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Preface

Multilayered nanostructures and thin films form the building blocks of most
of the devices employed in electronics, ranging from semiconductor tran-
sistors and laser heterostructures, to Josephson junctions and magnetic
tunnel junctions. Recently, there has been an interest in examining new
classes of these devices that employ strongly correlated electron materi-
als, where the electron-electron interaction cannot be treated in an average
way. This text is designed to train graduate students, postdoctoral fel-
lows, or researchers (who have mastered first-year graduate-level quantum
mechanics and undergraduate-level solid state physics) in how to solve in-
homogeneous many-body-physics problems with the dynamical mean-field
approximation. The formalism is developed from an equation-of-motion
technique, and much attention is paid to discussing computational algo-
rithms that solve the resulting nonlinear equations. The dynamical mean-
field approximation assumes that the self-energy is local (although it can
vary from site to site due to the inhomogeneity), which becomes exact in
the limit of large spatial dimensions and is an accurate approximation for
three-dimensional systems. Dynamical mean-field theory was introduced
in 1989 and has revolutionized the many-body-physics community, solv-
ing a number of the classical problems of strong electron correlations, and
being employed in real materials calculations that do not yield to the den-
sity functional theory in the local density approximation or the generalized
gradient expansion.

This book starts with an introduction to devices, strongly correlated
electrons and multilayered nanostructures. Next the dynamical mean-field
theory is developed for bulk systems, including discussions of how to calcu-
late the electronic Green’s functions and the linear-response transport. This
is generalized to multilayered nanostructures with inhomogeneous dynam-

vii
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ical mean-field theory in Chapter 3. Transport is analyzed in the context
of a generalized Thouless energy, which can be thought of as an energy
that is extracted from the resistance of a device, in Chapter 4. The theory
is applied to Josephson junctions in Chapter 5 and thermoelectric devices
in Chapter 6. Chapter 7 provides concluding remarks that briefly discuss
extensions to different types of devices (spintronics) and to the nonlinear
and nonequilibrium response. A set of thirty-seven problems is included
in the Appendix. Readers who can master the material in the Appendix
will have developed a set of tools that will enable them to contribute to
current research in the field. Indeed, it is the hope that this book will help
train people in the dynamical mean-field theory approach to multilayered
nanostructures.

The material in this text is suitable for a one-semester advanced gradu-
ate course. A subset of the material (most of Chapter 2 and 3) was taught
at Georgetown University in a one-half semester short course in the Fall of
2002. The class was composed of two graduate students, one postdoctoral
fellow, and one senior researcher. Within six months of completing the
course all participants published refereed journal articles based on exten-
sions of material learned in the course. A full semester course should be
able to achieve similar results.

Finally, 2 comment on what is not in this book. Because many-body
physics is treated using exact methods that are evaluated numerically, we
do not include any perturbation theory or Feynman diagrams. Also there is
no proof of Wick’s theorem, no derivation of the linked-cluster expansion,
and so on. Similarly, there is no treatment of path integrals, as all of
our formalism is developed from equations of motion. This choice has
been made to find a “path of least resistance” for preparing the reader to
contribute to research in dynamical mean-field theory.

J. K. Freericks
Washington, D.C.
May 2006
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Chapter 1

Introduction to Multilayered
Nanostructures

On December 29, 1959, Richard Feynman addressed physicists at the ban-
quet of the annual meeting of the American Physical Society. The title
of his talk was “There’s plenty of room at the bottom” [Feynman (1961)).
There was much conjecture amongst the audience as to what a talk with
that title would be about, but Feynman kept it secret. When he delivered
his speech, Feynman described the new field of nanotechnology, although
he did not coin that term. He described how one could write all of the
information published in all the books in the world on the head of a pin
using manipulation of atoms in three dimensions. At the time, the talk
seemed to be more science fiction than fact (see Chapter 4 of [Regis (1995)]
for a historical account), even though the scientific press published many
articles about the presentation; the field of nanoscience has only blossomed
since the early 1990s and now there are many devices that work with or
manipulate the properties of individual atoms, molecules, or small groups
of atoms or molecules.

The semiconductor industry has been reducing the size of structures in
its microprocessors at a rapid rate; they now create line features and transis-
tors that are smaller than 100 nm. Current research on quantum dots treat
quantum-mechanical boxes that contain a few hundred to a few thousand
electrons in a small spatial region. Fabrication techniques have become so
sophisticated that novel devices can be made that involve the transport of
current through single molecules trapped between metallic electrodes. The
discovery of conducting carbon nanotubes has provided the nano world with
a possible electrical wiring system. It is clear that the future will hold many
surprises and technological advancements coming from nanotechnology.

As device features are made smaller and smaller, in particular, as they
become on the order of a few atoms (or nanometers) in size, quantum-
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mechanical effects begin to take over, and ultimately determine the de-
vice performance. It is the job of theorists to understand how to explain,
model, and design devices when quantum-mechanical effects cannot be ig-
nored. In this book we discuss one particular kind of nanotechnology—the
field of multilayered nanostructures, which are composed of stacked atomic
planes of different materials, with the thickness of some of the layers in the
nanometer regime. Usually these devices are operated by attaching them
to a voltage (or current) source, which transports electrical or heat current
perpendicular to the stacked planes.

The approach and focus of this book are different from those of oth-
ers. Most work on nanostructures focuses on devices that are small in all
(or all but one) dimensions, so it is appropriate to start from an atomic
or molecular picture and build up to the nanoscale devices (like quantum
dots or wires). This class of nanoscale devices usually have strong surface
effects, because the surface-to-volume ratio is usually large. Here we take
an alternative “top-down” approach as opposed to the more traditional
“bottom-up” approach, and consider systems in the thermodynamic limit
that have only one dimension on the nanoscale (more precisely only one
dimension has nanoscale inhomogeneity). This allows us to employ dy-
namical mean-field theory to solve the many-body problem because this
technique is accurate when the number of nearest neighbors for each lat-
tice site is large. In a multilayered nanostructure, there are no surfaces, so
every lattice site maintains approximately the same number of neighbors
as in the bulk. Furthermore, multilayered nanostructures are already being
employed in technology, and are easier to manufacture and to use in devices
than systems that are nanoscopic in all dimensions. Hence, it is likely that
most applications that are commercially viable will involve multilayered
nanostructures (at least for the not-too-distant future). Indeed, this is the
motivation for producing this work.

1.1 Thin Film Growth and Multilayered Nanostructures

Multilayered nanostructures are the most common electronics devices that
have at least one length scale in the nano realm. They have been in use
for over five decades! The original devices are based mainly on semicon-
ductors and the so-called pn junction. But research has been performed on
superconducting variants for over four decades, and there are commercial
devices in use for niche markets.
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Electronics devices often rely on nonlinearities to function. Either it
is the nonlinear current-voltage relation that determines the functionality
of the device (like in a pn junction where current flows in essentially one
direction), or it is the avalanche breakdown, or other nonlinear behavior,
that ultimately determines when the device ceases to work. The classic
multilayered nanostructure is a tunnel junction, consisting of a sandwich
of two metallic electrodes separated by a thin layer of insulator. They can
be easy to manufacture if the insulator is formed by exposing the metal
surface to air (or other oxygen containing gas mixtures like oxygen and
argon) where a native oxide layer will form. Since the two metallic regions
are connected by a “weak link” due to the proximity or tunneling effect
(described in Section 1.3), the connection is inherently due to quantum-
mechanical effects and the uncertainty principle: electrons in the metal
cannot remain localized within the metal, but can leak through the barrier
into the other metal. If the electrodes are superconducting and the barrier
is thin enough, then the device is a Josephson junction.

A quantum-mechanical wavefunction is highly nonlinear. In classically
allowed regions, it will oscillate and have nodes, while in classically forbid-
den regions, it will exponentially decay. Both behaviors are nonlinear, and
ultimately lead to the nonlinear behavior of multilayered nanostructures.
We will not discuss nonlinearities much in this work, but we mention this
fact to remind the reader that whenever quantum-mechanical behavior gov-
erns the transport through a device, it is likely to have some underlying
nonlinear features. Tuning and controlling these nonlinear features is often
necessary to make the device useful. Examples of nonlinear current-voltage
characteristics in Josephson junctions are shown in Fig. 1.1.

Another useful feature in devices is controllability. Many semiconduc-
tor devices have a voltage gate which can be varied to change the behavior
of the device. Strongly correlated materials (described in Section 1.2) of-
ten have properties that can be sharply tuned by external fields, pressure
or chemical doping, and provide an interesting alternative of materials to
use in devices from the conventional metals, semiconductors, and insula-
tors currently in use. They are of particular interest when one considers
controlling the transport of the spin of the electron (so-called spintronics
devices), since magnetism is inherently quantum mechanical in nature, and
many strongly correlated systems also display interesting magnetic proper-
ties. But, due to their quantum-mechanical behavior, involving correlated
motion of electrons, they are less well understood than semiconductors,
and fewer devices have been made from them. At the moment they hold
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Fig. 1.1 Current-voltage curve for (a) a hysteretic Josephson junction and (b) a non-
hysteretic Josephson junction. The bottom figure is a schematic of a Josephson junction
which corresponds to a superconductor-barrier-superconductor sandwich; the supercon-
ductor “leaks” through the barrier from one superconductor to the other carrying current
with a nonlinear current-voltage relation. The Josephson junction can carry current at
zero voltage up to the critical current I, and then it moves into a resistive state. If the
current-voltage curve is multivalued (left panel), then it is a hysteretic junction, while a
single-valued curve (right panel) corresponds to a nonhysteretic junction. Both curves
ultimately join up to the linear curve of Ohm’s law (I = V/R,) at high voltage (Rn is
the normal-state resistance). The characteristic voltage where the current-voltage curve
starts to become linear is Ve = IR, which is typically no larger than a few meV.

great promise and interest. This work hopes to aid with the design of novel
devices that use strongly correlated materials by enabling one to calculate
properties based on the underlying features of the materials that comprise
the device.

Modern science has made great strides in its ability to artificially grow
multilayered nanostructures. There are a number of different growth tech-
niques that are used, and they each have their set of advantages and dis-
advantages. All growth processes start with a substrate material that is
chosen either for the lattice match with the candidate material to be grown
(to serve as a template and to relieve strain), for the chemical inertness
with respect to the growth material (to reduce interdiffusion and creation
of unwanted chemical species at the interface), or for practicality in sub-
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Fig. 1.2 Transmission electron micrograph of a sputtered device for use in spintronics.
The TEM image allows us to see individual atomic planes, and is able to discern the
chemical composition of each layer. Figure reprinted with permission from [Wang, et al.
(2005)] (©2005 American Institute of Physics).

sequent device processing. The ultimate goal of material growth is to lay
down atomically flat planes of each desired material, one plane at a time,
and modify the constitution of the growth planes as desired to make the
device of interest. In reality, this is never fully achieved with any technique,
but in current state-of-the-art device growth, it is possible to achieve al-
most atomic flatness of the epitaxial growth planes, and in some cases the
interface regions can be nearly atomically flat with limited interdiffusion or
chemical reactions.

The simplest way to grow materials is via sputtering, which involves
bombarding a target with inert ions, forcing the target atoms to be ex-
pelled and shower onto the substrate where the thin film will be grown (the
word sputtering comes from the Greek verb sputare which means to spit).
Sputtering is a simple growth process because one need not worry about
the relative vapor pressures of the constituents, since the material grows
in a nonequilibrium fashion. It also grows with the same stoichiometry as
that of the target (essentially because the atoms that are emitted all come
from the surface of the target). Sputtering is generally not believed to be
able to grow atomically sharp interfaces, and it can be difficult to guaran-
tee uniform coverage during the growth process; its main advantages are



6 Transport in Multilayered Nanostructures: The DMFT Approach

Atomic Layer-by-Layer ol Secon  photomuipher
c?g;gge gun tube: quadrupols
Molecular Beam -
Epitaxy A (
« atomic absorption Sr shuttors
spectroscopy for feedback Ea E\E /y
control h‘“\ quanz
Al E:: crystal
e ,‘ ——._monitor
 ozone oxidation R 2 feteting load
substrate lack
pszm(iey
« in-situ RHEED with substrate
R : holder
digital video
oo
+ We have control over the | purp J
source fluxes to better J
than 1% accuracy s, mesn \Dmi\:];}g“ml@'
Plus Zn
T growth*650-700 €
Rate-~20 s/ml REEHD revealy
surface crystal
PO;~10°T structure

Fig. 1.3 Schematic of a molecular beam epitaxy growth chamber. The MBE growth
takes place in ultra high vacuum. Different sources are introduced by opening shutters
that allow the heated material to evaporate into the chamber. Many different means to
characterize the sample during growth are possible. For example, RHEED oscillations
show when a monolayer of growth is completed. Figure adapted with permission from
[Eckstein and Bozovié¢ (1995)].

that it grows stoichiometrically and it is fast, so impurities may not have
a chance to enter the device in high concentrations. It can achieve high
quality growth, as illustrated in a spintronics device grown via sputter-
ing that has nearly atomically flat interfaces for a variety of magnetic and
nonmagnetic multilayers (Wang, et al. (2005)].

Molecular beam epitaxy (MBE) is arguably the most precise of the
growing techniques. An MBE machine has growth conditions controlled
to high precision. The growth chamber is inside an ultra high vacuum
(UHV) chamber that has a sample holder and a series of growth materials
inside separate furnaces; shutters in front of the furnaces open to allow the
evaporated vapors of the different materials into the chamber, which will
hit the sample and stick. A schematic of such a device is given in Fig. 1.3.
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Fig. 1.4 (Top) RHEED oscillations during growth showing the completion of each mono-
layer. (Bottom) Left panel: schematic of the complex dielectric oxide formed from
CaTiO3z, BaTiOgz, and SrTiO3z along with a TEM image; right panel: dielectric re-
sponse of different devices. Figure adapted with permission from [Warusawithana, et
al. (2003)] (original figure (© 2003 the American Physical Society) and [Warusawithana,
Chen, O'Keefe, Zuo, Weissman and Eckstein (unpublished)].

The growth process can be monitored by RHEED oscillations which repeat
as each atomic monolayer is placed down. The growth is usually slow, with
perhaps a few seconds for each atomic layer. An example of the growth
of an artificially engineered dielectric is given in Fig. 1.4. The top panel
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Fig. 1.5 Schematic of a PLD system for growing MgB2. The magnesium and boron
targets (heated up by the UV laser pulse) are supplemented by a so-called Knudsen (or
effusion) cell which is an evaporator of a beam of magnesium to maintain high enough
Mg pressure for stoichiometric growth. A residual gas analyzer monitors the gases in
the chamber, where the growth takes place in vacuum. Figure reprinted with permission
from [Kim and Newman (unpublished)].

shows the RHEED oscillations, while the bottom left panel is a TEM of
the different layers (with a schematic of the device) and the bottom right
is an example of the dielectric response as a function of the applied field.

Pulsed laser deposition (PLD) is another high precision growth tech-
nique. It involves ablating materials targets with a high power UV laser
pulse, which creates a plume that is directed at the sample. The growth
proceeds in spurts, in this fashion, and can achieve nearly atomic flatness,
but it is not as common to monitor the layer-by-layer growth as in MBE.
It is, however, typically much faster than growth in an MBE system, and
has emerged as a popular choice for thin-film device growth in research
laboratories because of its speed combined with its innate ability to pre-
serve the target’s stoichiometry. An example of a PLD system is shown in
the schematic picture of Fig. 1.5. A trilayered TiNbN-Ta,N-TiNbN sample
grown with PLD is imaged with a TEM in Fig. 1.6.
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Fig. 1.6 TEM images of a trilayered TiNbN-Ta;N-TiNbN sample suitable for processing
into a Josephson junction. The sample was made with the PLD process. The left panel
has the widest field of view, which is blown up in the upper right and then lower right
images. Note that although the interfaces meander across the sample, the barrier width
is quite uniform throughout the growth process. Figure reprinted with permission from
[Yu, et al. (2006)].

Chemical vapor deposition (CVD) is a technique often used in indus-
trial manufacturing. A series of different gaseous phases of materials are
directed toward the sample, where a chemical reaction takes place at the
surface, facilitating the growth. CVD is complicated by the need to find
the right precursor chemical gases for a given growth process. It can be
combined with other techniques, such as in the growth of MgB; a recently
discovered 40 K conventional electron-phonon superconductor, which uses
a gaseous phase for the boron, but thermal evaporation of solid metal for
the magnesium.

A schematic of this hybrid physical chemical vapor deposition (HPCVD)
procedure is illustrated in the left panel of Fig. 1.7 and is the process used in
making high quality MgB, films [Zeng, et al. (2002)]. It shows the sample
substrate region in black, atop the red sample holder. The boron gaseous
precursor flows continuously past the sample, and Mg vapor is generated
around the sample by the heating of solid Mg. The quality of the films can
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Fig. 1.7 Left panel: schematic diagram of the hybrid physical chemical vapor deposition
process used to make ultra high quality MgBs films. Right panel: cross-sectional TEM
image of the films showing a narrow interface region, where the sample quality is de-
graded (diagonal region about five atomic planes thick near center of figure). Right panel
reprinted with permission from [Xi (unpublished)]. Left panel reprinted with permission
from [Progrebnyakov et al. (2004)] (@© 2004 the American Physical Society).

be seen in the cross-sectional TEM image in the right panel, which shows
the substrate (SiC), the high quality atomically flat layers of MgBs, and a
thin interface region (about five atomic planes thick) where substrate steps
and dislocation defects are located and degrade the sample quality. These
films are such high quality because the degraded region is so thin.

There are many ways to characterize the quality of the final device that
has been grown. We have already shown a number of TEM images, which
can determine where the atoms sit, and thereby provides information on the
flatness of the interfaces, and of interdiffusion or chemical reactions at the
interfaces. But a TEM image is a destructive process, because one needs to
slice, polish, and thin the sample until it can be imaged. Furthermore, we
are often interested in understanding properties of the transport in a device,
and such information cannot be revealed by TEM measurements. Another
technique that is quite useful is called ballistic electron emission microscopy
or BEEM for short. This measurement is shown schematically in Fig. 1.8. A
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Fig. 1.8 Top panel: BEEM schematic for two different types of samples. The STM is
always scanned over the surface with a bias voltage applied to it, and there always is a
Schottky barrier formed by the electronic charge reconstruction at a metal-semiconductor
interface to provide a barrier to electrons moving through the device. Energetic electrons
will pass over the barrier and be collected. In this fashion, one can determine the local
contributions to current flow through the device. Such a map is presented in the bottom
two panels for a thin (left) and thick (right) disordered AlO, barrier. The thin barrier
has pinholes, while the thick barrier is pinhole free, and has nearly uniform current flow.
Reprinted with permission from [Buhrman (unpublished)].

scanning tunneling microscope (STM) tip is scanned over the surface of the
sample with a voltage difference applied so that it can eject electrons into
the sample. Since the sample sits on top of a metal-semiconductor interface,
the electron needs to have enough energy to get over the Schottky barrier
that forms due to an electronic charge reconstruction at the interface, in
order to be collected. By monitoring this collection current versus the
position of the STM tip, one can directly measure the uniformity of the
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sample for perpendicular transport. In other words, one can actually image
the so-called pinholes, which are “hot spots” in the device that allow current
to flow more easily and provide an inhomogeneous current flow through the
device; usually one does not want to have pinholes, because the random
nature for how they form can significantly effect the uniformity of device
parameters across a chip. Two BEEM images of a disordered aluminum
oxide barrier are shown in the bottom panels of Fig. 1.8 [Rippard, et al.
(2002); Perrella, et al. (2002)]. The left panel has a very thin layer, and
the right panel has a thicker layer. One can clearly see the pinholes on the
left (bright yellow regions), which then become much more uniform on the
right. In both cases, however, the barrier is still quite disordered, because
the aluminum oxide is not stoichiometric. This can be inferred, in part, from
the fact that the barrier height to tunneling, which can also be measured in
the BEEM experiment, is far below half of the band gap of Al;O03. What
is interesting from a device standpoint is that the disordered aluminum
oxide barrier creates a uniform tunnel barrier for transport, even if it is
nonstoichiometric, as long as it is thick enough [Rippard, et al. (2002);
Perrella, et al. (2002)]. This is one reason why it is so useful in so many
different types of multilayered nanostructures.

There is a simple model that explains why the oxygen defects form in
aluminum oxide [Mather, et al. (2005)], and we describe this model in
Fig. 1.9. The common way to form an aluminum oxide layer is to first put
down a layer of aluminum, and then to introduce oxygen gas for a certain
period of time at a certain pressure to allow the aluminum to oxidize. In
some devices, like Josephson junctions, there is no device degradation if
some unoxidized aluminum remains, because it will be made superconduct-
ing by the proximity effect, while in other cases, like in magnetic tunnel
junctions for spintronics, one wants all of the aluminum to oxidize, be-
cause metallic aluminum will degrade the tunnel magnetoresistance. The
model for the oxidation process is that the oxygen first sits on the surface
of the aluminum before it is driven into the sample. After some oxygen has
moved in, the oxygen vacancies reach a steady state with the chemisorbed
oxygen surface layer, and no more oxygen will flow through to oxidize the
aluminum further. When the device is then processed to add additional
layers, the oxygen surface layer will either be driven in (due to the pro-
cessing conditions) or will react with the new layers being added on top,
which can potentially degrade the top interface. Heating the sample prior
to additional growth of multilayers can drive the chemisorbed oxygen into
the aluminum and reduce the number of defects. Indeed, if the device is
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Fig. 1.9 Model for aluminum-oxide growth by exposing a thin film of aluminum to
oxygen. On the right, one can see how a chemisorbed oxygen layer can form on the
surface, by binding electronically to the defect sites; this chemisorbed layer does not
allow further oxygen to flow into the barrier. By heating the sample, one can thermally
activate the oxygen to move over the barrier and be driven into the aluminum layer. This
is confirmed in the left panel, which shows how the tunnel current turns on at a higher
and higher voltage as the sample is annealed at higher temperatures, and eventually
a barrier height equal to half the AloO3 band gap develops. Left panel reprinted with
permission from [Mather, et al. (2005)] (©2005 American Institute of Physics) and right
panel reprinted with permission from [Buhrman (unpublished)].

annealed at higher and higher temperatures, one sees the expected barrier
height for Al,O3 begin to develop (see the left panel of Fig. 1.9).

In this section, we have described a number of different growth processes
and characterization tools for multilayered nanostructures. The growth pro-
cess is often quite complex, and significant care must be taken to achieve
high quality results, but the state-of-the-art does allow quite good devices
to be grown in research laboratories. Characterization tools used both dur-
ing growth and after growth allow the device properties to be determined
and understood, helping to find new ways to grow even better devices in
the future. We will be concentrating on describing the theoretical and nu-
merical formalisms for how to determine the transport through such devices
throughout this book.
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1.2 Strongly Correlated Materials

The first successful semiclassical attempt to describe the conduction of
electrons in metals was given by Paul Drude in 1900 [Drude (1900a);
Drude (1900b)]. This model assumes that electrons move independently
through the crystal without feeling the effects of the other electrons but
they do scatter off of defects, impurities, lattice vibrations, etc., with a
constant scattering time called the relaxation time. From this simple as-
sumption, one can produce a constant electrical current from an applied
electrical field (as described in virtually every solid state physics text).
This theory was modified by Arnold Sommerfeld in 1927 to include the
quantum-mechanical effects of the Fermi-Dirac distribution of electrons and
the Pauli principle [Sommerfeld (1927)]. In spite of its incredible simplic-
ity, the Drude-Sommerfeld model works remarkably well in describing the
behavior of a wide variety of metals. The theoretical basis for understand-
ing why such a simple model works so well was established by Lev Landau
with the introduction of Fermi-liquid theory [Landau (1956)]. Fermi-liquid
theory maps the elementary excitations of the interacting electronic system
onto the excitations of a noninteracting system, and describes the residual
weak interactions with a small set of phenomenological parameters. Nearly
all metals can be described by Fermi-liquid theory (or “dirty” Fermi liquid
theory, which corresponds to Fermi liquids with some additional static dis-
order that creates a finite relaxation time at the Fermi energy when T' = 0).
The basic result of Landau’s Fermi-liquid theory is that some fraction of the
electrons, corresponding to the electrons with the lowest available energies,
behave like noninteracting electrons with an infinite relaxation time at the
Fermi energy when T" = 0. Hence they can be described well by semiclas-
sical approaches at finite temperature even though the electrons do feel an
electron-electron repulsion from the other electrons in the material.
Strongly correlated electrons are, in general, different from these
“osarden-variety” electrons found in most metals. In strongly correlated
electron materials, the electrons feel strong effects of the other electrons,
and hence their motion is constrained by the positions of the neighboring
electrons, which can lead to interesting phenomena, most notably a metal-
insulator transition, as was first described by Nevill Mott [Mott (1949)].
The Mott metal-insulator transition is easiest to describe with an arti-
ficial material of atomic hydrogen placed on a crystal lattice with a con-
tinuously varying lattice parameter. If we assume that the electrons do
not congregate between the hydrogen nuclei, and hence rule out the forma-
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tion of molecular hydrogen, then the system can be described by electrons
that hop on a lattice constructed by the periodic arrangement of the hy-
drogen nuclei. If the lattice parameter is very large, then each electron is
tightly bound to a nucleus, and we have a collection of isolated hydrogen
atoms, which will not conduct electricity because the electrons are local-
ized, and cannot be unbound by applying a small electric field. This state
is an insulator. If we now shrink the lattice spacing, bringing the atoms
closer together, then the wavefunctions of the electrons will begin to over-
lap. When this occurs, the electrons can hop from one hydrogen atom site
to a neighboring hydrogen atom site if the electrons have opposite spins.
Once such a process is allowed, the electrons become delocalized, and then
they can screen out the bare Coulomb attraction with the nuclei, which will
tend to make them even more delocalized, and eventually they will become
metallic, easily conducting electricity when a small electric field is applied.
The change in character from a metal to an insulator as the lattice spacing
increases is the classic example of the Mott metal-insulator transition.

Strongly correlated electrons are a little bit different from the hydro-
gen example above, because it is the repulsion of the electrons with each
other that determines their behavior, rather than the attraction with the
ion cores (which in most crystals determines the band structure). Hub-
bard devised the simplest model for this behavior [Hubbard (1963)]. In his
model, which is described in detail in Chapter 2, we have electrons that
move in a single band on a lattice. They can hop to their nearest neighbors
with a hopping integral ¢. When two electrons sit on the same lattice site,
there is a screened Coulomb repulsion U. All other long-range Coulomb
interactions are neglected. If we have on average one electron per site,
then if U < t, the electrons are delocalized in a band and their motion is
only slightly modified by the electron-electron interaction. If, on the other
hand, we have U > t, then the Coulomb repulsion is so strong we cannot
have two electrons (of opposite spin) occupy the same lattice site. Hence
we have exactly one electron per site, and this configuration is frozen with
respect to charge excitations, so the system is an insulator. This implies
that there is a Mott-Hubbard metal-insulator transition as a function of U.
The transition occurs at U — 0% in one dimension [Lieb and Wu (1968)],
but at finite U values for higher dimensions.

Predicting when a real material will display Mott-Hubbard insulating
behavior is quite difficult. One simple rule is that if a density functional
theory calculation predicts the system is metallic, but experiment shows
it to be insulating, then it is a strongly correlated insulator. But such a
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fig. 1.10 Pressure-temperature phase diagram of the x-Ci material. Transport mea-
surements on this system identified four regions: (1) a Mott insulator; (2) a semicon-
ductor; (3) a bad or anomalous metal; and (4) a Fermi-liquid metal. These four regions,
along with the antiferromagnetic phase are shown in the phase diagram (the supercon-
ducting phase, which is also present, has not been depicted). The general character of
this phase diagram, in particular, the first-order phase transition between the metal and
insulator at intermediate temperatures, can be explained by numerical solutions of the
Hubbard model using dynamical mean-field theory. Figure reprinted with permission
from [Limelette et al. (2003)] (© 2003 the American Physical Society).

definition is neither rigorous, nor does it allow for much predictive power
in finding new Mott insulators. Gebhard goes to great lengths to carefully
describe conditions under which one has a Mott insulator [Gebhard (1997)],
and the interested reader is referred there. More recently, a combination of
density functional theory plus dynamical mean field theory shows promise in
being able to provide a numerical framework for predicting Mott insulators
and determining their properties, but the current techniques require huge
investments in computer time, so it is not yet a practical tool for numerically
exploring new materials (see Sec. 1.7).

We end this section by giving a recent explicit example of experimen-
tal work and calculations that illustrate the Mott insulating behavior of a
strongly correlated material. This new material is of high interest, because
the transition to different regions of the phase diagram can be reached by
relatively small changes in either pressure or temperature. Experiments



Introduction to Multilayered Nanostructures 17

on the organic material k-(BEDT-TTF);Cu[N(CN)2]Cl (called x-Cl) show
that it can be tuned through the Mott transition by varying the pressure
over a range of about 1 kbar and temperatures up to 80 K [Limelette, et
al. (2003)]. Results for the phase diagram are shown in Fig. 1.10. As
the pressure increases, the ratio U/t decreases, so we see a Fermi-liquid
metal on the lower right and a Mott insulator (plus an antiferromagnetic
ordered phase) on the lower left. When the system is heated up, the insu-
lating phase becomes more semiconducting, and the Fermi-liquid behavior
disappears above the renormalized Fermi temperature; as the system goes
into this incoherent phase it is metallic, but with anomalous properties,
and typically poor conductivity. If the temperature is raised even further,
the first-order transition between the metallic and insulating phases disap-
pears at a classical critical point, above which, the system can undergo a
smooth crossover from a metal to an insulator as a function of pressure.
The general behavior of this metal-insulator transition is similar to that of
the liquid-gas phase diagram of many liquids.

1.3 The Proximity Effect

In quantum mechanics, a “box” determined by a finite potential barrier is
a leaky box, because the wavefunction of the electron always extends out
of the box boundaries with an exponentially decaying wavefunction. This
is shown schematically for a one-dimensional box in Fig. 1.11, where the
wavefunctions of the two lowest bound states are plotted (centered on their
respective eigenenergies). Note how there is always a finite probability to
find the electron lying outside the box due to the uncertainty principle.

In many-body physics, a similar phenomenon occurs whenever two dif-
ferent materials are joined together at an interface; the wavefunctions of the
right material leak into the left and vice versa. This mild sounding observa-
tion leads to some amazing quantum-mechanical effects; indeed the rest of
this book focuses on investigating such effects. This “leakage of electrons”
across a barrier is called tunneling. It is in many respects a mature subject.
Esaki [Esaki (1958)] described a tunnel diode made out of semiconductors in
the late 1950s, which was shortly followed by the superconducting version
studied by Giaever [Giaever and Megerle (1960)]. Josephson [Josephson
(1962)] showed that one gets surprising effects in a superconducting tunnel
junction when the barrier is made thin enough. All three shared the Nobel
prize in 1973 for their work on tunneling.
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Fig. 1.11 Lowest two wavefunctions for a particle in a one-dimensional box depicted
by the thick solid lines (these are the only bound states for a box of this depth). The
dashed lines are the values of the respective energy levels. Note how the wavefunction
for each case leaks out of the “boundary” of the box.

The best known proximity effect occurs in a Josephson junction [Joseph-
son (1962)] [Anderson and Rowell (1963)], which is a sandwich structure
composed of a superconductor-barrier-superconductor. A superconductor
is a metal that has a net electron-electron attraction mediated by a phonon
(in conventional low-temperature superconductors), which causes electrons
with opposite momentum and spin to pair together {due to the so-called
superconducting correlations). The physical picture is similar to two mar-
bles on a rubber sheet—each feels the depression of the other marble, and
they roll toward each other. In real superconductors, the electrons also
repel each other because they have the same electronic charge; the su-
perconductivity occurs because there is a time delay for the interaction
with the phonons, which allows them to pair electrons together that are
not located at the same position at the same time. The pairing leads to
an energy gap, so the superconductor has no low-energy excitations be-
low the energy of the superconducting energy gap (typically on the order
of 1 meV). In the Josephson junction, the pairing correlations of the su-
perconductor on the left leak into the nonsuperconducting barrier region
in the middle (be it a metal or an insulator), and join up with the su-
perconducting correlations in the superconductor on the right. This weak
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link between the two superconductors can carry current across it if the
macroscopic quantum-mechanical phase changes across the barrier region.
This leads to the Josephson supercurrent—a finite current carried by su-
perconducting pairs with zero voltage across the barrier. There is also a
corresponding inverse proximity effect, where the pairing correlations in
the superconductor are weakened by the closeness to the interface with the
barrier.

The physical picture for the proximity-effect coupling of Josephson junc-
tions is different for insulating and metallic barriers. In metallic barriers,
the barrier has low-energy states, but the superconductor has none. As a
superconducting pair approaches the interface with the barrier, it meets a
hole in the metal, which annihilates one of the electrons, while the other
electron moves through the barrier to the next interface. There, the electron
is retro-reflected as a hole (the hole has the opposite momentum and energy
of the electron), leaving behind a superconducting pair to travel through
the superconducting lead on the right. This process is called Andreev re-
flection [Andreev (1964)] (see Fig. 1.12); it takes place over a time scale
on the order of ii/A independent of the barrier thickness L. In insulating
barriers, the barrier has no low-energy states, so the electron pairs must
tunnel through the barrier, which occurs due to the quantum-mechanical
“leakage” through the barrier. Obviously the supercurrent decreases faster
with the thickness of the barrier when it is an insulator than when it is a
metal (although both decay exponentially with the thickness).

In a normal-metal-barrier—-normal-metal nanostructure, there is also a
proximity effect, and it is similar to the problem of a quantum-mechanical
particle in a box (Fig. 1.11) when the barrier is an insulator, because the
metallic wavefunctions see a potential barrier at the interface, since there
are no low-energy states in the insulator. Hence the wavefunctions decay
exponentially until they reach the center of the barrier, and then they
grow until they reach the metallic interface on the other side. Since the
wavefunction connects the two metallic leads, the electrons can directly
tunnel from the right to the left (or vice versa). In the metallic case, the
proximity effect is more subtle, dominated by generating oscillations (with
the Fermi wavelength) in the metallic leads due to the mismatch of the
wavefunctions between the two metals. Similar effects can also occur in the
barrier.

The study of multilayered nanostructures relies heavily on understand-
ing proximity effects between dissimilar materials brought close together in
a heterostructure. This forms a significant part of the final five chapters.
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Fig. 1.12 Schematic plot of the Andreev reflection process. The low-energy electrons
in the metal are confined to the barrier due to the energy gap A in the superconductors
(the energy of the superconducting ground state is chosen as the zero in this diagram),
so they form an electron-hole bound state, which allows a superconducting pair to travel
from the left to the right through the Josephson junction. A similar process allows
for current to travel from right to left. The symbol ps denotes the momentum of the
superconducting pair. Figure adapted with permission from [Shafraniuk (unpublished)].

1.4 Electronic Charge Reconstruction at an Interface

In surface physics, the process of a surface reconstruction, where the atoms
on the surface rearrange themselves in response to the dangling bonds re-
sulting from the interface with the vacuum, is well-known. The surface
reconstruction of silicon was one of the first systems to be imaged with the
scanning tunneling microscope [Binnig, et al. (1983)]. Much of the study
of surfaces and how they interact with material deposited on the surfaces
relies on understanding how the surface reconstructs itself.

In multilayered nanostructures, there are no open surfaces, and there
is limited freedom for ions to rearrange their spatial locations in response
to the interface with a different material (small relaxations of atoms near
the interface certainly occur). But there is no reason why the chem-
ical potential of the leads of the device needs to match the chemical
potential of the barrier. This puts the barrier in an unstable situa-
tion, where some of the electrons are forced to either leave or enter the
barrier from the leads (depending on the relation of the chemical po-
tentials). Because the Coulomb interaction is long-ranged, the charge
redistribution will be confined to the interface regions, with a healing
length on the order of the Thomas-Fermi screening length [Thomas (1927);
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Fig. 1.13 Schematic of the electronic charge reconstruction at the interfaces of a mul-
tilayered nanostructure with a barrier that is 20 planes thick. The horizontal axis is
the plane number (the barrier lies on planes numbered from 31 to 50—the interface is
indicated with the dashed lines) and the vertical axis is the self-consistently calculated
change in the charge density on each plane. The chemical potential of the barrier dif-
fers from that of the bulk metallic leads for each of the different curves. The screening
length is chosen to be approximately 2.2 lattice spacings in both the metallic lead and
the barrier. Figure adapted with permission from [Nikoli¢, Freericks and Miller (2002a)]
(original figure © 2002 the American Physical Society).

Fermi (1928)] (usually less than an Angstrom in metals). The result is a
screened-dipole layer at the interface, which creates an electric potential
that causes scattering to electrons moving through the device and is plot-
ted in Fig. 1.13 [Freericks, Nikoli¢ and Miller (2002)]. One can see how
charge spills from the barrier into the lead as the mismatch of the chemical
potentials is increased. This effect is well known in the semiconductor com-
munity when a metal is placed in contact with a semiconductor creating
a Schottky barrier [Schottky (1940)]. It is used to create a number of the
different semiconductor-based devices.

The electric fields created by these screened dipole layers can'be quite
large. They do not cause current to flow, however, because they are exactly
compensated by an opposite force due to the diffusion current arising from
the change in the electron concentration. This is because the system has
reached a static, equilibrium, rearrangement of the electronic charge.

One of the most interesting applications of interface charge reconstruc-
tion is the case of a metal-oxide-semiconductor field-effect transistor (MOS-
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FET). In this device, one brings together a semiconductor and an insulator
forming a sharp interface. The electronic charge reconstruction creates a
thin layer of electrons that are trapped to lie in close proximity to the in-
terface. If engineered properly, the dopant ions, which created the electron
carriers in the first place, lie in the semiconductor, while the electrons lie
in the insulator. Then the electrons are far away from scattering sites,
and they can become incredibly mobile. It is within these systems that
the quantum Hall effect and the fractional quantum Hall effect were both
discovered. The creation of this “nearly free” two-dimensional electronic
gas follows from the physics behind charge reconstruction at an interface.

Interface charge reconstruction will naturally occur in strongly corre-
lated nanostructures as well, leading to even more interesting behavior
when one of the materials is a strongly correlated insulator, since the charge
depletion (or enhancement) can “dope” the insulator into a strongly cor-
related metal phase (or vice versa if the material is already a strongly
correlated metal). These effects have been imaged in grain boundaries of
high temperature superconductors, where the grain boundaries are known
to be electrically active [Mannhart and Hilgenkamp]. A grain boundary
occurs in the growth of a material where islands of different grains meet,
and the temperature is too low for the system to anneal the crystallite
boundaries out of the system. A TEM image of just such a grain boundary
can be seen in the left panel of Fig. 1.14 [Browning, et al. (1993)]. This
grain boundary has a large angle orientational mismatch, as is easily seen.
Unfortunately, these grain boundaries have a significant deleterious effect
on superconducting wires, as they create Josephson junction weak links be-
tween the grains, and the critical current of the weak link is much smaller
than the maximal critical current of a bulk single crystal. This has proved
to be the single largest hurdle to get over in making high temperature su-
perconducting wires (of course, the presence of the grain boundaries can be
employed to manufacture Josephson junctions, if desired).

The right panel of Fig. 1.14 [Browning, et al. (1993)] depicts the valence
of the Copper atom as a function of the distance away from the grain
boundary. Clearly the grain boundary is electrically active, and has a charge
reconstruction. What is amazing is how far away from the grain boundary
this charge rearrangement extends, which is likely due to the fact that the
strongly correlated metal does not screen charge as efficiently as a more
conventional metal. The charge distortion is reduced as the misorientation
angle of the grain boundary is reduced; this is the underlying phenomenon
that governs the reduction of critical current at a grain boundary.
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Fig. 1.14 Left panel: high-angle grain boundary in a high temperature superconductor.
Right panel: charge profile around the grain boundary (Copper valence) as measured
with electron energy loss spectroscopy (see Fig. 1.16 below). The probe position (horizon-
tal axis) is relative to the center of the grain boundary. The vertical axis is proportional
to the valence on the copper atom, which changes from a maximum of 2.6 at the top
to a minimum of 1.0 at the bottom, as the probe is moved across the grain boundary.
Reprinted with permission from [Browning et al. (1993)].

Since diffusion of chemical species is easier along grain boundaries than
within the grains themselves, it was discovered that the critical current
across a grain boundary could be enhanced by diffusing Calcium ions to
the grain boundary location [Hammerl, et al. (2000)]. The Ca ions must
be modifying the local charge reconstruction at the grain boundary to do
this. An interesting way to improve the critical current density of a high-
temperature superconducting tape is to grow multilayers of pure Yttrium-
Barium-Copper-Oxide, and of Calcium-doped YBCO. Between the grain
boundaries the current will be carried predominately in the pure YBCO,
but at the grain boundaries, because the presence of Calcium reduces the
charge reconstruction, the critical current density is not reduced as much
as in the pure YBCO. A schematic of this multilayered device is shown
in left panel of Fig. 1.15, and the improvement in the critical current is
shown in the right panel. At this point, it is not clear whether this process
can be used to make high temperature superconducting wires into a viable
technology.

Another example is the artificially engineered band-insulator/strongly
correlated insulator heterostructure made from SrTiO3; (a band insula-
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Fig. 1.15 Left panel: schematic of the growth of pure YBCO (yellow) and Ca doped
YBCO (red) for increasing the critical current at the grain boundary. Note how the
Calcium dopes preferentially into the grain boundary region (the grain boundary is
the black line), presumably changing the electronic charge reconstruction. Right panel:
enhancement of the critical current density due to Ca doping (increase from the red to
the orange curve after doping). Reprinted with permission from [Mannhart (2005)].

tor that is nearly ferroelectric) and LaTiOs (a strongly correlated insu-
lator) [Ohtomo, et al. (2002)]. The heterostructures of these materials are
made using PLD, and varying the Sr or La content within the titanate
background. The heterostructures are grown with nearly atomically flat
precision and excellent control over the thicknesses of the different layers.
A detailed analysis of the structure shows little interdiffusion of the species
across the interface. What is surprising, is that the system has metallic
conducting channels in the transverse direction (along the planes rather
than perpendicular to the planes), which vary with the thickness of and
the spacing of the LaTiOg3 layers within the SrTiO3 matrix. Sophisticated
experimental equipment is needed to image the charge redistribution in
multilayered nanostructures, because one needs to have both sensitivity to
the local charge, and an ability to achieve atomic resolution. One way that
this is accomplished is by combining electron microscopy observations with
electron energy loss spectra (EELS) as shown in Fig. 1.16. This is done
with a dedicated scanning transmission electron microscope (STEM) that
is equipped with an annular detector and an electron spectrometer. In the
STEM, the optics are devoted to focusing the electron beam to a very fine
probe (0.13 nm diameter), which is raster scanned over the sample. The
transmitted electrons scattered at high angles are collected into an annular
dark field detector which is used for the imaging. Since these electrons are
primarily Rutherford scattered by the ion cores, the image intensity will
be roughly proportional to the square of the atomic number. This is why
this technique is called Z-contrast microscopy (for a review of the instru-
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ment see [Pennycook (2002)]). It is capable of producing incoherent images
with atomic resolution and atomic specificity. Electrons traveling parallel
to the optical axis (i.e. through the hole in the annulus) are collected into
the EELS, so simultaneous EELS measurements can be obtained. These
spectra can be employed to determine the local electronic charge, or the
energies for the thresholds of different excitations, or the local chemical
environment of a particular ion.

This imaging technique was used to measure the charge profile near the
grain boundary, shown in Fig. 1.14 [Browning, et al. (1993)], and was used
in the SrTi03/LaTiO3 heterostructures [Ohtomo, et al. (2002)]. This imag-
ing technique has also been applied to YBa;Cu3Or7_s/Lag.¢7Cag.33MnO3
heterostructures [Varela, et al. (2003); Varela, et al. (2005)]. They find
that the interfaces are nearly atomically flat, with essentially no interdiffu-
sion of chemical species across the interface (determined by examining the
EELS results). They also can use the STEM-EELS apparatus to map out
the local charge density, which is plotted in Fig. 1.16. One can see how the
charge screening length is much shorter in the LCMO material than in the
YBCO, but the heterostructure is not thick enough for the LCMO material
to heal its charge to the bulk value.

The phenomena described above has been termed electronic charge re-
construction [Okamoto and Millis (2004a); Okamoto and Millis (2004b)],
due to its similarity with the well-known surface reconstruction. Okamoto
and Millis analyzed the SrTiO3/LaTiO3 system [Ohtomo, et al. (2002)]
using a hybrid density functional theory/many-body theory approach. The
low-energy bands are modeled with a tight-binding scheme, and Coulomb
interactions are introduced to describe the electron correlations. The many-
body theory was analyzed in a static mean-field theory approach [Okamoto
and Millis (2004a)] and in another approximate many-body physics method
that can produce the MIT {Okamoto and Millis (2004b)]; both produced
much insight into the physics behind this behavior. In particular, since the
different systems are at different chemical potentials in the bulk, there is
a localized charge transfer at the interfaces, which artificially dopes each
of the insulators. This leads to metallic regions near the interfaces that
can conduct electricity in the transverse (planar) directions. The results of
their calculations are summarized in Fig. 1.17.

Electronic charge reconstruction is a phenomenon that naturally occurs
at the interface of any two materials unless they happen to have exactly the
same chemical potential (which is unlikely to occur in any real system at all
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Fig. 1.16 Top panel: Experimental setup for a STEM-EELS measurement. This exam-
ple shows a measurement on GaAs. A simultaneous measurement of the positions and
types of the atoms and of the charge profile can be achieved. Bottom panel: Charge
profile overlaid over the atomic positions of a YBagCuzO7_s/Lag 67Cag.a3sMnO3 het-
erostructure. Top panel adapted with permission from [Pennycook (2002)]. Bottom panel

reprinted with permission from [Varela (2005)].

temperatures). We describe how to perform self-consistent calculations of
electronic charge reconstruction in Chapter 3 and give additional numerical

examples in Chapter 6.



Introduction to Multilayered Nanostructures 27

L — T T T T T T
1.0+ i
0.8+ e
§q 0.6 -
h
041 .
02} B
0.0 p—o-o- C-0-a—4
PR 1, L 1 1
-10 -5 0 5 10

Fig. 1.17 Calculated local charge density near the interface of a SrTiO3/LaTiO3z het-
erostructure with six planes of LaTiO3. The top curve shows the charge density as a
function of distance in the inhomogeneous (longitudinal) direction. The bottom curve
shows the charge density in the Fermi-liquid-like coherence peak near the electrochemical
potential. It is clear from the curves, that the interface regions are conducting, with a
thickness on the order of three atomic planes. Reprinted with permission from [Okamoto
and Millis {2004b)] (© 2004 the American Physical Society).

1.5 Roadmap to Real-Materials Calculations

In this book, we concentrate on calculations for model Hamiltonians which
usually include one itinerant electron band only. Model systems have been
used for decades in many-body physics because they capture the impor-
tant quantum-mechanical aspects of the problem, but are simpler than
materials-specific calculations. Much can be learned about the many-body
problem, and about strongly correlated nanostructures by examining these
model systems.

But eventually we want to be able to handle real-materials problems in a
“first principles” fashion. First principles calculations usually start from the
density functional theory with the local density approximation or a general-
ized gradient expansion. Density functional theory is exact for the ground
state energies of real materials if the exact exchange-correlation functional
is known for the material (Hohenberg and Kohn (1964)]. The exchange-
correlation functional is complicated, and not known in the general case.
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The approximation, called the local density approximation, assumes that
the functional is the same as the functional of a uniform electron gas with
the same density at a given position in space. This approximation should
be accurate for metals where the electron density does not change sharply
through the material. It has been generalized to include gradient terms for
the change of the density as well.

The common way that density functional theory is solved is to map the
interacting problem onto a noninteracting problem with the same electron
density (but in a complex potential) [Kohn and Sham (1965)]. Solving
this problem numerically yields a band structure, which is believed to be
similar to the true band structure of the material (assuming such a concept
exists), but density functional theory provides no proof of this result. If
we want to go beyond the mean-field-like treatment of the local density
approximation, we first parameterize the density functional theory bands by
a tight-binding model (where choosing the appropriate basis can be critical),
and then add electron-electron interaction terms. These interactions can
be solved with the techniques of dynamical mean-field theory under the
assumption that the electronic self-energy is local (that is, independent of
momentum). There has been much progress in solving for properties of
strongly correlated materials in the bulk with this procedure, but it is a
computationally intense project.

Plutonium is one of the most interesting materials from a solid-state
physics context. It possesses numerous phases as functions of temperature
and pressure, and it is generally believed that a number of these phase tran-
sitions arise from strong electron correlations. The o — § phase transition
of Pu is interesting because it is accompanied by a 25% volume change,
which is believed to be governed primarily by a change in character of the
electrons from a band-like metal to a localized insulator. Since this transi-
tion can affect the stability of Pu when it is stored for long periods of time
{Pu will be self-heated due to the nuclear radioactivity), it is of significant
importance to understand its properties. This system was chosen as one of
the first systems to apply the DFT+DMFT approach to [Savrasov, Kotliar
and Abrahams (2001)]. The first calculations focused on the electronic
structure, as modified by the strong electron interactions, and were then
followed up by work on the phonons [Dai, et al. (2003)]. The phonon disper-
sions were later verified by inelastic X-ray scattering [Wong, et al. (2003);
Wong, et al. (2005)] and summarized in a short review [Kotliar and Voll-
hardt (2004)] (see Fig. 1.18); this agreement between experiment and theory
shows the power of these methods.
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Fig. 1.18 Theoretically calculated phonon dispersion of §-phase Pu (squares connected
by full lines) which were later confirmed by inelastic X-ray scattering measurements
{open red circles}. Figure reprinted with permission from [Kotliar and Vollhardt (2004)]
(©2004 American Institute of Physics) (adapted with permission from [Dai et al. (2003)],
[Wong et al. (2003)] and [Wong et al. (2005)]).

The work of Vollhardt and collaborators has concentrated on examining
transition-metal oxides. Initially they focused on V,03 [Held, et al. (2001);
Mo, et al. (2003); Keller, et al. (2004)], which is close to the Mott metal-
insulator transition; more recent work has examined strongly correlated
metals like CaVO3z and SrVO3z [Sekiyama, et al. {2004); Nekrasov, et al.
(2005)]. In the left panel of Fig. 1.19, we show the spectral function (below
the Fermi energy) obtained from a high energy (bulk) photoemission study.
Photoemission is an experiment where high energy light is shone onto a
clean surface of the material and it expels an electron (Einstein won his
Nobel prize for this photoelectric effect). By varying the angle of incidence
of the photon, one can map out the excitation spectra (multiplied by a
Fermi factor) as a function of momentum. Here we show the local spectra,
summed over all momenta. The agreement between experiment and theory
is excellent, and the theory shows small differences between the two sys-
tems. The right panel is a comparison with X-ray absorption spectroscopy,
since inverse photoemission data is not yet available (inverse photoemission
corresponds to electrons shone onto a surface and light emitted; X-ray ab-
sorption spectroscopy measures the ease with which X-rays can be absorbed
by forcing an electron to have a transition from a K-edge oxygen core state
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Fig. 1.19 Comparison of the parameter free LDA4+DMFT(QMC) spectra of SrVO3
(solid red line) and CaVOj3 (dashed blue line) with experimental data (symbols) below
and above the Fermi energy. The left panel is high resolution photoemission spectroscopy
for SrVOj3 (red circles) and CaVOj (blue squares) [Sekiyama et al. (2004)]. The right
panel is 1s X-ray absorption spectroscopy for SrVO3 (red diamonds) and CaVO3 (blue
triangles) [Inoue et al. (1994)]. The horizontal line is the experimental subtraction of the
uniform background intensity. Reprinted with permission from [Nekrasov et al. (2005)]
(® 2005 the American Physical Society).

to the Fermi energy of the correlated bands-hence they measure the DOS
for the unoccupied states modified by atomic matrix elements, which are
not expected to change the signal in this case).

The same strategy can be used for multilayered nanostructures. First
a density functional theory is used to determine the band structure and
from that an effective (inhomogeneous) tight-binding model is created. The
interactions are introduced to represent the strong electron correlation ef-
fects. These are treated with inhomogeneous dynamical mean-field theory
in order to fully solve the problem. So far, no one has attempted such a
calculation. It requires a generalization of the techniques developed in this
book along the lines of the progress made with first-principles calculations
of bulk strongly correlated materials.
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Chapter 2

Dynamical Mean-Field
Theory in the Bulk

2.1 Models of Strongly Correlated Electrons

The most general Hamiltonian for matter is actually quite simple to write
down. If we consider a collection of N nuclei, whose momenta, position,
and mass are denoted by capital letters (P;, Ry, and M;), and a collection
of N’ electrons, whose momenta, position, and mass are denoted by lower
case letters (p;, ri, and m,), then the Hamiltonian involves just the sum
of the kinetic energies of all of the particles and their mutual Coulomb
interactions:

S TR 0
H = — + = + o
i=1 2 i i=1 j=1,j2i 2 2me =1 j1, gt 2|I‘i — I‘j|
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with Z; the atomic number of the ith nucleus, and e the electric charge
of an electron (the factors of two in the denominators of the nuclear and
electronic potentials are to remove double counting); for a neutral system,
we have vaz 1 Z; = N'. We use a hat to indicate a quantum-mechanical
operator. A moment’s reflection shows that the solution of the quantum-
mechanical problem represented by this Hamiltonian will include all of the
equilibrium properties of solids, liquids, and gases, and hence represents
an enormously complex set of solutions as the parameters are varied over
different nuclei.

Since the nuclear mass is so much larger than the electronic mass, the
first approximation to be made is to take the limit M; — oo, which means
that the nuclei will be treated as classical particles. Next, since we are inter-
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ested in solids, and since most solids condense in periodic lattice structures,
we can fix the nuclear positions to the spatial locations of a lattice with
periodic boundary conditions. We also assume that the core electrons are
so tightly bound to the nuclei that they do not contribute to the low-energy
dynamics, and thereby we remove the core electrons from the Hamiltonian,
and change the nuclear charges to the ionic charges of the nuclei plus the
core electrons (we still denote the number of conduction electrons by N’,
and the ionic charges by Z;). Since the ion cores are fixed at their lattice
sites, the potential energy from the ion cores is just a constant and can be
ignored. Note that the first and third approximations amount to neglect-
ing the effects of phonons or lattice vibrations on the physical processes we
will investigate. The phonons do make important contributions to thermo-
dynamic properties and transport properties, but they can be added back
later if desired.

So the problem has been reduced to considering the interaction of elec-
trons with static charges (the ion cores) located in a periodic arrangement
on a lattice. If we ignore the electron-electron interaction term, then we
have the fundamental problem of constructing the electronic band structure
for electrons moving in a periodic potential. This is a noninteracting prob-
lem, whose ground state is found by forming a Slater determinant of the
N’ lowest energy states (due to the Pauli exclusion principle). The band
structure, e,(k), are the energy eigenvalues of the reduced Hamiltonian at
each wavevector k in the first Brillouin zone. The index n denotes the label
for the different bands.

When we construct the ground state, we find that for band metals,
many of the bands are either totally filled or totally empty, and only a small
number of the bands are partially filled. If we are interested in the low-
energy properties, we can restrict ourselves to consider those partially filled
bands only. The band structure can be parameterized by a tight-binding
scheme, where we consider the hopping of electrons from one lattice site (at
site R;) to another lattice site (at site R;), with a strength t;; called the
hopping matrix. It is the hopping matrix that determines the connectivity
of the lattice that the electrons are moving on. Now we can add the electron-
electron interaction terms back into our Hamiltonian, and try to solve the
resulting many-body problem.

This turns out to still be a rather complicated problem, so physicists
have tried to simplify it even further to try to understand basic properties
of electron correlations. The Hubbard model {Hubbard (1963)] is the sim-
plest proposal in this scheme. It assumes that there is only one partially
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filled band, and it consists of s-wave orbitals, so the hopping matrix de-
pends only on the distance to neighboring lattice sites. Finally, it assumes
that the Coulomb interaction in the metal is screened, so it is sufficient to
approximate it by an interaction U when two electrons occupy the same lat-
tice site only. This Coulomb interaction is like the average electron-electron
interaction in a helium atom, since the electrons on the same lattice site,
really represent electrons restricted to lie in the same unit cell of the lat-
tice; because of this, the Hubbard model cannot describe the formation of
chemical bonds between ions, like the dimerization that happens if we have
a real lattice of hydrogen atoms in Mott’s metal-insulator transition prob-
lem. The Hubbard model is illustrated schematically in Fig. 2.1. In spite
of the apparent simplicity of the Hubbard model, exact solutions exist only
in one dimension [Lieb and Wu (1968)] and in infinite dimensions [Georges
and Kotliar (1992); Jarrell (1992); Georges, et al. (1996); Kehrein (1998);
Bulla (1999)].
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Fig. 2.1 Schematic diagram of the Hubbard model on a 3 X 3 square lattice. The boxes
denote the lattice sites, and the arrows in the upper half of the box indicate the electrons
(spin-up or spin-down) that occupy a given lattice site for the specific electron config-
uration shown. The allowed hoppings are indicated with the arrows between the boxes
(some hoppings are forbidden for this configuration by the Pauli exclusion principle).
The labels U and 0 in the lower half of the box denote the interaction energy for each
lattice site in the current configuration.
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The Hubbard model describes the interplay between delocalization ef-
fects coming from the kinetic energy and localization effects coming from
the potential energy. This competition is most apparent in the d-shells of
solids, even though the model assumes that the orbitals are symmetric. In
the limit where U becomes large, no lattice site can be doubly occupied,
which implies the system is an insulator if there is on average one electron
per lattice site (called a half-filled band). On the other hand, if U is suffi-
ciently small, one would expect that the band structure is only perturbed
slightly from the noninteracting case, and the system will remain a metal.
Hence there will be a critical value of U, where the system undergoes a
metal-insulator transition. In one dimension, we have U, = 0 [Lieb and Wu
(1968)], but in infinite dimensions, U, is approximately equal to the band-
width [Bulla (1999)], so there is a nontrivial metal-insulator transition. The
literature on this problem is immense, and a thorough and modern account
can be found in Gebhard’s book [Gebhard (1997)].

In addition, the Hubbard model possesses a number of interesting mag-
netic ground states. At half filling, the ground state is believed to be antifer-
romagnetically ordered for two and higher dimensions [Anderson (1959a)},
and for large U, there is the possibility of ferromagnetism occurring near
half filling [Nagaoka (1966)] (nonsaturated ferromagnetism has been seen
with DMFT [Obermeier, Pruschke and Keller (1997)]); incommensurate
magnetic order has also been found for intermediate U [Freericks and Jar-
rell (1995)].

The simplest model of strong electron correlations emerges from a fur-
ther simplification of the Hubbard model to the case where the down-spin
electrons do not hop. The up-spin electrons then move through a back-
ground of down-spin electrons and the quantum-mechanical problem is
a simple bandstructure problem for any given configuration of the static
particles. The many-body physics enters when we take an annealed ther-
modynamic average over all configurations of static particles that share
the same particle number. This model was first introduced by Hubbard
as the alloy-analogy solution (also called the Hubbard-III solution) [Hub-
bard (1965)]. It was rediscovered [Kennedy and Lieb (1986)] as a model
for crystallization: the static particles were interpreted as ions, and they
form a periodic arrangement when both the electrons and the ions are half
filled on all lattices in two or higher dimensions. This periodic “crystalliza-
tion” arises solely from the Pauli exclusion principle, and helps answer the
fundamental question of solid-state physics—why do nearly all solids form
periodic arrangements at low temperature? Another interpretation is that
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of a binary-alloy problem [Freericks and Falicov (1990)], where we interpret
the presence of a static particle at site ¢ as the presence of an A ion and
the absence of a static particle at site ¢ as the presence of a B ion—the
Coulomb interaction U is then the difference in site energies for an electron
on an A ion and an electron on a B ion. It is conventional now to view this
simplified Hubbard model as the spinless Falicov-Kimball model [Falicov
and Kimball (1969)]. The schematic of this model can be seen in Fig. 2.1
where we set £} = 0.

The spinless Falicov-Kimball model has much known about its prop-
erties. In one dimension, the ground state is periodically ordered when
the number of electrons equals the number of ions, and the interaction is
attractive [Lemberger (1992)]. The phase diagram for different fillings is
quite complex, and likely includes a devil’s staircase [Gajek, J edrzejewski
and Lemariski (1996)]. For small-U, one also finds phase separation instead
of the analog of a Peierl’s distortion over some of the phase space [Fre-
ericks, Gruber and Macris (1999)]. In two dimensions, many similar re-
sults occur [Kennedy (1994); Kennedy (1998); Haller and Kennedy (2001)],
and one also finds a large number of charge-stripe-like phases [Lemaiiski,
Freericks and Banach (2002); Lemariski, Freericks and Banach (2004)].
If the electron concentration plus the ion concentration is less than one,
and U is large and repulsive, then the system always phase separates into
what is called the segregated phase [Freericks, Lieb and Ueltschi (2002a);
Freericks, Lieb and Ueltschi (2002b)].

In the limit of large dimensions, DMFT has been employed to solve the
spinless Falicov-Kimball model for a wide range of properties ranging from
charge-density wave order to transport to Raman scattering. A comprehen-
sive review serves as an introduction to these topics [Freericks and Zlatié
(2003)].

The original Falicov-Kimball model [Falicov and Kimball (1969)} is more
complex than the spinless version. It was originally introduced to de-
scribe the first-order jumps in the resistivity of a number of rare-earth
and transition-metal compounds. It assumes that the static particles are
electrons that are localized on the lattice (like f-electrons) and it assumes
that both the localized and the conduction electrons are spin one-half.
Since the localized electrons are strongly correlated, we usually set the
localized-electron-localized-electron interaction to infinity, so we restrict
the f-occupation to be less than or equal to one at each lattice site. The
remaining Coulomb interaction is then repulsive, and acts between local-
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ized and conduction electrons when they sit on the same lattice site. If
the localized electron level E¢ lies above the electron chemical potential as
T — 0, the system will be metallic at low temperature, but as the tem-
perature is raised, the high entropy of the localized electron states tends
to transfer electrons from the conduction band to the localized band. This
can then lead to a strongly scattering “insulating” phase, perhaps with a
discontinuous jump in the resistivity. Hence, the thermodynamics of these
models depends greatly on what interpretation is given for the localized
particles, and how we perform the thermodynamic averaging (in this case
we fix the total number of electrons not the separate numbers of conduction
and localized electrons). A schematic of the spin-one-half Falicov-Kimball
model is given in Fig. 2.2.

This version of the spin-one-half Falicov-Kimball model provides an al-
ternative to the Mott-Hubbard picture of a metal-insulator transition. Here
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Fig. 2.2 Schematic diagram of the spin one-half Falicov-Kimball model on a 3 x 3 square
lattice. A specific configuration of conduction (solid arrows) and localized (open arrows)
electrons is given, along with the allowed hoppings of the conduction electrons. The
boxes correspond to the given lattice sites. The upper right corner is the configuration of
conduction electrons, the lower right corner is the configuration of the localized electrons.
The upper left box is the on-site Coulomb interaction between conduction and localized
electrons. The lower left corner is the localized-electron-localized-electron interaction
which is taken to be infinitely large, forbidding double occupancy. We do not depict the
localized electron site energy K.
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we have two kinds of electrons: those that conduct electricity and those that
do not; the metal-insulator transition occurs due to a change in occupancy
of the different electrons, not to a change in the character of the electrons
themselves, as in the Mott transition. In the Falicov-Kimball model, one
can show that there are discontinuous metal-insulator transitions that occur
as a function of 7' [Chung and Freericks (1998)].

The spin-one-half Falicov-Kimball model also has intermediate-valence
phases, where the average occupancy of the localized electrons lies some-
where between zero and one as T' — 0 [Chung and Freericks (2000)]. This
is called a classical intermediate valence state, because the occupancy of
f-electrons on each lattice site is either zero or one, but the average over
all lattice sites is noninteger. Hence, the system is inhomogeneous on the
nanoscale, but appears uniform only when we perform an annealed average
over all possible configurations of electrons.

There is one piece of physics that is left out of the spin-one-half Falicov-
Kimball model—it is the possibility of hybridization of the localized electron
levels with other electron levels. The f-electrons are so tightly bound to
the ion cores that their direct overlap (with neighboring sites) is so small
that it can usually be neglected, but the overlap of an f-orbital with an s,
p, or d orbital on a neighboring lattice site may not be so small. Including
the hybridization and a (finite) direct on-site Coulomb interaction between
f-electrons (but neglecting the Falicov-Kimball-like Coulomb interaction
between the f-electrons and conduction electrons), yields what is called
the periodic Anderson model, since it is a periodic generalization of the
single-impurity Anderson model {Anderson (1961)]. Once again, we usu-
ally make a number of further simplifications of the model-—one takes both
the conduction and the f-electron orbitals to have s-wave symmetry, and
we assume the f-electrons have no degeneracy. Finally, it is often assumed
that the hybridization runs not between neighboring sites, but is a direct
hybridization between the localized and conduction electron at the same
lattice site (this possibility is usually forbidden by symmetry unless the
conduction electron band has some p-character to it). A schematic of the
periodic Anderson model appears in Fig. 2.3. It is widely believed that the
periodic Anderson model describes the physics behind the so-called heavy
Fermion compounds, which have strong electron correlations, Kondo-like
physics, and often display exotic magnetic and superconducting phases. It
possesses a quantum intermediate-valence state, where the average occupa-
tion of the f-electrons is noninteger, and is uniform throughout the lattice.

Less is known about the solutions of the periodic Anderson model
than the other two models introduced here. In one dimension, how-
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Fig. 2.3 Schematic diagram of the periodic Anderson model. As in the previous figures,
the boxes denote the lattice sites, and the upper right corner is the conduction electrons
on the site, while the lower right corner is the f-electrons on a site. There is no Falicov-
Kimball interaction, so the upper left corner is always 0. The lower right corner denotes
the f-f interaction, which is now finite. In addition there is a hybridization between the
conduction electrons and the f-electrons on the same site (denoted V). The f-electron
site energy is not depicted.

ever, the model can be solved by the density matrix renormalization
group |Guerrero and Noack (1996)] where a number of different ferro-
magnetic and antiferromagnetic solutions are found. In infinite dimen-
sions, the model can be solved with DMFT [Jarrell (1995); Tahvildar-
Zadeh, Jarrell and Freericks (1998); Pruschke, Bulla and Jarrell {2000);
Grenzebach, et al. (2006)] where one finds an enhanced Kondo scale for
the symmetric case, which yields a Kondo insulating ground state, and
one finds an interesting protracted formation of the quasiparticle peak in
the density of states as a function of temperature, which is seen in the
photoemission of heavy Fermion compounds.

In the most general case, we need to be able to include all of the relevant
electronic bands that lie close to the chemical potential and all relevant
Coulomb interactions and hybridizations. Doing so introduces a number of
significant complications to the models which makes them harder to solve,
but much effort has been devoted to solving these problems with DMFT
techniques. This approach is currently being focused on bulk problems
only.
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2.2 Second Quantization

In the early days of quantum mechanics, Dirac [Dirac (1958)] invented an
abstract method for solving the simple-harmonic oscillator problem. His
technique is now commonly taught in undergraduate quantum mechanics
courses, and it is assumed that the reader is familiar with it.

Dirac introduced the raising and lowering operators a! and a, respec-
tively. These operators satisfy the commutation relations: [af,af] = 0,
[a,a] = 0 and [a,af] = 1. The simple harmonic oscillator Hamiltonian can
be written as

Hsho = hwo <aTa + %) , (2.2)

with wg being the frequency of the oscillator. The raising operator in-
creases the energy of an eigenstate by fuwg when it acts on an eigenstate,
similarly the lowering operator decreases the energy by fwg when acting on
an eigenstate. Hence, there must be a lowest energy state |0) which satisfies
al0) = 0. From this state, all excited states can be formed, and they are

1 n
In}) = ﬁ(fﬁ) {0}, (2.3)

with the numerical prefactor being the normalization constant; the energy
of the |n) eigenstate is fiwo(n +1/2). Because there is a simple formula that
relates the position and momentum operators to the raising and lowering
operators, any matrix element of any function of position or momentum
between any two eigenstates can be calculated using just algebraic manip-
ulations.

The power of this abstract technique is obvious: the solution of many
different problems is facilitated by these algebraic manipulations instead of
requiring one to perform integrals over Hermite polynomials, and the like.
But this approach is even more important than just providing efficiency to
calculations. It has created a new way of approaching quantum-mechanical
problems where one can abstractly relate operators to eigenstates. The
economy of Eq. (2.3) for representing an eigenstate is one of the most
important properties that will be generalized to Fermionic systems in the
second quantization formalism.
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The N-electron eigenstates are cumbersome to determine for a gen-
eral many-body physics problem, even if they solve a relatively simple
Schroedinger equation. To get a flavor of this complexity, we need to first
construct a set of N-particle basis states that span the Hilbert space for
the many-body Hamiltonian. These states are constructed from a complete
set of single-particle states (they can be plane waves, Bloch functions, or
any other convenient set of states; usually it is most convenient to use the
single-particle eigenstates of the many-body Hamiltonian, but that is not
necessary), labeled as {¢,(r)} for n = 1,2,3,... . In this notation, the
symbol r denotes both spatial and spin coordinates. Then the N-electron
basis functions can be written as Slater determinants

R 7% S (= 1) P (Pra)oeg (Pr2)...tben (Prnv),
° P

(2.4)
with the sum over all N! permutations P of N objects [the symbol (—1)¥
denotes the parity of the permutation]. The state is labeled by the N
different single-particle states (ki, k2, ..., k) from which it is constructed.
Any N-particle eigenstate can be written as a linear combination over these
basis states. The wavefunction in Eq. (2.4) is antisymmetric under the
interchange of any two particles

Uiy ok (T15T2, ooy Tiy ooy Ty, IND) = —Wg (T2, T2, 000,05, oy Ty, IND
(2.5)
Since the notation of the Slater determinant is cumbersome to deal
with, a shorthand notation called the occupation-number representation
was developed which denotes which wavefunctions explicitly appear in the
Slater determinant (i.e., the set of {k;} used). Since each single-particle
state appears zero or one times in the Slater determinant, we can repre-
sent the N-electron basis states by vectors that consist of a string of zeros
and ones, denoting whether the nth single-particle state 1., appears in the
given Slater determinant (for an N-electron state, we must have exactly N
terms that are equal to one). For example, the notation |1,0,0,...) repre-
sents the state 1¥1(r1) and the notation |0,1,1,0,...) represents the state
[a(r1)1s(rz) — a(r2)¥a(r1)]/v/2. This notation is a very compact way to
represent states for large numbers of particles.
In the spirit of Dirac, we introduce abstract operators called the electron
creation operators c,Tc and the electron annihilation operators cg which “cre-
ate” an electron in state k or “destroy” and electron in state k, respectively:
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c,t|n1,n2, ey Mgy ) = N1, Mg, e+ 1,000,

cL]nl,nz, vy Mgy o) = N1, M2, ey o — 1,000 (2.6)

Since the Pauli exclusion principle allows each state to be occupied at most
one time, we must have (c')? = 0 and ¢? = 0. Since the Slater determinant
is antisymmetric under the interchange of any two k; indices, it is easy to
show that

CLCL + CL,CL =0 = {cz, c};,}. (2.7)

We call this sum of the two operators in different orders the anticommutator
of the two operators, which is denoted by the curly braces instead of the
straight brackets for a commutator. Similarly, one can use the definitions
to show

{ck,ew} =0, {erch}=1 (2.8)

too. Since ¢g|0g) = 0, we have c};cklok) = (. Since ¢,|lx) = [0x) and
c|0k) = |1&), we have clc,|1x) = |14). We call the operator ny, = clc; the
number operator for state &, because it counts the number of times (zero
or one) that the state k appears in the given Slater determinant. It satis-
fies the following commutation relations with the creation and annihilation
operators:

{nk,cL] = CL, ng, cp] = —¢p, (2.9)

which are similar to the relations for the raising and lowering operators of
the simple harmonic oscillator. We call N' = 377 | ni the total number
operator, since it counts the total number of occupied states in the given
Slater determinant.

We can use the second quantization formalism to represent the three
different Hamiltonians that were depicted graphically in the previous sec-
tion. We let cIo (¢;,) denote the creation (annihilation) operator for a
conduction electron at lattice site 7 with z-component of spin 0. We let
fga (f,s) denote the creation (annihilation) operator for a localized (or f)
electron at site ¢ with spin o. Then the Hubbard model [Hubbard (1963)]
Hamiltonian becomes

Huab = — 9 tij(ClyCio + Chytin) + U Y nirnay. (2.10)

ijo i
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We use the standard convention of including a minus sign before the hop-
ping matrix here. The screened Coulomb interaction term counts the num-
ber of double occupancies, and multiplies them by the strength U. The
Falicov-Kimball model [Falicov and Kimball (1969)] Hamiltonian becomes

Hrk = th CigCjo + C cw) + Ey Z f“" +U Z chwfzalfu-, ’

ijo oo’

(2.11)
for the spin-one-half case, where we need to project onto states where the
f-electron occupation on each lattice site is less than or equal to 1. The
spinless case corresponds to removing the spin labels. Finally, the periodic
Anderson model [Anderson (1961)] Hamiltonian becomes

Hpam - ZtU Cio ]O’ +C]UC‘LU +Efzf:cfia +UZfJTf1Tf:lf1l
0 i

ijo

+ VZ(C;rdfiU + f]a zo‘) (212)

where we assumed that the hybridization is between the conduction elec-
trons and the f-electrons on the same lattice site (the generalization to
other situations is easy to write down).

We have been working with creation and annihilation operators in real
space. It is sometimes convenient to also consider the Fourier transform to
momentum space. We define the momentum-space creation and annihila-
tion operators by

1 ik
o, = \/_ Z cjae’k R o, = Vi choe Ry (2.13)
j

with A being the number of lattice sites. It is a simple exercise to show
that the creation and annihilation operators in momentum space satisfy
the usual anticommutation relations, in particular, we have {c,_, c;’(,n,} =
Ok 0500 (readers not familiar with this should verify that it does hold).
If the hopping matrix t;; connects only nearest-neighbor sites (sites ¢ and
J where R; — R; = 5 with & a translation vector to a nearest-neighbor
site) with strength ¢, then the kinetic energy operator for the conduction
electrons becomes

- Z tl] i0Cio Z ekCLcckrﬂ (2'14)
ko

ijo
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with ex = —t )5 exp(tk-J) being the bandstructure. In a momentum-space
representation, the Hubbard model Hamiltonian then becomes
- i v i i
Hiwb = D kOhoCir + T D Cly1Clatthy i O katiols (215)
ko kikaks

with similar relations for the Falicov-Kimball and periodic Anderson mod-
els. It is interesting to note that the kinetic energy operator is diagonal
in the momentum-space representation, while the screened Coulomb inter-
action is diagonal in the real-space representation. All of the complexities
of the many-body problem arise from the competition that occurs between
these two terms when we simultaneously diagonalize the Hamiltonian with
U #0.

On the other hand, in the case where U = 0, we can solve the Hub-
bard model for any number of electrons. The problem corresponds to a
tight-binding bandstructure problem, which is diagonalized by making the
Fourier transform to momentum space [see Eq. (2.15)]. The bandstructure
€x gives the A energy eigenvalues for the single-electron problem. Since
the Hamiltonian is diagonal, the many-electron eigenstates correspond to
Slater determinants in the momentum-space representation. The ground
state is found by the “bathtub principle”: choose the N eigenstates with
the lowest energy eigenvalues (taking into account the spin degeneracy) to
“fill the energy bathtub”.

We end this section by presenting a nontrivial application of the sec-
ond quantization formalism. The problem is the ground-state energy of
the jelllum model. In the jelllum model, we start from the full solid-state
Hamiltonian in Eq. (2.1) and we make the approximation that the ionic
cores are spread out uniformly to produce a homogeneous positive back-
ground charge that cancels out the net negative charge of the conduction
electrons, so there is no structure to the ion-electron interaction. We will
express the Hamiltonian for jellium in a momentum basis. Since there is no
lattice potential anymore, the electrons are free and the bandstructure be-
comes ex = h2k? /2m. When we evaluate the electron-electron interaction
potential in the momentum-space basis, we find that it involves the Fourier
transform of the Coulomb interaction. This Fourier transform is not well
defined in general, so we need to evaluate in by a limiting procedure. We do
this by replacing the Coulomb interaction with a screened Coulomb inter-
action e?/r — e? exp(—xr)/r and then we take the limit x — 0 at the end
of the calculation. The Fourier transform is easiest to carry out in spherical
coordinates, with the z-axis lying along the direction of the k-vector. It
becomes
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2w

o] 2 K
/ dr%— exp(—Kr) / dlr explikr cos 6] dersin 8. (2.16)
0 0 0

The integral over ¢ is trivial; the integral over 8 is straightforward, and
yields

exp(tkr) — exp(—ikr)

— (2.17)

o0
/ dr2me?r exp(—kr)
0

The integration over r becomes 4me?/(k? + k?). Finally, taking the limit
k — 0, gives the Fourier transform of the Coulomb interaction 4me?/k?.
Note that the Fourier transform of the Coulomb interaction diverges as
k — 0. This divergence is canceled by the positive background charge,
which only has a £ = 0 component. Hence the Coulomb potential for the
jellium model is

0Dif k=0

4re? k2 if k #0° (2.18)

V}ellium(k) = {
in momentum space.
The jellium Hamiltonian can then be written as

2.2 2

Hiellium = Z %CLgcka + é;Ti— Z —lgcf(+qcclt,_qa,ck,a,cko.

ko kk/q#0c0!

(2.19)
where the factor of 2 in the denominator of the potential energy piece is to
avoid double counting, the restriction to g # 0 is because the positive back-
ground cancels the q = 0 term in the potential, and where V is the volume
of the jellium “solid” (the normalization factor in the Fourier transform for
the momentum-space operators is 1/v/V in the continuum).

An estimate of the ground-state energy can be made in a number of
different ways. If we think of the potential energy as a perturbation to
the kinetic energy piece of the Hamiltonian, then the first-order perturba-
tion theory says the energy shifts by the expectation value of the potential
energy in the ground-state of the kinetic energy. This N-electron ground
state is found from the bathtub principle by filling in the lowest N energy
levels. In many-body physics, the first-order perturbation theory is also
called the Hartree-Fock approximation. It can be viewed as a variational
approximation to the true energy as well, so it will be an upper bound to
the exact ground-state energy.
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Since the band structure is ex = h2k?/2m, the surfaces of constant
energy are spheres, and the bathtub principle says we fill in the electronic
energy states up to the Fermi momentum kp. If there are N states, then
Y k<kpo L = N, orif we let p. = N/V be the density of electrons, we have

2V/kf dk k*4r =N (2.20)
o mE T '

with the factor of 2 coming from spin, the factor of 47 coming from the in-
tegral over solid angle, and the factor of V/(27)? is the integration measure.
The integral is easy to evaluate and gives

_ ki

= 5 kp = (37T2Pe)%- (2.21)

Pe

The ground-state wavefunction for the kinetic energy operator is

o) = [ <l,l0). (2.22)

k<kpo

Since the operator CLngg is the number operator, which counts the electron
number in state k with spin o, the expectation value of the kinetic energy
T satisfies

N
2m  2mb57n2 "’

@Ry =2 >

k<kp

(2.23)

because the number of electrons is 1 for k < kg and 0 for k > kp.
The expectation value of the potential-energy operator V is more com-
plicated. To begin, we need to work out the operator expectation value

0 0
< gS|CI(+qac;r(’—qa’ck’a"cka|¢gs>’ (224)

in the kinetic-energy ground state. The operator average has 2N + 2 cre-
ation and annihilation operators which act on the vacuum state to the left
and to the right. Each creation operator must be paired with an annihila-
tion operator for the same state in order for the average not to vanish. This
means the momentum vectors of the operators in Eq. (2.24) must lie below
the Fermi wavevector. In addition, since the operators coming from the
wavefunction are already paired, we need to pair each creation and annihi-
lation operator in the operator average. Hence there are two possibilities
where the expectation value does not vanish: (i) when q = 0 and (ii) when
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o = ¢’ and k+ q = k/. The average in the first case is equal to 1 and in
the second case is equal to —1. It can be written in the following fashion

<wgs]CL+ngLf_qa/Ck'a’Cka|¢gs> = < gslc;r(+qo-cko|¢gs><wgslcir(’_qa'ck’a’|wgs>

— (@2 ek 1 o O [UE) (B3 leks o Creo [¥3s)

(2.25)

where the expectation value of the four-Fermion operator is written as the
product of the expectation value of two two-Fermion operators (paired in
each possible way). This result is quite general and is called Wick’s theorem,
although we do not prove it here. Using the results of Eq. (2.25), allows
us to evaluate the expectation value of the potential energy (see Problem
A.1). The result is

4
WRIVIS) =~ 2BV, (2.26)
The standard way to express the total energy per electron is with respect
to the radius 7 of a sphere that contains one electron, rs = r/ag with ag =
h%/me? = 0.0529 nm the Bohr radius. The parameter 75 can be expressed
in terms of the Fermi wavevector as ry = (97/4)Y/31/kpag yielding the final
result

Eiellium HF 2.210 0.916
= - R .

. T | R 2.27)
in Rydbergs (Ry = €2/2ap = 13.6 V). The higher terms in the jellium
energy are much more complicated to derive and were a significant project
in the 1950s [Pines (1953); Gell-Mann and Brueckner (1957)].

2.3 Imaginary Time Green’s Functions

In many-body physics, the technique of Green’s functions has been devel-
oped to solve problems. This method is used, instead of trying to solve
directly for the many-body wavefunctions (via a Schroedinger equation),
because it turns out to be much simpler. This is because the Green’s func-
tion satisfies a simpler differential equation (and a boundary condition),
which allows it to be more readily solved. You will see the details of how
this works in the next few sections.
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The starting point is to define the partition function as in statistical
mechanics

Z = Tr{e AH-1N)Y = Z e~ BEm—uNm) (2.28)

m

with the trace over all normalized many-body wavefunctions |m), which
satisfy H|m) = E,,|m) and M|m) = N,,|/m) (we suppress the spin indices
for simplicity here except where they are necessary; they should be able to
be added back by the reader if needed). The symbol 8 = 1/T is the inverse
of the temperature. Then the Green’s function (in real space) is defined by

Gij(r, ') = [=0(r = 7Y Tr{e ?T¥e,(r)c] (7))
+0(r' — Tm{e—ﬁm-ﬂm T.(T')c. (M}/2
= —Tr{e PHENT ¢ (r)cl(+)}/ 2,
= ~(Tre(r)ej (7)), (2.29)

where the last two lines define the time-ordering operator 7, which or-
ders earlier times to the right taking into account the Fermionic sign
when operators are interchanged, and the operator average is defined by
(0) = Tr{exp[-B(H — pN)]O}/Z. The symbol §(r — 7’) is the unit step
function, which equals 1 for 7 > 7/ and equals 0 for 7 < 7/. Similarly, the
momentum-space Green’s function is defined by

Gi(r,7') = ~(Tre (T)ek (1)), (2.30)

where we assume the system is translationally invariant (ie., Gy de-

pends only on R; — Rj). The translational invariance guarantees that the

momentum- space Green’s function is diagonal in the momentum indices,
—(Tre (T )ck,( 7)) = 0 when k # k'.

The Green'’s function in Eq. (2.29) can be simplified by representing it
with the Lehmann representation. A complete set of states is introduced in
between the two Fermionic operators and the trace is written out explicitly
over all possible states. The result is

1
Giy(rm) =3 > [=0(r = 7)) AEm=uNm) o (7! — 7)mAlEnmuN)]
w (™7 )(Em”/J'Nm_E1L+HNn)<m1ci|n><n‘C;‘m>, (2.31)

where the symbol <n[cj[m) is a matrix element with respect to different
many-body wavefunctions, and should not be confused with the (O) no-
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tation. The first thing to note is that Eq. (2.31) shows that the Green’s
function is a function of 7 — 7’ only. This property is called time-translation
invariance, and it occurs because the system is in equilibrium, so it ap-
pears the same for any origin of time. In addition, we see that as long as
|7 —7'| < 8, the Green’s function is well defined, because the statistical fac-
tor guarantees the convergence of the summations. Writing the Lehmann
representation for the momentum-space Green’s function shows it is also
a function of 7 — 7/ too. The Green's function depends, in a complicated
fashion, on the energy eigenvalues and the matrix elements of the exact
wavefunctions of the many-body problem. It turns out that these par-
ticular combinations are the combinations that allow us to perform many
calculations, which is why the Green’s functions are so useful. Note that
the fact that the Green’s function is time-translation invariant can also be
shown directly from Eq. (2.29) by using the cyclic property of the trace
(TrAB = TrBA) and the fact that H — pN commutes with itself.

The imaginary-time Green’s functions can be employed to calculate a
wide range of different static properties of the many-body system. The
simplest such property is the average electron filling, which satisfies

po= 1 ) =3 3 Gil0) = Gel0)), (232)

where the symbol 0~ means that we take the limit 7/ — 7 with 7/ > 7.
The last equality holds in a homogeneous system, where the local Green’s
function does not change from one site to another (which holds on any
periodic lattice that has not gone into an ordered phase which breaks the
lattice translational symmetry). One can also determine the average kinetic
energy, which satisfies

(T) == t;;Gi;(07). (2.33)
ij

Similar averages are determined in momentum space. The filling of elec-
trons in different regions of the Brillouin zone is just (ngx) = Gx{(0~) and
the average kinetic energy is () = Y, exGi(07). A little thought shows
that trying to calculate these averages at nonzero temperature from the
individual wavefunctions would entail much more work than doing so from
the Green’s function.

Our next step is to show how one can actually calculate the Green’s
function itself. The basic idea is that the Green’s function satisfies a differ-
ential equation with a boundary condition. If we can solve the differential
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equation, then we can determine the Green’s functions. In general, the
differential equation is not easily solved, and often one develops perturba-
tive methods to approximately solve it. In later sections we will show how
the DMFT approach actually allows us to solve for a wide class of Green’s
functions.

Since we know that the Green’s function depends on one time variable
7, we need to differentiate with respect to 7 in order to find the differential
equation that it satisfies. This is called the equation of motion (EOM)
technique. The imaginary time derivative of Eq. (2.29) is

0

757G (1) = =0 {e(r)e} (0) + ¢} (0)ey(7)) (2.34)

— O(T){[H = uN, c;(1)]e§(0) + 6(r)(l(O)[H — pN, ci(T)]),

where 6(7) = 9,6(7) is the Dirac delta function. The following manipula-
tions were used in deriving Eq. (2.34):

37’01(7) = ar
= (H — pN)el=#N)7¢,(0)e=(H=rN)T
—eM=tN7 e (0)e=MHNT(H — N = [H — uN, ci(7)]
= e[ — N, ¢i(0))e™ 1A, (2:35)

_8_ , 9 [e(H‘“N)Tci(O)e_(H_”N)T]

where the last line is the simplest for calculations. Using the facts that
{ci(0),el(O)} = &5, W, ¢;(0)] = —¢;(0) and [T,¢;(0)] = s tii+sciys(0)
yields the final differential equation for the Green’s function in real space

(—0r + )Gz (1) + Z tiitsGita(T)
[

—0(7) (M HITIV  ¢y(0))e =17 (0))
(=)l (0)eP TV ¢ (0)]e PHMITY = 6,58(r).  (2.36)

In general, the commutator [V, ¢;(0)] involves at least three Fermion oper-
ators, so the terms with the 4 functions in Eq. (2.36) involve new Green’s
functions, called two-particle Green’s functions, but we don’t define them
here. For the Hubbard model, the EOM in Eq. (2.36) becomes

(—87— -+ N)Gija(T) + Z tii+5Gi+5jU(T) + G(T)U<ni"0(7-)cia (T)c;:U (0)>
§

—0(—T)U (e} (0)ni_e(T)e, (1)) = 8:56(7), (2.37)
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with the spin variables restored The EOM can be employed to determine
the average potential energy ( ). We illustrate this for the Hubbard model,
but it can be worked out for any model. Starting from Eq. (2.37), take i = j,
o =7, 7 — 07, and sum over ¢ to yield

(i) =03 (mgn) = $((-0r + )G (1) =8 _, 50D,
(2.38)
and the expectation value for the energy follows from (H) = (1) + (V).
In momentum space, the EOM is similar, but somewhat simpler, be-
cause the kinetic energy part is now diagonal; hence the analog of Eq. (2.36)

is
(=0r + 1 — )G (1) = O(r) (M HNITIV ¢ (0)]e~ H=#NIT ] (0))
+0(—7) (L (0)e =TV ¢ (0)]e=H BN = 6(7), (2.39)

but often the commutator of the annihilation operator with the potential
energy is more complicated than in real space.

In addition to the differential equation, we need a boundary condition
to determine a unique solution. Since the EOM is a first-order differen-
tial equation, we require only one boundary condition. Going back to the
Lehmann representation [Eq. (2.31)], with ~8 < 7 < 0 and 7/ = 0, it is
easy to show that G (7 + 8) = —G;;(7) by direct substitution. Hence the
Green’s function is antiperiodic with period § [the antiperiodicity can also
be shown by using invariance of the trace starting from Eq. (2.29)]. This
antiperiodicity can be used to extend the definition of the Green’s function
to all 7 by taking the antiperiodic extension (in which case we also need to
extend the definition of the delta function by the same antiperiodic exten-
sion). Then, we can expand the Green's function in a Fourier series—the
only nonzero Fourier components occur at the so-called Fermionic Matsub-
ara frequencies {wy, = inT(2n + 1) with n an integer. Hence we have

Gij(7) = TZ e Gy (iwn) (2.40)
with
ﬁ .
Gy (iwn) = / dre™nT Gy (7). (2.41)
0

We illustrate a solution for the Green’s function in the case of nonin-
teracting band electrons, where the potential-energy operator V vanishes.
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It is easiest to work in momentum space, so we start from Eq. (2.39) and
substitute in the momentum-space analog of Eq. (2.40). Using the fact that
the delta function can be written as 6(7) =T >_, exp|{—iw,7] and that the
time-derivative can be evaluated by switching the order of the derivative
and the summation, we find an exact solution for the Matsubara frequency
Green’s function

: 1
G () = ——o—— 2.42
I ) = (2.42)
If we substitute these results into Eq. (2.40) and evaluate the summations
using identities 1.445.1 and 1.445.2 in [Gradshteyn and Ryzhik (1980)], we
find the noninteracting Green’s function is

. : B _
Gﬂonint(,r) _ —sgn( ) Slnh(ek - ,U«)(ﬂ - |T|) _ ESIDh(Ek - /"‘)(2 l |)

sinh B(ex — p) 2 sinh £B(ex — p)
_coshlac—w(B-Ir) | Leosh(a—p)(g=lr)
sinh B(ex — u) 2 sinh %,B(ek —u) ’

[it is important for the reader to verify Eq. (2.43)]. Note that in the
limit 7 — 0%, we find GRPP(0F) = f(ex — u) — 1 and GEenint(0~) =
f(ex — 1), which is what we expect for a noninteracting system at fi-
nite temperature. Furthermore, one can verify that if —3 < 7 < 0, then
Goonint(r) — _Gponint(3 + 7). Finally, a direct substitution into the dif-
ferential equation in Eq. (2.39) with V = 0, shows that it solves the dif-
ferential equation. Hence this is the noninteracting Green’s function. One
can also calculate (1), but we won't do so here. As an example, we plot
Gioc(T) = 31 Gk (7)/A = Gis(7) in Fig. 2.4 for a variety of different cases,
to illustrate how G can vary as the interactions are turned on (techniques
needed to produce this plot are developed in the next two sections).

In general, for an interacting system, the Green’s function varies from
the noninteracting solution. We can summarize the deviations from the
noninteracting system by introducing the so-called self-energy, which in-
cludes all of the effects of the interactions. We do this by modifying
Eq. (2.42) to

1
iwn + g — Dicliwn) — ex’

Gy (iwn) = (2.44)

with Xk (éwy,) being the momentum and frequency-dependent self-energy.
An alternative way to express Eq. (2.44) is through the noninteracting
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Fig. 2.4 Local Green's function as a function of imaginary time for T = 0.1 in the
spinless Falicov-Kimball on the hypercubic lattice with d — oo. We choose p. = 0.7,
wy = 0.3, and vary U to include U = 0, 1.0 1.5 2.0 and 2.5 (top to bottom for -8 < 7 <
0). The metal-insulator transition occurs near U = 1.5. Notice how the Green’s functions
for different U values agree at 7 = 8 and 7 = 0, but differ the most near £+3/2. Indeed,
the Green’s function becomes exponentially small near +8/2 in the insulating phase.

Green’s functions and the Dyson equation

G (iwn) = G2 (i) + GROMIB (G VP (Gwn, )G (iwn),
Gicliwn) ™" = GEM™ (iwn) ™! — e (iwn). (2.45)

Since a product of Fourier transforms will be Fourier transformed into a
series of convolutions in imaginary time, the Dyson equation involves a
number of imaginary-time integrals in the time domain. It turns out, that
in the limit of large spatial dimensions, the self-energy becomes local, i.e.,
it is independent of momentum, which allows a large number of strongly
correlated problems to be solved exactly.

Finally, we end this section by showing how one can calculate differ-
ent expectation values using the Matsubara frequency Green’s functions.
To begin, the average filling is (n;) = T’} Gy(iwyn), but one must use
caution in evaluating this summation, because it requires a regularization
scheme to converge (see Problem A.6). Similarly, the kinetic energy sat-
isfies (T") = Ty . >k exGx(iwn), and the convergence of the summation
must be handled carefully here as well. Determining the potential energy
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is somewhat more complicated, because one needs to evaluate a derivative
with respect to imaginary time; the derivation is straightforward, and yields
for the Hubbard model

~ . EkT (an) . . .
(Viaup) =T ; ; T = (i) e ATZH: 51 (iwn)Gloct (fwn),
(2.46)

where the last equality holds if the self-energy is local.

2.4 Real Time Green’s Functions

In the last section, we developed a complete theory for the imaginary time
Green’s functions. They can be used to calculate a large array of static
properties of strongly correlated systems. But we often are interested in
dynamical properties as well, such as the many-body density of states (seen
in a photoemission experiment), dc charge and heat transport, optical con-
ductivity, and so on. Dynamical properties require a real-time formalism.
This cannot be achieved by simply replacing 7 by —it, because such a
procedure requires us to properly know the functional form of the func-
tion of T and verify that the substitution maintains the relevant analyticity
properties. In cases where we only have numerical values for G(7), such a
procedure is impossible.

Instead, we can proceed formally by using the Lehmann representation
in Eq. (2.31) and Fourier transforming with respect to 7 (setting 7/ = 0)
as in Eq. (2.41). The result yields

Zw Z e_ﬂ(Em_ll'Nm) + e_H(En“#Nn)
G (iwp) Tz ~ iwp + Em — pNm — En + uNn

(mlc;|n)(nlclim), (2.47)

where we used the fact that exp{—ifw,] = —1. It is easy to show that in
order for the matrix elements in Eq. (2.47) not to vanish, we must have
N, = N, + 1, then all of the Matsubara frequency dependence is in the
term 1/[iw, + p + E,, — E,) which will be summed over all states labeled
by m and n. If we analytically continue by replacing iw, by a complex
variable z, then we can easily learn two important facts: (i) if |z| — oo,
then G;;(z) — 1/|z| (since {c,, c:‘} = 1), and (ii) the term 1/[z+p+Epn—Ey]
has a singularity only if Im(z) = 0 and Re(z) +  + E, — E, = 0. Hence,
if we consider the set of Matsubara frequencies with w, > 0, the analytic
continuation of Eq. (2.47) [by substituting iw, — z] is analytic in the upper
half plane. Similarly, if we consider the set of Matsubara frequencies with
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wp < 0, the analytic continuation of Eq. {2.47) |[by substituting iw, — 2]
is analytic in the lower half plane. If we take the limit where z approaches
the real axis from each respective domain, then we can write z = w + 6 for
the upper half plane, and z = w — 44 for the lower half plane, with w being
real and § — 0%. The Lehmann representation of these two real frequency
Green’s functions is

e_ﬁ(Em“U'Nm) _|_ e_ﬂ(En“NNn)

wxEid+ p+ Em — By,

(mlc;|n) (nleh|m).

sz(w:tzé) = %Z

(2.48)
If the two Green’s functions defined above are different, then there is a
branch cut along the real axis for those frequencies, otherwise, the Green’s
functions are analytic across the real axis. In the general case, the branch
cut extends along the real axis for the regions of frequency corresponding
to the differences in the energies of the many-body states; i.e., for the
single-particle excitation energies. As we know from band theory for an
infinite system, these regions will correspond to finite length pieces along
the real axis. Since these two Green’s functions are complex conjugates of
one another, we learn that if they are purely real, then there is no branch
cut, and that the branch cut exists whenever they have a nonzero imaginary
part.
It is convenient to summarize the discontinuity of the imaginary part
at the branch cut by defining the local density of states via

_ Gii{w +10) — Gi(w — id)

Aii(w) = 2m

(2.49)

If we recall the identity

1 P_
Rl T imo(w), (2.50)

where the symbol P denotes the principle value, and means that when it is
substituted into an integral, the integration routine must be performed in
a symmetric fashion about the singularity at w = 0, so that it can be well
defined. Then, substituting Eq.(2.50) into Eq. (2.49) gives

Ay(w) = 2}?Z[E—H(Em—uNm)+e—,@(En—uNn)”<m|ci|n>|25(w+M+Em_En)'
(2.51)
This shows that the local DOS is always a real-valued function and that it

is nonnegative A;;(w) > 0, since each term in Eq. (2.51) is nonnegative. If
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we integrate Eq. (2.51) over all frequency, we find

/ dwA;; (w)

which is an important sum rule. We can repeat the above steps for the
momentum-space Green'’s functions, to arrive at

i

1
7 D[P En TN g B E N e ) e} m)

= (ciel +eley =1, (2.52)

e—,@(Em“IJ«Nm) + e“ﬁ(En“ﬂNn)
Gk 2, .
(w & i6) ZZ wtid+p+Em—E, [{m|cx|n)]| (2.53)

Then, we define the spectral function via

Gx(w + 1) — Gy (w — i5)
2mi ’

and find that Ax(w) >0, [dwAk(w) =1, and Ay (w) = Y, Ax(w)/A.

The local DOS, or the spectral function, can both be used to provide
another general integral form of the Green’s function, that is valid in either
the upper half plane or the lower half plane. To derive this relation, we
must first go back to the Cauchy formula for an analytic function, which

says
F(z):-i,/c EED (2.55)

271 z—z

Ar(w) = -

(2.54)

which follows from the residue theorem for any closed contour C' which
encloses the point z where the function is to be evaluated. If F(z) decays
like 1/|z| for large |z|, and if F(z) is analytic in the upper half plane, we
can choose the contour to run from —oo to oo infinitesimally above the
real axis, and then return along a radial arc that has a radius R — oo
in the upper half plane. Since the function F(z) decays for large |z|, the
contribution along the circular arc vanishes. Then if we let z — w + 46 in
Eq. (2.55) and we recall the identity in Eq. (2.50), we get

lPw+id).  (2.56)

1 o0
F(w+i6):—2—m,P/ .

Taking the real part gives ReF(w + i6) = =P [dw'ImF(w')/[(w — w')7]
which is commonly called the Kramers-Kronig relation (see Problem A.14
for further examples of how to apply the Kramers-Kronig relation). This
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result for the real part shows that the following integral identity (called the
spectral formula) holds for the Green’s function

Gu’(z) = /dw/x:ii_;‘:,,), (257)

which we explicitly wrote down for the local Green’s function.

The first step that we need to take to check that Eq. (2.57) is valid, is
to reproduce the Matsubara-frequency form of the Lehmann representation
in Eq. (2.47) when z = iwp. Substituting Eq. (2.51) into Eq. (2.57), and
performing the integration over w’ immediately produces Eq. (2.47). The
next step is to examine the integral form as |z| — oo. In this case, we find
Gy (z) — 1/|z] because of the integral sum rule for the DOS in Eq. (2.52).
Hence, Eq. (2.57) is an analytic function representation (when restricted to
either the upper or lower half plane) for the Green’s function that decays to
zero for large arguments, and it produces the correct values at all Matsubara
frequencies. There is a theorem [Baym and Mermin (1961)], which states
that the only function that can satisfy these three properties is the unique
analytic continuation of the Matsubara-frequency Green’s functions. This
theorem is similar in spirit to the conventional unique analytic-continuation
theorems, which require the two analytic functions to agree over a contin-
uous domain, but here it is limited to having them agree over a countably
infinite set of discrete points, which is why the additional condition, that
the function decays for large argument, is needed for the theorem. A simi-
lar set of results holds for the spectral function Ay (w), but we won’t repeat
them here.

Our analysis on analytic continuation has shown that the Green’s func-
tions in the upper or the lower half plane can be determined from the DOS
or the spectral function. Hence, solving for the relevant A(w) can be em-
ployed to find all Green’s functions. In the next two sections, we will show
how this function can be calculated within the DMFT approach. In order
to complete the formalism, we need to determine how the analytic contin-
uation of the Green’s function relates to the real-time Green’s functions.
This requires us to perform a Fourier transformation with respect to fre-
quency. If we start from the Lehman representation in Eq. (2.48), then we
need to compute the Fourier transform

1 e—z’wt .
— | d — Ti0(+L )t Ht Em—En)t ]
27T/ wwj:i(5+u+Em—En Fib(Et)e ’ (2.58)
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which follows from the residue theorem: if ¢+ < 0 we close the contour
integral in the upper half plane and if ¢ > 0 we close in the lower half plane
and the simple pole in the integrand occurs at z = —p — E,,, + E, F id.
The Fourier transform of the Green’s function then becomes

16(+t .
Gij (t) = :F_Z.L_) Z[e—ﬁ(E‘m"f"NTn) + e_ﬂ(En_HNn)]el(Em_I"Nm‘En‘*'I‘Nn)t

zZ

mn

X

(mlc;|n) (njcjm)
= Fif(Et)(c(t)e} (0) + cf(0)c; () = Fif(£t)({e;(2), cf(0)}), (2.59)

where we have included the time-dependence of an operator O via O(¢) =
explit(H — puN)]O exp[—it(H — pN)]. So the real-time representation of
the Green’s function that is analytic in the upper half plane is G®(t) =
—if(t)({c;(t),c;(0)}), which is called the retarded Green’s function and the
real-time representation of the Green’ s function that is analytic in the lower
half plane is GA(t) = i0(—t){{c;(t),c ( )}), which is called the advanced
Green’s function (the names come from the nature of the 6 functions).
Note that the time-ordered Green’s function on the imaginary-time axis
analytically continues to either the retarded or advanced Green’s function
on the real-time axis!

We can derive an EOM for the advanced and retarded Green’s functions
in real time as well. In real space, we have

( ET “) )+ Ztl1+6G1+6] (t) (2.60)

F ()P T, ¢, (0)) TR, (0)}) = b5 (1),

with a similar equation for the momentum Green’s functions. The top sign
is for the retarded Green’s function and the bottom sign is for the advanced
Green'’s function.

In the case of noninteracting electrons, where V= 0, the analysis sim-
plifies. We have an explicit expression for the eigenstates and eigenvalues:
the n-electron eigenstates are formed by products of n distinct creation
operators acting on the vacuum state. The eigenvalue is the sum of the n
eigenvalues of the bandstructure associated with those creation operators.
We can evaluate the retarded Green’s function in momentum space from
Eq. (2.53) by choosing the top sign. The matrix element tells us that the
state |m) does not have the state labeled by k in it, and E,, — E,, = € and
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Ny — Ny, = 1. Furthermore, for each state |m) there is only one state |n)
that contributes to the summation. Putting this all together yields

1

GE nonint(w) — E Z
m: clt|m);£0

e‘ﬁ(Em“HNm)[l 4+ e—ﬁ(fk_ﬂ)]
wHp—ex+1i6

(2.61)

The only m-dependence is now in the summation over the exponential
factors. Writing the partition function as

I D L I

m: clt|m);£0 m: cle):O

_ Z e_’B(Em_”Nm){l + e—ﬂ(Ek_l‘»)], (2.62)

m: c]T(|m);£O

by noting that states that satisfy c;r(lm) = 0 can be written as cL|n) with
cLIn) # 0, and the energy of the |m) state is e larger than the energy of the
|n) state. Plugging Eq. (2.62) into Eq. (2.61) produces the noninteracting
Green'’s function and spectral function

R nonint nonint
— A =4 — . 2.63
G "M W) = oy AR = 0w a). (263)

Summing over momentum gives the local Green’s function and the DOS

GE ™) = 1 X s A - OMUCEE)

(2.64)
Performing these summations on hypercubic lattices is an exercise in Prob-
lem A.2. Fourier transforming to real time yields

le% nonint(t) — _ie(t)e—i(ek—u)t’

G (1) = ~it(0) [ e (e)e e, (2.65)

We illustrate the solution for the noninteracting Green’s functions for
the case of a Bethe lattice, which is to be thought of as the limit of a Cayley
tree that has no boundary (a Cayley tree of coordination 3 is illustrated
in Fig. 2.5). A Cayley tree is a strange structure that actually has nearly
all lattice sites lying on the surface and is sensitive to surface properties;
the Bethe lattice, however, is free from those problems because it has no
surface (see [Thorpe (1981)] for a clear review). The noninteracting Green’s
function for a Bethe lattice with coordination Z can be solved in the spirit
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(a) (b)

Fig. 2.5 (a) Schematic of a coordination Z = 3 Cayley tree. Note how the number of
sites grows on each column. (b) Schematic of the Bethe-lattice cluster used to calculate
the noninteracting Green’s function from the Hamiltonian in Eq. (2.66).

of the Bethe approximation [Bethe (1935)]: we examine a single site 0 and
its cluster of nearest neighbors (1 — Z) by introducing an effective field h on
each of the neighboring sites, which represents the effect of all other sites
on the lattice (see Fig. 2.5); our discussion follows that of [Thorpe (1981)].
The Hamiltonian of the cluster is

z z z
Heluster = —t}:(cjco +cle)+h Z c;-'ci —p Z cgci. (2.66)
i=1 i=1 i=0

Taking the Fourier transform of Eq. (2.60) for the case where V =0, yields

(W + WGE P (W) ¢ " GR I (W) = 55 (2.67)
é

Applying a generalization of this (to include the h-field) to the Bethe cluster
gives

4
(w + M)G(I)%nonint(w) + tZGf({) nonint(w) =1,

i=1
(w +pu— h)Gfg nonint(w) + tG(I)?b nonint(w) =0
1

(w + - h)Gﬁ nonint(w) + tGg nonint(w) — (268)
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Using the facts that Gio = Gio and Gy; = Gqy for all 1 < ¢ < Z, allows
these equations to be solved by

1

GRnonintw —
Bt ) =

Zt2 *
wtpu—h

(Z-1)t? 1
[w + K w+u—h:| wtp—h
A

C;’H n()nmt( )
w+p—h

(2.69)

Now we use the fact that the Bethe lattice is homogeneous, to set Ggo =
G111, which yields

w+/t

h= + - \/( + )2 —4(Z — 1)t (2.70)

Finally, plugging the value for A back into Eq. (2.68), we get

Z\AZ — 1) — (w+ p)?
2r[(Z1)? — {w + )]

Ajoe(w) = , (2.71)
for the local DOS of the Bethe lattice, when |w + u| < 24/Z — 1t.

We end this section with some important definitions, and with some
generalizations of imaginary axis formulas. The momentum-dependent self-
energy is defined by

GOt (¢ + §6)
1 — GRonint(¢y + §§) Sy (w =+ i6)’

Gi(w £ i6) = (2.72)

which follows from the Dyson equation
Gi(wi6) = GE™M™ (W £46) + GRomiM (0w +46) By (w £ i6) G (w £ 36). (2.73)

In cases where the self-energy does not depend on momentum, the summa-
tion over momentum to determine the local Green’s function is simple, and
involves an integral over the noninteracting DOS, since the momentum-
dependent Green’s function depends on k only through ey.

The analog of Egs. (2.3?), (2.33), and (2.46) are p. = [ dw f(w)Aloc(w),

) = [ dwf(@)A(w), () = ~ [ dlm{lw + p — Dw)]Groc(w)}/m, and
V) = [dwlm{[p — $(w)]Gioc(w)}/m. Techniques used to derive these
results are developed in Problem A .4.
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2.5 The Limit d — oo and the Mapping onto a
Time-Dependent Impurity Problem

There is a long history of examining complicated problems in quantum
mechanics or statistical mechanics in unphysically large dimensions to find
simpler behavior. In this way, for example, we have learned about how
critical exponents in the statistical mechanics of phase transitions assume
mean-field-theory values above some upper critical dimension. The appli-
cation of these ideas to interacting electrons began in 1989 [Metzner and
Vollhardt (1989)]. The original work of Metzner and Vollhardt showed that
a particular scaling of the nearest-neighbor hopping with spatial dimension
d would lead to a finite kinetic energy, which competes with the potential
energy, when we minimize the total energy of the system. Their idea has its
roots in the vast literature on alloy theory from the 1960s and 1970s, which
showed that the inverse of the number of nearest neighbors 1/Z was the
small parameter that governed the convergence of the coherent potential
approximation [Schwartz and Siggia (1972)].
Metzner and Vollhardt chose to scale the nearest-neighbor hopping as
t*

t= Vi (2.74)
on a simple hypercubic lattice in d-dimensions. This choice leads to a
finite average kinetic energy for the noninteracting bands. Indeed, the band
structure ex = —t*limg_, Zle cos(k;)/+v/d can be viewed as the sum of
a collection of d “random” numbers distributed from —1 to 1. When we
take the limit d — oo, the sum of the random numbers will grow like vd
(from the random-walk problem), so dividing by v/d will yield a finite limit
as d — 0o. The central limit theorem then says that the distribution of
energies will be a Gaussian distribution. Hence the noninteracting DOS is
a Gaussian with an infinite bandwidth. But the average kinetic energy for
any finite filling is finite and can be expressed as

. Er . At*e—ER/t*?
<T>nonint = '—*A / de € 6~62/t ? = —-———e——p—' (275)
. N

with Fr the Fermi energy at 7 = 0.

The noninteracting Fermi surface is defined by the surface in the Bril-
louin zone where ¢ = Er. It is common in many theories to ignore the
lattice potential, and describe the Fermi surface as a sphere due to the
quadratic dispersion e = A%k -k/2m. But in the limit of large dimensions,
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the Fermi surface is never spherical. The reason why is that we always
measure volumes relative to a unit cube. In infinite dimensions, the diag-
onal of the cube has an infinite length (even though the length along each
axis is finite). Hence, any finite radius sphere will occupy a set of mea-
sure zero inside the unit cube, so they correspond to a vanishing density
of the electrons. As the dimension increases, the Fermi surfaces become
more and more “porcupine-like” and less and less spherical. In fact, the
infinite bandwidth of the noninteracting DOS arises from rare regions in
the Brillouin zone where the band energy can be very large (think of points
like the zone center, or the end of the zone diagonal). These regions have
very small DOS though.

The main simplification of the d — oo limit is that the self-energy
becomes local, i.e., Xk (z) has no k dependence. Unfortunately, there is no
simple way to show this without examining either perturbative expansions,
or path-integral methods, both of which are beyond the scope of this book.
But, we can motivate the idea heuristically. A local self-energy means that
we neglect spatially correlated pieces of the self-energy like ¥;; with ¢ # j.
If we examine the perturbative expansion for the self-energy, we see that the
lowest-order nontrivial contribution for the case when 7 and j are nearest
neighbors is proportional to t32d, since it involves three propagations from
site 7 to site 7 and there are 2d total nearest neighbors. Using the scaling
of the hopping in Eq. (2.74), we find that X;; o limge 1/V/d — 0. A
complete proof of this idea from a perturbative expansion for the Hubbard
model can be found in [Metzner (1991)], or from a path-integral approach
using the so-called cavity method in [Georges, et al. (1996)] or [Freericks
and Zlati¢ (2003)].

If the self-energy for the lattice-based many-body problem is local, then
that problem can be mapped onto an impurity-based many-body problem,
but in a time-dependent local field, which is called the dynamical mean
field. Once again, a proof of this idea requires either perturbation theory
or path-integral techniques, but the physical principle is easy to describe.
Since the self-energy is local, it should be able to be represented as the self-
energy of a purely local problem. But it isn’t clear just how one can find the
correct Hamiltonian for the impurity problem to produce the self-energy for
the lattice. The idea, is that one adds an additional time-dependent field
to the impurity evolution, and adjusts that field until the self-energy of the
impurity is identical to the self-energy of the lattice. Since we do not know
a priori what the self-energy of the lattice is, we must solve this problem
self-consistently and hope that the self-consistent solution is unique. The
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only issue that we must accept is that by varying the time-dependent field
over all possible functional forms, we have enough freedom to describe every
possible form that the local self-energy can take on the lattice. This time-
dependent field mimics the hopping of the electrons on the lattice, because
it allows electrons to hop onto and to hop off of the impurity as a function
of time. Since the potential-energy piece of the Hamiltonian is local, we
use that piece for the impurity problem with the identical values of the
interaction strengths as used on the lattice.

We illustrate these ideas with the concrete example of a spinless electron.
This problem can be solved analytically for any possible time-dependent
field. In cases where there is an interaction between electrons with differ-
ent spins, the problem becomes more complicated and is mapped onto a
generalized single-impurity Anderson model, which can be solved numeri-
cally, but cannot be solved analytically. We discuss that case only briefly
when we describe the numerical renormalization group method for DMFT.

We consider the problem of a single impurity electron evolving in a
nontrivial time-dependent field. The Hamiltonian of the impurity is taken
to be

Himp — pN = —pcle. (2.76)

Next we introduce a general time-dependent evolution operator in the in-
teraction representation on the imaginary-time axis

B8 8
S(\) = Ty exp [— /O dr /O dr',\(T,T')cT(T)c(T')}, (2.77)

where the time-dependence of the operators is with respect to the impurity
Hamiltonian in Eq. (2.76). The impurity partition function is defined to be

Zinp (A, ) = Tre { Tre#Ptm=ug(3) 1, (2.78)

with the trace taken over the two Fermionic states with zero or one electron.

This operator trace is not simple to calculate. The procedure is to first
examine the functional derivative for the change in the partition function
due to a small change in the field A

6 Zimp (A, p) = Tre {Tre“’(”imp‘“M(sS(/\)} . (2.79)
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To find the change in the evolution operator S, we use the calculus of
variations

IS\ = -7 [S(A) /ﬂ dr /ﬁ dr' S \(T, T/)CT(T)C(T’):l . (2.80)

Substituting Eq. (2.80) into Eq. (2.79) and noting that the time ordering
can be collected into one time-ordering operation, yields

8 B
0 Zimp (A, 1) = —Zimp()\,p)/ dT/ dr' A (7, 7")Gimp (7', ), (2.81)
0 0

where the impurity Green’s function is defined in Eq. (2.29) with the spatial
indices dropped, and we need to note the order of the time arguments
in Eq. (2.81). Hence, the impurity Green’s function can be written as a
functional derivative of the impurity partition function with respect to the
dynamical mean field as

dln Zimp()‘v ,u,)

Gimp(7,7') = AT, T)

(2.82)

Since the Green’s function depends only on the difference of its time argu-
ments, we can infer that we can restrict the dynamical mean field to depend
only on the time difference, and then we can Fourier transform this result
to yield

Aln Zimp (A, 1)

Gimp (iwn) = — IN(iwn)

(2.83)

The next step is to determine the impurity Green’s function by solving
the EOM that it satisfies. This EOM is more complicated than the ones
we derived before, because of the presence of the evolution operator. The
complication arises from the fact that the evolution operator is defined as a
time-ordered product, and we have to order with respect to both time argu-
ments in the double integral of the exponent. It simplifies, however, when
we discover that if we plan to differentiate with respect to the imaginary
time 7, then we need only write the time-ordered product in the schematic
form

TSNe(r)el(7') = [T5W)] e(n) |[TEN)] (7)), (289)
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with
) 8 8 7
S(A) = exp —/ dT"/ dr'’" X" = ")t (t)e(r™) |, (2.85)

T 0

and

T 8
(\) = exp I:—/ dT"/ dr' X" — ")l (7Y e(7") | (2.86)
0 0

911

because the 7"

terms do not enter the derivative since c2(7') = 0, implying
they give no contribution. Explicitly evaluating the derivative with respect

to 7 finally gives the EOM for the impurity Green’s function

8
<”§; + ”) Gimp(T = 7') — / dr' M1 = ") Gimp (7" = 7'y = 6(r = 7).
0
(2.87)

If we think of Eq. (2.87) as a continuous operator equation over a functional
space, then it can be written schematically as G~'G = 1 where multipli-
cation of the functional operators is accomplished by an integral over 7.
Then we learn that

G i) = <—587—_ + ,u> S(r—mY=Xr-1"), (2.88)

in the imaginary-time domain. This operator can be diagonalized by per-
forming a double Fourier transform via the integrals foﬂ dr expliwn 7] and

T foﬂ dr’ exp[—iwn 7). The end result is
G (iwn, iwnr) = (iwn + &~ An)bnn, (2.89)

where we used the notation A, = A(iwy,) for the dynamical mean field. The
matrix operator is diagonal, so we can invert it to find

1 _ aZimp()‘a N)
twn + = An N, )

Gimp(iwn) = (290)
This differential equation can be easily integrated to yield Zimp(A,p) =
C Il _oo(iwn + g — Ap) with C a numerical constant independent of A.
Using the fact that the partition function for vanishing dynamical mean
field can be determined directly as Zimp(A = 0,u) =1+ ePt allows us to
find the constant C, or to learn that

 dwn g — A
Zimp(A p) = 202 [ 222227 (2.91)

2
n=—00 Wn
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Fig. 2.6 Flow diagram for the DMFT algorithm. Starting with an initial self-energy
(usually chosen to be zero, unless something is known about the system a priori), we use
the Hilbert transformation to calculate the local Green’s function. Next, the effective
medium for the impurity is extracted from the current self-energy and the local Green’s
function via Dyson’s equation. The impurity problem is solved determining the impurity
Green’s function from the effective medium. If we want to work with a fixed filling of
electrons, then the electron filling is calculated, and the chemical potential is updated
to get closer to the target filling; the update step is sometimes performed only every
ten or so iterations rather than every iteration, to give the system time to adjust to the
new chemical potential. Finally, Dyson's equation is used to find the new self-energy
from the impurity Green’s function and the effective medium. The algorithm is iterated
until converged. Once the chemical potential is determined from an imaginary-axis
calculation, it is fixed for the real-axis calculation.

which is proved in Problem A.9. Hence we can analytically solve for the
partition function and Green’s functions of the impurity problem for a
spinless electron in a time-dependent field. The case of electrons which
have an interaction between the spins can often only be solved numerically
using more sophisticated techniques.

We end this section with a description of how we adjust the dynam-
ical mean field to give us the solution to the lattice problem with a lo-
cal self-energy. The local Green’s function of the lattice can be found
by summing the momentum-dependent Green’s function over all momenta
Gii(z) = Y Gi(z). Since the self-energy is local, and has no momentum
dependence, the sum can be expressed as a one-dimensional integral over
the noninteracting DOS (which is called a Hilbert transform)

1
z+pu~—%(z)—¢

Gii(z) = /de ple) (2.92)

with p(€) the noninteracting DOS and z denoting a variable in the complex
plane. Since we need to equate this local Green’s function with the impurity
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Green’s function, we need to find a way to extract the dynamical mean
field. This is normally done by defining the effective medium Gy(z) =
1/[z + p — A(2)] which is found from Dyson’s equation

1

1
Gz) = Go(2) 1 - 2(2)’ Go(2) = G1(2) + 2(2)’

(2.93)
where we have written it in two equivalent forms and suppressed the sub-
scripts for the local Green’s function or the impurity Green’s function. The
second form allows us to extract A(z) from the local Green’s function of
the lattice and the self-energy. The former allows us to extract the new
self-energy from the impurity Green’s function and the effective medium.
Hence, the DMFT algorithm is as follows (see Fig. 2.6): (i) start with a
guess for the self-energy (which is often chosen to be zero}; (ii) use Eq. (2.92)
to determine the local Green’s function from the current self-energy; (iii)
use Eq. (2.93) to extract the effective medium and the dynamical mean
field; (iv) solve the impurity problem in the presence of the evolution oper-
ator for the given dynamical mean field to determine the impurity Green’s
function; (v) extract the new guess for the self-energy by extracting it from
the Dyson equation in Eq. (2.93); and (vi) iterate steps (ii) through (v)
until the results stop changing. This algorithm, originally proposed by Jar-
rell [Jarrell (1992)], solves for the dynamical mean field, self-energy, and
Green’s functions via an iterative technique. There is no guarantee that
this method will converge in general, or that there is only one solution to
these equations, but it is found in practice, that the convergence can be
quite rapid, and that the solutions are often unique. Note that in the spin-
less case, it is obvious that there is a one-to-one correspondence between

any set of local Green’s functions and the corresponding dynamical mean
field.

2.6 Impurity Problem Solvers

The only step of the DMFT algorithm that remains to be worked out is
to construct an impurity problem solver, that will determine the impurity
Green’s function for the given dynamical mean field or effective medium.
Finding efficient and accurate impurity problem solvers is the hardest part
of the DMFT approach. We first illustrate an analytic solution for the
spinless Falicov-Kimball model, then discuss the ideas behind the numerical
renormalization group (NRG) approach, and end with a discussion of other
types of solvers (perturbative, quantum Monte Carlo, and so on).
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The spinless Falicov-Kimball model has an impurity Hamiltonian that
satisfies

HiR = uN = —pcle+ Ep fif + UclefTf. (2.94)
The impurity partition function becomes
ZES () = T Ty T, [P 5] (2.95)

with the evolution operator S()\) given by Eq. (2.77). Since ny = fIf
commutes both with the evolution operator and the Hamiltonian, the trace
over the f-particles is easy, because it separates into the sum of two simple
terms. The first has ny = 0, where HiF,ffp — uN = —pcte, and the second
has ny = 1, where HEHKP ~puN = E; + (U — p)cfe. The first case is identical
to the spinless case solved in the previous subsection, the second requires
us to shift 4 — p — U and to include the extra factor exp(—BEy). The net
result is

ZEE(N) = Zimp(\ 1) + 7P Zigp (A, 1 = U), (2.96)

where we use the result for the impurity partition function in Eq. (2.91),
and the second term corresponds to shifting p — p — U in Eq. (2.91).

The Green’s function for the conduction electrons still satisfies
Eq. (2.83), so we can immediately learn that

Giwy) = Zimp(A) 1 e_ﬂEfZimp()‘ +U) 1
t ZEK(A) dwn + = A ZEn ) iwn +p— Ay — U’

(2.97)
by taking the derivative with respect to A,. If we make the following
definitions

Zimp()‘) e_ﬂEfZimp(/\, w—=U)
wp = —me\d) , 2.98
ZFK (A, 1) ZFE()) (2.98)

then we can write the impurity Green’s function for the spinless Falicov-
Kimball model as

. wo w
Gliwn) =
() iwn+u—/\n+iwn+u—)\n—U
= woGo(iwn) 1 (2.99)

RE s s
Gyt iwn) = U
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where we have expressed the Green’s function in terms of the effective
medium in the lower line. This form for the Green’s function is quite simple,
and is identical to that used in the coherent-potential approximation. The
symbol w; is the filling of the f-electrons and wq is the concentration of
lattice sites with no f-electrons. This follows from the fact that wg = 1—w;
and that

t —BHES ~uN) g ) 1 ] = €0 Zimp (N 1 = U)
7' = zr Frer T [e ISWH] = RS

(2.100)
Now we will investigate the self-energy of the impurity in more detail.
The self-energy is extracted from the relation &, = G5! (iwn) — G;*. This
is the standard way to find the impurity self-energy which will be equated
to the local self-energy of the lattice in the DMFT approach. But for
the spinless Falicov-Kimball model, we can determine an interesting rela-
tion between the self-energy and the Green’s function [Brandt and Mielsch
(1989)]. We substitute Gy (iw,) = G;;' + X, into the last line of Eq. (2.99)
and multiply both sides by Gn(G,! +Z,) (Gt + £ — U). Simplifying the
terms yields a quadratic equation for the self-energy

Y2G2 + X, [Gr — UG?) — unGrU = 0, (2.101)
which is solved by

T, = 2(1; +5 Uy 2(1; V1=2(1 - 2w)UG, + U?G2, (2.102)
where the sign is determined by analyticity if the imaginary part of the
self-energy is nonzero, and by continuity if the self-energy is real. For a
given value of wy, this is an explicit equation for the self-energy in terms
of the local Green’s function G,! It can be employed to find an alternative
method to solve the DMFT equations than the iterative approach. This
will be discussed in the next section.

Unfortunately, the analytic approach given here for the spinless Falicov-
Kimball model will only work for other so-called static models like the
higher-spin variants of the Falicov-Kimball model, or the static Holstein
model. For other types of correlated systems, like the Hubbard model or
the periodic Anderson model, new techniques must be developed. This is
because the partition function for the impurity will involve a trace over
the spin up and the spin down particles, which will each have their own
evolution operators and dynamical mean fields. If there is now an interac-
tion between these particles, then we can no longer evaluate the trace over
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both particles as we did before, because the number operators of each of
the particles are not conserved by the evolution operators. Trying to solve
this problem by introducing an EOM as before does not help, because the
coupled EOMs can no longer be solved.

It turns out that this problem can generically be mapped onto a single
impurity Anderson model, but with a nontrivial conduction density of states
and a nontrivial time-dependent hybridization function. Nevertheless, the
NRG approach originally developed by [Wilson (1975)] can be applied to
this problem, and it can be solved with a numerically exact procedure that
is most accurate near the Fermi energy.

This procedure is quite technical and involves a number of subtle steps
to be taken. In the following, the basic ideas and equations for the NRG
process will be developed, but the presentation here will be insufficient
to allow the reader to create a full DMFT-NRG code directly from this
discussion. Instead, it serves as an introduction to the subject that inter-
ested readers can follow up with the original literature and create their own
computer codes after digesting the additional technical and computational
issues required for the procedure.

We will focus on the Hubbard model for this exposition. The gener-
alization to the PAM is not too complicated, and is fully covered in the
scientific literature [Pruschke, Bulla and Jarrell (2000)]. We start with an
examination of the partition function for the impurity Hubbard model in
the presence of a dynamical mean field for both the up spin and the down
spin electrons

Hubb

ERO (A ) = Tr { e PRS00 s0) ), (2.109)

with the impurity Hamiltonian for the Hubbard model [Hubbard (1963)]
being

HIWOL — N = -u(c¥cT + CICL) + Uci{cTcIcl , (2.104)
and the evolution operators for the spin-up and the spin-down electrons
given by Eq. (2.77) with the generalization to include a spin index on the
field A and on the electron creation and annihilation operators; in the ab-
sence of a magnetic field, we always have A+ = A|. Uulike the Falicov-
Kimball model case described above, in the Hubbard model case, we can-
not write down an analytic expression for the partition function because
the time-dependence of the up spin particles depends on the occupation
of the down-spin particles (from the commutator of the U-term) and wice
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versa. So the trace of the time-ordered product in Eq. (2.103) over the four
Fermionic states is complicated to evaluate.

In the limit where U = 0, however, the local Green’s function can be

written down, and it satisfies

GR nonint(w) — 1 (2 105)

7 W= A (W)’ '

for either spin. The first step of the NRG calculation is to map the im-
purity problem in a time-dependent field onto a Hamiltonian on a finite
one-dimensional chain, that reproduces a discrete approximation to the
U = 0 Green’s function of the impurity when evaluated on the chain. The
physical picture is that the impurity electrons interact at the same time
via the Coulomb interaction, so we need to know the field at ¢ = 0, which
corresponds to an average of A(w) over all w, and they interact with the
low-energy excitations (small w) at low temperature. So we introduce a set
of fictitious chain electron operators, with the goal of using the couplings of
those electrons to themselves, and to the impurity, to set up a discretized
version of the time-dependent field that the impurity electron is evolving
in. Because the X field has nontrivial frequency dependence, this mapping
is complicated [Sakai and Kuramoto (1994); Chen and Jayaprakash (1995);
Bulla, Pruschke and Hewson (1997); Gozales-Buxton and Ingersent (1998);
Bulla, Hewson and Pruschke (1998)]. We describe the procedure for how
to do this next. It is conventional to define the spectral function of the
retarded dynamical mean field by A(w) = —ImAf(w)/7 and to drop the
spin index from A.

The idea of Ken Wilson was to construct a frequency grid for the
discretized A field on a logarithmic scale, rather than on a linear scale
[Wilson (1975); Krishna-Murthy, Wilkins and Wilson (1980a); Krishna-
Murthy, Wilkins and Wilson (1980b)]. We begin by choosing a maximum
and a minimum frequency denoted by +E, and define a set of frequency
points on the grid via w¥ = £EFA™™ with A a numerical constant larger
than 1, and typically chosen to be in the range of 1.5 to 3. We let al_ (a,,)
denote a creation (destruction) operator for a fictitious electron associated
with the frequencies near w; and bl (b,,) denote a creation (destruction)
operator for a fictitious electron associated with the frequencies near w_ .
Next, we define a set of positive real numbers via

o= [T s, 2= [Taae, o)

“at1 Wn
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which denote the weight of the A field in the respective logarithmic fre-
quency intervals, and

i f " dB @)/, & = /f““dwm(w)/(m?, (2.107)

n+41

which denote the weighted average of the frequency in each interval. The
total weight of the A field is denoted by V?2:

E
V= /_E dwd(w) = [(n))* + ()] (2.108)

See Fig. 2.7 for a picture of the discretization process.
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Fig. 2.7 Logarithmic frequency grid and discretized approximation to the A field used
in the NRG approach. The solid black curve is the original A(w), the red lines are
the discrete frequencies wn = 2.5 x (1.5) 7™, and we choose 19 positive and 19 negative
frequencies, the green lines are the weights (y;)? (described by the height of the line)
and the positions £X of the delta function peaks for the discrete approximation to A(w),
and the blue curve is the smoothed function using the logarithmic broadening with
b = 0.4 (see below). Note how the blue curve is quite accurate for frequencies near the
Fermi energy w = 0 (except for a “gliteh” at the lowest frequencies) and becomes less
accurate at higher frequencies. These inaccuracies are reduced by lowering A below 1.5,
and increasing N beyond 19.
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The chain Hamiltonian is now constructed via a Lanczos-like procedure
in two steps. We first write the chain Hamiltonian in three terms: the
impurity term, a hybridization term of the impurity electron with the “¢t =
0” field operator, and a diagonal energy term representing the number
of electrons created at each discretized frequency with the corresponding
weight associated with the A field. This chain Hamiltonian is

Hcham - H};Ix‘:;)b U 0 +VZ c COO'+COO' U +Z[§n ajwam +§n bna na]

(2.109)
The operator Coa is 3, (7 ane + 7 bno)/V which is “normalized” in the
sense that {COU,COO} = 1. One can check that the Green’s function of
Eq. (2.109) is equal to
1
Gimp(w) = ( G (2.110)
wtp— 5, [958 + L=l s

by writing the Hamiltonian explicitly in terms of the ¢ and b operators, and
solving for the impurity Green’s function via an EOM (see Problem A.11).
Comparing with Eq. (2.105), shows that the NRG makes a discretization
of the spectral function for the dynamical mean field via

~ImAR(w) = Aw) = 3 [(5)260  &) + (178w - £0)], (2.111)

but the delta functions lie at €& rather than wX, although these quantities
are quite close to one another.

The form for the Hamiltonian [in Eq. (2.109)] is not yet useful for cal-
culations, because it is not in a tridiagonal form. We tridiagonalize it via
a Lanczos-like procedure. First we take the state &), |0) and operate on it
with the chain Hamiltonian Hchain to create a new state HchachaIO) We
find the overlap of this new state with the old one, giving us a local site
energy at site 0,

€0 = (0|os Henainfo, |0), (2.112)

and the leftover piece defines the next state on the chain ¢1,|0) and the
“hopping” A; between site 0 and site 1 on the chain

M, 10) = Henaind,|0) — €08, 10), (2.113)

with the normalization condition {6{ »1C1o} = 1. Since ﬂcham is Hermitian,
it is easy to show that the hopping from site 1 to site 0 is also equal to
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A1. A direct calculation shows that ¢g = (w) is the average value of the
frequency over the field A(w) and that A? = (w?) — (w)? is the quadratic
fluctuation over the field. Proceeding in this fashion, one constructs all of
the site energies and hoppings on the chain, and puts the Hamiltonian into
its final form (see Fig. 2.8)

Hehain = mel?b_{_v Z ¢ COO’ —I—COU +Z Encna ~na +A cn+la ncr+h C. ]

(2.114)
with each Fermionic operator satisfying the conventional anticommutation
relations. The explicit computation is difficult. In some cases it can be
performed analytically for simple fields, in other cases it must be done
numerically. Since the elements of the chain decay as we move farther
out along the chain, special care (such as using arbitrary precision arith-
metic [Gozales-Buxton and Ingersent (1998); Bulla, Hewson and Pruschke
(1998)] or carefully analyzing and stabilizing the recursions [Chen and
Jayaprakash (1995)]) is needed to accurately determine the chain parame-
ters (see Problem A.10).

Note that we did not specify that U = 0 in Eq. (2.114). This is because
the actual Hamiltonian for the NRG calculation must restore the many-
body interactions on the impurity site (denoted by a square box in Fig. 2.8)
because the rest of the chain represents the time evolution in the dynamical
mean field. The next step in the NRG approach is to find all the eigenvalues
and eigenstates of the chain Hamiltonian. In a typical calculation, one
takes between 30 and 100 sites in the chain. The impurity Hamiltonian
has only four states corresponding to zero, one, or two electrons at the

\Y A A

Impurity 0 1 2 3 4

Fig. 2.8 Mapping of the Hubbard impurity in a time-dependent field onto a discrete
Hamiltonian on a finite chain. The square box denotes the impurity site, where the impu-
rity Hamiltonian lies, and the circles denote the “lattice” sites of the fictitious Fermions,
determined by the Lanczos-like mapping, with diagonal and off-diagonal elements ¢,
and A, respectively. The off-diagonal element V' connects the chain to the impurity site
and vice versa. This case has a total of N = 5 sites in the chain. Note that all of the
many-body interactions take place only on the impurity site.
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impurity. Each site of the chain introduces another 4 states, so the many-
body Hilbert space has dimension 4°%! when we have included the Lth
site of the chain. As L increases, this number rapidly becomes too large
to diagonalize the entire Hamiltonian matrix. The strategy of the NRG is
to diagonalize the full Hamiltonian for the first few steps of the iteration,
and then, once the Hamiltonian contains more than about 1000 states, we
keep only the lowest 1000 states for the next iteration, implying we will
need to diagonalize a 4000 x 4000 matrix as we add each subsequent site
to the chain and then truncate to the lowest 1000 states. In reality, one
takes into account a number of useful quantum numbers like the particle
number, the z-component of spin, the total spin, and so on. Then each
symmetry block is much smaller, but it is more complicated to construct
each block with definite symmetry at the each step of the NRG iteration
(see Problem A.12).

Once we have included every site in the finite chain, we will have a
series of eigenvalues and eigenfunctions associated with each of the steps
in the iteration. Since the couplings along the chain decrease, it turns out
that the energy levels come closer and closer to the low-lying excitations
near the Fermi level. We can use these states and energy levels to calculate
things like the imaginary part of the retarded Green’s function via the
Lehmann representation. This requires us to know the matrix elements of
the creation and annihilation operators between the low-lying states that
we have calculated [Bulla, Pruschke and Hewson (1997)]. It requires some
care to update these matrix elements as each new chain site is added, but it
can be done. The final result is, however, a set of discrete delta functions for
imaginary part of the retarded Green’s function. They are constructed as a
composite from the energy levels and weights (from the matrix elements) of
a series of calculations for different numbers of sites in the chain. The delta
functions are then broadened via a set of peaks broadened on a logarithmic
scale,

e—b2/4 nlw/E, 2
dw—E,) — Wexp [—%—D—] , (2.115)

which are employed to represent the final density of states back on the linear
frequency scale (usually we take 0.3 < b < 0.6 and we set the broadening
to zero if w/E, < 0). Since the information about the higher-energy states
is coarse, and because they arise in a composite fashion from a series of
calculations at different chain lengths, the DOS may not exactly satisfy
the requisite sum rules, but it usually is quite accurate at low energies
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(although the broadening can produce some errors here too), and typically
has pointwise errors on the order of a few percent. The real part of the
Green’s function is finally generated via a Kramers-Kronig analysis.

To complete the DMFT loop, we need to extract the self-energy, com-
pute the local Green’s function from the Hilbert transform, and then de-
termine the new effective medium and dynamical mean field. It turns out
that calculating the self-energy via ¥ = G 1 _ G! is not as accurate as
extracting it from an EOM-based approach using the four-Fermion expec-
tation value resulting from the commutator with V. The details of how this
works is quite technical, and can be found in the original literature [Bulla,
Hewson and Pruschke (1998)].

There are other impurity solvers that can be used for the DMFT ap-
proach as well. The two most common ones employed involve a perturba-
tive solution, or employ quantum Monte Carlo methods. The perturbative
solvers rapidly become quite complex as the order of the perturbation the-
ory is increased. They also often suffer from a breakdown in the interme-
diate and strong coupling regimes. They are never exact approaches. The
quantum Monte Carlo methods can work only on the imaginary axis, so
they are best employed to calculate static properties of the given systems
under study. The quantum Monte Carlo approach involves two steps. First
the imaginary time interval is discretized and then the four-Fermion interac-
tion terms (like the U terms in the Hubbard model) are decoupled by intro-
ducing so-called Hirsch-Hubbard-Stratanovitch fields {Stratonovitch (1957);
Hubbard (1959); Hirsch (1983)]. The resulting Fermionic piece of the action
is now quadratic in the Fermions, so the path integral can be performed
and it involves a Feynman determinant of a discretized matrix that rep-
resents the action. The Monte Carlo piece then sums over configurations
of the Hirsch-Hubbard-Stratanovitch fields in imaginary time selecting the
configurations that tend to be most important [Hirsch and Fye (1986)].
These methods suffer from discretization error (which is well understood)
and statistical error (which can often be controlled). As a final step, a
maximum-entropy analytic continuation can be performed on the quan-
tum Monte Carlo data to determine the dynamical properties [Jarrell and
Gubernatis (1996)]. This approach is numerically exact, but it can be ex-
pensive in computer time and is insensitive to sharp, narrow features in
the DOS. Often it yields the best solutions for complicated many-body
problems. We won’t discuss these alternative methods further.
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2.7 Computational Algorithms

Regardless of the choice for the impurity solver, the vast majority of DMFT
problems are solved by employing an iterative algorithm [Jarrell (1992)].
Iterative methods for the solution of nonlinear equations can lead to a
number of numerical issues that need to be properly controlled. There may
be more than one fixed-point solution to the equations, the iterations may
iterate away from rather than toward the fixed point, or the iterations may
converge slowly. We discuss these computational issues here.

In most cases, the DMFT algorithm is first solved on the imaginary
axis, yielding the Matsubara frequency Green’s functions and self energies.
This is done because imaginary-axis methods are often faster and more ac-
curate than real-axis methods. When we initialize a numerical solution for
DMFT, we must input the basic parameters of the Hamiltonian, including
the noninteracting DOS, the temperature, and the potential energy pa-
rameters. We often are interested in performing calculations with a fixed
density of particles. But we cannot input this density into the calculation,
instead we input a chemical potential. For a given value of y, with all other
parameters fixed, we can iterate the DMFT equations to convergence, and
then compute the electron density. If this is not equal to our target density,
then we adjust the chemical potential and repeat. Since we are changing
only one parameter in this process, a one-dimensional root finder can be
used. The most efficient such root finder is Brent’s false-position plus in-
verse quadratic substitution root-finder [Brent (1973)], which approaches
the speed and accuracy of a Newton’s method approach, with the safety
of a false-position algorithm, and no need to calculate the derivative of the
filling with respect to u, which is complicated to do in practice. It does
require that the final chemical potential be “bracketed” by the two initial
guesses for the chemical potential, so we need to have an educated guess for
where the chemical potential will be. This is not difficult to achieve. Once
the chemical potential is known, we can switch to a real-axis code to find
the dynamical properties, without needing to adjust the chemical potential
anymore. Note that this strategy is not feasible for problems solved with
the NRG approach, because there is no simple way to employ the NRG
approach to calculate the Matsubara-frequency Green’s functions without
calculating the real-axis Green’s functions first.

This scheme can be sped up, if we adjust the chemical potential within
the iterative DMFT algorithm, so that we iterate to the DMFT solutions
at the correct filling. There are two ways to achieve this goal. First, we
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can estimate the value of the compressibility, which is defined from the
derivative of the filling with respect to u, and use a Newton’s method to
adjust the chemical potential every 10 to 20 iterations (the compressibility
is a two-particle susceptibility that we do not treat in this book). We don’t
adjust at each iteration because we want to give the system some time to
close in on the DMFT solutions with the new value of p before we adjust it
again. In the second case, we simply shift the chemical potential upwards or
downwards (depending on whether the current filling is too low or too high)
by a small amount, proportional to the deviation from the target filling, and
we reduce the maximal allowed shift of i as the iterations increase.

The iterative solutions can sometimes fall into a limit cycle as they
approach the fixed point. Rather than moving in a straight-line toward the
solution, they orbit around the fixed point, spiraling inwards very slowly.
The problem of limit cycles can be reduced, or even eliminated by using
a weighted average scheme in the calculations. Since we need to store
the old value of the self-energy to test for convergence of the algorithm, we
construct the new lattice self-energy as a weighted average of the old lattice
self-energy and the new impurity self-energy

Ynew lattice = Ct2old lattice + (1 - O[)Enew impurity - (2-]—16)

The damping factor a is usually taken to lie between 0 {no averaging)
and 1 (no updating). For the Falicov-Kimball model solutions, it is often
convenient to choose o« = 0 for the first 50 iterations, then increase a =
0.5 for the next 200 iterations, then increase o = 0.75 for the next 500
iterations, then increase to o = 0.9 for the next 2000 iterations, and so on.
One needs to increase the number of iterations as « is increased, because
the progress of the iterations goes more slowly for larger . We usually
want at least 6 to 8 digits of accuracy for the self-energy before we declare
it converged. This criterion is relaxed with NRG or quantum Monte Carlo
impurity solvers since they are so costly to run.

There are occasionally situations where there is more than one solution
to these iterative equations. Fortunately this is rare, but it occurs, for
example, in the Mott transition in the Hubbard model at finite temperature.
When such a situation occurs, the multiple fixed points can be attractive
or repelling. If they are unstable, then it is unlikely they will be found
within the iterative scheme, and this is always an unfortunate uncertainty
with this numerical technique. If they are stable, and hence attractive,
one needs to start the iteration with self-energies sufficiently close to the
self-energies of the corresponding fixed points in order to be able to find
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them. This is actually how their existence was discovered in the Hubbard
model [Georges, et al. (1996)]. The only way to determine which fixed
point is the physical fixed point is to calculate the free energy associated
with each of them—the lowest free energy will be the thermodynamically
stable solution.

When we are solving for the chemical potential, we need to calculate
the Green’s function at every Matsubara frequency, because they are all
needed to determine the electron filling. But when we have the converged
value for p, and we want to calculate the real-axis results, then for the
Falicov-Kimball model we can perform the iteration separately for each
desired frequency value w. This can greatly speed up the computational
time, because most frequencies converge quite rapidly, and they will not
need to be recalculated after they have converged. The algorithm often
becomes inaccurate near the band edges in the insulating phase. There are
a number of problems in the Appendix which deal with these issues. For
other models, there might be a coupling between different frequencies in
solving the impurity problem. If this is the case, then the results should be
calculated for every frequency in each iteration.

Note that in the NRG calculations, there are a number of places where
the numerics can be challenging: (i) in constructing the chain parameters
for a given size chain; (ii) in accurately determining the self-energy from the
NRG for use in the DMFT iterative algorithm; and (iii) in the convergence
of the DMFT algorithm. This is made worse by there being a coarser
knowledge of energy eigenvalues far from the chemical potential and by the
need to artificially broaden the delta functions to get smooth functions of
frequency. Nevertheless, it remains one of the most accurate approaches
available for dynamical properties of strongly correlated systems, and it
is particularly good for cases where a sharp peak develops near or at the
chemical potential, as often occurs in Fermi-liquid systems.

There is one other method that can be employed to solve the DMFT
equations for the spinless Falicov-Kimball model [Brandt and Mielsch
(1989)]. Since we know the direct relation between the self-energy and the
Green’s function [from Eq. (2.102)], we can substitute it into the Hilbert
transform and get a transcendental equation for G, [or equivalently for
G(w) since the quadratic equation holds on the real axis too]. If we solve
this transcendental equation using a root-finder in the complex plane, mak-
ing sure to avoid the trivial root G = 0, we have an alternative way to solve
the DMFT algorithm (Miiller’s square-root algorithm is a good root finder
for the complex plane [Miiller (1956)]). This approach is nice, because it



80 Transport in Multilayered Nanostructures: The DMFT Approach

does not require any iterations, but it appears to only be possible for the
Falicov-Kimball model, since the relation between ¥ and G is not known
for other models. There also is a challenge in being able to choose the
correct sign for the square root, since it can change as a function of where
the variable z lies in the complex plane.

2.8 Linear-Response dc-Transport in the Bulk

Determining the transport properties of a material, namely the response of
the electrons in the material to the application of an external electromag-
netic field, or a temperature gradient, is the most useful way to classify
materials properties. Often the dc conductivity is used to describe the
material as metallic, insulating, or semiconducting. But the thermal trans-
port, and the effects of a magnetic field (say in the Hall effect), are also
important properties to measure. From a theoretical perspective, we would
like to calculate the relevant transport coefficients in the linear-response
regime, where the effect of the perturbing fields is taken into account to
first-order only. Since many materials display linear behavior over a wide
range of fields available in a laboratory, this approximation is usually quite
adequate.

Our starting point is to determine the relevant current operators as-
sociated with particular transport mechanisms. We will then employ a
Kubo-formula analysis to extract the corresponding transport coefficients.
Qur focus will be on dc effects, and we will not investigate any magnetic
field effects here.

Suppose an electric field E(r,t) (that can vary with position and time)
is applied to a material. This field will cause the electron density p.(r,¢)
to vary with position and time as well. The equation of continuity for the
number current j says that

Opert) | -j(r,t) = 0. (2.117)

ot

If we introduce the definition of the electric polarization P by P(r,t) =
rp.(r,t), take the partial derivative with respect to time, and integrate
over all space, then we can use Eq. (2.117) and integration by parts to
show that j(r,t) = 0P(r,¢)/6t. In quantum mechanics, we are interested in
determining operators, where time derivatives are replaced by commutators
with the Hamiltonian, so the polarization and the number current operator
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are related via j(r) = i[H,P(r)]. On a lattice, the position variables are
replaced by site indices, so that P;(t) = ch;-cj and

Ji =i, Pj]. (2.118)

Since the potential-energy operator is normally a function of the number
operators, it does not contribute to the number current, and the only contri-
bution to the current operator comes from the commutator with the kinetic
energy. Performing the commutator yields two forms for the total number
current operator j =) ;545 (in real space and momentum space)

j=—itd Y clensd =Y viea (2.119)
i 4 k

where the symbol § denotes the nearest-neighbor translation vector, i+ § is
the corresponding nearest-neighbor to site 7, and vy is the electron velocity
vk = Ve(k). Note that in cases where the electrons have spin, Eq. (2.119)
needs to be modified to include a sum over the spin indices. The charge-
current operator, is then written as j. = —|e|j, where we make explicit that
the charge of the electrons is negative.

The heat-current operator is more complicated to determine. As elec-
trons move through the lattice, they carry energy and heat with them. The
heat current is just the energy current minus the chemical potential times
the number current, because the heat is always measured relative to the
chemical potential (in other words, an electron that has energy larger than
 carries heat, while one with energy less than p carries coldness). It is easy
to guess the kinetic-energy contribution to the energy current — one simply
adds a factor of ex to the last term in Eq. (2.119), but we need to account
for the potential-energy contributions as well. The procedure for how to do
this is described thoroughly in Chapter 1 of [Mahan (1990)]. We need to
generalize the polarization operator to an “energy polarization” operator,
which requires us to break the Hamiltonian up into pieces, each associated
with a given lattice site. This can be easily done for the potential energy
if the interactions are local, but there is no well-defined procedure for the
kinetic-energy piece. The convention is to break each hopping term in half,
associating half with the site in each nearest-neighbor pair. In this fashion,
we write H = >, H;, with

t ~
Hi=-3 ;(CICH—& +clysc) + Vi, (2.120)
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where the local potential energy is, for example, just Vi = Ey f;r fi +
U c:«' (e fzT f; for the Falicov-Kimball model. The energy current is then de-
fined via jp = i[H, Zj R;H;]. Because the energy polarization operator
is not just a function of the electron number operators anymore, the com-
mutators will change for different models, due to the changing potential
energy. Evaluating the commutators can be complicated as well. For the
Falicov-Kimball model we find

. . . 1 -
jo =Jp—ui =) (ac—p)vicert3 D (Vietvie)W (k=K')cf e, (2.121)
k kk’

where W(q) = 3, exp(~iq- R;)f] f;/V.

We use the Kubo-Greenwood formula [Kubo (1957); Greenwood (1958)]
to evaluate the transport coeflicients. We will derive it in general, but
apply it directly to the electrical conductivity. We work in the linear-
response regime, taking the limit that the external field is infinitesimal.
We imagine modifying our time-independent Hamiltonian by adding a time-
dependent perturbation H'(¢). The perturbation is turned on adiabatically
as t —» —oo. The expectation value for the particle-current operator as a
function of time is

((0) = T {2 MmN (1, —00)i0 (1, ~o0) } (2.122)

where we introduced the time evolution operator U (t, —00), familiar from
time-dependent problems in quantum mechanics, which determines the
time evolution of all operators. The evolution operator satisfies an EOM

i0,U(t, —00) = [H — puN + H' (1)]U (¢, —o0), (2.123)
which is solved by a time-ordered product
U(t, —o0) = Tt oo dEH-uN+H'®)] (2.124)

which requires the time ordering because the operator H’ may not commute
with itself or H — uN for different times. Unfortunately, it is difficult to
expand Eq. (2.122) in a power series in the perturbation because of the
time ordering. We need to re-organize the expression, so the time ordering
involves only the H’ operator. This is done by introducing the interaction
representation, defining the interaction representation evolution operator
via

Ur(t, —o0) = XM=+ (1, —o0). (2.125)
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It is easy to show that id,Ur(t,—c0) = H'1(t)Ur(t,—o0) with the in-
teraction representation of the perturbation being H';(t) = exp[i(H —
pNYH! (t) exp|—i(H —pN)t]. Hence Ur(t, —oo) = T; exp|—i fioo dtH';(¢)].
Next, we move the rightmost factor U in Eq. (2.122) to the left by the cyclic
property of the trace, and we replace U by U, throughout. All of the de-
pendence on the perturbation now lies in the term Uy exp{—8(H — MN)](AJ},
and we need to expand this to first order. Substituting in the Taylor series
expansion for the time-ordered product in Ur then yields

Ur(t, —o0)e P11, —o0) = e A—HA) (2.126)

t
i / dEH 1 (B), e=BH=1] 4 O(H'?).
— 00
Now we can evaluate the linear-response current. It satisfies

G@®) =4 —i/_t dt_Tr{e—i(H_“N)t[’H’I(E),e—ﬁ(H—uN)]ei(H—uN)tj}_

(2.127)
Using the invariance of the trace, and remembering the definition of time-
dependent operators in the interaction representation, we get the final
Kubo-Greenwood result

G0) = G) —i / 41 (), H' 1 @)). (2.128)

Note that since we did not use any special properties about the current
operator, or the perturbation, the above relation is a completely general
result. We have succeeded in representing the linear-response current with
expectation values and time-evolutions that take place wholly within equi-
librium. Knowing this, we can drop the I subscripts for the interaction
picture from the remainder of our formulas since we know the time evolu-
tion is always with respect to H — uN.

The Kubo formula is normally written in the form of a current-current
correlation function. This can be seen when we examine the effects of an
electric field written in the gauge where the scalar potential vanishes, so
that E;(t) = —0:A,(t) (we set the speed of light ¢ = 1). The perturbation
to the Hamiltonian is then H'(t) = |e| }_, ji - A;(t) involving the sum of the
negative of the dot product of the charge current operator with the vector
potential over all sites of the lattice. We will examine only uniform fields
here, so we assume A; = A is independent of 1. Substituting this result into
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Eq. (2.128) and noting that the expectation value of the current vanishes
in equilibrium gives

(~lelia(®) = i€ 3 [ dRia(t). BODASD. (2129)
p Y —©

The symbols a and b refer to the spatial indices of the corresponding vectors
(they are not the lattice sites).

Since we have time-translation invariance when we are in equilibrium,
we can take the Fourier transform of Eq. (2.129), and note that A(w) =
—iBE{w)/w, to yield

(~lelia(w)) = ie? ) WEM. (2.130)
b

We introduced the symbol T/ (w) = —i [ dtexp[iwt]8(t){[ia(t),3b(0)]),
the retarded current-current correlation function. This is almost in the
form where we can extract the conductivity. The only remaining issue
that we need to take into account is that when we add an electric field to
our system, we have to replace the momentum by the Pelerl’s substitution
p — p + leJA. When we are on a lattice, the shift is k — k + |e|A in
the velocity vi. This produces an additional term to the charge current in
linear response, namely the term —ieQ(Ta)Ea /w to the response (where T,
is the — cosk, piece of the kinetic energy operator). Putting this together
with the Kubo result gives

e (w) = <Ta>5ab E
w

(~lelja(w)) = ie* > —eb b(w), (2.131)
b

or, since the conductivity satisfies —|e|jo(w) = 2 Tap(W)Ep(w),

2 Hijl;ret (w) _ iez (Ta>5ab
w w

oab(w) = i€ (2.132)
The real part of Eq. (2.132) is called the optical conductivity, which is
normally what a theorist will calculate.

It is not easy to evaluate the conductivity by directly calculating
Eq. (2.129) and then taking the Fourier transform. Instead, we proceed
as we did with the Green’s functions by first evaluating the response func-
tion on the imaginary axis, and then analytically continuing to the real axis.
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This is done because the continuation of the imaginary-axis response func-
tion is to the retarded response function, and all calculations are straight-
forward, although they are lengthy.

We start with the appropriate generalization of the retarded current-
current correlation function to the imaginary-time axis (one can verify that
this is the correct form by examining the Lehman representation, and then
converting from the imaginary to the real axis, similar to what we did with
the Green’s functions):

(r) = T [P0 O i) 0)] - (570 e 5000)])
x <%’I‘r [e—"(”—“N)jb(o)D , (2.133)

and the expectation values of the current vanish in equilibrium, so the
last term is zero. This correlation function is periodic when 7 — 7+ 3
because the current operators involve two Fermionic operators, and there
is no sign change when the current operators are interchanged by the time-
ordering operation. The Matsubara frequency Fourier series corresponds
to the Bosonic frequencies iv; = 2iwTl and the Fourier coefficients are

g 8 , .
Hfljb(il/l)z/ dre™ IR (7). (2.134)
0

We calculate the correlation function by adding a field to the Hamil-
tonian, and taking a derivative of the appropriate expectation value with
respect to the field. In this case, we add a field —j - A(r) with A{r) =
T, Ajexp(—iyT); note, that the field A is not necessarily the vector
potential here, but is a fictitious vector-valued function employed in the
calculations. Since the added field does not commute with the Hamilto-
nian, we need to express it as a time-ordered product using the identity

e~ J& dTH=pN =5 AM)] _ = BH-pN) T of5 dri(r)-A(T) (2.135)

with j(7) = exp[r(H — pN)]jexp[—7(H — uN)]. Then we can take deriva-
tives, to find that II73 (ivy) = 8(j»(0))/0Aq(—i)/T when A — 0. Using
Green’s functions to evaluate the expectation value gives

OGk (twn, twm,
W) = 3 Y vig aeomms “ OCiliwon, bm) (2.136)

k nm —Zl/l)
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where we must use the double Fourier transform of the Green’s function,
since the j - A field makes the Green’s function lose it’s time-translation
invariance so that

8 B8 ) , ,
G (iwn, twp) = T/ dT/ dr' e Gy (r, T )e T WmT (2.137)
0 0

after the derivative is taken, we can evaluate the Green’s functions in equi-
librium, where Gy (iwn, iwym) X dnm. The derivative is computed by using
the identity

Gucliwn, iwm) = Y G(iwn, iwm )Gy (iwny, i) Gic(iwps i), (2.138)

m’'n’

and noting that any Green’s function that does not have a derivative acting
on it can be replaced by it’s (diagonal) equilibrium value. This yields

OGE (iwn, 1w )
ab Zl/l Zk: ;ﬂ: kaGk an)WGk (zwm). (2139)

The derivative of the inverse of the Green’s function is easier to find than
the derivative of the Green’s function itself. To do so, we must first examine
the EOM for the Green’s function, which is

/ dr"[{—0; + p—ex+vic- A1) Yo (r = 7") = B(7, 7")|Gi (7", T') = 8(T—7'),

’ (2.140)
and determines the inverse operator in the square brackets (note, the self-
energy depends on two times now as well). Next, we take the double Fourier
transform of the inverse operator, to find

’

D wn + = e1)nm: = Tome + T Vie* At 1] Gae (1w, iWm) = G-
m 14

(2.141)
The term inside the square brackets is G| ! (4wp, iwm). There are two terms
that have a nonzero derivative with respect to A(—iv;): the self-energy and
the A fleld. Performing the derivatives gives

Hﬁ: (iv)) = -T Z Z Vika Vs Gk (iwn)Gk (iwn+1)
k n

0%nm
+ Zk: ; Vi G ( ZWn)'M(—)Gk(ZWm) (2.142)
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The second term on the right hand side is called the vertex correction.
The self-energy is a functional of the local Green’s function, so we can use
the chain rule to relate the derivative with respect to A to a derivative
with respect to the (two-frequency) local Green’s function. The derivative
becomes

aznm . anm 8Gn’m’
DAL (~ivr) nz,:i Gt OAG(—it7)’ (2.143)

Since the derivative of the self-energy with respect to the local Green’s
function is independent of momentum, and since >, viGk (iwn)Gx (iwm) =
0, because the velocity operator is an odd function of k and the Green’s
functions are even (since they depend only on €y ), we have that the vertex-
correction term in Eq. (2.142) vanishes [Khurana (1990)]. The current-
current correlation function is equal to the bare correlation function with
no vertex corrections in DMFT!

So the last task we have is to perform the analytic continuation from
the imaginary frequency axis to the real frequency axis. This is done by
using a variant of Cauchy’s theorem [Mahan (1990)]. We first write the
summation over Matsubara frequencies as an integral over the contour C

(a) X (b) >
Q Region 1 X Region 1
X
---------- I SE—
x X
X
% Region 2 X Region 2
9 .
e Y y X
@ 'V| ___________________________ U)—iVl
X
X )
5 Region 3 X Region 3
X

Fig. 2.9 Contours used in the analytic continuation: (a) three contours needed for the
Matsubara frequency summation and (b) contours deformed to four lines parallel to the
real axis. The Green’s functions involve either G(2) or G(z+1iv;). The analytic functions
are GF in region 1 and G# in regions 2 and 3 for the former, and G¥ in regions 1 and
2 and G* in region 3 for the latter.
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shown in Fig. 2.9(a) which has contributions at the poles of the Fermi dis-
tribution which lie at the Fermionic Matsubara frequencies (the residue of
the pole is —=T'). The contours are then deformed to lines parallel to the real
axis, with the Green'’s functions evaluated with either retarded or advanced
functions depending on the argument, and the regions of analyticity (since
the functions are all analytic, there are no additional poles). The result is

P (i) = (2.144)
2L7ri / dw f (w) Z VikaVib[GE (W) — Gi (W)GE(w + 1)
—oo -

-2% /_oo dwf(w — i) zk:vkavkbGﬁ(w — i) [CEw) — GLW)]-

The analytic continuation (which is unique) is performed by first rewriting
flw —iy) = f(w), then taking iv; — v + i and shifting the integration
variable w — w + v in the second integral. Then, using the definition for
oab, We finally arrive at

2

oult) = 5y [ kaavkbRe{ﬂw)Gko( )Gico (0 + )

- f(w + V)Gka(w)Glta(w + V)
— [f(w) — flw+ )]Gy (W)Grelw + l/)}. {2.145)

We can perform the summation over k directly. Because ¢y is an even
function of k and vy is odd, we must have a = b. The average of sin? kg
times a function of €y over the Brillouin zone turns out to be equal to the
average of cos? k, times the same function of ex (which can be related to
the average of €} because the average of cosk, cosks is a 1/d correction).
The net effect is an extra factor of 1/2. The summation over k can be
written as an integral over energy with a weighting factor of p(e)a?t*?/2d.
This yields for the optical conductivity

22442
ol = E2, [ [ apo B~ L)
X Re{Gk(w)Gk(w +v) - Gi{w)Gx(w + 1/)} (2.146)

The integrand actually involves just the product of the imaginary parts
of the two Green’s functions. If we recall the definition of the spectral
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function, and we define the constant o9 = e*2/2hda®=2 (which has all of
the dimensionful constants restored), then the conductivity becomes

gab(v) = g296ab /;0; dw /j: dep(e)&-)—_—g(iﬂAk(w)Ak(w + ).

(2.147)
Using the fact that Imz = (z — 2*)/2i, and expanding the integrand by
partial fractions allows the integral to be performed over ¢

oan(v) = Zg;r%dab /—00 dw&)—“—im (2.148)
Gw) - Gw+v) G*(w) — Gw +v)
XRG[_HZ(w)—E(ww) v+2*(w)—2(w+v)]'

The final step for the de-conductivity is to take the limit of v — 0. Using
the facts that

and
Jim - fg’()w_) f(g’(: 41/—)1/) = -2+ 2w+p-SW)GW),  (2.150)
produces our final resuit
g(0) = o9 /_0:0 dw <—£li;(wi)-) 7{w), (2.151)

with the exact many-body relaxation time 7(w) defined by

_ 1 (ImGw)
(W) = (ImZ(w)

Our calculations have been performed for the hypercubic lattice. All of the
steps are the same for other lattices up to Eq. (2.145) except there is an
additional v factor. In cases where we need to take into account the cross
terms cos k, cosky, the analysis is even more complex. Details are worked
out explicitly for the simple cubic lattice in Problem A.16.

We examine the relaxation time for a Mott insulator phase for U =
3/v/2 on the hypercubic lattice and for U = 3 on the Bethe lattice (which
correspond to similar insulating phases) for a range of w; values and T'=0
in Fig 2.10. Note the unphysical behavior for the hypercubic lattice. The
relaxation time behaves like a power law in the “gap region” because the
DOS is exponentially small, but the lifetime of the states is exponentially

+2— 2Re{|w + p — E(w)]G(w)}) . (2.152)
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Fig. 2.10 Exact many-body relaxation time for similar Mott insulators with (a) U =
3/v/2 on a hypercubic lattice and (b) U = 3 on a Bethe lattice [the legend in panel (b)
also applies to panel (a)]. The hypercubic lattice has a number of unphysical behaviors
due to the fact that it has an infinite bandwidth, and many of the “rare” states have
long lifetimes, which can contribute significantly to the transport. This can be seen in
the inset to panel (a) where the w? behavior of 7(w) is clearly seen in the “pseudogap
region”.

large, so they can carry current. Also, the relaxation time does not go to
zero at large frequency for the same reason. The Bethe lattice behaves
more as is expected: the gap region is well defined with 7(w) = 0 within
the gap, and the relaxation time vanishes outside the band.

In addition to the de-conductivity, we are also interested in thermal
transport. Since electrons carry energy with them as they move through
the lattice, they transport heat as well as charge. Since the weighting
factor that determines the energy carried by an electron is different from
the weighting factor that counts the number of electrons that move through
the lattice, one can transport heat in the absence of a particle current and
vice versa. The two thermal transport quantities we want to calculate are
the thermopower S which is the thermal analog of the Hall effect: since
the weighting factors for the particle and heat currents differ, as described
above, we can have a situation where there is no particle current flow, but
there is heat current flow. So we can apply a thermal gradient over an
isolated piece of material (that carries no charge current) and measure a
voltage. The ratio of the voltage difference to the temperature difference
is given by the thermopower. In addition, we can examine the electronic
contribution to the thermal conductivity k.. Like electrical current, which
flows when there is a voltage difference, heat current flows when there is a
temperature difference. Real materials have two carriers for heat current —
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the electrons and the phonons. In this book we will not consider the phonon
contribution, but it often can contribute significantly at low temperatures.
The standard approach to charge and thermal transport is to relate
these experimental quantities to relevant particle-current—particle-current
(L11), particle-current-heat-current (L1p = Lg;), and heat-current-heat-
current (Log) correlation functions. We have already determined L,; which
satisfies 04, = €2L;;. The thermopower and thermal conductivity satisfy

kp L k2
=2 = -5 {ng——@}. (2.153)

=== Ke=
le|T L11 T L

A theorem by Jonson and Mahan [Jonson and Mahan (1980); Jonson and
Mahan (1990)], states that if one can determine the exact many-body re-
laxation time, then the thermal coefficients satisfy the so-called Mott non-
interacting form [Chester and Thellung (1961)]

L= Z—g —0; dw <———dj;(5)> T(w)w'i =2, (2.154)

This result implies that we don’t even need to determine the heat-current
operator in order to calculate the thermal transport; we only need to know
the relaxation time for the charge transport multiplied by the appropriate
power of frequency. What is remarkable is that one can perform a brute-
force proof of the Jonson-Mahan theorem for the Falicov-Kimball model in
DMFT, by exactly calculating all relevant correlation functions and showing
they add up to reproduce Eq. (2.154) [Freericks and Zlati¢ (2001)]. The
details are quite technical and will not be reproduced here. Instead, a
sketch of the original Jonson-Mahan proof, as formulated in [Mahan (1998)]
is presented in Prob. A.17.

We end this section with a brief discussion about optical sum rules.
The optical conductivity in Eq. (2.147) satisfies a sum rule. The integral of
o(v) from 0 to oo is proportional to the average kinetic energy [Maldague
(1977)]. This is important because it serves as a useful test of the numerics.
If we independently calculate the average kinetic energy and the optical
conductivity, then we can verify that the sum rule holds. This is a very
useful step in ensuring that there are no errors in one's computational codes.
Unfortunately it is a step that is often neglected by many researchers. We
urge all readers of this book to perform this check when they are calculating
transport properties.
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2.9 Metal-Insulator Transitions within DMFT

The strongly correlated metal-insulator transition is one of the most thor-
oughly studied problems in condensed matter physics. Even so, its solution
has remained elusive in three dimensions. DMFT has shed light onto this
problem by illustrating a number of ways in which the transition occurs,
and by describing a number of different scenarios for the transition itself.

Fermi liquid theory [Landau (1956)] is one of the hallmarks of condensed
matter physics. It says that if the interactions are weak, then a fraction
of the Fermi-like quasiparticles of the noninteracting system remain in the
interacting system, with minor changes: their lifetime is still infinite at
the Fermi energy (and T' = 0), but their mass can be modified, and their
spectral weight can be reduced from 1, with the remainder of the weight
being pushed to higher-energy incoherent excitations. This is the basis of
much of band theory, which neglects the electron-electron interactions, and
only includes the electron-ion interactions, In DMFT there are two classes
of metals: (i) Fermi-liquid metals, which have the same Fermi surface as the
noninteracting system has (from the Luttinger theorem [Luttinger (1962)]
and the fact that the self-energy has no momentum dependence) and the
DOS at the Fermi energy is unchanged from the noninteracting value at T =
0 [Miiller-Hartmann (1989a); Miiller-Hartmann (1989b); Miiller-Hartmann
(1989c¢)} and (ii) a non-Fermi-liquid metal, which has a finite lifetime at the
Fermi surface (and T = 0), and whose DOS at the Fermi energy may be
modified from the noninteracting value (when T' = 0) because the Luttinger
theorem no longer applies. The Hubbard model and the periodic Anderson
model fit into the former category, while the Falicov-Kimball model fits into
the latter.

As the interactions increase, if we have, on average, one electron per
lattice site, then the electron-electron interaction can localize the electrons
by freezing out the double-occupancies on each lattice site due to a large
Coulomb repulsion [Gebhard (1997)]. This is seen in the DOS by it be-
ing suppressed to zero at the chemical potential and T' = 0. On lattices
that have a finite bandwidth, like the Bethe lattice, a true gap can open
as the interactions are increased further. While on lattices that have an
infinite bandwidth, like the hypercubic lattice, the DOS can only vanish
right at the chemical potential (it is exponentially suppressed elsewhere
within a “gap region”) and the system only has a pseudogap. Since the
DOS vanishes at the pseudogap, and since the noninteracting DOS has an
infinite bandwidth, it is clear from the Hilbert transform, that the only way
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to get a vanishing DOS is for the Green’s function itself to vanish, which
implies the self-energy is infinitely large. This occurs from the formation
of a pole in the self-energy at a critical value of the interaction strength
UPele (see Problem A.13). At half filling, it turns out that the MIT occurs
when a pole forms in the self-energy on the Bethe lattice as well, but away
from half filling, in a particle-hole asymmetric MIT, the critical interaction
strength for gap formation UE®P, is always less than the critical interaction
strength for pole formation [Demchenko, Joura and Freericks (2004)] (see
Problem A.19).

The Hubbard model is probably the most studied problem for a strongly
correlated MIT. The U = 0 state is always metallic, while the U = oo state
is insulating at half filling, since there is one electron per site and no double
occupancy allowed. The fundamental questions are: (i) what is the critical
value of U for the MIT and (ii) is the transition continuous or discontinu-
ous? There are only two limits where this problem has been solved exactly.
In one-dimension, there is a Bethe-ansatz solution [Lieb and Wu (1968);
Gebhard (1997)], which shows that the critical value of U is U — 0%, so it
is difficult to study the behavior near the critical interaction strength. In
infinite-dimensions, there is extensive numerical work, which culminated
in the NRG analysis at T = 0 [Bulla (1999)], which explicitly showed the
evolution of the MIT, confirming the qualitative features of an earlier per-
turbative analysis [Zhang, et al. (1993); Georges, et al. {1996)}, which has
two critical values of U, one where the insulating solution U™ becomes un-
stable, and one where the metallic solution becomes unstable UM¢*. Since
Uins < Umet | there is a coexistence region, where both metallic and insu-
lating phases can exist, but the metallic phase is the global minimum of
the free energy. Hence the MIT occurs at U™®t. The “gap region” ap-
pears to have a discontinuous jump at the transition, but the numerical
results are unable to resolve exponentially small DOS at finite frequency w,
which are known to exist on the hypercubic lattice and may be required by
Fermi-liquid theory just before the transition [Kehrein (1998)].

We summarize the results of [Jarrell (1992); Zhang, et al. (1993);
Georges, et al. (1996); Bulla (1999); Bulla, Costi and Vollhardt (2001)]
and some previously unpublished results {Bulla (unpublished)] in a series
of figures for the hypercubic lattice where U, = 4.1. In Fig. 2.11, we plot
the DOS on the hypercubic lattice near the MIT. The DOS displays both
upper and lower Hubbard bands, and in the metallic phase it has a narrow
quasiparticle resonance, with the DOS at w = 0 pinned to the noninter-
acting value. In the lower set of panels, we plot the imaginary part of the
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Fig. 2.11 T = 0 DOS at half filling for the Hubbard model on a hypercubic lattice
with (a) U = 0.8U, (b) 0.99U., and (c¢) 1.1U;. Note how the DOS remains at the
noninteracting value in the metallic phase, and how there are well-defined upper and
lower Hubbard bands before the transition. The transition occurs by the width of the
quasiparticle peak shrinking to zero and disappearing. The insulator appears to have
a well-defined gap at the transition. In the lower panels [(d-f)], we plot the imaginary
part of the self-energy, which shows a narrow region with Fermi-liquid like behavior
(quadratic in w and vanishing at w = 0 [in panels d and e]) which gives way to a pole
at w = 0 characterized by the appearance of a delta function [in panel f]. Adapted with
permission from [Bulla (1999)] (original figure © 1999 the American Physical Society).

self-energy for the same values of interaction strength, which show the evo-
lution from a Fermi liquid to a Mott insulator. Recent work [Karski, Raas
and Uhrig (2005)], employing the density-matrix renormalization group to
solve for the dynamics of the impurity problem, indicates that there is some
additional sharp structure in the DOS near the band-gap edges in the cor-
related metal close to the critical U for the MIT; this structure is tied to
a collective effect between the Fermi-liquid excitations and the incoherent
excitations across the gap. This additional structure cannot be resolved
with NRG.

We show the finite-temperature dependence of the DOS in Fig. 2.12 just
below the critical value of U. Note how the behavior is quite anomalous for
a metal. The DOS initially decreases as the temperature is lowered, until
about T = 0.02, where it discontinuously jumps and increases to ultimately
form a quasiparticle peak, which saturates at the noninteracting value as
T — 0. This behavior will lead to significant anomalies in the transport
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Fig. 2.12 DOS at half filling for the Hubbard model on a hypercubic lattice at U =
3.54 = 0.86U. and various temperatures. Note how the DOS has a dip at the chemical
potential for high temperature, which initially deepens as T is lowered, and then has a
sudden, discontinuous increase as the system is cooled below the Fermi-liquid coherence
temperature and the quasiparticle gap is formed [Bulla (unpublished); adapted with
permission from data used in Freericks, Devereaux and Bulla {2001)).

properties for temperatures above the coherence temperature, where the
Fermi peak starts to form.

In the left panel of Fig. 2.13, we plot the DOS as the system is doped
away from half filling for U slightly above the Mott transition value. As
the system is doped, the chemical potential rapidly moves into the lower
Hubbard band, and a quasiparticle peak is superimposed on the lower Hub-
bard band structure. In the right panel, we show the temperature evolu-
tion for p. = 0.915. It shows how the peak sharpens and develops as T
is lowered.

In summary, the Hubbard model displays rich physics near the Mott
transition, that depends crucially on the temperature, the doping, and the
interaction strength. In general, the ground state is a Fermi liquid on the
metallic side, and the system is always metallic when doped away from half
filling. But the Fermi temperature, where the quasiparticle peak develops
gets pushed down toward T = 0 as the MIT is approaches, which means
that the metallic phase can display quite anomalous behavior. As the quasi-
particle peak disappears, by having its width reduced to zero, the insulating
phase appears to have a well-formed “gap region” already in place. This
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Fig. 2.13 DOS away from half filling for the Hubbard model on a hypercubic lattice
with U = 4.24 = 1.03U. (half-filling). The left panel (a) shows the evolution with doping
away from half filling, with a fixed temperature 7' = 0.029, and the right panel (b) shows
the evolution with temperature at a fixed filling p = 0.92. Adapted with permission
from [Freericks, et al. (2003a)] (original figure © 2003 the American Physical Society).

is a remnant of the coexistence of the insulating and metallic phases for
Ulns < U < Uet,

It is also important to examine situations where the MIT does not occur
at the particle-hole symmetric point, since nearly all real materials are
not particle-hole symmetric [Hirsch (1993)]. There are two ways to break
the particle-hole symmetry: (i) add next-nearest neighbor hopping, which
breaks the bipartite symmetry of the lattice, or add extra bands that will
break the particle-hole symmetry; or (ii) modify the model to make it
explicitly particle-hole asymmetric. For illustrative purposes, we choose
to examine the second option here. We study the Falicov-Kimball model
with pe + w1 = 1, but wy # 1/2. Since there is on average one particle per
site, and since the mobile electrons have a Coulomb interaction with the
localized electrons, then if the interaction is strong enough, the electrons
will be frozen on the lattice, and unable to conduct. Does the breaking of
particle-hole symmetry change the character of the MIT? It does not do
so on the hypercubic lattice, because on the hypercubic lattice, the only
way to form a pseudogap is to have the self-energy develop a pole, so the
MIT and the pole formation in the self-energy always occur at the same
critical value of U. But on any lattice with a finite bandwidth, like the
Bethe lattice, we find that the opening of a true gap occurs before a pole
forms in the self-energy.
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Fig. 2.14 MIT scenarios for the Falicov-Kimball model away from half filling on the
hypercubic (left panels) and the Bethe lattice (right panels). Panels (a) and (b) show
the T' = 0 DOS at wy = 0.25 and pe = 0.75 for three values of U: (U = 0.8U£E*" [red],
U = UE* [green] and U = 1.3UE* [blue]); in the last case U > UP®" for the Bethe
lattice. The corresponding imaginary parts of the self-energies are shown in panels (c)
and (d). Note that the chemical potential lies at w = 0 on these curves. The pole for
U = 1.3UE on the Bethe lattice [the blue curve in panel (d)] is so close to the right
band edge, that it cannot be separately distinguished in the plot. Panels (c) and (d)
adapted with permission from [Demchenko, Joura and Freericks (2004)] (original figure
© 2004 the American Physical Society).

In Fig. 2.14, we summarize the results for the MIT at w; = 0.25 on
the hypercubic and Bethe lattices, where Ug* = UP°® ~ 1.633 on the
hypercubic lattice and where Ug*P ~ 1.908 and Uc':""e = 2.309 on the Bethe
lattice. It is interesting to note that on the hypercubic lattice, the MIT
occurs at larger U values as w; is reduced from 1/2, while on the Bethe
lattice, the MIT occurs at smaller U values as w; is reduced from 1/2, but
the pole formation occurs at higher values of U. So there is a region in U
where the system is a Mott insulator, but the pole has not yet developed in
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the self-energy; this occurs whenever the noninteracting DOS has a finite
bandwidth. The phase diagram is plotted in Fig. 2.15 along with a plot that
shows how the pole evolves with U for different values of w;. When we have
particle-hole symmetry, the pole always lies right at the center of the gap,
and appears at the MIT. Away from half filling, the pole is created only for
larger values of U, and it enters from one of the band edges, migrating closer
to the center as U increases. Hence, the nature of the MIT is completely
different on lattices with a finite bandwidth and on lattices with an infinite
bandwidth. Because real systems always have a finite bandwidth, we expect
the Bethe lattice results to be closer to real three-dimensional systems than
the hypercubic lattice results when particle-hole symmetry is broken.

So one may ask the question, how important is the pole formation for
the MIT? Does the system behave differently when the self-energy has a
pole versus when it does not? On the hypercubic lattice it definitely does,
because the pole signals the formation of the insulating {or semi-metallic)
phase, but on the Bethe lattice, we find no significant change in the behavior
of the system in the insulating phase after the pole forms. There are no
observable changes in any of the common charge or transport properties.
This implies that although the pole formation appeared to be driving the
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Fig. 2.15 Phase diagram showing the three regimes on the Bethe lattice as a function of
U and w in panel (a): (i) the metallic region (below the dashed line); (ii) the insulating
region with no pole in the self-energy (between the solid and dashed lines); and (iii)
the insulating region with a pole in the self-energy (above the solid line). In panel (b),
we plot the relative location of the pole within the gap as a function of U. The curves
are for different values of w; and they asymptotically approach 1/2 — wy as U — 0.
Note how the w1 = 0.5 case has qualitative differences with all other cases. Reprinted

with permission from [Demchenko, Joura and Freericks (2004)] (© 2004 the American
Physical Society).
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Mott physics at half filling, the behavior changes away from half filling, and
it is likely that the pole formation is not a defining property of the Mott
phase, it only happens to appear at some critical value of U and it has
limited effects on the character of the insulating phase.

2.10 Bulk Charge and Thermal Transport

We begin our discussion with bulk transport in the Falicov-Kimball
model [Freericks, et al. (2003b); Joura, Demchenko and Freericks (2004)].
As discussed above, the transport properties are likely to be different on
the hypercubic and the Bethe lattices because the relaxation time 7{w) has
anomalous behavior on the hypercubic lattice—it goes to zero like w? in
the “insulating” phase and it goes to a constant for large |w|. We expect
more normal behavior on the Bethe lattice which has a physically correct
relaxation time (vanishing inside the gap, and outside the band edges). In
our model, the conduction electrons scatter off of a fixed concentration of
local particles with a given interaction strength UFK. But the scattering
is treated in an annealed statistical ensemble, which cannot be thought
of as an independent scattering model, where the thermopower would be
independent of the concentration of scatterers (because the Li; and Lig
coeflicients would each be proportional to the concentration of scatterers,
and hence their ratio would be independent of the scatterer concentration).
Instead, we will see strong variations in the thermopower as a function of
the concentration of scatterers.

In Fig. 2.16, we plot the conductivity versus temperature for the case of
half-filling p. = wy = 0.5 on the hypercubic lattice for a variety of different
U values. Note how the conductivity at T = 0 continuously goes to zero
as we pass through the Mott transition at U = /2. The behavior for weak
scattering is a constant conductivity versus temperature at low T, which is
expected for scattering off of static defects. As we approach the MIT, the
conductivity starts to rise as 7' increases, similar to that of an insulator,
even though it remains metallic down to T = 0. This occurs, in part,
because the system has a strong dip in the DOS at the Fermi level on the
metallic side of the MIT; hence heating the sample provides more phase
space for particles to transport current.

In Fig. 2.17, we plot the logarithm of the conductivity versus inverse
temperature on the hypercubic and Bethe lattices for similar values of U.
The corresponding relaxation time was already plotted in Fig. 2.10. Since
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Fig. 2.16 DC conductivity versus T for the Falicov-Kimball model at half-filling (p. =
wy = 0.5) on a hypercubic lattice. We show results for U = 0.5, 0.75, 1, 1.5, and
2. The Mott transition occurs at U = +/2. Note how the conductivity goes to zero
continuously as we approach the MIT and how the metallic phase has anomalous behavior
(of increasing the conductivity as T increases) for a wide range of U values because the
scattering is quite strong, even at U = 0.5.
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Fig. 2.17 Arrhenius plot of the logarithm of the DC conductivity versus 1/T for the
Falicov-Kimball model at half-filling (pe = wi = 0.5). Panel (a) is for the hypercubic
lattice with U = 3/+/2 and panel (b) is for the Bethe lattice with U = 3. The relaxation
time appears in Fig. 2.10. Note how the conductivity does not have an Arrhenius form
for the hypercubic lattice, but it does for the Bethe lattice (with an activation energy of
0.315 which is approximately equal to the barrier height of 0.306).

the hypercubic lattice has long-lived states close to the Fermi level and at
large energies, the relaxation time has anomalous behavior, which translates
into anomalies in the transport. In particular, we do not see exponentially
activated behavior in the conductivity on the hypercubic lattice because of
the quartic behavior of the relaxation time at low frequency; instead, the
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conductivity behaves like T for low temperature in the insulating phase.
On the Bethe lattice, where the relaxation time is identically equal to zero
within the gap, we do see nice activated behavior for temperatures well
below the gap with an activation energy approximately equal to half of the
gap in the DOS (since the chemical potential lies at the center of the gap).
We encounter even more interesting behavior when we examine the
thermal transport. In Fig. 2.18, we plot the thermopower for the cases
Pe = 1 — w; on the hypercubic lattice. In the metallic case [U = 1, panel
(a)], the behavior is as one would expect for a metal with scattering. The
thermopower is larger the more particle-hole asymmetric the system is, and
it vanishes linearly with T as T' — 0, due to the shrinking of the Fermi win-
dow. When we go to a correlated insulator [U = 2, panel (b)], the behavior
looks similar at high temperatures, but is quite different at low temper-
ature, It develops a sharp low-temperature peak for some values of w;.
The origin of this peak is most likely arising from a sharp T-dependence
of the chemical potential at temperatures smaller than the “gap”. As the
chemical potential changes sharply with T', the thermopower also changes
sharply, because the slope of the relaxation time grows as the chemical po-
tential moves away from the center of the gap. This low-temperature peak
in the thermopower can be important for applications if it gives rise to a
large figure of merit (see below). In both cases, the thermopower curves
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Fig. 2.18 Thermopower versus T for the Falicov-Kimball model with pe = 1 — w1 and
various values of wy (0.1, 0.2, 0.3, 0.4, and 0.5) on the hypercubic lattice. Panel (a) is
for a metallic phase with U = 1, while panel (b) is for an insulating phase with U = 2.
The thermopower vanishes when wi = 0.5 due to particle-hole symmetry; it is largest at
high T for the most asymmetric cases (w; = 0.1 here). Note the low-temperature peak
in the insulating case [panel (b)].
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have a broad peak at slightly higher temperatures (between 0.25 and 0.4;
not shown here). The maximal thermopower can be quite large in both
cases (up to about 3kg/le|), and it tends to increase as the correlations
increase.

In Fig. 2.19, we plot the electronic contribution to the thermal conduc-
tivity at the critical interaction strength for the metal-insulator transition
(at wy = 0.5) on the Bethe lattice [U = 2, panel (a)] and on the hypercubic
lattice [U = v/2, panel (b)]. The behavior of the thermal conductivity is
similar on both lattices at low temperature and does not have strong depen-
dence on wi, even though most of the Bethe lattice curves are insulators,
while most of the hypercubic lattice curves are metals. At higher temper-
ature (not shown), the behavior differs. On the Bethe lattice, the thermal
conductivity has a peak around 0.3 and then slowly decreases. On the hy-
percubic lattice, the thermal conductivity continues to increase because of
the anomalous behavior of the relaxation time for large frequencies.

The relative efficiency of a thermoelectric cooler is measured with its
figure of merit ZT, which is defined to be
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Fig. 2.19 Electronic contribution to the thermal conductivity versus 7" for the Falicov-
Kimball model with pe = 1 — w; and various values of w1 (0.1, 0.2, 0.3, 0.4, and 0.5)
at the critical interaction strength for the metal-insulator transition at wy, = 0.5. Panel
(a) is for the Bethe lattice with U = 2, where most of the fillings are insulators, while
panel (b) is for the hypercubic lattice with U = /2, where all of the fillings except
wy = 0.5 are metals. Note how there is little dependence of the thermal conductivity on
the concentration of scatterers here.
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Fig. 2.20 (a) Figure of merit versus 7" and (b) Lorenz number versus T (semi-logarithmic
plot) for the Falicov-Kimball model with pe = 1 — w; and various values of wy (0.1, 0.2,
0.3, 0.4, and 0.5) at the critical interaction strength for the metal-insulator transition at
w1 = 0.5 on the Bethe lattice (U = 2). The figure of merit vanishes for w1 = 0.5 because
S = 0 due to particle-hole symmetry.

which depends on the sum of the electronic (k.) and lattice (x;) thermal
conductivities. In our calculations, we will examine the electronic version
of the figure of merit, which sets x; = 0; this approach always overesti-
mates the figure of merit, but should be reasonable whenever the electronic
thermal conductivity dominates over the lattice thermal conductivity (or-
dinarily this will be at high temperature). The figure of merit arises from
the competition between the transfer of heat that is “dragged” along with
an electrical current versus the transfer of heat via standard thermal con-
duction. For a thermoelectric cooler application, we need to be able to
drive the heat to flow from cold to hot, while the thermal conductivity
process always goes from hot to cold. If the thermopower is large enough,
we can achieve cooling. It is often stated that one needs Z7T > 1 for a
viable device. While it is true that most commercial devices do operate in
this regime, one can use devices that operate over narrower temperature
ranges effectively with ZT < 1. Determining how large Z7 must be for
any given application is not an easy task. But one good rule of thumb is
that the maximal temperature difference between a hot reservoir 7} and
a cold reservoir T, satisfies Tj, — T, = ZT2/2, so the size of ZT and the
temperature of the cold reservoir both determine how hot the hot reservoir
can be, and thereby yield the degree of cooling possible. For example, the
figure of merit needs to be pushed up to Z7T > 4 to be competitive with
conventional coolant based refrigerators at room temperature. In the re-
sults shown in Fig. 2.20 (a), one can see that as the system is made more
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particle hole asymmetric, the figure of merit grows. It also grows as T is
increased, because the Lorenz number is reduced. In any case, one does
not find very large figures-of-merit here.

Wiedemann and Franz [Wiedemann and Franz (1853)] noticed that the
ratio of the thermal conductivity to the charge conductivity was a con-
stant for many different metals when compared at the same temperature.

Lorenz (Lorenz (1872)] discovered that the ratio was linear in temperature,
so the Lorenz number

RE
is a constant for many different metals. When L is low, the figure of merit
is high, and vice versa. Of course, whenever the thermopower has a sign
change, the figure of merit is small in that vicinity.

In Fig. 2.20, we plot the figure of merit and the Lorenz number on the
Bethe lattice at U = 2. The figure of merit does not need to vanish as
T — 0 in an insulator. Note how the Lorenz number becomes huge at
low temperature in these insulators (the Wiedemann-Franz relation need
not hold in an insulator). A large Lorenz number will suppress the figure
of merit unless the thermopower grows fast enough to compensate for the
reduction.

We now go on to study a different system, where many-body effects
are even more important. The Kondo effect [Kondo (1964)] is one of
the oldest and most studied many-body physics problems. As early as
the 1930s, it was discovered that small concentrations of magnetic impu-
rities in metals often led to a minimum of the resistivity as a function
of temperature. Since the resistivity of a conventional Fermi-liquid metal
increases monotonically with temperature, the appearance of a minimum
was puzzling. In the early 1960s, Kondo showed, via perturbation the-
ory, that a simple model, where the conduction electrons interact with the
magnetic impurity spin (also called a local moment), leads to the resistiv-
ity minimum (when conventional phonon scattering is included). Ander-
son [Anderson (1961)] developed a simple model, called the single-impurity
Anderson model, to describe the physical behavior for the general case—
the Kondo model was a limiting case of the Anderson model when the
Coulomb interaction between f-electrons was large, and there was, on av-
erage, one f-electron at the impurity site. For years physicists struggled
with finding an exact solution to these problems. They finally yielded to
a scaling approach of Anderson and Yuval [Anderson and Yuval (1969);
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Yuval and Anderson (1970); Anderson, Yuval and Hamann (1970)] fol-
lowed by a numerical solution by Ken Wilson [Wilson (1975)]. These re-
sults were then verified by an explicit Bethe ansatz solution [Andrei (1980);
Wiegmann and Tsvelick (1983)].

The physical explanation for the Kondo effect turned out to be rather
simple: each impurity system has a characteristic temperature called the
Kondo temperature (T ), which can vary over orders of magnitude in dif-
ferent systems. As the temperature is lowered from high temperature to the
Kondo temperature, the resistivity decreases as in a normal metal (when
one includes phonon scattering, which is reduced as the phase space for
phonons decreases at low T'). Once the Kondo temperature is approached,
the impurity acts like a strong scatterer, which eventually binds an electron
from the conduction sea to form a bound spin singlet at 7" = 0. This strong
binding leads to the increase in the resistivity at low temperature. Further-
more, the results of different systems are determined solely by the Kondo
temperature, and there is a universal form for the resistivity as a function
of T/Tk. (If the phonon scattering was ignored, the high-temperature limit
would correspond to disordered spin scattering, and there would be no clear
resistance minimum.)

Soon thereafter, a class of materials called heavy Fermions was discov-
ered. These materials include 4f or 5f electrons in partially filled shells
(usually Ce, Yb, or U materials), and they possess strongly renormalized
properties, like an effective electron mass that is 1000 times larger than the
bare mass. Their transport properties are also unusual. The resistivity of-
ten shows a low temperature increase (as T increases) to a broad maximum
that slowly decreases (i. e., a resistance maximum). The thermopower of-
ten has a sharp peak at low temperatures. These systems are believed to be
dense Kondo or Anderson model systems, with an “impurity” at every site.
The model that describes these systems is called the periodic Anderson
model. Less is known about the solutions of this model, but much progress
has been achieved with DMFT using quantum Monte Carlo [Jarrell (1995);
Tahvildar-Zadeh, Jarrell and Freericks (1997); Tahvildar-Zadeh, Jarrell and
Freericks (1998); Tahvildar-Zadeh, et al. (1999)] and NRG [Pruschke, Bulla
and Jarrell (2000); Grenzebach, et al. (2006)). The behavior of the dense
Kondo systems is quite different from the dilute impurity case. When one
is well away from half-filling, but with an f-electron density near 1, there
is a high temperature scale, similar to the Kondo temperature, where the
localized electron starts to have its spin moment screened. Then there is a
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second, often much lower, temperature called the coherence temperature,
below which the system becomes a Fermi liquid, and the screening of the
local moments is complete. Because there aren’t enough conduction elec-
trons near the Fermi energy to screen all of the local moments, the screening
process must be a many-body collective effect; it is this difficulty that the
conduction electrons have in screening that in part causes the coherence
temperature to be so low. This physical process is called the principle
of exhaustion and was originally proposed by Nozieres [Nozieres (1985);
Nozieres (1998)]. In a Fermi liquid, the resistivity grows like T2 at low
temperature, and vanishes at T' = 0 (in real materials, residual disorder
scattering always creates a finite resistivity). As the coherence disappears,
the resistivity often decreases again, in the high-temperature limit. So the
heavy Fermion compounds often have a resistivity maximum, rather than
the minimum seen in the dilute limit. On the other hand, when one is at
half-filling, and the f-electron filling is near 1, the system becomes a Kondo
insulator characterized by a single energy scale, which is often enhanced rel-
ative to the single-impurity Kondo scale. Finally, if the f-electron filling
deviates significantly from one, the system is in the intermediate-valence
regime, where the spin screening leading to the Kondo effect competes
against charge excitations, and there is no complete consensus on how these
systems behave.

After this brief introduction to the physical behavior of Kondo-Anderson
models and heavy Fermions, we show some recent numerical results for

2
—
2
—
n ~
B4 D 45
c =
3
. n
L
5 3 1
2 z
~ a
= o
3 £ o5
Q j-
)
e
[
o . . L o N : :
0 5%x10° 0.0} 0.015 0.02 0 5%x10°  0.01 0.015 0.02
Temperature [t*] Temperature [t*]

Fig. 2.21 (a) DC resistivity versus T and (b) thermopower versus T for the periodic
Anderson model with V' = 0.056, E; = —0.5, U = 1 and various values of the total
filling piot (1.4, 1.6, 1.8, and 1.9) on the hypercubic lattice. The DMFT is solved by the
NRG with a small imaginary part added to the frequency 0.0001 to smooth out the raw
data for the DOS. Adapted from [Grenzebach, et al. (2006)].
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transport [Grenzebach, et al. (2006)] that were obtained for the spin-one-
half periodic Anderson model on a hypercubic lattice using NRG as the
impurity solver for the DMFT. This problem has numerous numerical chal-
lenges that we will not discuss in detail here, but we will summarize one
of the most challenging ones. In order to properly calculate transport, one
needs the relaxation time in a frequency window on the order of the tem-
perature (the so-called Fermi window). The NRG approach determines the
temperature scale by the size of the finite chain on which a given set of cal-
culations is performed. Since the NRG produces discrete spectra composed
of delta functions, the DOS and self-energy can have oscillatory structure
within the Fermi window (because there isn’t a dense enough set of delta
functions due to the finite chain length), which can cause problems for prop-
erly calculating the transport. The solution taken for the numerical results
shown here is to evaluate the Green’s functions and self-energies along a
line parallel to, but slightly above the real axis. The small imaginary part
of the frequency helps smooth out these oscillations, and allow calculations
to be performed in a consistent fashion.

The data corresponds to a number of different regimes, each based on the
filling of the electrons. The f-electron filling does not depend too strongly
on temperature for the temperatures considered here. We will be consider-
ing four different total fillings of the electrons (conduction plus f), ranging
from 1.4 to 1.9; the f-filling satisfies py = 0.77 for pior = 1.4, py =~ 0.88 for
prot = 1.6, py = 0.96 for pso; = 1.8, and py ~ 0.98 for psor = 1.9. When
ps =~ 1, we are in the Kondo regime, where local moments are well-formed
at the f-electron sites; when py differs from 1, we are in the intermediate-
valence regime, where the Kondo effect is less well developed, and instead,
charge fluctuations of the f-electron become more important. For the nu-
merical data presented here, the pior = 1.8 and 1.9 data are probably in
the Kondo regime, but the other fillings are not. The f-electron level lies
at By = ~0.5 (measured relative to the conduction band center) and the
f-f Coulomb repulsion is U = 1; the chemical potential at low T lies above
E; for all of these cases, but is quite close to Ey for the psor = 1.4 and 1.6
cases. As the filling approaches 2, the system becomes an insulator. Hence,
the effective correlations are stronger for larger fillings and the system also
becomes more Kondo-like. Examining the resistivity data in Fig. 2.21(a),
shows that the resistivity develops a maximum at low T as the effective
correlations are increased. The low-T region is consistent with Fermi-liquid
behavior, since the resistivity increases as 7' increases, but it doesn’t give
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the expected T2 growth (the resistivity appears to be finite as T — 0; this
is a numerical artifact of the finite imaginary part used in the calculation).
At higher T, the resistivity becomes anomalous due to the unbinding of the
spin singlets, which cause significant scattering throughout the lattice. As
the effective correlations increase (p:o¢ gets larger), this Fermi-liquid regime
shrinks, and is pushed to lower T because the coherence temperature van-
ishes as the correlations become large enough. Note that the much stronger
temperature dependence of the resistivity for the periodic Anderson model
versus the Falicov-Kimball model arises because the PAM has Fermi-liquid
behavior at low temperature, which governs the low-T" behavior, while the
Falicov-Kimball model does not have such low-T" behavior.

The thermopower in Fig. 2.21(b), has a broad maximum that develops
into a sharper peak at low T as the effective correlations increase. The mag-
nitude of the thermopower is similar to that seen in the Falicov-Kimball
model, but in the PAM case, the results are rather generic for a wide range
of metallic systems and are pushed to much lower temperatures, while in the
Falicov-Kimball model they arise only from a “fine-tuning” of the parame-
ters for the particle-hole asymmetric insulator. Because the thermopower
is large for a metal, the electronic figure-of-merit might not change much
if the lattice thermal conductivity is included, since the Wiedemann-Franz
law indicates that the phonon contribution to the thermal conductivity is
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Fig. 2.22 Power factor 04,52 in arbitrary units. The parameters are identical to those
in Fig. 2.21. Note how the maximal power factor occurs above the maximum of the
resistivity. It is highest for the pior = 1.9 data set. Adapted from [Grenzebach, et al.
(2006)].
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Fig. 2.23 Figure-of-merit ZT. The parameters are identical to those in Fig. 2.21. Note
how the maximal figure-of-merit occurs for the most strongly correlated data set, and
how it is pushed downward in T as the effective correlations increase. Adapted from
{Grenzebach, et al. (2006)].

generically small. Note that these results for the PAM are independent
of the Mahan-Sofo conjecture [Mahan and Sofo (1996)] that a sharp peak
in the f-electron DOS just off of the chemical potential can give rise to a
large thermopower. This is because the f-electrons do not directly partic-
ipate in the transport if the hybridization is independent of momentum;
instead, it is the conduction electron DOS that solely determines the trans-
port, and that DOS actually has a minimum near the chemical potential.
In this sense, the thermopower behaves in many respects like that seen in
the Falicov-Kimball model, except now, the peak develops as T is reduced,
so the T' dependence can be stronger, and we have not tuned the chemical
potential to lie at the bottom of the minimum, just close to it. Finally,
we comment on possible applications. For a thermoelectric, we want the
charge conductivity and the thermopower high and the thermal conductiv-
ity to be low. In these systems, as we increase the effective correlations, the
minimum of the conductivity is in close proximity to the maximum of the
thermopower, so these two effects work against one another. In the most
correlated system, the conductivity is rising where the thermopower has a
peak, so in this regime the system may have better prospects for thermal
cooling or power generation applications. This issue is emphasized with a
plot of the so-called power factor 04,52 (in arbitrary units) in Fig. 2.22,
which has a maximum at low temperatures and is highest for py: = 1.9.
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In addition, we also plot the electronic figure-of-merit for the thermoelec-
tric for the same parameters in Fig. 2.23. Note how the peak develops
and is pushed lower in temperature as the system becomes more strongly
correlated.

In any case, if the Wiedemann-Franz law holds (as it does for most
metals), then the thermopower needs to be larger than about 2 in these
units to become useful (in other words, to have ZT > 1). These results
show that it may be possible to achieve this goal, but it will be a challenge.
Often in real materials it is necessary to reduce the lattice contribution to
the thermal conductivity in order to have a viable device. Multilayered
nanostructures might achieve this goal if the interfaces cause significant
phonon scattering, but are tuned so as to not affect the electron transport
significantly. We evaluate transport in such devices later (but based on the
Falicov-Kimball model).

Finally, we show the DOS for the conduction and the f-electrons in
Fig. 2.24. The plot is for T = 0.00003, and fillings pior = 1.4, 1.6, 1.8,
and 1.9. We plot both the conduction electron DOS (panel a) and the f-
electron DOS (panel b). Note how the conduction electron DOS develops
a dip near the chemical potential, while the f-electron DOS is strongly en-
hanced. The dip at the chemical potential brings in anomalous features to
the resistivity. In particular, as the Fermi window widens at higher T', there
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Fig. 2.24 (a) Conduction electron DOS versus frequency at 7" = 0.00003 for ptot = 1.4,
1.6, 1.8, and 1.9 (b) f-electron DOS for the same parameters. Note how the conduction
DOS develops a dip near the chemical potential, while the f-electron DOS develops a
peak. The transport is determined by the conduction electrons, because they carry the
current. Since the PAM is a Fermi liquid at low temperatures when it is not an insulator,
the conduction DOS at w = 0 is equal to the noninteracting result, even though it displays
a dip in the interacting system. Adapted from [Grenzebach, et al. (2006)].
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are more states available for transporting electrons (in conventional met-
als the number of states doesn’t change much with T'). This enhancement
primarily causes a reduction in the resistivity, independent of the enhance-
ment that arises from scattering effects. This helps explain the anomalous
temperature dependence of the resistivity. Similarly, because the DOS is
asymmetric near the chemical potential, with a large derivative, the ther-
mopower becomes large at low temperature (temperatures smaller than the
width of the dip). This helps explain the peaks seen in the thermopower
above. Furthermore, since both the anomalies in the resistivity and the
peaks in the thermopower are arising from the dip in the DOS, it shouldn’t
be a surprise that the two features are correlated together in some way.
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Chapter 3

Dynamical Mean-Field Theory of a
Multilayered Nanostructure

3.1 Potthoff-Nolting Approach to Multilayered
Nanostructures

In 1999, Potthoff and Nolting introduced the formal developments required
to solve inhomogeneous dynamical mean-field theory [Potthoff and Nolting
(1999a)]. The original problem they focused on was the Hubbard model on
a two-dimensional surface of a three-dimensional finite crystal. Their inter-
est was in the stability of the Mott transition as the surface is approached.
After developing the formalism, they studied the surface Mott transition
in detail [Potthoff and Nolting (1999b); Potthoff and Nolting (1999c);
Potthoff (2002)] and the problem of the Mott transition directly in a thin
film [Potthoff and Nolting (1999d)).

We will apply the Potthoff-Nolting approach to multilayered nanostruc-
tures, which involve translationally invariant z—y planes stacked in the lon-
gitudinal zdirection (see Fig. 3.1). Hence we have perfect periodicity in
the x and y directions, but we allow inhomogeneity in the z-direction. All
interactions must also be translationally invariant within each plane, but
can change from one plane to the next. Potthoff and Nolting introduced
the idea of a mixed basis for inhomogeneous DMFT: Fourier transform the
z and y coordinates to wavevectors k; and k, but keep the 2-component
in real space; we describe the z-coordinate with a Greek letter {(a, 8, v and
so on). Our requirements are then that each interaction gsay a Coulomb
interaction U,, for example), the hopping within a plane tol,, and the hop-
ping between planes tqqq1 and to—14, are all fixed for a given plane, but
can change as a function of the plane index «; we do require Hermiticity
though, s0 taat1 = %, 14 (in the normal state the hopping matrix elements
will always be real; they can be complex in a superconductor as will be dis-
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Fig. 3.1 Schematic representation of the longitudinally stacked planes of the multilay-
ered nanostructure. The lattice sites are located at the positions of a simple cubic lattice
(indicated by dots on the far right plane), but the materials (or models) that describe
the different planes need not be the same. Since we chose the simple cubic lattice for the
locus of lattice sites, each plane is a square-lattice plane. The kinetic energy is described
by a nearest-neighbor hopping term, which is the same for every x and y direction on
each plane (but can vary from plane to plane) and is denoted tj in the figure, and which
can vary from plane to plane for hopping to the right or to the left in the longitudi-
nal direction (denoted by t;). We use Greek labels o, 8, v ... to denote the planes
(which are numbered in blue here), and Fourier transform the representation in the x
and y directions. The figure shows a situation of a metal-barrier-metal junction, with
metal leads in pink and the barrier in green. Those colored planes are included in the
sell-consistent calculations (although in most of the data presented here, the pink region
extends 30 planes on each side, rather than the 10 depicted in the figure). The dashed
lines indicate the semi-infinite parts of the leads, which are taken to be identical to the
bulk metal, and are not self-consistently determined; in this sense, they form the left
and right boundary conditions for the calculation.

cussed when we develop the theory for Josephson junctions). Because of
the translational invariance in each two-dimensional plane, we can describe
the intraplane hopping via a two-dimensional bandstructure

f!:lr(km,ky) = —2tl [cosk, + cosk,], (3.1)
where we have chosen the planes to be square lattices.

The starting point for all of our calculations is to determine the equa-
tions satisfied by the local Green’s functions. In the case of inhomoge-
neous DMFT, the formalism is somewhat more complicated than for the
bulk. First we note that the noninteracting real-space Green’s function
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G?]Q“"“t(z), with z lying anywhere in the complex plane, satisfies

>z + wdin + tag] GRe™™(2) = 6, (3.2)

k
with —t;; the hopping matrix on the simple cubic lattice (organized into
hopping within a plane and hopping between planes, as described above
and in Fig. 3.1). Using the mixed basis of Potthoff and Nolting, we Fourier
transform the z- and y-directions to k, and k,, respectively, and keep the

z-direction in real space. We denote the two-dimensional wavevector by
k!l = {kz,ky,0) and find

S [ 1= el )bar + tatibatiy + taam16a-1s] GEFH(I, 2) = Gap.
S
(3.3)
This has the form we expect; the inverse Green's function (in a matrix
sense) Gg‘;"i“t(k” ,z)7! is determined by the quantity in the square brackets
of Eq. (3.3).
The next step we need to take is to examine the Dyson equation in the
remaining real space

Gap(K!, 2) = Gog™ (kI 2) + > GaM™ (Kl 2)54,(2)Gap (KN, 2),  (3.4)
4

where we make the DMFT assumption that the self-energy is local, but it
can vary from one plane to another (i. e., Xog = 0 if @ # [, but E4e can
vary with «). Multiplying on the left by the inverse of the noninteract-
ing Green’s function, substituting in its explicit form from Eq. (3.3), and
performing the sum over v explicitly, gives our final equation

[z 41— Zaalz) - elclxkn]GaB(k“ ,2) + taa+1Ga+1ﬂ(k” ) 2)
+ taa-1Gac1p(kl, 2) = dap. (3.5)

When viewed as a matrix in o and 3, this equation has a tridiagonal struc-
ture to it. In other words, for each fixed value of parallel momentum k!, the
problem decouples into a one-dimensional chain in the z-direction, given by
the tridiagonal structure of the equations. It is precisely this decoupling
that allows us to efficiently solve the inhomogeneous DMFT.

The algorithm for solving inhomogeneous DMFT is similar to that of
the bulk case, with a number of complications. Given a set of local self-
energies for each plane in the simulation, we use the solution of Eq. (3.5),
to determine the local Green’s function on each plane (this is analogous
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to the Hilbert transform, and is solved with the quantum “zipper” algo-
rithm in the next section). Once we have the local self-energy and the
local Green’s function, we use the conventional algorithm of extracting the
effective medium, solving the time-dependent impurity problem, and then
determining the impurity self-energy, just as in the bulk; but it must now
be done for each plane in the simulation to get the set of all self-energies.
This loop is then iterated until it converges.

It seems like this problem becomes infinite in extent, since we have an
infinite number of sites for an inhomogeneous system that is attached to
extensive leads. But we can make a simple approximation that restores
tractability to the procedure—we simulate only a finite number of planes
and then attach the leftmost piece of the nanostructure to a semi-infinite
bulk lead which has a self-energy that does not change with plane num-
ber as we move further to the left, and do a similar thing on the right.
We simply need to choose the width of the simulated region to be large
enough that the system has effectively healed itself to the bulk limit to
the right and to the left of the simulated region. When performed in this
fashion, the calculations are always in the thermodynamic limit, so all local
DOS are continuous functions of frequency, and do not require any artificial
broadening. This is the “top-down” approach that we take to multilayered
nanostructures—we build in the inhomogeneity on top of the thermody-
namic limit, rather than a “bottom-up” approach that starts from atoms
and increases the number of atoms to get to the nano regime.

3.2 Quantum Zipper Algorithm (Renormalized
Perturbation Expansion)

Tridiagonal systems can have any matrix element of the inverse constructed
directly via continued fractions and recursion relations. The technique, as
originally applied to Bethe lattice systems, was called the renormalized
perturbation expansion, and it is described in detail, in that context, in
the classic text [Economou (1983)]. This name is an odd choice, because
the algorithm is exact for calculating the inverse matrix elements of any
tridiagonal system (no periodicity is required). Here, we prefer to call it the
quantum zipper algorithm, because we use two sets of recursion relations,
one from the right and one from the left, that move through the planes, in
turn, like a zipper is moved.
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The starting point is the EOM derived above in Eq. (3.5). The equation
with 8 = a is different from the equations with 8 # «. The former is solved
directly via

1

Gaa(k“ z) =

’ Goo-1(kl, Goa I, ’

2 1= Bal2) = e + TEHT S a0 + EEHT S a1
(3.6)
and the latter equations can all be put into the form
Gaa—n+1(k” , 2)ta—ntla—n It
B Gaa—n(k“ , Z) =rtp- Ea_n(z) T Ca—nkl
+ Gaa-—n—l(k”, Z)ta—n—la—n ’ (37)
GO(Q—TL (klliz)

for n > 0, with a similar result for the recurrence to the right. In these
equations, we have used ¥, to denote the local self-energy ¥ ,4 on plane a.
‘We define the left function

G - 1(k” Z)t —n+la—
Lo k”, — _Joa n+ ’ a-n+la—n 38
[s3 n( Z) Gaa—n(k“,z) ( )
and then determine the recurrence relation from Eq. (3.7)
It _ I lo—na—n-1la—n—1a—n
La—n(k 7Z) =z+ u— Ea—-’ﬂ(z) - 6o(_nkll - La_n_1<k“,2) . (39)

We solve the recurrence relation by starting with the result for L_,, and
then iterating Eq. (3.9) up to n = 0. Of course we do not actually go out
infinitely far in our calculations. We assume we have semi-infinite metallic
leads, hence we can determine L_, by substituting L _, into both the left
and right hand sides of Eq. (3.9), which produces a quadratic equation for
L_ that is solved by

It

24+ p—E_o(z)—€ ookl
— 1

5 (3.10)

1
V(R e R U TR

The sign in Eq. (3.10) is chosen to yield an imaginary part less than zero
for z lying in the upper half plane, and vice versa for z lying in the lower
half plane. If L_ is real, then we choose the root whose magnitude is
larger than t_ o, {the product of the roots equals t2 o). In our calculations,
we usually assume that the left function is equal to the value L_o, found
in the bulk, until we are within thirty planes of the first interface. Then

L—oo(k” s Z) =
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we allow those thirty planes to be self-consistently determined with L
possibly changing, and we include a similar thirty planes on the right hand
side of the last interface, terminating with the bulk result to the right as
well. This approach is accurate, when the system heals to its bulk values
within those thirty planes on either side of the interface. If this healing has
not occurred, then one needs to include more planes before one terminates
the problem with the semi-infinite bulk solution.

In a similar fashion, we define a right function and a recurrence relation
to the right, with the right function

Ga n— k”,Z tatn—1latn
Royn(kl 2) = — 2ot Gl( " (1)(” :) lot (3.11)

and the recurrence relation

ta+na+n+l ta+n+1a+n
. (3.12
Rarnri(Kl,2) 1)

We solve the right recurrence relation by starting with the result for R,
and then iterating Eq. (3.12) up to n = 0. As before, we determine R
by substituting R., into both the left and right hand sides of Eq. (3.12),
which produces a quadratic equation for R, that is solved by

Ra+n(k“ 1 2) =2+ p— Tatn(z) — €i+nkll -

24+ u— Yeol(z) — eﬂok“
2

1
+ 5\/[z - Seo(z) — 2 — a2,

Roo(kll 2) = (3.13)

The sign in Eq. (3.13) is chosen the same way as for Eq. (3.10). In our
calculations, we also usually assume that the right function is equal to
the value Ry found in the bulk, until we are within thirty planes of the
first interface. Then we allow those thirty planes to be self-consistently
determined with R, possibly changing, and we include a similar thirty
planes on the left hand side of the last interface, terminating with the bulk
result to the left as well.

Using the left and right functions, we finally obtain the Green’s function

I,y = L
Gaa(k!, 2) Lo, 2) 5 Rl 2= p—Pa() =] (3.14)

where we used Eqgs. (3.9) and (3.12) in Eq. (3.6). The local Green’s function
on each plane is then found by summing over the two-dimensional momenta,
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which can be replaced by an integral over the two-dimensional density of
states (DOS):

Guaalz) = / del ()G (el 2), (3.15)
with
Py = — L (3.16)
o 27r2tl|]a2 '

and K(z) the complete elliptic integral of the first kind. If tlL varies in the
nanostructure, then changing variables to € = el / th in Eq. (3.15) produces

4 1 62 ”
Goalz) = /_ ez (\1- 15 ) Gaalihen), @)

so that we can take the e variable to run from —4 to 4 for the integra-
tion on every plane, and we just need to introduce the corresponding tle
substitution (for elL) into the left and right recurrence relations. In the
bulk limit (simple-cubic-lattice), where we use t, = ¢, we find that the
local Green’s function found from Eqs. (3.15) and (3.14) reduce to the well-
known expressions for the three-dimensional Green’s functions on a simple
cubic lattice [Economou (1983)], with a hopping parameter ¢.

In this section, we showed how to calculate the local Green’s function
on each plane. The quantum zipper algorithm can also determine all off-
diagonal Green’s functions as well. This is done by taking the local solu-
tions, and building up to the off-diagonal ones by employing Eq. (3.5) and
the definitions in Eqgs. (3.8) and (3.11). For details, see Prob. A.23.

3.3 Computational Methods

The computational issues for a nanostructure are more complex than for
calculations in the bulk. We describe numerical implementation of the
Potthoff-Nolting algorithm here.

Since we have to work with a finite set of computer resources, the nanos-
tructure calculations must be finite in extent. In all of the examples de-
scribed in this work, we take a bulk system to the left and attach it to a
self-consistently determined nanostructure in the center which has 30 planes
from the lead of the device on the left before the first nontrivial interface.
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Then we have a barrier region, which can be as complicated as desired.
Finally we cap of the right end with another 30 planes and then a bulk lead
to the right. This means we must simulate 60 planes plus the number of
barrier planes. Typically, the barrier region is not larger than 200 planes.
Nevertheless, since we must perform the DMFT algorithm for each plane,
in order to find the self-energy on each plane, the effort scales with the
number of planes chosen for the self-consistent region.

The DMFT algorithm starts with a self-energy on each plane (see
Fig. 3.2). Next, we use the quantum zipper algorithm to find the local
Green’s function on each plane. This step is the inhomogeneous nanostruc-
ture equivalent to the Hilbert transform. Once the local Green’s function is
known on each plane, we extract the local effective medium via the scalar
relation

Goa(2)7F = Gu(2) ™ 4+ T (2), (3.18)

on each plane. Next, we need to solve the local impurity problem for the
given Hamiltonian on the ath plane with the given effective medium. This
will produce a new local Green’s function for each plane, and a new self-

Use Dyson’s
equation on . Sum over momentum to find
each plane local Green's function (quantum
to find / \mpper algorithm)

self-energ

Solve the \ Use Dyson’s equation on each

impurity problem plane to find the effective medium
on each plane
to find the impurity

Green’s function

Fig. 3.2 Flow diagram for the DMFT algorithm in a multilayered nanostructure. Start-
ing with an initial self-energy on each plane, we use the quantum zipper algorithm to
calculate the local Green's function on each plane. Next, the effective medium for the
impurity is extracted from the current self-energy and the local Green’s function via
Dyson’s equation for each plane. The impurity problem is solved with the impurity
solver chosen for the given model on each plane. Since the chemical potential is set by
the filling of the bulk leads, it is input and not updated. Finally, Dyson’s equation is
used to find the new self-energy from the impurity Green’s function and the effective
medium for each plane.
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energy for each plane, We check to see whether the self-energy has changed,
and then iterate all of the steps to convergence.

The biggest complication that enters into the nanostructure calculations
is the numerical treatment of the determination of the local Green’s func-
tion from the local self-energy. When we evaluate Green’s functions at the
Matsubara frequencies, the only singularity in the integral comes from the
logarithmic divergence of the two-dimensional DOS at zero energy. This
logarithmic singularity is easy to remove by making a power law substitu-
tion into the quadrature routine near zero (see Prob. A.25). Hence there
are not many subtle numerical issues on the Matsubara frequency axis.

When the Green’s function is evaluated on the real axis, there is a
possibility that the integrand has additional singularities that behave like
the inverse of the square-root of (a — €)? — b%. This behavior occurs when
the imaginary part of the self-energy vanishes, as in the bulk simple-cubic
lattice. In cases where the imaginary part of the self-energy is nonzero, the
singularity may be avoided by the nonzero imaginary part; nevertheless, it
is safest to use a quadrature routine that will automatically take care of
these kinds of singularities, so they will not enter into calculations for some
ranges of parameters. An outline for how to accomplish this is sketched in
Prob. A.25. Since the Green’s functions for each plane require the L and R
functions in order to calculate them, we need to perform the recursion for
all planes to get the relevant functions. Hence, it makes sense to calculate
the integrations for each plane in parallel, in order to save the labor needed
in determining the L and R functions for each plane. Such an algorithm will
be vastly more efficient than one that calculates for each plane separately.
It is also easy to implement, because we simply set up an integration grid
over the range where € runs from —4 to 4. The same integration grid is
used for every plane, so the L and R functions that are generated for a
given value of € can be used in the calculations for every plane. Note that
the formalism simplifies somewhat if we assume all tﬂ(a +1 are independent
of . Then at each plane, the paraliel component of the bandstructure
is the same, and we can use ¢ instead of kil to label the relevant Green’s
functions.

This approach creates an algorithm that is embarrassingly parallel.
When we perform the integration over the two-dimensional DOS, each ¢
value is independent of other values, so we can use a master-slave format,
where the master sends an ¢ value to a slave node, which determines the
contribution of G,(e, z) for every «, and sends them back to the master
node, which accumulates the results and then sends a new ¢ value to the
slave node.
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Numerical accuracy of the integration routine is also important. As the
self-energy develops a sharp structure in frequency on the real axis, the
integration routine requires more and more points to properly converge. In
calculations that we have performed, we usually use 5,000 to 10,000 points
in the integration grid, but have increased to 1,000,000 points when needed
for frequencies where the self-energy has sharp structures. One always
has to be careful and check that the integrations have properly converged
(which can only be achieved by redoing the calculation on a finer mesh and
comparing it with previous results) in order to ensure that the results are
correct. Otherwise, it is easy for unsuspecting errors to creep into results
when one is close to the metal-insulator transition.

An alternative scheme for the numerical quadrature would be to employ
integrators that are adaptive and estimate the error of the integration. It
is not easy to use these integrators on every plane “at once” as can be done
when the integration grid for each plane is the same, but there do exist
integrators that can handle singularities at endpoints, and which minimize
the number of evaluations of the functions in the integrand. The drawback
is that one has to repeat this effort for each plane in the simulated part of
the nanostructure, and that can become quite time consuming even on a
parallel machine. We prefer using the fixed grid for each plane whenever
possible, although there are circumstances, especially when a system has
electronic charge reconstruction at an interface, where the grid must change
for each plane.

3.4 Density of States for a Nanostructure

In this section, we give some examples of solutions of the inhomogeneous
DMFT algorithm for the case of strongly correlated multilayered nanos-
tructures that have no electronic charge reconstruction at the interfaces.
The systems are tuned so that their chemical potentials match for all T'.
This is only possible in general if there is a symmetry of the Hamiltonian
that pins the chemical potential to the same constant value for all parts
of the nanostructure and for all 7. We choose to work at the particle-hole
symmetric point of half filling; our model consists of ballistic-metal leads
to the left and to the right and of a FK model with half filling for both the
delocalized and localized particles. In this case, we fix the chemical poten-
tial at u = O for the leads, which yields half filling. The FK model, will be
half-filled when the chemical potential equals U/2, which would provide a
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mismatch. We shift the bands of the FK-model barrier downward by U/2
to compensate for this. Hence, we write the FK model potential energy as

U= 3 U <c;icai - %) (wm. - %) . (3.19)

a {€plane

In Eq. (3.19), we use a notation where o denotes the plane number and
i denotes a site on the plane. In our calculations we always include 30
self-consistent metal lead planes to the left and 30 to the right. We set
UFK =0 for the metal lead planes.

In Fig. 3.3, we plot the DOS for four different planes in the metallic
leads as a function of frequency [Freericks (2004b)]. Note how there are
large amplitude oscillations in the “flat part” of the DOS that are created by
the change in the quantum-mechanical character of the wavefunctions as we
move from the metal to the barrier. The number of peaks in the oscillations
increases by one for each plane as we move away from the interface, and
the amplitude decays. By the time we have reached the thirtieth plane, the
DOS looks quite similar to a simple cubic DOS, as expected. Note that
there are oscillations generated in the other parts of the DOS, with similar
behavior as well.

These oscillations are Friedel-like oscillations that arise from the sharp
change in character of the device at the interfaces. In Fig. 3.4, we show
these oscillations at w = 0 as a function of the plane position for UFX = 2
and 6 nanostructures with a barrier of 20 planes (left panels) [Tahvildar-
Zadeh, Freericks and Nikoli¢ (2006)]. The circles are the data points, and
the line is a fit of the oscillations to the Friedel-like form

1

Aa(w = 0) = A+Bsm(kaa—6)m

(3.20)
In the ballistic-metal leads, the decay of the amplitude depends inversely
on the distance from the interface; in the barrier, the amplitude of the os-
cillations decays much faster, being power law when the barrier is metallic,
and becoming exponential when it is insulating. In the right panels, we
show the DOS inside the barrier up to the center of the barrier at plane
number 40 (the results for planes 41 to 80 are a symmetric mirror image).
For UFK = 6, we use an exponential plot to show the decay of the DOS
as one moves into the barrier. The decay length of the exponential is inde-
pendent of the width of the barrier [Freericks (2004b)]. For UFK = 2, we
use a linear scale. Note how there are clear oscillations when the barrier is
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Fig. 3.3 Lead DOS for an N = 5 barrier device with U = 6. The different panels show
the DOS in the first metal plane to the left of the barrier, in the second, the third, the
tenth and the thirtieth. The DOS has oscillations with a large amplitude that decreases
as we move away from the interface, so that the system approaches the bulk cubic DOS.
A careful examination of the panels shows that the “flat” region with |w| < 2 shows a
half-period oscillation for each unit of distance from the current plane to the interface,
but the amplitude shrinks dramatically as we move further from the interface. Note
that there are also oscillations (with the same kind of increase in the number of half
periods with the distance from the interface) in the region with |w| > 2. Reprinted with
permisston from |[Freericks (2004b)] (© 2004 the American Physical Society).

metallic, but the oscillations disappear for insulating barriers (the MIT for
the FK model on a simple cubic lattice occurs at UFK ~ 4.92).

In Fig. 3.5 (top), we plot a false color contour plot of the DOS for a
nanostructure with 20 planes in the barrier and UFK = 2. The ripples from
the Friedel-like oscillations are most apparent in the central red region of the
metallic leads. One can also see how the “bands” widen in the barrier, but
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Fig. 3.4 DOS at w = 0 for multilayered nanostructures with 30 self-consistent planes
in each metallic lead and for 20 planes in the barrier, which is described by the Falicov-
Kimball model at half filling with UFK = 6 (upper panels) and UFK = 2 (lower panels).
Note how there are Friedel-like oscillations in the metallic leads that decay inversely
with the distance from the interface; in the barrier the decay of the amplitude is more
rapid and becomes an exponential decay when the barrier is insulating. Adapted with
permission from [Tahvildar-Zadeh, Freericks and Nikoli¢ (2006)].

are depressed near the chemical potential. In the bottom panel, we enhance
the oscillations present in the nanostructure DOS by taking the difference
with the corresponding bulk DOS and assigning colors to amplitudes close
to the origin. Now, one can see oscillations develop in all regions of the
DOS, including within the barrier.

In Fig. 3.6, we plot a similar false-color plot for the correlated insulator
case of UFK = 6. The oscillations in the metallic lead are similar, but the
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Fig. 3.5 (Top) False-color contour plot of the DOS for a N = 20 barrier plane device
with UFK = 2. The barrier planes are the lowest ten planes at the bottom of the
figure, while the thirty metallic planes lie on top. Note how the ripples of the Friedel
oscillations are most visible in the central region, where the DOS has a plateau (red
region). (Bottom) False-color plot of the difference between the nanostructure DOS and
the corresponding bulk DOS for the lead and the barrier. By taking this difference,
oscillations (on top of the bulk DOS) are enhanced and more easily imaged. We assign
colors to amplitudes close to the origin to bring out the oscillatory behavior more clearly.
Bottom figure prepared wilh the assistance of S. Boocock.

barrier region looks quite different — it has exponential decay near the
chemical potential and oscillations near the metallic-lead band edge. In the
lower panel, we plot the difference between the nanostructure DOS and the
bulk DOS for the lead or for the barrier (depending on the plane location).
The oscillations are further enhanced by focusing on the low amplitudes
near the origin. Note how this visualization technique now brings out the
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Fig. 3.6 (Top) False-color contour plot of the DOS for a N = 20 barrier plane device
with UF¥ = 6. The barrier planes are the lowest ten planes at the bottom of the figure,
while the thirty metallic planes lie on top. Note how the ripples of the Friedel oscillations
are most visible in the central region, where the DOS has a plateau (yellow region). Note
how the oscillations do not change too much in the metallic lead (from Fig. 3.5), but
the barrier DOS changes dramatically because of the exponential suppression near the
chemical potential (purple region). Reprinted with permission from [Freericks (2004b)|
(© 2004 the American Physical Society). (Bottom) False-color plot of the difference of
the nanostructure DOS from its bulk values. Note how in this picture the oscillations
on top of the bulk DOS are strongly enhanced and can be seen to occur in all regions
of energy, and even some can be seen within the barrier near the band edges. Bottom
figure prepared with the assistance of §. Boocack.

oscillations present in the upper and lower regions of the DOS in addition
to those already identified in the central region (in the top panel). Also,
the oscillations within the barrier can now be clearly seen near the interface
and near the band edges.
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Fig. 3.7 Local DOS (vertical axis) as a function of frequency (horizontal axis) in the
barrier for a single barrier plane multilayered nanostructure. The barrier is described
by the Falicov-Kimball model at half filling with various UFX values. Note how the
DOS at the chemical potential initially decreases, but then becomes a local maximum
(while still decreasing with increasing interaction strength). The DOS always remains
metal-like as demonstrated in Prob. A.34. Reprinted with permission from [Freericks
(2004b)] (© 2004 the American Physical Society).

In Fig. 3.7, we show the local DOS on the barrier plane for a single-plane
nanostructure, whose barrier is described by the Falicov-Kimball model
with different values of the interaction strength. Note how the double-peak
structure of the Mott insulator develops as UFK increases, but the central
region of the DOS does not go to zero. Instead, it becomes a local maxi-
mum and appears metal-like for large interaction strength. This behavior
arises from the delocalizing effect of the metallic leads, and can be thought
of as a normal-state proximity effect of the leads — they do not allow an
insulating state to form because there are interface localized states present
for all interactions strengths. Hence, as one tries to confine the Mott insu-
lator into a thin layer, it “spreads out” slightly and presents a conducting
channel at low energies. These junctions never display insulating behavior
in their resistance. For a more quantitative analysis of this system, look at
Prob. A.34. :

We have a few comments to make about these results. First off, the
Falicov-Kimball model is not a Fermi liquid, so one might ask what will
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happen to these nanostructures if the system is described by a model (like
the Hubbard model) that has a Fermi-liquid ground state. In the bulk, we
will see the development of the Fermi-liquid coherence peak at low tem-
peratures (below the renormalized coherence temperature). In general, we
expect such a peak, and such a coherence effect to survive in these nanos-
tructures as well. At low enough temperatures, these systems will become
good conductors.

Next, we discuss what to expect for the transport when the DOS starts
to exponentially decay in the barrier. When the barrier is composed of a
bulk insulator, then the DOS will decrease with the thickness of the barrier,
and the transport should be dominated by quantum-mechanical tunneling
at low temperature. This tunneling gives way to incoherent thermally acti-
vated transport (described by Ohmic scaling) when the temperature is high
enough [Freericks (2004a)].

Finally, one might wonder how this many-body approach of inhomoge-
neous DMFT compares to other approaches such as the Landauer approach,
which is based on a single-particle picture with particles moving through
fixed potential barriers, often determined in a phenomenological way. From
the fact that the DOS of the leads does not change too much with the char-
acter of the insulating phase, we can conjecture that the treatment of the
lead as a semi-infinite metal in the Landauer approach is probably quite
reasonable. Further, in the insulating phase, we expect there to be an effec-
tive potential barrier to the electrons, which might be able to be modeled
(at low T) by an energy-independent barrier as in the Landauer approach.
So if one chooses the barrier height and shape properly, the results of a
Landauer approach are likely to be able to reproduce some of the main
features of the many-body calculation. But this approach always requires
some kind of fitting to determine the barrier height and cannot be viewed
as a fully microscopic model for the transport. Nevertheless, it would be
interesting to try to quantitatively compare these two approaches.

3.5 Longitudinal Charge Transport Through a
Nanostructure

The derivations that led up to Eqs. (2.151) and (2.152) were performed for
bulk systems that have the full translational symmetry of the lattice. In
addition, the conductivity was calculated for a uniform (q = 0) electric field.
In a more general case, where the field has momentum dependence, the de
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conductivity gains some momentum dependence o(q). Maxwell’s equations
relate the charge current density with the electric field and the conductivity.
In particular, for a translationally invariant system, the relation is that
j°(q) = c(q)E(q). Hence the current is proportional to the product of the
conductivity and the electric fields in Fourier space. If we invert the Fourier
transform and express the result in real space, then we find that the product
of two Fourier transforms is transformed into the convolution of the two
functions in real space, so we have j°(R) = [d¢R'c(R — R')E(R’). The
conductivity depends on the difference of the two spatial arguments since
we have translational invariance on the lattice. The most general form on
a lattice, when there is inhomogeneity, is then

i&=a) oasEp. (3.21)
3

Equation (3.21) shows that the relationship between the current and the
electric field is an inherently nonlocal relationship. This result is often
presented in elementary texts on electromagnetism, but it can be easily
forgotten, since it may seem reasonable to assume that the current at a
given location in space depends solely on the electric field at that location.
That assumption is false, because fields at other locations can affect the
current at a given position.

Another important observation we need to make is that when the cur-
rent is flowing in a steady state, we have that the charge density is fixed as
a function of time (like water flowing through a hose—the amount of water
in the hose at any given time is the same, even though it is moving, because
the faucet continually supplies more water to make up for the water that
exits the end of the hose). If the charge density is a constant, then the
equation of continuity V - j = 0;p = 0 implies that the number current is
conserved throughout the sample. This means that the charge current that
is incident on any plane must be the same as the charge current incident
on any other plane. This fact also will play a crucial role in our analysis of
transport in inhomogeneous systems.

We also assume, at the moment, that we have no temperature change
through the device (i.e., we consider the isothermal conductivity), and we
assume that there is no electronic charge reconstruction, so the charge
density is uniform in each of the materials that make up the device (in
practical situations, this is only guaranteed at all T for the case of half
filling, where the chemical potential is independent of T' due to particle-
hole symmetry).
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So we must formulate the transport problem in real space. The first
step is to determine what the number current operator is for longitudinal
flow in the multilayered nanostructures. Taking the steps that led to the
bulk current operator in Eq. (2.119), we see that there is no change for
the real-space expression in a nanostructure, we simply need to restrict the
direction of the current to lie in the longitudinal direction (for current flow
perpendicular to the planes), so we have

ol .l .1 . +
jlong — ngng’ jong = _jataag Z (c:rm.ca“i — ca+1icm-) , (3.22)
a i€plane

where the summation is over all the sites ¢ of the two-dimensional planes,
and the notation avi denotes a lattice site on the ath plane at the ith location
on the plane. Note that the subscript « on the current operator denotes the
total current operator flowing through the ath plane, and does not indicate
a Cartesian coordinate of the current operator; the current operator is
always taken in the z-direction for the longitudinal flow. The current at
plane « is thus defined to be the total number of electrons flowing to the
left minus the total flowing to the right. For a derivation of Eq. (3.22), see
Prob. A.27.

A comment is in order about the choice given in Eq. (3.22) for the
current associated with the ath plane. First note that the form chosen is
not the same as the choice that would arise from taking the commutator
of the polarization operator (at the ath plane) with the Hamiltonian. The

direct result from the commutator jo = i[H, D ;e 1ane PO
~ . T
Joo = 1 Z [taa+1(czx+1icm‘ - CLiCa+1i) + ta—la(CTa—licai — CaiCa—1i)}Za,

i€plane

(3.23)
does not seem reasonable, because it is weighted by the z-coordinate of
the ath plane, rather than involving the difference of currents moving in
opposite directions (at the ath plane). When we have full translational
symmetry, we derive the conventional form for the current operator by
shifting the spatial index of one of the terms, to explicitly carry out the
cancellation of the spatial coordinates (just take the summation of the above
result over «, and shift & — a + 1 in the last two terms). More reflection
on this issue, shows that the explicit form of the local current operator that
will enter the Kubo formula actually originates from the —j- A term that
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corresponds to the perturbation of the Hamiltonian due to the electric field;
this is because we evaluate the expectation value of the total current with
the perturbation of the Hamiltonian due to the external field and that field
enters via the vector potential value at a specific plane [see Eq. (2.128)].
Hence the conductivity matrix is defined from the piece of the total current
operator that couples to the field at plane « and, since the total current will
be the sum of the currents at each plane, the current-current correlation
function for the conductivity matrix involves the local current operators
that couple to the vector potential. Hence, we choose the perturbation of
the Hamiltonian to be

H(t) = —ilela Y taas1(Chi1iCai — ChiCarri)Aalt), (3.24)

ot

where we have taken the vector potential along the z-direction, and in-
dependent of the intraplane coordinates, because the field is uniform for
each plane. We feel this choice makes good physical sense because we
couple the vector potential to the physical current between the ath and
« + 1st planes. Alternatively, one can view this as a coupling of the
current between the ath and o + 1st plane to the electric vector poten-
tial located halfway between those two planes (in this interpretation, we
would use [An + Aq+1]/2 as the coupling field). Finally, in the spirit
of how we break up the energy polarization into pieces associated with
each lattice site, one can take the local current operator to be j.on&:sym =
—iate_1a(chco1 ——c];_lca)/Q—iataaﬂ(cl_,,_lca —clcqq1)/2, corresponding
to the average of the currents located just to the left and to the right of
plane «. This choice sounds like the most physical choice, but the calcu-
lations for it are somewhat more complicated, and it is not likely the end
results are too different from our first choice. The difference between the
two approaches is actually quite simple. In the first approach, one should
envision the spatial indices o and [ to correspond to zo +a/2 and 25 +a/2;
that is, they are shifted to the right by half the distance between the planes.
In the second, symmetrized approach, the o and 8 indices denote the planar
indices. For this reason, we don’t expect the final results to be too different
for either approach. Due to the simplicity, we choose to take the current
operator to be the current between the ath and «a + 1st planes for our
derivations below, and we show how to get the corresponding symmetrized
results at the end.
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As before, we will use the Kubo formula to find the dc conductivity
matrix. We express it in terms of a polarizability matrix, which we first
evaluate on the imaginary time axis, then we Fourier transform to the
Matsubara frequencies, and finally we take the analytic continuation and
the limit of the frequency going to zero to find the conductivity matrix.
Hence

ezﬂag(z/)

; 3
0ap(0) = lin%) Re’ , Hag(iv) = / d're“’”(’Z'Tji,‘f"gf(‘r)jg’"g(O)).
v— 0

(3.25)

Since the vertex corrections vanish in the bulk DMFT when we are in
the infinite-dimensional limit, we are going to make the approximation here
that we neglect vertex corrections for the nanostructure as well. This step
isn’t even valid in the infinite-dimensional limit, because it relied on the ve-
locity operators being odd in parity and the Green’s functions being even,
but parity is not a good quantum number when there is lattice inhomo-
geneity except for special planes, if the overall structure has a mirror-plane
symmetry. Hence, the arguments used before to guarantee the vertex cor-
rections would vanish will not hold any longer. Furthermore, we are look-
ing at a three-dimensional system, so there is no guarantee that the vertex
corrections vanish anymore, in any case. We continue to neglect them, nev-
ertheless, because we expect they will be small, since they vanish in certain
limits, and for a pragmatic reason, we don’t have any straightforward way
to evaluate them for all models (although they could be systematically cal-
culated for the Falicov-Kimball model). A longer discussion of this issue
can be found in the last section of this chapter.

Since we are neglecting the vertex corrections, the polarizability ma-
trix will correspond to the bare function, which has the same functional
form when represented in terms of Green’s functions, as the noninteract-
ing case. Hence, we can evaluate the polarizability matrix by employing
Wick’s theorem, which pairs each of the electron creation operators with
a respective annihilation operator in the four-operator expectation value,
and writes the four-operator expectation value as the sum of products of
all different two-operator expectation values (i.e. Green’s functions). We
introduce this technique here, because it is an alternative way to derive our
equations, and we have already seen Wick’s theorem when we discussed the
jellium problem.
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Substituting the expressions for the current operators into the Kubo
formula gives

s .
Haﬂ(iljl) = aztaa+1tﬁﬁ+1 / drettT
0

< 3 (T [ehdeaslr) = hi(r)earia(r)]

ijEplane

X [C,Taj(o)cﬁﬂj(o) — b 1;(0)cy; (0)] > (3.26)

Now we perform the pairings as directed by Wick’s theorem (this process
is called evaluating the contractions) and we need only worry about the
pairings between operators at time 7 and those at time 0, because the
other pairings can be shown to cancel themselves out. We also assume that
we pair only creation and annihilation operators together, because we are
in the normal state. Employing the notation

Gapij (1) = —(Tras(T)ch,(0)), (3.27)

we find that the polarizability matrix becomes

8
Haﬁ(il/z)=a2taa+1tﬁﬂ+1/ dre™™ Y [_Gﬂ+1a+lji(_T)Gaﬁi1(T)
0

ijEplane
+ Gpa+15i(—T)Gag+1i5(T) + Gpy1aji(~7)Gar18i; (T)

— Gpaji(~T)Gat18+145 (T)} (3.28)

Expanding the Green’s functions in the Fourier series in terms of the Mat-
subara frequency Green’s functions, and performing the integral over 7
yields

Hag(illl) = aztaa-{-ltﬁﬂ-}-lTZ Z [—— Gg+1a+1ji(iwm)Gagij (iwm + iVl)

m {j€plane
+ Gpatii(iwm)Gapiij (iwm + 1)
+ Gpt1aji(iwm)Gat1sij (iwm + i)
= Ggagi(iwm)Gat18+155 (iwm + il/z)}- (3.29)
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The sum over the planar indices ¢ and j can now be performed. Since
the Hamiltonian is translationally invariant in the planar directions, the
summations involve functions of R; — R; and of R; — R,;. The product of
these two functions has a simple Fourier transform, so we get

Map(iv) = a4taa+ltﬂﬁ+1TZ Z
m ki
X [ — G5+1a+1(k“ R iwm)Gag(k” , tWm + ’il/l)
+ Gga+1 (k” , iwm)Ga5+1 (k” , twm + il/l)
+ Gprra(kl, iwm)Garia (k! iwn + i)

— Gpalk!, iwm)Garipe1 (K, iwm + w,)}. (3.30)

Now we need to perform the analytic continuation. We rewrite the
Matsubara summations using contour integrations as in Fig. 2.9, substitute
flw—1iy) — f(w), then let iv; — v+146. After performing the substitution
w — w + v in the relevant integrals, we are left with the final formula for
the polarizability

4
Hup(v) = @ taat1tsott Z/dw

4 Kkl
[@){ ~1mGpriati (k! w)Cas(kl,w +v)

+ImGga+1(k” , w)Ga5+1(k” ,w+ )
+ImGpa (k! w)Gar1kl, w + v)

~ImGa(k!, w)Gayrgr1 (K, w + 1/)}
+ £ +0){ = Ghrap (€, w)ImGap(kl,w +v)

+Gfm+1 (k” ) W>ImGaﬂ+1 (k” ,w+v)

+Gh110(k! W) ImGo 1k, w + v)

~Gpo(Kl,w)ImGasign (K,w+n)}].  (3.31)
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Using the definition of 044(0) in Eq. (3.25), produces our last formula for
the conductivity matrix, after noting that —d,, f(w) = 1/4T cosh?(Bw/2),

Uaﬁ(o) h 35T /de”p2d(6“ /dw oz g_taa+1tﬁg+1

{ ~mGapsr(e!, w)mGpar (e,

w)
—ImGos15(e!, w)ImGpy1a(e!, w)
)
)

+ImGa;;(e” W) ImGgi1a+1 e”,w

(
+HImGga(el,w)ImGatig41(eh,w } (3.32)

where we extracted the relevant dimensionful constants (the integrand
is taken to be dimensionless, all of the dimensions are included in the
prefactor). Note that the indices a and 8 (for the conductivity matrix,
not the Green’s functions) correspond to the spatial locations between
the @ and a + 1 planes and the 8 and 8 + 1 planes, respectively. If
we want the symmetrized version of the conductivity matrix, it satisfies

Oap (0) = [0a-15-1(0) + 0a—15(0) + 04p-1(0) + 0ap(0)]/4. In this case,
the spatial indices on the left-hand side are always the planar indices.

In order to determine the conductivity matrix, we need to compute the
off-diagonal Green’s functions that correlate different planes together. This
is described in Prob. A.23. Note that one needs to specify the actual matrix
dimensions of the conductivity matrix before calculating it. Since the bar-
rier region is often the region with the largest contribution to the resistance
(especially in situations where the leads are made from ballistic metals), we
start with the planes at the center of the device and work outwards. In the
case of ballistic leads, which provide only a contact resistance, since they
have vanishing bulk resistivity, we need to take the matrix out to include
only the first plane of the interface within the lead. In other cases, one
takes the matrix size out to the point where the probes used to measure
the voltage drop in the experiment lie.

Given the conductivity matrix in Eq. (3.32), we now show how to extract
the resistance of the multilayered nanostructure. We begin from the relation
between the electric field and the expectation value of the planar current
density (per unit cell) in linear response

(578 =a ) 0ap(0)Eg. (3.33)
8
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Assuming that the conductivity matrix is invertible, we multiply by its
matrix inverse to find the electric field at each plane in the steady-state

Ba = = Y lo(0)lz305™), (3:39)
B

where we can drop the index (8 from the current operator because it is
conserved, and hence identical on each plane. Now we integrate the electric
field over all of the planes to find the voltage drop across the device

V=a) Ea=) [0(0);5(5) (3.35)

af

(the voltage drop is the difference of the voltage from the left and right leads,
which accounts for the positive sign for the first equation above). Ohm’s
law says that V = R, I, so we can immediately extract the resistance-area
per unit cell product of the nanostructure

Rpa® =) [0(0)]55- (3.36)
of

The validity of this analysis, by demonstrating that the conductivity matrix
is indeed invertible, will be presented in detail below.

Note that it is a resistance R, that is extracted from a nanostructure
calculation, and not a resistivity. This occurs because the nanostructure
has a specific geometrical arrangement, and the measurement technique
involves the measurement of the total current through the nanostructure
and the voltage across it, leading to the extraction of the resistance. If this
was a homogeneous system, we could multiply the resistance by appropriate
geometrical factors and extract a resistivity, but that procedure makes no
sense for an inhomogeneous system.

It is interesting, nevertheless, to take the bulk limit of the derivation
that led up to Eq. (3.36). Doing so will allow us to extract a resistance
and should yield Ohm’s law [Ohm (1827)]. We first examine the case of a
ballistic metal that has no scattering. Even though the resistivity vanishes
in that case, a ballistic lead can have a finite voltage drop, and hence a finite
resistance over it when we examine the voltage drop over the semi-infinite
lead. The corresponding resistance is called a contact resistance, and was
first discussed by Sharvin [Sharvin (1965)].
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To get quantitative, we first note that in the bulk, the Green’s function
for a ballistic metal satisfies
]
Vim@rnay

wtp—el A —(w+pu—eh
- +1
2 2
= - . etfinl (3.37)
i—Gra-ep
when |w+u—ell| < 2, which is when there is a nonzero imaginary part. The
phase factor € is determined by the term in the square brackets, which lies
on the unit circle. If we examine the ae + n component to the de conduc-
tivity in the bulk at low temperatures (where we can treat the derivative
of the Fermi factor as a delta function and integrate over w and simply set
w = 0), we find

Gacx+n(e”a w) =

n
771"

62
Taatn(0) = 75 / del p22(e)g(|u — €| < 2) (3.38)
4
oy (i — el [~ cos(n 4 1)0 cos(n — 1)0 + cosnb cosnd] .

The term in the brackets becomes sin?6 = 1 — (u — €1)2/4 which cancels
the term in the denominator, so the integral becomes just an integral of
the two-dimensional DOS from p — 2 to p + 2. Evaluating the integral at
half-filling (1 = 0) produces 0,5(0) = 0.63¢2/ha®. This agrees with the
Sharvin result that can be calculated directly from the Fermi surface area
[the Sharvin conductance is (k%/4m) (e?/h) per spin with &% a suitable
average of the square of the Fermi wavevector for the noninteracting Fermi
surface| [Freericks, Nikoli¢ and Miller (2001)].

It is possible to show that in the general bulk case, where there is
scattering in the system and a nonvanishing self-energy, the conductivity
matrix is a function of @~ (because we now have a homogeneous problem).
Now we want to work in Fourier space rather than real space to perform
calculations. We write the conductivity matrix as

0ap(0) = ) 0q(0)e"tt7"20) (3.39)

with 04(0) = 3 ,50a8(0) exp[—ig(za — 2g)]/N?, and N the number of
planes used in the system. Similar expressions can be written for 0';; 0),
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Fig. 3.8 Numerical properties of the conductivity matrix for a nanostructure with thirty
planes in each lead and ten planes in the barrier. The leads are ballistic metals and the
barrier is described by the Falicov-Kimball model at half filling with U = 5. The dashed
line shows when the conductivity matrix includes the first plane of the lead. In panel
(a), we plot the resistance-area-per-unit-cell product as calculated from the truncated
conductivity matrix. Note how we approach the final limiting value once we reach the
barrier-lead interface. In panel (b), we plot the logarithm of the determinant of the
truncated conductivity matrix. Note how the determinant changes sharply when we
enter the lead, which is expected because there is no scattering in the lead.

and a direct calculation shows that o (0} = 1/(g4(0)N?). Then we can
directly compute the resistance, and find it satisfies the Ohm’s law scaling
R, = pouxNa/a?, with pgl, = a3 a59ap(0)/N (recall the length of the
system is L = Na). Hence, our formalism has the correct bulk limit.

One issue of these calculations is does the truncated conductivity ma-
trix have a well-defined matrix inverse so that the resistance calculation
is well defined? We illustrate that this is so in Fig. 3.8. This is a plot of
properties of the conductivity matrix for a ten-plane barrier described by
the Falicov-Kimball model with U = 5. Note how the conductivity rapidly
converges to its final value as the number of planes in the truncated ma-
trix becomes larger than the size of the barrier. In panel (b), we plot the
logarithm of the determinant. Note how it starts to sharply decrease once
the truncated conductivity matrix includes the barrier and the first plane
in the lead. This is expected, since the conductivity matrix in the lead as-
sumes one of two values depending on whether « is larger or smaller than 3
and quickly becomes nearly singular. Nevertheless, the computation of the
resistance-area-per-unit-cell product is completely robust and well-defined.
As a general rule, one should truncate the matrix at the size of the barrier
plus one plane on each side to calculate the resistance of a junction.
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Note that we can now argue a posteriori that the choice we made
for the local current operator in Eq. (3.22) is a good choice. Our results
reproduce the Sharvin contact resistance, have a proper bulk limit, and
the conductivity matrix has the correct behavior for the resistance of a
junction with ballistic metal leads. While other choices may also produce
these results, we feel the physical arguments given above make the choice
we take to be the most reasonable one.

We make one final comment about conductivity calculations. In the
case where the chemical potential is either fixed at p = 0 for symmetry
reasons, or if we are working at low enough temperatures that the chemical
potential does not change much with T, then there is a huge simplification
in the computation of the resistance as a function of T'. Since the DOS and
self-energies of the nanostructure do not depend on temperature for the
Falicov-Kimball model, we can perform the calculation of the resistance for
a range of temperatures in parallel, by simply modifying the value of the
derivative of the Fermi factor that goes into the integral for the truncated
conductivity matrix. This saves much computation time, since we do not
need to recalculate all of the off-diagonal Green’s functions for each tem-
perature. Unfortunately, this speed up will work only when both the DOS
and the chemical potential are (nearly) independent of T'.

3.6 Charge Reconstruction (Schottky Barriers)

In this section, we describe how to modify the DMFT procedure to include
the charge reconstruction that generically takes place at each interface in a
multilayered nanostructure. The reason why is simple—the nanostructure
has its chemical potential set by the leads, which extend out to infinity in
each direction. If the chemical potential of the barrier region is different
from that of the leads, then the barrier is in an unstable electronic state,
which requires charge to rearrange itself, forming screened dipole layers
at each interface, until the system reaches a steady state with a static
redistribution of charge. This effect is called the Schottky effect [Schottky
(1940)] when the interface is between a conventional semiconductor and an
sp metal. Here we show how to determine this effect for strongly correlated
systems.

The approach will be a semiclassical one. Since long-range interactions
can be treated in a mean-field sense in DMFT, such an approach is con-
sistent with the local approximation for the self-energy that we have been
taking throughout the text. We will first calculate the electronic charge
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on each plane via the Green’s function approach of Potthoff and Nolt-
ing [Potthoff and Nolting (1999a)]. This calculation can be performed on
the imaginary (Matsubara) frequency axis because the charge can be found
by summing the Green’s functions over all frequencies {with an appropri-
ate regularization scheme). For some models, like the Hubbard model,
or the PAM, one cannot perform the calculations solely on the imaginary
axis with the NRG, so they will need to use a real-axis code to find the
charge densities on each plane (this complication will be described in de-
tail below). Next, we find the charge deviation on each plane; namely, we
determine whether extra charge has entered or left the plane. Since the
positive background charge of the ions remains the same, the charge de-
viation will give rise to an electric field. There are two different ways to
treat this field. The simplest is to assume the electric charge is uniformly
spread over the plane [Nikolié, Freericks and Miller (2002a)]. Then the elec-
tric field is constant, perpendicular to the plane, and pointing away from
it in both directions if the net charge density is positive, while pointing
toward the plane if the net charge density is negative. The second method
uses the actual distribution of the ions, and the spatial profile of the elec-
trons, if available, to calculate the charge [Okamoto and Millis (2004a);
Okamoto and Millis (2004b)]. This approach is closer to an Ewald-like
summation [Ewald (1921)] of the charge densities. It is expected that the
two treatments should yield similar results.

The magnitude of the field when treated as a plane of uniform charge
density is just

gy _ [ela — p2jo

3.40
2€0€ra ( )

where p,, is the quantum-mechanically calculated electron number density
at plane o, p2%* is the bulk electron number density for the material that
plane « is composed of, ¢q is the permittivity of free space, and ¢, is the
relative permittivity of plane «. The contribution to the electric potential

Ve(z) from this field satisfies
d
= ——V(2). Al
E sz (2) (3.41)

Since the electric field is constant in magnitude, it is straightforward to
compute the contribution to the Coulomb potential at plane 8 due to the
change in the charge density at plane o
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Zv etz Tz h B>

bulk =
Vela) = Lt ;: s B=a. (342)
0
Z’Y =a— 1[25,., + 2537]7 B<a

Note that if the relative permittivity is a constant, independent of the
planes, then the potential energy is proportional to —|z, — zg|/€;r as one
might expect. The reason why we need to sum over two terms in Eq. (3.42)
is because we envision the ath plane of charge to be infinitesimally thick,
and go through the lattice sites of plane «, but the dielectric has a thickness
of a and is centered around the plane of atoms. Hence, if the permittivity
changes from one plane to another, a polarization charge develops half-way
between the two planes where the dielectric is changing, and the electric
field has a discontinuity at that point (see Fig. 3.9).

We have added a term p to Eq. (3.42). This is used to help the calcula-
tions converge more easily. The parameter p = Y__(pa — p2"'%)/N with N
the total number of self-consistent planes in the simulation. The parame-
ter p is the average excess electron density, spread uniformly through the
system. When the algorithm has converged, the parameter g will be close
to zero; this needs to be checked in any calculation, of course.

a a

1
I
I
I
U
Cq, 0pol O o+1

Fig. 3.9 Geometry taken for the classical electrostatics problem. We show the blow up
of two planes, o and a+1. Assuming the charge density on plane ¢ is (po — p5*¥)a = 04
and the relative permittivity is € (and similarly for the a 4 1 plane), then the change
in polarization at the interface between the two dielectric planes induces a polarization
charge on the interface (denoted opo1) that leads to a discontinuous jump in the electric
field halfway between the two lattice planes. Once the fields are known, we integrate
to get the electric potentials. Note the discontinuity in the electric field occurs at the
midpoint between the two lattice planes.
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It is actually the potential energy —|e|V¢ = V that shifts the chemical
potential at each planar site. We define a parameter

ea

eScth(Oz) (3.43)

T 2€0€ra
which determines how the extra charge density decays away the interfaces.
The parameter egchot has the units of an energy muitiplied by an area; the
product of egcpoy with the local DOS has units of the inverse of a length,
and this is what determines the decay length of the charge profile. Using
this parameter, we can immediately calculate the potential energy due to
the Coulomb interaction

zg=a+l %[eSchot('Y) + eschot (7 — 1)]7 B>«

Va== (pa—p2"-p) 4 0, B=a.
« Y ot Lleschor(7) + esahot(Y + 1), B<a
(3.44)

Note that a similar analysis can be carried out if one uses the Ewald-like
technique for determining the charge reconstruction. Note further that p
is used to improve the convergence of the iterations and it vanishes for the
(converged) final fixed point solution.

These potential energies modify the Hamiltonian by the long-range
Coulomb interaction of the charge reconstruction. The additional piece
of the Hamiltonian (due to the charge rearrangement) is

Hcharge = Z Va Z CLiCai' (3.45)

i€plane

Hence, they can be treated by shifting the chemical potential 4 — p—V, on
each plane depending on what the Coulomb potential energy is for the given
plane. For consistency, we must have that the potentials go to zero as we
move far enough into either of the leads. This requirement enforces overall
charge conservation—any charge that moves out of the barrier remains in
the leads, localized close to the interface, and vice versa. Of course, the po-
tentials V,, that appear in the electronic charge reconstruction Hamiltonian
in Eq. (3.45) must be determined self-consistently.

There will be no electronic charge reconstruction if the chemical po-
tentials in the bulk of both the leads and the barrier match. In order to
have freedom to adjust the mismatch of the chemical potentials, we need
to be able to change the value of the band zero of the barrier relative to
the band zero of the leads. This parameter is AFE gy, which vanishes in the
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Fig. 3.10 Flow diagram for the DMFT algorithm in a multilayered nanostructure with
electronic charge reconstruction. The main algorithm in black is the same as before,
and is all that is needed on the real axis, if an imaginary-axis formulation is available.
The red portion describes how to perform the self-consistent charge reconstruction. We
determine the charges on each plane, determine how they differ from the bulk charge on
the plane to find the excess or deficit charge. Then we use classical electromagnetism
to find the electric potentials on each plane and then the contribution of the potential
energy to the electrochemical potential on each plane. Then we average the potentials
with a large damping factor so that the potentials are updated slowly (typically we take
99% or more of the old potential in the average). This then is all that is needed for the
next loop of the algorithm.

leads, and is generically a nonzero constant in the barrier (independent of
the temperature or the charge rearrangement). Hence we add an additional
term — 3" D icolane z’_\uﬁ}rm«:!m-tco(Ti to the Hamiltonian.

The DMFT algorithm is then modified as shown in Fig. 3.10, with the
new steps indicated in red. If there is a separate algorithm available for
the Matsubara frequency Green’s functions, then we use the red part on
the imaginary axis, and we don’t need it on the real axis. If such an
algorithm does not exist (such as when we perform calculations with the
NRG), then we would use the red part on the real axis. The new steps
are to first find the electron density on each plane. Then we subtract the
bulk charge density of each plane to find the excess or deficit charge on the
given plane. Once the change in charge density is known, we can calculate
the electrical potential, and then the contribution to the potential energy.
This gets added to the chemical potential to determine the electrochemical
potential at each plane. But we need to average that result with the old
potentials in order to be able to slowly converge to the final answer. If the
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potentials are updated too much, then the system of equations migrates to
an unphysical fixed point, or limit cycle. Typically, we use at least 99% of
the old potential (or more) in each averaging. Then we have all the inputs
for the next loop in the algorithm.

It is significantly more difficult to reach the correct physical fixed point
when there is a charge reconstruction. If the iterations are performed with-
out significant damping, to slow the updating of the potentials and the
Green’s functions, then they will not converge to the correct solution of
developing screened dipole layers at each interface, but instead, will often
converge to a screened dipole sitting in the middle of the barrier. While
there is no way to fully guarantee a robust solution to this problem, we
have found that the following strategies often yield good results: (i) the
updating of the potentials must be significantly damped by the equation

Vo?em iteration _ OZVVO?ld + (1 - aV)VO:w“)’ (3.46)

where we usually take 0.99 < ay < 0.999; (ii) updating of the self-energy
should continue to be damped as in Eq. (2.116); (iii) the equations should
converge to a level of at least 5 x 1078; and (iv) the total charge deviation
p (summed over all simulated planes) should be smaller than 2 ~3 x 1075.
We find that the above computational scheme seems to work in calculations
where egchot does not change through the lattice, and is relatively small
(< 0.5), and we choose oy = 0.99; the number of iterations needed is on
the order of 2000 — 5000. When egchot is larger on one set of planes, then
we need to increase ay (usually 0.995 is large enough), and we may need to
anneal in the increase over a series of calculations. The annealing process
would start by running the calculation for a uniform small value of egchot,
then slowly increase it in the barrier (or in the leads), in small steps (like
in steps of 0.5), using the potentials, Green’s functions, and self-energies
from the previous converged calculation as the starting point for the new
calculation. When performed in this fashion, one can often stabilize what
would otherwise yield an unstable iterative process.

The phenomenon of electronic charge reconstruction is illustrated in
Fig. 3.11 for a barrier of 20 planes attached to leads. There is no scattering
in any of the planes (all are ballistic metals), but the center of the band
for the barrier is shifted by an amount AEFr with respect to the position
it would need to have to yield the required filling [p. = 1.0 for panels (a)
and (b) and p. = 0.01 for panels (¢) and (d) and the chemical potential is
set by the leads to be p = 0 in these examples] the exact shifts are written
in the caption to the figure; we are including spin in these calculations.
The top panels show the case for metals, while the bottom panels show the
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Fig. 3.11 Electronic charge reconstruction for a multilayered nanostructure consisting
of a barrier region of 20 planes. The bulk charge density of the leads is equal to 1.0 (spin is
included here) and of the barrier is equal to 1.0 in panels (a) and (b) and 0.01 in panels
(¢) and (d). The band for the barrier is shifted by an amount AE g, which changes
for the different curves [AEp = 0.1 (black), 0.5 (red), 1 (green), 2 (blue), 3 (cyan),
and 5 (magenta) for panels (a) and (b) and AEpr = 1 (black), —1 (red), —3 (green),
and —10 (blue) for panels (c) and (d)]. Panels (a) and (c) show the electronic charge
reconstruction, while panels (b) and (d) are rescaled by dividing the charge deviation
by AEgr. The bands are uncorrelated here. Figures adapted with permission from
[Freericks, Nikoli¢ and Miller (2002)] (original figure ©@World Scientific Publishing Co.
Pte. Ltd., Singapore).

case of a metal-doped semiconductor-metal device. The screening length,
as determined by the parameter eschot(c), is about 2.2 lattice spacings. We
choose esehot(@) = 0.4 throughout the device (in both the leads and the
barrier).
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The physics of the system is quite rich. To begin, note that the charge
deviation grows as the mismatch of the chemical potentials increases. In the
half-filled case [panels (a) and (b)] the results are symmetric with the sign
of AEr, as long as the sign of the charge deviation is changed as well. The
charge deviations do not change much with respect to temperature, and
the total charge deviation is smaller than 2 — 3 x 107? in the self-consistent
calculations. Since the various curves in panel (a) all seem to share the same
general shape, we tried to rescale them by dividing by the shift of the band
AEp in panel (b). One can see that the rescaling works extraordinarily
well, with deviations occurring only very close to the interfaces. Note as
well, that as the chemical potential mismatch increases, the barrier is not
thick enough to have the charge density heal to its bulk value. This kind
of behavior is seen in the experimental results shown in the bottom panel
of Fig. 1.16.

The behavior for the doped semiconductor case in panels (c) and (d)
is similar, but has some notable differences. The results do not have any
symmetry with respect to the sign of AEr here. The curves appear to
have a different shape as well, as we look at different chemical potential
mismatches. Indeed, the scaling exercise, illustrated in panel (d) clearly
shows that the system does not satisfy the same scaling as what was seen
in the metallic case. This most likely is arising from the fact that the local
DOS is nearly constant at half filling, but is quite asymmetric as we dope
off of half filling, and sit close to the lower band edge. The asymmetry
or nonconstant behavior is what probably leads to a breakdown of the
scaling.

The effect of different screening lengths in the leads and in the barrier
can be seen in Fig. 3.12. The left panel plots the potential, which develops
a kink at the interface as the screening lengths are made to be different (see
inset), and the right panel shows the charge density, which heals faster as
the screening length decreases. In the inset one can see this illustrated by
the charge at the center of the barrier. In these figures, the barrier is a small-
gap insulator, with w; = 0.5 and UFK = 6, while the leads are ballistic. One
can see that the screening and electronic charge reconstruction do not have
a significant qualitative or quantitative change as interactions are turned
on: compare the black curve on the right panel of Fig. 3.12 with the green
curve in panel (a) of Fig. 3.11 (noting that there is spin included in the
latter figure, but not in the former).

In Fig. 3.13, we show how the charge profile changes as a function
of the thickness of the barrier. The leads are strongly correlated metals
with UFX = 4 and the barrier is a small-gap insulator with UFK = 6.
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Fig. 3.12 Potential (left) and charge density (right) for the electronic charge recon-
struction of a multilayered nanostructure consisting of a barrier region of 20 planes. The
bulk charge density of the leads and the barrier is equal to 0.5 (no spin). The band for
the barrier is shifted by an amount AEp = —1.0 and the barrier has a Falicov-Kimball
interaction of UFX = 6 and wy = 0.5, which is just on the insulating side of the metal-
insulator transition. The leads are ballistic, with UFK = 0. The screening parameter
eschot 15 equal to 0.4 in the leads and varies from 0.4 (black) to 0.8 (red) to 2.0 (green)
to 4.0 (blue) in the barrier. Note how the potential (left panel) goes to zero when deep
in the leads, gets deeper as the screening length is reduced in the barrier, and develops a
kink at the interface (plane number 30.5) as blown up in the inset. The kink determines
the jump in the electric field at the interface. The right panel shows the charge density
which heals much faster as the screening length is reduced. This is clarified in the inset,
where the charge on the central plane of the barrier is plotted as a function of egchot.

The parameter egehor Which determines the screening lengths is 0.4 in the
leads and 2.0 in the barrier. Note how the charge deviation in the barrier
cannot heal to zero for the thinner barriers even though the screening length
is smaller than a lattice spacing in the barrier. This occurs because the
total charge outside the barrier is too large to allow the charge within the
barrier to be restored to its bulk value when the barrier is thin. Such a
result is similar in qualitative nature to the experimental results shown in
Fig. 1.16, except that the curvature of the charge profile in the barrier is
opposite in the calculations and experiment. As the experimental barriers
are made thicker, we expect that the curvature will change to be similar to
the calculated results and indeed this is observed in experiment [Varela, et
al. (2005)).

One other thing to note from these numerical examples is that the charge
reconstruction at the interfaces of the nanostructure does not change much
with the scattering strength within the different levels. The screened dipole
layers that form at the interfaces are rather insensitive to changes in the
correlations within the different planes. Hence, they can can be deter-
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Fig. 3.13 Charge profile for a multilayered nanostructure with UFK = 6 in the barrier
and UFK =4 in the leads. The screening length is determined by egeyey which is equal
to 0.4 in the leads and 2.0 in the barrier. The mismatch of the chemical potentials is
AEp = 2.0. The barrier thickness ranges from N = 20 (black) to N = 15 (red) to
N = 10 (green) and N = 5 (blue}). The different curves are offset so that the center of
the barriers line up.

mined quite accurately from a noninteracting system. This observation
can come in handy in trying to perform calculations for strongly correlated
models that do not have a simple formulation on the imaginary-frequency
axis. If we try to perform these kinds of calculations for a system where
the impurity solver employs NRG, then we have to work directly on the
real axis. This increases the numerical calculations for two reasons—first,
the computational time for a real-axis solver is usually longer than for an
imaginary-axis solver, and second, the inhomogeneous DMFT algorithm
for the real axis when there is a charge reconstruction is significantly com-
plicated because the numerical integrations now have numerous principal-
value integrations, which are more difficult to handle than in the case when
there is no charge reconstruction.

In order to determine the transport through the device we need to eval-
uate the real-axis results for the nanostructure with an electronic charge
reconstruction. Unfortunately, the algorithms used when there is no elec-
tronic charge reconstruction cannot be simply employed for this case. The
reason why is that the presence of the different potentials V, on each plane
causes the nature of the integrands over the two-dimensional DOS to have
a different singular behavior than they had before. Previously, we focused
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on square-root-like singularities, which could be removed by a simple vari-
able change. Now, the singularities are poles (because the denominators
are shifted by the potentials at a given plane, so they vanish at differ-
ent energies, and give rise to a different singular behavior), so we need to
evaluate the integrals in a principal-value sense, where the real part is in-
tegrated with a symmetric grid around each pole, and the imaginary part
has a delta-function contribution that needs to be included. The challenge,
from a numerical standpoint, is that the locations of the poles change from
plane to plane, and they change from iteration to iteration, so one needs
to generate a new integration grid for every plane and for every iteration,
to properly handle the singularities. No one has yet constructed such a
code, although it should be possible to do so in principle. Instead, a “poor-
man’s approach” to the problem is to instead add a small imaginary part
to the frequency (or equivalently to the self-energy), and evaluate the in-
tegrals slightly off the real axis. Then the imaginary part of the frequency
smooths out the singularities, and they can be integrated with the same
technique as used before. If the self-energy has an imaginary part larger
in magnitude than the imaginary piece added to the frequency, the calcu-
lation is unchanged. It is only in regions where the self-energy has a small
imaginary part that the calculation is modified. One needs to ensure that
the quadrature grid spacing is small enough that one can properly capture
enough points in the “near singularity” to properly integrate it with the
quadrature rule. Then by performing the calculation for smaller imaginary
parts, the results can be scaled down to the limit where the imaginary part
vanishes. This is a more practical way to perform the calculations, but one
should note that if there is a region where the DOS is becoming exponen-
tially small, it is likely that adding the small imaginary part will change the
value of the resistance, so one needs to check results for different sizes of
the imaginary part to make sure they are robust, and represent the correct
results. Details of solutions of the real-axis properties are given in Chapter
6 when we discuss thermal transport.

It is important to examine how the linear-response transport formal-
ism is modified by the electronic charge reconstruction. We have taken the
chemical potential as a constant throughout the multilayered nanostructure
for thermodynamic equilibrium. One can directly show that the device car-
ries no charge current even though there are nonzero electric fields arising
from the electronic charge reconstruction (see Prob. A.26). No current
flows because the putative current driven by the internal electric fields is
canceled by an equal magnitude but oppositely directed current driven by
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the concentration gradient. The standard way to describe this result is via
a phenomenological equation (for the case with no thermal gradients) [On-
sager (1931a); Onsager (1931b)]

(jc,long> —a Z oapEs — a|e| ZDQ,G pﬁ+1a_ pﬁ e| Z “ﬁ+1 .u'ﬂ
B B

(3.47)
where Dop is the diffusion constant for Fick’s law of diffusion [Fick
(1855)], and the second equality follows from the Einstein relation [Ein-
stein (1905)] (or more correctly the Nernst-Einstein-Smoluchowski rela-
tion [Nernst (1889); Smoluchowski (1906)]) which relates the diffusion con-
stant to the conductivity via

OaB = €2Dagdpg/dy,. (3.48)

The symbol i, = p — V, is called the electrochemical potential. The
Einstein relation can be derived by relating the gradient with respect to the
chemical potential to the gradient with respect to the number concentration
via the chain rule: du/dz = (du/dp)dp/dz, and the fact that the current
vanishes in equilibrium {Luttinger (1964)).

Equation (3.47) implies that the condition for there to be no charge
current is simply dfi/dz = 0. The chemical potential is a constant, but it
does vary with the filling, so if there is a change in electron concentration,
then dfi/dz = (du/dp)dp/dz — dV (2)/dz, so the force from the electric field
will be balanced by the force from the change in electron concentration. In
addition, note that the current vanishes no matter how large the variation
in the concentration is (i. e., beyond the linear-response regime), so the
conclusion is that the current generated by the internal electric field is
always canceled by the current generated by the change in the electron
concentration. Hence, for a linear-response treatment of transport, we can
ignore the forces due to the internal electric fields and the concentration
gradients, because they always cancel, and we can limit our focus to the
effects of the external electric field only. This then implies that all of the
analysis performed previously for the charge current continues to hold, and
because the form of the charge current is unchanged when we have electronic
charge reconstruction, the Kubo formula is identical as it was before (with
the effects of the potentials V,, included, of course).
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3.7 Longitudinal Heat Transport Through a Nanostructure

The basic idea behind a thermoelectric cooler or power generator is that
there is a difference between the weighting factors that determine the bulk
charge current and heat current. The charge current is weighted by the elec-
tron velocity, while the heat current is weighted by the velocity multiplied
by the kinetic energy minus the chemical potential plus a term from the po-
tential energy. Hence, one can create charge current without heat current,
or vice versa; by carefully engineering the way electrons move through the
device, one can control both the energy and charge flow.

The typical thermoelectric element consists of two metallic reservoirs
connected by two legs of different materials—one leg is a n-type conductor,
with the current carried by electrons, and the other leg is a p-type conduc-

(a) (b)

Thot Thot
metal —J— metal —eage—
+] v n o] n
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Fig. 3.14 Thermoelectric device schematics for (a) a cooler/refrigerator and (b) a power
generator. The top is the hot reservoir, while the bottom is the cold reservoir. The right
leg is an n-type material and the left leg is a p-type material. In the refrigerator in panel
(a), a voltage source drives a charge current in a clockwise direction, which generates
a heat current flow from the cold reservoir to the hot reservoir (because the p-type
material carries heat flow in the same direction as the charge current flow, while the
n-type material carries heat flow in the opposite direction as the charge current flow).
This creates a net cooling effect if the thermo-electric driven heat current is larger than
the conventional heat conducted from the hot to cold reservoir, and the internal Joule
heating associated with the charge current flow. In the power generator in panel (b),
a heat source maintains a temperature difference between the hot and cold reservoirs.
The conventional thermal conductivity drives a heat current in both legs in the direction
from the hot reservoir to the cold reservoir. This generates a counter-clockwise charge
current flow, because of the way the charge current is “dragged” by the heat current in
each leg. The current flow can be tapped similarly to the current flow from a battery
for running electrical devices.
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tor, with the current carried by holes. The basic set-up for a cooler (left)
and a power generator (right) is given in Fig. 3.14. In the case of a cooler,
a battery is attached between the legs, to drive current through the device
in a clockwise direction. Heat is transported in the same direction as the
charge current for the p-type conductor, while it is carried in the opposite
direction for the n-type conductor. This produces a net heat flow from the
bottom to the top, resulting in a lower T for the lower reservoir than for
the upper. Reversing the direction of the current flow changes the direction
of the heat flow, so the hot and cold reservoirs are switched. This implies
that the thermoelectric device can be used as a cooler or as a heater just
by changing the direction of the current flow, or similarly changing the po-
larity of the voltage source. Since conventional thermal conduction carries
heat in the opposite direction from that driven by the charge current, one
needs to compare the heat flow generated from the thermopower to that
from conventional thermal conduction and to the bulk heat generated from
Joule heating. The balance between these thermal heat flows determines
the thermoelectric figure-of-merit Z7T which optimizes the thermoelectric
properties. Thermoelectric coolers are commercially available and are usu-
ally made from semiconductor alloys of Sb, Bi, and Te. They are much
less efficient than compressor-based refrigerators, and the materials usually
have a ZT value close to 1.

The power generator works with a different mode of operation. The up-
per reservoir is heated by a heat source, which causes heat to flow from the
hot reservoir to the cold reservoir. Accompanying the heat flow is a charge
current flow, which goes in a clockwise direction. The charge current flows
until a voltage has developed between the legs that impedes further flow of
charge. This device thus converts a temperature difference into a voltage
which can be drawn on to provide current flow, just like a chemical battery.
Once again, it is not as efficient as other battery sources, but because they
have no moving parts, and heat sources (from radioactive materials) can
have long lifetimes, they are the most reliable battery source for unmanned
deep space probes. They also are being investigated as a means to recycle
waste heat (from car exhaust systems, or industrial chimneys) and convert
that heat into electrical power. This application is not yet commercially
viable.

In actual devices, the basic thermoelectric element is joined together
into a module, which cools in stages, with the total temperature difference
coming from the difference of the hot reservoir in the first element and the
cold reservoir in the last element. Cooling can be achieved down to about



154 Transport in Multilayered Nanostructures: The DMFT Approach

150 K with such devices. For power generation, the module approach is
also useful for generating high voltage sources, since the maximal voltage
for a particular element will come from the temperature difference and
the materials properties of the thermoelectric element (since thermopower
is measured in uV/K, a single-stage thermoelectric power generator will
usually generate less than 1 V).

In this text, we concentrate on nanostructures, which can be used to
compose one of the legs of the thermoelectric device. This should be kept
in mind as we describe different kinds of calculational techniques. We also
concentrate solely on electronic transport mechanisms. In most thermo-
electrics, the thermal conductivity from phonons can be large enough to
significantly reduce the figure-of-merit. While we do not treat phonons
in this book, it is expected that the phonon thermal conductivity will be
further reduced in a nanostructure, because the interfaces in the nanostruc-
tures will cause significant phonon scattering if the masses of the ions in the
different materials have a large mismatch [Hicks and Dresselhaus (1993)].

There is no simple way to derive the response of a strongly correlated
system to both electrical fields and thermal gradients. The reason why is
that the thermal gradient cannot be added as a field to the Hamiltonian like
the electric field can, hence there is no way to follow the simple Kubo re-
sponse theory developed for the charge current in an electric field (because
the linear-response approach evaluates correlation functions at a fixed tem-
perature, and a variation of the temperature with position is problematic
to include within the formalism). Instead, we can couple a fictitious field to
the heat-current operator, analogous to the vector potential that couples to
the charge current, and determine the linear response with respect to this
field. Then, we can compare the Kubo response to a phenomenological set
of equations that relate the charge and heat currents to the electric field
and the gradient of the temperature. We can then identify the relevant
transport coefficients and how they are expressed in terms of correlation
functions. This strategy was first adopted by [Luttinger (1964)].

In our nanostructures, we always have a charge reconstruction when we
describe devices made from different materials, because the bulk chemi-
cal potentials will have different 7" dependence, and hence cannot always
be equal (the only exception is for particle-hole symmetry at half-filling,
but there the thermopower vanishes, so they are uninteresting for thermal
transport). Hence the Hamiltonian must be modified to include the po-
tential energy V,, on each plane, and the band offsets AEp, as described
in Sec. 3.6 [i. e, we add Y _,(Va — AEra)cl;c,; to H]. The band offsets
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are independent of T', and represent the difference in the band zeroes for
the leads and the material placed at plane a. The potential energies V,, do
depend on T', but they do not create any currents, because they correspond
to the static potential associated with the electronic charge reconstruction
(and the diffusion current generated by the change in electron concentra-
tion cancels the current from the electric field). But they do create internal
electric fields that maintain the electronic charge redistribution amongst
the planes.

The phenomenological study of currents caused by external electric
fields or temperature gradients has been examined since the early 1800s. It
was found that an electric field can drive a charge current (which is essen-
tially Ohm’s law [Ohm (1827)] with the conductivity as the phenomenolog-
ical constant) and it can drive a heat current because the electrons carry
heat with them as they move through the material (this phenomenon is
called the Peltier effect [Peltier (1834))). Similarly, a temperature gradient
can drive heat conduction with the phenomenological thermal conductiv-
ity (called Fourier’s law [Fourier (1822)]), and because the heat current
generically carries charge, a temperature gradient can generate a charge
current (called the Seebeck effect [Seebeck (1823)]). The phenomenological
equations for the (linear response) longitudinal transport in a multilayered
nanostructure are then
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where the indices « and § denote the planar sites (or the midpoint between
planar sites), the term (Tg41 — Tj3)/a is the discretized approximation of
the temperature gradient and the L;; coefficients can be thought of as the
phenomenological parameters. We define the symbol pug = p— Vg — AEpg,
which may be thought of as the “local chemical potential” for plane 5. Both
w and V3 depend on T, but the band offset AEpg does not. The origin
of the temperature derivative of ug entering into the phenomenological
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equations arises from the conventional Vu term, which becomes VT'du/dT
when the system is placed in a thermal gradient. The spatial derivative of
the V3 terms does not drive any current, because it cancels with the current
driven by the equilibrium concentration gradient (which we did not include
in the above phenomenoclogical equations), so the electric field Eg is the
external field applied to the device (this is valid only in the linear-response
regime of a small external electric field). Note, that there is a simple way to
understand the signs that appear in Egs. (3.49) and (3.50). First consider
the external electric field, which can be written as the negative gradient of
the electric potential. The current (whether of electrons or of holes), always
runs down the potential hill. Since the conductivity is always positive, the
first term in Eq. (3.49) must have a positive sign. The thermoelectric
number current also runs downhill, so it is proportional to the negative
temperature gradient. For electrons, the charge current is —|e| times the
number current, which gives rise to the positive sign for the last term in
Eq. (3.49). Similarly, the thermal conductivity runs down the temperature
“hill”, so it has a negative sign in front of it. The Peltier effect term is the
hardest to understand, but because the electrons are negatively charged,
they actually move up the potential hill (the charge current runs down the
hill because the electrons are negatively charged), so the heat is carried up
the hill, and hence there is a minus sign in front of the term (recall the
electric field is the negative gradient of the potential).

Our next step is to determine how to represent the thermal transport
coefficients L;; in terms of many-body correlation functions. We have al-
ready done this for the first coefficient, which is proportional to the con-
ductivity matrix, and is represented by a current-current correlation func-
tion: oas = e?L11ag (the modification of the Hamiltonian by the electronic
charge reconstruction has no effect on the form of the charge current, or
on the form of the correlations functions, but obviously creates additional
scattering). Since this coefficient arises from an electric field, which can
be added to the Hamiltonian, the derivation is rigorous. Similarly, if we
follow all the steps that led up to the derivation of the conductivity ma-
trix, but we examined the expectation value of the heat-current operator
instead of the charge-current operator, we would find that the Lg; corre-
lation function was identical to the Li; correlation function except that it
is a heat-current-charge-current correlation function instead of a charge-
current—charge-current correlation function.

As we discussed above, there is no complete theory to determine the L,
and Loy coefficients for the phenomenological transport equations. But,
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classical nonequilibrium statistical mechanics has proved that there is a re-
ciprocal relation between the “cross” terms in the transport equations {On-
sager (1931a); Onsager (1931b)]. Written in the form we have them, this
relation says that Lo; = Li9. Knowing the form for Loy, we then conclude
that Lio is the charge-current—heat-current correlation function. Keeping
within this same vein, the natural conclusion is that the final transport
coefficient Lo is a heat-current-heat-current correlation function (but we
do not have a rigorous derivation of this result).

Evaluating these correlation functions would be a chore if we tried to cal-
culate them directly (see [Freericks and Zlati¢ (2001)} for just such a calcu-
lation in the bulk). Instead, Jonson and Mahan [Jonson and Mahan (1980);
Jonson and Mahan (1990)] showed that there is a simple relationship be-
tween all of the L;; coeflicients—if one is known exactly, then all can be
found exactly. Similarly, if one is evaluated approximately, the Jonson-
Mahan theorem provides the most reasonable and consistent way to calcu-
late the others. The Jonson-Mahan theorem was originally proved for the
Loy coefficient in the bulk. Here we extend this work to show a generalized
Jonson-Mahan theorem that holds for inhomogeneous systems, and extends
to the Log coeflicient as well.

In Sec. 3.5, we discussed the issue of how to define the “local” number
current operator for a given plane, and settled on defining the number
current operator between planes o and o + 1, as in Eq. (3.22). We also
need the local heat current operator, which is derived in Prob. A.27 as
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for the Falicov-Kimball model. The heat current operator depends on the
model being examined, because it involves commutators of the potential
energy with the energy polarization, and we still subtract the chemical
potential multiplied by the number current from the energy current to get
the heat current. One might have thought we should subtract the “local
chemical potential” multiplied by the local number current operator, but
that would remove the extra terms in the heat current arising from the
electronic charge reconstruction; one could have grouped those terms into
either the Hamiltonian or the local chemical potential—we chose the former,
so we subtract only pj°"8.

Now we need to determine the dc limit of the correlation functions L;;
on the real axis. The procedure is identical to the analytic continuation
that was worked out for the bulk case. We start by defining a polarization
operator on the imaginary axis, then we analytically continue to the real
axis, we form the relevant transport coefficient, and then we take the limit
of the frequency going to zero. We denote the four polarization operators
by Lijap(ivi) according to
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and the transport coefficients satisfy Lijas = lim,—oRe[—iLsjaa(v)/V].
The Jonson-Mahan theorem [Jonson and Mahan (1980); Jonson and Mahan
(1990)] can be straightforwardly generalized to treat this case. Begin by
defining a generalized function

Fop(r1,72,73,74) = <Triataa+1 > [CL-}-li(Tl)cai(T?) - CL(Tl)CaJru(Tz)}
i€plane
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(3.53)

Next, we determine the polarization operators by taking the appropriate
limits and derivatives. Namely,
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This result holds because the (8, —0.+}/2 operator converts the local charge
current operator into the local heat current operator (see Prob. A.28). Us-
ing these identities, we can now explicitly evaluate the correlation functions
in DMFT (neglecting vertex corrections), and perform the analytic contin-
uation to determine the final result for the transport coefficients. Note that
Eq. (3.54) is a general result, which holds for the exact correlation func-
tions (when vertex corrections are included), because it is derived from an
operator identity. Writing down the analytic continuation to the real axis
says that we will get extra factors of w or w? in the integrals that calculate
the transport coefficients versus the integrand for the Ly coefficient. While
this statement is simple to understand and derive, we find it more useful to
also derive the full expression for the transport coefficients; and to do that,
we neglect the vertex corrections in our analysis, because they are expected
to be small for these cases. One should always remember though, that the
Jonson-Mahan theorem is an exact relation for the transport coefficients,
when the vertex corrections are included.

The first step is to evaluate the expectation values of the Fermionic
operators (in the definition of F') via contractions, because we neglect the
vertex corrections. This yields
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Next, we need to determine a spectral representation for the off-diagonal
Green’s function. Using the fact that

1 ImGopii{w)
Gapij(2) = —— / duw——=0—, (3.56)
with z in the upper half plane (which can be shown by using the Lehmann
representation), says that

—anT

Gapij(T) = ——/dwTZw ImGagU(w). (3.57)

Now we convert the sum over Matsubara frequencies into a contour integral
(that surrounds each Matsubara frequency, but does not cross the real axis
— the contour is then deformed into two contours, one running just above
and the other just below the real axis), but we must be careful to ensure
that the procedure is well-defined. If 7 < 0, then
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This result is well-defined because the Fermi factor provides convergence
(asymptotically like exp[—08z]) for z — oo and the exp[—27] term provides
boundedness for z — —oco when 7 < 0. Since 1 — f(z) has the same poles
as f(z) on the imaginary axis, with residues that have the opposite sign,
and it behaves like exp[(z] for z — —o0, one finds

I

-—lw" T

TZ i =e V[l - f(W)), (3.59)

for 7 > 0. The results in Egs. (3.58) and (3.59) can then be substituted
into Eq. (3.57) to get the final formula for the off-diagonal Green’s function

-2 [ dwImGagij(w)e ™ {1 - f(w)], 7 >0

G 2 opij ’ 3.60
opig (7) = { 2 3 [dwImGapij(w)e T [-f(w)], 7<O. (3.60)
Now we note that we can restrict ourselves to the case 71 > 79 > 73 > 74
without loss of generality, because that is the ordering needed to get the
relevant correlation functions. Then we employ Eq. (3.60) in Eq. (3.55)
and use the fact that the summations over the spatial indices for the planes
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can be Fourier transformed, and then the momentum summation can be
replaced by an integration over the two-dimensional DOS, to yield

Fop(mi,7m2,73,74) = ,m+1tgg+1/dw/dw /de” 2d

~ (w)[l— flw' -w(‘r4 —711)~w' (T2 —7T3)
X {ImGga(e ,w)ImGa+1g+1(e",w)

+ImGﬁ+1a+1 (6" y w)ImGaﬁ (6” ) w/)
~ImGpati(e!, w)ImGopi (e, w)
—ImG5+1a(e“,w)ImGa+1ﬁ(€”,w')}- (3.61)

Now we can evaluate the polarizations, and directly perform the analytic
continuation. We Fourier transform the expression in Eq. (3.61) to get the
Matsubara frequency representation. Then we replace iv; by v + 407, then
we construct the transport coefficients on the real axis, and we finally take
the limit v — 0 to get the dc response. The factor (0r — 8;+)/2 gives a
factor of (w+ w')/2 which goes to (w+ v/2) after integrating over the delta
function that arises in the analytic continuation. Setting v = 0 gives an
extra power of w in the integrand for each derivative factor in the response
coefficient. The end result is

a? df (w e
Lijap = ?taa+1tﬁﬁ+l/dw (‘%) wt 2/d6”/72d(6“)

{ ImGa(el,w)ImGai1p41(el,w)+ImGap (e, w)IMGp 11041 (€, w)
— ImGgar1 (), w)ImGapy1(e!, w) —ImGayi1g(el, w)IMGpy 14 (el W)}
(3.62)

This is the generalized Jonson-Mahan theorem for inhomogeneous systems.
Note that the equality of L1 with Lg; is the Onsager reciprocal rela-
tion [Onsager (1931a); Onsager (1931b)].

With the expressions for the phenomenological coefficients that appear
in Eqs. (3.49) and (3.50) determined, we now can move onto evaluating
the transport in different cases of interest. The first point that needs to
be emphasized is that the total number of electrons is always conserved
in the system, so the charge current is conserved, and cannot change from
plane to plane. There is no such conservation law for the heat current
though, because the electrons can change the amount of heat that they
carry depending on their local environment. Hence, it is the boundary
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conditions that we impose upon the heat current that determines how it
behaves in a multilayered nanostructure. This point will become important
as we analyze different experimental situations.

The first experiment we would like to analyze is the Peltier effect in a
multilayered nanostructure. We imagine that the nanostructure is attached
to a bath that maintains the entire structure at a fixed temperature, and we
then turn on an external electric field. The Peltier effect is the ratio of the
heat current to the charge current. A moment’s reflection will show that the
heat current is not necessarily conserved in this system, because we have
to exchange heat with the reservoir to maintain a constant temperature
profile. Hence, it isn’t even obvious what ratio should be taken for the
Peltier effect—the average heat current over the charge current, the total
change in the heat current over the charge current, or the heat current
transfered over the charge current. We now show how to determine all
three of these results.

The starting point is the transport equations [(3.49) and (3.50)] with
T, = T independent of the plane number. As in the calculation of the
current, we first determine the electric field by multiplying both sides of
Eq. (3.49) by the inverse Lq; matrix. Since the charge current is indepen-
dent of the plane index, we find the electric field satisfies

T e2g

1 - «C,lon,
Eq Y (L) o G910, (3.63)
8
Substituting this value of the electric field into Eq. (3.50) then yields
N on, 1 —- ~C,lon
(jione) = Tl > Lavag (L) 5, (G97). (3.64)
By

This is all we need to analyze the Peltier effect of a nanostructure. Note
that the heat current generically will have « dependence, and hence will
vary from plane to plane (see Fig. 3.15).

The first question we can ask is how much heat is lost or gained by the
reservoir that is attached to the device to maintain isothermal conditions.
This is determined by the ratio of the difference in the heat current at the
right and the heat current at the left to the charge current. In equations,

A<jQ,long> <j1(%,long> . <jl(?,long> 1 B
(jelong) - (5 lons) = _]_e—] }ﬁ: (L21rg — Lo11p) (Lll )ﬁ,y .
¥

(3.65)
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Fig. 3.15 Schematic diagram of the heat transfers in the Peltier effect. The dots refer
to different planes. A heat current is incident from the left. As we go from one plane
to another, the heat current changes, as heat is transfered to or from a reservoir to
maintain the system at a constant temperature. For example, we can examine the total
heat current transfered to the reservoirs (jor — jor), or we can examine the average
heat current that flows through the device } , jga/N.

This would measure the net cooling or heating of the reservoir by the device
as current flows. Similarly, we could measure the average heat flow carried
through the device

g 11 )
<jc,long> = —-l—e—lj—v' Z L21aﬁ (Llll)[-],y s (366)

where N is the number of terms taken in the summation over the index a.
This expression is analogous to the bulk Peltier effect, which measures the
ratio of the heat to charge current flows (which are independent of position
in a bulk system).

Next we examine the Seebeck effect and a thermal conductivity experi-
ment. In both cases we work with an open circuit, so the total charge cur-
rent vanishes (j©°"€) = 0. The Seebeck measurement is subtle, because we
don’t want to measure the voltage difference with probes at different tem-
peratures, because there will be a contribution from the VI'dy/dT terms
to the voltage drop (and there may be a thermal link allowing heat to
flow through the voltage probe). An actual experiment uses thermocouple
probes, where one end of the probe is placed on the sample, and the other
is placed in a constant Ty bath. Two probes are needed to measure the
voltage change and the temperature at two points along the sample. The
net thermopower is measured relative to the thermopower of the metal used
in one of the legs of the thermocouple (typically copper). For details, see
[Domenicali (1954)] and [Nolas, et al. (2001)]; a simpler schematic picture
of this issue is shown in Fig. 3.16. Alternatively, we can imagine the lead
to the left placed in a bath at temperature Ty, the interface plane on the
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Fig. 3.16 Schematic diagram for how to measure the (relative) Seebeck effect. The
metallic leads are composed of the same material, and a voltage probe is placed across
the two ends which both are fixed at a temperature of Ty. The voltage across those
probes is Vp. Since heat current will flow across the voltmeter if both ends are not at
the same temperature, there is no way to directly measure the desired voltage V. But,
since the change in voltage in the metallic lead in going from Ty to T on the left hand
side is exactly canceled by the change in voltage in going from T to Ty on the right hand
side, we find the difference between the voltage V and Vp is just equal to the Seebeck
coeflicient of the metallic lead multiplied by AT. Hence, since a measurement uses Vp
instead of V, the Seebeck coefficient of the barrier is measured relative to the Seebeck
coefficient of the metallic lead.

left held at temperature T, the interface on the right held at temperature
T+ AT, and the lead to the right held at temperature Ty. The net effect on
our analysis, if we assume the thermopower of copper can be neglected (or of
the ballistic lead in the alternative picture), is that we neglect the duy/dT
terms in our analysis (because the chemical potential at the probes is at
a constant temperature when the potential difference is measured). With
these caveats in mind, using Eq. (3.49), we find

1 —
Eq = T alelT Z (Lul)aﬁ Liapy(Ty1 — T3). (3.67)
By

Multiplying by a and summing over « yields the voltage drop across the
device. We also need the temperature profile. Substituting Eq. (3.67) into
Eq. (3.50), and noting that the heat current is conserved if the device is
isolated and in the steady state (implying heat cannot be transfered out of
any plane) because the system develops a temperature profile so that the
heat current is conserved through the device. In this case, we can evaluate
the temperature profile, which satisfies
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Tos1 —Ta = —TZ 5 (JYbe), (3.68)

with the matrix M defined to be

Maﬂ = L22aﬁ - ZLma'y 11 ) L126ﬁ (369)

~vé

Now we can sum Eq. (3.68) over o to get the temperature difference over
the device. Hence the Seebeck effect becomes
AV 1 Zamé(Lﬁl)aﬂLlwwM;&l

AT~ T S . (3.70)

Note that this is not equal to 1/T times the Peltier coefficient as in the
bulk. Instead, we have a weighting of the Li5 to L1; ratio by the matrix M,
which is related to the thermal conductivity. This factor cancels in the bulk,
where the M matrix depends on the difference of the spatial coordinates,
and the q = 0 response is independent of M because the common factor in
the Fourier transform will cancel out (as can easily be proved by invoking
the convolution theorem). If we do not measure AV via thermocouples at
constant T, then the AV term is modified by a contribution from du,/dT.
We do not discuss that modification here, because it is not normally a
technique used in measurements.

The thermal conductance is evaluated in a similar way, but does not
require any subtlety in the measurement. We also work in an open circuit,
and the heat current is conserved, because we isolate the system. Now we
measure the ratio of the heat current to the temperature difference to find
that the thermal conductance per unit area K satisfies

() 1

= — = 71
K AT TZaﬁ(M_l)aﬂ, (3.7
and the thermal resistance-area product becomes
Rpa? =T (M71) ;. (3.72)
af

The evaluation of the cooling efficiency of a refrigerator is more compli-
cated than our above examples, because it corresponds to a situation where
we have both a temperature gradient and charge current flow. It is instruc-
tive to first describe the standard “textbook” case of current flow for a bulk
material before discussing the nanostructure case. But we simplify the bulk
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case to consider current flow through a single leg of a refrigerator, with the
charge carriers being electrons. The modifications needed for analyzing a
full refrigerator are straightforward, and described in detail in many texts
(see chapter one of [Nolas, et al. (2001)] for an example).

In order to examine the heat transfer in a refrigerator, we need to include
one term beyond linear response that gives rise to the Joule heating [Joule
(1841)] in the volume of the leads, because this is one of the significant
sources of irreversible heat production (heat is produced regardless of the
direction of the current, unlike reversible thermoelectric effects where heat
is produced or absorbed depending on the direction of the current). The
equivalents of Egs. (3.49) and (3.50) for the bulk material are

() = “’l Z;‘,VT +0FE - SoVT, (3.73)
d
Q) = ST |°'| d;VT + SToE - —ngVT FVEES),  (3.74)

where we have used the bulk conductivity o and thermopower S. The extra
term is the last term in Eq. (3.74), which represents the energy carried
by an electron as it moves down the electrical potential “hill” (V¢ is the
position-dependent electrical potential of the external field). We imagine
a slab of our material sandwiched between a hot and a cold heat reservoir
(the hot reservoir at z = L and the cold reservoir at z = 0). The slab
of material has length L and a cross-sectional area A. The first step we
take is to eliminate the electric field in favor of the charge current density
using Eq. (3.73). Hence we set E = (j¢)/o — VT (du/dT')/le] + SVT. The
heat-current equation becomes

(7% = (ST +VO)(j*) — &VT, (3.75)

where k = (Log — LiaLa1/L11)/T is the thermal conductivity. It is con-
ventional to assume that the o, S, and & coefficients are independent of
T, which implies they have no variation with position z, induced by the
temperature gradient.

The second step is to examine the heat production within the volume
of the material. Since (j?) represents the heat current, we can determine
the heat balance by summing the heat current entering a given surface,
and subtracting the heat current exiting the surface. What remains is the
net heat production within the volume bounded by the surface. By using
Gauss’s law, the surface integral can be replaced by a volume integral,
which can be summarized by the time rate of change of the heat production
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within a given volume element, called @, which is equal to —V - (39). In
the steady state, the net heat production must vanish, otherwise, the local
temperature would rise or fall to compensate for the heat being produced or
absorbed. Hence, the steady-state response is characterized by a vanishing
net heat production, or —V - (jQ) = 0. For the form of the heat current in
Eq. (3.75), we find (recall the continuity equation says V - (5¢) = 0 in the
steady state)

)

o le]

Q=-V-(% =

%VT—TVS-(j“)+Vm-VT+mV2T; (3.76)

the first term on the right hand side is the Joule heat [Joule (1841)], the
second term is the Thomson heat [Thomson (1851); Thomson (1854)] (after
noting that VS = (dS/dT)VT), the third, fourth and fifth terms have no
common name. In deriving Eq. (3.76), we substituted in for -VV® = E,
using the representation for F in terms of the current and the temperature
gradient. If we assume the coefficients are independent of T', then VS =
Vk = Vu = 0, and we have just two terms in the heat balance. For the
steady state, we set Q = 0, or (j°)?/0 = —sV>T, which shows that the
temperature profile curves as we approach either of the heat reservoirs.
Solving this equation for the temperature profile yields

L—=z (4°)®

z
T =T (T) + Thf * 2k0

z2(L - z), (3.77)

where T, is the temperature of the cold reservoir and T}, is the temperature
of the hot reservoir.

The efficiency of a refrigerator is determined by the ratio of the heat
transfered to the cold reservoir and the electrical energy required to drive
the current through the device. The heat transfered is just (j2)A, while
the electrical energy is (j)AV A. The heat current is given in Eq. (3.75).
We first note that V¢ = —FEz = —(j°)z/0c — SzVT, and then we take
the derivative of the temperature in Eq. (3.77) with respect to z, to find
a formula for VT (ignoring the du/dT term). Finally, we set 2 = 0 and
T = T, to determine the heat transfer at the cold reservoir. The result is

AT (59)?
KT 20

(GHA = |ST.(5%) - L| A, (3.78)
where AT = T, — T, is the difference in temperature between the two
reservoirs. The potential difference is found by expressing the electric field
in terms of the charge current and the temperature gradient, substituting in
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for the gradient according to the temperature profile, and then integrating
over z from 0 to L. This yields

s C
AV = <Jg—>L + SAT, (3.79)
when we neglect du/dT. The first term is the Ohm’s law voltage drop, and
the second is the thermoelectric voltage. The efficiency then becomes

. 5 .C 2L
i, STel) — =37 — 45 3.80
’ . (§)L . ( ‘ )
() (425 + saT)

Note that if we ignore the irreversible Joule heating and thermal conduc-
tivity contributions in the numerator, and the Ohm’s law voltage in the de-
nominator, then we recover the Carnot efficiency of T,/ AT [Carnot (1824)].
The irreversible processes always reduce the efficiency, often far below the
Carnot limit,.

There are many options that one can consider for optimizing the oper-
ation of the refrigerator. One can maximize the heat transfered to the cold
reservoir by differentiating the numerator of Eq. (3.80) with respect to (j¢)
and setting it to zero. One can maximize the efficiency, by differentiating
the ratio with respect to (j¢) and setting it to zero. Finally, one can maxi-
mize the temperature difference between the hot and cold reservoirs. The
choice depends on the application.

Having given a short tutorial on the bulk case, we now consider the
nanostructure case in detail. The basic ideas are the same as in the bulk
case, but now the technical details are much more complicated, because
all of the transport coefficients are now matrices that vary with position.
The starting point is the two phenomenological equations Egs. (3.49) and
(3.50), except we have to add the term V,2(j¢'°"8) to the second equation,
in order to ultimately describe the Joule heating properly. This term can be
viewed as a nonlinear correction, but there are numerous other nonlinear
corrections that are neglected. These other terms are likely to be small
in comparison to the Joule heat, but there doesn’t seem to be a complete
analysis showing that other possible terms are unimportant. Since the heat
transport equations are phenomenological in origin anyway, this does not
cause any more fundamental problems. We also neglect the du/dT terms,
since they are small in metals at low T, and because we want to simplify
the analysis.
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Our first step is to solve for the electric field, which is slightly more
complicated than what we have done before:

lon
Eo = 2 Z aﬁ e g> e|aTZ L11L12)ag(Tﬁ+1-Tﬂ) (381)

Before we substitute this result into the heat-transport equation, we must
note that Vi{ = —a 3", Eg, which we write as Vi = —a)_360apEg, with
the matrix § defined to by 8,5 =1 for # < & and 8,9 = 0 for § > a. Now
we substitute the formula for the electric field into the formula for the heat
transport, and collect all of the terms to give

(Jf);Q long) = Z L21L11 )aﬂ (gelone) T ZMaB Tp+1 —Tp)

c on 1 =
T2 Z N le|T D (0L Lar) g (T1 — Tp),
8

(3.82)

with the matrix M defined as before, M = Loy — Lo Lfllng. The terms
in Eq. (3.82) are first the Peltier heat, then the heat from the thermal
conductivity, followed by the Joule heat, and the last term appears to be
related to the Thomson heat, but it isn’t simple to extract the conventional
Thomson heat form from this term (as it is currently written).

Our next step is to evaluate the steady-state heat transport. This was
first worked out for inhomogeneous systems by Domenicali [Domenicali
(1953)], which is reviewed in [Domenicali (1954)]. The strategy is identical
to that used in the bulk: namely, we calculate the heat production within
the volume by taking the negative divergence of the heat current. In the
steady state, the net heat production must vanish, otherwise the tempera-
ture profile would change due to heating or cooling in the sample. For our
discretized mode! of a multilayered nanostructure, setting the divergence of
the heat current to zero, is equivalent to invoking heat-current conservation
throughout the device. So the heat current does not change from plane to
plane {(which implies that the Peltier effect at a particular plane balances
the thermal conduction of heat, the Joule heat produced, and the extra
term which seems related to the Thomson heat when we are in the steady
state). This allows us to invert Eq. (3.82), and solve for the temperature
profile. The final result is lengthy, and we simplify it by introducing a new
matrix,
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1
= (0L3' L1a) 5 - (3.83)

Nog = —
af aﬂ+ |€|

In terms of N, the temperature profile is found from

a+1 =T Z Q 1ong l Z 1L21L11 op <jc,10ng>
T 1l .
+ o D (NTILE) o (517)°. (3.84)
B8

Summing Eq. (3.84) over « yields the total temperature change AT between
the left and right ends of the multilayered nanostructure. The voltage dif-
ference can be found by substituting the temperature profile into Eq. (3.81),
multiplying the field by @ and summing over . The end result is

1 - - - - :c,lon
AV = = Z (L ~ L LieN 1L21L111)015 (7%'°")
af

1 1 - — .
— 6_3 Z (L111L12N lLlll)ag <]c,long>2
af

Z W LNTY (G, (3.85)

The efficiency is found from the ratio of (j@!°"8)A to (jo°mg)AV A.
We have all of these results from the manipulations summarized above.
But it isn't as useful to express the results in terms of the charge and
heat currents, but instead, in terms of the charge current and the change
in temperature AT. So we first express the heat current in terms of the
temperature change, from Eq. (3.84), as

(jQlongy - AT L Yas(N " Lot Ly )ap(7°°)
TYsNog e Y s Nog
1 X as(N7I L )ap(io'm8)?

o W _ (3.86)
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Replacing (j!°"8) in favor of AT finally yields the efficiency as

Eff = _i Zaﬁ(N_lelLl_ll)aﬁ(jc,long> AT

le] Yos Nag TY s Nog

1 Zag<N'1Lff>ag<j°’l°"g>2} /

-1
e? 20 Nag

- on 1 - . on
o) | 5 (LT as (%)
af

L1 Y e (Lt LizN " ap 2 5(N " Lo1 L )4s
62 ZaB Nt;ﬁl

= (L LN L L ag } (7o)

ab
AT Zag(Lf11L12N—l)aﬂ

ol —1
Tlel Zaﬁ Naﬁ

1 Zaﬁ(Ll—lleN-l)aﬂ E'yé(N*lL;ll)'Y&
+ 3 =)
Zaﬁ Naﬁ

lef?

- Z(LﬁleN_lLﬁl)aa}<J'°’1°“g>2} (3.87)
af
The first term in the numerator is the generalization of the Peltier heat
piece, the second term is the heat transported from the thermal conductiv-
ity, and the third is the Joule heat (but the factor of 1/2 in the bulk case
isn’t obvious from this matrix form), just like in the bulk case. The denom-
inator, however, has some extra terms. The first is the Ohmic potential
drop, the second is a term not found in the bulk, the third is the voltage
due to the Seebeck effect, and the fourth is also a term not found in the
bulk. The two extra terms both vanish in the bulk. While our analysis has
been completely straightforward, the final results are quite complex!

A similar type of analysis can be employed to analyze power generators,
but we will not go into the details of that here.

There are no additional computational issues for heat transport over
and above the issues we have already seen with the charge transport.
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The only point that must be emphasized is that for thermoelectric trans-
port problems we need to have particle-hole asymmetry, so they invari-
ably involve electronic charge reconstruction at the interfaces. The charge
profile that results, does cause some significant technical challenges for
determining the Green’s functions on the real-frequency axis. But once
they are known, then determining the transport coeflicient matrices follows
directly.

3.8 Superconducting Leads and Josephson Junctions

Superconductivity was discovered in the laboratory of Heike Kammerlingh-
Onnes in 1911 [Onnes (1911)] (G. Flimm, G. Holst, and C. Dorsmann all
participated in the experiments). The resistance of mercury was found to
drop to essentially zero at about 4.2 K. We now know that the resistance
is exactly zero in a superconductor, but the development of a theory that
explains this took many years, and was finally achieved by John Bardeen,
Leon Cooper, and Robert Schrieffer in 1957 [Bardeen, Cooper, and Schri-
effer (1957)] and is called the BCS theory. It is assumed that the reader
has some familiarity with the phenomena of superconductivity at the level
of undergraduate solid state physics courses. Here we will develop some of
the basic ideas for the many-body theory of superconductivity.

Our starting point is in the bulk, with an attractive Hubbard model
(UH = —|U}). The Hubbard model interaction is an instantaneous on-site
interaction; while it is normally taken to be repulsive, to describe the mutual
repulsion of the like-charged electrons, there have been numerous studies
of the attractive version of the model, which can lead to superconductivity
due to strong local effective electron-electron attraction. This model is
quite different from the conventional electron-phonon type models, which
have retarded interactions arising from the fact that the phonon energy
scales are much smaller than the electron energy scales. Nevertheless, we
will see the attractive Hubbard model is one of the simplest models for
superconductivity, and since it obeys all of the universal features of the
electron-phonon-based models, it gives similar results. We study it in detail
here.

As before, we begin with an examination of the equation of motion for
the Green’s functions. On the imaginary-time axis, the exact EOM given
in Eq. (2.37), which we modify here for the attractive Hubbard model case,
becomes
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(—6.,- -+ M)Gija (T) + Z tii+6Gi+5jg‘ (7’) - Q(T)lUKni—a(T)cia (T)C;r'a (O)>
)
+0(~)U e, (0)ni-o (T)esy (1)) = 6i58(7). (3.88)

Unfortunately, there is no analytic formula for the two-particle operator
averages that are multiplied by |U|. In the spirit of the BCS theory, we
will evaluate the averages by using a variant of Wick’s theorem, which is
necessary to allow the system to become superconducting. This approach
is the Hartree-Fock approximation for the ordered phase of the attractive
Hubbard model (the first Hartree-Fock calculation of the phase diagram
of the three-dimensional repulsive Hubbard model is [Penn (1966)]). As
you may recall, Wick’s theorem takes an operator average involving four
Fermion operators, and writes it as a sum (with the appropriate sign) of the
product of the averages of all possible operator pairs. If we assume we have
no magnetic order, then operator averages of the form <CIT (T)c;,(0)) vanish,
because the electron cannot change its spin as it propagates in imaginary
time from 0 to 7 (and in space from site j to site ). One might have also
set the operator average (CZT (T)c; 1(0)) to zero as well, because the number
of electrons is conserved. But the BCS theory tells us that we need to
allow such averages to be nonzero in the superconducting state, since a
superconductor involves a phase-coherent mixture of states with different
electron number. Hence, in the Hartree-Fock theory for superconductivity,
we approximate the o =1 case of Eq. (3.88) by

(=0- + ,u)GijT () + Z tii+6Gi+6jT (T)
é

—0(M)|U|{nay) ey (1)el; (0)) = (U (el ()l (0)) ey (0)eir (0))

+0(— U [(na; Yely (0)eir (7)) + O(=T)U ek, (0)e], (T)){eiy (0)ei1 (0))

= 5,56(r), (3.89)
where we removed the 7 dependence in some operator averages due to
time-translation invariance. It is conventional to now define two additional

Green’s functions F and F, which are called the anomalous Green’s func-
tions. They are defined by the following:

Fy=—(Treq(r)e; (0)) 5 Fy = —(Toel (r)c]; (0)). (3.90)

These functions are connected by a “Hermitian” identity £;;(7) = [F};(7)]*,
which can be verified by direct calculation, and the use of time-translation
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invariance in the operator averages. Using these definitions, we find the
Eq. (3.89) can be written as

(=0r + WGij1 (1) + D _ tisrsGirsjt (1) + [Ul(na))Gis (7)
5
+'U,E1(O_)E](T) = 5zj(5(7') (3.91)

This differential equation cannot be immediately solved because we do not
know the explicit value for the anomalous Green’s function F. Hence,
we need to derive an equation of motion for it as well. Starting from the
definition in Eq. (3.90), and taking the derivative with respect to 7 as usual,
leads to the following equation for the attractive Hubbard model:

(=0- — FlJ(T Ztm—dFHéJ - UK an)F i(7)
+ IUan(O )Gijr (1) =0, (3.92)

where we used Hermiticity of the hopping matrix to replace t;1s5; by ;-
These two sets of equations [Egs. (3.91) and (3.92)] now form a closed
set of equations for the two Green’s functions. It is customary to define
the superconducting gap function A; by A; = |U|F;(07). Then A} =
\U|Fis(07).

If we assume there are no supercurrents flowing, even if we are in the
superconducting state, our solution in the bulk will be homogeneous. This
means that (n;,) and A; will be independent of the lattice site i. If we have
no external magnetic fields either, then the spin up and spin down Green'’s
functions are identical too. In this case, we can immediately Fourier trans-
form our results to momentum space (because the real-space summations
are convolutions) and find

(=0 +p+ %|U!<n) — ex)Gir (1) + AFk(T) = §(1), (3.93)
(=0 — p— %|U|<n> + ) F(r) + A" G () = 0. (3.94)

The next step is to introduce the Matsubara frequencies just as before, by

Fourier transforming the 7 variable, and remembering that is is antiperiodic
with period 8. This yields

(iwn + p + %(UK’R) — ek )Gkt (fwn) + AF‘k(iwn) =1, (3.95)

(dwn — b — %\Ul(m + ex) Fic (iwn) + A*Git (iwy,) = 0. (3.96)
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These equations can now be solved directly to find

iwn — 1 — 5|U(n) + ex
24 (i + LUn) — a)® + 142
o A*
Fk(an) = w,% N (“ A %|U|(n) ~ €k)2 n |A|2' (3.98)

GkT (iwn) = —

(3.97)

To arrive at a self-consistent solution, with a nonzero superconducting
order parameter, we use the definition of the superconducting gap to note
that we must have the following equation hold

|U|E(0 |U|TZZFk (iwg) = A*. (3.99)

Since F has a A* in the numerator [see Eq. (3.98)], there always is a
solution with A* = 0, which corresponds to the normal-state solution. If
the temperature is low enough, then we can satisfy the equation that results
by canceling the A* from the left and right hand sides, to find the BCS gap
equation

1
1—|UlTZ/dep() N TRy (3.100)

It can be shown, by comparing the free energies, that whenever a super-
conducting solution exists (i.e., A # 0), it is lower in energy than the
normal-state solution {Bardeen, Cooper, and Schrieffer (1957)]. The su-
perconducting transition temperature occurs when A(T) goes continuously
to zero. Hence we can find 7., by finding the temperature that satisfies
Eq. (3.100) with A = 0. See Prob. A.29 for an analysis of how to numeri-
cally solve for the T, and the gap in the BCS model.

In this presentation of the BCS theory we have not discussed phonons,
which are the usual objects which interact with electrons to produce super-
conductivity. Since phonon energy scales are much smaller than electron
energy scales, these phonons are only active in scattering electrons within
a thin energy shell about the Fermi surface (the thickness of the shell is
on the order of the Debye temperature for the phonons). Hence, in most
treatments for superconductivity, we can approximate the density of states
by its constant value at the Fermi surface, and the integral over energy
can be performed exactly. Once this is done, it turns out that all of the
superconducting properties have universal relations between them. These
relations are only approximate if one includes nonconstant DOS effects, or,
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more importantly, if one includes the retardation effects associated with
the fact that phonons move much slower than electrons in a crystal, so the
effective electron-electron interaction mediated by the phonons is retarded
in time. Accounting for these deviations has been the source of much work
in the 60s, 70s, and 80s. It is believed these effects are all well understood
in low-temperature superconductors.

We will not discuss these kinds of effects further here, because the devia-
tions are often too small to need to be taken into account when determining
properties of devices like Josephson junctions. Instead, we continue with
examining the properties of the attractive Hubbard model in the Hartree-
Fock approximation, and we note that if we pick |U] to be small enough
that the superconducting T, is much less than the hopping, then we are
in the BCS regime, and we should recover all of the well-known universal
relations.

In Fig. 3.17, we show plots of the superconducting transition tempera-
ture as a function of |U]|, of the superconducting gap as a function of T', and
of a universal plot of A(T)/A(T — 0) versus T'/T,. Note how all results es-
sentially collapse onto a universal curve when plotted in this fashion. This
is the BCS prediction for the behavior, and the Hartree-Fock approxima-
tion to the attractive Hubbard model is described well by the BCS theory

| (a) ]
08 | {
0.6 | i
-
\o 0 0.5 1 1.5
- Temperature T [t]
04 -1 1 T T
Sosf
]
02 4 goer
é 04 [
<02
O " f 1 " 1 " 1 " 1 i 1 0 \ N . X
ot 2 3 4 5 6 o 02 04 08 08 1
Hubbard interaction strength |U| Temperature T/T,

Fig. 3.17 (a) Transition temperature, (b) superconducting gap, and (c) universal plot
of the relative gap versus the reduced temperature for the Hartree-Fock approximation
to the Hubbard model on a simple-cubic lattice. In panel (b), seven values of |U| are
plotted: |U| =1 (not visible), 1.5, 2, 3, 4, 6, and 8.
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for a wide range of interaction strengths. The superconducting transition
temperature (in panel a) seems to go to zero at a finite value of |U|, but this
is actually not the case, as it depends on |U} like T, o exp|—C/|U|] for some
constant C. The superconducting transition temperature also appears to
increase without bound as |U] becomes large. This is an actual artifact of
the BCS theory. The correct behavior is for the transition temperature to
have a maximum on the order of about one twentieth of the bandwidth,
and then it decreases for larger values of |U|. This occurs because one en-
ters the strong-coupling regime where the system forms pairs of electrons
at high temperature, but they do not achieve the phase coherence needed
for superconductivity until a much lower temperature is reached (see, for
example, [Freericks, Jarrell and Scalapino (1993)]).

It turns out that there is a powerful and compact way of encapsulating
the BCS equations into a 2 x 2 matrix form. This is called the Nambu-
Gor’kov formalism [Nambu (1960); Gor’kov (1959)]. The starting point
for this approach is to note that the pairing of electrons is between time-
reversed states. So the state with spin up and momentum k is paired
with the state with spin down and momentum —k. These two states have
the same energy because they form a so-called Kramers doublet [Kramers
(1930)]; put in other words, because the Hamiltonian is time-reversal sym-
metric (when there is no magnetic field), the states that are paired together
have the same energy when there is no current flowing. This motivates con-
structing a Fermionic spinor from a spin up electron and a spin down hole.
We define the spinor 9;(1) = [c;; (T),c:-rl (7)] (not to be confused with a
commutator) and form the 2 X 2 matrix Green’s function

cu=-mmorovion= (G40 E )

- (Gjﬂ(” Fiy(r) ) : (3.101)
Fiy(1) =Gy (=)

After defining the 2 x 2 Green’s function matrix, we now need to determine

its equation of motion. The EOMs for the G; and F' functions appear in

Eqs. (3.93) and (3.94). The EOMs for the other two Green’s functions can

be shown to be

(-0 = = 30l + &) [-Gyaa(=)] + AT Fy(r) = 6(r) (3102

(—aT kUl ek) Fy(r) + Ai [~Giy (-7 =0 (3.103)
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as derived in Prob. A.30. Now we perform a Fourier transformation to
momentum space under the assumption that the superconducting gap is
uniform in space. The four equations for the Green’s functions can be
summarized by the following matrix equation

<—@+u+avww—q A )
& 8, — i~ 3[U](n) +
L (Gri(m) R\ _ (8 0
(Fk(T) "‘G——kl(—T)> ( 0 5(T))- (3.104)

Fourier transforming from imaginary time to Matsubara frequencies trans-
forms Eq. (3.104) into

(wm+u+avww—q A )
ol i = = H|U1(m) + ex
Gyi(iwn)  Filiwn) \ (10
% ( Feliw,) —G*_kl(iwn)> - <0 1> . (3.105)

Using Gk (iw,, ) for the matrix Green’s function, and recalling the three Pauli
spin matrices and the identity matrix

01 0—: 1 0 10
= (M) e () (20) = (20). o

allows us to write a compact form for the EOM
1
<iwn]I + {u + §!U|(n> - ek} 73 + ReAr — ImAT2> Gy (iws) =1 (3.107)
Finally, we solve for the Green’s function by inverting the matrix on the
left hand side of Eq. {3.107). The Green's function becomes

—iwy] LU n) - ReAr; — ImA
G (i) = twnl + [u-i— 5] |(:1> ek] T3 +2 eAT; —Im ’Tz’ (3.108)
wi 4+ [p+ 3lUlNn) — ad” + A2

which agrees with Eqgs. (3.97) and (3.98) as it must.

We wish to go beyond the simple Hartree-Fock approximation to the
attractive Hubbard model to describe additional scattering and how it can
degrade the superconductivity, We will use local charge scattering via the
Falicov-Kimball model for this purpose. We can solve the Falicov-Kimball
model (plus the Hartree-Fock approximation to the attractive Hubbard
model) exactly using the DMFT algorithm. To do so, we must first describe
how to solve the Falicov-Kimball model impurity for spin-one-half electrons
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with additional anomalous dynamical mean fields that allow us to deter-
mine the anomalous Green’s functions. This derivation is a straightforward
generalization of the work that we already did for the spinless electron in
the normal state, but it does require a careful analysis.

We start with a spin-one-half electron evolving in normal dynamical
mean fields A\; and A} and in anomalous dynamical mean fields a and &
(because the up spins do not interact directly with the down spins, we can
solve this problem directly). The four evolution operators are then

[ B s
S(\1) = exp —/0 dT/O dT//\T(T,T/)CJ%(T)CT(T,)] (3.109)

S(A) =exp |- /ﬁ dr /ﬁ dr' A (T, T/)CI(T)Cl(T/)] (3.110)

S'(a) = exp F—/ dT/ dr'a(r, ™" )e (T)er (7 )} (3.111)

S'(a l: / dr/ dr'a(r, 7 cT(T)cl(T )} , (3.112)

and the partition function to be evaluated is

Zimp(M AL 6,8) = Tre, o, { Trem#0im=m 5(0)S(1)5'(0)S' (@) }

(3.113)
The Green’s functions satisfy G, (7,7') = —01n Zimp/0As (7', 7), F(7,7') =
—0In Zimp/da(’,7), and F(r,7) = —6lnZinp/éa(r’,7).  Fourier

transforming changes the functional derivatives to ordinary derivatives:
Go(iwn) = —0Zimp/ONs (twn), F(iwg) = —0Zimp/0a(iwy), and F(iw,) =
—0Zimp/0a(iwy). Just like we did before in the normal case, we need to
evaluate the EOMs for the Green’s functions. The derivation is similar to
what was done previously, and after Fourier transforming from imaginary
time to Matsubara frequencies, we get

twn, + @~ A1 (iwp) ~@(iwn) ,
=1, 3.114
( —a(iwn) Wy — 4 X (iwn) G (iwn) ( )
which can be directly solved to obtain the Green’s function. This is per-
formed in Prob. A.31. Once the Green'’s functions have been determined,
we can then find the impurity partition function, which becomes
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Zimp = 4 ]| [iwn + 1 — A (iwn)][iwn zz 5531‘(@%)] + a(iwn)alin)

(3.115)

We solve the problem for the Falicov-Kimball model in the same way
as we did in the normal state. We form the full partition function by
adding together the impurity partition function evaluated at x4 and the im-
purity partition function evaluated at u — UFX [with an additional weight
of exp(—BEy) for spinless localized electrons]. We will not go through the
algebra for this here because the Falicov-Kimball model alone cannot sup-
port a superconducting state; it involves interactions with static particles,
and Anderson’s theorem [Anderson (1959b)] says that static interactions
cannot lead to superconductivity. We will instead leap to the solution of
the attractive Hubbard plus Falicov-Kimball model. To do this, we need
to shift each A\, field by —|U|(n)/2 and the o (&) fields are shifted by —A*
(—A) respectively. The full partition function becomes

2= 4 [ {liwn ++ S{Uln) — M Cwn)lliwn + -+ 51U (0) — Xy (i)

Fla(iwn) — A*[aliwn) — A]}/(z’wn)z

FK 1
+ 40PV =B E =i T {[iwn + o+ U = A(ien) = U]

X [twn, + p + %|U|(n) — A (iwn) — UFK]*
Flaliwn) — A*)[@E(iwn) — A]} / (iwn)2.
(3.116)

The Green'’s functions next follow by taking derivatives with respect to the
appropriate dynamical mean fields. First we need to define the localized
electron filling w; = 1 — wp, which satisfies

wo = (1 —wy) =1+ e AEHU ~us) (3.117)

<11 liwn + + LUNRY — UFK = Aiwn)[? + |aiwn) — A2] 7
[iwn + w1+ SU[(R) — A(iwn)|? + |a(iw,) — A*|2

In Eq. (3.117), we have used the fact that the self-consistent solution sat-
isfles A1 = A| = A and @ = o*. Now we take the appropriate derivatives
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with respect to the dynamical mean fields to find the Green’s functions,
which become

liwn + 1+ 3|U)(n) — AGiwn)]*

Grlin) = o T )~ M) Jaisn) — & M)
[fwn, + 1+ 2|U|( n) — UFK — X\(iwy)]*
|zwn +p+ $U(n) — UFK — A(iwn)|? + |a(iw,) — A*[2
i —aiwy)* + A
Flion) = o f o S T0T iy ~ M) P + JaGion) — & 1)
w —a(iw,)* + A
Hiwn + p+ HU(n) — UFK = Aiwn) |2 + |a(iwn) — A*[2
_ [—a(iw,) + A¥]
Fliton) = w0 T TI0T) ~ Ain) P £ Jain) — A 0120
+w [—aiv,) + A*]
Yion + 1+ L|UN(n) = UFK — X(iwn )2 + |o(iw,) — A%|2

llwn+ﬂ+ 7IUKn) — (Wn)lzJrlol(wn)—A*l2
—[twn + 1+ 3|U[(n) — UFK — A(iwy)]

+
|zwn +p+ 2|U|( n) — UFK — A(wy )2 + la(iw,) — A*|2

To complete the DMFT algorithm, we need to extract the self-energy
from the impurity Green’s function (this is the self-energy of the attractive
Hubbard model plus the Falicov-Kimball model, with the Hubbard piece
evaluated in the Hartree-Fock approximation). We begin with the definition
of the effective medium in the Nambu-Gor’kov notation:

1. iwn, + p— Aldwy) —a(iwn)*

_ 3.122
TRCEES (e e P ) B
and the 2 x 2 matrix self-energy ¥ then satisfies

S(iwn) = Goliwn) ™! — Gliwn) 7L,

_ ( Bliwg)  ®(iwn) >
Q* (fwy) —E* (iwy)
(=3 Un) + 28 (w,) A+ PR (iwy,)
— < 2A* + @FK*(iwn) %|U!<Tl) _ EFK*(’L'L«)”)> . (3123)
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In Eq. (3.123), we have separated out the Hartree-Fock contributions
from the Falicov-Kimball model contributions for clarity. Finally, the local
Green’s function for the lattice is determined from the appropriate Hilbert
transformation

G(iwy) = /dep(e) [iwnl + (1 — €)7a — S(iwy)] -t (3.124)

(See Prob. A.32 for efficient ways to evaluate this Hilbert transform.) The
full DMFT algorithm starts with the self-energy matrix set equal to a con-
venient starting value. Unlike in the normal state, where we often set
the self-energy to zero, here we need to ensure that the off-diagonal piece
of the self-energy @ is nonzero to begin with, or we will not stabilize a
superconducting solution; the off-diagonal piece will iterate to zero if we
are above T,. Eq. (3.124) is then used to find the local Green’s function
matrix. The Dyson equation in Eq. (3.123) is then employed to find the
the effective medium Gp. Next the impurity Green’s function is deter-
mined from Eqs. (3.118-3.121), and the new self-energy follows from the
Dyson equation Eq. (3.123). The loop is iterated until the self-energy stops
changing.

Note that we no longer have a simple way of determining the transition
temperature, as we did before with the BCS gap equation [in Eq. (3.100)],
because we do not have any way of determining the precise proportion-
ality of the « fields with the gap A (in other words we need to know
lima o aiwyp)/A* in order to perform calculations above T.). This is
needed to cancel the factor of A that we canceled from both sides of the
BCS gap equation. Instead, we now need to solve for the gap as a func-
tion of temperature, and find the T, from the point where the gap goes
to zero [which is easiest to do by linearly extrapolating A2%(T) with a lin-
ear extrapolation as T — T¢]. Such a procedure is much more laborious,
because there is “critical slowing down” of the iterative solutions near 7.
Alternatively, one could calculate the pair-field susceptibility and find the
temperature where it diverges, but this is beyond the scope of the book.

In Fig. 3.18, we plot the reduction of the superconducting 7, for the
half-filled Hubbard-Falicov-Kimball model, with an attractive interaction
of |U| = 4 and various UF¥ (with fixed w; = 0.5). In panel (a), we show T,
versus UFK which is reduced initially by a quadratic dependence on UFK;
this arises from the fact that the self-energy for the Falicov-Kimball model
has an imaginary part that grows like (UFX)? initially. Once we hit the
insulating phase around UFX = 4.92, the T, drops rapidly, going to zero
near 5.5. In panel (b), we show a plot of the superconducting gap; the
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Fig. 3.18 (a) Transition temperature and (b) superconducting gap versus temperature
for the |U| = 4 attractive Hubbard model with w1 = 0.5 and various values of UFK,
Note how the transition temperature is reduced, and that the dependence is initially
quadratic in UFK. Once we reach the insulating phase (around UFX =~ 4.92) the T.
rapidly drops to zero. In the right panel, the superconducting gap is plotted. These gap
functions all satisfy the universal BCS form when plotted in reduced variables. We chose
UFK=p, 0.25, 0.5, 1, 1.5, 2, 2.5, 3, 3.5, 4, 4.5, 4.75, 5, 5.1, 5.2, 5.3, 5.4, and 5.45.

shape stays essentially the same as T, is reduced. In fact, if those results
were plotted in terms of the reduced gap and reduced temperature, they
would show the universal BCS form.

In Fig. 3.19, we show a more experimentally relevant plot of the gap
reduction for a fixed scattering strength of the defects, but with a varying
concentration w;. In panel (a), we show the results for UFX = 3, and in
panel (b), we show the results for UFK = 6. The inset to panel (a) is the
superconducting transition temperature. These kinds of curves can be pro-
duced by exposing superconductors to varying doses of ion damage, or by
introducing different concentrations of nonmagnetic impurities. While it is
well-known in the theory of superconductivity that magnetic impurities are
strong pair breakers {Anderson (1959b)], nonmagnetic impurities can have
the same effect if they push the system close to a metal-insulator transition.
Indeed, the T, reduction is initially linear in the concentration of defects,
similar to the magnetic-impurity prediction [Abrikosov and Gor’kov (1960)],
but the decrease slows as we reach half-filling (w; = 0.5), where the T re-
duction is maximal. In panel (b), the T¢ is suppressed all the way to zero
because the system undergoes a density-driven metal-insulator transition
(at wy = 0.5), and the scattering is too strong as the insulating phase is ap-
proached to support the superconductivity. Note how the dip in T, is very
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Fig. 3.19 (a) Superconducting gap versus temperature for the |[U| = 4 attractive

Hubbard-Falicov-Kimball model with UFK = 3 and various values of wj in steps of
0.05; the conduction electron filling is fixed at 1.0. The maximal depression occurs at
wi = 0.5 and curves are identical with w1 — 1 — w; due to particle-hole symmetry.
These curves are closer to what is seen in experiment, as defects typically have a given
interaction strength, with their concentration being varied. Inset is the behavior of T¢,
which initially decreases linearly with the concentration of defects. This behavior was
first proposed by [Abrikosov and Gor’kov (1960)] for the case of magnetic impurities;
nonmagnetic impurities, like what we have here are not supposed to change T if the
DOS is unchanged [Anderson (1959b)], but our scattering is strong enough to change the
DOS, thereby leading to a reduction in T,. The rate of decrease of Tc must slow down
as w1 — 0.5, because the T¢ is a minimum at that point. (b) Superconducting T¢ for
UFK = 6. In this case, the T is suppressed to zero for large enough defect concentration
(compare with Fig. 3.18). The gap function continues to display the universal form, and
so it is not included.

sharp as w; approaches 0.5; it appears to decrease like T. &~ /0.5 — wr,
but there may be small deviations at the lowest temperatures, which are
difficult to determine accurately. This is the same kind of behavior as seen
with magnetic impurities [Tinkham (1975)], but here it is driven by the
proximity to the metal-insulator transition, rather than the breaking of
time-reversal invariance, which arises from the spin-flip scattering off of a
magnetic impurity.

One of the most important properties of a superconductor is that it can
carry current without losses. We would like to calculate the current that
a superconductor can carry within our many-body formalism. The basic
physical idea is that there is a superconducting gap, so we can modify the
distribution of electrons in the ground state, and still maintain the super-
conductivity, if we do not change the energy by more than the condensation
energy resulting from the presence of the gap. To carry current, we need to
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shift the center of the distribution of electrons (in momentum space) from
the origin, to a finite wavevector Q. Then the electrons will have a net flow
in the Q direction, because the distribution has a nonzero total momentum.
This implies that we are pairing the electronic states k + Q/2 and spin-up
with the states —k +Q/2 and spin down. Since these states are not related
by time-reversal symmetry any more, they will have somewhat different
energies, and it is more difficult to pair them together (when the difference
in energy is larger than the superconducting gap, the two states won’t gain
energy through pairing, and will become normal). When Q becomes too
large, the system will lose its superconductivity. The maximal value of the
current density as a function of Q is called the critical current density of
the superconductor.

It turns out that a uniform current will flow in the bulk if the super-
conducting gap behaves like

Aj = ARIA, (3.125)

with A real (the uniform current flow is a theoretical construct, actual
materials often have inhomogeneous current profiles). At this point we
take this statement as an ansatz, and we will show later that indeed it
does produce a uniform current. The presence of a phase gradient (the
phase grows linearly with position) for the superconducting gap function
breaks the translational invariance of the system. This is to be expected,
because we now have a direction defined by the direction that the current
is flowing. It turns out that the normal Green’s functions retain their
translational invariance, but the anomalous Green’s functions do not. Our
strategy is to find the correct phase factor that we need to multiply the
anomalous Green’s functions by to restore translational invariance. We
will produce this factor by introducing a canonical transformation to the
Fermionic creation and annihilation operators, whose net result will be
to introduce a complex phase onto the hopping matrix elements. Once
translational invariance has been restored, we will then be able to solve the
problem directly by going to momentum space.

It is not easy to determine what phase factor is needed to restore transla-
tional invariance to the Green’s functions in the presence of a phase gradient
on the superconducting gap. We now go through this derivation step by
step. We take the EOMs in Egs. (3.91) and (3.92), and Fourier transform
to Matsubara frequencies:
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. 1 . = .
Y (Gwn+pu+ SIUIKn)di + ta)Gugt (iwn) + AiFij (iwn) = 65, (3.126)
l

S l(in — 11— 31U = 131 Fiy (i) + DI Gy (i) = 0. (3.127)
!

Solve Eq. (3.127) for Gy
) 1 . 1 K1E s
Gijt (twn) = =7 D liwn —p — S IUKm)ou — ta] Fiy(iwn),  (3.128)
iy

and substitute the result into Eq. (3.126). We write the anomalous Green’s
function with a double Fourier transform, because we do not know that it
is translation invariant when there is a current flowing. The formula is

Fij (an) — Z e’ik-Ri-i-ik’.Rijk,(iwn). (3129)
kk’

Substituting this formula into the expression allows the summation over

the spatial indices to be carried out, and after some significant algebra, one
finds

Z ei(k+Q)'Ri+ik'~Rijkk/ (’iu)n)
Kk’
. 1 i 1
X [=(wn + p + S|UIR) =€) (iwn — p = 51UKR) +ex) + A% = Ady;.
(3.130)
If we shift the 7 and j spatial components by a nearest-neighbor translation

vector, the right hand side is unchanged, because the constant A is indepen-
dent of 7 and j, hence we learn that the factor exp[id-(k+Q+k’)] = 1. Since

we restrict our momenta to the Brillouin zone, we learn that k' = —k - Q.
So we find
Z ekt Q) (Ri—Ry) fr —k-q(iwn)
k

. 1 . 1
X [=(iwn + p+ 5UKR) = eceq)(iwn — = 51UI(0) + 1) + A?] = Ady;.
(3.131)
The only way to have the left hand side become a Kronecker delta function

is for the summand to be just the exponential factor. In other words, we
must have
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F‘k,_k_Q(iwn) =
A
—(iwn + g+ F[UKN) — exrQ)(wn — u — 3|U{n) + ex) + A2
(3.132)

Now we can construct the real-space anomalous Green’s function from the
Fourier transform, or

Fylion) = 3 e ®i-R)-QR,
k
A

X .
—(iwn + 1+ LTUNn) = ks @)iwn -~ S|U(n) + ex) + AZ
(3.133)

This final formula does indeed show that the anomalous Green’s function
is not translation invariant. But if we define a new anomalous Green’s
function

= QURARN B -
fij (’Lwn) = e'l?'(Rt"’RJ)Fij (/Lwn), (3134)
then it is easy to see that ]:'ij is translationally invariant. Now we use
Eq. (3.128) to see that the normal Green’s function G,;1 is translationally
invariant; nevertheless, we define a new normal Green’s function via

Gy (iwn) = €T ®RIG - (), (3.135)

Both Egs. (3.134) and (3.135) follow if we introduce new electron creation
and annihilation operators

8y =e FQRig gl = o3 QR (3.136)

io 10 i T

and express the Green’s functions in terms of the tilde operators. Since
all of the anticommutation relations of the tilde operators are unchanged
after the phases in Eq. (3.136) are introduced, this transformation is called
a canonical transformation.

The canonical transformation of the creation and annihilation operators
restores full translational symmetry to the system. Hence, our strategy
for finding the critical current is to (i) transform the Hamiltonian to be
expressed in terms of the tilde operators, (ii} Fourier transform to solve the
problem in momentum space, and (iii) invert the canonical transformation
to find the original Green’s functions. The current can then be determined
from these original Green’s functions.
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The first step is to express the attractive Hubbard plus Falicov-Kimball
model in terms of the tilde operators. Since 7;, = ny, (because the two
phase factors cancel), the only change in the form of the Hamiltonian is for
the hopping matrix, because E,:-rdéH&G = exp[—1Q - 6/2]c;-roci+5o. Hence, if
we define #;;45 = exp[iQ - 6/2]tii+s, the Hamiltonian in the tilde operators
is

H— N == tigsllGirse — [UI Y furfisy — (g + iy
o 1 i
+ Ep Y wi + U™ " wi(fag + ay). (3.137)
H %

The only difference from the original Hamiltonian is that the hopping ma-
trix is now complex-valued (although it remains Hermitian). This achieves
our first goal of transforming the phase gradient of the order parameter
onto the hopping matrix elements. The hopping matrix is translationally
invariant, so we can diagonalize the problem by going to momentum space.
Because of the extra phase factors on the hopping matrix, the eigenvalues
of —fij are €yyq/2, while the eigenvalues of —f;‘j are €;_q/2.- The DMFT
algorithm is essentially the same as before, because the impurity part of the
problem is unchanged. The only modification is that the Hilbert transform
becomes

. -1
=~ . _ an+/1'—6k+Q/2 0 _ .,
G iwp) = Zk: K 0 i — 1+ € S(iwn)|
(3.138)

Note that we cannot replace the sum over momentum by an integral over
the DOS any more because the integrand does not depend solely on ex.
But if we work on a simple cubic lattice, and note that if we choose Q in
the z-direction, then

€k+Q/2 = —2t[COS(kz) + COS(ky)]
— 2tcos(k;) cos(Q,/2) £ 2tsin(k,)sin(Q,/2). (3.139)

The summation over k; and k; can be performed by integrating over the
two-dimensional DOS; we then have one final integration over k,. This
last integral over k, can be performed via contour integration and the
residue theorem rather than calculating it numerically; see Prob. A.33 for
details.

Once the Green'’s functions for the tilde variables have been determined,
we find the Green’s functions for the original variables by introducing the
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appropriate phase factors. The current density is finally found by evalu-
ating the expectation value of the current operator (it is the same current
operator that we used in the normal state, and we evaluate it, neglecting
vertex corrections, as before). The result is

iz = 4leltTZIme+6 (iwn) = 4‘e‘tTZIm[ G, (W")]

(3.140)
where there is an additional factor of 2 arising from the sum over spin
states. The nearest-neighbor Green’s function is found from

Giiss, (iwn) Ze“kﬁ ) Gie(iwn).- (3.141)

Calculating this nearest-neighbor Green’s function requires evaluating an-
other integral similar to the one used for the generalized Hilbert transform
[see Prob. A.33 (d)]. Note that the current will vanish when Q = 0 or
when A = 0. Finally, we increase Q until the system cannot support su-
perconducting order any more. The maximal current density is the critical
current density. Note that the direct calculation of the current in this case
shows that it is uniform, so the ansatz that we keep the magnitude of the
gap fixed, and vary just the phase of the gap through space, is verified a
posteriort.

In Fig. 3.20, we plot current-phase-gradient relation for the bulk su-
percurrent. In panel (a), we fix the density of charge scatterers and vary
the strength of the scattering, while in panel (b) we fix the strength of the
scatterers and vary their concentration. Note how the charge scatterers
initially have a small effect on the current (when the scattering strength
is small), but then they suppress it all the way to zero as the scattering
increases. The filled circles show the critical current for each case. The lo-
cation of the critical current migrates to the left as the scattering increases.
The results are similar when we increase the concentration of scatterers, all
with the same strength of scattering, but the reduction appears to be linear
in the concentration for most concentrations. An interesting early review
of critical currents in superconductors can be found in [Bardeen (1962)].

The problem is only slightly more complicated for nanostructures. In
this case, we do not know the phase profile for the BCS gap, and it need
not be described by a simple phase gradient. We will actually determine
the phase profile via self-consistently solving the problem. We start with a
given current in the bulk, which is described by a uniform phase gradient.
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Fig. 3.20 (a) Current as a function of the phase gradient at 7" = 0.3 for the |U| = 4
attractive Hubbard model with wq = 0.5 and various values of UF¥ . Note how the critical
current is initially insensitive to the charge scatterers, but then is reduced dramatically
as the system moves closer to the metal-insulator transition. The solid circles show the
critical current for each case. (b) Current as a function of phase gradient at T = 0.3 for
the |U| = 4 attractive Hubbard model with UFK = 6 and various values of wi. Note
how the critical current is reduced essentially linearly with the concentration of charge
scatterers for most cases.

We fix the phase gradient to this value by choosing the change in phase of
F,, to be equal to Q at the first self-consistent plane of the nanostructure.
We describe the general anomalous Green’s functions via an overall phase
F, = |F,lexpli¢a). In the bulk, we would have ¢, = Q.a, but for the
nanostructure we will see deviations of this form. As before, we transform
the phase that accumulates on the anomalous Green’s functions onto a
phase of the hopping matrix elements. This is accomplished by making the
same canonical transformation as before

= __ ,—ida/2
Coic = € *“c

aio? Elia = eid)a/ch ) (3142)

aio?

this produces the change in the hopping taa+1 — exp[—i(Pa — Pat1)]taat1-
Because the total charge is conserved, even if we have an inhomogeneous
system, one important consistency check is to verify that the current density
does not change from one plane to the next. This method of computation
works with a current-biased junction, just like what would be done in an
experiment. As the current is increased, we will find a point where the
current density through the device reaches a maximum. Once this occurs,
we have achieved the critical current density of the device. It is always
smaller than the critical current density in the bulk.

Note that we need to use a generalization of the quantum zipper algo-
rithm, within the Nambu-Gor’kov formalism, to solve for the Green’s func-
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tions, but such a modification is rather straightforward to carry out [Miller
and Freericks (2001)]. The key issue is that the quantum zipper algorithm
will work with 2 x 2 matrix functions for the recursion to the left or to the
right. One needs to be particularly careful about the phases on the hopping
matrix elements as well, because those matrix elements are complex when
we perform the canonical transformation to the tilde variables.

The Nambu-Gor’kov generalization of the quantum zipper algorithm
begins with the following equation for the Matsubara frequency Green’s
function in the mixed basis (in terms of the tilde operators):

Gag(k”,’iwn) =
-1
. Bo_1 0 : :
o iwnl — A1 (k) Ba 0 0
B! iwnl — Ay (ki) Bot1 0 ...
0 Bl .,  iwnl—Ayi(kl) Bayz 0
0 0 ‘. 7 S
(3.143)

where the matrices A, (k') are the total planar energies for a particular
plane, given by

Aa(k”) — Clkl\ + Za(iwn) - M (I)a(iwn) (3.144)
Bhliwn)  —elyy — Taliwn) + 4

and the matrices B, are the hopping terms (which couple the o — 1st and
ath planes),

_ -ta—la 0
Ba-< 0 ) (3.145)

a—lo

The planar Green’s function, (f?vw(kl| ,iwy), is readily evaluated as a com-
bination of continued fractions just as we did before, except now we need to
keep track of the additional 2 x 2 matrix structure of the Nambu-Gor’kov
approach. We define the matrix-valued right function, Rq (k! iw,), and the
matrix-valued left function, L, (k/, iwp), from their respective recursion re-
lations

R (k! iwn) = iwnl — Ag (k1) — Bag iR, (kI 5w,) B, (3.146)
Lo (k! dwn) = dwnl — Ay (k) — BLLZL, (K, i, By - (3.147)
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The recursive calculation continues to infinity, but once it has been extended
to planes in the uniform bulk region, the coefficients for each plane become
constant. The effect of a constant spatial phase gradient in A is equivalent
to a constant phase factor in the hopping integral, t4q+1, that does not
change between planes in the bulk (when we work with the tilde operators
instead of the original operators). Hence, by equating all Ry (k! 4wy) with
Roo (k! iwy) for a outside of the self-consistent region and Lq (k! iwy,) with
H_._oo(k”, iwy,) for a in the bulk limit, an exact terminator function can be
calculated as the solution of a complex quadratic matrix equation:

Roo (K, ion)BES Roo (K1, iwn) + [Am(k”) _ iwnu} B!-'Roo (k! iwn)

L oo (k! i0n)B=L L oo (k! i) + [A_oo(k“) - iwnn] B L_oo (k! iwy)
+B,=0. (3.149)

Note that the same terminator function is used for all sites in the interme-
diate layers, and the functions R, and L, calculated for one site are also
used in the calculation for the next site. These matrix quadratic equations
are solved iteratively for the bulk.

The continued fractions form the local planar Green’s functions, accord-
ing to

G (k! iwn) = {mnu — Aa(k!y —BILZY (K dwn) B
n -1
- BMIRgil(k“,iwn)BaH} (3.150)
which, using Egs. (3.146-3.147), can be simplified to
- -1
Goalk!, iwn) = [Ra(k” iwn) + Lo (k! iwy) — iwgl + Aa(k”)} (3.151)

The Green’s functions connecting neighboring planes, o and « % 1, which
are required to calculate the current flow, satisfy two equivalent forms

Gaat1 (k! iwn) = —Gaq (k! iwn)Bas1 R 1 (k! iwn)

= LYK, iwn)Bas1Gatiast (K, iw,)  (3.152)
Gao-1 (k|| yiwn) = —(Gcm‘(k|| , iwn)BLLcjil (k” ,twn)

= R} (K, iw,)BL G101 (k! dwy,).  (3.153)
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The current per unit cell area, Joa+1, which flows along each link between
two neighboring planes, & and « + 1, in the z-direction is finally given by:
Toer = MTZ el o2 (NI [ei(@a—dar) o).
aa+l a2 a /—oo €' p (5 ) m [6 gaa+1(6 7'Lwn)] 3

(3.154)
the phase factor is needed because we express the current in terms of the
original electron creation and annihilation operators. A stringent conver-
gence check for self-consistency, when there is a phase difference between
the bulk superconductors, is that the current flow is constant from one
plane to the next (i.e., Jon+1 is independent of «).

The approach given here is a generalization of the Bogoliubov-DeGennes
equations [Bogoliubov, Tolmachev and Shirkov (1958); de Gennes (1966)]
to allow for strong electron correlations. In addition, by employing the
local approximation and inhomogeneous DMFT, we can solve the resulting
equations much more efficiently on a computer.

There are some additional numerical issues that arise in these calcula-
tions. It can become difficult to determine the phase profile as we near the
critical current. A worthwhile strategy is to slowly increase the current bias
(i. e., the phase gradient Q at the first plane), and to use the phase profile
from a previous calculation as the starting point for the next calculation.
This “simulated annealing” type strategy often aids in being able to stabi-
lize the iterative nature of the solutions. Second, when the critical current
density of the device becomes too small, then one can run into numerical
problems which appear to arise from loss of precision error. In many of
our calculations, we found it difficult to stabilize solutions when the critical
current density was smaller than 1072 times the critical current density in
the bulk.

A complete discussion of solutions of these equations in the case of a
Josephson junction is given in Chapter 5.

3.9 Finite Dimensions and Vertex Corrections

QOur theory has assumed that the vertex corrections vanish for inhomo-
geneous DMFT if they vanish in the bulk. Strictly speaking this is not
true. For example, the vanishing of the vertex corrections for the con-
ductivity, arises solely from the fact that the velocity operator is odd in
parity, while the irreducible vertex is even in parity. When combined in the
Bethe-Salpeter equation to form the conductivity response function, this
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difference in parity causes the vertex-correction terms to vanish. When
we consider an inhomogeneous multilayered device, this parity argument
no longer holds for longitudinal transport. The charge vertex generically
varies from plane to plane, so it does not have a well-defined parity, and
the current operator is expressed in a real-space format, which also does
not have a well-defined parity. Hence, we can no longer explicitly show
that the vertex corrections vanish. We have assumed in this book that the
modifications due to the effect of the charge vertices will be small enough
that they can be neglected. It would be quite interesting to examine this
problem directly and see how large these vertex corrections can be even if
the vertex functions remain local.

QOur exposition in this chapter has used the local approximation
throughout, where the self-energy and the irreducible vertex function are
both local. In any finite-dimensional system, this does not hold, so our
approach is only approximate. For the three-dimensional cases we have
studied, the expectation is that the self-energy and irreducible vertex con-
tinue to have limited momentum dependence, so the local approximation
does capture most of the important physical behavior in these systems. One
can ask, however, what can be done to reintroduce the small momentum
dependence into the self-energy and the vertex functions. There has been a
great body of work on this problem in the bulk. The basic idea is to general-
ize the self-consistent impurity problem to a self-consistent cluster problem
which allows some level of momentum dependence to be restored. One such
technique is the dynamical cluster approximation [Hettler, et al. (1998);
Hettler, et al. (2000); Jarrell and Krishnamurthy (2001)] (DCA), which
restores momentum dependence in a coarse-grained fashion. Using the
DCA, provides a self-consistent, systematic means to take into account
finite-dimensional effects, and it does so in a manner that always main-
tains the correct analyticity of the Green’s functions, self-energies, and
response functions. While the DCA has only rarely been applied to
three-dimensional systems [Kent, et al. (2005)], it has been applied to
many two-dimensional problems [Aryanpour, Hettler and Jarrell (2002);
Macridin, Jarrell and Maier (2004)], and it does show the expected
behavior—the self-energy picks up mild momentum dependence, and the
irreducible vertex does affect the transport properties, but does not change
qualitative features, only quantitative details.

One could imagine generalizing our inhomogeneous DMFT approach to
include some momentum dependence via using the DCA to determine the
local Green'’s functions on each plane. This can be most easily done if the
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self-energy is allowed to have momentum dependence only in the planar
directions. Then the sum over k; and k, cannot be replaced by a sum over
the two-dimensional DOS, but this only creates a more complicated numer-
ical algorithm, because we need to replace a one-dimensional integral over
the 2d-bandstructure by a two-dimensional integral over the Brillouin zone.
Then the impurity solver for each plane would need to be replaced by the
DCA approach. If it is necessary to include long-range spatial correlations
in the inhomogeneous (longitudinal) direction, then our whole method of
approach to this problem would have to be redeveloped, because the quan-
tum zipper algorithm could no longer be applied.

One obvious system that would be interesting to study with this tech-
nique is the class of high-temperature superconductors. The copper-oxygen
planes are strongly correlated, but the planes are often only weakly cou-
pled together through the material. Hence, a DCA approach to handle each
plane, coupled with the inhomogeneous DMFT approach for coupling the
planes together, could yield an interesting theory for these systems. This
problem has not yet been attempted by anyone.

An alternate approach that allows some momentum dependence to be
restored to these systems would be to calculate the perturbative contri-
butions to the momentum dependence of the self-energy and irreducible
vertices. This technique can be problematic, because the simplest way to
do this usually breaks causality for some frequencies, hence the theory be-
comes unphysical in some regimes. Nevertheless, as a quick way to see the
size of finite-dimensional effects, this approach may be a useful one to apply
to some problems.
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Chapter 4

Thouless Energy and Normal-State
Transport

4.1 Heuristic Derivation of the Generalized
Thouless Energy

Semiclassical approaches often lead to interesting ideas for analyzing
quantum-mechanical behavior. The Thouless energy is one such idea
that has proved to be remarkably important as a quantum-mechanical
energy scale. The idea for the emergence of such an energy scale origi-
nated with work of Thouless in the 1970s [Edwards and Thouless (1972);
Thouless (1974)]. In this work, which was first numerical, the idea of ex-
amining how the quantum-mechanical levels were spaced in energy (for
the disorder problem) and how that level spacing related to the localization
transition, was first introduced. This notion of using a quantum-mechanical
level spacing, denoted by Ag (and not to be confused with the supercon-
ducting gap), to determine properties related to transport is a useful con-
cept, which has now been adopted into a new object called the Thouless
energy. The Thouless energy for a diffusive conductor is typically defined as
the quantum-mechanical energy scale that can be extracted from the dwell
time of the quasiparticle within a region of thickness L of the conducting
material. In diffusive transport, the motion of the particles is random, so
the average (or dwell) time that each particle spends inside of a region is
proportional to the square of the size of the region, with the proportionality
being the inverse of the diffusion constant D. This motivates the definition
of an energy scale via

h hD
Erp=—=—=. 4.1
T e L2 (“-1)

When the resistance of a disordered material is examined via numerical
means, it is found that a dimensionless version of the resistance ry (where

197
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we divide by the quantum of resistance for spin-one-half particles Rq =
h/2e?) can be interpreted as the ratio of two energy scales: the Thouless
energy ETy, and the level spacing Ag. The formula is
By _ 1 A

"™NT Ry 2mEm

(4.2)

The localization transition occurs near the region where ry = 1.

The inverse level spacing can be interpreted as the change in the number
of electrons in the material per unit of energy. Since the total number of
electrons (determined by adjusting the chemical potential u) satisfies

N =V / do Alw — ) f(w — ), (43)

the inverse level spacing becomes Ag' = dN/du. The local DOS A(w — k)
is independent of the chemical potential because A(w) has the chemical
potential located at w = 0, so by subtracting p from the argument, we
remove the chemical-potential dependence. Thus the inverse level spacing
satisfies

4 (w)] . (4.4)

AR = V/de(w) |:— 70

Since the derivative of the Fermi-Dirac distribution is sharply peaked
around w = 0 for low T, we can replace the DOS factor in the integrand
by A(0), for metals at low T', and then the integral over w yields 1 (recall
that the DOS is measured from the chemical potential, so A(0) is the DOS
at the Fermi energy Er). The final formula for the inverse level spacing in
metals is then

ARt = VA(0). (4.5)
Using Egs. (4.1) and (4.2) then produces a resistance equal to
h L? L
S AR =
2¢2 hD 2¢2DA(0)A
which is the common form one finds for a diffusive conductor whose volume
is V = LA (this form is often derived from the so-called Einstein relation;
see the next section for details).
A similar line of reasoning could be used to define the dwell time in
a ballistic conductor (which suffers no scattering) to determine a ballistic

Thouless energy, but we do not go through such a path, because we instead
want to focus on a more general form for the Thouless energy that can be

Ry = (4.6)
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inferred from the reasoning we have already developed. The idea is to note
that if we take Eq. (4.4) as the fundamental definition for the inverse level
spacing, even if we have a strongly correlated metal or insulator, then we
can use numerical (or experimental) results for the resistance of different
size materials to determine the Thouless energy via the relation developed
in Eq. (4.2) [Freericks (2004a); Freericks (2004b)]:

~ 2e>RyAL [ dw A(w)[—df () /dw]’ (47)

4.2 Thouless Energy in Metals

There are typically two kinds of metals that are discussed in reference to
the Thouless energy—(i) ballistic metals that have no scattering and (ii)
diffusive metals that can be described by semiclassical diffusion. We have
already seen that the Thouless energy decreases like 1/L? for a diffusive
conductor. In a ballistic metal, the decrease is instead like 1/L, because
the dwell time in the region of size L is proportional to L/vp with vp
some appropriate average Fermi velocity for the quasiparticles. One can
also infer these dependences from Eq. (4.7) in the following way: for a
diffusive conductor, the resistance grows linearly with the thickness L of
the conductor (Ohm’s law), so the Thouless energy decreases like 1/L2,
while for a ballistic conductor the resistance is independent of L, so the
Thouless energy decreases like 1/L. However, it is interesting to find more
specific results for the Thouless energy in these two limits because we can
use them to compare with the body of work in the field, and ensure that
our generalized Thouless energy approach makes sense.

We start with noninteracting electrons in three dimensions and we will
consider the transport through a macroscopic region of cross-sectional area
A and length L. Free electrons have an energy dispersion ey = A%k?/2m.
It is a simple exercise to show that the DOS at the Fermi energy satisfies
A(O) = 2mkp/h? and the Fermi velocity is vp = Viex/h = hkp/m, with
kg the Fermi wavevector and m the effective mass of the quasiparticle. This
yields an inverse level spacing of AEI = 2mALkr/h?.

In a ballistic conductor, we need to imagine the material of size L x A
as sandwiched between two semi-infinite metallic leads. If there is a trans-
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missivity 7" at the lead-metal interface, then the resistance is given by
RN = 4wRq/k3 AT, which is the inverse of the number of conducting chan-
nels available at the Fermi surface (modified by the transmissivity). This is
called the Sharvin resistance [Sharvin (1965)] or contact resistance between
the lead and the metal. Using the inverse level spacing, and the generalized
Thouless energy formula, then gives the ballistic Thouless energy as

hopT
4L -

This behaves like 1/L as we know it should.

In a diffusive conductor, where we also sandwich the material of size
L x A between two semi-infinite metallic leads, we have both a contact
resistance plus the diffusive contribution from the diffusive conductor of
length L. If we start from the bulk form for the resistivity, we use a sim-
ple Drude law [Drude (1900a); Drude (1900b)] to find the resistivity as a
function of a mean-free-path £ = vp7, with 7 the relaxation time for the
scattering process. The simple result is that

E}I)‘%llistic — (48)

_om 3mRq
Pdc = pe€27- = k%f )

(4.9)

with pe = k%/3m the electron density. If we assume a contact resistance
given by R. = 4mRq/kEAT as derived above, then the total resistance
becomes

4 3L)| wRq
==+ =] 5= 4.1
Ax [T+€]k§A’ (4.10)
and the associated Thouless energy is
pgfusive _ el _ "D (4.11)

3(1+57p) L2 (L+57p) I¥

where we used the fact that one can define the diffusion constant via
D = vpf/3 (this follows from the fact that the de conductivity is 4. =
kZ¢/3mRq, which can also be written as o4 = 2¢?DA(0) via the Einstein
relation—solving for D yields the desired result). This result differs slightly
from the expected 1/L? behavior due to the inclusion of the contact resis-
tance. If the term 4¢/27 L is small, then we recover the 1/L? behavior, but
if it is non-negligible, we expect to see deviations.

Using the techniques described in Chapters 2 and 3, we can now generate
both the resistance of a multilayered nanostructure and the bulk DOS, so
we can evaluate all the terms in Eq. (4.7) and determine the Thouless
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energy of different devices. The numerical calculations to carry this out are
complex, and a project to do so is described in Prob. A.37. For simplicity,
we assume that the hopping between all lattice sites is the same, namely
equal to ¢, which we use as our unit of energy; the lattice sites are taken to
be the locations on a simple-cubic lattice. We examine the case of ballistic
metal semi-infinite leads {no scattering) and a central barrier region that is
described by the Falicov-Kimball model with an interaction strength UFK
and with a concentration of defects equal to wy = 1/2; these terms vary only
from one plane to another, and are fixed within any given plane. We work
at half-filling for both the leads and the barrier, so the chemical potential
lies at 4 = 0 for all T and there is no electronic charge reconstruction
because the chemical potentials match identically between the two different
materials. Hence we only have three parameters to vary: (i) the strength
of the interaction UFX; (i) the length of the barrier L = Na; and (iii) the
temperature T. Nevertheless, this is a rich parameter space to examine,
because there is a metal-insulator transition occurring at UFK =~ 4.92t.
Note that it is only charge transport that is interesting to study for this case
because the particle-hole symmetry implies that the thermopower vanishes,
so there are no thermoelectric effects.

Let us begin with a review of the bulk charge transport on a simple-cubic
lattice at half filling in the Falicov-Kimball model. The de conductivity
continuously goes to zero at the metal-insulator transition, which occurs
near UFK = 4.92. In the metallic phase, the conductivity is a fairly flat
function of T for low temperature, because the imaginary part of the self-
energy does not have strong frequency dependence. If we concentrate our
examination in this low-T region, then we can extract a mean-free-path for
the electrons via the Einstein relation (using the interacting DOS). The
result of this exercise is shown in Fig. 4.1. When the mean free path drops
below one lattice spacing (at approximately UFX = 3) we have reached the
so-called Ioffe-Regel limit {Ioffe and Regel (1960)] which is supposed to be
the minimum possible metallic conductivity. Nevertheless, in the Falicov-
Kimball model, the conductivity continues to continuously go to zero at
UFK ~ 4.92. The diffusive picture for transport holds up to this critical
transition point, but beyond that point, use of the formula for the mean
free path may make no sense anymore.

In Fig. 4.2, we plot the relative value of the resistance of a strongly
scattering metal UFX = 2 (panel a) and for an anomalous metal UFK =
4 (panel b) for different thicknesses of the barrier. One can see that as
the barrier is made thicker, the shape of the curves becomes similar, and
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Fig. 4.1 Mean free path as determined from the Einstein relation for the bulk con-
ductivity in the Falicov-Kimball model on a simple-cubic lattice at half filling. The
temperature is T' = 0.01. Although the mean free path drops below the Ioffe-Regel limit
at UFK = 3, the conductivity (and mean free path) continuously goes to zero at the
metal-insulator transition. Adapted with permission from [Tahvildar-Zadeh, Freericks,
and Nikoli¢ (2006)].

actually it reproduces the bulk resistivity shape, as one might expect. Since
the resistivity is decreasing as T increases in both cases, these are very
strongly scattering metals, but the decrease is minimal for UFK = 2, and
at low T one can approximate the resistivity by just a constant, while it is a
significant reduction for the UFK = 4 case, which arises due to the fact that
the DOS has a large dip near the chemical potential, so more states are able
to participate in the transport as the temperature is raised. In addition,
we note that the cases with thin barriers always have conventional metallic
behavior even in panel (b) where the mean free path is less than a lattice
spacing, but the crossover to the anomalous metallic behavior occurs much
sooner for the stronger scattering material.

Plots of the resistance-area-per-unit-cell product are shown in Fig. 4.3
as a function of the interaction strength U¥X. Note how there is virtually
no indication of the metal-insulator transition in the thin barrier cases,
but it becomes more obvious, with the resistance increasing sharply, as the
thickness increases. In all cases there is a finite intercept at UF¥ = 0 due
to a nonzero contact resistance. The numerical calculations become quite
challenging to accurately determine the resistance in the Mott insulating
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Fig. 4.2 Panel (a): relative resistance versus temperature for different thickness devices
and UFK = 2, Panel (b): relative resistance versus temperature for different thickness
devices and UFK = 4. We plot barrier thicknesses corresponding to 1, 2, 5, 10, 15, 20,
30, 40, 60, and 80 planes.

phase when the barrier is thick. We are unable to accurately determine
R,, for interaction strengths larger than 6 at N = 20. This arises due to
the fine structure that builds up in the self-energy on different planes, as
illustrated in Fig. 4.4. This figure depicts how the self-energy develops a
sharp peak reminiscent of the delta-function peak seen in the bulk Mott
insulator, but here the peak has a finite width and height. This structure
becomes very fine, and is challenging to determine accurately.

The numerical issues associated with a self-energy, like the one depicted
in Fig. 4.4, arise from two separate issues: (i} first there is a huge variation
in the self-energy over a short energy scale (the change is over almost nine
orders of magnitude for a range of frequency about 0.1t) and (ii) extracting
the self-energy when the Green’s function is small is subject to loss of
precision since the DMFT algorithm requires taking the difference of two
large numbers to yield the self-energy. While these issues are also present in
the bulk (especially on the hypercubic lattice, where the “Mott-insulator” is
really always a pseudogap), one can derive analytic expressions to determine
the self-energy in regions where the numerics fails. For a nanostructure,
it is much more difficult to try to construct such an analytic expression
due to the inhomogeneity, hence calculations become infeasible when the
numerics fails. One way to see that the numerics is failing is to note that
the first visible error is usually that the exponential decay of the DOS at the
chemical potential will stop as the number of planes increases (often, you
will actually see a peak start to develop). Whenever this occurs, it is likely
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Fig. 4.3 Resistance as a function of UFK for four different barrier thicknesses: (a) N =1
(circles) and N = 2 (squares); (b) N = 5; and (c) N = 20. Note how there is essentially
no indication of the metal-insulator transition for a single plane junction, but it becomes
clear for the N = 5 and N = 20 cases. The temperature is T = 0.01. Adapted with
permission from [Freericks, Nikoli¢ and Miller (2001)] (© 2001 the American Physical
Society).

that the numerical code is starting to have precision issues, so this should
always be checked with moderately thick insulating barriers, to insure that
the numerical precision is adequate. Sometimes increasing the number of
quadrature steps, by reducing the grid spacing, can improve the precision
enough that the results become viable, but at some point they undoubtedly
fail.

Given the resistance and the bulk DOS, we are now able to calculate
the Thouless energy. In the ballistic case, the Thouless energy trivially
will be given by Eq. (4.8) because the resistance is given by the contact
resistance for any thickness. Hence we focus on diffusive junctions that have
contributions from both the contact resistance and the diffusive resistance
from the interior of the barrier. We show results for two cases UF¥ = 2 and
4 in Fig. 4.5. These plots are of Ey, versus L on a semilogarithmic plot and
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Fig. 4.4 Semilogarithmic plot of the imaginary part of the self-energy on the central
plane of the barrier with five different thicknesses (N = 1, 4, 7, 10, and 15). The value
of the interaction energy is UFK = 6. These results do not depend on temperature.
Reprinted with permission from [Freericks (2004b)] (© 2004 the American Physical So-
ciety).

of ExnL? versus L on a linear plot. The former shows how the Thouless
energy decreases, while the latter shows whether the 1/L? dependence holds
at large L; this 1/L? dependence appears sooner for UFK = 4, because the
contact resistance is a smaller relative contribution to the resistance in this
case. The curves, which are plotted for different temperatures, show how
the diffusion constant varies with T (it appears to increase almost linearly
with T at high T for UF¥ = 4), but the overall dependence on T is rather
weak, as expected for metals.

There is one other point to make about the “depression” of the diffu-
sion constant in the top panels of Fig. 4.5. If the formula in Eq. (4.11)
held exactly, then by using the mean free paths plotted in Fig. 4.1 we could
determine precisely what the behavior for different cases should look like.
But when we have very thin junctions, their resistance is relatively insen-
sitive to the size of the interactions (see Fig. 4.3), which tells us they are
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Fig. 4.5 Left panels: Thouless energy versus L for four different temperatures and
UFK = 2. Right panels: the same but for UFX = 4. The top panels are E1y, L? versus L,
while the bottom panels are ETy versus L on a semilog plot. Reprinted with permission
from [Freericks (2004b)] ((© 2004 the American Physical Society).

less resistive than one would predict from Eq. (4.10). This implies that the
Thouless energy will be enhanced for the smallest thicknesses, and hence
the diffusion constant won’t vary as much as might be expected. This
becomes more evident as the strength of the scattering increases.

These results show that the Thouless energy is well-defined and easily
extracted from data for the resistance versus temperature. In actual junc-
tions or devices, the contact resistance can create a significant modification
of the 1/L? dependence, but this is recovered in the large L limit. We will
see in the next chapter how the Thouless energy plays a significant role in
describing the behavior of Josephson junctions.

4.3 Thouless Energy in Insulators

In insulators, the Thouless energy has significantly stronger temperature
dependence than in metals. This is because the inverse level spacing, as
defined in Eq. (4.4), vanishes as T — 0 in an insulator. Since the bulk
dc resistivity becomes infinite, this may not seem like a problem, but the
resistance of a device will not be infinite due to quantum-mechanical tunnel-
ing, which will allow electrons to flow through the junction even at T" = 0.
Hence, the Thouless energy will diverge for an insulator as T — 0. Note
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Fig. 4.6 Left panel: Thouless energy versus T for different thicknesses and UFK = 5,
The dashed line is the curve Ery, = T. Reprinted with permission from [Freericks
(2005)]. Right panel: Thouless energy versus T for different thicknesses and UF¥ = 6.
The dashed line is the curve E1y, = T'. Running from top to bottom, the curves are for
N=1,2,3,4,5,7, 10, 15, and 20. Reprinted with permission from [Freericks (2004b)]
(© 2004 the American Physical Society).

that it is easy to understand why the resistivity becomes infinite, but the re-
sistance remains finite. The resistivity is defined for the bulk material, and
the Kubo formula always involves an integral of an effective relaxation time
multiplied by a derivative of a Fermi function. That derivative becomes a
delta function at T = 0, so the conductivity is determined by the relaxation
time at w = 0. If the relaxation time vanishes, then the resistivity will be
infinite. By definition, the relaxation time does vanish in any insulator.
On the other hand, when we investigate the resistance of a nanostructure,
we need to evaluate a similar Kubo formula in real space, but here none
of the integrands vanish, because the DOS is always finite at the chemical
potential everywhere in the nanostructure. This arises due to the normal-
state proximity effect, that allows the metallic wavefunctions to leak into
the insulator. If the insulator was not attached to metallic leads, then the
resistance need not be finite, but whenever it is attached to metallic leads,
the resistance must be finite (although it can become extremely large in
magnitude). Hence, we always see a finite resistance to the nanostructure
that has an insulator sandwiched between two metallic leads.

If we want to interpret the Thouless energy in terms of a tunneling time
(analogous to the dwell time), this would say that the tunneling time goes
to zero as T — 0, but it isn’t clear that such an interpretation can be
easily made and quantitative theories for the tunneling times of particles
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across barriers have been controversial. In any case, we do not need to
try to interpret the Thouless energy in terms of a tunneling time, because
our approach allows us to work directly with the Thouless energy to learn
interesting results.

‘We show plots of the Thouless energy versus temperature for various
thicknesses of the barrier in Fig. 4.6 [Freericks (2004b); Freericks (2005)].
Panel (a) is near the critical metal-insulator transition, with UFK = 5,
while panel (b) is a small gap Mott insulator, with U¥X = 6. The dashed
line is the line Exy = T. The points of intersection of the two lines define
the place where E1y, = T for a given thickness of the barrier,

Note how the more insulating the barrier becomes, the stronger the 7'
dependence is. In the case UFX = 5, the temperature is not low enough
to clearly see the divergence as T — 0, but for the case with UF¥ = 6 the
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Fig. 4.7 (a) ETnL? and (b) E1y, versus L for UFK = 6 and various temperatures. Note
how we see a 1/L? behavior at high temperature, indicating that the thermally activated
transport is diffusive inside a Mott-insulating barrier at high temperature.
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divergence is obvious. Furthermore, the thicker the barrier is, the lower the
temperature where Ey, = T and the lower the crossover temperature where
the Thouless energy changes its slope from increasing to decreasing with T
Hence, the effective energy scale for transport is lower for a thicker barrier.
While this may sound counter-intuitive, we will see in the next section,
that this makes good sense as we unravel the crossover from tunneling to
incoherent (Ohmic) transport in a device.

We plot the analog of Fig. 4.5 in Fig. 4.7 for U¥¥ = 6, which is a small-
gap Mott insulator. Note how at high temperature and for thick junctions,
the Thouless energy behaves like 1/L?, indicating diffusive transport. For
thinner junctions at low temperature, where the transport is via tunneling,
the “diffusion constant” varies significantly with thickness initially. This is
because the transport is not diffusive in that regime. It is interesting to see
that as the device makes the transition from tunneling to incoherent, ther-
mally activated, Ohmic transport, the character of the transport changes
from quantum-mechanical tunneling to semiclassical diffusion. We will see
a more dramatic illustration of this in the next section.

4.4 Crossover from Tunneling to Incoherent Transport in
Devices

When the barrier is an insulator, we expect the system to display tunneling
at low temperature, which crosses over to thermally activated transport
at high temperature. We have already seen that the thermally activated
transport is diffusive, when we examined the Thouless energy at high tem-
peratures. Now we examine the resistance directly. Plotted in Fig. 4.8 is the
resistance versus temperature on a log-log plot. Panel (a) shows the small-
gap insulator UF¥ = 6 and panel (b) shows the near critical Mott-insulator
UFK = 5. In the top panel, we can clearly see tunneling exhibited by the
flat steps of equal size as the thickness increases. These equally spaced
steps indicate the system has a resistance that grows exponentially with
the thickness, which is a hallmark of the tunneling regime. Furthermore,
the resistance depends only weakly on T' in this regime, and since tunnel-
ing is a quantum effect, it does not display strong T' dependence. As the
temperature is made larger, the curves turn over, and all lie nearly on top
of each other. This is the Ohmic linear scaling regime, where the resistance
scales like R,, = pgcL/A. The thermally activated regime displays diffusive
transport that can be described by Ohm'’s law. The magenta dashed curve
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Fig. 4.8 Top panel: Resistance versus T on a log-log plot for different thicknesses of the
barrier and UF® = 6. The dashed line with solid circles is the curve corresponding to
points where Epy, = T. Reprinted with permission from [Freericks (2004h)] (© 2004 the
American Physical Society). Bottom panel: The same plot but for UT® = 5. Reprinted
with permission from [Freericks (2005)]. The constant og satisfies og = 4e?/ha®.

with solid circles marks the points where the Thouless energy is equal to
the temperature. We can clearly see that this criterion properly determines
the crossover from tunneling to activated, incoherent transport.
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Surprisingly, the crossover point does not seem to have any simple rela-
tionship to the barrier height; it also may seem strange that the crossover
occurs at a lower temperature for thicker barriers. But these results can be
easily understood with a little thought. The tunneling phenomenon acts
like a “quantum short” through the device, which we can view as a conduct-
ing channel in parallel with the thermally activated channel. At low T', the
thermally activated channel is too resistive, so all of the current flows via
tunneling. As the T rises, the thermally activated resistance drops because
the resistivity depends exponentially on the inverse of the temperature.
As this resistivity drops, the resistance of the thermally activated conduc-
tion channel also drops, and once it becomes lower than the resistance due
to tunneling, the majority of the current is carried by the thermally acti-
vated carriers. Since the tunneling resistance grows exponentially with the
thickness, this crossover resistance is higher for thicker junctions, so they
crossover at a lower temperature than the thinner junctions. The depen-
dence on the barrier height is complicated because the barrier height enters
into the activated behavior for the resistance, and it also plays a role in
determining the magnitude of the tunneling resistance, but there is no sim-
ple way to determine precisely the functional dependence of the crossover
temperature on the barrier height.

In panel (b), we see curves corresponding to the near critical Mott in-
sulator. Not too surprisingly, this device does not behave in any simple
fashion. The resistance does show flat plateaus at low T, but they are not
equally spaced as the thickness increases, so they do not depend exponen-
tially on the thickness. But they are not linear either, and this regime is
really a new regime that probably does not have any simple analytic be-
havior to describe it because the DOS depends so strongly on energy in
the region close to the chemical potential. At high temperatures, there is a
crossover to the linear-scaling Ohmic regime, with the transport being dif-
fusive. The Thouless energy does provide a reasonable “ballpark” estimate
for this crossover, but it is not as good at predicting the location when we
are too close to the metal-insulator transition; of course, if we push to the
metallic side of the transition, there is no crossover.

In Fig. 4.9, we see a different perspective on this issue, with a plot of the
resistance versus thickness at a fixed temperature T = 0.01 for UFK = 2,
4, 5, and 6. Panel (a) is a semilog plot and panel (b} is a linear plot. This
allows us to easily find the Ohmic scaling regime and the exponential scaling
regime. Both the strongly scattering metal UFX = 2 and the anomalous
metal UFK = 4 display Ohmic scaling, plus a contact resistance, for all
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Thickness

Fig. 4.9 Resistance versus thickness at 7' = 0.01 for UFK = 2, 4, 5, and 6. Panel (a)
is a semilogarithmic plot, which can show exponential dependence of the resistance on
thickness, while panel (b) is a linear plot, which can show Ohmic linear scaling of the
resistance. The metallic phases (UFX = 2 and 4) obey perfect linear scaling, plus a small
contact resistance. The small-gap Mott-insulator (UFX = 6) has exponential dependence
of the resistance on L, while the near-critical insulator (UFK = 5) has behavior that
increases faster than linear, but not fast enough to be exponential. Reprinted with
permission from [Freericks (2004b)] (© 2004 the American Physical Society).

thicknesses. The slope of the curve agrees perfectly with the resistivity
that is calculated from the bulk Kubo response function. The small-gap
Mott insulator has perfect exponential dependence of the resistance on
the thickness until we reach a thickness of about 20, where it starts to
turn over. Indeed, the Thouless energy predicts the crossover thickness
(sometimes called the Thouless length) occurs near 20 for T = 0.01. The
near-critical insulator (UFK = 5) does not obey either simple scaling form—
the resistance increases faster than linearly, but slower than exponential in
the thickness.
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Fig. 4.10 Resistance versus temperature for a diffusive metal with UFK = 4. The
different curves correspond to different thicknesses. Unlike the insulating case in Fig. 4.8,
here we see no signal of tunneling behavior; instead, the curves all have a similar shape,
indicating the linear scaling of the resistance at each T for diffusive transport. Reprinted
with permission from {Freericks (2004b)] (© 2004 the American Physical Society).

Our final results are shown in Fig. 4.10, where we plot the resistance
versus temperature for different thicknesses in a diffusive metal. Unlike the
insulator case in Fig. 4.8, here we see the linear scaling of the resistance
with thickness, as all curves share a similar shape (especially as the barrier
is made thicker). This result is analogous to what we saw in Fig. 4.2, where
the curves all had a similar shape, especially once the barrier was thick
enough.

The results of this section clearly show that the Thouless energy, which
can be thought of as the energy scale associated with charge transport,
plays an important role in understanding the different behavior in multi-
layered nanostructures. In particular, we can use the Thouless energy to
determine whether we have ballistic or diffusive transport by examining
how it changes with thickness at large thickness and we can use it to de-
termine the crossover from tunneling to incoherent transport in a junction
(either as a function of thickness for fixed temperature, or as a function
of temperature for fixed thickness). We will see in the next chapter, that
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it also plays an important role in determining the properties of Josephson
junctions, especially for junctions with thick enough barriers.

The generalized Thouless energy should be a useful diagnostic tool for
characterizing the quality of different junctions. It is easy to determine the
Thouless energy if one can measure the resistance and if one has a good
idea of the shape of the bulk DOS of the barrier material. We hope that
experimentalists will find this concept useful to apply to devices that are
being manufactured. It also can be used as an engineering guide, if one
wants tunneling at a given temperature, the Thouless energy can immedi-
ately tell you at what thickness you should expect there to be a crossover
to diffusive transport given a certain barrier height.



Chapter 5

Josephson Junctions and
Superconducting Transport

5.1 Introduction to Superconducting Electronics Devices

Silicon-based transistors and circuits currently run at up to 4 GHz in com-
mercially available computers, but are not expected to be able to be clocked
much faster than 10 GHz. Other semiconductors may be able to push the
clock speed a few times faster, but we are rapidly approaching the maximal
speeds for semiconductor-based electronics. Superconducting electronics,
on the other hand, which are based on Josephson junctions as the funda-
mental circuit element [Josephson (1962)], have inherent switching speeds
that are dramatically higher. Niobium-based junctions have been used to
create a T-flip-flop circuit that runs at 770 GHz [Chen et al. (1999)].
Other superconductors, like MgBg, may be able to operate at even higher
speeds. While it is true that superconducting electronics will need sig-
nificant development to progress to even 100 GHz speeds in complicated
circuits (tens to hundreds of thousands of junctions on a chip) like analog
to digital converters (which are still much simpler than a microprocessor),
the theoretical ceiling on clock speed is set much higher for superconductor-
based technologies, and with enough time devoted to the development of
advanced circuits, it may be possible to create ultrafast digital electronics
from Josephson junction-based chips.

A Josephson junction consists of a multilayered sandwich that has su-
perconducting leads to the right and the left, and a central barrier region
that can be an insulator (SIS junction), a normal metal (SNS junction), a
strongly correlated metal or insulator (SCmS or SCiS junction), or com-
binations of these (the SINIS junction has been examined recently). The
central region of the Josephson junction is not inherently superconducting,
so the superconductivity is reduced as we move from the superconductor

215
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into the barrier region. But the superconductivity cannot go to zero too
rapidly, because that would cost too much in energy, so it gradually goes
to zero, resulting in superconducting correlations that leak from the left
superconductor into the right superconductor; from a technical standpoint,
the gap function can go discontinuously to zero, but the pair-field Green’s
function decays much more slowly. This physical process allows super-
conducting pairs of electrons to travel through the device, and it typically
creates a complicated nonlinear current-voltage characteristic; nonlinear be-
havior is often the most important aspect of a device for applications (recall
the transistor has a nonlinear current-voltage relation, because current is
exponentially suppressed to flow in one direction through a pn-junction;
the nonlinear current-voltage relation of a Josephson junction is even more
complex—see Fig. 1.1).

One of the most important aspects of a Josephson junction is how
rapidly it switches from a state where current can flow with no voltage
across the junction (it is driven by a gradient of the phase of the super-
conducting order parameter through the device) to a resistive state where
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Fig. 5.1 Schematic plot of voltage pulses with different values of the characteristic
voltage, given by the figure-of-merit I R,. Note how the width of the pulse narrows as
the characteristic voltage increases because the area under the curve is the same for all
curves (and equal to the flux quantum).
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there is current flowing with a voltage across the junction, and then back
to the no voltage state. As this switching behavior occurs, we can examine
a plot of the voltage versus time (see a schematic in Fig. 5.1). It turns out
that the integral of this voltage pulse is equal to a flux quantum ¢¢ = h/2e.
Hence, the higher the peak of the voltage pulse, the narrower the pulse, and
thereby, the faster the switching speed. So the height of the voltage pulse
will determine the switching speed of a Josephson junction, and we want
to maximize this to get the narrowest pulse. The peak voltage, also called
the characteristic voltage, is equal to the product of the critical current at
zero voltage I, and the normal-state resistance R,. This product, I.R,, is
also called the figure-of-merit of a Josephson junction.

The figure-of-merit has some simple limiting values in well-known cases.
For a thin insulating barrier (called a SIS tunnel junction), the product
is IR, = wA{0)/2le|, which was first worked out by Ambegaokar and
Baratoff [Ambegaokar and Baratoff (1963)]. This result is independent of
the barrier height, and only depends on the size of the superconducting
gap, which is around 1 meV for low-temperature superconductors. The
fact that the figure-of-merit is independent of the barrier material is easy
to understand: both the critical current and the resistance will depend on
the barrier height, but they do so in a reciprocal fashion, leading to an I.R,,
product that is independent of the barrier height. At low temperature, one
can also show that I R, satisfies I R, = wA(0)/|e| for thin metal-barrier
junctions (SNS junctions) [Kulik and Omelyanchuk (1977)]. This is also
independent of the properties of the barrier, but is more complicated to
derive, because it relies on evaluating properties of the proximity effect in
the normal metal.

Current Josephson-based devices are manufactured from niobium-
aluminum-oxide-niobium trilayers [Rowell, Gurvitch and Geerk (1981);
Gurvitch, Washington and Huggins (1983)]. The growth process involves
first depositing a Nb layer, followed by a thin Al layer. Then the device
is exposed to oxygen, which forms a disordered, nonstoichiometric AlQ,
barrier layer, and finally it is capped with an upper layer of Nb. The alu-
minum layer needs to be thin, but it does not need to be controlled too
stringently, because the proximity effect will make a thin aluminum layer
superconducting, since it sits on top of the niobium. The thickness of the
barrier is determined by the amount of oxygen that the aluminum is ex-
posed to, but if the barrier is too thin, then it does not form a uniform
barrier, and transport is dominated by so-called pinholes, which are hot-
spots in the barrier that conduct electrons more easily than other regions



218 Transport in Multilayered Nanostructures: The DMFT Approach

(see Fig. 1.8). The barrier height of pure sapphire (Al203) is about 4.5 eV,
but the barrier height observed in actual Josephson junctions is often much
smaller, on the order of 1 — 2 eV, and this is because the aluminum oxide
is not stoichiometric, due to it being oxygen-deficient (see Fig. 1.9).

These Nb-AlO,-Nb Josephson junctions are tunnel junctions, which
have a multivalued, hysteretic current-voltage curve [see Fig. 1.1 (a) for
an example]. But the current-voltage characteristic needs to be single val-
ued (corresponding to what is called a nonhysteretic junction) for use in
rapid single-flux quantum logic (RSFQ) [Mukhanov, Semenov and Likharev
(1987); Likharev (2000)], which is the fastest operating logic for a Josephson
junction device {see Fig. 1.1 (b)]. A hysteretic Josephson junction can be
converted to a nonhysteretic junction by adding a shunt resistor in parallel
with the Josephson junction. This is what is used for current Nb-based
junctions that are employed on chips to make electronics devices. The
area of the junction in currently available technology is on the order of a
square micron. If we make the area smaller, we can get into a regime called
the self-shunted junction regime, where the junction has a nonhysteretic
current-voltage curve without requiring an external shunt resistor.

To understand what parameters are required for self-shunted junctions,
we perform some simple back-of-the-envelope calculations. For typical
Josephson junctions, we need to run on the order of 1 mA of current through
each junction to prevent errors in the circuit. If the junction area is 0.1 u?2,
then the junction will have a current density of 105 kA/cm?. The IR,
product tends to be about 1 mV, so the resistance is about 1 Q. If the
barrier thickness is between 1 — 10 nm, then the resistivity ranges from
pde =1-10 mQ-cm; this is near the metal-insulator transition, which typi-
cally occurs around 1 mQ-cm. Hence, as the area of the Josephson junction
is made smaller, it is natural to consider junctions made from materials
that lie close to the metal-insulator transition.

One example of a class of self-shunted junctions that have shown promise
for Josephson technology is tantalum-deficient Ta;N barriers [Kaul, et al.
(2001)]. This material is a normal-metal barrier, that can be tuned to pass
through a metal-insulator transition at TasNs [Yu, et al. (2002)]. These
junctions illustrate good Josephson properties at low temperature, but the
properties in available prototype junctions change too rapidly with temper-
ature (as the temperature is raised), which is problematic for circuits, since
the switching speed is related to the I.R, product and timing errors can
quickly force a RSFQ circuit to cease working.
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5.2 Superconducting Proximity Effect

When a superconductor is placed close to a nonsuperconducting material,
we have an inhomogeneous many-body problem to solve. The supercon-
ductivity is reduced within the superconductor as we approach the inter-
face, while superconducting correlations leak into the nonsuperconducting
material, and decay with some characteristic length scale. The healing
length of the superconducting gap in the superconductor, from its reduced
value at the interface, to its bulk value far from the interface is called the
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Fig. 5.2 Plot of the anomalous Green’s function at equal time (the pair-field amplitude)
as a function of the plane number for a Josephson junction with 20 planes in the barrier.
The superconducting part (up to plane 30) has U = —2 and is at half-filling. The
barrier (plane 31 to 40) is described by a Falicov-Kimball model with UH = 0, wy = 0.5,
and at half-filling as well. The top plots (a) are for UF® = 6 while the bottom plots
(b) are for UFK = 2. The superconducting planes are plotted on a linear scale (on
the feft), while the barrier planes are plotted on a log scale. The biue dots are the
calculated numerical data, and the curves are various fits described in the text. Adapted
with permission from [Tahvildar-Zadeh, Freericks and Nikoli¢ (2006)).
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Ginzburg-Landau coherence length because they were the first to create a
phenomenological model that describes how superconductivity is depressed
near the surface of a superconductor [{Ginzburg and Landau (1950)]. This
healing length should be related to the superconducting coherence length
&o, which is the average distance between paired electrons in the super-
conductor (and can be calculated in the bulk). The BCS theory says the
coherence length satisfies &g = fivp/mA(0), where vp is an appropriate av-
erage Fermi velocity, averaged over the Fermi surface. If we average the
modulus of the Fermi velocity over the Fermi surface on a simple-cubic
lattice with nearest-neighbor hopping at half-filling, we find vp = 3.15at/k,
which yields a coherence length of £, ~ 5.1a when UM = —2 [A(0) = 0.198¢
and T, = 0.1112]. Since the Ginzburg-Landau coherence length satisfies
¢ar = 0.74&0/+/1 — T /T, near T, a fit of the healing length near T, allows
an independent extraction of & from the inhomogeneous solution; we find
& = 5.2a when we fit our data, indicating that the coherence length is
around 5 lattice spacings when UH = —2. This is a short coherence length
superconductor.

In Fig. 5.2, we plot the pair-field amplitude (value of the local anoma-
lous Green’s function as t — 0%) as a function of position at a temperature
T = 0.01 ~ T./11. The Josephson junction has 30 self consistent planes
to the right and to the left, and 20 planes in the barrier; only half of the
junction is shown because the results are symmetric for the other half. The
top panels are for UFK = 6 and the bottom for UFX = 2, with w; = 0.5 and
half-filling. The blue dots are the numerical results found by solving the
inhomogeneous DMFT equations in the superconducting phase. The dif-
ferent curves are different types of fits, according to different fitting forms.
But before we discuss the fitting, it is useful to examine the numerical data
in more detail. Note how the gap is suppressed more in the normal-metal
barrier (bottom panels) than in the correlated insulator barrier (top pan-
els) for the superconducting part of the junction (left). In the normal-metal
case, there are only small oscillations, but in the insulating case, the pair-
field amplitude has significant oscillations. It is believed these oscillations
arise from Fermi wavelength effects, since a semi-infinite superconducting
lead terminated by the vacuum should have oscillations that decay as we
move away from the surface. For the normal-metal barrier, it makes sense
to try the phenomenological Ginzburg-Landau form for fitting the pair-field
amplitude via
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" + | + ao]a>
Fa(O ) = Fou(07) tanh <———\/§§GL , (5.1)

where we view g and €gr, as phenomenological fit parameters. This form
is supposed to only hold near T,, but it has an exponential decay from
the bulk value far from the interface for all T, and hence is a reasonable
first try. We can see the fit (red curve) is quite good for the SNS junction,
with significant deviations only near the interface, while it fits the average
well (if the oscillations are smoothed out) for the SCiS junction. When
we have oscillations, we modify the fit in Eq. (5.1) by multiplying by a +
bsinfk(a +a)a]/la+a'|¥, which provides a simple decaying oscillatory form
on top of the exponential healing. One can see the fit {green curve) is quite
good in the insulator case now, with deviations also occurring near the
interface only. The period of the oscillations is about two lattice spacings,
which is not easy to understand, because the Fermi surface has a range of
wavevectors over the Fermi surface. The decay of the amplitude is also ill
understood—it decays like the inverse of the eighth power of the distance
from the interface. Note that &gy, is essentially independent of the strength
of the correlations in the barrier and is about 5a.

Within the barrier, the decay is governed by the normal-metal coher-
ence length £y, and is expected to be exponential in the distance from the
interface. Because the correlations grow in a symmetric way as we approach
the second interface to the right, the simplest functional form to use for a
fit is

Fa(0%) = Fcosh (%> . (5.2)

EN
This form works almost equally well in metallic or insulating barriers. The
coherence length is a function of temperature, and it also varies with the
thickness of the barrier. It is an increasing function of the thickness for
thin barriers, but then approaches a limit as the system becomes thick
enough. This thick-barrier limit is what we call the normal-metal coherence
length of the junction. As can be seen in the right panels of Fig. 5.2,
&n depends strongly on UF¥ (it is about 6.5a for UFK = 2 and 0.6a for
UFK = 6). We do not need to include any fitting with oscillations within the
barrier itself. Previous results showed one additional oscillation within the
barrier [Freericks, Nikolié¢ and Miller (2001); Freericks, Nikoli¢ and Miller
(2002)], but that oscillation appears to be a bug in an earlier version of the
code.
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Fig. 5.3 Plot of the anomalous Green’s function at equal time as a function of the plane
number for a SNSNS Josephson junction with 30 self-consistent planes in the left lead, 7
planes of normal metal, 6 planes of superconductor, 7 planes of normal metal, and then
30 self-consistent planes in the right lead. The dashed line shows the result for a 20 plane
SNS junction. The temperature is T' = 0.01. Reprinted with permission from [Freericks,
Nikoli¢ and Miller (2002)] (©World Scientific Publishing Co. Pte. Ltd., Singapore).

We can get more complicated results if we introduce additional inho-
mogeneities on length scales smaller than the respective coherence lengths.
For example, in Fig. 5.3, we plot the pair-field amplitude for a SNSNS
junction, which has the middle 6 planes of the barrier replaced by super-
conductors [Freericks, Nikolié and Miller (2002)]. One can see the expected
growth of the pair-field amplitude as we enter the superconductor in the
center of the device. Since, it will turn out that the critical current of the
Josephson junction depends on how large a phase gradient can be placed
over the central plane of the barrier, one would expect a higher critical
current for the SNSNS junction, because the superconducting correlations
are enhanced. Indeed, it increases by over a factor of two.

Finally, we can ask what happens to the Josephson junction if there
is an electronic charge reconstruction at the interfaces. This can arise
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from a chemical potential mismatch between the superconductor and the
barrier. If we take clean metals for both the superconductor and the normal
metal, so the screened dipole layers at the interfaces provide significant
scattering near the interfaces, we can consider the junction to be similar to
a SINIS junction, which can be thought of as a SIS junction that has the
insulating barrier split in half and filled in the center by a normal metal to
try to make the junction thicker, and hence less susceptible to pinholes, and
possibly could produce junctions with smaller spreads in parameters across
a chip; unfortunately, it seems like the reproducibility of each insulating
barrier is difficult to achieve if the insulators are grown artificially. But
the screened-dipole layer approach might be more reproducible, because
it relies on intrinsic properties of the materials, which would most likely
create symmetric, well-defined barriers at the interfaces.
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Fig. 5.4 Plot of the anomalous Green’s function at equal time as a function of the plane
number for a SINIS Josephson junction with 30 self-consistent planes in the left lead,
20 planes of normal metal, and 30 self-consistent planes in the right lead. The different
curves correspond to different Fermi level mismatches (AEp labels the different curves).
The electronic charge reconstruction is plotted in Fig. 3.11. Reprinted with permission
from [Freericks, Nikoli¢ and Miller (2002)] (©World Scientific Publishing Co. Pte. Ltd.,
Singapore).
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An example of a SINIS junction, generated by electronic charge recon-
struction, is plotted in Fig. 5.4 [Freericks, Nikoli¢ and Miller (2002)]. The
first point to note, is that as the charge redistribution increases, due to
a larger mismatch, the pair-field amplitude is significantly reduced within
the normal-metal barrier. In the superconductor, we see the inverse prox-
imity effect is initially reduced in magnitude, as we saw in the correlated
insulator barriers, but as the Fermi-energy mismatch is increased, the in-
verse proximity effect becomes larger. This occurs because we are starting
to see significant effects of the charge reconstruction, which extends fur-
ther and further into the superconducting lead as the mismatch is made
larger {(more correctly, the magnitude of the scattering which arises from
the change in the charge density becomes larger, since the screening length
is unchanged).

In this section, we have shown the wide variety of different length scales
that are associated with Josephson junctions. They display both proximity
effects and inverse proximity effects, as well as Fermi-wavelength-driven
oscillations. We have focused solely on length scales associated directly
with the pair-field amplitude here. We will see below that there are a
number of other important length scales for other properties, but many of
them can be directly related to the length scales described here.

5.3 Josephson Current

In the bulk, we applied a constant phase gradient to generate a supercurrent
when we were in the superconducting state. We saw that there was a fairly
wide range of @ values where the current increased as the phase gradient
increased, but then over a fairly narrow range, the current suddenly dropped
and then vanished (see Fig. 3.20) once the superconductor could sustain no
more current (because the phase gradient was too large). Since the phase
variation from plane to plane is nonuniform in a Josephson junction, it is
difficult to characterize the change in the phase by a single phase gradient
(which one would we choose). Instead, we examine the total phase change
over the barrier region of the Josephson junction. We define the barrier to
“begin” halfway between the last superconducting plane on the left and the
first barrier plane on the left (this is at position 30.5 for our calculations)
and to “end” halfway between the last barrier plane on the right and the
first superconducting plane on the right. Then we simply accumulate all of
the phase change across the entire barrier, and use that total phase change,
called the phase across the Josephson junction, to characterize the current
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flowing through the junction. It is easy to see that the phase gradient
must change from plane-to-plane, because the pair-field amplitude changes
from plane-to-plane. Since the current passing through each plane must
be a constant value through the device, the phase gradient must vary to
compensate for the changes in the pair-field amplitude through the junction.
We expect the phase gradient to be the largest at the region where the pair-
field amplitude is the smallest, and, once that plane can no longer sustain
a larger phase gradient across it, the current stops increasing, and we reach
the critical current of the device. In most cases we consider, this maximal
phase gradient occurs at the central plane of the barrier.

In Fig. 5.5, we show the current-phase relation for a number of differ-
ent thickness SNS junctions. The superconductor has U" = —2 and is at
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Fig. 5.5 Current-phase relationship for a series of different thickness SNS junctions. The
barrier is a ballistic metal with no scattering, while the leads also have no scattering,
but they do have a superconducting attraction of UH = —2. All parts of the device
are at half-filling, and the temperature is T = 0.01 = T./11. The different curves are
for different thicknesses of the barrier. One can see that as the barrier is made thicker,
the current drops, and the curve becomes more sinusoidal. In fact, if we plot J(¢)/Je,
versus the phase ¢, we find simple sinusoidal behavior once the thickness is larger than
about 25 planes. The dashed line is the critical current density in the bulk. Adapted with
permission from [Freericks, Nikoli¢ and Miller (2002)] (original figure ©World Scientific
Publishing Co. Pte. Ltd., Singapore).
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half-filling. The normal-metal barrier has no Hubbard or Falicov-Kimball
interaction and is also at half-filling. The thin barrier (N = 1) can sustain
a critical current density nearly as high as the critical current density in
the bulk. The shape of the curve is far from sinusoidal. As the thickness
increases, the current density drops, and the curves become more sinu-
soidal in shape. Once we reach a thickness of about 25 planes, we recover
sinusoidal behavior for all larger thicknesses. Pure sinusoidal behavior is
expected from the [Josephson (1962)] result of an SIS junction, but we see it
here for thick enough SNS junctions as well. The deviations from the sinu-
soidal shape arise mainly from the self-consistency of the solutions. When
the critical current density is close enough to that of the bulk, we need to
examine the solutions with full self-consistency to achieve high accuracy.
When scattering is added into the barrier, we also recover the sinusoidal
behavior for thicker barriers, but the thickness where this occurs becomes
much less than 25 planes.

It is also interesting to examine what the actual phase change looks like
over each of the planes of the junction. Since the phase change is dominated
by the gradient term, we subtract it from the results we plot, and show
just the phase-deviation d¢, = ¢, — Q. Since the phase returns to the
bulk result of a constant phase gradient far from the interfaces, the phase-
deviation plot must become flat as we move far from the interface in either
direction. But it does not need to go to zero as o — oo. Instead, it can go
to a constant. The difference between the right and the left phase-deviation
functions represents the additional phase accumulated over the barrier, in
addition to the phase corresponding to the phase gradient multiplied by the
thickness of the barrier. Note that in previous work [Freericks, Nikoli¢ and
Miller (2001); Freericks, Nikoli¢ and Miller (2002)], too large of a gradient
was subtracted, so that the phase-deviation function went to zero far to
the left and far to the right (or one could view that as a slightly different
definition of the phase deviation function).

The phase-deviation function for a ballistic normal metal and for
a weakly scattering diffusive normal metal SNS junction is plotted in
Fig. 5.6 (a) and (b). Note how the deviation goes to a constant far from the
interfaces, as expected, because we need to recover the bulk limit there. But
there is always an additional total phase shift due to the barrier that needs
to be added on to determine the total phase across the junction. As the
interaction strength increases, the contribution from the phase-deviation
function becomes more and more important. When it completely dom-
inates the phase change, then we can neglect the contribution from the
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Fig. 5.6 Phase-deviation plot for a twenty-plane barrier SNS junction with (a) no scat-
tering and (b) scattering given by UFK = 1 and w; = 0.5. The curves are clustered
around the critical current of the junction, where @ is maximal (recall the value of the
critical current density is determined by the value of @ that we introduce in the leads,
because current is conserved through the junction). Note how the general shape of the
phase deviation is similar for all cases, and how there is some sharp features present in
the SNS junction with no scattering. Only a small amount of scattering is needed to com-
pletely smooth out all of that extra structure. The slopes of the phase deviation function
are largest at the central plane, indicating that the total phase gradient is largest there,
as discussed in the text. Panel (a) adapted with permission from [Freericks, Nikolié¢ and
Miller (2002)] (original figure ©World Scientific Publishing Co. Pte. Ltd., Singapore).

gradient, which is quite small; this is how Josephson performed his original
analysis [Josephson (1962)]. In addition, note the sharp structure present
at the interface for the barrier that has no scattering (a), and how it is
washed out when there is scattering in the barrier (b). The slope of the
phase deviation curve is the largest at the central plane of the barrier, which
says that the total phase gradient is largest there. This is to be expected,
because the pair-field amplitude is the smallest there.

The critical current density for a ballistic metal barrier (UFK = 0), a
diffusive metal barrier (U¥¥ = 1 and 2), a strongly correlated metal near
the metal-insulator transition (U¥¥ = 4), a near-critical Mott insulator
UFK = 5 and a small-gap Mott insulator UFK = 6, is shown in Fig. 5.7.
We use a semi-logarithmic plot to explicitly show the exponential decay of
the critical current density with the thickness of the junction. The behavior
is qualitatively the same for all different kinds of barriers, but the decay rate
increases dramatically as the scattering increases. Note how the exponential
decay of the critical current only sets in once the barrier is thick enough,
as there is some curvature to the curves for thin barriers. Furthermore, the
BCS theory predicts that the decay of the critical current with the thickness
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Fig. 5.7 Critical current density (normalized by the bulk critical current density) for
barriers described by the Falicov-Kimball model with w; = 0.5 and different UFK values
as a function of the thickness of the barrier (with T = 0.01). Note how in all cases
(ballistic metal barrier, diffusive metal barrier, and insulating barrier) the critical current
density decreases exponentially with the thickness of the barrier. The rate of decrease
increases substantially after the metal-insulator transition. The superconductor is at
half-filling with UY = —2. The barrier is described by the Falicov-Kimball model at
half-filling with w; = 0.5 and UFK values shown as the labels to the different curves.
Adapted with permission from [Tahvildar-Zadeh, Freericks and Nikoli¢ (2006)].

of the barrier is also governed by the normal-metal coherence length £y,
which describes the exponential decay of the pair-field amplitude when
there is no current flowing. Comparing our numerical results for these
two different calculations, verifies that they are essentially identical. The
numerical values for £y, as extracted from the above plot, are as follows:
U =0, & =291 (i) U=1, &v = 11; (iii) U = 2, &y = 6.26; (iv)
U=4,¢tn =285 (v) U=25,&v =1.4; (vi) U = 5.5, £y = 0.79; and (vii)
U=6,&n = 0.62.

In the quasiclassical theory of superconductivity, the decay length for a
diffusive SNS junction is supposed to be governed by the thermal diffusion
length, which is defined to be £ = /AD/2xT, where D is the diffusion con-
stant. We can extract the diffusion constant by using the Einstein relation,
as described in Chapter 4, if we know the bulk value of the resistivity. Per-
forming this analysis for these different barriers, produces good agreement
with the length scales extracted directly from the data. The approach does
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not work well once U > 4.92, where the bulk system has a metal-insulator
transition. The final results for the thermal diffusion length are: (i) U = 1,
§r = 12.8; (ii) U = 2, én = 6.37; and (iii) U = 4, é5 = 2.82. Agreement
with the above data is quite good (we cannot perform such an analysis for
the ballistic metal case, or for the insulating cases at low temperature).

So the Josephson current that flows through the junction is described
well by quasiclassical notions when the barrier is a diffusive metal, but the
inhomogeneous DMFT approach allows us to also investigate properties of
insulators, and to study systems close to the strongly correlated (Mott)
metal-insulator transition.

In Fig. 5.8, we plot the critical current density as a function of barrier
thickness for a SINIS junction where both materials are at half-filling, but
the Fermi level of the barrier is shifted by AE; as shown in the labels
of the figure. This shift causes there to be a screened-dipole layer, which
corresponds to the electronic charge reconstruction at the interface. Note
how the presence of this charge scattering causes a significant reduction of
the critical current, which then settles down to an exponential dependence
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Fig. 5.8 Critical current density (normalized by the bulk critical current density) for
SINIS junctions where the “insulating” layers are generated by an electronic charge
reconstruction (at half-filling) due to a Fermi-level mismatch. Note how the critical
current is initially reduced dramatically due to the scattering off the screened dipole
layers, but then it has an exponential dependence on the barrier thickness once the
barrier is thick enough. Adapted with permission from [Nikoli¢, Freericks and Miller
(2002a)] (original figure (© 2002 the American Physical Society).



230 Transport tn Multilayered Nanostructures: The DMFT Approach

on the barrier thickness once the barrier is thick enough. There is no
scattering in the barrier, and the charge screening length is about three
lattice spacings.

5.4 Figure-of-Merit for a Josephson Junction

The critical current is one piece of the figure-of-merit for a Josephson junc-
tions. The other piece is the normal-state resistance. The critical current
can be calculated on the imaginary axis (using Matsubara frequencies), but
in the ordered superconducting state. The normal-state resistance requires
a real-axis calculation, but there is no superconducting order. In fact, we
have already calculated the resistance as a function of temperature when
we examined the Thouless energy in Chapter 4. So we simply combine the
two results to get the I R, product. Note that we actually calculate I./A
and R, A for the junctions, but the area factors cancel when we evaluate
the products.

Since the I R, product is a voltage, it is common to multiply by the
electric charge to get an energy, and then compare that energy to the su-
perconducting gap at T = 0. In other words, the figure-of-merit is often
reported in the combination |e|I.R,/A(0). We will do this here as well.

The figure-of-merit is plotted in Fig. 5.9 for four different thicknesses as
a function of UFX at T = 0.01. In panel (a), we plot the results for N =1
(top) and N = 2 (bottom), in panel (b), we have N = 5, and in panel (c),
we have N = 20. For the single-plane barrier, the I. R, product is highest
for the metallic junctions, and drops as the scattering increases. Once UFK
is large enough, it becomes constant. The dashed line is the Ambegaokar-
Baratoff prediction {Ambegaokar and Baratoff (1963)], and we can see our
results drop below their results. This is because the gap is suppressed as
we approach the interface, which results in a small reduction of the figure-
of-merit. The N = 2 case has even more significant drop as scattering is
added to the barrier, until we hit the metal-insulator transition (around
UFK =~ 4.92), and it rises to end up near the constant value of the N = 1
case. In panel (b), we have a moderately thick barrier, and the results there
are even more interesting. The figure-of-merit is suppressed significantly in
the metallic phase, but then turns around dramatically and increases in
the insulating phase, going above the value seen for the thin barriers. The
thick barrier case in panel (c) behaves similarly, but to a higher extreme,
as we see a large suppression on the metallic sign, and a hint of an increase
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Fig. 5.9 Figure of merit at T = 0.01 as a function of UFX for four different thickness
Josephson junctions: (a) N =1and N = 2; (b) N = 5; and (¢) N = 20. Note how
the thin junctions have a figure-of-merit independent of the properties of the barrier
when the barrier height is large enough, and how the thicker barriers have a significant
change in their properties at the metal-insulator transition. Adapted with permission

from [Freericks, Nikoli¢ and Miller (2001)] (original figure © 2001 the American Physical
Society).

on the insulating side, but the data is difficult to generate for UFX values
larger than 6.

Since the Thouless energy played such a prominent role in describing the
behavior of the transport in normal devices, we can ask the question about
what role the Thouless energy plays in transport in superconductors. There
is much guidance on this issue from quasiclassical calculations. There, it
is found that the Thouless energy determines the figure-of-merit when the
Thouless energy is the smallest energy scale, and the superconducting gap
determines the figure-of-merit when it is the smallest energy scale {Dubos,
et al. (2001)]. The quasiclassical approach predicts a universal behavior of
the figure-of-merit versus the Thouless energy, which approaches the Kulik-
Omelyanchuk limit when the superconducting gap is the smallest energy
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Fig. 5.10 Figure-of-merit at T = 0.01 versus the Thouless energy on a log-log plot.
Panel (a) is a blow-up of the upper region of panel (b). Five numerical cases are pre-
sented: (i) a ballistic-metal barrier with UFK = 0 (red circles); (ii) a diffusive metal near
the Joffe-Regel limit with U!"MFK = 2 (green squares); (iii) an anomalous (“pseudogap”)
metal with UF¥ = 4 (blue triangles); (iv) a near-critical Mott insulator with UFK =5
(cyan filled circles); and (v) a small-gap Mott insulator with UFK = 6 (magenta aster-
isks). In addition, we show the quasiclassical prediction in yellow and an exponential
curve in black. Adapted with permission from [Freericks, Tahvildar-Zadeh and Nikolié
(2005)] (eriginal figure @IEEE).

and it is proportional to 10E7, when the Thouless energy is the smallest
energy. The specific result is plotted in Fig. 5.10 in yellow for T' = 0.01. On
that same plot, we show numerical results for I. R,, versus Ey, for a ballistic
metal SNS junction (red circles), a strongly scattering metal near the Ioffe-
Regel limit of minimal metallic conductivity [Toffe and Regel (1960)] (green
squares), an anomalous metal (blue triangles), a near-critical Mott insulator
(cyan filled circles), and a small-gap Mott insulator (magenta asterisks).
Note how both diffusive metals fall right on top of the quasiclassical curve.
The ballistic metal case falls on top of an exponential curve (since the
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resistance is independent of the thickness, the figure-of-merit decays in the
same way that the critical current decays). The insulating phases are close
to the diffusive metal ones, but do show some deviations: (i) they fall lower
than the quasiclassical result when the Thouless energy is large; (ii) they are
higher when the Thouless energy is small; (iil) the crossover point lies near
the region where 10ETy, = A; and (iv) it appears that they may illustrate
new universal behavior for the insulating case at small Ey,, but this cannot
be confirmed from the available data. Hence, we find a second important
use for the generalized Thouless energy derived in Chapter 5. It appears
to be able to determine the properties of the figure-of-merit of a Josephson
junction. We hope that these results motivate experimental groups to try
to analyze their data within the generalized Thouless energy concept.

Since the critical current of a Josephson junction always decreases ex-
ponentially with the thickness of the barrier, but the resistance increases
more slowly (it is constant for a ballistic metal, increases linearly for a
diffusive metal and a thick enough Mott insulator, and increases exponen-
tially for a thin Mott insulator), we expect the figure-of-merit to always
ultimately decrease as the barrier is made thicker. Since the Thouless en-
ergy decreases with increasing barrier thickness as well, as can be read off of
Fig. 5.10, it is useful to replot the relationship between the figure-of-merit
and the Thouless energy to make this dependence on the thickness more
apparent. We do this in Fig. 5.11 [Tahvildar-Zadeh, Freericks and Nikolié
(2006)]. The horizontal axis may appear to be a strange set of units, but
if we recall for a diffusive conductor that the Thouless energy behaves like
Erh ~ RD/L? = 27nT¢%/L? when expressed in terms of the thermal diffu-
sion length, then we see /T/Ery = L/+/2mér. Once again, we see different
behavior for the ballistic junctions and the other junctions, but the quasi-
classical prediction, and the two diffusive metal SNS junctions lie on top of
each other. The insulating barriers have a similar behavior, and a similar
shape to that of the diffusive junctions, but their quantitative behavior is
different. Once again, we do see the possibility that there is a universal
insulating curve, but it is difficult to verify that conjecture from the data
that we have.

We interpret these results in the following way. First, it is clear that
the Thouless energy is a valuable way to summarize transport data for
Josephson junctions in addition to junctions in the normal state. Second,
these results illustrate one reason why the quasiclassical approach works so
well. When fitting quasiclassical results to data, one often chooses an ap-
propriate diffusion constant by fitting resistance data and using an Einstein
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Fig. 5.11 Similar plot of the figure-of-merit at T = 0.01 versus the square-root of the
ratio of the temperature to the Thouless energy. This horizontal axis is proportional
to L/&r for diffusive conductors, and it displays the results in a reasonable way for all
of the considered cases. Adapted with permission from [Tahvildar-Zadeh, Freericks and
Nikoli¢ (2006)].

relation. Since the results shown here reproduce the quasiclassical behavior
for all diffusive cases, even if the mean-free-path is much less than a lat-
tice spacing, it shows that the quasiclassical approach may be valid beyond
the regime where the mean-free-path is large compared to the Fermi wave-
length. Furthermore, since the insulating barriers have similar behavior,
albeit with slightly different shapes, the quasiclassical approach is a good
first approximation to them as well.

5.5 Effects of Temperature

In externally shunted funnel junctions, the resistance of the junction (cor-
responding to the intrinsic resistance through the barrier and the resistance
through the shunt resistor) does not vary much with temperature over the
operating range of the circuit (typically a few degrees Kelvin at a temper-
ature below 10 K). Hence the majority of the temperature dependence of
properties of the Josephson junction occur due to variations of the critical
current with 7. If we consider barriers tuned close to the metal-insulator
transition, particularly junctions where the temperature is similar in mag-
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Fig. 5.12 Reduced critical current versus reduced temperature for a variety of thin (N =
1, open symbols) and moderately thick (N = 5, closed symbols) Josephson junctions with
varying scattering in the barrier. The solid line is the prediction of [Ambegaokar and
Baratoff (1963)]. All cases are at half filling with UH = —2 in the leads, and vanishing in
the barrier. The barrier has w1 = 0.5 and UFK values as shown in the caption. Reprinted
with permission from [Freericks, Nikoli¢ and Miller (2003)] (©2003 American Institute
of Physics).

nitude to the Thouless energy, then we expect to see stronger temperature
dependence of the superconducting properties. In addition, it turns out
that the critical current in metallic barriers also has significantly stronger
T dependence than seen in SIS junctions.

These different properties are summarized in Fig. 5.12 [Freericks, Nikoli¢
and Miller (2003)]. The solid line is the Ambegaokar-Baratoff predic-
tion [Ambegaokar and Baratoff (1963)]. Open symbols are for thin barrier
(N = 1) and solid symbols are for moderately thick barriers (N = 5). If
we start by examining a thin insulating barrier (N = 1, UFX = 16, open
triangles), we see that it tracks well with the Ambegaokar-Baratoff result.
It is essentially flat at low temperature (because the gap hardly changes
with T there), and it approaches T, linearly. As the interaction strength is
reduced, and we move to an anomalous metal (UF¥ = 4, open circles) and
then to a strongly scattering metal (U¥¥ = 2, open squares), the critical
current has a stronger temperature dependence and it drops more rapidly
as T increases. While the curves appear to approach T' = 0 linearly, they
actually are expected to saturate at the lowest temperatures. Interestingly,
at higher temperatures, the curvature changes sign. Furthermore, there is a
wide range of temperatures where the slope is similar in size to the slope of
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Fig. 5.13 Plot of the figure-of-merit versus UFX for two different temperatures T =
T./11 (open) and T = T./2 (solid). The top panel is for a single-plane barrier and the
bottom panel is for a N = 5 barrier. Note how the SNS junctions have a higher figure-of-
merit at low T for the N = 1 junctions, but this switches as T is increased. The situation
is somewhat similar in the N = 5 junctions, but here we have clear optimization in the
Mott-insulating phase. Adapted with permission from [Freericks, Nikolié and Miller
(2003)] (original figure ©2003 American Institute of Physics).

the SIS junction (for 0.5 < T'/T, < 0.9). This means that the temperature
dependence will be similar to that of the SIS junction in this regime. But
if the I R, product is too small, the SIS junction will still be preferred,
because it will switch faster.

When we move to the moderately thick junctions (N = 5, solid curves),
we see some interesting behavior too. The metallic junction has even
stronger 7' dependence, dropping rapidly as T increases (UFK = 2, solid
squares). The character does not change much as the scattering increases
within the metallic phase (compare to the UTK = 5, solid circles data), but
then rapidly increases as we go into the small-gap Mott insulating regime
UFK = 7 (solid triangles). This last set of data is intriguing because it has
essentially the same slope as the SIS junction curve, but it is only reduced
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Fig. 5.14 Plot of the figure-of-merit versus reduced temperature for the same parameters
as in Fig. 5.12. The thin metallic junctions are the best at low temperature, and the
thin insulating junctions are best at high temperature. The moderately thick junction
shares a similar shape as the thin tunnel junctions, but is reduced somewhat in size for
like T's.

by about 10-20%. If the resistance is large enough, we can expect to see
an enhancement of the I.R, product, but the main interest is that these
kinds of junctions may have less pinholes, and better junction uniformity
across a chip, because they have thicker barriers.

Moving on to the figure-of-merit, we show a plot of |e|I.Rn/A(0) versus
UFK for the N = 1 and N = 5 junctions in Fig. 5.13. The open symbols
are T ~ T./11, and the solid symbols are T' =~ T,/2. In the thin junction
case (top panel), the figure-of-merit is optimized at low temperature for
metallic junctions, but their T-dependence is so strong, the figure-of-merit
is significantly suppressed even at T' &~ T,./2. One can clearly see a much
reduced temperature dependence in the insulating regime. Turning to the
moderately thick junction (N = 5, lower panel), we see a local maximum for
the metallic barriers, but the figure-of-merit is optimized for more insulating
junctions. The temperature dependence is much larger here, but is almost
uniform as a function of UFK. We see optimization just on the insulating
side of the metal-insulator transition.

Our final results are summarized in Fig. 5.14. Here we plot the figure-
of-merit versus reduced temperature for the same cases as in Fig. 5.12.
These results summarize what we have been discussing so far. We have
optimization for the thin junctions (N = 1): the metallic junction is best at
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low T" and the insulating junction is best for higher . When we look at the
moderately thick junction (N = 5), we see a significant suppression for the
metallic junctions, but then there is a rapid rise as the interaction strength
increases on the insulating side of the transition (if UFX is increased further,
we expect it to overtake the thin insulating junction results).

In general, the temperature dependence of Josephson junctions is not
examined too much for devices, because one has, in theory, the option to
run at low enough temperature to achieve high-quality properties. But
refrigeration costs are significant, and running at as high a temperature
as possible is desired. As we raise the operating temperature, we find
that the switching speed will be reduced, and the circuit will become more
susceptible to timing errors due to temperature fluctuations over the chip.
Finding the balance between all of these different concerns is a complex
engineering and optimization problem.

5.6 Density of States and Andreev Bound States

Our formalism development focused on imaginary-axis properties in the su-
perconducting state, because they allow us to study much of the behavior
of the junctions. There are, however, a number of interesting dynami-
cal properties of Josephson junctions, which require a real-axis treatment
within the ordered phase. A detailed description of such a formalism is be-
yond the scope of this book, and interested readers need to develop the for-
malism for themselves; the original literature [Miller and Freericks (2001);
Nikolié¢, Freericks and Miller (2002b); Freericks, Nikoli¢ and Miller (2002)]
discusses these calculations, but does not provide complete formulas. The
modifications of the formalism in going from the imaginary to the real axis
are not too complicated, but the denominators can now become singular,
which adds some significant complications for how the numerics needs to
be carried out. Here we will briefly describe bulk calculations and then
summarize a number of physical ideas that can be inferred from calculated
results and be presented in figures.

The analytic continuation of the formulae for the Green’s functions from
the imaginary to the real axis is straightforward except for the 22 compo-
nents of the Nambu-Gor’kov matrices, since they are the negative of the
complex conjugate of the function evaluated at negative frequency. Hence
a factor like tw, — u — |U|(n)/2 + A(iw,) will be analytically continued to
w—p—|U){n)/2+ A\*(~w). Using such a technique allows one to determine
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the impurity solution for the Green’s function on the real axis. To complete
the DMFT loop, we need to first define two functions

FK N+ _ $FKx/_ N+
ZFK(w)——-l—E (w+20)22 ( w-i—zO),
w

EFK w+i0+ +2FK* —w+i0+

Then the Hilbert transform for the Nambu-Gor’kov form of the Green’s
function becomes

Gw) = /dep(e) (5.4)

(wZ”%w) — = 5lUJ{n) + xTK(w) + ¢
A* + ‘I)FK*(W)

A + 3FK(y) )
wZFE(w) + p + 3UNn) — X" (w) —
1
* P77 0) — [t LUIn) — xFK(w) — e — [A + SFR(@)

Once the DMFT algorithm has converged, then the DOS is found from
the 11 component of the Green’s function matrix. The DOS is plotted in
Fig. 5.15 for the Hubbard-Falicov-Kimball model with UH = —2 and UFX
ranging from 0 to 3 and w; = 0.5. Note the main effect of the scattering
is to reduce the gap, shifting the peak down in energy (the frequency is
renormalized by the gap for the UFK = 0 case).

There is a wide range of interesting behavior to consider when examin-
ing the DOS within a Josephson junction. On the one hand, in the bulk
superconductor, the presence of the superconducting energy gap, pushes
states away from the Fermi energy, and creates a pile-up of states at an
energy equal to the gap energy (both above and below the chemical po-
tential). As T — 0, this pile-up of DOS actually diverges! On the other
hand, if the barrier is a normal metal, then there is significant DOS near
the Fermi energy because it is a metal. In a quasiclassical calculation, this
nonzero DOS in the barrier survives at low energy, but is predicted to go
to zero linearly as the chemical potential is approached. Andreev [Andreev
(1964)] discussed this physical situation first. The states that lie inside
the normal-metal barrier cannot move into the superconductor, because
there are no low-energy states present, so they must be localized within the
barrier region. These localized, or bound states can actually carry current
through the Josephson junction, as depicted in Fig. 1.12. The idea is that a
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Fig. 5.15 Bulk superconducting DOS for the attractive Hubbard model with UH = —2
and the Falicov-Kimball interaction UFK = 0, 0.5, 1.0, 1.5, 2.0, 2.5, and 3.0. We
renormalize the frequency with respect to the UFK = 0 gap at T = 0; the calculations
here are done at T = 0.01. Note how the main effect of the scattering is to reduce the
gap, but maintain a similar shape to the DOS. These results should be compared to
those that follow for Josephson junctions with similar interactions in the barrier.

superconducting pair of electrons is incident from the left. This pair of elec-
trons meets a hole in the normal-metal barrier, leaving an electron behind
that moves to the right. That electron travels to the barrier-superconductor
interface on the right, and a superconducting pair and a retroreflected hole
emerge; the hole travels to the left in the metal, and the superconducting
pair travels to the right in the right superconducting lead. The net effect
is that a superconducting pair has been carried across the barrier from the
left to the right, and there is a localized electron-hole state that remains
in the barrier. A similar process can carry current in the opposite direc-
tion, and one can view the lack of supercurrent when there is no phase
difference across the junction as corresponding to an equal occupation of
the left and right current-carrying states. In a one-dimensional system, the
Andreev bound state has a well-defined energy, but in a three-dimensional
system, because of the possible nonzero value for the transverse (k; and
k,) momenta, these Andreev bound states appear as finite-width peaks in
the DOS. Because the electrons involved in the Andreev bound states have



Josephson Junctions and Superconducting Transport 241

energies close to the chemical potential, we expect these states to be located
at an energy below the bulk superconducting gap.

When scattering is added to the barrier, we can characterize the level of
scattering with the Thouless energy for the diffusive metal barrier (plus the
contribution from the contact resistance, of course). When such scattering
is included, quasiclassical calculations say there will be a so-called “hard”
minigap in the DOS, where the DOS vanishes over a region proportional
to Ern about the chemical potential [Golubov and Kupriyanov (1989);
Golubov, Wilhelm and Zaikin (1997); Zhou, et al. (1998); Pilgram, Belzig,
and Bruder (2000)]. Since there is no gap when there is no scattering,
and the Thouless energy decreases as the thickness of the barrier increases,
the gap region is expected to first grow, and then decrease as scattering is
turned on. Since a ballistic-metal-barrier junction has a nonzero Thouless
energy, this analysis cannot be consistent with the Thouless energy solely
determining the minigap, but most quasiclassical approaches ignore the
contact resistance contribution to the Thouless energy, so from their per-
spective, the Thouless energy vanishes for a ballistic-metal-barrier junction,
and the analysis is consistent.

There are additional sources of scattering that are not incorporated into
these quasiclassical approaches. One important source is the so-called A/p
scattering [Hurd and Wendin (1994)], which says that as electrons move
through the junction, if we take into account Fermi-surface effects, then
the superconducting amplitude is modified on the order of A/u by these
Fermi-surface effects (1 is the distance from either the upper or lower band
edge to the chemical potential). What is less known is what effect this will
have on the DOS. Another important source, if there is scattering that is
described by a self-energy, is the life-time effects associated with the many-
body excitations. Generically, life-time broadening effects cause sharp fea-
tures in the DOS to be washed out, and can lead to the disappearance of
gaps within the spectrum.

We show a contour plot of the local interacting DOS for a N = 10 SNS
Josephson junction (U™ = —2, no scattering in the barrier, T = 0.01) in
Fig. 5.16 [Miller and Freericks (2001)]. We show half of the junction, start-
ing with the barrier planes (numbered from 1-5, starting from the center
of the barrier), and continuing into the leads (numbered 6-35). The en-
ergy axis is plotted in units of the bulk superconducting gap at T = 0,
so that the energy field of view consists of all of the subgap states in the
device. The first thing to note is that the DOS does not go linearly to
zero at w = 0, as predicted by quasiclassical theories for ballistic-metal
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Energy

Fig. 5.16 Three-dimensional plot of the low-energy DOS of a N = 10 SNS Josephson
junction with UH = —2 in the leads, and no scattering in the barrier. The plane numbers
start in the center of the barrier and move outward; hence the barrier extends from 1 to
5, and the superconductor from 6 to 35. The horizontal (energy) axis is plotted in units
of A(0) = 0.198, the bulk superconducting gap at T = 0. Reprinted with permission
from [Miller and Freericks (2001)].

barriers [Saint-James (1964); McMillan (1968)]. Instead, there is a “hard”
minigap that has formed. In addition, we see peaks in the subgap states
that are localized in the vicinity of the barrier, but they clearly extend
for some distance into the superconductor. Furthermore, we can see an
alternating parity to the spatial profile of the Andreev bound state peaks:
they either are peaked at the central barrier plane, or have a node there,
and this behavior alternates. Finally, as the Andreev states approach
the gap energy, they extend further and further into the superconducting
leads.

Since the minigap is not supposed to form in a SNS barrier that has no
additional scattering, and because there are no life-time effects, the most
likely explanation for the origin of the minigap is the finite A/u scatter-
ing. We confirm that this notion is correct in Fig. 5.17. The two curves
are for the same thickness barrier, but with different values of the attrac-
tive Hubbard interaction. As the interaction is reduced, both the gap and
the minigap shrink, whereas, we would have expected the minigap to be
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Fig. 5.17 DOS at the central plane of a N = 5 barrier Josephson junction with UH = —2
and UH = —1.7. Note how the minigap gets smaller in each case, which supports
the notion that it arises from A/ scattering, while the Thouless energy is unchanged.
Adapted with permission from [Nikoli¢, Freericks and Miller (2002b)] (original figure
© 2002 the American Physical Society).

unchanged if its size was governed by the Thouless energy. Instead, the
shrinking of the size of the minigap points to its origin lying in the A/u
scattering effect, since A is reduced when UH = —1.7. Note how different
the inhomogeneous results are from the homogeneous (bulk) results shown
in Fig. 5.15.

Nevertheless, one can wonder whether the Thouless energy plays a role
in the size of the minigap, and for an SNS junction we need to include
the Thouless energy that arises from the contact resistance of the junction.
Comparing the data for UF¥ = 0.1 in Fig. 5.18 for the N =5 and N =10
data, we would expect that the minigap would be a factor of two smaller for
the N = 10 case, if the minigap was proportional to the Thouless energy
(since the Thouless energy is two times smaller), but the minigap is almost
a factor of three smaller. Furthermore, as scattering is introduced, by
increasing UF¥ further, the minigap shrinks rapidly, and then disappears.
These results are hard to understand from any model that says it is the
Thouless energy alone that determines the size of the minigap. Indeed, it
is likely that there is an alternative explanation to those results. The data
depicted in Fig. 5.18 have a number of interesting features and trends in
them, though, that are at least consistent with the notion of the Thouless
energy playing a role in the behavior. For example, as the thickness of the
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Fig. 5.18 Local DOS at the central plane of the barrier of an (a) N =5 and (b) N = 10
Josephson junction with varying UFK (the value is included in the label of the legend).
Note how the minigaps for corresponding cases are smaller for the thicker barrier, and
how the DOS loses all low energy structure once UF¥ becomes large enough, even though
it is well before the metal-insulator transition. The horizontal axis is plotted in units
of A(0). Adapted with permission from [Nikoli¢, Freericks and Miller (2002b)] (original
figure © 2002 the American Physical Society) and from [Freericks, Nikolié¢ and Miller
(2002)] (original figure ©@World Scientific Publishing Co. Pte. Ltd. Singapore).

barrier increases, the minigaps decrease, and by the time we reach N = 20,
no more minigap can be observed in the data. At this point, we see the
expected quasiclassical prediction that the DOS vanishes linearly at w = 0
(not shown here). As scattering increases in the system, we never see a
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situation where the minigap increases due to increased scattering, instead,
it seems to rapidly decrease and then disappear. It disappears sooner for
thicker barriers, as we probably expected it would. The best idea for the
source of the disappearance of the minigap is a life-time effect that arises
from the scattering off the Falicov-Kimball defects. This scattering grows
like [UFK)2, and it can rapidly cause the minigap feature to be washed
away.

We study the issue of how the DOS heals to the bulk superconducting
DOS as we move away from the barrier in Fig. 5.19. The behavior of the
DOS in this figure is quite complex. One might have assumed that the
DOS would go back to its bulk value on a length scale on the order of the
healing length for the pair-field amplitude, that was analyzed earlier in this
chapter. But the healing length is around 5.1 lattice spacings, and we can
still see significant variation of the DOS (especially at energies close to the
gap energy) when we are even 30 planes away from the interface. While the
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Fig. 5.19 Local DOS as a function of position within the superconducting leads showing
how the full gap is eventually restored as we move further away from the barrier, but
the healing of the DOS requires much longer length scales than the healing length for
the pair-field amplitude in the superconductor, especially for energies close to the gap
energy. The barrier has UF¥ = 1, N = 5, and € =~ 5.1a; the distance z is measured from
the SN interface. Adapted with permission from [Nikoli¢, Freericks and Miller (2002b)]
(original figure © 2002 the American Physical Society).
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Fig. 5.20 Local DOS on different planes for the SNSNS Josephson junction shown in
Fig. 5.3. Plane 40 is the center of the central S layers. Plane 35 is at the first NS interface
away from the center. Plane 31 is at the first SN interface away from the center. Plane 10
is twenty planes into the superconductor from the last interface. Adapted with permission
from [Freericks, Nikoli¢ and Miller (2002)] (original figure @World Scientific Publishing
Co. Pte. Ltd., Singapore).

length scales for these two processes need not be the same, it would be useful
to better understand why the decay length is so long. Anomalously long
proximity effects for single-particle properties are usually assumed to occur
due to low-energy excitations, with energies far below the gap energy, that
result in superconducting correlations that stretch for longer length scales
than the conventional proximity effect. This is the reason why we expect
the minigap to be present when the Thouless energy is smaller than the
superconducting gap. But the situation here is occurring at higher energy
scales due to the long decay lengths of the Andreev bound states that sit
close to the superconducting gap edge. Exactly why this occurs is not clear,
and remains unexplained.

Interesting behavior also occurs in more complicated Josephson-like
structures. Here we examine more closely the SNSNS junction that we first
encountered in Fig. 5.3. Even though the N = 20 junction has no minigap,
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Fig. 5.21 (a) Local DOS on the central plane of a N = 10 Josephson junction with
no scattering in the barrier, as a function of the current in the device. We show no
current (black curve), j = je/4 (red curve) and j = j¢/2 (green curve). Note how the
Andreev-bound-state peaks split when current flows due to the Doppler shift. (b) Local
DOS when j = jc/4 for various planes in the same Josephson junction. Adapted with
permission from [Freericks, Nikoli¢ and Miller (2002)] (original figure ©@World Scientific
Publishing Co. Pte. Ltd., Singapare).

the minigap returns here because we now have four superconductor-normal-
metal interfaces, which enhance the A/p scattering. The plane labeled 40
is in the center of the superconducting planes in the middle of the SNSNS
junction, the plane labeled 35 is near the middle NS interface (within the
normal metal), the plane labeled 31 is near the first SN interface (within the
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normal metal), and the plane labeled 10 is deep within the superconduct-
ing lead. One can see the minigap structure has developed, but the central
superconducting region (black curve) is far from being BCS-like and has
significant subgap states, with a large peak at w ~ 0.6A(0). As we move
from the central superconducting plane into the normal metal (red curve),
we see some spectral weight shifts toward lower energy, and the emergence
of a new Andreev bound state peak at about 0.9A(0) (green curve). As
we move deep into the superconductor the BCS density of states begins
to be recovered (blue curve), but there is still a remnant of the large An-
dreev bound state at about 0.6A(0), which appears as a small peak in the
figure.

Finally, we examine how the DOS varies when a current is flowing
through the junction. We found challenges with the convergence of the
calculations when the current was pushed too high, but we still find inter-
esting behavior for small currents. Since Andreev bound states come in
pairs, each carrying current in an opposite direction, we expect to see a
modification of the the peak locations when current is flowing because we
now have a well defined direction in the junction (the direction of the cur-
rent flow), and one of the Andreev bound states is transporting current in
the same direction, while the other is in the opposite direction. This leads
to a shift in the energies of the bound states, which is called a Doppler
shift. We expect to see the single Andreev bound state peaks to split in
two, and have the splitting increase as the current flow increases. This can
be seen in Fig. 5.21 (a). Finally, we show the results for the DOS when a
fixed current density j = j./8 flows through the junction, as a function of
position within the junction. There are more peaks present here, because
the Doppler shift splits all of the Andreev bound state peaks, but the mini-
gap is still present, and we can see remnants of these structures leak far
into the superconductor before they disappear [Fig 5.21 (b)].



Chapter 6

Thermal Transport

We examine the phenomenon of electronic charge reconstruction for systems
that have barriers that lie close to a metal-insulator transition. We will
consider a Mott-insulating barrier (the focus here is on spinless systems,
adding spin is simple, and will have minor modifications to the results),
where the entire system is held at half-filling. This system is interesting,
because, in the bulk, both constituents of the device have no thermoelectric
effects, because both the Seebeck and Peltier coefficients vanish due to
particle-hole symmetry. But if we attach these two thermoelectrically inert
materials together, and there is a Fermi level mismatch between them, then
the electronic charge reconstruction breaks the particle-hole symmetry and
allows them to have thermoelectric effects. What is different in the Mott-
insulating case from a metallic case is that in the bulk Mott insulator, the
DOS has sharp structure near the chemical potential, which is likely to
lead to a large thermoelectric effect. From an applications perspective, we
are using electronic charge reconstruction as an engineering tool, to try to
enhance the thermoelectric response of the full device over and above that
of its constituent parts. In this sense, the geometry of the multilayered
nanostructure, and the way that the Mott insulator is deconfined between
the metallic leads plays a crucial role in determining the thermoelectric
response.

6.1 Electronic Charge Reconstruction Near a
Metal-Insulator Transition

As before, we will consider a system made of ballistic metal leads and a
strongly correlated electron barrier. We fix egchot = 0.4, which corresponds

to a screening length of a few lattice spacings, for both materials. When
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there is a mismatch of Fermi levels, the electronic charge reconstruction
will provide an inhomogeneous doping of the Mott-insulating barrier.
Since the electronic charge reconstruction generically makes the barrier
metallic (although it can have strong scattering), we perform the calcula-
tions for the DOS and the real-axis self-energies by simply adding a small
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Fig. 6.1 DOS for different planes in the metallic lead of a multilayered heterostructure
at half filling with ballistic metal leads and a barrier described by the Falicov-Kimball
model at half filling with UFK = 6. The center of the band of the barrier is shifted
up in energy by 2t (AEr = —2). The top panel is the first metal plane to the left of
the interface, then we follow with the second, third, tenth, and thirtieth planes. Note
the asymmetry in the DOS that enters due to the charge reconstruction and how it is
reduced the farther we move from the interface.
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imaginary part (0.001¢) to the frequency, so that we can avoid any singu-
larities that involve principal-value integrations. We choose at least 10,000
quadrature points, so that there is sufficient accuracy to properly describe
any of the near singular behavior. This allows for a quick means to calcu-
late the DOS and the transport of these systems. If, on the other hand, the
barrier is insulating, and the chemical potential lies close to the location
of the pole in the bulk material, then the calculations need to be handled
more carefully.

The lead is a ballistic metal and the (N = 20) barrier is a Mott insu-
lator described by the spinless Falicov-Kimball model (with w; = 0.5 and
UFK = 6). The center of the band of the barrier is shifted to create a
chemical potential mismatch which then leads to an electronic charge re-
construction. We calculate the reconstruction for each temperature that
we examine, but the change with temperature is minimal at low temper-
ature {an example of the charge rearrangement can be found in Fig. 3.12
for AEF = —1). The shift of the band energies of the barrier, and the
electronic charge reconstruction break the particle-hole symmetry of the
system. We illustrate this with a plot of the DOS for a number of different
planes in the leads in Fig. 6.1. Note how the asymmetry is quite strong
near the interface, but fades away as we move further away. These results
should be compared to Fig. 3.3, which has no shift of the barrier band en-
ergies (and has N = 5, but the width of the barrier has little impact on the
lead DOS).

Next we examine the DOS in the barrier for the same device in Fig. 6.2.
Here the asymmetry is not as marked as it was in the leads, but the shift
of the center of the band for the central plane is dramatically less than 2
(it decreases the further we are from the interface), because it is partially
reduced by the magnitude of the Coulomb potential energy at the given
plane of the barrier; on the central plane, the magnitude of the Coulomb
potential is close to 1.6, which explains why the shift of the band center is
only about 0.4 instead of 2.

We plot a false-color contour plot of the low temperature DOS of the
multilayered nanostructure in Fig. 6.3. One can clearly see how the DOS is
shifted as we increase the chemical potential mismatch of the barrier, and
include the resulting electronic charge reconstruction. Note how there is
an interesting bending of the bands, how the shift of the barrier is reduced
by the Coulomb potential from the electronic charge reconstruction, and
how the DOS develops extra oscillations near the band edges of the leads.
Indeed, the change of the Coulomb potential with distance in the barrier
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Fig. 6.2 DOS for different planes in the barrier of a multilayered heterostructure at half
filling with ballistic metal leads and a N = 20 barrier described by the Falicov-Kimball
model at half filling with UFK = 6. The center of the band of the barrier is shifted
up in energy by 2t (AEr = —2). The top panel is the first metal plane to the right
of the interface, then we follow with the second, third, fifth, and tenth planes. Note
how the band of the barrier has shifted by less than two units because of the electronic
charge reconstruction (this is because the electrical potential is approximately —1.6 at
the central planes of the barrier).

explains the curvature of the blue region in the center of the barrier, because
the magnitude of the potential shift decreases as we approach the interface,
so the center of the DOS shifts to the right as we approach the interface
from within the barrier.
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Frequency

Fig. 6.3 False color plot of the T' = 0.01 DOS for a N = 20 metal-barrier-metal junction
with different shifts of the bands (top, AEr = 0; middle, —2; and bottom, —4). The
barrier is described by the half-filled Mott-insulating Falicov-Kimball model at UFK = 6.
One can clearly see how the DOS is modified by the combination of the shift of the band
energies and the resultant charge reconstruction,

6.2 Thermal Transport Through a Barrier Near the
Metal-Insulator Transition

Transport can also be calculated in these systems using the formalism de-
veloped in Chapter 3. As with the DOS, we add a small imaginary part to
the frequency (or equivalently to the self-energy) to smooth out any poten-
tial poles that require principal-value integration (we choose the same size
shift of § = 0.0017). Using the different L;; matrices, we can determine the
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Fig. 6.4 Electronic charge resistance-area product in a N = 20 plane device described
by the U = 6 Falicov-Kimball model at half filling with a shift of the band given by
AEp = —1 (solid line), —2 (dashed line) and —4 (chain-dashed line). The temperature
runs from 0.01 to 0.1 and the resistance-area units are ha?/e?.

charge and thermal resistance, the Seebeck and Peltier coefficients of the
device, and the efficiency for use as a thermal cooler or as a power genera-
tor. Here we will focus solely on the resistances, and on the thermoelectric
effects, but will not discuss calculations of the efficiency of parts of a cooler
or generator.

We start with the results for the U = 6 Falicov-Kimball model barrier at
half filling, but with the band for the barrier shifted by AEFr as described
above. The resistance in the case with no electronic charge reconstruction
saturates at larger than 10'? at low temperature. When the barrier-plane
bands are shifted, we see that the resistance is sharply reduced, because the
system has become metallic, but they have little temperature dependence.
As the chemical potential is shifted farther away from the chemical potential
of the leads, the system becomes more metallic, because the reduction of
scattering due to the reduction of the correlations is more important than
the increase in scattering that arises from the increased electronic charge
reconstruction.

The thermal resistance-area product is plotted in Fig. 6.5 for the same
device. Note how the thermal resistance diverges as C/T for T — 0. This is
because the thermal conductivity of each constituent goes to zero linearly in
T, so the thermal resistance should diverge. As with the charge resistance,
we see that the farther we shift the barrier band from the metallic lead
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Fig. 6.5 Electronic thermal resistance-area product in a N = 20 plane device described
by the U = 6 Falicov-Kimball model at half filling with a shift of the band given by
AEp = —1 (solid line), ~2 (dashed line) and —4 (chain-dashed line). The temperature
runs from 0.01 to 0.1 and the thermal-resistance-area units are ha?/kgt.

band, the smaller the thermal resistance becomes. This is also expected
because the system is becoming more metallic.

We can define a device Lorenz number by taking the ratio of the resis-
tances and the temperature via £ = €2R,,/Ry,k3T. This is the analog of
the bulk Lorenz number, but is now well defined for a device as well. We
expect that the Lorenz number should approach the metallic value of 72 /3
given by the Wiedemann-Franz law, unless the device does not reproduce
the law even if its constituents do. As can be seen in Fig. 6.6, we do pro-
duce the correct 7' — 0 limit and the more metallic the device is, the more
constant the Lorenz number is with 7. The Lorenz number does change as
T increases, and it decreases in magnitude, which is a good sign for ther-
moelectric calculations, since the Lorenz number enters in the denominator
of the figure of merit (at least in the bulk).

Having completed an examination of the charge and thermal resistances
of the device, we now move onto the thermoelectric effects. In the bulk,
the Peltier effect and the Seebeck effect are closely related due to Onsager’s
reciprocal relations. But in a nanostructure, we saw when we derived the
inhomogeneous analogs of the Peltier and Seebeck effects that they are ex-
pected to be different, even though the transport coefficients Lz and Lo
do satisfy Onsager reciprocity microscopically. This arose because the See-
beck effect was weighted by a matrix related to the thermal resistance, while
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Fig. 6.6 Device Lorenz number ean/RthszT plotted for the same device as in the
preceeding two figures. Note how it approaches the universal metal result of w2/3 at
low temperature even though it is made out of heterogeneous multilayers. This implies
that the changes to the charge resistance and the thermal resistance are identical due
to the inhomogeneous multilayered structure, which is what one would naively guess by
adding the respective resistances in series, if each plane satisfies the Wiedemann-Franz
law. This naive picture seems to hold for the full quantum system.

the Peltier effect was not. Furthermore, there are many different “Peltier
effects” that can be examined because the heat current is not conserved
for a Peltier-effect experiment, so we now detail the different ones that can
be considered. First, one can examine the ratio of the heat current car-
ried through the device to the charge current carried through the device.
Because the heat current vanishes as we move deep into the metallic leads
(remember the leads are particle-hole symmetric so they have no net Peltier
effect), we find the local Peltier coefficient decreases the farther away from
the interface that we move. We define one Peltier coeflicient to include the
average heat transport through the entire barrier plus the first plane in the
lead to the left and to the right. The second Peltier coefficient we can ex-
amine is to determine the total change in the heat current as we move from
the left to the right of the device. Unfortunately, this change turns out to
be identically zero, probably because the device has mirror symmetry about
the center of the barrier, but we have not proved this result analytically.
Because of the vanishing of this difference, we instead examine the ratio
of the local heat current at the central plane of the barrier to the charge
current. These are the two different Peltier coefficients that we will calcu-
late for our devices. The Seebeck effect is much more straightforward, as it
results from an unambiguous experiment. From a numerical standpoint it
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Fig. 6.7 Theoretical prediction for the Seebeck effect on the same device as in the
preceeding figures. The Seebeck coefficient continues to increase in magnitude over this
region of temperature in a linear fashion. It is not large enough to likely be important for
thermoelectric applications for these parameters, but it is amazing that one can get such
a large Seebeck effect when constructing a heterostructure out of two materials which
both have exactly zero Seebeck coefficient.

is also well-defined, because the Seebeck coefficient approaches a constant
as we expand the matrices to incorporate the entire barrier, just like the
resistance and thermal-resistance calculations.

We start by showing the Seebeck-effect results, because they are well
defined. We plot the numerical results for the Seebeck coefficient of the
device, measured by determining the ratio of the voltage difference to the
temperature difference of the junction in an open circuit. These results are
shown in Fig. 6.7. Interestingly, the Seebeck effect is largest for the metallic
system that is closest to the insulating phase. Since it must vanish when
AEpr =0, it must eventually drop as we approach the insulator, and hence
there should be a region where the Seebeck effect has a maximal response.
Similar to what we saw in the bulk case, this large Seebeck effect is arising
from a “fine-tuning” of parameters.

Next we examine the two Peltier effects discussed above in Fig. 6.8.
The thick curves look at the average heat current transmitted through
the device, averaging over the barrier planes plus the first metallic plane
on either side, and the thin curves are the local Peltier coefficient at the
central plane of the barrier. If we recall that the relation between the
Peltier coefficient and the Seebeck coefficient in the bulk is II = ST, we
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Fig. 6.8 Theoretical prediction for the Peltier effect on the same device as in the pre-
ceeding figures. The Peltier coefficient satisfies II = ST in the bulk, and appears to be
close to that here. The thick curves are for the average Peltier effect for the heat current
carried through the device (averaging over the planes of the barrier and the first metallic
plane on either side) and the thin curves are for the local Peltier effect at the central
plane of the barrier.

see that the magnitude of either Peltier coefficient is similar to the Seebeck
coefficient, but both are quantitatively different. It appears that the heat
current in the center of the barrier is somewhat larger than the average
heat current for this device. Such a result is to be expected since the heat
current vanishes far from the barrier.

Note that both the Seebeck and Peltier effects are positive, indicating
hole-like transport, which is to be expected due to the way we shifted the
band of the barrier—the barrier was shifted into the lower Hubbard band,
so the carriers are holes.

In summary, we have shown some remarkable thermal-transport effects
for inhomogeneously doped Mott insulators. Starting with materials that
have exactly zero thermoelectric effect, we find that if there is a chemi-
cal potential mismatch between the two materials, then if we place them
into a multilayered nanostructure, the electronic charge reconstruction will
inhomogeneously dope the Mott insulator into a metal, and create a large
thermoelectric response due to the breaking of particle-hole symmetry. This
effect is an interesting one that can be employed to try to enhance ther-
moelectric effects by using multilayered heterostructures. Since the het-
erostructure has many boundaries between the different materials, it should
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act to reduce the phonon contribution of the thermal conductivity as well.
Hence this approach may have promise for use in creating new thermo-
electric devices from materials that may not have a large intrinsic Seebeck
coefficient. These conclusions are in the same spirit as the work of Rontani
and Sham [Rontani and Sham (2001)], but here the focus is on Mott in-
sulators rather than excitonic insulators. It will be interesting to consider
other cases as well, such as what happens when a doped Mott insulator
is used as a barrier and the electronic charge reconstruction modifies the
electron filling to make it insulating.
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Chapter 7

Future Directions

While we spent some time in this book developing a formalism for arbitrary
impurity solvers, all of the numerical results for multilayered nanostructures
came from solutions of the Falicov-Kimball model. There is no inherent
reason why this has to be so, the field is sufficiently new, however, that more
sophisticated solvers like the numerical renormalization group, have not yet
been applied to these inhomogeneous DMFT problems. While significant
work can be done with a working inhomogeneous DMFT-NRG code, we
will not discuss this straightforward generalization further, but instead will
concentrate on three new directions where theoretical work can go in the
future: (i) the field of spintronics; (ii) real-materials modeling; and (iii)
nonequilibrium and nonlinear field effects.

7.1 Spintronics Devices

The field of spintronics was born with the proposal by Datta and Das for a
spin-based transistor [Datta and Das (1990)). The basic idea of spintronics
arises from the pursuit to find alternative ways to create digital electronics
circuits with electrons. Currently, most electronics devices involve manip-
ulating the electronic charge in the device. For example, a pn junction is
essentially a one-way switch, which lets current flow in one direction, but
not in another. The reason why so many devices rely on manipulating the
charge is that it is easy to do so by simply applying an electric field to the
device (as in a conventional transistor). But the electron also has a spin
degree of freedom. Usually this spin degree of freedom is not exploited for
any kind of digital electronics calculations, although it is heavily used in
magnetic-field sensors, which are employed in hard-drive storage, but also
are being used more frequently for sensors of position (by attaching a mag-
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net to an object, and detecting the field as the object is moved close to, or
far away from the sensor). The use in hard-drive technology is based on
the giant magnetoresistance effect, where the resistance of a multilayered
metal structure (made of magnetic and nonmagnetic metals), changes de-
pending on the direction of an external magnetic field. A normal metal is
sandwiched between two ferromagnetic metals which can have their magne-
tizations either aligned or anti-aligned with each other. Current is passed
through the nonmagnetic layers, parallel to the ferromagnetic planes. If the
two ferromaguetic layers are aligned in the same way, then as an electron
moves through the nonmagnetic layer, and bounces off each ferromagnetic
layer, it will be in a high resistance state if the magnetizations are antipar-
allel, because each electron will have spin-flip scattering at one interface,
and it will be in a low resistance state if they are parallel, because one spin
species will conduct more easily than the other (since it has no spin-flip
scattering), and will shunt the current flow. Hence, a simple measurement
of the resistance can determine whether the two magnetizations are parallel
or antiparallel. If one of the magnetizations can be pinned to always point
in one direction, and the other is free to move in response to an external
field, then the device can be employed as a magnetic-field sensor. Indeed,
this is how all read heads on hard disk drives currently operate.

This use of spin-dependent properties for magnetic-field sensing is a
very useful tool, but it is not a new form of computation. Recently there
has been a significant effort to try to find spin-based analogs of the charge
transistor, or to find ways to use spins for alternative forms of computa-
tion, such as quantum computing. Since it is difficult to shield magnetic
fields, it will be much more useful if the spin dynamics can be controlled
by electric fields rather than magnetic fields. One promising way that this
can occur is via something called the Rashba effect [Rashba (1960)], which
involves a coupling, via the relativistic spin-orbit interaction, between an
electric field and the spins of the electrons in materials that don’t have in-
version symmetry. The hope was that this effect could be used to generate
spin-polarized currents, especially in semiconductors. Other ideas are based
on half-metallic ferromagnets, which are not like conventional ferromagnets
(such as iron or chromium) that have both spin species present at the Fermi
energy, with the total number of up spin and down spin electrons being dif-
ferent. In conventional ferromagnets, the DOS at the Fermi energy can
be dominated by either the majority or the minority spin species, because
the magnetization arises from all the electrons not just those at the Fermi
energy and the band structures for the two different spins are different.
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Ferromagnet

Fig. 7.1 Schematic picture of the GMR spin valve. The structure has a pinned ferro-
magnet on the left, a nonmagnetic spacer metal in the middle, and a free ferromagnet on
the right. Current is passed through the device parallel to the planes. Depending on the
configuration of the free ferromagnet, the electrons will see more or less spin-flip scatter-
ing. Each spin feels spin-flip scattering at every other reflection off the interfaces when
the magnets are anti-aligned. The majority spin feels no spin-flip scattering, while the
minority spin feels spin-flip scattering at every reflection, when the magnets are aligned.
The difference in resistance, which is typically on the order of 1-10%, can be used to
sense an external magnetic field (which causes the free ferromagnet to change direction).

Instead, in a half-metallic ferromagnet, we can theoretically have a situa-
tion where the DOS of the minority carriers is exactly zero at the Fermi
energy, and the minority spin band has a gap in it. Chromium dioxide
is one candidate for such a half-metallic ferromagnet, but to date no such
material has been completely verified to exist (other candidates include so-
called half-Heusler alloys). Using such a half-metallic ferromagnetic, one
can create a spin polarized current at low enough T, which can be used
as either a spin filter, or as a spin injector. Unfortunately, when one tries
to inject such current into semiconductors, it has turned out to be quite
difficult to maintain the spin polarization for long periods of time (long
enough to perform significant computation), and this has proved to be one
of the biggest challenges in the field. In addition, the issue of finding a way
to amplify the spin current, in the same way that a transistor can amplify
the charge current, is needed, but has not yet been discovered.

Other promising paths for spintronics-based work include examining
dilute magnetic semiconductors, which usually involve II-VI semiconductors
with small concentrations of Mn atoms, that create ferromagnetic materials
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over some range of doping, and over some range of T' (but usually well below
room temperature). Since these materials are so much more similar to
conventional semiconductors (as opposed to metals), it is hoped that they
could provide a better way to inject and maintain spin-polarized current
within a semiconductor, but more work is needed before this idea can come
to fruition.

Having given a simple and quick introduction to the subject, we now will
discuss how inhomogeneous DMFT can be employed in calculations relevant
for spintronic systems. Just like we introduced an ordered phase when we
discussed Josephson junctions, a ferromagnetic phase can be described by a
simple Hartree-Fock approximation in the presence of a nonzero ferromag-
netic exchange coupling. This procedure is equivalent to Slater’s picture
of itinerant ferromagnetism. Next, one can add different barrier layers, or
construct other multilayered systems, by adding materials near the Mott
metal-insulator transition, or semiconductors, or nonmagnetic metals, and
then the transport (for current perpendicular to the planes) can be calcu-
lated using the Kubo approach in real space. In this way, a wide range of
different spintronic systems can be examined with the DMFT approach. If
different materials are placed next to each other, the electronic charge and
spin reconstruction at the interface will need to be determined—both the
charge and the spin can be screened at the interface.

Since spin-orbit coupling plays such an important role in these systems,
it is likely that one would need to modify the formalism to take into account
the spin-orbit interaction (and other interactions like the Rashba coupling).
This complicates the formalism, because we need to treat the electronic
Green’s functions as 2 X 2 matrices, with off-diagonal terms that represent
the spin-flip processes. Treatment of such problems is more complicated,
but the formalism should be able to be developed in analogy to how we
developed the formalism for the superconducting state, which also involved
a 2 x 2 matrix formalism. Doing so is beyond the scope of this book.

Finally, it is likely true that the character of the orbitals, be they s,
p, d, or f-orbitals, may be important in determining the magnetic proper-
ties, since degeneracy, and Hund’s rules lie at the heart of ferromagnetic
phenomena. This could require the theories for spintronics to involve more
complex multiband models that can take into account the change in char-
acter of the orbitals from one material to another. A general description
for how to do this follows in the next section.
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7.2 Multiband Models for Real Materials

Another new direction to proceed in is to consider multiband models of real
materials and add electron correlations as needed to the formalism. This is
within the spirit of the DFT4+DMFT approach described in Chapter 1, but
it needs to be generalized to the inhomogeneous problem. One strategy for
proceeding is to first work out a DFT calculation for all materials that will
be put into the multilayered nanostructure. Next, a tight-binding analy-
sis is performed, to try to fit the DFT band structure to a tight-binding
bandstructure; it is important to keep just nearest-neighbor tight-binding
parameters in the z-direction {(otherwise the quantum-zipper algorithm can-
not be employed). The tight-binding fitting procedure is not completely
determined. Choices will need to be made to try to fit the bandwidths,
or the shape of the Fermi surface, or the Fermi velocities, with the tight-
binding procedure, since all will not be able to be fit when the tight-binding
approach is truncated to a small number of neighbors. How to choose to
best make the fit will depend on the physical properties that need to be
modeled (for transport, probably getting the Fermi surface shape and the
Fermi velocities correct is more important than the bandwidths). There
are two possible results that can come out of such an analysis. Either the
tight-binding bandstructure is separable [in the form e(k,, k) + &k,)] or
it is not. If it is separable, then one can replace the summation over the
planar momentum by an integral over the respective two-dimensional DOS.
If it is not separable, this means that the hopping integral in the z-direction
depends on either kg, ky, or both. Then the quantum zipper algorithm can
still be used, but now one will need to perform a two-dimensional integral
over k, and k, separately; this can make the algorithm require signifi-
cantly more computer resources than if one can use just a single integral
over the two-dimensional DOS. The issue may even be more subtle. The
two-dimensional DOS has a logarithmically divergent van Hove singular-
ity in it. If we work directly with the DOS, then we can properly handle
the singularity by performing a change of variables in the quadrature. If,
instead, we are summing over the two-dimensional planar Brillouin zone,
then the singularity might either be masked, or it might require many in-
tegration points to properly produce it. This can further complicate the
numerical implementation of the algorithm.

Next, a DFT calculation should be performed of the interface between
the two materials that are being grown on top of each other. When the
interface is fully relaxed, and the charge redistribution from the electronic
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charge reconstruction has taken place, one can try to extract the modifi-
cation of the hopping parameters for atoms close to the interface, and one
can extract the charge screening length, and the mismatch of the chemical
potentials. All of these quantities will be important inputs into the DMFT
transport code.

The other issue that needs to be discussed is the issue of what models
will be used, and what impurity solvers will be employed. If one wants to
investigate properties of disordered charge scatterers on transport (which is
challenging to implement within a DFT perspective), one can include such
effects by using an appropriate Falicov-Kimball-like model which will prop-
erly handle annealed disorder. If one wants to investigate other types of
interactions, like those found in the Hubbard, Kondo, or periodic Anderson
models, then it is unlikely that an NRG approach can be used, because the
NRG cannot easily handle multiband situations, since one needs to main-
tain too many states to be practical at each iteration, and the numerical
accuracy cannot be maintained. Instead, a combination of quantum Monte
Carlo plus numerical analytic continuation would need to be employed,
which has its own share of numerical problems, that can make such cal-
culations very time-consuming, and possibly beyond the scope of today’s
computers.

To illustrate how such a calculation might proceed, we discuss the prob-
lem of making c-axis Josephson junctions out of MgB, superconductors.
MgB; was discovered in 2001 as a medium temperature s-wave supercon-
ductor with a transition temperature that satisfies T, ~ 39 K [Nagamatsu,
et al. (2001)]. The material forms a layered hexagonal lattice structure of
alternating Mg and B planes (with twice as many B atoms in a plane as
the Mg atoms). The B atom states are the states close to the Fermi energy,
so the electrons sit in s and p hybridized states. These electrons either
move within the planes, or between the planes, and the hopping is much
larger within the planes. Similarly, the superconductivity has two different
gaps: a large gap that is on the planar states and a small gap that involves
electrons moving between planes. One might be able to view the small gap
as a kind of a “bulk” proximity effect, where the planar electrons have a
strong enough pairing to become superconducting at a high temperature,
and they make the longitudinal electrons become superconducting via an
“internal” proximity effect. Since the two gaps have a large difference in
size (more than a factor of two), one important question is which gap will
govern the Josephson properties—the large gap or the small one? As dis-
order is added to the system, the superconductivity is reduced, and the
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Fig. 7.2 Atomic positions of the magnesium (black), boron (dark gray), and oxygen
(light gray) atoms at a MgB3-MgO interface. The magnesium and boron atoms lie on
hexagonal lattices, and the MgO, which has a face-centered-cubic structure, is oriented
in the (111) direction, so it also stacks hexagonal planes on top. Figure reprinted with
permission from [Schnell (unpublished)].

two gaps come closer in magnitude to each other, and once the T, drops
below about 25 K, the gap is uniform throughout. If the small gap domi-
nates the supercurrent transport in a Josephson junction, then is it better
to disorder the system a bit to have a uniform-sized gap, or is the purest
system the best superconductor to use for the leads? Finally, there is the
question of what barrier will yield optimal performance. Aluminum oxide
is a candidate that is an obvious one to try, because it works so well for so
many different systems, but it may be dangerous here, because aluminum
impurities cause a substantial reduction to the T, of MgB;, and introducing
Al will likely cause the interfacial region to have many Al defects. Mag-
nesium oxide is an interesting candidate, because it is well lattice matched
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to MgBy when grown in the (111) direction (see Fig. 7.2). Unfortunately,
the bandstructure in the (111) direction is not separable, so calculations on
such a device will necessarily be complicated. Another potentially interest-
ing barrier to consider is boron nitride, which requires no oxygen during
growth; oxygen has been known to rapidly form a native oxide barrier on
MgB; during growth, which may be detrimental if one is trying to grow a
different barrier. Finally, TiBy has been considered for a SNS type junc-
tion, but such junctions are rarely used for digital electronics circuits unless
run at low temperature, because the critical current decreases too rapidly
with temperature.

7.3 Nonequilibrium Properties

Another interesting new direction involves studying nonequilibrium prop-
erties. When a a material or device is placed in a large electric field (if
one volt is placed over a material on the order of one nanometer thick, an
electric field of 10° V/m is applied over the material, and this is a huge
field) one needs to go beyond linear response theory to determine what
is happening. Hence, when one studies properties of multilayered nanos-
tructures, it becomes important to consider nonlinear response effects of
the large electric fields that will be applied to the systems. There is no
simple way to generalize the Kubo approach to consider nonlinear effects,
instead one needs to examine the nonequilibrium version of the many-body
problem, whose formalism was worked out independently by Kadanoff and
Baym [Kadanoff and Baym (1962)] and by Keldysh [Keldysh (1964)].
Fortunately, these approaches provide an exact means to calculate
nonequilibrium and nonlinear response effects, because the exact nonequi-
librium Green’s functions are known for the noninteracting system, and
there is a complex formalism that can add the many-body interactions to
solve the full problem. The numerics associated with trying to carry this
out is quite challenging, and only now do we have sufficient computer power
to be able to solve such problems. The basic idea that underlies the formal-
ism is that when a system is driven by an external field, we do not know
what state it evolves to at long times after the field has been turned on. In
the equilibrium case, we always know we have an equilibrium distribution,
but in the nonequilibrium case, the system usually evolves to some form of
steady state, which can have current flowing, and is impossible to determine
a priori. As a result, the theory becomes well defined if we imagine evolv-
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ing time forward to some maximal time, and then evolving it backward
again, back to the initial time we started from. Since the initial system is
in an equilibrium distribution, we can properly determine the equations of
motion for the Green’s functions.

We now have two different Green’s functions that need to be
determined—one is the familiar retarded Green’s function, which provides
information about the different quantum states that are available in the
system. The other is the so-called lesser Green’s function, which tells us
how the electrons occupy those states (in equilibrium, the electronic states
are occupied according to a Fermi-Dirac distribution, so we need only con-
sider the properties of the states themselves, since the occupation is already
known). These two Green’s functions are coupled together, and further-
more, we need to work with two-time Green’s functions, because we no
longer have time-translation invariance (after all, we turn on an external
field at some time and see how the system evolves). A moment’s reflection
shows that this is indeed a very complex situation, because we will be ana-
lyzing both the steady-state contributions and the transient contributions
to the response of the system, and quite complex behavior can arise.

Nevertheless, DMFT is well situated to be able to solve these nonequi-
librium problems. The same arguments that led to the conclusion that the
self-energy was local for the equilibrium problem also hold for the nonequi-
librium problem, so we can assume the self-energy has no momentum de-
pendence. Recall that the impurity problem involves a single site in the
presence of a time-dependent field. This field can depend on two times with-
out causing any serious problems to the formalism for solving the problem,
although it can no longer be diagonalized by making a Fourier transforma-
tion to frequency space. Instead, the continuous matrix operator in time
must be diagonalized, which is carried out by first discretizing the time
axis with a fixed time step, and then performing matrix operations with
the resulting discrete matrices. If the limit where the step size goes to zero
can be taken, then the result should yield the continuous operator solu-
tion. The difficult part of the DMFT loop is actually the step where we
sum over all momenta. In equilibrium, the summation can be replaced by
a single integral over the noninteracting DOS. In the nonequilibrium case,
the summation involves at least a double integral over two energies and
the integrand is now a matrix of two time variables instead of just a scalar
function.

Fortunately there are a number of important sum rules that the Green’s
functions satisfy, and using these sum rules, one can quantify the accuracy
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of the calculations, and verify whether scaling approaches are properly scal-
ing to the zero step-size limit [Turkowski and Freericks (2006)]. To date
there has been much progress on solving the bulk nonequilibrium response
with numerical algorithms that require huge amounts of computer time.
The results are promising, and show how the Bloch oscillations are atten-
uated as scattering increases, and how their character changes completely
as the system moves through the Mott transition from a metal to an in-
sulator. Generalizing this approach from the bulk to an inhomogeneous
nanostructure is a problem for the future. Solving this problem will allow
one to determine the voltage profile through the device as a function of the
current flowing, and will allow one to calculate the current-voltage charac-
teristic. It is likely that one will need to take into account dielectric effects
from the ionic cores of the material, because those cores have bound elec-
trons that cannot contribute to the current, but they can be polarized, and
contribute to the dielectric function, thereby modifying the capacitance of
the device. The capacitance must play a role in determining the shape of
the current-voltage characteristic. This a rich problem that should be able
to provide a multitude of useful results.

7.4 Summary

This book ends with a short summary section. The material presented here
should enable readers who master the exercises to begin exploring research
problems of transport in strongly correlated multilayered nanostructures.
In this sense, we have provided a set of tools that can make one efficient
in performing calculations and analyzing new systems. As hinted at in the
previous three sections, there is much new work that can be done, and we
hope that this book facilitates entry into this research field. Dynamical
mean-field theory is still rapidly growing and developing; hopefully the
readers will aid in its future evolution.
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Problems

These series of problems accompany the text and are designed to help read-
ers master the material. Those who successfully complete these problems
will have a set of tools that will allow them to carry out calculations for
strongly correlated multilayered nanostructures at the research level.

A.1 Jellium model

Using the result of the four-fermion expectation value in Eq. (2.25) gives
an expression for the expectation value of the potential energy

~ l 4me?
0 1% 0y / 3 / 31./ A1l
<'¢)gs| lwgs> 2 (271' bk d’k Y d’k V|k k/|2’ ( )

the factor of 2 is from spin and the factor of V2/(2m)® comes from the
momentum integral measure. Perform the integration over k' first, using
the direction of k as the z-axis (i.e., k- k' = kk'cosf, or |k — K'|> =
k% — 2kk’ cos§ + k'?). Show that the integral of 1/|k — k'|? over k' yields
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Then perform the integral over k to find

: K
Combining this with the average kinetic energy gives
R kS k}
Ejellium HF = {ngﬁ —e E:@_} V. (A.4)

271
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Use the fact that p. = k3./372, and the definition of a Rydberg (Ry= €%/2aq
with ag = k%/me? the Bohr radius) to show that

Ejellium HF 3 3
j N [g(kfao)z _ é.;r_kfaoil Ry. {A.5)

Finally, use the definition of r; to get

Ejetium vr _ |3 (97 %i_i 9 %l
N 5\ 4/) r2 27\ 4/ r

L

and plug in the numbers to verify Eq. (2.27).

A.2 Density of states for the hypercubic lattice in 1, 2,
3, and oo dimensions

(a) Calculate the density of states on a hypercubic lattice with nearest-
neighbor hopping ¢t = t*/2v/d using t* as the energy unit and taking the
limit d — oo . Use the following ideas (or your own techniques):

. d w/a dki
(@ = i TT( [ 50 )otc- e, (A7)
with the bandstructure
d o
€x = —2t Z cos(k;a) = —— Z cos(k;a) . (A.8)
i=1 Vd i=1
Write the delta function as
1 o0 ) x
de — — —iA(e—er)/t )
(e —er) Sy /_oo die , (A.9)

and substitute into the above formula. Now the integral over each k; can
be carried out. Note that you can expand in small quantities (like 1/d) and

that
d
. a B\ _ . a  B-3a?
dango <1+d+d2> —dILII;o (exp |:E+T+ ,

— 1,2
~ lim exp [a + Lﬁ] ~expla). (A.10)
d—00 d

Ans: peo(€) = exp(—€2/t*2)//mt*Q, with Q = limy_o a® the unit cell
volume.



Appendiz: Problems 273

1.2 %
- d=2
— ]
*S 0.8 | d=1 _
~ - j
e, 06 -
B o4t .
() - J
0.2 F
d=3 d=o00 -J
o | L {
-2 -1 0 1 2

Energy ¢/t

Fig. A.1 Scaled DOS for d = 1, 2, 3, and co. Note how the DOS looks more like the
infinite-dimensional result as d increases.

(b) Using units where the lattice constant satisfies a = 1, and where the
hopping satisfies t = t*/2v/d for each dimension d, plot the density of
states ford = 1,d = 2, d = 3, and d = oo on the same plot (see [Economou
(1983)] for assistance in calculating the DOS for different d). Comment on
the behavior as a function of d.

Ans: the DOS are plotted in Fig. A.1.

(¢) Using the general formula for the density of states of a coordination
Z Bethe lattice [as derived in Eq. (2.71)], take the limit where the co-
ordination number approaches infinity Z — oo, but the hopping satis-
fies t = t*/v/Z. Describe the similarities and differences of the infinite-
coordination-number Bethe lattice DOS with the hypercubic lattice DOS.
Ans: PBethel€) = V41*2 — €2 /27t*; the Bethe lattice has a finite bandwidth
while the hypercubic lattice has an infinite bandwidth.

A.3 Noninteracting electron in a time-dependent
potential
Begin with the impurity Hamiltonian

H = —puclc, (A.11)
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for a spinless electron ({cf,c}; = 1). Let

S(U) = exp [—i / dt ()0t — Ut (B)e(®)| | (A.12)

be a time-dependent phase added as a time-ordered product to the defini-
tion of the Green’s function (take tg > 0) with ¢(t) = exp(iHt)cexp(—iHt)
and cf(t) = exp(iMt)ct exp(—iHt). In other words, define

G(t,t") = —i(Tic(t)cH (£)S(U)), (A.13)

with 7; denoting the time-ordering operator.
(a) Calculate the generalized partition function

Z(U)=Tr {7;6—1‘] dt9(t)9(to—t)Uc*(t)c(t)e—BH} , (A.14)

directly from the anticommutation relations of the ¢’s and c¢f’s and the
time-ordering operator. Hint: there are only two Fermionic states in the
trace: the vacuum state |0) which is annihilated by ¢ and the one-electron
state |1) = ¢f|0) which is annihilated by c'.

Ans: Z =14 exp(Bu — itoU).

(b) Evaluate all twelve cases for the Green’s function G(¢,t’) defined above
fort <t/ <0,t<0<t <ty t <0<ty <t etc. Once again, use only
the operator definitions and the explicit form of the Green’s function to
perform your calculations; be sure to write out the time ordering explicitly.
Ans: for 0 < t' < t < ty we have G(t,t') = —iexpli(u ~ U)(t —t")}/[1 +
exp(Bu — itoU)]; the results are similar for other cases.

A.4 Relation between imaginary-time summations and
real-axis integrals

Consider the average kinetic energy
K=(T)=Y" adlda), (A.15)
k

expressed as the expectation value of the momentum creation and annihi-
lation operators (with €; the bandstructure).

(a) Using the definitions of the Matsubara Green’s functions, show that the
average kinetic energy satisfies

K=VT) / de €poo(€)G(e, iwn) (A.16)
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(b)

@ v X
Upper Upper
ol X half~plane X half-plane
% X
real axis X ] real axis X
ower Lower
. X half-plane X half-plane
X
X

Fig. A.2 Contours used for relating Matsubara summations to integrals over the real
axis. (a) Contours ¢ and ¢’ that give the Matsubara summation. (b) Contours that the
contours in panel (a) can be deformed into that yield the integral over the real axis.

within dynamical mean-field theory with ps the noninteracting DOS for
the given lattice.

(b) Using the fact that the Fermi-Dirac distribution f(w) = 1/[1+exp(fw)]
has simple poles at the Fermionic Matsubara frequencies with residue —T',
show that the Matsubara frequency summation can be written as a contour
integral over the (two-piece) contour in Fig. A.2 (

/dz/deepoo €)GR ew)———/ dz/deepoo(eG (e,w),

(A.17)
where R and A refer to the retarded and advanced Green’s functions. Since
the integrands are respectively analytic in the upper and lower half planes,
the contours can be deformed to the final result [see Fig. A.2 (b)]

K= —%/w dw / de epoo(€)ImG(e, w) . (A.18)

(c) Using the fact that the self-energy is local, perform the integral over ¢
to yield

K= —% /j: dwIm {jw+ p — T(W)]G(w)} . (A.19)

Hence the average kinetic energy can be determined either by a summation
over Matsubara frequencies, or by a one-dimensional integral on the real
axis. Note that the same trick used on the real axis in part (c), to replace
the integral over € by local quantities, can be used in the imaginary-axis
formula to get rid of the integration over e.
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A.5 The Green’s functions of a local Fermi liquid

In a local Fermi-liquid system, one can write the retarded Green’s function
as

z

Gk, w) = —————
(k) w—Ek—Z_H—l-i’y

+ Ginc(k,w), (A.20)
with 0 < Z < 1 and v proportional to T2 (y = CT?, C > 0, for small
w). Suppose we are at a low enough temperature that we can neglect the
incoherent piece of the Green’s function. Determine the local density of
states near the Fermi level for finite, but small T' (you can express your
answer in terms of the noninteracting local Green’s function). Take the
limit of T — 0. At w = 0, you should find that the DOS for the interacting
system is the same as the DOS for the noninteracting system. This is a

result of Luttinger’s theorem for a local self energy.
Ans: A(w) = -ImGL2 (% + p+ i) /.

A.6 Rigid-band approximation to the Falicov-Kimball
model

Suppose we have a local DOS for spin-1/2 electrons that satisfies

Ag(w) = Ag(k,w) = (1 — w1)pBethe(w) + w1 pBetne(w — U),  (A.21)
k

with w1 (T) = 1 + exp(—FEy). Choose the total filling of the electrons to
satisfy pe(T) =1—wi(T), U =t*, and E;f = 0.1¢*.

(a) Plot the local DOS A(w) (per spin; we drop the spin index since the
results are independent of o in the paramagnetic phase), with the chemical
potential located at w = 0, for T = 0, 0.1, and 1. Note that you must
solve numerically for u(7") and you must use Eq. (A.24) to determine the
conduction electron filling. Hint: you will need a good one dimensional
root solver [Brent (1973)] to determine the chemical potential.

(b) Write a computer program to calculate

Gioc(iwn) = /dwz,A;(w—)——

for the Fermionic Matsubara frequencies iw,, = iwT(2n+ 1) using the local
DOS determined in part (a). Once you have generated G)oc(iwy,), use those

A.22
wp —w’ ( )
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Fig. A.3 DOS for the rigid-band approximation when 7" = 0.1.

values to calculate the filling of the electrons from the Matsubara- frequency
formula (the factor of 2 is from spin)

pe=2T Y Gioc(iwn), (A.23)
and compare those results to the alternate real-axis formula
A(w)
pe =2 / dwA(w) f(w) = 2 / dot D (A.24)

with w = 0 located at the chemical potential. Perform this analysis for
T =0.01, 0.1, and 1. Hint: The sum over Matsubara frequencies must be
truncated, but the sum must be handled carefully, since the terms go like
1/iwy, for large n. So use the fact that

1 1

T;iwn+z_l+e—ﬁw_§’ (4.25)
judiciously in evaluating your sum (you need to choose an appropriate value
for z too). Try to prove the identity in Eq. (A.25). Be sure to estimate
the error in your Matsubara summation, and explain how you chose the
Matsubara frequency cutoff (which will depend on the temperature).
Ans: you should find you get four digits of accuracy to the electron filling
when T = 0.1 and you use about 7500 positive Matsubara frequencies.
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A.7 Comparing the spectral formula to the Hilbert
transform

This problem is a continuation of the previous problem (A.6). Using the
two equivalent forms for the retarded Green’s function

0" = [T = [ae G, )

and the explicit forms for A(w) and ppethe(€), perform the integrals analyt-
ically, and solve your resulting equations for ¥(w) in terms of wy, u, w, etc.
Plot both the real and the imaginary parts of X(w) for T = 0.0, 0.01, 0.1,
and 1. Is this system a Fermi liquid? Choose the same parameters as in
Problem A.6. Note that the only way to evaluate the second integral above
is to first making a trigonometric substitution that removes the square root,
then introduce a complex variable z = exp(if), and express the integral as
a line integral around the unit circle, and finally, evaluate the integral by
the calculus of residues and the residue theorem. You should find two poles
inside the unit circle, and the residues need to be determined carefully. As
a check, it is worthwhile to write a computer code to numerically perform
the integration for some test choices of the self-energy (just pick some val-
ues in the complex plane), and compare the numerical integration against
the analytical result from the residue theorem. Hint: you will need to de-
velop a strategy to choose the signs of the square roots that arise in this
calculation. When there is an imaginary part to G or X, choose the signs
so the imaginary parts are negative; when G or ¥ are real, choose them by
continuity.

Ans: B(w) = w + p — GB(w) — GR(w)™!; you will need to solve for an
explicit expression for gf to substitute into the above form.

A.8 Imaginary-time Green’s functions

Consider a homogeneous translationally invariant interacting system. As-
sume that (c'c) = n. Show that lim,_ g+ G(7) = n - 1, lim,_o- G(7) = n,
lim, 5- G(1) = —n, and lim,_,3+ G(7) = 1 — n for the Green’s func-
tion G(1) = —(Trc(r)c!(0)). Show the time-translation invariance prop-
erty, that G(r,7’) = G(7 — 7'), and the antiperiodicity property G(r) =
—~G(7+08) for =3 < 7 < 0. Show your work explicitly and perform your cal-
culations directly from the definitions of the Green’s functions in imaginary
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time. Hint: you will need to use the invariance of the trace TTAB = TrBA;
a and B represent different quantum operators.

A.9 Partition function for a spinless electron in a general
time-dependent field

In this problem we will verify that the partition function of a single-site
impurity in a general time-translation-invariant field can be expressed as
the following infinite product:

iwn‘*‘,u_)\n

o0
Zimp()\, ;U') = Zeﬁ"/Q H i
n

n=-—00

: (A.27)

by a brute-force evaluation.
(a) By taking derivatives of both sides of Eq. (A.27), show that the partition
function satisfies the differential equation

1 0Zimp (A, 1) 1
- = . A2

Zimp()‘v /u') O0An, Wy, + 7 An ( 8)

(b) Next show that when the field vanishes

o0 . " + /J'
Z = = 2¢PH/2 WntH _ B .
imp(A = 0,) = 272 [] - =l+e (A.29)
n=-—o00
{(¢) Finally show that

’I‘r[eﬁllcfc] =1+ eﬂl‘ , (A30)

by directly evaluating the trace over the impurity electron states.

These three parts show that the partition function, expressed as the
infinite product in Eq. (A.27), satisfies the correct differential equation,
and has the right boundary condition at A = 0, hence it is the partition
function.

A.10 Mapping the impurity in a field to an impurity
coupled to a chain in the NRG approach

In this problem we will derive expressions for the chain parameters given a
specific A(w). In his original work [Wilson (1975)], Ken Wilson found an
analytic expression for the A, values when A(w) = AgO(w + E)O(—w +
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£), a constant running from —F < w < £. This result was generalized
to arbitrary power laws in [Bulla, Pruschke and Hewson (1997)]. It is
important to note that these coefficients typically decrease like A, &x A~™/2,
This is what makes the truncation to a finite chain work. We will first derive
some general formulas for the first three terms in the chain, then evaluate
them for the constant case and for a quadratic “pseudogap” case.

{(a) Use the notation

@™ =" [OnHE™ + ()& (A.31)

n

with the v and £ coefficients defined in Egs. (2.106) and {2.107). Note that
if A(w) is an even function, then £} = —£,7, which we shall assume to hold
in this problem.

Start with the state EJ;IO), and operate on it with the full chain Hamil-
tonian on the left. Show that (0|c’HchainE$|0) = V, and that ¢g =
(0|50Hchainég)]0) = (. The new operator ¢; is defined via

AE |0) = Henainty|0) — Vel|0). (A.32)

Using the fact that {¢],&} = 1, show that A\, = 1/{w%)/(1).
Now we continue for the next state. Operate on EI]O) with the Hamil-
tonian. Show that €; = 0, and then using

A2E5|0) = Henain@l |0) — A1E5]0), (A.33)

determine ég and Ay. Repeat for €g, 6;& and Az.

Ans.: You should find Ax = /[{w?)(1) — (w?)?]/(w?)(1), e2 = 0, and X3 =
VIS (w)(D) = w*)2(1))/[{wHw?) (1) - (W?)?].

(b) Using the form A(w) = AB{w + E)O(—w + E), evaluate all y,,’s, &,'s,
and the first three A values. Note that you should evaluate the summations
that you find for each (w™) exactly.

Ans.:
1 1 1 1
)\1=§E<1+K>\/1—K/\/1—F,
1 1y 1 1
)\2:§E<1+K>—<1——K2->




Appendiz: Problems 281

Note how the \'s decrease approximately as 1/A™? as n increases.

() Using the form A(w) = Aw?O(w + E)O(—w+ E), evaluate all v,’s, &, s,
and the first three A values.

(d) Note that the general case, of an arbitrary integer power law for A{(w)
has been solved analytically for all n. If you want to try an extended project,
see whether you can reproduce the general result in [Bulla, Pruschke and
Hewson (1997)]. To do this you need to find a general recursion relation for
the A coefficients, and then solve the recursion, similar to what is discussed
in [Wilson (1975)]. Be cautioned that this last problem is equivalent to a
significant research project.

A.11 Impurity Green’s function for the chain
Hamiltonian in the NRG approach

In this problem, you will show that the chain Hamiltonian with the in-
teraction vanishing on the impurity site produces a discretized version of
Eq. (2.105). The strategy is to use EOM techniques. First, define the
following Green’s functions:
G(7) = =({Tre(r)ct (0)),
Gl (1) = —(Tran(7)c'(0)),
G (1) = =(Trba(7)c! (0)). (A.35)

Next write the Hamiltonian for the chain explicitly in terms of the a, b, and
¢ operators

ﬂchain = Hll_rlr‘:;)b(U = O) + Z[gr—talaano + 57: bjurbna]

+ ) (i d ang + Yo by + W afoCo + 17 bhoC,) (A36)

Taking derivatives with respect to imaginary time 7 and then Fourier trans-
forming to Matsubara frequencies, show that

(iwm + WG(iwn) = 1+ Y ¥ G (iwm) + 7, Gy, (iwm)],

(iw’m - é:)G: (iwm) = ’YIG(iw’m)’

(iwm — £7)Gy, (iwm) = v, Gliwm). (A.37)
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Solve the equations in Eq. (A.37) for G, analytically continue by substi-
tuting iw,, — w + 46, and then extract A®(w) from the form in Eq. (2.105).
Finally, using A(w) = ~ImA®(w)/, verify Eq. (2.110). Look at Fig. 2.7 to
see an example of how this works.

A.12 Solving the NRG many-body Hamiltonian for the
chain

(a} We start by examining the impurity Hamiltonian at the end of the
chain (the box in Fig. 2.8). The Hamiltonian is given in Eq. (2.104). There
are four states: (i) no electrons; (ii) a spin-up electron; (iil) a spin-down
electron; and (iv) a doubly occupied site. Find the energies of each of these
states and the quantum numbers for the number of electrons, the total spin,
and the z-component of the spin.

(b) When we add the first site (labeled by 0), we add an additional four
states corresponding to no, one, or two electrons on site 0. This creates
a total of 4 x 4 = 16 many-body states. We can break those states up
in terms of the following quantum numbers: (i) N =0, 5 =0, 5, =0
(one state); (if) N =1, S = 1/2, S, = +1/2 (four states); (iii) N = 2,
S=1,8, =0, £1 (three states); (iv) N =2, § =0, S, = 0 (three states);
(v N =3,8=1/2, 8, = +1/2 (four states); and (vi) N =4, 5 =0,
S, = 0 (one state). The (i), (ili) and (vi) cases are 1 x 1 matrices, the
(ii) and (v) cases are 2 x 2 matrices, and the (iv) case is a 3 x 3 matrix.
Construct all six matrices and find the ten distinct eigenvalues. You will
need to determine an explicit representation for each of the 16 states in
order to find the matrices. Be sure to use your knowledge of addition of
angular momentum in completing this task and recall cases where there is
spin degeneracy.

Ans.: for p =2, U =4, V = 1.5 and ¢; = 0, you should find the ten
eigenvalues are (N = 0: 0; N = 1: -2.80278, 0.802776; N = 2: -4.16228,
-2, 0, 2.16228; N = 3: -2.80278, 0.802776; and N = 4: 0). Note that these
results have particle-hole symmetry due to our choice of parameters; i.e.
the eigenvalues for N = 0 and N = 4 are the same, as are the eigenvalues
for N=1and N = 3.

(c) Assuming you have a set of eigenfunctions and eigenvalues with definite
quantum numbers N, S, and S, at a given stage of the NRG. Describe
how to construct an algorithm to compute the block-diagonal matrices and
the quantum numbers for the many-body problem at the next iteration of
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the NRG, where we add another site at the end of the chain. Why is it
necessary to have the chain be one-dimensional in order to construct the
new Hamiltonian without requiring additional information about the states
(i.e., just those three quantum numbers are all that is required).

A.13 Metal-insulator transition in the half-filled
Falicov-Kimball model

Consider the spinless Falicov-Kimball model on the Bethe lattice. Choose
the case of half filling for both particles: wy = 1/2 and p. = 1/2. The
DOS will split into upper and lower Hubbard bands at a critical value of
the coupling strength U.

(a) Plot the DOS for appropriately chosen values of U to see the weakly
correlated metal, the strongly correlated metal, the critical DOS at the
MIT, and the strongly correlated insulator. Determine U, for the MIT.
(b) Solve for the self-energy Y.(w) for arbitrary U, and show explicitly that
the self-energy develops a pole at U,. Plot the strength of the pole (i.e., the
residue) versus U. By extrapolating this curve to zero, you have another
way of determining U.. Hint: the residue of the pole can be found by
examining lim, o wX(w); note that since we fix w1 = 1/2, there is no need
to calculate the atomic partition function in your analysis.

Ans: See Fig. A.4 for the size of the residue of the pole as a function of U.

A.14 XKramers-Kronig analysis for the Green’s function,
and the effect of the pole in the Mott insulator

Take the results of Problem A.13 for the values U = 1, U = 2, and U =
3. Using ImG(w), employ the Kramers-Kronig analysis to find ReG(w).
Compare this to the ReG(w) that you can calculate directly. Do the same
starting with ReG to find ImG. Repeat for Im¥ and for ReX — . Note
that you need to subtract the constant value that the real part of the self-
energy approaches as |w| — 00, since the Kramers-Kronig relation assumes
the function vanishes at large frequency.

In each case, plot the result of your Kramers-Kronig integration versus
the result calculated directly from DMFT. Adjust the step size and fre-
quency cutoffs until you can achieve good accuracy. What do you need to
do when there is a pole in the self-energy? Comment on the overall accu-
racy of these calculations. Is it better to use the Kramers-Kronig relation
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Fig. A4 " Residue of the pole in the self-energy for the Mott-insulating phase on the
Bethe lattice at half filling.

for the real part or for the imaginary part, or does it make no difference?
Hint: the imaginary part of the self-energy picks up a delta function con-
tribution when there is a pole; you will find this difficult to calculate from
the Kramers-Kronig transformation of the real part.

A.15 Metal-insulator transition on a simple cubic lattice

Use the dynamical mean-field approximation to calculate the Green’s func-
tion of the simple cubic lattice in the local approximation. Rather than
use the exact three-dimensional DOS in the Hilbert transform, use the
approximate result of Uhrig [Uhrig (1996)], which is derived in parts
(a—c).

Make an ansatz that the three-dimensional simple cubic DOS can be
approximated by (taking ¢ = 1)

pap(€) = % [M(e)\/36 — e+ N(e)\/A— (e—4)2 + N(—e)/A— (e + 4)2} ,

{A.38)
where the first term is present for —6 < € < 6, the second for 2 < ¢ < 6,
and the third for —6 < ¢ < —2. The functions M and N are polynomials in
€ M(€) = mgy + mae® + myeq + ... is even and N(e) = ng + nie + noe® + ...
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has no restrictions. In this form, we have an even DOS which has the right
van Hove singularities in the three-dimensional band.
The strategy we will take is to calculate the moments of the approximate

DOS

6
A = / de ¥ pap(€) , (A.39)
—6

and of the exact DOS

6

Ek = / de kagd(e), (A.40)
-6

and then force the coefficients m; and n; to produce the exact moments

for some number of k-values. Since both DOS are even functions, all odd

moments vanish.

(a) For the approximate moments, note that

1 6
Ay = —/ deek(mo + moe? + mye? + )V 36 — €2
-6

Ly
9 6
+ ;/ deeF(ng + npe +nge® +..)v/4 — (e~ 4)2.  (A41)
2

Restrict yourself to include only mg and mg in the polynomial M(e) and
ng, n1, and na in the polynomial N(e). In terms of mg, ma, no, n1, and
ng, evaluate the moments Ay, Ag, A4, Ag, and Ag exactly (use a symbolic
manipulation program to carry out the algebra).

Ans: Ag = 18mo+162mo+4ng+16n,+68ny; As = 162mo+2916mae+68no+
304n; + 1416n9; Ag = 2916mo + 65610mg + 1416ng + 68161 + 33684ns;
Ag = 65610m¢ + 1653372my + 33684ng + 170032n; + 873272n3; and Ag =
1653372mg + 44641044m4 + 873272n¢g + 45496001, + 23987752n.

(b) Now calculate the exact moments Ey by the following procedure. Begin
with the three-dimensional DOS

m T s
padle) = (—2711_—)5/ dkx/ dky/ dk,0(e+2t cosky+2t cosky+2t cos k),

(A.42)
and then substitute into the definition for Ey and integrate over € to give

k
E, = (;rt) / dk/ dk/ dk,(cos kg + cosky, + cosk,)*. (A.43)
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Evaluate the first 5 even moments Eg, Ey, E4, Eg, and Es.

Ans: Eg =1; Ey = 6; B4 = 90; Eg = 1860; and Eg = 44730.

(c) Solve the set of five equations Ay = Ej, for the coefficients mg, ma, ng,
n1, and ng to determine the polynomials M (e) and N (e) for the approximate
three-dimensional DOS. Plot the approximate DOS versus the exact DOS;
determine how large the absolute error is for the approximation (the exact
DOS was found in Prob. A.2).

Ans: M(e) = Tiisps + € grsno0s and N(€) = — {3555 — €x5885 — € 5ivz-
Figure A.5 plots the difference of the exact and the approximate DOS.
Note that the maximal error is about 0.2% near jw| = 2.

(d) Using the approximate form for the three-dimensional DOS, write a
computer program to calculate the DOS for w; = 1/2 and p. = 1/2 for the
spinless Falicov-Kimball model on the simple-cubic lattice. Plot the DOS
for U = 0—8 in steps of 1. Note that U, for the MIT lies at about U, = 4.92.
Hint: the Hilbert transform can be evaluated analytically in three separate
pieces, since the Hilbert transform of powers multiplied by a square-root
function can be integrated exactly. Note that this requires a proper choice
of the signs for the different square-root factors. Using this analytic form
for the Hilbert transform will speed up the computer program significantly.
Ans: See the plot of the UFK = 6 results in the figure.

—
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-, X107 n
-~ —4' 1
3 2x107* | .
x " J
e -4
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Q
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Fig. A.5 Difference between the approximate DOS and the exact DOS in three dimen-
sions. Since the DOS is about 0.14, the absolute error is less than approximately 0.2%.
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Fig. A.6 DOS for the half-filled Falicov-Kimball model on a simple cubic lattice with
UFK = 6, which is a small-gap Mott insulator.

A.16 DC conductivity for the simple cubic lattice

(a) Evaluate the transport DOS for the simple-cubic lattice

1 ks v T
pranel®) = o5 / dk, / dk, / dk, sin® koo(e — ), (A.44)

by using the approximate DOS from Problem A.15, and deriving a differ-
ential equation for the transport DOS in terms of the approximate DOS.
Begin by noting that (¢t = 1)

dky d 1 d

d
o) = e T = T

= Sle—er).  (A.45)

Use this result to prove that dpirans(€)/de = —epaa(e)/12.

(b) Taking the approximate DOS for Problem A.15, solve the differential
equation derived in part (a) for the transport DOS, and use that to cal-
culate the dc-conductivity on a simple-cubic lattice. Evaluate pge = 1/04c
as a function of temperature for 0 < T < 2 and U = 2, 3, 4, 5, 6. Com-
ment on the behavior of the resistivity. Hint: the transport DOS can-
not be expressed as a polynomial multiplied by the approximate 3-d DOS,
so it is best to solve the differential equation to determine the transport
DOS analytically, and then perform the integration over both the energy
variable and the frequency variable numerically. Your work can be sim-
plified by defining a function G (2) = [ pu(€)/(z — €) (in terms of the
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Hilbert transform of the transport DOS) and expressing the integrand for
the transport coefficients in terms of Gy, and other local functions. Note
that dGy(2)/dz = —[1 — 2G(z)]/12, which relates the derivative of the
transport Hilbert transform to the local Green’s function, will be useful in
deriving the dc response functions.

Ans: You should find

rac = o0sa [ da (—%")) r(w), (A.16)
with
T(w) = ﬁ [IImT(’;‘(% + 11—2 - I%Re{{w +p— z(w)]G(w)}] . (AA4T)

The plot shows the results for UFK = 6.

A.17 Jonson-Mahan theorem

In this problem, we will verify the Jonson-Mahan theorem, as formulated
in [Mahan (1998)]. For simplicity, we will work on the spinless case, but the
generalization to include spin is straightforward. The first step is to work
with a general form for the heat-current operator. Since the heat-current
operator depends on the potential energy, we will consider a general form
for the local potential energy

V=Y Vicle;+ > [Vufle+ Vel f] (A.48)

where f;r (f;) are localized electron creation (annihilation) operators at site
1 for a hybridization piece of the Hamiltonian as in the PAM. The form
in Eq. (A.48) even holds for the Hubbard model if the coefficients V; can
depend on the opposite spin operators (which they can).

(1) Verify that a direct computation of the heat-current operator yields

. 1
jo= ka(ek — u)c}:ck + 3 Z(vk + i) Vik - k’)chk/
Kk’

k
! ik-Ri 7 gt —ik-Ri{r* 4

+ —= ) v e Viflg +e7 ™ Ve f) A 49
oD i (MR Tifle L) (A.49)

where V(k—k') = )~ exp[—i(k—k’)-R;]V;/A. Note that this general form
agrees with what we derived for the Falicov-Kimball model, as it must.
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Hint: You will need to evaluate the commutators of the creation and anni-
hilation operators with the potential.

(4) Now we need to perform the appropriate analytic continuation.
Since F' and S each depend on two time variables, their Fourier transform
involves a double transformation. Show that

Fab(T’ T’) = T2 Z Fab(zwng in)e(iw"T_inT/),
nm
1,. . o
Sap(T, T’) =712 ZFab(iwn, iwm)—é(zwn + wjm)e(lwn‘r wmt') (A52)
nm
The Fourier transformation of the L coefficients involves a single Fourier
transformation:

ﬂ .
Li1(iv)ep = / dre™" " Fop(r,77 ) = TZFab(iwn,iwn +iv),
O n

B ) 1
Lo (iv))ap = / dre™ 7 Sop(T,77) =T E Fab (iwn, twn + 1) (fwy, + 5721/[).
0 n

(A.53)

The last part of each equation above needs to derived explicitly.

(5) The final step is to complete the analytic continuation as described
in Chapter 2. It may appear somewhat trickier than before, because the
F function depends on two frequencies, not one, but if you replace the F
function by its actual value (knowing what the L;; analytic continuation is,
you will see that it involves the product of two Green’s functions at different
frequencies). The analytic continuation can now be performed as before by
taking into account the analytic properties of the Green’s functions. Show
that the Jonson-Mahan theorem holds for the relation between the Lq; and
Ly coefficients. Since Lq; = L12 we are done.

It turns out that the Jonson-Mahan theorem always holds when the
potential is a sum of local terms (as in the general potential we took for
this problem).

A.18 Charge and thermal conductivity for the
Falicov-Kimball model

Taking the results of Problems A.15 and A.16, calculate the Lorenz number

Ke
L=, (A.54)
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Fig. A.7 Resistivity for the half-filled Falicov-Kimball model on a simple cubic lattice
with UFK = 6, which is a small-gap Mott insulator.

(2) Using the equations of motion for the imaginary time creation and
annihilation operators, show that

Z Ck = [H — N, Ck 7)]
= (ac =~ wef(r) + T MOV, fJemT (R0,
[H - “Na ck(T)]
—(ex — pe (1) + e" MY, ¢ JemTH-#N) (A 50)

Frcy (7)

]

Il

(3) Now we are ready to proceed with the proof. Start with the definition
of two correlation functions

Fop(r, 7 kaa (Trek (7)ew (7)5b(0)),

(0 — 8, )F (T, 7). (A.51)

Sap(T,7') =

Mll—‘

Note that a and b refer to coordinate axes of the corresponding vectors.
It is easy to show that Fup(7,77) = L11(T)ab = (TrJa(7)js(0)). Using the
equations of motion derived above, show that Sep(7,77) = Lai(7T)ep =
(TriQa(7)js(0)).
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Fig. A.8 Lorenz number for the half-filled Falicov-Kimball model on a simple cubic
lattice with UFK = 6, which is a small-gap Mott insulator.

for0<T <2and U =2,3,4,5,6 (pe =1/2 and wy = 1/2). Recall that
in a Fermi liquid, the Lorenz number approaches a constant 72/3. How do
these results compare to those in a conventional metal? Note that you can
fix the chemical potential at y = U/2 for this calculation for all T.

Ans: The plot shows the results for UFK = 6.

A.19 The particle-hole asymmetric metal-insulator
transition

(a) Compute the Green’s function of the spinless Falicov-Kimball model on
a simple-cubic lattice with p, = 1 —wy, w; = 0.1, 0.2, 0.3, 0.4, and 0.5.
Find U, for the critical opening of a gap in the DOS for each filling. Plot
the critical DOS for each case.

Ans: U, ~ 4.95 for wy = 0.3.

{b) How much larger does U have to be than U, in order for there to be a
pole in the self energy [consider the same fillings as in (a)]?

Ans: Upole = 5.35 for wy = 0.3.

A.20 Non Fermi-liquid behavior of the Falicov-Kimball
model

Compute the self energy of the spinless Falicov-Kimball model on a simple-
cubic lattice with p, = 1 — wy, w; = 0.1, 0.2, 0.3, 0.4, and 0.5.
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Take U =1, 2, 3, 4, 5, and 6. Compare L(w) to the results of Fermi-
liquid theory. Is this system ever a Fermi liquid? Do the results depend on
temperature?

A.21 Thermopower of the Falicov-Kimball model and the
figure-of-merit

(a) In the case of half-filling for both particles of the Falicov-Kimball model,
show that the thermopower vanishes due to particle-hole symmetry.

(b) Calculate the thermoelectric figure-of-merit ZT for the spinless Falicov-
Kimball model on the simple cubic lattice for U = 2, 3, 4, 5, and 6, and
wy = 0.1, 0.2, 0.3, 0.4, as a function of T for 0.001 < T < 2. Set the
electron filling to pe = 1 — w;. Plot ZT versus T for all w; values at a
given value of U on one plot. Hint: one must be careful to determine the
chemical potential properly for low temperature in the insulating phases,
as the simple numerical root-finding technique will not normally produce a
chemical potential in the gap. The T — 0 limit of the chemical potential
must lie at the center of the gap, and using the constraint where the number
of “holes” equals the number of “electrons” at finite temperature will allow
the chemical potential to be found for all 7. This procedure requires a
real-axis code to be carried out. Note that you may still run into precision
problems in determining the thermopower, due to the need to take the
ratio of two small numbers, each of which is becoming inaccurate at low
temperatures for U = 5 and 6.

Ans: The plot shows the results for U = 3 and w; = 0.1, 0.2, 0.3, and 0.4

A.22 U — oo Green’s functions

Consider the spinless Falicov-Kimball model on the infinite-coordination
Bethe lattice. As U — oo, we have

1—’LU1 w1

)= ) T G — T

— (1= w1)Go(w), (A.55)

if 4 < U. Employ the DMFT algorithm to compute an analytic expression
for the DOS and for the self-energy when U — o0 and 0 < w; < 1 and
0 < pe +wy < 1. You can express your result in terms of w, wi, i, and U.
Ans: A(w) = \/4(1 — w1) — (w + p)?/2r which has the same form as the
noninteracting DOS, except it is band-narrowed, and has weight 1 — w;.
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Fig. A.9 Figure-of-merit for the Falicov-Kimball model on a simple cubic lattice with
UFK = 3 and various fillings. As expected, the figure-of-merit grows as T increases, and
as the system becomes more particle-hole asymmetric; it vanishes at half-filling.

A.23 Determining Gog from the quantum zipper
algorithm

(a) Starting from the expression for the quantum zipper algorithm given
in Eq. (3.5), examine the cases y=a, y=a—-1,y=a—-2, .., y=a—n
to show that

Gaa—-n+1 (k“ » Z)ta-n-l-la—n

Gaa-n(kl, 2) = - Lo n(kl,2) ’

(A.56)

where z denotes a complex variable in the upper half plane and Lo, (kll, z)
satisfies the recursion relation in Eq. (3.9). Note that you need to prove
that L satisfies the appropriate recursion relation.

(b) Similarly, show that

Gaasnilz) = - Crotnot S flenctosn (g 57)

with Ra4n(k!, 2) satisfying the recursion relation in Eq. (3.12).
(c) Show that for a bulk (no o dependence to t) homogeneous system of a
noninteracting metal, we have
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wt+pu—e

! i%\/(w+u—e)2—4, (A.58)

for the left and right functions, and that the off-diagonal Green’s functions
become

L(e,w) = Rle,w) =

1
Gaaanle,w) =L
+n(6w) (wH+pu—e€?-4
- oz 41"
_w+5 €y (°"+“2 PS4 (as9)

where the choice of the signs has to be made according to the analyticity
requirements. Show how to choose these signs, and, in particular, determine
the imaginary part of the Green’s functions, when w lies within the band.
Note that the imaginary part of the off-diagonal Green’s functions need not
have a definite sign as the local Green’s function has. Note further that we
have chosen ¢ = ¢, for each «, since we are in the bulk.

A.24 The stability of the left and right recursion relations
of the quantum zipper algorithm

In this problem, we analyze the recursion relations for the left and right
functions in Eqgs. (3.9) and (3.12).

(a) Show that if a given L or R function has a positive imaginary part,
then the next L or R function in the recursion relation also has a positive
imaginary part. This shows that the recursion relation is stable when there
is an imaginary part.

(b) Show that when L_o or Ry is real, then the physical root is stable
in the recursive iterations. In other words, show that the large magnitude
root is the physical root, and show (either by an eigenvalue analysis, or by
numerical testing) that the large root is stable in the iterations.

A.25 Efficient numerical evaluation of integrals via changes
of variables

It is instructive to understand how computers perform numerical quadra-
ture and how to prepare integrands for efficient evaluation. When using
packaged routines, adaptive integration schemes work the best. But some-
times, it is easier to write your own integration code, or to prepare the
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integrand for use with a package, if you know the potential “singular” be-
havior in your integrand.

(a) Using a midpoint rectangular integration scheme, evaluate the integral

/1 dz/z, (A.60)
0

whose value is equal to 2/3. How many points are needed to achieve an
accuracy of two decimal points, three decimal points, four decimal points,
and five decimal points. How many points are needed for eight digits of
accuracy? What is the best accuracy you can achieve with a midpoint in-
tegration routine?

Ans: 0.6695 for N = 7, 0.66699 for N = 31, 0.666699 for N = 147, and
0.66666999 for N = 688. One needs N = 175,000 for eight digits of accu-
racy!

(b) The reason why the integration was so difficult was because the function
\/z has an infinite slope at x = 0. We can remove this “singularity” by
making a change of variables x = y2. Repeat part (a) for the transformed
integral. Discuss why preparing the integrand for numerical quadrature is
useful. Note that the substitution z = y? is easy to perform in a computer
program. All quadrature routines have the form I = }~, weight(i) f(4),
where the weight function changes as we change variables. If we set up
a grid with respect to y instead of z, we simply set © = y? for each y
point, and substitute that into our function f(z) to calculate that piece of
the integrand. We need to also modify the weight function, which will now
include the new term 2yAwy for each point in the y grid. When the integrand
is a complicated function, using this strategy can save significant coding
time. Is it easier to achieve high accuracy for the transformed integral?
{(c) The function Inz has an integrable singularity in it. Compare a mid-
point integration routine for Inz from 0 to 1 with that of a transformed
integrand, when we pick z = y®, for some exponent . What choice of «
is the smallest integer such that the derivative of the integrand is finite at
z =107

(d) In the evaluation of the Green’s functions for a multilayered nanostruc-
ture, we need to perform integrals, which behave like

(A.61)

[ e amgrmgrtons

this integrand has Ine behavior near ¢ = 0 due to the logarithmic diver-
gence of the two-dimensional DOS at the center of the band, and it has
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an inverse square-root singularity when ¢ = a £ b [the function h(e) has
no singularities|. Devise a scheme to divide the region of integration into
pieces that contain no singularities, and hence can be integrated directly,
and those that have isolated singularities that can be removed by an appro-
priate change of variable. Determine a possible change of variables for each
of the different regions. Note that your results will depend on what the
values of a and b are, since there is no singularity if atb< —4ora£b > 4.
Hint: a square-root singularity of the form given above is best removed
by either a trigonometric or a hyperbolic trigonometric substitution like
e=a+bcosf or e = a+bcoshd.

(e) If the integrand contains a principal-value integration, of the form

/d e—a+25 (4.62)

where h{e) has no singularities but is nonzero in a region around € = a,
and § = 0%. This integrand has a true nonintegrable singularity, unless
we evaluate the integrand with a special procedure called a principal-value
integration. The strategy is to create an integration grid that is uniformly
spaced, and which goes through the point € = a. Then, because the inte-
grand changes sign at € = a, we can “cancel” the singularity by evaluating
the integrand on a symmetric grid above and below a. We have to add an
imaginary part coming from the delta function associated with the limit
§ — 0%, which equals —ind(e — a). Write a computer code to perform a
principal-value integration when a = 1 and h(e) = ecos(me/4). Take the
integration limits to run from 0 < z < 2. Note that we do not include the
point € = ¢ in the numerical integration when we evaluate in a principal-
value way.

Ans: 0.19988556 — 2.22144147i.

A.26 Equilibrium solutions with charge reconstruction

In this problem, we will show that an equilibrium solution for the charge
reconstruction in a nanostructure carries no charge current.

An examination of the local charge current operator shows that if
Gaa+1 = Gatia, then the expectation value of j°"¢ = 0. The quantum
zipper algorithm shows that
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Goa (k” y z)taa+1

Gaa k”; =
+1( 2,’) Ra+1(k”,z) ’
e k!, 2)t
[l _ atla+l ) atla
Ga+1a(k 3 Z) = La(k” , Z) . (A63)

Use the recursion relations for the Green’s functions and for the R and L
functions to express the result for the Green’s functions in terms of Ryy1
and L,. Note that the equations derived in the text need to be modified to
include the electrostatic potentials from the charge reconstruction. Show
that
1

La(k“ ’ Z)Ra+1(k” ’ Z) — tootilatia ’

(A.64)
which shows that the expectation value of the local current operator van-
ishes even in the presence of the electronic charge reconstruction. This is
what we expect, because the equilibrium state will not have any currents
flowing, even though there are nonzero electric fields in the system. A sim-
ilar result should hold for the local heat current, but such a derivation is
significantly more complicated.

Gaa+l(k”7 Z) = Ga+la(k“7z) =

A.27 Local charge and heat current operators for a
nanostructure

We work out a concrete example for deriving local current operators in
a nanostructure described by the Falicov-Kimball model. Start with the
Hamiltonian in real space

HH — yN = — Ztiijclicaj - Ztaa+1(cl+licai + Cliccﬁ-li)
aij ai
+ D (UaWai — 1t + Vo = AEra)clicos, (A.65)

ai

where « refers to the plane, i and j are spatial coordinates on the plane,
t! is the intraplane hopping, t is the interplane hopping, and U is the
Falicov-Kimball interaction. We let wq; = fli fo: be the number operator
for the localized electrons, which can be thought of as a classical variable
taking the values of 0 or 1. The parameter AEp, is the shift of the band
zero for planes whose band zero does not match with the band zero of the
leads. V, is the static potential from the electronic charge reconstruction,
as described in Sec. 3.6.
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Using the procedure outlined in the text for calculating the longitudinal
charge-current operator from the commutator of the polarization operator
(in the z-direction) with the Hamiltonian, determine the total longitudinal
charge-current operator in real space. Show that we can define the local
longitudinal charge-current operator by

J&"® = iataat1 Z(CL-}-licai - c];ica+1i)’ (A.66)
1
where the charge current involves multiplying the number-current operator
above by the electric charge —|e|. Verify that the total current operator
satisfies j°"8 = Yo jlome.  Note: a symmetrized version of the current
operator is jlong:sym — (Jf"gl +jlong) /2, which averages the current operators
to the left and to the right of plane «.

Continuing, use the procedure outlined in the text for calculating the
longitudinal heat-current operator from the commutator of the heat polar-
ization operator (in the z-direction) with the Hamiltonian, determine the
total longitudinal heat-current operator in real space. Show that we can
define the local longitudinal heat-current operator by

Bt
JQ e = aa-{-—l{ Z (tiz] a+11])(ca+11 aj clica+ij)

1 t

2 tat1a+2 Z(ca+2z Cai Ca1ca+21)
1

2

a la Z(CCH-M Cai a+11)
+3 Z(anaz‘ + Uat 1iWat 16)(Chy14Cai — ChiCart1i)

+ |: ut+ = (V + Vay1) + = (AEFQ——AEFOL+1)]

X (Cl+ucai - cLiCaHi)}» (A.67)

with j@lone = 5~ jQ:lon8, We also can define the symmetrized heat current
operator as j@lonssym = (,]OtQ long | jQlong) /g,

Note that the strategy we have adopted here is to first calculate the
total current operators, and then to extract “reasonable” choices for the
local current operators from the expressions for the total current. This
procedure is not unique, and the choice made for the heat-current operator
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in Eq. (A.67) is precisely the choice needed to generalize the Jonson-Mahan
theorem to the local correlation functions. This makes it the most reason-
able choice to make.

A.28 Operator identity for the Jonson-Mahan theorem

By explicit computation, verify that

1706 d\ . , ,
m <§ - ?) iataa+1 Z [CTa+li(T)cai(T )= CLi(T)Ca+1i(T )]

im =
/=1 2 )
i€plane

= jlona(r). (A.68)

A.29 BCS gap equation

In this problem we will find the T, and superconducting gap for the attrac-
tive Hubbard model on a simple-cubic lattice using the BCS (Hartree-Fock)
approximation. The gap equation appears in Eq. (3.100). The strategy for
solving for the gap as a function of temperature requires us to first find the
transition temperature, and then the gap as a function of 7.

(a) Solving for the transition temperature. To solve for the transition
temperature we need to use a one-dimensional root finder and find the
temperature where Eq. (3.100) is satisfied with A = 0. This is easy to do if
we pick two temperatures that bracket the root, and use a one-dimensional
root finder like Brent’s false-position method [Brent (1973)]. The key is
that we need to choose an appropriate number of Matsubara frequencies,
and perform the summation over them, after evaluating the integrals over
the DOS. These integrals appear formidable if one is to do them exactly.
But we can evaluate them approximately, yet highly accurately, by using
the methods developed for the Green’s functions on a simple-cubic lattice.
Verify that

1
/ el S W T TIUNm) — 2 ¥ AP

1
= et [m e e
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1 1
—iy/w? + AR+ p+ 3|Uln) — 6} —2iy/wi + A
G(z) = G*(2)
—9 2 2 :
2V 418 s T e 010

This allows you to quickly calculate the terms for each Matsubara fre-
quency by using the results of Prob. A.15 for the Green’s functions of the
simple-cubic lattice. Write a computer program to calculate the transition
temperature (i.e., set A = 0) for enough values of U that you can repro-
duce Fig. 3.17 (a). Note you should use an energy cutoff for your Matsubara
frequency summations (something like |w,| < 100) to provide a consistent
truncation to the summations as you vary the temperature.

Ans. you should find T, = 0.03463 for |U} = 1.5 and T, = 0.6472 for
U| = 4.

(b) The superconducting gap. Choose |U| = 2, 3 and 4. For each case,
solve the gap equation to find A(T) as a function of T. Plot your results
as A(T)/A(T — 0) versus T/T.. You should be able to verify the results
in Fig. 3.17(b). Note that you will need to find a way to comfortably
determine the gap as T — 0. Explain how you do this.

A.30 Equations of motion needed for the
Nambu-Gor’kov formalism

Starting from the definitions for F and G| given by
Fij(r) = —(Treiy (7)e; (0)),  —Gyit(=7) = =(Trcl (7)e; (0)),  (A.70)

take derivatives with respect to 7 and use Wick’s theorem to approximately
evaluate the four-fermion operator average, and derive Egs. (3.102) and
(3.103).

A.31 Spin one-half atom in a time-dependent normal and
anomalous dynamical mean field

Derive Eq. (3.114) by first computing the equation of motion in imaginary
time by taking the derivative of each Green’s function with respect to 7,
and then Fourier transform to the Matsubara frequencies.
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Invert Eq. (3.114) to find the four Green’s functions,

wn — p+ A (fwn)

Gr(iwn) = [iwn + s — A (iwn)][iwn — t+ A (iwn)] — G(iwn)aliw,)
o a(iwp,)
B = T o — o A )] = Giwon)aliwn)
o afiwy)
F(iwn) = [iwn + 1 = A (iwn)fiwn — p + A (iwn)] — &(iwn)alivs)”
—GI (iwn) Wy + o~ )‘T(iwn)

" Tiwn + = Ay ()] [iwn — g+ A} (iwn)] — @(iwn)o(iwn)
(A.71)

Verify that the partition function, given in Eq. (3.115), is consistent with
the above equations, by calculating the derivatives of Zin,, with respect to
each of the dynamical mean fields. Finally, show that the partition function
reduces to the noninteracting result when the dynamical mean fields vanish.
This establishes the form for the partition function used in the text.

Note that the fact that Gy = G| and F = F*, tells us that the self-
consistent solution to the DMFT equations will have A\; = A; and & = ™.

A.32 Hilbert transformation in the Nambu-Gor’kov
formalism

In this problem we will show how to efficiently evaluate the Hilbert trans-
formation in the superconducting state [given in Eq. (3.124)]. The first step
is to explicitly calculate the matrix inverse yielding

G(iwy)
= /d (€) —(iwy, — dImZp)l + (4 — ReXp — €)73 — Re®p71 + Im Py 7
—J (wn —ImE,)2 + (1 — ReXy — €)2 4 [0,]2

(A.72)
Next, we need to evaluate two integrals. Verify that
/ dep(e)—2—C __ — ReG(a + ib) (A.73)
A0 ’ '
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1 ImG(a +ib

with G(z) = [ dep(€)/(z — €) the ordinary Hilbert transform that we use to
calculate the normal-state Green’s function in the bulk. Finally, use those
integrals to show that

ImG( )

G(iwn) = ReG(2)73+ [(iwy —iImE, ) I+ Re®,, 71 — Im P, 7] , (A.75)
with z = a + ¢b. To complete the calculation you need to recognize that
a=p- ReE and b = \/(wn, —ImX,)2 + |®,|2. This then is an efficient
starting point to modify normal-state codes for use in superconductivity
problems.

A.33 Evaluating Hilbert transformation-like integrals
needed for determining the bulk critical current on
a simple-cubic lattice

In this problem we will show how to perform the integration over &, by con-
tour integration and the residue theorem. Our starting point is Eq. (3.138)
which is the generalization of the Hilbert transformation when we have
current flowing in the bulk.

(a) Show that the Green’s function can be expressed as the following
integral

27
G(iwn)z/de” p¥(e “)/O g’f?

{ia—2tsin%sink—b—2tcos%cosk c

c* ia — 2tsin & smk +b+2tcos = coslc

1
X , A.76
(ia — 2tsin % sink)2 — (b+ 2t cos % cosk)? — |c|? ( )

with a = wyp, — ImE,, b= — el —ReZ,, and ¢ = @,,.
(b) Transform the integral over k to an integral over the unit circle in
the complex plane by making the substitution z = exp[ik], to yield
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dz
| 2d
/d6 % 2miz

[iaz—-itsin%(z — 1)~ bz —tcos 2(22 +1)

c*z

cz
ia —itsin § (22 = 1) + bz + tcos $(22 + 1)
1

—(az ~ tsin £[2% — 1])2 — (bz + t cos %[z2 +1])2 — |¢[222

y (A.77)

The contour integral is taken around the unit circle in the counter-clockwise
direction. Now show that the denominator of the integrand can be written

as
b 2 b2 2
2t 42 (—sm%-% zcos%—) 23 4 (%—m +2cosQ> 22

a ., Q b Q
2 —Zsin=x + 2 hid
+ ( tsm2+t0052)z+1,

(A.78)

which will be used in part (c).

(c) Because the quartic polynomial in z has a 1 for its constant term, the
product of all of the roots of the polynomial equals 1. Hence, if we assume
that no roots lie on the unit circle, at least one root, yielding a pole, must
lie inside the unit circle, and at least one root must lie outside. Using the
residue theorem, we can evaluate the integrals under the assumption that
the roots are all distinct, and none lie on the unit circle. Do this to find

G(zwn) = /dﬁ”de(E”) Z

ry:fryl<l

[iarj + it sin %(r? ~1)—brj —tcos $(r? + 1)
c'r;

cry
iar; +itsin §(r? — 1)+ brj + tcos $(r? + 1)

1
_t Hk:;é] Ty —Tk)

(A.79)
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Now one can perform the integration over the two-dimensional density of
states remembering to change variables near €l = 0 to remove the singu-
larity from the numerical quadrature. Note that it is a good practice to
check the number of roots that lie inside the unit circle, as these should not
change for any given calculation as e/l changes (otherwise roots have crossed
the unit circle), and one should also check that none of the roots become
multiple roots either. This method for evaluating the integral is much more
efficient than a two-dimensional integration, because the root-finder for a
quartic polynomial in z is very fast, and one has just a one-dimensional in-
tegral that remains, which is simple to evaluate if the singularity is properly
removed.

(d) We also need the integral defined in Eq. (3.141) to find the current
flowing through the superconductor. This integral is similar to the (1,1)
component of the integral evaluated above, except we have an additional
factor of

coskcos% —sinksing +isinkcos% +ic0sksin% —

1 z+1 ei%+l z—l et = zet
2 z 2 z -

in the integrand, which is simple to evaluate in the same way as in part
(c). Determine what the final formula for the integral is after evaluating
the residues.

(e) Since the only change to the superconducting algorithm when current
is flowing is the change in the generalized Hilbert transformation, use the
result in part (c¢) to modify your superconducting bulk code to be able to
determine the critical current. Run some cases to reproduce, for example,
the curves given in Fig. 3.20.

S5

(A.80)

A.34 The single-plane Mott-insulating barrier

In this problem, we will calculate the local DOS at the chemical potential
for the central plane of a N = 1 strongly correlated nanostructure (see
Fig. 3.7). Begin by neglecting the self-consistency in the noninteracting
metallic leads (i.e., set Ly = L_o and Ry = R for all a except the plane
with the Falicov-Kimball interaction) and choose the system to be at the
symmetric half-filling point for both particles (pe = 1/2 and wy = 1/2).
(a) Show that the local Green’s function for the central plane (@ = 0)
satisfies
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1
2w—€)—To(w) £/ {w—e€)?2 -4

Go=olw) = / de pagq(€) , (A.81)
and determine a procedure to choose the sign of the square root.

(b) Assume Yg(w) is large in magnitude for small w (which occurs in a Mott
insulator) and show that the Green’s function can be expanded as

1 2w s(w)
Tow)  Tfw)

Ga=o(w) = — (A.82)
with s(w) = [ de paa(e)\/(w — €)2 — 4.

(c) Now plug the above formula for the Green’s function into the DMFT
algorithm to find the leading behavior of the self-energy; verify that the
self-energy is large for small w. Numerically evaluate the integral s{w) for
small w to finally determine the DOS at the central plane

4.2
po(lw=10) = o (A.83)

You can compare these numerical results with the full self-consistent so-
lution: U = 6 po(0) = 0.0378; U = 8 pp(0) = 0.0211; and U = 12
po(0) = 0.0093.

A.35 Green’s functions of the particle-hole symmetric
Falicov-Kimball model nanostructure

This problem is more of a project than a homework problem since it will re-
quire a significant amount of time to complete. It is a necessary prerequisite
for the last problem.

We will examine a multilayered nanostructure consisting of perfect (ballis-
tic) metal leads and a barrier described by the Falicov-Kimball model at
half filling. If we choose the leads to also be at half filling, then the chemi-
cal potential is equal to 0 for all T, and there is no charge reconstruction.
Take a frequency grid that runs from —10 to 10 with a step size of 0.01,
and write a computer code to calculate the real-axis local Green’s functions
for the multilayered nanostructure. Take 30 self-consistent ballistic metal
planes on each side of the barrier, and examine the cases with a barrier
thickness of 1, 5, and 10 planes. Perform calculations for U = 2, U = 4,
and U = 6. Note that if you want to parallelize the code, the calculations at
each frequency grid are independent of each other and can be distributed
to different nodes. Be sure to use the results of problems A.23-A.25 in
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developing your code. Be sure to write out the self-energies into a file if
you plan to also complete Problem A.37. Hint: Use a quadrature grid of
about 2000 points for the U = 2 and U = 4 calculations. You may need
to increase the number of grid points for the thicker U = 6 calculations.
You will need to come up with an appropriate convergence criterion for
the Green’s function at each frequency; it is better to iterate the equations
at each frequency separately, because some frequencies require far fewer
iterations than do others. You should also use particle-hole symmetry and
calculate only the positive, or the negative frequencies, and determine the
other ones via the symmetry. Note that the Green’s function should look
like a smooth function of frequency (on a logarithmic scale for U = 6),
and the integral of —1/7 times the imaginary part should equal 1 for each
plane. '

A.36 Parallel implementation for the resistance calculation
of a nanostructure

Show that the resistance calculation for a ballistic-metal-barrier—ballistic-
metal nanostructure at half filling can be performed for all temperatures
of interest once the local self-energy has been found. Describe how to
construct a parallel algorithm for performing this calculation. Is it better
to send the calculations for different temperatures to different nodes or
for different frequencies to different nodes? Be sure to describe how you
will calculate the Kubo response, namely how will you generate the off-
diagonal Green’s functions (see Problem A.23). Hint: think about the
temperature dependence of the elements of the conductivity matrix (note
that the chemical potential does not depend on T for half filling). Also
think about how to check whether the conductivity matrix is invertible.

A.37 Resistance and Thouless energy of a nanostructure

This problem is a project that builds on the results of Problems A.85 and
A.36.

Taking the results of your calculations for the Green’s functions and self-
energies in Problem A.35, create a program to calculate the resistance of
a multilayered nanostructure for the same cases as discussed in Problem
A.35. Take 100 temperature points from 0.01 to 1, and plot the resistance
as a function of temperature. Next, using the results of Problem A.19
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for wy = 0.5, calculate the Thouless energy and plot it as a function of
temperature. Describe the differences in the temperature dependence of
both the resistance and the Thouless energy for the three different cases.
Hint: Be sure to use the same integration grids used to generate the self-
energies when you calculate the off-diagonal Green’s functions. Access to
a parallel computer will greatly speed up your calculations.
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