CHAPTER

'I '| Nameflédtl; Me’rhodé

Approximartions
11.1 Concepts Review
LAY Q) fQ)
(6)
], SU0)
6!
3. error of the method; error of calculation
4. increase; decrease
Problem Set 11.1
L fly=e¥ f0)=1
S(x)=2e" f1(0)=2
[7(x) = 4™ [(0)=4
TAUORE S rP0=3
S®(x) =166 rMo=16
S(x)=14+2x+— 4 X% +— 8 —P+= 16 x* —l+2x+2x2+ix3 _,.Zx“
2! 3! 4! 3 3

£(0.12) = 1+2(0.12)+ 2(0.12) +5(0.12)3 +§(0,12)4 =1.2712

2. f(x)=e>* £(0)=1
S(x)= -3¢ f(0)=-3
fr(x)=9¢7* £(0)=9
Pm=-2e>  fOo)=-27
SO (x)=81e> @0)=81
S(x)=1- 3X+9 2 27x3 81 M =1- 3x+9x2 S 3+£x4
210 3 4 2 27 78

f(0.12)=l—3(0.12)+%(0.12) =(0. 12)° + (0 12)* = 0.6977

3. f(x)=sin2x £(©)=0 fr2x-2d o i
S'(x)=2cos2x r'©0=2 ! 3
S7(x) = —4sin2x f0)=0 £(0.12) = 2(0.12) —;(0.12)3 ~0.2377

P =-8cos2x  fA0)=-8
F®(x)=16sin2x f®o=0
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4. f(x)=tanx
f'(x)= sec? x

f(x)= 2sec? xtanx

f(0)=0
J(0)=1
S0)=0

f(B) (x)= 2sec? x+4sec? xtan? x

rP0=2

2
f(4)(x) =16sec* xtan x +8sec? xtan® x

7Hoy=0

3 1 3

f(x) zx+%x =x+=-X

3

f(0.12):0.12+§(0.12)3 ~0.1206

5. fix)=1In(1 +x) A0)=0
S@)=— F©=1
l+x
S == 12 70 =-1
(1+x)
Pu=—1s  /O0-2
(1+x)
MPo=-——  sMo=-
(I+x)
f(x)zx—-21—!x2+;2!-x3—%x4
=x—l)c2 +-I—x3 —lx4
2" 37 4

]
£(0.12) = 0.12-%(0.12)2 +%(o.12)3 - 012"

S)= 1+x?
2;
S)=- 1+ xrz )2
6x% -2
S =(ljx2)3
~24x* + 24
D (x)= (1:;)“ x

A0)=0
S0)=1

/7©)=0
S(0)=-2

ro=0

f(x) er—gx3 =x—§-x3

3!

£(0.12) = o.12-§(o.12)3 ~0.1194

8. f(x)=sinhx
f'(x)=coshx
S (x)=sinhx
fT(x)=coshx
f(4) (x)=sinhx

1 3
3!

f(0)=0
f(0)=1
f7(0)=0
f70)=1
r90=0

@) =x+=—x"= .\:+%x3

£(0.12) :0.124%(0.12)3 ~0.1203

9. f(x)=¢€"
fl(x)=¢*
['x)=¢
ffx)=€

fihy=e

S (=e
S'M=e
ffh=e

B(x) =e+e(x—1)+§(x-1)2 +§(x—1)3

~0.1133
6. f(x)=\“+x _/(0)=1
' ! -172 , 1
=5 L f0)==
f(X) 2( +x) f( ) ;
" 1 -3/2 . 1
=73 0)=——
f (X) 4(l+):) f( ) 7
3 (xy=3 -5/2 Gy 3
f (x)—§(|+x) f (0)_§
4) =_E 1 -7/2 (4) 0 __E
1 3 15
S(x)=14+ X—%x%%ﬁ 11_6!)‘4
PRI T RN I
2 16~ 128

512

1 1 2 1 3
=]1+—(0.12) - —(0. —(0.12
f(0.12) J+2(0 12) 8(0 12) +l6( )

_ 2 (0.12)* ~1.0583
128

Section 11.1

10. fix)=sinx f(%) =g
f'(x)=cosx f’(%) = g
S7(x)=—sinx / (gj = -g
S7(x)=—cosx f”(-}j-—-—g
O

_Q(I_ET
12 4
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11. flx)=tanx; f(%):‘—? P3(x)=\/§+€(x—2)——3\/%(x—2)2
Sf'(x)=sec” x; f(%)=% +l—2\/5—8(x—2)3
83
S7(x) =2sec’ xtanx: f'(g)=i 15. f(x)=x-2x2+3x+5; A)=7

f(® =3 -ax+3: f(1)=2
[ix)=6x-4; f'()=2

fr (x)—”sec x+4sec? xtan

N

-, Nl

]
N
oA
N——

|
w| =

o= _£)+ﬂ(x_£)" Ow=6: 1Pm=e
3 3 30 6) 9 6 P(x)=T+2x-D+(x-D? +(x-1)°
+§(x—£)3 =5+3x-2x2+x = f(x)
ol 6
16. f(x)=x*; A2)=16
12. fix)=secx; f(-})=\[2- f'(x)=4x3; £12)=32
oy =12¢2: £(2)=
fioy-sesinss 1(3)-2 o S
Oy =24x; fA(2)=48
f'(x)=sec3x+secxtan2x; f’(§)=3\/§ fPy=24; F®@2)=24
f'(x)=SSec3xtanx+secxtan3x' Pu(x) =16+32(x-2)+24(x-2)"
(515 +8(x-2)° +(x-2)°*
'f(i)'” = = ()
) 32 7\
”3"‘)“5*\5("‘2)+T(“Z) 7. fW=m f0)=1
+'1J5(x “)3 fR=——: fO=1
- x)= : =
6 4 (1-x)?%
. p— 2 . L4 —_—
13. f@=cot”x; fO=7 dhr xf’ SO=2
1 , 1 3y = 6)
)= fay=-t o= : P0=6
S'(x) P FAQY) 5 ( x)
2x oy O R L) o
-—=X . == =—_: 0)=24
f0= T S0=3 fO0 o= SO0
—6x2+2 a1 My AWy =
SR A Wy Srw = e o=
1 2 6 !
5(;):2_5(;5_1)4.%@_1)2_E(x_1)3 f(x)~l+x+2—x2+3x3+ +%x
A Sl x+ X+ 0+ X"
14. f(x)=\/_' f(2)=ﬁ A Using n =4, f(x)~~~l+zc+,1:2+x3+Jc4
1-1/2 = V2
=)= s @)= a. fl0.)=~ LI
f'(x)=—ZX'3’2; f'(2)=——‘/z b. f0.5)=1.9375
-572 V2 : c. fl0.9)=4.0951

fhh% ,fa)——
d. f2)=31
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18. fix)=sinx; A0)=0
f(x)=cosx; f'(0)=1]
S(xy=-sinx; f*(0)=0
fm(x):—cosx: f(3)(0)=—1
SW(x)=sinx; fH0)=0

When # is odd,
. 2o i (_1)(n—l)l2xn
PITD o DR AT RO U WL A,
3ot 7 n!
3 5
Using n =5, sinxzx—x_.;.x_.
35

o
.

sin(0.1) = 0.0998

2

sin(0.5) ~ 0.4794

sin(1) = 0.8417

o
.

e

sin(10) = 676.67

19. The area of the sector with angle ¢ is %trz. The

area of the triangle is

I .t t 2.0t 1o
—| rsin—=1|| 2rcos— |=r°sin—cos—=—r" sin¢
2 2 2 2 2

2
A =ltr2 -lr2 sint
2

Using n =3, sin¢ zl—%l3.

A =—l-lr2 —lr2 (1—113}=-l—r213
2 2

6 12
20, m(v) = —=2 m(0) = mg
-2
4
' my ‘
= 0)=0
m'(v) ) P 372 m'(0)
c’l1-—
c2
. 2mgv? +myc? R
m (v):-m';_m%ﬁ m(()):_m_;)
2 c
4 v
c ]_T
[ c

The Maclaurin polynomial of order 2 is:

1"10 2 mo(v)
mvy=mg+——"V =mg+——1—| .
(v)=my 22 (R

514 Section 11.1

21,

22.

23,

o

’ 12n
a. ln(l+—) =In2
12

12nln[1+i)=ln2
12
In2
—7
lZln[l+—)
12

. S)=In(1 +x); A0)=0
f)=——: fO=I
l+x

n=

fr(®) =i f(O)=-1
(1+x)

2

x
Inl+x)=x——
(1+x) 2

In2 24
n= = In2
_r2 {r(24-r)
24

r
In2 In2
=—-%+
r 24-r
= E+lig = —0'693 +0.029
r 24 r

We let 24 — r = 24 since the interest rate r is
going to be close to 0.

c. r n (exact) n (approx.) n (rule 72)
0.05 13.8918 13.889 14.4
0.10  6.9603 6.959 7.2
0.15  4.6498 4.649 4.8
0.20  3.4945 3.494 3.6

S =1-0% fo)=0

F(x)=0+k)e 0% ) =1+k)
£rx) = ~(+k)2e 0T 170y = (1+k)?

2
1—e I*hx < +k)x———(l TR 2

For x = 2k, the polynomial is
2k —4k> - 2k* = 2k when k is very small.
1— ¢ (1#001X0.02) . 6 019997 = 0.02

Ny
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b.

0.5

2 - 2
0.5
-1
-1.5
-2

24, a, \ 15 /

0.5

-2 ]1 i\ 2
b 2
1

-2 -1 2
-1
-2
-3
-4
-5

1
25, |e¥ +e72¢ e20+—'5e6+1
eZc

26. |tanc+secc| $|tanc|+|secc| <l+1=2

N 1 D L T" =2V2n
Sln o ISIT\ C| 7—2—
S L
c+4 |c + 4|
c e 4
29, | |- 11 €
c+5| |c+5]” 3

lose| _ 1

cosc -
le+2| ™ 2

c+2

30.

2
c2+sinc|_|

c® +sin cl Ic2| +|sin¢|

31

10lnc | [10ing]
64117

101n2 ~10In2
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|101n¢|

32,

33.

34.

35.

-c \ - | 1Y
<V2|e? - d| < ( )
cosc| |cosc] 2 2
=i45— (Note that Ix2 —xl is maximum at % in
[0, 1))

f(x)=I2+x); f'(x) =2;

PRSI ST PR
S(x) @ A €9

+x)? (2+x)3;
e A L
(2+x) (2+x)
FOm=-—2; ;D=2
2+x) (2+x)
17120 o_ x
S G e
7
|Rs(0.5)} < 93 —{~8.719x 1076
fx)y=e7; fl(x)=—"
f(") (x) = e if n is even
-e % ifnisodd
_,C Y
Re(x) = -1y =2
5040¢°
|Rg(0.5)] < ﬂ %9.402x107

fx)=sinx; fm(x) =-cosx

4 5040

Section 11.1

~2.685x1078

)7

Re(x) = COSC(X_E)7 =m
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36.

37.

1 1 2 6 24
fx)=—s fi(x)=- C ) E——— O =-—— D)= :
— S'(x) o3 S(x) o3 A ®y 3 FANIE)) 3
FO =2 f O =2 D=
(x-3) (x-3) (x-3)
1 5040 7 (x=1)
e —em———(x-1) = ———
fet=3, (c—3)8(x ) (c-3)®
7 7
0.5 SI(O.S—[) | _|os | <3.052x10°
|R6(0.5)] I
fx)=¢" SI0)=1
f(x)=¢ f0)=1
S(x)=¢" fro=1
sy =e" 7P =1
SO =e s )=
e’ zl+x+lx2 +l.r3
2 6
Rs(x)=%x4
Ry(-0.1) = ¢ 1 _417x10®
240,000 ~ 240,000
e—O.l %
Ry(-0.1)2 ————=3.77x10
240,000
¢! -[1+(-0.1)+%(—o.1)2 +%(—0.1)3] ~4.08x107
Car e A(F)Y2
38. fix)y=sinx; f(4)_ 5
NI €. R/ ]
f'(x)=cosx; f(4)— >
S (x)=-sinx ; f'(%)=—\/75-
&) PR )Y =_[3
S (x)=-cosx; f (4) 5
f(4) (x)=sinx; f(4) (c)=sinc
.2 \/5( n) ﬁ[ n)z Ji( n)3
sinxz—+—|x——|-——|x—~| ——Xx——
2 2 4) 4 4 12 4
4
sinc T
Sy (x_Z)
3(%) = SE;‘C(—%) < Sinza%) (_5)4 ~7.01x107%
Section 11.1 Instructor's Resource Manual
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_ Ly 42.
39. R,(x)= ”n +l)'
Note that e' <3.
[Ra (0] < (n +1)'
% il)' < 0.000005 or 600000 < (n + 1)! when
n .
n=9,
40. f(x)=0+x)*"? A0)=1
£ =300 ro=3
@ =200 ro=3
fO@=-2a+07  frO=-2
SO =1 xy 2 SO@ = ey
(1+x)*? sledped2o L
2 8 16
3 -5/2,4
Rﬁn-lnu+o
|Ry (x)] < (o 9)~3/2(—0.1)*| = 3.05x107°
4. f(x)=Q+x)"2 A0)=1 4.
fR=-sa+ o=
r@=2ae0 o=y
fO@=-2a+07? fO=-2
O =] (Hnmz ﬂ%)— 0+W”
(1+)«:)'”2 = l—l):+§-x2 —ix3
2 8 16
_ 33 -9/2 4
Ra(x)—128(1+ c)
|R3(x)|s (095)'9’2(005) ~2.15x107

Instructor's Resource Manual

f0)=0

f(x)=In (”—")
-X

r (X)-

S(@=2

Y

fS0=— f(0=0
(1-x)

4(1+3x )
(1-x%)?

ﬂW)f@ﬂ%l 790=0

ARGE fP=4

a
(5)( )= 48(I+10x +5x* )
(1-x%°
(5) . _ 4801+10c% +5¢*)
S7(e) ————(I_Cz)s

ln(—lﬁ)z 2,1:+§x3

f

1-x
2.4
R4(x)=z 1+10¢ 2+55oc 5
5L (-¢)

2] 1+10(0.5)% +5(0.5)
R =
| 4(X)|< |: (l—(05)2)5

4
](0.5)5

= 0.201

Ccosc
Ry(x)=—x°

(0 5)

|Re(x)| < ~0.00026042 < 0.0002605

.5 .5

ﬁ sinxdng’ (x—%xa)dx
1 1 0.5

=|=x? -—x* ~0.1224
2 24

0

Error < 0.0002605(0.5 — 0) = 0.00013025

Section 11.1
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44, Rs(x)__C_‘:'_c $ 45, f(x)=x*-32+2x%+x-2; fll)=-1

46.

417,

518

F(x) =423 -9x% +4x+1; f'(1)=0

|Rs(x)| < E = 0.001389 frx)=12x% —18x+4: f ()= -2

2 4 Gy = P P
) x)=24x-18; =6
Lcosxdxz l l—-x—+x— dx f4( ) 4 S
24 fPm=24: fO=24
d 57 =0
= x—._+— ~0.8417 . 5)
6 120 b Since f( (x)=0, Rs(x)=0.
Error < 0.001389(1 - 0) = 0.001389 xto3xde22 4 x-2

=-l-(x-D2+x-1) +(x-1)*

" " (n)
A@ =@+ @G-+ DD -+ LD ap o LD iy
. n
" " (n)
P,(x)= f(a)+f( ) (x— a)+ S ( )3(1 IR A C)] n'(a)n(x—a)"-l
m (n)
= f(a)+ S @)x-ay+ L2 (“)(x a)? + %‘%(x—a)""
P(a)= f'(@)+0+0+---+0= f'(a)
n)
P =0+ f"(a )+f Az )Z(x a)+ +{( (1)')(11 Dx-a)"?
f(")( ) n-2
=L@+ @) s o (-a)
P, = f"(a)+0+0+--+0= f"(a)
(n)
APw =120 0,(”)(x—a)° =/
B (a) = £ (a)
2
Sfix)=sinx; f(lt'):ﬁ Sinx—J_ \/—(X_EJ_Q('I_EJ
4) 2 2 2 4) 4 4
DR € A W /) V2( Y
f(x)—cosx, f(Z)_T —E(X—Z) +R3(X)
J7(x)==sinx: f'(5)=—£ sin(£_1)=£+_@(_1)_£(_1f
4 2 4 90) 2 2(90) 4 9%
S (x) = ~cosx: f‘3’(£)=—£ _ﬂ(_1)3+;e (E_LJ
4) 2 120790) "7\3 %0
@) =sinx: fH()=sine ~0.681998 + Ry
43°=£—1 radians sinc n 1) -8
4 90 |Rs| = 4'( 90) <£(%) = 6.19x10
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61S L7LL uohjoag

0< 42 =(0)(,)f 0=(0).f =(0).S=(0).f
‘wnwiung
[e90] B S1 Q=X sny] ‘0 < X udym ¢ > (x)f
pue g < X uaym g < (x)f WX = (x)f ssoddng

‘wnuiui [220] € st (2)f

*2 Jeau s1 x uaym (O < (x)f

0s ‘2 1eau st x uaym (< (x)“y snyp
‘0 IBOU S1 D UdYM () < (”)(1+u)f

UsY} ‘2 Je3u SNONUNU0D si (X) (1+u) S souig (1)

‘wnuixeu
[eo0] & s1 (2) "2 Jeau si x uaym () > (x)f
0s ‘o Jeau st x uaym (> (x)“y snyl

*0 1BOU S D UAYM () > (u)(Hu)j

uay} ‘o Jeau SnonuRuod st (x) (1+1) S aouwig (1)

“2 pue X Usamiaq

S1 D alaym l+u(a x)(v)('gl( ))f_(x) b
+u

Y+ =(x)f

0=y = =S =),/ =0).f sous
ll
@Y+ O-X)—— S f
4 (9-X) (D) f+(9 x)2),f+)f=(x)f

‘ejnuuoj s JojAe] 3uisn
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0=!
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¥
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4

e
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53. a. Lsi(x) is of degree 4 since it is the product of four linear factors.

- (3 = x2)(x) — x3)(x —Xg) (X1 —X5) _ |
B ) = e — ) — ) %)

Lsj(x;)=0 forj=2,3,4,5since x-x; isa linear factor of Ls;(x).

(x—x )(x —x3)(x— x4 )(x — x5)
(2 = X )(x2 — x3)(x2 = x4 )(x2 — X5)
(x = x)(x — % )(x — x4 )(x — x5)
(3 —x7)(x3 = x2)(x3 — x4 )(x3 — X5)
(o =) )(x — X )(x = x3 (X = X5)
(x4 = x1)(x4 = X3 )(xq —x3)(x4 — x5)
(x = )(x = xp Hx —x3)(x = x4)
(x5 — 2 (x5 = x2 Y(x5 — X3 )(x5 — x4)

b, Lsy(x)=

Ls3(x) =

Lss(x) =

Lss(x) =

¢. Since Ls), Lsy, Ls3, Lsy4. and Lgs are of degree 4, Ls is of degree less than or equal to 4.
Since Ls;(x;)=0 fori#jand Ls;(x;) =1, Ls(x;) = y;-

_G-D-0_ __.2
d. La](x)_——(]—2)(l—0) —(x=-2)(x)=—x"+2x
)i C ) N O VL S
L) = G gy =3 I =5 o
Gl Gk R PN R S i )
Q3(x)-(0_1)(0_2)—2(x D(x-2) z.t 2x+l

Ly(x) = (-x* +2x)(2) +(-;—x2 - %x)(2.5) + ze -%x+ 1)(0) =-0.75x% +2.75x

54. y
101-
B o
. °
_l | Y SV Y O S O |
0 10x
=(x—é)(x-—3)(x—4)(x—5) L _ _ _s
Loy () = SIS < e 200 D= -9
_GoDE-E =5 _ L
La(9= G e = g D= -
D= Lo
Lt = ) = (D= D= -9
_GoDE=De=DE=8) Lo
Ly = S = D= D=3 -
Lys () = SO DONE D Ly )= 30— 4)

(5-1)(5-2)(5-3)5-4) 24
Ls(x) = Ls; (x)- 2+ Lsp (x) -3+ Ls3(x)- 4+ Lsg (x)-5+ Lss5(x)-6
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= %(x— 2)(x - 3)(x-4)x-5) -%(x —D(x=N(x-)(x-5)+(x-1)(x-2)(x-4)(x-5)

-%(x—-l)(x-Z)(x—B)(x—S)+%(x—l)(x—2)(x—3)(x—4) =x+1

55, x;=1; » =0 Ly () = (x-0)(x-0.2)

X =3 y;=1.099 3 (03-0)(03-0.2)

x3=5 y;=1.609 =‘—2—Qx(x—0.2)

Ly (x)= ‘il'-i)—(f%) =L(x-3)(x-9) L(x) = Ly (x)-1+ L3 (x)-1.221+ L33(x)-1.350
(13X =39(x-0.2)(x-0.3)-61.05x(x-0.3)
D=5 _ 1 pie—s 3

L32(x)=0—_m——;(x— Xx-5) +45x(x-0.2)

(x-(x-3) L(0.25) = %(0.25 -0.2)(0.25-0.3)

Lyy(x) = —————=¢(x-1)(x-3)

(5-1%5-3) ~61.05-0.25(0.25-0.3)

Ly(x) = L3 (x)- 0+ L33(x)-1.099 + L33(x) -1.609 +45-0.25(0.25-0.2)

=-”:99 (x—l)(x—5)+l’6809 (x-1)(x-3) ~1.284

= L(x-1)[~1.099(x-5)+0.8045(x~3)] The error is

4 R ( ) _ x(x - 0.2)(x - 0.3) f(J)(a)

=1 (x-1)(-0.2045x +3.0815) 2= 3

Thus, o

In2=1(2-1)(-0.2945x +3.0815) = 0.623 The derivatives of f(x) are

The estimate for the maximum error is f(x)=¢" fix)=e"

RZ (x) - (X - l)(x "3)(x— 5) f(j) (a) fn(x) = eX f"'(x) - eX

3! Thus,

1 I - -
f(x)=Inx; f=< Ry(0.25) = 0.25(0.25 03.3)(0.25 0.3) 19 @)
['(x)= —Lz: fr(x)= % = -0.0001042¢”

x x 03 _
l2-1D2-32-5) & Thus |R,(0.25)] £ 0.0001042¢"~ = 0.0001407

IRy(2)] = [r®@) 0
| 3! | and |R,(0.25)| 2 0.0001042¢° = 0.0001042..

EEDED 21 prae [15]. A calculator gives %% =1.2840 so the actual

6 2 o error is 1.284—1.284 = 0 , to three decimal

A calculator gives In2 = 0.693. so the actual places.

error is approximately 0.693-0.623 = 0.07 . ) )

57. The second order Maclauring polynomial is
" _ 2

56. x,—O, yl—l Pz(X)=l+X+x7

x =02; y; =1.221

X =0.3; y; =1.350 From Problem 56, we know that the interpolating
3=0. ,(:_O B (x-03) polynomial is L(x)=§§Q(x_0.2)(x_0.3)
= (0-0.2)(0-0.3) - 61.05x(x~0.3)
=30(x-0.2)(x-0.3) o #Asx(x-02)
’ For the Maclaurin polynomial
Lip() = (x-0)(x-0.3) ) 3 e
27 (02-0)(02-03) Ry =120 = e
=-50x(x-0.3) Thus.
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|R2 ()| = L&

x3| <16%20.3 = 0.0060744

For the interpolating polynomial,

IRy ()] = llx(x—0.26)(x— 0.3)|

The expression in absolute values reaches a
maximum of 0.0003521 when x=0.078475. On

the interval [0.0.3], the expression e reaches a

maximum of €% ~1.350. Thus, the largest

11.2 Concepts Review

1.

2,

1,2,2,2,..,2,1

1,4,2,4,2,...,4,1

Problem Set 11.2

1 3-1
1. f(x)=x—2;h=T=0.25
X9 =1.00 Sfxp)=1
x =125 S(x)=0.64
x, =1.50 f(x)=0.4444
x3 =175 JS(x3) =0.3265
x4 =2.00 S(x3)=0.25

522

possible error for the interpolating polynomial on
[0,0.3] is
Ry(x) £0.0003521-1.350 = 0.0004753

A calculator gives €% 21.105. When x=0.1 ,
the error for the Maclaurin polynomial is
[1.105- P, (0.1)] =|1.105-1.105 = 0

and the error for the interpolating polynomial is
[1.105- L, (0.1)| =[1.105-1.104] = 0.001

3.

4. large
x5 =2.25 S(x5)=0.1975
xg =2.50 S(xg)=0.16
x7 =275 f(x7)=0.1322
Xg =3.00 f(.Xg)’-’!OIlll

3
Left Riemann Sum: j; lzdx = 0.25[f (xg)+ f (X)) +...+ f(x7)] = 0.7846
X

0.25

Trapezoidal Rule: f—l;dx = T[f(x0)+ 2f(x))+...+2f(x7) + f(xg)] = 0.6766
2

3 .25
Parabolic Rule: J; izdx ~ 23——
X

3
Fundamental Theorem of Calculus: L —lz-dx = [——

x
f(x)=l;h=3—_l—= 0.25

x 8
xy =1.00 Slxg)=1
x =125 f(x)=08
x; =1.50 f(xy) = 0.6667
x3=1.75 fl3)=0.5714
x4 =2.00 Sf(x4)=0.5

3

[f () + 45 (X)) + 21 (xy) +...+ 41 (x7) + [ (x)] = 0.6671

L1221 06667
373

x5 =2.25 f(xs)=0.4444
X =2.50 S(xg)=04

xy =275 S(x7)=0.3636
xg =3.00 f(xg)=0.3333

3
Left Riemann Sum: _‘; —l-dx = 0.25[ f(xp) + f(x))+...+ f(x7)] = 1.1865
x

0.25

Trapezoidal Rule: f%dx z—2—[f(.to)+2f(xl)+...+2f(x7)+f(x8)]:: 1.1032

Section 11.2
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0.

Parabolic Rule: f—j;dx 25 —[f(xp)+4S(x)+2f(x2)+.. A4S (x7)+ f(xg)] = 1.0987

Fundamental Theorem of Calculus: J.l ;dx = [ln|x|]] =1n3=1.0986

3. f)= \/—h— 0 _02s
xo =0.00 f(x0)=0 x5 =125 f(x5)=1.1180
x =0.25 f(x)=05 xg =1.50 flxg) ~1.2247
xp =0.50 f(xy) =0.7071 x; =175 f(x7) =13229
x3=0.75 f(x3) = 0.8660 xg = 2.00 flxg)=1.4142
x4 =1.00 Sf(xq)=1

Left Riemann Sum: sz/;dx = 0.25[f (xp) + f(x1)+...+ f(x7)) = 1.6847
Trapezoidal Rule: Lx/_dxz—[f(xo)+2f(xl)+ A2f(x7)+ f(xg)] = 1.8615

Parabolic Rule: L Jxdx = —[ F(x)+41(xy)+2f(x3) +...+ 4 (x7)+ f(x3)] = 1.8755

2
Fundamental Theorem of Calculus: L Vxdx = [31’3 / 2] = TJ_ ~1.8856
0

4. f(x)==x x?+1 h—381—025

xp =1.00 f(xg) =1.4142 x5 =225 f(x5)=5.5400
x =125 f(x)=2.0010 X6 =2.50 f(xg)=6.7315
x, =1.50 f(x3) =2.7042 x7=2.75 f(x7)=8.0470
x3 =175 f(x3)=3.5272 xg =3.00 f(xg)=9.4868
x4 =2.00 S(x4)=4.4721

3
Left Riemann Sum: [1 xVx? +1dx = 0.25[f (xg)+ f(x;) +-+-+ f(¥7)] = 8.6903
Trapezoidal Rule: fx x2 +1dx z0'—225-[f(x0)+2f(xl)+---+2f(x7)+f(x8)]z 9.6184

Parabolic Rule: f xVx? +ldx = 0’—:‘,?S'U(xo) +4f(xq)+2f(xy)+---+4f(x7)+ f(x3)] = 9.5981

3
3
Fundamental Theorem of Calculus: J; xVx? +1dx= [%(xz + 1)3/2] = %(IOJIO -Zﬁ) =~ 9.5981
|

5. fix)=sinx
n=2: h=E
2
x =0 S(x)=0
n=3 fx)=1
X =n J(x)=0
Esinxdxzg[f(xo)+2f(x|)+f(x0)]=§z1.5708
n==6: h=E
6
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X0=O f(X0)=O 2
P ] X4=Tn f(X4)—£
f=— Sx)=2 2
° i x5 =8 Six)=2
n=l fo =L ¢ 2
2Ty T Xg=m Flxg)=0
x3=§ flx3)=1

Esinxdx::%[f(xo)+2f(x1)+...+2f(x5)+f(x6)] =117(4+2J§) ~1.9541

n=12: h=i
12
=0 i0)=0
Xp J(xp) X7 _In f(x7)=£(ﬁ+1)
. fe=22(-) 2 4
"2 P 2n NE)
Xg = — f(xg)=—
m 3 2
Xy == f(xz)‘—
° y -3z flag) =2
n 2 = 4 )= 2
X3 == f(ra)‘—
4 2 5n 1
5 X0 =— Sno)==
n 6 2
=3 S = in A
X == f(xn)——(f—l)
_5m 20 5. 12 4
XS-E f(\'j)—'_( + ) Xj2g =T f(X]z) 0
X6 =§ f(x6)=1
_[;‘sinxdxzZ—Z[f(x0)+2f(xl)+...+2f(x”)+f(x12)] ~2—1;(4+2«/§+2J§+2s/€)-.1.9886
Use the calculations in Problem S.
n=2:
[sinxas ~—[f(x0)+4f(x,)+f(x7 )] ——~ 2.0944
n=6:
Esinxdx==%[f(xo)+4f(x,)+2f(x2)+...+4f(x5)+f(x6)]z 2.0009
n=12:
[y sinxde =20/ (x0) + 4 (1) + 21 () +-. 4 41 (i) + S (z)] = 2.000]
4 1
S0= kg
xp =0.0 flxg)=4 xg = 0.6 f(xg) = 2.9412
x =0.1 S(x)=3.9604 x7 =07 S(x7)=2.6846
xp =02 f(x2) = 3.8462 xg = 0.8 f(xg) = 2.4390
X =03 f(x3) = 3.6697 X9 =0.9 f(x) = 2.2099
X4 = 0.4 f(X4) = 3.4483 X0 = 1.0 f(xlo) =2
x5=05 fxs) =32
de —[f(xo)+4f(x1)+2f(xz)+ +4f(xg)+ f(x9)) = 3.1416
pe
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8. flx) =cos(sinx); h= 1

10
x5 =0.0 S(x)=1
x =0.1 S(x)=0.9950
Xy =02 f(x;) =0.9803
x3 =03 f(x3)=0.9567
x4 =04 f(x4) = 09251
x5 =0.5 S (x5) = 0.8873

Ecos(sinx)dxz%[f(.r0)+2f(xl)+...+ 2f(x9)+ f(x19)] = 0.8684

9. f(x)=e*
2
f'(x)=-2xe*
. —x? 2 -x? —x? 2
fi(x)=-2e"" +4x"e" =€ (4x -2)
1| 2,2 1

E |= e ¢ (4c* =-2)| < 2=—
I nl 12n% 12n2 6n2
—]; <0.01 whenn=>35.
6n*

1
h=-=02

5
xy =0.0 S(x)=1
xn= 0.2 f(xl) =~ 0.9608
xy =04 f(x)=0.8521

Ee"xzdx :%[f(xo)+2f(xl)+...+2f(x4)+f(x5)] ~0.74

10. f(x)= &
f(x)= erJr2

2 2 2
[ (x)=2¢" +4xte" =e¥ (4x?+2) 11

3
< QO 0361400.6)? +2)< 1.06502
12n 12n~

1.06502

12n

h=%=0.2
3

<0.01 whenn=3.

X9 =0.0
x =02
x; =04
x3=0.6

f(x)=1

f(x;) =1.0408
f(xy)=1.1735
f(xy)=1.4333

Instructor's Resource Manual

x6 =0.6 f(xg) = 0.8448
x7 =07 f(x7)=0.7996
xg =0.8 S(xg)=0.7535
x9 =0.9 f(xg) = 0.7086
x0=10 f(x9) = 0.6664
x3=0.6 Sf(x3) = 0.6977
x; =08 f(xg)=0.5273
x5 =1.0 Sf(x5)=0.3679

6 2 0.2
.G e dx-,;-,T[f(x0)+2f(x1)+2f(x2)+f(x3)]

= 0.69

. f(x)=+cosx

sinx
S(x)=-
2Jcosx
2cos2 X+ sin2 x
S x)=-
4cos3/2 X

| | _ (0.5)3 |2c052 x+sin? xl

n 1212 I 4cos¥? x I
(0.5 [2cos? 1+sin? 15| _ 2.6225
T 20| 4cos¥?1s | 1202
2.6225

12n?

<0.01 whennz=5.

h=22-01
5
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x5 =1.0 f(xp) =0.7351 x9=1.0  f(x)=0.5403
x =11 S(x)=0.6735 x =15 JS(x)=0.3392
xy =12 S (x3) = 0.6020 x3=20  f(x)=0.1559
x3=1.3 f(x3)=0.5172 2 0.5

feld  fls)e04123 [ cosVads = =217 (0) + 2/ () + f (1)) = 0.34
x5 =1.5 S (x5) = 0.2660

15 0.1 13. f(x)= ”_‘
L' Jeos x dx =L () +2/ () +2f (x2) ) -x
) 2
+2f(x3)+2f(x4) + f(x5)]=0.27 f(x)=(l 7
-X
= . 4
12. f(x) cosJ; fi(x)= 3
Jy= -3 -
2Jx D (x)=
fx)= - COS\/— sin/x (1- x)
S A T @
)=
IE,|= | cosve sm«/—I (1-x)
122| a4 £, # | 4| & (4_8)_4096
1 (|eosve], ISmJ_l] I (o.6+1) 180n* |(1-¢)®| ~ 1804* 157
lanU dc | fac¥?|) 12n2\ 4 4 4ogfso.ooswhenn216.
_ 04 15"4
12n? h=—=025
0.4 16
<0.0]1 whenn>2. 1+x 0.25
1212 leI~—[f(xo)+4f(xl)+2f(12)+
h=%=0.5 +4f(x15)+f(x|6)]~—7.219
14, fix)=Inx
, 1
S@ ==
N
f(X)_—x_z
Gy 2
o=
6
sO@=-=
X4
5 5
=28l 2 (€)1
180n* [c*] 180n*\1/ 15n
164 <0.005 when n > 4.
15n
h=2=0s5
4
3 0.5
[inxde= =201 (o) +41(0)+ 2/ (x2) +4f (x3)+ f(xa)] =1.295
526 Section 11.2 Instructor's Resource Manual



h a b m+h
15. -[:—h (aJc2 +bx+c)a’.7:=[§x3 +—2-Jc2 +cx]

m-h
= %(m+h)3 +%(m+ B +c(m+ h)—%(m —h) —%(m —h)? —c(m~h)
= %(6)):2}: +2h%) +§(4mh)+ c(2h) = %[a(ﬁmz +2k%) + b(6m)+6)

=§[f(m—h)+4f(m)+f(m+h)]

= %[a(m - h)2 +b(m—h)+c+ dam® +4bm+4c+a(m+ h)2 +b(m+h)+c]
= %[a(émz +2h%)+ b(6m) + 6¢]

16. a. To show that the Parabolic Rule is exact, examine it on the interval [m — h, m + h].

Let f(x)=ax3 +bx? +cx+d, then

[ fexyax

=%[(m+h)4 —(m—h)4]+§[(m+h)3 —(m—h)3]+%[(m+h)2 —(m—h)2]+d[(m+h)—(m—h)]
= %(8m3h +8h3m)+ §(6m2h +2h%) +§(4mh) +d(2h).

The Parabolic Rule with n = 2 gives
h
[;’_*h f(x)dx = g[ Fm—hy+af(m)+ f(m+h)]=2am>h+2amh® + 2bm*h +%bh3 +2chm +2dh

= %(8m3h+8mh3)+§(6m2h+2h3)+—;-(4mh)+d(2h)

which agrees with the direct computation. Thus, the Parabolic Rule is exact for any cubic polynomial.

S
b. The error in using the Parabolic Rule is given by E, = —u)T S () (m) for some m between / and k.
180n

However, f'(x)=3ax? +2bx+c, f(x) = 6ax+2b, f&(x) =6a, and P (x)=0,50 E, =0.

1 6
17, f(x)=— 18. [O@=-—
x X
' 1 24
S=-= D=2
X xS
. 2 1 (24) . 2
f(x)=— E = [_]S
S [ 180n4\c* ) 154°
1 (2 1 5
El=r-— —[|£— -10
|E,| 12 2[03) 6n’ 15"490 when n > 192.

1 <1071 when n > 40825.

6n? -
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19.

20.

21, A=

22,

23,

24,

25.

528

Letn=2.

f(x)=xk; h=a

Xg=-a fxg)=-a*
=0 S(x)=0
X =a f(.t2)=ak

faxkdng[—ak +2-O+ak]=0

kg k4l 1 kel K+l 1 kel kel
=—1I[a"" -(-a =— - =0
r [ ]_a k+l[ Cay] k+l[a a
a. From Example 1, T=48.9414,
S(x)=ax’
[43) - 4(1*1(0.25)
12

= 48.9414-0.5417= 483997

T -

b. From Problem 5, T~ 1.9886.
f'(x)=cosx
2
[cosmt—cos 0](12)

T- = 12/ +1.9886+0.0114 = 2.0000

%[75+2-71+2-60+2~45+2-45+2-52+2-57+2-60+59]=4570 fi2

Az—;—[23+4-24+2-23+4.21+2.18+4-15+2-12+4-1l+2-10+4-8+0]=465 2

V=4-6~2790 fi3

A z?[0+4'7+2-12+4-l8+2~20+4-20+2-l7+4-IO+O]= 2120 ft2

4 mi/h = 21,120 fvh
(2120)(21,120)(24) = 1,074,585,600 fi3

h= 210-0

=10 minutes = %hour
Suppose ¢ is time measured in hours and w(r) is the velocity at time ¢. Then the distance traveled is
L v(1)d. ~—[0+2 -55+2.57+2-60+2-70+2-70+2-70+2-70+2:19+2-0

+2-59+2-63+2-65+2-62+2-O+2-0+2-0+2‘22+2~38+2-35+2-25+0]

=140

h= M = 3minutes = ihour
8 20

Suppose ¢ is time measured in hours and v(¢} is the velocity at time ¢.

a, Using the Trapezoidal Rule, the distance traveled is

4
f: v(f)dt = l/20[0+2 3142-54+2-53+2-52+2:35+2-31+2-28+0]

=%=Il.6miles

b. Using the Parabolic Rule, the distance traveled is
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26.

27.

Iinstructor's Resource Manual Section 11.2 529

o zl/—?[l-0+4-31+2-54+4~53+2-52+4-35+2-31+4-28+1-0]
68

= 14.2 miles.
Suppose / is time measured in hours and r(¢) is the rate of water usage at time /.
h= mminutcs = lhour
10 5
a. Using the Trapezoidal Rule, the total water used is

ﬁr(l)d{zl—i—s-[65+2-71+2-68+2-78+2-105+2-lll+2'108+2-l44+2-160+2-152+148]

%-2207 =220.7 gallons

b. Using the Parabolic Rule, the total water used is

_[)zr(t)dt :%2[65+4-71+2-68+4-78+2-105+4-1l1+2-108+4-144+2-160+4-152+l48]

= %;9 = 221.27 gallons.

a.  Lay the part with the long flat side along the x-axis, with the upper left corner (as shown in Figure 22) at the
origin. Let A(x) denote the height of the lamina at the value of x. Then, using the Trapezoidal Rule,

m= goh(x)dxz-;-[5+2(6.5+8+9+10+10.5+IO.5+10)+8] =355

0
M, = E xh(x)dxz%[0-5+2(5-6.5+10-8+15-9+20-10+ 25-10.5+30-10.5+35-10)+40-8]=7675

M 675

¥=—2x—"x21.62
m 355
Mx=%[:°h2(x)dxz%%[52+2(6.52+82+92+102+10.52+10.52+102)+82]=163o.625
_ M, 1630625 _,
m 355

b.  Using the Parabolic Rule,

0
m= E h(x)dx=%[5+4-6.5+2-8+4~9+2-10+4-10.5+2-10.5+4-10+8]=§214 ~ 356.67

M, = [ xhx)ds

=;[0-5+4(5-6.5)+2(10-8)+4(15-9)+ 2(20-10)+4(25-10.5)+2(30-10.5) + 4(35-10) +40-8]

= %4630 = 7716.67

M, 7716.67

—_— A ————

m 35667
| o
M=o [P

%%[52 +4(6.52)+2(82)+4(92)+2(102)+4(1o.52)+2(10.52)+4(102)+82]

=%l97l.5zl642.§
y=ﬂz 16429 _, o)
m 356.67



28. a.  Place the lamina so that the origin is the center of the hole, and the long straight side is parallel to the x-axis.
Let h(x) denote the height of the lamina at the point x. Let R, be the lamina with the hole drilled in it, let R,
be the lamina consisting of just the hole, and let Ry be the lamina from Problem 27 without the hole. Using
the Trapezoidal Rule,

m(R) = m(Ry)—m(Ry) = 355 —z(z.s2 ) ~335.37
10
M (Ry) = meh(x)dx

==%[—30-5+2(—25-6.5—20-8—15-9—10-10—5~IO.5+0-10.5+5-10)+10-8]=-2975

Mx(R3)=%fgo[f2(x)_g2(x)] =— [h(r) a)? - (~4) }L _-j [h (x)- 811(r)]dt

%[52 +2(6.57 +82 +97 4102 +10.57 +10.52 +102)+82]—8-2[5+2(6.S+8+10+IO.5+lO.5+lO)+8]

=~1630.625-4-355=210.625
By symmetry. the centroid of R; is (0.0). Thus,
My(Rz) = 0, and MX(RZ) =0

M, (R)) =M ,(R3)~ M ,(Ry) = -2975-0 = -2975
M (R) =M (R3)- M ,(R;)=210.625-0=210.625

2975 _
*(Rs) 33537
SRy = My(Ry) _210.625 _ o

m(Ry)  335.37
b. Using the Parabolic Rule,

m(R,) = m(Ry) - m(Ry) = 356.67 —zz(z.s2 ) ~337.04
10
M, (Ry) = L30xh(x)dx

:%[—30.5+4(—25.6.5)+2(—20-8)+4(-15.9)+2(—10-]0)+4(—5-10.5)+2(0.10_5)4,4(5,]0)“0.8]

- %(-1790) ~-1491.67

MoRy) =2 [o[ 2= g2 Jax= [ [ (0 =4)7 ~(—4)" Jax = [ [ -840 [
z%[Sz +4(6.52)+2(82)+4(92)+2(102)+4(10.52)+ 2(10.52)+4(102)+82]

—8~%[5+4-6.5+2-8+4-10+2-10.5+4-10.5+2-IO+8]

~1642.92 -1426.67 = 216.25

By symmetry, the centroid of R is (0.0). Thus,

My (Ry)=0,and M (Ry)=0

My (R)) =M ,(R3)-M,(Ry) =-1491.67

M (R) =M (R3)- M (Ry) =216.25-0=216.25
M, _

*(Ry) = ¥ :M ~ —4.43

m 337.04

M, (Ry) N 216.25 N

.~
YR == Ry 33708

29. Rotate the map 90" clockwise and put the x-axis along the bottom. with the origin below the southernmost tip of
Itlinois. Let f{x) denote the "upper" function, and g(x) the "lower" function. Then the east/west dimensions given
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on the map are f{x)-g(x), and g(x) is equal to 85, 50, 30, 25, 15, and 10 at the southern end of the state, and 10 and
13 at the northern end.

- ﬁSO[f(x)_g(x)]dxz%[m2(53+79+---+139+132)+140]:57,000
M, - ﬁsox[f(x)—g(x)]dx < 22[0-0+2(20-58.+40-79-+--++ 340-139+ 360-132) +380-140] 12,002,800

M= [l - (x)]dx~139{(852 ~85%) +2[ (1087 - 502 ) (1097 -30% ) -+ (1422 -107) ]|

= 4,994,480
M
sy 12,002,800 ~210.6
m 57,000
yo Mo 4994980 g
m 57,000

This is a point just southeast of Lincoln, IL and it is about 30 miles northeast of Springfield.

30. a. 10

R il

b, n=16, h— -0125
16

x =1.125 S (x)=1.6018 xg =2.125 f(xg) = 20.3909
x3 =1.375 f(x3)=3.5745 x =2.375 S(x)=31.8167
xs = 1.625 f(xs)~6.9729 X3 =2.625 f(x3) = 47.4807
x7 =1.875 f(x7) = 123596 x5 = 2.875 f(x5) ~68.3206

[xtde ~ 0250/ () + f(3) 4o+ f(i5)) = 48.1294

31. a. Sincex>X>0, x*> > Xx. Thus e~ = .

[eae j;e‘x“dx=[ L Xr]“’ _Lox

2
b. f’e" dx < fe's"dx=ée'zs ~2.78x10712 <107!!

¢. n=10,h=2"2-05
10
xp =0.0 Sflxg)=1

=0.5 f(x)=0.7788
x,=1.0 f(x3)=0.3679
x3=15 f(x3) =0.1054
x4 =2.0 S(x4) = 0.0183
x5=2.5 f(xs5) = 0.0019
x5 =3.0 f(xg)~1.234x1074
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x;=3.5 f(x7)=4.785x107

xg = 4.0 f(xg)=1.125x1077
xg =45 f(x9) =1.605%107°
X0 =5.0 F(xi0) = 1.389x1071!

Ee-xz dx =0—:;,5-[f(x0)+4f(x])+2f(x2) +o--+H [ (xg)+ f(x10)] ~0.8862

% r e dy = %(0.8862) ~0.99997
n 9

fy=e™

fl(x)=-2xe”* ’

Si@)=e (4x?-2)
B = xe"x2 (12-8x%)
SOy = (16x% - 482 +12)

s |i6ct —asc+12| S

180x10°| o, | 180,000

A graphing utility or computer shows that

|16c* — 282 +12]
| & l
|E10[ <0.0209

Thus, the error in computing

2
2 E" e dx is less than i(o.ozo9+|o“‘)zo.0236.
Jn T

=

12

|Evol =

<12 on [0, 5).

32. a. First consider t=—x-. Atx=0,7r=0. £= l >0 on [0, ). lim L=l. Since 1=L is
+x dx  (1+x)? x—ol+x l1+x

increasing to 1 on [0, o), the substitution transforms [0, «) into [0, 1).

dt x

Now consider t =¢™*. Atx=0,t=1. —=—-e"" <0 on [0, ). lim e™* =0. Since t =e™* is decreasing
d.x X—rx
to 0 on [0, =), the substitution transforms
[0, o) into (0, 1].
X x _ x _ x X
b Lo 2 0 on(ww). fim “t=haot tim &= im £ =1, Since =S is
dx  (¢* +1)? x>-wef 4] | xooef 4] xow T e* +1

increasing from —1 to 1 on (—o, ), the substitution transforms (-0, ) into (-1, 1).

c. t=e ¥ dt=-e""dx

f e~ % e J;o_ 1 & =E 1 dt
V1+e™* N V1422
1

f=
V1412

Lh=0.1
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{ 4 S@)
0 0.0 1.
1 0.1 0.99504
2 0.2 0.98058
3 03 0.95783
4 0.4 0.92848
5 0.5 0.89443
6 0.6 0.85749
7 0.7 0.81923
8 0.8 0.78087
9 0.9 0.74329
10 1.0 0.70711

[ Nl = L )4/ 0)+ 2/ )+ +41 o)+ ()

1+¢
= 0.881374
£y =362 24;29«; 28:“)
(1+¢7)
|Eio] < ! ; 33+24+8) 5 84x107S
180(10™) ]
1 1
d. ; =X, —th =

1
X = I L o
f]+x3dx fl+(,)( ) L -di f) S h=0.

i 4 J@)
0 0.0 1

1 0.1 | 0.99900
2 02 | 0.99206
3 03 | 097371
4 0.4 | 0.93985
5 0.5 | 0.88889
6 0.6 | 082237
7 0.7 | 0.74460
8 0.8 | 0.66138
9 09 | 0.57837
10 1.0 0.5

1 0.l
E,s +1 ==—3_[f(:o)+4f(1|)+2f(tz)+'“+‘"f(’9)+f(’lo)]
= 0.835653
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33, a.

34. a.

534

2 1
u= dv=—=dx

Ja+x 2\/;
du=——lﬁdx V=\/;
(4+x)
2
2 dx 2Ux 2 Jx 2 2 Jx
b N +L——;;75¢*=T+L—W
Vax+x +x]y O (d+x) 3 0 4+x)
u=l dv=sinxdx
x
du=—idx V=-—OSX
2
X
. a0
sinx cosx cosx cosx
r - dx—[— . ]1 —r 2 dx—cosl—r 2 dx
[cosx| <1 forall x, so
cosx 1 1T°
dx<| —dx=|-—| =1.
‘r x? J;nx2 |: x:ll

sinx .
Therefore, r—dx exists.
X

1 1
u= dv=—dx
4+ x Jx
du=- 17 v=2Jx
(4+x)”
!
Jx d4+x 4+x ) (4+x) 5 V(d+x)
u=x dv=x(4—x2)”4dx
du=dx v=—%(4-x2)5/4
2
Ex2(4—x2)”4dx=[—Ex(4-12)5/4] . 23(4—x2)5/4dx=Lzz(4—x2)3/4dx
y
4_
y=2@ - )"
y=34-"
' >
0 %

First use the Trapezoidal Rule on the first part.
2
MORHCS D

xp =0.00 f(xp) = 2.26274
x =0.25 f(x)=2.21863

Section 11.2
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x5 =0.50 f(xp) = 2.08737
x3=0.75 f(x3) =1.87225
x3 =1.00 Fxq) ~1.57929

.[)(4 20504 gy 025[f(10)+2/(1,)+2f(xo)+7f(x3)+f(x4)] 2.02482

. 3x% -8
Ty

1 8
() € ———=—<0.00914

Next use integration by parts on the second part.

1
E,l=
2l 1242

u=l dv=.>c(4—)c‘7')5/4
du=——dx (4 x4

2
2\/" L 2y 4 dx | = 4\/_ 4 AP
45x*
Use the Trapezondal Rule on the mtegral.

S = (452
45x

Xo =1.00 f(xq) =1.05286
x =125 f(x)=042233
x3 =1.50 f(xp)=0.13916
x3 =175 f(x3)=0.02510
X4 =2.00 Sf(xq)=0

f%m-xz)g”dx 025[f(x0)+zf(xl)'*'zf(xz)"'2f(X3)+f(x4)] ~0.27825
X

(5x* +8x% +128)(4 - x2)!'*

Si(x)= y
15x
|E4|— l 31“%)”—4 0.10968
Now estlmate the va]ue of the original integral.
2%(4—x2)5’4dx = '%(4-): Y/ v+ = 4‘/— fém-xz Y/ 4dx = 2.02482+%-0 27825 ~ 2.7994

|Error| £ 0.00914 +0.10968 = 0.11882
The error estimate for the original integral would fail since f"(x) is not defined at 2, so the error estimatec would
be unbounded.

35. Elzln(sinx)dx=£{ Inxdx+ E"z n(smx)dx
X

/2 7
_[;' Inxdx = lim lnxdx—llm[xlnx XM = (Emﬁ——)—hmalna =—ln———~—08615
50 2 2 2 2

a—0 a—0

f(x)=In [S‘“") h=Ll 5 =03027
X

Note that lim ln(smx) =Inl=0.

x—0 X
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i X f(x;)
0.0000 0
0.3927 —0.02584
0.7854 —0.10501
1.1781 -0.24307
1.5708 —0.45158

E"Zln(sm")dx = 10+ 4 (1) + 2/ () + 41 033) + S (x4)] = -0.2274

A W — O

X

/2
L" In(sin x)dx =~ —1.0889

36. Suppose X = @ Since the cosine function alternates in sign and COSX | is decreasing,
I+x
cosx X+n COSX 1 n
dx| < x| < (X +n-X) =
J;l+x4 X 1ax? ’ [[ 1) ]"‘ 4( 1)“

l+{{n+=|m l+7t" | n+—

2 2

n 17n

<107 when n>8. Let X=—2—

1y
l+7t4[n+—)
2

Cos X 17n/2 COs x cosx
[k = cdxr [ dx
l+x l+x 1214 x

Use the Parabolic Rule on the first part with 4= % so n = 68.

Calculating with a computer,

E”"Z S0 dr = [ f(x0) + 41 (31) + 2 (x) ...+ 4 (x67) + f (x68)] = 0.77335
l+x 24

Using a computer to plot | £ (x)l, we see that ‘ A (x)l <65 on [O, %E]

(%)
Ecol<~27_65<022933
[Bes] 180-68°

Hence, |Error| <0.22933+107° = 0.22934

11.3 Concepts Review

1. slowness of convergence

2. root: Intermediate Value

3. algorithms

4. x. 5 f'(r)=0
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8 | 0.00390625 | 1.45703

-0.00588708

Problem Set 11.3 9 | 0.00195312 | 1.45508 | -0.0024619
L Let f(5)= 2> +2x—6. 10 | 0.000976562 | 1.4541 | —0.000749968
A)=-3./2)=6 11 | 0.000488281 | 1.45361 | 0.00010583

r=1.45
i P T kil 4. Letflx)=x-2+2lnx.
1 0.5 1.5 0.375 fU)=-1,2) = 1.38629
2 0.25 1.25 ~1.546875
3 0.125 1375 -0.650391 n hy m, S(my)
4 | 00625 1.4375 | —0.154541 1 0.5 1.5 0.31093
5 | 003125 | 1.46875 0.105927 2 025 125 -0.303713
6 | 0015625 | 1.45312 | —0.0253716 3 0.125 1375 0.0119075
7 | 00078125 | 1.46094 0.04001 4 | 00625 13125 | -0.143633
8 |0.00390625 | 1.45703 | 0.00725670 5| 003125 | 134375 | -0.0653216
9 |0.00195312 | 1.45508 | —0.00907617 6 | 0015625 | 135938 | -0.0265749
r~1.46 7 | 0.0078125 | 136719 |-0.00730108
. 3 8 |0.00390625 | 1.37109 | 0.00231131
2. Let flx)=x"+35x" +1. 9 |0.00195312| 1.36914 |-0.00249285
f=D=-3.00=1 r=1.37
n k, m, fim,) 5. Let f(x)=x3+6x2+9x+1=0.
1 0.5 -0.5 0.4375 p
2 0.25 -0.75 ~0.792969
3 0.125 ~0.625 | —0.0681152
4 | 00625 —0.5625 0.21022 .
5 | 003125 | —0.59375 | 0.0776834 -5 5%
6 | 0015625 | —0.609375 | 0.00647169
7 | 0.0078125 | -0.617187 | —0.0303962 ;
8 |0.00390625 | -0.613281 | —0.011854
9 [0.00195312 | —0.611328 | —0.00266589 F(x) = 352 +12x49
r=-0.61
n xn
3. Let f(x)=2cosx—e ~.
1) =0.712725, f12) = ~0.967629 ! 0
2 ~0.1111111
n h, my, Sf(my,) 3 —0.1205484
1 0.5 1.5 —0.0816558 4 —0.1206148
2 0.25 1.25 0.34414 5 —0.1206148
3 0.125 1.375 0.136256 r=-0.12061
4| 00625 14375 | 0.0282831
5| 003125 146875 | -0.0264745
6| 0015625 | 1.45313 | 0.000961516
7 | 00078125 | 1.46094 | -0.0127427
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6. Let f(x)=7x"+x-5

2

] 11 13

y
Ill|

|
5x

-5 i
-8/r
f(x)= 21x% +1
n x"
1 1
2 0.8636364
3 0.8412670
4 0.8406998
5 0.8406994
6 0.8406994
r =~ 0.84070
7. Letfix)=x-2+2Inx
¥
5 |
ANy RN
...5 L 5 X
-5
=1+
x
n X,
1 1.5
2 1.366744
3 1.370151
4 1.370154
5 1.370154
r=137015

Section 11.3

8. Let f(x)=2cosx—-e ~.

5

5

1
w
71']1"!]!!;,:
b

-5

f'(x)=-2sinx+e”*

n X
] 1.5
2 1.453915
3 1.453674
4 1.453674
r=1.45367
9, Letf{x)=cosx—2x.
y
5
NN VNN
-5 5 X
-5
S'(x)=-sinx-2
n Xy
1 0.5
2 0.4506267
3 0.4501836
4 0.4501836
r=0.45018
10. Letfix)=xInx-2.
y
5 —
e fafhoa
-5 | 5
5=
S(x)=Inx+]
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n X,
1 25
2 2.348287
3 2.345751
4 2.345751
r=2.34575

11. Let f(x)=x4—8x3+2212—24x+8.

v

S(x) = 4x3 - 24x% + 44x - 24
Note that f{2) =0.

n X,

1 0.5

2 0.575

3 0.585586
4 0.585786
n X,

1 35

2 3.425

3 3.414414
4 3.414214
5 3.414214

r=2,r=0.58579, r =3.41421

12. Let f(x)=x*+6x>+2x% +24x-8.

1601~

=240
f(x)=4x> +18x% +4x+24

instructor's Resource Manual

n X

—6.5
—6.3299632
—-6.3167022
—6.3166248
—6.3166248

W B W N e

n X,

1 0.5

2 0.3286250
3 0.3166694
4 0.3166248
5 0.3166248
r=-6.31662, r = 0.31662

13. Let f(x)=2x*—-sin"'x.

S'(x)=4x~
V1-x?
n X,
1 0.5
2 0.527918
3 0.526583
4 0.526580
5 0.526580
r = 0.52658

14. Let f(x)=2tan"' x—x.
y

2
2

l+x

fx=—"5-1

Section 11.3
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n x"
1 2.5
2 2.335087
3 2.331125
4 2331122
5 2.331122
r=233112
15. Let f(x)=x" —6.
S =3
n xn
1 1.5
2 1.888889
3 1.819813
4 1.817125
5 1.817121
6 1.817121
¥6 ~1.81712
16. Let f(x)=x'-47.
S'(x) =42
n xn
1 2.5
2 2.627
3 2.618373
4 2.618330
5 2.618330
447 =~ 2.61833
17. Let g(x)=—nx.
cosx sinx
f(x) g( x)= e
X
smx 2cosx 2sinx
Sx)= 5 T3
n Xp
1 45
2 4.4934
3 4.49341
4 4.49341

540

Minimum atx = 4.49341
Minimum value is = -0.21723.

Section 11.3

18.

19,

20.

21.

27 1
2m( M
Suppose n = 1, then V(Elxl —r|) =|x-r|, so

|x _r| 2"1[ I |X _rl];)l_l
! M\ 2m"! '

Suppose the statement is true for k< n,

M )
|xn+l _"l = ;;(xn -r)

M 2m( M 2!
2 _ ‘—I.\l o r|
m| M

Thus. the statement is true forn + 1.

Let f(x)= -2
fi(x)=2x. f(x)=2
|f'(x)|22 on[l.2],s0m=2.

<2onf{l,2].soM=2.
26-1

5 s

<2(0.25)2 ~1.08x107"?

From Problem 19, m=2 and M =2.

-,n—l

X, —JE| < 2(2) |1 s-r| <2025
22)

n-1
2002527 <5x107

n-1
0252 <2.5x107™
log(2.5x107*")

pARLIP

log(0.25)
log(2.5x10~)
103[ 108(0.25) ]

nz +1x7.08
log2

n>8

Let f(x)= 1+lnx
lnx

S (x)=-—
x?

X, =X, — S (xn) =x, + 4x

n+l = *n f —“*n n
f(xn) Inx,

=2x, +

ln Xy

Suppose x| =1.2.
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22,

23.

=

xn

1.2
8.981778
22.05511
51.23963
115.4958
255.3103
556.6849

00 N N U AW N -

1201.425

Suppose x; =0.5.

n Xp

0.5
0.2786525
0.3392312
0.3646713
0.3678377
0.3678794
0.3678794

~N N R W —

-5

(™)
I

xn1/3

S
S (x4)
=x, -3x, = -2x,

Thus, every iteration of Newton’s Method
gets further from zero. Note that

Xne} = Xp n 13

— —
§xn

+1
Xpsl = (_2)71 Xp-

a. For Tom’s car, P= 2000, R = 100, and
k=24, thus

Instructor's Resource Manual

24.

o
wn

2000= 12| 1-—L_
PLoasn®

which is equivalent to
20i(0+ )% —a+)* +1=0.

1
or 20i=1- :
J Q+)*

b. Let

£y =201+ - 1+)2 +1

=(1+)**(20i-1)+1.

Then

1) = 2001 +)** +480i(1 +1)% - 2401+ B

= (1+1)2(500i - 4), so0

C_ S L (#i™(200, ~1)+1

ey =i — Sl — 23
(1+i,)%3(500i, - 4)

S lin)
-2 . c =23
.| 200y +19i, —1+(1+i,)
§ 500i, -4

c. n in

1 0.012

0.0165297
0.0152651
0.0151323
0.0151308
0.0151308

N W s WN

i=0.0151308
r=18.157%

S
S (xn)

lim (x,4) —x,)= lim x,,; - lim x,

X XX X, X

From Newton’s algorithm, x,,) -x,

=¥-%=0
X f,(X,,)
and f'(x)=0.

exists if fand f* are continuous at x

Thus, lim M=@—=O, so f(x)=0.
=T f(x,)  ['(%)

X is a solution of f{x) = 0.

b

X
1
x; closeto —.
a

b, Let f(x)=—+-a.
X

Section 11.3

The algorithm computes the root of L a=90 for
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[)=-—

X

S'(x)
The recursion formula is

_Sx)
S(xn)

2
Xn+l = Xp

26. r=~-1.25992, r = 1.25992

11.4 Concepts Review
1. fixed point

2. Xpel

w

. lg'@)|sM <1

£ N

. |2x|>l near x = 2

Problem Set 11.4

1 _
) B =3¢ 2%n

n Xy

1 1

2 0.015037
3 0.107819
4 0.089559
5 0.092890
6 0.092273
7 0.092387
8 0.092366
9 0.092370
10 0.092369
11 0.092369

x = 0.09237
2. Xy = 2tan”! X,

n x,

1 2

2 2.214297
3 2.293208

542 Section 11.4

=2x, —ax,".

27. r=-1.87939, r~0.34730, r ~ 1.53209

28. r=~-0.28603, r= 1.03208, r =~ 1.08934,
r=2.32816

29, r=-2.08204, r = 0.09251, r = 091314,
r=~1.62015,r=1.85411

30. r=1
4 2319173
5 2.327392
6 2.329961
7 2.330761
8 2.331010
9 2.331087
10 2.331112
11 2.331119
12 2.331121
13 2331122
14 2331122
x=2.33112
3. xpa =\/ﬁ*’-1—n

n X,

1 1

2 1.923538
3 2.150241
4 2.202326
5 2214120
6 2.216781
7 2.217382
8 2.217517
9 2217548
10 2.217554
11 2.217556
12 2.217556

x=2.21756
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4. x,, =32+x, d.

n X,
1 47 6. a.
2 7.085196
3 3.207054
4 2.531216
5 2.393996
6 2.365163
7 2.359060
8 2.357766
9 2.357491
10 2.357433 b
1 2.357421 n %,
12 2.357418 1 07
13 2.357418 5 1.05
*=2.35742 3 -0.2625
5. a. 4 -1.657031
5 ~22.01392
6 ~2533.133
¢ x=5(x- x2)
5x* ~4x=0
x(5x-4)=0
x=0 x= ﬁ
5

b. 4
(325
¢ (5)
n x,
1 0.7 1. & 2 4
2 0.42
3 0.4872
4 0.4996723 = 2%
5 0.4999998
6 0.5
2k
7 0.5
3 b. The algorithm does not yield a convergent
c. x=2(x-x°) sequence.
22 -x=0
= , 3n
x(2x-1)=0 c. g(x)=?cosnx
x=0, x=— lg’(x)| > 1 in a neighborhood of the fixed points.
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The algorithm yields convergent

sequences to 0.5 or -0.5.

B n
g'(x)= 7 cos

|g'(x)| <1 in a neighborhood of the

fixed points.

3.
x==sinmx

2
6x=5x+ %sin fied

5 1.
X ==x+—sinnx
6 4

Let x; =0.8.
n X,
1 0.8
2 0.813613
3 0.816176
4 0.816629
5 0.816709
6 0.816723
7 0.816725
8 0.816726
9 0.816726
Let x; =-0.8.
n x,
1 -0.8
2 —0.813613
3 -0.816176
4 -0.816629
5 -0.816709
6 -0.816723

Section 11.4

7 -0.816725
8 -0.816726
9 -0.816726

c. g'(x) —§+£cos Y
) 6 4

2'(0.81673) = 0.17456
g'(-0.81673) = 0.17456

10. a. x=5(x-x°)
6x =10x - 5x°

b. Let x =0.75.

n Xy

0.75
0.78125
0.793457
0.797783
0.799257
0.799752
0.799917
0.799972
0.799991
0.799997
0.799999
0.8

13 0.8

O 00 3 AN W bW N -

— e
N - O

11. Graph y=x3 -x*-x-l.

5

I I T .|
=5

IIII:: T T T TTG.
W
-t

=5
The positive root is near 2.

Rewrite the equation as x =1 +l+ LI g(x).
X xz
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Let x; =1.8

n xn

1 1.8

2 1.8642
3 1.8242
4 1.8487
5 1.8335
6 1.8429
7 1.8371
8 1.8406
9 1.8384
10 1.8398
11 1.8390
12 1.8395
13 1.8392
14 1.8394
15 1.8392
16 1.8393
17 1.8393

r=1.839
12. a. x =0
xy =5 =2.236068
5+5 = 2.689994

x4 = \/5+\/5+\/§ ~2.7730839
S+y5+yS+V5 =2.7880251

b. x=+v5+x,andx mustsatisfy x>0

x2=5+x
x?-x-5=0
114415 12V21
2 2

Taking the minus sign gives a
negative solution for x, violating the
requirement that x >0. Hence,

:(1+\/ﬁ)/2=2.7912878

c. Letx= 5+\/5+J5+....Thenx

satisfies the equation x = v/5+x.
From part b we know that x must

equal (1+21)/2~2.7912878
13. a. Xy =0
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14. a.

C.

js

= 1.4142136

=y1+V1+J1 =1.553774

x5 = 1+ 1+ y1+V1 =1.5980532

x=Vl+x
2o)4x
x> -x-1=0
_ 1344101245
2 2

Taking the minus sign gives a negative solution

for x, violating the requirement that x 2 0.

1+45
2

Hence, x = ~1.618034.

Letx=+/5 +\/5+ V5 +.... Then x satisfies the

equation x = +/5+x. From part b we know that
must equal (1+J§)/2=1.618034.

X|=l

X2 =l+-i'=2

W

TR )

1
14-l

2 =x+l
X —x-1=0
1144111245
2 2
Taking the minus sign gives a ncgative solution
for x, violating the requirement that x>0.

1+5
2

~1.618034.

Hence, x =

Let
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X

545



Then x satisfies the equation

x= l+l. From part b we know that
x

x must equal
(1+5)/2=1.618034.

15. Leta=mand x; = 2.

n X,

i 2

2 1.785398

3 1.772501

4 1.772454

5 1.772454
Jr = 1.77245

wey= -4
g(x)—z(l xz)

g’(a)=l(l—1]<l fora>0.
2 a

16. Graphy=xandy=0.8+0.2sinx.
y

Xp41 =0.8+0.2sinx,

Let xy =1.
n X,
1 1
2 0.96829
3 0.96478
4 0.96439
5 0.96434
6 0.96433
7 0.96433
x = 0.9643

17. a. 10,ooo=—i-[1—(1.015)“‘8]
0.015

150

- 229375
1—(1.015)™8

546 Section 11.4

b 10,000=22y
i

-1+

.3 48
i=esll=(+) 7]

Let i; =0.015.

n iy,

1 0.015

2 0.015319
3 0.015539
4 0.015689
5 0.015789
6 0.015857
7 0.015902
8 0.015932
9 0.015952
10 0.15965
1 0.015974
12 0.015980
13 0.015983
14 0.015986
15 0.015988
16 0.015989
17 0.015989

i=0.01599

30

18. 500 =2{1-(1+i)"*)
1

i=%[l—(l+i)'24]

Let 4 =0.03.

n iy

I 0.03

2 0.030484
3 0.030815
4 0.031039
5 0.031190
6 0.031290
7 0.031358
8 0.031403
9 0.031432
10 0.031452
I 0.031465
12 0.031474
13 0.031480
14 0.031484
15 0.031486
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16 0.031488
17 0.031489
18 0.031490
19 0.031490
i=0.03149
19. a. Suppose ris aroot. Then
r=r- ___f'(r) .
S
&=0. soflr)=0.
S
Suppose f{r) = 0. Then
r——f,(—r)zr—Ozr, so r is aroot of
[
X=X _l’(_x)—'
S(x)

b. 1f we want to solve f{lx) =0 and

=0 or

' : J(x)
f(x)=0 in{a, b], then I
_f®

f'x)

. x), SO .
g(x)=1—§a+mf x
_ SO

@Y

and g'(r)=

x=x =g(x).

/10 g
a2
Ft)

20. a.

(¥
e
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Use Newton's Method.

n Xp

0.9
0.947423
0.944075

0.944039

1
2
3
4 0.944039
5
0

b. ¥

) 1 o
-2

~
-

f(x)= cos™'x—

cosx
Use Newton’s Method.

n X,
1 0.4
2 0.447464
3 0.446049
4 0.446048
5 0.446048
x = 0.44605

f(x)= tan”! x—
tan x
Use Newton’s Method.
n Xn
1 0.9
2 0.9278324
3 0.9283946
4 0.9283949
5 0.9283949
x =~ 0.92839
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To find C,, apply the initial condition
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C]B—x

Iny=-x+C

y

lim y(t) = and y(2) =13

>
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4=30)=Ce  =¢

1
=2x——+Ce™*
Y 2
To find C, apply the initial condition:

1 -0 1
9, 3=y(0)=0-—+Ce 0 =C->
Thus C= % , so the solution is
1 7
y=2x- 3 + Ee
Note: Solutions to Problems 17-26 are given along with
the corresponding solutions to 11-16.
y+y=x+2
Tl:e integ:atinﬁ factor is eJ]dx =e*. 1,17 | x, Edue:tel:: dy, ;\22;%6(1)5“]”
eytye = (x+2) 00 | 30 30
%(e’ y) = (x+2)e" 0.2 42 4.44
B . 0.4 5.88 6.5712
ey = Jix+De" dx 06 | 8232 9.72538
Integrate by parts: let u =x+2, dv=e*dx. 08 11.5248 14.39356
Then du =dx and v=e". Thus 1.0 16.1347 21.30246
efy=(x+2)e" - J‘e“t dx
efy=(x+2)e" - +C 12,,18. [ x, Euler's Improved Euler
y=x+2-1+Ce™* Method y, Method y,
To find C, apply the initial condition: 0.0 2.0 2.0
4=y(0)=0+1+CeV =1+C 0.2 1.6 1.64
Thus, y=x+1+e™. 04 | 128 1.3448
0.6 1.024 1.10274
10. 7 0.8 0.8195 0.90424
10 | 065536 0.74148
' gggg;?f;%g%%gfi%ggg% 13,19, | x, Euler's Improved Euler
' 7 X Method y, Method y,
Jiy=2rel 00 | 00 0.0
2 0.2 0.0 0.2
e*y'+ye* = (2x+—) e’ 0.4 0.04 0.8
0.6 0.12 0.18
Z(e’y) = (2x+5)e’ 08 | 024 0.032
3 1.0 | 040 0.05

Integrate by parts: let u = 2x+%,

dv=¢e*dx. Then du=2dx and v=e®.
Thus,

X _ 3 « x
e y—(2x+5 e —I2e dx

e’y =(2x+%)e‘ -2¢*+C
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14.,

15.,

16., 22.

550

20.

21,

24,

X, Euler's Improved Euler
Method y, Method 1y,

0.0 0.0 0.0

0.2 0.0 0.004

04 0.008 0.024

0.6 0.040 0.076

0.8 0.112 0.176

1.0 0.240 0.340

x, Euler's Improved Euler
Methed y, Method y,,

1.0 1.0 1.0

1.2 1.2 1.244

1.4 1.488 1.60924

1.6 1.90464 2.16410

1.8 2.51412 3.02455

2.0 3.41921 4.391765

X, Euler's Improved Euler
Method y, Method y,

1.0 2.0 2.0

h=02

x, Euler's Improved Euler
Method y, Method y,

0.0 1.0 1.0

0.2 1.0 1.0

0.4 0.95946 0.96028

0.6 0.87833 0.88251

0.8 0.75815 0.77002

1.0 0.60202 0.62778

1.2 0.41450 0.46269

1.4 0.20127 0.28589

h=0.1

0.0 1.0 1.0

0.1 1.0 1.0

0.2 0.98997 0.99002

0.3 0.96990 0.97015

0.4 0.93990 0.94061

0.5 0.90016 0.90168

0.6 0.85098 0.85376

0.7 0.79276 0.79735

Section 11.5

23.

1.2 1.2 1.312
1.4 0.624 0.80609
1.6 0.27456 0.46689
1.8 0.09884 0.25698
2.0 0.02768 0.13568
Error from Error from
Euler's Improved
h Method Euler Method
0.2 0.229962 0.015574
0.1 0.124539 0.004201
0.05 0.064984 0.001091
0.01 0.013468 0.000045
0.005 0.006765 0.000011

For Euler's method, the error is halved as the
step size h is halved. Thus, the error is
proportional to 4. For the improved Euler
method, when 4 is halved, the error decreases
to approximately one-fourth of what is was.
Hence, for the improved Euler method, the

error is proportional to W2,

0.8 0.72599 0.73302
0.9 0.65124 0.66143
1.0 0.56917 0.58333
1.1 0.48053 0.49956
1.2 0.38612 0.41105
1.3 0.28680 0.31892
1.4 0.18349 0.22473
1.5 0.07711 0.13221
h=0.05
0.0 1.0 1.0
0.05 1.0 1.0
0.10 0.99750 0.99750
0.15 0.99249 0.99251
0.20 0.98499 0.98504
0.25 0.97501 0.97510
0.30 0.96256 0.96273
0.35 0.94767 0.94796
0.40 0.93038 0.93082
0.45 0.91071 0.91135
0.50 0.88871 0.88960
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0.55 | 0.86444 0.86563 ¥y =y +h(x) = hf (xp) +hf ()
0.60 | 0.83794 0.83950 = h(f () + £(x)
0.65 | 0.80928 0.81128 V3 = vy +Hf ()
’ ‘ 0.70 | 0.77851 0.78103 = h[f(x0)+ f(x)]+ I (x3)
- 0.75 0.74573 0.74883 3-1
0.80 | 0.71099 0.71476 = h[f (o) + /() + flx)] = ";)f (x;)
i=
0.85 0.67439 0.67891 At the nth step of Euler's method,
0.90 0.63600 0.64137 W ( ) I"Z"f( )
=V, 1+ X,_1)= X;
0.95 | 0.59593 0.60223 Yo =t T MRS
1.00 0.55426 0.56159 27, a. IX] yi(x)dx = j-xl sinx2dy
1.05 051110 0.51957 <0 0
110 | 046655 047625 (x1) = y(x0) = (x1 - x0)sin x3
1.15 | 0.42072 043176 Y1) - (0) = hsinxd
120 | 037371 038622 ¥(x) -0 0.15in 0
1.25 0.32565 0.33974 y(x)=0
1.30 0.276650 0.29247 s
3 b. rz y'(x)dx = J'Q sin x2dx
1.35 0.22682 0.24453 X0 X0
140 | 0.17630 0.19613 ¥(x2) - ¥(xg) = (x, - X0 )sin x5
145 | 0.12519 0.14751 +(xy —x;)sin 5P
1.50 | 0.07362 0.09927 J(x2) = (0) = hsin 2 + hsin <2
155 | 002171 0.05395 Y(x,)— 0% 0.1sin 02 +0.1sin 0.12
¥(x7) = 0.00099998
r For this example, Euler's method seems to be S o = [P sinx2ds
more accurate than the improved Euler method. . Lo () J;o Smx-ax
.2
25. 2. yp=1 Y(x3) = y(x0) = (x = xg )sin xy
Y1 =yo +hf(xg.50) +(x2—x1)sinx,2+(x3 —xz)sinxl2
=yo +hyg =(1+h)yg y(x3) - y(0) = hsin x§ +hsin x{ + hsin x3
ya=n ) =n+m (x3)-0=0.1sin02 +0.1sin 0.12
_ _ N2
=(1+h)y =(+h) "y +0.15in0.22
y3=y2+ W (x3.2)=y2+hy, y(x3) = 0.004999
=(1+h)y, = (1+h) yp Continuing in this fashion, we have
: Xn Xn . 2
(x)dx = | " sinx“dx
Yn =Y tB (1 Y1) = Yuot +hyno -[t() Y LO
=(+h)y,_, =(1+h)" ! .
(14 A}y =+ )'yo Y(x,) = ¥(x0) = 3 (%341 - X;)sin x7
b. Let N=1/h. Then yy isan i=0
approximation to the solution at n-)
x=Nh=(1/h)h =1. The exact solution is y(x,) = hz_f(x,--,)
i=0
y(H)=e. Thus, (1 +1/N)N = e for large When n =10, this becomes
N. From Chapter 7, we know that ¥(x10) = y(1) = 0.269097
. N -1
1 1+1/N)" =e. 3
NTQ( * ) € d. Theresult y(x,)= hz Sf(x;_y) is the same
i=0
f\ 26. yo=y(xp)=0 as that given in Problem 26. Thus, when

- Y1 =Yo+hf(x)=0+hf(x0) = hf (x0)
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S (x,y) depends only on x, then the two
methods (1) Euler's method for
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28.

b.

approximating the solution to y'= f(x) at
x, . and (2) the left-endpoint Riemann sum
for approximating J:" f(x)dx , are

equivalent.

L:; y'(x)dx = J;l) Jr+1dx

y(x) = y(x0) = (3 = x0 ) fx0 +1
y(x) = 3(0) = hyfxg +1
y(xq)-0=0.1J0+1

Y(xq)=0.1

j:; y'(x)dx = E: Jx+1dx

y(x2)= y(x0) = (% -Xo)\/x_.;—l
+(x —x)x +1

P(x2)= 9(0) = hyfxg +1+ hx +1

Y(x)=0=0.140+1+0.150.1+1

y(xy) = 0.204881

11.6 Chapter Review

Concepts Test

1.

552

True:

True:

True:

True:

True:

True:

True:

P(x)= f(0)+ f'(0)x+£2@x2

If p(x) and g(x) are polynomials of
degree less than or equal to n,
satisfying p(a) = g(a) = fla) and
PP @=g®@=s%(a) for

k < n, then p(x) = g(x).

f(0)= f(0)= f"(0)=0, its second
order Maclaurin polynomial is 0.

After simplifying, B(x)= f(x).

Any Maclaurin polynomial for cos x
involves only even powers of x.

The Maclaurin polynomial of an even
function involves only even powers of
x,s0 f'(0)=0 if f{x) is an even

function.

Taylor’s Formula with Remainder for
n=0is f(x)=f(a)+ f(cXx-a)
which is equivalent to the Mean Value
Theorem.

Section 11.6

10.

11.

12.

13.

14.

15.

C.

False:

False:

False:

True:

False:

True:

True:

True:

'[:Z'y'(x)dx= L?Jﬁdx

P(x3) = ¥(x0) = (% — %0 )30 +1
+(x2 —Jq)m+(x3 —xz)\/g;_l
Y(x3) - ¥(0) = 0.150+1+0.150.1+1
+0.1402+1

y(x3)=0.314425

Continuing in this fashion, we have

r" y'(x)dx = J'x" Nx+1dx
X0 X0
n-l1
Y(xp) = ¥(x0) = Y (Xigy = X )y Xicy +1
i=0
n-1
y(xp) = hy xig +1
i=0

When n =10, this becomes

y(x10) = y(1)=1.198119

A calculator can be limited to a
certain number of significant digits.

sinx

For example I dx cannot be

expressed in terms of elementary
functions.

3

Eyg=- 6¢c <0, sothe

12-10

Trapezoidal Rule will give a value
greater than the true value.

E)o =0 since the fourth derivative of
X3 iso.

A computer can be limited.

2
e +x% +sin(x+1)

2
-X

<le

+|x2|+lsin(x+l)|
€l+4+1=6

This is the Parabolic Rule for n = 2.
Since fP(x)=0, E, =0, sothe
rule is exact.

Intermediate Value Theorem
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16. False: Sec Example 1 of Section 10.4.

17. False: Xpp) =Xp = f’(x,,) = -2x,. (See
S'(xn)
Problem 22 of Problem Set 10.4.)
18. True: If f'(x)> 1. the Fixed Point Theorem

fails.

19. False:  g(x)=5(x-x?)+0.0L
g'(x)=5-10x; |[g'(x)|>1 ina
neighborhood of the fixed point.

20. True: Note that the fixe

d point is Ja.

g(x)= %(x + %)

, |1 a
wel5(-3)

a
—<X.

3

<1 when

21. True: At (2,1) theslopeis y'=2-1=2

22. False: y'=2y,y"=2>0. Thus. the

solution is concave up. The estimate

from Euler's method will under-
estimate the solution.

Sample Test Problems

1. f(0)=0
f(x)= cos? x-2x?sin? x
f'0=1
p(x) = x; p(0.2)=0.2; £(0.2

2, a. f(x)=xe*
fi(x)=¢€" +xe*
[7(x) = 2" +xe*
FP(x)=3e" +xe*
F(x) = 4e" +xe*
2,13

1
X)=x+x"+-x +—-x
S(x) 2¥ *%

f0.1)=0.11052
b. flx)=coshx
f'(x)=sinhx
S (x)=coshx
f(3)(x) =sinhx
f(4) (x) =coshx

J
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) =0.1998

A0)=0
=1
f1(0)=2
s2@=3
fA0)=4

4

f0)=1
[(0)=0
[ =1
SP=0

=1

1 2 1 4
)zl+=x"+—x
f® 2 24

f0.1) = 1.0050042

3. gx)=x -2x*+5x-7 g(2)=3

g'(x)=3x2—4x+5 g'(2)=9
g'(x)=6x-4 g"(2)=8
g¥x =6 g?2)=6

Since g (x) =0, R3(x) = 0, so the Taylor
polynomial of order 3 based at 2 is an exact
representation.

gx)= 1’4(x)=3+9(x—2)+4(x—2)2 +():—2)3

4. g(2.1)=3+9(0.1)+4(0.1)2 +(0.1)> =3.941

b 21
S. f(x)—x+] f(l)—2
1 1
! = — '] - ——
S0 f=-7
" - » 1
= N=—
S@ = f=7
Oy o Dy=_3
M@= RIORE
SO =—= rOm=2
(x+1) 4
@)= 3= =g =D
JRLEPIS SR SPY
16(X 1) +32(x 1)
5
6. fOx)=- 1206,80 Ry(ry =D
(x+1) (c+1)®

02 (0.2)°

|Ry(1.2)] = P < o = 0.000005

7. f(x)=%(l—c052x) f0)=0
f(x)=sin2x f0)=0
S7(x)=2cos2x [ )=2
F®(x) = 4sin2x Fo=0
F®(x)=-8cos2x F®0)=-8
7O (x)=16sin2x 70y =0
£ (x)=32cos2x £ (c)=32cos2c
sin?x= —2-x2 —ix4 =x? —lx4

200 4 3
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[Ry(x)] =|Rs (x)|= l% (cos 2¢)x®

2 6
<—(0.2
45( )

<2.85x107¢
8. 7 (x) = (-1)"n!
’ T xn+l

="
(n+1)c"!
. 0‘2n+] _ (0_25)n+l
T (4108 (n+D)
(0.25)"*!
(n+l)

IR" (x)l = (x _ I)”+]

< 0.00005 when n2>5.

9. From Problem 8,
1 2,1 3
Inx=(x-)-=(x-1D)"+—-(x-1
(x-1) 2( ) 3( )

—%(x—1)4+é(x-1)5.

0.2%

<4.07x1073
0.8°

<

|Rs (x)| =

1 6
—-D
ljlnxdx: ﬂ; [(.\'— 1)—%(;:-1)2 +%(x-l)3
—i—(x-l)4+%(x—l)5:|dr

I PSS S PSRTS. B SPY
—[2(x D -

1.2

1 s, |1 6
——(x- —(x-1
2O(r 1) +30(x ) ]

~ -0.00269867
Error < (1.2-0.8)4.07x107> <1.63x107

0.8

10. fix)=Inx, h=0.05

n x’l f(xn)

0 0.80 -0.22314
1 0.85 -0.16252
2 0.90 —0.10536
3 0.95 -0.051293
4 1.00 0

5 1.05 0.04879
6 1.10 0.09531
7 1.15 0.13976
8 1.20 0.18232

554 Section 11.6

-[)l.';l"x zo'zﬂ[f(-"())"'zf(xl)#--

+2f(x7)+ f(x3)]
~ —0.00278607
3 3
iEs|=| 04 1< O <131x107
128 ¢2| 1282038
11. fix)=Inx, h=0.05
n Xn f('tn)
0 0.80 ~0.22314
1 0.85 ~0.16252
2 0.90 -0.10536
3 0.95 -0.051293
4 1.00 0
5 1.05 0.04879
6 1.10 0.09531
7 1.15 0.13976
8 1.20 0.18232
1.2 0.05
L's In x dx zT[f(xo)+4f(X|)+2f(xz)+---
4 f(x7)+ f(x3)]
~ ~0.00269939
5 5,
5| _|o#® 6| 046 o0

“[180-8% ¢*| " 180-8%-0.8°
12 [inxdc=[xinx- x5} = -0.00269929

13. ix)=3x-cos2x, f'(x)=3+2sin2x

Let x; =0.5.
n X,
1 0.5
2 0.2950652
3 0.2818563
4 0.2817846
5 0.2817846

x=0.281785

4. x, = cos2x,
3

n Xy
1 0.5
2 0.18010
3 0.311942
4 0.270539
5 0.285718
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6 0.280375
7 0.282285
8 0.281606
9 0.281848
10 0.281762
11 0.281793
12 0.281782
13 0.281786
14 0.281784
15 0.281785
16 0.281785
x=02818

15. y=xandy=tanx
¥

1
Let X = ]?n

fx)=x-tanx, f’(x)=l—sec2x.

n X,

i

8
4.64661795

4.60091050
4.54662258
4.50658016
4.49422443
4.49341259
4.49340946

00 3 O W b W N

x=4.4934

16. The Fixed-Point Method does not work because
if g(x) =tan x, g'(x) =sec? x and |g'(x)|>1 ina
neighborhood of the root.
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17. Graph y=¢* andy=sinx

-5
Let x; =-3.

S(x)=¢€" —=sinx, f'(x) =€* - cosx

*n _sinx,

Xnel =Xp —
e’ —cosx,

n X,

1 -3

2 -3.183603
3 -3.183063
4 -3.183063

=-3.18306
18. Euler's Method:

xn yn

1 2

1.2 24
1.4 2.976
1.6 3.80928
1.8 5.02825
2.0 6.83842

19. Improved Euler Method

*n Yn

0 2
0.2 3.56
0.4 6.3368
0.6 11.2795
0.8 20.07752
1.0 35.73798
1.2 63.61361
1.4 113.2322
1.6 201.5533
1.8 358.7650
2.0 638.6016
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11.7 Additional Problem Set

1. Using a computer, the table is as follows:

556

(x;. ¥i)

(z. 1)

ro

O 00 N O v B W

(3.4558.0.9511)
(3.7699, 0.809)
(4.0841, 0.5878)
(4.3982, 0.309)
(4.7124,0)
(5.0265, -0.309)
(5.3407, -0.5878)
(5.6549, -0.809)
(5.9690, -0.9511)
(6.2832.-1)

Vsl =Vn +0.1(x, +y,)=0.1x, +1.1y,;

Xp = 0, Yo = 1

n X, y,,

| 0.1 1.1

2 0.2 1.22

3 0.3 1.362

4 0.4 1.5282
Vnal = Vn +0.25(y,) = 1.25y,5
=0,y =1

n X,, )’n

1 0.25 1.25

2 0.5 1.5625

3 0.75 1.953125

4 1.00 2.44140625

Section 11.7

C.

Yasl =Y +0.0(y,) = L1y, x9=0,y =1

n X Yn
1 0.1 1.1

2 0.2 1.21

3 0.3 1331

4 04 14641

5 0.5 1.61051

6 0.6 1.771561

7 0.7 1.9487171

8 0.8 2.14358881
9 0.9 2357947691
10 1.0 2.5937424601

y"“predic\cd =y, +0.25(y,) =125y,

0.25
Yn+l = ¥n “'——2—()’,, +1.25y,)=1.28125y,;

X9 =0.y0 =1
n Xy Vn
\ 0.25 1.28125
2 0.50 1.641602
3 0.75 2.103302
4 1.00 2.694856
yn“predlclcd =y, +0.1(y,) =11y,

0.1
Yusl =Vn +7(y,, +1.1y,)=1105y,;

x=0.y9=1

n Xn Yn

1 0.1 1.105

2 0.2 1.221025
3 0.3 1.349233
4 04 1.490902
5 0.5 1.647447
6 0.6 1.820429
7 0.7 2.011574
8 0.8 2.222789
9 0.9 2.456182
10 1.0 2.714081
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b.  Ypu =y, +0.05(x, +y,)
=0.05x, +1.05y,;

x0 =0,y =1
n x!l yn
1 0.05 1.05
2 0.10 1.105
3 0.15 1.16525
4 0.20 1.23101
5 0.25 1.30256
6 0.30 1.38019
7 0.35 1.46420
8 0.40 1.55491
9 0.45 1.65266
10 0.50 1.75779
11 0.55 1.87068
12 0.60 1.99171
13 0.65 2.12130
14 0.70 2.25986
15 0.75 2.40786
16 0.80 2.56575
17 0.85 2.73404
18 0.90 291324
19 0.95 3.10390
20 1.00 3.30660

YuetPE =y +0.10x, + ¥,)

=0.1x, +1.1y,

0.1
Ynel = Yn +7(x,, +y, + X, +0.1x, +1.1y,)

=y, +0.05(1.1x, + 2.1y, +x, +0.1)
=0.105x, +1.105y, +0.005;

x =0,y =1

n Xp Yn

1 0.1 1.11

2 0.2 1.24205
3 0.3 1.39847
4 0.4 1.58180
5 0.5 1.79489
6 0.6 2.04086
7 0.7 2.32315
8 0.8 2.64558
9 0.9 3.01236
10 1.0 3.42816

W(1)=2e— 11 =3.4365
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