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7.1 Introduction

Thischapter describes arelatively new item on the dimensioning and tolerancing standards scene: math-
ematically based definitions of geometric tolerances. Y ouwill learn how and why such definitionscameto
be, how to apply them, what they have accomplished for us, and where these definitions may take usinthe
not-too-distant future.

7.2 Why Mathematical Tolerance Definitions?

After reading this chapter, | hope and trust that you will be asking the reverse question: Why not
mathematical definitions of tolerances? Asyou will see, anumber of interesting events combined to open
the door for their creation. In short, though, mechanical tolerancing is a much more complex discipline
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than most peoplerealize, and it requiresasimilar level of treatment as has proven to be necessary for the
nominal geometric design discipline (CAD/solid modeling).

Although the seeds for mathematical tolerance definitionswere planted well beforethe early 1980s, a
special event of that eraindirectly helped trigger arealization of their need. The arrival of the personal
computer quite suddenly and dramatically decreased the cost of computing power. Asaresult, vendors of
metrology equipment, predominantly coordinate measuring machines (CMMs) began offering affordably
priced measurement systems with integrated personal computers. Also, a number of individuals devel-
oped homegrown systems for their companies (as did this author) by pairing an older measuring system
that they already owned with a newly purchased personal computer. Just as personal computers have
affected usin countless other ways, they al so contributed to the resurgence of the coordinate measuring
machine.

Another device also contributed to the resurgence of coordinate measuring machines: the touch
trigger probe, originally developed inthe U.K. by Renishaw. Prior to thisinvention, conventional coordi-
nate measuring machines used a“hard” probe (asteel sphere) for establishing contact with part features.
Not only were hard probes slow to use, but they also were capable of disturbing the part, and even
damagingit if theinspector failed to exercise sufficient care. Touch probesimproved thisstate of affairsby
enabling the coordinate measuring machineto significantly overtravel after the part feature wastriggered
upon initial contact. Productivity and accuracy were both improved with touch probes.

The advent of touch probe technology and the availability of relatively inexpensive computing
power through new microprocessors enabl ed quick and sophisticated collection, processing, and display
of measurement data. That was the good news of the early 1980s. The bad news? The many instances of
software applications developed for metrology equipment did not interpret geometric dimensioning and
tolerancing uniformly. Although the personal computer helped us recognize a number of underlying
problems with tolerancing and metrology (and hence, for much of manufacturing), other key events
helped us further diagnose problems and even chart out plans for resolving them. Writing and using
mathematical tolerance definitions were among the suggested corrective actions.

7.2.1 Metrology Crisis (The GIDEP Alert)

In September of 1988, Mr. Richard Walker of Westinghouse Corp. issued a GIDEP Alert! against the data
reduction software from five unnamed CMM vendors. Himself aware of inconsistency problems with
CMM softwarefor sometimethrough painful experience, Mr. Walker sought to bring this serious state of
affairs to public light by issuing the GIDEP Alert. Typically, GIDEP issues alerts against specific
manufacturer’ s product lines or production lots with quality concerns. In this case, the problem was not
attributable to just one CMM vendor; this was an industry-wide problem and was not confined to the
metrology industry. It was aserious symptom of alarger problem. First, though, let’ sdeal with the subject
of the GIDEP Alert.

Ideally, and not unreasonably, we expect that ameasurement processfor agiven part (say flathessas
measured by a CMM) will yield repeatable results. The degree of repeatability depends on many factors
such as the number of points sampled, point sampling strategy, stability of the part, and probing force.
Each of these factors comesinto play on measurements performed on asingle, given CMM.

1 GIDEP (Government-Industry Data Exchange Program, http://www.gidep.corona.navy.mil) is an organization of gov-
ernment and industry participants who share technical information with each other regarding product research, design,
development, and production. One function of GIDEP is to issue alerts to its members that pertain to nonconforming
parts, processes, etc. In this case, the subjects of the alert were nonconforming software algorithms.
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But what about the repeatability of measurements of the same part as performed by CMMs from
different manufacturers? Potential contributors to repeatability in this context are the differencesin me-
chanical stability between the CMMs and the software algorithms used to process the sampled point
coordinate data. It’ sthelatter with which Mr. Walker’s GIDEP Alert dealt. Suspicious of inconsistencies
between measurement results obtained by different CMMs, Mr. Walker crafted ingeniously simple, but
strategically chosen sets of point coordinate datato test the performance of CMM software algorithmsfor
calculating measured values of flatness, parallelism, straightness, and perpendicularity. A data set that
could be solved graphically without any algorithmswas strategically selected. So not only did Mr. Walker
check for consistency between the five CMM s tested, but he also checked for correctness.

The results were rather shocking. The worst offending algorithm in one case reported results that
were 37% worse than the actual results; in other words, the algorithm indicated that the part feature was
worsethan it actually was. In another case, the worst offending algorithm reported results that were 50%
better than the actual results, indicating that the part feature was better than it actually was. Theseresults
led to the realization that many CMM software algorithms were unreliable. Coupling this fact with an
increasingly wide awarenessthat different measurement techniques applied to the same parameter yielded
different results, atrue metrology crisiswasin effect.

In true Ralph Nader spirit, Mr. Walker acted on behalf of the customers of metrology equipment
vendors. Rather than letting the potential impact on the CMM vendors determine how he handled this
discovery, he publicized this information to educate and warn CMM users and the customers of their
results. He resisted those that preferred him to keep silent while these problems were solved behind
closeddoors. Instead, the GIDEP Alert served asabeacon to those who experienced similar problemsand
had the motivation and technical ability to do something about it. Mr. Walker was criticized by many for
his actions—a sure sign that he was on to something.

7.2.2 Specification Crisis

The GIDEP Alert convincingly illustrated the unstabl e situation with metrology software. However, it is
crucial to recognize that the metrology crisis was actually a symptom of the true problem. The inherent
ambiguity in the text-based definitions of mechanical tolerances enabled the writing of varied and incor-
rect computer algorithms for processing inspection data. Though text-based definitions seem to have
served engineering well for many years, the robustness and rigor required by computerization has re-
vealed anumber of underlying problems. Without the ability to unambiguously specify and assign toler-
ance controlsto mechanical parts, we cannot expect to be ableto uniformly verify the adherence of actual
parts to those specifications. Thus, one could accurately say that the specification crisis spawned the
metrology crisis.

7.2.3 National Science Foundation Tolerancing Workshop

Under a grant from the National Science Foundation, the ASME Board on Research and Development
conducted a workshop with invited guests of varied manufacturing backgrounds from a number of do-
mestic and international companies. Held soon after release of the GIDEP Alert, thisworkshop sought to
identify research opportunitiesin the field of tolerancing of mechanical parts. These research opportuni-
ties were determined on the basis of unsolved problems or technological gaps hampering the effective-
ness of various engineering disciplines. Among the recommendations generated by the workshop was
that mathematically based definitions of mechanical tolerances should be written in order to remove
ambiguities and reduce misuse. This recommendation paved the way for the establishment of a body
whose sole purpose was to meet that goal .
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7.2.4 A New National Standard

InJanuary of 1989the Y 14.5.1 " ad hoc” subcommittee on mathematization of geometric tolerancesheldits
inaugural meeting in Longboat Key, Florida. In approximately fifteen meetings held over fiveyears' time,
Chairman Richard Walker led an inspired group of volunteers to the publication of a new national stan-
dard, ASME Y 14.5.1M-1994 - Mathematical Definition of Dimensioning and Tolerancing Principles. The
continually surprising degree of effort that was necessary to write this document provided constant
confirmation that the document was truly needed. Some ambiguities were known before mathematization
efforts began, but many other subtle problems were revealed as the subcommittee members took on the
challenge of unequivocally specifying what was previously conveyed through written word and figures
drawn from specific examples.

7.3 What Are Mathematical Tolerance Definitions?
7.3.1 Parallel, Equivalent, Unambiguous Expression

Mathematical tolerance definitions are areiteration of the tolerance definitionsthat appear in textual form
intheY 14.5 standard. In many cases, actual mathematical expressions describe geometric constraints on
regions of pointsin space yielding a mathematical/geometrical description of the tolerance zone for each
tolerance type. However, tolerance types are only part of the story. The Y 14.5.1 standard handles the
crucia subject of datum reference frame construction not with mathematical equations, but with math-
ematical formulations that are expressed textually with supporting tables and logical expressions. In any
case, the contents of the Y 14.5.1 standard have a direct tracing to an unambiguous mathematical basis.
The unfortunate tradeoff is that they are not readily assimilated by human beings, but they are easily
converted into programming code.

7.3.2 Metrology Independent

The developers of the Y 14.5.1 mathematical standard diligently maintained at arm’ s length (or farther!)
any influences from current measurement techniques and technology on the mathematical tolerance
definitions. There was a frequent tendency to think in terms of inspection procedures when trying to
mathematically describe some characteristic of ageometric tolerance, but it was resisted. Measurability
was never a criterion that prevailed during the deliberations of the Y 14.5.1 subcommittee. The reason
was simple: tolerancing isadesign function, and it must not be encumbered by metrology, adownstream
activity in the product life cycle. Today’s state-of-the-art in measurement technology eventually be-
comes yesterday’ s obsolescence. Desired features and capabilities for dimensioning and tolerancing
that enabl e precise specification of part functionality and producibility should drive technology devel-
opment in metrology. To have specified mathematical tol erance definitionsin terms of industry-accepted
measurement techniques would surely have made the definitions more recognizable, but generality
would have been sacrificed.

7.4 Detailed Descriptions of Mathematical Tolerance Definitions
7.4.1 Introduction

This section contains introductory material necessary to read and understand mathematical tolerance
definitions as they appear in the Y 14.5.1 standard. Those readers with a physics and/or mathematics
background may bypass the section on vectorsthat follows. Section 7.4.3 presents some key terms and
concepts specifictotheY 14.5.1 standard. The remaining sections cover asel ection of actual mathematical
tolerance definitions. Note that not all aspects of the Y 14.5.1 standard are covered here, and that this
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chapter isdesigned to providethereader with enough background to enabl e him/her to make effective use
of the standard.

7.4.2 Vectors

Thissection containsabrief overview of vectors and the manner in which they are handled in mathemati-
cal expressions. Those readers with a physics and/or mathematics background will not find it necessary
to read further. The material isincluded, however, because not all users of geometric dimensioning and
tolerancing have had exposureto it, and it isthe basis of the definitions that follow.

Vectors are abstract geometric entities that describe direction and magnitude (length). A position
vector can describe every point in space, whichissimply aline drawn fromthe originto the point. Vectors
also exist between pointsin space. The magnitude of avector isitslength as measured from its starting
point toitsend point. A vector of arbitrary lengthistypically designated by aletter with anarrow ( A) over
it. Graphically, vectorsare shown asalinewith an arrow at one end; the length of the line representsthe
vector’s magnitude, while the arrow representsits direction. See Fig. 7-1.

Figure 7-1 Vectors and unit vectors

A special type of vector isthe unit vector which, not surprisingly, is of unit length. Unit vectors are
often used to define or specify the direction of an axisor the direction of aplane’ snormal; aunit vector is
appropriate for such purposes becauseit is the direction and not the magnitude that isimportant. A unit
vector istypically designated by aletter with ahat, or carat, (T) over it.

7.4.2.1 Vector Addition and Subtraction

Vectors may be added and subtracted to create other vectors. Two vectors are added by overlapping the
starting point of onevector onthe end point of the other vector. Theresultant vector, or sumvector, isthat
vector that extendsfrom the starting point of thefirst vector to the end point of the second vector. SeeFig.
7-2.
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Figure 7-2 Vector addition

Vector subtraction is performed analogously. In Fig. 7-3, the vector § - R isobtai ined by adding the
negative of vector R (which simply pointsin the opposite direction as R) to vector C.
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Figure 7-3 Vector subtraction

Vectors may be translated in space without affecting their behavior in mathematical expressions, so
long astheir length and direction are preserved. For instance, it iscommon to draw adifference vector as
starting at the end point of the “subtrahend” vector (R in Fig. 7-3) and ending at the end point of the
“minuend” vector (C in Fig. 7-3).

7.4.2.2 Vector Dot Products

Vectors may be multiplied in two different ways: by dot product and by cross product. Rulesfor vector
products are different than for products between numbers. Dot products and cross products always
involve two vectors. Cross products are discussed in the next section.

Theresult of adot product isawaysascalar, whichisjust afancy term for anumber. A dot product
isequal to the product of the numerical magnitude of the vectors, whichinturnismultiplied by the cosine
of the angle between the vectors. The mathematical expression for the dot product between vectors A
and B isA- B.Naturally, for two unit vectorsthat are 45° apart, their dot product is(1)(1)cos(45) = 0.707.
Also, when two vectors have adot product that equals 0, they must be perpendicular, regardless of their
magnitude, because the cosine of 90° is0. And when two unit vectors have adot product equal to 1, they
must be parallel becausethe cosineof 0° is1. Two unit vectorsthat point in opposite directionsyield adot
product of —1 because the cosine of 180° is—1.

When a vector is multiplied with a unit vector via a dot product, the result equals the length of the
component of the original vector that is pointing in the direction of the unit vector. The mathematical
definitions of geometric tolerances make use of these dot product characteristics.

7.4.2.3 Vector Cross Products

Unlike avector dot product which yieldsanumber, the result of avector cross product is always another
vector. The mathematical expression for the cross product between vectors A and B is A" B, theresult
of whichwewill expressasC . By definition, vector C isperpendicular to the plane defined by thefirst two
vectors. The magnitude of the vector C isequal to the product of the magnitudes of the vectors A and
B, whichin turnis multiplied by the sine of the angle between A and B . So when two unit vectors are
perpendicular, their cross product isanother unit vector that is perpendicular to the first two unit vectors;
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this because the sine of 90° is1. Andwhen any two vectorsare parallel (or antiparallel), their crossproduct
is a vector of length O because the sine of 0°and 180° is 0. The mathematical definitions of geometric
tolerances make use of these properties of vector cross products.

7.4.3 Actual Value/Measured Value

A subtle but important distinction exists between the actual value and the measured value of a quantity.

Soon after beginning its work program, the Y 14.5.1 subcommittee quickly recognized the need to clearly

draw this distinction. Anactual value of ameasured quantity isthe inherently true value. It isthe value
that would be obtained by a measurement process that is perfect in every way; that is, a measurement
processthat has no measurement error or uncertainty associated with it, and which makesuse of all of the
information that is contained in the item being measured (i.e., the infinite number of data points that a
surface consists of). In less esoteric terms, it is the value that we always hope to obtain, but never really

can. The actual value can never be obtained because every measurement process has some degree of
error and uncertainty associated with it, however small. Moreover, discrete measurement techniques
operateon arelatively small subset of theinfinite number of pointsof which asurfaceiscomprised. Even
though we can never obtain the actual value, it isimportant to have aconcrete definition of it aswell asan
understanding of the reasons for its elusiveness.

The measured value of a quantity is self-explanatory. Quite simply, it is the value generated by a
measurement process. A measured value is an estimate of the actual value; it has an uncertainty associ-
ated with it. The goal of any measurement process is to obtain a measured val ue that approximates the
actual value within some tolerable level of uncertainty. The uncertainty associated with a measurement
process depends on many factors such as the quantity of data sampled, the data sampling strategy,
environmental effects, and so on. This uncertainty is never zero, and the degree to which it is minimized
amountsto an economic decision based on the timerequired to conduct the measurement and the expense
of the personnel and equipment employed.

It is not uncommon for the distinction between the measured value and the actual value to become
blurred, and this may occasionally contribute to miscommunications between design engineers and me-
trologists. Early on, the Y 14.5.1 subcommittee wrestled with these notions and decided that the scope of
itswork concerned itself solely with actual valuesand not with measured values. (Theissues surrounding
measured values were to be taken up by another subcommittee.) That is not to say that mathematical
definitions somehow enable usto obtain actual values. Rather, the mathematical definitions presentedin
the Y 14.5.1 standard focus on the geometric controls that the various tolerance types exert on part
features. Further, the tolerance types operate not only on actual, tangible part features, but also more
importantly on conceptual models of those part features that exist only on drawings or CAD/solid model
representations. The genesis of amanufactured product is arepresentation of the product that is repeat-
edly modified, typically involving tradeoffs, in response to various constraints upon it. Allowable geo-
metric variation of the product is one constraint, and theintent of the Y 14.5.1 subcommittee wasto create
mathematical definitions of tolerance types that would be applicable to this conceptual design stage of
product development. Accordingly, the notion of an actual value is appropriate.

In fact, in writing mathematical definitions it was crucial to maintain this “ separation of church and
state” asit were. The potential difficulty in obtaining areliable measured value of atolerance was of little
or no concern during the devel opment of the Y 14.5.1 standard. The philosophy isthat it ismoreimportant
to arm adesign engineer with flexible toolsto uniquely specify atolerance design rather than to compro-
misethat ability infavor of easing the eventual measurementsrequired to prove conformance of an actual
part to those tolerances. It is inappropriate to standardize tolerances around the state-of-the-art in

metrology becauseit is continually changing.
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7.4.4 Datums
7.4.4.1 Candidate Datums/Datum Reference Frames

Datums are geometric entities of perfect form that are derived from datum features specified on adrawing.
The configuration of one or more datums as specified in a feature control frame results in a datum
reference frame. A datum reference frame essentially amounts to a coordinate system that islocated and
oriented on the datum features of the part, and from which the location and orientation of other part
features are controlled.

For two reasons, agiven datum feature may yield more than one datum. Most easy to visualizeisthe
situation whereby aprimary datum feature of sizeisreferenced at maximum material condition (MM C) and
ismanufactured at asize between its maximum material sizeand itsleast material size. By therulesof Y 14.5,
the datum may assume any size, location, and orientation between the datum feature and its MM C limit.
These potentially numerous datums form a candidate datum set.

Another reason why aset of candidate datums may result from a given datum feature hasto do with
the fact that actual datum features, like all actual features, necessarily have form error. Form error often
underminesthe effectiveness of therulesthat Y 14.5 specifiesin section 4.4.1 for associating perfect form
datumsto imperfect form datum features. Theserules areideally intended to isolate asingle datum from a
datum feature, but in practice they reduce the size of the candidate datum set, hopefully to areasonable
extent. For instance, consider a nominal flat surface specified as a primary datum, an actual instance of
which has form error consisting of small raised areas scattered all over the surface in such away that a
conceptual, perfect form datum feature (a perfectly flat plane) does not engage the actual surfacein just
one, unique orientation. In fact, there are multiple sets of three raised areas that provide stable engage-
ment. Each resultsin a potentially valid datum, and they collectively form the candidate datum set.

Thus, we say in general that adatum featureresultsin aset of candidate datums. Since each datumin
adatum reference frame has (or may have) multiple candidate datums, there are potentially amultitude of
candidate datum reference frames. What are we to do with all of these candidates? It is reasonable to
conclude that one has the freedom to search among the candidate datum reference frame set for adatum
reference frame that yields acceptable evaluations of al tolerances. One could also search for a datum
reference frame that collectively minimizes (in some unspecified sense) the departure of all of the features
controlled with respect to the datum reference frame. Regardless, if adatum reference frame can be found
that yields acceptable evaluations of all tolerances, then the part is considered to be acceptable.

7.4.4.2 Degrees of Freedom

The balance of the discussion on datums will focus on degrees of freedom. A datum reference frame can
be thought of as a coordinate system that is fixed to datum features on the part according to rules of
association and precedence. If we think of a coordinate system as being represented by three mutually
perpendicular axes, then the process of establishing a datum reference frame amounts to a series of
positioning and orienting operations of these axes relative to datum features on the part. These position-
ing and orienting operations take place with respect to afixed “world” coordinate system.

A datum reference frame has three positional degrees of freedom, and three orientational degrees of
freedom within theworld coordinate system. In other words, the origin of adatum reference frame may be
independently located along three world coordinate system axes. Similarly, thethree planesformed by the
three pairs of datum reference frame axes have angular rel ationshipsto the three planesformed by pairs of
world coordinate system axes. The establishment of a datum reference frame equates to a systematic
reduction of itsavailable degrees of freedom within theworld coordinate system. A datum referenceframe
that has no available degrees of freedom is said to be fully constrained.
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Notethat it is not always necessary to fully constrain a datum reference frame. Consider a part that
only has an orientation tolerance applied to afeature with respect to another datum feature. One can see
that it is not necessary or productive to position the datum reference frame in any manner because the
orientation of the feature with respect to the datum is not affected by location of the datum nor of the
feature.

Therulesof datum precedence embodiedin Y 14.5 can be expressed in terms of degrees of freedom. A
primary datum may arrest one or more of the original six degrees of freedom. A secondary datum may
arrest one or more additional available degrees of freedom; that is, a secondary datum may not arrest or
modify any degrees of freedom that the primary datum arrested. A tertiary datum may also arrest any
available degrees of freedom, though there may be none after the primary and secondary datums have
donetheir job; in such acase, atertiary datum is superfluous and can only add confusion.

The Y 14.5.1 standard contains several tables that capture the finite number of ways that datum
reference frames may be constructed using the geometric entities points, lines, and planes. Included are
conditions between the primary, secondary, and tertiary datums for each case.

7.45 Form Tolerances

Form tolerances are characterized by the fact that the tolerance zones are not referenced to a datum
reference frame. Form tolerances do not control the form of afeature with respect to another feature, nor
with respect to acoordinate system established by other features. Form tolerances are often used torefine
theinherent form control imparted by asize tolerance, but not always. Therefore, the mathematical defini-
tions presented in this section reflect the independent application of form tolerances. The mathematical
description of the net effect of simultaneously applied multipletolerancetypesto afeatureisnot covered
in this chapter.

Although form tolerances are conceptually simple, too many users of geometric dimensioning and
tolerancing seem to attribute erroneous characteristics to them, most notably that the orientation and/or
location of thetolerancezone arerel ated to apart feature. Asstated in the prior paragraph, form tolerances
are independent of part features or datum reference frames. The mathematical definitions that appear
below describe in vector form the geometric elements of the tolerance zones associated with form toler-
ances; these geometric elements are axes, planes, points, and curvesin space. The description of these
geometric elements must not be misconstrued to mean that they are specified up front as part of the
application of a form tolerance to a nominal feature; they are not. The geometric elements of form
tolerances are dependent only on the characteristics of the toleranced feature itself, and thisisinforma-
tion that cannot be known until the feature actually exists and is measured.

7.4.5.1 Circularity

A circularity tolerance control stheform error of asphereor any other featurethat hasnominally circular cross
sections (there are some exceptions). The cross sections are taken in a plane that is perpendicular to some
spine, which isaterm for acurvein space that has continuous first derivative (or tangent). The circularity
tolerance zone for aparticular cross-section isan annular area on the cross-section plane, whichis centered
on the spine. Because circularity is aform tolerance, the tolerance zone is not related to a datum reference
frame, nor is the spine specified as part of the tolerance application. Note that the circularity definition
described hereisconsistent withthe ANSI/ASME Y 14.5M-1994 definition, but isnot entirely consistent with
the 1982 version of the standard. See the end of this section for afuller explanation.

The mathematical definition of acircularity tolerance consists of equationsthat put constraintson a
set of points denoted by P such that these points are in the circularity tolerance zone, and no others.
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Figure 7-4 Circularity tolerance zone
definition

Consider on Fig. 7-4 apoint A onaspine, and aunit vector T which pointsin the direction of the tangent
tothespineat A.
The set of points P on the cross-section that passes through A isdefined by Eq. (7.1) asfollows.

T-(P-A=0 7.
The zero dot product between the vectorsT and (P- A) indicatesthat thesevectorsare perpendicu-

lar to one another. Since we know that T is perpendicular to the spineat A, and P - A isavector that

pointsfrom A to B, then the points P must be on aplanethat contains A and that is perpendicular to T .
Thus, we have defined all of the points that are on the cross section. Next, we need to restrict this set of
pointsto be only thosein the circularity tolerance zone.

Aswas stated above, the circularity tolerance zone consists of an annular area, or the area between
two concentric circlesthat are centered on the spine. The differencein radius between thesecirclesisthe
circularity tolerance t.

P~ A- r|£% (72

Eq. (7.2) saysthat thereisareferencecircleat adistance r from the spine, and that the points P must
be no farther than half of the circularity tolerance from it, either toward or away from the spine. This
equation compl etes the mathematical description of the circularity tolerance zone for a particular cross
section.

To verify that a measured feature conforms to a circularity tolerance, one must establish that the
measured points meet the restrictionsimposed by Egs. (7.1) and (7.2). In geometric terms, one must find a
spinethat hasthe circularity tolerance zonesthat are created according to Egs. (7.1) and (7.2), containing
al of themeasured points. Thereader will likely find thisdefinition of circularity foreign, so some explana-
tionisin order.

Aswas stated earlier in this section, the details of circularity that are discussed here correspond to
the ANSI/ASME Y 14.5M-1994 standard, which contains some changes from the 1982 version. The 1982
version of the standard, aswritten, required that cross sections be taken perpendicular to astraight axis,
and that the circularity tolerance zones be centered on that straight axis, thereby effectively limiting the
application of circularity to surfaces of revolution. In order to expand the applicability of circularity
tolerances to other features that have circular cross sections, such as tail pipes and waveguides, the
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definition of circularity was modified such that circularity controls form error with respect to a curved
“axis’ (aspine) rather than a straight axis. The 1994 standard preserves the centering of the circularity
tolerance zone on the spine.

Unfortunately, the popular interpretation of circularity does not correspond to either the 1982 or the
1994 versionsof Y 14.5M. Rather, ametrology standard (B89.3.1-1972, M easurement of Out of Roundness)
seems to have implicitly provided an aternative definition of circularity by virtue of the measurement
techniques that it describes. The main difference between the B89 metrology standard and the Y 14.5M
tolerance definition standard isthat the B89 standard does not require the circularity tolerance zoneto be
centered on the axis. Instead, various fitting criteria are provided for obtaining the “best” center of the
tolerance zone for a given cross section. Without delving into the details of the B89.3.1-1972 standard,
suffice it to say that the four criteria are least squares circle (LSC), minimum radial separation (MRS),
maximum inscribed circle (MIC), and minimum circumscribed circle (MCC).

Thereisarather serious geometrical ramification to allowing the circul arity tolerance zoneto “float.”
Consider in Fig.7-5 athree-dimensional figure known asan elliptical cylinder whichiscreated by translat-
ing or extruding an ellipse perpendicular to the planeinwhichit lies. Obviously, such afigurehaselliptical
cross sections, but it also has perfectly circular cross sectionsif taken perpendicular to aproperly titled
axis.

Circularity

evaluation axis ; Circular cross-section
i

Elliptical cross-section

n).

Extruson axis Figure 7-5 Illustration of an elliptical
cylinder

Thus, aperfectly formed elliptical cylinder (even onewith high eccentricity) would have no circularity
error as measured according to the B89.3.1-1972 standard. Of course, any sensible, well-trained metrolo-
gist would intuitively select an axisfor evaluating circularity that closely matchesthe axis of symmetry of
the feature, and would thus find significant circularity error. However, as tolerancing and metrology
progress toward computer-automated approaches (as the design and solid modeling disciplines already
have), we must depend less and less on subjective judgment and intuition. It is for this reason that the
relevant standards committees have recognized these issues with circularity tolerances and measure-
ments, and they are working toward their resol ution.

Creation of amathematical definition of circularity revealed the inconsistency between the Y 14.5M-
1982 definition of circularity and common measurement practice as described in B89.3.1-1972, and also
revealed subtle but potentially significant problemswith the latter. This exampleillustrates the value that
mathematical definitions have brought to the tolerancing and metrology disciplines.
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7.4.5.2 Cylindricity

A cylindricity tolerance controlstheform error of cylindrically shaped features. The cylindricity tolerance
zone consists of aset of points between apair of coaxial cylinders. The axis of the cylinders has no pre-
defined orientation or location with respect to the toleranced feature, nor with respect to any datum
reference frame. Also, the cylinders have no predefined size, although their differencein radii equalsthe
cylindricity tolerancet.

We mathematically define acylindricity tolerance zone asfollows. A cylindricity axisisdefined by a

unit vector T and a position vector A asillustrated in Fig. 7-6.

Figure 7-6 Cylindricity tolerance
definition

If we consider the unit vector T, which points parallel to the cylindricity axis, to be anchored at the
end of the vector A, one can see from Fig. 7-6 that the distance from the cylindricity axis to point P is
obtained by multiplying the length of the unit vector T (equal to one by definition) by the length of the
vector P- A, and by the sine of the angle between T and P- A. The mathematical operations just
described are those of the vector cross product. Thus, the distance fromthe axisto apoint P isexpressed
mathematically as r (I5— A) . To generate a cylindricity tolerance zone, the points P must be re-
stricted to be between two coaxial cylinders whose radii differ by the cylindricity tolerance t.

Eq. (7.3) constrainsthe points P such that their distance from the surface of animaginary cylinder of
radiusr islessthan half of the cylindricity tolerance.

T (P- A)|— r‘E% 7.3
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If, when assessing a feature for conformance to a cylindricity tolerance, we can find an axis whose
direction and location in space are defined by T and A , and aradius I such that all of the points of the
actual feature consist of asubset of these points P, then the feature meets the cylindricity tolerance.

7.4.5.3 Flatness

A flatness tolerance zone controls the form error of anominally flat feature. Quite simply, the toleranced
surface is required to be contained between two parallel planes that are separated by the flatness toler-
ance. SeeFig. 7-7.

To express a flatness tolerance mathematically, we define areference plane by an arbitrary locating
point A on the plane and a unit direction T that pointsin a direction normal to the plane. The quantity

Figure 7-7 Flatness tolerance definition

P - A isthe vector distance from the reference plane’s locating point to any other point P . Of more
interest though is the component of that distance in the direction normal to the reference plane. Thisis

obtained by taking the dot product of P- Aand T.
.o - t
7 (P- Ale (7.4)

Eq. (7.4) requiresthat the points P bewithin adistance equal to half of theflatnesstolerancefromthe
reference plane.

In mathematical terms, to determine conformance of a measured feature to a flatness tolerance, we
must find a reference plane from which the distances to the farthest measured point to each side of the
reference plane are less than half of the flatness tolerance.

Notethat Eq. (7.4) isnot asgeneral asit could be. The true requirement for flatnessisthat the sumof
the normal distances of the most extreme points of the feature to each side of the reference plane be no
morethan the flatnesstolerance. Stated differently, although Eq. (7.4) isnot incorrect, thereisno require-
ment that the reference plane equally straddle the most extreme points to either side. In fact, many
coordinate measuring machine software algorithmsfor flatnesswill cal culate aleast squaresplanethrough
the measured data points and assess the distances to the most extreme points to each side of this plane.
In general, the least squares plane will not equally straddle the extreme points, but it may serve as an
adequate reference plane neverthel ess.
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7.5 Where Do We Go from Here?

Release of the Y 14.5.1 standard in 1994 addressed one of the major recommendations that emanated from
the NSF Tolerancing Workshop. However, the work of the Y 14.5.1 subcommittee is not complete. The
Y 14.5.1 standard represents an important first step in increasing the formalism of geometric tolerancing,
but many other things must happen before we can claim to have resol ved the metrology crisis. The good
newsisthat things are happening. Research effortsrel ated to tol erancing and metrology have accel erated
over the time frame since the GIDEP Alert, and we are moving forward.

7.5.1 ASME Standards Committees

Though fiveyears have passed sincetherelease of the Y 14.5.1 standard, it isdifficult to discern theimpact
that it has had on the practitioners of geometric tolerancing. However, the impact that it has had on the
standards development scene is easier to measure. Advances in standards work are greatly facilitated
when standards devel opers have aminimal dependence on subjectiveinterpretations of the standardized
materials. Indeed, it isthe specific duty and responsibility of standards developersto definetheir subject
matter in objectively interpretableterms; otherwise standardizationisnot achieved. The'Y 14.5.1 standard,
and the philosophy that it embodies, provides a means for ensuring alack of ambiguity in standardized
definitions of tolerances.

Despite the alphanumeric subcommittee designation (Y 14.5.1), which suggests that it sit below the
Y 14.5 subcommittee, the Y 14.5.1 subcommittee has the same reporting relationship to the Y 14 main com-
mittee, as doesthe Y 14.5 subcommittee. The new Y 14.5.1 effort wastruly a parallel effort to that of Y 14.5
(though certainly not entirely independent). Its value has been sufficiently demonstrated within the
subcommittees to the extent that the leaders of each group are establishing a much closer degree of
collaboration. The result will undoubtedly be better standards, better tools for specifying allowable part
variation, less disagreement between suppliersand customersregarding acceptability of parts, and better
and cheaper products.

7.5.2 International Standards Efforts

Theimpact of the'Y 14.5.1 standard extendsto theinternational standards sceneaswell. Over the past few
years, the International Organization for Standardization (1SO) has been engaged in a bold effort to
integrate international standards devel opment acrossthe disciplinesfrom design through inspection. As
aparticipating member body to this effort, the United States has made its share of contributions. Among
these contributions are mathematical definitions of form tolerances. These definitions are closely derived
from the Y 14.5.1 versions, but customized to reflect the particular detailed differences, where they exist,
between the Y 14.5 definitions and the | SO definitions. As other | SO standards are developed or revised,
additional mathematical tolerance definitions will be part of the package.

7.5.3 CAE Software Developers

Asidefrom standards developers, computer aided engineering (CAE) software devel opers should bethe
key group of users of mathematical tolerance definitions. Recalling the lack of uniformity and correctness
in CMM software as brought to light by the GIDEP Alert, it should not be difficult to see the need for
programmers of CAE systems (including design, tol erancing, and metrol ogy) to know the detailed aspects
of thetolerancetypesand codetheir software accordingly. In some cases, this can be achieved by coding
the mathematical expressionsfrom the Y 14.5.1 standard directly into their software.

We are not yet aware of the actual extent of usage of the mathematical tolerance definitions from the
Y 14.5.1 standard among CAE software devel opers. Where vendors of such software claim complianceto
US dimensioning and tolerancing standards, customers should rightly expect that the vendor owns a
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copy of the Y14.5.1 standard and has ensured that its algorithms are consistent with its requirements. It
might be reasonable to assume that this is not the case across the board, and it would be a worthy
endeavor to determinethe extent of any such lack of compliance. Asof thiswriting, ten yearshave passed
since the GIDEP Alert, and perhaps the time is right to see whether the situation has improved with
metrology software.
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