[1 APPENDIX

G Complex Numbers
1(5—6i)+ (3+2i) = (5+3) + (~6+2)i = 8+ (—4)i = 8 — 4i
2 (4-39) - (9+3)=(4-9+(-3-2)i=-5+(-3)i=-5-3i
3. (2+5i)(4 — 1) = 2(4) + 2(—4) + (50)(4) + (56)(—i) = 8 — 2i + 207 — 5i°
=8+ 18i — 5(—1) =8+ 18i + 5 = 13 + 18i
8. (1—2i)(8 —3i) =8 — 3i — 16 + 6(—1) = 2 — 19
5.12+7i=12-7
6.2i(3 i) =i-2(-1)=2+7 = 2(I-—4)=2+i=2—1i
g 14 144 3-2 3-2+12i-8(-1) 11410 _ 11 10,
3+2 3+2 3-2 32 +22 13 13713
g 3F20 _ 342 1+4i 341242 +8(-1) 5+14i 5 14,
1—4i 1-4i 1+4 12 + 42 17 1717
g L _ 1 1-i_ 1-i _1-i_1 1
1+i 144 1-7 1-(-1) 2 2 2
w3 _ 3 4+3 1240 12 9.
4-3 4-3i 4+3 16-9(-1) 25 ' 25
N3 =42 i=(-1)i=—i
12,310 = (12)*° = (~1)®° =1
13. /=25 = V/25i = 5i
1 V/-3V=12=V3iV12i=+3 124> = /36 (-1) = —6
15. T2 —5i = 12 + 15 and 12 — 15| = /122 + (—5)2 = /144 7 25 — /169 = 13
16, —1+2v2i = ~1-2vZiand |~1+2v23| = /(<12 + (2v2)’ = VITB = v0 =3
17.—_41':m:0+4z’:4iand|~4i|:\/m:\/l_:4
18. Letz = a + bi, w = ¢ + di.

@z+w=(a+bi)+(c+di)=(a+c)+ (b+d)
=(a+tc)—(b+dyi=(a—bi)+(c—di)=%2+w

(b) Zw = (a + bi)(c + di) = (ac — bd) + (ad + bc)i = (ac — bd) — (ad + bc)i.
On the other hand, 2@ = (a — bi)(c — di) = (ac — bd) — (ad + be)i = zw.
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19.

20.

21.

24,

25.

26.

21.

28.

29.

(c) Use mathematical induction and part (b): Let Sy, be the statement that 2™ = Z".
Sy is true because zL = Z = z . Assume Sy, is true, that is zF = Z*. Then
2k = 214k = 22k = ZzF [part (b) withw = 2*] = 2'z* = z'*% = 2", which shows that Sk is true.
Therefore, by mathematical induction, 2™ = Z™ for every positive integer n.

Another proof: Use part (b) with w = z, and mathematical induction.
4749=0 & 4’=-9 & =3 & z=x/ 3=x/ti=xdi

=1 & 2*-1=0 & (2*-1)(c®+1)=0 & 2*-1=00r2°+1=0 &
z==xlorz = %i.

—2++v22-4-1-5 —-24+/-16 —-2%4i

9 B B _ _ _ )
z°4+2x+5=0 & z= 51 = 3 = 5 =—-1+2
2 B o —(=2)£(-2)2—-4-2-1 2+y/-4 242 1 1
22" —2x+1=0 & z= ) = 2 = —2:l:2z
—14/12 —4(1)(2 —1++/- 1
. By the quadratic formula, 2° + 2 +2=0 & z= 0] HE) = i2 U =-5 iﬁi,

ZHlz+i=0 & 4°2+2:2+41=0 &

-2+ /22—4@)(1) -2xV/-12 —2+2VBi 1 V3
B 2(4) - 8 B 8 47 4

Forz=—3+3i,r=+/(-3)2+3=3v2andtanf = % = -1 = 6 = 3T (since z lies in the second

quadrant). Therefore, —3 + 3i = 3 /2 (cos 2 + isin 37 ).

Forz=1-+3i,r= 12+(—\/§)2=2andtan9=31@=—\/§ = 0:%(sincezliesinthefounh

quadrant). Therefore, 1 — V3i=2 (cos 3F +isin 5.

Forz =3+ 4i,r=+32+42 =5and tanf = % = 0=tan"! (3) (since z lies in the first quadrant).

Therefore, 3 + 41 = 5[cos(t:an_1 %) + isin(t %)]

Forz = 8i,7 = /02 + 82 = 8and tanf = 1s undefined, so 8 = % (since z lies on the positive imaginary axis).

Therefore, 8i = 8(cos & + isin §).

Forz = V3 +i.r = (\/§)2+12:2andtan9: L = =2 = z=2(cos % +isin g).

“ Sl

Forw=1++3i,r=2andtand =3 = 0= = w:2(cos§+isin§).

Therefore, zw = 2 - 2[cos(Z + Z) +isin(§ + 5)] = 4(cos 5 + isin .

z/w = 2[cos(Z — F) +isin(§ — 5)] = cos(—%) +isin(—%),and 1 = 14 0i = 1(cos0 + isin0) =
1/z = 1[cos(0— %) +isin(0— §)] = L[cos(—Z) +isin(—%)]. For 1/2, we could also use the formula that

precedes Example 5 to obtain 1/z = 3 (cos & — isin % ).
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0. Forz=4v3—di,r = /(4v8)* + (—9* = VB =8andtanf = 7 = - L = g=Ur
z = 8(cos T +isin 1) Forw = 8i,r = /07 + 8% = 8and tan ¢ = £ is undefined, so§ = T =
w = 8(cos § + isin §). Therefore, zw = 8 - 8[cos (1= + T) + isin (1% + Z)] = 64(cos T +isin T),
z/w = %[COS(HT" -3 + isin(4E — %)] = cos%’r +isin 4*, and
1=1+40i=1(cos0O+isin0) = 1/z= g[cos(0— 1g¥) +isin(0— 1%)] = L [cos(Z) + isin(Z)].

For 1/z, we could also use the formula that precedes Example 5 to obtain 1/z = é(cos UT" —¢sin “T")

3. Forz =23 -2i,r = (2\/5)2+(—2)2:4andt;am0:%:A\/i§
= 0=-% = z:4[cos(~§ —}—z’sin(—%)].Forw:—1+i.r:\/§,
tanf = }1 =-1 = =% = y= \/i(cos%" + isin %”) Therefore,

1

11w

= Js[cos(—4F) +isin(—1F)]

#fw = J5loos(~% — 3) +isin(~3 - )

= 2\/5(0051{5—2" +isin113—2"),and

2w =4v2[cos(—§ + &) +isin(—Z + 2)] = 4v2 (cos 12 + isin 7T),
o)l

1/z = %[cos(—%) —isin(—%)] = i(cos% +isin%).

32 Forz:4(\/§+i) =43+ 4i,r = (4\/5)2-1-422\/6_:8andtant9:4;‘4/5 =

z=8(cosg +isinZ). Forw = —3 — 3i,7 = \/(—3)2 + (—3)2 = VI8 = 312 and

tanf==2 =1 = g=5 = w:3\/§(cos"{7"+isin%’“).Therefore,

= 0=

sh-
o3

3

2w =8-3v2 [cos(5 + ) +isin(Z + 27)] = 24v/2 (cos L2 + isin 171),
zjw = 3—-\8/5 [cos(F — &%) + isin(Z — =) = ‘%@[cos(—ll%") +isin(—4)], and

1/z = g(cos ¥ —isinZ).

33. Forz:l-i—i,r:\/iandtanez%:l = 6=

INE

= z2=V2(cosZ +isin 7). So by

De Moivre’s Theorem,

20
(144)° = [\/5 (cos T +isin ’Z’)} = (21/2)20(cos 2T 4 isin 20.1)

=2'"(cos 57 + isin 5m) = 2'0[—1 + i(0)] = —2'° = —1024

. Forz=1-V3ir=1/1+(-v3)" =2andtanf = =8 = _\/3 = 0=5%% =

z=2 (cos & + isin 7). So by De Moivre’s Theorem,

5
(1-v34) = [2(cos 2 +isin 5)]° = 25 (cos -2 +isin 2:57)

=2%(cos§ +ising) =32(3 +24) =16+ 163
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35.

36.

31.

39.

Forz =23+ 2i,r = (2\/§) +22 = \/_6—4andtan9—7—

x
4
>
I
(Y E]
4

z= 4(cos Z 4+isin % ) So by De Moivre’s Theorem,

5
(2v3+2i) = [4(cos § +isinF)]" = 4°(cos % +isin z) = 10244 + 1i] = -512v3 + 512

Forz:1—i,1“:\/§andtan9=—T1:~l = 0= = z:\/i(cos——i—zsm%") =

8
(1—-i)®= [\/5 (cos Tt +isin 74”)] =2 (cosu’—r + isin &%)
= 16(cos 147 + isin 147) = 16(1 + 0i) = 16

1 =1+ 0i = 1(cos0 + isin0). Using Equation 3 withr = 1, n = 8, and § = 0. we have

W = 11/8[“)5(0"‘82’97‘) +isin<0+2k7r>} —cosk— + 4sin k4 where k =0,1,2,...,7.

\_/ v
lI
wl»—'

wo = (cos? + isin

8 4
wo = 1(cos 0+ isin0) = 1, wy = 1(cos § +isin § )—%—l—%i Im
e
wy = 1(cos T +4sin %) =i, ws = 1(cos 3 +isin37):—%+\/i§i, . .
ws = 1(cos T + isinm) = —1, ws = 1(cos & +isin &) = %—%z .
0 R
wezl(cos——i—zsmg',f):—i.w7:1(cos%" +isin£’~’):%~%i ! ©
. 32 = 32 4+ 0i = 32 (cos 0 + isin0). Using Equation 3 with r = 32, n = 5, and § = 0, we have
wr = 321/5 [c0s<0+52k7r> +isin<0+52kﬂ->} = 2(cos %ﬂk-{-isin%wk),wherek =0,1,2,3,4.
wo = 2(cos0 +isin0) = 2 Im
L]
wy = 2(cos & + isin 3F) . .
il
wy = 2(cos 4 + isin 4F)
ws = 2(cos & + isin gx) o 1 Re
wq = 2(cos & + isin &F) * .
i=0+1= l(cosg + ¢sin %) Using Equation 3 withr = 1,n = 3,and 6 = 5, we have
™ T4 9
wy = 1173 [COS(l%mr‘) +isin<—2—%—w>}.wherek =0,1,2. Im
wo = (cos & +isin % 32£+% o .
wy = (cos— + 2sin 0 Re
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80.1+i=v2(cos +isin §). Using Equation 3 with7 = v/2, 7 = 3. and § = T, we have

T +2k 42k
wy = (\/5)1/3 [cos (%) -l—isin(%)},wherek =0,1,2. Im
w0:21/6(cos%+isin%) o T
T i 3T\ _ ol/6 1 1) -1/3 —1/3; *
w1=21/6(00537+2sm37)—2/ (—34-751)——2 +271/3; 5 —
wo :21/6(c0s1£’—2"+isin117—2") .

41. Using Euler’s formula (6) with y = 5, we have e'™? = cos 3 tising =0+ 15 =4

42. Using Euler’s formula (6) with y = 2m, we have €™ = cos 27 + i sin 27 — 1.

43. Using Euler’s formula (6) withy = g we have '™/ = cos g + isin g = % + \/731
44. Using Euler’s formula (6) with y = —7, we have e~'™ — cos(—) + isin(—7) = —1.
45. Using Equation 7 with z = 2 and y = , we have €2'™ — ¢2¢i™ — e*(cos + isinm) = e?(—140) = —¢2.

46. Using Equation 7 withz = 7 and y = 1, we have e™ ' — e™ . gli — e"(cos1 +isinl) = e" cos 1+ (™ sin 1)i.
41. F(z) = e = elatbile _ gavtbai _ az (cosbz + isinbr) = € cos bz + i(e*®sinbz) =
F'(z) = (e cosbz)’ + i(e®" sin bz)" = (ae®® cos bz — be® sin bx) + i(ae’® sin bz + be®® cos bx)
= a[e**(cosbz + isinbz)] + b [e*® (- sin bz + i cos bz)] = ae’ + b [e** (4% sin ba + i cos bz)]
= ae"™ 4 bi [e*"(cos bz + isinbx)] = ae™ + bie™ = (a+bi)e™ = rer®

88. (a) From Exercise 47, F(z) = e"*92 & F'(g) = (1 + i)e(1+de go

(1+i)x o 1 / _ 1 _ 1—4 _ 1-1 (1+i)z
/e da:——l_'_i/F(:c)dx——,F(x)—f-C——2 (z)+C = 7€ +C

(b) [+ gp — Je%e®dr = J e (cosz + isinz)dr = [e®coszdx +i [e"sinzdz (1).
Also,

ez+zz _ %iez-{-zz

-1 (+i)z _ 1 (14+d)z 1. (1+4)
—5e = e — gtet T

1
2
= 3€%(cosz + isinz) — 2ie®(cosz + isinz)

= 3e"cosz + Le"sinz + 3ie”sinz — Lie® cosz
= 1e”(cos z + sin x) +i[Le"(sinz — cosz)] (2)

Equating the real and imaginary parts in (1) and (2), we see that Je®coszdr = %eﬂcosz +sinz) + C and

J e sinzdr = 3€*(sinz — cosz) + C.





