5 Analysis of stress and strain

51 Introduction

Up to the present we have confined our attention to considerations of simple direct and shearing
stresses. But in most practical problems we have to deal with combinations of these stresses.

The strengths and elastic properties of materials are determined usually by simple tensile and
compressive tests. How are we to make use of the results of such tests when we know that stress
in a given practical problem is compounded from a tensile stress in one direction, a compressive
stress in some other direction, and a shearing stress in a third direction? Clearly we cannot make
tests of a material under all possible combinations of stress to determine its strength. It is essential,
in fact, to study stresses and strains in more general terms; the analysis which follows should be
regarded as having a direct and important bearing on practical strength problems, and is not merely
a display of mathematical ingenuity.

5.2 Shearing stresses in a tensile test specimen

A long uniform bar, Figure 5.1, has a rectangular cross-section of area 4. The edges of the bar are
parallel to perpendicular axes Ox, Oy, Oz. The bar is uniformly stressed in tension in the x-
direction, the tensile stress on a cross-section of the bar parallel to Ox being 6,. Consider the
stresses acting on an inclined cross-section of the bar; an inclined plane is taken at an angle 6 to
the yz-plane. The resultant force at the end cross-section of the bar is acting parallel to Ox.

P = 4o,

Oy w—p—o Lz_ _____ NN

—»= Ox

Figure 5.1 Stresses on an inclined plane through a tensile test piece.

For equilibrium the resultant force parallel to Ox on an inclined cross-section is also P = Ao,. At
the inclined cross-section in Figure 5.1, resolve the force Ao, into two components—one
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perpendicular, and the other tangential, to the inclined cross-section, the latter component acting
parallel to the xz-plane. These two components have values, respectively, of

Ac, cos 0 and 4G, sin 0
The area of the inclined cross-section is
AsecO

so that the normal and tangential stresses acting on the inclined cross-section are

Ag , cos@ 3
0 =—~* — =g¢g,cos0 5.1
A sech (5-1)
A in6
p - 20 ST o, cos sind (5.2)
A secB

o is the direct stress and 1 the shearing stress on the inclined plane. It should be noted that the
stresses on an inclined plane are not simply the resolutions of 6, perpendicular and tangential to
that plane; the important point in Figure 5.1 is that the area of an inclined cross-section of the bar
is different from that of a normal cross-section. The shearing stress T may be written in the form

1= 0, cosdsing = Lo, sin26

At 8 = 0° the cross-section is perpendicular to the axis of the bar, and t = 0; 1 increases as 0
increases until it attains a maximum of %2 6, at 6 = 45°; 1 then diminishes as 0 increases further
until it is again zero at 8 = 90°. Thus on any inclined cross-section of a tensile test-piece, shearing
stresses are always present; the shearing stresses are greatest on planes at 45° to the longitudinal
axis of the bar.

Problem 5.1 A bar of cross-section 2.25 ¢cm by 2.25 cm is subjected to an axial pull of
20 kN. Calculate the normal stress and shearing stress on a plane the normal
to which makes an angle of 60° with the axis of the bar, the plane being
perpendicular to one face of the bar.

Solution

We have 8 = 60°, P= 20kNand 4 = 0.507 x10> m>. Then

20 x 10°
o, = X1 soaMN/m?
0.507 x 1073

The normal stress on the oblique plane is

= 985 MN/m?

L
4

6 = 0, cos’60° = (39.4 X 106)
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The shearing stress on the oblique plane is

1o, sin120° = £(394 x 10‘5)‘/E = 1705 MN / m?
2

5.3 Strain figures in mild steel; Liider's lines

If a tensile specimen of mild steel is well polished and then stressed, it will be found that, when the
specimen yields, a pattern of fine lines appears on the polished surface; these lines intersect roughly
at right-angles to each other, and at 45° approximately to the longitudinal axis of the bar; these
lines were first observed by Liider in 1854. Liider's lines on a tensile specimen of mild steel are
shown in Figure 5.2. These strain figures suggest that yielding of the material consists of slip along
the planes of greatest shearing stress; a single line represents a slip band, containing a large number
of metal crystals.

Figure 5.2 Liider's lines in the yielding of a steel bar in tension.

54 Failure of materials in compression

Shearing stresses are also developed in a bar under uniform compression. The failure of some
materials in compression is due to the development of critical shearing stresses on planes inclined
to the direction of compression. Figure 5.3 shows two failures of compressed timbers; failure is
due primarily to breakdown in shear on planes inclined to the direction of compression.
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Figure 5.3 Failures of compressed specimens of timber,
showing breakdown of the material in shear.

5.5 General two-dimensional stress system

A two-dimensional stress system is one in which the stresses at any point in a body act in the same
plane. Consider a thin rectangular block of material, abed, two faces of which are parallel to the
xy-plane, Figure 5.4. A two-dimensional state of stress exists if the stresses on the remaining four
faces are parallel to the xy-plane. In general, suppose the forces acting on the faces are P, 0, R,
S, parallel to the xy-plane, Figure 5.4. Each of these forces can be resolved into components P,,
P, etc., Figure 5.5. The perpendicular components give rise to direct stresses, and the tangential
components to shearing stresses.

The system of forces in Figure 5.5 is now replaced by its equivalent system of stresses; the
rectangular block of Figure 5.6 is in uniform state of two-dimensional stress; over the two faces
parallel to Ox are direct and shearing stresses o, and 1, respectively. The thickness is assumed
to be 1 unit of length, for convenience, the other sides having lengths a and 5. Equilibrium of the
block in the x- and y-directions is already ensured; for rotational equilibrium of the block in the xy-
plane we must have

[ty (@x D] xb = [1,(bx1)] xa
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a
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0 » X [o)
Figure 5.4 Resultant force acting on the faces Figure 5.5 Components of resultant

of a ‘two-dimensional’ rectangular block. forces parallel to O, and O,

Thus (ab) 1, = (ab) 1,

or Ty = Ty (5.3)

Then the shearing stresses on perpendicular planes are equal and complementary as we found in
the simpler case of pure shear in Section 3.3.

g\
y
1;
fo) (0] T x
Figure 5.6 General two-dimensional Figure 5.7 Stresses on an inclined
state of stress. plane in a two-dimensional stress system.

5.6 Stresses on an inclined plane

Consider the stresses acting on an inclined plane of the uniformly stressed rectangular block of
Figure 5.6; the inclined plane makes an angle 8 with O,, and cuts off a ‘triangular’ block, Figure
5.7. The length of the hypotenuse is ¢, and the thickness of the block is taken again as one unit of
length, for convenience. The values of direct stress, 6, and shearing stress, T, on the inclined plane
are found by considering equilibrium of the triangular block. The direct stress acts along the
normal to the inclined plane. Resolve the forces on the three sides of the block parallel to this
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normal: then

6 (c.1) = o, (c cosb cosB) + a, (c sinb sinb) + 1., (¢ cosd sinb) + 1., (c sinb cosb)
This gives

6 = o ,cos’ 0 +0,sin’ 0 + 21, sin O cos 6 (5.4)

Now resolve forces in a direction parallel to the inclined plane:

1.(c 1) = -0, (c cosB sinb) + o, (¢ sinb cosb) + 1, (¢ cosb cosb) -1, (¢ sinh sinb)
This gives
T = -0, cosf sinb + ¢, sinb cosb + Txy(cosz() - sin’0) (5.5)

The expressions for ¢ and 1 are written more conveniently in the forms:
6 = Y(o, +0)+ %o, - 6,) cos26 +1,,5in20 (5.6)
T = -%(0, - 6,) sin26 + 1, cos20 5.7

The shearing stress T vanishes when

(o, - 0,) sin26 = 1, c0s20

that is, when

21
tan28 = ¥ (5.8)
o, - O,
x ¥
or when
21 2t
26 = tan” 2 or tan’' =+ 180°
6 -0 6. -0C
x y x v
These may be written
2t 2t
8 - L v or Lant 2 4 g0e (5.9)

2 6-0, 2 6~ o,
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In a two-dimensional stress system there are thus two planes, separated by 90°, on which the
shearing stress is zero. These planes are called the principal planes, and the corresponding values
of ¢ are called the principal stresses. The direct stress ¢ is a maximum when

% = (o, - 6 sin28 + 21, cos20 = 0
that is, when
2t
tan20 = i
Gx - Gy

which is identical with equation (5.8), defining the directions of the principal stresses; thus the
principal stresses are also the maximum and minimum direct stresses in the material.

5.7 Values of the principal stresses

The directions of the principal planes are given by equation (5.8). For any two-dimensional stress
system, in which the values of 6,, 6, and 1,, are known, tan26 is calculable; two values of 6,
separated by 90°, can then be found. The principal stresses are then calculated by substituting
these vales of @ into equation (5.6).

Alternatively, the principal stresses can be calculated more directly without finding the
principal planes. Earlier we defined a principal plane as one on which there is no shearing stress;

in Figure 5.8 it is assumed that no shearing stress acts on a plane at an angle 6 to Oy.

Y

0 > x
Figure 5.8 A principal stress acting on an inclined plane;
there is no shearing stress T associated with a principal stress o.
For equilibrium of the triangular block in the x-direction,
6(c cosB) - 6, (c cosh) = 1., (c sinb)

and so

X

6-0,=1,tan6 (5.10)
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For equilibrium of the block in the y-direction
6 (c sinb) - o, (c sind) = 1, (c cosh)
and thus

6 -0,= T,cCotd (5.11)

¥y

On eliminating 8 between equations (5.10) and (5.11); by multiplying these equations together, we
get

(6-0)(c-0)= 1,

This equation is quadratic in o; the solutions are

2
o, = % (o, + o)+ %—J(cx - cy) +41%, = maximum principal stress

(5.12)

2
G, = % (0,+ o) - 71-‘[(0,( - cy) +4rfy = minimum principal stress

which are the values of the principal stresses; these stresses occur on mutually perpendicular
planes.

5.8 Maximum shearing stress

The principal planes define directions of zero shearing stress; on some intermediate plane the
shearing stress attains a maximum value. The shearing stress is given by equation (5.7); T attains
a maximum value with respect to 8 when

& .
E = ~(o, - cy) cos20 - ZT{V sin26 = 0
i.e., when
2t
cot2f = -—X
6, - O,

The planes of maximum shearing stress are inclined then at 45° to the principal planes. On
substituting this value of cot 26 into equation (5.7), the maximum numerical value of t is
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TN ET (513)

But from equations (5.12),

[3or- ol o] = o1 4lox - 03) = dox - 03)-o:

where o, and o, are the principal stresses of the stress system. Then by adding together the two
equations on the right hand side, we get

o TR O

and equation (5.13) becomes

T ax = (01 = 02) (5.14)

The maximum shearing stress is therefore half the difference between the principal stresses of the
system.

Problem 5.2 At a point of a material the two-dimensional stress system is defined by

6, = 60.0 MN/n?’, tensile

X

6, = 45.0 MN/m’, compressive

1, = 37.5 MN/m’, shearing

Xy

where ¢, 6,, T, refer to Figure 5.7. Evaluate the values and directions of the
principal stresses. What is the greatest shearing stress?

Solution

Now, we have

Ho.+0,)=1 (60.0-450) - 7.5 MNm®

L(o.-0,)=1 (600+450) = 52.5 MN/m?
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Then, from equations (5.12),

1
o, = 7.5+ [(525)2 + (375)2}2 - 75+644 = 71.9 MN/m’

Nf—

5, = 75- [(525)2 + (375)2} = 75-644 = -56.9 MN/m?

From equation (5.8)

2t,, 37.5

tan20 = = = 0714
G, ~ ©, 52.5
Thus,
26 = tan”! (0.714) = 35.5° or 215.5°
Then
® = 17.8° or 107.8°

From equation (5.14)
Tro =101 - 02) = 2(719+569) = 64.4 MN/m?

This maximum shearing stress occurs on planes at 45° to those of the principal stresses.

5.9 Mohr's circle of stress

A geometrical interpretation of equations (5.6) and (5.7) leads to a simple method of stress
analysis. Now, we have found already that

o= %(cx +cry) + -é-(c,r —cy)c0526 +1,,5in20
T = —%—(c, - cy)sinZB +1,, cos26

Take two perpendicular axes Oc, Or, Figure 5.9; on this co-ordinate system set off the point having
co-ordinates (o,, 7,,) and (o, - 1,)), corresponding to the known stresses in the x- and y-directions.
The line PQ joining these two points is bisected by the Og axis at a point O’. With a centre at O',
construct a circle passing through P and Q. The stresses ¢ and T on a plane at an angle 0 to Oy are
found by setting off a radius of the circle at an angle 26 to PQ, Figure 5.9; 20 is measured in a
clockwise direction from O’ P,
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A
p(U,, txy’

==
'l Rfc, 1)
Trmax
|
1
Y -y
(0] (0]
) |
} t
(—0’2--)1 !
|
O(va _Txy) :
t‘ ————— Oy = == - -

Figure 5.9 Mohr's circle of stress. The points P and Q correspond to the
stress states (o,, 1,,) and (o,, - T,) respectively, and are diametrically opposite;
the state of stress (g, T) on a plane inclined at an angle 6 to Oy is given by the point R.

The co-ordinates of the point R(g, T) give the direct and shearing stresses on the plane. We may
write the above equations in the forms

(cx+ cy) = —l-(cx— O’y)COSZQ + 1,,8in20

°- 2

Nl—l

-t = (ox—cy)sinZO—t,y cos20

NI»—-

Square each equation and add; then we have
1 : a1 : 2
o——2-(0,+oy) +12= 7(0‘—6-“) +[r,y] (5.15)
Thus all corresponding values of ¢ and 1 lie on a circle of radius

l 2
5(0,—0,)] +13,

with its centre at the point (}2[c, + 6,], 0), Figure 5.9.

This circle defining all possible states of stress is known as Mohr's Circle of Stress; the principal
stresses are defined by the points 4 and B, at whicht = 0. The maximum shearing stress, which
is given by the point C, is clearly the radius of the circle.

Problem 5.3 At a point of a material the stresses forming a two-dimensional system are
shown in Figure 5.10. Using Mohr's circle of stress, determine the magnitudes
and directions of the principal stresses. Determine also the value of the
maximum shearing stress.
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(ry= 30 MPa

|

——

1

20 MPa

Xy

7= 50 MPa

—————

Ty= -20 MPa

y

Figure 5.10. Stress at a point.

Solution

105

From Figure 5.10, the shearing stresses acting in conjunction with o, are counter-clockwise, hence,
1,, is said to be positive on the vertical planes. Similarly, the shearing stresses acting in conjunction

with 1, are clockwise, hence, 1, is said to be negative on the horizontal planes.

On the o - 1 diagram of Figure 5.11, construct a circle with the line joining the point (o,, 1,)
or (50, 20) and the point (o,, - 7,) or (30,-20) as the diameter, as shown by 4 and B, respectively

Figure 5.11 Problem 5.3.

The principal stresses and their directions can be obtained from a scaled drawing, but we shall

calculate 6,, o, etc.

D4 = 20 MPa
OD = ¢, = 50 MPa
0G = ¢, = 30 MPa

y
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(0D + 0G) _ (50 +30) _ 44 vpa

2 2

ocC

CD = OD-0C = S50-40 = 10 MPa
AC? = CD?* + DA?
= 10% + 20?
or AC = 2236 MPa
o, = OEF = OC + AC = 40 + 22.36
o, = 6236 MPa
6, = OF = OC - AC
= 40 - 22.36

or o, = 17.64 MPa

20 - tan“(ﬂ)

~ 8 = 31.7° see below

y

0’1 =624
3n7°
X

58.3°

0'2:176

Maximum shear stress =1, = AC = 22.36 MPa which occurs on planes at 45° to those of the
principal stresses.
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Problem 5.4 At a point of a material the two-dimensional state of stress is shown in
Figure 5.12. Determine 6,, 6,, 0 and 1,

0y=-l10 MPa
Tay= 20 MPa
a, 4——1— —0,= 30 MPa
.
Ty= -20 MPa ‘
Gy

Figure 5.12 Stress at a point.

Solution

On the 6t diagram of Figure 5.13, construct a circle with the line joining the point (¢, 7,,) or (30,
20) to the point (o, ~1,) or (-10, -20), as the diameter, as shown by the points 4 and B
respectively. It should be noted that 1, is positive on the vertical planes of Figure 5.12, as these
shearing stresses are causing a counter-clockwise rotation; vice-versa for the shearing stresses on
the horizontal planes.

Figure 5.13 Problem 5.4.
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From Figure 5.13,

AD
oD

OF

oc

or OC

CD
AC?

or

or

28

or T

T, = 20

o, = 30

o, = ~10

(OD + OE) _ (30 - 10)
2 2

10

OD-0C = 30-10 = 20

CD? + AD?

20% + 202 = 800

28.28

OF = OC + AC = 10 + 2828

38.3 MPa

OG = OC - AC

10 - 283

-18.3 MPa

tan"l ilz = .2_0 = 450
cD 20

22.5 (see below)

Maximum shearing stress = AC
28.3 MPa acting on planes at 45° to ¢, and o,.
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y
g,= 383
el
675
0-2 = - 183

5.10 Strains in an inclined direction

For two-dimensional system of strains the direct and shearing strains in any direction are known
if the direct and shearing strains in two mutually perpendicular directions are given. Consider a
rectangular element of material, OABC, in the xy-plane, Figure 5.14, it is required to find the direct
and shearing strains in the direction of the diagonal OB, when the direct and shearing strains in the
directions Ox, Oy are given. Suppose €, is the strain in the direction Ox, €, the strain in the
direction Oy, and v,, the shearing strain relative to Ox and Oy.

,V{‘
Yy SIN O
'4; ———————— S
sysinef - //
l T
] 1 Y
sin B vy, ~ N\ /
! ~ N
P N
[¢] \14:
(0] cos 9 C ) c X

Figure 5.14 Strains in an inclined direction; strains in the directions O, and O, and
defined by ¢,, €, and v,, lead to strains ¢, y along the inclined direction OB.

All the strains are considered to be small; in Figure 5.14, if the diagonal OB of the rectangle is
taken to be of unit length, the sides O4, OB are of lengths sinf, cos0, respectively, in which 0 is
the angle OB makes with Ox. In the strained condition OA extends a small amount €, sing, OC
extends a small amount €, cos®, and due to shearing strain OA rotates through a small angle v,
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If the point B moves to point B’, the movement of B parallel to Ox is

€, cosf + v,, sind

and the movement parallel to Oy is

€, sin0

Then the movement of B parallel to OB is
(s,r cosb +v,, sine) cosf + (sy sin(-)) sin®

Since the strains are small, this is equal to the extension of the OB in the strained condition; but OB
is of unit length, so that the extension is also the direct strain in the direction OB. If the direct
strain in the direction OB is denoted by ¢, then

€ = (e, cosb +v,, sine) cosf +(ey sine) sind

This may be written in the form
_ 2 .2 .
€ = €, c0os” 0 +g,, sin" 0+ y,,sinbcosbd
and also in the form

£ = %(ex + ey)+ -;—(ex - ey)cosze + 2y, sin2 (5.16)

This is similar in form to equation (5.6), defining the direct stress on an inclined plane; €, and g,
replace o, and o, respectively, and Y2y, replaces 1.

To evaluate the shearing strain in the direction OB we consider the displacements of the point
D, the foot of the perpendicular from C to OB, in the strained condition, Figure 5.10. The point
D, is displaced to a point D’; we have seen that OB extends an amount €, so that OD extends an
amount

e OD =¢ 00529

During straining the line CD rotates anti-clockwise through a small angle

€, cos’0 - € cos 0

cosf sin@ = (ex - ¢) cotd

At the same time OB rotates in a clockwise direction through a small angle

(8, cost + vy, sine)sine - (ey sine) cos@
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The amount by which the angle ODC diminishes during straining is the shearing strain y in the
direction OB. Thus

Yy = - (g - €) cotd - (g, cosb + v, sinb) sinb + (g, sinb) cosd
On substituting for € from equation (5.16) we have

y = -2(g, - €,) cosB sind + v, (cos’ B - sin’ )
which may be written

Ly = -L(,-¢)sin20+ Ty, cos20 (5:17)

This is similar in form to equation (5.7) defining the shearing stress on an inclined plane; 6, and
o, in that equation are replaced by ¢, and €, respectively, and 1., by Y2y,

5.11 Mohr's circle of strain

The direct and shearing strains in an inclined direction are given by relations which are similar to
equations (5.6) and (5.7) for the direct and shearing stresses on an inclined plane. This suggests
that the strains in any direction can be represented graphically in a similar way to the stress system.
We may write equations (5.16) and (5.17) in the forms

1 1 1 .
£ - .2_(gx + ey) = -2—(sx - sy)cosZG + nyysm29
ly = —l(gx - g )sin28 + ly c0s26
2 2 Y 27

Square each equation, and then add; we have

1 271 P T 2 7P
{E —E(EX‘FE},)} + [5'}’} = l:—z—(ex— Ey)jl + I:E'ny]
Thus all values of € and —;'Y lie on a circle of radius

Jieol o]

with its centre at the point

o]

This circle defining all possible states of strain is usually called Mohr’s circle of strain. For given
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values of €,, €, and v, it is constructed in the following way: two mutually perpendicular axes, €
and Y2y, are set up, Figure 5.15; the points (g,, 2y,,) and (g,, - Y4y, are located; the line joining
these points is a diameter of the circle of strain. The values of € and Yy in an inclined direction
making an angle 6 with Ox (Figure 5.10) are given by the points on the circle at the ends of a
diameter making an angle 26 with PQ; the angle 26 is measured clockwise.

We note that the maximum and minimum values of €, given by €, and €, in Figure 5.15, occur
when Y%y is zero; €, €, are called principal strains, and occur for directions in which there is no
shearing strain.

Pler. 31)
26 \Re 1)
= £

1) €1

O(ﬁy, _%\{xy)

Figure 5.15 Mohr's circle of strain; the diagram is similar to the circle of stress,
except that '4y is plotted along the ordinates and not y.

An important feature of this strain analysis is that we have not assumed that the strains are elastic;
we have taken them to be small, however, with this limitation Mohr's circle of strain is applicable
to both elastic and inelastic problems.

5.12 Elastic stress—strain relations

When a point of a body is acted upon by stresses o, and o, in mutually perpendicular directions
the strains are found by superposing the strains due to 6, and 6, acting separately.

Oy Oy
v, i {
Ey | T T S
Co——b———
y j o y t E—r_—g ; y Ce—fi  -1— - i}—> 0«
x| | — | | x
O | | L—>_E_1 — R ]
| 1
Oy iy
0 X (6] X (0] X
) (ii) (iii)

Figure 5.16 Strains in a two-dimensional linear-elastic stress system; the strains can be regarded
as compounded of two systems corresponding to uni-axial tension in the x- and y- directions.

The rectangular element of material in Figure 5.16(i) is subjected to a tensile stress ¢, in the x
direction; the tensile strain in the x-direction is
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GX
E

and the compressive strain in the y-direction is

VG

in which E is Young's modulus, and v is Poisson's ratio (see section 1.10). If the element is
subjected to a tensile stress o, in the y-direction as in Figure 5.12(ii), the compressive strain in the
x-direction is

VG

and the tensile strain in the y-direction is

[ @

These elastic strains are small, and the state of strain due to both stresses o, and ¢, acting
simultaneously, as in Figure 5.16(iii), is found by superposing the strains of Figures 5.16(i) and
(ii); taking tensile strain as positive and compressive strain as negative, the strains in the x- and y-
directions are given, respectively, by

G, VGy
e = -E- - ? (518)
£ = E’! - X(S—x
g E E

Ee, = o, - Vo,
(5.19)
Esy = 6, - Vo,

These are the elastic stress-strain relations for two-dimensional system of direct stresses. When
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a shearing stress 1,, is present in addition to the direct stresses o, and o, as in Figure 5.17, the
shearing stress 1, is assumed to have no effect on the direct strains €, and ¢, caused by 6, and o,.

w

H
]
Oy —> O,
| f\ny /

Figure 5.17 Shearing strain in a two-dimensional system.

Similarly, the direct stresses 6, and o, are assumed to have no effect on the shearing strain y,, due
to 1,,. When shearing stresses are present, as well as direct stresses, there is therefore an additional
stress-strain relation having the form in which G is the shearing modulus.

Then, in addition to equations (5.19) we have the relation

1, = Gy, (5.20)

5.13 Principal stresses and strains

We have seen that in a two-dimensional system of stresses there are always two mutually
perpendicular directions in which there are no shearing stresses; the direct stresses on these planes
were referred to as principal stresses, 6, and 6,. As there are no shearing stresses in these two
mutually perpendicular directions, there are also no shearing strains; for the principal directions
the corresponding direct strains are given by

Ee

1 G, - Vo,
(5.21)

Ee, = o, - vo,

The direct strains, €,, €,, are the principal strains already discussed in Mohr's circle of strain. It
follows that the principal strains occur in directions parallel to the principal stresses.
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5.14 Relation between E, G and v

Consider an element of material subjected to a tensile stress o, in one direction together with a
compressive stress 6, in a mutually perpendicular direction, Figure 5.18(i). The Mohr's circle for
this state of stress has the form shown in Figure 5.18(ii); the circle of stress has a centre at the
origin and a radius of 6,. The direct and shearing stresses on an inclined plane are given by the co-
ordinates of a point on the circle; in particular we note that there is no direct stress when 26 = 90°,
that is, when 0 = 45° in Figure 5.18(i).

» .
P o

=]
S

3

O ~— N [—3Cp

v

—ag

S—»

Figure 5.18 (i) A stress system consisting of tensile and compressive
stresses of equal magnitude, but acting in mutually perpendicular directions.
(ii) Mobhr's circle of stress for this system.

Moreover when @ = 45°, the shearing stress on this plane is of magnitude 6,. We conclude then
that a state of equal and opposite tension and compression, as indicated in Figure 5.18(i), is
equivalent, from the stress standpoint, to a condition of simple shearing in directions at 45°, the
shearing stresses having the same magnitudes as the direct stresses o, (Figure 5.19). This system
of stresses is called pure shear.

Oo
!“‘-45“ Vs
! Y
i%
& !
0g w1 —» o >
& !
|00 Go
AN
| ~
¢ -45°
]

Figure 5.19 Pure Shear. Equality of (i) equal and opposite tensile and compressive stresses and
(ii) pure shearing stress.

If the material is elastic, the strains €, and €, caused by the direct stresses o, are, from equations
(5.18),
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1 c
g, = E("o*"“o) = EO(I + V)

1 G
g = 7 (-0 - voy) = —-Eo (1 +v)

If the sides of the element are of unit length, the work done in distorting the element is

2
- —0, & = 2 (1 +v) (5.22)

N
>
DN | —
~
ml S

per unit volume of the material.
In the state of pure shearing under stresses o,, the shearing strain is given by equation (5.20),

The work done in distorting an element of sides unit length is

2
1 Gy

w o= = = 2 (5.23)
7 %ol 2G

per unit volume of the material. As the one state of stress is equivalent to the other, the values of
work done per unit volume of the material are equal. Then

2 02
=2 (] +v) = 2
2G

and hence

E = 2G(1 +V) (529

Thus v can be calculated from measured values E and G.
The shearing stress—strain relation is given by equation (5.20), which may now be written in
the form

Ey, = 2(1 + v, (5.25)
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For most metals v is approximately 0.3; then, approximately,

E = 211 +vG = 26G (5.26)

Problem 5.5 From tests on a magnesium alloy it is found that E is 45 GN/m* and G is
17 GN/m®. Estimate the value of Poisson's ratio.

Solution

From equation (5.24),

v = £ 1 -5y 3o
2G 34
Then
v = 032

Problem 5.6 A thin sheet of material is subjected to a tensile stress of 80 MN/m?, in a certain
direction. One surface of the sheet is polished, and on this surface fine lines are
ruled to form a square of side 5 cm, one diagonal of the square being parallel
to the direction of the tensile stresses. If E = 200 GN/m? and v = 0.3,
estimate the alteration in the lengths of the sides of the square, and the changes
in the angles at the corners of the square.

Solution

The diagonal parallel to the tensile stresses increases in length by an amount

(80 = 10% (0.05 2)
200 x 10°

283 x 10 m

The diagonal perpendicular to the tensile stresses diminishes in length by an amount
03 (83 x 10 = 850 x 10°m
The change in the corner angles is then

1283 + 85010¢ = = 520 x 107 radians = 0.0405°
0.05 v
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The angles in the line of pull are diminished by this amount, and the others increased by the same
amount. The increase in length of each side is

1 [28.3 - 8.50010°] = 7.00 x 10° m
22

5.15 Strain ‘rosettes’

To determine the stresses in a material under practical loading conditions, the strains are measured
by means of small gauges; many types of gauges have been devised, but perhaps the most
convenient is the electrical resistance strain gauge, consisting of a short length of fine wire which
is glued to the surface of the material. The resistance of the wire changes by small amounts as the
wire is stretched, so that as the surface of the material is strained the gauge indicates a change of
resistance which is measurable on a Wheatstone bridge. The lengths of wire resistance strain
gauges can be as small as 0.4 mm, and they are therefore extremely useful in measuring local
strains.

&

Figure 5.20 Finding the principal strains in a two-dimensional system by recording
three linear strains, €, €, and €, in the vicinity of a point.

The state of strain at a point of a material is defined in the two-dimensional case if the direct
strains, €, and €,, and the shearing strain, y,, are known. Unfortunately, the shearing strain v, is
not readily measured; it is possible, however, to measure the direct strains in three different
directions by means of strain gauges. Suppose €,, &, are the unknown principal strains in a two-
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dimensional system, Figure 5.20. Then from equation (5.16) we have that the measured direct
strains €,, €, and €, in directions inclined at 8, (8 + a), (0 + a + P) to €, are

€q = + () +€)+ L(e; - £5)cos26
ep = +(e) +8,)+ +(es - £5)c0s2(6 + ) (5.27)

€, = —;—(el + 82)+%(81 - sz)cosz(e +a + B)

In practice the directions of the principal strains are not known usually; but if the three direct
strains €,, €, and €, are measured in known directions, then the three unknowns in equations (5.27)
are

£, €, and 6

Three strain gauges arranged so thata = = 45° form a 45° rosette, Figure 5.22. Equations
(5.27) become

€, = %(el+sz) + %(s]— £,) c0s20 (5.28a)

£, = l(s +€ )—i(a — &,) sin20 (5.28b)
b 2 1 2 2 1 2 b

£, = —l-(s +e )——l—(s - €,) cos28 (5.28¢)
c = 2 1 2 2 1 2 .

Adding together equations (5.28a) and (5.28c), we get

€, tE. = £, + &y (5.29)

a c

Equation (5.29) is known as the first invariant of strain, which states that the sum of two mutually

perpendicular normal strains is a constant.
From equations (5.28a) and (5.28b).

—l(el - &,)sin20 = ¢, -

l(8—8) 5.30.
2 2 vt (3.30a)

—i(el - g)cos20 = -g, +

5 (€1 * &) (5.30b)
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Dividing equation (5.30a) by (5.30b), we obtain

1
€, ~ -2—(81 + &)
tan26 = (5.31)

-g, + %(t:l + ez)

Substituting equation (5.29) into (5.31)

- 2¢. +
tan20 = %)—8) (5.32)

To determine €, and €, in terms of the known strains, namely &,, €, and €, put equation (5.32) in
the form of the mathematical triangle of Figure 5.21.

(€2~ 265 +E¢)

20

(Ea - Eb)

Figure 5.21 Mathematical triangle from equation (5.32).

2 2 2 2 2
hypotenuse = Jsa +4g, + e, - 4eg, -4ee +2er + g tEg - 288

= ﬁﬂea - sb)z + - £h>2

. c0s28 (5.33)

and sin26

(5.34)
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Substituting equations (5.33) and (5.34) into equations (5.30a) and (5.30b) and solving,

g = %(ea + ec) + g J(ga - gb)z + (t:c - eb)z (5.35)

—(s +£)—£J(a—£b)z + 6 - &f (5.36)

0 is the angle between the directions of €, and €,, and is measured clockwise from the direction of

7 E?T__:’r
Strain gauge

Figure 5.22 A 45° strain rosette. Figure 5.23 Alternative arrangements
of 120° rosettes.

&"

The alternative arrangements of gauges in Figure 5.23 correspond to 120° rosettes. On putting
a = B = 120° in equations (5.27), we have

€, = —;—(81+82) + -é-(sl— 82) cos 20 (5.37a)

a

€y = %(81+ €1) - %(81—82)(%COS 20 - -iz-g-sin%] (5.37b)

£, = %(81+ ez) - %(el—sz)[—;-cos 20 + J—f—sinze] (5.37¢)
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Equations (5.37b) and (5.37¢) can be written in the forms

1 1 v

g, = ‘2‘(51+52)‘ ?(el—sz)[-zlcosze - —23—sin 26]
1 1 1 V3 .

€, = 5-(814'-82) - ?(el—sz)[-z—cos 20 + —2-—sm 26]

Adding together equations (5.37a), (5.38a) and (5.38b), we get:

g, +E +¢& :}-(e +8y)
a b [ 2 1 2
or
2
£, *tE = —3-(ea+sb+ec)

Taking away equation (5.38b) from (5.38a),
V3 :
£, ~ € = 3 [, - &) sin26

Taking away equation (5.38b) from (5.37a)

e, - € = l(el - 52) [i cos28 + ﬁ sin29]
2 2 2

Dividing equation (5.41) by (5.40)

&, " & _ 1 icot29+]
€, ~ € 212 2

or

or

(5.38a)

(5.38b)

(5.39)

(5.40)

(5.41)

(5.42)
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To determine €, and €, in terms of the measured strains, namely €,, €, and €, put equation (5.42)
in the form of the mathematical triangle of Figure 5.24.

\ ep—ic)

(2ea—tp—tc)

Figure 5.24 Mathematical triangle from Pythagoras' theorem.

Then,

hypotenuse = \/[(sa - eb)2 + (ab - sc)z + (sa - s,,)z}
Hence,

(2sa — gy — ec)
cos28 = (5.43)
hypotenuse

and

sin 20 M (5.44)

hypotenuse

Substituting equation (5.43) and (5.44) into equations (5.38a) and (5.38b), and solving the two
simultaneous equations, we get

€, = %(sa + €, + Ec)+ gJ[(sa—eb)z«#(sb—sc)z +(sa—sc)2} (5.45)

and

€, = -:1_’7(8“ + €, + ec)— g [(ea—sb)2+(8b—sc)2 +(Sa-€c)2] (5.46)

When the principal strains €, and €, have been estimated, the corresponding principal stresses are
deduced from the relations

EFe, = ¢

1 - VG

1 2

EE,

G, — VO,
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These give
E
o, = — (sl +ve2)
(5.47)
E
o, = e, + Ve
2 v (€, 1)

Equations (5.18) and (5.47) are for the plane stress condition, which is a two-dimensional system
of stress, as discussed in Section 5.12.

Another two-dimensional system is known as a plane strain condition, which is a two-
dimensional system of strain and a three-dimensional system of stress, as in Figure 5.25, where

(3 VO’X Vo
szz():Ez-?-?y (5.48a)
G A% A%
e, - Ey - _E- - _E_ (5.48b)

e = x0T (5.48¢)

o -t
Oy < Oy
8
Oy
% 1™ < .
to,

Figure 5.25 Plane strain condition.

From equation (5.48a)

o, = v, o) (5.49)
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Substituting equation (5.49) into equations (5.48b) and (5.48c¢), we get,

o FF R
o
= 20 -v)-—=0+v
E
and ex:i_zc_y_vz(cx+cy)
E E E
c

(1 +vw 7 El + v E

Adding equation (5.50b) to (5.51), we get

- _ 42
..(1___"_2)_8 ve = ch(1+v)+0y(1 VY
(1 + V)V Y E E(l + V)V
or (1 -v) g, +ve = v (L~ V)O’y N S, (1 B Vz)z
E E(1 + V)
or E [(1 -v) €, + vgx] = % [_VZ (1 + V)2 + (1 _ vz)z]
{1 +v

o E[(-v)e, s ves] = oy [-vE(1ev)+(1-v) (1- )]

= cy[—vz—v3+1—v—v2+v3]

cy(l— v—2v2)

125

(5.50a)

(5.50b)

(5.51)

(5.52a)
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= cy(l+v )(1—2v)

E[(l— v)sy+ vexJ

% (1+v)(1—2v)

Q
"

Similarly

. - E[(l—-v)sx+ vsy]
* (1+v)(1—2v)

(5.52b)

Obviously the values of £ and v must be known before the stresses can be estimated from either
equations (5.19), (5.47) or (5.52).

5.16 Strain energy for a two-dimensional stress system

If 6, and o, are the principal stresses in a two-dimensional stress system, the corresponding
principal strains for an elastic material are, from equations (5.21),

£ =

1
) E (0'l - vcz)

1
g, = E(cz—vcl)

Consider a cube of material having sides of unit length, and therefore having also unit volume.
The edges parallel to the direction of 6, extend amounts €,, and those parallel to the direction of
6, by amounts €,. The work done by the stresses 6, and ¢, during straining is then

1 1
W = —o6,8g +—0,¢t
211222

per unit volume of material. On substituting for €, and €, we have

w- Lo E o - >} » 1o, [% o - >}

This is equal to the strain energy U per unit volume; thus

u = {c, + ci - 2vo, 02] (5.53)
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5.17 Three-dimensional stress systems

In any two-dimensional stress system we found there were two mutually perpendicular directions
in which only direct stresses, 6, and 6,, acted; these were called the principal stresses. In any three-
dimensional stress system we can always find three mutually perpendicular directions in which
only direct stresses, 6,, 6, and o, in Figure 5.26, are acting. No shearing stresses act on the faces
of a rectangular block having its edges parallel to the axes 1, 2 and 3 in Figure 5.26. These direct
stresses are again called principal stresses.

If 6, > 0, > 6, then the three-dimensional stress system can be represented in the form of
Mohr's circles, as shown in Figure 5.27. Circle a passes through the points o, and ¢, on the -axis,
and defines all states of stress on planes parallel to the axis 3, Figure 5.26, but inclined to axis 1
and axis 2, respectively.

Figure 5.26 Principal stresses in a three-dimensional system.

Figure 5.27  Mohr's circle of stress for a three- Figure 5.28 Two-dimensional stress
dimensional system; circle a is the Mohr's circle of the system as a particular case of a three-
two-dimensional system o,, 6,; b corresponds to 6,, o, dimensional system with one of the
and c to o,, 6,. The resultant direct and tangential stress three principal stresses equal to zero.

on any plane through the point must correspond to a
point P lying on or between the three circles.
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Circle c, having a diameter (o, - ©,), embraces the two smaller circles. For a plane inclined to
all three axes the stresses are defined by a point such as P within the shaded area in Figure 5.27.
The maximum shearing stress is

1
Tmax = ;(Gl ‘03)

and occurs on a plane parallel to the axis 2.

From our discussion of three-dimensional stress systems we note that when one of the
principal stresses, o, say, is zero, Figure 5.28, we have a two-dimensional system of stresses a,,
0,; the maximum shearing stresses in the planes 1-2, 2-3, 3-1 are, respectively,

l(c —c),—l-cl,lcz
17 %) 3 >

Suppose, initially, that ¢, and o, are both tensile and that 6, > 6,; then the greatest of the three
maximum shearing stresses is %2 6, which occurs in the 2-3 plane. If| on the other hand, o, is
tensile and o, is compressive, the greatest of the maximum shearing stresses is 2 (6, - 6,) and
occurs in the 1-2 plane.

We conclude from this that the presence of a zero stress in a direction perpendicuiar to a two-
dimensional stress system may have an important effect on the maximum shearing stresses in the
material and cannot be disregarded therefore. The direct strains corresponding to 6,, 6, and o,
for an elastic material are found by taking account of the Poisson ratio effects in the three
directions; the principal strains in the directions 1, 2 and 3 are, respectively,

g = l(c - Vo, - Vo)
] Z O

e, = l((S - vo; - Vo)
2 E 2 3 1

g = l(cr - VO, - VG,)
3 7 O3 2

The strain energy stored per unit volume of the material is

1 1
U = —0,8 +—0,8, +—0, ¢
211222233

In terms of 6,, 0, and o,, this becomes

U= é(clz + c% + c% -2vo] 02 - 2vo 63 — 2vo3 0'1) 54
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5.18 Volumetric strain in a material under hydrostatic pressure

A material under the action of equal compressive stresses ¢ in three mutually perpendicular
directions, Figure 5.29, is subjected to a hydrostatic pressure, 6. The term hydrostatic is used
because the material is subjected to the same stresses as would occur if it were immersed in a fluid
at a considerable depth.

o3

LA

Figure 5.29 Region of a material under a hydrostatic pressure.

If the initial volume of the material is ¥, and if this diminishes an amount § ¥ due to the hydrostatic
pressure, the volumetric strain is

14

£

The ratio of the hydrostatic pressure, o, to the volumetric strain, 8//V,, is called the bulk
modulus of the material, and is denoted by K. Then

G

[ Q) (5.55)

Vo

If the material remains elastic under hydrostatic pressure, the strain in each of the three mutually
perpendicular directions is

g = —_— et — t ——
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because there are two Poisson ratio effects on the strain in any of the three directions. If we
consider a cube of material having sides of unit length in the unstrained condition, the volume of
the strained cube is

(1-¢p

Now ¢ is small, so that this may be written approximately

1 - 3¢

The change in volume of a unit volume is then

3¢

which is therefore the volumetric strain. Then equation (5.55) gives the relationship

K -_9 .95 _ _E
3% -3¢ 3(1 - 2v)
Vo

We should expect the volume of a material to diminish under a hydrostatic pressure. In general,
if K is always positive, we must have

1 -2v>0
or
v<.l_
2

Then Poisson's ratio is always less than %. For plastic strains of a metallic material there is a
negligible change of volume, the Poisson's ratio is equal to !4, approximately.

5.19 Strain energy of distortion

In the three-dimensional stress system of Figure 5.22 we may consider the principal stress 6, to be
the resultant of stresses

1
;-(01 + 0, * 0'3)

and stresses

1
3 (251 -0 - 03)
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since

1 1 )

;(‘71 + 0, +cs3)+;(2(s1 - o, —03) = o,
Similarly, we write

G, = %("1 * 0, +°3>+
6, =

1 1
'3'(01‘”02*03)*?(203‘01_“2)

Now, the component ' (6, + 6, + 6,) which occurs in 6,, 6, and o, represents a hydrostatic tensile
stress; the strains associated with this stress give rise to no distortion, i.e., a cube of material under
stress 5 (0, + 0, + ©,) in three mutually perpendicular directions is strained into a cube. The
remaining components of ,, 6, and o,, are

1 1 1
;ch'cz_°3>’ ?(202"03'51)> ;(263'01'52)

The strain energy associated with these stresses, which are the only stresses giving rise to
distortion, is called the strain energy of distortion. The strains due to these distorting stresses are

1 1
g, = — (1 +V)Q6, -0, -0;) = %[(Gl SOt - 63)}
1 1
g, = 5 (1 +v)Ro, -0, -0, = < [(62 5;) + (6, 61)]
1
g, = = (1 +v) Qo -0, -0,) = = [(03 -6) + (o - 02)]
The strain energy of distortion is therefore
1 )
Uy + o oo - o - af - - o]
per unit volume. Then
1
Up = oo o) - o:f + (0, - o5f + o5 - 0] (5.56)
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For a two-dimensional stress system, ¢, (say) = 0, and U, reduces to

1
Uy = oo+ i+ ]

We shall see later that the strain energy of distortion plays an important part in the yielding of
ductile materials under combined stresses.

5.20 Isotropic, orthotropic and anisotropic

A material 1s said to be isofropic when its material properties are the same in all directions. An
orthotropic material is said to exhibit symmetric material properties about three mutually
perpendicular planes. In two dimensions, typical orthotropic materials are in the form of many
composites. An anisotropic material is a material that exhibits different material properties in all
directions.

5.21 Fibre composites

Fibre composites are very important for structures which require a large strength:weight ratio,
especially when the weight of the structure is at a premium. They are likely to become even more
important in the 21st century and will probably revolutionise the design and construction of aircraft,
rockets, submarines and warships.

To represent the elasticity of a composite, tensile modulus is used in preference to Young's
modulus of elasticity. Additionally, as most composites are usually assumed to be of orthotropic
form, their material properties in one direction, (say) ‘x’ are likely to be different to a direction
perpendicular to the ‘x” direction, (say) ‘y’. Composites usually consist of several layers of fibre
matting, set in a resin, as shown by Figure 5.30. To gain maximum strength the layers of fibre
matting are laid in different directions. In this Chapter, the term Jamina or ply will be used to
describe a single layer of the composite structure and the term /aminate or composite will be used
to define the entire mixture of plies and resin.

If the material properties of the fibre composite are orthogonal, the following relationship
applies:

v.,E, = Vv E (5.57)

Figure 5.30 Five layers of fibre reinforcement.
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where
E, = tensile modulus in the x-direction.
E, = tensile modulus in the y-direction.
v, = Poisson’s ratio due to the effects of o,
v, = Poisson’s ratio due to the effects of 5,
o, = directstress in the local x-direction. }
6, = directstress in the local y-direction. see Figure 5.31
y

Figure 5.31 A lamina from a composite.

It is evident from the theory of Section 5.12 that the following relationships between stress and
strain apply for orthotropic materials:

c V.G
e, = _Ei _ Yy
x Y
(5.58)
e = 2 %%
Y E, E
T
Yo = —G—’y— (5.59)
xy
where
€, = direct strain in the x-direction
g, = direct strain in the y-direction
Y, = shear strain in the x-y plane

Solving equations (5.58), the following alternative relationship is obtained:
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EX
6 = ———f{e +VE
X (1 _ VXVV) (X v ,V)
(5.60)
E
S, = — (Ev * sz’x)
] 1 - vxvy) :
In matrix form, equations (5.58) and (5.59) can be written as
o S Sz S x
et = IS Sn S |15 (5.61)
xy SSI S62 S66 xy
or £yl = S foat (5.62)

where [8] is the compliance matrix.

From equations (5.59) and (5.60)

x On 9 Gl [&
b ) = o1 = @0 22 Qe & (5.63)
Xy Q6l Q62 Q66 xy

where
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Oy = £
. (1 - vxvy)
0, - —=
vy
O = ny = shear modulus
On= Oy = —2b
S AN
5.64
i v, E, (5.64)
(1 -vv)

Q= D = O = O = 0
Q66 = ny

or {ny} = (0] {Sxy} = [S _1] {8x,v}

[Q] = the stiffness matrix

= the inverse of [S]

The problem with the above relationships are that they are all in the local co-ordinate system of the
lamina, namely x and y. However, as each layer of fibres may have a different direction for its
local co-ordinate system, it will be necessary to refer all relationships to a fixed global system,
namely, X and Y, as shown by Figure 5.31.

Now from equations (5.4) and (5.5)

Gy =0y c0526+cy sin26+21XY sinB cosB

6, = oy +9° = oy sin26+cy cosz6—2rXY sin® cosH (5.65)
Ty = — O y sinB cos® + oy sinb cosb + 1 (00326 - sinze)

xy = X Y XY

where 6,, 6, and 1, are local stresse$ and o, 6, and 1, are global or reference stresses; in matrix
form equations (5.65) appear as:
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. ct s 25c | [ox
o,t= | S* C* -25C | 1o
o] L-SC SC (C* - SY Iy
where S = sin@and C = cos 0
oo} = [DC] {oy}
and
{ox} = [DCT" fo,}
where
c? s? 25C c? s? ~25C
[Dc]= s ¢ -asc and[Dc“]= st 2 25C

-SC SC (c2 —52)

Similarly from Section (5.10)

sC —sc (c2 —52)

€, = Ey cos?0 + £y sin?0 + y yy sind cosd

¥y

Ty

or, in matrix form,

Sx CZ S2
ey = S2 CZ

or {en} [DCI] {CXY }

€, = sXsin29+sYcosze— Y xy sinf cos6

= - 2¢  sinB cos® + 2¢ sinB cosf + yxy(cosze - sin29)

SC | (&x
-sc | &,

-28C 28C (€? - S| [y

(5.66)

(5.67)

(5.68)

(5.69)

(5.70)

(5.71)

(5.72)
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Now from equation (5.63),

fon} = [0 {en}

but from equation (5.72),

o} =[] [pai] {e .}

but from equation (5.67),
{Gw} = [DC] {OXY}
2 o) = el [Pai] fe v}

or
{oxr} = [pc] ™ [e][pai]e o}
or
four} = [¢']{en}
where
qlll qllZ ‘11]6
o] - 0 dn s
1 1 1
961 ds2 Des)]
- [pci o] pe
a = 1 [E, cos' 8 + E sin' 8 + (2v, E, + 4YG) coszesinze]
y s
b = 9 - 1 [vx E, (cos®® + sin®®) + (E, + E, - 4yG) cos™® sinze]
y )

137

(5.73)

(5.74)
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G = 94 = = [cos’® sind (E, - V,E, - 2YG) - cosh sin'® (E, - V,E, - 2/G)|

Y
Gy, = % [EV cos* 8 + E_sin® 8 + sin’® cos’ 8 2v,E, + 4yG)]
4k = g - % [cos 6 sin® 6 (E, - v,E, - 2/G) - cos’ 8 sin 6 (E, - v, E, - 2¢G)]

Jes = [sinze cos’ 8 (E, + E, - 2v E, - 2YG) + YG {cos* & + sin* 9)}

1
y
where

y = (1 -V, vy)

Similarly, to obtain the global strains of the lamina or ply of Figure 5.32 in terms of the global
stresses, consider equation (5.61), as follows.

Now

so that from equation (5.67)

£o} = [S1[DC] o5}

and from equation (5.72)
[DCI] Ew} = [SIDC] ot
or fry} = [DC]" [S][DC] o} (5.75)
or &y = {S‘] o}

where
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n S S
[S l] = 211 52,2 Szls = [Dcl]_l (s} [pC)
Ssln Sslz Ssles

Sjy = S, cos* B + S, sin* 8 + (2S), + Sg) cos’ 6 sin’ 6
Sty = S5y =[Sy *+ Sy, - Sg) cos? 8 sin> 8 + S (cos* B sin® 6)

S = Sgy = 28y, - 28); ~ Sg) cos’ B sin 8 - 25, - 25, - ) sin® 8 cos 8

Sy =S, sin* @ + S, cos* 0 + (28, + Sg) cos’ 8 sin’ 6
Sy = S = (28), - 28, - S) cos 6 sin® 8 - 25, - 2S,, - S,q) sin O cos’ 8

Ses = 4 (Syy ~ 25), + Sg) cos? 8 sin’ 8 + S (cos? B - sin’ B)

5.22 In-plane equations for a symmetric laminate or composite

Consider a section of the symmetric laminate of Figure 5.33(a), which is under in-plane loading.

z
) 0
gy 3, ]
Phi2
"= o) — 1

(i) Section through the laminate (11) strain distribution (ii1) stress distribution

Figure 5.33 In-plane stresses and strains in a laminate.
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As the load P is in-plane and symmetrical, the strain distribution across the laminate will be
constant, as shown by Figure 5.33(ii). However, as the stiffness of each layer is different the
stresses in each layer will be different, as shown by Figure 5.33(iii). Now, in order to define the
overall equivalent stress-strain behaviour of a laminate, it will be necessary to adopt the equivalent
average stresses or in matrix form 6", 6,' and 1,,'; these are obtained as follows:

h h h
2 1 2 I z
01v=% jcde, 01’:71'.[0#12 ) TB(ﬁ;J-"xrdz
h h b
7 2 2
or in matrix form
Gl h G
X | 3- X
1
o[ = — Oyt dz
Y R
1 A
XY 2 U7
but from equation (5.74)
[ ,
O'X SX
45;, b= [0Y {4}
“ (5.76)
1 1 1 1 "
Cx du 92 4 €y
L]
| 2
Gl = o ! ! "o de,} dz
Oy n f 921 922 9% Y
.
2
1 1 1 1
(xv ds: 961 Yes) lar
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However, as [€, €, 7,,]" is not a function of ‘z’, equation (5.76) can be written as follows:

) .
O'X SX
A
. 2
ot = [l e
k
2
T,y [Yxr]
) (5.77)
,SX,
= [4] {&r ¢
[V x)
where
A
2
21 1
A4y = 7 f 9 &
]
2
A
2 (5.78)
l .
= ; f qy; dx
h
5 2
1
4y, = 7 f 91, &

LN
1]
>N
S e Nix
0
&
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For the kth lamina of the laminate, the ¢' terms are constant, hence the integrals for the 4 terms can
be replaced by summations:

2 \ | 2h,
Ay, = 71'2 k) h, = E qll(k)[_hﬁ] (5.79)

and similarly for the other values of A,

where
h, = thickness of the kth lamina or ply

91w = kthvalueofq,'

(2h/h) = the volume fraction in the kth lamina

\¢}

Once the stiffness matrix [A4] is obtained, it can be inverted to obtain the compliance matrix [a]} and
hence, the equivalent material for the laminate properties are as follows:

Experience has shown that the diagonal terms in the laminate's stiffness matrix are considerably
larger than the off-diagonal terms, so that E_etc. can be approximated by

Ey s D% E iy cos' 0,

where k refers to the kth lamina of the laminate.

5.23 Equivalent elastic constants for problems involving bending
and twisting

For problems in this category, the equivalent stress resultants for the laminate are 6,', 6,', T,y , M,/,
M,' and M,,', where the former three symbols are in-plane and the latter three are out-of-plane
bending and twisting terms.
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The equivalent stress—strain relationships for the laminate are:

€
. |
X €y
1
Oy YX)'
| (4 B] |-
) L ! — (5.80)
ox
M;, B D
1 -w
My ar?
M;,y -20%w
| 0X0Y
c A Bl
or =
B D
where [e]" = [e, & Yq|
T
[X]T - ‘azw -82w _282W
ax* or? ¢ xodr
A;; are as described in Section 5.21.
k
1 .
1 1
B, = —= fq,jz.dz = X G
h L k=1
7
k
. 2
D, P f q, 2" dz
-k
7
1 = 1 2 3
D, = — Y ay,lh 2+ nin2 (5.81)

h? k=1
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where
w = out-of-plane deflection
n = number of laminates or plies
k = the kth ply or lamina
z, = distance of the centre plane of the kth ply

For symmetrical laminates, B; = 0, however, for design purposes, the following relationship is
often used:

f-F

[4]! (see Section 5.21)
-] [B]
[bz] = (8] [A]-l

[D] - [B] [4]" [B]

where

ﬁ

5 =

=B
H 0]

&
I

Another way of looking at the components of [D] are as follows:

" 1
1 k
D, = ¥ 4y X( ) (5.82)
k-1 L omp
where k& = the kth ply

I, = thesecond moment of area of the kth ply or lamina about the neutral axis of the
laminate or composite

Lo = thesecond moment of area of the entire laminate or composite about the neutral

axis

5.24 Yielding of ductile materials under combined stresses

It was noted in Section 5.3 that when a polished bar of mild steel is loaded in tension, strain figures
are observable on the surface of the bar after the yield point has been exceeded. The figures take
the form of ‘lines’ inclined at about 45° to the axis of the bar; this direction corresponds to the
planes of maximum shearing stress in the bar; the ‘lines’ are, in fact, bands of metal crystals
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shearing over similar bands. That yielding takes place in this way suggests that the crystal
structure of the metal is relatively weak in shear; yielding takes the form of sliding of one crystal

plane over another, and not the tearing apart of two crystal planes.

This form of behaviour—yielding by a shearing action—is typical of ductile materials. We
note firstly that if a material is subjected to a hydrostatic pressure o, the three principal stresses o,,
6,and o, in a three-dimensional system are each equal to 6. A state of stress of this sort exists in
a solid sphere of material subjected to an external pressure 6, Figure 5.34. As the three principal
stresses are equal in magnitude, there are no shearing stresses in the material; if yielding is
governed by the presence of shearing on some planes in a material, then no yielding is theoretically

possible when the material is under hydrostatic pressure.

Figure 5.34 A solid sphere of material under hydrostatic pressure.

For a two-dimensional stress system one of the three principal stresses of a three-dimensional
system is zero. We consider now the yielding of a mild steel under different combinations of the
principal stresses, 6, and 6,, of a two-dimensional system,; in discussing the problem we keep in

mind the presence of a zero stress perpendicular to the plane of ¢, and o,, Figure 5.27.

O —-—— - —» Oy

Figure 5.35 Yield envelope of a two
dimensional stress system when the material
yields according to the maximum shearing
stress criterion.

a2
(Tensile)
B H
Oy
—Oy oy |A o4
(Compressive) | C o] (Tensile)
D
F — Oy
(Compressive)

t

Figure 5.36 In a two-dimensional stress
system, one of the three principal stresses -
(o, say) is zero.

145
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Suppose we conduct a simple tension test on the material; we may put o, = 0, and yielding occurs
when 0, = o, (say)

This yielding condition corresponds to the point 4 in Figure 5.35. If the material has similar
properties in tension and compression, yielding under a compressive stress o, occurs when ¢, =
-0y; this condition corresponds to the point C in Figure 5.35. We could, however, perform the
tension and compression tests in the direction of 6,, Figure 5.35; if the material is isotropic —that
is, it has the same properties in all directions—yielding occurs at the yield stress oy; we can thus
derive points B and D in the yield diagram, Figure 5.35.

We consider now yielding of the material when both ¢, and o,, Figure 5.36, are present; we
shall assume that yielding of the mild steel occurs when the maximum shearing stress attains a
critical value; from the simple tensile test, the maximum shearing stress at yielding is

which we shall take as the critical value. Suppose that 6, > 6,, and that both principal stresses are
tensile; the maximum shearing stress is

1 1
T = 5—(61-0) = — o0,

2
and occurs in the 31 plane of Figure 5.36; t,,, attains the critical value when
— 06, = Lo, or o = c
1 5 o 1 Y
Thus, yielding for these stress conditions is unaffected by o,. In Figure 5.35, these stress
conditions are given by the line 4H. If we consider similarly the case when 6, and o, are both

tensile, but ¢, > o, yielding occurs when 6, = &, giving the line BH in Figure 5.35.

a2

o, tensile

67 g, compressive
o1, 62 tensile ~_  Planeof
01> %2 \, Yielding

[
’ . o //
At A"
¥ /
o3 —1 Plane of Vg
yielding 9
Figure 5.37 Plane of yielding when both Figure 5.38 Plane of yielding when the
principal stresses tensile and o, > o,. principal stresses are of opposite sign.

By making the stresses both compressive, we can derive in a similar fashion the lines CF and DF
of Figure 5.36.
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But when o, is tensile and o, is compressive, Figure 5.36, the maximum shearing stress occurs in
the 1-2 plane, and has the value

1
Tmax = 5 (cl - 62>

Yielding occurs when

l(csl—crz) = lcy, or 6, -6, = G
2 2

This corresponds to the line AD of Figure 5.36. Similarly, when o, is compressive and o, is tensile,
yielding occurs when corresponding to the line BC of Figure 5.36.

The hexagon AHBCFD of Figure 5.36 is called a yield locus, because it defines all combinations
of 0, and o, giving yielding of mild steel; for any state of stress within the hexagon the material
remains elastic; for this reason the hexagon is also sometimes called a yield envelope. The
criterion of yielding used in the derivation of the hexagon of Figure 5.36 was that of maximum
shearing stress; the use of this criterion was first suggested by Tresca in 1878.

Not all ductile metals obey the maximum shearing stress criterion; the yielding of some metals.
including certain steels and alloys of aluminium, is governed by a critical value of the strain energy
of distortion. For a two-dimensional stress system the strain energy of distortion per unit of
volume of the material is given by equation (5.83). In the simple tension test for which o, = 0,
say, yielding occurs when 6, = o,. The critical value of U, is therefore

2

1 [2 2 1 [ 2 Oy
U, = —lo)-06,0, +0,] = —lo, ~06,(0) +0°] = —
D 6G L ! 192 2} 6G [ Y Y ] 6G
Then for other combinations of 6, and 6,, yielding occurs when
cf - 6,0, * cg = 0,2, (5.83)

The yield locus given by this equation is an ellipse with major and minor axes inclined at 45° to
the directions of g, and ,, Figure 5.39. This locus was first suggested by von Mises in 1913.

For a three-dimensional system the yield locus corresponding to the strain energy of distortion
is of the form

G, -0, +(0, ~ 0, +0; - C = constant
1 2 2 3 3 1

This relation defines the surface of a cylinder of circular cross-section, with its central axis on the
line 6, = 6, = aj; the axis of the cylinder passes through the origin of the ¢/, 6,, 6, co-ordinate
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system, and is inclined at equal angles to the axes o,, 6, and o,, Figure 5.40. When o, is zero,
critical values of 6, and o, lie on an ellipse in the 6,—0, plane, corresponding to the ellipse of
Fioure 5.39.

A Yield locus

r
Gy

—Oy op Oy > O
Max. shearing
strain energy

oy
O
Figure 5.39 The von Mises yield locus for a Figure 5.40 The von Mises yield locus for a
two-dimensional system of stresses. three-dimensional stress system.

Yield locus

o>

N

o

G2

Hexagon for 6,=0

Figure 5.41 The maximum shearing stress (or Tresca) yield locus
for a three-dimensional stress system.

When a material obeys the maximum shearing stress criterion, the three-dimensional yield
locus is a regular hexagonal cylinder with its central axis on the line o, = 6, = o, =0, Figure
5.40. When o, is zero, the locus is an irregular hexagon, of the form already discussed in Figure
5.36.

The surfaces of the yield loci in Figures 5.40 and 5.41 extend indefinitely parallel to the line
o, = 0, = 0, which we call the hydrostatic stress line. Hydrostatic stress itself cannot cause
yielding, and no yielding occurs at other stresses provided these fall within the cylinders of Figures

5.40 and 5.41.
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The problem with the maximum principal stress and maximum principal strain theories is that they
break down in the hydrostatic stress case; this is because under hydrostatic stress, failure does not
occur as there is no shear stress. It must be pointed out that under uniaxial tensile stress, all the
major theories give the same predictions for elastic failure, hence, all apply in the uniaxial case.
However, in the case of a ductile specimen under pure torsion, the maximum shear stress theory
predicts that yield occurs when the maximum shear reaches 0.5 a,, but in practice, yield occurs
when the maximum shear stress reaches 0.577 of the yield stress. This last condition is only
satisfied by the von Mises or distortion energy theory and for this reason, this theory is currently
very much in favour for ductile materials.

Another interpretation of the von Mises or distortion energy theory is that yield occurs when
the von Mises stress, namely o, reaches yield.

In three dimensions, o, is calculated as follows:

’ uvm

oo - ‘[(ol ~02) +lor-os) + (o2 - 03) |12

(5.84)

In two-dimensions, 6, = 0, therefore equation (5.84) becomes:

Svm = J(Ul +G3 -0y 02) (5.85)

5.25 Elastic breakdown and failure of brittle material

Unlike ductile materials the failure of brittle materials occurs at relatively low strains, and there
is little, or no, permanent yielding on the planes of maximum shearing stress.

Some brittle materials, such as cast iron and concrete, contain large numbers of holes and
microscopic cracks in their structures. These are believed to give rise to high stress concentrations,
thereby causing local failure of the material. These stress concentrations are likely to have a
greater effect in reducing tensile strength than compressive strength; a general characteristic of
brittle materials is that they are relatively weak in tension. For this reason elastic breakdown and
failure in a brittle material are governed largely by the maximum principal tensile stress; as an
example of the application of this criterion consider a concrete: in simple tension the breaking
stress is about 1.5 MN/m’, whereas in compression it is found to be about 30 MN/m?, or 20 times
as great; in pure shear the breaking stress would be of the order of 1.5 MN/m?, because the
principal stresses are of the same magnitude, and one of these stresses is tensile, Figure 5.42.
Cracking in the concrete would occur on planes inclined at 45° to the directions of the applied
shearing stresses.
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Plane of

7 cracking

11824

—_—1

Figure 5.42 Elastic breakdown of a brittle metal under shearing stresses (pure shear).

5.26 Failure of composites

Accurate prediction of the failure of laminates is a much more difficult task than it is for steels and
aluminium alloys. The failure load of the laminate is also dependent on whether the laminate is
under in-plane loading, or bending or shear. Additionally, under compression, individual plies can
buckle through a microscopic form of beam-column buckling (see Chapter 18). In general, it is
better to depend on experimental data than purely on theories of elastic failure. Theories, however,
exist and Hill, Azzi and Tsai produced theories based on the von Mises theory of yield. One such
popular two-dimensional theory is the Azzi-Tsai theory, as follows:

2
Loy XX ¥, oo (5-86)

where X and Y are the uniaxial strengths related to 6, and 6, respectively and S is the shear strength
in the x—y directions, which are not principal planes.

For the isotropic case, where X = Y = g,andS = ¢,/v3, equation (5.86) reduces to the von
Mises form:

2,2 v 3d -
6, +0, -6 0, +3, = 0

and wheno, = ¢o,ando, = o,sothatt,_, = 0, we get

o, + 65 - 06,0, = o [See equation (5.85)]

Further problems (answers on page 692)

5.7 A tie-bar of steel has a cross-section 15 cm by 2 cm, and carries a tensile load of 200 kN.
Find the stress normal to a plane making an angle of 30° with the cross-section and the
shearing stress on this plane. (Cambridge)
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A rivet is under the action of shearing stress of 60 MN/m’” and a tensile stress, due to
contraction, of 45 MN/m’. Determine the magnitude and direction of the greatest tensile
and shearing stresses in the rivet. (RNEC)

A propeller shaft is subjected to an end thrust producing a stress of 90 MN/m’, and the
maximum shearing stress arising from torsion is 60 MN/m’. Calculate the magnitudes
of the principal stresses. (Cambridge)

At a point in a vertical cross-section of a beam there is a resultant stress of 75 MN/m’,
which is inclined upwards at 35° to the horizontal. On the horizontal plane through the
point there is only shearing stress. Find in magnitude and direction, the resultant stress
on the plane which is inclined at 40° to the vertical and 95° to the resultant stress.
(Cambridge)

A plate is subjected to two mutually perpendicular stresses, one compressive of 45
MN/m’, the other tensile of 75 MN/m’, and a shearing stress, parallel to these directions,
of 45 MN/m®. Find the principal stresses and strains, taking Poisson's ratio as 0.3 and
E = 200 GN/m*. (Cambridge)

At a point in a material the three principal stresses acting in directions O,, O,, O,, have
the values 75, 0 and -45 MN/m’, respectively. Determine the normal and shearing
stresses for a plane perpendicular to the xz-plane inclined at 30° to the xy-plane.
(Cambridge)



