
11 Mechanics of
planar mechanisms

Many parts of practical machines and structures move in ways that can be idealized as
straight-line motion (Chapter 6) or circular motion (Chapters 7 and 8). But often an
engineer most analyze parts with more general motions, like a plane in unsteady flight,
and a connecting rod in a car engine. Of course, the same basic laws of mechanics
still apply. The chapter starts with the kinematics of a rigid body in two dimensions
and then progresses to the mechanics and analysis of motions of a planar body.

11.1 Dynamics of particles in the
context of 2-D mechanisms

Now that we know more kinematics, we can deal with the mechanics of more mech-
anisms. Although it is not efficient for problem solving, we take a simple example to
illustrate some comparison between some of the ways of keeping track of the motion.
For one point mass it is easy to write balance of linear momentum. It is:

⇀
F = m ⇀

a .

The mass of the particle m times its vector acceleration ⇀
a is equal to the total force

on the particle
⇀
F . Big deal.

Now, however, we can write this equation in four different ways.

(a) In general abstract vector form:
⇀
F = m ⇀

a .
(b) In cartesian coordinates: Fx ı̂ + Fy ̂ + Fz k̂ = m[ẍ ı̂ + ÿ̂ + z̈k̂].
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(c) In polar coordinates:
FR êR + Fθ êθ + Fz k̂ = m[(R̈ − Rθ̇2)êR + (2Ṙθ̇ + Rθ̈ )êθ + z̈k̂].

(d) In path coordinates: Ft êt + Fn ên = m[v̇êt + (v2/ρ)ên]

All of these equations are always right. They are summarized in the table on the
inside cover. Additionally, for a given particle moving under the action of a given
force there are many more correct equations that can be found by shifting the origin
and orientation of the coordinate systems.

A particle that moves under the influence of no force.

In the special case that a particle has no force on it we know intuitively, or from the
verbal statement of Newton’s First Law, that the particle travels in a straight line at
constant speed. As a first example, let’s look at this result using the vector equations
of motion four different ways: in the general abstract form, in cartesian coordinates,
in polar coordinates, and in path coordinates.

General abstract form

The equation of linear momentum balance is
⇀
F = m ⇀

a or, if there is no force, ⇀
a = ⇀

0,
which means that d ⇀

v/dt = ⇀

0. So ⇀
v is a constant. We can call this constant ⇀

v0. So
after some time the particle is where it was at t = 0, say, ⇀

r 0, plus its velocity ⇀
v0

times time. That is:
⇀
r = ⇀

r 0 + ⇀
v0t. (11.1)

This vector relation is a parametric equation for a straight line. The particle moves
in a straight line, as expected.

Cartesian coordinates

If instead we break the linear momentum balance equation into cartesian coordinates
we get

Fx ı̂ + Fy ̂ + Fz k̂ = m(ẍ ı̂ + ÿ̂ + z̈k̂).

Because the net force is zero and the net mass is not negligible,

ẍ = 0, ÿ = 0, and z̈ = 0.

These equations imply that ẋ , ẏ, and ż are all constants, lets call them vx0, vy0, vz0.
So x , y, and z are given by

x = x0 + vx0t, y = y0 + vy0t, & z = z0 + vz0t.

We can put these components into their place in vector form to get:

⇀
r = x ı̂ + y̂ + zk̂ = (x0 + vx0t)ı̂ + (y0 + vy0t)̂ + (z0 + vz0t)k̂. (11.2)

Note that there are six free constants in this equation representing the initial position
and velocity. Equation 11.2 is a cartesian representation of equation 11.1; it describes
a straight line being traversed at constant rate.
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Particle with no force: Polar/cylindrical coordinates

When there is no force, in polar coordinates we have:

FR︸︷︷︸
0

êR + Fθ︸︷︷︸
0

êθ + Fz︸︷︷︸
0

k̂ = m[(R̈ − Rθ̇2)êR + (2Ṙθ̇ + Rθ̈ )êθ + z̈k̂].

This vector equation leads to the following three scalar differential equations, the first
two of which are coupled non-linear equations (neither can be solved without the
other).

R̈ − Rθ̇2 = 0

2Ṙθ̇ + Rθ̈ = 0

z̈ = 0

A tedious calculation will show that these equations are solved by the following
functions of time:

R =
√

d2 + [v0(t − t0)]2 (11.3)

θ = θ0 + tan−1[v0(t − t0)/d]

z = z0 + vz0t,

where θ0, d, t0, v0, z0, andvz0 are constants. Note that, though eqn. 11.4 looks different
than equation 11.2, there are still 6 free constants. From the physical interpretation
you know that equation 11.4 must be the parametric equation of a straight line. And,
indeed, you can verify that picking arbitrary constants and using a computer to make
a polar plot of equation 11.4 does in fact show a straight line. From equation 11.4 it
seems that polar coordinates’ main function is to obfuscate rather than clarify. For
the simple case that a particle moves with no force at all, we have to solve non-linear
differential equations whereas using cartesian coordinates we get linear equations
which are easy to solve and where the solution is easy to interpret.

But, if we add a central force, a force like earth’s gravity acting on an orbiting
satellite (the force on the satellite is directed towards the center of the earth), the
equations become almost intolerable in cartesian coordinates. But, in polar coordi-
nates, the solution is almost as easy (which is not all that easy for most of us) as the
solution 11.4. So the classic solutions of celestial mechanics are usually expressed
in terms of polar coordinates.

Particle with no force: Path coordinates

When there is no force,
⇀
F = m ⇀

a is expressed in path coordinates as

Ft︸︷︷︸
0

êt + Fn︸︷︷︸
0

ên = m(v̇êt + (v2/ρ)ên︸ ︷︷ ︸
v2 ⇀

κ

).

That is,
v̇ = 0 and v2/ρ = 0.

So the speed v must be constant and the radius of curvature ρ of the path infinite.
That is, the particle moves at constant speed in a straight line.
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SAMPLE 11.1 A collar sliding on a rough rod. A collar of mass m = 0.5 lb slides

m 

B

O

A

θ

L

ı̂

̂

k̂

ω

Figure 11.1: A collar slides on a rough
bar and finally shoots off the end of the
bar as the bar rotates with constant angu-
lar speed.

(Filename:sfig6.5.1)

on a massless rigid rod OA of length L = 8 ft. The rod rotates counterclockwise with
a constant angular speed θ̇ = 5 rad/s. The coefficient of friction between the rod and
the collar is µ = 0.3. At time t = 0 s, the bar is horizontal and the collar is at rest at
1 ft from the center of rotation O. Ignore gravity.

(a) How does the position of the collar change with time (i.e., what is the equation
of motion of the rod)?

(b) Plot the path of the collar starting from t = 0 s till the collar shoots off the end
of the bar.

(c) How long does it take for the collar to leave the bar?

Solution

O

BN

Fs = µN

θ

Figure 11.2: Free Body Diagram of the
collar. The only forces on the collar are
the interaction forces of the bar, which are
the normal force N and the friction force
Fs = µN .

(Filename:sfig6.5.1a)

(a) First, we draw a Free Body Diagram of the the collar at a general position
(R, θ). The FBD is shown in Fig. 11.2 and the geometry of the position vector
and basis vectors is shown in Fig. 11.3. In the Free Body Diagram there are
only two forces acting on the collar (forces exerted by the bar) — the normal
force

⇀
N = N êθ acting normal to the rod and the force of friction

⇀
F s = −µN êR

acting along the rod. Now, we can write the linear momentum balance for the
collar:

m 

O

B

θ

R

ı̂

̂

k̂

êθ

êR

Figure 11.3: Geometry of the collar po-
sition at an arbitrary time during its slide on
the rod.

(Filename:sfig6.5.1b)

∑
⇀
F = m ⇀

a or

−µN êR + N êθ = m[(R̈ − Rθ̇2)êR + (2Ṙθ̇ + R θ̈︸︷︷︸
0

)êθ (11.4)

Note that θ̈ = 0 because the rod is rotating at a constant rate. Now dotting both
sides of Eqn. (11.4) with êR and êθ we get

[Eqn. (11.4)] · êR ⇒ −µN = m(R̈ − Rθ̇2)

or R̈ − Rθ̇2 = −µN

m
,

[Eqn. (11.4)] · êθ ⇒ N = 2m Ṙθ̇ .

Eliminating N from the last two equations we get

R̈ + 2µθ̇ Ṙ − θ̇2 R = 0.

Since θ̇ = ω is constant, the above equation is of the form

R̈ + C Ṙ − ω2 R = 0 (11.5)

where C = 2µω and ω = θ̇ .
Solution of equation (11.5): The characteristic equation associated with
Eqn. (11.5) (time to pull out your math books and see the solution of ODEs) is

λ2 + Cλ − ω2 = 0

⇒ λ = −C ± √
C2 + 4ω2

2

= ω(−µ ±
√

µ2 + 1).

Therefore, the solution of Eqn. (11.5) is

R(t) = Aeλ1t + Beλ2t

= Aeω(−µ+
√

µ2+1)t + Beω(−µ−
√

µ2+1)t .
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Substituting the given initial conditions: R(0) = 1 ft and Ṙ(0) = 0 we get

R(t) = 1 ft

2

[
eω(−µ+

√
µ2+1)t + eω(−µ−

√
µ2+1)t

]
. (11.6)

R(t) = 1 ft
2

[
eω(−µ+

√
µ2+1)t + eω(−µ−

√
µ2+1)t

]
.

(b) To draw the path of the collar we need both R and θ . SInce θ̇ = 5 rad/s =
constant,

θ = θ̇ t = (5 rad/s) t.

Now we can take various values of t from 0 s to, say, 5 s, and calculate values
of θ and R. Plotting all these values of R and θ , however, does not give us
an entirely correct path of the collar, since the equation for R(t) is valid only
till R = length of the bar = 8 ft. We, therefore, need to find the final time
t f such that R(t f ) = 8 ft. Equation (11.6) is a nonlinear algebraic equation
which is hard to solve for t . We can, however, solve the equation iteratively on
a computer, or with some patience, even on a calculator using trial and error.
Here is a MATLAB script which finds t f and plots the path of the collar from
t = 0 s to t = t f :

tf = fzero(’slidebar’,2); % run built-in function fzero
% to find a zero of function
% ’slidebar’ near t = 2 sec.

t = 0:tf/100:tf; % take 101 time steps from 0 to tf
r0 = 1; w = 5; mu = .3; % initialize variables

f1 = -mu + sqrt(mu^2 +1); % first partial exponent
f2 = -mu - sqrt(mu^2 +1); % second partial exponent
r = 0.5*r0*(exp(f1*t) + exp(f2*t)); % calculate r for all t
theta = w*t; % calculate theta
polar(theta,r), grid % make polar plot and put grid
title(’Polar....’) % put a title
hold on % hold the current plot
polar(theta(1),r(1),’o’) % mark the first point by a ’o’
polar(theta(101),r(101),’*’) % mark the last point by a ’*’

The user written function slidebar is as follows.

function delr = slidebar(t);
% --------------------------------------------
% function delr = slidebar(t);
% this function returns the difference between
% r and rf (=8 in problem) for any given t
% --------------------------------------------

r0 = 1; w = 5; mu = .3; rf = 8;
f1 = -mu + sqrt(mu^2 +1);
f2 = -mu - sqrt(mu^2 +1);
delr = 0.5*r0*(exp(f1*t) + exp(f2*t)) - rf;

The plot produced by MATLAB is shown in Fig. 11.4.
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Figure 11.4: Plot of the path of the collar
till it leaves the rod.

(Filename:slidebar)

(c) The time computed by MATLAB’s built-in function fzero was

t f = 3.7259 s.

By plugging this value in the expression for R(t) (Eqn. (11.6) we get, indeed,

R = 8 ft.
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SAMPLE 11.2 Constrained motion of a pin. During a small interval of its motion,

pin

x

y

R = Ro + kθ

θ

Figure 11.5: A pin is constrained to move
in a groove and a slotted arm.

(Filename:sfig6.2.2)

a pin of 100 grams is constrained to move in a groove described by the equation
R = R0 + kθ where R0 = 0.3 m and k = 0.05 m. The pin is driven by a slotted arm
AB and is free to slide along the arm in the slot. The arm rotates at a constant speed
ω = 6 rad/s. Find the magnitude of the force on the pin at θ = 60o.

Solution Let
⇀
F denote the net force on the pin. Then from the linear momentum

balance
⇀
F = m ⇀

a

where ⇀
a is the acceleration of the pin. Therefore, to find the force at θ = 60o we

need to find the acceleration at that position.
From the given figure, we assume that the pin is in the groove at θ = 60o. Since the

equation of the groove (and hence the path of the pin) is given in polar coordinates, it
seems natural to use polar coordinate formula for the acceleration. For planar motion,
the acceleration is

a = (R̈ − Rθ̇2)êR + (2Ṙθ̇ + Rθ̈ )êθ .

We are given that θ̇ ≡ ω = 6 rad/s and the radial position of the pin R = R0 + k θ .
Therefore, 1©1© Note that R is a function of θ and θ is a

function of time, therefore R is a function of
time. Although we are interested in finding
Ṙ and R̈ at θ = 60o, we cannot first sub-
stitute θ = 60o in the expression for R and
then take its time derivatives (which will be
zero).

θ̈ = d θ̇

dt
= 0 ( since θ̇ = constant)

Ṙ = d

dt
(R0 + kθ) = kθ̇ and

R̈ = kθ̈ = 0.

Substituting these expressions in the acceleration formula and then substituting the
numerical values at θ = 60o, (remember, θ must be in radians!), we get

⇀
a = −

Rθ̇2︷ ︸︸ ︷
(R0 + kθ)θ̇2 êR +

2Ṙθ̇︷︸︸︷
2kθ̇2 êθ

= −(0.3 m + 0.05 m · π

3
) · (6 rad/s)2 êR + 2 · 0.3 m · (6 rad/s)2 êθ

= −13.63 m/s2êR + 21.60 m/s2êθ .

Therefore the net force on the pin is

⇀
F = m ⇀

a

= 0.1 kg · (−13.63êR + 21.60êθ ) m/s2

= (−1.36êR + 2.16êθ ) N

and the magnitude of the net force is

F = | ⇀
F | =

√
(1.36 N)2 + (2.16 N)2 = 2.55 N.

F = 2.55 N
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11.2 Dynamics of rigid bodies in
one-degree-of-freedom 2-D
mechanisms

Energy method: single degree of freedom systems
The preponderance of systems where vibrations occur is not due to the fact that
so many systems look like a spring connected to a mass, a simple pendulum, or a
torsional oscillator. Instead there is a general class of systems which can be expected
to vibrate sinusoidally near some equilibrium position. These systems are one-degree
-of-freedom (one DOF) near an energy minimum.

Imagine a complex machine that only has one degree of freedom, meaning the
position of the whole machine is determined by a single number q. Further assume
that the machine has no motion when dotq = 0. The variable q could be, for example,
the angle of one of the linked-together machine parts. Also, assume that the machine
has no dissipative parts: no friction, no collisions, no inelastic deformation. Now
because a single number q characterizes the position of all of the parts of the system
we can calculate the potential energy of the system as a function of q,

EP = EP(q).

We find this function by adding up the potential energies of all the springs in the
machine and the gravitational potential energy. Similarly we can write the system’s
kinetic energy in terms of q and it’s rate of change q̇. Because at any configuration
the velocity of every point in the system is proportional to q̇ we can write the kinetic
energy as:

EK = M(q)q̇2/2

where M(q) is a function that one can determine by calculating the machine’s total
kinetic energy in terms of q and q̇ and then factoring q̇2 out of the resulting expression.

Now, if we accept the equation of mechanical energy conservation we have

constant = ET by conservation of energy,

⇒ 0 = d

dt
ET taking one time derivative,

= d

dt
[EP + EK] breaking energy into total potential, plus kinetic

= d

dt
[EP(q) + 1

2
M(q)q̇2] substituting from paragraphs above

so,

0 = d

dq
[EP(q)] q̇ + 1

2

d

dq
[M(q)]q̇q̇2 + M(q)q̇q̈ (11.7)

This expression is starting to get complicated because when we take the time derivative
of a function of M(q) and EP(q) we have to use the chain rule. Also, because we
have products of terms, we had to use the product rule. Equation( 11.7) is the general
equation of motion of a conservative one-degree-of-freedom system. It is really just
a special case of the equation of motion for one-degree-of-freedom systems found
from power balance. In order to specialize to the case of oscillations, we want to look
at this system near a stable equilibrium point or potential energy minimum.

At a potential energy minimum we have, as you will recall from ‘max-min’
problems in calculus, that d EP(q)/dq = 0. To keep our notation simple, let’s
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assume that we have defined q so that q = 0 at this minimum. Physically this means
that q measures how far the system is from its equilibrium position. That means that
if we take a Taylor series approximation of the potential energy the expression for
potential energy can be expressed as follows:

EP ≈ const + d EP

dq︸︷︷︸
0

·q + 1

2

d2 EP

dq2︸ ︷︷ ︸
Kequiv

·q2 + . . . (11.8)

⇒ d EP

dq
≈ Kequiv · q (11.9)

Applying this result to equation( 11.7), canceling a common factor of q̇, we get: 1©1© The cancellation of the factor q̇ from
equation 11.7 depends on q̇ being other than
zero. During oscillatory motion q̇ is gen-
erally not zero. Strictly we cannot cancel
the q̇ term from the equation at the instants
when q̇ = 0. However, to say that a dif-
ferential equation is true except for certain
instants in time is, in practice to say that it
is always true, at least if we make reason-
able assumptions about the smoothness of
the motions.

0 = Kequivq + 1

2

d

dq
[M(q)]q̇2 + M(q)q̈. (11.10)

We now write M(q) in terms of its Taylor series. We have

M(q) = M(0) + d M/dq|0 · q + . . . (11.11)

and substitute this result into equation 11.10. We have not finished using our as-
sumption that we are only going to look at motions that are close to the equilibrium
position q = 0 where q is small. The nature of motion close to an equilibrium is that
when the deflections are small, the rates and accelerations are also small. Thus, to be
consistent in our approximation we should neglect any terms that involve products of
q, q̇, or q̈ . Thus the middle term involving q̇2 is negligibly smaller than other terms.
Similarly, using the Taylor series for M(q), the last term is well approximated by
M(0)q̈ , where M(0) is a constant which we will call Mequiv. Now we have for the
equation of motion:

0 = d

dt
ET ⇒ 0 = Kequivq + Mequivq̈, (11.12)

which you should recognize as the harmonic oscillator equation. So we have found
that for any energy conserving one degree of freedom system near a position of stable
equilibrium, the equation governing small motions is the harmonic oscillator equation.
The effective stiffness is found from the potential energy by Kequiv = d2 EP/dq2

and the effective mass is the coefficient of q̇2/2 in the expansion for the kinetic energy
EK. The displacement of any part of the system from equilibrium will thus be given
by

A sin(λ t) + B cos(λ t) (11.13)

with λ2 = Kequiv/Mequiv, and A and B determined by the initial conditions. So we
have found that all stable non-dissipative one-degree-of-freedom systems oscillate
when disturbed slightly from equilibrium and we have found how to calculate the
frequency of vibration.

More examples of harmonic oscillators
In the previous section, we have shown that any non-dissipative one-degree-of-
freedom system that is near a potential energy minimum can be expected to have
simple harmonic motion. Besides the three examples we have given so far, namely,

• a spring and mass,
• a simple pendulum, and
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• a rigid body and a torsional spring,

there are examples that are somewhat more complex, such as

• a cylinder rolling near the bottom of a valley,
• a cart rolling near the bottom of a valley, and a
• a four bar linkage swinging freely near its energy minimum.

The restriction of this theory to systems with only one-degree-of-freedom is not so
bad as it seems at first sight. First of all, it turns out that simple harmonic motion
is important for systems with multiple-degrees-of-freedom. We will discuss this
generalization in more detail later with regard to normal modes. Secondly, one can
also get a good understanding of a vibrating system with multiple-degrees-of-freedom
by modeling it as if it has only one-degree-of-freedom.

Cylinder rolling in a valley

Consider the uniform cylinder with radius r rolling without slip in an cylindrical
‘ideal’ valley of radius R.

rolling without
slip

datum for EP

R

r
θ

Figure 11.6: Cylinder rolling without slip in a cylinder. (Filename:tfigure12.bigcyl.smallcyl)

For this problem we can calculate Ek and Ep in terms of θ . Skipping the details,

Ep = −mg(R − r) cos θ

Ek = 1

2

(
3

2
mr2

) (
θ̇ (R − r)

r

)2

= 3

4
m(R − r)2θ̇2

So we can derive the equation of motion using the fact of constant total energy.

0 = d

dt
(ET )

= d

dt
(Ep + Ek)

= d

dt


−mg(R − r) cos θ︸ ︷︷ ︸

Ep

+ 3

4
m(R − r)2θ̇2︸ ︷︷ ︸

Ek




= (mg(R − r) sin θ)θ̇ + 3

2
(R − r)2θ̇ θ̈

⇒ 0 = mg(R − r) sin θ + 3

2
(R − r)2mθ̈
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Now, assuming small angles, so θ ≈ sin θ , we get

g(R − r)θ + 3

2
(R − r)2θ̈ = 0 (11.14)

θ +
(

2

3

g

(R − r)

)
︸ ︷︷ ︸

λ2

θ̈ = 0 (11.15)

This equation is our old friend the harmonic oscillator equation, as expected.
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SAMPLE 11.3 A zero degree of freedom system. A uniform rigid rod AB of mass

A

L = 4R
B

m

θ = 30o

R
O

ωD

Figure 11.7: End A of bar AB is free to
slide on the frictionless horizontal surface
while end B is going in circles with a disk
rotating at a constant rate.

(Filename:sfig7.3.2)

m and length L = 4R has one of its ends pinned to the rim of a disk of radius R.
The other end of the bar is free to slide on a frictionless horizontal surface. A motor,
connected to the center of the disk at O, keeps the disk rotating at a constant angular
speed ωD . At the instant shown, end B of the rod is directly above the center of the
disk making θ to be 30o.

(a) Find all the forces acting on the rod.
(b) Is there a value of ωD which makes end A of the rod lift off the horizontal

surface when θ = 30o?

Solution The disk is rotating at constant speed. Since end B of the rod is pinned
to the disk, end B is going in circles at constant rate. The motion of end B of the
rod is completely prescribed. Since end A can only move horizontally (assuming it
has not lifted off yet), the orientation (and hence the position of each point) of the
rod is completely determined at any instant during the motion. Therefore, the rod
represents a zero degree of freedom system.

(a) Forces on the rod: The free body diagram of the rod is shown in Fig. 11.8.
The pin at B exerts two forces Bx and By while the surface in contact at A
exerts only a normal force N because there is no friction. Now, we can write
the momentum balance equations for the rod. The linear momentum balance
(
∑ ⇀

F = m ⇀
a) for the rod gives

A

B

θ

G

mg

N

Bx

By

ı̂

̂

Figure 11.8: Free body diagram of the
bar.

(Filename:sfig7.3.2a)

Bx ı̂ + (By + N − mg)̂ = m ⇀
aG . (11.16)

The angular momentum balance about the center of mass G (
∑ ⇀

M/G = ˙⇀H /G)
of the rod gives

⇀
r A/G × N ̂ + ⇀

r B/G × (Bx ı̂ + By ̂) = Izz/G αrod k̂. (11.17)

From these two vector equations we can get three scalar equations (the Angular
Momentum Balance gives only one scalar equation in 2-D since the quantities
on both sides of the equation are only in the k̂ direction), but we have six
unknowns — Bx , By, N ,

⇀
aG (counts as two unknowns), and αrod . There-

fore, we need more equations. We have already used the momentum balance
equations, hence, the extra equations have to come from kinematics.

⇀
v A = ⇀

v B +
⇀
v A/B︷ ︸︸ ︷

⇀
ωrod × ⇀

r A/B

or vA ı̂ = ωD Rı̂ + ωrod k̂ × L(− cos θ ı̂ − sin θ ̂)

= (ωD R + ωrod L sin θ)ı̂ − ωrod L cos θ ̂

Dotting both sides of the equation with ̂ we get

0 = ωrod L cos θ ⇒ ωrod = 0.

Also,

⇀
a A = ⇀

a B +

⇀
a A/B︷ ︸︸ ︷

˙⇀ω × ⇀
r A/B + ⇀

ωrod︸︷︷︸
⇀

0

×(
⇀
ωrod × ⇀

r A/B)

or aA ı̂ = −ω2
D R̂ + ω̇rod k̂ × L(− cos θ ı̂ − sin θ ̂)

= −(ω2
D R + ω̇rod L cos θ)̂ + ω̇rod L sin θ ı̂.
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Dotting both sides of this equation by ̂ we get

ω̇rod = − ω2
D R

L cos θ
. (11.18)

Now, we can find the acceleration of the center of mass:

⇀
aG = ⇀

a B +

⇀
aG/B︷ ︸︸ ︷

˙⇀ω × ⇀
r G/B + ⇀

ωrod︸︷︷︸
⇀

0

×(
⇀
ωrod × ⇀

r G/B)

= −ω2
D R̂ + ω̇rod k̂ × 1

2
L(− cos θ ı̂ − sin θ ̂)

= −(ω2
D R + 1

2
ω̇rod L cos θ)̂ + 1

2
ω̇rod L sin θ ı̂.

Substituting for ω̇rod from eqn. (11.18) and 30o for θ above, we obtain

⇀
aG = −1

2
ω2

D R(
1√
3
ı̂ + ̂).

Substituting this expression for ⇀
aG in eqn. (11.16) and dotting both sides by ı̂

and then by ̂ we get

Bx = − 1

2
√

3
mω2

D R,

By + N = −1

2
mω2

D R + mg (11.19)

From eqn. (11.17)

1

2
L[(By − N ) cos θ − Bx sin θ ]k̂ = 1

12
mL2(− ω2

D R

L cos θ
)k̂

or By − N = −1

6

mω2
D R

cos2 θ
+ Bx tan θ

= −2

9
mω2

D R − 1

6
mω2

D R

= − 7

18
mω2

D R (11.20)

From eqns. (11.19) and (11.20)

By = 1

2

(
mg − 8

9
mω2

D R

)

and

N = 1

2

(
mg − 1

9
mω2

D R

)
.

(b) Lift off of end A: End A of the rod loses contact with the ground when normal
force N becomes zero. From the expression for N from above, this condition
is satisfied when

2

9
mω2

D R = mg

⇒ ωD = 3

√
g

R
.
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11.3 Dynamics of rigid bodies in
multi-degree-of-freedom 2-
D mechanisms

To solve problems with multiple degrees of freedom the basic strategy is to

• draw FBDs of each body
• find simple variables to describe the configurations of the bodies
• write linear and angular momentum balance equations
• solve the equations for variables of interest (forces, second derivatives of the

configuration variables).
• set up and solve the resulting differential equations if you are trying to find the

motion.

Basically, however, the skills are the same as for simpler systems, the execution is
just more complex.



11.3. Dynamics of rigid bodies in multi-degree-of-freedom 2-D mechanisms 595



596 CHAPTER 11. Mechanics of planar mechanisms

SAMPLE 11.4 Dynamics using a rotating and translating coordinate system. Con-

PR

r=0.5m

O

A

Q

L = 2m

θ = 30o

ω2

ω̇2

x

y

ω1

Figure 11.9: (Filename:sfig8.2.2again)

sider the rotating wheel of Sample 10.11 which is shown here again in Figure 11.9.
At the instant shown in the figure find

(a) the linear momentum of the mass P and
(b) the net force on the mass P.

For calculations, use a frame B attached to the rod and a coordinate system in B with
origin at point A of the rod OA.

Solution We attach a frame B to the rod. We choose a coordinate system x ′y′z′ in

O

P'
A

x

y

θ

θ

⇀
vP'/O'

⇀
vO'

ω1

B
O' x'

y'

⇀
vP'

⇀
vO'

⇀
vP'/O'

Figure 11.10: The velocity of point P ′
is the sum of two terms: the velocity of O ′
and the velocity of P ′ relative to O ′.

(Filename:sfig8.2.2d)

this frame with its origin O′ at point A. We also choose the orientation of the primed
coordinate system to be parallel to the fixed coordinate system xyz (see Fig. 11.10),

i.e., ı̂
′ = ı̂, ̂

′ = ̂ , and k̂
′ = k̂.

(a) Linear momentum of P: The linear momentum of the mass P is given by

⇀
L = m ⇀

v P .

Clearly, we need to calculate the velocity of point P to find
⇀
L. Now,

⇀
v P = ⇀

v P ′ + ⇀
v rel = ⇀

v O ′ + ⇀
v P ′/O ′︸ ︷︷ ︸

⇀
v P ′

+⇀
v rel.

Note that O′ and P′ are two points on the same (imaginary) rigid body OAP′.
Therefore, we can find ⇀

v P ′ as follows:

⇀
v P ′ =

⇀
v O′︷ ︸︸ ︷

⇀
ωB × ⇀

r O ′/O +

⇀
v P ′/O′︷ ︸︸ ︷

⇀
ωB × ⇀

r P ′/O ′

= ω1k̂ × L(cos θ ı̂ + sin θ ̂) + ω1k̂ × r(cos θ ı̂ − sin θ ̂)

= ω1[(L + r) cos θ ̂ − (L − r) sin θ ı̂]

= 3 rad/s · [2.5 m · cos 30o̂ − 1.5 m · sin 30o ı̂]

= (6.50̂ − 2.25ı̂) m/s (same as in Sample 10.11.),

⇀
v rel = ⇀

v P/B

= −ω2k̂
′ × r(cos θ ı̂

′ − sin θ ̂
′
)

= −ω2r(cos θ ̂
′ + sin θ ı̂

′
)

= −(2.16̂
′ + 1.25ı̂

′
) m/s

= −(2.16̂ + 1.25ı̂) m/s.

Therefore,

⇀
v P = ⇀

v P ′ + ⇀
v rel

= (4.34̂ − 3.50ı̂) m/s and
⇀
L = m ⇀

v P

= 0.5 kg · (4.34̂ − 3.50ı̂) m/s

= (−1.75ı̂ + 2.17̂) kg·m/s.

⇀
L = (−1.75ı̂ + 2.17̂) kg·m/s

(b) Net force on P: From the ∑
⇀
F = m ⇀

a



11.3. Dynamics of rigid bodies in multi-degree-of-freedom 2-D mechanisms 597

for the mass P we get
∑ ⇀

F = m ⇀
a P . Thus to find the net force

∑ ⇀
F we need

to find ⇀
a P . The calculation of ⇀

a P is the same as in Sample 10.11 except that
⇀
a P ′ is now calculated from

⇀
a P ′ = ⇀

a O ′ + ⇀
a P ′/O ′

where

⇀
F net = �

⇀
F

P

Figure 11.11: (Filename:sfig8.2.2again1)

⇀
a O ′ = ⇀

ωB × (
⇀
ωB × ⇀

r O ′/O)

= −ω2
1

⇀
r O ′/O

= −ω2
1 L(cos θ ı̂ + sin θ ̂)

= −(3 rad/s)2 · 2 m · (cos 30o ı̂ + sin 30o̂)

= −(15.59ı̂ + 9.00̂) m/s2,

⇀
a P ′/O ′ = ⇀

ωB × (
⇀
ωB × ⇀

r P ′/O ′)

= −ω2
1

⇀
r P ′/O ′

= −ω2
1r(cos θ ı̂ − sin θ ̂)

= −(3 rad/s)2 · 0.5 m · (cos 30o ı̂ − sin 30o̂)

= −(3.90ı̂ − 2.25̂) m/s2.

Thus,
⇀
a P ′ = −(19.49ı̂ + 6.75̂) m/s2

which, of course, is the same as calculated in Sample 10.11. The other two
terms, ⇀

acor and ⇀
a rel, are exactly the same as in Sample 10.11. Therefore, we

get the same value for ⇀
a P by adding the three terms:

⇀
a P = −(17.83ı̂ + 3.63̂) m/s2.

The net force on P is∑
⇀
F = m ⇀

a P

= 0.5 kg · (−17.83ı̂ − 3.63̂) m/s2

= −(8.92ı̂ + 1.81̂) N.

∑ ⇀
F = −(8.92ı̂ + 1.81̂) N
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11.4 Advance dynamics of planar
motion

For more and more complex problems no new equations or principles are needed.
There is a separate section here because less advanced classes may want to skip it.

A separate batch of harder problems goes with this section.
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SAMPLE 11.5 Zero length springs do interesting things. A small ball of mass m

A

B

C

�

θo θo

Figure 11.12: A small ball of mass m
is supported by a string and a zero length
(in relaxed position) spring. The string is
suddenly cut.

(Filename:sfig6.4.2)

is supported by a string AB of length � and a spring BC with spring stiffness k. The
spring is relaxed when the mass is at C (BC is a zero length spring). The spring and
the string make the same angle θ with the horizontal in the static equilibrium of the
mass. At this position, the string is suddenly cut near the mass point B. Find the
resulting motion of the mass.

Solution The Free Body Diagrams of the mass are shown in Fig. 11.13(a) and
(b) before and after the string is cut. Since the stretch in the spring, in the static
equilibrium position of the mass, is equal to the length of the string,

⇀
F b = k�êR .

linear momentum balance (
∑ ⇀

F = m ⇀
a) for the mass in the static position gives

B FaB

mg

T

(c) geometry(a) FBD before AB is cut

C

(b) FBD after AB is cut

Fb

Fa

mg mg

θ

θ

êθêR

ı̂

̂ �

Figure 11.13: Free Body Diagram of the ball (a) before the string is cut, (b) sometime after the
string is cut, and (c) the geometry at the moment of interest.

(Filename:sfig6.4.2a)

(Fb cos θo − T cos θo)ı̂ + (Fb sin θo + T sin θo − mg)̂ = ⇀

0.

The x and y components of this equation give

Fb = T,

(Fb + T ) sin θo = mg.

Substituting Fb = T in the second equation and replacing Fb by k� we get

2kl sin θo = mg

or θo = sin−1 mg

2k�
. (11.21)

After the string is cut, let the mass be at some general angular position θ . Let the
stretch in the spring at this position be �. Then, the Linear Momentum Balance for
the mass may be written as ∑

⇀
F = m ⇀

a

where ∑
⇀
F = (−Fa + mg sin θ)êR + mg cos θ êθ ,

⇀
a = (�̈ − l θ̇2)êR + (2�̇θ̇ + l θ̈ )êθ .

Substituting these expressions in
∑ ⇀

F = m ⇀
a and dotting the resulting equation with

êR and êθ we get

m(�̈ − l θ̇2) = mg sin θ −
Fa︷︸︸︷
k� ,

m(2�̇θ̇ + �θ̈) = mg cosθ,
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or

�̈ − �θ̇2 − g sin θ = −k�

m
, (11.22)

2�̇θ̇ + �θ̈ − g cosθ = 0. (11.23)

These equations are coupled, nonlinear ordinary differential equations! They look
hopelessly difficult to solve. So, what should we do? How about trying to write the
equations of motion in cartesian coordinates? Let us try. Referring to Fig. 11.13(c)∑

⇀
F = Fa cos θ ı̂ + (Fa sin θ − mg)̂

= k

−x︷ ︸︸ ︷
� cos θ ı̂ + (k

−y︷ ︸︸ ︷
l sin θ −mg)̂

= −kx ı̂ + (−ky − mg)̂ ,
⇀
a = ẍ ı̂ + ÿ̂ .

Now, substituting the expressions for
∑ ⇀

F and ⇀
a in the Linear Momentum Balance

equation and dotting both sides with ı̂ and ̂ we get

(
∑

⇀
F = m ⇀

a) · ı̂ ⇒ ẍ + k

m
x = 0 (11.24)

(
∑

⇀
F = m ⇀

a) · ̂ ⇒ ÿ + k

m
y = −g. (11.25)

Unbelievable!! Two such nasty looking nonlinear, coupled equations (11.22) and
(11.23) in polar coordinates become so simple, friendly looking linear, uncoupled
equations (11.24) and (11.25) in cartesian coordinates. We can now write the solutions
of these second order ODE’s:

x(t) = A sin(λt) + B cos(λt),

y(t) = C sin(λt) + D cos(λt) − mg

k
,

where A B C and D are constants and λ = √
k/m. We need initial conditions to

evaluate the constants A B C and D. Since the mass starts at t = 0 from the rest
position when θ = θo,

x(0) = −� cos θo and ẋ(0) = 0,

y(0) = −� sin θo and ẏ(0) = 0.

Substituting these initial conditions in the solutions above, we get

x(t) = −(� cos θo) cos(
√

(k/m)t),

y(t) = −(� sin θo − mg

k
) cos(

√
(k/m)t) − mg

k
.

From these equations, we can relate x and y by eliminating the cosine term, i.e.,

x(t)

� cos θo
= y(t) + (mg/k)

� sin θo − (mg/k)

or y(t) = � sin θo − (mg/k)

� cos θo
x(t) − mg

k

which is the equation of a straight line passing through the vertical equilibrium position
y = −mg/k. Thus the mass moves along a straight line! 1©

1© By choosing appropriate initial condi-
tions, you can show that there are other
straight line motions (for example, just hor-
izontal or vertical motions) and motions on
elliptic paths.


