aax= 9x(x +4) j3x(x + 2 =52+ 14 C

7

30. u=x dv=xb

x +1dx
du =7x%dx v=2—(x7+1)3/2
13 7,7, 1\3/2 3/2 w2 4 7 502
x’ +ldx—— +1 ST +132dx = L ——(x"+1 C
J TR -[3 = +D 21‘ R AT

3

4 4
31, u=t dv=———F—=dt
1
du=4dt v=—8
6(7-34)1"2
7 4 3 4

j ’43/ dr = t4 /2"3.[ 14112‘1’: ‘4
(7-34)3/? 6(7-3¢HY2 3°(7-3%) 6(7-31*)1?

+%(7-3x4)”2+c

32, u=x? dv = xV4—x*dx

du=2xdx v=—%(4—x2)3/2

J'xs 4—x2dx=—§x2(4—x2)3’2+§j‘x(4—x2)3’2dx =_%x2(4_x2)3/2_%(4_x2)5/2+c

4 2

33, u=:z dv=————dz
(4-2)?
du=4z3dz V=——]4—
4(d-2%)
7 4 3 a
[—de=—E - [ == +‘1n4z|c
4-z%) 44-2%) “4-:z 44-z% 4

34. u=x dv = cosh x dx
du=dx v=sinhx
J'xcoshxdx=xsinhx— Isinhxdx =xsinhx-coshx+C
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3s.

36.

37

38.

39.

40.

41.

386

u=x dv = sinh x dx
du=dx v=coshx
stinh xdx =xcoshx— J'coshxdx =xcoshx-sinhx+C

u=secx dv = sec? xdx
du = sec x tan x dx v=tanx

Isec3 xdx =secxtanx — jsecxtanz xdx =secxtanx— J‘secx(sec2 x-1)dx =secxtanx — Iscc3 xdx+ Isecxdx

2'[sec3 xdx =secxtanx+ |secxdx =secxtanx+ln|secx+tan x|+C

IsecJ xdx = %secxtanx+%ln|secx+ tanx|+C

u=lnx dv=x"Y2dx

du=ldx v=2x"2
x

Inx 1
jﬁdnz\/}mx-zjxwdx =2JxInx-4Jx+C
u=x dv=0Cx+10)¥dx

du = dx v:-l—(3x+10)50
150

1 X
3x+10)%%dx = 2= (3x+10)°° - — [Bx+10)dx = —(3x+10)*° -
JxGx+10) 150 O¥+10) 150j(Jr ) 150 X +10)

u=x dv=2%dx
du=dx v=-1—2x
In2
sz"dx=i2’ —sz"dx
In2 In2
B IPC S ST,
In2"  (n2)?
u=z dv=a‘dz
du=dz v=—1—az
Ina
Izazdz——az L a‘dz
a Ina
=2 a7~ ! za +C
Ina"  (ina)
u=x’ dv =e%dx

du=2xdx v=¢€*
Ixze’ dx = x2e* - Ier‘ dx
u=x dv=e¢"dx

du =dx v=e'

Section 8.4

42.

43.

1
22,950

Bx+10)°' +C

x2e* dx = x%e* —Z(xex - je" dx)

= x2e* - 2xe* +2e5 +C

u=x dv=

du = 4x°dx v=%e‘t

2
jxse" dx = %x“e

u=x? dv=

du=2xdx v=e

2
xe* dx
2

2 2
* —I2x3e‘ dx

2
2xe” dx

2

2 2 2 2
Ixse" d.x=%x4e"‘ —(xze" - Ierx dx)

L P S S N
2
u=In’z dv=dz
du=2lnzdz v=2z
z
jlnzzdz=zlnzz—2jhlzdz
u=Inz dv=dz

du=ldz v=2z
z
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J‘ln2 zd==zIn? z—2(zlnz— jdz)
=zIn?z-2zInz42z+C

44. dv=dx

dx

V=X
X

j 1n2 x20dx = xIn? x20 - 40 jln xP0dx
u=Inx? dv =dx
20

du=—dx v=x
x

]'ln2 x20dx = xIn2 x%0 - 40(x inx2% -20 Idx)

0

= xin? x20 —40x1n x*° +800x+C

u=¢e dv = costdt

du=édr
je’ costdt =¢' sint— Ie’ sintdr

45,
v=sint
u=¢' dv=sintdt
du=édt

Ie’ costdt = ¢ sint —[—e’ cost + |e' cost dt]

v=-—0s!{

Ie‘ costdt = ¢ sint+é’ cost - je’ costdt

ZIe' costdt=¢é sint+e cost+C

'[e' costdt = %e’(sinl+cost)+C

48. u=r? dv=sinrdr
du=2rdr v=-cosr
Irz sinrdr=—r? cosr+2Ircosrdr
u=r dv=cos rdr
du=dr v=sinr

7 . . .
jr‘ sinrdr=-r’ cosr+2(rsmr— Ismrdr) =-r

49. u=sin(lnx) dv=dx

du = cos(ln x)~ldx
x

V=X

Isin(ln x)dx = xsin(ln x) - Icos(ln x)dx

u = cos (In x) dv=dx

du=—sin(lnx)'ldx v=x
x

46, u=e" dv=sintdt
du =ae®dt v=—cost
Ie‘" sintdt = —e* cost+a Ie‘" cost dr
u=e” dv=cos tdt
du=ae®dt v=sint
Ie‘" sintdt = —e” cost + a(e‘" sint—a Ie‘” sintdt)
Ie‘“ sintdt = —e™ cost +ae® sint —a® Ie‘" sintdr
1+ az)je‘" sintdt = —e® cost+ae® sint + C
at at _:
. —e® cost  ae” sint
je‘"smtdl: > +— +C
a”+1 a +1
47. u=x2 dv = cos xdx

du=2xdx v=sinx

sz cos xdx = x° sipx— ijsin xdx

u=2 dv =sin xdx

du=2dx v=-cosx

Ixz cos xdx = x* sinx—(—2xcosx+ j?. cos xdx)

2

=x“sinx+2xcosx—2sinx+C

2cosr+2rsinr+2cosr+C

Isin(ln x)dx = xsin(In x) - [x cos(lnx)— I— sin(ln x)dx]

j sin(In x)dx = xsin(In x) — xcos(In x) - jsin(ln x)dx

Instructor's Resource Manual
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50.

51,

52,

53.

388

2 jsin(ln x)dx = xsin(In x) - xcos(in x) + C

fsin(in x)dx = %[sin(ln x)-cos(ln x)]+C

u = cos(ln x) dv=dx
du = -sin(ln x)idx v=x
I cos(In x)dx = xcos(In x) + I sin(In x)dx
u = sin(ln x) dv=dx
du =cos(lnx)%dx v=x

Icos(ln x)dx = xcos(In x) + [x sin(lnx) — Icos(ln x)dx]
2 jcos(ln x)dx = x{cos(In x) +sin(In x)]+ C

feos(in x)dx = %[cos(ln x) +sin{ln x)]+ C

u=(n x)3 dv=dx
2

du=31n i v=x
x

[(inx)*dx = x(in x)’ -3 [in? xdx
= xIn x—3(xlr12 x-2xInx+2x+C)

=xin® x-3xIn® x+6xInx—6x+C

u=(nx)* dv=dx
3

du=4ln xdx vV=x
X

[(nx)*dx = x(in x)* 4 [in® xdx =xIn* x—4(xIn® x-3xIn? x+ 6xIn x - 6x+C)
=xIn* x—4xIn x+12xIn? x - 24xInx+24x+C

u=sinx dv = sin(3x)dx

du = cos x dx v= —%cos(Bx)

I sin xsin(3x)dx = —%sin xcos(3x) +§ Icos xcos(3x)dx

u=Ccosx dv = cos(3x)dx

du =-sin x dx v= %sin(3x)

J.sin xsin(3x)dx = -%sin xcos(3x)+ %[% cos xsin(3x) +% Isin xsin(3x)dx]
1 1 1 .

= —=sinxcos(3x)+—cos xsin(3x) + — |sin xsin(3x)dx
J5inxcos(3x) + Ga+g | (3x)

8¢. . 1. 1 .

3 Ism xsin(3x)dx = —gsm xcos(3x)+ 5 cosxsin(3x)+C

Jsin xsin(3x)dx = -%sin xcos(3x) +%cos xsin(3x)+C

Section 8.4
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54. u=cos (5x) dv = sin(7x)dx
du=-5sin(5x)dx v= —%cos(?x)

Icos(Sx) sin(7x)dx = - % cos(5x)cos(7x)— % Isin(Sx) cos(7x)dx
u = sin(5x) dv = cos(7x)dx
du=35cos(5x)dx v= %sin(?x)

J'cos(sx) sin(7x)dx = — % cos(5x)cos(7x) — %[%sin(Sx) sin(7x) -% j cos(5x)sin(7x)¢r]
l cos{5x)cos(7x) > sin(5x)sin(7x) + 25 Icos(Sx) sin(7x)dx

=-= J S -— X)+—
7 49 49

24 cos(5x)sin(7x)dx = 2 cos(5x)cos(7x) - isin(Sx) sin(7x)+C

49 T " 49

Icos(Sx) sin(7x)dx = —572 cos(5x)cos(7x) - i—sin(Sx) sin(7x)+C

55. u=e* dv=sin fz d=
du =ae® dz vz—lcosﬂ:

Ie‘" sin fzdz = _ L gez oo B= +Z Ie‘" cos fzd:
B B
u=e* dv = cos f& dz

2 1 .
du = ae** dz v=—sin fz

Iea: sin fzdz = —%eaz cos Bz +£|:L

¢ sin fz—Z (% sin 2 dz]
5}

BLB
2
=L cos Bz + = e% sin Sz _Z J‘ea: sin fzdz
ﬂZ ﬂz

2 2
+a - . ) - a - .
—'8—2— Iea‘ sin fzdz = —Ee"‘ cos Bz +—e% sin fz+C

- . a: in Bz— -
Iea: sinﬂl'dz:—i—'a—.,eaz cos fz + - - ¢ sin fz+C = (54 (asmf fcosﬁ )+C
a“+p° a“+p a +p
56. u=e** dv= cos fz dz
du = ae**dz y=sin Bz

- 1 4: a -
€% cos fzdz = —e% sin Bz —— |e”  sin Bz dz
j ! e

u=e% dv=sin fz dz

du = ae* dz v=—icosﬁ:
2 1 g: a | R a :
€% cos fzdz = —e%* sin Bz ——[——ea‘ cos Bz+— [*° cosﬂzdz]
I B BL B B I

2
| a g4 a s
=—e% sin fz+—e** cos fz - — Ie”‘ cos fzdz
2 ﬂz
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57.

58.

60.

61.

62.

390

i ] g .
Jea' cos fzdz =i’e°’ cosﬂz+;e"“ sin fz+C
ﬂ~

ar2+,62
2

a:z . in Bz
J-eaz cosﬂ:dz:e (acos)ﬂ-+fsmﬂ )+C
a‘ +p
u=Inx dv=x%dx
a+l
du=ldx v=x ,a# -1
x a+
a+l a+l a+l
Ix“lnxdx=x Inx- 1 J'xadr= Inx——> +C,a# -1
a+l a+ a+l (a+1)?
u = (Inx)* dv = x%dx
a+l
du=21nxdx v=x ,a# -l
x a+l
a+l a+l a+l
J'xa(lnx)zdx=f—(lnx)2—i 2 Inxds = > (Inx)? ———| X
a+l a+l a+l a+l| a+l
a+l xa+1 a+l
= (Inx)® -2 SInx+2 ~+C,a#-1
a+l (a+]) (a+1)

Problem 57 was used for Ix“ In xdx.

. u=x% dv=eP* dx
du = ax*dx y=def
B
a_ px
Ix“eﬁxdx _xe __Z Ixa'leﬂxdx
B B
u=x% dv = sin fixdx
du = ax®ldx v= —lcosﬂx
a
Ixa sin Bxdx = _Xcospx @ Ixa"l cos fxdx
B B
u=x% dv = cos fixdx
du =ax®dx v=-l—sin/i’x
a .
jxa cos Bxdx = x_ﬂ.ﬂ_x._g J.Xa_l sin Bxdx
B B
u=(Inx)® dv=dx
a-1
du =de v=x
x
j(ln x)%dx =x(Inx)* -a j (Inx)*dx
Section 8.4

a+l
nx-—> 3 +C
(a+1)
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68. [cos®3xdx =icos5 3xsin 3x+£ Icos4 3xdx = icos5 3:csin3x+E icos3 3xsin 3):+3 J‘cos2 3xdx
18 6 18 6112 4

= Lcoss 3xsin 3)c+—5—cos3 3xsin 3x+-5- lcos3xsin 3x+l Idx
18 72 816 2

= ic:os5 3xsin 3x+izcos3 3xsin3x+4—58cos3xsin3x+f—;+ C

69. First make a sketch.

5

TT T T7TS

=7
W
b

5%
From the sketch, the area is given by
[nxdx

u=lnx dv=dx
du=ldx v=x
x

fmm::[xlnx]f—fdx =[xlnx-xf=(e—e)-(1-0-1)=1

70. V= f n(in x)2dx

u=(ln):)2 dv=dx
du=21nxdx v=x
X

7 (inx)? de = n([x(ln x)z]le - 2f1nxde = n[x(ln x)? —2(xlnx—x):|le = n{x(in x)? - 2xIn x + 2x]¢
= nf(e—2e+2¢)— (0—0+2)] = n(e—2) = 2.26

1. y

| S N I

10x

[ae*Pax = —9§e‘x’3(—%dx) = e PR =210 ~ 855

e

72 V= [ nGe )= 9n§e‘2"/ 3dx

=9n(—2 Ee‘z"” -de]=—ﬂ[e‘2"’3]8=-2—7’5+2—7fz42.31
2 3 2 : 25 2
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/ /4 4.
73. Ed(.rcosx—xsinx)dx=g xcosxdx—E xsinxdx

- ([xsin x]g/4 - Ewsin xdr) —([—x cosx]g/4 + KN cosxdr)

Var

= [xsinx+cosx+xcosx—sinx]3’* =—4——1 = 0.11

Use Problems 60 and 61 for Ix sinxdx and jxcosxdx.

~

“

74. V= 2n.()2nxsin(£)dr

. X
u=x dv = sm;dr

du = dx v=—2cos%

2x 5 2R
V=2n |:-2xcos£] + £n2cos£dr =2n 4n+[4sin 5] =8n?
2k 2 2o

75. fln Xdx = 2fln xdx
u=Inx dv=dx

du =-'-::-d.t v=x
Zfln xdx = 2([xlnx]f - erxj = Z(e—[x]f) =2

fxlnxzdr= 2fxln xdx
u=Inx dv=1xdx

duzldx v=lx2
x 2

(4
2fxlnxdx=2 [-l—xz lnx] —flxdx =2 lez_[_l_xz
2 | 2 2 4
%f(ln.t)zdr
u=(ln.1')2 dv=dx
duzzmxdt v=ux
x

1 ». 1 . 1
3 f(lnx)‘dx =E([x(ln O _zflnxdx) =2(e-2)

}‘: =
2 4
- %(9—2) _e-2
Y 2 4
76. a. u=cotx dv = csc? xdx
du = —csc? xdx v=—Ccotx

1
ICOIXCSCZ xdy= —COtz X - ICO( .‘(CSC2 xdx = —ECOtZ
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b. u=cscx dv = cot x csc x dx
du = —cot x ¢sc x dx Vv=—scx

2

1
Icotxcscz xdx=—csctx— Icotxcscz xdx = —Ecsc x+C

1 1
¢ —-—cot’x= ——(csc2 x=-1) = —lcsc2 X+ —
2 2 2 2

77. a. .b(x) =x-2x
g(x)=e"
All antiderivatives of g(x)=e"

[ - 2x)e¥dx = (x* - 2x)e* — (3% - 2)e* +6xe* —6e* +C

b. p(x)= x’ - 3x+1
g(x)=sinx

Gi(x)=—-cosx

Gy(x)=-sinx

Gy(x) =cosx

[(? = 3x+1)sinxdx = (x% = 3x+1)(~cos x) - (2x = 3)(=sin x) + 2cos x + C

78. 2sec’ xdx = [sec3 x+secx(l+ tan® x)}dx
= (sec;c+sec3 x+sec xtan? x)dx = secxdx+(sec3 x+secxtan? x)dx
= secxdx +d(sec xtan x)

fsec3 xdx= % I[secxdx+ d(sec x tan x)] =% secxdx+% Id(secxtan X)

=%ln|secx+ Lanx|+%(secxtanx)+C

0 if n is odd

20
79. sin” xdx = 12
L 4E sin” xdx ifniseven

From Formula 113,
/ 3.5 _(n- o
4E zsin"xdx:l%(1 3.3 (n-1) ;) if n is even

2:4.6-...-n
) 0 if n is odd
T,
sin” xdx=4<1.3-5... ..(n-
I) MZT[ if n is even

2-4-6-...-n
80 2nn-n inxdx
. 2. Lnn_anSln X

31
b. V= an’:xz sin xdx

u=xt dv=sin x dx

du=2xdx V=-—COSX
In 3 3

Vv =2n[[—x2 cosx] + LRZxcosxdt) = 2n(9n2 +4n? + j'zancosxde
2r n b1

u=2x dv = cos x dx

du=2dx v=sinx
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. .
V= 21!:(137!2 +[2xsinx]%’;[ - L:2sm x)

= 2n(13n2 +[2 cosx]i’;) =2n(13n2 —4) =781

81. u=Aflx) dv =sinnxdx
= f'(x)dx v= —lcos nx
n
1
a, =—[ [——cos(n.x)f(x)l f cos(nx) f*(x)dx :I
n
) Term | Term 2

Term 1= Lcos(am)( /() - £(m) = - (f(-7) - £ ()
Since f’(x) is continuous on [~ , e ], it is bounded. Thus, fﬂ cos(nx) f'(x)dx is bounded so

lim a, = lim L[i(f(—1t)—f(1r))+ f cos(nx) f'(x) dx] =
n—x n—w 1N n

RN (RS VRS IR [(1+‘)(1+Z)...[1+2)]”"
n (n" ]/" n n n
%)=l (e -2 (7))

n n n
=l[ln(l+l)+ln(l+2)+ +ln( + J]
n n n
lim m(GJ Llnxdx 2In2-1
n

n—w
) p2n2-1 g1 4

€

83. The proof fails to consider the constants when integrating %
Ildt =1+ Il dt
t t
lnr+Cl =1+ln1+C2
Thus C] —'Cz =1.
d . . .
84. EX—[eSX(C] cos 7x + Cy sin 7x) + C3 ] = 5e3%(C| cos 7x + C; sin 7x) + €>* (- 7C; sin 7x + 7C; cos 7x)

= > [(5C, +7C;)cos Tx +(5C; - 7Cy)sin 7x]
ThUS, 5C] +7C2 =4 and 5C2 "7Cl =6.

. 11 29
Solving, C; = ~—:Cy =—
&M= Ty

85. u=Af(x) dv=dx

du = f'(x)dx v=x
[ rede=[o @), - [ o s

Starting with the same integral.
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86.

87.

u=flx) dv=dx
du = ['(x)dx v=x-a

[ reac=[c-as@f - [ -a) /e

u=f'(x) dv=dx
du = f"(x)dx v=x-a
FO)-f@= [ r'de =[x-a) S - [ -0y (e = )6~ - [ (x-a)f"()dx

Starting with the same integral,
u=f'(x) dv=dx
= f7(x)dx v=x-b

S®)=f@y= [ e =[=0) O - [ (x-8)1"()ds = £ (@)b=a)- [ (x=b)f"(x)ax

Use proof by induction.

n=1: f(a)+ f'(a)t-a)+ E(!—x)f"(x)zi\‘=f(a)+f'(a)(1—a)+[f'(x)(r—x)]£, + JZf’(x)dx
= @)+ f(a)t-a)- f(a)r-a)+[S ()] = f(0)

Thus, the statement is true for n = 1. Note that integration by parts was used with u = (¢ — x), dv= f"(x)dx.
Suppose the statement is true for n.

n_ (i) . _x)!
f@)=f(a)+ Zf.—,(")a ~af + L2 £ oy

Integrate f (1= f("“’(x)dx by parts.

w= £y dv="{ "n’!‘)" &

du= £ (x) v=—ﬁ(;i+';]

r(t x)" D (= [ (l( Y)l)' £ )] (t( i)l)‘ D ()
=%f(”+”(a)+ [ u—f‘"”’(x)dx

Thus (1) = f(a>+zf ')_(") ~a) + (’( j)l), e [ "1), £ (e

n+l (i)
- f ( ) { (t—x) (n+2)
O S - 10" sy

Thus, the statement is true forn + 1.

88. a. B(a.pf)= E.x“(l—x)ﬁdx

396

x=1-u,dx=—-du
_[;xa(l —x)Pds= f(l — ) ()P (—d) = E(l —w)%uPdu = B(B. )
Thus, B(a, B = B(S, a).
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89,

90.
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b. B(a.f)= [ (-5 ds
u=x" dv:(l—x)pdx
du = ax®dx vz-TB_l-n-—l(l_I)ﬂH

1
B(a. ﬂ)=[:—~'3—]ﬁ.t"(l—x)ﬁ+l] +;C:7Exa'l(l—x)ﬁ”dx

0
_ @ fdoa-lg_ By @ _
_ﬁHLx (1-x)P*dx ﬁHB(a 1. B+1)
Bla. f)= [ x*(1- 0P ax
u=(1-xPf dv=x%dx

du=—ﬂ(l—x)'8-ldx v= ! xa*1
a+l

B(a, B)= [ P r)”] £ L‘”' X)ﬁ_ldx=;%Exa+l(l—x)ﬂ"dx=%3(a+l,/3—1)

c. Assume that n < m. Using part b. » times,

n(n-1) n(n-1)...

B(n, m)=——B(n-1. m+l)y=—— _B(n-2, m+2) =... B(0, m+n).
m+l (m+1)(m+2) (m+l)(m+2) (m+ )
| 1
= [ (1-x)""dx = - 1= x)yHrtigl =
B, m+n) '[)( %) m+n+1[( %) o m+n+l
n(n=-1...-2 _ nlm!

Thus, B(n, m) = =
(m+D)(m+2)...(m +n)(m+n +1) (m+n+1)!

If n>m, then B(n, m)=B(m, n)= by the above reasoning.

(n +n+1)‘

u=£1) dv=f(t)dt
= f'(t)d v=f'(1)

{ roswa=(rorol- [rore
- FOS©) - f@f @)~ [P == [T ol
L/ OF 20,50 - [ OF <0.

E( f) f(z)dz)dt

u= j; f()dz  dv=dr
du = f(1)d! v=t{

E‘( f} f(z)dz)dt [ g 1(2) ] L f(dt = Lx f(2)dz - Et [t
By lettingz =1, L x f(2)dz = L x f(t)dt, so

E ( f) f(z)dz]d( = j;x f()dt - L‘: f(ydr = J:(x—t) f()dr



91. Let /= E gl Y f(t,)dt,..disdry be the iterated integral. Note that for / > 2, the limits of integration of the

integral with respect to #; are 0 to #;_; so that any change of variables in an outer integral affects the limits, and
hence the variables in all interior integrals.

I = E[El gz n-1 f(l")dln...d13d12]dll
W= f,l J;z " f(t)dty.dtzdt,  dv=dny

du :(.EZ... n-1 f(t,,)dt,,...dl3Jdll v=1
Hn=x
1 (2 -1 ~
I =[zl f) J; e f(tn)dl,,...dl_;dlz]’]:O - thl( [ f(t,,)dt,,...dg)ml

= xJ: EZ N f(l,,)dl,,...dl:;dtz -I';Il ( gz ... [t f(’n)dlnn-df;;)dt]

Make the change of variables t; =¢;_y,so df; =dt;_| fori=210n.

Hence, /= I;xgl'" "2 f(tyey ) dlyy...dtydty —.[:fl(f)]“' " f(tn—l)dtn—l'"dlZ)dll

= f:(x—z,)( f)‘ j;z n-2 f(t,,_l)dz,,_l..d@dzz)dt,

Use integration by parts again.
_ M2 fn-2 _
w= '[P [T S n)dty ity dv=(x-1)dy

du =(£2... n-2 f(z,,_l)dt,,_l..dt3)dtl v= —%(X—ll)2

1 n- RS -
I =|:—E(x_(l)2 El EZE 2 f(’n—l)dtn—l“'dl3dt2j|l " +L E(X_")z(gz'",g zf(ln_l)dln_]...dl3)dtl

1

x | 2 -
= LE(X—“)Z(g“‘“ zf(f,,_l)d[n_]...df3)dll

Since (x-¢ )> =0 when f; =x while _Cl g(t3)dt; =0 when 1 =0 for any integrand g(#;).

Again change variables so that £; =¢;_; fori=2ton— L.
-l 2 fin-3
I= LE(X n) (ﬂ f) f(l,,_z)dt,,_z...dt3dt2}itl
- 1
u= £l Ez"' n 3f(t,,_2)dl,,_2...dl3dtz dv = E(X-ll )zdll

- 1
du =U’)2--- " 3f(t,,_2)dt,,_2...dt3)dtl v= -—;(x—t,)3

1 1 (2 (n-3 1= 1 -3
I=|-=(-1) _E _E = |7 ftgn)dty_3.-dt3dty +L —(x-14) Ez | fUpa)dty .ty |y
3! =0 3!
Changing variables and using integration by parts as before, then changing variables again yields
x | af M -5
1= LI!(x"l) (g e f(’n-«x)d’n-«t--d’z)dfl
Reducing the n-fold iterated integral to a single integral requires n — 1 integrations by parts, each one contributing a
factor of x-1. The integral is multiplied by % after k integrations by parts, hence

_ 1 X _yn-l
= [ 7= .
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92, Proof by induction.
n=1:
u=R(x) dv =e*dx

du=mdx v=e*
dx

dP(X)dx— XP()

dPl(x) Iexdx = eXPI (x)_e.l' dPl(X)
dx dx

Iexl’,(x)dx =e"B(x)- j
dR (x)
dx

Note that is a constant.

Suppose the formula is true for n. By using integration by parts with 1 = B, (x) and dv = e*dx,
dP,
J‘CXP,H,] (x)dx = C’XP,H,] (x)- Iex n;-ll:(x) dx

db, i (x)
dx

Note that is a polynomial of degree n, so

dF,,
.[e Fg(x)dx=e Pn+l(x)_|ie 120( l)j dxj( d.i(X)):I

n+l n+l
_exPnH(x)"’e Z( l)j_d_m Z( I)Jd Pn-l-l(t)

il dxj+l d.x"+l
Jj
93. [(x'+2:0)%dr=e Z( 1)/1—(3"—“2"—)
dxl
j=0
= [3x* +2x2 ~12x3 —4x+36x2 +4-T2x+72]
=e*(3x? 1217 +38x% - 76x+ 76)
8.5 Concepts Review 5 2 2 _A B
1. proper x2 +3x x(x+3) x x+3
) 2=A(x+3)+Bx
5 2 2
2, x-l+— A==,B=-—
* x+1 3 3
dx = d——
3. 2x2 +3x—1=ax? +bx+c Ix +3x I ‘[1"*‘3
a=2:b=3c=-1
=§ln|x|—§ln|x+3|+C
A B Cx+D
4. + 5+
=1 x-1)° x°+1 5, 3 3 .
x2 -1 (x+Dx-1) x+I x-1
Problem Set 8.5 3=Ax-1)*+Bkx+1)
A=-2p=3
Lol 4 B 27 2
x(x+1) x ] I 23 d =_§ de.,.}. L dx
1=A(x+1)+Bx x‘ -1 2 x4+l 27x-1
A— =_
ha= 1 N EA TSN
j dx = j—dx- ——dx 2 2
x(x+1) x+1

=In|x|-In|x+1|+C
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S,

7.

11.

400

5x  _ 5x _ 5 8 X+7 _ xX+n 4 . B
233 +6x2 2x%(x+3) 2x(x+3) 2 -3nx+2n  (x-2m)(x-m) x-2m x-m
A B x+x=A(x-7)+B(x-27)
TS A=3,B=-2
5 X+7 de = 3 dr— 2 de
E_A(x+3)+Bx J.x2_3m+2n2 ’ Jx—2n Ix_n ’
43 5.3 =3In|x-2n|-2Injx-a|+C
6 6
5x 5 el 5 1 9 2x+21 _ 2x+21 _ A + B
j2x3+6x2 3% 6 x+3d 2:249x-5 (2x=D(x+5) 2x-1 x+5
5 5 2x+21 =A(x+5)+B2x~ 1)
=gln|x|—gln|x+3|+C A=4,B=-1
2x+21 4 1
[ d= oo [
x-11 x-11 A B 2x° +9x-5 2x -1 xX+5
= — +
Li3x—4 @+dDx-1) x+4 x-1 =2ln|2x—l|—ln|x+5|+C
x—ll=A(x—1)+B(x+4) 5 5
A=3, B=—2 10 2x°-x-20 2(x"+x-6)-3x-8
J' =3I 1 dx—2 1 dx 2+x-6 X +x-6
2+3x 4 x+4 x-1 o 3x+8
=3In|x+4)-2In|x-1|+C P x-6
3x+8  3x+8 _ A . B
x-7 ___x-7 __ 4 . B 24x-6 (+3)(x-2) x+3 x-2
x?-x-12 (x-4)(x+3) x-4 x+3 3x+8=A(x—2)+B(x +3)
x—-7=A(x+3)+B(x-4) A—l B—E
A=—2,B=E 5 5
7T szz-x-zodx
j———dx=-3 LIRS L S xX+x-6
x?-x-12 77x-4 7 *x+3 Lo 4.1
3 10 = [2ax—- [—=ax-— dx
=—7ln|x—4|+71n|x+3|+c 57x+3 5 9x-2
=2x—1_1n|.r+3|—31n|x—2|+c
3x-13 __3x-13 _ 4 B 5 5
x> 4+3x-10 (x+5)(x-2) x+5 x-2
3x-13=A(x-2)+ B{(x+5)
A=4,B=-1
J' 3x-13 dx =4 1 dx - 1 dx
x2 +3x-10 x+5 x-2
=4In|x+5|-In|x-2|+C
17x-3  17x-3 4 . B
3x2+x—2 (3x—2)(x+l) Ix-2 x+1
17x-3=A(x+1)+B(3x-2)
A=5B=4
I—Mdmj > + | 4 =§1n3x—2r+41n|x+1|+c
Ixl +x-2 3x-2 x+1 3
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S—-x _ S5-x 4 + B
x? —x(n+d)+4n (x-m)(x-4) x-n x-4
S-x=A(x—-4)+Bx-n)

12.

A-S n,B= 1
n—4 4-x
5-x S5-mp 1 1 1 5-
dx = dx dx =2—L)
'[x"—x(n'+4)+47t n—4'[x = njx—4 n—4 nlx nl lnlx 4+c

2% +x-4 2x*+x-4 4 B C
13. = = ——t
Box?oox x(x+D(x-2) x x+1 x-2

2x2 +x—4= A(x+1)(x=2)+ Bx(x=2) + Cx(x +1)

=2,B=-1,C=1
2
- 2
%—‘l—dmf— SN |x+1|+In|x-2/+C
x —x°-2x x+1
3
14, 2+2x-3 A B C

(2x-DBx+2)(x-3) 2x-1 3x+2 x-3
7x2 +2x -3 = ABx+2)(x-3)+ BQx-1)(x-3)+ CQx - 1)(3x+2)

=L p-_Lc-8
35 7 5
732 +2x-3 1 ¢ 1 AP 6¢ 1
dr=— dx-= dx+— [——dx
I(2;:-1)(3x+2)(x-3) 3572x-1 7I3x+2 SJ.x—3
=—l—ln]2x—1|—-l—ln|3x+2|+éln]x—3|+c
70 21 5
15, _6x°+22x-23 6x’+2x-23 _ A B  C
T o@x-Dx?+x-6) (Qx-D(x+3)(x-2) 2x-1 x+3 x-2
6x2 +22x-23 = A(x+3)(x-2)+ B(2x - 1)(x~2) +C(2x-1)(x+3)A=2,B=~1,C=3
6x% +22x-23 2 3
[ =2 dr= | - f—=dx+ [——dx =In[2x-1|-In|x+3|+3m|x-2[+C
QRx-1D(x* +x-6) 2x-1 x+3 x-2
16 © —6x% +11x-6 _l © —6x% +11x-6 __1_ I+ x%-3x+2
4x3-28x% +56x-32 4\ x*-7x2+14x-8) 4| P -7x%+14x-8
=l 1+ (x-l)(x—z) :1(1.{.—1_]
4 (x-D(x-2)(x-4)) 4 x-4
3 2
—6x>+11x-6
I J; r2+1x J— + —alx =—x+—ln|x 4+C
4x° —28x +56x—32 4
3 -
17. —2—"‘——=x-1+—23"—2-—
x“+x-2 x“+x-2
3x-2 _ 3x-2 A + B

Rix_2 (x+2)(x-1) x+2 x-I
3x-2=A(@x-1)+B(x+2)
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18.

19.

20.

21.

22,

402

4=3p-1

3 3
j——"3 dx—j(x-l)dx+§dex+lj L g
Paxo2 37x42 37x-1
O +x? 14x+24
—2—=X—4+—_—
X +5x+6 (x+3)(x+2)

14x+24 A B

(+3)(x+2) x+3 x+2

14x +24 = A(x + 2) + B(x + 3)
A=18,B=—4

3 2
XY e = _[(.x-4)dx+j—l§—dx- 4
X +5x46 x+3 x+2
48248 122748
¥ —4x x(x+2)(x-2)

12248 4 B C

x(x+2)(x-2) x x+2 x-2

12x* +8= A(x+2)(x - 2)+ Bx(x - 2)+ Cx(x +2)

A=-2.B=7,C=17

4 2
B8 o fean-2 [ e 7 [

© —4x X x+2

6 3 2
X tax 4 ;’4" ;‘4=x3+4x2+16x+68+——272x +4
b —4x .1'3‘—4X2
272x2+4 A4 B C
_—2 =—+—2+—

(x-4) x x° x-4

272x% +4 = Ax(x - 4)+ B(x - 4) + Cx*

a=-Lp-_1.c-1®
4 2

Ix(’ +4x> +4
X3 - 4x?
1 4

=—x +ix3 +8x? +68x—lln|x|+l+
4 3 4 X

x+1 A B
= +
(x-32 x-3 (x-3)?
x+1 =A(X—3)+B
A=1.8B=4

x+1 ol 4
I(x-3)2 &= I-“3dt+ "‘(ﬂr—3

)2

Sx+7

1089
4

d =ln|x—3|—-i3+C
=

S5x+7 A B
= = +

Prdxed (x+2)° x+2 (x+2)°

Sx+7=A(x+2)+B

A=58=-3

175-"‘7 di= | > dx - | 3 dx =5lnjx+2[+
x*+a4x+4 x+2 (x+2)?

Section 8.5

1
2

lnlx—4|+C

3

2

x+2

==x"-x+—

1
2

b3 a2 1l 1
dr = [(* +4x +16x+68)¢r—zj;dx— Jx—zdx+

+C

8
3

1089

—_— |—dx

4

1
x—4

1n|x+2|+%1n]x—l|+c

dx =%x2 —4x+18In|x+3-4In|x+2|+C

dx+7 _1_2¢x = —x? ~2In|x|+ 7in|x + 2|+ 7In|x - 2|+ C
x_
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23.

24.

25.

26.

27,

28.

3x+2 3x+2 A B C
= =t 2t 3
B3l edeel (x+])d X+ (x+1)7 (x+))
3x+2=A(x+1)? +B(x+1)+C
A=0,B=3,C=-1
3 1

c+ 2
f 3x+2 dr= | 3 2¢x—j ! sdv=-——+ = +C
43 #3x+1 (x+1D (x+1) x+l 2(x+1)

x® A B C D E F G

T SRR 7t 3t i 5
(x=-2)"(1-x) x—2 (x=2)* l-x (1-x)* (Q-xy (1-x)7 (I-x)
=128,B=-64, C=129.D=-72, E=30, F=-8,G=1

<8 128 64 129 72 30 8 1
I 5 2t - 7t 3 ris 5
(x-2*(1-x) x-2 (x-2)° 1-x (1-x (Q-xy (1-x)" (1-x)
72 15 .8 1
1-x (1 X2 3(1-x 401-x*

+C

=128In|x- 2|+—E—129ln|1—).|+

3x2 —21x+32 3x -21x+32 4 B C

X -8x2+16x x(x-4)° x x 4 (x-4)
3x2 - 21x+32 = A(x—4)% + Bx(x—4)+ Cx
A=2,B=1,C=-1

3x2 =21x+32 2 1 1
N ot +16dx=kdr+Jx-4¢r_j(x—4)2

x> +19x+10 x?+19x+10 4 B C D
= = 4+ —+—+
x 2 x3 2x+5

244583 B2x+5)
A=-1,B=3.C=2,D=2

2 2 1
Eroxeio, (1,32, 2 Va—inj-2-Limpxesec
25t 458 x x2 ¥ 2x+5 x x?

232 +x-8 2x°+x-8 A4 Bx+C
3 T L2
x” +4x x(x*+4) ¥ x"+4
A=-2B=4C=1
J'2x3+x 8 ——Zj—dx I4x+l =_2J-_1_dx+2J' 22x dx+I 21 dx
+4x x°+4 x x“+4 x“+4

= -2ln|x|+2ln|x2 +4l+5tan_’ (E)Jrc

3x+2 3x+2 A+ Bx+C

x(x+2)° T16r x(x2+4x+20) ¥ x*+4x+20
g=Ltpg-_ L .13
10 1007 5

I__3x—t2_dx=i —l—d.r+j;
x(x+2)" +16x 10 7x x°

1 7 (x+2) 1
=—In|x|+—tan ——In|;
10 20

1 13
10 3 dxz—l- ldv+£ J' 22x+4
+ +4x+20

4x+20 10 7 x (x+7) +16

x? +4x+20‘+C
10 4
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s, 25°-3x-36 A4 Bx+C
(2x-D(x2+9) 2x-1 x249
A=-4,B=3,C=0
2x% —3x—
230 e [ der [ = 2mnfax-
(2x-1(x*+9) 2x-1 x2+9

30. ! = l

16 (x-2(x+2)(x% +4)
A B Cx+D
x=2 x+2 244
g Lcoop-t
32 32 8
J ! L r—-l— 1 d.—lJ‘ 71 dxz—ln
x*-16 327x-2 327x+2 87,244 32
31 2l z Loy 2 3 ¢ S 3
(x-D)*(x+4)° x-1 (x-1)7 x+4 (x+4)
-2 gt -2 p-t
125 25 125 25
1 2 1 1 12
- L Y
(x_l)—(x+4)2 T1259x~1 25 (x-1) 125°x
=———In|x- |——l—-+ 2 1 |x+4|——1 +C
125 25(x—1) 125 25(x +4)
3 O-gf-1 Ix?+7x-16
(x+3)(x2-4x+5)  (x+3)(x? -4x+5)
-7x+7x-16 A Bx+C
(x+3)(x2—4x+5) x+3 x?_4x+5
4 S0 g 414
13 13 13
3 9.2 +|4
J- X Z;x 1 l—&( 1 )+ 13 .
(I+3)(x —-4x+5) 13 x+3) 22 _4x45
= -2 | 68 1 I 2x-4
x+3 (x— 2) +1 x? 4r+5

50
=X——
13

ln|x+3]——6—8tan'l(x—Z)———ln|x2 —4x+5|+C
13 26
x=sin ¢, dx=cos t dt
,[ (sin3 t —85in21—l)cost
(sin¢ +3)(sin2 1-4sint +5)
=X—-——
13

33.
x> -8x* -1

dx
(x+3)(x* —4x+5)

dt:j

501n|x+3|—ﬁlan'l(x—Z)—ﬂlnlxz—4x+5|+C
3 26

which is the result of Problem 32.
,[ (sin3 {~8sin? (- Dcost
(sint +3)(sin2 t—-4sint +5)

dt = sint—ﬂ)—lnlsinwfwl—gtan
3- 13

404 Section 8.5

+%]n‘x2 +9I+C

X

e

|x_z|_l1n|x+z|_ltan-*(
32 16

1
+4

b [
25 7 (x+4)?

'l(sint—2)—%ln sinZ 1 —4sint+5[+C
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34, x=sint, dx= costdl

j cos! I 7 dx =—ln|x 2|-—ln|r+2|——tan l(£]+C
sin?r~ -16 2
which is the result of Problem 30.
I—?Ldt=—l—ln|sint-2|—L]n|sint+2|—~l—tan-'(w]+c
sin“t-16 32 32 16 2

x*-4x _Ax+B_ Cx+D

+02 el (@)’
A=1,B=0,C=-5D=0

35.

3
x7 -4, k 1
Jr,, 4\; a’x=_|' ,,r dx - SJ S dx =—ln|x2+l|+ > +C
(x*+1)° X+l (2 +1)° 2 2(x% +1)
36. x=cost,dx=-sintds
. 2 2
- axt o
.[ (smt)(4cos21 l)4 d1=—j xz . e
(cost)(1+2cos“t+cos 1) x(1+2x°+x7)
4’1 4x’-1 A Bu+C  Dx+E
x(+2x2+x%) x(x2+1)? x x2el (P +1)?
A=-1,B=1.C=0,D=5,E=0
I 5 1 5
-+ +—5—X—2 dt=1n|x|——ln‘x2+ll+++c=lnlcostl—llnlcoszl+l|+——5 +C
x x4l (%40 2 2(x* +1) 2 2cos® 1 +1)

2x% +5x+16 _ A_7c+B+ Cx+D

227 +5x% +16x _ x(2x% +5x+16) _
(F+4)? s (xP+a)?

© +8x> +16x - x(x4 +8x2+l6) -

A=0,B=2.C=5.D=8
23 +5x2 +16x 5x+8 2
dv = i e mpraid b

37.

dx+I( 2 +4)? I(x2+4)

e

x° +8x° +16x (x~ +4)" x°+4
To integrate I—ﬁdx, letx =2 1tan 6, dx = 2sec® 6d6.
(x“+4)
7]
[——— =I'65e°4 d€=jc0526d9=j(l+lcos29)d0
(x° +4)” 16sec” 8 2 2
=l¢9+lsin29+C=l¢9+isin9cosf)+c =ltan"§-+-—x—+C
22 2 x*+4
3 2 .
————2'; +5X3 +‘6"rdzc=tan'l£———: +ltan’l£+ f +C=gtan"£+ 2x-3 C
x +8x +16x 2 2x?+4) 2 2 44 2 2(x%+4)
38, ’.r—l7 _ x-17 _ A . B
X+x—12 (x+4)x-3) x+4 x-3
A=3,B=-2
x=17 3 2 6
__dx=f - dx =[3Inlx+4/-2Inlx-3 =@In10- ~-(3In8-2
fx2+x-|2 (x+4 x_3) [3infx+4]-2In[x-3]; =(31n10-21n3)~ (3In8-2In1)

=3In10-2In3-3In8 = -1.53

39. u=sin 6 du=cos 0d8

/4 cos®
E 2 v 2 740 = 2
(1-sin“ &) sin“ 8 +1) (I—u)u+1)

E/JE 1 ﬁ/ﬁ 1
(1 - )1 +u)u® +1)
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40.

41.

406

I A B +Cu+D Fu+F

A-u2)u2+)? b-u 1+u 241 @P+1)?

A:l’B=l‘C=O,D=l’E=O’F=l
8 8 4 2

E/ﬁ 1 _1

y Lm/i 1
(-u?)u? +1)? 8

l=u

=[—lln|l —u|+lln|l+u|+llan_l u+l[tan" u+
8 8 4 4

=lln
8

NS | S B

+—tan

22" FTe

(To integrate Iz—lfdu’ let u = tan 1.)
W+

= 0.65

3x+413 _ 3x+13 A B
2 14x+3 (x+3)x+1)  x+3 x+1
A=-2,B=5
f Ix+13

5
dx={-2In{x+3|+5In{x+!
x* +4x+3 [ l l | I]'
=2In8+S5n6+2In4-5In2 = 4.11

a, Separating variables, we obtain
dx

————=ka
(a-x)(b-x)

1 _ A . B
(a—x)(b—x)_a—x b-x

1 1

A=-—— B=
a-b a-b
I dx
(a-x)Xb-x)

=t [(— L )dx:jkd:
a-b a-x b-x

Inja—x|-In[b—x|

=kt+C
a—

L e ks
a-b -Xx
a‘x=ce(a-b)la
b-x

Sincex=0whentr=0, C=%,so

a-x=(b- x)%e(“'b)k'

a(l ~elabk ) = x(l —%e(a—b)h )

)= a(l-ela D)) _ ab(l —ela-bliy
| -2 (a—b)k b— gela-bk

Section 8.5

——du+—

172 1142
L 21 du-i-—I-L f—zl—,du
e +1 (= +0~
TNE)
I, [T+a] 1 u
=|=Inf[——|+=tan” w + ———
8 l-ul 2 4u” +1)
b. Sinceb>aand k>0, 9% 50 a5
t = ., Thus,
Sl _
b-0
_ =2kt
c. x(,):M
4-2¢72K
x(20) =1, 50 4-2¢740k —g_g 40k
6e~4% — 4
1 2
k=—-—In=
40 3
(120 1120
o2 _ 41200273 _ in(2/3) =G)

{-0")

0= >
T
3
4(1—(%)) 38
X(60) = =L == 165

2

Wi
~—

d. Ifa=b. the differential equation is, after
separating variables
dx

(a-x)
[—E = [kar
(a-x)?
1
a—x
1
kt+C

=kdt

=ki+C

=ad—-x

x(t)=a-

kt+C
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1
Sincex=0whent=0,C= —. so
a

x(t)=a ! —a-—2
kr+% akt +1

1 akt )
=all- =a .
akt +1 akt +1

42, a, & =ky(16-y)
dt

_&

y(16-y)

I———dy = [kat
y(16-y)

1 l—+ dy=kt+C
16°\y 16—y

1
E(ln|y|—ln|l6—y|)=k1+C

in|—2—|=16kt+C
16—y
Y etk
16-y
y 1 16kt
0)=2: ——C =—e
H0= 7 16—y 7
1 1800k i 7
50)=4; — ok=—0In—
e T
Lin?
_Y_z_e(sa‘" i
16—y 7
17 L
7y=16e50ln3 ( ln3)‘
Ll
16e(50ln3)l 16
y_.
7+e(50l 3 1+7e'(50 3
16 -
b. y(90)= =~ 6.34 billion
l1n1)90
1+7e 1303
C.
1+7e %3
1.7
Te ( ln3 16_1
—{—l—ln3)l__
1.7
~(sgin)r=ing

Instructor's Resource Manual

In l
t =-50] — |=129.66
ln§

The population will be 9 billion in 2055.

43, a. _d_y =ky(10-y)
dt

dy  _
y(10-y)
L —l-+ ! a’y=j'kd1
10°\y 10-y
In|—2 I=10kt+C
10—y
y =Ce|0kl
10—y
yoy=2 Lo 2 Lou
4 10~y 4
2 1 sook 1.8
50)=4 =—In-
Y50 4 500 3
1.8
y le(E"‘i)'
10-y 4
L8 18
4y—10e(5° 3)'_ye(so'"
Ln8
10450'"3)‘ 10
y= _
Lné L8
4+e(so'“3)' 1+ 4e (55
b. y(90)= ( 18)90~594 billion
n8
1+4de 15073
e 9= 10

In "
t=-50| —> 8 ~182.68
ln§

The population will be 9 billion in 2108,

44. Separating variables, we obtain
d
— 2 _—ia
(y=m)M ~y)
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45,

1 __4 B
(y-mM-y) y-m M-y

J dy | J( | 1 J
= + dy
(y-mM-y) M-m'\y-m M-y
= [kar
In|y—m|-In|M -y
M-m
y-m

=kt+C

1
M-m

y-m _
M-y

y=m=(M - y)CelM ¥
p(1+CeM ™k — py 4 MCeM Mk

_m+MCM R o (M-mk | pe
1+ CeM-mk e M-mkt -
-(M -m)kt

In =kt+C

CeM-mk

as 1 > o, e — 0 since M>m.

Thus y—)MTC=M ast{— oo,

Separating variables, we obtain

d—y=kdr
(A-y}B+y)

] _ ¢ . D
(A-y)B+y) A-y B+y
1 1
" A+B’T  A+B

dy l 1 1
I = + dy
(A-y)B+y) A+BJ(A—y B+y}

8.6 Chapter Review

Concepts Test

1.

2.

3.

408

True: The resulting integrand will be of the
form sin u.

True: The resulting integrand will be of the
1

a2+u“

form

False: Try the substitution
u=x* du =4x3 dx

Section 8.6

46.

= Ikdt
-In(4-y)+In(B+y)

=kt+C
A+B
LI L5 WP,
A+B (A-y
Bty _ colA+Br
A-y

B+y= (A_y)ce(A+B)kI
y(1+Cet BNy = yolABlk _ g

ACe(A+B)kr _B

YO = e

u=sinx, du=cos x dx

12 1
E coszx 2‘ix=.[ll 7 &
76 sin x(sin® x+1) 2 x(x° +1)
1 _A+Bx+C Dx+E

(x2 +1)?

x(x2+l)2 Tx x* +1

A=1,B=-1.C=0,D=-1,E=0

ﬁ%d"

2x(x°+1)

_L”dx I_z 1

L X

(x +l)

1
= ln)c—lln(x2 +1)+ 71
2 2(x“+1) _L
- O——ln2+——(] ——-]-ln 5,2 2 ~ 0.308
4 2 2 5
4. False: Use the substitution u = x> —3x+5,
du=(2x-3)dx.
5. True: The resulting integrand will be of the
form .
a® +u?
6. True: The resulting integrand will be of the
1
form ——.
a? - x*
7. True: This integral is most easily solved

with a partial fraction decomposition.
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10.

11.

12.

13.

14,

15.

16.

17.

18.

19.

20.

21.

22.

23.

False:

True:

False:

False:

True:

True:

True:

True:

False:

False:

True:

True:

False:

False:

False:

True:

This improper fraction should be
reduced first, then a partial fraction
decomposition can be used.

Because both exponents are even
positive integers, half-angle formulas
are used.

Use the substitution

u=1l+e, du=e'dx

Use the substitution
u=-x°- Ax,du=(-2x—4)dx

This substitution eliminates the
radical.

Then expand and use the substitution
u=sinx, du=cosx dx

The trigonometric substitution
x = 3sin ¢ will eliminate the radical.

Letu=Inx dv = x*dx

duzldr v=lx3
x 3

Use a product identity.

x2 1 1
= =14 —
=1 2(x-1) 2(x+1)

242 2 3 3
=—-—+ +
x(x?-1)  x 2Ax+1) 2Ax-1)

¥+2 2 -x
+

2+ x xP+l
x+2
xz(xz—l)

1 2 3 I

+ —
x x2 2x-1) 2(x+1)

2
To complete the square, add (21) .
a

Polynomials can be factored into
products of linear and quadratic
polynomials with real coefficients.

Polynomials with the same values for
all x will have identical coefficients
for like degree terms.

Instructor's Resource Manual

Sample Test Problems

10.

ng__d,-[\/;T-H:z

cos® 26

jcot (260)d6 = j do
sin? 20
= j =sin” 20 d6 = [(esc? 26-1)d8
sin® 29

= —é—cot26—9+C

/12 /2
j;‘ €5 sin x dx = [ °°”]0 —e-121.718

14
E xsin2xdx = [sm421_% ost]

(Use integration by parts with u =x,
dv=sin2xdx.)

+ 2
Iy ydy J( —y+2—m}dy

=%y3 -é—yz +2y-2Mnjl+y+C

0

J'sin3(2z)dz = j[l —cos2(21)]sin(20)dr
= —%cos(Zl) + %cos3 20+C

J-2y4
2

I y? 4y+2 —4y+2

=E]n|y —4y+2|+C

3/2 d 12
L —\/ﬁ=[\’2}l+l o =2-1=1
2t

j i dt:e’+21n|e’—2|+c
e -2
(Use the substitution u = -2,

du=éd
2 du.)

sin x +cosx
I dx = cosx+
tan x sinx

1-sin x
cosx+——— |dx
sinx

Section 8.6
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= I(cosx+cscx—sinx)dx _ ]—dt—l _2’_11_‘1,_&‘[_]_‘1,

: t-1 27,2 2 2
=sinx+In|cscx - cotx|+cosx+C 1" +r+1 ((+%) +%

(Use Formula 15 for jcscxdx.) =|n|z-1|—11n|x2+z+1|—J§tan"(2'+] vC
2 V3
11 J‘—-—dl -Lsin_l(——x—l)+C
) /l6+4x-2x2 J2 3 17. fsinhxdx:coshx«rc
(Complete the square.)
1
18. u=Iny, du=—d
12. I.rzexdx=e1(2—2x+x2)+c > yy
Use integration by parts twice. 5
¢ yP [ gy = fuSau = Lny)b +C
2 Y ¢
13. y=\j§tant,dy=\/:secztdl
3 19, u=x dv = cot? xdx
J dy I\/—S%t du=dx v=—COotx—Xx
\F+3, - 2sect jxcotzxdx=—xcotx—x2—J(—cotx—x)dx
1 > .
\/_jsectdz Jiln|sect+tant|+Cl =—xcotx-5.x +Insinx|+C
7 5 Use cot® x = csc® x—1 for Icotzxdx.
I Y3y
=—=In[—e"+——+C
3 2 2
\/- 3 \/; 20. u=\/;, du=%x‘”2dx
2,2 .
1 y 3%y sinv/x .
=] +C . dx =2 |sinudu
\/.5 n % 1 I J; .[
=-2cosvx +C
] 2 2
=—In|,[y*+=+y|+C
‘/5 3 21. u=ln12,a’u=gdt
y y2+§ 2 tz 2
Note that tant = ==, $0 sect = = J’l"' g 2 nC )] +C
I e
. 22, u= ln(y2 +9) dv=dy
14, I w32dw=—lw2—-lln|l—w2|+c 2
l-w 2 2 du = 2y dy v=y
Divide the numerator by the denominator. yo+9
2
. 2 _ 2 oy (L2
15. f—[m;‘dxz—ln|ln|cosx||+c Iln(y +9)dy = yln(y” +9) j2+9dy
In|cosx| Y
Use the substitution u = In|cos x]. = yln(y? +9)- || 2- 18 dy
y2+9
3dr 1 t+2
16. = [—ar- d = yin(y? +9)-2y+6tan'| L |+C
'[13—1 -1 2 +r+1 yin(y”+9)-2y "3
- dr 2t+4 dr
—at-= 113 L
t-1 2141 23, I'”sthdt -3¢ " (9cos 3t Sln3l)+C
_ d 1 21+1+3d 82
- ,__T =3 2 rel Use integration by parts twice.
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24, [LF2 dt_j dt+_[ i+l
249 2 +9

t
=J‘;d’—jt2+9

=ln|t|—%ln|t2+9l+

dt+j2 dt

an”! (—t—]+C

3
cosx _ cos 2x
2 4

+C

25. Isin 3—xcosidx =-
2 2

Use a product identity.

2
26. Icos4(£)dx=J(l+cosx] dx
2 2

=l dx+l 2cosxd.r+l cos? xdx
4 4 4

=%I¢ix+% Icosxdx-k% I(l+cos2x)dx

=2x+lsinx+Lsin2x+C
8 16

29, Imn3/2xsec4xdx= J‘tan:”2 ):(l+tan2 x)seczxdx = jtan

2
2052

x«&-ztang'2 x+C
5 9

30, u=e"0 41 (u-0)%=1,6(u-1)’du=dr

372

27.

xsec? xdx + Itanw2

Itan3 2xsec2xdx =% '[(secz 2x-1)d(sec2x)

= %sec3(2x) —%sec(2x) +C

u=x, du = — \/_
Ili—/—d fmf(zs/_ J 71‘Tzudu

= ZIM(M = 2f(u—1+L)du

u+l
2
=2(u7—u+ln|u+l|}+c
=x-2J§+21n|1+J§|+C

xsec? xdx

—2 j“”“) du _ (S =-—6'[:]‘-du+6fﬁdu=—6]n|1”6+1‘+6ln|t”6|+C

1tV +1) -8 Yu(u-1)

31, u=9-¢%, du=—2e2ydy

e
I\J9— i

32, Icoss xv/sin xdx = J'(l—sinzx)z(sin”2 x)cosxdx = J‘sin”2 ,vccosrdJc—Zj‘sinS/2 xcosxdx+ '[singl2

2. 4. 12
3

33. Ie'“(3°°”)dx = J3 cosxdx=3sinx+C

34, y= 3sin1dy 3costdt

J"g y IBCOS’ 3costdt

3sint

_ 2
=3Il'?$t = 3I(csct-sint)dt
sint

=3[ln|csct—cott|+cost]+C

Instructor’'s Resource Manual

dy=—%ju'l/2du=— u+C =—9-¢¥ +C

2. 2 .
==sin x—;sm x+—lsm“/2x+C

xcosxdx

=3I 3-——“9;)’2 +y9-y2 +C

y

. 3
Note that sinz =§,so csct =— and

y

Section 8.6
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35. u=e"*, du=4e**dx
jo _ Jvdu

1+u?
36, x=atant, dx=asecrdt

J\/rz-i-azd I asect

atant

! tan le**y+C

1+

,
asec”tdt

COSI

1 J~sec 1

2

lan 4 sm I

=-L2csc31+C
3a

2 2
x x“+a
Note that tans ==, so csct =

a X

37. u:x/w+5,u2 =w+5, 2udu=adw
j—w—dw= 21.(112 —5)du =§u3 -10u+C

Jw+5

= %(w+5)3l2 —10(w+3)2+C

38, u=l+cost.du=-sintdt

sint dr du
=-|—==-2Vl+cost +C
J'\/1+cos \/;

39. u=cos’ y.du =-2cos ysin ydy
sin ycos ] ¢ du
ey, Lo
9+cos” y 2°94+u”
1 cos®
=——tn” 4 W
6
a0. | & e
Vi-6x-22 10— (x+3)
O | x+3
=sin” | —=|+C
%)
4x? +3t+6 A B Cx+D
4], ———— +—+
x(x+3) x oy 243
A=1.B=2,C=-1,D=2
2
4x2 +23x+6dx J'—dx 2'[ i+ Ix+2
(x*+3) x“+3
2x
= |—dx+2|—dx- dx 2
aveLaed (2 aa (L

_ s 1 2 < -1 X
=In|«| - 2ln,x +3|+J§tan (ﬁ)+C

42. x=4tan¢, dx = dsec? t dt
J‘;dxz?—= ICOStdI—LSlnl+C—I( ad ]+C= il +C
(16+x%)¥2 16 Jx2+16 16vx2 +16
2
43, a. 3 4x3= 4 B 5+ ¢ 3
Qx+1y  2x+l Qx+1)* (2x+1)
7x-41 A B C D E
b. 3 7= + 5 + 3 3
(x=1)°(2-xy x-1 (x-1)* 2-x (2-x° (2-x)
Ix+1 Ax+B Cx+D
¢ 2 22 2 2
(x“+x+10)° x“+x+10 (x*+x+10)
4 (x+1)? _4, B C D Ex+F Gx+H
(2 -x+102(0-x%)? 1-x (1-x)? l+x (+x)? x2-x+10 (x2-x+10)?
. < A, B D Ex+F Gx+H
x+3)* (2 +2x+10)2 243 (x+3)% (243 (x+3)* x2+2x+10 (x +2x+10)2
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G +2x-0'  Ax+B  Cx+D  Ex+F
@2 +x+10° 2% +x+10 2x2+x+10)7 (22 +x+10)°

- i
44, a. Vznf—l— X 2! -
V3r-x? 3e—x”

:—I-’le
3703
V=rrf%[%+%}dx =—[1n| ]—ln|3—x]:|l =—(1n2+1n7)——"‘1n2z1.4517
2 “2x+3-3
b. V=2n] ——=dv=- dx+3n
n'£3_tt n£ — L\/;___x _[\/__

—_—dx = [—2m/3x—x2 +3nsin”! (%‘;—3)]
1

=—n[7 3x-x’ ] +3n£ \/____

= —211\6+37rsin'l §+21r\/5—3nsin_l (—%) =6nsin”! é— = 6.4058

¥ x
45, y=—.y'=—
16 8
L= L‘,’H E,’H—d\
x=8tant dx =8sec’t
an—tl
L= L —sect 8sec’ rdr = SL 7sec tdt = 4[secttant+ln'sect+tant|] 2
_q|[B lJ+1 -+£ =5 +4In “‘/_ ~4.1609
2 A2 2
Use Formula 28 for '[sec3 tdi,
3 3
(x*+5x+6)° (x+3)(x+2)
1 A B C D
= + +

= +
(x+3)2(x+2)% x+3 (k432 x+2 (x+2)?
A=2.B=1,C=-2,D=1

3
3
penfl At dx=n[21n|x+3|—L—21n|x+2|- 1
x+3 (x43) x+2 (x+2) x+3 x+2 ],

=% (21n6—l—21n5—%J— 21n3—l—21n2—l) =n l+21ni =~ 0.06402
6 5 3 2 15 5

3
47, V= 2nL——x—d\'

x“+35x+6
X A B
= +
P +5x+6 x+2 x+3
A=-2.B=3
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3 2 3 3
= - —_— = 21l —
14 271:L[ x+2+x+3]dx 2n[-2In(x+2) +3In(x +3)];

=2n{(~2In5+3In6) - (-2In2+31n3)] = 21t(3ln2+21n§)=2n1n;—§z 1.5511

48. V= 21tL24x2x/2—xdx

2-x du = —dx
2-u dx=—du

2
2
V=2n ' 4(2 —u)zs/u(—du) =8n l (t’fu”2 - 42 +u5’2)du = 8n[§u3’2 —§u5/2 +%u7/2}

5 0
=8n(16ﬁ 2, 16‘/5] =8n(128ﬁJ= 10242m _ 11 267

3 5 7 105 105

1

& -~
o

4. V=2n E“J 2 —1)(In3 - x)dx = 4n ﬂ“ [(in3)e* — xe* — In3+ x]dx

Note that Ixe“dx =xe* - Ie’dx = xe* —e* + C by using integration by parts.

In3
=4n[[31n3—31n3+3-(1n3)2+%(1n3)2)—(1n3+1)]

V= 411:[(111 3)e* —xe* +e* —(In 3)x+%x2]
0

= 4n[2 -in3 -%(m 3)2] ~3.7437

50. A= 3\/3—18——dx
. _'[ﬁ x2 x2+9

x=3tan¢, dx = 3sec’ 1 dr

, /3
a= [P seia=2[" 5 a =2[—#] =2(-i+2J=4(1—i) ~ 1.6906
6 27 tan* rsect /6 sin ¢ st /¢ \/3 \/3

4
S51. A=- dt
£t
t A B

(t-1)? (:-1)+(,_1)2
A=1,B=1

f(, 1 1 1 7P 1 6
= |—+ dt =—|{Inl-1|-— | =-(©+)-{In7+=||=ln7-2=~1.0888
=1 (-1)? t-1]¢ 7 7

52.

e
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36 A B C
e
x*(x+4) X x° x+4
A=-2.B=9.C=2
4 4

-1
!
I’:n[ —i+i,+ ? lax =22 1+4+—abc- [ln|x|—i+ln|x+4|
3] dx 2 A(x+4) 4 3 x ¥ x+4 4 x 5

=2 (4+In3)- —]n3+i 911: +2l 3)—3—(4+3ln3) 34.3808
4 3 4 \3 2

53. The length is given by

2
cos x /3 sm x+cos x /3
\/ + dx = dx = dx
‘E/(’ Ly’ 'E d sin? x /6 sin? x J:"GSIDX E/6cscx
ln|2 Vil = ( ) In(2-3) = m[z‘E”J ~ 0.768

= [ln lesc x - cot x|J:;2
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