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Preface 

A student of mechanical vibrations must draw upon knowledge of many areas 
of engineering science (statics, dynamics, mechanics of materials, and even fluid 
mechanics) as well as mathematics (calculus, differential equations, and linear 
algebra). The student must then synthesize this knowledge to formulate the 
solution of a mechanical vibrations problem. 

Many mechanical systems require modeling before their vibrations can be 
analyzed. After appropriate assumptions are made, including the number of 
degrees of freedom necessary, basic conservation laws are applied to derive 
governing differential equations. Appropriate mathematical methods are applied 
to solve the differential equations. Often the modeling results in a differential 
equation whose solution is well known , in which case the existing solution is used. 
If this is the case the solution must be studied and written in a form which can be 
used in analysis and design applications. 

A student of mechanical vibrations must learn how to use existing knowledge 
to do all of the above. The purpose of this book is to provide a supplement for a 
student studying mechanical vibrations that will guide the student through all 
aspects of vibration analysis. Each chapter has a short introduction of the theory 
used in the chapter, followed by a large number of so lved problems. The solved 
problems mostly show how the theory is used in design and analysis applications. 
A few problems in each chapter examine the theory in more detail. 

The coverage of the book is quite broad and includes free and forced 
vibrations of I-degree-of-freedom, multi-degree-of-freedom, and continuous sys­
tems. Undamped systems and systems with viscous damping are considered. 
Systems with Coulomb damping and hysteretic damping are considered for 
I -degree-of-freedom systems. There are several chapters of special note. Chapter 
8 focuses on design of vibratIon control devices such as vibration isolators and 
vibration absorbers. Chapter 9 introduces the finite element method from an 

- analytical viewpoint. The problems in Chapter 9 use the finite element me thod 
using only a few elements to analyze the vibrations of bars and beams. Chapter 10 
focuses on nonlinear vibrations, mainly discussing the differences between linear 
and nonlinear systems including self-excited vibrations and chaotic motion. 
Chapter 11 shows how applications software can be used in vibration analysis and 
design . .. 

The book can be used to supplement a course using any of the popular 
vibrations textbooks, or can be used as a textbook in a course where theoretical 
development is limited. In any case the book is a good source for studying the 
solutions of vibrations problems. 

The author would like to thank the staff at McGraw-Hill, especially John 
Aliano, for making this book possible. He would also like to thank his wife and 
son, Seala and Graham, for patience during preparation of the manuscript and 
Gara Alderman and Peggy Duckworth for clerical help. 

S. GRAHAM K ELLY 

v 



Contents 

PROBLEMS AND EXAMPLES ALSO FO U1\"D IN THE COMPANION 
SCHAUM'S I lVTER4.CTIVE OuTLINE ... ... . . ... ...... ...... .................. ix 

Chapte r 1 

Chapter 2 

Chapter 3 

Chapter 4 

Chapter 5 

Chapter 6 

MECHANICAL SYSTEM ANALySiS . . . . ..... .. • .•.... ... . . .• . . .. 
1.1 Degrees of Freedom and Generalized Coordina tes. 1.2 Mechanical 
System Components. 1.3 Equivalent Systems Ana lysis. 1.4 Torsional 
Systems. 1.5 Static Eq uilibrium Position. 

FREE VIBRATIO:-IS OF I·DEGREE·OF·FREEDOM SYSTEMS 
2.1 Derivation of Differential Equations. 2.2 Standard Form of Differential 
Equations. 2.3 Undamped Respons.!. 2.4 Damped Response. 2.5 Free 
Vibration Rt:sponst! for Systems Subject to Coulomb Damping. 

HAR:VIONIC EXCITATION OF l ·DEGREE·OF·FREEDOM 

36 

SYSTEMS ... . .. . . •.. .. ..... . .. .. . .•• . •. ............. • ....... .... 64 
3. 1 Dcriva:ion of Differenti a! Equa tions. 3.2 -Harmonic Excitation. 
3.3 L:ndamped SYS[~ :-:1 Response. 3 .... Dnmpt:d System Response. 
3.5 Frequt!ncy Squared Exci~J.[ions. 3.6 Harmonic Support Excitation. 
3. 7 Multifrequency Exci tations. 3.8 General Periodic Excitations: Fouri!!:­
Series. 3.9 Coulomb Dampi:1g. 3.:0 Hyste retic Damping. 

GENE RAL FORCED RESPONSE OF I-DEGREE·OF-FREEDOM 
SYSTEMS . ... . . •... .. ..... ...... .. .... . . ..... ....... .. .. •.... .. • 109 
4.1 Gc!neral Differential Equation. ..t2 Convolution In tegral. 4.3 La Pb.:"! 
Transform Solutions. 4A Cnit Im!=,ulse Function and L'ni t Step Funct ic:1 .. 
4.5 ;\umerica l Methods. 4.6 Response Sp~ctrum. 

FREE VIBRATIONS OF MULTI·DEGREE·OF·FREEDOM 
SYSTEMS ..........•.... . ... . ....••..... .... .. .. .. . •. ..•....•... 136 
5.1 LaGrange's EqL:J;ions. 5.2 M:::.trix Fo rmulation of Di ffere ntial Equ:l:!ons 
fo r Li near Systems. 5.3 St iffness Influence Codficie nts. 5.4 F1e:~ibili[v 

~latrix . 5.5 Normal Mode Solution . 5.6 Mode Shape O rthogonality. " 
5.7 ~Iatrix Ite ration. 5.8 Damped Systems. 

FORCED VIBRATIONS OF o\IULTI-DEGREE·OF·FREEDOi\l 
SYSTEMS ... . .• . . . .....•..•...... •• ................. . . .•. . .. . . . . 180 
6.1 General System. 6.2 HJrmon ic Excita tion. 6 .. 3 LaPlace Transform 
Solutions. 6.4 Modal Analysis for Systc!ms with Proportional Damping .. 
6.5 ~Iodal Analysis fo r Sysr~ms with General Damping. 

vi i 



viii 

Chapter 7 

Chapter 8 

Chapter 9 

Chapter 10 

, Chapter 11 

Appendix 

CONTENTS 

VIBRATIONS OF CONTINUOUS SySTEMS..... . . .. . . . .. .. . . . ... 201 
7.1 Wave Equation. 7.2 Wave Solution. 7.3 Normal Mode Solution. 
7.4 Beam Equation. 7.5 Modal Superposition. 7.6 Rayleigh's Quotient. 
7.7 Rayleigh-Ritz Method. 

VIBRATION CONTROL ..... .. ......... .. ....................... 235 
8.1 Vibration Isolation. 8.2 Isolation from H armonic Exci tation. 8.3 Shock 
Isolation. 8.4 Impulse Isolation . 8.5 Vibration Absorbers. 8.6 Damped 
Absorbers. 8.7 Houdaille Dampers. 8.8 Whirling. 

FINITE ELEMENT METHOD..... . . . .. . . . .......... .. .... ...... . 264 
9.1 General Method. 9.2 Forced Vibrations. 9.3 Bar Element. 9.4 Beam 
Element. 

NONLINEAR SYSTEMS ... . .... . . .. ....... . .. .. ..... ... . . ....... 285 
10.1 Diffe re nces from Linea r Systems. 10.2 Qualitative A nalysis. 
10.3 Duffi ng's Equation. 10.4 Self- Excited Vibrations. 

COMPUTER APPLICATIONS . ....... . .... .. .. . . ................ . 301 
11.1 Software Specific to Vibrations Applications. 11 .2 Spreadsheet 
Programs. 11.3 Electronic Notepads. 11.4 Symbolic Processors. 

SAMPLE SCREENS FROM THE COMPANION INTERACTIVE 
OUTLINE.. .. .. . .. ... .. .. . . . .. . .. .. . ... . .. . . . .. . . . .. . .. . . . . .. . . . . 333 

Index ....•........... . ....... . .. ......••. • ..•.........•... • . .. . . . • . . .. . .. . ..... 349 



Problems and Examples Also Found in the Companion 
SCHAUM'S ELECTRONIC TUTOR 

Some of the problems and examples in this book have software components in the companion 

Schaum's Electronic' Tutor. The Mathcad Engine, which "drives" the Electronic Tutor, allows every 

number, formula, and graph chosen to be completely live and interactive. To identify those 

items that are avai lable in the Electronic Tutor software, please look for the Mathcad icons, ~, 
placed under the problem number or adjacent to a numbered item. A complete list of these Mathcad 

entries follows below. For more information about the software, including the sample screens, see 

Appendix on page 333. 

Problem 1.4 Problem 3.10 Problem 4.26 Problem 7.1 Problem 8.24 

Problem 1.5 Problem 3.12 Problem 5.19 Problem 7.4 Problem 8.25 

Problem 1.7 Problem 3. 15 Problem 5.20 Problem 7.5 Problem 8.26 

Problem 1.12 Problem 3.18 Problem 5.25 Problem 7.6 Problem 8.27 

Problem 1.14 Problem 3.19 Problem 5.26 Problem 7. [3 Problem 8.28 

Problem 1.19 Problem 3.20 Problem 5.27 Problem 7.[6 Problem 8.32 

Problem 2.8 Problem 3.23 Problem 5.28 Problem 7.22 Prob[em 8.34 

Problem 2.9 Problem 3.24 Problem 5.30 Problem 7.23 Problem 8.35 

Problem 2.14 Problem 3.25 Problem 5.3 [ Problem 7.25 Problem 8.37 

Problem 2. [5 Problem 3.26 Problem 5.32 Problem 8.3 Problem 9.5 

Problem 2. [6 Problem 3.27 Problem 5.35 Problem 8.4 Problem 9.6 

Problem 2. [7 Problem 3.28 Problem 5.38 Problem 8.5 Problem 9.7 

Problem 2.[8 Problem 3.34 Problem 5.40 Problem 8.6 Problem 9.13 

Problem 2.19 Problem 3.35 Problem 5.41 Problem 8. [0 Problem 9.[4 

Problem 2.20 Problem 3.36 Problem 5.42 Problem 8. [ [ Problem 10.6 

Problem 2.2 [ Problem 3.38 Problem 5.44 Problem 8.12 Problem 10.8 

Problem 2.22 Problem 3.40 Problem 5.45 Problem 8.13 Problem 10. 11 

Problem 2.23 Problem 4.3 Problem 6.3 Problem 8.14 Problem 11.4 

Proble",! 2.25 Problem 4.5 Problem 6.9 Problem 8.15 Problem 11.5 

Problem 2.29 Prob[em 4.6 Problem 6.10 Problem 8.16 Problem 11.6 

Problem 3.4 Problem 4.13 Problem 6.1 [ Problem 8.17 Problem 11.7 

Problem 3.5 Problem 4.18 Problem 6.12 Problem 8.18 Problem 1l .8 

Problem 3.7 Problem 4.19 Problem 6.15 Problem 8.19 Problem 11.9 

Problem 3.8 Problem 4.24 Problem 6.16 

ix 



Chapter 1 

Mechanical System Analysis 

1.1 DEG REES OF FREEDOM AND GENERALIZED COORDINATES 

The number of degrees of f reedom used in the analysis of a mechanical system is the number 
of kinematica lly independent coordinates necessary to complete ly describe the motion of every 
particle in the system. Any such set of coordinates is called a set of generalized coordinates. The 
choice of a set of generalized coordinates is not unique. Kinematic quantities such as 
displacements, velocities, and accelerations are written as functions of the generalized 
coordinates and their time derivatives. A system with a finite number of degrees of freedom is 
called a discrete system, while a system with an infinite number of degrees of freedom is called a 
continuous system or· a distributed parameter system. 

1.2 MECHANICAL SYSTEM COMPONENTS 

A mechanical system comprises inertia components, sti ffness components, and damping 
components. The inertia components have kinetic energy when the system is in motion. The 
kinetic energy of a rigid body undergoing planar motion is 

_ T =!mv2+Uw2 ~ (I. I) 

where v is the velocity of the body's mass center, w is its angular velocity about an axis 
perpendicu lar to the plane of motion, m is the body's mass, and I is its mass moment of inertia 
about an aXIS parallel to the axis of rotation through the mass center. 

A linear stiffness component (a linea r spring) has a force displacement relation of the form 

F=kx (1 .2 ) 

where F is applied force and x is the component's change in length from its unstretched length. 
The stiffness k has dimensions of force per length . 

A dashpot is a mechanical device that adds viscous damping to a mechanical system. A 
linear viscous damping component has a force-velocity relation of the form 

.. F=cv<ft- (1.3) 

where c::,is the damping coefficient of dimensions mass per time. 

1.3 EQUIVALENT SYSTEMS ANALYSIS 

All linear I-degree-of-freedom systems with viscous damping can be modeled by the simple 
mass-spring-dashpot system of Fig. 1-1. Let x be the chosen generalized coordinate. The kinetic 
energy of a linear system can be written in the form 

(1.4) 
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The potential energy of a linear system can be written in the form 

(1.5) 

The work done by the viscous damping force in a linear system between two arbitrary locations 
X, and X, can be written as ---

... W = - f co.x dx .. (1.6) 
x, 

Co. 

Fig. 1·1 

1.4 TORSIONAL SYSTEMS 

When an angular coordinate is used as a generalized coordinate for a linear system, the 
system can be modeled by the equivalent torsional system of Fig. 1·2. The moment applied to a 
linear torsional spring is proportional to its angular rotation while the moment applied to a 
linear torsional viscous damper is proportional to its angular velocity. The equivalent system 
coefficients for a torsional system are determined by calculating the total kinetic energy, 
potential energy, and work done by viscous damping forces for the origina l system in terms of 
the chosen generalized coordinate and setting them equal to 

v = !k,,,e' 
8, 

W = - f c tJde 
'" 

8, 

' 1' .. 
'Fig. 1·2 

(1.7) 

(1.8) 

(1 .9 ) 
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1.5 STATIC EQUILIBRIUM POSITION 

Systems, such as the one in Fig. 1·3, have e l ~J.tic elements that are subject to force when the 
system is in equilibrium. The resulting deflecllon in the elastic element is called its static 
deflection, usually denoted by 11.". The static deflection of an elastic elem,ent in a linear system 
has no effect on the system's equivalent stiffness . 

Fig. 1·3 

Solved Problems 

1.1 Determine the number of degrees of freedom to be used in the vibration analysis of the 
rigid bar of Fig. 1-4, and specify a set of generalized coordinates that can be used in its 
vibration analysis. 

f- 30em -t-- 70em ---1: k=2000N/m 

(11U ' \ 
m -2.3 kg 

Fig. 1·4 

Since the bar is rigid, the system has only 1 degree of freedom. One possible choice for the 
generalized coordinate is 8, the angular displacement of the bar measured positive clockwise from 
the system's equil ibrium position. 

1.2 I?etermine the number of degrees of freedom needed for the analysis of the mechanical 
system of Fig. 1·5, and specify a set of generalized coordinates that can be used in its 
vibration analysis. 

Fig. 1·5 
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Let x be the displacement of the mass cente r of the rigid bar, measured from the system's 
equilibrium posi tio n. Knowledge of x, by itself, is not sufficient to determine the displaceme nt of 
any other particle o n th e bar. Thus the system has more than I degree of freedom. 

Let 8 be the clock wise angular rotation of the bar with rl;Spect to the axis of the bar in its 
equilibrium position. If 8 is small , then the displacement of the right end of the bar is x + (L/2)8. 
Thus the system has 2 degrees of freedom, and x and 8 are a possible set of generalized 
coordinates, as illustrated in Fig. 1-6. 

Fig. 1-6 

1.3 Detennine the numbe r of degrees of freedom used in the a nalysis of the m echanica l 
system of Fig. 1-7. Specify 'a set of gene ra lized coordinates that can be used in th e 
system's vibra tio n analysis. 

1.4 
rf+ sa. 
M~hcad 

Fig. 1-7 

The system of Fig. 1-7 has 4 degrees of freedom. A possible set of generalized coordinates are 
8 " the clockwise angular displacement from equilibrium of the disk whose center is at 0, ; 8" the 
clockwise angular displacement from equilibrium of the disk whose center is at 0 ,; x" the 
downward displacement of block B; and x" the downward displacement of block C. Note that the 
upward displacement of block A is given by T,8, and hence is not kinematically independent of the 
motion of the disk. 

A tightly wound heli ca l coi l spring is made from an 18-mm-diameter bar o f 0.2 percent 
hardened steel (G = 80 X 109 N/m2). The spring has 80 active coils with a coil diam e ter 
of 16 cm. What is the change in length of the spring when it hangs vertically with one end 
fixed and a 200-kg block attached to its other end? 
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The stiffness of a helical coil spring is 

where D is the bar diameter, r is the coil radius, and N is the number of active turns. Substituting 
known va lues leads to ~ 

(80 X 10" -m
N

, )(0.018 m)' 
k 3.20 X 10' ~ = 64(80)(0.08 m)' m 

Using Eq. (1.2), the change in length of the spring is 

F m (200 kg)(9.81 ~) 
x = - = ---'l = 0.613 m 

k k 3.20 X 10 ' ~ 
m 

1.5 Determine the longitudinal stiffness of the bar of Fig. 1-8. 
~f+ sa. 

Matl1cad 

f-- --- L --- ----1 

Fig. 1·8 

The longitudinal motion of the block of Fig. I·g can be modeled by an undamped system of 
the form of Fig. I-\. When a force F is applied to the end of the bar, its change in length is 

... 0 = FL 4:-
AE """'II:"'" 

or F = AE 0 
L 

which is in the form of Eq. (1.2) . Thus 

k =AE 
<q L 

1.6 Determine the torsional stiffness of the shaft in the system of Fig. 1·9. 

1------ 1.4 m -------1 

Fig. 1·9 

ri = 15mm 

ro=25 mm 

G=80 X IO'.!:': 
m' 
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1.7 
~(+ 

ila. 
Mathcad 
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If a moment M is applied to the end of the shaft, the angle of twist at the end of the shaft is 
determined from mechanics of materials as 

IJ=ML 
JG 

where J is the polar moment of inert ia of the shaft·s cross section. Thus 

M = JG IJ 
L 

and the shaft 's equivalent torsional stiffness is 

For the shaft of Fig. 1-9 

k = JG 
, L 

J = ~ (,: -,,') = ~ [(0.025 m)' - (0.015 m)'] = 5.34 X 10- ' m' 

(5.34 X W-' m')( 80 X 10' ~) 
k = m 
, 1.4 m Thus 3.05 X 10' N-m 

rad 

A machine whose mass is much larger than the mass of the beam shown in Fig. J-lO is 
bolted to the beam. Since the inertia of the beam is small compared to the inerti a of the 
machine, a 1-degree-of-freedom model is used to analyze the vibrations of the mach ine. 
The system is modeled by the system of Fig. 1-3. Determine the equivalent spring 
stiffness if the machine is bolted to the beam at 

(a) Z = 1 m 

(b) z = 1.5 m 

L~_""', _______ 2l E = 210 X 10' ~ F 1=1.5X 1O·' m' 
f----- 3 m ----~ 

Fig. 1-10 

Let w(z; a) be the deflection of the beam at a location z due to a unit concentra ted load 
applied at z = a. From mechanics of materials, the beam deflection is linear, and thus the deflection 
due to a concent rated load of magnitude F is given by 

y(z; a) = Fw(z; a) 

If the machine is bolted to the beam at z = a, the deflection at this location is 

which is similar to Eq. (1.2) with 

y ea; a) = Fw(a; a) 

k =_l_ 
w(a;a) 

(J.1O) 
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From mechanics of materia ls, the de Rection of a beam fixed at z = 0 and pinned at z = L due 
to a un it concentrated load at z = a, for z < a is 

(a) For a = I m, aIL = \. Then using Eqs. (1.10) and (1.1 1), 

k =_1_= 81 E1 
<, w(a;a) !la ' 

81(210 X 1O' ;;')(l.5 X 10-' m') 

11(1 m)' 

(b) For a = 1.5 m, aIL = I. Then using Eqs. (1.10) and (1.11), 

k =_1_=96£1 
<q w(a; a) 7a' 

2.32 x 10' ~ 
m 

96(210 x 10' ;;')(1.5 x 10-' m' ) 

7(1.5 m)' 
1.28 x 10' ~ 

m 

(I. ll ) 

1.8 A machine o f mass m is a ttached to the midspan of a simply suppo rted beam of length L , 
e lastic modulus E, and cross-section al moment of inertia I. The mass of the machine is 
much greater than the mass o f the beam; thus the system can be mode led using 1 degree 
of freedom. What is the equivalent stiffness of the beam using the midspan deflection as 
the genera lized coordinate? 

The deflection of a simply supported beam at its midspa n due to a concen trated load F 
applied at the midspan is 

FL' 
{j = 48£1 

The equivalent stiffness is the reciprocal of the midspan deflection due to a midspan concentrated 
unit load. Thus 

k = 48£1 
cq LJ 

1.9 The springs of Fig. 1· 11 are said to be in parallel. Derive an equation for the eq uiva lent 
stiffness of the paralle l combination of springs if the system of Fig. 1-11 is to be mode led 
by the equivalent system of Fig. 1·1. 

Fig. I·ll 
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If the block is subject to an arbitrary displacement x , the change in length of each spring in 
the parallel combination is x. The free body diagram of Fig. 1-12 shows that the total force acting 
on the block is 

F = k ,x + k ,x + k ,x + ... + knx = (i kl)x ,-, (l .12) 

• k"x 

Fig. ]·12 

The system of Fig. 1-1 can be used to model the system of Fig. 1-11 if the force acting on the block 
of Fig. 1-1 is equal to the force of Eq. (1.12) when the spri ng has a displacement x. If the spring of 
Fig. 1-1 has a displacement x, then the force act ing on the block of Fig. 1-1 is 

F = kcqX (1.13) 

Then for the forces from Eqs. (1.12) and (1.13) to be equal: 

1.10 The springs in the system of Fig. 1·13 are said to be ill series. Derive an eq ua tion for the 
series combination of springs if the system of Fig. 1-13 is to be mode led by the equivalent 
system of Fig. 1-1. 

k, k, . k, --.J\~"I\~ 
~ ... - vvvLJ 

Fig. ]-13 

Let x be the displacement of the block of Fig. 1-13 at an arbitrary instant. Let x , be the 
change in length of the ith spring from the fixed support. If each spring is assumed massless, then 
the force developed at each end of the spring has the same magnitude but opposite in direction, as 
shown in Fig. 1-14. Thus the force is the same in each spring: 

In addition, 

Solving for x, from Eq. (1.14) and substituting into Eq. (1.15) leads to 

F=_x_ 

±.!. 
i _ I k; 

(1.14) 

(J.J5) 

(1.16) 
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Noting that the force acting on the block of the syste m of Fig. 1-1 for an arbi trary x is k.,x and 
equating this to the force from Eq. (1.16) leads to 

k =_1-
cq " 1 

L -,. , k, 

Fig. 1-14 

1_11 Mod e l the system sho wn in Fig. 1-15 by a block a ttach ed to a single spring o f a n 
equivalent sti ffness . 

Fig. 1-15 

The first step is to replace the paralle l combinations by springs of equivale nt sti lfnesses using 
the results of Problem 1.9. The result is sho wn in Fig. 1-16a. The springs on the left of the block a re 
in series with one anothe r. The result of Proble m 1.10 is used to replace these springs by a spring 
whose stiffness is calculated as 

k 
1 I 1 I :2 

:ik +:ik+:k+:ik 

The springs attached to the right of the block are in series and a re replaced by a spring of sti lfness 

1 I - +­
k 2k 

2k 

The result is the system of Fig. l -16b. When the block has an arbitrary displacement x, the 
displaceme nts in each of the springs of Fig. 1-16b are the same, and the total force acting on the 
block is the sum of the forces developed in the springs. Thus these springs behave as if they are in 
parallel and ca n be replaced by a spring of stilfness 

k 2k 7k - + - = -
2 3 6 

as illustrated in Fig. 1-16c. 
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1.12 
rf+ sa. 

Mathcad 
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(a) 

~
k ~ 
2 3 

m 

(b ) 

(e) 

Fig. 1-16 

Model the torsional system of Fig. 1-17 by a disk attached to a torsional spring of an 
equivalent stiffness. 

~6ocm--j- 80cm ==1l,1----120-----lcm----r1 

~=== = =~I =========tJ==1 ~ . 

A B CD E 

AB: Steel shaft with aluminum core 

BC: Solid Sleel shaft 
'IA.B;; 20 mm 'UB: 40 mm 

DE: Solid aluminum shaft 'BC = 18 mm 

G,, = 80X 10'~ 
m' 

Fig. 1-17 

The stiffness of each of the shafts of Fig. 1-17 are calcul ated as 

'DE ;; 25 mm 
, N 

G., = 40X IO;;;;-

' G ~ [(0.04 m)· - (0.02m)·1(SOXIO'~) 
k _ AS" "'Bn _ m 

A8., - L AB - 0.6 m 

= 5.03 X 10' N-m 
rad 

' G ~(002m)'(40 X IO'~) N 
k = ABAI A8AI = m = 1.68 X 10" ~ 

ABAI LAB 0.6 m rad 

k _ 'BC G BC 

Be - L ac 

~(O.O I S m)'(sox 10' ;,) N-m 

O.S m 1.65 X 10' ~ 

' G ~ (0.025 m)'( 40 X 10' ~) 
kD£=~= m 

Lo. 12 m 

N-m 
2.05 X 10' ~ 
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The angle of twist of the end of aluminum core of shaft AB is the same as the angle of twist of 
the end of the steel shell of shaft AB. Also, the total torque on the end of shaft AB is the sum of 
the resisting torque in the aluminum core and the resisting torque in the steel shell. Hence the 
aluminum core and stee l shell of shaft A B behave as torsional springs in parallel with an equivalent 
stiffness of 

N-m N-m N-m 
kAB = k AB• + k ABA< = 5.03 x 10' 7ad + 1.68 x 10' 7ad = 5.20 x 10' 7ad 

The torques developed in shafts AB and Be are the same, and the angle of rotation of the disk is 
8 A8 + eBC- Thus shafts AB and Be behave as torsional springs in series whose combination acts in 
parallel with shaft DE. Hence the equivalent stiffness is 

1 N-m 
koq = -1---1-+ kD£ = 3.65 x 10' 7ad 

-+-
k A8 k8C 

1.13 Derive an expression for the equivalent stiffness of the system of Fig. 1-18 when the 
deflection of th e machine is use d as the generalized coordinate. 

~ ~ ----+------
2 

Fig. 1-18 

L 
2 ----I 

E,I 

Consider a concentrated downward load F, applied to the midspan of the simply supported 
beam leading to a midspan deflection x. A compressive force kx is developed in the spring. The 
total downward force acting on the beam at its midspan is F, - kx. As noted in Problem 1.8, the 
midspan deflection of a simply supported beam due to a concentrated load at its midspan is 

Thus for the beam of Fig. 1-18, 

which leads to 

FL' 
x=--

48£1 

L' 
x = (F, - kx) 48EI 

F, 
x =k 48EI 

+u 
The equivalent stiffness is obtained by setting F, = I , leading to 
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Using the resuits of Problem 1.9, it is observed that the beam and the spring act as two springs in 
parall el. 

What is the equiyalent stiffness of the system of Fig. 1-19 using the displacement of the 
block as the generalized coordinate? 

E=2tO x JO'!::I. 
m' 

1= 1.5 x IO-s m" 

----2.5 m 

Fig. 1·19 

The de flection of a fixed -free beam at its free end due to a unit concentrated load at its (ree 
end is L' / (3£1). Thus the equivalent stiffness of th e canti lever beam is 

_ 3£1 3(210 X 10' ;')(1.5 X 10-' m') , N 

kb - U (2.5 m)' 6.05 X 10 ;;; 

The analysis of Problem 1.1 3 suggests that the beam and the upper spring act in parallel. This 
parallel combination is in series with the spring placed between the beam and the block. This se ri es 
combination is in parallel with the spring between th e block and the fixed surface. Thus usin g the 
formul as for parallel and series combinations, the equivalent stiffness is calculated as 

N N 
k •• = 1 1 +3X IO' ;;; = 4.69 X 10' ;;; 

- - --"---- - +---
6.05X10'~+5xlO'~ 2 X 10' ~ 

m m m 

1.15 The viscous d amper shown in Fig. 1-20 contains a reservoir of a viscous fluid of viscosity 
J.L and depth h. A plate slides over the surface of the reservoir with an area of contact A. 
What is the damping coefficient for this viscous damper? 

Fig. 1-20 
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Let y be a coordinate up into the fluid , measured from the bottom of the reservo ir. If h is 
small and unsteady effects are neglected, the velocity profile u(y) in the fluid is linear with u(O) = 0 
and u(h) = u, as shown in Fig. 1·21 where u is the velocity of the plate. The mathematical form of 
the ve loci ty profile is 

u(y)=u~ . 

The shear stress acting on the surface of the plate is calculated using Newton's viscosity law, 

du 

leading to 

r = I-' d; 

I-'u 
r=-

h 

The total viscous force is the resultant of the shear stress distribution 

F=rA = I-'A u 
h 

The constant of proportionality between the force and the plate ve locity is the damping coefficient 

I-'A c=-
h 

Plate or area A 

II .;_~, I~ v 

p, J P"~y) = ~ 
h 

Fig. 1·21 

1.16 The torsional viscous damper of Fig. 1·22 consists of a thin disk attached to a rotating 
shaft. The face of the disk has a radius R and rotates in a dish of fluid of depth hand 
viscosity 1-'. Determine the torsional viscous damping coefficient for this damper. 

OJ 

Fig. 1·22 
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Let r be the shear stress acting on the differentia l area dA = r dr d8 on the surface of the disk, 
as illustrated in Fig. 1-23. The resullant moment about the axis of rotation due to the shear stress 
distribution is 

M = r J rr(rdrd8) (l.17) 
o 0 

If w is the angular velocity of the shaft and disk, then the velocity of the differential element is rw. 
Let y be a coordinate , measured upward into the fluid from the bOllom of the dish. Neglecting 
unsteady e ffects and assuming the depth of the fluid is small , the velocity distribution u(r, y) in the 
fluid is approximately linear in y with u(r, 0) = 0 and u(r, h) = rw, leading to 

The shear stress acting on the fact of the disk is calculated from Newton 's viscosity law, 

au rJ..Lw 
t = JJ. ay (r, h) =-h-

which, when substituted into Eq. (1.17) , leads to 

The torsional damping coefficient is the constant of proportionality between the moment and the 
angular velocity, 

JJ."R' 
c, = ---z;;-

Fig. 1-23 

dM = rrdA 

R 
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1.17 Show that the inertia effects of a linear spring connecting a fixed support and a 
1-degree-of-freedom system can be approximated by placing a particle of mass equal to 
one-third the mass of the spring at the system location where the spring is attached. 

Let m, be the mass of a uniform spacing of unstretched length e that is connected between a 
fixed support and a particle in a I-degree-of-freedom system whose displacement is given by x(c). 
Let m o, be the mass of a particle placed at the end of the spring. This particle can be used to 
approximate the inertia effects of the spring if the kinetic energy of the spring is 

T = ~m"q.f 
Let z be a coordinate along the axis of the spring in its unstretched position, 0::::; z :5 e, as 
illustrated in Fig. 1-24. Assume the displacement function u(z, c) is linear along the length of the 
spring at any instant with u(O) = 0 and u(t) = x: 

x 
u(z, t) = eZ 

The kinetic energy of a differential spring element is 

dT=H~), dm =H?z)'9dZ 
from which the total kinetic energy of the spring is calculated 

T = f dT = i;;" f z' dz = ~ '? i' 
o 

Thus if a particle of mass m,/3 is placed at the location on the system where the spring is attached, 
its kinet ic energy is the same as that of the linear spring assuming a linear displacement function. 

~l------~ f---- x 

(0) 

. x u(t)=x 

u(O)~ 

(b) 

Fig. 1-24 

1.18 What is the mass of a particle that should be added to the block of the system of Fig. 1-25 
to approximate the inertia effects of the series combination of springs? 

Fig. 1-25 
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Using the results of Problem 1.17, the inerti a effects of the left spring can be approximated by 
placing a particle of mass m.l3 at the junction between the two springs. Let x be the displacement 
of the block at an a rbitrary instant. Let z, and z, be coordinates along the axes of the left and right 
springs, respectively. Let u,(z" I) and u,(z" I) be the displacement functions for these springs. It is 
known that u,(O, I) = 0, u,(f" I) = x. Also, u,(f" I) = u,(O, I) = IV. Assum ing linear displacemer.t 
functions for each spring, this leads to 

IV 
u,(z" I) = 7. z, 

x - IV 
u,(z" I) = T z, + w 

Since the springs are in series, the forces in each spring are the same: 

klV = 2k(x - w) --> w = Ix 

Thus the kinetic energy of the series combination is 

T - I (",,)(2 .)' 1 J' (1 Z, 2)'., m. d -- - -x +- --+- x - z 
2 3 3 2" 3 f, 3 2(, , 

which leads to an added particle mass of m ./2. 

Use the sta tic deflection functi o n of the simply supported beam to determin e the m ass of 
a particle that should be a ttached to the block of the system of Fig. 1-26 to approxima te 
ine rtia effects of the beam. 

L 2L --+- ---- '3-----1 

Fig. 1-26 

£.1 

The static deflection y(z) of a simply supported beam due to a concentrated load F applied at 
z = LI3 is 

The force required to cause a static deflection x at z = L/3 is calculated as 

x = (~) = 4FL' --> F = 243Elx 
y 3 243£1 4L' 
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The kinetic ene rgy of the beam is 

T = J ~ j'PA dz 
, 

= O.586pAL = O.586m, 

Hence the inertia effects of the beam are approximated by adding a particle of mass 0.586m, to the 
machine. 

1.20 An approximatio n to the defl ection of a fix ed-fixed beam due to a concentra ted load at its 
midspan is 

x ( 27rZ) 
y(z) =2 I-cosT 

where x is the midspan deflection. Use this approximation to determine the mass of a 
particle to be placed a t the midspan of a beam to approximate the beam's inertia effects. 

The kinetic energy of the beam is 
L 

f l . 
T = 2: y'(z)pA dz 

" 
where p is the bea m·s mass density and A is its cross-sectional area. Substituting the suggested 
approximation , 

I x' f'· ( 21rZ)' T = 2: pA "4 1 - cos L dz 

" 
=!(~PAL)x'= !(~ m )x' 2 8 28 ",,·m 

The inertia effects of the beam can .be approximated by adding a particle of mass 3/8m"".m at its 
midspan. 

1_21 Let x be the displacement o f the block of Fig. 1-27, measured positive downward from 
the system's equi li brium position. Show that the system 's difference in potential energies 
be tween two arbitrary positions is independent of the mass of the block. 

cbl 
x 

Fig. 1-27 
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Le t x be the downward displacement of the block from the system's equilibrium position. 
When the system is in equilibrium, the spring has a static deflecti on /1 = mg/k. If the datum for the 
potential energy due to gravity is taken as the system's equilibrium position, the potential energy of 
the system at an arbitrary instant is 

V = lk(x + /1)' - mgx 

= lkx' + (k/1 - mg)x + lk/1' 
= ~kx2 + ~kA2 

Thus the difference in potenti al energies as the block moves between XI and X 2 is 

v - V =!kx '+! /1'- !kx '-!k/1' , , 2 ' k 2' 2 

= !k(x ,-x ' ) 2 ' , 

which is independent of the mass of the block. The results of this problem are used to infer that the 
static deflection of a spring and the gravity force causing the static deflection cancel with one 
another in the potential energy difference. 

1.22 Determine meq and keq for the system of Fig. 1-28 when x , the downward displacement of 
the block , measured from the system's equilibrium positio n , is used as the genera lized 
coordinate. 

2k 

J 

Fig. 1-28 

From the results of Problem 1.21 , it is evident that the effects of gravity and static de fl ections 
cancel in potential energy calculations and can thus be ignored. The potential energy of the system 
is 

v = lkx' + l(2k )x' = l(3k )x' --+ k.q = 3k 

The kine tic energy of the system is 

T = ! mi' +! l (~) ' = !(m + !" )i ' --+ + I 2 2 r 2 ,2 m~q -;::: m ~ 
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1,23 Determine k oq and m oq for the system of Fig, 1-29 when x, the displacement of the center 
of the disk measured from equilibrium, is used as the generalized coordinate, Assume the 
disk is thin and rolls without slip, 

Fig, 1-29 

If the disk ro lls without slip, then the angular rotation of the pulley 8 and the downward 
displacement of the block yare 

Noting that the etIects of gravity and stat ic deftection cancel, potential energy calculations lead to 

V = lkx' + l(2k)y' = \kx' + \2k(2x)' = 19kx' --> koq = 9k 

The kinetic ene rgy of the system is 

If the disk is thin l d = mr'/2 and if it rolls without slip, W d = i / r, Thus 

T =- mi' +- - mr' :: +- [ ~ +-(2m)(Zi)' 1 1 (1 )(')' 1 (')' 1 
2 2 2 r 2 p rp 2 

=! (.!.2 m + !e.)i' --> m =.!.2 m +!e. 2 2 r p2 <: q 2 rp2 

1.24 Calculate the parameters for an equivalent system model of the system of Fig, 1-30 when 
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e, the clockwise angular displacement of the bar, measured from the system's equilibrium 
position, is used as the generalized coordinate. Include approximations for the inertia 
effects of the springs and assume small e. 

Slender bar of mass m 

__ -+ ______ 2L ______ ~ 
3 

Fig. 1-30 

The inertia of the springs is approximated by imagining particles of mass m,/3 at each end of 
the bar. Including the kinetic energy of these particles, the kinetic energy of the system at an 
arbitrary instant is 

1(1 ,)., 1 (L.), 111l,(L.), Im,(2 .), 
T=2 I2mL fJ +2 m "6fJ +23"3 fJ +23 'lLfJ 

=- - mL ' +-m L' e' 1 (I 5 ) . 
2 9 27 ' 

If e is small , then th e displacement of the left end of the bar is approxim ated as (L/3)fJ 
upward, and the displacement of the right end of the bar is approximated by (2L /3)fJ downwa rd. 
Assuming that the potential energy due to gravity cancels with potential energy du e to static 
deflection, the potential energy at an arbitrary instant is 

From above 

1.25 D etermine the parameters when an equivalent system is used to model the system of Fig. 
1-31 when e, the clockwise angular displacement of bar AB, measured from the system 's 
equilibrium position, is used as the generalized coordinate. Assume small e. 

Let q, be the counterclockwise displaeement of bar CD, measured from th e system's 
equilibrium position. Since the ends of bars AB and CD are connected by a rigid link, their 
displacements must be the same. Thus assuming small e and q" 

ILe = Lq, -> q, = 1e 
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The kinetic energy of the system at an arbitrary instant is 

T = ~IABe2 + ~mABiJA/ + UCD4:i + ~mcDiJcD2 

= Hh.mL')iI' + lm{lLiI)' + Hh.mL')(lil)' + lmClLj il)' 
= HbmLZ) 8Z 

The potential energy of the system at an arbitrary instant is 

L 
~-

3 

=!(~kL')e' 
2 81 

L 2L 
~3 --~------ 3 ------~ 

rigid massless link 

Identical slender rods of mass m 

Fig. 1-31 

21 

D 

Since e is used as the generalized coordinate, the appropriate equivalent systems model is the 
torsional system. Thus from the above the appropriate equivalent system parameters are 

1.26 The disk in the system of Fig. 1-32 rolls without slip on the plate. Determine the 
parameters for an equivalent system model of the system using x, the displacement of the 
plate from the system's equilibrium position, as the generalized coordinate. 

Fig_ 1-32 
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Let 8 be the clockwise angular displacement of the disk, measured from equilibrium. Since 
the ce nter of the disk is fi xed and it rolls without slip on the plate, 

x=r8-+fJ =:!" 
r 

The kinetic energy of the system at an arbitrary instant is 

The torsional stiffness of the shaft is 

k =JG 
• L 

The potenti al energy of the system at an arbitrary instant is 

=! (k + JG)X2 
2 Lr' 

Hence the parameters for an equivalent system model are 

I 
m cq= m +~ 

JG 
k.q = k + Lr' 

1.27 Determine parameters for an equivalent system analysis of the system of Fig. 1-33, using 
8 the clockwise angular displacement of the bar from the system's equilibrium position, as 
the generalized coordinate. Assume small 8. 

r ~ 
2L 

""3 

1 
t 
L 

"3 
1 

Fig. 1-33 
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The kinetic energy of the system at an arbitrary instant is 
- . ~ 

T= ~mle + ~mi? + ~mpv/ 

= l( l,mL')e' + Im(lLe)' + Imp(Le)' 

= ~OmL 2 + mpL 2)82 

23 

Using a horizontal plane through the pin support as the datum for potential ene rgy 
calculations, the difference in potential energies between an arbitrary system position and the 
system's initial position is 

1 (2)' L V = 2: k '3 Lli + mg "2 (1 - cos Ii) + mpgL(l - cos Ii) 

For small Ii 

cosli= I- Iii' 

Hence 

1 (4 L ) =2: 9kL'+mg"2+ mpgL Ii ' 

Since an angular coordinate was chosen as the generalized coordinate, the appropriate 
eq uivalent system is the tors io nal system with 

k, =~kL' +mg~+mpgL 
'. 9 2 

1.28 Determine the parameters for an equivalent systems model fo r the system of Fig. 1·34, 
using x, the downward displacemen t of the block from the system's equilibrium position, 
as the generalized coordinate. 

J 

Fig. 1·34 

The angular displacement Ii of the disk and the displacement y of the particle on the cable 
connected to the viscous damper at an arbitrary instant arc 

Ii=~ 
r ' 

y=2rli=2x 
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The system's kinetic energy at an arbitrary instant is 

= !(m +~)i' 
2 " 

Noting that the potential energy change due to gravity balances with the potential energy change 
due to static deflections, the potential energy of the system at an arbitrary instant is 

V = lh' 

The work done by the viscous damping force between two arbitrary instants is 

Thus from the above 

W,_, = - 1 cj dy = - 1 c(li) d(2x) 

" 

=-1 4cidx 
" 

I 
nl.,q=m +2:. . , k<q = k, 

1.29 R epeat Proble m 1.28 using e, the angular displacement of the disk measured coun­
terclockwise from the syste m 's equilibrium position, as the generalized coordinate. 

The downward displacement x of the block and the displacement y of a particle on the cable 
connected to the viscous damper at an arbitrary instant are 

x =r8, Y =2,0 

The kinetic energy of the system at an arbi trary instant is 

T = lmi' + lIiJ' = H,iJ)' + ViJ' 

= Hm,' + l)iJ' 

The potenti al energy of th e system at an arbitrary instant is 

V = lh' = Ik(,O)' 

= ~kr2 e2 

The work done by the viscous damping formce between two arbitrary instants is 

= - r 4c,' iJdO 
9, 

Since and angular coordinate is used as the gen'eralized coordinate, the appropriate equivalent 
systems model is the torsional system. Thus from the above 

k = k,' '., 
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1.30 Determine the parameters in an equivale nt system model of the system of F ig. 1·35 when 
e, the clockwise angular displaceme nt of the bar fro m the system 's equilibrium position , 
is used as the genera lized coord ina te. Assume small e. 

1 
__ r-______ 3L ________ +k1 

Fig. 1·35 

Assuming small e, the downward displacemen ts of the bar's left end X" right end X" and the 
mass cente r i are 

The kinetic ene rgy of the system at an arbi trary instant is 

T= ~ 182 + ~mi? 
= ~ hmL2(j + ~m OLe)2 

= H:bmL2)8 Z 

The potential energy of the system at an arbi trary instant is 

V = lkx~ = lk( - ILe), 
= lC-!,kL')e' 

x=!:.e 
4 

The work done by the damping force between two arbitrary instants is 

W, _, = - T cr, dx, = -l cG LO) d(~ Le) 
.f' t 8 1 

= - J ~cL'Ode 
-, 

Since the generalized coordinate is an angular displacement, the appropriate equivalent model is 
t~~ torsiona l system. From the above, 

C'~'<I = ~CL2. kt .,.. =b.kL2 

1.31 Re peat Problem 1.30 using X , the upward displacement of the le ft end of the bar, 
measured from equilibrium, as the genera lized coordinate. Assume small x. 

Assuming small x, the downward displacement of ·the right end x" mass center x, and the 
clockwise angular rotat ion of the bar e are 

x,=3x, x=x, 
4 e =-x 
L 
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The kinetic energy of the system at an arbitrary instant is 

The potential energy of the system at an arbitrary instant is 

V = ~kX2 

The work done by the damping force between two arbitrary instants is 

W,_, = - T ex, dx, = - J' c(3'<) d(3x) 

"'-'1 Xl 

=-!9cidX 
" 

Thus the equivalent system parameters are 

koq = k 

[CHAP. 1 

1.32 Determine the parameters for an equivalent system model of the system of Fig. 1-36 
when x, the displacement of the mass center of the disk measured from the system's 
equilibrium position, is used as the generalized coordinate. Assume the disk rolls without 
slip. 

~.'"'" 

Fig. 1-36 

If the disk rolls without slip, then the friction force does no work and the angular 
displacement of the disk is related to x by 

The kinetic energy of the system at an arbitrary instant is 

The spring is attached to the disk at A . If the center of the disk moves a distance x to the left, then 
A moves relative to the disk a distance reo The change in length of the spring is 

8 = x + re + x = 2x + re = 2x + x = 3x 
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Thus the potential energy of the system at an arbi trary instant is 

V = l{3x)' = 19kx' 

The work done by the viscous damping fo rce between two arbitrary instants is 

Hence the coefficients fo r an equivalent syste"1s mode l is 

koq =9k 

Supplementary Problems 

27 

1.33 Determine the number of degrees of freedom necessary for the analysis of the system of Fig. '1-37. 

Ans. 

Identical slender 
rods of length L 
and mass m 

L L L 
I- '4 -I- '4 --I---- '2----j 

Fig. 1-37 

1.34 Determine the number of degrees of freedom necessary for the analysis of the system of Fig. 1-38. 

Fig. 1-38 

Ans. 3 

mass m l 

moment of 

inertia I 
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1.35 Determine the number of degrees of freedom necessary for the analysis of the system of Fi g. 1-39. 

rmm 

Fig. 1-39 

Ans. 4 

1.36 De te rmine the longitudinal stiffness of a rectangul ar, 30 x 50 mm steel bar (£ = 210 x 10" N/ m' ) of 
length 2.1 m. 

Ans. 1.5 x 10" N/m 

1.37 Determine the torsional stiffness of a 60-cm-long an nular aluminum shaft (G = 40 x 10' N/m ' ) of 
inn er radius 25 mm and outer radius 35 mm. 

Ans. 1.16 x 10' N-m/rad 

1.38 A 2oo-kg machine is placed at the end of the beam of Fig. 1-40. Determine th e sti ffness of the 
beam for use in a I-degree-of-freedom model o f the system. 

Ans. 5.00 x 10' N/m 

I---- 3 m -----I 2m----i 

;Q; N 
E=210 X 10'­

m' 
I = 1.35 x 10" m' 

Fig. 1-40 



CHAP.I J MEC HANICAL SYSTEM ANALYS IS 29 

1.39 Dete rmine the equi valent st iffness of the beam of Fig. 1-41 a t the location where the mach ine is 
placed. 

1----60 em ----j--35 em ---J o E=210X I09 ~ 

£---------------1A 1= 6.52 X 10~ m' 

Fig. 1·41 

Ans. 8.85 X 10' N/m 

1.40 A helical coil spring is made from a stee l (G = 80 X 10' N/m') bar of radius 6 mm. The spring has a 
coil diameter of 6 em and has 46 active turns. What is the stiffness of the spring? 

Ans. 2.09 X 10' N/m 

1.41 What is the static deOection of the spring of Proble m 1.40 when it is used in the system of Fig. 
1.42? 

Fig. 1·42 

Ans. 9.39 X 10- 3 m 

r = ID em 
1= I.5kg·m' 

m= IOkg 

1.42 Q.;;termine the equivalent stiffness of the system of Fig. 1·43. 

Fig. 1·43 

Ans. 17k/ll 
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1.43 Dete rmine the equivalent stiffness of the system o f Fig. 1 -44. 

AI = I x I O~ m2 

E, = E, = 200 x 10'.!'I... N N 

~~~' __ -,--~:m_'~~~o:~~o:~~ 
~ CD (J) IVV~VV \r"]; 
I- 60 em -+- 70 em --I 

Fig. 1-44 

Ans. 2.20 X ](t N/ m 

1.44 Dete rmine the equivalent torsional stiffness of the system of Fig. 1-45. 

1-60 em--t- 80cm- 1-50cm-j 

" 

Fig. 1-45 

Ans. 8.66 X 10' N-m / rad 

' I = 5 em 
'2= 8cm 
rJ =4cm 9 N 

G, = G, = G, = 40 x 10 ;;;I 

1.45 Determine the equivalent stiffness o f the system of Fig. 1 -46. 

Ans. 1.5 x 10" N/ m 

1------------- ·2 m -------------j 

E = 210 x 10' *' 
1= 3.8 X 10-5 mo! 

Fig. 1-46 

3 x IO' ~ 
m 

[CHAP. 1 
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}.46 Determine the equivalent sti ffness of the system of Fig. 1-47. 

f---40cm 

I x IO·~ 
m 

Fig. 1·47 

Ans. 7.69 x 10' N/m 

80cm 

E=21Ox 1 0'~ m' 
r = 4.5 x 10'7 m~ 

1.47 Determine the equivalent stiffness of the system of Fig. 1-48. 

)------ 80 em -----.....,1-- 40 em--i 

Fig. 1·48 

Ans. 6.35 X 107 N/ m 

. E= 1 80X I 0'~ 
m' 

I = 4.6 X IO-s m" 

31 

1.48 The torsional viscous damper of Fig. 1-49 consists of a cylinder of radius r that rotates inside a fix ed 
cylinder. The cylinders are concentric with a clearance h. The gap between the cylinders is filled 
with a fluid of viscosity JJ.. The length of cylinder in contact with the fluid is e. Determine the 
torsional viscous damping coefficie rit for this damper. 

1--/---1 

Fig. 1·49 

Ans. 

2TW'( 
c=--, h 
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1.49 Delermine Ihe kinelic energy of Ihe syslem of Fig. 1-50 al an arbilrary inslant in lerms of i, 
including Ihe inertia effecls of Ihe springs 

2m 

Fig. 1-50 

Ans. 

1.50 LeI 11(1) represenl the angular displacement of a thin disk attached at one end of circular shafl , 
fixed at its other end. The shaft has a mass moment of inertia I, aboul its longitudinal cen lroidal 
axis. Using a linear displacement approximation, determine the equivalent moment of inertia of a 
disk 10 be added to the end of Ihe sha fl to approximale the inertia effects of lhe shaft. 

Ans. 

1.51 The >ta lic defleclion for a fixed-free beam of length L , cross-sectional moment of inertia I, and 
elas lic mod ulus E with a concentrated load Fat ils free end is 

. Fz ' 
y(z ) = 6EI(3L - z) 

Use Ihis eq uation to develop the equiva lent mass of Ihe beam if it has a cross-sectional area A and 
a m:bS density p. 

An.'. O.236pAL 

1.52 The trigonometric function 

y(Z)=X[I-cosGD J 

satisfies all boundary conditions for a fixed -free beam of length L where x is the deflection at the 
free ,' nd. Use this function to determine th e mass of a particle that can be placed a t the end of the 
beam to approximate its inerti a effects. The beam has a mass density p and a cross-sectional area 
A. 

An .... O.227pAL 

1.53 Use" trigonometric function similar to that of Problem 1.20 to determine the mass of a pa rticl e to 
be rlaced j along the span of a fixed-fixed beam to approximate the beam's inerti a effects. 

An.,·. )pAL 
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1.54 Determine the equivalent mome nt of inertia o f the gearing system of Fig. 1-51. 

r--- L, 

Ans. 

Gear with n I teeth 

'G, 
Gear with n 2 teeth 

~ 
1----- L, -----11 '"G" p, 

Fig. 1·51 

1.55 Re peat Problem 1.54, including the inertia effects of the shafts. 

Ans. 

33 

1.56 Determine m<, and k., fo r an equiva lent system model of the system of Fig. 1-42 using x as the 
gene ralized coordinate. Note that k is determined in Problem 1.40 as 2.09 X W' N/ m. 

Ans. 

k., = 5.23 X 10' !:! 
m 

1.57 D etermine E., and k", for an equivalent system model of the system of Fig. 1·52 using e, the 
clockwise displacement of the pulley, as the generalized coordinate. 

Fig. 1-52 
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Ans. 

1.58 Determine I<q and k',q for an equivalent system model of the system of Fig. 1-53 using 8, the 
counterclockwise angular displacement of the bar, as th e generalized coordinate. 

I ~ 
2L 
T 

f 
Slender bar of mass m 

Particle of mass 2m 

L 
3" 

1 
Fig. 1-53 

Ans. 

It:q= ¥ mL2, k,"'l = kL2 + ¥mgL 

1.59 Determi ne m <q, k<q , and c<q for an equivalent system mode l of the system of Fig. I-54 using x as the 
generalized coordinate. 

2k 

J 

Fig. 1-54 



CHAP. I) MECHANICAL SYSTEM ANALYS IS 35 

Ans. 

I 
meq =m + 9rz ' 

C 
Ceq = 9"' k., =3k 

1.60 Determine I." k,«, and c'« for an equivalent system model of the system of Fig. I-54 using e as the 
generalized coordinate. 

Ans. 

I •• = I + 9mr' , k,., = 27kr' 

1.61 Determine I •• , k,«, and c'« for an equivalent system mode l of the system of Fig. I-55 using 
e as the generalized coordinate. 

Fig. 1-55 

Ans. 

(q= il,mL2, 

1.62 Use an energy method to derive the equivalent stiffness of two identical springs in series. 

Ans. k/2 



Chapter 2 

Free Vibrations of 1-Degree-of-Freedom Systems 

2.1 DERIVATION OF DIFFERENTIAL EQUATIONS 

All linear I-degree-of-freedom systems can be modeled using either the system of Fig. 2-1 or 
the system of Fig. 2-2. The equivalent system method, or the energy method, uses the 
system's equivalent inertia, stiffness, and damping properties as described in Chap. 1. The 
system of Fig. 2-1 is used as a model when the generalized coordinate is a linear 
displacement coordinate. Its governing differential equation is 

(2.1) 

The system of Fig. 2-2 is used as a model when the generalized coordinate is a coordinate of 
angular measure and its governing differential equation is 

I,q 8 + c,)] + k", 8 = 0 (2.2) 

Another method used to derive the differential equation governing the motion of a 
I-degree-of-freedom system is the tree body diagram method. Free body diagrams of the 
system components are drawn at an arbitrary instant. The external forces due to elastic 
elements and viscous damping are labeled in terms of the chosen genera lized coord inate, 
with their directions drawn consistent with the chosen positive sense of the generalized 
coordinate. The basic laws of newtonian mechanics are applied to the free body diagrams, 
leading to the governing diffe renti a l equation. For a rigid body undergoing planar motion, 
these equations a re 

2'.F= ma (2.3) 

and (2.4) 

where a quantity with an overbar is referenced to G, the body's mass center. 

k 
'", 

Fig. 2-1 Fig. 2-2 

A version of the free body diagram method .for rigid bodies undergoing planar motion uses 
a variation of D 'A lembert's principle. In addition to the free body diagram showing external 
forces at an arbitrary instant, a second free body di agram is drawn at the same instant 
showing the system's effective forces . The effective forces for a rigid body are defined as 
force equal to ma, acting at the mass cente r, and a couple equal to lao Equations (2.3) and 
(2.4) are applied in the form -

(2'.F) = (2'.F) 
ext ef( 

(2.5) 

36 
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and 

for any point A. 

2.2 STANDARD FORM OF DIFFERENTIAL EQUATIONS 

Equation (2.1) can be rewritten as 

37 

(2.6) 

i + 2S'w"x + w/x = 0 (2.7) 

where w" = i!ss. (2.8) '/meq 
is called the system's undamped natural frequency and 

S'-~- C
oq (2.9) 

- 2m eqWn - 2Ymeq keq 

is called the damping ratio. Equation (2.7) is subject to initial conditions of the form 

and 

x(O) =Xo 
x(O) =xo 

2.3 UNDAMPED RESPONSE 

For S' = 0, the solution of Eq. (2.7) subject to Eqs. (2.10) and (2.11) is 

x(t) = A sin (w"t + </» 

where A, the amplitude, is the maximum displacement from equilibrium and is given by 

and </>, the phase angle, is given by 

1> = tan- 1 (WnXo) 
Xo 

Equation (2.12) is illustrated in Fig. 2-3. 

o+.-+----+---+_--~-L~--~~~~--+---+__1 

-I , ,--

Fig. 2·3 

(2.10) 

(2.11) 

(2.12) 

(2.13) 

(2.14) 
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2.4 DAMPED RESPONSE 

The mathematical form of the free vibration response of a 1-degree-of-freedom system with 
viscous damping is dependent on the value of (. 

Case 1: {< 1 (Underdamped): 

(2.15) 

where (2.16) 

(2.17) 

and the damped natural frequency is 

(2.18) 

Equation (2.15) is illustrated in Fig. 2-4 for Xo "" O. 

2.0 

1.5 

1.0 

8 0.5 

5 
1;' 0.0 

-0.5 

-1.0 

-1.5 

Fig. 2-4 

The logarithmic decremelll is defined for an underdamped system as 

Il - I [ x(t) ] 
- n x(t + T

d
) 

(2.19) 

where the damped period is 

(2.20) 

Case 2: {= 1 (Critically damped): 
For {= 1, the solution of Eq. (2.7) subject to Eqs. (2.10) and (2.11) is 

(2.21) 
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Equation (2 .21) is illustrated in Fig. 2-5_ 

.---

- 1 

- 2 ....... .. 

w" "" 2.0 rad /s, x(O) = 1 mm 

---------------------------.... ..... . ..... . . . ... ..... 

-3L---------------------------__________________ ~ 
I(S) 

- - - - - i(O) ~ 1.0 mm/s -- ,(0) ~ 10.0 mm/ s - _ . . ... ,(0) - - 15.0 mm/s 

Fig. 2-5 

Case 3: ~ > I (Overdamped): 
for (> 1, the solution of Eq. (2.7) subject to Eqs. (2 .10) and (Z.ll) is 

X(I) =~{[~+X ((+ vr=t)]ew,V('-], zvr=t W n 0 

+ [ - ~ + xo( -( + vr=t) ]e-w.V('-],} 
Equation (2.22) is illustrated in Fig. 2-6. 

E 
• .§ 

\ 
\ 
\ 
\ , , 

w" - 3 rad/ s. I; ~ 1.2. x(O) - 1 mm. 

" 
time (5) 

-JL------------ ------ ----" 
-- i(O) - 9 mm/s ----- '<(0) - -9 mm/ s 

Fig. 2·6 

39 

(2.22) 
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2.S FREE VIBRATION RESPONSE FOR SYSTEMS SUBJECT 
TO COULOMB DAMPING 

[CHAP. 2 

The differential equation governing the motion of a system with Coulomb damping can be 
written in general as 

l-JL 
x + W 2X = m eq 

" JL 
m,q 

x>o 
(2.23) 

x<O 

where Fj is the magnitude of the friction force. The solution of Eq. (2.23) is complicated but can 
be attained and is illustrated in Fig. 2-7 for Xo = {j and Xo = O. The amplitude of response 
decreases by 

(2.24) 

on each cycle. Motion ceases when the amplitude is such that the force in the elastic element is 
insufficient to overcome the friction force, leaving the system with a permanent displacement 
from equilibrium. 

r 

~ 

A 

Ff = ~ mg 
~ =0. 1 

o 

f\ f\ 
m= 100 kg 

A,A A ~~~~~~ 
2.0 

v'~ VVV 8,0 

V V time (10.1 s) 

Displacement (10-3 m) 

Fig. 2-7 

Solved Problems 

2.1 Use the equivalent systems 'm ethod to derive the differential equation governing free 
vibrations of the system of Fig. 1-28 using x as the generalized coordinate. Specify the 
system's na tural frequency. 
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The system of Fig. 1-28 can modeled by an undamped system of the form of Fig. 2-1. The 
eq ui va lent system parameters are determined in Problem 1.22 as 

k., = 3k, 

Equa tion (2.1) is used to write the governing di ffe rentia l equation as 

(m +f,)X+ 3kx = 0 

3kr' 
x + / +mr, x=O 

from which the nalUral frequency is determined as 

W,, = 
3kr' 

l +mr2 

2,2 Use the equivalent systems method to derive the di fferential equation governing the 
motion of the system of Fig. 1-31 using e as the generalized coordinate. Specify the 
system's natural frequency. 

From ·the results of Problem 1.25, the system of Fig. 1-3 1 is modeled by an undamped system 
of the fo rm of Fig. 2-2 wi th 

Then , using Eq. (2 .2), the governing differenti al equal ion is 

ii +~~e=o 
21m 

from which the natural frequency is determined as 

w"_=J#f 
2.3 Use the equivalent system method to derive the differenti al equation govern ing the 

motion of the system of Fig. 1-35, using e as the generalized coordinate . Specify the 
system's natural frequency. 

From the results of Problem 1.30, the system of Fig. 1-35 can be modeled by the system of ~ 
Fig. 2-2 with 

l<:q=~mL2, k = 'kL' (~.... i6 

Then, using Eq. (2.2), the governing differential equation is 

lsm L28 + ncL1(j + kkL2(J = 0 

from which the natural frequency is de te rmined as 

w = {3k 
" \j ?;;; 
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2.4 Use the free body diagram method to derive the differe ntial equation governing the 
motion of the system of Fig. 1-28 using x as the generalized coordinate. 

Free body diagrams of the system , which includes the block and disk, at an arbitrary instant 
are shown in Fig. 2-8. It is noted that since gravity leads to static deflection in the springs, their 
effects cancel in the differential equatio n. Summing moments about the center of the disk 

leads to 

-(kx)r - (2kx)r = (mi)(r) + l(~) 

(mr + ~)X + 3krx = 0 

/3... 
r 

t 
2k(x + .o.ST

2
) 

0 m,K 

R 

t k(x + "'ST, ) 

External Forces Effective Forces 

Fig. 2-8 

2.5 Use the free body digram method to derive the differential equation governing the 
motion of the system of Fig. 1-31, using e as the generalized coordinate. 

Let q, represent the clockwise angular rotation of bar CD: Since the displacemen ts of the 
particles where the rigid I~-is connected must be the same, assuming small e and <I> 

Lq, = jLe :..., q, = Ie 

Free body diagrams of each of the bars are shown in Figs. 2-9 and 2-10, assuming small e. It is 
noted that since gravity leads to static deflections, their effects cancel in the differential eq uations. 
Summing moments on bar AB 

leads to 

(L)L (2) L .. (L) 1 , .. -3k -e --f: - L =- me - +-mL e 
3 3 Be 3 6 6 12 

FBc = - ~mLiJ - IkLe 
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Summing moments on bar CD 

leads to 

Substitution for FBe leads to 

BarAB 

/--L 

b,mL2 {j + ~kL28 = 0 

(j + ~~II=O 
21m 

"3 '-i---. ~ F Be 

3'-i---. L 

"3 ~
L . ' 

6

8

- ) I 2--

- mL 8 
mL .. 12 
-8 

6 

External force s Effective forces 

Fig. 2-9 

External forces Effecti ve forces 

Fig. 2-10 
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2_6 Use the free body diagram method to derive the differential equation governing the 
motion of the system of Fig. 1-35 using e as the generalized coordinate. 

Free body diagrams of the bar at an arbitrary instant assuming small II are shown in Fig. 2-11. 
It is noted that since gravity causes static deflection in the spring, terms containing these quantities 
cancel in the governing differential equation. Summing moments about the pin support 



44 FREE VIBRATIONS OF I-DEGREE-OF-FREEDOM SYSTEMS [CHAP. 2 

leads to 

- k!=. e(!=') - ~ CLiJ(~ L) = !='me(!=') + ..!.-mL'e 
4 4 4 4 4 4 12 

~mL2 ij + Tt,cL28 + k,kL2
() :;; 0 

e+~.£iJ+~~e = o 
7 m 7m 

mg 

~) 
4 -kmL'e 

External forces Effective forces 

Fig. 2-11 

2.7 Determine the natural frequency of the system of Fig. 1-15. 

2.8 
~f+ 

at. 
Matt1cad 

From Problem 1.11 the system of Fig. 1-15 can be modeled by the system of Fig. 2- 1 with 

7 
k" =(,k, mCI.j= rn 

Thus from Eq. (2.8), 

jf;7k 

w = ~= (7k 
" m \je;;;; 

A 200-kg machine is placed at the end of 1.8-m-Iong steel (£ = 210 x 10· N/m2) 
cantilever beam. The machine is observed to vibrate with a natural frequency of 21 Hz. 
What is the moment of inertia of the beam's cross section about its neutral axis? 

The natural frequency of the system is 

w" = 21 Hz = (21 cycie)(2n:~) = 131.9 rad 
s cycle s 

and is related to the system properties by i 

rc, ( rad )' N w" = \j-;;': -> k,q = mw.' = (200 kg) 131.9 ~ = 3.48 x 10' ;;; 

The equivalent stiffness of a cantilever beam for a mass at its end is 

Thus 3.22 x 10- ' m' 
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2_9 A 2.5-kg s lender bar of length 40 em is pinned at one end. A 3-kg particle is to be 
attached to the bar. How far from the pin support should the particle be placed such th a t 
the period of the bar's oscillation is 1 s? 

If the period of osci ll ation is 1 s, then 

w =~=~=628 rad 
" TI s . s 

Let ( be the distance of the particle from the pin support. Let 9 be the counterclockwise angu lar 
displacement of the system from the vertical equilibrium position. Free body diagram£ of the bar 
and particle at an arbitrary instant are shown in Fig. 2-12. Summing moments about the point of 
support 

and assuming small 9 leads to 

L .. L .. (L) 1 .. 
-m,g"29- mpgf9= mp(9(f)+m'"2 9 "2 +i2 mL' 9 

(m,!:f + mpf')iJ + (m, I + mpf)g9 = 0 

The na tural frequ ency is determined from the diffe re ntial equation as 

which ca n be rearranged as 

Substituting given and calculated values leads to 

118.3e' - 29.43f + 0.36 = 0 

whose positive solution is (= 0.235 m·. 

External forces Effect ive forces 

Fig_ 2-12 
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2.10 A 5-kg wheel is mounted o n a I-kg plate whose cente r is attached to a 40-mm-diameter, 
75-cm-long (G = 80 X 109 N / m') stee l bar, which is fixed a t its other e nd _ The centroidal 
polar moment of inertia of the plate is 1.4 kg-m'. The period of torsional oscillation of 
this assembl y is 0.15 s. What is th e polar moment of inertia of the wheel? 

The torsional oscillations are modeled by the system of Fig. 2-2 with c", = O. The torsional 
sti ffness of the bar is 

H 002 m)'( 80 x 10'~) 
k = JG 2.68 x 10' N-m 

, L 0.75 m rad 

The observed natural frequency is 

w =~=~=41 9 rad 
n T 0.15 s . s 

The natu ra l frequency of the torsional system is 

Ir
k, 2.68 x 10' N-; 
-'-" 1= keG ra 15.3 kg_m1 

w" = I ----+ W" 
2 

( rad)' 
41.9 "7" 

Hence the moment of inertia of the wheel is 

I •. = I - Ip = 15.3 kg-m' - 1.4 kg-m' = 13.9 kg-m' 

2.11 A 60-kg drum of diameter 40 cm conta ining waste material of mass density 1100 kg/m' is 
be ing ho isted by a 30-mm-diameter steel (£ = 210 x 109 N/ m') cable. When the drum is 
to be hoisted 10 m, the system 's natural frequency is measured as 40 Hz. Determine the 
vo lume of waste in the drum. 

The system is modeled as a mass attached 10 the end of an elastic bar. The measured 
frequency is the freq uency of longitudinal vibrations. The equivalent stiffness of the cable is 

AE 
k,q=T 

The IOtal mass is calculated from 

n(0.015 m)'( 210 x 10' ~) 
10m 

k 1.48 X IO'~ 

1.48 X 10' ~ 
m 

m=..:..:.!9.= m 
w.' (40 cycle 2n ~)' 

s cycle 

234.3 kg 

Thus the mass of the waste material is 

rn. = m - rna = 234.3 kg - 60 kg = 174.3 kg 

and its volume is 

v = m. = 174.3 kg= 0.158 m' 
p 1l00~ 

m' 
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2.12 A sway pole is used by aeria lis ts for acrobatic tricks. A sway pole consists of a long thin 
pole fixed a t one e nd designed such that an aerialist ca n sway and perform tricks at the 
e nd of the pole. What is the natural frequency, in he rtz, of a 120-lb aerialist a t the end of 
a 25-ft steel (£ = 29 X 10· psi) pole of 4 in diameter? 

The aerialist at the end of the sway pole is modeled as a mass at the end of a cantilever beam. 
The equivalent stiffness of the pole is 

3(29 X lif ~)(12 ~)' !E(! ft)' 
k = 3El 10' ft 4 6 

oq L' (25 ft) ' 

Thus the ae rialist's natural frequency is 

486 X 10' ~ 

Ib 
4.86 x 10' ft 

. ft 
120 Ib = 3.30 rad ( 1 CYcle) = 1.82 Hz 

s 2" rad 
32.2 .g. 

s 

2.13 Determine the natural frequency of the system of Fig. 2-13 . 

1-----~-----+- ;-1 

JP"''" link 
M . 1

)-<-- Slender bar 
of mass m 

. k 

Fig. 2-13 

Let 8 be the clockwise angular displacement of the bar from the system's equilibrium 
position. Assuming small 8, the potential energy of the system at an arbitrary instant is 

V=~k(j8)' =H~kL')8' -> k,",= ~kL' 
The kinetic energy of the system a t an arbitrary instant is 

. - T =lhmL'iJ'+lmUL8)' +lM(lL8)'=WmL'+~ML'){J2 -> loq=lmL2+~ML' 

The governing differential equation is 

(ImL' + ~ML')ii + IkL' 8 = 0 

.. k 
8 + m +4M 8 =0 

from which the natural frequency is de te rmined as 

W n = ~m+\M 
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2.14 
d+ sa. 

Mathcad 

2.15 
~I+ 

sa. 
Mathcad 
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What is the natural frequency of the 200-kg block of Fig. 2-14? 

t '>_~ 

2 X 1 0'~ 
m 

f----1.5 m ----/---- 1.5 m - - ---I 

Fig. 2-14 

£=21 0 X la'*, 

1=1 X 10-6 m4 

The equi valent stiffness of the simply suppo rted beam at its midpoint is 

48£1 4S( 210 x 10' ~ )(1 X 10- 6 m' ) 

k,=U (3 m)' 3.73 x 10' !::!. 
m 

[CHAP. 2 

The beam acts in parallel with the upper spring. This paralle l combination acts in se ries with the 
spring connecting the beam and the block. Finally, this combina tio n acts in pa rallel wit h the spring 
connecting the block and the ground . Using the equations for pa ra ll el and series combinati ons, the 
equival ent stiffness for this system is 

k ,q = - ----,-------- -,--- + 1.5 x 10' !::!. 
____ -=1 _ _ _ _ + _ _ 1__ m 

Th e natural frequ ency is 

3.73 x 10' !::!. + 2 x ]Q-'!::!. 3 x 10' !::!. 
m m m 

= 3.47 x 10' !::!. 
m 

3.47 X 10' !::!. 
_----,--,._--'m.:.: 41.6 rad 

200 kg s 

A 500-kg vehicle is mounted on springs such that its s tatic deflection is 1.5 mm. What is 
the damping coefficient of a viscous damper to be adde d to the system in para ll e l with the 
springs, such that the syste m is critica lly damped? 

The sta tic denection is related to the natura l frequency by 

rg- J 9.81 ~ rad 
w" = \j A ST = 0.0015 m = 80.9 7 

The additio n of a viscous damper of damping coeffici ent c leads to a damping ratio of 

(= _ c _ -> c=2(m w" 
2mw" 
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2.16 
~r+ sa 

Mathcad 

The system is critica ll y damped when the damping ratio is I , requiring a damping coefficient of 

( 
rad) N-s e = 2(1)(500 kg) 80.97 = 8.09 X 10' -;;;-

For what value of c is the damping ratio of the system of Fig. 2- 15 equal to 1.25? 

k, 

Fig. 2-15 

,.=IOcm 

r1 = 30 em 

',= 1.1 kg-ml 

m, = IOk,g 

'", = 25 kg 

kt= I X lO"~ 

k,= I X IO'~ 
- m 

The equivalent systems method is ·used to derive the governing differential equation. Let fI be 
the counterclockwise angular displacement of the disk. The kinetic energy of the system at an 
arbit ra ry instant is 

T = Hpif + ~m .(r2ay + ~m2(rl ey = Hlp + ~tl r/ + m2' 12)if 
---+ lcq = lp + m ,r/ + m 2, .2 

= 1.1 kg_m' + (10 kg)(0.3 m)' + (25 kg)(O. 1 m)' = 2.25 kg-m' 

The potential energy of the system at an arbitrary instant is 

I ( , 1 , 1 , ') , V=Zk , r, fI) +Zk,(r,fI) = Z(k,r, +k, r, fI 

k, = k ,r,' + k,r,; = (I X 10' ~)(0.3 m)' + (1 X 10' ~)(0. 1 m)' 
~ m m 

= 1900 N-m 
rad 

The work done by the damping force between two arbitrary instants is 
82 8~ 

W = - j cr, Od(r, fI )=- j er,'Odfi 
8[ 8 1 

-- e", = er,' = (0.3 m)'e = O.0ge 

Hence the governing differential equation is 

2.258 + 0.0geO + 1900fI = a 
8 + O.04eO + 844.4f1 = a 

Fri the governing differential equation, 

w = \/844 4 = 29 1 rad " . . s 
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2.17 
~f+ sa 

Mathead 

2.18 
d+ sa 
Mathcad 

2.19 
d+ sa 

Mathcad 
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For a damping ratio of 1.25, 

c 
2(125)(29.1 ~) 

m' 
0.04

kg
_
m

, 

1820 N-s 
m 

ICHW.7 

The recoil mechanism of a gun is designed with critical damping such that the system 
returns to its firing position the quickest without overshooting. Design a recoil mechanism 
(by specifying c and k) for a 10-kg gun with a 5-cm recoil such that the firing mechanism 
returns to within 0.5 mm of firing within 0.5 s after maximum recoil. 

Let 1=0 occur when the mechanism reaches maximum recoiL The response of the mechanism 
from this time is that of a critically damped system with x(O) = 0.05 m and .«0) = O. From Eq. 
(2.21) 

X(I) = 0.05e '~"(1 + W"I) 

Requiring that x(0.5) = 0.0005 m leads to 
0.0005 = 0.05e '''·'~' (1 + 0.5",") 

A trial-and-error solution leads to w" = 13.2 rad ls, which leads to 

( 
rad) ' N 

k=mw,'= (10kg) 13.27 = 17400;:;;-

( 
rad) N-s 

c = 2mw" = 2(10 kg) 13.27 = 264-;:;;-

A railroad bumper is designed as a spring in parallel with a viscous damper. What is the 
bumper's damping coefficient such that the system has a damping ratio of 1.25 when the 
bumper is engaged by a 20,000-kg railroad car and has a stiffness of 2 x 10' N/m? 

The damping coefficient i, calculated from the damping ratio by 

c = 2(v;;;k = 2(1.25) ~(20,000 kg)( 200,000 ~) = 1.58 X 10' N~S 

The railroad car of Problem 2.18 is traveling at a speed of 20 mls when it engages the 
bumper. What is the maximum deflection of the bumper? 

The natural frequency of the syst:m 0Jf p~::: ~18 is rad 

w" = J§; = 20,000 kg = 3.16 7 

Let I = 0 occur when the car engages the bumper. Since the system is overdamped with x(O) = 0 
and '«0) = 20 mis, application of Eq. (2.22) leads to 

X(I)= 

20~ 
s e - (1.2S)(J. !6)J 

3.16 rad 2"'(1.25)' - 1 
s 

x [e (3 · 16)~1 - e -(3_ 16)~1 

X(I) = 4.22(e ''-'" - e" ·)2,) m 

The time at which the maximum deflection occurs is obtained by setting 

~ = 0 = 4 22( - 1 58e ''-'" + 6 32e")2,) dl .. . 
632 e- 1 ~Xl 

158;;;: e-f,:\21:;: e
4741 

1 (6.32) 
I = 4.74 In 1.58 = 0.292 s 

Thus the maximum bumper deflection is 
Xmu = 4.22(e - l.s ...... '/.2'12) - e-6.32(U.21)2») = 1.99 m 
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2.20 An empty railroad car has a mass of only 4500 kg. Wha t are the natu ra l frequency and a damping ratio of a system with the bumper of Problem 2.18 when engaged by an empty 
... railroad car? 
M3tl'lcad 

The natural frequency and damping ratio are calculated as 

k 200,000 ;;:; rad S. W n = l = . 4500 kg = 6.67 sec 

1.58 x 10' N-s 
m 

2.63 

2.21 Overshoot for an underdamped system is defined as the maximum displacement of the a system at the end of its first half cycle. What is the minimum damping ratio for a system 
.!!!, such that it is subject to no more than 5 percent overshoot? 

2.22 
~(+ sa 

Mathc:ad 

The general response of an underdamped system is given by 

x(t) = Ae- <·" sin (Wdt + "'d) 

Let D. be the initial displace ment of an underdamped system. Then 

x(O) = D. = A sin "'. 

For 5 percent overshoot 

x(i) = -005 D. 

= Ae- C ...... (T.I2) sin (W;Td + tPd) = -A sin <Pd~-( ... ,,(Tfl ) = _.1e - C ... ,, { T.,I2:) 

The damped natural period is 

Thus 

,= ,r + [In (0.05)]' = 0.690 

A suspension system is being designed for a 2000-kg vehicle (empty weight) . It is 
estimated that the maximum added mass from passengers and cargo is 1000 kg. When the 
vehicle is empty, its static deflection is to be 3.1 mm. What is the minimum value of the 
damping coefficient such that the vehicle is subject to no more than 5 percent overshoot, 
empty or full? 

:., The required suspension stitTness is 

k = mg = (2000 kg)(9.81 ~) 6.33 x 10'!'l: 
D.ST 0.0031 m m 

The results of Problem 2.21 show that the damping ratio must be no smaller than 0.69 to limit the 
overshoot to 5 percent. The damping ratio of a system whose stitTness is fixed but whose mass can 
vary is smaller for a larger mass. Thus the damping coefficient must be limited to 0.69 when the 
vehide is fully loaded: 

c = 2,...;;;;J( = (0.69) ~(3ooo kg)( 6.33 X 10' ~) = 1.90 x 10' : s 
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2_23 
,~(+ 

sa. 
MiI1hcad 
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The vehicle with the suspension designed in Problem 2.22 encounters a bump of height 
5.5 cm. What is the vehicle's overshoot if it is carrying 25 kg of fuel, one 80-kg passenger, 
and 110 kg of cargo? 

The mass of the vehicle is 2215 kg, leading to 

k 
6.33 x 10' -~ m rad 

w" = .J£= 2215 kg = 53.5 ~ 
1.90 x 10' N-s 

,= _c_ = _-;=====~m~==== 0.802 
2...;;:n;( (N) 2 (2215 kg) 6.33 x la' ;;; 

From Problem 2.20 the overshoot is calculated by 

-x(~) = <le -"""""'" = (0.055 m)e - (0.802.,v, 0(0 H02)' I = 0.081 cm 

2_24 A free vibrations test is run to determine the stiffness and damping properties of an 
elastic element. A 20-kg block is attached to the element. The block is displaced 1 cm and 
released. The resulting oscillations are monitored with the results shown in Fig. 2-1 6. 
Determine k and c [or this element. 

0.0 1 

0.008 

0.006 

0.004 

0.002 

-0.002 

-0.004 

-0.006 

-0.008 

-0.0 1 '-__________ ____________ ..0 

o 0.06 0.12 0.18 0.24 0.30 0.36 

Fig_ 2-16 
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From Fig. 2-16 the displacement of the block at the end of the first cycle is 0.005 m. The 
logarithmic decrement is calculated as 

(
0.01 m) 

8 = In 0.005 m = 0.693 

from which the damping ratio is determined 

. 8 0.693 

~ = V41T' + 8' = V4,r + (0.693)' 
0.11 

The damped natural period is determined from Fig. 2-16 as 0.06 s. The damped natura l frequency 
IS 

· 21T 21T rad 
w,' = T. = 0.06 s = 104.7 -;-

The natural frequency is calculated from 

104.7 rad 
W ei s 

w" = V I _ ~' = V I- (0.1 1)' 
105.3 rad 

- s 

Thus the stiffness and damping coefficient a re calculated 

(
rad)' N k = mw"' = (20 kg) 105.3 - = 2.22 X 10' -

. s m 

(
rad ) N-s 

c = 2~mw" = 2(0.11 )(20 kg) 105.3 -;- = 4.63 X 10' -;;;-

2_25 The 25-kg block of Fig. 2-15 is displaced 20 m m and re leased . If c = 100 N-s/m, how 
~ ma ny cycles wi ll be executed before the amplitude is reduced to 1 mm? 

Math'ad Using the results of Problem 2.16, the damping ratio is calcu lated as 

( N-S) 
~ = 0.04c = 0.04 100 -;;;-

2w" 2(29.1 r: d ) 
0.069 

Thus the logari thmic decrement is calculated as 

8 = ~ = 21T(0.069) 0.435 
vl=1' VI - (0.069)' 

The concept of logarithmic decrement can be successively applied between cycles leading to an 
alternate form of Eq. (2.19) 

8 I I ( x(r) ) =;; n x(r+nT..) 

where n is an integer. Thus, for the amplitude to be reduced to I mm in n cycles from an initial 
amplitude of 20 mm, 

I (20 mm) 0.435 =;; In 1 mm -> n = 6.89 

However, since n must be an integer the amplitude will be reduced to less than I mm afte r the 7th 
cycle. 
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2.26 List three differences between the free vibration response of a system with Coulomb 
damping and the free vibration response for a system with viscous damping whose free 
vibrations are underdamped. 

\ (a) 

I (b) 

(c) 

Three differences between the systems are: 

The magnitude of the Coulomb damping has no effect on the frequency or period of motion 
while the magnitude of the viscous damping does affect the frequency Wd and period T.,. An 
increase in viscous damping leads to a decrease in Wd and an increase in Tdo 

The amplitude of vibration for a system with Coulomb damping decreases by a constant 
amount per cycle (linear decrease) while the amplitude of vibration for a system with viscous 
damping decreases exponentially. 

Motion ceases for a system with Coulomb damping when the amplitude becomes small 
enough such that the force in the elastic member is insufficient to overcome static friction, 
leading to a permanent displacement from equilibrium. Motion continues indefinitely for a 
system with viscous damping. 

2.27 Use the work-energy method to determine the change in amplitude per cycle of motion 
for a block of mass m attached to a spring of stiffness k, sliding on a surface with a 
coefficient of friction J.1... 

Let X, be the amplitude of motion at the beginning of a cycle, defined as a time where the 
velocity is zero. Let X, be the amplitude at the end of the next half cycle, when the velocity is 
again zero. The principle of work and energy applied between these times is 

where T, = T, = O 

and the work done by the friction is 

Thus 

W,_, = - p.mg(X, + X , ) 

IkX,' - p.mg(X, + X,) = IkX,' 

IkX,' + p.mgX, + (p.mgX, - l kX,') = 0 

The quadratic formula is used to solve for X, in terms of X,: 

X , = ~ [ -p.mg ± (p.mg)' - 2k(J.1..I1lgX, - ~kX,,)] 

X _ 2p.mg 
, k 

However, X, must be positive; thus the change in amplitude over one half cycle is 

x -X =2p.mg , , k 

Since the change in amplitude is independent of the amplitude, it is constant over each half cycle. 
Thus the change in amplitude over J cycle of motion is 

~A = 4p.mg 
k 
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2.28 The block in the system o f Fig. 2-17 is displaced 10 mm a nd re leased. How many cycles of 
m o tion will be executed ? 

I kg 

Fig. 2-17 

The differential equat ion governing the motion of the system of Fig. 2-17 can be shown to be 

mi + kx = {-p.mg, 
p.mg, 

Comparing the above equation to Eq. (2.23) , 

Fr = p.mg 

Thus the decrease in amplitude per cycle is given by 

i > O 
i<O 

4(0.12)(1 kg)(9.Bl ~) 
M = 4p.mg 0.47 mm 

k 10,000 ~ 
m 

Ma lia n will cease when the amplitude is such th at the spring fo rce cannot overcome the friction 
force. The resulting permanent displacement is given by 

p.mg 
xr =-k-= 0.11 B mm 

Hence the number of cycles is 

xo-naA < XI 

n > x" - xr = 10 mm - O.llB mm 
M 0.47 mm 

Hence 22 cycles will be executed. 

21.02 cycles 

2.29 The block of Fig. 2-18 is displaced 25 mm and released. It is observed that the amplit ude a decreases 1.2 mm each cycle. What is the coefficient of friction between the block and the 
~ surface? 

Mathea<:! 

Fig. 2-18 
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Application of Newton's law to the free body di agrams of Fig. 2-19 leads to 

.. kx {-p.mg cos 0, mx + = 
p.mg cos 0, 

Hence, using Eqs. (2.23) and (2.24), 

Fj = p.mg cos 0, 

Substituting given values leads to 

~ = 4p.mgcosO 
k 

( 1 x 10' ~)(0.()()1 2 m) 

i > O 
i < O 

k~ 
p. =---

4mg cos 0 

p. = 0.034 

4(10 kg)(9.81 ~) cos (25") 

x 

~ 

kx ~~ mgcoss 
~coss ~

g l 
kx t 
~ mg cos S 

IJmgcos 8 

x>O x<o 
Fig. 2-19 

[CHAP. 2 

2_30 The connecting rod of F ig. 2-20 is fitted around a cylinder o f diame ter 5 cm. The 
coeffici e nt of friction between the rod and the cylinder is 0.08. If the rod is rotated 13° 
a nd re leased, what is the decrease in angle on each cycle? 

G 

T 
60 em 

1 
d=5cm 
~ = 0.08 

Fig, 2-20 

Free body diagrams of th e connecting rod at an arbitrary instant are shown in Fig. 2-21. The 
effect of friction between the rod and the cyli nder results in a moment p.mgd /2 acting on the rod, 
opposing the direction of motion. Thus the free body diagrams are shown for a clockwise angular 
velocity. Summing moments, 

(2: Mo) = (2: Mo) 
elf ,.,,! 
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and assuming small fl leads 10 (d 
- p.mg-, 

(! + me' )ii + mgffl = 2 
d 

p.mg z' 
Iko 

0 > 0 

Comparing the above to Eq. (2.23) leads to 

wh ich from Eq . (2.24) leads to 

/mit 
w" = Vt+;;;(i' 

1 
fj =z p.mgd 

<'>0 = 4(Ip.mgd) = 2p.d 
mgf f 

Substituting given va lues leads to 

<'>0 = 2(0.08)(0.05 m) 0.0133 rad = 0.76' 
0.6 m 

EXlernal Forces 

Fig. 2·21 

\te," 
'i" 

,://9 
Effeclive Forces 

Supplementary Problems 
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2.31 Use the e quivalent systems method to derive the different ial equation governing the motion of the 
system of Fig. 2-22. Use x as the generalized coordinate. De te rmine the syste m's na tural frequency. 

J 
Fig. 2·22 
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Ans. 
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(m + ~)i + ~ x = 0 
9,' 9 ' 

~ 
Wn = \j~ 

[CHAP. 2 

2.32 Use the equivalent system method to derive the differential equation governing the motion of the 
system of Fig. 2-23. Use 8 as the generalized coordinate assuming small 8. Determine the system's 
natural frequency. 

2k 

Fig. 2-23 

Ans. 

1 .. (2 ) CimL' 8 + 3 kL'+k, 8 = 0, w" = 

~9 i =f2mL' 

6kL' + 9k, 
mL2 

2.33 Use the equivalent system method to derive the differenti al equat ion gove rning the mot ion of the 
system of Fig. 2-24. Use x as the generalized coordinate. Assu me small x and de te rmine the 
syste m's natural frequency. 

Ans. 

L 
"2 

Fig. 2-24 

G m + M)i + ex + kx = 0, 

Slender bar of mass m 

Rigid 

link 

1 

w .. = )m!~M 

- t , 
I "" l2mL 

2.34 Use the free body diagram method to derive the differe ntial equation governing the motion of the 
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system of Fig. 2-25. Use 6 as the ge neralized coordinate, assuming small e. Assume the structu re is 
composed of two slender rods welded together. 

A 

1 
L 

Slender bars 

Fig. 2-25 

Ans. 

2.35 Use the free body diagram method to derive the differential eq uatio n govern ing the mo tio n o f the 
system of Fig. 2-26. Use e as the gene ralized coordinate, assuming small 6. 

Slender bar of mass m 

3L 

Fig. 2-26 

Ans. 

7 .. 9 . (11 L) - mL' 6+ -cL' 6+ - kL'- mg - 6 = 0 
48 16 16 4 
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2.36 A 300-kg block is attached to four identical springs, each of stiffness 2.3 X 10' N/m, placed in 
paralle l. Dete rmine the system's natural frequency in hertz. 

Ans. 8.81 Hz 

2.37 A thin disk of mass moment of inertia 5.8 kg-m' is attached to the end o f a 2.5-m alum inum 
(G = 40 X 10' N/ m' ) shaft of 10 em diameter. What is the natural frequency of torsional oscillation 
of the disk? 

Ans. 164.6 radls 

2.38 Determine the natural frequency of the system of Fig. 2-27. 

A = 2 X 10-3 ml 

, N N 
C£=IOO X IO n;; I X IO'-

I~ ______________ ~~AA~A-A~ 
I 3 : I~''h -L.::J v v v " 

>----- 2 m -----jl m 

Fig. 2·27 

Ans. 132.3 radls 

2.39 When empt y th e sta tic defl ection of a 2000·lb vehicle is 0.8 in. What is the vehicl e's na tural 
freq uency when it is carrying a 200-lb passenger and 250 Ib of cargo? 

Ans. 19.9 radls 

2.40 The location of the center of mass and the mass mom ent of inertia o f th e connecting rod o f Fig. 
2·28 are unknown. When the rod is pinned at A , its natu ra l frequency is observed as 20 rad/s. 
When a 250'g mass is added to the free end , the system's natural frequency is observed as 10 rad /s. 
Determine the location of the center of mass t . 

1 
60cm 

I 
I 

1 
m = 1 kg 

j 
Fig. 2·28 

Ans. 0.512 m 

2.41 A rotor of mass mom ent of inertia 2.5 kg- m' is to be attached a t the end of a 60-cm circul a r steel 
(G = 80 X 10' N/m' ) shaft. What is the range of shah diameters such that the torsional na tural 
frequency of the system is between ]00 and 200 Hz? 

Ans. 9.32 em < D < 13.2 em 
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2.42 A uniform 45-kg flywheel o f inne r rad ius 80 em and outer radius 100 em is swung as a pendulum 
about a knife edge support on its inner rim. Its period is observed as 2.1 s. D etermine the 
flywheel's centroidal moment of inertia. 

Ans. 1 = 10.65 kg-m' 

2.43 A particle of mass m is a ttached to the midpoint of a taut string o f le ng th L and te nsion T, as 
shown in Fig. 2-29. De te rmine the particle's natural frequency of vertica l vibra tion. 

Ans. 

r 
~ 
I-- 2" -----1-- 2" -----I 

Fig. 2-29 

w = {4T 
n I/-;;;L 

2.44 The disk in the syste m o f Fig. 2-30 ro lls without slip. Dete rmine the value o f c such tha t the syste m 
has a damping ratio of 0.2. 

Ans. 

.!-j 

~k Of mass m 
NO.SliP/ 

Fig. 2-30 

c = 1.55Ymk 

2.45 What is the value of c such that the syste m of Fig. 2-31 is critically damped if m = 20 kg and 
k = 10,000 N/ m? 

;"-:.. 

Fig. 2-31 

Ans. c = 1.55 x 10" N-s / m 

/: 
I 
I 
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2.46 A 200-kg block is attached t') a spring of stiffness 50,000 N/m in parallel with a viscous damper. 
The period of free vibration of this system is observed as 0.417 s. What is the value of th e damping 
coefficient? 

Ans. c = 1.91 X 10' N-s/m 

2.47 For the recoil mechanism designed in the solution of Problem 2.17, what is the initial velocity of 
the recoil mechanism that leads to a recoil of 5 cm? 

Ans. 1.79 m/s 

2.48 What is the minimum damping ratio for an underdamped system such that its overshoot is limited 
to 10 percent. 

Ans. ( = 0.591 

2.49 A 1000-kg machine is placed on a vibration isolator of stiffness 1 X 10' N/m. The machine is given 
an initial displacement of 5 cm and released. After 10 cycles the machine's amplitude is I cm. What 
is the damping ratio of the system? 

Am. (=0.026 

2.50 A 100-kg block is attached to a spring of stiffness 1.5 X 10' N/m in parallel with a viscous damper 
of damping coefficient 4900 N-s/m. The block is given an initial velocity of 5 m/s. What IS ItS 

maximum displacement? 

Ans. 30.9 mm 

2.51 Solve Problem 2.50 if c = 29,000 N-s/m. 

Ans. 13.4 mm 

2.52 How long after being given the initial velocity will it take the system of Problem 2.51 to return 
permanently to within I mm of equilibrium. 

Ans. 0.0515 s 

2.53 The slender bar in the system of Fig. 2-32 is rotated 5' from equilibrium and released. Determine 
the time dependent response of the system if m = 2 kg, L = 80 cm, r = 10 cm, k = 20,000 N/m, and 
c = 300 N-s/m. 

r- 1:. -+- 1:. -1---- L -----i 
4 4 2 

Fig. 2-32 

Ans. 

Sphere of radius r 

mass m 

8(r) = 0.0895e -'6>, sin (28.9r + 1.35) 

2.54 Solve Problem 2.53 if c = 1500 N-s/m. 
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Ans. 
8(t) = 0.144e -"" - 0.055e -" ·" 

2.55 A spring-dashpot mechanism is designed such that a system is critically damped when the system 
has a mass m. What is the damping ratio of a system using this mechanism with a mass (a) 3m /4, 
(b) 4m/3? 

Ans. (a) 1.15, (b) 0.866 

2.56 If the initial conditions for the motion of a critically damped system are of opposite sign, overshoot 
is possible. Derive a relationship that the initial conditions Xu and Xo must satisfy in order for 
overshoot to occur. 

Ans. 

__ x_o_< O 
in + W"Xo 

2.57 A 35-kg block is connected to a spring of stiffness 1.7 x 10' N/m. The coefficient of friction 
between the block and the surface on which it slides is 0.11. The block is displaced 10 mm from 
equi librium and released. (a) What is the amplitude of motion at the end of the first cycle? (b) 
How many cycles of motion occur? 

Ans. (a) 9.11 mm, (b) 11 

2.58 A 50-kg block is aitached to a spring of stiffness 200,000 N/m and slides on a surface that makes an 
angle of 340 with the horizontal. for what values of p., the coefficient of friction between the block 
and the surface, will motion cease during the 10th cycle when the block is displaced 1 cm from 
equilibrium and re leased? 

Ans. 0.120 < P. < 0.133 



Chapter 3 

Harmonic Excitation of 1-Degree-of-Freedom 
Systems 

3.1 DERIVATION OF DIFFERENTIAL EQUATIONS 

Differential equations governing the forced vibrations of a l·degree-of-freedom system can 
be derived using the free body diagram method as discussed in Chap. 3. Time-dependent forces 
and moments are illustrated on the free body diagram showing external forces. 

Any linear I-degree-of-freedom system can be modeled by one of the systems of Figs. 3-1 or 
3-2 using the equivalent system method. The system of Fig. 3-1 is appropriate if the chosen 
generalized coordinate represents a linear displacement while the system of Fig. 3-2 is 
appropriate if the generalized coordinate is an angular displacement. The equivalent inertia, 
stiffness, and damping properties are determined as in Chaps. 1 and 2. The equivalent external 
force F," or moment M," is determined using the method of virtual work. Let ox be a variation 
in the generalized coordinate (a virtual displacement). Let 8W be the work done by the 
external forces as the system displaces from x to x + ox. The equivalent force is determined 
from 

oW = F," ox (3.1) 

If the generalized coordinate is an angular displacement, 

(3.2) 

The general form of the different ial equation governing the forced vibrations of a 
I-degree-of-freedom system is 

(33) 

or dividing by m,", 

k,.cq 

Fig. 3-1 Fig. 3-2 

3.2 HARMONIC EXCITATION 

A single-frequency harmonic excitation is of the form 

(3.5) 

where Fo is the amplitude of excitation, w is the frequencyof excitation, and", is the phase of the 
excitation. 

64 
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3.3 UNDAMPED SYSTEM RESPONSE 

For (= 0 and w .. W n , the solution of Eq. (3.4) with F,q(t) given by Eq . (3.5) and subject to 
initial conditions x(O) = Xo and X(O) = xo, is 

[ Fa sin </J ] 
x(c) = Xo - (2 _ ' ) cos WnC 

m cq W " W 

1 [ . FowCOS</J ]·. 
+ - x" - ( 2 ' ) SIO WnC 

W" m eq W" - W 

Fa . 
+ ( 2 ,)SIO (WC+</J) 

m eq W" - W 

This response is illustrated in Fig. 3·3. 

Homogeneous solution 

- - - - - - - - Particular soimion 

---- T Olal solution 

Fig. 3·3 

Whe n W = W n , the solution of Eq. (3.4) is 

(
'>:0 · Focos </J) . 

x(C) =XO cos wnC+ -+-2--2 SIOWnC 
w" m eq Wn 

Fa --2--CCOS (wnC + </J) 
m cqw" 

(3.6) 

(3.7) 

f\ 
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Figure 3-4 illustrates the condition of resonance, the unbounded growth of the response when 
the excitation frequency coincides with the natural frequency_ 

Fig_ 3-4 

When W is very close but not equal to w"' and x" = 0 and ;(0 = 0, Eq_ (3.7) can be rewritten 
as 

( ) 2F" . (W - W,,) (W + W,,) 
x I = m,q(w.' _ w' ) SIO --2- I cos - -2- I 

(3.8) 

The beacing phenomenon that occurs in this situation and is illustrated in Fig. 3-5 is 
characterized by a periodic buildup and decrease in amplitude. 

2" 
I---- Iw - will -----l 

A 
A 

f\ A f\ A 
V V 'J V V 

I-
4" 
--
w + w" 

Fig. 3-5 
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3.4 DAMPED SYSTEM RESPONSE 

For ( ... 0, the homogeneous solution of Eq. (3.5) ~S)With increasing time, and 
eventually only the particular solution is important in the response. This condition is called 
steady state, and the corresponding particular solution, the steady-state response, is given by 

X,,(t) =X sin (wt + '" - q,) (3.9) 

where X is called the steady-state amplitude and q, is called the phase difference. The 
steady-state amplitude is calculated from 

2 1< y.,.tz, h 
m'9~n X = M(r, () 1'\>,"·. ' (3.10) 

where 

is called the frequency ratio and 

w 
r= -

w" 
(3.11) 

(3.12) 

is called the magnification factor. The phase difference between the response and the excitation 
is 

( 
2(r ' 

q,=tan- 1 
- - ) 
1 - r' 

(3.13 ) 

Figures 3-6 and 3-7 illustrate the nondimensional magnification factor and phase difference as 
functions of r for several values of (. It is noted that for a fixed « l/Yz, the maximum value of 
Mis 

(3.14) 

and occurs for a frequency ratio of 

(3.15) 

3.5 FREQUENCY SQUARED EXCITATIONS 

A common form of harmonic excitation is one whose amplitude is proportional to the 
square of its frequency. That is 

(3.16) 

where A is a constant of proportionality. For a frequency squared excita tion, Eq. (3.10) can be 
rewritten as 

where 

m~x = 1\(r, () 

r' 
A(r, ?) = r' M(r, ?) = -;==~======:= 

V( l - r' )' + (2(r) ' 
(3.18) 
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... 2 !: ~ 0.70 

!: - 1.0 !: 
L 

.....-:::-.--. 
. ~~-- /<.: 

Y--- ./.' 

Fig. 3-6 

................. :.:..:~:..:.::..:..:~ ----
--------...:..::-:--

!: - 0.25 
!: - 0.1 

... ;. ..... ~_--.......... .. ... . -- {". 0.01 
°0~-~--~~"~·~·~~.5~==~~~---------J1.5~--------L-------~2.5 

Fig. 3·7 

The nondimensioal function A is illustrated in Fig. 3-8 as a function of r for several values of S­
It is noted that for a fixed S < 1/Y2, the maximum value of A is 

and occurs for a frequency ratio of 
\:I) 

(3.20) 
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<: 

O ~~=---------~-------------L------------~ o 

Fig. 3-8 

3_6 HARMONIC SUPPORT EXCITATION 

69 

The block in the system of Fig. 3-~ is connected through a spring in parallel with a viscous 
damper to a movable support. The support is give n a harmonic motion of the form 

Y(I) = Y sin wI 

The absolute displacement of the block x is governed by 

x + 21;wnx + wn
2x = wn

2 Y sin wI + 21;wn Y cos wi 

fin IXII) 

k c 

TYII) 

Fig_ 3-9 

Let 

(3.21) 

(3.22) 

Z(I) =X(I) - Y(I) t;(3.23) 

be the displacement of the block relative to its support. The differential equation go erni { Z(I) 
IS 

i" + 21;wnz + w} = w2 Ysin wI (3.24) 
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The steady-state solut ion of Eq. (3.24) is 

Z( I) = Z sin (WI - cf» 

where cf> is given by Eq. (3 .13) and 

Z 
y=A(r, {) 

The steady-state ampli tude of absolute displacement is given by 

X I 1 + (2(r)' 
y = T(r, {) = V(1- r' )' + (2(r)' 

The function T(r, () is illustrated in Fig. 3-10 as a function of r for several va lues of (. 

.... 2 

o o 

Fig. 3-10 

3.7 MULTIFREQUENCY EXCITATIONS 

The steady-state solution of Eq. (3.4) with 

F(I) = :z F, sin (W;I + I/!;) 
, -""' I 

is obtained using the principle of linear superposition 

where 

n 

X(I) = :z F,M(r;, I) sin (W;I + I/!; - cf>;) 
i - I 

W; 
',=­

W n 

(3.25) 

(3.26) 

(3.27) 

(3.28) 

(3.29) 

(3.30) 
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and 1> - - I (~) i- tan 1 _ ri2 (3.3/) 

3.8 GENERAL PERIODIC EXCITATIONS: FOURIER SERIES 

If F(t) is a periodic function of period T, then F(I) has the Fourier series representation 

where 

a " 
F(t) = i + ,~ (ai cos w;i + hi sin w;i) 

2n:i 
w'=T 

T 

ai = ~ J F(t) cos w;i dt 
o 

T 

2 J . hi = T F(t) sIn w,t dt 
o 

(3.32) 

(3.33) 

(3.24) 

(3.35) 

The series of Eq. (3.32) converges to F(t) at all 1 where F is continuous. If F(t) has a jump 
discontinuity at t, then the series of Eq. (3.32) converges to the average value of F as t is 
approached from the left and right. 

If F(I) is an even function, then F( - I) = F(t) for all t and hi = 0, i = 1, 2, . . If F(t) is an 
odd function , then F( - t) = - F(t) for all t, and ai = 0, i = 0,1, 2, ... 

An alternate representation of Eq. (3 .32) is 

where 

F(t) = I + ~ Ci sin (Wil - Ki) 

Cj = Ya/ + b/ 

and Ki = tan - I (~) 

The response of a I-degree-of-freedom system subject to a periodic excitation is 

1 [a x ] x(t) = --, -2
0 + 2: ciM(ri' n sin (w,t + Ki -1>i) 

m eqWn ; ,. \ 

An upper bound for the maximum steady-state displacement is 

3.9 COULOMB DAMPING 

(3.36 ) 

(3.37) 

(3.38) 

(3.39) 

(3.40) 

An approximation of the response of a system with Coulomb damping subject to a 
single-frequency harmonic excitation is obtained by modeling the system using viscous damping 
with an equivalent viscous damping ratio, COq, calculated such that the work done over 1 cycle of 
motion by the system with Coulomb damping is the same as the work done by the system with 
viscous damping with the equivalent damping coefficient. To this end, 

(3.41) 
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where ,= Ii (3.42) 
Fa 

where 0 is the magnitude of the Coulomb damping force , Fa is the ampl itude of the excitat ion, 
and M is the magnification factor. Substituting into Eq . (3.12) leads to 

M= 
1 - (~)' 
(1 - r' )' 

(3.43) 

Equation (3.43) provides an approximation to the magnification factor for, < n /4. 

3.10 HYSTERETIC DAMPING 

Empirical evidence indicates that the energy dissipated over 1 cycle of motion due to 
hysteretic damping is independent of frequency but proportional to the square of amplitude. 
The free vibration response of a system with hysteretic damping is similar to that of a system 
with viscous damping. A dimensionless hysteretic damping coefficient h is determined from the 
logarithmic decrement 15 as 

h=§. 
n 

For forced vibration, the equiva lent viscous damping ratio is 

which leads to a magnification factor of 

M=::-i7:=~===;:=i 
V( l - r')' + h' 

Solved Problems 

(3.44) 

(3.45) 

(3.46) 

3.1 Use the free body diagram method to derive the differential equation governing the 
motion of the system of Fig. 3-11 using e as the generalized coordinate. 

Fig. 3-11 
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free body diagrams of the system at an arbitrary instan t ass uming small 6 are shown in fig. 
3- [ 2. Summin g moments about the pin support leads to 

-lkL6(lL) - Fa sin wI{lL) - kUiOL) + M"sin wI = hmL'ij + l mLijClL) 

External forces Effect ive forces 

Fig. 3·12 

3.2 Use the eq ui valent syste m m e thod to derive the differentia l equation governing the 
motion of th e system of Fig. 3-11 using e as the generaliZed coordinate. 

The kinetic energy o f the system at an arbitrary instant is 

The potential energy of the system at· an arbitrary instant is 

The work done by the damping force between two arbitrary instants is 

W = - J \cLiJd(IL6) = - J r"cL'iJd6 
6 1 6 1 

The work done by the external fo rces as the system moves through a variation 88 is 

8W = -Fo(sin WI) 8(lL6) + M,,(sin wI) 86 

= (- l FaL + M,,)(sin WI) (J'6 

Hence the governing differential equation is 
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3.3 For what value of m will resona nce occur for the system of Fig. 3-13? 

3.4 
~f+ 

ii. 
l.1atncad 

200 sin 50r 

~ m m 

Fig. 3·13 

The springs attached to the block in Fig. 3-13 act in parallel, leading to an equivalent stiffness 
of 3 X 10' N/m. Resonance occurs when the excitation frequency of 50 radls is equal to the natural 
frequency, 

which leads to 

N 
k 3 X 10' -

m = ~ = ( rad )~ = 120 kg 
50-

s 

A 45-kg m achine is placed at the e nd of a 1.6-m cantilever beam of elastic modulus of 
200 X 109 N/m2 and cross-sectional moment of inertia 1.6 X 10-5 m 4. As it operates, the 
machine produces a hannonic force of magnitude 125 N. At what operating speeds will 
the machine's steady-state amplitude be less than 0.2 mm? 

The eq uivalent stiffness of the beam is 

The system 's natural frequency is 

J2.34 X 10"~ 
w" = ~ = m = 228.0 rad V-;;; 45 kg s 

In order to limit the steady-state amplitude to 0.2 mm, the allowable value of the magnification 
factor is 

( 
rad)' 'X (45 kg) 228.0 - (0.OOO2 m) 

mWn s 
M=~= 125N 

For an undamped system, Eq. (3 .1 2) becomes 

I 
M=Il-r'l 

3.74 
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3.5 
rf+ 

ia. 
Mathea<: 

Fo r r < I, requi ring M < 3.74 leads to 

r < )1 -3.~4 = 0.856 

For r > I, requiring M < 3.74 leads to 

r » 1 +~=)1 +3~4 = 1.I26 

Thus the allowable ranges of frequencies are 

w < O. 856w. = 195.2 rad 
s 

and 
. rad 

w> 1.125w. = 256.5 -
s 

A thin disk of mass 0.8 kg a nd radius 60 mm is attiched to the end of a 1.2-m steel 
(G = 80 x 109 N/m\ p = 7500 kg/m') shaft of diame ter 20 mm. The disk is subj ect to a 
harmonic torque of amp litude 12.5 N-m at a frequency o f 700 rad /s. Wha t is the 
stead y-s ta te amp litude of angular oscillations of the disk ? 

The torsional stiffness of th e shaft is 

~ (0.01 m)'( 80 X 10' ~) N-m 
k = JC = 1.05 x 10-' -
, L 1.2 m rad 

Th e mass moment of ine rtia of the shaft is 

= 1.41 x 10- ' kg-m' 

The inertia effects o f the shaft are included in a I -degree-of-freedom model by 

= \(0.8 kg)(O.06 m) ' + \( 1.41 x 10- ' kg-m') = 1.49 X IO- J kg-m' 

The natura l frequency of the system is 

The frequency ratio is 

1.05 X 10' N-m 
rad 

1.49 x 10 J kg-m' 

700 rad 

r = ~ = ___ s_ = 0.834 
w. 839.5 rad 

s 

which leads to a magnification factor of 

839.5 rad 
s 

M =_I _= I 3.28 
1 - , ' 1 - (0.834) ' 
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Let 8 be the steady-state amplitude of torsional oscillation. The to rsiona l oscillation equivalent of 
Eq. (3.10) is 

i oOw"' 8 = M 
To 

8 = MTo = 3.28(12.5 N-m) 

ioow} (1.49 X 10-' kg-m')( 839.5 r
:

d)' 

= 0.0390 rad = 2.24° 

3.6 A 45-kg machine is mounted on four paralle l springs each' of stiffness 2 x lOs N/m. When 
the m achine operates at 32 Hz, the machine"s steady-sta te amplitude is measured as 
1.5 mm. What is the magnitude of the excitation provided to the machine at this speed? 

3.7 
~I+ sa. 
lIlathcad 

The system's natural frequency is 

The system's frequency ratio is 

133.3 rad 
s 

(32 CYCle)(2Jr ~) 
, = .':!... = s cycle 1.51 

w" .;~~1nd 
: (~~:~: .~ :, . 

The magnification factor for an undamped system with a frequency ratio greater than 1 is 

1 1 
M= , '_ J = (1.51)'- 1 =0.781 

Equation (3 .10) is rearranged to solve for the excitation force as 

'x (45 kg)(I33.3 rad )'c0.OOI5 m) 

F;, = m~ = 0.7~1 1.54 x 10' N 

A system tha t exhibits beating has a period of oscill ation of 0.05 s and a beating pe riod of 
1.0 s. D etermine the system 's natural frequency and its exci tation frequency if the 
excitation frequency is grea ter than the natural frequency. 

From Fig. 3-5 it is observed that the period of oscillation is 

and the period of beating is 

4Jr 
T=--=0.05 s 

w +w" 
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3.8 
d+ sa 

lIla1head 

These equations are rearranged to 

w - w" =2lC 

which are solved simultaneously yie lding 

rad 
w=4Irr-, 

s 
rad 

w"=39rr­
s 

Repeat Problem 3.4 as if the beam had a damping ratio of 0.08. 

From the solution of Problem 3.4, the system's natural frequency is 228.0 rad ls, and the 
maximum allowable value of the magnification factor is 3.74. Thus in order to limit the 
magnification factor to 3.74, 

3.74 > -;===~==~ 
V(I - r')' + [2(0.08)r]' 

r' - 1.9744r' + I > 0.07149 

r' - 1.9744r' + 0.9285 > 0 

The above is quadratic in r'. Application of the quadratic formula leads to positive solutions of 
r = 0.879 and r = 1.096. The magnification factor is less than 3.74 if w < 0.879(228.0 rad/s) = 
200.4 radls or w > 1.096(228.0 rad /s ) = 249.9 rad /s . 

3.9 A 1l0-kg machine is mounted on an elastic foundation of stiffness 2 x 106 N/m. When 
operating at 150 rad ls, the machine is subject tj"a harmonic force of magnitude 1500 N. 
The steady-state amplitude of the machine i~sured as 1.9 mm. What is the dam ping 
ratio of the foundation? 

The natural frequency of the system is 

k J2Xl(f~ d 
m ra 

w = f£= ---=1348-"y;;; 110 kg . s 

The magnification factor during operation is 

( 
rad) ' 

M = mw,,'X (110 kg) 134.8 -;- (0.0019 m) = 2.53 

To 1500 N 

The frequency ratio for operation at 150 radls is 

150 rad 
r =~= ___ s_= 1.113 

w" 134.8 rad 
s 

Equation (3.12) can be rearranged to solve for the damping ratio as 

(=~ ~J..--(I-r' )' 
2r M' 
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which for this problem leads to 

~ = 2(1.~ 13) ~(2.~3)' - [I - (11 13)' ]' = 0.142 

3.10 The diffe renti a l equation governing the mo tion of the syste m of Fig. 3-14 is 
~I+ sa (m + -rI2)X + ex + 5kx = Mro sin wI 

lr1athcad 

Usi ng the given values, determine the steady-state amplitude of the block_ 

m = 10 kg 

1=0. 1 kg-m' 

r=IOcm 

k= 1.6 x IO'~ 
m 

c= 640 N- s 
m 

Mo= 100';; 

00= 180 rad 
s 

Fig. 3·14 

The system's natural frequency and damping ratio are 

The frequency ratio is 

2(200 rad)(JO k + 0.1 kg-m' ) 
s g (0.1 m)' 

180 rad 

r=~ =--s- = 0.9 
w. 200 rad 

s 

The magn ification faCl or for the system is 

0.08 

M = M(0.9, 0.08)= 1 4.19 
v'[l - (0.9) ' J' + [2(0.08)(0.9)]' 
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The steady-state ampl itude is determined using Eq. (3.10) with 

Fo=~= 100 N-m= 1000 N 
r 0.1 m 

and 

Thus 

m " = m + ~ = 20 kg 
r 

x = FoM(0.9, 0. 08) (1000 N)(4.19) 5.24 mm 

m" w.' (20 kg) (2oo r: d )' 

3_11 D e rive Eq. (3.14) from Eq. (3.12). 

79 

For a fixed ~, the value of r for which the maximum of M(r, () occurs is obtained by finding 
the value of r such that aM lar = O. To this end, 

aM = _ 2! [(I - r' )' + (2~r)'t"'[2(1 - r')( -2r) + 2(2~r)(2()) 
ar 

aM = 0 ~ (1 - r' ) + 2~' = 0 
ar 

r = VI-2(' 

Substituting this value of r into Eq. (3.12) leads to 

I I 

(I 2~') )' + 4«1 - 2~') ) 2~vI- (' 

3_12 A 120-kg machine is mounted at the midspan of a ·.1.5-m-lo ng simply supported beam of a elastic modulus E = 200 X 109 N/ m' and cross-section mo ment of inerti a 1 = 1.53 x 
~ 10- 6 m'. An experiment is run on the system during which the machine is subj ect to a 

ha rmonic excitat ion of magnitude 2000 N a t a variety of excita tion freque ncies. The 
la rgest steady-state amplitude recorde d during the experiment is 2.5 mm. E stimate the 
damping ratio of the syste m. 

The stiffness of the beam is 

48£1 
48(200 x 10' -m

N
,)(1.53 x 10-6 m') 

k 4.35 x lO'~ =7 (1.5 m)' m 

The system's natural frequency is 

4.35 x 106 ~ 
__ ...,-_m", 190.4 rad 

120 kg s 

The maximum value of the magnification factor is 

mw,,' X m.. (120 kg)( 190.4 ~)' (0.0025 m) 

Mm .. = --F,-o - = 2000 N 5.44 

Equation (3.14) can be rearranged as 

t_~, + _I_ =O 
4M~" 
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which is a quadratic equation in {2 whose roots are 

Substituting Mm .. = 5.44 and noting that use of the positive sign in the ± choice leads to a damping 
ratio greater than I/Yz leads to { = 0.092. 

3.13 An 82-kg machine too l is m o unted on an e last ic fo undation . An experim ent is run to 
determine th e stiffness and d a mping prop erties o f the foundation. When th e tool is 
excited with a harmonic force of magnitude 8000 N at a va rie ty of frequencies , the 
maximum steady-state amplit ude obtained is 4.1 m at a frequency of 40 Hz. Use this 
information to estimate the stiffness and damping ratio of the foundation . 

Using Egs. (3.10) and (3. 14), the maximum steady-state amplitude is related to the damping 
ratio by 

M = __ I __ =nlwn
2Xmu 

m .. 2{~ F" 
(3.47) 

Then from Eq . (3.15) the natural frequency and the frequency at which the maximum steady-sta te 
amplitude occurs are related by 

r
mM 

= V I - 2{' = W
m 
.. 

w. 

Wm .. ~ 

W. = V I _ 2{' 

which when substituted into Eq . (3.47), leads to 

'nW~a"XfTl"~ 
( I - 2t)F;, 

I 

2{~ 

(82 kg)[(40 ~)(2Jr ~)]'(O.OO4 I m) 

(1 - 2t)(8000 N) 2{VI - t 

Substituting given and calcu lated values and rearrangi ng leads to 

28.20{'(1 - {') = (I - 2t)' 

t - t + 0.03107 = 0 

{= 0.179, 0.984 

However, since a maximum steady-state amplitude is attained only for { < l/Yz, {= 0.179. Eq. 
(3. 15) is used to determine the natura l frequency as 

(40 CYcle)(2Jr~) 
w = __ w_ = S cycle 

• ~ V I (0. 179)' 

from which the foundation 's stiffness is calculated: 

255.5 rad 
s 

( 
_ rad)' N 

k = mw.' = (82 kg) 2)5.5 -;- = 5.35 X 10' ;;; 

3.14 A 35-kg e lectric motor that operates at 60 Hz is mo unted on an e las ti c founda tio n of 
stiffness 3 X 106 N/m. The phase difference between th e excitation and the steady-state 
response is 21°. What is the da m ping ra tio of the syste m ? 
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3.15 
~(+ 

sa. 
lIIathead 

The natural frequency and frequency rat io are 

~ { 3X I06!'! 
w. = ~ = ___ m = 292.8 rad 

m 35 kg s 

(60 CYcle)(2Jr~) 
r = ~ = s cycle 

w. 292.8 rad 
s 

Equa tion (3.13) ca n be rearranged to solve for (as: 

1 - r' 
(=z;- tan q, 

1.288 

H owever, since the frequency ratio is greater than 1, the response leads the excitation , and if the 
phase angle is taken to be between 0 and 180°, the appropri ate va lue is q, = 180° - 21 ° = 159°. Thus 

_ I - (\,288)' _, 0_ 

(- 2(\.288) tan (159) - 0.0982 

T he machine of mass m, of Fig. 3-15, is mo unted on an e last ic foundation modeled as a 
spring Df stiffness k in paralle l with a viscous damper of damping coe ffic ient c. T he 
machine has an unba lanced component rotating a t a constan t speed w. The unbalance 
ca n be represe nted by a pa rticle of mass m o, a distance e from the ax is of rotatio n. 
De ri ve the differentia l equation governing the machine 's di sp laceme nt, and de termine its 
steady-state amplitude. 

Fig. 3-15 

Free body diagrams of the machine at an arbitrary instant are shown in Fig. 3-16. Summing 
forces in the ve rtical direction 

and noting that gravity cancels with the static spring force leads to 

-kx - ei = (m - mo)x + moew2 sin 8 + mol 

Since w is constant , 

(I = w i + (10 

Substituting Eq. (3.49) into Eq. (3.48) and rearranging leads to 

mx + ei + kx = - moew' sin (WI + ao) = m oew' si n (WI + I/J) 

where 

(348) 

(3.49) 

(3.50) 
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Thus the response of a system due to a rotating unbalance is that of a system excited by a 
frequency squared harmonic excitation. The constant of proportionality defined in Eq. (3.16) is 

A = moe 

This application of Eq. (3.17) leads to 

where 

rnX = A(r, 0 = r' 
m oe Y(J r')' + (2{r)' 

w 

External 
forces 

w"= [, V;;; 

Fig. 3-16 

{=_c_ 
2mw" 

mox +;. moew2 

~ (m - fflo)i 

Effective 
forces 

(3.51) 

3.16 A 65-kg industrial sewing machine has a rotating unbalance of 0.15 kg-m. The machine 
operates at 125 Hz and is mounted on a foundation of equivalent stiffness 2 x 106 N/m 
and damping ratio 0.12. What is the machine 's steady-state amplitude? 

The natural frequency and frequency ratio of the system are 

k )2 X 10' ~ rad w"=$,= ~=175.4~ 
(125 cYcIe)( 2lf ~ ) 

r = ~ = s cycle 

w" 175.4 rad 
4.48 

s 

From the results of Problem 3.15, the excitation provided to the machine by the rotating unbalance 
is a frequency squared harmonic excitation with A = m oe, the magnitude of the rotating unbalance. 
Thus using Eq. (3.51) of Problem 3.15, 

mX = A(4.48, 0.12) = ::r,;===:~~(4~.4=i8~)'~~~'ii' 
moe Y[1 (4.48)']' + [2(0.12)(4.48)]' 

x = L051(0.15 kg-m) 2.43 mm 
65 kg 

L051 

3.17 An SO-kg reciprocating machine is placed on a thin, massless beam. A frequency sweep is 
run to determine the magnitude of the machine's rotating unbalance and the beam's 
equivalent stiffness. As the speed of the machine is increased , the following is noted: 

(a) The steady-state amplitude of the machine at a speed of 65 rad/s is 7.5 mm. 

(b) The maximum steady-state amplitude occurs for. a speed less than 65 rad/s. 
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3.18 
r{+ 

sa 
"athead 

(e) As th e speed is g rea tly increased, the steady-s tate am plitude a pproaches 5 mm. 

A ssume the syste m is undamped . 

Problem 3.15 illustrates that a machine with a ro tating unbalance experiences a frequency 
squared harmonic excitation with A = m oe, the magnitude of the ro tating unbalance. Figure 3-8 
shows that as the freq uency ratio grows large, /1. -> 1. Thus from condition (e) 

(80 kg)(0.005 m) 

m oe = 0.4 kg- m 

Since the maximum steady-state amplitude occurs fo r a speed less than 65 rad/s, it is probable that 
65 radls corresponds to a frequency ratio greater than I. Thus, fo r an undamped system with' > I, 

For w = 65 rad/s, 

Thus 

" /1. =--
r2- 1 

/I. = mX = (80 kg)(0.0075 m) 1.5 
m oe 0.04 kg-m 

65 rad 

1.5 = ~ -+ r = 1 73 -+ w = __ s_ = 37 6 rad 
" - I . " 1.73 . s 

(
rad)' N 

-> k = mw"' = (80 kg) 37.6 S = I.I 3 X 10';;; 

A 5OO-kg tumble r has a n unba lance of 1.26 kg, 50 cm fro m its axis o f ro ta tion . Fo r wha t 
sti ffnesses of an e las tic mo unting of d amping ra tio 0.06 will the tumbler 's steady-sta te 
a mplitude be less than 2 mm a t all speeds be tween 200 and 600 r/ min? 

The results of Problem 3.15 show that a machine with a rota ting unbalance is subj ect to a 
frequency squared excita tion with A '" m oe. Thus in order for the steady-sta te amplitude to be less 
than 2 mm when the tumbler is insta lled on the mounting, the largest allowable value of A is 

A " = mXm .. = (500 kgj(0.002 m) 1.587 
• m oe (1.26 kg)(0.5 m) 

From Eq. (3.19), /l.m .. a = 0.06) = 8.36 > /I..". Then fro m Fig. 3-8, since /I.." > I and {< 1/V2, there 
are two values of , such that /1. (, , 0.06) = 1.587. [n o rde r for /I. < 1.587, the frequency ratio cannot 
be between these two values, which are obtained by solving 

" 1. 587 = :t7':=~=;;;=;o;~ 
V(l - , ')' + (0. 12,)' 

Squaring the above equation, multiplying through by the denominator of the right-hand side, and 
rearranging leads to 

1.519, ' - 5.001,' + 2.5 19 = 0 

which is a quadratic equation in " and can be solved using the quadratic formula. The resulting 
allowable frequency ranges correspond to 

, < 0.788 or , > 1.634 
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In ord~r for r < 0.788 over the entire freque ncy range, r = 0.788 should correspond to a frequency 
less than.600 r/ min . T hus 

w 
w., >­

r 

(600 ~)(2Jr rad)( l min ) 
mm r 60 s 

0.788 
79.73 rad 

s 

(
rad ) ' N km ;, = (500 kg) 79.73 --s- = 3.18 X 10";:;; 

In orde r for r > 1.634 over th e enti re frequency range, r = 1.684 should correspond to a frequency 
grater than 200 r/ min. Thus 

(200 ~)(2Jr rad)( l min) 
mm r 60 s 

w" < 1.634 
12.82 rad 

s 

(
rad ) ' N km •• = (500 kg) 12.82 --s- = 8.21 X 10' ;:;; 

Hence the acceptable mounting sti ffnesses are 

k < 8.21 X 10' ~ 
m 

and k > 3.18 X 10"~ 
m 

A 40-kg fa n has a rot ating unbalance of magnitude 0. 1 kg-m. The fan is mounted on the 
beam of Fig. 3-17. The beam has been specially treated to add viscous damping. As the 
speed of the fa n is va ried , it is noted that its max imum steady-state am plitude is 20.3 mm. 
What is the fa n's steady-state am plitude when it operates at 1000 r/ min? 

1:...-___ 1.2 m-----i 

Fig. 3-17 

The max imum value of A is 

E = 200 X 10' *' 
1= 1.3 X 10-6 m4 

w;; 1000 r/min 

A = mXm" = (40 kg)(0.0203 m) 8. 12 
m.. m oe 0.1 kg-m 

The dam ping ratio is determined using Eq. (3. 19): 

T he beam's st iffness is 

8.12=-_1--
2':-VJ=r 

.:- = 0.0617 

3(200 X 10' -m
N

, ) (1 .3 X 10- ' m') 
k = 3£1 4.5 1 x 10' ~ 

L' (1.2 m)' m 
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3.20 

and the system's natural frequency is 

k J 4.5 1 X 10' !:i d 
w" = j§; = 40 kg m = 106.2 r: 

The frequency ratio is 

(1000 --.:.....)( 2n: rad)(1 min ) 
r = ~ = -,-_-,m=m.:.:....:,--,-r,-:-:....::60:::...::s-,-

w" 106.2 rad 
0.986 

s 

The steady-s tate amplitude is calculated by 

x = m ,e A(0.986, 0.0617) 
m 

_ 0.1 kg-m (0.986)' 

- 40kg Y[I - (0.986)' J' + [2(0.0617)(0.986)J' 

= 19.48 mm 

The fan of Problem 3.19 is to operate at 1000 r/min, 1250 r/min, 1500 rlmin, 1750 r/min, 
and 2000 r/ min. What is the minimum mass tha t sho uld be added to the fan such that its 
steady-state amplitude is less tha n 10 mm at all opera ting speeds? 

Adding mass to the fan decreases the system's natural frequency, thus increasing the 
frequency ratio at each operating speed. With no addi tional inass, r = 0.986 for w = 1000 r/ min. 
Adding mass wi ll probably lead to a frequency ratio greater than I for w = 1000 r/ min. Figure 3-8 
shows that for r > I , the steady-state amplitude for a frequency squared excitation decreases with 
increasing excitation frequency. Thus if X < 10 mm for w = 1000 rlmin, then X < 10 mm for all 
w > 1000 rIm in. The desired magnification factor for w = 1000 rlm in is 

Thus 

M=mw/X= 'kX 
Fo moew 2 

(4.5 1 X 10' ~)(0.Ql m) 
-'------,=----,,-,,., 4.11 

(0.1 kg-m)( 104.7 r: d) 

4.11 = J7.;=~~~;::;;:;~=T, 
Y( I , ' )' + [2(0.0617),J' 

Solving for, leads to , = 1.096. Thus 

104.7 rad 
s rad 

w" = 1:096 = 95.5 -;-

k 4.51 X 10' ~ 
m =-= 49.5 kg 

w/ (95.5 r:d)' 

Thus the minimum mass that should be added to the machine is 9.5 kg. 
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3.21 The tail rotor section of the helicopter of Fig. 3-18 consists of four blades, each of mass 
2.3 kg, and a n engine box of m ass 28.5 kg. The center of gravity of each b lade is 170 mm 
from th e rotational ax is. The tail section is connected to the main body o f th e he li copter 
by an e last ic structure. The natural frequency of the ta il section is observed as 135 rad /s. 
During fli ght, the rotor operates a t 900 r/min. What is the vibration amplitude of the ta il 
section if o ne of the bla des falls off during flight? Assume a damping ratio of 0.05. 

Fig. 3-18 

T he total mass of the rotor is 

m = 4(2.3 kg) + 28.5 kg = 37.7 kg 

The equivalent stiffness of the tail sect ion is 

( 
rad) ' N 

k., = nlw"' = (37.7 kg) 135 ~ = 6.87 x H)-';;; 

If a blade falls off during fl ight, the rotor is unbalanced and leads to harmonic excita tion of the tail 
section. The magnitude of the rota ting unbalance is 

mne = (2.3 kg)(O.170 m) = 0.391 kg-m 

The natural frequency of the rotor after one blade falls off is 

The frequency ratio is 

- J 6.87X IO'.J"I. /'s" m 
w" = 'Ym = 37.7 kg - 2.3 kg 

139.3 rad 
s 

(900 ~)( 2rr rad )( l min ) 
min r 60 s = 0.677 

139.3 rad 
s 

The steady-state amplitude is calcula ted using Eq . (3.17): 

x = mne 11(0.677,0.05) 
m 

_ 0.391 kg-m (0.677)' 

35.4 kg V[ I - (0.677)']' + [2(0.05)(0.677)] ' 

=9.27 mm 

3.22 When a circu lar cylinder of le ngth L and diameter D is placed in a steady flow of m ass 
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density p and velocity u, vortices are shed alternately from the upper and lower surfaces 
of the cylinder, leading to a net harmonic fo rce acting on the cylinder of the form of Eq. 
(3.5) . The frequency at which vortices are shed is related to the Strouhal number (S) by 

S= wD 
2JnJ 

The excitation amplitude is related to the drag coefficient Co by 

C -~ 
0- !pu' DL 

(3.52) 

(3.53) 

The drag coefficient and Strouhal number vary little with the Reynolds number Re for 
1 X 103 < Re < 2 x 10' . These approximate ly constant values are 

S =0.2, CD = 1.0 

In this case , show that the amplitude of excitation is proportional to the square of the 
frequency , and determine the constant of proportionality. 

Solving for v from Eg. (3 .52) and setting S = 0. 2 

wD 
u=-

O.4lf 
(3.54) 

Substituting Eg. (3.54) into Eg. (3.53) with Co = 1.0 leads to 

which leads to 

Fo = 0.317pD' Lw' 

3_23 As a publicity stunt, a 120-kg man is camped on the end of the flagpole of Fig. 3-19. What 
~ is the amplitude of vortex-induced vibration to which the man is subject in a 5 m/s wind? ed Assume a damping ratio of 0.02 and the mass density of air as 1.2 kg/m3

• 

1 
5m 

D = 10em 

£ = 80 x 1O'*, 

FIg. 3-19 
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The flagpole is modeled as a cantilever beam of stiffness 

3El 3(80 X 10' ~) ~(005 m)' ,N 

k =--u (5 m)' 9A2x 10';;; 

The natural frequency of the man is 

fk J942 X 10'; rad 
w. = '1/;,= 120' kg = 8.86 7 

The vortex sheddi ng frequency is 

Hence the freq uency ratio is 

0.4lf(5 ~s) 
DAlfV rad 

W = ----0- 0'.1 m 62.8 7 

62.8 rad 

r=~=--s- =7.09 
W. 8.86 rad 

s 

Using the results of Problem 3.22, it is noted that vortex shedding provides a frequency squared 
excitation with 

A = 0.317pD' L = 0.317(1.2 ~)(O'.l m)' (5 m) = 1.9 X 10- ' kg-m 

Then using Eq. (3.17) , 

x = ~ A(7.09, 0'.02) 
m 

_ 1.9 X 10-' kg-m ::r;::;=~~(~7=.O'",9)~2 ;;=;c:;:;:;:;;=;;:;;~ 
- 120' kg vi[J (7.0'9) ' ]' + [2(0'.02)(7.0'9)], 

= 1.67 X 10-' m 

A 35-kg block is connected to a support through a spring of stiffness 1.4 X 106 N/m in 
parallel with a dash pot of damping coefficient 1.8 x 10" N-s/ m. The support is given a 
harmonic displacement of amplitude 10 mm at a frequency of 35 Hz. What is the 
steady-state amplitude of the absolute displacement of the block? 

The natural frequency, damping ratio, and frequency ratio are 

l JI.4 X JO'~ m rad 
w" = ;, = 35 kg = 200 7 

1.8 X 10' N-s 

~= _c_ = m 0'.129 

2mw. 2(35 kg)( 20'0 r:d) 

(35 CYcle)(2lf~) 
r =~= s cycle 1.10' 

w. 200 rad 
s 
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The amplitude of absolute acce leration is obtained using Eq. (3.27) as 

x = YT{1. 10, 0.129) 

1 + [2{0.129){1.10)J' 
= (0.01 m) 

[1 - (1.10) ' ), + [2{0.129)( I.IO)J' 

= 29.4 mm 

For the system of Problem 3.24 determine the stead y-s ta te a mplitude of the displaceme nt 
of the block rela tive to its support. 

The displacement of the block relative to its support is obtained using Eq. (3.26): 

Z = VACUO, 0.129) 

= (Om m) (1.10)' 
V[1 - (1.1O)' ]' + [2(1.10){0.129»), 

=34.3 mm 

A 35-kg flow monitoring device is placed o n a table in a labo ra tory. A pad of stiffness 
2 x 10' N / m a nd da mping ra tio 0.08 is placed be tween the appa ratus and the table. The 
ta ble is bolted to the la boratory fl oor. Me asurements indica te that the floor has a 
steady-s tate vibration amplitude of 0.5 mm a t a freque ncy of 30 Hz. What is the 
amplitude of accele rat ion of th e flow monitoring device? 

The natura l freq uency and frequency rat io are 

(k )2 X 10' ;, • rad 
W . = \j; = 35kg = 75.6 --;-

(30 CYcle)( 2Jr ~) 
r =~= s cycle 2.49 

W. 75.6 rad 
s 

The amplitude of absolute displacement of the fl ow measuring device is calculated using Eq. (3.27): 

x = YT(2.49, 0.08) 

= (0.0005 m) 
I + [2(0.08){2.49)J' 

[1 - (2.49)' ]' + [2(0.08)(2.49)J' 

= 1.03 X 10-' m 

The acce leration amplitude is 

A = w' X = [ (30 CY~le)( 2Jr c~:~J r(l.D3 X 10- ' m) = 3.66 ~ 

What is the m aximum deflection of the e las tic mounting be tween the flow measuring 
de vice a nd the table of Problem 3.26? 

The elastic mounting is placed between the How measuring device and the table. Hence its 
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defl ection is the deflection of the flow measuring device relat ive to the table. The amplitude of 
relati ve displacement is calculated using Eq. (3.26): 

z = Y 11.(2.49,0.08) 

= (0.0005 m) (2.49) ' 
V[I - (2.49)' ]' + [2(0.08)(2.49)J' 

= 5.94 X 10-' m 

A simplified model of a vehicle suspension system is shown in Fig. 3-20. The body of a 
SOD-kg vehicle is connected to the wheels through a suspension system that is modeled as 
a spring of stiffness 4 X 10' N /m in parallel with a viscous damper of damping coefficient 
3000 N-s/m. The wheels are assumed to be rigid and follow the road contour. The 
contour of the road traversed by the vehicle is shown in Fig. 3-21. If the vehicle travels at 
a constant speed of 52 mis, what is the acceleration amplitude of the vehicle? 

m = 500 kg 

k=4 x 10',!i 
m 

c c = 3000 N-s 

1'=52~ 
s 

Fig. 3-20 

m 

f-------- 2.5 m --------1 

jool m 

}'(~) = 0.0 1 sin ;n~ 

Fig. 3·21 

The natural frequency and damping ratio of the system are 

g {4XlO'!": k m rad 
w" = \ ;;; = 500 kg = 28.3 -;-

3000 N-s 
c m 

~=--= 0.106 
2mw" 2(500 kg)( 28.3 r:d) 
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The mathematical description of the road contour is 

y(S') = 0.01 sin (0.81l"§) m 

If the vehicle travels with a constant horizontal velocity, § = vt. Thus the time-dependent vertical 
displacement of the wheel is 

yet) = om sin [0. 8Jl"VtJ 

Since the wheel follows the road contour, it acts as a harmonic base displacement for the body of 
the vehicle. The frequency of the displacement is 

( 
m) rad 

w = 0.8Jl"V = 0.81l" 52 ~ = 130.7 S 

Hence the frequency ratio is 

130.7 rad 
r =.!'!..-= ___ s_= 4.62 

Wn 28.3 rad 
s 

The amplitude of absolute displacement of the vehicle is calculated using Eq. (3.27): 

x = YT( 4.62,0.106) 

=(0.01 m) 
1+ [2(0.106)(4.62)J' 

[I - (4.62)' J' + [2(0.106)(4.62)J' 

= 6.87 x 10-' m 

The vehicle's acceleration amplitude is 

A = w'x = (130.7 r:d)'(6.87 X W' m) = 11.7 ~ 

3.29 Let A be the amplitude of the absolute acceleration of the vehicle of Problem 3.28. Show 
that 

A · 2 I 1 + (2er)' 
wn'Y = R(r, e) = r V(1- r')' + (2er)' 

where Y is the amplitude of the road contour. 

The amplitude of acceleration is w'x where X is the amplitude of absolute displacement of 
the vehicle. From Eq. (3.27), 

w'X 
w'Y= T(r, 0 

wn ' ,A, y = T(r,O 
Wn W 

A w' 
w!Y= w! T(r, O=r' 

1 + (2[r)' 
(1 - r')' + (2[r)' 

3.30 Plot R(r, e) from Problem 3.29 as a function of r for the value of [ obtained in Problem 
3.28. At what vehicle speeds do the relative maximum and minimum of R occur? 
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The plot of R(r, 0.106) is shown in Fig. 3-22. The values of r for which the max imum and 
minimum of R(r, () for a given (occur are obtained by setting dR'/diJ- ~ 0 where iJ- ~ r' . To this 
end 

and using the quot ient rule for diffe rentiation , 

dR ' (2iJ- + 12('iJ-' )[iJ- ' + (4\, - 2) iJ- + 1]- (iJ- ' + 41'iJ-')[(2iJ- + (41' - 2)] 

diJ- [iJ- ' + (4(' - 2)iJ- + 1]' 

Setting the numerator to zero leads to 

4('iJ-' + (32(' - 161')iJ- ' + (161' - 2)iJ- + 2 ~ 0 

Substituting ( ~ 0.106 and rearranging leads to 

iJ- ' - 3.909iJ- ' - 40.5iJ- + 44.5 ~ 0 

whose positive roots are 

iJ- ~ 1.025,8. 190 --> r ~ 1.012, 2.862 

The vehicle speeds for which the maximum and minimum steady-state amplitudes occur are given 
by 

(28.3 rad)r 
tJ = rw" = S 11. 26r 

0.8", 0.8", 

Um .. ~ 11.26(1.012) ~ 11.40 ~ 
s 

Um'o ~ 11 .26(2.862) ~ 32.2 ~ 
s 

Fig. 3-22 
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3_31 Determine th e form of W(r, () such that X / Y = W(r, () for the system of Fig. 3-23. What 
is Wma x? 

~ T y('); Ysin WI 

Fig. 3-23 

free body diagrams o( the block are shown at an arbitrary instant in f ig. 3-24. Summation of 
forces 

leads 10 

where 

-kx-c(i-y)=mx 

mi +c.i: +kx =cy=cwYcos(wI) 

x + 2{w"i + W,,2X = ~ wI cos we = 2(w"Y cos w( 
m 

Equation (3.55) is of the form of Eq. (3.4) with the exci tation of Eq. (3.5) where 

" F;) = cwY .p= -
2 

Thus the steady-state amplitude is obtai ned using Eq. (3.10) as 

mWo'X= M(r 0 
cwY , 

mw 2X 
2{mw~wY= M(r, 0 

WoX 
2~wY= M(r,~) 

~ = W(r, \) = 2~rM(r, \) = 2~r 
Y Y( l - r' )' + (2~r)' 

(3.55 ) 



94 HARMONIC EXCITATION OF J-DEGREE-OF-FREEDOM SYSTEMS (CHAP. 3 

The value of r for which the maximum of W is obtained by setting d W '/dr = O. The quotient ru le 
for differentiation is applied, giving 

dW' 8C' r((1 - r' )' + (2Cr)' ] - 4C' r' (2(1 - r' )( - 2r) + 2(2Cr)(2Cl] 

dr ((1 - r ' )' + (2Cr)' ]' 

Selling dW' /dr = 0 leads to 

2 - 2r' = 0 ~ r = 1 

Fig. 3-24 

3.32 Determine the steady-state amplitude of angular oscillation for the system of Fig. 3-25. 

T y (t):;: Y sin wt 

L 3L 
I-4'" 4"" Slender bar of mass m 

~----~----------~.~ 
o k=2X I O' ~ 

m 

c = 400 N-, 
m 

L= 1.2m 

m = 10 kg 

y= 0.01 m 

OJ = 350 rad 
s 

Fig. 3-25 

Free body diagrams of the system at an a rbitrary instant are shown in Fig. 3-26. Summing 
moments about 0, 

(3 )(3) 1 .(L) 1 .. 1 .. (1 ) -k - LIJ -y -L - - cLIJ - = - mL'IJ+ - mllJ - L 
4 4 4 4 12 4 - 4 (3.56) 
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The natural frequency and damping ratio are 

)

9 , 

w = 16 kL = [27k = 
" 7 L' \j?,;; 

;j8m 

27(2 X 10-' l'I) 
_~_-,:.:.m:.:.. = 277.8 rad 

7(10 kg) s 

3(400 :s) 
,=~=--~--.:::~-

14mw" 14(10 kg)( 277.7 r:d) 
0.0309 

Equation (3.56) is of the form of Eq. (3.4) with the excitation of Eq. (3.5) where 

3 3( N) F,,=-kLY=- 2xlO'- (1.2 m)(O.OI m) = 1800N-m 
4 4 m 

m" = limL' = ii( JO kg)(1.2 m)' = 2.1 kg-m' 

The frequency ratio for the system is 

350 rad 
r =!'!..= ___ s_ = 1.26 

w" 277.8 rad 
s 

The system's magnification factor is 

M(1.26, 0.0309) = 1 1.69 
V[1- (1.26)']' + [2(0.0309)(126)J' 

The steady-state amplitude is obtained using Eq. (3.10) as 

e FoM(1.26, O.0309) 

( 
rad) ' (2.1 kg-m' ) 277.8--;-

(1800 N-m)(1.69) 

= 0.0188 rad = 1.080 

External forces Effective forces 

Fig. 3-26 
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3.33 D etermine the steady-state ampli tude for the machine in the system of Fig. 3-27. 

3.34 
~I+ :a. 
Mathcad 

r y(l) = 0.005 sin 351 m 

Ct--------1.8 m 

Fig. 3-27 

E=2 10X IO'-£!, 

1=4.1 X 10.6 m" 

The system is modeled as a 250-kg block attached through a spring of sti ffness 

_ 3£1 3(210 X 10';;;')(4.1 X 1O-
6

m') , N 

k - U (1.8m)' 4.43 X 10 ;;:; 

to a support undergoing harmonic motion. The system is undamped with a natural frequency of 

and frequency ratio 

The steady-sta te amplitude is 

w. = jg = J 4.4:
5
: ~: ~ = 42.1 r:d 

35 rad 

r =!:!- = __ s_ = 0.83 1 
w. 42.1 rad 

s 

X = YT(0. 83 1 0) = 0.005 m 0.0162 m 
, 1-(0.831)2 

Approximate the steady-state amplitude of the b lock in the system of Fig. 3-28. 

k=I X IO' ~ 
~1\';~40t 
3 v vv~ 

\~ = 0.08 

Fig. 3-28 

The natural frequency and freq uency ratio for the system of Fig. 3-28 are 

- JI XIO' t:i 
w = J~= ___ m_ =316 rad 
• \jm 100 kg . s 

40 rad 

r =!:!-= __ s_ = 1.27 
w. 31.6 rad 

s 
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3.35 

T he system's force ratio is 

0.08(100 kg)(9.81 ~) 
~mg s 

, = F; = 300 N 0.262 

Th e magni ficat ion factor is determined using Eq . (3.43): )1 -(~)' ,---1 _----::[-:-;-~::-::c·~=62)=r _ 

M = ( I _ r' )' = [i _ (1.27)' ]' = 1.)38 

The steady-s tate ampli tude is 

X = FuM, = (300 N)(1.538) , 4.61 mm 

mw" (100 kg)(3 1.6 r: d r 

Whe n a free vibratio n test is run o n the system of Fig. 3-29, the ra tio of a mplitudes o n 
s uccessive cycles is 2.5 to 1. D etermine the response of the machine due to a rota ting 
unba lance of magnitude 0.25 kg-m when the machine ope ra tes a t 2000 r/ min a nd the 
damping is assumed to be viscous . 

£=200 X I09~! 
1= 4.5 X 10,6 mJ 

80cm 

Fig. 3-29 

The sys tem's equiva lent sti ffness , natural freq uency, andfrequcncy ratio are 

3£1 3(200 x 10" ~)( 4.5 x 10-' m') 

k =--u= (0.8 m)' 5.27 x 10' !'i 
m 

,----:-:: 

(k ) 5.27 X 10' ; rad 
w" = \j ;;; = --:-:I2:-:5'"'k-g""::: = 205 .3 S 

(2000 ~)(2rr rad) ( 1 min) 
w mm r 60 s r = - = -,-_....:.:..:=--,---,,:-,-..:....::c::...:::...:.. 
w" 205.4 rad 

1.02 

The logari thmic decrement for underdamped vibrations is 

0 = In (2.5) = 0.916 

from which the viscous damping ratio is calculated as 

(= __ 0 __ = 0.916 0.144 
Y4rr' + 0' Y4rr' + (0.916)' 

Noting from Problem 3.15 that the rotating unbalance provides a frequency squared exci ta tion with 
A = m oe, and usin g Eq. (3.17): 

X = lI1
oe A( 1.02, 0.144) 

m 

025 kg-m (1.02)' 

125 kg Y[I ( 1.02) ' ]' + [2(0.144)(1.02)]' 
7.02 mm 
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3.36 
rf+ 

11\ 
Mathcad 

HARMONIC EXCITATION OF I-DEGREE-OF-FREEDOM SYSTEMS [CHAP. 3 

Repeat Problem 3.35 if the damping is assumed to be hysteretic. 

Equation (3.44) is used to de termine the hysteretic damping coefficient from the logarithmic 
decrement 

h = £ = In (2.5) = 0.292 
TC TC 

The steady-state amplitude is obtained using Eqs. (3.18) and (3.46) and ca\Culated by 

x = m oe :;;;==r",' T7~ 
m V(l r' )' + h' 

= 0.25 kg-m ::-:r,:;==:~(~1.0~2'F)'~~'" 
125 kg vp (1.02)' J' + (0.292)' 

7.06 mm 

3.37 Determine the Fourier series representation for the periodic excitation of Fig. 3-30. 

F (N ) 

5000 

0.02 0.04 0.06 0.08 0.10 0.12 0. 14 0.t6 1(') 

-5000 

Fig. 3-30 

The excitat ion of Fig. 3-30 is an odd excitation of a period 0.04 s. Thus a, = 0, 
i = 0, 1, 2, .... The Fourier sine coefficients are ca\culated by 

T 

2 f . 2TCi b;= 'T F(t) slO-ytdt 
o 

= 0~4 [ T ( - 5000) sin 50TCit dt + T (5000) sin 50TCit dt ] 
o 11.02 

= (50)(5OOO)(5~~J[ - cos TCi + cos 0 + cos 2TCi - cos TCiJ 

= - 10,000 [1 - Hn 
TCI 

Thus th e Fourier series representation for F(t) is 

= _ 20,000 
TC 

2: ! sin 50TCit 
1- 1.3.:'1 . . I 
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3_38 Determine the Fourie r se ries representation for the excitation of Fig. 3-31. 
rf+ sa. 

Mathcad 
F 

10 210 
10 

5 10 710 810 410 
910 210 

Fig_ 3-31 

The excitation of Fig. 3-31 is an even excitation of period t". Hence b, = 0, i = 1, 2, . . The 
Fourier cosine coefficients are 

aO = ~ / F(t) dt 
lou 

2/ 2rri a, =- F(t)cos- tdl 
to 10 

o 

= ~ [ "I""o (3F.')t cos 2rri t dt + (VI"'" Fo cos 2rri t dt + / 3Fo(1 -!.) cos 2rri t dt ] 
to to to to to (0 

o ( 113),u ( 213),u 

i = 1, 2, 4, 5, 7, 8, . . 

i = 3, 6, 9, 12, . 

Thus the Fourier Series representation for F(t) is 

3_39 D ete rmine the Fourie r series representation for the excitation of Fig. 3-32_ 
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F(N) 

2000 

0.0 I 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0. 1 0.11 0.12 0.13 0.14 0. 15 0. 16 I (s) 

Fig. 3·32 

The excita tion of Fig. 3·32 is neither even nor odd and has a period of 0.04 s. The Fourier 
coefficients are 

Then 

and 

ao = O~ [ T (2000) dt + T (0) dl] 
o 0.01 

= 1000 N 

[

0 .00 0.0< ] 2 2rrj 2rrj 
a, = 0.04 J (2000) cos 0.04 I dt + J (0) cos 0.04 I dt 

. 0 IWI 

= (50)(2ooo)(5~rrJ(sin ~ j - sin 0) 

2000 . rrj 
=-SIO-

rrj 2 

2 [ OJ"' . 2rrj 'J'.'" . 2rrj ] 
b, = 0.04 ,, (2000) SID 0.04 I dl + ".0' (0) SID t; I dl 

= (50)(2000)( - 5~ftJ( cos ~ j - cos 0) 

= 2000 (1 - cos!: j) 
m 2 

c =Ya' +b,= 2ooo , , , rri 
. , rr . ( rr .)' 

Sin 2 I + 1 - cos 2 I 

sm2, 

( 

. rr . ) 
K i = tan- L ---rr- . 

1 - cos 21 

Thus the Fourier series representa tion for F(I) is 

F(I) = 500 + - 2: ~ sin rr~ sin (50rrj + K.)t 4000 • 1 1 (·)1 
;r ; '"' 1 I 4 
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3.40 
r[+ sa. 

Matncad 

A 200-kg press is subject to the time-dependen t excitation of Problem 3.39 a nd Fig. 
3-32. The machine si ts on an e las tic foundation of stiffness 1.8 x 10' N/m and damping 
ratio 0.06. Determine the steady-state respo nse of the machine, and approximate its 
maximum displacement from equilibrium. 

The natural frequency of the system is 

~ J1.8X 1O' !:!. 
w. ~ '5.. ~ m = 300 rad 

m 200 kg s 

The system response is obtained using Eq. (3.39) as 

X(I) ~ 1.8 ~ 10' [500 + 4~ #. 71sin G;) I M(r" C) sin (50n; + K, - ,p,)1 

where 
w, 50n; 

r ·=-=---
, w. 300 rad 

s 

and M(r" C)= 1 
\1(1 - r,')' + (0. 12r,)' 

Table 3-1 illustrates the evaluation of the response. Then 

X m .. < 1.8 ~ 10' [500 + #. c,M(r" ?) 1 = 3.34 X 10- ' m 

Table 3-1 

w, r, c, M, c,M, K , ,p, 

157.1 0.523 900.2 1.37 1233 0.785 0.086 

2 314.1 1.047 636.6 6.31 4017 0 - 0.915 

3 471.2 1.57 300 0.68 202.7 -0.785 -0.128 

4 628.3 2.094 0 0.29 0 1. 571 -0.074 

5 785.4 2.672 179.8 0.17 30.7 0.785 - 0.054 

6 942.5 3.141 212.0 0.11 23.9 0 - 0.042 

7 1099.6 3.665 128.6 0.080 10.3 -0.785 0.Q35 

8 1256.6 4.188 0 0.06 0 1.571 - 0.030 

Supplementary Problems 

3.41 A 100-kg machine is a ttached to a spring of sti ffness 2 X 10' N/ m and is subject to a harmonic 
excitation of magnitude 700 N and period 0.1 s. What is the machine's amplitude of forced 
vibration? 

Ans. 3.59 mm 

3.42 A 185-kg machine is attached to the midspan of a simply supported beam of length 1.5 m, elastic 
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modulus 210 X 10' N/m' , and cross-sectional moment of in ertia 3 X 10-· m'. What is the 
steady-s tate amplitude of the machine when it is subj ect to a hannonic excit ation o f magnitude 
4 X 10' N and frequency 125 rad/s? 

A ns. 6.59 mm 

3.43 A 45-kg machine is to be placed at the end of a 2.5-m steel (£ = 210 X 10' N/m' ) cantilever beam. 
The machine is to be subject to a harmonic excitation of magnitude 1000 N at 40 rad/s . For what 
values of the beam's cross-sectional moment of inertia will the machine's steady-s tate ampl itude be 
limited to 15 mm? 

Ans. 1< \. 32 x 10-' m' or I > 3.44 X 10-6 m' 

3.44 At what speeds will the steady-sta te amplitude of torsional oscilla tions of the disk of the system of 
Fig. 3-33 be less than 2"1 

G = 80 X IO'-!;!, 

J = 1.8 x 10.6 m4 

1-- - - -60 em - - ---i 
Fig. 3-33 

A ns. w < 275. 1 radls and w > 463.4 radls 

4000 sin Wi N·m 

1 = 1.65 kg-m' 

3.45 When a 50-kg machine, placed on an undamped isolator, is subject to a harmo nic excitation at 
125 Hz, its steady-state amplitude is observed as \.8 mm. When the machine is attached to two of 
these isolators in series and subjected to the same excitation, its steady-state amplitude is 1.2 mm. 
What is the sti ffness of one of these isolators? 

Ans. 1.54 X 10' N/ m 

3-46 What is the di ameter of the shaft of Fig. 3-34 if, when subject to the harmonic excitation shown, 
beating occurs with a period of oscillation of 0.082 s? 

100 sin SOt N·m 

G = 80 X 10'-!;!, 

1=2. 15kg-m' 

1---- -1.2 m 1 
Fig. 3-34 

Ans. 18.2 mm 
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3.47 Repeat Problem 3.41 as if the spring were in parallel with a viscous damper of damping coefficient 
1200 N-s/m. 

Ans. 3.35 mm 

3.48 Repeat Problem 3.42 as if the beam had a viscous damping ratio of 0.05 and the excitation 
frequency was 200 rad/s. 

Ans. 22.7 mm 

3.49 For what excitation frequencies will the steady-state amplitude of the machine of Fig. 3-35 be less 
than 1.5 mm ? 

400 sin rot N 

n
2: kg 

N-s 
3.1 x IO ' f;(- r 925 m 

Fig. 3-35 

Ans. w < IS.7 radls and w > 67.5 radls 

3.50 If w = 100 rad ls and e = 20 cm, what is the steady-state amplitude of angular oscillation of the bar 
of Fig. 3-36? 

I L---------J 
1---/-----:-1 FosinWlt 

Fig. 3-36 

Ans. 1.r 

Fo= lOON 

k=2 x 1O,!:i. 
m 

c=30 N-s 
m 

m = 1.8 kg 

L= I.l m 

l=frmL' 

3.51 If w = 150 radl s, for what values of e will the steady-state amplitude of the bar of Fig. 3.36 be I'? 

Ans. e = 0.255 m, 0.314 m 

3.52 When the system of Fig. 3-37 is subjected to a harmonic excitation of magnitude 100 N but varying 
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excitation frequenci es, the maximum steady-s tate displacement of the machine is observed as 
1.5 mm. What is the value of c? 

100 sin WI N 

c;b 
2XIO'~l1c 

Fig_ 3-37 

Ans. 827.9 N-sf m 

3.53 For what values of c, will the steady-state amplitude of the system of Fig. 3-38 be less than 1.5°? 

Ans. c, > 261.0 N-s-m 

~--- 60cm 

G=80X JO'~ 
m' 

J = 1.83 x 10-6 m4 

Fig. 3·38 

1= 2. J9 kg-m' 

3.54 A 65-kg electric motor is placed at the end of a l.3-m steel (E = 210 x 10' Nfm') cantileve r beam 
of cross-sectional moment of inertia 1.3 X 10- 6 m' . When the motor operates at 200 rfmin, the 
phase diffe rence between the operation of the molar and the response of the beam is 5°. Assuming 
viscous damping, estimate the damping ratio of the beam. 

Ans. 0. 146 

3.55 Derive Eq . (3. 19) from Eq. (3.18). 

3.56 A 3OO-kg machine is attached to an elastic foundation of stiffness 3.1 x 1Q6 Nfm and damping ratio 
0.06. When excited by a frequency squared excitation at very la rge speeds, the machine's 
steady-sta te amplitude is 10 mm. What is the maximum steady-state amplitude the machine would 
experience at lower speeds? 

Ans. 83.5 mm 

3.57 What is the steady-s ta te ampli tude of a loo-kg machine with a 0.25 kg-m rotating unbalance 
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operating at 2000 rl min when the machine is placed on an isolator of stiffness 4.5 x 10" N/m and 
damping ratio 0.03? 

Ans. 37.9 mm 

3.58 As the operating speed of a 75-kg reciprocating machine with a rotating unbalance is increased, its 
steady-state amplitude approaches 1.78 mm. Wh at is the magnitude of the rotating unbala nce? 

Ans. 0. 134 kg-m 

3.59 A 400-kg tum bler with a 0.45-kg-m rotating unbalance operates at speeds be tween 400 and 
600 r/mi n. If the tumbler is placed on an elastic foundation of sti ffness 1 x 10" N/m and damping 
ratio 0.1, what is the maximum steady-state amplitude of the tumbler over its operating range? 

Ans. 5.65 mm 

3.60 Repeat Problem 3.59 as if the tumbler 's operating range were from 1000 to 1350 r/min. 

Ans. 1.45 mm 

3.61 For what speeds will the steady-sta te amplitude .of th e tumbler of Problem 3.59 be less than 
1.9 mm? 

Ails. W < 40.3 radls and w > 77.2 radls 

3.62 Determine the req uired sti ffness of an undamped elas tic mounting for an 80-kg compressor with a 
0.2-kg-m rotating unbalance such that its steady-s tate ampl itude is less than 3.1 mm at a ll speeds 
between 300 and 600 r/min. 

Ans. k > 5.71 x 10' N/m and k < 1.53 X 10' N/m 

3.63 Repeat Problem 3.62 as if the mounting had a damping rat io of 0.07. 

Ans. k > 5.64 x 10' N/m and k < 1.55 X 10' N/m 

3.64 A 500-kg block is connected through a spring of stiffness 1.3 X 10' N/m in parallel wi th a viscous 
damper of damping coefficient 1800 N-s/ m to a massless base. The base is given a prescribed 
harmonic displacement of amplitude 2 mm and frequency 15.0 rad/s. What is the steady-state 
amplitude of the block 's displacement relative to the base? 

Ans. 6.98 mm 

3.65 Determine the steady-state amplitude of absolute acceleration of the b lock of Problem 3.64. 

Ans. 1.85 mIs' 

3.66 A 300-kg vehicle traverses a road whose contour is approximately sinusoidal of amplitude 2.5 mm 
and period 2.6 m. Use the simplified suspension system model of Problem 3.28 with 
k = 2.5 X 10' N/m and (= 0.3 to predict the accele ration amplitude of the vehicle as it travels a t 
30 m/s. 

Ans. 4.31 mIs' 
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3_67 A IO-kg computer system, used for data acquisition and data reduction in a laboratory, is placed o n 
a table which is bolted to the floor. Due to operat ion of rotating equipment, the fl oor has a 
vibration amplitude of 0.2 mm at a freq uency of 30 Hz. If the table is modeled as a spring of 
stiffness 1.3 x 10' Nlm with a damping ratio of 0.04, what is the steady-state acceleration amplitude 
of the computer? 

Ans. 9.77 mIs' 

3.68 If the table of Problem 3.67 is assumed to be rigid, what is the maxi mum stiffness of an undamped 
isolator placed between the computer and the table such that the steady-state amplitude of the 
computer is less than 6 m/s'? 

Ans. 1.63 x 10' Nlm 

3.69 Determine the function V(r, () such that X IY = V(r, () for the system of Fig. 3-39. 

TY Sin WI 

Fig. 3·39 

Ans. 

I 
V(r, ()=2:M(r, {) 

c 
(=--

2-vzmk. r =wjii 

3.70 If the frequency of the base motion of the system of Fig. 3-39 and Problem 3.69 is varied, what is 
the maximum steady-state amplitude of the block? 

Ans. 

Y 

4(~ 

3.71 A 90-kg controller is placed at the end of a 1.5-m steel (£ = 210 x 10' N/m' ) cantilever bea m 
(J = 1.53 X 10-6 m'). The base of the beam is given a harmonic motion of amplitude 1.5 mm. For 
what frequencies will the controller 's accelerat ion be limited to 12 m/s'? 

Am. w > 72.5 radls or w < 47.7 radls 
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3.72 Repeat Problem 3.42 as if the beam's amplitude of free vibrations decays to 1/3 of its value in 10 
cycles, the damping is assumed to be hystere tic, and the excitation freque ncy is 200 rad /s. 

Ans. 25.1 mm 

3.73 A 120-kg machine is placed at the midspan of a 85-cm aluminum (£ = 100 X 10' ) N/m' simply 
supported beam (I = 4.56 X 10-' m'). When the machine, which has a rotating unbalance of 
0.68 kg-m, ope rates at 458 rad/s, its steady-state amplitude is measured as 13.2 mm. If the damping 
is assumed to be hysteretic, determine the beam's hys tere tic damping coefficient. 

Ans. 0.060 

3.74 The steady-state amplitude of the system of Fig. 3-40 is 1.21 mm. What is the coefficient o f friction 
between the block and the surface? 

Ans. 0.245 

1.5 x 10' ~ 

~200'in 60tN 
~ 

Fig. 3-40 

3.75 A 200- kg press is mounted on an e las tic pad of stiffness 3.62 X 10' N/ m and damping rat io 0.1. The 
press is used in a plant whose Hoor vibrations are meas ured as 

y(t) = 0.00 14 sin lOOt + 0.0006 sin (200i - 0.12) m 

Determine the steady-state displacement of the press relative to the Hoar. 

Ans. 

0.00297 sin ( lOOt - 0.320) + 0.00048 si n (200t - 2.78) m 

3.76 Dete rmine the Fourier series representation for the periotllc-excitation of Fig. 3-41. 

F(r)(N) 

11000 sin ~x; 1 

1000 

0. 1 0.2 0.3 0.4 1(' ) 

Fig. 3·41 

Ans. 

4000 + 4000 i __ 1_, cos 20lf t t 
If If ,. , 1- 4t 
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3.77 Determine the Fourier series represent ation for the periodic excitation of Fig. 3-42. 

F(N) 

tOOO 

0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 I (s) 

-1000 

Fig. 3·42 

Ans. 

3000 i ! sin.!!! frel 

fr l-' e 3 

3.78 A 50·kg block is attached to a spring of stiffness 3. 16 x 10' N/ m in parall el with a viscous damper 
such that the system's damping ratio is 0.1 2. The block is excited by the periodic excitation of Fig. 
3·42. Approximate the maximum displacement of th e block in the steady-state. 

Ans. 5. 17 mm 



Chapter 4 

General Forced Response 
of 1-Degree-of-Freedom Systems 

4.1 GENERAL DIFFERENTIAL EQUATION 

The general form of the differential equation governing the motion of a forced 1-degree-of­
freedom system with viscous damping is 

1 x + 2{;wnx + w,,'x = - F(i) 
m,q 

(4.1) 

4.2 CONVOLUTION INTEGRAL 

The convolution incegral provides the genera l solution of Eq. (4.1) subject to x(O) = 0 and 
x(O) = O. For an arbitrary F(c), the convolution integral response is 

x(c) = f F(r)h(c - r) dr (4.2 ) 
o 

where h(t) is the response of the system due to a unit impulse applied at t = O. For a system 
whose free vibrations are underdamped, 

(43) 

where Wd=Wn~ (4.4) 

is the damped natural frequency. Thus the response of an underdamped system is 

(4.5) 

4.3 LAPLACE TRANSFORM SOLUTIONS 

The Laplace transform of a function x(t) is defined as 

I£{x(c)} = £(s) = f e-"x(t) dt (4.6) 
o 

109 
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Tables of Laplace transforms and properties of Laplace transforms fo llows. 

Number 

4 

6 

Property name 

Definition of transform 

Li nearity 

Transform of derivatives 

First shift ing theorem 

Second shifting theorem 

Inverse transform 

Table 4.1 

/(t) 

t" 

eO' 

sin w( 

cos wt 

oCt - a) 

u(t - a) 

Table 4.2 

l(s) 

n! 

s-a 

S 

S2+ w 2 

e -a-, 

e-as 

Formula 

l(s) = J e -"(t)dt 
o 

.:t'{a/(t) + f3g(t)) = a1(s) + f3g(s) 

{d"n -.:t' dt; J = s"/(s) - s" - '/(O) _ ... - /'" - "(0) 

.:t'{e""j(t )} = 1(5 + a) 

.:t'{f(t - a)u(t - all = e -"I(s) 

1 >J* -/(t) = --: /(5)e" ds 
2m 

[CHAP. 4 

The properties of the Laplace transform are used to transform Eq. (4.1) into an algebraic 
equation whose so lution is 

xes) 

F(s) 
- + (s + 2(w,,)x(0) + x(O) 
m eg (4.7) 

Inverting Eq. (4.7) for « 1 leads to 

X(I) = e- (W"' [X(O) cos wdl + x(O) + ~:"X(O) sin ~dl ] 

1 (p-, { F(s) } +-0& 2 2 
meq S + 2{wlIs + Wn 

(4.8) 
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4-4 UNIT IMPULSE FUNCTION AND UNIT STEP FUNCTION 

The unit impulse function 8{t - (0) is the mathematical representation of the force applied to 
a system resulting in a unit impulse applied to the system at [ = 10, Its mathematical definition is 

but 

8{1-(0)=e 
[ "" 10 
[ =[0 

f S{[ - (0) d[ = 1 
o 

The unit step function u{t - to) is related to the unit impulse function by 

u{t-to)= J 8{r- to)dr 
o 

leading to 

u{t-to)={~ t :$ to 

t > to 

(4.9) 

(4.1O) 

(4.11) 

(4.12) 

The unit step function may be used to develop a unified mathematical expression for an 
excitation force whose mathematical form changes at discrete times. 

An important integral formula is 

J F{r)8{-r - (0) d-r = F{to)u{t - to) 
o 

4.5 NUMERICAL METHODS 

(4.13 ) 

While the convolution integral provides a solution to Eq. (4.1) for an arbitrary F{t) , it is not 
always possible to evaluate the convolution integral in closed form. This is the case, for 
example, if F{t) is known empirically, rather than by a mathematical expression. In these cases , 
the solution of Eq. (4.1) can be approximated using numerical methods. 

One form of numerical approximation of the solution of Eq. (4.1) is numerical integration of 
the convolution integral. The function F{t) can be interpolated by an interpolation function F{t) 
such that when F{t) is replaced by F{t) in Eq. (4.1), the integral has a closed form evaluation. 
Often the interpolating function is defined piecewise. That is, its form changes at discrete values 
of time. 

A second form of numerical approximation to the solution of Eq. (4.1) is direct numerical 
simulation of Eq. (4.1) using a self-starting method such as the Adams method or a 
Runge-Kutta method. 

4.6 RESPONSE SPECTRUM 

Let to be a characteristic time in the definition of an excitation, and let Fo be the maximum value 
of the excitation. The response spectrum is a plot of the nondimensional parameter 
{mw,,2x m ,,)/F;, versus the nondimensional parameter (wn (0)/{21C). The response spectrum can be 
developed for any damping ratio. 
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Solved Problems 

4.1 Use th e convolution integral to determine the response of an undamped I-degree-of­
freedom system of natural frequency Wn and m ass m when subject to a constant force of 
magnitude Fo. The system is at rest in equilibrium a t / = O. 

Substituting F(I) into Eq. (4.5) with ~ = 0 leads to 

X(I) =-I- f 1\,sin Wn(1 - r)dr 
mWn 

" 

4.2 Use the convolution integral to de termine the response of an unde rd amped I-degree-of­
freedom system of na tural frequency W n , damping ratio (, and mass m when subj ect to a 
constant fo rce of magnitude Fa. The system is at rest in equilibrium at / = O. 

4.3 
rl+ 

sa. 
Mathcad 

Substi tuting for F(I) in Eq. (4.5) leads to 

Let v = I - r. Then 

X(I) = _ 1_ f' 1\,e -'""" · " sin wil - r) dr 
mWd 

o 

, · 0 

X(I)=~ f e -'"n" sin wrl v ( - dv) 
111W'/"" 1 

= - ~e-''''"''('w" sin WdV + W d cos W d V ) 1' '''1' 
mw"w" .-0 

= ~ [1 - e - '"n'( . ~sin Wdl + cos W,'I)] 
mWn v l -{' 

Use the convolution integral to de termine the response of an undamped I -degree-of­
freedom system of natural frequency Wn and mass m when subject to a time-depend ent 
excita ti on of the form F(/) = Foe- ·'. The system is at rest in equilibrium at / = O. 

Substituting for F(t) in Eq. (4.5) leads to 

X( I) = -1-f' F;,e · a, sin Wn(l - r) dr 
mWn 

o 

Let v = I - r. Then 
.. 0 

X(I) =~ f e - a" •• , sin WnV (-dv) 
mw" ... ... , 

Foe · a' 'f·' . = -- e'''' Sin w" v dv 
mWn .-0 

= (~o ') e"'(cr sin w"v - Wn cos wnv) '-1' 
mw" a + w" . ·0 

Fo (. . a,) 
mw,,(a 2 + w}) a Sin w"t - w" cos w"t + w"e 
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4.4 Use the convolutio n integral to determine the time-dependen t response o f a n und amped 
l-degree -o f- freedo m syste m of na tural frequency Wn and m ass m whe n subject to a 
harmo nic excita tio n of the fo rm F (I) = Fo sin wI with W '" w .. 

Substituting fo r F(I) in Eq. (4.5) with {= 0 leads to 

X(I) = _1_ f' Fo sin wr sin W.(I - r) dr 
m Wn 

" 
Use of a trigonometric identity fo r the product of sine fu nctions of d ifferent arguments leads to 

X(I) = 2~f Fo{cos [(w + wn)r - wnll - cos [(w - wn)r + wnl)}dr 
m W"1I 

= 2 Fo {- I-sin [(w + wn)r - wnll - _I-sin [(w - wn)r + wnll} 'I"' 
rnw,. w + w" w - W" r - Il 

0, { 1 [. . 1 I [ . . I} =-2- -- sm wl+sm w"t --- sln wt -sm w" t 
mw" OJ + w" w - w" 

0, () 
mw,,(w2 _ w,/ ) W Sin w " I - w" SJO wi 

4.5 The d iffe ren ti a l equa tion gove rning the motion of th e syste m o f F ig. 4-1 is 
~ (+ !!. fs m L' {) + r.kL' () = ~LF(I) 

De te rm ine the time-de pe ndent response of the system if F(I) = Foe - a<. 

L 3L F(t) 
1- 4" -+-- --- ------j 

Slender bar of mass m 

Fig. 4-1 

The natural frequency of the system is 

J
9 , 

16
kL ~7k w = --= -

n 2 mL' 7m 
48 

The gove rning diffe rential equation can be put into the form of Eq. (4.1) with 

F(I) = l LF;.e- a
, 
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4.6 
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FORCED RESPONSE OF I-DEGREE-OF-FREEDOM 

Substituting into the convolution integral solution, Eq. (4.5), leads to 

0(1) = -7-
1--j ~ LF.,e -" si n Wn(1 - r) dr 

4il mL' wn o 

36 F., J' . ="7 mLw
n 

e- ·' Sin Wn(1 - r) dr 
o 

Performing the integration as in Problem 4.3 leads to 

~ F.,. _ 
0(1 ) ="7 mLwn(a' + w!) (a Sin Wnl - Wn cos wnl + wne ) 

[CHAP. 4 

For the system of Problem 4.5, if m = 20 kg, L = 1.4 m , k = 1.4 X 10' N / m , Fa = 100 N, 
and a = 12 (s)-\ determine the m aximum angular displacement of the bar from its 
equilibrium position. 

The natural frequen cy of the system is 

;" = 127k = 
n -V 7m 

27( 14 x 10' ~) 
7(20 kg) 

51.96 rad 
s 

Substituting given values into the solution obtained in Problem 4.6 leads to 

0(1 ) = 36(100 N) 

7(20 kg)(1.4 m) (5 1.96 r:d) [(12.0 so,), + (51.96 r:d)'] 

x (12.0 sin 51.96r - 51. 96 cos 51.961 + 51.96e -"') 

= 0.00149 sin 51.961 - 0.00645 cos 51.961 + 0.00645e-'" 

The time at which the maximum occurs is obtain ed by se tting dO /dl = O. To this end 

~ . b di = 0.0774 cos 51.961 + 0.335 Sin 51.961 - 0.0774e -' = 0 

A trial-and-error solution leads to I = 0.0538 s and Om .. = 0.00996 rad . 

4.7 Use the convolution integral to determine the response of an undamped I-degree· o f­
freedom system to the excitat ion of Fig. 4-2. 

Fo l----

Fig. 4·2 
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For t < co. 

X(I) = - I- f' Fosin W.(I- r) dr 
mw" o 

For t > 10 • 

X(I) = _ 1_ f Fo sin W.(I - r) dr 
mw"o 

4_8 Use the convolution integral to determine the response of an undamped I-degree-of­
freedom system due to the triangular pulse of Fig. 4-3. 

Fig. 4-3 

For 1 < 10/2, 

I f' (2Fo) . X(I) =-- - rsmw.(I-r)dr 
mw,,() to 

. 2Fo ( I . ) =--,- ( --SlOW,, ! 
mw" to W" 

For 10/2 ,;; I < 10, 

For l~to. 

'on J 
X(I) = m~. [f (22)r sin W.(I - r) dr + 2Fo( I - D sin w,,(1 - r) dr 1 

o ,,p. 

./ = m~~to [ 2 sin w,,(t- ~to) - sin w"t - sin w,,(1 - /o)J 
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4.9 Develop a unified mathematical expression for the triangular pulse of Fig. 4-3 using unit 
step functions. 

The graphica l breakdown of the triangular pulse is shown in Fig. 4-4. Using the graphical 
breakdown and the definition of unit step functions, 

X(I) = 2F;,t u(t) - 2F"t u(t - ~ 10) + 2F,,(1 - t)u(1 - ~ 10) - 2F;,( 1 - t)u(t - 10) 

= 2Fo[t 1/(1) + (J - 2 t)u(1 - ~ I,,) - (1 -nU(1 - 10)] 

'0/2 

.,.~ -c ~ 
'0/2'0 ~ 

Fig. 4-4 

4.10 Show that 

j u ( r - to)g(t, r) dr = u(t - to) j g(I, r) dr 
o '0 

Note that for r < I,,, u(r - 10) = O. Thus for 1< 10, the integrand is identically zero. Then for 
r>t(), 

j u(r - lo)g(t, r) dr = I u(r - to)g(t, r) dr + j u( r - 1,,)g(I, r) dr 
o u '0 

= J g(I, r) dr 
'0 

Thus 

, 1
0 

J u(r -lo)g(I, r) dr = J' 
o g(I, r) dr 

'0 

1<11) I 

= U(I -10) J g(I, r) dr 
1 >10 '0 

4.11 Use the results of Problems 4.9 and 4.10 to develop a unifie d mathematical expression 
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for the response of an undamped I-degree-of- freedom system due to the triangular pulse 
of Fig. 4-3. 

Substitution of the unified mathematical representation of the triangular pulse deve loped in 
Problem 4.9 in to the convolution integral, Eq. (4.5) with (= 0, leads to 

x(c) = m~" j ZFo[t *) + ( 1 - Z f.) u( r - ~Co) - (1- Du(r - Co)] sin w"(c - r) dr 
o " 

Using the integral formula of Problem 4.10, 

x(c) = ~~" [u (C) j tSin w"(c - r) dr + u(c -~ Co) f ( l -zD sin w"(c - r)dr 
o (l t2)IO 

- u(c - co) j (1 - t) sin w"(c - r) dr] 

'" 
Evaluation of the integra ls yields 

ZF" { (C 1 " ) ( 1)[ c Z. ( 1 )] x(c)=--, u(c) ---sm w"c +u c- -Zco l -Z-+-sm w" c--Z co 
mw.. to W,,[o (0 w .. to 

- u(c - C,,)[ 1 -!. + ~ sin w"(c - Co)]} 
[0 w"tu 

4.12 Use the convolution integral and unit step functions to "develop a unified mathematica l 
expression for the response of an undamped I -degree-o f-freedom system to the excita tion 
o f Fig. 4-5. 

Fig. 4-5 

The unified mathematical representation of the excitation of Fig. 4-5 is 

F(c) = 2F;,[u(c) - u(c - co)J + F.,[u(c - co) - u(c - ZCo)J 

= 2F;,u(c) - F.,u(c - c,,) - Fou(c - 2co) 
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FORCED RESPONSE OF I-D EGREE-OF-FREEDOM [CHAP. 4 

Substitution into the convo lution integral, Eq. (4.5) , wi th , = 0 leads to 

'. X( I) = n~" {j [2u(r)-U(r-Io)- u(r -210)] sin w"(I- r)dr} 

= ::" [ 2U(I) j sin W"(I - r) dr - 1/(1 -10 ) j sin W"(I - r) dr - U(I - 210 ) j sin w" (t - r) dr] 
o '0 2'0 

X(I) = ~ {u(I)(1 - cos W"I) - U(I - 10 )[1 - COS W,,(I - (0)]- 1/(1 - 210)[1 - cos W"(I - 21o)]} 
mw" 

Determine a unified mathematical expression for the response of an undamped 
1-degree-of·freedom system of w" = 100 radls and a mass of 10 kg subject to a 
rectangular pulse of magnitude 2000 N and duration 0.1 s followed by an impulse of 
magnitude 200 N·s applied at I = 0.25 s. 

The mathematical representation of the excitation is 

F(I) = 2000[u(l) - U(I - 0.1)] + 200(1 - 0.25) 

Substitution into Eq. (4.5) with, = 0 leads to 

X(I)= I rad .{2ooo j[U(r) - u(r ·- 0.1 )] SinlOO(I -r)dr 

(10 kg)( 100 s) 0 

+20 j S(r-O.25)sin 100(1- r)dr} 
o 

= 2u(l) j sin 100(1 - r) dr - 2u(l- 0.1) j sin 100(1 - r ) dr + 0.02 sin 100(1 - 0.25)//(1 - 0.25) 
o (ll 

= 0.02u(I)(1 - cos 1001) - 0.021/(1 - 0.1)[1 - cos (1001 - 10)] + 0.02u(1 - 0.25) sin (1001 - 25) 

4.14 Use unit step functions to develop an infinite series representation for the periodic 
function of Fig. 4·6. 

F(I)~ 
Fo 

I 

210 310 410 

Fig. 4·6 

The graphical breakdown of the excitati on of Fig. 4·6 is shown in Fig. 4·7. The represent ati on 
of F(I) in te rms of unit step functions is 

F(I) = F,,[U(I) - U(I -\(0 ) ] + Fo[U(1 -10 ) - U(I - lto)] + F.,[U(I - 21,,) - U(I - ~ Io) ] +. . + 

which can be written as 

F(I) = Fo 2: {U(I - il,,) - 1/[1 -\(2i - I )I,,]) 
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Fig. 4-7 

-'"-2 
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4.15 Use the convolution integral to determine a mathematical representation for the response 
of a n unda mped 1-degree-of-freedom system due to the periodic excitation of Fig. 4-6. 

Substi tution of the mathematical form of the excitation developed in Problem 4.14 into the 
convolution integral, Eq. (4.5), with, = 0 leads to 

x(t) = -I- f' Fo i {u(r - it.) - u[r - ! (2i - !J't.]} sin w,,(t - r) dr 
mw"o ,_ . 2 

The order of integration and summation can be interchanged assuming the infinite series converges 
for all t. This leads to 

x(t) = ~ i {f' u(r - it.) sin w,,(t - r) dr - f' u[r - ! (2i -1)t.] sin w,,(t - r) dr} 
mW" j .. o 2 . . 

The integrals are evaluated using the integral formula developed in Problem 4.10: 

x(t) =~i {U(t - itn)COSw,,(t-r) T -U[t-i(2i - 1)t. ]COsw,,(t-r) T } 
mw" .-0 r - ifo f - !(2j ~ I )IO 

= m~", t. {"(t - it.) [i - cos w,, (t - it.)J - u[t - i (2i -1)t. ]{ 1 - cos w,,[t - i (2i - 1)1. ])} 

4.16 Solve Problem 4.1 using the Laplace transform method. 

The excitation force and its Laplace transform are 

F(t) = F;, 

1'"(s) =!1 
s 

Substituting into Eq. (4.7) with x(O) = 0 and itO) = 0 and, = 0 leads to 

_ Fo I 
x(s) =;;; s(s' + w,,' ) 
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A partial fra ction decomposition yields 

_ F.. (I S) x(s)=--, - - -,--, 
mw" s s + w" 

Using lineari ty of the inverse transform, 

x(t) = _ I (Ir'{! } - Ir.{_I_}) 
mw/ S 5 2 + W,, 2 

The inverse transforms are de termined using Table 4.1 , leading to 

x(t) = -..!., (1 - cos wnt) 
mWn 

4.17 Solve Problem 4.2 using the Laplace transfo rm m e thod . 

The excitation force and its Laplace transform are 

F(t) = F, 

F(s) = 00. 
s 

Substi tution into Eq. (4.7) \vi th x(O) = 0 and i(O) = 0 leads to 

_ F., 1 
x(s) =;; s(s' + 2(w

n
s + w/) 

A partial fract ion decomposit ion leads 10 

_( ) 1 ( 1 s + 2( Wn ) 
x S = I11W/ ~ - 52 + 2{w"s + w/ 

[CHAP. 4 

Completing the square of the quadratic denominator and using linearity of the inverse transform 
leads 10 

x(t) = _ 1 (x-.{!} _ Ir'{ s + (wn } _ ("!!! Ir' { w,' }) 
mw,,' S (s + (wn)' + W,,' Wd (s + (wn)' + w/ 

The first sh ifting theorem of Table 4-2 is used to obtain 

The transform pairs of Table 4-1 are used 10 obtain 

x(t) =_1_, [1- e-'·';(cos Wdt + ("!!!sin Wdt ) ] 
nlW.. Wd 

4.18 Solve Problem 4.5 using the Laplace transform me thod. 
~t+ ia. The differential equation of Problem 4.5 can be rewritten as 

lt1 a1:hcad 

where 

8 + W ' 8 = 36Fo e - O< 
" 7mL 

W = rm 
n \j 7,;; 
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4.19 
r l+ sa. 

Mathcad 

Assuming the system is at rest in equilibrium at ( = 0 and taking the Laplace transform o f the 
differential equation leads to 

8(s) = 36Fo \ 
7mL (s + a)(s + w"' ) 

Partial fraction decomposition yields 

8(s) = 36F" (_1_ +~) 
7mL(a 2 + w,/) S + a S 2 + w} 

Use o[ linearity of the inverse transform leads to 

Use o[ Table 4-1 leads to 

O( ) _ 12F" ( -0. a. ) 
I -7 L( ' ') e + - SIn W"I - cos w"1 

m a +w" w" 

Use the Lap lace transform metho d to de te rmine the 
l ,degree-of-freedom system of natural frequency w" and 
equilibrium a nd subject to the triangular pulse of Fig. 4-3 . 

response of an undamped 
mass m, initially a t rest in 

From the results of Problem 4.5 , the mathemati ca l expression [or the triangular pulse is 

F(I) = 2F,,[~ U(I) + (I -2 ~)u(1 - ~ (0) - (I - DU(I - 10)] 
and its Laplace transform is obtained using the second shifting theorem and Table 4-1 as 

Substitution into Eq. (4.7) leads to 

_ . 2£0 1 - 2e -~(fc{2 ) + e -~Iu 

x(s) = mlo s'(s' + w.') 

A partial fraction decomposition yields 

The system response is obtained by application of the second shifting theorem and the transform 
pairs of Table 4-1. Thus 

X(I) = 2Fo, {1 - J... sinw"I -2U(I-!lo)[(I-!lo) - J...sinw"(I-!lo)] 
mw" 10 W" 2 2 W" 2 

+ U(I - 10) [ (I - 10 ) - ~ sin W" (I - lo)]} 

4.20 Use the Laplace transform method to dete rmine the respo nse of an undamped 
I-degree-of-freedom system of natura l freque ncy w" and mass m, initially at rest in 
equilibrium and subject to the periodic excitat io n of Fig. 4-6. 
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From Problem 4.16, the mathematical representation of the periodic function of Fig. 4-6 is 

F(I) = Fo ~ [U(I - ilo) - U(I - ~ (2i -1)10)] 

The second shifting theorem is used to obtain 

Substitution into Eq. (4.7) with x(O) = 0, itO) = 0, and ( = 0 leads to 

F, I • 
x(S)=-.!'_,---, 2: [e -b" _ e -I(2H~'o] 

m s(s + W" ) i-O 

=..&, (! -~) i [e-in
, - e- ,(2I- "",] 

mw" S s + w" i-O 

Inversion of the transform is performed using the second shifting theorem: 

X(I) = m~"' ~ HI - cos W"(I - ilo)]U(1 - ilo)} - {I - cos W"[ 1 - ~ (2i - 1)10 ]}U[I - ~ (2i - 1)/0 ] 

4.21 Use the Laplace transform method to determine the response of an underdamped 
1-degree-of-freedom system of damping ratio r;, natural frequency W,,' and mass m , 
initiall y at rest in equilibrium and subject to a series of applied impulses, each of 
magnitude I , beginning at / = 0, and each a time /0 apart. 

The mathematical form of the excitation and its Laplace transform are 

F(I) = 1 2: 0(1 - il, ) 

F(s) = 12: e-"'" 

Substitution into Eq. (4.7) with x(O) = 0 and itO) = 0 leads to 

1 1 -xes) = - I , 2: e- i·"o 
m s + 2(wl1s + W " i-O 

=!.. 1 ie-i"o 
m (s + (w")' + W,,' i - O 

Inversion of th e above transform is achieved using both shifting theorems: 

4.22 Let v = x. Rewrite Eq. (4.1) as a system of two first-order ordinary differential equations 
with / as the independent variable and x and v as dependent variables. 

From the definition of v, 

x=v (4.14) 

and from Eq. (4.1), 

v =....!.... F(I) - 2(w"v - w"'x 
m •• 

(4.15) 

Equations (4.14) and (4.15) form a set of first-order linear simultaneous eq uations to solve for x 
and v. 
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d+ sa 
Mathcad 

Assuming the sys tem is at res t in eq uilibrium at ( = 0 and lak ing the Laplace transform o f the 
differential equation leads to 

O(s) = 36Fo 1 
7m L (s + a)(s + w"') 

Partial fraction decomposition yie lds 

O(s) = 36F" (_1_ +~) 
7mL(a' + w}) S + a s' + w"' 

Use of linearity of the inverse transform leads to 

Use of Table 4-1 leads to 

( 12Fo ( a. ) 01) =7 L( ' ') e - ·'+-slnw"I -COSw"1 
m a + w" w,. 

Use the Laplace transform method to de termine th e 
l ,degree-of-freedom system of na tural freque ncy w" and 
equilibrium and subject to the tri angular pulse o f Fig. 4-3. 

response of an undamped 
mass m , ini tially a t rest in 

From the resul ts of Problem 4.5, the mathematical expression for the triangular pulse is 

F(I) = 2F,,[t U(I) + ( I - 2 t)U(1 - ~Io) - (I - t)U(1 - 10) 1 
and its Laplace transform is obtained using the second shi fting theorem and Table 4-1 as 

Substitution into Eg. (4.7) leads to 

A partial fraction decomposition yields 

_ 2F. ( 1 1 ) x(s) = __ 0_ (I - 2e -""I'I + e-»o) - - ---
mw/ to S2 S2 + W,, 2 

The system response is obta ined by applica tion of the second shifting theorem and the transform 
pairs of Table 4-1. Thus 

2Fo { 1 . ( I ) [( I) I . ( I)] x(t)= --,- t --smw"t-2u {- - to (- - ( 0 --SlOW" I- - to 
mw" to w" 2 2 w" 2 

4_20 Use the Laplace transform method to de te rmine the respo nse of an undamped 
1-degree-of-freedom system of natura l frequency w" and mass m, initially at rest in 
equilibrium and subj ect to the periodic excitat io n of Fig. 4-6. 
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From Problem 4. 16, the mathematica l representation of the periodic function of Fig. 4-6 is 

F(t ) = F,,~ [ u(t - ito) - U(t - i(2i -I )to) ] 

The second shifting theorem is used to obtain 

F(s ) = ~ i (e - ;'" - e- l (2;-O )",) 
s " .. 0 

Substitution into Eq. (4 .7) with x(O) = 0, i tO) = 0, and ~ = 0 leads to 

R I ' _ 
its ) = ..!'_-, - -, 2: [e- '''o - e- l"' - ""o] 

m s(s + w" ) '-0 

=..!i, (! -~) i [e-'''o - e- l(2;-O" ',] 
m(c)" s s + w" ;-0 

Inversion of the transfo rm is performed using the second shifting theorem: 

x(t) =..!i, i ([I - cos w"(t - ito)]U (1 - ilo)} - {I - cos W"[ I - ! (2i - 1)lo]}" [I - -2
1 

(2i - 1)10 ] 
m~,~ 2 

4_21 Use the Laplace transform m ethod to de te rmine the respo nse o f an underdamped 
1-d egree-o f-freedom syste m of damping ra ti o 1;, natural frequency w", and mass m , 
initially a t rest in e qu ilibrium and subj ect to a series of a pplie d impulses, each of 
m agni tude I , beginning a t 1=0, and each a time 10 a part. 

The mathematical form of the excitation and its Lapl ace transform are 

F(I) = / 2: ott - ito) 

F(s) = / 2: e-"'" 
'-0 

Substitution into Eq. (4.7) wit h x(O) = 0 and itO) = 0 leads to 

/ 1 • 
its ) = - , 22: e-'-"o 

m s· + 2(w"S + W " i-O 

=!... 1 Le-'''' 
m (s + ~W" )2 + w/ ,.0 

Inversion of th e above transform is achieved using both shi fting theorems: 

4.22 Le t v = x. Rewrite E q. (4. 1) as a system of two fi rst-ord er o rdin ary di ffere ntia l equations 
wi th 1 as the independe nt variable and x and v as depende nt va riables. 

From the definition of v , 

i = v (4.14) 

and from Eq. (4.1), 

iJ =...!.-. F(t) - 2~w"v - w} x 
m.q 

(4./ 5) 

Equations (4.14) and (4. 15) form a set of fi rst-order linear simultaneous equations to solve fo r x 
and v. 
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4_23 Direct numerical simulation of Eq. (4.1) often involves rewriting Eq. (4.1) as two 
first -order differential equations, as in Problem 4.22_ The time interval over which a 
solution is desired is discretized, and recurrence relations are developed for approxima­
tions to the dependent variables at the discrete times. Let I" I" ... , be the discrete times 
at equal intervals D.c. The Euler melhod is an implicit method using a first-order Taylor 
series expansion to approximate the time derivatives of the independent variables_ 
Develop the recurrence relations for a I-degree-of-freedom system using the Euler 
method. 

4.24 
~I+ sa. 

Mathcad 

Let [(I) be a continuously differentiable function of a single variable. Its Taylor series 
expansion is 

[(I + .11) ; [(I) + (.1I)i(l) + \(.11)'/(1) + H.1I)3/(1) + ... + 

Truncation after the linear term and rearranging leads to 

i(l) ;[(1 + .11) - [(I) + 0(.11) 
.11 

(4.16) 

Define x, ;x(i .11) and v,; uti 6t). Application of Eq. (4.16) to Eqs. (4.14) and (4.15) of Problem 
4.22 at I ; I, ; i 6t leads to 

x, . , - x, + 0(6t); V . 

.11 ' 

v,., - v, O() 1 () , 
- .1-1- + t11 ; m <q F I, - 2(w"v, - w" x, 

or X, .. ;x, + (.1I)V, + 0(.11) 

u,. , ; v, + .11 (....!.... F(I,) - 2(w"v, - w,,' x,) + 0(.11 ) 
m,q 

Illustrate the application of the explicit Euler method to a I-degree-o f-freedom system of 
mass 10 kg, natural frequency 100 rad ls, and damping ratio 0.1 subject to a constant force 
of magnitude 100 N. The system is at rest in equilibrium at I = O. Use a time increment of 
0_001 s, and compare with the exact solution of Problem 4.2. 

The ca lculations are illustrated in Table 4-3. 

4.25 A numerical approximation to an integral 

1(1) = J f(T)dT 
o 

is of the form 

1(lj) = ± Ct.J(I,) D.I (4.17) 
i - O 

where I" I" ... , Ij are called knols, . the intermediate values at which the integrand is 
evaluated. The values of Ct., are specific to the numerical method used. Develop a form of 
Eq . (4.17) that can be used to approximate the convolution integral, Eq. (4.2) . 

The extension of Eq. (4.17) to the convolution integral is 

X(lj ) ; ± a,F(I,)h(lj - 1,).11 
i - O 
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Table 4.3 

X(I,) V (I,) F(I,)/m 2(w.vI W~i X(I, +t.) V(II + t.) X(I) (exact) 

0 0 0 10 0 0 0 0.01 0 
0.001 0 0.01 10 0.2 0 0.00001 0.0198 4.96E-06 
0.002 0.00001 0.0198 10 0.396 0.1 2.98E-05 0.029304 1.97E-05 
0.003 2.98E-05 0.029304 10 0.58608 0.298 5.9IE-05 0.03842 4.38E-05 
0.004 5.9IE-05 0.03842 10 0.768398 0.59104 9.75E-05 0.04706 7.69E-05 
0.005 9.75E-05 0.04706 10 0.94121 0.975239 0.000145 0.055144 0.000118 
0.006 0.000145 0.055144 10 1.102881 1.445844 0.0002 0.062595 0.000168 
0.007 0.0002 0.062595 10 1.251906 1.997284 0.000262 0.069346 0.000225 
0.008 0.000262 0.069346 10 1.386922 2.623237 0.000332 0.075336 0.000288 
0.009 0.000332 0.075336 10 1.506719 3.316699 0.000407 0.080513 0.000357 
om 0.000407 0.080513 10 1.610251 4.070058 0.000488 0.084832 0.000431 
0.011 0.000488 0.084832 10 1.696645 4.875184 0.000572 0.08826 0.000509 
0.012 0.000572 0.08826 10 1.765208 5.723506 0.000661 0.090772 0.000591 _ 
0.013 0.000661 0.090772 10 1.815434 6.60611 0.000751 0.09235 0.000675 
0.014 0.000751 0.09235 10 1.847003 7.513827 0.000844 0.092989 0.00076 
Om5 0.000844 0.092989 10 1.859786 8.437328 0.000937 0.092692 0.000846 
0.016 0.000937 0.092692 10 1.853844 9.367221 0.001029 0.091471 0.000932 
0.017 0.001029 0.091471 10 1.829423 10.29414 0.001121 0.089348 0.001017 
Om8 0.001121 0.089348 10 1.786951 11.20885 0.00121 0.086352 0.0011 
0.019 0.00121 0.086352 10 1.727035 12.10233 0.001297 0.082522 0.001 181 
0.02 0.001297 0.082522 10 1.650448 12.96585 0.001379 0.077906 0.001258 

Assuming I. = k t.1, , 
X(I,) = 2: a,F(i t.1)h[(j - i) t.1] t.1 

4.26 For the lrapezoidal rule, the values of a i in Eq. (4.17) of Problem 4.25 are ai = a j = 0.5, 
rl+ a 2 = a 3 = . . . = a j-l = 1. Illustrate the use of the trapezoidal rule to approximate the sa. tim e-dependent response of a system of mass 10 kg, natural frequency 50 rad /s, and 
Mathead 

damping ratio 0.05 subject to the time -dependent excitation of Fig. 4-8. Use !it = 0.01 s, 
a nd approxima te x(O.OI) , x(0.02), and x(0.03). 

F (I) 

lOON 

0.02 0.04 

Fig. 4-8 

0.06 I(S) 
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Note that 

h(k lit) = _ 1_ e- ,"->d, sin (Wdk lit) 
mWd 

= 2.003 X IO-'e-oo", sin (0.499Sk) 

h(O lit) = 0, h(lit) = 9.36 X 10-' 

h(2 lit) = I.S6 X 10- ', h(3 lit) = 1.84 X 10- ' 

Then, using th e trapezoidal rule 

x(O.OI) = [O.SF(O)h(M) + O.SF(O.OI)h(O)] lit 

= [0.S(0)(9.36 X W') + 0.S(SO)(0)](0.04) = 0 

x(0.02) = [0.SF(0)h(2 lit) + F(O.Ol)h(lit) + 0.SF(0.02)h(0)] lit 

= [0.S(0)(I.S6 X 10- 3
) + (SO)(9. 36 X W ' ) + 0.S(100(0)](0.01) = 4.68 X 10- ' m 

x(0.03) = [0.SF(0)h(3 lit) + F(0.01)h(2 lit) + F(0.02)h(lit) + 0.SF(0.03)h(0)] lit 

= 1.72 X 10- 3 m 

4.27 Define Ij = j ClI. Show that Eq. (4.5) can be rewritten as 

where 

G2j = j F(r)e (w"' sin w"rdr 
/j- I 

Note that 

Substituting the previous trigonometric identity into Eq. (4.5) and rearranging leads to 

Noting that 

j g( r) dr = j' g( r ) dr + f g( r) dr + ... + J g( r) dr 
o 0 I~ - l 

=j* J g(r)dr 
'r l 

leads to 

x(t, ) = e- 'w" , [sin w" t, ± f" F(r)e'w'< cos Wdrdr - cos w"t, ,L.', f'j F (r);'W'<sin wdrdr] 
mw" j - I 

'j - I 'j- I 
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4.28 One method of approximating the convolution integral is to interpolate F(I) piecewise 
and exactly integrate the interpolation times the trigonometric functions using Eq_ (4.17) 
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of Problem 4.27. Suppose F(£) is inte rpolated by piecewise constants chosen such that the 
constant inte rpolate on the interval from Ii _ I to Ii is equa l to F(I) evaluated a t the 
midpoin t o f th e interval. Determine the appropria te form s of G li and G'i for a piecewise 
constant interpolation of F(I). 

Let F; = F[(I, + ' r ,)/2]. Then 

G'i = 1 10,,,'-"' cos w" r dr 
', - I 

10,(1 - () [ , ,( . w" ) , . ( . w" ) ] :: e "''' i sm W ri tj + ~-cos Wri lj - e "'~'r l Sin wdlj _ 1 + (-cos w dl j _ 1 
~ ~ ~ 

and G'i = 1 F,e' -"'sin wdrd, 
',-I 

4.29 Discuss the advantages : and disadvantages of using each of th e following numeri cal 
methods to provide a numerica l approximation to the solution of Eq. (4.1): (a) implicit 
E ule r me thod , (b) fourth-order Runge-Kutta method, (e) numerical integration of th e 
convolutio n integral using the trapezoida l rule (Pro blem 4.26) , and (d) numerical 
integra tion o f the convolution integral using piecewise constant inte rpolate for F(r) 
(Problem 4.28). 

(a) The implicit Euler method is on ly first-order accurate. Its application leads to a pair of 
recurrence relations from which the approximations are successively determined. Applica­
tion of the recurrence relations does not require evaluation of the excitation at times other 
than those for which approximations are obtained. 

(b) The fourth-order Runge- Kulla method is fourth -order accurate. It is an explici t method in 
that its recurrence relations are" used to de termine the approximations successively. 
However, their application requires evaluation of the excitation at times other than those at 
which approxima tions are obtained. 

(e) The trapezoidal rule is a numerical integration of the convol ution integral. It provides a 
linear interpolation to the integrand between two knots. Its application does not lead to a 
recursion relation for the approxi mation at subsequent times. The form ul a must be 
repeated for each time th e approximation is req uired, but an efficient algorithm is easy to 
develop. 

(d) The excitation is interpolated by piecewise constants, multiplied by appropriate trigono­
metric functions, and the approximate integrand exactly integrated. An algorithm using this 
method to approximate the convol ution integral is easy to develop in that the approxima­
tion for the response at an arbi trary time can be calculated as the response at the previous 
time plus the approximation to the integral between the two times. 

4.30 To protect a computer during a move, the computer is placed in a cushioned crate. The 
motion of the computer in the crate can be modeled as a I -degree-of-freedom 
mass-spring-viscous damper system. During the loading phase of the move, the cra te is 
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subj ect to the ve locity of Fig. 4-9 . Determine the displacemen t o f the computer relative to 
the crate . 

Fig. 4-9 

Let y be the acceleration to which the crate is subjected . The di ffe rential equa tion governi ng 
the displace ment of the computer relative to its crate is Eq. (3.24), 

t + 2[w"i +w}z =-y 
whose convolution integral solution is 

zit) = - ~ J Y( r)e -'-""- ' ) si n w,, (t - r) dr 
w" o 

The time-dependent ve locity and acceleration are 

v = Vo '- [u(t) -u(t -(0 ) ) + v,,[u (t - to) - u(t - 4to)) 
10 

The relative displacement is 

v" J' {l ' r Z(I) = -- - [u(r) - u(r - to)] + - [orr) - o(r -I,,) 
w"o to (0 

4.31 Develop the response spectrum of an undamped system subject to the rectangular pulse 
of Fig. 4-2, 

The response of a l-degree-of-freedom system due to the rectangular pulse is determined in 
Problem 4.7 as 

x(t) =...!i.. {l - cos w"t 
mw} cos w,,(t - to) - cos w"t 

t < to 

( > 10 



128 FORCED RESPONSE OF I-DEGREE-OF-FREEDOM [CHAP. 4 

Whether the maximum occurs fo r 1 < 10 or for I > to depends upon the system parameters. The 
maximum response for t < to occurs e ither at t = to or when cos w"t = - 1 (Wil t = Jr) . Thus jf 

to < n/wl1 • the maximum is not achieved for 1 < (0 . For to> Jr/w", 

2Fo 
xm a.= --, 

mw" 

For to < fT / w", Xm .. occurs for I > to at a value of I when dx/dl = O. To this end, for I > 10, 

whose solution is 

Th is leads to 

dx Fo. . dt = mw} [- w" SIn W" ( I - to) + W" SIn W" I] 

~= O . . ( ) dt - SIn W" I = Sin w" 1-10 

I [ (2n - l )fT] 
1= 2 to+~ 

(

2 sin w"to 
mw,,2Xmu = 2 

Fo 2 

n = I, 2, .. 

fT 
10 <-

w" 
fT 

10 >-
w" 

which is plotted in Fig. 4-10.: 

2.5 

2.0 

.:: 1.5 

" 1 1.0 ~ 
-'< 

0.5 

0.0 

Fig. 4·10 

4.32 Devise an algorithm to numerically develop the response: spectrum for a l·degree-of· 
freedom system with viscous damping subject to an arbitrary excitation. Assume that an 
integration method such as Euler's method or a fourth·order Runge·Kutta is used to 
solve Eq. (4.1). 

I. Equation (4.1) can be nondimensionalized by introducing 

x* = nlw/x 
Fo ' 

t* =- w" t 
2fT 

where Fo is the maximum value of F(t ). In terms of these nondimensional vari ables, Eq. 
(4.1) becomes 

4fT' 
x' + 4fTCx' + 4fT'x' = - F(I» 

Fo 

Note that the natural period in nondim ensional time is I. 

(4.18) 
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2. Defi ne a = wro/(2n), which can be viewed as a nondimensional value of the pulse duration. 
Let a range from c'a to 2.5 in increme nts of c'a = 0.1. Equation (4.18) should be solved 
using. say Runge-Kutta for each value of 0'. For a particular value of a, a time increment 
and a final time for the Runge-Kutta simulation must be chosen. It is important to set the 
nondimensional time increment small enough such that enough in tegration steps are used 
over the duration of the pulse and over 1 natural period. Also the final time must be chosen 
large enough such that the integrat ion is carried out sufficiently beyond the duration of the 
pulse and over several natural periods. Note that for a < I, the duration of the pulse is less 
than the natural period. Possible choices for the time increment and final time are 

For a > 1, the natural period is less than the duration of the pulse. Possible choices for the 
time increment and final time aTe 

~l * = in. 

3. Numerical simulation of Eq. (4.18) is developed for each value of a, as described in step 2. 
The maximum value of the non dimensional response x~a" is recorded. The response 
spectrum is a plot of x!aIC versus ll'. 

4.33 The force exerted on a structure due to a shoc k or impact is often modeled by the 
excitation of Fig. 4-11. The respo nse spectrum for this type of excitation for several 
d a mping ra tios is shown in Fig. 4-12. Wh a t is the maximum displace ment of an undamped 
1000-kg structure o f stiffness 5 x 106 N/m subject to suc h a blast with Fa = 1500 Nand 
to = 0.05 s? 

Fig. 4-11 

2.00,------------------, 

l.75 

l.50 

1.25 

il"" 100 ~ . 
0.75 

0.50 

0.25 

.... .. . ... . . . . 

-- . '~ ' --.-.-.. - ,, ' 

0.00 '-----'----'-------"-----' 
o 

( ~ 0 ........ (~ 0.1 ( ~ 0.2 

- - - - - (~0.3 - . -- (- 0.5 

Fig. 4-12 
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The natura l frequency of the structure is 

- J5 X106 !:!' jk m rad 
w. ~ \j;;' ~ 1000 kg ~ 70.7 ~ 

The value of the nondimensional parameter on the horizontal scale of the response spectrum is 

w"t" 
2n: 

(707~)(0.05 s) 

2n: ~ 0.563 

From Fig. 4-12, for , ~ 0, 

lam .. ~ 12 
F" . 

from which the maximum displacement is calculated as 

(
lam .. ) F" 5000 N 

Xm .. ~ T k~1.2---N- ~ 1.2mm 

o 5 x 10'-
m 

4.34 For what diameters of the circular bar of the system of Fig. 4-13 will the m aximum 
displacement o f the block' be less than 18 mm when subjected to a blast mode led by Fig. 
4-11 with Fo ~ 10,000 N and to ~ 0.1 s? 

Also 

I 
0.8 m 

£=200X IO·~ 
m' 

Fig. 4-13 

50 kg ~F(l) 

Let k be the stiffness of the system. Since it is desired to limit x < 18 mm , 

lam .. < k(0.0l8 m) 1.8 X 1O-6k 
F" 10,000 N 

w. to ~) k ~ ~ 2.25 X IO-'y'k 
2n: 50 kg 2n: 

(4.19) 

(4.20) 

Since k is unknown, a trial-and-error procedure using the response spectrum of Fig. 4·12 is used to 
determine allowable values of k. Suppose k ~ 5 x 10' N / m, thus using Eq. (4.20), w.to/(2n:) ~ 1.59. 
From the response spectrum this leads to lam .. / F., ~ 1. 7. However, from Eq. (4 .20) , the maximum 
a llowable value of lam .. / F" for k ~ 5 X 10' N/ m is 0.9. Inspection of Eqs. (4. 19) and (4.20) shows 
that w. I,J(2n:) increases slower than the maximum allowable value of lam .. /F.,. Thus an increase in 
k is tried. Note that if k ~ 1 X 100N/ m, then using Eq. (4.20) leads to w.lo/(2;r) ~ 2.25. The 
response spect rum yie lds kXm .. /F,,~ 1.8, which is the same as using Eq . (4.19). Thus if 
k> 1 X 106 N/m, the maximum displacement of the block is less than 18 mm. The minimum area 
of the bar is calculated as 

kL 
A ~-

E 

(1 X 106 ~D(0.8 m) 

200 X 109~ 
m 

4 X 10- 6 m' 
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Hence the minimum diameter is 

D ~ ~ ~ )4(4 x l~ -' m' ) 2.26 x 10- 3 m 

Supplementary Problems 

4_35 Use the con volution integral to develop the response of an undamped I-degree-of-freedom system 
of mass m and natural frequency w. subject to an excitation of the form F(r) ~ Fa sin w.r. The 
system is at rest in equilibrium at 1 = 0. 

Am. 

Fu. Fo 
2mw,/ Sin W"l - 2mw" (COS OJ"l 

4.36 Use the convolution integral to develop the response of an undamped I -degree-of-freedom system 
subject to an excitation of the form F(r) = Fa(1 - e-·'). The system is at rest in equilibrium at r = O. 

Ans. 

1'" [ ' _.' , 2' + . ] mw} (a 2 + W,,2) w" e - a - w" + ll' COS Will aWn Sin w"t 

4.37 Use the convolution integral to dete rmine the response of a I-degree-of-freedom system of mass 
m, damping ratio ?, and natural frequency w. subject to an excitation of the form F(r) = F"sin wr 
fo r w # w". The system is at rest in equ ilibrium at r ~ O. 

Ans. 

1'" [( ( : ,- 2)(. w. ) ] 
[( 

2 ' ) ' (2 )' ] 2?ww" cos w.r - cos wr) + w" - w Sin wr - - Sin w.r 
m w" - W + (wwn w" 

4.38 Use the convolution integral to dete rmine the time-dependent response of the system of Fig. 4-14. 

~M_(I)_~_ .k 

T 
xU) 

k = 2 X 103~ 
m 

m = 60 kg 

r= 5 em 

1= 0.3 kg_m 2 

N-s 
c = 5000 -

m 

Fig. 4-14 

Mo = 50 N-m 

to = 0.05 s 
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Ans. 

0.0111 [1 - e-"9'(0.140 sin 99.031 + cos 99.031)J 1 < 0.05s 

0.0111e- 13 " [0.140sin 99.031 + cos 99.031 - 0.280 sin (99.031 - 4.95) - 2.00 cos (99.031 - 4.95)J 

I > 0.05s 

4.39 A n undamped I -degree-of-freedom system is subject to the excitation of Fig. 4-15. Use the 
convolution integral to determine the system response for t > In. 

Fig. 4-15 

Ans. 

F" [ () 1 . ( ) 1. ] - - ,- lo COSw" [ - (0 +- 510 [ - to - - SlnW,, 1 
nlW" II) w" w" 

4.40 Develop a unified mathematical expression for the excita tion of Fig. 4-16 using uni t step functions. 

Fig. 4-16 

Ans. 

4.41 Use the convolution integral to develop the response of an undamped I-degree-of-freedom system 
subject to the excitation of Fig. 4-J 6. The system is at rest in eq uilibrium at 1 ; O. 
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Ans. 

Fo [( I. ) ( I. ) --,- 1 - - SIn w"1 u(l) - 1 - 10 - - SIn W"(I - (0) U(1 - (0) 
mW"lo W" W" 

- (I - 410 - ~ sin W"(1 - 4(0) )U(1 - 4(0) - (1 - 510 - 10 COS W"(1 - 5(0) - ~ sin (I - 5(0) )"(1 - 5/0)] 

4.42 Use the convolution integral to develop the response of an undamped I-degree-of-freedom system 
due to the excitation of Fig. 4-17. The system is at rest in equilibrium at 1 = O. 

Fig. 4-17 

Ans. 

~ [(1 - 1. sin W"')U(') - (1 - I" - 1. sin W,,(I - 1,,) )U(1 - (0 )] 
mw"lo w" w" . 

4.43 Solve Problem 4.35 using the Laplace transform method. 

4.44 Solve Problem 4.37 using the Laplace transform method. 

4.45 Solve Problem 4.41 using the Laplace transform method. 

4.46 Solve Problem 4.42 using the Laplace transform method. 

4.47 A 50-kg block is attached to a spring of stiffness 2 X 106 N/ m. The block is subject to an impulse of 
magnitude 25 N-s at 1 = 0 and an impulse of magnitude IS N-s at 1 = 0.1 s. What is the maximum' 
displacement of the block? . 

Ans. 6.28 mm 

4.48 Use the Laplace transform method to determine the response of a I-degree-of-freedom system 
with damping ratio C and natural frequency w" when subject to the periodic excitation of Fig. 4-18. 

F 

.!... 10 
310 210 

.& 
2 2 2 

-Fo 

Fig. 4-18 
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Ans. 

F;, [ ( (.)] -- 1 - e- ,w,,1 cos W,,[ + ---Sin w"l lief) 
mw} Vl=1' 

4.49 Determine an equation defining the response spectrum for an undamped I-degree·of·freedom 
system subject to the excitat ion of Fig. 4·17. 

Ans. 

kx; .. = I + ..2... Y'-20:( I---co-s-w-.-(,"',) 
1"0 w"to 

4.50 A lOO-kg machine is mounted on an isolator of stiffness S x 10' N/m. What is the machine's 
maximum displacement when subject to the excitation of Fig. 4-17 with Fo = 1000 Nand (" = 0.11 s? 

Ans. 2.50 mm 

4.51 The response spectrum of a I-degree·of-freedom system subject to a sinusoidal pulse is shown in 
Fig. 4-19. A 2S·kg block is attached to a spring of stiffness S x 10' N/m and subject to a sinusoidal 
pulse of magnitude 12S0 N and duration 0.02 s. What is the maximum displacement of the block? 

2.0,---------------, 

1.5 

}I"-" 1.0 

0.5 

{-O ...... · ·{- 0.1 --- {=0.2 

----- {=0.3 -._- {=0.5 

Fig. 4-19 

Ans. 0.4 mm 

4.52 A 200-kg machine is to be placed on a vibration isolator of damping ratio 0.1. For what range of 
isolator stiffness will the maximum displacement of the machine be less than 2 mm when it is 
subject to a sinusoidal pulse of magnitude 1000 N and duration 0.04 s? The response spectrum for 
a sinusoidal pulse is shown in Fig. 4·19. 

Ans. k>SXIO' N/m 

4.53 A SOO-kg machine is attached to an isolator of stiffness 3 x 10' N/m and damping ratio O.OS. 
During startup it is subject to an excitation of the form of Fig. 4-17 with 10 = 0.1 sand Fo = SOOO N. 
Use the trapezoidal rule for numerical integration of the convolution integral to approximate the 
machine 's displacement. Use A = 0.04 s. 
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4.54 Consider the method for numerica l evaluation of the convolution integral introduced in Problems 
4.27 and 4.28. Develop an expression for G'i if F(I) is interpolated by a se ries of impulses. That is, 
on the interval from Ii to ' i+" F(I) is interpolated by an impulse of magnitude F(c;') 6., applied at 
Ij* where t/ is the midpoint of the interval. 

Ans. 

4.55 Use numerical integration of the convolution integral to approximate the response of a mach.ine of 
mass 250 kg attached to an isolator of stiffness 2 X 10' N/m and damping ratio 0.05 when subject to 
the excitation 

F(I) = 1000e" N 

Use the method of Problem 4.28. 

4.56 Repeat Problem 4.55 using the interpolations of Problem 4.55. 



Chapter 5 

Free Vibrations of Multi-Degree-of-Freedom 
Systems 

5.1 LAGRANGE'S EQUATIONS 

Let X" X2, X3,' . . , Xn be a set of generalized coordinates fo r an n -degree-of-freedom system. 
The motion of the system is governed by a set o f n ordinary differential equations with the 
generalized coordinates as the dependent variables and time as the independent variable. One 
method of de riving the differential equations, referred to as the free body diagram method, 
involves applying conservation laws to free body d iagrams of the system drawn at an arbitra ry 
instant. 

An energy method provides an alternative to derive the differential equations governing the 
vibrations of a multi-degree-of-freedom system. Let V (XI' X2, . .. , xn) be the potential energy of 
the system at an arbitrary instant. Let T(x " X2 , . . . ,Xn, ii , i 2, . .. , in ) be the kinetic energy of 
the system at the same arbitrary instant. The lagrangian L(XI ' X" .. . , Xn, ii' i 2, ... , i n) is 
defined as 

L =T - V (5.1) 

T he lagrangian is viewed as a function of 2n independen t va ri ables, wi th the time derivatives of 
the generalized coordinates assumed to be independent of the generalized coordinates. 

Let OX" OX2, "" oXn be variations of the generalized coordinates. The virtual work oW 
done by the nonconservative forces in the system due to the variations of the generalized 
coordinates can be written as 

ow=i QiOXi 
i - I 

Lagrange's equations are 

!!.. (a L )_aL =Q 
dt ai , aXi . " 

i = 1, 2, . . . , n 

Application of Lagrange's equations leads to a set of n independent differenti al equations. 

5.2 MATRlX FORMULATION OF DIFFERENTIAL EQUATIONS 
FOR LINEAR SYSTEMS 

For a linear system, the potential and kinetic energies have quadratic forms: 

T=! i i m ;ji;ij 
i - I j - I 

(5.2) 

(5.3 ) 

(5.4 ) 

(5.5) 

If viscous damping and externally applied forces, independent of the generalized coordinates, 
are the only nonconservative forces, the virtual wo rk can be expressed as 

oW = i i ciiii oXi + i F; OXi (5.6) 
; - 1 j - I i - I 

136 
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Appl ica tion of Lagrange's equations to the lagrangian developed using Eqs. (5.4) and (5.5) and 
the virtual work of Eq. (5.6) leads to 

Mx + Cx + Kx =F (5.7) 

whe re M is the n x n mass matrix whose elements are m ij' K is the n X n stiffness matrix whose 
elements are kij' C is the n x n viscous damping matrix whose elements are c'i' x is the n x 1 
displacement vector whose elements are x" and 'F is the n x 1 force vector whose elements are F;. 
The matrices are symmetric. For example, m'i = m p' 

5.3 STIFFNESS INFLUENCE COEFFICIENTS 

Stiffness influence coefficients are used to sequentially calcu late the columns of the stiffness 
matrix for a linear system. Imagine the system in static equilibrium with Xj = 1 and x, = 0 for 
i ,e j . The jth column of the stiffness matrix, the stiffness influence coefficients k ,j, k 'j' ... , knj , 
are the forces that must be applied to the particles whose displacements are described by the 
genera lized coordinates to maintain the system in equilibrium in the prescribed position. The 
forces are assumed positive in the positive direction of the generalized coordinates. If x, is an 
angular coordinate, then k 'j is an applied moment. Maxwell's reciprocity relation implies that 
k ij =kji . 

5.4 FLEXIBILITY MATRIX 

The flexibility matrix A is the inve rse of the sti ffness matrix. Flexibility influence coefficients 
can be used to sequentially calculate the columns of the flexibility matrix. The jth column of the 
flexibi lity matrix is the column of val ues of the genera lized coordinates induced by static 
applica tion of a unit load to the particle whose displacement is described by Xj ' If Xj is an angu lar 
coordinate, then a unit moment is applied. The reciprocity re lation implies that the fl exibility 
matrix is symme tric, a j; = aj;_ 

The flexibility matrix is easier to calculate than the stiffness matrix for most structural 
systems that are modeled using a finite number of degrees of freedom. The differential 
equations governing the motion of a linear n-degree-of-freedom system can be written using the 
flexibility matrix as 

AMx + ACx + x = AF (5.8) 

5.5 NORMAL MODE SOLUTION 

Introduction of the no rmal m ode sollllion 

x = Xe'wl 

into Eq. (5.7) with C = 0 and F = 0 leads to the following matrix eigenvalue-eigenvector problem 
for the natural frequencies wand their corresponding m ode shape vectors X: 

(5.10) 

The natural frequencies, the square roots of the eigenvalues of M - 'K , are obtained by se tting 

(S.Il) 

or alternately 

det IK - w' MI = 0 (5.12 ) 
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If the flexibility matrix is known rather than the stiffness matrix, the natural frequencies are 
the reciprocals of the square roots of the eigenvalues of AM and are calculated from 

det Iw'AM - II = 0 (5.13) 

Use of Eq. (5.ll) or (5.13) leads to an nth-order algebraic equation in w 2 with real 
coefficients. Since M and K are symmetric, the n roots are real, yielding the system's n natural 
frequencies, W, :S w2 :S .. ':S w,.. If the system is stable, then K is nonnegative definite and the 
roots are nonnegative. An unrestrained system has a rigid body mode corresponding to a natural 
frequency of zero. 

5.6 MODE SHAPE ORTHOGONALITY 

Let X; and Xj be mode shape vectors for an n-degree-of-freedom system corresponding to 
distinct natural frequencies W; and Wj' respectively. These mode shapes satisfy the following 
orthogonality conditions: 

X/MXj =O 

X/KXj =O 

(5.14) 

(5.15) 

The mode shape vector X;, when determined as an eigenvector of M- IK or AM, is unique 
only to a multiplicative constant. The nonuniqueness is alleviated by requiring the mode shape 
to satisfy a normalization condition, usually specified as 

X/ MX; = 1 (5.16) 

If Eq. (5.16) is used as a normalization condition, then 

X/KX;= W;' (5.17) 

5_7 MATRIX ITERATION 

Numerical procedures are often used to calculate natural frequenci es of systems with a large 
number of degrees of freedom. Matrix iteration is a numerical procedure that allows 
determination of a system's natural frequencies and mode shapes successively, beginning with 
the smallest natural frequency. Let Uo be an arbitrary n X 1 vector. The sequence of vectors 

u; =AMu;_I, u;=~ (5.18) 
lu;lm" 

converges to X" the mode shape corresponding to the lowest natural frequency. Also, lu;lmm 
the largest absolute value of an element of U;, converges to 1/ w,'. Matrix iteration can be used 
to determine natural frequencies and mode shapes for higher modes by using a trial vector 
orthogonal, with respect to the mass matrix, to all previously determined mode shapes. 

5.8 DAMPED SYSTEMS 

The determination of the free and forced response of a multi-degree-of-freedom system is 
significantly more difficult than for an undamped system. A special case, which is relatively easy 
to handle, is proportional damping and occurs when constants a and 13 exist such that 

c= aK+ 13M (5.19) 

For proportional damping, the normal mode solution Eq. (5.9) is applicable. If W " W 2, ... , Wn 

are the natural frequencies corresponding to the undamped system, then the values of W that 
satisfy Eq. (5.9) are 

W; = iw;?;; ± w;Yl- ?;;' (5.20) 
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where L a modal damping ra tio is 

Ci=HaWi+~) 
For more general forms of C, it is convenient to rewrite Eq. (5.7) as 

My +Ky =O 

where - [0 M = 
M 

are symmetric 2n X 2n matrices and 

is a 2n X 1 column vector. A solution to Eq. (5.23) is assumed as 
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(5.21) 

(5.22) 

(5.23) 

(5.24) 

y = <l>e - y' (5.25) 

T he values of y are the complex conjugate e igenvalues of M -I K, and <I> is a corresponding 
e ige nvecto r. The e igenvectors sa tisfy the orthogonality re lation 

- 5_1 

<I>/lVt<l>i = 0 i "" j (5.26) 

Solved Problems 

Use the free body diagram method to derive the diCkrentia l equations gove rning the 
motio n of the system of Fig. 5-1 using X" Xz, and X, as generalized coordina tes. 

f----x, f---- x, f---- x, 

II 

Fig_ 5-1 

Free body diagrams of each of the blocks of the system of Fig. 5- 1 are shown in Fig. 5-2 at an 
arbitrary instant. Applica tion of Newton's law to each of the free body diagrams leads to 

-kx, +2k(x,-x ,)=mi, ~ mi, +3kx, -2kx, =O 

-2k(x, -x,) + k(x, -x,) = 2mx, .~ Jmx, - 2kx, + 3kx, - kx, =0 

-k(x,-x,)=2mx, ~ 2mx, - kx,+kx,=O 

~2k(X' -XI)D-- k(x,-x,) D 
Fig_ 5-2 
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5.2 Use the free body diagram method to derive the differenti a l equations governing the 
motion of the system of Fig. 5-3 using x and () as generalized coordinates. 

L L 
r-4"-+-4" 

L 

Fig. 5·3 

Free body diagrams of the bar at an arbitrary instant are shown in Fig. 5-4 assuming small 8. 
Summing forces on the bar, 

- k(x - ~L8) - k(x + IL8) ; mi 

mX + 2kx + lkL8; 0 

Summing moments about the mass center of the bar, 

M(r) + k(x - lL8)lL - k(x + IL8)lL ; 18 

18 + lkLx + ';"kL' 8; M(r) 

External Forces Effective Forces 

Fig. 5·4 

5.3 Use Lagrange's equations to derive the differential equations governing the motion of the 
system of Fig. 5-1 using x" x" and x , as generalized coordinates. Write the differenti al 
equations in matrix form. 

The kinetic energy of the system at an arbitrary instant is 

T = jmi/ + ~2mi/ + j2mi/ 

The potential energy of the system at an arbitrary instant is 

V ; lkx, ' + 12k (x , - x,)' + l k(x, -x,)' 
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The lagrangian is 

Application of Lagrange's equations lead to 

~ (:~) - :~ =0 

d 
di(mi,) + [kx, + 2k(x, - x,)( -1)] = 0 

~ (:~) - :~ =0 

d 
di (2mi,) + [2k(x, - x,)(I) + k(x, - x,)( -1)] = 0 

~ (:~) - :~ =0 

d . 
di (2mx, ) + [k(x, - x,)(I)] = 0 

Rearranging and writing in matrix form leads to 

5.4 Use Lagrange 's equations to derive the differential equations governing the motion of the 
system of Fig. 5-3 using x and (J as generalized coordinates . Write the differential 
equations in matrix form. . 

The kinetic energy of the system at an arbitrary instant is 

T = ~m_i2 + Uti 

The potential energy of the system at an arbitrary instant is 

V = l k(x - ILO)' + l k(x + ILO)' 

The lagrangian is 

L = lmi' + lIO' - lk(x - ILO)' - lk(x + ILe), 

If the variations 8x and 80 are introduced, the virtual work done by the external moment is 

8W = M(I)8e 

Application of Lagrange's equations leads to 

!!. (aL) _ aL = Q 
dt ai ax ,~I 

~(mi) + Hx -iLe)(1) + + + ~LO)(1)] = 0 

d (aL) aL 
di ao - ae = Q, 
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Rearranging and rewriting in matrix form leads to 

[
m O][i] [2k 
o 1 i! + I kL 

IkL ][X] [ 0 ] 
ftkL' e = M(t) 

5.5 Use Lagrange's equations to derive the differentia l equations governing the motion of the 
system of Fig. 5-3 using X, and X , as generalized coordinates. Write the differential 
equations in matrix form. 

The kinetic energy of the system at an arbit rary instant is 

The potential energy of the system is 

The lagrangian is 

If variations lix, and OX, are introduced, the work done by the external moment is 

(X,-X,) 1 1 
IiW=M(t)1i -L- = -LM(t)ox, +LM(t) ox, 

Application of Lagrange's equations leads to 

d[ (i'+i,)(I) (i,-i,)( 1)] (3 1 )(3) 1 dr m -2- 2: + 1 -L- -L +k 4 x' +4 x, 4 = -LM(t) 

d (aL) aL 
dr ai, - ax, = Q, 

d [(i'+i,)(I) (i,-i,)( I)] [(3 1 )(1) ] 1 dr m -2- 2: +I-L- L + k 4 x '+4 x, 4 +kx, =LM(t) 

Rearranging and writing in matrix form leads to 
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5.6 Use Lagrange 's equations to derive the differenti al equa tions governing the motion of the 
system of Fig. 5-5 using XI, X " and e as generalized coordinates. Write the differential 
equations in matrix form. 

6, ________ - 3k 

Fig. 5-5 

The kinetic energy of the system at an arbitrary instant is 

T = H1 81 2+ H20/- + ·~mi2 

The system's potential energy at an arbitrary instant is 

V = ~k(x - r8 ,)' + ~ 3k(2r8, - 2i8,)' 

The lagrangian is 

I , 

1 

L = l/, 0,' + \',0,' + ~mi' - ~k(x - rei)' - ~3k(2r8 , - 2r8,)' 

Application of Lagrange's equations leads to 

!!..(aL)_~_O 
dt ail, a81 -

d . "it (/8,) + [k(x - r8,)( - r) + 3k(2r8, - 2r8, ){2r)] = 0 

!!.. (aL) _ aL _ 0 
dr ail, a8, -

d . . 
"it (/, 8,) + 3k(2r8, - 2r8,){ -2r) = 0 

!!.. (aL) _ aL = 0 
dt ai ax 

d . "it (mx) + k(x - r8 1)(I) =? 
. Rea rranging and writing in matrix form leads to 

[

I, 0 0][ 0, ] [ 13kr' 
o ', 0 0,, + - 12kr' 
o 0 m x -kr 

-12kr' 
12kr' 

o 
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5.7 Use Lagrange's equations to derive the diffe rential equations governing the mo ti on o f the 
system of Fig. 5-6 using 0, and 0, as generalized coordinates. 

I ~ I ~ , , 

a a Identica l slender 

1 1 
bars of length L. mass m 

Fig. 5-6 

The kinetic energy of the system at an arbitrary instant is 

T = ~mnL81)2 + ~ hmL2iJ~ + jmOL82Y + j hmL28/ 

The potential energy of the· system at an arbitrary instant is 

L L 1. . )' V = -mg i cos 9, - mg i cos 9, + 2: k(a SIn 9, - a SIn 8, 

The lagrangian is 

I I . 11 . L L 
L = 2::;mL' 8,' + 2::;mL' 8,' + mgicos 8, + mg iCOS 8, 

1 (. . , -2: k asm8, - asm9,) 

Application of Lagrange's equations leads to 

!!. ( aL ) _ aL _ 0 
de ao, a8, -

~ GmL'O,) + [mg~Sin 8, + k(a sin 8, - a sin 8,)( - a cos 8,)] = 0 

!!. (aL) _ aL _ 0 
de ae, a9, -

~ GmL'O,) + [mg~Sin 9, + k(a sin 9, - a sin 8,)(a cos 9, )] = 0 

Linearizing and rearranging leads to 

1 .. (L ) :;mL' 9, + mgi+ka' 9, -ka' 8,=O 

1 .. ( L ) :; mL'9,- ka'8, + _ mgi + ka' 9, = 0 

5.8 The identical disks of mass m and radius r o f Fig. 5-7 roll without slip . Use Lagrange's 
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equatio ns to derive the gove rning differential equations using X, and X , as generalized 
coord inates. 

f---x , 
2k 

No slip 

Fig. 5-7 

The kine tic energy of the system at an arbitrary instant is 

I ., 1 1 ,(X,)' 1 ., 1 I ,(X,)' T =- mr +-- mr - + - mx + -- mr -
2 . , 22 r 2 ' 22 r 

Th e potential energy of the system at an arbitrary instant is 

V ~ l kx ,' + 12kx,' + 12k(2x, - 2x ,)' 

The Lagrangian is 

Applicatio n of Lagrange 's equations leads to 

~ ami,) + [kx, + 2k(2r, - 2x ,)( -2)] ~ ° 
~ ami,) + [2kx, + 2k(2x, - 2x,)(2)] ~ ° 

Rearranging and writing in matrix form yie lds 

[ im ° ][1,] + [ 9k ° lm x , -Bk 
-Bk][X, ] [0] 
10k x, ~ ° 

5.9 Use Lagrange's equations to derive the differential equations governing the motio n of the 
system of Fig. 5-8 using X" X2, and x) as generalized coordinates. 

Fig. 5-8 

The kinetic energy of the system at an arbitrary instant is 
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The potential energy of the system at an arbitrary instant is 

V = ~kx/ + ~k(X2 - X1)2 + !k(X3 - X2)2 

If the variations OX" OX" and OX, are introduced when the system is in an arbitrary sta te, the work 
done by the forces in the viscous dampers is 

oW = -ei, ox, - e(i, - i , ) 0 (x , - x,) - 2ei, ox, 

= -ei, ox, - ( -ci, + ei,) ox, - (-ei , + 3ei,) ox, 

Applica ti on of Lagrange's equations yields 

!!..(aL)_aL=Q 
de ail ax! I 

d di (2mi,) + [kx, + k(x, - x,)(-l)] = -ei, 

!!.. (aL) _ aL _ Q 
dr ai

2 
aX2 - 2 

d di (mi,) + [k(x, - x,)(l) + k(x , - x,)( - I )] = -ei, + ei, 

!!.. (aL) _ aL _ Q 
dr ax) ax) - 3 

d di (00,) + k(x , - x,)( l) = ei, - 3ei, 

Rearranging and writing in matrix form leads to 

[2; ~, ~ J[: : J + [ ~ 
o 0 m x , 0 

o 

-e 

5.10 Use Lagrange 's equations to derive the differential equations governing the moti on of the 
system of Fig. 5-9 using x and () as generalized coordinates. 

Fig. 5·9 

Slender bar of 
mass 2m, length L 

2k 

The kinetic energy of the system at an arbitrary instant is 

T = lmi' + 12m(i + ILO), + I &.2mL'if 
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5,11 
" ./ 

The potential energy of the system at an arbitrary instant is 

IlL 
V =2kx' + 22k(x + L8)' - 2mg "2 cos 8 

If the variations 8x, and Be are introduced at an arbitrary instant, the work done by the viscous 
damping forces is 

8W = -ex 8x - e(x + L8) 8(x + L8) 

= - e(2i + L8) 8x - eL(x + L8) 88 

Application of Lagrange's equations leads to 

E. (~) _ aL =0 
dt ax ax 

~ [mx + 2m(x + ~ 8 )(1)] + [kx + 2k(x + L8)(1)] = - 2ei - eL8 

d (v L) vL di ao - a8 = Q, 

d [ ( L.) (L) 1 . ] . di 2m i + "2 8 "2 + U2mL' 8 + 2k(x + L8)(L) + mgL sin 8 = - eLi - eL' 8 

Rearranging and linearizing leads to 

[
3m mL ][X] [2e 
mL ~mLz e + cL 

eL ][X] [3k 
eL' e + 2kL 

. 2kL ][X] [OJ 
2kL' + mgL 8 = ° 

Use stiffness influence coefficients to determine the stiffness matrix for the system of Fig. 
5-1. 

The first column of the stiffness matrix is obtained by setting x, = 1, x, = 0, and x, = ° and 
solving for the applied forces as shown in Fig. 5-lOa. Summing the forces to zero on each free body 
diagram leads to k" = 3k, k" = -2k, and k" = 0. The second column is obtained by setting x, = 0, 
x, = 1, and x , = ° and solving for the applied forces as shown in Fig. 5-lOb. Summing fares to zero 
on each free body diagram of Fig. 5-lOb leads to k " = -2k, k" = 3k, and k" = -k. The third 
column is obtained by setting x , = 0, x , = 0, and x, = 1 and solving for the applied forces as shown 
in Fig. 5-1Oc. Summing forces to zero on each free body diagram of Fig. 5-lOe leads to k " = 0, 
k" = - k , and k" = k. Hence the stiffness matrix is 

-2k 
3k 
- k 

5.12 Use stiffness influence coefficients to determine the stiffness matrix for the system of Fig. 
5-3 using x and e as generalized coordinates. 

The first column of the stiffness matrix is obtained by setting x = 1 and 8 = ° and solving for 
the applied force and moment as shown in Fig. 5-11a. Summing forces to zero leads to k" = 2k. 
Summing moments about the mass center to zero leads to k" + kL/4 - kL/2 = ° ..... k" = kL/4. 
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~,~k----G-;" 
XI;:: 1.x2 =O,x) =o 

(a) 

~,:k~12k ----G-;" 
XI = 0, X2 = J. X3 = 0 

(b) 

(b) 

Fig. 5-10 

The second column is obtained by selling x = 0 and e = 1 and solving for the applied load and 
moment as shown in Fig. S-llb. Summing forces to zero leads 10 k" = kL /4 whi le summing 
moments about the mass center leads to k" - kL/2(L/2) - kL/4(L/4) ..... k" = SkL' /16. Hence 
the stiffness matrix is 

K _ [ 2k IkL ] 
- ~kL ft,kL 2 

l t)k" 
k" 

(a) 

kL 
(b) T 

Fig. 5-11 

x= 1 
8=0 

x=o 
8 = t 

5.13 Use stiffness influence coefficients to determine the stiffness matrix for the system of Fig. 
5-3 using x I and x, as generalized coordinates. 
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The fi rst column of the sti ffness matrix is obtai ned by setting x, = I and x, = 0 and solving for 
the applied loads shown in Fig. 5-J2a. Summing moments about each end of the bar to zero, 

L MA = 0 = k,,(L) - lk(lL) 

L M. = 0 = k,,(L) -lk(lL) 

The second co lumn is obta ined by setting x, = 0 and x, = 1 and solving for the applied fo rces of 
Fig. 5-1 2b. Summing moments about each end of the bar to zero, 

The stiffness matrix is 

L MA = 0 = k ,,(L) - k(L) -lk(lL) -+ k" = jik 

L M. = 0 = k,,(L) - lk(lL) -+ k " = f" k 

A 

K = [i'.k ftkj 
ft,k tik 

(b) 

Fig. 5-12 

5_14 Use stiffness influe nce coefficients to de te rmine the stiffness m atrix for the system of Fig. 
5-5 using x, 8" a nd 82 as generalized coordinates. 

The first column of the sti ffness matrix is obtained by setting x = I , e, = 0, and e, = 0 and 
solving for the forces and moments shown in Fig. 5- I3a. Summing fo rces to zero on the block and 
moments abo ut the pin suppo rts to zero lead to k" = k, k" = -kr, and k" = O. The second column 
of the stiffness matrix is obtained by setting x = 0, e, = 1, and e, = 0 'lnd solving for the forces and 
moments shown in Fig. 5-I3b. Application of the equations of equilibrium to the free body diagram 
leads to k " = -kr, k" = 13kr', and k" = - 12kr'. The third column is obtained by setting x = 0, 
e, = 0, and 8, = I and solving fo r the forces and moments shown in Fig. 5-13c. Application of the 
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equations of equilibrium to these free 
k" = 12k,'. Thus the stiffness matrix is 

body diagrams leads to k ,,= O, k ,,= - 12k,', and 

K=[+ 
-k, 

13k,' 

- 12k,' 

x = l , 8,= 0, 8,= 0 

(0 ) 

x = 0, 8, = 1, 8, = 0 

(b ) 

- l~kr' ] 
12k,' 

cr"" --cQ)'" 
~ x = 0, 8, = 0, 8, = 1 

(c ) 

Fig_ 5-13 
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5.15 U se sti ffness influence coefficients to de rive the stiffness matrix for the sys te m of Fig. 5-9 
us ing x a nd 8 as generalized coord inates a nd ass uming sma ll 8. 

The first column of the stiffness matrix is obtai ned by setting x = 1 and 8 = 0 and solving for 
the applied force and moment on the free body diagrams of Fig. 5-14a. Application of the 
equations of equilibrium to these free body diagrams leads to k " = 3k and k" = 2kL. The second 
col umn is obtained by setting x = 0 and 8 = 1 and solving for the applied force and moment as 
shown on the free body diagrams of Fig. 5-14b. Application of the equations of equi librium to 
these free body diagrams leads to k " = 2kL and k" = 2kL 2 + mgL. Thus the stiffness matrix is 

k 

K - [ 3k 2kL 1 
- 2kL 2kL' + mgL 

" 

! 2 mg 

~ _2k 

x= 1.9 =0 

(a) 

f-- --- k" 

-+- 2kL 

x = O. 9 = 1 

(b) 

Fig. 5-14 

v 

H 

2 mg 

-+- 2k 

5.16 Use fl e xibility influence coefficients to detennine the fl exibility matrix for the system of 
Fig. 5-1 using x,, X2, and x, as generalized coordinates . 

The first column of the flexibility matrix is obtained by applying a unit load to the block 
whose displacement is x,. The resulting displacements of the blocks are the fl exibility influence 
coefficients a", a", and a" . Application of the equations of static equilibrium to the free body 



152 FREE VIBRATIONS OF MULTI-OEGREE-OF-FREEOOM SYSTEMS 

diagrams of Fig. 5- l5a leads to 

-ka" + 2k(a" - a,,) + 1 = 0 
-2k(a" - a,,) + k(a" - a,,) = 0 

which are solved simultaneously, yielding 

1 
all :;::k' 

k(a" - a,,) = 0 

[CHAP. 5 

The second column of the flexibility matrix is obtained by applying a unit load to the middle block 
and applyi ng the equations of equilibrium to the free body diagrams of Fig. 5- 15b leading to 

3 
a"=7i 

The third column of the flexibility matrix is obtained by applying a unit load to the block whose 
displacement is described by X, and applying the equations of equilibrium to the free body 
diagrams of Fig. 5-15c, leading to 

5 
Q2J=U' a" = 7i 

Thus the flexibility matrix is 

A = r! ~ ~ 1 
k 2k 2kJ 

~ ~ ~ ~~--~ ~ 2k(a 2t · a ll ) ~ ~~k(a31-a21) ~ 

(a) 

(b) 

(e) 

Fig. 5-15 

5.17 Use flexibility influence coefficients to determine the flexibility matrix for the system of 
Fig. 5-3 using X and 8 as generalized coordinates. 

The first column of the fl exibility matrix is obtained by applying a unit load to the mass center 
of the bar and setting x = a" and e = a". Application of the equations of equilibrium to the free 
body diagram of Fig. 5-16a leads to 

2: F=O= l-k(a" -~a,,) -k(a" +~a,,) 

2: MG = 0= +" -~a,,) ~- k (a" + ~a,,) ~ 
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The above equations are solved simultaneously, leading to 

4 
a" = - 9kL 

153 

The second column of the flexibility matrix is obtained by applying a unit clockwise moment to the 
bar, applying the equations of equilibrium to the free body diagram of Fig. 5-J6b, and solving 
simultaneously for the flexibility influence coefficients, leading to 

Thus the flexibility matrix is 

4 
9kL' 

A=[_ ~ 
9kL 

32 
a" = 9kL' 

4 1 9kL 
32 

9kL' 

Fig. 5-16 

5.18 Use flexibility influence coefficients to derive the flexibility matrix for the system of Fig. 
5-17 using X" x" and e as generalized coordinates. 

I, 
Fig. 5-17 

The first column of the flexibility matrix is obtained by applying a unit load to the block 
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5.19 
~f+ sa 
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whose displacement is described by X,. Application of the equations of equilibrium to the free 
body diagrams of Fig. 5-18 leads to 

2: F = 0 = 1 - k(a" - ra,,) 

2: Mo = 0 = k(a" - ra ,, )r - k(2ra" - a,,)(2r) 

2: F = 0 = k(2ra" - a,,) 

When a simultaneous solution of the previous equations is attempted, an inconsistency results (for 
example, 1 = 0). This implies that the flexibility matrix does not exist. This is because the system is 
unrestrained and the stiffness matrix is singular. 

o 1,.",.", 

¢ 
Fig. 5·18 

Three machines are equally spaced along the span of a simply supported beam of elastic 
modulus E and mass moment of inertia 1. Determine the flexibility matrix for a 
3-degree-of-freedom model of the system as shown in Fig. 5·19. 

Fig. 5·19 

The deflection of a particle a distance z along the neutral axis of a simply supported beam, 
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5.20 

measured from the left support, due to a concentrated unit load app li ed a distance a from the left 
support is 

y(z) =!l.-. (1 _ ::)[:: (2 -::) .£ _ (.£)'] 
6£1 L L L L L 

for z S a. The elements of the third column of the fl exibility matri x are the machine displacements 
induced by a unit concentrated load at a = 3L /4. Then 

L' [15Z (Z\' ] 
y(z) = 24£1 16I - U 

and the fl exibility influence coefficients are 

(L) 7 L' 
a" = y "4 = 768£1' (L) 11L' 

a" = y "2 = 768£1 ' (3) 3L' 
a" = y 4 L = 256£1 

The second column of the flexibility matrix is determined by placing a unit concentrated load at 
a = L/2. Then 

L' [3 Z (Z )'] 
y(z) = 12£1 4I- I 

Note that due to reciprocity and symmetry of the beam, only a" must be ca lculated . To this end, 

(L) L' 
a" = y "2 = 48£1 

Then from reciprocity, a J2 = a2l • and from sym metry, a l2 = aJ2 - Then from symmetry, al l = a l l , and 
from reciprocity, G 21 = a 12, and D .lI = a ll - Thus the fl exibility ma.lrix is 

[ J 

11 

,~ j 256 768 

L' II I 11 

A = £j 7~8 48 768 

11 3 
768 768 256 

Two degrees of freedom are to be used to model the vibrations of a fixed-fixed beam of 
length L, elastic modulus E, and cross-sectional moment of inertia I. Determine the 
flexibility matrix for this model assuming the gene ralize d coordinates are displacements 
of equally spaced particles a long the span of the beam. 

The deflection of a partide along the neutral axis a distance z from the left support due to a 
concentrated unit load a distance a from the left support is 

L' [1 a ( a)'(z)' 1 ( a)'( a)(z)'] y(z) = £j 2I I - I I -6 I-I 1+2I I 

for z S a. The second column of the fl exibility matrix is obtained by setting a = 2L/3, lead ing to 

L' [( z )' 7 ( z )' ] y(z) =27£1 I -6 I 
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Then (L) IlL' 
a" = y :3 = 4374EI' (

2) 16L' 
a" = y 3L = 4374EI 

From reciprocity, 0 12 := all, and from symmetry, ali = a 22 - Thus 

A L' [16 11] 
= 4374EI 11 16 

5.21 A machine with a large moment of ine rtia is placed at the end of a cantilever beam . 
Beca use of the large moment of inertia, it is decided to include rotational effects in a 
mode l. Thus a 2-degree-of-freedom model with generalized coordinates, x , the displace­
ment of the machine, and e, the slope of the elastic curve at the end of the beam, are 
used . Determine the fl exibility matrix for this model if the beam is of length L, elastic 
modulus E, and cross-sectional moment of inertia I. 

Consider first a concentrated unit load at the end of the beam. From strength of materials, the 
deflection at the end of the beam is a" = L'/(3EI} , and the slope of the beam at its end is 
a" = L'/ (2EI} . Then if a unit moment is applied to the end of the beam, the deflection at the end 
of the beam is a" = L'/(2EI}, and the slope of the elastic curve at the end of the beam is 
a" = L/(EI}. Hence the fl ex ibility matrix for this model is 

[

L' L] 
A =~ r : 

5.22 D e te rmin e the flexibility matrix for the 4-degree-of-freedom system of Fig. 5-20. 

Fig. 5·20 

Let x" x,. and x, be the displacements of the particles on the beam, and let x, be the 
displacement of the particle attached to the beam through the spring. Note that the flexibilit y 
matrix for the beam without the additional mass-spring system is determined in Problem 5.19. The 
first column of the fl exibility matri x is determined by placing a unit load acting on the first particle. 
Summing forces on the free body diagram of the block, shown in Fig. 5-21 , shows that the force in 
the spring is zero. Thus the defl ection of the beam is due only to a unit force applied to the beam, 
and the flexibility influence coefficients a,!, i = I , 2, 3, and j = 1, 2, 3, are calculated as in Problem 
5. 19. Also 

0 43 := 0 23 

Now consider a unit load applied to the hanging block. The force developed in the spring is 1. 
Hence the beam is analyzed as if a unit load were applied to the midspan. Also 

1 1 
k(a 44 - aN) := 1 ~ 0 4 4 = k + a24 = k + an 
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Then using the results of Problem 5.19, 

3 11 7 11 
128 768 768 768 
11 1 11 1 

L' 768 48 768 48 
A =-

£ 1 7 11 3 11 
768 768 128 68 
11 1 11 1 £ 1 

768 48 768 
- + -
48 kL' 

Fig. 5·21 

5.23 D erive the stiffness matrix fo r the 3·degree·of· freedom unrestrained torsio nal system of 
Fig, 5·22. 

8 , 8, 8, 

60 e m 1--- -- I OO cm - ----j IA = 2.5 kg_m 2 

IB = 4.5 kg·m' 
Ie = 2.8 kg· m' 

A 

r ::; 30 mm 
N 

G = 80 X 10'_ 
m' 

8 

r ::; 40 mm 

N 
G = 100 X 10'_ 

m' 

Fig. 5·22 

The torsional sti ffnesses of the shafts are 

~ (0.03 m)'( 80 X 10' ~) 
0.6 m 

~ (0.04 m)'( 100 X 10' ~) 
1.0 m 

Sti ffness inHuence coefficients are used to show 

[ 

k'AB 
K = - k 

'AS 

o 

-klA8 

k'AS + k'8C 
- k '8C 

0] [1.70 
- k" c = 10' -1.70 
k.8 C." 0 

c 

N·m 
1.70 X 10' 7ad 

N·m 
4.02 X 10' 7ad 

-1.70 
5.72 

-4.02 
-~. 02 ] 
4.02 

5.24 The di ffe rential equatio ns gove rn ing the mot io n of a 2·degree·of· freedom system are 

[m 0 ][ x. '] + [=k o m x , k 

Determine the system 's na tural frequencies. 
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The natural frequencies are determined using Eq. (S.12): 

det IK - w'MI = 0 

det l[ 2k - k]_w, [m 0] 1= 0 
-k 3k 0 111 

1

2k - w'm 
- k 

-k ] - 0 
3k - w'm -

(2k - w'm)(3k - w'm ) - ( - k)( - k) = 0 

m 2w 4 
- 5kmw 2 + 5k 2 = 0 

The qu adrat ic eq uation is used to solve for w' : 

w' 
Skm ± "l/25k'm' - 4(m ' )(Sk' ) 

2m' 

w, = 1.176 r£. V;;; W,= 1.902j!; 

[C HA P. S 

D e te rmine the natural fre quencies o f the system o f Fig. 5-3 if m = 5 kg , 1 = 0.5 kg-m ' , 
L = 0.8 km, and k = 2 X 109 N /m_ 

Substituting the given val ues into the mass and stiffness matrices de termined using x ann 8 as 
genera lized coord ina tes in Problem S.4 leads to 

[
4 x 10' 4 x 10' ] 

K = 4 X 10' 4 X 10' 

The na tural frequencies are ca lculated using Eq. (S.12) 

1[
4 X 10' 
4 X 10' 

4 X 10'] _ ,[S 0] I 
4 X 10' w 0 O.S = 0 

1

4 X 1O'- Sw' 4X1O'I = 
4 X 10' 4 X 10' _ O.Sw' 0 

(4 X 10' - Sw' )(4 X 10' - O.Sw' ) - (4 X 10')' = 0 

2.Sw' - 4 X 100w' + 1.44 X 10'" = 0 

w = [4 X 10-' ± "1/(4 X 10'}' - 4(2.S)(1.44 X 10W)]' n 
2(2.S) 

w, = 233.9 rad, 
s 

w, = 324.S rad 
s 

A 500-kg machine is placed 2 m from the left suppo rt of a 6-m fi xed-fixed be a m while a 
375-kg m achine is placed 4 m from the left support. Ignoring inertia e ffects o f the beam , 
determine the na tural freque nci es of the system if E = 200 X 109 N/m' and 1 = 2.35 X 
10- 6 m 4 . 

The system is modeled usin g 2-degrees-of-freedom with the generalized coordin ates as the 
displacements of the machines. Using the results of Problem S.20 with the given values substituted, 
the fl exibility matrix for this model is 

[
1.68 X 10-6 

A = 
1.16 X 10-6 

The appropriate mass mat ri x for the model is 

1.1 6 X 10- 6
] 

1.68 X 10- 6 
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The natural frequencies are calculated using Eq. (5.13): 

det Iw' AM - II = ° 
detI1O-6w,[1.68 1.16][500 0]_[1 10] 1.=0 

1.16 1.68 ° 375 ° _ 
1

8.4 X lO-'w'-1 
5.8 X lO-'w' 

4.35 X lO-'w' 1_ 
6.3 X la-'w' _ 1 - ° 

2.77 X la-' w' - 1.47 X JO-'w' + 1 = ° 
= [1.47 X 10-' ± V( 1.47 X 10 ' )' - 4(2.77 X 10 ' )(1)] '" 

w 2(2.77 X 10 ') 

w, = 28.3 rad, 
s 

w, = 67.1 rad 
s 

The beam described in Problem 5.26 is made of a material of mass density 7800 kg/m' 
and has a cross-sectional area of 4.36 X 10- 3 m'. Determine the natural frequencies of the 
system when inertia effects of the beam are approximated by adding particles of 
appropriate mass at the nodes. 

The total mass of the beam is 

m, = pAL = (7800 kg)(4.36 X 10-' m' )(6 m) = 204.0 kg 

The mass added at each node represents the mass of a segment of the beam. The boundary 
between segments for adjacent nodes is midway between the nodes. The boundary of a segment for 
a node adjacent to a support is midway between the node and the suppo rt. The inertia of particles 
near the supports is neglected . If included equally with other particles, the ine rtia of the beam 
wou ld be overapproximated. Thus for this model, the mass added to each node is m,/3 = 68.0 kg. 
Thus the mass matrix becomes 

M = [568 0] ° 443 

A procedure similar to that used in Problem 5.26 is followed, leading to 

w, = 26.4 rad, 
s 

w, = 62.3 rad 
s 

Determine the mode shape vectors for the system of Problem 5.25 using x and e as 
generalized coordinates. 

The normal mode solution implies that the ratios of the values of the generalized coordinates 
are constant for each mode. Let X be the displacement of the mass center of the bar at an arbitrary 
instant for either mode, and let e be the angular rotation of the bar at this instant. The mode 
shapes are calculated using the results of Problem 5.25: 

[
4 X 10' - 5w' 

4 x 10' 
4 X 10' ][X] [0] 

4X lO'xO.5w' eJ = ° 
The two equations represented by the previous matrix system are dependent. From the top 
equation, 

(4 X 10' - 5w' )X + 4 X 10'e = ° 
4 X 10' - 5w' 

e=- 4 x IO' X 

Substituting w = 233.9 radls leads to e = -3.16X Substituting w = 324.5 rad ls leads"ro e = 3.16X 
Arbitrarily setting X = 1, the mode shape vectors are 
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5.29 Both ends of the ba r of P roble ms 5.25 and 5.28 are given a 1.8-mm displaceme nt from 
equilibrium, and the bar released from rest. D e termin e the tim e history o f the resulting 
motion. 

Use of the normal mode solution leads to four linearly independent solutions to the 
homogeneous set of d ifferenti al equations. The most general solution is a linear combination of all 
homogeneous solutions. To this end, 

x(c) = C1 Xl ei .... 11 + C2X 1e - ;"'1
1 + C)X2e iw

]i + C4X2C -' '''2'' 

Euler's identity is used to replace the complex !)(j>onentials by trigonometric functions: 

X(/) = C. X, cos Wit + C2X1 sin W i t + CJX2 c,os wzt + CCX2 sin W z { 

where CI> eZ I e31 and C4 are constants of integration. The initial conditions are 

whose application lead to 

i tO) = [~] 

x(O) = 0.0018 = C, + C, 

8(0) = 0 = -3. 16C, + 3. 16C, 

itO) = 0 = w, C, + w,C, 

8(0) = 0 = -3.16w,C, + 3.J6w, C, 

whose solution is C, = C, = 0.0009, C, = C. = 0, lead ing to 

[
X,(I )] [0.0009] [ 0.0009 ] 
X,(I) = -0.00284 cos 233.91 + 0.00284 cos 324.51 

5.30 Dete rmine th e na tura l freq ue ncies of the syste m of Fig. 5-l. 
~f+ sa. The natural freque ncies are the square roots of the eigenvalues of M - ' K. To this end, 

lo1athead 

M- 'K =; [ ~ ~ ~ ][ -~ 
o 0 \ 0 

-2 
3 -lJ - J 

The eigenvalues are calculated from 

det IM- 'K - Al l = 0 

3~-A -2~ 0 
m m 

k 3 k 1 k 
--- A =0 

m 2m 2 m 

0 
J k J k 

---A 
2 m 2m 

- {3 3 + 5{3' - ~ {3 + ! = 0, 
m 

(3= A-
k 

The roots of the cubic equations are 0.129, 1,3.870. Thus the natural freq uencies are 

w, = 0.359j§;, w, = j§;, w, = 1.97 j§; 

~tl D ete rmine the mod e shape vectors for the system of Fig. 5-1 and Pro ble m 5.30. 

sa. Let X; = [Xu X ;, X;, ), be the mode shape vector corresponding to W ;. The equations from 
Mathead 
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which the mode shape vectors are determined are 

[

3q, - A. - 2q, 
-2q, j q, - A, 
o -lq, 

o ][ X,, ] [0] _lq, X = 0 

lq, ~ A. X:: 0 

where q, = kIm. Since the previous equations are dependent.,onl y two must be used in determining 
the mode shapes. To this end, arbitrarily choose X" = I. Then 

X =--q,­
" 2( l q, - Ai) 

Substituting calculated values of A, from Problem 5.30 leads to 

X, = [ 0.~97 ], X, = [_III] . X, = [ - 2;298 ] 

1.347 -0.1484 

Use a 3-degree-of-freed om m ode l to approximate the lowest na tural frequency of a 
simply supported bea m. 

The inertia of the beam is approximated by pl acing particles at equally spaced nodes along the 
length of the beam, as shown in Fig. 5-23. The magnitude of the particle masses are obtained as in 
Problem 5.27. If m is the mass of the beam, 

M =7 [ ~ ~ ~ ] 
o 0 I 

The natural freq uencies are the reci procals of the square roots of the eigenvalues of AM. To this 
end , using the flexibility matri x of Problem 5.19, 

det lAM - All = 0 

4(~~;Eldet l[II ii In-Au 
1 9i1~ A 16~1~ A 171~ 1 = 0, 

7q, 11 q, 9q,-A 

- {3 ' + 34{3' - 78{3 + 28 = 0, 
A 

{3 =­
q, 

The roots of the above equation are {3 = 0.444, 2, and 31.556. The lowest natural frequency is 

I (EI 
w , = v;; = 9.866y;;;U 

Fig. 5-23 

5.33 D e termine a nd gra phica lly illustrate the second mode of the beam of Problem 5.32. 

The mode shape corresponding to A = 2q, is determined from 

[ 9q,1~q,2q, 1 6~1!2q, 171~ ][~:: ] = [ ~] 
7q, 11 q, 9q,-2q, X" 0 
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ArbitrariIv setting X" = 1 and using the first two of the previous equations leads to 

llX21 +7X,,=-7 

14X,,+ llX,,= - II 

[CHAP. 5 

whose solution is X " = 0, X" = - I , leading to X, = [1 0 -1]'- The mode shape is illustrated in 
Fig. 5-23. 

5.34 The coupling of three identical railroad cars of mass m is shown in Fig. 5-24. The stiffness 
in the coupling between each car is k. Describe the time history of motion of the three 
cars after coupling. 

Fig. 5·24 

The differential equations governing the motion of the system is 

[~ ~ ~ ][: ~ ] = [ ~k 
o 0 m x , 0 

- k 
2k 
- k 

where Xl' X z , and X J are the displacements of the railroad cars. The system's initial conditions are 

x(O) = [H x(O) = [~] 
The natural frequencies are calculated as 

I
k-mw 2 

-k 
o 

The mode shapes are determined as 

The genera l solu tion is 

det IK - w'MI = 0 

2k~:w' ~k 1-0 
-k k-mw' 

w, = Ff 

[ ~:J = [nc , + C,I) + [ _~ J C, cos ~I + C,sin ~I) 
+ [ ~~Jc,cos Ffl ~ C6sin Ffl) 
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Applica tion of the init ial cond itio ns leads to 

x,(O) ~ 0 ~ C, + C, - C, 

x ,(O) ~ 0 ~ C, + 2C, 

x,(O) ~ 0 ~ C, - C, - C, 

i , (O)~u ~C,+ ~;c.+ ~C, 

i,(O) ~ 0 ~ C, + 2 ~-C' 

i , (O) ~O ~ C, - J!;,c. -~C' 
whose solution is C, ~ C, ~ C, ~ 0, 

u 
C'~ 3' 

Thus u u ~m . ~k u ~' . ~ X,(I) ~- I +- -Sin - 1 -- -Sin 3 - 1 
32k m63k m 

u ulrn.~ X(I)~-I-- - Sin 3-1 
, 3 3 \ 3k m 

-J!;, -Hr u v m. k v m. k X,(I)~ - I-- I'-sm -1-- I-s in 3 - 1 
3 2 'Y k m 6 'Y3k m 

D e termine the na tural frequencies of the torsional system of Fig. 5-22. 

The natural frequencies are calculated using the stiffness matrix derived in Prob lem 5.23: 

I 
1.70 x 10'-2.5w' 

-1.70 x 10' 
o 

det lK - w'MI ~O 

- 1.70 x la' 
5.72 x 10' - 4.5w' 

-4.02 x 10' 
o I -4.02 x 10' ~ 0 

4.02 x 10' - 2.8w' 

-31.5w' + 1.067 x lO'w' - 6.696 X 10"w' ~ 0 

. rad 
w,~ 288.5 -, 

s 
w, ~ 505.4 rad 

s 

5.36 D e mo nstrate orthogonality of the m ode shapes of the syste m of Problem 5.28. 

X, TMX,~ [I 

~ [I -3. 161[1.~8] ~ (1)(5)+ (-3.16)(1.58)=0 

5.37 D emo nstrate orthogonality o f the mode shapes of the system of Problem 5.30. 

X,TMX,~m [O.697 l.3471 [ ~ ~ ~][ ~] 
o 0 2 - 1 

~ m[,.en ~.""[ _ n . m[('·""O' + 0 )(" + ')·""H)[ . , 

163 
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X, TMX,=m[0.697 I 1.347J[~ ~ ~][ -2;298] 
o 0 2 -0.1484 

= m[0.697 1 1.347J[ -2~298 ] 
-0.2968 

= m[(0.697)( - 2.298) + (1)(2) + (1.347)( -0.2968)J = 0 

X,TMX,=m [- 2.298 1 -0.1484J[~ ~ ~][:] 
o 0 2 -I 

=m [-2.298 1 -0.1484{j] 

= m[( - 2.298)(1) + (1)(2) + (-0.1484)( -2)] = 0 

5.38 Normalize the mode shape vectors for the system of Problem 5.30. 
d+ 

[CHAP. 5 

iii. Normalization of a mode shape vector X is achieved by dividing every component of the 
Malh". vector by [XTMXJ'''. To this end, for the mode shape vectors of Problem 5.30, 

X/MX, = [0.697 1 1.347J[; 2~ ~ ][0~97 ] 
o 0 2m 1.347 

= [0.697 1 1.347J[0~~~m] 
2. 694m 

(0.697)(0.697m) + (1)(2m) + (1.347)(2.694m) = 6.115m 

X,rMX,=[1 1 -IJ[; 2~ ~][ :] 
o 0 2m -I 

= [1 1 -1][ :~ ] =(I)(m)+(I)(2m)+(-I)(-2m)=5m 

X,'MX, = [-2.298 -0.1484J[; 2~ ~][ -2:98] 
o .0 2m -0.1484 

= [2.298 -0.1484J[ -2~~8m ] 
-0.2968m 

= (-2.298)(-2.298m) + (1)(2m) + (-O.1484)(-0.2968m) = 7.325m 

The normalized mode shapes are 

X, = V61\5m [~;:: ] = ~ u~sn X, = vh [-u = ~ [-~E~n , 
X, = V7.;25m [ ~:.:::] = ~ [~~~~:n ' 
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5.39 A 2-degree-of-freedom system whose mass matrix is 

5.40 
~f+ 

;sa 
Mathcad 

M = [100 40 ] 
40 150 

has a normalized mode shape of X, = [0.0341 0.0682r. Determine the norm alized mode 
shape for the second mode. 

Assume the second mode shape as [I aj'. Imposing orthogonality, 

X TMX =0= [0.0341 0.0682l[100 40]1
1

] 
' 2 40 ISO a 

= [0.0341 0. 0682l[100 + 40a] 
40 + ISOa 

= (0.0341)(100 + 40a) + (0.0682)(40 + ISOa) = 6.138 + II.594a 

a = -0.S29 

Normalizing the mode shape 

The normalized mode shape is 

x , = _ 1_ [ I ] = [ 0.0100] 
\/99.66 - 0.S29 -0.0530 

Use matrix iteration with the trial vector Uo = [1 0 Or to approximate the 
natural frequency and its mode shape for the system of Problem 5.32. 

Using the matrix AM calculated in Problem 5.32, matrix iteration is used as .shown: 

[ 9~ ll~ 7~ ][ I ] [ 9~ ] _ [ 0.8182] 
u, = AMu, = 1l~ 16~ ll~ 0 = ll~ , u]= 1 

7~ ll~ 9~ 0 7~ 0.6364 

u, = AMo, = [ 191~ ll~ ' 7~ ][0 8182] [ 2282~] _ [0.7131 ] 
16~ ll~ I = 32~ , 0 2 = 1 

7~ ll~ 9~ 0.6364 22.46~ 0.7019 

[ 9~ 1I~ 7~ ][0 7131] [ 23.33~] _ [ 0.7389] 
u, = AMo, = ~l: 16~ ll~ 1 = 31.S7~ , u}= 1 

ll~ 9~ 0.7019 23.31~ 0.7389 

u, = AMo, = [ :I~ 1I ~ 7~ ][07389] [ 22.82~] _ [ 0.7073] 
16~ ll~ 1 = 32.22~ , 14 = 1 

7~ ll~ 9~ O. 7389 22.82~ 0.7073 

[ 9~ 11~ 7~ ] [0 7073] [22.32~] _ [0.7073] 
u, =AMii, = ll~ 16~ 11~ 1 = 3 1. S6~ , "5 = 1 

7~ 11 ~ 9~ 0.7073 22.32~ 0.7073 

[ 9~ 11~ 7~ ][0 7071] [ 22.3 1 ~] _ [0.7071] 
U. = AMos = ll~ 16~ 11~ I = 31.S6~ , "5 = 1 

7~ ll~ 9~ 0.707 1 22.31~ 0.7071 

lowest 
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Hence the itera ti on has converged to A; 31.564> and 

X, ; [0.7071 1 0.707W which leads 10 

1 1 {El 
w, ; V3 1.564> ; 31.56( mL' ) = 9866 \j -;;;Li 

3072£1 

[CHAP. 5 

Use matrix iteration to determine the second natural frequency and mode shape of the 
sYstem of Problem 5.32. 

If X, ; [A B Cr. then orthogonality requi res 

~ ][0'7~71] 
~ 0.7071 
4 

~ (0.7071A + B + 0.7071C); 0 

A ;-1.414B-C 

Orthogonality to the first mode is imposed by defining 

Q; [1~~ ~~: I~~ ][ ~ 
74> 114> 94> 0 

[

0 - 1.7264> -24>] 
; 0 0.44604> 0 

o 1.1024> 24> 

-1.414 
I 

o 

Matrix iteration, when used with the matrix Q, imposes orthogonality of the iterate 10 the first 
mode, and thus the iteration converges to th e mode shape for the second mode and yie lds the 
second natural frequency. To this end select 110 ; [0 0 I r. Then 

U'= QU"; [ ~ ~~:~: -~q,][ ~ ] = [ -~4>] . u ,; [ -~] 
o 1.1024> 24> 1 24> 1 

U,; Qu, = [~ ~1~~~4> -~4>][ -~ ] = [ 2; ] 

o 1.1024> 24> 1 -24> 
Hence it is clear that X, ; [I 0 -lr and 

1 I; 39.19 {El 
w,; ~; 2(3~~~) \j-;;;Li 

Use the results of Problems 5.40 and 5.41 to determine the highest natural frequency of 
the system of Problem 5.32. 

If X,; [D £ Fr, then orthogonality wi th X, requires D; -1.414£ - F. Orthogonality 
with X, requires 

X, MX,+ [D E F{~ ~ ;]Ul 
~ (D - F) ; 0 ; 0 --> D; F 
4 

Arbitrarily setting F; 1 leads to D; I and £; - 1.414. The third eigenvalue of AM is obtained 
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by no ting that AMX, = A, X, . Thus 

Hence A, = 0.446 and 

[

9<1> 
11<1> 
7<1> 

1 
w, = v'0.446<1> = 

1 J!f,1 =82.99 - L ' 

( 
mL' ) m 

0.446 3072EI 

, 
5.43 Use matrix iteration to de termine the highest na tural fre quency and its corresponding 

mode shape for the system of Problem 5.30. 

Matrix iteration conve rges to the highest natural freque ncy whe n the matrix M - ' K is used in 
the ite ration procedure. Using 110 = [ I 0 0)' and M - ' K from Problem 5.30 with <I> = k im, 

u, = M-'Ku" = [ :~ 
0 ' 

-2<1> 0 ][1] [ 3<1> ] l ~ ~l<l> 0 = -<I> , 
-,<I> , <I> 0 0 

u, = [ -0.~333 ] 

u, = W 'Ku, = [ :O~ -2<1> 0][ 1 ] [ 3667<1> ] u, = [ -0.!091] 1<1> ? -l<l> -0.3333 = -1.5<1> , 
-l<l> 1<1> 0 0.1667<1> 0.0455 

u, = M-'Ku, = [ :O~ -'2<1> 
o ] [ 1 ] [ 3.818<1> ] u, = [ - 0.!285 ] l4> -l<l> -0.4091 = -1.636<1> , 

-l<l> l4> 0.0455 0. 2273<1> 0.0595 

u, = M-'Kii, = [ :O~ -2<1> 
o ] [ 1 ] [ 3859<1> ] u. = [ -0.!338 ] i4' -l<l> -0.4295 = -1.074<1> , 

-l<l> l<l> 0.0595 0.2445<1> 0.0636 

u, = M-'Ku. = [ :O~ -2<1> 0][ I ] [ 3.868<1> ] 
ii, = [0.4~51 ] 1<1> ~ l<l> -0.4338 = - 1.683<1> , 

-\<1> ,<I> 0.0636 0.2487<1> 0.0643 

lIo = M-'Ku, = [ :O~ -2<1> 0][ 1 ] [ 3870<1> ] u. = [ 0.4~54 ] 1<1> ~l<l> -0.435 1 = -1. 685<1> , 
-l<l> ,<I> 0.0643 0.2497<1> 0.06452 

u, = M-'Ku. = [ :o~ -2<1> 
o J[ 1 ] [ 3871<1> ] u, = [ - 0.!353 ] 1<1> ~W 0.4354 = - 1. 685<1> , 

-l<l> l <I> O. 0(!52 0.2503 <I> 0.0647 

The ite ra tion has converged to X, = [1 - 0.4353 0.0647)' and A, = 3.871</>, leading to 

w, = v'3.871<I> = 1.967 II . 'Ym 

~ For what values of c will both modes of the syste m of Fig. 5-25 be underdamped? 
~(+ sa. 

Mathcad 

k 2k 

~
m= 36 kg 

m 2m 
k = 1.3 X tO' -!it 

c 2c 

Fig. 5·25 



168 

.. 

FREE VIBRATIONS OF MULTI-DEOREE-OF-FREEDOM SYSTEMS [CHAP. 5 

The differential eq uations govern ing the motion of the system of Fig. 5-25 are 

[
m a ][X ,] [3C 
a 2m X, + -2c 

-2C][ i, ] + [ 3k 
2c x, - 2k 

The system has viscous damping which is proportional with a = clk and f3 = O. The undamped 
natura l frequencies are determined from 

det lK - w'MI = a 

1

3k - mw2 

- 2k 
- 2k I - 0 

2k -2mw' -

w, = 0.5177 f{ \j;;; W,= 1. 932l 
Then from Eq. (5.21), for f3 = 0, the mode with the highest natural frequency has the highest 
damping ratio. Thus for {, < I, 

!aw2< 1 

H(I.932 l)<1 
_ r-c (N) N-s C < 1.035 v mk = 1.035 1.3~ 10' ;;; (36 kg) = 2.24 X 10' -;;:;-

5.45 Determine the general free vibration response of the system of Fig. 5-26. 
~f+ sa 

Ma1hcad 2c 

Fig. 5-26 

m = I kg 

k = 100 ~ 
m 

c = 2 N-s 
m 

The differential equations governing the motion of the system of Fig. 5-26 are 

[
m O][x., ] + [2C 
o m X l -c 

:-C ][i'] + [2k 
3c x, -k 

The 2n x 2n partitioned matrices of Eq. (5.23) are 

- [: a m :,] ["m 
0 a :, ] a a - a -m a M= K = 

m a 2c a a 2k 

a m -c 3c a 0 -k 2k 

The va lues of yare obtained as eigenvalues of 

, ... _[ "~ -2 200 

"'00] 6 - 100 200 
-1 a a a 

0 - ) a 0 

which are determined from 

['"' - 2 200 

"'00] -2 6 - y - lOa 200 ' 
=0 

- 1 0 - y a 
a - I a -;-y 
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The de terminant can be evaluated using row expansion by the third row, leading to the evaluation 
of two 3 X 3 determinants. The resulting equation is 

y' - lO y' + 420y' - 1600y + 30,000 = ° 
whose roots are 

y = 1.502 oU.912i, 3.497 ± 16.918i 

If X = [X , X , X, X,l' is an eigenvector for an eigenvalue, y = y, + iy" of M- 'K, then 
X = [X, X,l' is the mode shape vector that is of the form X, + iX" and then the general solution 
corresponding to y is 

e- "'[C,(X, - X,) cos y,t + C,(X, + X,J sin y,t] 

After performing the necessary calculations, the solutio,} is obtained as 

( [
0.940] [LIn] . ) x = e- L

"'" C, I cos 9.912r + C, 1 Sin 9.9121 

''''( [ - 1.071] [ -0.704] . ) + e-' 'C, 1 cos 16.9181 + C. 1 Sin 16.9181 

Supplementary Problems 

5.46 Use the free body diagram method to derive the differential equations governing the motion of the 
system of Fig. 5-27 using x" x" and x , as gene ralized coordina tes. 

Ans. 

Fig. 5-27 

mXI + eX ] + 2k.x1 - kx2 ;; 0 

2m.i, - kx, + 2kx, - kx, = ° 
rnx ,-kx,+3kx,=O 

5.47 Use the free body diagram method to derive the differential equations governing the motion of the 
system of Fig. 5-28 using 8, and 8, as generalized coordinates. 

---+--t-l AB: Slender bar of mass m 

3'<'------,------,-' B~, CD: Slender bar of mass 3m/
2 

2k 

~-------~--------~~ 
Fig. 5-28 
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\mL' ii, + ~kL' II, - 3kL'II, = ° 
*mL' ii , - 3kL'II, + l kL'II, = ° 

[CHAP. 5 

5.48 Use the free body diagram method to derive the differential equations governing th e motion of the 
system of Fig. 5-29 using II, x" and x, as generalized coordinates. 

Ans. 

---+--- 4- ---

Fig. 5·29 

lmL'ii + lkL'1I -lkLx, = IF,(t)L 

2nti, - lkLII + 3kx, - 2kx, = ° 
mx, - 2kx, + 2kx, = F,(t) 

5.49 Use Lagrange 's equations to derive the differential equations governing the motion of the system 
of Fig. 5-27 using x" x" and x, as generalized coordinates. 

Ans. 

-k 
2k 
-k 

5.50 Use Lagrange's equations to derive the differential equations governing the motion of the system 
of Fig. 5-28 using II, and II, as generalized coordinates. Assume small II, and write the differential 
eq uations in matrix form. 

Ans. 

[ lmL' ° ][0.,] +[ )kL' ° ~mL' II , - 3kL' 
-3kL' ][II,] = [0] 
l kL' II, ° 
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5.51 Use Lagra nge's equations to deri ve the d iffe rential equations gove rnin g the motion of the syste m 
of Fig. 5-29 using 8, x,, and x, as ge neralized coordinates. 

Am. 

o 
2m 

° 
0][ 0] ['kL' 
~ . ~~ + - ~kL 

-lkL 
3k 

-2k 

° ][ 8] [1F,(I)L ] 
- 2k x, = ° 
2k x, F,(l ) 

5.52 Use Lagrange's equations to derive the differential equations governing the motion of the system 
of Fig. 5-30 using 8, and 8, as gene ralized coordinates. Assume small 8 , and 8,. 

Ans. 

D 

3L 
T 

Slender bar o f mass In 

CD Slender bar of mass ~ 

Fig. 5-30 

[ lm L' ° ][B. , ] + [ka'+lmgL 
o ~mL2 (} z - ka 2 

-ka' ][8,] [0] 
k(a' + ~L') + lmgL 8, = ° 

5.53 Use Lagrange's equations to derive the differential equations governing the motion of the system 
of Fig. 5-31 using x and 8 as generalized coordinates. Assume small 8. 

AB: Bar o f mass 2m and ce ntro idal moment o f inertia I 

Fig. 5-31 

Ans. 

[
3m 

~mL 
ImL ][X] [2k 0] [0] 

1 + ImL' 0 + ° IkL' = ° 
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5_54 Use Lagrange's equations to derive the differential equations governing the motion of the system 
of Fig. 5-31 using x, and X , as generalized coordinates. 

Ans. 

~t:J = [~] 

5.55 Use Lagrange's equations to derive the motion of the system of Fig. 5-32 using x" X" and (J as 
generalized coordinates. 

Ans. 

AB: Slender bar of mass m 

Fig_ 5-32 

[ lm~L' ma a J[ ii ] [ ~kL2 a x, + IkL 
o 2m X, -jkL 

\ kL 
k 

a 

1, 
F(t) 

- IkL ] [ (J ] ] a ] 
~ ;; = F~() 

5.56 Use' Lagrange's equations to derive the differential equations governing the motion of the system 
of Fig. 5-33 using X" and x, as generalized coordinates. Assume the' disk rolls without slip. 

Fig. 5-33 
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Ans. 

5.57 Use Lagrange"s equations to derive the differential equations governing the motion of the system 
of Fig. 5-34 using x,, x" and e as generalized coordinates. 

Ans. 

Fig. 5·34 

[~ ~ ~][:: ]+[ ~ ° ° I iI -3kr 
° 2k 

-6kr 
-3kr][x, ] [0] -6kr x, = ° 
28kr' e ° 

5.58 Derive the differential equations governing the motion of the system of Fig. 5-35 using e, and e" 
as generalized coordinates. 

6, 

J, G, L J, G, L/Z 

ZI 

Fig. 5·35 
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Ans. 

[I O][~,] + JG [ 3 
o 21 e, L -2 

5_59 Derive the differenti al equations governing the motiori of the system of Fig. 5-36 using e,. 0,. and 
x as generalized coordinates. 

8, ----...8, 
e, 

k., k., 1 
I , 

Fig. 5-36 

Ans. 

[
I, 0 O ][~ , ] [k.,+k., o I, 0 0, + - k., 
o 0 m j' 0 

5.60 Derive the differenti al equations governing the motion of an automobile suspension system using 
the 4-degree-of-freedom model of Fig. 5-37 using x" x,. x,. and x, as generalized coord inates. 

----f--- b ---j 

G 

T 
x, x. 

Fig. 5·37 
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Ans. 

[

b' M + 1 
(a + b)' 

abM+1 
(a +b)' 

o 
o 

abM -I 
(a +b)' 

a' M+1 

(a + b)' 

o 
o 

+ [ ~' 
-k, 

o 

o 

o 

m 

o 
o 
k2 

o 
-k2 

m 

-k , 

o 
k, +k, 

o 

o 
o 
o 

-C2 
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5.61 Use stiffness influence coefficients to derive the stiffness matrix fo r the system of Fig. 5-27 using x" 
x" and X3 as generalized coordinates. 

Ans. 

[ 

2k 
- k 
o 

- k 0 J 
2k -k 
-k 3k 

5.62 Use stiffness influence coefficients to derive the stiffness matrix for the system of Fig. 5-28 using Ii, 
and Ii, as generalized coordinates. 

Ans. 

[ 
lkL' 

-3kL' 
- 3kL' ] 
~kL2 

5.63 Use stiffness influence coefficients to derive the stiffness matrix for the system of Fig. 5-30 using Ii, 
and Ii, as generalized coordinates. 

Ans. 

[
ka 2 + ~mgL 

- ka ' 
-ka' ] 

k(a' + lL') + lmgL 

5.64 Use stiffness influence coefficients to derive the stiffness matrix for the system of Fig. 5-32 using x" 
xz, and 8 as generalized coordinates. 

Ans. 

[ 

'ikL' 
IkL 

- j kL 

IkL 
k 
o 

5.65 Use stiffness influence coefficients to derive the stiffness matrix for the system of Fig. 5-35 using x, 
and X l as generalized coordinates. 

Ans. 

5.66 Use flexibility influence coefficients to derive the flexibility matrix for the system of Fig. 5-27 using 
x 1> xz, and X J as generalized coordinates. 
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Ans. 

5.67 Use fl exibility influence coefficients to derive the flexibility matrix for the system of Fig. 5-28 using 
11, and 11, as generalized coordinates. 

Ans. 

1 [4 ~ ] 
kL' ~ 2 

5.68 Two machines are equally spaced along the span of a simply supported beam of length L , elastic 
modulus E, and cross-sectional moment of inertia J. Determine the flexibi lity matrix for a 
2-degree-of-freedom model of the system using the displacements of the machines as generalized 
coordinates. 

Ans. 

~ [0.01646 0.0144] 
EI 0.0144 0.01646 

5.69 Determine the flexibility matrix for a 4-degree-of-freedom model of a fixed-fixed beam of length L , 
e last ic modulus £, and cross·sectional moment of inertia /. 

Ans. 

[ 

1.365 
L' 2.016 

EI 1.451 

0.5013 

2.016 1.451 
4.608 3.925 
3.925 4.608 
1.451 2.016 

0.5013] 
1.451 0- ' 
2.016 1 

1.365 

5.70 Determine the flexibility matrix for the system of Fig. 5-38. 

Ans. 

Fig. 5-38 

L' [ 9.116 
EI -15.54 

-15.54]10_' 
104.2 
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5.71 Determine the fl exibility matrix for the system of Fig. 5-39. 

Ans. 

1--- i ---+----

[

0.0417 

L' 0.1042 
EI 

0.1042 

Fig. 5-39 

0.1042 

0.3333 

0.3333 

1, 

0.1042 J 
0.3333 

El 
kL' + 0.3333 
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5.72 Determine the natural frequencies for a 2-degree·of-freedom system whose governing differential 
equations are 

[
100 60 ][i, i [ 30,000 
60 120 x, j + - 10,000 

- 1O,OOO][X, ] = [0] 
20,000 x , ° 

Ans. 9.044 rad/s, 26.98 rad /s. 

5.73 Determine the mode shape vectors for the system of Problem 5.72. 

AilS. [0.04332 0.06342]', [0. 111 - 0.08879]' 

5.74 Demonstrate orthogonality of the mode shapes for the syste m of Problem 5.72. 

5.75 Determine the natural frequencies of the syste m of Fig. 5-28. 

Ans. 

0.536.J!;" 3.23.J!;, 

5.76 Determine the natural freq uencies of the system of Fig. 5-31 assuming 1 = &.mL' . 

Ans. 

1.521 fI \j;;; 

5.77 Determine the natural frequencies of the system of Fig. 5-35. 

Ans. 

(JG 
0.5176 \j 7L.' 1.932J1!l 

5.78 Determine the mode shape vectors for the system of Fig. 5·35. 

Ans. [0.4597 0.62771', [0.8881 -0.3251]' 
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5.79 Determine the natural freq uencies for the system of Problem 5.68 if the machines both have a mass 
m. 

Ans. 

J!{,l 5.692 -,. 
mL 

22.03 (EI \j-;;;JJ 

5.80 Determine the natural frequencies for the system of Fig. 5-29 if k = 3 x 10' N/m , m = 15 kg. and 
L= 1.6 m. 

Ans. 70.7 rad /s, 244.9 rad/ s, 282.8 rad /s. 

5.81 Determine the natural frequencies of the system of Fig. 5-32 if k = 1.3 x 10' N/m, m = 2.6 kg, and 
L = 1.0 m. 

Ans. 114.3 radls, 215.3 radls, 718.0 rad/s. 

5.82 Determine the mode shape vectors for the system of Problem 5.81. 

Ans. [0.487 -0.220 0.6801', [-0.212 0.970 0.1651', [2.953 0.106 -0. 100)'. 

5.83 Demonstrate orthogonality of the mode shape vectors for Problem 5.82. 

5.84 Determine the natural frequencies for the system of Fig. 5-39 if L = 2 m, E = 200 X 10' N /m', 
1 = 1.5 x 10-' m', k = 4 X 10' N /m, m, = 60 kg, m, = 80 kg, and m, = 40 kg. Assume the beam is 
massless. 

Ans. 77.7 radls, 147.3 radls, 857.4 rad/s. 

5.85 Use a 3-degree-of-freedom model to approximate th e lowest natural frequencies of a fixed-fixed 
beam. 

Ans. 

{EI 
22.3-y;;U' 

{EI 
59.26 -y ;;U' 

{EI 
97.4-y;;U 

5.86 Use a 3-degree-of-freedom model to approximate the lowest natural frequencies of a fixed -free 
beam. 

Ans. 
{EI 

3.346 -y ;;U' 
{EI 

18.86-y;;U' 
{EI 

46.77-y;;U 

5.87 Determine the natural frequencies of the system of Fig. 5-37 if c, = c, = c, = c. = 0, a = 3 m, 
b = 1 m, M = 200 kg, m = 30 kg, 1 =200 kg-m', k , = k , = <I X 10' N/m , and k, = k. = 1 X 10' N/m. 

Ans. 23.0 radls, 44.3 radl s, 138.5 radls, 188.8 rad/s. 

5.88 Use matrix iteration to determine the natural frequencies of the system of Problem 5.82. 

5.89 Use matrix iteration to determine the natural frequencies of the system of Problem 5.85. 

5.90 Use matrix iteration to determine the lowest natural frequency of a fixed-fixed beam using a 
3-degree-of-freedom model. 

Ans. 

22.3 {EI -y;;U 
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5.91 Determine the general free vibration response of the system of Fig. 5-37 and Problem 5.87 if 
C, = C, = 2000 N-s/m and c, = C, = 500 N-s/m. 

Ans. 
e - '·""(C, cos 23.0t + C, sin 23.0t) 

+ e-' ·""'(C, cos 44.0t + C, sin 44.0t) 

+ e-"·"'(C, cos 129.9t + C. sin 129.9t) 

+ e-39·"(C, cos 166At + C, sin 166At) 

5.92 Determine the general free vibration response of the system of Fig. 5-40. 

2c 

Fig. 5-40 

Ans. 

k = I OO~ 
m 

c = 2 N-s 
m 

m= I kg 

-O·,"'{C [0.732 ]. 796 C [0.732] . 796} el l cos. t + 2 1 510. t 

+ e -''''{ C,[ -2; 73] cos 14.92t + C. [ -~.73 ] sin 14.92r} 

5_93 Show that if a mode shape vector X is normalized according to Eq. (5.16), then Eq . (5.1 7) follows. 

5_94 Let X; be the mode shape vector corresponding to a natural frequency W; of a n-degree-of-freedom 
system. Then 

KX;= w,'MX; 

Note that if M is symmetric, then for any two vectors u and v: 

uTMv = vTMu 

Use the above to derive the orthogonality relation, Eq. (5.14). 



Chapter 6 

Forced Vibrations of Multi-Degree-of-Freedom 
Systems 

6.1 GENERAL SYSTEM 

The standard matrix form for the differential equations governing the motion of a linear 
n-degree-of-freedom system with viscous damping and external excitation is 

Mil + Cx + Kx = F(r) (6.1) 

If energy methods are used to derive the differenti al equations, then M, C, and K are 
symmetric. 

6.2 HARMONIC EXCITATION 

If 

F(r) = R sin wr + S cos wr 

then the steady-state solution of Eq. (6.1) is 

where U and V are solutions of 

and 

If x;(r) = X; sin (wr - </>;) then 

x(r) = U sin wr + V cos wr 

( - w' M + K)U - wCV= R 

wCU + ( - w' M + K) = S 

6.3 LAPLACE TRANSFORM SOLUTIONS 

(6.2) 

(6.3) 

(6.4) 

(6.5) 

(6.6) 

Let x(s) be the vector of Laplace transforms of the generalized coordinates and F(s) is the 
Laplace transform of F(r). If x(O) = 0 and X(O) = 0, then taking the Laplace transform of Eq . 
(6.1) and solving for x(s) leads to 

Z(s)x(s) = F(s) (6.7) 

where the impedance marrix Z(s) is defined by 

Z(s) = s'M + sC + K (6.8) 

Equations (6.7) can be solved fo r x(s ) and the result inverted to oll'tain x(t). 

180 
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6.4 MODAL ANALYSIS FOR SYSTEMS WITH PROPORTIONAL DAMPING 

Let WI, W2, ... ,Wn be the natural frequencies of an undamped n -degree-of-freedom 
system. Let X i> X2 , ••• , Xn be their corresponding mode shapes . The modal matrix P is the 
matrix whose i th column is X;. O rthogonality of the mode shapes implies 

where I is the n x n identity matrix, 

pTKP = fi = diag {w /, W22, . . . , wn
2} 

and if the viscous damping is proportional, 

pTCP = Z = diag {2sl wl> 2S2W2, . . . , 2~nwn} 

The principal coordinates p are defined through the linea r transfo rmation 

p = p - Ix 

or x = Pp 

(6.9) 

(6.10 ) 

(6.11) 

(6. 12 ) 

(6.13) 

When C is of the form of Eq. (5 .19), the principal coordinates are used as dependent variables 
and Eq. (6 .1 ) is rewritten as 

where 

p + Zp + fip = G(t) 

G(t) = pTF 

Differential equations represented by Eq. (6.14) are uncoupled and of the form 

i = 1, 2, ... , n 

(6.14) 

(6. 15) 

(6.16) 

T he procedure where the principal coordinates are used to uncouple the diffe rential 
equations is referred to as modal analysis. The convo lution integra l is used to determine the 
solution fo r each principal coordinate as 

p;(t) 1 . J' e-<'w,(,-,) sin w.Vl=f:2( t - T)G(T) dT .Y1=f2 , ',' 
W, ~I 0 . 

(6. 17) 

6.5 MODAL ANALYSIS FOR SYSTEMS WITH GENERAL DAMPING 

If a n -degree-of-freedom system is subject to viscous dam ping, but the damping matrix is 
not of the form o f Eq. (5.19), a more complicated fo rm of modal analysis must be used. The 
definition of Eqs. (5 .23) and (5.24) are used to rewrite -Eq. (6.1) as 

(6.18 ) 

where F= [!] (6.19) 

is a 2n X 1 column vector. D efine P as a 2n x 2n matrix whose ith column is the eigenvector <1>; 
of M- Ij( normalized such that 

Equation (6.18) is uncoupled when the coordinates 

p = ji - Iy 

(6.20 ) 

(6.21) 
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are used as dependent variables. The uncoupled differential equations are 

Pi - YiPi = gi 
where 

The solution of Eq. (6.22) is 

Pi = f gi(r)e->'('-') dr 
o 

Solved Problems 

6.1 Determine the steady-state response of the system of Fig. 6-1. 

Fo sin WI 

Fig. 6-1 

The differential equations governing the motion of the system of Fig. 6-I are 

[m O][i'] [3k ° m i, + -2k 
-2k] [X,] [0] . 
2k X

2 
= Fu Sin wf 

Since the system is undamped and S = 0, V = O. Then Eq. (6.4) reduces to 

[3k - mw' 

-2k 
-2k ][U,] [0] 

2k -mw 2 U2 = F;) 

Solving simultaneously leads to 

v - . 2kFo 
, - (2k - mw' )(3k - mw' ) - 4k' 

V, = (3k - mw')Fo 
(2k - mw' )(3k - mw2

) - 4k' 

6.2 Determine the steady-state amplitudes of the blocks of the system of Fig. 6-2. 

Fig. 6-2 

The differential equations governing the motion of the System of Fig. 6-2 are 

[ m ° ][i., ] + [C O][i'] + [2k ° 2m x , a a x , -k 
-k][X,] [Fo]. k X l = 0 Sin wr 

(6.22) 

(6.23) 

(6.24) 
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6.3 
~I+ 

~ 
loIIIathead 

Equa tions (6.4) and (6.5) become 

[
2k - mw' 

- k 
-k ][U] [-we 

k - 2mw' U: + 0 ~] [~] = [~] 

[ we O][U,] + [2k -mw' -k ][V,] = [0] 
o 0 U, -k k - 2mw' V, 0 

Solving simultaneously leads to 

where 

U, 
(k - 2mw')(k' - 5kmw' + 2m' w')Fo 

D 

k(k' - 5kmw' + 2m' w' )F;, 
U, D 

V, = _ we(k - 2mw' )' F;, 
D 

V, = _ kwe(k - 2mw' )F;, 
D 

D = k' + (k 'e' - IOk'm)w' + (29k'm ' - 4e'km)w' 

+ (4e'm ' - 20km' )w' + 4m'w8 

The blocks' steady-state amplitudes are 

(k -2mw' )F;, 

Vi5 

-~V ' kF;, X,=vU,-+v,-=Vi5 

A nO-kg machine with a 0,45-kg-m rotating unbalance is placed at the end of a 
1.5-m-long steel (E = 200 X 10· N/m2, p = 7800 kg/m') fixed-free beam of cross-sectional 
area 1.4 x 10- 2 m2, moment of inertia 3.5 X 10- 6 m., and length 1.5 m. The machine 
operates at 200 Hz. Use a 3-degree-of-freedom model for the beam, and approximate the 
machine's steady-state amplitude. 

The flexibility matrix for a 3-degree-of-freedom model of the fixed-free beam with equally 
spaced nodes is determined using the methods of Chap. 5 as 

The beam '5 mass is 

[ 

5.95 14.9 23.8] 
A = 10- 8 14.9 47.6 83.3 ~ 

23.8 83.~. 160.7 

m. = pAL = (7800 ~)(J.4 x 10- ' m' )(1.5 m) = 163.8 kg 

Lumping the mass of the beam at the three nodes, the mass matrix is 

r~ 0 0 j [54.6 0 
o ~ 0 = 0 54.6 

3
00 

o 0 m'+ M 
6 

o ] o kg 
137.3 
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The magnitude o f the harmonic excitation provided by the rotating unbalance is 

(
cycle 2;c rad)' 

F;, = moew' = (0.45 kg-m) 200 ----- = 7.11 X 10' N 
s cycl e 

The force vector is 

[ 
0 ] F= 0 

7. 11 X 10' sin 1257r 
The differential equations for this model are 

AMX + x = AF 

[ 

5.95 14.9 23.8][54.6 0 
10-' 14.9 47.6 83.3 0 54.6 

23.8 83.3 160.7 0 0 

o ][x,] [x ,] o X2 + X 2 

137.3 X, x, 

[ 

324.9 
10-' 813.5 

1299.5 

813.5 
2599.0 
4548.2 

[ 

5.95 14.9 
= 10-' 14.9 47.6 

23.8 83.3 

23.8][ 0 ] 83.3 0 sin 1257t 
160.7 7.11 X 10' 

3267.7 ][X'] [x, ] [ 1.692 X 10' ] 
11 ,437. 1 -<, + x , = 10-' 5.922 X 10' 
22,064.1 -< , x, 1.143 X 10' 

When the assumed steady-s tate solution x = [U, U, U,r sin 1257r is substit uted into the above 
eq uations, the following algebraic equations are obtained: 

[ 

- 4.13 - 12.85 -SI. 63 ][ U' ] [0. 169 ] 
- 12.85 - 40.06 - 180.7 U, = 0.592 
-20.53 - 71.86 -347.6 U, 1.143 

whose solution is 

U, = 1. 32 X 10-', U, = - 4.30 X 10"', U, = - 3.28 X 10-' 

Hence the machin e's steady-state amplitude is 3.28 mm. 

6.4 An auxiliary system consisting of a block of mass m , is connected to the primary system 
of Fig. 6-3 by a spring of stiffness k ,. The auxi liary system can be used as a vibration 
absorber if the parameters k, and m , are chosen correctly. Show that if 

),
k ' -- w 

m 2 .. 

then the steady-state amplitude of the primary system is zero. 

! Fo sin wI 

Fig. 6-3 
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The differential eq uations governing the motion of the system are 

[~' ~J[:J+[k~::, ~~,t: ] =[FoS~n WI] 
Appli cation of Eq. (6.4) leads to 

The solution for U, is 

U, 
F,,(k,-m , w' ) 

(k, + k , - m,w' )(k, - m , w') - k ,' 

Hence U, = 0 if k ,/m, = w' . 

6_5 Use of the Laplace tra nsform method to solve Proble m 6.2 assuming that the system is a t 
rest in eq uilibrium a t t = 0, m = 1 kg, k = 100 N/m, c = 2 N-s/ m, and w = 10 rad /s. 

The impeda nce matri x for the system of Problem 6.2 is 

Z(s) = [5'+2s+200 -100] 
-100 2s' + 100 

and its inverse is 

[

5' + 50 
50 ] 

Z - '(5) = D;5) 50 ~(5 ' + 2s + 2(0) 

where D(5) = s' + 2s' + 2505' + IDOs + 5000 

= r(5 + 0. 136)' + 21.96][(5 + 0.864)' + 226.81 

The Laplace transform of the force vector is 

F(s) = [5' ~~~ ] 
The Laplace transform of the displacement vector is 

x = Z- 'F(5) = Fo [10(5' + 50)] 
(5' + I OO)D (5) 500 

Partia l fraction decomposition leads to 

i ( ) = [ -4.95 X 10- '5 + 4.95 X 10-' + -2.33 x 10- '5 + 1.74 X 10- ' 
, 5 Fo 5' + 100 (5 + 0. 136)' + 21.96 

+ 7.28 x 10- '5 - 6.57 X 10-'] 
(5 + 0.864)' + 226.8 

_ ( ) = F.[4.95 X 10-'5 - 4.95 X 10- ' -1.11 X 10-'5 + 3.11 X 10- ' 
X , 5 0 5' + 100 + (5 + 0.136)' + 21.96 

+ -3.83 X 10-'5 + 1.77 X 10-' ] 
(5 + 0.864)' + 226.8 

Inversion of the transforms gives 

x,(r) = For - 4.95 X 10- ' cos 101 + 4.95 X 10- ' sin lOr 

+ e -o.,,.,( - 2.33 X 10- ' cos 4.69r + 3.72 X 10- ' sin 4.691) 

+ e -0·"'''''(7.28 X 10-' cos 15.071 - 4.36 X 10-3 sin 15.07r)] 

x,(r) = F,, [4.95 X 10- ' cos lOr - 4.95 X 10-' sin lOr 

+ e-o ,,.,( -1. 11 X 10- ' cos 4.69r + 6.63 X 10-' sin 4.691) 

+ e-o ... , .. ,,( - 3.83 X 10-' cos 15.071 + 1.18 X 10-3 sin 15.071)] 

6.6 Use the Laplace transform method to determine x,(t) for th e system of Fig. 6-4 assuming 
that the syste m is at rest in equilibrium a t t = O. 
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F(I) 

10 

Fig_ 6-4 

The differential equations govern ing the motion of the system of Fig. 6-4 are 

-2k 

4k 
-k 

o ][ X, ] [ 0 ] -k x , = 0 
k x, Fo[u (t) - u(t - to)] 

The impedance matrix for this system is 

[

ms' + 3k 
Z(s ) = - 2k 

: 0 

- 2k 

ms'+ 4k 
-k 

o ] - k 
ms2 + k 

and its inverse is 

where 

J [ m's' + 5ms'k + 3k' 
Z - '(s ) = D(S) 2k(ms' + k) 

2k' 

2k(ms' + k) 
(ms ' + 3k)(ms' + k) 

k(ms' + 3k) 

D(s ) = m's' + Sm 's'k + 14ms' k' + 5k' 

The Lap lace transform of the force vector is 

[ 
0 1 - 0 

F(s) = F. 
-f" ( l - e -·<lU) 

Then 
[ 

2k' ] 
'(s) = Z- 'F(s) = SD~S) , ~(ms' + 3k) Fo(1 - e- -"") 

m-s + 7ms' + Sk' 

Partial fraction decomposition leads to 

£,(S)=2£ [ 0.2_ 0.297s + 0.1061 + 0.OOS74s ]Fo(1-e -",) 
m' s s' +0.48 J 8 ~ s' + 1.820~ s' +5.698~ 

m m m 

which when inverted, using in part the second shifting theorem, leads to 

X,(I) = 2Fo;$ {[ 0.2 - 0.297 COSO.694)~1 + 0.106 cos l.395.J!;,1 

+ 0.00874 cos 2.387 ~I J"(I) - [0.2 - 0.297 cos 0.694~ (I -(0 ) 

+ 0.106 cos 1.395 ~ (I - to) .;- 0.00874 cos 2. 387 ~ (I - t,,)]} 
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6_7 De rive Eg . (6_14). 
Eguation (6.1) is rewritten with the principal coordinates as the dependent variables by 
su bst ituting Eg. (6.13) into Eg. (6.1), leading to 

MPji + CPp + KPp = F 

Premultiplying the previous equation by p T leads to 

PTMPp + p Tepp + P TKPp = p TF 

When we use Eqs. (6.9), (6.10), (6.11), and (6. 15), the previous equation becomes 

p + Zp + fip = G 

6_8 Determine the relationship between the generalized coordinates and the principa l 
coordinates for the system of Fig. 5-3 a nd Problem 5.4 if 1 = mL 2/12. 

The natural frequencies of the system are determined from 

1

2k - mw' \kL I 

~kL fl,kL2-hmL2w2 = 0 

w, = 1.28l" W,= 2.03l, 
The mode shapes are determined from 

[
2k - mw' 

~kL 

from which the top equation yields 

-4(2k - mw' ) 
0= kL 

which leads to 

x , = c, [ -~42 J 
The mode shapes are normalized by 

[

m 
T , -1.42 

X, MX, = I = C, [ 1 -L-] 0 

[

m 
T , 8.42 

X, MX, = I = C, [1 T ] 0 

Thus the modal matrix and its inverse are 

p = _~ 131 
[

0.925 

V m --
L 

0.380] 
3Z0 , 

X,=C{ 8;2] 

P_' = Vm[0.925 
m 0.378 

C 
= 0.925 

, Vm 

C _ 0.380 
,- Vm 

-0.110L ] 
0.268L 

Hence the principal coordinates are related to the generalized coordi nates by 

_ P_' _ Vm[0.925 
p - x - m 0.378 

O.llOL][X] 
0.268L e 

Use modal a na lysis to de termine the response of the syste m of Fig. 5-3 and Pro ble ms 5.4 
and 6.8 if 

M(I) = Mo[l - U(I - (0 )] 
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The vector G(r) is determined as 

G;PTF;-1 [ 0.925 

Ym 0.380 

The differential equations for the principal coordinates become 

k - 1.31 
p, + 1.644 ;,p,; YmL Mo[l- u(r - ro)] 

k 3.20 
p, + 4.104;,p, ; YmL Mo[l- u(r - ro)] 

The convolution integral is used to solve for the principal coordi nates as 

I f' -1.31 ( $; ) p,(r); $; Ym Mo[l- U(T - ro)] sin 1.28 - (r - T) dT 
1.28 -0 mL m 

m 

; 07~~Ym M,,{[ I - cos (1.282$;r) ]u(r) 

-[I -:- cos (1.282 $; (r - ro)) ]u(r - ro)} 

p,(r); I$;j ~O M,,[1-u(T - r,,)]sin(2.03 fI(r-T))dT 
2.03 -0 mL V;' 

m 

-0.777Ym {[ ( (k )] ; kL Mo I-cos 2.Q3y;,r 

- [1- cos (203$;(r - r,,))]} 

The genera lized coordinates are calculated from 

I . 
x; Ym [0.925p,(r) + 0.380p,(r)] 

; ~~o ([0.442 - 0.737 cos (128$;r) + 0.295 cos (2.Q3$;r) ]u(r) 

- {O.442 - 0.737 cos [1.28$; (r - ro) ] .. 

+ 0.295 cos (2m$; (r - ro)) }u(r - ro)) 

I 
(J; Ym L[-1.3Ip,(r) + 3.20p,(r)] 

; :i', ([3.53 - 1.04 cos (128 $; r) 

- 2.47 cos (2.03 $;) ]u(r) - [3.53 - 1.04 cos (128$; (r - ro)) 

- 2.47 cos (2.03 $; (r - ro)) ]u(r - ro)) 
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6.10 The right-hand block of the system of Fig. 5·1 is subject to a constant force of magnitude a Fa at 1=0. Use modal analysis to de termine the resulting motion of the system . 

.... <ad From Problems 5.30, 5.31, and 5.38, the natural freq uencies and modal matrix for the system 
are 

w,=0.359.j£, w,=.j£, 

1 [ 0.282 0.447 
P = y;;; 0.404 0.447 

m 0.545 -0.447 
The force vector is 

F = [ ~ ] 

w,= 1.97.j£ 

:"'0.849] 
0.370 

-0.055 

The vector G(I) is calculated as 

G = p TF = J:... 0.447 
[ 

0.282 

Ym -0.849 

0.404 
0.447 
0.370 

0.545 ] [ 0] [0.545Fo] 
-0.44: 0 = vk -0.447Fo 

-0.05) Fo -0.055F, 

The differentia l eq uations for the pri ncipal coordinates become 

.. k Fo 
p, +0.129;;;p, = 0.545 y;;; 

p, +~= -0.447~ 
m y;;; 

.. k F, p, + 3.88 ;;;p, = -0.055 y;;; 

The solutions for the principal coordinates are 

p,(I) = 4.23 V; Fo( 1 - cos 0.359 .j£ I) 

p ,(I) = -0.447 V; 1';,( 1 - cos .j£ I) 

p,(I) = -0.0142 V; F,( 1 - cos 1.97.j£) 

The original generalized coordinates are calculated from 

1 
X,(I) = y;;; [O.282p,(I) + 0.447p,(I) - 0.849p,(I) ] 

F,( (k (k 
= k 1005 -1.193cosO.359 \1;;;1 + 0.200 cos \1;;;1 

- 0.0121 cos 1.97.j£) 

1 
X,(I) = Ym [O.404p,(I) + 0.447p,(I) + 0.370p,(I) ] 

F,( /k = k 1.504 - 1.708 cos 0.359\1;;; I 

+ 0.200 cos .j£ I + 0.00525 cos I. 97 .j£ I) 
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I 
X,(I) = v,;; [0.545p,(I) - 0.447p,(I) - 0.055p,(I) ] 

= i (2.506 - 2.305 COSO.359.J"§;1 + 0.200 cos .J"§;I 

+ 0.000781 cos 1. 97 .J"§; 1 ) 

6.11 Repeat Problem 6.3 using modal analysis. 
~f+ sa. The fl exibility matrix A and the mass matrix M are as given in Problem 6.3. The natural 

Math,,,, frequencies are the reciprocals of the square roots of the eigenvalues of AM. The columns of the 

~f+ sa. 
Mathcad 

modal matrix are the corresponding normalized eigenvectors. Calculat ions lead to 

w, = 63.7 rad, 
s 

[

0.0123 
P = 0.0423 

0.0807 

w, = 572 3 rad 
s 

0.0768 
0.1034 

-0.0262 

w, = 1660 rad 
s 

0.111 ] 
- 0.0764 

0.00923 

[

0.0123 

G = pTF = 0.0.768 
0.111 

0.0423 
0.1034 

-0.0764 

0.0807][ 0 ] 
-0.0262 0 SIn 12571 

0.00923 7.11 X 10' 

[ 

5.74 X 10'] 
= - 1.86 X 10' sin 12571 

6.57 X 10' 

Thus the differential equations for the principal coordi nates are 

p, + 4.06 X 100p, = 5.74 X 10' sin 12571 

p, + 3.28 X 100p, = - 1. 86 X 10' sin 12571 

p, + 2.76 X 100p, = 6.57 X 10' sin 12571 

The steady-state responses are 

) 
5.75 X 10' . . _, . 

p,(1 = 4.06 X 10' _ (1257)' SIn 12571 = -3.65 X 10 sm 12571 

( ) _ -1.86 X 10' . 5 - 0-' . 257 
p, 1 - 3.58 X 10' _ (1257)' SIn 12 71- 1.52 X 1 SIn 1 1 

( ) 6.57 X 10' . 1257 _ 5 5 0-' · 1257 
p, l 2.76 X 10' -(1257)' sm 1- . . 7x l SIn 1 

The steady-state response for x, is determined as 

x, = 0.0807p, - 0.0262p, + 0.00923p, = -3.28 X 10-' sin 12571 

Experiments indicate that the modal damping ratios for the first two modes of the system 
of Problems 6.3 and 6.11 are 0.04 and 0.15. Repeat Problem 6.11 assuming proportional 
damping. 

If the damping is proportional, the damping ratios are of the form 
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Substituting the experimental damping ra tios and the na tural frequencies calcula ted in Problem 
6.11 leads to 

0.04 = \(63.7<> + 0.0157/3) 

0.15 = \(572.3<> + 0.00175/3) 

Solving simultaneously gives <> = 5.15 x x 10- ' and /3 = 2.91. Then 

(, = \[(5.15 X W-')(166O) + (2.91)(6.02 X IO- ')J = 0.428 

Using Eq. (6. 16), the differential equations governing the principal coordinates are 

p, + 5.lOp, + 4.06 X 100p , = 5.74 X 10' sin 1257t 

p, + 171.7p, + 3.28 X 100p, = - 1.86 X 10' sin 1257t 

p, + 1421p, + 2.76 X 100p, = 6.57 X 10' sin 1257t 

The steady-state solutions are of the form 

where 

As an example, 

p,(t) = ~ M(r" (;) sin (1257t - 4>') 
w, 

1257 
T;=-, 

W , 

1 
M(r" 0 = '11(1 _ r,')' + (2(,r,)" 

4>, = tan - ' V!';,z) 

1257 
r, = 63.7 = 19.73 

1 
M(r" (,) = '11( 1 - 19.73')' + [2(0.04)(19.73)J ', 

2.58 X 10-' 

A. = -, (2(0.04)(19.73)) = 3 137 
.,.., tan 1 - (19.73)' . 

Further calculations lead to 

Hence, 

r, = 2. 197, 

r, = 0.757, 

M(2.197, 0.15) = 0.258, 4>, = 2.97 

M(0.757, 0.428) = 1.289, 4>, = 0.988 

p,(t) = (~:~~: :~)(2.58 X 10-') sin (1257t - 3.137) 

= 3.65 X 10-' sin (1257t - 3.137) 

(
-1.86XIO') _ 

P,(t) = 3.28 X 10' (0.258) slli (1257t - 2.97) 

= -1.46 X 10-' sin (1257t - 2.97) 

(
6.57 X ID') . 

p ,(t ) = 2.76 X 10' (1.289) sm (1257t- 0.988) 

= 3.07 X 10-' sin (1257t - 0.988) 

Modal analysis is used to obtain 

x,(t) = 0.0807p,(t) - 0.0262p,(t) + 0.00924p,(t) 

= 2.95 X 10- ' sin (1257t - 3.137) + 3.83 X 10-' sin (1257t - 2.97) 

+ 2.84 X 10-' sin (1257t - 0.988) 



192 FORCED VIBRATIONS OF MULTI-DEGREE-OF-FREEDOM SYSTEMS [CHAP. 6 

Trigonometric identities are used to rewrite 

X,(I) = -3.31 X 10-' sin 12571 + 1.03 x 10-" cos 1257t 

and the steady-state amplitude is 

X, = V"( -""""""3.-0;:3:-1 '"'xC":I""O"'-,>c),,+,.--;c(I'-. 0"'3,"""x"-7I",,"0 c-..=), = 3.31 X 10-' m 

6.13 The three railroad cars of Problem 5.34 are coupled and at rest in equilibrium when the 
left car is subjected to an impulse of magnitude l. Determine the resulting motion of the 
coupled cars. 

The differential equations governing the motion of the system are 

-k 
2k 

-k 

O][XI] [Ib(I)] -k x, = 0 
k x, 0 

The natural frequencies are calculated in Problem 5.34 as 

WI =0, W, = J§;, w, = if;, 
The mode shapes of Problem 5.34 are nQrmalized, leading to the modal matrix of 

p = vh [~ v: -~] 
6m Vz -v3 - I 

Then, G = PTF =vk [~ y -~][Ir] = [~]~b(l) 
The differential equations for the principal coordinates are 

I 
PI = V3,;;"b(l) 

k I 
p, +;;; p , = V};;; b(l) 

p, +3!..p, = - _ I_ b(l) 
m "11'6;;; 

The solutions for the principal coordinates subject to initial conditions of p.(O) = 0 and p,(O) = 0 
are 

I 
PI(I) = V3,;;" I U(I) 

I (k ". 
p,(t)= V};;; sin V;;;IU(I) 

p,(t)=-.~sin r;IIU(I) 
v6m V~;;; 

The X.(I) coordinates are obtained using Eq. (6.13) as 

1 1 1 
x I = V3,;;" PI + V};;; p , - "11'6;;; p, 

(
I I. (k I. /k) 

= 3ml+2mSlnV;;;I +6msmV3;;;1 U(I) 

1 2 
X,(I) = V3,;;"PI + "ll'6;;;p) 

=(~ I-~sin r;I1)U(I) 
3m 6m V~;;; 
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1 1 1 
x,(t) = &p,(t) - V2;;,p ,(t) - w;mp, (t) 

( I I .~ I.ff) = - t--SIO - +-SIO 3- u(t) 
3m 2m m6m m 

6.14 Repeat Problem 6.13 if each coupling is modeled as a spring of stiffness k in parallel 
with a viscous damper of damping coefficient c. 

6.15 
r(+ ;sa. 
lII.head 

The differential equations governing the motion of this system are 

-e 
2e 
- c 

o ][ i' ] [k ~c ; : + ~k 

The damping is proportional with a = elk and f3 = O. Thus 

-k 
2k 
-k 

(, =0, (_~ r;E- Y3e 
, - 2k \1"';;' - 2v;;;k 

The differential equations governing the principal coordinates are 

". c . k 1 
P' +;;'P'+ ;;'P'= -.,n;;:;0(t) 

.. e. k 1 
p , + 3;;. p , + 3;;. p , = - v'6,;; o(t) 

The solutions for the principal coordinates are 

p,(t) = - yr;;;; ~e-(Jd'm)'sin (w,Vl- c,'t)u(t) 
6mw, 1- ( , 

Modal analysis is used to obtain 

1 1 1 
x, = v'3m p , - V2;;,p , - v'6,;;p , 

A simplified 4-degree-of-freedom model of a suspension system is shown in Fig. 6-5. 
Model the transverse motion of a vehicle due to a bump in the road as the response due 
to an impulse of magnitude I applied to the front wheel at t = 0 and an impulse of 
magnitude I applied to the rear wheel at t = 0.05 s. 
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----J--- b-l 

a=3m 

b =lm 

k] = k, = 4 X lOs ~ 
- m 

k3 = k4 = I x 1 Os ~ 
In 

1= 200 kg - m' 

G 

m = 30 kg 

M = 200 kg 

Fig. 6-5 

The kinetic energy of the system at an arbitrary instant is 

T =! M(bX, + ax,),+ ! I(X' - X,)' 
2 a+b 2 a+b 

The potential energy of the system at an arbitrary instant is 

V = ~kl(X3 - X\)2 + ~k2(X4 - x 2f + ~k3X/ + ~k4X/ 

M.I 

T 
x, 

The work done by the nonconservative forces as the system moves through virtual displacements is 

SW = -Ia(c) ax, - I S(c - 0.05) Sx, - c,(x, - x,) S(x, - x,) 

Lagrange's equations are applied to yield 

Mb ' +1 Mab-I 
0 0 

(a + b)' (a + b)' [q.p 0 -c, 0 

l'l Mab-I Ma'+1 
0 0 

c, 0 -C2 X 2 

(a + b)' (a + b)' X 3 C 1 0 c ] + c) 
C2 ~ C4 :: 0 0 m 0 X, 0 -c, 0 

0 0 0 m 

.[ ~ 0 -k, 0 l'l [ 0 1 k, 0 - k , x, _ 0 

-k , 0 k, +k, o x, - - I S(c) 

0 -k, 0 k, + k, x, -I S(c - 0 OS) 
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Substi tuting given values, the mass, damping, and sti ffness matrices are 

[~ 
25 0 

1] [ '"" 0 -3200 

-"~] M = 25 125 0 

C = -320~ 
3200 0 

0 0 30 0 4000 
0 0 0 30 -3200 0 4000 [ ","' 

0 -4 X 10' -+"] K = 0 4 X lO' 0 
-4 X lO' 0 5 X I0' 

0 - 4 X 10' 0 5 X 10' 

The damping ma trix is proportional to the stiffness matrix with a = 0.008 s. Hence, the modal 
matrix for the undamped system is used to uncouple the differe ntial eq uations. The natural 
frequ encies are the sq uare roots of the eigenvalues o f M- 'K, and the columns of the modal matrix 
are the normalized mode shapes. The methods of Chap. 5 are applied lead ing to 

w , = 23 0 rad w, = 44 3 rad 
s s 

w, = 138.5 rad , 
s 

w, = 188.8 rad 
s 

[

0.0187 

P = 0.07?1 
0.01 54 

0.0654 

0.147 
- 0.0347 

0.133 
- 0.0315 

-0.0074 
- 0.0313 

0.0390 
0.165 

0.167 ] 
-0.0395 

-0. 117 

0.0277 

The n 
[

0.01540(1) + 0.0654 0(1 - 0.05)] 
G = pTF = _ I 0. 1330(1) - 0.0315 0(1 -- 0.05) 

0.0390 ott) + 0.165 0(1 - 0.05) 
- 0.1170(1) + 0.0277 0(1 - 0.05) 

T he modal damping ratios are calculated as 

(, = law , = 0.092, 

(, = law, = 0.554, 

( , = law, = 0.177 

(, = law, = 0.755 

The differential equations governing the principal coo rdinates are 

p, + 4.23p, + 5.29 X 10'p , = -0. 154/0(1) - 0.06541 0(1 - 0.05) 

p , + 15.68p, + 1.96 X 100p, = -0.133 / 0(1) + 0.03151 0(1 - 0.05) 

p, + 153.5p, + 1.92 X lO'p , = 0.03901 0(1) - 0.1651 ott - 0.05) 

p. + 285.8p. + 3.56 X 10'p. = 0.1 171 ott) - 0.0277 [ 0(1 - 0.05) 

The convolution integra l, Eq. (6.17), is used to obtain 

p,(I) = - le -'· I2' [6.73 X 10- ' sin (22.91) U(I) 

+ 3.18 X 10-' sin (22 .. 91 - 1.145) U(I - 0.05») 

p ,(I) = - l e- 7 ·" [3.05 X 10-' s in (43.61) U(I) 

- 1.07 X 10-' sin (43.61 - 2.18) u(t - 0.05») 

p,(I) = - /e- 767'(3.38 X 10- ' sin (115.31) U(I) 

+ 6.62 X 10-' sin (115.31 - 5.77) U(I - 0.05» ) 

p,(t) = - l e- " " ,(9.45 X 10- ' sin (123.81) U(I) 

- 2.79 X 10- ' sin (1 23.81 - 6.19) U(I - 0.05») 

The gene ralized coord ina tes are calculated from 

X,(I) = 0.0187p,(t) + 0.147p,(t) - 0.0074p, (I) + 0.167p.(l) 

X,(I) = 0.079Ip,(t) - 0.0347p,(I) - 0.0313p,(I) - 0.0395p,(I) 

X,(I) = 0.0154p,(I) + 0.133p,(I) + 0.0390p,(t) - O.I17p,(I ) 

x,(ll = 0.00654p,(I) - 0.03 15p,(I) + 0.165p,(I) + 0.0277p.(I) 
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6.16 
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FORCED VIBRATIONS OF MULTI-DEGREE-OF-FREEDOM SYSTEMS ICHAP. 6 

D e te rmine the time-depend ent response of the system of Fig. 6-6 if th e system is at rest in 
equilibrium a t 1=0 when an impulse of magnitud e 0.5 N-s is applied to the left block 
followed by an impulse of 0.5 N-s at 1 = 0.01 s. The free vibra tion respo nse of this system 
is obtained in Problem 5.45. 

2c 

Fig. 6·6 

The diffe rential equat ions governing the mot ion of the system are 

k; 100.!i 
m 

m = 1 kg 

c ; 2 N-s 
m 

-2][i , ]+[ 200 
6 x, - 100 

-~~t:J = [05 B(I) + o.g B(I - 0.01)] 

Since the viscous damping is not proportional, a general modal analysis is used. The eigenvalues of 
M-'K are 

1', = 1.502 - 9.912;, 

1', = 3.49 - 16.918;, 

1', = 1.502 + 9.912; 

1', = 3.49 + 16.918; 

The eigenvectors of M-'K are assumed of the form 

<1>,= 1-1', - Y,Z, z,r 
Th us the problem to determine the eigenvector becomes 

[h - 2 200 -'OOf '] [0] -2 6 - 1', - 100 

-~~ -r = ~ -I 0 -I', 

0 - I 0 

from whi ch it is determined that 

200- 41', + yo' 
z, = 100 -21', 

Substitution leads to 

z, = 0.9898-0.100;, 

z, = - 1.009-0.175;, 

z, = 0.9898 + o. 100; 

z, = -L009 + 0.175; 

The mode shapes are normalized by requiri ng <I>(M<I>, = I. The columns of the modal matrix are 
the normalized mode shapes. Calculations lead to 

[ 0886H;. 0.886 - 1.34; 1.29 + 1.63; "'-L" 1 - 1.01 + 1.23; 1.01 - 1.23; - 1.02 - 1.88; -1.02 + 1.88; 
p = 

0.119 - 0.107; 0.119 + 0107; 0.0774 - 0.0925; 0.0774 + 0.0925; 
0.107 - 0.118; 0.107 + 0.118; -0.0946 + 0.0797; -0.0946 - 0.0797; 

Then 
[ 

0.1l9 - 0. 107; ] 
- - - 0.1 19+0.107; 
G = P'F = 0.0774 _ 0.0925; 10.5 B(I) + 0.5 B(I - 0.01)] 

0.0774 + 0.0925; 
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Application of Eq. (6.24) leads to 

p,(f) = 0.5(0.119 - 0.107i)[e-,"02-0.",,), U(f) 

+ e - (1.502 - 1l .9 12i){, - O.OI) li(r - 0.01)] 

p ,(f) = 0.5(0.119 + 0.107i)[e- « 502+'·"")' U(f) 

+ e-(L50Z+Q.\l 12i )( f-o.o l) U(l - 0.01)1 

p,(f) = 0.5(0.0774 - 0.0925i)[e -"'H'.",, ), U(f) 

+ e - (3·49- 16.91 1li)(f - O.Ol) u(t - 0.01)] 

p,(f) = 0.5(0.0774 + 0.0925i)[e- " ' "'''''''' U(f) 

+ e - [3.49+- L6.9 I Ki) ( I - O.OI) U(l - 0.01)] 

Noting that x, = Y3 and x , = y, leads to 

x , = (0.119 - O.I07i)p , + (0.119 + 0.107i)p , 

+ (0.0074 - 0.0925i)P3 + (0.0774 + 0.0925i)p, 

x, = (0.107 - O.l1Si)p , + (0.107 + O.l1Si)p, 

+ ( - 0.0946 + 0.0797i)P3 + ( - 0.0946 - 0.0797i)p, 

Use of complex a lgebra and Euler 's identity leads to 

X,(f) = e- "O" {[0.0256 cos (9.912f) - 0.0253 sin (9.912f)] U(f) 

+ (0.0260 cos (9.912f - 0.099) 

- 0.0257 sin (9.912f - 0.099)] U(f - O.OI)} 

+ e- 3"'(0.0145 cos (16.91 Sf) - 0.0143 sin (16.9ISf» ) U(f) 

+ (0.0151 cos (16.9ISf - 0.169) 

- 0.014Ssin (16.91Sf - 0.169)] U(f - O.Ol)} 

X,(f) = e- ' 50" {[O.0254 cos (9.912t) - 0.0252 sin (9.912t)] U(f) 

+ [0.0257 cos (9.912f - 0.099) 

- 0.0259 sin (9.912f - 0.099)] U(f - 0.01)) 

+ e- 3"'{[O.0153 cos (l6.91Sf) - 0.0150 sin (16.9ISf)] U(f) 

+ [0.015S cos (16.9ISf - 0.169) 

- 0.0155 sin (16.91Sf - 0.169)] u(t - O.OI)} 

Supplementary Problems 

6.17 Determine the steady-state amplitude of the 60-kg block of Fig. 6-7 if F(f) = 250 sin 40f. 

Fig. 6·7 

Ans. 1.04 X 10-' m 
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6.18 Determine the steady-state amplitude of the lOO-kg block of Fig. 6-8 if w = 80 rad/s. 

Ans. 1.27 X 10- 3 m 

I x 10' ~ 
m 

500 N-s 
m 

300 sin WI N 

Fig. 6·8 

6.19 For what values of w is the steady-state amplitude of the lOO·kg block of Fig. 6·8 less than I mm? 

Ans. w > 81.0 radls 

6.20 Determine the steady·state amplitude of the 6O·kg block of Fig. 6·9. 

100 sin 401 N 

Fig. 6·9 

Ans. 1.08 X 10-3 m 

6.21 For what value of k is the steady· state amplitude of angular oscillation of the bar of Fig. 6-10 
identically zero? 

Ans. I X 10' N/m 

3 x 10' ~ 
m 

I-- 20 em - -I-- 20 em 

Fig. 6·10 

S lender bar of mass 20 kg 

6.22 Use the Laplace transform method to solve Problem 6.17. 

Ans. 1.04 X 10-' m 



CHAP. 6] FORCED VIBRATIONS OF MULTI-DEGREE-OF-FREEDOM SYSTEMS 199 

6_23 Use the Laplace transform method to dete rmine the displacement of the 60-kg block of Fig. 6-7 if 
F(t) = 250[u(t) -,,(t - 0.1)]. 

Ans. 

[2.5 X 10-) - 1.87 X 10-) cos (21.96t) - 6.29 X 10-' cos (nOt)] u(t) 

- [2.5 X IO-) - 1.87 X 10-) cos (21.96t - 2.196) - 6.29 x 10-' cos (nOt - 7.2)] 

u(t - 0.1) 

6_24 A moment lOe -" N-m is applied to the upper bar of the system of Fig. 5-28. Use the Laplace 
transform method to determine the time-dependent response of the lower bar if L = I m, 
k = 100 N/ m, and m = 10 kg. 

Ans. 

7.38 X IO-'e-o." + 2.78 X 10- ) sin (1.693t) - 9.40 X 10-' cos J.693t 

- 9.88 X 10-6 sin (1O.23t) + 2.02 X 10- ' cos (1O.23t) 

6_25 Solve Problem 6.24 using modal analysis. 

6.26 Solve Problem 6.20 using modal analysis. 

6_27 Use modal analysis to determine the steady-state response of the system of Fig. 5-1 when the 
leftmost block is subjected to a force Fo sin J.5VjJ;;; t. 

Ans. 

02 5 Fo. - /k 
XI: .4 k"sml.'y;t, x, = - 0.406 ~ sin 1.5 ~ (, 

6_28 Use modal analysis to determine the steady-state amplitude of angular oscillation of the leftmost 
disk of the system of Fig. 6-11 when the middle disk is subjected to a torque of 50 sin 30( N-m. 

k = 1.2 X 10' N-m 
' 1 rad 

::J 
:l 0 
:l 

1.5 kg-m' 

Ans. 4.46 X 10-' rad 

k = 8.7 x 10' N-m 
r~ rad 

r-

0 

'-
2.6 kg-m-

Fig_ 6-11 

k = 5 x 10' N-m 
I} rad 

0 

'-
3.7 kg-m2 
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6_29 Three 20-kg machines are equally spaced along the span of a 2-m simply supported beam of elastic 
modulus 200 X 10' N/ m' and cross-sectional moment of inertia 1.35 X 10-6 m'. The machine near 
the left support has a rotating unbalance of magnitude 0.5 kg-m and operates at 100 rad/s. 
Detennine the steady-state amplitude of the machine at the midspan. 

Ans. 0.0028 m 

6_30 Repeat Problem 6.29 as if the system had proportional damping with the damping ratio for the 
lowest mode eq ual to 0.04. Assume the damping matrix is proportional to the stiffness matrix. 

Ans. 0.0028 m 

6.31 Use modal analysis to determine the steady-state am plitude of the 60-kg block of the system of Fig. 
6-12. 

2000 N-s 
m 

1000 N-s 
m 

Fig. 6-12 

3 x to, li 
m 

3000 N-s 
m 

200 sin 50, N 

Ans. 1.68 X 10- ' m 

6.32 Use modal analysis to determine x,(r) for the system of Fig. 6-13 if the leftmost block is subj ected 
to an impulse of magnitude 1 N-s at r = 0 and the rightmost block is subjected to an impulse of 
magnitude 1.5 N-s at r = 0. 1 s. 

Ans. 

Fig. 6·13 

e-O,""",{[ -2.56 x 10-' cos (6.6471) + 1.02 X 10-' sin (6.471)] U(I) 

+ [-4.11 X 10-' cos (6.6471 - 0.665) . 

+ 1.64 X 10-' sin (6.6471 - 0.665)] U(I - O.l)} 

+ e-o·""{[2.96 X 10-' cos (18.8931) 

- 1.79 X 10-' sin (18.8931 )] U(I) 

+ [3.91 X 10-' sin (18.8931 - 1.89) 

+ 3.91 X 10-' sin (18.8931 - 1.89)] U(I - O.I)} 



Chapter 7 

Vibrations of Continuous Systems 

Continuous, or distribw ed parameter, systems are systems in which ine rtia is con tinuously 
distrib uted throughout the system. A conti nuous sys tem 's dependent kinematic properties are 
functions of spatial vari ables, as well as time. Vibra tions of con tinuous systems are governed by 
partia l differe ntial equations. 

7.1 WAVE EQUATION 

Free vibrations of certain one-dimensional syste ms are governed by the wave equation 

(7.1) 

where x is a spatial coord inate, u(x , t) ' is the displacemen t of a particle in the system whose 
equilibr iu m posi tion is ide ntified by x, and e is the wave speed, the velocity at which waves 
propaga te in the system . Problems governed by the wave equation and the sys tem 's wave speed 
are give n in Table 7-1. 

7.2 WAVE SOLUTION 

The general solution of Eq. (7.1) can be expressed as 

u(x, t) = I(x - et) + g(x + et) (7.2) 

whe re I and g are arbitra ry functions of a single variable. 

7.3 NO RMAL MODE SOLUTION 

The normal m ode solwion of Eq. (7.t ) is 

u(x, t) = X(x)e ;W' (7.3) 

where w is a natural frequency of the system and X(xJ is the mode shape corresponding to that 
natural freq uency. Equation (7.3) is substituted into Eq . (7. 1), leading to 

The genera l solution of Eq. (7.4) is 

c, d'X+w ' X =O 
dx' 

X(c) = C, cos~x + C,sin~x 
c c 

(7.4) 

(7.5 ) 

where C, and C, are constants of integration. Boundary conditions fo r a specific sys tem are used 
in Eq. (7.5) to develop a characteristic equation that is satisfied by the natural frequencies . 

20t 
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Problem 

Torsional 
oscillations 
of circular 
cylinder 

Longitudinal 
oscillat ions 
of bar 

Transverse 
vibrations of taut 
string 

Pressure waves 
in an ideal 
gas 

Waterhammer 
waves in rigid 
pipe 

VlBRA TIONS OF CONTINUOUS SYSTEMS 

Table 7-1 

Schematic 

-w(x,t) 

~ 
==€J - p(x, I) 

- - p(x,r) 

Nondimensional 
wave equation 

a'y a'y 

iJx 2 = ih2 

a'p a2p 

QX2 "" ~ 

a'p a' p 

ax' aI' 

c- (f 

c -IkRf 

c-t 

[CHAP. 7 

Wave speed 

G = shear 'modulus 

p "" mass density 

E = elastic modulus 
p = mass density 

T = tension 
J.L = linear density 

k = ratio of 
specific heats 
R = gas constant 
T = temperature 

k = bulk modulus 
of fluid 
(J = mass density 

Continuous systems have an infinite, but countable, number of natural frequencies. Application 
of the boundary conditions also leads to a relation between C, and C2 and thus determination of 
a mode shape. Let X;(x) and X/x) be mode shapes corresponding to distinct natural 
frequencies W; and Wi ' respectively. The mode shape satisfy an orthogonality condition, which 
for most systems has the form 

L f X;{x) X/x) dx = 0 (7.6) 
o 

where L is the length of the continuous system. The mode shapes are normalized by requiring 
L 

f X/(x) dx = 1 (7.7) 
o 

7.4 BEAM EQUATION 

The partial differential equat ion governing the free transverse vibrations w(x, t) of a 
uniform beam of elastic modulus E, mass density p, cross-sectional moment of inertia I , and 
cross-sectional area A is 

(7.8) 
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T he effects of axia l loads, rotary ine rtia , and shea r defo rmation are ignored in Eq. (7 .8). A 
no rmal mode so lution, 

w(x, t) = X(x)e;W' (7.9) 

o f Eq. (7.8) leads to 

(7. 10) 

The solutio n o f Eq . (7 .10) is 

X(x ) = C, cos Ax + C, sin Ax + C, cosh Ax + C sinh Ax (7]]) 

where (7. 12) 

Boundary co nd itio ns are appl ied for specific end cond itions, leading to a characteristic equatio n 
so lved by an infinite, but countable, number o f na tural frequencies. The mode shapes sa t isfy an 
o rthogonal it y condition similar to Eq. (7.6). 

7.5 MODAL SUPERPOSITION 

The modal slIperposirion merhod is used to determine the response of a continuous syste m 
d ue to initial conditio ns o r exte rnal excitations. It can be used for systems whose free vib ra tions 
are gove rned by the wave equation o r the beam equation. If u(x, r) is the time-depende nt 
response o f a sys tem with natural frequencies w " w" . and corresponding norm alized mode 
shapes X,(x), X ,(x), . .. , then the modal superposition formula is 

u(x, r) = L p,(r) X,(x) (713) , -, 

where th e p,(r) a re to be dete rmined. If F(x, r) is a nonhomoge neous term appearing in the 
di fferentia l equa tio n , it can be expanded as 

F(x, r) = L C,(r) X,(x) (7. 14) .-, 

L 

where C,(r) = J F(x, r) X , (x) dx (7.15) 
o 

Equa tio ns (7 .13) and (7.14) are substituted into the partial differen tia l equation governing 
lI(X, t). The resulting equa tion is multiplied by X;(r), for an arbitrary i, and integrated between 0 
and L. Orthogo nality conditions are used to generate an uncoupled se t of ordinary differentia l 
eq ua tions for the p.'s. 
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7.6 RAYLEIGH'S QUOTIENT 

Let f(x) be any continuous function satisfying the boundary conditions for 2. continuous 
system whose free vibrations are governed by the wave equation. Rayleigh's qUOIieni is a 
functional defined as 

J g(x) (1;)' dx 

R(f) = -:L-----"O------- (7.l6) 

J m(x)f(x)'dx + i~' m,f(xi)' 
o 

where g(x) and m(x) are known functions of geometry, inertia properties, and elastic properties 
for the system. For longitudinal oscillations in a bar, g(x) = EA(x) and m(x) = pA(x). For 
torsional oscillations in a shaft, g(x) = GJ(x) and m(x) = pJ(x). The summation in the 
denominator of Eq. (7.16) is taken over all discrete masses. Rayleigh's quotient is stationary if 
and only if f(x) is a mode-shape for the system. In this case 

R[Xi(x)] = Wi' (7.l7) 

Thus the minimum value of R(f) is w,'. 
Rayleigh 's quotient for beam vibrations problems is 

L d 2f ' 
J El(dX') dx 

R(f) = -:-,_--,,-0 ---__ _ (7.l8) 

J pA f(x) ' dx + i~' m,f(xi)2 
o 

7.7 RAYLEIGH-RITZ METHOD 

The Rayleigh-Ritz me/hod is an energy method that can be used to approximate natural 
frequencies, mode shapes, and forced responses of continuous systems. Let <1>" <1>2, ... , <1>" be a 
set of n linearly independent functions satisfying at least the system's geometric boundary 
conditions (zeroth-order derivatives for the wave equation and zeroth- and first-order 
derivatives for the beam equation). For free vibrations problems an approximation to the mode 
shape is of the form 

X(x) = L Ck<l>k(X) (7.l9) 
k = ! 

When Eq. (7.19) is substituted into the wave equation or beam equation , the following system 
of equations is obtained: 

L (aij - W2f3iJCj = 0 
j= \ 

(7.20) 

where the forms of aij and f3 ij are given in Table 7-2. The determinant of the coefficient matrix 
of the system of equations represented by Eq. (7.20) is set to zero, resulting in an nth-order 
polynomial to solve for w '. 
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7.1 

Situation 

Longitudinal 

osci llations 

in a bar 

Torsional 

osci llations 

in a shaft 

Transve rse 

oscillations 

of a bea m 

Tab le 7·2 

cr" 

J EA (~~')(~~') dx 

" 
+ i k,¢,(x , )¢,(x,) 

J Ci(~~')(~~') dx 
o 

+ L k,,¢,(x , )¢ ,(x , ) ,-. 

fL EI ( d2~,)( d2¢,) dx 
d:c dx 2 

o 

+ L k,¢,(x , )¢;(.t , ) 

(3" 

J pA dJ ,(x )¢,(x) dx 
o 

+ L m ,¢,(x,)¢,(x,) ,-. 
L f pi¢,(x)¢,(x) dx 

o 

+ L m ,¢,(x , )¢,(x,) 

L f pA¢,(x)¢,(x) dx 
o 

+ L m,¢ ,(x , )¢,(x, ) 

Note: x,. represents the locati ons whe re discre te sti ffness or mass elemen ts are 
attached. 

Solved Problems 

What is the speed of torsional waves in a solid stee l (G = 80 X 109 N/m', p = 7800 kg/ m' ) 
sha ft of 20 mm diameter? 

The speed of torsiona l waves in a shaft is obtained fro m Table 7·1 as 

J 
,N 

c= @= 80X IO;;;; 

y-;; 7800 ~ 
m' . 

3.20 X 10-' ~ 
s 

7.2 D e rive the parti al differential equation governing fre e lo ngitudinal vibrations of a 
uniform bar. 

Consider a longitudinal element of the bar of thickness dx . as shown in Fig. 7·1. The fo rce 
developed on each fac e of the element is the resultant of the normal stress distribution across the 
face. If th e no rma l stress er is uniform across the face, the resultant force is erA. A Tay lor se ries 
expansion leads to 

a 1 a' _ 
er(x + dx) A(x + dx) = er(x) A(x) + a; (erA) fix + 2" ax' (erA) (dx)' + . .. + 
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Thus application of Newton's law to the differential element leads to 

a 1 a' 
a(x)A(x) +:h (aA) + lax' (aA)(dx)' + .. . + -a(x) A(x) 

a'u 
=p(x)A(x) at' dx 

Neglecting terms with higher-order differentials leads to 

The normal stress is related to the normal strain through Hooke's law: 
'\ 

a =E. 

where the normal strain is defined in terms of the displacement as 

au 
E= -

ax 

Substituting into Eq. (7.21) leads to 

~ (EA ~) - A a'u 
ax ax - Pat' 

If the bar is uniform and homogeneous, the previous equation reduces to 

dx 
I I 

I I 

I~U(X.t) 

Fig. 7-1 

. _Jl_~ a 
oA1JcrA + a:;-(oA) dx 

[CHAP. 7 

(7.21) 

7_3 Determine the natural fequencies and mode shapes of torsional oscillation of a uniform 
shaft of length L , mass density p, and cross-sectional polar moment of inertia 1. The shaft 
is fixed at one end and free at the other end. 

The torsional oscillations of the shaft e(x, t) are governed by 

Ga'e a'e 
--=-
P ax' at' 
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7.4 
~I. 

:sa 
Monhcad 

The fixed end is constrained against rotatio n; thus 

e(o, I) = 0 

The free end has no shear stress; th us 

ae 
a;(L,I)=O 

When used with the normal mode solution, e(x, I) = X(x)e'-, these conditions lead to 

X(O) =0, dX(L)=O 
dx 

App lication of the first boundary condition to Eq. (7 .5) leads to 

X(O)=O=C, 

Applica tion of the second boundary condit ion to Eq. (7.5) then yields 

dX w w 
dx (L)=O= C,~cos~L 

If C, = 0 or w = 0, then X(x) = O. Thus the system 's na tural frequencies are determined from 

cos ~ L = 0 
c 

w =(2n-l)Jr @. 
" 2L Y'P n = 1, 2,. 

The corresponding mode shapes are 

fo r any nonzero C". 

. [(2n - l)JrX] X"(x) = c SIO --2-L--

D e te rmine the characteristic equation for longitudinal oscilla tion of a bar of length L, 
e lastic modulus E, and mass density 'p tha t is fixed a t o ne end and has a pa rticle of mass 
m a ttached to the other e nd. 

The eq uation governing the motion of the system is 

p ax' at' 

The end at x = 0 is fixed; thus 

u(O, I) = ° 
The boundary condition at x = L is obtained by applying Newton's law to a free·body dia gra m of 
the particle, as shown in Fig. 7·2: 

-EA ~(L I) = m a
2

1/(L I) 
ax' aI" 

Application of the norm al mode solution, I/(x, I) = X(x)e '·' to the boundary conditions leads to 

X (O) = 0, 
dX 2 

EA dx (L) = m w X(L) 
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Application o f the boundary condition at x = 0 10 Eq. (7.5) leads to C , = O. Application of the 
boundary condition at x = L 10 Eq. (7 .5) with C, = 0 leads 10 

The solutions of the above characteristic equatio n a re the system's na tural freq uencies. 

EA~(L· ')D ~ a'u 
~mal, (L. I) 

Fig. 7-2 

A ship 's propeller is a 20-.m steel (E = 210 x 109 N/ m, p = 7800 kg/m3) shaft of diameter 
10 cm. The shaft is fixed at one end with a SOD- kg propell er attached to the other end. 
What are the three lowest natural frequencies of longitudinal vibration of the propeller­
shaft system? 

The propelle r-shaft system is modeled by the system of Problem 7.4 . The tra nscendental 
equation gove rn ing the natu ral frequencies is 

where 

and 

pA L = <I> tan <I> 
m 

<I> = WL$ = w(20 m) 

7800 ~ 
m' 

210 X IO' '!<' 
m 

(7800 ~)1r(0. 05 m)' (20 m) 

500 kg 

3.85 X IO -' w 

2:45 

The three smallest solutions of the transcendental equation are 

leading to 

<1> , = 1.1 37, 

W , = 295.3 rad , 
s 

<1> , = 3.725, 

w, = 967 4 rad 
s 

<1>3 = 6.637 

W , = 1724.0 rad 
. s 
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7.6 
r(+ 

sa. 
MiJ1head 

What is the requi red te nsio n in a trans mission line o f length 15 m and linea r d e nsity of 
5 kg/m such that the tra nsmission line's lowes t na tura l frequency fo r transverse vibrations 
is 100 rad/s? A ssume the line is s imply suppo rted. 

The diffe rential equation governing the transverse vibration ll (X, t) of the line is 

Ta2u aZu 
-- = -
I"ax' ae' 

Since the line is simply supported, both ends are const rained from transverse motion; thus 

u(O, t) = 0, ll(L,t) = O 

When the normal mode solution ll(X, t) = X(x)e i
., is assumed , the boundary condit ions lead to 

X(O) =0, X(L) = O 

Application of X(O) = ° in Eq. (7.5) leads to C, = 0. Application of X(L) = ° then leads to 

C'Sin (WL )~)=O 
The smallest va lue o f w for which a no ntrivial solution occu rs is 

which is rearra nged as 

w,=t)~ 

T=w ,2 L1. p. 
;r' 

Substituting given values, requiring w, = 100 radls leads to 

( 100 r:d )'(15 m)' (S?,) 
' T= 1.l4xlO'N 

;r' 

7.7 D etermine the characteristic equation fo r na tura l frequencies of the system of Fig. 7-3. 

I 
I- L ---+-- t --j 

Fig. 7-3 

Let u,(x, t) be the displacement in the le ft bar, and let ll , (X, t) be the displ acement in the right 
bar. The pa rtia l diffe rential equations gove rning ll,(X, t) and ll ,(X, t) a re 

Eifu , aZUl 

p ax 2 =a1" 
E aZ

U 2 aZUl 
p ax 2 a1" 

The bo undary conditions are 

ll,(O, t) = O, Oll, (~L t) = ° 
ax 2 ' 
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The displacement must be continuous at the junction between the two bars: 

u,(L, /) = u,(L, /) 

The resultant force due to the normal stress distribution must be the same in each bar at their 
junction: 

EA au, (L /) = E~ au, (L /) 
ax' 4 ax ' 

Use of the normal mode solution u,(x, /) = X , (x)e'·', u,(x, /) = X,e'·' leads to 

and 

X,(x) = c, cos (w~x) + C, sin (w~x) 

X,(x) = C, cos (w~x) + C.sin (w~x) 

X,(O)=O, dX, (~L) = 0 
dx 2 

X,(L) = X ,(L), 

Application of the boundary conditions leads to 

X,(O) = 0 --; C, = 0 

dX, (3 ) (3 ) dx 2L = 0 --> C, = C, tan 2¢' ¢=LW~ 
X,(L) = X,(L) --> C, = C, (cot ¢ + tan H) 

dX, ldX, , , dx (L) = 4dx (L) --> 4 cos ¢(cot ¢ + tan ,¢) = - sin ¢ + cos ¢ tan ,¢ 

7.8 Determine the lowest natural frequency of longitudinal motion for the system of Fig. 7-4. 

\ 

A = 3 X 10-6 m2 

E= 200 X 10' ~ 
m' 

p = 7800 J<JL 
m3 2 x I O~ ~ 

:t--I--_~ 
1------ 2 m ------i 

Fig. 7·4 

',I equation governing u(x, I), the longitudinal displacement of the bar, is 
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Since the end at x = 0 is fixed, 

u(O, I) = 0 

The resultant of the normal stress at the right end of the bar must equal the force in the spring at 
any insta nt; thus 

EA ~ (L, I) = -ku(L, I) 
ax 

Application of the normal mode solution u(x,t) = X(x)e'"' to the boundary condi tions leads to 

X(O) =0, EA ~~ (L) = -kX(L) 

Using X(O) = 0 in Eq. (7.5) leads to C, = O. Application of the second boundary condition to Eq. 
(7.5) leads to 

EAWffcos (W~L) = -k sin (wffL) 

EkA ffw=- tan(wLff) 

EA 
kL 4> = - tan 4>, 4> = WLff 

Substituting given values leads to 

1.54> = - tan 4> 

The smallest solution of the transcendental eq uation is 4> = I. 907, which leads to 

200 X I0'.!'i, 
__ --,-..:;;mc... 4.83 X 10' rad 

7800 ~ s 
m' 

7.9 Show that the m ode shapes of Problem 7.3 satisfy an orthogonality condition of the form 
of Eq. (7.6). 

Let w, and ' Wi be distinct natural frequencies of the system of Problem 7.3 with corresponding 
mode shapes X,(x) and X,(x). These mode shapes and natural frequencies satisfy the following 
problems: . 

X,(O) =0, 

X,(O) = 0, 

dX' (L) =0 
dx 

<!!!J (L) = 0 
dx 

(7.22) 

(7.23) 
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Multiplying Eq. (7.22) by Xi and integrating from 0 to L leads to 

L L 

I 
() d'Xi d wi I ( Xi X d;> x +-;;> X , x)X/X)dx=O 

o " 

Applying integration by parts twice to the first integral leads to 

X(O) dXi (0) - X(L) dXi (L) - X,(O) dXi (0) + X,(L) ~ (L) 
' dx ' dx dx dx 

L L 

I 
d'X w'I 

+ X i(X) 'ixi'dx + c; X i(X) x/x) dx = 0 
o 0 

Application of the boundary conditions leads to 

(7.24) 

From Eq. (7.23), 

which when substituted into Eq. (7.24) leads to 

1 , ' I" ;:> (Wi - W, ) X ,(x) X/x) dx = 0 
n 

and since Wi ~ Wi' Eq. (7.6) is satisfied. 

7.10 Develop an orthogonality condition satisfied by the mode shapes of Problem 7.4. 

Let Wi and Wi be distinct natural frequencies of Problem 7.4 with corresponding mod e shapes 
X i and Xi' The problems satisfied by these natural frequencies and mode shapes are 

(7.25) 

X,(O) = 0, EA ~~i (L) = mwi Xi(L) 

(7.26) 

£ ~()- ' () A d.x L - mWi Xi L 

Multiplying Eq. (7.25) by Xi and integrating between 0 and L leads to 

L L 

I d' X I x / x) dX , idx + wi Xi(x)X/x)dx = O 
n n 
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Using integration by parts twice on the first integral leads to 

X(L) dX, (L) - X(O) dX, (0) _ X,(L) dX; (L) + X ,(O) <iJ!J (0) 
' dx ' dx dx dx 

J
L d' X P JL 

+ X,(x)~dx +f;w; X ,(x) X;(x) dx = 0 
o 0 

Using the boundary conditions in the previous equation leads to 

L , L 

J d X P J + X,~dx + f; w; X ,(x ) X;(x) dx = 0 
o 0 

Using Eq. (7.26) in the previous equation and rearranging leads to 

(w,' - wn[ ;;: X ,(L) X;( L) + ~ 1 X,(x) X;(x) dX] = 0 

Since w, .. W;, the appropriate orthogonality condition is 

L 

p':X,(L)X;(L) + I X ,(x)X,(x)dx = 0 

7.11 Determine the natural frequencies of a uniform simply supported beam of length L, 
elastic modulus E, mass density p, area A, and moment of inertia I. 

The free transverse vibrations w(x, I) a simply supported beam are governed by Eq. (7.8) 
subject to 

W(O,I)= O 

w(L, I)=O 

a'w 
ax' (0, I) = 0 

a' w 
ax, (L , I)=O 

Application of the normal mode solution w(x, I) = X(xk'·' to the boundary conditions leads to 

X(O)=O 

X(L)=O 

d' X(O) =0 
dx' 

d'X (L) = 0 
dx' 

Application of the boundary conditions at x = 0 to Eq. (7.11) leads to 

X(O) = 0 -+ C, + C, = 0 

d'X 
dx' (0) = 0 -+ -A'C, + A'C, = 0 
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from which it is determined that C, = C, = O. Application of the bound ary conditions at x = L to 

Eq. (7.11) leads to 

X(L) = O -> C,sinAL+ C,sinhAL = O 

d' X 
dx' (L) = O-> -A'C,sinAL+A' C,sinhAL=O 

Nontrivial solutions of the above equations are obtained if and only if 

sin AL = 0, C.=O 

Hence A =~ 
L 

n = 1, 2, 3, . . 

Then using Eq . (7.12), the natural frequencies are 

Bfl w = (mr)' --
" pA L' 

n = 1, 2,3, ... 

7.12 Determine the characteristic equation for a beam pinned at one end free at its other end. 

The problem governing the free transverse vibrations of a pinned-free beam pinned at x = 0 
and free at x = L is Eq. (7.8) subject to 

w(O, t) =0, 

a'w 
ax' (L , t) = 0, 

a'w 
af rO, t) = 0 

a'w 
ax , (L,t)=O 

Application of the normal mode solution w(x, t ) = X(x)e'·' to the boundary condition leads to 

X(O) =O 

d'X 
dx' (L) =O 

d ' X 
dx' (0) = 0 

d' X 
dx , (L)=O 

Application of the boundary conditions at x = 0 to Eq. (7.11) leads to 

X(O) =O -> C,+C,= O 

d' X 
dX' (0) = 0 -> -A'C, + A' C, = 0 

from which it is determined that C, = C, = O. Application of the boundary conditions at x = L leads 
to 

d' X 
dx' (L) = 0 -> -A' C, sin AL + A' sinh AL = 0 

d'X---
dx' (L) = 0 -> -A'C, cos AL + A' C, cosh AL = 0 

A nontri vial solution of the above equations exists if and only if the determinant of the coefficient 
matrix is zero, 

-sin AL cosh AL + sinh AL cos AL = 0 

lead ing to 

tan AL = tanh AL 

The solutions of the previous transcendental equation are used with Eq. (7.12) to determine the 
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system's natural frequencies. The smallest solution is A = 0, for which a nontrivial mode shape 
exists. 

7. 13 Determine the three lowest natural frequencies for the system of Fig. 7-5 . 
rI_ sa 
".Ihead 

f-I ------ L -------i 

Fig. 7-5 

m = 10 kg 

E= 200 x 10' ~ 

P = 7800 *' 
A = 2.6 X IO'} m2 

L = lm 

I = 4.7 X 10"6 m4 

The free transverse vibrations of the beam of Fig. 7-5 are governed by Eq. (7.8). Since the 
beam is fixed at x = 0, 

W(O , I)=O, 
aw a:; (0, I) =0 

The boundary conditions at x = L a re determined by applying Newton 's law to the free body 
diagram of the block, Fig. 7-6: 

a'w 
ax,(L ,I)=O 

Applica tion of the normal mode solution w(x, I) = X(x)e'-' to the boundary conditions leads to 

X(O) =0, 

d' X 
dx' (L)=O, 

dX(O)=O 
dx 

d'X 
El-= -mw'X 

dx' 

Application of the boundary conditions to Eq. (7.11) leads to 

X(O) =0 ~ C, + C,=O 

dX 
dx (0) = AC, + AC, = ° 

d' X 
dx' (L) = ° ~ - A'cos ALC, - A' sin ALC, + A' cosh ALC, + A' sinh ALC, = ° 

§! d'X (L) = - w' X(L) ~ 
m dx 3 

(~ sin AL + A cos AL )C, + ( - ~ cos AL + A sin AL )C, 

+ (P: sinh AL + A cosh AL )C, + (~ cosh AL + A sinh AL )C, = ° 
where w' has been replaced using Eq. (7.12). The previous equations represent a system of four 
homogeneous linear simultaneous equations for ell e21 el, and C4 . A nontrivial solution exists if 
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and only if the determinant of the system's coefficient matrix is zero. Setting the determinant to 
zero and simplifying leads to 

Noting that 

(J + cos 4> cosh 4» + m4>L (cos 4> sinh 4> - cosh 4> sin 4» = 0 
pA 

m 

pAL 
10 kg = 0.493 

(7800 ;;')(2.6 X 10-' m' )(1 m) 

4> =AL 

the three lowest solutions of the transcendental equation are 

4>, = l.423 4>, = 4.113 4>, = 7.192 

The natura l frequencies are calculated using Eq. (7.12): 
.-----~~----------

W
. = A.' I El = A.'J (200 X 10' ~)(4.7 x 10-

6 

m') 
, 'P, \ ,'P, 215.34>/ 

pAL (7800 ;;')(2.6 X 10-' m' )(1 m)' 

W, = 486.1 rad 
s 

W , = 3.642 X 10' rad 
s 

E/~:~ (L'I)lD 

Fig. 7-6 

W, = 1.114 X 10' rad 
. s 

a'w 
1M ii(2( L, t) 

7.14 Demonstrate that the mode shapes of a fixed-free beam satisfy an orthogonality condition 
of the fo rm of Eq. (7.6). . 

Let W ; and w; be distinct natura l frequencie s of a fixed-free beam with corresponding mode 
shapes X; and X;. The problems satisfied by these natural frequencies and mode shapes are 

d'X; pA , 
dx' - E f w;-X; = 0 

X ;(O) =0, dX; (0) = 0 
dx 

d' X 
dx" (L) = 0, 

d' X ;(L) = 0 
dx' 

~_pAw2X=0 
dx4 EI ' J 

~(L)=O 
dx' 

tg; (0) = 0 
dx 

d' X;(L) =O 
dx' 

(7.27) 

(7.28) 
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Multiplying Eq. (7.27) by Xi and integra ti ng from 0 to L leads to 

I
L d'X, pA , IL 

Xi dx' dx - £ 1 w, X,(x) X;(x) dx = 0 
o 0 

Using in tegration by parts four times on the first integral leads to 

Xi(L) ~~~' (L)- X;(O) ~:,' (0) - ~ (L) ~~' (L) 

+ t!.!!J. (0) d' X, (0) + r!.!!.i (L) dX, (L) _ ~ (0) dX, (0) 
dx dx' dx' dx dx- dx 

dJX. dJX. IL d'X 
- d/(L)X,(L) + ~(O)X,(O)+ X, d/dx 

o 

pA , IL 
- £ 1 w, X,(x) K,(X) dx 

n 

wh ich after application of boundary cond itions reduces to 

L L 

I ~ _pA 'I x, dx' dx £1 w, X,(x) Xi(X) dx 

n " 

Using Eq. (7.28) in the previo us eq uation and rearranging leads to 

~~ (w,' - w,' ) ! X,(X) X,(x) di = 0 
o 

Since w, "" w;, the orthogonality condi tion is verified. 

7.15 Determine the steady-state amplitude of the end of the shaft of Fig. 7-7. 

(
P,G,) (\ ::r-___ .l. _______ t~_.To sin WI 

~ I I 
I~-----L-------~ 

Fig. 7-7 

T he problem governing the motion of the system of Fig. 7-7 is 

G a'8 a' 8 
p ax' = iii' 

8(0, I) = 0 

JG~(L. I) = To sin wi ax 

217 
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The steady-state response is obtained by assuming 

e(x, I) = Q(x) sin wI 

which when substituted into the partial differential equation and its boundary conditions leads to 
the following problem for Q(x): 

~d'Q +w' Q =0 
p dx' 

Q(O)=O 

JG
dQ 

(L) = T, dx 0 

The solution of the differential equation is 

Q(x) = C, cos (wj{;x) + C, sin (wj{;x) 

Application of the boundary conditions leads to 

Q(O) = O ~ C, = 0 

JG
dQ 

(L) = 7;, ~ C, = T" 

dx WJYpGcOS(W~§L) 
Hence the steady-state amplitude of the end of the shaft is 

Q(L) = C,sin (W~~L) = wJ~tan (w~~ L) 

7.16 The block at the end of the beam of Fig. 7-5 is a small reciprocating machine that 
~ operates at 100 rad/s. Determine the machine's steady-state amplitude if it has a rotating 
!!ii, unbalance of 0.15 kg-m. 

The mathematical problem goverening the response of the system is the same as that of 
Problem 7.13 except for the second boundary condition at x = L. This boundary condition is 
determined by applying Newton 's law to the free body diagram of the machine, as shown in Fig. 
7-8, 

a\v if w 
El ax' (L , I) = m ii1 (L, I) + moew' sin wI 

A steady-state solution is _assumed as 

w(x, I) = Q(x) sin wI 

which when substituted into the partial differential equation and the boundary conditions leads to 

d' Q (L) =0 
dx' 

d'Q 
El dx' - w' pAQ = 0 

Q(O)=O dQ (0) =0 
dx 

d' Q 
El dx' (L) = - mw' Q(L) + m"ew' 
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The so lution of the differential eq uation is 

Q(x) = C, cos f3x + C, sin f3x + C, cosh f3x + C, sinh f3x 

where 
[ 

( rad)'( kg) ] '" _ (W'PA '" _ 100 -;- 7800 ~ (2.6 x 10-' m' ) _ 
13 - El) - N - 0.682 

(200 x 10' ~ )(4.7 X 10-6 m') 

Application of the boundary conditions leads to 

C, + C, =0 

C,+ C, = 0 

-cos f3LC , - sin f3LC, + cosh f3LC, + sinh f3LC, = 0 

(13m .) (13m. ) pA cos f3L + sm f3L C, + pA sm f3L - cos f3L C, 

(13m . ) (13m. ) moef3 + pA cosh f3L + smh f3L C, + pA smh f3L + cosh f3L = PA 

When numerical values are substituted, the previous two equations become 

-0.776C, - 0.630C, + l.242C, + 0.736C, = 0 

0.89IC, - 0.564C, + 1.153C, + 1.489C, = 5.04 x 10-' 

The equations are solved simultaneously, leading to 

C, = 1.82 X 10-' c, = - 2.69 X 10-' C, = - l.82 X 10- ' 

The steady-s tate amplitude of the machine is 

C, = 2.69 X 10- ' 

Q(L) = C, cos f3L + C, sin f3L + C, cosh f3L + C, sinh f3L = 5.60 X 10-' m 

1 moew' sin wt 

~ ~(I,t) 
External Fo rces Effective Forces 

Fig. 7-8 
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7.17 A torque T is applied to the end of the shaft of Problem 7.3 and suddenly removed. 
Describe the resulting torsional oscillations of the shaft. 

Removal of the torque induces torsional oscillations of the shaft. The initial angular 
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displ acement of a particle along the axis of the shaft is the static displacement due to a torque T 
applied at tne end of the shaft. Thus, the initial conditions are 

Tx 
(I(x , O)=lG' ~(x 0)=0 at ' 

The natural frequencies and mode shapes are 

w = (2; - 1 )1r @. 
, 2L y-p 

X .( ) = C . . [(2; - I)1rX] , x ,Sto 2L 

The mode shapes are normalized according to Eq. (7.7) by 

I" I"' [(2;-1)1rX] X ,'(x) dx = 1 = C,'sm' --2-L-- dx 
o 0 

c= fi , YI 
The general solution for the tc;Jrsional oscill ations is 

~ (i [(2; - 1)1rX] . 
u(x, t) = t, YI Sto --2-L- - (A, cos w,t + B, Sto w,t) 

Application of the initial velocity condition leads to B, = O. A pplication of the initial displacement 
condition leads to 

Tx _ ~ fi. [ (2; -1)1rX] 
lG -t,YI Sl n 2L A , 

MUltiplying the previous equation by X/x) for an arbitrary j and integrating from 0 to L leads to 

T (i I" . [(2j - 1)1rX] . ~ 2 I"' [(2; -1)1rX] . [(2j - 1)1rX] lG YI XSto --2-L-- dX= t,I A , Sto --2-L-- Sin --2-L-- dx 
o " 

Mode shape orthogonality implies that the only nonzero term in the infinite sum corresponds to 
i = j. Thus 

- A = fiI- I" x sin [ (2j - l)1rX] dx 
I YIlG 2L 

Thus the torsional response is 

o 

(i TL'( -I Y+' 
= YI 1r'l G(2j - 1)' 

(I( ) - 8TL :i: (-1),+' . [(2i -1)1rX ] . [(2i - 1)1r @. ] 
x,t- 1r'lG ,_ , 2i _l sln 2L Sin 2L y-pt 

7.18 A time.dependent torque of the form of Fig. 7·9 is applied to the midspan of a circular 
shaft of length L, shear modulus G, mass density p, and polar moment of inertia J. The 
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shaft is fixed at o n e end and free at the other e nd . U se modal superposition to determi n e 
the time-dependen t torsio na l response of the shaft. 

Fig. 7·9 

The partial diffe rent ial equation gove rning the torsional oscillation is 

a' lJ ( L) a'lJ GJ -,+ To[U(I)-U(I-lo) J ~ x --
2 

=pJ , ax al (7.29) 

From Prob lem 7.3 the natural frequencies and normalized mode shapes for the shaft are 

w = (2n -1)1f @ 
" 2L YP ' n = I , 2,. 

X () (2 [ (2n - 1)1fX] 
" x = 'VI sm --2-L--

The excitation is expanded in a series of mode shapes using Eq. (7.14) with 

IL ( L) (2 [(2k - 1)1fX ] 
e.=o To[u(I) - I/ (I-lo) l ~ x-2' 'VI Sin --2-L-- dx 

(2 . [(2k - 1)1f] = 'VI Tosm --4- - [U(I) - U(I - lo)J (7.30) 

lJ(x, I) is expanded in a series of mod e shapes of the form of Eq. (7. 13). Substituting this expansion 
in Eq. (7.29) using Eq . (7.30) leads to . 

- d' X - -
GJ 2: P.(I) -d ,'+ 2: e.(I) X.(x) = pJ 2: P.(I) X.(x) 

k - I x k - 1 1< .. 1 

However, 

Thus 2: (pJP. + pJw.'P. - e.)x. = 0 

Multiplying the above equation by X;(x) fo r an arbitrary j, integrating from 0 to L , and using mode 
shape orthogonality lead to 

P. + w.'P. = Jt~sin [(2k ~ 1)1f][u(l) - U(I - (0)J 

The solution of the previous eq uation is obtained using the convolution integral as 

P.(I) = )t PJ:.' sin [(2k ~ l)Jr]{(1 - cos W. I) U(I) 

- [1 - cos w. (1 - (0)J U(I - to)} 



222 VIBRATIONS OF CONTINUOUS SYSTEMS [CHAP. 7 

7.19 Use modal superposition to determine the time-dependent response of the system of Fig. 
7-10. 

Fo sin rot 

+ I I I JA. E. A. £ d5, 
f---- i --.j--- i ----1 

Fig. 7-10 

The natural frequencies and normalized mode shapes for a simply supported beam are 

Hfl w =(mr)' --
" . pAL' 

The differential equation governing the motion of the beam is 

a'w aw' . (L) 
EI ax,+pAa1=Fosm(wr)u x-2' 

The excitation is expanded in a series of mode shapes according to Eq. (7.14) with 

.r-;-;-F;,. [ (krr) ] = v2L;;; sm wi cos '2 - cos (krr) 

= Bit. sin wt 

B'= V2L~{-~ krr 0 

k = 1, 3, 5,. 
k = 2, 6,10,. 
k = 4, 8,12,. 

(7.31 ) 

The transverse deflection is expanded as LP,(I) X,(x) and substituted into Eq. (7.31) leading to 

• d'X ' • El,l;, p,(r) d/ + pA ~ p,(r) X,(x) = ~, C(I) X,(x) 

Noting that 

and rearranging lead to 

2: [pA(P, + w,'p,) - C,lX,(x) = 0 , -, 
Multiplying the previous equation by X;(x), integrating from 0 to L, and using mode shape 
orthogonality lead to 

The solution of this equation subject to p,(O) = 0 and p,(O) = 0 and w oF w, is 

() B, (. w. ) PI< t = -'--2 Sin wt - - Sin w,J 
W k -w WI.: 
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7.20 Use modal superposition to de termine the respo nse of the system of Fig. 7-11. 

(P. E.A 

~:l-----[J--- Foe" 

i----- -L - -----; 

Fig. 7-11 

The problem governing the motion of the system of Fig. 7- 11 is 

E a'u a'u 

subject to 

u(O, I) = 0 

- EA ~ (L, I) + Foe -" = m a'~ (L, I) ax ar 

223 

The natural freq uencies and mode shapes for this system are determined in Problem 7.4. 
Substituting the moda l superposition, Eq. (7.13) , into the differential equation and non­
homogeneous boundary condition leads to 

• dX -
- EA 2: -d '(L) p,(I) + F.,e -·' = m 2: P,X,(L) 

.1; - 1 x /c " l 

Noting that 

leads to 

2: (p , + w.'p,)X, = a 

i: (p, + w.'p,) X ,(L) =!'2. e -" 
I ..... L m 

The first equation is multiplied by Xj(x) for an arbitrary j and integrated from 0 to L. The second 
equation is multiplied by mXj(L) /(pA). The two equations are then added leading to 

~ [m fL ] X(L) ,,,=, (p , + w.'p, ) pA X j(L) X,(L) + 0 X j(x) X , (x) dx = ~A F.,e -·' 

Using the mode shape orthogonality condi tion for this problem, derived in Problem 7.10, the only 
nonzero term in the sum corresponds to k = j. Thus 
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where 
p~ X,(L) 

!!:!..-X/(L) + J X/ (x)dx 
pA 0 

!!:!..- sm' (w Ie. L) + !:: - f§. ~ sm (2w fE. L) 
pA ,\ /'£ 2 'Y P4w, ''YE 

The solution for p;(t) subject to p;(O) = 0 and p;(O) = 0 is 

7.21 Use Rayleigh's quotient with a trial function of 

( ) 
. nx 

u x = B SIn!: 

to approximate the lowest natural frequency of the system of Fig. 7-12. 

Fig. 7·12 

The appropriate form of Rayleigh's quotient for the torsional system of Fig. 7·12 is 

R (u) 

!JG(~)' dx 

J pJu'(x ) dx + IU'(~ L) 
o 

L 

f pIB' sin' (~) dx + IB ' sin' (¥) 
o 

n'GIB' 

2L 

pJB' L + 31B' 
2 2 

Hence an upper bound for the system's lowest natural frequency is 

w,:s ---m 
( 

,,'G ) '" 
pL'+­

J 

[CHAP. 7 
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7.22 Use Rayleigh 's quotient to approximate the lowest natural frequency of longitudinal Si\. motion of the tapered bar of circular cross section shown in Fig. 7-13. 

Matl'lcad 

7_23 
~f+ sa. 
Mathead 

The trial function 

I~T 
1~1 
~------L------~ 

Fig. 7-13 

u(x) = B sin;;' 

satisfies the boundary conditions u(O) = 0 and du/dx(L) = O. The geometric properties of the bar's 
cross section are 

r(x) = r(1 - 2
XL) 

,: A(x) = Itr'( 1 - ;L)' 

Application of the appropriate form of Rayleigh's quotient to the trial function leads to 

R(u) 
fL (dU)' 
o EA(x) dx dx 

L f pA(x) ,,'(x ) dx 
o 

.J Eltr'( 1 - fL)'[21cos (ii) r dx 

! Pltr'( 1 - 2
X
L)' sin' (;;.) dx 

o 

0.9017ELltr' E 
0.2157Lpltr' 4.205 pL' 

Thus, an upper bound for the lowest natural frequency of longitudinal osci llations is 

w < 2.05 f§. 
, L Y-;; 

Use the Rayleigh-Ritz method to approximate the two lowest natural frequencies of the 
system of Fig. 7-13. Use the two lowest mode shapes for a uniform fixed-free bar as trial 
functions. 

The two lowest mode shapes for a fixed-free uniform bar are obtained in Problem 7.3 as 

<p,(x) = sin G~) , . (3JtX) <p,(x) = SIO 2L 
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Hence the Rayleigh-Ritz approximation to the mode shapes is 

u(x) = C, sin Ga:t- C;sin (~~) 
Application of the Rayleigh-Ritz method leads to two equations of the form of Eq. (7.20) with 

IL (d4»(d4» 
a'j = EA(x) dX' dx dx 

o 

(3'j = J pA(x) 4>,(x) 4>Jix) dx 
o 

The coefficients for this problem are determined as 

_ IL E '(1_ ~)'[~ (7CX)]' _ 0.9017EJCr' 
a" - 7Cr 2L 2L cos 2L dx - L 

o 

0.6094Errr' 
L 

a" = ! E7Cr'( 1 - 2:)'[~Z cos (~~) r dx = 66~E7Cr' 

(3" = ! prrr'( 1- 2
xJ' sin' G~) dx = 0.2157p7Cr' L 

{3" = {3 '1 = J P7Cr'( 1 - 2xJ' sin (;;.) sin (~~) dx = 0.0697pJCr'L 
o 

L 

(3" = I P7Cr'( 1 - ZXL ) 
2 

sin ' e2~) dx = 0.28322p7Cr' L 
o 

Upon substitution and simplification, Eqs. (7.20) become 

where 

(0.9017 - 0.21574> )C, + (0.6094 - 0.06974> )C, = 0 

(0.6094 - 0.06974> )C, + (6.664 - 0.28334> )C, = 0 

4> = (P~')w' 
A nontri vial solution of the above equations ex ists if and only if the determinant of the coefficient 
matri x of the system is zera. To this end 

1
0.9017 - 0.21574> 0.6094 - 0.06974>1 = 0 
0.6094 - 0.06974> 6.664 - 0.28334> 

(0.9017 - 0.21574> )(6.664 - 0.28334» - (0.6094 - 0.06974» ' = 0 

0.05624>' - 1. 6084> + 5.637 = 0 

The solutions of the above quadratic equation are 4> = 4.093, 24.53 leading to 

W I = 2.0228 IE, , w, = 4.949 IE, VPi' VPi' 
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7.24 Use the Rayle igh-Ritz me thod to a pproxima te th e two lowest na tura l frequencies of the 
torsional syste m of Fig. 7-14. Use cubic po lyno mi a ls as tria l functions. 

J :;; I x IO-s m4 

C=80 X IO' *, 

~I------------~~ k/ = 4 x I06N·
r
m 

f-- - -- 1.5 m - - ---i 

Fig. 7-14 

The Rayle igh- Ritz met hod can be applied using tria l functio ns satisfying only the geome tric 
boundary condi tions (i.e ., bo undary cond itions developed sole ly from geometric considera tions). 
Polynomials satisfying the bo undary conditions for a fixed-free shaft are 

4>,(x)=x' -3L'x , 

The coefficients used in Eq. (7.20) are 

4>,(x) = x ' - 2Lx 

JL (d4>,)(d4>;) a ,; = JG dx dx dx + k,4>,(L) <i>/L ) 

" 

{3,; = ! p1</>,(x) <i>;(x) dx 

" 
Evaluation of these coeffi cients leads to 

a" = ! JG(3x' - 3L' )' dx + k,(L' - 3L')' = 2. 114 X 10" 
o 

L 

a" = J JG(3x' - 3L')(u - 2L) dx + k,( L' - 3L')(L' - 2L' ) = 6.379 X 10' 
o 

- a OJ = ! JG(u - 2L)' dx + k,(L ' - 2L' ) = 2.11 5 X 10' 
o 

{3" = ! pi{x' - 3L')' dx = 2.589 
o 

(3" = ! pi(x' - 3L' x)(x ' - 2Lx) dx = 0.903 
o 

(3" = ! pi(x ' - 2Lx )' dx = 0.3159 

" 
Equations (7.20) become 

(2.114 X 10" - 2.589w' )C, + (6.379 X 10' - 0.903w' )C, = 0 

(6.379 X 10' - 0.903w')C, + (2. 11 5 X 10'_ 0.3 157w' )C, = 0 
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A nontrivial solutio n is obta ined if and only if the detenni nant of the coefficient mat rix is set to 
zero, leading to 

whose solutions are 

0.OO I369w' - 6.2533 X 10' w' + 4.01 95 X 10" = 0 

w , = 8076 rad , 
s 

w, = 66430 rad 
s 

7.25 Use the R ayleigh-Ritz m e thod to a pproxim a te th e two lowest n atural freq uencies of a 
2:a. un iform fi xed-fixed beam. Use the following tria l functio ns, w hich satisfy a ll b o undary 
... co nditio ns: 
Matncad 

<p ,(x) = x' - 2Lx 3 + L'x', <p,(x) = X s - 3L'x3 + 2L'x' 

The Rayleigh-Ritz approximation to the mode shape is 

w(x) = C, cf>,(x) + C,cf>,(x) 

The appropriate form of the coeffi cients for Eqs. (7.20) is 

IL (d'cf>,)(d'¢J) 
a 'J = El dx' dx' dx 

o 

L 

(3 'J = I pA cf>,(x) ¢lx) dx 

" 
Using the suggested tri al functio ns, the coefficients are calcula ted as 

a" = ! E/ (J2x ' - 12Lx + 2L')' dx = 0.8El L ' 
o 

a" = ! E/ (l 2x' - 12Lx + 2L ' )(20x' - 18L'x + 4L') dx = 2E1 L' 
o 

L 

L 

a " = I El (20x'- 18L'x +4L')'dx = 5. 1428E1L' 
o 

{3,,=! pA(x'-2Lx'+ L' x ' )' dx= 0.OO1587pAL' 
n 

(3" = I pA(x' - 2Lx' + L'x')(x' - 3L'x' + 2L'x') dx = 0.OO3968pA L 1O 

o 

L 

(3" = I pA(x' - 3L'x ' + 2L'x')' dx = 0.OO99567pA L" 
o 

Substi tution into Eqs. (7.20) and rearrangement yields 

(0.8 - 0.OO I587cf> )C, + (2 - 0.OO3968cf> )C, = 0 

(2 - 0.OO3968cf»C, + (5. 1428 - O.OO99567cf»C, = 0 
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where 
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rJ>=w,pAL' 
El 
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A no ntrivial solution of the above system exists if and o nly if the determinant of the coefficient 
matrix is set to zero. To this end 

(0.8 - 0.001589rJ»(5.1428 - 0.0099567rJ» - (2 - 0.003968rJ»' = 0 

5.63 X lO- 'rJ>' - 2.549 x lO-'rJ> + 0.11424 = 0 

The solutions of the above equations are 504.09 and 4028.23 leading to 

I El 
w, = 22.4 V pA L' 

(El 
w, = 63.47 V;;::;U: 

Supplementary Problems 

7.26 How long does it take a wave to travel across a 30-m transmission line of te nsion 15,000 Nand 
linear density 4.7 kg/ m? 

Ans. 0.53\ s 

7.27 Derive the partial differential equation governing the longitudinal vibra tio ns of a uniform bar. 

Ans. 

7.28 Derive the partial differenti al eq uation governing the transverse vibrations of a taut string or cable. 

Ans. 

7.29 De termine the lowest torsional natural frequency of a 5-m-long stee l (G = 80 x 10' N/ m', 
E = 200 x 10' N/m', p = 7800 kg/m' ) annular shaft of inner diameter 20 mm and oute r diameter 
30 mm. The shaft is fixed at one end and free at its other end. 

Ans. 1006 rad /s 

7.30 Determine the lowest longitudinal natural frequency of the shaft of Proble m 7.29. 

Ans. 1590 rad /s 

7.31 A pulley of mome nt 04 ine rtia 1.85 kg/m' is attached to the e nd of a 80-cm steel (G = 
80 x 10' N/m', E = 210 x 10' N/m', p = 7800 kg/m') shaft of diameter 30 cm. What are the two 
lowest natural freque ncies of torsional oscillation of the pulley? 

Ans. 4655 rad /s, 15,000 rad /s 

7.32 Determine the characteristic equation for the longitudinal oscillations of the bar of Fig. 7-15. 

(E.A 

II---------'~ 
~-------- L --------~ 

Fig. 7-15 
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Ans. 

7.33 Determine the two lowest natural frequencies for the system of Problem 7.32 if E = 150 X 

109 Nl m', p = 5000 kg/m', A = 1.5 x 10-' m, L = 1.6 m , and k = 3.1 X 10' N/m. 

Ans. 5.82 x 10' radls , 1.63 x 10' rad ls 

7.34 Determine the characteristic equation for the system of Fig. 7-16. 

DI--__ (_P_. E_. A __ ~D 
~-------- L --------~ 

Fig. 7·16 

Ans. 

( IE. ) _ 2mw'AyPE 
w tan VE wL - m'w' _ pEA' 

7.35 Show that the mode shapes for the system of Problem 7.32 satisfy the orthogonality condi tion, Eq. 
(7.6). 

7.36 D eve lop the orthogonality condition satisfied by the mode shapes of the system of Proble m 7.34. 

Ans. 
L 

pA f X ,(x} X;(x} dx + mX,(L} XlL} + mX,(O} Xj(O} = 0 
o 

7.37 D evelop the characterist ic equation for a fixed -free beam. 

Ans. 

cosh </> cos </> = -1, (
W'PAL') '" 

</> = --
EI 

7.38 D evelop the characteristic equat ion for a free-free beam. 

Ans. 

cosh </> cos <I> = 1, 

7.39 Develop the cha racteristic equation for a beam fixed a t one end with a spring of stiffness k attached 
at its o ther end. 

Ans. . . .,,--' 

<I>'(cosh <I> cos <I> + I ) - !3(cos <I> sinh </> - cosh </> sin </>} = 0 

_ (W'PA L' )'" _ kL' 
<I> - EI ' !3 - EI 

7.40 De termine the lowest natural frequency o f transverse vibration of the system of Problem 7.29. 

Ans. 6.41 rad/s 
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7.41 Dete rmine the cha racteris tic equation for a beam fixed at o ne end with a disk o f negligible mass 
but a large mo ment of inertia 7 a ttached a t its othe r end. 

Ans. 

cos <I> cosh <I> + Jl(sin <I> cosh <I> + cos <I> sinh <1» = -1 

= (W' PAL') '" 
<I> £1 ' 

7 
Jl = pAL' 

7.42 Show that the mode shapes of the system of Problem 7.37 sa tisfy the orthogonalit y condition, Eq. 
(7.6). 

7.43 Develop an o rthogonality condition satisfi ed by the mode shapes of the system of Problem 7.41. 

Ans. 
L 

J X,(x)Xlx)dx+JlX,(L )X;(L)=O 
o 

7.44 Determine the steady·sta te amplitude of angular oscillation of the disk o f Fig. 7· 17. 

Fig. 7·17 

Ans. 

TaL sin <I> <I>=WL~ IG( <I> cos <I> - Jl<l>' sin <1» ' 

7.45 Dete rmine the steady·state amplitude of the end of the beam of Fig. 7·1 8. 

Ans. 

, :;;§ ___________ .JI) Mo sin WI 

~-------L--------~I 

Fig. 7·18 

MoO + sinh' JlL - sin JlL sinh JlL) 
£/Jl' (l + cosh JlL cos JlL) 

_ (W'PA)'" Jl- ­
£1 
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7.46 A torque To is statically applied to the midspan of the shaft of Fig. 7·19. Determine the 
mathematical form of the time·dependent torsional oscillations when the torque is suddenly 
removed: 

Ans. 

8(x, f) = ~, An sin (wn.j{;x) sin wnf 

7.47 Use modal superposition to determine the rcsponse of the pulley of Problem 7.31 when it is subject 
to an angular impulse H at f = O. 

Ans. 

7.48 Use modal superposition to determine the response of the system of Fig. 7·20. 

Ans. 

+ I I I IJ 
£--------r-,iri, 
1------ ~L ----1--- 4- --l 

Fig. 7·20 

2 ~ cos (2/3)k1! - cos k;r ( - n' a.) . k1!X 
- Fo L- k( 2 ') e - cos w,f + -Sin w,f SIn-

L 1C k ... O W./r + a Wit. 

7.49 Determine the differential equations to be solved for p, for a simply supported beam subject to a 
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conce ntrated load of magnitude 1 that s tarts a t the beam 's left end a t t = 0 and traverses the beam 
at a speed v. 

Ans. 

7,50 Use Rayleigh's quotient to approximate the lowest natural frequency of longitudinal vibrations of 
the system of Fig. 7-21 using 

as a trial function. 

Ans. 

q,(x) = sin lCX 
2L 

I--L _ 

Fig, 7-21 

w < ~ 
,,' EA 

4pAL'+ 8mL 

7.51 Use Rayleigh's quotient with the trial fun ction 

q,(x) = sin!!:: 
L 

to approximate the lowest natural frequency of a simply supported beam with a concentrated mass 
m at its midspan. .-

Ans. 

EI,,' 
w < 

pAL'+ 2mL' 

7.52 Use the Rayle igh-Rit7,method with trial functions 

q,,(x) = L'x - 2Lx' +x', 

to approximate the lowest natural frequency of a uniform simply suppo rted beam. 

Ans. 

9.877(~) "· 
pAL 

7.53 Use the Rayleigh-Ritz method with trial functions 

. 210: 
q, ,(x)=SlnT 
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to approximate the lowest natural frequency of the system of Fig. 7-22. 

~ 8 ~ 
t---¥-_ I-- i ---i 

Fig. 7-22 

Ans. 3.01 X 10' rad ls 

p =7500*, 

A = I X 10'2 m2 

L=3m 

E=210XIO'~ 

[CHAP. 7 



Chapter 8 

Vibration Control 

Vibration control is the design or modification of a system to suppress unwanted vibrations 
or to reduce force or motion transmission. The design parameters include inertia properties, 
stiffness properties, damping properties , and even the system configuration including the 
number of degrees of freedom. 

8.1 VIBRATION ISOLATION 

Vibration isolators are used either to protect a foundation from large forces developed 
during operation of a machine or to protect a machjne from large accelerations induced by 
motion of its base. The para llel elastic spring and viscous damper combination in the system of 
Fig. 8-1 serves as a vibration isolator. If the machine is subject to an excitation F(t) which 
induces a displacement x(t), the force transmitted to the foundation through the isolator is 

Fr = kx + ci (8.1) 

If the base of the system of Fig. 8-2 is subject to a_ displacement y(t), then the acceleration 
transmitted to the machine of mass m is determined as 

ci + kz 
i = - --­

m 
(8.2) 

where z(t) is the displacement of the machine relative to its base and is equa l to the total 
displacement of the isolator. 

Fig. 8-1 
t 

Fig. 8-2 

The above shows that the two types of isolation problems are ana logous, and the same 
theory is used to analyze both problems. 

8.2 ISOLATION FROM HARMONIC EXCITATION 

The steady-state response of the machine of Fig. 8-1 due to a harmonic excitation 
F(t) = Fa sin wt is 

x(t)=Xsin(wt-cf» (8.3) 

where 
Fa Fa 1 

X=-M(r (;)=-~=~=;;;~ 
mw} , mw} V(l- r2? + (2(;r)2 

(8.4) 

235 
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where r = w/wn is the frequency ratio. Then the force transmitted to the foundation of Fig. 8-1 
is determined using Eqs. (8.1) th rough (8.4) as 

Fr = Fsin(wt - A) (8.5) 
,----~-I 1 + (2tr)' 

FT = Fo T(r, t) = Fa Y (1 _ r')' + (2t r)2 where (8.6) 

and A _ - I [ 2tr 3 ] 

- tan 1 + (4t' - l)r' (8.7) 

The funct ion T(r, n is called the transmissibility ratio and is plotted in Fig. 8-3. Note that 
vibration isolation occurs on ly when T < 1. Thus from Fig. 8-3, isolation fro m harmonic 
excitation occurs only when r > V2. 

Fig. 8·3 

8.3 SHOCK ISOLATION 

Consider an excitation F(t) , characterized by parameters Fo (perhaps its maxi mum value), 
and a characteristic time (perhaps the duration of" the excitation) of 10 , The dispLacement 
spectrum for F(I) is a nondimensional plot of kxm,,/ Fo on the vertical scale versus wnto/2n on the 
horizon tal sca le. The fo rce spectrum is a plot of FT,m,J Fo on the vertical scale versus wnlo/2n on 
the horizon tal scale. The force spectrum is identical to the displacement spectrum for an 
undamped system. The force and displacement spectra are used in design and analysis 
applications for transient excitati ons. 

8.4 IMPULSE ISOLATION 

If a system is subject to a very short duration pulse, the shape of the pulse is insignificant in 
determining the maximum displacement and maximum transmitted force. An excitation applied 
to an elastic system can often be modeled as an impulsive excitation if the pulse duration to is 
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much less than the system's natural period T. In this circumstance, the important quantity is the 
total magnitude of the impulse applied to the system: 

" 
1= J F(I)dl 

o 

Application of the impulse leads to a velocity change of 

v=­
m 

(8.8) 

(8.9) 

Isolators are designed to protect foundations from large impulsive forces. A nondimensional 
representation of the maximum force transmitted through an isolator to its foundation is 

«0.5 
(>0.5 

(810) 

Figure 8-4 shows that Q(O is flat as its minimum and approximately equal to 0.81 for ( = 0.24. 

0.6 

Fig. 8-4 

Isolator efficiency for impulsive excitations is defined as 

0.8 

«0.5 
(>0.5 

(8.1I) 

E(() has a maximum of 0.96 for ( = 0.4. It is noted that only evaluations of the inverse tangent 
function between 0 and 7C are used in evaluating Eqs. (8.10) and (8.11). 

8.5 VIBRATION ABSORBERS 

Large amplitude steady-state vibrations exist when a system is subject to a harmonic 
excitation whose frequency of excitation is near the natural frequency of the system. The 
steady-state amplitude can be reduced by changing the system configuration by the addition of a 
vibration absorber, an auxiliary mass-spring system illustrated in Fig. 8-5. The addition of a 
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vibration absorber adds 1 degree of freedom to the system and shifts the natural frequencies 
away from the excitation frequency. The lower of the new system's natural frequencies is less 
than the natural frequency of the primary system while the higher natural frequency is greater 
than the natural frequency of the primary system. 

t Fo sin WI 

m, 

Fig. 8-5 

If the primary system is subject to a harmonic excitation of magnitude Fe, and frequency w , 
the steady-state amplitude of the primary mass when the absorber is added is 

XI = -k
Fo I 2 2 , 1 ~ r,' ) 2 I 

, r, r, - r, - 1 + J.L r, + 1 

and the steady-state amplitude of the absorber mass is 

where 

Fo I 1 I X 2 =- 2 2 2 2 
k I r, r2 - r2 - (1 + J.L )r, + 1 

W 
'1= - , 

W" 

W 
'2=- , 

W22 

(8.12 ) 

(8.13) 

(8.]4) 

(8.]5) 

(8.16) 

As shown by Eq. (8.12) and illustrated in Fig. 8-6, if r, = 1, the steady-state amplitude of the 
primary mass is zero. In this situation 

X -f2 2-
k2 

(8.17) 

When a vibration absorber is added to a system with a harmonic excitation and the absorber 
is tuned to the excitation frequency, the point in the system where the absorber is added has 
zero steady-state amplitude. 
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2o.-------------------------------, 
~~ 
'. 

IS .. . . . 

.: ..• . 

:: 
.' .' I' = O.I S 

W 22 = I 
w" 

. ..... . 
°O~------~O.-S------~~----~l.LS~~~~ 

r, 

Fig. 8-6 

8.6 DAMPED ABSORBERS 

239 

Damping may be added to a vibration absorber in order to alleviate two problems that exist 
for an undamped absorber: 

(a) Since the lower natural frequency of the 2-degree-of-freedom system is less than the 
frequency to which the abJiorber is tuned, large amplitude transient vibrations occur during 
sta rt-up. . 

(b) As illustrated in Fig. 8-6, the steady-state amplitude of the primary mass grows large for 
speeds slightly away from the tuned speed. Thus the absorber cannot be used when a 
machine operates at variable speeds. 

When viscous damping is added to an absorber, as shown in Fig. 8-7, the steady-state ampl it ude 
of the primary mass is 

(8:18) 

where 
c 

(=---
_ 2Ykzm z 

(8.19) 

Equation (8.18) is illustrated in Fig. 8-8 for several values of the parameters. 

m, 

Fig. 8-7 
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I' = 0.25 

,= 0.2739 

°0L-------OL.5------~--------I.L5------~ 

r, 

-- q = 0.80 ........ q = 0.90 - - - q - 0.70 

Fig. 8-8 

The optimum damping ratio is defined as the damping ratio for which the peaks in the 
frequency response. curve for the primary mass are approximately equal, leading to a wider 
operating range. This value is 

/ ----

8.7 HOUDAILLE DAMPERS 

I 3J.L 
(op' = Y8(1 + J.L) (8.20 ) 

A Houdaille damper, illustrated in Fig. 8-9, is used in rotating devices such as engine 
crankshafts where absorption is needed over a wide range of speeds, The damper is inside a 
casing attached to the end of the shaft. The casing contains a viscous fluid and a mass that is free 
to rotate in the casing. If the shaft is subject to a harmonic moment of the form Mo sin wi , then 
when the Houdaille damper is added to the shaft, its steady-state amplitude of torsional 
oscill ation is 

(8.21 ) 

where (8.22 ) 

The optimum damping ra tio is defined as the damping ratio for which the peak amplitude is 
smallest. It is determined as 

1 

(op, = V2(J.L + 1)(J.L + 2) 
(8.23) 

If the damping ratio of Eq. (8.23) is used in the design of a Houdaille damper, 

e = Mo (J.L + 2) 
max k, J.L 

(8.24 ) 
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and occurs when 

8.8 WHIRLING 
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Fig. 8·9 

Inertia element 

rNates in damper 

Damping provided 

by fluid 

c, 
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(8.25) 

Whirling is a phenomenon that occurs when the center of mass of a rotor, anached to a 
rotating shaft, is not aligned with the axis of the shaft. The motion of the shaft and the 
eccentricity of the rotor cause an unbalanced inertia force in the rotor, pul ling the shaft away 
from its centerline and causing it to bow. Whirlmg is illustrated in Fig. 8-10. For synchronous 
whirl, where the speed of the whirling is the same as the angu lar velocity of the shaft, the 
distance between the shaft's axis and its centerline, the amplitude of the whirl , is 

X r' 
~=A(r, n 
e V( l - r2)' + (2(r)' 

(8.26) 

where e is the eccentricity of the rotor, ( is the damping ratio of the shaft, and r = wi Wn where 
Wn is the natural frequency of the rotor and shaft system. 

0: Axis of shaft 
C: Geometric center of rotor 

G: Mass center of rotor 
e: Eccentricity 

X: Whirl amplitude 

Fig. 8·10 
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Solved Problems 

8.1 What is the maximum stiffness of an undamped isolator to provide 81 p ercent isolation 
fo r a 200-kg fan opera ting at 1000 r/min? 

For 81 percent isolation the maximum transmissibility ratio is 0.19. Using Eq. (8.6) with, = 0 
and no ting that isolation only occurs when r > v2 lead to 

0.19~-,_1-
r - I 

wh ich is solved giving r ~ 2.50. The system 's maximum allowable natural frequency is 

w" = ~ = _ 1_ (1000 ~)(21f rad )(1 min) = 41.9 rad 
rm ," 2.50 mm r 60 s s 

and thus the maximum isolator stiffness is 

( 
rad) ' N k = mw/ = (200 kg) 41.9 ~ = 3.51 x 10' ~ 

8.2 What is the minimum static deflection of an undamped isola tor to provide 75 pe rcent 
iso lation to a pump that opera tes a t speeds between 1500 a nd 2000 r/min? 

8.3 
rf+ sa 
Mathcad 

For 75 percen t isola tion, the transmissibility ra tio is 0.25. Then using Eq . (8.6) with , = 0 and 
noting that isolation occurs only when r > v2 lead to 

1 
0.25 = ? _I 

whose solution is r = 2.24. From Fig. 8-3, is is noted that isolation is greater at higher speeds. Thus 
if 75 percent isolation is achieved at 1500 rl min, better than 75 percent isolation is achieved at 
higher speeds. Thus, the maximum natural frequency is 

w 
w= -

(1500 ~)(21f rad )( 1 min ) 
mm r 60 s = 70.25 rad 

" r 2.24 S 

Then the minimum static deflection is 

9.81 ~ 
s 

1.99 mm 

A ISO-kg sewing m achine operates a t 1200 r l min and has a rotating unba la nce of 
0.45 kg-m. What is the m aximum stiffness of an undamped isolator such that the force 
transmitted to the machine's foundation is less than 2000 N? 
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8,4 
r{+ sa. 

Mathcad 

The excitation freq uency and magnitude are 

w = (1200 ~)(21f rad )( 1 min) = 125.7 rad 
mm r 60 s s 

( 
rad )' Fo = moew' = (0.45 kg-m) 125.7 ~ = 7.11 X 10' N 

The maximum transmissibility ratio such that the amplitude of the transmitted force is less than 
2000 N is 

T = EI = 2000 N 0.281 
Fo 7.11 X 10' N 

Application of Eq. (8.6) with, = 0 and noting T < 1 only when, > 1 lead to 

0281 =_1_ -> , =2134 . r - l . 

The minimum natural frequency and maximum stiffness are calculated as 

125.7 rad 
w. = ~ = ___ s_ = 58.9 rad 

,2.134 s 

(
rad)' N 

k = mw} = (150 kg) 58.9 ~ = 5.20 X 10' ;;:; 

A 20-kg laboratory experiment is to be mo unted to a table tha t is bolted to the fl oor in a 
laboratory. Measurements indica te that due to the operation of a nearby pump that 
operates at 2000 rlmin, the table has a steady-state displacement of 0.25 mm. What is the 
maximum stiffness of an unda~ped isolator, placed be tween the experiment and the table 
such that the experiment's acceleration amplitude is less than 4 m/s2? 

The excitation frequency is 2000 rlmin = 209.4 rad/s. The magnitude of the table's accelera­
tion is 

( 
rad)' m w' y = 209.4 ~ (0.00025 m) = 10.97 ~ 

The required transmissibility ratio is 

m 
4-

T = A m .. = __ s_' _= 0 365 
w' y 10.97 ~ . 

s 

The minimum frequency ratio is calculated by 

1 
0.365 = r _ 1 ->. ' = 1.93 

The maximum natural frequency and isolator stiffness are 

209.4 rad 
w = ~ = ___ s_ = 108.5 rad 

• 1.93 s 

(
rad) ' N k = mw} = (20 kg) 108.5 ~ = 2.35 X 10' ;;:; 
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8.S 
~f+ 

ii. 
Mathcad 

8.6 
~(+ 

ii. 
Mathcad 
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A 100-kg turbine operates at 2000 r/min. What percent isolation is achieved if the turbine 
is mounted on four identical springs in parallel, each of stiffness 3 X 10' N/m? 

The equivalent stiffness of the parallel spring combination is 

When the turbine is placed on the springs, the system's natural frequency is 

J1.2 x 1ft ~ 
w. = fE = m = 109.5 rad V;;; 100 kg s 

Noting that 2000 rlmin = 209.5 Iradls, the frequency ratio is 

209.4 rad 
,=.!!!...= ___ s_ = 1.912 

w. 109.5 rad 
s 

Th e transmissibility ratio is 

1 1 
T= , '- I = (1.912)'- 1 0.376 

and thus the percentage isola tion is 

100(1 - T) = 62.4 percent 

What can be done to the turbine of Problem 8.5 to achieve 81 perce nt isolation if the 
same mounting system is used? 

In Problem 8.1 it is shown that 81 percent isolation requires a minimum frequency ratio of 
2.50. Thus for the system of Problem 8.5, the maximum natural frequency is 

209.4 rad 
w. = ~ = ___ s_ = 83.8 rad 

, 2.50 s 

Since the same mountings as in Problem 8.5 are to be used, the natural frequ ency is decreased only 
if the mass is increased. The required mass is 

k 
m=-

w.' 

1.2 X 1ft~ 
m 

(83.8 r:d )' 
170.9 kg 

Thus 81 percent isolation is achieved if 70.9 kg is added to the turbine. r 

8.7 List one negative and two beneficial effects of adding damping to an isolator. 

From Fig. 8-3, it is seen th at in the range of isolation (, > vi). the best isolation is achieved 
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for an undamped isolator. Thus a negative effect of adding damping is to require a larger frequency 
ratio to achieve the same isolation. 

Since the range of isolation occurs for, > I, resonance is experienced during start-up. Adding 
damping decreases the maximum start-up amplitude. 

The addition of viscous damping leads to smaller isolator displacements. 

8.8 An isolator of damping ratio { is to be designed to achieve a transmissibility ratio T < 1. 
Derive an expression, in terms of { and T, for the smallest frequency ratio to achieve 
appropriate isola tion. 

The relation between T, " and ( is given by Eq . (8.6): 

T= 
1 +4(',' 

" + (4(' - 2), ' + 1 

Squaring and rearranging the previous equation leads to 

'( ,T' -I ) , T' -1 , + 4r ---2 , +--=0 
> T' T' 

The preceding equation is quadratic in , ' . Use of the quadratic formula leads to 

(T'-l) ~[ (T'- I) ]' (T' -I) " = I - 2t -----::r> ± 2t -----::r> - I - -----::r> 

Since T < I, only the choice of the phis sign leads to a posi tive , ' . Hence the smallest allowable 
frequency ratio is 

~ (T' - I) ~[ (T' -I) J' (T' - I) , = 1 - 2(' -----::r> + 2(' -----::r> - 1 - --:rz 

8.9 Solve Problem 8.1 as if the isolator had a damping ratio of 0.1. 

Using the results of Problem 8.8 with (= 0.1 and T = 0.19 leads to 

= (1 - 2(01); [ (0. 19)' -1] 
, . (0.19)' 

+ {I _ 2(0 1), [(0.19)' - I]}' _ [(0.19)' - 1]) on 
. (0.19)' (0.19)' 

=2.63 

Thus the maximum natura l frequency and maximum allowable stiffness are 

w w:;­
" , 

(1000 ~)(2" rad )(1 min) 
mm r 60 s 

2.63 
39.82 rad 

s 

(
rad)' N k = mw! = (200 kg) 39.82 -;- = 3.17 X 10' m 
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Solve Problem 8.3 as if the isolator had a damping ratio of 0.08. 

From Problem 8.3 the required transmissibility ratio is 0.281. Thus using the results of 
Problem 8.8 with (= 0.08 and T = 0.281 leads to 

, = (1_2(0.08)2[(0.281)'-1 ] 
(0.281)' 

+ {2(0.08),[(0.281)'-I] _I}' _ [(0.281)'- I]) Jn 
(0.281)' (0.281)' 

= 2. 18 

The maximum natural frequency and maximum isolator stiffness are calculated as 

125.7 rad 
w" = ~ = ___ s_ = 57.7 rad 

, 2.18 s 

(
rad)' N k = mw.' = (150 kg) 57.7 -;- = 4.99 x 10' ;;:; 

What are the maximum start-up amplitude and the steady-state amplitude of the system 
of Problem 8.10? 

Recall [rom Chap. 3 that the amplitude is related to the magnification factor by 

X = !2M(, \l=!2 1 
k ' k V (1 _ , ' )' + (2( ,)' 

Substituting values ca lcul ated in Problems 8.3 and 8.10 leads to a steady-state amplitude of 

X = 7.II X IO' N I 

4.99 X IO' !:: :-;V""[I===:(C;;2.=;=1 8"')""12i=+~[2:;;(0:=;.0::;;:8)C;:(2:;=. ;O;:1 8~) 1 ' 
m 

The maximum value of the magnification factor is 

1 
Mm

" = 2(Vl _ (' 

Thus the maximum amplitude during start-up is 

7.11 X 10' !:: 
f't) m 1 

X _. = k Mm.. . r.--=== 
4.99 X 1O'!:: 2(0.08) v I - (0.08)2 

m 

3.78 mm 

8.93 cm 

D esign an isolator by specifying k and [ for the system of Problem 8.3 such that the 
maximum start-up amplitude is 30 mm and the maximum transmitted force is 3000 N. 

The isolator is to be designed by specifying k and c. Two constraints must be satisfied: The 
maximum start-up amplitude is 30 mm, which leads to 

7.11 x 10' !:: 
0.03 m > m 

2(kVl=1' 

.. 
(S.27) 

and the maximum transmitted force must be less than 3000 N, which leads to 

3000 N > 7.11 X 10' N 
1 + (2(,)' 

(S.2S) 
(1 - , ' )' + (2(,)' 
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8.13 
r(+ sa. 

Mathcad 

Eq uation (8.27) can be rewritten in terms of , by no ting k = mw'/,. The result is 

7. 11 X I0'!::: , 
0.03 > m 2 --'--

(150 kg)( 125.7 r: d) 2(vi=7' 
(8.29) 

Equations (8.28) and (8.29) must be simultaneously satisfied. There are many solutions to Eqs. 
(8.28) and (8.29) which can be obtained by trial and error. One solution is , = 1.98 and ( = 0.20, 
which leads to X m .. = 0.03 m and FT = 2998 N. Thus 

mw2 N 
k= -= 6.05 x I0'-, m 

Using the isolator designed in Proble m 8.12, what, if any, mass should be added to the 
m achine to limit its steady-state amplitude to 3 mm? 

The steady-siate amplitude is calcu lated by 

X =5! 1 
k Y(l - , ' )' + (2(,) ' 

When mass is added to the machine, for a fixed k, the natural frequency is decreased , and hence 
the frequency ratio is increased. Using the values calcula ted in Problem 8. 12, 

0.003 m = 7.11 X 10' N 
6.05 X 10' !':'. Y(l , ' )' + [2(0.08),)' 

m 

which is solved for, = 2.21, leading to 

k k,' (6.05 X 10' ~)(2.2 1 )' · 
m = w} = w' = ( 125.7 r:d)' 187.0 kg 

Hence 37.0 kg must be added to the machine. 

8.14 Solve Problem 8.4 as if the isolator ha d a damping ratio of 0.13 . 
r(+ sa. The required transmissibility ratio is determined in Problem 8.4 as T = 0.365. Using the 
Mot.,ad equation developed in Problem 8.8 with T = 0.365 and, = 0.13 leads to 

= (1 -2(013), [(0. 365)' - I] 
, . (0.365)' 

+ {I- 2(0.13),[(0.365)' - I]}' _ [(0.365)' _ I]) '~ 
(0.365)' (0.365)' 

= 2.011 

The maximum natural frequency and maximum isolator stiffness are determined as 

209.4 rad 
w =~= ___ s_= 1041 rad 

" 2.011 . s 

(
rad) ' N k = mw} = (20 kg) 104.1 ~ = 2.17 x 10'; 
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Fo r the isola to r designed in Problem 8 .1 4, wh at is the steady-s ta te a mplitude of the 
expe rime nt , and wh at is the maximum de form a tio n in the isola to r? 

Using th e theory of Chap. 3, the steady-state amplitude of the experim ent is 

x = YT(r, 0 = YT(2.0I l , 0.13) = (0.00025 m)(0.365) 

= 9.13 X 10-' m 

The maximum deformation in the isolator is the same as the steady-state amplitude of the rela tive 
displacement between the experiment and the table: 

z = Y 1\(2.011 , 0.13) 

= (0.00025 ) ~=:::o~~(2ii=.0=1:;:;1 )~' ;:::;:::;:~~~ 
V[I (2.011 )']' + [2(0. 13)(2.011)], 

= 3.27 x 10- ' m 

A 200-kg turbin e ope rates a t speeds between 1000 and 2000 ri min. The turbine has a 
rota ting u nbalance QLO.25 kg-m. Wha t is the required stiffness of a n undamped isolator 
such that the maximum force tra nsmitted to the turbine 's foundatio n is 1000 N ? 

The rotating unbalance provides a frequency squared excitat ion to the machine of the form 

Thus th e transmitted force is of the form 

FT = moew' T(r , 0 

As r increases above v'2, T (r, n decreases. However, since FT is also proportional to w' , the 
transmitted force decreases with increasing w until a minimum is reached. 

In view of th e above, if the isolator is designed such that suffic ient isolation is achieved at the 
lowest operat ing speed, the transmitted fo rce must be checked at the highest operating speed. To 
this end, at the lowest operating speed, 

Fo = moew' = (0.25 kg-m) ( 104.7 r: d)' = 2740 N 

T
_ lOOON_ _ 1 
- 2740 N - 0.365 - r' _ 1 - r = 1. 93 

104.7 rad 
w. = ~ = _ __ s_ = 54.2 rad 

r 1.93 s 

Checking at the upper operat ing speed, 

209.4 rad 
w s .. 

r =-= - --=3.86 
w. 54.2 rad 

s 

I (0.25 kg-m)( 209.4 r:d)' 
F = m ew'-- = 789N 
TOr' - I (3 .86)' - 1 
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8.17 
~ (+ sa. 

lo1a1hCad 

8.18 
~(+ sa. 

Mathcad 

Hence the isolator design is acce ptable with 

( 
rad)' N k = mw"' = (200 kg) 54.2 --;- = 5.88 x 10' ;;:; 

Repea t Problem 8.16 as if the iso la tor had a damping ra tio of O.l. 

The solution procedure is as described in Problem 8.16. Setting T(r, 0.1) = 0.365, using the 
equation derived in Problem 8.8, leads to 

r = (1-2(0 1), [(0.365)'- 1] 
. (0.365)' 

+ {2(0.1), [ (0(~6:~;)~ I] _ I r -[ (0(~6:~;)~ I Jf 
= 1.98 

104.7 rad 
w" = ~ = ___ s_ = 52.9 rad 

r 1.98 s 

Checking the transmitted force at the upper ope rat ing speed, 

209.4 rad 

r =~=---s- =3.95 
w" 52.9 rad 

s 

FT = moew'T (3.95, 0. 1) 

= (0.25 kg-m)( 209.4 r:d )' 

= 955 N 

Hence the isolator design is acceptable with 

1+ [2(0.1)(3.95)J' 
[I - (3.95)' J' + [2(0. 1)(3.95)]' 

( 
rad) ' N k = mw.' = (200 kg) 52.9 - = 5.60 x 10' -

. s m 

Repeat Problem 8.17 as if the upper o pe ra ting speed were 2500 rIm in. 

The transmitted force at the upper operating speed for the turbine with the isolator design of 
Problem 8. 17 is calculated as 

261.8 rad 
r = ~ = ___ s_ = 4.95 

w" 52.9 rad 
s 

FT = moew'T(4.95, 0.1) 

= (0.25 kg-m)( 261.8 r: d)' 

= 1025 N 

1 + [2(0.1)(4.95)]' 
[\ - (4.95)' J' + [2(0.1)(4.95)J' 

Thus this isolator is not acceptable. An isolator cannot be designed such that sufficient 
isolation is achieved over the entire operating range. 
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Measurement indicates that the peak components of the tabl e vibration of Problem 8.4 
are a 0.25-mm component at 100 rad /s and a OA-mm component at 150 rad /s. An 
ava ilable isolator has a stiffness of 8 x 104 N/m and a damping ratio of 0.1. Will th e 
acceleration felt by the apparatus exceed 6 m/s' when this isolator is installed? 

Let, = 100/ Wo' Then 150/ Wo = 1.5,. An upper bound on the acceleration felt by the apparatus 
is 

( 
rad)' 

a:5 (0.00025 m) 100 --;- T(" 0.1) 

( 
rad) ' + (0.0004 m) 150 --;- T(1.5" 0.1) 

1 + [2(0.1),J ' 
= 2.5 

(I - , ' )' + [2(0. 1),J' 

1 + [2(0.1)(1.5')J ' 
\ +9 [1 - (1.5,)' J' + [2(0.1)(1.5,)]' 

= 2.5 
1 + 0.09,' 

5.0625,' - 4.41,' + I 

If the proposed isolator is used , then 

J 8X IO'.!::! 
Wo = [= ___ m_ = 63.2 rad 

,,;;; 20 kg s 

100 rad 

, = __ s_ = 1.58 
63.2 rad 

s 

and the upper bound on the acceleration is calculated as 3.86 m/s'. Thus the available isolator is 
sufficient. 

8.20 Repeat Problem 8.1 as if the isola to r damping is assumed to be hyste re tic with a 
hyste re tic damping coefficient of 0.2. 

The appropriate form for the transmissibility ratio for a system with hysteretic damping is 

1 +h' 
7;,(" h) = 

(1-,' )'+ h' 

Thus for 81 percent isolation with an isolator of h = 0.2, 

0.19 = 
1 + (0.2)' I 1.04 

(1 - , ' )' + (0.2)' = ",' - 2,' + 1.04 

(0.19)' (,' - 2, ' + 1.04) = 1.04 .. 

which is solved yielding' = 2.52. Hence the maximum allowable nat ural frequency is 

104.7 rad 
W = ~ = ___ s_ = 41 5 rad 
", 2.52 . s 
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from which the maximum isolator stiffness is calcu lated as 

( 
rad)' N 

k = mw"' = (200 kg) 41.6 --;- = 3.45 X la';;; 

Problems 8.12 through 8.25 refer to the following: During testing, a ISO-kg model of an 
automobile is subject to a triangular pulse, whose force and displacement spectra are shown in 
Fig. 8-11. 

10 

-- , - 0.0 .•... •. . , - 0. 1 

_ ._- , - 0.5 

(a) 

,= 0.0 ••. •. • • • , - 0.1 

--- ,-0.3 _ ._- , - 0.5 

(b) 

Fig. 8-11 

,= 0.2 

(= 0.2 

8.21 If the model is mounted on an isolator of stiffness 5.4 X 10' N/ m and damping ratio 0.1, 
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what is the maximum transmitted force and max imum model displacement fo r a pulse of 
magnitude 2500 N and duration 0.1 2 s? 

The system's natural frequency is 

{ 5.4 X 10' ~ 
w = fF.. = m = 60 rad . -y;, 150 kg s 

The value of the parameter on the horizontal scale of the spectra is 

(60 ~)(0. 1 2 s) 

2" 
1.1 5 

From the force spectrum, Frl Fa = 1.30; hence 

Fr = 1. 30Fa = 1.30(2500 N) = 3250 N 

From the displacement spectrum, kXm .. IFo = 1.35; hence 
/ 

x = I 351} = 1.35(2500 N) 6.25 mm m.. . k N 
5.4 X 10'­

m 

8.22 What is the max imum sti ffness of an isola to r such that the maximum transmitted fo rce is 
less th an 2000 N fo r a pul se of magnitude 2500 N and dura ti on 0.12 s? 

It is desired to set Fr l l';, = 2000/2500 = 0.8. From the force spectra, this corresponds to a 
horizontal coordinate of 0.3. Hence 

W.(O = 03 
2" . 

w = 0.3(2,,) = 15 71 rad 
• 0. 12 s . s 

The maximum allowable sti ffness is 

( 
rad)' N k = mw.' = (lS0 kg) 15.71 ~ = 3.70 x 10';;;-

8.23 What is the maximum displacement of the model with the isolato r of Problem 8.22 
installed? 

8.24 
~f+ 

is. 
Mathcad 

For a horizontal coordinate of 0.3, kx~.1 Fa = 0.8; hence, 

Fa 0.8(2500 N) 
X m .. = 0.8 k 0.054 m 

3.70x 10' ~ 
m 

.. 
If th e model is mounted on an isolato r of stiffness 5.4 x 10' N/m and damping rati o 0.14, 
what is the maximum transmitted fo rce if the pulse has a magnitude of 3000 N and a 
duration of 0.01 s? 

The natural frequency for the model on this isolator is 60 rad/s; thus the natural period is 
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0.105 s. Since the pulse duration is much smaller than the natu ral period, a short dura tion pulse 
assumption is used. The magnitude of the impulse is the tota l area under the force time plot: 

1 = 7" F(t ) dt = 2 \(0.005 s)(3000 N) = 15 N-s 

" 
From Eq. (8.10), Q(0.14) = 0.848; thus, 

( rad) Fr = 0.848Iw" = 0.848(15 N-s) 60 ~ = 7.63 X 10' N 

8.25 What is the model's maximum displacement for the situa tion described in Problem 8.24? 
r t+ a The velocity induced by the application of the impulse is 

Ma1 hcad 

From Eq. (8. 11), £(0. 14) = 1.39. Note that the range of the inverse tange nt function is taken 
from 0 to Jr. Then 

1 I ()' 2 mu' 2(150 kg) 0.1 ~ 
Xm .. = 1.39 -,;;- = 1.39 763 N 1.37 mm 

8.26 The l20-kg hamme r o f a 300-kg fo rge ha mmer is dropped from 1.3 m . D esign an isola tor 
ri+ for the hammer such that the maximum transmitted force is less tha n 15,000 N and the a max imum displacement is a minimum. 

Mathcad 

The velocity of the hammer upon impact is 

u, = V2gh = 2(981 ~)(l.3 m) = 5.05 ~ 

The principle of impulse and momentum is used to determine the velocity of the machine induced 
by the impact: 

(120 kg)(5.05 ~) 
300 kg 

2.02 ~ 
s 

For a specified transmitted force , the minim um maximum displacement is attained by choosing 
~ = 0.4. Then the required natural frequency is obtained by 

~=Q(O.4) 
mvw" 

Fr 15,000 N 

w" = muQ (O.4) = (300 kg)( 2.02 ~)(0. 88) 

Thus the maximum allowable stiffness is 

28.1 rad 
s 

( 
rad) ' N k = mw,,' = (300 kg) 28. 1 ~ = 2.37 x 10' ;:;; 
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A 200-kg machine is attached to a spring of stiffness 4 x 10' N/m. During operation the 
m achine is subjected to a harmonic excitation of magnitude 500 N and frequency 
50 rad /s. Design an undamped vibration absorber such that the steady-state amplitude of 
the primary mass is zero and the steady-state amplitude of the absorber mass is less than 
2mm. 

The steady-state amplitude of the machine is zero when the absorber ·is tun ed to the excitation 
frequency. Thus 

When this occurs, the steady-sta te amplitude of the absorber mass is given by Eq. (8.17). Thus 

0.002 m ",!::? ~ k ,", 500 N = 2.5 x 10' .!::! 
k, 0.002 m m 

Using the minimum allowable stiffness, the required absorber mass is 

k 
2.5 x 10' .!::! 

, m 
m2=~= ( rad) ' 

50 -
s 

100 kg 

Thus an absorber of stiffness 2.5 X 10' N/ m and mass 100 kg can be used. 

What are the natural frequencies of the system o f Proble m 8.27 with th e a bsorber in 
place? 

The natural frequencies of the 2-degree-of-freedom system with the absorber in place are the 
vales of w such that the denominator of Eq. (8.12) is zero .. Thus, noting that the mass ratio is 
JJ. = 100/200 = 0.5 , 

~-w'(~+~)+ I=O 2 2: 2 2 
W ll W n WI! W 22 

It is noted that w" = 50 rad/s, and 

{f J4 XIO'.!::! d m ra 
w" = m, = 200 kg = 44.72 5 

Substitution of these values leads to 

w' - 5.75 x 10'w' + 5 x 10' =.,0 

which is solved for w' using the quadratic equation. Taking the positive square roots of the roots 
leads to 

w , = 32.698 rad, 
s 

rad 
w,= 68.42 -

s 
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8.29 A piping system experiences resonance when the pump supplying power to the system 
operates at 500 r / min. When a 5-kg absorber tuned to 500 rlmin is added to the pipe, the 
system's new natural frequencies are measured as 380 and 624 r / min. What is the natural 
frequency of the piping system and its equivalent mass? 

The system has natural frequencies corresponding to values of w that makes the denominator 
of Eq. (8.12) zero. Using the definitions of Eqs. (8.14) and (8.15), this leads to 

Noting that 

w" = 500 rlmin = 52.4 rad 
s 

and applying Eq. (8.30) with w = 380 rlmin = 39.8 radls leads to 

2.5 1 x 10' + 1.17 X ]Q'w ,,' - 4.35 x 10'(1 + J.L) = 0 

Application of Eq. (8.30) for w = 624 rlmin = 65.3 rad ls leads to 

1.82 x 10' - 1.51 X 100w,,' -1.17 x 10'(1 + J.L) = 0 

Simultaneous solution of the previous two eq uations leads to 

w" = 49.2 rad 
s 

/.I. = 0.225 

Hence the piping system's natural frequency is 49.2 radls, and its equivalent mass is 

m , 5 kg 
m, = -;: = 0.225 = 22.2 kg 

(8.30) 

8.30 R edesign the absorber used in Problem 8.29 such that the system's natural frequencies 
are less than 350 rl min and greater than 650 r/min. 

Applying Eq. (8.30) of Problem 8.29 with w = 350 rlmin = 36.7 radls, w" = 49.2 radls, and 
w" = 52.4 radls leads to J.L = 0.414. Applying Eq. (8.30) of Problem 8.29 with w = 650 rl min = 
68.1 radls, with the same values of w" and w" leads to /.I. = 0.330. Thus in order for the natural 
frequencies of the system with the absorber added to be less than 350 rl min and greater than 
650 rl min requires an absorber mass of at least 

m , = /.I.m , = (0.414)(22.2 kg) = 9.19 kg 

Then the absorber stiffness is 

, (rad)' N k, = m,w" = (9.19 kg) 52.4 S = 2.52 x 10";;; 

8.31 A 100-kg machine is placed at the midspan of a simply supported beam of length 3 m, 
elastic modulus 200 X 109 N/m2

, and moment of inertia 1.3 X 10- 6 m ' . During operation 
the machine is subjected to a harmonic excitation of magnitude 5000 N at speeds between 
600' and 700 r/min. Design an undamped vibration absorber such that the machine 's 
steady-state amplitude is less than 3 mm at all operating speeds. 

The beam's stiffness is 

48£1 
48(200 x 10' -m

N,)(1.3 x 10- 6 m') 
k 4.62 x 10-' ~ =-U= (3m)' m 
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The system's natural frequency is 

4.62 X 10·' ~ 
m rad 

-1-'O""'O-k-g--'" 68.0 -;-

Assume th at steady-state vibra tions are to be e liminated at this speed; then, 

w" = w" = 68.0 rad 
s 

[CH AP. 8 

Note that in Eq. (8. 12), for, < 1, the numerator is positive and the deno mina tor is negative; hence, 
in order to enforce X, < 3 mm for w = 600 r/ min = 62.8 rad /s with " = ', = 62.8/68.0 = 0.923, 

5000 N 1 - (0.923)' 
- 0.003 m = 4.62 X 10' ~ (0.923)'(0.923)' - (0.923)' - (1 + 1-' )(0.923)' + 1 

m 

which is solved for I-' = 0.652. For " > 1, both the numerator and deno mina tor of Eq. (8. 12) a re 
negative. Hence for w = 700 r/ min = 73.3 rad/s and " = " = 73.3/68.0 = 1.078, 

3 m = 5000 N 1 - (1.078)' 
0.00 4.62 X Hr' ~ (1.078)'(1.078)' - (1.078)' - (1 + I-' )(1.078)' + 1 

m 

which is solved for I-' = 0.525. Since the mass ratios calculated represent the minimum mass ratios 
fo r the amplitude to be less than 3 mm a t the limits of the ope rating range, th e larger mass ra tio 
must be chosen. Hence 

I-' = 0.652, m , = I-'m , = (0.652)(100 kg) = 65.2 kg 

( 
rad ) ' N k , = m,w,,' = (65.2 kg) 68.0 -;- = 3.014 x 10' ;;; 

If an o ptimall y designed damped vi bration absorber is used o n the system of Problem 
8.31 with a m ass ratio of 0 .25, wha t is the machine's steady-state amplitude a t 600 r / min? 

The optimum absorber tuning is obtained from Eq. (8. 19) as 

1 I 
q = I + I-' = 1 + 0.25 = 0. 8 

The optimum damping ratio is calculated using Eq. (8.20): 

3(0.25) = 0 274 
8(1 + 0.25) . 

Using Eq. (8. 18) with these values and " = 0.923, Fo = 5000 N, 'imd k, = 4.62 X ](J' N/m lea ds to 
X , = 2.9 cm. 

8.33 A 300-kg machine is placed a t the end of a cantilever beam of length 1.8 m, e las tic 
modulus 200 X 109 N/ m', a nd moment of inerti a 1.8 x 10 - 5 m '. When the m achine 
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operates at 1000 rl min , it has a steady-state amplitude of 0.8 mm. Wha t is the machine's 
steady-state amplitude when a 3D-kg absorber of damping coefficient 650 N-s /m and 
stiffness 1.5 x 10' N/m is added to the end of beam? 

The beam's stiffness is 

3(200 x 10' -m
N

, )(1.8 x 10- ' m') 
k = 3£1 

U ' (1.8 m)' 

and the system's natural frequency is 

1.85 X 10' ~ 
m 

= IL 11.85X lO'~ 
WI' 'Jm Y 300 kg 

78.5 rad 
s 

The frequency ratio for w = 1000 rl min = 104.7 radls is 

104.7 rad 
r, = ~ = ___ s_ = 1.33 

WI' 78.5 rad 
s 

The excitation amplitude is calculated from knowledge of the steady-state amplitude before the 
absorber is added: 

F" = k, X,(r, ' - I) = ( 1.85 X 10' ~)(0.OOO8 m)[(1.33) ' - I] 

= 1.l4 X 10' N 

The natural frequency of the absorber is 

c J1.5 X lO' ~ _ &_ m-
707 

rad 
W 22 - -V ;;;;. - 30 kg - . s 

Thus the parameters of the absorber design are 

J1. = '!!1 = 30 kg = 0.1 
m , 300 kg 

70.7 rad 
q = w" = __ s_= 0.90 

WI' 78.5 rad 
s 

650 N-s 

(= __ c_= m 0.153 

2Ym;k, 2 )( 1.5 x 10' ~)(30 kg) 

Application of Eq. (8.18) with these values leads to X, = 9.08 x 10- ' m. 

An engine has a moment of inertia of 3.5 kg_m2 and a natural frequency of 100 Hz. 
Design a Houdaille damper such that the engine's maximum m agnification factor is 4.8. 

If the optimum damper design is used, then setting the maximum magnification factor to 4.8 
and using Eq. (8.24) leads to 

4.8 = J1. + 2 
J1. 

J1. = 0.526 
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The optimum damping ratio is determined fro m Eq. (8.23) as 

,= I 0.360 
Y2(1.526)(2.526) 

The Houdaille damper parameters are determined [rom Eq. (8.22) as 

J, = pJ, = (0.526)(3.5 kg-m' ) = 1.84 kg-m' 

c = 2(J,w, = 2(0.360)( 1.84 kg-m' )( IOO CYcle )(2rr rad) 
s cycle 

= 832 N-s 
m 

[CH A P. 8 

During operation the engine of Problem 8.34 is subjected to a harmonic torque of 
magnitude 100 N-m at a frequency of 110 Hz. What is the engine 's steady-state amplitude 
when the Houdaille damper designed in Problem 8.34 is used? 

The frequency ratio is 

r = .!:!..= llO Hz = ll 
w, 100 Hz . 

Thus from Eq. (8.21), 
r-~--~~~------

Mo I 4(' + r' 
e, = J,w,' -Y 4( r' + J.Lr' - I )' + (r' - I )'r' 

r-~------~4~(0~.3~6~0)~'-+~(1~.~1 )7,-----------100 N-m 

(3.5 kg-m' )[ l OO(2rr) r: d )' 

= 1.4 x 10-' rad 

4(0.360)' [(1.1)' + 0.536(1.1)' - 1]' + [(1.1 )' - 1]' (1.1 )' 

8.36 A 40-kg rotor has an eccentricity of 1.2 cm. It is mounted on a shaft and bearing system 
whose stiffness is 3.2 x 10' Nlm and has a damping ratio of 0.07. What is the amplitude of 
whirling when the rotor operates at -1 000 r/m in? 

The shaft's natural frequency is 

w"= fI = J3.2 X I O' ~= 89.4 rad 
-y;, 40 kg s 

The frequency ratio is 

( 1000 ~)(2rr rad)( 1 min) 
w . mm r 60 s r = - = ...:........:......:.:..:=-'-_:.....:....:....:::.:...::..c.. 
w" 89.4 rad = 1.17 

s .. 

The ampl itude of whirl ing is calculated using Eq. (8.27): 

x = (0.012 m)(1.1 7)' 

Y[1 - (1.17)' ]' + [2(0.07 )(1 .17)]' 
4.07 cm 
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An e ngine fl ywhee l has an eccentricity o f 1.2 cm a nd m ass o f 40 kg. A ss uming a d a mp ing 
ra tio o f 0 .05, wha t is the necessary sti ffness of its bearings to limit its whirl amplitude to 
1.2 mm a t a ll speeds between 1000 and 2000 r/ min ? 

The maximum allowable value of 1\ is 

Then using Eq. (8.26), 

" 0. I <Y,'_ 1.99,'+ 1 

, < 0.302 

Thus at all operat ing speeds, , < 0.302. Thus since the la rgest ope rating speed is 2000 r/ mi n = 

209.4 radls 

209. 4 rad 
w. > ___ s_ = 693 rad 

0.302 s 

Hence the minimum bearing sti ffness is 

( 
rad)' N k = mw.' = (40 kg) 693 -;- = 1.93 x 10' ;;; 

Supplementary Problems 

8.38 What is the maximum stiffness of an undamped isolator to provide 81 perce nt isolation to a 350-kg 
sewing machine when it operates at 2100 r/ min? 

Ans. 2.70 x 10' N/ m 

8.39 What is the maximum stiffness of an undamped isola tor to provide 70 pe rcent isolation to a 200- kg 
pump that operates at speeds between 1000 and 1500 r/ min? 

Ans. 5.06 x 10' N / m 

8.40 Repeat Problem 8.38 for an isolator with a damping ratio of 0.1. 

Ans. 2.44 x 10' N/m 

8.41 Repeat Problem 8.39 for an isolator with a damping ra tio of 0.08. 

A ns. 4.87 x 10' N /m 

8.42 A 50-kg compressor operates a t 200 rad/s. The only available isolator has a stiffness of 
1.3 x 10' N/m and a damping ra tio of 0.1. What is the minimum mass that must be added to the 
compressor to provide 68 pe rce nt isolation? 

Ans. 91.7 kg 

8.43 During ope ration at 1000 rl min, a 200-kg tumble r produces a harmonic force of magnitude 



260 VIBRATION CONTROL [CHAP. 8 

SOOO N. What is the minimum static defl ection of an isolator of damping ratio 0.12 such that the 
transmitted force is less than 2000 N? 

Ans. 3.33 mm 

8.44 What is the steady-state amplitude of the system of Problem 8.43 when the isolator with the 
minimum static deflection is installed? 

Ans. 3.08 mm 

8.45 A IS·kg fl ow meter is mounted on a table in a laboratory. Measurements indica te that the 
dominant frequency of surrounding vibrations is 2S0 rad /s. The amplitude at this frequency is 
0.8 mm. What is the maximum stiffness of an isolator of damping ratio 0.1 such that the 
acceleration transmitted to the fl ow meter is 5 m/s'? 

Ans. 7.01 x W ' N/m 

8.46 A 60-kg engine operates at 2000 rl min and has a rotating unbalance of 0.2 kg·m. Can an isolator of 
damping ratio 0.1 be designed to limit the transmitted force to 1000 N and the steady·state 
amplitude to 3 mm? 

Ans. No, the maximum allowable isolato r stiffness to limit the transmitted fo rce to 1000 N is 
2.27 x 10' N/m . If the st iffness is reduced below this value, the steady·state amplitud e will always 
be greater than 3 mm. 

8.47 What is the minimum mass th at can be added to the engine of Problem 8.46 such that a 
steady-state amplitude of 3 mm can be a ttained when a transmitted force of 1000 N is a ttained 
using an isolato r of damping ratio O.I ? 

Ans. 12.8 kg 

8.48 What is the maximum stiffness of an isol ator of damping ratio 0.1 that limits the transmitted force 
to 1000 N when 12.8 is added to the engine of Problem 8.47? 

Ans. 2.7S X 10' N /m 

8.49 What is the maximum start-up amplitude of the system of Problem 8.48. 

Ans. 0.1 6 m 

8.50 Repeat Problem 8.4 as if the isolato r had hys teretic damping with a damping coefficient of 0.15. 

Ans. 2.33 X 10' N /m 

8.51 Wh at is the maximum stiffness of an isolato r of damping ratio O. I such that the accelerati on felt by 
the apparatus of Problem 8. 19 is less th an 6 m/s'? 

AilS. 1.08 X 10' N/m 
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T he systems of Problems 8.52 through 8.56 a re subj ect to a pulse o f the fo rm o f Fig. 8-12. T he 
fo rce and displacement spectra fo r this type of pulse are given in Fig. 8-13. 

I , 

Fig.8-U 

Displacement Spectrum 

I; =0.00 

I; = 0. 10 

Force Spectrum 

I; = 0.00 

1; = 0. 10 

Fig_ 8-13 

8_52 A 50-kg machine is mounted on four parallel springs, each of stiffness 3 X 10' N/m. What is the 
maximum transmitted force when the machine is subject to an excitation of the fo rm of Fig. 8-12 
with Fo = 1200 N and I. = 0.05 s? 

A ns. 2040N 



262 VIBRA nON CONTROL [CHA P. 8 

8.53 What is the maximum displacement of the machine of Problem 8.52? 

Ans. 1.7 mm 

8.54 Wh at is the maximum stiffness of an isolator of damping ratio 0.1 such that the maxim um 
transmitted force for a loo·kg machine is 1125 N when it is subjected to the excitation of Fig. 8·12 
with Fo = 1500 Nand '0 = 0.04 s? 

Ans. 2.22 x 10' N 

8.55 What is the minimum stiffness of an isolator of damping ratio 0.1 such that the maxi mum 
displacement of a 150·kg machine is 2.2 mm when it is subjected to an excitation of the fo rm of 
Fig. 8·12 with Fo = 2000 Nand '0 = 0.06 s? 

Ans. 1 X 10' N/ m 

8.56 What is the range of sti ffness of an isolator of damping ratio 0.1 such that when a 2oo·kg machine is 
subjected to an excitation of the form of Fig. 8·12 with Fo = 2000 Nand '0 = 0.05 s, the maximum 
transmitted force is 1500 kg and the maximum displacement is 6 mm? 

Ans. 2 X 10' N/ m < k < 2.84 X 10' N/m 

8.57 A 2oo·kg machine rests on springs whose equivalent stiffness is 1 >< 10' N/m and damping 
coefficient 1500 N·s/m. During operation the machine is subjected to an impulse of magnit ude 
75 N·s. What is the maximuin force transmitted to the machine's foundation due to the impulse? 

Ans. 1.59 X 10' N 

8.58 What is the maximum displacement of the machine of Problem 8.57? 

A ns. 11.62 mm 

8.59 During operation a 65·kg machine is subjected to an impu lse of magnitude 100 N·s. Specify the 
stiffness and damping coefficient of an isolator such that the transmitted force is 4000 N and the 
machine's maximum displaceme nt is minimized. 

Ans. k = 1.34 x 10' N/m, c = 2.36 X 10' N·s /m 

8.60 A 50·kg machine is mounted on a table of stiffn ess 1 X 10' N/ m . During operation it is subjected to 
a harmonic excitation of magnitude 1200 N at 45 rad /s . What is the req uired stiffness of a 5·kg 
absorber to eliminate steady·state vibrations of the machine during operation? 

Ans. 1.01 X 10' N /m 

8.61 What is the steady·state amplitude of the absorber mass for the system of Problem 8.60? 

Ans. 11.9cm 

8.62 What are the natural frequencies for the system of Problem 8.60 wit h the absorber in place? 

Ans. 38.3 rad/s, 52.5 rad/s 

8.63 For what range of frequencies near 45 rad /s is the steady·s tate amplitude of the machine of 
Problem 8.60 less than 5 mm when the absorber is in place? 

Ans. 44.1 rad/s:;; w :;;45.9 rad/s 

8.64 When a lO·kg undamped absorber tuned to 100 rad/s is added to a I·degree·of· freedom structure 



C HAP. 8] VIBRATION CONTROL 263 

of stiffness 5 x H)" N/ m, the lowest natural freque ncy of the structure is 85.44 rad/s. What is the 
higher natural frequency of the structure? 

Ans. 103 rad /s 

8.65 A IS- kg undamped absorber tuned to 250 rad/s is added to a ISO-kg machine mounted on a 
foundation of stiffness I x 10' N/m. At 250 rad/s, the amplitude of the absorbe r mass is 3.9 mm. 
Wha t is the amplitude of the machine at 275 rad/s? 

Ans. 9.01 x 10-' m 

8_66 A 50-kg machine is placed a t the midspan of a 1.5-m simply supported beam of elastic modulus 
210 x 10' N/ m' and mome nt of inertia 1.5 x 10-6 m'_ When running at 3000 r/ min , the machine's 
steady-state amplitude is measured as 1.2 cm. Design an undamped absorber such that the 
steady-sta te amplitude is less than 2 mm at a ll speeds between 2900 and 3100 r/ min. 

Ans. A non unique design is 2.77 kg, 2.77 x 10' N/m. 

8 .67 If an optima lly designed IS-kg damped vibration absorber is used for the system of Proble m 8.66, 
what is the sieady-s tate amplitude of the machine when operating at 3000 r/ min? 

Am. 3.39 mm 

8.68 A 20-kg machine is mounted o n a found at io n of st iffness 1.3 x 106 N/m. What are the stiffness and 
damping coeffi cient of an optimally designed 4-kg damped vibration absorbe r? 

Ans. 1.81 x 10' N/ m, 134.3 N-s/m 

8.69 With the absorber designed in Problem 8.68 in place, what is the steady-state a mpli tude of the 
machine when ope rating a t 85 rad /s if the machine has a rotating unbalance of 0.5 kg-m ? 

Ans. 0.0925 m 

8 .70 A 1J O-kg machine is subjected to an excitation of magnitude 1500 N. The machine is mo unted on a 
foundation of stiffness 3 x 10' N/ m. Wha t are the mass and damping coefficient of an optimally 
designed vibration damper such that the maximum amplitude is 3 mm? 

Ans. 44 kg, 5624 N-s/m 

8.71 Wha t is the steady-state amplitude at 1'80 rad /s of the machine of Problem 8.70 when the optimally 
designed vibration damper is added? 

Ans. 1.21 mm 

8.72 An e ngine has a mass moment of inertia of 3.5 kg-m' and is mounted on a shaft of stiffness 
1.45 x 10' N-m/ rad. If the applied moment has a m agnitude of 1000 N-m, what is the e ngine 's 
steady-sta te amplitude at 2000 r/ min when an optimally designed Houdaille damper of mass 
moment of inertia 1.1 kg-m' is added? . 

Ans. 1.600 

8.73 The center of gravi ty of a 12-kg rotor is 1.2 cm from its geometric center. The rotor is mounted on 
a shaft and spring-loaded bearings of stiffness 1.4 x 10' N/ m. Assuming a damping ratio of 0.05, 
what is the amplitude of whirling when the rotor operates at 1500 r/ min? 

Ans. 2.26 em 



Chapter 9 

Finite Element Method 

The finite element method is used to provide discrete approxima tions to the vibrations of 
continuous systems. The finite element method is an application of the Rayleigh-Ritz method 
with the continuous system broken down into a finite number of discrete elements. The 
displacement function is assumed piecewise over each e lement. The displacement functions are 
chosen to satisfy geometric boundary conditions (i.e. , displacements and slopes) and such that 
necessary continuity is attained between elements. It is sufficient to require displacement 
continuity for bars, while displacements and slopes must be continuous across element 
boundaries for beams. . 

9.1 GENERAL METHOD 

Let e be the length of an element. Define the local coordinate ~: 0:0; ~:o; e. Let u(~, t) be the 
element displacement, chosen to satisfy appropriate continuity. If UI, U " ... , U k represent the 
degrees of freedom for the element (end displacements, slopes, etc.), then 

k 

u(~, t) = L (M~)u,(t) (9.1) 

where the </J,(t) are called the shape funccions. The potential energy for the element is 
calculated using Eq. (9.1) for the displacement and has the quadratic form 

(9.2) 

where u = [u l u, ukf and k is the derived local stiffness matrix or element stiffness 
matrix. The kinetic energy for the element is calculated using Eq. (9.1) and has the quadratic 
form 

(9.3) 

where m is the local mass m.acrix or element mass matrix. 
The total number of degrees of freedom in the finite element model is n = (number of 

elements)(number of degrees of freedom per element) - number of geometric boundary 
conditions. Define the global displacement vector U = [VI V2 vnf where VI> 
V" .. . , Vn represent the nonspecified model displacements. The total potential energy of the 
system has the quadratic form 

v = ! UTKU (9.4) 

where K is the global stiffness matrix, obtained by proper assembly of the local stiffness 
matrices . The total kinetic energy of the system has the quadratic form 

T = }(]TMU (9.5) 

where M is the global mass matrix, obtained by proper assembly of the local mass matri'ces. 
The differential equa tions approximating the free vibrations of the continuous systems are 

written as 

MU + KU = O (9.6) 

The finite element approximations to the natural frequencies and mode shapes are obtained 
using the methods of Chap. 5. That is, the natural frequency approximations are the square 
roots of the eigenvalues of M - IK , and the mode shapes are developed from their eigenvectors. 

264 
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9.2 FORCED VIBRATIONS 

If F(x, t ) represents the time·dependent external force applied to a continuous system, then 
the virtual work done by the external force due to variations in the global displacements is 

c'J W = f F(x, t ) c'Ju(x, t) dx 
o 

= 2: j;(t) SUi (9.7) 
i _ I 

Lagrange's equations are used to write the approximate differential equations in the fo rm 

MU+KU = F (9.8) 

where F = [f, fz .. . In jT. The methods of Chap. 6 (modal analysis, etc.) can be used to 
approximate the system's forced response. 

9.3 BAR ELEMENT 

The loca l degrees of freedom for a bar element are the displacements of the ends of the 
element. Following Fig . 9- 1, let U I be the displacement of the left end (q = 0) and U2 be the 
d isp lacement of the right end of the element (q = t). Then a fini te element approximation fo r 
the bar element is 

u(q, t ~ = (1 - ~) UI (t ) + ~U2(t ) 
T he potential ene rgy of the element is 

1 J' (OU)2 1 EA : V =2: EA ai dq=2:e(uI
2 -2u l u2 +u/) 

o 

which for constant E and A leads to an element stiffness matrix o f 

The kinetic energy of the element is 

k =EA [ 1 
f -1 

which for constant p and A leads to an element mass matrix o f 

m= PAe [2 
6 1 

Fig. 9-1 

~J 

/-- u, 

(9.9) 

(9./0) 

(9. 11) 

(9.12) 

(9. 13 ) 
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9.4 BEAM ELEMENT 

The beam element of a beam undergoing only transverse vibration has 4 degrees of 
freedom, the displacements and slopes at each end of the element. As illustrated in Fig. 9-2, let 
u ,(t) be the displacement at t = 0, u,(t ) the slope at t = 0, U3(t ) the displacement at t = t, and 
U4(t ) the slope at t = t. A finite element expression for the displacement across the beam 
element can be written as 

The potential energy of the beam element is 

V = ~ f EI(:~~)' dt 
o 

which for constant E and 1 lead to an element stiffness matrix of 

[ 

12 
El 6t 

k. =f3 - 12 

6t 

6t 
4t2 

-6t 
2t' 

- 12 6t ] 
- 6t 2t' 
12 -6t 
-6t 4t' 

(9.14) 

(9.15 ) 

(9.16) 

The ki netic energy is given by Eg. (9.12), which fo r constant p and A lead to a mass matrix of 

[ 156 
22 t 54 -13'] m = pAt 22t 4t' B t - 3t2 

(9.17) 
420 54 Bt 156 -22t 

- 13t -3t2 - 22t 4t2 

t, 
u,.( 

u, f?~ L u, 

Fig. 9-2 

Solved Problems 

9.1 D eri ve the element stiffness matrix for the bar element. 

The displacement for a ba r elemen t is gi ven by Eg. (9.9) . Noting that 

au 1 1 1 
~= - eU ' +eu, = e(u,- u,) 
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and substi tuting into the potential energy, Eq. (9.10), 

Ifl EA( )' V = 2: fz II , - II , d§ 
o 

I 

IEA( 'f =2:fz u,- u ,) d§ 
o 

IEA( , ' ) =zt U 1 -2U 1U 2 +U 2 

lEA [ 1 
=2:e [u , u' ] _1 

Hence the element stiffness matrix is as given by Eq. (9.11). 

9.2 Use a one-element finite element model to approximate the lowest natural frequency of a 
uniform fixed-free bar. 

A one-element finite element model of a fixed-free bar has only I degree of freedom, the 
displacement of its free end. The potential and kinetic energies for this model bar are obtained 
using Eqs. (9.9) through (9.13) with II , = 0: 

Energy methods are used to obtain the diffe rential equation approximating the displacement of the 
bar's free end: 

pA t u + EA" = 0 
3 ' e' 

3E 
u,+ pt' u,= O 

The approximation to the lowest natural frequency is 

~, =~ 

9.3 Determine the global stiffness matrix and global mass matrix for a four-element finite 
element model of a uniform fixed-free bar. 

The [our-element model of the fi xed-free bar is illustrated in Fig. 9-3. In the global sense, 
the model uses 4 degrees of freedom. The global stiffness and mass matrices are 4 x 4 matrices. 
They are obtained by adding the potential and kinetic energies of the elements. When 
writing the differential equations, they will multiply the global displacement vector U = 
[V, V, VJ V,r or its second time derivative. Their construction is illustrated below. 
(Recall that lowercase u's correspond to local coordinates while upper case V's refer to global 
coordinates.) 

f----- u, f----- u, f----- UJ f----- u, 

! CD ! CD ! 0 I 
f--I --+-1--+-1 --i-I --l 

Fig. 9-3 

1= !:.. 
4 



268 FINITE ELEMENT METHOD 

Element J: U , = 0, U , = V, . Hence in te rms of the global displacement vector, 

V lEA , l EAf I [~ ~ ~ ~][ ~] =2f V, =2f V, V, VJ V, 0 0 0 0 VJ 

0000 V, 

T =!pAf2U,=~pAf[U (;. . . J[ ~ ~ ~ ~][ ~] 
26 ' 26 I , VJ V'OOOO U

J 

0000 U, 

lEA [ V,I[ _II V =2f V, 

'1 E; IU, ~ u, u.{-j 
T=~P:f[ UI U'I[~ ~J[~J 

-I 0 
1 0 
o 0 
o 0 

0, u, u.{l 
1 0 
2 0 
o 0 
o 0 

l][f] 
V =!EA[V VI[ 1 

2 f ' J_1 

u, U, 

V =!EA [V I[ 1 
2 f ' V, -1 

[

0 0 
. 0 2 

V,I 0 I 

o 0 

o 
o 
o 
o 

o 
1 

-I 

o 

o 
o 

- 1 

o 
-I 

o 

~][ ~:] -1 V, 
1 V, 

[CHAP. 9 
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T = !pAt [U 
2 6 J U, I [~ ~lWl 

0. o.n 
0 0 lH] = !pAt [U U, 
0 0 

2 6 ' 0 2 
0 

Hence the tota l potential energy is 

[ , - I 0 

-m~] V =!EA [U - I 2 -1 

2 e ' u, u, 
U.I ~ - I 2 

0 - I 

The total kine tic energy is 

1 pAe. . . . I 4 I OU, 

[

4 1 0 O][ U' ] 
T =Z-6- [U, u, u, U, j 0 1 4 1 U, 

o 0 1 2 U, 

Hence the sti ffness and mass matrices for the 4-degree-of-freedom model are 

K = EA [ -~ e 0 
o 

-I 

-I 

o 

o 
-I 

2 
- I 

-;] _ PAe [ ~ 4 
M - 6 0 1 

o 0 

269 

9.4 Use a 4-degree-of-freedom model to approximate the two lowest natural frequencies and 
mode shapes for a uniform fixed-free bar. Compare the finite element mode shapes to the 
exact mode shapes. 

T he natural freq uency approximations are the square roots of the eige nva lues of M-' K. Using 
the methods of Chap. 5 and the global inass and stiffness matrices derived in Problem 9.3, the two 
lowest natural frequencies are 

W, = 0.395 rt. 
e 'If; 

W , = 1.247 rt. 
e 'I f; 

Note that e is the element le ngth and is equal to L/4 whe re L is the total length of the bar. Thus in 
terms of L , 

W, = 1.581 rt. 
L 'I f; 

W, = 4.987 rt. 
L 'I f; 

The corresponding e igenvectors are 

[

0' 112] 
X = 0.207 

, 0.270 

0.292 
[ 

0.299] 
X = 0.229 

, - 0.124 

- 0.324 

The eigenvecto rs represent the nodal displacements for the modes. 
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9.S 
~f+ :a. 

Mathcad 

FINITE ELEMENT METHOD [CHAP. 9 

The two lowest exact natural frequencies and corresponding mode shapes arc 

1C {E (). 1CX 
w'=2L v-; u , x =sln 2L 

3;r (E . 3;rx 
w, = 2L v-; u,(x) = Sin 2L 

The error in the first natural frequency approximation is 0.66 percent while the error in the second 
natural frequency approximation is 5.8 percent. The approximate mode shapes are plotted in Fig. 
9-4 where the maximum displacement is set to 1. 

(a) 

(b) 

Fig. 9-4 

Use a two-element finite element model to approximate the lowest natura l frequency of 
the system of Fig. 9-5. 

1----- L -----I 

Fig. 9-5 



CHAP. 9] FINITE ELEMENT METHOD 271 

The bar is divided into two e lements of equal length, (= L/2, as shown in Fig. 9-6. In the 
global coordi nate system the equation for the cross-sectional area is 

A(x) = Irr'( 1 - 2
xJ' 

Since the area varies over the length of the element, the element stiffness and mass matrices must 
be derived using the bar e lement of Eq. (9.9). 

~/---4----/~ 

Fig_ 9-6 

Consider element I: g = X , II, = 0, II , = U, . 

1 I J' ( g)' V = - - (u ' _II ' ) Elrr' I - - de 
2 ( " , 4t ' 

o 

1 plrr't. . . . 
= '2 480 (14111, ' + 123u,II, + 10611,') 

Hence the element mass and stiffness matrices for element 1 are 

k = ~ Elrr' [ 1 . -11] c< 

, 48 t -1 
_ Plrr't[ 141 

m, - 480 61.5 

Consider element 2: g = x - t, u, = U" II, = U,. 

1 1 J' (3 g)' V =-- (u -u)' Elrr' - - - de 
2 t'" 4 4t ' 

o 

61.5] 
106 

T= ~ f p1tr, (~ -b)'[ (I - ~)u, + ~u,r dg 
o 

1 plrr't . .. . 
= 2: 480 (7611, ' + 63u,lI , + 51u,') 

Hence the element mass and stiffness matrices for element 2 are 

_!2 Elrr' [ 1 
k' -48 f - 1 

_ Plrr'f [ 76 31.5] 
m, - 480 31.5 51 
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9.6 
~r+ sa 

Mathcad 
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The globa l mass and stiffness matrices are formed as 

K = E1Cr' {[37 0]+[ 19 
48f 0 0 -19 

-19]}=E1Cr
2

[ 56 
19 48f - 19 

- 19] 
19 

M = P1Cr2f{ [!06 0] + [76 31.5]} = P1Cr
2f[ 182 31.5] 

480 0 0 31.5 51 480 31.5 51 

The natura l frequency approximations are the square roo ts of the eigenvalues of M~ ' K which 
lead to 

Use a three-element finite element model to approximate the lowest natural frequency 
and mode shape for the system of Fig. 9-7. 

1----- L - ---1 

Fig. 9-7 

The ba r is divided into three elements of eq ua l length, f = L/3. as illustrated in Fig. 9-8. The 
e lement stiffness matrix for clements 1 and 2 is given by Eq. (9-11). The e lement mass matrix for 
all three e lements is given by Eq. (9.13) . The e lemen t stiffness ma trix for element 3 must be revised 
to take into account the discrete spring. In te rms of local coord in ates for element 3, 

_ 1 EA ( 2 2) 1 EA 2 _ 1 EA ( 2 7 2) 
V - Zf U \ - 21i \U2 + U 2 +267u2 -ze u\ -2utu2+6 U2 

Hence the e lement sti ffness matrix is 

The global mass and stiffness matrices are assembled as in Problem 9.3, leading to 

M =pAf 1 4 1 K =EA_1 [
4 1 OJ [ 2 

6 012 f ° 
- 1 

2 
- 1 -n 

The natural freq uency approximations are the sq uare roots of the eigenvalues of M~' K. The 
approximation to the lowest natural frequency is 

w, = 0.622 @.= 1. 867 @. 
f 'Y-P L 'Y-P 

f-- v, f-- v2 f-- V, 

I CD CD CD f---tvv\r---{ 

Fig. 9-8 
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9.7 
rl+ 

sa. 
Mathcad 

Use a two ·e le m e nt finit e e lem ent mode l to appro ximate the lo west na tural freq uency of 
the to rsio na l syste m o f Fig. 9·9. 

p. J. G 

Fig. 9·9 

/_ pJL 
- 4 

The system is modeled using two elements of equal length, e = L12. 'The forms o f the e lement 
mass and sti ffness ma trices for the torsional system are analogous to those of an axia l system. For a 
unifo rm e lement without a discrete stiffness e lement (elements 1 and 2) , 

and fo r a uniform element without a discrete ine rti a e lement (element I), 

The kinetic energy fo r e lement 2 is 

m = PJf[2 1] 
6 1 2 

T = ~ f PJ[ (I - ~)u, + ~Li , r d§ + ~ [u ,' 
o 

_ 1 pft( . , " . ') 1 pJf . , 
- 26 2u, +2u, u,+2u, +22 u, 

He nce the mass matrix fo r e lement 2 is 

_Pft [2 I] 
m, - 6 1 5 

The global mass and stiffness ma trices are assembled using the procedure of Problem 9.3 leading to 

M = pJf [4 1] 
6 1 5 

K = JG [ 2 
f - 1 

The natural frequency approximations are the square roots of the e igenvalues of M- 'K leading to 
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9.8 Set up the differential equations governing the forced motion of the system of Fig. 9-10 
using a two-element finite element model. 

i::!--:------...Jt--------- Fo sin WI 

Fig. 9-10 

The global mass and stiffness matrices for a two-element element model of the system of Fig. 
9-10 are 

M =PAf[4 I] 
6 1 2 

K = EA [ 2 
f -1 

The work done by the external force is 

£ 

8W = f[(I-~)8U,+~8U,]F;,Sinw[8(g-f)dg=F;,Sinw[8U, 
o 

Hence the governing differential equations are 

PAt[4 I][D.,]+EA[ 2 
6 1 2 U, t- I 

9.9 Derive Eq. (9.14). 

The static transverse deflection of an element of a beam not subject to transverse loads 
satisfies 

d'u 
dg' =0 

which is integrated to yield 

u(g) = C,g' + C, g' + c ,g + C. (9.18) 

The constants C" C, ' C, ' and C. are obtained by requiring the slope and transverse deflection 
specified at g = 0 and g = e. To this end, using the notation of Fig. 9·2, 

u(O) = u, u(f) = II, 
du 
dg(O) = u, 

Substituting the conditions of Eq. (9.19) into Eq. (9.18) leads to 

u(O)=O...., c.=u, 

du 
dg (0) = u, ...., C, = U , 

du 
dg(f) = u, 

U(f)=II , --> C,f' +C, t '+ C, f+C, = u, 

du 
dg(f) = II, --> 3C,f' + 2C, f + C, = u, 

(9.19) 
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Solving the last two of the previous equations simultaneously leads to 

1 
C, = 7' (2u, + eu, - 2u, + eu.) 

1 
C'=7'(-3u, -2eu,+3u,- eu.) 

Substituting for the determined constants in Eq. (9.18) and rearranging leads to Eq . (9.14). 

9.10 Derive the m'4 element of the local mass matrix for a uniform beam e lement. 

Note from Eq. (9.14), 

The above expression is substituted into Eq. (9.12). The term that leads to m" in the element mass 
matrix is 

= 2pA eu u ( - ~ + ~ - ~) ,. 5 6 7 

11 , .. 
- 105 pA e lI ,U, 

When the quadratic form of the kinetic energy is expanded, it includes a term 2m"u,u •. Thus 

Q1 34 = - HofpAe 

9.11 Use a one-element finite element model to a pproximate the lowest natural frequency and 
mode shape for a uniform fixed-free beam. 

Since the slope and deflection at the fixed end is ze ro, '" = Lt , = O. Thus, a one-element model 
of a fixed-free beam has 2 degrees of freedom. The global mass and stiffness matrices are obtained 
by simply setting u, = u, = O. This is accomplished by eliminating the first and second rows and 
columns of the e lement mass and stiffness matrices of Eqs. (9.16) and (9.17). Thus 

M=PAL[ 156 
420 -22L 

-
22Ll 

4L' 
K=0.[ 12 - 6Ll 

L' - 6L 4L' 

The natural frequency approximations are the square roots of the e igenvalues of M" K. The lowest 
natural frequency is approximated as 

(EI 
w, = 3.53 \I p;::\L' 
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The eigenvector corresponding to this first mode is u = [1 1.378/L ]'. Thus from Eq. (9.14) th e 
mode shape approximation is 

which is illustrated in Fig. 9-11. 

u(x) 

0.8 

0.6 

0.4 

0.2 

O '--"'l:..LLLLLLLLLLLLLLLL..LJ 
o 0.1 0.2 0.3 0.4 0.5 0.60.7 0.8 0.9 

x 
L 

Fig. 9-11 

9.12 D e termine the global stiffness m a trix for a two-ele ment finite element approximation to 
the syste m of Fig. 9-12. 

p. A. E. J 

k =!J.... 
L' 

Fig. 9-12 

The two-element model of the beam of Fig. 9-12 has 4 degrees of freedom wi th the global 
definitions of nodal displ acements illustrated. Then for element 1: u, = 0, U , = 0, U , = U" U , = U,. 
The contribution to the global stiffness matrix from element 1 is 

[ 

12 

K = §!. -6{ 
, { ' 0 

o 

- 6{ 0 
4{' 0 

o 0 
o 0 1] 
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Now conside r e leme nt 2: U, = VI. U l = U2• u ) = U). U 4 = U4 . The stiffness matrix for e le me nt 2 must 
be modified to account for the potential energy developed in the spring: 

Thus the element stiffness matrix for element 2 is 

K = Ii! 6( 
, (' - [ 2 

[ 

12 

6( 

Hence the global stiffness matrix is 

[ 

24 

K=1i! 0 
L' - 12 

6( 

6( -12 
4(' -6( 

-6( 12. 125 
2(' -6( 

o - 12 
4(' - 6( 

-6( 12. [25 
2(' -6( 

6( 1 2(' 

-6( 
4(' 

6( 1 2(' 

-6( 
4 ( ' 

9.13 Determine the mass matrix for a one-e lement finite e lement approximation for the Si. syste m of Fig. 9-13. 

Mathcad 

1----- ~4L _ __ +1_ L --j 
4 nAL 

Q..--m =2 

,6,------ 16, :P. E.I.A 

Fig. 9-13 

Using a one-element fin ite element model for the simply supported beam, it is noted that 
u, = u, = O. Then from , Eq. (9.14), at g = 3L/4. 

L .;;;:2. 
= 64 (3u , - 9u, ) 

Hence the kinetic energy of the block is 

1 [L ]' T. = 2m 64 (3';, - 9';.) 

- 1 mL' (9 ·' 54·· 81 · ') - 24096 tt 2 - U 2U -t + Ll4 

Noti ng that in the global system V, = u , and V, = u" the global mass matrix becomes 

M =PAL [ 4L' 
420 -3L' 

= AL'[ 0.0106 
p -0.0104 

-3L' ] pAL' [ 9 
4L' + 2(4096) -27 

-0.0104] 
0.0194 

- 27] 
81 
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9.14 Use a two-element finite element model to approximate the two lowest natura l :si. frequencies for the system of Fig. 9-14. 

Ma1.hcad 

I CD j- 0 £, 
1-- 1.2 m --1--1.2 m----i 

U, 
't -= 1.5 X JO"6 m .. 

A I = 2.4 X 10.3 m2 

' 2 = 8.8 X 10-1 m~ 
A2 = 8.5 X 10-4 m2 

E, = E, = 200 x 10' ~, 
p, = p, = 7500 ,;;, 

Fig. 9-14 

When a two-element finite element model is used with one element cove ring each segment, 
the system has 3 degrees of fre edom , as illustrated in Fig. 9-14. 

Element 1: u\ = 0, U 2 = 0, UJ = V, U 4 = U2 - The e lement mass and stiffness matrices are 

('00" W' £', )'U ' W -' m') [ 6(~'" 6(1.2) -12 
6(") ] 

k , 
4(1.2)' - 6(1.2) 2(1.2)' 

(1.2 m)' . -1 2 - 6(1.2) 12 - 6(1.2) 

6(1.2) 2(1.2) ' -6(1.2) 4(1.2)' 

[ '00 
1.25 -2.08 

'" ] = 10' 1.25 1.0 - 1.25 0.500 
-2.08 -1.25 2.08 -1.25 

1.25 0.500 - 1.25 1.0 

(,"" !:J),,'" ,0- ' m' )"., m) [ "',~6,, 22(1.2) 54 -H'U,] 
m, 

4(1.2)' 13(1.2) -3(1.2)' 

420 54 13(1.2) 156 -22(1 .2) 

- 13(1.2) -3(1.2) ' -22(1.2) 4(1.2)' 

[ '00 
1.36 2.77 -0 ."] 1.36 0.296 - 0.802 -0.222 

- 2.77 0.802 8.02 -1.36 
-0.802 -0.222 -1.36 0.296 
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Element 2: ii I = VI' U 2 = U2 , U ) = 0, U 4 = UJ . The ele ment mass and stiffn ess matrices are 

k, 
(200 x 10' ;, )(8.8 x 10-' m') 

(1.2 m)' 

[ " 6(1.2) -12 "") ] 6(\.2) 4(\.2) ' -6(1.2) 2(1.2)' 
-12 -6(1.2) 12 - 6(1.2) 

6(1.2) 2(1.2)' -6(1.2) 4(1.2)' 

[ ,n 0.733 - 1.22 om] = 10' 0.733 0.586 -0.733 0.293 
-1.22 -0.733 1.22 -0.733 

0.733 0.293 - 0.733 0.586 

(7500 ~)(8.5 x 10-' m')(1.2 m) 
m, 

420 [ ,,. 22(1.2) 54 - '~U)] 22(1.2) 4(1.2)' 13(1.2) -3(1.2)' 
54 13(1.2) 156 - 22(1.2) 

- 13( 1.2) -3(1.2)' - 22(1.2) 4(1.2)' [ ,~ 0.480 0.983 -0."'] = 0.480 0.105 0.284 - 0.0786 
0.983 0.284 2.84 -0.480 

-0.284 -0.0786 - 0.480 0.105 
The global matrices are constructed as 

[ 2.09 -1.25 
OJ [1.22 

0.733 0.733 J 
K = 10' -~25 1.0 o + 10' 0.733 0.586 0.293 

0 o 0.733 0.293 0.586 

[ 3.31 -0.517 0.733 J 
= 10' -0.517 1.586 0.293 

0.733 0.293 0.586 

[ 8.02 - 1.36 
OJ [ 2.84 

0.480 - 0.284 J 
M= -~36 Q.296 o + 0.480 0.105 - 0.0786 

0 o -0.284 - 0.0786 0.105 

[ 10.86 -0.880 - 0.284 ] 
= -0.880 0.401 -0.0786 

- 0.284 -0.0786 0.105 
The natural frequency approximations are the square roots of the eigenvalues of M - 'K. The two 
lowest natural frequencies are calculated as w, = 404.7 rad/s, w, = 1524 rad/s. 

9.15 Use a three·e lement finite element model to set up the differenti al equations governing 
the forced vibration of the system of Fig. 9-15. 

I- ~ -1----- ; ----t__-- ; --l 

11-----,,<1 d,--l--,=l : l_l--'il J,,--l--:;l =---' F(t)--->Q)~I 

Fig. 9·15 
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A three-element model of the fixed-free beam of Fig. 9-15 leads to a 4-degree-of-freedom 
system. The global coordinates are illustrated in Fig. 9-15. The rela tions between the local and 
global coordinates for each element are: 

The global mass and stiffness matrices are constructed 
matrices by 

KO ,"{[ ';, 
f' 0 

0 

[" =? -~2 
6e 

where e = L13. 

-6t 0 'l [" 4f' 0 o 6t 
0 0 o + -12 

0 0 o 6t 

0 - 12 

"l St' -6t 2g' 
-6t 24 
2t' : 0 Sf' 

{[ 

156 

M =pAt -22t 
420 0 

o 

-22t 0 
4t' 0 
o 0 
o 0 

[ 

156 
22t 

+ 
54 

-l3e 

pAt 0 
= 420 54 

22t 54 
4t' 13t 
13e 156 
-3t' -22t 

54 
13t 
312 [ 

312 

-Be 

o 
ge' 
13t 

-3 e' o 

6t 
4t' 
-6t 
2t' 

II 

-

13tl -3e' 
o 

se' 

The virtual work done by the distributed loading is 

using the element mass 

- 12 "l [" -6t 2t' + 0 0 
12 -6t 0 0 

-6f 4f' 0 0 

8W= f F(I)[ (3f,-2f,)8U,+( -f,+f,)t8U}~ 
,n 

= F(I)[Hf8U, + 1;2 f' 8U, + ~ f8U, - ~ t' 8U,] 

and stiffness 

0 

Al} 0 
12 
6t 
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Hence the d iffere nt ia l equations fo r a th ree-e le me nt fi nite e lement approximation fo r the system of 
Fig. 9- 15 are 

~;: [ :~2 ~:; :~: -I3( -3(' 0 
7!!.( 
32 
5 , 

19l 

~( 
4 

- .!.(' 
12 

F(t) 

-I3(][ ~' ] [ 24 -3(' U, Ef 0 
o 0, + f3 -12 

ge' 0 , 6( 

o 
8f' 
-6( 
2(' 

Supplementary Problems 

9.16 De rive the e le ment mass mat rix fo r a uni fo rm bar e lement, Eq . (9. 13). 

- 12 
-6( 24 
o 

6( ][ U' ] 2(' U, 

o U, 
8(' U, 

9.17 Use a o ne-e le ment fi nite ele ment mode l to approx imate the lowest natural frequency of the system 
of Fig. 9-7. 

Ans. 

3/£ 
L V'2P 

9.18 Use a one ·eleme nt fi nite ele me nt mode l to a pproximate the lowest nonzero torsional natural 
freque ncy of a shaft free a t bo th e nds. 

Ans. 

9.19 Use a two-ele ment finite ele ment mode l to approximate the lowest natural frequency of the system 
of Fig. 9·16. " 

A ns. 6.68 X IOJ radls 

I 0 (j) 

t--- L, ----1--- L,---! 

E, = £ 2 = 200 X 10
9 ~ 

p, =p, = 7500*, 

AI= 1.4 x IO·J m2 

L. = 65 em 

A2 = 8.7 X 10-4 m2 

L2 = 80 em 

Fig. 9-16 
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9.20 D erive the global st iffness matrix for the system of Fig. 9- I 7 using three e le me nts to model the 
uniform bar and an additional degree of freedom for the discrete mass. 

9.21 

Ans. 

~I-------L------~I 

I 
k, k, 

::}------.-----~ 
'lEo A, P 

Fig. 9-17 

6EA 3EA 
0 0 

L L 
3EA 6EA 3EA 

0 
L L L 

0 
3EA 6EA+ k -, I L L ' 

kJ +~2 0 0 - k, 

De ri ve the global mass matrix for the system of Probl em 9.20. 

Ans. 

I":L 
pAL 

0 

~l 
18 

pAL 2pAL pAL 
18 9 18 

0 
pAL pAL 
18 9 

0 0 0 

9.22 Approximate the lowest natural frequency of the system of Fig. 9- 18 usi ng one e lement to mode l 
each bar. 

Ans. 

[Po A [P. A 

:+1--------10 0 m=~ pAL 

1--- L -----I I---L----i 

Fig. 9-18 

9.23 Derive the differential equations governing the motion of the shaft of Fig. 9-19 as it is subject to a 
tim e-dependent uniform torque loading. Use two ele ments to model the shaft. 

T. .~ 

oo ono~ II 1(1-1 
. I L J. G. P I 

Fig. 9-19 
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Ans. 

[
P~L 

pfL 
12 

FINITE ELEMENT METHOD 

9.24 Derive the elemen t k l3 of the element stiffness matrix for a uniform beam element. 

Ans. 
12EI 

9.25 Derive the element m" of the element mass matrix for a uniform beam element. 
Ans. 

IlpAe' 
210 

283 

9.26 Approximate the lowest natural frequency of a simply supported beam using one elemen t to model 
the beam. 
Ans. 

(EI 
IO.95\j -,;::;;:L' 

9.27 Derive the global mass matrix for the system of Fig. 9·20. 

(i):0 

Fig. 9·20 

Ans. 
312 0 54 -l3e 

0 8f' l3e -3e' 

54 13e 312 0 
pA e 

-l3 f -3f' O · 8f' 420 

0 ~~ 0 54 13 f 

0 0 -13f - 3f' 

9.28 Derive the global stiffness matrix for the system of Fig. 9-20. 

Ans. 
24 0 -12 6e 

0 8e' -6e 2f' 

EI 
-12 -6f 24 0 

e' 6f 2(' 0 8f' 

0 

0 

54 

13 e 

156 + 420m 
pAf 

-22f 

0 0 

0 0 

- 12 6f 

- 6e 2f' 

0 0 -1 2 -6e 
kf' 

12 + EI - 6f 

0 0 6f 2f' -6f 4f' 

0 

0 

-13e 

-3f' 

- 22f 

4e' 
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9.29 Approximate the two lowest natural frequencies of a uniform fix ed-pinned beam using two 
elements of equal length to model the beam. 

Ans. 
{El 

15.56\jP/iL' ' 
{El 

5841 \jP/iL' 

9.30 Write the differential equations governing the motion of the system of Fig. 9-21 when two elements 
are used to model the beam. 

Ans. 

312 o 

0 2L' 
pAL 
840 .IlL 54 

2 

-.IlL 
2 

-~L' 
4 

L 
4 
L2 

120 

17 
- L 
80 

F(t) 

L' 
60 

I::cn!] R, " , n" f: 

I L I 

54 

1lL 
2 

156 

-l1L 

-ilL 

L' 

Fig. 9-21 

[

24 

0., 0 
U, 8£1 [g}v" 

3L 

o - 12 

2L' -3L 

- 3L 12 

L' 
-3L 



Chapter 10 

Nonlinear Systems 

10.1 DIFFERENCES FROM LINEAR SYSTEMS 

Some of the differences between a linear system and a nonlinear system are: 

1. The behavior of a nonlinear system is governed by a nonlinear differential equation. Exact 
solutions do not exist for many nonlinea r differential equations. 

2. A non linear system may have more than one equi librium point. An equilibrium point may 
be stable or unstable. 

3. Steady·state behavior, if it exists for a nonlinear system, is dependent upon initial 
conditions. 

4. The period of free vibration of a nonlinear system is dependen t upon initial conditions. This 
implies that the frequency of free vibration is dependent upon the free vibration amplitude . 

5. A nonlinear system exhibits resonance at excitation frequencies different from the system's 
linear natural frequency. A superharmonic resonance exists in a system with a cubic 
nonlinea rity when the excitation frequency is one·third of the system's linear natural 
frequency. A subharmonic resonance exists when the excitation frequency is nearly three 
times the system 's linea r natural frequency. 

6. The principle of linear superposition cannot be used to analyze a nonlinear system subject 
to a multifrequency excitation. A combination resonance can exist for appropriate 
combinations of excitation frequencies. . 

7. Internal resonances can exist in multi-degree-of-freedom and continuous systems for 
appropriate combinations of natural frequencies. 

8. A periodic excitation may lead to a nonperiodic response in a nonlinear system. Such 
chaotic motion occurs in many nonlinear systems for certain parameter values. 

10.2 QUALITATIVE ANALYSIS 

The state plane or phase plane is a plot of velocity versus displ acement during the history of 
motion. The nature and stability of equilibrium points can be examined from linearizing the 
governing differential equation in the vicinity of the equilibrium point (see Problem 10.2). Types 
of equilibrium points are shown in Fig. 10-1. 

10.3 DUFFING'S EQUATION 

Duffing's equation 

x + 2p.x + x + ex' = F sin rt (10.1) 

is a nondimensional equation that serves as a model for systems with cubic nonlinearities. If E is 
positive , it models the response of a system with a hardening spring whereas if E is negative, 
Duffing's equation models the response of a system with a softening spring. For free vibrations 

285 
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Stable node 

(a) 

Unstable focus 

(c) 

NONLINEAR SYSTEMS 

Fig. 10·1 

Saddle point 

(b) 

Cemer 

(d) 

[CHAP. 10 

the frequency amplitude relation for a system governed by Duffing's equation is approximated 
using a perturbation method as 

w = 1 + ~ £A 2 + 0(£2) (10.2) 

where w is the nondimensional natural frequency (w = 1 for a linear system) and A is the 
amplitude. The forced response of Duffing's equation is analyzed near resonance by assuming 

r = 1 + £u (10.3) 

Then the equation defining the steady· state amplitude is approximated as 

4A 2[J.L 2 + (u - M2)2) = F2 (10.4) 

The plot of Eq. (lOA) in Fig. 10·2 for £ > 0 illustrates the backbone curve and the jump 
phenomenon. For certain values of u, Eq. (lOA) has three real and positive solutions for A 2 
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leading to three possible steady-state solutions. The intermediate solution is unstable, leading to 
the jump phenomenon. 

-10 -5 

10.4 SELF-EXCITED VIBRATIONS 

A 

- I 

Fig. 10-2 

~ = 0.25 
F=I 

10 

Self-excited oscillations are oscillations that are excited by the motion of the system. 
Self-excited oscillations are induced by nonlinear forms of damping where the damping term is 
negative over a certain range of motion. A mechanical system that exhibits negative damping, 
where the free oscillations amplitude grows, is shown in Fig. 10-3. A model for some self-excited 
systems is the van de, Pol equation: 

x + p.(x'- l)i +x= O (10.5) 

The phase plane, Fig. 10-4, for the free oscillations of the' van der Pol oscillator illustrates a limit 
cycle. 

or--Moving belt 

Fig. 10-3 

Solved Problems 

10.1 The nondimensional form of the nonlinear equation governing the motion of a pendulum 
is 

e + sin (} = 0 
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Limit cycle 

x 

Fig. 10-4 

(i) D erive the genera l: equation defining the phase plane for this motion. 

(ii) D etermine the traj ectory for the condition that e = 1 when 0 = O. 

(iii) What is the maximum angle through which the pendulum will swing? 

(i) D efine v = e. Then 

Thus the differen ti al equation can be written as 

dv 
v- + sin 0 = 0 

. dO 

Integrat ing with respect to 0 leads to 

tv' - cos 0 = C 

whe re C is a constant of integration. 
(ii) Requiring v = 1 when 0 = 0 leads to C = - 1/2. Then solving for v, 

v = v 2cos 0-1 

(iii) v = 0 when 0 = 60'. 

[CHAP. 10 

10_2 Le t x = Xo represent the equilibrium position for a nonlinear system. The motion of the 
system in the vicinity of the equilibrium point is analyzed by letting x = Xo + Lix. Show 
how the type of the equi librium point and its stability can be es tablished by linearizing 
the diffe ren ti al equation about the equilibrium point. 

Assume the governing differential eq uation has the form 

x+[(x,i) = O 
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If x = Xo represents an equilibrium point, then [(xo, 0) = O. Substituting x = Xo + t:u into the 
differential equation leads to 

III + [(xo + t:u, Ili) = 0 

Using a Taylor series expansion, 

III + [(xo, 0) + ~ (xo, 0) t:u + ~(xo, 0) Ili + . .. + = 0 
ax ax 

Imposing the equilibrium condition and linearizing by ignoring higher-order terms leads to 

lll +a lli +J3t:u = O 

at a[ 
a = ai (xo, 0) J3 = a; (xo, 0) 

The solution of the previous equat ion can be written as 

where A, and A, are the roots of A' + aA + J3 = O. The stability and type of equil ibrium point are 
interpreted as follows: 

(I) If either A, o r A, have a positi ve rea l part , then the perturbation from equilibrium grows 
without bound and the solution is unstable. 

(2) If A, and A, are real and have the same sign, the equilibrium point is a node (s table or 
unstable) . 

(3) If A, and A, are real and have opposite signs, the equi librium point is a sadd le point 
(unstable). 

(4) If A, and A, are complex conjugates, the equilibrium point is a focus (s table or unstable). 

(5) If A, and A, are purely imaginary, the equilibrium point is a center. 

10.3 Determine the type and stability of all equilibrium points of the pendulum equation. 

The nonlinear differential equation governing the motion of the pendulum is 

Ii + sin B =0 

Using the nota tion of Problem 10.2, 

and 

Now let 

[(B, il) = sin B 

[(Bo, 0) = 0 -> sin Bo = 0 -> Bo = niT, 

B = niT + I1B 

Substitution into the gove rning equation leads to 

Mi + sin (mr + I1B) = 0 

n = 0, ±1, ±2,. 

Using a Taylor series expansion, keeping only through the linear terms leads to 

I1 Ii + cos (niT) I1 B = 0 

I1 Ii +(- 1)" 68 = 0 

Using the notation of Problem 10.2, the general solution of the above equation is 

and A, = _ (_ I),n - ' 1'2 
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Hence for odd n , A" and A, are real and of opposite signs. These equilibrium points are sadd le 
poin ts. For even n , A" and A, are purely imaginary. These equilibrium points are centers. 

10.4 Sketch the phase plane for the pendulum motion. 

The sketch of the phase pl ane using the results of Problem 10.3 is shown in Fig. 10-5. 

Fig. 10-5 

10.5 The differential equation governing the motion of a particle on a rotating parabola, Fig. 
10-6, is 

(1 + 4p'x' )x + (2gp - w' )x + 4p'xi' = 0 

If w = 10 rad /s, for what values of p is the equilibrium point x = 0, a saddle point? 

y Parabola 

y = px2 rotates at 

constant (jJ 

Panicle of mass m moves along parabola 

"'-..L..L. _ ____ X - genera lized coordinate 

Fig. 10-6 

Using the notation of Problem 10.2, 

. 2gp - w' 4p' ., 
f(x , x ) = 1 + 4p'x ' x + 1 + 4p'x' xx 

Note that x = a is indeed an equilibrium point. To examine the behavior of phase plane trajectories 
in its vicinity, let 

x = /ll 
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Using the notation o f Proble m 10.2, 

a=~(O 0)=0 
ai ' 

af 
/3 = a:;: (0,0) = 2gp - w' 

Hence the diff~renti a l equation governing phase plane trajectories near x = 0 is 

lli + (2gp - w' ) III = 0 

The equilibrium point is a saddle point when 

2gp < w' 

Hence for w = 10 radls, 

( 10 r: d )' 
p <----= 5.10 m- ' 

2(9.81 ~) 

Problems 10.6 through 10.8 and Problems 10.11 and 10.12 refer to the system of Fig. 10-7. The 
force displacement relation fo r the spring is 

N 
k , = 1 X 10'2 m3 

where y is measured from the sp ring's unstretched length. 

10.6 
~r+ sa. 

Mathea<! 

Fig. 10-7 

Let x = y I t;. where y is the dimensional displacement from the spring's unstretched length 
and t;. = mg / k ,. Write the differential equation governing the motion of the system of Fig. 
10-7 in the fo rm of Eq. (10.1), identifying E, J1. , F, and r. 

The dimensional form of the diffe rential equation is obtained by applying Newton 's law to the 
block, resulting in 

my + cy + k , y - k , y' = F, sin wr 

The natural frequency o f the linearized system is 

Jl XlO'r:!.. 
~' m rad 

w = - = --- = 2236-
" m 20 kg . s 

(10.6) 
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Also, 

Define 

The chain rule yields 

NONLINEA R SYSTEMS 

tl=mg 
k, 

(20 kg) (9.81 ~) 

I X ](t~ 
m 

1.96 x 10-' m 

d d dr d 
-=--=w -
dt dr dt 0 dt 

Equation (10.6) is rewritten using nondimensional variables as 

2 d 2x dx l3. W 
mwo tld-r+ cwo tldr +k, lll -k, t.-x =Fosm;;;::r 

d
2

x +_c_~+x - ~ .62xJ=~sin~'t 
d-r mwodr k, k, tl Wo 

Which is of the form of Eq. (10.1) with 

I X 10" ~ 
m' 

----=N"- (1.96 X 10- ' m)' = -0.0384 
I X IO" -

m 

100 N-s 
c m 

p. =--= 
2mwo 2(20 kg)( 223.6 r:d) 

0.0112 

F=~= Fo = 100 N 

k, tl mg (20 kg) (9.8 1 ~) 
0.510 

150 rad 

r = !:!.- = ___ s_ = 0.671 
Wo 223.6 rad 

. s 

[CHAP. 10 

10.7 Determine the nature a nd stabi lity of the equili brium positions of the system of Fig. 10-7. 

Then 

Using the notation of Problem 10.2, 

Note that 

f(x, i) = 2p.i + x + EX' 

f(x , O)=O=x+Ex' --> x = O, ±~ 

~=2" ai ~ 
~= 1 +3EX' ax 

First consider tRe equilibrium point x = 0: 

a = 2p. /3 = 1 --> ill' + 2p. Ai + III = 0 

Au = -p. ± ~ = - 0.0112 ± 0.999i 

Since the values of A are complex conjugates with negative real parts, the equilibrium point x = 0 is 
a stable focus. 
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10.8 
~r+ sa. 

Mathead 

Si nce < is negat ive, the system also has equi librium points corresponding to x = ±~. In 
either case, 

a = 2/-L {3 = 1 + 3« - ~) = -2 

III + 2/-L LU - 2 Llx = 0 

Au = - /-L ± Y2 + /-L ' = 1.413, - 1.415 

Thus these equilibrium points are saddle points and thus unstable. 

Let !L = 0, and determine an integral expression for the natural period assuming x = xo 
and j; = 0 when t = O. 

Duffing's equation for free vibrat ions wi th /-L = 0 is 

x +X + EX)= O 

Define v = i. Then 

V~+X+EX'= O 
dx 

Integrating with respect to x leads to 

Application of initial conditions and solving fo r v leads to 

u = ± Ix 2 + :. x " _ x2 _ :. X4 V 0 2 0 2 

Noting that v = dx /dr, 

dr = ± dx 
I 2 E" 2 E " -y:co +2xo - x -2x 

One-quarter of the period is the time the block returns to x = 0 from its initial position. During this 
time the velocity is negative. Hence integrating between Xo and 0 leads to 

T = 4 1
0 dx 

V 2 <. , <. "'0 - x +-x -x --x 
o 2 0 2 

10.9 Use a stra ightforward pe rturba tion expansion to develop a two-te rm approximation to 
the solution of Duffing's equatio n with F = O. 

Assume 

x = xo(r) + EX,(r) + 0(.' ) 

Substituting Eq. (10.7) into the unforced Duffing's equation leads to 

Xu + E.tl + ... + Xo + EX . + ... + £(xo + EX. + ... + )3 = a 
xo+ Xo + «x, + x, +xo' ) + 0« ' ) = 0 

Setting coefficients of like powers of < to zero independently leads to 

x 0 + Xo = 0 -> Xo = A sin (r + 4> ) 

X. + x. = -xol -+ x . +x1 = -A1sinl(t +¢) 

(I0.7) 
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Use of trigono metric identities leads to 

A' x, + x, = - 4" [3 sin (I + <1» - sin 3 (t + <1> )] 

3 A' 
x, = SA'I cos (I + <1» - 32 sin 3 (I + <1» 

Hence, X(I ) = A sin (I + <1» + E [ ~ A 'tcos (I + <1» -~sin 3 (I + <1» ] + O(E' ) 

10.10 The solutio n develo ped in Problem 10.9 is no t periodic. Why, a nd wha t can be done to 
correct the situatio n ? 

In Problem 10.8 it is shown that the natural period of the nonlin ear system is dependent on 
initial conditions. The pe rturbation solution of Problem 10.9 has no mechanism to allow for this 
dependence. Indeed, the response is deve loped a t the same pe riod as a linea rized system. The 
situa tion can be co rrected by the introduction of a time scale tha t is dependent on the amplitude: 

t= w(l + EA, + E'A, + '" +) 

The above expression can be introduced before making the stra ightfo rward expansion, in which 
case the me thod is called the Linsledl-Poincari! method. It can a lso be introduced after the 
aperiodic straightforward expansion is obtained in an effort to render it periodic. This latte r 
me thod is called the m elhod of renormalization. In e ither case the results are 

t = w( l - lEA ' + . .. + ) 

. ( ) A ' . ) x = A SIn t + <I> - E 32 SI n 3 (I + <I> + ... + 

10.11 The b lock o f the syste m o f F ig. 10-7 is d ispl aced 1.0 mm from e quilibrium and re leased . a D e te rm ine the pe riod o f the resulting m o ti o n . 

Math" . Using the nondimensionalizatio n of Problem 10.6, the nondimensional initia l conditions are 

0001 ni 
x(O) = 1.96 x 10 • m 5.10 i(O) = O 

A pplication of the initi al conditions to the two- term uniform expansion developed in Problem 
10.10 and no ting from Problem 10.5 that E = -0.0384 lead to 

tr 
<1>=-

2 

x(O) = A sin :: - EA' sin ~ 
2 32 2 

5.10 = A - 0.0012A' -+ A = 5. 28 

The nondimensional frequency is 

w = 1 + i EA ' = 1 + H - 0.0384)(5.28)' = 0.599 

The d imensional freq uency and pe riod are 

( 
rad) rad 

Wn = 0.599 223.6 ~ = 133.9 ~ -+ T = 0. 074 s 
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10.12 Use a perturbation method to approximate the forced response of the syste m of Fig. 10-7. 

To avoid sign confusion, define 8 = -e. Since the damping is small, it is ordered with the 
nonlineari ty. To this end 

Then the equation becomes 

J.L = 8( -> (= 13:.= 0.0112 = 0.292 
8 0.0384 

x + 0.584 8i + x - 8x' = 0.510 sin 0.67 11 

A straightforward perturbation solution is assumed as 

X(I) =X"(I) + 8x,(I) 

Substitution into the governing equation and setting coefficients of like powers of 8 to zero lead to 

Xo + Xo = 0.510 sin 0.6711 

0.510 . . 
Xo = 1 _ (0.671)' SIn 0.6711 = 0.928 Sin 0.6711 

Xl + X L = - O.S84Xo+X03 

= -0.364 cos 0.6711 + 0.799 sin' 0.6711 

= -0.364 cos 0.6711 + 0. 599 sin 0.6711 - 0.200 sin 2.1031 

0.364 0.599 . 
X,(I) = - 1 _ (0.671)' cos 0.6711 + 1 _ (0.671)' Sin 0.6711 

0.200 . 
1 _ (2.013) ' Sin 2.1031 

= - 0. 662 cos 0.6711 + 1.09 sin 0.6711 + 0.0655 sin 2.1031 

10.13 Discuss quantitative tools that can be used to determine if the motion of a nonlinear 
system is chaotic. 

(a) The trajectory in the phase plane will not repeat itself for chaotic motion. 

(b) If a spectral analysis of the time history of motion yields a continuous spectrum, the motion is 
chaotic. . 

(c) If the response is sampled at regular intervals, the sampled response of a chaotic motion will 
appear to be random. 

10.14 The Runge-Kutta method has been used to develop the phase planes for Duffing's 
equation for various values of the parameters, as illustrated in Fig. 10-8. Which of these 
motions appear to be chaotic? 

The motion in Fig. 1O-8a appears to be chaotic as there is no discernible pattern to the 
motion. The motion in Fig. 1O-8b is not chaotic as it settles down into a steady state after an initial 
transient period. 

10.15 The Runge-Kutta method has been used to develop Poincare sections for the solution of 
Duffing's equation, shown in Fig. 10-9. Poincare sections are samples of the phase plane 
at regular intervals. Comment on the motion for each Poincare section. 

(a) Since the Poincare section is a collection of apparently random points, the motion is probably 
chaotic. 
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E = 4.500 
1; =0.00 
l. = 3.40 
R = 1.30 

E = I.I OOE+OO 
1; = 0.10 
l. = 1.30 
R = 1.20 (b) 

Fig. 10-8 

[CHAP. 10 

(b) Since the Poincare section is a closed curve, the motion is periodic, but the sampling 
frequency is incommensurate with the frequ ency of motion. 

(c) Since the Poincare section only consists of three points, the motion is periodic, and the period 
of motion is three times the sampling period. 

10_16 Use the van der Pol equation to qualitatively explain the phenomenon of limit cycles. 

When x is smali, the coefficient multiplying i in van der Pol's equation is negative. Thus 
energy is being added to the system through se lf-excitation. This causes the response to grow. 
However, when x grows above 1, th e damping coefficient becomes positive, and energy is 
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dissipated causing the motion to decay. This continual buildup and decay of amplitude th rough 
self-excitat io n lead to the limit cycle. This li mit cycle is independent of initial conditions. 

E ~ 1.000£ - 01 
C; ~ 0.00 
A ~ 1.00 
r ~ 1.05 

E ~ 0.00 
C; ~ 0.00 
A ~ 0.00 
r~ 1.00 

y 

.\ .... 

(a) 

(b) 

Fig. 10-9 

." 

. ..... 

10.17 Show how the method of averaging, or the Galerkin method, can be used to approximate 
the amplitude of a limit cycle. 

Let F(x , x) represent the nonconservative force s in the system. The work done by these forces 
over 1 cycle of motion is 

w = J F(x,x)dx= J F(x,x)xdt 
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y 

-...... 
E = 1.000£ - 01 
~ = 0.10 
A = 1.00 
r= 1.05 (c) 

Fig. 10·9 (Continued) 

If the system develops a limit cycle, the total work done by the nonconservative forces over each 
cycle is zero. Assume the system is nondimensionalized such that its linear period is 21C then 

r F(x,x)idl = O 
o 

When the Galerkin method is used, a response such as 

X(I) =A sin l 

(10.7) 

is assumed and substituted into the work integral Eq. (10.7). The integral is evaluated, yielding an 
approxi mation to the limit cycle amplitude A. 

10.18 Use the method of averaging to approximate the limit cycle of the system governed by 
the non dimensional equation 

X +a(x2+x2- 1)x+x=O 

Application of the method of Problem 10.17 using X(I) = A sin 1 leads to 

F(x, x) = a(x' + x' - l )x 

r F(A sin I, A cos I)A cos 1 dl = 0 
o 

,. 
f a[A'cos' I+A'sin' l-l](Acos l)'dl=O 
o 

,. 
a(A' - I)A' J cos'ldl = 0 

o 

1Ca(A' -1)A' = 0 

A = 1 
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Supplementary Problems 

10.19 Deve lop the general equation for the trajectory in the phase plane for a system gove rned by 

X +X+EXCOSX:;;; O 

Ans. 
i = v C x2 2r sin x 2 cos x 

10.20 Develop the general equation for a trajectory in the phase plane for a system governed by the 
equation 

X +x - ax 2 :;;; 0 
Ans. 

10.21 Determine the equilibrium points and their type for the system of Problem lO.20. 

Ans. x = 0 is a center; x = a is a saddle point. 

10.22 Sketch the phase plane for the system of Problem 10.20. 

10.23 Determine the equilibrium points and' their type for a system gove rned by 

x + 2(i + x + EX' = 0 

Ans. x = 0 is a stable focus for « 1 and a stable node for ( > 1; x = - 1/ E is a saddle point. 

10.24 Determine the equilibrium points and their type for a syste m governed by 

x + 2(i - x + EX' = 0 

Ans. x = 0 is a saddle point; x = ± VlIi are stable foci for « Yz and stable nodes for (> Yz. 

10.25 Derive an integral expression for the period of motion of the nonlinear system gove rned by 

e. + sin 6(1 - cos 6) = 0 

subject to 6 = 60 when iJ = o. 

Ans. 

T =
4f

O d6 
- v' - I cos 260 + 2 cos 60 + l cos 211 - 2 cos II 

·0 
10.26 A 50-kg block is attached to a spring whose force displacement relation is 

F = 2000x + 6000x' 

for x in meters and F in newtons. The block is displaced 25 cm and released. What is the period of 
the ensuing oscillations? 

Ans. 0.907 s 

10.27 Use the perturbation method to obtain a two-term approximation to the response of a system 
governed by 

l' + J-Lfi + x + ex2 = F sin we 
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Am. 

F. [1 ( F )'( 1 ) --Sin wl + E - - -- 1- ---cos 2w( 
1 - w' 2 1 - w' 1 - 4w' 

!-, wF ] 
- (1- w' )' cos wI 

10.28 Use Galkerkin 's method to approx imate the amplitude of the limit cycle of van der Pol's equation. 

Ans. 2 

10.29 Explain the jump phenomenon from Fig. 10-2. 

10.30 Discuss how the Fourier transform of a respo nse can be used to determine if the response is 
chaotic. 



Chapter 11 

Computer Applications 

Vibration analysis often requires much mathematical analysis and computation. Digital 
computa tion can be used in lieu of manual computation for many of the tedious tasks 
performed in vibration analysis. Computer algebra can be used to perform tedious mathematical 
analysis. However, the user must understand the sequence of the steps and how the results are 
used . 

The focus of this chapter is the use of applications software for vibration analysis. It is 
worthwhile to know how to program using a higher-order programming language such as C, 
PASCAL, or FORTRAN, and programs can be written in these languages to solve many 
vibrations problems. However, much of the analysis used in the preceding chapters can be 
performed on personal computers using applications software. 

The finite element method, a powerful method for approx imating the so lution of continuous 
vibrations problems when an exact so lution is difficult to attain , is illustrated in Chap. 9. 
However, for the sake of illustration and for brevity, the examples presented here use at most 
four elements. When more elements are used, digital computation is essential in obtaining it 
so lution. Many difficulties are encountered in the development of a large-scale finit e element 
model. These range from efficient methods of assembly of the global mass and stiffness matrices 
to solu tion of the resulting differential equations using modal analysis. Thus large-scale finite 
element programs have been developed. Some are available for use on the personal computer. 
However, they often require pre- and postprocessor programs and are beyond the scope of this 
book. 

11.1 SOFTWARE SPECIFIC TO VIBRATIONS APPLICATIONS 

Software written specifica ll y for vibrations applications is available . The programs in the 
software package VIBES, which accompan ies the McGraw-Hili text Fundamentals of Mechani­
cal Vibrations by Kelly, include programs that simulate the free and forced response of 1- and 
mul ti-degree-of-freedom systems. VIBES also has programs that numerically integra te the 
convo lution integral, develop force and displacement spectra, perform modal analys is for 
continuous systems, and aid in the design of vibra tion isolators and vibratio n absorbers . Many 
of the files are executable programs while several requ ire user-provided BASIC subprograms to 
allow for any type of excitation. 

11.2 SPREADSHEET PROGRAMS 

Spreadshee ts allow the development of relationships between variables and parameters in 
tabu lar form. Spreadsheets also have grap hica l capabilities for presentation of results. The 
columns and graphs in a spreadsheet are automatically updated when the va lue of a parameter 
is changed . Thus the spreadsheet is a useful tool in " what-if" si tua tions such as design 
app lications. Examples of popu lar spreadsheets are Lotus Development Corporation's Lotus 
1-2-3, Microsoft's Excel, Borland's Paradox, and WordPerfect's Quatro Pro. 

301 
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11.3 ELECTRONIC NOTEPADS 

When using an electronic notepad , the user develops the solution on the computer screen as if 
she or he were using pen, paper, and calculator. Electronic notepads such as MathSoft's 
Mathcad and The Math Works, Inc.'s, MA TLAB provide mechanisms for performing complex 
sets of calculations. Electronic notepads have built·in algorithms that allow the user to quickly 
perform complicated calculations. These include numerical integrations and matrix eigenvalue 
algorithms. Electronic note pads also have automatic update, so that when the value of a 
parameter is changed, all subsequent calculations involving the parameter are recalculated. 
Electronic notepads also have graphical capabilities and allow for limited symbolic processing. 

11.4 SYMBOLIC PROCESSORS 

Symbolic processors such as MAPLE V, MACSYMA, and Malhemalica perform symbolic 
manipulations. Examples of symbolic manipulations include differentiation with respect to a 
variable, indefinite integration , partial fraction decompositions, and solving equations for 
solutions in terms of parameters. Computer algebra software can also be used for linear algebra 
and solutions of differential equations . 

Solved Problems 

11.1 Use VIB ES to plot the response of a l·degree-of-freedom system of mass 100 kg, natural 
frequency 100 radls , and damping ratio 0.3 subj ect to the excitation 

F(l) = 1000 sin 1251 N 

The VIBES program FORCED is used to develop the response as shown in Fig. 11-1. The 
excitation is ploued simultaneously with the response [or comparison. The plot illustrates the 
transient response giving way to a steady-state response. The plots also illustrate the difference in 
period between the excitation and response and the phase difference. 

--F(t)lk 

-4 
- - - _. Displacement 

Fig. 11·1 
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11.2 Use VI B ES to d e te rmine a ppro xima tio ns to the n a tura l freque ncies and m o d e shapes of a 
unifo rm fixed-pinned beam when 4 degrees o f freedom are used to model the beam . 

The 4-degree-of-freedom model is illustrated in Fig. 11-2. The flexibility matrix is obtained 
using the VIBES program BEA M. Unit values of beam properties are used as input in BEA M. 
Thus the numerical values obtained in this example must be multiplied by L' I EI to obtain the 
eleme nts of the flexibility ma trix. The output from BEAM is shown in Fig. 11-3. The VIBES 
program MITER uses ma trix itera tion to detennine natural frequencies and no nnalized mode 
shapes o f a mUlti-degree-of-freedom system. The flexibility matrix obtained from B EAM is used as 
input as well as the mass matrix 

[ 
~ 0 0 0] o I 0 0 

M = 0 0 I 0 pAL 

o 0 0 ~ 

Again uni t values of the prope rties are used . Hence the numerical values shown in Fig. 11 -4 
obtained using MITER in this example are nondimensional. The dimensional na tural freq uency 
approx imations are obtained by multiplying these values by E1/ pAL'. The mode shape vectors 
de te rmined using MITER have been norma lized with respect to the mass matrix. 

Fig. 11-2 

11.3 Use VIBES to d e te rmin e the three lo west na tura l freque ncies and mo d e shape plo ts for 
the beam o f Fig. 11-5. 

11-4 
~(+ sa. 

Mathcad 

11.5 
~(+ sa. 

Mathcad 

T he VIB ES program CFREQ is used to determine the natural frequencies and mode shapes 
of the continuous system. Note tha t f3 = m l pAL. The natura l frequency and mode shapes 
gene ra ted by CFREQ are shown in Figs 11.6 and 11.7. 

A 100-kg reciproca ting m achine, which ope ra tes a t 250 r l min, has a rotating unbalance o f 
m agnitude 0.5 kg-m. Wha t is the maximum stiffness of a vibra tion isolator of da mping 
ra tio 0 .1 to limit the tra nsmitted force to 5000 N? What is the required static d e flection o f 
the isola to r? What is the maximum d e fl ection of the isolator during ope ra tio n? Use 
Machcad fo r the ca lcula tio ns. 

The e lectronic notepad developed using Mathcad follows (Fig. 11-8). The methods used are 
those developed in Chap. 8. Note that m could not be used as the variable name for mass since 
Machcad reserves its use to represent the units of meters. In addition, e could not be used as the 
variable name for eccentricity since Mathcad reserves its use fo r the base of the natural logarithm. 
When findin g the root of a single equation, Mathcad requires an initial guess fo r the root. 

A 100-kg structure of na tura l frequency 100 radls and damping ratio 0.05 is at rest in 
equilibrium whe n it is subj ect to an excita tion o f the form 

F(c) = 12,5OOe- I.5'" N 

Use Machcad to de ve lo p the response of the syste m using the convo lution integra l. 
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FLEXIBILITY MATRIX FOR A 4 - DEGREE-OF-FREEDOM MODEL OF A BEAM THAT IS 
FIXED-PINNED 

THE BEAM'S PROPERTIES ARE, 
LENGTH = 1 m 
ELASTIC MODULUS = 1 N/ mA 2 
MOMENT OF INERTIA- 1 mA 4 

THE LOCATIONS OF THE NODAL POINTS ARE, 
XI 1 )= .2 m 
XI 2 )=.4 m 
XI 3 )= .6 m 
XI 4 )= . 8 m 

AI 1 
AI 2 
AI 1 3 
AI 1 
AI 2 
AI 2 
AI 2 
A I 2 
AI 3 1 
A I 3 2 
AI 3 3 
AI 3 
AI 
AI 
AI 
AI 

1.621E-03 mi N 
2.784E-03 mi N 
2.603E-03 mi N 
1 . 525E-03 mi N 
2.784E-03 mi N 
6.912E-03 miN 
7.381E-03 mi N 

) = 4 .523E-03 mi N 
) = 2 .603E-03 mi N 

7 .381E - 03 mi N 
9 .792E-03 mi N 
6 .624E- 03 mi N 
1 .525E-03 mi N 
4 . 52 3 E-03 mi N 
6 .624E - 03 mi N 
5 .461E - 03 mi N 

Fig. 11·3 

THE CONTROL MESSAGE IS ERR = 0 
The natural f requenc y for mode 1 is 1.S41E+ Ol 
The corresponding normalized mode shape is 

1 .4558122 
2 1.206697 
3 1.505 346 

1.034433 

The natural frequenc y for mode 2 is 4.969E+Ol 
The corresponding normalized mode shape is 

-1.076292 
-1.314738 

.4244277 
1. 390295 

The natural frequency for mode 3 is 1.00SE+02 
The corresponding normalized mode -shape is 

1 1.46 5718 
2 -.23 79109 
3 -1.111364 
4 1.248975 

The natural frequency for mode 4 is 1.SlBE+02 
The corresponding normalized mode shape is 

1 1.218811 
2 - 1.326177 
3 1.148331 
4 -. 6611273 

Fig. 11-4 
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11.6 
d+ sa. 

Mathcad 

Fig. 11·5 

p = 7500 kglm' 

E=210x JO'~, m-

L= 1.5 m 

A = 1.2 X JQ-J m2 

1= 1.8 x IO-tim~ 

m = \6.2 kg 

Natural frequencies and mode shapes for a fixed-attached mass beam 
with beta= 1.200 

8EAM PROPERTIES 
mass density= 7.500E+03 kg /rn~3 

elastic modulus= 2.100E+11 N/mA 2 
length= 1.500E+00 m 
area= 1.200E-03 mA 2 
moment of inertia= 1.800E-06 mA 4 

Mode Number Dimensionless 
frequency 
1. 83 

20.11 
59.61 

Natural frequency 
Irad/sec) 
167.03 

1831. 36 
5429.45 

Fig. 11·6 

. '0.25 ' 0.5 

-I 

Fig. 11·7 

Normalization 
constant 
0.712E+OO 
0.5208+00 
0.472E+00 

Mathcad uses a Romberg integration scheme to numerically evaluate definite integrals. 
Mathcad uses a default tolerance for numerical integration of 0.001. The tolerance can be changed 
by the user. 

Two methods of solution are presented (Figs 11-9 and 11-10). The first is a direct method 
where the integration is carried out over the entire time interval from 0 to t for each value of t. The 
alternate method uses the results of Problem 4.27 where the convolution integral is rewritten as the 
sum of two integrals. Using this formulation, the results of the previous integrations can be used 
and the new integration is carried out over only the new interval. 

Use Mathcad to determine the natural frequencies and normalized mode shapes for the 
system of Fig. 11-11. 
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11.7 
~f+ 

~ 
Mathcad 

COMPUTER APPLICATIONS 

Solution of Problem 11 .4 

Parameter values 

mISS ~ I O(}kg 

(I,l = 25()'~ 

mo ,= lOkg 

F max :; 5000'lleW1on 

Function definitions 

, 
[( I _ ,')' , (2.(.')' ]' 

Machine mass 

Operating speed 

Damping ratio 

Unbalanced mass 

Eccentricity 

Mcu:imum allowable force 

Acceleration due to gravity 

Magnification factor 

Transmissibility ratio 

Fig. 11-8 

[CHAP. 11 

The Machcad solution for the natural frequencies and mode shapes foll ows in Fig. 11 -12. Note 
that the natural frequencies are the square roots of the eigenvalues of M- 'K and the mode shapes 
are the corresponding eigenvectors. The ·mode shapes are norma lized with respect to the mass 
matrix. Note that unless otherwise specified, Machcad refers to the first row or first column of a 
matrix with a subscript O. In addition, note th at even though q = X TMX is a scalar, since it is 
calculated as a matrix product, Mathcad considers it a matrix of 1 row and 1 column. Thus it must 
be referred to as qo.o in subsequent calculations. 

Use Mathcad to help perform modal analysis to determine the steady-state response of 
the system of Fig. 11-12, 

The modal analysis procedure of Chap. 6 is followed in developing the notepad presen ted in 
Fig. 11 -13. The modal matrix is formed by augmenting the normalized mode shapes. The vector 
G = pTF is formed, and the differential equations for the principal coordinates are 

Pi + w/p; = G; sin wI 

The steady-state response for the principal coordinates is 

G, . 
Pi = w~ _ w2 SIn wt 

The original generalized coordinates are then calculated from x = Pp. 
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11.8 
r(+ sa. 

Mathcad 

Function graphs 

r ,=0.0.02 .. 3.0 

00 

Problem Solution 

F 0 .=mO·eoc:' Q)2 

Fmu 
Tmax =~ 

r I =2.8603 

. 
m o '=-

'1 

k :: mass'(&) n
1 

F 0 :::3. 125.104 
'newton 

T mix =0.16 

k =7.6394o to' .Dewton 

" max =5.6783-10--) om 

Fig. 11-8 (Continued.) 

o 
o 

Excitation amplitude 

Maximum transmissibility 

Imal guess for minimum r 

Solution fO( minimum r 

Minimum allowable frequency 
mo 

Maximum allowable natural 

frequency 

Maximum allowable isolator 

stiffness 

Mnimum isolator static 
deflection 

Maximum isolator deflection 

Use Mathcad to determine the finite element approximations to the longitudinal natural 
frequencies of a 2.9-m, fixed-free bar with E = 210 X 109 N/ m2 and p = 7100 kg/m3 when 
four elements are used to model the bar. 
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Solution of Problem 11 .5 - Numerical evaluation of convolution integral 

System parameters 

mass = IOO-kg 

Wn = l00.~ 

, ~ o. os 

Excitation 

F 0 = 12SQO"ncwtoD 

F( I) "=F O"CXP - 1.5---· . 
( 

l ' " ) 
secl.S I 

1 mpulsi'Ve response 

! 

II) d =wn"( 1 _ ~1)2 

Convolution integral formula 

X(I ) ~i l F(I)· b( I - I)<h 
O-sec 

t = o-sec ,O.OOI -sec .. O.3- sec 

System mass 

Natural frequency 

Damping ratio 

Damped natrual frequency 

System response due to a unit impulse 

applied at t= 0 

~>:g 
O Ol~ 

00 0.2 0.3 

Fig. 11-9 

[CHAP. 11 

The global mass and stiffness matrices for a fou r-element finit e element model of a fixed-free 
bar are determined in Problem 9.3. Note that for convenience, nondimensional forms of these 
matrices are used in Mach cad calculations, as shown in Fig. 11-14. 
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AJtemate solution of Problem 11 .5· Use of the method of Problem 4.27 

System parameters 

mass :: lOO-kg 

ca n ::; 100,';; 
, ' O.OS 

I 

Ol d ::; 1'.11 0.(1- <2)2 

F 0 ::; 12500' newton 

Excitatiori -

F( I) =F Q.exp(- 1.5._
1
_. 1

.
5) 

secU t 

i :: 1.2 .. 300 

G 1. =G 1. + 
t ,_ 1 [

I 

I. 
, - I 

(lI d '" 99 .875'~ 

[,

1. 

G Z. =G2. + 
, I - I 

t
i
_

1 

0'0l~ ... , 
" 

om 

00 0.' 0 ) 

Fig. 11-10 
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k, = 10000 N/m 

k, = 20000 N/m 

Fig. 11·11 

2Fosin Wt 

Fa = 1000 N/m 

00=35 rls 

. Solution to Problem 11 .6 - Natural frequencies and mode shapes for a 4 OOF system 

Mass matrix 

20 0 0 0 

o 35 0 0 
M 

o 0 20 0 

o 0 0 30 

Inverse of mass matrix 

0.05 0 

0.029 0 

0.05 0 

o 0.033 

Eigenvalues of 0 

A = eigcnvals( D) 

Natural frequencies 

Stiffness matrix 

20000 - 10000 

- 10000 30000 - 20000 
K 

- 20000 40000 

- 20000 

1·10' - 500 

- 28.5 .714 851 .143 -571.429 0 
D = 

_1· 10' 2·10' -1- 10' 

2.665- 10' 

,= 1.22·10' 

589.073 

49.733 

(IJ 1 ""7.052 

(1)20:::24.27 1 

(IJ 3 "" 34.924 

Fig. 11·12 

- 666.667 666.667 

[CHAP. II 
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11.9 
~f+ sa. 

Mathcad 

Normalized mode shapes 

Fig. ll-ll (Continued.) 

0.259 

0.49J 

X I - 0.565 

0.61 

q "'27.347 

r 
0.049 

X O[ 0.094 
1 0.108 

0.11 7 

-0.6 14 

-0.504 

X 2 - 0.07 

0.603 

q "' 27.457 

-0. 117 

-0.096 

X 2 '" 0.013 

0. 115 

A 1500-kg machine is mounted on a foundation of stiffness 2 x 10' N /m. The machine 
has a vibration amplitude of 7.3 mm when it operates at 1000 r/min. It is desired to 
design a vibration absorber for the machine to eliminate steady-state vibrations at 1000 
r/ min. Use Mathcad to determine the following: 

(i) The stiffness and mass of an undamped absorber to eliminate steady-state 
vibrations of the machine at 1000 rl min and to limit the steady-state amplitude of 
the absorber mass to 1.5 mm. 

(ii) The natural frequencies of the system with the absorber in place. 

(iii) The range of speeds nea r 1000 rl min such that the machine's steady-state 
amplitude is less than 2 mm . 

The Mach cad notepad using the equations presented in Chap. 8 follows in Fig. 11-15. Please 
note the following regarding the solution: (I) Radians is a Math cad defined unit, whereas 
revolutions is not. Thus a sta tement defin ing rev must be made before using it in an equation. (2) 
When the absorber is added, one natural frequency of the resulting 2-degree-of-freedom system is 
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Fig. 11·12 (Continued.) 

-0.873 

0.383 

X3"" 0.193 

-0.233 

q % 22.747 

- 0.183 

0.08 
X3 = 0.04 

- 0.049 

0.D9 

-0.299 

X 4 = 0.901 

-0.30 1 

q = 22.245 

0.0 19 

-0.063 

X 4 ::: 0. 191 

-0.064 

[CHAP. II 

less than w" while one is greater than w". The root function uses an iteration to tind the root. For 
a function with multiple roots. it will generally converge to the root nearest the initial guess. (3) A 
poor initial guess for the frequency where X, = 2 mm may lead to the iteration process used by the 
root function not to converge. This is due to the large derivatives of the function near the natural 
frequencies. 

11.10 Use a Laplace transform solution using MAPLE V to find th e response of a 
1-degree·of-freedom mass-spring system initially a t rest in equilibrium at t = 0 when 
subject to the excitation of Fig. 11-16. 

The excitation of Fig. 11-16 is represented mathematically as 

F(r) = F"e -" [u(t) - u ( r - ±)] 
The unit step function used throughout this text is referred to as the H eaviside function in MAPLE 
V. The dsolve command with the laplace option solves the differential equation using the Laplace 
transform method. In this case (Fig. 11-17) the solution is returned in terms of inverse transforms 
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Solution to Problem 11 .7 - NabJraJ frequencies and normalized mode shapes calculated in 
solution of Problem 11 .6. 

Modal matrix 

P '= augment(P l ' P 2) 

Excitation vector 

1000 

F " III =35 
2000 

Steady-state amplitudes of principal coordinates 

Go 
Po =-,-, 

CJ 1 - fII 

Steady-state amplitudes of generalized coordinates 

x "' P_p 

p~ 

0.049 -0.117 -0.183 0.019 

0.094 -0.096 0.08 --0.063 

0.108 0.013 0.04 0.191 

0.117 0.115 -0.049 -0.064 

Right hand side vector 

Po:::: --{).226 

p) =0.279 

-0.052 

-0.04 

0.037 

-0.036 

265.487 

-90.305 
G ~ 

- 102.007 

401.193 

Fig. 11-13 
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Solution to Problem 11 .8 - Finite element model of bar 

Global mass matrix 

M · ~ 

4 1 0 0 

1 4 I 0 

o I 4 1 

o 0 1 2 

Eigenvalues of 0 

J.. ; cigenvals(D) 

Natural frequency calculations 

E ; 2 1 0· I09.~ 
m' 

p ~ 7100.!! 

m' 
L =2.9·m 

w=c).. 112 

• I ~ C (<,) ' 

Global stiffness mabix 

K 

· 1 0 

· 1 2 · 1 0 

I 2 - J 

o 0 1 1 

0.608 -0.433 0.124 - 0.031 

-0.433 0.732 -0.495 0.124 
D = 

0.124 - 0.495 0.856 - 0.464 

-0.062 0.247 -0.928 0.732 

1.788 

0.855 

0.259 

0.026 

Elastic modulus 

Mass density 

length 

C = 1.837· 104 .~ 

" I ~2.965·lO' ".I 

"2 :9.353·10' ".I 

(Il 3:: 1.699° 10. ".I 

11)4 =2. 457'10· ".I 

Fig. 11-14 

[CHAP. 11 



CHAP. 11) COMPUTER APPLICATIONS 

Solution of Problem 11 .9· vibration absorber design 

m I :;: IS (X}kg 

rev = 2·1!·rad 

ro :;: I OOO~. I · min 
min 6().sec 

X ::: 0.007) -00 

X 2max = 0.0015 'm 

X twax = 0.002-m 

Calculations 

w 22 = ro 

Absorber design 

Mass of primary system 

Stiffness of primary system 

Uritconver'Sion 

CI) 104 . 72'~ Operating speed 

Steady-state amplitude of primary system without absorber 

Maximum absorber amplitude 

MalOmum amplitude of primary system .,,;th absorber 

11.1 11 = 1l 5 . 41 '~ 
"'" 

(1122:: 104.12'~ 
SO< 

Natural frequency of primary system 

Natural frequency of absorber 

F 0 ::::6.962o I0) "newton Excitation amplitude 

Absorber stiffness 

m 2::: 423.259·kg Absorber mass 

Fig. 11-15 

315 

that MAPLE V was not able to invert. Note that MAPLE V applied the first shifting theorem. The 
Laplace transform of the Heaviside functiori is known, and the shifting theorem applied. Thus 
using the results of MA P LE V, the system response is 

y(t) = ---!2--, (~sin wt - cos we + e-·') 
a +w w 

+ (aw + a' ) sin (w(e - ~)) - (a' + w' )cos (w(e - ~))]} 
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. Natural frequency calculations 

III . = 95 .~ 
g ..., 

til = 14 5 .~ 
g ,eo 

III I ::::: 85 . 227'~ ..., 

(1)2 =. 141.9 '~ 

Determination of operating range 

Primary system frequency ratio 

Absorber frequency ratio 

Mass ratio 

Natural frequencies are values of II) such 
that 0=0. 

Guess for lower natural frequency 

Lowest natural frequency 

Guess for higher natural frequency 

Higher natural frequency 

1 - '22 F 0 SteadYMstate amplitude of primary system 
with absorber r12· r22 - r21 - {l + ~)-ri2 + I k} 

TOL ~ 0.000001 

01 ~ ,oot (X Im .. + X Ih (OJ"2(Wg).,).Og) 

Q) I =88.612·~ ... 

(J) u'" 136. 27 1 '~ 
= 

Setting tolerance for root procedures 

Guess for lower end of operating range 

Lowest operating speed for X, < X1ma.x 

Highest operating speed for XI < X,mu 

Fig. 11-15 (Continued.) 

[CHAP. 11 
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F, 

Fig. 11-16 

I 
a 

317 

11-11 For what va lues of m, will the system of Fig. 11-18 have a natural frequency between 60 
and 80 rad/s? Use MAPLE V to perform the algebra. 

The MAPLE V worksheet follows (Fig. 11-19). The natural frequencies are the sq uare roots 
of the eigenvalues of M -' K. Computer algebra is useful in this problem as the mass matrix contains 
an unspecified value. Computer algebra is used to develop the characterist ic polynomial of M- ' K 
in terms of this parameter. Note that since [(A, m) is linear in m, tha t whe n [(A, m) ; 0 is solved 
for m, on ly o ne value of m exists fo r each A. A plot of this function between A ; (60 rad/s)' = 3600 
and A = (80 rad / s)' = 6400 reveals that the maximum and minimum of the function over this 
interval are at the ends of the inte rval (Fig. 11 -20). Thus, in order for any of the natural 
freq uencies to be between 60 and 80 rad /s, 

57.19 kg < m < 138.23 kg 

11-12 Use the Rayleigh -Ritz method using trial functions 

cP,(x} = L'x - 2Lx3 + x' cP2(X} = ~ L 'x -1fL'x' + x' 

to approximate the lowest natura l frequency of a simply supported beam with a 
concentrated mass m at its midspan. Use computer a lgebra to he lp with the 
manipulations. 

The application of MAPLE V to approximate the lowest natural frequency of the beam 
follows in Fig. 11-21 . The Rayleigh-Ritz method is appl ied as illustrated in Chap. 7. The lowest 
natural frequency is obtained as 

w, =96 
42EI 

3968pAL' + 7875mL' 

11.13 Use MAPLE V to develop the Fourier series representatio n for the periodic function of 
Fig. 11-22. 

The Fourier series representation for F(r) is 

F(r); I + ~ (a, cos w,r + b, sin w,t) 
2Jfi 

w'=T 

The Fourier coefficients are obtained using MAPLE V (Fig. 11-23). 

11-14 During operation, a punch press of mass m is subject to an excitation of the form of Fig. 
11-22. Set up a spreadsheet to design a vibra tion isolator of damping ratio, for the punch 
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Solution to Problem 11 .10· Lap/ace transform solution for response of one-degree-of-freedom system 

Setup: 
>reJdllb(He;evfslde); 

pr oc (x) end 

Excitation: 
>F: = t· > FO"exp(· ,alpha· [) .. ( Hc~viside(t}· Heavl~lde«(- l /,} l pll.l )); 

F := 1--> FO e-
al 

( Heaviside(/) - HeaviSid{/- ~)) 
Differential equation: 

>eq, = (D@@2)(Y)( I)+omeg'''2·Y(I)=f(I); 

eq := D(2\yXt) +,.,2 y(/) =FO e-
al 

( Heaviside(/) - Heavisid{t - ~)) 
Solution to differential equation using laplace transform: 

>do>olve( eq, y( [),IApl.lce); 

y(/) _ y(0),.,2 co5(,., I) + y(0) a 2 co5(., I) + D(yXO),., sio(,., () + D(yXO) a 2 sin(,., I) 
%1 %1 %1 %l(s) 

+ FO a sin(,., t) 
%100 

-at 
FO cos(,., I) + FO e_ 

%1 %1 

. ~ FO laPlace( -Heavisid{ ~ } I , S + a) s J 
+ IDvlapla 3 2 2 ' S , t 

. s +s a+(O s +wZ a 

. [FO I~Plac{ -Heavisid{ ~ } t, S + a) a J 
+ mvlaplace... • s, I 

s-'+s2a+«/s+w Za 

%1 := 0 2 +(02 
Initial conditions: 

>subs({y(O) = O,Diyj(O) = 0), "j ; 

-al 
y(t) FOasin(,.,t) _ FOcos(,.,/) +~ 

Ca 2 +ro 2)w 0 2 +(02 a 2 +CI/ 

. [FO laPlac{ -Heavisid{ 7} I, S + a) s J 
+ mvlaplace • s. t 

' s3 +s2(1 +w2 s +w2 a 

. {FO laplace( -Heavisid{ 7} t, S + a) a J 
+ mvlaplac > s, t 

s3 + s2 a + (1/ S + (1,)2 a 
Note tne foflowing: (1) laplace(Heaviside(t-1/alpha))=exp(-s/alpha)/s; 

(2) Replacing s by s+aJpha in the above leads to 
exp( -stalpha-1 )=exp{ -1 )exp( -s1alpha)/(s+alpha) 

Fig. 11 ·17 

press such that the maximum transmitted force is less than F. II • Also use the spreadsheet 
to determine the maximum displacement of the machine when the isolator is used. Use 
the spreadsheet to determine the maximum stiffness of an iso lator of damping ratio 0.1 
for m = 1000 kg, a = 0.2, T = 0.1 s, Fa = 20,000 N, and F.II = 3000 N. 

An alternate representation for the Fourier series is 

F(t) = ~2° + ± c, sin (w,t + K,) 
;- 1 

c, = Va,' + b,' _, (b,) 
K ,. = tan ~ 
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(3) s"3+alpha·s""2+omega"Z"s+omega"2°alpha=(s+alpha)O(s"2+omega"2) 
Then, the inverse transforms become: 

> invlaplact{exp( -s/l lpha )/{{~+alph~r 2 * (sA2 + OIllcg:d' 2),s, r); 

k, = 1 x IOsN/m ' 

k2= 1.2 x lOs N/m 

Fig. 11·17 (Continued.) 

kJ = L8 x lOs N/m 

k
J 
= 1.35 x IDs N/m 

Fig. 11·18 

m, = 125kg 

m2 =1 50kg 

Definin g r, = wJ wo , an upper bound for the maximum displacement is 

I ' c, 
Xmu < mw ,2: V(I - r')' + (2(r)' " , .. , , , 

Similarly, an upper bound for the transmitted force is 

1+ (2(r,)' 
(1 - r,')' + (2(r,)' 
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A spreadsheet for the calculation of the transmitted force and maximum displacement follows 
in Fig. 11·24. Fourteen terms are taken in the Fourie r se ries evaluation, noting that C L4 ML4 is only 
0.02 percent of c,M, and c,,7;, is only 0.15 percent of c, 7;. The isolator stiffness is entered in the 



320 COMPUTER APPLICATIONS 

Solution of Problem 11 .11 using MAPLE V 

Definitions: 
>kl:= 1"10A 5; 

>011:= 125; 

>012 := 150i 

>with {linalg); 
Warning: new definition for 
Warning: new definit.ion for 

kl :- 100000 

k2 :- 120000.0 

k3 :- 180000.0 

k4:- 135000.00 

ml :- 125 

m2 :- 150 

[CHAP. II 

[BlockDiagonal, GramSehmidt, JordanBlock, Wronskian , add, addeol, addrow, adj, adjoint, 
angle, augment, backsub, band, basis, bezout, blockmatrir, charmar, chnrpoly, col, co/dim, 

co/space, co/span, companion, concal, cond, copyinto, crossprod, curl, definite , de/cols, 

de/rows, del, diag, diverge, dotprod, eigefTVols, eigenvects , enlermatrix, equal, exponential, 

erterui,Jjgausselim, jibofUlcci,jrobenius, gausselim, gaussjord, genmatrix, grad, hadamard, 
hermite, heSSian, hi/bert, hrranspose, ihermite, indexfunc, inner prod, intbasis, inverse, 

ismilh, iszero,jacobfon, jordan, kernel, laplacian, leaslsqrs, linsolve, matrix, minor, 

minpoly, mulcol, mulrow, multiply, norm, normalize , nul/space, orthog, p ermanent, pivOl, 

pOlential, randmalrix, randvector, range, rank, rat/orm , raw, rowdim , rawspace, rCIK'span, 

rre/, scalarmul, singularvals, smith, stack, submatrix, subveclor, sum basis, swapcol, 

swaprO'W, sylvester, toeplitz , trace, transpose, VQntiermoruie, vecpotenl, vectdim , vector] 
Mass matrix: 

>M, - m.tTi, (3,3, [[m 1 ,0,0],[0,",2,01,[0,0,m))); 

M_[12~ 1 5~ !] 
Stiffness mabix: 

>K, _m.tTi,(3,3,[[k I + k2,-k2,01,[ ·k2,k2 +k3,· k3 ],[0,-k3,k3 + k4 Il); 

[

220000.0 -120000.0 0 ] 
K :- -1 20000.0 300000.0 -180000.0 

o - I 80000.0 3 I 5000.00 
>8: =- muldr>tv(inverse(M) ,K) i 

[

1760. 000000 

B :~ -800.0~00000 

-960.0000000 
2000.000000 

-180000.01.. 
m 

- I 200.~00oool 
315000.001.. 

m 

Fig. 11-19 

spreadsheet as a parameter. The transmitted force is ca lculated for th e va lue entered. If the 
transmitted force exceeds 3000 N, the isolator st iffness must be lowered. The spreadsheet 
automatically recalculates when a new stiffness is entered. An isolator st iffness of 1,190,875 N/ m 
leads to a transmitted force of 3000 N. 

11.15 A simplified mo del of a vehicle suspension system is shown in Fig. 11-25. The vehicle 
traverses a road whose contour is approximate ly sinusoidal, as shown in Fig. 11-26. 
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Characteristic polynomial of B. roots are eigenvalues, which are squares 

> charpoty{B,larnbda)j 

(A 3 m - 315000.00 1,. 2 - 3760.000000 1,. 2 m + .9684000000 1 

- .486720000010 12)lm 
;.. f: = {I;'lmbd.'l,m)- > I.lOlbda "' 3*m-3 I 5000"lambda·~2 - 3760·'.lmb(b" 2 10 m +0.9684" I 0"'9 * l.lmbd,l +0.2 752· 
> IO·7*lambdJ"01-0.4867*IO"'12; 

f:~ (A, m) -> 1,.3 m - 315000 1,. 2 - ; ·760 1,. 2 m + .9684000000 109 A + .2752000000 \0 
7 

m A 

_ .4867000000 10 12 

>g: = lambda- > solve (f(IJ01bdl,m) =O,m); 

g:~ A -> solve(f{A, m) ~ 0, m) 
>g(tanlbdJ)i 

-I. -31 5000. 1,. 2 + .968400000 \0 9 A - .4867000000 \0 12 

1,. 3 - 3760. 1,. 2 + .2752000 107 1,. 
>plot(g(llmbdJ),lambda = 3600 .. 6400,m =0 .. 200); 

>g(3600); 

138.23274 \0 
>g(6400j ; 

57.18886782 
:;:. 

Fig. 11-19 (Continued.) 
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Develop a spreadsheet program that eva luates the amplitudes of displacement of the cab 
relative to the wheels, the absolute displacement of the cab, and the absolute acceleration 
of the cab for vehicle speeds be tween 0 and 80 m/s. 

The frequency of the excitation is 

2m 
w =-

d 

The equations for the relative displacement, absolute displacement, and absolute acceleration are, 
respectively, 

Z;h r' 
V(1 - r' )' + (2(r) ' 

1 + (2(r)' 
X;h 

(1 - r' )' + (2(r)' 

A;w' X 

A spreadsheet program is developed to calculate tables of these amplitudes for varying v. The 
spreadsheet program is also used to plot these relations (Fig. 11-27). 

11.16 Develop a spreadsheet program that uses numerical integration of the convolution 
integral using piecewise impulse approximations as illustrated in Problems 4.27 and 4.28. 
Use the spreadsheet program to approximate the response of a I-degree-of-freedom mass 
(m = 100 kg) - spring (k ; 10,000 N/m) - dashpot (c = 150 N - s/m) system subject to 

F(r) = 1000e- 15"N 

The solution is given in Figs 11-28 and 11-29. 
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6000 

11.17 Use VIBES or another dedicated vibrations software package to develop the force spectrum for a 
system with a damping ratio of 0.2 subj ect to a triangular pulse. 

11.18 Use VIB ES or another dedicated vibrations software package to approximate the lowest natural 
fre9uencies of the system of Fig. 11-30 wh en 3 degrees of freedom are used to model the beam. 

11.19 Use VIBES or another dedicated vibrations software package to determine the response of the 
system of Fig. 11-30 if the machine has a rotating unbalance of magnitude 0.45 kg-m and operates 
at 200 rad/s. 

11.20 A vehicle suspension system is modeled using 1 degree of freedom with m = 1000 kg, k = 
1.3 x 10' N/m, and (= 0.7. Use VIBES or another dedicated vibrations software package to 
measure the system's overshoot when the vehicle encounters a 20-cm-deep pothole. 



CHAP. 11] COMPUTER APPLICATIONS 

Solution of Problem 11 .12. - Rayleigh-Ritz approldmation for simply-supported beam tMth concentrated 
mass 

Trial fUnctions: 
.>phll:=x-> L ~ J " x · 2·l·X"J+x·' 4; 

phil :=x 4L3 x- 2 Lx3 +x4 
>phi2:=x- > 7i3·L " 4·x·IO/3·L~2"x-·3+x" S; 

Phi2 '= x 4 7. L 4 x _lI!. L 2 x 3 + x5 
. 3 3 

>~f:ri~~~~~tp~,~\~)~xf.ons : _ ~3 
dl := x4di.f1{phi1(x),x) 

>dl (x); 

>d2:=x- > diff{phi2 (x),x)j 

d2 := X 4 di.fl{pbi2(x), x) 
>d2 (x)i 

>dI2:=x· > diffld l(x),x); 

dlj := X 4 di.fl{d1(x), x) 
>dl.2(x); 

- 12 Lx+ 12x2 
>dl_ 2: = x-;:. diff(d2 (xl,x); 

d2j := X4 di.fl{d2(x), x) 

Integral evaluations: 
>a II : =int(Wdl _2(x)·dl _2(x),x= 0 .. 1. ); 

>312: =im{EI*d l .. 2(xi'"d2. 1ixi,x= O .. l ); 

aI2 := 12EIL6 

» 22: =int(EI> d2 _ 2(x) >d2 _ 2(x),x = O .. L); 

640 7 
a22 := 21EI L 

>b 11: ::: int{rho" A ·phi 1 (x) '"phi I (xLx=O .. L) + m"phi I (L/2) ·phl l (Lll)i 

31 9 25 8 
b /I := 630 pAL + 256 m L 

>b 12: = inr(rho· A ·phll (x) ·phi2(x),x=O .. L) + m*phi 1 (1I2)*phI2 (LI2); 

31 10 125 9 
b 12 := 252 pAL + 512 m L 

Fig. 11·21 
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11.21 Use VIBES or another dedicaled vibrations software package to simulate the free vibrations of a 
I -degree-of-freedom system of mass 10 kg and stiffness I X Ht Nl m that slides on a surface with 
frict ion coefficient J.L = 0.14 when it is displaced 3 mm and released fro m rest. 

Use an electronic notepad to perform the calculations required to solve Problems 11.22 through 
11.29, which refer to the system of Fig. 11 -30. When operating at 200 rlmin, the machine has a 
rotating unbalance of magnitude 0.45 kg-m. 



324 COMPUTER APPLICATIONS [CHAP. II 

>b22, =In,(,I,o' A ·phi2(x)·phI2(x),x=O .. L) + m'phI2 (L/2) 'phI2(LI2 ); 

b22 '=~ ALII ~ L IO 
. 2079 p + 1024 m 

>wirh(linalg)i 

[BlockDiagolUll, GramSchmidt, JordanBlock, Wronskian, add, atidcol, atidraw, adj, adjoint, 

angle, augment, backsub. band, basis, bezout, blockmarrix, charmat, charpo/y, col, co/dim, 
colspace. colspan, companion, conca!, cond, copyinto, crassprod, curl, definite , delcols, 
de/rows, del, diag, diverge, dotprod, eigenvals, eigellvects, entermatrix, equal, exponential, 
extend, /fgausselim,flbonacci,jrobenius, gausselim, gaussjord, genmatrix, grad, hadamard, 
hermite, hessian, hilbert, htranspase, ihermite, indexfunc, inner prod, inlbasis, irrverse, 
ismith, iszero, jacobian,jordan, kernel, laplaCian, leastsqrs, linso/ve, matrix, minor, 

minpoly, mulcal, mulrow, multiply. norm, normalize, nulIspace, or/hog. permanent, pivot, 
potential, randmatrix, rantivector, range. rank, rat/orm, row, rawdim, rO'Wspace. raws pan, 
rref, scalarmul, singularvals, smith, stack, submatrix, subvector, sum basis, Sl;f.Japcol, 
swapraw, sylvester, toeplitz, trace, transpose, vandermonde, vecpotent, vectdim, vector] 

Coefficient matrix: "\ 
>D:=Olao-ix(2, 2,[(al1-omE'g.1· 2"'b II,a12-otnega"2·b 12],[a 12-otnega"2·b 12 ,,a,22·omega "2·b2211)j 

D := 

[
24 5 2(31 925 8) 6 2(31 10125 9)J "5 ElL - ro 630 pAL + 256 m L ,12 El L - ro 252 pAL + ill m L 

[ 12EIL6 - 2(2!.. AL IO ~ L9) ro 252 p + 512 m , 

640 El L 7 - 2 (~ A L II ~ L IO)J 
21 ro 2079 p + 1024 m 

>f: =ocn~a· > det{D)j 

j := ro ..... det(D) 
> f(omeg<l )j 

~E12L I2 _~EIL 16 2 A-~EIL 15 2 _ 3_1_ 4 2 A 2 L 20 
7 14553 ro p 2688 ro m + 2095632 ro p 

125 4 19 
+ 4257792 co pA L m 

>~lve\f(omeg4l ) =O,omegJ); 

12 JJI....lfL -12 JJI....lfL 96 [fi L 3/2 J 3968 L p A + 7875 m jEi 
L 2 JPjA ' L 2 JPjA' 3968L 4 pA+7875mL 3 ' 

r:;;; 3/2 
-96 ,;4Z L )3968 L p A + 7875 m jEi 

3968L 4 pA +7875mL3 

> 

Fig_ 11-21 (Continued.) 

/\ / 
aT 
2" 

aT T (I + a)T 

(I +a /2)T 
2T 

Fig_ 11-22 
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Solution to Problem 11 .13 - Fourier coeffidents 

f (t)= C 1 (t) for O<t<alpha4 Ta, C2(t) for alpha*Tf2<t<alpha"T, and 0 for alpha·T<t<T 

> f_ l :::c-:> 2*F*{!(alpha·T); 

> ( .. 2:=(-.> 2*F* { ,·t!(llpha"T)}; 

a 0: 

J 1 ·= t42~ - . aT 

J2 := t42F(I----'---) - aT 

>.1.=-0: = 2n-· {lm(t~ 1 (t),c=O .. dJpha"'Ti2j + int(f_2 {t),t=il lph;)*T 12 .. Jlpha"T»); 

Frequency terms: 
> OlllegJ: = i-:;:. 2"pi*ifTi 

Cosine coeffidents: 

a_O := Fa 

>a 1: = 21T-(bn(f 1 (t)" cos{omega(l) "t)jc=O . . .IIlph.l "'T/ 2) +int(f 2(t)*cos(omcg.a (i) «c).t=alphl"T / 2. alphA"T) 
> .1;- - -

a /" = 2 (l T(cos(1t i a) +1t i sin(1t ia)a)F 
- " 2 1t2 i2 a 

l......I.£...- _ 1 cos(21tia)TF 

21t2jZa 2 1t2j2a 

>simptlfy( ' ); 

1 T(1t i sin(1t i a) a - cos(1t i a))F)/ T 

2 1t2 i2 a 

F(-2cos(1tia)+ I +cos(21tia)) 

1(2;2 a 

Sine coefficients: 
>b _I: ::: 2fT · (int(f _1 (t)"sln(omega(i) *c},c=O .. alpha'·T /2 ) + int(f_2(t)'"sin{omeg;l(i} "(l,t= alpha *T 12 .. Jlph J"'T)) 
> i 

>~lrnpHfy(" ) j 

F(2 sin(1t i a) - sin(21t i a)) 

tt 2 ;Za 

Fig_ 11-23 

I sin(21tia) TF 

2 7t 2 j2 a 
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11_22 The beam is to be modeled using 1 degree of freedom with the generalized coordinate chosen as 
the displacement of the machine. Determine the equivalent stiffness of the beam at this location, 
the equivalent mass of the beam to approximate the beam's inertia effects, and the system 's natural 
frequency. 

11_23 Develop the ftexibility matrix for a 4-degree-of-freedom model of the beam. 

11-24 Determine approximations to the natural frequencies and normalized mode shapes for a 
4-degreecof-freedom model of the beam. 

11-25 Approximate the machine's steady-state amplitude using a 4-degree-of-freedom model of the 
beam. 
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Solution o f Problem 1 1. 14 : De lign of II v ibrnion isolatol lor period ic exciUotion 

d .m~ing filtio 

perIOd 

alpha 

' .0 

1000 kg 

0 .2 
0 . 1 
0 . 2 

20000 N 

F_ilU 3000 N 
Ie 1190815 Nlm 

Summatiofl Frequency 

inde .. 

62 .831 85 
1 25 .6637 

3 188 .• 956 
251 .3274 
3 14 .1593 

6 376 .99 11 
4 39 .1123 

502 .654 8 
9 565 .• 867 

10 628 .3185 
11 691. 1~ 

12 753.9822 
13 816 .81-4 1 
, . 879 .6459 

omegil_n 

F_m.u: 

freque ncy 
ratio 

' _i 

1.820735 
3 .64147 

5 .462205 
7 .28 294 1 
9 .103676 
10. 9 2.-4 1 
12.7.5 15 
1-4 .56588 
16.3 8662 
18 .20735 
20.02809 
21 .84882 
23 .66956 
25 .49029 

34 .50906 rad /. 
3000.001 N 

0 .000389 m 

Fourier coefficienll 

._i b _i 

3130.997 22 74 .802 
1081.133 3329.231 
-91 0.784 2803 .105 
· 1853.58 1346.702 
-1621.14 I .S9E-1 3 
-8 23 .8 1 2 -598.S:M 
-167.287 ·51 • . 856 
67.6083 -208 .077 

38.65428 -28 .084 
0 

25 .87601 18 .80002 
30 .04813 92 .-47864 
-4 8 .5033 149 .2778 
-15 1.3 12 109 .934 9 

c_i 

3870 . 125 
3SOO.S61 
2947 .359 
229 1.14 7 
1621. 139 

1018.287 
5.1. 35 16 
2 18.785 1 
.7 .779 32 

31 .9845 
97 .2378 

156.9599 
187 .032. 

Fig. 11·24 

Fig. 11·25 

Ma gnific. t ion 
factor 

M) 

0.4 12043 116 
0 .08099443 

0 .034580 1 26 
0.019 1855 

0 .0 12201394 
0 .008444 277 
0 .00619 1 2 13 
0 .~733834 

0.0037369 
0 .00302.91 4 
0 .002.98723 
0 .002098851 
0 .001787859 
0 .00154 1224 

1-- - ---1.8 m - -----1 

Fig. 11·26 

11.26 Use the Rayleigh· Ritz method with the trial fun ctions 

cPl(X) = ~ L2X2 - ~L2X J + X4 

cP2(X) = ~ LJX2 - ~L2X J + X5 

to approximate the system's lowest natural frequency. 

[CHA P. II 

Tfiln l minibirity 

facto. 

T_i cyM) cyT) 

0 .50973784 6 1594 .658 1972.749 
0 .1431024 88 283 .5259 500.939 
0 .083091 015 101.92 244 ,899 

0 .05909 1 949 43.9568 135.3883 
0 .0 46075904 19 .78015 74 .695« 
0 .037853387 8 .598701 38 .5 -4 563 

0 .03216465 3 .35162. 17 .• 1239 
0 .02798-4 28 1 .035692 6 .12254 2 

0 .0247774 77 0 .178547 1. 183851 
0 .022236972 0 0 
0 .020173203 0 .07992 0 .64523 
0 .018462656 0 .204088 1 .795268 
0 .017021293 0 .280622 2 .671661 
0 .01578989. 0 .288259 2 .953222 

11.27 Use the Rayleigh·Ritz method with the trial fun ctions of Problem 11.26 to approximate the 
steady· state amplitude of the machine. 



501 ... I.on 01 Problem I I . I 5 _ PeriOdic eKc.u;lon 0 1 v.rucl ..... sp.nsion syst em 

1000 kg 
10000000 N/m 

30000 N-s/m 

h _ 0.006 m 

d ... 1 .8 m 

om.ga_n _ 100 
0 . 15 

v Imlsl omega Irad/sl Z 1m) X Iml omega·2·X lm/s'21 
o 0 I 0 0.006 0 

3.4906585 0 .034907 0.998836 7. 32E-06 0 .006007 0 .073197 
6.9813 1701 0 .069813 0 .995346 2.94E-05 0.006029 0.293864 
10 .4719755 0.10472 0 .989533 B.e5E-05 0.006066 0.665262 

13 .962634 0 . 139626 0.98 1399 0 .000119 0 .006119 1.192947 
17 .4532925 0 . 174533 0 . 970951 0.000 188 0 .006188 1.884964 

20 .943951 0.20944 0.958197 0 .000275 0.006274 2 .752131 
24 .4346095 0 .244346 0.943148 -·0.00038 0.006379 3.80843 

27.925268 0.279253 0.9258 16 0.000505 0.006503 5 .071541 
9 31.4159265 0.314159 0 .906218 0.000653 0.00665 5.56354 6 

10 34 .906585 0 .349066 0.884375-:: 0.000827 0 .006822 8.311854 
II 38 .3972435 0 .383972 0.860312 ' 0 .00 1028 0.00702 10.35042 
12 41 .887902 0.418879 0 .834061 0 .00126 2 0.00725 12.72134 
13 45 .3785606 0.453786 0.805664 0 .001534 0 .007516 15.47699 
14 48.8692191 0.488692 0 .77517 0 .00 1849 0 .007823 18.68284 
15 52. 35 98776 0.5 23599 0 . 742647 0.002215 0.008178 22.42122 
16 55 .8505361 0.558505 0.708178 0.002643 0.008591 26.79634 
17 59 .3411946 0.593412 0.671876 0 .003145 0 .009071 31.94108 
18 62.8318531 0.628319 0 .63389 0 .003737 0 .009632 38.02581 

19 66.3225116 0 .663225 
20 69.8131701 0.698 132 
21 73.3038286 0.733038 
22 76.7 944871 0.767945 
23 80 .2851456 0.802851 
24 83.7758041 0.837758 
25 87 .2664626 0 .872665 

0.594421 0 .00444 0 .010292 45 .26991 
0 .553747 0 .00528 1 0 .0 11 07 53.95559 

0.51226 0.006294 0 .01 1993 64.44205 
0 .470521 0 .00752 0 .0 13086 77. 17239 

0.42935 0.009008 0 .01 4 374 92.6521 
0.389956 0 .010799 0.015865 111.3456 
0.354119 0 .012903 0.017514 133.3803 

26 90.7571211 0.9075 7 1 0.324374 0.015236 0.0 1917 1 157.9048 
27 94.24 77796 0 .942478 0.304021 0 .0 1753 0 .020509 182.1758 
28 97 . 7384381 0 .977384 0 .296606 0.019324 0 .021081 201 .3781 
29 101 .229097 1.01229 1 0.304693 0 .020179 0 .02058 210 .89 
30 104 .719755 1.04 7198 0 .328682 0 .0 20019 0 .019 134 209.83 17 
31 108.210414 1.082104 0.366891 0 .019149 0 .017194 201.3302 
32 111.701072 1.117011 0.41672 0 .0 17965 0 .015185 189.4659 
33 115 . 191731 1.151917 0.475704 0.0 16736 0 .013345 177.0735 
34 118.682389 1. 186824 0.541926 0 .015595 0 .011752 1 <55.5395 
35 122. 173048 1.22173 0.614016 0 .0 14586 0 .010407 155 .3435 
36 125 .663706 1.256637 0 .691029 0 .0 13711 0 .009279 146.5314 
37 129.154365 1.291544 0 .772312 0 .012959 0 .008332 138.9792 
38 132.645 023 1.32645 0 .857407 0 .012312 0 .007532 132.5154 
39 136. 135682 1.361357 0.945994 0 .011755 0.00685 1 126.971 
40 139.62634 1.396263 1.037838 0 .011271 0.006268 122.1969 

143. 116999 1 :43117 1.132769 0 .010849 0 .005764 118.0677 
42 146.607657 1.466077 1.230658 0 .010479 0 .005326 11 4 .4796 
43 150.0 98316 1.500983 1.331409 0.0 10 I 53 0.004942 11 1.3479 

153.588974 1.53589 1.434946 0 .009864 . 0 .004 604 108 .603 
45 157.079633 1.570796 1.541211 0 .009606 0.004304 106.1882 
46 160.570291 1.605703 1.650157 0.009375 0.004036 104.0566 
47 164.06095 1.640609 1.76 I 747 0 .009167 0.00379 6 102. 1696 
48 167.551608 1.675516 1.875951 0 .008979 0 .00358 100.4949 
49 17 1.042267 1.7 10423 1.992743 0.008809 0 .003384 99 .00563 
50 174 .532925 1.745329 2 . 1 12104 0.008653 0.003207 97 .67915 
51 178.023584 1.78 0236 2.234017 0.008512 0 .003045 96.49627 
52 181 .514242 1.815 14 2 2 .358467 0 .008382 0.002897 95.44069 
53 185.004901 1.85004 9 2 .485443 0 .008263 0 .002761 94.49845 
54 188 .495559 1.884956 2.614934 0 .008153 0 .002636 93.65755 
55 191.986218 1.9 19862 2.746931 0.008051 0.002521 92.90764 
56 195 .476876 1.954769 2 .881 42 7 0 .007957 0 .002414 92.23972 
57 198 .967535 1.989675 3.018416 0 .007869 0 .002315 91.64595 
58 202.458193 2.024582 3.157892 0 .007788 0 .002223 91.11946 
59 205.948852 2 .059489 3 .29985 0 .007112 0 .00 213 7 30.65423 
60 209 .43951 2.094395 3 .444286 0.007641 0 .002057 90 .24493 
61 212 .930169 2 . 129302 3.591195 0 .007575 0 .001983 89.88685 
62 216.420827 2.164208 3 . 740576 0 .0075 13 0 .001912 89.57581 
63 219.911486 2. 199115 3.892423 0.0074 55 0 .00 1847 89 .30807 
64 223.402144 2.234021 4 .046736 0 .0074 0.001785 89.0803 
65 226 .892803 2 .268928 4 . 203512 0 .007348 0 .001727 88.88951 
66 230.383461 2.303835 4 .362748 0.0073 0.00 1672 88.73301 
67 233 .87412 2.338741 4 .52 4443 0.007254 0 .0016 2 88.60837 
68 237 .364778 2.373648 4 .688595 0.00721 0 .001571 88.51339 

Fig. 11·27 
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" 240. 85 5 4 37 2 .4085 54 485 520 2 O.OO7Hi 9 0.001525 88.4461 

70 244.3460 9 5 2.443461 5 .0 24264 0 .0071 3 0 .001481 88.4 0 469 
71 247 .836 7 54 2.4783158 5 .1 95779 0 .00709 3 0 .001439 88 . 38 75 
72 251.3274 12 2 .513274 5 .369745 0 ,007058 0 .001399 88 .39304 
73 254 .818071 2 .548181 5 .546162 0 .007025 0.001362 88 .41995 
74 258 .308729 2 .583087 5.725028 0 .006993 0.001326 88 .46695 
75 261,799388 2 .617994 5 .906344 0 .006963 0.001292 88 .53289 

" 265 . 290046 2.5529 6.090108 0 .006934 0.001259 86.61672 
77 2158.780705 2.687807 6 .276319 0 .006906 0 .001228 88. 71745 
78 272.271363 2 . 72271 4 6.464977 0 .00688 0 .00 1198 88 .83419 
7. 275 .762022 2 .75762 6 .656081 0 .006855 0 .00117 88 .96&08 
80 279 .252158 2 .792527 6 .849631 0 .006831 0 .001143 89 . 112 3 6 
8' 282 .743339 2 .82 7433 7 .0 45626 0 .00680 8 0 .001117 89 .27232 

8' 2815.233997 2 .815234 7 .2440155 0.006786 0 .001092 89.44527 
8' 289.7245515 2.8 97247 7 .444948 0 .006765 0 .001068 89.63061 
8. 293.2 153 14 2 .932153 7 .6482715 0 .006745 0 .001045 89 .82775 
85 296 .705973 2 .96706 7 .854046 0 .0015725 0.00 10 23 90.031515 8. 300 . 19 6631 3 .0 01966 8 .052215 0 .0015707 0.001002 90.25531 

Fig. 11-27 (Continued.) 

11.28 Determine the natural freq uency approximations when a three·element finite element model is 
used for the beam. 

11.29 Approximate the machine's steady-state amplitude when a three-element finite element model is 
used for the beam. . 

11.30 Use an electronic notepad to solve the appropriate transcendental equation for the three lowest 
natural frequenc ies of a uniform fixed-free beam and to plot the corresponding mode shapes. 

11.31 Use an electronic notepad to solve Problem 8.25. 

11.32 Use an electronic notepad to solve Problem 11.4 if ,= D.15 and w = 195 r/min. 

11.33 Use an electronic notepad to numerically evaluate the convolution integral for the system of 
Problem 11.5 with 

F(t) = 1000 tanh (D. It ) 

Use computer algebra to solve Problems 11.34 through 11.4D. 

11.34 Derive the elements of the local mass matrix Eq. (9.17) for a beam element. 

11.35 Determine the natural frequencies of the system of Fig. 11-31 in terms of the stated parameters. 

11.36 Determine the frequency response equation for the block of mass m , of the system of Fig. 11-31 if 
F(t) = Fa sin w I. 

11.37 Use the Laplace transform method to determine the response of a I-degree-of-freedom undamped 
system subject to the excitation of Fig. 11-32 . 



CHAP. II] CO MP UTER APPLICATIONS 

SolUlion of Proble m 11 . 16 . Numerical "valuation of convolution integral 

using spreadsheet . 

P,rillmeI8rs : Calcula ted value. : 
100 kg 

10000 N /m 
omega _ n - 10 radls ,. 

DELTA I '" 0 .0 1 s 

0.075 
omegil_d'" 9.971835 rad/s 

0.075212 

Time Force lin 

a 1000 I 1 

0 .0 1 999.9625 1.007528 0.995032 0 .099553 10.02056 10.02056 0.500657 0.500657 0 .000497 
0.02 999.6626 1.0151 13 0.980178 0.198117 9.992627 20.0 1319 1.506557 2.007215 0.001973 
0 .03 999.0629 1.022755 0.955586 0.2947 13 9.860809 29.874 2 .5 1 1138 4 .5 18352 0.004399 
0.04 998. 1642 
0.05 996. 9671 
0 .06 995.4 728 
0 .07 993.6825 
0 .08 991.598 
0.09 989.221 

0 . 1 986.5537 
0 . 11 983.5985 
0 . 12 980.358 
0.13 976.835 
0 .1 4 973.0328 
0 . 15 968.9546 
0. 16 964 .6041 
0.1' 959.9851 
0.18 955 . 1017 
0 .19 949.958 

0 .2 944 .5586 
0.21 938.9083 
0 .22 933.0117 

1.030455 0.92 1499 0 .38838 
1.038212 0.878257 0 .478 189 
1.046028 0.82 6289 0.563247 
1.053903 0.766 11 1 0.64 2709 
1.061837 0 .698321 0.7 15784 

1.06983 0.623594 0.781749 
1.077884 0 .54 267 0.839946 
1.085999 0 .4 56355 0 .889798 
1.094174 0 . 365506 0 .930809 
1.10241 1 0.27 1025 0 .962572 
1.11071 1 0.173851 0.984 772 
1. 1 19072 0 .0 74951 0 .997 187 
1. 1274 97 -0.024 69 0.999695 
1.135985 ·0 .1 2409 0 .99227 
1. 144537 ·0.22226 0 .974987 
1. 153153 ·0 . 3 1822 0 . 948017 
1.161834 ·0.4 11020.911627 
1. 170581 ·0 .49973 0 .86618 
1.179393 -0.58348 0.8 12127 

9.8251 4 8 39. 4 99 14 3.5033 84 
9.2 86883 48.78603 4.472281 

8.8484 5 57.63448 5.4 0 694 7 
8.3 13466 65.94794 6 .296767 

7 .6867 73.63464 7. 13 1525 
6. 974025 80.60867 7.901528 
6. 182362 86.79103 8.59773 1 
5 .319603 92. 11063 9.21 1854 
4.394 525 96.50516 9.736483 
3.4 16696 99 .92 185 10. 16517 
2.396359 102.3182 10.49252 

1. 34432 103.6625 10.71426 
0.271817 103.9343 10.8273 
·0.8096 1 103. 1247 10.82977 
·1.88825 101.2365 10.72107 
·2 .95238 98.2841 1 10.50186 
·3.99038 94 .29372 ' 10. 174 07 

·4.9909 89.30282 9 .740873 
·5.94297 83.35985 9 .206664 

8 .0 21737 0.007736 
12.494 02 0 .0 11 935 
17.90098 0.01694 1 
24.1977 3 0.02269 1 
31.32926 0 .0291 15 
39 .23078 0.036137 
4 7.82852 0 .043676 
57.04037 0 .051646 
66.77685 0.059959 
76.94202 0 .068524 
87.43454 0.077249 

9 8.1 488 0.08604 1 
108 .976 1 0 .094807 
11 9.8059 0.103457 
130.5269 0 . 111902 
14 1.0288 0.120056 
151.2029 0.127838 
160.9438 0 . 135169 
170.1504 0.1 4 198 

0 .23 926 .8741 1.188272 -0. 66 143 0.750006 · 6.836 15 76.5237 8 .577001 178.7274 0.148203 
0 .24 920.5007 1. 197217 ·0.73281 0.680432 ·7.66065 68.86305 7.85854 6 186.586 0 . 153779 
0.25 913 .8969 1.20623 ·0.79691 0.604098 · 8.40746 60.45559 7.058982 19 3.6449 0.158658 
0.26 907.0883 1.2 153 11 ·0.85309 0.52 1762 ·9 .06844 51 .38715 6. 186925 199.83 19 0. 162793 
0 .27 90Q.0207 1.22446 ·0. 9008 0. 4 34 242 ·9 .63643 4 1.75012 5 .25 1822 205.0837 0 . 166148 
0 .28 892.76 1.233678 ·0.93955 0 .34 2408 · 10.1053 31.6454 4.263837 209.3475 0.168694 
0 .29 885.2922 1.242965 ·0.96897 0.247172 · 10.4702 2 1. 17522 3.233726 212.5813 0. 170412 

0 .3 877.6236 1.252323 ·0.98876 0.14948 · 10.7272 10.44801 2.1 72714 214.754 0.17 1287 
0.31 869.7604 1.26175 ·0.99873 0 .050302 · 10.8739 ·0.4 2588 1.092353 215.8463 0 . 171318 
0 .32 861 . 7091 1.271249 ·0 .99878 ·0.04937 ·10.909 · 1 1.3349 0 .004387 2 15.8507 0 .170508 
0 .33 853.4763 1.280819 ·0.9889 ·0.14856 
0 .34 845.0686 1.290462 ·0.9692 ·0. 24627 
0 .35 836.4927 1 .300176 ·0.93987 ·0.34 154 
0 .36 827.7555 1. 309964 ·0.90 12 ·0.4334 1 
0.37 818.8638 1.319826 ·0.85358 ·0.5 2097 
0.38 809.824 7 1.329762 ·0. 797~7 -0.60336 
0 .39 800.6451 1.339773 ·0.73344 ·0.67975 

·10.8324 ·22. 1673 
· 10 .6456 ·32.8129 

·10.351 ·43.1638 
·9.95228 ·53. 11 6 I 
·9. 4 5448 -62. 5706 
·8.86356 ·7 1.4342 
· 8. 18656 · 79.6207 

-1.07939 2 14.77 13 0 . 168869 
·2. 14727 2 12.624 0 . 1664 22 
·3. 18779 209.4363 0 . 163195 
·4 . 18983 205.24 64 0 . 159223 

·5. 14 28 200. 1036 0. 154 54 7 
·6.0367 194 .0 66 9 0 . 149216 
-6 .8623 187 .2046 0 . 143283 

0.4 791.3321 1.349859 -0.662 13 -0.74939 -7. 4 3 145 
0.41 78 1.8929 1.360021 -0.584 23 ·0.8 1 158 ·6.60702 
0.42 772 .3345 1.370259 ·0.50054 ·0.86572 ·5.72278 
0 .43762.66421.380575 ·0.411 87 -0 .91 124 -4. 78883 
0 .44 752.889 1.390968 ·0.3 19 1 ·0 .94712 ·3.8 1574 
0 .45 743.016 1 1.40144 ·0. 22317 ·0.97478 ·2.8 144-6 
0 .46 733 .0528 1.4 1199 ·0.12 502 ·0 .99215 · 1.79608 
0.47 723.0062 1.42 262 ·0.02562 ·0 .99967 -0.77182 
0.48 712.8833 1.4 33329 0.0 740 24 -0.99726 0.247192 
0.49 702.69 14 1.444 I 2 0 . 172937 ·0.984 93 1.250016 

·8 7 .0522 ·7 .61 1 17 179.5 935 0 . 136807 
·93.6592 · 8 .27586 17 1.3 176 0 . 12985 1 

-99 .382 ·8.8499 1 162.4677 0 .1224 8 1 
· 104 . 171 ·9.32798 153.1 397 0 .1 14767 
· 107 .987 ·9.70.583 143.4339 0 . 106781 
· 11 0.801 ·9.98043 133.4 535 0 .098597 
· 11 2.597 · 10. 15 123.3035 0 .090289 
·11 3 .369 · 10.2 138 11 3.0897 0.08 1932 
· 113. 122 · 10.1725 10 2.91 72 0.073598 
-1 11.872 . -10.0279 92 .88924 0 .06536 

0.5 692.4374 1.45499 1 0. 2701 31 ·0.96282 2.226035 ·109.646 · 9.783 83 . 10624 0.057289 
0 .51 682 . 1283 1.465945 0.36464 1 ·0.931 15 3. 165078 · 106.48 1 · 9.44 171 73.66453 0 .049451 
0 .52 671 .77 12 1.476981 0.455528 ·0.89022 4.057534 · 102.423 ·9 .00917 64. 65536 0 .041911 

Fig. 11-28 
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11.38 Use the Laplace transform method to dete rmine the response of the system of Fig. 11 -3 1 if F(t) is 
as shown in Fig. 11-32. 

11.39 Use the convolution integral to de termine the response of a I-degree-of-freedom system of mass 
m , natura l frequency w" , and damping ratio { when subject to the excitation of Fig. 11 -32. 
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0.53 661.3729 1.4881 0.54189 -0. 84045 4 .894462 · 97 .5286 
0 . 54 650.9402 1.499303 0.622867 · 0.78233 5.667686 ·91.8609 
0.55 640.4799 1.5 1059 0 .697656 ·0.71643 6.369879 -85. 491 
0.56 629.9987 1.521962 0.765513 ·0.64342 6.994644 -78.4964 
0 . 57 619.5031 1.5334 19 0.82576 5 ·0. 56401 7.536568 -70.9598 

·8.49 141 56 .16395 0.034728 
-7. 89537 48 .26858 0.027959 
·7.22875 41.03983 0.021653 
·6.49993 34.53991 0.0 15857 
-5 .71788 2B .82203 0.010609 

0.58 608.9997 1.544963 0.877812 -0 .479 7.991275 -62.9685 -4.89199 23.93004 0 .005943 
0.59 598.4948 1.556594 0.921 138 -0 .38924 8.35546 -54 .6131 -4 .03202 19.89802 0 .001887 

0. 6 587.9946 1.568312 0.9553 \ 2 -0.2956 8 .626907 -45 .9862 -3.1479 16.7501 1 -0. 00154 
0 .6 1 577 .5054 
0.62 567.0332 
0.63 556.5838 
0 .64 546.1632 
0 .65 535 .7169 
0 .66 525.4304 
0 .67 515.1292 
0 .68 504.8785 
0 _69 494.6833 

1. 5801 19 0 .979994 ·0 . 19903 8.8045 
1.592014 0 .994939 -0. 10048 8.8882 12 
1.603999 1 ·0.00093 8.879085 
1.616074 0 .995 1 24 0 .098629 8 . 779 197 
1.62824 1 0.980362 0 . 197207 8.591618 
1.640498 0.955859 0.293825 8.32035 
1.652848 0.92 186 0.387524 7.970258 
1.665291 0.87870 1 0.471373 7.546998 
1.677828 0.82 6812 0 .562479 7 .056925 

-37 .1817 -2. 24968 
-28.2935 ·1.34736 
-19.4144 -0.45079 
-10.6352 0.430459 
· 2.04356 1. 287169 

6.276788 2.110618 
14.24705 2.89265 1 
21 .79404 3.625771 
28.85097 4.303216 

14.50043 
13. 15307 
12.70228 
13. 13274 
14.4199 1 
16.53053 
19.4 2318 
23 .04895 
27.35217 

-0.00432 
-0.00645 
-0.00793 
·0.00876 
·0.00895 
-0.00853 
-0.00751 
-0.00593 
-0.00382 

0 . 7 484 .5486 1 .690459 0 .766708 0.641997 6.507007 35.35798 4 . 919016 32.27118 -0.0012 1 
0.71 474.4792 1.703185 0.698986 0.715 135 5.904724 41 .2627 5.468054 37.73924 0.001842 
0.72 464.4797 1.716007 0.62432 0.78 1169 5. 257966 46 .52066 5 .946099 43.68534 0.005299 
0.73 454.5545 1. 128925 0.54345 0 .83944 1 4.574929 51.09559 6.34984 50.035 18 0.009107 
0.74 444 .708 1. 741941 0.457181 0.889373 3.864011 54.9596 6 .676902 56.7 1208 0.0132 13 
0 .75 434.9442 1. 755055 0.36637 0 .930469 3. 133703 58.09331 6.925845 63.63792 0 .017564 
0 .76 425.2672 1. 768267 0.2719 19 0.96232 2 . 392488 60.4858 7.096164 70.73409 0 .022102 
0.77 415.6809 1.781579 0.174766 0.984 61 1.648737 62 . 13453 7 . I 88266 77.92235 0.02677 1 
0 .78 4 06. 1887 1.79499 1 
0.79 396.7942 1 .808504 

0 .8 387.5007 1.82211 9 
0.8 1 378.31 14 1 .835836 
0 .82 369.2293 1.849667 
0 .83 360.257 1. 86358 1 
0 .84 351.3974 1 .8716 11 
0 .85 342.6528 1 . 891746 
0 .86 334 .0256 1 .905987 
0 .87 325.618 1 .920336 
0.88 317. 1319 1. 934792 
0.89 308.8692 1.949358 

0.075877 0.997117 0.9 106 15 63.045 15 7.203439 
·0.02377 0 .999718 0.185985 63.23113 7. 143814 
·0. 12317 0 .992385 -0.5 1767 62 .7 1346 7.012316 
·0.22136 0.975193 · 1. 19335 6 1.52011 6 .8 12604 
·0.31734 0 .9483 12 · 1.83455 59.68556 6 .54 9007 
;0.41017 0.912009 · 2.43541 57.25015 6.226449 
-0.49893 0.866644 -2.99068 54.25947 5.850371 
-0. 58273 0.812669 ·3.49582 50.76364 5.426675 
-0. 66073 0 .75062 · 3 .94701 46.81664 4 .961579 
·0. 73218 0.681113 -4.34 117 42.47547 4.461595 
·0. 79635 0.604838 .4.67598 37.79949 3.933408 
·0.85261 0 .522555 -4.94989 32.8496 3.383798 

85.12579 0 .03 1512 
92 .2696 1 0 .036268 
99.28192 0 .()40983 
106.0945 0.0456 
112 .6435 0.050067 

118.87 0.054333 
124 .7204 0 .05835 

130. 147 0.062072 
135 . 1086 0 .065459 
139.5702 0.068473 
143.5036 0.071082 
146.8874 0 .073257 

0 .9 300.7315 1.964033 ·0.90039 0 .435079 -5.1621 27 .6875 2.819552 149.707 0 .074976 
0.91 292 .7204 1.9788 19 
0.92 284.8372 1.993716 
0.93 277.0832 2.008725 
0 .94 269.4594 2.023847 
0 .95 261 .9668 2.039083 

-0. 93923 0 .343281 ·5. 31254 22.37496 2.247387 151.9544 0 .07622 
-0. 96874 0.2480 72 ·5.4 0 186 16.9731 1.67387 153.6282 0.076976 
-0.98863 0 . 150398 -5.43139 11.54171 1.1 0534 154.7336 0.077236 
-0.99869 0 .05 123 ·6.40309 6. 1386 16 0.54 7846 155 .28 14 0 .076997 
-0.99883 ·0 .04845 -5 .31953 0 .819088 0 .007082 155.2885 0.076262 

0.96 254 .6061 2.054433 -0.98904 -0.14764 -5. 1838 -4 .36471 -0.51 167 154.7768 0.075037 
0.97 247.3781 2 .069899 -0.96943 -0. 24537 -4.99948 -9 .36418 -1.00359 153.77 32 0 .073336 
0 .98 24 0.283 1 2.085482 ·0 .94 0 19 ·0.34066 .4. 77056 -14.1347 - 1.46434 152.3089 0 .071174 
0.99 233.3216 2. 101182 ·0.9016 -0.43257 -4.50 142 -18.6362 - 1.89014 150.4188 0.068573 

1 226.4938 2.117 ·0.85406 -0.52018. -4.19668 -22.8328 -2.27775 148 . 141 0.065559 

Fig. 11·28 (Continued.) 

11.40 Detennine the Fourier coefficients for the excit at ion of Fig. 11-33. 

11.41 Develop a spreadsheet program to solve Problem 11.14 if the machine is subj ect to the excita tion 
shown in Fig. 11 -33 with T=O.l S," =0.3, and F,=21,OOO N. 

11.42 Develop a spreadsheet program that determines the frequency response of a system when a 
damped vibration absorber is added. Use the program to analyze the system of Problem 11.9 when 
an optimally damped absorber of mass ratio 0.15 is added to the machin e. 

11.43 Develop a spreadsheet program similar to the program of Problem 11.16 to determine the response 
of the system due to an excitation of the form of Problem 11.15. 
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COMPUTER APPLICATIONS 

Numerical Evaluation of Convolution Integral 
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Fig. 11-29 

I:j-~ ---_-_1.3 m_-_-_--"--D-=-' -=--=-_0.9 m_---l---, 
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Fig. 11-31 
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- F, 

Fig. 11-32 

T (0:+ I)T 2T (0: +2)T 

Fig. 11-33 

11.44 Develop a spreadsheet program that uses Euler's method to numerically approximate the forced 
response of a I-degree-of-freedom system. Use the program to determine the response of a system 
of mass 150 kg, natural frequency 210 rad/s, and damping ratio 0.05 subject to F(t) = 1200t"'e- L

',. 

11.45 Develop a spreadsheet program that uses a fourth-order Runge-Kutta method to determine the 
forced response of a I-degree-of-freedom system. Use the program to determine the response of 
the system of Problem 11.44. 
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Appendix 

SAMPLE Screens From 
The Companion Schaum's Electronic Tutor 

This book has a companion Schaum's Electronic Tutor which uses Mathcad® and is designed to help you 

learn the subject matter more readily, The Electronic Tutor uses the LNE-MA TH environment of Mathcad 

tec hnical calculation software to give you on-sc reen access to approximately 100 representative solved 

problems from this book, together wi th summaries of key theoretical points and electronic cross-referencing 

and hyperlinking. The following pages reproduce a representative sample of screens from the Electronic 

Tutor and will help you understand the powerful capabilities of this electronic learning tool. Compare these 

screens with the associated solved problems from this book (the corresponding page numbers are listed at the 

stan of each problem) to see how one complements the other. 

In the companion Schaum's Electronic Tutor, you' ll find all related text, diagrams, and equations for a 

particular solved problem together on your computer screen. As you can see on the following pages, all the 

math appears in familiar notation, including uni ts. The format diffe rences you may notice between the 

printed Schaum 's Outline and the Electronic Tutor are designed to encourage your interact ion with the 

material or show you alternate ways to solve challenging problems. 

As you view the following pages, keep in mind that every number, formula, and graph show n is 

completely interactive when viewed on the computer screen. You can change the staning parameters of a 

problem and watch as new output graphs are calculated before your eyes; you can change any equation and 

immediately see the effect of the numerical calculations on the ~olution. Every equation, graph, and number 

you see is available for experimentation. Each adapted solved problem becomes a "live" worksheet you can 

modify to solve dozens of related problems. The companion Electronic Tutor thus will help you to learn and 

retain the material taught in this book and you can also use it as a working problem-solving tool. 

The Mathcad icon shown on the right is printed throughout this Schaum's Outline to indicate 

which problems are found in the Electronic Tutor. 

~f+ 

~ 
Mathcad 

For more information about the companion Electronic Tutor, including system requirements , please see 

the back cover. 

® Mathcad is a registered trademark of MathSo[[, Inc. 
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Underdamped System Response and Overshoot 
(Schaum's Mechanical Vibrations, Solved Problems 2.21, 2.22, and 2.23, pp. 51-52) 

Statement Overshoot for an underdamped system is defined as the maximum 
displacement of the system at the end of its first half cycle when the system 
is subject to an initial displacement with zero initial velocity. 

System 
Parameters 

(a) What is the minimum damping ratio of a system such that it is subject 
to no more than 5% overshoot? 

(b) A suspension system is being designed for a vehicle of mass m when 
empty. It is estimated that the maximum added mass from 
passengers, cargo and fuel is mp . When the vehicle is empty its 

static deflection is to be 6. What is the minimum value of the 
damping coefficient such that the vehicle is subject to no more than 
5% overshoot, .empty of full? 

(c) The suspension system for the vehicle of part (b) is designed using 
the minimum damping coefficient determined in part (b) . What is the 
overshoot when the vehicle encounters a bump of height h when 
loaded with passengers, fuel , and cargo of total mass m 1? 

mass : = 2000· kg 

6 = 3.1· 1O,3m 

m p .= 1000· kg 

m I = 220·kg 

g =9.8 1 ·~ 
sec2 

Empty mass of vehicle 

Static deflection when empty 

Maximum mass of passengers, cargo, and fuel 

Mass of passengers, cargo, and fuel for part (c) 

Height of bump 

Acceleration due to gravity 
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Solution 

(a) The free vibralion response of an underdamped system is 

where ~ is the system's damping ratio , Oln is its nalural frequen cy, Ol d is 

its damped natural frequen cy, and A and ~d are constants of integration . If 

Xo is the system's initial displacement, then 

The displacement from equilibrium al the end of the first half cycle is xh = 
- x(Td/£l 

Noting that 

2·. 
T~-

"'d 

leads 10 

For 5% overshoot, x(Ti2) = -O.05xo 

( ~. ) O.OS= exp -J I _ ~2 

which is solved for ~ as 

In(OOs)2 

.2 + In(O.OS)2 
~ =0.69 
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(b) The required suspension stiffness is 

k = mass·g 

~ 

k = 6.329-\ 06 newton 

m 

The results of part (a) show that the damping ratio must be smaller than 
0.69 to limit the overshoot to 5%. The stiffness of the system is fixed , 
but its mass varies, depending on the passengers, fuel , and cargo. If the 
damping coefficient is also fixed , the damping ratio is larger for a larger 

mass (1; = c/[~(mk)112)). Hence, in order for the overshoot to be limited 
to 5% for all possible loading conditions , the damping ratio must be 
limited to 0.69 when the vehicle is fully loaded . 

(c) The natural frequen cy of the system with this loading is 

k w = 53394 _ rad n . 
\ sec (mas~ + m d 

The system's damping ratio is 

1; \ =0.802 

From part (a) the overshoot is 

Extension Plot the overshoot as a function of the total mass where the mass varies from 
the mass of the empty vehicle to the mass when the vehicle is fully loaded . 



Further 
study 
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i=O, I.. 20 

i 

For evaluation and plotting the mass ranges from 
mass to mass + mp in increments of mp/20. 

IDS; .= mass + 2o.m p 

The natural frequency varies with the mass 

~i . ___ c __ 

2~ 
The damping ratio varies with the mass. 

The overshoot 

Overshoot VS . mass 
0.00) ,.----,-------.-----,------,-----, 

0.002 

0.001 

oL---____ -L ________ L-____ ~ _______ ~ ____ ~ 

2000 2200 2400 2600 2800 

""; 
Total mass in kg 

(1) Plot the overshoot as a function of damping ratio for 0 < ~ < 1. 

(2) Plot the overshoot as a function of the damped period. Assume the 
stiffness is fixed and the damping ratio varies between ° and 1. 

3000 
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Undamped and Damped Response to Harmonic Excitation 
(Schaum's Mechanical Vibrations, Solved Problems 3.4 and 3.8, pp. 74, 77) 

Statement A machine of mass m is placed at the end of a cantilever beam of length L, 
elastic modulus E, and cross-sectional moment of inertia I. As it operates the 
machine produces a harmonic force of magnitude F 0 . At what operating speed 

wil l the machine's steady-state amplitude be less than Xmax if 

System 
Parameters 

Solution 

(a) the system is modeled as an undamped 1 degree-of-freedom system? 

(b) the beam is modeled as a 1 degree-of-freedom system with a viscous 
damping ratio (1 

mass = 45·kg Mass of machine 

9 . 2 
E= 200· 10 ·new(on· m- Elastic modulus of beam 

Cross-sectional moment of inertia of beam 

L = 1.6·m 
Length of beam 

F 0 .= 125·newlon Excitation magnitude 

Maximum steady-state amplitude 

(= 0.08 Damping ratio for part b 

(a) The system is modeled as a one-degree-of-freedom system . The 
equiva lent stiffness is the stiffness of a fixed-free beam at its end is 

k __ 3E_ 1 k = 2.344 '\ 06 • newton 
m 
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If the inertia of the beam is neg lected, the natural frequency of vibration of the 
machine is 

g wn := --
mass 

w =228 218·
rad 

n . 
sec 

In order for the steady-state amplitude to be limited to Xmax ' the maximum 

magnification factor is 

Mmax M max =3 .75 

The magnification factor is related to the frequency ratio and damping ratio by 

M(r. O 

For an undamped system ~ = O. There are two values of r such that 
M(r,O) = Mmax . Finding first the value of r < 1 

r =0.8 

Now for r> 1 

r2 :=root (M( r,O) - M max,r) 

r
l 

= 0.856 

rad 
wI = 195.434'­

sec 

r
2 

= 1.125 

rad 
w 2 =256.851 ' ­

sec 

Guess for r < 1 

Solving for r 

x < Xmax for", < "' 1 

Guess for r> 1 

Solving for r 
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(b) There is viscous damping ratio ~ 

r =.8 

r .= 1.2 

r, : 0.879 

WI: 195.434 ,rad 
sec 

r2 : 1.096 

rad 
W 2 : 250.099 ,-

sec 

Guess for r < 1 

Solving for r 

Guess for r > 1 

Solving for r 

Alternate method of so lution which can be used if your version of MATH CAD has 
symbolic capabilities: 

First load the symbolic processor. The magnification factor M is written 
symbolically as a function of r and ~ . The [ctrl): is used to type the equal sign . 

M 

Now select the variable r in the 
equation for M . Choose "Solve for 
Variable" from the "Symbolic" 
menu . Four solutions for r in terms 
of M and ~ are shown to the left, in 
an array. Note that the second and 
fourth solutions are negatives of the 
first and third solutions and of no 
interest. 
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The first and third solutions are set equal to functions of M and I; by copying 

them to the clipboard and pasting them to th e rig ht hand side of a function. 
The third so lution is the smaller value of r and set equal to r1 while the first 

solution is set equal to r2 

The solution to the problem is obtained by evaluating the functions for M = 
Mm •• and I; = 0 and I; = 0.08. 

I; =0 r I (M max,l;) = 0.856 

I; :=0.08 

The values obtained above are identica l to those previously attained using the 

root function . The upper bound on the speed for ", < "'n and the lower bound 

on the speed for ", > '" n are obtained as before. This method is useful if 

these speeds are to be determined for a range of ~. 

Further study 

341 

(1) 

(2) 

Make a plot of the upper b'ound on the operating range for r < 1 vs I; for 0 < I; < 0.7 

Plot the lower bound on the operating range for r > 1 as a function of the length of 
the beam for 1 m < L < 4 m assuming 1;.= 0.08 and all other parameters as 

given. 
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Natural Frequencies and Mode Shapes for a 3 DOF System 
(Schaum's Mechanical Vibrations, Solved Problems 5.30, 5.3 1, and 5.38, pp. 160, 164) 

Statement Determine the natural frequencies and normalized mode shapes of the following 
system. 

System 
Parameters 

Solution 

Assume 

I ·newton 
k ----

m 

The mass and stiffness matrices for this 3 degree-of-freedom system are 

3·k - 2k O. newton 

(mass 
Okg 

Okg ) 
m 

M ·= O·kg 2·mass O·kg K .- - 2·k 3·k · k 

Okg O·kg 2·mass O. newton 
·k k 

m 

The inverse of the mass matrix is ca lcu lated as 

4 ·mass 2 
O· kg

2 
0·kg

2 

M mv = ( ~ 
0 0 

_ 1 
0·kg

2 2 
0 ·kg

2 0.5 ) - 1 Mmv 
- (4mass3)· 

2·mass o 'kg 

O.kg2 O.kg2 2·mass2 0 0 05 
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The natural frequencies are the square roots of the eigenvalues of M;nvK . To 

this end 

(

3 - 2 0 ) 
0= -I 1.5 -0.5 'sec--:! 

o -0.5 0.5 

w2 = eigenvals( D) 
(

3.87 1 ) 
w2 = I ' sec-'2 

0. 129 

Thus the natural frequencies are 

'" 1 = 0.359 .rad 
sec 

,.. _ I · rad 
w2 - -

sec 
'" 3 = 1.967 .rad 

sec 

The mode shapes are the eigenvectors of M;nvK. 

E = eigenvecs( D) 
(

0.9 150.577 

E = -0.399 0.577 

0.059 -0.577 

0.383 ) 
0.55 

0.742 

The eigenvectors for the modes are u, v, and w respectively where 

u :=E<2> v :=E<I> w :=E<I» 

( 0383 ) ( 0577 ) ( 0915 ) u = 0.55 v = 0.577 
w = -0.399 

0.742 -0.577 
0.059 
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The mode shapes are normalized with respect to the mass matrix 

c I = 1.853-kg c 2 = 1.667 -kg 

The normalized mode shapes are 

I 
un :=--_ ·u 

F: 

(

0.282 ) 
un = 0.404 _k g""1)·S 

0 .545 

I 
v n :=-- _ ·v 

Jc 2
0

_
0 

~
.447 ) 

- 0 S 
v n = 0.447 -kg . 

.447 

c 3 = 1.1 62-kg 

I 
wn :=--_ ·w 

Jc 30 . 0 

(

0.849 ) 
w n = -0.37 _kg""1)· s 

0.055 

The previous solution follows the methods used in Schaum's Outline in 
Mechanical Vibrations. However, Mathcad has a feature which determines 
eigenvalues and eigenvectors for a generalized eigenvalue problem of the form 
Kx = AMx. The natural frequencies are the square roots of the eigenvalues of 
the generalized eigenvalue problems and the mode shapes are the normalized 
eigenvectors. However to use this feature the matrix K must be dimensionless. 
To this end 

M I = (~ ~ ~ ) 
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w3 :=genvals(K I ,M I) 

EI= genvecs(K I ,M I) 

(

3.871 ) 
w3 = 1 

0.129 

(

0.9 15 -0.577 -0 .383) 
E I = -0.399 -0.577 -0.55 

0.059 0.577 -0.742 

Note that the eigenvectors returned using genvecs are not normalized with 
respect to the mass matrix. 

Extension Investigate mode shape orthogonality using the normalized eignevectors. 

Further 
study 

wnTM.vn = O 

(1) Show numerically that the mode shapes are also orthogonal with respect 
to the stiffness matrix. 

(2) Show numerically that un TKun = rol 
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Undamped Absorber Design 
(Schaum's Mechanical Vibrations, Solved Problems 8.27 and 8.28, p. 254) 

Statement A machine of mass m is attached to a spring of stiffness k1 . During operation the 

machine is subject to a harmonic excitation of magnitude Fo and frequency 00. 

System 
Parameters 

Solution 

(a) 

(a) Determine the stiffness and mass of an undamped absorber of minimum mass 
such that the steady-state amplitude of the machine is zero and the steady-state 
amplitude of the absorber mass is less th an X2max when the machine operates at 

00 . 

(b) What are the natural frequencies of the system with the absorber in place? 

m 1 .= 200·kg 

w = 50. rad 
sec 

kl =4· IOsnewton 
m 

The natural frequency of the primary system is 

rad 
w II = 44 .72 1'­

sec 

F 0 = 500· newton 

The steady-state amplitude of the primary mass is zero when the absorber is 
tuned to the excitation frequency. When this occurs the steady-state 
amplitude of the absorber mass is 

which is rearranged to yield 
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The minimum absorber stiffness such that X2 < X2m ax is 

FO newton 

X 2max m 

In order for X, = 0, the natural frequency of the absorber "'22 = (kz'm2),n must 

be equal to the excitation frequency",. Thus since the ratio of ~ to m 2 is fixed, 

the absorber with the minimum possible mass corresponds to using the 
minimum allowable stiffness. This leads to. 

2 

'" 

(b) The mass ratio is 

m 2 = 100'kg 

~ =0.5 

The natural frequencies of the absorber are the frequencies such that the 
denominator of Eq .(8.12) is zero. This leads to the following 

W 22 =w 4 [ 2 2] 2 2 2 few) .=w - ( I + ~) · w22 + '" II .", + w II ,w22 

The natural frequencies are the values of w such that t( oo) = O. When the absorber 
is added, the system has two natural frequencies, "" < 00 11 ' "'2 > w11 

w :=50
rad 

sec 

wI :=root( [(w),w) 

w := 80
rad 

sec 

w 2 :=root( f(w), w) 

guess value 

guess value 

rad 
wI =32.679 '­

sec 

rad 
w 2 =68.426'­

sec 
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Extension With the absorber in place, for what va lues of ", will the steady-state amplitude 
of the absorber be less than X1max ? 

Further 
study 

The steady-state amplitude of the absorber in terms of", is expressed by 

r l ew) .--"'- '" 
'" II 

Analysis shows that the denominator above is negative for "'1<"'<"'2, The 

numerator is positive for "'<"'22 and negative for "'>"'22 Thus the appropriate 

range of ", is such that "'.<"'<"'b where X1("'a)=-X1max and X1("'b)=X1max" 

TOL = 0.00000 1 

'" = 42, rad 
sec 

The default value of TOl = 0.001 is not tight enough in 
this problem . Try using the method below with the default 
value and notice the difference in answers. The smaller 
the value ofTOl , the more accurate the answer. 

'" a : = root (X I max + X I ("') ,00 ) ,., = 40 442 , rad Wa ' 
sec 

'" '= 54
rad 

sec 

"'b = root (X Imax - X 1(00),00 ) 
rad 

"'b =6 1.238 '­
sec 

(1) Study the design of an undamped absorber if the goal is to reduce the 
steady-state amplitude of the primary mass to 2 mm for all speeds between 
35 rad/sec and 65 rad/sec. 

(2) Repeat the extension of this problem if the excitation is a frequency 

squared excitation caused by a rotating imbalance, that is, Fo = 0.2",2. 
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Acceleration amplitude, 89-91, 105-106, 
243, 321 

Adams method, 111 
Amplitude: 

free response , 37-38, 53 
steady-state, 67, 88, 102-103, 238, 

246- 248, 260, 302 
Angle of twist, 11 
Auxiliary system, 184,237-238 

Backbone curve, 286 
Bar element, 265 
BEAM, 303-304 
Beam: 

cantilever (see Beam, fixed-fixed) 
fixed- fixed, 155, 158, 176, 178, 228, 279 
fixed- free , 12, 30,32,43, 47,74, 84,88, 

96-97, 102,104-105,156, 176-178,182, 
215- 216, 223, 230- 231, 256- 257, 275, 
283-284, 303 

fixed-pinned, 6, 284, 303-304 
free- free , 230 
pinned- free, 214 
pinned- pinned, 7, 11, 16, 31,48,79, 101, 

109,154- 156, 161,176,200,213,222, 
232, 255, 263, 277, 283 

simply supported (see Beam, pinned-
pinned) 

Beam element, 266 
Beam equation, 202 
Beating, 66, 76, 102 
Boundary conditions, 201, 203, 207-215, 217, 

218 

Center, 289-290 
CFREQ, 303-305 
Chaotic motion, 285, 295, 300 
Characteristic equation, 201, 207- 209, 214, 

229-230 
Combination resonance, 285 

349 

Continuous systems, 1,201-234, 264 
Convolution integral, 109, 112-119, 123, 

125- 126, 132-133, 188, 195, 221 , 303, 
308-309, 321, 329-331 

Coulomb damping: 
forced response, 71, 97, 107 
free response, 40, 54-55, 107 

Critically damped response, 38-39, 48-49, 
61 , 63 

Cubic nonlineari ty, 285 

Damped absorber, 238, 256- 257, 263 
Damped natural frequency, 38, 53 
Damping coefficient, I, 12-14,31 
Damping matrix, 137, 139 
Damping ratio, 37, 49-51, 61-63, 77, 81 
Dashpot, 1 
Degrees of freedom, 1, 3-4, 27-28 
Differential equation: 

derivation of, 36- 37, 40-44, 57-59, 64 
multi-degree-of-freedom, 136- 139, 157, 

168- 174, 177, 181, 194 
nonlinear, 285 
standard form of, 37, 64 

Discrete system, 1 
Displacement spectrum, 236, 251-252, 261 
Displacement vector, 137 
Distributed parameter system (see 

Continuous systems) 
Drag coefficient, 87 
Duffing's equation, 285-286, 293 

E <n, 237, 253 
Eigenvalue-eigenvector problem, 137 
Eigenvalues, 137, 139,160,168, 196,264, 

310, 314 
Eigenvectors, 196,264, 269 
Element mass matrix, 264 

bar element, 265, 271-273, 281 
beam element, 266,278-279, 283 
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Element stiffness matrix, 264 
bar element, 265- 266, 271 - 273 
beam element, 266, 278-279, 283 

Equilibrium point, 285, 288, 290, 292, 299 
Equivalent damping coefficient , 24-27, 34-35 
Equivalent damping ratio, 71-72 
Equivalent mass, 1, 15, 18-19,22,26-27, 

32- 35, 255 
Equivalent moment of inertia , 2, 20-21, 23, 

25 , 32-35 
Equivalent stiffness, 1, l1, 18-35 

bars, 5 
beams, 6, 7, 12, 30-31, 74, 79 
parallel springs, 7, 9, 11-12 
series springs, 8-9, l1-12 

Equivalent systems, 1, 18- 27,36,40-41, 
57-58, 64, 73 

Euler method, 123, 126 
Even function , 71, 99 

Finite element method, 264-284, 307, 314 
First sh ifting theorem, l10, 120 
Flexibility influence coefficients, 137, 

151- 156, 175- 176 
Flexibili ty matrix , 137-138,151-157, 

175- 176, 183,303 
Focus, 289 
Force ratio, 97 
Force spectrum , 236, 251-252, 261 
Force vector, 137 
FORCED, 302 
Fourier series, 71 , 98-100, 107-108, 317, 325 
Free body diagram, 36, 42-43, 45, 56, 59, 64, 

73.82,93,95, 136, 139-140, 148-153, 
169- 170, 208,216,218-219 

Frequency ratio , 67 
Frequency squared excitation, 67, 82, 88 

Galerkin method, 297-298, 300 
Generalized coordinates, 1,3-4, 137, 

187-189, 195 
Geometric boundary conditions, 204, 227, 

264 
Global displacement vector, 264 
Global mass matrix , 264, 269, 272, 274, 277, 

280,282-283 
Global stiffness matrix, 264, 269, 274, 276, 

280, 282-283 

Hardening spring, 285 
Harmonic excita tion, 64, 180 
Homogeneous solution, 65 
Hooke 's law, 206 
Houdaille damper, 240, 257-258, 263 
Hysteretic damping, 72, 98, 107, 250, 260 

Impedance matrix, 180, 185-186 
Impulse excitation, 236 
Initial conditions, 37, 65, 162, 220,285,293 
Integration by parts, 212- 213, 217 
Internal resonance, 285 
Inverse transform, 110, 120 
Isolator efficiency, 237 
Isolator stiffness, 242-243, 259 

Jump phenomenon, 286 

Kinetic energy: 
bar element, 265, 268, 271-273 
beam, 16-17 
beam element, 266, 275, 277 
equivalent system , 1 
linear spring, 15 
multi·degree-of-freedom system, 

140-1 46, 194 
quadratic form , 132, 264 
rigid body, I, 18-19,22- 26 
torsional system, 2, 20- 21 

Knots, 123 

A (r, n. 67-69,82-84,86, 88-90,241 , 248, 
259 

Lagrange's equations, 136, 140- 147, 
170-173, 194, 265 

Lagrangian, 136, 141-146 
Laplace transform , 109, 119- 122, 133, 180, 

185-186,198-199,312,318-319 
Limit cycle, 287, 296- 297, 300 
Linear spring, 1 
Linear superposition, 70, 285 
Linstedt- Poincare method, 294 
Local coordinate, 264 
Local mass matrix (see Element mass matrix) 
Local stiffness matrix (see Element stiffness 

matrix) 
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Loga rithmic decremen t, 38, 53, 97- 98 
Longitudina l waves, 202, 205, 207-208, 

210-211 
Lotus 1- 2-3,301 

M (r, 0, 67,74-80,85,93, 101 , 191 , 246, 306 
MACSYMA , 302 
Magnification factor, 67, 72, 75-78, 97 
MAPLE V, 302,312, 315,317 
Mass matrix, 137, 158-159, 161, 183,303,310 
Mass ratio, 254 
Mothcad, 302-303, 305- 311 
Mothematico, 302 
MATLAS, 302 
Matrix iteration, 138, 165-167, 178-179 
Maxwell's reciprocity theorem, 137 
Method of ave ragi ng, 297-298 
Me thod of renormalization, 294 
M ITER , 303 
Modal analys is, 181, 187-191, 193, 199, 265, 

307,313 
Modal damping ratio , 139, 190- 191, 195 
Modal matrix, 181, 189- 190, 196,313 
Modal superposition , 203, 221-223, 232 
Mode shape vector, 137, 159-162, 165, 

177-179, 187, 192, 310 
Multi-degree-of-freedom systems, 136 
Mult ifrequency excitation, 70 

Natural frequency: 
continuous systems of, 202, 206, 208, 

210-211,213-216,220-221,229-230, 
303 . 

from finite element method, 264, 267, 269, 
272-273, 275, 279, 281-282, 307, 314 

multi -degree-of-freedom system, -
137-138, 157-163, 166- 167, 177-178, 
187,189, 192 

I-degree-of-freedom system, 37, 40, 43 , 
45- 49, 51, 57-61 

Nega tive damping, 287 
Node, 289 
Non linear systems, 285-300 
Normal mode solution: 

continuous systems, 201, 207, 209, 211 , 
213-214 

discrete systems, 137, 159-160 
Normalization condition, 138, 164, 179, 202, 

220 

Odd function, 71, 98 
Optimum damping ratio, 240, 256, 258 
Orthogonality: 

continuous system, 202-203, 211 - 213, 216, 
222-223, 230-231 

discrete system, 138-139, 163, 166, l78, 
181 

Overdamped response, 39 
Overshoot, 50-52, 62 

Paradox, 301 
Parallel springs, 7-9, 11 - 12,48,60,76 
Partial fractions , 120-121, 185-186 
Particular solution, 65 
Pendulum equation, 287 
Period, 45- 46, 62, 285, 293-294, 299 
Perturbation method, 286, 293- 295, 299 
Phase angle: 

steady-state, 67, 80-81, 104, 302 
undamped free response of, 37 
underdamped free response, 38 

Phase plane, 285, 288, 290-299 
Poincare 6ections, 295 
Potential energy, 17-18 

bar element, 265, 267 -268, 271-272 
beam element, 266- 267 
due to gravity, 23-24 
equ iva lent system, 2 
linear springs, 18-22,24-27,47,49 
multi-degree-of-freedom sys tem, 

140-147, 194 
quadratic form , 136, 264 
torsional system, 2 

Pressure waves, 20 
Primary system, 184, 238 
Principal coordinates, 181, 187- 193,313 
Principle of impulse and momentum, 253 
Proportional damping, 138, 167- 168, 181, 

190, 193, 195, 200 

Q W, 235, 253 
Quadratic form, 136, 264 
Qllarro Pro, 301 

R (r, n 91 - 92 
Rayleigh-Ritz method, 204, 225-228, 

233-234, 264, 317 
Rayleigh's quotient, 204, 224- 225, 233 
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Relative displacement , 68, 89, 105 , 235, 248, 
321 

Resonance, 66, 74, 285 
Response spectrum, Ill , 127-129, 137 
Reynolds number, 87 
Rotating unbalance , 81-84, 104-105, 

183-184, 218, 242-243, 248,303 
Runge-Kutta method, 111 , 126, 295 

Saddle point, 289-291 
Second shifting theorem, 110, 121-122, 186 
Self-excited vibrations,' 287 
Series springs , 8, 9, 11 - 12, 15,35, 48 
Shape functions, 264 
Shock isolation, 236 
Softening spring, 285 
Spreadsheet, 301, 317; 321 
Start-up amplitude, 246, 260 
State plane (see Phase plane) 
Static deflection, 3, 18, 29, 48, 51, 60, 242, 

260, 303 
Steady-state response, 67, 102- 103, 107, 180, 

182,184,191 , 197- i98, 217-219, 231, 
235, 254, 302 

Stiffness, 1 
Stiffness influence coefficients, 137, 147-151 , 

175 
Stiffness matrix, 137-138, 147-151 , 157, 175, 

310 
Strouhal number, 87 
Subharmonic resonance, 285 
Superharmonic resonance, 285 
Support excitation, 69, 88-89, 105 
Symmetric matrix, 137, 179-180 

INDEX 

T (r, n 70, 89, 91, 236, 243-246, 248-249, 
306 

Taylor series expansion, 205, 289 
Torsional stiffness, 2, 5-6, 10, 76 
Torsional waves, 202 
Trajectory, 288, 295, 299 
Transmissibility ratio, 236, 243-256 
Transmitted force, 242-243, 246, 249, 253, 

260-262 
Trapezoidal rule, 124, 126, 134 
Triangular pulse, 115-117, 121, 251 

Unbalance (see Rotating unbalance) 
Underdamped response, 38, 167-168 
Unit impulse function, 111 , 195-196 
Unit step function, 111, 116-118, 132 
Unrestrained system, 138, 154 

van der Pol equation, 287, 296-297, 300 
Variation, 64, 136, 141-142, 146-147, 265 
VIBES, 301-303,322,323 
Vibration absorber, 182, 237 -238, 254-255, 

262, 311, 315-316 
Vibration control, 235-263 
Vibration isolator, 235, 242, 303, 317-320 
Virtual work, 64, 136, 141 , 194, 265, 280 
Viscous damper, 12-14 
V ortex shedding, 87-88 

W (r, n 93-94 
Waterhammer waves, 202 
Wave equation, 201, 202 
Wave speed, 201-202, 205 
Whirling, 241, 258-259, 363 
Work , 2, 24-27,49 
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