e
]

-

'| 4 Geometry in Space,

Vectors
14.1 Concepts Review b. ‘[(_2_2)2 +(22+2)% +(0+3)?
1. coordinates =J16+0+9=5
2. \/(x+l)2+(y—3)2+(z—5)2 c. \/(e+n)2+(n+4)2+(0—\/§)2
3. (-1,3,5):4 Jle+m)? +(n+8)2 +329.399

4. plane; 4; -6;
plane 3 6. P(4,5.3),0(1.7,4). RQ. 4, 6)

1P| = J(@-1? +(5-7)2 +(3-4)?
Y crrre T
|PR| = J(4-2)? +(5-4)* +(3-6)*
4 =Ja+1+9=Vi4
| |OR| = \J(1-2)2 +(7-4)% + (4-6)?
vl

Since the distances are equal, the triangle formed
by joining P, O, and R is equilateral.

Problem Set 14.1

1. A(l, 2, 3), B(Z, 0) 1)7 C(_zl 41 S)a D(O’ 3’ 0)1
E(-1,-2,-3)
z

7. P, 1,6),0,7,9), R(8, 5, ~6)
1P| =2~ +(1=7) +(6-9)
=J4+36+9=7
|PR| = J(2-8)2 +(1-5)* +(6+6)?
=V36+16+144 =14
|OR| = y(4-8)2 +(T-5)> +(9+6)*
G AT -
|PQP? +| PR = 49+196 = 245 =|OR[* , so the

triangle formed by joining P, 0, and R is a right
triangle, since it satisfies the Pythagorean
Theorem.

D(0,0,e)

3. x=0in the yz-plane. x =0 and y = 0 on the 8. a. The distance to the xy-plane is | since the
z-axis. point is | unit below the plane.

4. y=0in the xz-plane. x =0 and z = 0 on the b. The distance is
y-axis. J2-02 +(3-3)* +(=1-0)* =5 since
2 2 2 the distance from a point to a line is the
5. a. ‘/(Gi D +(1-2)"+(0-3) length of the shortest segment joining the

=254+9+9 = Ja3 point and the line. Using the point (0, 3, 0)
on the y-axis clearly minimizes the length.
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¢ J2-02+(3-02+(1-0)?
224324 (-1)? =14

9, Since the faces are parallel to the coordinate 11.

planes, the sides of the box are in the planes
x=2,y=3,z=4,x=6,y=—1,andz=0and the
vertices are at the points where 3 of these planes
intersect. Thus, the vertices are (2, 3, 4). (2, 3, 0),
(2,-1,4),(2,-1,0),(6,3,4),(6,3,0),(6,-1,4),
and (6, -1, 0)

4

12.

2.-.,4) 2,3, 4

7, A
ke Y
-ty Ay
(,(6.1—1).)4) + 4 (2.3.0)
e =1, ~— s
610y ”_/‘ L (6,3, 4)
T A 6.3,000

10,

1t is parallel to the y-axis; x =2 and z=3. (If it
were parallel to the x-axis, the y-coordinate could
not change, similarly for the z-axis.)

a. (x-D)2+(y-22+(z-3)%=25

b. (x+2)% +(y+3)% +(z+6)* =5

c. (x—n)2 +(y—e)2 +(z—\/§)2 =7

Since the sphere is tangent to the xy-plane, the
point (2, 4, 0) is on the surface of the sphere.
Hence, the radius of the sphere is 5 so the

equation is (x-2)? +(y—4)? +(z-5)* = 25.

13. (x2 —12x+36)+(y% +14y+49) + (22 -8z +16) = —1+36+49+16

(x-6)2+(y+? +(z-4)% =100
Center: (6,7, 4); radius 10

14. (3% +2x+1)+(p2 —6y+9)+(z% —102+25) = =34 +1+9+25

(x+D2+(y-3) +(z=-5)* =1
Center: (-1, 3, 5); radius 1

15. x2+y2+22—x+2y+42=-143

(x2—1+l)+(y2+2y+l)+(zz+4z+4)=2+l+l+4

4 4 4
]2 2 2 17

x——| +(y+D)*+(z+2)" =—

( 2) (y+D)" +(z+2) 5

Center: (l, -1, -2); radius \/l—z =292
2 2

16. (x* +8x+16)+(y2 —dy+4)+(z2 —22z+121) = 77 +16+4+121

(x+4)2 +(y-2)2 +(z-11)* =64
Center: (4, 2, 11); radius 8

17. x-intercept: y=z=0 = 2x=12,x=6
y-intercept: x=z=0 = 6y=12,y=2
z-intercept: x=y=0 = 3z=12,z=4

Instructor's Resource Manuali
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18. x-intercept: y=z=0 = 3x=24,x=8 22, x and z cannot both be zero, so the plane is
y-intercept: y=z=0 = —4y=24,y=-6 parallel to the y-axis.
z-intercept: x=y=0 = 2z=24,z=12 x-intercept: y=z=0 = 3x=12,x=4
z-intercept: x=y=0 = 4z=12,z=3

19. x-intercept: y=z=0 = x=6
y-intercept: x=2z=0 = 3y=6,y=2
z-intercept: x=y=0 = —z=6,2=-6

24. This is a sphere with center (2, 0, 0) and radius 2.
20. x-intercept: y=z=0= -3x=6,x=-2 2 ‘
y-intercept: x=z=0 = 2y=6,y=3
z-intercept: x=y =0 => z=6

e anl alir alhr Sy da

25. The center of the sphere is the midpoint of the
diameter, so it is

(_2+4,3-1, 6+5)=(l,1,2} The radius is

2 22 2
%\/(-2-4)2 +B+1)2 +(6-5)° =§.The

v Ta

21. x and y cannot both be zero, so the plane is

parallel to the z-axis.

2
11 53
i cy=z= = equationis (x—-1)2 +(y-1)* +[ z-— | ==.
x-intercept: y=2z=0 = x=8 q (x-D"+(y-1) ( 2) 2

y-intercept: x=z=0 = 3y=8, y= § )
3 26. Since the spheres are tangent and have equal

radii, the radius of each sphere is % of the
distance between the centers.

r:%\/(_3_5)2+(1+3)2 +(2-6)2 =2V6. The

spheres are (x+3)2 +(y—l)2 +(z—2)2 =24 and
(x-5)% +(y+3)? +(z-6)* =24.

27. The center must be 6 units from each coordinate
plane. Since it is in the first octant, the center is
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(6, 6. 6). The equation is ¢.  Union of the yz-plane (x = 0) and the
(x-6)%+(y- 6) +(z—6)° = 36. xz-plane (y = 0)

. . d. Uni t inat
28. x+y =12 is parallel to the z-axis. The distance nion of the three coordinate planes

from (1, 1, 4) to the plane x + ' = 12 is the same e. Cylinder of radius 2, parallel to the z-axis
as the distance in the xy-plane of (1, 1. 0) to the
line x + y — 12 = 0. That distance is f.  Top half of the sphere with center (0. 0, 0)
—-—-II * -lizl =5J2. The equation of the sphere is and radius 3

(1+n7° 30. The points of the intersection satisfy both
(x=D2+(y-1? +(z-4)* =50. (-1 +(y+2)2 +(z+1)> =10 and z = 2, 50

2 2 2 T
29. a. Plane parallel to and two units above the (x=1)" +(y+2)" +(2+1)” = 10. This simplifies

xy-plane to (x-1)” +(y+2)* =1. the equation of a circle

b. Plane perpendicular to the xy-plane whose of radius 1. The center is (1, -2, 2).

trace in the xy-plane is the line x = y.

31. If P(x, y., z) denotes the moving point,
JE=D2+(r =22 +(z+3)? =2J(x=D)? +(y-2)* +(z-3)>,

which simplifies to (x-1)% +(y—2)> +(z-5)* =16, is a sphere
with radius 4 and center (1, 2, 5).

32. If P(x, y, z) denotes the moving point,
Jo-D2+ (=22 +(2+3)2 =(x-2)> +(y =32 +(z-2)%

which simplifies to x + y + 5z = 3/2. a plane.

33. Note that the volume of a segment of height # in a hemisphere of radius r is h? [r —(—g]]

The resulting solid is the union of two segments. one for each ball. Since the two balls have the same radius, each
segment will have the same value for A. A is the radius minus half the distance between the centers of the two balls.

L, VT 2.2y 3 1
h=2 2\/(2 ?+(@4-27 +3-1)7 =2-3 =2

A )

34. As in Problem 33, the resulting solid is the union of two segments. Since the radii are not the same, the segments
will have different heights. Let A be the height of the segment from the first ball and let &, be the height from the

second ball. = 2 is the radius of the first ball and » =3 is the radius of the second ball.

Solving for the equation of the plane containing the intersection of the spheres (x - l)2 +(y- 2)2 +(z- l)2 -4=0
and (x-2)2 +(y—-4)2 +(2-3)>-9=0, wegetx+2y+2:-9=0.

2
The distance from (1. 2, 1) to the plane is -;, and the distance from (2, 4, 3) to the plane is ;— (Use the formula in

Example 6 of Section 14.2.)

hl =2—3=i;]12 =3_Z=Z
3 3 3 3

- B3
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14.2 Concepts Review

L2 e o (B) = VA3 =4
2.34(=3)2+\3:(-23)=6-6-6=-6

(2]
.

dot product; 0

(9]

. (2,-1,0); (3,-2,4)

da

.yl v|cos€‘cos'lil
ullvleosdscos

Problem Set 14.2

1. a. (A-Di+(G5-j+(6-4k=3i+3j+2k

£%

b. (=14 + 1)+ (52 +3)j + (26 - 204)k
=13+ 55j - 178k

2. a. (3+2)ji+(4+2)j+(5+2)k
=—i-2j+7k
P,e

b. (—\/1—4—0)i+(-5+1)j+(n-e)k
= -Jl4i-4j+(n-e)k

666 Section 14.2

= -3.74i — 4j + 0.42k

-
-

. a. length= 4% +12+22 =J212458

cosa = L =0.87,cos f = —-1— =0.22,

V21

v 8
S

cosy = —— = 0.44
T

b. length = {(=2)% +(=3)? +72 = /62 = 7.87

cosa = ——3— = -0.25,

J62
cosﬁ—-——3—-~—038 cosy——7—~089
NG Je2

. a. length=y2%2+(-1)?+(=2)* =3

cosa—E cos,B——l cos =2
3 39T =Ty

b. length = J(-)% +2% +(-2)* =3

cosa-——l cosﬁ—3 cos =2
3’ 3, 7

3

|3 -4, 5= YR+ (252 =542

1 3 4 i
—(3,-45={—F.—F—=, —F is the unit
L56-49-(35 55 )
vector with the same direction as (3,~4,5).

_5<L _4 L>_<__3_ 4 __5_> s
sV2' 5272 NN )

a vector of length S oriented in the opposite
direction.

. | 3j -2k = Y2 37+ (-2 =29

10 40 30 20 .
——(4i+3j-2k)= i- j+ k is
J29 J29 V297 V29
a vector of length of 10 with direction opposite
—4i + 3j - 2k.
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7. cos@=

10.

11.

(4,-3.-1)-(-2,-3.5)

=3 =3.5)

_@E)+B)+EDG) A4
J16+9+1V4+49+25 2638

(=i +2j+3K)- (2i + j+ 5k)
|—4i +2j+ 3k]]2i + j+ 5k
9 9
V2930 870

@ =cos™! 2 = 72°

V870

If xi + yj + zk is perpendicular to —4i + 5j + k and
4i + j, then -4x + 5y + z =0 and 4x + y = 0 since
the dot product of perpendicular vectors is 0.
Solving these equations yields y = —4x and
z=24x. Hence, for any x, xi — 4xj + 24xk is
perpendicular to the given vectors.

xi—4xj+24xk|=vx® +16x° +576x
I | J 2 2 2

=|+1/593

This length is 10 when x =+

cosf =

. The vectors

\/__
. 10 i 40 j+ 240kand
V593 V5937 V593

40 i 240

10 ,
i
V593 \/59 \)59
If(x. y,z} is perpendicular to both (1. -2, -3) and

(-3,2,0), thenx-2y-3:z=0and -3x + 2y =0.
Solving these equations for y and z in terms of x

yields y = %x, z= —%x. Thus, all the vectors

have the form (x, %x, —§x> where x is a real

number.

A vector equivalent to BA is
u=(1+4.2-53-6) = (5,-3,-3).

A vector equivalent to BC is
v={1+4,0-51-6) = (5.-5,-5).
u-v 55+ (=3)(-5)+(=3)(-5)

cosf = =
[u[v| V25+9+9v25+25+25
55 11 o 11
= =——, 50 @ =cos” —==14.4°.
Y375 129 J129

instructor's Resource Manual

12.

13.

14.

15.

16.

17.

A vector equivalent to BA is
=(6-3,3-1.3+1) =(3.2,4).

A vector equivalent to BC is

v={_(-1-3,10-1,-25+1) = (4,9,-1.5).

u-v=3(-4)+2-9+4-(-1.5)=0 sou is

perpendicular to v. Thus the angle at B is a right

angle.

u-v=0=)=)+5-1+3(-1)=3

|v|]= Ji+1+1=43

wEe

=

5(- )+5(J§)+2(1)=2
|v|=J+—+=Jﬁ
2

™

=

u-v
m =pryu=—-v
Iv[?
(3= +2-5+41-(=3)
9+25+9

(-3i +5j-3k)

=16 asionky =38, +@J 48
43 43 437 43

n=u-m= (3+ﬁ)l+(2—g}]+(l 48 k
43 43 43

81, 6, 91
=——i+—j+—
43 437 43

u-v
m = pryu=—=-v
v

el+7tl+10 ; e+7t

———(i+j)=
n-um(

e—m, ] (

2
a. |ul=Vo+4+1=114

3 -1 3
cosq@ =—-—,a=¢0s | ——— |=143°
Ji4 ( ]

2 -1
cos f# = —=—, ff = cos (—)=58°
V14 14

i

)]+(I—0)k
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18.

19.

20.

22,

23.

24,

25.

668

b, |u|=v9+36+1=146
COS(Z——3— COS (—3—]
Jag’ 46
6
cos f=——, f=cos” =2
=T’ [m)
-1
——— [=98°
(-7)

c0s2(46°) + cos> (108°) +cos® y = 1
= cosy = +0.6496
= y=4949°ory = 130.51°

Ic«

1
CO$y = ———,y =CO0S
J46

uj= (4+9+22)2 =5 andz>0, so
z=2J3~3.4641.
u and v perpendicular, so u-v =0, thus

22
EN

4+18-3z=0, z

. There are infinitely many such pairs. Note that

(4,2,5)(1,2.0)=—-4+4+0=0, so

u= (1, 2,0) is perpendicular to (4,2,5). For

anyc, (-2,1,¢)-(1.2,0)=-2+2+0=0 so
={-2,1, c) is a candidate.

(4.2,5)(=2, L.c)=8+2+5¢c

8+2+5c=0 = ¢=-2,s0one pair is
=(1,2,0), v=(-2.1,-2).

The midpoint is

3+5’2—7’—1+2)=(4._§‘1 o the
2 2 2 22

vector is 4,—2,-1- .
22

The following do not make sense.

a. v-w isnota vector.

b. u-w is nota vector.
f. |u| is not a vector.

Pairs of opposite sides are parallel and of equal
length in a parallelogram. Thus, side 4B must be
parallel to side CD and side BC must be parallel
to side AD. In addition, the four points must not
be colinear. Thus,b—-a=c¢-d,c~b=d-a,
andb—a # k(c - b) for any number £.

a. 2(x-1)-4(y-2)+3(z+3)=0or
2x -4y +3z=-15.

Section 14.2

29,

30.

31.

32.

33.

34,

b, 3(x+2)-2(v+3)-1(z-4)=0or
Ix-2y-z=-4,

. Normals to the planes are (3.—2,5) and

(4.-2,-3) , so the cosine of the angle is
12+4-15 1

NN

The planes are 2x — 4y + 3z =-15 and
3x — 2y - z =4, The normals to the planes are

u=(2.-4,3) and v = (3,-2,-1). If §is the angle
between the planes,
u-v. 6+8-3 11

v~ Vovia  aoe©

8 =cos™’ I = 56.91°.

V406

An equation of the plane has the form

2x + 4y — z = D. And this equation must satisfy
2(-1)+4(2)-(-3)=D.so D=9. Thus an
equation of the plane is 2x + 4y -z =9,

The angle is = 88.27°.

cosf =

a. Planes parallel to the xy-plane may be
expressed as z = D, so z = 2 is an equation of
the plane.

b. An equation of the plane is
2x+4)=-3(y+1)-4=z-2)=0or
2x-3y—-4z-=-13.

() +3-D+(2)-7]
Ji+9+1 Jﬁ

The distance is 0 since the point is in the plane.

(|=3)(2)+ 2(6)+ (3)-9| = 0)

Distance = =2.1106

(0, 0, 9) is on =3x + 2y + =z = 9. The distance from

(0,0,9)t06x-4y-2-=191is

|6(0) - 4(0)-2(9)-19] _ 37
J36+16+4 J56

distance between the planes.

~ 4.9443 is the

(1.0, 0) is on 5x - 3y — 2z = 5. The distance from
(1,0,0)to-5x+3y+2z=Tis
|-5()+3(0)+2(0)-7] 12

J25+9+4 V38

The line segment between the points is
perpendicular 1o the plane and its midpoint,
(2, 1, 1), is in the plane. Then
(6-(-2).1-1,-2-4) = (8.0,-6) is
perpendicular to the plane. The equation of the

plane is
8(x-2)+0(y-1)-6(z-1)=0or 8x-62z=10.

= 1.9467.
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35,

3e6.

37.

38.

39,

40.

[u+v]2+|u—v|2 =(u+v)-(u+v)+@-v)-(u-v) =[u-u+2(u-v)+v-v]+u-u-2u-v)+v-v]

= 2(u-u)+2(v-v) = 2Juf* +2vf

|u+v|2 —|u-v|2 =u+v)-(u+v)—(u-v)-(u-v) =[u-u+2(u-v)+v-v]-[u-u-2(u-v)+v-v]

=4(u-v) so u~v=-‘];|u+v|2—%|u—v|2.

Orient and scale the axes so that the cube has one
end of a main diagonal at (0, 0. 0) and the other

end at (1, 1, 1). Thus (1, I, 1) is along the
diagonal. The angle between the main diagonal
and one of its faces is the angle between

(1.1, 1)and (1. 1. 0). Let & be the angle.

c0sB = (LLn-(LLo) 2

B2 J6
9
0 =cos™! —= ~35.26°
Jé

Let &be the common direction angle. Then

3cos? @ = 1, so cosé = iL. There are two

NE)
unit vectors +<—1— -1— L>
WY

Place the box so that its corners are at the points
(0,0, 0), (4,0,0), (0,6,0).(4,6,0), (0, 0. 10),
(4, 0, 10), (0, 6, 10), and (4, 6, 10). The main
diagonals are (0, 0, 0) to (4, 6, 10).(4,0,0) to
(0, 6, 10), (0, 6, 0) to (4. 0, 10), and (0. 0, 10) to
(4, 6, 0). The corresponding vectors are

(4, 6,10),(-4,6,10), (4,-6,10) , and
(4.6,-10).

All of these vectors have length

J16+36+100 = V152. Thus, the smallest angle

@ between any pair, u and v of the diagonals is
found from the largest value of u-v, since
u-v _u-v
|u“v| 152°
There are six ways of pairing the four vectors.
The largest value of u-v is 120 which occurs
with
u= (4.6, 10)and v = (—4,6,10) . Thus.

120 15

cos@=—=—s
152 19

cosf =

0 8 =cos™! L2 ~ 37.86°.
19

Place the box so that its corners are at the points
(0,0, 0),(1.0,0),(0.1,0). (1, 1.0). (0, 0, 1),
(1,0, 1). (0,1, 1), and (1, 1, 1). The main
diagonals are (0,0, 0) to (1, 1, 1), (1,0,0) to
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41.

42,

43.

44.

45.

46.

0,1,1),(0.1,0)t0(1,0.1),and (0,0, 1) to

(1, 1, 0). The corresponding vectors are

(1,1, 1), {-L11), (1.-1,1) . and {1.1,~1).

All of these vectors have length V1+1+1 = J3.
Thus, the angle #between any pair, u and v of
wy_uy
el 3
There are six ways of pairing the four vectors,

but due to symmetry, there are only two cases we
need to consider. In these cases, u-v=1lor

the diagonals is found from cosé@ =

u-v=-1. Thus we get that cosé =%or

cosf = -%. Solving for & gives
6 =70.53 or §~10947".

D=(4-0)i+4-0)j+(0-8)k=4+4j-8k
Thus, W =F-D = 0(4) +0(4)-4(-8) = 32
joules.

D=(9-2)i+(4-1)j+(6-3)k=Ti+3j+3k
Thus. W = F-D = 3(7) - 6(3)+ 7(3) = 24 ft-Ibs.

D=(3-0)i+(5-1)j+(7-2)k=3i+4j + 5k
N+2i—
posGit2i-k) 10,10, 3,

Ja+asl 3 37 3
10 10 5. .
W=F-D=?(3)+—3-(4)-§(>)=b joules.

The 3 wires must offset the weight of the object,
thus

(31 + 4j + 15k) + (-8i — 2 + 10k) + (ai + bj + ck)
=0i + 0j + 30k

Thus,3-8+a=0,s0a=25;
4-2+b=0.50b=-2;
15+10+¢=30,s0c=35.

{(x.y,2)=(2. 3.-1)+%(7—2, -2-3,9+1)

=(2+1.3-1.-1+2) = (3,2, 1),
50 (3. 2, 1) is the point.

After reflecting from the xy-plane, the ray has
direction ai + bj — ck. After reflecting from the
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xz-plane, the ray now has direction ai - bj - ck. 3(-1)+4(=3)+1(4)-15

After reflecting from the yz-plane, the ray now l NCESTRY, | -J26 =26 -\26 =0,
has direction —ai — bj — ck, the opposite of its he sph + . * the bl

original direction. (a <0,b<0,c<0) s the sphere Is tangent to the plane.

48. Let P(xy, yp, 29) be any point on
Ax+ By +Cz=D.s0 Axg+ Byg +Czy =D . The
distance between the planes is the distance from

47. The equation of the sphere in standard form is
(x+ 1)2 +(y+ 3)2 +(z- 4)2 =26, so its center is
(-1, =3, 4) and radius is J26. The distance from

> . P(xy. ¥g. 2p) to Ax + By + Cz = E, which is
the sphere to the plane is the distance from the
center to the plane minus the radius of the sphere | 4xo + Byo +Cz - E | = ID —£ |

or Ja2+B2+c?  JA2+B +C?

49. Letx= (x, y. z) . S0
(x—a)-(x=b)=(x-a), y—ay, z2-a3)-(x=by, y by, z-b;)

=x? —(ay+h)x+al ~i-y2 —(ay +by)y+ayby +2° ~(e3+h)z+a3b3
Setting this equal to 0 and completing the squares yields

2 2 2
(- 228 ] -2 ) o(2-228) < H@-8P +@ - +(@ -],

(4] +bl az +b2
T2

A sphere with center ( , & ;b3 ) and radius %[(al —b )+ (a; - b2)2 +(a3 —b3)2] = %|a —b]2 .

50. Let vy, v,, ..., v, represent the sides of the polygon connected tail to head in succession around the polygon.
Then v +v; +...+v, =0 since the polygon is closed,so F-vj +F-vy +.. . +F-v, =F-(vi+vy +...+V,)
=F:-0=0.

51. Ifa, b, and ¢ are the position vectors of the vertices labeled 4, B, and C, respectively, then the side BC is
represented by the vector ¢ — b. The position vector of the midpoint of BC is b +%(c -b)= %(b +¢). The segment

from A to the midpoint of BC is %(b +c¢)—a. Thus, the position vector of Pis a+ %[%(b +c)- a] -2t l; e

If the vertices are (2, 6, 5), (4, -1, 2), and (6, 1, 2), the corresponding position vectors are (2, 6, 5), (4,—1,2) ,and

(6, 1,2). The position vector of P is %(2+4+6, 6-1+1,5+42+2) = %(12, 6,9) = (4,2,3). Thus Pis (4,2, 3).

52. Let A, B, C, and D be the vertices of the tetrahedron with corresponding position vectors a, b, ¢, and d. The vector

representing the segment from 4 to the centroid of the opposite face, triangle BCD, is %(b +c¢+d)—a by Problem
49. Similarly, the segments from B, C, and D to the opposite faces are %(a +c+d)-Db, %(a +b+d)-c, and

%(a +b +c)—d, respectively. If these segments meet in one point which has a nice formulation as some fraction of

the way from a vertex to the centroid of the opposite face, then there is some number £, such that

a+k[§(b+c+d)-a]=b+k[§(a+c+d)—b] =c+kB(a+b+d)—c]=d+k[§(a+b+c)-d}.

Thus, a(l-k) = ga, so k= % Hence the segments joining the vertices to the centroids of the opposite faces meet
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in a common point which is % of the way from a vertex to the corresponding centroid. With & = % all of the

above formulas simplify to %(a +b +c+d), the position vector of the point.

14.3 Concepts Review
1
-1, -1 2
Lo-1 2 = i- j+ k
ERTRTENS

=(-2-Di-(1-3)j+(-1 - 6)k
=-3i+2j-7k=(3.2,-7)

ik
! _,2 1
!

2. |u|]v|sin®

3. vxu)
4. parallel

Problem Set 14.3

i j k
1. a. axb=[-3 2 -2
-1 2 -4
2 224 -3 -2, -3 2
= 1—- ]+ k
2 4 |[-1 -4 -1 2

=(-8 +4)i - (12 - 2)j + (-6 + 2)k
= —4i - 10j - 4k

b. b+c=6i+5)-8k, so
i j k
ax(b+c)=|-3 2 -2
6 5 -8

2 -2, (-3 -2 [-3 2
=‘5 ' |6 g6 s
=(=16+10)i- (24 + 12)j + (15 - 12)k
=—6i-36j - 27k

j+| ’k

c. a-(b+c)=-3(6)+2(5)-2(-8)=8

i j k
d. bxc=|-1 2 4
7 3 -4

2 4 -1 4 -1 2

= 1- J+ k

3 4 7 4 7 3

=(-8+12)i-(4+28)j+(-3- 14k

=4i-32j-17k

Instructor's Resource Manual

i j k
ax(bxc)=|-3 2 =2
4 -32 -17

2 =2 -3 -2 |-3 2

= i- i+ k

-32 -17 4 -17 4 -32

= (=34 - 64)i - (51 + 8)j + (96 - 8)k
=-98i - 59j + 88k

i j k
axb=| 3 3 1
-2 -1 0
3 0, 31, 3 3
= i- j+ k
-1 0 -2 0 -2 -1

=0+ Di-(0+2)j+(3+6)k=i-2j+3k
=(1.-2.3)

b+e=(-2-2,-1-3,0-1)

=(-4, -4, -1
i j k
ax(+c)=3 3 1
-4 4 -

3o 13 1, 13 3
= - ]+ k

-4 -l |4 -l |4 -4
=(-3+4)i-(-3+4)j+(=12+12)k
=i—j=(1,-l,0)

i j k
bxc=|-2 -1 0
-2 3 -l
-1 0f, [-2 O, |-2 -1
= i- i+ k
-3 -1 -2 -1 -2 -3

=(1-0)i-(2-0)j+(6-2)k=(1.-2,4)
a-(bxe)=3(1)+3(-2)+1(4) =1

i j k
ax(bxe)=3 3 1
4

1 -2
30 B iy, B 3
= i- j+ k
-2 4 I 4 1 -2
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672

=(12+2)i-(12-1)j+ (-6 -3)k

= (14,-1L.-9)
i j Kk
axb=(1 2 3
-2 2 -4
2 3. . 2
= 11— J+ k
2 4 -2 4 -2 2

=(-8-6)i-(4+6)j+(2+Hk=-14i-
is perpendicular to both a and b. All
perpendicular vectors will have the form
c(~14i - 2j + 6k) where c is a real number.

i j k
axb=[-2 5 -2
3 -2 4
5 2 -2 -2, |2 5
= i- j+ k
-2 4 3 4 3 2
=(20-4)i-(-8+6)j +(4-15)k
=16i+2j-11k

All vectors perpendicular to both a and b will
have the form ¢(16i + 2j — 11Kk) where c is a real
number.

= (3-1,-1-3,2-5) = (2,-4,-3) and
v= (4—1.0—3.1 —5) = (3,—3,—4) are in the

plane.

i j k
uxv=[2 -4 =3
3 -3 4

£ 3-F e
1+
N S L R Ll
= (16— 9)i — (-8 + 9)j + (-6 + 12)k

= (7.-1, 6) is perpendicular to the plane.
1 6

2j + 6k

1—1——(7,—1,6)=t< LA
Ja9+1+36 J86' 86 /86

are the vectors perpendicular to the plane.

. u=(5+1,1-3.2-0) = (6,-2,2) and

v={(4+1-3-3-1-0)
plane.

= (5.-6,—1) are in the

i j k
uxv=6 -2 2
1

5 -
2 2,16 2, |6
= - I+
-6 -4 5 - |5
=2+ 12)i-(-6-10)j +(-36 + 10)k

= (14,16,-26)
is perpendicular to the plane.

Section 14.3

;

10.

1
+
J196 + 256 + 676

(14, 16, - 26)

“\J282° V2827 V282

are the unit vectors perpendicular to the plane.

-4
13l (-1 =3, |
= i- j+
2 4| |4 ' |4
= (-4 +6)i— (4+ 12)j + (-2 - 4k
=2i- 16j - 6k
Area of parallelogram = |axb

= J4+256+36 =274

.—.l\}

2
1
=(- 8+l)x

= 7i+9j+ 4k
Area of parallelogram =|axb| = V49 +81+16

146

J e

-Dj+(2 1-2)k

a=(2-3,4-26-1)=(-1.2.5) and

b =<—1—3.2—2.5—1) =<—4,0.4) are adjacent
sides of the triangle. The area of the triangle is
half the area of the parallelogram with a and b as
adjacent sides.

i jk
axb=[{-1 2 3§
-4 0 4
2 5, |-l
= i—-

0 4 |4 4
= (8 — 0)i — (4 +20)j + (0 + 8)k = (8,-16, 8)

Area of triangle = % J64+256+64 = %(8\/3)
=4J6

a=(3-11-2,5-3)=(2,-1,2) and
b= (4-15-2,6-3)
sides of the triangle.

-1 2

j+ k

= (3. 3. 3) are adjacent

Instructor's Resource Manual



11.

12.

17.

18.

19.

i j ok
axb={2 -1 2
3 3 3
-1 2 2 2|, |2 -1
i i+ k
33 133" |13 3
=(-3-6)i-(6-6)j+(6+3)k=(-9.0,9)

Area of triangle = —|axb| —«)81 = 9‘/—

u={0-13-3,0-2) = (-1,0,-2) and

v=(2-1,4-3,3-2) = (1. 1, 1) are in the plane.

1

o -2 |-1 -2, |-t ©
= i- j+ k

11 11 11
=(0+2)i-(-1+2)j + (-1 -0k = {2,-1,-1)
The plane through (1, 3, 2) with normal
(2,-1,-1) has equation
2x-1)-1(y-3)-1(z-2)=0o0r
&—y-—z=-3.
u=(0-1,0-11-2) = (-1,-1,-1) and
v={(-2-1,-3-1,0-2) = (-3,-4,-2) arein the

plane.
i j k
uxv=(-1 -1 -1
3 4 2
£ 3
-4 -3 21" |-3

13.

14,

15.

16.

=(2-4)i-(2-j+@-3)k=(-2,11)
The plane through (0, 0. 1) with normal (—2. 1, l)

has equation -2(x-0)+1(y-0)+ i(z-1)=0or
“x+y+z=1.

The plane’s normals will be perpendicular to the
normals of the other two planes. Then a normal is
(1.-3,2) x (2,—2,—1) = (7,5,4). An equation

of the plane is 7(x + 1) + 5(» + 2) + 4(z - 3)=0
or Tx+5y+4z=-5,

4i+3j-k) x (2i-
= 13(1-2j-2k)

is normal to the plane. An equation of the plane is
I(x-2)-2(y+3)-2(z-2)=00or
x-2y-2z=4

5j + 6k) = 13i - 26 - 26k

Each vector normal to the plane we seek is
parallel to the line of intersection of the given
planes. Also, the cross product of vectors normal
to the given planes will be parallel to both planes,
hence parallel to the line of intersection. Thus,

(4,-3,2) x (3,2,-1) = (-1,10,17) is normal to

the plane we seek. An equation of the plane is
—1(x-6)+10(y-2)+17(z+ 1)=0o0r
—x+ 10y +17z=-3.

a x b is perpendicular to the plane containing a
and b, hence a x b is perpendicular to both a and
b. (a x b) x c is perpendicular to a x b hence it
is parallel to the plane containing a and b.

Volume =[(2, 3, 4)-((0, 4, ~1)x(5, 1, 3))| =(2.3.4)-(13, -5, - 20)| =|-69} = 69

Volume = |(3i — 4j + 2K)-[(=i + 2j+ k) x (31 - 2j + 5K)|

a. Volume=|u-(vxw)| =|(3,2.1)-(-3, -1 2)|=|-9] =

b. Area=lux v|=|(3, -5, l)l

=J9+25+1=435

=|(3i - 4j+2K)-(12i +8j - 4K)| = | 4| =

c. Let Obe the angle. Then 6 is the complement of the smaller angle between u and v x w.

cos(%—é’) =sinf = |u (v xw)[

|u||vxw|

Instructor's Resource Manual

J9+4+1J9+1+4

—, 8=40.01°

l4
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20.

21.

22,

23,

24,

25.

26.

27.

28.

29,

30.

674

From Theorem C, |a-(bx¢)| =|(axb)-¢|, which leads to |a-(bxc)| =|e-(axb)|. Again from Theorem C,
c-(axb)| =|(cxa)-b| =|-(axc)-bf, which leads to lc-(axb)|=|b-(axc)|. Therefore, we have that
|a-(bxc)|=|b-(axc) =|c-(axb)|.

Choice (c) does not make sense because (a-b) is a scalar and can't be crossed with a vector. Choice (d) does not

make sense because (axb)is a vector and can't be added to a constant.

a x band ¢ x d will both be perpendicular to the common plane. Hence 2 x b and ¢ x d are parallel so
(ax b)x (cx d)y=0.

Let b and ¢ determine the (triangular) base of the tetrahedron. Then the area of the base is %|b xc| which is half of

the area of the parallelogram determined by b and ¢. Thus,

%(area of base)(height) = %[% (area of corresponding parallelogram)(height)]
= %(area of corresponding parallelpiped) = -é—la -(bxc),

a=(4+1,~1-2,2-3) = (5,-3.-1),
b=(5+1,6-2,3-3) = (6,4.0),
c=(1+1,1-2,-2-3) = (2,-1,-5)

I 1 1 88
Volume = g|a-(b><c)| = EKS’ -3, -1)-(-20,30, - 14)] = g|—176| =3

Let u={uj, u3, u3) and v=(v, v, v3) then
ux v =(uyvy —u3vy, Uz ~ Vs, Uy —uavi)

2v32 = 2uyuyvyvy + u32v22 + u32v]2 = 2uuznvy + uIZV32 + u,zvz2 =2ujuvvy + u22v|2

=’ +vy? +n?) -y’ 2

2
luxv|" =u,
+1 07+ vd) vt + u? (2 +vt +v3)
—1132\’32 - 2112"3V2V3 - 2u|u3v1v3 - 2141qu] vy

2.2 2

2 +u32 )(v]2 + v22 +v32) —(1qzv12 +1uy vy +uy V32 + 2upuyvovy + Uz Vs + 2u v va)

=(u12 +uy
= (12 +ur? +132 )2 +vp? + i) = (v +ugvy +uzvy)? = |u|2 |v|2 —(u-v)?
u =(u1, Uy, ll3>, v =(Vl’ V2, V3>, w =(W1, wy. W‘_‘;)

ux (vxw)={(uavy —u3vy )+ (uawy —u3wp). (v —uyvy) +(u3wy —uyw3), (svy —upvy) + (g wy -u3m))
=(ux v)+(ux w)

(v+w)x u=-[ux (v+w)]=-[(ux v)+(ux w)]=—ux v)-(ux w)=(vx u)+(w x u)
u x v=0 = uand v are parallel. u-v=0= uand v are perpendicular. Thus, either u or v is 0.

PO =(-a,b,0), PR=(-a,0c),

The area of the triangle is half the area of the parallelogram with PO and PR as adjacent sides, so area

(APQOR) = %'(—a, b, 0)x(-a. 0, c)| = %Kbc, ac, ab)|= %\/bzc2 +a’c® +a’b? .

The area of the triangle is

1 1
§|(x2 -x. Y2 -3, O)x(x3—x. y3- w1, 0)|=5|<0, 0, (x2 —1)(3 = 1) - (2 = )(x3 —x1))|
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1
= El(xz)@ - x3y7) = (13 —x331) + (Y2 = Xo)|

which is half of the absolute value of the determinant given. (Expand the determinant along the third column to see
the equality.)

2

2 2 2
31. From Problem 29, D? =%(b202 +a%c?+ azbz) =(%bc) +(lacJ +[%ab) = A2+ B2 +C2.

32. Note that the area of the face determined by a and b is %]a x b|.

Label the tetrahedron so that m = %(a xb), n= %(b xc), and p= %(cx a) point outward.
The fourth face is determined by a—cand b - ¢, so
1

q =5[(b—c)x(a—c)] =%[(bxa)—(bxc)-(cxa)+(cxc)] =%[—(axb)—(bxc)—(cxa)]_

m+n+p+q =%[(axb)+(bxc)+(cxa)—(axb)—(bxc)—(cxa)]=0

33. The area of the triangle is 4= %|axb|. Thus,

1 1 1 2 1 2
A% = Zlaxb|2 =z(|a|2|b|2 _(a.b)Z) =z[|a|2 b -z(|a|2 +[bf? —|a—b|2) ]

Note that s—a =%(b+c—a),
1 1
s—b=3(a+c—b), and s—c=5(a+b—c).

s(s—a)(s-b)s-c)= l—lg(a+b+c)(b+c—a)(a +c-b)a+b-c) = %(24121;2 —a* +2a%c? - b* +2b%c% — %)
which is the same as was obtained above.

34, uxv=(yi+upj+risk)x(vi+wnj+nk)
= (v YA x 1) + (v (i % )+ (3 ) x K) + (v J(x 1) + (v J(% ) + (uav3 )(jx k) + (u3v )k x i)
+(uzvy )k x J) + (13v3 J(k x k)
= (upvy )(0) + (uy v Y(K) + (13 =) + (12w J(=K) + (v )(0) + (g v3 )(i) + (u3vy )(§) + (u3v )(=i) + (435 0)
= (upvy —u3vp)i+(u3n —uy)j+ (v, —un )k

14.4 Concepts Review Problem Set 14.4

1. 1+41,-3-22-1t 1. A parallel vector is

=(4-1,5+2,6-3) =(3,7,3).
x—l=y+3=z—2 . < ) ( )

2. x=1+3,y=-2+71,z=3+3
4 2 -
2. A parallel vector is
3. 26-3j+3%k v={(7-2,2+1,3+5) = (5,-1,8)
x=2+5ty=~-1-t,z=-5+8¢
4 (2.-33); 22l 3z

2 -3 3
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3. A parallel vector is the line.

v= (6-4.2-2.-1 _3> = (2‘ 0, .4) or (1,0, _2)‘ Withy=0.x—-2z= 13 and 2x ~ 2z =5 yield
x=4+ty=22=3-2 (—8, 0. —%) The symmetric equations are
4. A parallel vector is 8 o4 2
v={(5-5.4+3,2+3) = (0,7,5) ey T2
10 2 9

x=5y=-3+T1,z==-3+5¢

S x=4+3Ly=5+2:26+1 12. u=(1.-3,1) and v = (6, -5, 4) are both
x-4 y-5 -6 perpendicular to the line, sou x v=(-7,2, 13)
3 2 1 is parallel to the line.
Withx =0,-3y+:z=-1and -5y +4: =9 yield
6. x=-1-2ty=3,z=-6+51 13 32
Since the second direction number is 0. the line (0, ER 7)
does not have symmetric equations. i -
x _Y-5 75
7. Another parallel vector is (1. 10, 100). =272 T3
x=1+4y=1+10,z=1+ 100s
x=1_y-1_z-1 13. {1,-5,2) isa vector in the direction of the line.
1 10 100 x—-4 y -6
=
8., x=-2+70y=2-62=-2+31
X+2 _y-2_:t2 14. (2.1,-3) x (5.4,-1) = (11,-13,3) isin the

7 -6 3 direction of the line.

x+5 y-7 z+2

9. Set z=0. Solving 4x+3y=1and

10x+6y =10yields x=4.y = -5. Thus -3 3
R(4,-5.0) is on the line. Set y = 0. Solving 15. The point of intersection on the z-axis is (0, 0, 4).
4x-7z=1and 10x-5z =10 yields A vector in the direction of the line is
x=2.z=§.Thus }’2(2,02] is on the line. ()—O.—3—0,4—4) = (5,—3,0).Paramctnc
10 5 105 equations arex =5, y =-31,z=4.

— /13 3 27 _3
PR ={—-40-(-5),=-0)=(-=—,5,2)1i _ .

172 <,0 (=3)3 > < 10 5> isa 16. (3,1.-2) x (2.3,-1) = (5.-1.7) isinthe

direction of the line since the line is
perpendicular to
(3.1.-2) and (2.3,-1).

direction vector. Thus.
(27,-50,-6) = —10R P, is also a direction
vector. The symmetric equations are thus

x—-4 y+5 z x=2 _y+4_:z-3

27 -50 -6 5 0 -1 7
10. Withx=0,y—-z=2and -2y +z=3 yield 17. Using =0 and (= 1, two points on the first line

(0, =5, 7). are (-2. 1,2) and (0, 5, 1). Using + =0, a point on

With y=0,x-z=2and 3x +z =3 yield the second line is (2, 3. 1). Thus, two nonparallel
5 3 vectors in the plane are

(;Q—;)- (0+2.5-1,1-2) = (2.4,1) and

A vector parallel to the line is <2 +2,3-1,1- 2) = (4.2.—1)

<§ s _}+7>=<§ s §> or (1.4.5). Hence, (2,4,-1) x (4,2,-1) = (-2,-2,-12) isa
4 4 4 normal to the plane, and so is (1, 1. 6). An

x y+5 z+7 I .

Z=2 o equation of the plane is

14 5 I(x+2)+ 1(yv=1)+6(z=2)=0o0r

x+y+6z=11.
11. u= (1,4,-2) andv = (2,-1,-2) are both

perpendicular to the line, sou x v =
(-10,-2.-9) . and hence (10,2.9) is parallel to
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18.

19.

20.

21.

- -2 -7 y-
Solve = l_¥ ~ and 2==2 !

-4 3 -1 1
simultaneously to get x = 1, y» = 2. From the first
line ﬂz :—4, soz=4and (1.2,4)ison the

-4 =2

first line. This point also satisfies the equations of
the second line, so the lines intersect.

(-4,3.-2) and (-1,1.6) are paralicl to the plane
determined by the lines, so

(~4,3.-2) x (-1.1,6) = (20.26,-1) is a normal
to the plane. An equation of the plane is
20x~1)+26(y-2)-1(z=4)=0o0r

20x + 26y — z = 68.

Using 1 = 0. another point in the plane is
(1,-1,4)and (2.3, 1) is parallel to the planc.
Another parallel vector is

(1-1,-1+1,5-4) = (0,0, 1). Thus.

(2,3.1) x (0.0, 1) = (3.-2.0) is a normal to

the plane. An equation of the plane is
3x-D-2(y+1)+0(z-5)=0o0r3x-2y=5.

Using 1= 0, one point of the plane is (0. 1, 0).
(2.-11) x (0. 1. 1) = (-2,-2.2) =-2(L1,-1) is
perpendicular to the normals of both planes,
hence parallel to their line of intersection.

(3, 1, 2) is parallel to the line in the plane we
seek. thus

(3, 1.2) x (1,1,-1) = (-3.5,2) is a normal to
the plane. An equation of the plane is
3(x-0)+5(p-1)+2(z-0)=0o0r
-3x+Sy+2z=5.

a, Withz=0inthe first line, x=2-0=2,
y=3+4.0=3,z=2.0=0.50(2,3,0) is

on the first line.

b. (—1.4. 2) is parallel to the first line, while
(l, 0. 2) is parallel to the second line, so
(-1.4.2) x (1.0,2) = (8.4.-4)=4(2,1.-1)
is normal to both. Thus, 7 has equation

2x-2)+ 1(y-3)-1(z-0)=0or
2x +y -z =7, and contains the first line.

¢. Withr=0 in the second line,
=_]+0=-1,y=2 z=~1+2-0=-1, so

O(-1, 2, -1) is on the second line.

d. From Example 6 of Section 14.2, the

distance from Qto 7 is
PED+@-ED-7_ 6 _ a0
Jarr+1 N
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22,

23.

24,

25,

26.

With t=0, (1. -3, -1) is on the first line.
(2.4,-1) x (-2.3.2) = (11,-2,14) is
perpendicular to both lines. so
Hx-1)-2(y+3)+14(z+1)=0o0r

11x — 2y + 14z = 3 is parallel to both lines and
contains the first line.

With =0, (4. 1, 0) is on the second line. The
distance from (4, 1,0)to llx -2y +14z=3 is
[11(4)-2(1)+14(0)-3] 39

VI21+4+196 Y321

= 2.1768.

r(§)=i+3ﬁj+§k. S0 (1, 3\[5, %) is on the

tangent line.
r'(t) = -2sinri+6costj+k. so

rG] = —3i +3j+k is parallel to the tangent
line at 1 = g The symmetric equations of the

._1
lincarex y—3\/§_- 3

-1
33

The curve is given by r(t) = 20% +4tj+13k.
r(1) =2i+4j+k,so0(2,4, 1) is on the tangent
line.

r'(1) =46+ 4j+3r%k, so r'(1) =4i+4j+3K is
parallel to the tangent line. The parametric
equations of the linearex =2 + 41, y=4 + 4,
z=1+3t

The curve is given by r(f) =31+ 212+ k.
r(-1)=-3i+2j-k.so(-3,2,-1)ison the
plane.

r'(f) = 3i+41+ 5%k, so r'(-1) =3i—4j+5k is
in the direction of the curve atr = -1, hence
normal to the plane. An equation of the plane is
3x+3)-4(y-2)+5(z+1)=00r
3x—4y+5z=-22,

n) n. 3n, (n 3n .
ri—|=—i+—j, so|—=,—, 0] ison the
2 2 2 2 2

plane.
r'(t) = (tcost+sint)i+3j+(2cosz - 2tsint)k so

r'(g) =i+3j—mnk isin the direction of the

n
curve at 7 hence normal to the plane. An

equation of the plane is

l(x—g)+3(y—3?n)—n(:—0)=0 or

x+3y—rmz=5nx.
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27. a. [:c(t)]2 +[y(t)]2 +[z(t)]2 = (sintcost)2 +(sin2 t)2 +cos?t =sin®rcos® 1 +sin? 7+ cos? ¢

2 . 2 2

. .2
=sin? t(coszt+sm‘1)+cos t =sin“r+cost=1

Thus, the curve lies on the sphere x*+ y2 +2% =1
whose center is at the origin,

b. r(E)z(l)(ﬁJHlj-c—ﬁk =?i+%j+%§—k, S0 [?

143
6) \2)\2) 4 2 4
V3.
2

)

} is on the tangent line.

r'@)s= (cos®1 - sin 1)i + 2 cosssintj—sinzk so r(%] = l| —j —%k is parallel to the line.

2
V3

The line has equations x={1+1,y=-}+«/§t, z=—2——t.

The line intersects the xy-plane whenz=0,s0 1 = —3- hence x = £+£ = 3—@ y= l+3 = Z
2 4 2 4 4 2 4
The point is (—‘C 7 OJ
4’
_— PQ no
28. In Figure 7, d is the magnitude of the scalar projection of PQ onn. pr, PQ = ] [ n, so
n
— —_—
l_., PO -n PQn
— | PO-n
pr, PO |= n= n| =1
nf* Inf? ol

The point (0, 0, 1) is on the plane 4x — 4y + 2z =2. With P(0, 0, 1), 0(4, -2, 3),and n=(2, -2, 1) = %(4, -4,2),

(4-22(2-2.1) |

— |
PQ =(4-0,-2-0,3-1)=(4,-2,2) and d =

\/4+4+1 ER
4(4)-4(=2)+2(3)-2
From Example 6 of Section 14.2, d = [44) - 4(2)+20) - l 28 ﬁ
VI6+16+4 6 3
2 2
—_— —_— — —
29. Let PR be the scalar projection of PQ onn.Then | PQ| =| PR +d? so
2
—
2 2 2 |PQ:n
N — —
al2
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=)

2 2
P_Q)‘ In[? -[P—Q’-n] —Paxn

jnf’ nf?
—_
PO xn
by Lagrange’s Identity. Thus. d =° | |
n

a. P(3,-2,1)is on the line, so ?5:(1-3, 0+2, ~4-1)=(-2, 2, -5) whilen = (2,-2,1), s0

_[=22 -5)yx{2.-2,1) _ -8. -8, 0)|
N 3
8v2

——~3771

b. P(1,-1,0) s on the line, so F5=(2-1 ~1+1,3-0)=(1, 0, 3) while n=(2,3,-6).

|(103) (2.3, -6)| _[(-9.12, 3)|

J4+9+36 7
326

=—~2 185

30. d is the distance between the parallel planes
containing the lines. Since n is perpendicular to
both n, and n,, it is normal to the planes. Thus,

d is the magnitude of the scalar projection of PO
[PO-x)
In]
a. P(3,-2,1)is on the first line, (4.5, 0) is
on the second line, n; = (1.1, 2), and
ny =(3.4,5).
PO=(—4-3,-5+2,0-1)=(-7,-3,-1)

on n, which is

14.5 Concepts Review

1. r'@);r'@)

f]r'(t)l dt

3. parallel; concave

dar

4., |—
ds

Instructor's Resource Manual

n=(112)x(3,4.5)=(-31, 1)
(7. -3, - )30, 1) _
= Jo+l+l Jﬁ =126

b. P(1,-2,0) is on the first line, (0, 1, 0) is on
the second line, m; =(2, 3, —4), and

ny=(3.1,-5).
PO=(0-1,1+2,0-0)=(-1, 3, 0)
n=(2.3 -4)x(3,1, -5)=(-11,-2.-7)

-1, 3, 0)-(-11, -2, -7
4K ) N_5 a7
JI21+4+49 J174

Problem Set 14.5

1. v()=r'()=4i+10+2k
a(t)=r"(1)=10j
v(1) = 4i + 10j + 2k; a(1) = 10j;

s(1)=V16+100+4 = 23/30 = 10.954

2. v(t)=i+20-Dj+3(t -3’k
a(t)=2j+6(t-3)k
v(0) = i - 2j + 27k; a(0) = 2j — 18k:

s(0) = V1+4+729 =734 = 27.092
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11.

680

1 4
V() =—=i-———j+5'k
2@
2
a(z):%i+-—;-6t—3 +20°k 7.
£t
1. 4 1. 26
v(2)=—-—i-—j+80k; a(2)=—i+—j+160Kk;
v(2) 1 9] (2) 257 j
8,294,737
2 +6400 o
- J " :
= 80.002

V(1) = 6801+ 721(6¢% = 5)° j+k

a(t) = 30e*i + 72(66¢° - 5)(61% - 5)* §

v(l) = 6i + 72j + k: a(1) = 30i +4392j;

s(1) =36 +5184+1 = /5221 = 72.256 9.

v(1) =12j+§t“”3k ca(t) = 2:1—3:““31(
2/3 ~-1/3
v(2)=4j+—3—'k:a(2)=4j- k
24/3
s(2)= 16+ =~ = 4.035
10.
2/3 1
v(2) = 4j+“—k;a(2) = 4] - —=k;
932
4/3
s(2)= 16+ — =4.035

v(t) = 2i+5( = 1) j+sin ek

a(t) = 26 +15(t - 1)? j+ ncos k

v(t) = (mt cos it +sin )i + (cos 7 — mesin ) j—e 'k

2 2

a(1) = (2ncos ut — w2t sin )i+ (~2nsin e — nércosm)j+e 'k

v(2)=2mi+j-e ’k;a(2) = 2mi - 21 j+ e "°k;
s(2) =

anl +1+e? ~6.364

IR
{ ! !

| 2 3

a(l) = ——i-=j-2k

TRt

] 3 | 1 3

N=titjrikia@)=——i-—j->k;

V()2l12 (2) PR
s@)= el 2_—“~1.871

4 4

Section 14.5

v(2) = 4i+5j: a(2) = 4i +15j + nk;

5(2) = V16 +25 = J41 = 6.403

v(f)=-sinti+costj+k
a(f)=-—costi—sintj

vir)=-j+Kkja(r)=1i;
s(n)=V1+1=V2=~1414

v(it)=2cos2ti-3sin3tj—4sindrk
a(f)=—4sin2ti-9cos3tj—16cosdrk

V(EJ = -2i+3j; a(E = _16k:
2 2

s(§)=\/4+9 =J13 = 3.606

v(t) = sec? fi+ 3e'j—4sindrk

a(r) = 2sec® tan i + 3¢’ j— 16 cos 4k
v(%) 2i +3e™%; (4): 4i+3e™4j+16k;

s(3]= 4+9¢"? = 6.877

4
s s 2173
v(t)=—e'i-sin nt]+§1 k
a(t) = -€'i—-ncos mtj - 2 143k
2/3
v(2) = —eti+ 2 k:a(2) = —e?i - nj - ——k;
932

4/3

NOEND +2T = 7.408
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13. If |v|=C, then |v|2 = v.v=C?. Differentiate implicitly to get D,(v-v)=2v-v'=0. Thus, v-v'=v-a=0, soa
is perpendicular to v.

14. If |r(r)| = C. similar to Problem 13, r(¢)-r'(1) = 0. Conversely, if r(z)-r'(r) =0, then 2r(r)-r'(r) = 0. But since

2r(2)-r'(z) = D,[r(t)-r(n)], this means that r(z)-r(?) =|r(t)|2 is a constant, so |r(t)| is constant.

15, LJI +cos? t+(—s1nt) dt = L\/l+cos t+sin” IdI—L\ﬁle \/—Ldz (7 0)= 2J2

2 2
16. s= L \/(cost-zsin1)2+(sint+1cosz)2+2d1 = L r2+3dr=[%\h2+3 +§-ln

=7 +31n(2+ﬁ)-ilnﬁ:4.126
2 2

Use Formula 44 withu=rand a=+/3 for j 12 +3dr.

2
1+\/12 +3H
0

17. s=J‘: 24:2+4:4+36d1=f2 14 4602 +9ds

6
3
EZ(!Z +3)dr = 2{%-&-&} =2[72+18-(9+9)] = 144
3

1
1
18. s=£J412+3614+32414d1=L21 l+90t2dt=[$(1+9012)3/2] =$(913/2—1)z6.423
0

19. s= Ex/9:4 #3600 +3240% dr = ﬁNﬁﬂdx = [J4_113]]0 =41 ~ 6.403

20. s-L\/343t12+98112-r1764112d1 ﬁZI\/—t(’dt [3/' ] =345 ~6.708

12 \ ] 2 /2 . .
21, s= _C \]90054tsm21+9sm41cos'tdt =K 3costsintVcos? £ +sin? 1 dt
n/2

/2 . 3
= E 3costsin1dt=[§sm21] ==
2 o 2

22. s= E\/e4’(20051—sin1)2 +e4'(25int+<:osz)2 +4e¥dt = Eez'\/4cosz t+sin? t+4sin? t+cos’t +4 dt

j;‘3e2’dx [3 ”] =%(e2”—1)=801.737

23. s= E\/CT)Shzt-i-sinhztﬂdt = EJZcoshztdt= Eﬁcoshzdt =[\/§sinht]g =2 sinhm ~16.332

24, s= E\/9 cosh? 3¢ +9sinh? 37 + 9dr = E3 2cosh? 3tdt = E3\/§ cosh3rdr = [~/—2- sinh 31]: =2 sinh3n ~ 8762

25, r'(t)=2n+2j+ (2t -4k
r()=2i+2k
r(2)  4i+2j 2. 1.
TQR)=—=F%= =—i+—j
@) F@ Vie+4 5 5
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26.

682

- y )
ar(2)=’(2) r'(2) _ (4i+2))-(2i+2K) _ 8

[r')| 2J5 EENNA
@)= |r(2)xr(2)| I(4l+2])x(7l+7l\)l ]41 8j— 4k[ 5 6
a =
N Ir' ) 25 2J5 vf
N2 [T =(2‘+2'~')-74‘§(:72' ki) ﬁ(gl_3j+2k)= 25
ay(2) 2@ ~ 276 5 J30 V300 V30

r@xr)|_ a6 _ 6
[F) (,5)3 1075

k(2) =

2, 1 2

1 5 |
B(2) = T()xN(2) =| <mi+—=j x| —mmi-—m=j+ 2k | = —=i-——=j-—k
@)=TNG [5'* s’) (m N 6] NN AN

r'(r) = 2i+1k
() =2i+k
r (1) i+k 1,

]
T( —k
R Ty RN e R RN
. (1)=r(1) r() _(+k)-(2i+k) _ 3
T )] 2 52
an(l)= [F'()yxr ()| |(x+k)x(21+k)| = 1
|r'()] N Ji V2
oy (2i+k) - Li+ -k
Ny =—D=er OTM T(W 2 )=\/§(li—lkj=_l_i—-]_k
ay (1) ﬁ 2 2 22
x(l) = [FOxe'® 1
Fof  (v3)
1 1 1 1
B(1)=T(1)x N(1) =| —=i+—=k |x| —=i-—k |=
(1) Q)] H ( 2I+\/5 ] (ﬁ' \/i ] J
r'(1)=n‘+j+tzk
r'() =i+ 2k
T(2)= r(2) 2i+j+4k 2 4
|(2)| Ja+1+416 \/_ ~/_ s/ﬁ
. (2)=r(2) r'(2) _(i+j+4k)-(i+4k) _ 18
4 r'@)| 21 21
Ir'2)xr"(2)] |(2|+j+4k)x(l+4k)| . 33 \/ﬁ
2 = 4i-4j—k|=~== [—
W= N J_l"lJz_n 7
N(2)=r'(2)—ar(2m2) (VL i ) \/Z ( : k)
ay(2) \[: 21 Ik Y
= l(—§1—§j+4l\j > i- 6 j+ 4 k
ny7 o7 BN RN T AN
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28.

29,
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|r (2)xr (2)| J_ 33 11

Ir@)f 9261 V3087 21J_
5. 6. 4 4. 4
B(2) = T()xN(2) = etk | =i e -k
/=T (r NTR J_)(ﬁ A

r(f) = (sin 3t, cos 3t, t)
r'(t) =(3cos3t, -3sin3t, 1)
r’(1) = (-9sin 31, —9cos 3, 0)

a (E);(g)-r-(%):(% SE ()
oSG o
(2)xrr(2 %‘%1"‘9‘}/‘5‘%0 1|/ 9
ofg) Lt N e e e (2,28 )t
N[g); (5)-ar (3)7(3) _%<_9J5,_3 0>_<_£ _1 0>
K(E)J' (3)r(3)_svic s
SO ) B N

B(£)=T(E]xN(£)= 33\
9 9 9) \2J10~ 2v10" V10
r(r) = (7sin 3t, 7 cos 3t, 141)

r'(r) ={21cos3r, - 21sin 3, 14)

r'(r) = (—63sin3t, —63cos 3¢, 0)

LA r'(l‘-) _(—21 0, 14) 1 ) 3 5
T(g)_ |r(%) J441+196 Jﬁ('z" 0,14) _<_ﬁ’ 0, 71_§>

N 0><; B3
27 27/ \avio' 240" Vio

7J—

|(-21,0.14)x (0, - 63,0)| |(882 0, -1323)| 44113
713 713 w3

N(E) _r(3)-er (?)T(%) - é(o, 63.0)=(0. 1.0)

=63
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30.

31

32.

684

TG
T Y

ORCRCREREITNEY

. 2 .. .
r'(¢)=-3cos tsinii+3sin? f cosrk

L4 9 M bo . 2 . .
r (t)=(6coslsm21—.>00531)|+(6cos tsin? - 3sin’ 0k

[
r [7) 0 so the object is motionless at 4 =

Ml:a

x, T, N, and B do not exist.
, L
r'(ty=sinh=i+j
3
r'(e) —lcoshii
3 3

r(l) _ sinh$i+j =sinh%i+j
IF'Ml [sinn2 1 coshy

r'(h-r() (sxnl1l|+j) (-l-coshI ) lsinhi
Ir'(n) B cosh%

T() =

1
=tanhli+sech§j

ar(l)=

1

a (]) = =
N |r'(l)| cosh% cosh's

NQy = Z D =ar OTA) _ lcoshli-1sinh1(tanhli+sech
an (1) 393 T

=sechli—tanhlj
3 3

|r'(1yxr” (1)| —cosh 3 _1 2!
Ir' (1)| cosh3 1 3 3

k()=

[r'(@yx e (1) B l(sinh%i-«»j)x(icosh%i)l _ l_%cos%kl N

3

(=

B(1)=T(1) x N(l)=(tanhli+sechlj)><(sechli-lanhlj] = —sechzl—tanhzl k =-k
3 3 3 3 3 3

r'(1) = e (Tcos 2 - 2sin 2)i +e " (Tsin 2 +2cos 21)j+7e 'k

r'(1) = e’ (45c0s 2t — 28sin 2t)i + e (45sin 21 + 28cos2r)j+49¢ "'k

r(%) _e7ﬁ/3(—%—\/§)i+e7n/3(7‘f I)J+7e7"’3k

e7"/3\/(—7%—\/§)2+(22ﬁ‘1)2+49

NE R LI
e

Section 14.5
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e143/3(49+]4\/§)i+el4n/3(14_49\/3)1’-(-]06814

n/3k|

PEENITY)

)_2-7ﬁi_7+2ﬁj
ay 253 253

(§)| _2/5406¢*%7 V53 g

G paf oS
)

n n n) 424493, 143-147. [53
B — =T — XN — | = i+ J+ k
3 3 3 61802 6/1802 102

7.
Vammmm
[R=]
N—
1]
-
~ b
—
(Y=Y
N
!
o
3
—
win
A
-
—
w(a

33, r'() = —2e Yi+2e¥ j+ 22k

r(r) = 4e i+ 4e™

T(0)= 1 © =-2i+2j+2ﬁk =-ii+lj+-‘ék
[r'@)  Ja+4+8 220 2
- —2i+2j+2J2k)-(4i +4))
00y = FQTO) K ) iy
r'(0)] 4
' - -8J2i +8V2j-16k
00l [EAS] o o
Ir'(0)| 4 4
. r'(0)—ap(0)T(0) 4i+4j 1. 1 .
I\ 0 = = = — —_—
© an(0) W o
ey Qx| _16/2 2
Ir'(0)|3 64 4

B(0) = TO)xN(O) =[_;i+;,-+§k]x[Li+¢ j) =St di

34, r(t)= (ln t, 3, t2>

r'(z)=<1. 3, 2:>
I
. 1
r'(t)= <-—7. 0, 2>
2

v (334 (34
ol fieoss SO

(2)-r'(2) 2 ! 1 2 (63) 63
2:r = _*3;4'-_.0,2 - = em—
T r'(2)] \/101[<2 >< 4 >) 101\ 8 ) 44101
Ir'(2)xr"(2)| 2 <
2)=* — = 6, -2,
(2 [r'2) J101

_r@-a@T@) _ 24i0l (<_
ay(2) J649

B

T(2)

N(2)
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35,

36.

37.

38.

686

_< 24 8
J649 649’

_2J01 < 41189 E> 189 152
" Jea9 \ 1017 202° 101 J65 549" /65,549 /65,549
ey lr@xr @] _( 649 ( 2 )3= 21649
r') 4 J\Jio1) 101101
i 6 8 82 189 152
B(2)= T(2)x NQ2) = {—— .- ,
@ < 101" Jiol J101> < J65,549  J65,549 /65,549
r'()=i+3j+2k
r'(r) = 2k
i+3j+2tk)-(2k 4
ar(:)=(' j+2ik)-(2k) _ :
Jiso+da2 V10442
+3j+2k)x(2K)| _ |6i-2]] _ J36+4 FIO 5
N()" = V =2 3
JioeaZ  Vo+a2 Viosa?  Vi0+a? Vs
r(1) = (1, 2, t3>
r(r) = (1, 2, 312>
r(r)=(0. 2, ér)
2
(L2032)(0.2.6) 4415
aT(t)-: =
Vi+42 +or Ji+42 4o
2 2
(1,2 32)x(0.2, o |6 -6 2) 36236 a4 _ [or 29r el
aN(t): - = = 3 4 -
Jiva? 94 Nivatsot V14?40 1+4r% +9r*

r{t)= (e", 2t, e’)
rg)= (-e", 2 e'>

r'(t)= (e", 0, e')

r'@)-r'@)= —e ¥4

Ir'(n)| = Vet +4+e%

|r'(t)xr"(t)| = KZe’, 2, -2 >| = \/4e2' +d+4e7H = 2\/e2‘ +l+e

2t -2t
—-e
ar(f)= > >
et +4+e7
2t -2t
e +l+e
ay()=2|———
U g4
r'(ty=2(t-2)i-2j+k
r'(t) =2i-2j

Section 14.5
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[20-2)i-2j+K]-Qi=2)) _ 4¢=2)+4 _ 8-

ar(t)= =
Ja-2)2 +41 41 V82 —161+17 V82 -161+17
o [2(:-2)i-26+K]x (2i-2j)]  |2i+2j+8K| 6v2
aN — = =
V82 4160417 V8 —16:417 i —160+17

39. r'()=(01-Hi-0+2)j+k

r’'(t) = -24i-2j
r'()-r() = -2 -2y + 21 +1%) = 4
@O == +(1+2)2 +1=2r* +3
|F'()x ()] = |26~ 21) - 4k | = Var® + 4% + 160 = 26
ap(r) = 4
(1) =

V2r* +3

V61|
aN([):._4—.

V2rt +3

40. r'(z)=i+x2j—i2k.r>o
!

r(t)= 21j+£3k
t

r(e)-ri) =20 -’35 = 12 -1

Ir'e)] = 1+¢4 + l\/t +18+1

[r'()xr" (1) = ‘—l——]+21k’ ’—+1—6-+4t 1+4 +18

2
l,\[t"+18+l 13\/18+t4+1

2/
()= ) 1+dr 48 ’t +ar* +1
NMOE

‘\/t +8 +l et 4

41. r'(t)=cotri—tanfj+k

ar(t) =

r'¢t)= —esc? i - sec? 1
. 4 . 4
. . cost sint —cos t+sin’ ¢ 2 2
r@)r'@)=- D T 3 = tanfsec” t —cotfcsc” ¢
sin“t cos ¢ sin” fcos” ¢

Ir'@)| = JeotZt+tan?s+1

|r'(l) x r'(1)| = lsec2 i - csc? j-2 csctsectkl =Vsec? r+csc? 1+ 4csc? rsec?s

tantsec® { —cotfcsc?
2

ar(t) =

\[cot21+tan t+1

‘,/sec4 t+csctt +4csc2 tse:c2 I

ay(t)=
\/cotzt+tan21+1
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42. r'(t)=(tcosr+sint)i+(cosz—rsint)j+ 2k

43.

44.

688

r'(1)=(2cost —tsint)i+(-zcost - 2sint)j+ 2k

r'()-r"(¢) = (tcost +sint)(2coss —rsint) +(coss —rsint)(~1 cost — 2sine) + 41 = 5¢

()| = \/(t cost +sint)? +(cost—rsint)? + 4% =i +1-42 =512 +1

[F(yxr"(0)] = l(z cost+2t% cost+2usint)i +(2rcost - 2sint ~ 217 sing)j+ (-2 —12)k| =5t +1612 +8

N= 5t
! )_\/512+1

5% +161% +8

ay(t) = ,[———

502 41

r(z)= <1, t2. t3>

r() = <1, %, 2:2>
r'(t)=(0, 2, 4r)
r'()=(122)
r'(D=(0, 2, 4)

WIN

T(l)=—1——(l. 2, 2)=<l.3.3>
Jivara 37373
aT(l)=%(0+4+8)=4
6

ay() =%|(4, -4,2)| =%\/l—6_+T6_+—4— N

3

N(1) = %((o, 2, 4) —4(%, % §>] - l<_

=12 (-2, 2)
333 3 3 3

r'@)=-3 cos? ¢sin i +3sin 1 cosrk
r'(t) = (6costsin® 1 —3cos® )i+ (6.cos? 1sint — 3sin® 1)k
fr)_ 9. 33
r'f=|=-=i+—K
8 8
~(E)=__—3‘/§i+’5k
6 8 8
0. 33

4

-zi+—k
T(”): 831 §7 =3j§[—§i+%k)=—\/—2§-i+%k
Veite
m)__4 (2713 4543)_3
6) 33| 64 64 2
33

a”(g}z%l%j': o

Section 14.5
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45. r'()=coshli+k
C

)= lsinhii
¢ c

d
—~~

r

| 3

.1!
~~
(=)}
Il
O | -
&
=]
=
l

-

cosh 1i +k
6¢

3 o

6¢

T coshii+kj

f 1 (
cosh? Z+1 6¢
g
n) LcoshZsinh Z
T g) =

Jcoshz %H

N

oA

0

13 T
4sinh %
aN(£)=-——l—lsinh£j ——c  _6c
6 ,/coshzg‘—ﬂ ¢ 6c ‘/coshz-"—ﬂ
c 6¢
2 n 1 T ginh
N(E)=M _l.sinhii_c_cos_hg&(coshlnk] =—1—(i—cosh1k)
6 -clsmh6—’:__ c 6¢c cosh® L +1 6¢ ’coshz Z 41 6¢c

o)

46. r'(t) = (tcost +sin?)i+(cost —tsin?)j+ 2k
r"(t) = (2cost —tsint)i+(—tcost —2sin¢)j+ 2k

= —]—(Zi —-7tj+2nk)

a (n)____2 ( n+n+2n)———5n
- Z)= _r =
2) Jarse?\ 2 Va+512
2 2 2 <4
mi+| 2-2 |5+ 2-Z [k 2 1 iogseant4snt =1 1128+64n +5n
2 4 Va+sn? 4 2V 44572

2 -
N(£)=2\/—‘i“’;‘—-—7[(—ﬁi—2j+2kj- el 2(2i—nj+2nk)]
2 128+ 64n” +5n 2 4+5m
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47.

48.

" 49,

690

1
J128 + 6472 + 577 )4+ 512)

B(E)zT(E)xN(E) = ! 4mi-(8+2n%)j-(B8+ 1)k
2 2 2 \58+641t2 +5n° ( )

r'(1) = (cost —tsint)i + (fcost +sint)j+ 21k
r'(1) = (~tcost - 2sin¢)i + (2coss —tsint)j+ 2k
r'(n)=-i-nj+2nk
r'(r)=ni-2j+2k

1

V14502
1
(m)=
i \/l+5n2

T(n) = (-i—wj+2nk)

Sn

V1450

Qn-n+4m) =

2 4
a0 = o+ (24 20 410K = [FEE
l+5ﬂ2 1+5m

n . .
3 (—i — mj+2nk)
id

2
N(m) = —i§“——4[(ni-21+2k)- >
8+16n° +5n 1+5
! 3 . 2y,
- {(5n +6m)i+(-2-5n )j‘—Zk]
J@+16n% +57° )1+ 57%)

1

B(n) = ————
\18+161r2 +5nt (

0 =i+:2j—l2k
4

r'(t)= 21j+-2?k
t

r()=i+j-k
r'(l) = 2j+ 2k

1 1 1 1
. S I I
W= FmmHi-W=F"5"5
a7(1)=%(0+2-2)=o
aN(l)=%I4i—2j+2k|=2—\/_—d;=2\/§

1 1 1
N =——=2j+2k)=—=j+—F4Kk
W=sp@=7" 5

B(l)=T(1)xN(1) = Ei—%j+—\/‘—gk

r'(1)=e'i+é (cost —sint)j+ e’ (cost +sinf)k
J

r'(¢) = ¢'i - 2¢' sintj+ 2¢ cosrk

/3 x/3
AT — 1/3, e _ = €
r(;)—e i+ > (l \/3)_|+ 3

(1+B)x

Section 14.5

[(-57:3 ~24m)i +(-16-10n )j+16k]

2ni+(2+2n2)j+(2+n2)k)
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50.

51.

instructor's Resource Manual

r.(§J= 3 - B34 etk

n ] et/3 e™'3 ) ] 11 1
T(—)= e™3i+ 1-V3)j+ 143}k | = ——idm| ——1 i+ L[ L '
3 /3en/3’7 2 ( ) 2 ( ) 3l 2 \/5 -|+2 \/‘5'” k

"TG]: 1 [621!/3_£e2:1/3(1_\/§)+32;/3(1+\/3_):’= 1 (362%/3) = fGe!3
)

2

27/3 2n/3
267 i+ S (V3 -1) 4 2

o

N(%Jzﬁe]n”[e’”3(i—\/§j+k)—~/§e"’3[%i+%(%—1]j+%(%+l)kﬂ
[_I+J§, 1—J§kJ_ 1+V3, 1-43

2 T BV RN
B(%)zT(?)xN(%)=\/§i+é(3x/§—s/g)j—%(3ﬁ+\/—6_)k

r'(t)=€'i+e (cost +sint)j+e’ (cost —sint)j

r'(t) =€'i+2e costj—2¢ sintk

r'(§)=e“'3i+ (l+\/§)j+

Bl i)

en/3 ex/3
2 2

(1-V3)k

1) 1-v3. 1+43
N 5)=TJ§—’_2_J'2—kb

B(E)=_J§i+1l2(3~/§+\/g)j+%(\/é—3ﬁ)k

Note that this is the r(¢) from Problem 49 with the j and k components switched,
thus the values computed in Problem 49 can be used.

r'() = coshsi+ j+sinhrk
r’(t) =sinhfi+coshtk

r'(f)zcoshfnjﬂinhﬁk
3 3 3

r'(f) = sinhEi +cosh£k
3 3 3

'I’(E ! (cosh£i+j+sinh£k) =
3 \/coshz §+ 1 +sinh? % 3 3

1]

1 T b1d
———| cosh—i+j+sinh—k
ﬁcosh%( 3 yrst 3 J

sechZ  tanh %

] 3
=—=i+ j+ k
2 R TTR
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ar (Ej (2 cosh Zsinh —) \/—smh—
3) V2coshZ 3

“(5)-7
M3 2cosh"

T oo n sech’; tanh3 n. T
N[ Z|=|sinhZi+cosh—k |- v2sinh= ——=k | =-tanh—j+sech—=k
(3) ( 3 3 ) {f R 3 3

o))

. a. r'{)=costi-singj+(2r-3)k

coshEi—j-sinh£k| =1
3 3

19
r~

2t-3<0forr< —;— so the particle moves downward for 0 <t <% .

b. |r'() = yoos? r+sin® r+(2r-3)2 =V4r? ~12+10

4t* ~121+10=0 has no real-number solutions, so the particle never has speed 0, i.e., it never stops moving.

c. (2-3r+2=12 when (*-3r-10= (t+2)(1-5)=0, 1=-2,5.8Since ¢ 2 0, the particle is 12 meters above the
ground when t = 5.

d. v(5)=cosSi-sin5j+7k

e. v(5)is tangent to the helix at the point where the particle is 12 meters above the ground. Its path is described
by
v(5) =cos 5i - sin 5j + 7k.
53. a. The motion of the planet with respect to the sun can be given by x = Rpcost. y=R, sint.

Assume that when 7= 0, both the planet and the moon are on the x-axis.
Since the moon orbits the planet 10 times for every time the planet orbits the sun, the motion of the moon with
respect to the planet can be given by x =R, cosl0¢, y=R,, sinl0r.

Combining these equations. the motion of the moon with respect to the sun is given by
x=R,cost+ R, coslOf, y=R,sint+R, sin10z.

b. x'(t)=-R,sint-10R, sin10¢
»'(t)= R, cost +10R,, cos10«

The moon is motionless with respect to the sun when x'(r) and y'(r) are both 0.

Solve x'(¢)=0 forsin rand y'(f)=0 for cos (to get sint = — Ry sinl0r, cost=— 10K, cosl0r .
Rp P
Since sin?7+cos?7=1
OR> 100R2
]=IO f in? 107 + 00;?,,, cos® 10r
R2 R2

lOOR,;,
Rﬁ
—R,(sint+sin10/) =0 and R,(coss +cosl0s)=0.

——"=. Thus, Rf, = IOOR,::, or R, =10R,,. Substitute this into x'(1)=0 and »'(r) =0 to get

]

If 0 <1< —, then to have sin ¢+ sin 107 = 0 and cos 7 + cos 107 = 0 it must be that

[

10f= 7 +tort=-

Y3
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Thus. when the radius of the planet’s orbit around the sun is ten times the radius of the moon's orbit around

n . . .
the planet and ¢ = 3, the moon is motionless with respect to the sun.

S4. a. Years

b. The sun orbits the earth once each year while the moon orbits the earth roughly 13 times cach year.

c.  |r(0)|=]93.24i| = 93.24 million mi, the sum of the orbital radii.

d. 93 -0.24=92.76 million mi

e. No; since the moon orbits the earth 13 times for each time the earth orbits the sun, the moon could not be
. . . . . 1 .
stationary with respect to the sun unless the radius of its orbit around the earth were B the the radius of the

earth’s orbit around the sun.

f. v(1)=[-1867 sin(Qr1)-6.247 sin(2671)]i +[1867 cos (27 1)+ 6.24 1 cos (26 7 1)}j
a(r) =[-372n% cos(2nt) — 162.24n° cos(26mt)]i +[-372n" sin(2m) - 162.2472 sin(2671)]j

v[%) =0i+(-186m-6.247)j=-192.24nj
=192.24n million mi/yr

)= (37272 +162.247%)i +0j = 534.24%i

o

55. a. Winding upward around the right circular is continuous since
cylinder x = sin ¢, y = cos ¢ as ¢ increases. lim y'= lim y'=0=}'(0).
x—=0" x—0"

oo O ifx<0
Y (I)_{&l‘ ifx>0
is continuous since
lim y"= lim y"=0=y"(0).
x—0"

x—=0"

b. Same as part a, but winding faster/slower by

a factor of 3t2. -

¢. With standard orientation of the axes, the
motion is winding to the right around the
right circular cylinder x =sin ¢, z=cos 1.

”|

y . .
- . . . Thus, « = 5377 1S continuous also. If
d. Spiraling upward, with increasing radius, 1+y'%)
along the spiral x =¢sin ¢, y = { cos /. x#0then y'and x are continuous as elementary
A . . . functions.
e. Spiraling upward, with decreasing radius,
. 1 .
along the spiral x = —-sin¢, y = — cos! . 57. Let
r~ t P(x)=ap+ax+ ayx* +ayx> +agx’ +asx°.

f. Spiraling to the right, with increasing radius, B(0)=0=a=0

. . | 2 3 4
along the spiral x =17 sin(In ?), Pi(x) = qj +2a;x +3a3x° +4ayx” +5a5x” ., so

z =12 cos(int). K0)=0=4 =0.

P(x)=2a, + 6a3x+12a4x2 + 20a5x3 , SO

56. Since lim y= lim y=0=(0). yis F(0)=0=>a; =0.
x>0 x—0
continuous. Thus, FP5(x)= a3x3 +agx’ +a5x5,
N Al ifx<0 : B(x)= 3a3x2 +4a,x° +5asx”, and
yix)= 2 .
3x° ifx>0 P(x) = 6a3x+ 12a4x2 +2Oa5x3.
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58.

59.

60.

63.

64,

65.

694

P()=1.B(1)=0, and A (1)=0 =
az+ay +as=1

3a; +4ay+5a5 =0

6ay +12a4 +20a5 =0

The simultaneous solution to these equations is
a3 =10,a4 =-15,a5 =6, so

Py(x) =10x> - 15x* + 6x°.

B-B=1

i(B.B)zzB.on
ds ds

Thus, ;ﬁ is perpendicular to B.
A

in(TXN)——XN+Tx-d—N-

ds d. s ds
dr

Since N =—d-’—,-d—rxN=O, SO ——=Txﬁ.
lﬂl ds s ds
ds

Thus T @=T-(Txﬂ)=(TxT)-—=0, SO

ds ds

a8 is perpendicular to T.

ds

N is perpendicular to T, and B=T x N is

perpendicular to both T and N. Thus, since %

is perpendicular to both T and B, it is parallel to

r({)=6cos wa+6sin mwej, +2k. >0
Let (6cosmt)? +(6sinm)? +(2¢)2 = 100.

Then 36(cos2  +sin? 1t1)+4l2 =100; 42 = 64; t =4,
r(4) = 6i + 8k, so the fly will hit the sphere at the point (6, 0, 8).
r'(t) = —6nsin i+ 6ncos ntj+ 2K, so the fly will have traveled

61.

62,

N, and hence there is some number #(s) such that

% = —7(s)N.

Let ax + by + ¢z + d = 0 be the equation of the
plane containing the curve. Since T and N lie in
ai+bj+ck

a® +b* +c?

the plane B=+ .Thus,Bisa

dB .
constant vector and d— =0,s0 1(s)=0, since N
s

will not necessarily be 0 everywhere.

r'(t) = agi + byj+cok
r'(t)=0
Thus, r'(£)xr*(t) =0 and since
P LAOLIA(C) B
@)
To show that 7 = 0, note that the curve is

confined to a plane. This means that the curve is
two-dimensional and thus 7 =0.

§ V(6rsinmy? + (6mcos m)? + (2)%de = j: V36n? +4dr = \36n2 +4(4-0)

=8vV9n? +1x75.8214

r(t)= <10cosr, 10sinz¢, (£)1>
2n

. 4
Using the result of Example | witha=10and ¢ = ;— the length of one complete turn is
n

2
2n (10)2 +(;—4] angstroms = 1078V400r2 + 342 cm. Therefore, the total length of the helix is
d n

(2.9)(10%)(107)V400n2 + 342 = 207.1794 cm.

a. r(r)=constant,so r=ry.

Section 14.5
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b. r(=c+C
rO)=rp=>r({f)=ct+r

c. r@)=c+C
r0)=vg=>r'{t)=ct+vy

r(t) = %ct2 +vot +Cy
r(0)=ry=>r{r)= %ct2 + vl +1p

d. Say r() = x()i + y{(0)j + z(Dk.
dy dz

dr . . dx
Then — =cr isequivalentto —=cx, —=cy, —=cz.
dt dt dt dt

These equations have the solutions x(t) = xge, y(t) = yge'. z(1) = zpe® .

Hence, r(1) = rge".

66. r(1)= (cos t,sint, 16t)
Death occurred at r(12) = {cos 12, sin 12, 192).
r'(¢) = (-sint. cost, 16)
r'(12) = (-sin12. cos12, 16)
Now let 1 = 0 when the bee died. and let s(¢) describe the path of the bee from the instant of death.
Then sq =s(0) = (cos12, sin12,192) and vq = v(0) = (-sin12, cos12, 16).

2
We know that d—;— = (0, 0, —32), so using the result of Problem 65 part c,

d
s(t)=(0, 0, -32)[(%):2]+(-sin12, cos12, 16)¢ +(cos12, sin12, 192).

It landed when z = 0; —32[[%)12}16” 192=0; 0=-16(2 —1-12) = —16(t —4)(1 +3) sot=4.

s(4) = (—4sin 12+cosi2,4cos12 +sinl2, 0) . 50 it landed at approximately (2.99, 2.84, 0).

67. It left the path at the point r(4 7 ) = (47[,0,471’) ;and r'(dm) = (l, 4, l).
Hence, parametric equations of the tangent line are:
x=4g +ry=4ntz=4n +1
Then the point of intersection of the tangent line and the plane x + y = 30
30-4n
4n+l’
The bee hits the plane at the point with coordinates:

,30-dn_ 28’ +15)

occurs where (47 + )+ (47 1)=30: 1=

x=4n =~ 13.83,
4n+1 4n+1

y=dn| 202401 BTS2 16 15 221385 (same as x).
4n+1 4n+1

'

68. (FxGY =[(f28:- f382, 381~ /183 /&2~ )28 )]
=((f283 + f283) - (/383 + f382). (f3g1 + £381) - (/183 + /183). (182 + /i82) — (281 + 28 ))
FxG'+F'xG ={f28} - /85. 181 - /183 182 - 281)+(f383 - f382. f3&1 - figs, fig2 - fi&1)
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69.

70.

71.

73.

={(f2g3 + f383) - (382 + £382). (f3&i + f381) - (figs + fg3). (/g2 + fig2) - (f28i + f381)) = (FxGY

Thus, %[r(!)x r'O]=r@Oxr" () +r'@@)xr'(t) =r()xr"()+0=r(t)xr"(t)

LX) =rOx1"0) = r) xer() = clr@xr(0] =0

Hence, r(f)xr'(f) = ¢, a constant vector, with r'(1) perpendicular to ¢ for all 7. Thus, the motion is in a plane with

¢ as anormal.
a. L' =mr@)xv'()+mr'()xv(t) =mr(t)xa(t)+mv()xv(t)] =mr(t) x a(t) = 1()
b. If 7(s) = 0, then, by part a, L'(t) =0, so L(¢) is a constant vector.

¢. From Problem 69, a particle moving under a central force satisfies a(t) = r"(¢) = cr(t).

Thus, for such a particle,
) =mr(r) x cr(t) =mc[r(®) x r(/)] =0
and angular momentum is conserved.

= r cos & + r sin 6 where r = r{f) and 8= &) are functions of 1.
v()=r'(t) =(r'cos8 —rsin88")i+(r'sin@ +rcos66)j
i j k
Thus L(¢) = mr(f) x v(?) = mrcos@ mrsin@ 0
r'cos@—rsinf8' r'sin@+rcosff’ 0
=0i-0j+[mrcos@(r'sin@+rcos88')— mrsin@(r'cos - rsin66')lk
2 do

= (mr? cos? 69’ + mr? sin® 60" )k =mr*@'k =mr -zk

. From Example 3, at P(l, 1, %),

4 A

B=T x N=\/.6.(i+2j+k)x‘/§(—i+k)
1 1

=—(2i-2j+2k)=—=(-j+k
2\/3(l j+2k) \/i(l *k)

So, i — j + k is a normal to the osculating plane.

An equation of the plane is l(x—l)—l(y—l)+l(z-%}=0 or x—y+z=%.

BxT=(Tx N)x T=-[T x (T x N)]=-[(T - NYT-(T - T)IN]=N
since T and N are perpendicular unit vectors, hence T-N=0 and T-T= |T|2 =1%=1.

14.6 Concepts Review

1.

2.

696

traces; cross sections
cylinders; z-axis
ellipsoid

elliptic paraboloid
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Problem Set 14.6

5. (x-4)Y2 +(y+2)F =7
Circular cylinder

r
-
I
L
L
|

r

Instructor's Resource Manual

10.

Two planes

2 2 2
x Yo oz
—t—t—=
441 196 36
Ellipsoid

Elliptic paraboloid

AT rr TR T

Circular cone
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11. Cylinder

14, ———-—+—=

4

——rrTYr AT 7 7 7

x2 2

15. y="—+—
Y=g

Elliptic Paraboloid

698 Section 14.6
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21.

23.

24,

25.

26.

27.

a. Replacing x by —x results in an equivalent
equation.

b. Replacing x by —x and y by —y results in an
equivalent equation.

¢. Replacing y by -y and z by -z results in an
equivalent equation.

d. Replacing x by —x, y by -, and z by -z,
results in an equivalent equation.

a. 1,2,4,56.7,8,10,12,13,14,15,16. 18
b. 1,2,6,7,8,9,10,14,16,19, 20

Aty = x, the revolution generates a circle of

radius x = \/% = Jg . Thus, the cross section in

. . k
the plane y = k is the circle P4zt = 3 or

2x? +2z% =k. The equation of the surface is
y=2x2+2:%,

At z = k, the revolution generates a circle of
radius y = % = % Thus, the cross section in the
plane

.2
z =k is the circle x? +y2 =7 or

4x? +4y2 = k2. The equation of the surface is

22 =4x? +4y2.

Aty = k, the revolution generates a circle of

radius szI;—%yz =\ﬁ-%k2. Thus, the

cross section in the plane y = k is the circle

x2+22 =3—%k2 or 12—4x% — 422 =3k%. The

equation of the surface is 4x% +3 y2 +4z% =12,

At x = k, the revolution generates a circle of

radius y = \/-;-xz -4 = \/%kz —4. Thus, the

cross section in the plane x = k is the circle

y? +2° =§k2 —4 or 12+3y2 +322 =4k2. The

equation of the surface is 4x? = 12+3y2 +322.

x2 y2
When z = 4 the equation is 4 = —4—+? or

x2 y2

= — 4 —

. so a® =36,b> =16. and
16 36

Instructor's Resource Manual

28.

29.

30.

31.

¢? =a? —b? =20. hence ¢ =+2/5. The major
axis of the ellipse is on the y-axis so the foci are

at (0. +2.5, 4).

2

When x = 4, the equation is z = T+ 2’9— or

y? =9(z -4) =4-%(z—4), hence p = % The

veriex is at (4, 0. 4) so the focus is

(4, o,4+2)=(4, o,éj.
4 4

x2 2 12
When z = h, the equation is —2+%+—2=1 or
a® b ¢
2 2 2 ;2
x—_,+-y— =< which is equivalent to
2 2 2
a- b c
2 2 2 2
x y L. X5y
+ =], whichis —+-—=1
aA(c*-1)  bEI-HY) wheh s 42 B2
(.‘2 C2
with 4= 2V —#% and B=8c2 — k2. Thus,
c ¢
the area is
2 2
n(g /cz_hz)(é Cz_hz)=7wb(c’ h7)
c [ c”

The equation of the elliptical cross section is
2 2

X + y
at(h-z) b*(h-z)

Therefore, AV = n(ax/E)(b\ﬁr——z)Az

= nab(h - z)Az , using the area formula

=1, foreachzin [0, A).

mentioned in Problem 29.

h
"
Therefore, V = Kmb(h ~2)dz = nab[ > _%:I

0
2 2
= nab[[h - "7]-0} _ RabH  hich is the

2

height times one half the area of the base (z = 0),

n(avh)(b/h) = nabh.

Equating the expressions for y, 4 - x2 = x? 422

x? z?
orl= 5 + vy which is the equation of an

ellipse in the xz-plane with major diameter of
24 = 4 and minor diameter 22.
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32.

'(2' 2v 4)

y = x intersects the cylinder whenx =y = 2. Thus,
the vertices of the triangle are (0, 0, 0), (2, 2, 1),
and (2, 2, 4). The area of the triangle with sides

represented by (2,2, 1) and (2,2, 4) is
1 1
5[(2, 2,1)x(2,2.4)= 5|(6,-6, o)

(6J2’)=3J§.

]
2
33, (tcosn)? +(rsinn)? -1 = 12 (cos? 1+sin? 1) —1*

=12 —1? = 0, hence every point on the spiral is

on the cone.
For r = 3¢ cos fi +  sin {j + tk, every point

14.7 Concepts Review
1. circular cylinder; sphere
2. plane; cone

3. p2 =rt+2?

4. x2+y2+z2 =4z, so x2+y2+22—4z+4=4

or X2+ yt+(z-2) =4.
Problem Set 14.7

1. Cylindrical to Spherical:

p=\rt+2?

cos¢ = z
rz +22
=0
Spherical to Cylindrical:
r=psing
z= pcosg
=0

2. a. (p,9,¢)=(\/§‘£ E)

274
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satisfies x2 + 9y2 —92% =0 so the spiral lies on
the elliptical cone.

34, Itis clear that x = y at each point on the curve.
Thus, the curve lies in the plane x = y. Since

2=t = yz, the curve is the intersection of the

plane x = y with the parabolic cylinder z = y2.

Let the line y = x in the xy-plane be the u-axis,

then the curve determined by r is in the uz-plane.
The u-coordinate of a point on the curve, (¥, , 2)
is the signed distance of the point (y, . 0) from

the origin, i.e., u = \/Ey. Thus, u? = 2y2 =2z
or u® = 4(%) z. This is a parabola in the

uz-plane with vertex at u=0,2=0 and focus at

u=0, z= -l— The focus is at (0, 0, l)
2 2

b. (p,9,¢)=(2ﬁ,%,%)

y =6sin
z=-2
b. x= 4cos(ﬁ) =-2
3
y=4sin (4%) =23
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-24/3

tanf = —T=— 3 and (x. y) is in the

4th quadrant so 8 = 53—7!

z 4 \/5

COS¢=;=E=T SO ¢=

/ 4
Spherical: L4\/i ey E]

3 4

b. p=+v2+2+12=4
V2

tan@ =——= -1 and (x, y) is in the 2nd

/2
quadrant so @ = %‘t

W3 B3

cosgp=——=
4 2
Spherical: [ 4, 3%, 3]
4’6

6. a. r=+va+4=22

tan9=§=l, x>0,y>0,50 6=

b. r=v48+16=8

tang—_L-_L
W3 B
6=m.z=6
6
7. r=5
Cylinder

Instructor's Resource Manual

T
— 50 —.
6

, x>0,y<0,s0

11, r=3cos 4
Circular cylinder

X

12, r=2sin 240
4-leaved cylinder

Section 14.7
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13. p=3cos ¢ 18. r?cos?@-r? sin26=25;r2 cos28 = 25;

r? = 25sec? @:r =5sechd
19. r2+4z2=10

20. (x2 +y2 +28)+3:2 =10; p2 +3pZ cos? ¢ =10
2 _ 10
1+3c052¢

21, (x2 +y2 «1»:2)—322 =0; pz -3p2 cos? ¢=0

1

cos? ¢ = = (pole is not lost): cos’ g = % (or

sin2¢= or ta.n2¢=2)

W w

22, p2 [sin2 c}Scos2 8 - sin® ¢sin2 6 - cos? #l=1
pz[sin2 ¢cos2 6 -sin’ qﬁsin2 6-1+sin®g)=1:
p2[sin? geos? - 1+sin® g(1-sin® B)) = ;
pz[sin2 qﬁcos2 6-1+sin® ¢0052 fl=1
p2[2 sin’ qzbcos2 6-1=1

2 1
N 2sin® gﬁcos2 -1

23. (2 +22)+22 =4;p2+p2c052¢=4;

2 _ 4
l+cosz¢
2y 24. p2 = 2pcos¢;r2+z2 =22;r2 = 22-:2;
\ r=v2z-2z
4 25. rcos O+rsinf=4; r=—mmm
sind +cosé
2 2 2
16. rfcos“f+z° =4 26. psin gcos G+ psin gsin 8+ pcos g=1;
x2+z2=4 _ 1
Circular cylinder p sin g(sin@ +cosf) +cos¢
z

27, (Jn:2+y2+zz)—z2 =9 pz—pzoosz¢=9;
pz(l—cosz¢)=9;p2 sin>¢ =9

28. r? =2rsind;x* +y2 =2y;x2 +(y—l)2 =1

29. r? cos26 = z;r*(cos’ B —sin® ) = z;
(r cos¢9)2 - (rsin9)2 =2 %2 _yz -
17. 12 +y2 :9;)‘2 =9; r=3
30. psin ¢ =1 (spherical); r= 1 (cylindricai):
2, .2 .
x“ +y~ =1 (Cartesian)
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31, z=22%+ 2y2 = 2(,\'2 +y2) (Cartesian); z = 22 32, 22 +2y2 -2 =2 (Cartesian); 2%-22=2
(cylindrical) (cylindrical)

33. For St. Paul:
p£= 3960,
0=360°-93,1°=266.9° ~ 4.6583 rad

$=90° - 45° = 45° = g rad

x= 3960sin§cos 4.6583~-151.4
y =3960sin %sin 4.6583 = ~2796.0

z= 3960cos§ ~ 2800.1

For Oslo:

p=13960. 8= 10.5° = 0.1833 rad.

@=90°-59.6° = 30.4° = 0.5306 rad

x = 3960 sin 0.5306 cos 0.1833 = 1970.4

¥ = 3960 sin 0.5306 sin 0.1833 = 365.3

2 =13960 cos 0.5306 = 3415.5

As in Example 7,

y= (-151.4)(1970.4) + (-2796.0)(365.3) + (2800.1)(3415.5)

3960°
so ¥ = 1.0173 and the great-circle distance is
d =~ 3960(1.0173) = 4029 mi

= 0.5257

CcOos

34. For New York:
P =3960. 8= 360° - 74° =286° = 49916 rad
¢=90° -40.4° = 49.6° = 0.8657 rad
x = 3960 sin 0.8657 cos 49916 =~ 831.1
y = 3960 sin 0.8657 sin 4.9916 =~ -2898.9
z=13960 cos 0.8657 = 2566.5
For Greenwich:
p=3960, =0, ¢=90°-51.3°=38.7° = 0.6754 rad
x=3960sin 0.6754 cos 0 =~ 2475.8
y=0
z=3960 cos 0.6754 = 3090.6
_ (831.1)(2475.8) +(-2898.9)(0) + (2566.5)(3090.6)

39602
so y = 0.8802 and the great-circle distance is
d = 3960(0.8802) = 3485 mi

N

cosy =~ 0.6370

35. From Problem 33, the coordinates of St. Paul are P(—151.4,-2796.0, 2800.1).
For Turin:

p=13960, = 7.4° = 0.1292 rad. ¢ =§ rad
X = 3960sin§cos 0.1292 = 2776.8
y= 39605in§sin 0.1292 = 360.8

z= 3960005% ~ 2800.1
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36.

37.

38.

39,

40.

704

- -2
osy :( 151.4)(2776.8) + (—2796.0)(360.8) + (2800.1)(2800.1) ~ 0.4088

39607
so y = 1.1497 and the great-circle distance is d = 3960(1.1497) =~ 4553 mi

The circle inscribed on the earth at 45° parallel (¢ = 45°) has radius 3960 cosg. The longitudinal angle between
St. Paul and Turin is 93.1° + 7.4° = 100.5° = 1.754] rad
Thus. the distance zlong the 45° paralle! is (3960cos§-](1.7541) = 4912 mi

Let St. Paul be at A(=151.4, - 2796.0, 2800.1) and Turin be at 2 (2776.8. 360.8. 2800.1) and O be the center of

—_——
the earth. Let Sbe the angle between the z-axis and the plane determined by O, A, and A. OB x OP, isnormal

to the plane. The angle between the z-axis and OR x OF; is complementary to 8. Hence

(— —
LS -1

- N 6
p= cos” T s [wﬂ_

1.431x107

— 2

]: 0.5689.
—_
OR, x OP ||K]

The distance between the North Pole and the St. Paul-Turin great-circle is 3960(0.5689) = 2253 mi

x; = p;sing;cosd;, v; = p;sing; sing;, z; = p;cosg; fori=1,2.
d’= (pysing;y costy — pysingy cos8,)’ +(pysing,sinf; — pysingy sin(),)2 +(pycosgy — oy cosg)?
= p22 sin” gz&z(cos2 o, ~1~sin2¢92)+p12 sin’ ;le(cos2 2 +sin291)+p§ cos? & +p|2 cos? &
=21 P2 singy sin gy (cos G cosh, +sin b, sinfy ) -2 p p; cos @ cos @y
= pg' sin? $+ p,z sin? & +p32 cos? & +p,2 cosz¢| - 2pp5 sing, singy[cos(6) — 05)] - 2 py o cos @y cos ¢
= pzz(sin2 & +cos? <}52)+p,2(sin2 & +cosz¢,)+2p,p2[—cos(6| —0,)singsing, —cosg; cosg, ]
= plz +p§ + 2 pa[—cos(f, -6, )sing sing, —cosg cos g, ]
= p]2 -2p1p; +,022 +2ppy[1-cos(6) -6, )sing sing, —cosgy cos g, ]
=(p -p2)2 + 2 p9[l - cos(8, —6,)sin @ sing, —cos g cosg, ]
Hence, d = {(p —pz)2 +2pps[1—cos(6) - G,)sin gy sing, —cos gy cosq&]}”2

— N
Let A be (a,. 6. ¢) and P be (ay, 8. ¢). If yis the angle between OR and OP, then the great-circle
distance between R and P, is ay. |OR|=|OPs|=a while the straight-line distance between R and Py is (from

Problem 38) d? = (a-a)° +2a2[l —cos(f; - 6,)sing sing, —cos¢ cosg, |

=2a%{l —[cos(6) — 8,)singy sing, +cosdy cosgy 1}
Using the Law Of Cosines on the triangle OR A .

2 2

d’>=a*+a®-2a cosy =2a2(l—cosy).

Thus, yis the central angle and cosy =cos(6] - 6, )sin @, sing, +cosg, cosg;.

The longitude/latitude system (a, ) is related to a spherical coordinate system (p, 8, ¢) by the following relations:
P = 3960: the trigonometric function values of @ and @are identical but

T . .
-7 £ @< 7 ratherthan0 £ 8 < 27 . and ,B=;—¢ so sin #= cos ¢ and cos f#=sin ¢.

-
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41.

42. p=2asin ¢is independent of &so the cross section in each half-plane, 8=k, is a circle tangent to the origin and
with radius 2a. Thus, the graph of p= 2a sin ¢ is the surface of revolution generated by revolving about the z-axis

From Problem 39, the great-circle distance between (3960, 6;,¢,) and (3960,6,,4,) is 3960y where 0<y <7

and cosy =cos(6, —6,)sing sing, +cos cosgy =cos(a; —ay)cos B cos By +sin f; sin §;.

a.

b.

€.

€.

New York (-74°. 40.4°); Greenwich (0°, 51.3°)
cos ¥ = cos(—74° —0°)cos(40.4°) cos(51.3°) +sin(40.4°)sin(51.3°) = 0.637

Then y = 0.880 rad, so d = 3960(0.8801) = 3485 mi.

St. Paul (-93.1°, 45°): Turin (7.4°. 45°)
cos y= cos(-93.1° - 7.4°) cos (45°) cos (45°) + sin (45°) sin (45°) = 0.4089
Then y = 1.495 rad, so d = 3960(1.1495) ~ 4552 mi.

South Pole (7.4°, -90°); Turin (7.4°, 45°)
Note that any value of & can be used for the poles.
cos y= cos 0° cos (-90°) cos (45°) + sin (-90°)sin (45°) = L

V2

thus y =135° =% rad, so d =3960(3Tn] %9331 mi.

New York (~74°, 40.4°); Cape Town (18.4°, -33.9°)
cosy = cos (—74° — 18.4°) cos (40.4°) cos (-33.9°) + sin (40.4°) sin (-33.9°) = -0.3880
Then y = 1.9693 rad, so d = 3960(1.9693) =~ 7798 mi.

For these points a; = 100° and a, =—80° while f; = 5 =0, hence
cos y=cos 180° and y= 7 rad, so d=39607 = 12,441 mi.

a circle of radius 24 and tangent to the z-axis at the origin.

1
14.8 Chapter Review 7. True:  Letr=-.
Concepts Test a
8. True: Direction cosines are —, —
1. True: The coordinates are defined in terms l“l
of distances from the coordinate which are a, b, c.
planes in such a way that they are
unique. 9. True: ||u|n| =|ulju| = |ui2
2. False: The equation is
5 2 2 10. False: The dot product of 2 scalar and a
(x=2)"+y°+z°=-5, sothe vector is not defined.
solution set is the empty set. -
. 11. True: |uxv|=|—vxu|=]—1||vxu|=|vxu|
3. True: See Section 14.2. '
4. False: See previous problem. It represents a 12. True: (kv)xv=k(vxv)=k(0)=0
plane if 4 and B are not both zero. ) .
13. False: Obviously not true if u = v. (More
5. False: The distance between (0, 0, 3) and generally, it is only true when u and v

6.
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(0, 0, -3) (a point from each plane) is are also perpendicular.)
6, so the distance between the planes

is less than or equal to 6 units.
length of v by |a|.

False: It is normal 10 the plane.

14. False: It multiplies v by a; it multiplies the
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15.

16.

17.

18.

19.

20.

21.

23.

24,

27.

28.

706

True:

True:

True:

False:

True:

False:

True:

. True:

False:

False:

True:

. True:

False:

False:

juxv| |ul]vjsing _

= =tanéf
(u-v) |uljv|cosé an

The vectors are both parallel and
perpendicular, so one or both must
be 0.

|21 2j)- (§x1)| = 4{(k) - (k)]
=4(k-k)=4

Letu=v=iw=j.
Then(u x v) x w=0 x w=40; but
ux (vxwy=ix k=-j.

Since (b;. by, b3> is normal to the
plane.

Each line can be represented by
parametric equations, but lines with
any zero direction number cannot be
represented by symmetric equations.

~ Ir'xr”]

—3— =0= |l"Xl'"
Ir

X

=|r|r"|sin6 = 0. Thus, either r’ and

r" are parallel or either ¥’ or r" is 0,
which implies that the pathis a
straight line.

An ellipse bends the sharpest at points

on the major axis.

k depends only on the shape of the
curve.

Suppose v(f) = cos # + sin ¢j, then
[v(0)] =1 but a(r) = —sin A + cos #j
which is non-zero.

T depends only upon the shape of the
curve, hence N and B also.

If v is perpendicular to a, then T is
also perpendicular to a, so

i(£)=ar =T-a=0. Thus
di\ dt

ds .
speed = 7 is a constant.
t

Ifr()=acosti+asintj+ctk thenv
is perpendicular to a, but the path of
motion is a circular helix, not a circle.

The circular helix (see Problem 27)
has constant curvature.

Section 14.8

26, True: The curves are identical, although the
motion of an object moving along the
curves would be different.

30. False: Atanytime O0<t<l, n(#)=n()

31. True: The parametrization affects only the
rate at which the curve is traced out.

32. True: If a curve lies in a plane, then T and N
will lie in the plane,so T x N=B
will be a unit vector normal to the
plane.

33. False: For r(f)=cos fi +sin¢j, |r(?)| =1, but
r@)=0.

34. True: The plane passes through the origin
80 its intersection with the sphere is a
great circle. The radius of the circle
is 1, so is curvature is %= 1.

35. False: It is the part of the z-axis withz = 0.

36. False: It is a parabolic cylinder.

37. False: The origin, p = 0, has infinitely many

spherical coordinates, since any value
of fand ¢can be used.

Sampie Test Problems

1.

The center of the sphere is the midpoint

(—2+4, 3+l, 3+5)=(l, 2, 4) of the diameter.
2 2 2

The radius is r = y(1+2)2 +(2-3)* +(4-3)?
=J9+1+1=+11.The equation of the sphere is
(-2 +(y-2+(z-4% =1

(% - 6x+9)+(y +2y+1)+(2? -8z +16)
=9+1+16 (x=32+(y+1)> +(z-4)? =26
Center: (3, -1, 4); radius: J26

a. |a|=Va+1+4=3b|=v25+1+9 =35
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7.

. a (4+11-5147) =

b. i=—2-i——j~r k, direction cosines
I8 3
21,2
3 3 3
b 5 1 3 .
—= i+ i- k , direction
bl V35 V35T V35 T
cosines > L3
V357 V35" V35
c z1—lj+£k
3 373
d cosa-ab—10_1_6 3 1
elb] 335 335 35
a 1
=cos  ——=1.4010 = 80.27°
V35

a. (-5-55) =-5(L1,-1)
b. (2,-L1)x (0,5,1) = (6,-2,10)
¢ (2-11)-(-7,1,-5) =-20

d. {2,-11) x (-7,1,~5) = (4,3,-5)

¢(3,3,-1) x (-1,-2,4) =c(10,-11,-3) for any
cinR.

Two vectors determined by the points are
(-1,7,-3) and (3,-1,-3). Then

(-1,7,-3) x (3,-1,-3) =-4(6,3,5) and
(6,3, 5) are normal to the plane.

(6. 3, 5) = £(6,3,5) are the unit vectors
J6+9+25 70
normal to the plane.

a. y=7,since y must be a constant.

b. x=-5,since it is parallel to the yz-plane.

¢. z=-2,since it is parallel to the xy-plane.

d. 3x-4y+z=-45, since it can be expressed
as 3x — 4y + z = D and D must satisfy
3(=5) - 4(7) + (-2) = D, so D =—45.

(5.—4,8) is along the
line, hence normal to the plane, which has
equation {x-2, y+4, z+5)-(5,

b. 5(x-2)-4(y+4)+8(z+5)=0o0r
S5x-4y+8z=-14
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-4,8)=0.

10.

11,

12.

13.

14,

If the planes are perpendicular, their normals will
also be pemcndicular Thus

0=(1,5.C)-(4.-1,1)=4-5+C, soC=1.

Two vectors in the same plane are (3,-2,-3) and
(3, 7,0) . Their cross product, 3 (7 ,—3,9) .
normal to the plane. An equation of the plane is

7x-2)-3(-3)+9:=+1)=0or
Tx-3y+9z=—+4

A vector in the direction of the line is (8,1,-8).

Parametric equationsarex =-2+ 87,y =1+,
z=5-81

In the yz-plane, x = 0. Solve -2y + 4z = 14 and
2y — 5z = -30, obtaining y =25 and z = 16.

In the xz-plane, y = 0. Solve x + 4z = 14 and
—x — 5z =-30, obtaining x=-50 and z = 16.
Therefore, the points are (0, 25, 16) and

(-50, 0, 16).

(0, 25, 16) and (-50, 0, 16) are on the line, so
(50,25,0) =25(2,1,0) is in the direction of
the line. Parametric equations are x =0 + 2t,
y=25+1t,z=16+0torx=2¢t, y=25+1,
z=16.

(3.5, 2) is normal to the plane, so is in the

direction of the line. Symmetric equations of the
-4 _y- 5 _z- 8

line are

5 2

. (5.—4 —3) is 2 vector in the direction of the line,

and (2,-2,1) is a position vector to the line.
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Then a vector equation of the line is Length is

r()=(2.-2.1) + 1(5,—4,-3). f\/ge'dt = [x/ie' ]‘) = V3(e® - e) = 252.3509.
16. z
! * ’ 20. v(z):(e‘,—e“,2>
-2 -2 2 -8/3
a() = <‘e'. e, 0)
-1 -1 1/2 -1/3 1\
2 -, 2;
0 0 0 0 V)= < 2
1 1 1/2 1/3 a(1f12)=<2- l’0>
2 4,2
2 2 8/3 ciinzy M Dxa@D] ;((L 3>l
2
3 3 9/2 9 [vn2)? \V%)
8 [‘_ 87
~0.1934
333/2‘/_‘ V35937~ V11979

21 v()=(1, 21, 3 :a(0) = 0. 2. 61)

vl = (1, 2, 3);|v()] = V14;a(1) = (0, 2. 6)
v-a 0+4+18 22

_ya_0+4+18 23 _ g es0.
ar v| \/_ \/._
6,-6,2) 219
17, r© =11, #),r@=(1 2 4) ad ay = lvlzlal K N ) =%= 2330

r(2)= <2, 2, §> Symmetric equations for the

tangent line are x;2=y;2= ;3.Normal

plane is 1(x—2)+2(y—2)+4(z—§)=0 or

3x + 6y + 122 =50.

18. r(1)= (tcost, tsint, 2t);
r'(e) =(-tsint +cost, tcost +sint, 2);

r'(t)= (—tcost —2sint, —¢sint +2cos¢, O)

e
2 2 2
U @ (m29)

' (3) I +20
19. r'(f)=¢' (cost+sint, —sint+cost, 1)

()] = V3¢

n+2
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24. Parabolic cylinder 2 2 2
2 29, T4+ 2 o)
12 9 4
Ellipsoid

25. Circular paraboloid

30. The graph of 3x* +4y% +9z% = —36 is the empty
set.

- y 3. a. r2=9;r=3

b. (x2+y%)+3y* =16
16
1+3sin 6

2 +3rsin?6=16,r% =
¢ r’=9z
d r?+4z22=10
32. a. x2+y2+z2=9

b. x*+z*=4

c r2(c>0526—sin2 ¢9)+z2 =1

xz—y2+22=l

33. a. p2=4;p=2

b. 2+yt+z2-22=0;

p2 —2p2 cos? ¢=0; ‘¢92(l—2cos2 $)=0;

1-2cos? 9=0; cos? ¢ =l; ¢ - or
2 4
3n
¢= ™
Any of the following (as well as others)
would be acceptable:
n 3n
= ~ZZ1=0
[-3)e-%)
0082 = l
2
sec? =2
tan? ¢=
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34

36.

37.

710

c. 2x2—(x2+y2+zz)=l;
2p2 sin2¢coszt9—p2 =1

N

B 2sin? ¢c0529—’1

d. +y2 =z
p2 sin’ qf)cos2 6+ p2 sin? gzﬁsin2 0= pcosg
p2 sin? gi(cos2 6 +sin® 0) = pcosg;
psin2 ¢ =cos¢g; p=cotgcsc @

(Note that when we divided through by p in part
c and d we did not lose the pole since it is also a
solution of the resulting equations.)

Cartesian coordinates are (2~/§ . 2J§, 4\/3 ) and
(x/i, \/E —Zﬁ) . Distance

, ,1/2
[2+(2J5—J€)‘+(4J§+2J5)J ~ 9.8659.

. (2,0, 0) is a point of the first plane. The distance

berween the planes is
|2(2) ~3(0)+3(0) - 9\ 5
Ja+9+3 N

1.25

(2,—4,1) and (3,2,—-5) are normal to the

respective planes. The acute angle between the
two planes is the same as the acute angle &

between the normal vectors.
cosf [6—8—5] ’ 068 =~ 1.3204 rad
= = —, S ~ . ra
Y2138 798

If speed = ? =¢, a constant, then
t

2 2 2
a =i—ST+(£) xN =c2kN since s 0.T
dt dr?
is in the direction of v, while N is perpendicular

to T and hence to v also. Thus, a= c2kN is
perpendicular to v.
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