CHAPTER

16

The InTegde Ig
n-Space

16.1 Concepts Review

1.

2.

3.

4.

n
2 S G, o)A
k=1
the volume of the solid under z = f{x, y) and
above R
continuous

12

Problem Set 16.1

1.

[f, 2a4+ [ 3d4=24(R)+34(Ry)
1 2

=2(4) +3(2) = 14
y
2

Ol 2 4 X

ijl (~1)dA + j IRZ 2dA = (- A(R))+ 2 A(Ry)

=(-DE3)+23)=3
y
)

0' 2 4 X

HRf(x, y)dA = HRIZdA+ HRZIdA+ 34
= 2A(R)) +14(R,) +3A(Ry)
=2(2)+1(2)+3(2) =12

y

w

(8] o2l N
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4.

10.

11.

-UR[ 2dA+ URZ 3dA+ HR] 1dA
= 2A(R)) +3A(Ry) +14(Ry)
=2(3)+3(2)+1(1) =13

y
2

R, |R,

1
0! 2 4 X

3 .UR f(x.y)dd - HR g(x,y)d4=3(3)-(5)=4
ﬁ y
2

0 2

2[[, f(x.y)dA+5[] g(x,y)dd
=2(3)+5(5) =31

[rgyas-[[ gt y)da=(5)-2)=3

2 jJ'Rl g(x,y)dA+ j le 3dA = 2(2)+3A(R,)
=4+3(2)=10

y

|
0 4 x

[, )+ A3, 1)+ 5, 1)+ A1, 3) + f3, 3)
+ f(5. 3))(4) = [(10) + (8) + (6) + (8) + (6)
+ (4)](4) = 168

409+9+9+1+1+1)=120

43+ 11 +27+19+27+43)=520
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(DR

=120

13. 4(&+JZ+J6+JZ+J6+J§):52.5665

14, de+e® +e° +° +€° +e')=13109247

15.

z=6-yis a plane parallel to the x-axis. Let T be
the area of the front trapezoidal face; let D be the
distance between the front and back faces.

[ jR(é — y)dA = volume of solid = (T)(D)

= [[%)(6+ 5)](1) =5.5

16.

(2]

1 Y

2/

X

z=1+xis a plane parallel to the y-axis.
HR(I + x)dA is the product of the area of a

trapezoidal side face and the distance between the
side faces.

= [{%)(1 +3)(2)](1) =4

17. _UROdA =04(R)=0

The conclusion follows.

18. j’ [R mdA < HR f(x,y)dA < jJ’RM dA
(Comparison property)
Therefore, ma(R) < HR J(x,y)dA < MA(R)

760 Section 16.1

19. y
3
Bl2]2]6
S]]
tlolol
4 -
2 0 2

For ¢, take the sample point in each square to be
the point of the square that is closest to the origin.

Then ¢ = 245 + 242 +2(2) + 4(1) = 15.3006

3
Vi3 | io [Vio [Vi3
NN NN
NN N NG
-2 -1 0 1 2 £

For C, take the sample point in each square to be
the point of the square that is farthest from the
origin. Then,

C = 2413 + 2410 + 248 + 45 + 242 = 30.9652.

20. The integrand is symmetric with respect to the
y-axis, so the value of the integral is 0.

21. The values of [x][y]and [x]+[»]are indicated

in the various square subregions of R. In each
case the value of the integral on R is the sum of
the values in the squares since the area of each
square is 1.

a. The integral equals —6.
¥

22. Mass of the plate in grams

23. Total rainfall in Colorado in 1999; average
rainfall in Colorado in 1999
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24. For each partition of R. each subrectangle
contains some points at which f{x. y) =0 and
some points at which

fix, ¥) = 1. Therefore. for each partition there are

sample points for which the Riemann sum is 0
and others for which the Riemann sum is
(1)[Area (R)] = 12

25. To begin, we divide the region R (we will use the outline of the contour plot) into 16 equal squares. Then we can

approximate the volume by

16
V= Hf(x,y)dA zzf(?ki;k JAA, .
R k=]

Each square will have A4 = (1-1) =1 and we will use the height at the center of each square as f(X;.y;)-

Therefore, we get

16
V= Zf(ft‘k.)‘zk)=20+2l+24+29+22+23+26+32+26+27+30+35+32+33+36+42

k=l
=458 cubic units

16.2 Concepts Review

1. iterated

P §res vy |as. {] £ 5 ey

signed; plus; minus

™
.

Rl

4, is below the xy-plane

Problem Set 16.2

w
)
|
() i
e
+
QN
—
"
Ay,
N
O
]
+
(98]
~
[N
S

x=0
5 2
= 9—+y3 S17-Bo3 1395
4 1
4 E (l)xs“'xyz : d}:[(z-"y-)dy__
3 x=1 : 3

h

[G)x smy] ay=[ (%)sinydyﬂ
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6 [ [:“ edydr= [Vl i
= [P @-e o= [P
=[e")5? =3-1=2

/2
7. f [—cosxy]}uodxzElz(l-—cosx)dx

=2 1205708
2
|
8. ‘c[exy]l‘,:(,dx = [(&* ~Ddx=e-2=07183

1
3 2()(2 +y)3/2
9. _ d
Ll: 3 x=0 g

) ﬁz[(“y):/z — 7

3 b
_[4[(1+y)5’2—y5/2]]3 4(32-943)-4
- 15 - 15

0
4(31-943)

- = 4,1097
15

| o n-lql o ]
10. L[—(-U*'l) ]x=odY—L(1-';:]dy
=1-In2 = 0.3069
in3| {1 2 :
1L L 3 exp(xy”)
y=0

=1 —(%)ln 3=0.4507

dx = M(%](e‘—l)dx
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2
| y2 2
dx = dx
‘[’[2(1+x2)]y=0 ‘€1+x2
= [2tan'l x]}) = 2(%)—0 =%

Ede =0 (since x° defines an odd

function in y).

14. j_'{x%w(%)ﬁ]z 0dx= fl(2x2+§)dx

y:
22,3
12|+ =|x| ==
3 3)°),7 3
15. E”L'"zsin(ny)dxdy

E [-cos(x + y)]iig

/2
= E [—cos(5+y)+cosy]dy

2 X
= E (sin y +cos y)dy =[-cos y +sin yJa!2

=+ 1)-(-1+0)=2

16. j[( ) (1+x%) 3’21- dy = L( )ydy

17. z= X isa plane.

2
x-2z2=0

762 Section 16.2

18, z=2-x-yisaplane.
xty+z=2

19. z=x%+y? isaparaboloid opening upward with

z-axis for axis.

20, z=4- y2 is a parabolic cylinder parallel to the

21,

22.

23.

x-axis.

E(x+y+l)dxdy ﬁ[( )x +yx+x] dy

s 3
- Nav=7
J'l(y+2)y
4

[} [ ax+3y)dyax= f[ny{%)yl] N

y=0
- f(8x+24)dx =136

x2+y2+2>1

[, i+ y* +2)- iy s
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24,

25.

26.

27.

32.

33.

34.

1 to the dummy variable x.)
[ (g)y + }’J 1)?

e [l

3 j]z 28. V= fx f"|cosxcosy[drdy

LLM Pydxdy = [4x-_ dy 2
.[) o = fR|COSX|d\'fnlCOS}’Id)‘=(fn‘cosx|dr)

= (F[18)g | 1o¥ [ _32 2
B ‘[’(3)‘1) l: 3 ]o 3 =(4£‘/2|cosx|dr) =(4{sinx]3/2)2=16

[ [snavac= [ g0 [ mrayae 9. [ ea] |2 [ ke ey

= [h0)ay [ gx)ax _z(g)z(lj_ 8
(First step used linearity of integration with 3)\4) 3
respect to y; second step used linearity of

integration with respect to x; now commute.) 2 2 L .
30. Lz[x ]dey dy = 0 (since the second integral
In2 s : .
l J:e"zd:c‘l;y(l-%y2 yldy equals 0)

AR CEIN 7 st L] [Play=2 01wz [y
()7 [ (e P B o
0 =2[E0dx+ Jl”fldu [gzdw [}33;&][2(

=[5][(5]m]=(z]mzmm =2[0+(ﬁ-1)+z(ﬁ-ﬁ)+3(z_ﬁ)][
.[;ﬂ"yexzeyzdy‘i"=(£xex2dx)(J;yeyzdy) =5-3-12x1.8537

2
= ( ‘Gxe”2 dx) (Changed the dummy variable y

0

)

n—

| S|

1
2

£f8x(x +y +1)'2dxdy _[:[—4(x +y241)” ]x—od)’ —4‘G[4+y +l+ly2}dy

1
=4 —larctan 4 +arctan(y)| =4 —larctan(lj+E -0 =n—2arctan(lJz2.2l43
2 2 o 2 2) 4 2

05 [ [/ g0 -r0e@ldcdy = [ L1/ (0620) -2/ (g0 S g+ F2()g> (x)drdy
= [ rax [ 2y -2 fme@a [ 1eoidy+ [ 120y [ g2 (e

=2 e [ g2 [ reorgena]
Therefore, [E f (Jc)g(x)dx]2 < J: ya 2 (x)dx J: gz(x)dx.

Since f'is increasing, [y — x][f{y) — fx)] > 0. Therefore,
o< [ [y-sro)- sededy = [ [ riaray- [ [ sfcodedy - [ [ pdedys [ [V (naxdy
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b - a*
2

=(b—a)J:yf(y)dy—

2 2
£ reae-22 iy + 6-a) [ o/ ()

~2(b-a) J:’ f (R)dx - (b - a?) f f(x)dx =(b- a)[?. j: xf (x)dx—(b+a) j" f(x)dx] “~N

Therefore, (b+a)f: f(x)dx <2 ijf (x)dx. Now divide each side by the positive number 2 J': f(x)dx to obtain the

desired result.

Interpretation:

If fis increasing on [a, b] and f(x) 2 0, then the x-coordinate of the centroid (of the region between the graph of f
and the x-axis for x in [a, b]) is to the right of the midpoint between a and b.

Another interpretation:

If fix) is the density at x of a wire and the density is increasing as x increases for x in [a, b]. then the center of mass

of the wire is to the right of the midpoint of [a, b].

16.3 Concepts Review

1. A rectangle containing S; 0

2. a(x)<y<p(x)
3007 s payax
| f-x 1
4, 2 =
LE xdydx; 3
Problem Set 16.3

L [1eyRiede= [ 3xdc= %

2. f[(%)y’]:; dr = f(%)(x— 1) dx = %

3
s[2 o T 3 9u3 43y
3. L ?+y x| dy= L(9y +3y”)dy
x=0
=[3y*P, =243-3=240

]

=-32.2

2y
5. f[(éjf exp(y3)] dy = f(%)yz exp(y*)dy

x=-y

= G](e” —e)=2.660x10"

764 Section 16.3

10.

11,

29
f[ztan"l (Z)] dx = sgﬁdx
x x)1y-0 x4

b
=|:3nlnx] _3nlns ~3.992]
P

1 1
Lz [y cos(mx? )]?'Vio dx = .L/z 2x cos(rx? )dx

V2

=-—=-0.2251
27

Jicosﬁ
j;‘”[(%)rz] 46 = Em(coszO—l)dH

!
[ nan63qadr= [ ® (tan3r ~1)dr

[ In|cos 3r] ]1!/9
=l L1,

3 0

/2 i 12 o
E [e* cosyfind dy = El (e*"? cos y — cos y)dy
=e—-2=0.7183

(o] o

= g[x(4-x2)l/2+2-(l)x2]dx L ‘\
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202 sind g _ 2702
12. 5/6[3r cos O de_f/63sm fcosfdo

=(sin’ O]%/¢ = % =0.875

13. fl szydydx= 0

14. ﬂ Ex(x+y)dydx =6

¥
44 y=4
2F y=4x
| i ] 1
0 1 4 x
15. y
l -
- yo &
.Vz":
§ ] 1
0 1 x

[; jf (2 +2y)dydr = [[xy+y? Jf_ dx

= [l +0) - (2

1
_{Zx”ﬁxz 2_5_} 2,12

7 T2 s

= —2—7- = 0.3857
70

2 31-12 2 52
—xy)dydx =%
16. LL (x? - xp)dy v

17. Efz(1+x2)"dydx=4‘a"_'2‘1“5 ~ 28192
X
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19.

20.

21,

Since S is symmetric with respect to the origin
and the integrand is an odd function in x, the
value of the integral is 0.

Ifﬁ“’Tydydu(ﬁldx)[E“—;y-dy)

2 4
=5[2y—y7] =5(8-4)=20

0

Section 16.3
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22, used. At the 5th step the identity
cos? A= (%)(l +cos24) was used a few times.)
25, b4
23,
112)36-922
| . (1)(9x+4y)dydx= 10
6
24,

X
3 9—X2 2 2
[E T 0-F-yHdyax 4

=L 9-x )y—?' dx LLtanx dydx = L[ytanx F=odx
y=0 !
Injcosx
32(9-x%)*"2 /2 3 = [ xtanx’dx = ( ])1
= e ——— = = =l = - l
3 dx E 18cos” t3cost dt I; > 5 n(cosl)
12 4 0
= g‘ S54cos® rdr = 0.3078

!
= ,[: 2(%1+27c0521+——270284t)dt

[811 27sin 2t 27sin4:]"’2
= —+ +

4 2 TN
=§;_“ ~31.8086

(At the third step, the substitution x = 3 sin  was

766 Section 16.3 Instructor's Resource Manual



x 1
28, _[:L' e“'ydydx=(%)(e+e"'—2)::0.543| 31. Lﬁf(x, y)dx dy
y

-
<

| x

X
32, j;' J;‘/Fz f(x. y)dydx
¥y

29. &
y=yx
y=3
i 1 | |
4 x
e 8. [ j“ﬁ f(x, y)dxd
Lo (2] e - bl s ey
9 y
~9.4248 T
x=y
30.
x=yy
!
1 x
34,
X
Making use of symmetry, the volume is 1

2ff (16-x7)"%d4 = 2[: [ a6-x*)""2dyax

=2 ['[016-x7)"?Yjugdx
4
=20 16~ 27" xds = 206-2)"
3 0 1 |

] X
L2 _ % ~ 42.6667

=0
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35. fl fx f(x, y)dydx+ ﬂ Ef(x, y)dy dx

¥

2—

36.

|
-2 \y 2 x
v=xz— I

2+

37. Lz Z_yxyzdxdy+j:ﬁ-zxyzdxdy=%

= 17.0667

4

9.

768 Section 16.3

40.

41.

42,

.[)2 § "sin(y?Jdxdy = .[)2 [xsin(y g dy
372

= LZyz sin(y*)dy = |:‘ E_‘_)ig_y_)]
0

_1-cos8 13818

T3

y
\ y 2
z=f(x,y)= sin(xyz) is symmetric with respect

to the x-axis, as is the annulus. Therefore, the
integral equals 0.

The integral over S of x* y is O (see Problem 40).
Therefore,

f L(x’- +x*y)dd = stsz

=4( j IS. x2dA+ Hsz xsz)

4(£ [gxzdydx+ f E/szdydx}
4(&)2;2 4—x2dx—£x2 1-x2dx)

= 4(16_ﬂ‘nsin2 fcos® 8d6 - Klzsinz ;bcos2 ¢d¢)

(using x = 2 sin @in Ist integral; x =sin ¢ in 2nd)

= 60‘[;llzsin2 fcos’ 0d8 = 5n
4

(See work in Problem 42.)

~ 11.7810

)
-

: )
-”S'xsz = ﬁﬁ:-—::/ﬁx2dydx
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_ 2,2[@-
e
oI

Letx=2sin 8 fin [—— -)

*T
&

Then dx = 2 cos 846

x=2 :>t9=£
2

x=0= 6=0

(2-¥2)

e E" }(25in8)2(2c0s8)2cos 8 dO

=8(2—\/§) Elzsinzﬁcoszﬁdﬁ

ol )

Therefore,

stsz =4 @ = 2n(2 -JE) ~ 3.6806

.o Elzsinzecoszedﬁ

2l 1 1
=f [E(l—cos20):|[5(1+60529)]d0

16.4 Concepts Review

1. asr<ha<6<p

2. rdrdb

Kﬁr3drd9

4. 4rn

W

Problem Set 16.4

E’Z[GJ P sin 9rsg a6

r=0

-f ( )cos Osin0do .
izo

= 0833
12

Instructor's Resource Manual

43,

/
- % [ 2 (1-cos? 26)d6

In 1 21
=ZE_ZE 5 (1+cos46)de
=£_l£+l[sin4e]nlz

8 82 8 4 |,

_7! I _T[
"8 16 16

We first slice the river into eleven 100 sections
parallel to the bridge. We will assume that the
cross-section of the river is roughly the shape of
an isosceles triangle and that the cross-sectional
area is uniform across a slice. We can then
approximate the volume of the water by

11 1]
1
V=) A4 (n)ay= Zi(wk )(d, )100
k=1 k=]

11
=502 (w )dy)
k=1

where wy is the width across the river at the left
side of the kth slice, and d, is the center depth of

the river at the left side of the kth slice. This
gives
= 50{300-40+300-39+300-35+300-31

+290-28+275-26+250-25+225-24
+205-23+200-21+175-19]

= 4,133,000 fi°

3

ki

|:—cos€ cosBG}
= -+ —_—

3 9 o

Section 16.4 769



] 1-cos8 . y
4 L"[(-)# sin 9] dé
2 r=0 X

= E(lz)(l -cosf)’ sinfdO

_4
3
5. )

st .

- LZ" E 6508 1rd@ = 547 = 169.6460

(2. 5)

) 9.

i 4 x

sk

13 rdcosd 2n
2 drdo =2 +3|=7.6529
[ § < rardo =2 23]
6. ¥ ’ ) 2 2-4sin8
12 p2-4si In/
. 2" Lz snf rdo=20" [’—] dé
7/6 =6| 2 |
B 3Inl2
=2 n/6(6—85in9—4c0520)d6

B ¢ = 2[60 +8cos6 - 2sin 2013012

L L =2(4n+343)=35.525
. 5 isind 10. y
16 [} /16
{ j:““ rdrdg= [ [’—] d6
2 0

- E‘“ssinzede: g"64(1-cos29)de

=[46 - 2sin2013/® = 2?" ~J3203623

cos™! f
4E112) 08 (4/9)J;3 Coszgrdrd6=\/35—4cos"(%)

=3.6213

‘ Dy

12 rasin@ 0211: 2 PR

E f; rdrdf =—— ""\/ ’
8

2 r2 _ 4_ -
ZKLe drd@ =n(e* - 1) = 168.3836

(a. 3)
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12.

13.

14.

15.

232 12
- E‘”[ﬂ“_'i_] d6
33

n/4
- E"“[E)dg =[Q =" - 2.0944
3 3 3

[“[a+rrty'rardo= (%)ln 2202722

f)"z frsinerdrd0=§

2

(3%

[ [@a-rty"2rdrae
= [1a-r)" a0

_ E/2(_J§+2)d9 = (_ﬁ+ 2)(%) ~ 0.4209

Instructor's Resource Manual

16. Elz E[sin(rz )rdrdé = (%)(l -cosl)

17.

18.

=0.3610
y

(28]

y
2—
I r=csc
o .4
6-4
| | | S
2x
v
2.—
- r=2cos 8
|- r=sec®
1
] 2 x

EM f::or"rdrdﬂ = ﬁ“[r]fc?égdé’
= EM(ZcosG—secG)dB

=[2sin# - In|secd + tan 6[];,4
=[V2-in(V2 +1)]-[0-1na+0)
=V2-In(V2 +1)= 05328

Section 16.4
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19.

20,

21.

22,

772

[0 +yhaa= [ [ rrdrde

=8_;E ~31.8086

4ij(18—2x2—2y2)“2dA
=4E/2L2(18-2r2)”2rdrd0

= [2)083/2 ~10%2) ~ 46.8566

10

TT T T T T TV 11w
=

-10

X 3 -
e 3], o
(—1 —3\/5).\'4

12

_ f —1—3\/§x3dx=
503

(1+3J§)625

= =322.7163
12
a. The solid bounded by the xy-plane and

z =sin \/xz +y? for xXayt< 4r? is the

solid of revolution obtained by revolving

Section 16.4

23.

24,

about the z-axis the region in the xz-plane
that is bounded by the x-axis and the graph
ofz=sinxfor0<x<2x.

o =
-

0 n\/‘_’n

af .

Regions A and B are congruent but region B
is farther from the origin. so it generates a
larger solid than region 4 generates.
Therefore, the integral is negative.

2% (21, 27 .
b. V:L L (sm;)rdrd&—ZnL (sinr)rdr

Now use integration by parts.
= 2n(-2m) = -4n? = -39.4784

W= HS sin \}xz +y2dA+ HS —sin \,.tz + ysz
= ﬁn[ﬂ(sin r)rdr- Lh (sin r)rdr]d&
= 2n{(n) - (-37)] = 8n® = 78.9568

This can be done by the methods of this section,
but an easier way to do it is to realize that the
intersection is the union of two congruent
segments (of one base) of the spheres. so (see
Problem 20, Section 6.2, with d = h and a = r) the

volume is 2[(%)1&12 (3a —d)] =2nd? @.;ﬂ.

2 0
100= [ ["ke""Ordrdo = 2n [ ke Ordr

Letu=rand dv=e""1r.
Then du = dr and v =—10e"""1°,

10
=2nk([—|0re”“°]0 + IOIOe"“Odr)

10
= 2nk(—100e'l -[1ooe”“°]0 ]
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= 2mk(-100e™" —100e™" +100) 26. Normal vector to plane is (O,-sin a,cos ay.

2000k . fe 0 Therefore, an equation of the plane is
=2 (1-2e7), so k = 2(e-2) 0.6023. (-sin @)y + (cos @)z =0, or z = (1an a)y, or

z = (tan @)(r sin 6).

25.

12
Volume = 2E _C(tan a)rsin@rdrdf

_ /2 rasing f 2_ 2
Volume—4£ E a”-rirdrdd =2(tana)Elzsin9d9Er2dr

i 1) 3 3 3
= —-— ( C 0- )]dg 3
b [( 3)" 08 ¥ra =2(mna)[1][ﬁ-]=(3)a3tana
(S E-3-6) R
={-=|[a’|>-=|={=|a"(3n-4)
3 3 2 9

27. Choose a coordinate sysiem so the center of the sphere is the origin and the axis of the part removed is the z-axis.
Volume (Ring) = Volume (Sphere of radius a) - Volume (Part removed)

2 2_p? 1_,2
=g-na3—2£n| b Va® -r’rdrdo =%m3—2(2n)| “ (@*-rH)"2rdr

4 ! Vo't 1 4
=—na3-4n[—(a2—r2)3/2} =—Tta3+41r—(b3—03)=—1tb3
3 3 o 3 3 3
28. |EF|' =a® -0 |CD| = a* - (h-b)? |4B[ = b? - (h - b)?
c A
b h-b ’ T h-b ’
b 2b

Area of left cross-sectional region = 1t[a2 —(h-b)*]-na® - b?)

= 1r[b2 -(h —b)z] = area of right cross-sectional region

Volume = G) b’ -G)n(zz; —h)’[3b-(2b-h)]  (using problem 23)

= (%)nhz(Bb—h)

2] . 2.-2 ; _ /2 . l 2v-1 _]_ B /2 l n_
29. [0 [[}Ln;‘[?(l+r) rd;]de_g‘ [bll_r::o{(—z)(Hb) (_Z)D‘m - (2)‘19_2 0.7854
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I 1
30. 4 =5r§(92 -91)-73(92 -6)

= %(9| -6))(r7 - 1)

=26, -0)3 =12 +1)

'|+2

(r -"1)(97 31)

31. From symmetry we have
Eﬂ ] e-(x-pf/lozdx

ov2r
1 2 2
=2 —__e-(x—;l) {20 dx.
b oV
x—p

Using the substitution u = we get
o2

16.5 Concepts Review

sz yida
s
Hx ySdA

3. [[x*ytas
s

4. greater
Problem Set 16.5

1. y

4 x

m=[ [ +Ddx dy=30
M, = [ ['x(y+Ddrdy =60

M, = [ [ Wy+Ddsdy =54
(. ) = (2. 1.8)

774 Section 16.5

du = Our integral then becomes

dx
o2’
1 —(x—/.:)2 1262
— dx
Lorm

= :/2—_ E e du
T

Using the result from Example 4, we sec that

Ee'“z du = \/—2;- Thus we have

1 TRy 2
ﬁ e(xy)/Zo'dx

=2 2X

2 LJ4-x2 16
m= .[_2 ydydx=?

=0 (symmetry)

M, waa@ 2n
(=, y)( 8)

y

™~

o
A

24

e [ [y f,‘{%]:

.2 _
_ Esm xdx= ,Cl costdx
2 4
_ i_sin2x ﬁ__TE
4 8 f, 4
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M= [ [ v = K[y;];'”dx =[%)(1+41n2)
0

21

-3 s
= ES"; JCdx=§£‘(l-cosz x)sin xdx 16
[ chxJn 4 3 z-—y
=—{ -Ccosx+ =3
3 b i
M, 3 16
y=—%=2-—=05659
m 3 T
_ =n
¥=3 (by symmetry)
2

[
¥

3
M, = -ﬁ Exzdydx+ f [;/xxzdydx =:7‘-

M, = f)_cxydydx+f [ xydyax

2x
dx=_[; 2¢* —xe* + 5 |dx
2

r=!

m= £f(2—x+y)dydx = g[(2—x)y+—};ij|)

a2
= Zex_(xex_ex)+e_ =2—8e_12
4| 4

.

e]’
3 2x Ix
= - = [,y -24 2 = [l -
Mx-_ﬁf(Z x+y)ydde—_[:[y St 3] odx _[:[e T+ Bde
y=

Instructor's Resource Manual Section 16.5

DY os a3 -t (2) -4 yyad
((3]@ 4)e’ -1) ’(16)8 (" -1)(e

m= I:Exdydx+f[:/xxdydx=i ~(0.2809, 0.5811)

(x.y)= (— (%)(] +4In 2)) = (1.3125, 0.3537)

)
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= [(2xe" 26" ) - (x%e" - 2xe* + 26‘)+( n

] 1
-1 0 1 X

m= E Esmarrdrde =%

2siné .
MX=KL (rsmB)rrdrd0=15

M, =0 (symmetry)
(x.¥)=(0.12)

m= 2g £+cosgrrdrd9 =5_3n

] 8
M, = 2£‘ L*‘“ (rcosB)rrdrd6=%

M, =0 (symmetry)
(x,y)=(1.05.0)

776 Section 16.5

e2x xe.’!x e2x eBx ! e2 e
= - -_ -+ — =|—=-—+
2 4 8 9 N 2 4

M, = ﬁ Ex Q-x+y)xdydx = E[ny-xzy+

oMo 8¢’ +27e? - 53
18(e* +8e—13)

ex
5 J dx = ﬁ(er’ —xze"+xe2 de
y=0

1
_ez—8e+33

10.

1)_8e3+27e2—53

9 72

2x

=1.0577

y=\

LR

I Y O O O I 3
0 9

-5

L= [ [y (e ey

2 6
3

28
x 2 712 x3
I,=E x(x+y)dydx=ﬁx +7dx
81553 5104
8
305937
L=1+I,= w ~ 5463
44)
i ] 1 i
-2 0 2x
2048
I = [/; 3edy =2~ 227.56
x ﬁ\/;y 4 9
512
I, = f/; 2ydedy="-=x243
y= [ L=t~

L=I+1, =%:251.94
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12, y

a X

L= [+ )y dedy

7
=%§(a3y2 —3a2y+6ay2 —4y5)dy =l_a_

6
y=7i; -=7L (Same result for a <
180 ° 90

13, m= EE(x+y)dxdy=a3
1/2 1/2
ol =(3J a = 0.6455a
m 12
14. m= B’E"(xz +y2)dxdy=(—é-)a4

I 172 1/2
o 5 (l) a ~0.4830a
m 30

Instructor's Resource Manual

6

80

0)

15.

Y
o

m = Sna’
The moment of inertia about diameter AB is

1=1,=[" [ 6rsin’ rdras

4 . 2
- L”“S“_?‘_"de_— L (1= cos 26)d6

6a [9_51n29]2 Sa*n
0

8 2 -

oI

CSIEY

B

1 fb/Z

= (iz) (a*b+ab®)

(x2 +y )k dxdy

17. y

2a r=2asin®

| !
a 0 a x

I = Hs5y2dA
- 25£"2 J:asmg(rsine)zrdrdf)
=25£"24a4 sin® 640

_ g5 Q) ™ _ 5a%6n
(2)4x6)2 4

Section 16.5
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18. x =0 (by symmetry)

0 3 a(l+sin6)
M, = [[1ydd=2k f j:"“‘" )(rsin@)rdrd = 2k[‘ [—sme] d6
r=0
= Zk; (l+sm9) sin@df
3
o2 ["2 (sin@ +3sin? @ +3sin> 0 +sin"* 0)dO
3 n/2

3
=— 4ka E (3sin 29 +sin*8)d@ (using the symmetry property for odd and even functions.)

3 3

=ﬂ(3—£+—3E = Smka (using Formula 113)

3 22 242 4

Therefore, y = M = éa_'
m 6

1(1+sin @)

I, = [[ tdd = 2k£‘ E“”'“"’( sin6)2rdrdd = zkf |:_4-sm 9] 46

r=0

ka4
2
=ka [l ’2 sin? 6+ 6sin® §+sin® §)d6 (symmetry property for odd and even functions)

Ct[lm, 3, 135w 49nka®
22 242 2462 32

4
[ (1+5in6)*sin? 046 = ka’ ['/2 (sin? 6.+ 4sin’ 0+ 65in* 0 + 4sin’ 0.+ sin° 6)d6
n/2 2 +x/2

(using Formula 113)

19.

x =0 (by symmetry)
MX=J'L19,dA=2k£' E(Hsmo)(rsme)rdrdO 2k£‘,2[a ](3sm 6 +3sin® @ +sin® 9)do

- (Z)k,p [M] - (l)ka3(15n+32)
3 16 24
m=[[ kdd= 21:["2 g’“*““"’ drdé = 2k£‘ ( )a (2sinf+sin® 6)d8 = kaz[(szn)]=(-‘1;)kaz(n+8)

( Jka’(151432) _ g(15r+32)
1

1
24 - = ~1.1836a
m (4)ka® (n+8) 6(n+8)

Therefore, y =
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20, -

I'= J’ js (x+d)?58(x, y)dd = jjs (x% +2xd +d*)5(x, y)dA
= js x26(x, y)dA+ j’]’s 2xdS(x, y)dA+ deza(x, y)dA

=I+M,+dm=1+0+d*m=1+d’m

21. a. y

a

X

m= Hs(x+y)dA = E E(x+y)dxdy

g5 Jo (3

2
—+ay |dy

b. M,= st(x+y)dA = g _C(xz + xy)dy dx

] et

B S
3 4 12

Therefore, x =

Instructor's Resource Manual

2

~~
ol
IS
<
N

x

5 2
Iy =1 +d2m, SO ZJ—:]L +(Z—;) (a3);

12

_ 11a°
144

I

22. I5 =I5 +md? = 0.256a"n+(éna*)a®
=1.258a"n
ka‘n
2
I, =215 +md"]

2. I, =2I;s)=

= 2[0.25a* n + (kna®)(2a)*] = 8.5ka*n
I, =I.+1,=9%a"n

24. b

(WES

ol

Section 16.5
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(9]
n

26.

The square of the distance of the comner from the

2,2
center of mass is d? =—q——.
I = I(Prob. 16)+ md*
ka’ 3 2,42 3 3
_ (ab+ab )+(kab)a +b - k(a’b+ab”)
12 4 3
. M, = j '[5'1\)52 x8(x, y)dA

- ”’S| x8(x. y)dAd+ Hs x8(x, y)dA

m Hs x6(x, y)YdA m, Hsz xo(x, y)dA
= ! +

m My

=mX; +mXx;

M, _myx +myx

Thus, ¥ = which is equal to

m my + M,
what we are to obtain and which is what we
would obtain using the center of mass formula
for two point masses. (Similar result can be
obtained for y.)

- _ Ca)éna’) + (@)[énia)’) _ a(® ~1)
) Sna’® + Sn(ta)? 1241
5= (a)(ra’)+(0) __a

Sna® + Sn(ta)® 1 +1

16.6 Concepts Review

1. [ux v|

2,

780

H,/ff+ﬁ+ldA

Ky

Section 16.6

27

28.

4.

(x, )

<ua, >

(a,b) is perpendicular to the line ax + by = 0.
Therefore, the (signed) distance of (x, y) to L is
the scalar projection of (x,y) onto {a.b), which

(e ) {a ) _asety
(a8 a0l

M, = [[d(x, )5(x. y)d4

- ﬂsi("al‘ls(x, y)dA

)
= b
= I(—a:b—>| J:[S‘ ).’5(-’:, y)dA +m 'US y5(x, y)dA

is d(x, y)=

(0)+ (0)=0

et K b)l

[since (x, y) =(0, 0)]

3a la
20 24
nn

135°

\ X
The equation has the formx +y=b.
3_a + z =} b= _‘1
2n 2m s

. 3a
Therefore, the equation is x+y=—, or
T

nx+ny=3a.

JdrdG 2na’

I’ZT[J—_

2rah
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Problem Set 16.6 A(G) = Efm"'—*'ldxdy
2 2
e

ol ([ (220

=2 10472
3

f(x9)= =314y (x9) =

A(G) = LN-+ 2 frdyax

G

=—~26034
3

4G)= [ ['“Hz 24-y2) 2 dxdy = 4

(See problem 3 for the integrand.)

1 1
2=2-—x+— 3
2737

./;(st)=—%ny(ny) =§

X

\ Let z= f(x, y)=(9-x%)"2,

&= [ 7 e L Sex )= =505, £ (5, 7) =0
=%£(—%x+6]dx=(%)(ﬂ)=l4 AG) = ﬁﬁ[x2(9—12)‘1+1]dydx

= [ [30-2*"dedy =9sin™! (%)

= 6.5675

P4

z=f(x )= @-y)"% fi(x, ) =0;
fy(x, y)=-p(4-y*y 2
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Let z = f(x, y)= x> +¥*: filx, y) = 2x:
Sy(x. y)=2y.

A(G) = 4L2 l nd J4x? +4y% +1dydx

=4E"2ﬁ(4r2+1)”2rdrda
312 32 _
_4L"’2(4r_+£_ d,=ﬂ_l)£
2|, 3 2

= 36.1769
7. Z

= f(x, ) =22+ y*)"?
folx ) =x(2+y2) V2, £k )=y 4y

4Gy = [ [T1E + Ay e e e e = [ [ Vadyas=82

1/2

1
A
X
_ (1,2 <2 e
z=f(x, ,v)—(4 x°+4 };(x,y)=;2__—x2__yz-,fy(x,y)=m
S =(x, y)-i £ (x, »)=0 (See Example 3.)
2

A(G)=8] A
AG) = ﬂ[}[& x +1] dydx LJaz—xz—yZ

-8 [———rdrae
=—+zm[( +1) ~ 2.0805 Va? -r?
2 —8a[ )K(a 2y M2,y
=4an[<az-r2>~2];=4m(a_m)

782 Section 16.6 Instructor's Resource Manual



10.

11.

12.

2 2

y
Ly =5—F—
¥ @ -2y

x

Sx(xy)=
a®-x*-

(See Example 3.)

A(G)=8Eﬁb/a)m—a—dyh

2 —x—y?

=8a E sin™! (ﬁ)dr =8a?sin”! (9)
a a

2 2

fx(X,)’)-—z—— Jy(x )’)——'—2'
a®-x* - at-x*-y

(See Example 3.)

A(G) =4£x/2 Esin& aza_r2

= 4q> E‘”(l —cos6)df = 2a*(n-2)

rdrdf

Let F(x, y, z)=x2+y2 - ay.

Jen? +@y-ay

secy = |2x| (Interchange roles of
xand z.)

_ \/4(Jc2 + yz) —4ay + a® _ \/4(ay) —day + a?

) 2|+ © 2Ma-y)

Instructor's Resource Manual

13.

14,

a
B 2Jy(a-y)

AG)=4 IS?_ = y

22 E]a(a-y) dz d
E J (a y) i

y dy=20~/§£’y'“2dy

a a-—
) ZaE Vyla-y)
2ol i [ ]-200a(22)-

7
<

Let F(x, y, z)=x2 —y2 —az.
2x -2
fon) == fy ey ==

AG) = sz [—= 4r2a+a2

rdrd@

na’ (5\/3—1)

2n 2. 2\/2
=— | (4r°+a rdr=
a E( ) 6

Se(x, y)——,— Sy(xy)=0
YUt + (1, () #1

a? —r2_cos2 6

/2 a
A(all sides) =16 —_—
E E\/az—rzcosze
2 a®
-16 E‘ a

dOrdr

d9-l6a (1) = 1642
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~

15. X =y =0 (by symmetry)
b+ a’ -(a-hy} =b" -h*, soh—-I;—
Let h=——2_ Planes z=h andz=hcutout -a
2 Thus, C= 27ah
the same surface area as planesz=h and z = h,. B2 ,
Therefore, Z = h, the arithmetic average of A =2na [ Za} =nb’
and h,.
d.
h ) '
)
a
D= 2rah
2 2 g2
Area= 2rah =2na(a—'/a2—b2)=2m[a -(a"-b7)]
2 ;2
=2na(a—acos¢)=2m2(l—cos¢) a+\/a -b
2nab

_—>
17. a. A=nb’ oo b
Therefore, B<A=C<D.
18. [A(S,.)F +[A(SIP +[A(S,)F

= [A(S)cosa)? +[A(S)cos BT +[A(S)cosy]’
(where a, B, and yare direction angles for a
normal to §.)

b T
b/‘ﬁ =[A(S)]2(coszar-l—cos2 ,B+cosz ;/)=[A(S)]2
8 - 19. In the following, each double integral is over Sy,
ASH) (X y)= A(Sy Nax +by +c)
dA dA
= ([ a JJzaa s
JJaa " [faa

B= 2na2(1—cos¢) (Problem 16) = adeA+bHydA+cH¢i4

=2m2[1_ws(b]] - “‘(ax+by+c).dA

= Volume of solid cylinder under S,,

b2
= 2na? [2' " 6' jl 20. Because the slopes of both roofs are the same, the
la® a* a® area of T, will be the same for both roofs.
- |1 b2 b* <nb’ (Essentially we will be integrating over a
- - 1242 360 2t constant). Therefore, the area of the roofs will be
the same.

21. Let G denote the surface of that part of the plane
z= Ax+ By +C over the region S . First,

suppose that S is the rectangle
a<xsbh csy<d. Thenthe vectorsuand v

that form the edge of the parallelogram G are
u=(h-a)i+0j+ A(b-a)k and
v = 0i+(d -c¢)j+ B(d —c)k . The surface area of

kﬂ
N/
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G is thus
[u x v| =
|-A(b —a)d-c)i—-B(b-a)d-c)j+(b-a)d - c)|

=(b-a)d-cWA2+ B +1

A normal vector to the plane is n=—-A4i— Bj+k .

Thus,
-A,-B,
cosy = (- 1)-{0.0.1) _ I
|"”k| \/A2+Bz+l 1 A*+ B +1
secy = =\/A2+Bz+l=|uxv|=A(G).
cosy

If S is not a rectangle, then make a partition of
S with rectangles R|,R,....,R,. The Riemann

sum will be

n n

Z A(G,)Ax, Ay, = Z secy Ax Ay, .
m=] m=}

n
= secyz A(R,,). As we take the limit as
m=1
|P| = 0 the sum converges to the area of S .

16.7 Concepts Review

1. volume

2. ([flxylav
Ly \/;

4. 0
Problem Set 16.7
7 2x 7
1. L}L (x—l—y)dydx=[3—2xdx=—40

2. ﬁfl(3y+x)dydx= ﬁ(—?+5x]dx=55

. [ [ dxdyaz = [ [ +22)dya:

2z

- f[%a,zsz dz

[ ;]dz

Instructor's Resource Manual

Thus the surface area will be

A(G)= lim secyz A(R,,) =secy A(S).
IA-o0 m=|
Let y = y(x.y, f(x,y)) be the acute angle

between a unit vector n that is normal to the
surface and makes an acute angle with the z-axis.
Let F(x,y,z)=z- f(x,y). Then the normal

vector to the surface F(x,y,z)=0=z- f(x,y) is

parallel to the gradient
VF(x,y,z)=—fii- f,j+1k. The unit normal

vector is thus n =(—fxi-fyj+1k)/\[fx2 +ff +1

The cosine of the angle y is thus
n-k __fxi_fyj+lk L 1
In[k| \/f12+fyz+l \/f3+fy2+l

Hence, secy = ,/f,z +f}.2 +1

cosy =

5 2
4. 6[ [ y2dy[ xan= [%)(72)(3)
33,750

5. Lz f x}dxdz = _[)2(%)(23 -1)dz =§

6. EIZ Lz Lysin(x+y+Z)dxdydz
= Elz E[—cos(2y+z)+COS(y+Z)]dyd2

/2 1 1
=E (—Sm32+sin22—smz]dz=-l—
2 2 3

7. [‘2 L“l' 3y3dydr= [ (63 +2)dx =156

E{IZ -Ci)nZzy(l_coszz)dydz

= L"/z(—%)(sinz 2z)(1-cos2z)

-2 ~0.3927
8
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9. ,C,[:ﬁlz-h_zwa(x’ y. )z dyds 13, LZA Jj:;x)/z E-x-uf(x! y. 2)dy dz dx

“

X X

0. [ Lz e y, 2)dxdyds 14, ng L"l fix.
rd

. z2)dxdyd:z
z=1

15

2 /2 .

11, L _[: I;V f(x, y, z)dxdydz
zZ
i Y
5 ! © 3,20
Using the cross product of vectors along edges, it
% is easy to show that (2, 6,9} is normal to the

upward face. Then obtain that its equation is
2x+6y+9z=18.

3 (9-x)/3 {(18-2x-6y)/9
-L Ex/B ,t f(x, y, 2)dzdydx

_2 _2_2
16. ﬁ““ E’ Y f(x, y, z)dzdydx
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17. [‘L‘ n-yzf(x, y, 2)dzdydx 21. V=4[:L‘Gﬁ;1¢dxdy;4ﬁ g/;‘/;dxdy
=4[ rrdy=(2y*h =2
Z

X

X

)
18. _[:ﬁ yzy d S(x, y, z)dxdydz

2 2. 2£5j:,ﬁﬁ""ldzdydx:ngw.osw

3

19. [,ZJ:; Lz-ymldzdydxz%g
Z

23. Let &x, y,z) =x +y + 2. (See note with next
problem.)

Z

X

Then y=7 = % (symmetry).

24, (x, y, z) = k(x* +y2 +2%)
In evaluating the coordinates of the center of
mass, k is a factor of the numerator and
denominator and so may be canceled. Hence, for
sake of convenience we may just let k= 1 when
determining the center of mass. Note that this is
not valid if we are concerned with values of
moments or mass.
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25.

788

RY
3 -2
m=4L ‘ K 5(.t2+y2+32)d:dyd.r
3 -x?
:4[) | ’ [4(x2+y2)+ﬁ]dydx
3
nl2 3 64
=4 4r2 + = |rdrd@ (changing to
s L( 3 )r (changing
polar)
2 3272 i 12
-4 A2l ge=4(""177d6
E 1: 3 ]o E

=354n

My = 4,C|/2 f: gz(r2 +2°)rdzdrdf
(polar coordinates)

- 4[)"2 ﬁ(8r3 +64r)drd@

- 4f’2450d9 = 9007

_ 900 130 5 5495
354n 59

X =y =0 (by symmetry)

7

Let &x, y, z) = 1. (See note with previous
problem.)

-~

X

m= (%)(volume of sphere) = (%) a

JENNER JE R
Mxy=J: l l zd-dydx
/ 12
= K zf; l ‘ zrd:/.'drd€=(—]%)a4

y= z‘=(—)a (by symmetry)

Section 16.7

26. y2 +2° is the distance of (x. y, z) from the x-
axis.

X

I, = J'Us(y2 +22 Xx, y. 2)dV

= EL\/:Z_I Ly(yz +22)zdxdydz =?

27.

X

The limits of integration are those for the first
octant part of a sphere of radius 1.

2 22
E‘ - iy f(x, y, z)dzdydx
8 -

28.

I3

x+2y+2=4
=2-x2

.[)2 _[)2-':/2 E—X-ny(x’ y, 2)dzdydx

29. LZLLZ ﬁ_xz f(x, y, z2)dydxdz

Figure is same as for Problem 30 except that the
solid doesn’t need to be divided into two parts.
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30.

31.

32.

33.

34,

Instructor's Resource Manual

[E L ey asasaye [ (77 07 e eacay

yed-r

a. Eﬂ—zxﬁdzdyﬁ+ﬁf::: ﬁ'x-.v/Z dzdyds=3+1=4

b. _C‘[;ﬁ_zx-zzldydxdz=4

e. A(Sg)f(X,Z) (Sg isthe unit square in the comner of xz-plane; and (X, Z) = (% %) is the centroid of S_.)

ofe ()

The moment of inertia with respect to the y-axis is the integral (over the solid) of the function which gives the
square of the distance of each point in the solid from the y-axis.

(L 7 k(P + 2y dedz = %k

E ﬂ E -21-2:(30 ~2)dydxdz = J; I:Oo —z)(6-2x-22)dxdz = E([(30 = 2)(6x - x* — 2x2)];20)dz

—
3

1
65:° 222 | 709
, 6

= £(30-z)(5—22)dz= £(150—6Sz+222)dz =[1502-

The volume of the solid is 4 (from Problem 31).

2 709
Hence, the average temperature of the solid is vy = Yy = 29.54°,

4
LEL P rdydedz= [ [[2(6-2x-22)dxdz = [ ([2(6x-x* ~2x2)]e0)d

2,37

z° 2z 11
=£(52—222)dz= 5272 =—

2 o 6

3
o
Hence, Z = = =— = 0.4583.
4 24
: : : Figure 1: When the center of mass is in this
position, it will go lower when a little more soda
leaks out since mass above the center of mass is
if . : being removed.
i e Figure 2: When the center of mass is in this

position, it was lower moments before since mass
that was below the center of mass was removed,
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causing the center of mass to rise.

Therefore, the center of mass is lowest when itis
at the height of the soda, as in Figure 3. The same
argument would hold for a soda bottle.

35. The result obtained from Mathematica is:

\jl—zzlc2 I--yz/bz—zzlc2 8 .2,2 8 » 2.2
£r { B(xy + 2 + y2)dxdyds = a4 oa a2bc? +15 abe
=-§acb(ca+cb+ab)
15
16.8 Concepts Review E_E
3
1. rdzdrd@ p*singdpd@de =y =0 (by symmetry)
123 3 : 6. Let &x.y,2)=1.
6dzdrdf ’
E ID L r” cosfsin " (See comment at begmnmg of write-up of
Problem 24 of the previous section.)
2n ¢l 4 2, . -
3. [ [ptcos¢singdpdods m=(" L[ ’ rdzdrdd = [ [ r(12-r?)dr db
4n

is -[ [6 2-%1 do= [ ( )de_s';"

Problem Set 16.8 2
2n (2 f2-r

ox 2 My=["| [} zrdzdrdf

[ { [ordzdrds =8n~25.1327 e 2l AP

- 4
) LGLL9 P drd - ( )n(Z? 5312y _Enll3-83 4o 2T
- 12 T2
~33.1326 )

2

2~ 4.7895.
2n 5‘%“’ 19
3. L LI rdzdrdB ¥ =y =0 (by symmetry)
3
21 2
- LnL[4r(5—r2)1/2——r4—:\drd9 7. Letd(x, y, 2)=kp

m=[ f" J:kppz singdpdods = kn(b® -a*)

32 _ 302 _
= LZ"S 440=270" "= _ 150385
3
2n (2cos6 r2sinfcosd 2 8 2 k 2 2. $dpdods = 56 na’
4. _[) I ‘E rdzdrdf =— . f: E p- p singap ¢= -—5— na
P 3
5. Let&x,y,2)= 1. 9. Let &x,y.z2)=p.

(Letting k=1 - - see comment at the begmnmg of

(See write-up of Problem 24, Section 16.7.)
the write-up of Problem 24 of the previous

m= LML I:zz -2 rdzdrdf =24n section.)
_ 12 2% 3 . 40
My = .[fn.[)zfzz-zrzzrdzdrdeﬂzsn m={ ) 4;” singd pdt dé
_ ‘[;1/2-[)21:0 im¢d0d¢
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=E/2m4sin¢d¢=ﬁ 11. ]z=Hs(x2+y2)k(x2+y2)”2dl/

712 2n a4 =£""'f‘ [ kp*sin® gdpdodg = LI
MXJ’:E L Ep singcosgd pdGdg 16
(z=pcos @) 12 2n
_ K“LZMS 26 2. Volume= ["* [ [' p*singdpd dg

10 12 2z 64sing 12128nsm¢
_ E/ZMSSinz¢d¢—(E)a5 = /4L 3 dédg = d¢
5 5
S 60T, 81
na- 9
E:%:?a;)?=i=0 (by symmetry)
R4 _ /16 ¢ n
2 13. 2singdpdfdg =— = 0.3491
[ L [otsingdpdoas=3

10. &x,y.z)=psin ¢ (letting k= 1)

_ 2 2 3.2 _124 23 3 3 . - ~
m= E‘ [ J':p sin ¢dpd9d¢—(§)n a 14. E‘L [ P’p*singdpdpd6 = 486n ~1526.81
_mi2@2n a4 . 9 8 i
_E L Ep sin“ gcosgpdpdBdg 15. Volume = EEm L’;mgrdzdrde
(i) o
. ing . sin” @
15 = r(rsind-r®)drd = deé
EE (rsi re)dr E' )
z= 1—5;~03395a 18 [1_20 29+1+cc2)s46‘]d9
X=7=0 (by symmetry) n
=—=0.0982
32
12 2z 2V2cos6 5 . W2
16. /4L L plsingdpdfds (;)Tﬂ 2.9619
17. a. Position the ball with its center at the origin. The distance of (x, y, z) from the origin is (x2+ y2+22)“ 22 o2

[[fo G2+ 5% +22)2ay = 87 [* [ ptsin6p?)d pd6 dg = na’

Then the average distance from the center is —:‘;— =
)]

b. Position the ball with its center at the origin and consider the diameter along the z-axis. The distance of (x, y, z)

from the z-axis is (x* +y2 )2 = psing.

[l 02+ y2) 2av = sﬂ“ [ [ (psing)p?sin6)d pdO dg =

]

a*n?

Then the average distance from a diameter is ———==="—.
[(s),w3] 16
3
c. Position the sphere above and tangent to the xy-plane at the origin and consider the point on the boundary to be
the origin. The equation of the sphere is p=2a cos ¢, and the distance of (x, y, z) from the origin is p.
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8na’

[0+ 52+ 2 2av = K’z L’ I)z‘”“"p(,o2 sinB)d pd6dg =~

871..74
5 6a

Then the average distance from the origin is 7=——===

=]

[[[(ax+by+cz+dyav _ afflgcdv+b ([ vav e [[[hav +d [[[ kav

18. Average value of ax + by + cz on S is

Iffsev
_aM, +bM . +cM , +dm

m

Hsde

=ax+by+cz+d=f(x, y, 2).

19. a. M,\: = ”‘J.Sk'de =4k Elz E g(Psin¢cosa)(p2 sing)dpdf@dg = ka4n—(si2a)

4a’ka
3

m={[[kav =4k [° [ [ p?sinddpdfdg -
A)

ka4n(sina)
4 _ an(sina)

[4a3ka] l16a
3

b. 3% (See Problem 17b.)

Therefore, X =+

20. a. (SecProblem I17b.) I, = [[[ K(x* + ") av

=8k£[/2 Elz K(psin¢)2(p2 sing)dpdBd¢ = v

7a*m

2
b. I'sI=d*m= 2asm+a2m =

2m(7a® +10ab + 5b%)
5

2
e [ =2[2a5m+(a+b)2m] =

21. Let m) and m, be the masses of the left and

right balls, respectively. Then m, =§1ta3k and

4
my =§Tt(13 (ck), so my =cmy. 22.

_my(-a-b)+my(a+b)

~=|

my + my
_m(-a-b)+cm(a+b) -a-b+cla+b)
I+c

m,+cml
_(a+b)(=1+c) c-1
l+¢ c+l

(a+b)

792 Section 16.8

8a° nk _ 2a’m

(since m = (ﬁ] na’k
5 3

(Analogue)
_ my|+my, _ m _ m
r= ]::l, +m;yh B m +Im2 *)2 m +2m2
x=rcosbf, y=rsinf z=z
X, xg X,
J(r.0.2)=\y, yo ¥
Z, 29 20
cosfd -rsind 0
=|sinfd rcos@ O
0 0 I

= lf(cos @)—r cos &) — (sin 8)(—rsin )]

= r(cos2 6 +sin> &)=r
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23. x= psingcosh, y = psingsind, z = pcos¢
Xp Xg Xg singcos@ pcosgcosd —psingsind
J(p.6.0)=|yp Y Yo| = singsinf pcosgsind  psingcosd
z, 25 2 cos¢ -psing 0
= (cos #)(p? cos psin g)(cos? B +sin? 8) + (psin g)(psin? g)(cos’ 6 +sin’ )
= p?sing(cos? g +sin’ g) = p*sing
(Expansion was along the third row of the determinant.)

24. Volume = ”SldV Letx=au,y=bv.z=cw
a 00
Then J(u, v, w)={0 b O|=abc
0 0 ¢
x2 y2 2
= HL_abch S: —+—2+—<1 (ellipsoid)
a b ¢
=abc%1'c(l)3 =§nabc =T+ +w <l (ball)

- .U.[s k(x? +y?)dV =k ”L(azuz +b2v?)abedV
= lcabc[a2 J'J‘ITuZdV +b? HJT v2dV] (By symmetry, these integrals are equals.)

= kabe(a® +b?) [[[ w2dV = kabe(a® +b%) [[[ wPaV = 8kabe(a® th;z)g”2 g"z [ (pcosg)? p*singd pdo dg
i

5
= 8kabe(a® +6%) [ [ [ cos ¢sm¢} dods =8kabc(az+b2)glzglz(écosz¢sin¢)d(9d¢

p=0

3 /2
1 mt(-cos” @)
52 3

0

= 8kabc(a® +b%) g cos 2 4singdg = Skabe(a’ +b2)[—

2
- Skabe(a +b2)11t1 4kabc(a +b%)n

523 15
16.9 Chapter Review 4. True: Use Problem 25, Section 16.2. Each
2 2
Concepts Test integrand, ¥ and e%?" , determines
and even function.
1. True: Use result of Problem 25. Section
16.2, and then change dummy 5. True: It is less than or equal to f Lzldxdy

variable y to dummy variable x.
which equals 2.

1
2. False: Let flx, ») = x. Ist integral is —; 2nd
3 6. True: f(x, y)2 L(%Y_o) in some
1

is s neighborhood N of (xp, y5) dueto
the continuity. Then
3. True: Inside integral is O since sin(x*y?) is 1
gr (¥y*) [l f G ydaz | jN(z S(xo, yo)dA

an odd function in x.

- G)f(xf), ¥o)(Area NY > 0.
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/
a6=[' 22 sin2 BcosOdb

7. False: Letfix. y) =x, g(x. y)=x%, 12[ 12 coso 25in @
R = {(x,y): xin [0, 2], yin [0, 1]}. 3. ﬂ
The inequality holds for the integrals r=0
but f0.5, 0) > g(0.5, 0). |:25in3 9:|7‘/2

8. False: Let 10, 0) = 1, fix, y) = 0 elsewhere 3 3

for x2+y2 <1

2 ex( W 2( 7 n
9. True: See the write-up of Problem 24, 4. -‘; -L (;]dydx - J; (EJ(X_B)dx Y
Section 16.7.

0

10. True: For each x, the density increases as y 5. ﬁ Kf(xv y)dxdy
increases, so the top half of R is more .
dense than the bottom half. For each 1
y, the density decreases as the x
increases. so the right half of R is
more dense than the left half.

11. True: The integral is the volume between
concentric spheres of radii 4 and 1.
That volume is 847 . e

12. True: See Section 16.6. /2 rcosx
A(T) = (Area of base)(sec 30°) 6. E S(x, y)dxdy

a2 23 ¥
-0 (ﬁ)‘ 3 T

13. False:  There are 6. N’ws g
! L1

14. False: The integrand should be r. r

talA

15. True: V7] is the magnitude of the greatest

increase in f. 2F

[Duf]=[¥/ -u|= (fX’ f)‘)'“l 12 d-2y d-2y-z
7. (x, y, z)dxdzd"
=\}f3+fyz(l)cosﬁsm=\/§ E .[: - L f(x, y,2) hy

Therefore,
Area(G) < Area(R) max{sec y}

< (l)sc:c(tan"l ~/§) =3.

Sample Test Problems
o2 3y, 1
1. E(E)(x - ¥)ds = o= 0.0417

2 .
2. LZOd): =0 (Integrand determines an odd

function in x.)
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12 [2.2 2 . o 212, o
9. a. 8[;{:/ T drdydx 15. z=f(x, p)=0O-y°)"'"; f[i(x. ) =0;
Sy(x yy==y0-yH""?

b 8["[[ @ brdrde Area = ﬁﬁ/s‘wz(g‘yz)-'“d"d"

12 mi2 a0 5 .
c. 8 p singdpdbdé 2 22
F°8°F = o=y pdy =120~ )R =6

10. x+ y)d dx-—~39270

§ B xenay 6. a. [0 [ [rrardzdo=9n=282743
N4

B b.

y=sinx

F 12 @2 Na-r? 2.1/2 8
l l ) ] K LL z(4-r°) rdzdrd@z(g)n
0 n =~ 5.0265
17. &x,y,2)=kp

2

m=[[" fk,o,o2 singd pdfdg =80mk

2
C 8l I 2drdydx =2l ~0.8857 .
1 .GL ﬂ dzdydx =7 18. m=[[ 1d4= LZ“ E““‘“"’rdrde

=16_[)2"(1+2sin9+1—'°i2€)d9=24n
M, = [[ yaa= LG E“”i“a’ (rsinf)rdrdé
=80r
80 _10
y =2.5=0 (bys
Y= (by symmetry)
& 19. m= E gb/a)(a—x) Eclab)(ab—bx—ay)kxdzdydx
k) 2
12. LG E (r%)rdrdé = E"[ln ridé =(§]a be
= 2"1n(—)de=2nln(3).~.2.5476 ri
2 2 20. [;‘L g d7drd9-—~47124

13. m= szxy’dxdy=3—32
M, = _[)zfxy3dxdy=16

= [ P 5
133
w=(23)

4. I, _Lj A dx dy ———256
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