| CHAPTER
] 7 Vector Calculus

17.1 Concepts Review 5.

1. vector-valued function of three real variables or a
vector field

2. gradient field
3. gravitational fields; electric fields

4. V-F,VxF

Problem Set 17.1

1. y

2

=/ N -
/ \ 7. {(2x-3p,-3x,2)

2. y ) 8. (cos xyz){yz,xz,%p)

// \\ 9. f(x, y» 2)=In|x|+Iny|+nlz|:

% Vf(x, y.2)= (x"], y'], z“l)
\M7/
10. (x,y,z)

3. ¥ 11. ¢’ {cosz, xcosz, —xsin z)

/j \> 12. Vf(x,y, 2)= (0’ 2ye’22’ _2y2e-22>
=2ye 2 (0,1,-)

—|
Y/
13, divF=2x—2x+2yz=2yz

curl F= (zz, 0, —2y>

4. )
14. divF=2x+2y+2z
~ 1 curl F=(0,0,0)=0
—%
~— | 15. divF=V-F=0+0+0=0
curl F=VxF=(x-x, y-y,2-2)=0
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16.

17.

18.

19.

20.

21.

divF=-sinx+cosy+0
curl F = (0,0,0) =0

div F=e* cos y +e*cosy+1=2e" cos y+1

curl F = (O, 0, 2¢* sin y>

divF=V.F=0+0+0=0
curl F= Vx F=(1-1,1-1,1-1) =0

a. meaningless
b. vector field

c. vector field

a. divicurl F)=div-(P, N, M= P, Ny =M} = (P,

d. scalar field
e. vector field
f. vector field
g. vector field
h. meaningless
i. meaningless
j-  scalar field

k. meaningless

“N)+(My -Py)+ (N —M ;) =0

b. curligradf) =curl(fy. fy. o) =(foy = e S = for fye—fo)=

c. div(F)=div(M, N, fP)= (M + fM)+(/Ny+f,N)+(fP, + f,P)
=(f)(Mx+Ny+Pz)+(fo +ny+sz)=(f)(div F)+(gradf)-F

d. curl(fF)=curl{fM, fN, fP)

=((P, + JyPY=UNy + £:N), M, + ;M) = (P + fP). (N + fN)= (M, + £, M)
= (N)(Py =Ny My =Py Ny =My )+(fr. £y, S )%(M. N. P) = (Ycurl F) + (grad /) x F

Let f(x y. 2)=—clr|”, so

grad(f) = 3¢|r|™? —I=3c|.r|‘5

Then curl F = curl[(-c|r|‘3 H

= (~elfl™ Jecuri )+ (3elrf® r)xr oy 200

= (~elrl” (©+ (3¢ Jrxr) = 0+0=0

.—_(-c|r| = )(div r)+(3c|r| ) r (by 20c)

= (~elel 11413+ (3ele] )i

’)

div F-dlv[ -c|r| ]
)
)

= (=3elel )+ 3¢lef =0
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. curl [—c|r|—m r] = (—c]rl_m )(0) + mc|r|~m_2

=0
div[—c Ie[™ r] = (-C ™" )(3) + mz:|r|_'"‘2

=(m-3)clr|™"

(ifr 2 0)
= £V (x, y. 2) = f(rt?
curl F ={f(")]{curl r] + [f'(r)r'”zr]x r

= [/ (MNfeurl r]+ £ () 2r)xe
=0+0=0

. div F = div[fnr] = [RN](div r) + grad[Ar)] -

=[f(MIdiv ) +[f(r)r'r]r
=[f (NI +Lf () I -r)
=3f(+LF () =3f (D +1f ()

Section 17.1

)

I?

. gradf = <f'(r)xr‘”2, iy, f'(r)zr'”2>
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Now if div F = 0, and we let y = f{r), we have the div L = (x> +y2)_“2: curlL =0

. . . dy _ . 5
differential equation 3y + r; =0, which can be divH = 0: curl H = <0, 0 —2xe* > which
s;lved as follows: ' points downward at P, so the rotation is
9 ﬂ; lnlyl = —3ln|r| + ]nlc| = lnICr'3|, clockwise in a right-hand system.

r
for each C # 0. Then y=Cr'3. or

f(r)= Cr'3, is a solution (even for C = 0).

26. divv=0+0+0=0;
curl v= (0,0.w+w) =2k

!
25. a. Let P=(x. o). 27. Vf(x, y, 2) =5’ (2x,2y,22) = mw® (x..2)

div F = div H = 0 since there is no tendency =F(x,y,2)
toward P except along the line x=x, and
along that line the tendencies toward and 28. V2f =div(gradf) = div( fe Sy fz)

away from P are balanced; div G <0 since
there is no tendency toward P except along
the line x = xy, and along that line there is

=fxx+fyy+fzz

more tendency toward than away from P; a. V? f=4-2-2=0
div L > O since the tendency away from P is
greater than the tendency toward P. b. V2f=0+0+0=0

b. No rotation for F, G, L; clockwise rotation
for H since the magnitudes of the forces to
the right of P are less than those to the left.

c. VIf=6x-6x+0=0

d. V2f =div(grad =d'( dr")
¢. divF=0;cul F=0 f = div(grad f) = div{grad |t
2 .
divG =-2ye™” <0 since y>0at P; curl =div(—|r| 3r)=0 (by problem 21)

G=0 Hence, each is harmonic.

29, a. FxG =(fygz "fzgy)i_(fxgz _fzgx)j+(fxgz —fz_gx)k
Therefore,
9

. 0
div(FxG) =$(fygZ ~-f.8y)- %

Using the product rule for partials and some algebra gives

, | ¥y [?&_?_f_;] * ¥
le(FxG)—g,[ay 3z ]+gy 3z ox +8; ax  dy
dg, %8y ?8_x_a_gz_] 98y Ogx
+f‘[ay 2 ]”’[a: ax || T

=G curl(F)—F-curl(G)
dg Ofdg). (fog _ofdg). (fde_0of o
b, Vfxvg=| LB _ L8 (T8 T, | TR TIE k
fxve [ayaz azay)' (axaz azax)”(axay ayax}

Therefore,
. d(ofdg ofog) 9fdfdg dfdg), 9(adf dg of og
div(VfxVg)=—| =2 -2 |- -+ —| =5 |
w(VfxVe) ax(ayaz 323y | 3yl oxdz dz0x) oz\dxdy dyox
Using the product rule for partials and some algebra will yield the result

div(VfxVg)=0

d
(fx8, _fzgx)"'gz’(fxgy _fygx) .
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30. lim F(x. y, z) =L if for each £> 0 there is a §> 0 such that 0< I(x y. 2)-{a. b, c)l < & implies that
(x, y, 2)3(a, b, c)

[F(x, y, 2)-L| <&

F is continuous at (a, b, c) if and only if lim =F(a, b, ©).
(x, y, 2)=¥(a. b, ¢)

3. Letx=t,y=2,1in [0, 7].
17.2 Concepts Review Then

1. Increasing values of IC (sinx+cos y)ds = J';I (sint +cos 21)V1+4d:

n =25 = 4.4721
2. Y f(X. ¥)As;

i=l 4. Vector equation of the segment is

_ , (x,y) = (-1.2) +1{2,-1),rin [0, 1].
3. FG). YONIKOF +yOF

jé(-l +20e2 7 @+ )2 dr =52 (1-3¢7h)

o gl =-1.7124
dt
5. j(’)(zr +93) 1 +4% +9rH) 2 dr =(%J(143’2 -1
Problem Set 17.2 ~ 8.5639

L j;(27z3+r3)(9+9:4)"2dz=14(2«/5—1)

= 25.5980

it 1 258 2 1
2. (Lol 2+25 | ar=|— |26¥? -1

I0(2)( )[4 4 } (450)( )

=0.2924
6. I;n(l6coszt+l6sin2l+9t2)(16sin12 +16c0s21+9)2ds =J’02“(16+9:2)(5)d1

2
=[80:+15:3’]07I = 1607 +120m° = 4878.11
1
7. | 02[«2 -—l)(2)+(4t2)(21)]dt=1—22 0. [ —3)3(2)+(21)3(2r)]dt=8?25§=23.6571
8. I;(—l)dx+j3l(4)2dy=60 11. y:—x+2
- L ([x+2(=x+ 2} +[x - 2(=x+ 2)}(-D)dx = 0
3 34, 3 3

9. Icy dre+x dy—ICly dx+ x"dy

1 1
12. jo[x2 +(x)2x)dx = Io3x2dx =1
+_[ y3dx+ x3dy . : 2
C, (letting x be the parameter; i.e., x =X, y=x )

-2 43 2 3 _
=7 dy+[ (-2 dx=192+(-48) =144

Instructor's Resource Manual Section 17.2 799



13. (x,y.2) = (L2.1) +1(1,-1,0) 1. m=J'Cklx[ds=j_22k|xi(l+4x2)”2dx

14

15.

16.

21.

22,

23.

w

800

i 2 17
4D+ +X-D-2=-3t+1°}-Dldt = —
Io[( XD +(+1) ( Y=Dldr =2 =(5)(173’2—1)=11.6821k
~2.8333 6
) _ _ 18, Let &x, y, ) = k (a constant).
Jle e+ (e +e2 =370+ (¢! )2e* N W a2 2 a2 2u
m=kf 1ds=k'[ I(a“sin“t+a“cos“r+b°) “dt
NS AT RPN B0 -1 ¢ °
NSNS TN T2 = 3mk(a® +5%)?
= 23.9726 _ o2, ,2\0/2(3%
M,y_kjczds_k(a +b%) fo brds
On C:y=z=dy=dz=0 _9n2bk(a2+b2)”2
OnCy:x=2,z=dx=dz=0 - 2
On C3IX=2,y=3,dx=d)’=0 sz =kJ‘Cyds=k(a2+b2)llzjjnasinfdt
= ak(a® +b)2(2) = 2ak(a® +b*)/?
Myz =kIdes=k(a2 +b2)llzj§nac05tdl
4 = ak(a® +b*)2(0)=0
M
Therefore, f=—yz=0;§=—M"z =2_a_;
m m 3n
’ M 3nb
2 3 4 7= =2
Joxdx+'|.0(2—2y)dy+JO(4+3~Z)dz m 2
2 P 2
_|x2 23 _r 33 2
_[ 2 Lﬁu[zy y ]0+|:7z 2]: 19 [ -y)dx+ny’dy
=2+(=3)+20=19 - ji’l[(ﬁ — )20 + ()83 )dr
(x.y.2) =1(2,3,4),¢in [0, 1). =_%=_o,1591
1
.[0[(91)(2) +(81)(3) + (3r)(4))dr = 27
5 3} (1)1
X =Yg = N2 22
20. jcedx e Vdy L [(r )(I) (2:)(:)}”
=123.6

12
W= ICF-dr = Ic(x+ y)dx+(x-y)dy = J'(;t [(acost +bsint)(-asinr) +(acost - bsint)(bcost)ld:

Inl2 —(a® +bY)sin2t
0 2

12
= J: [—(a2 +b2)sin rcost + ab(cos2 1 —sin? Nlde = +abcos2tdt

/2
B (az+b2)00521+absin21 _ at+b?
4 2 -2

(x.y.2) =+{L.L1), in [0, 1.

jc(zx-y)dx+2zdy+(y-z)dz:j;(r+zz+0)dz=1.5
fn hid sin o cos kil + T COs o +sin o -t dt=2—3=l.3634
ol 2 2 2 2 2 T
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24,

25.

26.

27.

W= [ F-dr=[ ydctzdy+xdz = I()z[(tz)(l)+(r3)(2:)+(t)(312)]d1

8 412

=J-2(214+313+’2)dt =g+12+—=—=27.4667
0 5 3 15

2
J.C(H%)ds = jo (1+10sin> 1)[(=90cos? rsin 1)? + (90sin? rcosr)? 1" 2 dr = 225

450
Christy needs — = 2.25 gal of paint.
ty n 200 it p

[(0.0.1.2)-(ax. dy, dz) = [ 1242

= jj"l.2(4)d: =138.471 ~120.64 fi-lb

Trivial way: The squirrel ends up 327z ft
immediately above where it started.
(327 fi)(1.21b) =120.64 ft-Ib

C:x+y=a
Letx=t,y=a-11in][0,a].

Cylinder:x+y=a; (x+ y)2 =a%

x2 +2xy+y2 =(12

Sphere: x4+ y2 +722=a®

The curve of intersection satisfies:

%= 2xy;z=,/2xy .

c{:137)

Area =8[ 2xyds =8[" \2t(a- )\ (1)? + (=1)%dr
Jo\2vds =8f; J2ita=ny

=16_[(;7 at—t2dt

2
t_.‘l a I—g'
=16]| —2 at—-t2 +—(—?—)—sin'l[—2J
2 a
2
L 20
( 2 2 T
a 14 a -7
=16 {0+ & [ = ||-]o+| = = |||=24%n
\ 8 L2 8 2

Trivial way: Each side of the cylinder is part of a
plane that intersects the sphere in a circle. The
radius of each circle is the value of z in

z= \/ny when x=y =%. That is, the radius is

instructor’'s Resource Manual

29,

. C x2+y2=a

2(3)(5) = 0—22—. Therefore, the total area of

2 )2
av2

2
the part cut out is r T{TJ =2a%n.

3
_ 2, i f92 _ ka
Iy_Ickx dS—4kIOI s/idt—4\/§—3

(using same parametric equations as in
Problem 27)

I,=1, (symmetry)
3
I =1+, =8~/§%

Note that r = a cos @along C.
Then (a2 —x* —yz)”2 =(a2 —rz)”2 =acosf.

x=rcos8 =(asinf)cosb T
Let , 6i , = |.
{y=rsin0=(asin6)sin9} " [0 2]

Therefore, x'(6) = acos 20; y(6) = asin 26.
Then Area = 4Ic(a2 a2y M2

12
= 4I: (acos@)[(asin 249)2 +(acos 29)2 ]1/2 46
=4a%.
2

Letx=acos 6,y =asin 6, fin |:0, g]

X

C el
Area = 8J'C\)a2 - x%ds

= 8J.:/2 (asin G)J(—a sin 9)2 +(acos 6)2 de

2-+y2=ay}

Section 17.2 801



31

12
=8 j;‘ (asinB)a?d6 = 8a2[-cos O}

=8a’

(Note: The result of Problem 26, Section 12.8,
could be used to arrive at this result more
quickly.)

n/2
12 12
a. ch2yds=J: (3sinr)2(3cost)[(3cost)2+(—3sim)2]”2dt=81Ig sinztcostdt=81[(§)sin3t]0 =27

b. [, oPdcrn’dy= | ; G-1)5 -1)2(-1)dz+j§(3 G- (=Dt =2 j; (3 —13¢% +551 = 75)dr = ~148.5

17.3 Concepts Review

L. fib) - fla)

2.

3

4,

gradient; Vf(r)
0;0

F is conservative.

Problem Set 17.3

|

802

My=-1=N,, soFis conservative.
f(x, y)=5x2—7xy+y2+C
M,=6y+5=N,, so F is conservative.
f(x y)=4x3+3xy2+5xy—y3+C

M, = 90;:4)1—36y5 # N, since

N, = 9Ox4y - 12y5, so F is not conservative.

M, = —12x2y3 +9y8 = N,. soFis

conservative.
f(x, y)= 7% —x3y4 +xy9 +C

12} 52 3 . .
My= -3 x“y = N,, soF is conservative.

fx. = (%)Py'z +C

M, = (4y2)2xysin xy?) + By)(cos xy*) # Ny

since Ny = (8::)(—)’2 sin xyz) + (8)(cos xyz), soF
is not conservative.

Section 17.3

10.

11,

12,

M, =2¢” —e* = N, soF is conservative.

fx, y)=2xe? —ye* +C

M, =-e*y ' =N,, soF is conservative.

y
fx, y)=e*lny+C

M,=0=N;.M, =0=P;, and N, =0=P),
so F is conservative. f satisfies

felx, y, 2)=322, fy(x ».2) =6y%, and
f:(x, y,2) =922,

Therefore, f satisfies

L f(x, y.20=x +C (. 2).

2. f(x, y» 2) =2y +Cy(x, 2), and

3. fx, 3, 2)= 322 + C3(x, y).

A function with an arbitrary constant that
satisfies 1, 2, and 3 is

f(x y, z)=x3+2y3+3z3+C.

M, =2x=Ny, M,=2z=F, and
N, =0=P,, soF is conservative.

2

f(xy, )=x*y+xz’ +sinnz+C

My, =2y+2x=N,, so integral is path

independent. f(x, y)= xy2 +x° y

@a.n 3,1
Jors 0 +20)dx+ (x* + 2xy)dy = (2 +x2y104%,
= 14 (Or use paths.)
M, =e"cosy=N,, sotheline integral is
independent of the path.

Let fo(x, y)=e*siny and f,(x, y)=e"cosy.
Then f(x, y)=e"siny+Ci(y) and
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f(x, y)=e€"sin y+Cy(x).
Choose f(x, y)=e"siny.

By Theorem A,
Lri2) o . .
-[((o.g) Y¢*sin ydx+* cos ydy =[e*sin yl{g 51

=é€.

(Or use line segments (0, 0) to (1, 0), then (1, 0)
to (l, E]]
2

13. M, =187 =N, M =4x=P, N =0=P,

By paths (0, 0, 0) to (1, 0, 0); (1,0, 0) to (1, 1, 0);
(1L,L,Ow(, 1.1)

I(;de+I(:9y2d)'+ j;(4z +1)dz =6

(Oruse f(x, y)= 3x? y3 +2x2% + z)

14, M,=z=N M, =y=F, N =x=P,

fx.y)=xyz+x+y+2
Thus, the integral equals
LLY)

[xyz+x+y+ Z]EO.L 0= 3. (Or use paths.)
15. My=1=N, M =1=P, N, =1= P, (so path

independent). From inspection observe that
f(x, y, 2)=xy+xz+yz satisfies

f ={y+z.x+zx+y), sothe integral equals

[xy+xz+ yz]E(')_l‘o(.)’o’;) = -1 (Or use line

segments (0.1, 0) to (1,1,0), then (1,1,0) to
(LLD).)

16. M,,=22=N,‘.Mz =2y=P, N, =2x=P, by
paths (0.0,0) to(7,0,0), (#,0,0) to (n,n,0).

Igcosxdx+1:sin ydy=2

2
Oruse f(x, y, Z)=Sil‘lx+2xy2—cosy+%.

17. fi=M,f,=N.f.=P
foy =My, and fy; =Ny, so My, =N,
fo=M,and f; =F,so M, =P,
fy; =N, and fy=PFy. 0 N, =P,
18. f.(x, )=
* ey’ et

, SO

~k
fx, v, 2 =71n<x2 +y + )+ o).

Similarly,
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—k
f(x, ¥, 2) =71n(x2 + y2 +22)+ Cy(y, 2),
using fy: and
—k
fxy.2)= TIn(x2 +y2 +22)+ CGy(y, 2),

using f,.
Thus, one potential function for F is

f(x, y,2)= %kln(xz + y2 + 12).

19. F(x, y,2)= k|r|ﬁ=kr =k(x, y. z)

f(x, y.2) =(§)(x2 +y2 +2%) works.

20. Let f =(%)h(u) where u = x*+ y2 + 22

Then f, =(%}h'(u)llx =(%)g(u)(2.t) = xg(u).
Similarly, f, =yg(x) and f, = zg(u).
Therefore, f(x, y, 2) = g){x, y, 2)
=g(x?+y + zz)(x, y, 2y=F(x, y, 2).

21, [ Fedr= j: (mr* ')t

b L 4 ~ ! N
=mIa(xx +yy +2°2)dt

"2 "2 n2
=m["" L0 @) I

2 2 2

’ mif, ., 2 ’
=2 (z)|ZI =2{IF o -Faf |

22. The force exerted by Matt is not the only force
acting on the object. There is also an equal but
opposite force due to friction. The work done by
the sum of the (equal but opposite) forces is zero
since the sum of the forces is zero.

23. f(x,y,z)=-gmz satisfies
Vf(x, y, 2)=(0, 0, - gm)=F. Then, assuming

the path is piecewise smooth,

Wtk [ e

= —gm(zz - Z]) = gm(zl - 22).

24. a. Place the earth at the origin.
GMm =7.92(10%)

fr)= _Cl;ﬂrm is a potential function of
r

F(r). (See Example 1.)
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Work = jc F(r)-dr = [

Ir
= -1.77(10*?) joules

b. Zero

2 2
25 8 Me—2 .y, =X Y)

147.1(10%)
-—GMm:l

r=152.110°)

@y T @y

N= X _ (x*-y?)

=% +y?)

17.4 Concepts Review

N JdM

1, 227

dx dy
2. -2; -2
3. source; sink

4. rotate; irrotational

Problem Set 17.4

ol 2 e
cﬁczxydn y2dy=HS(0—2x)dA

= [2[%) -2xdrdy = S 42667
0y 15

2, y
2

804 Section 17.4

M= y _ (sinf)
(2 +y%)  (cos’r+sin1)
x _ (-cos?)

=sint

N-= = —Cos?

T2 +y%) (cos2r+sinlr)
ICF.dr =JCde+ Ndy
= I()zn[(sin 1)(-sin1)+(-cosr)(cos?)]dr

2n
= - =9
JIO 1dt=-2nz0

26. fis not continuously differentiable on C since fis
undefined at two points of C (where x is 0).

@Cs/;dx"'\/;dy:ﬂs%(fm—y_”z)df‘

(R et

=——3£=—0.8485
5
3.4y
2_
S
{
0 2 X
<35C(2x+ y2)dx +(x2 +2y)dy = HS (2x—2y)dA
2 14 of x* %O
=j0 s (2x—2y)dydx=IO|:—2——E:|dx
18 8.2 50sm
5 7 35
4.
1
S
]
0 2 X

b xydx+ (et y)dy = [[ (1-0)dA

1
3
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y
> s A(S)=(%)gﬁcxdy-ydx
n VA3 ()3 1o 1110242 = 22
A R W '(2)_[0[[2)1 (;]X ]dx [Z)J.z[ZX x°]dx
-5 N 5 x
[/ P
| 3
5
9. y
4) (X2+4xy)dx+(2x2+3y)dy=ﬂ (4x —4x)dA !
¢ s
=0
o S
6. Yy
i !
“r 0 1 X
- S a. HsdideA=ﬂS(Mx+Ny)dA
l—
I S S =HS(0+0)dA=O
0 2 6 X

(ﬁ (e3" +2y)dx+ (.x2 +sin y)dy = HS (2x-2)dA b. Hs (curl F)-k dA = Hs (Nx _MY)dA
(o

= ([ @x-2y)da=[ [ @x-2y)dxd
[} [y @x-Daxdy= [ 24dy = 243 =72 H,S( x-2y)da= [ [ @x-2y)dsdy
= [,u-2»dy=0

7.
8— —
s 10. a. HS(0+0)dA—O
c,
] b b-a)dA=[ [ b-a)dxdy=b
. [[j@-arda=[ [ b-aydxdy=b-a
Cl
oy 11. a. HS(0+O)dA=O
0 2 g8 X
b. H (3):2 -3y2)dA=0, since for the
_(1 _ s
AS)= ( 2 )(ﬁc xdy - ydx integrand, f(y, x} = —flx, y).
_ 1 2 2 2 -l_ 0 _ _§
'\E)IO [4x% - 2x ]dx+(2)j2[4x 4xldx =3 12. N

LL. a. [[ divFda=[[ (M, +N,)dA
= jjs(n 1)dA = 2{A(S)} = 21
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13.

14.

15.

19.

20,

21.

806

b. [f (curl F)-kdA=[[ (N, -M,)dA 16. §_F-Tds = [[,@y-2y)da=0

=[[.©0-0da=0 ,
s 17. Fisaconstant, so Ny =M, =0.

Hs(cuﬂ F)-kdA =J'C F.Tds_-[c F-Tds @CF-Tds =.Us(N" -M,)dA=0
1 2

= -(=20) =
30 - (-20) = 50 18. $Mdr+Ndy=[[ (N, -M)dA=0
N _ B
. F-nds= [[ (2x+2x)dA= [ 4xdedy=2 c,
Y
! A C,
Therefore, ICF-dr is independent of path since
— S
o Frdr=[, Fedr= [ F-dr=0
\ {Where C is the loop C; followed by -C5.)
0 1 x dr = . i
Therefore, I C,F dr IczF dr, soFis
= . —_ — [‘ .
w ¢CF Tds ”s (N, —M,)dA conservative
el
= [[;-2y-2y)aa= | [ ~4ydsay
1
= =2
I0—4y dy=-2
a. Each equals (x2 - yz)(x2 + yz)'z.

- - 2n .
b. @C)’(Xz‘*)’z) ldx—x(x2+y2) ldy=J‘0 (—smzl—coszt)dt

=I()2n—ldt

¢. M and N are discontinuous at (0, 0).
a. Parameterization of the ellipse: x =3 cos 1, y =2 sin ¢, tin [0, 27].

J‘z"{__z&_(_mm) _-ﬂ—(Zcost)]dt =-2n
9cos

0 2 +4sin?: 9coszt+4sin2t

1 -1 -1 1 _

b. [ —+yHay+[ (F +)dx+ | a+y")ldy+ [ P+ dx=-2m
-1 1 1 -1

c. Green's Theorem applies here. The integral is 0 since N, -M .

Use Green's Theorem with M(x, y) = -y and N(x, y) = 0.
$oy)dx = [[ 10— (-DldA = AS)

Now use Green’s Theorem with M(x, y) = 0 and N(x, y) = x.
(ﬁcxdy = ﬂ's (1-0)dA = A(S)

Section 17.4 Instructor's Resource Manual



22,

§ 4 ) [0 an= st D)

[[(x-0aa=m,

23. A(S)=(%](j}cxdy—ydx =(%)J‘02ﬂ[(acos31)(3asin21)(cost)—(asin3 t)(3acoszt)(—sint)]dt =(§)a2n

24,

25,

W=§ F-Tds=[ (curl F)-kdA = [[ (N, -M)dA= [[ (-3-2)dA

2 2
= =5[A(S)])= —5[ 308 n)= - 15105 T , using the result of Problem 23.
a. Fon= x2+y2 _ 1 _l
: Py 2y a
1 i
Therefore. jCF-nds = ;jclds =—(2na)=2n
2, 2y 2, 2y
b, divF=t) ’)(l) = (;)(ZX) LTy 2)(l) 2(3')(2y) -0
(x“+y°) (x*+y°)
c. M is not defined at (0, 0) which is inside C.

_(x2+y )

d. If origin is outside C, then 9SCF-nds = jjsdiv FdA =HSOdA =0.

If origin is inside C, let C ’ be a circle (centered at the origin) inside C and oriented clockwise. Let S be the

region between C and C’.
Then 0= .Us divFdA (by “origin outide C’ case)

=ICF-nds—ICF-nds (by Green's Theorem)

=JCF-nds—2n (by part a), so ICF-nds=21L

26. a. Equationof C:
(% ¥)={x0. yo)+1{x —x0. % - Yo)»

tin [0, 1].
Thus;

[ xdy = [l + 16 - )1 - Yo,

which equals the desired result.

b. Area(P)= chdy where

C=CuCu...uC, and (; is the ith
edge. (by Problem 21)

=jqxdy+jczxdy+...+jcnxdy

-3 (x - xi—l)z()’i = Yi-1) (by part a)
i=1

instructor’'s Resource Manual

¢. Immediate result of part b if each x; and

each y; is an integer.

d. Formula gives 40 which is correct for the
polygon in the figure below.

y
10
Y 2 6
T I
-10 _ io*
10~

Section 17.4
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27. a.

808
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o ae—

o o awm

R

[

L

29,

30.

a. divF=-2sin

xsiny

div F <0 in quadrants [ and I1]
div F > 0 in quadrants Il and IV

b. Flux across boundary of S is 0.

Flux across boundary Tis -2(1 —cos 3)2.

2,2
divF = %e'(’ *y

sodiv F <0 when

when x° + y2 >4,

W42 432 _a)

x2+y2<4 anddivF >0

Instructor’s Resource Manual




17.5 Concepts Review
1. surface integral

n
2. Y e(X. ¥ TAS;
i=]

3. ,/ff+fy2+l

4. 2; 187

Problem Set 17.5

1. J'j 2+t + (x4 y+ DI +1+D)Y24dA

-IJ'J_(x +y +x+y+l)dxdy 8‘/_

2 [[ x ( 4 +l]”2dA=J.:)f(;[i2—6-dexdy
J6

4

3l (x+y)\/[—7x(4—x2)"”2]2+0+ldA
1 2(x+y)
(P2,
=I\/- 2x+1
0 -

3
- [_2(4-x2)" 2 4sin~! (%)Ir

LA NP Y VO )
3 3

dx

mel 2 02 172 [T
4. J'O jor (4r? +1) rdrdB—(w)(ZSs/gH)
= 2.979%

mpesing (3) _
5, jo jo (4r +l)rdrd6—(§]n~l.9635

6. y

(38

Instructor's Resource Manual

[ yay? + 0! 2aa= [ [*ay? +1)!2 ydyax

312 3/2

3 - .

=I (17 n, _17 1
12

=17.2732

. jj'R(x+y)(0+o+1)”2dA

el
Bottom (z = 0): Io Io (x+ y)dxdy =1
Top (z = 1): Same integral

Left side (y = 0): L: I(;(x +0)drds =%

Right side (y = 1): j(;j(;(xﬂ)dxdz =

el
Back (x =0): IOJO O+ y)dydz =

W pD | -

1el
Front (x = 1): J'ojo(1+ y)dydz ==

Therefore, the integral equals
l+1+l+§+l+2 =6.
2 2 2 2

[ )

. Bottom (z = 0): The integrand is 0 so the integral

is 0.
8-2
Left face (y = 0): joj ‘zﬁdzd::%

Right face (z =8 — 2x — 4y):
jozj;'zy(s _2x—4y)(4+16+D)"2dxdy

:(2),’21
3

A 2 r8-4y _94;
Back face (x = 0): Io Io zxﬁdzdy— 3

Therefore, integral = 64 +[3—32)J2_ =112.88.

X

HGF~nds = ij(-Mf, — Nf, + P)dA
= j(’)j;"’ 8y +4x+0)dxdy
= [,[80 - »)y+201- ) Jay

= [ (6y* +4y+Ddy =2

Section 17.5 809



30(6-20)/3, 5 1 _
10. jojo (x —9)(—§)dyd.x—ll.25

i P -oa-)

2y~Y2 4 2)dydx = 20

(In the inside integral, note that the first term is

odd in y.)

12. z
1

X

[[J[-Mr. - Nfy + P1aA

—jzﬂj'[(-z cos@—Srsin@)r +3)rdrdd
=, Jlc2r —5rsin@)r r
- IOZ“ (~2cos6 - Ssinf + 3)d6I(; rdr

= (6n)(%) =31=90.4248

13, m= HG kx2ds = ﬂR kx®\3dA
=3k, [, Kdydx= {*/—k]
14. m=Hkayds=Hkay(x2+y2+l)”2dA

= I(;Ic:kxy(xz + y?' +l)“2d.tdy
=(1‘_'5)(9,/§ ~8J2+1) = 0.3516k

15.

X

Let 5= 1.
rrr=fjslds=I_[R(l+l+l)l’2dA

2
SB[ ey =3[ g =S

810 Section 17.5

16.

17.

18.

My = fszds=ij(a—x—y)ﬁ¢4
= ﬁj:j:—y(a—x—y)dxdy

2
—ff [ a{a-y)- (a-y) —y(a—y)]dy

2
2 2 33
= B gy |ay =93
_\/5.[0( 5 ay+ 2}2’_} 5
M. .
7= =f1-; then ?=i=3 (by symmetry).
m 3 3

nz=j"[G:ds=ﬂR3¢4

(= 3A(R) = 3n(3)? = 277, ignoring the subtlety)
T 2n ¢3-¢ L 2__
= 1,338]0 jo 3rdrd6 =lim3(3-¢)’n= 27n
a. 0 (By symmetry, since

glx,y,-7) =-g(x, y,2).)

b. 0 (By symmetry, since
g(xv )" _Z) = _g(xv Y, Z)-)

2 2 2 _ 2
c. Hc(x +y2 4z )ds_J'jGa ds
= a? Area(G) = 2% (41a?) = 4na*

d. Note:
HG (2 +y*+7°)dS = ﬂaxzds +f jG y2ds

= [ 2as =3 [ % ds

(due to symmetry of the sphere with respect
1o the origin.)
Therefore,

-UG x%dS = (%]HG (x2 + y2 + zz)dS
= (1)41w4 = ﬁ
3 3
e ” (r +y° 2)dS = (2)4m4 87?4

a. Let the diameter be along the z-axis.
I, = ”Gk(xz + yz )dS

1. chzds =ijy2ds =ij 22dS (by

symmetry of the sphere)
2. [[ P4y +2hds = [lga*as

= a?(Area of sphere):a2 (41w2) = 4ma’
Thus,
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8na'k
3

_ 2, 2v0_2 4y _

I, _jjck(x +y?)dS =Zk(4ma®) =
(using 1 and 2)

b. Let the tangent line be parallel to the z-axis.

4
Then I =1, +ma® = 72X

+[k(4na?))a*

_ 20ma‘k
T

19. a. Place center of sphere at the origin.
F = [[_ka-2)dS = ka[ 1dS ~kf[ zds

= ka(4ma®) - 0 = 4na’k

b. Place hemisphere above xy-plane with center
at origin and circular base in xy-plane.
F = Force on hemisphere + Force on circular
base

=ijk(a—z)ds+ka(na2)

=kaHGldS—kﬂszS+ﬂa3k

2
= ka(Pma?) -k z,|—2——dA+na’k
.UR JER )

T P a
=3na’k -k 2 _dA
= 3na’k - ka(na®) = 2na’k

c. Place the cylinder above xy-plane with
circular base in xy-plane with the center at
the origin.

F = Force on top + Force on cylindrical side
+ Force on base

=0+H6k(h—z)dS +kh(na?)
=thGldS—kHszS+1ra2hk

17.6 Concepts Review
1. boundary; dS

2. Fn

Problem Set 17.6

1. j]]'s(0+0+0)dv =0

2, ms (1+2+3)dV =6V(S)=6

Instructor's Resource Manual

a® 2
- kh(2nah)—4kﬂkz ?_—yz-+0+ldA+na hk
(where R is a region in the yz-plane:
0<y=a,0<z<h)

_ 2’ 2 AL arh azz
=2nah’k + na“hk 4Lfojo—\/;{__2dzdy
=Y
= 2nahk +na*hk - nkah?
= nah?k + na’ hk = nahk(h + a)
20, T=5=0
Now let G* be the 1st octant part of G.
_ _ _ a
M,y—Hcde-4HG,kzdS-4kﬂk,z(;)dA

(See Problem 19b.)
=4ak [Area (R)]

2 2 2 2
=4akn[(“ —h) _(a ‘hz)]
4 4

= akn(k} - h)

m(G) = Ua k dS = k[Area(G))
= k2na(h, - b)) = 2nak(hy - )

nak(h i) _h+h
2nak(hy — hy) 2

Therefore, 7 =

3. divF

4. flux; the shape

Section 17.6 811



3. [[;sF-mds=[[{ M.+ N+ PV

=fcjbja(z,ryz+2xyz+2xyz)dxdydz

3abzdz

—f J' 3a’yzdydz = .[0

_ 3a2p2c?
4

4. m (3-2+4)dV =5V(S) = 5[( )na)’]

5. 2fff (x+y+2av =2j02"j02j0

7. m’s (1+1+0)dV = 2(volume of cylinder) = 2n(1)%(2) = 4n = 12.5664

8. m (2x+2y+2z)dV = ”

9 [ffyMc+ N, + PV = [[[ @+3+aav

=180m = 565.49

X

(rcosH +rsin@+)rdzdrdf = % =67.02

[lfy 14Ny AV = [[[ @re1420av = [ [2 27 (2rcoso+1+20)rdzdr a6

2n 2
= I(f"!oz[(zrz cosB+r)(2-rcosf)+r(2~rcosf)?1drdo = IonIo (6r—r>cos? 6 - r? cos@)drdo

2
-] ”(12-4cos2 6- 8“;58]019 20m

4x4xy

=9(Volume of spherical shell)

_9( 3 )(53-33)—11761[ 3694.51

10. J’J’J’S (0+0+22)dV = I;nflzj§2zrdzdrd9

=121 = 37.6991

11, (%Jﬂj’s (1+1+DadVv =V(S)

812

Section 17.6

(2x+2y+2z)dzdydx =64
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1 1
V(S)= EH‘?SF.ndS for F=(x, ¥y, z) Volume =(§]HSF-ndS (where F = (x, ¥, z))

=%Iffs3dv=‘[;“j:f:rdzdrd0 =(§JHRF'“"S (by Note 3)
_f2n¢a _ 2na2h _ azh (1 (ax+by+cz)
_IO 2J‘0 rhdrde—jo T(I’B— 2TIT _(E)J.IRmdS
=ra“h dD

13. Note: a2 +b% +c?
1. [[ (ax+by+cayds = [[ ddS = dD (Risthe
slanted face.)

2.n= (for slanted face)

(a2 +b2 +C2)112

3. F-n=0 on each coordinate-plane face.

15. a. divF=2+3+2z=5+22

[[5sFnds = [[[;s+22av = [[[5av+2[[f 2dv =5 (Volume of $)+2M,
= 5(%”} 2z (Volume of §) = % +2(0)(Volume) = %

(x.y.2)

X, y, 2) ————
NS

HasF'ndS =m‘sldV =4n(1)? =4n

F-n=(x2+y2+22)3/2( =(x*+y*+2%)% =1 on 95.

&

c. divF=2x+2y+2z
HaSF-ndS=HJSZ(x+y+z)dV
=2msxdv (Since ¥=Z =0 asina.)

4)£

=2M,, = 2(x)(Volume of §) = 2(2)(—5- 3

d. F-.-n=0 on each face except the face R in the plane x = 1.
[[,sF-nads = [ F-nds = [[(1.0.0)-(1.0.0)as = [[ 145 =) =1

e. divF=1+1+4+1=3
111
”as F.ndS = I.[Is3dv =3(Volume of §) = 3(3[5 (4)(3)](6)] =36

Instructor's Resource Manual

(a, b, c) an outer normal vector at each point of J5.)

Section 17.6

14. m‘s divFdV = ﬂ fs 0dV =0 (“Nice” if there is
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divF =322 +3y? +3z2 =3(x2 + y? +z%) =3 0n 95.

ndS = 2,24 2yay =3 28F ) 120
f5nas =]y 57 v =3 355)-5
(That answer can be obtained by making use of symmetry and a change to spherical coordinates. Or you could

go to the solution for Problem 24, Section 16.8, and realize that the value of the integral in this problem is %
(there are three terms instead of two) times the answer obtained there for I, letting kabc =1.)
g. Fon=[In(x?+ y2)]<x. ¥.0)-(0. 0, 1) = 0 on top and bottom.
.50 .
F-n=(n4)(x, y, O)A%Z— = (n4)yx2 +y? = (In4)V4 = 2In4 = 4In2 on the side.

\/x +y

j f L Fnds = J]R4 In2dS = (41n2)[2n(2)(2)] = 327In2

16. a. div F=0(See Problem 21, Section 17.1.)
Therefore, H Py F-ndsS = I.Us divFdV =0.

b. [[, F-ndS =4n (by Gauss's law with M = 1 zs in Example 5).

rr 1 i
. Fon=r.l=—="o0ndS.
L E™ e R

Thus, HaSF-ndS=(%)HasldS

= (i](Surface area of sphere)
a

= (%)(«mz) =4na.

d. F:n= f(]rl)r-ﬁ =|r|f(|r|)= af (a) on JS.

) s FrndS =af(a) Has 1dS = [af (@))(4na?) = 4na’ f (a)

e. The ball is above the xy-plane, is tangent to the xy-plane at the origin, and has radius %.

div F =|r[" div r+(grad][" )-r (See Problem 20c, Section 17.L)
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|t A1+ D+l e =3 nf = G

ri
2n nl2'[acos¢ n

J’J’aSF.nds=(3+n)mslr|"dv=(3+n)j0 o Jo  P(psing)dpdgds = —

n+3

1

~J

. _Uas D, fdS = J‘J.as Vf-ndS = I”S div(Vf)dV = I.Usvzf dV (See next problem.)

1

Qo

. Has f(Vf-n)dS = Has( fVf)-ndsS =J’HS div(fVf)dV
= J'js div(Vf) +(Vf)-(Vf)dV (See Problem 20c, Section 17.1.)

= ms[(fu Sy + )+ |V ]dV

= ms (V2 )+|Vr P 1av = | jS|Vf|2 dV (Since it is given that V2f =0 on §.)

1

o

. HastngdS = jjas f(Vg-n)dS = jjas(ng)-nds =msdiv(ng)dv (Gauss)
= [[f 1 v V) +(VF)-(VeNaV = [[[ (fV7g+Vf -Vg)dV (See Problem 20c, Section 17.1.)

2

(=

. [, (Dug - 8Daf1dS = [, Dugds-[[, DasdS
= [[[ (r9?g+ 95 -Vg)dV - [[[ (892 +Vs-Vf)dV (by Green’s Ist identity)
= [[[,(sv%g - gV N1av

17.7 Concepts Review
1. (curl F):n
2, Mubius band

3. H (curl F}-ndS§
s

4, curl F

Problem Set 17.7

L §, F-Tds = [[ (N,-M,)da=[[ 0d4=0

— (Y2 __ !
cﬁaSF-Tds_jqofiHjszde yzdy+xzdz+fcs)zdy _jo(: +T -4 = -
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Hs(curl F)-ndS =<ﬁasF-Tds = gSaS(yn)dH(x? +2%)dy+ ydz

_ 1 n . . 1 n, 9
—I01d1+IO [(l+s.1nt)(—smt)+cos:]dl+J‘o—ldt+j0 sin“ tdr (*)

=j:(-sim+cosz)dz=-2

The result at (*) was obtained by integrating along S by doing so along C;, C,, C3, C4 in that order.

Along Gy x=1,y=1,2=0,dx=dz=0.dy=d tin [0, 1]

Along Cy:x=cost,y=1,z=sint,dx=-sind:, dy=0,dz=cos 1dt, tin [0,7]

Along Cy: x=-1,y=1-1,2=0,dx=dz=0,dy=dt,1in (0, 1]

Along C,: x=—ost,y=0,z=sint,dx=sintd. dy=0.dz=cos 4t tin [0,7]

3S is the circle x>+ y® =1, z=0(in the
xy-plane).

= 2 3, =
(ﬁas F:-Tds= @asxy dx + x dy = (cos xz)dz
_ 3, 2n 3 _ -_3_
= 4)Sx dy = J.o (cos” t)(—cost)d! -( 4)11:
= -2.3562
dS is the circle x> +y? =12, z=2.

Parameterization of circle:
x=+12cost,y=12sint, z=2, tin [0,27]

= 2
(ﬁaSF-Tds —(ﬁas yzdx+3xzdy+2°dz

= foz "(24sin® 1~ 72cos” 1)dr = 487 = ~150.80

dS isthecircle X’ +y*=1,z=0

2+
jj's(curl F)-NdS=<j)aSF-Tds

= (ﬁs (z—-y)dx+(z+ x)dy+(-x-y)dz

= .roz " ((=sint)(~sin?) + (cosr)(cos1))dr = 27 = 6.2832

Section 17.7

X =C0s !
y=sint
z=0

tin [0,27]

. (curl F)-n=(3,2, 1)-<(—\/%]1, 0, -1> =2

@aSF-Tds = jjsﬁds =2A(5)

= J2[sec(45°))(Area of a circle)=8m = 25.1327

(curl F)-n=(-1, -1, -1)-[(%](0, 1, - 1)] =0,

so the integral is 0.

. (curl F)= {-141,0-11-1) = (0,-1,0)

The unit normal vector that is needed to apply
Stokes’ Theorem points downward. It is

(-1, -2, -1).

J6

n=

X
(ﬁCF-Tds = Hs(curl F)-ndS
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10.

11.

12.

13.

J'f( st jj( ](l+4+l)”2dA

= HR 2dA = 2(Area of triangle in xy — plane)

=2(1)=2
](-1, 0, 1)]

(curl F)-n=<0, 0. —4x? _4y2>.[[

S

= —7\/_(x2 +y%)

ﬂs (x +y2)ds

=-4joj'o(x +y )d.xdy=—§

(curl F)-n =(0, 0, 1)+(x, y. )=z
fjszd8=fledA = Areaof R

12 14
R[E) =—=0.7854

(curl F)=(-1-1, -1-1,-1-1y=-2(1, 1, 1),

_o)
"R

, 80 (curl F).n = -2\/5‘

X
cﬁCF-poﬂs(cur] F)-ndS
=22 j’ J'Slds =22 j jR (sec45°)dA

[A(R)]=—-4n

_ 2
- V2

LetH(x,y,2)=z-g(x,y) =0.
vH {808y 1)

IVHI ,[1+g§ +g§
Thus,

Hs(cur] F)-nds =ﬂ5xy (curl F)-nsecy dA

8,1
——< . z‘v ) gf+g;7+ldA
,’gx+g‘+l

(Theorem A, Section 17.5)
=Hs,y (curl F)-(-g,, -, 1)dA

Then n= points upward.

= U (curl F)

Instructor's Resource Manual

16.

17.

. curl F=<zz, 0, —2y>

gﬁCF-TdPJ'j'S(curl F)-ndS (Stoke's

Theorem)
= J.J‘gv (curl F)‘<—gxs -8y 1) dA (Problem 13)

=Hsv (Zz’ 0, -2Y>-(—y, -x, 1)dA

(where z = xy)

-f f -2y -"y)dxdy——%

. curl F=(0-x0-0,2-0)=(-x,0,7)

‘ﬁCF'TdS=HS(cur1 F)-nds
- J‘J‘Sxy (curl F)'<‘ng ~ 8y 1>dAwhere

z=g(x,y)= xy (Problem 13)
—H -x,0, z < y2,—2xy, 1>dA
=fojo(x)'“+0+xy )dxdy

= [, (a0 )ay = [, ydy =%
SBCF-Tds=HS(cur1F)-nds

= ﬂsry (curl F)-(—gx, -8y l)dA

— _ A 2 5.2
‘Hs,y< % 0, 2)-(-207, - 2%y, 1)da
(where z =x2y2)

=ﬂSn3x2y2dA

= lzfslzj:(rcosﬂ)z(rsin B)Zrdrdﬁ = %ﬁ
$,sF-Tds = [ (curl F)-nads

= J'jsn (curl F)-(-g,., ~g,.1)dA

%, yo(a? - x? - y2y 112
=Hsly(2'2'0>”:< @ —x2 - 2112 qu

Yy

= 2.”50 (x+y)a® -x? - y2y M2 44

= ZHSW y(a2 -x?

/2 rasing |
=4J'(:t J-:sm (rsin@)(a?

= a’ joules
3 ]

— 32244

-rY24r 40
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18. curl F = 0 by Problem 23, Section 17.1. The = (}S F~Tds+4> F-Tds=0 (-Cis C with
result then follows from Stokes’ Theorem since ¢ e
the left-hand side of the equation in the theorem
is the work and the integrand of the right-hand
side equals 0.

opposite orientation.)

b. div(curl F) = 0 (See Problem 20, Section
17.1.) Result follows.

19. a. Let C be any piecewise smooth simple

closed oriented curve C that separates the 20. 4’5 (fVg)-Tds= J.L. curl(fVg)-ndS
“nice” surface into two “‘nice” surfaces, S|

= (curl Vg)+(VfxVg)]-ndS
a5, J[1f tcurt Vg)+ (Vf x Vg

=JIS(foVg)-ndS. since curl Vg =0.

ﬂa (curl F)-ndS
3 (See 20b, Section 17.1.)

= Hs (curl F)-ndS+_US (curl F)-ndS
1 2

17.8 Chapter Review Sample Test Problems
Concepts Test 1. -"
1, True: See Example 4, Section 17.1 \ /
2. False: It is a scalar field. -

3. False: grad(curl F) is not defined since curl / \

F is not a scalar field.

4. True: See Problem 20b, Section 17.1. 5
2. divF=2yz-6y+2y

5. True: See the three equivalent conditions in curl F = (4 y2,2xy,-2 xz)
Section 17.3. ’
grad(div F) = (0,2z-6+4y,2y)
6. True: See the three equivalent conditions in div(curl F) =0
Section 17.3. (See 20a, Section 17.1.)
7. False: N,=0=# 7.2 =Py 3. curl(fVf)=(f)curl Vf)+(VfxVf)
=(N0)+0=0
8. True: See discussion on text page 774.
4, a. f(x,y) =x2y+xy+siny+C
9, True: It is the case in which the surface is in
a plane.

b. f(x,y 2)=xyz+e *+e’ +C
10. False: See the Mobius band in Figure 7,

Section 17.5. 5. a. Parameterization is x =sin?, y=—cost,tin
n
11. True: See discussion on text page 777. [O, 5}
12. True: div F =0, so by Gauss's Divergence J’“’Z(l _cos? )(sin2 £ +cos? )V 2di = d
Theorem, the integral given equals 0 4
HJ'DOdV where D is the solid sphere =0.7854
for which § =4dD. /2
b J': [tcost —sin® tcost +sinzcostldt
= (3"6‘ 3 07375
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6. M, =2y=N, sotheintegral is independent of 23.4) _
x y . y l. g 1S 1n4ep! 7. [Xy ](1'1) =47
the path. Find any function fx, y) such that
=2 =
fx(x, y)=y" and f,(x, y)=2xy. 8. [yz+e ™+l o0 =2+ +e=50862
flx, »)=x7+C(y) and
flx, )= xy2 +C5(x), solet f(x, y)= xyz.

Then the given integral equals [xyz]%'%)) =4.

9. a Y c,
1
Cﬂ “CZ
0 E. 1 X
loaes [te 2y [Crars (Py2y—0s 4L L 1
joocix+jo(1+y )dy+f] xdx+jl yldy=0+--o—2 ==
b, 4V
1=
C3
C2
3
0 C 2 X

A vector equation of C3 is (x,y) = (2,1) +1(-2,-1) forzin [0, 1},soletx=2-2r,y=1-tforrin[0, 1] be
parametric equations of Cj.

1 4
j;oeix+j;(4+ yz)dy+j;[2(1 —02(<2)+ 501 -1 (-D}dr = 0+?3-3 =3

T

xX=Ccos?
y=sint
tin [2,7]
2
2n . . 2 .2 2n . 2 . sin’ ¢ .
Io [(cost)(sinz)(—sin?) + (cos“ t +sin t)(cost)]dt=.[0 (1-sin“t)costdt =|sinr- 3 =0
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10. ﬂsdiv FdA= ﬂssz =2A(S)=8

11. Let f(x, y)=( —x?-y%) and g(x, ¥) =1 _x% —y°), the upper and lower hemispheres.
Then Flux = HG F-ndS
= J‘,"R[—Mf’c - N'f.V + PldA+IIR[—ng - Ngy + PJdA = J‘JR?.PdA (SinCe fX =-8y and fy - _gy )
= J]Rf)dA =6 (Area of R, the circle X+y’=12=0)
= 677 ~18.8496

2 2 3
1T s = ([ gavtas ysecar = B3 [0y ety = B

= ——'ﬁf;(x"' —6x° +9x% —4x)dx = _gl-iw-z =%=0.3464

3
(-1.-1.1)-(0,0,1)
3

Therefore, secv = «/3

cosv =

13. JS isthecircle X2 +y2 =1, z=1.

A parameterization of the circle is x = cos 1,
y=sint. z=1,tin [0,27].

“Tds = 3 Yy + ztan| 22 - 3y+e)
(ﬁaSF Tds ¢3s|:x ydx+e dy+~tan( " )dz] <ﬁas(x y+e’dy)

= I;n[(cost)3 (sint)(=sin?) + (e Y(cos )ldr =0

4. [f divFav =[] [cosx)+ - cosxy+ iV = [[f sV =5V(5)= 5(%)[[%],“3)3]

= 907 = 282.7433

15. curl F = (3-0,0-0,-1-1) = (3.0.-2)

__{ab)
\,/a2 +b% +1
3a-2 3a-2
F-Tds= (curt F)-ndS = das = LA(S)]
(ﬁc HS IJSJaT+b2+1 Va2 +b2 +1
= —ﬁ:?'—(%t) (S is a circle of radius 3.)
\la?' +b% +1

9n(3a-2)

i} \)a2 +52 +1
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