'| 2 Conics and Polar
Coordinates

12.1 Concepts Review 3. x2=—4Q3)y
1. e<l;e=1l;e>1 Fqcusgt(O,-3)
Directrix: y =3
2. y2 =4px
3. (0, ) y=-1

4. parallel to the axis

Problem Set 12.1

1. y2 =4(D)x
Focus at (1, 0) 4. x? =—4(4)y

Directrix: x =-1
Focus at (0, 4)
Directrix: y=4

w

"o.'—_“___

]

2. yP=-40)x
Focus at (-3, 0)
Directrix: x=3

10

Directrix: x = —l
4

1 4 1 lll=l [
-14

-10

|
P mm e e -y
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6. y2 =-3x 9.

)
10
3
Focusat | ——,0
4
Directrix: x:i 11.
4
y
i
B : 12.
1
-
T BT
) - H EIES
-
- 13.
|
3!
7. 2x% =6y '
2 3
X :4 -
(4)y
3
Focus at O.Z is.
. . 3
Directrix: y=-—
4
¥
4..
Fe
[ 1 1
R I 3x
=2+
8. 3x2=9y
’ 3
x' :4 — 3
(4)’
3 16.
Focus at | 0,—
4
Directrix: y=—-—
¥
4_.
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. The parabola opens downward, and p =

The parabola opens to the right, and p = 2.
_v2 =8x

. The parabola opens to the left, and p = 3.

y2 =-12x

The parabola opens downward, and p = 2.

X2 = -8y

The parabola opens downward, and p = é

2 4
X = —-——YV
9)

The parabola opens to the left, and p = 4.
y2 =-l6x

o)~

x2 =-14y

The equation has the form ),2 =cx, SO

-2 =3c.

11 ] 1 1 |

-3

The equation has the form y2 =cx, SO

(4)* = 2.

(-2.4)

j I U Y B O B | H
-16 4%

-10

Section 12.1
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17. The equation has the form x2 =cy, so

(6) = -5c.
__36
5
, 36
xf=——
5
v
4+
| I I I I | rl | I |
-10 [
i
-16:

18. The equation has the form x* =cy, so

(-3)? =5c.

<3.5)

LI O

1 t 1
-5 5

19. y® =16x
2yy' =16
,_ 16
T2y
At(l,-4), y'=-2.
Tangent: y+4=-2(x—1)ory=-2x-2
9

1 1
Normal: y+4=—(x-1) or y=—x——
y 2( yory 2573

20. x%=-10y
2x =-10y’

560 Section 12.1

21,

22,

=X
=73
5
At (2J§,—2).)v'=-;_@.
d
Tangent: y+2=—£(.\‘—2\/§) or
5
245
y=———x+2
h]
Normal: )‘+2=§(X—2\/§) or y=—\{)—-5_x—7

ra

N

-10 | 10

y'=x
At(4.8), y'=4.
Tangent: y-8=4(x-4)ory=4dx-8

Normal: y—8=—-‘li(x_4) or y:-%xq.g

16

1114
10

L
[
L
S UL AR

.V=—Z

At(-1,-3). y'=

Tangent: y+3= 5

PA

NW oW

(x+1) or y=-;—x——

Instructor’'s Resource Manual



2
Normal: y+3———(x+1) or y_—gx_l_]_ 25. x*=-6y

y 3 2x=_6yl
3 , X
3
Lt 1t At (3\/5,—3),);’:—\/5.
-5 5x
Tangent: y+3=—~/§(x—3~/§) or y=—\/_?:x+3
-3 Normal: y+3=£( —3\/5) or y:ﬁx_6
2 2
23. y2=-15x
2yy' =-15
15
2y

At (—3,—3\/3),y'=§.

Tangent: y+ 3J5= ?(x +3) or

NN 26. y2=20x
SRy 2220
, 10
Normal: y+3\/§=—¥(x+3) or y =7
=_i _M At (2,-2410), y _-Q
Tangent: y+2\/m = —@(x—n or
y=-—\/;——0x—\/1—0
Normal: y+2x/l—=@(x—2) or
_@x_n\/_
24. x* =4y
2x =4y’
y=2
2 NI | 1
At(4,4), y'=2. -10 0%
Tangent: y - 4-2(x dYory=2x-4
Normal: y - 4———(x 4) or y——lx+6 Z10

-
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27.

29.

30.

562

y2=5x

2yy'=5
.3

'

y'=-‘£—§ when y=2V5. sox=4.

The point is (4. 2~/§)

[ A T VO [ O I |

- g X
x2=-14y
2x = -14y'
y=-Z
7
y’=-¥ when x = 24/7. soy=-2.

The point is (Zsﬁ, -2).

The slope of the line is%.
y2=—18x:2yy'=—l8
3
2yl =[=-18;y=-6
Y 2) y

(-6)% = -18x;x=-2
The equation of the tangent line is

3 3
+6==(x+2 =Zx-3.
y 2(x Jory 2\'

Place the x-axis along the axis of the parabola

such that the equation y2 =4px describes the
2

parabola. Let [’:L yo} be one of the
p

2
extremities and [{l—,yl] be the other.
P

First solve for y, in terms of yo and p. Since the

focal chord passes through the focus (p, 0). we
have the following relation.

o _ Yo
W own
W, X
ap P G

Section 12.1

31,

32,

ot -4p%) = yo(n? -4p%)
yon® - (ot —4p7 I —4p%y =0
(1 - yo)yom +4p%) =0

4[)2

S

M=y Or ¥y =-

2
.. |4 4
Thus, the other extremity 1S p” ,-—E— .
Yo© Yo

Implicitly differentiate yz =4px to get

’ ’ 2
2yy'=4p, so y =—y’3-

2
a2 Yo |- Y = 33 The equation of the
4p Yo

2
tangent line is y — yp = Q[X—&—). When

Yo 4p
2
wmp oy 20
Yo 2
3 2
At i’L—Q— ,y'=——'m-. The equation of
Yo Yo 2p
4 2 3
the tangent line is y+—p—=—y—0 x—-4—p? .
Yo 2p Yo
2
When x =—p, y=-‘y£—2—.
2 yo

Thus, the two tangent lines intersect on the

2
directrix at —p.y—o—z—p— .
2

From Problem 30, if the parabola is described by
the equation y2 = 4 px, the slopes of the tangent

lines are 2p and ——2&. Since they are negative

Yo P
reciprocals, the tangent lines are perpendicular.

Place the x-axis along the axis of the parabola
such that the equation y2 =4 px describes the

parabola. The endpoints of the chord are (1, —;—)

1 1Y 1
d|l-=1. —| =4 =—. Th
an [ 2) SO (2] (Dp or p T e

. o]
distance from the vertex to the focus is 1—6—

Instructor's Resource Manual



\

33.

34.

3s.

Assume that the x- and y-axes are positioned such
that the axis of the parabola is the y-axis with the
vertex at the origin and opening upward. Then
the equation of the parabola is x*=4 py and

(0. p) is the focus. Let D be the distance from a
point on the parabola to the focus.

D=\x-02+(y-p) =

4 2 2
16p 2 4p

=2 L 20x=0
2p 2p
D" >0 soatx=0,Dis minimum. y=0
Therefore, the vertex (0, 0) is the point closest to
the focus.

Let the y-axis be the axis of the parabola, so
Earth’s coordinates are (0, p) and the equation of

the path is xt= 4 py , where the coordinates are
in millions of miles. When the line from Earth to
the asteroid makes an angle of 90° with the axis
of the parabola, the asteroid is at (40, p).

(40)* =4p(p). p = 20

The closest point to Earth is (0, 0), so the asteroid
will come within 20 million miles of Earth.

Let the y-axis be the axis of the parabola, so the
Earth’s coordinates are (0. p) and the equation of

the path is =4 py , where the coordinates are
in millions of miles. When the line from Earth to

the asteroid makes an angle of 75° with the axis
of the parabola, the asteroid is at

(40sin75°, p + 40cos757). (See figure.)
y
75°

(0, p g/-_ (405in75°, p + 40c0s75°)

R

(40sin75°)% = 4 p(p +40cos 75°)
p2 +40pcos75° -400sin275°=0

_ —40c0s75° £ V1600 cos? 75° +1600sin? 75°
- )

p
=-20c0s75°£20
p=20-20cos75°=14.8(p>0)

Instructor's Resource Manual

36.

37

38.

39,

40.

The closest point to Earth is (0, 0), so the asteroid
will come within 14.8 million miles of Earth.

Let the equation x> =4 py describe the cables.

The cables are attached to the towers at
(2400, 400).

(400)* = 4 p(400), p = 100

The vertical struts are at x =£300.
(300)% = 4(100)y, y = 225

The struts must be 225 m long.

Let |RL| be the distance from R to the directrix.
Observe that the distance from the latus rectum to
the directrix is 2p so |RG| = 2p ~|RL|. From the
definition of a parabola, |RL| =|FR|. Thus,
|FR|+|RG| =|RL|+2p—-|RL|=2p.

Let C denote the center of the circle and r the
radius. Observe that the distance from a point P

to the circle is |PC|-r. Let ! be the line and
|PL| the distance from the point to the line. Thus,

|PC|-r =|PL|. Let I' be the line parallel to /, r

units away and on the side opposite from the
circle. Then |PL'|, the distance from Pto /', is

|PL|+r; so |PL|=|PL|-r. Therefore,
|PC|-r=|PL|-r or |PC|= |PL’|. The set of
points is a parabola by definition.

Let B and P denote (x, y) and (x3, y5),
respectively. |RP|=|RF|+|RF]| since the focal
chord passes through the focus. By definition of a
parabola, |RF|= p+x and |BF|=p+x,.
Thus, the length of the chord is

|A P =x +x3 +2p.

L=p+p+2p=4p

Let the coordinates of P be (xg, yp).

2yy'=4p, so y' = _2£ Thus the slope of the
y

normal line at P is _y_o.

2p
The equation of the normal line is
y-Yo = —y—o(x—xo). When y =0,
2p
x=2p+Xxg, soBisat (2p+xp,0). 4isat
(xg,0). Thus, |4B|=2p+xy—x =2p.

Section 12.1 563



. B2
de H
5x*
TR
42. a. A(T)) is the area of the trapezoid formed by
Q. (b, 0). Observe that sincc ¢ = a
am) =22a 512
Sbma
2
2 2
_b-a a—-—ab+b— =
4 2 2
3
_ a3 _a3 (==
NN N - B
8
¢.  Using reasoning similar to partb, A(7,,)=——
AS) =AM+ AD)+ A(T3) +...
b-a 2 2
d. Area:——[a +b%]-A(S) =
[3a 2 +362 - (b% - 2ab+a?)] =
43. ¥

5x?

y(0) = 0 implies that C=0.y = —

2H

This is an equation for a parabola.

(a.0). P, Q. (b, 0) minus the area the two trapezoids formed by (a, 0), P, (c, cz). (¢, 0)and by (c. 0). (c.c”),

;[

3
Be) -0 _4m)

AN

-3

T T 1T

12.2 Concepts Review

564

2 2
X Yy
—+—==1
a? b

2 2
x_+y_—]
9 16

Section 12.2

(b-a)a®+b?) (b-a)’

4

o

S

NI ><l‘\)
%

o A(T,)=
4"

+
W

%)

24 - —ab-Z

bz]—
b (12
AT)
4
= ZAT)
4J 3

- )[Za +2ab+2b%) = (b3

+2 +b
4[0 ¢t +b%)

b3 a

3 3
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Problem Set 12.2
1. Horizontal ellipse
2. Horizontal hyperbola
3. Vertical hyperbola
4. Horizontal hyperbola
5. Vertical parabola
6. Vertical parabolia
7. Vertical ellipse
8. Horizontal hyperbola

2 2
9. 7_6 +2 - 1; horizontal ellipse

a=4,b=2,c=2\3
Vertices: (4, 0)
Foci: (ﬁxﬁ 0)

'

W
TTTS

T

A
Fg sX

=

-

-

-5F
x2 yZ

10. — —= =1; horizontal hyperbola

16 4

a=4,b=2 ¢c=25
Vertices: (24, 0)

Foci: (12\[5_ 0)

X

N | —

Asymptotes: y ==

Instructor's Resource Manual

2 2

1. 2 - % =1; vertical hyperbola

4

a=2,b=3 c=13

Vertices: (0, £2)

Foci: (O,i\/ﬁ)

Asymptotes: y==+

9

—-X

~ — 7
AR LY A ST
-5 ’/'—\\\ 5K
/,’ A ~
rd ~
// . \\

. F§ .
-5F

2 2

4

12. _+T= I; horizontal ellipse

7

a=v7,b=2c=\3

Vertices: (i\ﬁ , O)

Foci: (i\/g 0)

5

I

-5 A\F

5k

2 2
X
+ 2

13. —
2

=1; vertical ellipse

a=2/2,b=\2,c=6

Vertices: (0,% 22 )

Foci: (0,£6)

¥y

11 1 )12 | J91 1 13

5x

Section 12.2
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14.

2 2
LA Al 1; horizontal ellipse
25 4

a=5b=2,c=+21
Vertices: (5, 0)

Foci: (+f— 0)

&
TTT

xZ y2
15. 0 4" =1; horizontal hyperbola

16.

566

a=0,b=2.c=14
Vertices: (i’\/l—0,0)

Foci: (+\[— 0)

Asymptotes: y=t——=
J—

XZ

g
a=242.6=2.c=10
Vertices: (ﬂﬁ 0)

Foci: (i\/ﬁ, 0)

yz
- =1; horizontal hyperbola

Asymptotes: y = %

Section 12.2

17.

18.

19.

20.

21.

23,

24,

This is a horizontal ellipse with @ =6 and ¢ = 3.

b=+36-9 =27
2 2
LA

36 27

This is a horizontal ellipse with ¢ = 6.

—=—9b@—\/-—

This is a vertical ellipse with ¢ = 5.

a——=T—15b J225-25 =200
€3

2 2

_'_.+J

200 225

This is a vertical ellipse with b=4 and ¢ = 3.

a=J16+9=5

x2 2

_+y_=l

16 25

This is a horizontal ellipse witha = 5.

2 2

1__'__)7__1

25 p2

4 9

—t—=1

25 p?

bzzzé
21

2 2

25 22

. This is a horizontal hyperbola with a = 4 and

c=3.

b=v25-16=3

x2 y2

% 9

This is a vertical hyperbola witha=4and ¢ = 5.
b=25-16=3

e

6 9

This is a vertical hyperbola with a = 3.

c=ae=3(}-]=2 b= 8 9_‘/—_

2) 27 I 2

o,
9

“l&l ¥
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25.

26.

27.

28,

29.

This is a horizontal hyperbola with a = 8.

The asymptotes are y = i-%x, S0 g =% orb=4.

x2 y2_
64 16
V6 2 3 2 35 2
c=ae=—a b =c¢"-a"=Za"-a° =—a
2 2 2
}’2_ 12 _
a® %az
16 4 -1
? Lld?
a2=8
y2 xz_l
8 4

This is a horizontal ellipse with ¢ = 2.

8=3,8=§,soa2=8c=16.

e
a
b=16—4 =12
2 2
L2
16 12

This is a horizontal hyperbola with ¢ = 4.
a a 2

l=—,l==,s0a"=c=4.
e <
a
b=16-4 =12
< v,
4 12

The asymptotes are y = i%x. If the hyperboia is

horizontal 4 = 1 or a = 2b. If the hyperbola is
a

vertical, 3:-1- orb=2a.
b 2

Suppose the hyperbola is horizontal.

X2 yZ
a? b
16 9 _
a2 b
b2 =-5

This is not possible.
Suppose the hyperbola is vertical.

»ox2
a2 4a?
9 _16 _,
02 402

Instructor's Resource Manual

30.

31

32.

33.

a’=5
2 o2,
5 2
.r2+:2 1
a’ b*
25+ | -
a? B _ 84 3
16 4 a®
—,)+—2'=1
a> b
a’ =28
p2 =28
3
2 2
Xyt
§+—2§—_1

Let the y-axis run through the center of the arch
and the x-axis lie on the floor. Thus ¢ = 5 and
2 2

b =4 and the equation of the arch is ;—5+!— =1.

16
2 2 <
When y =2, x—+g)—=1, sox=+i
25 16

3
=
The width of the box can at most be
543 =8.66 fi.

Let the y-axis run through the center of the arch
and the x-axis lie on the floor.

IZ 2
The equation of the arch is LI AR
25 16
2 2
When x =2, @+L=l,soy=i4\/2_l.
25 16 5

The height at a distance of 2 feet to the right of the

center is I = 3.67 fi.

The foci are at (%c, 0).

Va? - b?

Cc=
02—b2 y2
3 +—2=l
a b
4 2
2 b
y":——’y=+—
a a

2

Thus, the length of the latus rectum is
a

Section 12.2 567



34.

36.

37.

38.

39.

40,

568

The foci are at (£c, 0)
c=va® +b?
a? +b* ._Xi _
a’ b?
4 2
s b b
y = R y= +—
a a
52
Thus, the length of the latus rectum is ——.
a

. a=18.09, b=4.56,

¢ = J18.09)2 - (4.56)> ~17.51
The camet’s minimum distance from the sun is
18.09-17.51 = 0.58 AU.

a-c=0.13.c=ae,a(l-e)=0.13,
0.13
a = ————m—— =
1-0.999925

a+c=a(l+e)=1733(1+0.999925) = 3466 AU

a-c=4132;a+c=4583
2a=8715: a = 4357.5
c=4357.5 4132 =225.5
1725
o= C 25 005175
2 13575

tim (a2 =)
(\/XT—_GT-X) ( Xz —02 +x)

= lim -

T ! (\}xz -a? +x)

= lim ——
X—»0 ’x2_02+x

2a=p+q. 2=|p-q|

=0

2 2
pog2 2Pty (pa)
2 2 pPq

b=+pq
x =acost, y =asint —bsint = (a—-b)sin¢?
cost:i,sinlz Y

a a-b
2 2
57+ L4 ==1
a® (a-b)y

Thus the coordinates of R at time ¢ lie on an
ellipse.

Section 12.2

41. Let (x, y) be the coordinates of P as the ladder
slides. Using a property of similar triangles,

Square both sides to get

2 2 2
x< b -
== 2y or bZJc2+a2y2=a2b2 or
a b
X2 y2
—2—+—3=1.
ac b

42. Place the x-axis on the axis of the hyperbola such
2

Lo X .
that the equation is — —=-=1. One focus is at
a b

(c, 0) and the asymptotes are y = i—éx. The
a

equations of the lines through the focus,
perpendicular to the asymptotes, are

y= i%(x —¢). Then solve for x in

b a
ax = —Z(x—c).

a® +b? ac
x

2
. a .
Since ¢ =a* + b* , x =—. The equation of the
c

2
. . . a .
directrix nearest the focus is x = —, so the line
c

through a focus and perpendicular to an asymptote
intersects that asymptote on the directrix nearest

the focus.
x2 y2
43, The equations of the hyperbolas are —-=== 1
a b
2 2
and _y_z_ _x_2 =1.
a
c a? +b?
e=—=
a a

Instructor’'s Resource Manual




44.

_Ya+p?

E=%
b b

2 2
a b =1

-2 -
e’+EZ=, Y55 =
a +b> a‘+b°

Position the x-axis on the plane so that it makes
the angle ¢ with the axis of the cylinder and the
y-axis is perpendicular to the axis of the cylinder.
(See the ﬁgl:re.)

If P(x, y) is a pointon C, (xsin qﬁ)2 +y2 =r?

12.3 Concepts Review

1.

2.

3.

4.

foci
|PFI-iPF= 20
to the other focus

directly away from the other focus

Problem Set 12.3

1.

This is a vertical ellipse witha=13 and ¢ = 9.

b=169-81 =222

2 2
LI Al
88 169
This is a horizontal ellipse witha=7and c = 4.
b=49-16=33
2 2
x_+y_=1
49 33

This is a horizontal hyperbola with a = 6 and

c=T7.
b=+49-36 =13

9

=
13

36

Instructor's Resource Manual

45,

where r is the radius of the cylinder. Then

When a < 0, the conic is an ellipse. When a > 0,
the conic is a hyperbola. When a = 0, the graph is

two parallel lines.

This is a vertical hyperbola witha =5 and ¢ = 6.

b=+36-25=411

2
2\/§x—~/§y=4

a? =169,b% =169
5_X+12_y=1

169 169

5x+ 12y =169

Section 12.3
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10.

11.

12.

13.

14,

15.

570

Equation of tangent line at (xg. ¥o):

_)'2—12:1
a =16 =1
By x|
i 1
x/iy—\/—?:x=l
a? =169,b* =88
JEI
169
y=13
a® =49 5% =33
>
49
x=17
2 2
_x_.+.y_.-|
4 9
ﬂ+£‘l=1
9
3
At(0.6), yo==-
2
2
3 x
When y=—,—+
Y=

The points of tangency are (ﬁ ,

(53

Equation of tangent line at (xp, ¥o):

2 2.

4 36
Xo Mo _
4 36

At(0,6), yo=-6.

2
When y =-6, al

(-2\/5,—6).

2x2 -7y% -35=0:4x-14)y' =0

, 2x 2 2x.

y'=——i-s==8
7y 3 Ty

Substitute x = —77}’

hyperbola.

Section 12.3

———=lx= ﬁﬁ
4 36
The points of tangency are (2\/5 - 6) and

into the equation of the

16.

17.

18.

19.

29§y2—7y2—35=0,y=i3

The coordinates of the points of tangency are
(-7.3) and (7.-3).

1
The slope of the ling is —=.
P V2

% +2y2—2=0:2x+4};y’=0

x 1 X =
=== —— X :—\/Zy

TN Y
Substitute x =2 y into the equation of the
ellipse.
2y% 42yt -2=0y=%—

2

1
The tangent lines are tangent at [—l, ——) and
V2

1 . .
(1, - -—] . The equations of the tangent lines are

V2

1 1 1 1
e =—(x+) and y+t—==—Ff=(x-1) or
RTR TR
x—\/iy+2=0 andx—ﬁy—2=0.
2
x
y=1b|l-—
aZ

2
2
A= 41;]': 1-—a2 dx
Let x = a sin ¢ then dx = a cos ¢ d ¢. Then the limits

are 0 and E.
2

3
< 12
A=4b£‘ l—iz—a'x=4ab£l cos? 1 dt
a

12 sin 2t n/2
=2abﬂ (]+cosZt)dt=2ab[1+ ]
0
= nab
2
x=ta —«;}—’-
2 3
V=?.-11:Ea2 l—y—,) dy=21w2 y—zT
b* b
_ 4na’h
3

’2
X
y=:tb 'a—z—l

The vertical line at one focus is x = \/a2 +b% .

instructor's Resource Manual



)

22,

a® +b? +§a:|

I
%
| g |
o)
2
~N
+
o
%)
N’
[
S~
~
[
W
5]
()
0
[N}
+
Q-
8}
+
[N
2
w
—

2
20. y=:b,/1-“‘—2
a

21. If one comer of the rectangle is at (x, y) the sides
have length 2x and 2y.

2
x=za 1——}:—
\‘ b2

b .
The Second Derivative Test shows that y = ﬁ is

a maximum.

Instructor's Resource Manual

23,

.
2

Therefore, the rectangle is av2 by b2,

Position the x-axis on the axis of the hyperbola

22
such that the equation XY _1 describes the
a® b
hyperbola. The equation of the tangent line at

XoX Vo)

(xg.y0) 15 5= 1. The equations of the
a b

>

asymptotes are y=*—x.

S

. b .
Substitute y=—x and y= —éx into the
a a

equation of the tangent line.
XX _YoX _, XoX  YoX _,

a2 ab a2 ab

X(on ;ayo)zl x(bxo:ayo)zl
ab ab
a’b a’b

X

= X =
bxy —ay, bxg +ayg
Thus the tangent line intersects the asymptotes at
a’b ab?
\ and
bxg —ayy bxg - ayy

a’b _ ab?
bxg+ayy  bxg+ayp
Observe that b2x0 —a2y0 = a’h.

1 a%b + a’b
2\ bxg-ayy bxg+ay,

azbzxo
=2.2 2.2 %
b"x" -a"yg
l ab? _ ab?
2| bxg—ayy bxg+ayy
2,2
a“b’y
=00 =y,

b2xe2 - a2y,?
Thus, the point of contact is midway between the
two points of intersection,

Add the two equations to get 9y2 =675.
y=15{3

Substitute y = 543 into either of the two

equations and solve for x.
x=%6

The point in the first quadrant is (6, 5\/5 )
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24. Substitute x=6 -2y into x° +4y2 = 20.
(6-2y)% +4y% =20
8y% —24y+16=0

29. Possible answer: Attach one end of a string to F’

and attach one end of another string to F' . Place a
spool at a vertex. Tightly wrap both strings in the
same direction around the spool. Insert a pencil
through the spool. Then trace out a branch of the

y2 -3y+2=0 hyperbola by unspooling the strings while keeping
- NDHr-2)=0 both strings taut.
y=lory=2
x=4orx=2 |4P| |4B| |BP|
Thus. the points of intersection are (1, 4) 30. T = T‘*’_u
and (2. 2). e
N |4P|-|BP|=—
25. Elliptical mirror v
Thus the curve is the right branch of the horizontal
2
focus of parabol hyperbola with a =£, so b= -2 e
v v2
1 The equation of the curve is
i
x- y uc
— =1 x2—|.
N Parabolic e ( _ﬁ)cz ( v )
mirror v VZ
F
Other focus . .
of ellipse 31. Let P(x. y) be the location of the explosion.

26. If the original path is not along the major axis, the 3|AP| = 3|BP|+ 12
ultimate path will approach the major axis. |4 P| _| BPi =4

Thus, P lies on the right branch of the horizontal
hyperbola witha=2and c=8,s0 b= 2J15.

£ 2
4 60
Since |BP|=|CP|. the y-coordinate of P is 5.
- S
4 60 V3
27. Written response. Possible answer: the ball will 17
follow a path that does not go between the foci. Pis at [J: 5}

28. Consider the following figure.

Observe that 2(a + B) = 180°. so a+ f=90°. The
ellipse and hyperbola meet at right angies.
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12.4 Concepts Review

aZ

4
14; ellipse

a line, paralle! lines. intersecting lines, a point, the
empty set

intersecting lines

Problem Set 12.4

1.

S.

x? ‘i—y2 —2x+2y+1=0

(2 =2x+ D)+ (2 +2y+1)=-1+1+1
(x=-12+(p+1)? =1

This is a circle.

x? +y2+6x—2y+6=0

(x2 +6x+9)+(y2 -2y +1)=—6+9+1
(x+3)° +(y-1)* =4

This is a circle.

9x2 +4y2 +72x-16y+124=0

9(x? +8x +16)+4(y* —4y+4)=-124 +144+16
9(x+4)% +4(y-2)* =36

This is an ellipse.

16x2 =92 +192x+90y —495 =0

16(x2 +12x+36)-9(y* 10y +25)
=495+ 576225

16(x +6)% —9(y - 5)* =846

This is a hyperbola.

9x2 +4y? +72x-16y+160 =0

9(x2 +8x+16)+4(y* —4y+4)=-160+144+16
9(x+4)> +4(y—-2)> =0

This is a point.

16x2 +9y% +192x+90y +1000 =0

16(x2 +12x+36)+9(y +10y +25)
=-1000+576+ 225

16(x +6)2 +9(y+5)* = -199
This is the empty set.

Instructor's Resource Manual

10.

11.

12.

13.

y2—5x—4y—6=0
(> -4y +4)=Sx+6+4

(y-2)? =5(x+2)
This is a parabola.

4x* +4y” +8x-28y~11=0

4(x? +2x+1)+4(y2 -7y+?)=11+4+49

) 7Y
4(x+1)° +4(y-zj =64

This is a circle.

3x2+3y? —6x+12y+60=0
3(x2 -2x+1)+3(y2 +4y+4)=—60+3+12

Hx-1)? +3(y+2)% =45
This is the empty set.

4x2 -4)? —2x+2y+1=0

1o 1o Lo
4t -mx+— -4y ——y+—|=-l4=—=
( 2 16) (y 2 l6j 4 4

4

2 2

| 1
4l y-—| -4[x-=1| =1
(y 4] ( 4)
This is a hyperbola.

4x? —4y? +8x+12y-5=0

4(x* +2x+l)—4(y2 —3y+%)=5+4-9

3 2
4(x+1)2 —4[y -5] =0
This is two intersecting lines.

4x® —4y® +8x+12y-6=0

4(x? +2x+1)—4(y2 —3y+%)=6+4—9

3 2
4(x+1)2—4(y—5) =1

This is a hyperbola.
4x? -24x+36=0
4(x* - 6x+9)=-36+36

4(x-3)>=0
This is a line.

Section 12.4
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14. 4x% -24x+35=0
4(x% -6x+9)=-35+36
4x-3)% =1

This is two parallel lines.

15. 25x2 +4y? +150x -8y +129=0

25(x2 +6x+9)+4(y* ~2y+1)=-129+225+4

25(x+3)2 +4(y -1)? =100
This is an ellipse.

16. 4x?-25y° —8x+150y+129=0

4(x? - 2x+1)=25(y% —6y+9) = —129+4-225

a(x—1)? -25(y -3)* = -350
25(y - 3)? - 4(x - 1) =350

This is a hyperbola.
2 2
17, (x+3) +(y+2) -1
4 16
y
it
1 i 1 1[:1\1 —l lo
-8 2
_7r—

18. (x+372 +(y-4) =25

14—

-12 8 x

-6

(+3)° (+2)° _

1

19,

574 Section 12.4

20,

21.

22,

23.

24,

-5

4(x+3)=(y+2)

3

Ill/lll|l

N

w
b

T/IIIII

-7

(x+2)* =8(y-1)

v
5.—.
| ES I A I I | —l | I .
-7 | 3x
_Sr—
(x+2)% =4
x+2==%2
x=—4,x=0
y
5.—
| ] ¢ —l [ N
-5 R 5§ X
-5
(y-1)*=16
y-1=%4
y:S,yz_
y
6_
| B T I | —I P11
-5 B 5 X
_4_.

(x+3 -2 ¢
4 8
(—3’ 2)
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x+3)? -2 _

16 9

| I B

[ U T T A O O T I
-5 5 X

T T T 171

-5

25. x> +4y* —2x+16y+1=0

(2 -2x+1)+4()* +4y+4)=~1+1+16 , ,
(x-1)2 +4(y+2)* =16 28, x“—4y° -14x-32y-11=0

G (p+2)? (x® —14x+49) - 4(y* +8y+16) =11+ 49— 64
6 4 ay+4° -(x-7 =4

_mn?
4

(y+4)? 1

T T TS

71F

”~ 26. 25x% +9y% +150x-18y+9=0
25(x2 +6x+9)+9(y% —2y+1)=-9+225+9
25(x+3)2 +9(y - 1)? =225

2 2
x+3)” =D
9 25

29, 4x® +16x-16y+32=0
4(x +4x+4)=16y-32+16
4(x+2)% =16(y-1)
(x+2)? =4(y-1)

-

[ N O T T Y |

| T T T T T S O |
-4 5 e

-2

27. 9x2-16y> +54x+64y-127=0
2
9(x2 +6x+9)—16(y> -4y +4)=127+81-64 30. x“-4x+8y=0
2
9(x+3)2 —16(y—-2)* =144 x> —4x+4=-8y+4
1
1—22=—-8 —_
(x-2) (y 2)
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31

32,

33.

34,

576

~

_437

=5

T T T T RT T T 1T
/g

2y2 -4y—-10x=0
2(y* -2y +1) = 10x+2

2 _ 1
(-1 —5(x+5J

2 =af2 )1+l
-1 _4[4)(x+5)

Horizontal parabola, p = %

Vertex (—l 1)
5

Focus is at ﬂ,l and directrix is at x = —2—9 .
20 20

-9x% +18x+4y2 +24y=9
-9(x? - 2x+1)+4(y2 +6y+9) =9-9+36
4(y+3)2 -9(x-1)2 =36

w+3? (-1 _
9 4

a’ = 9.a=3

The distance between the vertices is 2a = 6.

1

16(x-1)? +25(y +2)% = 400

= +2)? _
25 16
Horizontal ellipse, center (1, -2). a =5, b =4,

c=J25-16=3

Foci are at (-2, -2) and (4, -2).

1

x° -6x+4y+3=0
x2-6x+9=-4y-3+9
(x=3)2 =-4(y—§)

Vertical parabola, opens downward. vertex

3
3.-|.p=1
(2)”

Focus is at (3, %) and directrix is y =

[EYNTN

Section 12.4

35.

36.

37.

38.

39,

40.

41.

42,

43.

a=5b=4
(x=9 (-1 _
25 16

1

Horizontal hyperbola, a =2, ¢ = 3, -

b=J9-4=15
-2 +)?
4 5

Vertical parabola, opens upward, p=5-3 =2
(x-2)* =42)(y-3)
(x-2)* =8(y-3)

An equation for the ellipse can be written in the

2 2
(-2’ -3 _

form l.

a? b2

Substitute the points into the equation.
4

% =1, — = 1

a b*

Therefore,a=4 and b= 2.

2 2
(x=2) -3 _
16 4

I

Vertical hyperbola. center (0, 3), 24 =6.a = 3,

c=5 b=y25-9=4
a2 L2
M_x_zl “

9 16
Vertical ellipse; center (2, 6), a =8. ¢ =6,
b=/64-36 =28

-2 (r-6) _
28 64

I

Horizontal parabola, opens to the left
Vertex (6,5). p= 1OT—2 =
(y-5)° = -4(4)(x - 6)

(y-5)* =-16(x~6)

Vertical parabola, opens downward, p = |
(x-2)% =-4(y-6)

Horizontal ellipse, center (0, 2), c =2
Since it passes through the origin and center is at
0,2).5=2.

a=Ja+4=8
2 -2
8

1

“N
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44. Vertical hyperbola, center (0, 2), ¢ = 2,

b =4-g*

An equation for the hyperbola can be written in
a2 2

the form & 22) - 5 =1
a 4-a

Substitute (12, 9) into the equation.

49 144 |

a® 4-g?

49(4 - a®)-144a% = a%(4-a?)
a*-197a® +196 =0
(@®-196)a® -1)=0

a® =196,4% =1

Sincea<c,a=1, b=v4- =3

x2

-2~ =1

45. a. If Cis a vertical parabola, the equation for C
can be written in the form y = a+bx+c.

Substitute the three points into the equation.
2=a-b+c

0=c

6=9%+3b+c

Solve the systemtogeta=1,b=-1,¢c=0.

y=x2—x

b. If Cis a horizontal parabola, an equation for

C can be written in the form x =ay? +by+c.

Substitute the three points into the equation.
-1=4a+2b+c

0=c

3J=36a+6b+c

,b=-1,c=0.

]

Solve the system to get a =

c¢. IfCisacircle, an equation for C can be
written in the form (x- k)2 +(y-k)* =r2.
Substitute the three points into the equation.
(~1-m? +Q2-k?=r?
R+ =r?
G-h)? +(6-k)? =12
Solve the system to get A= —;- k =§ ,and

2=

A _EJZ_E
2 Y73) 732
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46.

47.

Let (p, g) be the coordinates of P. By properties of
KP|  x_p

similar triangles and since a = a
APl a-p

and a = -E——q Solve for p and q to get

x—-aa -ab .

andq=y 2 .Since P(p, q) is a
l-a l-a
point on a circle of radius »

centered at (0, 0), p2 + q2 =r

—aaY (v-ab)?
Therefore, (x aa) +() —a ) =r?or

I-a l-a
(x—aa)2 +(y—ozb)2 = (l—a)zr2 is the equation
for C.

2

y2=LJc+Kx2
2
K x2+£x+L— -yt ==
K 4x? 4K

2 2
Kok ) - £
2K

Gl P
12 2 -
W K
If K <-1, the conic is a vertical ellipse. If
K =-1, the conic is a circle. If -1 < K <0, the
conic is a horizontal ellipse. If K = 0. the original
. . 2 . . .
equation is y“ = Lx, so the conic is a horizontal
parabola. If X > 0, the conic is a horizontal
hyperbola.

If-1< K < 0{(a horizontal ellipse) the length of the
latus rectum is (see problem 33, Section 12.2)
2 2
2 _, L1 IL|
a 4|k| |1
2/
From general considerations, the result for a
vertical ellipse is the same as the one just obtained.
For K =-1 (a circle) we have

2 2
(x—f) +y? =£——:>2|—L—I=|L|
2 4 2

If K =0 (a horizontal parabola) we have
y2 = I.r,y2 = 4~§-x;p = % , and the latus rectum
is
L
2Jlp=2 Ly =|L|.

If K >0 (a horizontal hyperbola) we can use the
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result of Problem 34, Section 12.2. The length of
2
the latus rectum is % , which is equal to |L].
a

48. Parabola: horizontal parabola, opens to the right,
p=c-a
y? =4(c-a)(x-a)

Hyperbola: horizontal hyperbola, b =c’-a

):2 y2

2 b2

2

12.5 Concepts Test

1. Ax*+Bxy+Cy? +Dx+Ey+F =0

3. hyperbola

4. rotation; translation

Problem Set 12.5
1. x2+xy+y2=6
cot28=0
w="9=1
2 4
vz 2 2
X=u—-v— —(“ v)
2 2 2
y=u£+v£=£(u+v)
2 2 2

%(u —v)z +%(u —v)(u+v)+%(u +v)2 =6

iu2 +lv2 =6
2

u2 v2
—+—=1
4 12

¥

T T TFT T \T

-5

578 Section 12.5

Now show that y2 (hyperbola) is greater than y2

(parabola).

) 2_ 2

Q_(x )= (7 -a?)

a a

(eralemd) s a)x-a)
a

(et a)x+a) o _oyx-ay> 202D (¢ _gyx-a)
2

(2a)(220) (c-a)x-a)=4(c—-a)x-a)

a
c+a>2aandx+a>2asincec>aandx>a
except at the vertex.

3x2 +10xy+3y* +10=0
cot20=0, 29:%,9:
J2

x=—- (u-v)

2

hud
4

2
=—(u+y
y 2( )

%(u—v)z +5(u—v)(u+v)+%(u+v)2 +10=0

8u? —2v% =10
V2 U2_
5 5
5 4
y
Vv 5_
\\ [~ ,/u
N [— 7
\ 7/
AN — Ve
4
AN -7/
i I O A A A I O B |
-5 //_\\ 35X
7
/ - AN
/7 N
4 - N
7 AN
7 | AN
=5

4x% +xy+4y* =56

cot20=0,20="9="
2774

x:@(u—v)
y=72(u+v)

2(u-v)? +%(u —V)(u + V) +2(u +v)? =56
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u2+v2_

u 16

9
y
5+

\l o u
b~
Z1 L 1%

-5 /__\ 5 X
I~

4. 4xy—3y2 =64

cot280==, r=5

cos20 =

wniw &lw

%(214 —V)(u+2v) —%(u +2v)° =64

u? -4 =64

u? v

64 16

6. 11x2 +96xy+39y” +240x+570y +875=10

c0t29=-—:’—, r=25
24

cos26 = —l
25
1-L
cos@ = | —2 =§
2 5
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sinf =
r—l(3u—4v)
s

y=—;-(4u +3v)
11 2 96 39 2
E(Bu -4v) +E(3u —4v)(4u +3v)+g(4u +3v)” +48(3u-4v)+114(4u+3v)+875=0

75u% ~25v% + 600u +150v+875=0

3u? —v? +24u+6v+35=0

32 +8u+16)- (V2 —6v+9)=-35+48-9
u+4):—(v-3P° =4

w@+4? (-3

4 4

7. —%xz +7er——;-y2 —6x/5x—6\/§y= 0

cot20=020==6=1
277 4

x=—2(u—v)

2
=—(u+
y=— v)
1 2 7 1 2
—Z(u—v) +E(u—v)(u+v)—z(u+v) —6(u-v)-6(u+v)=0
3u? -2 —12u=0

3u? -du+4)-4? =12

4

<
|
—_

‘<u|

’
N\ T T 7T
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3
8. Exz +.1y+%y2 +~/§x+ﬁy= 13

cot280=0,26 =
2

x=—(u-v)

2

0=

A

r
2

2
=—1(u+
y 2(u v)

3
z(u-v)2 +%(u—v)(u+v)+%(u+v)2 +U-v)+@+v)=13
2l +v+2u=13

2(142 +u+l)+v2 =13+l
4 2

2
2(u+l) +v? =-2—Z
2

2
12
(‘”3'12) % ,
4 2

4

N
b—
-

9. 34x?+24xy+41y? +250y = 325

cot26 = —zl,r =25

4
cos 26 = ——7—
25
_.L
cosf =253
2 5
14+-%
sinf = 23 =i
5
x= l(3u—4v)
5

y =§(4u+3v)

% (Gu-4v)? + i—: (Gu - 4v)(du +3v)+ j—;(4u +3v)% +50(4u + 3v) = 325

5012 +25v2 +200u +150v = -325
2u2 +v2 +8u+6v=-13
2l +4u+4)+ (v +6v+9) = —13+8+9

2u+2) +(v+3)’ =4
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(u+2)* +(v+3)2 _
2 4
v M
~ 3 Au
v

~ =

-7

10. 16x% +24xy+9y® —20x-15y-150=0

cot 26 =l. r=25
24

c0520=—7—
2
1+-L
cosf = 2 =i_
2 5
1-L
sind = 25 =§
2 5
1
x=—(4u-3v
5( )
1
y=—5-(3u+4v)

12—65(414 ~3)? +%(4u ~3v)(3u +4v)+%(3u +4v)? —4(4u -3v)=3Cu+4v)-150=0

25u% - 25u-150=0
112 ~-u-6=0

1. 5x2 -3xp+y* +65x—25y+203=0

Col20=—£, r=5
3

cos 26 = -i
5
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—(u- 3v) ——(u 3v)(3u+v)+—(3u+v) +—( —3v )——(3u+v)+203 0

V1o J10

1
2
Jut+ 502 = f10u-22410v+ 203 =0

;(u -2J—u+10) (v —4J10v+40) = -203+5+220
—%—(u-s/ﬁ)z +%(v—2\/1_0')2 =

(=0}’ (r-2410)"

+
44 4

SO I B B
~—
\\

l -
I
I
I’
<
-~

12, 6x% —5xy-6y® +78x+52y+26=0

cot29=—152'-, r=13

c0529=-l—2—
13
1-12 1
c0sf = |—12 = —
2 26
1+12
sinf= |13 =3
2 26
1
x= (u-5v)
J26
1
= Su+v
y \/ﬁ( )

6 2 S5, 6 2,
Eg(u—Sv) ——(u Sv)(5u +v) 26(Su-i»v) J_(u 5v)+J_(5u+v)+26 0

-123 2, 123 v2 +13426u - 13/26v+26 = 0

—u? +v? +2\/%u—2\f2_6v+4=0
—~(u? - 2426u+26)+(v* -2J26v+26) = 4 - 26+26
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~(u- \f—) +(v—- \[_)2=—4
(- (=S

13. x=ucosa-vsina
y=usina+vcosa
(u cos a@—vsin @) cos a+ (u sin a+ v cos a)sin a=d

u(cos2 @ +sin? a)=d

u=d
Thus, the perpendicular distance from the origin is d.

14. x=g(u—v)

=—2(u+v)

172
[—(xz-vil [J?E-(zH»v)] =q'?

1/2
T(u v)+2[ (u— v)(u+v)] +7(u+v)=a

\/Eu +\/§(u2 -y )1/2 =a

\E(u2 —v2)”2 =a-2u

2(142 - vz) =a? - 2J2au+2u?

v2 =2au - %az

The corresponding curve is a parabola with x >0 and y > 0.

15. x=ucos 8—-vsin 8
y=usin 8+ vcos 6

x(cos @)+ y(sinf) = (u cos? 8 —vcosBsin )+ (u sin® @ +vcosfsinf) =u
x(-sin@)+ y(cos @) = (—ucosfsinf + vsin? )+ (ucosfsinf + veos? 6)=v
Thus, u = x cos 8+ y sin fand v=—x sin 8+ y cos €.

5 33

16. u =5co0s60°—3sin60° =E—_

2
v = -5sin 60° - 3cos60"-—-5—\/§—i
2 2
5 3J§ 53 3
(v)=|2-2, -2
2 2 2 2
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17. Rotate to eliminate the xy-term.
x2 +14xy+49y% =100

cot 26?=-ﬁ
7
c05249=—E
25
1-2 ]
cosf = 2 -
2 52
1+44
sinf = 2 =-L
2 542
x —l—(u 7v)
542
I
=—(Tu+v
y 5 JE( )
%(u ~v)? +-;%(u—7v)(7u+v)+:—g-(7u+v)2 =100
50u% =100
ut=2
u= iﬁ
Thus the points closest to the origin in uv-coordinates are (\/5 , 0) and (-J'i , O).
1 1 1 |
X = — \/5 =— 0r xX=—— —\/E = ——
SJE( ) 5 52 ( ) 5
1 7 1 7
(3v3)= L or y = () =1
Y 5\/5( ) 5 ¥ 5\/3( ) 5
. C e . 1 7 1 7
The points closest to the origin in xy-coordinates are -5—5 and —-5—,—5 .

18. x=ucos @-vsin 6
y=usin 8+vcos 8

Ax* = A(ucos6- vsinB)2 = A(u2 cos? @ — 2uvcosBsin 8 +v? sin? 9)

Bxy = B(ucosB —vsin@)(usinf +vcos8) = B(u2 cosOsin@ + uv(cos2 6 —sin? o) - v cos@sin 8)

Cy2 =C(u sin0+vcosm€?)2 = C(u2 sin? 8 + 2uvcos@'sin 6 + v2 cos? 9)

Ax? + Bxy + Cy2 =(A4 cos? @+ Bcos@sin + Csin® t9)u2 +(-2Acosfsinf + B(cos2 6 —sin? 8)+2CcosfsinB)uv
+(A sin2 @ — BcosHsin 6 + C cos? 6’)v2

Thus, a= Acos? 0+ Bcos@sinf+Csin’ 6 and ¢ = Asin® 8 — Bcos@sin@ + Ccos? 6.

a+c= A(cos2 6 +sin? &)+ B(cosfsinf —cossinG) + C(sin2 6 + cos? @)=A4+C

19. From Problem 18 a = Acos? @+ Bcos@sin @+ Csin 6,
b=-2Acosfsinf+ B(cos2 6 —sin’ o)+ 2C‘coso95in 6. and
¢ = Asin® 6 - BcosHsin 8 + C cos® 6.
52 = B2 cos® @ +4(-AB + BC)cos® Osin 0+ 2(24% - B* —44C + 2C?)cos? Osin 0
+4(AB - BC)cosBsin’ 0+ B*sin? 6
4ac = 4AC cos” 6+ 4(—AB + BC)cos’ Osin 8 + 4(A4% — B> + C?)cos? Osin’ 8 + 4(AB — BC)cosfsin® § +44Csin* @
b? - 4ac = (B? -4A4C)cos* 8+ 2(B% —4AC)cos? Osin® 0+ (B? - 44C)sin* 0
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= (B2 — 4A4C)(cos® B)(cos? O +sin? 8) + (B — 44C)(sin® 8)(cos? 6 +sin® )

= (B? —4A4C)cos? @ +sin’ @) = B> —44C

20. By choosing an appropriate angle of rotation, the
second-degree equation can be written in the form

au® +cv? +du +ev+ f =0. From Problem 19,

—4ac=B?—4AC.

a. If B2 -44C =0, then 4ac = 0, so the graph
is a parabola or limiting form.

b. If B2-44C< 0, then 4ac > 0, so the graph
is an ellipse or limiting form.

¢. If B2-44C >0, then 4ac <0, so the graph
is a hyperbola or limiting form.

21. a. From Problem 19, —dac = B* —~4AC =-A or
1_4
ac A

b. From Problem 18, a+c=4 +C.
1 1 a+c_4(4+C)

a ¢ ac A

c. %(A+Ci\/(A—C)2+Bz)

=£[é(l+l)i\//12+2AC+C2+BZ—4AC]
Aldla ¢

=_l.(l+l)13\/(A+C)2-A
2la ¢/ A
2 2
=l[l+l)i£ A_(l+l) _A
2\a ¢) A\16\a ¢
, 2
=1 l+1J¢1 (l+lj _4[1)
2\a ¢) 2¥\a ¢
:l l.(.l)i L+i+_1__4(ij
2\a ¢ @2 ac ¢ ac
2
_1 14); (1_1] _1 1y
2la ¢/ 2¥\a ¢ 2\a ¢ |a c

. . 1 1
The two values of this expression are — and —.
a c

586 Section 12.5

22, Ax*+ Bxy + Cy2 =1 can be transformed to

au?® +cv? =1. Since 4ac=A> 0, the graph is an

ellipse or a limiting form. 1 +l = i(A +C)>0,
a ¢ A

so a > 0 and ¢ > 0. Thus, the graph is an ellipse (or
circle).
The area of au® +cv? =1 is

4 2n

1
===, |— =—F.
Jac A A

23. cot280=0, 6 =-}

x=—22(u—v)
y=§(u+V)

2(u v) +2(u v)(u+v)+2(u+v) 1

2+Bu2+2—BV2=1
2

a. The graph is an ellipse if 2+ 5 >0 and
2—B>0, S0 —2<B<2,

b. The graph is a circle if Z;B =2—;£, 0]
B=0.

¢. The graph is a hyperbola if 2+B >0 and
2_B<O orif 2+B<O and 2_B>0, SO
B<-2o0rB>2.

o

. The graph is two parallel lines if % =0 or

2—;—B=o, so B =42
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24. A=4(25)(1)-8% =36

Sincec<a, l=§(A+C+"(A—C)2+BZ)

(o
'1‘=I]§(25+1+\/242+82)=%(13+4,/10)
c

c=( 9 J[w-m/ﬁ]:]}_”m

13+4v10 | 13-4410
2r _2n_m
JA 6 3

Thus. the distance between the foci is 26 - 8\/5

. X
and the area is —.

12.6 Concepts Review

1. infinitely many

2

2. rcos@;rsinf; r
3. circle; line
4. conic

Problem Set 12.6

Instructor's Resource Manual

25. From Figure 1 it is clear that

v=rsing andu =rcosg.

Also noting that y = rsin(6 + ¢) leads us to
y =rsin(@ +¢) =rsinfcos@+rcosfsin g
=(rcosg)(sin8)+(rsing)(cos6)

=usin@+vcosf

L)

UK el (
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588

x=1cos.1.n=0
2

1
=1lsin—n=1
Yy 1511'171[

0,1

! 2
x=_lCOS—n=__
4 2
1 J2
}’=—151n—n=___
4 2
2
27 2

Section 12.6

V2
2

x= 2cos(_ln]
3

)’=~/§sin[_%n)=_12_6_
e
27 2

x=- 20082n=0
2
.5
y=- 2sm5n=_ﬁ
(07_\/5)
7
x=3\/50055n=0

y=3\/§$in%n=_3\/§

(0.-3v2)
x=—lcosl—5-n=_£2_
4 2
=—lsin1—§n=£
4 2
3 2
-
2 \_2
X == 2cos(_§n)=_2_
. 2 \/g
y=- 251n(—.§n)=7
V2 6
27

x= -2\/50052—29-11= 0

y= —2\/55]'11-22—9“ = _2ﬁ

(0.-242)

r =(3J§)2 +32=36,r=6
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2 e _
b r2=(—2J§) +22=16 r=4 11. x-3y+2 E)
5.—
w0 F 0% :
(4%] '51_1/_I R 5
2 2 2 |
¢ rP=(-2) +(-2) =4 r=2 sF
2 rcos @-3rsin 6+2=0
Ian6=———2,0=5_n I 2
—ﬁ 4 cos@ —-3sind
4 3sinf —cosd
d. r?=0%+07=0,r=0 12, x=0
v
tan =0, 6=0 sk
(0.0) -
10. a. r2=(-i]2+(L 2=B,r=—@ _;' i1 :l 1 145x
NE) 3 3 3 -
5 1 C
me:g‘,0=n+m_l(—§) -SF
ﬁ T
J1o _1( 1) ¢9=E
—=, T+ tan -
V3 3
13. y=-2
2 2 S_y
2 3 BY 6 6
b, rr=s|-—=| +|—| =—.r=— L
2 2 4 2 =
tand % p) 3n L L
= —— = — - -
_B 4 5 N 5
2 =
(\/g 31:J ~
¥ s
24 rsin 8=-2
_ 2
e rP=02+(-2)%=4.r=2 T 5B
ang=-29=3% r=-2csc 8
0 2 » .
. X—y=
%) :
2 st
d. r2=34(4)? =25 r=5 C
4 4 I I T I | 111 1 15
tan9=——,9=tan—l(_3) ’ - 5%
2 (-3)) A
rcos 8—rsin =0
tan =1
="
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15.

16.

17.

18.

19,

20.

590

X +y2=4

(rcosO)2 +(rsin 0)2 =4

4

2

ro |l

r<
r=

x* =4py

b7

1 1

111 [ -
2P P 2 x

(rcos)? =4p(rsinf)
e 4psinf

cos? 6
r=4p sec Gtan &

rcos 8+3=0
x+3=0
x=-3

r-5cos =0
r? —Srcos6=0
x? +y2—5x=0

(xz —5x+—24§)+y2 =E

4
g2
2) 7Y T

Section 12.6

21, rsin6-1=0

y-1=0
y=1

22. r?—6rcosf—4rsinf+9=0

x +y2—6x—4y+9=0

(2 —6x+9)+(p> -4y +4)=-9+9+4
(x-3)+(y-2* =4

23. r=6,circle

25.

26.

10

) S

TTF 13

11111

-5

-5

TT1T 7177

T 1T T T 1

) 1
S

-5

T |
5
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27. r=4sinb

31,
r= 2(2)cos(9 —g) , circle
5'—
1 1 1 IC— Lt 11
5 [ 5
sk
28. r=-4cosfh

r =2(2)cos(6 - n), circle

)
-5 5

29. r

B 1+cosé@
R0C)
1+ (l)cos@

, parabola

)
32. r
f 1 1 % 1 1 111
\_JSE
4

]
]
]
1
1
: 4
[ | 33, r=——
HE 2+2cosf
]
- i =——(l)(2) . parabola
/ ' 1+(M)cos@
4k ' e=1
4 SE
30, r=— i
1+2sin8 E
_ (2X2) - , hyperbola Lyaty E 1 |;
l+2cos(0—5) i
e=2 :
8 |
-5 ,/"’ :D\\\\\ s
2F
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CY . B—
2+2cos(0—§)
r =——ﬂ—, parabola
l+(l)cos(6—§)
e=1

T 1T 171

35, re—————
% +cos(fd - n)
_ 4(2)
1+2cos(8-n)
hyperbola

36, r=———,line

> N s
=

-5

37. By the Law of Cosines,

a?=r*+c?- 2rccos(@ ~a) (see figure below).

592 Section 12.6

38. r=asinf@+bcosl
r2 = arsin@ + brcosf
2 2
x“+y“=ay+bx

xz—b.\:+y2 —ay=0

2 2 2,42
xz—bx+b— + yz—ay+a— =2 o
4 4 4

b 2 a 2 a? +b?
x——| #|ly-=| =
2 2 4

This is an equation of a circle with radius

Va? +b? (b a]
——— and center | —,— |.
2 2

“

39. Recall that the latus rectum is perpendicular to the
axis of the conic through a focus.

r(@o +1‘-) M e

2 l+ecos-’21

Thus the length of the latus rectum is 2ed.

40. a. The point closest to the pole is at 6.
ed _ed
l+ecos(0) l+e

n =n(6y) =

The point furthest from the pole is at 6y + .
r =l‘(90 +7I)='——ed '—"_ed
l+ecosm l-e
b. The length of the major diameter is

ed ed ed-é’d ed+e’d

n+n= + =
"2 7 e e 1-e? 1-¢?
_ 2ed
l—ez‘
2= ed
1-&2
c=ea= e’d
1-é?
2 2
b2=az—c’2=[ ed J _ e’d
-2 1-¢?
_ ezdz(l—ez) _ e2d?
(1-e2)? 1-¢°
b= ed
Vi-¢?
The length of the minor diameter is
l-e
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41. a+c=183,a-c=17

. Let sun lie at the pole and the axis of the parabola

2a=200,a=100 lie on the pole so that the parabola opens to the
2c=166,c=83 left. Then the path is described by the equation
e=<-083 r=—9  Substitute (100, 120°) into the
a 1+cosé
equation and solve for d.
42. a=188_gp9, -4
1+ cos120°
c=ea=(0.0167)92.9 =1.55143 d=50
Perihelion = a — ¢ = 91.3 million miles The closest distance occurs when 6 =0°.
=—3% __ 35 million miles
1+cos0°
44, a. 4= d 3eeo——
l+cos(§—00) 1+cos( 90)
4+4(cos§cos¢90 +sin§sin90) =d 3+3(coszcos¢90 +sin—;£sin 60) =d
d =4+4sin6, d= 3+%cos€0 +¥sm6’o
V2 V2

4+4sinf = 3+—cos¢90 +—2—sm00
%cos()o +(¥—4Jsin80 -1=0

Bﬁcoseo +(3\/5—8)sin00 -2=0
4.24cos6y-3.76sinfy -2=0

b. A graph shows that a root lies near 0.5. Using Newton’s Method, 8, =~ 0.485.
c¢. d=4+4sinf) = 5.86
d d
The closest the sun gets is r =—————=—=2,93 AU
l+cos(Gp —6p) 2
4e ) e=0.5
45. x=———co0s{,y=——sIn!
1+ ecost 1+ecost
e=0.1 1
-3 -2 -1 1
-1
0.2 -
\“/ e=09
7.5
2.5
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$ =30 -25 -20 ~15 -10 -5
-2.5

-7.5
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-50 0 100
4]

12.7 Concepts Review
1. limagon
2. cardioid
3. rose; odd; even
4. spiral
Problem Set 12.7

2

. 92-Z =0
16
4

Changing 8 - -6 or r —> —ryields an

equivalent set of equations. Therefore all 3 tests

are passed.
5

sk

594 Section 12.7

2.

n
-3)|6--1|=0
¢-3(0-%)
r=3or@=1
4

6 = 6, defines a linc through the pole. Since a

line forms an angle of x radians, changing

6 — 7 + 6 results in an equivalent set of

equations, thus passing test 3. The other two

tests fail so the graph has only origin symmetry.
5

-5k
rsin 8+4=0
4
r=-——/:/
sinf

Since sin(-6) = —-sin8 , test 2 is passed. The
other two tests fail so the graph has only y-axis

symmetry.
s

rrvriil

T T W T T
-5 b

-5k
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. r=—4secéf

4
cosd
Since cos(—6) = cos @, the graph is symmetric

about the x-axis. The other symmetry tests fail.
]

LIRS

T I T O T T
5

T TTT

-5

. r=2cos 8

Since cos(-8) = cos @, the graph is symmetric
about the x-axis. The other symmetry tests fail.

-

=2

. r=4sin @

Since sin(—@) = —sin @ . the graph is symmetric
about the y-axis. The other symmetry tests fail.

5—
-5 | s
sk
2
r=
l1-cos@

Since cos(-8) = cosé , the graph is symmetric
about the x-axis. The other symmetry tests fail.

-5 5

5
=5
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10.

11,

4
r=
1+siné
Since sin(r —8) =sin@ , the graph is symmetric
about the y-axis. The other symmetry tests fail.

10

111 [\ P 1t

=10 N 10
-10

r=3 -3 cos @(cardioid)
Since cos{(-6) = cos#, the graph is symmetric
about the x-axis. The other symmetry tests fail.

r=>5-15 sin @(cardioid)

Since sin(z — ) =siné , the graph is symmetric

about the y-axis. The other symmetry tests fail.
6

14+

r=1-1sin @(cardioid)
Since sin(x — @) =siné , the graph is symmetric
about the y-axis. The other symmetry tests fail.

1

NN

3
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13.

14.

15.

596

r=+/2 -J2sin6 (cardioid)
Since sin(sr — &) =sind . the graph is symmetric
about the y-axis. The other symmetry tests fail.

r=1-2 sin g (limagon)
Since sin(xr — @) =sind , the graph is symmetric
about the y-axis. The other symmetry tests fail.

r=4 -3 cos 8 (limagon)
Since cos(—#) = cos# , the graph is symmetric
about the x-axis. The other symmetry tests fail.

r=2 -3 sin @ (limagon)
Since sin(sr — @) =sin@ , the graph is symmetric
about the y-axis. The other symmetry tests fail.

Section 12.7

16.

17.

18.

19.

r=5-3 cos 8 (limagon)
Since cos(-8) = cos@ , the graph is symmetric
about the x-axis. The other symmetry tests fail.

10

T |\I_'_Ijl T

r? =4c0s20 (lemniscate)

r =12/cos26

Since cos(—268) = cos 26 and
cos(2(r — 8)) = cos(27 — 26) = cos(—28) = cos 26
the graph is symmetric about both axes and the
origin.

=3

r? =9sin 26 (lemniscate)
r= i3‘fsin(29)
Since sin(2(x +0)) = sin(27 + 20) =sin 20 . the

graph is symmetric about the origin. The other
symmetry tests fail.

r? = —9cos26 (lemniscate)
r=43J-cos20

Since cos(—28) = cos 26 and
cos(2(m - 8)) = cos(2x — 268) = cos(—-28) = cos 26
the graph is symmetric about both axes and the
origin.

T T . 7. I O I I
-5 5
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20. r?=-16cos26 (Jemniscate)

21.

22,

23.

r=14yJ-cos20
Since cos{—28) = cos 26 and
cos(2(7 - 6)) = cos(27 - 26) = cos(—28) = cos 20
the graph is symmetric about both axes and the
origin.

st

| ) 11] 1
-5 5

-5

r =5co0s 38 (three-leaved rose)

Since cos(-38) = cos(36), the graph is
symmetric about the x-axis. The other symmetry
tests fail.

r =3sin3@ (three-leaved rose)

Since sin(-38) = —sin(36), the graph is
symmetric about the y-axis. The other symmetry
tests fail.

r =6sin28 (four-leaved rose)
Since
sin(2(7 - 0)) = sin(27 - 26)
= sin(-26) = -sin(26)
and sin(-26) = —sin(280) , the graph is symmetric
about both axes and the origin.
s

) (|
-5
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24,

25.

26.

27,

r =4co0s28 (four-leaved rose)

Since cos(-268) = cos 26 and

cos(2(rr — 8)) = cos(2r - 20) = cos(—26) = cos 20
the graph is symmetric about both axes and the
origin.

r=7cos58 (five-leaved rose)
Since cos(—56) = cos 58, the graph is symmetric
about the x-axis. The other symmetry tests fail.

-10

r =3sin56 (five-leaved rose)

Since sin(-58) = —sin 5@, the graph is
symmetric about the y-axis. The other symmetry
tests fail.

r= %9, € >0 (spiral of Archimedes)

No symmetry. All three tests fail.
5

-5
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28.

29.

30.

31.

32,

598

r=260.02>0 (spiral of Archimedes)

No symmetry. All three tests fail.
20}

L
_oF /
r=¢?. 620 (logarithmic spiral)
No symmetry. All three tests fail.
20

> W
-10 160

-180

r=¢%2.620 (logarithmic spiral)

No symmetry. All three tests fail.
30

re %,9 >0 (reciprocal spiral)

No symmetry. All three tests fail.

r= —5‘9 >0 (reciprocal spiral)

No symmetry. All three tests fail.

Section 12.7

33. r=6, r=4+4cosf

6=4+4dcosO

cosfd =—

o | —

34, r=1-cos@, r=1+cos@

P

-5

T T 11

1-cosf =1+cosé

cosf =0
p=" 92"
2 2

[3)(3)

(0, 0) is also a solution since both graphs include
the pole.

35. r=3J3cosB,r=3sin6
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3J§c059=35in9 38, r? =4c0529,r=2\/§sin9

tanf =3
9=-C9=21
373

33 1) (343 4n
2 '3) | 2 '3

(0, 0) is also a solution since both graphs include

the pole.
2
36. r=5Sr= 5 4c0526=(2\/§sm0)
1-2cosé .2 -2
" 4-8sin“ 8 =8sin“ 60
sin® 6 =l:>sin9 =~_Pl
4 2
W 9="0=2 -1 o111
-0 6 6 6 6
(#3H2)
-10 6 6
5 (2.5)-(~2
= 6 6
1-2cosd (0, 0) is also a solution since both graphs includes
cosf =0 the pole.
1o (363 1
2 2 ) 2' 39. Consider r =cos—8.
Note that » = -5 is equivalent to r = 3. 2
s
1-2cosé
cosf =1
8=0; (-5,0)
37. r=6sinf,r= —6-—
1+2siné -
8 The graph is clearly symmetric with respect to
the y-axis.
Substitute (r, 6) by (-r, -6).
-r= cos(—lf)J = coslo
2 2
i !
=-cos—0
2 2
Substitute (r, by (r, 7 - 6)
. 6
65“‘9=m r=cos%(n—9)=cos%ncos%&i—sin%nsinle
12sin? §+6sinf -6 =0 —snls
6(2sinf-1)(sinf+1)=0 2
1
smB—— sinf = -1 r=sin—6
2 2
6=-26=2"10 3
6 6
3,-7E , 3,25) —E or (6,E
6 6 T2 2
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40. Consider the following figure. IPFI _ \/(a —rcos 9)2 +(rsin 9)2

= \/r2 +a? =2arcos@
/ A |PF'| = {(a+rcos8)? +(rsin6)?
b/ /\@ =\/r2+a2+2arcost9
oud
/ |PF||PF| = \(r? +a*)? - 4aF? cos? 6 = a2
F (r4 +2a%r? +a4)—4a2r cos’ 6 = a*
r-4a®r? cos? 0 +2a%r2 = 0
r=2%__ r2(r? -2a*(2cos? 6-1)) =0
rcog(;s—ga—bcose r2—202(2c0529—1)=0
x=a-bcosd r? = 2a%(1+cos20-1)
xr = ar-brcos@ r? =2a% cos 260
(x—a)yr=—-bx This is the equation of a lemniscate.
(x—a)zr2 =bx? . .
5, 3 2) p2,2 42, Consider the following figure,
(x-a)y' (x“+y°)=>bx
ta+h)
Then tang = 2 — L‘“‘e.
BA 2acos@-rsinf
sinf rcosé

cos@ 2acos@-rsinf

‘ -
\ )
H \ . .2 2
R 2asin@cosf —rsin“ @ =rcos° 0
) §
; H rcos? @+ rsin® 6 = 2asinH cos
29 3 r=asin260
@n| ',' (a+b) This is a polar equation for a four-leaved rose.
11
1 43. a. y=45
rsin =45
11 y 45
r=-—
sinf
. b. x*+ y2 =36
F Aot F
9y - r? =36
(-a,0) (a.0) r=6
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C.

C.

.7c2—y2 =1
r2cost@-risin?0=1
5 |

r =
cos 26
r=% !
Jcos26
4xy=1
4r? cosOsin@ =1
r2 = ——l
2sin 28
r= i——l
V2sin 268
y=3x+2

rsin @=3rcos 8+2
r(sin 8-3 cos =2
2
r=—————
sin@-3cosé

3x° +4y=2
3r2 cos? @ +4rsinf =2
(3cos? @)r? +(4sinf)r-2=0

e —fisinei-\[IGSin2 0 +24cos2 8
6cos? @
_ —Zsinﬂi\/4sin2 8 +6cos> 8

- 3cos”

X2 +2x+y* —4y-25=0
r2 +2rcos@ —4rsin6-25=0
r +(2cosf —4sin)r-25=0

—2cos€+4sin6i\/(2c056—4sin9)2+100

2

r= —cosG+2sin9i\/(70056—25in0)2 +25

VIII
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46.

47,

48,

49.

50.

Fom

I

I

VI

v

-2
-3

The graph of r =1+sin(6—§) is the

rotation of the graph of =1 + sin 6 by —;E
counter-clockwise about the pole. The graph

of r =1+sin (9 +§) is the rotation of the

graph of r =1 +sin by % clockwise about

the pole.
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d.

r=1-sinf=1+sin(- 7)

The graph of r = 1 + sin 8is the rotation of
the graph of r=1 —sin by 7 about the
pole.

r=1+cosf = l+sin(0+§)
The graph of r = | + sin @ is the rotation of
the graph of r = 1 + cos A by g counter-

clockwise about the pole.

The graph of r = f{6) is the rotation of the
graph of r = f{6- a) by a clockwise about
the pole.

The graph for ¢= 0 is the graph for ¢ = 0
rotated by ¢ counterclockwise about the
pole.

As n increases, the number of “leaves”
increases.

If |a| >8], the graph will not pass through
the pole and will not “loop.” If |b] <|a|, the

graph will pass through the pole and will
have 2n “loops” (n small “loops™ and n large

“loops™). If |a| = |b], the graph passes

12.8 Concepts Review

1.

2.

lr26

2

1 (8 2
s LU®Yds

Problem Set 12.8

1. r=a,a>0

602

s
N

1

A =5 2nazde = na®

Section 12.8

through the pole and will have n “‘loops.” If
ab#0,n>1,andg =0, the graph will be

symmetric about 8 = EIc, where k=0,n-1.
n

52. The number of loops is 2n.

53. The spiral will unwind clockwise for ¢ < 0. The
spiral will unwind counter-clockwise for ¢ > 0.

54, Thisisforc=4r.

N
%

The spiral will wind in the counter-clockwise

direction.
55. a. III

b. IV

c. 1

d. I

e. VI

f. V

2
3. %Ln(2+2cosa)zd0

4. f16=0

2. r=2acos8,a>0
2

A
—a_\_/la

A =% E‘ (2acos8)2d8 = 24° _[;‘cos2 646

b9
=q? E(l+cos?.0)d9 =a® [0+%sin 20] = na?
0
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3. r=2+cos @
5-

(AW
JS

-5

5+
A=t ™ (2+cos0)2do .
_5'[’ (2+cos8)

N - -

ﬁn(4+4c056+cosz 0)dé

2n[4+4c056+%(l +c0520)]d0

( +4c0s0+— ; cosza)dﬁ

1T9 2n
=—[—9+4sin9+—sin29] =
212

1
b9
4 0

[SERY-]

4, r=5+4cos @

1 (2n 2
_EL (5+4cosf)"db

%L [ —l85m9+ (I cosZG)P

(——lSsmG —Ecosw]dt?

I -

)

2n
2—0+18c056—gsm78 =£7t
2 4 o 2

N | -

_1 27 B 2
’EL (3+3sin8)* d6

2
=%Ln(9+185in0+9sin20)d0

1 LG[9+ lSsin0+2(l—c0529)]d9

l (£+185m0——c0520)d9
2 2

2n
1 —2—7-9—18c056’—2sin29]
2| 2 4 o

27
=—n

7. r=a(l +cos 6

=% ‘[)27:(25+400056+16c052 8)do 2a
=?12- LG[25+40cos9+8(l+cos 260))do | 1 |
=—;-ﬁn(33+40c056+8c0320)d6 - *
= %[330+40sin9+4sin 20)3" =330 2a

5. r=3-3sin8

3™

-

-8

_] 21 . 2
_E'[) (3-3sin8)°do

1 g2n . .2
'EL (9 —18sin 8 +9sin’ 6)d6

Instructor's Resource Manual

- % LG[a(l +cos8)2do

2
_a° n 2
_-Z_L (1+2cosf+cos” 8)do
2
=-a—ﬁn[l+2c050+l(1+00529)]d9
2 2

2
N 2“(%+20059+%c0526)d€

2
2332

2
=92 g42sin0+tsin20| =3
2|2 4

o 2

Section 12.8
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8. r2=6cos26

wn
wn
UL
w

5

1 /4 /4
A_z-Efm 6c0526d9-6fn/4 cos20d6

=3sin20]" /4, =6

9. r? =9sin20

I w2 . 12 .
A‘z'if 9sm20d0—9£{ sin260d6

= %[—cos29]3/2 =9

10. r? =acos26

2Jal
) 2Ja

-2Jal-

1 m/i4 14
A—2-—2-£;/4 acosZQdB-aan cos20d6

= %[sin 29]’_‘,’1‘;4 =a

11. r=3-4sin 8

2+

_8_
. .13
3-4sin 8=0, 8 =sin Z

604 Section 12.8

oz
A=2 Egn"éa 4sin8)°do
= E:i3(9—24sin0+l6sin20)d0

1
= [*'2 .19 - 245in 0 +8(1 - cos 20)]d6
- L'i‘n"%

/2 .

= En_,%(l7—24sm9—800520)d0

=[176 +24cos8 - 4sin 20]*'2,
sin 3

= (170 +24cosf - 8sinfcos O]’ |
simn

2 et 1)

N
2

=—lh—l7sin'lz—
4

<

12. r=2-4cosb
5

2 -4 cos §=0, 9=-;£
1 /3 2
=2.- 2_
A=2 2];' (2-4cosb) do
/3 2
= Lﬂ (4-16cos@+16cos” 6)do

= g/3[4 —16c0s 6 +8(1 +c0s 28))d6

= E"3(12—16cos9+8cos20)d0

/3

=[126-16sin + 4sin 20]0

=4n-63

13. r=2-3cos @

2-3cos 8=0. B =cos”!

W
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1 16. r=2sin30

o lr _ 2
A=2 2[:)5_1%(2 3c0s0)2d6

= E)s_,z (4-12cos8 +9cos> 0)do

3

= f _,2[4—120059+—9-(1+cos26’):|d0
0S 3 2

=f _12(£—12c050+2c0520)d9
os™'2{ 2 2
ki

=|:-1—79—125in0+25in20] _3 1 /3 . 2 13 . 4

2 2 s =3 [T sin30) d0=6[""sin> 3046

n /3

=[E€-125in0+2sin9cost9] —35 (1-cos66)d6

2 2 cos™!

1 n/3
=3[9——sin69] =
6 0

_lrn (17 2 (V5,95 (g)
RS Y&
1

27 1 2n
n_ 17 12 47 17. =3 10046 - [ 7496 = 51

18. r=3sinf,r=1+sind
14, r=3cos 28 rEssimes s

¥
T

2Fr
1 /4 /4 Solve for the 8 -coordinate of the first
A=2 [ 3cos267d6 =9 " cos? 20 d6 intersection point,

3sin@ =1+siné

n/4 1
=9 —(1+cos46)de
‘E 2( ) sin6=—;-
n/4
Yo+ Linao] -2 )ot
21 4 o 8 i
P emt2 . 9 .2
l . = == _
5. r=4cos36 A 21:/5[(35‘"0) (1+sin6)?)d6
5 /2
= E/6(85in20—25in9—1)d9
/2
L1y \ = (3-4cos20-2sinf)do
I S L:G
=[36-2sin20+2cosf)%/2 = n
-5 19. r=2, r? =8co0s20

_ .l 16 2 _ /6 2
A=6 2[;‘ (4c0s36) d9_48_[;‘ cos236d0

/6 1 n/6
=24‘[;I (1+cos66)d0 = 24| 8 +—sin 66 =4n
6 0
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Solve for the 8 -coordinate of the first Solve for the 6 -coordinate of the intersection

intersection point. point.
4 =8cos268 3+3cosf =3+3siné
tan@ =1
cos26’=l x
29:2 1 /4
3 A=5£‘ [(3+3cos)? — (3 +35in6)21d6
n .
6=—
/
6 =%K 4(]8cos€+9cosz9—185in6?—95i1120)d9
A=4-% ' (8cos 26— 4)d6

l/
1 g 4(18c050—1851n9+9cos20)d0
= 2[4sin 20 - 40186 2

1 9 n/4
W =-—[185in¢9+18cos€+—sin26]
3 2 2 0
27
20. r=3-6sinf =9\[—_T
10
22. r=2+2sin0,r=2+2cos@
-10 10
-10
Let 4, be the area inside the large loop and let L
A, be the area inside the small loop. )
1 /6 < 2 _1 o2 2
A4 =2-~2— fﬂ12(3-6sm0) deo A= 3 J:‘/z[(2+231n0) (2+2cos8)°1d0
/
= f 8 (9-36sin8+36sin’ 6)dd =l£‘ (8sin @ +4sin? 8 —8cos @ — 4cos? 8)d6
n/2 2 /2
16 R
= [0 ,(27-365in6 -18cos 26)d8 - =% [}, 8sin6~8cos6 - 4cos 26)d6
. 27V3
=[276+36c0s6 ~9sin26]" ], =181+ =%[_gcosg_gsing_zsinzgl:lz -8
1 /2 NP )
Az:z';fm(-”‘“mg) do 23. a.  f(6)=2cosh, f'(6) =-2sin8
_ : n/2 _ 2743 - (2cosB)cos@+(—2sinf)sin
=[270+36cos8 —9sin 28] =9n~ 5 m Z(2c030)sin B+ (—2sinB)cosd
A=A1—A2=91t+27\/§ _2c0526—25in20_ cos 20
—4cosfsing —sin 26
21. r=3+3cos@,r =3+3sind 1 ,
X om=—Z o
10 At 8= 3" S5

o
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b. f(8)=1+sind, f'(8)=cosd
(1+sin@)cosé +(cosf)sin &
B —(1+sin@)sinf +(cosf)cosd
_ cos@+2sinfcosf  cosf+sin 28
" cos?@-sin*0-sing cos20-sinf

AtO=Zm= {2 =-1
: m=t—ie=-l.
2 2

c.  f(8)=sin28, f'(6)=2cos28
. (sin28)cos 8 +(2cos 26)sind
—(sin28)sin@+(2cos268)cos8

d. f(@)=4-3cosh, f'(f)=3sinb
. (4-3cosB)cos@+(3sinf)sinb
—(4-3cos8)sinf+(3sinf)cosf

_ 4cos@ -3cos’ 6 +3sin’ O
"~ —4sin@+6sinfHcosd

_ 4cosf-3cos20
 —4sinf+3sin20

At9=§,
IR
TR

24. f(@)=a(l+cosB). f'(@)=-~asinb

a(l+cosB)cosf+(-asinB)sinf
—a(l+cos#)sinf +(—asinf)cosd

_ cos@ +cos2 H—sin’ @ _ 2cos? @ +cosf -1

" —sin@-2sinHcosb _—sin9(1+2c056)

2
26. Recall from Chapter 6 that L = J:’ (%) +(dt

x=rcosf = f(H)cosh, y=rsinf = f(f)sind

dx
de

— =f’(9)c056—f(0)sin0,%=f’(9)sin6+f(9)c059

a. m=0when 2cos’ @ +cos@—1=0
(2cos@ —1)(cos@+1) =0.

cosd =%,c050 =-1

0=£,—§,9=n:when

f=mn f(8)=0, so @=n is the tangent line.

(3_“.2),(3_",_2}(0_‘@
23002773

b. m is undefined when sin@(1+2cos@)=0.

25, f(8)=1-2sinb, () =-2cosb

_ (1=2sinf)cosf+(-2cosf)sin @
—(1-2sin@)sin@ +(-2cosB)cos b
_ cosf —4sinBcosf
—sin@+2sin’ 0 -2cos® 8
cos(l -4sind)
—sin@+2sin® 8 -2cos’
m=0whencos 8(1 -4sin & =0
cos@=0,1-4sin6 =0

9=5,9=3—“.9=sin“(l)=o.25,
2 2 4

0=n-sin”! (l) ~2.89
4

2
J dr for x and y functions of randa < ¢ < b.

L= [f \/(7'(6) cosd - f(8)sin6)? +(f'(8)sin B+ f(B)cos8)? db

= {f \/[ F(O)) (sin? 8 +cos? 6) +[ f(O)] (sin? §+cos? 8)d6 = _[fJ[ SOF +[r©7 do

Instructor’'s Resource Manual
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27.

28.

29,

30.

608

f(6) = a(l+cosb), f'(6) =-asind

2 2

L= ﬁ” [a(l+cosB)] +[~asinf)’ d6 =aL2ux/2+2cos‘9a'6’ =2a(" ’1+czos¢9d6 ~2a "

= Za[gcosgdG— ﬁncosgdo] =20[[2sin2]
2 g 2 2

fO)=" 110 =2

cosg de
2

2
—[ZSing] ]= 8a
2 T

2
_prloeng |1 en _Pr 58, 21VS g12 ., _ 0/2 _
L-L J[e ] +|:Ee ] dO—L J;e dO-L ~-¢"%do _[J' ] =/5(e" -1)=49.51

If n is even, there are 2n leaves.

_ 1 @m/2n 2 _ 2 12n
A= an fmn (acosn@)“dO =na fﬂ/zn

. n/2n
= na? [10+sm2n6j| =la2n
2 4n _n/2n 2

If n is odd, there are n leaves.

2
/
A=n-%f (acosm9)d49=T 2n

r=sec@—-2cosf

2=

(XY=

o o - ———

=2}
Solve for the 8 -coordinate when r =0.
sec@-2cos8=0

cos2 6 =l
2

cosf = +—
i

g=tT 43"
4’ 4

Notice that the loop is produced for —% <6<z,

4
A= 3 fnm(sec() 2co0s8)°do

=L (sec? 8- 4+ 4cos’ 6)d8
2 J>-n/4

- % ["* (sec?0-2+2c0526)d8

Section 12.8

. cos? nfdo

na* [l sin 2n8 ]"/2" 1 5
2

/2n 1+cos2né

cos? nfdo = na? f ———df

=i2n 2

g+
2 4n

=—aTmn
-n/2n

n/4

= —[tan9 26 +sin 26]

31. a. Sketch the graph.

Solve for the 8 -coordinate of the intersection.
2asin@ =2bcos@

tand = L
a
(2
a
Let 6y = tan”! (éj .
a

n/2
A =% f" (2asin6)2d9+%g/ (2bcos@)?do

=24? ﬁo sin? 046 +2b* Elzcosz 0deo
()
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33. The edge of the pond is described by the equation r = 2acos8 .

By E"(l—cos26)d9+b2 j;" 2 (14cos26)d6
0

. o . n/2
___az[g_smw] bz[ sm29]

2 2 g,
= a%6, +b2(——60)
—a26 +b2(——6' ) a +b2)sm00cos(90

- (]2 S m (4))-e.

a
Note that since tan§ = — cosB—

Va? +b?

sin 26,

b
\/az+b2.

Let m; be the slope of r = 2asiné.

and sin@ =

_ 2asinfcosf +2acosfsin g
—2asin@sin8 +2acosfcos
2sinfcosé

cos? @-sin? @

At thm'l(éj,ml =—22£2.
a a®-b

At =0 (the pole), m; =0.
Let m, be the slope of r =2bcosé .

2bcosfcosB - 2bsinfsinf
—2bcosfsinf - 2bsinf cos§
_ cos? @-sin’
"~ —2sinfcosh

At 6 =tan™! (2),7112 =-
a

my =

a® —b?

At @ =§ (the pole), m; is undefined.

Therefore the two circles intersect at right
angles.

32. The area swept from time fy to f; is

(1) 1 2
E( o e
By the Fundamental Theorem of Calculus,
4 _1 ,do
d 2 at
dA

So —= LS where k is the constant angular
dt 2m

momentum.

Therefore, a4 isaconstantso 4= * (h-19).
dt 2m

Equal areas will be swept out in equal time.

Solve for intersection points of the circles r = ak and r = 2acos8 .
ak = 2acos8

cos@ =£,9 =cos'l(£)
2 2

Let A4 be the grazing area.
=—n(ka) +2- lﬁ_,( )[(ka) ~(2acos8)?)d6 = k2a21t+a2£:_,( )(k2 —4cos’ 0)d6

= Ek2a2n+a2 [k29 -26- 25in00059]

—kza"t+a2 f

n/2
cos(3)

1

2
“kiatn+a? 1‘—1’:-—7t-k2cos'l 5 +2cos'1(£
2 2 2 2

2
=a® |:(k2 —Dr+(2-k%)cos™! (%)-{-uz—i}
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(k2 —2)—2c0s28)d6 = k2a21t+a [(k2 ~2)0—sin 29]

&

/2
COS '(%)
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34.

3s.

36.

37.

|PT|=ka-¢a; ¢ goes from O to k.
1 o 5 i 1 T
4= [ (ha-ga)*dg=—| - (ka¢a
> ( ¢)¢2[30( ¢)]0
=la2k3
6
The grazing area is

2 3
Y rka)? +24 = 2 ™K.
2 2 3

The untethered goat has a grazing area of na?.

From Problem 34, the tethered goat has a grazing

2 3
area of a? {lkz—-+k—J .

3
2 3
aal =gl LK
2 3
K3
n=—t—
2 3

263 +3mk* —6n=0

Using a numerical method or graphing calculator,
k = 1.26. The length of the rope is approximately
1.26a.

f(@)=2+cosd, f'(8)=-sinb

L=2 E\/[2+cos9]2 +[-sin6]* d@
=2['J5+4cos6d6 =~ 13.36
f(8)=2+4cosh, f'(0)=—4sind
L=2f J[2+4cos6]? +[~4sin6]” a6

=4£‘ J5+4cosfdb =~ 26.73

A= 3-% EI3(4sin30)2d0 = 24_Clssin2 1946
= IZE/3 (1-cos68)do

. nl/3
=1z[0—s‘"6‘9] =4n
6 Jo

f(8)=4sin30, f'(6)=12cos36
L=3 K’ * Jasin36)? + (12cos36) 46

12.9 Chapter Review

Concepts Test

1.

610

False: Ifa =0, the graph is a line.

Section 12.9

38.

39,

2. True:

/
=3[ 3 J16sin? 36 + 144 cos? 30 d6

/
=2ff 3 1+8c0s2 36 d6 = 26.73

A= 4-% ["*8cos2040 = 24sin 2615'* = 8
—8sin 260

J8cos 20

.2
L= 45”\/8c0529+ 8sin” 20 de

cos 268
/4 8
=4 J de
J:; cos26

14 1
=82
'g Jcos 20

f(6)=+8cos26, f'(8) =

df ~14.83

r=4sin(§2£),030 <4r

—asinl 28\ o = £
f(0)—4sm( 5 ),f )= 6cos( 3 )
2 2
L= En\/[%in(ﬁ]] +[6cos(£):| deé
2 2
= J:" \/I6sin2 (g) +36cos? (2] de
2 2

- f:" 16+ 20cos2 (?) 46 ~ 63.46

The defining condition of a parabola is
|PF| =|PL|. Since the axis of a parabola

is perpendicular to the directrix and the
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3.

10.

11.

12.

13.

14.

15.

False:

True:

True:

True:

True:

False:

False:

True:

True:

False:

False:

True:

True:

distance from the vertex to the directrix
is equal to the distance to the focus, the
vertex is midway between the focus and
the directrix.

The defining condition of an cllipse is
|PF| = e|PL| where 0 <e < 1. Hence the

distance from the vertex to a directrix is
a greater than the distance to a focus.

See Problem 33 in Section 12.1.

The asymptotes for both hyperbolas are
y=i£x.
a

2R .
C= L \Ez sin? r+b% cos? t dr;

2
2nb= Ln\/bz sin® 1 +b* cos? 1 dt

2n .
<C<L \/;251n21+azcosztdt=2na

As e approaches 0, the cllipse becomes
more circular.

The equation can be rewritten as

2 2
LI XG_ =1 which is a vertical ellipse

4
with foci on the y-axis.

The equation X2 - y2 =0 represents the
two lines y =+x.

(y? —4x+1)* =0 implies

y2 —4x+1=0 which is an equation for
a parabola.

If k> 0, the equation is a horizontal
hyperbola; if k <0, the equation is a
vertical hyperbola.

If k <0, there is no graph.

If b > a, the distance is 2Wh? -a?.

2
Ify=0, % = -2 which is not possible.

Since light from one focus reflects to the
other focus, light emanating from a
point between a focus and the nearest
vertex will reflect beyond the other
focus.
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16.

17.

18.

19,

20.

21.

22,

23,

24,

25.

True:

True:

True:

True:

False:

False:

True:

False:

False:

True:

This is the set of points equidistant from
the point (0, 0) and the line x = 4. (Sce
Problem 38 of Section 12.1)

. 2d0 .
Since angular momentum mr o is
1

do .
assumed to be constant, 7 is greatest
!

at the vertex nearest the sun.

a=§=4.c‘=z=l,
2 2

b=16-1=4/15. The length of the
minor diameter is 2b = 60 .

The equation is equivalent to

(++5) o(>+3) -5
x+—| +|y+—| ==F+—+—.

2 2 4 4
Thus, the graph is a circle if

-F+—+—>0, apointif
4 4

2 2
—F+£4—+DT =0, or the empty set if

2 2
—F2+£—+D—<O.
4 4

The equation is equivalent to

2 2 2 2
2[x+%) +(y+§] = —F+C—+D—.

g8 4
Thus, the graph can be a point if
2 2
-F+—+—=0.
8 4

The limiting forms of two parallel lines
and the empty set cannot be formed in
such a manner.

By definition, these curves are conic
sections, which can be expressed by an
equation of the form

Ax> +Cy? + Dx+ Ex+ F = 0.

For example, xy = 1 is a hyperbola with
coordinates only in the first and third
quadrants.

For example, the graph of
x2 +3xy+ y2 =1 is a hyperbola that
passes through the four points.

The graph of r = 4 cos @is a circle of
radius 2 centered at (2, 0). The graph
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26.

27.

28.

30.

r= 4005(0 —g] is the graph of

r =4 cos 8 rotated g

counter-clockwise about the pole.

True:  (r, 6) can be expressed as (r. 8+ 27 n)

for any integer n.

False: For example, if f(6)=cos@ and

g(#) =sin@ , solving the two equations
simultaneously does not give the pole

(which is (o. lz‘-J for f(6) and (0. 0)

for g(8)).

True:  Since fis odd {—6) = —f(8). Thus, if we

replace (r, ) by (-r, —6). the equation —r

=f-6) is —r=—f(O) or r =f6).
Therefore, the graph is symmetric about
the y-axis.

. True:  Since f is even fl—6) = f(6). Thus, if we

replace (r, 6) by (r, —6). the equation
r=fl-0) is r = f{ ). Therefore, the graph
is symmetric about the x-axis.

True:  The graph has 3 leaves and the area is

exactly one quarter of the circle r=4.
(See Problem 15 of Section 12.8.)

Sample Test Problems

1.

612

Q.

x* -4y2 =0y =t§
(5) Two intersecting lines

2 2
X oay? =001 2—-—2 =i
0.01  0.0025

(9) A hyperbola

x?-4=0x=42
(4) Two parallel lines

x? ~-4x+4=0;x=2
(3) A single line

x2 +4y? =0:(0.0)
(2) A single point

Section 12.9

. 9x +4y% —36=O;%+—=

f. x? +4y2 =x;x2

_1)?
(x-3) +ﬁ=l

1 1
4 16

(8) An ellipse

1 2 1
—X+—+4y° =—;
477 Ty

1

2 1 2
+x+—+4y° =—;
4 Y 4

g. x? -&-4)/2 =-xX:x

2
(“l%) +yT=1

4 16
(8) An ellipse

~

h, x2+4y?=-1
(1) No graph

i (P +dy-12=0:x>+4y-1=0
(7) A parabola

je 3x2+4y2 =—xz+l;x2+y2 =%

(6) A circle

. y2 —6)c=0;y2 =6x;y2 =4(%)x

Horizontal parabola; opens to the right; p =%

Focus is at (%, O) and vertex is at (0, 0).

y
5

111 ¢ F19 1 14
-5 5%

-5
2 2
Y 1
9
Vertical ellipse;a=3,b=2, ¢ =5

Foci are at (0, +5 ) and vertices are at (0, £3).

y
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2 52 Foci are at (24, 0) and vertices are at (=5, 0).
4. 25x2-36y2+900=0;2— -2 =1 (5, 0)
25 36 10

Vertical hyperbola;a=5,5=6, c= \/a

Foci are at (0, + \/—6_1) and vertices are at (0, £5). =
] -10 6 B 9 10%

-10

TT T 712

8- 9X2 +9y2 —225 = O‘ ;(2 +y2 -_-25
Circle; r=5

5. x?+9y=0:x> =9y x° =—4(—3—)y

-10
Vertical parabola; opens downward; p = %
9
Focus at | 0, 2 and vertex at (0, 0). ~10
y
’r o po_ 5 _ (3)o
- 2+2sin68 1+(l)cos(0—§)
B e = 1; parabola
-5 N 5% . . 5) ..
C Focus is at (0, 0) and vertex is at | 0, 7 (in
B Cartesian coordinates).
-5 Sk
2 2 B
2 2 R 4 =
6. x* -4y -16=0;—-—=
Y 16 4 TN L

Horizontal hyperbola; a=4,b=2, ¢ = 2J5 -3 \

Foci are at (ﬁ\/g , O) and vertices are at (¥4, 0).

TTrTUrTd

-5
3L
10. r(2+cos€)=3;r=—Q—
1+1cosd
1 .
e=—,ellipse
2 P
At 8=0,r=1. At@=mr=3..
, ) 2 yz a=-l;—3=2,c=ea=l
7. 9x°+25y —225=0;E+_9—=1 Center is at (—1, 0) (in Cartesian coordinates).

Foci are (0, 0) and (-2, 0) and vertices are at (1,

Horizontal ellipse,a=5,b=3,c=4 . . :
orizon . clipse. 4 € 0) and (-3, 0) (all in Cartesian coordinates).
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11.

12.

13.

14,

15.

16.

17.

18.

19,

614

1
5

X
||m_\1||
—/

Horizontal ellipse; center at (0, 0). a =4,

e=£=%,c=2, b=V16-4=23

a

1’2
'__+y_. =1
16

2
12
Vertical parabola: opens downward; p = 3
2 =-12 y

Horizontal parabola;
¥ =ax,(3) =a(-1),a=-9

y2 =-9x

Vertical hyperbola; a=3,c=ae=>5,

b=+25-9 =4, centerat (0,0)

y2 x2

22 o

9 16

Horizontal hyperbola, a = 2,
x=i2y,%=2,b=l

r2 y2
EANY |
1

4

Vertical parabola; opens downward: p = 1
(x-3)* =—4(y-3)

Horizontal ellipse; 2a=10,a=5.c= 4-1=3,
b=+25-9=4

N2 2
=0 -2 _,

25 16

Vertical hyperbola; 2a=6,a=3,c=ae= 10,
b=+100-9 =91, center at (2, 3)
0-3*_ =27 _,

9 91

4x? +4y* —24x+36y+81=0

4(x* —6x+9)+4(y2 +9y+%)=—81+36+81

2
4(x - 3)? +4(y+—’;—) =36

Section 12.9

20.

21

22.

2
(.r—3)2 +(y+%) =09; circle

¥
2§
I—lllllll4

g

»
D fe=

T

-

sF

4x? +932 —24x-36y+36=0
4% —6x+9)+9(y? —dy+4)=-36+36+36
4(x-3)2 +9(y-2)% =36
2 2
(-3, 0-2)
4

=1; ellipse

x? +8x+6y+28=0
(x2 +8x+16)= -6y -28+16

(x+ 4)2 = -6(y +2); parabola

y
4+

| A 1 T N T T Y |
14 6 *

-

16k
3x% ~10y% +36x-20y+68=0

3(x2 +12x +36)—10(y% + 2y +1) = ~68+108-10
3(x+6)2 ~10(y +1)? =30

(x+6)? (+1)?

=1: hyperbola

10
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2 5
= (- 26. r=
23. x > (u-v) sind
2 s
=—(u+v L
y== (u+v) -
—;—(u—v)2 +%(u—v)(u+v)-+-%(u+v)2 =10 -
E 2_1‘)2:]0 :
2 2 I N DN O UG O T 0 O |
5 1 -5 B 5
r=—,s=-— -2F
2 2
u? v 27. r=cos20
— ——=1; hyperbola
4 20 2
a=2. b=2J5.c=J4+20=2J6
The distance between foci is 4/6.
1 A
-2 2
24, 7x2+8.ry+y2=9
cot28=z
4 2k
c0529=g 3
5 28, r=
143 5 cosé
cosh = |—> == sk
2 5 _
1-3 _
siné = —5=—l— |
2 S I T I O
) - B )
x=—=Q2u-v) =
J5 »
1 sk
y=—7W+2v)
J5
7 3 I 29. r=4
Lu-v+SQu-vYu+2v)+—(u+2v)* =9
5 5 ‘ 5
92 —v? =9
2 Vz
u —?=l; hyperbola 4
25. r=6cosf
5
30. r=5-5cos@
(| | S I U I | 11, 10
-2 8
s -10 10
-i0
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31. r=4-3cos@

32, r=2-3cos8

33. 9=En
3

LI

I T T I . " 0 Y A
=5 5

-5

34, r=4sin38

5

35, r*=16sin26

r = +4+/s5in 20

616 Section 12.9

36.

37.

38.

39.

\ —10

r? —6r(cosf+sind)+9=0

x2+y2 -6x-6y+9=0

(x2 —6x+9)+(y2 —-6y+9)=-9+9+9
(x-3)2+(y-3)*=9

y
8

| L1 1t
-2 l: g x
-2

r?cos26 =9

.2
r2cos@-risin?@=9

X2yt =

T T T T U T T T

f(@)=3+3cosb, f'(f)=-3sin8
= (3+3cosB)cosf +(-3sinf)sinf
~(3+3cos@)sinf +(-3sin&)cosd

_ cos @ +cos? f-sin? @ _ cosf+cos26
—sinf-2cos@sin@ —sinf—sin26

cosZ+cost
¥1
—SIHK—SII'I?
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40. r=>5sind,r=2+sinf

Ssin@=2+siné

sind =

41, A= 2-% [[(5-5cos6)*d6
=25E(]—2cos€+cosz 6)d6
= 25_()rl [2—20059+lc0529)d9
2 2

T
=25 39—25in8+lsin29] =£’E
2 4 o 2

_ _l_ 12 - .2
42. 4=22 Elé[(55m9) (2 +5in6) }10
= EI/:(24sir{29-4sin6—4)d9

/
- E/:(8-1200520—4sin9)d9

=[80—65in29+4c059]7‘/2
n/6
PN
3
2 2 7
43. —x—+y—=];.L+E_=0
400 100 200 50
x 2
'=-—;y'=-=at(16,6
y 2y Y ="3 (16, 6)
. 2
Tangent line: y—6= _E(x -16)
When x = 14, y=—§(14—16)+6=%_
k=22
3
44, a, Il
b. IV

Instructor's Resource Manual

45,

[N

I

I
11
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