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. |5—23| =|-18| =18
. |5] —|-23] = 5—23 = —18

|—7| = 7 because w > 0.
. |m — 2| =7 — 2 because ¥ — 2 > 0.
.|\/5~5]:——(\/5—5):5—\/5because\/_—5<0‘
|12l =1-8] = 12 -3 = -1 =1
.Forz <2,z-2<0,s0jz—-2|=—-(z—-2)=2—1z.
. Forz >2,2-2>0,s0|z—-2|=2-2.

rz+1 forr+1>0 & z>-1
'|$+1|:{ —(z+1) forz+1<0 & z<-1

2 -1 for2z-1>0 & z>
2z — 1] =
1-2z for2z—-1<0 & z<

N= o=

‘:r:2 + 1’ =z2 4+ 1 (since z° + 1 > 0 for all z).

X X \ 1-2z% if —
:c<—$ora:>ﬁ.Thus,[1—2x |:{2x2—1 .
20+7>3 & 2z2>-4 & z>-2s50x€ (-2,00).
3r—11<4 & 3z<15 & z<5s50z€ (~00,5).
1-z<2 & -z<1 & z>-ls0z€][-1,00).

4-3z2>26 & -3z>2 & z<-2soz€ (-00 2]

20+1<52-8 & 9<3z & 3<z,507€ (3,00).

1+5z>5-3z & 8>4 & z>1s0z€ (3 00).

—-1<2z-5<7 & 4<2x<12 & 2<z<6,50x€ (2,6).
L. 1<3z+4<16 & -3<3x<12 < —1<z <4 soxe(—1,4].

0<1-2<1 & -1<-2<0 & 1>z>0,50z¢€(0,1].

Determine when 1 — 22> <0 & 1<22° & z?>1 & Vm2>\/—§ & |:c|>\/% &
<

999
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22.

23.

24.

25.

26.

21.

28.

29.

30.

—5<3-2r<9 & -8<-2x<6 & 4>z>-3 s0x€[-34] . "
dr <2x+1<3z+2. Sodzrx<22x+1 & 2r<1 & z<%,and2x+1§3z+2 & —1<z.
Thus. z € [-1, 3).

-1

-

2 —3<x+4+4<3z-2.52r-3<z+4 & z<T7,andz+4<3x-2 & 6<2z & 3I<z550
z € (3,7).

—0

3 7

(z—-1)(z—-2)>0. Case 1: (both factors are positive, so their product is positive)
z—1>0 & z>l,andz—-2>0 & z>2s0z€ (2 00).
Case 2. (both factors are negative, so their product is positive)

r—1<0 & z<landz—2<0 & z<2s0z€ (—o0,1).

Thus, the solution set is (—o0, 1) U (2, 00). ?—? —>

(2¢43)(z—1)>0.Case I: 2z +3>0 < z>-3andz—-1>0 & z>1sozé€[lo00).
Case2: 22+3<0 & z<-2andz-1<0 & z < 1,50z € (—o0o0, —3]. Thus. the solution set is
(=00, —2] U1, 00).

2w +zr<1 & 22+2-1<0 & (2c—1)(z+1)<0.Casel: 22—-1>0 & z> 3 and
z+1<0 < =z < —1,whichisanimpossible combination. Case 2: 2z —1<0 & z< % andz+12>0
& x> —l,sox € [—1, %] Thus, the solution set is [—1, %]

-1 1
2

22<2+8 & 2°-20-8<0 & (z—4)(xz+2)<0. Casel: z>4andzx < —2, whichis
impossible. Case 2: = < 4 and z > —2. Thus. the solution set is (—2,4).

——>

-2 0 4
?+r4+1>0 & P+z+5+2>0 & (m+%)2+% > 0. But since (z + %)2 > 0 for every real .
the original inequality will be true for all real z as well. Thus, the solution set is (=00, 00).

>
>

22+z>1 & 242z —1 > 0. Using the quadratic formula, we obtain

2+ —1= (:c— *1; 5) (:c—:Ljf@) > 0. Case 1: x—’l—;ﬁ >Oz;mdmf_—1’2tAé > 0, so that
T > _—1'2"—‘@ Case 2: ¢ — *—1;45 < 0Oand z — %ﬁ < 0,sothatz < i‘fé Thus, the solution set is
(ron 25 (255.x)

F1-5)2 0 F1+45)2
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Na°<3 & 22-3<0 & (z2-v3)(x+V3)<0.Casel: z>+/3andz < —/3, which is impossible.
Case 2: z < /3 and z > —+/3. Thus, the solution set is (-3, \/5)
Another method: z° <3 < |z] < V3 & —V3<z<3

-3 0 3

2.22>5 o 22-5>0 < (m—\/g)(m+\/g)20.Case1.’wZ\/gande—\/g,some[\/g,oo).
Case2: z <+/5andzx < —VB,soz € (—oo, —\/E_)] Thus, the solution set is (—oo, —\/5] U [\/5_), oo).
mlzx/g o z>+vV5orx < —5.

Another method: z* > 5 <

5 o0 &

B2-2<0 & mz(x —1) <0. Since z2 > 0 for all z, the inequality is satisfied whenz — 1 <0 &
x < 1. Thus, the solution set is (—o0, 1].

0 1

M (x+1)(z-2)(x+3)=0 & z=-1,2, or —3. Constructing a table:

Interval z+l|z-2|z4+3 | (z+1)(z—2)(z+3)

< -3 - - - -
3<z< -1 - - + +
-1<z<2 + - + -

z>2 + + + +

Thus. (z + 1)(z — 2)(z + 3) > 0 on [-3, —1] and [2, 00). and the solution set is [—3, —1] U [2, c0).

3

B>z & °-2>0 & 2(@®-1)>0 & z@@-1)(x+1)>0. Constructing a table:

Interval z|lz—-1|z+1 ]| 2z(z—-1)(z+1)
z< -1 - - - -
-1<z<0]| — - + +
0<z<l1 + - + -

T>1 + + + +

Since z° >  when the last column is positive. the solution set is (=1,0) U (1, 00).
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36.

37.

38.

39.

40.

Q.

42,

45,

?+3r<42® & 2°-42°+32<0 & z(z°-42+3) <0 & z(z-1)(z—3)<0.

Interval z|z—-1|2z-3| z(x—1)(z—3)
z<0 — - — -
O<z<l| + - - +
l<z<3|+]| + - -
>3 + + + +
Thus, the solution set is (—o0, 0) U (1, 3).
OO O—
0 1 3

1/z < 4. This is clearly true forz < 0. Sosuppose 2 > 0. then 1/z <4 & 1<4dz & i < z. Thus, the

solution set is (—o0,0) U (5, 00).

i
|

-

—3 < 1/x < 1. We solve the two inequalities separately and take the intersection of the solution sets. First,

—3 < 1/z is clearly true for z > 0. So suppose z < 0. Then —3 < 1)z & -3z>1 & < —%, so for
this inequality, the solution set is (—00, —3) U (0, 00). Now 1/z < 1is clearly true if z < 0. So suppose = > 0.
Then1/z <1 < 1 < z,and the solution set here is (—o0,0) U [1, 00). Taking the intersection of the two

solution sets gives the final solution set: (—-oo, - %) U [1, 00).

10 1
3

C=3(F-32) = F=2C+32S50<F<9 = 50<3C+32<95 = 18<3C<63 =

10 < C < 35. So the interval is [10, 35].

Since 20 < C < 30 and C = 3(F — 32), wehave 20 < §(F —32) <30 = 36<F-32<54 =

68 < F < 86. So the interval is (68, 86].

(a) Let T represent the temperature in degrees Celsius and h the height in km. T' = 20 when h = 0 and 7" decreases
by 10 °C for every km (1 °C for each 100-m rise). Thus, T = 20 — 10h when 0 < h < 12.

(b) From part (a). T =20 — 10h = 10h=20—-T = h=2-T7/10.S00<h<5 =
0<2-T/10<5 = —-2<-T/10<3 = -20<-T<30 = 20>2T7T2>-30 =
—30 < T < 20. Thus, the range of temperatures (in °C) to be expected is [—30,20].

The ball will be at least 32 ft above the ground if h > 32 <« 128 + 16t — 16t > 32 <

1662 — 16t — 96 <0 <« 16(t —3)(t+2) < 0.t = 3 and t = —2 are endpoints of the interval we’re looking
for, and constructing a table gives —2 < ¢ < 3. But ¢ > 0, so the ball will be at least 32 ft above the ground in the
time interval [0, 3].

22| =3 < either2z=30r2z=-3 & z=35orz=—3
.[3z4+5/ =1 <« either3z+5=1or—1 Inthefirstcase.3x = -4 & z= —%. and in the second case,
3z =-6 < z=—2. Sothesolutionsare —2and —3.

lz+3|=[2z+1] <« eitherz+3=2z+1lorz+3=—(2z+ 1). In the first case, = 2, and in the second

case.t+3=-2z—-1 & 3z=-4 & :c:fi;ﬁ.Sothesolutionsare—%andZ
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4].

49.
50.
51.
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54,
55.

57.

58.

59.

60.

61.
62.

63.

64.

65.

66.

67.

. By Properties 4 and 6 of absolute values,
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2ol g o either 22 —30r 22l 3 Inthefirstease. 22 — 1= 3243 © z— —4. and
z+1 z+1 r+1
inthe secondcase, 2z — 1= -3z -3 & x:—%.

By Property 5 of absolute values, |z| <3 & -3<z<3.s0z € (-3,3).

z| >3 & z< -3orz>3,s0z € (—o0,—3UJ[3,00).

lz—-4<1 & -1<z-4<1 & 3<z<5sozé€E(3,5).
lt—-6/<01 & -01<z-6<01 & 59<z<6.lsoze(596.1).

|t +5>2 & z4+5>20z+5<-2 & z>-3orz<-T7,50z € (—00,—7]U[-3,00).

Lz +1>3 & z+1>30r24+1<-3 & z>20rz<—4.s0z € (—00, —4] U [2,00).

22-3/<04 & -04<22-3<04 & 26<22<34 & 13<z<17so0z€|l3 17

bz —2/<6 & -6<52-2<6 & —4<52<8 & -—-f<z<fsoze(-%%).

—

1<|z| <4 Soeitherl <z <4orl<-z<4 & —1>z>-4 Thus,z€[-4,-1]UJL,4].

.0<|9:~5|<%.C]early0<lx—5|form765‘N0w|3:~5|<% & —3<z-5<i &

4.5 < < 5.5. So the solution set is (4.5,5) U (5, 5.5).

b
albr —c) > bc & bm—cz@ & bwz%—f—c:m S > ¢+ ac
a a a ab
a<br+c<2a & a—-c<br<2a-c & a;c§x<2a_c(sinceb>0)
c—b .
ax+b<c & ar<c—-b & z> (since a < 0)
ax +b b(c—1)

<b & ar+b>bc (sincec<0) & azx>bc—b & z< (since a < 0)

(z4+y)—5=(z—-2)+(y—3)|<|z—2|+|y—3| <0.01+0.04 =0.05
Use the Triangle Inequality: |z + 3| < % =
[z + 13| =[4(z+3)+ 1| < [4(z+3)[+[1| =4[z + 3| +1<4(}) +1=3

Another method: |t +3| < § = —1<z+3<i = 2<4z412<2 = -1<42+13<3 =

4z + 13| < 3

Ifa<bthena+a<a+banda+b<b+b So2a<a+b< 20 Dividing by 2, we geta <  (a +b) < b.

If0<a<b,theni>0‘Soa<b = l~a<i-b &
ab ab ab

jabl = /@b)? = Va?F? = VaZ VB = |a] |b|

<

O =
ISHE

’%‘ |b] = ‘% -b} = |a| (using the result of Exercise 65). Dividing the equation through by |b| gives }%I = %.
If0<a<bthena-a<a-banda-b<b-b [using Rule 3 of Inequalities]. So a? < ab < b% and
hence a? < b2

. Following the hint, the Triangle Inequality becomes |(z — y) + Y <lz—yl+ly & |z|<|lz—yl+]y <

|z -yl = [z] - |y|.
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69

10.

. Observe that the sum, difference and product of two integers is always an integer. Let the rational numbers be
represented by 1 = m/n and s = p/q (where m, n, p and q are integers with n # 0, ¢ # 0). Now

r+s= m + P_ M but mq + pn and nq are both integers, so mg + pn = r + s is a rational number by
n q nq ng
definition. Similarly, » — s = m _ P _ 47PN, rational number. Finally, r - s = P _ TPy mp and
n q nq n q nq

. m . . -
ngq are both integers, so ™P _ 1. s is a rational number by definition.
n

(a) No. Consider the case of \/5 and —\/5. Both are irrational numbers, yet \/5 + (—\/5) = 0 and 0, being an
integer, is not irrational.

(b) No. Consider the case of \/5 and \/5 Both are irrational numbers, yet \/§ . \/§ = 2 is not irrational.

Coordinate Geometry and Lines

10.

1.

. From the Distance Formula with z; = 1, 2 = 4, y1 = 1, y2 = 5, we find the distance from (1, 1) to (4, 5) to be

VA1) +(5-1)2=v32+42=25=5

. The distance from (1, —3) to (5,7) is /(56 — 1)2 + [7 — (—3)]% = V42 + 10% = V116 = 2V/29.
I 1B (2P = /(-7 + 52 = VT
L1 3 (6) = /(-2 + 32 = VT3
J@—2)2 4 (757 = V2 + (-12)° = VI8 = 2V37
Jb—a) +(@a—b?=/(a—b)*+(a-b)? = V2(a—b)?=v2la bl
. From (2), the slope is 141:15 = g =
_—3-6 _ 9
"MTYI (1) 5
. . . —6—3 9
. With P(—3,3) and Q(—1, —6), the slope mn of the line through P and Q is m = o =-3
_0-(=4) _ 4
mE=E- (-1 7

Since [AC| = /(=4 0)® + (3-2)® = /(-9)* +12 = VITand

|BC| = \/[—4 - (~3)]2 +[3— (—1)]2 = \/(—1)2 + 42 = /17, the triangle has two sides of equal length, and

so is isosceles.
@ |AB = /(11 -6 + [-3— (-7)* = VBT T £ = V4L,
1AC] = \J(@— 6 + [-2 — (-7 = /(-4 + 5 = VAT, and

IBO| = /2~ 117 + [-2— (-3)* = \/(-9)° +12 = VBZ. 50
|AB|? + |AC|? = 41 + 41 = 82 = |BC

2 and so AABC is aright triangle.




13.

14.

15.

16.

17.
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11—(67) —and mac = _22%(;7) = —Z.ThusmAB -mac = —1 andso AB is

perpendicular to AC and AABC’ must be a right triangle.
(c) Taking lengths from part (a), the base is v/41 and the height is v/41. Thus the area is %bh = %\/41\/41 = %.

(b) map =

Using A(—2,9), B(4,6), C(1,0), and D(—5,3), we have
|AB| = /A= (=22 + (6 - 9)2 = \/62 + (—3)2 = V45 = v0/5 = 315,
|BC| = V/(1-4)2+(0-6)2 = \/(=3)2 + (-6)? = V45 = V95 = 35,
ICD| = /(=5 —1)2+ (3 - 0)2 = 1/(=6)2 + 3% = /45 = /95 = 3/5, and

|DA| = \/[—-2 —(=5)]2+ (9 - 3)* = /32 + 62 = V45 = v/9/5 = 3/5. So all sides are of equal length and

6—9 1 0—-6 3-0 1
. " = ——= =, ——— 2, = = -, d
we have a rhombus. Moreover, m4 s - (=2 3 MBC = 7T 1 mcp 51 5 an
mpa = 29;_(3—5—) = 2, so the sides are perpendicular. Thus, A, B, C, and D are vertices of a square.
(a) Using A(—1,3), B(3,11), and C(5, 15), we have

|AB| = /13 — (-1)]2 + (11 - 3)2 = V42 + 82 = /80 = 4/5,
|IBC| = \/(5-3)2+ (15 — 11)? = /22 1+ 42 = /20 = 2/5, and

|AC| = /[5 — (-1)]? + (15 — 3)2 = v/62 + 122 = /180 = 6 /5. Thus, |AC| = |AB| + | BC|.

(b) map = 31—_1(__—?;) = 2 =2and mac = —51_5% = %2 = 2. Since the segments AB and AC have the

same slope, A, B and C must be collinear.

The slope of the line segment AB is ;1 : 1 = % the slope of CD is zl__u; = % the slope of BC'is
10 -4 . 1-7 . .
57 = —3, and the slope of DA is 1——(—17 = —3. So AB is parallel to CD and BC is parallel to DA.
Hence ABCD is a parallelogram.
The slopes of the four sides are map = 131__11 = % mpc = %_%1 -5, mcp = %85 = % and
mpa = H = —5. Hence AB | CD, BC || DA, AB 1 BC,BC 1. CD,CD 1 DA, and DA 1 AB, and
so ABCD is a rectangle.
=3 18. y = -2
Y y
x=3
0 x
0 3 X y=-2
-2
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19. 2y =0 < x =0ory=0. The graph 2 |y=1 & y=lory=-1
consists of the coordinate axes.
y
y
1
L w=0 lyl=1
/ 5 >

21.

25.

26.

21.
28.

29.

30.

31.
32.
33.

34.
35.

36.

By the point-slope form of the equation of a line, an equation of the line through (2, —3) with slope 6 is
y—(=3) =6(z—2)ory =6z — 15.

L y—4=-3[z—(-1)]ory=-3z+1
2.
24.

y—7:§(z—1)ory:%x+l—39
y—(-5)=-Tfe—(-3)oy=-fz-F

The slope of the line through (2, 1) and (1,6) ism = % = —b, so an equation of the line is

y—1=-5(x—-2)ory=—5z+ 11

3—(=2)
1 (-1)

By the slope-intercept form of the equation of a line, an equation of the line is y = 3z — 2.

For (—1,—2) and (4,3). m = =1.Soy—-3=1z—4)ory=x—1.

By the slope-intercept form of the equation of a line, an equation of the line is y = %x + 4.

Since the line passes through (1, 0) and (0, —3), its slope is m = _3__10 = 3. so an equationis y = 3z — 3.
Another method: From Exercise 61, % + _ig =1 = -3z+y=-3 = y=3z-3
For (—8,0) and (0,6), m = _6-0 _3 So an equation isy = 32+ 6
. Om=o—g "1 q y=3 .
Another method: From Exercise 61, ja:_s_ + % =1 => -3z+4y=24 = y= %:L‘ + 6.

Sincem =0,y —5=0(x —4)ory = 5.

Since m is undefined, we have the vertical line z = 4.

Putting the line z + 2y = 6 into its slope-intercept form gives us y = —%z + 3. so we see that this line has

slope — . Thus. we want the line of slope — 3 that passes through the point (1, —6):y—(-6)=-3i(z-1) &
y= —%m -

2 +3y+4=0 & y=—2z— 2% som=—%andthe required line is y = — 5z + 6.

2r+5y+8=0 & y= —%m - %. Since this line has slope f%. a line perpendicular to it would have slope %
so the required lineisy — (—2) = 2 [z — (-1)] & y=35z+3.

4z —8y=1 <& y= 1z — L. Sincethis line has slope 3. a line perpendicular to it would have slope —2. so the

required lineisy — (—2) = -2(z — 3) y=—2z+ 3.



3.z+3y=0 & y=—3z.
so the slope is —% and the

y-intercept is 0.

0.2z -3y +6=0 <
Y = 2z 4 2. s0 the slope is

and the y-intercept is 2.

4. {(z,y) | z < 0}

APPENDIXB COORDINATE GEOMETRY ANDLINES O 1007

8.2z -5y=0 < y:%m.so

the slope is % and the y-intercept

is 0.
y‘
/l() X

N3x-4qy=12 <
y= %m — 3. so the slope is%

and the y-intercept is —3.

0/4
/-3

4. {(z,y) |y > 0}

39. y = —2is a horizontal line with
slope 0 and y-intercept —2.

2. 4245y =10 &
y = —%z + 2, so the slope is

—% and the y-intercept is 2.

4. {(z,y) | zy < 0} =
{(z,y) | z < 0and y > 0}
U{(z,y) |z > 0andy < 0}




1008 O APPENDIXB COORDINATE GEOMETRY AND LINES
8. {(z,y) |z > landy < 3} a1 {(,y)|lel <2} = 48. {(z,) o] < 3and Jy| < 2}

{(z,y) | -2<z <2} y

49. {(z,y) |0<y<4,z<2} 50. {(z,y) |y > 2z — 1}

52. {(z y) | —z<y< —;—é} 53. Let P (0, ) be a point on the y-axis. The distance from P to (5, —5)
is \/(5 —0)2+(-b—y)’ = \/ETZ + (y + 5)*. The distance from P

to (1,1) is \/(1 —0)2+(1-y)° = \/12 + (y — 1)°. We want

these distances to be equal: 1/52 + (y + 5)° = \/12 +@y-1)7° &
B+ y+5)°=C+-1" &

25+ (v +10y+25) =1+ (1 -2 +1) & 12y=-48 &
y = —4. So the desired point is (0, —4).

54. Let M be the point (%15—2, %—74—2> Then
|MP1l2 = (m -4 ;M)z + (yl -5 ;y2)2 = (wl ;Iz)z + (yl ; y2)2 and
M P,|* = (a:z - ;w2)2 + (yz A _;_y2>2 = (mz ; zl)z + (yz ; yl)z. Hence, |M P;| = |M Px|; that

is, M is equidistant from P; and Ps.
55. (a) Using the midpoint formula from Exercise 54 with (1,3) and (7, 15). we get (A1, 3£18) = (4,9).

(b) Using the same formula, we get (=38, 6=12) = (1, -3).
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86. The midpoint M; of AB is (152, 248) = (2,3). the midpoint M> of BC is
(3£8,842) = (L,4), and the midpoint Mz of CA is (842, 252) = (£, 1). The lengths of the

medians are |AM,| = \/(_12; - 1)2 +(@4-0)7= \/(%)2 442 = /185 _ @,
1BM;] = /(3 -3)" +(1-6)* = /(2)7 +(=5)> = /192 = /IB_ng

oMl =fe- 97 + 627 = /(o + 12 = VAT

5.2z —y=4 & y=2r—-4 = mi=2andbz—-2y=10 & 2y=6zx—-10 & y=3z-5 =
mg = 3. Since my # ma, the two lines are not parallel. To find the point of intersection: 2z —4 =3z -5 &
z=1 = y= —2. Thus, the point of intersection is (1, —2).

5.3z -5y +19=0 & by=3zx+19 & y=22+2 = m==2and10z+6y—-50=0 <
6y =—-10z+50 & y= *§x+ % = me = ~§4 3(—§) = —1, the two lines are
perpendicular. To find the point of intersection: %w + 1—59 = —%w + % © 9z 457=-20x+125 &

Since mima = ¢ :
4r =68 & =2 = .UZ%'Q-F% 2?5

= 5. Thus, the point of intersection is (2, 5).

59. With A(1,4) and B(7, —2), the slope of segment AB is =252 = —1, so its perpendicular bisector has slope 1.
The midpoint of AB is (1—'2"—7, 4—+—§_—22) = (4, 1). so an equation of the perpendicular bisector is y — 1 = 1(x — 4)

ory=x—3.

60. (a) Side PQ has slope =2 = 2, soitsequationisy — 0 =2(z — 1) <« y = 2z — 2. Side QR has slope

-1
6—4
-1-3

12?—_61) = —3,soitsequationisy —0=-3(z—-1) & y=-3z+3.

=—%,soitsequationisy—él:—%(z—?)) & y=—3z+ 3. Side RP has slope

(b) M (the midpoint of PQ) has coordinates (+£2, £44) = (2,2). M2 (the midpoint of QR) has coordinates

(33+,%45°) = (1,5). M; (the midpoint of RP) has coordinates (15, %+€) = (0,3). RM; has slope
5% = —% and hence equationy — 2 = —% (z-2) & y= —%ZE + L. PM; is a vertical line with

equation z = 1. QMs has slope =5 = § and hence equationy —3 =1 (z - 0) & y=lz+3 PM;

and RM; intersect where z = landy = —§ (1) + & = 22 orat (1, 1). PM; and QMs3 intersect where

z=1landy = % (1)+3= %0 orat (1, %Q) so this is the point where all three medians intersect.

61. (a) Since the z-intercept is a. the point (a, 0) is on the line, and similarly since the y-intercept is b, (0,b) is on the
b—0

—a

line. Hence, the slope of the line is m =

b Lo .
= Substituting into y = mz + b gives y = —éx +b &
a

b
-r+y=>bb &
a

Q8

¥
+5=1

(b) Letting a = 6 and b = —8 gives % + —LS =1 & —8z+ 6y = —48 [multiply by —48] <

6y=8r—-48 & 3y=4r-24 & yz%xf&
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62. (a) Let d = distance traveled (in miles) and ¢ = time elapsed (in hours). (b) d
_ _ _ . _ 1 _5 _
Att=0,d = 0and att = 50 minutes = 50 - 55 = 2 h, d = 40. 100
Thus, we have two points: (0,0) and (2,40), som = 5;4/06—_% =48
and d = 48t.
0 i 2 1

(c) The slope is 48 and represents the car’s speed in mi/h.

C Graphs of Second-Degree Equations

10.

. An equation of the circle with center (3, —1) and radius 5 is (z — 32+ (y+ 1)? =52 = 25.
. From (1), the equation is (z + 2)* + (y + 8)® = 100.

. The equation has the form 2 + y* = r2. Since (4, 7) lies on the circle, we have 247 =r = r2=65 S0

the required equation is z? 4+ y? = 65.

. The equation has the form (z + 1)2 + (y — 5)° = r2. Since (—4, —6) lies on the circle, we have

r?2=(—4+1)°+(-6— 5)? = 130. So an equation is (z + 1)% + (y — 5)% = 130.

22+t 4+ 10y +13=0 & 2 —dz+y’+10y=-13 <«

(2 —dz+4) + (v +10y+25) = —13+4+25=16 & (z—2)>+ (y+5)* =4 Thus. we havea
circle with center (2, —5) and radius 4.

2P+ 46y +2=0 o 22+ (PP +6y+9)=-2+9 <« 27+ (y+3)° =7 Thus, we haveacircle

with center (0, —3) and radius v/7.

L2t byl =0 & (PP+z+i)+i=5 & (z+%)2+y2=(%)2.Thus,wehaveacirclewith

center (—3,0) and radius 3.

L 162% +16y° + 82+ 32y +1=0 <« 16(z°+3z+15) +16 () +2y+1)=-1+1+16 <«

16(c+1)?+16(y+1)°=16 & (z+ 1)® 4 (y + 1)* = 1. Thus, we have a circle with center (—}, —1)
and radius 1.

202 4+2 —z+y=1 & 2 —tz+L)+2(P+iyt ) =1+5+s ©
&

2(z - i)Z +2(y+ ;11-)2 =35 (- ;11)2 + (y+ i)Q = 5. Thus, we have a circle with center (}, —;) and

i 5 _ ¥/10
radlus%— o

2+’ +ar+by+c=0 & (2¥+az+ia®)+ (v> + by + 5b%) = —c+ 12+ &
(w + %a)2 + (y + %b)2 = ‘—11 (a2 +b% — 4c). For this to represent a nondegenerate circle, i (a2 +b% — 4c) >0
or a2 4+ b% > 4c. If this condition is satisfied, the circle has center (—3a, —1b) and radius 5v/a? + b2 — 4c.



1. y = —22. Parabola

.’1)2

2
Bty =16 & T+ yZ = 1. Ellipse

15. 1602 — 25y =400 & = ¥ _q

Hyperbola

2
M2 +y2=1 o 1% + 3% = 1. Ellipse

APPENDIX C GRAPHS OF SECOND-DEGREE EQUATIONS O 1011

12. 42 — 22 = 1. Hyperbola

14. z = —2y%. Parabola

2 2
16. 2522 + 42 = 100 « %—1— + g— = 1. Ellipse

(S

18. y = z® + 2. Parabola with vertex at (0, 2)

y
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2 2
19. z = y® — 1. Parabola with vertex at (—1, 0) 20. 922 — 25y% =225 < §—5 — % =1.
y Hyperbola
y
I /
d
-1\ 0

_1\

2
N.9%—22=9 o 12— % = 1. Hyperbola 222452 =10 & =

5

2
+ % = 1. Ellipse

y

TN
N

\Bx

23. zy = 4. Hyperbola U.y=c’4+2z= (22 +2z+1)-1=(z+1)° L

N Parabola with vertex at (—1, —1)

y

(L=

2%.9(z—-1)2+4(y—2°=36 < 26. 162 + 9y* — 36y = 108 &

—1)? —2)? 162 +9 (y*> —4y +4) =108 +36 =144 &
(@ 41) + (y 92) = 1. Ellipse centered at , (y ) Y )
(1,2) % + (LI(;L) = 1. Ellipse centered at (0, 2)
y y
6

(1.2)
S N

-2




2.y=2>-62+13= (2 —62+9) +4 =
(z — 3)? + 4. Parabola with vertex at (3,4)

y

(3.4)

y

N2+ 4 -6z+5=0 &
(2 —6z+9) +4y*=-5+9=4 &

(z —3)?

Tt y? = 1. Ellipse centered at (3,0)

y

Y

33. y = 3z and y = z? intersect where 3z = z°

0=2z? — 3z =z (z — 3), that is, at (0, 0) and (3, 9).

APPENDIXC GRAPHS OF SECOND-DEGREE EQUATIONS O

28.2° -y —4x+3=0 &
(2®—dz+4) -y =-3+4=1 &
(x —2)® — y? = 1. Hyperbola centered at (2,0)

y N

[S) 4

309> 22+6y+5=0 o
V+6y+9=2c+4 &
(y +3)? = 2(z + 2). Parabola with vertex
(=2,-3)

(=2,-3)

S~

32.42° +9y* — 162+ 54y +61 =0 <
4(z® -4z +4) +9(y* + 6y +9) =
—61+16+81=36 <«

—2)? 3)°
(@ 5 ) + (y'z ) = 1. Ellipse centered at
(21 _3)
y
0 x
(2,‘—3)
y
(3,9)
0, x
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34. y =4 — 2 x — 2y = 2. Substitute y from the first equation into the

second: z —2(4—-2%) =2 & 22°4+z-10=0

& (2z+5)(x—2)=0 <« z=—2or2. So the points of

intersection are (—3, —%) and (2,0).

35. The parabola must have an equation of the formy = a (z — 1)2 — 1. Substituting x = 3 and y = 3 into the
equation gives 3 = a (3 — 1)® — 1, s0a = 1, and the equationisy = (z — 1)* — 1 = 2% — 2.

Note that using the other point (—1, 3) would have given the same value for a, and hence the same equation.

36. The ellipse has an equation of the form Z—Z + Zé—j = 1. Substitutingz = land y = *1_0312 gives
clz_z + %/—B)i = % %%2 = 1. Substituting z = —2 and y = 5—3\/—5 gives
(_6;)2 + (5\/5)2/3)2 = % ;—ig = 1. From the first equation, % =1- % Putting this into the second
equation gives 4 (1 - %) %)%55_ =1 & 3= % s b= 62—775 = 25,50 b = 5. Hence
% =1- 52—((;1)2 = —é— and so a = 3. The equation of the ellipse is % + g—z =1
3. {(z,y) | z* +¢° <1} 38. {(z,y) | z* +¢° > 4}

y

39. {(z,y) |y >2* — 1}




D Trigonometry
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1. 210° = 210(%5) = = rad

2. 300° = 300 (%) = °F rad

3.9°=9(&) = Z rad
8. —315° = —315(:%) = — = rad
5. 900° = 900 ({5;) = 57 rad

6. 36° = 36(1%;) = % rad

7. 4m rad = 4 (182) = 720°

™

10 8—‘" rad = 8m (M) — 4800
M - % () = o7
12. 5rad = 5(%) — (%) o

13. Using Formula 3, @ = r0 = 36 - 15 = 3mcm.

14. Using Formula 3, a = rf = 10 - 72(1%;) = 4m cm.

180

15. Using Formula 3, 6 = a/r = & = % rad = 2 (180
16. a =10 = T=%=g6/z=%cm
117. 18.

1N
Q x

315°

20. 21.

77
3

—150°

)
NP

19.

—3rad
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23. Y From the diagram we see that a point on the terminal side is P(—1,1).
P-11) . .
Therefore, taking z = —1, y = 1, r = v/2 in the definitions of the
2 trigonometric ratios, we have sin 3 — L cosdr=_1,
IN\E |, s = oo =2
h \"' tan 3T = —1, csc 2F :\/i,sec%":—\/E,andcot%’r = —1.
4
1 0 x
24, Y From the diagram and Figure 8, we see that a point on the terminal side is
4 \ P(—l,—\/g).Therefore,takingm:—1.y: —v/3.7 =2inthe
3
x definitions of the trigonometric ratios, we have sin %" = - 32@
V3| 2 z cos%':—%,tan%":\/g,csc%":—%.sec%":—2,and
cotdr = L
_ 3
P(-1,-V3) v
25. Y From the diagram we see that a point on the terminal line is P (0, 1).
PO.1)

Therefore taking z = 0, y = 1, r = 1 in the definitions of the
f.ﬂ\éz— trigonometric ratios, we have sin 97" =1, cos 9—27—“ =0, tan 97" =y/xis
&J o undefined since z = 0, csc & = 1, sec 2% = r/z is undefined since

z:O,andcot%’IZO.

26. Y From the diagram, we see that a point on the terminal line is P (—1,0).
Therefore taking x = —1, y = 0, r = 1 in the definitions of the
P1,0) fN trigonometric ratios we have sin (—57) = 0, cos (—57) = —1,
&J x tan (—57) = 0, csc (—57) is undefined, sec (—57) = —1. and cot (—5m)
5 is undefined.
T
21. y Using Figure 8 we see that a point on the terminal line is P (—v/3,1).
P3.1) Therefore taking £ = —v/3,y = 1, » = 2 in the definitions of the
| 2 s trigonometric ratios, we have sin 2% = 1. cos & = — 32@
\ tan%"=—%,csc%"=2,sec‘%’:—%.andc0t%’:—\/§.
\/5 x
28. » y From the diagram, we see that a point on the terminal line is P (-1, 1).
=L
J2 Therefore takingz = -1,y = 1,7 = v/2 in the definitions of the

1im 1 117w

>

S

= L trigonometric ratios we have sin 2% = —=, cos =+ = —
NT g tric v} 7 vy
\\/ x tan %—" = —1, csc “T" = /2, sec %1 = —+/2, and cot

-

= -1

117
4




29.

30.

3.

32.

3.

35.

36.

37.

38.

39.
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sinG:y/r:% = y=3,r=5andz =/r? —y? =4 (since 0 < § < 7). Therefore taking z = 4,y = 3,

r = 5 in the definitions of the trigonometric ratios, we have cos 6§ = %, tanf = %, cscl = % secd = 2, and

_ 4
cotf = 3.

Since 0 < a < 7, a is in the first quadrant where x and y are both positive. Therefore, tana = y/x = % =

y=2,z=1andr = /22 + y2 = /5. Taking z = 1, y = 2, 7 = /5 in the definitions of the trigonometric
ratios, we have sina = 72? cosa = ﬁ csca = 125—, seca = v/5, and cot a = %

7 <¢<m = ¢isinthe second quadrant, where x is negative and y is positive. Therefore

secog=r/r=-15= —% = r=3z=-2andy=+r?—z2 = 5. Taking ¢ = —2, y = /5, and

r = 3 in the definitions of the trigonometric ratios, we have sin ¢ = Y5 cos ¢ =— % tan¢ = ——‘é—g, cscp = %,

and cot 6 = —%.

Since 7 < x < 2T, x is in the third quadrant where z and y are both negative. Therefore cos = & /r = —+ =
2 q y g 3

z=-1r=3andy=—r? —z2 = —/8 = —2¢/2. Takingz = —1,7 = 3, y = —2+/2 in the definitions of

the trigonometric ratios, we have sinz = —243@, tanz = 2v/2, cscz = —%, secx = —3,and cot x = 2—\1/2—,

7 < 8 < 27 means that 3 is in the third or fourth quadrant where y is negative. Also since cot 3 = z/y = 3 which
is positive,  must also be negative. Therefore cot 8 = z/y = % = z=-3,y=—1,and
7= /2? +y? = V/10. Taking = —3, y = —1 and r = /10 in the definitions of the trigonometric ratios, we

have sin 8 = ~\/%, cosf = —\/—31_0.tanﬂ = 3.csc8 = —+/10, and sec § = ._3@,

. Since 37" < 0 < 2m, @ is in the fourth quadrant where z is positive and y is negative. Therefore csc § = r/y = —%
= r=4,y=-3,andz = /12 —y2 = /7. Taking z = /7, y = =3, and r = 4 in the definitions of the
trigonometric ratios, we have sinf = —3, cos§ = lg, tanf = —%, secd = %, and cot § = —ﬁg.
sin 35° = 1—“6 = = 10sin35° ~ 5.73576 cm
cos40° = 2% = x =25c0s40° ~ 19.15111 cm
tan 2 =2 = = 8tan2E ~ 24.62147 cm

8
22
cos¥F == = z=—"r x57.48877cm
z s
' . . Yy _a
by (a) From the diagram we see thatsinf = £ = =, and
P(b. a) r c
C —
a sin(-0) = —2 = ~% — _sing.
c c
6 b = b
0 x (b) Again from the diagram we see that cos§ = = = — = cos(—6).
a r c
c
Q(b.—a)
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40.

a.

42.

(]

45,

47.

48.

49,

. 2csc 2t =
S

(a) Using (12a) and (12b), we have

sinxcosy = coszsiny
tan(z + y) = sin(z + y) _ sinzcosy +cosxsiny _ coswcosy coswzcosy _ tanz +tany
cos(z+vy) coszcosy—sinzsiny coszcosy sinzsiny — 1-—tanztany

COSIT COosSyY COS X COS Y

(b) From (10a) and (10b), we have tan(—8) = — tan 6, so (14a) implies that

tanz + tan(—y)  tanz —tany

tan(z —y) = ta —Y)) = -
(z-y) n(z +(-v)) 1—tanztan(—y) 1+tanxztany

(a) Using (12a) and (13a), we have
1[sin(z +y) +sin(z —y)] = § [sinzcosy + coszsiny + sinz cosy — cos zsin y]
=1 (2sinzcosy) =sinxzcosy
(b) This time, using (12b) and (13b), we have
1 [cos (z +y) +cos(z — y)] = § [coszcosy — sinzsiny + cosz cos y + sinz siny]
3 (2cosz cosy) = cosz cosy
(c) Again using (12b) and (13b), we have

2 [cos (z — y) — cos (z + y)] = 5 [cosz cosy +sinzsiny — cosz cosy + sinx sin Y]

1
2
1 . . _ . .

3 (2sinzsiny) = sinzsiny

Using (13b), cos (% — m) =cos g cosz +sin 3 sinx = 0 - cosz + 1-sinx = sinzx.

. Using (12a), we have sin(% +:c) =sin § cosx +cos §sinz =1-cosz + 0-sinx = cosz.

. Using (13a). we have sin(m — z) = sinmcosz — cosm sinz = 0-cosz — (—1)sinz = sinz.

Using (6), we have siné cot 8 = sin6 - _c_gs_@ = cos 6.
sin @

. (sinz + cos m)2 —sin?z + 2sinzcosz + cos’ x = (sin2 z + cos? x) + sin 2z [by (15a)]

=1+ sin2z [by (7]

1 1 — cos? in? iny . .
secy — Cosy = @ —cosy |by (6)] = CC:)Z L. S(:(I)ls; [by (D] = :)I;Z siny = tanysiny [by (6)]
in? in? o — sin? 2 sin @ (1 — cos®> a
tan® o — sin? a = o sin o = Sim o — ST COof 2 _ ( ) = tan® asin? a [by (6),
cos? o cos? a cos? o
(N1
2 2 2 .2
cos” 0 1 cos® 0 cos” 0 + sin” 6
t2 9 20 = —— [by(6)] =
co + sec sin®0 = cos26 [by (6)] sin? 0 cos? 0
1 —sin? ) (1 —sin® ) + sin® 1 —sin?6 + sin 6
= ( ) ( ) [by (7)] - -

sin® 6 cos2 6 sin® 6 cos? @
2 .4 .2

cos” 6 + sin” 6 1 sin“ 0

=————>— [by(N] = ==~ >

sin® 0 cos? 6 sin?6d = cos26

= csc? 6 + tan? 6 [by (6)]

2 2

1
= by (153)] = —— = tcsct
in 2t 2sintcost [by (152)] secrese

sintcost
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tanf +tanf  2tand
1—tanftanf 1 —tan26’

51. Using (14a), we have tan 20 = tan(f + 0) =

1 1 1+sinf+1—siné 2 2 2
= = = by (7)] = 2sec”6
52 1—smf  T4smo (1 —sin®) (1 +sinf) 1—sin20 cos?0 [by (7]

53. Using (15a) and (16a),
sin z sin 2z + cos z cos 2z = sinz (2sinz cos z) + cos z (20032 T — 1) = 2sin’ zcosz + 2cos® z — cos
=2(1 - cos’z) cosz + 2cos’ z — cosz [by (7)]

3 3
=2cosT —2cos" T+ 2c0s" T — COST = COST

Or: sinx sin 2z + cosz cos 2z = cos (2z — z) [by 13(b)] = cosz

54. Working backward, we start with equations (12a) and (13a):
sin (z 4 y) sin (x — y) = (sinz cosy + cos zsiny) (sinz cosy — cos T siny)
= sin® z cos® Yy —sinzcosycoszsiny + cosxsinysinz cosy — cos’ z sin’ Y
=sin’z (1 —sin’y) — (1 —sin®z) sin®y [by (7)]

.2 .2 .2 .2 .2 .2 .2 . 2
=sin"z —sin“zsin"y —sin” y +sin” zsin” y =sin“z —sin“y

sing  sing l4cos¢ _sing(l+cosg) sing (14 cosg)
%. 1—cos¢ 1—cos¢p 1+cos¢p  1—cos2¢p sin? ¢ [by (D]
= 1+COS¢= ! +cos¢zcsc¢+cot¢[by(6)]

sin ¢ sing = sing

sinz  siny _ sinzcosy+cosxsiny  sin(z+y)
CoST  COSYy COS T COS Y COS T COSY

56. tanz + tany = [by (12a)]

57. Using (12a),

sin 30 + sin @ = sin (26 + 6) 4 sin 6 = sin 26 cos § + cos 20 sin 6 + sin 0

=sin 260 cos 6§ + (2 cos? 0 — 1)sin6 +sin@ [by (16a)]

=5in 260 cosf + 2cos” @sin @ — sin 6 + sin § = sin 20 cos § + sin26 cos @ [by (15a)]

= 2sin 20 cos 6

58. We use (12b) with z = 20, y = 0 to get
cos 36 = cos (20 + 6) = cos 20 cos § — sin 20 sin 6

= (2cos®6 — 1) cos§ — 2sin” f cos @ [by (16a) and (15a)]
=(2 cos? 6 — 1) cosf — 2(1 - cos? ) cos [by (7)]

=2cos’ 0 — cosf — 2cosf + 2cos® 0 = 4 cos® O — 3cos 6
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59.

60.

61.

62.

65.

66.

67.

68.

69.

10.

n.

12,

Since sinz = % we can label the opposite side as having

length 1, the hypotenuse as having length 3, and use the

3 5
Pythagorean Theorem to get that the adjacent side has A 1 3

length +/8. Then, from the diagram, cosz = %. Similarly V8 y
we have that siny = % Now use (12a): 4
sin(z + y) = sinz cosy + cosz siny = % -%—i—ﬁg i=4 +3A1§ = 4—‘%@_
Use (12b) and the values for sin y and cos x obtained in Exercise 59 to get
cos (z +y) =coszcosy —sinzsiny = 3@ . % — % . % =& 125_3
Using (13b) and the values for cos z and sin y obtained in Exercise 59, we have
- ; s N8B 4 1.3 _ 8/2+3
cos(z —y) =coszcosy +sinzsiny = 13: s +3-E =%
Using (13a) and the values for sin y and cos x obtained in Exercise 59, we get
: — 1.4 8.3 _ 4-6V2
sin(z —y) =sinxzcosy —cosxsiny = 3 - ¢ — % i =
. Using (15a) and the values for siny and cos y obtained in Exercise 59, we have
: —9q _o9.3.4_24
sin2y = 2sinycosy =2-§ -z = 5
. Using (16a) with cosy = 2, we have cos 2y = 2cos’y — 1 = 2(%)2 -1=2-1=£L.
2cosz—1=0 & cosz=3 = z=7%. % forze|0,2n].
3cot?’z=1 & 3=1/cot’z ¢ tan’z=3 & tanz = +v3 = z= %,%.%”.and%”.
2sinz=1 & sinz=3 & sinw=:i:% = mz%.%".%.%ﬁ
ltanz| =1 & tanz=—lortanz=1 & z=3 Torz=7% °F.

Using (15a), we have sin2z = cosz <& 2sinzcosz — cos

Tr =
orsinz =1 =

0 & cosz(2sinz—1)=0 <«
2 T

cosx =0o0r2sinz—1=0 = z= %37" =g or %"‘Therefore. the solutions are
—n © 57 3w
T=%2"6" 2"

By (152),2cosz +sin2z =0 < 2cosz+2sinzcosz =0 < 2cosz(l+sinz) =0 & cosz=0

orl+sinz=0 & z=2% Forsinz=-1 = ;v:%mSothesolutionsarex:%.37".

sinx

sinx =tanz < sinz—tanx=0 < sinx— =0 & sinm(l— ):0 & sinz =0
cos T cos T

= cosz=1 = x =0, 2n. Therefore the solutions are

=0 = x=0,m2rorl=
0S T cos T

z =0, 7. 2m.

orl—

By (16a), 2 4+ cos 2z = 3cosz < 242cos?x—1=23cosz < 2cos’z—3cosz+1=0 &

(2cosz — 1) (cosz —1) =0 & cosz=1lorcosz=3 = =z=02morz=7%. 5.
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73. We know that sinz = % whenx = % or 3%, and from Figure 13(a), we see that sinz < % = 0<z<gor
5 <z <2rforz € [0,2n].

M. 2cosz+1>0 = 2cosz>-1 = cosz > —%. cosT = —% when z = %", 4—3’1 and from Figure 13(b),
we see thatcos > —3 when0 <z < &, 4% < 2 < 2m.
75. tanz = —1 whenz = 4T, 7T ‘and tanz = 1 when z = Z or 2. From Figure 14 we see that —1 < tanz < 1

= 0<z< I, ¥ <z< and T <z<2m

76. We know that sinx = cosz when z = I, E{T", and from the diagram we see that sin z > cos x when I<z< 57”.

aly 4

z ™ 5_7' 2w
2
-1 y =cCosx
n y= cos(w — %) We start with the graph of 18. y = tan 2z. Start with the graph of y = tanz
y = cos z and shift it I units to the right. with period 7 and compress it to a period of 3

&1y
ERg

X
1. y= é tan(z — ). We start with the graph of 80. y = 1 4 secz. Start with the graph of y = secz
y = tanz, shift it 7 units to the right and and raise it by one unit.
compress it to 1 of its original vertical size. y

y

0 x mwif 3w 27/ 573w x :
2 2 2 boo| = x
e
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81. y = |sin z|. We start with the graph of y = sinz 82. y = 2 +sin(z + %). Start with the graph of
and reflect the parts below the x-axis about the y = sinx, and shift it 5 units to the left and 2
T-axis. units up.

Y y
1 3
-7 0 7'T 27 x 1
o O a se X
4 4 4

83. From the figure in the text, we see that z = bcos 6, y = bsin 6, and from the distance formula we have that the
distance ¢ from (z,y) to (a,0) isc = y/(z —a)? + (y — 0)2 =

¢® = (beosh — a)® + (bsin)® = b cos? 0 — 2abcos b + a* + b sin” 0
=a?+b? (cos2 6 + sin® 6) — 2abcosf = a’? + b — 2abcosf [by (7)]
84. |AB|> = |AC|* + |BC|* — 2|AC||BC|cos £C = (820) + (910)* — 2(820)(910) cos 103°
~ 1836217 = |AB|~1355m
85. Using the Law of Cosines, we have ¢® = 1% + 1% — 2(1)(1) cos (o — 8) = 2[1 — cos(a — B)]. Now. using the
distance formula, ¢* = |AB|?> = (cos a — cos )% + (sin a — sin 8)>. Equating these two expressions for c2, we

get2[1—cos(a~ﬁ)]:Cosza+sin2a+cosz,6+sin2ﬁ—QCosacosﬁ—QSinasinB =
1—cos(a—B)=1—cosacosf —sinasinf = cos(a — B) = cos acos B + sinasin 8.

86. cos(z + y) = cos(z — (—y)) = cosx cos(—y) + sinz sin(—y)

= coszcosy —sinxsiny [using Equations 10a and 10b]

87. In Exercise 86 we used the subtraction formula for cosine to prove the addition formula for cosine. Using that
formula with z = § — a, y = 3, we get cos [(2 — )+ 8] =cos(5 — a)cosB —sin(§ —a)sinfg =
cos [ — (a—B)] = cos(§ —a)cosB — sin(Z — o) sin 3. Now we use the identities given in the problem.
cos(Z — 0) =sinf and sin(Z — 0) = cos, to get sin(a — B) = sinacos f — cos asin 8.

88. If 0 < 6 < %, we have the case depicted in the first diagram. In this case, we see that the height of the triangle is
h =asind. If § < 6 < m, we have the case depicted in the second diagram. In this case, the height of the triangle
is h = asin (7 — ) = asinf (by the identity proved in Exercise 78). So in either case, the area of the triangle is

%bh = %absin 0.

b b

89. Using the formula from part (a). the area of the triangle is 1(10)(3) sin 107° ~ 14.34457 cm?,
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1fo VI+vV2+V3+Vi+V5

i=1

3 =3"4+3"4+3°

6
2
i=4
4
5.22'“‘1:—1+1+§+§+z
k=0
2

2k + 1 37579
7 110:110+210+310+--~+n10
i=1
n—1 )
9.) (-1 =1-1+1-1+4 4 (-1)"*
=0

M14+2+3+44---

10
+10= Zz
=1
19

1 2 3 4 19 i
1B -4+ 4+24 2 = =
33t ity Ty ;i+1

15.2+4+6+8+~~-+2n:22i

1=1

5
17. 1+2+4+8+16+32=22"
i=0

n
i
2@
i=1

9 z+2> 423+ 42" =

8

2.3 (3i-2) =[3(4) - 2] + [3(5

) = 2] +[3(6) —

10.

Lo 1,111,101
cvi+1 2347576 7
=4%+5% +¢6°

8

Zxk::c5+m6+w7+a:8

+(n+2)*+ (n+3)*

i =0+ (n+1)°

f(.]:,) Azx; = f(:El) Azxi + f(zz) Azxo

-

i

VB+VA+VE+VE+VT=) Vi

12.
i=3
23
3.4 5.6 23 ;
14 - + - — 22
tstotot ot ;i+4
161+3+5+7++(2n—1):Z(22h1)
i=1
1 1 1 6
AR R AR R P
=0

+[3(7) — 2]+ [3(8) — 2] = 10+ 13 + 16 + 19 + 22 — 80

4
6
22.2”+2 )=35+4-64+5-T+6-8=15-+24+35+48 = 122

=3

23. Z BRI
j=1

(For a more general method, see Exercise 47.)

8

=32 +3% +3* +3° +3%+37 = 94 27 4 81 + 243 + 729 + 2187 — 3276

24, Z cos km = cos0 + cos 7 + cos 27 + cos 37 + cos 47 + cos 57 + cos 67 + cos Tw + cos 8w

k=0

=1-14+1-141-141-1+1=1

B (1) "=-14+1-141-141-1+1-14+1-141-141-141-141-141=0




1024 O APPENDIXE SIGMA NOTATION

100

26.24 4+4+4+ -+4=100-4 =400
i=1

(100 summands)

21. Z(z"wz) = (14+0)+(2+1)+ (4+4) + (8+9) + (16 + 16) = 61

i=0

4

28. Z23_i:25+24+23+22+21+20+2—1:63.5
i=—2
29. 221':222': n(nT-i-l) [by Theorem 3(c)] = n(n + 1)
=1 =1
n N n no Sn(n+1) 4n  5n°+5n _  n(5n+1)
30.1;1(2—52)—1_:212 IZ::5z-2n— ZZz:lz—2n— 5 =3 3 = 5
n n n n 1
WS 43i44) = 23y iq 4= nntCnED  Snnd ),

1 =1 =1 6 2
1[(2n® 4 3n% +n) + (9n® + 9n) + 24n] = § (2n° + 12n® + 34n)
= 3n(n® 4+ 6n +17

32 Xn:(s + 2i)?

i=1

=579+ 120+ 4%) =) 9+12) i+dy
=1 i=1 i=1 i=1
2n(n+1)(2n+1)  27n+ 18n° + 18n + 4n® 4+ 6n° + 2n

3

=9n+6n(n+1)+

w

_ % (4n3 + 24n? +47n) = %n(4n2 +24'n+47)

B (+1)G+2) =) (°+3i+2) =32 +3Y i+ ) 2
i=1 =1 i=1 1=1 i=1

_n(n+1)(2n+1)  3n(n+1) _

= 6 + 2 +2n =

=w—1)(n+5)+2n=g[(n+1)(n+5)+6]

3
i(ﬁ +3¢% +2i) = if +3Xn:¢2 +22n:i
i=1 i=1 i=1
2n(n+1)
2

i=1
n(n+1)

_ {n(nﬁ—l)r
o - n

2
n(n+1)(n+2)(n+3)
4

(2n+1)+9]+2n

n(n+1) [
6
(n + 6n + 11)

(i +1)(2+2)

3n(n+1)(2n +1) N

=n(n+1) [n(n:— 1) + 2n2+ !
_n(n+1)
o 4

(n2+n+4n+2+4)

(n2+5n+6):

a
NgE!
o

w

|

|
>

I
M:

—ii—é2

i 1 i=

ii
L
il

n(n + 1)(n +2)(n—-1)—
[(n - 1)(n+2) - 8]

nn+1)[n(n+1)—2] —2n =

_ [n(n%—l)} B n(n+ 1) _on
nl(n+1)(n—1)(n+2) -8 =in

»hl'—‘ P-I»-‘

(n + 2n?

n—lO)
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n
36. By Theorem 3(c) we have that )" i = n(n—2+1)— =78 & nn+1)=156 & n*+n-156=0 <
i=1

(n+13)(n—12) =0 & n=12o0r —13. But n = —13 produces a negative answer for the sum, so n = 12.

37. By Theorem 2(a) and Example 3, Z c=c Z 1=cn.

=1 i=1

38. Let Sy, be the statement that 5" 3% = [%} .

1. Sy is true because 13 = (%) )

k
2. Assume Sy, is true. Then Y % = { 2

i=1
(k+1)*
4

I

’ijia [wrﬂlwl)s = UH;IV [K* +4(k+1)] = (k+2)°

((k+1)[(1;+1)+1])2

showing that S is true.

Therefore, Sy, is true for all n by mathematical induction.

39.211:[(i+1)4—i4] =2 -1+ (3 -2+ (4 -3+ + [(n+ 1) —nY]

=Mm+1)*-1*=n* +4n® +6n + 4n
On the other hand,

n n n n n
dol+1)* - Z(4z'3+6i2+4i+1)=4Zi3+62i2+421+21
i=1 =1 i=1 i=1 i=1 i=1

n
whereS:Zis]

=1

=45 +2n° 430 + n+2n2 + 2n+n = 45 + 203 + 5n% + dn

=4S +n(n+1)2n+1)+2n(n+1)+n

Thus, n* + 4n® + 6n2 + 4n = 48 + 2n3 4 5n? + 4n, from which it follows that

2
45 =n'+2m® +n’ =n’(n"+2n +1) =n(n +1)? and § = [n(n; 1)} 4

40. The area of G; is

@k)_ (;Q: [z‘a—;l)r_ [(i;_lﬁrzg[ml)?—(ifl)"’]

:Zz[(i2+2i+l)—(i2—2i+l)]:%(41'):

N3 n(n+1)]°
Thus, the area of ABCD is E 0= — |-
i=1
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a1.

42.

45.

(a)i[i4_(i_1)4]:(14—04)+(24—14)+(34—24)+---+[n4—(n—1)4] —nt—0=n'

=1

100
(b) Z<5i _ 51‘,—1) — (51 _ 50) + (52 _ 51) + (53 . 52) 4t (5100 _ 599) — 5100 _ 50 _ 5100 -1
i=1

©3 (Lot 1oy Lony 11y, (1 1y_1_ 1 _ o7
Cizsi i+1 3 4 4 5 5 6 99 100/ 3 100 300

(d) Z(a,- —a;_1) = (a1 — ao) + (a2 — a1) + (a3 —az) + -+ (an — Gn-1) = an — ao
i=1

n n n
Summing the inequalities — |a;| < a; < |ag| fori =1,2,... ,n, we get — Z lai| < Z a; < Z |ai|. Since
i=1 i=1

i=1

n
< Z |a;|. Another method: Use mathematical induction.
i=1

n
Eai

i=1

lz] <e¢ & —c<z<c wehave

n SN\ 2
, 1/i\°_ . 1g2_ . 1lnn+h@n+1) . 1/ 1 1
i S (5) = e 3 = S = i (1 0) (24

I
o=
—

—
SN
—~

™o
~
W=

n

. 2 | /2:\° 2i (165 20 D163 20 <.
dm D [(;) ”’(;)] = Jim > [+ ] = [;@Zl t

i=1 i=1
2 2 2 1
[1_6n(n+1) +29n(n+1)}= lim [4(n+1) +10n(n+ )

lim
n—0o0

n4 4 n? 2

2
i |:4<1+l) +10(1+l):|:4~1+10~1=14
n—oo n n

n—oo n? n?

[S—

Il
5

"3 3\ 3 3 =3 9 27i%  27d 61
. 3 AN 3\ | _ 3 9 21 21, 60
FE o[ (R I (O] RES o S

i=1

X [81, 81, 9. 3
:JH';Z[W Tttty

81n?(n+1)? 8ln(n+1)2n+1) 9 n(n+1)
+ = + - —-n
n 4 n3 6 n2 2

3

n
81 1\? 27 1 1) , 9 1 61 . 54 . 9 195
= 1i —_ — —_ = - —{1 =) — = &2 22 48 _3 =2
i [B ) B 2) o) 302 ] oo s-am



47.

49

D30NS
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n .
Let S = Z ar' ' =a4ar+ar’ 4+ a7l Multiplying both sides by r gives us
rS =ar+ar?+---+ar""! + ar™. Subtracting the first equation from the second, we find
T—-1)
(r—=1)S=ar"—a=a(" —1),505 = % (since r # 1).

n i1 1y _
Z 2i3_1 = 32(%) = &(;)_—lﬂ [using Exercise 47 witha = 3andr = 3] =6[1 — (%)"]

Z(Zz+2)—2Zz+Z2 207l =2 ”2+1)+ (zn__ll):2"“+n2+n~2

For the first sum we have used Theorem 3(c), and for the second, Exercise 47 witha = r = 2.

i=1

[Theorem 2(b)] = Z [m’ + E%Ll)] [Theorem 3(b) and (c)]

i=1

=1 = i=

(n+1) nm(m+1)+nm(n+1)_@

1027

; }; 5 5 5 =5 (m+n+2)
G Complex Numbers
1. (5-6i)4+(3+2i)=(5+3)+(—6+2)i =8+ (—4)i =8 —4i
2 (4-30)—(9+2)=4-9)+(-% - 3)i=-5+(-3)i=-5-3
3. (24 54)(4 — 1) = 2(4) + 2(—4) + (54)(4) + (5¢)(—i) = 8 — 2i + 207 — 5i2
=8+18i—5(—1) =8+18i+5 =13+ 18;

4. (1-2i)(8—3i) =8 —3i — 16i +6(—1) =2 — 19
5124+ 7 =12—7i
6.2i(3 —4) =i—-2(-1)=2+i = 2i(—i)=2+i=2—1
g 144 1+4i 3-2 3-2+12i—8(-1) 11+10i _ 11 10,
"3+2%  3+2 3-2i 32 4 22 T 13 13°
83+2i:3+2i.1+4z’_3+12i+22’+8(—1)_—5+14z’_ 5 14,
T4 1-4 1+4 1?14 AR
g L _ L 1-3_ 1-4¢ _1-3_1 1,

"1+i 1+4i 1-7 1-(-1) 2 — 32 2'

3 3 44 3% 12 + 9i 12 9.
10. T = - . - = :_+_Z

4-3i 4-3 443 16-9(-1) 25 ' 25
M=% = (-1)yi=—i
1241 = (%)% = (—1)® =1
13. /=25 = /25 =5
W V/=3V-12=VBiV12i= 312 = /36 (-
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15. 12 — 5¢ = 12 + 156 and [12 — 154| = /122 + (=5)? = /144 + 25 = V/169 = 13
16. —1+2v2i=—1-2v2iand |-1+2v2i| = \/(-1)? + (2v2) = VI +8=+0=3

1. "2i=0-4i =0+ 4i = i and | 43| = /02 + (-4)* = V16 =4

18. Let z = a + bi, w = ¢ + di.

(@z+tw=(a+bi)+ (c+di)=(a+c)+(b+d)i
=(a+c)—(b+d)i=(a—bi)+(c—di)=Z+wW

(b) Zw = (a + bi)(c + di) = (ac — bd) + (ad + bc)i = (ac — bd) — (ad + be)i.
On the other hand, ZW = (a — bi)(c — di) = (ac — bd) — (ad + bc)i = Zzw.
(c) Use mathematical induction and part (b): Let Sy, be the statement that Zn=2z".
Si is true because zI = Z = Z'. Assume Sy is true, that is 2% = z*_ Then
ZRHL = Z1Hk = 2ok = z7k [part (b) with w = 2 = z!z* = 7T+ = z¥*1 which shows that Sk41 is true.
Therefore, by mathematical induction, 2™ = 2z for every positive integer n.
Another proof: Use part (b) with w = z, and mathematical induction.

19.40°49=0 & 42’=-9 & 2’=-% & z=+% —%:i\/gz‘::l:%i.

Wzi=1 & 2°-1=0 & (®-1)(z?+1)=0 & *-1=00rzc’+1=0 &
r==xlorz = +i.

— /22 —4-.1- _ /__ _ 41 )
N.7°+224+5=0 & z= 2EV2 o415 Z2EVAI6 2,
2-1 2 2
2 _ ~ =(=2) (-2)2—-4-2-1 2+/-4 242 1 1.
22. 2x 2r4+1=0 & z= 572 = 1 =3 _2i22
—14 /12 —4(1)(2 -14++/-7 1 7.
23. By the quadratic formula, 2° + 2 +2=0 & 2= 20 (1)) = 5 =-3 + £z.

24.22+%z+i=0 & 42°42241=0 &

2427 4(0@) _ —2+V-12 _ —2+243i __liﬁ-
Z= 2(3) - 8 - - 1"

8 4
2% Forz=-3+3i,r=+/(-32+32=3v2andtanf = 5 =-1 = 6= 3% (since z lies in the second

quadrant). Therefore, —3 + 3i = 3 V2 (cos 3 + isin 3x).

26. Forz =1—+/3i.r=1/12 + (—\/?:)2 =2andtanf = —31@ =—v3 = 0= 3F (since z lies in the fourth
quadrant). Therefore, 1 — V3i= 2(c0s 533 + ¢sin 5?")

27. Forz =34+ 4i.r=+/32+42 =5and tan§ = % = 0= tanfl(é) (since z lies in the first quadrant).
Therefore, 3 + 4i = 5[cos(tan™" 4) + isin(tan™" §)].

28. For z = 8i.r = /02 + 82 = 8 and tan g = % is undefined, so = Z (since z lies on the positive imaginary axis).

Therefore, 81 = 8(cos % + 7 sin %)



29.

30.

31

32

33.
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Forz =+/34i,r= (\/3)2+12:2andtan6=% = 0=% = z=2(cosZ +isinf).
Forw=1++3i,r=2andtan6=+3 = 6=2% = w=2(cos? +isinZ).
Therefore, zw = 2 - 2[cos(% + ) +isin(% + )] = 4(cos ¥ +isin Z),

z/w = 3[cos(§ — §) +isin(% — %)] =cos(—%) +isin(—%),and 1 =1+ 0i = 1(cos0 + isin0) =
1/z=§[cos(0— %) +isin(0— %)] = &[cos(—%) + isin(—Z)]. For 1/z, we could also use the formula that

precedes Example 5 to obtain 1/z = (cos T —isin Z).

Forz=4v3—dir=1/(4v3)" + (-4’ = VBl =8andtanf= 7 = - L = g—1lr -

z = 8(cos LT + isin %), Forw = 8i,r = /02 + 8% = 8 and tanf = 8 is undefined, so 0 = z =

= 8(cos % + isin T ). Therefore, zw = 8 - 8[cos(1é" +2) +2s1n(lé" + %)] = 64(cos§ +isin §),

z/w = %[cos(% -3) +zsm(% -5 = cos— +isin 4, and

1=1+0i=1(cos0+isin0) = 1/z= g[cos(0— 4T) +isin(0— 14=)] = L[cos(Z ) +isin(%)].

For 1/2, we could also use the formula that precedes Example 5 to obtain 1/z = %(cos “T" 1sin %)
. 2
Forz =23 - 2i,r =1/(2v3)" + (-2 :4andtan6—2\/———ﬁ

= 0=-Z = z:4[cos(—% +isin(—%)]. Forw = —1 44,7 = /2,
ta.nB:_il:—l = 9:%” = w:\/ﬁ(os—+zsm—) Therefore,
z/w = Js[cos(—F — &) +isin(-Z - )

= 2\/_(00313—’r + isin £27), and

2w =442 [cos(-% + =) +isin(—Z + %’)} = 4\/5(005—" +isin 17,
£)) = & loos(~ ) + in(~ )]

1/z = ;[cos(~%) —isin(—%)] = L(cos T +isin ).

Forz=4(v3+i) =4v3+4i.r = /(4v/3)” + 42 = /64 = 8 and tan 0 — A= = 0=

z=8(cos % +isin X ). For w w=-3-3i,7=,/(-3)2+(-3)2 = V18 = 3+/2 and

tanf==2=1 = =22 = w=3\/§(cos5—"+isin5—").Therefore,

oy
4

zw =8-3+/2 [cos(Z + 22) +isin(§ + %F)] = 24v/2 (cos L + isin L71),

z/w = 3—\8/2- [cos(% — T") +z:>1n(6 - 57)] JSK[COS( 13") +zsm( 113—2“)] and

1/z = §(cos T —isin ).

Forzzl—}-z',r:\/iandtan@:%:l = 0= = z:\/i(cos—+251n )Soby

k]

De Moivre’s Theorem,

(1+d)*° = [\/5 (cos % +z’sin§)ro = (21/2)2 (cos 2T 4 jsin 22.1)

=2"%(cos 5 + isin5r) = 2'%[—1 + i(0)] = —2'° = —1024
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34

35.

36.

37.

38.

Forz=1-v3ir=1/124(-v3)" =2andtan6 = =2 = -3 = 6=2 =

z=2 (cos 2T 4 4sin —) So by De Moivre’s Theorem,

(1—\/§i>5:[2(cos—+zsm5—")] =2°(cos &

3 . 35‘”)

=2%(cos T +isin3) =32(3 + éz) =16 + 16 v/31

Forz=2v3+2,r=1/(2v3)"+22 = V16 = 4 and tan6 =

al
I
Sk
[}
G>|||>l
4

z-4(cos—+zsm )So by De Moivre’s Theorem,

5
(2\/5—{-21') :[4(cos%+isin%)]5 4°(cos &= +zsm——)—1024[ @ %]:—512\/_4-5121
Forz:l—i,r:ﬂandtanH:‘Tl-———l = 9:77" = z:\/i(cos +zs1nz—’1) =

8
(1-i)®= {\/5 (cos T + isin 7—”)] = 24((:058—ﬂ + isin 877)
= 16(cos 147 + isin 147w) = 16(1 + 0i) = 16

1 =1+ 0i = 1(cos0 + isin0). Using Equation 3 with 7 = 1,n = 8, and 6 = 0, we have

wE = 11/8 [cos<9—+8—2k7£> +isin<0+82k7r)] cosk— + 4 sin k4 where k =0,1,2,...,7.

4
wo = 1(cos0 + isin0) = 1, w; = 1(cos § +isin § )= %+%i, Im
i
wz = 1(cos § +isin} )=z’,w3=1(cos—"+isin37):—71—54-%11, . .
=1(cosm +isin7) = —1, ws = 1(cos 3 +isin 3 ) = ——1\/—5- - \—}_Ez
. 0 1 Re
:1(c 3 4isind) = —i, wr = 1(cos T + isin %):%—%z
L] L]
32 = 32 + 0i = 32 (cos 0 + isin 0). Using Equation 3 with r = 32,n = 5, and 6 = 0, we have
wy = 321/ [Cos<0_+§k_7r> +isin(0+52k7r>] - 2(cos%7rk+isin%7rk),wherek: =0,1,2,3,4.
wo = 2(cos0 +isin0) = 2 Im
wi = 2(cos 2* +isin ) .
i.
we =2 cos-— + i sin 4?")
67r) 0 i Re

(
w3 :2(c s? + isin
(

5
wq = 2 cos—s’E —i—isin%’r
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39.i=0+i=1(cos§ +isin%). Using Equation 3 withr = 1,n = 3, and 6 = 3, we have

z 42k Z +2k

wk:11/3[cos<%) +isin<#)},wherek:0,l,2. Im
woz(cos%+isin%):3§+li . .

_ BT 4 i BT _£
wy = (cos 3T +isin &) = + 34 0 Re

— L ki
wy = (cos 3T +isin &F) = g

40. 1+ = /2 (cos 2 +isin %). Using Equation 3 with r = v/2, n = 3,and § = Z, we have
Z 4+ 2k Z +2km

= (ﬁ)l/a{cos (%) -I-z'sin(%)].wherek:O,l,Z Im
11)0:21/6(0051—"2 +isin%) . T
wn = 2/%os § o dsin3) = 21/0( =g o+ i) = 2710 4 27 R
wy = 2"/%(cos 17X 4 isin i)

41. Using Euler’s formula (6) with y = Z, we have €'™/2 = cos = 4+ 4sin & = 0 + 15 = i.
g 2 2 2

42. Using Euler’s formula (6) with y = 27, we have €™ = cos 27 + isin 27 = 1.

5,

N =
+

43. Using Euler’s formula (6) with y = % we have e'"/3 = cos g + i sin g =

44. Using Euler’s formula (6) with y = —m, we have e '™ = cos(—7) + i sin(—7) = —

45. Using Equation 7 with z = 2 and y = m, we have €**'™ = e2¢'™ = ¢?(cos 7 + isin m)=e*(~140) = —

46. Using Equation 7 withx = 7 and y = 1, we have " t? = ¢™ . gl? = e"(cos1+isinl) = e cos1+ (e"sin1)i.
41. F(z) = &7 = (@207 — 2ol = 9% (cos by 4 isin bz) = °® cos bz + i(e? sin bz) =
F'(z) = (e*® cosbzx)' +i(e®® sinbz)’ = (ae®® cos bz — be® sin bzx) + i(ae®® sin bz + be®” cos bi)
= a[e**(cos bz + isinbz)] + b [e**(— sin bz + i cos bx)] = ae™ + b [%® (* sin b + i cos bz)]
= ae™ + bi[e*"(cos bz + isinbz)] = ae™ + bie"™® = (a + bi)e"* = re™®

48. (a) From Exercise 47, F(z) = e'*)* = F'(z) = (14 4)e+)2, 5o

i) 1 /
/e<1+>dx:——, F'(z)dz = F(m)+c~—F(x)+c- 5 Leitie | o

1+ 1+
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(b) [+ dr = [e"edx = [e"(cosz +isinz)dr = [e®coszdr +i [ e"sinzdz ().
Also,

1-% 14i)
2% —
2

1+ . (14i i . xti
6( +i)z %26( +i)z _ ea:+mt _ %Zez+mc

1
2

=

= 1e”(cos + isinz) — ie”(cosx + isinx)
=le"cosz + Lesinz + ie” sinz — jie" cosz
= 1e®(cosz +sinz) + i [3€”(sinz —cosz)]  (2)
Equating the real and imaginary parts in (1) and (2), we see that [ e®coszdx = %ez(cos z +sinz) + C and

[e®sinzdz = Le®(sinz — cosz) + C.





