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Applications of ‘rhe
Derivative

Concepts Review

continuous; closed

extreme

endpoints; stationary points; singular points

. f(c)=0; f'(c) does not exist

blem Set 4.1

. f(x)=2x+4;2x+4=0 whenx=-2.
Critical points: 4, -2,0
f4)=4,f-2)=0,f0)=4

Maximum value = 4, minimum value =0
KH(x)=2x+1;2x+1=0 when x = —%.
Critical points: -2, —%, 2
h-2)=2 h(—l) =L =6

' 2 4’

. .. 1
Maximum value = 6, minimum value = —Z

Y'(x)=2x+3; 2x+3=0when x=—%.

Critical points: -2, —%, 1

39 _
W(-2)=-2, w(—g) =-2,¥()=4

. .. 9
Maximum value = 4, minimum value = —Z

G'(x)=%(6x2 +6x-12) =-§(x2 +x-2);

% +x-2=0 whenx=-2, 1

Critical points: -3,-2, 1,3
G(-3)= % G(-2)=4,G() = —%, G(3)=9

Section 4.1

Maximum value =9,

. . 7
minimum value = —g

5. f(x)=3x*>-33x*-3=0 whenx=~-1, L.
Critical points: -1, |

f-1)y=3, 1) =-1

No maximum value, minimum value = -1

(See graph.)
2t

s ’
-5

6. f'(x)=3x>-33x*-3=0 whenx=-1, 1.
Critical points: —%, -L1,3

f(_%)=%, S0 =3, £()=-1,f3)=19

Maximum value = 19, minimum value = -1

7. AW'(r)= —Lz; K'(r) is never 0; h'(r) is not defined
r

when r = 0, but r = 0 is not in the domain on

(-1, 3] since A(0) is not defined.

Critical points: -1, 3

Note that lim h(r)=—w0 and lim h(x) =,
x—0" x—-0

No maximum value, no minimum value.

2x _ 2x
A+x2)?  (+x%)?
Critical points: -3, 0, !

—'_l_ = =
g-3)= 1580 I, g(1)

=0 whenx=0

8. gx)=-

!
2

. .. 1
Maximum value = 1, minimum value = —

10

Instructor's Resource Manual



2x 2x a(0)=1,a(1)=0,a3)=2

9. g'(x)=- T - =0 whenx=0. Maxi =97 mini =0

1+ x2)? 1+ 22 )2 aximum value = 2, minimum value
Critical point: 0 5
g0)=1 14. f'(s)= %ﬁ;]'(s) does not exist when
As x > @, g(x) » 0%; as x — —, g(x) > 07 5
Maximum value = 1, no minimum value s=—.
(See graph.) 3

”
F Critical points: -1, § 4

A-H=5. f(§)=0, S4)=10

Maximum value = 10. minimum value =0

1

- e 15. g'(x)= TE : /'(x) does not exist whenx = 0.
Critical p;)ints: -1.0,27
10, ()= —— g(-1)=-1.£(0) = 0.g(27) =3
(1+x%) Maximum value = 3. minimum value = -1
2
(1_1+7x2)—2 =0 whenx=-1,1 16. s'(t)= 51‘32/5 :5'(t) does not exist when 1= 0.
Critical points: -1, 1, 4 Critical points: 1. 0. 32

sC-1)=1,50)=0,532)=4
Maximum value = 4. minimum value = 0

i 1 4
f(—l)——?f(l)—g»f(“)—ﬁ

. 1
Maximum value = =, 17. f(x)=x(10-x)=10x-x*: f(x)=10-2x;
o i 10-2x=0;x=5
minimum value = D ~ Critical points: 0, 5, 10
fl0)=0, f(5) =25, /110) = 0; the numbers are x = 5
and 10 -x=5.

11. 7(6)=cosf; cos =0 when 9=§+kn
18. x2x?if0<x<l

f(x)=x-x% fl(x)=1-2x
f'(x)=0whenx=

Critical points: —

'( 4) 72

Maximum value =

E]

BlA
oA

|
)

w[&

| —

1l
|
|-
)
—

w|§| A

. 1 Critical points: 0,1,1
, minimum value = -— 2
2

f0)=0,/1)=0, f(-i—) = %; therefore, %

12. s'(t)=cost+sint; cos ¢+ sin¢=0 when ) )
exceeds its square by the maximum amount,

tanr=-]or t=—£+kn. .
4 19. Let x represent the width, then 100 - x represents

. . 3n the length.
Critical points: 0, —, &t 2,
4 f(x)=x(100—x)=100x—-x"; f'(x) =100-2x;
3n 100-2x=0;x=50
0)=-1, —l=v2. =1, . L
s(0) S( 4 ] \/_ s() Critical points: 0, 50, 100

A0)=A100) = 0; f50) = 50(50) = 2500

Maximum value =2, The dimensions should be 50 ft by 50 ft.

minimum value = ~1

. 20. For a rectangle with perimeter K and width x, the
x -_—

|x-1|"
Critical points: 0, 1, 3

13. a'(x)= a’'(x) does not exist when x = 1.

length is %—x . Then the area is
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2
d—A=£—2x:d—A=0whenx=£
dx 2
Critical points: 055-
4 2
- -2
Atx=00r£.A=0;atx=—l—<-. Az}\ .
2 4 16

The area is maximized when the width is one
fourth of the perimeter, so the rectangle is a
square.

. Let x be the width of the square to be cut out and V

the volume of the resulting open box.

V = x(24-2x)? = 4x> - 96x% +576x

av
X

12(6 - 12)(x -4)=0; x= 12 orx = 4.

Critical points: 0, 4, 12

Atx=0or12. V=0;atx=4 V=1024.

The volume of the largest box is 1024 in?

=12x% —192x +576 = 12(x - 12)(x — 4):

Let x be the length of the cut for the square, so

16 — x is the cut for the circle.
2
The area of the square is lx lx =% The
4 N4 16

area of the circle is found by finding the radius
first: 2zr=16 —x;

2 2
r=l6—x:A=m2=n[l6—xJ _(16-%) .
2n 2n 4n

Total area:

2 R YA _ _
A=x_+(l6 x) :ﬂ=5+2(16 x)(-1)
16 4r dc 8 4n

x x-16
= - e M

8 2n
—A=O whenx = 128 =~ 8.96
dx 2n+8

Critical numbers: 0, 8.96, 16

Atx=0,A4 =20.37. At x=18.96. 4 =8.96.
Atx=16;4=16.

Total area is minimum at x = 8.96: the total area is
maximum with no cut and the wire bent to form a
circle,

Let 4 be the area of the pen.
A=x(80-2x)=80x- 2x2;j—A= 80-4x:
X

80-4x=0;x=20

Critical points: 0, 20, 40.

Atx=00r40,. 4 =0; at x =20, A = 800.

The dimensions are 20 ft by 80 — 2(20) = 40 ft,
with the length along the barn being 40 ft.

Section 4.1

24.

26.

27.

Let x be the width of each pen. then the length
along the barn is 80 — 4x.

A= x(80-4x) = 80x — 4x>; % =80-8x;

ﬂ:O when x =10.

dx

Critical points: 0. 10, 20
Atx=00r20,4=0;atx =10, 4 =400.
The area is largest with width 10 ft

and length 40 ft.

. Let A be the arca of the pen. The perimeter is

100 + 180 = 280 ft.
y+y-100+2x=180; y=140-x

A=x(140-x) = 140x—x2:%= 140 - 2x:

140-2x=0;x=70

Since 0 < x <40, the critical points are 0 and 40.
When x =0, 4 =0. When x = 40. 4 = 4000. The
dimensions are 40 ft by 100 ft.

The perimeter will be 20 + 40 + 80 = 140 f, and
x is limited by 20 < x £30.
2x+2y-60=80:y=70-x
A=x(70-x)= 70x-x2: 94 70— 2x:

dx
70-2x=0;x=35
Critical points: 20, 30

When x = 20. A = 1000. When x = 30, A = 1200.
The pen has dimensions 30 ft by 40 ft.

xis limited by 0<x <12 .
A= 2x(12-.r2)=24x-2x3;%= 24-6x7;

24-6x> =0;x=-2,2

Critical points: 0. 2. Jiz.
Whenx=0or V12, 4=0.
Whenx=2 y= 12-(2)° =8.

The dimensions are 2x = 2(2) =4 by 8.

Let the x-axis lie on the diameter of the semicircle
and the y-axis pass through the middle.

Then the equation y = Vr? —x* describes the

semicircle. Let (x. y) be the upper-right corner of
the rectangle. x is limited by 0 < x < r.

A=2xy=2x\h'2—x2

2
d—A=2 rt-x? - 2x = 2
dx \/rz_xz \/rz_xz

(-2 =0 x =

2

(r? -2x%)

2
[2_ 2

r
Critical points: 0, —=.r
P N
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29.

2

Whenx=0o0rr,A=0. Whenx=

-\/__'

r
The dimensions are — by —.
N/

The carrying capacity of the gutter is maximized
when the area of the vertical end of the gutter is
maximized. The height of the gutter is 3 sin 6. The
area is

A=3(3sin0)+ 2(%)(3“)5 0)(3sin6)
=9sin@+9cosdsinf .

% =9cos@ +9(~sinf)sin@+9cosfcosf

= 9(cos(9—sin2 6 +cos? 6)
= 9(20052 @ +cosf-1)

2cos? 6 +cosf -1 =0 cos6’=—l,%:9 =n,g

. n .. .
Since 08 < 2 the critical points are

0,2 and =.
3 2
When 8=0,4=0.
When 9— — =2L‘/i = 11.7
3’ 4
When 6= E A=09,
2’

The carrying capacity is maximized when 8 = g

30. The circumference of the top of the tank is the

circumference of the circular sheet minus the arc
length of the sector,
207t —108 meters. The radius of the top of the

2521—06:2(% 6) meters. The
T

slant height of the tank is 10 meters, so the height
of the tank is

h= 107 (10-—) =—\/4 0-6% meters.

tankis r =

V=-l—nrzh=ln[-§(2n—8)]-[i\/4n9—02]
3 3 |= b1
=£(2 -6)V4no-6?

3n

Instructor's Resource Manual

31.

32,

33.

v _ ;25 (7(2 2= 0)(~1)W4n6 -6
T

de
(2n-9)° (%)(4n-20)

+
Jano -2
2> -
- 125C7=0) (392 _j3r04an?):
3n2m
B _
A2Qr=9) 362 _13r944n2)=0
3n’4no - 6°
27— 60=0o0r 39> -1220+4n> =0
9-7n9-7n—2—£7‘9 2n \3/gn

Since 0 <8 < 2m. thc only critical point is

2J6

2n ——3—n . A graph shows that this maximizes
the volume.

Let ¢ be the cost of driving the truck in cents. It

takes ﬂ)- hours to drive 400 miles.
x

=£(1200)+400(25+ 4)

= 480,000x " +10.000+100x

€ _ _480.000x2 +100:
dx

—480,000x~2 +100 = 0: x = 69

Since 40 < x £ 55, the critical points are 40 and
55.

Atx =40, c = 26,000.

Atx =55, ¢ =24.227.

The most economical allowed speed is at 55 mph.

Let ¢ be the cost of driving the truck.

=ﬂ9(1200)+ 400(40+0.05x3'2)

= 480.000x"" +16,000 +20x>/2

dc

=" —480.000x "2 +30x"/ 2;% =0 when x ~ 48

Critical points: 40. 48, 55

Atx=40,c=m 33.060; At x=48,c= 32,65].
Atx=55¢c= 32,885.

The most economical speed is at approximately 48
mph.

Let D be the square of the distance.

2 2
D=(x-0)% +(y-4)? =x* +("T-4J

4
=X _x?+16
16
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36.
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3 3
£2=x_—2x;x—-—2x=0;x(12—8)=0
x4 a
x:O').’:iz\/E

Critical points: 0. 2,243
Atx=0,y=0.and D=16. At x=2/2,y=2,
andD=12. At x=23,y=3,and D = 13.
P(zﬁ,z),Q(o,O)

h
Note that cosf =—, sOh=rcos!,

-

. 1/ [ .

sint =— rz—hz,and r2 —h? =rsint
r

Area of submerged region = r? —hNr? —h?
=i’ - (rcost)(rsint) = r (t - costsint)

A = area of exposed wetted region

=nr? —nh? —r2(1 —costsint)

2

=r2(n-ncos {—t+costsin?)

dA . .2
—= r2(2ncoslsmt ~1+cos? ¢ -sin? 1)

dt
_ 2 . .2
=r“(2ncostsins - 2sin”r)

=2r? sinf(mcoss -sint)

Since0<t< rm, %:0 only when
t

mcost =sint or tan? = . Interms of r and A,

1 ’rz _h2
this is £

r
sy  =nmorh= .
h
T \/l+n2

Let ¥ be the volume. y=4-xandz=5 - 2x.
xis limited by £x<2.5.

V = x(4— x)(5-2x) = 20x - 13x2 +2x°

%= 20— 26x+6x%;2(3x% —13x+10) = 0;

2(3x-10)(x-1)=0:
x=1,—12
3
Critical points: 0, 1, 2.5
Atx=00r25 V=0 Atx=1,¥V=09.
Maximum volume whenx=1,y=4-1=3, and
z=5-2(1)=3.

a. f'(x)=3x-12x+1;3x% ~12x+1=0

V33 V33

when x=2—T and x=2+—.

3
V33 V33

Critical points: ~1,2--——,2+——,5
3 3

Section 4.1

f-1)=-6, f(Z—-‘[i—?]z 2.04,

(o

2+—3—] ~-26.04, fI5)=-18

Maximum value = 2.04,
minimum value = -26.04

(x* —6x2 + x+2)(3x% - 12x+1)

b. g'(x)=
|x3 ~6x2 +x+2|
g'(x)=0when x=2 —\/—?- and

33

x=2 +T. g'(x) does not exist when

flx)=0: on [-1, 5], flx) = 0 when
x=-0.4836 and x = 0.7172
V33

Critical points: —1, -0.4836, 2 - =5

V33

0.7172, 2+T, 5
g(-1)=6, g(-0.4836) = 0,

g[Z——\);B J ~2.04, g(0.7172) =0,
J33
2+ | = 26.04, g(5)=18 “N
g( 3 g(5)

Maximum value = 26.04,
minimum value =0

37. a. f'(x)=xcosx; on [, 5] xcosx=0when
x=0, x=£,x=3—n
2 2
Critical points: 1.0, %.2%. 5
2 2

f-1)=3.38,/(0) = 3, f(%) ~3.57,

f(%’—t) ~ 271, f(5) =-2.51

Maximum value = 3.57,
minimum value = -2.71

_ (cosx+xsinx+2)(xcosx)

b. g'x)= -
|cosx+xsmx+2|
n In
(x)=0whenx=0,x=—, x=—
g'(x) > ;

g'(x) does not exist when f{x) = 0:
on [-1, 5], fAx) = 0 when x = 3.45

T In
Critical points; -1. 0, —, 3.45,—. 5 ’ \
P 2 2 ,
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- _ my 2(5) =251
g(-1) =~ 3.38, g(0) =3, 8(5) =3.57, Maximum value = 3.57:
In minimum value =0
2(3.45)=0, g(T) = 2.71,

4.2 Concepts Review
7. K(z)=23 222 =23(2-2)

| ing; . .. .
ficreastng; concave up Split the x-axis into the intervals (- oo, 0), (0, 2),

L f(x)>0 [ (x)<0 (2, ).
S S Testpoints: z=-1,1,3; A'(-1)=-3, h'(1)=-],
3. An inflection point h(3)=9
' h(z) is increasing on [2, o) and decreasing on
4. f"(c)=0; f7(c) does not exist. (-, 2].
, 2-x
Problem Set 4.2 8. J&)=—
1. f'(x)=3; 3>0 forall x. f{x) is increasing (Szp li;t;xe x-axis into the intervals (-, 0), (0, 2),
for all x. Test points: -1, 1. 3; f(l)=-3, f()=1,
, 1
2. g'(x)=2x-1; 2x—1 >0 when x>—;-. g(x)is f(3)=—E
] Sx) is increasing on (0. 2] and decreasing on
increasing on [Ecc) and decreasing on (-,0) U [2, ).
! n
—, 21 9, H'(t)=cost; H'(t)>0 when 0<t< 3 and
. 3n
3. K()=2+2 2t+2>0whent>-1. h(r) is 7<152m
increasing on [-1, ) and decreasing on n In
(~o0 . -1]. H(2) is increasing on [O, 5}{7 Zn] and
4. f'(x) = 3X2: 3.\:2 >0 for x#0. decreasing on [2‘3_7{].
Six) is increasing for all x. 22
5. G'(x)=6x" - 18x+12=6(x - 2)(x - 1) 10. R'() = -2cosfsin; R'(6)>0 when —<f<n
Split the x-axis into the intervals (-, 1), (1, 2), 3 2
(2, ). and = <6 <2m.
. 3 , (3 3 2
Testpoints: x=0,=.3:G'(0)=12, G'| = |=-=, x In
2 2 2 R(0) is increasing on [—. n]u[—,ln] and
G'(3)=12 2 2
G(x) is !'ncreasing on(-w, 1] U [2, ©)and decreasing on | 0, o n, 3n ]
decreasing on [1, 2]. 2 2
6. f(t)=3r2+61=3(+2) 11, f"(x)=2; 2 >0 forall x. f{x) is concave up for al}
Split the x-axis into the intervals (- , ~2), x; no inflection points.
(-2, 0). (0, ).
Test points: ¢ =-3, -1, 11 f'(=3)=9, 12. G*(w)=2; 2> 0 forall w. G(w) is concave up for
f(=h=-3, f()=9 all w; no inflection points.

AY) is increasing on (~, -2] U [0, =« ) and
decreasing on [-2, 0].
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15,

16.

17.

18.

19.

160

T'() =18¢; 18:>0 when ¢ > 0. T(2) is concave up

on (0, ) and concave down on (-, 0);
(0, 0) is the only inflection point.

,
f"(z)=2——64-=;4(z4 -3), ¥ =350 for

z<~-¥3 and :>3/§.
f(z) is concave up on (-, — ‘3/5) U(\4/§, ) and
concave down on (—3/5 ,0)u (0, ‘\‘/5): inflection

points are 43, V3-— | and \/3\/_——
(8535 5
g (x)= 12x% - 36x- 48;9"(x) >0 whenx<-1
and x >4,

g(x) is concave up on (-, —1) U (4, ©)and

concave down on (-1, 4); inflection points are
(-1,-19) and (4, —499).

F7(x) = 12x% +48x = 12x(x + 4); f"(x) > 0 when
x<—4and x>0.
fx) is concave up on (—e0, —4) L (0. ) and
concave down on (=4, 0); inflection points are
(—4. -258) and (0, -2).

2

Fi(x)= 2sin? x—2cos? x+4 = 6 —4cos’ x:

6 —4cos® x>0 forall x since 0< cos?x<l.
F(x) is concave up for all x; no inflection points.

G"(x) = 48 + 24cos® x — 24sin’ x

=24+48cos® x; 24+48cos® x>0 forallx.
G(x) is concave up for all x; no inflection points.

F(x)=3x2 -12:3x* =12 >0 when

x<-2or x>2.
flx) is increasing on (-, -2] W [2, =) and
decreasing on [-2, 2].

S(x) =6x; 6x>0 when x> 0. fix) is concave up
on (0, =) and concave down on (-, 0).

TT T T To

[N ST W Y A
-5 5 X

T T 1771

Section 4.2

20.

21.

22,

g'(x)=12x2 —6x-6=6Q2x+1)(x—1); g'(x)>0

1 . .
when x < -5 orx > 1. g(x) is increasing on

&

(—oo,—%]u[l,oo) and decreasing on [—é l].
g'(x)=24x-6=06(4x-1); g"(x)>0 when

1
x>—.
4

. ]
g(x) is concave up on (Z o | and concave down

on | —o,— 1.
4

LU

=50
g'(x)=12x" ~12x2 = 12x%(x - 1); g'(x)>0

when x > 1. g(x) is increasing on [1, o) and
decreasing on (—<0.1].

g"(x) =36x> - 24x = 12x(3x-2); g"(x)>0

when x <0 or x> % g(x) is concave up on
2 2
(—co, O)U(E. oo) and concave down on (O. 3)

20

FTT T T T T T7T T

F'(x)=6x° -12x° = 627 (x* - 2)

Split the x-axis into the intervals (-, —2),
(—2.0),(0,¥2).(V2.®) .

Test points: x =-2, -1, 1. 2: F'(-2) =-96,
F'(~1)= 6. F'(l) = 6, F'(2) = 96

F(x) is increasing on [—\/5, O]U[\/E. o) and
decreasing on (-0, — Y2100, V2]

F(x)=30x* -36x% = 6x%(5x% -6); 5x*-6>0

Instructor’'s Resource Manual
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23,

24,

S

’6
when x < - —5 or x>
. 6 6
F(x) is concave up on | —©, — g U g,oo and
f f6
concave down on (— ;]

5

LA™

-5
G'(x)=15x* —15x% =152 (x* -1): G'(x)>0

when x <—1 or x > 1. G(x) is increasing on
(-, -1]U[l, ) and decreasing on [-1, 1].

G'(x)= 60x> -30x = 30x(2Jr2 -1);

]
Split the x-axis into the intervals | —0, ~— |,
P ( Jz]

(o))

Test points: x= -1, — % I, G'(-1)=-3

(ol Lomn

G(x) is concave up on (—T ) (—\}: oo) and
1

concave dowm on [ ~o.- = u[0. 75 .

-5

H'(x)= — H'(x)>0 whenx>0.

(2 +1)

H(x) is increasing on [0, ) and decreasing on
(-, 0].

2(1-3x%)

H'(x)= s H"(x) >0 when
(x +l)

1 1
—_—— X< —F.
3 3

Instructor's Resource Manual

25,

26.

11
H(x) is concave up on (——, —] and concave
NERNE)
down on (—oo —L) [L ®
3 3 )
¥
5 p—
-5 - 55X
-5
f'(x)= Cosx 1 f'(x)>0 when O0<x <X fix)
24/sinx 2

is increasing on [0, g] and decreasing on

13
-,
[2 ]
cos® x - 2sin x

J1(x)==

4sin®'% x
(0, =). fix) is concave down on (0, 7).
¥

1+

1 f7(x) <0 forall xin

3x-4

g(X)-Z\/—

g(x) is increasing on [2, ).

g'(x)= 3x—83/2; 3x—8>0 when x>§.
4(x-2) 3

—4>0when x>§.

g(x) is concave up on (g co) and concave down

)

[=]
=

TrT T T T T7TT T T

14 1t 11 )}
10x

-2

T
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28,
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. 2 —5x>0when x<—

J'(x)

f(X)— N2

does not cx1st atx=0.
Split the x-axis into the intervals (-0, 0),

(0‘_2_]‘(_2_‘w].
5)\5
Test points: -1 1 I: f'(—l)—~l

p olo b 3

.36

o 2 ===, ’ l -

f (5) 3 AU

.. . 2 .
f(x) is increasing on [0, E] and decreasing on

2
(—CO, O]U[-S',CD)

“2(5x+1)

[ )_—ET -2(5x+ 1) >0 when

x< —g, f(x) does not exist at x = 0.

Test points: -1, 1o’ L f(-1)= §-
i 04/3 _
S (_T(-)] JSW)=-=

Slx) is concave up on (—oo —%) and concave

down on (—% O) U (0, ).

4(x + 2)

g'(x) === x+2>0whenx>-2, g'(x)
3x

does not exist at x =0.
Split the x-axis into the intervals (—e0.-2),
(-2, 0), (0, ).

Test points: -3,-1, 1; g'(-=3) = =75

g'-1) =%, g')=4.

g(x) is increasing on [-2, «) and decreasing on
(_w > _2]
4(x - 4
g0 =25

does not exxst atx=0.

2= - x—4>0whenx>4, g'(x)

Section 4.2

29,

30.

31

32.

Test points: -1, 1, 5; g*(-1) = %O
4 4
M=-—=.g"(5)=——=.
gh=-3.80) E
g(x) is concave up on (-, 0) U (4, =) and
concave down on (0, 4).

y
25
N | - | I A |
~10 10%
-25
fix)
4
3.5
3
2.5
2
1.5
1
0.5
1 2 3 4 5 6
4 fix)
10
5 \
1 2 3 4 358 %
y
5_
2l
-2 n 8 X
Sk
,
5.—
L1 h ()
2 g X
5+
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33.

34.

3s.

36.

37.

38.

19 |-

&
TT T T

f(x)= ax? +bx+c, f'(x)=2ax+b;
Si(x)=2a
An inflection point would occur where f"(x)}=0,

or 2a = 0. This would only occur when a = 0, but
if a = 0, the equation is not quadratic. Thus,
quadratic functions have no points of inflection.

f(x)=ax3 +bx* +ex+d;

f'(x)= 3ax? +2bx+c; f(x)=6ax+2b

An inflection point occurs where f*(x)=0, or
6ax +2b=0.

The function will have an inflection point at

b
x=—-——,a#0.

3a
Suppose that there are points x; and x; inJ/
where f'(x;)>0 and f'(x;)<O0. Since f' is
continuous on /, the Intermediate Value Theorem
says that there is some number c between x; and

x such that f’(c) =0, which is a contradiction.
Thus, either f'(x) >0 for all x in / and fis
increasing throughout Jor f'(x) <0 forall xin/
and fis decreasing throughout /.

Since x2 +1=0 has no real solutions, f'(x)
exists and is continuous everywhere.

x? —x+1=0 has no real solutions. x*> —x+1>0
and x% +1>0 forallx, so f'(x)>0 forallx.
Thus fis increasing everywhere.

Instructor's Resource Manual

40,

41.

42.

43,

. a. Let f(x)=x% andlet /=[0.a].a>y.

f'(x)=2x>0 on I. Therefore, flx) is
increasing on /, so fix) <f(y) forx <y.

b. Let f(x)=+/x andlet 1=[0,a).a>y.

1
f'(x)=——="2> 0 on /. Therefore, f(x) is
2x f

increasing on /, so flx) <f{y) forx <y.
1

c. Let f(x)=— andlet/=[0,a}.a>y.
x

f'(x)= _iz < 0 on /. Therefore flx) is
x

decreasing on I, so fix) > fly) forx < y.

f(x)=3ax® +2bx+c
In order for f{x) to always be increasing, a, b, and

. . 9
¢ must meet the condition 3ax” +2bx+c¢ >0 for

all x. More specifically, a >0 and b% =3ac < 0.

3b-ax
4x5/2

. 1f (4, 13) is an inflection point

Sf(x)=
3b-4a

then 13 =2a +§ and ={0. Solving these

equations simultaneously, a = % and b= g

S(x)=ax-n)x-n)x-n)

S () =al(x-n)X2x—r,—n)+(x-n)x-n)
f'(x)= a[3Jc2 =2x(q +n +n)+nn +nr+nn)
f'(x)=albx-2(n +r,+n)]

aléx-2(n+r, +n)]=0

n+ntn

6x=2(n+n+n)x= 3

a. [f(x)+gX) =/"(x)+g'(x).
Since f'(x)>0 and g'(x)>0 forallx,
f'(x)+g'(x) >0 for all x. No additional
conditions are needed.

b. [f(x)-g(X)] = f(x)g'(x)+ f'(x)g(x).
f(x)g'(x)+ f'(x)g(x)>0 if
foy>-L :(") g(x) forallx.

g'(x)

c.  [f(g()]' = f(g(x)g'(x)
Since f'(x)>0 and g'(x)>0 forallx,
f'(g(x)g'(x) >0 for all x. No additional
conditions are needed.
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44.

45.

46.

164

C.

b.

C.

e,

() +g(X)]" = f(x)+g"(x).

Since f"(x)>0 and g" >0 forallx,
Sf"(x)+ g"(x) >0 for all x. No additional
conditions are needed.

[f(x)- g =[f(x)g'(x) + £ (x)g(x)T
= (x)g"(x)+ f7(x)g(x)+ 2 f'(x)g'(x).
The additional condition is that
F(x)g'(x)+ fT(x)g(x)+2/'(x)g'(x) >0

for all x is needed.

/(N =[S (gx)g (%))
= f(g()g"(x)+ £ (g g ()]

The additional condition is that

» N 2
fg(x) s S (g(xZ)[g (x)] for all x.
g'(x)
1.5
1
a
-3/_0_5 Z 4 6
-1
-1.5

f'(x)<0:(1.3,5.0)

/(%) <0:(=0.25,3.1)U(6.5,7)

f'(x) —cosx—lsmi

=N

f(x)= —sinx—%cosx

z \ 6
2 s 2 4 \
-1

Section 4.2

47.

48.

49.

b. f'(x)<0:(2.0, 47)U(9.9. 10]

¢ f"(x)<0:[0,3.4)L(7.6,10]

d. £/ [g(g][g)}z 3)
ROEE

(8]

9 3 3
1.5
1
6.5 /\
0.5 2 /¢ & 10
-1
-1.5

-2

J'(x)>0 on (-0.598, 0.680)
fis increasing on [-0.598, 0.680].

S7(x)<0 when x>1.63 in [-2, 3]
Jis concave down on (1.63, 3].

d—V=2 in” /sec
dr

The cup is a portion of a cone with the bottom cut
off. If we let x represent the height of the missing
cone, we can use similar triangles to show that

x x+5

3 35
35x=3x+15
Sx=15
x=30
Similar triangles can be used again to show that, at
any given time, the radius of the cone at water
level is

_h+30
20

Therefore, the volume of water can be expressed
as

_x(h+30)* 457
1200 2
We also know that ¥ = 2¢ from above. Setting the

two volume equations equal to each other and
solving for 4 gives
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50.

51.

h= #wt +27000 -30.
T

k(1)

- N W &

s 0 15 20

The height is always increasing so 4'(¢) >0. The
rate of change of the height decreases for the first
50 minutes and then increases over the next 50
minutes. Thus A#"(t) <0 for 0 <t <50 and

A () >0 for S0<r<100.

b A1)

50 00

V =3r, 0<1<8. The height is always increasing,

so A'(t) > 0. The rate of change of the height
decreases from time ¢ = Q until time ¢, when the

water reaches the middle of the rounded bottom
part. The rate of change then increases until time
t5 = 2t; when the water reaches the neck of the

vase. Thus A"(t) <0 for 0 <¢ <t and

4.3 Concepts Review

1.

maximum

2. maximum; minimum

3. maximum

4.

1.

local maximum, local minimum, 0

Problem Set 4.3

f(x) =3x2 —12x = 3x(x - 4)

Critical points: 0, 4

f(x)>00n(~x,0), f'(x)<0 on (0, 4),
f(x)>0 on(4, ©)
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52.

h"(t)>0 fore <t <ty. For 1y <t <13 . the rate of

change in the height increases until the water
reaches the middle of the neck. Then the rate of
change decreases until ¢ =8 and the vase is full.

Thus, A"(t) >0 fors, <t <13 and
h7(ry<Oforey <1<8.
h1)

b L u 8 t

V =20-.1r, 0<1<200. The height of the water
is always decreasing so /1'(t) < 0. The rate of

change in the height increases (the rate is negative,
and its absolute value decreases) for the first 100
days and then decreases for the remaining time.
Therefore we have A"(t) > 0for 0 <7 <100, and

h"(1) <0 for 100 <1 <200.
h(1)

full

2 full

[(x)=6x-12: f"(0)=-12. f"(4)=12.
Local minimum at x = 4; local maximum at x =0

fix)=3x2-12=3(x* -4)

Critical points: -2, 2

f(x)>0 on(-=,-2), f'(x)<0 on(-2,2),
f'(x)>0 on(2, ©)

f(x)=6x; f"(-2)=-12, f7(2) =12

Local minimum at x = 2; local maximum at x = -2

f(6)=2co0s26;2cos26 # 0 on (0, %)

No critical points: no local maxima or minima on
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f'(.\'):%+cosx;-‘]2-+cosx =0 when cosx = —l.

5
Critical points: iﬁ
3 3

S'(xy>00n (0,2—;). f'(x)<0on (%’-‘%’-‘)
f'(x)>0on (‘%ﬂ, Zn]

f(x)= —sin.r;f"(?) = _éf(%"} - ?

. 4r .
Local minimumat x = —3—; local maximum at

¥'(8) = 2sinflcosd
T

LUPY P
2 2

Critical point: 0

¥'(6) <0 on (-g,o), ¥'(6) >0 on (0.

SR

() = 2cos2 §-2sin’ 6; ¥ (0)=2
Local minima at =0

r'@z)= 4z

Critical point: 0

r'(z) <0 on (-.0):

r'(z) >0 on (0, )

r'(x) = 12x% r"(0) = 0: the Second Derivative

Test fails.
Local minimum at z = 0; no local maxima

i) =3xt-3=3(x2 - 1)
Critical points: -1, 1

[ x)=6xf(-1)=-6,/"(1)=6
Local minimum value f{1) = -2:
local maximum value f{—1) =2

g'(x) = 4x° +2x = 2x(2x% +1)

Critical point: 0

g (x)=12x2+2,g"(0) =2

Local minimum value g(0) = 3; no local maximurm
values

H'(x) = 4x° - 6x% = 2x2(2x-3)
Critical points: O,%

H'(x)=12x" -12x = 12x(x - 1); H"(0)=0,

Section 4.3

10.

11.

12.

13.

14.

H'(EJ =9
2
H'(x) <0 on (-,0), H'(x)<0on (0%)

&~

Local minimum value H(%) = —f—é: no local

maximum values (x = 0 is neither a local
minimum nor maximum)

S(x) =5(x-2)°

Critical point: 2

fr(x)=20(x-2)*: f"(2)=0
f'(x)>0o0n (-.2), f'(x)>0o0n (2,)
No local minimum or maximum values

g'= ———2—”;: g'(¢) does not exist at = 2.
3(t-2)

Critical point: 2
2 2
’ 1 ==, ’ 3 - _Z
g 3 g3 3
No local minimum values; local maximum value

g2)= ~.

15533 +2
r(s)=3+ =
583/5 553/5

:r'(s) =0 when

2 573
5= _(E) ,r'(s) does not exist ats = 0.

5/3
Critical points: -—(-l—s) ,0

6 2 573 6 (15 8/3
T [‘(G) J“?s'(?)
2 5/3
r'(s)<0on —(B) ,01],r'(s) >0 on (0, )

Local minimum value ~(0) = 0; local maximum
value

() a6

FO=1+~
3

No critical points
No local minimum or maximum values

x(x* +8)

Critical point: 0
f'(x) <0 on (=,0), f'(x) >0 on (0,)

S'(x)=
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15.

16.

17.

18.

Local minimum value f{0) = 0, no local maximum
values

1

A'(8) = ——————: A'(6) does not exist at
l+sin8@
= 3% but A(0) does not exist at that point
either.

No critical points
No local minimum or maximum values

311.

sinfcosf 3n
2 L]

[sing]
g'(8) does notexistat 8= 7.

g' @)= g'(@)=0 when 6 =

NI:ﬂ

Split the &axis into the intervals (0. %)

G35

2
Test points: —, — 3 In, 'E)-L
ponts: 2% 8% J2°

() (35D

Local minimum value g( 7 ) = 0; local maximum

b1 3n
alues g| —|=1 and g} — |=1
e g(l) ! g(?-)

F'(x)=—§—-—4‘—3——4=0 when x=]—96-

oo x

Critical points: 0, % 4

=0 F[2)2. Fy=
F(0)=0. F[lé) ~ F=—4

Minimum vaiue F(4) = —4; maximum value

F(ZJJ
16) 4

From Problem 17, the critical points are 0 and %

F'(x)>0o0n |0, 2) F'(x)<0on (i,oo
16 16
F decreases without bound on (1—96- . oo). No

.. . 9 9
minimum values; maximum value F ]_6_ = Z
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19.

20.

21.

£(x) = 64(~1)(sin x) "2
+27(=1)(cos x)™ (~sin x)

64cosx

Cosx

27sinx

22 2
s x Ccos X

_ (Isinx — 4&:05'\')(9sin2 x+12cosxsinx+ lﬁcosz x)

.2 2
SIn X¢os x

On (O. %) J'(x) =0 only where 3sin x = dcos x;
4

tanxy = —;
3

x=tan"! -‘31 = 0.9273

Critical point: 0.9273
For 0 <x<0.9273, f'(x) <0, while for

09273<x<5 S(x)>0

Minimum value f tan’Ii —ﬁ+£-125
NN

no maximum value

S'(x)= 2t—— S'(x)=0whenx=-1,1 (only

x=1in(0, = ))
f'(x)<0on (0,1). f'(x})>0o0n (l,x)
Minimum value f{1) = 2: no maximum value

(8- x)2(32x) - (16x2)2(8 - x)(-1)

g'(x)=2x+

@-x*
3

s 256x _2:d(8-x) +128)
@-x)° (8-xy’

Forx>8, g'(x)=0 when (8—x)° +128=0;
(8-x) =-128:8-x=-3J128:
x=8+432 ~13.04

g'(x) <0 on (8,8 +432),

g'(x)>0 on (8+4%2, )
£(13.04) = 277 is the minimum value

S'(x)=2Ax+B; f'(x)=0 when x= -%

Sf(x)=24>0 forall x, so .r=—% isa

minimum.

2
A4
24 24 2
= e——— — = ——+C

44 24 44
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2
If B2 -44C<0. then %SC (recall 4 > 0), so

(- )0

Since the minimum value of fis nonnegative,
Sfix) 2 0 for all x.

If f(—%) >0, then

2 2
—B—+C20:CZB—:4ACZ Bz;
44 44

B> _44C<0

23. f'(x)=0when x=0and x=1. On the interval
(—0,0) we get f'(x)<0. On (0.ec), we get
S'(x)>0. Thus there is a local min at x=0but
no local max.

24, f'(x)=0at x=1,2,3.4; f'(x)is negative on
(—0,1) U (2.3) 1w (4,0) and positive on
(1,2)v(3.4). Thus, the function has a local
minimum at x = 1,3 and a local maximum at
x=24.

25. f'(x)=0at x=1,2,3,4: f'(x)isnegative on
(3.4) and positive on
(=0, 1)u(1,2)u(2,3)U(4,0) Thus, the function
has a local minimum at x =4 and a local
maximumat x=3.

26. The function is always increasing so there are no
local extrema.

27. Critical points;: -2, -1, 2,3
Split the x-axis into the intervals (-, -2),
(-2,-1),(-1,2),(2,3),3, o).

Use test values: -3, —%. 0.%, and 4 to find that

f'(x)<0 on (-2,-1)u(-1,2)u(2.3) and
J'(x) >0 on (=0, —2) U(3, ™).
Local maximum at x = —2; local minimum at -
x=3.

28. f"(c) >0 implies that /" is increasing at ¢, so f
is concave up to the right of ¢ (since f"(x)>0 to

the right of ¢) and concave down to the left of ¢
(since f"(x) <0 to the left of ¢). Therefore fhas a

point of inflection at c.

168 Section 4.3

29. Written response (graph)
A A0

x

a. Increasing: (-, -3]u[-1,0)
Decreasing: [-3, ~1]w (0, «0)

b. Concave up: (-2.0)w(0.2)
Concave down: (—0.-2)U(2, )

¢. Local maximum at x = -3; local minimum at
x=-1
S (0), £7(0) do not exist, but f(x)is
continuous. x =0 is a critical point.
f'(0)>00n [-1.0].and f(0)<Oon (0,).

Thus, at x = 0 there is a local maximum.
d. Inflection points at x =-2, 2
30. Written response (graph)

fix)

B

a, Increasing: [-1,0)
Decreasing: (~o0 , -1]

b. Concave up: (-2,0)u(2.x)
Concave down: (0, 2)

¢. No local maximum: local minimum at x = -1

d. Inflection points at x =0, 2

31, fi(x)=5x*-15x2
S(x)=-30x+ 20x°
Solving f'(x) =0 gives critical numbers of
x= O,i\/§ . Using the second derivative we get
that f"(0)=0, f"(\/g) >0 ,and f"(—\/i) <0.

The second derivative fails at x = 0 (there is
actually a point of inflection there) but indicates

that we have a local maximum f(—\/i‘;) =14.392

and a local minimum f(/3) = =6.392 (also the
global minimum). The global maximum,
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J(2.5)=23.531. on [-2,2.5) occurs at the right
endpoint.

L
32, f(x)=cosx +Esm(:)

woy X)L
S(x)= ZCOS(’_)) sinx
Zooming in on the graph of the first derivative gives
critical numbers of x = -5.01,~-1.27.2.01,4.28 .
Using the second derivative we get that
(=501 <0; /" (-1.27)> 0
f7(2.01) < 0; £7(4.28) > 0.
So we have a local maximum of
f(=5.01) = 1.76 (also the global max) and

f(2.01) = 0.369. We also have a local minimum of
S(=1.27) = -1.76 (the global minimum) and

£(4.28) = -0.369 .

f(x)= (.r3 —.wr)scc2 .r+(3x2 -NDtanx
Sf(x)=6xtanx
+2(sec? )(3x7 — 1+ x(x> — 1) tan x)
Graphing the first derivative and zooming in
gives critical numbers of x =0 and
x =-0.745,0.745 . Using the second derivative

gives

4.4 Concepts Review

1. 0<x<

o)
2. 2.1'+.—00
x
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S'(-0.745) > 0; £"(0) < 0; £ "(0.745)> 0. So
have a local maximum of f(0) = -2 and local
minimums of f(-0.745) = £(0.745) = -0.306

(also the global minimum). There is no global
maximum since the graph blows up at the
endpoints.

4
“2x(x* -1
4. f(x)= sz(l;——),
(X7 +x"+1)
8 _2x0 -24x" —6x% 42
(x*+x% +1)°
Solving the equation S '(x) = 0 yields critical

fim =&

numbers of x =-1,0,1. Using the second
derivative we see that

S(=1)<0: f"0)>0; £"(1) <0. Theretore, we
have a local minimum of f(0) =0 (also the
global min). We have two local maximums

of f(-D)=f(D= % (also the global maximum).

3. 3x+ﬂ
X

4. minimum: maximum

Section 4.3
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Problem Set 4.4

1. Let x be one number, y be the other, and Q be the
sum of the squares.
xy=-16
16
y=-—
X
The possible values for x are in (-, 0) or (0,).
Q=.\r2 +y2 = x? +£_,6
X

Q _, 312

d.T x3

2x - ¥ =0

x

x* =256

x==4

The critical points are -4, 4.

£<0 on (-, —4) and (0, 4). d—Q—>O on

dx dx

(4, 0) and (4, o).

When x = 4, y =4 and when x =4,y =-4. The
two numbers are —4 and 4.

2. Let x be the number.

170

0=+x-8x

x will be in the interval (0, ).
fdg=.l_x-”2 -8

de 2

X 256

. . 1
Q attains its maximum value at x = 256"

Let x be the number.
0= Yx -2x
x will be in the interval (0, «).
49 _1 -31a_,
dcx 4
lx-am 320
4
(34 _g
1
x=—
16

Section 4.4

£>0 on (O,—l—) and —dg<0 on (—l—-oo)
d 256 d

£>0 on (0,-1—) and £<0 on —l—,oo)
dx 16 dx 16

X

Q attains its maximum value at x = 7

. Let x be one number, y be the other, and Q be the

sum of the squares.
xy=-12

y=-—
x

The possible values for x are in (-, 0) or (0,).

2 2_ .2 144
O=x"+y" =x +x_2
Q:Zx—ﬁ
dx o
2r—2%8-=0

X
x* =144
.r=i2\/§

The critical points are 243,243

‘Z_Q <0 on (~,~243) and (0.23).
X

% >0 on (=2v/3,0) and (23, ).

When x =-24/3, y= 243 and when
x=243. y= -24/3.

The two numbers are -2+/3 and 2x/§.

. Let O be the square of the distance between (x, y)

and (0, 5).
0=(x-01+(y-5) =x +(x* -5y
=x* -9x? +25

Q=4x3—18x

X

45> -18x=0
2x(2x* =9) =0
x=0,i—§——

V2

idxg<0 on (-w,—%) and (Oiz)
%>O on (—%.0) and (% )

3

3 9
When x=-—=,y=— and whenx=-—,
NP J2
=2
y 7

39 39
The points are [——.—) and (—,—).
V272 V272
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6. Let Q be the square of the distance between (x, y) 300

and (10, 0). 8. xy=300; y=—x—
O=(x- 10) + (y- 0)? = (2)/2 - IO)2 +y2 The possible values for x are in (0, = ).
=ay* -39y +100 Q=6)c+4y=6x+1200
o _ . 3 *
-d—=l6_V —78)’ d—Q._ _1200
d 3 dx xz
16y° ~78y =0 o 1200 o
2p(8y* ~39)=0 2
J§§ x? =200
=0, +
x=+10\2
0 [ ] and ( \/—] x=10V2 is the only critical point in (0, ).
< on
V2 —‘;%<Oon (0, 10v2) and %w on (10V2, «)
dQ >00 ——— 0 @ © 300
W2 ) When x =102,y = ——=15V2.
1042
When y=——F=.x= » and when Q has a minimum when x = 10v2 = 14.14 ftand
2*/5 4 y=15V2=2121 fi
ye V39 39
w2 300
9. xy=300; y=
e oo 9 _V39) . (39 39 x
The points are RPN MRS The possible values for x are in (0, ).
O =3(6x +2y) +2(2y) = 18x + 10y = 18x+ 3000
_ 900
The possible values for x are in (0, «). dx <
O=4x+3y= 4r+3( OO) ax+ 2100 183090
X X XZ
4 _, 2700 2500
dx x2
4 27(2)0 —0o loJ_
x 5
=675
x* £1543 X = l(\)/‘é_g is the only critical point in (0, ).
x=
x= 5\/5 is the only critical point in (0, ®). dQ .. [ QJ_) .
—=<0on
%<0 on (0,15v3) and V3
do 99 >0on M.w .
Z>00n(15\/§.w). dx J-
900 10J' 300
When x=15~f§, =—=20\/§. When x = ———, 6\/1—5
TN; 57 3{
Q has a minimum when x = 153 ~ 25.98 ftand 1045
y= 20\/3 = 34.64 fi. QO has a minimum when x = \/5 =12.91 ft and

y=6415~23.24 ft.
10. xy =900; y=@
p e

The possible values for x are in (0, o).
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Q0= 61+4V—6r+3600
X

dQ 3600

X =

dx X 2

x* =600
x= i'lO\/g

x= ]O\/g is the only critical point in (0, ).

dQ do

—Z<0on (0, 10V6) and —<>00n (10V6, ).
X X

When x = lO\[é ¥ -&—— 15V6

106
Q has a minimum when x = 10V6 ~ 24.49 ftand
y=15J6 ~ 36.74.

It appears that X
¥

W

Suppose that each pen has area A.
X
The possible values for x are in (0, ).

4,
Q=6.r+4y=6x+—A
x

3

When x = Z—A,y=—A-= _3_’1
3 24 2

3
< V3 2
34 3
Y 2
Section 4.4

11

12.

13.

We are interested in the global extrema for the
distance of the objcct from the observer. We
obtain the same extrema by considering the
squared distance
D(x) = (x - 2.6656)" + (42 + x —.08x2)?
The first derivative is given by

236 9
D'(x) = 16'3 12 2o 3()‘1__4 168.

625 ”5 25 625

This function can be plotted on a graphing
calculator and then analyzed with the TRACE and
ZOOM features. Doing so yields critical numbers
of x=6.8267,28.0. The second derivative is

D)= 2 24, 236

625" 25" 25
which gives D"(6.8267)<0and D"(28)>0. So
we have a local maximum at x = 6.827 and a local
minimum at x = 28.0. Thus, the object is at the

point (28, 7.28) when it is closest to the observer
and at the point (6.8267.45.098) when it is
farthest from the observer.

Let x be the distance from /3.

My, K
x? (s—x)2

dQ -2kly 2k,

a3 3

dx x (s—x)

2kl : <3 !

-+ 2U23=0: a T=1
x (s—x) (s—x) I

5311

Y +3n

2
d ? = 61? + 6k124 >0, so this point
dx~ X (s-x)

minimizes the sum.

Let x be the distance from P to where the woman
lands the boat. She must row a distance of

Vx2 +4 miles and walk 10 — x miles. This will

Jxl+4 10-x
+
3 4

take her T(x)= hours;
0<x< 10 T'(r)——x——i'T'(x)—O
3Wxl+4

6
when x=—.

NGl

19
T(O)=? hr =3 hr, 10 min;
T(i)_w;f_~z.94 hr,
47
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15.

16.

V104

T(IO)=T= 3.40 hr

She should land the boat = 2.27 mi down the

LE
A
shore from P.
\).\'2 +4 10-x
+ —————
50

3

T(x)= .0<x<10.

- —]—; T'(x)=0 when
Wit-gq4 0
6

x=
V2491

T(0)= B, 0.867hr; T L__) = 0.865 hr:
15 V2491

T(10)=3.399 hr

T'(x)=

She should land the boat = 0.12 mi down
2491
the shore from .
+4 10-x
T(x)= 0<x<10.
20 :
X 1 .

T'(x) = ———==-—;T'(x) =0 has no solution.

WVx* +4 °
T(O):—'—+l—0- =E hr=2 hr. 36 min

20 4

700y=2% < 0.5 hr
20

She should take the boat all the way to town.

Let x be the length of cable on land, 0 <€ x< L.
Let C be the cost.

C=aJ(L-x)2 +w +bx

£~_ a(L - x) +b
& L-x)?+w?
—M—+b =0 when

(L—.’()2 +w
DL -x)? +w=a’(L-x)?
(@ -6>NL-x)* = bW’
x=1L ——afibz ft on land:

aw

——— ft under water
2 2
Va‘ -b

-

d*c _ aw”
d? [(L-x)? +wi?
minimizes the cost.

>0 for all x, so this

Instructor's Resource Manual

17.

18.

Let the coordinates of the first ship at 7:00 a.m. be
(0, 0). Thus, the coordinates of the second ship at
7:00 a.m. are (—60. 0). Let 1 be the time in hours
since 7:00 a.m. The coordinates of the first and
second ships at ¢ are (-20r, 0) and

(—60+ 15v2r. - 15x/51) respectively. Let D be the
square of the distances at 1.

D =(-2o:+60—15\/§1)2 +(0+|5\/§:)2

= (1300+600\/§)12 -(2400+1800J5):+3600

‘2—? = 2(1300+600ﬁ): —(2400+1800J5)

2(1300+600J§ ): -(2400+ 18002 ) =0 when

12492

| = —
13+632

D is the minimum at 1 =

=1.15 hrsor | hr, 9 min

12+9¥2 . d’D
since >0

]3+6\/§ dr?

for all +.
The ships are closest at 8:09 A.Mm.

L b | 2 .
Write y in terms of x: y=— a’-x? (positive
a
square root since the point is in the first quadrant).
Compute the slope of the tangent line:

bx

V.
ava® - x*

Find the y-intercept, yq. of the tangent line
through the point (x, y):

Yo=y _ b

0-x a\[a"'—xz

Yo= bx” +y= b +-ll a? - x?
ava? - 52 a\/az—x2 a
ab

Va? - x*
Find the x-intercept. xg, of the tangent line
through the point (x. y):
y-0 bx
X=x0  ga?-x?

2 2 2 2 2
aywa® —x a’ -x a

+x= +x=—
bx X x

Compute the Area A of the resulting triangle and
maximize:

] 3 3 ~1
A=2xy ="_b=a_b(_ az__\,z)

2 2
2xvVa* -x2 =

X0

2

dx

02 -X

3 =2
CINE ] N [J__

|
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19.

20.

174

_ a’b
(@ -2y ?
a’b

247 (a2 - .>:2)

2x? -a?)

373 (2.1:2 —az) =0 when

a
a
bl —
y':— (\/5) __é
2 a
. az_(i]
J2
Notcthatﬁ<00n 0,—“— and
dx J2
dA a . . .
—>0o0n|—.a|. soA4isamnmum at
dx J2
a .
x = —. Then the equation of the tangent line is
NG q g
b a b
y=——|x-——|+— 0rbx+ay—abs/5=0.
a[ \/5) NG

Let x be the radius of the base of the cylinder and
h the height.

2 -
V= 71\'2/1; I‘?' :xz (%) ;xz :r2 _h_

2 3
V=mn rz—h—— h=1'thr2—i
4 4

2
iK=1tr2 —B—nh—;V’=Owhenh=in§r
dh 4 3
2
Since d—V = —ﬁ, the volume is maximized
dh? 2
5
when h= 23r .
3
3
23
2J3 ) 2 n( 3 r)
V=mn rir- -
3 4

_ 211:\/3 A ZTI\/-:; = 41!:\/3 3
3 9 9

Let r be the radius of the circle, x the length of the
rectangle, and y the width of the rectangle.

x 2 2 , X2 y2
P=2x+2y, =] + 2 rt = —
2 2 4 4

y=\]4r2—x2; P=2x+2/4r* - x2

Section 4.4

22.

2x
16r2 —4x* = 4x2:x =+2r
d’pP 8r2
a4 —x)P

y= var? -2 = 2r

The rectangle with maximum perimeter is a square
with side length Jar.

2- =0;2V4r? —x? =2x;

<0 when x= s/ir;

. Let x be the radius of the cylinder, r the radius of

the sphere, and 4 the height of the cylinder.

2 2
A=2ﬂxh:r2=x2+l—l—;x=1’r2—]i-
4 4

’ 2 f 4

A=2n r2—L11=2n n2r? -é—

4 4

dA 1:(2r2h—h3

dh (hzrz _ﬁ;

%} >0on (0, \/Er) and % <0on (sﬁr, 2r),

:A’=Owhenh=0,i\/§r

s0 A is a maximum when A = s/,;.r.

The dimensions are h = ﬁr. x= L.
J2

Let n and h be the radius and altitude of the
outer cone: r, and h, the radius and altitude of

the inner cone.

| R T Y
Vi = —nn is fixed. n = |[—
13 i hy i ‘,nh,

=k =2 (see figure).
n

By similar triangles
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23.

24,

2
_x M\ i) ()
3 Ttlll hl Ill Ill

Let k= h—2 the ratio of the altitudes of the cones,

hl
then V5 = Vik(1-k)2.
dv,
dk

=¥ (1- k)2 - 2kV (1 - k) = y(1- k)(1 - 3k)

V.
0<k<lso iz'-—2=O when k=l.
dk 3

2 2
Vs ok 0l
dk® dk?

2 <0 when k—l
3

The altitude of the inner cone must be % the

altitude of the outer cone.

Let x be the length of a side of the square, so
100 -4x

is the side of the triangle, 0 < x < 25

A_x2+l(100—4x)£(100—4x)
2

3 J20 3
_ 2 /3(10,000-800x +16x
4 9
%:2; 20(;‘/_ B3 4= 0 whenx =10.87

Critical points: x=0, 10.87, 25
Atx=0,A4 =~ 481:atx=10.87. 4 =
x=25 4A=625.

272; at

a. For minimum area, the cut should be
approximately 4(10.87) = 43.48 cm from one
end and the shorter length should be bent to
form the square.

b. For maximum area, the wire should not be
cut, it should be bent to form a square.

Let x be the length of the sides of the base, y be
the height of the box. and 4 be the cost per square
inch of the material in the sides of the box.

V= .tzy:
The cost is C = 1.2kx? +1.5kx? + 4hxy

=27k + 4kx(i/7-) 2.7k + 2
x° X
@ s 4/CX—4k_,Vf-d—C——0 when x = 0.9053/V
X x° dx
1%
c— =122V
(0.9053/V >

instructor's Resource Manual

25,

26.

2.

Let r be the radius of the cylinder and A the height
of the cylinder.
23
V= m'211+£7rr3:h =V—ir—= 4 —Er
3 nr’ r?
Let k be the cost per square foot of the cylindrical
wall, The cost is

C = kQ2nrh)+ 2kQ2m?)

b ,2
= k| 2nr —V—-zr +4nr? | =k :Z+8m
7[]'2 3 r 3

dC 2V l6nr 2V l6ar
-/ = -——+ 3 ,k -+ 3 =0

r2

1/3
when 3 =-3£.r=l(—3—li)
8n 2\n

4 AR A
2 )
(%)
For a given volume V, the height of the cylinder is

113 1/3
(X) and the radius is 1(3—11) .
b 2\

%x[_ =2cos2t - 2~/§sin 2t

— =0 when tan2t=-l=;
dt NE)

n .

2t = g+mz for any integer n
TR

t=—+—n
12 2

When l=£+£n,
12 2

e n
sin| —+nn |+v3cos| —+mn
(6 ) (6 )

. = T .
= Sln-gCOSTUI"FCOSgSln nn

I =

n n
+J—(cos —cosmn— smgsmnn)

-5+ 1)#'

The farthe.st the weight gets from the origin is 2
units.

2
Azﬁ; g=24
2 2
The perimeter is
O=2r+rf= 2r+2£=2 +zﬁ
r" r
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28.

29.

176

£=2—2—A:Q'=0whcnr=\/z
dr r2

24

— =2

T (A

2
d- 44 . .
9 =—— >0, so this minimizes the perimeter.

dr? »

The distance from the fence to the base of the

ladder is

tané
The length of the ladder is x.
”0 +w
cos@=20¢ . cos0= +w
x tan
h w
x=—+
sinf cosé
dx _ hcosf wsin8 wsin® 6 - hcos® 6 -0
dé sin@ cosif  sin’@cosi@
when tan’ 6 = —’l
w
0 =tan™! i/z
w
3 3
tan @ =3ﬁ;sin8=——\m—,
3w 213, 2103

_
(1213 4 213
x=h[ PEERIE J+w[ /h2/3+w2/3J
T T

= (B3 42132

cosf =

Let d) be the distance that the light travels in
mediurn 1 and let d, be the distance the light
travels in medium 2.
d; =Va? +x2,dy = [B? +(d - x)?
The time that it takes the light to travel from 4 to
Bis

_dy,dy_Nat+a? B +@-»’

aq a (%]
ﬂ _ X _ d-x
dx q \/02 +x° s \/bz +(d-x)°
_ Sil'l 0| _ sin 92

a €2
a =0 implies sin6, =__sm02 .
dx (4] Cy

Section 4.4

30.

31

32.

From Problem 29, since there is no change in the
medium, sin8, =sinf, where 6 and 0, are

measured from the perpendicular to the mirror. 6,

and 6, are both less than 90° so siné) =sinf,
implies that 8, = 6,. Thus 90° -6, =90°-6&,
or the angle of incidence equals the angle of
reflection. ’

Consider the following sketch.

271

t
27-Ji2+64 iP+64

By similar triangles.

27t
X=—-1

Vr? + 64

2
27V1? +64 — 2L
(2+64 = 1728

T (2 +64)}2

dt 2 +64

(—12—:64—)3/2——1=0whcn1=4\/§

5

d%x 5184t d%i

adihadgen <0
2 p) 5/2° 2
dr®  (1* +64) dr |,=4J§
Therefore
27(4\5
x=__(_)_._4J'5'=5J§=11.18 ftis the

2
(45) +64
maximum horizontal overhang.
Let x be the length of the edges of the cube. The

. 1
surface area of the cube is 6x° s0 0€x<—=.

The surface area of the sphere is 4mr?, so

1-6x%
47

6x2 +4nr? = IL,r=

V=x +i7tr3 =x +—]—(l—6):2)3/2

6V

£yl
iV—=3xz-ix l—6x2=3x[x— I-6x J
dx

Jr n
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33.

dv

1
— =0 whenx=0,
dx vo+m

V(0)= L c0094m’.

6Jn
1 a2, | 6 )3’2
= —_]1-
V( r—6+n) (6+7) +6\/;( e

T -3/2 1 3
=[1+—=|(6+=n = ——=0.055m
( 6)( ) 6V6+n

For maximum volume: no cube, a sphere of radius

——l— = 0.282 meters.

2/
For minimum volume: cube with sides of length

1

NIEX

=~ 0.331 meters,

= 0.165 meters

1
sphere of radius
P 2V6+m

Consider the figure below.
p—y—o

a y =\/x2 -(a—x)2 =\[2ax—a2

Area of 4 =A=%(a—x)y

=l(a—J:)\/2aJc—a2

2

|
(]9

&

=Owhenx=2?a.

2ax-a®

dA a 2a dA 2a
—>0on|—,—|and —<0on | —,a|,
dx 23 dx 3

2a .. .
so x = — maximizes the area of triangle A4.

Instructor's Resource Manual

b. Triangle A is similar to triangle C, so

ax ax
W=—=
y 2ax - a®
2
Areaof B=B=—Lxw=—2=® -
2 2V2ax-a*
2xx]2ax—a2—x2 !
4B _a 2ax-a’
dax 2 2ax-a®

_g{2x(2ax—az)—ax2J_ a[ 3ax? - 2xa® ]

2 2
2 —3x ix;” =0whenx=0, 2_a
2\ (2ax-a*%) 3

Since x = 0 is not possible, x = ZTG .

dB a 2a dB 2a
—<0on|—,—|and —>0on|—,a |,
dx 2 3 dx 3

2a .. . .
so x = — minimizes the area of triangle B.

2.2
z=Vxl+w? = K2+ 22 ;

2ax—a
_ 2ax°
- 2ax - a?
dz 1 [2ax-a? 6axz(2ax - az) - 2a.x3(2a)
& 2\ 220 ( (2ax - a®)? ]
4a%x® ~3a%x?

(208 Qax—a?y

i1£<Oon (3,3—0 and £>Oon (S—a.a),
dx 2 4 dx 4

3a .. .
SO x =T minimizes length z.
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34. Let 2x be the length of a bar and 2y be the width of a bar.

x=acos(z—g)za(icosg+—l—sing)=i(cos€+sing)
4 2 V22 2 2) 202 2
v=asin(ﬁ»-g)=a(Lcosg——l——sing)=—a—(cos€—sing)
' 4 2 V22 20 2) 202 2

Compute the area 4 of the cross and maximize.
A=202x)(23) - (2v)°

[ (s [ s -n] o e -]

2 g)— 2q% (1 - 2cos§sin§) = 4a” cos - 2a%(1-sin )

2( 26 .
=4a”| cos 5—sm

ﬂ’l = —4a?sin@ + 2a* cosd
de

~4a%sin@ + 2a* cosf = 0 whentan 0 = %

sin0=—l—,0059=i

NG NG
d’A 1 : .
— < 0 when tan@ = —, so this maximizes the area.
do 2
2 1) 10a° 5
A=4a2(—)—2az(l——]= —2a% =24*(5-))
NG ) s

35 2. L'(6)=15(9+25-30cos0)"?sin@ =15(34-30cos8) "/ sin6

178

L'(0) = —-122(34—30003 6)3/2(30sin 8)sin 8 +15{34 -30c0s )% cos O
= -225(34-30c0s6) /2 sin% @ +15(34 - 30cos8) "% cos B
=15(34-30cos8) >’ 2[-15sin? 6 + (34 - 30cos #)cosb)

= l5(34—30c059)°"’/2[—155in2 6 + 34 cos - 30cos? 6]
=15(34-30cos8) >/ 2[~15+34 cosf ~15cos> 0]
=-15(34-30cos8) >/ 2[15cos? @ —34cos6 +15]

341 \(34)2 - 4(15)(15) ~

L" =0 when cos@ = —éé
35

2(15)
0 =cos™! (2)
5

(o QL)) (-
o (G))(o0(3))” -

¢ = 90° since the resulting triangle is a 3-4-5 right triangle.

b. L'(6)=65(25+169—-130cos8)"?sin6 = 65(194 -130cos8) "/ ? sin8

L'(0) = -%(194 ~130c0s8)3/2(130sin 8)sin @ +65(194 - 130cos8) ™/ ? cos

=-4225(194 -130cos 8) /2 sin? @ +65(194 —130c0s 8) /% cos 6

Section 4.4
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36.

Following the same reasoning as in Problem 11, we
are interested in finding the global extrema for the
distance of the object from the observer. We will 3
obtain the same results by considering the squared D"(x)= —(x2 - le—BOO)
distance instead. The squared distance can be 25
expressed as

= 65(194 - 130cos8)~> 2[-65sin? 8 + (194 -130cos §) cos 6]
= 65(194 - 130cos#) > 2[65sin® 6 +194 cos 6 — 130cos’ 8]
= 65(194-130c0s @)/ [~65cos’ O +194cos 6 — 65]
= —65(194-130cos8) > [65cos® 6 - 194 cos 8 +65]

194 +/(194)? —4(65)(65) 13 5
2(65) 513

L™ =0 when cos@ =

0=cos_1(i)

13
13
5 AN

L cos"(—) = 25+169—130(—) =12
13 13

@ =90° since the resulting triangle is a 5-12-13 right triangle.

When the tips are separating most rapidly, ¢ =90° L = mi -kt L'=h

L'(@)= 111;1(112 +m° —2hmcos 9)'“2 sin@

L'(0)= —h2m? (h2 +m? = 2kmcos 9)'3/2 sin? 8+ hm(h2 +m? —=2hm cosB)'“2 cosf
= hm(lz2 +m?® = 2hmcos 0)'3/2 [—hm sin 6+ (h2 +m> Ycos@ —2hm cos? 0]

= hm(h2 +m? —2hmcos 9)_3/2[—hm cos® 0+ (h2 +m? ycos 8 — hm)

= —lzm(lz2 +m? = 2hmcos 0)-3/2 [Am cos’> 6- (h2 + mz)cose + hm)

L" =0 when hmcos® 0 — (h2 +m? Ycos@+hm=0

(hcos8 —m)(mcos@-h)=0

m h
cosf=—.—
h m

Since h < m, cosé =i s0 @=cos”! (ij

m m

-1/2 2_ 32 , 2,2
L’(cos’] (i)) = Im{h2 +m> = 2hm (i)) NmT B = hm(m?® - p?)7112 m_ -k =h

m m m m

1/2
!.(cos'l [i)) = (h2 +m? —?.hm(—h—)) =vVm? -h?
m m

Since 4%+ 1% = m?. ¢ =90°.

D'(x) =Lx3 —zxz —36x+196 and
25 5

Using a computer package, we can solve the
equation D'(x) =0 to find the critical points. The

2
RN
D(x) = (x-2)? +(100+I—1—0-\'2) critical points are x ~5.1538,36.148. Using the

second derivative we see that

The first and second derivatives are given by D"(5.1538) ~ ~38.9972 (max) and

Instructor's Resource Manual Section 4.4 179



37.

38.

180

D"(36.148) = 77.4237 (min)

Therefore, the position of the object closest to the
observer is = (36.148,5.48) while the position of
the object farthest from the person is

= (5.1538,102.5).

{Remember to go back to the original equation for

the path of the object once you find the critical
points.)

39, a.

Here we are interested in minimizing the distance
between the earth and the asteroid. Using the
coordinates P and Q for the two bodies, we can
use the distance formula to obtain a suitable
equation. However, for simplicity, we will
minimize the squared distance to find the critical
points. The squared distance between the objects
is given by

D(1) = (93 cos(27t) - 60cos[27(1.51r - 1)])?

+(93sin(271) - 120sin[27(1.51 = 1)])°
The first derivative is
D'(r) = -34359[cos(271)][sin(9.4876 11)]

+[c0s(9.487611)][(204932sin(9.4876 1)

—~141643sin(271)))

Plotting the function and its derivative reveal a
periodic relationship due to the orbiting of the
objects. Careful examination of the graphs reveals
that there is indeed a minimum squared distance
(and hence a minimum distance) that occurs only
once. The critical value for this occurrence is

1 =13.8279 . This value gives a distance between
the objects of

~0.047851 million miles = 47,851 miles

z 0

[N )

b. There are only a few data points, but they do
seem fairly linear. b.

¢. The data values can be entered into most
scientific calculators to utilize the Least
Squares Regression feature. Alternately one c.
could use the formulas for the slope and
intercept provided in the text. The resulting
line should be y =0.56852 +2.6074x

d. Using the result from c., the predicted number
of surface imperfections on a sheet with area

Section 4.4

2.0 square feet is
y=0.56852+2.6074(2.0)=5.7833 =6

since we can't have partial imperfections

das _d
Ty de[\ —(5+br,

d 2
= é%b"‘ - (5+bx;)]
=D 2(y; - 5-bx; (-x;)

i=1

= 2[&(—1’,}4 +5x; + b.r,2 )

i=]

" n n
= —2Zx,-y,- + IOZx,- + 2be,—2
i=] i=l i=l

Setting j—i =0 gives

0= —Zix,-yi + IOix,- + 2bix,~2
0= —Zx,y, +52x +be

i=1

bzxiz =Z X Vi —52 X;
i=l i=l i=l
n n
zxi)’i - 52-":‘
b= i=1 i=]
n 5
2
i=1

You should check that this is indeed the value
of b that minimizes the sum. Taking the
second derivative yields

n
—_—= 2ZX,'2
i=l

which is always positive (unless all the x
values are zero). Therefore, the value for b
above does minimize the sum as required.

Using the formula from a., we get that
b= (2037) - 5(52)
590

3.0119

The Least Squares Regression line is
y=5+3.0119x

Using this line, the predicted total number of
labor hours to produce a lot of 15 brass
bookcases is

y=5+3.0119(15)

= 50.179 hours
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4.5 Concepts Review

’\ 1.

2.

3.

continuous
number of units sold: price per unit

fixed; variable

4. marginal revenue: marginal cost

Problem Set 4.5

1. Profitis P(y)=ny-10n

2.
r, 3.
4,
5.
~ 6

=100y L a0p000- ))-ﬂ-zoouoo )
y—lO -10

=20(-y? +110y -995)

dP

S =20(=2y+110) = 40(55- y)
dy

P'(y)=0 wheny=155
P*(y) = —40 so the maximum profit is when the
items are sold at $55 each.

C(x) = 7000 + 100x

250 p(n)

n=100+10 50 p(n)=300—§

2
R(n) = np(n) = 300n -%

P(n)= R(n)-C(n)
2
=300n -%-(7000+ 1007)

9

= ~7000 + 2005 — "7

P(n)

Estimate n =200
P'(n)=200-n;200—n=0 when n=200.

P"(n) = -1, so profit is maximum at n = 200,

€& 100, 5 002-0.0001x
X X
When x = 1600, <% = 2.9045 o $2.90 per
X

Instructor’'s Resource Manual

10.

unit.
dac

— =3.002-0.0002x
dx
C’(1600) = 2.682 or $2.68

C(n) _
n n

1000 n

+
1200
C(n)

n

When n = 800,

dC n
dn 600
C'(800) = 1.333 or $1.33

a %€ 33 i8x43s?
dx
2 2
% -18+ 6td—c-=0whenr-3
dx dx*
2 2

0 on (0, 3), % >0 on (3, )
dx

2

=~1.9167 or §1.92 per unit.

Thus, the marginal cost is a minimum when

x =3 or 300 units.
b. 33-183)+3(3)% =6

3
a.  R(x)=xp(x) = 20x +4x° — %

AR 20+8x—x2
dx

b. Increasing when 4R >0
dx

20+8x—-x%>00n[0,10)

Total revenue is increasing if 0 < x < 10.

2 2
dR—S 2xd—-=0whcnx 4
dx?

d°R
dx3

NG
R(x)=x[182-—
0 =x(182- %

C.

=-2; d—R is maximum at x = 4.
dx

1/2 172
ar_. l(lsz-i) ( 1) 182- 2
dc 2 36 36 36

x -1/2 x
=(1sz__) (nsz-—)
36 24

dR
— =0 when x = 4368
dx

Section 4.5
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11

12.

13,

14.

182

x; = 4368; R(4368) =~ 34,021.83

At X}, — dr =0.
dx
R(x) = 800x 4,
3
dR _ (x +3)(800)-800x , 2400
dx (x+3)? (x+3)2
dr

=0 whenx= 20\/_ 3=25
x; =25, R(25) = 639.29

At Xl,%-:().

20-0.02x

p(x)=12-(0. 20)(—"—30—0)

R(x)=20x- 0.02x?
d—R = 20—0.041::ﬂ =0 when x =500
dx dx

Total revenue is maximized at x; = 500.

x = 4000+ =2 0”(")

(250);

(x-— 4000)

p(x) = 6-(0.15) =8.4-0.0006x

R(x)=84x~ 0.0006x2
d—R =8.4-0.0012x; d—R =0 when x = 7000
dx dx

Revenue is maximum when
p(x) = 8.4 — 0.0006(7000) = $4.20 per yard.

20— p(x)

a, x=500+
0.50

(50);

=300 _ 55 _0.01x
50

p(x)=20-(0.50)
b. R(x)=25x-0.01x%;

P(x)= R(x)-C(x)

= (25x-0.01x%) - (4200 +5.10x +0.0001x%)

=—4200+19.9x—0.0101x>

dP—l99 0.0202x; d—P—Owhenx =~ 985
dx dx

Q =-0.0202; profit is maximized at

dx?
x =985.

c. p(985)=25-0.01(985)=15.15

Section 4.5

15.

16.

17.

b. x=4000+———

Cx) 6000+1.40x if0<x <4500
x)=
6000+1.60x if4500< x

- "(‘)(100)

—-4000
100

p(x)=7-(0.10)>

p(x)=11-0.001x

c.  R(x)=11x-0.001+2

For 0 < x< 4500,
P(x) = (11x -0.001x") - (6000 + 1.40x)

= —6000 +9.6x - 0.001x*

(—15 =9.6-0.002x; d—P =0 when x = 4800;
dx dx

this is not in the interval [0, 4500}

The critical numbers are 0 and 4500.

P(0) = -6000 and P(4500) = 16,950

For 4500 < x,

P(x) = (11x -0.001x> ) - (6000 +1.60x)

= —6000 +9.4x ~0.001x°

il{£-94 0.002x; ﬁjﬁ_Owhcnx 4700
dx d

X
P(4700) = 16,090
Therefore, the number of units for maximum
profit is x = 4500.

R(x) = 10x~0.001x>;0 < x <300
P(x) = (10x = 0.001x%) - (200 + 4x - 0.01x?)

= -200+ 6x +0.009x°

ﬁ =6+ 0.018.r:d—P- =0 when x=-333
dx dx

Critical numbers: x = 0, 300; P(0) = -200:
P(300) = 2410: Maximum profit is $2410
at x = 300.

200+ 4x-0.01x
Cx)= .
800+3x-0.01x"

if 0<x <300

if 300 < x < 450
—200+6x+0.009x>  if 0 <x <300

P(x)=

~800+7x+0.009x> if300 < x <450

There are no stationary points on the interval
(0. 300]. On {300, 450}:

ﬁ =7+0.018x; ili =0 whenx=-389
dx dx

The critical numbers are 0, 300, 450.
P(0) = =200, /’(300) = 2410. P(450) = 4172.5
Monthly profit is maximized at x = 450,
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P(450) = 4172.50

5.000
4,000 PUx)
3,000

2.000

T T T T T U T T,

1,000

A A B S A B
0 100 200 300 400 500

. 100
18. The number of lots ordered per year is 0
X

C represent the inventory cost.
= 1000 200+ 3x)+ 20(5)
x 2
200,000

X

dC 200,000 200,000
== +10; -
dx XZ X2

x = /20,000 =~ 141.42

2 2
d C=400,000_d E)Oatx: 20,000

de x3 dxc?
Since the lot size must be a whole number

+3000+10x

+10=0 when

4.6 Concepts Review
1. fix); -Ax)
2. decreasing; concave up
3. x=-1,x=2,x=3;y=1

4. polynomial; rational.

Problem Set 4.6

1. Domain: (—0,); range: (—,)

Neither an even nor an odd function.
y-intercept: 5; x-intercept: =-2.3
f'(x)=3x%-33x>-3=0 whenx=-1, 1
Critical points: —1, 1

f'(x)>0 whenx<-lorx>1
Alx) is increasing on (-, —1] L [1, ) and
decreasing on [-1, 1].

Local minimum f{1) = 3;:

local maximum f{-1) =7

S (x)=6x; f"(x)>0 whenx>0.
A(x) is concave up on (0, ) and concave down

Instructor's Resource Manual

. Let

20.

x= 141 orx=142.
C(141) = 5828.44. ((142) = 5828.45
x =141

The number of lots ordered per year is i LetC
x

represent the inventory cost.

c=Nripy+ia-Nipve &
X 2 x 2

<

dcC FN 4 FN 4
=l — 4 —= 0 when
dx P2 5P

fZFN
x=,|—

A
If Nis increased to 4N,

oo \/2F(4N) s \IZFN _
A A

Therefore, the ideal lot size will double.

on (-, 0); inflection point (0, 5).

10;-/
1.1 1 [\

I
-5 5X

-10

TT U1

Domain: (- . ); range: (- , )
Neither an even nor an odd function.
y-intercept: —10; x-intercept: 2
F(x)=6x* -3=3(2x —1):2x2 ~1=0 when
N N
V2’2
.. 11
Critical points: ——,—
TR
| 1
Sf'(x)>0 when x<-—=or x>—
V2 J2
fx) is increasing on [-ao,—-l—]u L,co) and

2 2

: [ 11 }
decreasing on | ——=,—=|.
2 V2
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Local minimum f[%) =-J2-10=-114

Local maximum f(—LJ =J2-10=-8.6

V2
[(x)=12x; f"(x) >0 whenx>0.f{x)is
concave up on (0. « ) and concave down on
(-0, 0); inflection point (0, -10).

¥

TTT T

-20

. Domain: (-0 ,0); range: (— ,)
Neither an even nor an odd function.
y-intercept: 3; x-intercepts: = -2.0.0.2,3.2
F(x) = 6x% —6x—12 = 6(x ~2)(x+1);
f'(x)=0 whenx=-1,2

Critical points: -1, 2

f'(x)>0 whenx<-lorx>2
flx) is increasing on (—eo, —1] U[2, ) and
decreasing on [-1, 2].

Local minimum f{2) = -17,

local maximum f{-1) =10
S(x)=12x-6=6(2x-1);

S"(x)>0 when x>%.

. i
flx) is concave up on (5 oo) and concave down

( 1) . ) . 1 7)
on | —e0, — [: inflection point: | —, ——
2 2 2

. Domain: (—e ,); range: (- ,®)
Neither an even nor an odd function
y-intercept: —1; x-intercept: 1
Fi(x)=3(x-1%; f'(x)=0 whenx=1
Critical point: 1
S'(x)>0 forallx = 0

flx) is increasing on (— , )

Section 4.6

No local minima or maxima

S (x)=6(x-1); f'(x)>0 whenx> 1.
flx) is concave up on (1, =) and concave down
on (-, 1); inflection point (1, 0)

20
I T T T
-5 o
20

. Domain: (-, ); range: {0, ©)

Neither an even nor an odd function.
y-intercept: 1; x-intercept: 1
G'(x)=4(x-1)*:G'(x) =0 whenx =1
Critical point: 1 !

G'(x)>0 forx>1

G(x) is increasing on [, ) and decreasing on
(-=.1}.

Global minimum f{1) = 0; no local maxima
G'(x)=12(x-1)*:G"(x) >0 forallx = 1
G(x) is concave up on (-, 1) U (1, ©); no
inflection points

40

T 1T 1T 1T T T 7T 11T Te

I I | j 11
-5 5%

. Domain: (-, ); range: [_%,w)

H(-1) = (=)2[(=1)? -1]= 2t =1) = H(1); even
function; symmetric with respect to the y-axis.
y-intercept: 0; t-intercepts: -1, 0, 1

H'(t) =4 =20 =2(2:% ~1); H'() =0 when
1 1

t=——.0,—=

V202

1 1
Critical points: ——,0,—
202

H'()>0 for ——1—<t<0 or L<t.

N V2
H(2) is increasing on [—%, 0] ul:—j:i- oo) and
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7.

I 1

decreasing on | —»0. —— |U| 0. —
oon (- o5
Global minima —L -_l f L __l.
) 47\ 4

Local maximum f{0) =0
H()=122 =2=2(6:> -1): H" > 0 when

)

1 ]
[<——=Or!{>—F4
J6 J6
1

1
H(1) is concave up on (—oo, ——)u(—, oo)
P 6) \J6

and concave down on (-——l- L ; inflection
6 V6
1

points H —L,—i and H __,i
N 6 36

y

-3

-1

Domain: (-, ); range: (-,
Neither an even nor an odd function.

y-intercept: 10; x-intercept: 1-1 M2

f(x)=3x* —6x+3=3(x—1)%; f'(x) =0 when

x=1
Critical point: 1
f'(x)>0 forallx = 1.
Ax) is increasing on (— e, ) and decreasing
nowhere.
No local maxima or minima

f(x)=6x-6=6(x-1); f"(x)>0 whenx>1.

fix) is concave up on (1, « ) and concave down
on (-, 1); inflection point (1, 11)

18|

T T 171

i
-3 [ AR 3

Domain: (— , o ); range: [—?, oo)

4(-s)* -8(=s)? —12 _4as* -8s2-12
3 3

F(-s)=

Instructor's Resource Manual

= F(s); even function; symmetric with respect
to the y-axis

y-intercept: —4: s-intercepts: 3,43

16 3 16 16
—s ——s=—
3 3 3
whens=-1,0, I.
Critical points: -1, 0, |
F'(s)>0 when-1<x<0Qorx>1.
F(s)isincreasing on [-1. 0] U [I, o) and
decreasing on (-0, -1] U [0, 1]

F'(s)= s(s2=1):F'(s)=0

Global minima F(-1)= —%, F()= —%: local

maximum F(0)=—4
F’(s)=16s2 -? = 16(52 —%);F"(s) >0

| 1
when s<-—ors >—

NE) 3

1 |
F{(s) is concave up on (-co ——]u(—,oo}
P 3) (V3

and concave down on (——. —);

inflection points

I 128 1128
Fl-—=-=|F|—=.-=
7555

10

AV

-10r

. Domain: (-0, -1) U (-1, ©);

range: (-, 1) U (1, ©)
Neither an even nor an odd function
y-intercept; 0; x-intercept; 0

g'x)= ! = g'(x) is never 0.
(x+1)*

No critical points
g'(x)>0 forallx = —I.
g(x) is increasing on (o0, —1) U (-1, o).

No local minima or maxima

g'(x)=-— 3:g"(x)>0 whenx <-1.
(x+1)

g(x) is concave up on (-, —1) and concave
down on (-1, o ); no inflection points (-1 is not
in the domain of g).

. x . 1
hm — = lim —=1;

e X+1 x—)aol+i
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10.

186

. x . 1

lim — = lim —=]1;
x—»-woXx+1 x—)—m]+-};
horizontal asymptote: y = |

_ - . X
As x> -1, x+1-0 so lim —=cxc;
xo-1” X1
+ + . X
as x> 1" x+1->0" so0 lim —— =-o0;
x—>-1+x+l

vertical asymptote: x = -1

-

)

]

[}
1
1

—————— I--—-——

1 4 1 1 r 1 11!

-5 1 5

=5

Domain: (-, 0) U (0, ©);
range: (-, 4 7] U [0, ©)
Neither an even nor an odd function
No y-intercept; s-intercept: 7

22
<‘>"(S)=hS 2n 1g'(s)=0 whens=-n, 7
s

Critical points: —x,7
g'(s)>0 whens<-m ors>x
g(s) is increasing on (-0,-7] U [7,0) and
decreasing on [~z ,0) v (0, 7).
Local minimum g(z ) =0:
local maximum g(-7)=-4x
2

g7 (9= 2;—; £g°(s)>0 whens>0

s
g(s) is concave up on (0, ) and concave down
on (-, 0); no inflection points (0 is not in the

domain of g(s)).

2
g(S)=S—2n+n—;y=s—21t is an oblique
s

asymptote.

2 so lim g(s)= -

507

As s—)O’,(s—n)2 —->n

2 so lim g(s)=o;

s—ot

as s—>0+,(s—n)2—>n

Section 4.6

11. Domain: (-, @ ); range: |:..-l_ l]

s =0 is a vertical asymptote.

TTTTY

4’4

flex)=s———=-—"—=—f(x); odd

(-x)*+4 x“+4
function; symmetric with respect to the origin.
y-intercept: 0; x-intercept: 0

4-x2

f(x)= —2—,—:f’(x) =0 whenx=-2,2

(x° +4)°

Critical points: -2, 2

f(x)>0 for-2<x<2
flx) is increasing on [-2, 2] and
decreasing on (-0, 2] U [2, ).

Global minimum f(-2) = —%; global maximum

1
f(2)= 2
2x(x2 -12)
(x*+4)y
2V3<x<0 or x>23
flx) is concave up on (—2\/3 QU (2\/5. ) and
concave down on (-0, — 243 ) (0, 2\/5);

inflection points (—2~/_ ,——‘g—g-}((), 0),
[2J§ ﬁ)
8
X

. b4 .
lim = hm =0;
x—»aox2+4 x—;wl.)._“_

Sfi(x)= f7(x)>0 when

=

x2

1
lim = lim —<%—=0;
x-© x< 4+ 4 x—»—ao]+-i2

X
y =0 is a horizontal asymptote.
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No vertical asymptotes

¥
ik

0
| IS T VO W Y A

[0x

-1

12. Domain: (-, @ ) range: [0, 1)
2 2
A(-8)= ( 62) = f = A(8); even
-9 +1 6°+1
function; symmetric with respect to the y-axis.
y-intercept: 0; @-intercept: 0

A(B) = 2;92—; A'(8)=0 when =0
@ +1)

Critical point: 0

A'(@)>0 when >0

A(0) is increasing on [0, «) and
decreasing on (-0, 0].

Global minimum A(0) = 0; no local maxima

2
A'(0)=&;30—3);A'(9) >0 when
@ +1)
- ! <f< ]

A(6) is concave up on (—% —15) and

1 1
concave down on | —e0, - —= |U| —=, 2 [;
(=5
inflection points (—L —] (_ _)
J34)\J34

2 1

Iim =
0—»0092 +1 oo ]+ L

2 . 1

lim =1

m
f>-00% +] O-- 1+;|2_

y =1 is a horizontal asymptote. No vertical
asymptotes
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13. Domain: (0. 1) U (1. ©);

range (-0, 1) U (1, o)
Neither an even nor an odd function
y-intercept: 0; x-intercept: 0

h(x)=- 1h'(x) is never 0.

x=1)?
No critical points
h(x)<0 forallx # 1.

h{x) is increasing nowhere and
decreasingon (-, 1) U (1, ®).
No local maxima or minima

h'(x)=

3 s h"(x)>0 whenx>1
(x-1)
h'(x) is concave up on (1, ) and concave

down on (- . 1): no inflection points (1 is not in
the domain of A(x))

im —= lim —=1;
x—® X — x—w]-L
lim —= lim —=

y=1is a horizontal asymptote.

- - . X

As x—>1 . x-1-0" so lim — = -x;
=" X~
) x

as x> 17, x-1-50" so lim — =o0;
PENLE

x =1 is a vertical asymptote.
v

. Domain: (—e,)

Range: 0< P <1
Even function since

1 1
(—Jnr)2 +1 X241
so the function is symmetric with respect to the
y-axis.
y-intercept: y =1

P(-x) = = P(x)

x-intercept: none
-2x

(x +1)?

critical point: x=0

P'(x) >0 when x <0so P(x)is increasing on

P(x)= 1 P'(x)is O when x=0.
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188

(-0, 0] and decreasing on [0,0) . Global
maximum P(0) =1; no local minima.

6x? -2

(x?+1)°

P(x)>0 on (—oo,—l/ﬁ)u(l/\/i,oo) {concave

up) and P"(x) <0 on (—1/J§,1A/§) (concave
down).

13
Inflection points: t——,—]
[ V34
No vertical asymptotes.
lim P(x)=0; lim P(x)=0

X—® X—>=0
y =0is a horizontal asymptote.

P'(x)=

Domain; (-0, 1) U (-1,2) U (2, @);
range; (-, ©)
Neither an even nor an odd function

. 3 .
y-intercept: —5: x-intercepts: 1, 3

327 -10x+11
(x+1)3(x-2)°

No critical points

f'(x)>0 forallx = 1,2

Sfx) is increasing on

(o0, -1) U (-1,2) U (2,).

No local minima or maxima

vor_ =6 +30x7 — 66x +42

S = -

(x+1)°(x-2)

x<-lorl<x<2

flx) is concave up on (-0, -1) L (1. 2) and

concave down on (-1, 1) U (2, =);

inflection point f{1) =0

: f'(x) is never 0.

J'(x)

; f7(x) >0 when

lim G-DE-3) _ x?—4x+3
xoo(x+1)(x=2) xow 2 _x-2
4,3
= lim —;+?—1
x—)ml——l-__z_— ’
x 2
]_i+i
- 1)(x - 2
fim D= o X 2y,
oo (FD(x=2) sl 12
2

» =1 is a horizontal asymptote.
As x> -1",x-15-2,x-3 > -4,
lim f(x)=o0;

x—--1"

x—2—>-3, andx+1->0" so

Section 4.6

16.

as x> —-1",x-15-2.x-3- -4,

x-2-—-3 and x+1 0%, so
lim f(x)=-o

x—-17
As x 22  x=-1= 1. x-3>-1,x+1—3, and
x=2-207, so lim f(x)=o0: as
=27
xo2Y x-1->1,x-3>-lL.x+1-3, and

x=2-50% 5o lim f(x)=-w
x=2F

= —1 and x = 2 are vertical asymptotes.
¥

Domain: (—,0)u(0,)

Range: (—,-2]U[2,©)

QOdd function since
—_— 2 ‘.'2
w(~z) = )+l 27+ = -w(z) ; symmetric
-z

with respect to the origin.
y-intercept: none
X-intercept: none

w'(z) = I—Lz; w'(z)=0when z=%1.

critical points: z=%1. w'(z)>0 on
(—0,-1)w(l,) so the function is increasing on
(=<0, —1]w[],). The function is decreasing on
[-1,0)w(0.1).

local maximum w(1) = 2 and local minimum
w(—1) =-2. No global extrema.

w(z) = % >0when z>0. Concave up on

-
-

(0,) and concave down on (—»,0).

No horizontal asymptote: x = 0is a vertical
asymptote; the line y = = is an oblique (or slant)
asymptote.

No inflection points.
1‘ w

s

i)
b L‘/

= = I B
/—ﬂ
-19]

-15
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17. Domain: (—e0,1) (L)

Range: (-, )
Neither even nor odd function.
y-intercept: y =6 : x-intercept: x=-3.2
2
—2; )
gi(x)= X—tjsz g'(x) is never zero. No
(x=1)"
critical points.
g'(x) >0 over the entire domain so the function

is always increasing. No local extrema.

f(x)=—
(x-

3" S "(x)>0 when

x < l(concave up) and f "(x) < 0 when

x > I (concave down): no inflection points.

No horizonta} asymptote; x =1 is a vertical
asymptote; the line y = x+2 is an oblique (or
slant) asymptote.

AF

18
50
bil

28
-5%0
75

. Domain: (-, ) range [0, =)

f(-x)= [—x|3 = |x|3 = f(x): even function;

symmetric with respect to the y-axis.
y-intercept: 0; x-intercept: 0

f'(x)= 3|x] (l IJ 3x|x; f'(x)=0 whenx=0

Critical point: 0
f(x)>0 whenx>0
Slx) is increasing on [0, <) and decreasing on
(-, 0].
Global minimumf(O) = 0: no local maxima

S(x)= 3|x| H

f"(x)>0 whenx = 0

Jix) is concave up on (-, 0) U (0, ©): no
inflection points

—6|x| as x? =[x

—
o

LI L L

-3 3 X

20.

symmetric with respect to the origin.
y-intercept: 0; ‘imercept: 0

R(z)=|z |+|—|=7|:| since z° =|zl2 for all z:
R'(z)=0 whenz=0

Critical point: 0

R'(z)>0 whenz = 0

R(z) is increasing on (~ , ) and decreasing
nowhere.

No local minima or maxima

|- |

R(z) is concave up on (0, = ) and concave down
on (-0, 0): inflection point (0, 0).

R"(z)= iR"(z)>0 whenz>0.

LR LR

-20

Domain: (-0, ); range: [0, o)

2
H(-9)=(-9)*|-q|= 4*|g| = H(q): even
function; symmetric with respect to the y-axis.
y-intercept: 0; g- intercept: 0

3
H'(g)= 2qlql+| - | | 9= 3q|q| as Jgf* =4

forallg; H'(g)=0 wheng=0

Critical point: 0

H'(g)>0 wheng>0

H(q) is increasing on [0. « ) and
decreasing on (-, 0).

Global minimum H(0) = 0; no local maxima

. 3¢ .
H (4)=3|q|+m=6|ql;H (g) >0 when
q# 0.

H(q) is concave up on (—=, 0) U (0, ©): no
inflection points.

=

T T TTTTTrTrTT,

-3 3¢

21. Domain: (~cc, o ); range: [0, )

19. Domain: (-, o ); range: (—o ., ©)
Neither an even nor an odd function.

R(-z) = -z|-z| = —z|z| = —=R(2); odd function:
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22,

190

Note that for x < 0, |x|=-x so |x]+x =0, while

forx > 0. |x]=x so M:‘ =x.

0
g(x) ={

3x242x ifx>0

y-intercept: 0; x-intercepts: (—co, 0]
, 0 ifx<0

g(x):{bx+2 ifx>0

No critical points for x > 0.
g(x) is increasing on [0, co ) and decreasing
nowhere.

0 ifx<0

& (x)={6 ifx>0
g(x) is concave up on (0, <« ); no inflection points

ifx<0

80

rrr1r1riTT.

i
dnbe
|
L
iy
=

T

Domain: (-, ): range: [0, o)
Neither an even nor an odd function. Note that

forx <0, |x|=-x so le; T ok , while for

x 20, |x]=xso [ - =0.
2

ifx20

y-intercept: 0: x-intercepts: [0, «)

-3x? +2x-6 ifx<0

ifx=0

No critical points for x <0
h(x) is increasing nowhere and decreasing on
(-.0].

" -6x+2 ifx<0
h(x)= .

ifx=>0

h(x) is concave up on (-, 0); no inflection
points

3 2 .
h(x):{—x +x°—-6x ifx<0

hH(x)=

90

T T T T T T 17T

(I |
-5 5 X

|
<
T

Section 4.6

23. Domain: (-, ): range: [0, 1]
f(=x) =]sin(-x)| =|-sin x| =|sin x| = f(x): even
function; symmetric with respect to the y-axis.
y-intercept: 0; x-intercepts: k where k is any
integer.

S(0= |

sin x

——cosx; f'(x)=0 when x= I okn
sin ,\'| 2

and f'(x) does not exist when x = kz , where &
is any integer.

Critical points: 522' where £ is any integer:

f'(x)>0 when sin x and cos x are either both
positive or both negative.

Slx) is increasing on [kn, kn +g:| and decreasing

on [kn +%. (k+ l)n] where k is any integer.
Global minima f{k 7 ) = 0: global maxima
f(kn+§) =1. where £ is any integer.

cos>x sin’x
="t

B sinx] [sin x|

_ 1 sinx (cos x)
lsinxl2 |sinx|

cosZx sin®x cos® x

+5in xcos x

- |sin x| - |sin x| B |sin x|

. 2
sin” x .
=——= —|sm x|
|sin x|
f7(x)<0 whenx # kx, kany integer
f(x) is never concave up and concave down on
(kn ,(k+ 1)7) where k is any integer.
No inflection points
¥

24. Domain: [2k 7 . (2k + 1) 7 } where k is any
integer: range: [0, 1]
Neither an even nor an odd function
y-intercept: 0; x-intercepts: k 7 , where & is any

integer.

Instructor's Resource Manual



25,

L) =—2X . £'(x)=0 when x=2kn +§

2sinx’

while f'(x) does not exist whenx =k , k any

integer.

.. . T .
Critical points: k. 2kn+5 where k is any
integer

f'(x)>0 when 2kn<x< 2kn+§
flx) is increasing on [an, 2kn+§] and

decreasing on [2kn+g, (2k+ l)n], k any

integer.

Global minima flk 7 ) = 0; global maxima

f(2kn+§) = 1. kany integer

. .2
( )_—coszx-ZSmZx_—l—sm“x
f(x) = - 372 =T 3
4sin”'“ x 4sin”' " x
_ l+sin2x'
4sin3/? x

ST (x)<0 forallx.
fx) is concave downon (2kx , (2k+ 1)z );
no inflection points

¥
1

-1

Domain: (—coc,)

Range: [0,1]

Even function since

h(~t) = cos®(=1) = cos® t = h(t)

so the function is symmetric with respect to the

y-axis.

Instructor's Resource Manual

. . z
y-intercept: y =1; t-intercepts: x = 3 +hkrx
where k is any integer.

h'(t)=-2costsint; h'(ty=0att= I%r
Critical points: = %’i

h'(t) > 0 when k7[+%<l<(k+l)7t. The

function is increasing on the intervals
[k7 + (7 /2),(k +1)z] and decreasing on the
intervals [kz kx +(/2)].

Global maxima h(kz)=1
.. ¥4
Global minima h(; +kﬂ) =0
h"(1) = 2sin?1-2cos®t = —2(cos 2r)

h"(t) <0 on (kﬂ—%,kﬂ+%) so h is concave

down, and A"(t)>0 on (k:r+%,k7t+37”J soh

is concave up.

. . kr w1
Inflection points: 74——,—

No vertical asymptotes; no horizontal

asymptotes.

L L

26. Domain: all reals except ¢ = %+ krn

Range: [0,)
y-intercepts: y =0 ; t-intercepts: ¢ =k

where & is any integer.

Even function since

g(~t) = tan®(~1) = (-tan#)? = tan? ¢
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so the function is symmetric with respect 10
the y-axis.
2sin¢

cos’ ¢

g'(l)=25eczltan1 = : g'(1)=0 when

t=kmr.

Critical points: kr

g (1) is increasing on [kfr,kzr +%) and

decreasing on (kzr —%,kﬂ] .

Global minima g(kz) = 0; no local maxima

. 2 . .
, cos® 1 +sin¢(3)cos” rsin? cos? 1 +3sin’¢
g'@®=2 3 =2 r
cos ! cos™ ¢
1+2sin’¢
=2—> 0
cos !

over the entire domain. Thus the function is
4 T
concave up on | kx —— k7 +—) T no
2 2
inflection points.
. n
No horizontal asymptotes; 7= 3+ krm are

vertical asymptotes.

AF

700
600
500
400
300
200
100

27. Domain: = (-, 0.44) U (0.44, 0 );

192

range: (- ,®)
Neither an even nor an odd function
y-intercept: 0; x-intercepts: 0, =0.24

74.6092x - 58.2013x% +7.82109x
(7.126x~3.141)* ’

Sf'(x)=

f'(x)=0 whenx=0, = 0.17, = 0.6]

Critical points: 0, = 0.17, = 0.61

Section 4.6

f'(x)>0 when0<x<0.170r0.61 <x
fix) is increasing on = [0,0.17] U [0.61, =)
and decreasing on

(o0, 0] U [0.17,0.44) U (0.44,0.61]
Local minima f{0) = 0. 0.61) = 0.60: local

maximum f{0.17) = 0.01

) = 531.665x° — 703.043x> +309.887x - 24.566 _
(7.126x - 3.141)° ’
f7(x)>0 whenx<0.100rx>0.44

fix) is concave up on (-, 0.10) U (0.44, )
and concave down on (0.10, 0.44);

inflection point = (0.10, 0.003)

. 5.235x%~1.245x% .
Iim = lim
x—=o  1.126x-3.141 X—® 7,126—-34%

so f{x) does not have a horizontal asymptote.

As x — 0.447.5.235x> —1.245x2 — 0.20 while

7.126x-3.141>07, so lim f(x)=-o;
x—0.44"

as x — 0.44%.5.235x° ~1.245x% — 0.20 while

7.126x-3.1412 07, s0 lim f(x)=cc;
x—0.447

x = 0.44 is a vertical asymptote of flx).

0.9

S B S I S R

]

S

T
-’
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28. y
of?
-5 5x
29, y
5.—
—I [ | | |
o 10%
_5.—
30. y
N
X
|
31. y
5.—
| Y S O T I | 11
-8 2 X
32. y
5._
I | _L | I |
-5 8 5 x
_5—

Instructor’'s Resource Manual

33.

L1 1 1 ¢t ) 801t

10x
34. ¥
20
§ I | —l_l L1
I ) X
2 B 2
sl
2
35. g4
2
1
nx
x|
2

36, y =5(x—1)%y" =20(x -1 y"(x)>0
When x > 1; inflection point (1, 3)
Atx =1, y'=0, so the linear approximation is a

horizontal line.

y
4F

37.

Ve

N

Section 4.6
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38.

39.

40.

41.

42.

43,

194

TTTTTY

-2

=25

Let f(x)= ax® +bx +c, then f'(x)=2ax+b
and f"(x)=2a. An inflection point occurs
where f"(x) changes from positive to negative,

but 2a is either always positive or always
negative, so f{x) does not have any inflection
points.

(f"(x) =0 only when a =0, but then f{x) is not a

quadratic curve.)

Let f(x)= ax® +bx* +cx+d, then
f'(x)= 3ax? +2bx+c and f7(x) = 6ax+2b. As
long as a0, f"(x) will be positive on one

side of x = 3i and negative on the other side.
a

x= 3—b‘ is the only inflection point.
a

Let f(x)= ax* +bx® +cx? +dx+c, then
F(x) = 4ax® +3bx% + 2cx+d and
[ (x)= 12ax? + 6bx+2c = 2(6ax2 +3bx+c)

Inflection points can only occur when f"(x)

changes sign from positive to negative and
f"(x)=0. f"(x) has at most 2 zeros, thus f{x)
has at most 2 inflection points.

Since the ¢ term is squared, the only difference
occurs when ¢ = 0. When ¢ =0,
y=x*Jx? = le3 which has domain (-« , )

and range [0, ). Whenc # 0, y = Vx?-c?

has domain (-, -f¢|] U [[c|. =) and
range [0, «).

Section 4.6

44.

o
(=]

TrT T T T T T T To

| I S B N D

-3 -k 3
cx cx
Let f(x)= =
4+ (cx)? 4+c%x?
2.2
f'(x)=c—(4§—;2):f'(x)=0 when x:i3
(4+c°x%) c

unless ¢ = 0, in which case f{x) = 0 and

Sf'(x)=0.

If ¢ > 0, f{x) is increasing on [_EE] and
cc

decreasing on (—oo, - 3] u[z, oo]. thus, f{x) has
c c

a global minimum at f (—%) = —% and a global

1

5
maximum of f (:) =
c) 4

If ¢ < 0 fix) is increasing on (—oo, z}u[—z oo)
c c

and decreasing on [3 -3] Thus, f{x) has a
c ¢

global minimum at f (—-2-) = —% and a global

c
maximum at f(z] = l
c 4
3022
f(x)= ZCT:(%);D, 50 f{x) has inflection
+c°x

23

pointsatx=0, +—— c# 0
c

Instructor's Resource Manual



t9l—

c>0 2
I N
2 X
<
Ny
2
it
2
c=0
| | ) I O |
X
_._I'.y_
1
2
c<0
/\_§
I |
2
<
L
2
1
45. Let f (x)=—2—2—2, then
(ex®-4) +cx
2
, 2¢x(7-2cx”
S(x)= ( )

[(“2_4)2+CXZ]2’
ifc>0, f'(x)=0 whenx=0, i-\jzz.
Ifc<0, f'(x)=0 whenx=0.

Note that f{x) =% (a horizontal line) if ¢ = 0.

Ifc>0, f'(x)>0 when x<- 57— and
c

O<x<JZZ, so f{x) is increasing on
c
-00,—\/-7— U O,Ji and decreasing on
2c 2c
—Jl,o v l,co . Thus, f{x) has local
2c 2c
7 4 7 4
i - f_ =—, — |=— and
maxima f[ 2CJ T f(J;] T an

local minimum f(0) = % Afe<0, f'(x)>0

when x <0, so flx) is increasing on (-, 0] and

Instructor’'s Resource Manual

46. Let f(x)=

decreasing on [0, ). Thus, f{x) has a local
maximum f(0) = % . Note that f{x) > 0 and has

horizontal asymptote y = 0.

14!
8
c<0
0 'y
o
8
c=0
0 p e
ER &4
16
- c>0

5 . By the quadratic
x“+4x+c

formula, x? +4x+c=0 when x=-2+J4-c.
Thus f{x) has vertical asymptote(s) at
x=-2%+J4-¢c whenc < 4.

F(x) = ’—2x -4 .
(x* +4x+¢)
unless ¢ = 4 since then x = -2 is a vertical

asymptote.

Forc # 4, f'(x)>0 whenx <-2,s50f{x) is
increasing on (-, -2] and decreasing on
[-2, ) (with the asymptotes excluded). Thus

1 f'(x)=0 whenx=-2,

fx) has a local maximum at f(-2) = -1—4 For
c —_—

c=4, fi(x)=- z 3 so f{x) is increasing on
(x+2)

(-, -2) and decreasing on (-2, ).
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196

!
[35]

=

w

= e e et e = -

2\

c>4
|
-2
4+
kr
{ |
-2

Justification:

SH=g)=1

fEn=g-0H =g =f(x)

fis an even function: symmetric with respect to

the y-axis.

S(x)=g' (x4

f'(x)>0 for x on (0,1) L (1,)

f'(x) <0 forx on (~e0,-1)U(-1,0)

f(x)=0 forx =-1,0,1 since /" is continuous.

£(x) = g"(x*)16x8 + g (x)12x7

Section 4.6

48,

49,

50.

f(x)=0 forx=-10,]
J"(x)> 0 for xon (0,x9)w (1,)
f"(x) <0 forx on (xp,1)

Where x, is aroot of f"(x)=0 (assume that
there is only one root on (0.1)).

Suppose H"(1) <0, then H"(x) is decreasing in
a neighborhood around x = 1. Thus, H "(x) >0
to the left of 1 and H"(x) <0 to the right of 1. so
H(x) is concave up to the left of 1 and concave
down to the right of 1. Suppose H"(1) >0, then
H"(x) is increasing in a neighborhood around
x=1. Thus, H"(x) <0 to the left of I and
H"(x) >0 to the right of 1, so H(x) is concave

up to the right of 1 and concave down to the left
of 1. In either case, H(x) has a point of inflection
atx=1.

a. Not possible; F'(x) >0 means that F(x) is
increasing. F"(x) > 0 means that the rate at

which F(x) is increasing never slows down.
Thus the values of F must eventually
become positive.

b. Not possible; If F(x) is concave down for all
x, then F(x) cannot always be positive.

¢ NE
L
| I/ | j .
_3 3 X
sk

a. 4

No global extrema; inflection point at (0, 0)
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51.

No global maximum: global minimum at
(0, 0); no inflection points

Global minimum
f-n)==27 +sin(-n)=-27 = -6.3;
global maximum

f(x)=2r+sint =27 =63

inflection point at (0, 0)

sinm

maximum f(n)=n+ =n=3.1

inflection point at (0, 0).

f'(x)=2cosx-2cosxsinx
= 2cos x(1-sin x);

f(x)=0 when x=-

.

N A
DA

N

f"(x)=-2sinx—2cos x+2sin’ x
=4sin2 x-2sinx-2; /"(x) =0 when

. 1 . .
sinx = -5 or sin x = 1 which occur when

Instructor's Resource Manual

C.

Global minimum f (—%) = -2; global

. n . . .
maximum f(—z-] = 2; inflection points

T 1 5w 1
i)

-1

f'(x)=2cosx+2sinxcosx
=2cosx(1+sinx); f'(x)=0 when

T T

xX=-—=,—=
22
SfM(x) = —2sinx+2cos? x-2sin® x

= —4sin? x—2sinx+2: f"(x)=0 when
sinx=-1or sinx =% which occur when

5w

x=- ,—
6

(SRR
oA

Global minimum f(—zzt-] = -1; global

maximum f (%) =73; inflection points

n\_3 3m)_3
f(g)"4’f(6) 4

3

S'(x)=-2sin2x+2sinx

= —4sin xcosx + 2sinx = 2sin x(1 - 2cos x);
J'(x)=0 when x=—n,_§‘o‘.73f.n

f"(x)=—4cos2x+2cosx; f'(x)=0 when
x = -2.2,-0.6,0.6,2.2

Global minimum f(—g] = f(%) =-1.5;
Global maximum fl-7)=f{7)=3:
inflection points f{-2.2) = 0.87,
f1-0.6) = -1.29, f{0.6) = -1.29,
A2.2) = 0.87
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198

‘A
TV

S'(x)=3cos3x—cosx; f'(x) =0 when
3cos 3x = cos x which occurs when

nom
x=——,5 and when

x=-27.-04,04,2.7
f"(x) =-9sin3x+sinx which occurs when

x=-mx .0, 7 and when
x = -213,-1.02,1.02,2.13

Global minimum f(g) =-2;

global maximum f(—g) =2

inflection points f{-2.13) = 0.7,
f(-1.02) = 0.8:f10)=0, f(1.02) = 0.8,

f2.13) = 0.7
/\V{

2
/\\\\ 1
N,
-3 3 . 1
1

-2

S'(x)=2cos2x+3sin3x

Using the graphs, f{x) has a global minimum
at f{2.17) = —1.9 and a global maximum at
f097) = 1.9

S (x)=—4sin2x+9cos3x; f"(x) =0 when

x= —E,E and when
22

x = -2.47,-0.67,0.41, 2.73.
Inflection points {-2.47) =~ 0.54,

f(-g) =0, -0.67) = -0.55,

f0.41) = 0.40, f(%):O, f2.73) = —0.40

| |
-5 sX

-2

Section 4.6

54.

58,

L1t

-5 st

-5

-5 5x

-5

40
3o
20

2 4 6

2x% —9x +40

fin=rrEs
Vx? —6x+40

and always positive, so f{x) is increasing for
all x. Thus, on -1, 7], the global minimum is
S=1) = —6.9 and the global maximum if
A7) = 48.0.

v 250 —18x% +147x-240
[i(x)= 2 32
(x“ —6x+40)
when x = 2.02; inflection point
f2.02) =114

; f(x) is never 0,

1 ff(x)=0

Global minimum f{0) = 0: global maximum
A7) = 124.4; inflection point atx = 2.34,
f2.34) = 48.09

0

S
)
1
2 4 6
[}
-50 )
~100

100’
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No global minimum or maximum; no b. 4
inflection points 50

d N\ / ‘
0. 10
0.25 1
2 4 &
2 4 6
\—/ Global minimum when x = -0.5 and
x = 1.2,1-0.5) = 0,1.2) = O;

global maximum f{5) = 46

-0.2%
-0.5
-0.75

Global minimum f{3) = -0.9; g

global maximum f{-1) = 1.0 or f(7) = 1.0; Inflection point f(—) = 20.6
Inflection points atx = 0.05 and x = 5.9, 3
f0.05) = 0.3,15.9) = 0.3. .

56. a. —AN ~

L

-29

-30

-40
No global minimum or maximum;
inflection point at

¥ 2 4
=3x2~16x+5; =0 wh
S'(x)=3x" -16x+5; f(x) =0 when x=-0.26, f(~0.26) = -1.7

x=l.5.
3 S

Global minimum f{5) = —46; —— 3

global maximum f (%) ~4.8

[ (x)=6x-16; f"(x) =0 when ng;

. ) . 8 No global minimum, global maximum when
inflection point f(g = -20.6 x=0.26, f{0.26) = 4.7
Inflection points when x = 0.75 and
x=3.15,f(0.75)= 2.6, f{3.15) ~-0.88

4.7 Concepts Review Problem Set 4.7
1. ti <(a, b). f(b)- = f'(c)b-
continuous: (a. b); f(b)- f(a) = f'(c)b-a) L f'(I)=I—):|
2. f'(0) does not exist. )
SQ)-s_2-1_,
3. F(x)=G(x)+C 2-1 1
¢

4 — =1 forall ¢ >0, hence forall cin (1, 2)
4. x"+C IC
y

2

()
-
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2. The Mean Value Theorem does not apply
because g'(0) does not exist.

2

3. fl(x)=2x+1
f@)-f(2)_6-2_,
2-(-2) 4
2c+1=1whenc=0

8

T TTTTTTTS

N

=2

2+

4. g'(x)=3(x+1)>
g)-gh) _8-0_,

1-(-1) 2
3c+1)? =4whenc=—l+%=0.15
y
10
] I
-] ] X
S. H'(s)=2s+3
HO)-H(E3) 3-(1) _,
1-(-3) 1-(=3)

2c+3=1whenc=-1

e

5

T TTTT.

N

|
ll<\

-5

200 Section 4.7

6.

F'(x)=x?
8 8
F@-r2)_3-(-3) 4
2-(-2) 4 3
2 2
¢” =— when c=i—3ztl.15
¥
3.—
| |
=2 20X

3

f'(z)=%(322+l)=22+§

f@)-fED _2-(2)_4
2-(-1) 3 3

c? +% =§ whenc=-1, 1, but -1is not in
(-1,2) so ¢ =11is the only solution.

y
2+

|
-
ra

The Mean Value Theorem does not apply
because F(f) is not continuous at ¢ = 1.

+

\
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10.

11.

12.

3
(x-3)
K(2)-h(0) -2-0
2-0 2
3
(c-3)?
c=3-v3=1.27 (3+~/3 isnotin (0. 2).)

¥ 2
0 1 | !

h(x)=-

=-]

= -1 whenc=32%+3,

I N

The Mean Value Theorem does not apply
because f{x) is not continuous atx = 3.

-

o
s
2
h(t)y=——+
3[”3
h2)-hO) 227 -0 13
2-0 2
2 =273 when ¢ = 16 =0.59
¥
2 -
-
I\ l
0 21
The Mean Value Theorem does not apply

because A'(0) does not exist.

v

s}

I
)
() =g
-~
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13.

14.

15.

. 5
g (x)=§x2/3

g)-g©) _1-0 _
1-0 1

3/2
262/3=lwhenc=i-é ,
3 5

3y%/2 3372
c=(g) = (.46, —(;J is not in (0, 1).]

y
l.—

3,203

3

g)-gCh _1-CD _,
1-(-1) 2

gx)=

S 2 3 3/2
Ec =1 when c=i(§) =~ +0.46

T«

1

] x
-1
S'(0)=cos8
S(n)—-S(-mn) _ 0-0 _ 0
n—(-7) 2t

i
cos ¢ = 0 when c=:t5.
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16.

17.

18.

19.

202

The Mean Value Theorem does not apply

because C(6) is not continuous at §=-x,0, 7.
¥

|\

i 1 1 -
n

0

The Mean Value Theorem does not apply

. . T
because 7{8) is not continuous at 8 = 7

5

(=3}

-5

The Mean Value Theorem does not apply

because f{x) is not continuous at x = 0.
¥
10

T T

-10

, 1
f(x)=1‘?’

5
J@-f) _3-2 1
2-1 )
‘-—l;zé"’h"““t\/f, c=v2 =141
2
(c=-v2isnotin (I, 2).)

¥
3 —

Section 4.7

20. The Mean Value Theorem does not apply

21.

22,

23,

24,

25.

because f{x) is not continuous at x = 2.
¥

2F °
b— Gme——()

1 |,
0 2

The Mean Value Theorem does not apply

because f'is not differentiable at x=0.
Ao

L
r

2 a5 o 05 0 0S5 1

x

By the Mean Value Theorem

M = f'(c) for some c in (a. b).
b-a
Since f{b) = fla). b 0 = f'(e): f'(c)=0.
-a
S@®-f(0) _ 1
8-0 4
There are three values for ¢ such that
, 1
c)=——.
S (c) y
They are approximately 1.5, 3.75,and 7.
f'(x)=2ax+p

SO-1@ _ L2 2 -
b-a b-a

=a(a+b)+p

2ac+ f =a(a+b)+ B when ¢ :a_;_b_ which is
the midpoint of [a, b].

By the Monotonicity Theorem, f'is increasing on
the intervals (a,xy) and (xg.0) .

To show that f(xg)> f(x) forxin (a.x),
consider fon the interval (a.xp].

fsatisfies the conditions of the Mean Value
Theorem on the interval [x, xg] forxin (a,xp).

So for some ¢ in (x, xg ).

S (%)= f(x)=f"(c)xg = x).

Because

f'(c)>0andxy-x>0, f(xg)~ f(x)>0.

50 (x0) > f(x).

Instructor's Resource Manual



26.

27.

28.

29.

30.

31

Similar reasoning shows that

f(x)> f(xg) forx in (xg,0) .

Therefore, fis increasing on (a, b).

a. fl(x)= x2>0 except at x =0 in (-0 ).
f(x)= x° is increasing on (~o0 . ) by
Problem 25.

b. ['(x)= 5x* >0 exceptatx=0in (-0 ).

f(x)=x is increasing on (-, ) by
Problem 25.

2
c. f’(x)={3x x<0 >0 exceptatx=0in
1

x>0
(—wvw)'
3
f(x)= X xsoisincreasingon
x x>0

(-, ) by Problem 25.

s(¢) is defined in any interval not containing / = 0.

s'(c)= _Lz <0 forall ¢ # 0. Forany a, b with
c

a < b and both either positive or negative. the
Mean Value Theorem says

s(b)-s(a) = s'(c)(b~a) for some c in (a, b).
Since a <b, b—a >0 while s'(c) <0, hence
s(b) - s(a) < 0, or s(b) < s(a).

Thus, s(r) is decreasing on any interval not
containing 1 = 0.

s'(c)=—%<0 forallc>0.1f0<a<b, the
c

Mean Value Theorem says

s(b) - s(a) = s'(c)(b—-a) for some c in (a. b).

Since a < b, b— a >0 while s'(c) <0. hence

s(b) - s(a) < 0. or s(b) < s(a). Thus, s() is

decreasing on any interval to the right of the

origin.

F'(x)=0and G(x)=0:G'(x)=0.

By Theorem B,

Fx)=G(x)+C.so F(x)=0+C=C.

F(x)=cos2 x+sin’ x, F(0)= 12402 =1
F'(x) = 2cos x(—sin x) + 2sin x(cos x) =0
By Problem 29, F(x) = C for all x.

Since F(0) =1, C=1, s0 sin®
all x.

”
x+cos” x=1 for

Let G(x)=Dx; F'(x)=Dand G'(x)=D .
By Theorem B, F(x) = G(x) + C: F(x) =Dx + C.
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32,

33.

34.

3s.

36.

F'(x)=5F@0)=4
F(x) = 5x + C by Problem 31.

F(0)y=4so0C=4.
Fix)=5x+4
Since fla) and f{b) have opposite signs, 0 is

between fla) and f{b). flx) is continuous on [a, b},
since it has a derivative. Thus, by the
Intermediate Valuc Theorem, there is at least one
point ¢,

a<c<bwithflc)=0.

Suppose there are two points, cand ¢'.c <¢’ in
(a, b) with f(c) = f(c’)=0. Then by Rolle’s
Theorem, there is at least one number d in (¢, ¢”)
with f(d)=0. This contradicts the given
information that f”(x) =0 forallxin [a, b], thus
there cannot be more than one x in [a, b} where

fix)y=0.

f'(x)=6x* —18x = 6x(x-3): f(x)=0 when
x=0orx=3.
fl=1)=-10, f{0) = 1 so. by Problem 33, fix) =0
has exactly one solution on (-1, 0).
f0) =1.f{1) = -6 so, by Problem 33, flx) = 0 has
exactly one solution on (0. 1).
fi4)=-15, fI5) = 26 so. by Problem 33. ix) =0
has exactly one solution on (4, 5).

Suppose there is more than one zero between
successive distinct zeros of f. That is, there are

a and b such that fle) = flb) =0 witha and b
between successive distinct zeros of f. Then by

Rolle’s Theorem, there is a ¢ between @ and b
such that f'(¢) = 0. This contradicts the

supposition that a and b lie between successive
distinct zeros.

Let x;, x;, and x3 be the three values such that
g(x;) =g(xz)=g(x3)=0 and

a < x; <x3 <x3 <b.Byapplying Rolle’s
Theorem (see Problem 22) there is at least one
number x4 in (x;, x;) and one number X in

(x5, x3) such that g'(xy)=g'(xs)=0. Then by
applying Rolle's Theoremto g'(x), there is at
least one number xg in (x4,xs) such that

g'(x6)=0.

37. flx) is a polynomial function so it is continuous

on [0, 4] and f"(x) exists for all x on (0, 4).
ST =A2)=(3) = 0, so by Problem 36, there are
at least two values of x in [0, 4] where f(x)=0
and at least one value of x in [0, 4] where

£7(x)=0.
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38. By applying the Mean Value Theorem and taking

39,

40.

41.

42,

204

the absolute value of both sides,
|/ (x2)- £ (x)]
|xz — x|
Since |f'(x)| <M for all x in (a. b),
[f(x2) = f(x)]

|*‘2 ‘Xl|

= |f’(c)] . for some cin (x,x;).

J'(x) = 2cos 2x:|f'(x)| £ 2
lf(xz-)_f(-tl”:'f,( ): [f(x2) - f(‘l)l
I.\Z —.l’l‘ l\‘) _Xll

[f(x2) = S ()| < 2| - s

[sin 2x, —sin 2x| < 2|x; — x|

a. ¥
! )
X, x, X
b. y
| !
l| ‘.: X
Suppose f'(x)20. Let a and b lie in the interior

of I such that b > a. By the Mean Value Theorem.

there is a point ¢ between a and b such that

fc) = f(b)-f(a);f(b)—f(a) 0.
b-a b-a
Since a < b. f{b) 2 fla). so fis nondecreasing.

Suppose f'(x)<0. Let a and b lie in the interior

of / such that 4 > a. By the Mean Value Theorem,

there is a point ¢ between @ and b such that

f'(C)= f(b)—f(a); f(b)—f(a) <0 . Since
b-a b-a

a< b, fla)z f(b), so fis nonincreasing.

2@ =2/ (x) 1" (x)
Because f{x)= Oand f'(x)20o0on/.[f2(x)] 20

on/.
As a consequence of the Mean Value Theorem

Section 4.7

SA’I:‘f(Xz)_f(Il)lgM'Iz —.\’l|.

43.

44.

45,

46.

fz(xz)—fz(x,)zo forall x >x onl.

2. “
Therefore /'~ is nondecreasing.

Let fix) = h(x) - g(x).

fi(x)y=Hh(x)-g'(x); f'(x)20 forallxin

(a, b) since g'(x) < h'(x) forallxin(a, b), so fis
nondecreasing on (g, b) by Problem 41. Thus

X <x; 2 f(x)< f(x)

h(x)-g(x) S h(x)-g(x2);

g(xy)—g(x;) S h(xy)-h(x)) forall x; and x,
in (a, b).

Let f(x)=vx sof'(x)=—= \/_ . Apply the Mean

Value Theorem to fon the interval [x. x + 2] for

x>0,

Thus Vx+2 \/—-

(x,x+2).

(2) = T for some c in

Observe 1 <L<L
Vx+2 \/E \/:\—'

Thusasx —» uo,L —0.

Je

Therefore lim (\/X+ \/_)— lim —=
X—0 x—)m\/—

Let fix)=sinx. f'(x) =cos x, so
|f'(x)| =|cos x| <1 forall x.
By the Mean Value Theorem,

f()-) f(y) = f'(c) for some cin (x, y).
x-
Thus. li);f(y—)' WAGEE
==

[sin x - sin y| <]x - y|.

Let d be the difference in distance between horse
A and horse B as a function of time 1.

Then d’ is the difference in speeds.

Let 1y and ¢; and be the start and finish times of
the race.

d(ig) =d(1) =0

By the Mean Value Theorem,

d(1))-d(1y)

h-1

=d'(c) forsomecin (f5.4).

Therefore d'(c) =0 for some cin (15.4).
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47.

48.

49,

Let s be the difference in speeds between horse 4

and horse B as function of time .

Then s’ is the difference in accelerations.

Let ¢, be the time in Problem 46 at which the

horses had the same speeds and let ¢ be the

finish time of the race.

s(ih)=s(4)=0

By the Mean Value Theorem,

s()=s(12)
-1t

Therefore s'(c) = 0 for some cin (15,1).

=s'(c) forsome cin (f3,4).

Suppose x > ¢. Then by the Mean Value
Theorem,

f(x)-f(c)= f'(a)(x—c) forsomeain (c.x).
Since fis concave up, f” >0 and by the
Monotonicity Theorem f* is increasing.
Therefore f'(a) > f'(c) and

S - f(6) = f1@)x =) > [ (e)x=c)
S(x)> fle)+ fi(e)x-c)x>c

Suppose x < ¢. Then by the Mean Value
Theorem,

f(c)- f(x) = f'(a)(c-x) for some ain (x,c).
Since f'is concave up, f" >0, and by the
Monotonicity Theorem f' is increasing.
Therefore, f'(¢) > f'(a) and
f@©)-f(x)=f(@)e-x)< f(chc-x).
=f(x)<=flc)+ f'(cNc-x)

S(x)> f(©)- f(ee-x)

S>> fle)+ f'(eXx—c)x<c

Therefore f(x)> f(c)+ f'(c)x—c).x#c.

If | f(») - f(x)| S M(y~x)* . then
|7 (») - f(x)
|y~
Theorem. there is some ¢ between x and y such

S ()|
X

< M|y - x|. By the Mean Valuc

LW -/l

|y -+
given inequality is true for all x and y, we can
choose x and y so close together that M |y -] is
arbitrarily close to 0. Thus, in order for the last
inequality to be true. f"(c) must be 0. hence f{x)
is a constant function.

that =|f'(c)| < M|y —x|. Since the

Instructor's Resource Manual

50.

51.

52.

53.

f(x)= x''3 on {0, a] or [—a, 0] where a is any
positive number. f'(0) does not exist, but f{x)
has a vertical tangent line atx = 0.

Let 1) be the distance traveled at time /.
f(2)~- f(0) : 112—0___56

2-0 2
By the Mean Value Theorem. there is a time ¢
such that f'(c) = 56.

At some time during the trip, Johnny must have
gone 56 miles per hour.

s is differentiable with s(0) =0and s(18) = 20so
we can apply the Mean Value Theorem. There
exists a ¢ in the interval (0,18) such that

(20-0)
(18-0)

= 1.11 miles per minute

v(c)=s'(c)=

= 66.67 miles per hour

A’

~Y

[
o
i

Since the car is stationary at { =0, and since v is
continuous, there exists a & such that v(¢) < %
for all ¢ in the interval [0.6]. v(t) is therefore

less than % and s(8) < 5% =§. By the Mean

Value Theorem, there exists a ¢ in the interval
(6.20) such that
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(20—2) As
2
A4 20t

vic)=s'(c)=

(20-6)
S 20-6
20-6 0
=1 mile per minute vak
=60 mil h >
miles per hour - — " ,
4.8 Chapter Review
12. True: lim (2x* +x) = while
Concepts Test at
1. True: Max-Min Existence Theorem im (2x° +x)=—0
+
2. True: Since ¢ is an interior point and f'is ""‘%
differentiable ( f'(¢) exists). by the
Critical Point Theorem, c is a 13. True: lim (2x° +x +tan x) = o while
stationary point ( f'(¢) =0). -3
. 3 _
3. True: For example, let f{x) = sin x. xgrilg(Zx +X+tanx) = —oo.
2
4. False: )=x"3i i .
alse .f (x) 'x is continuous and 14. False: At x = 3 there is a removable
increasing for all x, but f'(x) does not discontinuity.
existatx =0.
5 1ea3 2 I+
5. True:  f'(x)=18x° +16x° +4x; 15. True: im Xt i —
) _ 2 .
£7(x) =90x* +48x + 4 . which is oel-xt xoey
greater than zero for all x.
=—=-] and
6. False: For example, f(x)= < is increasing 5 1+-L
on[-1, 1]but £'(0)=0. lim 2 fim -
x—-© | _x2 X—3—00 —12— —1
7. True: When f'(x) > 0. f(x) is increasing. 1 *
=—=-1
8. False: If f*(c)=0, cis a candidate, but not -1
necessarily an inflection point. For 2 : .
. 4 pen 16. True: }x_m_(3x+2)=sxnx;
example, if f(x)=x",P"(0)=0 but X
x = 0 is not an inflection point. : :
fim 22X =0 and lim o= =0,
5 x—0 X X~ X
9. True: f(x)=ax" +bx+c;
S(x)=2ax+b; f(x)=2a 17. True: The function is differentiable on
0,2).
10. True: If f{x) is increasing for all x in [a, b],
the maximum occurs at b. 18. False: f'(x) =ﬁ so f'(0) does not exist.
X
11. False: tan® x has a minimum value of 0.
This occurs whenever x = kxr where &
is an integer. 19. False: There are two points: x = —ﬁ, ﬁ .

3 3
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20.

21.

~
~

23,

24,

26.

27.

28,

29,

30.

True:

Faise:

. True:

True:

True:

True:

False:

True:

False:

True:

True:

Let g(x) = D where D is any number. 31
Then g'(x)=0 and so, by Theorem B

of Section 4.7,

fix)=g(x)+ C=D+C,whichisa

constant, for all x in (a, b).

. False:

32. True:
For example if f(x)= 1%
S'(©)= f7(0)=0 butfhasa
minimum at x = 0.

2

Q=cosx:d y=—sin.r; —sinx=0 33.

dx dx
has infinitely many solutions.

True:

<

A:xy:K; y=—
X
2K dP_, 2K dP_

Bali, Wl

x dx 2 dv

whenx=\/'1?,y=~/7<.

By the Mean Value Theorem, the
derivative must be zero between each
pair of distinct x-intercepts.

P=2x

If f(x)< f(x;) and g(x)<g(xp) -
for x; <xy,

S+ g(x) < f(x)+8(xz), so
[+ g is increasing.

Let flx) = g(x) =2x, f'(x)>0 and

£'(x)>0 forall x, but

. 34. True:
f(x)g(x)= 4x? is decreasing on rue

(-.0).

Since f7(x)>0.f'(x) is increasing
forx = 0. Therefore, f'(x) >0 forx
in [0, = ). so f{x) is increasing.

If /{3) = 4, the Mean Value Theorem

requires that at some point ¢ in [0, 3]

)= SO=JO =1y ypicn
3-0 3-0

does not contradict that f'(x)<2 for

all x in [0, 3).

If the function is nondecreasing,

f'(x) must be greater than or equal to
zero, and if f'(x)20, fis
nondecreasing. This can be seen using
the Mean Value Theorem.

However. if the constant is 0, the
functions are the same.
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For example, let f(x)=¢".

lim e* =0. soy =0 is ahorizontal
X——x
asymptote.

If f{c) is a global maximum then f{c)
is the maximum value of fon

(a, b) & S where (a, b) is any intervai
containing ¢ and S is the domain of f.
Hence, f{c) is a local maximum valuc.

f'(x)= 3ax? +2bx +c; f(x)=0

—b+\b? -3a

when x = < by the

3a
Quadratic Formula. f"(x)=6ax+2b
SO

el

3a

Thus. if 52 —3ac > 0. one critical

point is a local maximum and the
other is a local minimum.

(If b2 =3ac =0 the only critical point
is an inflection point while if

b? —3ac <0 there are no critical
points.)

On an open interval, no local maxima
can come from endpoints. so therc can
be at most one local maximum in an
open interval.

S'(x)=a =0 sof{x)hasno local
minima or maxima. On an open
interval. no local minima or maxima
can come from endpoints, so f{x) has
no local minima.

Sample Test Problems

1. f'(x)=2x-2; 2x-2=0whenx=1.
Critical points: 0, 1, 4
f0)=0.A1)=-1.f{4)=8

Global minimum f{1) =-1;
global maximum f{4) = 8
. 1 1.
2. f't)=~-—:-— isnever0.
Tl
Critical points: 1, 4

= =1
=1 (=7

Global minimum f(4) = %:

global maximum f{1) = 1.
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3. (=) =—%:—% is never 0. S)=¥Y3=-1.44 f(0)=0,

R 12) 1442
_/_-z-1.94, 2)=0./3)=9
Critical points: -2.-% f(7) “N T o

,f(—%) _4 Global minimum f[%) =~ -1.94;

global maximum f{3)=9
Global minimum f(-2) =l:
4 9. f'(x)=10x*-20x> = 10x3(x - 2):
global maximum f(—l) =4, S(x)=0 whenx=0,2
2 Critical points: -1, 0, 2, 3
Si-1)=0,f0)=7,A2)=-9, f3) =88

4 () =-2:-2 isnevero. Global minimum f12) = -9;
o8 global maximum f{3) = 88

Critical point: =2
1
_2)=—
f(=2) y

S (x)>0 forx<0,sofis increasing.

10. /'(x)=3x-D)2(x+2 +2x -1’ (x+2)
= (x- 1) (x+2)(5x+4): f'(x) =0 when

4
x=-2,-—,1
Global minimum f(-2) -——: no global
maximum. Critical points: —2,—%,1 ,2
4 26,244
5. f(l)—l T . f'(x) does not exist at x = 0. f=2)=0. f[—g)=— 3175 = -8.40,
I A1)=0.2)=16
Critical points: ==, 0,1 . 4
2 Global minimum f| —— [~ -8.40;
b)
Ao 1
/ (—;J =5.f(0)=0,7(1)=1 global maximum f{2) = 16
Global minimum f{0) = n .
g|oba] n]aximum_/“) =1 11, f’(0) =cosé; f’(9) =0 when 8=E m
T 4n
6. f(s)—1+| I 1 f'(s) does not exist when s =0, FREY
Fors <0, |s| =-5 sofls)=s—-s=0and Critical points: % % ?n
[(sY=1-1=0
. T n
Critical points: 1 and all s in [-1, 0] f(z) (;)
A =2,fs)=0forsin[~1, 0] -
Global minimum f{s)=0.-1 £ 5 < 0: ! 4n __£~_0 87
global maximum f{1) = 2. 3 2 )
.. 4n
7. =12 -12:2 =123 (x - 1) f'(x) =0 Global minimum f (?) =~ -0.87:
whenx =0, |
Critical points: -2, 0, 1, 3 global maximum f(zj =1
f=2)=80,f0)=0, 1) = -1, fA3) = 135 2
Global minimum f1) = -1;
global maximum f{3) = 135 12, f'(8)=2sinfcosf —cosf = cosH(2sinf - 1);
n n Sn
—12 2 0)=0 when §=—.—,— in[0,
8. f'(u)=L';/)3:f'(u)=o when u = 0,2 f6= 52 M7l
(u=-2)° . . non Sn
£'(2) does not exist. Critical points: 0,— 36 n
5
Critical points: -|,0.'7*,2,3 | fi0)=0, f( ) % s ;) =0.
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Sn 1 _
)L a0

n 1 5w 1
Global minimum Zl=== Il
obal minimu f(()) 4orf( < ) Z

global maximum f{0) =0, f[%) =0, or

Ax)=0

13. f'(x)=3-2x:f'(x)>0 when x< %
f7(x) ==2; f7(x) is always negativ;.
flx) is increasing on (—oo,%] and concave down
on(-o, o).

4. f'(x)=9x% f(x)>0 foralix = 0.

f(x)= 72x7; f"(x) <0 whenx<0.
fix) is increasing on (- , ) and concave down
on (-, 0).

15. f'(x)=3x? —3=3(x? -1); f'(x)>0 when
x<-lorx>1l.
[(x)=6x; ["(x) <0 whenx<0.
flx) is increasing on (-, —1] v [I, oo ) and
concave down on (-, 0).

16. f'(x)=—6x* —6x+12 =—6(x+2)(x~1);
f'(x)>0 when-2<x<1.
fi(x)=-12x—6 ==6(2x+1); f*(x) <0 when

1
x> ——.
2
flx) is increasing on [-2. 1] and concave down on
L
(-]
17. f'(x)=4x> —20x* =4x*(1-5x); f'(x) > 0
when 0<x< l
5
f*(x) =12x* —80x> = 4x*(3-20x); f"(x) <0

when x> i
20

flx) is increasing on [0, %jl and concave down on

(&)

-—-’w.

20

18. f(x)=3x% —6x* =3x2(1-2x7): f'(x) > 0

1 1
when ——<x<0and O0<x<—.
2

V2
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f7(x) = 6x - 24x> = 6x(1 - 4x%); f"(x) <0 when

1 1
——<x<0or x>—.
2 2

flx) is increasing on [—% —\/1—5] and concave

down on (-l,O)u(i.w).
2 2

19. f'(x)=3x> —4x¥ = x2(3-4x): f'(x) >0 when
x<=—.
4
f(x)=6x— 125 = 6x(1-2x); f"(x) <0 when

x<0or x>—l—.
2

. . 3
flx) is increasing on (—00, 7 and concave down

&~

on (-, O)U(%,OO).

r 1 1
20. g(t)=312 - g'(1)>0 when 3 >—]2— or
- t

Al sorc——t ore>
3’ 3],4 31/4.

? . . . ] —-—l
g'(1) is increasing on (—w,—wjlu[:;l,‘, ~°°)

. 1 !
and decreasing on [-5”—4 O)U(O' ?/T] :

. LY 1 wa :
Local minimum g(w) = fT+ 377 = 1.75;

local maximum
| D S I3
g(—3,,4)--33,4—3 =-1.75
. 2. .
g'=61+—3g (t) >0 when 1> 0. g(s) has no
t

inflection point since g(0) does not exist.

-10
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22,

23.

210

F(x)=2x(x- 4)+.r2 =3x% -8x= x(3x-8):

S(x)>0 whenx<Oor x> g
.. . 8
S(x) is increasing on (-0, 0] 5.00 and
. 8
decreasing on | 0, 3

Local minimum f(i) =-——=x=-948;

local maximum fl0)=0

f'(x)=6x-8f"(x)>0 when x> %

flx) is concave up on (g, eo) and concave down

4 4 128
on —oo,s . inflection point —3— -——

27
1o

N N I | —Ll 1 !

=5 A 5
lok

f(x)____8r_7 f'(x)=0 when x=0.
(x +1)

G )—8(3‘ f(O) -8, sof0)=6isa
(x

local maximum. f (x)>0 forx<0and
f'(x)<0 forx>0s0

f0) = 6 is a global maximum value. f{x) has no
minimum value.

f'(x)=4x3 -2 f(x)=0 when x=%.

f(x)=12x%; f(x)=0 whenx=0.
1) 12
f (?_2:)—‘2—2‘/—3“>0, SO

1) 1 2 3
/ % ‘24/3'217"_24/3

minimum.
J"(x)>0 forallx # 0:no inflection points

is a global

No horizontal or vertical asymptotes

Section 4.8

24,

15

| T T I . W 7 A O |

= global 5

minimum

S(x) =2(x2 - 1)(2x) = 4x(x% = 1) = 4x° — 4x;
f'(x)=0 whenx=-1.0, 1.

Fr(x)=12x% -4 =403x> -1); f"(x) =0 when

1
=+——.
3
S D=8 =47 (1)=8
Global minima f{-1) =0, f{1) = 0;
local maximum f{0) = 1

: 4
Inflection points [+_ _)

V3’9

No horizontal or vertical asymptotes

¥
10—
- local
- maximum
1] 1% i1 11
-5 5x
global inflection
minima points
3x-6 ,
. fix)= Nrach 1 f(x)=0 whenx=2 butx=2
2vx-3

is not in the domain of f{x). f'(x) does not exist

when x = 3.

(%) =ﬁ_—‘;)l—2:f”(x) =0 whenx=4,
4(x-13)

Global minimum f{3) = 0: no local maxima
Inflection point (4, 4)

30

TT T T T T T T 717

inflection point
TN TN O I |
10x

global
minimum

Instructor’s Resource Manual



] oblique asymptote.

26. f'(x)= -( 3 :f'(x)<0 forall x=#3. Vertical asymptote x =0
x- ¥

[ (x)=— 3;f'(x)>OWhen.r>3.
3)

X-

No local minima or maxima
No inflection points

x-2 . 1-2
lim = lim —£ =1
1o X~-3 xowo] —%

Horizontal asymptote y = |
Vertical asympiote x = 3

29. f'(-f)=3+L..;f'(x)>0 forallx = O.
2

f(x)= ———zng'(x) >0 when x<0 and
x

f7(x) <0 whenx>0

No local minima or maxima
No inflection points

-10 1
f(x)=3x-——, so
X

27. [l =12 =122 =122 (x - 1): f'(x) =0 |
whenx=0, 1. lim [ f(x)-3x]}= lim (——)= 0 and y=3xisan
- X—px0 X—m pe
f(x)=36x" -24x=12x(3x-2). f*(x)=0

oblique asymptote.
Vertical asymptote x = 0

whenx=0, =

(=12, so (1) = -1 is a minimum.
Global minimum f{1) = —1; no local maxima

2 16
Inflection points (0, 0). | —, ~—
points (0. 0) (3 27)

No horizontal or vertical asymptotes.

i8

30. f'{(x)=- 4 3',f'(x)>0 when x < -1 and
(x+1)

f'(x)<0 whenx>-1.

1T 17T T T 7T T T

12
3 ERS f"(x)=——4;f'(x)>0 forall x= -1,
inflection” =21 global (x+1)
M minimum
points No local minima or maxima

| No inflection points
28. f'(x)=l+—;f'(x)>0 forallx # 0. lim f(x)=0, lim f(x)=0,soy=0isa

x° x—® x9—®

2 horizontal asymptote.
f(x)= -3¢ f"(x) >0 whenx <0 and
X

f"(x) <0 whenx>0.

No local minima or maxima
No inflection points

f(x)=x—l, S0
X

X—r®0

lim[f(x)-x]= lim (—l] =0 andy=xisan
xX—x X
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31

32,

212

Vertical asymptote x = —|
¥

__m3n
Ay
S7(x)=-cosx+sinx; f"(x) =0 when
_ dnom
et
f’(-£)=—~/5,f' 34’-‘)=\/§

Global minimum f(3n) =2

global maximum f —§J=\/§

Inflection points —2, 0), (E, 0
4 4

¥
global 2]
maximum

1 L | |

- \// TN
inflection{

points

global
-2F  minimum

f’(,w:)=cos.):—se<:2 x; f'(x)=0 when x=0
f7(x) = -sinx— 2sec® xtan x

=-sinx(1+ 2sec’ x)
S (x)=0 whenx=0
No local minima or maxima
Inflection point f{0) = 0

. T
Vertical asymptotes x = — 2

|
[SR]

inflection
point

Section 4.8

33.

34,

3s.

f(x)= xsec x+1tanx; Sf'(x)=0 whenx=0

f(x)= 2sec? x(1+xtanx); f"(x) is never 0 on

53)

I0)=2
Global minimum f{0) =0

3

T 1T T1TT2

v

global
minimum

|
ol
(N1} ]

T T T 7177

-5

f(x)= 2+csc? X f(x)>00n(0, 7)
S7(x)=~2cot xosc’ x; f"(x)=0 when

.r=§; S7(x)>0 on (g,n)

)

Inflection point (

(S

20

inflection
point

I O e

0 wA
=20
J'(x)=cosx—2cosxsinx =cosx(l-2sinx);
TN S|
'(x)=0whenx=-—,—,—,—
A 262 6

f(x)= —sinx+2sin? x - 2cos? x; f(x)=0
whenx = -2.51.-0.63. 1.00, 2.14

n T 3 4
1-=|=371=|=-2.712|=1,
() (E)-3 )
HO) 3
f(s)’ 2
Global minimum f(——) =-2,
.. T
local minimum f(5)=0;
) | 5n I
lobal im: == r11=1==
g maxlmaf(()) 3 f(6J 2
Inflection points (-2.51, -0.94),
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(-0.63, -0.94), (1.00. 0.13), (2.14, 0.13)

y

2-  global

maxima

| ;; inflection
points
—_n\ inflection local ® %

minimum
-
2

global

minimum

36. f'(x)=-2sinx—2cosx; f'(x) =0 when
__x3m
T4t 4
f"(x)=-2cosx+2sinx; f"(x)=0 when
__3==r
T o4'4
S T .3
)z
4 4
Global minimum f(:%n] =-22;
global maximum f(—%) =22

Inflection points (—éﬁ OJ, (E, 0)
4 4

y

global 3
maximum

inflection
points

global
minimum

37 y
5—
\L_

| I T .| XI | S

-5 B \ 5 x
_Sr-
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38,

39.

41.

/TIII

T |

~10 \/IOX

-10

LI

- i n X

. Let x be the length of a turned up side and let / be

the (fixed) length of the sheet of metal.
V = x(16-2x)! = 16x] - 2x*1

ﬂ: 16/ -4xl;V' =0 whenx=4
dx
d¥ :
;xT = —4/; 4 inches should be turned up for
each side.

Let p be the length of the plank and let x be the
distance from the fence to where the plank
touches the ground.

See the figure below.

* 1 ft

By properties of similar triangles,

_p_N=+64

x+1 x

p= (l +£)\/m

Minimize p:

%=—IL2 x* +64 +[1+%)—;'::
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@<Oifx<4,d—p>0ifx>4
dx dx

Whenx=4, p =(l+%)\/16+64 =11.18 ft.

42. Let x be the width and y the height of a page.

A = xy. Because of the margins,

(v-4)x-3)=27o0r y=~2—73+4

T
A=2% 4

x-3
dA_(x-3@N-27x ,___ 8 o4
dx (x-3)° (x-3)
ﬁ=0 when ch—z,E
dx 2’2

d’4 162 d*4
d? (x-3° dx?

>Owhenx=g

15
x=—;y=10
2 y

43, %nrzh =128n

n=20
r
Let S be the surface area of the trough.
S=nt+nrh= 1tr2+2561t
’
ds 256n
——=r-—
r r

2nr - 253“ =0, =128.r=432

r

2s
Since 3 >0 when r=43/§, r=432

dr
minimizes S.
b= 256 _- 8y

(]

214 Section 4.8

44.

i+—31 if-2<x<0

S®=1" 1
- if0<x<?2
3
x 3 C oy . .
—+—=0;x=-3, which is not in the domain.
2 2
)
- x-; ~ = (0: x = -2, which is not in the domain.

Critical points: x =-2,0, 2

f-2)=0,/10)=2,/(2)=0
Minima f{-2) = 0. f{2) = 0. maximum f{0) = 2.
1
S0=1?

-—— f0<x<?
3

if -2<x<0

Concave up on (-2, 0), concave down on (0, 2)

_3 3./!’
3
. a. f'(x):x2
S(3) - f(=3) - 9+9 =3
3-(=3) 6
c? =3:c=—\/§.\/§

b. The Mean Value Theorem does not apply
because F'(0) does not exist.

¥
3.—

'
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_G-D-x+l) -2

c. g'(x) Slope atx = 2: P =5

(x-1)? (x-1)° dx| ..,
g3)-g(2) _2-3 o Tangent line: y — 11 =5(x - 2). y =5x + |
3-2 ! 47.
2 he=12V2
(c-1)

Only ¢ =1++2 isin the interval (2. 3).

¥

[N

i 48. ol
! 1 A
0 3
46, Y- axd _18:2 4243 -
dx B
2 _; [ [ ; -
7Y 1222 —36x+24:12(x* ~3x+2) =0 when Lk
dx?
x=12
Inflection points: x =1,y =35
andx=2,y=1I
dy
Slopeatx=1: — =7
Xlx=1
Tangentline:y-5=7(x-1);y=Tx-2
4.9 Additional Problem Set F(b) is not close 1o a.
vy 2(a+b)(db) - 4(a +b)?
(a+b]2 a’ +2ab+b° F'(b)= X 5 )
1. a. abs = 16b°
2 4 2 2 ;2 2
2 52 =4b —4a =b -a‘
N P 162 4b?
This is true if F'(b) =0 when b = a’ or b = a since a and
O<£—lab+éz—— a b ZZ(Q_b)Z barebothpositzive. ,
- 4 2 2 2 F(a):——(a+a) =4L=
Since a square can never be negative. this is 4a 4a
always true. 2
y Thus aSM- forallb>0 or
24 2ab+b’ 4
a“+2a
b. F@p)=—— 2
®) ab ab < 8E0" Lhich leads to \/Es‘“;b.
As b—0*.a% +2ab+b* - a® while B
4b— 0%, thus lim F(b) =0 which is not c Let F(b)zl(a+b+c]3=(a+b+c)3
60" b\ 3 27b
lose to a.
closetod ) Fipy 2 datb e QI0)-2Narb o)’
2 2 4_+2a+b =
lim 420040 _ i, 5 = 27%5?
b 4b b—oo

so when b is very large,
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_(a+b+c)[3b-(a+b+c)] 1(a+b+cY a+b+c
= 3 or abc <

2 ac £ —
27b b
_(a+b+ )} (2b-a-c) . which gives the desired result
272 ' (abe)'3 s—"+[3’+c.

F'(b)=0 when b=a;C.

2. Leta=Iw, b=1Ih, and c = hw. then
3
F(aﬂ') 2 ‘(a+c+a+c) S=2(a+ b+ c)while ¥? =abc. By problem Ic,

a+c

2 3 6 2
3 3 " (abc)”3 Sa_.‘-biﬁ [30) (Vz)”3 S(a—+b+_cl:£'
2 (3(a+c) 2 (a+c a+cy 2-3 6
T a+c 3 = 2+cl 2 = 2 In problem lc, the minimum occurs, hence equality
holds, when b= %E In the result used from
2 3
Thus (a + c) < %( a +:/: + CJ forall > 0. Problem b, equality holds when ¢ = g, thus
2 b=a+a=a, so a = b =c. For the boxes. this
a+c
From Problem 1b. ac < ( 2 ) » thus means / = w = A, so the box is a cube.

3. (Proof by induction.)

216

Suppose that the result holds forall m with 1 < m < N.Now letn=N+ 1, and

(g +xp+...+x,) (q+xy+...+x,)"
F(y)=— = d
X n n'x
Fiin) n(xy + Xy 4.4 5,)" (") -0 (X e+ )T (g X+ x,) T g = (g 4 X))
)= =
H"X] X
. -1
=(.\I+x2+...+x,,)" [(n—l)x,—xz—...—xn]

X

, Xy 4+ X+t X
F'(x,)=0 when xy =23 —"n

n-1
F(xz +x3 +...+x,,)= n-1 (xz Fr oty XXy t.tX, J"
n-1 Xy +X3+...+X, n(n-1) n
_ n-1 X +xy+.o.tx, | _(xp+x3+..%, !
-x2+x3+...+x,,( n—] ) _( n-1 J

n-1 n

Xy +Xx3+...+X I {xp+xy+...+x

Thus, | 237277 s— (A2 77n | forall x> 0.
n-1 X n

1

) L xptx3+.+x,
But, by assmption, (xX3...x, )" | s 23— n

with equality holding when x; =x3 =...=x,.

n-1
Xptxzttxn Y N (qEmt.tx, )
Thus. X,x3...x, S| 2——=——"3 | < '———Z——L) , and combining the first and last terms
n-1 Xy n
1 x3t+xy+...+x, . . .
(xx...x,)" € ——==—""_"% with equality holding when x; =x3 =...=x, and
n
Xy +tx3+...+X n—1)x
X =2—3 n_{ )2=x2 or Xy =X =...=X,.

n-1 n-1
The casc where n =1 is clear, n = 2 and n = 3 were proved in Problems 1b and Ic, so the relation
holds for any set of positive x;.
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4. a. Square both sides of the given inequality to abx> ~ 4b(a2 —2x2)~

A'(x) = -‘L—b a?-x* -

+ 2 2+ 2 i '
get (x’)y] Sx—_)—y— ava® - x* a\/a2 -x°
- - a
22 A'(x) =0 when x=— so the corner is at
r_+f_+}_si+)_. \/5
4 2 4 2 2 a b
2 2 2 —=,— |- The corners of the rectangle are at
OSL_%J_:(X;YJ (ﬁ Ji)
e [a bJ[a b)(a b)
whic -ays true Since squares are never === ——7=-—F1
nel 1is alway i q NG > 5 N AN
gative.
&%
2.2 ﬁ ﬁ :
b. From Problem 4a, Ty < TV it
-2 Xty 7. If the end of the cylinder has radius r and 4 is the
remains to show that —2- < 2= This is height of the cylinder, the surface area is
x+y

: 2_ .2 2 A=2nr? +2nrh so h:i-r.
equivalentto 4xy < (x+y)" =x" +2xy+y~ nr

or 0< x° —2):y+y2 = (x—y)2 which is true The volume is

since squares are never negative. V=mlh=mnr’ (—A— - r) A mrd .
2nr 2
n! - A { A
5. P =——p°(l-p)"* (=230 V'(r) = - =
%5 (P) s!(n_s)!p( p) V'(r) > 3nrs:V'(r)=0 when r o
' n! -1 _ V"(r) = —=6mr, so the volume is maximum when
P = g $ 1 — n-s
ns (P) S!(n_s)![p (I-p) ,_\/7
-(n-5)p*(1-p)"~*7') 6n’
n! s-1 n-s-1 1 A A
=— 1- 1-p)-(n-s h=—n-pr=2|—=2r
S0t —9)! p (-p) [s(1-p)-(n-s)p] T P
'
= s'_(n";_-&p“l (1- p)""'1 (s -np) 8. If the rectangle has length / and width w, the
' ’ diagonal is d =VI2 +w2, so [ =vd? -w?. The

area is A=lw=ws,/d2—w2.

2

P, (p)=0 when p=0.>.1
n

2 2

won _f2_ .2 w _d°=2w"

Poy(0)= By (1) =0 A =Nd W =t T

s s \/d -w \/(; -w
5 n! s sy
a(Z) i) (2) > 409 =0 when = and o
. . ; =£ 2
thus B is a maximum when p - /= dz_d_:i. A'(0w)> 0 on [OLJ and
2 2 V2
6. The ellipse has equation , d . .

A'(w)y<0on f'd . Maximum area is for a

a°

Let (x,y)= (x. 2\]02 -x? ) be the upper right-
a

hand comer of the rectangle (use a and b
positive). Then the dimensions of the rectangle

5
are 2x by "—b\/az - x* and the arca is
a

A(x) I
a

square.

2.2
y== bz-bx =:0:2\Iaz—x2
a
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