CHAPTER |

2 Functions and Limits

2.1 Concepts Review 1 e 1IN 103 1432
€. Fl~{|=-| +3| - =_3,+_= .
1. domain; range t f ) r 1 t
2. f(2u)=3Qu)? =12u%; f(x+ h)=3(x + h)? f.  F(2.718)=(2.718)* +3(2.718) = 28.233
3. asymptote 3 a G(O)=0] ]=_1
4. even; odd; y-axis; origin
b. G(0.999) = =-1000
Problem Set 2.1 0.999 -1
Loa f)=1-1=0 c. G(.0l)= =100
1.01-1
b. f(-2)=1-(-2)?=-3 ,
d. GO ==
¢ f(0)=1-02=1 y
a4 fE)=1-# e Glx)=——=-—t
) ~-x-1 x+1
e. f(-5)=1-(-5%=-24 1 1 x2
f. G|—|= =
2 x? L1 142
1 1 1 15 x
f. f - =l— -— :1——:._
4 4 16 16 g
4. a. o= _,
g. fB)=1-(3)%=1-9:2 Vi
h. f0=1-2x)?%=1-4x2 b. @)= 40 P
' N o

2 2

i. -l=]l-]-] =l-—=+—n— 1 1
f(t) (1) 2 2 . d)(l): 2+(2) -4 <106
2. a. F()=1’+3.1=4

(D) +@+)? P a3u+2

_ 3 _ d o | =
b. F(JJE_)-(JE) +3(V2)=2y2+3V2 (u+1) N =
=52

(2)+(x?)? x4 xt
3 e. O(%)= =
n_(1 n_r.3_9 2 x
© F(J—(«J +3(4J-64+4 64 "‘ i

d. 1-"(11:)=1t3 +3n
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40

|

3

s

()c2 -l—x)+(:¢'2 +x)2
\/xz +x

92
_ A e+ 2 +x

<D(12 +x)=

2
X" +x

1 1
f(0.25) = = is not
J025-3  V-275

defined

L <2658

f(-¥)=‘/;—_—3

1 1
\/3+\f§—3 ) \/ﬁ

=295 5 0.841

,/(0.79)2 +9

0.79) = ————— =~-3.293
OB =079 75

\/(12.26)2 +9
o T 21199
1226 -3

/ 2
f(\[3-) = —%;2; undefined
2

x +y2=l

f3+V2)=

f12.26) =

I

y= +y1-x?; not a function

xy+ty+x=1
yx+1)=1-x

Section 2.1

8. The graphs on the left are not graphs of

functions, the graphs on the right are graphs of

functions.

fla+h)- f(a) _[2a+h)’-1)-Qa’ -1)

h h

_ dah +2i*
h

=4g+2h

F(a+h)-F(a) 4(a+h)-4d°
h - h
_ 4a° +12ah +12ah* +4h° —4d°
B h
12a%h +12ah? + 4h°
- h
=12a% +12ah+4h?

10.

3 3
gx+h)-g(x) _Fh2 32

h h
3x-6-3x-3h+6
_ X —dx+hx-2h+4 _ -3k

11.

h h(x? - 4x+hx-2h+4)

3
x* —d4x+he-2h+4

a~h a

G(a+h)-G(a) _ a+h+d " a+d
h : h
a? +4a+ah+4h-a* —ah-4a
a® +8a+ah+4h+16

12.

4h

h " h(a® +8a+ah+4h+16)

4
- a’ +8a+ah+4h+16
13. a. F(z)=+2z+3
3

2z+320; 22-3

Domain: {z eR:z2 —%}

1
b. v)=——
g0 =
1
4._ =0: = -
v—1 v y

Domain: {v eR:v# %}
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y/(x)=\/x2 -9
x2-920; x2 >9[4 23 17. F(x) = 2x + 1; F(=x) = —2x + 1; neither
Domain: {xeR:|x]23}

g

Ly

A H(y)==-625-y* —
625-y* 20:6252 y*:|y| <5
Domain: {y € R:|y| <5}

Y I | | Y I I
-5 5 X
1_2 2 n
4. a. f(x)= ’4 z - 4-x -
x*—x-6 (x-3)x+2) B
Domain: {xe R:x=-2,3} =
~51-
b, Gy =y(y+1)
;120;y>-1 18. F(x)=3x—\/—2-;F(—x)=—3x—\/§; neither
y+
Domain: {y eR:y>-1} by
5.—
¢ ¢(u)=|2u+3| -
Domain: R :
d. F(n=r"7-4 A ¥ /A
Domain: R -5 5%
15. flx) =—4; fl-x) = —4; even function B
¥ B
5 LS5
L 19. g(x)=3x>+2x~1 g(-x) = 3x% = 2x -1 neither
| I T | I |
-5 il 5 x b
~ sk
5 B
‘ [ L1 0
16. flx) = 3x; fl-x) = -3x; odd function -5 5 X
Ay
5_
— -5
[T N AR A N I B
-5 54
—
5L
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20.

21.

22

42

W W
g(u)= ?;g(—ll) = —?: odd function

#(z)= 22 +l;(25(—2) _ o2z l; neither
z-1 -z
10
I 1 l-___-
-10
I
-10

Section 2.1

23, f(w)=Vw-1; f(-w) = V-w-1; neither

-5+

LR

T

-5

25. f(x)=|2x|: f(-x) =|-2x =|2x|; even function

Instructor's Resource Manual



26. F()=-)t+3:F(-0)= ~|-1+3]: neither

28. G(x)=[2x-1];G(-x) =[-2x+1]: neither
4y
5k @0
— o)
— [ o}
— @O
— @O
| I I | .é L1111
-5 .;_O 5 X
—
< |
e 5t
1 ift<0
29. g()=<qt+1 ifO<t<2 neither
2-1 ifr22
instructor's Resource Manual

30.

31

32.

-5
-x*+4 ifx<l
h(x)= ~  neither
3x ifx>1
4y
SV
|
P11 | L1 | .
-5 | Sx
-5k

T(x) = 5000 + 805x

Domain: {r e integers: 0 < x <100}

T 5000,
X X

u{x)

805

Domain: {x € integers: 0 < x <100}

a.  P(x)=6x—(400+5x(x-4))
=6x-400-5x(x-4)

b. P(200) = -190; P(1000) =610

¢. ABC breaks even when P(x) =0;
6x-400-5\/x(x-4) =0;x =390

Section 2.1
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2

33, E(x)=x-x" :
(x)=x-x 37. The area of the two semicircular ends is T

., . l-nd
The length of each llel sid .
O.SL ng ach parallel side 15 7
| 2 _ 2 w2
- E(x) A(d)=nd er(l nd)znd +d nd
N 4 2 4 2
_ 2
[ I N I S | =M
0 S 4
i Since the track is one mile long, 7#d <1, so
B d<l. Domain: {deR:O<d<l}
= n T
0.5

1 38. a. AN =1() +l(1)(2 -= 3
5 exceeds its square by the maximum amount. 2 2

P Ay
34. Each side has length 3 The height of the
(1,2)
triangle is —\/i—p 2 7
A(p):l(ﬁj @ =ﬁ | —
213 6 36

35. a. E(x)=24+040x [

b. 120 =24 +0.40x 1 2 X

0.40x = 96; x = 240 mi

36. The volume of the cylinder is nrzh, where 4 is
the height of the cylinder. From the figure,

b.  A(2)=2() +%(2)(3 =4

2 9
) h) , B, c. A(0)=0
2il=] =@} — =32
r +(2 (2r)"; 2 3rs;

1 1
h=v12r2 =2r3. d. A(c)=c(1)+5(c)(c+1—1)=§c2+c
Vir)= mr? (Zr\/g) =2m°3

e. ¥
4_
r y=A(0)
o mme Y 3
h 7
2 2r
T _--“\ "

1

f. Domain: {ceR:c20}
Range: {yeR:y20}

39. a. B(0)=0

44 Section 2.1 Instructor's Resource Manual



y = Bic)

Y

40, a. flx+y)=2(x+y)=2x+2y=fx)+fy)

b. f(x+y) =(Jc+y)2 = x? +2xy+y2
#f(x)+/(y)

c. flx+y)=2(x+y)+1=2x+2p+]
# flx) +fiy)

d. flx+y)=-3(x+y)=-3x-3y =)+ Ay)

41, Foranyx. x+0=ux.50
Sfix) = fix +0) = fix) + f10), hence f{0) = 0.
Let m be the value of f{1). Forpin N,
p=pl=l+l+..+] so

fp)=fl + 1+ ..+ ) =fA1)+f)+...+f1)
=pf(1)=pm.

(1) 11 |
l=p|—|=—+—+..+—, 50
p)] p P P

m=f(l)=f(l+l+...+—]—)
P p P

: f(l]+f[l)+_..+f[i] - pf(l)' hence
p p P p
f (l) =2 Any rational number can be written
p) P

as £ with p.qinN.
q

APt
RuFoRY

Instructor's Resource Manual

42. The player has run 107 feet after ¢ seconds. He
reaches first base when 1 = 9, second base when
t = 18, third base when ¢ = 27, and home plate
when 7 = 36. The player is 10 - 90 feet from first

base when 9 </ < 18, hence /902 + (10r —90)>

feet from home plate. The player is 107 — 180 fect
from second base when 18 <1 <27, thus he is
90 — (107 — 180) = 270 — 101 feet from third base

and \/902 +(270—IOl)2 feet from home plate.

The player is 10f - 270 feet from third base when
27 <1 £36, thus heis

90 — (101 - 270) = 360 - 101 feet from home plate.

101 1f0<r<9

V902 +(10:-90)2  if9<r<18
{

J902 +(270-100)2  if18<r <27

(360101 if27<r<36
(180-(180-10/] ifo<r<9
or27<:1<36

b. s=/{ \/902+(1o:-90)2 if9<r<18

J902 + (2701002 if18<r <27

43, a. f(1.38)=0.29%4

f4.12) = 3.6852

b. x Six)
—4 —4.05
-3 -3.1538
-2 -2.375
-1 -1.8
0 -1.25
1 -0.2
2 1.125
3 2.3846
4 3.55

44. a. f11.38)=-76.8204
A4.12) = 6.7508

b. x fx)
—4 -6.1902
-3 0.4118
-2 13.7651
-1 9.9579

Section 2.1 45



0 0 47. by
ioor
1 -7.3369 | -
2 _17.7388 | N
3 -0.4521 AN
4 4.4378 A
6 |
I
45. 4y :
251 I
L I
I -6
L ‘ 4
L a. x-intercept: 3x—-4=0; x= '3
-3 - 7 y-intercept: —';’Pi 22
- 0°+0-6 3
B b. R
-251 c. x24+x-6=0; (x+3)x-2)=0

a. Range: {y e R:-22 < y < 13} Vertical asymptotes at x =-3, x =2

b. fix)=0whenx=-1.1, 1.7, 4.3 d. Horizontal asymptote aty =0
fix) 2 0on[-1.1, 1.7] U [4.3, 5] 48. W
46. 10~

I

i
=
=

I

-10

a. x-intercepts: I -4=0x=t[-=%

()
w|,

ST

a. flx)=g(x)atx=-0.6.3.0,4.6 2
y-intercept: =
b. f{x) 2 g(x)on [-0.6,3.0] U [4.6, 5] 3

¢ |fm-gw) b R
=[5 552+ x+8-2x" +8x+1] e X +x-6=0 (x+3)(x-2)=0
Vertical asymptotes at x =-3,x =2
= IJc3 -7x? +9x+9’
d. Horizontal asymptote at y =3
Largest value |f(-2)- g(-2)| = 45

46 Section 2.1 Instructor’'s Resource Manual



2.2 Concepts Review

1.

2 +1)?

2. fig(x)
3. 2:left

4. aquotient of two polynomial functions

Problem Set 2.2

1.

a,

b.

(f+8)2)=(2+3)+22 =9

(f -g)0) = (0+3)0%) =0

32
(g/f)( )= —3

2.3
6 2

(feg)l)=f(1%)=1+3=4

(go XD =g(+3)=4>=16

(g f)(-8)=g(-8+3)=(=5)> =25

(f—g)(2)=(22+2)_%_6_§ 258
Glpm=15t -2

ol
82(3)=[3i—3]2=(%)2=%
(fog)D) = f(1+3) G)Z%:%
(go N = g(12+1)—_2_2§_%

2 3
(gog)(3) = g{ ) .
3

(¢+‘*’)(t)=t3+l+-:-

3
(mov)(r)=<b(i)=(l) sr=La
r r r

341

Instructor's Resource Manual

ca (fgN0)=

[gew-am]”

d. @)= +1°

e (O-¥X50=[50° +1)-3

Domain: (-, —1]U[l, «)

4 4
b. f4<x>+g4(x>=(“"2") *(z)

=(x _l)"+£
X

Domain: (-, 0)uU(0, ©)

2
. (f°g)(x)=f(3)=‘}(3) N,
X X x

Domain: [-2, 0) w (0. 2]

d. (g°f)(x)=g(w/x2—1)= 2
x2 -1
Domain: (-, -1} U (1, «)

L (Fog)=£(i1+a]) =i+ -4

=V + 203
(g°f)(X)=g(\/;2:)=

=1+Vx* -4

l+\/12—4|

2@ =0 )P =t e H

T P P
(gogog)x)=(gog)x* +1)
=g(xl+ ) +1)=g(x* +2x7 +2)
=(x4+2.r2+2)2+1
=x8+4x6+8.7c4 +8x2+5

£(3.141) = 1.188

£(2.03) = 0.000205

= 4.789

Section 2.2

=[(11—77r)2 -1 —77r|]”
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10. [g3(m)- g3 =[(6n-11)* - (6n—-11)]'"3

11.

13.

14.

15.

48

= 7.807
a. g(x)=\/;,f(x)=x+7

b. g(,\‘)z.tls, f(x)=x2+x
2 2

a. f(.\')=—3, glx)=x"+x+1
X

b. f(x)=logx, g(x)= X +3x

p=fegoh ifflx)=logx, g(.r)=\/;,
/1(.r)=x2+1
p=Sogehif f(x)=logVx. glx)=x+1,

h(x)=x>

p=fogohol iffix)=logx, g(x)=vx,

h(x)=x+ 1, [(x) = x>

Translate the graph of g(x) = Jx tothe right 2
units and down 3 units.

¥
5»—
B £(x)
| —l S I I I U
-2 | g
-
-5
y
5_
] I | I T T N O A
=2 | g x
= %
5}

Section 2.2

16. Translate the graph of A(x) =|x| to the left 3

units and down 4 units.

17. Translate the graph of y =x2 to the right 2 units .}
and down 4 units.

5K

Instructor's Resource Manual



18. Translate the graph of y=x" to the left | unit LR
. 21. F(t)=——
and down 3 units. !

w
w
T 17T T<

.

|
V)
I
W
1

19, (f+8)0) =24 2. G(n=t-[]

(f+8)x)
glx)
fix)

20. (f+g)x)=x+|x
23. a. Even; (f+ 2)(—x) = fl—=x) + g(-x) = flx) + g(x)
= (f+ g)(x) if f and g are both even functions.

b. 0dd; (f+ g)(—x) = fl-x) + g(-x) = -Ax) - g(x)
=—f+ g)(x) if fand g are both odd
functions.

¢. Even;
(f - &)=x) = [f (-x)g(=x)] = [/ (D)][g(x)]
= (f-g)(x) iffand g are both even
functions.

d. Even; (/- 2)(-x) =1/ (-x)}[g(-x)]
= [ A()[~g(x)] =/ (x)]glx)] = (f- g)(x)

if fand g are both odd functions.

e. 0dd: (f-g)=x)=[f(-x)][g(-x)]
=[f()[-g)]=-1f(D)gx)]=-(fg)x)

if fis an even function and g is an odd
function.

instructor's Resource Manual Section 2.2 49



24. a. F(x)- F(~x) is odd because

F(=x) = F(x) = ~[F(x) - F(~x)]

b. F(x) + F(-=x) is even because
F(=x} + F(~(~x)) = F(=x) + F(x)

= F(x) + F(-x)
c FO-Ftv —2F(—x) is odd and Fo+FEx) is
even.
F(x)-F(-x) " F(x)+ F(-x) _ 2F(x) - F(x)
2 2 2 ’

(3]
wn

Not cvery polynomial of even degree is an even
function. For example f(x)=x?+x is neither

even nor odd. Not every polynomial of odd

degree is an odd function. For example

2

(x)=x* + x? is neither even nor odd.
g

26. a. Neither
b. PF
¢. RF
d. PF
e. RF

f. Neither

P=129-3Q@+1)+(2+V1)?
=\/r+\/7+27
b. Whent=15, P=y15+V15+27 =7

28, R(1) = (120 + 2¢ + 3> X(6000 + 700¢)
=21007 +19,400¢° + 96, 000z + 720, 000

4001
29, D@)=
) J(8000)2 + (300~ if 1> 1

if0<r<l

if0<t<li

400¢
D)= 5 )
\/250, 000~ -180,000¢ +90,000 ifr>1

30. D(2.5) = 1097 mi

50 Section 2.2

31.

33.

34.

35.

_ f{ax+b _a(f:—ff,’)*b
f(f(x))_f(cx_a)— C(ﬁf‘:)-a

_ a’x+ab +bex - ab _ x(a® +bc) -

acx +bc—acx +a’® a’ +be
i
If a® + be = 0, f{f(x)) is undefined, while if
x= % , fix) is undefined.

_ x-3_3
UGN = /( f(X_3D= f[ e ]

x+1 £3 4
x+]

x-3-3x-3 -2x-6 -x-3
_f( x=3+x+1 J_f( 2x-2 J—f( x-1 )
23 _x_3-3x+3  —dx
- _X_3 = = :x

-4

=234 _x-34x-]
x-1

If x = -1, f{x) is undefined, while if x = 1, f{f{x))
1s undefined.

1
1 r.
a f[x)_-)';—]_l—x

b S(f(0)= f( x J= e
— X _
Cx—x+l
o 221 = o ox-l
c. f(f(x)j_f[ x J—X_—:]~1_x—1_x
=1_x
1/x 1
* 1/x)= —
a.  f(l/x) T
b. SU(x) =f(x/(\/;_1)) z_X/(\./x‘—;l)
= x
Jx(Wx-1)+1-vx
HUGN =x;

fl(fz(x))%:

S/ =1-x

fl(mx»ﬁ‘—:
- X

Instructor's Resource Manual



_ o
fn(fs(X))=le: 1) = ,_I_l l—(ll—x)
l-x
i) =——; =y g
1Us 1 Ss(f5x) == _X ll\' 1l
T - - X
I
(i) = L1 xo(;
LA x Js(fe(x)) = _'_ : (: 2 i
Al =T=x .
’ fo(fi(x) =——:
fz(ﬁ(x))=: x-ll
b
hUsE=1=1-x flhN =137
=x 1-x x-1
S =5 =ﬁ: SohN =y =
x 1
R B
f_’(f})(x))__l-_f;_l; f6(f4(x) = ‘x—]_l—(l—x)-x.
x-1
x=1 x-1 .
AU =1-x feUsoD=gmi ==
X - l X
B =1- = e R
H/BEN=1-(1-x)=x; -l
AU =1-—— =
l-x x-1
P ° Nl L L fa) fs | fe
A =1-T= ==
3 x X NV ARV A fa] fs | fe
fs(fs(x))=1—ﬁ=l+x; Rl Al Al il s fs
Ll s ) Al fe| 2] fa
f4(f,(x))=L o\ falSe | 2| fs | | /3
l] Ss |\ fs |l fe|l | fa)| N2
filh) =g =7 So | fo | fa | S5 [ 1| £ ] /i
T
1 1—x -1 a. fiofief30f39f;
Sa(f3(x) = 1—1- —x-1 o =((((f)°f3)°f3)°f3)°f3)
-* =(((/hof)efL)ef3)
BB =g = = (s ) h)
TV =fiofi=1y
1 x-1
f4(fe(x))—l_x+—x_l_x—l—x b fiofyofsefiofsof,

S5 = "T"

1_

1
Ss(f2(x)) =51—= 1-x;

X

Sy =2
-X

x -
x—1

Instructor’'s Resource Manual

=(((((fioS2)e f3)o f3)e fs)e [e)
=((((f2°/3)0 fa)e fs)e f¢)
=(faofa)o(fsofs)
=fsof2=/3

If F°f6=j.l,[henF:f6,

Section 2.2
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36.

37.

38.

39.

40.

52

d. If Gofyofg=f;, then Gof; =/ so

G=fs.

e. Iff2°f5°H=f5~ then f(,°H=f5 SO

H=f3.

(N1 e (f2° 5))x) = fi((f2° 3)(x)
= [H(f2(f5(x))

((heS2)e )x) =1 e fa)S3(x)
= N(2U5(0))
=(fio(S2°3x)

N,

o o o

1.5
1.25
0
5
0 /25
T -z
Section 2.2

41. a. 5
4
3
2
-4 -2 2 4
b. 4
3
1
-4 -2 2 4
c. ?
6
5
4
3
2
) 1
-4 -2 2 4
42. 12
10
8
6
2
-4 -2 2 4

Instructor’'s Resource Manuali



2.3 Concepts Review
1. (0. ®);[-1,1]
2. 27 2my

3. odd; even

4, r= \/(—4)2 +3% = 5;cos6 =

Problem Set 2.3

)
i —lZO(l =_=T
180 3

2
2. a —n(l—gq)-ZlW
6 T
3 (180)_ o
b. 4n—n =135
c. —ln(ﬂ))=—6o°
3 n
4 (180
d —n(—)=240°
3 n
35 (180)
. ——n|— |=-350°
e 18“ n 35

Instructor's Resource Manual

X

r

3 (180
3 (29 <30

18 n

2 n(l_S()) =202.5°
8 b1

10 (180

— n(—) = 600°
3 LS

33.3[l) ~0.5812
180
46(l) ~0.8029
180
-66.6(l) ~-1.1624
180
240.1 1[ij ~4.1907
180
b1
-369| = | ~ -6.4403
180
i 1(i) = 0.1920
180
225 i) ~0.3927
180

359(L) ~ 6.2657
180

-121.35(iJ=-2.1180
180

3.141(180) =180°

n

6. 28(%{0) =~359.8°

]80) = 286.5°

5. 00(—
T

0. 001(%) =0.057°

—O.l(ﬂ) =-5.73°
n

Section 2.3
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18
36. O(—no) = 2062.6°

180

g -2.00(— = -114.6°
g
180

h. 1.234(— = 70.70°
n

i —10.0(@) = =573°
n

56.4an34.2°

A, T ————— =68.37

sin34.1°

5.34tan21.3°
b. =~ (0.884
sin3.1°+cot 23.5° 08845

¢. tan (0.452) = 0.4855
d. sin(-0.361) = —0.3532
e. cos (-0.361)=0.9355

f. tan(-0.361)=-0.3775
234.1sin(1.56)

. a ——————=2483

cos(0.34)

b. sin?(2.51)+/cos(0.51) =~ 1.2828

56.3tan34.2°

= 46.097
sin56.1°

. 3
sin 35° )
— ] =0.0789
( sin26° +cos 26° 8
. Referring to Figure 2, it is clear that sin 0 =0and
cos0=1. Ifthe angle is 7 /6, then the triangle
in the figure below is equilateral. Thus,

1 1 L LT
|PO| = 5|0P[ =5 This implies that sin i

N | —

By the Pythagorean Identity,

7 P 1 3
cos? = =1-sin? == —(— =—. Thus
6 6 4

Section 2.3

S

cos£ =—. The results
6 2

. /4 2 . .
sin— = cosz = 7 were derived in the text. If

the angle is 7 /6 then the triangle in the figure
r
6

3
>

below is equilatcral. Thus cos =% and by the

Pythagorean ldentity. sin % =

Referring to Figure 2, it is clear that sin% =1

and cos% =0. The rest of the values are

obtained using the same kind of reasoning in the
second quadrant.
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sin 2 d. (+cos@)(1-cosh)= 1-cos’@=sin’@
10. a. tan(§)= ((?3:\/3
cos(&
3 .
13. a. Slnu+cosu=sin2u+coszu=l
cscu  secu
b sec(zj= ! =2
3 COSG) b. (l—c052x)(l4—<:ot2.r)=(sin2.r)(csc2 x)
.2( ] ) |
- =sin” x =
(n) cos(’B—‘) NE) sin x
ce. cotl—|= =—
) () ]
C. sint(csct—sint)=sint(_——sint)
i | sint
d. csc[—)=’ =\/:).- =1—sin21=coszl
4 sm(f)
] _,[ t2 COS;{
. : —csc” cot® ¢ ;
. n)_sm(-%)_ ¥ PR el B L
. M == |F— =" cscTt csct
6 COS(—%) 3 sin“¢
=—cos’t=- 12
( Tt) ] sec<t
f. cos —5 =E
14. a. y=sin2x
1. a. (l+sinz)l—sinz)=1-sinz i

=cos*z=
sec? z
el _ 2
b. (secr-l)secr+1)=sec“r-1=tan”¢
. 1 sin 1
¢. sect-sinttant =—————
cost  cost
. 2
1-sin?s cost
== =cos!
cost cost b.
2
2 2 sin”¢t y
sec“r—-1 tan“r 62, .2 5K
d. = —5— = =sin“¢ |
sec™r  secTt _L_2 B
cos™ 1

2 2 2

. 1 .
12, a. sin“v+ 3 =sin“v+cos“v=1 .
sec” v -n - \/2”

b. cos3t=cos(2t+1)=cos2tcos?—sin2¢sin¢

=(2coszz—1)cost—Zsinztcost -5t

=2cos> 1 —cost - 2(1- cos’ t)cost

3

=2c0s 1 —cost —2¢0st +2cos ¢

=4cos’ t—3cost

¢. sindx=sin[2(2x)]=2sin2xcos2x
=2(2sinxcos x)(2 cos?x— 1)
= 2(4sin xcos> x — 2sin x cos x)

3

=8sinxcos” x—4sinxcosx
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15.

56

a.

¥
5._
L L AN 1 A
WS L NSt
-5+
y =sect
[} 1
1 I
1 1
1 |
I I
] ]
[ S T
- | e
! ]
J 1
i [
i I
} I
y=csct
! |
1 I
1 §
' |
|
| T
- 127
" |
; |
1 !
! |
! 1
y=2cost?
y
5.—
WA A
o ENS T
S
Section 2.3

16.

17.

c. y=coslk

y
5_
-n L 2!
-5+
d y=cos(r+£)

3

y

5._

-5

X
= 3cos—
y COS2

Period = 47, amplitude =3

y=2sin2x

Period = 7, amplitude =2
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18. y=tanx

T
Period==x 22. y=3cos(x..;J-]

<

Period = 2.7 , amplitude = 3, shifts: = units right

and 1 unit down.

IS
¥

v

b

1 ) VI /I\I L
19. y= 2+gcot(2x) -5 5 X
. T . .
Period = 3 shift: 2 units up

23. y= tan(Zx —%)

- s me
n

Period = % shift: % units right

v‘-

-3 -2 2 T a I

20. y=3+sec(x—7)
Period = 27, shift: 3 units up, 7 units right

2 4

Y

21, y=21+7sin(2x+3) 24. a.andg.: y= sin(x+§] =¢0sx = —cos(m—x)
. . . . 3
Period = 7, amplitude = 7, shift: 21 units up, 5 b.ande.: y = cos(x+gj =sin(x+ 1)
units left .
R =—sin(w - x)
I .
c.andf.: y= cos(x——} =sinx
20 2
15 = -sin(x+m)
d. and h.:
10
s y= sin(x—g)= cos(x+m) = cos(x — )
= 2 H 3 Y

25. a. —rsin(-t) =tsin¢; even

. .2
b. smz(—l)=sm"1; cven

¢c. csc(-1)= = —csc¢; odd

sin(-1)
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30.

31.

32.

33.

58

a

|sin(—1)| =|-sin{| =|sin¢|: even
e. sin{cos(-7)) = sin(cos t); even

f. -x+sin(-x)=-x-sinx =—(x + sin x); odd

. a.  cot(—t)+sin(—t) =—cott—sin

= —(cot 7+ sin ¢); odd

b. sin3(~1) =-sin’ r: odd

c. sec(-f)= =S8ect. even

]
cos(—t)

d. \/sin4(—1) = \/sin41; even
c. cos(sin(~1)) = cos(-sin f) = cos(sin #); even

f. (-x )2 +sin(-x)= x% —sinx: neither

L052£=]+COS2(3)_1+COSTH_1_5=l

3 2 5 > y
oom_17eos2(3) i-cos} 1-4 4

6 2 2 > 7
sin3 = (s 2 )(s'n n) 111
mn —= in-— nelo2. 222

PR l+cosz(%) l+cos% 1.1.\_2/5_
€os” — = _ _

12 2 3 >

_2+V3
4

G n_ l—cosZ(%) _ l-cosZ _ l—%
8 2 2 2

_2-V2

4

a. sin(x—y) = sin x cos(—y) + cos x sin(-y)
=sinxcosy—cosxsiny

b. cos(x —y) = cos x cos(—y) — sin x sin (-y)
=cosxcosy+sinxsiny

¢. tan(x-y)= t_anﬁta_m—L)
1 - tan x tan{(—y)

tanx —tan y

- l+tanxtany

any/+ann tant +0
I-tanttannt 1—(tanz)(0)
=tant

tan(? +n) =

Section 2.3

34.

35.

36.

37.

38,

39,

40,

41.

cos(x — ) = cos xcos(—x) —sin xsin(—x)
=—cosx—0-sinx=—cosx

s=rt=(2.5 fi)( 27 rad) = 5x ft, so the tire goes
57z feet per revolution, or i revolutions per
foot.

Lrevhoom ) Lo )50 1L

Sz fi hr J\ 60 min mi
= 336 rev/min

s=rt=(2 f1)(150 rev)( 27 rad/rev) = 1885 ft

nty =ty 6(2n) = 8(2m)(21)
n = 28 rev/sec

Ay =singand Ax=cos
Ay sina

m= =
Ax cosa

=tana

a. tana = \/5
i

a=3

b. V3x+3y=6
3y=—x/§x+6

3
=——x+2im=——
g 3

3
tang = ——
3

PO .
T 6 6

m) =tan & and my = tan &,
tan &, + tan(-6,)
1-tan &, tan(-0;)

tan9=tan(02 —0|)=

_ tané) —tanf  my-m
1+tan92 tan91

L+ mymy

3-2_ 1
1+3Q2) 7
6 =0.1419

a. tanf=

6 ~1.8925
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42.

43.

44.

c. x-6y=12 x+y=0
—6y=-2x+12 y=-2x
L
r=3
1
my ==, m =-2
21

i
—_— 3 - 7:0=17127

Recall that the area of the circle is 7% . The
measure of the vertex angle of the circle is 27 .
Observe that the ratios of the vertex angles must

. t A
equal the ratios of the areas. Thus, — =—, so
27 gt

A=lr“t.
2

I
A= (2X5)% = 25cm?

Divide the polygon into 7 isosceles triangles by
drawing lines from the center of the circle to the
corners of the polygon. If the base of each

triangle is on the perimeter of the polygon, then

. 2n
the angle opposite each base has measure —.
n

Bisect this angle to divide the triangle into two
right triangles (See figure).

.t b . R T h
sin—=— so b=2rsin— and cos—=— so
n 2r n n r

4
h=rcos—.
n

. T

P=nb=2rnsin—

n

A= n[—l-bh) = nr? cosﬁsinE
2 n n
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45, The base of the triangle is the side opposite the

46.

47.

48.

angle ¢. Then the base has length 2~ sin%
(similar to Problem 45). The radius of the

semicircle is rsin% and the height of the triangle

. t
is rcos—.
2
1 ! t :
A=—|2rsin— || rcos— +E rsinL
2 2 2) 2 2
2 .t t 7tr2 .ot
=r°sin—cos—+—sin” —
2 2 2
x X x x
C0S—COS—COS —COS —
2 4 8
][cos3x+cosl }][ 3 + l ]
== - —x[=|cos—x —
2L 4 216 ¥ T 6 *

1 3 1 3 1
=—|COS—X+COS—X [| COS— X 4+ COS—X
4] 4 4 16 16

3 3 3 1
=—]|COS—XCOS—X+COS—XCOS—X
44716 4 !

1 ] }
+ cos— 2 it cos— 2
cos4xcosl6x COS4XC0816x

1 l( 15 9 1 13 i1
=—| =] cos—+cos—x [+—| cos—x+cos—ux
42 16 16 2 16 16

1( 7 1 I 5 3

+—| COS—X+COS—x [+—] COS—X+COS— X

2 16 16 2 16 16
1 15 13 11 9

= - — x+ — _ —_
8|:COSl6x COSI6X+COSIGX+COSI6X

7 5 3 1
+C0S— X+ COS— X + COS— X + COS — X
16 16 16 16
Si(n)=1+2+3+...+n
+ Sm=n+n-D+(n-2)+...+1
2285 =m+D+(@+)+(n+)+...+(n+1)

Thus, 2-§)(n} = n(n+1), so S5 (n) = A +1)

a. Addup (x+1°-x forx=0.1,2,...nto
obtain
B+03+23-1P+32 -2+ v+ -4d
=(n-+-1)3
Now add up 3x? +3x+1 forx=0, 1. 2.1
to obtain
3.02+3-0+1+3- 12 +3:-14143.2243-2
+1+ ... +3-n2 +3-n+1
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=3(02+12+22+...+nz)

+30+142+ . +n)+1+141+ .. +1
=35,(n)+35(n)+n+1

Thus, (n+1)° = 355(n)+3S)(n) +n+1

b. Solve the equation in part a. for S3(n), and
use the formula for Sy(n). to get:

Sy(n) = lI:(n + l)3 =3851(n)=(n+ l)]

n(1+l)

-—[(n+l) -3—— —(n+]):|
=§l(n+ ])[(n+l)' —7 -l:l

(n+1)2n+1)% =31 -2)

(r+)[2n° +4n+2-3n- 2

I

O\I'-'O\l-—-O\I-—

(n +1)(2n +n)= n(n+l)(7n+])

9. (x+ 1) ~x* =43 v exZ+ax+1
Add up ():+l)4 -x* forx=0.1,2, N )
obtain
[ R R L S A R
+n+ ) —nt =@+ 1)
Now add up ax +6x’ +4x+1 for
x=0,1,2,.., ntoobtain
4(03+13+23+ +n3)
+6(02 w1228 4 . +n2)
+0+1+2+ ... +n)+1 4141+ ... +1
=481(n)+ 65;(n)+ 45 (n) +n+1
Thus, since (x + 1)4 —xb =42 v6x? +4x+1,
(n+1)* =48(n) +6S(n)+ 48)(n)+ n+1
Solve this equation for S5(n):
Sﬂn)——[(m)“—6sz(n)—4sl<n)-(n+1)1
--[(n+1) -6- n(n+l)(2n+l)

—n(n+l)— (n+1)]

—

-(n+l)[(n+]) -n(2n+1)-2n-1]

(n+ l)(n3 +3n2 +3n+1-202 -n=-2n-1)

4:~|—-h|-—-l>

(n+1)(n +n )=:n (n+l)

50. (x+1)° —x° =5x* +10x% +10x% +5x +1
Addup (x+1P° =% forx=0, 1,2, ...,
P-0P+2-P+P P+ +(+1) -4
=(Il+l)5

n to obtain

60 Section 2.3

S1.

52,

53.

Now add up 5x* +10x> +10x? +5x +1 for
x=0,1,2, .., nto obtain

5(04 #1428 +...+n4)
+1000° + 13+ 22 4+ .+ 4%)

+I0(02 +12+22 +...+nz)

+50+1+2+ +n)+1+1414+. 41
=584(n)+10S3(n) + 1055 (n) + 58, (n) + n+1
Thus, since

(x+1)° ~x° =5x* 41027 +10x% +5x+1.

(n+1)° = 55,(1) +1083(n) + 108, (n) + 58, (n) = n +1

Solve this equation for Sy (n):

Sy(n) =15[(n+ 1Y =1085(n) —1085(n) - 5§ (m) = (n +1)]

[( n+1)’ —10-— n 2(n+1)% 10 —n(n+])("n-rl)
—S'En(n+l)—(n+l)]
1 4 55 5 5
——5-(n+l)[(n+l) -2 (n+l)—§n(2n+1)—-2—n-l]

) %(n +D[6(n+1)* - 1517 (n +1)~10n(2n+1)-15n - 6]

= %(n+ 1(6n* +24n +36n% +24n+6-15n°
~151% = 20n% —10n - 151 - 6)

1 4 3,2
=—(n+I1X6n" +9n" +n~ -n

3)0( X )
= %n(n+l)(6n3 +9n2 +n- 1)

The temperature function is

T(r)=80+25 sm[ 2r (1 —ZD
12 2

The normal high temperature for November 15®
is then 7(10.3) = 67.5°F.

The water level function is
. (27
F(1)=8.5+3.5 Sm[ﬁ(l - 9)).

The water level at 5:30 P.M. is then
F(17.5) =512 ft.

As t increases, the point on the rim of the wheel
will move around the circle of radius 2.

x(2) ~1.902
¥(2) = 0.618
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x(6)=-1.176 a, y(t) =3sin(mt/5)—5cos(zt /5) + 2sin((7t / 5) - 3)
y(6)=-1.618
x(10)=0
y(10)=2
x(0)=0
»0)=2

b. X(I) =2 sin(% I), y([) =2 Cos(.isi 1]

¢. The point is at (2, 0) when %t = % s thatis,

b.
when ¢ =%
2 AY

. 27 3

54. Both functions have frequency T When you )
add functions that have the same frequency, the \ ! o
sum has the same frequency. 3 3 -
t

55. a.  Csin(wt+¢)=(Csinwt)cos¢+(Ccoswr)sing. Thus 4 =Ccosartand B =Csinar .

b. 42,82 (Ccoscut)2 +(Csin a)t)2

= Cz(cos2 wt)+ c? (sin2 wt) = c?

¢ A sin(ar+¢))+ A, sin(art + @, )+ A3 (sin ax + @)
= A, (sin wt cos @y +cos ot sin @)
+ A, (sin awx cos ¢, +cos wr sin @, )
+ A3 (sin ¥ cos @y +cos ot sin @)
= (4, cosg, + A5 cos @, + A, cos @, ) sin ¢
+ (A4, sin g, + 4, sin @, + A; sin ¢y ) cos wr

d.  Written response. Answers will vary.
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56. ( a.), (b.), and (c.) all look similar to this:

V

AR

-1.5

The windows in (a)-(c¢) are not helpful
because the function oscillates too much
over the domain plotted. Plots in (d) or (e)
show the behavior of the function.

57. a.
AY

Section 2.3

58.

A Y
11
1.05
\ :
0.1 Oes 0.03ND.1
095
0.9

The plot in (a) shows the long term behavior of
the function, but not the short term behavior,
whereas the plot in (¢) shows the short term
behavior, but not the long term behavior. The
plot in (b) shows a little of each.

a 3 cos(100x) +2
hx) = (fog)(x) = —00
(ﬁ) cosz(IOOx)+l
1 3x+2
i(x)=(gec fUx)=— 100
J(x) = (g N)x) 100cos( x2+1J
b.
}h(x)
203
2.02
20!
199 ] AL
1.98
1.97
c.
J(x)
0.01
0.005
W1 4o 60\ 80 100
-0.005
-0.01 U
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2.4 Concepts Review

1.

2,

3.

4.

L:c
6
L: right

im f(x)=M

X—C

Problem Set 2.4

1.

b

10.

11,

12,

lim(x-5)=-2
x—3
im(1-21)=3
1—-1
: 2 _ 2 _
lim (x2 +2x-1)=(=2)? +2(-2)-1=-1

x—=2

limz(x2 +2-D)=() +2u-1=3+2

X—>-]

-2t
lim = = =—
>-13+21 J3D+21 V18 V2

o =2 J-2ch B -G
>-1(3+2°  [BED+2P 1)

1-2c) _ 3 1 _\2
2

,
2_4 —2)x+2

o8 i B2 D) e 642
x—2 x=-2 x—2

=2+2=4

lim
x—2 X—

(t+ 7Nt -3)
t+7

244021
1—-7 t+7 o7
= lim (1-3)=-7-3=-10

1—-7

X -dxl+x+6

lim
x—-I x+1
o (x+D(x%-5x+6)
= lim
x—=>-1 x+1

= lim (x2=5x+6)=(<1)’ = 5(-1) +6 =12

x=-1

4 3 2
LoxT+2x7 -x" . 2
im————"—"-= Im(x” +2x-1)=-1
x—0 X x—0 ,
B R O ) |6 et 2 DY
lim = lim /= lim (x-1t)
x—>-1 X+i x——t X+ x=>—t
=—t-t=-2

2
. x= -9 Lo (x=3)x+3 .
lim = llm(———L——)= lim (x +3)
x—=3 X — x-3 x-3 x—3
=3+3=6
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13.

14,

16.

17.

18.

19.

Jusd-2¢ -3 i+4
=lim

lim 5
-2 (31-6) -2 9(1-2)°
b Jizd 2+4 6

-2 9 9 9

J (-7 ~ TNt -

lim ( ) = lim C-T)Ne-7 =limVt-7
=7 t-7 t—=7 -7 =7
=J7-7=0

=3 (x-3)

= lim
x—3

=36

(x-3)?

x*-18x2 +81
-_— 5 o =1m Y

yo3 (x-3)"
(x=32(x +3)?

Gu+4Y2u-2)° .
= lim

(x2 -9)2

= lim(x +3)° = (3+3)°

x—3

8CQu+4)u-1)3

lim

usl  (u=-1)32

= lim83u+ 4 u-1)=

u—1

fim (2+h) -4

u—sl (u—- 1)2

g3(1) +4)(1-1)=0

4+4dh+h* -4

= lim
h—0 h h—0 h
.k )
clim a4y =4
-0 h h—0

2 - x2
.m(x+1) x

,
x2+2xh+h? - x?

h = lim
h—0 h A0 h
2
- lim 225k lim(h +2x) = 2x
h—0 h—0
x 2x
1. 0.420735
0.1 0.499167
0.01 0.499992
0.001 0.5
-1, 0.420735
-0.1 0.499167
-0.01 0.499992
—-0.001 ] 0.5
lim 22X = 0.5
x—0 2x
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1-
20. ! == 23. t (% - 1) sin(r - 1))

1. 0.229849 2. 3.56519
0.1 0.0249792 1.1 2.1035
0.01 | 0.00249998 1.01 | 2.01003
0.001 | 0.00025 1.001 | 2.001
-l -0.229849 0 1.1884
0.1 | -0.0249792 0.9 190317
0.99
-0.01 | -0.00249998 0.99 1.99003
. 1.999
-0.001 | -0.00025
2
s
_ lim———=2
hm 1 -cost =0 t>1sin(z-1)
-0 2
21. x (x-sinx)? /x? 24. x L‘ﬁl";(_‘—;-‘-)i
1. 0.0251314-6 4. 0.158529
0.1 2.775x10 31
0.01 2.77775x1071° 3:01 3.23(1)(6)?22266
0.001 | 2.77778 x107"¢ ' 7
. ‘ x 3.001 | 1.66667x 10
-1 0.0251314 2. 0.158529
. !
0.1 2.775x10 2.9
001 | 2.77775%107"° . 00016658
: : M 2.99 | 0.0000166666
-0.001 | 2.77778x10 2999 | 1.66667x 10"
- (x—si2nx)2 o o XosinG=3)-3
x—0 X x—3 x-3
22. x (1 -cosx)? /52 25, x (1 +sin(x =37/ 2)) /(x - 7)
1. 0.211322 L+7 0.4597
0.1 0.00249584 0.1+ 7 0.0500
0.01 0.0000243996 | 001+ 7 0.0050
i i
0.001 - 5 x IO 0.001 + 0.000S
-1 0.211322 .+ —0.4597
-0.1 | 0.00249584 01+ _0'0500
-0.01 | 0.0000249996 '
~0.001 | 2.5x1077 00tz ~0.0050
—0.001 + 7 ~0.0005
lim (l—cosx)2 1
! 2 = J+sin(x-32
X—>n X—7
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26.

27.

28.

14 (I—cots}/(1/¢t)
1. 0.357907
0.1 -0.896664
0.01 ~0.989967
0.001 -0.999
-1 -1.64209
0.1 ~1.09666
-0.01 -1.00997
-0.001 -1.001
1 —cott
lim n =
=0
!

x (x—7/4)* {tan x 1)
L+Z 0.0320244
0.1+5% 0.201002
0.01+% 0.245009
0.001+% | 0.2495
L+ 0.674117
-0.1+% | 0.300668
~0.01+% | 0.255008
—0.001+% | 0.2505

2
x-=
lim Q =0.25

x> (tan x - 1)?

u (2-2sinu)/3u
L+Z 0.11921
0.1+% 0.00199339
0.01+% [ 0.0000210862
0.001+Z | 2.12072x107
-l.+Z 0.536908
-0.1+% | 0.00226446
=0.01+% | 0.0000213564
—0.001+Z | 2.12342x107
. 2-2sinu
lim ———=
umZ  3u

2
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29,

30.

31.

a. lim f(x)=2

x—>-3

b. fA-3)=1

¢.  f-1) does not exist.

g

5
li ==
Jm 10923

e. fAA)=2

f. lim f{x) does not exist.
x—=>1

g lm f(x)=2

x—1"

h. lim f(x)=1
x—>1*

a. lim f(x) does not exist.
x=-3

b. A-3)=1
c. f-1H=1
d. limlf(x) =2

e. Ai)=1
f. lim f(x) does not exist.
x—1

g. lim f(x)=1

x=1"

h. lim f(x) does not exist.
x—1*

L

li =0
Jim f(x)

b. lim f(x) does not exist.
x—1

¢ A=2

d. lm f(x)=2
x—1*

Section 2.4
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32. .
st M f(0==
A

N Y I I

-5 R LIES
5+

a. limg(x)=0

x~1

®

0) does not exist.
b. g(1) does not exist. S(0) doe exi

b. lim f(x) does not exist.
-0

c. limg(x)=1
x—=2
d.  lim e(x)=1 ¢ lim f(x)=~1
x_l)zvg( ) x—0
d | =1
33. f(x)=x-[[x] x'j}!f(x)
§y 2]
5 35. lim —— does not exist.

|~ x—1 IX— I

- 2, 2

B lim = =-2 and lim +—=2
o x>l |x_l| -1t IX—]I

[~ 36. limM

|- x—0 X

— . (Nx+2-V2)Wx+2+2)

B x=0 x(x+2+2)

—5F
. x+2-2 . x
= lim = lim
xﬂOx(\E+2+\/§) x—»Ox(\/x+2+\/5)

AT = lim l = ] . —£
b. lim f(x) does not exist. =0Jx+2+4V2 Jo+2+V2 202 4

x—0

e lim f(x)=1 37. a. :i_rplf(x) does not exist.

x—0"

b. lim f(x)=0
x—0

N |-

d. lim f(x)=
x>}
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38.

39.

40.

41.

lim f(x) exists fora=-1,0, 1,
X—ra

The changed values should not change lim f(x)
x—=a

at any a as long as the changed points are not all
together. As x approaches a, the limit should still

be a°.
x| .
a. lim does not exist.
x= x-
tim B2 ) g im N
x=]" X~ x>t X-
b. Iim Ix—_llz -
1" X-
I S P |
c. im ——=_3
x=l" |x_l|

d. lim [ ! ! ] does not exist.

:_Ix—ll

. a. lim x—[[x]]=0

x>t

. I .
b. lim — does not exist.
x50 x

c. |lim .t(—])[”“l does not exist-
=0t

d.lim [xJ-nl"T =0

x—0

m(3)
e. Iim x| —|=1
x—0* X

instructor's Resource Manual

43.

44,

45,

46.

47.

49,

51.

52.

s3.

54.

55.

lim \/; does not exist since \/; is not defined

x—0
for x <0.

lim x* =1
x—0*

lim \fj] = 0

x—0

. X
Iim lx =1
x—0

sin2x

lim !
x-»0 4x 2

sinSx 5
m

-0 3x 3

. 1 .
lim cos| — | does not exist.
x—0 X

lim xcos(l) =0
x—=0 X

x3—1

lim ———=6

=1 2x+2-2

lim xsin2x Y

x—0 sin(xz)

2
x“-x=-2
lim ————==_3
o2 -2

2

lim ——— =
sot® 13270570

lim Jx; The computer gives a value of 0, but

x—0

lim Jx does not exist.
x=0"

Section 2.4
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2.5 Concepts Review 225
9. 0<|x-5<d=>—=—-10|<¢
. L-¢& L+¢ x-=2
2
2. 0<lx-al<é: [fix)-L<e X =B j0|cp e |FTEED ol
x-5 x-5
3. £ ¢=:>|x+5—10|<£
3 olr-5<e
4, ma+b
S=£0<|x-5<5
Problem Set 2.5 X
x“ =25 _[(x=3)x+5) _
1. O0<|-d<s=|f(r)-M|<e x-5 -10= x— —lOl-]x+5—lO|
=|x-5|<é=¢
2. O<|u-b|<S=|glu)-L|<e R
10. 0<|x-0[<5::2x ~X_(-1)<e
X
3. O<lz-d|<8=h(z)-Pl<e N “2x-1)
+ll<e > f——+1<e¢
X X
4. 0<ly-¢<s=>p(»)-B|<e S2x-1+l<e
o |2x<e
5. 0O<c-x<8=|f(x)-L|<e = 2xj<e
£
o x| <z
2
6. 0<t—a<5:>|g(t)—D|<£
6=§;0<|x—0|<5
7. 0<|x-0|<d=|2x-D-(-1|<¢ 2¢2 _x *(2x-1)
[2x-1+]|<e |24 <e X -(h= X +ll=[2x-1+1]
o 2|4<e =|2x|=2|x|<26=¢
lel(% 2x2 —11x+5
B 11. 0<|x-5|<6:>—x-9 <€
5=5:0<kk-0<0 262 - 11x+5 2x-1)(x-5
2 2x7 xS of o |GX2DZ5) g,
|2x-1)-(=D|=|2x|=2[x| <26 =¢ x-5 x-5
o 2x-1-9|<¢
8. 0<|r+2l|<8=|Gx-1)-(-64) <& = [2Ax-9)| <&
Bx-1+64|<e o [3x+63|<e olx-5<<
o 3(x+2Df<e 2
< 3|x+2l|<e 5=£:0<|x—5|<5
21]<£ 2
@ fer2l<3 |22 - tixes | _|@x-D&-35)
| x-5 x-5
5=§:O<{x+21[<5 . =|2x-1-9=|2(x-5)|=2|x-5| <25 =¢

|3x =1)—(—64)| =|3x+63|=3|x+21| <36 =¢
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12, 0<|x—1|<5=~|\/ﬂ—\/§|<g
-

W2x - D)2x +42)| |
Toids |
2x-2
V2x +\2

x-1
—{ < £

V2x +42
Vae
2

(=

<&

o2

§=—:0<|x-1|<6

V2x - V2)(2x +2)
R
] 2x-2
Vax+2
-1 21 26

& —

Ve 2 2

V2x -1
=

=&

13, O<|x-4<6= <g

1gl ., Iy,
x-3 | Vx-3 |

(V2x-1-J7(x=3))V2x -1 +7(x-3))
Jx=3(2x -1+ 1(x-3))

2¢v-1- —
- 2x-1-(7x-21) <

Jr=3(2x-1+J7(x-3))
-5(x—4)
Vx=3(V2x—1+J7(x-3))

5
-4
s ||Jx—3( 2x—1+/7(x=3))

<&

b]
Jx-3(2x -1+ J7(x-3)) e

1 1 7 9
that 5 <—. If § £—, then ~ <x< 7, s0
2 2 2 2

To bound

b)
Jr=3(V2x -1+ 7(x-3))
4 5
II 4‘|J}-3(J2x—1+J7(x—3))

0.65< <1.65 and

hence

}d

Instructor’s Resource Manual

<&

14.

15.

For whatever ¢ is chosen, let & be the smaller of

1 and i.
2 1.65
B! £
5=mm{—, -—} O<lk-4l< s
2 165
__2):—_1_\/7 =|x_4|| 5
Vvx-3 |\/.1'—3(x/2x—1+\/7(x—3))

<|x-4/(1.65)<1.656<¢

1 ]
since & =— only when — SL so 1.658 < &.
2 2 165

2
O<|x—l|<5:w—8<e
x_
25, N (r_
14x 2(1)”6_8“@'2(7;: 3)fx 1)_8‘“
x— x -
o |2(7x-3)-8 <¢
< 14(x-1)| <
< 14|x-l|<e
<:>|x-l|<i
14
5=i;0<|x—l[<5
14
14x2-20x+6 _ | _[20x-3)x-D)
| x-1 | x-1
=|2(7x-3)-§|
=|14(x-1)|=14|x-1| <146 =¢
10x> - 26x% +22x -6
0<|x—l|<5::»| —4|<¢
| -
|1ox® - 2627 +22x-6 |
| (x-1)2
2
QM_)('Y—_I)_4<€
(x-1)?

< |l0x-6-4/<¢
< 1oGx-1|<e
< 10[x-1|<s
olx-1<=
10

5=i;0<|x—1|<5
10
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16.

17.

70

[10x3-26x2+22x-6_4|
| -
0x-6)(x-1)* 4'
(x-1?
=[10x~6-4]=[10(x-1)|
=10|x-1|<106 = ¢

0<h-fj<s=|@x+n-3<s

[25? 13| =[2x? 9| = 2]+ 1}

To bound |2x+2| . agree that § < 1.

[x-1 <& implies

|2x+2|=|2x-2+4|

<[2x-2|+}4f

<2+4=6

555:5=min{1.5};0<|x—ll<6
6 6

,(2x2+1)—3|=|2x2 -2]

=[2x+2||x-1] <6-(%J=e

O<r+l<s= |0 -2x-1)-2 <&

| -2x-1-2] =[x - 2x -3 =[x+ -3
To bound |x-3| , agree that5 <1,
|x+1< & implies

|x-3|=|x+1-4|

Slx+1)+[4

<14+4=5

5$§;5=min{l,§};0<|x+l|<§
l(x2 —2:(—1)—2' =|x2 —2x—3|

=|x+l[|x—3l<5'§=£

Section 2.5

18.

19.

20,

21,

O<|x|<6:>lx4—0’=|x4l<e
lx“l =|xl|x3‘. To bound |x3| , agree that

&< 1. x|< <1 implies 'x3l=[x[3 <1l so

d<e.

5=min{],a}:0<|xl<5sl.\'4|=Ix||x3|<£-l
=&

Choose £> 0. Then since lim f(x) = L, there is
X=>C

some &; > 0 such that

O<[x—c|<é =|f(x)-L|<e.

Since lim f(x) = M, there is some &5 >0 such
X—=C

that 0<|x—c|<&; = |f(x)-L|<e.

Let 6 =min{d;. &} and choose x( such that
0 <|x0—c{ <d.

Thus, |f(x)-Ll<e= ~e< f(xg)-L<e

=>-f(x)-e<-L<—f(xy)+¢
= f(xg)-e<L< f(xg)+e.
Similarly,

flxg)-e<M< f(xg)+e.

Thus,
“2e<Ll-M<2e. Ase=0, L-M—-0, so

L=M.

Since lim G(x) =0, then given any £ > 0, we
X=¢

can find 6> 0 such that whenever
|x-c| <8.|G(x) <&

Take any £> 0 and the corresponding § that
works for G(x), then |x—¢| < & implies

|F(x)-0[ =|F(x)|<|G(x)| < & since
lim G(x) = 0.

X—=¢
Thus, lim F(x)=0.

X=C

Forallx=0, OSSinz(l)Sl 50
x

x*sin? (i) <x* forallx=0. By Problem 18,
x

lim x* = 0, so, by Problem 20,
x—0

1
lim x4 sin2 [—) =0.

x>0
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22.

25.

0<x<5:>|\/—7—0l=|\/;|=«/;<g

Forx >0, x)? =x.
\/;<‘¢:¢:>(\/;)2=x<e:2
5=52:0<x<6:>\/;<«/_5-=\/5_2=8
lim |x|:0<x<5:>|]x|-0|<£

x=0"

Forx20, |¢|=x.

5=£:0<x<5:|H—0|=|x|=x<6=s
Thus, lim |x|=0.

x-0°
lim |x|:0<0—x<5:>||x|—0|<5
x—0"
For x < 0. |x] = —x: note also that IIX“ =|y
since |x|> 0.
5=£:0<—x<5:~||x||=|x|=—x<5=e
Thus, lim |x|=0.

x—=0"
since lim |x|= lim |x| = 0. lim |x| = 0.
x—0% =0~ =0

Choose £> 0. Since lim g(x) =0 there is some
x—a

&1 > 0 such that
0<lx-dal< & :>|g(1;)—0|<4§.

Let & = min{l, 8} . then |f(x)| < B for
[x-al<6 or |x-a[<é= | f(x)| < B. Thus,
lx—a| <8 =|f(Nex)-0]=|f(x)g()]

=|fllg@] < B- =¢ so lim f(x)glx) =0,

Choose £> 0. Since lim f(x)=L. thereisa
xX—a

&> 0 such that for 0 <|x—al< &, |f(x)-L|<e&.

That is. for
a-8<x<aora<x<a+d,
L-e<f(x)<L+e¢.

Let fla) = 4,
M=max{|L—e|.|L+£|‘|A|}, c=a-3,
d=a+ & Then for x in (c. d), | f(x)| S M, since

either x = g, in which case
|f)|=|f(@)|=|4<M or 0<}x-a|]<& so

L-e<f(x)<L+e and |f(x)| <M.

Instructor's Resource Manual

26. Suppose that L > M. Then L - M = a> 0. Now

take ¢ <—§' and § = min{8;, &} where

0<|x-d| <& =|f(x)-L|<e and
0<|x-da|< 8, =|g(x)-M|<e.

Thus, for 0 <|x-a| <&,
L-e<fix)<L+eandM-e<gx)<M+e
Combine the inequalities and use the fact
that f(x) < g(x) to get

L - e<f{x) < g(x) <M+ gwhich leads 10
L-e<M+eorl-M<2e¢

However,

L-M=a>2¢

which is a contradiction.

ThusL< M.

27. (b) and (c) are equivalent to the definition of
limit.

28. For every £> 0 and &> 0 there is some x with
0<|x—c] <& such that lrx)- 1] > &.

x?-x?-2x-4

29, a. g(x)=

-4 e xt+x+6
x+6
b. No, because =3 T +1 has
x¥-4x’+x  +x+6

an asymptote at x = 3.49.

1
c. If6S3, then 2.75<x<3

or 3 <x < 3.25 and by graphing
I x3—x2—2x—4 l
4 ):
¥ Ig(x| |x4—4x3+x2+x+6|

on the interval {2.75. 3.25], we see that
<| P -x?-2x-4 |
|x4 —4x> + x* +x+6|

so m must be at least three.

0 <3

Section 2.5
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2.6 Concepts Review

1. 48

2. 4

3. -8 ~4+5¢c
4., 0:L;2L

Problem Set 2.6

1. lim(2x+1) 4
x—=1
= lim2x+ lim1 3
x> x—1
=2limx+ lim! 2,1
x—l x—1
=2(1)+1=3
. 2
2. lim (3x" -1 5
x—-1
= lim 3x* - lim 1 3
x—=-1 x——1
=3 lim x> - lim 1 8
x—-1 x-—1
2
=3( lim x) - lim 1 2,1
x—-1 x—-1
=3(-1)? —1=2
3, lim[(2x+1)x-3)] 6
x—0
= lim (2x +1): lim(x -3) 4,5
x—0 x—0
=(lim 2x+ lim l)-(limx- lim3) 3
x—0 x—0 x=0 x>0
=(2 lim x + lim l)-(limx—lim3) 2,1
x—0 x—0 x—0 x—0
=[2(0)+1)(0-3)=-3
4. lim [(2x2 +1)(7x% +13))
x—=V2
= lim_(2x2 +1)- lim_(7x% +13 4
x—n/i( ) =2 )

={2 lim_x*+ lim_l
( x—J2 2

x—J2 x—\2

)-(7 lim_x*+ lim_13

2 2
=[2(xl_i'n}2_x) +l]:7(xir3_z_x) +13]

=[2(v2)? +11[7(+2)?

72 Section 2.6

+13] =135

6

.3

e

2

5. fim 2+
=25-3x

Iim2x +1)
— X220

lim(5 - 3x)
2

lim2x+ lim 1
_ X2 x—2

lim5-lim 3x
x—»2 x2

2limx+1
= x—o2
5-3limx

x—2

_2D+1
T5-%2)

3
6. lim 2]
1-37 - 2x?
Iim3(4x3 +1)

X=—y=

lim}(7 -2x%)

-

lim 4x* + lim 1
x->-3 1—-3

lim 7- lim 2x?
x—=-3 x—=-3

4 lim x* +1

x—-3

" 7-2 lim x2
x—=-3

3
4( lim x) +1

x=»-3

5

7~ 2( lim x)-
x—=-3

AP+l 107
T 7-2(-3)2 1

7. limv/3x-5

x—3

= /1im(3x-5)
x—-3
= ,3 lim x—lim 5
x—3 x—3

=B3B)-5=2

8. lim \,‘sz +2x

x—-3

= f lim (5x2 +2x)
x—»=3

= /5 lim x®+2 lim x
x—-3 x->-3

2
=‘F(lim x] +2 lim x
x—=3 x—-3
= 5(-3)2 +2(=3) =39
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3,1
2
.
4,5
3,1
8
2

9

53

2,1

9

4,3

8
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9. lim (2 +15)" 8 12. llm(2w —9w? +19y172

t—-2 w5
13 |
= [ lim (2¢° + 15)] 4,3 = lim ——— 7
12 3 w5 2wt —9u? +19
[2 lim £* + lim 15] 8 Jlim 1
-2 t—>-2 = = 1
13 lim V2w* 9w’ +19
w—35
l: hm 1 + lim 15} 2.1
1—-2 {~—~2 - 45
=[2(-2)3 +15)° ﬁm(znﬁ —9w? +19)
w—35
= ! 1,3
10. lim V-3w® +7u? 9 lim 23* — lim 9w® + 1im 19
Wep=2 w—5 w—5 w5
lim (-3w +7w?) 4,3 = 1 8
w2 2 lim w* -9 lim w* +19
= \/—3 lim w*+7 lim w? 8 w5 W
w—-2 w—-2 _ i 5
3 2 4 3
= —3( lim w) +7( lim w] 2 Z(Iim w) -9(lim w) +19
w——2 Wy~ w—5 w3
=32 +7(=2)? =2V13 - I
25 =9(5)* +19
P 173 =_1_=é
11. lim [—y—i’—y) 9 V144
y=2 y+4
1/3 7
3 ~Dx—2)r— _
= hmw 13. lim (X ])(x -)(x 3) - km x=-3
y=2 y+4 -1 {x-D(x-2)x+7) xo-1x+7
, 13 _-1-3_ 2
[ 1im (4)° +8y) =3
y—2
e 4,3
lim(y+4)
] y—2 5
(i 3 . 3 14, lim > +7x+10 _ lim (x+2)(x+5)
4 hmzy +8 llmzy =2 X+2 =2 x+2
= 2= B 8,1 = lim(x+5)=7
lim y+ lim 4 =2
\ y—2 y=2
o ;3 1/3
. 2 N(x —
4(]1mzy] +8lim y 15. lim X% 2_ lim (x+2)(x~1)
_| y=2 2 P I SN Y S N C )
}1’1_n>12y+4 =limx+2 1+2_3
L astx+1l 1+ 2
DR 1/3
| 4(2) +8(2) PN
2+4
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x2-14x-51  (x+3)x-17)

16. Im = li
2
x-3 x°=4x =21 o3 (x+3)x-T7) '
i x=17 =3-17 23, lim 3 g(x)[f(x)+3] = lim Yg(x)- lin:[f(x)+3]
= lim =—— = = x—=a x—=a x>
x—-3 x=7 —3—7
= 1 . 1 i = 3 e
{200 0+ im3]=¥T- 43
o —ux+u-2x . (u+2)u-x) =6
17, lim —————=2 1 |jy a2
u—-2 u--u-~6 u—s=2(u+2)(u-3) 4
. u-x x+2 24, lim[f(x)-3]* =[]im ( f(.r)—s)]
= lim = x-a x—a

4
=[lim f(x)- lim 3] =(3-3*=0

X—a
C oxt fux-x-u o {x=-Dx+u)
18. lim— =
x>l x242x-3  xol (x-1)(x+3) [
o x+u liu u+l , 25 lim{[f )] +]3g@)]] = lim|f(0)]+3 lim |g(2)|
—:'_':1”:_'_3-1_!_3— a t>a t—a t—a
='lim £+ 3[lim g(I)’
—a r—a
2 _ 2 _ _ - _1l=
19, fjm 2Xbamrdns o 2x-mix2m) 3 +3]-1]=6
xon  xi-nm? x-n (x- TN x+m)
. 2(x=-2m) 2(r-2m)
= lim = =-1 3
Fom X+ mET 26. lim[f(x)+ 3g(u)]3=(lim [f(u)+3g(u)])
u—-a u—ra
3
.o {w+ 2)(w2—w—6) =I:lim S()+3 lim g(u)] =[3+ 3(—])]3=0
20. lim > u—a u—a
w— -2 w”+4w+4
(w+2)2(w=3)
= lim ————5— = lim (w-3) 5
w2  (w+2) w3 =2 27 lim 3x°-12 lim Hx-2)x+2)
=-2-3=-5 T xs2 x-=2 —x—>2 x-2
=3 lim(x+2)=32+2)=12
22
21, lim y f2(x)+g2(x)
X—=a 5 5
— — 28, lim (B3x" +2x+1)-17 lim 3x° +2x-16
= :E:},f (X)+.‘!l_ll':2g (x) T xo2 x-2 x—2 x-2
. 7 2 = 1im EXFOC=D kg
= (llm ¥ (x)) +(11rn g(x)) x—2 x—-2 x—=2
x—a x=a =3limx+8=3(2)+8=14
=G +(1)? =10 =2
1_1 2-x _x=2
lim([2f(x)-3g(x)] . lim2E—2 = lim =2 = |j 21
22, lim 2/(x)~3g(x) = ‘_f“[ i & 2 xl—»n; x-2 ll—?}.’ x=2 P—)mz x-2
x=a f(x)+g(x) ll_rzl[f(x)**g(x)] 1 -1 - 1
X = lim-— = — = ——

im f(x)+limg(x)  3+(-1) 2
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3(4-x?) ~3(x+2)(x-2)
: ax?
-2 x=2 x-2 152 x-2

—- i 2
3(x+2 3()3‘_’112“ 'J -3(2+2)

= lim = =

122 4y [ )2 4(2)?

4| Iim x
x—2

31.  Suppose lim f(x)=L and lim g(x)= M.

xX=C X=3C
[f(x)g(0) - LM| g0} f () - L] +]L]g(x) - M|
as shown in the text. Choose &) = 1. Since

lim g(x) = M, there is some &; >0 such that if
X—=C

0<|x—c|<&, |g(x)-M]|<g =1 or
M-1<gx)<M+1, |M-1|<|M|+] and
M+ 1 <IMl+1 so for

0<|x-c|<8).|g(x)| <|M|+1. Choose &> 0.
Since lim f(x)= L and lim g(x) = M, there

X X~>C
exist 83 and &3 such that 0 <|x-c|< 5, =

&
If(l)-l.l(m and 0<lX—C|<53 =
) — £
() M'<|L|+|M|+1‘ Let
8 =min{8),6,.63}, then O<|x-c|<6=
[/ (x)g(x) - LM|<|g(0)|f (x) - L|+|L|g(x) - M|

<(iM]+1)

£ +|L| £ _
|Z]+|M|+1 |L|+|M|+1
Hence,

lim f(x)g(x)= LM = ( lim f(x))( lim g(x))

32. Say lim g(x)= M and choose ¢; = 1. There is

X—=C
some &) >0 such that

0<|x-c|<8 =|g(x)-M|<g =1o0r
M-l<gr)<M+1
|M -1|2|M|-1 and |M+I|2|M|—

so |g(x)|>|M]-1 and ——

le@] ( N |—l
Choose £> 0.
Since lim g(x) = M there is d, > 0 such that
X—=C

0<|x-c| <8y = |g(x)- M| < g|M]|(|M]-1)
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33.

34.

35.

36.

Let § =min{8,, &,}. then

O<|x—c|<5:> ___l_’le“g(x)
gx) M| | gx)M
1
T———lg(x) = M| < r—————¢|M|(|M] -1
=&
] | 1
Thus, i 0~ M~ Tmg()”

Using statement 6 and the above result,

lim AG )- lim f(x)- lim

x—=c g(x) xoc x—c g(x)
1 lim f(x)
= Hm f(x)-— =4=¢ .
X=c lim g(x) lim g(x)
x—=c Reda
11m f(x) =L< hm f(x)=1lim L
X=>C X—=C
c:> llm f(x)-lmL=0
X—=>C X~

< lim[f(x)-L]=0

lim f(x)=0 <:>[llm f(x)}
= hmf (x)=0

I=C

lim £2(x) =0

xX—=¢
& lim+f2(x) =0
X—>C

< lim|f(x)=0

X—=>C

2
lim |x|=,/(1im |xl) = Jim | = [iim 2
x=c x—C X=>c x=c

(lim x)z =V =|

X3¢

a1 S =L g = 22

x-2 x-
]im Lf(x) +g(x)] exists, but neither

llm S(x) nor hm g(x) exists.
X3¢

b. If f(x)= 3 g(x)=x, and ¢ =0, then

; and ¢ = 2, then

11m Lf(x) g(x)] exists, but lim f(x) does

x—¢
DOI BXISL

Section 2.6
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37.

38.

39.

40.

41,

42,

43.

4.

45.

76

. N3+x J3-3
lim =—=90
-3t X -3

3 3 3 3
. n+X o+ (-7
lim \/ =\/ ) =
x—>-n* x -n

x-3 . (x—3)\lx2—9
-9

0

lim = jlim ——S———

3" \/ x2 -9 ) =3t xz
ol G0 N9

ot (x=3)(x+3)

Va2 -9

x—=37 x+3

= =0

3+3
im \/1+X__ 1+1 _ﬁ
iom 4+4x 4441 8

- o +0[x]_@+n[2] _s5-2_2
(3-2-1» 5% 5

i
w2t (Bx-1)?

lim (x-[x])= lim x- lim_[[x]]=3——2=1

x—=37 x—3 x—3

lim X =1
x—0~ |x|

lim ﬂx2+2xﬂ=|[32+2-3]]=15

x=3%

F()g(x) =1 g(x) = ——

F(x)
lim g(x)=0< lim l =0
x—=a x—a f(x
1
oS =
lim f(x)
x—a

No value satisfies this equation, so lim f(x)
x—=>a

must not exist.

Section 2.6

x 1

46. R has the vertices (:t—. i-—)

47.

2 2
Each side of Q has length m so the
perimeter of Q is 4\/;2?]. R has two sides of
length [ and two sides of length \/,_15 so the
perimeter of Ris 2+ 2\/;3.
lim perimeter of R lim 2\/—;-&2

x—0* perimeterof @ oo+ 44/,2 4]

C2V0%+2 2 |
4021 2

0P = J(x-07 +(y -0 =x? + )
—Veex

NP =\J(x=00 +(y-1)? =Jx? + y* 2y +1
= tx-2x 41

MO=J1-07 +(0-0% =1
MP:\/(JC—I)z'*'()’--0)2 =\/y2+x2—2x+1

=vVx® =x+1
lim perimeter of ANOP
o+ perimeter of AMOP
. l+\/x2+x+\/x2+x-2\/;+]
= lim
0% 14a? ex el — x4l
1l
1+1

1

1
b. Areaof ANOP= > )(x) =%
1 Jx

Area of AMOP = 5(1)(y) =—

2
area of ANOP . % .X
im —————= lim == Im —
ot area of AMOP o+ % x=0* \/;
= lim Yx=0
=0t
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. tan 56 sin36. sin 56
2.7 Concepts Review 8. lim——= cos36_
6-0sin28 6-0sin28 6-0cos58sin 26
1. 0 - lim [ | 551n361 26
21 80| cos 56 58 2 sin26
- S 1 sins6 26
3. the denominator is O when ¢=0. 20-0{ cos58 58 sin28
é ],|=.§
4. 1 -2 2
. cos=f
7 sind
Problem Set 2.7 o, lim SOTOSNO _ (i anzg S
6-0 2sech 80 cozso
L lim cosx =l=1 = lim cosnfsinfdcosl
-0 x+l 1 80 2sinnd
_lim[cosnecow'sinell_ né ]
2. lm 9cos€-£ 0=0 90 2 6 = sinnd
6—n/2 2 1 sin@ =nf
=£;1m0 cosmfcosf - —0— pray
—
3. . cos? . 1-sin?t 1
— = lim ——= =sbds
1—=01+sint (-0 l+sins 27 2n
_ 1. (I-sinz)(1 +sin?)
—111_?(1) 1+sins j0. lim sin® 3 =lim2-5in 3t sin3
=lim(l-sinz) =1 >0 2t =02 3t 3t
-0 =0-1-1=0
4. . 3xtanx . 3x(sinx/cosx) . 3x
lim — = lim - =lim
=0 sinx x=0 sin x x—=0 COS X
9, 1. limtan2 ¥ i sin’ 3t
T 50 2t =0 (2r)(cos® 3r)
3(sm31) sm3t
. . = lim —— =0-1=0
5 fm3nx _Ly,sinx 1,1 =02cos? 3t 3
=0 2x 2 x50 x 2 2
. sin36 3 sm39 3 sin 30
6. lim = lim — — im —
850 20  6-02 30 2650 36 12. i an2t 0 _
=§,1=2 1»0sin2t-1 -1
2 2
4 lim sin 36 - lim sin36 _ im cos@sin 30
" 6-0tanf 6-0 1% 950 sind 13. limsin(3t)+4t=1.lm(sin3l+ 4 J
=0 [sect -0\ rsect fsect
= lim} cos@- 3-23—9~ ,] .osin3r . 4
6 3g ol =lim +1i
[ =0 fsect —0fsect
: in3t
. sin3@ 1 = lim3cos! -2 + lim 4 cos!
=3}1-1’)12)|:C059' ] .sin9:| [1_1;1(1) c tl—]:l(l) cos
¢ =3.144=7
=3-1-1-1=3
14. The result that limcost =1 was established in
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t—0
the proof of the theorem. Then
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limcost = lim cos(c + )
h—0

{~>»C
= lim (cosc cosh-sin c¢sinh)
h—-0
= lim cosc lim cosh—sinc lim sinh
h—0 h—0 h—0
=cosc
. limsin¢ .
} . sint sin¢
15. limtan/=1lim =12 =
1—c 1—»c cos! limcost cosc
1—=¢
limcos¢
. . cost cosc
limeots = lim = 12¢ =

1—¢ 1—c Sin{ limsin¢ sin¢
t—¢

16. limsect = limL =

=secc
t>¢ {—=¢c COS! COSC

. . 1 1

limese? = lim~——=——=c¢scc
¢ i=»csin?  sinc

17. BP= sint, OB = cost
area(AOBP) < area (sector O4P)
< area (AOBP) + area(ABPQ)

1

ra

2.8 Concepts Review

1. x increases without bound; f{x) gets close to L as

x increases without bound

2. flx) increases without bound as x approaches ¢
from the right: f{x) decreases without bound as x

approaches ¢ from the left
3. y=6: horizontal
4. x = 6; vertical

Problem Set 2.8

. . 1
1. hm = lim ——S—l

x>0 X—5 x—)col—;

2. lim —=2—= lim —*—=0
x—>o§_x x—wc 2 —|

W
w

78 Section 2.8

Eﬁ.ﬁos%tmz séﬁg—maﬁ)ﬁ

1. 1 . .
;smtcosz SEI sgsmtcost-\t(l—cost)smt

18.

3.

t
cost € —— £ 2—cost
sin?

1 <smr< 1

2—cost ¢ cost

. 1 . sint .
lim < lim < lim
(—»02—-cost (=0 t 1—0C0s!

. sint
I<lim——<1
t—0

. sint
Thus, lim——=1.
=0 ¢

a, Written response

b. D =%;1§B_P =%(l—cosl)sin1

_ sin#(l - cos?)

2
E=11(1)2 _l@.ﬁa=i_sm’°°“
2 2 2

D sint(l-cos?)
E t-sintcost?

c. lim (2)—:0.75
(—0* E

2
lim —— = lim —— =1
l—)—oo’]_tz l—)—co—7——
r2
hm Lo lim —1—=1

t>-0lt—5 to- 1—%

2 x2
im = lim
1m0 (x=5)(3-x) x—>®-x? +8x-15
1
= Jim =-]
x—-)co—1+§—.l_§_
* o ox
2
fim — = fim — =1
x—>wx? _8x+15 xow]-8,13
o
X
. 3 . 1 1
lim = lim =—
o 2% ~100x2 sow2-100 3
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6 lm - 17. lim(\/;:z+3—\/2x2—5)
X—»0
(\/2x2+3—\/2x2—5)(\/§+3+\/2x2—5)
= lim

9. lim 2% - |im ’;:3 T 22 4344252 -5
T 2t 43-2x%-5)
= lim
o[22 3425t -5

>
w
L)
w
i
—
|

x—>oom3—5x2 x—owor-2
x

. 2

10. hm %—Q:OSSinzle for all and = lim 8

- 7 -5 x>0 3.2 1344252 -5

1
im —L = 20 50 lim 5120 g i : i : 0
9—)0002_5 0—)&1——% 0—)«:92_5 ._,xl—?l_—___w W—xﬂ\/2+%+ﬁ_i B
0 2 X .\'1
X

1. lim IWx +3x - lim 332 4 3x 18.

oo [y s 2032 lim (\Jx2+2x—x)

Xm0
3+:/l—— 3
= lim L=— (\/x2+2x—x)(\/x2+2x+x)
o ‘[5 ‘5 = lim
¥ \[x2+2x+x
3 3 2 2

12. lim i/-gziizi[limm—;ﬁ— o fim X g 2

oo\ J2x} +7x s \2x} +7x oo Je2 L ox+x R P, I

. 2 2
= lim =—=]

13. 19. lim o gim ——2

yo-oyt —2y+2 y-»-wl—%+—-:7

apx" +ax" ' +...+a,_x+a,

20. lim n n-1
x=0 pox" +hx" T+ 4+ b, 1 x+b,
x> +x+3 X +x+3
14. lim [|————= lim-—z— ao+ﬂ+,“+""_-{+in_
xoo {(x=1)(x+1) Yroeo x° -} = Him ul O 4o
x—)aob0+ﬂ+ +___b"‘l +.bl b()
x xn-l "

21. As x = 4%, x— 4 while x-4 > 0".

1S.

lim =w
x—at x—4
12 -9 (¢+3)¢ =3)
22. im = lim ——————~
>3t 1+3 3t r+3
= lim (1-3)=-6
1—-3%
16.
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25.

28.

29.

30.

31.

80

. As (=312 59 while 9-r2 - 0.

2

lim =0

1—379-¢

+ s -
. As .t—)%/g ,x2—>52’3 while 5- x> 507,

2

lim =-n

- 3
(=57 5-x

. 2 - -
As x =35 ,x =25, x-5—-50", and
J—x—>-2.
5

lim ———— =
x5 (x=3)3-x)

. As @, 0% > n° whilesin8d— 0.

lim ——=—0
gt Sinf

. As x—>37.x° 527, while x-3—50".

. 0
Iim ——=—-
x=37 -

+ 2

As 6—)% ,nB—)% while cos & —> 0" .

. a0
lim 7
.
0 % cos

= —0

2_,_
lim 20 Jim

=3 X~ 3 x—3"
= lim (x+2)=5
x—3"

(x+2)(x-3)
x-3

X3 +2x-8 . (x+4)(x-2)
lim =

vt X2-8 oyt (X 2(x-2)
- gim 22283
x_)z"' x+2 4 2

For 0<x<1. [[,r]]=0.sofor0<x< 1,

[-1

thus lim =—==20
=07 ¥

. For-1<x<0, [x]=-1.s0 for-1 <x <0,

-l thus lim M = o0,
x x—0" X

1.

1
(Sincex<0, -—>0.)
X

Section 2.8

33.

34.

36.

37.

38.

Forx <0, [x{ = —x, thus
lim H= lim —X=-1
x=0" X x50 X

I

Forx >0, |\| =x, thus lim

. As x—=>07,l+cosx > 2 while sinx—0".

. l+cosx

lim - =~
0~ Sinx
—1<sinx <1 forallx, and
1 . sinx

lim —=0,s0 lhm =0.
x> X x—ow X

. 3 . 3

lim —=0, hm —=0;
x—o Xx+1 x—s-cXx+1

Horizontal asymptote y = 0.

3 .
im —=ow, lim — =—c0;
x=-1t X+ | x—»-1" % +1

Vertical asymptote x = -1
¥

lim =0. lim = =0
oo (x+1) x-o (x+1)°

Horizontal asymptote y = 0.

2

lim =00, hm = o0,
x—-1T (x+1) 1" (x+1)
Vertical asymptote x = —|

‘1

-10

Instructor's Resource Manual

. X
= lim —=
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Horizontal asymptote y =2
2 . 2x

=00, lim = —00;
x _—

lim
=37 X x93
Vertical asymptote x = 3

3
14

40. lim =0, lim 3 5 =0;

x=30Q _ x—>—©0Q_x
Horizontal asymptote y =0

Iim =—o0, lim 5 = .
x—=3t9—x =3 9-x
. . 3
lim =co, lim = —0;
—=»-3*9-x x=-3"9-x

Vertical asymptotes x =-3, x =3
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41.

42.

43.

44.

lim —; =0, lim =0

—02xt 17 1025247

Horizontal asymptote y = 0

Since 2x2 +7 >0 for all x, g(x) has no vertical

asymptotes,

v\'

5»—
MPI |
-5 5 X
> B

5+
lim ——=%— = lim 2.,
X% /x2+5 5o (145 \/i -

lim = lim

2x 2 2
— ———:—:—2
xX—-c fx2+5 - _ ’H__SE _.\ﬁ
X

Since Vx* +5>0 forallx, g(x) has no vertical
asymptotes.

]
S(x)=2x+3-—5—, thus
x° =1

lim [ f(x)-(2x+3)]= lim [—3;] =0
X0 X—yc
The oblique asymptote is y = 2x + 3.

f(x)=3x+4—$—3, thus

x“+1

lim [f(x)- (3x+4)] = lim [- 4§ *3}
X X=3 x“ +1

= lim|-—2~|=0.

The oblique asymptote is y = 3x + 4.
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45. a. Wesaythat lim f(x)= - if for each

X
negative number M there corresponds a 6> 0
suchthat0<x-c<d= flr)<M.

b. Wesaythat lim f(x)=oo if for each
X—=>¢
positive number M there corresponds a 5> 0
suchthat0<c-x< 3= flx)> M.

46, a. Wesaythat lim f(x)=o0 if for each
X—>0

positive number A there corresponds an
N>0suchthat N<x = flx)>M.

b. Wesaythat lim f(x)=o if for each

X—>—0
positive number M there corresponds an
N<Osuchthatx <N = flx)> M.

47. Let > 0 be given. Since lim f(x)= A. there is

X—o0
a corresponding number A such that

x> M| =>|f(x)- 4 < g Similarly. there is a

number M, such that x > M, = |g(x)- B|< g

Let M =max{M. M,},then
x>M =|f(x)+g(x)~(4+B)|
=|f(x)-A+g(x)~- Bl<|f(x)- Al+|g(x)-B|

E £
<—+—=¢

2
Thus, im[f(x)+g(x)]=A4+8

X—>0
48. Written response

49. a. lim sinx does not exist as sin x oscillates
X0

between —1 and 1 as x increases.
1 +
b. Letu=—.thenas x >o.u—>0".
X

o1 . .
lim sihn—= lim sinu=0
x—o X -0t

1
¢c. Letu=—, thenas x >0, u—> ot
X

sinu
=1

. ] . 1 . .
lim xsin—= lim —sing= hm
X =500 X ooty u—ot U

82 Section 2.8

50.

51,

52.

53.

Hm m(v) = lim

e v—e 1’] - v2 /C2

X—-®0

1
Let u =—, then
X

) I 32
. 2 . . .
lim x*?sin—= lim|~— sinu
X3 X w-Q "\ U

izl

As x — o, sin x oscillates between -1 and 1,

while x/2 =& 5 0.
Jx
tim xY2sinx=0
X
1
Let u =—, then
x
.. 1 . .
lim sin E+—)= lim sin E+u)
r—ox 6 x u—0* 6
. 1
=sin—=—
2

1 .. 1
As Y>> x+—— o0, so lim sin| x+—
x X0 x

does not exist. (See part a.)

. i . 1 .1
sin| x+— [ =sinxcos—+cosxsin—
X x x

lim [sin (x+ l) —sin x]
X X

. . 1 1
= lim | sinx| cos——1 [+cosxsin—
X% X X

As x—)oo,cosl—ﬂ SO cosl—1—>0.
X X

Lo 1
From part b., lim sin— =0.
X—x0
As x = o both sin x and cos x oscillate

between -1 and 1.
lim I:sin (x-t—l)—sin x] =0.
X—>% X

Mgy .

3x2 +x+1

. 3
Ilm 2— =
oo 2x° —1 2

. ’sz -3x \F
lim — =z
x=-o 5x° +] 5

lim ( 252 +3x 212 —5)=--3—

2J2
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N
2

58.

59.

I sinx
lim 1+—) =1
X0 X
. sin|x-3|
lim -1
x—3 x-=

2.9 Concepts Review

1.

9

-

3.

4.

lim f(x)

xX—C
every integer

lim f(x)=f(a) lim f(x)=f(b)

x—at x=b

a, b: fey=W

Probiem Set 2.9

1.

lim3 [(x=3)(x—4)]=0= f(3): continuous

lim (x2 —-9) =0= g(3); continuous
x—3

lim and #(3) do not exist, so A(x) is not
x—>3 X —

continuous at 3.

lim V£ —4 and g(3) do not exist, so g(#) is not

1—3
continuous at 3.

-3 .
lim I ] and A(3) do not exist, so A(?) is not
>3-

continuous at 3.

h(3) does not exist, so A(f) is not continuous at 3.

Instructor's Resource Manual

60.

61.

62.

63.

64.

65.

10.

11.

12.

13.

lim .S_Hll_d_—__l

3~ tan(x-3)

lim cos(x —3) __
a3 X3

iR
lim (1+Vx)V* =e=2.718

o+
x—0

lim (1+Vx)"* =0

x=0*

|im+(1+J§)‘ =1

x—=0

lim 7| =3 = f(3); continuous
t—3

lim|r - 2| =1=g(3): continuous
13

h(3) does not exist, so si(¢) is not continuous at 3.

S(3) does not exist, so f{x) is not continuous at 3.

3 2
limt -27 - fim (t-3)(1"+3t+9)
>3 -3 1-3 -3
= lim(@% +31+9) = (3)2 +3(3)+9=27 = r(3)
-3

continuous
From Problem 11, lim r(z) = 27, so r(¢) is not
13

continuous at 3 because lim r(r) # r(3).
-3

lim f(f)= lim (3-£)=0
—»3* -3t

lim f(t)= lim (t-3)=0
=37 3"

lim f(¢) = f(3); continuous
-3
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14,

16.

17.

18.

19.

23.

84

lim f(r)= lim 3-¢)®> =0
—3* 3%
lim f()= lim (¢>-9)=0
=37 133"

lim f(z) = f(3); continuous

t—3

lim f(x)=-2= f(3); continuous
t—3

g is discontinuous at x = -3, 4, 6, 8; g is left
continuous at x =4, 8; g is right continuous at
x=-3,6

h is continuous on the intervals

(<o, —5)u[%5,4:|u(4, 6) u[6,8]u(8,oo)

2 i —
X —49 = lim (x=7Hx+7)

lim < = lim(x+7)
-7 x-=-7 -7 x=-7 x—=7
=7+7=14
Define f7) = 14.

2x% - 2 -
lim =X 18 _ fim 2(x+3)(x-3)
-3 3-x x3 3-x
=lim[-2(x+3)]=-2(3+3)=-12
x-3

Define f(3) = -12.

lim S6) _ |
90 &
Define g(0) = |

e S OV O B3
=iim
=1 =1 st (=) +D)

t—1 | 1
== +1) s+l 2

Define H(1) =%.

452 2 y,2
X +2x 3= lim (x*=D(x°+3)

lim
x—-] x+1 x—-1 x+1
_ 2
= lim (+D(x=-1)}x“+3)
x—-=1 x+1

= Iiml[(x—])(.rz +3)]

=(-1-D[(-1)> +3]=-8
Define ¢(-1) = -8.

2 —
tim sin| &=L | = tim sin((i_MJ
x—-1 x+1 X1 x+1
= lin1 Sin()‘- l) = sin(_l _ l) = Sin(—Z) - —Sin 2
x—-1

Define F(-1) = —sin 2.

Section 2.9

29.

30.

31.

32.

33.

34,

36.

Discontinuous at x= 7,30

L 33-x?
Sx) = (m—x)(x-3)

Discontinuous at x =37

. Continuous at all points

. . TT .
. Discontinuous at all 8 =nm+= where n is any

integer.

Discontinuous at all 1 <€ -5
Discontinuous at i = -1
Continuous at all points

1

V(2-x)(2+x)

Discontinuous on (—e0,-2]U[2,)

G(x) =

Continuous at all points since

lim f(x)=0= f(0) and lim f(x)=1= f(I).
x—0 x=»!

lim g(x) =0 = g(0)

x—0

lim g(x)=1, lim g(x)=-1

o1t xol"

lim g(x) does not exist, so g(x) is discontinuous
x—=1
x=1.

Discontinuous at every integer

. . 1 . .
. Discontinuous at 7= n +5 where n is a y integer

ey

\T/
—/

|88
!

Instructor's Resource Manual



37.

38.

39.

40.

41.

Discontinuous at all points except x = 0, because
lim f(x)# f(c) forc=0. lim f(x) exists only
X—=C X—C

at¢=0and lirr:)f(x)=0=f(0).

Let f(x)= x> +3x—2. fis continuous on [0, 1].
f0)=-2<0and {1)=2>0. Thus. there is at
least one number ¢ between 0 and 1 such that
S +3x-2=0.

Because the function is continuous on [0.27r] and
(cosO)03 +6sin°0-3=-3<0,

(cos 2m)(2n)’ +6sin’® (21) -3 =8n> -3 > 0, there
is at least one number ¢ between 0 and 27 such

that (cos?)t> +6sin° -3 =0,

Let f(x)=x" +4x°> - Tx+14

flx) is continuous at all values of x.
A-2)=-36,f0)=14

Because 0 is between —36 and 14, there is at least
one number ¢ between -2 and 0 such that

f(x)=x>+4x> - Tx+14=0.

Suppose that fis continuous at ¢, S0

lim f(x)= f(c). Letx=t+c,s0t=x—c, then
X=>C

as x > ¢, t = 0 and the statement
lim f(x) = f(c) becomes Iin(l)f(t+c) = f(c).
-

XC
Suppose that limof(t+ ¢)=f(c)andletx=1+
1=~

¢, sot=x-c. Since c is fixed, r - 0 means that
x = ¢ and the statement lim f(t+¢) = f(c)
1—0

becomes lim f(x) = f(c). so fis continuous at
e £ 7

C.
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42,

43.

44,

48S,

46.

47.

Since f{x) is continuous at c,
lim f(x) = f(c)>0. Thus, flx) >0 forallx in

X—=>C
some deleted interval (¢ -&.c+ &) about c. Since

also fle) > 0. fix) >0 forallxin (c-3J,c+9).

Let g(x) = x — flx). Then,

g(0)=0-/0)=-f0)< Oandg(1)=1-A1)2 0
since 0< f{x)< 1on [0, 1]. Ifg(0) = 0. then

f0) =0 and ¢ = 0 is a fixed point of /. If g(1) = 0,
then f{1) = 1 and ¢ = 1 is a fixed point of /. If
neither g(0) = 0 nor g(1) = 0, then g(0) < 0 and
g(1) > 0 so there is some ¢ in {0, 1] such that
g(c)=0.1fg(c)=0thenc-fic)=0o0r
flc) = c and c is a fixed point of f.

For f{x) to be continuous everywhere,
fD=a(l)+b=2andf2)y=6=a(2)+b
a+b=2
2a+b=6
-—a=-4
a=4, b=-2

For x in [0, 1], let f{x) indicate where the string
originally at x ends up. Thus f0) = a, A1) = b.
flx) is continuous since the string is unbroken.
Since 0 < a. b <1, flx) satisfies the conditions of
Problem 43, so there is some ¢ in [0, 1] with

fle) =c, i.e., the point of string originally at ¢
ends up at ¢.

The Intermediate Value Theorem does not imply
the existence of a number ¢ between -2 and 2
such that f(c) =0. The reason is that the

function f(x) is not continuous on [-2,2].

Let f{x) be the difference in times on the hiker’s
watch where x is a point on the path, and suppose
x =0 atthe bottom and x = 1 at the top of the
mountain,
So f{x) = (time on watch on the way up) — (time
on watch on the way down).
fl0)=4-11=-7f1)=12-5=7. Since time is
continuous, f{x) is continuous, hence there is
some ¢ between 0 and 1 where f{c) = 0. This c is
the point where the hiker’s watch showed the
same time on both days.
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48.

49,

50.

51.

52.

86

b4
Let f'be the function on [0’3] such that f{6) is

the length of the side of the rectangle which
makes angle @with the x-axis minus the length of
the sides perpendicular to it. fis continuous on

0.x
"5 |- IE£0) = O then the region is
circumscribed by a square. If f{0)# 0. then
observe that f(0) = - f(—;[-j Thus, by the
Intermediate Value Theorem, there is an angle
@ between 0 and % such that f(6,) =0.

Hence, D can be circumscribed by a square.

a. flx)=flx+0)=Aflx)+f0), sof0)=0. We

want to prove that lim f(x) = f(c), or,
X—=C

equivalently, lim[f(x) - f(c)]=0. But

Sx)-fle)= f(,: —cc), SO
lim[f(x)— f(c)) = lim f(x—c). Let

X—=C
h=x-cthenas x =»¢, h— 0 and

lim f(x-c)= ’Eirr:)f(h) = f(0) = 0. Hence

X—>C
lim f(x) = f(c) and fis continuous at c.
X—>C

Thus, fis continuous everywhere, since ¢
was arbitrary.

b. By Problem 41 of Section 2.1, f{r) = mt for
all ¢ in Q. Since g(f) = mt is a polynomial
function, it is continuous for all real
numbers. f{) = g(¢) for all 1 in Q, thus
fiy=g()foralltinR,ie. f(1)=mu.

y(x)=mx+b, yr(x) =myx+b;
y,(x)+y2(x)=m,x+b| +myx+by
=(m +my)x+ (b +by)

This is a linear function.

yi(x) = mx+by, yy(x) =myx+b;

y(2(x)) = i (myx+by) = m(max +by) +b
= mymyx +mby + b = (mymy)x+(mby +8)
This is a linear function.

yi(x)=mx+by, yr(x)=myx+ by
Y1(X)y2(x) = (myx + by )(max +by)

= )71,;712x2 +mbyx +bymyx + bbby

This is not a linear function unless mym, =0.

Thus, the product of two linear functions is not
linear unless at least one of the functions is a
constant function.

Section 2.9

53.

54.

55.

56.

57.

V(X)) =mx+by, yy(x)=myx+by

nx) _ mx+bh

ya(x) - myx+b,

This is a linear function only when m3 =0 and

by %0,

If fx) is continuous on an interval then

lim f(x)= f(c) for all points in the interval:
X—=C

lim f(x)= f(c) = lim|/(x)|
X=C X=C

2
= lim { f2(x) = ‘/( lim f(x))
=V =1

1ifx20
~lifx<0
discontinuous at x =0, but g(x) = | f(x)| =l is

Suppose f(x) = { Ax)is

continuous everywhere.

If fis continuous at ¢, lim f(x)= f(c)
X

= f( lim x) since limx=c.

X—=C ¢

a. y
K

b. If ris any rational number, then any deleted
interval about r contains an irrational

. . 1
rumber. Thus, if f(r) =—. any deleted
q
interval about r contains at least one point ¢

such that | fn-f (c)| =

Lo
q

= —l— Hence,
q

lim f(x) does not exist.
X—»r

If ¢ is any irrational number in (0, 1), then as

X= Ny (where £ is the reduced form
q q

of the rational number) g — «, so

Instructor's Resource Manual



S(x) >0 as x> ¢ Thus, lim f(x)=0= f(c) for
X—=¥C

any irrational number c.

58. a. Suppose the block rotaies to the left. Using

geometry, f(x)= —%. Suppose the block

rotates to the right. Using geometry,

fx)= % If x =0, the block does not rotate,

so flx)=0.

2,10 Chapter Review

Concepts Test

1. True:

2. False:

4. False:

5. False:

xy+x2 =3y

Xy-3y=-x

fsin@+t-cosf =0
t=cos@-0sing

®+\¥ =|®+¥| cannot be written in
the form & = f(¥).

The equation determines Tas a
function of 6.

x
: cannot be

Sx)= 4-x"4-x

negative and4—x # 0, so the domain
is [0, 4).

Fx) =y~ +4x+3)

=~ (x+3)(x+1)

~(x* +4x+3)20 on-3<x< 1.
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10.

11.

13.

14.

16.

17.

Domain: [—33 :
4 4

Range: —E. 0, E}
4 4

Atx=0

3 3
If x=-=, f(x)=~= and if
/=7

3 3 33
x== f(x)==,s50 x=-==
4 /() 4 44
are fixed points of /.
False: The domain does not include nr +§
where n is an integer.
True: The domain is (-, ) and the
range is[-6, ).
False: The range is (—. ) .
False: The range (—o0, ) .
True: If flx) and g(x) are even functions,

Six) + g(x) is even.

Si=x) + g(=x) = fix) + g(x)

True: If flx) and g(x) are odd functions,

J=x) + g(=x) = Ax) - g(x)
=—[flx) + g(x)], so fix) + g(x) is odd

False: If fix) and g(x) are odd functions,

A=x)g(-x) = -fx)[-g(x)] = fix)g(x), so
Sx)g(x) is even.

True: If fx) is even and g(x) is odd,

A=x)g(=x) = fx)[-g(x)]
=—x)g(x), so flx)g(x) is odd.

False: If fix) is even and g(x) is odd,

Ag(-x)) = fl-g(x)) = fg(x)); while if
Sfx) is odd and g(x) is even,

Sfg=x) = fAg(x));: so flg(x)) is cven.

False: If fix) and g(x) arc odd functions,

S(g(=x)) = fl-g(x)) = Alg(x)), so
fg(x)) is odd.
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18.

19.

2L

(8
[

23.

24.

26.

27,

28.

29.

30.

88

True:

True:

False:

False:

. True:

True:

False:

False:

True:

True:

False:

False:

False:

2(—x)3 +(-Xx) _ 2% - x

7= (=x)% +1 X2 +1
_ _2,1'3 +x
x?‘ +1
sl 2 _
fen) = (sin(=1))* +cos(-1)

tan(—7) csc(—¢)
_ (—sint)2 +cost _ (sin t)2 +CoSs!
—tan¢(—csc/)

tanrscsct

fix) = c has domain (—oo, ) and the
only value of the range is c.

fix) = ¢ has domain (-0, ), yet the
range has only one value, c.
g(-1.8)= ﬂ%ﬂ =[-0.9]=-1

(f o)) = (x*)? = x°
(g0 N)x)=(x?)* =x°

(fog)x)=(x")*=x°
f()gx)=x'x=x°

The domain of A excludes any

values where g = 0.

fla)y=0
Let F(x) =flx + h), then
Fla-h)=fla-h+h)=fla)y=0

cosx
cotx =—
sin x
cos(—x) cosx
cot{(—x) = —Ll =———=-—cotx
sin(-x) —sinx

The domain of the tangent function
L3 .

excludes all nm + 2 where 7 is an

integer.

The cosine function is periodic, so

cos 5 = cos ¢ does not necessarily

imply s =1, e.g., cosO=cos 27 =1,
but 0= 27.

¢ may not be in the domain of f{x), or
it may be defined separately.

Section 2.10

31.

32.

33.

34.

3s.

36.

37.

38.

39.

40.

41.

42.

43.

False:

True:

True:

False:

False:

True:

False:

False:

True:

False:

True:

True:

True:

If f{c) is not defined, lim f(x) might

X—=>C
2 —
exist: e.g., f(x)= a 4.
xX+2
f(-2) does not exist,
2
but lim i =-4,
x—-2 xX+2
2 _» _
lim 2223 i (F29)x*)
x—5 x-5 x—3 x-5
= lim(x+5)=5+5=10
x—5

Substitution Theorem

. sinx
lim

=0 x

=1

The tangent function is not defined for
all values of c.

Since both sin x and cos x are
continuous for all real numbers. by
Theorem C we can conclude that
f(x)= 2sin? x—cos x is also
continuous for all real numbers.

Since -1<sinx <1 forall x and

Lo . sinx
lim — =0, we get lim =0.
X—=x X X X

Consider f(x)=sinx.

As x — 1* both the numerator and
denominator are positive. Since the
numerator approaches a constant and
the denominator approaches zero, the
limit goes to + o0 .

lim f(x) must equal f{c) for fto be

X—=C
continuous at x = c.

lim f(x)=f(limx)=f(c), sofis

X—>C
continuous at x = c.

lim Hﬂl =1=f(23)

x-32.3

Choose £ =0.001f(2) then since
lim f(x)=f(2), there is some &
x—=2

such that 0 <|x -2|]< 8=

lrx)-£(2)l<0.0017(2), or
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44. False:

46. True:

47. False:

48. False:

49. True:

50. True:

=-0.0011(2)< f(x) - f12)
<0.001A2)
Thus, 0.999/2) < fix) < 1.001/(2) and
flx) < 1LOOIA2) for 0 <|x-2]< 6.
Since f{2) < 1.001/2), as f(2) > 0,
Axy<1.001/12)on (2-6. 2+0).

That lim[f(x) +g(x)] exists docs
X—C
not imply that lim f(x) and
X

lim g(x)exist; e.g., f(x)=

X
X=C X

3 and
2

P

x+7

(y)=
£(x) 2

Squeeze Theorem

A function has only one limit at a

point, so if lim f(x)=L and
X—=a

lim f(x)=M. L=M

X—>a

That f{x) # g(x) for all x does not
imply that lim f(x)# lim g(x). For
X9 X>C

example. if f(.r)=$ and
x-

g(x) =-§x. then fix) = g(x) for all x,

but lim f{x)= lim g(x)=35.
x—?2

x—2

If flx) < 10. lim f(x) could equal 10
x—2

if there is a discontinuity point (2, 10).

For example,

f= 3
all x, but lim f(x)=10.
x2

s
—x3 +6x° -2x-1

2
<10 for

lim If(.r)[ = lim \[fz(x)
= JLim o] = =y

If fis continuous and positive on
[a, b], the reciprocal is also

continuous, so it will assume all
]

1
values between — and

Sa) Sy
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Sample Test Problems

Si-1) does not exist.

] I ] ]
(-1 = B p—
4 ) t=1+1 =1 ¢ -1

10
g+h)-g  HE-H

h h

2h+6-3h-6 _ __h
AA+2) _ AReD) _ -1

h h 2(h+2)
{xeR:x=-11}
{xe R:|xf< 2}
{x eR:x# —2}

2
3(-> 3
fx)= ( 7r) =— 3‘ ; odd
(-x)" +1 x“+1

g(-x) = |sin(-x)| + cos(-x)

=|-sin x|+ cosx = sin x|+ cos.x; even

h(-x)= (—.rc)3 +sin(-x) = -x* —sinx ; odd

R
B x°+1

\2
k(-x) = (Cx)” +1 T even

a0t e
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90

4y
5.—-

HEEL N S |
-5 \/ 5%
5

g(x)=x2+l
Ay
5.——
W
—5 | SX
=
{x2 if0<x<2
h(x)= )
6-x ifx>2
'y
5_
1 1 _l L 11
-2 | 8 X
-5k

Section 2.10

1
. a. y=—4'x

-5+

. V(x) = x(32 - 2x)(24 - 2x)

Domain [0, 12]

. 2 (f+g)(2)=(2—%)+(22+1)=g

b (/-£X2) =[%)(5) -2

1 24
c. (fo8)=SB)=5-7=F
(g N2)= (3]=(i)2+1=2
d. (g =85 ; 7
1 3
€ f3(—1)=(—]+7) =0

3\ 9
f. f2(2)+g2(2)=(5) +(5)2=Z+25= "

2
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-5

c. y=—l+%(x+2)2

194

5

10. a. (-,16)

b. fog=v16-x*; domain[-2,2]

c. gof=(WI16-x)*=(16-x)%;

domain (—e0,16]

1. f(x)=x,g(x)=1+x h(x)=x2,

k(x) =sin x, F(x)=\/l+sinzx =fogohok

12. a. sin(570°)=sin(210°)=—%

b. 005(9_1:) = cos(z) =0
2 2

c. sin®(5)+cos>(5)=1

13. a. sin(-#)=-sin7=-0.8

Iinstructor's Resource Manual

14.

15.

16.

17.

18.

19.

20.

21.

2,

cos?1=1-(0.8)> =0.36
cost=-0.6

.2
b. sin“t+cos

¢. sin2t=2sintcos ¢ =2(0.8)(-0.6) = -0.96

d. tang=3"0_ 08 _ 4 1353
cos? .6 3

e. cos(g—t) =sinr =0.8

f. sin(r+1)=-sinr=-0.8

sin 37 = sin(2¢ +1) = sin 21 cost +cos 2¢sint
= 2sint cos’ t+(1- 2sin? )sint
=2sinz(l —sin? t)+sint - 2sin’ ¢

=2sin7 —2sin> r+sint - 2sin’ ¢
=3sint - 4sin’/

s=nr
= 9(20&)(27:“1]( I min )(1 sec) = 61
min rev J\ 60 sec
=~ 18.85 in.
ur-1 1P
lim = =

usrl u+1 1+l

2
fim X o i GEDEED e
usl u—=1 u=l u-1 u—l
=1+1=2
.o ou+l u+1 . 1
lim =

= lim =1 :
usly2 —1 wosl@+D)u-1) uolu—1
does not exist

1-2 x-2
lim X = lim - = lim
x—)2xz_4 x=2{x-2)(x+2) =2 x(x+2)
=t 1
T 2(2+42) 8

224 (z+2)(z-2)
him = lim
9272426 2(z+3)(z2-2)
-5 z+2 2+2 4
i52z+3 2435

tan x sinz
1 =1 = lim

x>0sin2x x-02sinxcosx 1—02cos? x

1 1
2cos?0 2
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22.

lim 3 =
yoly 1yl (y-D(y+]D)

3 2
y l_]im(y Dy*+y+1)

Y +y+l P41+l 3

= lim —

y—=l y+1 I+1 2

x-4 _ . (x-2(x+2)

23. lim =
x4 \[; -2 x4 \/; =2
=lim(Vx+2)=V4+2=4
x—4
24, Iim 21 does not exist.
x50 x
=T
25, lim == lim —= lim (-1)=-1
x=0" X x0” X 1507
26. lim [[4x]]= 2
x—>(1/2)+
27, lim ([/]-¢) = lim [¢]- lim r=1-2=-1
(=3~ =27 =27
28. a. fl1)=0
b. lim f(x)= lim (1-x)=0
x=1* x>
¢. lim f(x)= lim x=1
x—1" x>~
d. lim f(x)=-1 because
x—-1
lim f(x)= lim x> =-1 and
x—-1" x—=-1"
lim f(x)= lim x=-1
x—>-1* x--1*
29. a. fisdiscontinuous at x = 1 because f{1) =0,
but lim f(x) does not exist. fis
x—1
discontinuous at x = —1 because f{-1) does
not exist.
b. Define {-1)=-1
30. a. O<|u-a|<d=|gu)-M|<e
b. O<a-x<é=|f(x)-L|<e
3. a.  lim[2f(x)-4g(x)]
x—3
=21lim f(x)-4lim g(x)
x—3 x—3
=2(3)-4(-2) = 14
92 Section 2.10

b lim g(x)X——> = lim g(x)(x+3)
x—3 x-3 x—3
= lim}g(x)- um3(x+3) =-2.3+3)=-12
c. g3)=-=2
d. limg(/()= g( lim f(x)) - g(3)=2
e lim3 £ (x)-8g(x)
2
=\/[lim f(.x):' -8 1lim g(x)
X3 x—3
=V -8¢-2) =5
O i E@-80) _|-2-20) _|-2-(-2)|
. m = =
=3 f(x) 3 3
=0
32,
|1 1,
_2 8 X

-5+

33. a(0)+b=-landa(l)+b=1]
=—1; a+b=1
a-1=1
a=2

34. Let f(x)=x" —4x> =3x+1
A2)=-5,3) = 127

Because f{x} is continuous on [2, 3] and
J(2) <0< f3), there exists some number ¢
between 2 and 3 such that f{c) = 0.
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