CHAPTER

] Differential EQuations

18.1 Concepts Review

L i+ ajr+a, =0; complex conjugate roots
2. Cle" + Czex
3. (Cl + sz)ex

4. Cicosx+Cysinx

Problem Set 18.1

1. Roots are 2 and 3. General solution is
y=Ge¥ +CyeF.

2. Roots are —6 and 1. General solution is
y=Ce % +Cye”.

3. Auxiliary equation: r? +6r-7=0,
(r+7)(r-1)=0hasroots -7, 1.
General solution: y = Cje™"* + Cye*
y' = —7C1€-7x + Czex
Ifx=0,y=0, y'=4, then 0=C; +C,; and

1
4=—7C| +C2, R{s] C] =—l and C2 =-—.
2 2
x _ =Ix
Therefore, y = i 2e

4. Roots are -2 and 5. General solution is
y = Cie™3* + C,e>*. Particular solution is

12) sx 5 -2x
=|—|e’" - = e .
g (7) (7)
5. Repeated root 2. General solution is
y= (C] + sz)ezx.

6. Auxiliary equation:
r? +10r+25=0, (r+ 5)2 =0 has one repeated
root —5.
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10.

11.

12.

13.

14.

General solution: y = Ce™* + Cyxe™>* or

y=(G +Cyx)e™>*

Rootsare 2+ \/5 General solution is
y=e* (Cle‘ﬁx + Cze"‘ﬁ" ).

. Roots are -3¢JT1. General solution is

y= e x (C,em“ +Cye” ”").

. Auxiliary equation: r? +4=0 has roots £2i.

General solution: y = C, cos 2x + C, sin 2x
Ifx=0andy=2, then 2=C,; if x=§ and

y=3,then 3=C,.
Therefore, y = 2cos2x +3sin 2x.

Roots are £3/. General solution is
¥y =(C cos3x +C, sin 3x). Particular solution is

y =-sin3x-3cos3x.

Roots are —1 + i. General solution is
y=¢e*(C cosx+C,sinx).

2

Auxiliary equation: 7“ +r+1=0 has roots

—_] + ﬁ i
2 2
General solution:

y= C,e(_llz)x cos(g}\w Cze('”z)" sin (ﬁJI

L 2

y=e*? [C, cos(?)x+ C, sin (?Jx

Roots are 0, 0, 4, 1.
General solution is

y=C +Cyx+Ce ¥ +Cpe*.

Roots are -1, 1, +i. General solution is
y=Ce* +Che* +Cycosx+Cysinx.
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15,

16.

18.

19.

20,

21.

822

17. Roots are -2, 2. General solution is
y=Ce 2 + Cre?.
y = C(cosh 2x —sinh 2x) + C, (sinh 2x + cosh 2x)
=(=C; + C;)sinh 2x + (C; + C3) cosh 2x
= Dy sinh 2x + D, cosh 2x

Auxiliary equation: a3 o4= 0,
(r+1)(r =1)(r%> +4) =0 has roots -1, 1, £2i.
General solution:

y=Cie ¥ +Cye” +C3cos2x+Cysin2x

Roots are -2, 3, £i. General solution is

y=Cle ™™ +Cye** +Cycosx+Cysinx.

e = coshu+sinhu and ¢~ = coshu —sinhu. (See Problems 1 and 2, Section 7.8.)
Auxiliary equation: r?-2br-c*=0
2 2
+
pelWTd L
b+b?ecd ) Cpe® b2+c?)x

Roots of auxiliary equation:

General solution: y = Cje

=¥ G (cosh(\/b2+czx)+sinh(\Jb2+c2xD+C2 (cosh(\l +c x) smh(\/ +c2x))]
(C]+C2)cosh(\]b2+c2x)+(q+C2)sm b2+c x ]
=e™| D cosh(\/b2 +c2x)+D2 sinh(\/b2 +c2x)i|

Repeated roots (— %) + (ﬁ] i.

il
m@'
=
1

2

General solution is y =¢”™*'? [(Cl +Cyx)cos [—Jzé] x+(C3 +Cyx)sin (g} x].

Roots | % i. General solution is Auxiliary equation: P2 +4r+4=0, (r+2)%=0
y=¢e"(C  cosx+C;sinx) has roots -2, 2.
= e (csiny cosx+ccosy sinx) = ce” sin(x+7). General solution: y =(C| + sz)e_2z ,

-2lnx

) y=(C;+CyInx)e
x°y +5x +4y =0
)"y +30 44y y=(Ci+C, ln:c)x'2
Let x=¢€°. Thenz=Inx;

. dy dydz dy l 22. As done in Problem 21,
ki dd i 2 —'aQ+ dy +b & +cy=0
. dy' d (dy l) dy -1 ld_)jﬁ dz de dz :
dx  de\dz dz x 27 X dz? dx iy
_dy —l+ld2yl Therefore, a( }+(b a)( )+cy=0.
dz x2 xdz2 x 2
_d_}’_'_iz_)_’ +(5d_}')+4y=0 23. We need to show that y"+a,y'+a,y =0if r and
dz  d7? dz r, are distinct real roots of the auxiliary equation.
(Substituting y' and y” into (*)) We have,
y'=C e + Cyre”
d y+4dy+4y 0 2 nx 2 nx’
dz?  dz y"=Cn'e" +Cyrye?

When put into the differential equation, we
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obtain 1
n= —(—a, —\/alz —4a2) and

2
y"+ a,y'+ ay =C|r|28"x +C2f2~€r2x 2

+a (C,r,e"‘r +Cyne™ )+ a, (Cle"’ +Cge'1x) ™ r= %(—al + \’alz - 4a, )

The solutions to the auxiliary equation are given

by Putting these values into (*) and simplifying

yields the desired result: y"+a;y'+a,y=0.

24. We need to show that y"+ay'+a,y = 0if a + fBi are complex conjugate roots of the auxiliary equation. We
have,

y'=e%((aC + BCy)cos(Bx)+(aCy - BC )sin(Bx))

y"= e ((012(,‘l - B2C, +2aBG, )cos(ﬂx)+(a2C2 - B%C, -2aBC, )sin (,Bx))'

When put into the differential equation, we obtain

y'+ay'+a,y=e"* ((aZC, - B, +20pC, )cos(ﬂx)+(a2C2 - B%C, -2afC, )sin (ﬁx))

+ae®* ((aCy + BCy )cos( Bx) +(aCy — BC )sin (Bx))+a, (C,e‘" cos(fx)+Cye™ sin (,Bx)) *
From the solutions to the auxiliary equation, we find that

a= ’—2i andﬁ = _'Iz—i\‘alz —402.

Putting these values into (*) and simplifying yiclds the desired result: y "+ a,y'+a,y =0.

) 2 3 i 5 2 ;4 4,6 3,5 7
25, a. eb'=1+(bi)+(bl) +(bl) +(b') +(bl) +...=[l—b—+b——b—+)...+i(b_b—+£’__b_+m]

2! 3! 4! 5! 2! 4! 6! 3t st7
= cos (b) + i sin (b)

b. ea+bi - eaebi =¢? fcos(b) +isin(b)]

¢. D, [e(a+ﬂi)x] = D, [¢**(cos Bx +isin Bx)] = ae® (cos Bx +isin fx)+e** (~iBsin fx+if cos fx)

= e®*[(a + Bi)cos Bx +(ai - B)sin fx]
(a + B)e®PD* = (a + iy (cos Bx +isin Bx)] = e**[(a + Bi)cos Bx + (ai - P)sin Bx]
Therefore, D,[¢!**P)* | = (a+i B)ela+hx

26. ¢, @D 4 0)e@*PDX (¢ and ¢, are complex constants.]
= ¢,e®*[cos Bx +isin fx]+ e [cos(- Bx) +isin(—Bx)] = e**[(¢) +¢3) cos fx +(c) — ¢, )isin fx]

= e?*[C, cos Bx+Cy sin fx], where C; =¢; +¢3. and C; = ¢ —¢;.
Note: If ¢; and ¢, are complex conjugates, then C; and C, are real.

27. y= 0 565.]62281: +O‘5e—l.162278x
28, y=3.5xe 7% +2¢7%
29,y =1.29099¢™%%%* 5in(0.968246x)

30,y =e%333333512 5¢05(0.471405x) - 4.949755in(0.471405x))
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18.2 Concepts Review

1. particular solution to the nonhomogeneous equation; homogeneous equation
2. -6+Ce* +Cpe”

3. y=Ax2+Bx+C
1y
4. y=Bxel

Problem Set 18.2

1.y, =Ce X +Cye*

TP T\73 9 54
1 1 7 _3x
y=(—§)x2 _(E)x_(S—At) Cle 3 +C2€2X

3. Auxiliary equation: r2 —2r+1=0 has roots 1, 1.
Y =(C +Cax)e”
Let y, = Ax? + Bx+C; yp =24x+B;
yp =24.
Then (24) - 2(24x + B)+(Ax* + Bx+C) = x* +x.

Ax? +(44+B)x+(24-2B+C)=x* +x
Thus,A=1,-44+B=1,24-2B+C=0,s0
A=1,B=5C=8.

General solution: y = x% +5x+8+(C, +Cyx)e”®

4. y,=Ce " +Cy -y, = 2x% +(—4)x

y=2x*—4x+Ce " +C,

5. y, =Ce** +CyeF “Yp =(%)e’ -y

= (%Je" +Ce¥ + Gy

6. Auxiliary equation: P2 +6r+9=0,(r+ 3)2 =0 has roots -3, -3.
i = (G +Cyx)e ™"

-X

Let y, =Be™ 1y, = -Be ™y, = Be
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Then (Be *)+6(-Be™*)+9(Be *)=2e™*; 4Be™ =2¢™%;B =%

General solution: y = (%J e +(C+ Cyx)e 3+

X

7. yp=Ce X +Che™

1 _
Yp = (—E)xe 3

y= (—%)xe'h + Cle-k +Cre*

8. =e ¥ (C cosx +C, sinx)
Yh 1 2

3) -
Yp =(§)e =

y= (%)e‘z" +e *(C cosx +C, sin x)

9. Auxiliary equation: r> —r-2=0,
(r + 1)(r-2) =0 has roots -1, 2.
yh =Ce* +Cre*
Let y, = Bcosx+Csinx; y’p =-Bsinx+Ccosx; y;, =—-Bcosx-Csinx.
Then (-Bcosx - Csinx)—(-Bsinx+Ccosx)

—2(Bcosx + Csinx) = 2sinx.

-3

(-3B-C)cosx+(B-3C)sinx=2sinx, so—-3B-C=0 so-3B-C=0andB-3C=2: B= ;C=?.

1
5

General solution: [%)cos x- (%) sinx+Cje** +Cye™*

10. y, = C,e—“ + C2

= —i cosx + i sinx
Y 17

y= (—%)cosx+[%)sinx+qe"“‘ +Cy

11,y =Ccos2x+Cysin2x

1
=(0)xcos2x+| — [xsin2x
yp =(0) (2]

y= (%stin 2x+Cjcos2x+C,sin2x

12. Auxiliary equation: r® +9=0 has roots £3i, so yp = €y cos3x+C,sin3x,
Let y, = Bxcos3x+ Cxsin3x; y;, =(-3bx+C)sin3x+(B+3Cx)cos3x ;
y,', = (-9Bx+6C)cos3x+(-9Cx - 6B)sin3x.
Then substituting into the original equation and simplifying, obtain 6C cos3x-6Bsin3x =sin3x,s0 C=0and

B=——.
6

General solution: y = [—éjxcos 3x+Cj cos3x+ C, sin3x
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13.

14.

15.

16.

17.

18.

19.

826

yp = Ccos3x+Cysindx

1) . 1Y 2x
=(0)cosx+| = +| — le
Yp (0)cosx (g)smx (13)

y= (é]sin x+ (%)eu +C, cos3x +C;sin3x

y= [%)e‘t +(%)x2 “3x+Ce ¥+ Gy

Auxiliary equation: r2 —5r+6=0 hasroots 2 and 3,50 y, = Ce¥* +Cye*.
Let y, = Be*; y, = Be*; yp, = Be*.

Then (Be®)-5(Be*)+6(Be*) =2e"; 2Be* =2¢";B=1.

General solution: y = e* + Cje?* + Cpe™

y' = + 2Cle2" +3C2€3't

Ifx=0,y=1, y'=0, then 1=1+C +C; and 0=1+2G,+3C3; C =1,Cy =-1

2x _ 3x

Therefore, y=e* +e“* —e

Y= C,e'z" +C2821
Yp= (O)cosx+(—%)sinx
4. -2x 2x
y= (—g)smx+ Cie™" +Cse
y= ~Hsinx+ 22y 1_1_)22, satisfies the conditions.
5 5 5
yy = Cie* +Cye™*
1
=|—=|(10x+19
Yp ( 4)( x +19)
y= (%)(le-& 19)+Cie” + Cye**
Auxiliary equation: r2 —4=0 hasroots 2,-2,50 y, = Clez" + Cze"zx.
Let y, = vie? +v,e”2*, subject to vie?* +vye2* =0, and V| (2e¥*)+ vy (-2e7 ) = ™.

i 1
Then v{(4e%%) = €2* and vj(—4e 2y ety =7 and v =-e"*'"; y =% and v, = ——.

2x

2x
. Xxe € -
General solution: y = T3 +Ce¥ +Ce ¥

yp =Cicosx+Cysinx
y, =—cosln|sin x| - cosx - xsin x

= —cosxIn|sin x| - xsin x + C3 cos x + C; sinx (combined cos x terms)
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20. y, =Cjcosx+Cysinx
¥p = —sinxln|cscx +cot x|

y = —sinxIn|cscx +cot x|+ C; cos x + C, sin x

21. Auxiliary equation: r? =3r+2=0 hasroots 1, 2, so y;, = Cje" +C262".
Let y, =ve" +v,e2* subject to vie* +vhe?* =0, and v](e*)+vy(2¢**) = e*(ex+1)7\.

X

X
Thenv1'=—e— o v|=I 2 dx=I : du
X X ef(e* +1) u(u+1

X
= —I—+LJdu =—lnu+In(u+1)= ln(ﬁ) =In LA In(l+e7")

u u+l u e*
/ e’ -x -x
V)= S0V, =-e +In(l+e™7)

e “ (e +1)

(similar to finding v )
General solution: y =¢” In(1+e %) - " +¢** In(1+e7*) + Cje* + Cye**

y = (" +e¥)In(l +€ )+ Dje* + Dye?*

22. y, = Ce¥ +Ce%; yp=€

y=e* +Ce** +Cye®*

23. L(yp)=(num+ vaus )"+ b(vyu) + vauz) +c(vuy +vauy)
= (Mup + W + Vaty +vaus ) + bWy +vup + vaug +vaus ) + (v +vauy)
= (WU +Viug +Viu] + Vg + Vaug + vaus +vaus + vau3 )+ b(vjuy +wup +vauy + vaus ) + c(viuy +vyu;)
= vy (uf +buf +cuy) + vy (u5 +buy + cuy )+ b(Vvjuy +vauz ) + (Vi +vjuj +viuy +vauy ) + (v +vau)
= v (uf +buj +cup) + vy (U5 + buy + cuy) +b(viuy +viup ) + (Vg +vug ) +(viuj +viu3)
= (0) +v5(0) + b(0) + (0) + k(x) = k(x)

24. Auxiliary equation: r? +4=0 has roots 2.
¥y =Ccos2x+Cysin2x

3

Now write sin” x in a form involving sin fix’s or

cos fx’s.

sind x = Esinx—lsin3x
4 4

(C.R.C. Standard Mathematical Tables, or derive it using half-angle and product identities.)
Let y, = Asinx+ Bcosx+ Csin3x+ Dcos3x;

Yp = Acosx—~Bsinx+3Ccos3x—3Dsin3x;
yp =—Asinx~Bcosx-9Csin3x-9Dcos3x.
Then

yh +4y, =3Asinx+3Bcosx—5Csin3x-5Dcos3x =Esinx-lsin3x, so
P P 4 4

A=l, B=0, C=L, D=0.
4 20

General solution: y = %sin x+ %sin 3x+Cjcos2x+Cysin2x
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18.3 Concepts Review

1.

2
3.
4.

K 4
 ; decreases
0

electric circuit

Problem Set 18.3

1.

828

k=250,m=10,B> =k/m=250/10=25B=5
(the problem gives the mass as m = 10kg)

Thus, y"=-25y. The general solution is y = C; cos 5t +C, sin 5¢. Apply the initial condition to get y = 0.lcos5z.

The period is 2?” seconds.

k=100 Ib/ft, w=11b, g = 32 fUs?, y =$ ft
B=40V2 . Then y= (é) cos(40v2)r.

Amplitude is ILZ fi=1in.

2n

Period is
402

=0.1111 s.

y = 0.1cos 5t = 0 whenever 3t =2 41k or t=l+£k.
2 10 5

sin5(£+£k)
10 5§

Sin (£ + n'k)
2

= 0.5 meters per second

T n
(Z+Zk|=05
’y (lo 5 )\

=05

|10| = k(-:l;-), so k=30 1b/ft, w=201b,

g=32fus?, yo=-1 fi, vy =2 fUs, B=43
Then y = C; cos(4v/31)+C, sin(431).

y= cos(4\/§t) +[—J%]sin(4\/il) satisfies the initial conditions.

k=201b/ft; w=101b; yp =1 ft; q=ila s-b/ft, B=8,E=0.32

E2 —4B? <0, so there is damped motion. Roots of auxiliary equation are approximately —0.16 + 8i.

General solution is y = e 0160 (Cycos8t +Cysin8t). y= e 016" (cos 8¢+ 0.02sin 8r) satisfies the initial conditions.

k=201b/ft; w=101b; yp =1 ft;g=4 s-1b/ft

B= ,’&01)(()—32 =8; E=(i)1-(?= 12.8; E2 -4B?% <0, so damped motion.

Section 18.3
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_E+JE? —4B?
2
General solution is y = P (C, cos4.8t+ C, sin4.8r).

y' = 784 (_4.8C, sin 4.8 +4.8C, cos 4.81) - 6.4¢ 754 (C; cos 4.81 + C, sin 4.81)

Roots of auxiliary equation are =—6.41+4.8i.

Ift=0,y=1, y'=0, then 1=C, and 0=4.8C, -6.4C}, so C; =1 and =g.
Therefore, y =% [cos 4.8 +G)sin 4.8:].

7. Original amplitude is | ft. Considering the contribution of the sine term to be negligible due to the 0.02 coefficient,

the amplitude is approximately e,

e 01 £ 0.1 ifr ~14.39, so amplitude will be about one-tenth of original in about 14.4 s,

8. ¢ =1and C, =-0.105, so y=e'%(cos8r +0.105sin8r).
9. LQ'+RQ'+%=E(1); 10°0'+10°Q=1; Q'+Q=10"°
Integrating factor: €’
DO 1=107%¢":0¢' =107%¢' +C;
0=10"+Ce™’
If1=0,0=0,then C=-107,
Therefore, O(t)=10° -10%e™ =10%(1-¢7").

10. Same as Problem 9, except C=4-107"°, so Q(1) =10 +(4-107%)e™".
Then 1(t) = Q'(1) = ~«4-1078)e™.

11, ——Q——— =120sin377¢
[2(107%))

a. O =0.00024 sin 377¢

b. I(1)=Q'(f) = 0.09048cos377t

12. 10°+RO'+2=E: 1020"+-2 =20, 0" +10°0 = 2000
c 1077

The auxiliary equation, r2+10° = 0, has roots +10%/2;,

Oy =G cos10°/2; +Cy sin 1092

Op= 2000(10"9) = 2(10'6) is a particular solution (by inspection).
General solution: Q(¢) = 2(10'6)+ G cos 10%/2¢+ C, sin 10%/%;

Then I(t)= Q'(t) =-10""2C;sin10%/21+10%/2C, cos10%/ 21,
If1=0,0=0,/=0, then 0=2(10°)+C, and 0=C,.

Therefore, I(f) = -10°/2(=2[107])sin10°/2¢ =2(107/2)sin10%/2s.

13. 3.5Q'+1000Q+——Q—_6— =120sin 377t
[2107)]

(Values are approximated to 6 significant figures for the remainder of the problem.)
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14.

15.

16.

17.

830

Q" +285.714Q" +1428570 = 34.2857 sin 371t

Roots of the auxiliary equation are
—142.857 + 349.927i.

0, = e 142857 (C, c05349.927¢ + C; 5in 349.9271)
Q, = -3.18288(10*)cos 3771 +2.151 19(1075)sin 3771

Then, Q = —3.18288(107*)cos377¢ +2.15119(107)sin377¢ + 0.

1 =0 =0.119995sin377¢ +0.000810998 cos 377 + Oh

0.000888 cos 377¢ is small and O} — 0 as 1 — =, so the steady-state current is/ =0.12sin377r.

a. Roots of the auxiliary equation are +Bi.
yp = C, cos Bt +C, sin Bt.

c .
yp =t ————|sin At
’ [(Bz—ﬁ]

The desired result follows.

b. Yp =(—§E)tcoth, )
£

y=CycosBt+Cy sinBt-(ZB)tcoth.

c. Due to the ¢ factor in the last term, it
increases without bound.

Asin(ft +y) = A(sin Bt cosy +cos Bt siny)

= (Acosy)sin Bt +(Asiny)cos St

=C, sin Bt + C; cos Bt, where C, = Acosy and
C,; = Adsiny.

[Note that

C2+C? = A2cos? y + A%sin? y = A7)

The first two terms have period Zg— and the last
has period 3} Then the sum of the three terms
is periodic if m (%‘) = n(%t) for some integers

m, n; equivalently, if

a W

m .
= —, a rational number.
n

The magnitudes of the tangential components of
the forces acting on the pendulum bob must be
equal.

Section 18.3

18.

Therefore, -m 5—2{ =mgsin6.
dt
2 2
s=1L0 so —d—25=L¥.
dt dt
2
Therefore, —mL% = mgsin6.
dt
2

Hence, 5—6 = —gsin a.
a? L

a. Since the roots of the auxiliary equation are

:t\/%i , the solution of 8°(t) +(i§—)9 =0is

6 =Ccos \/%t +C,sin \/%1, which can be

written as 8 = C(\/—% + y)

(by Problem 15).
The period of this function is

2
2 _on Lo 2n,’—LR =2nR, f—L-
JE JG GM GM
L

4
n _ 2R _ RYL

Therefore, — =

P2 2nR, L szﬁz

GM
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b. To keep perfect time at both places, require

_ R,\/80.85

= . Then ]—_1 SO
Pr=p 39604/81

Ry =3963.67.

The height of the mountain is about
3963.67-3960 = 3.67 mi (about 19,387 f1).

18.4 Chapter Review

Concepts Test

1.

2.

10.

False: y2 is not linear in y.

True: yand y” arelinearin y and y",
respectively.

True: y'= sec? x+secxtanx
2y' - y? =(2sec’ x+ 2secxtanx)

—(tan2 x+2secxtan x +sec’ X)
=sec’x-tan’x=1

False: It should involve 6.

True: D? adheres to the conditions for
linear operators.
D*(kf) = kD2 ()
D*(f+g)=D*f+Dg

False: Replacing y by Cyuy (x) + Coup(x)

would yield, on the left side,
Gf(X)+Cof(X)=(C+C) f(x)
which is f{x) only if C; +C; =1 or

fix)=0.
True: —1 is a repeated root, with multiplicity
3, of the auxiliary equation.
True: Luy —uz) = L(u) - L(uy)
=f(x)-f(x)=0
False: That is the form of y;. y, should

have the form Bx cos 3x + Cx sin 3x.

True: See Problem 15, Section 18.3.

Sample Test Problems

1.

u’+3u = e*. Integrating factor is e>*.

D[ue3X] - e4x

Instructor's Resource Manuat
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y = (z)ex + Cle~3X
I

yl = (Z)ex + Cle'k

y= (%)e‘ +Ce* 4G,

. Rootsare -1, 1. y=Cie™* +Cye*

. {Second order homogeneous)

The auxiliary equation, r2-3r+2= 0, has roots
1, 2. The general solution is y = Cje* + C,e?*,
y' = Ce* +2C,e**

Ifx=0,y=0, y'=3, then 0=C; +C, and
3=C+2C;, s0 C;=-3.Cy =3.

Therefore, y = —3¢* +3¢%*.

. Repeated root —%, y=(CG+ sz)e(—BIZ)x

. ¥y =Ce ¥ +Cye* (Problem 2)

yP =-1+ Cle'x +C22x

. (Second-order nonhomogeneous)

The auxiliary equation, r* +4r+4 = 0, has roots
-2,-2,

_ -2x -2x _ -2x
Yy = Cle + sze = (Cl +C9_x)e

Let y, = Be*; y}, = Be*; y}, = Be*.

(Be™)+4(Be*)+4(Be*) = 3e*, so B=%.

X
General solution: y = 33—+ (€ +Cyx)e*

. ¥4 =(C, +Cyx)e™®* (Problem 12)

_ l 2 -2x
o =(3)i%
y= [(%)xz +CG+ sz]e'z‘
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8. Roots are £2i.
y=Ccos2x+C,sin2x
y = sin 2x satisfies the conditions.

9. (Second-order homogeneous)

The auxiliary equation, 7 +6r+25 =0, has
roots -3 + 4i. General solution:

y = ¥(C, cos4x+C, sin4x)

10. Roots are +i. y, = C cosx+C;sinx

Yp = xc0sx—sin x +sin xIn|cos x|

y = xcosx—sinxln|cos x|+ C, cos x+ Cy sin x
(combining the sine terms)

11. Rootsare—4,0,2. y=Cie™ +Cy + Cye™*
1 2 3

12. (Fourth-order homogeneous)
The auxiliary equation, r*-3r2-10=0or

(r> =5)(r* +2) = 0, has roots —/5, 5, +2i.

General solution:

y= Cle‘/g" + Cze“/§Jr +C; cosV2x+Cysiny/2x

13. Repeated roots +2

y= (C1 +C2X)_€_ﬁx +(C3 +C4X)€J-2-x
K4, a. 0'(t)=3-0.020Q

b. Q'(1)+0.020=3

Integrating factor is e
D[QeOOZI] = 380.021

0.02¢

832 Section 18.4

15.

16.

17.

Q1) =150+ Ce™0-0%
O() =150 -30e7%9% goes through (0, 120).

¢. @—-»150gast—w,

(Simple harmonic motion)
k=5w=10; yg=-1

5= [66D) _,
10

Then the equation of motion is y = —cos 4.

The amplitude is |—1] =|; the period is % = g

It is at equilibrium when y = 0 or —cos 4/ = 0, or
n 3n

3’ ?,
y'(t) =4sin 4y, so at equilibrium |y'| = |+4| = 4.

0"+20'+20=1
Roots are -1 +i.

Oy =€ "(C cost +C, sint) and O =%;

Q= e"(Cl cost+C, sint)+%

1(1)=Q'(t) = -e™[(C, - Cy)cost +(C, + Gy )sint]

1(t) = e™"sin: satisfies the initial conditions.
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Maple and Mathematica Code for some Technology Projects

Technology Project 12.1 Rotations in the Plane

Maple:
with(plots):
f = (x,y) ->x72 + 24*x*xy + 8%y~2 - 136;
implicitplot (f(x,y) = 0,x=-16..16,y=-16.. 16);

Mathematica:

<<Graphics ‘ImplicitPlot’
flx.,y.] = x"2+ 24 xy+ 8 y2 -136;
ImplicitPlot[ f[x,yl==0 , {x,-16,16} , {y,-16,16} ]

Technology Project 12.1 Roses

Maple:
rect := (theta,r) ->[ r*cos(theta) , r*sin(theta) ]
n := b:
d := 49:
degr := 2%Pi/360:
rose := k ->evalf( rect( k*degr , sin(n*kx*degr) ) ):

path := [ seq ( rose(d*k) , k=1..360) 1]:
PLOT( CURVES(path) );

Mathematica:

rect [theta_,r_] := N[{r Cos[theta],r Sin[theta]}]
Attributes[rose]={Listable}

n=25;d-=13;

rose[k.] = rect[k Degree,Sin[n k Degree] ];

path = Line[ rose[Range[0,360 d,d]] ];

Show [Graphics [{Thickness[.0005] ,path}],AspectRatio->1]

Technology Project 13.2 Measuring Home Run Distance

Maple:
degr := 2%Pi/360:
g = 3:
d := 430:
h := 80:
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phi := 30*degr:

theta := arctan( tan(phi) + 2x(h-g)/d );

vO := evalf( sqrt( 32*d / ((cos(theta)) 2*(tan(phi)+tan(theta))) ) );
y := x ->-16%x"2/(v0"2 * (cos(theta))"2) + (tan(theta))*x + g;
plot(y(x), x=0..d, scaling=constrained);

HRdist := evalf(
( - tan(theta) - sqrt( (tan(theta)) 2 + 64*g/(v0"2 * (cos(theta))"2) ) ) /

(-32/(v0~2 * (cos(theta))~2)) );

Technology Project 15.1 Newton's Method for Two Equations in Two Unknowns

Maple:

f := (x,y) ->x72 + y~2 - 48:
g := (x,y) ->x +y - 6:
dfx := unapply(diff(f(x,y),x),(x,y)):

dfy := unapply(diff(f(x,y),y),(x,y)):
dgx := unapply(diff(g(x,y),x),(x,y)):
dgy := unapply(diff(g(x,y),y),(x,y)):

x1 :=2: yl :=0.5:
for n from 1 to 5 do

x2 := x1 - ( £(x1,y1)*dgy(x1,yl) - g(x1,y1)*dfy(x1i,y1) ) /
( dfx(x1,y1)*dgy(x1,y1) - dgx(x1,y1)*dfy(xi,y1) ):1

y2 := y1 - ( g(x1,y1)*dfx(x1,y1) - £(x1,y1)*dgx(x1,y1) ) /
( dfx(x1,y1)*dgy(x1,y1) - dgx(x1,y1)*dfy(x1,y1) ):

x1 := x2:
yl := y2:
od;

Mathematica:
flx_,y-] = x72 +y~2 - 48;
glx.,y.] =x +y - 6;
dfx(x_,y.] = DIf[x,y],x];
dfylx_,y.] = Dlf[x,yl,y];
dgx[x.,y.] = Dlglx,yl.x];
dgylx.,y.] = Dlglx,yl.yl;

x1 =2; yl =0.5;

Dol x2 = x1 - ( £fx1,y1] dgylxl,y1] - glxi,y1] dfylxi,yi]l ) /
( dfx[x1,y1] dgylx1i,y1] - dgx[x1,y1] dfyl[xi,y1] );
y2 = y1 - ( glx1l,y1] dfx[x1,y1] - £0x1,y1] dgx([x1,y1] ) /
( dfx[x1,y1] dgylx1,y1] - dgx[x1,y1] dfylx1,y1] );
x1 = x2;
yl = y2;
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Print(x2,’’ ’’,y2],
{n,1,7} 1

Technology Project 15.2 Visualizing the Directional Derivative

Maple
with(plots):
f = (x,y) —->3%x + 4*y + 4:
theta := -70: phi := 53:
x0 :=1: y0 := -1:
e := 0.2:
a := t ->(£(x0+excos(t),y0+e*sin(t))-£(x0,y0)) / e:
h := t ->f(x0+e*cos(t),yO+e*sin(t)):

pl := plot3d( f(x,y) , x=-2..2 , y=-2..2 , axes=frame , color=grey ,
orientation=[theta,phi] ):

p2 := spacecurve( {[xO+excos(t),yO+e*sin(t) , h(t)]} , t=0..2#Pi ,
axes=FRAME , thickness=2 , color=black , orientation=[theta,phi]):
p3 := contourplot( f(x,y) , x=-2..2, y=-2..2 , grid=[21,21] ,
color=black , scaling=constrained , contours=20 ):

p4 := plot( [ (xO+excos(t),yO+e*sin(t)) , t=0..2%Pi] ,
scaling=constrained , color=black , thickness=2 ):
display([p1,p2]);

display([p3,p4l);

plot( h(t) , t=0..2%Pi );

plot( a(t) , t=0..2%Pi );

evalf( int(a(t),t=0..2%Pi) );

Mathematica

flx.,y.] =3x+4y+ 4;

x0 =1; yO = -1;

e = 0.2;
alt.] = ( £f[x0+exCos[t],yO+exSin[t]] - £[x0,y0] ) / e;

h(t_.] = f[xO+e*Cos[t],yO+e*Sin[t]];

pl = Plot3D[ flx,yl , {x,-2,2} , {y,-2,2} , AxesLabel->{’’x’’,’’y’’,?’z?’} ,
Boxed->True , ViewPoint ->{5, -15, 8} , DisplayFunction->Identity J];

p2 = ParametricPlot3D[ {xO+exCos[t] , yO+exSin[t] , h[t]l} , {t,0,2Pi} ,
DisplayFunction->Identity J];

p3 = ContourPlot[ flx,y] , {x,-2,2} , {y.,-2,2} , PlotPoints->21 ,
ContourShading->False , DisplayFunction->Identity J;

p4 = ParametricPlot[ {xO+exCos[t] , yO+exSin(tl} , {t,0,2Pi} ,
DisplayFunction->Identity J;

Show[ {pi,p2} , DisplayFunction->$DisplayFunction ];

Show[ {p3,p4} , DisplayFunction->$DisplayFunction];

I
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Plot[ h[t] , {t,0,2Pi} ];
Plot[ alt] , {t,0,2Pi} ];
NIntegrate[ alt] , {t,0,2Pi} ]

Technology Project 16.2 Monte Carlo Integration

Mathematica:
flx.] := x (1-x) (Sin[100 x (1-x)])"2
xmin = 0; xmax = 1;
ymin = O; ymax = 0.25;
numtrials = 1000;
pl := Plot[f[x],{x,0,1},PlotStyle->Thickness[0.012],
DisplayFunction->Identity]
x = Table[ Random[Real,{xmin,xmax}],{numtrials} J];
y = Table[ Random[Real,{ymin,ymax}],{numtrials} J];
data = Transpose[{x,y}];
p2 := ListPlot[data,PlotStyle->PointSize[0.012],
DisplayFunction->Identity];
Show [p1,p2,DisplayFunction->$DisplayFunction]
numsucc = 0;
Dol[If[ y[[k]] <f([x[(k]]],numsucc=numsucc+1],
{k,1,numtrials}]
areaestimate = (xmax-xmin) (ymax-ymin)numsucc/numtrials;
Print[ areaestimate ]

Maple
with(plots):
with(stats):
with(linalg):
f := x ->x*(1-x)*sin(100*x*(1-x))"2:
xmin := 0: xmax := 1:
ymin := 0: ymax := 0.25:
numtrials := 1000:
pl := plot( £(x) , x=xmin..xmax , y=ymin..ymax ):

randomize (Seed) ;
xx := [ stats[random, uniform] (numtrials) J:
yy := [ stats[random, uniform] (numtrials) ]:

xx := [seq(xmin,i=1..numtrials)] + (xmax-xmin)*xx:
yy := [seq(ymin,i=1..numtrials)] + (ymax-ymin)=*yy:
p2 := pointplot( transpose( [xx,yy] ) ):

display( [ p1,p2 1 );

numsucc := 0:

for i from 1 to numtrials do
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if yy[i] <f(xx[i]) then numsucc := numsucc+l fi:
od;
areaestimate := (xmax-xmin)*(ymax-ymin)*numsucc/numtrials;

Technology Project 17.2 Parametrized Surfaces
Maple

plot3d( [sin(s)*cos(t) , sin(s)*sin(t) , cos(s)] , s=0..Pi , t=0..2%Pi );
Mathematica

ParametricPlot3D[ { Sin[s]Cos[t] , Sin[s])Sin[t] , Cos[s] } .
{s.,0,Pi} , {£,0,2 Pi} , PlotPoints->31 ]
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