CHAPTER

10

10.1 Concepts Review
1. asequence

2. lim a, exists (finite sense)
n—

3. bounded above

4. -1;1
Problem Set 10.1
1. g =-1—,a2 =Z,a3 =é,a4 =i,a5 =i
2 5 8 11 14
lim —— = lim -I—_L:%; converges

n—w3n-1 n—no3—n

S TR IV I U ¢

ATy TeAT M TS T
3+2

lim 3"+2= lim —;’=3; converges

6 18 38

3. g =o=2ay=—=2a,=—,
R R T
66 22 102 34
a4=—=—,05=—=-—
27 9 39 13

2

lim——‘mz'*'2 = lim 4+”z

n>o 2 4301 —n-—MI+%—;12—

14 29 50 77
4. al=5,az=?,a3=—5—,a4=—,as=—

7

2 3n+2
lim 3n +2= lim I
noo 2n-1 now 2—-};

= oo} diverges
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=4; converges

9.

ol g o2, .88 124 215
178727273 "6’ 125770 216
o +3n+3n . n +3n2 +3n
hm——3—= llm-T—-Z—-—
o (n+l) n=opn’ +3n° +3n+1
1+2+3
n pn

= lim ——————=1
nsoledsed L
nont 9

J5 J14 J29
al =—‘az =—’a3 = —_,
3 5 7
J50 52 J77
(14 =-——=——’as IS —
9 9 11
2
3n2 +2 . 3+,.2 \/5
| = =——; converges
now 2n+l n—sw® 2+-’E 2

=t g2l 3, .42

SR SR R ‘6 3
__3

873

lim = lim L =1, but since it alternates

n—son+2 n-—)uol+%

between positive and negative, the sequence
diverges.

a=-la —za ——Ea —ia -2
1 1 82 3’ 3 5’ 4 7’ 5 9
-1 forn odd

cos(nm) = {

1 forneven

lim 7

= lim ;=l, but since cos(n 7 )
n—wo2n-1 n-)coz—-; 2

aiternates between 1 and -1, the sequence
diverges.

a=-la —la ~—la ——l-a =1
1 142 =543 U= 5
-1 £ cos(nr) £ 1 forall n, so

_lscos(mr)sl.
n n n
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lim -1 = lim 1 =0, so by the Squeeze
n-» N n—won

Theorem, the sequence converges to 0.

10. a, =e 'sin1=0.3096,a, = ¢ %sin2~0.1231,

ay =€ sin3=0.0070, a4 = ¢ ¥ sin4 ~ -0.0139,

as = €7 sin 5 = ~0.0065
-1 < sinn < 1 foralln,so

—e"<e "sinn<e ™.

lim—-e™" = lim e™" =0, so by the Squeeze
n—w n—rxw

' Theorem, the sequence converges to 0.

E-N

11. g =5 =2.4630,a, = = = 6.0665,
3 9
e’ e
ay =—=23.7311, a4 = — = 110.4059,
17 27
elO
as = =— = 564.7812
39
Consider
2x 2x 2x
lim i =limze =lim4e =0
xoo0x2 435 -] x02x+3 10w 2
by using 1’Hépital's Rule twice. The sequence
diverges.
2 4
12, a =5 =1.8473.0, =5 34124,
4 16
6 ]
a3 = S = 6.3036,ay = — ~ 11.6444,
64 256
10
as = ——=~21.510
1024 ’

4" 4

n n?

13. a) =-—=-0.6283,4) = — =~ 0.3948,
5 25

Tt3 754
ay = ——— =~ -0.2481,a; = — =~ 0.1559,
125 625

nS

as =— =-0.0979
3125

5" 5
converges to 0.

14. g =%+\/§= 1.9821, a, =%+3 =3.0625,

ay =é+3\/§=5.2118,a4 =%6+9=9.0039,
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n
e2n e2 e2 ]
el el e >1 so the sequence diverges.

cm" _(_=Y T
~— =(_—) ,-1<—;< 1, thus the sequence

1s.

16.

17.

18.

a =-—+9\/_~15589
5 1024

n
(—) converges to 0 since -1< 1 <l.
4 4

32 = (x/i)n diverges since V3 ~1.732>1.
Thus, the sum diverges.

a) =2.99,a; =2.9801, a3 = 2.9703,

ag = 2.9606, a5 =2.9510

(0.99)" converges to 0 since -1 < 0.99 < 1, thus
2+(0.99)" converges to 2.

1 100
a =—=0.3679,a; = = 1.72x10%,
e e
3100 4100
a3 =5~ =2.57x10%, ay = — = 2.94x10%,
e e
5100
as == ~5.32x10%
€
100
Consider lim . By Example 2 of
x—o X
100 100
Section 9.2, lim =0. Thus ;
xo® gt n—wx N
converges
Inl In2
ay=—=0,a, =—= = 0.490],
1 Jq a \/E
az = In3 =0.6343,a, = In4 =0.6931,
V3 2
as =13 L 07108
Js
1
Consider llm = lim —%-=lim —==0b
fraiit J‘ oo Eea A J‘ y
2Vx
T . Inn
using I'Hopital’s Rule. Thus, lim —=0;
n-»w n
converges.
Ini
a = Il _o, ay =—2 = —0.3466,
2 2
ln% ~0.4485 -0.4901,
a3 =—==-0. Ay =—a =
3 \ﬁ; 4 2\[‘
ln-sl ~0.5089
ag=—==-0.
5 an
Int _ _L
Consider lim —=% = lim Inx _ lim —%

x—0\2x x—o0 /2x x—un:ﬁ-
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19.

20.

21.

= lim —[2— =0 by using I’Hopital’s Rule. Thus,
x—® J;

Inl

lim —Z =0; converges
nowx < 2n

2 /2
a =(1+T) =3 =1.7321,

+
SR

S———r
o
2
™
"
N

0
()
[}
TN TN N
+
W
——
R )
<
LS ]
1
VY
W |
——
w
bt
N
Iy
o
—
w
~

2 4/2 312 9
ag = 1+— =| = =—,
4 2 4
5/2 512
as = 1+g) =(Z) =2.3191
5 5
2
Let —==h, thenas n >, h — 0 and
n
‘ 2 nl?2 ) Uk
lim | 1+— =lim(1+h) " =e by
n—»o n h—0

Theorem 7.5A; converges

g =2"? =1.4142,a, =44 =22 = 14142,
ay = 676 ~1.3480,a, = 8"/% = 2%/ = 1.2968,
as =10"10 = 1.2589

Consider lim (2x)"/?*. This limit is of the form -
X—>0

¥, Let y=(2x)"?*, then 1ny=zlln2x.
X

fim L ln2x = lim 2

X—»® 2x x=0 2X

This limit is of the form 2.
[e s

1
In2% _ jim X = lim —=0
1202 102X

tim (2x)/% = lim 7 =1
X0 X—=»00

lim

x>0 LX

Thus lim (2n)” 2n —1; converges
n— o

1 ora, =1 !
a, =— = ——:
" a4l n n+l

n—o n+l n—»xo N+

lim (l-—1—)=1- lim —1— = |; converges
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22,

23.

24,

25.

26,

27.

28.

29,

=T
an = 2n+l
Consider X Now, lim X~ lim l =0

2* x=202%  x202%¥|n2
by I'Hopital’s Rule. Thus, lim =0
n—wo 2" 1
converges
n
a, =(-1)" ; lim
= T
. 1 1
= lim —— =—, but due to (-1)", the terms of
n—so2-1 2

the sequence alternate between positive and

negative, so the sequence diverges.

pr— l — -

n = 1-n=l " "

n

lim n = o0 ; diverges

n—»

o = n _ n _on
TR (n-1)? Al-(n®-2n+l) 2n-1
. n . 1
lim = lim =—; converges

n—w 2n—1 n—)ao2—-’ll- 2

n n(n+1) n®+n

o ==

n 1 ()" -1 n"+2n
2 l+J_
. + .

lim n2 " - lim —2 =1; converges

n—o n“ +2n n—)cnl-{-"

N U __sinl

a, = nsin—; lim nsin— = lim —=* =1 since

n n—ow n n—owo -’ll-
sinx

lim —— =1; converges

x>0 X

2
—(_n" ..
an _( l) 3n H
2

lim = = lim = lim =0

n>o3"  ns>o37|p3 203" (In3)?

by using 1'Hdpital’s Rule twice; converges

2"

a, = n—z,

n n n 2

lim 2o = lim 202 _ iy 2002 _,

n—o© n n—0 n n—yo

diverges
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30.

31.

32.

33.

34,

3s.

456

1 1

o =t _n+l-n 1
" n+l n(n+1)

n(n+1);

lim

=0; converges
n—on(n+1)

[P SO S

277274 e

a, is positive for all n, and a,,, <a, forall
4n-17

- 2n+l

a =

n 2 2since a,,; —a, .so {a,}

converges to a limit L = 0.

1 717, 31
METRTEB TN T
2 2

il <2 forall n, and a, <a,,, forall

n2+n

a, =

nsince a,, —a, = , so {a,} converges

n? +2n

toalimitL < 2.

(15 24) 3
16 5
a, >0 forall nand a,, <a, since

1 1
Qpy =Gyl 1- and 1- <1, so
e [ (n+1)? ) (n+1)2

{a,} converges toalimitZ > 0.

3
a=kay=—ja3=-184=—

a, <2 for all n since
1 1 I 1 1

]+2|+ +;<2—0+51— +2n+]

34 -

the sum never reaches 2. a, < a,,, since each

term is the previous term plus a positive quantity,

so {a,} convergestoalimitL < 2.

1.3 1(3) 7
mlay=l+i@)=2a =144 2]=1,
a=lay=l+-()=5.40 2(2) 4
1(7) 15
ag =142 L]=22
204)7 8

Suppose that 1 <a, <2, then %< a, <1, so

Section 10.1

36.

37.

38.

§<l+%a,x <2, or %<a,,+, < 2. Thus, since

1 <ay <2, every subsequent term is between %
and 2.

1 1
a, <2 thus -2—a,, <l so a, <l+—2—a,, =ap,,

and the sequence is nondecreasing, so {a,}
converges to a limit L € 2,

a =2, ay =%(2+%]=%,

1{3 4) 17 1(17 24 577
aa=—|-+-|=—Z.aq4 = +— ==
202 3} 12 12 17) 408

Suppose a, > V2 . and consider

anyl (a,, +£)> \./5 .
a

n

%(a,, +i]>\/5<:>a,,+i>2\/5c>

ay a,
a,,2 +2>2x/50,, = a,,2 —2\/5a,, +2>0¢&
2
(a,, - «/5 ) > 0, which is always true. Hence,

a, > J2 for all n. Thus, {a,} convergestoa
limit L>+/2.

n u,
I 1.73205
2 2.17533
3 2.27493
4 2.29672
5 2.30146
6 2.30249
7 2.30271
8 2.30276
9 2.30277
10 2.30278
11 2.30278

lim u, =2.3028

n—»xo

Suppose that 0 <u, <— (1+J—) then

3<3+u, <— (7+J—) and
\/§<\/—3+—u,,=u,,+1< (7+J—) (1+J—)
( (7+\/_) (l+\/_) can be seen by

squaring both sides of the equality and noting

Instructor's Resource Manual



39.

40.

41.

42.

that both sides are positive ) Hence, since

0<uy =3~1.T3<2 (1+J_) 2.3028,

\/§<u <2(1+J_) for all n; {u,} is bounded

above.
: 2
Uy =3+ Uy >uy if 34u, >u,” or
2

5
u,” —u, -3<0. u,” —u, -3=0 when

=%(li-\/l—3), thus u,,; >u, if
%(1—«/1_5)«4,, (1+J—) ( J—)<o

and 0<u, <%(l+~fl_§) for all n. as shown

above, so {u,} is increasing. Hence. by Theorem

D, {u,} converges.

If u= lim u,, then u=~3+u or u? =3+u;

n—w

u? —u-3=0 when u=—;—(li\/§) SO
(1+~/—) 2.3028 since u >0 and

%(l—sfﬁ)<0.

1
If a= lim a, where a, =—La,, +i], then
n—»0 2 n

a:%(a*’g) or 2a® =a®+2; a® =2 when
a

a=i\/2—, ) a=~/5, since a > 0.

n u,
I 0
2 1
3 1.1
4 1.11053
5 1.11165
6 1.11177
7 1.11178
8 1.11178
lim u, =1.1118
n—w
Since 1.1> 1, 1.1° > 1.1° if a> b. Thus, since

w3 =L1>1=uy, ug=1.1"">11" =4,
Suppose that u, <u,,, foralln < N. Then
Unep =LV S 11 =y, since uy >uy_
by the induction hypothesis. Thus, u, is
increasing.
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43.

44.

45,

46.

47.

1.1 <2 ifand only if u, Inl.1<1n2;

u, <_1_n_2_ = 7.3. Thus, unless u, >7.3,
Inl.1

U,y = 1,17 < 2. This means that {u,} is
bounded above by 2, since u) = 0.

¢ 1 .
As n— oo, L — 0; using Ax =—. an equivalent
n n

definite integral is
1,
Lsmxdx = [—cosx]}, =~cosl+cos0=1-cosl
= 0.4597

. 1 .
As n— o0, k —» 0: using Ax =—, an equivalent
n n

definite integral is

1
_[) ! 5 dx=[tan'1x]}, =tan'I-tanl0=2
1+x 4

| n In (n+1)| I -1 |_

|n+l | n+l |n+l| n+l

-—}—<g is the same as l<n+l. For whatever
n+l £

€ is given, choose N >l—1 then

£
nzN=|—-ll<e.
n+l1
Forn>0, l | < g isthe
|n? +| 1
.
ne+1 1 1 1
same as =n+—>—. Forn>1, —<1s0
n n £ n

1 1 1 1
n+l>n+—; n+—>—SSn>—.
n n ¢ £

. 1
For whatever ¢ is chosen, choose N >—. then
&

n2N=

<E.
nc+1

Recall from Section 1.2 that every rational
number can be written as either a terminating or a
repeating decimal.

Thus if the sequence 1, 1.4, 1.41, 1.414, ... hasa
limit within the rational numbers, the terms of the
sequence would eventually either repeat or
terminate, which they do not since they are the
decimal approximations to V2. whichis
irrational, Within the real numbers, the least

upper bound is V2.
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48.

49.

50,

51,

52.

458

Suppose that {a,} is a nondecreasing sequence,
and U is an upper bound for {a,}, so
S ={a, :ne N} is bounded above. By the

completeness property. S has a least upper bound,
which we call 4. Then 4 £ U by definition and

a, < A for all n. Suppose that lim g, # 4, ie.,
n—coo

that {a,} either does not converge, or does not

converge to A. Then there is some ¢£> 0 such that
A-a, > ¢ forall n, since if 4—ay <&,

A-a, ¢ for n2 N since {a,} is
nondecreasing and a,, £ A for all n. However, if

A-a, >¢ foralln, a, <A—§<A forall n,

which contradicts A being the least upper bound
for the set S. For the second part of Theorem D,
suppose that {a,} is a nonincreasing sequence,

and L is a lower bound for {a,}. Then {-a,} is

a nondecreasing sequence and —L is an upper
bound for {-a,}. By what was just proven,

{-a,} convergestoalimit4 < -L, so {a,}
converges to a limit B=-4 > L.
If {b,} is bounded. there are numbers N and M
with N <|b,| <M for all n. Then

|a, M| <|a,b,| <|a,M]|.

lim |a,N|=|N| lim |a,|=0 and

n—ao n—yo

lim |a,M|=|M]| lim |a,| =0, so lim |a,b,|=0
n—w n—»<x n—x
by the Squeeze Theorem, and by Theorem C,

lim a,b, =0.
n—o

Suppose {a, +b,} converges. Then. by

Theorem A
lim {(a, +b,)-a,]= lim (a, +b,)- lim q,.
n—»o n—yc0 n—rx

But since (a, +b,) —a, = b,, this would mean
that {b,} converges. Thus {a, +b,} diverges.

No. Consider a, = (~1)" and b, =(-1)"*'. Both
{a,} and {b,} diverge, but
8y +b, = (=) +(=1" = (=D)"(1+(~1)) =0 s0

{a, +b,} converges.

a. -f.3=2’f4=3<f5=5’f6=8,
f1=13.f3 =21 f3 =34, fio =55

b. Using the formula,
fad [ 1=d5 ] 1]245)
U5 2 2 52

Section 10.1

53.

il
2760 2 2

=L['+2\/5+5-(1-N§+5)]

Js 4

S _ 1 ]aB]
Vsl o4 ]
lim Jus _ lim
n—ow fn n—eo

¢n+l _(_])n+l¢'n-1
¢n _(_])n¢-n

¢n+l = =
4l 2n+1

= lim b lim—f =y

now o gn -y noe ) _ (G

&

c. ¢2 -¢-1 =B(]+\/§)T —%(H\/g)—l

=[3+£J_[l+[§}_1=0
2 2 2 2

Therefore ¢ satisfies x*-x-1=0.
Using the Quadratic Formula on
x?-x-1=0 yields
MR ENET TR

2 2

¢=1+7»/§

1 2 20-45)_1-45
¢ 1+5 1-5 2

From the figure shown, the sides of the triangle
have length n — 1 + 2x. The small right triangles

marked are 30-60-90 right triangles, so x = ? :

thus the sides of the large triangle have lengths
. 2
n=1++3 and B, =?(ll—l+\/§)

= ?(n2 +2\/§n—2n—2ﬁ +4) while

A, =Mn(l)- =1r-(n2 +n)
2 2 8
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%(n2 +n)

Iim A—"= lim
nsw By o3 (n2 43 3n-2n- 23 +4)

T
""”2«/3(1+2—l——2—2‘/§+%) 23
n n

1 x x 1/x
lim (l+—) = lim (l+—)
X=»c0 2x =0 2

. 2/x 1/2
= lim (l+—) =el’?, so
x>0 2

56. Let f(x)=(1+l2) )
X

X
lim (1+—15) = lim (1+x2)”" =1, so
X—p:m X 1_,)0'

] n
n—wo n

57. Let f(x)=(£———l)x.

x+1

el x 1 1/x l=x 1/x
lim{=—] = lim | £ = lim | &%
x-»co(x + l) x—0* -l- +1 x>0t | 1tx

10.2 Concepts Review

1. an infinite series

2. g +tay+...+a,

|r|<l;l—Lr

w

4. diverges
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It
3

l—x 1/x
li (—— =e’2, S0
=0 \1+x

. (n—l}" -2
im|—| =¢e"".
n—oo\ n+1

2 X
58. Let f(x)=[2+x2J .

3+x
. x 2+L’ 1/x
lim | = 7| = lim "]
120l 34+ x =07 | 3+
2
1/
224 NVE:
. ) . 2x" +1
= lim = = lim 3 =1, so
x=0" 312“'1 x—=0"{ 3x° +1
X
n
2+n°
lim 3 =1
no®\ 3+ p
2
2 X
2+x
59, Let f(x)= 5 .
3+x
2 1/x°
2422 Y 2+-L
lim 3 = lim "l
x| 3+ x x=07| 3+
2
2
224 W * NS
. 2 . 2x°+1 -1
= lim | = = lim 5 =e ,
x-0° 3X_1+l x>0 3x° +1

2 n
. 2+n -1
so lim > =e .
n—o| 34+ 7p°

Probiem Set 10.2

k=1

series with a =

Section 10.2

=Y 1 11 11y
1. —| =—4+—-=—4+—| =| +...; a geometric
2(7) 777 7(7) + & geome

459



TRy
P 4 = 4 4 P! P
= (—4)? +(=4)* +(4)° +...; a geometric series

with

a=(-4)*,r=-4; |r|=4>1 so the series diverges.

2 (1Y 1 (1Y
ZZ — =2+2~—+2(—) +...; a geometric
4 4 4
series witha=2, r=—;
4 1-

2. ( 1) L (1Y
23(__) =3_3~—+3(—) -...: a geometric
k=0 5 5 5

series witha=3, r= ——5-;

Thus, by Theorem B,

R

k=0

lim S, = lim -1+~ =1, so z(l__‘_
n—o n—w n k2 k k-1

BN (RN

S,,=(l—l + l—lJ.4-...+[—l—- ! )+
2 32 n-1 n-2

g

Z; = BZ — which diverges since Z p diverges.
k=1 k=1

k= l
2 k!
9, ZL=_1_+ 2 + 6 +
#=1100% 100 10,000 1,000.000
Consider {a,}, where a, ., =%an,al =

460 Section 10.2

1
100

© (1)" 5 51 5(1)2 .
ZS —| ==+=.—+Z| = | +...; a geometric
2°\2) 27227202

5
series with a = 5 r

> (3)
3= ==+
7 49 49

ot 49
3 |
geometric series with a =—,r =—;
49’ 7
3 3
17 6
-3 3 14
Thus, by Theorem B,
w© k k+1
Z 2(-1_) _3(1) = _L:Q
et 4 7 14 14
5. Zk__s.-_—_i_g_z_l.*.o.{.l.'._.i. :
k2 34 5 6 8
k- -3
1 = lim X —1%0; the series
koo k+2 k—>w1+k
diverges.
29F 9 99 9
6. Z(—) ==4+--—+ —() +...; a geometric
=\8 8 88 8

—| > 1, so the series

9
series with a = = r=
8’ 8

diverges.

a, >0 forall n, and for n >99, a,,, >a,, sothe
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sequence is eventually an increasing sequence, hence lim a, # 0. The sequence can also be described by
n—wo

n! 4
a, =——, hence ) —— diverges.
" 100" ,é k

10 i E+£+ = S (_l___.l__) (l_l)+[l_lJ+(l_l)+(_’._lj+
'kl(k+2)k3815mk=kk+2 13/ 2 4)\3 5) (4 6
| ———— |+ —-
n-1 n+l n n+2

R

1 1 1 3 2n+3 3 2n+3

=l+——-——— [ — = ——
2 n+l n+2 2 (n+)(n+2) 2 n?i3n42
2 _l
+ o
th=——l -ﬁ3——}--l — Z 2
nson? 43042 2 "—>°°|+}-+— k=1 2
2N (e (eV e (eV(eY e\ e
11. Z(—) =[—) +(—) -—+(—) [—) +...; a geometric series with a=(—) , r=—x<1;
k=1 kis T T T n T T T
2 2
e e 2
=(’r) =(“) =2 _~55562
I-£ %€ g(n-e)
i d n
o gk+l 2
12, 24—=IE 16- i+16 4 +...3 ageometricserieswitha=l6,r=-4—<1; S=£=E—£
7k-1 7 -4 3 3
k=1 7 7
-]
o B[22 ) (23232
=\ (k-1)* & 1 4 4 9 9 16
3 31 1 3 3 3 3 3
=l 3-= |+ |+ ==— |+...+ 7" 7 |+ C
4/ \4 3) \3 16 (n-2* (n-1 (n=1)" n
=3——3—; lim S, =3- lim —3—=3, SO
112 n—yo n—yo n
$(_3 3.
k- &
14 ii-3+3+3+3+ 16. 021212121 221( 1 )k—l
T ok-5s 1 23 47 T " 1000100
«© @ .ll_
=ZZl which diverges since Z—l- diverges. __100 _ ﬂ=l
ik ik -7 99 33
© k-1
2( 1 @ k-1
15. 0.22222...:2—(—) ( )
17. 0.013013013...=
= 1010 glooo 1000
2
2 13
=1—l-91—=-9- __Tdoo0 _13
1—1—016—6 999
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® 125 1 k-1 ) ©
18. 0.125125125...= Z—(—) |s|<1, and ¥ r(1-rk = 3 (1-5)s*
- k=0 k=0

10001000
125 )
~ 1666 " 999 k=1
k-1 o kk s kN kel
& B - _ - — =i.
19, 0.4999..= +Zi( ) 22, 3 (DR = 30 = Y0
10 ;2 ]lOO k=0 k=0 k=1
. if -1 <x <1 then
=%+ 100 =% —1<—x<lso|x|<1:
1_
l i(—x)k-l = l =_1_

o k~1
20. 0.36717171...= Z (
100 Z10, ooo 100

7
36 +—1o,<§oo 727
_1 -
100 1-7; 1980

21. Lets=1-r,sor=1-s.Since0<r<2,
-1<1-r<li,so

23. ln—k—=lnk—ln(k+l)
k+1

S, =(nl-1n2)+(In2-1n3)+(In3-In4)+...+(n(r-1)~Inn)+(Inn=-In(r+1)) =Inl-In(z+1)=~In(n+1)

0
lim S, = lim —In(n +1) = =0, thus )" m'kle diverges.

0
n—» n—w k=1

2_
24. m[l—kiz)ﬂnkkz1=1n(k’-—1)—1nk2 = In[(k + 1){k - 1)] - Ink? = In(k +1)+In(k —1)-2Ink

S, =(n3+In1-2In2)+(In4+In2-2in3)+(In5+1n3-2In4)+...
+(Inn+In(n-2)-2In(n-1))+(n(n+1)+In(n —1)-2Inn)

e 24+ 1)—Inn =—ln2+.a 2L

n
lim S, = -In2+ lim In "2 =-—ln2+ln(1im ”—ﬂ)=-m2+1n1=-mz
n—w n—x n n—© n

2
25, The ball drops 100 feet, rebounds up lOO(%) feet, drops lOO(%) feet, rebounds up 100(%) feet, drops

2
100(2) , etc. The total distance it travels is

2\? 2\ 2 2\ 2y
100+200(3)+200(3) +200(5) ‘.. =-100+200+200(§)+200(§] +200(3) +

© k-1
=-100+2200(3) = -100+22 =500 feet
o \3 1-4
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26.

27.

28.

29.

30.

31.

32.

33.

k-1 1
1 111 BN 1 1
Each gets 1+l —t—| -—)+,,,=Z—(_) -4 __
4 44 4\4 4 m14\4 113
(This can be seen intuitively. since the size of the leftover piece is approaching 0, and each person gets the same
amount.)

© 1y
$1 billion + 75% of $1 billion + 75% of 75% of $1 billion + ... = " (81 billion)0.75* ™! = S—l‘b'T”;(;ﬁ = $4 billion
k=1 Y
i - x-1 1 billion .
> $1 billion (0.90)*"' ==———— =$10 billion
Pt 1-0.90

Sy . . . 1
As the midpoints of the sides of a square are connected. a new square is formed. The new square has sides —=

V2

1 .
times the sides of the old square. Thus, the new square has area 3 the area of the old square. Then in the next step,
3 of each new square is shaded.

LU | )“‘ _& 1
4 Z8l2 1-1 4

Area—l

+
oo | —

L
82

OO

The area will be %

+

I
Ms
Hlw

3+z(1.1)+3(1.1)(1.1) (L]"" 3 4
4 44 4) 44 4)\4 4 o a\16 -k 5

The original does not need to be equilateral since each smaller triangle will have 7 area of the previous larger

triangle.
Ratio of inscribed circle to triangle is 3% , SO In the time it takes the tortoise to run % yards,
1 n Achilles will run d yards. Solve
< 3(1Y ( )
ZL-—(—) =4—T—=L —100+—d-]000—llll yards
Zi3v3 4\4 -1 343 10 9 9

(This can be seen intuitively, since every small

triangle has a circle inscribed in it.) 34. a. Say Trot and Tom start from the left. Joel

from the right. Trot and Joel run towards
each other at 30 mph. Since they are 60

Both Achilles and the tortoise will have moved. . : :
miles apart they will meet in 2 hours. Trot

100410+ l+—l-+—+ ZIOO( ]k ] will have run 40 miles and Tom will have
10 100 s 10 run 20 miles, so they will be 20 miles apart.
100 | Trot and Tom will now be approaching cach
=——=111~ yards other at 30 mph, so they will meet after
- Tlﬁ 9 2/3 hour. Trot will have run another
Also, one can scc this by the following reasoning. 40/3 miles and will be 80/3 miles from the

left. Joel will have run another 20/3 miles
and will be at 100/3 miles from the left, so
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they will be 20/3 miles apart. They will meet
after 2/9 hour, during which Trot will have
run 40/9 miles, etc. So Trot runs

40 40 YT 40
+—+—+-o=) 40 - =—
3 9 Z (3) 1-1

= 60 miles .

b. Tom and Joel are approaching each other at

20 mph. They are 60 miles apart. so they will 41.
meet in 3 hours. Trot is running at 20 mph
during that entire time, so he runs 60 miles.
ow
35. (Proof by contradiction) Assume Z ca;
k=1
converges, and ¢ # 0. Then l is defined, so
C
- ¢] QQ
Z Z —cay =— Z ca; would also
k=1€ € k=1
converge, by Theorem B(i).
0 o
36 L.l 1 b zl l) =-1-Zl diverges
2 4 6 8 2\k) 2,k
since Z diverges.
k= l
37. a. The top block is supported exactly at its
center of mass. The location of the center of 42,
mass of the top n blocks is the average of the
locations of their individual centers of mass,
so the nth block moves the center of mass
left by ! of the location of its center of
n
.11 1
mass, that is, —-— or — to the left. But
n 2 2n
this is exactly how far the (n + 1)st block
underneath it is offset.
1 1 1
b. Since —+—+—+..= —Z— which
2 4 6 2.5k
diverges, there is no limit to how far the top
block can protrude.
38. N=31; §3; =4.0272 and S3 = 3.9950.
@O
39. (Proof by contradiction) Assume Z (a3 +by)
k=1
- 43
converges. Since Zbk converges, so would
k=1
=] - +]
Z =D (ag +b )+ (- 1)21)A by
k= k=1 k=1

Theorem B (11).

464 Section 10.2

K

[= <]
40. (Answers may vary). > a, = Zl and

n=| n=1

d 1
Z —1)— both diverge, but
n

MB n MB

(a,+b,)= Z(——%) converges to 0.

n=l =\

Taking vertical strips. the area is

Liedon sy !

—-1+—-2 3+—-4+

2 478 16 i 2k
® oo (])k—l 1

a, Z—=Z - =——=2
o2t a\2 1-1

b. The moment aboutx=01is

@ © k
5 (4] - DRI
k=0 k=12
_ moment 2
X = :—:l
area 2

=] e o]
If Z kr® converges, so will r Z kit by
k=1 k=1
Theorem B.

@ PO ,
=y kb = S ekt

k=1 k=1

oG
ok =r+Zkrk SO

3" k-t while
k=2

Ms

S =

x-
Il

1

o =]
S—-rS=r+ Zkrk - Z(k—l)rk
k=2 k=2

=r+ i[k—(k—l)]rk =r+ i

k=2

.'.LMS

[+]
Since |r| <. Zrk =" thus
k=l l-r
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b. —1-=e"“=e'6k:>k=E:A=iC;
2 6
. 8
if C=2 mg, then A=5 mg.

2k I

44. Using partial fractions,

(2k+1 _1)(2k _]) - 2}( -1 2k+l -1

S_(l_l]{l_l}
T2ty 22-1) (224 224

1 1 1

_2_1—2n+]_1_ —271'”_1

lim S, =1- lim =1-0=1
n—sw now 2™ _|
45' l l — fk+2—-fk _ 1

Sefint Setfisz Jifenfinz  Jifinz

since fy,o2 = fis1 +fi- Thus,

e 1 s 1 1
= - d
g JiSres2 Z:l(fkfm JenSrs2 ] =

(%]

R &
(2"‘] _

)
1 27-1) \2"-1 27

ey
N2 ffs) \ NS5 Sifs Jorla JaSunr

1 1 1 1 i 1

B flf2 _fn+lfn+2 =ﬁ_fn+lfn+2 ) -fn+1fn+2

The terms of the Fibonacci sequence increase without bound, so

lim S, =1- lim ———=1-0=1

n—w n=2 fui1 fara

10.3 Concepts Review
1. bounded above
2. f(k); continuous; positive; nonincreasing
3. convergence or divergence
4. p>1

Problem Set 10.3

3 is continuous, positive, and nonincreasing
x+

on [0,).
1 o
Emdx = [ln|x+3l]0 =w-In3=w
The series diverges.

723 is continuous, positive, and nonincreasing
x -—

on [2,:0).

Instructor's Resource Manual

M 7)
+ -
fnfrH-l fn+lfn+2

0
E 3 dx=|:iln|2x-3|:| =00-31n]=00
2x-3 2 > 2

This series diverges.

3 is continuous, positive, and nonincreasing
x“+3
on [l,).

X _dx= ll|2+3T— M=o
x| 3l | -o-gma-

2 +3

The series diverges.

3 is continuous, positive, and
2x°+1
nonincreasing on [l,c0).

r—g’——dx:[itan“ ﬁx]w
1

2x% +1 NG
3(m -1 )

=——=|——tan” l]<o
\/5(2

The series converges.
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2 . . ..
is continuous, positive, and
Vx+2

nonincreasing on [l.).

[4\/x_+—:| -00-4\/§=CD

e
Thus Z—

S

kel Jk+2

diverges, hence

@

2
LT

also diverges.

is continuous, positive, and
2
(x+2)

nonincreasing on [100,) .

f°° (x+2)?

The series converges.

is continuous, positive, and
4x+2

nonincreasing
on.[2,)

00
J‘: ! dx=[lln|4x+2|] cw-lnl0=c
ax+2 |4 ) 4

The series diverges.

2
x° . . .. . .
= is continuous. positive, and nonincreasing
&
[2,) . Using integration by parts twice, with
u=x', i=12and dv=e%dx,

xle Fdx =[-x%e * 5 +2 Euxe_xdx

=[x’ 5+ 2([—xe" 5+ fe"‘dx)

=[-x%e* —2xe* -2e7% )

=0+ 4e2+4¢72+2e 2 =10e72 <o
The series converges.

— 7 is continuous, positive, and
(4+3x)

nonincreasing on [1,0).

3 6 |
—_ = —
‘r(4+3x)7/6 [ (4+3x)l/6]l

-O+—6 =6-77"8 <
176

The series converges.

Section 10.3

dx:[— 3 ] =0+i=i<oo
x+2 )00 102 102

10.

11.

12,

13.

14.

15.

1000x2
3

is continuous, positive, and
I+x

nonincreasing on [2,).

2 00
J:IOOOJ; de e [10001n|1+ ’]

1+ x 2
1000

=w0o-—-——In9%9 =00

The series diverges.

2
xe>*" is continuous. positive, and

nonincreasing on [1.%).

2 2 ©
rxe*h dx = [-le'h } B
6" L 6

=——<»
6¢°

The series converges.
1000

x(In x)

3 is continuous, positive, and

nonincreasing on [5,).

J: 10002 dx:[_looo] _ 041000
x(Inx) Inx Jg In5

_ 1000

In$
The series converges.

2 1+-4
lim £ = lim —£

=1%0, so the series
k-)cnk2+5 k-—-m>l-|-k—5’2

diverges.

k-1
(—) : a geometric series with

DERPEE

3
a==,r= —| <1 so the series converges.
T

A

Ll

k
1 . . . .
Z(E) is a geometric series with r =—;

! l|<1
il 2|2
1-

so the series converges.
1
o
Z im k-l = lim k L 0, so

2k+l Ic—)eo2k+l k—)aoz

. k
the series diverges. Thus, the sum of the series
diverges.
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16. -17 is continuous, positive, and nonincreasing on
X
[1,0) r—l—dx—[—l:lw =0+I=1<m, s0
y . x2 x | E

]
—5 converges.
1k

™8

=~
1

Y AN,
—= 2(5) ; a geometric series with
k=12 k=1

1
r==;
2

s

1 .
<1, so the series converges. Thus, the

sum of the series converges.

1 k=4j+1
. (kn .
17. sm(7)= -1 k=4j+3,

0 kiseven

where j is any nonnegative integer.

0. 5,-(1-1)s(1-1)-
1 2 2 3

lim S, =1— lim ——=1-0=1

n—x n—»wn—
The series converges to 1.

-1

21. is continuous, positive, and

1+x2

nonincreasing on [1,e0).
1

r tan~ Zxdx= [%(tan‘l x)z:l

o0

I1+x i
1(n\? 1(n) 3n .
=_|=| ==| =| == <, so the series
2 2 2\ 4 32
converges.
22. 3 is continuous, positive, and
I+4x

nonincreasing on [1,).

1 | .
dx=|—tan" (2
'rjl+4x2 [2 ( x):[n

=l(z)—ltan'l 2 <o,
2 2/ 2

so the series converges.

x . . - . .
23. — is continuous, positive, and nonincreasing on
eX
[5.0).
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( 1 1) (1
| — || ———
n-1 n n n-1

18.

© 19,

Thus lim sin(k—ﬂ) does not exist, hence
k—w 2
] . (kn ..
lim |sin| — || # 0 and the series diverges.
k—wo 2

As k—)oo,%—)O. Let y=%, then

lim ksinl= lim lsinyz lims—"z=1¢0, S0
koo k y-0y y=>0 y
the series diverges.
2

x2e ™ is continuous, positive, and

nonincreasing on [1,).
3 3T
rxze"' dx=[-le'x ] =0+?];-e'I <®, $0

the series converges.

24,

25.

1
PV

nonincreasing on [5,).

EeS ;<§_l_d,=[_i]‘°_o+i
Zdk 5o N RN

=~ 0.8944

is continuous, positive, and

3 is continuous, positive, and nonincreasing
1+ x
on [5,0).
1 ! )
E= < dx=[tan”" xJ5
k=61+ K2 E 1+x?

=§—tan'l 50,1974
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26.

27.

28,

29,

468

is continuous, positive, and
x(x+1)

nonincreasing on [5,0).

e 1 1 1 |
E",?:;k(k+l)sfx(x+nd“ f[?’ﬁ)d"

o0 P ~ S
=[tn x|~ In|x+1[]; =[ln m]s =0-In%
= lnE = 0,1823

5
Consider _En dx. Letu=Innx,
x(In x)?
du= ld.rt

X

f ! dx = r —l—du which converges for
x(in x)” n2,p

p>1.

—————— is continuous, positive, and
xlnxIn(Inx)

nonincreasing on [3,0) .

xlnx l"(hl X)
dx.

Letu=In(lnx), du=
xInx
1 1 »
————a@r= [ “du=[Inu
k xIn xIn(In x) E(ms),, [In «]inin 3)
= - In(In(In3)) =0
The series diverges.

|
vy 7
(L1

el

) 3. %)

1
(o1, 37) (/n,l,)

N

1 2 3

n-1 n n+l ¥

The upper rectangles, which extend ton + 1 on

the right, have area 1+%+%+"'+l’ These
n

1
rectangles are above the curve y=— fromx =1
x

tox=n+ 1. Thus,
rﬂldx:[lnx]{”l =In(n+1)-Inl=In(n+1)
x

1 1 1
<l+—+—+...+—.
2 n

Section 10.3

30.

31.

32.

33.

34.

The lower (shaded) rectangles have area

%+%+...+l. These rectangles lie below the
n

curve y=l fromx=1tox=n. Thus
x

l+l+...+l<fldx=lnn, S0

2 3 n x

l+l+l+...+l<l+lnn.
2 3 n

From Problem 29, B, is the area of the region
within the upper rectangies but above the curve

1 . . .
y =—. Each time n is incremented by 1, the
x

added area is a positive amount, thus B, is
increasing.
From the inequalities in Problem 29,

0<1+%+%+...+—1-—ln(n+l) <l+lnn-In(n+1)
n

=1+lnL
n+l

Since L<1, lnL<0, thus B, <1 forall n,
n+l n+1

and B, isbounded by 1.

{B,} is a nondecreasing sequence that is

bounded above, thus by the Monotone Sequence
Theorem (Theorem D of Section 10.1), lim B,

n—,w
exists.
The rationality of y is a famous unsolved

problem.

n

From Problem 29, In(n+1) < Z% <l+Inn, thus

k=1

10,000,0001
In(10,000,001) = 16.1181 < > P

k=1

<1+In(10,000,000) ~17.1181

y+in(n+1)>20=> In(n+1)> 20—y ~ 19.4228

= n+1>e 7428 272 404,867
= n > 272,404,866

a. Each time 7 is incremented by 1, a positive
amount of area is added.

b. The leftmost rectangle has area
1- f(1) = £(1). If each shaded region to the
right of x = 2 is shifted until it is in the
leftmost rectangle, there will be no overlap
of the shaded area, since the top of each
rectangle is at the bottom of the shaded
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region to the left. Thus, the total shaded area
is less than or equal to the area of the
leftmost rectangle, or B, < f(1).

c. Bypartsaandb, {B,} is a nondecreasing

sequence that is bounded above, so lim B,
N=30

exists.

d. Let f(x)= l then
x

! f(0)dx = J;"*' Y = tn(r+1) and
X

lim B, =y as defined in Problem 31.

n—»xc

35. Every time n is incremented by 1, a positive
amount of area is added, thus {4,} is an

increasing sequence.
Each curved region has horizontal width I, and

can be moved into the heavily outlined triangle
without any overlap. This can be done by shifting
the nth shaded region, which goes from (n, f{n))
to (n+ 1, fln+ 1)), as follows:

shift (n + 1, fin + 1)) to (2, A2)) and (n, fin)) to

(1. 2y [fin + 1) = fim)]).

The slope of the line forming the bottom of the
shaded region betweenx=nandx=n+11is

S(n+)=~f(n) _

__(n+l)—n =f(n+l)-f(n)>0

since f'is increasing. By the Mean Value
Theorem. f(n+1)— f(n)= f'(c) for some cin

(n, n+ 1). Since fis concave down, n <c<n + |
means that f'(c) < f'(b) for all bin [1, »]. Thus.

the nth shaded region will not overlap any other
shaded region when shifted into the heavily
outlined triangle. Thus, the area of all of the
shaded regions is less than or equal to the area of

the heavily outlined triangle, so lim 4, exists.
n—aw

36. In x is continuous, increasing, and concave down on [I,) , so the conditions of Problem 35 are met.

a. See the figure in the text for Problem 35. The area under the curve fromx=1tox=nis J;" Inxdx and the

area of the nth trapezoid is Inntin(n+1)

, thus 4, = rlnxdx—[

Inl+In2 +ln(n—1)+ln(n)
—y et |-

Using integration by parts withu =Inx, du = ld.lr. dv=dx,v=x
x

flnxdx:[xlnx]f’ - fdx:[xlnx—x]f =nlnn-n-(Inl-N=nlnn-n+l

The sum of the areas of the » trapezoids is

lnl+ln2+ 1n2+]n3+ . ln(n—2)+ln(n—l)+ In(n - 1)+ In(n) _ 2In2+2In3+...+2In(n-D+Inn

2 2 ' 2
Inn

=1:12+ln3+...+1nn—T =1n(2.3.“_.,,)_¥

2

lnn!—ln\/;

Thus, 4, =n1nn-n+1—(1nnz-1nJE) =nlnn-n+l-lnn+Invn =Inn" —lne" +1-Inn+InJn

- m(g)n +I+Inn£’:= 1+ln|:(§)n %]

b. By Problem 35, lim A, exists, hence part a says that lim

n—o

s e (2 ] (5

{1 +1In [(%T giﬂ exists.

() &

n
. « . . . n n . .
Since the limit exists, lim (—) — =m. m cannot be 0 since lim Inx = —oo,

n—o\ e n!
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. n! . 1 1
lim = lim ——= =—
() im (2 S5

L)

Thus,

n
c. Frompartb, n!szm(ﬁ) . thus, 15!:J30n['5) ~1.3004x10'2
e [

The exact value is 15!=1,307,674,368,000.

i.e., the limit exists.

10.4 Concepts Review Jon+1 1
4. a, = >—:b, = 372
1. OSak Sbk n- n
a, n'? 2n+ wt +n?
lim 22 = im 2270 = im
2' llm _ﬂ(_ n—)ao n—yw n—w "4
k—yc0 %
= lim \/— 0<V2 <
3. p<lLip>L;p=1 noe
4. Ratio; Limit Comparison Zb,, converges = Za,, converges
n=l n=1
Problem Set 10.4
n+l |
n | 5. fim 22t = fim 22 fim = 0<1
1. an=‘2———?bn=— n—w a,, n—)eo(n+1)!8" n—oo n+1
n"+2n+3 ) " The series converges.
n 1
lim 2% = fim =i =
2 2, 3 n+l S 5
@ On AT+ 2043 "_m1+7+;2- 6. lm = lim —-5 = lim " 5
0<1<w 0, eSS (e
) b, diverges = > a, diverges. = lim
nel n=l n—o > +5n% £ 100> +10n2 +5n+1
5
= lim =5>1
5 g =ntl, _ 1 n—>w1+ +‘°+‘° %+J5-
. n 3 YT 2 n
n -4 n The series dwerges.
R P 33 +n? 3"'%
lim - = lim = lim =3; 1,100 100
n—w® n—»o pn° -4 n—wo | -2 . Qpay . (n+D!n _ n
" o 7. lim 2 = lim = -
0<3< nso 4, noo(p+])y T n! Ao (n+l)
3 3 = lim =0 since li ntl 99-l
nz_:;b,, converges :"z_:la,, converges —n—m(y_l)g = § nx_r’nm . =
- - n
1 1 1 The series diverges.
3. a, = = ; b =
" onnel \/n3+n2 T ( +l)(l)n+]
n =
3 8. lim 2*Ll= - 1im"3—”
lim —= lim ——== lim n—wo a, now 1 n—so 3n
nawo b y  N—® , n n—o \ pn +n2 "(3)
1+1
= lim —2% ==«
n-~»xn

clim =1 0<l<e
n-»w ]+-'l,-

@ )
Zb,, converges = Za,, converges
n=1 n=|

470 Section 10.4
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9. lim 2l ("+l) (2m)!
n—ox a, n—-)oo (2n+‘))ln
= lim (n+l) = lim S +3n +3n+1
n50(2n+2)2n+ )’ noo 405 +6n° + 203
Ll +—15- IS.
= lim 2 n g

n-—®o 4+_+-?=
noop?

The series converges.

3" 4 n+)n!

. Q. .
10. lim =2t = |im
oo 8 noo(n+ )37 +n)
16.
3 . 3 g
= lim ——————— = lim —
>0 (3" ) (n+l) n->op3" +3" 0 4+n
3+ L4 L
- K . . n
= lim 7 =0<w since lim —=0
no® 40 n—w 3N

3"
2

and lim = =0 which can be seen by using
n-—wc 3

I’"Hopital's Rule. The series converges.

1 _iz0 17.

. 1
11. hm 200

n—»con+?.00 n—w |+

The series diverges; nth-Term Test

]
12. lim Qnel _ lim (n+1)!(5+n)
n—>» g, n-xo (6+n)n!

g (DG n*+6n+5

n—o 6+n nso 6+n

n+6+2

= h "=oo
hm 2 >1

noo Dl 18.

The series diverges; Ratio Test

n+3 1
13. a,=
2\/‘ 3/2
3
a, . w2430 1+
lim —= = lim = lim =1
n—x b, n-w 3’2 n—wo |
@ @® 19.
0<1<, Zb,, converges = Za,,
n=l1 n=1
converges: Limit Comparison Test
Jn+l 1
4. a, = by, = ——
T 24 32
lim 22 = fim 3’2\/n+ = lim \}n4+n
n—»o bn n—»o n2 +1 n—w n +1
1+1
= lim =1;0<] <o,
n»o 1+-L

Instructor's Resource Manual

[ <] w0
Zb,, converges = Za,, converges; Limit
n=| n=]

‘Comparison Test

lim il _ lim (n+])2n!= i n?+2n+1
2

= ay o (nt+)nt aoe (n+)n

1
ot +2n+1 Tt
= hm3_2_ lim ——1 =0<]|
n=% n4n nox l+'ll

N |—
3.

The series converges; Ratio Test

el _ g In(n +1)2" In(n+1)

lim = lim
noo a, n—w Mt Inn n-= 2Inn

Using 1'Hépital's Rule,

1
fim POHD e R
n—o 2lnn n—o % nw 2(n+1)

1

= lim
n—w 2 + 2~

The series converges; Ratio Test

_ 4n° +3n b _

n n
n5—4n2+1 n

Jos

an’ + 3:13 4+

.. a .
lim =% = lim = lim
n—®© D,  n—wo nS _4,,2 +1 n—mo]-i3
n

e

1
o

0<4< o
@0
Zb,, converges = Za,, converges; Limit
n=l n=]
Comparison Test

fm Gl _ g [(n+1)? +13"
n—eo a" n—ao 3"+l(n2+l)

2,2
n2+2n+2 T+0+

= lim — = lim —%-=
nse 3p243  aow 343
p;

[¥]

-l-<l
3

The series converges; Ratio Test

1 1
= =g
n(n+1) p4n n
2
. . . 1
lim 21— m —— = lim =1

n—wo D, n—)oon2+n n—ml+%

a, =

0<l< o
-] [+
Zb,, converges = Za,, converges;
n=| n=l
Limit Comparison Test

Section 10.4
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20.

22,

23.

24,

25,

472

n n 1

ap = 23 on =—

(n+1)* n°+2n+l n

2

. a . n* 1
lim -2 = |im —2——1 —l— ;
nsob, nswpt42p4] 11—>wl+ +
0<l<ow

[~2] o

Zb,, diverges = Za,, diverges:
n=] n=l
Limit Comparison Test

n+l n+l 1
= TS 7. b=
n(n+2Xn+3)  n3 +5n° +6n n®
3,2 1+1
lim 21 = lim ~" Rl = lim "6 =1;
nosw b, n-w©p’ 4572 46n "—"”1"" ‘*"‘—
0<l< o

<] @0
Zb,, converges => Z a, converges;
n=l n=1
Limit Comparison Test

n 1
7 =
n°+1 n

2

ay =

=1l:0<l<w

lim 22 = {im

= lim 7
n—>®© D,  n=po p© 4]

nowo |+
n

@© @

2 b, diverges = > a, diverges;
n=l n=l
Limit Comparison Test

n_ . a . (n+D3"
a, =—: lim ”—“: lim .(—)_
3" now a, n—o 301,

The series converges; Ratio Test

37
s
3n+l
= lim — = lim
noo(n+ 113" noon+l

The series converges; Ratio Test

+

=0<]

lim &
n—ow q,

a 1 1 1
LY s V5 R V5
and nonincreasing on [l, ),

Fowe-| ]

=0+2=2<w
The series converges; Integral Test

is continuous, positive,

Section 10.4

26, a

27,

28,

29.

30.

31

Inn Inx .
=——;—— is continuous, positive, and
AR

nonincreasing on [2,00) . Use integration by parts

with ¥ = In x and dv=—dx for

J;nlnx l:lnx:I f:—‘i‘

[ Inx 1]‘” In2 1
=f-— 2| =0+—L4—<w
2 2

< <

( lim 0 = 0 by [Hopital's Rule.)

x—®» X
The series converges; Integral Test

0<sin®n<l for all n, so
252+sin2n53:lz—12— l for all n.
2+sin°n 3
Thus, lim 3 # 0 and the series diverges;
n—>® 2 +sin‘ n
nth-Term Test
n 1+-L
lim 22t - jim 204D iy 3
nsx a, n—)ao(}""’ +1)5 n—)a)3+§l”_
=l<l

The series converges:; Ratio Test

-1 < cosn < | forall n, so

3 4+cosn
354+cosn$5::'—s-_3

n n

< —ST for all n.

5 = 4
3 converges = Z
n n=l1 n

Comparison Test

osn
35— converges;

Ms

3
n

2n+2 1
lim Zntl = lim > " lim 25 =0<l1
ns® 4, n->o (n+|)15~" n—on+1
The series converges; Ratio Test
Lyt ¥
lim Qn+i = lim (” - l) (2”).
1o a4, a0 (2p42)n"
_ lim (n+l)n+l (n+l)ﬂ+l
n=0 (2n+2)2n+Dn" 1= 2(n+1)(2n+1)n"
n n
- lim (n+))" lim 1 (n+l)
n—=022n+)n"  n-ow| 4n+2\ n

n
=| lim ! lim("—“) =0-e=0<1
n=o0dn+2 || n-wo\ n

(The limits can be separated since both limits
exist.) The series converges; Ratio Test
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32.

33.

34.

35.

1Y 1
Let y=|1-—| :Iny=xln{1-—
X X

lim xln(l——): hm ll(l—j—)

—

X% X X—?0 -;
1/5°
1-1
= lim (—2= lim — ! =-1
x—® —-17 X—w® (]__l_)
x° X

n
Thus lim y=e", so lim (l—l) =el.

R n—»w n

The series diverges; nth-Term Test

.. a @ en+m
lim _ﬂz hm_(—__)__
nox a, noo(n+1)(4" +n)
1 444 L
4™ e+l ) PR
= lim ———————— = lim 4 4

o (n+1)(4" +1) o (n+1)(1+1n)
4

. n n
= lim .__4_4__,_—_0
e B
n n

q

. ..n .. n
since lim — =0, lim — =0, and
n—wo 4" n—wo 4"

1 A .
lim — = 0. The series converges; Ratio Test
n—w 4"

. 2 n
i 2L _ gy (D215
nswo a, n->o[2+(n+1)5" " n
. 2n+n*5" +2+n5"
= lim

n—x 2n+n25n+l +n5n+l

§n+1+‘7257+%
= lim & 4

nom - 543
n5" n

= —l- <l
5
The series converge; Ratio Test

Since Za,, converges, lim a, =0. Thus, there
n—»w

is some positive integer N such that 0 < a, <1

foralln 2 N. a, <1:>a,,2 <a,, thus

[ o=} -]
n
Z a,,2 < Z a,. Hence Z a,” converges,
n=N n=N n=N

2 . . .
and Za,," also converges, since adding a finite

number of terms does not affect the convergence
or divergence of a series.

Instructor's Resource Manual

D ot
36. Z —’17 converges by Example 7, thus

n=1 1

{
lim 22 =0 by the nth-Term Test.
n—o n"

. a . o
37. If lim =% =0 then there is some positive integer
n—wo n

Nsuchthat 0< 4 <1 forall n 2 N. Thus, for

n

n 2 N, a, <b,. By the Comparison Test, since

@® ©
z b, converges, Z a, also converges. Thus,
n=N n=N

> a, converges since adding a finite number of

terms will not affect the convergence or
divergence of a series.

. a . ..
38. If lim =% =0 then there is some positive

n—ow n

integer N such that %1 51 foralln 2 N. Thus,
n

for n = N, a, >b, and by the Comparison

@© o
Test, since Z b, diverges. Z a, also
n=N n=N
diverges. Thus, Za,, diverges since adding a
finite number of terms will not affect the
convergence or divergence of a series.

39. If lim na, =1 then there is some positive

n—w
integer N such that a, 20 forall n>2 N, Let

1 . a .
b, =—. so lim -2 = lim na, =1 <o,
n n—x b,, n—w

@ o)
Since Z ! diverges. Z a, diverges by the
n=N " n=N
Limit Comparison Test.
Thus Za,, diverges since adding a finite
number of terms will not affect the convergence
or divergence of a series.

40. Consider f(x)=x-In(l+x), then

f'(x) =]- L = x
l+x l+x
f10)=0—1In1 =0, sosince f{x) is increasing,
fix)>0on (0, <), ie,x>In(l+x)forx>0.
Thus, since a,, is a series of positive terms,

Z In(f+a,)< Za,,, hence if Za,, converges,
Z In(l +a,,) also converges.

>0 on(0. o).
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41.

42,

474

i/n

Suppose that lim (a,) " = R where a, > 0.
n—w

If R < 1, there is some number r with R <r <1
and some positive integer N such that
|(n,, Yo —R‘ <r—R foralln = N. Thus.

R-r<(a,)/"-R<r—R or
-r <(a,)"'" <r<1. Since a, >0,
0<(a,)/" <r and 0<a, <r" foralln 2 N

4] e
Thus, D a, < » r" . whichconvergessince
n=N n=N

o€
|| < 1. Thus, > a, convergesso > a, also
n=N
converges.
if R > 1. there is some number r with 1 <r <R
and some positive integer N such that

l(a,,)” n —Ri<R—r forall n > N. Thus,

r—R<(a,,)”"—R<R—r or

r<(a )" <2R-r foralln 2 N. Hence
n

oG oo
r" <a, foralln 2 N, so Z r" < Z a,, and
n=N n=N

o0 [ o]
. N
since Z r" diverges (r>1), Z a, also
n=N n=N
diverges, so Za,, diverges.

1 n \/n
a.  lim(a)!'" = lim (— - lim ——
n—w n—x Inn nownn

=0<«l1
The series converges.

n 1/n
b. |im(a,,)””=lim( -z )
n—o noo|\3n+2

. 1 1
= lim ——=-<I
n—>co3+; 3

= lim
n—o3n+2

The series converges.

| n \/n
c. lim(a,)"/" = lim [(-+1J :l
n—»w n—>% 2 n

. 11 1
=lim|-+—|==<l
n—m\ 2 n 2

The series converges.

Section 10.4

43. a.

m[1+1)=m(ﬁ+—l)= In(n+1)-Inn

n n
S,=(@n2-Inl)+(In3-In2)+...
+(Inn=In(n=1))+(In(n+1) - Inn)
=-Inl+In(n+1)=In(n+1)

lim S, = lim In(n+1) =0
n—wo n—w

Since the partial sums are unbounded, the
series diverges.

I (n+1)?
n(n+2)
Sy =(@2In2-In1-1n3)+(2In3-In2-1In4d)
+(2In4-In3-InS)+...
+Q2Inn-In(n-1)—In(n+1))
+Q2In(n+1)=Inn—In(n+2))
=n2-Inl+n@x+1)-In@m+2)
n+l

=2ln(n+1)-lnn-In(n+2)

=In2+ln

n+

n+l

lim §, =In2+ lm In 2=In2

n—w® n—x n+
Since the partial sums converge, the series
converges.

Inx
[—l——) is continuous, positive, and
nx

[ ] Inn
nonincreasing on [2, ), thus Z (—J
aoa\inn

Inx
converges if and only if J:D (Tl—) dx
nx

converges.
Letu=Inx.s0o x=¢" and dx = e"du.

1 inx | u e u
— = — u = —
'co(lnx) dx EZ(H) e'du Ez(u) du
This integral converges if and only if the

@ n
. . e .
associated series, Z(—] converges. With

n=I\"

n

n
a, = (E) , the Root Test (Problem 41)

n
I/n

. 1/n . e "

lim (a,) " = lim (—)
gives n-—po n—»w n

= lim £=0<1
n—won

[>+] e n e u
Thus, —| converges, so — | du

(2] comenee ()

Instructor's Resource Manual



converges, whereby Z !
n=2 (h’l n)

converges.

Inx

1 . . -

d. is continuous. positive, and
(ln(ln x))

nonincreasing on [3, ), thus

«© 1 Inn
Z ( ) converges if and only if
s=3\In(lnn)

] Inx
f dx converges.
In(In x)

Letu=Inx, so x=¢€" and dx = ¢“du.

1 Inx
‘CD(IHGM)) &
= 53(—1111—“) e'du= Ef”(lniu) du

This integral converges if and only if the
n

. .o e
associated series, z _— converges.
n=2

n
With a, = (li) , the Root Test (Problem
nn

41) gives

n \/n
lim (a, )" = lim l:(i) ]
n— n=|\Inn .

= lim —e-=0<l
n—owoInn

w0 n
e
Thus, Z (—) converges, SO

aoo\Inn

u
E (i) du converges, whereby
N Inu

1
Eaanan )

converges.

p(n)y=c,n" +c,;n" " +...+qn+cy and

q(n)=d,n" +d,_yn" ' +...+d\n+dy where c,.d, #0 and
¢ +ite L+ +2

a, =1/n; b, =1/(Inn)*

4
lim %2 = Jim —1" i 07
n—® b,, n—= 1 /(In ,1)4 n—w N

3 3
= lim 4(Inn)"(1/n) = lim 4(Inn)
n—w n—w n
- lim 12(nn)?(1/n) _ . 12(In n)?
n—w 1 n—wx n
9
= lim 24(Inn) = lim 24(1/n)
n»o n n—w 1
= lim ﬁ =0
n—=yw N
Z diverges = Z diverges
n= 2(lnn

nxY’ . . -
—— | is continuous, positive, and
x
nonincreasing on [3, « ). Using integration
by parts twice,

nxY , [ x| 2inx
f(?)d"-['*?‘ s[5
3
27° o
[MJ [i] e
X 3 X 3 x

2 00
{_(lnx) ) 21nx_3} 8o
x x  xj
© 2
Thus, Z(M) converges.
n=3n X

44. The degree of p(n) must be at least 2 less than the degree of q(n). If p(n) and g(n) have the same degree, r, then

r-l r C
A= z(.

r r-1
lim p(n)= lim 2" +e,n’ 4 4qntey
n—w q(n)  nod n" +d,_ 0’

+...+din+dy

"—’°°d +—Ld" ] d‘ _+% d,

n

Thus, the series diverges by the nth-Term Test. If the degree of p(n) is r and the degree of g(n) is s, then the Limit

Comparison Test with a,, = p(n) b, = 1 wﬂl give lim 2% = [ with 0<L <o, since —

q(n)’ n’

Y ()
bn q(n)

the degrees of n°~" p(n) and g(n) are the same, similar to the previous case. Since 0 < L < o , a, and b, either

both converge or both diverge.
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46.
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o 1
L=<

0
Ifs > r+2 thens—r 2 2so Zb,, =

Zb and hence Za,, ZEQ converges.

n=1 n=1n n=17 n=1

o S — | p(n .
Ifs<r+2,thens-r < 1lso Zb,, = Z — 2 Z—. Thus Zb,,, and hence Za,, = Z diverges.

n=1 n=| N n=1"1 n=l n=| n=l

1 1
Let an=L l+—l—+—+...+— and
n® 2P 3° n?
b, —L. Then
nP
1 1 1 - 1
lim 22 = Jim l+—+—+...+—)= —
n=w b, n-sw 2P 3P n? ,,=lnp

which converges if p > 1. Thus, by the Limit

[ <]
Comparison Test, if Zb,, converges forp> 1,
n=1

so does Za,, Since Zb = Z—- converges

n=l n=l -—1"
1 1 1 1
forp>1, Z—- 1+ —+—+---+— | also
s n? 2P 3P n®

n n2 n—w b

1
a. Leta,= sin? (—) and b, =

S 1 .
using the substitution ¥ =—. Since 0< | < o, both

n
1
b. Leta,= tan(—)
n

n—w 0,

Then hm Gn _ lim n%sin ( )

n—w

and b, =l. Then lim 2% = lim ntan(—l-)=
n n

Hn—0

. 1 i
converges. Forp < 1, since 1+—+...+—>1,

27 n?
L(1+i+...+L)>—l-. Hence, since
n® 2P n? n?
2 1
Z— diverges forp < I,
n=l”p

=1 ] 1
Z—(l+—+...+—) also diverges. The
n=l n?P 2P n?

series converges for p > 1 and diverges forp < 1.

. 2
. sinu
sinfu = lim | =] =1
u=-0"\ U u—0"\ U

m
> o] 0 1 @® < o]
Z = Z—z Z = Z sin ( ) converge.
n=] n=| n=| n=1

. (%)Si"” . (sinu . o 1. o 21
= lim ~=~——= lim cosu | =1 using the substitution u =—, Since 0 <1 < «, both Zb,, = z- and
u—0 CcoSsu u->0\ u n ool s |
Za,, Ztan( ) diverge.
n=1
l+cosl) @ Jn(1-cosl Jnsin?l =
c Z\/_(l—cos ) Z\/—(l cos— J '{]:Z ( )- <Z\/;sm21
l+cos—) =l l+cost =] 1+cosl 1
n n=
.21 1
Let a, =Jnsin? = and by =——.
n 0312
2
inl | .
sin mn-=
lim 28 = lim n? sinzl: lim i1 =1, since lim n— Jim 2% ) with uzl.
n—»w O, n—wo n n—>w ‘rl; n—»w .}1. u—0t u n

Section 10.4
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Thus, by the Limit Comparison Test, since Zb -Z 3 5 converges, Z\/_z sin® - converges and hence,
n

n=1 n=1N n=l1

Z Jn (1 cos ) converges by the Comparison Test.

n=l

10.5 Concepts Review 5 4 = Inn M In(n+1) i< equivalent to
. N o n o on n+l q
L nh_r::oa" =0 n+l n+l
In v >0 or ( " >1 which is true for
(n+1 n+l)

2. absolutely; conditionally

' ‘ n>2. Sy =—0.041. The error made by using Sy
3. the alternating harmonic series is not more than a;q = 0.230.

4. rearranged
_Inn _Inn ln(n+l)

“n In il

forn 2 7. Sy = 0.17199. The error made by using
2 2 2 Sy is not more than ajg =0.72814.

forn 2 7,50 a, >apy

Problem Set 10.5

a, = : > , S0 4, >a,,1;
" 3n+1 n+l 3n+a o 7
(_i)n+l
lim =0.Sy = 0.363. The error made by |1 4 3 )
n-m3n+ 7. =- — == <1, so the series
using Sg is not more than ag = 0.065. ] (—%—)
1 i converges absolutely.
2. ——,— , SO ap > Q45
\/; \/; (—n+l n n+ | |
8. u,|= which converges
lim = — = 0. S, ~ 0.76695. The error made ,,le o|= ,,Zl n\n Z n'?
noo  Jn
by using Sy is not more than a)p = 0.3 1623. since % > 1, thus Z(—l)" —1- converges
n=l nNn
1 1 1 absolutely.
3. a,= ; > ., S0
In(n+1) In(n+1) In(n+2) "
n
a, >y 9. |un+]|=2n+| ="+l;l' n+l=_l_<1' 50 the
. lu,,| oL 2n now 2n 2
lim =0.8g ~1.137. The error made by 2
n—wo In(n+1) series converges absolutely.
using Sy is not more than ajg =~ 0.417.
(n+]) 5
4. a no " a, >an 10. Iun+l| n;l =(n+? :
. = : s 1: 2
"l b+l e+l ] = en
. n 2
lim ———=0.Sy =0.32153. The error made by lim D7 1036788 <1, so the series
n—o n° +1 n—x  epn e
usmg Sg is not more than Qg = 0.09901. converges abso[ute]y.

11. n(n+l)=n?'+n>n2 for all n >0, thus

1 [ ) o

21
50 Z‘u"l Z\‘n(n+1 27

n=l1 n=|

<—,
n(n+1) n2

Instructor's Resource Manual Section 10.5 477



12.

13.

14.

15.

16.

17.

478

which converges since 2 > 1, thus

Z (-1 converges absolutely.
( n(n+1)

n=|
el
|ll,,+|| _(mey 2

= —:
|u,,| 2 n+l
n!

. 2
lim =0<1, sothe
n-0 1+ |

series converges absolutely.
n+l
Z( l)'Hl L. Z( D" which converges
n=]

o n+l

since Z

converges. The series is

- . 1 .
conditionally convergent since —Z— diverges.
n=l

o] o [+ =]
PNTAEDY I“ = 1_2—11]— converges since
n=l1 n=130 dp=iht
1.1 > 1. The series is absolutely convergent.
= L # 0. Thus the sequence of

lim

noo 10n+1 10
partial sums does not converge; the series
diverges.

n n+l

W > T SO a, >d,,.;
10" +1 10(m+1)"" +1
n= [0n'! 41 now10n™ +1

alternating series converges.

n 1
Let a, = and b, =——. Then
g 10 +1 § n9!
1.1
lim Gn Iim——:L: 0<—1—<oo: SO
n—»m b,, n—)mlo,ll'l+] 10 10

[+ o} @x o]
. . 1
both Z a, and Zb,, diverge, since ZT
n=1 n=l n=|
diverges. The series is conditionally convergent.

1 ] 1

lim =0; > is
nsoninn (n+1)In(n+1)

ninn

equivalent to (n+1)"*! > n" which is true for all
n>0so a, > a,,,. The alternating series
converges

Z |“n| Z

o 2nlnn xlnx

is continuous,

posmve and nomncreasmg on [2,

Usingu=Inx, du= —a'x,
x

Section 10.5

18.

19.

frlnxdx n2 udll‘[lnlul]zz = . Thus,
2]

Z diverges and Z -n"

g ninn y2

is
ninn

conditionally convergent.

-] 2]

Z:l]u,xl Zl (l+\/_) nzln\/— ,%nyz

. . 3 .
which converges since 5 > 1. The series is

absolutely convergent.

(n+1)4
lll,,_,_]l _ 2n+l _ n4 .
= —= 7
ful 2 2nr)
4
1
lim _n_ —<1.

n=—»®2(n+ 1) 2
The series is absolutely convergent.

1 1 1
a, = : > )
! \/nz—l \/nz—l \/t?+2n

=0, hence the

a, >apy: lim >
n—x n "l

alternating series converges.
1
Let b, =—, then
n
l

. a,
lim -2 = lim = lim =1
n—»co b n—»x an 1 n—w9 Jl_ A

0<]< .

- e} [ =}
Thus, since Zb,, = Z 1 diverges,
n=2 n=2"

also diverges. The series

Za -3
n=2
converges condmonally.

n n n+l .
a, = ; > is equivalent to

n?+1 n?+1 (n+1)2+1

n% +n—1>0, which is true for n > 1, so

=0, hence the alternating

. n
a, > a,,: lx_x:; T
n—® n +

. 1
series converges. Let b, =—, then
n

2
lim In _ lim =1:0 <1 < o0, Thus, since
n—yo Oy, n—on- 41
Zb = Z diverges, Za,, = Z also

n= [II +1
dlverges. The series is condmonal]y convergent.
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2. a ="l im 2
: n n ’H—Pw n

The series is divergent.

23, cosnn=(=1)"= !

=D

0

——(~1)"*! 50 the serics is

(- l)n+l
Z , —1 times the alternating

n=1

harmonic series. The series is conditionally

convergent.
o gip 2%
24. Z_2=1_1+L~L+...’ since
o 9 25 49
Coan 0 n even
SiIN—= n-l
(-D? nodd
© sinit @ 1
Thus, D —24=3 (-
n=1 n’ n=\ (2n-1)7
Sl =5 —
u,| =
n=1 n=1 (2" -1y
(2n —I)‘ >n? forn> 1. thus
& 1 =
Z——2< > = 5 » Which converges since

—2(2n-1) n=21"

n
2 > 1. The series is absolutely convergent.

25, Isin nlsl for all n, so

[+ o] -] M
|smn| i
nZ=1|u,,|- Z:l m/_ 2

since % > 1. Thus the series is absolutely

convergent.

1 sin(%) 1
26. nsin(—): .As n >, ——0 and
n

1
n

n

and

Hm sink =1 so lim nsin(l)= 1. The scries
k-0 k n—c0 n
diverges.
1 1
27. = ! : >
Jn(n+) " Yn(n+1)  J(n+)(n+2)
1 . .
m ————= =0 so the altemating series
n—x \/n(n +1)
converges.
Let b, =l, then
n
lim = lim = lim =1
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28.

29.

30.

31.

0<I<ow,

o€ e ]
Thus, since Z Z— iverges,
] ol

> o] oo
Z Z '__-n(n+ also diverges.

Thc series is conditionally convergent.

1

a, = ——————
" \/n+l+s/;
1 1

> , 804, >da,,;
\/n+l+\/; \/n+2+\/n+1 " m
. 1
lim ———=——=0. The alternating series
n—po0 ]+\/_ &
converges.

1
Let b, = —. then

Jn

. a, Jn 1 !
Im 2+ = lim ————= llm S ———
n—)aob n—o n+]+\/— 1+—1-+l 2
n
1 & - 1
0 < — <o, Thus, since Zb,, =25
2 n=1 n=1N

dlverges( ) Za,, —Z‘/m+\/_ also

diverges. The series is condmonally convergent.

the series dwerges.

( 3 n+l © 3n+l n+l

Z -2 im

" Il—)COn

20, so

n
a, =sin > ; forn 2 2, sin—>0 and
n’ n
.M . 0W . .m
sin— > sin T so a, >a,,: limsin—=0.

n n+ n—»wo n
The alternating series converges.

| . .
For n>2, — <sin— which can be seen from
n n

. . 1
noting that n<sinnx for n< 7 Thus

Z || = z sinZ > Z —, which diverges.

n=3 n=3 M op=37
The series is conditionally convergent.

Suppose Y|a,| converges. Thus, Y 2[a,|
converges, so » (|a,|+a,) converges since

0<|a,|+a, <2|a,|. By the linearity of

convergent series, 3 a, =Y (Ja,|+a,)~ > |a,|

converges, which is a contradiction.
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36.

37.

38.

39.

480

34.

. Let ) a, =Z(—1)"‘l—F >'b,. > a, and

vhH

1
Zb,, both cenverge, but Za,,l,, = Z—

n

diverges.
) sitive aries iy 35
The positive-term series is
I &)
l4—+—+-+...= ) — —
3 5 ooy 20 —-1
= Il 1
Z > = T — which diverges since the
n-1 2=n

n=1" ~n=l
harmonic series diverges.

Thus, Z_T diverges.

|"”

The negative-term series is

_________ =— z — which diverges.
2 4 6 8 K

since the harmonic series diverges.

ll"

[ I R I N B ] 1 I 1 ]
—t bt ————+— —
S 7 9 11 4 13 15 19

1 1

J4———

3 2

21

|
17 6 23

Sy = 13265

Written response

Possible answer: 1ake several positive terms. add
one negative term, then add positive terms whose
sum is at least one greater than the negative term
previously added. Add another negative term,
then add positive terms whose sum is at least one
greater that the negative term just added.
Continue in this manner and the resulting series
will diverge.

. 11
Consider l—l+———+l-l+
2439
Itis clear that lim «, =0. Pairing successive
n—oo

-l >0 forn>1.

terms, we obtain ———==

n o n° )12 41.

and b, =—. Then

" n

L ) 0<l<.

. a .
lim 2 = Iim
nowc b, nox pg-

Section 10.5

40.

If the positive terms and negative terms both
formed convergent series then the series would
be absolutely convergent. If one series was
convergent and the other was divergent. the sum,
which is the original series, would be divergent

. a. I+l= 1.33
3

b. 1 +l——z 0.833
3

| -

l-rl+ ! +i~138

11
e l+—-——+
57 9 11

3 2

|+l_l+l+l+l+-l——l~l 13
3 257 9 11 4

LI RO S
8§ 25 27 29 13|
0 o0 l
Thus, since Zb,, = Z— diverges.
n=| n=}
Z a, = Z(‘—T) also diverges.
n=1 n=INT 7
1 ] 2
- = . S0

n-|\

\f;—] J;_:+1
1 1 1

2-1 B+ B

= 72— which diverges

n

—\/§+l

n=l1

Note that (a; +b;)* 20 and (a; —b;)> 20 for

all k. Thus, af +2a.b, +5; 20, or

a,; +b,; 2 +2a. by forall k. and
o) 5 =]

ai +bf 2 2|agb]. Since Y af and be both
k=t k=l

o0
2 . 2
converge, Z (a; +b; ) also converges, and by
k=1
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-] [ o]
the Comparison Test. ) 2|a;b;| converges. D aib; converges absolutely.
=i

I\)--

Hence, Z layby | =

k=1

an

=" 2|ayby| converges, i.e..
k=1 1

k=
42, y

-1

sin
E—dx gives the area of the region above the x-axis minus the area of the region below.

Note that
2k+l)nf sinx sin(x+7x 2k+)nsin x 2k+Drsin(x+ 1
.[: ) + ( ) de= E ) snx . E ) ( ) Six+1) o
kn x X+7 X+
2k+)x sin x 2k+2)msinu 2k+2)n sin x
- j: sinx f SN Gy = j: dx
kn x 2k+)n kx x

by using the substitution u = x + 7 . then changing the variable of integration back to x.

Thus, Eﬂ smx ot £2k+l)n sinx . sin(x+ n)) Z £2k+l)ﬂ (x + m)sin x + xsin(x + ) e
kn X+ x(x+m)

i E2k+l)nxsmx+1tsmx xsmx Z E2k+l)'r nsinx dx

x(x+ 1) x(x+ )
Fork>0,on [2k7.(2k+1) 710 < sinx < 1 while 0 < —~— < ——= !
or . , > > > = .
‘ x(x+m) 2knQkn+n)  (4k% +2k)n
2k+1
Thus, 0 (B0 IINE L (@, 1
x(X+7)  (4k% +2k)n “2kn ak* +2k
nx
Hence, dx < —— which converges.
b x ,(z;‘uc 242k Z4k2

. 27 Sin X . sinx
Adding L ——dx will not affect the convergence, so E—dx converges.
x x

sin
43. Consider the graph of | : x| on the interval [kx, (k+ 1) = ].
x

Note that for kn+£$xskn+5—n, l$|sinx| while —-1—-51 Thus on (k+ l) (A +§)n
6 6 2 (k+§)n x 6 6

1 1 . |sin x| J:IHl)n |sin x| s> rk+5/6)n: |sin x| ] fk+5/6)n R

2| dx 2 = )
k+l/6)n x (2k+-§)n k+1/6)n 3k+%

= N

20k+5)n (2k+d)n

n X

[sin x| 1 ! 1
Hence, | ¥——dx2 ) ——. Let gq; = and b, = —
£ x Z,3k+% ¥ k3 Tk
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[+

. ap L. k : ! 1 1 R R < -
lim =% = lim = lim =—; 0 < —<co, Thus, since b, = ) — diverges, a, = also
k- by, k—)oo3k+% k—>w3+—2‘% 3 3 ,CZ::I kzﬂk Ié ,é C+ 35
i 7 [sin x L
diverges. Hence, flsmxldx also diverges and adding E' : ldt will not affect its divergence.
X X
. I 222
44. Recall that a straight line is the shortest distance between two points. Note that sin—=1 when x = —5-, 6’ 3
x
. 2
and sinZ = 1 when x=3,zi Thus, forn 2 [, the curve yzxsmE goes from 2 . ) to
x 3711 X 4n+1 4n+1
2 .- 2 . The distance between these two points is
4n+3  4n+3
2 2 V. 2 2 ¥ 2 ¥ 2 )
- + + =.]2 +2
4n+l 4n+3 4n+1 4n+3 4n+1 4n+3
_22(4n+3)? +2(4n+1)> _ 2Vedn? +64n+20 _ 16n® +16n+5
(4n+1)(4n+3) 16n% +16n+3 16n% +16n+3
: . 2, 4161 , .
The length of xsin I on (0, 1] is greater than Z__16;1_+167£2 because this sum does not even take into
x n=1 l6n° +16n+3
. 2 2 2 2 . .
account the distances from ,— to . which are still shorter than the lengths
4n+3  4n+3 4(n+1)+1 4(n+1)+1
along the curve.
2
Let a, = 4\/16;1 +i6n+5 and b, =l'
16n° +16n+3 n
16,5
e, . amli6n® 416045 . alentr16nd asn? . W16+
Then lim —= = lim = lim = lim
nswb, nso 161 +16n+3 nso  16n* +16n+3 n—w 16+%+i2

n

_ls

=l0<l<oo.

© ®© ® L) 2
Thus, since Zb,, = Z—]— diverges, Za,, = ZLM also diverges.
n=1 n=1" n= =1 16n°+16n+3

o]
Since the length of the graph is less than Z a,, the length of the graph is infinite.

n=)

1 | 1 1 1 1 1
45, ——+ +ot— = ——— et -
n+l n+2 2n l+% 1+% 1+2 \n

This is a Riemann sum for the function f(x) = 1 from x = 1 to 2 where Ax = 1 .
X

n
- D S 2 |
lim — ] —||=1 —dx=1In2
naml‘zﬂ[l-p%(n):, '(x
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10.6 Concepts Review

1.

2.

3.

4.

power series
where it converges

interval; endpoints

LD

Problem Set 10.6

Instructor's Resource Manual

o (_])n+]xn I n+l |
wo Nn+l) : —n—)aol(n+l)(n+2) n(n+l)l— col |n+2 —|xl

M8
ol =

3
n
=

which converges absolutely by comparison with the series

When x = 1, the series is Z &) ey

n=}

n(n+1)

- (O
When x = -1, the series is M =——— Z( n2H ——

ol n(n+1) el n(n+l)
@
=) (-1 =(-D which converges since converges.
Zl n(n +1) Z:n(n-l- 1 ,,Z;N("

The series convergeson—1 < x < 1.

© _n n+l n
x . 1
—: p=lim + =11m|x|—4=0
=0 n! nowl(n+1)! nll now |n+l
The series converges for all x.
© o qyn+l 2n-| 2n+l 2n 1
D" x . p= lim Ix I |2l____
2 @n-1)! n—)m|(2n+l)' (2n- 1)'| ,._m 2n(2n +1)
The series converges for all x.

i 0 3P m ___2"+2 + L nll_r:;a,, # 0, thus the series diverges.
a0 (2n)! n—o|(2n+2)! (2n)! The series converges on -1 <x < 1.
hm I 2I ! =0 o (n+l)2x"+l

(2n+2)(2n+1) 6. Z “x";p= lim
n—w nzx"

The series converges for all x. (n+ 1)
= lim | | |x|
1 n+l n—o
Z"x . p= lim (n+ )x .
noo|  px' When x = 1, the series is an which clearly
n+l . n=l
= ,,l e M =l diverges.

@
When x = -1, the series is Z n?(=1)";

n=1

[- <]
When x = 1, the series is Zn which clearly
n=|

diverges.
n-~y»x

= o]
When x = —1, the series is Z n(_l)"; a, =nm The series convergeson -1 <x <1,

n=1

Section 10.6

a, = n?; lim a, # 0, thus the series diverges.
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@0 n ! n+l xn
I +
Z=: ngnao n+l n
1
n‘—I)ncohl n+l |II

=]
. 1 C
When x = 1, the series is 1+ Z (-1)" —, which is
n=1 n
1 added to the alternating harmonic series
multiplied by -1, which converges.

When x = -1, the series is

n
1+ Z( )y —— ) =1+ Z . which diverges.
n

n=|
The series converges on —1 <x< 1.

1+ix” ;o= lim|— x
n=l‘/—’ n— J,H- \/—_
n
= I —_—] =
Jim W7 =

When x = |, the series is 1+Z— which

n=l] ‘/_

. . 1
diverges since 5 <l.

[e o]
When x = -1, the series is 1+ 3 (1) —=
n=1 ‘/;

1 1

- J' T Jn+1’
lim —= =0, so the series converges.

n—w \/—

The series convergeson -1 € x<1.

so a, > a,. and
n n+l

( I)n n
Zn(n+2)
n+l

. x x" |
p = lim +
n—o|(n+1)(n+3) n(n+2)|

. n® +2n
= lim || 22 <
n-o An+4n+43

o0
1
When x = | the seriesis 1+ » (-1)"
E( ) n(n+2)

which converges absolutely by comparison with

the series Z
n=1 II

When x = —l the series is

N s VUL Y ,
- = h
1+n§( ) —— g 1+’§ln(n+2) which

Section 10.6

10.

11.

12.

= o)
. . 1
converges by comparison with Z—z
n=t 1

The series convergeson—-1 < x < 1,

ﬂ

n+1) —1

+
X" 1 <" |

p=lim —+ >
oa|(n+2)2 1 (n+1)2 1|

. n®+2n
= lim |of| 222" = o
n—o |p°+4n+3

When x = 1, the series is
o0 1 0

1 > 1 .
Z Z > —Z n12) which

,,l(n+1) -1 oin +2n 7

@®
. . 1
converges by comparison with Z_z

n=I N
D" .
When x = —1, the series is Z which
2
n=1 (n + 1) -1
converges absolutely by comparison with

i 1
n=1 n’
The series convergeson—1 < x < 1.

n+l n

Z(l) D> X im [

n—o 2""“ an n—om
x
=|= <] when-2<x<2
(=]

When x = 2, the series is Z (—1) —= Z «n”"

n=0 n=0

which diverges.
When x = -2, the series is

Z(l)"(z) Z(l)(l) —lehlch
n=0 2 n=0
diverges. The series converges on -—2 <x<2.

) 2n+l n+l
Z2"x";p="ljlnw —|= lim |2x|=]2x|;
=0 x n—ow
|2x] <1 when ——l—<x<l.
2 2
When X_E the series is 22"[ ) Zl
n=0 n=

which diverges.

When x = —%, the series is
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13.

14.

15.

16.

® n @
Z " (_l) = Z (1" which diverges.
n=0 2 n=0
1

. 1
The series converges on -3 <x< 7

izn n . 2n+l n+l . 2".1‘"
a0 P n—o| (n+1)! Y
= lim |"x| =0.

n—w n+l

The series converges for all x.

S nx" . I(n+l)x"+l nx"

> —ip=lim +

- n—o| n+2 n+1|
n?+2n+1

= lim ||

n—®

=l

n +2n

When x = 1. the series is Z_I which
o nt

diverges since lim =1=0.

n—on+l

] n
When x = -1, the series is Z n(-1) which

nel n+l

diverges since lim —=1=0.
n—on+l

The series converges on —1 <x<1.

I(I-l)"+l (x-1"|

n—-)ccl n+l n

@© (x_l)n'
2——ip=

n=1

= lim |x—l|’—— =|x-1: |x—1]<1 when
n—yw n+l

0<x<2.
n

which

.. oe= (=D
When x = 0, the series 1s Z
n=l1
converges.

When x = 2, the series is z

n=1"
The series convergeson 0 < x <2.

z(x+2 lml(x+2)"+‘ L (x+2)"
. n—)uol (n+1)' N n! I
= lim |t+2| =0
o +1

The series converges for all x.

Instructor's Resource Manual

which diverges.

17.

18.

19.

Z(x-&—l) [EE i (x+l)|
ar n—>ao| 2n+l 2"

lnm|r+ { { Hi It+l!<1 when
-3 <x<l.

«w (_-)Il @®©
When x = -3, the seriesis Y ——= PG

which diverges.
n

[+ o} [
When x = 1, the series is Z '—" = Z 1 which

n=0 2 n=0
diverges.
The series convergeson -3 <x < 1.
$a= -2 -2
n=l n? "—*°°| (n+l) n?
= lim |x-2] ={=lx-2]5 [x=2]<1 when

n— (n+1)
1 <x<3.
)n

When x = 1, the series is Z which

n=1 n

2]
. 1
converges absolutely since Z_z converges.

When x = 3, the series is Z—— which
n=1n
converges. The series convergeson | < x < 3.

i(x+5)" _ lm| (x+5* (x+5)
o) T ame|nr)(n+2)  n(r+ D)
= lim |x+5] ——{=|x+5|; |x+5] <1 when
n—w 2
—-6<x<-4,
[- ]
When x = -4, the series is Z which
n=l"(”+])

[ o]
converges by comparison with Z LZ

L] (__l)n
When x = -6, the series is which
s i(n+1)
= 1
converges absolutely since
nzl (n+1)

converges.
The series convergeson —6 € x < —4.
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e+l
20. Z( D™ n(x+3)"; p = llmﬁ”_"’l&i:»_

n=1 n—e® n(x+3)"
= lim |x+3| =|x+3|: |x+3]<1when
n—>C
—4 <x<-2,
&, el . 24.
When x = -2, the series 18 z (-D"""'n which
n=l|
diverges since lim n=0.
n—oc
When x = —4, the series is
o0 o0
S =)™ n(=1)" = 3 -n, which diverges.
n=1 n=l
The series converges on 4 <x <-2.
n IX
21. If for some xg. lim 22 = 0, then Z— could
n—o n!
not converge.
25,
22. For any number £, since
k-n<k-n+l1<..<k-2<k-1<k,
|Gk =)k =2)...(k -n)| < k", thus
(T _ _ n+l
lim Ik(k Dk ?)"'(k ”)x" < lim , x"
n—»w n. n—wo| n! 26.
kﬂ
=|k| lim |—x"|. Since—1 <x<1, lim x" =0,
n—yco n' n—w
n
and by Problem 21, lim [— =0, hence
n—o| n!
Hm k(k-D(k-2)...(k—n) =0
n—we n!
23. The Absolute Ratio Test gives
‘ (n+1)1x2*3 nlx>n+! l

p=lim :
n-)uo|1-3-5-"(2n+1) 1-3-5-~(2n—l)|

n+l n
27. a. p= o |35 D L G2 D | - lim [32+1]|—
"—>°°|(n+1) 2 g2 | mow
=2)"
When x = —1, the series is Z -Z( n”?
n=11"
n
Wh =—, th
en x 3 e series is ,,Z‘in o
486 Section 10.6

n+l
2n+1

= lim l |
nN—rx0

<2

The radius of convergence is V2.

7k

Using the Absolute Ratio Test,

(pntp)t Lot
n—-)co ((,H.])l)P (,,I)P
. lxll(pn+p)(pn+p-1)...(pn+p—(p—1))l
e | (n+1)°
-1 L, _p-!
—'}11;1:0|x|p(p n+1)(p n+ljm(p n+l)
=[x p”

The radius of convergence is p~?

This is a geometric series, so it converges for
|x 3] <1,2 <x<4.For these values of x, the
1

series converges to .
4-x

1 pu—
1-(x-3)

Z a,(x-3)" converges on an interval of the
n=0

form (3 - a, 3 + a), where a > 0. If the series
convergesatx=-1,then3-~a < -1, ora 2 4,
since x = -1 could be an endpoint where the
series converges. Ifa > 4, then3 +a 2 7so the
series will converge at x = 6. The series may not
converge at x = 7, since x = 7 may be an endpoint
of the convergence intervals, where the series
might or might not converge.

= l|3x+ 1|: l|3x+1| <1 when —1<x<2.
2 2 2 3
o which converges.

1
= Z— which diverges. The series converges on —1< x < S

Instructor's Resource Manual



28.

29.
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G

4ain+1

n+l n+l n
Ney™iEe-3y s3] im [22-3

nso| 4" il dn | e

1]2;:—3[ <1 when L <x <Z.
2 2

=Ljox-3);

1 (-4 1
When x =——, the series is ( l)" T which diverges since — <1,
7 s o)
When x = 5 the series is Z(—l) Z

n=l

1 1

" fﬁ Tt

< !
lim — (-1)" —= converges.

n—® J_ 0 n=l Jn

. 1
The series converges on -3 <x< >

SO a, > a,,;

From Problem 52 of Section 10.1,

P 1+v5) (1-5)"|_
TS 2 2
n+l

p= lim t—[(1 + J§)"+' ~(1-V5

n—e| 241 /5
(R ()
() -(-B) | R
N IEENRIEN

2 2

| (5] ~(1-5)']

“Fle

l+\/_ (

x| <1 when - 2 <x< 2
1+J§ 1+\/§'

n
Note that lim \/g = 0 since - \/g
n-—»o 1+J_ 1+\/§

=0.618

<1.

2
R=
1+\/§

If a,,3 =a,, then ag = a3 =ag =a3,,a = a4 = a; = a3,y , and a; = as = ag = a3, . Thus,
-]
Z a,x" =ay +alx+a2x2 +a0x3 +a1x4 +¢12x5 +-- =(ag +a1x+azxz)(l-i—x3 +x0 +0)

n=0

o0 w0
,
=(ap +ayx+ayx°)y. 2" =(a, +a,.r+a2x2)z ).
n=0 n=0

apg+apx+ az.rz is a polynomial, which will converge for all x.

Z (*)" isa geometric series which. converges for I |<I or, equivalently, x] <l1.
n=0

2
Since Z %" =— for |d<1. S(x)= ﬁ(ﬁ‘:'—x;azi- for [x|<1.
X —-X
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30. If a, =a,,,, then ag=a, =ap =8pp, G =Apy) = Arps) = Bnpsls etc. Thus,

o0
D a,x” =a0+a|x+---+ap_lx”" +agx? +ayxP*! +-—~+ap_]x2”'l Hoee

n=0

o
= (ay +alx+---+ap_lxp'|)(l+x" +x2P 4. =(ag +a]x+-~-+ap_,x”"l)z)f"p

n=0

ag +apx+--+ ap_,xp'] is a polynomial, which will converge for all x.

-]

0
> X" = > (xP)" is a geometric series which converges for |.r” I <1, or, equivalently. |x| <1.

n=0 n=0
el 1 1
Since Z (xPy' = for [x] <1, S(x)=(ag +a1x+~~+ap_|xp_l)( ] for |x| <1.
n=0 1-x? 1-xP
10.7 Concepts Review , a8
l+x +—2—+-6—

1. integrated: interior

Problem Set 10.7

. . 1 .
1. From the geometric series for —— with x
-Xx

replaced by —x. we get

1
L B o S A L
1+x

radius of convergence 1.

5 i( 1 )__ 1
T ode\1+x (1+x)?

1
—=l-x+xl - ex =P+ s0
14 x

1
(1+x)?

radius of convergence 1.

=1-2x+3x2 —4x 5% -

31(1}1.1 [
dc\1-x) (-x? &((1-07) (-0

1

.1 ..
35> of the second derivative of
(1-x)

SO

;.Thus,
I-x

=14+3x+6x° +10x° +--;

(1-x)°
radius of convergence 1.

488 Section 10.7

T IS S P
l+x+—+—+—
2 3 4

. Using the result of Problem 2,

x
(1+x)?
radius of convergence 1.

=x-2x2+3x° —axt 4500 -

. . 1 .
. From the geometric series for —— with x

I-x

replaced by %x . we get

1
2-3x

3x 9x2 27x°
+—8 + +

LIS
2 4 16

radius of convergence % .

—

] 1 .
== > . Since
3+2x 3[1+§x]
2

1
— cl—x+xt - +xt -5 +oee,

I+ x
1( I ] 1 2x  4x? 8x3+l6x4

= +
3|+-§—x 3 9 27 81 243

. 3
radius of convergence 3
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1
7. From the geometric series for T with x
-x
replaced by x we get

el

X
3 = ,1'2 +.1‘6 +xlo 'l",\'M Feees

1-x
radius of convergence |.

3

L

b o X 1 X x J
8 3:— —_— =t —t—+—+
2-x 2| -x 2 4 8 16
3
for |—| 5 <lor —\/5<v<\/-
2 ‘,3 4
1. In(l+x)=x-—+—-—+...,~l<x<l
2 3 4
3 4
ln(l—r):—x—L—x——f—+ -l1<x<«l
2 3 4
% In(1+x) = In(1 - x)

-X

7r3 7\5

= 2x+—+T+ - radius of convergence 1.

12. If M =F’i. then M= Mx=1+x:
-X

-1
+1

M-1=WM+I)x x=M
M

10.

From the geometric series for In(1+ x) with x

replaced by ¢, we get
2 3 4 5

Kln(1+:)d:="—-i+x—-i
2 6 12 2

radius of convergence 1.
4 6 8
Ltan tdt_——i—+5——'I—
2 12 30 56

radius of convergence 1.

M-l <1 iscquivalent to -M — 1 <M~ | <M+ 1o0r0<2M < 2M + 2 which is true for M > 0. Thus, the natural

M +]

logarithm of any positive number can be found by using the series from Problem 11. ForM=8 x= % ]

(7 2(7 3 2 7)5 2(7)7 2(7 5
m8=2|={+=|=| +=|=| +=| = | +=|=| +—
9)731l9) "s5l9) "7l9) 9l9

11
_) '

=~ 1.55556 +0.31367 + 0.11385 + 0.04919 + 0.02315 + 0.01146 + 0.00586 + 0.00307 + 0.00164 + 0.00089
+ 0.00049 + 0.00027 + 0.00015 + 0.00008 =

13. Substitute —x for x in the series for e* 1o get:

2 3 4 .1‘5

3!

2t 3!

2 5 xb X8 3 5 7
14. xe° =x[l+x"+—+—+- | =x+x +l2—‘+'—+'—+

15. Add the result of Problem 13 to the series for * to get:
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2 3 2 3 4 5
16. ez"—l—zx=—1—2x+[|+2x+4—x-+§x—+~--]=4L+8L 16L+32x +-e-
2! 3! 2! 3! 4! 5!
23 2 3 4 5
- ) b J 3
17, e o S (l+x+x2+~-)=I+L+Y—+L+i+
l-x 2t 3! 2 3 8 30

x. -1 20X ° o X 2 © oxt o3
18. e tan” x= l+x+;+;+--- x—-3—+?—7+--- =x+x +?——+—+

tan'x .- 2 % PSR 2 O Xt 3
19. zeftan x=|l-xt———+ || x-—F+———+ | =X —— b —+
! 6 6 40

2
20 e* A T TN I 1 M. -5
T 1+ In(l+x) |+x—i+-§’-—~~- 6 24 15
3 h) 7 3 5 7
21. (tan"'x)(l+x2+x4)= I S S (I+x2+x4)=x+zi+13x _2x
3 5 7 3 15 105
-1 S B i 3 oS 7
5y _fan_ x L -x—-‘i 8 23x’
1+x% +x* l+x2 +x* 31503
x 2 3 4 5 4
. . 11
23. The series representation of isle--2 -3):———X—+--- L—d{-x-&—x}—ix“ —x -
x 3 8 30 6 12 40
-1 2 4 6 -1 3 5 7
. . t . ta
24. The series representation of A T l—f—+x——f—+---, E i 1d1=x—x—+x——x—
X 3 9 25 49
25. a. —l-=l-x+x2—x3+x4—x5+-~-, s0 ——=x-x?+x—xtexd -,
1+ x l1+x
2 3 4 S x 2 3
EORUNIE S S S SNl (1 2. S I, SV S
b. e =l+x+ 2!+3!+4!+5!+ . SO 2 —2!+3!+4!+5!+
2 3 4 5 2 3 4
4 1
c. —ln(l—.r)=x+x—+x—+x—+—+---. so —In(1-2x)=2x+ G 6x e
2 3 4 5 2 3 4
26. a. Since —]—=l+x+x2+x3+x4+-'-,;=1+x2+x4+x6+x8+--».
1-x 1-x*
b. Again using L=l+.vt+.1c2+x3+.\r4+~-, 1 —1=cosx+c0os2 x+cos> x4,
I-x l-cosx
2 3 4 4 6 8
c. In(l—x)=—.\'—x——L—x——~-‘.so ln(l—x2)=-x2—x——L—x——---,and
2 4 2 3 4
2 4 6 8
—lln(l—x2)=]n ! S E
2 1-x2 2 4 6.8
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. . . 1.
27. Differentiating the series for l yields ! 5 =1+ 2x+3x% 440 4o multiplying this series by x gives
* (1-x)

o
2
=x+2x" +3x3+4x4+-~-. hence Zmr" = for-1 <x<].

(1-x° el (1-x)?

. - . 1 L
28. Differentiating the series for —— twice yields =2+6x+12x% +20x +---. Multiplying this series by x

x-1 (1-x°
= *]
gives 2 3 =2x+3-2x2 +4.38° +5-4x* +.-- hence Zn(n-f—l)x"z =X 3 for-1<x<].
(1-x) n=l (1-x)
29. a. tan (e -1)=(F-1)- + P I 7 S N A
3 5 20 3! 3 2!
? X
=x+_ ......
6
x _1y2 X _ 3
b. eex"=1+(e‘—l)+(e DI Calul) Y

2! 3!

2 3
( 28 ] 1 [ x? J 1 ( x? ]
sl x+—+—+ [t —fx+—+ | +—|XF+—+ -
2! 3! 2! 2! 3! 2!
2 3 3 4 3
U [ S S +i x2+2x—+-~- +l PR, PO Y +5L+---
2t 3! 2! 2! 3! 2! 6

30. f(x)=ao+alx+a2x2+---=b0+b]x+b2x2+...;
S(0)=ag =by, so ap =by.
f'(X)=a1+202x+3a3x2+---=b1 +2b2.r+3b3x3+-~;
S () =a;=bh, so g =h.

The nth derivative of fix) is
! |
M (x)=nla, +(n+ l)!a,,+1x+Ma,,+2x2 4o =nlb, +(n+1)1b, X+ ("+2)'b,,+2x2 R,
£ M) =n'a, =n'b,. so a,=b,.
2 3
31 a = u = 2 1 =- ! + ! S ) P S I +(l+x+x2+x3+---)
2-3x+2 (x-2x-1) x-2 x-1 1-% 1-x 2 4 8
2 3 © gl 1y, N
=£+3L+7L+...=Zu
2 4 8 o
2 %
32, y'= —x+;—;—+--- =-y, soy"+y=0.Itis clear that y(0) = 0 and y'(0) =1. Both the sine and cosine

functions satisfy y"+ y =0, however, only the sine function satisfies the given initial conditions. Thus,

y=sinx.

33, F(x)=xF(x)= X2 F(x) = (fy + fix+ fox> + 12 +-) = (fox+ 122 + L3 +-) = (fox* + fid + foxt +00)
= fo+ (i fo)x+(fa =i~ f) +(fs = fa = J)> ++-
= fot 1= So)x+ . Un = fuct = fa2)X" 204X+ Y (fsa = frmt = fi)X"*2

n=2 n=0
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Since f30 = fuar + fus Sue2 = fns1 = o =0.Thus F(x)- xF(x) - x*F(x) = x.

X
Flx)=s———
I-x—x?
34. v(x)=&+ﬂzc+éx2 +éx3 +Ax4 el
’ o 2! 3! 4!

)z_fl_+é B2 Sa s

yix 0! l!x+ Z!I +¥x +eel
w2 3 Sa 2
y (.\)—a+Fx+;x +

(Recall that 0! = 1.)
Y(x)=y(x)-y(x) =(&+é r+;,i ? +---)—(£+—f—2«x+éx2 +---)—(&+ﬁx+& x? +J

or 1t o 1 21 o 12y
|
=SS SV (= fo = R4 s = fy = )

o
1 .
= Zi(fm. = fuw1 = fu)x" =0 since friz = fyn +f, foralln 2 0.
=0

1o 1 1 1 I
~16) = ~—+ - + -4(—
[5 375 15,625 546,875 17,578,125) 239

W
i
b

) = 3.14159

e n! n! ee . n'p . ..
36. For any positive integer k < n. both — and a are positive integers. Thus, since g <n. nle= zp is a positive
. ' q
. n! n! n! . . . ce .
integer and M =nle-nl-n !—;——3—' ————— — is also an integer. M is positive since
i . n.
I 1 1 1
e—l-l-——--— —= + +eer
2! nt (n+1)! (n+2)!
1 . . ce . 1 e
M < — contradicts that M is a positive integer since forn 2 1, — <1 and there are no positive integers
n n
less than 1,

10.8 Concepts Review

ARIO)

1. 0 3. —o;

2. limR,(x)=0 4. l+l)r-l.\:2+ix3
n—re0 3 9 81

Problem Set 10.8

3 5 7
X X X
inx X—Frtmyogt 320
1. tanx= = T =x+?+—5+
cos x £ o xt X
1-S+dr -5+
3 5
X
sinhx Y+ +ga+ 228
2. tanhx= T — =x_T+F+
cosh x 2 it
I+or+gr+
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2 3 .4
3. e*sinx =[l+x+x—+—+L+
20 31 41

23 { 2 4 3 4 .S
- X X X X X X X
4, ¢ xcosxz[l—x+——;+...} ]-—+—-...] =l-x+—-+ 4.,

2! 20 4! 3 6 30

2 4 3 23 4 203 S
5. cosxln(l+x)= PR P S S =x—x——x—+3i—

2! 41 2 3 4 2 6 40

x? 19x°
===
2 24 48 1920

3t 5!

3.5 2 .3
6. (sinx)\/1+x=[x—x—+x——...J 1+%—x—+x——..

x . x2 2 0 P
7. e“+x+sinx=x+]|l+x+—+.. |+ x-——+—— . |=1+3x+—+—+—+...
2! 31 3 2! 41 5!

+..., -l1<x<1

2 4 6 8 10 Cosx_“% |2
8 cosx-l+—=—-"-+———+... 80 —/—=———+——
2 4 6! 8 10! x* 4! 6! 8!
2 4 2 3 4 5
9. —l--coshx=(l+x+x2+x3+...) PR =1+x+3L+3L+37x +37x +..., -l <x<1
1-x 2! 4l 2 2 24 24

_ 2 3 .4
10. ln(l+x)= Inl+ x) = —x+x——x—+x——... (]—x+x2 —x3+x4—...)
1+x 1-(~x) 2 3 4
3x2 11 25t 137X
=—X4—- + — +...,.-1<x<1
2 6 12 60
1 1 2 22 233
11. == > =1+(-x-x)+(=x" =x)" +(=x" =x) +...
l+x+x I-(-x°-x)
=l—x+x3—x4+.‘., “1<-x?-x<lor 1<x?+x<l
12. = 1+sin x +(sin x)? + (sinx)° +...

l-sinx

2 3 4
=l x——+—— | x——+. | F|x——+. | FH|xm—F. | Hx-—+..
3t 5! 3! 3! 3! 3!

3.5 4 5
S T VO S S P PZIN LI ) V- S S +(x4—...)+(x5—...)
3t 5! 3! 3!
=1+ x+x° +5—x3-+£ 6Lx°
’ 6 3 120

+..., -1 <sinx<1or x#w

5
] .

where £ is any integer.

2
3 s 5 4 3 5 5
13. sin®x= x—L+x——... x—i-l—x——... S P SN | =x3—£-+...
3t 5! 3t 5! 3! 315 2

3 ] 3 ng1.S
14. x(sin2x+sin3x)=x[(2x—§x—+32x —...]+[3x—27x +"43x —‘..Hq{sx_
3t 5! 3t 5!
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16.

17.

18.

19.

20.

21.

22,

23.

24,

494

3 S
xsec(x2)+sinx= al Sotsiny = 7 x 3 + )\—L.{..x__
cos(x“) 1_%.;.%_ 3t 5!
x° O ox X 61X
=l x+—+.. |+ x-—+—-. | =2x——
2 31 S! ! 120
2 4 2 3
cosx ~1/2 x5 x x 3x° Sx
= (cosx)(1+ Y I DA | I P N
Vi+x (cosx)(l+x) { 2! 4! J[ 2 8 16 ]
v x2 P a9t 85y’
T P S L S A
2 8 16 384 768
2 3 4 5
(1+.\t)3’2 —1+3—r+3i—i- 3—x——3i , —l<x<l
2 8 16 128 256
2 | 4 2x% 1
1o 223 ol a3 =142 (cx?) = L cx?) + 2 ox2) - A
( ) [1+(=x%)] 3( ) 9( ) 81( ) 39

“1<-x? <l or-1<x<]

F () =€ foralln. f()=fN)=f'N)=f"D)=¢

e* = e+e(x—1)+-§-(x—l)2 +§(x—1)3

A2l

T : ! E =2 " E =4 ” E =
f(z]'l'f@ ”(4} s (4) o
s s 2 8 n 3
tanle+2(x——)+2(x——) +—(x—_]
4 4) 37 4
A=3; f'(H=2+3=5
S D)=2+6=8 f"()=6

T+ x? +° =3+5(x - +4(x -1 +(x-1)°

This is exact since " (x)=0 forn > 4.

(=D =2+1+3+1=T;
f-I)=-1-6-3=-10;

F-D=6+6=12 f"(1)= -6

2-x+3x2 =3 = 7-10(x + 1) +6(x+1)? — (x+1)

This is exact since f)(x)=0 forn 2 4.

3

. The derivative of an even function is an odd

function and the derivative of an odd function is

Section 10.8

26.

an even function. (Problem 50 of Section 3.2).
Since f(x)= Za,,x" is an even function, f'(x)
is an odd function, so f"(x) is an even function,
hence f7(x) is an odd function, etc.

Thus f{(x) is an even function when # is even
and an odd function when » is odd.

By the Uniqueness Theorem, if f(x)= Zanx",

(n)
then a, = f_I(O) If g(x) is an odd function,
n.

£(0) =0, thence a, =0 for all odd n since
£ (x) is an odd function for odd n.

Let f(x)= Za,,x" be an odd function

(fl=x) = -f{x)) for x in (R, R). Then g, =0 ifn
is even.

The derivative of an even function is an odd
function and the derivative of an odd function is
an even function (Problem 50 of Section 3.2).
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1

Since f(.t)=Za,,x" is an odd function, f'(x) 28. —(+2)M2
is an even function, so f"(x) is an odd function, 1+
hence f"(x) is an even function, etc. Thus, 11 +§(12)2 —i(t2)3 e
f (")(.r) is an even function when » is odd and an 22 84
odd function when # is even. -1-= 3’__5’_
By the Uniqueness Theorem, if f(x)= a,x". 2 8 16
_ ; ]
() Thus, sinh ™ (x) = [° di
then a, O (0) . If g(x) is an odd function, ‘[)‘/14_,2
g(0)=0,hence a, =0 for all even n since _ x[l—i £_£+...Jd,
£™(x) is an odd function for all even n. 2 8 16
| J2 st T
27, ———=[1+(=A)V? 6 40 112 |
- 2 3 s
oy o203 99 5 23 o x X 2% 2%
_I—E(—t )+g(—l ) —Tg(—t Y + 6 40 112
=]+i+£+£ 4 8 le le
2 8 16 29, COS(X )-1—;‘}'?—?4-'8—!—"-
1
Thus, sin"x:E dt | 1 PR S L T
[[_;2 2y = T S B
1-t Lcos(x )dx L 1 2!+4! el + o
S TAE .
=l1+=—+—+—+|dt S 9 13 17
2 8 16 B O S S .. S
" 10 216 9360 685,440
3 45 7 0
_[H_t +3t +51 . } l 1 i 1
ettt - et = 0.90452
6 40 112 T10 7216 9360 * 685,440
2 3 s
= —_t—t—
6 40 112
3/2 5/2 7/2 9/2
. x x x x
30. sinVx=vx- 3 + T + o1 "
3/2 512 712 9/2
5 . 5 x x x x
r)) sm\/;dt—f: (\/;— T + TR + o1 —...}1\'
0.5
2 4, 2577 2472 2',‘9/2 5 M2
=|—-X _—— + - +— Tese
3 5 3 75! 97 11 9! b
22057 - L05 + 0.5 (052 s —L (052 .. = 022413
3 15 420 22,680 1,995,840
3 PR SN g GG S ) D BPS py S GG Y CT S ) L
x 1-(1-x)
for-1<l-x<l,or0<x<2.
32. (l+x)”2=l+-]—x—lx2+-l—.3—ix4 —7—- S_
2 8 16 128 256
(1-x)"? IEPRLUNL e S I B S
2 8 16 128 256
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(n)
so f(x)= 2——r Zf (O)x"

6 n!
Note that (™ (0)=0 when # is odd.

Mo s 0 @oye S are 15 4 5Dy <
Thus, ———==-= and ~— =0, 50 [ @) =-—41=-2 and fGY(0)=0.

(x+.1'2)2 .(x+.r2)3 (-l"H'z)4
20 31 T

33, a. f(x)=l+(x+x2)+

5

—l+(r+r )+ (x +207 +x )+ (r +3xY +30 +x )+2 (x +41° +6x8 +4x7 +x )+

(n)
—l+r+ir— _7x_+25x +...=Z-[—i)-x"
2 6 24 =

)0
Thusf4|() 2 f“‘)(O) 4'—25

sinfx sin®x sin‘x
+ + +
3! 4!

2

b. f(x)=1+sinx+

3 4 2 4 o ,(n)
=+ x——+ +l 22X 4 +—(x3- ) l(x“— ) =l+x+——-——-...= )
2 3! 24 Z n
4)
Thus, £ 4|(O) so 0= Lyr=23
3 4 6 .8 4 6 8
c. ¢ —l=—l+(l+12+1—+[—+r—+...J=12+l—+’—+’—
20 31 4! 20 3 4!
2
e -1 2ot s
so =l+—+—4+—4+
2 2 6 24
2 4 6 35 § 3.5 ©  An)
f(x)=I; PR AR P/ P =x+—x—+x—+...=zf—m)x"
2 6 24 6 30 | 6 30 T & a

2 3
+(cosx D +(cosx 1) .
2! 3!

0 ~(n)
Hence f(x)=e—£x2+£x4-...= u)-)—x"
2 6 a0 !

4)
Thus, @D _ € o f®(0)=£41=4e.
a6 6
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34.

33.

e. Observe that ln(cos2 x)=In(l —sin? x).

3t St 3 45
.4 . 6

In(l -sin x) —smzx—u—ﬂu--..
2 3

3 45 2 3
© ()

Hence f(x)z_XZ_lx“__Z_fo_,,,: S70)
6" 45 P

(4)
Thus, SO g 90y = LTy
41 6 6

secx = =q +a1x+a2x2+... 50
1=(a0+a1x+az):2+a3x3+a4x4+...)[l——+—_ J
=a0+alx+(a2_a_;)x2+(03_%1)x3 ( )
Thus a0=1,al=0,az—a7°=0,a3-a?—0 4_7+§_0 SO
ao=1,al=0.a2=?12-.a3=0,a4=%

1
and therefore secx =1 +5x2 +ix4 +
_ sinhx

=ay +a|x+a2x2 +...
cosh x

s0 sinh.x = coshx(ag +a|x+a2x2 +...)

X3 xs x2 14 2
or x+—+—+...=|l+—+—+... (a0+a,x+azx +)
6 120 2 24

—ag+ax+ ay+ 2 x4 a3+ 2L |+ ay+ 2 BV o+ B4
=2 2 2 24 2 24

ao al 1
Thus @y =0.g0y =l.ay +—=0.a3+—=—.
0 i 2 3 3 b 6

a4+gl+a—°=0.a5+a3+ -L
2 24 2 24 120

ap=0,q =1a; =0,a3 =—%.a4 =0,as =% and therefore

lanhx=x—lx3 +£x5 -
3 15
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36.

37.

498

—=qy +a]x+a-_,.r2 +...
coshx

sechx=

so 1=coshx(qy +ayx+ az.rz +..)

12 x4 2
orl=|l+—+—+... (a(,+u,.r+a-,.r'+...)
2 -

a a ay G ay  a
=ay+ax+|ay + 2 2 4lay+ 2 Solag+ 2+ 2 4|ag+ 244 S+
-2 2 2 24 2 24

Thus, qg =l.q) = O,(a2 +%QJ=O,(Q3 +a—21)=0,(a4 +a72+£2‘%)=0,[a5 +5§—+~‘2%J= 0.so

1 5 .
ag=1a, =0 a, = ay =0, a4 =37 as = 0 and therefore

PA

sechx=1 —lxz +—5—x4 -
2 24

a, First define R;(x) by

R0 = 169~ f@- f @0 - LD - a2 - LD -y

For any 7 in the interval [a,x] we deﬁne

80 =10 - SO 0-0-L D07 LR -r 215 ))4
X—a

Next we differentiate with respect to ¢ using the Product and Power Rules:
1
g(0)=0- 7O~ [-f W+ L O-0]-5[ 2/ ONx =0+ £ O =0)’ ]

3
_%[-3 S0+ 1O -1 ]+ Ry z:(x-,)4

x-a)
(4) -
ALl PN ol
3t (x-a)*
Since g(x)=0,g(a) = Ry(x)- R3(x)=0.and g(t)is continuous on [a, x|, we can apply the Mean Value
Theorem for Derivatives. There exists. therefore, a number ¢ between a and x such that g'(c) = 0. Thus,

FHe)x-c) (x-c)®
k} 4

0=g'c)=- +4R3(x)

(x-a)
which leads to:

4,

2 (x-a)*

b. Like the previous part, first define R, (x)by

S ( ) 2 £ a)

R,(x)= f(x)- f(a)- f'(a)(x—-a)-—— a)“—---———n'—(x—a)"
For any 1 in the interval [a.x] we deﬁne
" (n) _yntl
20 = 109~ 10~ S O~ L1 - L a0 5
n! (x-a)

Next we differentiate with respect to ¢ using the Product and Power Rules:
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£ =0~ W~/ O+ f Ox=0]- [ 20 Ox=1)+ £z =1 |-
(n+)(x-1)"

a)n+l

- [P0+ SO0 ] Ry )

(n+1) _
= _f_(f)(_x_’)_+(,,+1)R (x)_gl
"! ( a)IH'l

Since g(x)=0.g(a)=R,(x)-R,(x)=0,and g(t)is continuous on [a, x], we can apply the Mean Value
Theorem for Derivatives. There exists, therefore, a number ¢ between a and x such that g'(c) =0. Thus,

(n+l]) _
0= g0y =L (i, (0D
! ( a)n+l
which leads to:
Ra () = (n+1)! (x=a)
38 a2 For i(ﬁ)xn petlim| P o P]xn - lim |x||P(p—l)---(p—n+l)(p—n)+p(p—l)---(p—n+1)|
- —I\ 1 ’ nowfn+l) n n—w | (n+1)! n! I

=[]

= lim |x]
n—w

Thus f(x)—1+2( ]r" converges for |x| <1.
n=l

b. Itis clear that f0)= 1.

Since f(x)-l+Z( J fi(x)= Zn( ] and

n=l n=1

(x+1) [ (x)= Z]n(xn)[ ] i[m (5]4"(5)):"“‘]=1-(‘;’}("+i[n(ﬁj+(n+1)(ni1]]x"

n(p)+(n+l)( ) PP (p- n+1)+( +l)p(p D...(p—n+1)p-n)
n n+l n! (n+1)!

:ﬁ[np(p—l)...(p—n+l)+p(p—1) Ap=-n+l)(p—-n)) = plp- l)"';gp_n+l)[n+p—n]=(fjp

and since [TJ: p(l+x)f'(x)=p+ ip[:))xn =pf(x).
n=l1

c. Lety=f{x). then the differential equation is (1+x)y = py or y._2
y

l+x

jdy j” dx = In|y|= pln|l+x|+C) or y=C(1+x)P so f(x)=C(1+x)*.

Since f(0)=C(1)* =C andfl0)=1,C=1and f(x)=(1+x)*.

) 0 ifr<0 () = 0 ifr<0
39. fO= a0’ " |24 ift20’
. ift<0
0 ift <0 /‘(4)() { !
= , 24 ifr>0
s {12:3 if120 '
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40.

44,

45.

500

lim f()=24 while lim @ ()=0, thus

t1—=0" t—0

f(4)(0) does not exist, and f{r) cannot be
represented by a Maclaurin series.

Suppose that g(r) as described in the text is
represented by a Maclaurin series, so

w _(n) 0
gt)=ag +a,l+a212 +...= wt"
n=0 n!
tin (-R. R) for some R > 0. 1t is clear that, for
1 £0, g(1) is represented by

for all

= =0 (by using I'Hépital’s Rule

h—0 el

twice)

c. If £1(0)=0 for all n. then the Maclaurin
series for f{x) is 0.

d. No, flx) # 0 forx # 0. It only represents
Sfixyatx=0.

e. Notethat foranynandx # 0,

g(t)=0+0r+0r% +.... However, this will not R(x) = c_l/xz '
represent g(r) for any 1 > 0 since the car is
moving for 1 > 0. Similarly, any series that 3 5 7
represents g(¢) for 7 > 0 cannot be 0 everywhere, 41, sinx=x- 4+ _ -x
so it will not represent g(#) for 7 < 0. Thus, g(r) 6 120 5040
cannot be represented by a Maclaurin series. ,
—1/K 1 42. cxpx=l+x+%+i'6.+..‘
a. f(0)= lim = lim —2&
A0 h h—0 llh“ )
} -IK 43. 3sinx—2expx=—2+x—x2-—SL—.-.
= lim =0 (by I'Hépital's Rule) 6
h=0 3 5 7
R X
Jsinx=3x——+————+:-+
2 40 1680
3
3 e —2exp.t=—2—2x—x2_f3—_...
-3 -i/x
b, f(x)= 2x7e x#0 iy
x=0 Thus, 3sin r—2expr-—”+x—\ - ...
50 6
-1k} 2 4
f7(0)= lim 2 = lim —£— = lim "'2
PRN h—0 MK h—0
4 6
exp(x2)=l+x2 +fz—+%+...
4 6
exp(x?)=1+x +(r i 6) U P SN SN
sin(fexpx-1) = r+_~_§i_3£_...
P T2 24 120
2 3 x4
expx—l=x+—+—+—++
2 6 24

. x? © Xt x5 1 2 P
sinfexpx-1) = x+—+—+—+ R LRt

2 6 24

PR A S 1l 3 3t sx° 1 5
= xX+—+—+—+—+ = X+ —+— + (x7 +-)—--
2 6 24 120 6 2 4 120
L e xtosx® x> x? sxt 2308
=l x+—+—+—+— =t —+— +| — ——— X ———
2 6 24 120 6 4 24 120 24 120
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2 4
X X

46. exp(sinx)=l+x+—-"——...
p(sin x) T3

x3 5

2
. 2 X 1 x
exp(sinx)=l+[x——+——c |+=| x——+-"
6 120 2 6

20X I{ 2 x4 1| 3 s
=l x——F— e =] X =t [ X e
6 120 2 3 6 2

IS X2 Xt x
Sl+fx——+ e [+ ==+ |+
6 120 2 6

X X
2+____...
3

47. (sinx)(expx)=x+x
(sin x)(exp x) 30

3 5

2 3 4
(sinx)(expx)=[x—x—+L—~-}(l+x+%+%+'—-+m

6 120

x3 XS
=l x-—+—+
( 6 120

5 3 xS
=X+
30
. 3 5
simnx 2 . X X
48. =xX-x"+——-——+
expx 3 30
. P x’ 3 5
sinx X¥—gtiyng~ e 2 X X
=16 120" 500 cx_x2e X X L
EXPX  lx+ I+ X 330

10.9 Chapter Review

Concepts Test

1. False: If b, =100 and a, = 50+ (-1)" then
51 ifniseven

since a,, = .
" {49 if n is odd

0<a, <b, forall nand

lim 4, =100 while lim a, doesnot
n-2>w n—»x

exist.

2. True: Itis clear that n!< ", The inequality
nt<n" £(2n-1)! is equivalent to .
o @n-ht

n! n!

1<

Instructor’s Resource Manual

, x* x8 PAS
e —— e ] — -+
6 120 2 12

3. True:

Expanding the terms gives

A _rrr. b n
nt 123 n-1n
Sm+)(n+2)--(n+n-1) or
nn n
ne——eee —<(n+1)(n+2)-
23 n-1 41X )
cee(ndn-1)

The left-hand side consists of n - 1
terms, each of which is less than or
equal to n, while the right-hand side
consists of n — | terms, each of which
is greater than n. Thus, the inequality

is true so n!<n” <(2n-1)!

If lim g, =L then for any £>0
n—wo

there is a number M > 0 such that
la, - L|<e foralln 2 M. Thus, for

the same ¢, |a3,,4 — L| < € for
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4. False:

5. False:

6. True:

7. False:

8. False:

4 .
3n+4 >2Mornz . Since ¢

was arbitrary, lim 3,44 = L.
n-—>aC

Suppose a, =1 ifn=2korn=3k
where k is any positive integer and
a, =0 if n is not a multiple of 2 or 3.

Then lim ay, = lim a3, =1 but
n—x n—x
lim a, does not exist.

n—x

Let a, be given by
_Jv ifn is prime
" {0 if n is composite
Then a,,, =0 for all mn since m22.

hence lim a,,, =0 form2>2.
n—o

lim a, does not exist since for any
n—w

M >0 there will be a,,'s with g, =1

since there are infinitely many prime
numbers.

Given £> 0 there are numbers M)
and M, such that |ay, — L{ <& when
n2 M) and |ay,y — L| <& when
n2M,. Let M =max{M . M,},
then when n = M we have

|azy - L| < £ and |ag, - L] <& so
|a, - L| < & for all

n > 2M+ 1 sinceevery k 2 2M + 1
is either even (k = 2n) or odd
(k=2n+1).

Let a, =I+%+---+l. Then

n
8y —Qpy) =—— 7 SO
n+l
lim (a, - a,41) =0 but lim a, is
n— n—w
|
not finite since lim a, = z-,
n—ow = K

which diverges.

{1} and {=1"*"} both diverge
but
{(-l)" +(—1)"*‘} = {(—1)"(1 - l)} ={o}

converges.

502 Section 10.9

9. True:

10. False:

11. Truc:

12. True:

If {a,} converges, then for some N,
there are numbers m and A with
m<a, <M foralln 2 N.Thus

m _a M

<2 <~ foralln 2 N.Since
n n n

{ﬂ} and {-Ai} both converge to 0,
n n

al!
221 must also converge 10 0.
n

& |
(-1)* —= converges.
E Jn
1 1 had
a, =(-1)" —= so a,’> =— and !

& i

diverges.

The series converges by the
Alternating Series Test.

Sy =a,8 =a —a,53=a;—-a +as,
Sy =a) —ay +azy—ay, ec.

O<a,<a =0<a —a;=5;<a:
O<ay<a; =>-a; <-ax+a3<0 so
O<a-a)<a-a;+a3=S3<a;
O<ay<a3=>0<az-a4<as, so
—ay <-ay+ay-ay <-az+a3 <0,
hence

O<aj-ay<ay-ay+a3—as =S
<ay-ay +a3 <a; etc.

For each even n. 0< S,,_; —a, while
foreachodd n,n>1, S, +a, <a.

1
Forn 2 2, —<
n

oo 1 n [ ] 1 n

Z(—) < Z(—) which
n 2

n=2 n=2

converges since it is a geometric

SO

N | —

series with r = l
2

[>'e) n
| 1 1 .
E —| =1+—+—+...>1 since
4 27

AN
all terms are positive.

S 56) =50

ol
=l+—+—4+...
4 8

eyt o
= —— —_ = ——++
+3(3) =3

n=|

|
1 e
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13. False:

14, False:

15. True:

16. False:

17. False:

18. False:

Z (-1)" diverges but the partial
n=|

sums are bounded (S, =-1 for odd n
and S, =0 for cvenn.)

| 1 . 21
0<—<— forallnin N but Z—

I12 n=l1 112

=3

[= o]
. .
converges while Z— diverges.
n=1

. a . .
p=lim 2L =1 Ratio Testis
n—o a,

inconclusive. (Sce the discussion
before Example 5 in Section 10.4.)

>0 forallninNand

1
—5 converges, but

MB =~|"

n=1N

.. a n-

lim == = lim =1.
n—wo a, n—)oo(n+])

. 1Y 1 ' .
lim|1-—] =-#0 so the series

n—a n e

cannot converge.

4
] .
=0, there is some

. .on
Since lim
nox "

number M such that e” > n* +1 for
alln 2 M, thus n> In(n4 +1) and

l < —l- for n 2 M. Hence,
nooIn(n” +1)
o« @®
l < ———l— and so
n=p " n=p In(n” +1)
— diverges by the
=1 In(n” +1)

Comparison Test.
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19. True:

20. False:

21. True:

22, True:

i n+l

(nln n)

+ l 5
5| (nin n)' (nlnn)”

1
+
|: 1(In n)~ nz(ln n)zj|

is continuous, positive, and

[v]s n[v]s

1

x(inx)”
nonincreasing on [2, « ). Using

1
u=Inx. du=-—dx,
X

k- : v“”f:z‘lz‘d“

x(lnx)*° u

1T 1
={——] =0+—— <o 50
u In?2 ln

[>2]

5 converges.
n=2 n(lnn)

Forn =2 3.Inn>1,s0 (In n)2 > 1 and

-z—l—ﬂ<L. Thus
n“(nn)> =«

S5 <25 0
n=3n (Inn)™  po3n
o

> ———— converges by the
n=3n (ln n)

Comparison Test. Since both series
converge, so does their sum.

This series is

< 1 11 .

> =1+—+—+--- which
2n-1 35

diverges.

If 0<a, 00 b, forall ninN, then

Z a, Zb so Za also

n=101 n=l

converges. since addmg a finite
number of terms does not affect the
convergence or divergence of a series.

If ca, Zl forall nin N with ¢ > 0,
n

1 .
then a,, 2 — forall nin N so
cn
S T
a,2 ) —=-—) — which
n=l n=t €€

=l
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23. True:

24. False:

25. True:

26. True

27. True:

¢}

diverges. Thus, Z a,, diverges by the
n=|

Comparison Test.

S ORCESS0)]

© n-l 1 1 1
Z [) =-ﬁ=% —., so the

3 3
sum ofthe first thousand terms is less

N

than l
2
Consider the series with
n+l
a, = eh . Then
n
2n+]
-1 -1

-D'a, = e e

n n

1

© 1
Z("l)nan ____1_5_.5—--- which
n=1

diverges.

If b, <a, <0 forall nin N then

0<-a, <-b, forallninN.
w
Z -b, = (—I)Z b, which converges
n=l n=|
o0
since Zb,, converges.
n=l
Thus, by the Comparison Test,
@
Z—a,, converges, hence

n=

—_—

w a

> a, =(-) (-a,) also
n=l n=|
converges.

Since a,, 20 forall n,

> |-1ran
n=l

w0
= Z a,, so the series
n=|

- o]
> (-1)"a, converges absolutely.

n=l

i (_l)n+l l_ § (- l)n+l l
n n

n=| n=l

504 Section 10.9

28.

29.

30.

31.

32.

33.

True:

True:

False:

True:

False:

False:

34. True:

35. True:

1.

. n . 9
lim ——=-= =
n—ao /9,12 +1 "o ’9_,_ ;12_

Suppose Y _|a,| converges. Thus,

> 2|a,| converges. so > (las|+a,)

converges since 0 <|a,|+a, <2|a,|.
But by the linearity of convergent

series Za,, = Z(la,,,-#a,,)—Zl%l

converges, which is a contradiction.

|3-(~1.1)| = 4.1 so the radius of
convergence of the series is at least
4.1,

|3-7|=4<4.1 sox=7iswithin the

interval of convergence.

If the radius of convergence is 2, then
the convergencec atx =2 is
independent of the convergence at
x=-2.

The radius of convergence is at least
1.5, so 1 is within the interval of
convergence.

@ n+l !
Thus ﬁ S(x)dx = [ Z %:'

n=0 0

=3

r A l

The convergence set of a power series
may consist of a single point.

Consider the function

-5
fx)= e~ x=z0
0 x=0

The Maclaurin series for this function
represents the function only atx=0.
(See Problem 40 of Section 10.8.)

On (-1. 1), f(x)=lTl-

=g L P

-x)

The sequence converges to 3.
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2. Using l’H()pitaI’s Rule, using I"Hopital's Rule. Thus,

1 2Wn lim #n = lim ™ = 1. The sequence
llm — = lim = lim n—o n—x
n—® \/— =y 2J; no® N converges to 1.
2
= lim ——==0. | 1)/7
n—e 6. lim — =0 while —=(—] . As n— o0,
n—-)uo\/_ % 3
4
n ni4 1
-—0
3. lim (1+3) = lim [(HiJ ] =¢ n o
n—wc n n—w n \n | \n ) 0
The sequence converges to e” . ,}12:0(5) = Lh_n,lo(g) =(§] =1
ntl e The sequence converges to 1.
4. a,, =Ta,, thus for n > 3. since 5 > 1,
dth di 7. a,20; lim L.
g >a, a ce diverges. .
a,4) > a, and the sequence diverges Jim = n_m\/_

1 The sequence converges to 0.
5. Let y=n=n""" then Iny=~Inn.

n 8. The sequence does not converge, since whenever
1 n is an even multiple of 6, a, =1, while
lim L1nn = lim 27 = lim L= fim L=0 b §
n’_r:; n nn n'_r::o " "l_'f:o 1 "'_?:on =0 by whenever 7 is an odd multiple of 6, a,, =-1.

R I RS T P

lim S, = lim (I ! ): 1. The series converges to 1.

n—w n—w

11 11 1 1 | 1 1 1 | 1 ]
10, S, =|-—=|[+|=-=|+|=-=|+...+ - +| —- =l+—-——- . SO
1 3 2 4 35 n-1 n+l n n+2 2 n+l n+2
lim S, = LI T .The series converges to E
n—so0 nso\2 n+l n+2 2 2
] 2
11. ]n2+ln3+ln +.. Zln— —Z[lnn—ln(n+l
Sy =(Inl-In2)+(In2-In3)+...+(In(n-1) - Inn)+(nn-In(n+1)) =lnl—1n(n+1)=ln%
n+
As n— o, =0 so lim S, = lim lnL=—oo.
n+l n—wo n—o n+l

The series diverges.

1 ifkiseven © @
12. coskn= so 13. Z e~k _ Z
k=0

1 k 1 &2
-1 ifk isodd (—) =——=——=1.1565

@0 =)

_ IV whe . .
Z coskm = Z (-1)* which diverges since since 1 <l
k=0 k=0 e2

1 ifni
S,={. UMV G (5.} does not
0 ifnisodd

converge.
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S 3 ® 1\ 3 . . 1 1
14. Z_=3Z(_) - _-6 21. Smcethesenesaltcmates.T>3——>O.and

o2t a2 -4 n 3Un+l
© @ 7 1\k lim —= = 0, the series converges by the
N G B, -
k=03 k=0\3 3 Alternating Series Test.
Since both series converge, their sum converges
106+6=12. 22. The qerics diverges since
lim L lim3roy
@ k
15. 39 ( ) SO g 20 g e lf3 e
i \100 I—W 99 99
1 23 i 2" +3" i ((1)"{3)"]
The series converges since |—]| < 1. - = 5 a
£ 100 i ol \\2 4

=(—l—’--l)+[—l—3—l]=l+3=4
>1. -3 -2

The scries converges to 4. The 1’s must be
subtracted since the index starts with n = 1.

© k i
16. Z [In_) diverges since ™

2 4 6
17. cosx=]-;+%'-—%+---, SO
P . +1 . 1
22 94 96 24, p=lim z 5 +—n,— = lnm( ": l)
| == +>——"—+-.- converges 10 nosw| ()T n ) nom e
A 4! 6 |
x I+
cos2 > ~041613. = lim I |=0 <1, so the series converges.
, ; n—® 82n+l
18, " =1+2+ 4+ 4. 50
1o2r 3! n+l !
1 1 1 { 25. lim ———=—#0, so the series diverges.
e ——— .= 1 2 0.3679. n—0 10n+12 10
o2 3t
n 1
1 26. Let a, = and b, =——.
19. Let a, =—— and b, =~ R R R T}
1+n n 5 |
. a . n .
.oa, 2 . ] lim -2 = lim = lim =1
lim = = lim = lim =1 nowb, n-onti] n—>=|t>]+-l2
n—x by, n—=o ]+ nt n—)aoLz+l n
! 0<I<o.
0<1< oo, By the Limit Comparison Test, since

By the Limit Comparison Test, since

> b, = 2—3—/7 converges (5 > 1).

Zb = Z diverges, Za,, = Z also ot ool
n=l n=1 n=| 1+n? © ©
diverges. Z also converges.
n=1 n=1 N +7
1
20. Let a,,="+53 and b, = —. s 5
I+n n . Hn+1)y n LRS!
3 5 5 27. p=lxm‘——'+ '=hm—T=O<l,so
. a, . n+5n" . 1+ noeol (n+1)! nl|l now| g
lim =2 = lim = lim =1 .
nswob, o |+p e Lt the series converges.
n
0<l<oo. 3qn+l 34n
By the Limit Comparison Test, since 28. p=lim (n+1y3 2 3 I
© 45 now| (n+2)! (n+1)!|
Zb,, = Z— converges, Za,, =) —5 3
n-ln n=| n=1 140 I3("+l) | -3—(]+l)
also converges. = lim = lim =0<l
n->w|n3(n+2)| nvo| 14+ l

The series converges.
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29.

30.

31.

32.

33. a

34,

n+l ' noy
. o [y 2t |
| (n+3)! (n+2)]
= lim 2n+1) =2>1
n—sw| n+3

The series diverges.

n
lim (l -l) = l # 0. so the series does not

n—» n e
converge.
2 (21}
.|+ (i) 2)f(n +1)?
pP= lim j—————— = =l
n—»o n2 ( 2 )” n—o|3 n<
3
2 .
= 3 <1, so the series converges.
. . 1
Since the series alternates, > \
l+lnn  1+In(n+1)
and lim =0, the series converges by the
nool+Inn

Alternating Series Test.

1
" 3n-1"3n-1

> SO a, > au.1;
3n+2

lim g, = lim =0, so the series

n—o n—w3n—1
s 1
>

ot 3n-

Series Test.

Let b, =l, then
n

" converges by the Alternating

. . |
lim 2% = lim —— = lim ——=—:
no b, nooln—l now3- 3

3

0< % < o0, By the Limit Comparison Test, since

Zb —Z diverges, Za,, = Z

_13n—l

also

dwerges.
The series is conditionally convergent.

3 3 3
p=lim (n+1) + 2= fim (n+1)
n—oo| 27+ 2" now| 243
3
(+2)]_1
= lim - <1
n—o 2 2

The series is absolutely convergent.
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36.

o3y o (3Y .3
lxm—8 — =—lim|=| = since =—>1.
n—ow 28\ 2 28 n—so\ 2 2
The series is divergent.

X
—, then

lxl/x xllx
—(-lnx)Inx-

(Inx)

xl/x

=(—1—72-[1mc—(lnx)2 -x).forx2 3. Inx>1
xInx

Let f(x)=

S =

so (In Jc)2 > Inx hence f{x) is decrcasing on

"

[3, o). Thus, if a, =£,
Inn

Ay >apy-
Let y=%n=n"" so lnyzllnn.
n
Using I"Hopital's Rule,
1
ln S
lim —= = lim & = lim l=0 thus
n—»wo n n—o n—>wo n

n

lim %n = fim ™ =¢® = 1. Hence, lim

n—ow n—»w n—w Inn
n
is of the form l so hm ﬁ =0.
o) n—=e Inn
Thus, by the Alternating Series Test,
- I)W‘
Z converges.
1 o n @® n
Inn<n, so—>—- hence .
Inn n AZZ n g Inn
@ n o n
Thus if Z ﬁ diverges, Z I"— also diverges.
_o N L inn
n=2 n=2
n
1
Let a, =£ and b, =—. Then

n n

. a .
lim 2 = lim % =1 as shown above:
n—»w n n—>x

0<1 < . Since Zb = Z diverges,
n=2 n=2"

© n n
Z — also diverges by the Limit Comparison
n=2 "

@ ll
Test, hence Z —— also diverges.

g inn
The series is conditionally convergent.
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)n+l (x 4),

T I(x
¥ p= llml n+2 n+l I

n+l n
3. p=lim|———+ = |
nsol(n+])Y +1 n +1| n—x
3
- lim lxl n *;l =|x] Jim | —|x—4]; |x—4|<l when
n—oo (n+1)” +1
_ L 3<x<5,
V\ihcn x = 1, the series is When x = 5, the series is
Z =1+ Z <1+ Z—- which i =N Z D"
,,on +1 ,,1" +1 -1'1 n+l n+l’
converges. | | .
n _ : .
When x = -1, the series is Z D hich e n+l’n+l T2 %0 % Gners
_on +1 (_
® lim — =0 so Z converges by the
converges absolutely since Z converges. noon+l n+l
n=0 n® 41 Alternating Series Test.
The series convergeson—-1 < x € 1 When x = 3, the series is
ED'EN oS 1
38. p= lim |( 2)’”2*‘"“ _:_('2)"+]xn| g n+l ot n+l n n+l’ fet
n—)uo, 2n+5 2n+3 | | .
In+3 b, = — then lim—"-—-lim =1: 0<l<ew
= lim |2x | =|2x|; [2x| <1 when " = noon+l
n~»c0 1
1 hence since ) b, = diverges, o
-3 <x< 5 ,,Zi ,; a0 1 +1
also diverges.
The series convergeson3<x <S5
l3n+l 3n+3 3'1_1,3", -~
3n)! | ’

When x =%, the series is
40. = lim
p= n—)col (3n+3)!
1 |

_2yn+1 (1Y SENEAN
$ (1) X 2($)
gm0 2n+3 gm0 2n+3
1
- Z 2(-™ ) 2 2 S 2 . so = lim 3x3| =
S om+3 T 2ne3 243 243 nmel " 1|(3n+3)3n+2)3n + D)
w© n+l The series converges for all x
. 2 2(-1)
a, >a,,; lim =0 so Z———
n—)cr.\2n+3 n=0 ...n+3 I(r )’H’l (X 3) |
. 41. p=lim
converges bylthe Alternating Series Test n _ml o+l 2 41 I
When x =-—, the series is
2 I+ Cx-3) |- 3|
. . = lim |x-]| l S
© (_2)n+l (_%) © (_2)(%) ® 2 =30 +?‘—] 2
Z~O 2n+3 —”% 2n+3 ‘_,§)2n+3' when | <x <.
| When x = 5, the series is
a, = let b, =— then o 2" i
"2+ " on Zz = 1 ; lim ! =120
a, ) 2 n=02" +1 "=°]+(—) n—m]*'(i)n
lim =2 = lim = lim ——==1; 2 2
n—rw noo2n+3 now 2+; so the series diverges.
. o When x = 1, the series is
0 <1< hencesince ) b, = Zl diverges. -2)" & (D" .
=]" g Z ~: lim —=120
aC
S S
so the series diverges.

- 2 o 2
z Tne3 and also —Z 13 diverges.

n=0 <" n=0 <" ¥ The series convergeson 1 <x <5
The series converges on —% <x< %
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|
_ i [ D)™ i1y 4. e — B forol <x< LIf

42. p n—ml ey 3 I+x
1 2
x)=—— th (x)= .
= lim x—+]|n+l]=oo unless x = -1. S lxon S (1+x)?
n—wo
1
2 nto” ) Differentiating the series for —— twi
When x = -1, the series is Z" - =1 since rierentiating the seres for l+x twice and
n=0 3 dividing by 2 gives
0 = 1 > = _ l l 3
0" =1. The series converges only for x = —1. ; =l—3x+—(4-3)x2——l(5-4)x’+---
1 (1+x) 2 2
43. l—= l-x+x? -+, for-1<x<1. =1-3x+6x2—10x3 +--- .
+ .
* | The series converges on-1 <x < 1.
If f(x)=——, then f'(x)=- — . Thus,
I+x (1+x)? 35 7 2
.2 x X0 x
) o ) 1 45, sin“x=lx-—+—-"—+...
differentiating the series for Tie and [ 3t s 7 J
+x
multiplying by —1 yields . _i+ 245 _i*_
. 3 4
! =1-2x+3x% —4x® +---. The series . . > 3}5
1+ x)z Since the series for sin x converges for all x, so

R .2
convergeson —1 <x <1, does the series for sin“ x .

46. If f(x)=e", then f{(x)=¢". Thus
X _ 2 2 2 ez 22 e3 23+e ( _‘))4+'“
e =e" +e ' (x— )+E(x— ) +§(x— ) o x-2

AN

47. sinx+cosx=l+x-——-"—+—+—-
21 31 4 3!

Since the series for sin x and cos x converge for all x. so does the series for sin x + cos x.

48, cosx?=1-—+2_ -1 X ..
2t 4

1
5 9 13 17
Thus Ecosxzdx =[x— X X ul al ] = 0.9045.
0

+ - + .
5-2! 9-4! 13.6! 17-8!

Four terms are required to compute this value correct to four decimal places,

X _ 2 3
49. £ ]=l A SN
x 2! 31 4!
2¢° ~1 P r4 02 02% 02° o0.2°
Thus, E dx=|x+—F+—F+—+... =024+ ——+——4+—"+... = 0.21046.
x -2 3-3! 4.4 2-2) 3.31 4.4!

50. One miilion terms are needed to approximate the sum to within 0.001 since \/1_ < 0.001 is equivalent 10
n+

999,599 < n.
x2 . cosc 4| _O. 14
51. 1- 5 is the Maclaurin polynomial of order 3 for cos x. so |R3 (x)| = Y x'|< a = (.000004167 .
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. . 1
From the Maclaurin series for —— , we have

l-x

In Example 6 of Section 10.8 it is shown that V1+x = l+%x—%x2 +

V1+x? =]+%x2—%x4+-~-.

—x PR S A
e =l-xd—-—+—-—+
2t 31 40 35!

Using division with the Maclaurin series for cos x, we get secx = | +'7+

I-x

3 5
Thus, xsecx=x+£—+—si+---,

2 4

2 X 357
efsiny=|l-x+—-—+- [l x -4 -

20 3 3t 50 m

) S8 47

l+sinx=1+x-—+—-"—+

3 sto7
Using division, we get =lex+x%—e..

I+sinx

Section 10.9

-+
!

4

5
X ———x" 4+ 50
128

61x%
6!

+4ovee
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