CHAPTER

/

7.1 Concepts Review

1. ‘}d:; (0, c0): (~<o, )

=

bl
1

l;lnIJc|+C
x

4. Inx+lny;lnx—-Iny;rinx
Problem Set 7.1

1. a. In6=In(2-3)=In2+1In3
=0.693 + 1.099 = 1.792

b. Inl5 =ln[%)= In3-1n2=1.099-0.693

=0.406

c. In81=In3*=4In3=4(1.099) = 4.396

d. Inv2=In2"2 =%ln2 =%(0.693) =0.3465

e u{i): —In36=—1In(22-3%)
36

=-2In2-2In3=-2(0.693)-2(1.099)

=-3.584

f. In48=In(2*-3)=4in2+In3
= 4(0.693) +1.099 = 3.871

2. a. 1.792 b. 0.405
c. 4.394 d. 0.3466
e. -3.584 f. 3.871

3. D, ln(x2 +3x+n)

310 Section 7.1

Transcendental
Functions

10.

= ———l—-DX()c2 +3x+m)

X2 +3x+7
_ 2x+3

=
x“+3x+m

37 +2x

D, In(3x° +2x) = D,(3x* +2x)

9?42
3% +2x

D, In(x-4)* = D,3In(x - 4)
3
x—4

]
= 3-:1'th(.\‘—4) =

D, Iny3x-2=D, %ln(3x -2)
11

e D.(3x-2)=

T e XG55
_5 1.3

dx x x
Y2y =x(1+21Inx)

dx X

z=x*Inx’ -i-(ln.r)3 =x’ -2ln.r+(lnx)3

. 2
i: ¥ --'—+2Jc'21nx+.'5(lnx)2 1
dx X X

=2x+4xlnx+ E(ln .x:)2
X

x“Inx x x“-2lnx
=—x? ~(lnx)
R | - 2
i’-=-—"1'3—3(In.1)2 1 _3(nx)
dx 2 1} X
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11.

1
g'(x)s—=——=
x+\/x2 +1

o | —

X~ +1
! -1
12. h'(x)= [I+ (x°=1) 7r:|
x+yx? -1
__l
X% -1
13. f(l)‘]ll%/—=§h]l
1 1 1
X)=——=—
S) 3 x 3
1 1
S35 T

14.

15.

16.

17.

18.

S'(x)= L (-sinx)=—tanx
0s x
f(g) =- lan(%). which is undefined.

Letu=2x+1sodu=2dx
=—j—du

J.2x+1

= —ln|u|+C=—ln|2x+l|+C
2 2

Letu=1-2xvsodu=-2dx
1
I dr=—i Ildll
1-2x 27u

= —lln]u|+C=—lln|1—2x|+C
2 2

Let u= 3v2 +9v sodu=6v+09.

6v+9 1
d = |— =
j3v2+9v v ju du=Inlu/+C
= ln|3v2 +9v|+C

Let u =2z +8 so du=4z d.

=lln|u|+C=lln|2zz+8‘+C
4 4

Instructor’'s Resource Manua!

l:l+%(x2 +1)712 -2):]

19.

20.

21.

22,

23.

24,

25,

Let u=Inx so du =ldx
X

Jz—lll—xdx =2 jz:du

X

=ut+C= (ln.r.')2 +C
1
Letu=Inx so du=—dx.

- .

> dx = Iu “du
=—+C=-—+C

u Inx

x(In x)‘

Let =22 +7 so du =10x*dx.

P 1 (1
I2.r5 +7 = 10 J‘;du

=lln|u|+C=lln|?.J:5 +n|+C
10 10

‘[:_f4_.dr = [% 25’ +rri]3

255 +n o

=—[ln(486+1t) inn) = 1n10/486”‘
n

Let u=2r% +41+3 so du=(4¢+4)dr.

=1 [

2 +41+3 u

=lln|u|+C=lln|212+4t+3I +C
4 4

1

L Hl [lln|212+4z+3l]
2% +4r+3 4

=%ln9—%ln3 mgj‘ mf——

2in(x+)-Inx=In(x+1)% - Inx

2
=|n.(x+_l)
X

%ln(x-9)+%lnx=ln\/x—9—ln\/;
_lnx/x-9_ x-9

=In
Jx x
Inx-2)-In(x+2)+2Inx
=In(x - 2) - In(x +2) + In x*
2 p—
X x-2)
x+2
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3o0.

31.

312

In(x% - 9)=2In(x - 3) - In(x+3)
=In(x? = 9)—In(x-3)* = In(x +3)
.\'2 -9 |
=1In S =In
(v=3)(x+3) x=3
I3
Iny=In(x+] I)—;ln(.\‘ ~-4)
LI B U
ydy x+11 2 3y
_ 3¢’
x+1 23 -g)
In v = In(x” +3x) + In(x = 2)+ In(x* +1)
ldy 2x+3 1 2x
——= + +
yde 23y x-2 x4
dy 2x+3 1 2x

by _ 2 2
— = (30 2)x +1)( 2

P +3x x-2 X241

Iny= %In(x +13)-In(x-4) ~-§ln(2x+ 1)

tdy 112
ydy  2(x+13) x-4 3(2x+])
dy  x+13 [ 1 1 2

dy _ N 3x?
PR PR 23 - 4)

_ox+l1l 1 _ 3x~
\/X3“4 x+11 2(":3_4)

_ o +33x%+8
20 - 4)*2

J=5x4 +4x° —15x2 +2x -6

10x% +219x—118

Iny= %m(x2 +3)+2In(3x+2)—%ln(x+1)

ldy 2

Tdy_2 2 23 1
ydx 3 243 3x+2 2(x+}1)

dx  (x-dax+l 2x+13) x-4 3(2x+1)] T -2+ 13) 2 2+ 1)

(3x+2)51x +70x? +97x +90)

dy (x> +3)*3(3x+2)?
dx Vx+l

4x . 6 _ 1
32 +3) 3x+2 2(x+D)

-5

v = In x is reflected across the y-axis.

Section 7.1

6(x> +3)"3(x+1*?

32. y

LT T

I
-5

-5
The y-values of y = In x are multiplied by %

since In \/; = %‘—ln X,
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33.

‘W
n
h

36.

38.

fl'l]lr<
B
-

11114
=5

r7 1711

-5

v =Inxis reflected across the v-axis since

ln(l) =-lnx.
Ry

39.

[ T

-

JE|
-3

- 40,
-5
¥ = In x is shifted two units to the right.
.\.
' -
41,
X .40
2 2
I
y=Incosx+Insecx
=lIncosx+In
cos x
T om
=Incosx-lncosx=0on|-——.—
2 2
42.
Since In is continuous,
. sin.x . sin.
Iim In =In lim =Inl=0
x—0 X x—0 X

f(x¥)=4dxIny+ 2y? (l) ~-2x=4dxInx
X

so f{1)=-1 is a minimum.
Let r{x) = rate of transmission
5 1 5
=k In—=-kv"Inax
X
!

r'(x)=-2kxInx- o’ (
X

j= —kx(2lnx+1)

instructor’'s Resource Manuai

r'(x)=0if Inx=-—, or —lnx:l, S0
2 2
mi-1
x 2
lnl.65:l‘ 50 v = — = 0.606
2 1.65

r'(x)=-kQ2lnx+1)- k\'(ll] =-k(2lnx+3)
X

r7(0.606) = -2k <0 since k>0, so

x = 0.606 gives the maximum rate of

transmission.

Ind>1
so In4" =mind>m-1=m

Thus x>4" = Inx>m

so limlnx=w
X—xC

Let :=l s0 - —>wasx —0"
X
Then lim Inx= lim ln(l)z lim (-Inz)
.r—>0+ —C 2 P ]
=-limlilnz=-w
=
x| x|
-dr=2L i
3¢ t
1 1 x | x |
L”;dm_[ ;d1-2L ~di
|
ldt: xldt
/3¢ !
1/31 x |
- -dt=| -dt
b=
—ln—l-=1nx
3
In3=Inx
x=3
1<—1- fort>1,

t i
x| x|
Inx=1] —dt —
so Inx 'Ll(‘ﬁ\/;

=[2vi] =2k -1y
SO lnx<2(\/;—l)

dr= J']xt’”zdt

b. Ifx>1, 0<lnx<2(Vx-1),
Inx 2(x -1
—_—  —

X X

00<
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2(/x+1) _

Hence 0< lim l—nis lim

0
x>0 X X0 X
and lim ln—x=0.
x—0 X
43, lim ;+L+ ot !
' now| n+l n+2 2n
. 1 1 1 1
= lim + 4+t -
noeo| 141 142 1+2 | n
n n n
n 2
= lim L -l=£ldx=ln2:0693
n—®; 7 ]+ﬁ n X
l' k]
000,000 ~ 72,382

" In1,000,000

ax-bY ax—-b
45, a. f(x)=In|——] =cln
ax+b

ax+b

a® -b*
= " [In(ax - b) - In(ax + b)]

2 2
f'(x):a -—b[ a a ]

2ab a.t—b—ax+b
_ a? - b? 2ab _ a? - b?
2ab | (ax-b)ax+b) | 42x2 b2

a? -b*

2x+1

.t2+x—l

2-1+1
12

= cosz[ln(.t2 +x-1)]-

£(1) = cos?[In(12 +1-1)]-

+1-1
= 3cosz(0) =3

/3 n/3 si
46. E tan xdx = E Smxdx
cosx

Let u = cos x 50 du = —sin x dx.

fSin L _Ildu =~Infu|+C =~In|cosx|+C
cosx u

/3 3
El tan xdx =[~ In|cos x|}3

=-In cos% +ln|c050|=—ln%+lnl =1n2 = 0.693

47. V=2nfxf(x)dx= f—i%dx
x

Let u = x2 +4 sodu=2xdx

314 Section 7.1

48.

49.

50.

I 2mx
x+4
=nln|x2 +4|+C

’ 4
f im a'.t=|:1tln|x2 +4|]
x°+4 |

=xIn20-ams5=nrlnd =4.355

dx = nfldzl = nlnlu] +C
u

y=——lnf=i-——lrnx
4
dy_2x 11 x 1
dc 4 2 x 2 2x
2
L= [ 1+(ﬂj de= [ 1+(i—l) dx
dx 2 2x

\
2 ?
=X iy -1 2+|n2—(l+1n1)
2| 2 2 2

=-§+lan= 1.097
4 2

) 1
o (-l o) 1

O 7))

1 2 3 n-1 n x

1 1 1 .
P 3 +---+— = the lower approximate arca
2 n

1+l +eot Ll = the upper approximate arca
n-

In 1 = the exact area under the curve

Thus,

1 1 | 1 1 1 1
—4+—+-t—<hn<l+—+—+-t——+—.
2 3 6 2 3 n-1 n
| g (Lo [a
ny—lnx_ A, t k1

y—x y-x y—x

1
= the average value of — on [x, y).
!

. 1. . .
Since - is decreasing on the interval [x, y]. the
t
average value is between the minimum value of
1 . I
— and the maximum value of —.

y X
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P,

cosx
51, a. (X)) = ——cOsx =——
S ) 1.5+sinx 1.5+sinx
f'(x)=0 whencos x=0.
Critical points: 0, =, 2% 3% 37
2.2 2

f0) = 0.405,
f(;) ~0.916, f('%t) ~ -0.693,

>

f[s") ~0.916, £(37) = 0.405.

On [0,37]. the maximum value points are

[;.0.916}(%".0.916) and the minimum

value point is (37“.—0.693).

1+1.5sinx
(1.5+sinx)?
On [0.37]. f"(x)=0 whenx = 3.871,

5.553.
Inflection points are (3.871, -0.182),
(5.553,-0.183).

b. [(x)=-

3
c. Ln In(1.5+sin x)dx = 4.042

52. 2. fi(x)=-3n0nx)

On [0.1,20], f'(x)=0 whenx=1.
Critical points: 0.1, 1, 20

f0.1) = —0.668. 1) = 1, [20) = -0.989
On [0.1, 20]. the maximum value point is

(1. 1) and minimum value point is
(20, -0.989).

7.2 Concepts Review

—

- S(x)# f(x)

(S
.

.-l
< fT)
3. monotonic: increasing; decreasing

]
(YW, —f,(x)

a

Problem Set 7.2

1. fix) is one-to-one, so it has an inverse.

Since f(4)=2, f ' (2)=4.

Instructor's Resource Manual

b. On[0.01,0.1], f'(x)=0 whenx = 0.043.

f10.01) = -0.107,/(0.043) = -1

On {0.01, 20], the maximum value point is
(1. 1) and the minimum value point is
(0.043, -1).

20
C. -[).1 cos(In x)dx = -8.37

53, 0.3
0.3

6.25
0.2
0.15
0.1
8.05

¢.2 0.4 0.6 0.8 1

a. ﬂ[xlne)—xz ln(%)]dx ~0.139

b. Maximum of = 0.260 at x = 0.236

54.

t
[=]
~N U S W N e

|
a. L[xlnx—\/;lnx]d.\':—-o.l%

b. Maximum of = 0.521 atx = 0.0555

2. flx) is one-to-one, so it has an inverse.
Since {1)=2, 72 =1.

3. flx) is not one-to-one, so it does not have an
inverse.

4. flx) is not one-to-one, so it does not have an
inverse.

5. fix) is one-to-one, so it has an inverse.
Since I-1) =2, £ '(@2)=-1.

6. flx) is one-to-one, so it has an inverse. Since

| _ 1 _l
f(i)—lf (2)-2-

Section 7.2
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~

10.

11.

12,

13.

14.

15.

316

. L2 =-5x* =322 = —(5x* +3x%) <0 forall
x # 0. fix) is strictly decreasing at x = 0 because
fix)> 0 for x < 0 and f{x) < 0 for x > 0. Therefore
flx) is strictly decreasing for x and so it has an
inverse.

. () =7x5+15x% >0 forallx = 0.
flx) is strictly increasing at x = 0 because f{x) >0
for x > 0 and f{x) < 0 for x < 0. Therefore flx) is
strictly increasing for all x and so it has an
inverse.

. ['(@)=-sinf<0 for0< @< 7

[(6) is decreasing at 6= 0 because f{0) = 1 and
flG<1for0< @< z. [ is decreasing at

@= 7 because {7 )=-1and {6 > -1 for

0 < @< x . Therefore f{ 6) is strictly decreasing
on0 € 8 £ =z and so it has an inverse.

f'(x)=—csc2x<0 for 0<x<§

Sf(x) is decreasingon 0 < x <§ and so it has an
inverse.

f(2)=2(z-1)>0 forz>1
flz) is increasing at z = 1 because f{1) = 0 and

flz) >0 for z > 1. Therefore, f(z) is strictly
increasing on z > 1 and so it has an inverse.

fi(x)=2x+1>0 forx=>2. flx)is strictly
increasing on x > 2 and so it has an inverse.

f(x) =Vx* +x% +10 > 0 forall real x. f{x) is

strictly increasing and so it has an inverse.

f(nN= f cost rdt = - L’ cos? tar

fin= —cos?r<0 forall r# kn+§, k any
integer.

f(r) is decreasing at r = kn+§ since f'(r) <0
on the deleted neighborhood

(kn + g &, kn+ g + 5). Therefore. f{r) is

strictly decreasing for all » and so it has an
inverse.

Step 1:
y=x+1
x=y—1

Step 2: £~ (y)=y-1
Step 3: f_’(x) =x-1

Section 7.2

16.

17.

18.

19.

Check:
Sy =+ -1=x
FU ) =(x-+l=x

x=-3(y-1)=3-3y
Step2: f7(y)=3-3y
Step 3: /' (x)=3-3x
Check:
f“(f(x»=3—3[—§+1)
=3+(x-3)=x

@) = *3—;3—’9“

=(-l1+x)+1=x

Step I:

}’=\/m (note that y = 0)
x+l=y2
x=y?-1,y20

Step2: £ (y)=y* -1.y20

Step3: S (x)=x? L x20

Check:

S =(r+ ) -1=(x+D)-1=x

S ) =~ 41 =P =[sf=x

Step 1:
}’-‘--\/m (note that y<0)
l-x=-y
I-x=(-p)* =y
x=1-y2.y<0
Step2: f7'(»)=1-y"y<0
Step3: f(x)=1-x*x<0
Check:
ey =1-(V—x)? =1-(1-x)=x
U @) = 1-0-22) = o =
=—{=x)=x

Step 1t

1

=
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20.

21.

x-3=-—
¥y

Jc=3—l

Yy
Step 2: 7o =3—l
y

1
Step 3: f"l(x) =3-—
x

Check:
FE) =3 =3 x- D) =x
x-3
SU ) = = =
(3-1)-3 -1
X X
Step 1:
y= (note that y > 0)
x.-.-
2 1
Y T x-2
x—2=—12-
y
1
x=2+—2,y>0
Yy
Step 2: f_l(y)=2+—l;,y>0
3?2
Step 3: f—](x)=2+L2,x>O
X
Check:
1 1
SUany=2+ =247
x-2
=2+(x-2)=x
- 1 |
U= —~—= F' =Jx?
2+ -2 -
(=R ()
=|x|=x
Step 1:
y=4x2,xS0 (note that y20)
222
4
x=- X =——\/—;—. negative since x <0
4 2
Step 2: f”(y):——\/z—;—
Step 3: f"%x):—%

Instructor's Resource Manual

2
22, Step I:
y=(x-3)%,x>3 (note that y>0)
x—3=\/;
x=3+\/;
Step 2: f'l(y)=3+\/;
Step3: M (x)=3+Vx
Check:
f'l(f(x))=3+\/(x—3)2 =3+}x-3|
=3+(x-3)=x
FUT ) =[B+V0) -3 =) =x
23, Step I:
y=(x-1y
x—l=§/;
x=l+{’/;
Step 2: f"l(y)=1+\3/;
Step3: £ () =1+3x
Check: f“(f(x))=1+%/(x-1)3 =1+(x-1)=x
FU @) =10+¥0)-1P =@x) = x
24, Step I:
y=x'2x20
x=y23
Step2: f7'(») =y
Step 3: f'l(x)zztu5
Check:
U= =x
U@ =GPy =x
25. Step 1:
_x!
r= x+1
xp+y=x-1
x—xy=1+y
c= 1ty
-y
Step2: £ (=2
I-y

Check:
2
U= —\/—?x— = —\/;2- =-|d=~H-x)=x

2
f(f_’(x)) =4[—£} =4~§=x

Section 7.2 317



26.

27.

318

Step 3: f_l(x)= Irx
l1-x

Check:

1=l
+o_ x+lex-1_ 2%

—x=l xyl-x+l 2
x+]

1
)= ]

Lz

-1 _ l-x =
ST N= Ef” l+x+]-x

_l+.\'—l+.1'

2x
=—=X
2

Step 1:

x-1 3
y:

x+1
173 _ x-1

T x+1
PRTE I TE P

x—xyt3 =143

1y
"‘1 173
-y

_ 1+ J/3
sep2: [N =13

1+xll3

Step 3: £ (0)=——7
X

Check:

IGOE T
S -

x+l+x-1 2x

= = =X
x+l-x+1 2
3
13
l+x -1
73 142173 14473
-1 -
SUT N =5 = 173 1
l+x +1 I+x +1-x
YL
3
2x'13 17333
I | — =(X ) =X
( 2
Step 1:
_x3+2
x3+l
x3y+y=x3+2
x3y—x3=2-y
B2y
y-l

i3
I v
x=| =2
('v—l)

Section 7.2

28.

2y 173
Step 2: f“(y)=(—})
y-1
1/3
Step 3: f"l(x)=(2_x)
x-1
Check:
173
2_x:;+2 2 3 2 3 2
-1 | ePa | Ao Xx —4
S =] 5= —( : 3
_‘\}___1 x +2-x -1
+1

fU = =Xl
T | x4
(ﬁ) +
_2~x+2x—2_1_x
2-x+x-1 1
Step !:
3 5
y= x° +2
x3+1
1/5_x3+2
x3+l
EITEINTE R |
JEINTE N
3 2oy
=TS
y -1

173
2 M8
= s
y3 -1
173
) 9 _ VS
Step 2: f l()’)={—l’,—5y—
y p—

SIL 1/3
Step 3: f_l(x) =(T—]
x -—

Check:

s /5 1/3
2- (x3+2)
1 _ x3+1
f (f(x))— 1/5
5
(x3+2) -1
x3+1
3., 1/3
_xX+ 1/3
2| (2= -2
£3+2_1 L+2-x -1
x3+l
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["_3)"3 . Then f-'(x)=%(—1—\/sx+33) or
f"(x):-‘lI(—]+\/8x+33).

FU =L 32 S0 =263 /00> 0 when x>
i 143
(2"]/5 +1 ' 3
M52 and f'(x) <0 when x<5.
s Y L . 3
22,9 s 15 5 The function is decreasing on | —o0,— | and
R _[2—.\' +2x -2] >
N YT - 145, 15 _
i,f5il +1 2-xTTHx l increasing on [%,co) . Restrict the domain to
sy 3 3
i =x —oo,—] or restrict it to I:—.oo) . Then
\ 1 2 2
f“(x)=1(3—J4x+5) or
.. . r 4 2h 2
29. By similar triangles " =—. Thus, r =—3— ]
o 6 ) ==@+Vax+5).
This gives 2
2
v arih _ ”(4" /9)h - 4xh’ 33. S y
3 ‘ -
3 3 7 | —

h3=—27V /:
EY4 =
NI IR A Y T T A
h=3‘3’!— -3 5 ¥
4n

30. v=yy-32 s
v =0 when vy =32¢. that is, when

L

d ~1ys 1
¢ =20 The position function is SO =
32
s(l):vol-l612. The ball then reaches a height 14, | I
of . )'(3)=—5
2 2
l’o VO VO
H=s5(vy132)=vg—-16—=—
(vp/32) 03,710,764 A
Ve =63H
Yo =8\/ﬁ
| O NN
1 -3 | 5x
31. f'(x)=4x+I; f'(x)>0 when x>—z and -
f'(x)<0 when x<—%, 5k

The function is decreasing on (—oo—%} and

increasing on [—%,oo) . Restrict the domain to
1 .. l
—0,—— | orrestrictitto | -~—,o |.
4 4
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|enuepy 82Jn0SaYy S JojPNISU|

Ap - q = x(p - A2)

§ + X0 = Ap + Ax2
px
q+xv

o @M ) s
== ==L
1 I 1
g
=

o

S
— - ==

0< X SOO+[A= ), f
:(8uiseasour)
J1UOIOUOU ST JI 3SNEJA] 9SI3AUL Ue Sey f

l I)L[Z_EG)]F((:()[_I/W

¢ 3 z+X¢
X€ T-(C+X0) =( | )“l’=((x)")l‘q

.
=|— = 3=
(1) ([)1-3 (), S0, 8= )

z+x¢
B ann)s = (@8 = (Y
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ab = the area of the rectangle bounded by x =0,

‘= b-dy dy-b
T w—a  ov— x=a,y=0,and y=b.
-4 4 qb a Case 1: b>fla)
o PR y
f (y)__(.j)—a y=f(x)
Deeb b ; =1
- - b }
fw=- [y 1
cxX—a (]
b. 1f bc - ad =0, then flx) is either a constant
function or undefined.
g(.t)dt
c. Iff= 77}, then for all x in the domain we 0 a x
have:
ax+b di-b The area above the curve is greater than the area
y) + =0 of the part of the rectangle above the curve, so
cx+ &x-a _ the total area represented by the sum of the two
(ax + b)(cx - a) + (dx - b)(ex +d) =0 integrals is greater than the area ab of the
acx? + (bc - a* )x—ab+ dex? rectangle.
+d? -~bc)x—bd =0 Case 2:5 =fla)
(ac+dc)x? +(d? - a?)x+(-ab—bd) =0 N
Setting the coefficients equal to 0 gives three
requirements: bf—s
(1) a=—dorc=0 Lf"(y)dy
(2) a==d
() a=-dorb=0
Ifa=d. then f=f' requires b=0and L;(")‘b‘
0 a x

c=0,s0 f(x)=%=x.lfa=—d, there are

no requirements on b and ¢ (other than
bc-ad #0). Therefore, f = ftifa=—d

The area represented by the sum of the two
integrals = the area ab of the rectangle.
Case 3: b<f(a)

or if fis the identity function. y
/ Y p y =fx)
45. gy x=f(y
1 bl -
[y
B 0
y=Ax) .
A J;f(x)dx
0 a x
! x The area below the curve is greater than the area

[:f “}(y)dy = (Area of region B)

=1 — (Area of region 4)
2 3

=1- dx=l-==-
[;f(x) rar

46. Ef(x)dx = the area bounded by y = f(x), y =0,
and x = a [the area under the curve].

J:f" (y)dy = the area bounded by x = f'l 62)
x=0,andy=0b.

Instructor's Resource Manual

47.

of the part of the rectangle which is below the
curve, so the total area represented by the sum of
the two integrals is greater than the area ab of the

rectangle.

-1 . .
ab< .[jf(x)dx+ J:f (3)dy with equality
holding when b = f{a).

GiVCnp>l‘q>l‘ _l_+.l_=l’ and f(1)=xp—],
P 9

solving l+l=1 for p gives p=—q—. S0
q g-1
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Thus, if )I:xp'_l then xzyp-l =yq—l’ 0
o=y
By Problem 44, since f(x) = xP71 s strictly

7.3 Concepts Review
1. increasing; exp
2. lne=1;2.72

3. xx

4, e +C

Problem Set 7.3
1. a. 20.086

b. 8.1662

V2 141

c. e =e’ =400 = 41
d. eCOS(In4) ~ eO.lS - 1-20
3
2. a. e3|n2 =eln(Z ) ___elns =8

In64 /2
b. e 2 =¢M64 )= nd_g

3. e3lnx =elnx3 =x3

_ -2 - 1
4. e2lnx=elnx =x2____

5. Ine*®* =cosx
6. lne ¥ 3=-2x-3

7. In(x*e*)=Inx*+In ¥ =3Inx-3x

x x
8 ex—lnx_ 3 €

eln x x

2
9. eln3+2|nx =eln3 .eZInx =3_elnx —3X2

322 Section 7.3

increasing forp> 1, ab < I:x”"dx.,. qu"dy

rl P
abs{i—:l+y—}
Py L9 Jo

P e
absa—+b—
p 4

2
2 elnx x2 2
10. elnx yinx _

1 ="
e’ x  nx?

H‘<|>1

11. D2 = 2D, (x+2) = **?

2 2
12. De¥ % =¥ *D,(2x* - x)

2
=e2* F(4x-1)

— Jx+2
13. DV =¢¥**2p, Jx+2 = ¢
2Vx+2

4 & (]
14, D ¥ =¢ * Dx(——)
2
x

. L

b 2

—e 2.2 _3=28 X

x3

15. De?* =D ™" = Dx? =2x

x X x X (lnx)-l-x-l
16. D,elx =elnxp ———=elnx. - X
Inx (lnx)
X
_elnx(lnx-1)
(anr)2

17. D (x’¢") = x’Dye™ +€* Do (x°)

=3e" +e*3x2 = x2eF (x+3)

3 3
18. De* "% =X "D (X Inx)

3
=¢* l"x(x3 -l+lnx-3x2)
X

3
=" "*(x2 +3x% Inx)

3
=x%" "*(1+3Inx)

Instructor's Resource Manual
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2 2 2 2
19. D,[Ve* ol =D, (¢" )1-/2+Dxe‘/;—

20.

21,

22.

23.

2 2 2
=%(e“ )'1/2D,,eJt +e‘/;_Dx\[x—2_

2 2 2
___%(ex )—l/Zex DXX2+E\/X_ x

e

(exz )2 2)c+e“l"_2 =

I+

!
2

=xV e‘t2 + —xe‘lx_z
I+

D, [e” +xy]=D,[2]

€' (xDry+y)+(xDey+y) =0
xe¥ D, y+ye? +xDy+y=0
xe®¥ D, y+xD,y=-ye? -y

—ye? -y _ ye¥+)_ ¥
x(e?+1) X

D.y=
* xe”¥ +x
Dx[ex+y]=Dx[x+.V]
eV (+D,y)=1+D,y
Y+ D,y=1+D,y
e**’D,y-Dyy=1-"

l— X+y
e

D,y=
x &Y

a.

y
:51,_]_|_|<_1_I_J_J_;.}

S

The graph of y =¢” is reflected across the

x-axis.

Instructor’'s Resource Manual

24,

25,

26.

T T T T

31111 L
-5 §5X

-5

TT T

The graph of y =¢® is reflected across the

y-axis.

a -b

a<b=-a>-b=e?>e”, since e* isan

increasing function.

f(x)=-xe*+e* = *(1-x);
f'(x)=0 whenx=1
f'(x)>0 on (-, 1)
f(x)=xe*-2eF = F(x-2);
f"(x)=0 whenx=2
f"(x)>0 on (2,)
Increasing on (—o,1]
Decreasing on [1,0)
Maximum at (l. -l—) =(1,0.4)
e
Concave up on (2,0)
Concave down on (-,2)

Inflection point at (2, %) =(2,0.3)

4

|
W
T TT TS
[+
~)
2%

TT T T 11

-5
f(x)=¢e"+1
f'(x)>0 for all real x.

f(x)=€"
f"(x)>0 forall real x.
Increasing on (- ,®)

Section 7.3
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28,

324

Concave up on (- ,®)

LR

f(x)==2(x - 2).«3""'2’2 :
S(x)=0 whenx=2
f'(x)>0 on(-,2)

2 2
Fr(x)=4(x-2)2e "D _ 257D
2
=2¢7 7D 2(x-2)% -1);

f7(x)=0 when x=2t%~/§
f’(x)>0 on (—wZ—%ﬁ) and
(1)

Increasing on (- . 2]
Decreasing on [2, )
Maximum at (2, 1)

1
Concave up on (-oo 2 —-;-\[Z_JU (2+5\/§, 00)

Concave down on (2 —%\/'2— 2 +%\/§)

Inflection points at (2 —%\/'2' , L) ~(1.3.0.6)

Je
1

1
and | 2+—-v2,—= | = (2.7,0.6)
( 2 JE)
y
I-—

=1

f(x)=¢e"+e*

S'(x)>0 forallx

f"(x) =¥ - ¥ = e-x(eZ.t -1
f7(x)=0 when €** =1 orx=0.
f'(x)>0 whenx>0

Increasing for all x

Section 7.3

29,

30.

31.

33.

34.

Concave up on (0, ©)
Concave down on (-, 0)
Inflection point at (0, 0)

5

T T T

| | T I
-5 5 X

T T 1T T

-5

Letu =3x+ 1, so du = 3dx.
Iekﬂdx =1 '[83“” 3dx = 1 Ie"du = le:"‘ +C
3 3 3

=le3x+l +C
3

Let u=x* -3, sodu=2xdx
2 2

Jxe‘ _3dx=ljex _32xdx=lje"du

2 2

2
eve=let3 0
2 2
Let u = x2 +6x, 50 du = (2x + 6)dx.
2
I(x+3)e" orge -1 Ie"du L,
2 2

2

l
_eX +6X+C

. Let u=e*-1, sodu=edx.

I e’ _ ld _ _ x
—dxex_] = I; u=Inlu|+C =lnle —l|+C

Let u=—l, SO du=L2dx.
x x
e—llx y
I dx=je“du=e"+C=e' *+C
XZ

X X
J'e”e dx = Ie‘-ee dx
Let u =e*, sodu =e*dr.

Je“ e dx= je"du =" +C=¢ +C

35. Letu=2x+3,sodu=2dx

je2x+3dx=lje"du:le“+c=—l-e2”3+c
2 2 2
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1 s
ﬁez’”dx: _82x+3:| LIPE N
2 b, 2 2

=%e3(e2 1) ~64.2

36. Let u=£,so du =——3—dx.

X xz
3/x
Ie dx=—lje"du=——l—e“+C
2 3 3
3
3/x 2
fe—dx= —leyx] Lpn ls s,
2 3 1773 73

3
37. V=n£n3(e")2d.r=n£n e**dx
In3
=n —l—ez“ =1r(le21n3 —leo) =12.57
20 1 2 2

2
38, V= [ 2w dr.
Let u=—x2,sodu=-2xdx.
2 2
I27ue"' dx=-n je" (-2x)dx = -n Ie“ du

2
=-ne* +C=-ne’* +C
1

2 2
g2nxe"‘ dx = —n[e-x :| =-—n(e ! -€%)
0

=1t(l—e'l) ~1.99

39. The line through (0, 1) and (l, l) has slope
e

11 - _
R SV e G T YY)
1-0 e e e
y=l_—ex+1
e
1- 1-e '
I: (—£x+l)—e"x dx=[— 2+x+e":|
e 2e 0
e i o328 0052
2e e 2e
. (e* —1)(1) - x(e¥) 1 —x
4. f'(x)= - (~e~*)=1)
A (e"—l)2 - *

e -l-xe* 1 (L)
(ex_l)Z l_e—xkex
e -1-xe* 1 e -l-xe"—(e"-1)

(-2 -1 (e* -1)?

Instructor's Resource Manual

X

_ . xe
(e - 1)?
When x>0, f'(x) <0. sof{x)is decreasing for
x>0.
41. a. Exact:
10!=10-9-8-7-6-5-4.3-2-1
=3,628,800

Approximate:

10 10
10! = V20r (—) = 3,598,696
e

60\
b. 60!=J120n(—) ~8.31x10%!
e

42. &M= (-0'—3+1)£+1 93 b 03)+1
4 )3 ]2

=1.3498375
%3 ~1.3498588 by direct calculation

43. x=¢ sint, so dx=(e' sint+e’ cost)dt
y =€ cost, so dy = (¢ cost —¢' sint)dt
ds = \Jdx? +dy?
= e'J&nt +cost)? +(cost -sinz)?d

= ¢'2sin? 1 + 2cos? tdt = 2¢' dt

The length of the curve is

E J2edr =\/—2-[e']: =V2(" -1) = 31312

44, Use x=30,n=8,and k=0.25.

n -k 28 ,-0.2530
P (= :z _ (02530 014
n! 8!
45. 2. lim —— is of the form 2.
=07 1+ (Inx) ©
D,Inx . ;l;

im ——————= lm 1
x>0 D [1+(Inx)"] x-0* ZIHX’;

=0

= lim
N 2lnx

. Inx . 1
lim = lim =0
x- | +(In x)2 x—ox2Inx

Q+(nx?)-L-inx-2mnx-4
[i+(nx)*T

_1-(nx)?

B )c[l+(lnx)2]2

b. [(x)=

Section 7.3 325



f'(x)=0when Inx=2xlsox= e=e 46. Let (x,e™0) be the point of tangency. Then

el €0 -0 x x
orx=e =2 O=f’(x0)=e"°=~e°=x0e°=>x0=1
Ine 1 1 ‘ w0~
Sle)= T=—3=5 so the lineis y=e™x ory=ex.
1+(ne)® 1+1° 2
1 In_ -1 1 27!
f(—): e = =—e _ _e.x_
e 1+(1nl)2 1+(_1)2 2 a. A= L(e ex)dx =| e* 5
e 0
. 1 .. e 0 e
Maximum value of 5 at x = e; minimum = e—;—(e —0)=5—1 =0.36
1 -1
valueof —— at x=¢ . 1
2 b. V=x L[(e")2 — (ex)?dx
2 5 37
3 Int 1 4
C. F(x)= Lt _n_z'dt :ﬂ’[)(ez" —ezx )dx =7 lezx_i
1+(Inr) 2 3 b
In x? 2
F'(x) = —————2x _ btz e (L o)| 22 31~
1+(lnx2)2 nl:z 3 (2e -6(e 3)=2.30
2
FJe)= ln(\/Z)zz'z‘/;= 17'2 . 1
1+[ln(\[€—) ] 1+1° 47. lim (el/n+eZ/n +._‘+en1n)(_]= E eFdx
e =1.65 no® n

1
=[e’] =e-1 = 1.718
0

48. a. The reflection of the point (x. f{x)) through the linex = pis (2u-x, f(x)).
Thus we want to show that 24 - x)=f[x)

1f2p-x-p) 1 _l[,u_—{)z _ . 22
SQu- x)-aJ——eXP[ ( > j}-ame"?[ 2\ = f(x) since (u—-x)" =(x-4)

e OB T

S'(x)=0 whenx=

fr(x)=- \/,_ eXp[‘l(%]z][-%‘2(%}%]”""[_%(:#)2}(_0—31/?)
:Fl;exp[-%[";") ][(x—m2 ~o?]
1

f(/1)=—Cr3m

b. f'(x)=

<0 so f{x) has a maximum atx = u.

S (x)=0when (x - ,u)2 =c? so Ax) has inflection points at x= g+ 0.

3 T _0lx
49. a. E}exp(—i,)dx=2Lexp(—%)dx:3.ll b. E e sinxdr =0.910
x~ x~
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50. a. lim(l+x)/*=e =272 54. f'(x)= ,(1+ex—l )2 _ex"(_x—z)

x—-0
B el/x
b. lim+x) Y% =L ~0368 20edP )
x—0 e
_2 ,
5L f(x)=e .
6
2
f(x)=-2xe”* .
. -2 4 =207 (24 0.2
fi(x)==-2"F +4x‘e " =277 (2x°-1)
y=flx)and y= f"(x) intersect when 10 =5 3 o

2 2
e X =27 (262 - 1) 1=4x" -2

W3

4x?-3=0,x=+"1
2

Both graphs are symmetric with respect to the
y-axis so the area is

J3
2{ LT [ 2" (2x? — 1))k

2 b a. lim f(x) =0
+J'E[2e'Jr 2x*-1)-¢e* ]dx} x—0%
2
~ 4.2614 b. lim f(x)=1
x—0"

52. a. limxPe™™ =0 |
e c. lim f(x)==
x—>tw 2
b. f(x)=xPe*(-)+e* - pxP!
d. limf'(x)=0

=xPle® (p—x) x—»Of (x)

f'(x)=0 whenx=p . . .
e. fhas no minimum or maximum values.

53.  lim In(x? +e *)=co (behaves like —x)
x——0

lim In(x® +e ") =0 (behaves like 2Inx)

X=—)»0
7.4 Concepts Review Problem Set 7.4

1. e\/ilmr; e<ina 1. 2x=8=23; x=3
2. e 2. x=52=25
3. Inx 3. x=42-38

Ina

4. x*=64
4, ax®': a*lna
x=464 =22

Instructor's Resource Manual Section 7.4 327



x) 1
5. lOgg(E)—E
X_gl2_3
x=9
6. 4=
2x
x——l =—
2.4 128
7. logy(x+3)-logrx=2
Iogzx—+3=2
x+3=22=4
x
x+3=4x
x=
8. logs(x+3)-logsx=1

10.

11.

12.

13.

14,

328

]ogsx—-”:]
X

.’C+3=5] =5

x
x+3=5x

3
x==
4

Inl2
logs 12=——=1.544
85 1= s

In0.11

logs 0.11=——=x—1.1343
&7 in7

1In8.12
log;(8.12)V/° = = 2222
£11(8.12) STnl

In8.57

=0.1747

log;(8.57)" = 7—=" = 6.5309
Inl0

xIn2=In17

x= Inl7 ~ 4.08746
In2

xInS=In13

Section 7.4

15. 2s-3)In5=1n4

2s—3=ln—4
In

16. Lln12=ln4

17. D(6**)=6**In6-D,(2x) =2-6 In6

2 2
18. D,(3%% 3%)=32"31n3.p_(2x? -3x)

2
=(4x-3)-3% 3% 3

19. D, logye* = -D.e*
g e“ln3

eX

e In3
Alternate method:

-1 <0902
3

D, logz €* = D (xlogse) = log; e

e 1 09102

In3 In3

1

————— D, (X’ +9)
(x”+9)In10

20. D, log;o(x*+9)=

_ 3x2
(x* +9)In10

2. D,[3% In(z+9)]
=3 — () +In(z+5)-3 In3
z+5

=3¢ [L+ln(z+5)ln3}
2+ 5

f 6%-6 [92
22. Dg lOg]0(3 )=D9 (6 —0)]0g103
, 2
- D, © —0)ln3= ’In3 Dy (02_9
In10 Ini0
’ln3 1 2 112
= |—-—(0° -6 20 -1
In10 2( ) ¢ )

_26-1 [In3
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23. Let u=x? sodu=2xdx. D _ 4o 4 12y

2 u dx  dx
fe-2" dx:lj’z“du=l 2 ,c
2 2 In2 210421010+ 202
12 712-1
= +C = s +C
2In2 In2 28. isianr=ZSinxisinx=25inxcos.7c
dx dx
24, Letu=5x-1,s0 du=35 dlt. lou dﬁ_zsinx - 2sinx lnzisinx___zsinx In2cos x
X
IlOsx"dleIlO“dzz=7-—+C
s 5 Inlo in(sinz PLLES
105%-1 dx  dx T
~ 51n10 + = 2sinxcosx+ 25" cosxIn?2
1 d a4l n
25. Let u=+/x.sodu= 7\/_dr. 29. Zx-x =(n+1)x
- -t
d
J'.Sidx-.? SYdu=2. -5_+C E(R‘H)x = (m+ ) In(r+1)
In5
dy _d . =4
Jx 2o S (1))
2-5 dx  dx
= +C
In5 L = (R D™ +(n+ ) In(n+1)
fiﬁ-, s _z(g_i)
Jx© s | "5 ns 30. %2(8’)=2“’x)ln2%e"=2(e’)e"1n2
40 d
=5 8 E(ze)" =(2°)" In2° =(2°)"eln2
dy d T ) e
1 |
26. ﬁ(103"+10‘3~‘)¢r= L103-‘dx+[)10‘3-‘dx dx dx[2 +@]
Let u = 3x, so du = 3dx. =2(e )el' ]n2+(2e)xe]n2
j103‘dx=lj10"d L )
. 3 3 Inl0 31. y=(x2 +1)lnx =e(lnx)ln(,vr +1)
-0 +C dy _ (nx)in(x2+1) 4 2
3In10 ol E[(lnx)ln(x +1)]
Now let u = -3x. so du = -3dx. " : 5
_ I 1 10¢ = ln (= +l)[—ln(x2+l)+lnx a ]
1073% dx = = [10“du = ——-——+C 3
J 3I 3 In10 x x"+1
1073% c ___(X2+1)lnx ln(x +l) 2xlnx
BT T x X+l
1
L3 ocdey | 107 107 2
Thus, L(IO +10 )dx—[—m— 32. y=(n x2)2x+3 = (2x+3)n(Inx”)
d 2
1 (1000 ): 999,999 Ey=e(2"“3)'"“"" )%[(Zx-e—})ln(lnxz)]
31n10 1000/ 30001ln10 ,
= 144.76 = e(2x+3)In(in x )[ZIn(lnx2)+(2x+3) 12 lz(zx)]
Inx‘ x
2
YRNGAT CONRT to )lnIO d o 2 _10¢92x1n10 2+
dx 3 2x+3
=(2lnx) 2In(2inx)+ l
— — xinx
%(xz)lo =de-:(20 =20xl9 inx? Inx
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33.

34.

35.

36.

37.

38.

39

330

f(x) - xsinx :esinxlnx

f'(x) - esinxlnx %(Sinxln JC)
= gtinxinx [(sin X)(1J+ (cosx)(In X)]
X

; sinx
= x5 (— +cosxln x)
X

£ =15 (SlTnl+ coslln 1) =sinl = 0.8415
f(e)=nf =22.46

gle)=e" =23.14

g(e) is larger than fle).
f’(x)=%1t’ =n*lnn
f'(e)=n°Inn=2571
i

' d T 1l
x)=—x"=mnx
g'(x) e

g'(e) = ne‘l‘t—l = 26.74
g'(e) is larger than f'(e).

log x__]nx_ Inx _ logy x
V2 X =TT T2 2
2
¥
5
y=logx
1.1 1 11 i 1t
-5 5x
y=log .

M =0.67l0g,((0.37E)+1.46

M-1.46
lo 037E)y=—
810( ) 067

M-1.46
10 0.67
T 037

Evaluating this expression for M=7 and M =8
gives E ~5.017x10% kW-h and
E~1.560x10' kW-h. respectively.

115 = 20log;o(121.3P)
logo(121.3P) =5.75
105.75

1213

~ 4636 Ib/in.2

If r is the ratio between the frequencies of

successive notes, then the frequency of C=r1?

Section 7.4

40.

41.

42,

43.

(the frequency of C). Since C has twice the
frequency of C, r = 212 +1.0595
Frequency of C = 440(2'/17)? = 440%2 ~ 523.25 -

Assume log, 3= £ where p and g are integers,
q

g#0.Then 2719 =3 or 27 =3%. But

27 =2.2...2 (p times) and has only powers of 2

as factors and 39 =3-3...3 (q times) and has
only powers of 3 as factors.

2P =39 only for p = g = 0 which contradicts our
assumption, so log, 3 cannot be rational.

If y=A4-b*, thenlny=1InA4 +xin b, sothe
In y vs. x plot will be linear,

If y=C-x?, thenlny=1InC+dInx,so the
In y vs. In x plot will be linear.

WRONG 1:

y=fs®

¥ =g(x) f()ED f1(x)
WRONG 2:

y=fx)F

Y= fOED I f()-g ()= SV @Inf(x) -y
RIGHT:

y= f(x)g(x) =8I S(x)

y = e8I L g (2)in £ ()

= f(x)#™ [g'(x) Inf(x)+ g(x)—]—f’(x)]
f(x)

= fDED g' () In f(x) + £ T g(x) (%)

Note that RIGHT = WRONG 2 + WRONG 1.

£ = () =) 22069 Z o)

f(x) - x(xz) — ex2 Inx

2 2
fr(x)zex lnxﬁ_(x?. lnx)zex Inx[lenx+I2-l)
dx X

2
=x)2xInx+x)

oy _ e.rx Inx

gx)=x
Using the result from Example 5

(%x‘ =x*(1+In x)):

gx)= et Inx %(xI Inx) ‘\
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=e’}‘"’[x"(l+lnx)lnx+xx l]
X
=x(r‘)x‘l:(l+lnx)lnx+l]
X

X

. [:ln x+(Inx)* +l]

a* -1

a* +1

4. f(x)=

(@ +)a*ina—(a* -1)a*Ina _ 2a"Ina

S(x)=

(a* +1)2 (@ +1)?
Since a is positive, a* is always positive.

(a* +1)? is also always positive, thus f'(x) >0
iflna>0and f'(x)<0 if lna <0. flx) is either

always increasing or always decreasing,
depending on a, so f{x) has an inverse.

a*(y-1)=-1-y
=Y
I-y
1+y
xlna=h——
s 4
I+y
—h'll_y l ]+y
x= =10g,
In 1-y
1+y

) =log, —=
-y

- 1+x
S (x) =log, —
l-x

xa

45. a. Letg(x)=Infilx)= ln[—]=alnx—xlna.
a

g'(x)= L—Z—\] ~Ina

g’(x)<0whenx>—1na—, soas x > o g(x)
a

is decreasing. g"(x) = ——az-, s0 g(x) is
x

concave down. Thus, lim g(x)=-x, so
X—rx0

lim f(x)= lim 8 =0.
X—»a0

=0
b. Againletg(x)=Inflx)=alnx-xlna.

Since y = In x is an increasing function, f{x)
is maximized when g(x) is maximized.

instructor's Resource Manual

g’(x)=(£)—lna, sog'(x)>0on (0.—0—)
X Ina

and g'(x)<0on (i.oo].
Ina
Therefore. g(x) (and hence f{x)) is

- a
maximized at x = e
na

Note that x? = a* is equivalent to g(x) = 0.
By part b., g(x) is maximized at xq = ‘—a—.

na
If a = e, then

g(.ro)zg[i]ag(e) =elne—-elne=0.
Ine
Since g(x) < g(x)=0 forall x= xg, the

equation g(x) = 0 (and hence x“ = a” ) has
just one positive solution. Ifa # e, then

g(xo)=g(L)=am(L)-L(M)
Ina Ina) Ina
=a[ln(—a—)—l].

Ina

Now 2 > e (justified below), so
Ina

glxg) = a[lni - l] >a(lne-1)=0. Since
Ina
£2'(x)>0o0n (0, xg). g(xg) > 0. and
lim g(x) = —o, g(x) =0 has exactly one
x—0
solution on (0. xp).
Since g'(x) <0 on (xg,%),
g(xg)>0, and lim g(x)=—0. g(x) =0 has
X—p0
exactly one solution on (xg, «). Therefore,

the equation g(x) = 0 (and hence x* =a*)
has exactly two positive solutions.

a
To show that ]—>e when ae:
na

Consider the function A(x) = li forx>1.
nx

_ In(x)(l)—.r(%) _Inx-1

(nx)? (x>
Note that A'(x) <0 on(l,e)and A'(x)>0
on (e, « ), so A(x) has its minimum at (e, e).

'(x)

Therefore -i>e forall xze, x> 1.
Inx
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d. For the casc a = e, part c. shows that 47. f(x)=x%= exInx

g(x)=elnx-xine<0 for x #e. Therefore, Let g(x)=xlnx,

when x#e. Inx® <Ine”, which implies Using L 'Hépital’s Rule,
e X . e T
x® < e*. Inparticular, n° <e”. lim g(x)= lim IL]{
PEN 0" x

16. a.  f,(x)=x"e*
Su(x)= e —xMeF = (u-x)x" e

Since f,(x)>0 on (0, «)and f,;(x)<0 on

1
-x = lim —%-= lim (-x)=0
x—>0+""—2 x—=0*
X

(u, ), f,(x) attains its maximum at xo = u. Therefore. lim x* =’ =1.
x—-0*
b. f,(u)> f,(u+1) means g'(x)=Inx-1
e ™ > (u+ l)ue—(u+l) Since g'(x) <0 on (0, e) and g'(x) >0 on
wtl " (e, ), g(x) has its minimum at (e, e). Therefore,
Multiplying by i ” gives e>(uT+l) . flx) has its minimum at (e, €°).
u
Just(@+1)> f 4 () means 48. *°
(ll + ])u+le—(u+1) > uu-He—u . ::
u+l u+l 20
Multiplying by d gives (u_ﬂ) >e. 10
uu+l u
o

.« . . .. .5 1 1.5 2 2.5 3} 3.5 3
Combining the two inequalities.

(u+l)" <e<(u+1j"*' (2.4781, 15.2171), (3, 27)
u

U
c¢. Frompartb., e< utl a
. p . y . 30,

49, ﬁ ® SINE gy £ 202259

u
Multiplying by L gives L e< (ﬂl) .
u+l u+l u

— N WA N

u+1) .
<e inpartb., so G.5 1 1.5 2

u

u u+1Y
e< <e.
u+1 u

We showed (

Since lim e = e , this implies that
u—aou+]
u u
lim (-li-ﬂ) =g, i.e.,, lim (1+l] =e.
u—0 u H—> u
7.5 Concepts Review 2. k=6yy=1soy=e"
. _ 3_
1. ky k(L-y) 2. 22=8 3. k=0.005, 50y = yged W
_ ., ,0.005(10) _  0.05

3. half-life 4. (1+n)" ¥10) = yoe = Yoe

2
y(10)=2= yg =—==
0

Problem Set 7.5

2 0.005 - 280.0051—0.05 - 280.005(!-10)

1. k=—6, yg=4soy=4e ¥ y_80-05e
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10.

. k=-0.003, 50 y = ype 003

y(=2) =y, e(—0.003)(—2) =y 20.006

3
Y=2)=3= Y =508
e

3 ,-0.003 _ 5,-0.003-0.006 _ 3,-0.003(r+2)

e0.006

y:

yo =10.000, »(10) = 20,000
20,000 = 10,000+
2= 0k

In2=10k

k=12 _ 069
10

y= 10’ 000800691
After 25 days, y =10,000e%%%% ~ 56,125.

Since the growth is exponential and it doubles in 10
days (from ¢ = 0 to ¢ = 10), it will always double in
10 days.

0.069
3yo=yoe
3 = 0069
In3=0.069¢

=———=15.9 days
0.069 y

Let P(f) = population (in millions) in
year 1790 + ¢.
In 1960, r = 170.

P(1) = Ryt
178 = 3.9¢!70%

45.64 = &' 70k

k= 14564 o 02048
70

In 2000, =210

P(210) = 3902298210 - 438

The model predicts that the population will be about
438 million. The actual number, 275 million, is

quite a bit smaller because the rate of growth has
declined in recent decades.

1 year: (4.5 million) (1.032) = 4.64 million
2 years: (4.5 million)(l.032)2 ~ 4,79 million

10 years: (4.5 million) (1.032)!° = 6.17 million
100 years: (4.5 million) (1.032)'% =105 million

y = yoe™
1.0324 = 45D
k =1n1.032 = 0.03150

Instructor's Resource Manuai

11,

12.

13.

14.

15.

At1=100, y = 4,5¢(003150X100) - 195

After 100 years, the population will be about
105 million.

1 k700) 4ng 0 =10

In 2 = 700k

k=-2"2 500099
700

J = 10¢-0.000951

Att =300, y=10e70-00099300 _ 7 43
After 10 years there will be about 7.43 g.

0.85 = k@
In 0.85 = 2k

'=-]%'85z—0.0813

-In2=-0.0813¢
_ In2

" 0.0813
The half-life is about 8.53 days.

=

1
1_ smok

ln(lz-

~ 5730

e

k ~-1.210x107%

-3
0.7y, =y0e(—l.210x10 i
In0.7

T -1.210x107*
The fort burned down about 2950 years ago.

= 2950

1
1_ s730k
2

1
k=ln(2)=—l.210x10_4
5730

0.51yp = yoe(-l.210x10—4)1

In0.51

 -1.210x107
The body was buried about 5565 years ago.

= 5565

dar
—=k(T-75
oK )

I;dT= jkdz
T-75
In|T-75|=ke +C
|T - 75| = £*€

T =75+ Ae¥

Section 7.5
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16.

17.

18.

334

n0)y=75+4
7(0) =300 => 4 =225

T(0.5) = 200 = 200 = 75 +225¢%%*;
D_5=90'5k2k= ZInéz
225 9
T=75+ 2256-1'”61
Atr=3, T=75+225¢""1763 ~g81.6.

-1.176

After 3 hours, the temperature will be about 81.6°F.

dT
LT -24
& ( )

—— jkdr

T..
In|T-24] =kt +C
|T - 24| = M*€
T =24+ A
T(0)=-20 = A =-44.
T = 24 - 44¢"
T(5)=0 = 0 = 24~ 44&°* .

24
k=—@z—0.1212

T - 24_446—0.1:“21
20 = 24— 44¢70121%

p012120 _ 1
11

1
1= ]( ) =19.78
-0.1212

It will register 20°C after about 19.78 minutes.

a.  ($375)(1.095)% = $449.63

24
0'0295) =~ §$453.13

b. ($375)(1+

0.095
. ©375)| 1+
¢ ( )[ 365

730
] =~ $453.46

d.  ($375)e%9952 ~$453.47

a.  ($375)(1.144)% =$490.78

0.144\**
1

b. ($375)[1+ 2) =~ $499.30

. ($375)(1+ 0.144
365

730
) = $500.13

(8375)e%1%*? = $500.16

&

Section 7.5

20.

21.

22.

23.

24.

T =75+ 225¢"
12¢
(1 . 0. 12) 9
12
1.01'% =2
12[ = logl,ol 2
_1 In2
10 2=——2= 25805
L0 = o101
It w11] take about 5.805 years or
S years, 10 months.
b. %% =-2=¢= 1“22 ~5.776

It will take about 5.776 years
or 5 years, 9 months, and 9 days.

$4000(1.115)* ~$6182

1626 to 2000 is 374 years.

y = 24006374 £ 31336 billion

$100(1.08)°%° ~ $2.441x10%*

If ¢ is the doubling time, then

t
(1+L] P
100

,__ In2 _in2_100m2 70
14 _P_

ln(l+m) 1 p p

y

(L -

1 ky(L-y)

1
dy = kdt

y(L-y)

%[ln|y[—ln|L—y|]=kt+Cl

In

24 ‘:th+LC1
L-y

Y |_e
‘L—y
Note that: C = Ceo = Ceu"o
2O _ v
L-y(0) L-y

y= LCet™ —yCeka

Lkt+LC) =eLC1 .eLkI Yy

, SO =Cel’k’
L-y
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y+ yCeU“ = LCeM

et e I
YIICH  Jo+C cee
54
Y
_ Liw Lyo
z%%ﬂ’““ Yo +(L=yo)e
16-5 80

25, y= =
5+ (16— 5)e~16(0.00186) 5 ) 0029761

y
20

-50 15017

26. a. lim(1+x)'%00 =1'%00 —
x=0

b. Iim1Y*=1lml=I

x—0 x—=0
c. lim (1+&)!* = lim (1+£)" = oo
x-0* n—=eo
d. lim (1+&)"* = lim =0
x50~ n=® (] +¢g)"
e. lim@+x)/*=e
x—0
. 1
27. a. lim(1-x)"*=lim—— M8 =—
x>0 x-0][] +(_x)]l/(-1') e

x=>0

3
€
b. lim (1+3x)"* = lim [(1 + 3;)3::] e’
x>0

n n
¢. lim (n+2) = lim (1+3)
n—xo n n—w n
= lim Q+2x)!'*
x-0"
17,
= lim [(1+2x)2* | =e
x—0%
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28.

29.

30.

n—l 2n 1 2n
d. lim ( ) - lim (1__)
n—w\ n n—w n

lim (1-x)¥'~
x—0%

Tt
lim [ (1-x)"* ==
x=0" 4
dy

—=ay+b
dt )

[~ = faar

b
y+y

In =at+C

b
))+_
a

at+C

=e ,y+é=Ae‘"
a

b
y+—
a
b
=Aeal__
Y a
yo=A-2$A=,V0+2
a a

y =()’o +£)€al 2
a a

Let y = population in millions, r =0 in 1985,
a=0.012,6=0.06, y, =10

Y 0.012y+0.06

dt

y=[10+ 0.06 ) o012 _ 006 _ o 0012
0.012 0.012

From 1985 to 2010 is 25 years. At (=25,

y= 15¢%01225 _515.25. The population in 2010
will be about 15.25 million.

Let N(#) be the number of people who have heard
the news after s days. Then 2—N =k(L-N).
t

j;dzh kdt
L-N

(L -M=k+C
L_Nze—kl-c

N=L-Ae™
M0O)=0, = A4=1L

N@)=L{i-e*).

L L -5k
= — —_—— 1-
N(5) > = > L(1-e7")

1 -
1_ sk
2
anz-
k=—5=0.1386
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31.

32,

336

N() = L(1—e™%13867)

099L=L(1-e
0.01 = e-0.|386l
_ In0.01 _
—0.1386

-0.1386¢ )

99% of the people will have heard about the scandal

after 33 days.

Maximum population:
13,500,000 mi2 - 230 acres | person

1 mi2 % acre

=1.728x10'° people
Let =0 be in 1998.
(5.9x10%)e®013% =1 728x10'0
1.728-10'0
In| —————~
5.9-10

t=———— < =814 years from 1998, or
0.0132

sometime in the year 2079.

a, k=0.0132-0.0002r

b. y'=(0.0132-0.0002t)y

dy

c. =(0.0132-0.0002r) y

dt
Y _ (0.0132-0.0002¢)dr
y

In y = 0.0132 —0.0001¢% + Cg

y=G (0.01326-0.00012

The initial condition y(0)=15.9 implies that

C =59. Thus y= 5.90-01321-0.0001:%

¥

P

50 100 150 !
e. The maximum population will eccur when

%(0.0132:-0.0001:2)=0

0.0132 =0.0002¢
t=0.0132/0.0002 = 66
t = 66, which is year 2064.

The population will equal the 1998 value of
5.9 billion when 0.0132 ~0.0001r% =0

t=0o0rt=132.

Section 7.5

33.

34.

The model predicts that the population will
return to the 1998 level in year 2130.

a. k=0.0132-0.0001¢

b. y'=(0.0132-0.0001s)y

ay

e —-=(0.0132-0000)y

dy
y
In y = 0.0132/ - 0.00005: + C,

0.01320-0.00005¢

=(0.0132-0.0001¢)dr

y= Cle
The initial condition 3(0) =5.9 implies that

2
C; =5.9. Thus y = 5.9¢00132/-0.00005

-

100 200 300 !

e. The maximum population will occur when

i(0.01321 ~0.00005¢2 ) =0
dt

0.0132 =0.0001¢

1=0.0132/0.0001=132

t =132, which is year 2130.

The population will equal the 1998 value of
5.9 billion when 0.0132 - 0.00005¢* =0
r=0ort=264.

The model predicts that the population will
return to the 1998 level in year 2262.

E'(x)= lim E(x+hz—15(x)
lim E(x)E(h)- E(x)
h—=0 h
E(h)

= E(x) lim 2001
h—>0 N

E(x) = E(x+ 0) = E(x)- E(0)
so E(0)=1.

—ll E()

E(h) - E(0)

Thus, E'(x) = E(x) lim
h—0 h

= E(x) lim = E(x)- E'(0)

h—0

= kE(x) where k = E'(0).

E(0+h)- E(0)
h
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Hence, E(x)= Eoe'“ = E(O)e"Jr =1-% =&,
Check: E(u+v)=eF#+) = Jhu+bv
= .e" = E(u)- E(v)

35. A Y Exponential Gr}vnh
rd
[ 4 7
== Logistic Growth
10 p ==
C
5 F

50 100 ¢

7.6 Concepts Review

1. exp( jP(x)dx)
2. ycxp( J‘ P(x)dx)

3. l;i(l)=l;x2+at
x dx\ x

4. particular

Problem Set 7.6

1. Integrating factor is e* .
D(ye*)=1
y=e *(x+C)

2. The left-hand side is already an exact derivative.

Dly(x+1)]=x*-1
_ X ~3x+C
3(x+1)

ax

1-x? - l-x
Integrating factor:

exp '[1 —xxz dx = exp[ln(l —xz)'llz]

3. y'+ 3

Dly(1-x2)""2)=ax(1-x2)? (see note 2
above.)

Instructor's Resource Manual

36.

Exponential growth:

In 2010 (= 12): 6.91 billion
In 2040 (r = 42): 10.27 billion
In 2090 (¢ = 92): 19.87 billion
Logistic growth:

In 2010 (r = 12): 7.29 billion
In 2040 (¢ = 42): 10.74 billion
In 2090 (¢ = 92): 14.28 billion

a. lim+x)%=¢
x~-»0

b, lim(-x)"¥=1
x—0 e

Then y(l—xz)_”2 = a(l—.ir:'))'”2 +C, so
y=a+C(l—x2)”2.
Integrating factor is sec x.

Dlysecx] =sec? x
y=sinx+ Ccosx

Integrating factor is l

X
{-
X

y=xe* +Cx

Y ~ay=f(x)

Integrating factor; oJmad _ s
Dlye™]=e"" f(x)

Then ye ™ = je"“ Sf(x)dx, so

y=e% Ie"”‘f(x)dx .

Integrating factor is x. D[yx] = 1; y =1+Cx~"
Integrating factor is (x +1)°.

Diy(x+1)) = (x+1)°

y =(%)(x+ N +Cx+1)72

Y+ f(x)y=f(x)
Integrating factor: ejf (x)dx
Dl )< el

[rxde _ff(x)ax
=e

Then ye +C. so

y=1+Ce %

Section 7.6
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10.

11.

ot

13.

14,

15.

338

. . 2
Integrating factor is e*.
2
Dye**]= xe**

y= (l)r - (-l—)+ Ce*
2 4

X X

Integrating factor is l D[Z] =3x%; y= +Cx

y= o goes through (1, 3).

y+3y=e

. dx
Integrating factor: P s

D[ye:;/\'] = eSI

Sx
4
Then )!93":—65—+C.x=0.y=l :C:E' )

2 -
2x 3x

Therefore, y = is the particular

solution through (0, 1).

Integrating factor: xe™
diyxe*)=1: y=e*(1+Cx7"); y=e*(1-x7")
through (1, 0).

Integrating factor is sin? x.

D[ysinz.r]=25in2xcosx

.2 2 .3
ysin® x = —ism x+C

2.
=—sinx+

sin® x

2. 5 4
y=—sinx+-—csc“ x
12

goes through (% 2).

Let y denote the number of pounds of chemical A
after t minutes.

dy _(,Ibs (3g_al)_ y lbs (3gal)
dt " gal )\ min 20 gal )\ min

=6—2 1b/min
20
3
2 =6
Y *20}’

. 0
Integrating factor: J3120)dr _ 3120

D[yeBI/20]=6e3I/20

Then ye*/ =406/ 4+ C. 1=0.y=10
= C=-30.

Section 7.6

16.

17,

18.

19.

20.

Therefore, y(r) =40-30e3/20 5o
$(20) = 40 —30e™3 = 38.506 Ib.

& -(3 oy + L =8
dt 200 50

Integrating factor is €
y(f) =400+ Ce™'/0
y(r) = 400 -350e"/3% goes through (0. 50).
(40) = 400 - 350798 =~ 242.735 Ib of salt

t/50

Yog4 |2 _|@6)ory 3 =4
i [(120-2:)]( yory +[(60—r)]y

Integrating factor is (60 —7)7.
D[y(60-1)>]=4(60-1)"3
y(1) = 2(60—1) + C(60 ~1)°

y(1) = 2(60-1) -(1—81—06)(60—1)3 goes through
(0, 0).
Q— 2y or y'+

di 50+1 50+¢
Integrating factor:

exp( jidlj = 250+ _ (50 4 )2

y=0.

S0+1
D[y(50+1)°]=0
Then y(50+1)* =C. 1=0,y=30 = C=75000
Thus, (50 +1) = 75,000.
If y =25, 25(50+1)> = 75,000, so
£ = /3000 — 50 ~ 4.772 min.

I'+10%7 =1

Integrating factor = exp(106l)

D[ exp(10%1)] = exp(10°1)

1(6) =107 + Cexp(-10%1)

1(r) =1075[1 - exp(-10°1)] goes through (0. 0).

3.5I'=120sin377t

I'= (@)sin 377t

1_(_ 240
2639

()= (%)(] —cos377t) through (0, 0).

)c05377l +C
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21.

22,

23.

1000 7 = 120 sin 377t
I()=0.12sin 377t

Integrating factor is e'/?.

D[XC’IISO]:O
X=Ce'”50

x(1) = 50e7""%° satisfies 1 = 0. x = 50.

—1150 ,
dv 5077, L)
dt 100 200

. 1 ~1150
+| — =
Y (1oo)y €

Integrating factor is e
D[yel/‘m]ze-l/loo

y(t)=e—l/100(c_1008—(/100)

y(t) = "1 (250 -100¢™"/1®) satisfies 1 =0,
y=150.

(7100

Let y be the number of gallons of pure alcohol in the
tank at time 1.

dy 5
'=—=5 0_25— _— =l.25—0.05
y=a = )(mon Y

Integrating factor is €%

PO =25+Ce ¥y =100.1=0.C =75

y(e)=25+75¢ 005 y=50,¢=T,
T=20(In 3) = 21.97 min

b. Let A be the number of gallons of pure alcohol

drained away.

(100 — 4) +0.254 = 50 ::»,4:2700

200
It took % minutes for the draining and the

same amount of time to refill, so

2{200

-(—3’) =89 2667 min.
5 3

T=

¢. ¢ would need to satisfy

200 200
3 +3 <20(n3).
S c

10

c>—" _=7.7170
(3In3-2)
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d.

25, a,

y' =4(0.25)-0.05y =1-0.05y
Solving for y, as in part a, yields

y =20+80e%%% The drain is closed when
t = 0.8T. We require that

(20 +80e700308Ty  4.0.25.0.25-0.8T = 50,

or 400e %7 4T =150.

vitav=-g

Integrating factor: e

eal(V:+av)=_geal;i(veal)z_geal
dt

ve® = I—ge‘"dt =f,cyv="8 co
a a

v=vy,t=0

vp=—2+C=>C= £

0= =V +

a a

Therefore, v = —_8+(VO LE je_m o
a a

V(1) = v + (Vg — Ve Je .

!

d _
—y=vw+(v0—vw)e 4 so

dt

_ —at
povy -Vl o

a
=yt =0 yg =0 )

32

Yo = 70,05
w(t) = [120 - (~640)]e %% +(-640) =0 if

t= 201n(£).
16

y(t) =0+ (—640)
b _ __-0.05¢
+ ( .03 )[120 (—640)J(1-¢ )

= 6401 +15,200(1 — 005
Therefore, the maximum altitude is

y 201n(£) - _12,8001n(9)+w
16 16 19

=200.32
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b. —640T +15,200(1-¢%%7)=0;
95— 4T -95¢005T ¢

26. Fortin |0, 15],

-32
vy, = —— = =320.
®0.10

w(t) = (0+320)e™%" ~320 =320 -1);
v(15) =320(e”"> ~1) = —248.6

y(t) = 8000 — 320r +10(320)(1 — e 0 ):
p(15)=3200(2 ~e"') = 5686

Let ¢ be the number of seconds after the parachute
opens that it takes Megan to reach the ground.

Fortin [15, 1547}, v, = -%=—20.

0= y(T+15)
=[32002-¢"")]

207 +(0.625)[320(e ™" ~ 1)+ 20)(1 -~ ¢7)
~ 5543207 —142.9¢7"%7 = 5543-20T [since

T>50,s0 e 7 < 1073 (very small)]
Therefore, T = 277, so it takes Megan about
292 s (4 min, 52 s) to reach the ground.

27. a. e nxC (ﬂ_l)z y2e~Inx+C
dx x

e~ x,C (Q_Z)= 126ComInx
dx x

7.7 Concepts Review

Tw .
1. [-—.—|; arcsin
[ 2 2]

Problem Set 7.7

NANET n 2
1. arccos| — |=— since cos—=—
2 4 4 2

. NEY T . ( 11:) NEY
2. arcsin| —— | = —— since sin| -— |= -—
2 3 3

2

340 Section 7.7

L B T . ( n) NE)
. SiIn | —— |=—-—smnce sm| —— |=—
2 3 3

. T . . ( T \/-
. sSin | -—— |=——since sin| -— |=-——
2 4 4 2

. arctan(\/g) = g since tan(z) =3

1
ecﬂ—yec ! =x2%eC
X dx xz X
df ¢l c
—le-—yl|=xe
dx( xy]
b eci—ecjxd.x
x
2
—=X—+C]
x 2
3
x
=—+Cx
y 2 i

P(x)dx+C x)dx+C
ol P Z—yw(x)ef Plrydec
X

- O)e [ P(x)dx+C

% [e | P(x)du-CyJ: 0 (x)ej P(x)dx+(,‘v

P(x)dx P(x)dx
yej (x)dx+C )eI (x)

= j O(x eC dx+C

y_e-j P(x)dx | P(x)dx

j O(x)e dx

-| P(x)dx
+C2€j )

2

=

3

1 T . T 1
. arcsec(2) = arccos| — | = — since cos| —|=—, so
2) 3 3] 2

sec(lt-) =2
3

(1 . ) ( n ]
., arcsin| -—{=-— since sin{ -— |=——
2 6 6 2

. mn“(—-?]:—% since tan(—%):-ﬁ
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9. sin(sin”' 0.4567) = 0.4567 by definition

10. cos(sin™ 0.56) = y/1-sin(sin~" 0.56)

= 1-(0.56)% =~ 0.828

11. sin !(0.1113) = 0.1115

12. arccos(0.6341) = 0.8840

13.

1
3.212

cos(arccot3.212) = cos(arctan

=~ ¢050.3018 = 0.9548

1

14,
cos(arccos0.5111)

sec(arccos0.5111) =

1
0.5111

~ 1,957

15.
-2.222

sec'](—2.222) =cos™! ( ! ]:: 2.038

16. tan~'(=60.11) ~-1.554

17. 12.001)) =0.6259

cos(sin(tan”

18. sinz(ln(c050.5555)) = (.02632

19,

20.

27.

28.

']x)_ x

_\,/l—xz

sin(sin

29, tan(sin'l x)=

c:os(sin'l x)

Instructor's Resource Manuai

21.

22,

f=sin"" =
X
6 =cos™! 2 or@=sect
x 9
Let 6, be the angle opposite the side of length 3.

and 6, =6 -6. so 8 =6, —6,. Then tanf) = =
and tan g, =l. 9=tan"§—tan'll
X x x

Let 6, be the angle opposite the side of length §,
and 6, =6, -6, and y the length of the unlabeled

side. Then =6, -6, and y = x? - 25.

5 2 2

5
—=———.tanf, ===
Yo oJx?-25

tan 6, = S —
N Y

1 5 | 2
> - tan
NERpY

Vx? - 25
005[2 sin” (-%)] = 1-2sin? [sin-‘ (%H
3

g =tan~

(Bl (B ool (ol (2]

Section 7.7
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1

30. sin(tan"x): — =
csc(tan l") \/1+cot2(tan’lx)

1 1

I+ \/1+-L \/ +1

2(lan x)

31. cos(Zsin'l x)=1 --2sin2(sin'l x)=1 -2x?

2!an(tan"‘x) _ 2x

32, tan(2tan”' x)= = ——
l-tan“(tan” " x) 1-x

. _ T .
33. a. limtan'x== since lim tanf=w

X=® 0-nl2"

. - .
b. lim tan 1x=——2— since

X—>—a0
lim tanf=-x

9—-x12*
) -1 . a1
34. a. limsec” x= limcos | —
X—»00 X X
. - n
= lim cos ™' z==
20" 2

b. lim sec”'x= lim cos'l(—l-)

X=r—®n X=r—0 X
. -1 19
= lim cos  z=—
220"

3s. y

d d
36. Eeta"":em‘—tanx e sec? x

secxtanx+sec2x

37. iln(secx +tanx) =
dx secx+tanx

_ (secx)(tan x +secx)
secx+tanx

=Ssecx

—~cscxcotx — CSC2 X

38. -i[— In(cscx +cotx)]=—
dx cscx+cotx

_escx(cot x +cscx)

=CSCx
cotx+Cscx

342 Section 7.7

39,

40.

41.

42.

43,

44.

45.

46.

47.

48.

2 gin' (242 = L 4=
dx

J1-(@2x%) 1—4x

ex

_\/:elx

d
—arccos(e¥) = - §

1
Y
dx \/r_(ex)z

X

1+(e)

X
= x| X —+3un'(")
1+e%*

2x

- (22)?

i[x3 tan'l(e")] =x- 3 +3x° tan-](ex)

d . .2
z(ex arcsinx?) = e~ - +¢* arcsinx”

+arcsin x2 )

=e"[ 2x
\/l—x4

I 3(tan”' x)?
1+ x> 1+ x?

ﬁ_sin(cos'l x) _i\/l—xz
dx cos(cos'x) dx x

_x-%-ﬁxzv(—Lt)—\/l—xz-l
- 2

%(tan_] Jc)3 = 3(tan_1 x)2 .

d -1
— tan(cos =
i n(cos™ x)

x
(l—x ) 1

2\/1 -x? xz\/l—x2

1 -
SCC(X)ll\/(—rT x_l

d -1.33 1.2
—(sec =3 ]
(s x) (sec™ " x)

1
x| \)xz -1
3(sec x)

N

i(1 +sin”! x)3 =31+ sin”! x)2 .
dx 1— 2

B 3(1+sin“l x)2

[

l-x

Let u=x2,sodu = 2xdx.

[xsin(x?)dx = % jsin(x2 )- 2xdx
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=ljsinudu=—lcosu+C
2 2

=——;—cos(x2)+C

49. Letu =sin 2x, so du =2 cos 2x dx.

_[sin 2xcos2xdx = % J'sin 2x(2cos 2x)dx

=l udu
2

112

—+C—lsm 2x+C
4 4

50. Letu=cosx,so du=-sinx

o [

dx.

Cosx

(..

sin x)dx

= —I—l-du =—ln|u|+C= —ln|cosx|+C
u

51. Let u=e** so du=2e*"dx.

j €% cos(e?* \dx = % cos(e”* )(2e** )dx

= l cosudu
2

= lsinu +C= lsin(ez")+C
2 2

L e** cos(e?* ) dx = [2 sin(e>* )]

1
= [Esm(e )-— 5 sin(e )]

L2
=Lsmlzo.()252

1

0

52. Letu =sinx, so du = cos x dx.

3
. U
Ismz xcosxdx = qudu = ?4-

. n/2
12 . sin” x
K smzxcosxd.r=[ 3 :I =

33. Lﬁlz\/__

. V2 . n
= arcsin— —arcsin( = —
2 4
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55.

56.

57.

58.

60.

2

2 dx _ 2 dx —[S -1 ]
o o le sl
=sec”' 2—sec™! V2

_](IJ afV2) 7o on
=cos | = |-cosT | = |[==-—=—
2 2 3 4 12

Let u=cosf,so du=-sin8déo.

ngzde:-j—l-z—(—sina)do
l+cos 0 l+cos“ @
=- du=—tan 'u+C
l+u

=-—tan~ (cosB)+C

/2
ﬂd& [ tan”! (cos 8)]::

1+cos’ @

=-tan"'O+tan"'1=-0+

LA
k]

Let u=2x, sodu=2dx.

j Izdlej : 7 2dx
1+4x l+(2x)

i

= %arctan 2x+C

= —arctan u+C

1+u?

Let u=e", sodu =e*dx.

J'l-i»e' _I1+(e

=arctanu + C=arctane* + C

1
‘[l +12 a

The top of the picture is 7.6 ft above eye level,
and the bottom of the picture is 2.6 ft above eye
level. Let 6, be the angle between the viewer's

line of sight to the top of the picture and the
horizontal. Then call 6, =6, -6 .s0 6=6,-6,.
tan@, =E tanB«, =2—
b b
6 =tan”! 76_ tan” 12.6
b b

If6=12.9, §=0.33350r 19.1°,

. . . T
a. Restrict 2x to[0, 7], i.e., restrict x to [O, —2—]

Theny =3 cos 2x
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61.

344

Yo cos2x
3

2x= arccosZ
3

x=f" (y) —arccoq-y—

3

-1 1 X
X) =—arccos—
S () 5 3

. Tl .
b. Restrict 3xto [_55] i.e., restrict x 1o

53]

Then y =2 sin 3x

R sin3x
2

Ix= arcsinl
2

x=f =§arcsinZ

f'](x) = %arcsini

¢, Restrictxto (

1
y=—tanx
2

2y=tanx

2

2

.z E]
272

,rzf'l(y)=arctan2y
f'l(x) = arctan 2x

Restrict x to | —0, —— |
n
. n
restricted to (—5 Oju (0.

then y = sinl
x

1 .
—=arcsin y
x

x=f"'»=

=

oja Al

)

arcsin y

arcsin x

ol

Section 7.7

fer(t)

T )

) 1
,0| so —
X

is

62. tan

o Qoo ]

tan[Zlan (%)]+tan|:tan %]
l—tan[2tan ‘(%] [ %)]

8,1
_8.1 3
I 15 4 52

Thus, 3tan™! (1)+tan“ Li —tanl()=T.
4 99 4

ol (o 35
an| 4 ian-l (%)] } m[m- ,
EraEER

120 1
- 119 239 28,561_ [anﬂ

120, 1 2 - n
1+”9 335 28,561 4

Thus, 4tan”! 1 —tan'l(L =tan_1(])=E
5 239 4

(3%

u|-—-

o
N’
e
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63.

Let Orepresent £DAB, then ZLCAB is g Since

b
AABC is isosceles, |AE|=£,cosg=l=L and
2 2 a 2a

6 =2cos”! Zi Thus sector ADB has area
a

1 2cos”! 5 b2 = b*cos™! i Let ¢ represent
2 2 2a

a
£ZDCB, then LACB is % and ZECA is % SO

8 |wie

=—b— and ¢ = 4sin™! i Thus sector
2a 2

sin£=
4 a

DCB has area l[‘isin'l iJaz =2a%sin”! i
2 2a a

These sectors overlap on the triangles ADAC and
ACAB, each of which has area

2 2,2
l|AB|h=le;2—(é) =lb‘/;—_b.
2 2 2 2

2

The large circle has area b2, hence the shaded

region has area
L+%b\/4a2 -b?

rb? - b cos™! -b—— 2a? sin”!
2 2

a a
1.5
1
0.5
-1 -0.5 0.5 1
0.5
-1
-1.5
They have the same graph.
Conjecture: arcsinx = arctan for
I-x
-l <x<l
Proof: Let 8= arcsin x, so x =sin 6.
siné sin@
Then = =tand

X
\/]_xz \ﬁ—-sinza cosf

x
so 8 = arctan .
V- x?
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65.

66.

67.

-1 -0.5 0.5 1

It is the same graph as y = arccos x.

. T .
Conjecture: 3 arcsin x = arccos x
n .
Proof: Let 8 = 3 arcsin x

Then x = sin(g—e) =cosé

so 6 = arccos x.

1
0.5
’
-1 -0.5 0.5 1
~-0.5
-1
1.5
1
0.5
-6 -4\-2 2 q

y = sin(arcsin x) is the line y = x, but only
defined for-1<x<1.

y = arcsin(sin x) is defined for all x, but only the

portion for —g <x sg is the liney = x.

I\/az—xz ) '[Jaz[]_(s_y]

a

=JIL & = l & sincea >0
-y ¢ - (3
Let u=£,sodu=ldx.
a a
= =sin"lu+C

J%' dx 2 .[ du2
oy -

.1 X
=sin"'=+C
a
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68. D, sin1 X = ! ! = l\/az —x? +i——1——(—2x)
a l_(£)2 a 2 22’02_x2
e 2
1 laf 1 PSR Y
= === — 2 a2 -x2
\FZ_ZXZ a \/a" _2 a ] 1 ,
a =2 /az_x2+_2_—xz+az= a2 - x?
=4 l sincea >0 a -
2_,2 a
] n [ Jaz—xzdx=2EJa2—x2dx
(12 —x2 2 2
=2{§ 2_4? +aTsin'l i:|
69. Let u=£, soduzldx 1o
a a 2 2
J. ax 1 11 =2IV%(O)+%sin_l(l)—%\/a_2—%sin'l(O)]
a2+x? a 1 (L)Z a )
a
Lo =atsin' ()=
=L [—sdu=-tan"u+C o2 .
a“l+u” a This result is expected because the integral
1 [ x) c should be half the area of a circle with radius a.
=—tan~ | — |+
a a 73. Let @ be the angle subtended by the viewer's
eye.
X
70. Letu=—, so du=(1/a)dx. Since a >0, el (12 ) 2
) a ] l g =tan ( A tan 5
X 1
=71 ——dx o 1 (12) I ( 2)
- -a X X _ —_—— Re— | T | T
o (Z)\/(ﬁ) I d (27 b2 (2L
1 |
- ———du 212 10p4-bY)
uvu® -1 " bred BP+144  (BF+4)D%+144)
= Lee! L et M
= 5e¢ el +C = G T ¢ Since % >0 forb in [O, 2\/3)
d . ix 1 andﬁwforbin(z\/éoo) the angle i
71. Note that d—sm (—) =—\/_2_—_7 (See db r gle1s
X a _
problem 67) @ maximized for b =26 = 4.899 ,
) 5 The ideal distance is about 4.9 ft from the wall.
dyx -+ sin ' Zic
dx| 2 2 a

o ome (g (2) 2| = G EH )

"(z)2

I U U S
a2 p2oa?)a

b, 0=l _2tE_ —sin"(f)
b2 _ x2 b
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ar
1+(
_ B -x? Y pP+ax )
B2 —x? +(a+x)? \ (% - x?)32

L&
2 Jbz_xz dt

dx

_|_ a’ +ax dx
(b2+a2+2ax)\/b2—)f2 dt

a+x

2 b2 _ 2
]

bz-x

b% +ax

—[(bz +a? + 2ax)b? -

75. Let h(t) represent the height of the elevator (the
number of feet above the spectator’s line of sight) ¢
seconds after the line of sight passes horizontal, and
let 9(r) denote the angle of elevation.

Then h(¢) = 15¢, so (1) = tan”! (E) =tan”! (i) .
60 4
do__1 (1

4
d )2K4) 16.+12

A=, 204
dt  16+6

about 4.41° per second.

1 .
= — radians per second or

Let x(7) be the horizontal distance from the observer
to the plane, in miles,  minutes before the plane is
overhead. Let 1 = 0 when the distance to the plane is
3 miles. Then

x(0)= V32-22 =/5. The speed of the plane is 10

miles per minute, so x(¢) = J5-10¢. The angle of

.. af 2 -1 2
elevation is 6(t) = tan”'| —— |= tan ,
© (x(t)) [\/5-—101]

76.

s0 92 ! [ 2 J(—m)
dt (2/(\/5_10,))2 /5 -100)°
-2
5-100)2 +4
When = 0. 6. _ 20

0, —= 5 = 2.22 radians per minute.
t

77. Let x represent the position on the shoreline and let

6 represent the angle of the beam (x =0 and 8=0
when the light is pointed at P). Then

B—tan"l(x) W90 __ 1 ldx_ 2
= 2, >
2 dt 1+(§) 2dt 44y
Whenx =1,

&
d
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dé 1 Vb2_2 (dr)_

78.

79.

dx dé

— =57, 50 — =

3 {57) =2n The beacon
1

revolves at a rate of 2z radians per minute or 1
revolution per minute,

Let x represent the length of the rope and let 8
represent the angle of depression of the rope.

Then 6 =sin™! (§] )
X

4 ___ 1 8d& 8  dxr
dt 1_(3)2 2 dr Xm dt
X

Whenx =17 and ? =-5, we obtain
t

do 8

A vl 51

17417° - 64
The angle of depression is increasing at a rate of
8/51=0.16 radians per second.

Let x represent the distance to the center of the earth
and let & represent the angle subtended by the

earth. Then @ = 2sin~! [@) )
x
ﬁ -2 1 6376
dt 63762 dt
1-(e22e)
12,752 dx

x2 63762 4!
When she is 3000 km from the surface

x=23000 + 6376 = 9376 and % =-2. Substituting

these values, we obtain %9 ~3.96x107% radians
t

per second.
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7.8 Concepts Review

2. cosh®x-sinh?x=1
3. the graph of x? -3* =1, a hyperbola

4. catenary; a hanging chain

Problem Set 7.8

X -X X -X
. +e e -e
1. coshx+sinhx=
2 2
X
=2e =
2

er -2x 2x -2x
2, cosh2x+sinh2x= 5 +

2
2x
2e
= = ezx
X —-X X -X
. e +e e —e
3. coshx-sinhx= -
2 2
2 _
= =¢ x
2x -2x 2x -2x -2x
. e e e ~e 2e _
4, cosh2x-sinh2x= - = =g 2%
2 2 2
X —-X -y X -X -y
. . e -e* & +e ef+e —e
5. sinhxcosh y+coshxsinhy = . + .
2 2 2 2
etV p XY _ gty _gm XY Y _ "V p eIV _pXY
= +
4 4
20X+ _ 9 x¥9)  gxty _Axty)
= = =sinh(x + )

4 2

F—e* edre? fret -

6. sinhxcosh y—-coshxsinhy= -

2 2 2 2
ex-i-y +ex—y _e—x+y _e-x—y eX+y _eX-y +e—X+y _e—X—y
- 4 - 4
205V 27X Y LN
= = =sinh(x - y)

4 2
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X -X X

e +e e""+e"'+e —et ¥ -7

7. coshxcosh y+sinhxsinhy =

2 2 2 2
&Y v Y IR 8 I e 4 N ety — gtV _egTXY LY
4 4
2e%Y +2e757Y @FHY 4o UTY)
= = =cosh(x+ y)
4 2
X -x ¥ -y x -x Yy -y
. . et +et eV +e et-e " e-e
8. coshxcosh y—sinhxsinhy = . - .
2 2 2 2
eV ety gV STV LTV eI 7Y
4 4
2057V $ 275 o5V 4 o)
= = = cosh(x - y)
4 2
H i ol .
sinhx . Sinhy 16. D, cosh® x =3cosh? xsinhx

tanhx+tanhy  ‘coshx " coshy

9. = -
inhx sinhy
I+tanhxianhy |4+ 20082002 17. D, cosh(3x+1) = sinh(3x+1)-3 = 3sinh(3x +1)
_ sinhxcosh y+coshxsinhy _ sinh(x+y) )
coshxcosh y+sinhxsinhy cosh(x+ y) 18. D, sinh(x* + x) = cosh(x? + x)-(2x +1)
=tanh (x +y) =(2x+1) cosh(x2 +x)
sinhx _ sinh y cosh x
10. tanhx-tanhy _ coshx coshy 19. D, In(sinh x) = ——-cosh x = —
1-tanh xtanh y l_sinhx_smh)’ sinh x sinh x
coshx coshy =coth x
_ sinhxcosh y~coshxsinhy _ sinh(x - y)
cosh xcosh y —sinhxsinhy  cosh(x-y) 20. D, In(cothx)= (—csch?'x)
= tanh(x - y) cothx
sinh x 1 1

11. 2 sinhx cosh x = sinh x cosh x + cosh x sinh x

coshx sinh?x  sinhxcoshx
= sinh (x + x) = sinh 2x sinh” x

=—cschx sechx

12. cosh? x+sinh? x = cosh x cosh x +sinh xsinh x

= cosh(x + x) = cosh 2x 21. D, (x2 coshx) = x? -sinhx+coshx-2x

= x?sinh x+ 2xcoshx
13. D, sinh® x = 2sinh x cosh x = sinh 2x
22. D, (Jc’2 sinh x) = x~2 .coshx +sinh x- (—2x'3)
14. D, cosh? x = 2cosh xsinh x = sinh 2x =x"2coshx—2x">sinhx

15, D)‘(Ssinh2 x) =10sinh x-cosh x = 5sinh 2x

23. D,(cosh3xsinhx) = cosh3x-cosh x +sinhx-sinh3x-3 = cosh3xcosh x+3sinh 3xsinh x

24. D, (sinhxcosh4x)=sinhx-sinh4x-4+cosh4x-coshx =4 sinh x sinh 4x + cosh x cosh 4x
25. D, (tanhxsinh2x) = tanh x-cosh 2x-2+sinh 2x- sech?x = 2tanh xcosh 2x +sinh 2xsech?x

26. D, (coth4xsinh x) = coth 4x-cosh x +sinh x(-csch?4x)-4 = cosh x coth 4x - 4sinh x csch?4x
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27.

28.

29.

30.

31,

32.

33.

34,

35.

3e6.

37.

350

_ 1 2x
D, sinh Mox?) s e 2y =
\/(x2)2+1 Vx* +1
4.2
Dxcosh'l(x3)= ! 3x? =22
Jad? -1 Vb -1
D, tanh™ (2x ~3) = ——— .2 = = -2 S—
1-(2x - 3)? 1-(4x2 -12x+9) —4x2+12x-8  2(x*-3x+2)
10 4
D, coth™ (x°) = D, tanh™! (ls) =;.(_i6] - lxo_[_%] =_]5+
X N x x -1 X x" -1

-3+cosh™!3x)-1= r3_x__+ cosh™! 3x

1
JBx)? -1 Vox2 -1

6
D,(()c2 sinh ™! xs) =x? -—1—~5x4 +sinh™' x° 2x = i—+ 2xsinh ™! ¥°

\/(xs)2 +1 Vx10 +1

D, [x cosh™! (3x)]=x-

4 1 1 38. Letu=3x+2 sodu=3dx
D In(cosh™ x) = - I 1
cosh™ x /52 _j Jsinh(3x+2)dx = fsinhudu = Zeoshu+C
1
= 1
/xz—lcosh'l x =§cosh(3x+2)+C
cosh™ (cos x) does not have a derivative, since 39, Let u=rmx®+5, sodu = 2nxdx .

D, cosh™ u is only defined for u > 1 while
y ¢ 18 oy e “ Ixcosh(mcz +5)dx = 1 jcoshudu
cosx <1} forall x. 2

!

=ismhu+C=—sinh(m2+5)+c
2n 2n

D, tanh{cot x) = sech? (cotx)-(- csc? x)

= —csc? x sech? (cotx)

40. Let u=s/;, sodu=Ldz.

D, coth™ (tanh x) = D, t h"[ 1 ) 2z
), CO x)=D, tan
tanh x ICOShJ;dz=2Icoshudu=25inhu+C
= D, tanh ™ (coth x) Jz
1 5 —cschx =2sinhVz +C
= ————(-¢eschx) = ———=1
1—(coth x) —csch®x

41. Let u= 22”4, so du =%-2z'3/4dz =;dz.

2

in3 In3
Area= [" cosh2xdx=[—l—sinh2x] g
2 0 dz =2 [sinhu du = 2coshu+C

Isinh(Zz” 4
l[ezxns_e-zms_eo_e-o) ¥3
2

=2cosh(2z"/*)+C
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43.

44.

45.

46.

47.

48.

. Let u=

e, so du=e*dx.
Ie" sinhe*dx = Isinh udu =coshu+C

=coshe® +C

Let 1 = sin x, S0 du = cos x dx
Icosxsinh(sin x)dx = J.sinhu du=coshu+C

= cosh(sinx) + C
Let u = In(cosh x), so

du = -sinhx =tanhxdx.

cosh x
u2
jtanh xIn(cosh x)dx = Iu du= > +C

= %[ln(cosh x)]2 +C
Let u = In(sinh xz) . SO
du= =-cosh x? - 2xdx = 2xcoth x?dx .
sinh x*
Ixcoth ¥ In(sinh x? Ydx = 1 Iu du= 1 ﬁ+ C
’ ) 2 2 2

= %[ln(sinh P +C

5 In5
Area = fn cosh2xdx =2 Lﬂ cosh 2xdx
Ins
1 In$
=2 [— sinh Zx]
2 0
=sinh(2In5) = l(e2 IS _

Lo 3s) —(25-L)
2 27725

e—21n5)

—£=12 48
25

Note that the graphs of y =sinhxand y =0
intersect at the origin.

2
Area = En sinh x dx = [cosh x]lnz

242 0,0 IJ 1
= - ==|24—|=]l=—
2 2 2 2 4

tanh x = 0 when sinh x = 0, which is when x =0.

Area = f (—tanh x)dx + ﬁtanhxdx

—2ﬁtanh tdr—zﬁsmh t
cosh x

Let u = cosh x, so du = sinh xdx.
2]5‘“1” dx =2 [“du = 2In[u]+C
cosh x u

Instructor's Resource Manual

Zﬁ sinh x dx = [2 In|cosh xl]ﬁ

cosh x
= 2(In|cosh 8| - In1) = 2In(cosh 8) = 14.61

] |
49, Volume = L ncosh? xdx = g L (1+cosh 2x)dx

n sinh 2x :
=—|x+
2 2 0

=£(l+smh2_0
2 2

nsinh 2

z ~4.42 -
2

in 10
50. Volume = Ln nsinh? xdv
2
X =X
=n£n10 e e dx
2
—2+e In1Q
m_4L (e?

lnlOe
=nL £ _-cre
4

Ini0
=_ l 2X 2I l 2.“
a2° 2°

2010
e

= E[ezx _4x—
8

=E[1oo-4ln10_L ~35.65
8 100

51. Note that 1+sinh2 x = cosh’ x and
1+cosh2x
2

cosh2 x=

Surface area = Lery ]+( ) dx
= L 2rcosh xv1+sinh? x dx
= E 2ncosh xcosh xdx

- ﬂ n(1+ cosh 2x)dx

1
= [nx+£sinh Zx] = n+§sinh 2=8.84
0
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' 2
52. Surface area= E2ny l+[%) dx = E2nsinhx 1+ cosh? xdx

Let « = cosh x, so du = sinh x dx

j27rsmhx\/l+cosh2xdr—7nj 1+u?du —2n[2\11+u +Eln
=ncoshx\/|+cosh2x+nln coshx+\ll+cosh2x

the Tables in the back of the text, which is covered in Chapter 8.)

L‘Znsinhx 1+cosh? xdx =n[coshxdl+cosh2x+ln
=7r[cosh 1\/l+cosh2 l+In coshl+\/l+coszl —(\/5+ln|1+s/§|):|= 5.53

u+\/l+u +C]

+ C (The integration of j\/l +u?du is shown in Formula 44 of

]

5
coshx+vl+cosh” x

53, y= acosh( )+C
a
dl:sinh(i)
dx a
2
u=lcosh(x)
& a

We need to show that —%)— == "

Note that 1+sinh? [—)—cosh (x) and cosh( }> 0. Therefore,

2
l dy \[l+smh2 \/coshz( ] =lcosh(x) d’y
a V a a dxz

54. a. The graphof y =b-acosh (f) is symmetric about the y-axis, so if its width along the
a

x-axis is 2a, its x-intercepts are (x4, 0). Therefore, y(a) = b-acosh (ﬁ) =0, so b=acoshl=1.54308a.
a

b. The heightis y(0) =1.54308a—acosh0=0.54308a .

¢. If 2a =48, the height is about 0.54308a = (0.54308)(24) =13.

55. a. ¥

b. Area under the curve is

24
24
[ 37—24cosh(-x—) = 37x-5765inh(i) ~ 422
24 24 24| ,,

Volume is about (422)(100) = 42,200 ft3.
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c. Length of the curve is

2
f4 1+(Q) di = f“ 1+ sinh? (i)dx
24 dx 24 24

Surface area = (56.4)(100) = 5640 ft>

24

h
56. Area= %coshtsinhl-j;mS ’\/xz—ldx =%coshtsinht—[%x\/x2-1-—%ln

coshl+\/cosh21—]‘—-0]

= lcoshtsinhl —lcoshlsinht +lln|coshl +sinht| = lln e =L
2 2 2 2 2

= %coshtsinht —B—cosht\,/cosh2 t-1 —%ln

X —X X —X r X d
57. a. (sinhx+coshx) = € e ,Eere (2] <.
2 2 2

—rx 2erx

rx rx
—-€

eF+e™ ™

x
=1, cosh (~2—4

Joc ()]

rx

=48sinh] =~ 56.4

x+\/x2—l

]cosh !
1

&

2d(?) has an inflection point at

sinh rx + cosh rx = = + = =™
2 2 2
r r
X e X _ -x 2¢~*
b. (coshx-sinhx)" = e e &°° =| £ =
2 2 2
e e 2T
coshrx—sinhrx=e € & "¢ _ _m
2 2 2
(cosx+isinx)’ e+ +ie£t eV (2] _
C. X+1St = = — =
2 2i p
irx + e—irx eirx _ e-x‘rx zeirx .
cosrx+isinrx = +i = =™
2 2i 2
r X re ™ o™ ’ 2%
d. (cosx-isinx) = —i =
( ) 2 2 2
» eirx + e—irx ) eirx _ e—ir.t _ 2 e-irx  im
cosrx—isinrx = —i - = e
2 2i 2
58. a. gd() = tan”'[sinh(~1)]

= tan~'(=sinh) =—tan~'(sinh¢) = ~gd(t)
so gd is odd.

D,[gd®)]= ]—-l—z-cosht =

cosht

+sinh” ¢ cosh?¢
= sech ¢> 0 for all 1, so gd is increasing.

D,2 [gd ()] = D,(secht) = —sech tanh!

D2} [gd(1)] =0 when tanh 7 =0, since
sech¢>0forallt. tanht=0at¢=0and
tanh 1 < 0 for 1 <0, thus D}[gd(1)}> 0 for

1<0and D,z[gd(t)] <0 for¢> 0. Hence

Instructor's Resource Manual

(0, gd(0)) = (0, tan"' 0) = (0, 0).

Ify= tan~!(sinh1) then tany = sinh r so
tany _ sinh?
Jtan? y+1  VsinhZe+1
sinh¢
- cosht

siny =

=tanhs so y =sin"'(tanh?)

-cosht
1+sinh?¢

cosht 1

Also, D,y =

cosh? ¢

=sech¢,
cosht

Section 7.8
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59.

60.

so y= f)sech u du by the Fundamental
Theorem of Calculus.

Arca = _[:coshtdt =[sinh¢]j =sinhx
Arc length =

EJH[D, coshJ?dr = [; 1+sinh? tdt

= Ecosht dt =[sinh t]g =sinhx

From Problem 54, the equation of an inverted
catenaryis y=b-a coshZ. Given the
a

information about the Gateway Arch, the curve
passes through the points (£315, 0) and (0, 630).

Thus, b=acosh§E and 630=5b—-a, so
a
b=a+630.
315
a+630=acosh™—— = a =128, so b=758.
a

The equation is y = 758 —128cosh %g

7.9 Chapter Review

Concepts Test

1.

354

False: In 0 is undefined.
2
True: divz——l—2<0 for all x> 0.
dx x
3 1 e
True: —dt=|In|t =Ine’ -Inl1=3
 Lar=[imll]
False: The graph is intersected at most once
by every horizontal line.
True: The range of y = In x is the set of all

real numbers.

False: Inx-lny= ln(i)
y
False:  4lnx=In(x*)
x+l1
True: In2e**!) —In(2¢*) = In
2e
=lne=1
Section 7.9

61.

62.

10.

11.

12.

13.

14.

15.

16.

17.

The functions y =sinh x and y = In(x + NP 1)
are inverse functions.

y=gd(x)= tan~! (sinh x)

tan y = sinhx

x=gd ' (y)=sinh~! (tan y)
Thus, y = gd ™' (x) = sinh ™' (tan x)

1.5

1
0.5

-1.% -1 -0. 0.5 1 1.5
.5

-1

-1.5

True: f(g(x)) =4+
=4+(x-4)=x
and
g(f(x))=In(4+e* -4)=Ine* =x

False: exp(x+y)=expxexpy
True: In x is an increasing function.
False: Only true forx> 1, orInx > 0.
True: e* >0 forall z.
True: e is an increasing function.
True: lim (Insinx -Inx)
x—-07
= lim m(““"): inl=0
0" x
True: n‘ﬁ = e‘Eh’”t
. d
False: Inz is a constant so z—ln n=0.
X
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18. True:

19. True:

20. True:

21. False:

5]
(30
.

True:

23. True:

24, False:

25. False:

26. True:

27. False:

28. True:

29, True:

%(ln 3|5+ C)

=%(ln|x|+ln3+C)=:1;

e is a number.

exp[g(x)] # 0 because 0 is not in the

range of the function y =¢*.
D .(x*)=x"(1+Inx)

2(tanx+secx)'—(Ianx+sec:x)2

= 2(sec2 X+ secxtan x)

2 2
—tan” x—2tanxsecx—sec” x

=sec2x—tan2x =1

The integrating factor is

4/ xdx 4
eI =edlnx =(elnx\) =t

sin (arcsin(2)) is undefined
arcsin(sin 2m) = arcsin0 =0

sinh x is increasing.

cosh x is not increasing.
cosh(0)=1= &

Ifx>0, e >1whilee ™ <1<e® so

| _ 1
coshx=—(e" +e *)<—(2e*
x 2( ) 2( )

e = Ifx<0,—x>0and

e *>1 while e* <l<e™ so

1 _ 1 -
coshx=—(e +e F)<—(2e*
2( ) 2( )

e r =M,

|sinh x| < %elxl is equivalent to

X

Ie" -e ¥|< JX]. Whenx =0,

sinhx=0<leo=l. If x>0,
2 2

e* >lande ™ <1<e*, thus

ef—ef|=ef-eF <’ = e|x|.

Ifx<0, e*>lande* <l<e™*,

thus

Instructor's Resource Manuat

30.

31.

32.

33.

34.

3s.

36.

37.

38.

39.

40.

41.

42.

False:

False:

False:

True:

False:

True:

False:

True:

False:

True:

False:

True:

False:

X —e* =_(ex _e-x)

=¥ —ef <t = Atl

tan”~! (l) ~0.4636
2

sin”™! ( )

but ————==

cos"( )

cosh(In3) = z

=l(3+l)=§
2 3) 3

rol— |rot—
| —

In3 +e-|n3

&

x=0

lim tan”!
x—o—-o

lim tanx=-c0.

o
X =-—,since
2

I
x—=-I
2

coshx>1 forx = 0, while sin"lu is
only defined for -1 <u <1.

sinhx . .
tanhx = : sinh x is an odd

cosh x
function and cosh x is an even
function.

Both functions satisfy y"-y=0.

1n3'% = 100in3 > 100-1 since
In3>1.

In(x — 3) is not defined for x < 3.

y triples every time ¢ increases by ).

x(0)=¢C; %C =Ce™* when

—=e ", 50 lnl=—k1 or
2 2

-In2 _In2

—k k

|=—==

ln—zL
k

@O +z@) =y'(1)+2'(1)
=ky(t)+kz(1) = k(p(1) +2(1))

Only true if C=0;
MO+ y2(0)) = yi (1) +y3(1)
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=k (O)+C+hy(1)+C
=k(y () +y(1))+2C.

43, False: Use the substitution u = -h.
im1-a)""" = lim+uw) = ¢
h—0 u—0
by Theorem 7.5.A.
44. False: 0 ~1.051< (1+0—12§J ~1.062
45, True: If D.(a*)=a"Ina=ad", then

Ina=1,so0a=e.
Sample Test Problems

x4
1. ln7=4lnx—ln2

L5

%sinz(f) = 2sin(x3)%sin(.r3)
=2 sin()r3 ) cos(x3 ) gx_X3 =6x° sin(x3 ) cos(x3)

2 2
3. iex -4x =e* —4x_a;(x2 -4x)
dx dx

2
=(2x-4)" ¥

1

d S d
4 Liogx* =t 4
ax o0 (x5 —1)In10 dx

_ 5x*
(x> -1)In10

5. itan(lne"‘)=ivzanx=seczx
dx

6. ie'“‘""“‘=icotx=—csczx
dx dx
d > —d sech®Jx
7. = 2tanh+/x = 2sech Je=Jx =
dx i NP
8. % tanh!(sinx) = —sinx=—
dx 1-sin® x dx l-sin” x
cosx
=———=secx
cos” x

356 Section 7.9

9.

10.

11.

12.

13.

14,

15.

16.

isinh'](tan x)= ! ilI—tanx
dx \)tan2 x+1 dx

Sez 2 :
c” x sec” x
= = =|sec x|
\/tan2x+1 \/sec2x
%?.sin'l 3x=;2%\/§;
1-(V3x)
_ 2 3 3
VI=3x 243x 3, _gs2
1 ox 1 d .
—seC & =y
dx & ’(61)2_10’&‘
exJeZI_] \/821_
%lnsinz(g)zfz-%sinz(g)
(3
1 . (xYd . (x
= 2»\'25m555m5
sin (5)
1 . (xY|1 x x
=— 2sinf — | |—cos| — | =cot| —
sin (%) 2/]2 2 2 —~
S5x
L 31n(eS* +1) = %(52") = 155;
dx er +1 e* +1
i111(2.7:3 —4x+5)
dx
2
—1——(2x 4,\:+5)=?x—4
2x _4x+5dx 2x" —4x+5
icose‘/; = —sme‘/_ ‘/_
dx dx
=(—sine‘/;)e‘/;i\/;
dx
_ ‘/_sme‘/—
Tk
iln(tanhx)= ! itanhx
dx tanh x dx
= l sech? x = csch xsech x
tanh x
-
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17. Locos =905 23, A +x_ 4 (exins
dx - & dx dx
- 1 ___1 =e(l+x)|"x%[(l+x)lnx]
Ji-x 2Jx \/x-xz 1
= x** [(1)(1:1 x+(1+ x)(—)}
X
18. i[43"+(3x)“]=i(64"+81x“) 1
dx dx ‘ =xl”([nx+l+—)
= 64% In 64 +324x° x
d 2 2\e-1 d 2
19. :chsce 2cscf M —(l+x )¢ =e(1+x2)° — (%)
= 2xe(l+ x% )¢}
=-2c¢sc \/;cot \/;Z\/; xe( )
cscvx cotvx 25. Letu=3x-1,s0du=3dx
= - -1, _Lesen,, 1y
\/; Ie dx—g'fe 3dx-§Ie du
1 1
d g ) = — p3x~1
20. Z(1og,o2x)2’3 € tC=3e7+C
2 d Chcck'
~1/3
=§(log10 2X) E(logw 2+Ioglox) d (] 3x-1 +C) 3x ) d LI 1)_631‘
dx\3 3 dx

=2 (togy 20" ——
3 xInl0 26. Letu =sin3x, so du =3 cos 3x dx.

=-—2—— Iécothdr 2! 3cos3xdx=2'[ldu
3xIn103log;q 2x sin3x u
=2Inju|+C =2In|sin3x{+ C
21, %4tan5xsec5x Check: 4
s —(21n|sm 3x|+C)= —sin3x
= 20sec” Sxsec5x+20tan5xsecSxtan Sx sin3x dx
= 20sec 5x(sec? 5x+tan® 5x) _ 2(3cos3x) _ 6cot 3x
sin3x

=20 sech(Zsec2 5x-1)
27. Let u=¢", so du=e"dx.

2 2
_ 1 d . .
22 %tan 1(%]=—2—2—2x-(%] Ie“sme‘dx= Ismudu=—cosu+C
(%) +1 _ x
=-cose” +C
Check:
_ 5 4 _ 4x d d
a T4 adi ol XC=-nx_x=x-x
xt 44 (-cose” +C)=(sine*)—e" =¢" sine
(%) a x
%[xm-l[éﬂ 28. Let u=x>+x-5, so du=(2x+1)dx.
—;ﬂ-dx 3IT—(2x+l)dx
o[ #? 4x +x-5 X +x-5
= Otan™ | S 1+ ()| ,
2 x"+4 =3I—du=31n|u|+C=3ln|.t +x-5|+C
u
=tan'](§]+ ‘:Xz C:eck:
X +4 —(3ln|x2+x-5|+C)
dx
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3 d 2
——_—— (x*+x-5
l( x=3)

_x2+x-—5
_ 6x+3

2

x“+x-5

29. Let u=e""? 41, so du=e"dr.

e*+? Le b 3, 1ol
o= L gL [
e+ 41 e ™ 4] e’u

x+3
1
=lln|u|+C=-lie—+)+C

e e
Check:

x+3
dfmeEen N 11 d ey
dx e eex+3+l dx
~ ex+3€—l _ ex+2
ex+3 +1 ex+3+l

30. Let u=x?, sodu=2xdx
j4x cosx’dx=2 I(cos x? )2xdx=2 Icos udu
=2sinu+C=2sinx>+C
Check:

2 d 2

i(ZSimc2 +(C)=2cosx £ x? =4xcosx
dx dx

31. Letu=2x sodu=2dx.
j-4—¢r=2j—1—2dx
VI-4x? J1-2x)?
I
=2 du
J‘\/l—uz

=2sin"'u+C=2sin"! 2x+C

Check:
d . 1 1 d
—(2sin” 2x+C)=2| ————|—2x
-4

1-4x2

32. Letu =sin x, so du = cos x dx.

e |

1 2du=tan“'u+C

1 +sin 1+u

=tan”! (sinx)+C

Check:
i[tan"(sinx)+C:|=——13—-d—sinx
dx 1+sin® x dx
_ cosx

l1+sin? x

358 Section 7.9

33.

34.

3s.

Letu=Inx, so du =ldx.

x
J'——-l—zdx=-f—l—§--ldx

x+ x(Inx) 1+(Inx)" X

=—I 12du=—tan_lu+C=—tan"(Inx)+C

1 +u

Check:
i[—Ian'l(lnx)+C]=——l—z-ilnx

dx 1+ (Inx)* dx
-1

x+x(lnx)2
Letu=x-3,s0du=dx

J‘sech2 (x-3)dx= j'sech2 udu=tanhu+C
=tanh(x-3)+C
Check:

%[tanh(x - 3)] =sech?(x -3)%@:- 3)

=sech2(x—3)

f'(x)=cosx—sinx; f'(x)=0 whentanx =1,
S

x=—
4

f'(x)> 0 when cos x > sin x which occurs when
T m
——<Sx<—.
2 4
S (x)=-sinx-cosx; f'(x)=0 when
tanx=-1, x= I
4
f"(x) >0 when cos x <—sin x which occurs

14 14
when ——<x<——,
2 4

. Tn
Increasingon | ——,—
[ 2 4]

Decreasing on [E,E]
42

L

Concaveupon| ——,——
(2 4)

mom

Concave down on (—-A —)
4 2

Inflection point at (—;, 0)

Global maximum at (%,ﬁ)
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Global minimum at (—g - l) b. f1)=7s0g(7)= f_l(7) =1.

¥
2 F‘ C. g'(?) = L i

£ 15
N

\’”
1
I -
-
&)

In(}
k = —===-0.0693]
10
-2 y = 100¢~0-069311
36. f(x)=— |
4 , _ In (Wﬁ) . 66,44
F)= e (2x) - x*(e") _2x-x? -0.06931
(& )2 o It will take about 66.44 years.
Sis increasing on [0, 2] because f'(x)>0 on 39, a. (S100)(1.12)=8112
(0, 2).
fis decreasing on (—0, 0]\[2, ) because 0.12)?
S(x)<0 on (—0,0)U(2,). b. (S]OO)(HFJ ~$112.68
von € Q-2x)-(2x-x%)e"  x%-4x+2
S(x)= @) R 0.12 )35
¢ (100 1+—{| =$112.75
Inflection points are at 365

L 4xVi6-42 255

> d. (5100)e*'2D < 5112,75
The graph of f'is concave up on 40. Letxbe the hori L . ol
(0. 2-\3) U (2 + V3. 00) because )50 . Let x be the horizontal distance from the airplane
. dx
on these intervals. to the searchlight, — =300.
The graph of fis concave down on t
(2—\/5.. 2+ \/5) because f"(x) <0 on this tand :@, 50 8 =tan™! ﬂ
interval. * X
The absolute minimum value is f{0) = 0. a6 _ 1 (_“;O)é
dt 2 52 )ar
The relative maximum value is f(2) = iz H(%) g
€ 500  d

The inflection points are =

—— 7’
6-a43 6+443 x2 +250,000
(2—\/5,7‘/;—] and (2+\/§,WJ. 500

When 6=30°, x = t =500v3 and
an

30°

10 do _ 500

A 3
dt (50043)% +(500)2 (

3
-% = —%. The angle is decreasing at the

rate of 0.15 rad/s = 8.59%s.

00)

sinx sin x In(cos x)

41. y=(cosx) =€

T T T T T T T 1T 7%
®

~J

b

-3 d_y = Sinx Infcos x) i[sinxln(cos x)]
37. a. fi(x)=5x"+6x2+424>0 forallx, so d"_ d :
f(x) is increasing. = Sinx In(cos x) [cosxln(cos x)+(sin 1)( )(- sin 1):’
cosx
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42,

43.

44,

45,

7.10

3.

360

. 2
; sin® x
= (cosx)*"* [cos xin(cos x) - ]
c

oS X

Atx=0, d—y=1°(11n1—0)=0.
dx

The tangent line has slope 0, so it is horizontal:
y=1

Let ¢ represent the number of years since 1990.
14,000 = 10,000¢' %

k =——==0.03365

$(20) = 10,000(0-03365X29) ~ 19 601
The population will be about 19,600.

Integrating factor is |x|. D[y|x|] =0;y=Cx"'

Integrating factor is x2.

D[yxz] =x y =(%)x2 +Cx7?

(Linear first-order) y'+2xy = 2x

2
Integrating factor: e-[zxdx =e*

2 2 2 2
Dlye* 1=2xe* ;ye* =e" +C;

Additional Problem Set
1000e(09XD = $1051.27

Aye 95X = 1000
Ay =1000e7%% = $951.23

| 0030.05(360/365) + ]00e0.0$(330/365)
+1 0020.05‘(300/365) +1 00e0.05~(270/365)

HE

46. Integrating factoris e~

2
y=1+Ce™”
Ifx=0,y=3,then3=l+C,soC=2.

2
Therefore, y=1+2e* .

ax

Dlye™® =1y =" (x+C)

47. Integrating factor is ¢ >~
Dlye¥l=e % y=—¢"+ ce**

48.

a.

b.

C.

0'(1)=3-0.020

0'(n+0.020=3

Integrating factor is 00%

D[QeOO?.I] - 360021
0(1) = 150+ Ce™ 00
O(t) = 150-30e79% goes through (0, 120).

Qg->150 g astr—>ew.

+1 0080.05-(240/365) + 10060.05-(210/365) +100e0.05-(180/365) + 10080'05(150/365)
+1 0080.05-(120/365) + 100e0.05(90/365) +100e0.05-(601365) +1 OOeO.OS-(30/36S) = $1232.61

n
b. The formula in part a. is a geometric series z a1 with @ =100e295G0/36%) | —

006005{30/365) _ lOOeO.OS-(390/365)

and n = 12. The sum is

| g005(307365)

a. Let q=l<l-0.05-(-—32 .
365

The amount of money after 30 days is 4 = 49g-144.

0.05-(30/365)

The amount of money after 60 daysis 4 = Ajg-144 = Aoq2 —144g-144.

Section 7.10
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The amount of money after 90 days is 4y = A,g—144 = A()q3 - 144q2 - 1444 - 144, Thus, the amount of

n-1
money after 30n days is 4, = 4gq" - 1442 qk = Ayq" 144( = } If the amount of money after
k=0 q-

120 _
3600 = 30 - 120 days is 0, we have 0= 4,q' % - 144{1__'],

120 _
AOqIZO - 144(q_1_]
g-1

-120
A0=144 .l;_ﬂ =144 1_(]+0'05'(§36%))
g-1 0.05-(3%

365
Note that —10- -120.
ote tha ( 30 )
qIO-(365/30) _ IJ

(Or ten years = 10'-33—%5--30 days’ so 0= A0q10(365/30) _144( 1
q—

-10-(365/30)

Thus, Ay = 144 6(

b. Letg= £0-05(30/365) Following the same reasoning as in part a., the amount of money after 30n days is

n —_—
A, = Ayq" —144(‘1 ll} and if the amount of money after 3600 days is 0,
q —
1-g7120) 1 — ¢0-05(3600/365)
4= 144[ a-1 | 144 ,-0.05307365) _| |

' 1— 00510
Or, by using 10 years, 4, =144 ?QWS)TI .

5. a. Ifyou deposit 4y into an account earning an interest rate of 1007 percent, compounded continuously, then the
amount you have at time ¢ is A4(t) = 4ye”". The money has doubled when A(f) =24 or 4ye™ =24y, so T
satisfies the equation Age”’ = 24,.

40 TN _ 407 24

b. Solving Age’’ =24, for Ttoget T =Linas —(0 NH= 1(7)2
r
.
" 7 100(0.07)
Ten years
L) _ ke
6. Iffr)= ¥, then —=k.

S T
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7. f(xX)=a,x"+a, ;X" 4 tax+aqq
ﬂ+____(n_l);"_] +...+_al

tim L) _ i X e b A
X—po0 f(\') X=»0 anx”*_a"-lx.}....q.alx-{.ao x—)man+fnr_—l+‘.,+_%+%
: T x

8. I—(X—) =k >0 can be written as

S(x)

1

1 k where y = f{x).

y dx

d .

2 _ kdx has the solution y= ce®.

y

Thus, the equation f(x)= Ce™ represents exponential growth since & > 0.

9. M =k <0 can be written as ldy =k where y = flx). L4 = kdx has the solution y = Ce™.
S(x) y dx y

Thus, f(x)= Ce™ which represents exponential decay since k < 0.

10. a. The error in f{x) due to a relative error in the input of size Ax is f{x + Ax ) — f{x), thus the relative error in f{x)
due to this relative error in input is

[EHA) =) _fGHA0-1() Ax x _ fa+a0-f(x) Ax | [Gx+AD)-[(x) (x+a0)-x

f(x) f(x) Ax x Ax- f(x) x Ax- f(x) x
b. p,= lim M)—_i while din(f(x)) _ f'(.r)’ so lim Jx+A9-fx)
Ax—>0 X dx f(x) Ax—0 f(x)
- tim [f(x+Ar)-f(x)_(x+Ax)-x_x] =[ oSO8 - f() H - (x+Ax)—x].x
Ax—0 Ax- f(x) X Ax—0 Ax f(x)] Lax—=0 x
N B C) [V C)))
= f'(x) ® PxX =% —— —Px

c. x-%[ln(e’)]zx-%(x) =xl=x

11. a. In order of increasing slope, the graphs represent the curves y =2*, y=3%, and y =4".

b. Iny is linear with respect to x, and at x =0,
y=1lsince C=1.

¢. The graph passes through the points (0.2, 4) and (0.6, 8). Thus, 4 = Cb%? and 8 = CH°S.
Dividing the second equation by the first, gets 2 = %% sob =22,
Therefore C =22,

12. The graph of the equation whose log-log plot has negative slope contains the points (2. 7) and (7. 2).

r - _
Thus, 7=C2" and 2=C7", so Zz(z) . lnl=rlni:r=w=—l and C = 14,
2 7 2 7 In2-In7

Hence, one equation is y = 14x7",
The graph of one equation contains the points

r
(7, 30) and (10, 70). Thus, 30=C7" and 70=C10", so %: (%)
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lné = rlnl =>r= In3-In7 ~238 and C=30-7%38 2 0.29. Hence, another equation is y = 0.29x2-38.
7 10 In7-In10
The graph of another equation contains the points (1, 2) and (7.5). Thus, 2=C1" and 5=C7". so
C=2and
In5-1n2 . 0.47 .
In5-In2=rn7=>r= 7 = 0.47. Hence, the last equation is y = x"*’ . Other answers are possible
n

depending on selection of points.
13. a. p= 3sech? X
2
7' = —3sech? Ztanh X
2 2
3772 =3-9sech? 2 = 27sech?
2 2
7° +3(7')? = 27sech® X+ 3[ 9sech® X tanh? i)
2 2 2
= 27 sech* f(sechz 2+ tanh? f)
2 2 2
=27sech* % = 3172

x . .
Thus, = 3sech? 3 satisfies the equation.

b. s F_)

-5 5x
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