'I 3 Geometry in the Plane,
Vectors

v
10F
13.1 Concepts Review N
1. simple; closed; simple B
I T | | |
. -10 L 10%
2. parametric; parameter C
3. cycloid _
=10
dy
4, 4 b. Simple; not closed
todx
ar
x
c. t=—
2
Problem Set 13.1 3
y=-Xx
2
1. a. t x y
-2 -6 —4 3. a t X y
-1 -3 -2 0 -1 0
0 0 0 1 2 1
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w0l 4 11 4
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b. Simple; not closed
b. Simple: not closed

X
¢ ==
3 1
2 C. t=§(x+1)
y=-x
3 1
y=§(x+1)
2, a, t x y
-2 -4 -6 4. a t X y
-1 -2 -3 0 -2 0
0 0 0 1 2 2
] 2 3 2 6 4
2 4 6 3 10 6
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c. t=x+3

y
16}
N y=V2x+6
N 7. a. s x y
/ : l
i é/—l | I T S T I | l 3
RN 16% 3
-y _.l’_ 5
b. Simple: not closed ] _;_ 2
1
c z=1(x+2) 9 9 9
4 "
=L+ °r
Y 2 =
5. a H x y u
0 4 0 i
1 3 1 b,
2 2 2 e
3 i ﬁ b. Simple; not closed
4 0 2
v 1
sk C. §=—
x
B 1
y==
- x
[
8. a s x y
i 1 1
1 1 1 1.
M 1
3 3 3
b. Simple; not closed 5 5 '_l,'
c. t=4-x 7 2 1
y=v4-x 7
9 9 s
6. a. t x y ¥
0 -3 0 '
2 -1 2 :
4 1 w2 -
6 3 23 [
8 5 4 N
Y -
5 I T I S I
/ o

/ b. Simple; not closed
i 11 | I I S T I |

<4 6+ c. §=

TTUT T T

-5

b. Simple; not closed
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10. a.

C.

620

! X y
-3 ~-15 5
-2 0
-1 3 -3
0 0 -4
1 -3 -3
2 0
3 15 5
¥
10
| U} SO A |
-20 20+
-10

Not simple; not closed
x2 =158 4162
2= y+4

x2=(y+4P -8(y+4) +16(y +4)

2=y’ +4y?
t x y
-3 =21 15
-2 -4
-1 1 3
0 0 0
1 -1 -1
2 4
3 21 3

Simple; not closed
?-2t-y=0
r=1%/l+y
3
x=@¢ 1+y)-20¢ 1+y)

x=2+3yi(y+2)\/l+y
(x=3y-2)2 =(p+1)(y+2)

Section 13.1

11. a.

12.

13.

t x y
2 0 32
3 2 3
4 22 0
-V
5F
L1
5x
Simple; not closed
1=lx2+2
4
1 2
t=4-—
9y
1 > I s
—x"4+2=4--
4 9”7
2 2
L+}_=]
8 18
t x y
3 0 2
1 2
; 5 | °
4 3 0
3
4
I —l L1 11 1
-1 R 4%
-
Simple; not closed
1=lx2+3
9
1 »
t=4-—y?
4}’
- 2+3=4——y2
2 2
X_+y_=]
9 4
14 X y
0 0 3
% 2 0
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T 0 -3 iz
I 2 2 0
5 -2 0 2
2 i 0 ~3
2 0 3 izﬂ 2 0
5 ¥ 3n 0 3
o In
2 2 0
.\ ar 0 -3
A1t | | 1 4

2
c. sinlr=2- -5
4
2 b. Not simple: closed
coslr=2_
9 2
2 2 e sinfr=2-
4 9 2
cos? r = Y
14, a. r X y ) 9
2
0 0 =2 XT,,, y__ 1
iy
> 3 0
T 0 2 16. a. r x y
3n 3 0 0 2 0
2 e
2 0 -2 2 0 3
y i3 2 0
5 - lll
i 2 0 3
/'x 2z 2 0
L1 1 1 1.1 || ¥
= B ’ 54X 4.;
5K
b. Simple; closed
11 L1 11!
-1 4x
5 L
c. sinZr=2. -iF
9
2 b. Not simple; closed
coslr=2_
2 2 4 c. costr=2
sinfr=2
15 3
. a. r x y v,
0 0 -3 273
z )
> 2 0
n 0 3
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17. a. 6 x y 19. a. 6 x y
0 0 9 0+ 27n 1 0
n 3
% % % -3'+2nn % )
2 0 9 Z 4 2nn 0 0
1
%L g' % ‘%t'+2rm -3 _f'g}
T 0 9 n+ 2an -1 0
. 4 1
of Feorm | -7 | -3
L: 32£+2mz 0 0
B an 1 _3
N 3 +2nn 2 3
X v
-l | I I I I | |
10X 1 | | ]
=2 2
b. Not simple; closed a
c. sin?f=2 i
? 3
cos’8=2
9 b. Not simple; not closed
P4
§+3=1 c. cosf=x
x+y=9 sin@ = V1 - x
18. a P . 5 y=—85in29c0520
0 9 0 y=—8x2(l—x2)
I 2 2
4 2 2
1
2 0 9 20. a. g x y
1411 % % 0+27n| 0 2
I 1l 1
T 9 0 6+21’m ] 9
4 Z 4 2nn 1 2
an 1 1l
6 +2nn 5 >
n+2mn 0 2
Zom | 4| 4
Eionn | -1 2
b. -ungnn —% 1
. ¥
X Jy
—+==1
99 o —ix
x+y=9 =
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b. Not simple; not closed

¢. sinfd=x
cosf = V1-x2
y= 2(cos2 6 —sin? 6)2
y=202x% -1)?
21, £=6r
dr
Q—erz
dr
Q=2z’
dx
y_,
dr
ay_1
& 3t
22. £=125
ds
Q=—6s2
ds
& __1
dx 2
o _ 1
ds 2
2y L
dx 24s
23. ix—=
de
Y _ 1567
b N5,
dx 4
@35
dg 4
d’y 35
dt 168
dx
24, = =23
de
dy 2
=-3J36"
de J-
& _ 3,
dx 2
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25.

26.

27.

28,

4 _ 3

de 2
ay_ 3
& 4
dx .
E=smt
%=cost

/x
%:—csczt
2
‘;—f=—csc3t
%=25int
%=5cost
%=—cott
dl:-—csczt
dt 2

2
d.{=——csc3t
‘tx—
%x—=3sec21
t
%=55ecltant
%=—sint
%=—cost
2
d—{=§cossl
dx 9
%=—csc2t

Q = 2csctcott
dr

-dl = -2cos?

Section 13.1

623



29,

30.

31.

32.

624

a2
dt (1+12)?
dy -1

dt 2(1-1)?

dy _(1-20)(1+1%)?

& 2311y

dy 30 +7% -6 +1011 —91+3

dt 21 -0)

d’y (35 +7% -6 41002 — 91+ 3)(1 +12)?
dx? ar’(1-1)3

dx 4

dt Qe
dy _ 203%+1)

. 2(1+%)?

dy 3% +1
Z— 213

dy' _ 32 +1)
AT
d*y 3¢ +1)
dx? 8
2 = 21,Q =312
dt at

& _3,

dx 2

Atr=2,x=4,y=8 and X =3,
dx

Tangent line: y —~8=3(x-4)or3x-y-4=0
¥y

— =3, =24

dr dr

L4 82

dx

At l=—i,x=—3,y=—l,and Q=
2 2 dx

Section 13.1

33.

34,

35.

Tangent line: y+1 =2(.r+-§—) or2x-y+2=0

dx dy
— =2secitant,— = Isec?t
t dt

L

dx
n 4 2 dy

Atr=-Z ="y = amd Z-0
6 3 3 dx

I angent llne. +— —2(.! - _) or

¢

-5

dt dt 3
d_ 1

dx = 2e’,—dl —le—'

dc 6

Att=0..r=2.y=l.and2=—l.
3 dx 6
1 1
Tangent line: y—-—=——(x-2) or
g y-3 6( )
x+6y—-4=0
5)

=0
\ t
-5 5-

LB

-5

b, dy_
dt Tdt

L= [Na+9a =13 [ ar = V31 = 3413

3
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Z_1 %2

dt dr

L= L\/let \/_I dt =501 =65

o

37. ﬁ:],d—yiz“z

3 5
= 1+
byrgre 4.

1 a3
—ELV4+91dt

3
=L 3(44—9:)3’2
18( 3 A

1 .32 1
=—(31 -8)=—(31J/31-8
27( ) 27( )

38. —45 = 2cost,d—y=—2sint
! dt

L= L" 4cos? ¢ +4sin? tdr = 2[)"d: = 2% =2n

44,

39, T Y _32

dt dr
2
L=L 36t +9:4d:=3j)z 4+12dr

[ (4+1 )3’2] =16v/2-8

40 = 1-— ==

45,
L= f\/l—— +4dt

T df-fJT
Lol

4l ﬁ — 2 dy 9 312

L= £21n3 ’4 % _ l 3,d 2]n3e, ’ %e’d! 46.

2In3

372
= _L(4_ﬂe‘)
243 4

_ 7134713 -227/227

243

In3
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36 & _ dy=2 4. =

1
1
- | [2,+L2)d,=[,2_l} _3
/4 21 21 1/4 ]6

éx_ = sechzt Q =2tanht
dt dt

3
L= L3\}sech4t +4tanh? tdr

3
= _[3 \/4 —4sech?t + sech’rdr

3
= L3 \/ 2- Sechzt)2 dt= f3 (2—sech 2t)dl

=[2r—tanh(]’; =12-2tanh3

— = —sint,

dr

dy secttant +sec’

— =— - COS!=Sec!-CoSt
dt sec! +tan¢

/14 [
L=£‘ Jsm2t+(seczt—2+coszt)dt

= Emtantdt
1 1

=’[—1l’l|COSt|:|:;,‘1 = —ln$=51n2
dx . dy

— =tsint, = =rcos?

dt dt

/2 -
L= J:M N2 sin? t+12 cos? tdr
/
n/2 31t2

12
=_[: tdt:[ltz] =2
/4 2 n/4 32

Section 13.1
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47.

48.

49.

50.

s1.

52.

626

a. ix_ =cosd, Q— =-sinf
de de

2514
L= ﬁn\/c0520+sin2 odo = [ do

=61 =2r

b. E = 3c0539,-‘—1-}i = -3sin30
dé )

L= Lzﬂ\/;cosz 36 +9sin? 30d6

=3 ﬁ“de =3P =

¢. The curve in part a goes around the unit
circle once, while the curve in part b goes
around the unit circle three times.

AS = 2nxAs
2 2
ds = [ix_) +(iy_) dt
dt di
S = fZﬂ:xds EZM ( ) (dy) de
dt
See Section 6.4 of the text

dx . dy
— = —sint,—=—=cos!
dt dt

2
S= Lﬂ2n(1+cost) sin21+cos2 tde

,
=2n L;n(l +cost)dt =2nft +sins3™ = 4n?
dy

= —sinf,— = COS!
dt

S= L 2n(3+sm1)\lsm { +cos tdt

=27r.[)~ (3+sinl)d1=2n[3t—cost]o =12n?

| &

&

. dy
— = —sinf,— = cos!
dt dt

2
S= L"zn(nsim)\/sinzucosz tdt

2
=2n L " (1+sinndt = 27t - cost](z)“ =4n?

Section 13.1

53.

54.

SS.

56.

z 2 +1dt
4"[ ( +1)3’2] 1313 -1)
0
éx—— —q'z=t+ 7
dr
5= [T am{e e (7 d

it .

=-%3£(29\/5—])

W

E—t+a d_y=

dt dt
S= [/j;zn(ua) (t +a)* +1dt
| Ja
=2n[—((l+a)2+1)3/2]
3 ~Ja
7—13[(0 +2a\/5+a+l)3,2
3
_(a2—2a\/;+a+])3/2]

dx=dtr whenx=0,r=-1; whenx=1,¢=0.
[ ~apde= [ 1+ )7 42 + e

= f] (=48 +1% + 20~ 15)dt

0
=[—z4 +lt3+t2—151] ..
3 L3

dy=sec21dt;wheny=l.t=—
when y=«/§,t=§

3 /

ﬂ\/—xy dy= E/:(sect)(tan 1)sec2 tdt
13T 8 22

= ;sec t ==
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57. dr=2e%dr

25 In5
A=[Tyde= [ 26 dr =[2¢ 5 =8

¥
1

I T T T T I | Y
-3 27x

58, a, r=—2

Vp cosa

2
y=-l6[ al J+(vosina)[ a J
v COSa Vp COsS X

y= -[%}rz +(tana)x

Vo~ cos® &

This is an equation for a parabola.

b. Solve for ¢t when y = 0.
-161% +(vpsina)t = 0
t(-161+vysina) =0

Vg sina
= 0’_9_
16
. ., . Vgsina
The time of flight is — seconds.

c. Atr=20 Sma ,x=(y cosa)(vO sma}
_ vg sinacosa _ vg sin 2a
16 32
d. Let R be the range as a function of a .
R= vg sin2a
32
dR _ vg cos 2a
da 16
2
2
w=0,c052a=0.a =z
16 4
d’R  Visin2a d%R n
=- ; <Qata=-—.
da?® 8 da? 4
The range is the largest possible when
n
a=—.
4
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59. 'S4

2al-

al—

N
(0] M N na X

Let the wheel roll along the x-axis with P initially
at (0, a - b).
|ON| = arc NQ = ar

x =|OM|=|ON|-|MN| = at - bsint
y =|MP|=|RN|=|NC|+|CR|= a-bcos!

16

7
>lﬁ\<

lplll]jllll
-2r 18n X

4

60. 7

2a-

Let the wheel roll along the x-axis with P initially
at (0, a-b).

|ON|=arc NQ = at

x =|OM|=|ON|~|MN|=at-bsint

y =|MP|=|RN| =|NC|+|CR| = a-bcost

¥y
16

—4n 16n X

Section 13.1 627



61.

62.

628

The x- and y-coordinates of the center of the
circle of radius b are (a — b)cos f and (@ — b)sin ¢,
respectively. The angle measure (in a clockwise

direction) of arc BP is %t . The horizontal

change from the center of the circle of radius b to

Pis bcos —(Et—t) =bcos[£——br) and the

b b

vertical change is

bsin _[ﬁ, —1) = —bsin(a—b
b b

b !) and

y=(a—b)sint-bsin(a;bl).

l) . Therefore,

2

x =(a—b)cosl+bcos(

T

From Problem 61,

x= (a—b)cost+bcos(a_bt) and

y=(a—b)sim—bsin(""bx).

<

Substitute b =% .

)

x=|—|cost+

4

(5 )rore

— |cOSI +

4

COSI+(

COS’+(
(a 3 (30) .2

cost+| — |cos” t —{ — |cos/sIin t
4 4

(cost)(1— sin? N+ (%)cos3 t=acos’t

)sinl - (%)sinor)

sint—(%)sin(m +1)

alR —~
N— -ﬁ-'ﬁ

)cos(31)

cos(2t+1)

i}
(78
Q

(cos 2t cost —sin 2tsin?)

(cos3 { —sin’ rcost - 2sin’1 cost?)

Ll &R
——? N’

1]
g s ]
S— e

s|g =¥

ISy

0
Ny
N——”

(%)
IS

. ay, . .
sint —(Z)(sm 2t cost +cos2rsint)

g =]

1
TN TN

. a . . .
sint _(Z)(Z sintcos? 1+ cos? tsint — sin’ 1)

3a) . 2 a). s
— lsintcos” t+| = [sin" ¢
4 4

NS

il
—

Section 13.1

63.

64.

= 3a (sint)(l—c0521)+ g)sin31=asin31
4 4

2 2
x2/3 213 2/3 2 2/3

+y =g "cos"t+a 213

202
sin“t=a

Consider the following figure similar to the one
in the text for Problem 61.

"I
P

0 A(a, 0)

The x- and y-coordinates of the center of the
circle of radius b are (a + b)cos t and (a + b)sin
respectively. The angle measure (in a counter-

clockwise direction) of arc PB is %t . The

horizontal change from the center of the circle of
radius b to Pis

bcos(gt +l+7t) = —bcos(‘”b
b b

vertical change is

bsin(£1+1+n)= —bsin(a+b
b b

x=(a+b)cost —bcos(-a—-l:—bt) and

l) and the

1) . Therefore,

y=(a +b)sin1—bsin(a ;

+b)
t].
2

x =2acost—acos2t =2acost —2acos” t+a
=2acost(l-cost)+a

y =2asint —asin2f = 2asint —2asintcost
= 2asint(l —cos!)

x—a = 2acost(l-cost)

(x—a)2 +y2 = 4a2(l— c:ost)2

(x—a)2 +y2 +2u{x—a)=

4a2(1 —cost)2 +4a2(] ~cost)cost
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65.

(x-a)? +y? +2a(x—a) = 4a*(1 - cost)
[(x-a)? +y? +2a(x-a))? = 4a?
[(x-a)? +y? +2a(x—a))? = 4a*[(x—a)® + y*]
If (a. 0) is the pole with the polar axis in the

direction of the positive x-axis,
x=rcos@+a and y =rsinf . (See figure

below.)
¥
(x, )
rsin® r
9 X
0 (a, 0)
foop——ry
a rcos@

Substitute x—a =rcosf and y = rsiné into the
Cartesian equation.
[(rcos 9)2 +(rsin 9)2 + 2a(rcos 9)]2
= 4a2[(r cos6)? + (rsin 6)*]
(r2 + 2arcos 0)2 = 4a*r?
r? (r+2acos 9)2 = 4a*r?

r+2acosf =2a
r=2a(l-cosf)

d _ (ﬂ)(-z sinf —2sin 21),
d \3

& _ (g)(2cost —2cos2t)
dr \3

dt dt

|
(
( '

2
a . .
= ;) (8+165in> tcost —8cos’ 1 +8sin? rcost)

2
= (g] 8+ 24 costsin® ¢ ~8cos’ )

Instructor's Resource Manual

-4a2(l—cost)2

¥ (aY 2
—) =(—) (4sin® ¢ +8sinsin 2t + 4sin” 2r)
dt 3

d 2 2

71)_’) =(§) (4cos? t —8costcos 2t +4cos? 21)
t

66.

2 2 2
i‘_x_) +(ﬂ) =(§-) (8 +8sin¢sin 2t —8costcos 2r) 67. a.

2
=(§) (8+24cost~32cos’ 1)

I 321r/3 (dx] (dy) d
dt

/3
=aLTt \/8+24cost—32cos3tdz

Using a CAS to evaluate the length, L = léTa.

a. Letx=acostandy=bsint.

é =-gsint, Q = bcost
dt dt
2 2
(E) +(ﬂ) =a?sin+b2cos?t
di dt

=a° +(b2 —a2)coszt

2 2 2 2 (,‘2 2
=a“-c“cos“t=a"|l-—cos”¢
2
a
2 (o 2 2
=a° l—(—) cos> =a2(l—e“coszt)
a

p-af” (dt) (“y) d
=4aﬂ

b. P=4E/2 1-

- J:’z\/ls-cos%dzzs.1838

(The answer is near 2z because it is slightly
smaller than a circle of radius 1 whose
perimeter is 27 ).

12
¢.P= E V16— cos? rdr = 6.1838

The curve touches a horizontal border once
and touches a vertical border once.

1-e2cos?tdt

cost
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The curve touches a horizontal border five d. 0<t<2n
times and touches a vertical border three 7;
times. s

.25

1-.75-.5 :ggs .25 .i’;/i/}

-.5
-.75
-1

Given a parameterization of the form x = cos f{1)
and y = sin f{¥), the point moves around the curve
(which is a circle of radius 1) at a speed of

|£(£)]- The point travels clockwise around the

The curve touches a horizontal border three

times and touches a vertical border once.

Note that the curve is traced out three times. circle when f{) is decreasing and
counterclockwise when f{1) is increasing. Note

d. y that in part d, only part of the circle will be traced
' g 1 out since the range of f{t) = sin ris [-1, 1].
- 0 70

5 . a °

3

2

1
The curve touches a horizontal border nine

times and touches a vertical border twice. o5 r 13
68. a. Figure 15 The curve traced out is the graph of y = x?
. for0sx<2
b. Figure 16
b. 6o
c. Figure 17 so
40
d. Figure 14 30
20
69. a. 0=<r<2 10
—— " 2 0 6
.75
.5
.25 The curve traced out is the graph of y = x?
T-75-5-2g, | 5 5 .75 | for0<x<8.
-.5
-.75 c. T15 -12.5 -10 -7.5 -

-1

-50
-100
b. 0<r<l1
-150
-200

-250

The curve traced out is the graph of y = -x?

for-16<x<0.

d. 1000
c. 0.25<r<2 800
/////,,——“'T;: 600
.5 400
.25 200
B T 5 10 15 20 25 130

-.5
-.75
-1

The curve traced out is the graph of y = x?
for 0 x<32
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All of the curves lic on the graph of
y = £x%, but trace out different parts ﬁf
because of the parameterization

71. a. 0st<2r -5

b. :
a=2,b=3
-6 -4 /-2
-2.5
Let £=2 where £ isthe reduced fraction of
c. 0<2t<4rn g b q
4 % The length of the t-interval is 2¢x . The
2
w number of times the graph would touch the circle
" - > - of radius a during the t-interval is p.
2
-4 73, x= 33( y= 3[
7 +1 r+1
d.
y
5
L1t P11
-5 54X
-5

Let p_4 where P is the reduced fraction
g b q Whenx>0,1>0o0rr<-1.
Whenx<0,-1<r<0.

a .
- -i 2qr.
of 5 The length of the t-interval is 2¢gx When y > 0. 1> 1. When y<0. 1< —1.

The number of times the graph would touch Therefore the graph is in quadrant 1 for 1 > 0,
the circle of radius a during the t-interval is quadrant II for -1 < (<0,
p. quadrant 111 for no ¢, and quadrant IV for 1 < —1.

72. Some possible graphs for different a and b are
shown below.
a=3,b=1

4
—
-4 -2
-2
\—’\
a=5b=2

Instructor's Resource Manual Section 13.1 631
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13.2 Concepts Review
1. magnitude; direction
2. they have the same magnitude and direction.
3. the tail of u; the head of v

4. force; velocity

Problem Set 13.2

1.
2.
L—
3.
R w
4. 0

5. w=l(u+v)=lu+lv
2 2 2

6. n=l(v-u)=lv-—l-u
2 2 2

| 1 1
m=v-n=v-——(v-u)=—v+—u
2 2 2

7. |w|=|u|cos60°+|v|cos60° =%+-;—=1

8. |w|=|u|cos45°+|v|cos45° = %+g =2

9, Let Obe the angle of w measured clockwise from
south.

|w|cos€ = |u|cos30°+|v|cos 45° =253 +25\2

632 Section 13.2

10.

11.

12.

=25(\3+2)

|w|sin @ = |V|sin 45° Ju|sin 30° = 25v2 - 25
=25(v2-1)

[w[2 = W[ cos? 6.+|w[ sin? 6

= 625(~/§+~/§)2 +625(ﬁ—l)2

= 625(8-2v2 +26)

[w| = Jo25(8 - 242 + 216 ) = 258~ 2/2 + 26

= 79.34
g = |w|sing J2-1
_|w|c059—\/§+\/5

af V2.1 L
6 =tan l(JL 2}_7.5

w has magnitude 79.34 Ib in the direction
S7.5°W.

Let v be the resulting force. Let 8 be the angle of
v measured clockwise from south.

[v|cos 6 = 60cos30° +80cos 60° = 3043 + 40
=10(3V3+4)
[v]sin 6 = 80sin 60° - 60sin 30° = 4043 - 30
=10(4v3-3)
|v|2 = |v|2 cos? 6H-|v|2 sin? 6
= 100(3\/§+4)2 +1oo(4\/§—3)2
= 100(100) = 10,000
|v| = /10,000 =100

_ |v|sin@ _ 43-3

|v]cosé 3J3+4

6 = tan™! 43-3 %23.13°
3\/§+4

The resultant force has magnitude 100 Ib in the
direction S 23.13° W.

The force of 300 N parallel to the plane has
magnitude 300 sin 30° = 150 N. Thus, a force of
150 N parallel to the plane will just keep the
weight from sliding.

Let a be the magnitude of the rope that makes an
angle of 27.34°. Let b be the magnitude of the
rope that makes an angle of 39.22°.

1. a sin 27.34° = bsin 39.22°

2. a cos 27.34° + b cos 39.22° = 258.5

Solve 1 for b and substitute in 2.
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sin 27.34°

ac0s27.34%+a 502122 05639 990 - 258 5 tang = X500 __ 63sinll 5°
sin39.22 xcos@ 837+63cosll.5°
258.5 63sin11.5°
a= ~178.15 =tan”!| ——2 1
€05 27.34° +5sin 27.34°c0t 39.22° §=tan (837 +63cosl 1.5°) ~080°
_a sin 27.34° ~129.40 The plane should fly in the direction N 0.80° W
sin 39.22° . at an air speed of 898.82 mi/h.
The magnitudes of the forces exerted by the
ropes making angles of 27.34° and 39.22° are 17. Given triangle ABC, let D be the midpoint of 4B

178.15 1b and 129.40 Ib, respectively.

and E be the midpoint of BC. u= 4B, v=BC,
w=AC, z=DE

13. Let Obe the angle the plane makes from north,
measured clockwise.
425 sin @=45sin 20°

sin@ = isin 20°
85

8 =sin”! (isin 20°) ~2.08°
85

unt+tv=w

Let x be the speed of airplane with respect to the z= lu +lv = l(u +v)= lw
2 2 2 2

ground. <
x =45 cos 20° + 425 cos 6 = 467 Thus, DE is parallel to AC.
The plane flies in the direction N 2.08° E, flying
467 mi/h with respect to the ground. 18. Given quadrilateral ABCD, let E be the midpoint
of AB, F the midpoint of BC, G the midpoint of
14. Let v be his velocity relative to the surface. Let 8 CD, and H the midpoint of AD.
be the angle that his velocity relative to the ABC and ACD are triangles. From Problem 17,
surface makes with south, measured clockwise. EF alll]dl H GHaGre gara!lel_lto AC. Th.us, EI.: 15
_ oo parallel to HG. By similar reasoning using
Mcos6 = 20.v]sin6 =3 triangles ABD and BCD, EH is parallel to FG.
, .
|v|2 =|v* cos? 6+ |v|2 sin? 6 = 400+9 = 409 Therefore, EFGH is parallelogram.
|v| = V409 = 20.22
v|sin@
g 1100 _3
|V|cosé 20

6=tan"! i ~8.53°
20

His velocity has magnitude 20.22 mi‘h in the
direction S 8.53° W.

19. Let P, be the tail of v;. Then
15. Letx be the air speed.

x cos 60° =40 Vi+Vytotv, =Ple'+P2P3'+---+ P,,P,'
X = 40 =80 R —
cos 60° = BA =0.

The air speed of the plane is 80 mi/hr

20. Consider the following figure of the circle.
16. Let x be the air speed. Let 8be the angle that the

plane makes with north measured counter-
clockwise.

x cos =837 +63 cos 11.5°

xsin =63 sin 11.5°

x2 = x2cos? B+x*sin’ 6

= (837 +63cos11.5°) +(63sin11.5%)?
=704,538 + 105,462 cos 11.5°

x = J704,538+105,462cos11.5° = 898.82 =25

/S
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21.

22.

The vectors have the same length. Consider the
following figure for adding vectors v; and v;,,.

V.

Then f==n —E. Note that the interior angle of
n

. 2r
a regular n-gon is m— —. Thus the vectors
n

(placed head to tail from v, to v,,) form a regular

n-gon. From Problem 19, the sum of the vectors
is 0.

The components of the forces along the lines
containing AP, BP, and CP are in equilibrium;
that is,

W=Wcosa+ Wcos S

W=Wcos B+ Wcos y

W=Wcosa+ Wcos y

Thus, cos a+cos f=1, cos B+ cos y=1, and
cos a+cos y= 1. Solving this system of

. . I
equations results in cosa =cos f =cosy = >

Hence a= = y= 60°.
Therefore, a+ f=a+ y=f+ y=120°.

Let A',B',C’ be the points where the weights are
attached. The center of gravity is located
|44'|+|BB|+|CC|
3
triangle. Then, using the hint, the system is in
equilibrium when |44'|+|BB|+|CC]| is

maximum. Hence, it is in equilibrium when

units below the plane of the

13.3 Concepts Review

634

. (lll +V, U +v2);(cu|,cu2);\}u12 +u22

uV +1uyvy; [u]|v|cos @

basis vectors

F-D

Section 13.3

23.

|4P] +|BP| +|CP| is minimum, because the total

length of the string is
| 4P| +|44'|+|BP|+|BB'|+|CP|+|CC|.

The components of the forces along the lines
containing AP, BP, and CP are in equilibrium;
that is,

5w cos a+4wcos = 3w

3w cos B+ 5w cos y=4w

3w cos a+4w cos y= 5w

Thus, 5 cos a+4 cos f=3,3 cos f+5cos y=4,
and 3 cos a + 4 cos y= 5. Solving this system of
equations results in

cosa = %,cosﬂ =0,cosy =%, from which it
. 4 . . 3
follows that sina = g,sm B=lsiny= 3
4
Therefore, cos(a+ f) = —g, cos(a+y) =0,

cos(f+y) =—%, S0

a+f= cos™ (——:-] =143.13° a+y =90°,

B+y=cos” (‘%) ~126.87°.

This problem can be modeled with three strings
going through 4, four strings through B, and five
strings through C, with equal weights attached to
the twelve strings. Then the quantity to be

minimized is 3|AP1 +4|BP|+5|CP|.

24. Written response.

Problem Set 13.3

. a. 2a-4b=(4i+6j)+(-8i+12j)

=—12i + 18]
b. a-b=(=2)2)+(3)=3)=-13

c. a-(b+c)=(-2i+3j)-(2i-8j)
= (-2)2)+ (3)(-8) =28

d. (~2a+3b)-5c=S[(10i-15j)-(=5))]
= 5[(10)(0) + (~15)(=5)] = 375

e |a|c-a=Va+9[(0)(-2)+(-5)3)] = -15V13

Instructor's Resource Manual
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™

b-b—|b| = (2)(2) +(-3)(-3) - V4 +9
=13-13

—4a+3b=(-12,4) + (3,-3) =(-9, 1)
b-c=(1)(0)+(-1)(5)=-5

(a+b)-c=(4.-2)-(0.5)
=(9(0)+(=2)(5) =-10

2c-(3a+4b) =2(0, 5)-((9, - 3)+(4. - 4))

=2(0, 5)-(13, —=7) = 2{(0)(13) + (5)(-7)]
=-70

[b|b-a = VI+1[(1)3) + (-D)(-1)] = 42

|c|2 —c-c= (Jo +25 )2 —[(0)(0) + (5)(5)]
=0
a-b _(ED+(3)QR) 7

Wb () 5) v
7
= —m- =~ -0.9899

cosf =

=3F

a-b _ (=1)}6)+(-2X0) _ 6

cosf =

allbl ~ (V5)®) 6Vs

1 . 0aam

&

W

TT T T 7o

| I S T T ey I I |

b g x

S
ol
<

TT 1T T

-5
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ab 2+ _0

[ (B)) 10

cosé =

¥
Ir

A1 I |

-3

ab _ (4)(-8)+(-7)(10)
[allb] ~ (V65)(2va1)
T
T2J2665 2665

cosf =

=-0.9879

-10

ab _(12)(-5)+(0X0) _ 60 __
Al (26 60

6 =cos'-1=180°

y
10

cosf =

0

1 I I s Py |

1
b a 14

!
3

-10

cosg= 2D _ @R +3)N6) 50,
|a]|b] (5)(10) 50

6 =cos ' -1=180°

10

T T TT%

L
o
=

>
TT T T T N
L3

=]

E2Y

-10
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a:b _(DQ@)+3)=6) _-20 _
fllbl  (Vi0)(2410) 20

@ =cos '-1=180°
Y

¢. cosf=

4

NN NS
> 5 X

b

-4

d. cosf=

Wb @(2B8) 4B
0=cos11=0°
y
3-—
] b
1 i { L
-1 3 X
Ak

a. a=(3-2)i+@-2)j=-5i+2j

b. a=(=6-0)i+(0-4)j=—6i-4j

c a=(0-ﬁ)i+(0+n)j=-ﬁi+nj
d a—(—4+7)i+(l—e)'—3i+(l—e)'
©AT 3 eP= )

a -3i-4j_ 3. 4.

a, u=—= —i-—=
lal = s 5 s
b u—izi_”: 1 i 7 j
' Il sv2 V2 52
_a A
“ MR
4 g TSi-12i 5, 12

(u+v)-(U-v)=u-u-u-v+v-u—-v-v
=[uf? - =0

Thus, |u|2 =|v|2 or |u|=|v|.

Section 13.3

-1

ab _(B)O+OWB) a3 _

10.

11,

12.

13.

14.

15.

16.

17.

18.

19.

(u+v)-Bu-v)=u-Gu)-u-v+v-(3u)-v-v

=3(u-u)-u-v+3u-v)—-v-v

= 3|u|2 —|v|2 +2u-v

au+bu=a(u), uy)+b(wy.uz)
=(ay, auz)+<bul, buy) = (aul +buy ., auy +bu2)
((a+byy.(a+buy) = (a+b)(uy, uz)
=(a+bu

u-(v+ w)=(ul. u?_)-((vl, v2)+<w|, wz))
=(u1,uz)-(v| +M’].V2 +W2>

= (v +w) +up(vy +wp)
=gV +upvy)+ (W +Uawp ) =U-VHU-W

c(u-v)=c((w. u2)-(. v2))
=c(iyv +usvy) = c(uvy) +c(uzva)
= (cup)vy +(cua )y = <cul, cuz)-<v], Vz)

=(c(u1, “2))'(Vls v2> =(cu)-v

u+v=u=(-u)+(n+v)=(-u)+u

= [(-u)+u]l+v=u+(-u)

Theorem A, (1) and (2)

= [u+(-u)]+v =0 Theorem A, (1) and (4)
= 0+v=0 Theorem A, (4)

= v=0 Theorem A, (3)

3(6i - 8j) = 18i — 24j

~(-si+12) _Si-12j_ 5. 12,
[si+12)] 13 13 130

(6.3)-(-1, 2) = (6)=1) + (3)(2) =6 +6 =0
By Theorem C, they are perpendicular.

(-5,43)-(¥27, 15) = (-5)(v27)+(3)(s)
=-153+15y3=0

By Theorem C, they are perpendicular.

(c,6)-(c,—4) = (c)(c) +(6)(-4) =c? -24 =0

c2=24
c=i2\/6

(2¢i - 8j)-(3i+cj) = (2¢)(3) + (-8)(c)
=6c-8c=-2¢c=0
c=0

r=ka+mb = 7=k(3)+ m(-3)and
-8 = k(-2) + m(4)

3k-3m=1

—2k+4m=-8
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20.

21,

22,

23.

24,

25,

26.

27.

28.

29.

Solve the system of equations to get
2 5

k=—m=-=,
3

r=ka+mb = 6=k-4)+m(2)and
-7 =k3)+m(-1)

—4k+2m=6

3k-m=-7

Solve the system of equations to get
k=—4 m=-5

ni+nj=ka)i+aj)+m(bi+bj)

= (kay + mby)i + (kay + mby)j

< 1 =kay+mby and ry =kay +mb,.

Solve these two equations simultaneously (noting

that ayb, —a,b # 0 since a and b are

noncollinear) and obtain

r = 2n-bn
ab; - ayby

a and b cannot both be zero. If a = 0, then the line
ax + by = ¢ is horizontal and n = bj is vertical, so
n is perpendicular to the line. Use a similar
argument if b=0.1f d # 0and %0, then

A (E. O) and A (0, %J are points on the line.
a

an —a

aby —azby

and m=

T - :
n-RA =(a.+b,).(__,+51]=_c+6=0
a

Work = F-D =(3i +10j)-(10j)
=0+ 100 =100 joules

F = 100 sin 70°i — 100 cos 70°j

D =30i

Work=F-D

= (1005sin 70°)(30) + (-100cos 70°)(0)

= 3000 sin 70° =~ 2819 joules
D=5i+8j

Work = F- D = (6)(5) +(8)(8) =94 ft-1b
D = 12j

Work = F- D = (-5)(0) + (8)(12) = 96 joules

lu-v|= |cos0[|u||v| <|ul|v] since |cos|<1.

v =[uff +2u-v 4| <[uf? +2fu-v]+[v}
2 2
<Juf® + 2fullv]+ M = (] +1¥])

Therefore. ju+v|<]u]+|v|.

a. |u[2 +|v|2 =2u-vou-u~-2u-v+v-v=_0

:::(u—v)-(u—v)=0:5~|u--v|2 =0
u-v=0=>u=yv

instructor’'s Resource Manual

30.

31

32.

33.

b. |u|2 =|v|2 =2u-v=u|=|v| and
lul2 =2|u||v|cos§ = [u]2 = 2|u|2 cosfd
7

:>cost9=l:0=—
2 3

Thus, u and v have the same length and the

, T
angle between them is 3

If u and v are adjacent edges, the diagonals are
u+vandu-v.
(u+v)- (u-v)=u -
=|uf* -]vf =0
Therefore. u + v and u - v are perpendicular,

u-u-v+v-u+v-v

Let x*+ y2 =r? be the equation of the circle
and let A(-r, 0), B(r, 0), and C(x, y). Then

_— —
AC- BC ={x+r, y)-(x—r, y)
=(x+r)(x-—r)+y2 =(x2+y2)—r2

2 2
=r°-r*=0.

w is between u and v since it is a linear

combination of u and v with positive coefficients.

Let o and S be the respective angles between u
and w and between v and w.

u-w _u -(|v[u+|u|v)
Jullwl

viu-u+jujv-u vu2+uv-u
[Mu-utfulvu _|vijul

cosa = =
Julw]

Jullwl Ju| w1

_|¥|Ju|+v-u

S vl

g 3o _lv-aslilvey
M [¥]Iwl [¥{[wl

Cdveuulv veuuly]

MIwl [wl

Therefore, cos a = cos f, so a= fIsince a and
J are between 0° and 180°.

a. pryu= M 3.4
p [ o.of ]( )

N 9126(3’”:(%’1?6)

b. pryu= (——<_3' 2)'<3‘4)](3,4)

[(3.4)

Section 13.4
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34, o pru=| LY uz(&)uﬂ
FPRAE

c. pru(-u)=[(‘“)'“](-u)

- (-u)z[m-ﬁ}(-u)

uf

35. a. aand b cannot both be zero. If a =0, then
the line ax + by + ¢ = 0, is horizontal and
n = bj is vertical, so n is perpendicular to the
line. Use a similar argument if & = 0.

If a0 and b#0, then (o,—%) and
,0) are on the line. Therefore,

c
a
c c\. . ..

<——, Z> is a vector in the direction of the
a

13.4 Concepts Review
1. a vector-valued function of a real variable
2. fand g are continuous at ¢; f'(1)i+g'(1)j
3. position

4. r'(1);r"(t); tangent; concave

Problem Set 13.4
1. lim{2f-r%j) = lim(20)i - lim(t2)j=2i—j
el =l -1
2. im[2(-3)%i-72]
t—3

= lim[2(t - 3)2Ji - lim(7¢?)j = -189]j
=3 13

638 Section 13.4

line. <—£,£>~(a,b) =—c+c=0, so
ab
c c\. .
<——,Z> is perpendicular to {a, b). Hence,
a

{a, b} is perpendicular to the line.

b. Consider the following figure.

ax+by+c=0

Qlx.y)

Observe that ax +by) =—c.

—| -
distance = |pr, QP |= QPZ'nn
In|
e —_
QP -n QP 'n
= —ln = =
AT

_ Kx0 =% y0 = 21)-{a.b)
\@+b2
_ |(axo +byg) —(ax +by1)|
\/aT+b2
la.xo +byg +c|

\]a2+b2

1 1
=lim| — |i ~lim(z +3)j==i-4j
1—>l(t+l) Il—)l( )i 2l !

. [2t2—101—28, 773 }
lim | —————i-—j
—-2 t+2 t-3

(22 -100-28). . (7],
= lim | ———— |i—- lim [— ]
1—-2 t+2 (—-20 -3

. 56 56
= lim (2t =14)i-—j=-18i—-—]j
( ) 5] 51

1—-2
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5. . | sintcost, 703 .
lim| ———i-——]j
{—0 ! el

. (sintcostY, .. (717 ..
=lim| ————|i-lim| — |j=i
-0 t 1=0| ¢

lim lsinti_ 73 i
o 2 13—31

esine), . 72 ).
= lim i—lim j
1—9® [2 > 13 -3¢

= lim(m)i—7j=—7j

1= 4

&«

7. lim <ln(t3),t2 lnl> does not exist because
=07

lim ln(l3) = -0,
1—=0"

8. lim (e, LY ={ lim eV, lim -
(=0~ ’ |t| >0 "0 M

=(0, -1)

2
9. a. The domainof f(f)= ﬁ is

(—0,4)U(4,) . The domain of
g(t)=+3—1 is (-, 3). Thus, the domain
ofris(-«,3]or feR:s<3}.

b. The domain of f(z)= IIIZ]I is (—0,). The

domain of g(t)=v20-¢ is (-, 20]. Thus,
the domain of r is (-, 20] or
{teR:t <20},

10. a. The domain of f{r) =In(t—1)is(l,= ). The
domain of g(t)=v20-t is (-, 20]. Thus,
the domain of r is (1, 20] or

{freR:1<1<20}.

b. The domain of f(f)=In(t™") is (0, ©). The
domain of g(¢) = tan”'1 is (- ,). Thus,
the domain of ris (0,0 ) or {reR:¢ > 0}.

2
11, a. f@)= ;4 is continuous on
l—.

(—o0,4)U(4,) . g(t)=+/3-1¢ is continuous
on (—oo, 3). Thus, r is continuous on
(-o.3)or {teR:r<3}.

Instructor’'s Resource Manual

13.

14.

15.

16.

b. f@)= l[lzﬂ is continuous on

B

(—-Jn+ ,—\/;)u(\/;. \/n—+l) where nis a

non-negative integer. g(t) =v20-¢ is
continuous on (-, 20) or {t e R :r < 20}.
Thus, r is continuous on

(-Jm.-\/i)u(ﬁ. \/k—+l) where n and

k are non-negative integers and k < 400 or
{reR:r<20,/* notan integer}.

At)=In(t - 1) is continuous on (1, = ).
g(1) =+20-1 is continuous on (-, 20).
Thus, r is continuous on (1, 20) or
{teR:1<t<20}.

f()=In(t™") is continuous on (0, ).

g(r)=1an™!

Thus, r is continuous on (0, ©) or
{teR:t>0}.

t is continuous on (— o, ).

2
Dyr(1) =903 +4)%i+ 2"
Dr(r) = 54031 + )i + 2(21* +1)e" |
Dyr(1) = sin 24i - 3sin 3(j
D,zr(t) = 2cos 2i —9cos 3j

2

r'@)= (e’ 2" )i +(In2)2'

2 2
r'(t)=(e' +4rte™ —2¢7 )i+(ln 2)%2'j

rit)= 2sec’ 2i+ ! 5]
141

r'(r) = 81an2rsec’ 26 - ——— |
(+12)

. 2,
r'()=-e 'i—Tj

r(t)-r'(f) = - +% In(r%)

D,r(t)-r'()]=27% +

4 2

= -7 In(?)
2 2

r'(t) =3cos i+ 3sin 3y
r@)-r'@t)=0
Dr(t)-r'(1)] =0
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h()r(r) =e N -li+ ¢ In(2)j 24, r'(t)=v(t)=6li+]
61—17 } r"(t) = a(t) = 6i

-3t
D,[h()r ()] = —9_2—(_\/_—:_:—-1- i r(l) 1
2
s (%_3ln(2r2))i V(l)z 3i+]
2

h(t)e(f) = In(3t - 2)sin 24i + In(3r - 2) coshq a( 1 ) i
D,[AW©) _[2 (3t - 2)cos 2 + o 22’]

17.

~1

1,
=it
Rt

18.

o0

v(lz) =Jo+1=410

+[ln(3t —2)sinhr+ 3C05h1]j
3t-2

19. f'(u)=—sinui+3e>j g'(t) = 61
F()=1'(g(")g'{)
= _6tsin(3> —4)i+18te

9r2-12,
J

20. f'(u) = 2ui+sin2uj:g'(t) = sect
F(1)=1(g)g')

= 2tantsec? fi+sec? fsin(2 tant)] 25. r'(¢f)=v(t)=-2sin ti—3sin 2¢j

r"() = a(t) = -2 cosfi—6cos 2t
2. E(e’i+e"j)dt=[e‘i—e"j]})
—(e-Di+(1-eNi

2 e -0 i

1
=F(H_I)S/z- 2a- )5/2]
-1

V2, 82 .

-——1
5 —1

23. r'()=v()=-¢ ivej

() =a(r) = e+ e']
lv()| = Ve ¥

r()=eli+ej

v()=—-¢eli+ej

a()=eli+ej 26. r'(f)=v(t) = sec’ fi+cosfj
|v)| = Je2+é r"(1) = a(r) = 2sec’ ttanfi —sin{j
ki 1 |
? (&) 57
() 4, ~/§
vi—|=—14+—
6)73 2!
DR
6) 33 2
[ O N T T IO W I
[RES
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27.

28.

29,

r'(f) = v(t) = 61 + 3%
r'(z)=a(r) = 6i+ 64

r2) = 12i + §j

v(2) = 12i + 12§
a(2) = 6i + 12

[v(2)| = V144 +144 =122

24

T T T T TTTs

I N O Y I Y
27x

r'(t) = v(t) = acosti-2asinij
r’(1) = a(t) = —asinfi- 2acos{j

r(%) =L +\/§aj

NG
v(%):%i—ﬁaj
a(z)-——i \/_a]
|v(2)| = ,’—+2a -[

UAY

-2a

r'(¢) = v(f) = —sinfi - 2sec? fj

r'(t)=a(t) = —cosfi—4sec? rtan 1j

r(—f)——li+2j
4) 2
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30.

31

32.

r@y=v()= le'/zi —e7'j
r'(t) = a(t)—— 2ire 'y

r(2)=ex+e j

v(2)=%ei—e_2j

a(2)=%ei+e'2j

, 6
v(2)| =,fle2 ret SNEHS
4 2¢?

y
05

0

v(1) = [a()dr = Cii+ (321 + Cy)j
v(0)=0=Cji+GC,j
G=C=0
V(1) =321
r(0) = [v)dt = Gi+ (162 +Cy)j
r(0)=0=Cji+GCj
G =C =0
r(f) = -161%]

v(r) = j'a(:)dt =G +Gt2 +C2jj

v(0)=i+2j=Ci+C5j
Cl =1,C2 =2

Section 13.4
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33.

34.

35.

36.

37.

642

v(t)=i+(;—12+2)j
r(t)= Iv(l)dt =(t+Q)i +(%t3 +2t+ Cz)j

r(0)=0=C|i+C2j
C] =C2 =0

v(t)=1i +(%t3 + ZIJj

V(0 = [a(0)dr = 1+ Ci+ (e +Gy)j
v(0)=2i+j=Gi+(-1+Cy)j
G=C=2

v(t) = (t+2)i+(-e”" +2)j

r(t) = Iv(l)dl =[%t2 +2t+C1)i+(e“’ +2t+Cy)j

r(0)=i+j=Ci+(1+C,)j
C] =1,C2 =0

r(f) = (%12 + 21+1)i +(e™ +20)j

V(1) = Ia(r)dt=(—sint+C1)i+(—cost+C2)j
v(0)=i=Ci+(-1+C)j

C] =C2 =1

v(t) = (=sin £ + 1)i + (~cos ¢ + 1)j

r(t) = [V()dr = (cost +1+ )i+ (=sint +1+C,)j
r(0) =i+3j=(1+ Q)i +Cyj

Cl =0, C2 =3

V() =(cos t+ Di + (-sin t + 1 + 3)j

r(£) = 5 cos 61 + 5 sin 64j

v(f) = =30 sin 64 + 30 cos 61j

V()] = V900sin2 61 +900cos? 67 = 30

a(f) =180 cos 6ri — 180 sin 64j

Dy[v(0)-v(D)] = v(r)-a(t) +a(t)- v(r)
=2v(t)-a(t)=D,[c]=0, so v()-a(r) =0.
Thus, v(¢) and a(¢) are perpendicular.

Substitute 8= 30° and v =96 fi/s into the
equations for r(r) and v(f) in Example 5.

r(r) = 4831 + (48 - 1612)j,

v(r) = 483i + (48 - 321)j

The projectile is at ground level when

48t -161> =0, sor=0or { = 3. Thus, the
projectile hits the ground after 3 seconds. Its

speed is [v(3)| = |48V3i - 48 = 96 fus. It will
land 483(3)=144V/3 ft from the origin.

Section 13.4

38.

39.

40.

41.

42,

v(t) = ja(z)dz = bi + (at +¢)j
r(t) = [V(0)ds =(bt + d)i +(%at2 +cz+eJ i

2

Thus, x=bt+d and y=%at +ct+e Ifb=0,

then x = d, so the graph will be a vertical line. If
b0, 1t =%(x—d), and

y=la[l()c—a')]2 +c[l(x—d)]+e isa
2 |b b

quadratic equation, so the graph is a parabola.
Note that if a = 0, the graph is a line.

r'(t) = v(1) = wsinh ori + @ cosh wij
r'(¢)=a(@) = w? cosh wii + w? sinh lj
= w? (cosh wri + sinh wij) = a)zr(t)

Thus, a(r) = cr(t) where ¢ = w?.

r'(t) = v(t) = ~awsin wti + bw cos wtj
r'(t)=a() = —aw? cos wti - bw? sin wlj
= —@? (acoswrti+bsinwij) = —wzr(t)

Thus, a(¢) = cr(f) where ¢ = -°.

Substitute 8= 45° into the equation for r(f) in
Example 5.

r(t):v—oti+(v—ot—l6t2)j,

V2o V2

If 4 is the time that the ball is caught,

221, =300 and 224 —16:2 =0. Thus, from

V2 V2
the first equation ¢ = 3002
Yo

second equation and solve for v,
vo =/9600 = 406 =~ 97.98 fs

. Substitute into the

Consider the motion from when the ball rolls off
the table at time ¢ = 0. The only acceleration is
due to gravity, so a(#) = -32j, v(0) = 20i,

r(0) = 4j. v(r) = ja(:)d: =i+ 32+G)j
v(0) = 20i = Gji+ C,j, so C; =20,C, =0, and
(1) = 20i - 324j.

r(r) = j v(1)dr = 20t + C))i +(-16:% + Cy)j
r(0)=4j=Ci+Cyj, so C; =0,C, =4, and
r(¢) = 20di + (-1612 + 4)j.

The ball will hit the floor when ~16:2+4=0 or

t =l. v(l)= 20i —16j, which is in the
2 2

direction of the tangent when the ball hits the

Instructor's Resource Manual



43,

44,

45,

ground. If #is the angle at which the ball hits the
ground, 8 is also the angle between the vectors i
and 20i - 16j or 5i - 4j.
i-(5i-4j) 5

Tlsi-4il ~var ™~
0 =cos”! T/% ~ 38.66°.

The speed at which the ball hits the ground is

2
v -_—
2

From Example 3, the acceleration due to rotation

cosf =

= 4J41 = 25.61 fus.

is a(t) = —60w? cos wti — 60w? sin wtj. Since it
must be at least greater than gravity,

980 < [a(r)| = 600, Thus, @ > 4_39 or

w2 775- = 4.04 rad/s. The angular speed must be
at least 4.04 rad’s.

2
a. From Example 3, a= -v—, and from
r

k
Newton’s Inverse Square Law, a = —2—, SO

2 _

2
v k
—2 Therefore, v

~~x|?¢~

r

2nr . k
b. v=—T; substitute into v? ==, so
r

2
{g}s
k

¢. Atthe surface of the earth, r=Randa=g.

2.2
dnr =£. Therefore, T 2
T2

Substitute into a = so g=

Therefore, k = ng.

k _gR®
a. From Problem 44a and ¢, V=== & .

ror
Convert gravity into mi/hZ so

2
=(32. 17)( 1 )(@9) =~ 78,963 mi/h?
5280 )\ 1

2. (78,963)(3960)>
(4160)

= 297,660,140 miZ/h?

v= 17,253 mi/h

b. From Problem 44b and c,

P = ( k )Tz gR T2, Since the
41|: 41:

Instructor's Resource Manual

satellite is in synchronous orbit, 7= 24 h.
78.963 2
S [( 26316560 }(24)2
2

~1.80666x10'> mi3
r=26,240 mi

46. From Problem 44b and c,

47.

3 _( k ]7.2 gR* 72
4n? an?
T=(27.32)(24) = 655.68 h
3 _| (78,963)(3960)°
~ —’——
4n”
~1.348360x10'® mi3
r~ 238,000 mi

](655.68)2

r'(r) = —4sind +3costf, r'(t)=-4costi—3sinij
Observe that the graphs of r(z), r'(¢), and r*(s)
are the same.

a. r(z) =23 +3j, r'(EJ =-2i +ij,
6 2 6

b1 3
[ 2= 243i-2
(6) 77!

Section 13.4 643



48. The paths of r(f), r'(), and r"(z) are along the

2 2
ellipse x_2+y_2 =1.
a® b

13.5 Concepts Review

. |E
ds
2. l: 0
a
3 le
R
2 2
4 d—£T+(£) xN
dr? dt

Problem Set 13.5
1. r'(t)=3i+6ij
()] = 31+ 472
r:(l) _ 1 iy 2t
(| \/l+412 \/1+4t2
1 3 2
R P T
(3) TR
x'(@)=3 y'(t) =6t

T() = i

644 Section 13.5

49. r(1):

(c)
(d) (b)

(a)

(a)

(d)

x"(1)=0 y'(n=6
|x'y" - y'x’| 18
K(t) = =
[x,z +y? ]3’ 2 9701+412)32
~ 2
31+ar )2

x(l)— 2 18
3) L(pV'? 1313
3(%)

2. s'(t)=6ri+3j
|s'(e)] = 3v4* +1
()= s __ 2 .1 i
SOl Vaze1 Va4

T(l)__z_nj_j
3) 13 V13

x'(¢)y=6t y=3
x"(1)=6 y'()=0
|xy" -y’ 18
k()= =
3/2 2, \3/2
2 +y'2 27(4¢° +1)
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2 _ by 12

= Kk(t)
3(4e? +1)%2 [x,2+y,z]3’2 (9+7cos? )32
x(—l—)— 2 18
YN TEENE ,,(E}L_h_z“ﬁ
9 4 (;i)3’2 125
2

3. (1) =8ri+4j

' R £ [
]“’(’)l=4 42 +1 6. r(l)—e|+ej

o0 2 L Fo]=¢'V2
WOl Va1 Va1 1= 28 —-'—' 4
: T >| J‘ ‘5
)L L
(2J N AN T(In2) =
x'(0) =8 y(n=4 J’ J‘
x"(1)=8 y'(t)=0 x'()=¢ y(@)y=¢
lxy” - 32 xX"(t)=¢ y(=¢€
K(I)= =
[x'z +y7? ]3/2 64(4r% +1)*2 [xy" = y'x”|
K@) = 32
o [x*+57]
242 +1)3/2 xIn2)=0
1 | 1
M5 IT5532 " a4 1. r'(t) = (cost —sinf)e'i +(sint +cost)e' j
2) 222 42
|r'(t)|=\/5e'
4. r'@)=rivg ()= r'() =cost—sinli sinf+cos’ ,
|r'(l)|=t 2 +1 Ir' (0] 2 V2
_re__t 1, T(E)=__l_i+Lj
"ol ﬂl "Ea NG
. . x'(t) = (cost ~sinf)e'  y'(f) = (sint +cost)e’
= =T 75" x"(0)= (—2 sin z)e’ y*(t) = (2 cost)e'
x'(t) =1* y()=t ()= 20 1
x'(t)-2: y'(t):l [Xa . y.z]” 270k e
K(')z 3/2 2t ]3/2 K(E)z—l_-
[x.2+y,2] £t +1) 2) J2e72
1
== 377 8. r'(t)=-3 Yive! j
12 +1)%'?
() = 1 _ 1 |r'(t)| = e_J'\J9+e
1232 22 r'() 3 . &
T0= Ir'@) T Jo+é¥ |+ Jo+ed
5. 2'(t) = -3sinfi+4cosij ] ?*e I+e
|2'(0)] = V9 +7cos? ¢ TO) =-7=i+ 7l
r'(t) 3sinz 4cost (N = -3¢~ PR
T() == =— + j x'(1)=-3e yi=e
POl Jotr7cos?t  V9+7cos?s (1) = 9e—31 Y@ =¢
TG)= _%”%j x(0) = 12¢7
- 32 o0 8¢+3/2
x'(t) = -3sin¢? y'(t) = 4cost [x’z +y'2] ‘O+e) /
x"(t) = -3cos? y'(t) = ~4sin¢t
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10.

11.

646

12" x(1)=-2t y(6)y=-32
T ©+e)Y? x"(1)=-2 y' (1) =61

12 6 lxy" = 62
x(0) = — o(r) = -

10410 5410 ® [x'2+y'2]3/2 B9y
r'() = -2 - 3% _ 6

- 2,3/2
Ir(r)| = 14 +9¢2 14+9%)
6

r'(r) 2, I, k()= ——
T() = —— = - i- j 13J13

')} \/4+9t2 Ja+9.2

2

T = —=1]

I Jl_i
r'(t) = coshri + sinh¢j
Ir'@)]| = Vsinh? ¢+ cosh?¢
T(t) < r'(t) _ cosht i+ sinh¢ i

Ir (’)l \/sinh21+cosh21 Vsinh? ¢ +cosh? ¢
In3
)= Tt
x'(t) = cosht y'(t) =sinht
x"(¢) =sinh¢ y"(t) = cosht

1 1 27

k()=  x(In3)= =

[x N y,z]m (sinh? 1 +cosh? )32 (%)3’2 4141

r'(1) =—(cost +sint)e”" i+ (cost —sint)e’ j

Ir'()] = JV2e!

r'(t) cost+sint, cost-sint?
T = = -
“ |r'<o| ) N
T =-—4
0=+ )

-

x'(t) = <(cost —sint)e™" y'(t) = (cost —sint)e

x"(t) = (2sint)e”’ y'(1) = (-2cost)e™

27 e

2 - 2\/59—3’ -ﬁ

[x'z +y

x(1)=

x(0) =

-

Section 13.5
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12. r'(t) =(cost—tsint)i+(sint +rcost)j

()] =V +1

At 4, 0), K=%=8 and R=%.

.v
() = r'(r) _cost—tsint. sini+icost . 5T
el 2+ Vi +1
cosl-sinl, sinl+cosl
T() = i+ j
2 V2
x'(t) =cost —tsint y'(t)=sint +tcost
x"(t)=-2sint—tcost y"(t)=2cost—tsint L1 !
5 x
x(t) = Xy -yx | +2 “o
- 3/2 7 2 1\3/2 ;
[x'2+yv2] (t1° +1) 1. i
3 n
K(l):—
2J2— d 1 1
-7 n.l’
13, ¥
sl n
- Sl
N y =cosx, y"=—sinx
5 sin
11t 1 1 I . . K=—l_2x|72-
-5 k 5x (1+cos” x)
2F
y =4x,y =4
P
(1+16x2)*2
17317
At(1,2), x= 4 an = J_
17417 4

16. y
3_
14. l6" i
I 1 ] 1 |
X \x
' N\ /N -3
) g X ,
—4‘: 2yy'=
S S A O
y' =3x> —16x+16,y" =6x~16 Y=o, " 257 4y
6x-1
 leeq

[1+(3xz—l6x+16)2]3/2
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y=e-1y =¢*

_1
4y3 _ 2 ex
- \3/2 T 2 3/2 =
4y +1 k=
)}
1
At(0, 1 _—_1 andR=1.
At(l,O)J::—f—:Z and R=%. 0.1, x f
3—'v 3
1 (-0)/11 %J
-1 5 x
N x (0, 1)
- { 1
-3 3x

17. E 19. \p
Killl_—l | 1 11 I
18 % =20 /B
-20

2 2)y'—8x=0
ar -—_2 ' 2,2
* x ,_4x L 4y-n) 40P -4x2)
2 y=—Jy= > = 3
2 2|x| y y y
K= =
372 [ 2, 4302 4?1642
(l+iz) (x*+4) yy] x P —4x)
) k= 372 ;2 2372
2 (y° +16x°)
AL(LO), k=—2 and R=3Y5. (1+16_§J
5\/3 2 y
At2.6) k== 2 ydr=2.
1000 25 2
| S S I I |
20.‘
18. y
SL 12
I 20. y
\‘ 20
] | | 1 1 1 N T | I |
-3 3x -20 20X
_I-—
20
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21.

22,
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2yy'-8x=0 , 1. . x ] x
) ) y'=—=sinh=, y" =—cosh=
yodx e Ao 407 -4 2 2 4 2
5 Y & 5 - Hcosh% ) 2|cosh-’25|
a7 -42%) L2 g2 9 \32
= 4(y2-4x2) (l+zsmh %) (4+smh %)
K = =
372 2 2:3/2
(1+'—¢) (2 +16x%) A0 1). k=2=1 andR=4.
v 8 4
¥
At2—6), k==L -2 sa r=2. e
100 25
¥
14
| S I | | I I I T |
20 Lt 114 1‘9‘[’11
-10 - 10%
23. ¥
l—
1 rl Y T Y A |
a [\ 4%
+ <k
r_ ”_ 2
y' =cotx,y =-~csc*x
i lcsc2x| 1
K= =
y'=-2sin2x, y" = —4cos2x (1+cot? x)*'?  |escx]
|4 cos 2x] (n ) 1
= At —.—lnﬁ .,k =— and R=s/§.
(1+4sin? 2x)*/2 4 N5
y
At E,l ,K=—2-=l and R =4. -
6 2 8 4

24. y

18

y

Section 13.5
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2 2
y ==2xe " .y = (4x2 —2)e™*

@ -2 | 2 ax? ]
X > = 3
(1 +4xze—21' )3/2 (er +4x2)3/2
2 2 312
At (l’l]"(:—z_?e_‘”z— and R:Q.ﬁ;)——.
e (e +4) 2e”

25. ¥

[N
!

2

y' =sec® x, y" = 2sec’ xtan x
|2 sec® xtan x|
k= T 372
(1+sec” x)
At (3.1],“—4— and R=305.
4 NG 4
7

T T«

26.

| A

[ DO 0 T O T N I |

650 Section 13.5

27.

28.

—— and R:E[S_
5
lb.\’
y
5
Lt 11 1 ¢ 11 1,
-30 30x
-5
y= 1 . 2
3_\,2/3' 9x5/3
é” 6x173
K= =
(1+ | )3/2 (9x4/3+1)3/2
957
At(1,1), x=——6—=i an R=—5ﬂ.
10410 5V10 3
v
4=
(.
1 I ! t
3 127
~-12F
¥
3_
§ ) 1 1 | 1
-3 3 X

=3P
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y'= sechzx,y' = —2sech’xtanh x R= 881V881

|25ech2x tanh xl 12,000
= ! y
(1+sech?x)*/? 2 (. 3)

96

At (1n2 3) o= —125 12,000 and

5 (18_1)3’2 881381
625

I

(]+L’)3/2 ().'2 +1)3/2
]

-

(x2 +l)3l2 )

oo (2 +1)¥2 _3x2(x% + )2 ) -2x% +1
(x*+1)° (x* +1)°/2

Since0<x<w, Kk =

1 . I 1
x'=0 when x=—. Since x'>0 on|0,—= | and ¥’ <0 on | —, @ |, so xis maximum when
2 ( ﬁ) (ﬁ ]

1 1 In2 . . . 1 In2
x =—=, y =In—= = ———. The point of maximum curvature is (— ——).
V2 22

272

30. y'=cosx,y =-sinx

|sin x|
K= 7 372
(1+cos” x)
) %lcosx(H-coszx)wz+3|sinxicosxsinJc(l+cos2.t)”2
x'=

1+ cos? Jc)3

_ 2|sinx|cotx(2+ cos? x)

(1 +cos> x)5/2
k' =0 when x=——g,g. x' is not defined when x=-n,0. Since x'>0 on (—n,—%]u(o,gj and x"'<0 on
(—g—,o)u(g,n) so x has local maxima when x=—§,y=—l and x=§,y=l.

(3

The points of maximum curvature are (0, 1) and (g,]).

31. y'=sinhx, y"=coshx
coshx

_ _ 2
F T (e sinh? )2 = sech™x
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' 2
x'=-2sech“xtanh x

x'=0 whenx=0.Since £’ >0 on (-0, 0)and «’' <0 on (0, =), so x is maximum when x = 0, y = 1. The point

of maximum curvature is (0,1).

12 _ 2|sinh xfcothx(2 - cosh? x)

( +cosh? 1)5/2

x” is not defined when x = 0 and x' =0 when coshx =2 or x=iln(~/§+l). Since &' >0 on

(—oo.—ln(\/-2-+1))u(0. ln(ﬁﬂ)) and A" <0 on (—ln(ﬁ-&l),O)u(ln(\/:'Z--H).co). x has local maxima when

3s.

36.

x=0. y=0. The point of maximum curvature is
(0, 0).

r'(t) =3i+61j

32, y'=coshx y =sinhx
- |sinhx{
a+ cosh? .r)3/ 2
, E::—:':lcosh x(1 +cosh? ‘\')3’2 —3|sinh x| cosh xsinh x(1+ cosh? x)
K == -
(+ cosh? .1c)3
=-in(vV2+1).y=-1 and x=In(V2+1).y=1.
1
xl-In \/§+1 =x{ln \/§+l =—
The points of maximum curvature are (—ln(\/'?:H),—]) and (ln(\/i+l).l).
33, y=e"y =ef
® — ex
K= RPREIZE
- e.r(l+ezx)3/2 _3e3x(l+ezx)1/2
(1+e**)
_e.l'(l_zez,t)
- (]+e2x)5/2
x'=0 when .r=—%ln2.Since x'>0 on
1 , 1
—0,-—In2| and x'<0 on | -—In2,» |, so
2 2
K is maximum whenx=—lln2 y—L The
3 . ik
. . . 1 I
point of maximum curvature is | -=In2, — |.
2 T2
34, y'=-—tanx,y" =-sec’ x
lsecz.rl
K=——————— =|cosx
(]+tzm2Jr)3/2 I l
. n T
Since ——<x<—,K =cCoOsx.
2 2

652

Kk'=-sinx

x'=0 whenx=0. Since ¥'>0 on (—g,O)

' T . .
and x' <0 on (0. ;), xis maximum when

Section 13.5

r'(t) =6j
ds 2
—={r'(t) =3Vl+ 4
— =)
. _dis 1xu
r= =

d* 144

2
alz\/ = l‘"(t)l2 —a% =36- 144t2 =_362
1+ 4t 1+4¢

an = 6
N = ——

Vi+4s2

1 12 18

Aty =—.ar =—= and ay = —.

1 3 T \/'1—3 N \/]—3
r(f)=2t+j
r'(t)=2i
% =|r'(n)] = Var® +1
t
4 d’s 4
T:———:

4?41

2

I e S L

4% +1 - 4% +1
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2 2
ay = any =
Y VarZ +1 N Vi+12

At I|=l,ar=—\7—§ and aN:%' At ll=—l,a7‘=-—\/-2- and 0N=\/§.

38, r'(t) = -asinsi+acosij

3. r'(t)=2i+2j r’(t) = —acosti—asintj
r(1) = 2
ds 2 §=Irl(,)| =
E o) =2\1+1 !
dt , _d_zs..o
a d’s 2t ar = a'12 -
T=—35 <
dr* J1+42 aﬁ, = r'(t)]2 -a? =a*
2
" 2 4f 4 =
a},,:lr )| -a72-=4——2= 3 an =4
1+1 1+¢

At g =%,aT =0 and ay =a.

39, r'(¢) = asinhii+acoshij
r"(1) = acoshri+asinh{j
o, Ir'()] = avsinh? 1 + cosh? 1
dt
d_zs 2acoshrsinh¢

. dr? \/sinh2 t+cosh? ¢
a} = r"(t)|2 - a? = a*(cosh? 1 +sinh? 1) - 4‘1,2 chhz ’Sinlzlz L - 02(00522 1 —sinl1212)2
sinh” ¢t +cosh” ¢ sinh“ r + cosh” ¢
ay = a(cosh2 1 —sinh? 1)
\/sinh2 t+cosh?t
\/‘ﬁ 40a

5 . 4 . . 2 2 la
At ; =In3,cosht ==.sinht=—, and Vsinh“t+cosh“¢t =——, so ay = and ay =—.
: 3 3 3 T 3da1 N &

40. r’'(1)=-3 cos? ¢sini+3sin? tcosij

r'(n) = 3cost(2sin2 { - cos’ Hi+3sine(2 cos? t —sin? nj

? =|r'(1)| = 3costsint = %sin 2¢ (Note that 1> 0.)
I

25

ar = — =3cos 2
dr
2 . .

a%, = r"(t)|' —a% = 9(cos6 t+sin® 1) -9cos> 2t = 9(cos6 t+sin® 1 - cos? 21
ay = 3\/c056 t +sin® 7 —cos? 2r

n 3 33
Atfy=—,ar=——and ay = —.

3 2 4

4. r'()=€i-e'jir@)=€i+e’’j

I TR
§=Ir'(:)|=de2'+e-21 di” Ve +e7

Instructor's Resource Manual Section 13.5 653



42,

43.

44.

45.

46.

654

ay =
2t 2t 241 —2+e_4l 4
=e e~ o T . x
e +e e +e
a 2
R e
e21+e-21

At 1 =0,a; =0and ay =2

x()=3 y'(t)=-6
x"(1)=0 y'(@)=0
% = Jx)? +y(? =345

d2
ar = ’dt—z =0

ak =[x"()? +y" (1)} 1-af =0; ay =0
Aty =0,ar =0anday =0.

y'(t) = (cost —sin e
x"(1) = (2cos1)éf y"(t) = (-2sin)é’

jdj = \/x'(t)2 +y'(1)? =2¢
_4s_

x'(¢) = (sint +cos?)e’

a% =[x (1) +y' (1)} ]-ab = 4e¥ —2¢% =2¢¥
ay =\/Ee’

At 4 =§,ar =J2e™3 and ay =27,
tang = y'

-1
3/2 B
[1 +y’2] Isec3 ¢l

See the discussion dealing with s and a parameter
¢ in the text. The important ingredients are that s
increases as ¢ increases and ¢ can be expressed as
a function of s. Use the Chain Rule.

T

Ne s POl _TO G
dar ! ar
[ fral ol g

r(t) =acos ot i+ bsin wt j;

v()=—awsin wt i+ bwcos wi j
a(t) = <—a(02 coswt, —bw? sin mt> = —a)zr(t)

v

T=———;
(v-v)"2

Section 13.5

47.

48.

£= (v-v)a—(v-a)v

—abw . .
== 3 372 (bcos wti + a sin wtj)
{a” sin” wt + b~ cosor)
daT aba)(b2 cos® ot +a’ sin® a)t)”2
ar (a% sin? wt +b? cosar)> 2
B abw
a? sin? wt + b cos® wr
’I'hen

-1

l (a sin? ot +b? cos? wt)

1/2

Note that this was done assuming ab > 0; if
ab < 0, drop the negative sign in the numerator.

¥

(5]

L
[N =
=

2

v(f) ={cost,2cos 2t) , a(f) =(-sinz,~4sin 2t)

a(f) =0 if and only if —sin 7 =0 and 4 sin 2t =0,
which occurs ifand only if 1 =0, 7, 27, s0 it
occurs only at the origin.

a(t) points to the origin if and only if a(¢) = —kr(z)
for some k and r(¢) is not 0. This occurs if and

only if 1 = %%ﬂ so it occurs only at (1, 0) and
(-1, 0).

V(1) =(-sint +cos! +sin,cost +1sins — cost)

=tcosfi+tsini
a(f) = (~sint +cost,tcost +sint)

a. f—]v(t)l It(cos t+sin? 1)

{since 1>0)

d®s (d
b. =L Sin=1
o dr? (dt)()

ak = |a|2 -a?

=[r2(sin? 1 +cos 1) + (cos? 1 +sin )] - 1 = 12

1/2|

Therefore, ay =1.
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49. s°(t) =ar = 0= speed = s'(r) = ¢ (a constant)

(%)

=ay=0=>kx=0or §=0

=>x=0
. N ;df}[ (sin¢ cos¢)(g—¢i)
. ‘gsr (sin® @ +cos ¢)1/2|d¢
d¢
( sing, cos ¢)

If ? >0,N =(-sing, cosg) and if

d¢ == <0,N =(sing,-cosg), so N points to the

concave side of the curve in either case.

describe the circle.
r(r) =(-12, 16) = cost = ‘% and sinz =%.
v() =(-20sin7,20cos?} , so {v(t)| = 20.

V(1)
v

Thus, at (-12,16), T = <—§,—§> and

Then T(r) = —= =(-sint, cos?).

3 4\ . . .
N= <§ - §> since N is a unit vector

perpendicular to T and pointing to the concave

side of the curve.
Therefore,

S
S 5 5 5

54. s'(t)=4 and s"(¢)=0.
i 2
51. T'T=l:T-(—d—r)+T-(ﬂJ=0 k= }jz 32 2,372
ds ds [T+ ()] (1+4x°)
Th ,
:>T-(£)=O=T-KN=O erefore ) "
" a=(OT+(4) 732 ENTF!
Therefore, T is perpendicular to kN, and hence to (1+4x°) (1+4x°)
N.
2
52. ay =0 wherever k=0 or £=O. x, the 55. Let pmg ==2". Then vg = JugR. At the
ture, is 0 at the infl t'dt ints, which values given,
LW
curvature, 1s 9 a e":: echion poin " ¢ vg =/(0.4)(32)(400) = V5120 =~ 71.55 ft/s
occur at multiples of > However, =5 #0 on (about 49.79 mi/h).
: - : r R|F|sind [F|cos®&
this curve. Therefore, ay =0 at multiples of > 56. a I l =| | (from the given

53. Itis given that at (=12, 16), s'(t) =10 fs and

s"(0) =5 fvs?. From Example 2, x = 316

Therefore, ar =5 and ay =(2L0)(10)2 =S5, so

a = 5T + 5N. Let r(z) =(20cos?, 20sin1)

57. Let the polar coordinate equation of the curve be

r = f{6). Then the curve is parametrized by
x=rcos fand y =rsin 6.
x'=—rsin@ +r'cosf y =rcos@+r'sinf
x"=—rcosf-2r'sin@+r"cosf y =
By Theorem A, the curvature is

_ Xy =y

372
|x2+y2|

Instructor's Resource Manual

v,zg g
equations, equating m in each.)

Therefore, v = \/Rgtané.

b. For the values given,

vp =+(400)(32)(tan10°) = 47.51 fvs.

—rsin@+2r'cos@+r"sind

Section 13.5
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67.

Maximum curvature = 0.7606,
minimum curvature = 0.1248

68. The following graph was plotted using
Mathematica. The “AspectRatio” option was set
to “Automatic.”

13.6 Chapter Review

Concepts Test

1. False:

2. True:

3, False:

4. True:

5. False:

6. True:

For example,x=0,y=¢,andx = 0,
y = —t both represent the line x = 0.

Eliminating the parameter gives
x=2y.

For example, the graph of
x =12,y =1 does not represent y as a
function of x. y = +J/x , but

h(x)= +Jx is not a function.
Whent=1,x=0, and y=0.

For example, if x=t3, y=t3 then
2 n
y=xs0 d—§)=0,but gT(I)_=1.
dx O]

For example, the graph of the four-
leaved rose has two tangent lines at
the origin.

(2i -3j)- (61 +4j) =0 if and only if
the vectors are perpendicular.

Since u and v are unit vectors,

u
cos@ =

Jul ¥
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69.

10.

11.

12.

13.

14.

15.

The curves are ellipses with major axis length = 6
and minor axis length = 4. € determines the angle
of the major axis with the positive x-axis. From
Example 4, the maximum curvature of such

.3 . 2
curves is Z and the minimum curvatre 1s 6

If a > b, then the graph is an ellipse centered at
the origin with the length of the major axis 2a
and the length of the minor axis 2b. The angle of
the major axis with the positive x-axis is 8.

False:

True:

True:

False:

True:

True:

True:

The dot product for three vectors
(a-b)-c is not defined.

|u- v|= |u||v||cos€| <|uj|v| since
lc059|sl.
If |u-v|=]u||v|, then |cosf| =1 since

ju-v| =[u||v||cos(9|. Thus, u isa

scalar multiple of v. If u is a scalar
multiple of v,

Ju-v|=Ju-ku| = kluf? =Julla] = o[

If u=-iand v=%i+€j. then

1, V3,
u+v=-—i+——7j and

2 2
lu|=|v]=|u+v|=1.
(u+v)-u-v)=]uff -|vf =0, so

[uf* =[vf* or [u] =[]

|u+v|2 =(u+v)-(u+v)

= lu]2 +|v]2 +2u-v

Theorem 13.4A
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16. True:

17. True:

18. False:

19. True:

20. False:

21. True:

22. False:

23. False:

24. False:

25. True:

D,[F(5)-F(D)
=F @) -F@)+F@)-F@)
=2F(@t)-F'(1)

x'=3 y'=2
x"=0 y' =0
! ’N— Ix'
Thus, & = —lx—}-—L}l,; 0.
2 2
xt+y ]
x'=-2sint y'=2cost
x"=-2cos! y"=-2sint
x! LA lxn 4 l
““&”=J€L—%37=—=’
[x'“+y7] 8 2
T() = e ()
@
Ty = -0 3(’) R —r
(1) ')
T()-T'(1)
1
=——r'(1)-
')

_rOFW gy L

F'e)f ()]
__ r'(l)-r”z(t) . r'(t)- r"2(t) -0
e’ Ir'()]

See Example 3 of Section 13.4.
[v|=0 but |a|= ro®.

b
[l +y, 2]3/2

If y"=k then y'=kx+C and
K= y = k
[l+y:2]3l2 [1+(kx+C)2]312

is not constant.

For example, ifu =iand v = j, then
u-v=0.

For example, if r(t) = cost?i+sin tzj,
then r'(f) = -2¢sin 2i+2t costzj, S0

[r(t)]=1 but |r'(n]=2r.

If v-v = constant, differentiate both
sidesto get v-v'+ V-V’ =2v-v' =0,
so v-v' =0.

658 Section 13.6

Sample Test Problems

1
1. 1=—(x-2
6(x )

y=§u—n

5

El T T T

5 5%
-5k
2. 1=2
4
2
y 2
x==—ory =4x
3 y
¥
10
] TS IO T N Y I OO I I
=2 18 %
-10f
3 sinl:iz-,coy:y——1
4 3

2 2
<+’ -0 _,
16 9

y

x2 2 2
4 —=seczt,y =tan“¢
4
2
x 2
=1
P y
."
5_
L1 _l A
-2 | g X
N
sk
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5 £=612-4,d—y=1+ 1 _1+2 d. (4(2,-5)+5(1.1))-3(-6, 0)

dt dt 1+l 1+l

={13, -15)-(-18,0
o ow (3. -19) (-15.0)
dc 62 -4 (1+1)6° - 4) =-234+0=-234
Att=0,x=7.y=0,andzx—y=—%. e. 36+0(~6,0):(I. ~1) = 6(-6+0) = =36
Tangent line: y=—%(x—7) orx+2y-7=0 f. (-6, 0)-(-6.0)-v36+0
Normal line: y=2(x-7)or2x -y - 14=0. = (36+0)—6=30

dx =—3e_',d—y =le'

6. — _
dr a2 10, 2. cosg =X 5 3365
I Vo+ai«le V221
dy_2¢ __1u Wy
dx _3¢' 6 >
At1=0,x=3, y=l, and Q:—l.
2 dx 6
1 | L)1 L
Tangent line: y—5=—g(x—3) orx+6y-6=0 -3 5
Normal line: y —% =6(x-3) or
-5
12x-2y-35=0.
(=5X2)+(=3)X-1) 7
b. cosf= =-

7. E=—sint+sin1+rcost=tcosr V25494 +1 V170
dt ~ —0.5369
iQ:cosl—costﬂsinl=lsinl 5_y
dt |

2 2; =
L= Lx\/(tcosz)z +(rsing)? dr = L11d1 N
1 5 2n 2 1 1t 1 9 -l | |
=|— = -5 - 5x
[21 ]0 2n a 9_b
Y

6= NO+OWD _ 5

= = ~0.9806
Ja9+0v25+1 V26

L)

T T TT TS
o

u|=\/ﬂ)-=3.1623 B ndl NI I |
iox

8. a. u=(-31),

LR
©

b. u=(-1, 5), |u|=v26 =5.0990 o

11. S5i-4j = k(-2i) + m(3i - 2j)

9. a. 3(2,-5)-2(11)=(6.-15)-(2.2) = (4.-17) = (=2k + 3m)i - @m)j. 50 5 = 2k + 3m and

b. (2.-5)(1,1)=2+(-5)=-3 4=2m. Therefore, m=2and k = %
c. (2, -5)-((1. 1)+(~6,0)) =(2. -5)-(-5. 1) 12. y=x%;y =2x, so the slope at (-1, 1) is ~2
=—-l0+(-5)=-15 (y changes by -2 as x changes by 1). Therefore, a
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vector parallel to the tangent line is (] .=2).To e. Dr(3t+10)]=[r'Gt+10)(3)

obtain a vector of length 3, first divide (1,-2) by = 3<2e6’+2°’ —e “°>
its length and then multiply that result by 3. 61420 ~3/-10 ' ‘
(1 )()_ ( _2) <3 6> =<68 ,—36 >
2 T .
f.  D[r(0)r'(]=D2e" ™)
13. One vector that makes such an angle is = 8et 4207
(coslSO°.sin 150°) . The required vector is then
 {cos150 sin150°) =5<_\/§‘ ), 17 8 r@)= <_ _6I> r~(1)=<_’-2‘_6>

|(cos150°. sin150°)

b. r'@)= (cost. —2sin 21):

1. (F, +F)=-5i-9j
r"(r) = (-sin¢,—4cos2r)

15. Let the wind vector be

w = {100cos30°, 100sin30°) = (503.50). e 1= <Sec [ 4 >
Let p={p;, p2) be the plane’s air velocity () = <25ec2 ftant - 1212)
vector.

We want w + p = 450 j =(0,450) .
(5043, 50)+(p1. p2)=(0, 450)
= 50V3 + py = 0,50+ py = 450 =[(4z+1)3’2]2:_21_1=]3
= p; = -50v/3, p; =400 2 s 2 2
Therefore, p = (—50\/5, 400). The angle 8

18. L= Lzlr'(:)|dz = ﬁ3(4r+1)l’2dt

19. v()={41,4):a(r) =(4,0): v(-1)=(-4,4);
formed with the vertical satisfies ® ( ) ® ( ) veh ( ) ‘\
pj 400 |[v(=1)| = 4v2; a(-1)=(4,0) '
cosﬂ=——_=——— B~ 12.22° Thus, the
plll 167,500 20. (1) =(~4cost,4(1-sin?));
heading is N12.22°W. The air speed is - v =( .COS’ ( smt)),
Ip| = /167,500 = 409.27 mi/h. a(r) =(4sint. 4 cos) ;

V(Z)-ae(s-25)s
5)-

a(%")=2\/§i+zj

16. r(1)= <e2’.e">:r'(1) = <2e2’ , —e”)
a. lim(ez',e_'>=<lime2’,lime—'> =(l,l)

=0 1—0 -0

(32—16\/_ ) 2 . 2.0706;

b. 1imw=r'(o)=(2,_1)
h—0 h 21. a. y=x2—x;y'=2x—];y"=2:

In2 y(h=Ly'H=2

n2 et 1) -t
o g I
2 k(1) = ——==—==0.7071
0 a+¥r 2
T2 2’ 22 b. Letx=t+t3:x’=1+312;x'=6t;

-_— 2. r_ . . __
d. Dir()]=m'()+r () y=t+ty' =1+2t:y"=2.
At(2,2).t=1,50 x'=4,x"=6,

— 2 _ -t 2t -t
—r(2e .—e >+<e e > y=3y =2

(e @1.e"0-0) oretore. 2 [DD=OXE) N

(16+9)3I2 =0.08.
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c. y=acosh(§):y'=sinh(§): K(])=[1%1_]:?/—2=_\/%

. (1 x 1
y = [;)COSh(;)- The Cartesian equation is y = (3)x3 .
At (a. a cosh 1), Y
y' =sinhl, y" = (%)(cosh 1). )
Therefore,
(£)ccosh ) coshl i
) (1+sinh2 1)3/2 ) a(cosh2 1)3/2
1 0.4120. 5 ! Lo

acosh?1 a

23, v()) =24 +2j; |[v(0)] = 202 + )M a@) = -2i;

22 x(f)=t x'()=1x"(1)=0; y(t)=%t3. la()] = 2
2
y==>2,y (=2 ar = d > =(i)[2(12 +) =2 +1)7V2
() =L x"(1)=0 .- at
Y=Ly W)=2 il
_ i+ 1 i+ 1. ar =\2
p e by AASYCL d
(M +{1°] ‘5 \/5 aN=|a|2—aT=4—2=2, SO aN=~/5.
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