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1. Measures.
Let X be a set. We will use the notation: A°={r € X :2 ¢ A} and A— B = AN B".

Definition. An algebra or a field is a collection A of subsets of X such that
(a) 0,X € A;
(b) if A€ A, then A° € A,
(c) if Aq,..., A, € A, then U | A; and NP, A; are in A.

A is a g-algebra or o-field if in addition
(d) if Ay, Ag,... are in A, then U2, A; and N2, A; are in A.

In (d) we allow countable unions and intersections only; we do not allow uncountable unions and intersections.

Example. Let X = R and A be the collection of all subsets of R.

Example. Let X =R and let A ={A C R: A is countable or A° is countable}.

Definition. A measure on (X, A) is a function p : A — [0, 0o] such that
(a) p(A) >0 for all A € A;

(b) (@) =0;
(c) if A; € A are disjoint, then

o0

p(U2Ai) = p(As).

i=1

Example. X is any set, A is the collection of all subsets, and p(A) is the number of elements in A.
Example. X =R, A the collection of all subsets, x1,22,... € R, aj,as,... >0, and pu(4) = Z{i:mieA} a;.
Example. §,(A) =1 if x € A and 0 otherwise. This measure is called point mass at x.
Proposition 1.1. The following hold:

(a) If A,B € A with A C B, then pu(A) < u(B).

(b) If A; € A and A = U2, A;, then p(A) < 300, p(A;).

(c) IfA; € A, Ay C Ay C -+, and A = U A;, then p(A) = limy, oo p(Ay).
(d) If A; € A, Ay D A D -+, (A1) < 00, and A = N2, A;, then we have p(A) = limy, o0 u(Ay).

Proof. (a) Let A1 = A, Ay = B— A, and A3 = Ay = --- = (). Now use part (c) of the definition of measure.
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(b) Let By = Ay, By = Ay — By, B3 = A3 — (B1 U Bs), and so on. The B; are disjoint and
U2y Bi = U2 Ai. So u(A) =3 pu(B;) < 32 pu(Ai).
(c) Define the B; as in (b). Since U, B; = U], A;, then

oo

p(A) = (U4 Ay) = (U2, Bi) = > u(By)
i=1

= lim > wu(Bi) = lim p(Ui_yBy) = lim pu(Uiy 4y).
i=1

(d) Apply (c) to the sets A — A;, i =1,2,.... O

Definition. A probability or probability measure is a measure such that u(X) = 1. In this case we usually
write (2, F,P) instead of (X, A, u).

2. Construction of Lebesgue measure.
Define m((a,b)) = b —a. If G is an open set and G C R, then G = U2, (a;,b;) with the intervals
disjoint. Define m(G) =Y .2, (b; — a;). If A C R, define

m*(A) = inf{m(G) : G open, A C G}.

We will show the following.
(1) m™ is not a measure on the collection of all subsets of R.
(2) m* is a measure on the o-algebra counsisting of what are known as m*-measurable sets.

(3) Let Ap be the algebra (not o-algebra) consisting of all finite unions of sets of the form [a;,b;). If A is
the smallest o-algebra containing Ag, then m* is a measure on (R, .A).

We will prove these three facts (and a bit more) in a moment, but let’s first make some remarks about
the consequences of (1)-(3).

If you take any collection of o-algebras and take their intersection, it is easy to see that this will again
be a o-algebra. The smallest o-algebra containing 4y will be the intersection of all o-algebras containing
Ap.

Since (a,b] is in A for all a and b, then (a,b) = U2, (a,b— 1/i] € A, where we choose ig so that
1/ip < b — a. Then sets of the form U, (a;, b;) will be in A, hence all open sets. Therefore all closed sets
are in A as well.

The smallest o-algebra containing the open sets is called the Borel o-algebra. It is often written B.

A set N is a null set if m*(N) = 0. Let £ be the smallest o-algebra containing 55 and all the null sets.
L is called the Lebesgue o-algebra, and sets in L are called Lebesgue measurable.

As part of our proofs of (2) and (3) we will show that m* is a measure on L. Lebesgue measure is
the measure m* on L. (1) shows that L is strictly smaller than the collection of all subsets of R.

Proof of (1). Define x ~ y if @ — y is rational. This is an equivalence relationship on [0,1]. For each
equivalence class, pick an element out of that class (by the axiom of choice) Call the collection of such points
A. Given a set B, define B+x = {y+x :y € B}. Note m*(A+¢q) = m*(A) since this translation invariance
holds for intervals, hence for open sets, hence for all sets. Moreover, the sets A + ¢ are disjoint for different

rationals q.



Now
[0,1] C Uge[—2,21(A +q),

where the sum is only over rational ¢, so 1 < qu[_w] m*(A + q), and therefore m*(A) > 0. But
Uge[-2,2)(A + q) C [-6,6],

where again the sum is only over rational ¢, so 12 > qu[f272] m*(A + ¢q), which implies m*(4) = 0, a
contradiction. 0

Proposition 2.1. The following hold:
(a) m*(0) = 0;
(b) if A C B, then m*(A) < m*(B);
(c) m* (U2, Ai) < 3072, m*(Ay).

Proof. (a) and (b) are obvious. To prove (c), let € > 0. For each i there exist intervals I;1, I;o, ... such that
A; C U;illij and Ej m([”) < m*(Al) + E/Qi. Then U2, A; C Ui i1ij and

S om(L) <Y mT(A)+ > e/2 =) m"(4) +e.
i i i i
Since ¢ is arbitrary, m*(Us2, 4;) < 30020, m*(A;). O

A function on the collection of all subsets satisfying (a), (b), and (c) is called an outer measure.

Definition. Let m* be an outer measure. A set A C X is m*-measurable if
m*(E)=m"(ENA)+m"(EnN A°) (2.1)

for all F C X.

Theorem 2.2. If m* is an outer measure on X, then the collection A of m* measurable sets is a o-algebra
and the restriction of m* to A is a measure. Moreover, A contains all the null sets.

Proof. By Proposition 2.1(c),
m*(E) <m*(ENA)+m*(EnN A

for all E C X. So to check (2.1) it is enough to show m*(E) > m*(ENA) +m*(EN A°). This will be trivial
in the case m*(E) = co.
If Ae A, then A¢ € A by symmetry and the definition of A. Suppose A, B € A and E C X. Then

m*(E) = m*(EN A) + m*(E N A°)
=m" (ENANB)+m" (ENANB))+ (m"(ENA°NB)+m*(ENA°N B°)

The first three terms on the right have a sum greater than or equal to m*(E N (AU B)) because AU B C
(AN B)U (AN B°) U (A°N B). Therefore

m*(E) > m*(EN (AU B)) +m*(EN (AU B)°),

which shows AU B € A. Therefore A is an algebra.



Let A; be disjoint sets in A, let B, = U, A4;, and B =U2A;. If & C X,

m" (ENB,)=m"(ENB,NA,)+m*(ENB,NA)
=m*(ENA,)+m"(ENB,_1).

Repeating for m*(E N B,,—1), we obtain
m* (ENB,) =Y m*(EN4).
i=1

So
m*(E) =m*(ENBy)+m*(ENBE) > > m*(ENA;) +m*(ENB°).
i=1
Let n — oco. Then -
m*(E) > Y m*(ENA;) +m*(ENB)
i=1

>m* (U2 (ENA4;))+m*(EnNB°
=m*"(ENB)+m(EnNB°)
>m*(E).

This shows B € A.

If we set ' = B in this last equation, we obtain

m(B) = Y m*(4)

or m* is countably additive on A.
If m*(A) =0and E C X, then

m (ENA)+m*(ENA°) =m*(EnA°) <m*(E),
which shows A contains all null sets. O

None of this is useful if A does not contain the intervals. There are two main steps in showing this.
Let Ay be the algebra consisting of all finite unions of intervals of the form (a, b]. The first step is

Proposition 2.3. If A; € Ay are disjoint and U2, A; € Ay, then we have m(U2, A;) = > 72, m(A;).

Proof. Since U2, A; is a finite union of intervals (ay, bx], we may look at A; N (ak, b] for each k. So we
may assume that A = U2, A; = (a,b].
First,

m(A) = m(Uf_ A;) + m(A — Uf_ Ay) > m(Ups, A;) = Y m(4).

i=1

Letting n — oo,

m(A) > Z m(A;).

Let us assume a and b are finite, the other case being similar. By linearity, we may assume A; =
(a;,b;]. Let € > 0. The collection {(a;,b; + /2%)} covers [a + €,b], and so there exists a finite subcover.
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Discarding any interval contained in another one, and relabeling, we may assume a; < as < ---ay and
b; + 5/2i S (ai+1, bi+1 + E/2i+l). Then

m(A)=b—a=b—(a+e¢)+e

S (bi+€/2ifai)+€

-

i=1

m(A;) + 2e.

L,

=1

Since ¢ is arbitrary, m(A) < > o0, m(A4;). O

The second step is the Carathéodory extension theorem. We say that a measure m is o-finite if there
exist Fy, Es, ..., such that m(E;) < oo for all i and X C U2, E;.

Theorem 2.4. Suppose Ag is an algebra and m restricted to Ag is a measure. Define
m*(E) = inf{Zm(Ai) Ay € Ao, E C UfilAi}.
i=1

Then
(a) m*(A) =m(A) if A € Ap;
(b) every set in Ay is m*-measurable;
(c) if m is o-finite, then there is a unique extension to the smallest o-field containing Ag.

Proof. We start with (a). Suppose E € Ayg. We know m*(E) < m(FE) since we can take A; = FE and
As, As, ... empty in the definition of m*. If E C U2, A; with A; € Ay, let B, = EN (4, — U?;llAi). The
the B, are disjoint, they are each in Ag, and their union is E. Therefore

o0

m(E) =Y m(B;) <> m(A4;).
i=1 i=1
Thus m(E) < m*(E).
Next we look at (b). Suppose A € Ag. Let ¢ > 0 and let E C X. Pick B; € Ag such that E C U2, B;
and ), m(B;) < m*(E)+¢e. Then

m*(E)+¢e > im(Bi) = im(Bi NA)+ im(Bi N A°)
> ;*(EQA) +Z;z*(EmAC). -

Since € is arbitrary, m*(E) > m*(E N A) + m*(E N A€). So A is m*-measurable.

Finally, suppose we have two extensions to the smallest o-field containing Ag; let the other extension
be called n. We will show that if F is in this smallest o-field, then m*(E) = n(E).

Since E must be m*-measurable, m*(E) = inf{> ">, m(4;) : E C U, A;, A; € Ap}. But m =n on
Ag, so Y. m(A;) =Y. n(A;). Therefore n(E) < >, n(A;), which implies n(E) < m*(E).

Let € > 0 and choose A; € Ag such that m*(E) +¢ > >, m(A;) and E C U;A;. Let A = U;A; and
By = UF_ A;. Observe m*(E) +¢ > m*(A), hence m*(A — E) < e. We have

m*(A) = lim m*(By) = klingo n(By) = n(A4).

k—oo
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Then
m*(E) <m*(A) =n(A) =n(E)+n(A—FE) <n(E)+m(A—FE) <n(E) +e.

Since ¢ is arbitrary, this completes the proof. O
We now drop the * from m* and call m Lebesgue measure.

3. Lebesgue-Stieltjes measures. Let a : R — R be nondecreasing and right continuous (i.e., a(z+) =
a(z) for all z). Suppose we define mq((a,b)) = a(b) — a(a), define my (U2, (as,b;)) = >, (a(b;) — afas))
when the intervals (a;, b;) are disjoint, and define m? (A4) = inf{m,(G) : A C G, G open}. Very much as in
the previous section we can show that m?, is a measure on the Borel o-algebra. The only differences in the
proof are that where we had a+¢, we replace this by a’, where o’ is chosen so that o’ > a and a(a’) < a(a)+e
and we replace b; + /2% by b}, where b is chosen so that b; > b; and «(b}) < a(b;) +¢/2%. These choices are
possible because « is right continuous.

Lebesgue measure is the special case of m, when a(z) = x.

Given a measure 4 on R such that pu(K) < oo whenever K is compact, define a(x) = p((0,2]) if z > 0
and a(x) = —u((x,0]) if < 0. Then « is nondecreasing, right continuous, and it is not hard to see that

B="Mg.

4. Measurable functions. Suppose we have a set X together with a o-algebra A.
Definition. f: X — R is measurable if {z : f(z) > a} € A for all a € R.

Proposition 4.1. The following are equivalent.
(a) {z: f(z) >a} € A for all a;
(b) {z: f(x) <a} € A forall a;
(c) {z: f(x) <a} € A for all a;
(d) {z: f(x) >a} € A for all a.

Proof. The equivalence of (a) and (b) and of (c) and (d) follow from taking complements. The remaining
equivalences follow from the equations

{w: fx) > a} = (2, {z s f(&) > a—1/n},
{o: f(@) > a} = U, {z: f(@) > a+1/n).

O

Proposition 4.2. If X is a metric space, A contains all the open sets, and f is continuous, then f is
measurable.

Proof. {z: f(z) > a} = f~1(a, ) is open. O
Proposition 4.3. If f and g are measurable, so are f + g, cf, fg, max(f,g), and min(f, g).

Proof. If f(x)+g(z) < «, then f(z) < a—g(z), and there exists a rational  such that f(z) < r < a—g(z).
So
{z: f@) +g@) <at= |J (z:f@)<rin{z:glz) <a-r})
 rational
f? is measurable since {z : f(z)? > a) = {z: f(z) > a}U{z: f(z) < —/a}. The measurability of
fg follows since fg = [(f +9)> — f? — ¢%].



{z :max(f(z),9(x)) >a} ={z: f(z) >a} U{z: g(x) > a}. O
Proposition 4.4. If f; is measurable for each i, then so is sup; f;, inf; f;, limsup,_, . fi, and liminf, . f;.

Proof. The result will follow for limsup and liminf once we have the result for the sup and inf by using
the definitions. We have {z : sup, f; > a} = N2, {z : fi(z) > a}, and the proof for inf f; is similar. O

Definition. We say f = g almost everywhere, written f = g a.e., if {z : f(x) # g(z)} has measure zero.
Similarly, we say f; — f a.e., if the set of & where this fails has measure zero.
5. Integration. In this section we introduce the Lebesgue integral.

Definition. If £ C X, define the characteristic function of E by

i ={} 755

A simple function s is one of the form
n
s(x) =Y aixe, (x)
i=1
for reals a; and sets E;.

Proposition 5.1. Suppose f > 0 is measurable. Then there exists a sequence of nonnegative measurable
simple functions increasing to f.

Proof. Let E,;, = {x : (i —1)/2" < f(z) < i/2"} and F,, = {z : f(x) > n} for n = 1,2,..., and
i=1,2,...,n2". Then define

i1
Sn = Z o XEBui + NXF,-
i=1
It is easy to see that s, has the desired properties. O

Definition. If s = Y | a;xp, is a nonnegative measurable simple function, define the Lebesgue integral of

/sdu = Zaiu(Ei). (5.1)

s to be

If f > 0 is measurable function, define
/fdu = sup{/sdu :0<s<f,s simple}. (5.2)

If f is measurable and at least one of the integrals [ f*du, [ f~ du is finite, where f™ = max(f,0) and

f~ = —min(f,0), define
/fdMZ/f+du—/f‘du- (5.3)

A few remarks are in order. A function s might be written as a simple function in more than one way.
For example x aup = x4+ x5 is A and B are disjoint. It is clear that the definition of [ sdu is unaffected by
how s is written. Secondly, if s is a simple function, one has to think a moment to verify that the definition
of [ sdu by means of (5.1) agrees with its definition by means of (5.2).

Definition. If [|f|dp < co, we say f is integrable.
The proof of the next proposition follows from the definitions.
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Proposition 5.2. (a) If f is measurable, a < f(z) < b for all z, and u(X) < oo, then au(X) < [ fdu <
bu(X);

(b) If f(x) < g(z) for all z and f and g are measurable and integrable, then [ fdu < [ gdpu.

(c) If f is integrable, then [cf dp = c [ fdp for all real c.

(d) If u(A) = 0 and f is measurable, then [ fxadp = 0.

The integral | fxa du is often written [ 4 J dp. Other notation for the integral is to omit the g if it
is clear which measure is being used, to write [ f(x) pu(dz), or to write [ f(z)du(x).

[ 1< [

Proof. f <|f|,so [ f < [|f]. Also —f <|f],so — [ f < [|f|]- Now combine these two facts. O

Proposition 5.3. If f is integrable,

One of the most important results concerning Lebesgue integration is the monotone convergence
theorem.

Theorem 5.4. Suppose f, Is a sequence of nonnegative measurable functions with fi(x) < fa(z) < --- for

all v and with lim,_. fn(x) = f(z) for all z. Then [ f,du — [ fdu.

Proof. By Proposition 5.2(b), f fn is an increasing sequence of real numbers. Let L be the limit. Since
fn < f for all n, then L < [ f. We must show L > [ f.

Let s = Y., a;xk, be any nonnegative simple function less than f and let ¢ € (0,1). Let A, = {xz :
fn(x) > cs(x)}. Since the f,(z) increases to f(z) for each z and ¢ < 1, then A; C Ay C -+, and the union

of the A, is all of X. For each n,
/fn Z/ fn > C/ Sn,
A, A,

m
= C/A ZaiXE,i

nog=1

= ciaiu(Ei NA).

i=1

If we let n — oo, by Proposition 1.1(c), the right hand side converges to

ciaiu(Ei) - c/s.

Therefore L > ¢ [ s. Since ¢ is arbitrary in the interval (0,1), then L > [ s. Taking the supremum over all
simple s < f, we obtain L > [ f. O

Once we have the monotone convergence theorem, we can prove that the Lebesgue integral is linear.

Theorem 5.5. If f; and f> are integrable, then

/(f1+f2):/f1+/f2-

Proof. First suppose fi; and f; are nonnegative and simple. Then it is clear from the definition that the
theorem holds in this case. Next suppose fi and f» are nonnegative. Take s, simple and increasing to fi
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and t,, simple and increasing to fs. Then s, 4+, increases to f; + f2, so the result follows from the monotone
convergence theorem and the result for simple functions. Finally in the general case, write fi = f; — |
and similarly for fo, and use the definitions and the result for nonnegative functions. O

Suppose f, are nonnegative measurable functions. We will frequently need the observation

/ni;fn

N

- > g g [ »

i [n=3 [

We used here the monotone convergence theorem and the linearity of the integral.

The next theorem is known as Fatou’s lemma.

Theorem 5.6. Suppose the f,, are nonnegative and measurable. Then
/ liminf f, <liminf / fn-

Proof. Let g, = inf;>, f;. Then g, are nonnegative and g,, increases to liminf f,,. Clearly g,, < f; for each

i>n,so [ g, <[ fi. Therefore

If we take the supremum over n, on the left hand side we obtain [liminf f,, by the monotone convergence
theorem, while on the right hand side we obtain liminf,, [ f,. O

A second very important theorem is the dominated convergence theorem.

Theorem 5.7. Suppose f, are measurable functions and f,(x) — f(x). Suppose there exists an integrable
function g such that |f,(x)| < g(x) for all z. Then [ f,dp — [ fdu.

Proof. Since f, + ¢g > 0, by Fatou’s lemma,

(49 <timint [ (5, +9).

/fgliminf/fn.

[to=1) <tmint [(g- 1)

Since g is integrable,

Similarly, g — f, > 0, so

and hence
—/f < liminf/(—fn) = —limsup/fn.
Therefore
/f > hmsup/f'm
which with the above proves the theorem. |



Example. Suppose fn, = nx(,1/n)- Then f, >0, f,, — 0 for each x, but J fn = 1 does not converge to
/0 =0. The trouble here is that the f,, do not increase for each x, nor is there a function g that dominates
all the f,, simultaneously.

If in the monotone convergence theorem or dominated convergence theorem we have only f,,(z) — f(x)
almost everywhere, the conclusion still holds. For if A = {z : f,(x) — f(z)}, then fxa — fxa for each z.
And since A¢ has measure 0, we see from Proposition 5.2(d) that [ fxa = [ f, and similarly with f replaced

by fn-
Later on we will need the following two propositions.

Proposition 5.8. Suppose f is measurable and for every measurable set A we have fA fdu = 0. Then

f =0 almost everywhere.

Proof. Let A= {z: f(z) > ¢}. Then

0=/AfZ/As:€u(A)

since fxa > exa. Hence pu(A) = 0. We use this argument for e = 1/n and n = 1,2,..., so p{z : f(z) >
0} = 0. Similarly p{z : f(z) <0} =0. O

Proposition 5.9. Suppose f is measurable and nonnegative and [ f du = 0. Then f = 0 almost everywhere.

Proof. If f is not almost everywhere equal to 0, there exists an n such that p(A,) > 0 where A, = {x :
f(z) > 1/n}. But then since f is nonnegative,

[r= [ 5= juan,

a contradiction. O

6. Product measures. If 44 C Ay C --- and A = U2 A;, we write A; T A. If 4; D Ay D -+ and
A =N A;, we write 4; | A.

Definition. M is a monotone class is M is a collection of subsets of X such that
(a) if A; 7 A and each A; € M, then A € M;
(b) if A; | A and each A; € M, then A € M.

The intersection of monotone classes is a monotone class, and the intersection of all monotone classes
containing a given collection of sets is the smallest monotone class containing that collection.
The next theorem, the monotone class lemma, is rather technical, but very useful.

Theorem 6.1. Suppose Ay is a algebra, A is the smallest o-algebra containing Agy, and M is the smallest

monotone class containing Ag. Then M = A.

Proof. A o-algebra is clearly a monotone class, so A C M. We must show M C A.
Let N1 ={A € M : A° € M}. Note N; is contained in M, contains Ay, and is a monotone class. So
N1 = M, and therefore M is closed under the operation of taking complements.
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Let N\o ={AeM:ANB e M forall Be Ap}. N> is contained in M; Ny contains Ay because Ay
is an algebra; N> is a monotone class because (U°,A4;) N B = U2, (A; N B), and similarly for intersections.
Therefore N = M; in other words, if B € Ag and A € M, then AN B € M.

Let N3 ={AeM:ANB e M for all B € M}. As in the preceding paragraph, A3 is a monotone
class contained in M. By the last sentence of the preceding paragraph, N3 contains Ag. Hence N3 = M.

We thus have that M is a monotone class closed under the operations of taking complements and
taking intersections. This shows M is a g-algebra, and so M C A. O

Suppose (X, A, u) and (Y, B,v) are two measure spaces, i.e., A and B are g-algebras on X and Y,
resp., and p and v are measures on A and B, resp. A rectangle is a set of the form A x B, where A € A and
B € B. Define a set function u X v on rectangles by

uXv(Ax B)=u(A)v(B).

Lemma 6.2. Suppose A x B =U$°, A; x B;, where A, A; € A and B, B; € B. Then

MXV(AXB)ZZMXV(Ai X B;).
i=1

Proof. We have

oo

Xaxs(@,y) = > Xaxn (2,y),
=1

and so

xa(z)xs(y) = Z x4, ()xB, (¥)-

Holding z fixed and integrating over y with respect to v, we have, using (5.4),

oo

xa(@)v(B) =Y xa,()v(B)).

=1

Now use (5.4) again and integrate over x with respect to u to obtain the result. O

Let Cy = {finite unions of rectangles}. It is clear that Cp is an algebra. By Lemma 6.2 and linearity,
we see that p X v is a measure on Cy. Let A x B be the smallest o-algebra containing Cg; this is called the
product o-algebra. By the Carathéodory extension theorem, p X v can be extended to a measure on A x B.

We will need the following observation. Suppose a measure p is o-finite. So there exist F; which have
finite p measure and whose union is X. If we let F,, = U, E;, then F; 1 X and p(F,) is finite for each n.

If 4 and v are both o-finite, say with F; T X and G; 7Y, then pu x v will be o-finite, using the sets
Fi X Gi~

The main result of this section is Fubini’s theorem, which allows one to interchange the order of

integration.

Theorem 6.3. Suppose f : X x Y — R is measurable with respect to A x B. If f is nonnegative or

J1f (@, y)ld(p x v)(z,y) < oo, then
(a) the function g(z) = [ f(z,y)v(dy) is measurable with respect to A;
(b) the function h(y) = [ f(x,y)u(dz) is measurable with respect to B;
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(c) we have

[ tepdux v = [ ( [ 1@ du@) )

= / (/f(lvy) dV(y)> p(dz).

Proof. First suppose p and v are finite measures. If f is the characteristic function of a rectangle, then
(a)—(c) are obvious. By linearity, (a)—(c) hold if f is the characteristic function of a set in Cp, the set of finite
unions of rectangles.

Let M be the collection of sets C such that (a)—(c) hold for x¢. If C; T C and C; € M, then (c)
holds for x¢ by monotone convergence. If C; | C, then (c¢) holds for x¢ by dominated convergence. (a) and
(b) are easy. So M is a monotone class containing 4y, so M = A x B.

If 4 and v are o-finite, applying monotone convergence to C N (F,, X Gy,) for suitable F,, and G,, and
monotone convergence, we see that (a)—(c) holds for the characteristic functions of sets in A x B in this case
as well.

By linearity, (a)—(c) hold for nonnegative simple functions. By monotone convergence, (a)—(c) hold
for nonnegative functions. In the case [ |f| < oo, writing f = f* — f~ and using linearity proves (a)—(c) for
this case, too. O

7. The Radon-Nikodym theorem. Suppose f is nonnegative, measurable, and integrable with respect
to p. If we define v by

v(4) = [ ran

then v is a measure. The only part that needs thought is the countable additivity, and this follows from
(5.4) applied to the functions fxa,. Moreover, v(A) is zero whenever p(A) is.

Definition. A measure v is called absolutely continuous with respect to a measure p if v(A) = 0 whenever
n(A) = 0.

Definition. A function p : A — (—o0, oc] is called a signed measure if ;1(0) = 0 and (U2, A;) = Yoo u(A;)
whenever the A; are disjoint and all the A; are in A.

Definition. Let p be a signed measure. A set A € A is called a positive set for p if u(B) > 0 whenever
B C A and A € A. We define a negative set similarly.

Proposition 7.1. Let p be a signed measure and let M > 0 such that u(A) > —M for all A € A. If
w(F) < 0, then there exists a subset E of F' that is a negative set with u(E) < 0.

Proof. Suppose p(F) < 0. Let F; = F and let a3 = sup{u(A) : A C F1}. Since u(F1 — A) = u(F1) — u(4)
if A C Fy, we see that a; is finite. Let By be a subset of Fy such that u(By1) > a1/2. Let Fy = F; — By, let
as = sup{u(A4) : A C Fy}, and choose Bs a subset of Fy such that p(Bg) > as/2. Let F3 = F — By and
continue.

One possibility is that this procedure stops after finitely many steps. This happens only if for some ¢
every subset of F; has nonpositive mass. In this case ' = Fj is the desired negative set.

The other possibility is if this procedure continues indefinitely. In this case, let £ = N2, F;. Note
E =F — (U2, B,), and the B; are disjoint. So

W(E) = u(F) — Z 1(B;),

12



and u(E) < u(F) < 0. Also

D #(Bi) = p(F) = p(B) < M.

This implies the series converges, so u(B;) — 0. Since u(B;) > a;/2, then a; — 0. Suppose E is not a
negative set. Then there exists A C E with u(A) > 0. Choose n such that a,, < u(A). But A is a subset of
F,, so a, < u(A), a contradiction. Therefore F is a negative set. O

Proposition 7.2. Let u be a signed measure and M > 0 such that u(A) > —M for all A € A. There exist
sets ¥ and F' that are disjoint whose union is X and such that F is a negative set and F' is a positive set.

Proof. Let L = inf{u(A4) : A is a negative set}. Choose negative sets A,, such that u(A,) — L. Let
E=U,A,. Let B, = A, — (B U---UDB,_1) for each n. Since A,, is a negative set, so is each B,,. Also,
the B,, are disjoint. If C C FE, then

u(C) = lim (€N (UL, By) = lim S u(CNBy) <0,

n— oo 4
=1

So F is a negative set.
Since F is negative,

w(E) = p(An) + w(E = Ay) < p(Ay).

Letting n — oo, we obtain u(E) = L.

Let F = E°. If F were not a positive set, there would exist B C F with u(B) < 0. By Proposition
7.1 there exists a negative set C' contained in B with u(C) < 0. But then E U C would be a negative set
with u(FUC) < u(E) = L, a contradiction. O

We now are ready for the Radon-Nikodym theorem.

Theorem 7.3. Suppose u is a o-finite measure and v is a finite measure such that v is absolutely continuous
with respect to pu. There exists a p-integrable nonnegative function f such that v(A) = [ 4 fduforall Ae A.
Moreover, if g is another such function, then f = g almost everywhere.

Proof. Let us first prove the uniqueness assertion. For every set A we have

/A(f —g)dp=v(A)—v(A) =0.

By Proposition 5.8 we have f — g =0 a.e.

Since p is o-finite, there exist F; 1 X such that u(F;) < oo for each 7. Let p; be the restriction of
u to Fy, that is, u;(A) = p(A N F;). Define v;, the restriction of v to F;, similarly. If f; is a function such
that v;(A) = [, fidu; for all A, the argument of the first paragraph shows that f; = f; on F; if i < j. If
we define f by f(x) = fi(z) if © € F;, we see that f will be the desired function. So it suffices to restrict
attention to the case where p is finite.

Let

fz{g:0§g7/gdugu(A)forallAEA}.
A

F is not empty because 0 € F. Let L = sup{fgdu : g € F}, and let g, be a sequence in F such that
J gndp — L. Let hy, = max(g1, ..., Ggn)-

13



If g1 and g9 are in F, then hy = max(g1,g2) is also in F. To see this,

/hgd,u:/ hgd,LL—F/ hgd,u
A An{z:g1(z)>g2(2)} An{z:g1(z)<g2(z)}

= / g1dp + / go dp
An{z:g1 () >g2(2)} An{w:gi (2)<g2(2)}

<v(An{z:gi(z) 2 g2(2)}) + v(AN{z: g1(7) < g2(2)}) = v(A).

By an induction argument, h,, is in F.
The h,, increase, say to f. By the monotone convergence theorem, [ fdu = L and

IR (7.1)

for all A.
Let A be a set where there is strict inequality in (7.1); let € be chosen sufficiently small so that if 7
is defined by

w(B)=(B)~ [ fdu=cu(B).

then 7(A) > 0. 7 is a signed measure; let F' be the positive set as constructed in Proposition 7.2. In
particular, 7(F) > 0. So for every B

/ fdu+en(BNF)<v(BNF).
BNF

We then have, using (7.1), that

/(f+5XF)d/$:/fdu+€u(BﬂF)
B B
:/ fd,u—f—/ fdu+eu(BNF)
BNFe BNF
<v(BNF°)+v(BNF)=uv(B).

This says that f +exr € F. However,

L2 [(r+exr du= [ fduentr) = L+ enr),

which implies p(F) = 0. But then v(F) = 0, and hence w(F) = 0, contradicting the fact that F' is a positive
set for F' with 7(F) > 0. O

8. Differentiation of real-valued functions.

Let E C R be a measurable set and let O be a collection of intervals. We say O is a Vitali cover of
E if for each € F and each £ > 0 there exists an interval G € O containing x whose length is less than e.
m will denote Lebesgue measure.

Lemma 8.1. Let E have finite measure and let O be a Vitali cover of E. Given € > 0 there exists a finite
subcollection of disjoint intervals I, ..., I, such that m(E — U 1I,) < e.

Proof. We may replace each interval in O by a closed one, since the set of endpoints of a finite subcollection

will have measure 0.

14



Let O be an open set of finite measure containing E. Since O is a Vitali cover, we may suppose
without loss of generality that each set of O is contained in O. Let a; = sup{m(I) : I € O}. Let I; be an
element of O with m(I1) > a1/2. Let ag = sup{m([I) : I € O, I disjoint from I; },and choose Iy € O disjoint
from I such that m(lz) > as/2. Continue in this way, choosing I, disjoint from Iy, ..., I, and in O with
length at least one half as large as any other such interval in O that is disjoint from I, ..., I,.

If the process stops at some finite stage, we are done. If not, we generate a sequence of disjoint
intervals Iy, I, ... Since they are disjoint and all contained in O, then > i m(I;) < m(O) < oo. So there
exists N such that Y > . m([;) <e/5.

Let R = E — UN, I;; we will show m(R) < ¢. Let J,, be the interval with the same center as I,, but
five times the length. Let © € R. There exists an interval I € O containing z with I disjoint from Iy, ..., In.
Since > m(l,) < oo, then > a, <23 m(l,) < oo, and a,, — 0. So I must either be one of the I,, for some
n > N or at least intersect it, for otherwise we would have chosen I at some stage. Let n be the smallest
integer such that I intersects I,,; note n > N. We have m(Il) < a,—1 < 2m(I,). Since z is in I and [
intersects I, the distance from x to the midpoint of I, is at most m(I) +m(I,)/2 < (5/2)m(I,). Therefore
T € J,.

Then R C UR y 1 Jp, so m(R) < 327° v ym(Jn) =532 vy m(ly) <e. O

Given a function f, we define the derivates of f at x by

D7 f(z) = limsup w, D~ f(z) = limsup w
h—0+ h—0—
flz+h) — flz) fl2) = fla—h)

o o f(@)
Deflo) =Rt == DS =it Ty

If all the derivates are equal, we say that f is differentiable at z and define f’(x) to be the common value.

Theorem 8.2. Suppose f is nondecreasing on [a,b]. Then f is differentiable almost everywhere, f' is
measurable, and fab ['(x)dx < f(b) — f(a).

Proof. We will show that the set where any two derivates are unequal has measure zero. We consider the
set E where D7 f(z) > D_ f(X), the other sets being similar. Let E, , = {z : D" f(z) > u >v > D_f(x)}.
If we show m(E, ) = 0, then taking the union of all pairs of rationals with u > v rational shows m(E) = 0.

Let s = m(E, ), let € > 0, and choose an open set O such that E, , C O and m(O) < s+e¢. For each
x € E,, there exists an arbitrarily small interval [x — h, z] contained in O such that f(z) — f(z — h) < vh.
Use Lemma 8.1 to choose Iy, ..., I, which are disjoint and whose interiors cover a subset of A of E, , of
measure greater than s — . Suppose I, = [z, — hy, z,]. Summing over these intervals,

N n
S 1 (@n) = f(an — b))l <v Y hy <om(0) < (s + ).

Each point y € A is the left endpoint of an arbitrarily small interval (y,y + k) that is contained in
some I, and for which f(y + k) — f(y) > u(k). Using Lemma 8.1 again, we pick out a finite collection
J1,...,Jp whose union contains a subset of A of measure larger than s — 2e. Summing over these intervals

yields
M

S i+ k) — Fla)] > ud ki > s — 2).

i=1

Each interval J; is contained in some interval I,,, and if we sum over those ¢ for which J; C I,, we find

D @i+ k) = Fa)] < flan) = flan = hn),
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since f is increasing. Thus

N

Z[f(xn) — flan — hn)] >

n=1 [

[f(yi + ki) — f(ya)l,

=

1

and so v(s +€) > u(s — 2¢). This is true for each €, so vs > us. Since u > v, this implies s = 0.

This shows that A B - f(a)
. T+ h)— flx
gw) = Jim = ———
is defined almost everywhere and that f is differentiable wherever g is finite. Define f(z) = f(b) if z > b.
Let gn(z) = n[f(x + 1/n) — f(z)]. Then g,(z) — g(x) for almost all z, and so g is measurable. Since f is
increasing, g, > 0. By Fatou’s lemma

b b b
/ggliminf/ gnzliminfn/ [f(z+1/n) — f(z)]dx

b+1/n a+1/n atl/n
= lim inf {n/ ffn/ f} = liminf {f(b)fn/ f}
b a a
< f(0) = f(a).
This shows that g is integrable and hence finite almost everywhere. |
A function is of bounded variation if sup{Z:?:1 |f(z;) — f(x;-1)|} is finite, where the supremum is
over all partitions a = g < 1 < -+ < 2 = b of [a,]].

Lemma 8.3. If f is of bounded variation on [a,b], then f can be written as the difference of two nonde-
creasing functions on [a, b].

Proof. Define

k k

P(y) =sup{ D"/ (@) = flal "} Ny) =sup{ D [f () = flai)] ],

i=1 i=1
where the supremum is over all partitions a = zg < 21 < -+ < x, = y for y € [a,b]. Since

k k

D (@) = Fle)]t = [f(@:) = flen)]™ + fly) = fla),

i=1 =1

taking the supremum over all partitions of [a,y] yields

P(y) = N(y) + f(y) — f(a).

Clearly P and N are nondecreasing in y, and the result follows by solving for f(y). |

Define the indefinite integral of an integrable function f by

F(x) = / ft)dte.
Lemma 8.4. If f is integrable, then F' is continuous and of bounded variation.

Proof. The continuity follows from the dominated convergence theorem The bounded variation follows from

/: f(t)dt‘gi/: |f(t)dt§/ab|f(t)dt
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for all partitions. O
Lemma 8.5. If f is integrable and F(x) =0 for all z, then f =0 a.e.
Proof. For any interval, fcd f= fad f— f; f = 0. By dominated convergence and the fact that any open set

is the countable union of disjoint open intervals, |, o/ =0 for any open set O.

If F is any measurable set, take O, open that such that xo, decreases to xg a.e. By dominated

/Ef:/fXE:hm/fXOnZlim/onf:O.

This with Proposition 5.8 implies f is zero a.e. ]

convergence,

Proposition 8.6. If f is bounded and measurable, then F'(x) = f(z) for almost every x.

Proof. By Lemma 8.4, F' is of bounded variation, and so F’ exists a.e. Let K be a bound for |f|. If

F(z+1/n)— F(x)
1/n ’

fn(z) =

then y
xz+1/n

fulz) = n/ ft)dte,

0 | fn| is also bounded by K. Since f, — F’ a.e., then by dominated convergence,

/: F'(z)dz = lim / fo(x) dz = lim /:[F(:v +1/n) — F(2)]dz
) hm”/:ﬂ/n Fle)ds - ”/GWF(%) o= F(©) - Fla) = | f(o)do.

using the fact that F is continuous. So [([F'(z) — f(x)]dxz = 0 for all ¢, which implies F’ = f a.e. by
Lemma 8.5. g

Theorem 8.7. If f is integrable, then F' = f almost everywhere.

Proof. Without loss of generality we may assume f > 0. Let f,(z) = f(z) if f(z) <n and let f,(z) =n
if f(z) >n. Then f— f, >0. I G,(z) = f; [f — fn], then G,, is nondecreasing, and hence has a derivative
almost everywhere. By Lemma 8.6, we know the derivative of f; fn is equal to f, almost everywhere.
Therefore

F@) =6+ [ [ 1] = £

a.e. Since n is arbitrary, F’ > f a.e. So f: > f; f = F(b)— F(a). On the other hand, by Theorem 8.2,
f; F'(z)dz < F(b) — F(a) = f; f. We conclude that f;[F’ — f] = 0; since F’ — f > 0, this tells us that
F'=fae. |

A function is absolutely continuous on [a, ] if given € there exists ¢ such that Zle |f(@l)—flz:)] < e
whenever {z;,z})} is a finite collection of nonoverlapping intervals with Zle |} — x| <.
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Lemma 8.8. If F(z) = [ f(t)dt for f integrable on [a,b], then F is absolutely continuous.

Proof. Let £ > 0. Choose a simple function s such that fab |f —s| < &/2. Let K be a bound for |s| and let
§d =¢/2K. If {(x;,2)} is a collection of nonoverlapping intervals, the sum of whose lengths is less than 4,
then set A = UM, (2;,2}) and note [, |f —s| <e/2and [, s < Kd =¢/2. O

Lemma 8.9. If f is absolutely continuous, then it is of bounded variation.

Proof. Let § correspond to € = 1 in the definition of absolute continuity. Given a partition, add points if
necessary so that each subinterval has length at most 6. We can then group the subintervals into at most
K collections, each of total length less than ¢, where K is an integer larger than (1 4+ b — a)/J. So the total
variation is then less than K. |

Lemma 8.10. If f is absolutely continuous on [a,b] and f'(x) =0 a.e., then f is constant.

Proof. Let ¢ € [a,b], let E = {z € [a,c] : f'(z) = 0}, and let ¢ > 0. For each point x € E there exists
arbitrarily small intervals [, x+h] C [a, ¢] such that |f(z+h)— f(z)| < eh. By Lemma 8.1 we can find a finite
collection of such intervals that cover all of E except for a set of measure less than §, where ¢ is the ¢ in the
definition of absolute continuity. If the intervals are [z;, y;] with ; < y; < @41, then > |f(zip1) — f(yi)| < e

by the definition of absolute continuity, while " | f(vi) — f(z:)] < e> (yi — 2;) < e(c — a). So adding these
two inequalities together,

(0) = F@)] = [ ien) = Fwal + DU ) = Flaa)| <= +2e - a).
Since ¢ is arbitrary, then f(c¢) = f(a), which implies that f is constant. O
Theorem 8.11. F is an indefinite integral if and only if it is absolutely continuous.

Proof. One direction was Lemma 8.11. Suppose F is absolutely continuous on [a,b]. Then F is of bounded
variation, F' = F} — F, where F; and F, are nondecreasing, and F’ exists a.e. Since |F'(z)| < Fy(z) + Fy(x),
then [ |F'(z)|dx < Fi(b) + F2(b) — Fi(a) — Fa(a), then F” is integrable. If G(z) = [ F'(t)dt, then G is
absolutely continuous by Lemma 8.11, so F' — G is absolutely continuous. Then (F — G)' = 0 a.e., and
therefore F — G is constant. Thus F(z) = [ F'(t) dt + F(a). O

9. LP spaces.
For 1 < p < oo, define the L? norm of f by

1 = ([ 1r@ran) "

For p = oo, define the L*° norm of f by
[flloo = nf{M : p({z : [f(x)] = M}) = 0}.

For 1 < p < oo the space L? is the set {f : || f||, < oo}
The L norm of a function f is the supremum of f provided we disregard sets of measure O.
It is clear that || f||, = 0 if and only if f =0 a.e.
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Proposition 9.1. (Hélder’s inequality) If 1 < p,q < oo and p~! + ¢~ ! =1, then

[ H@t@dn < 171l
This also holds if p =00 and g = 1.

Proof. If M = | f|l«, then [ fg < M [|g| and the case p = oo and ¢ = 1 follows. So let us assume
1 <p,g<oo. If|fll, =0, then f =0 a.e and [ fg = 0, so the result is clear if || f||, = 0 and similarly if
lglly = 0. Let F(z) = |£@)/[1fl, and G(z) = g(z)|/lglly- Note |Fll, =1 and [[Glly = 1, and it suffices o
show that [ FG < 1.
The second derivative of the function e® is again e®, which is positive, and so e* is convex. Therefore
if 0 < A <1, we have
e)\a+(1—/\)b < e + (1 o )\)eb.
If F(z),G(x) #0, let a = plog F(x), b= qlog G(x), A =1/p, and 1 — X\ = 1/q. We then obtain
F(x)?»  G(x)?
@, G
p q
Clearly this inequality also holds if F(x) =0 or G(x) = 0. Integrating,

Flz flGllg 1 1
/FGS””1”+””‘1_+_1.
p ¢ p q

F(z)G(x) <

|
One application of Holder’s inequality is to prove Minkowski’s inequality, which is simply the triangle
inequality for LP.
Proposition 9.2. (Minkowski’s inequality) If 1 < p < oo, then
1+ gllp < 11l + llgllp-

Proof. Since |(f + g)(z)| < |f(z)| + |g(x)|, integrating gives the case when p = 1. The case p = oo is also
easy. So let us suppose 1 < p < co. If || f||, or ||g|, is infinite, the result is obvious, so we may assume both
are finite. The inequality (a + b)? < 2PaP + 2PbP with a = | f(z)| and b = |g(z)| yields, after an integration,

/ (f +9)(@)Pdu < 27 / (@) Pyt 27 / l9(@)Pd.

So we have ||f + g||, < 0o. Clearly we may assume || f + g||, > 0.

Now write
[f + gl < IFI1f +glP~" + gl [f + 9P~
and apply Holder’s inequality with ¢ = (1 — %)71. We obtain

J15+a0 <01 ( [ 17+61%700) " + gl ([ 15 +410-0) "

Since p~! + ¢! =1, then (p — 1)g = p, so we have
1+ gllz < (171l + liglly ) 11£ + g1127°.

Dividing both sides by || f + g||5/q and using the fact that p — (p/q) = 1 gives us our result. a

Minkowski’s inequality says that LP is a normed linear space, provided we identify functions that are
equal a.e. The next proposition says that LP is complete. This is often phrased as saying that LP is a Banach
space, i.e., a complete normed linear space.

Before proving this we need two easy preliminary results. The first is sometimes called Chebyshev’s

inequality.
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Lemma 9.3. If1 <p < oo,

Proof. If A= {z:|f(z)| > a}, then

H(A) < /A VP 4y < L / Hzn

O
The next lemma is sometimes called the Borel-Cantelli lemma.
Lemma 9.4. If )" 1(A;) < oo, then
n(N5Zy Une—j Am) = 0.
Proof. -
N, UX_.A,) =l ©_ A, <l A,) =0.
/’[’( j=1 “m=j ) ]Lrgo /”L(Umfj ) — ]LI’IOlO ZM< ) 0
m=j
O

Proposition 9.5. If 1 < p < oo, then LP is complete.

Proof. We do only the case p < oco; the case p = oo is easy. Suppose f,, is a Cauchy sequence in LP. Given
e = 27U+ there exists n; such that if n,m > n;, then || fr, — fullp, < 2=+ Without loss of generality
we may assume n; > n;_; for each j.

Set ng = 0 and define fo = 0. If A; = {z : |fu,(x) — fn,_,(z)| > 279/2 then from Lemma 9.3,
w(A;) < 2797/2, By Lemma 9.4, (52 Upe—; Am) = 0. So except for a set of measure 0, for each z there
is a last j for which # € U?_; A, hence a last j for which x € A;. So for each z (except for the null set)
there is a jo (depending on x) such that if j > jo, then |f,, (x) — fn,_, ()] < 277.

Set

g;i(z) = Z | fri (%) = frpy 1 ()]
m=1

gj(z) increases for each z, and the limit is finite for almost every zby the preceding paragraph. Let us call
the limit g(x). We have

i
gl < 3 277 + I fullp < 2+ 1 fually

m=1

by Minkowski’s inequality, and so by Fatou’s lemma, ||g|l, <2+ || fo, |l < 0o0. We have

J
fnj (z) = Z (frm (@) = frp 1 (2)).
m=1

Suppose x is not in the null set where g(x) is infinite. Since |fy,(z) — fn, (z)] < |gn, (z) — gn,.(x)| — 0 as
J,k — oo, then f, (z) is a Cauchy series (in R), and hence converges, say to f(x). We have | f — fu, |, =
lim,, oo || fr,, — fu,llp; this follows by dominated convergence with the function g defined above as the
dominating function.

We have thus shown that [|f — fu, [, — 0. Given ¢ = 27U+Y if m > n;, then |f — ful, <
|f = fu,;llp + [ fra = fu;llp- This shows that f,, converges to f in L” norm. O

The following is very useful.
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Proposition 9.6. For 1 < p < oo and p_1 + q_1 =1,

11 =sup{ [ f9: gl < 1}. 91)
When p =1 (9.1) holds if we take g = 0o, and if p = oo (9.1) holds if we take ¢ = 1.

Proof. The right hand side of (9.1) is less than the left hand side by Holder’s inequality. So we need only
show that the right hand side is greater than the left hand side.

First suppose p = 1. Take g(x) = sgn f(x), where sgna is 1 if a > 0, is 0 if a = 0, and is —1 if @ < 0.
Then g is bounded by 1 and fg = |f|. This takes care of the case p = 1.

Next suppose p = co. Since p is o-finite, there exist sets Fj, increasing up to X such that u(F,) < oo
for each n. If M = ||f||, let a be any finite real less than M. By the definition of L® norm, the measure
of A={x € F, :|f(x)] > a} must be positive if n is sufficiently large. Let g(z) = (sgn f(z))xa(z)/u(A).
Then the L' norm of g is 1 and [ fg = [, |f|/n(A) > a. Since a is arbitrary, the supremum on the right
hand side must be M.

Now suppose 1 < p < oo. We may suppose |f|l, > 0. Let g, be a sequence of nonnegative
simple functions increasing to fT, r, a sequence of nonnegative simple functions increasing to f~, and
sn(x) = (gn(z) — rn(z))xF, (). Then s,(x) — f(x) for each x, |s,(x)| < |f(z)| for each z, s, is a simple
function, and ||s, ||, < co for each n. If f € LP, then ||s, ||, — || f||, by dominated convergence. If [ |f? = oo,
then [ [s,|? — oo by monotone convergence. For n sufficiently large, |/s,, > 0.

Let
|sn(x)[P~"

p/q
P

[0l

Since (p — 1)q = p, then

(f |sa]®=D0)a) s, |15/
p/q - -
P

”gan = p/q

[[8n]] [0l

On the other hand, since |f| > |s,/,

-1
[ = LI Lol oo,

IsallB’® " llsall3/

Since p — (p/q) = 1, then [ fg, > ||sn||p, which tends to || f|,. O

The above proof also establishes

Corollary 9.7. Forl <p<ooandp '+¢ ' =1,

171l = sup{ / f9: lgll, < 1,9 simple}.

The space LP is a normed linear space. We can thus talk about its dual, namely, the set of bounded
linear functionals on LP. The dual of a space Y is denoted Y*. If H is a bounded linear functional on L?,
we define the norm of H to be |H|| = sup{H(f) : | fll, < 1}.

Theorem 9.8. If1 < p < oo and p~! + ¢ ! =1, then (LP)* = L9.

Proof. If g € LY, then setting H(f) = [ fg for f € L? yields a bounded linear functional; the boundedness
follows from Hélder’s inequality. Moreover, from Holder’s inequality and Proposition 9.6 we see that || H|| =

lgllq-
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Now suppose we are given a bounded linear functional H on LP and we must show there exists g € L4
such that H(f) = [ fg. First suppose u(X) < co. Define v(A) = H(x4a). If A and B are disjoint, then

v(AUB) = H(xaup) = H(xa + x8) = H(xa) + H(xs) = v(A) + v(B).

To show v is countably additive, it suffices to show that if A, T A, then v(A,) — v(A). But if A, T A, then
X4, — Xain LP and so v(Ay) = H(xa, ) — H(xa) = v(A); we use here the fact that ;(X) < co. Therefore
v is a countably additive signed measure. Moreover, if (A) = 0, then x4 = 0 a.e., hence v(A) = H(x4) = 0.
By writing v = v+ — v~ and using the Radon-Nikodym theorem for both the positive and negative parts,
we see there exists an integrable g such that v(A) = [, g for all sets A. If s = Y~ a;x 4, is a simple function,
by linearity we have

Hs) =Y aiH(xa) = 3 aw(A,) = Zai/gXAi _ /gs,

By Corollary 9.7,
lolla = supf [ g5 sl < 1,5 simple} < sup{(s): s, < 1} < | ]|

If s,, are simple functions tending to f in L?, then H(s,) — H(f), while by Holder’s inequality [ s,g — [ fg.
We thus have H(f) = [ fg for all f € LP, and |g||, < || H||. By Hélder’s inequality, |H| < ||g|p-

In the case where pu is o-finite, but not finite, let F,, T X be such that u(F,) < oo for each n. Define
functionals H,, by H,(f) = H(fxr,). Clearly each H, is a bounded linear functional on LP. Applying
the above argument, we see there exist g, such that H,(f) = [ fg, and ||gnllq = | Hnl < |H|. It is
easy to see that g, is 0 if ¢ F,,. Moreover, by the uniqueness part of the Radon-Nikodym theorem, if
n > m, then g, = gm on F,,. Define g by setting g(x) = g,(z) if z € F,. Then g is well defined. By
Fatou’s lemma, g is in L? with a norm bounded by ||H]||. Since fxr, — f in L? by dominated convergence,
then H,(f) = H(fxr,) — H(f), since H is a bounded linear functional on LP. On the other hand
H,(f) = fF fon = fF fg — [ fg by dominated convergence. So H(f) = [ fg. Again by Holder’s
inequality | H]| < gl O
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