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The scope of this text

General relativity is the currently accepted theory of gravitation. Under this heading
one could include a huge amount of material. For the needs of this theory an elaborate
mathematical apparatus was created. It has partly become a self-standing sub-discipline
of mathematics and physics, and it keeps developing, providing input or inspiration
to physical theories that are being newly created (such as gauge field theories, super-
gravitation, and, more recently, the brane-world theories). From the gravitation theory,
descriptions of astronomical phenomena taking place in strong gravitational fields and
in large-scale sub-volumes of the Universe are derived. This part of gravitation theory
develops in connection with results of astronomical observations. For the needs of this
area, another sophisticated formalism was created (the Parametrised Post-Newtonian
formalism). Finally, some tests of the gravitational theory can be carried out in labora-
tories, either terrestrial or orbital. These tests, their improvements and projects of further
tests have led to developments in mathematical methods and in technology that are by
now an almost separate branch of science — as an example, one can mention here the
(monumentally expensive) search for gravitational waves and the calculations of proper-
ties of the wave signals to be expected.

In this situation, no single textbook can attempt to present the whole of gravitation
theory, and the present text is no exception. We made the working assumption that
relativity is part of physics (this view is not universally accepted!). The purpose of this
course is to present those results that are most interesting from the point of view of
a physicist, and were historically the most important. We are going to lead the reader
through the mathematical part of the theory by a rather short route, but in such a way that
the reader does not have to take anything on our word, is able to verify every detail, and,
after reading the whole text, will be prepared to solve several problems by him/herself.
Further help in this should be provided by the exercises in the text and the literature
recommended for further reading.

The introductory part (Chapters 1-7), although assembled by J. Plebariski long ago, has
never been published in book form.! It differs from other courses on relativity in that it
introduces differential geometry by a top-down method. We begin with general manifolds,

! A part of that material had been semi-published as copies of typewritten notes (Plebariski, 1964).

Xvii



XVviii The scope of this text

on which no structures except tensors are defined, and discuss their basic properties. Then
we add the notion of the covariant derivative and affine connection, without introducing
the metric yet, and again proceed as far as possible. At that level we define geodesics via
parallel displacement and we present the properties of curvature. Only at this point do
we introduce the metric tensor and the (pseudo-)Riemannian geometry and specialise the
results derived earlier to this case. Then we proceed to the presentation of more detailed
topics, such as symmetries, the Bianchi classification and the Petrov classification.

Some of the chapters on classical relativistic topics contain material that, to the best
of our knowledge, has never been published in any textbook. In particular, this applies
to Chapter 8 (on symmetries) and to Chapter 16 (on cosmology with general geometry).
Chapters 18 and 19 (on inhomogeneous cosmologies) are entirely based on original
papers. Parts of Chapters 18 and 19 cover the material introduced in A. K.’s monograph
on inhomogeneous cosmological models (Krasiriski, 1997). However, the presentation
here was thoroughly rearranged, extended, and brought up to date. We no longer briefly
mention all contributions to the subject; rather, we have placed the emphasis on complete
and clear derivations of the most important results. That material has so far existed
only in scattered journal papers and has been assembled into a textbook for the first
time (A. K.”s monograph (Krasiriski, 1997) was only a concise review). Taken together,
this collection of knowledge constitutes an important and interesting part of relativistic
cosmology whose meaning has, unfortunately, not yet been appreciated properly by the
astronomical community.

Most figures for this text, even when they look the same as the corresponding figures
in the papers cited, were newly generated by A. K. using the program Gnuplot, sometimes
on the basis of numerical calculations programmed in Fortran 90. The only figures taken
verbatim from other sources are those that illustrated the joint papers by C. Hellaby and
A. K.

J. Plebariski kindly agreed to be included as a co-author of this text — having done
his part of the job more than 30 years ago. Unfortunately, he was not able to participate
actively in the writing up and proofreading. He died while the book was being edited.
Therefore, the second author (A. K.) is exclusively responsible for any errors that may
be found in this book.

Note for the reader. Some parts of this book may be skipped on first reading, since
they are not necessary for understanding the material that follows. They are marked by
asterisks. Chapters 18 and 19 are expected to be the highlights of this book. However,
they go far beyond standard courses of relativity and may be skipped by those readers
who wish to remain on the well-beaten track. Hesitating readers may read on, but can
skip the sections marked by asterisks.
Andrzej Krasiriski
Warsaw, September 2005
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1

How the theory of relativity came into being
(a brief historical sketch)

1.1 Special versus general relativity

The name ‘relativity’ covers two physical theories. The older one, called special relativity,
published in 1905, is a theory of electromagnetic and mechanical phenomena taking place
in reference systems that move with large velocities relative to an observer, but are not
influenced by gravitation. It is considered to be a closed theory. Its parts had entered the
basic courses of classical mechanics, quantum mechanics and electrodynamics. Students
of physics study these subjects before they begin to learn general relativity. Therefore,
we shall not deal with special relativity here. Familiarity with it is, however, necessary
for understanding the general theory. The latter was published in 1915. It describes the
properties of time and space, and mechanical and electromagnetic phenomena in the
presence of a gravitational field.

1.2 Space and inertia in Newtonian physics

In the Newtonian mechanics and gravitation theory the space was just a background — a
room to be filled with matter. It was considered obvious that the space is Euclidean. The
masses of matter particles were considered their internal properties independent of any
interactions with the remaining matter. However, from time to time it was suggested that
not all of the phenomena in the Universe can be explained using such an approach. The
best known among those concepts was the so-called Mach’s principle. This approach was
made known by Ernst Mach in the second half of the nineteenth century, but had been
originated by the English philosopher Bishop George Berkeley, in 1710, while Newton
was still alive. Mach started with the following observation: in the Newtonian mechanics
a seemingly obvious assumption is tacitly made, namely that all the space points can be
labelled, for example by assigning Cartesian coordinates to them. One can then observe
the motion of matter by finding in which point of space a given particle is located
at a given instant. However, this is not actually possible. If we accept another basic
assumption of Newton, namely that the space is Euclidean, then its points do not differ
from one another in any way. They can be labelled only by matter being present in the
space. In truth, we thus can observe only the motion of one portion of matter relative to
another portion of matter. Hence, a correctly formulated theory should speak only about
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relative motion (of matter relative to matter), not about absolute motion (of matter relative
to space). If this is so, then the motion of a single particle in a totally empty Universe
would not be detectable. Without any other matter we could not establish whether the lone
particle is at rest, or is moving or experiencing acceleration. But the reaction of matter to
acceleration is the only way to measure its inertia. Hence, that lone particle would have
zero inertia. It follows then that inertia is, likewise, not an absolute property of matter,
but is relative, and is induced by the remaining matter in the Universe, supposedly via
the gravitational interaction.

One can question this principle in several ways. No-one will ever be able to find
him/herself in an empty Universe, so any theorems on such an example cannot be verified.
It is possible that the inertia of matter is a ‘stronger’ property than the homogeneity of
space, and would still exist in an empty Universe, thus making it possible to measure
absolute acceleration. Criticism of Mach’s principle is made easier by the fact that it
has never been formulated as a precise physical theory. It is just a collection of critical
remarks and suggestions, partly based on calculations. It happens sometimes, though, that
a new way of looking at an old theory, even if not sufficiently well justified, becomes a
starting point for meaningful discoveries. This was the case with Mach’s principle that
inspired Einstein at the starting point of his work.

1.3 Newton’s theory and the orbits of planets

In addition to the above-mentioned theoretical problem, Newton’s theory had a serious
empirical problem. It was known already in the first half of the nineteenth century that
the planets revolve around the Sun in orbits that are not exactly elliptic. The real orbits
are rosettes — curves that can be imagined as follows: let a point go around an ellipse, but
at the same time let the ellipse rotate slowly around its focus in the same direction (see
Fig. 1.1). Newton’s theory explained this as follows: an orbit of a planet is an exact ellipse
only if we assume that the Sun has just one planet." Since the Sun has several planets,
they interact gravitationally and mutually perturb their orbits. When these perturbations
are taken into account, the effect is gualitatively the same as observed.

However, in 1859, Urbain J. LeVerrier (the same person who, a few years earlier,
had predicted the existence of Neptune on the basis of similar calculations) verified
whether the calculated and observed motions of Mercury’s perihelion agree. It turned
out that they do not — and that the discrepancy is much larger than the observational
error. The calculated velocity of rotation of the perihelion was smaller than the one
observed by 43" (arc seconds) per century (the modern result is 43.114+0.45" per century
(Will, 1981)). Astronomers and physicists tried to explain this effect in various simple
ways, e.g. by assuming that yet another planet, called Vulcan, revolves around the Sun

! More assumptions were actually made, but the other ones seemed so obvious at that time that they were not even mentioned:
that the Sun is exactly spherical, and that the space around the Sun is exactly empty. None of these is strictly correct, but
the departures of observations from theory caused by the non-sphericity of the Sun and by the interplanetary matter are
insignificant.
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Fig. 1.1. Real planetary orbits, in consequence of various perturbations, are not ellipses, but non-
closed curves. The angle of revolution of the perihelion shown in this figure is greatly exaggerated.
In reality, the greatest angle of perihelion motion observed in the Solar System, for Mercury, equals
approximately 1.5° per 100 years.

inside Mercury’s orbit and perturbs it; by allowing for gravitational interaction of Mercury
with the interplanetary dust; or by assuming that the Sun is flattened in consequence of
its rotation. In the last case, the gravitational field of the Sun would not be spherically
symmetric, and a sufficiently large flattening would explain the additional rotation of
Mercury’s perihelion. All these hypotheses did not pass the observational tests. The
hypothetical planet Vulcan would have to be so massive that it would be visible in
telescopes, but wasn’t. There was not enough interplanetary dust to cause the observed
effect. The Sun, if it were sufficiently flattened to explain Mercury’s motion, would cause
yet another effect: the planes of the planetary orbits would swing periodically around
their mean positions with an amplitude of about 43" per century, and that motion would
have been observed, but wasn’t (Dicke, 1964).

In spite of these difficulties, nobody doubted the correctness of Newton’s theory. The
general opinion was that Mach’s critique would be answered by formal corrections in
the theory, and the anomalous perihelion motion of Mercury would be explained by
new observational discoveries. Nobody expected that any other gravitation theory could
replace Newton’s that had been going from one success to another for over 200 years.
General relativity was not created in response to experimental or observational needs. It
resulted from speculation, it preceded all but one of the experiments and observations
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that confirmed it, and it became broadly testable only about 50 years after it had been
created, in the 1960s. So much time did technology need to catch up and go beyond the
opportunities provided by astronomical phenomena.

1.4 The basic assumptions of general relativity

It is interesting to follow the development of relativistic ideas in the same order as that
in which they actually appeared in the literature. However, this was not a straight and
smooth road. Einstein made a few mistakes and put forward a few hypotheses that he had
to revoke later. He had been constructing the theory gradually, while at the same time
learning the Riemannian geometry — the mathematical basis of relativity. If we followed
that gradual progress, we would have to take into account not only some blind paths,
but also competitors of Einstein, some of whom questioned the need for the (then) new
theory, while some others tried to get ahead of Einstein, but without success (Mehra,
1974). Learning relativity in this way would not be efficient, so we will take a shortcut.
We shall begin by justifying the need for relativity theory, then we shall present the
basic elements of Riemann’s geometry, and then we will present Einstein’s theory in
its final shape. The history of relativity’s taking shape is presented in Mehra’s book
(Mehra, 1974), and its original presentation is to be found in the collection of classic
papers (Einstein et al., 1923).

Einstein’s starting point was a critique of Newton’s theory based on Mach’s ideas.
Newtonian physics said that, in a space free of any interactions, material bodies would
either remain at rest or would move by uniform rectilinear motion. Since, however, the
real Universe is permeated by gravitational fields that cannot be shielded, all bodies in
the Universe move on curved trajectories in consequence of gravitational interactions.

There is a problem here. When we say that a trajectory is curved, we assume that we
can define a straight line. But how can we do this when no actual body follows a straight
line? The terrestrial standards of straight lines are useful only because no distances on
the Earth are truly great, and at short distances the deformation of ‘rigid’ bodies due to
gravitation is unmeasurably small. Maybe then the trajectory of a light ray would be a
good model of a straight line?

To see whether this could be the case, consider two Cartesian reference systems K
and K’, whose axes (x, y, z) and (x/, y’, 7) are, respectively, parallel. Let K be inertial,
and let K" move with respect to K along the z-axis with acceleration g(z, x, y, 7). Let the
origins of both systems coincide at r = 0. Then

t T
X =x, y =y, z’:z—/ de dsg(s, x, y, 2).
0 0
Hence, the equations of motion of a free particle, that in K are

d>x d¥y d*z

Az~ de T de
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in K’ assume the form

dzxr dzy/ dZZ/
—=—=0, —=—g(tx2).
dr? dr? dr? 8(t,x.3.2)

The quantity that we interpreted in K as acceleration would be interpreted in K’ as the
intensity of a gravitational field (with opposite sign). The gravitational field can thus be
simulated by accelerated motion, or, more exactly, the gravitational force is simulated by
the force of inertia. If so, then light in a gravitational field should behave similarly to
when it is observed from an accelerated reference system.

How would we see a light ray in such a system? Imagine a space vehicle that flies
across a light ray. Let the light ray enter through the window W and fall on a screen on
the other side of the vehicle (see Fig. 1.2). If the vehicle were at rest, the light ray entering
at W would hit the screen at the point A. Since the vehicle keeps flying, it will move
a bit before the ray hits the screen, and the bright spot will appear at the point B. Now
assume that the light ray indeed moves in a straight line when observed by an observer
who is at rest. Then it is easy to see that the path WB will be straight when the vehicle
moves with a constant velocity, whereas it will be curved when the vehicle moves with
acceleration. Hence, if the gravitational field behaves analogously to the field of inertial
forces, then the light ray should be deflected also by gravitation. Consequently, it cannot
be the standard of a straight line.

If we are unable to provide a physical model of a fundamental notion of Newtonian
physics, let us try to do without it. Let us assume that no such thing exists as ‘gravitational
forces’ that curve the trajectories of celestial bodies, but that the geometry of space is

Fig. 1.2. A space vehicle flying across a light ray. See the explanation in the text.
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modified by gravitation in such a way that the observed trajectories are paths of free
motion. Such a theory might be more complicated than the Newtonian one in practical
instances, but it will use only such notions as are related to actual observations, without
an unobservable background of the Euclidean space.

A modified geometry means non-Euclidean geometry. A theory created in order to
deal with broad classes of non-Euclidean geometries is differential geometry. It is the
mathematical basis of general relativity, and we will begin by studying it.



Part I

Elements of differential geometry






2

A short sketch of 2-dimensional differential geometry

2.1 Constructing parallel straight lines in a flat space

The classical Greek geometric constructions, with the help of rulers and compasses, fail
over large distances. For example, if we wish to construct a straight line parallel to
the momentary velocity of the Earth that passes through a given point on the Moon,
compasses and rulers do not help. What method might work in such a situation? For the
beginning, let us assume that great distance is our only problem — that we live in a space
without gravitation, so we can use a light ray or the trajectory of a stone shot from a sling
as a model of a straight line.

Assume that an observer is at the point A (see Fig. 2.1) on the straight line p, and
wants to construct a straight line through the point B that would be parallel to p. The

Fig. 2.1. Constructing parallel straight lines at a distance in a flat space. See the explanation in
the text.
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following programme is ‘technically realistic’: we first determine the straight line passing
through both A and B (for example, by directing a telescope towards B), then we measure
the angle « between the lines p and AB, then, from B, we construct a straight line q
that is inclined to AB at the same angle « and lies in the same plane as p and AB.
The second condition requires that we can control points of q other than B, and it can
pose some problems. However, if our observer is able to construct parallel straight lines
that are not too distant from the given one, he/she can carry out the following operation:
the observer moves from A to A,, constructs a straight line p, || p, then moves on to
A,, constructs a straight line p, || p;, etc., until, in the nth step, he/she reaches B and
constructs q =p,, || p,_; there.

This construction can be generalised. The observer does not have to move from A to
B on a straight line. He/she can start from A in an arbitrary direction and, at a point A,
construct a straight line parallel to p; it has to lie in the plane pAA, and be inclined to
AA, at the same angle as p. Then, from A, the observer can continue in still another
arbitrary direction and at a point A, repeat the construction: a straight line p, has to lie in
the plane p; A, A, and be inclined to A A, at the same angle as p, was. When the broken
line he/she is following reaches B, the last straight line will be the one we wanted to
construct.

We can imagine broken lines whose straight segments are becoming still shorter. In the
limit, we conclude that we would be able to carry out this construction along an arbitrary
differentiable curve. The plane needed in the construction will be in each step determined
by the tangent vector of the curve and the last straight line we had constructed.

In this way, we arrived at the idea of constructing parallel straight lines by parallely
transporting directions. Note that a straight line is privileged in this construction: this
is the only line to which the parallely transported direction is inclined always at the
same angle. In particular, a vector tangent to a straight line, when transported parallely
along this line, remains tangent to it at every point. A straight line can be defined by
this property, provided we are able to define what it means to be parallel without first
invoking the notion of a straight line. One possible definition is this: a vector field v(x)
defined along a curve C C R” consists of parallel vectors (or, in other words, is parallely
transported along C) when there exists a coordinate system such that dv’/dx/ = 0.

2.2 Generalisation of the notion of parallelism to curved surfaces

On a curved surface, the analogue of a straight line is a geodesic line. This is a curve
whose arc PQ (see Fig. 2.2) is the shortest among all curved arcs connecting P and Q.
Note that, unlike on a plane or in a flat space, the vector tangent to a curve on a curved
surface S is not a subset of this surface. The collection of all vectors tangent to the surface
S at a point p € S spans a plane tangent to S at P.

On a curved surface S, parallel transport is defined as follows. Suppose that we are
given the pair of points P and Q, an arc of a curve C connecting P and Q and a vector
tangent to S at P that we plan to parallely transport to Q. If C is a geodesic, then we
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Fig. 2.2. Parallel transport of vectors on a curved surface. See the explanation in the text.

transport the vector v along it in such a way that it is everywhere inclined to the tangent
vector of C at the same angle. If C is not a geodesic, then we proceed as follows:

1. We divide the arc PQ into n segments.

2. We connect the ends of each arc by a geodesic.

3. We transport v parallely along each geodesic arc.
4. We calculate the result of this operation as n — oo.

It is easy to note that the parallel transport thus defined depends on the curve along
which the transport was carried out. For example, consider a sphere, its pole C and two
points A and B lying on the equator, 90° away from each other (Fig. 2.3). Let v be the
vector tangent to the equator at A. Transport v parallely to C along the arc AC, and
then again along the arcs AB and BC. All three arcs are parts of great circles, which are
geodesics, so v makes always the same angle with the tangent vectors of the arcs. The
first transport will yield a vector at C that is tangent to BC, while the second one will
yield a vector at C perpendicular to BC. In consequence, if we transport (in differential

Fig. 2.3. Parallel transport of vectors on a sphere. See the explanation in the text.
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geometry one says ‘drag’) a vector along a closed loop, we will not obtain the same vector
that we started with. The curvature of the surface is responsible for this. The connection
between the initial vector, the final vector and the curvature is rather complicated; we
will come to it further on.

We have discussed 2-dimensional surfaces in this chapter in order to visualise things
more easily. However, this gave us an unfair advantage: on a 2-dimensional surface,
the direction inclined to a given tangent vector at a given angle is uniquely determined.
In spaces of higher dimension we will need a definition of “parallelism at a distance’ that
will be analogous to dv’'/dx’ = 0 that we used in a flat space.



3

Tensors, tensor densities

3.1 What are tensors good for?

In Newtonian physics, a preferred class of reference systems is used. They are the inertial
systems — those in which the three Newtonian principles of dynamics hold true. However,
it may be difficult in practice to identify the inertial systems. As we have seen in Chapter 1,
the inertial force imitates the gravitational force, so it may not be easy to make sure
whether a given object moves with acceleration or remains at rest in a gravitational field.
Hence, the laws of physics should be formulated in such a way that no reference system
is privileged. The choice of a reference system, even when it is evidently convenient (e.g.
the centre of mass system), is an act of human will, while the laws of physics should not
depend on our decisions.

Tensors are objects defined so that no reference system is privileged. For the beginning,
we will settle for a vague definition that we will make precise later. Suppose we change
the coordinate system in an n-dimensional space from {x®}, a =1,2,...,n to {x*},
o =1,2,...,n. A tensor is a collection of functions on that space that changes in a
specific way under such a coordinate transformation. The appropriate class of spaces and
the ‘specific way’ in which the functions change will be defined in subsequent sections.

3.2 Differentiable manifolds

As already stated, in relativity we will be using non-Euclidean spaces. The most general
class of spaces that we will consider are differentiable manifolds. This is a generalisation
of the notion of a curved surface for which a tangent plane exists at every point of it. An
n-dimensional differentiable manifold of class p is a space M, in which every point x
has a neighbourhood O, such that the following conditions hold:

1. There exists a one-to-one mapping k. of the neighbourhood @, onto a subset of R”,
called a map of O,. The coordinates of the image k,(x) are called the coordinates
of xeM,.

2. If the neighbourhoods O, and O, of x, y € M, have a non-empty intersection (O, N
O, #¥), k, is a map of O, and k, is a map of @, then the mappings (k, ok, ")
and (k,ok,~")~" are mappings of class p of R" into itself.

13
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A tangent space to the manifold M, at the point x is a vector space spanned by vectors
tangent at x to curves in M,, that pass through x.

If k.(x) ={x!,...,x"} are the coordinates of the point x, then the equation x’ =
constant, where i € {1, ..., n} is a fixed index, defines a hypersurface in R" and thus also
a hypersurface H in M,,. A coordinate system is thus a set of n one-parameter families of
hypersurfaces, x' being the parameter in the ith family.

Now let the manifold be R". Each hypersurface H defines then a family of vectors: if
®(x) = C (where C is an arbitrary constant) is the equation of H, then dd/dx®, where
{x“} are the coordinates of the point x, is an equation of a family of vectors attached
to H and orthogonal to it. Taking all the hypersurfaces of the ® = C family, we obtain
a family of curves tangent to the vectors d®/dx“. Thus, each coordinate system in R”
defines a family of curves.

The converse is not true: an n-parameter family of curves C, in R" defines a family
of hypersurfaces orthogonal to C, only when the vectors tangent to C, have zero rotation
(to be defined later).

The reason why, for this example, we had to take the special case of M, = R” is that, as
we shall see later, in a general vector space vectors like the gradient of a function (called
covariant vectors) and vectors like a tangent vector to a curve (called contravariant
vectors) are unrelated objects of different kinds. A relation between them exists only in
spaces tangent to such manifolds in which a metric is defined, see Chapter 7. R" is one
of them. Without a metric, a covariant vector cannot be converted into a contravariant
one, and a curve tangent to a field of covariant vectors cannot be constructed.

Let U C M,, be an open subset. Suppose we are given a collection of n families of
curves, each of (n— 1) parameters such that n curves pass through each point x € U.
Suppose that the tangent vectors to these curves are linearly independent at every x € U.
Then the tangent vectors to these curves at the point x, e,(x)|,_, _, are a basis of the
space tangent to M,, at x. Let v(x) be an arbitrary vector tangent to M,, at x. Then

v= Xn: v'(x)e,(x).
a=1

The coefficients {v*} are called the components of the vector v in the basis ¢,(x). The
mapping x — v(x) assigns to each point x € U C M,, a vector tangent to M, at x and is
called a vector field on U.

Note that the vectors of a vector field are defined on tangent spaces to the manifold,
while the components of vector fields are functions on the manifold. In particular, the
vectors e,(x) can be identified with directional derivatives, and can be defined by a
coordinate system as e, (x)P(x) = (d/0x*)P(x) (that is, the ath vector in the basis is the
directional derivative down the ath family of hypersurfaces in the coordinate system.)
Then the v* are components of the vector v in the coordinate system {x}. Again, they are
functions on the manifold.

We adopt three conventions.
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1. If any index in a formula appears twice, a sum over all of its values is implied.
Hence, if a changes from 1 to n, while {V,} and {U®}, @ =1, ..., n are collections
of functions labelled by «, then

uev,=> U%,.
a=1
2. The collection of all coordinates {x*}, @ =1,...,n will be denoted {x}, and a
function f({x}) will be denoted f(x).
3. The derivative with respect to x* will be denoted by a comma followed by a
subscript: thus
of

dxe’

fra=

3.3 Scalars

The simplest tensor is a scalar. It is a function on a manifold whose value, when the
coordinate system is transformed, changes simply by substituting the transformation in
its argument:

¢'(x'(x)) = ¢(x). G.D

Examples of scalars are physical constants, rest masses of elementary particles, their
electric charges, a density distribution in a continuous medium. The coordinates of a point
in a manifold are scalars, too, since their values transform by the simple law (3.1) when
coordinates are changed from {x'} to {x"}: x*(x"(x")) = x*(x).

3.4 Contravariant vectors

The functions v*(x), « =1, ..., n are said to be coordinates of a contravariant vector
field when, by a change of coordinates on M,,, they transform by the law

v (x'(x)) = x¥, 0% (x). (3.2)
Examples are vectors tangent to curves. Suppose that a curve C is given by the
parametric equations t — x%(¢), a = 1,...,n, t € [a, b] C R!, where x¢ is the value of

a coordinate of a point on the curve. An arbitrary field of vectors tangent to C is then
given by

= () = S80S

where f(x) is an arbitrary function of the coordinates and g(¢) is an arbitrary function of
the parameter. When the coordinate system is changed from (x) to (x'), we have

v (1) = f(x'(x))g(1)

in agreement with (3.2).

dx® ;o dx®
= t “ a4, °
= g,
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3.5 Covariant vectors

The functions u,(x), « =1, ..., n are said to be coordinates of a covariant vector field
when, by a change of coordinates on M,,, they transform by the law
u, (X' (x)) = x%, , u,(x). (3.3)

By convention, the indices of contravariant vectors are placed as superscripts, whereas
those of covariant vectors are placed as subscripts.

An example of a covariant vector is the gradient of a scalar function ¢(x). For such a
function we have

P (F(X) = 2% @1 (%),

in agreement with (3.3).
Note that the quantity v*u,, is a scalar, since we have

o a o a
Y xﬁ,a, ug = (xB,a,x ,a)v Ug

vWu, =x
=P, viug = Sﬁav“uﬁ =v%U,.
Another example of a scalar field is the directional derivative of a scalar field along a

. . def
contravariant vector field, v(¢) = VY@, ,.

3.6 Tensors of second rank

Scalars are sometimes called tensors of rank zero, to emphasise that they have no indices.
The contravariant and covariant vectors are collectively called tensors of rank 1. The
tensors of rank 2 are objects whose components are labelled by two indices. There are
three kinds of them:

1. Doubly contravariant tensors. Their components T%?(x) transform under a coordinate
transformation x — x’ on M,, as follows:

TP (x' (x)) = x%,, X%, T* (). (3.4)

2. Doubly covariant tensors. These are quantities whose components 7,4(x) transform
by the rule

Typ(X'(x)) = x4 xB,B, T,5(x). (3.5)
3. Mixed tensors. Their components transform by the rule

TP (X (x)) = x%, o 2, TP (). (3.6)

The collection of components of a second-rank tensor is a square matrix that transforms
in a prescribed way when coordinates are changed.
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An example of a doubly covariant tensor is a matrix of a quadratic form,
D(A) = B,zA AP,

where A* are components of a contravariant vector, and the value of ®(A) is a scalar.
An example of a mixed tensor of rank 2 is a matrix of a mapping of one vector space
into another,

a __ pa B
Ve =B WP,

where V¢ and WP are contravariant vectors in different vector spaces.

We will meet examples of doubly contravariant vectors later in this book. The simplest
example is the inverse matrix to a matrix of a quadratic form, but in order to be able to
prove this we have to learn about some other objects.

The quantity 7¢ for a mixed tensor (the sum of its diagonal components) is called the
trace of 7 and is a scalar. Quantities like >, 7 for a contravariant second-rank tensor
and ), T,, for a covariant second-rank tensor are not tensorial objects. Summations over
indices standing on the same level occur only exceptionally in differential geometry — for
example, when a calculation is done in a chosen coordinate system.

3.7 Tensor densities

A tensor density differs from the corresponding tensor in that, when transformed from
one coordinate system to another, it gets multiplied by a certain power of the Jacobian
of the transformation. The exponent of the Jacobian is called the weight of the density.
For example, a scalar density of weight w transforms as follows:

a(x,) w
PX)=|—=]| P(x), 3.7
@)= 55| e 67)
a contravariant vector density of weight w transforms by the rule
/ ax)H)T"
v (x) = [ 8(();))] x*, v (x), (3.8)

and so on.
An example of a scalar density is the element of volume in a multidimensional integral.
It transforms by the law

0
dx= (x) "
a(x)

(3.9)

so it is a scalar density of weight +1.
An arbitrary tensor is by definition a tensor density of weight zero.
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3.8 Tensor densities of arbitrary rank

The components of a tensor density of weight w, k times contravariant and [ times
covariant, transform by the law

0‘10‘2 "‘k a(x) o o o
T (())—[ ] g1y

) vy X% g
x xP g xP2 g xP o Tglar g (%) (3.10)

Such an object is called a tensor density of type [w, k, I].

For general tensor densities one can carry out an operation that is analogous to finding
the trace of a mixed tensor of rank 2. This operation is called contraction. It consists in
making an upper index equal to a lower index, and summing over all its allowed values.
The resulting density is of type [w, k — 1, — 1], thus

feontracted 71550 () = T4 5 () G.11)

(note that a sum over all values of p is implied above). The indices over which the
summing is carried out are called ‘dummy indices’ since they do not show up in the
transformation law of the contracted density.

The contraction may be done over several pairs of indices at the same time. Then,
one must take care to give different names to each pair of dummy indices, to avoid
confusion.

3.9 Algebraic properties of tensor densities

Here is a list of the most basic properties of tensor densities.

(this follows easily from the transformation law).

2. A linear combination of two tensor densities of type [w, k, [] is a tensor density of
the same type. (Adding tensor densities of different types makes no sense.)

3. The collection of quantities obtained when each component of one tensor density
(of type [w, k, I]) is multiplied by each component of another tensor density (of type
[w, k', I']) is called a tensor product of the two densities, and is a tensor density of
type [w+w', k+k’, [+1']. For example, out of u, and v* one can form such tensor
products as v*vP, VU, U, VP, v ug?, v“uavﬁuyv‘s. The tensor product is
denoted by ®, thus for example v*ug = (V@ u)”.

4. If a tensor density does not change its value when two indices (either both upper or
both lower) are interchanged, then it is called symmetric with respect to this pair
of indices. If it only changes sign, then it is called antisymmetric in this pair of
indices. The property of being symmetric or antisymmetric with respect to a given
pair of indices is preserved under transformations of coordinates.
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5. This last property allows us to define the symmetrisation and the antisymmetrisa-
tion. The symmetric part of a tensor density with respect to the indices {a, ..., a;}
is the quantity

def 1
T(aln.ak) = E Z Ta,-l4.4a,<k’ (312)
* over all' permutations
[N i

The antisymmetric part of a tensor density with respect to the indices {¢,, ..., a,}

is the quantity

def 1 . .

Taya) =75 > (sign of the permutation)T,, . (3.13)

* over all permutations
[Tt

One can carry out the symmetrisation or antisymmetrisation (i.e., respectively,
symmetrise or antisymmetrise) also with respect to the upper indices, and, in each
case, over only a subset of all the indices that a tensor density has. For example, a
tensor of rank 4 7,55 can be symmetrised over only two of its indices

1
Tiapyo = 5 (Tapyo + Tparo) -

or over three indices

1
Tiapyo = g (Tapro + Taypo + Tparo + Tpyao + Tyapo + Typas) -

If we want to emphasise that a certain index is excluded from symmetrisation or
antisymmetrisation, then we put it between vertical strokes. For example, the antisym-
metrisation of 7,5 with respect to a and y only would be denoted T, g/}5-

The symmetrisation and the antisymmetrisation with respect to just two indices are
complementary operations, as can easily be verified, thus

Tiapyys... T Tiappys.. = Tupys...-

However, this is no longer true for symmetrisations/antisymmetrisations over larger
numbers of indices. The other parts of T,4,; that enter neither T{,g,)5 nOr i,z are
obtained when different rules of assigning signs to the different terms in (3.12) and (3.13)
are chosen. We will not encounter those operations in this book.

If the antisymmetrisation is done with respect to a larger number of indices than the
dimension of the manifold, then the result is a tensor density that identically equals zero.
This is because, with n possible different values of each index, there must be at least
one value that is repeated in a set of m > n indices. Then, each term in (3.13) has its
counterpart that is identical, but enters the sum with an opposite sign.

3.10 Mappings between manifolds

The following notation will be used.
M, and P, are two arbitrary differentiable manifolds, dimM, = n,dimP,, = m;
{x*},a=1,...,n and {y*},a=1,...,m are the coordinate systems on M, and P,,
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respectively. (Recall that several coordinate neighbourhoods may be needed to cover
each manifold, but here we consider a single coordinate patch on each one.)

F:M, — P, is an arbitrary mapping of class C!, represented by the set of functions
¥ = Fa({x)).

Now consider a function f: P, — R! defined on P,,. For those points of P, that are
images of some points of M,, the mapping F and the function f automatically define a
function acting on M,,. Let P,, 3 ¢ = F(p), where p € M,, and let f(g) = r € R!. Then
(foF)(p)=r, and so foF:M, — R'. We can thus say that the mapping F that takes
points of M,, to points of P,, defines an associated mapping of functions on P,, to functions
on M,. This associated mapping will be denoted F. (The zero denotes that this is a
mapping of functions, i.e. tensors with zero indices, and the asterisk placed as a superscript
denotes that the functions are sent in the opposite direction to points of the manifold M,,.
An associated mapping that sends objects backwards with respect to the main mapping
is called a pullback.) The function associated to f will thus be denoted Fj f, so

Fyf:M, =R (F)(p) = fF(p)). (3.14)

Now consider a contravariant continuous vector field v* on M,. This field defines a
family of curves tangent to the vectors of this field by
_dx®
Codr
Suppose that an arc of the curve x*(7) is in the domain of the mapping F. Then points of
this curve have their images in P, F (x*(7)), or, in terms of coordinates, y“(7) =
F* (x“(7)). Hence, the arc of the image-curve in P,, is automatically parametrised by the
same parameter 7. Since the functions x%(7) are of class C! (as integrals of continuous
functions), and F is of the same class by assumption, we can differentiate the functions
y“(7) by 7. The derivatives are components of the field of vectors w* tangent to the curve
y“(7). The mapping F thus defines an associated mapping of vector fields on M,, to vector
fieldsonP,,:

(03

(3.15)

u d oF*dx*  oF¢
wi(F() = —(F() = -2 — =22

If dimP,, < dimM,, then some curves in M, will be mapped onto single points of
P,,, and then, according to (3.16), the image of the vector field v* tangent to such a curve
will be a zero vector on P, (because the image of such a curve y“(7), will in fact be
independent of 7).

Note the similarity of (3.16) to the transformation law of contravariant vectors; we will
come back to it at the end of this section.

We have thus found that the mapping of manifolds F: M,, — P,, defines an associated
mapping of vector fields on M, to vector fields on P,,. We will denote this associated
mapping F,. (This time it is a mapping of tensors with one index, and it takes objects in the
same direction as the main mapping. Such a mapping is sometimes called a pushforward.)
If v is a vector field on M,,, then F|,(v) is a vector field on P,,. The mapping F, is a linear
mapping between vector spaces, determined via (3.16) by the matrix of derivatives || F,,, ||.

VY. (3.16)
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Vector fields v* on M, and w® on P,, can be uniquely represented by directional
derivatives of functions. Let g: M, — R' and f: P,, —> R, then

e 0
v¥(x) «—> v(g)dzfva g ,
Ix“

w () s w(f) Zuw L
ay?

(3.17)

Then the mapping F;, can be defined in another, equivalent way,

v(F5f) = (FL)(f), (3.18)

where v is a vector field defined on M,,.
A field of covariant vectors w, on P,, can be understood as a linear form w that maps
vector fields on P,, to R

o(w)E o, uw. (3.19)

If a field of forms w is defined on P,,, then, for those points of P,, that are images of
points of M,,, we can define a field of forms on M,, by

(Fio)(v) = o(F},v), (3.20)

where v is a vector field on M,,. (This is an associated mapping of tensors with one index
that is again a pullback.) In terms of coordinates, this can be written as follows:

(Fjw), v =w,F*, v°, (3.21)
or equivalently
(Flw), =w,F*,,. (3.22)

Note the similarity of (3.22) to the transformation law of covariant vectors.

To sum up: a mapping F: M, — P,, between manifolds defines the mapping F;, of
vector fields on M,, to vector fields on P,, and the mappings Fj and F; of, respectively,
functions and forms on P,, to functions and forms on M,. These definitions can be
extended further, in a rather obvious way, to mappings of contravariant tensor fields of
arbitrary rank from M,, to P,, and of covariant tensor fields from P,, to M,,. Note that tensor
densities can be defined only for nonsingular transformations, while F' can be singular.
Therefore, no general definition of an associated mapping of tensor densities can be given.

If n=m and F is a diffeomorphism of class C!, then F~! exists and is also of class
C!. In this case, tensors of arbitrary rank, including mixed tensors, can be transported in
both directions between M,, and P,,. If F: M, — P,, is not reversible, then mixed tensors
cannot be transported in any direction.

Now observe the following. Coordinate transformations are in fact nothing else than
mappings of R” into itself — because coordinate patches are subsets of R” by definition.
Hence, if such a mapping occurs within the image of a single map, a mapping of the
manifold into itself is associated with it. Consequently, coordinate transformations can
be interpreted as mappings of the underlying manifold into itself.
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Let us now specialise the considerations of this section to the case when n = m, and
M, and P,, are subsets of the same manifold, M,, C Q, and P,, C Q,. Then it follows
from (3.14), (3.16), (3.22), and from their extensions to tensor fields of higher ranks, that
the transformation laws of tensors are consistent with the interpretation of a coordinate
transformation as a mapping of the manifold into itself. We shall make use of this analogy
in Chapter 8.

3.11 The Levi-Civita symbol

Lete,, , beatensor density (whose weight is as yet unknown) defined on a differentiable
manifold M,, which is antisymmetric with respect to any pair of its indices. Because
of the antisymmetry, each component that has at least a pair of identical indices will

be equal to zero. Only those components can be different from zero for which the set

{a,...,@,} is a permutation of the set {1, ..., n}. For even permutations €, , =€ ,;
for odd permutations €, , = —¢€,_,. Hence, defining the component €, , suffices to
determine the whole tensor density €, _, . We thus define
€ _,=+1 (3.23)
The quantity €, , is called the Levi-Civita symbol.
Let A% be an arbitrary matrix. Let us investigate the quantity
[D(A)]p 5 Sey o A .. A% (3.24)
BBy = Cara, gy B, :

Let a; label the columns and B; the rows of the matrix. The expression above is a sum of
n-tuple products of elements of the matrix A“g. In each product, each factor comes from
a different column (because, if two indices «; and «; are equal, then €, , = 0). The ith
factor in each product is always from the same (ith) row, but each time from a different
column, and, in the whole sum, runs over all columns. For even permutations «; ...,
the product enters the sum with a plus sign, for odd permutations — with a minus sign.
The quantity (3.24) is also antisymmetric in all the B, indices (see Exercise 1). Hence,
[D(A)]g,.p, vanishes if any two indices B;, B; are equal (i.e. if the same row of the
matrix A appears in the positions (i, j)).

Thus [D(A)]g,. g, has all the properties of the determinant of A. It will equal + det(A)
when the permutation {1, ...,n} — {B,, ..., 8,} is even, and — det(A) when the permu-
tation is odd. Hence

€0, A" g, - AV =€g g det(A). (3.25)

Now let us apply this formula to the matrix of derivatives (the Jacobi matrix) x¢,, of
the coordinate transformation {x} — {x'}. We have

) . a

"
X X €

ea’l ..a, a(x)

This shows that €, , is a tensor density of type [1, 0, n].
By a similar method one can verify that €% is a tensor density of type [—1, n, 0].

(3.26)

oy

.,
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3.12 Multidimensional Kronecker deltas

Let us recall the definition of the ordinary Kronecker delta symbol:

1 h =
5%, = when o= B (3.27)
0 when o # 3

(this is the unit matrix). This is a tensor, since, on the one hand
6’“5 = S“B (3.28)
by definition, and on the other hand

S'aﬁ,zxa,ﬁ,zxa ,px",ﬁ,zxa/,pxa,ﬁfﬁpa, (3.29)

which is the transformation law of a mixed tensor of rank 2.
A multidimensional Kronecker delta is defined as follows:

0%pg i 0% g,
O\ g, = : (3.30)
O%pg i 0%
From the definition we have at once
S5 5 = 065 = O (331)

and it follows that k must not be greater than the dimension of the manifold, n, or else
8;1::3 = 0. Other than this, k is unrelated to n.

Now let us consider the special case k = n. Since an object that is antisymmetric in all
n indices has just one independent component, it must be proportional to the Levi-Civita
symbol with the same indices. For the upper indices of the multidimensional delta we
thus have 8! = Ty g €. But Ty g is antisymmetric in {8, ..., 8,}, so it must
be proportional to €5 4 , thus 6;:; = A€g, g €. To calculate A it now suffices to
substitute in the last formula any sets of indices for which both sides are nonzero. We

substitute {¢, ..., a,} ={B,-..B,} ={l. ..., n}, and we see that A = 1. Hence, finally

O o = e, g €. (3.32)

This, in consequence of the properties of the Levi-Civita symbol, is a tensor (i.e. has the
weight zero).

From (3.30) it follows that 8;:::;: # 0 only when {«/, ..., a;;} are all different and are
a permutation of {3, ...B,}. If any pair of upper indices has equal values, or if any pair
of lower indices has equal values, then the determinant in (3.30) has two identical rows
or two identical columns and is zero. If any index B; of the set {B,...B,} is different
from all the as in {a, ..., ;}, the determinant in (3.30) has only zeros in the ith column

a.ay ey

and is zero again. If 8 5" # 0, then 65 "p° = +1 when the lower indices are an even
permutation of the upper ones, and 8;}:& = —1 when they are an odd permutation.
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Using these properties one can verify that

5;;;:;:5 (n k)8“' ok, (3.33)
This is seen as follows. If {B,,..., B;} are not a permutation of {«,..., @}, or if
any index in either of the two sets is repeated, then both sides of (3.33) are zero and
the equation holds. When all {«,,..., a,} are different, while {B,,..., 3,} are their

permutation, each term in the sum on the left-hand side is equal to 833" when p &
BB

{a,,..., 0}, and is zero when p € {«,, ..., a;}. Consequently, there are n — k values of
p with which there are nonzero contributions on the left-hand side, and each contribution
is equal to the delta on the right. [J

The following equations are simple consequences of (3.33):

Ay 1P Q.
O, 6 1p = Op1p 1> (3.34)
n!
o =m—s+)(n—s+2)..n= CEnTE (3.35)
8ot = nl, (3.36)
Qe O Pp 1P a..a
O, puppy = (M= k)10 . (3.37)

3.13 Examples of applications of the Levi-Civita symbol and of the
multidimensional Kronecker delta

The Levi-Civita symbols and the multidimensional deltas are useful in calculations with
determinants or antisymmetrisations: they allow us to replace tricky reasonings with

simple computational rules.
With the help of (3.25), (3.32) and (3.36) we can verify that

det(A'_)——aﬁl BrAt g AN (3.38)

n! a..a,
so the determinant of a mixed tensor is a scalar;
1
det(B”) — ;!EalmaHEBl“ﬁ"Balﬁl L B%Bn , (339)
so the determinant of a doubly covariant tensor is a scalar density of weight —2;

det(C") = g CYP . CoPr, (3.40)

y €a,...0, €8, ..

so the determinant of a doubly contravariant tensor is a scalar density of weight (42).
One can also verify that the antisymmetrisation with respect to any set of indices can
be written as follows:

1
Tiay e = 00T, (3.41)

ay...ay] k‘ Ap..Qp " PLePE

and similarly for upper indices.
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3.14 Exercises

. Verify that the quantity D(A) defined in (3.24) is antisymmetric with respect to the B-indices.
Hint. Interchange the names of any two as in the sum and then move the new as to their old
positions by transposing the indices of € and interchanging the As in the product.

. Prove that the cofactor of the element A% in a mixed tensor {A%g} is given by the equation

1
B o— BB1-Bu1 A .
MPo = oy e B Ay AT,

- (3.42)
. Find the formulae for the cofactors of the elements B,z and C*f in a doubly covariant and
a doubly contravariant tensor, respectively. Note that the cofactor has in each case its indices
positioned opposite to its corresponding element.

. Find the formula for the coefficient of A’ in the characteristic equation for a matrix M* :

det (M*, — A8" ) = 0.

Prove that all the coefficients of this polynomial are scalars. Note the coefficients of A° and of
A"~! — what functions of the matrix are they?
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Covariant derivatives

4.1 Differentiation of tensors

Calculate the derivative of a contravariant vector field v* after it has been transformed
from the {x}-coordinates to the {x'}-coordinates:

7

v“/,B, =(x",,v").p = x“,,aﬁxﬁ,ﬁ/v“ +x“/,axﬁ,ﬁ,v“,ﬁ. 4.1)

This is not a tensor field, in consequence of the term x“/,ﬂﬁxﬁ, g V% The same is true for
most other tensor fields. There are only a few cases in which the derivatives of tensor
fields are themselves tensor fields. One example is the derivative of a scalar field, which
is a covariant vector field. Other examples are the following.

1. The derivatives of the Levi-Civita symbols and of all the Kronecker deltas are
identically equal to zero, and hence are tensors.

2.1f T, ,, isatensor field (of weight 0), then T, i) (a generalisation of rotation)

TR

is a tensor field, too.

3. If T** is a tensor density field of weight —1, and is antisymmetric in all the
indices, then 7%, (a generalisation of the divergence of a vector field) is also
a tensor density field of weight —1.

We will verify the third example.
By assumption, when the coordinates are transformed from {x} to {x'}, T® % trans-
forms as follows:

C o (Y L ,
peivet = (QD) ek, e, (42)
a(x) 1 k

Let us differentiate this by x% and contract the result by a;. In that term, in which the
differentiation acts on the determinant (3(x')/d(x))~! = d(x)/d(x"), we will develop the
determinant according to (3.38). We have

i
rpla)

, 18
o .. _ P1-Pn oy T,
T ",a'k— ; E 0o\ X spl e X '
i=1

, ,
a a ay...«o
1 k 1 k
XXM, o e x5, T

1

26
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a(x) , ,
+ 8((x’)) Z]:xa]’al "'xai’a,ﬂi e X T
I
Ax a_ ] ’a,\ak
ax) _
+8(x) say e X0, T ‘“‘k,pxp,afk. (4.3)

In the first term we recall that 6 is antisymmetric with respect to both upper and
lower indices, so interchanging simultaneously a pair of upper indices and a pair of lower
indices does not change it. Hence, the products in the first term can be ordered so that
the factor with the second derivative is contracted with the last indices of 6. After such
an ordering we see that all the n components of the sum are identical, so

1
. Pl Pn 0,y o,
first term = s 1)'60l T X0y X
o @ ay..q
XXM g e X T, (4.4)
. ! !
In the second term of (4.3), each component of the sum contains XY, gy, X s gy =

x“ﬁaiak, which is symmetric in (¢;, ;). However, it is then contracted with respect
to both (e;, @) with the T**, which is antisymmetric in these two indices. Such a
contraction is always identically equal to zero, hence the second term is zero.

In the third term, we note that x%,, is an element of the inverse matrix to [x¢,, ].

Thus, x%

’ak
is equal to the cofactor of the element transposed to (gf) in the matrix

sy

[x*,, ], divided by the determinant of [x*,_ ]. The element transposed to (g;’:) in [x%,,]

is x%, ., while det[x*,, ] = d(x)/d(x’). Hence, using (3.42), we have
a a(x) - 1 LT T v
Thae = (8(x/)> maaiy‘]'"y"*‘lx I RRRRRIA EVE (4.5)

We see at once that the differentiation of the factors x', ,» by x% will give zero contribu-
tions because the results of these differentiations, x", > ATC symmetric in (u;, o) and
will be contracted with the delta which is antisymmetric in the same indices. The only
nonzero contribution will thus be from the derivative of the determinant, so

, A\ 1 oo
) e :_(6()6/)) (n—1D! Borc, X7y X X
U soimimy 4
><(n—l)' ity X g X (4.6)

Note that the last line above is just

()
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Using this we see that the third term in (4.3) has the same absolute value as the first one,
but is of opposite sign. Hence, the first and third terms cancel each other, and the final
result in (4.3) is the last term, which equals

9(x)
o). _ o, a)_ ay..oy
T k,ai—@x l,al...xk ]’ak_]T say o (47)
! . .
where we have used x%,, x*,, = x”,, = 6°, . Hence, T*~%,, is indeed a tensor
k k k k k

density field of weight —1.

The statement proved above also holds for the case when 7 has just one index and is
a contravariant vector density field. Then, the first and third terms still cancel each other
while the second term in (4.3) simply does not exist.

The fact that partial derivatives of tensor fields are not tensor fields themselves is
unfortunate because the laws of physics are usually formulated as differential equations.
We would like these equations to have the form (a tensor) = 0, since this would hold
in all coordinate systems. This suggests the following idea: let us define a ‘generalised
differentiation’, which will yield tensor fields when acting on tensor fields, and will
coincide with ordinary differentiation when acting on scalars and the Kronecker deltas,
for which partial derivatives are tensors. Then, we will replace the partial derivatives
with the generalised derivatives in the basic equations. We guess that this generalised
differentiation, called covariant differentiation, will reduce to ordinary differentiation
in certain privileged coordinate systems.

4.2 Axioms of the covariant derivative

We want the covariant differentiation to have all the algebraic properties of an ordinary
differentiation, and in addition to yield tensor densities when acting on tensor densities.
We will denote the covariant derivative by V, or |, or D/dx®. The symbols T;[w, k, {]
will denote tensor densities whose explicit indices are irrelevant.

Specifically, we want V, to have the following properties:

1. To be distributive with respect to addition:
Vo (T\[w, k, 1]+ T [w, k, 1]) = V(T [w, k, I]) + V (T5[w, k, 1]). (4.8)
2. To obey the Leibniz rule when acting on a tensor product:
Vo (T [wy, ks L] @ T [wy, kyy L)) = (VT [wy, &y, 1 ]) @ Th[w,, &y, L
+(T\[wy, &k, 1)) @ (VT [wy, ky, 1,]). (4.9)
3. To reduce to the partial derivative when acting on a scalar field:
V,o=9o,,. (4.10)
4. To yield zero when acting on the Levi-Civita symbols and Kronecker deltas:

Vaeal...an =0, Ve =0, Va(SO‘B =0. (41 1)

ata..aq,
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The last equation implies at once that
Vibg g =0 (4.12)
for any k. It also implies that V, commutes with contraction.

5. When acting on a tensor density field of type [w, k, [], it should produce a tensor
density field of type [w, k, [+ 1], thus

vV, (T,[w, k, 1]) = To[w, k, [+1].

Only the last property does not hold for partial derivatives.
From these postulated properties we will now derive an operational formula for the
covariant derivative.

4.3 A field of bases on a manifold and scalar components of tensors

In every tangent space to an n-dimensional manifold M, we can choose a set of n linearly
independent contravariant vectors, {e,“, ..., e,*}. The indices a, b,c,...=1,...,n will
label vectors (while Greek indices label coordinate components of tensors). After such a

basis is chosen at every x € M,,, we consider the set of n vector fields:

n’
x— e, (x), a=1,...,n.
The collection of quantities {¢,*(x)},a=1,...,n,a=1,...,n forms a matrix whose

elements are functions on the manifold. Since all the vectors are linearly independent at
every x, the matrix is non-singular, so there exists an inverse matrix e“, that obeys

e e P =08°. (4.13)

A subset of the matrix | e“,|
set of fields corresponding to all values of a forms a dual basis to {¢,*(x)},a=1, ..., n.
By virtue of the {e,“(x)} being linearly independent, Eq. (4.13) implies the following:

| defined by a fixed a is then a covariant vector field. The

el e, =69, (4.14)

For any tensor field (of weight 0) Tgl“"“‘ﬁaf, the collection of quantities

TZII':;’lk =el, .. .ea"akeblﬁ‘ . eb,B’ Tglli"'g[‘, (4.15)
labelled by the indices a, ..., a;, b;,...,b, =1,...,n, is a set of n**! scalar fields that

uniquely represents the set of #*/ coordinate components of the tensor field Tj;'"*. This

is so because, in consequence of (4.13) and (4.14), an inverse formula to (4.15) exists
that allows one to calculate T5''5* when T, '",** are given:
BiBi by..by
Q..o b b ai...a
TBL»ﬁf =e,"...e, %", ... Tb,].,.b,k' (4.16)

Let us denote

a..a,a;  %a,

1
e:= det||ea“||=—‘e“1""'“"e e, “...e, M (4.17)
n.
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Now, €, . is atensor density of weight +1, whereas €*~“ is a set of scalars because it
depends only on the basis in the vector space, and not on the coordinate system. Hence,
e is a scalar density of weight +1.

The quantity e, together with {e,*} and {e“,}, can be used to represent tensor density
fields by sets of scalar fields. Let Tgl"""‘gf now be a tensor density field of type [w, &, {];
then each element of the set

.

ap..ap ,__ _—w a ay B1 B -
T, =e ety ey e, e, Ty (4.18)

is a scalar field. The set 7,'";* then uniquely defines Tj'
to (4.16), with the factor ¢™ added. The weight w has to be given as an extra bit of

information.

via a formula analogous

4.4 The affine connection
We now define the set of quantities
Fan =—e” (Vv - av)esﬁ' (4.19)

The elements of this set are called the coefficients of affine connection. When specified
explicitly, they tell us how the covariant derivative acts on the basis vector fields. Later
we will consider manifolds in which these coefficients can be calculated from more basic
objects (see Chapter 7). For now, we consider manifolds in which the I'“;,, are just given.

The I'“;, do not depend on the choice of basis. Let us assume that {e,"} and {e,*}
are two different bases. The vector fields of the second basis can then be decomposed in
the first basis

e, = Abu,eb“, (4.20)
and then the elements of the transformation matrix
b b
A, =¢ e, (4.21)

’ /

are scalar fields. Hence, A, , = A”, , and (A~')' = (A7")", . Then, calculating the
I'“g, in the basis {e,“}, we have

(), = —A7ve (v, = 3,)[ (A7) 4]

=—8"e,%(V,—,)e' s = (T%,).. (4.22)

sTr

Now let us note that the I'* py are not tensor fields. When coordinates are transformed,
these coefficients change as follows:

’

T gy = x ,axﬁ,ﬁfxy,y,l"“ﬁy + x“ ’pxp’B’v“ (4.23)

However, the antisymmetric part

a def
0%, =Ty (4.24)

1S a tensor, since x”,[ﬁ/y,] = 0. It is called the torsion tensor.
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4.5 The explicit formula for the covariant derivative of tensor density fields

In order to obtain an explicit formula for the covariant derivative, we need to know two
other properties of the connection coefficients:

(I) Faﬁy = eSB (V’)’ - a,y)exa, (4.25)

(I  V.(e”) =we" 'V,e. (4.26)

The verification of (I) is easy. To verify (I), consider the quantity

def

F,(w)=e¢"V,(e"). (4.27)

Using the postulated properties of the covariant derivative, we obtain
Fo(wy +w,) = F(w)) + Fo(w,). (4.28)
Every continuous function that has the property f(w, +w,) = f(w;) + f(w,) for all real
w, and w, also has the property f(w) = f(1)w. Hence ¢™* V,(e*) = we~! V,e, which is

equivalent to (4.26).
Equation (4.26) holds also for partial derivatives, so

e_w(Vy — 8y) (ew) = we™! (Vy — 37)6. (4.29)
Now, using Egs. (3.38) and (3.42), we obtain
(Vy — 07)6 =ee", (Vy — By)ean"” =el”,. (4.30)

At this point, we can derive the formula for the covariant derivative of an arbitrary
tensor density field. Let us convert the tensor density field to the set of scalar fields given
by (4.18). Axiom 3 implies then

(V,—a,)T, ", =0. (4.31)
On the other hand, using (4.18) and axiom 2, we obtain

_ ap-Qg —wrp a4 ar Bi B
(Vy By)Tb]mb’ =—we TP e, e e, e, T

k
—w ap _ a; ay B B Q-
+e Y e, (V=) e, e e, P e, P T
i=1

+e Yy e, ...e%, e, . (V,—0,) € - ce Pt

1--Bi

+e e, et e, e, P (V,—0,) Ty 5" (4.32)
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Now we convert this back to coordinate components, by contracting
ee, " ...e, ey ...e", and using Eqs. (4.19) and (4.25):

(&3

P al Qg a; ‘11 /1, Qg 011 Qe
0=wl?,,Tg g ZF o T +ZF R

+(V _a) al ;;’k

From this, finally

Qp.Qp Q... ay...0p a; 011 P,
VvTﬁl Bi avTB -Bi +wl” vaﬁl +ZF piY Bl Bi

011 O
_ZF’ Bjv B14.4p/.4.ﬁ1

The following special cases of (4.34) occur frequently:
Aa\v = Aa’v + Favap
aly = Gay = TP oy,
TQBW = Taﬁ’v +1%, T + FBPVTQP;
Taﬁw a —I° avaB I’ By ap’

TaBW = TaB,v + Fapy TPg— FPBVTap'

it with

(4.33)

(4.34)

(4.35)
(4.36)
(4.37)
(4.38)
(4.39)

Note that, unlike the partial derivative, the covariant derivative does not act on single
components of tensor densities. It is an operator that acts on the whole tensor density and

produces another tensor density.

4.6 Exercises

1. What is the condition for the ‘covariant rotation” T, g of a covariant vector field 7, to coincide

with the ordinary rotation T, g?

2. Let g,5 = 8(op) be a doubly covariant tensor that is nonsingular, i.e. det”gaﬁ H #0. Let g*# be

its inverse matrix, i.e.
ap _ Sa
88,5 = 0.

Show that the object defined as

«a 1
{ﬁy} = Egap(gﬁpn/ + 8y~ gﬁ%p)

transforms under coordinate transformations by the same law as the coefficients of affine

connection. What is the torsion in this case?
3. Verify that (4.28) implies F,(w) = wF,(1).
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Parallel transport and geodesic lines

5.1 Parallel transport

Let a curve C be given in a manifold with affine connection, and let v be a field of
vectors along the curve, C > x — v¥(x). In a Euclidean space, in Cartesian coordinates,
the vectors v(x) are parallel when

dv®  ® dxP

=0 (5.1)

O T abar

where 7 is a parameter along C, while x“(7) are coordinates of a point on C. Then, for
two points on C corresponding to 7, and 7,,

v (r)=v°(7,) (5:2)

(the asterisk means that the equation holds only in some coordinate systems; for example,
(5.2) does not hold in polar coordinates on a plane). We will generalise the definition
of parallelism so that it does not depend on the coordinates. The following definition
suggests itself:

Dv? et dx?

—_— V ”Ua —_——= 0, 53

o= W) oo (53)
which is at the same time the definition of a covariant derivative along a curve. Using
(4.35), we obtain from this

o dx? o dxf
v ’PF—FI‘U’PU E =0 (54)
This can be written equivalently as
dv® dx?
=T v —. 5.5
dr op? dr (5:3)

Thus, the vector v* (7,), while being parallely transported from the point x*(7,) to the
point x“(7,), changes in the following way:

x(73)
v (1) =v* (1) — /X(Tl) Iy, (x)v” (x)dx”. (5.6)

33
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The expression under the integral may not be a perfect differential. Then, the result of
integration will depend on the curve C. Thus, in general, for the parallel transport so
defined the result depends on the path of transport, and for parallel transport along a
closed curve

4 () S (1)~ f T (9w () o dr e (). 57)
C

The conditions under which parallel transport is independent of the path, i.e. under which
(5.7) does not occur, will be given in Section 6.3.

The parallel transport of an arbitrary tensor density field Tg}“f_‘;k is defined analogously
to (5.3):
dx?

D ..o ..o
ETﬁlmﬁf = TB,A.AB,ﬁpE =0. (5.8)

5.2 Geodesic lines

A geodesic line is a curve G whose tangent vector v* = dx“/dr, after being parallely
transported along it from x* € G to x*(7) € G, is collinear with the tangent vector that is
defined at x(7). Hence

(] =MD (), (5.9)

or, according to (5.6),

@, =0 (m) - fG ;'Ol"gp(t)/\(t)v”(t)vp(t)dt = A(P)* (7). (5.10)

An example is a straight line in a Euclidean space. In that case, the integral in (5.10) is

zero and, if the length of arc is chosen as the parameter T, A(1) = 1. A geodesic line is

a generalisation of the notion of a straight line to any manifold with affine connection.
Let us differentiate (5.10) by 7. Since v* = dx*/dr, the result is

d2x® dx” dx? dA dx©
AM—+T0()—— | =—F— . 5.11
<d72 + "p(T) dr dT) dr dr ( )
Now let us change the parameter as follows:
dof [T C
T— 5(7) = —dt, 5.12
CEY (5.12)
where ¢ and 7, are arbitrary constants. Then, Eq. (5.11) becomes
d?x® dx? dx”
re (s)———=0, 5.13
ds? +15() ds ds (5:13)

or, equivalently,

D /dx®
— =0. 5.14
Ds ( ds ) (514
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The form (5.13) of the geodesic equation is privileged in that, in the parametrisation
(5.12), the tangent vector transported parallely along the geodesic is not only collinear
with the locally defined tangent vector, but coincides with it. The parameter s that has
this property exists for any A(7) such that A(7) # 0 for every 7, and it is called the affine
parameter. It is defined up to the linear transformations

s =as+b, a, b = constant. (5.15)
Equation (5.13) allows us to prove the following theorem:

Theorem 5.1 In a manifold M,, with an affine connection, for every point x and for
every vector v tangent to M, at x, there exists a geodesic line passing through x that is
tangent to v.

This is so because a solution of a second-order differential equation is uniquely deter-
mined by its value at one point and its first derivative at that point.

However, two points of a manifold with affine connection cannot always be connected
by one and only one geodesic. A geodesic joining two points may not exist in a non-
connected manifold, like a two-sheeted hyperboloid. On the other hand, any two points
on the surface of a cylinder (where the geodesic lines are straight lines, circles and screw-
lines) can be connected by an infinite number of geodesics. (Just imagine a screw-line
that connects two points p and q by the shortest arc, then another one that runs one extra
time around the cylinder between p and q, then another one that runs two times around
the cylinder, and so on.)

Note that only the symmetric part of the connection gives a nonzero contribution to
the geodesic equation.

5.3 Exercises

1. Consider a vector on a Euclidean plane being transported parallely along a straight line. Find
how its components change when they are given in polar coordinates.

2. Do the same for a vector in a 3-dimensional Euclidean space when its components are given
in spherical coordinates. From the result, read out the connection coefficients of the Euclidean
space in spherical coordinates.
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The curvature of a manifold; flat manifolds

6.1 The commutator of second covariant derivatives

The covariant derivative was introduced in order that derivatives of tensor densities are

still tensor densities. This advantage has a few inconvenient consequences. One of these

we already know: parallel transport defined via covariant differentiation depends on the

path. Another one will appear now: the second covariant derivatives do not commute.
For a proper scalar field (with weight w = 0) we have

(VBV’Y - V’yV(S) T = Vﬁ (T”}/) - V’)’ (T’S) = _ZprﬁT’p . (6.1)

Hence, the second covariant derivatives of a scalar field commute only in torsion-free
manifolds.
For a scalar density field of weight w we have

(VsV,—V,V,) T = (vﬁ) oFwl? VT —T7 v T
— (VT ) oy —wl*, T+ 175, %, T
=w(l*,,;—I7,; )T —20° V,T. (6.2)

Let us leave this formula without comment for a while and let us note the analogous
result for a covariant vector field:

(V5VY - V7V5) T = — (FPB%B - Fpﬁﬁgv) T,
+ (I"JMF‘TBE — I‘pgﬁraﬁy) T,—2Q° 5Tg,- (6.3)

Now let us define

def
BaBVS =~ Faﬁ%ﬁ + Faﬁ&v + FaUVFUB5 - Fatﬂsl—wﬁv

= =215 + 2001, T pgra)- (64)

The quantity B%,, is called the curvature tensor. In order to see that it is indeed a
tensor, note that the left-hand side of (6.3) is a tensor by definition. The quantities Q7 ;
and TB‘U are tensors, too, hence the last term on the right-hand side is a tensor. It follows
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that BPBysTp is a tensor. Now, since TP is an arbitrary covariant vector, B g 5 must be a
tensor itself. (This can also be verified using (6.4) and (4.23).)
Now let us observe that

Y
B pys =

=7 s+ 17 5 (6.5)
Hence, Eq. (6.2) can be rewritten as follows
(VsV, =V, V) T =—wB’, ;T —20° ;T,,. (6.6)

Thus, the same curvature tensor determines also the commutator of the covariant deriva-
tives of a scalar density field.
Finally, for the commutator acting on a contravariant vector field

(V5V7 - V,yvts) Ta == _Bap,yan - ZQU,yaTala.. (6.7)

It can be verified that the commutator of covariant derivatives acts on the tensor product
of two tensor density fields in the following way:

(VsV, =V, V5) (T, ®T,)
- [(VBVy - V}/VS) T]] ® Tz + Tl ® [(Vav.y - V,),VB) Tz] (68)

(the weights and indices of T and 7, are irrelevant here). Thus, the operator (V;V, —V, V;)
has the property of an ordinary differentiation. Then, an arbitrary tensor density field of
type [w, k, [] behaves under covariant differentiation like a tensor product of a single
scalar density of weight w, k contravariant vectors and [/ covariant vectors — see (4.34).
Hence, we can guess the formula for the commutator of second covariant derivatives
acting on an arbitrary tensor density field:

(V&V -V VB) _prp,ysTal ok ZB ply(sTa] Pk

Bﬁl_

!
0/ Q... Qy...0p
+ZIB/BN5T pj-Bi —20¢ LIS

=

(6.9)

(This can be formally derived by projecting Tg] lﬂ'f/;a,k on the basis fields and calculating the
commutator for the projection in two ways.) Equation (6.9) is called the Ricci formula.
Let us note, from (6.4), that

BaB'yS == Baﬁ[yg]. (610)

We will see in Section 7.9 that the name ‘curvature tensor’ evokes the right associations.
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6.2 The commutator of directional covariant derivatives

Let k* and [* be two linearly independent contravariant vector fields determined on a
manifold with affine connection, M,,. Let us calculate, for an arbitrary tensor density
field, the commutator of second directional covariant derivatives along k and [/, thus

[Vi. Vil T Ty a‘ o =K'V, (lprTgl“'_:ﬁ""k) — "V, ("’JVPTE“,'A‘}[E,")
= (0, =) Ty, — 2RO T,
+ k1P (V,V, = V,V,) Tg' 5. (6.11)
The quantity
[k P S R0 =1k, (6.12)

is called the commutator of k£ and /. It is a tensor field, since
[k, l]pEk“l”lﬂ—l‘*k”m—ZQ”Myk”l". (6.13)

The second term in the last part of Eq. (6.11) cancels the term with torsion that will
appear from (6.9). In the end, we obtain

[V VI T5 e = [k, [P T3 LT
YT S B T (614)

j=1

Suppose in addition that [k, /]* = 0. This is a necessary and sufficient condition for the
existence of coordinates adapted simultaneously to both k and /, call them 7 and 7°:

ax“ ax“
k* = , = —, 6.15
are orb ( )
so that, if 7@ and 7% are chosen as two of the coordinates, then, with x'! = 7% and

x? =1°, we have kK'“ = 8%, 1" = §%. (For the proof see Exercise 2.) For such fields,

(6.14) simplifies further to

v
ox¥ Ox* o«

(Ve Vo 1 T3, = —wB a2 T,

B =

i=1

ax” dxt a a; o -Pi T
+57b Jare <_ZB PiviL Bll B k+ZBJl3 v B]l-»-P‘f-ﬁl)' (6.16)
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6.3 The relation between curvature and parallel transport

Q..o

By definition, a tensor density field T,'"; " is parallely transported along a curve x*(7)
when (5.8) holds. This is a linear homogeneous set of first-order differential equations
with respect to the functions T“‘ ak (T) As is well known, the solutions of such equations
are linear functions of the 1n1t1a1 condltlons Let the initial values of TD‘l “k(T) be given
at 7 = 0. Then the solution of (5.8) can be represented as

To el (=Pl ol (DTS 3(0), (6.17)
where P! zk (7) is a linear operator that maps the initial value Ta‘ a‘ (O) into the

running value T“‘ ak(T) It has two sets of indices, those with a bar correspond to the
initial point x“(O) those without a bar correspond to the running point x“(7). We will
call it the propagator of parallel transport. It depends on the two points and, apart
from exceptional cases, on the curve along which the transport occurs. It transforms like

@y

a tensor density at the point x*(7), with the indices g, g » multiplied in the sense of a

aj.. ozA

tensor product by a tensor density at the point x*(0), with the indices -"2*. Such an

object is called a bi-tensor. In consequence of (5.8), the parallel propagatorAmust obey
D oo BB
. lam ps (D=0, (6.18)
and, in consequence of (6.17), it must obey the initial condition

Po- BeBi(0) = 850 .. 508y ... 8. (6.19)

..

In Eq. (6.18), the covariant differentiation applies only to the indices without a bar because
the initial point does not depend on T.

We will give a special name to the propagator of parallel transport along a closed
curve. Let 0 < 7 <1 be a parameter on a closed curve and let x*(0) = x*(1) be its
beginning—end point. We denote

Pﬂmﬂ (1) a] oy BIWB,' (620)

@0 vq @ BB

In the symbol S+ all the indices refer to the point x*(0) = x*(1), hence S~ is an

ordinary tensor density field of type [w, k+ 1, k+1].
Now let us define elementary propagators: P,, to transport scalar densities, P2, to

transport contravariant vectors, and Pg , to transport covariant vectors. All of them obey
(6.18) and the initial conditions

P,0)=1,  P20)=8%  P5(0)=35. (6.21)
The following equation holds:
a...q By (] o pB1 B
Pew Bl ’l P Pg ... P Pg ... Py (6.22)

(because both its sides obey the same set of differential equations (6.18) and the same
set of initial conditions (6.19)).
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Similarly, the general propagator of transport along a closed curve, S, is just the
tensor product of elementary propagators

e BB g, so L Sesh L Sh. (6.23)

ar..a; BB w Oy

Hence, in order to investigate the properties of general propagators, it suffices to deal
with the elementary propagators.

Let us consider parallel transport along a curve x*(7) from the point x*(0) to an
arbitrary point x%(7), of the following scalar field:

V (DW(7) = Pf(T)P%(T) Vz(0) WE(O). (6.24)

Let us take, for the beginning, the special case when the above scalar is constant along
the whole curve. Then

V (IW*(1) = Vo(0)W¥(0) = S%VE(O) Ww#(0). (6.25)
Comparing this with the previous equation, we see that
(Pj(T)Pg(T) - sg) V_(0)WF(0) = 0. (6.26)
However, the vectors V,,(0) and WA (0) are arbitrary, so
Pf(T)Pg(T) = 8%. (6.27)
Now let us contract this equation with PE(’T) Vz(0). The result is
(ngf— 55) PE(r)V,4(0) = (ngf . af;) V(1) =0. (6.28)
Since V,(7) is an arbitrary vector, we have as a consequence
P3PE = 55. (6.29)

Equations (6.27) and (6.29) show that the operators P% and Pg are inverse to each other:

Pg is not only the propagator of parallel transport of a contravariant vector from x*(0) to
x*(7), but at the same time also the propagator of parallel transport of a covariant vector
from x%(7) to x*(0) along the same curve. A similar duality exists for PZ.

In consequence of (6.27) and (6.29), the following also hold:

SeSp=85 SIS =48, (6.30)

Therefore we shall consider only the propagators P,, S,, Pg and Sg, because P% and S%
are algebraically determined by the first four.
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Equation (6.18) for P,(7) becomes

dP dx”
—= r» —pP =0. 6.31
dr T 0 dr " (6.31)

With the initial condition P, (0) = 1, this has the following solution:

w

P, (7) = exp (—w / ' rgc,(r)ddi:(z)dt) . (6.32)
Hence
S, = exp <—w7€ Fﬁg(x)dx”) . (6.33)

Now let us assume that the loop C can be contracted to a point (this assumption will be
made in all that follows). Then we can use the Stokes theorem and express the integral
along C through the integral over an arbitrary 2-surface leaf S spanned on C:

1
fc I’ (x)dx” = — /S s Ade = 5 fs Brada? Ad. (6.34)

pys

Hence, in (6.33)
1 8
S, = exp <—§w /S B > : (6.35)

where d,x denotes the surface element dx? A dx°.

To solve (6.18) for Pg , we span a 2-surface leaf S on the loop C, and then we embed
C in a one-parameter family of loops C(€) so that C(0) = x*(0) = x*(1) is the single
initial/final point of C, and C(1) = C (see Fig. 6.1). Points on S will be labelled by 7
and e, in such a way that x*(0, €) = x*(1, €) and x“(7,, 0) = x%(7,, 0) for all 7, and 7,.

Fig. 6.1. Embedding a loop in a one-parameter family of loops. The thicker line is the loop along
which we consider the parallel transport. It corresponds to the parameter value € = 1. As € goes
down to O through all the values in [0, 1], the loop becomes shorter and, in the limit € — 0,
degenerates to the single point where all the loops are tangent. The loops in this figure are ellipses
given by the parametric equations x = ea[l — cos(27t)], y = eb sin(2t).
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Then, the surface element under the integral is
s ax” 9x®  IxY ax°®
dx" Adx® = — — — — — |d7de, (6.36)

so, for an arbitrary function F(7, €),

dax” d ax” a
/ F(r, €)dx? Adx® —/ dT/ de F(r, €) ii _drox (6.37)
de de Ot
Along each loop C(€) the propagator PE(’T, €) is defined by the equation
D —
B —
a_TP'B(T’ E)?O, (638)
with the initial condition
PE(0,€) =85 (6.39)
We also have
Sh(e)=Ph(1, €) (6.40)

(note that Sg in general depends on the curve, i.e. is a function of €).
On the leaf S we can consider also the covariant derivatives by the parameter € (i.e.
along the curves given by 7 = constant). We have

D 3 d 3
aSﬁﬁ(e) = £S£(e) (6.41)

because under a transformation of the parameter € the propagator Sg(e) transforms like
a scalar (by substitution only).
Now let us use (6.16) to calculate the commutator of the second covariant derivatives
by 7 and € acting on the propagator Pg(r, €):
DD DD\ 3 dx” 9x®
_____ PP T,€)=——RB" P T, € 6.42
<8736 (9637) p(1€) = 5 G Blow (7. ). (642)
But the second term on the left-hand side is zero by virtue of (6.38). Knowing this, we
contract (6.42) with Pg. Using (6.38) again, we obtain

— b
(%_ <P§(’T, e)%Pg(T, e)) = %%B ByaPﬁ(T, €)PE(1, €). (6.43)
The expression in parentheses on the left-hand side is a scalar with respect to the non-
barred indices. For covariant differentiation with respect to 7 those quantities that carry
only barred indices are scalars (the barred indices refer to the initial points of curves,
where 7 = 0). Hence, the covariant derivative by 7 on the left-hand side of (6.43) reduces
to the partial derivative by 7. Then, we integrate the resulting equation by 7 from O to 1,
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we make use of (6.39), of the covariant constancy of SE (axiom 4 of the covariant
derivative) and of (6.40). The result is

dx” 9x0 _
S'B(e)—S‘G(e) 75 dTi—BPByan(T, €)PE(, €). (6.44)

Now we contract both sides of the above equation with S%, we make use of (6.41) and
integrate the result by € from O to 1, obtaining

_ y g
= / de?g dT 07 ox BySPB(T E)PB(T €)S%(€)
= 5/ BPBY5P§(T’ €)P§(T, e)Sf(E)dzxy‘S. (6.45)
Sc

Now it is seen that, if Bz 5 =0, then Saﬁ = BE — the parallel transport of an arbitrary
covariant vector along an arbitrary loop that can be contracted to a point reproduces the
initial vector. In consequence of (6.30), the same is true for an arbitrary contravariant
vector and, in consequence of (6.35), for any scalar density. Then, in consequence of
(6.23), with B*,; = 0, any tensor density will return to its initial value when transported
around any loop that can be contracted to a point.

The converse theorem also holds: if the parallel transport reproduces the initial tensor
density for every closed loop that can be contracted to a point, then B*g 5 = 0. This is
because the integral in (6.45) is then zero for any arbitrary surface leaf S.. We have thus

Theorem 6.1 Parallel transport along any closed loop that can be contracted to a point
reproduces the initial value of every tensor density if and only if the curvature tensor is
zero.

This is at the same time a necessary and sufficient condition for the parallel transport
to be independent of the path.
The manifolds for which B4, ; = 0 are called flat.

6.4 Covariantly constant fields of vector bases

Suppose that a set of n vector fields exists on a manifold M,, such that at every point of
M, the vectors defined by these fields are linearly independent, and, moreover, all the
fields are covariantly constant: e“up =0,a=1,...,n. Then we have

a

0= eaa‘,y(s — eaa‘a,y = Bap,y(sepa. (646)

Contracting both sides of this with e“; we obtain B“5,; = 0 — the necessary condition
for the existence of such a field of bases. We will show that this is a sufficient condition,
too. Assume that B%g,; = 0. Then the result of parallel transport does not depend on
the path. Hence, with a fixed initial point and fixed initial data at that point, this is a
well-defined operation with a unique result at any other point of the manifold. Choose
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then an arbitrary point x, € M,,, and in the tangent space to M, at x, choose an arbitrary
basis of vectors e“,(x,). Then define bases in spaces tangent to M,, at other points as sets
of vectors obtained from e”,(x,) by parallel transport. Such a set of vector fields will be
covariantly constant on M,,.

The field of bases e?,, dual to e“,, is then also covariantly constant. Choosing such
bases to calculate the connection coefficients we obtain

g, =e €', =—e'ge . (6.47)

6.5 A torsion-free flat manifold

If a manifold is not only flat, but also torsion-free, then, for a covariantly constant field
of bases, we obtain from (6.47):

0=—e“ (e‘rﬁ’y — e‘Y%ﬁ) . (6.48)

Contracting this with e“, we obtain e’z | —e“, 5 =0. This equation implies that, in a neigh-
a

bourhood of every point of the manifold, a set of scalar functions ¢“(x) exists such that
ey = d°, g 4= 1,...,n. Since we assumed that the vectors e“, are linearly indepen-
dent at every point, i.e. det||e,|| # 0, this now implies 9 (¢!, ..., ¢")/d (x', ..., x") #0.
This means that the connection between the functions {¢“},_, , and the coordinates
{x*} is unique and thus reversible, so the functions {¢*} can be chosen as new coordi-
nates. Then, let x¥(x) = ¢%(x). In these coordinates, ¢’ = ¢, = dp?/dp* = &, and
e, =d¢p* /a¢p* = 8. Hence, in (6.47) we have Fa/ﬁ’v’ =0.

In a flat torsion-free manifold one can thus choose such coordinates in which the
connection coefficients are zero. In these coordinates, the covariant derivatives reduce to
ordinary partial derivatives; we shall call these coordinates Cartesian. A special case (but
not the only one) of a flat torsion-free manifold is a Euclidean space (of any dimension).

6.6 Parallel transport in a flat manifold

Since the parallel transport in a flat manifold does not depend on the path, the propagators
of parallel transport are functions that depend only on the initial point X and on the final
point x, but not on the curve that is chosen to join X to x. For covariantly constant fields
of bases {¢,*} and {e”,} we then have

e(x)
=[5
These equations follow because their right-hand sides obey the differential equations for
propagators and the corresponding initial conditions.

If the manifold is torsion-free in addition, then e*, are gradients of scalar functions.
Choosing these functions as new coordinates we obtain

]w, P= e ()L (F),  PPy=ep(0ef(®).  (6.49)

P,(x,T)=1, P =08%  PPy=5,F (6.50)
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Thus, in a flat torsion-free manifold, in Cartesian coordinates, a vector that is transported
parallely has the same components at every point and the point to which the vector is
attached becomes irrelevant.

6.7 Geodesic deviation

As we will see in Section 12.3, the inertial forces that act on a body moving along a
geodesic exactly cancel the gravitational forces. On the other hand, the geodesic lines are
the only curves privileged by the geometry of a manifold with connection, hence only
they can be used as a privileged reference system. Since a gravitational field cannot be
detected on a geodesic, one can only observe neighbouring geodesics from the given one
and draw conclusions about the gravitational field on the basis of those observations.
The vector field of geodesic deviation is a measure of the position of a particle on a
neighbouring geodesic with respect to a particle on a given geodesic.

Let U C M, be an open subset of the manifold M, with connection. Choose in U a
one-parameter family of geodesics labelled by the parameter €. Let € = 0 correspond to
that geodesic from which we will be observing the neighbourhood. Every point on any
of the geodesics of the family may be identified by the values of the parameter € (whose
value identifies the geodesic) and the affine parameter s on that geodesic, x*|; = x*(s, €).
The geodesic deviation is the vector field

def 0X%

dx*(s) = e (6.51)

e=0

defined along our geodesic € = 0. We shall find how the deviation changes as we move
down this geodesic. Since the set {x*(s, €)} with fixed € and changing s is a geodesic,
the following is true:

D dx“
_— — =0. 6.52
ds as €e=const ( )
Then, from (5.8),
DD DD dx® axP dxt ax”
————— = g T 6.53
(ds de de ds) ds PRV 9s  ds de (653)

But, by virtue of (6.52), the second term on the left-hand side is zero. Now note that

D dx* 9 x® e IxP Ix°
de ds ~ deds P7 3s e
_ 9 x® o 0x7 OxP . OxP Ox7
T 9sde % Je ds P7 9s de
D 9x* AxP Ix”
2% hqe X (6.54)

T ds de P95 de
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Making use of (6.54) in (6.52) we obtain
D? 9x© dx” D ( N 8x”> oo OxPOxk Ox”

SR, Yot = === 6.55
ds? 66+ ds ds P 9e PEY 95 ds Oe (6.55)
Denoting k* = dx®/ds (the vector field tangent to the geodesic) and dx* as in (6.51), then
substituting € = 0 in the above, we finally obtain

D2 (43 D o a (e v
10X+ 2K (Q°,8x7) — B, KKBx" = 0. (6.56)

This is the geodesic deviation equation. It is useful in experimental tests of general
relativity, since it allows one (in principle — in practice this is difficult) to calculate
the curvature by measuring relative displacements of bodies moving along neighbouring
geodesics.

In a flat torsion-free manifold and in the Cartesian coordinates, Eq. (6.56) simplifies
to d? (3x%) /ds* =0, so its solution is dx* = A%s+ B%, where A% and B% are constant
vectors. From (6.51) then, the position of the point under observation, x*(s, €,), relative
to the corresponding point x*(s, 0) of the geodesic € = 0 is given by

x%(s, €5) = x*(s,0) + €,0x". (6.57)

Hence, in a flat torsion-free manifold two neighbouring geodesics either diverge or
converge with a constant velocity, or remain parallel (when A* = 0). In curved mani-
folds and in manifolds with torsion, solutions of the geodesic deviation equation are
more complicated. (Actually, it is rarely possible to find the solution explicitly. Usually,
solutions are found numerically or by perturbations.)

Note that the form of (6.54) does not change when the parameter € is transformed
by € = €(€’). The derivatives de’/de are constant along geodesics (because € itself is
constant), hence the factor de’'/de will cancel in (6.56). Changing the parametrisation
means merely choosing a different basis in the space of solutions of Eq. (6.56).

6.8 Algebraic and differential identities obeyed by the curvature tensor

The curvature tensor obeys two other important sets of identities, in addition to (6.10).
Let us calculate

43 1 Yy a 1 0} a [+ v
B 551 = 379896 B pow = 379870 (=21 1 + 20040 T )
1 T} o e} v 1 [y o o 14
= gﬁgvg (_F pop T 16T P/-’-) = 552.,5 (_Q pon T80 P/-’-)
1 O} a o v v o1 v a [+ v
= §SZVI§ (_Q poln T Y e =17, 0%, =17, 0%, +T%,,Q PP«)’

(6.58)

(We used the fact that in the contraction over three indices with the antisymmetric 82‘;’5‘
the antisymmetrisation with respect to 8y8 occurs automatically, and we expressed the
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partial derivative of %, through the corresponding covariant derivative.) Now let us
note that the last term is equal to the second with an opposite sign. Thus

1

B gy = 30556 (=00 —2Q200",)
== _29(1[,37‘5] - 4Qav[yQVBS] . (659)

The curvature tensor obeys also the following set of differential identities:
B grysie = =207 1,5 B% g (6.60)

called the Bianchi identities. For their derivation see Exercise 3.

Recall that the curvature tensor arose by calculating the commutator of covariant
derivatives. Commutators of linear operators obey the well-known Jacobi identity. The
Bianchi identities arise from the commutators of covariant derivatives in the same way
as the Jacobi identity arises from commutators of linear operators.

The Bianchi identities are important for the physical interpretation of relativity. They
ensure that equations of motion of material media follow from the field equations and
need not be postulated separately.

6.9 Exercises

1. Observe that coordinates can always be adapted to one vector field k* so that, in the new
coordinates, k% = 6%,.

2. Using the result of the previous exercise show that coordinates can be simultaneously adapted
to two vector fields k* and [* so that k' = 8¢ and I'* = 85 if and only if the two vector fields
commute, [k, /]* = 0. It follows that, if i vector fields all commute, then coordinates can be
adapted simultaneously to all of them.

Hint. To show that this is sufficient, adapt the coordinates to k*, then find the transformations
of coordinates that preserve the property K'“ = 8¢, and, using only these transformations, try to
adapt the coordinates to /.

3. Derive the Bianchi identities (6.60).

Hint. Use Kronecker 3-deltas to calculate antisymmetrisations, in the same way in which they
were used in deriving (6.59).
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Riemannian geometry

The most detailed sources for the subject of this chapter are Eisenhart (1940),
a thorough presentation of differential geometry of curves and 2-dimensional surfaces
in a Euclidean space, and Eisenhart (1964), a textbook on Riemannian geometry in n
dimensions.

7.1 The metric tensor

Up to here, we have dealt with manifolds on which the only additional object were the
affine connection coefficients. That structure allowed us to define the parallel transport
and thereby to compare directions of vectors attached to different points. However, we
could not calculate distances between points or angles between vectors.

Now we will add a new object that will allow for that — a symmetric second-rank
covariant tensor, g,5 = g(4p)- called the metric tensor. Using it, we can define the metric
form, also called the metric:

ds’ = 8ap dx*dx”. (7.1)

This expression (a scalar) in fact makes sense only under an integral. The length of arc
of a curve x*(A) between the points x*(A,) and x*(A,) is

Ay Al
by, = [ ds=
Ao A

0

dx dxB |'?
gaﬁ (/\)H a dA. (72)

However, (7.1) is a convenient shorthand notation. (We take the absolute value above
because the form need not be positive-definite. We will explain later the meaning of
8ap dxedx? <0.)

An example of a manifold with a metric tensor is a Euclidean space (of arbitrary
dimension). Its metric tensor in rectangular Cartesian coordinates is the unit matrix, and
its metric form is

a5’ = (@)’ + ([4¥) + -+ (@) (13)

48
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7.2 Riemann spaces

It is logical to require that a vector k*(A,) (attached to the point on the curve x“(A) given
by A = A,), when parallely transported along that curve in the affine parametrisation,
preserve its length. What condition does such a requirement impose on the metric tensor?

Let A = s be an affine parameter. The length of the vector k“(s), parallely transported

along the curve x*(A), will not change when
d D Dg
0= — (gupkkP) = == (gupkkF) = —L kP 7.4
ds (gaﬁ ) ds (gaﬁ ) ds ( )

(see (5.3)). If this equation is to hold for every vector field k¢, then
Dg, dxP
0= —Sap _ ¥

—_— . 7.5
ds ds Saplp (75)
Now, this should hold for every curve, which implies in the end
gaBIP = 0, (76)
or, explicitly,
gaﬁ,p - Faapgzrﬁ - Fgﬁpgao— =0. (77)

Those manifolds, on which a metric tensor obeying (7.6) is defined, and on which in
addition

O, =0=T%, =T, (7.8)

are called Riemann spaces. For brevity, we shall use the same name also for those
manifolds on which the metric tensor is not positive-definite, although this does not agree
with the habit of mathematicians. In mathematics, those manifolds for which g, is not
positive-definite are called pseudo-Riemannian in general, and sometimes have special
names, e.g. the metric used in relativity (both special and general) is called Lorentzian.
We prefer the name ‘Riemann’ or ‘Riemannian’ because the statements we will make
apply to the proper Riemannian as well as to pseudo-Riemannian geometries. In order to
be perfectly precise, we would thus have to say ‘Riemannian and pseudo-Riemannian’
every time.

The Riemann spaces are the mathematical basis of relativity. Manifolds with a metric
tensor and with torsion are sometimes considered. However, torsion could not so far
be connected with any observable effects. Since this exposition is concentrated on the
physical aspects of relativity, we shall always keep the assumption (7.8).

7.3 The signature of a metric, degenerate metrics

The expressions g, dx*dx? and gaﬁk“kﬁ are quadratic forms. A coordinate transformation
{x} — {x'} changes the form g,zk“k? to g, 5k kP, where k* = x*, k* and g, =
X%, xP, 58aqp- Let X denote the matrix ||x0‘/,a , let g denote the matrix || 8ap H and let k
denote the vector k. In the terminology of quadratic forms, the transition k — k' = Xk,
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g—> g = (X ‘I)T gX~!, corresponding to the coordinate transformation k* — k<, 8ap —>
8w p 1s called a transformation of the basis. For matrices of quadratic forms, the Sylvester
theorem on the inertia of forms holds. It says that, whatever method is used to diagonalise
a real symmetric matrix, the numbers of diagonal elements that are positive, zero and
negative are always the same. This set of positive, negative and zero values is denoted
by the symbol

(+, b=y =, 0, -, 0), (7.9)
R e
ny times n, times ny times

where n, is the number of positive elements, 7, is the number of negative elements and
ny is the number of zero elements, n, +n, +n, = n = dim V,,. The symbol (7.9), called
the signature of the metric tensor, is a basis-independent characteristic property of every
matrix, and so is a coordinate-independent characteristic of a point of a Riemann space V,,.

When n; > 0, the metric is called degenerate. When n, = n, = 0, the metric is positive-
definite.

In relativity, a 4-dimensional Riemann space is used, with the signature (+———) or
(—+++) or (+++—), depending on the convention (in this text, the signature will
always be (+— ——)). Since such a metric is not positive-definite, the Riemann spaces
of relativity are not metric spaces. If the distance d(x, y) between the points x € V,, and
y €V, is defined by the integral (7.2) along any curve (e.g. a geodesic), then d(x,y) =0
does not imply x = y; the integral can vanish also for such pairs of points that do not
coincide. The geometrical and physical meaning of its being zero will be explained later.

Coordinate transformations preserve the signature of the metric tensor at each single
point. No theorem guarantees that the signature must be the same at different points
of the manifold. However, a region with a signature different from (4+— ——) would
have no physical interpretation. Usually, the subset on which the signature changes to an
unphysical one is, in one sense or another, an ‘edge’ of the manifold or of the allowed
coordinate patch. However, transitions of the type (+ — ——) — (—+ ——) do occur, in
which two coordinates interchange their roles and another becomes the privileged one.
This happens, for example, at the horizon of a black hole (see Section 14.11).

For a degenerate metric, its determinant is zero and the inverse matrix to g,z does not
exist. With such a metric, the mapping k% — gaﬁkﬁ is analogous to projecting a vector on
a subspace of lower dimension, so no inverse mapping exists. For nondegenerate metrics,
the matrix inverse to g,z does exist, and is denoted g%#. It obeys the equation g*° 8op=106%.
Thus, in a Riemann space with a nondegenerate metric, for every contravariant vector k*
there exists the corresponding covariant vector gaﬁkﬁ which is denoted k,, and for every
covariant vector m, there exists the corresponding contravariant vector g“BmB which is
denoted m“. The mapping k% — k, = gaBkB is called lowering the index, the inverse
mapping m, — m® = g“ﬁmﬁ is called raising the index. In such a Riemann space,
we can thus consider contravariant and covariant components of the same vector. In a
general manifold, with no metric defined on it, there is no relation between covariant and
contravariant vectors.
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7.4 Christoffel symbols

Now we shall solve Eq. (7.7) for I, assuming that the metric tensor is nondegenerate.
Let us rewrite (7.7) three times, each time with a different permutation of the indices:

gCYB,p - F(Tapg(TIB - F”Bpgaa = 03 (7.]0)
8pp.a FUBng(rp - Fapozgﬁa- =0, (71 1)
gpot,ﬁ - Fu-pﬁga'a - Foaﬁgpo' =0. (712)

Let us add the last two equations, and subtract the first one from the result. Using (7.8)
and contracting with g”” we obtain

1
[op= 58" (8ap.p +8pp.0 — 8ap.p)- (7.13)

The affine connection coefficients that are built of the metric tensor in this way are called
the Christoffel symbols and are denoted { 3 }.

7.5 The curvature of a Riemann space

The curvature tensor of a Riemann space, built of the Christoffel symbols standing in
place of the connection coefficients, is called the Riemann tensor and denoted R%g, ;.
Since the Riemann spaces are torsion-free, the identities (6.59) and (6.60) for the Riemann
tensor reduce to

Ra[ﬁ’y&] = 0 (7.]4)
and
Raﬁ[‘y@;é] = 0 (7.15)

(note that the covariant derivative in a Riemann space is denoted by a semicolon). The
Riemann tensor obeys one more set of identities. Applying (6.9) and recalling that a
metric is covariantly constant, we obtain

0= gaﬁ;yﬁ - gaB;By = Rpayﬁgp[ﬂ + RpBySgap‘ (7] 6)
This can be written as
REO‘VB +R0‘B'}/3 - O <:> Raﬁyﬁ == R[aﬁ’]yﬁ' (717)

From the above, one more identity can be derived. Equation (7.14), in consequence of
R, gy5 = Rappys)> can be rewritten in the form

RU‘B3’5 + RCW(?B + Raéﬁy =0. (7 1 8)
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Let us rewrite this equation three more times, each time taking a cyclic permutation of
all four indices

RB75a+RB§lX7+RBlX75 = O, (7.19)
R'y&aﬁ + RyaBS + Ryﬁﬁa = 0’ (720)
Rsupy + Rsgya + Rsyap = 0. (7.21)

Now add the first and fourth equation, and subtract the second and third from the result.
Taking into account the antisymmetry in the first pair of indices and in the last pair of
indices, we obtain

RaByB = RyBaB > (722)

which means that the Riemann tensor is symmetric with respect to the interchange of the
first pair of indices with the second.

Since R,g,s is a tensor of rank 4, it has n* components, i.e. 256 in a 4-dimensional
space. However, in consequence of the symmetries, only some of the components
are algebraically independent. Antisymmetry in (¢, 8) provides n(n+ 1)/2 equations
R(ap)ys = 0 for each set (7, 8), which leaves us with at most n* —n*-n(n+1)/2 =
n*-n(n—1)/2 independent components. However, because of the antisymmetry in (v, 5),
we obtain [n(n+1)/2] - [n(n — 1)/2] additional equations R,g,s = 0, which leaves us
with at most [n(n— 1)/2]* independent components. From this, we have to subtract 7 (1)
equations (7.14). This gives finally

[n(n—1)/2] —n <Z> - %nz (n* = 1) (7.23)

independent components, i.e. only 20 when n = 4.

7.6 Flat Riemann spaces

If R*g,5 =0 in a Riemann space, then the results of Section 6.5 apply — one can choose
coordinates so that { .BQV}T 0. This equation is preserved by all linear coordinate trans-
formations. In such coordinates, as seen from (7.7), the metric has constant components.
Then, linear coordinate transformations can be used so that the metric tensor becomes
diagonal and all its diagonal elements are either +1, —1 or 0, thus
n
ds® = D€ (dxi)z,

i=1

where €, =+1,0 or —1.
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7.7 Subspaces of a Riemann space

Let a subspace S,, of a Riemann space V, be given by the parametric equations x* =
fe (1'1, ..., T’”) ,a=1,...,n The metric of the space V, for the pair of points {7} €
S,, and {7{+dt?} €S, is

N ax* axP
8ap dx dxP = 823 dredr’. (7.24)

Hence, g,5(dx/ a7)(9xP /a7*) plays the role of a metric tensor in S,,. We say that the
metric of V, induces the metric in S,, by the formula

Ox® oxP

hay = 8ap 7y 55 (7.25)

In the 3-dimensional Euclidean space, in rectangular Cartesian coordinates, the length of

a curve is
1/2
M dxY fdy) [dz\
I, , = —= — —= d. 7.26
Yo -/;\ [(dA>+(dA)+<dA) (7.26)

Hence, the metric form here is ds®> = dx? 4 dy?> +dz?, and the metric tensor is the
unit matrix. Knowing this, we can use (7.25) to find the metric tensor of an arbitrary
2-dimensional surface in the Euclidean space. For example, for the spherical surface of
radius a, with the centre at x = y = z = (, the parametric equations in spherical coordinates
are:

x = asin ¥ cos @, y = asin ¥ sin ¢, z=acos V. (7.27)
Hence
ds* = dx® +dy* +dz* = a® (d9” +sin’* 9 d¢?) , (7.28)

and the metric tensor of the sphere is the matrix

a 0
h,.|l = . 7.29
Il (O e ﬁ) (7:29)

7.8 Flat Riemann spaces that are globally non-Euclidean

A flat space is not necessarily Euclidean. As an example, take a cylinder of radius a. It
has parametric equations

X =acose, y=asing, 2=z, (7.30)
i.e. z will be used as the second parameter. Hence

dx® +dy* +dz? = a® de? +dz*. (7.31)
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Thus, the metric tensor of a cylinder has constant coefficients in these coordinates, so the
Christoffel symbols will all be zero in the same coordinates, hence, the Riemann tensor
will be zero — in these coordinates, and so, being a tensor, also in all other coordinate
systems. It follows that the surface of a cylinder is flat in the sense of Riemann geometry.
However, it is not Euclidean — because one can travel along a geodesic (one of the circles
that are perpendicular to generators) still in the same direction and yet arrive back at
the starting point in the end. The path of this journey will be a closed curve that is
not continuously contractible to a point. In a Euclidean plane such curves do not exist.
Hence, the metric tensor determines the local geometry, but does not determine the global
topology. Every 2-dimensional subset of a cylinder that is continuously contractible to a
point is isometric to a certain subset of a Euclidean plane.

The surface of an ordinary torus in a Euclidean 3-space has nonzero curvature (see
Exercise 1). But a torus can be flat — provided it is embedded in a 4-dimensional space.
To see this, let us introduce polar coordinates in the plane R?:

X = rcos o, y =rsing.
In these coordinates, the metric form of the plane becomes:
ds22 =dx+ dy2 =drr+r? dgoz,

where, consequently, ¢ € [0, 277], the point (r, ¢) is identical to the point (r, ¢ +27) and
the curves r = constant are circles.
Now take the 4-dimensional Euclidean space with the metric

ds,> = dx? +dy* +dz* +du?

and introduce the polar coordinates in the planes (z = constant, u = constant) and in
the planes (x = constant, y = constant) : x = rcos ¢, y = rsin¢g, z = pcos i, u = psin i,
where ¢ € [0, 2], ¢ € [0,27] and the following points are identical: (7, ¢, p, ) =
(r, @, p, +27) = (r, o+ 27, p, ¥). The curves on which (7, p, ) are constant and the
curves on which (7, ¢, p) are constant are all circles. Now choose the 2-surface given by
r = r, = constant, p = p, = constant. The metric form of this surface is

dSz2 = roz d€02 + Po2 d‘ffz-

This is a flat surface (because the metric tensor has constant coefficients), but it has all
the topological properties of a torus.

7.9 The Riemann curvature versus the normal curvature of a surface

In an n-dimensional Riemann space, the curvature tensor has n*(n? — 1) /12 algebraically
independent components, which makes 1 when n = 2. Hence, the curvature of a
2-dimensional surface is determined by just one function, for example R = g“ﬁR"apB.
This quantity turns out to be equal to the Gauss curvature, whose description is given
below. For the full reasoning see Eisenhart (1940).
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We assume that the reader knows the definition of the curvature of a curve. Now
consider a 2-dimensional surface S and a point p € S, at which we want to calculate the
curvature of S. Draw the straight line L through p that is perpendicular to S, and then
consider an arbitrary plane F containing L. The plane intersects the surface along a curve
C called the normal section of S. Now imagine F being rotated around L, and consider
the curvatures at p of the resulting normal sections. It can happen that all these curvatures
will be equal — this is the case at every point of a sphere, or when L is a symmetry axis
of S. But in general the curvature of C changes when F is rotated, and in the collection of
all curvatures there will be a maximal and a minimal value. (If the point p is nonsingular,
then all the curvatures will be finite.) The Gauss curvature of the surface S at p is the
product of the greatest curvature of C by the smallest curvature. When all curvatures
are equal, the curvature of the surface is the square of the curvature of normal sections.
Knowing this, one can verify that the Gauss curvature is equal to g“ﬁR”apB. This shows
that the name ‘curvature tensor’ evokes the right association.

Now it is seen why the curvature of a cylinder is equal to zero: at any point of the
cylinder one of the normal sections is a straight line whose curvature is zero, while all the
other normal sections have positive curvatures. Hence, the smallest curvature of a normal
section is zero. The curvature of a one-sheeted hyperboloid is negative (see Exercise 1).
Hence, even though a straight line is among the normal sections of such a hyperboloid,
the other normal sections have positive and negative curvatures. Then, the zero curvature
is neither maximal nor minimal and does not enter the product contained in the Gauss
curvature.

7.10 The geodesic line as the line of extremal distance

If the length of a curve arc is defined on a manifold, then in the collection of all arcs
joining two given points we can look for the arc of extremal (i.e. greatest or smallest)
length. Thus, we look for a curve on which, with fixed A, and A,, the quantity

M dx® dxb |'?
- 7.32
[ s g ax (7.32)
takes the extremal value. It must obey the Euler—Lagrange equations
d [/df af
— (= )-—-L =0, 7.33
dA <6)'c7> axY (7.33)
where f is the integrand in (7.32), and x” d;fd)c"/d)\.
For convenience, let us write
|8apt i | = 88,55 iP, (7.34)

where € = +1 or & = —1, as appropriate. Then, from (7.33),

d P 1 Qo X%iP
( & )—- 8ap.y =0. (7.35)

A\ Jfeg, w5 ) 2 \Jeg,rw
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The case g,,x*x" = 0 requires separate treatment. We shall do this further on, but for
now we assume that g, ¥*x” # 0. Let us introduce the new parameter s(A) defined by

ds "
T [ €8, XX (7.36)

Then we have in (7.35):

ds d dxP 1 ds dx* dxP —o (7.37)
dx ds \O®qy ) T 2%BranTay ds '
Hence
dx® dxP + d2xF 1 dx® dxP _o (7.38)
Svbaqy gy a2 T 2%eBr gy 4y T '
and, after contracting this with g*?,
d?x® dx* dx”
el ey (7.39)
ds? pv| ds ds

This is the geodesic equation, (5.13). Thus, in Riemann spaces, a geodesic has another
characteristic property: it extremises the distance.

Note that the geodesic extremises not only (7.32) but also the functional |’ )\);‘ 8 XM X"dA.
In this case, the assumption g, x*x” # 0 is not necessary, and a curve of zero length can
also be the extremal.

7.11 Mappings between Riemann spaces

Now let us apply the considerations of Section 3.10 to the Riemann spaces.

If a Riemann space P,, is an image of another manifold M, (or of a subset thereof)
under the mapping F: M,, — P,,, then the metric tensor of P,, can be pulled back to M,,
by the mapping F,*. However, M,, can itself be a Riemann space and have its own metric
tensor, in general different from the one pulled back. Hence, more than one metric may
be defined on the same manifold.

An example of such a situation is a geographic map. It is a projection of a subset of the
surface of the Earth into the plane of the sheet of paper. Within the domain of the map,
the projection is invertible, i.e. the inverse mapping is defined. This inverse mapping can
then be used to pull back the metric of the Earth surface into the plane of the map. Thus,
the surface of the page in the atlas has its own Euclidean metric, and also the metric of
the surface of the Earth, pulled back by the inverse projection. Navigators who travel
over large areas are in fact reading out the metric of a sphere from their maps.

7.12 Conformally related Riemann spaces

Let V, and U, be Riemann spaces of the same dimension, and let {x*} and {y*} be
the coordinates in V, and U, respectively, where a,a=1,...,n.Let F:V, - U, be a

n?
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diffeomorphism of class C', and let 8qp and h,, be the metric tensors on V, and U,.. On
each of the spaces we then have two metric tensors. For example on U, there will be its
own metric tensor £, and the metric pulled back from V, by

(] e) ==

If there exists a scalar function ¢, : U, — R! such that for any y € U,

(y)ga;s( x()- (7.40)

([ ] ¢] 0 =@) . (7.41)

or, equivalently,

(y) 8ap(x() = (£ (3) 7 1y (), (7.42)

then we call F a conformal mapping.' The inverse mapping F~! is then conformal, too,
and ¢ -1 = 1/¢,. Riemann spaces that can be related by a conformal mapping are called
conformally related. A Riemann space that is conformally related to a flat Riemann
space is called conformally flat.

A conformal mapping does not change the angles between vectors. Take two vectors
k“(x,) and [“(x,) of nonzero length at x, € V,,, then the angle between them is

GapkeIP

VIgwkoke] lguuier|

Now, using (3.16), the analogue of (3.22) for covariant tensors of rank 2 and (7.42), we
obtain for the images of the vectors k and / in the tangent space to U, at y, = F(x,):

cosaV) =

(7.43)

axP dx7 dy" dy*
dy" dys dx* ox” 8po
= ¢80 8,k k" = g,k k7 (7.44)

KAk

hrs (Fl*k)r (Fl*k)s = ¢F2

Tgpo'

and similarly for the remaining scalar products in (7.43). Hence, the angle oY) between
the images of k and [/ is determined by

hoy (FER) (LD’
VI (FFR) FFR)’] /1Ry (FED™(FFD"
Gapk®IP

kot gt

cosaV) =

=cosaV), (7.45)

' The ¢ F’z is just a convention that simplifies some of the further formulae; the important point is that the two metrics differ
only by a scalar factor.
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Equation (7.42) also shows that a conformal mapping maps vectors of zero length on
V,, onto vectors of zero length on U,,.

7.13 Conformal curvature

A second-rank tensor can be constructed from the Riemann tensor

def

R =

R (7.46)

apP>
called the Ricci tensor. It is symmetric in (¢f). In addition, we calculate its trace

def

R=g"Rz=R",, (7.47)

and its trace-free part

—a def o 1,

R =R — ;8 sR. (7.48)
Using these quantities we can now define a new tensor of rank 4 called the conformal
curvature tensor or the Weyl tensor:

def

Y 1 N
C s =R 5+ RN — L} (7.49)

n—2 7" P pn—1) 7"
Note: this definition makes sense only for n > 2. We shall deal with the case n =2
separately.

The Weyl tensor has all the same symmetries as the Riemann tensor, and in addition all
of its traces are zero. In relativity, the Weyl tensor describes that part of the gravitational
field that propagates into vacuum and is detectable outside the sources, gravitational waves
among other things. It is the same for conformally related manifolds: if g,z = ¢‘2gaﬁ,
then 6;%3 = C“g,5 (note the positions of indices; with other positions the two tensors
are proportional, but not equal). This fact will be verified in the course of proving the
following theorem.

Theorem 7.1 If in a Riemann space V, the Weyl tensor is zero, then the metric of
V, is conformally flat, i.e. there exists a function ¢ such that g,z = d)_znaﬁ, where
R“Byé(n) =0. When n=3, C"‘Bya =0, but not every 3-dimensional metric is conformally
related to a flat one. The necessary and sufficient condition for a 3-dimensional Riemann

space to be conformally flat is the vanishing of the Cotton—York tensor
2B et A o 1
CoB E 0¥ (Rf;s_zsﬁzz,s), (7.50)

where €70 is the Levi-Civita symbol. In two dimensions, the Weyl tensor is undetermined,
but every 2-dimensional metric is conformally flat.

Proof: (adapted from Raszewski (1958, pp. 516-521))
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Part I: n > 3.
We shall show that if C%# s = 0, then the equations determining the function ¢ such that

8,5 = Map do have a solution. The quantities without a tilde will be those determined

by g,p; those with a tilde are determined by g, défdr’2ga3. We introduce the following

conventions: all covariant derivatives will be with respect to g,g, indices of objects
without a tilde will be manipulated by g,; and indices of objects with a tilde will be
manipulated by g,.

We first find that

{30;} _ {ﬁay} —y! (5“g¢w+3°‘7¢,3 _gﬁylp;a) ' @51)

(The last term is in fact a new symbol: the derivative of ¢, which is a covariant vector, has
its index raised.) Then we find the corresponding relations between the other quantities:

Rty = g2 (R 5 — ™ 8008000, 7 — 2855 0,0 ), (7.52)
kaB = RaB + (}’l - 2)(#_1[#; aB +gaﬁ(//_l¢';p P (l’l - 1)gaﬁw_2w7p lp;p’ (753)
R=y*R+(n—1) 2y, —nip, , "). (7.54)

Using these equations one can ‘now verify that fol gys = C%gys- Then we require Re gyo =0
(which automatically implies C*g,5 = C%g,5 = 0). By virtue of (7.52) this means

R 5 = 80582y, 7 + 288, 0. (7.55)

This implies that also ﬁag —0and R= 0, so, from (7.54),

1 1
e Rt snd . W 7.56
w’p z(n_l)w +2n¢ l//’plp ’ ( )
and, from (7.53) with use of (7.56):
Yiop = YR,p+ : R+ L g, 07 (7.57)
BT T 2 e T 1) (n—2) SV T 8 W '

This equation can be rewritten in the form i, ., = [the appropriate expression]. Hence, if
such a ¢ exists, then the integrability conditions ¥, .5, — ¥/, o5 = 0 should be fulfilled by
the right-hand sides. They are equivalent to ;.. — {3 405 = RZB7¢I, ,- In this, we must
substitute for R” 5., from (7.55) and for all second covariant derivatives of ¢ from (7.57).
After a long calculation, the following result emerges:

1
~Rapiy F Rarip+ 507 (8apRoy 8y Rop) = 0. (7.58)
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The Bianchi identities Rg(,5.q = 0, with (7.49) and C*# 5 =0 substituted into them,
when contracted over («, ), become

(n=3)(=Rap;y + Rayp) +8apR"yp = 8y R'p:p
1

+ 7 (8 Rop — 8apRoy) = 0. (7.59)

This, when contracted over («, 8), becomes:

1

A=Ry— ER’Y :

0=3g""R" . (7.60)
With n > 3, Eq. (7.58) follows from (7.59) and (7.60), and so is fulfilled in consequence
of the Bianchi identities. This means that (7.57) is then integrable, so a function ¢ exists

such that g, = /°1,5, where R%;.5(1) = 0.0

Part II: n =3.

When n = 3, Eq. (7.59) follows from (7.60) and does not determine (—R,g., + R,,.5),
so it cannot be equivalent to (7.58). In this case, (7.58) is an additional condition that
must be obeyed by the curvature in order that the metric can be conformally flat. This
is equivalent to C*? =0, where C*" is the Cotton—York tensor of (7.50). However, with
n =3, the Weyl tensor is identically zero, as can be verified by substituting consecutively
all the values of all indices in (7.49). ]

Part IIL: n =2.
With n =2, Eq. (7.49) does not apply since the second term becomes undetermined.
However, then

1
R ;= Eaaﬁyﬁk, (7.61)

because any tensor antisymmetric in (%) in two dimensions must be proportional to
€%f, and similarly for the lower indices. Equations (7.52)—(7.54) still apply, but (7.53)
and (7.54) follow from (7.52). Consequently, the only limitation on ¢ is in this case the
equation R= 0, i.e.

0y = = SR
This can be equivalently rewritten as
(Iny); 7 = lR,
2
which is a linear inhomogeneous equation of the type of the Poisson equation (for

positive-definite signature) or of the wave equation (for indefinite signature). Hence, in
every case it will have a solution, so every 2-dimensional metric is conformally flat. []
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7.14 Timelike, null and spacelike intervals in a 4-dimensional spacetime

The physically important 4-dimensional Riemann spaces are those with the signature
(+———), as already mentioned. They are called spacetimes. Consider the following
equation in a spacetime:

ds* = g,z dx*dx? = 0. (7.62)
Let us choose a point p, € V,. We can choose coordinates so that at p,

+1 0 0 O

| 01 0 o
8apP) =1 o 1 o |
0 0 0 -1

i.e. the metric becomes identical with the Minkowski metric of special relativity. (Note: it
becomes Minkowskian only at p,, and it remains approximately Minkowskian in a small
neighbourhood of py.) In these coordinates, called locally Cartesian, Eq. (7.62) taken at
po becomes

ds® = (dx°)’ — (dx')’ = (dx?)’ = (dx*)* = 0. (7.63)

In a 3-dimensional Euclidean space, the equation (z—z,)° — (x—x,)° — (y—,)> =0
describes a cone with the vertex at (x,, y,,z,) and the axis parallel to the z-axis. By
analogy, the hypersurface in spacetime determined by (7.62) is called a light cone
(see Fig. 7.1). The coordinate x° is called the time coordinate, the remaining ones are

Fig. 7.1. Equation (7.62) determines the light cone that divides the neighbourhood of p, into the
future F of p,, the past P of p, and ‘elsewhere’ E. A light cone looks so simple only in the flat
spacetime in which the coordinates with the property (7.63) can be introduced globally.
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space coordinates. The light cone divides the neighbourhood of p, into three disjoint
regions. Each point lying on the light cone can be connected to p, by a geodesic arc of zero
length. All curves of zero length, geodesic or not, are called null curves, so the points on
the cone are said to be in a null relation to p,. The tangent vector to a null curve at any
point has zero length; such vectors are called null vectors. Each point in the regions F and
P inside the cone can be connected to p, by a curve x*(A) on which gaﬁ% %
where. These points are said to be in a timelike relation with p,, and the vectors of positive
length are called timelike vectors. Finally, each point in the region E outside the light
cone can be connected to p, by a curve on which gaﬁ% % < 0 everywhere. These points
are said to be in a spacelike relation to p,, and vectors with negative length are called
spacelike vectors. Justifications of these names come from special relativity. The region
F inside the cone, in which the x’-coordinates of all the points are greater than the x°-
coordinate of p,, is called the future of p,. The region P is called the past of p,. Finally, the
region E does not have a name and is colloquially called ‘elsewhere’ with respect to py.!

Note that not every curve lying on the light cone (7.62) has zero length. Only the
generators of the cone, which are geodesics, or, more precisely, null geodesics, have this
property. Other curves on the cone, for example spirals winding on its surface towards pj,
are spacelike curves whose tangent vectors have negative gaﬁ% % Curves that are null
but not geodesic are at each point q tangent to the light cone of g, but veer from one cone

to another. Figure 7.2 shows a broken null line whose straight segments are null geodesic

> (0 every-

Fig. 7.2. Future light cones along a nongeodesic null line with geodesic segments (the thicker
line). The line is tangent to each light cone at its vertex, but passes from one cone to another as it
proceeds.

! The whole of Minkowski spacetime can be divided into F, P, E and the light cone relative to every p,. In curved spacetimes,
the light cones can be complicated hypersurfaces that neither are axially symmetric nor have straight generators, and can have
self-intersections. The latter necessarily happens in a sufficiently large neighbourhood of a black hole (see Section 14.11).
This is why the division of spacetime by a light cone is well defined only in a finite neighbourhood of each p,.
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arcs, but at the corners it goes from one cone to another. A general nongeodesic null line
can be imagined as a limit of a sequence of such broken null lines as the extent of each
geodesic segment (as measured, for example, by the range of the affine parameter) goes
to zero. Such null lines through p, enter the region F, or reach p, from within P.

Similarly, not every curve arc in the regions F and P will be timelike. These regions
contain also null nongeodesic curves, as described above, and spacelike curves. The char-
acteristic property of the region FUP is that for each of its points a timelike curve joining
it to p, exists. Such curves do not exist on the light cone and in E. Curves on the light
cone that reach p, are either null or spacelike, and every curve arc in E that reaches p,
will have at least a segment that is spacelike.

It should now be clear that a light cone exists at every point of a spacetime, and the
analysis above applies to every point. Since ds? is a scalar, Eq. (7.62) is covariant, so the
light cone is a geometric object; it does not depend on the choice of coordinates.

Finally, let us emphasise again that the equation of a light cone can be reduced to the
form (7.63) only at each point separately. Light cones in curved spacetimes do not look
as simple as in the Minkowski space — in general they are not axially symmetric, and
their spacelike diameters do not uniformly increase with the growth of x°. They can have
self-intersections (caustics) and the structure of a multi-sheeted surface.

7.15 Embeddings of Riemann spaces in Riemann spaces of higher dimension

Let W,, be a subspace of the Riemann space V,, and let the metric tensor of V, be
8qp- Let W, be defined by the parametric equations x* = f* (Tl, e T’”). Then, as we
observed in Section 7.7, W,, is itself a Riemann space of m dimensions, with the metric
tensor (7.25).

Now we ask a question reciprocal to the one answered in Section 7.7. When can a
given Riemann space V, be a subspace of another Riemann space? We do not consider
null subspaces (i.e. subspaces whose normal vectors have zero length) because in them
the determinant of the metric is zero, and they require a separate treatment. Also, we will
investigate only the question of local embeddings, i.e. whether an open subset of V, can
be embedded in another Riemann space. Global embeddings pose additional problems
that we will not discuss. If V,, is a subspace of U, of dimension N > n, then a set of
functions

Y= (x"...x"), A=1,...N, (7.64)
should exist such that
gaﬁ = GABYAaaYB’B > (765)

where G, is the metric tensor of U,. Equations (7.64) are parametric equations of our
V, as a subspace of Uy. Note that Y4 and G, are scalars with respect to coordinate
transformations in V,,.

The question of whether a given V, can be embedded in a U, can be answered with
the help of the reasoning presented below (see Eisenhart (1964) for a more detailed
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exposition). Let X;” be a set of vector fields on Uy (where A=n+1,..., N labels vectors
and A=1,..., N labels their components) that are orthogonal to V, and orthogonal to
each other, with each field being of unit length:

GapX3' X" = &5 = +£1 (no sum over A), (7.66)
GpXi'X;® =0  forA #B. (7.67)
Since Y4, are tangent to V,, and X;* are orthogonal to V,,, we have
G, X3%5=0 (7.68)
for all « and A. We differentiate (7.65) covariantly by x”. Since Y4 and G, are scalars

in V_, we obtain

0G 45

aYe
Rewriting this equation with indices and signs permuted as —{aBvy} + {ayB}+ {Bya}
and adding all three equations we obtain

A
B A, M N
G,pY w(Y ’“B+{MN} YY", Y ’B) =0. (7.70)
G

For a fixed v, YB,y is the collection of components of a vector in U, tangent to V,
and, since <y runs through all n values, the collection {YB,,/ }'y=l,.‘,n is a basis of the
tangent space to V, at a fixed point {x*} € V,,. Equation (7.70) means that the object in
parentheses is orthogonal to all the n tangent vectors to V,,, and so must be spanned on

the (N —n) vectors X;* that are orthogonal to V,,:

YA YP YO 4G (Y, Yo g+, Y7, ) =0 (7.69)

[4 N
YA;m{ MN} Y YYp= 3 e505,.X5" (7.71)
G

S=n+1

where €5, ¢ are the coefficients to be determined below. For a fixed s, Q5)qp 18 a tensor

in V,, symmetric in («f), and a scalar in U,; the index S labels different Qs. Using
(7.65)—(7.68), we find:

A
Qzyap = GasY " 0p X3° +Gup {MN} M YN e X5E (7.72)
G
In the case N =n+1, the single quantity (),5 defined by (7.72) is called the second
fundamental form of the subspace V,. Note that
A

A, M N _ A N
Y ’aB+{MN} Y Y= (Y)Y
G

is the directional covariant derivative of Y4, along Y7, p (the subscript |N denotes a

covariant derivative in U,). Consequently, this quantity measures the rate of change of
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the ath tangent vector Y4, as we move along the Bth tangent vector field YV, - Then,
Q3)qp is the projection of this rate of change on the Bth normal vector field to V,,. For
this reason, the €} 3,5 are sometimes called the extrinsic curvatures of the subspace V,,
embedded in U, . They allow us to ‘view’ the geometry of V, from an enveloping space
and to see a difference between Riemann spaces that have the same intrinsic Riemann
geometry. For example, a plane and a cylinder in a Euclidean 3-space that have identical
intrinsic geometries have different second fundamental forms.

In order to know whether a given V, can be embedded in a given U,, we have to
find out whether the functions Y# obeying (7.65) exist. They must obey (7.71), which
determine the second covariant derivatives of Y4, in V,. These equations will be solvable
if the integrability condition — the Ricci formula (6.9) — is fulfilled:

Y apy =Yg = R, (Y7, (1.73)

where R? 5. (g) is the Riemann tensor of V. In calculating the third covariant derivatives
of Y4 from (7.71), we will encounter the first derivatives of X§A, so we need to know
more about them.

Differentiating (7.68) covariantly by x, eliminating G ,,Y*; 5 X3” with use of (7.72)
and making use of covariant constancy of G ,z:

R R
Gupp=GapcY . p= (:AC} Gt {BC} GAR) T 77
G G

we obtain another expression for 3,5, Which is equivalent to (7.72):

R
Qe = —GapY" 0 X35 — Gz {BC} Y4, Ye s x50, (7.75)
G
This can be equivalently written as
_Q(Z)aﬁ = GABYAM)( (XXB|C> YC,B > (776)

which is a covariant derivative of X3” in Uy projected onto vectors tangent to V,,. This

provides another interpretation of the second fundamental forms: (X;B \c) Ye, p is the

rate of change of the Ath normal vector to V, as we move along the Sth tangent field
Y€,5, and Q 3, is the projection of that rate of change on the ath tangent vector field
Y4, . Equation (7.76) clearly shows that Q3)qp are scalars in Uy.

Now we define the following set of vector fields on V,,:

def
MRs)18 = GABxﬁA <X§B|C> Yc,g , (7.77)

where R, S=n+ 1, ..., N. Applying the identity

GABXEAXEB’/? = (GABX§AX§B) BT (GABxkA) B XEB’
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then making use of (7.66), (7.67) and (7.74) we note that the pz5); are antisymmetric
in [RS]:
M5 = ~HERIp: (7.78)

so they vanish identically when N = n+1.

The derivatives X5°, p are not tensors in Uy, Still, they are objects with one contravariant
index in Uy, and so in every fixed coordinate system they can be decomposed in the
vector basis {YZ, B> X5"}; only the coefficients of the decomposition will not be scalars:

N
X% p=A5" Y%+ D BospXs', (7.79)

P=n+1

where the coefficients A ;" and B s, are determined when (7.79) is substituted in
(7.75) and (7.77). Making use of (7.65)—(7.68) and contracting the result of substitution
in (7.75) with g*”, we obtain

o . R
A’ = =8 QG — 87 Gar {BC} Y4, YO X35, (7.80)
G

R
Bz = €rbrsis — R0 nr {MN} Y X5V X" (7.81)
G

Note now that the set {Y4,, XEA}, a=1,...,n; B=n+ 1,..., N is a field of vector
bases on U,, of exactly the kind we used in Section 4.3. In agreement with our considera-
tions there, the metric tensor G, in U, can be represented through its scalar components
in these bases:

aaﬁ = YA’aYB’BGAB:gaB’ GZBZXZAYB’/; G ag-
Gis = X;"X3°Gy. A B=n+1,...,N. (7.82)
Since X;* are orthogonal to all Y4, and to other X3*, we have:
Gip=0, Gi3=e3033 (7.83)
Therefore, the inverse metric G“P has the same block-diagonal form
GP=g®,  G™=0  G"=4s6" (7.84)

The same coefficients {Y*,,, X3*} can then be used to represent the inverse metric G5
via the G*#, G*# and G*P. Adapting Eq. (4.16) to our present notation, we have

N
G = YA,a YB,B ga’3 + Z SﬁXﬁAXﬁB. (7.85)

P=n+1
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Using this to eliminate Y4, Y ., &7, we find from (7.80):
Ay = —gva. yE Bl oye xos
@B Ly T T8 R @as” T ) g0 BAA

G

R N
+GAR{SC} YCpX:S Y e X5, (7.86)
G

ﬁ:n+l

Using this and (7.81) in (7.79), we see that two of the sums over P cancel out and the
result is

B N
Xs¥ = —g" Q(S)“B :SC} YC,ﬁng-l—AZ S;M[ﬁg]ﬁXﬁB. (7.87)
G P=n+1

Now we can employ the integrability condition (7.73). Substituting for YA;aB from (7.71),
then using (7.71) and (7.87) to eliminate the second derivatives of Y and the derivatives
of XEA, we obtain

Ry (G)YM, YN, Y7

N
+ Y 25X (Q8py — Lsrans)

S=n+1

N
o~ A o~ -~ — -~ o~
+ D0 eV, 8 (Q(S)M/Q(S)MB Q(S)aﬁ9<sm>

S=n+1

N N
+ Z Z 8§8'13X’P§A (Q(E)aﬁl"l’[;’/f]y - Q(g)ayl‘l‘[l‘:’gjﬁ)

§=n+l ﬁ:nJrI
R’ o, (8)Y",,=0, (7.88)

where R%,,,»(G) is the Riemann tensor of U, calculated at points of V,. Since
{Y*,., X3"} are a basis of the tangent space, Egs. (7.88) are equivalent to the collection
of projections of (7.88) on {Y*,,} and {X3"}. Contracting (7.88) with G,,Y?,; and
with G AQX;Q and using (7.65)—(7.68), we obtain, respectively

REaB'y(g) = RQMNP(G)YQ7§ YM»a YN’B YPvfy

+ Z SS( S)ay (S)aﬁ_Q(E)aBQ(S\)By)’ (7.89)

S n+1

~ ~ — - OyM N P
Q(T)aB;y_Q(T)ay;B - _RQMNP(G)XT Y ’aY ’ﬁY sy

N
- Z &3 (Q(E)aﬁl'i’[ﬁ]y - Q(S‘)ay/"l’[ﬁ]ﬁ) : (790)

S=n+1
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Equations (7.89)—(7.90) are called the Gauss—Codazzi equations. When N = n+ 1, this
is the full set of necessary and sufficient conditions for V, to be embeddable in U,. If
N > n+1, then (7.89)-(7.90) must be supplemented with the integrability conditions of
(7.87), X5": 5, —X5":,5=0. Using (7.87), (7.90) and eliminating second derivatives of
Y4 by (7.71), we find these conditions to be

N
B
> &pXp ('U‘[ﬁ?]B;V_M[??]V:B>
ﬁ:n-%—l
N N
B
+ 2 X Xz (M[ﬁ]gﬂquy—M[ﬁﬁ]yﬂ«[kﬁw)
/I;:n+l§:iz+l
N
B
+8" )0 epXp (Q@)W/Q@)VB_Q@)MBQ@)IW)
P=n+1

+RBACD(G)YC’B YD’y XEA
+8"Y",, Rounp(G)X52YM, YN 5 YF, =0. (7.91)

As before, this is equivalent to the set of projections on {¥*,,} and {X3"}. However, the
projection on {Y4, 1} is zero, so the other one fully represents (7.91). Contracting (7.91)
with G, X7 we obtain
N
sy, ~ MEsys T 2o & (“[ﬁ?w“[ﬁ]y - M[T@]Wﬁﬁ]ﬁ)
ﬁ:n-%—l
+8" (Ut Uirp — Urup Vi)
4+ Rpacp(G) X797, 5 YP, X54 =0. (7.92)

In relativity, Eqs. (7.89), (7.90) and (7.92) appear almost always in the special case
N = n+1 (actually, most often with N =4 and n = 3, i.e. for hypersurfaces in spacetime).
In that case, they simplify. Equations (7.92) are fulfilled identically (because, as already
stated, x5 =0 in this case, and the indices with a hat run through just one value

N =n+1, while all terms in (7.92) are antisymmetric in [ﬁ]). The Gauss—Codazzi
equations then become

Rsop,(8) = RQMNP(G)YQ,s Y, YN,B YPW
+6 (0, Qa5 — 00sQ5,) (7.93)

o) Q (7.94)

afyy _RQMNP(G)XQYM’a YN»B Y”

ayf T sy
where X? is the single normal vector to V,, and € = G,z X4 X5.

The expression (7.76) may be simplified further when the coordinates in U, , are
adapted to V, as follows. Through every point of V, we run a curve C(p) in U,
orthogonal to V,, and choose the arc length s on the curves as the Y"*! coordinate in U, |

in such a way that Y"*! = A = constant on V,. The equations A # Y"*! = constant then
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define other hypersurfaces in U, ;. The {Y',..., Y"} coordinates in U, are chosen so
that in V,, they coincide with the intrinsic coordinates of V,,, Y* =x*, a=1,...,n on
V,.. In such coordinates G, ),(V,) =0 and G,4(V,) = g,z In these coordinates, (7.76)
may be written as

Qo= —Xop- (7.95)

In some textbooks, Eq. (7.95) is used as the definition of the second fundamental form
of a hypersurface. Although correct in principle, it is rather misleading, since it has the
appearance of a fully covariant definition, which it is not. It holds only in the adapted
coordinates, and the semicolon in (7.95) denotes not the covariant derivative in V,, but
the V,, components of the covariant derivative in U,.

Another context in which the Gauss—Codazzi equations sometimes appear in relativity
is the problem of embedding a given spacetime V, in a flatr Riemann space of higher
dimension. Then, Egs. (7.89), (7.90) and (7.92) should be fulfilled with R,z-, = O.
With flat G5, Eqgs. (7.65) are a set of n(n+ 1)/2 differential equations for N unknown
functions Y4. In fact, we do not know what signature G, should have, so the signs
in the canonical form of G, are additional, discrete unknowns. A simple accounting
suggests that N = n(n+ 1)/2, then the set should have a solution (for n =4, N = 10).
However, this does not take into account various subtle possibilities. For example, if G5
is positive-definite while g, is not, the set (7.65) will be unsolvable with any N.

This problem of embedding in flat Riemann spaces has not been solved in general,
and N < n(n+1)/2 is only a plausible hint. However, for various special cases the
embeddings were demonstrated by explicit calculations and often the dimension of U,
is considerably smaller than n(n+ 1)/2. For the smallest N for which an embedding of
a given Riemann space in a flat Riemann space is possible, the number (N — n) is called
the class of the Riemann space. For example, all conformally flat Riemann spaces can be
embedded in flat spaces of dimension (n+2) (Plebariski, 1967) and thus are of class 2; the
4-dimensional manifold corresponding to a spherically symmetric gravitational field in
vacuum can be embedded in a 6-dimensional flat space (see Section 14.10), i.e. is also of
class 2. Several other 4-dimensional Riemann spaces can be embedded in a 5-dimensional
flat space (Stephani, 1967b).

In the adapted coordinates, Eq. (7.75) reduces to another useful, although non-covariant,
form. In these coordinates, X? has only the (n+ 1)st component, thus X* = 0. Since Y* =
x® on V,, the first term in (7.75) becomes —G 4., X"*',5 =0 (because G ;) = 0).

n?

The second term becomes gap{(n —fl)B} X"t It is easy to verify that {(n _fl)lg} =
G G

1

_Egp{rgﬁu',(n+l)’ thus

1 n
Qup =~ 5 8apnin X" (7.96)
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Thus, in the adapted coordinates, (), is proportional to the directional derivative of the
metric in V,, along the normal vector.

7.16 The Petrov classification

One unsolved problem of general relativity is that of detecting invariant differences
between metrics. Two metrics that seem to be different might be representations of the
same metric in two coordinate systems. Finding a transformation between them or proving
that no such transformation exists requires solving a complicated set of partial differential
equations, for which no general methods of investigation are known. Therefore, each
invariant criterion that allows us to detect coordinate-independent differences between
metrics is very useful.

One of such criteria is the Petrov classification of algebraic types of the Weyl tensor. It
was first introduced by Petrov (1954). Later, a few other methods of introducing the same
classification were presented by Pirani (1957) and Debever (1959), and the simplest one,
based on spinorial techniques, was proposed by Penrose (1960) (see descriptions of all
methods by Stephani et al. (2003); the Penrose method is presented in our Chapter 11).
We shall use here the method that can be introduced in the briefest way (Ehlers and
Kundt, 1962; Barnes, 1984), but it has the disadvantage that it is not simple in practical
application. Note: this classification applies only in four dimensions and for the Lorentzian
signature (+— ——). Analogous classifications may exist for higher dimensions and for
other signatures, but they have not been considered in the literature.

Let u® be an arbitrary timelike vector field of unit length, g, u*u” = 1. We define the
following two tensors:

E,, = Cop o’ (7.97)

Haydéf%\/—_geaﬁwC””yauﬁu‘s, (7.98)
called, respectively, the electric part and the magnetic part of the Weyl tensor; g is the
determinant of the metric tensor, necessarily negative because of the signature. (These
colloquial names have nothing to do with physical interpretation; they refer to the algebraic
analogy between (7.97)—(7.98) and the decomposition of the tensor of electromagnetic
field into the electric field and the magnetic field — see Chapter 12.) Both these tensors
are symmetric, although the symmetry of H,, is not self-evident (it follows from the
traces of C*” ; being zero and from the properties of €,4,,). Also, both these tensors
represent the Weyl tensor uniquely, since inverse formulae exist (see Exercise 9). We use
these tensors to form a new complex tensor,

def .
Qay = an + 1Ho<y = an' (799)

Since £, u* = H,,,,u” =0, we have Q,,, u” =0, so Q,, is in fact a tensor in a 3-dimensional
space. Let us investigate the minimal equation for the matrix Q = ||Q,, . Since

€70, =0, (7.100)
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the sum of eigenvalues of Q must be zero. The following possibilities then arise (I denotes
the unit matrix):

The minimal equation Petrov type
(Q-MD Q=11 (Q—-A1)=0 I
(Q—A)’(Q+2A1) =0 I
(Q—AD) (Q+2A1)=0 D
0’=0 11
0*=0 N
0=0 0

The relations between different Petrov types are shown in Fig. 7.3.

The Petrov classification is important because it is coordinate-independent. Two metrics
whose Weyl tensors are of different Petrov types cannot be different coordinate repre-
sentations of the same metric (but one metric can be a limiting case of the other). If
the Petrov type is the same for two metrics, then the question is still undecided, and
other criteria must be used. In general, this equivalence problem is not algorithmic, but
attempts to solve it ‘in practice’ are under way, with some success already (Stephani
et al., 2003, Chapter 9; Lake, www.grdb.org).

degree ofth
minimal egation

number of
eigenslues

Fig. 7.3. The Petrov classification. Arrows show possible specialisations.
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As seen from the formulae above, in order to determine the Petrov type by this particular
method, one must choose a timelike vector field u“. But it can be verified that the Petrov
type thus established does not depend on u“ (see Exercise 10).

7.17 Exercises

1. Find the metric tensors of the following surfaces: (i) a cone; (if) a paraboloid of revolution;
(iii) one- and two-sheeted hyperboloids of revolution; (iv) a torus; (v) a cylinder. Calculate the
curvature of a cone, a cylinder, a one-sheeted hyperboloid and a torus.

2. Show that the geodesics on a 2-dimensional sphere are great circles.

Hint. First derive the equation of a great circle in spherical coordinates, then solve the geodesic
equation in the same coordinates.

3. Solve the geodesic equation on the surface of a cylinder. What curves are the geodesics?

4. Show that the Mercator mapping used in cartography is a conformal mapping of a sphere onto
a cylinder. This mapping is obtained when a cylinder is wrapped around the globe so that it
is tangent to the globe all along the equator. The images of the points on Earth’s surface are
obtained by drawing straight lines through the centre of the globe. The image of the point where
the straight line intersects the globe’s surface is the point where the same line intersects the
cylinder.

5. Show that a conformal image of a geodesic line of zero length in V,, is also a geodesic line of
zero length in U,,.

6. Verify that the Weyl tensor indeed has the properties mentioned after Eq. (7.49), i.e. Cyp.5 =
Craplys = Capiys] = Cysaps Cajpys) = 0 and C*?,,, = 0. The other traces are zero in consequence
of this one and of the antisymmetries.

7. Verify Egs. (7.51)—(7.54) and then verify that the Weyl tensors corresponding to conformally
related Riemann spaces are indeed equal or proportional, depending on the positions of indices.
Namely, if ’gaﬁ is the metric tensor in V,l and g,z is the metric tensor in V,,, and ’gaﬁ = dfzgaﬁ,
then 5’375 =C%ys-

8. Find the second fundamental form for a plane and for a cylinder embedded in a Euclidean E3.

9. Verify that the tensors E,, and H,, and the vector field «® uniquely determine the Weyl tensor
Caﬁys by

«, 1 apo
C Byﬁ = fgep Boy, (pruﬁ—Hpﬁuy)
+/—8€py55u” (H”Bua—H”auﬁ)

—uyuBE“(S+u5uBE“y+u7u“EBB—u5u“Eﬁ (7.101)

v

Hint. Calculate the quantity .’P"Bys defined below in two ways. First introduce the auxiliary

operator
h*, =8%, —uu,; h® ut =05 h® h g = h%g. (7.102)
It projects vectors onto a hypersurface element orthogonal to u“. The quantity P*# ys is defined
as follows:
«Q, der 1 TV VD a
PP o=~ €U H €y W 5 R P (7.103)
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The two ways to calculate it are these:

(i) Substitute €71"2"3¢€, ) ,,,, =28y}, and write out all h-operators as in (7.102). You
will find that P*#_ ;5 = 0.
(ii) Substitute for H,, from (7.101), and use the following identity:

1 1
€Ty, = SORCTR, = L1, O (7.104)
Then, using €**%¢,, . . =827, express P*# 5 through C*# 5 and the (single and

double) projections of C”‘ﬁy5 on u®. Equation (7.101) results with the help of the
following two auxiliary formulae:

1
Cro su® = —— ey H, —u’E’  +u’E° (7.105)
yé \/7 Atay y v
-8
€apys = & Ban8pr8yp8ss€””. (7.106)

10. Show that the Petrov type determined by the method of Section 7.16 does not depend on the
choice of the vector field u®.
Hint. Consider a Lorentz transformation that changes u#* into another timelike vector w* and
verify what happens to Q and its minimal equation in consequence of this. The matrix of a
Lorentz transformation, u® = L*gw®, has the property g,zL*,LPs = g 5.
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Symmetries of Riemann spaces, invariance of tensors

8.1 Symmetry transformations

We noted in Section 3.10 that a coordinate transformation on a manifold may be
interpreted as a mapping of the manifold into itself. Now we shall interpret the associated
transformations of the tensor fields.

Let F: M, — M,, be an isomorphism between two subsets of the manifold M,, p e M,,
and F(p) =p € M,. Then, the mappings associated with F carry tensors from p to p'.
Thereby, a tensor T that was attached to p before the transformation becomes 7" attached
to p’. Now consider a subset U C M, and its image F(U) C M,,. Suppose that F is an
element of a continuous group of mappings {F,}, with {F, } being the identity map. If
F=F, and |t; —1y| is sufficiently small, then F(U)NU # @. So let p,p’ € F(U)NU.
Then p is an image of another point q, p = F(q), and the tensors that were attached to
q before the transformation were sent into p (see Fig. 8.1). Hence, we have two tensors
attached to each point p: T(p) that was there before the transformation and 7’(p) that was
sent to p from q by the transformation. The latter can be calculated from the old 7(q) by
(3.10). Consequently, we can compare 7’ (p) with T(p).

Fig. 8.1. A mapping F of the manifold M, into itself takes the point q to p, and the associated
mapping transforms the tensors 7(p) and 7(q) into 7’(p’) and T’(p), respectively. Thus, after the
transformation we have two tensors at the same point: T(p) that was there before, and 7’(p) that
was brought to p by the mapping. If 7'(p) = T(p) for all p € M,,, then the tensor field T is invariant
under F.

74
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If it so happens that, under the mapping F, T’(p) = T(p) for all points of the manifold,
then we call the tensor field 7 invariant under the action of F, and we call F an
invariance transformation of 7. If M,, is a Riemann space, and the metric tensor of M,
is invariant under F, then the mapping F is called a symmetry or an isometry of M,,.

There is no general theory of all kinds of invariances; for example, no theory covers
discrete invariances (like reflections or the groups known in crystallography). However,
there exists a theory of those mappings that constitute continuous groups, and it will be
the subject of this chapter.

8.2 The Killing equations

Let I' be a one-parameter family of mappings of a manifold M, into itself such that
to every value of the parameter ¢ from the range [¢,, 1] B CR! there corresponds a
mapping f,: M, - M,:

def ra a

=[t.n]31—x" = (1. {x}), (8.1)
where f, is the collection of all the functions f* at a given ¢ and I' is the collection of
all the mappings f, for every value of ¢t € B. Let us also assume that for ¢ = #, where
1, <ty < t, the mapping f, is an identity:

I (1, {x}) = x*. (8.2)

Example: let B =[0,27], M,, = R3, and let f, be the rotation of R3 around a fixed axis
A by the angle ¢. T is then the collection of rotations of R* around A by all angles in the
range 0 <t < 2 and ¢, =0.

R'>B

Now let p € M,, and apply to p the mappings f, corresponding to all t € B. The
collection of all images of p will then be an arc of a curve in M, passing through
p=f,(p), and each p € M, may be used to generate such an arc. The arc is called the
orbit of p under the action of I', and p is called the initial point of the orbit (although
in ‘practical’ instances the orbits are closed or infinite curves with no endpoints).

We assume that (1) the functions f(¢, {x}) are of class C* with respect to #; (2) each f,
is invertible; and (3) its inverse (denoted f,!) is also of class C*. Assumption (1) implies
that along each orbit a field of tangent vectors exists and is continuously differentiable.
Assumption (2) implies that the mappings of the family I" and their inverses form a group
G. The group multiplication is the superposition of the mappings:

(fl‘z oft]) (x) = frz (ftl (x)) s (83)
where f, is represented by (¢, x) and f, is represented by f* (12, Ia (x)). Assumption

(3) guarantees that the orbits generated by G will have a continuously differentiable field

of tangent vectors. For each mapping f, we may then write (from Taylor’s formula):
af*
ot

ra

=x“+ (t—1)+0(€), (8.4)

1=t,
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where x'* = f(t, {x}), x* = f* (t,, {x}), € L. t, and O(€?) has the property

. O0(e?)
lim =

e—0 €

0. (8.5)

Note that we are not making any approximation here; Eq. (8.4) is exact, but the form of
O(€*) will in the end turn out to be irrelevant. All such irrelevant terms will be denoted
by the same symbol O(€?) even though they may not be identical to each other.
The quantities
podr 27
ot

=ty

(8.6)

are components of the vector field tangent to the orbits at their initial points and are
called the generators of the group G.
Suppose that a tensor T, is invariant under all the transformations in I':

T,5(p) = To5(p) for all pe M, and ¢ € B. (8.7)

What analytic condition must 7, fulfil? Again from Taylor’s formula:

T.s(0) = Top(p) + €T, , ()K" + O(€°), (8.8)

where p’ has the coordinates x'* = f*(z, {x}) and p has the coordinates x* = f* (¢,, {x}).
From (8.4) and (8.6) we have
oxt ad axP

= g ek —0(&)] = 8 — ek, 7~ 0 ()

a

d
—ek”,, (6”a —€k”,, o 0(62)> —0(€%)
ax/a

= &*, —€ek*,, + O(€?). (8.9)

(We do not differentiate € because we have advanced along the orbits by the fixed
parameter distance € = ¢ — f, which is coordinate-independent.) Hence, from (8.9) and
the transformation law for 7,4

dax* dx?

T N " T
aB(p ) Ax'® 9x'B pv (p)
= Taﬁ(p) - Eku’a T[J.ﬁ(p) - ekV’B Tav(p) + 0(62)' (810)

Comparing (8.8) with (8.10) and using (8.7), we have
€ (KT, + k"o Tp+K,5 T,,) +O(?) = 0. (8.11)
We now divide (8.11) by ¢, let € — 0 and recall (8.5). The result is

KtT,p ,+ K, T g+ k", 5 T,, =0. (8.12)
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These are the Killing equations, and their solutions k*({x}) are called Killing vector
fields. Every field of tangent vectors to orbits of invariance transformations of 7,5 must
fulfil (8.12), and every solution of (8.12) generates an invariance group of 7,5. How to
find the invariance transformations given k* and vice versa will be shown in the next
section.

Equations (8.12) can be rewritten in an equivalent form that shows explicitly their
covariance:

KETop, + k", Typ+ k55 T, =0. (8.13)
If T,5 = g,p (the metric tensor), then, in view of g4, = 0, Eq. (8.13) may be rewritten as
ka;ﬁ +kﬁ,a52k(a,ﬂ) =O. (8.14)

In this form, the Killing equations are most easy to remember, but less convenient to
work with (and apply only to the metric tensor).

Note that Eq. (8.12) applies only to a doubly covariant tensor field, and only in this
case are the generators of invariances called Killing vector fields. We shall deal with
invariances of other tensor fields in Section 8.5 and thereafter.

8.3 The connection between generators and the invariance transformations

If x'* = f*(z, {x}) is a family of invariance transformations of a certain tensor field, then
the corresponding generator is given by (8.6), where ¢ = ¢, corresponds to the identity
transformation.

Finding the family of invariances given k“ is less straightforward. Any orbit B > r —
X'*(t) = f(t, {x}) is at its every point tangent to k*(p’) (where {x'} are the coordinates
of p’). Hence the orbits must obey

dy”
=k« 8.15
= k() (815)
with the initial conditions
¥y = 2 (8.16)

Equations (8.15)—(8.16) are to be understood as follows. A solution to (8.15) will be
a family of curves y* = f*(¢, Cy, ..., C,), labelled by n parameters (C,, ..., C,). The
condition (8.16) allows one to express the constants C, in terms of the coordinates x* of
the initial points of the curves. In this way, we obtain the set of functions

Y =r({x)) (8.17)

that satisfies Eqs. (8.15) and the initial conditions (8.16).
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8.4 Finding the Killing vector fields

The Killing equations are applied to two kinds of problems:

1. Finding the metric tensor of a Riemann space whose symmetries are assumed — then
they are equations determining g,g, with k* given.

2. Finding the symmetries of a Riemann space whose metric tensor is given — then
they are equations determining k* with g, given.

An example of the first application will be shown in Section 8.9. The second application
requires additional explanation. The Killing equations are linear and homogeneous in k¢,
which means that if k* and /¢ are Killing fields, then so is (Ak* 4 BI*), where A and B
are arbitrary constants. A general solution of the Killing equations should thus be a linear
combination of basis solutions.

Does there exist a finite basis in the space of solutions of the Killing equations?
The answer is: yes, but only for the proper Killing equations, i.e. for the generators of
invariances of the metric tensor. The proof given below (borrowed from Stephani (1990))
does not work if K, generates an invariance group of a tensor field other than the metric
tensor (and examples of infinite bases are known (Krasiriski, 1983)).

For a field K, generating symmetries of M, we have from (8.14)

Kop=—Kpar (8.18)

[e3

and from the Ricci identity

Kopy = Kaiyp = R apy K- (8.19)

Because R” (aBy] = 0, we have from the above
(Ka:ﬂ o KB;a) syt (Kv;a - Ka:v) gt (KB;Y o KY:B) ta=0. (8.20)
Using now (8.18), the above reduces to
Kopy T Kyap + Kpiya =0, (8.21)
and, again from (8.18), this yields

Kyap = Kpiay = Kpiya = R oy K- (8.22)
Thus, in a given Riemannian manifold (where g, and, consequently, R 5, are given as
functions of {x} on open neighbourhoods of any nonsingular point), Eq. (8.22) allows us
to calculate K, .5(p,) algebraically if K, (p,) is given. If K 5(p,) is given as well, then
from the derivative of (8.22) we can algebraically calculate K, ,5.(p,). By differentiating
(8.22) consecutively, we can then calculate all covariant derivatives of K., at p,. Further,
having all these derivatives (and hence, equivalently, all partial derivatives of K, atp,), we
can calculate K, (p) where p € M, lies in such a neighbourhood of p, in which the Taylor
series for K, (p) is convergent. However, after each differentiation a new derivative of the

Riemann tensor appears, so, in order that the series is convergent, R’ 5, must be analytic
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in that neighbourhood.! From this argument we see that K ,(py) and K, 5(p,) at any chosen
Po € M are the data which are needed to determine K. (p) uniquely (if R”,4,(p,) are not
sufficiently differentiable, then simply another initial point is needed, not more data). But
K, 5 obey (8.18), so K., 5(p,) are n(n— 1) constants, and K. (p,) are n constants in an
n-dimensional manifold. Thus, the Taylor series for K., (p) will contain at most %n(n +1)
arbitrary constants multiplying various functions of {x}. The multipliers of those constants
will be the basis solutions, and hence their number cannot exceed %n(n +1).0

The prescription for finding the basis of the Killing vector fields for the metric tensor
is therefore the following:

1. Solve the Killing equations. The general solution will then depend on N < %n(n +1)
arbitrary constants, k* = K*(A,, ..., Ay, {x}).
2. Calculate
wder OKH
0 04,

— the basis. Each Ig’; generates a one-parameter subgroup of symmetries discussed
1

i=1,..,N (8.23)

in Section 8.2.

A possible confusion has to be explained here. For brevity, we say ‘Killing vectors’,
but in truth these are vector fields, whose components are functions. Hence, the number of
linearly independent Killing vector fields can be larger than the dimension of the manifold.
For example, in a flat Riemann space the number of linearly independent Killing vector
fields is equal to the maximal one, %n(n +1).

For tensor fields other than the metric tensor a finite basis may not exist, i.e. the general
solution of the invariance equations will contain arbitrary functions rather than arbitrary
constants. This is the case e.g. for the invariance group of R“ﬁyﬁ (note the positions of
indices!) in a space of constant curvature: any arbitrary vector field / has the property that
R w({x}) = R“Bys({x}) for transformations generated by / (see Krasiriski (1983) for
less trivial examples). Thus, any coordinate transformation x'* = f*({x}) is an invariance
transformation of that Riemann tensor.

8.5 Invariance of other tensor fields

We investigated the conditions of invariance of the metric tensor in more detail because
they are the most important and are most frequently met. Sometimes, though, we need
to know the invariance transformations of other tensor fields. Repeating the reasoning
(8.7)—(8.12) for the field of contravariant vectors, that is, assuming the condition V'*(x) =
V#(x), we would obtain the following equation:

kPve,, =VvPk®, =0, (8.24)
where k¢ is the generator of the transformation group.

Invariance conditions for other tensor fields are given in the exercises.

! For more on the existence of symmetries see Section 8.11. In truth, the curvature tensor does not have to be analytic.
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8.6 The Lie derivative

If we trace the procedure that led to the Killing equations (8.12), and also the procedures
leading to the other equations listed in Section 8.5 and in the exercises, then we will
notice that the invariance equations are obtained in the following steps:

1. Take the tensor field T (arbitrary indices) to be 7(f,), where ¢, is the value of the
orbit parameter corresponding to the identity transformation.

2. Using the transformation law for 7' under coordinate changes, calculate 7(¢) — the
value of T transported to another point along the group orbit. The calculation is
done up to terms linear in (¢ — 7)) (the remaining terms are not neglected, but left
in implicit form).

3. Calculate the quantity

i TO =T s,
t—1g r—1, k

(8.25)

where k* = dx"*/dt|,_, , and equate the result to zero.

The quantity (— ;E T) defined in (8.25) is thus the derivative of the tensor field T by

the parameter of the transformation. As seen from (8.25), that derivative measures the
speed of changes of the field T transported along the orbits tangent to k* with respect to
the values of T defined at the consecutive points. If f T =0, then the field transported
along the orbit everywhere coincides with the tensor 7 defined before the transformation.
The quantity gkf T is called the Lie derivative of the tensor field 7" along the vector field

k and can be calculated also if T is not invariant under the action of I'.! We have thus:
(f T— 0) s (T'(P) = T(P)). (8.26)

The Lie derivative has all the algebraic properties of ordinary differentiation: it is linear
with respect to addition, gives zero when acting on a constant, and when acting on a
tensor product it obeys:

£(T,®T,) = (f T,)®T2+T1 ®({, Tz). (8.27)

These properties allow us to derive the formula for the components of the Lie derivative
of any tensor field Tgl"“"‘[;k along any vector field k“ using the results of Section 8.5 and

of Exercises 7 and 8:

ET =R~ Sk, T “k+zw e (629)

! The notion of the Lie derivative was introduced by Slebodzifiski (1931), but the name was proposed by van Dantzig and
made popular by Schouten (Schouten and van Kampen, 1934; Schouten and Struik, 1935).
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where sums over i and j extend over all positions of p; and p;, respectively, in the series
of indices. Thus, the Lie derivative acts similarly to a directional covariant derivative
along k, the factors (—k*,, ) playing the role of the Christoffel symbols projected onto &,

—k*,, «— {xj}k” . With the help of (8.28) one can now verify that for any tensor field

T and any vector fields k and / we have

£ T =[£ ], (8.29)

[k.1])

so [k, I] always generates an invariance of T if k and [ do.

8.7 The algebra of Killing vector fields

Since for the Killing fields generating symmetries of M,, a finite basis exists, we conclude
from the last statement of the previous section that there exist such constants C’ ;; that,
for the basis fields,
[k, k%] = Clijk“ (sum over ). (8.30)
@O O O]
The constants C/, ; are called structure constants of the symmetry group. We see thus

that the set of Killing fields for a given manifold M,, is a Lie algebra. For generators of
invariances of other tensor fields, the coefficients C’; ; will not necessarily be constant.

8.8 Surface-forming vector fields

Let us consider two linearly independent vector fields, k and [, defined on M,. They
define two families of curves that are everywhere tangent to these fields, by the equations
k* =dx“/dA and [* = dx®/dA, where A is a parameter on each curve. Take a single
curve C of the family defined by the field /, and then consider all the curves defined by
the field k that intersect C (see Fig. 8.2). They form a surface S out of a single curve
tangent to / and of curves tangent to k. It is clear that other vectors of the field / attached
to points of this surface need not be tangent to it. However, if they are tangent to every
such S, then the vector fields k and [ are called surface-forming.

What is the condition for two vector fields to be surface-forming? Consider the family
of curves x*(A) tangent to the vectors of the field k, lying in the surface S. They define
a family F of mappings of the surface S into itself (the image of a point S 3 p = x*(A)
is the point p’ = x*(A;+ AA), where AA is the same for all p € S). The mapping F|,
associated to F maps then vectors tangent to S onto other vectors tangent to S. Hence,
starting with the vectors [/ that are tangent to our initial curve C, we can construct the
field (F,,[) of vectors tangent to S. The vectors of the field k attached to points of S are
tangent to S, too — because S was constructed in this way. Hence, the vectors of the field
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Fig. 8.2. We take a single curve C of the curves tangent to the field / and consider all curves
tangent to the field k that intersect C. In this way, we form a surface S, to which other vectors of
the field / may or may need not be tangent. If they are, then the vector fields k and [ are called
surface-forming.

[ that are attached to points of S will be everywhere tangent to S if they are everywhere
spanned on the vectors k and (F),/), thus

1 =Gk*+ b (F,1)", (8.31)

where d(x) and Z(x) are arbitrary scalar functions and z(x) #0 (with Z(x) =0, the fields
k and [ would be linearly dependent, contrary to our assumption). This condition may be
rewritten as follows:

A b1 a
1 (F, )" = %k“ n Tl“dztak“ bl (8.32)

But the rate of change of [[* — (F,,)“] along the curves tangent to k is, by definition, the

(o3

Lie derivative (f l) . Finally then, the necessary and sufficient condition for the vector

fields k and [ to be surface-forming is

[k, 1]" = (f z)“ = ak® + bi®. (8.33)

8.9 Spherically symmetric 4-dimensional Riemann spaces

We call a Riemann space spherically symmetric when the group of rotations around a
point, O(3), is its isometry group. Its metric tensor must thus obey the Killing equations
for each of the three generators of the group O(3). We shall first derive the formulae for
these generators.

The orbits of O(3) are 2-dimensional spheres. Each sphere can be embedded in a
3-dimensional Euclidean space E3. Its equation is then

4+ 72 =R, (8.34)

where R is the radius of the sphere, and x, y, z are Cartesian coordinates in E3. The
rotation around the centre of the sphere by the angle « in the plane (x, x/) is then
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described by the transformation

x"' = x'cosa+ x’'sina, x'"=—x'sina+x’cosa,

x*=x  fori#k#j. (8.35)

The angle « is here the group parameter. By using Eq. (8.6) we then find that the

corresponding Killing vector is

k= x/8", — x'8" . (8.36)

[i.4] ’

An arbitrary transformation of the sphere into itself can be described as a composition of

three consecutive rotations around different axes. Hence, a basis of the space of Killing

vectors will be three generators corresponding to rotations around three different axes.
It is often convenient to represent the Killing vectors by the corresponding operators

of directional derivatives, also called generators:

gl 0
(zJ) B Igi) dxe’ (8.37)

We will choose as our basis of Killing fields the generators of rotations around the
three axes of the rectangular Cartesian coordinate system:

J g g J g g J g g (8.38)
=x——y, =y——z—, X——z—. :
[xy] dy T [va] e Ay [x] dz T ox

Now let us transform the generators to the spherical coordinates
x = rsin cos @, y = rsin ¥ sin @, z=rcos . (8.39)

In these coordinates the generators become, up to sign,

ad . d d
J =—, J =sing— +cosgpcot ¥ —,
o] dg b2l a9 I

(8.40)

J i i t O g
=COS@—— —SIn @ Co -—.
[xz] ¢a19 4 0

Since the coordinates ¥ and ¢ are defined inside the spheres, we can use them as
coordinates in the whole Riemann space. Let us denote the two remaining coordinates
t and r. We shall now solve the Killing equations for the metric tensor gaﬁ(t, r, 3, @),
where x* =1t, x! = r, x> =9, x* = ¢, with the Killing vectors given by (8.40), thus

I(c‘;‘ = 8%, I(c‘))‘ = sin ¢ 6%, + cos ¢ cot ¥ 6%;,
1 2
(8.41)

l(c”)‘ = cos 6%, — sin ¢ cot ¥6%;.
3

Note that in assuming the form (8.41) of the Killing vectors for the whole Riemann space we have tacitly made one more
assumption. Namely, we assumed that the (3, ¢) coordinates on different spheres are correlated in such a way that the rotation
of the whole space is described by the same formula as the rotation of a single sphere. One can easily find examples of
coordinate systems that do not obey this condition. For example, suppose that we choose the (r, ¢) coordinates in the E* plane
so that the curves r = constant are non-concentric circles, and the azimuthal angle is measured on each circle independently,
beginning from a certain reference direction chosen to be ¢ = 0. In such coordinates, the rotation of the plane by the angle «
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will not be described by ¢’ = ¢+ «; the ¢’ will in general be a nonlinear function of r and ¢, which will reduce to (¢ + )
only on that circle whose centre coincides with the centre of rotation of the plane (and such a circle will not necessarily exist).

As another example of an untypical coordinate system, we may choose the ‘generalised spherical coordinates’ in the
Euclidean space E3, in which the surfaces r = constant will be concentric spheres, but the poles of the spherical coordinates
on different spheres will not lie on a straight line. A rotation by the angle « around an axis will be described by ¢’ = ¢+
only on that sphere whose pole lies on the axis. On other spheres the rotation will be given by a complicated function of r, ¥
and ¢, and the generators will not have the form (8.40).

We should thus expect that the Killing equations for (8.41) will give us not only a
limitation on the geometrical properties of the space, but also a limitation on the coordinate
systems resulting from the assumed form of generators (8.40). We shall come back to
this question — see the paragraph containing (8.53).

The Killing equations for the vector l(cl‘; reduce to g,z =0, that is, the whole metric

tensor is independent of x> = ¢. For I(cz‘; and l(c;; the Killing equations reduce to

.0 . .
sin @%gaﬁ + (sing),, &pt (sin GD)’/; a2

+ (cospcot D), , g5+ (cos pcot ), 8,3 =0, (8.42)
d
cos @%gaﬁ + (cos @), &pt (cos QD)’B 8a2
— (singpcot¥),, g35— (singpcot¥),5 8,3 =0. (8.43)

In order to simplify further calculations, we will replace these equations by two combi-
nations thereof. Multiply (8.42) by cos ¢, (8.43) by sin ¢ and subtract one result from the
other. Using the two identities

sin ¢(sin @), , + cos ¢(cos ¢),, =0,
(8.44)

cos ¢(sin @), , — sin ¢(cos @), , = @, ,
we obtain
®ra 82T Pop 8oz T (cOLD), 4 835+ (cOt D), g 803 = 0. (8.45)

Now multiply (8.42) by sin ¢, multiply (8.43) by cos ¢, and add the results. Using (8.44)
again, we obtain
d
%gaﬁ -
Equation (8.45) is algebraic. Taking consecutively the various values of the indices «
and 3, we obtain from it the following results:

@54 Ot Vg3 — @, gcot ¥g,; = 0. (8.46)

e For 2 £ a # 3, 2 # 3 # 3 the equation is fulfilled identically.
eFor2#a#3, =2

843 =10, a=0,1. (8.47)
eFor2#a#3,=3:
8a =0, a=0,1. (8.48)
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eFora=2,8=2:
83+ 83 =128;3=0. (8.49)
eFora=2,=3:
g3 = &y sin” . (8.50)
e For @ = B =3 Eq. (8.50) follows once more.

Now we take the same cases for Eq. (8.46) and obtain the following:

eFor2#a#3,2#B#3:(0/09)g,5=0,a,8=0,1.

e For 2 # a # 3, B =2 an identity as a consequence of (8.48).
e For 2 # a # 3, B =3 an identity as a consequence of (8.47).
e Fora=2,8=2:(3/09)g,, =0.

e For @« =2, B =13 an identity as a consequence of (8.49).

e For @ = B =3 an identity as a consequence of (8.50).

Hence, finally, the solution of (8.45)—(8.46) is
ds* = a(t, r)dr* +28(t, r)dt dr + y(t, r)dr* +8(t, ) (di‘}2 +sin’ ﬁdqo2) . (8.51)

This is the general 4-dimensional spherically symmetric metric form. Note that, in conse-
quence of the 2-spheres being subspaces of the Riemann space (they are the orbits of the
symmetry group), we have obtained a limitation on the signature: the signs of d9? and
of dg? must be the same. This is an illustration of the remark made in Section 7.15 on
embedding the Riemann spaces in spaces of higher dimension: an inconsistency between
the signatures may render the embedding impossible.

Note that we have not assumed anything about the subspaces of the variables (¢, r).
Hence, arbitrary nonsingular coordinate transformations can be carried out within those
subspaces:

t=f(¢,r), r=g(t,r), (8.52)

where f and g are arbitrary functions subject to the condition that d(t, r)/d(t', r') # 0.
After such a transformation the function 6(¢, r) will preserve its value, while «, 8 and 7y
will change to combinations of «, 8 and 7, but the combinations will still depend only
ont and r'.

Now we can illustrate the remarks made after (8.41). We can carry out a coordinate transformation on (8.51) that does not
obey (8.52), for example

r=r'+h(9,¢), (8.53)
where h(9, ¢) is an arbitrary function. The result will be
ds* = a(t, N +2(t, Ndrdr’ +2B(t, N, dt dO +28(t, r)h,, dtde
+(t, r)dr/2 +29(t, r)h, g dr’ A9 +2y(t, 1) hyg dr'de
+(8(t. )+ ¥(t. D h.y?) dO* +2(t, ), ., dO de

+(8(t, 1 sin® 9 + y(t, r)h,q,z) de? (8.54)
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(note that both r and r’ are present here; r’ is one of the coordinates, while r is the function defined by (8.53)). The metric (8.54)
is still spherically symmetric because it resulted from (8.51) by a coordinate transformation, and the existence of symmetries
does not depend on the coordinates. Nevertheless, Eq. (8.54) is not of the form (8.51) because after the transformation (8.53) the
spherical coordinates on different spheres (# = constant, r = constant) are not correlated in the simple way implicit in (8.41).
The orbits of the group O(3) are the subspaces {f = constant, r = constant} whose
metric form, in the coordinates of (8.51), is ds,” = 5(d132 +sin® @ dg02) (in these subspaces
0 is constant). The centre of symmetry is where &(¢, r) = 0. However, there is no guarantee
that such a point exists within the manifold. For example, if é is constant throughout the
Riemann space (which is a property invariant under (8.52)), then the centre of symmetry
does not exist. This is an analogy to a cylinder or a one-sheeted hyperboloid: these
surfaces are rotationally symmetric, but no point on the surface is the centre of rotation.
If the functions «, B, y and 6 in (8.51) are independent of r, then there exists a fourth
Killing field 1(64‘)’ = 6%,. The symmetry group of such spacetimes is called the Kantowski—

Sachs symmetry (Kantowski and Sachs, 1966). In these spacetimes those hypersurfaces
t = constant for which 6(¢) # 0 have no centre of symmetry. We will come back to them
in Chapter 10.

8.10 * Conformal Killing fields and their finite basis

If, after a coordinate transformation, the new expression for the metric tensor is confor-
mally equivalent to the old one, then such a transformation is called a conformal symme-
try of the Riemann space (and of the metric). The generators of these transformations
are called conformal Killing vectors and obey the equations

K’ 8up p T K 30 8op T K 5 8ap =KaptKp.oa = Agaps (8.55)

where A is a scalar function.

By a similar method to that in Section 8.4 one can show that for the Riemann spaces of
dimension n > 2 a finite basis of generators of conformal symmetries always exists; i.e.
that the dimension of the group of conformal symmetries is finite if n > 2. (We shall
deal with the case n = 2 at the end of this section — then, no finite basis exists since all
2-dimensional Riemann spaces are conformally equivalent.)

Contracting both sides of (8.55) with g*# we obtain

2
A=k, (8.56)

From the Ricci identities we obtain (8.19) and (8.20) again, but this time instead of (8.18)
we have

kg = Ko — Map- (8.57)

Hence, using (8.55) and g,5.,, = 0 in (8.20), we obtain

(’\’vga8+)"ﬁgav+)"ag87)' (8.58)

1
kopy tkyaptkpya= )
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From (8.57) and (8.58):

1
Ky g =Kp.oy = Kp.ya + 3 (= Ay Bap T Asp 8y +Aou 8py) - (8.59)
To the first two terms we now apply the Ricci formula, and we obtain
1
Kyiap = R paykp + 5 (=Asy 8aptAip 8ay +Au 8py) - (8.60)

The second derivatives of the conformal Killing fields are thus determined by the fields
k, themselves and by the gradient of A.

The first derivatives of the generators are connected by Egs. (8.55) that determine the
symmetric part of the matrix k,. z. Hence, in order to know the first derivatives of k,,
we have to know the antisymmetric part of k,.g, i.e. %n(n — 1) function values, plus the
value of A. Together with k, and A, , this makes

%n(n—l)—l—n—i—n—i—l:%(n—i—l)(n—i—Z) (8.61)

constants that must be known in order to calculate k., ..
Now take the covariant derivative of (8.60) with the index &:

1
kyaps = R gay.sky + R paykpis + 5 (= A3 35 8ap + A3 g3 8ay + A s 8py) - (8.62)

From this, we subtract the corresponding expression with the indices (86) interchanged,
and we apply the Ricci formula on the left-hand side:

Rf/ﬁékp;a + Rgﬁﬁk%p = Rzav;ékp - Rgay;ﬁkp + Riayk

0
Bay R Saykp;ﬂ

pid

1 (8.63)
+ 5 (_A;yﬁ 8ap + A’yﬁ 8as T /\;aﬁ 8y — )\;aﬁ gSy) .

If (8.63) is solvable with respect to A; 5> then the second derivatives of A will be
determined by k, and k4. In that case, to calculate the third derivatives of k, from
(8.62) we need to know only those constants that were counted in (8.61).
In order to find A; 5 from (8.63), we contract it with g*/:
R RPsk,., = —Rf sk, — R*s" .k, — Rk, — R°:" k

Y §pe ; pia

1 ‘a
+§ [—(7’1 - 2))\;')/3 _gyﬁ)\, ;a] . (8.64)

The first term on the left and the last term containing curvature on the right can be
combined as follows:

RP,® Ky + RO K

Y 8t pa = vaaa(kp;a +ka;p) =R, s A8ap = ARy5. (8.65)

pie
Now using (8.65), we rewrite (8.64) as follows:

(n - Z)A; ¥e +g‘)/5/\;,u;/.l, = _2)\R,y5 + Rp(sk,y;p - Zpr;skp
—2R?, K, — 2R K. (8.66)
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We contract this with g?° and obtain
(n—1AH;, = —AR—2R""; k,=—AR—R, k" (8.67)

(in the second step we used the contracted Bianchi identities (R*” — 1g*'R) ;, = 0). From
here we substitute for A*#;  in (8.66) and obtain

1
(M=2)A505 = — 8y (AR+R,, k") —2AR,5+2R" sk, ,
—2R? sk, —2R’5%, Jk, — 2R’ k5. (8.68)
(It can be verified, with use of (7.15) and (8.55), that the right-hand side of (8.68) is
symmetric in 7y and 8.) Hence, for n > 2, the second derivatives of A are determined by
k,, kmﬁ and A itself. Thus, A, A,,,k, and k(a;ﬁ) determine kmﬁy, ka;ﬁw and /\;78’ and,
consequently, determine all higher derivatives of k, and A. Then, the functions k,(x) and
A(x) are determined in that neighbourhood of the point investigated within which these
functions are analytic.! Consequently, with n > 2, the conformal symmetry transformation
can have at most 1(n+ 1)(n+2) parameters, i.c. a finite basis of generators exists. Note
that %(n +1)(n+2) is at the same time the maximal dimension of the isometry group of
an (n+ 1)-dimensional manifold.
It remains to verify the subcase n = 2. Then, from (7.61) we obtain:
1 1
af _ apB a a
R,5 =3RS R*s = ~R8,

S 5
2 (8.69)

Rpsay = gS,ngRp“oy = %R (gaygap - 5385) .
After substituting these in (8.68) we obtain the identity 0 = 0. Hence, for 2-dimensional
surfaces, the only limitation that follows from (8.66) is (8.67). But (8.66) is just one
consequence of (8.63), which was the full integrability condition of (8.62). Hence, we
must now reconsider (8.63).
In two dimensions, every object that is antisymmetric in two indices must be propor-

tional to the Levi-Civita symbol. Since the last parenthesis in (8.63) is antisymmetric in
both [B6] and [ay], the following must hold:

—A5 5 8ap T Ay Bas T Asas 8oy — Asap 85y = WEay€ps- (8.70)
Contracting this with €*7e® and using € = ggP”¢%€,, we obtain
=—gh . 8.71)
Now substituting (8.70), (8.71) and (8.69) in (8.63) gives:
870 ROG5 K pio + 8as ROG3 Ky, — 850 Ro5 k05 + 850 R 5, 00

_gBU'RSZ(;kp,Is + g(SUR(Sg(’;kp,B = —g)\;'u'uea,yfﬁa. (8.72)

! The argument presented in the next section applies to conformal symmetries as well, so this limitation on the number of
conformal symmetries applies also for non-analytic functions.
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The left-hand side above is antisymmetric in [86]. Using (8.55) one can verify that it is
also antisymmetric in [ay]. Hence, (8.72) will hold if the contractions of both sides of it
with €*?€P® are equal. Doing this contraction and using again €®’ = ggf”g%¢,, we obtain

R, K"+ Rk#;, = —A'¥,. (8.73)

Comparing this with (8.56) in the case n =2 we see that (8.73) is equivalent to (8.67).

Consequently, the only integrability condition of (8.62) is (8.67). This equation is of
the type of d’Alembert equation that puts a limit only on (A';; +A%;,), leaving A;;,
and A;,, undetermined. Hence, when differentiated, Eq. (8.62) will produce still higher
derivatives of A. Let us also note the form of (8.62) in the case n =2:

I 1
(kyap)s6= 58505’;5 (Rk,) 35 +3 (=2 8ap T Ao Bay T Xie 8y) 35 - (8.74)

Both sides of this are covariant derivatives of some expressions, and subsequent differ-
entiations of them will have their integrability conditions identically fulfilled. In order to
determine A and k, we will thus need an infinite number of constants, i.e. no finite basis
of the conformal Killing fields exists in two dimensions. This is a consequence of the
fact that every 2-dimensional metric is conformally flat, so there exists an infinite family
of transformations preserving the explicitly conformally flat representation of the metric.

8.11 * The maximal dimension of an invariance group

In Section 8.4 we proved that the dimension of the symmetry group of an n-dimensional
Riemann space cannot be larger than %n(n +1). However, in the proof we assumed that
the Riemann tensor was analytic in the neighbourhood considered. We will argue now
that the result applies generally. It will follow from the sequence of theorems presented
below.

Theorem 8.1
Assumptions:

(1) The metric tensor g,g of the Riemann space V, depends on a number of constant

def
parameters u = {u,, ..., u}.
(2) The metric hg results from g,z when some of the parameters go to certain limits,

thus

def .
Ug = {Uygs s Uigy Uy 15 s Ug ), Hgg = 1iM gop, (8.75)

u— g

where i < k.
(3) The limit is non-singular, i.e. no vector field defined on V, becomes identically zero
in the limit.

Thesis:
The dimension of the symmetry group of h,g is larger than or equal fo the dimension of
the symmetry group of 8-
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Proof:

Let (k), ceo (k) be the generators of symmetries of g5, and consider the equations k£ 8up =
1 p (m)

0,m=1,..., p. Since they are fulfilled at all values of the parameters {u,, ..., u,}, they

must still hold in the limit. Since the limit is nonsingular, none of the generators will
become zero in the limit. Hence, &, must inherit all the symmetries of g,s. [

Comments:

(a) Limits of metric tensors are coordinate-dependent, but the theorem holds for every
nonsingular limit.

(b) New symmetries may appear in the limit if there exists a vector field w* on V, such
that £g,5 # 0 but lim,_,, £g,5 =0.

w w

(c) The structure of the symmetry group H of h,; may be different from the structure
of the symmetry group G of g, even if dimH = dim G. This may happen because
some of the structure constants of G may become zero or take other privileged values
in the limit.

(d) The theorem holds for invariance groups of any tensor fields, not just for isometries.
Thus, for example, the group of invariance transformations of the Riemann tensor
(called collineations) may only increase or preserve its dimension in a limit.

(e) The theorem holds for conformal symmetries, too.

Theorem 8.2 The flat Riemann space is contained as a limit in every nonsingular region
of every curved Riemann space.

Proof:

For any Riemann space, the flat space of the corresponding signature is its tangent
space. Thus, since in a nonsingular region the tangent space exists at every point, we
may imagine the flat limit as follows: we decrease the curvature to zero (this may
require introducing some free parameters by a coordinate transformation), and in the
process open subsets of the tangent spaces become isometric with open subsets of the
manifold itself. [

Comments:

(a) This theorem is in fact one of the fundamental postulates of relativity. In the physical
language it reads as follows: special relativity is the zero-curvature limit of general
relativity, i.e. every curved spacetime has the Minkowski spacetime as a limit.

(b) The construction will fail at singular points, where the curvature is infinite (such as
the vertex of a cone). At those points, no tangent space exists.

(c) In general, we do not expect the tangent spaces at different points to coincide in the
limit. For example, a cylinder is flat, but its tangent planes do not coincide.

Theorem 8.3 No Riemann space can have a symmetry group of higher dimension than
the flat Riemann space, i.e. of more dimensions than %n(n +1).
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Proof:

The proof follows from Theorems 8.1 and 8.2 and from the result of Exercise 10. []

Comment:

There exist Riemann spaces whose symmetry groups have exactly %n(n + 1) parameters,
and which are not locally isometric to the flat space. They are the spaces of constant
curvature, with the Riemann tensor R*? v = R6$§ . Their symmetry groups are different
(not isomorphic) in each of the three cases R > 0, R =0 and R < 0. In relativity, they are
the de Sitter spacetimes, see Exercise 12 and Section 14.4.

10.

8.12 Exercises

. Find the coordinate transformation corresponding to the field of generators k¢ = *, , where

agp?
« is the label of one of the coordinates.

. Find the coordinate transformation corresponding to the field of generators k* = x’ o — x/ 8%,

where i and j are the labels of fixed coordinates. Show that, when (x', x/) are Cartesian
coordinates, the transformation found here is the rotation in the plane of (x, x/).

. Solve the Killing equations for k* = 6* -
. Show that if the parameter A of the integral lines of a generator k* = dx“/dA is chosen as a

coordinate in the Riemann space, then a tensor invariant under the transformations generated
by k¢ is simply independent of A.

. Show that if there exist at least two linearly independent fields k“ and [* generating invariances

of a tensor field 7, then the corresponding orbit parameters A and 7 can be chosen as coordi-
nates on M,,, if and only if [k, []* = k*I%, , —I"k%,,= 0. In that case dT,5/0A = dT,5/d7 = 0.
Note: This is just a different wording of Exercise 2 in Chapter 6.

. Prove that if k* and [* are Killing fields in a certain Riemann space, then so is their

commutator [k, []*.

. Show that the condition of invariance of a scalar field ¢ with respect to the transformation

group generated by the vector field k¢ is

k*¢,,=0. (8.76)

. Show that the condition of invariance of a covariant vector field w, with respect to the

transformation group generated by k¢ is

Ko, ,+k, ,0,=0. (8.77)

. Prove that the conformal Killing vectors obey (8.55) and that A is related to the conformal

factor @ in g 5(x") = P(x)gap(x’) by A =k*D,,,.

Hint. Take first the conformal condition g ,(x") = ®(x')g,s(x") and note that X% are
functions of the group parameters #;. Then take the limit of this equation as t; — f,;, where
X' a(ty, x) = x%, i.e. is an identity transformation. It follows that ® must obey ®(x')|,_, =1.
Find and interpret all the Killing fields for the Minkowski spacetime in the Cartesian coordi-
nates, in which ds* = dr*> —dx? — dy? — dz>. Find the corresponding isometries. Identify the
isometries that should be known to you from a course on special relativity: the special Lorentz
transformations along the x-, y- and z-directions, and the rotations in the planes {x, y}, {y, z}
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and {x, z}. Verify that they are indeed isometries (i.e. substitute these transformations into the
metric form and see what happens). Calculate all the structure constants of the full group.
11. Find all the conformal Killing fields for the Minkowski spacetime in the Cartesian coordinates,
in which ds* = d¢? — dx® — dy? — dz*. Show that those generators that do not correspond to
isometries generate the following mappings of the Minkowski spacetime into itself:

(a) Dilatation:
xX¢=x%/C, (8.78)
where C is the group parameter.

(b) The so-called acceleration transformations (for which Plebariski proposed the name
‘Haantjes transformations’ (Haantjes, 1937, 1940))!':

x* 4 C"xpx"

T 142C,x°+C,Crxpx7

el

(8.79)

where C*, u =0, 1,2, 3, are group parameters, and the indices are raised and lowered
by the Minkowski metric. Verify that this is an Abelian group, that the composition of
two Haantjes transformations, with parameters C* and D*, is a Haantjes transformation
with parameters (C* + D*), and that the transformation inverse to (8.79) is a Haantjes
transformation with parameters CH=—CH Verify that (8.79) is a composition of the
following three transformations:

e the inversion in the pseudosphere of radius L with its centre at x* = 0:

L2
Xt = Xt (8.80)
XpxP
e translation by the vector C*:
X' = X" CH (8.81)

e the inversion in the pseudosphere of radius L with its centre at x"* = 0:

L2

1 5P
X px

x///u —

X (8.82)

The transformations (8.80) and (8.82) are discrete conformal symmetries of the Minkowski
spacetime in Cartesian coordinates, and (8.81) is a conformal symmetry of the Minkowski
spacetime in the coordinates x*.

Verify that the Haantjes transformations are conformal symmetries also for a flat space of
any dimension and with any signature. Equations (8.79)—(8.82) apply then with the indices
running through n values.

Hint. Verify first that (8.79) has the following properties:

o _ / M 2
x, Xt =x /T, dx,dx* =dx',dx"*/T", (8.83)
! The papers by Haantjes (1937) contain only special cases of (8.79), corresponding to (i)C,C* =0 (the 1937 paper) and (ii)

only one of the parameters C* being nonzero (the 1940 paper). The oldest source known to us in which (8.79) is given in
full generality is the text by Plebariski (1967).
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where
TE 1420, +C,C"x, x°. (8.84)
12. One of the coordinate representations of 4-dimensional spaces of constant curvature with the
signature (+ — ——) (the de Sitter (1917) spacetimes) is
ds* = (1—Ar?)dr* — T dr? — r? (d9* +sin® 9 d¢?), (8.85)
—Ar

where A is an arbitrary constant. Find all the Killing fields for this metric, in each of the
cases A >0, A <0 and A =0 (the last case is just the Minkowski spacetime in spherical
coordinates). Find the structure constants of these groups. Take the limit A — 0 of the first
and second cases and see what happens with the structure constants.

Hint. You may prefer to find the Killing fields for the case A = 0 by transforming the results
of Exercise 10 to spherical coordinates.
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Methods to calculate the curvature quickly — Cartan
forms and algebraic computer programs

9.1 The basis of differential forms

Let us recall the conclusion of Section 4.3: if a field of bases of contravariant (covariant)
vectors is given on a manifold, then this field determines the dual field of bases of
covariant (contravariant) vectors via (4.13) or (4.14), and then both bases can be used to
uniquely represent arbitrary tensor densities by sets of scalars.

In Chapter 4 we assumed the bases to be given, but they could be arbitrary. We are
thus allowed to choose such a basis that the set of scalars representing a given tensor
field is particularly simple. For example, the scalars representing the metric tensor

Nij = eiaejﬁgaﬂ ©.1)

(where i and j label different vectors) can all be constant. This is possible for any
8qp: the transition from g,s to 7;; is equivalent, in the language of linear algebra, to a
transformation of the matrix of a quadratic form induced by a change of basis of the
underlying vector space. Equation (9.1) does not determine the basis uniquely, but up
to the transformations that preserve 7,;. For example, when dim V, =3 and ||n;|| =
diag(1, 1, 1), the ¢;* are determined up to the orthogonal transformations O(3), and when
dimV, =4 and ||n;|| = diag(+1, —1, —1, —1), the ¢;* are determined up to the Lorentz
transformations L(1,3).

A given basis ¢;“ and a given scalar image of the metric 7;; uniquely determine the
metric tensor by a formula inverse to (9.1):

gaB = eiaejﬁnij' (92)

In a 4-dimensional manifold, the basis ¢;“ is called a tetrad of vector fields, and the
scalar image of the metric 7,; is called a tetrad metric.

As already shown in Section 3.2, every coordinate system naturally defines a field of
vector bases; they are the vectors orthogonal to the hypersurfaces f' = constant, defined by

o' fPu=1. e fl,=0, forj#i 93)

(with no summation over i in the first equation), where {f/}, j=1, ..., n are the coordi-
nates. However, not every field of bases defines a coordinate system because vector fields

94



9.2 The connection forms 95

are in general not orthogonal to families of hypersurfaces. For general fields, Egs. (9.3)
will not be integrable.
Covariant fields ¢’, can be uniquely represented by differential forms

e =e, dx". (9.4)
Multiplying both sides of this equation by ¢,® and using (4.13), we obtain

dxP =efe'. (9.5)
From (9.2) and (9.4) we see that the metric can be represented in the basis {e'} in the

following way:

ds’ = 8ap dX” dxP = nl»jeiej. (9.6)

9.2 The connection forms

The quantities
Fijk‘i;f —e efe’ (9.7)

pio €

are called the Ricci rotation coefficients. Comparing this with Eq. (4.19) for the Christoffel
symbols we find

Ca=cueiel {37} —dgaefel, (9.8)

a a j i a i
{.37} =e /g T +e ey . (9.9)

The basis vectors and the Ricci rotation coefficients are thus a unique representation of
the Christoffel symbols.
Now let us calculate the exterior derivative of the forms e':

de' =—¢'i5 dxP Adx” = —e"[B;Y]ejﬁek“/ej neb = I e’ A et (9.10)

(along the way, we have used the antisymmetry of the exterior products and the symmetry
of the Christoffel symbols in their subscripts that allowed us to replace ei[B,yl with ¢’ By

Hence, calculating all de’ and then decomposing the result in the basis e/ A ef we find the

I ik)- Now we will show that I = ;[ are antisymmetric in (ij) by virtue of their

definition. Note that I j can be equivalently written as

I'y=e,ef, e (9.11)

Note also that the following is true:

eia = nisgapespa eia = nisgapesp' (912)
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To see this, multiply both sides of the first equation by ¢;*, to obtain e e = & j» which
means that the €', defined by (9.12) are identical with the inverse matrices to e,%, i.e. with
the ¢’ as originally defined by (4.13) and (4.14). Our notation is thus self-consistent: the
¢, result from the ¢;* by raising the scalar index with 1" and lowering the tensor index
with g, (Where 1"/ is the inverse matrix to 7,;). The second equation in (9.12) is verified
in a similar way.

Now let us calculate the directional derivatives of (9.1) along ¢,”:

0=(my).,e” = (e 8up) 5y €7
= e y ejﬁgaﬁeky + eiaejﬁ; y gaﬁeky
=e";, gﬁpnjsespgaﬁeky +gap77isespejﬁ; v 8apli’
= e’ e e + el e e =i+ T (9.13)
(Along the way we used: m;; being constant, the ei“ejﬁgaﬁ being scalars, g,; being

covariantly constant, Egs. (9.12), the equation g* gz, = 6“5 and (9.11).) The final result

is as announced:
Ly =—T. (9.14)

1

Using this property, one may easily verify that

1

e = Ty = Uy = L (9.15)
Thus, having found I'(;; from (9.10), we can find the full I" ;, = 9T, from the above.
We now use the Ricci rotation coefficients to form differential 1-forms called connection
forms:

I, =T, (9.16)

The tetrad image of the covariant derivative of any tensor field can be expressed fully in
terms of the Ricci rotation coefficients in place of the Christoffel symbols and directional
derivatives in place of partial derivatives. Thus, for example, for the Riemann tensor

a B, v, 6, epa _ _ ppa
€ €y €. €4 eeRﬁyS;é::eeRhcd,p

+FaxeRSbcd - FsbeRascd - I‘sceRubxd - FsdeRubcs‘ (917)

9.3 The Riemann tensor

The expression dI'; + I AT*, is a 2-form that can be decomposed in the basis ¢* A e':
. . 1 .
A+ T, AT = SR e A 9.18)

This is a definition of the coefficients R';;, but they turn out to be the scalar image of
the Riemann tensor

R, = eiaejﬁekyeléR“Byé. (9.19)
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This is verified as follows:
dI', + T AT, = d (T ") + T I et A
= (el + Ty + Tl ) € Ael (9:20)

where we have used (9.16), (9.10), the antisymmetry of the exterior product and (9.5).
Hence, from (9.18) and (9.20) we obtain:

[ i a i s i S
SR =T e perd” 15 + el - (9:21)
Now, using (9.8) and (6.4), we obtain (9.19).

It is now easy to verify that

def - a

R,=R;=¢"¢/R,, (9.22)

i.e. that the R i defined above is the scalar image of the Ricci tensor R.g given by (7.46).
It is also easy to see that the scalar curvature is

R=7n"R;=g""R,. (9.23)

The differential forms allow us to carry out many calculations faster and easier than
the traditional tensor calculus. Indeed, some modern courses of relativity avoid tensor
calculus altogether, using the Cartan forms as a primary device. However, that approach,
although more efficient from the point of view of calculations, makes it more difficult to
explain the historical roots of relativity.

As examples of the great simplifications to which the Cartan forms lead, let us note
that the identity R“[g,5; = 0 is an immediate consequence of (9.10). Since the antisym-
metrisation in (9.10) is carried out automatically (it was written out explicitly only for
better clarity), we can make use of (9.16) and write (9.10) in the form

de'=-T"; ne. (9.24)

Substituting (9.24) and (9.18) in the identity d*¢’ =0 we obtain JR' e/ Aek nel =0,
which is equivalent to R'[;;, = 0. This identity is thus the integrability condition for
(9.24). Similarly, the Bianchi identities (7.15) are obtained as the integrability condition
of (9.18).

In relativity, with its 4-dimensional Riemann spaces of signature (+ — ——),
the most frequently used tetrads are: the orthomormal one (in which |7, =
diag(+1, —1, —1, —1)), the null tetrad (in which ny, =1, =1, n,, = 153 = —1, all
other components of 1 are zero) and the double-null tetrad (in which n, = n,, =
—1,3; = —7Ms, = 1, all other components of 7 are zero). See Sections 16.5 and 16.6 for an
application of the double-null tetrad; in it the forms ¢* and ¢* are complex and conjugate
to each other.
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9.4 Using computers to calculate the curvature

Calculating the curvature tensor from a given metric tensor is tedious and time-consuming,
and seemingly innocent errors made along the way cause great chaos in the final results.
In order to obtain a reliable result, every step of the calculation must be carefully verified.
A relatively simple calculation typically takes several hours; in complicated cases it can
extend to months. At the same time, this is routine work that does not really require
intelligence, but just careful application of a set of rules. (Intelligence is required only to
understand the rules.) Consequently, it has all the typical features of a task for a computer.

This fact was noticed and made use of long ago. Over the last 40 years, several
computer systems have been created that can calculate the Riemann tensor and the
associated quantities from a given metric. (We mean here symbolic calculations, in which
the computer just transforms mathematical expressions, without expecting them to have
numerical values.) Some of those systems are parts of big general-purpose algebraic
systems (like Maple or Mathematica), some are specialised programs written in generally
accessible programming languages. The language of choice for computer algebra is Lisp.
Among the specialised programs that are still available are Sheep, created in Stockholm,
and Ortocartan, written by one of the authors of this text (Krasiski, 2001b). Information
on them is best obtained from the Internet (the expression to look for is ‘computer
algebra’).

The modern computer algebra programs are fairly easy to use, and the reduction in time
and effort required to do the calculation is dramatic. Instead of doing routine calculations
for weeks, one can have the result in less than a minute. Of course, this does not include
the time required to write the data, and usually several runs are needed before the result
becomes acceptable (for example, additional simplifications might be needed). Still, the
gain is obvious, and these calculations are done ‘by hand’ essentially only by students
for educational purposes. In research work, the computers have taken over the field
completely.

9.5 Exercises

1. Verify Eq. (9.17).

2. Calculate the exterior derivative of (9.18) and show that it is equivalent to the Bianchi
identities (7.15).

3. Take a simple metric, for example the de Sitter metric of Eq. (8.85), and calculate the Riemann
tensor first by tensor calculus, then by using the Cartan forms in the orthonormal tetrad. Compare
the time and effort required in the two cases. Verify Eq. (9.19).



10

The spatially homogeneous Bianchi type spacetimes

10.1 The Bianchi classification of 3-dimensional Lie algebras

As already mentioned, generators of symmetries of a manifold form a Lie algebra. For
reasons to be explained further, the case when this algebra is 3-dimensional is important
for relativity. The aim of the Bianchi classification is to sort out those 3-dimensional
algebras which are inequivalent in the following sense.
A basis of generators is not defined uniquely. If k; is a basis, then
def

ZSC; = Ai,jz (sum over j) (10.1)
i ()

is also a basis, provided that the matrix A,/ (of constant elements) is non-singular. Such
a change of basis induces the following change of the structure constants:

Clo= (A aia,0C,. (10.2)

Thus, two sets of structure constants that are related by (10.2) correspond to two bases that
span isomorphic algebras. How can one recognise whether any matrix A obeying (10.2)
exists for two given sets of C’ij? The answer is provided by the Bianchi classification.
Note that no reference will be made in this section to the way in which the corresponding
group acts on the manifold.

The method of presentation used here was invented by Schiicking in the 1950s, but
introduced only during a seminar talk. It diffused into public knowledge via notes taken
by Kundt that were published only recently (Kundt, 2003); see Krasiniski et al. (2003) for
a description of the story. The earliest papers that used this approach and that introduced
it into the literature were by Estabrook, Wahlquist and Behr (1968), Ellis and MacCallum
(1969) and by MacCallum and Ellis (1970). The classification was originally introduced
by Bianchi (1898), but his method requires a long presentation and is no longer in use.!
Bianchi sorted out the different types by the properties of the derived algebras.

! Bianchi’s classification was considered from the point of view of the theory of Lie algebras. Its importance for relativity was
recognised much later. The first paper that explicitly introduced the Bianchi types into relativity was that by Taub (1951),
but the inspiration is said to have come from Godel (1949). See Jantzen (2001) for more on this story.
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From (8.30) it follows that C';; = —C’;, so for an N-dimensional group the number of
structure constants cannot exceed N - %N(N —1). Through the Jacobi identity
(k> k1, k1 +[[k, k], k] + [k, k], k] =0, (10.3)
@ O O (N0 0 O O

the definition (8.30) implies a further limitation on C';:
¢yttt + et =0. (10.4)

We shall take (10.4) into account later.

For N =3, %NZ(N —1) =9 and equals the number of elements of a general 3 x 3
matrix. Thus for a 3-dimensional algebra all structure constants can be put into a single
3 x 3 matrix, let us call it H*. The one-to-one correspondence between C’ij and the
elements of H is

1 . .
Hab — ze_alekal Cljk — e_siju, (105)

where €*' and €, are the Levi-Civita symbols. The matrix H*” can now be split into its

symmetric part
of 1
nabd f H(ab) z (Hab Hbu) (106)

and its antisymmetric part H“’l. But in a 3-dimensional space there is a one-to-one
correspondence between antisymmetric matrices and vectors, so H'“’l can be represented
by the vector a defined by

1 A y y
a. = _Eeiij[Jk] = Hll = _¢iimg

1

(10.7)

m*

From (10.5)—(10.7) we have
C'y=eyn"—87a,. (10.8)

The identity (10.4) for N =3 may be written as C";;C",,;€” = 0, and with use of (10.8)
this implies that

n*a, =0, (10.9)

i.e. either a; = 0 or else n has at least one zero eigenvalue.
From (10.1) and (10.2) it is seen that n® will transform, under the change of basis
(10.1), like a twice contravariant tensor density

- (detA)’l(Ail)i/i(Ail)j,jnij’ (10.10)

while a; will transform like a covariant vector, @, = A,'a;,. The transformations (10.10) can
be used to diagonalise n'/. Let us then assume that the basis (k) was chosen appropriately
and that n” is of the form
n, 0 O
=10 n, 0]. (10.11)
0 0 ny
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This does not yet fix the basis uniquely; transformations that permute (n,, n,, n;) are still
allowed. Therefore, if any of the n; is zero, it can always be moved by transformations
of the basis to the upper left corner in (10.11), i.e. we can always assume that

n =0 if a; # 0. (10.12)

If n, =0 is the single zero eigenvalue, then in view of (10.9) the vector a will assume,
after such a choice of basis, the form

a,=1[a,0,0]. (10.13)

If n, =0 is a multiple eigenvalue, then (10.12) still allows us to rotate a within the
eigenspace of the n, = 0 eigenvalue. We can then rotate a so that it will assume the form
(10.13). Equation (10.13) covers the subcase a; = 0. In such a basis, (10.9) becomes

an, =0. (10.14)

Using all the information about C’, j» the commutators become:
[k, k]=ak +n3k, [k, k]=nk, (10.15)

1 @ 2 3) 2 3 M
[k, k]=nk —ak. (10.16)

3 O @ (3)
This form of the commutation relations was obtained using rotations of the basis vector

fields k. From now on, no further rotations are allowed, but we may still scale k

(O] (O]

without changing their directions, k = C,{c)’ (no sum). After such a scaling, (10.15)—(10.16)
(@) i

change to

okl = 2+ Sty [k k)= -k (10.17)
vkl = =k +—==nk, s k]= nik, :
ne  Co GG 6 @6 GG

C, a
[<§>’ (]f)] aahT Tk (10.18)
(primes were dropped for clarity). We now want to use these scalings to simplify a, n,,
n, and n;. Using C,, C, and C; we can scale those of the parameters (a, n,, n,, n;) that
are nonzero. A nonzero value can never be made zero by scaling. Hence, the preliminary
classification is as shown in Table 10.1, where S stands for ‘something’ (different from
zero). However, not all the entries in Table 10.1 are inequivalent. Permutations of the
basis vectors that do not violate (10.14) are still allowed. Clearly, any permutation of
(ny, n,, ny) is allowed when a = 0, and with a # 0 we are still allowed to permute n,
and n;. Hence, only the cases indicated in the last line of the table have a chance to be
inequivalent.

We will see that the classification of the algebras into inequivalent types does not
match the columns of Table 10.1 — the table will serve merely to make the presentation
orderly. The labels for the types were introduced by Bianchi (1898), who, as already
mentioned, used a different method. By tradition, his numbering is still in use, although
it does not seem natural in the derivation presented below.
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Table 10.1 A preliminary Bianchi classification

a o 0 0 0 0 060 0 S S s S
n, 0o 0 0o 06 S S S S 0 0 o0 o0
n, o 0o S s o o S S o0 o S S
ns O S 0 s o S 0O S o0 s o S
Casenumber 1 / / [/ 2 [/ 3 4 5 6 [ 1

Let us consider the consecutive columns of Table 10.1.

(M

@

®)

(32)

(3b)

4)

(4a)

(4a,)

(4a,)

(4b)

a=n,=n,=n;=0.

This is Bianchi type I where all commutators are zero.

a=n,=ny,=0,n, #0.

Taking C, = C,C;/n, we obtain n| = 1. This is Bianchi type II.

a=n;=0,n, #0#n,.

Taking C, = C,C;/n, we obtain n| = 1. However, as seen from (10.17)-(10.18),
we have then n}, = n,n,/C;* and we will not be able to change the sign of n} by
choice of C;. Therefore we must consider two cases:

nny, > 0.

Then we take Cy = (n,n,)"/? and obtain n), = 1. This is a subcase of Bianchi’s
type VIIL. Bianchi himself called it type VII;; today it is called type VII,,.

nn, <0.

Then we take C; = (—n,n,)"/? and obtain n}, = —1. This is a subcase of Bianchi’s
type VI, called today VI,. Bianchi noted that this case requires a separate treat-
ment, but the final result fits well within the general type VI, so he did not give
it any special name.

a=0, nnyny #0.

We take C, = C,C;/n, and obtain n| = 1. But then, as before, 1}, = n,n,/C;*,
and the two signs of n,n, have to be considered separately.

nn, > 0.

We take C; = (n,n,)"/? and obtain n}, = 1. However, n; = n,;n;/C,, and two
further subcases arise:

nny > 0.

Then we take C, = (n,n5)"/? and obtain n} = 1. Thus finally n|, = n}) =n} =1,
a = 0. This is Bianchi type IX.

nny <0.

Then we take C, = (—n,n;)'"/? and obtain n; = —1. Hence finally n}, =n,=1=
—nj. This is Bianchi type VIIL

nn, <0.

We then take C; = (—n;n,)"? and obtain n, = —1. But then we must again

consider the same two subcases as before for C,:



(4b))

(4b,)

®)
(©)
™)

(7a)

(7b)
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nns > 0.
Then we take C, = (nn;)"/? and obtain n; = 1. Through the basis change (still

allowed!)
(3 @ @ 6

we then obtain the same parameter values as in case (4a,).
niny <0.
Then we take C, = (—n;n;)"/? and obtain ny = —1. Again, through the basis

change
(k, k, k):(—%,—%,—%),
1 6 @ @ @ M

we arrive back at case (4a,).

a#0,n =n,=n;=0.

Taking C, = a we obtain ¢’ = 1. This is Bianchi type V.

a#0#ns, n =n,=0.

We take a = C,, C; = aC,/n; and obtain a’ = 1 = nj}. This is Bianchi type IV.
anyny #0, ny =0.

Taking C, = C,C;/n, we obtain n, = 1. We lose again the possibility of changing
the sign of nj = n,n,/C,* and must consider two cases:

n,ny > 0.

Then we take C; = (n,n;)"/? and obtain n} = 1. Since, however, we fix C, in
this way, we have no possibility left to scale a. Hence, with n; = 1, the value of
a remains arbitrary. Then the algebras corresponding to n, = n; = 1 but different
values of a are not equivalent. Bianchi called this case VII,, but, as opposed to
previous types, this is a one-parameter family of inequivalent types. With a =0,
an algebra equivalent to the one obtained in (3a) results. This is seen if, with
a =0, we carry out the basis change

(k,k):(’/?,—%).
1 3 (3) Q)]

The general type VII, with a # 0, is today denoted VII, .

nynsy < 0.

Then we take C, = (—n,n5)"/* and obtain n;1 = —1. Just as before, we are left
then with no possibility of changing a. Again, this is a one-parameter family
of inequivalent types. Bianchi denoted it type VI; today it is denoted VI,. With
a =0, the algebra obtained in (3b) results, i.e. type VI,. To see this, the same
basis change as in (7a) is necessary.
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Table 10.2 The Bianchi classification

a 0 0 0 0 0 0 1 1 a a 1
n, 0 1 1 1 1 1 0 0 0 0 0
n, 0 0 1 -1 1 1 0 0 1 1 1
s 0 0 0 0 1 -1 0 1 1 -1 -1
Bianchitype I II VI, VI, IX VII V IV VI VI IO

In Bianchi’s scheme the subcase of type VI corresponding to a = 1 emerged as a
separate type which he called type IIl. Init, a =n, =1 = —n;, n; =0.
The final classification is shown in Table 10.2.

10.2 The dimension of the group versus the dimension of the orbit

In Section 8.2 we defined the orbits of one-parameter families of mappings. At this point
it should be clear that the notion of an orbit can be defined also for a family (or group) of
mappings that has several parameters; such orbits can be multidimensional curved spaces.

Let us recall that the Bianchi classification was done without any reference to the way
in which the generators act on the manifold M,,. Two situations are possible:

1. The three generators (which are by definition linearly independent as vector fields)
may also be linearly independent as vectors at each single point of M,,. This happens
e.g. for generators of translations in R>.

2. The three generators may be linearly dependent at each single point of M,. This
happens e.g. for the generators of the group O(3), which is a 3-dimensional group,
but has 2-dimensional orbits.

A 3-dimensional isometry group cannot have 1-dimensional orbits (from the Killing
equations, if the orbits are 1-dimensional, then any two generators will be proportional
to each other with a constant factor).

If the orbits are 2-dimensional, then their curvature is characterised by one scalar that
must be invariant under the action of the group, i.e. constant. The constant curvature
may be positive (the orbits are then 2-dimensional spheres), zero (the orbits are then
2-planes) or negative (such a surface has, in polar coordinates, the metric ds? = (1 +
a’r*)~! dr? +r? d¢?, but cannot be embedded in the R* with a positive-definite Euclidean
metric). Then, the three algebras of generators are of Bianchi types IX, VII, and VIII,
respectively.

If a 3-dimensional group has 3-dimensional orbits, then the scalar curvature of the
orbits must also be constant. However, in three dimensions the scalar curvature does not
fully characterise the curvature of space; there exists also the Ricci tensor. Therefore
more geometries are possible; they will be briefly discussed in Section 10.6.
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10.3 Action of a group on a manifold

If a 3-dimensional group of mappings of M, into itself has 3-dimensional orbits, then
several situations are possible, e.g. the following:

1. The mappings may or may not be symmetries of M, (they could be, for example,
conformal symmetries of M,,).
2. The orbits may be timelike, spacelike or null hypersurfaces in M,,.

In each situation one can consider the various Bianchi types. Examples of solutions of
Einstein’s equations are known for which the orbits are timelike (e.g. Krasiriski (1974)
for Bianchi type I and Krasinski (1998 and 2001a) for more general types; in the 1998
and 2001a papers there are examples of null orbits). A systematic investigation of all the
spacetimes with 3-dimensional timelike orbits of the Bianchi groups was done by Harness
(1982). Examples are also known in which 3-dimensional groups act as groups of symme-
tries on certain preferred 3-dimensional submanifolds of M,,, but are not symmetries of the
whole M, (these are the so-called spacetimes with intrinsic symmetries (Collins, 1979); for
examples see Krasiriski (1981) and Wolf (1985)). A brief discussion of general properties
of spacetimes for which a 3-dimensional symmetry group has 3-dimensional null orbits is
given in Stephani et al. (2003, Section 24.2). A systematic investigation was done of the
case when the group has 3-dimensional spacelike orbits and the group transformations
are conformal symmetries of the manifold with the conformal factor ¢ in fgaﬁ = Pgup

being constant (these are the so-called self-similar spacetimes (Eardley 1974a)).

Most effort went into investigating the case when the 3-dimensional orbits are spacelike
and the group in question is a group of symmetries of M, (but examples are known
where the orbits are spacelike in one part of M,, and timelike elsewhere; see Collins and
Wainwright (1983) and Collins and Ellis (1979)). Before we consider this case in more
detail, a few definitions must be given.

10.4 Groups acting transitively, homogeneous spaces

Let Orb(p, G) denote the orbit of the point p € M, under the action of the group G.
We say that G acts transitively on a manifold S when, for every q € S, Orb(q, G) =S
(in further considerations S will be a submanifold of M,). Examples: The group O(3)
acts transitively on the surface of a sphere, the group of arbitrary translations in R" acts
transitively on R”. The space S on which G acts transitively is called homogeneous with
respect to G.

If, for every q € S (assumed homogeneous with respect to G) there exists a subgroup
H C G such that Hq = q, then G is said to act multiply transitively on S. A group acting
transitively, but not multiply, acts simply transitively. Examples: The group of arbitrary
translations in R” acts simply transitively on R”, the group O(3) acts multiply transitively
on a 2-sphere since each point p of the sphere remains unchanged by rotations around
the axis which passes through p.
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A 4-dimensional manifold M,, with the metric tensor g of signature (+— ——) is called
a spatially homogeneous spacetime of Bianchi type if it has the following properties:

1. It has a 3-dimensional symmetry group G.
2. The orbits of the group are spacelike hypersurfaces in M,, on which G acts simply
transitively.

A Bianchi-type spacetime may have a larger symmetry group; the definition requires
then that the full symmetry group has a 3-dimensional subgroup that acts simply transi-
tively on spacelike hypersurfaces.

10.5 Invariant vector fields

As noted in Section 8.5, the vector field X is invariant under the group of transformations
generated by the vector field k if

£X = [k, X] = 0. (10.19)

Now let X be a vector field on S, let k,i=1, ..., m be a set of generators of invariances
()

m

of X such that, at every point p € S, {k(p)} is a basis in the tangent space to S at
p (i.e. the orbits of the group generateg) by ];izélre m-dimensional and so is S). In that
case the matrix K where K;* = k“(p) is nonfls)ingular at every p € S, and so defines the
inverse matrix k. Let us write (1(8.19) for all the fields (k) :

KX, —XPk,, =0 (10.20)

and multiply this set of equations by the matrix . The result will be

X% —K;;/(ci?,po =0 (sum over i). (10.21)

This formula is similar to the condition of covariant constancy of a vector field, where
the quantity
o  def i1 .

G, = — KB/(Ci) 'y (sum over i) (10.22)
plays the role of the affine connection. Let us follow this analogy and calculate the
curvature tensor defined by G%,. It turns out to be equal to zero. Therefore Eq. (10.21)
defines a transport of the vector field X along the vector fields k that is formally analogous

(@
to the parallel transport on S and has vanishing curvature. Consequently, the transport is
path-independent. Thus, if X(p) is defined at any single point p € S, then (10.21) will

uniquely define X at any other point of S.
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We can then define a vector basis X(p) at pe S,i=1,...,m, and use Eq. (10.21)
(@)

(called the Lie transport) to transplant the basis to all other point of S. The vector fields
X on S thus obtained will be automatically invariant with respect to the transformations
(@
generated by the fields k. We have thus proven:

(@)

Theorem 10.1 If a set of vector fields k on S exists such that k (p) form a basis of the
(O]
tangent space to S at each p € S, then there exists a set of vector fields X on S that are
(O]
invariant under the group of transformations generated by k and also form a basis at
(@)

each p € S.

Now let us assume in addition that all the fields k;, are Killing fields, and let us
calculate the Lie derivatives along k;, of the quantities

def

80w = XX 8up. (10.23)

where g,z is the metric tensor on S. Since X are invariant, we have £ X =0, and since
(@) 5

k are now Killing fields, we have £ £8.p = 0, and so £ L85\ = = 0. But g(; ) are scalars,

@ 0 b

so from (8.76) it follows that

0= £84w =K' 8)0.0 (10.24)
0]

and, since k form a basis, this means that g;, are constants.
(@)
If X and X are invariant, then so is [X, X ] Since X(p) form a basis at every p € S, it
(@) () @) ( 6}
follows that [X, X] can be decomposed in th1s basis,
(ON©)

(X, X]=D',;x (10.25)
(O] (1)

where the scalar coefficients D’ could be expected to depend on the point p. However,
calculating the Lie derivative of (10 25) along k using the invariance of [X X] and of X
and using the fact that X form a basis at each p € S, we conclude that D’(l a(r]; constants

The basis X was def(llr)led by choosing X (p,) arbitrarily at a p, € S and transporting it
off p, by ( 10(.%1). Let us assume then that at po We have }((I)“ (po) = l(cl‘)1 (po)- In this case it

can be proven that
D';=-C", (10.26)
where C' ;; are the structure constants defined by the commutators of k. A hint for the
(@)

proof: since both k and X are bases at every pe€ S and k = X at p,, there exists a
) @ (UNEN U
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matrix M({x}) (point-dependent!) such that )(()“ =M/ I(cc)’ (sum over j) and M,/ (p,) = 6,/
i j

Knowing this, play with the commutators at p,. (Without the condition M,/ (p,) = 8{ the
constants D';; would be linear combinations of the C';;.)

10.6 The metrics of the Bianchi-type spacetimes

Let k be the three Killing fields required by the definition, and let x’ be the coordinates
(O]
in the homogeneous hypersurfaces (i, I =1, 2, 3).
The homogeneous hypersurfaces are tangent to k (by definition) and uniquely define
(@)

the vector field m orthogonal to them,
m® = |g| 2Pk gk ks, (10.27)
H@E)

where g = det|| gaﬁH. Let us choose the parameter on the integral lines of m as the
t-coordinate in M,;: m® = dx“/dt. Since m is orthogonal to all k, in such coordinates we
(O]

have

g =0O. (10.28)
From the (00) component of the Killing equations, using (10.28) and l(c(; =0, we further

obtain /(c; Soos = 0, Le. gy = goo(?). By the next transformation, 1 = [ /gy (¢)dt, we
obtain (dropping the prime)
ds? =dr* — g, dx' dx’. (10.29)

From the (0, i), i = 1,2, 3, components of the Killing equations we then conclude that

l(cl; ,o =0 and that (Il{) are Killing fields also for the 3-metric g;;. Since for the homogeneous
hypersurfaces with the 3-metric g, the fields k form a basis at each point, we can
apply the results of Section 10.5 to each singl(fl:) hypersurface. Here, Eq. (10.24) will
read Igi‘:g( Hw.r =0, but (8/3t)g ;) is not determined. Consequently, the g, will be
functions of ¢. Let us denote by w”, the matrix inverse to }5)] (where % are the vector
fields invariant with respect to the transformations generated by (Ilc) ); then, from (10.23):

8 = g(j)(k)(t)w(j)lw(k)j (10.30)
and
ds* = dr* — gy (D0 0™, dx' dx’. (10.31)

In order to find w®, one has to construct the Killing fields and their invariant fields for
each Bianchi type separately. The resulting formulae can be found e.g. in Stephani et al.
(2003, Chapters 13 and 14, in particular Table 13.4 and p. 209).
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10.7 The isotropic Bianchi-type (Robertson-Walker) spacetimes

In astrophysics, such Bianchi-type spacetimes are important that are not only spatially
homogeneous but also spherically symmetric (isotropic). We shall deal with their
(astro)physical implications in Chapter 17. Here, we will only derive the appropriate
metric form.

The form (8.51) of the metric is preserved by the transformations t = f(¢', 1), r =
g(7, r") which can be used to simplify (8.51) further. In order to transform (8.51) into
the form (10.31), we can choose f and g so that the new 8 = 0. In the new form, only
those transformations will be permissible which preserve the hypersurfaces r = constant.
They are r = f(¢'), r = g(+’). In agreement with (10.29), a should then depend only on
t and be transformable to 1. So, finally, a spherically symmetric metric can possibly be
homogeneous in the Bianchi sense only if it can be put in the form

ds® = dr* + y(t, r)dr* + 8(t, r) (9 +sin” $ d¢?) . (10.32)

With such a metric one should now solve the Killing equations. We will present the
solution and give hints on how to derive it later in this section.

Some properties of the solution can be guessed in advance. The spacetime with the
metric (10.32) has O(3) as a symmetry group. Since O(3) has 2-dimensional orbits, it
cannot be the homogeneity group H existing in the Bianchi-type spacetimes. Hence,
the full symmetry group must contain O(3) and H as two subgroups. O(3) cannot be
a subgroup of H because it acts multiply transitively. O(3) and H cannot have any
common 2-dimensional subgroup because O(3) has no 2-dimensional subgroups at all.
All 1-dimensional subgroups of O(3) are rotations around an axis, which act multiply
transitively and so cannot be subgroups of H. Thus, O(3) and H cannot have any common
subgroup apart from the identity transformation. Hence, the full symmetry group will have
at least six parameters, three of them connected with O(3) and three with H. On the other
hand, we showed in Section 8.4 that an n-dimensional manifold can have a symmetry
group of at most %n(n + 1) parameters, i.e. at most six when n = 3. Consequently, the
spatially homogeneous and isotropic spacetimes have symmetry groups with exactly six
parameters.

We shall now indicate how to solve the Killing equations for the metric (10.32). The
calculation is laborious, but uses only routine mathematics. We recall (see Section 10.6)
that in a general Bianchi-type spacetime the Killing fields have no time-component
(k° = 0), while the components (00) and (0, i), i = 1,2, 3, of the Killing equations have
already been solved with the result k/,, =0, I =1, 2, 3. (We could proceed without using
this information, but then among the solutions there would be those with 4-dimensional
orbits of the symmetry group — the Minkowski and de Sitter metrics — that are just
subcases of the Bianchi spacetimes.)

The remaining Killing equations are

k'y,, +2k',, vy =0, (10.33)
K2, 84Kk, ,y =0, (10.34)
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K, 8sin”® 9+k',,y =0, (10.35)

k'S, +2k* 58 =0, (10.36)

K, gsin® 9+, =0, (10.37)

k15,,+2kzcot65+2k3,¢8=0. (10.38)

We seek solutions with the physical signature (+———), so v <0 and 6 < 0. We also

demand that k' £ 0, for otherwise the orbits of the symmetry group would come out
2-dimensional, contrary to a basic property of the Bianchi-type spacetimes. The set
(10.33)—(10.38) is overdetermined, so, whichever equation we solve first, the solution
will be further limited by the remaining equations. Limitations are thereby imposed not
only on the Killing fields, but also on the metric components y and 6. Along the way,
some of the equations lead to alternatives of the type (ab=0=—= a =0 or b =0), and
this is where the special cases appear.
One of the special solutions that emerge is the metric!

ds* = d* — R*(t) dr? — S7(1) (9> +sin” 9 dg?) (10.39)

whose generators of symmetries are

J ? J / i t o d
=—, = cos ¢ — —singpcot ¥ —,
n or o) © o ¢ dp
ad ) )
J =sing — +cosgocot19— J == (10.40)
3 a9 o @ Je

The generators J, J and J generate the O(3) group that was assumed from the beginning.
2 3 “)

The four-parameter group generated by all of (10.40) has 3-dimensional orbits, and has no
three-parameter simply transitive subgroup. This is because O(3) alone has 2-dimensional
orbits and so cannot be simply transitive, and has no 2-dimensional subgroups that could
be combined with the transformations generated by (‘1’) into a three-parameter group.

Hence, (10.39) does not belong among the Bianchi-type spacetimes. It is a metric of the
Kantowski—Sachs (1966) class.>
The generic solution of (10.33)—(10.38) is

d d
J =—-Vcos 0— +Wsin 9—

o) ar 9’
ad d sing 4
({) sin U cos ¢ o +Wcosvcosp — 70 Vano o0

! A transformation of the r-coordinate is required to achieve the form (10.39).

Metrics with the Kantowski—Sachs symmetry have a longer history than most people suspect. A generalisation of such a
metric first appeared in a paper by Datt (1938), but the author instantly dismissed it as unphysical. Some physical properties
of the metrics (10.39) were investigated by Kompaneets and Chernov (1964). The symmetry was noted and investigated by
Kantowski (1965), and became a classical piece of knowledge after the paper by Kantowski and Sachs (1966). The geometric
properties of the Datt metric were first investigated by Ruban (1968, 1969). See the reprints of the Datt (1938), Kantowski
(1965) and Ruban papers for more on this story.

%)
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J = Vsin 9 sing -+ Wecos 9 0 pweese ?
= Vsindsingp — cos ¥sing — —,
3) ¢ ar ¢ oY sind do

J d t U si g
=cos¢p — —cotdsing —,
@) ¢ IR ¢ 0

J i 0 +cot ¥ i J 0 (10.41)
= singp — +cot ¥ cos ¢ —, =——, .
®) © o ¢ dp ) A
where
der 11 def 1
W(r)=-— —kr V(in=1+ 4kr (10.42)
The metric with these symmetries is
2 2 R (1) 20020392 1 ain2 2
ds* =dr* — ——=— [dr* +* (d9* +sin’ 9 d§?)], (10.43)
(1 + %krz)

where R(t) is an arbitrary function and k is an arbitrary constant.

Special cases of this metric form, corresponding to k > 0 and k < 0, were first derived,
by a rather loose argument, by Friedmann (1922), who thus became, unknowingly,
the father of modern cosmology. (He died long before he could witness his success.)
A mathematically rigorous derivation, by methods different from ours, and with all signs
of k included, was given independently by Robertson (1929, 1933) and Walker (1935).
The metric form (10.43) is thus frequently called the Robertson—Walker metric. Other
names attached to it in various combinations are Friedmann and Lemaitre, but those refer
to various special cases of (10.43); we shall come back to this point in Chapter 17.

The last three generators in (10.41) are easily recognised as those of O(3). We shall

use the abbreviation [, j] & [J, J]. The commutators are
[OI©);

[1,2]=kJ
4

[1.3]=kJ  [2.3]=kJ
(5) (6)

[1,4]=—{ [2,4]=IJ [3,4] =0
¥ " (10.44)
[1,5]=—({) [2,5]=0 [3, 5]_(11

[1.6]=0  [2,6]=—-J  [3,6]=1J
3 @

[4,5]=1J [4,6]=—1J [5.6]=J.
©) %) “)
The last three commutators are those of the algebra of O(3). In (10.44) such relations
should be found that correspond to the Bianchi algebras. However, the Bianchi classifica-
tion introduced standard bases, and (10.41) may contain transformed generators. Indeed,
some of the Bianchi bases are linear combinations of (10.41).
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In the standard Bianchi bases, the nonzero structure constants were scaled to +1 or —1
whenever possible. Thus, for comparing (10.44) with (10.15)—(10.16) and Table 10.2, we
have to scale out k in (10.44); the scaling is

Jod 7 ) =VIk(T.7.7),
Qnmo) HQD@GD

with other generators unchanged. The result is as if k = —1 when k < 0 and k = 41 when
k > 0. The formulae below show the scaled generators, with tildes omitted.
For k > 0, the Bianchi sub-basis is of type IX:

1 1 1
L=—(J+J>, L=—<J—J>, L=—<J+J>. (10.45)
m 2\n ® @ 2\@ 6 ® 2\® ®
The new generators are determined up to arbitrary orthogonal transformations because
the matrix n”/ has a triple eigenvalue.
For k < 0, two Bianchi algebras are found in (10.41), one of type V:

L=—-17, L=J+J, L=J+J, (10.46)
o o @ @ @ B B 6

and one of type VII,:

| =—aJ+J, l=J+J, Il=J+J. (10.47)
) 1 © @ @ @ @3 6 ®

For k = 0, two standard Bianchi bases are contained in (10.41): { J, J,J } of Bianchi
1 @ 3

type I and { J, J., J } of Bianchi type VII,,.
Hn @ &
It is easy to verify that the examples of bases shown are indeed the standard Bianchi

bases of the types indicated. It is, however, more difficult to prove that only these Bianchi
algebras are contained in (10.41). This fact was apparently first discovered by Grishchuk
(1967). The relation between the symmetries of (10.33) and the possible Bianchi groups
is discussed in more detail in Ellis and MacCallum (1969).

10.8 Exercises

1. Verify that the curvature defined by (10.22) is indeed zero.

2. Verify Eq. (10.26).

3. Since the invariant fields are defined by [k, X] =0 and the k do not depend on 7, we can
(@) (@)

solve this set assuming that X are independent of z. However, a general solution does depend
on time. Show that the time-dependent fields are i()’ (n= Bjk(t)?i)’ (ty), where ¢, is an initial
J

value and B j"(t) is a nonsingular 3 x 3 matrix. Hence, the time dependence can be hidden in
2o (D) = 809 (DB~ ;B7";, and we can use X'(z,) as the new invariant fields.

Hint. Show first that if X is an invariant field, then so is dX/d¢, and thus can be decomposed
in the basis of the invariant fields.
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* The Petrov classification by the spinor method

11.1 What is a spinor?

Spinors are tensor densities in a 2-dimensional vector space over the body of complex
numbers. A covariant 1-spinor ¥, is a covariant vector that has two complex components.
When the basis in the vector space is transformed by e* = L4 ,e*, A, A’ = 1, 2, the s,
transforms by

o= (L"), Ya (11.1)

In the body of complex numbers, we have to consider the complex conjugation, which
reduces to identity when applied to real numbers. Consequently, a new classification
of objects, in addition to that into covariant and contravariant, has to be introduced:
some spinors transform linearly, some transform antilinearly under a change of basis.
Antilinearly means that (L~!)," appears in the transformation law instead of (L") A,A;
the overbar denotes complex conjugation. Indices of objects that transform antilinearly

are marked by an overdot, thus
U= (11.2)

The same spinor may have all four kinds of indices, for example )(AB ép-

The spinor methods are used here as an auxiliary tool for just one task. However,
spinors are a powerful tool that often makes complicated problems miraculously simple.
A useful brief introduction to spinors in relativity is the paper by Penrose (1960); extended
treatments can be found in Penrose and Rindler (1984) and Plebariski (1974).

There is no metric in the space of spinors; indices are raised and lowered by the
Levi-Civita symbols 2, €, €*® and €. Since €*® is antisymmetric, a convention on
manipulating indices has to be fixed. We adopt the convention that subscripts go before
superscripts, and the dummy indices must be made adjacent (Plebarski, 1974), so

‘»[’A = l!/SGSA’ by = 6AS¢S’ (11.3)

and similarly for dotted indices. Because of the antisymmetry and of the convention, the
following are true:

‘JfAd)A = _l»[/Ad)A’ (!fAl!fA =0, Vb, (11.4)

113
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11.2 Translating spinors to tensors and vice versa

Spinors will be used here to represent tensors in a 4-dimensional spacetime of signature
(+— ——). We introduce four Hermitean 2 x 2 Pauli matrices g"‘AB that are a basis of
the space of 2 x 2 complex matrices. With respect to the index « they transform like
components of a contravariant vector; with respect to the other two indices they transform
as spinors with one contravariant antilinear index and one contravariant linear index. We
will find below that we must in fact require that the Pauli matrices are spinor densities.
The fact that they are Hermitean means that

gaAB = gO‘AB — gD‘BA. (115)

The dotted indices label rows, the non-dotted ones label columns of the matrix. The
spinor image of a covariant vector v, is defined as follows:

VA = vag“AB. (11.6)

The v*® is a Hermitean spinor (density! — see below), and a scalar with respect to
coordinate transformations on the manifold. Since the g“AB are a basis in the space of
complex 2 x 2 matrices, the coefficients of decomposition of v in that basis are uniquely
determined, so there must be an inverse linear mapping from V8 to v,; we denote it

1 .
AB

Vo = ggaABU . (117)

Since this must hold for arbitrary vectors v, and spinors v, the Pauli matrices and their

reciprocal matrices g,;5 must obey

3 8ain8 Ega'cng“” =6":8"). (11.8)

This notation is consistent: the reciprocal Pauli matrices are obtained from the proper
Pauli matrices by lowering the tensor index with a metric and by lowering the spinor
indices with the Levi-Civita symbols.

The following objects may be formed out of the Pauli matrices:

BAB _ s
a’

1 . .
A% = EEABGRSgaRAgﬁSB§ (11.9)
quBAB _ S ( kA GBS _ ot gass> , (11.10)

The first object coincides with the metric tensor. We would like the metric to be a scalar
with respect to spinor transformations. Because the Levi-Civita symbols are not spinors,
but densities of weight w =1 and w = 1, the Pauli matrices must be taken to be spinor
densities of weights w = w = —1/2. This is a convention that defines how the Pauli
matrices will be transformed under a change of basis.

The object S*#48 is called a spin-tensor. It is a proper spinor (not a density), and it
has the following properties:

§eBAB _ glaBlAB _ qaB(AB) (11.11)
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It can be used to transform tensors antisymmetric in two indices into spinors (symmetric
in two indices). Two other properties are:

i
SaBAB — eaﬁ» SS'ySAB’
2/—¢ "
i

2/-¢

where g = det” gaB”' (The dots in e~ denote the places from which the indices were
lowered. Since € and €_ are tensor densities of different weights, the covariant one
is not equal to the contravariant one with lowered indices.) The first property means
that the spin tensor is self-dual, the second property means that the complex-conjugate
spin-tensor is anti-self-dual. A further property follows:

(11.12)
SaBAB - _

af-- vSAB
€ ’yBS .

SPAES e =0. (11.13)

The spinor image of a null vector has a special property. Let k* be a null vector,
k®k, = 0. From (11.8) this implies that the spinor image has then the property k 4 zk42 = 0.
kAB

But because of the Levi-Civita symbols used to manipulate indices, k ABkAB =2det

A Hermitean matrix whose determinant is zero has the property k;; = k;kz, i.e.
there exists a spinor with one index k, that obeys this. Hence, the spinor image of
a null vector is a spinor with one index. (Note: the k, is determined only up to the
phase, i.e. k, and e'®k,, where ¢ is a real function, determine the same null vector
field &“.)

The Pauli matrices could be defined as just any basis of Hermitean 2 x 2 matrices. By
tradition, for the flat Minkowski manifold, the Pauli matrices are defined as follows:

i (G R O RO IR

The Minkowski metric 7;; is contained as the background in every curved spacetime;
one can always find a set of vectors ¢, i, « =0, 1,2, 3, such that gaﬁe,»“ejﬂ =n; (see
Chapter 9). Thus, vectors from the Minkowski space can always be transformed into
the corresponding vector fields in a curved spacetime by the mapping defined by the
matrices ¢;*. The image of the vector v of the Minkowski spacetime in the curved
spacetime with metric g,5 is v* = e;*v'. Consequently, the Pauli matrices for a curved
spacetime with the metric g, are defined by

«AB @
i

g = ¢ 7g"P (11.15)

Example. For the metric (the Schwarzschild metric)

2 1
A = (1= 2 )d = ————dr? — /2 (d9* +sin’ 9 dg?)
r 1-2m/r
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the basis of orthonormal contravariant vectors that maps this metric onto the Minkowski
metric is (indices number vectors, not their components)

@ =(141-2,000), ¢=(0,/1-200),

e?=(0,0,1/r,0), e’ =1(0,0,0,1/(rsin®)).

11.3 The spinor image of the Weyl tensor

The spinor image of the Weyl tensor is defined as follows:

1 «@
Capep = 6_4S BABSYSCDCaByB- (11.16)
Because of the properties of $*#,; and Copys, the following is true:
S 1557 5 Capys = 0. (11.17)

Now one of the miraculous properties of spinors shows up: all the complicated symmetries
and antisymmetries of the Weyl tensor C,g,,; translate into one simple property of C,pcp:
it is symmetric in all its indices,

Cupep = C(ABCD)' (1 1-18)
Because of (11.17), the inverse mapping to (11.16) is quite simple:

Caﬁy& = SaﬁABSySCDCABCD + SaBABS‘ySCDCABCD' (1 119)

11.4 The Petrov classification in the spinor representation

Consider the following 4-linear form:

Q) = Cupepl*LPL°L°, (11.20)
where {* = (', {?) is an arbitrary spinor. Assume that ' 0 and let z = ¢?/{". Then

Q) = (g l)4P4(z), where P,(z) is a polynomial of 4th degree. It has four complex roots,
and so can be factorised:

Q) = () 'alzy—2) (22-2) (23— 2) (2 — 2)
= (@al”) (BaZ") (vaL?) (842%) (11.21)

where {z,, 25, 23, 24} are the roots of P,, and the spinors {a,, B4, Y4, 64} are defined
by the above equation, for example a, = (az,{,, —al,), Bi = (z.{,, —{,), etc. Hence,
finally:

CABCD§A§B§C§D = aABB')’CaongchfD = a(ABB'Ycan)gAngch- (11.22)

Since the spinor {# was arbitrary, this means that

Capcp = a(A.BB'}’C‘SD) (11.23)
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Fig. 11.1. The Petrov classification by the spinor method. Arrows show possible specialisations.

(thanks to the total symmetry of C,p-p, n0 bit of information was lost in considering the
form (11.20)).

The quantities {a,, Bg, Yc, 6p} are called the principal spinors of the Weyl tensor,
also Debever spinors. In a 2-dimensional space, only two of these spinors can be linearly
independent, but we can ask how many pairs of linearly independent spinors can be chosen
from this set. There are six different cases: (I) no two Debever spinors are collinear;
(I) exactly two Debever spinors are collinear; (IIT) three Debever spinors are collinear;
(D) two Debever spinors are collinear, the two others are collinear, too, but these pairs are
distinct; (N) all four Debever spinors are collinear; (0) the Weyl tensor is identically zero.
We have denoted the different cases by the same symbols as the Petrov types because
these are exactly the Petrov types. This approach was first introduced by Penrose (1960).
The resulting diagram can be drawn in a more illustrative way than in Section 7.16; see
Fig. 11.1. It remains to prove that this is indeed the same classification. First, however,
we shall determine some other algebraic properties of the Weyl spinor.

11.5 The Weyl spinor represented as a 3 x 3 complex matrix

Now let us interpret the Weyl spinor C,p-, as a 3 x 3 complex matrix:

def
C= i |CABCD

, (11.24)

whose elements will be labelled by the ‘superindices’ (AB) and (CD). Each ‘superindex’
takes three values: (AB) = {(11), (12), (22)}. In the set of such matrices, the unit matrix
has components

I=||8"c8% 5] (11.25)
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Since C,pcp is symmetric in all indices, and indices are raised by €%, the matrix C is
trace-free. Consider the characteristic equation for the matrix C, det||C — Al|| = 0. As
can be verified using (3.38), for a 3 x 3 matrix, the characteristic equation is

N+ (TrCO)A> + % [(Tr ©)* —Tr (C*)] A —det(C) I =0. (11.26)
Since for the Weyl ‘supermatrix’ Tr C = 0, this simplifies to
X % [Tr (C?)] A — det(C) T =0. (11.27)
The Hamilton—Cayley equation for C is thus

Cc’ - % [Tr (C*)] C —det(C)I=0. (11.28)

The property Tr C = 0 has one more consequence: Again using (3.38) in three dimensions,
we obtain for C

1
det(C) = gTr (). (11.29)
In the equations below we will use the following shorthand notation:
def
(B8) =B,6" =—8,B" = —(8B). (11.30)

Using Eq. (11.23) and the above notation, we find for Tr (C?):

Te(C?) = o7 {[(@B)(38) + (@) (B3) + (@d) (B

— 4(aB)(By)(vd)(ad)}. (11.31)

The general formula for the determinant is too unwieldy, but we will not need it in the
most general case. When two Debever spinors, say a? and 84, are collinear, a® = uB4,
the determinant is

1
CABCDCCDEFCEFAB = _ﬁl’«3(37)3(35)3~ (11.32)

W ==

1
det(€) = 3Tr ()=
In the same special case, the formula for Tr (C?) simplifies to
1
Tr(C°) = 12 (BY)(BS)'. (11.33)
Knowing all this, we can now verify that the following is true.

e In general, Eq. (11.27) has three different roots, so Eq. (11.28) is the minimal
equation, of degree 3.

e When two of the Debever spinors are collinear, say a? = uB4, Egs. (11.32) and
(11.33) apply, and (11.28) becomes

(c—gﬂ)2 (c+51)=0.  aZu(an(gd). (11.34)



11.6 Penrose classes versus Petrov classes 119

With no further limitations on the Debever spinors, this is still the minimal equation,
but there are only two distinct eigenvalues here.

e When a? = uB* and y* = vB* (three Debever spinors are collinear), we have
Tr (C?) = det(C) =0, and (11.28) becomes

C*=0. (11.35)

With no further limitations on the Debever spinors, this is the minimal equation, and
the only eigenvalue is 0, triply degenerate.

e When a” = uf* and y* = pd* (i.e. the Debever spinors (a, B4) are collinear and
(y*, 8*) are collinear, but these two pairs are distinct), Eqs. (11.32) and (11.33)
simplify further to

1 1
det(C) = =i (BO)s  Tr(CY) = u®p*(BS).  (1136)
Now Eq. (11.28) becomes

(0—2}1) <C+§H)=O, b up(B5)2, (11.37)

but the minimal equation here is of degree 2:

<c - §H> <c+ §H> =0. (11.38)

In verifying this, Eq. (11.25) is helpful and so is the following observation: in two
dimensions, every spinor with two indices that is antisymmetric must be proportional
to the corresponding Levi-Civita symbol, e.g. 8,6, — B30, = x€,5. Contracting
this with € we find x = —(B86). In consequence, we also have B8, — ;6% =
—(B0)8" .

o When all four Debever spinors are collinear, thus a* = ud%, y* = pd* and B4 = 064,
Eq. (11.35) still holds, but the minimal equation is obtained from (11.38) and it is
C*=0.

e When C =0, this is the minimal equation.

In this way, we have verified all the information in Figs. 7.3 and 11.1.

11.6 The equivalence of the Penrose classes to the Petrov classes

It remains to verify that the algebraic types found by the Penrose (1960) method in
this chapter coincide with those found by the Ehlers—Kundt (1962) method used in
Section 7.16. For this purpose, recall the formula

GQBMV = g_lgapgﬁogu)\gVTepgAT' (1139)
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Using this, together with (11.19), (11.12) and (7.97)—(7.99), we find
Qay = an +iHay
= Sa,BABuBS)/éCDuaCABCD + SaﬁABuBS~,5CD”8 Ciseh

'S S

i
_ Y cD, B, 8
2 /= eaﬁ v A~ Yo u-u CABCD
V8

SCD

4
S %

B,oC. ...
wv AR uu®Cypep

b
2/—-g¢
—2 (MBSQBAB) (uﬁsyfb) Ciscn- (11.40)

The quantity (uBSaﬁAB) is in effect a 3 x 3 matrix. It has one symmetric ‘superindex’
(AB) that takes three values, and it obeys (because of antisymmetry in (a3)) the identity
u® (uBSaBAB ) = 0; hence it operates in the 3-dimensional hypersurface element orthog-
onal to u* in the space of tensors. Consequently, the tensor index o takes values in a
3-dimensional space. Thus, (uBSaBAB) provides an invertible linear mapping from the

complex vector space V, of vectors labelled by (AB) to the complex vector space V, of
vectors labelled by the index «. Equation (11.40) is the corresponding bilinear mapping
of matrices over V, to matrices over V,. Such mappings preserve the eigenvalues and
other invariants of matrices. Hence, the classification by the Penrose method is equivalent
to that by the Ehlers—Kundt method. []

11.7 The Petrov classification by the Debever method

The spinor image of the Weyl tensor has the following properties:

e In the completely general case, each of the Debever spinors obeys
a*afaCalCupep =0, (11.41)
a,Cyepppapaa’ = 0. (11.42)
Both equations are easy to verify using (11.23).

e For type II, the nondegenerate Debever spinors obey (11.41)—(11.42), while the
preferred (double) Debever spinor a, obeys

a*afaCCupep =0, (11.43)

0. (11.44)

c D _
a[ACB]CDEa a” =

e For type D, each of the (double) Debever spinors « 4 and y, obeys (11.43) and (11.44).
e For type III, the nondegenerate Debever spinor obeys (11.41)—(11.42), while the
preferred (triple) Debever spinor a, obeys

a*a®C,pep =0. (11.45)
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e For type N, the only existing (quadruple) Debever spinor a, obeys

a*Cpep = 0. (11.46)

In order to express these properties in the tensor language, we must observe that the
spin-tensor has the following property:

SupanSTN + 8,515 870 = 4875, (11.47)

This can be verified using the Hermitean property of the Pauli matrices. Thus, using the
spin-tensor, we may uniquely represent any antisymmetric second-rank tensor 7,5 by its
(symmetric) spinor image

Typ=SupasT T = (S”‘BABTAB + SoBABT, 3) . (11.48)

1

8

In particular, 7% = 0 if and only if T,, = 0.
Knowing this, let

o 1
k ‘fngABa o® (11.49)

be the null vector defined by the Debever spinor and calculate

The calculation is long and tedious, and the result is that this quantity is always zero. The
null vector k* defined by (11.49) is called a Debever vector. In verifying that (11.50) is
zero, one must calculate

SePABSIOCPE  Cpppyk sk K", (11.51)

express the Weyl tensor Cg,,, through its spinor image by (11.19), use the complete
symmetry of C,pqp, and use the following:

1 : 1 .
Spuerk® = _igBPEaPaF - EgBPFaPaE; (11.52)
SaBABgBPE — —ep (53EgaSA + SAEgaSB> . (11.53)

In the end, the first part of (11.19) will give zero contribution because it will create
factors like o ap = 0, while the second part will be proportional to CEF" a,apapay,,
which is zero by virtue of (11.41).

The quantity (11.50) vanishes even in the most general case (Petrov type I). With more
special Petrov types, the vanishing quantity becomes progressively simpler. Specifically:

e For Petrov type II, each of the three nondegenerate Debever vectors obeys

ki kktk” =0, (11.54)

MV[Y
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but the Debever vector that is the tensor image of the double Debever spinor obeys
k[aCBJMV’ykukV :O, (11.55)

by virtue of (11.43) and its complex conjugate.

e For Petrov type D, both Debever vectors obey (11.55).

e For Petrov type III, the tensor image of the nondegenerate Debever spinor obeys
(11.54), while the tensor image of the triple Debever spinor obeys

Couyk"k” =0, (11.56)

by virtue of (11.45) and its complex conjugate.
e For Petrov type N, the only existing Debever vector obeys

Cppunyk =0, (11.57)

by virtue of (11.45) and its complex conjugate.

The method of verification is similar in each case. For (11.55), we calculate
SeBABL  Cp,,,k*k” =0, whereas for (11.56) and (11.57) we only express Cg,,,, k* and

kV

through their spinor images.

This approach to the Petrov classification was introduced by Debever (1959, 1964).

A W

N2 I -

10.
11.
12.
13.
14.
15.

11.8 Exercises

. Show that the reciprocal Pauli matrices g, ;5 result from the proper Pauli matrices g"AB by
lowering the tensor index with the metric and lowering the spinor indices with €,; and €.

. Prove that the Az defined by (11.9) is equal to the metric tensor.

. Verify that the spin-tensor is symmetric in its spinorial indices.

. Verify Egs. (11.12) and (11.13).

. Prove that a Hermitean 2-spinor k;, whose determinant is zero does indeed define a spinor
with one index by k5 =k k.

. Verify Eq. (11.17).

. Verify Eq. (11.18).

. Verify that (11.19) is the inverse transformation to (11.16).

. Prove that (11.22) implies (11.23).

Hint. Since the spinor {# in (11.22) is arbitrary, assume that {* = (1, z) and consider the

polynomial in z defined by (11.22).

Verify Eq. (11.29).

Verify Eq. (11.31).

Verify Eq. (11.38).

Verify Eqgs. (11.41) and (11.42).

Verify Egs. (11.47) and (11.48).

Verify Egs. (11.52)—(11.54).
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12

The Einstein equations and the sources of a
gravitational field

12.1 Why Riemannian geometry?

As argued in Section 1.4, gravitational forces can be simulated by inertial forces in
accelerated motion. Special relativity describes relations between objects in uniform
motion with respect to inertial frames, while gravitational interactions are neglected. The
metric of the Minkowski spacetime in an inertial reference frame has constant coefficients.
If we transform that metric to an accelerated frame, its components will become functions.
Hence, a gravitational field should have the same effect: in a gravitational field the metric
should also have non-constant components. Unlike in the Minkowski spacetime, in a
gravitational field it should not be possible to make the metric components constant by a
coordinate transformation. This was, in great abbreviation, the basic observation that led
Einstein (1916) to general relativity.

This idea had to be supplemented with equations that would generalise the Newtonian
laws of gravitation, and would relate the metric form to the gravitational field. The
derivation of these equations, together with several related matters, will be presented in
this chapter.

12.2 Local inertial frames

Let us recall the conclusion of Chapter 1: the Universe is permeated by gravitational
fields that cannot be screened. Their intensity can be decreased by going away from the
sources, but one can never decrease that intensity below the minimum determined by the
local mean density of matter in the Universe. For this reason, no body in the Universe
moves freely in the sense of Newton’s mechanics, and consequently inertial frames can
be realised only approximately, with a limited precision. Moreover, there exists no natural
standard of a straight line, so the departures of real motions from rectilinearity cannot be
measured.

However, let us recall that for a body falling freely in a gravitational field the inertial
force caused by the acceleration balances the gravitational force. Assume for the beginning
that the gravitational field is homogeneous. Then, two bodies falling freely in it will
have the same acceleration all the time, so their relative acceleration will be zero and,
relative to each other, they will either be at rest or move with a constant velocity. It is

125
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known from very precise experiments that the gravitational mass is for all material bodies
proportional to the inertial mass, and the factor of proportionality is a universal constant
(taken to be just 1). Hence, all bodies will experience the same acceleration in a given
gravitational field. Consequently, the frame of reference connected with a body falling
freely in a homogeneous gravitational field is inertial.

Homogeneous gravitational fields do not exist in Nature. However, along the trajectory
of a body falling freely in any real gravitational field, the gravitational force and the inertial
force cancel each other at every point. Hence, if the gravitational field is continuous
(which is the case in all practical instances), then, in a sufficiently small neighbourhood
of the falling body, the inertial forces will be arbitrarily small. Given the precision
¢ attainable in measurements, a falling body B will, at every point of its trajectory,
determine a sphere of radius & inside which the inertial force will be smaller than ¢, i.e.
unmeasurable. Inside that sphere the reference system defined by the body B will thus
be ‘practically’ inertial. It is called the local inertial frame of the body B. (In fact, local
inertial frames are defined not by individual bodies, but by their trajectories that do not
depend on mass.) It is called ‘local’ because it differs from the universal inertial frame
postulated in Newton’s theory: there is an infinity of local inertial frames. It is easy to see
that two different local inertial frames will in general move with acceleration relative to
each other. For example, consider two local inertial frames connected with bodies falling
freely towards the Earth from opposite directions. Thus, at a large distance from a freely
falling body its local inertial frame ceases to be inertial.

12.3 Trajectories of free motion in Einstein’s theory

Let us recall one more conclusion of Chapter 1: since no standard for a straight line exists
in Nature, it will be simpler to assume that the geometry of our space is non-Euclidean,
and in that geometry the trajectories of material bodies are free-motion trajectories. What
was called ‘gravitational field” in Newton’s theory will be a consequence of the non-
Euclidean geometry in which the free motions take place. By the argument of Section 12.1,
the Riemann geometries should be appropriate. They do contain the Euclidean geometry
as a special case and, because of the coordinate-independent formalism they use, are
consistent with the postulate of equivalence of all reference systems.

The generalisation of the notion of a straight line that exists in a Riemann space is the
geodesic line. If in a Riemann space the curvature goes to zero, the geometry goes over
into the Euclidean geometry and the geodesic lines go over into straight lines. Hence, the
geodesic line is a natural candidate for the trajectory of a free motion. In addition, the
geodesic lines have the following property:

Theorem 12.1 For a timelike geodesic G, the coordinates in a Riemann space can be
chosen so that the Christoffel symbols vanish along G.

This is an additional argument that the geodesics should be taken as the trajectories
of free fall. The vanishing of the Christoffel symbols means that along G the local
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gravitational field will be approximately zero. (It is not exactly zero because the deriva-
tives of the Christoffel symbols will not vanish, and so the curvature will be nonzero.)

Proof: (Latin indices will label vectors; the lower case ones will run through the values
0, 1, 2, 3, whereas the upper case ones will run through the values 1, 2, 3. Tensor
indices running through the values 1, 2, 3 will also be denoted by latin letters. Wherever
confusion might arise, vector indices will have a hat over them.)

At a point p, € G, we choose such a basis in the tangent space that e;*(p,) is
tangent to G, and the other vectors, e,*(py), A = 1,2, 3 are orthogonal to e5*(p), i.e.
8aps™e A“’po = 0. Then we define the bases ¢;%(p) in a neighbourhood of G as follows:

1. For p € G, we transport ¢;,*(p,) parallely from p, to p along G.

2. For p ¢ G we draw through p a geodesic G, that intersects G orthogonally (see
Fig. 12.1). Let p’ € G be the point of intersection of G, and G. Then we transport
the basis ¢,“(p’) (already defined in point 1) to p along G,

This procedure works provided that there are no singular points on G,,. It gives a unique
result provided that p is not too distant from G, otherwise the geodesics orthogonal to G
might intersect each other.

The following equations hold on G:

e%ple =0,  €upl,=0. (12.1)

Fig. 12.1. Construction of the Fermi coordinates in which the Christoffel symbols vanish along a
given timelike geodesic G. More explanation in the text.
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The first equation follows because (i) ¢;;, e5"|, = 0 in consequence of the basis ¢;

being transported parallely along G and ej* being tangent to G and (ii) e,%;, e 5" 6=
0(S =1,2,3) in consequence of eg* at G being tangent to one of the geodesics used
to transplant the bases parallely to other points. The second of (12.1) follows from
e%ep=08%.

Now, using (12.1) in (4.19), we obtain

i

Since the Christoffel symbols are symmetric, this implies at once that

=e ¢, |, (12.2)

G

eiﬁ,7|G = eiv.B|G' (12.3)

We have defined the basis (up to rotations of e¢,“(p,), A =1, 2, 3), but we have not so far
defined the coordinates. Let w” be the tangent vector to G of unit length (see Fig. 12.1),
and let o be the length of the segment of G|, between p and G (o = 0 for points on G).
Let s be the length of the segment of G between p, and p’. For the point p we define the
time coordinate x° = s and the space coordinates

xt = (fw"(p/)ezp(p/), A=1,2,3. (12.4)
In the coordinates (s, x*) thus defined, called Fermi coordinates,
Ix“
~*(p') = =6%,, 12.5
€5 () a5 - 0 ( )
since eg“ is tangent to G, and
e,'(p)=0. A=123, u'=0 (12.6)

because ¢,%(p’) and w® lie in the subspace of the tangent space in which x° = constant.
Equations (12.5) and (12.6) imply that the matrix e,(p’) has a block form. Consequently,
the inverse matrix ¢, (p’) must have the same block form:

L,p)=8", €l (p)=0. (12.7)

Now let us differentiate (12.4) by o. Since w”(p’) and A ,(p") do not depend on o, we
have

def dxA
" do
which means that w* does not depend on o. In consequence of (12.6) and (12.7) this
implies that w*(p’) = wE(p)et e (p). K = 1,2,3, so

wh(0)E —— = (p)e?,(p) =w' (), (12.8)

e (p) fSAK’ (12.9)
since wX (p’) is an arbitrary 3-vector at p’. From (12.7) and (12.9) we then obtain

¢o(p)=08  ¢"(p)=8% (12.10)
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This implies that ¢;*(p’) is constant along G, so

i PN i
ea’ﬁeaﬁ‘G=a—sea(p)fea’0|6=0, eO,a|G=0' (12.11)

(The last equation follows from the previous one by virtue of (12.3).)
Now note that

a i _R a i\
—(w ea)z o (w ea)—O, (12.12)

because w® is tangent to a geodesic on which o is the affine parameter, while ¢, is
by definition parallely transported along that geodesic. Moreover, (12.8) implies that
dw®*/do = 0, hence
d , de’
0 —_ a 1 — (e3 [
do (wee) =w do
which means that ei( AB) | ¢ = 0, because along G w? is an arbitrary vector orthogonal to
G. Then, from (12.3),

= w“wﬁe"aqﬁ =w'w’e, p. (12.13)

¢ 45lg=0. (12.14)
Equations (12.11) and (12.14) imply that &'

]

The physical meaning of (12.15) is that, in a sufficiently small neighbourhood of each
p’ € G, other geodesics emanating from p’ are, up to first-order terms, approximated
by straight lines. This neighbourhood is thus a local inertial frame. This is one more
suggestion that geodesics should be the trajectories of free motion in relativity.

a.ﬁ‘e =0, so, from (12.2),

0.0 (12.15)

N
G

12.4 Special relativity versus gravitation theory

We have so far been dealing with the postulate that general relativity should reduce to
the Newtonian kinematics of free motion in the limit of vanishing gravitational field.
However, in between these extremes there is special relativity that describes the kinematics
of free particles in the absence of gravitation, but takes into account velocities comparable
to the velocity of light. In the previous sections we have thus been discussing a two-stage
limiting transition: with the gravitational field to zero and with the velocity of light to
infinity. When we switch off the gravitational field, but put no limits on the velocities,
the geometric theory of gravitation should reproduce special relativity.

The spacetime of special relativity is a 4-dimensional flat Riemann space of signature
(+———). The Riemann space of general relativity should thus be of the same signature.
This is because a change of signature means either a discontinuity in some metric
components or at least one component of the metric passing through zero value, while
we expect that the ‘switching off’ of the gravitational field can be done in a continuous
way and does not lead through any singularities.
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12.5 The Newtonian limit of relativity

We assumed that with the gravitational field switched off, general relativity should
reproduce special relativity and, in addition, with the velocity of light becoming infinite it
should reproduce the Newtonian kinematics of free motion. A logical consequence of these
two postulates is the requirement that when the velocity of light is made infinite while
the gravitational field is still there, general relativity should reproduce the Newtonian
theory of gravitation. Hence, the field equations of relativity should, in the limit ¢ — oo,
reproduce the Poisson equation

A¢p =47Gp, (12.16)

where ¢ is the gravitational potential and p is the density distribution of the matter
generating the gravitational field.

12.6 Sources of the gravitational field

In the theory of gravitation that we are now constructing, the gravitational field should
manifest its presence as non-flatness of the metric. Consequently, the metric tensor should
be the device to describe gravitation. The metric tensor in four dimensions has in the
most general case 10 components. Hence, we will need 10 equations to determine it.

The description of the sources in the equations should thus be correspondingly elab-
orate. The source in the equations generalising (12.16) should be a quantity that is a
generalisation of mass-density. According to special relativity, the mass of a body depends
on its energy. Hence, the energy of motion of a continuous medium should contribute
to the gravitational field and so should the internal energy, e.g. pressure in a fluid and
stresses in a solid.

In special relativity, the physical state of a continuous medium is described by the
energy-momentum tensor 7,5. In any chosen coordinate system, its component 7Ty, is
equal to the energy-density pc?, the components Ty, I = 1,2, 3, form the 3-dimensional
vector of energy stream through a unit area of surface orthogonal to the direction of flow,
and the components 7;; form the stress tensor. The tensor 7,5 is symmetric, and so has
in general 10 independent components. Consequently, it is a natural candidate for the
source in the field equations of gravitation.

The description of motion of matter, i.e. the distribution of velocities inside matter, is
part of the energy-momentum tensor. Consequently, the equations of motion are differ-
ential relations between various components of the energy-momentum tensor. In the
Cartesian coordinates, the equations of motion are T*B, P TO' In any other coordinates
then, these equations take the form

T°; 5 =0. (12.17)

The field equations determining the metric tensor in which the energy-momentum tensor
should be the source must be consistent with (12.17).
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12.7 The Einstein equations

Since the gravitational field should be a consequence of the geometry being non-flat, it
should be connected with the curvature tensor which contains second derivatives of the
metric. If the curvature is contained in the left-hand side of the field equations, then these
equations will be of second order in the metric. This suggests that the components of
the metric should be analogues of the Newtonian gravitational potential. In that case, the
trajectories of motion (the geodesics) would be determined by the first derivatives of the
potential, just like in Newton’s theory.

The Riemann tensor is of rank 4, while the energy-momentum tensor is of rank 2. Hence,
if the Riemann tensor were equal to some quantity constructed from the energy-momentum
tensor, then the source of the gravitational field would be a quadratic function of the matter
density, and this would make the transition to Newton’s theory complicated. We should
thus rather equate a certain quantity constructed from the Riemann tensor to the energy-
momentum tensor. We already know one good candidate, the Ricci tensor (7.46). It is
symmetric and linear in the second derivatives of the metric. The field equations might thus
read R,z = kT, where k is a constant coefficient. However, such equations are not consis-
tent with (12.17) because in general R%?; s 7 0. But the Ricci tensor obeys an identity similar
to (12.17), which is a consequence of the Bianchi identities (7.15). They may be written as

RaByB;E+RaB56;y+Raﬁéy;5 =O. (12.18)
Contracting this equation with 6*,,¢° we obtain
G*;5=0, (12.19)
where
def 1
G*P=R"P — 3 g**R (12.20)

is called the Einstein tensor. It is symmetric, linear in second derivatives of the metric
and obeys (12.19), which is identical in form to (12.17). Hence, G*? is a better candidate
for the left-hand side of the field equations, which should thus read

1
R, — EgO‘BR = KT 5. (12.21)

These equations are called the Einstein equations. The coefficient k will be deter-
mined in Section 12.11 from the condition of correspondence of (12.21) to the Poisson
equation (12.16).

In vacuum, the Einstein equations take the form G* = 0, which is equivalent to
R*® = (. This equation, together with (7.48)—(7.49), shows that outside the sources the
Riemann tensor coincides with the Weyl tensor. Thus, the Weyl tensor represents that
part of the gravitational field that propagates into vacuum. The Ricci tensor represents
that part of curvature that is algebraically determined by matter and vanishes in vacuum.

It may seem unbelievable that such important and nontrivial equations should be derived
almost without calculations and without experimental hints, by a speculation that was in
places non-unique. However, this is how it was; Einstein actually guessed his equations
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by a reasoning described above in great abbreviation (it had taken him about 10 years to
arrive at them). Therefore, it is not easy to present a convincing, brief and logical derivation
of the Einstein equations. The most convincing route to them is Einstein’s own. It was
described in more detail by Mehra (1974) and also in Einstein’s papers (Einstein ez al., 1923).

Because of the non-uniqueness of the reasoning leading to the Einstein equations, the
Einstein theory is not the only geometric theory of gravitation that can be built upon the
Newton theory and special relativity. Almost every one of the intuitive assumptions made
on the way can be modified so that another set of equations will result. Some of those
alternative theories will be briefly presented in Section 12.16. However, Einstein’s theory
has successfully passed all experimental tests, whereas the other theories were either
proved wrong or else found to require such small modifications of Einstein’s relativity
that it does not really make sense to use them.

12.8 Hilbert’s derivation of the Einstein equations

The derivation of Einstein’s equations given in the previous section was based on the
original reasoning of Einstein himself. However, David Hilbert had been working on
deriving these equations simultaneously with Finstein by a different method. There was
some exchange of information between them, but, taking things formally, Hilbert was the
first to publish the correct result (see more details in Mehra (1974)).!

Hilbert proposed that all theories in mathematics and physics should be derived by
deduction from sets of axioms. This programme contributed greatly to clarifying the
logical structure of physical theories. However, the physical justification of some of the
postulates is still lacking.

For the gravitation theory, Hilbert postulated to use a variational principle. The reason-
ing leading to the postulated integrand, just like Einstein’s own reasoning, contains a
few questionable and mysterious assumptions, which are justified only intuitively. Most
of the other geometric theories of gravitation were derived from variational principles,
which confirms that this method is not unique, either.

Hilbert proposed the following axioms:

I. The field equations of gravitation should follow from a variational principle. The
independent variables in the action integral should be the components of the metric
tensor.

II. The action functional should be a scalar.

III. The Euler-Lagrange equations (i.e. the field equations) that will follow should be
differential equations of second order in g,,,.

! Hilbert presented a general subclass of Eq. (12.21), corresponding to T, =0 and to 7,5 being the energy-momentum tensor
of the electromagnetic field, at the meeting of the Royal Academy of Sciences at Gottingen on 20 November 1915. Einstein
presented the final correct form of Eq. (12.21) at the meeting of the Prussian Academy of Sciences in Berlin on 25 November
1915. This game with dates is only a historical curiosity. Einstein was the unquestionable spiritual father of relativity, and
Hilbert himself made that point repeatedly. Einstein had worked on relativity since about 1907 and had published several
papers explaining the basic ideas and preliminary results. Hilbert joined in about 1913 and was influenced by Einstein’s ideas
from the beginning.
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From this point on, further reasoning leads to Einstein’s equations almost uniquely, but
the postulates themselves leave several questions open. For example, some unanswered
questions regarding axiom I are the following:

1. What is the geometrical and physical interpretation of the action functional?

2. What is the geometrical and physical meaning of the extremum found from the
Euler-Lagrange equations?

3. Why should the field equations of gravitation be equivalent to an extremum of some
abstract quantity?

Axiom II is justified by the observation that if an integral should be a tensorial
object, then the integrand must be a scalar. Integrals of other tensorial objects are not
tensors. Deriving covariant equations from a non-covariant action integral would thus be
inconsistent with the underlying philosophy of the theory.

Axiom IIT makes use of the correspondence principle in the simplest way. Since the
Poisson equation, which should follow from the geometric equations as a limit, is of
second order, and most other physical theories are based on second-order equations, the
field equations of gravitation should be of second order, too. However, this is not a unique
argument either: theories of gravitation with field equations of fourth order do exist. In
the limiting transition to Newton’s theory, the terms with derivatives of order higher than
2 disappear.

The conclusions of Hilbert’s axioms are the following:

I. In a 4-dimensional spacetime, the action integral should be fV4 H d,x, where V, is
a certain 4-volume in the spacetime, on whose boundary 3V, the variations 0g,,, vanish.
The function J depends on the metric tensor g, and its derivatives g,, , 8, 1o+ €tC.

IL If fVA J dyx should be a scalar, then J¢ should be a scalar density of weight —1
because the volume element d,x is a scalar density of weight +1. The simplest scalar
density of weight —1is ,/—g. Thus H = ,/—gH, where H is a proper scalar.

III. The order of the Euler-Lagrange equations is twice the order of the highest
derivative in the action integral. It would thus be best if H were a function only of g,
and g,, ,- However, one cannot form a non-trivial scalar by combining algebraically g,,,,

and g, , = {Mp)\} 8yt {vp)\} 8, since the Christoffel symbols are not tensors.

The second derivatives of g,,, if present in H, will not give a contribution to the
Euler-Lagrange equations if they can be collected into a divergence of an expression that
vanishes on the boundary of the integration volume. This will be possible if g,, ,, enter
H linearly, i.e. are contracted only with terms that do not contain g, ,,. Expressions
linear in the Riemann tensor are of this form.

The only expressions that can be built from the Riemann tensor and are linear in g, ,,
are R 5,5 = Rgs = —R’ 5, and g**R 5 = R. Hence H = ¢g*#R,; = R and

W, = . —gRd,x. (12.22)
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More exactly, this should be the action integral for the left-hand side of the field equations.
The full action integral should be

W=W,t [ Ldx (12.23)

where L = 0 in vacuum.
Before we calculate 3W,/3g,4, let us note two auxiliary equations:

dg = iealwazteﬁl»--ﬁzz

3 galﬁlgﬂzﬁzgﬂzﬁzsg%ﬁzt
_ l ay...ay ,B1p1 Baps S
- 3!86 8 -8 €p1..0s 8181 828, 838508 8,
1
= igazl]]::g:(sp]a]8p2a28p3a3g64p48ga434 = ggaﬁsgaﬂ’ (1224)
Sgaﬁ — _ganBUSng_ (12.25)

In (12.24) we used (3.39), its derivative, (7.106), (3.32) and (3.37). Equation (12.25)
follows by differentiating the equation g*’gg, = 6.

Note that the variations of the Christoffel symbols are differences between Christoffel
symbols calculated from different metric tensors,

a{ﬁy} = {ﬁy} [gu+5g,.]—{ﬁy}[g]- (12.26)

a|. . . . .
Hence, 8 s is a tensor because the non-tensorial terms in (4.23) will cancel out in the
Y
combination (12.26). Consequently, it makes sense to calculate the covariant derivative
of & . Writing it out and comparing it with 3Rz, which is calculated from the

Y
definition of RaB, we find that

e )fls)

oW, = f dﬂ{ — 5 —88""08usR — /=88"" 8" Rop 88,0

L b))

Hence
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The term in square brackets can be written as

—(J—_gg“BS{;p}) ;ﬁ+(«/—_gg“38{apﬁ})?p (12.29)

because ,/—g and g*# are covariantly constant. The expressions in parentheses are vector
densities of weight —1. Thus, as shown in Section 4.1, their covariant divergences equal
their ordinary divergences:

e[l o+ fa])

= <—J—_gg“68{ g }w——gg“ps{ g }) y (12:30)
ap ap

(in the second term we interchanged p and ). Now we see that (12.30) is an ordinary
divergence. Hence, from the Stokes theorem,

/V(—\/—_gg“BS{;p]—i—\/—_gg“”S{aBp}),ﬁdM
=/ <—«/__gg“56{:p}+Hga98{fp})nﬁd3x, (12.31)

where ng is the normal vector to the boundary dV, of the region V,, while d;x is the
volume element in dV,. From the assumption 8g,z(dV,) = 0 it now follows that the
integral of (12.29) is zero. Hence, in (12.28):

1
3W, = /V dux <§ J=28®R — /_—gR“B> 884p = 0. (12.32)

Thus, if we denote 8L/3g,; = —k./—gT*", then the equation 8W = 0 implies (12.21)
by virtue of (12.23) and (12.32).

Hilbert’s method does not say what T%® should be; he managed to specify it only for
the electromagnetic field in vacuum.

The Hilbert variational principle works safely only in deriving the Einstein equations
in full generality. With a less-than-general metric, for example with symmetries, the
variational principle can lead to a false result. This is known to happen for a large subset
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of the Bianchi-type models, because of their spatial homogeneity. When all fiduciary
metrics are spatially homogeneous, the variations are spatially homogeneous, too. Hence,
they cannot be assumed to vanish on the boundary — they vanish either everywhere
or nowhere. In consequence, the boundary terms cannot be neglected. See MacCallum
(1979) for more details.

12.9 The Palatini variational principle

Einstein’s equations can be derived from a still more general variational principle, called
the Palatini principle.' In this approach, the metric tensor and the connection coefficients
are treated as two independent sets of variables. The connection is assumed only to be
symmetric, 1“5, = I'* g,). The vanishing of coefficients of variations of I'*;, implies
then Eq. (12.21), while the vanishing of coefficients of variations of the metric implies

a | . .
Ig, = {BY} , i.e. the covariant constancy of g,g.

12.10 The asymptotically Cartesian coordinates and the asymptotically
flat spacetime

In the next section we will investigate the limiting transitions from Einstein’s theory to
Newton’s theory and to special relativity. This section is a comment on the interpretation
of those operations.

A flat space (spacetime) exists as a background in both of the limiting theories.
When we go away from the sources of the gravitational field, the field becomes ever
weaker and disappears in the limit of infinite distance. In that limit, the metric tensor
of general relativity should tend to the flat metric of special relativity. This is only a
‘thought experiment’ because, as mentioned earlier, in the real Universe the intensity of
the gravitational field can never be smaller than the value determined by the average
matter density in the Universe.

The spacetime whose geometry becomes flat in the limit of large distances from the
sources of the gravitational field is called asymptotically flat. Only in such spacetimes
can we consider the Newtonian limit of general relativity. The coordinates that, in the same
limit, go over into the Cartesian coordinates of special relativity are called asymptotically
Cartesian.

12.11 The Newtonian limit of Einstein’s equations

From the considerations of Section 12.5 it follows that in the limit ¢ — oo general
relativity should reduce to Newton’s theory of gravitation. Hence, in the same limit, the

! This is how this approach is commonly called, but Ferraris, Francaviglia and Reina (1982) argued that it was not Palatini
(1919) who invented it, but Einstein (1925).
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equation of a geodesic should reduce to the Newtonian equation of motion of a particle
in a gravitational field,

dv,

m = —ma,,, (12.33)

where v, is the velocity of the particle and ¢ is the gravitational potential. We will deal
with the field equations later in this section.
Newton’s equations of motion follow from the variational principle

' o 1
8/1 "Ldi=0, Ld_fzmSHv v —mé, (12.34)

while the equations of a geodesic follow from

B/ZZLdt=0, &9 (12.35)
t dr
Investigating the limit on the equations of motion themselves would be difficult. It will
be simpler to do it on the Lagrangians.

The Euler-Lagrange equations do not change when the Lagrange function is multiplied
by a constant or when a constant is added to it. Hence, the condition of correspondence
for the Lagrangians is

lim (C,£+C,) =L, (12.36)

where C, and C, are constants, as yet unknown. The Newtonian Lagrangian has the
dimension of energy. The relativistic Lagrangian is

ds V! viv/
L= @ =C\/goo+2801? +g”7, (12.37)
where I,J =1,2,3 and v/ = dx/dt is the Newtonian velocity of the particle. Since the
expression under the square root is dimensionless, the dimension of £ is c¢. Hence, in
order that the dimensions of both sides in (12.36) are the same, we must have C, = amc,
where « is a dimensionless coefficient.

The Newtonian Lagrangian contains the kinetic energy of the particle. In special
relativity, the kinetic energy is a part of the total energy mc?/\/1 — (v/c)?. Hence, the
constant C, in (12.36) must compensate for the rest energy contained in C,£ so that
(C, £+ C,) contains only the kinetic energy. We do not know yet with what sign the rest
energy will be contained in C, £, so we look for C, in the form C, = Bmc?, B = =1, and
the sign of B will follow later. Finally, (12.36) becomes

c—>00

o vl
lim mc2< \/g00+2g01 +g,— +B> Hmv v/ —me. (12.38)
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Developing the square root by the Taylor formula up to terms of second degree in the
velocity we obtain

! vy’ g V'
8ot 2go17 T8y—% =+8wt+ -
c 8oo €
L[ gy Zor&os \ V'V’ v’
- —=—-===)—+0[—=). 12.39
+2 («/goo 800™? c? - c ( )

Since there are no terms linear in v’ /c on the right-hand side in (12.38), cgy;/ /200 —0

1
Su_o=). (12.40)
8oo c?

Then (—gy;80,/800°>"%) in (12.39) becomes a correction of order 1/¢* to g;,/./g0o- Hence,
using (12.39) and (12.40), we obtain in (12.38)

must hold, i.e.

. g, v’ 1 1.,
lim |:c2 (/8w +B)+a="—+0 (—>:| =-§,,v'v/ — ¢, (12.41)
e 2Em \e)]T2

where g,; = g, — O (1 / c4). The equation above should be an identity in v’. Equating the
terms of the same order in v’ we obtain

(/8w + B) = —¢p+0 <%> , (12.42)
\/%gu —5,+0 <%> . (12.43)
From (12.42) we have
1 ¢ 1
=[S a0( )] o

We have not yet made use of the condition that, in the limit of vanishing gravitation,
the general relativistic Lagrangian (12.35) should go over into the special relativistic
Lagrangian for geodesic motion. The term O (1 / c3) is of higher order than ¢/c?, so, if
o/ czcij, then O (1/¢%) = 0all the more, so

! [—i;+0(13>] — 0. (12.45)
o c c ¢—0

Moreover, for ¢ = 0 we should obtain the Minkowski metric, hence —B/a¢—>01. But

a and B are constants, so the above means that —3/a = 1. In the signature (+ — ——)
it is seen from (12.43) that @ < 0, while 8 = %1 by definition, so the above implies
a = —1, 8= +1. The final result is thus, from (12.44), (12.40) and (12.43):

2¢ 1 1 1
g00=1+?+0(§>, 801=0< >’ 8112_511+0<E)~ (12.46)

2
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Equations (12.46) follow from the conditions that the general relativistic equations of
motion go over into the Newtonian equations of motion when ¢ — oo and into the special
relativistic equations of motion when ¢ — 0. Now we shall investigate the limit ¢ — oo
for the field equations.

From the equation g,,g#" = 8%, taking the cases {a« =0, 8 =1 #0}, {& =B =0} and
{a=1#0,B=J# O}, we conclude that

2 1 1
A C C

Using these in the formulae for the Christoffel symbols we obtain

0 1

0 =0<§>, (12.48)
o]l ¢, 1\ _ |1

or| — 7+0<5> - {00}’ (1249)
0f_ 0<l> _ { ! } (12.50)
1J c? 0J

{J; =0(%>. (12.51)

, 1
Ry = & +0 (é) (sum over 1), (12.52)

1 1
Ro,zo(_2>, w=o(l) 125y
C C

The Einstein equations (12.21) can be written in the equivalent form

Hence, further

1 def
RaB=K<TaB—§gaBT), T=g"T,g. (12.54)

How should the right-hand side of (12.54) behave in the Newtonian limit? Since Ty, is the
energy-density, it contains a contribution from the rest energy. All other contributions to
T,, must be by at least one order in ¢ smaller than that, so we expect that Ty, = pc* + O(c),
where p is the mass-density. The components T;,, form the vector of energy stream. In
the limit ¢ — oo, motion of matter should have no influence on the gravitational field
it generates.! Consequently, T, should be by at least one order in ¢ smaller than Ty, in
order that they become negligible in the limit ¢ — oo, thus T, = O(c). The components

! If the mass distribution does not change with time, then the motion of matter is not detectable via its gravitational field. For
example, the exterior gravitational field of a mass in axisymmetric rotation in Newtonian theory is not distinguishable from
the field generated by a static mass with the same mass distribution.
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T,, describe the stress energy-density. Compared to the rest energy, any other kind of
energy is by two orders in ¢ smaller, so 7;; = O(1). Hence, finally,

T =g"T,;=pc*+0(c). (12.55)

From this
Ry = K (%pc2 + 0(c)> , (12.56)
Ry =k0(c), R, =k0(c). (12.57)

From (12.56) and (12.52) we have

, 1 1
b +0(=)=«(=p+0()). (12.58)
c? c? 2
In the limit ¢ — oo this should be equivalent to the Poisson equation (12.16), so
87G
K= (12.59)

The remaining equations in the set, (12.57), impose limitations on the terms O(1/c?) in
go; and O(1/c) in g;;. These can be read out if we want to consider the Einstein theory
as a small perturbation imposed on the Newton theory in a weak gravitational field.
There are various approaches to this application of general relativity, the most elabo-
rate of them is the Parametrised Post-Newtonian (PPN) formalism (Misner, Thorne and
Wheeler, 1973, Will, 1981). We will briefly describe one such approach (the weak-field
approximation) in Section 12.18. Formally, in the limit ¢ — oo, Egs. (12.57) are fulfilled
identically.

In the equation Ry, = & Ty — 3800T) We had to include terms of order 1/c? because
the coordinate was x° = ct, so every differentiation by x° introduced the factor 1/c. In
order to liberate R, from the factor 1/¢? thus introduced, we had to multiply (12.56) by
2. To achieve the same in the first equation of (12.57) we would have to multiply it by
¢, and then we would obtain the identity 0 = 0 in the limit ¢ — oo.

12.12 Examples of sources in the Einstein equations: perfect fluid and dust

A fluid whose pressure obeys the Pascal law, while the transport of energy occurs only
by means of mass flow is called a perfect fluid. It does not conduct heat or electric
current, and its viscosity is zero. From this definition, we will now deduce the form of
its energy-momentum tensor.
If u“ is the velocity field of an arbitrary continuous medium, while s is the proper time
on the lines of flow of that medium, then
dx®

ds® = g,pdx®dx?,  u*= 5 (12.60)
\)
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These imply
gaﬁuauﬁ =1. (12.61)

This holds for every continuous velocity field and for any medium.
Now let us choose, for a while, the coordinates adapted to u®, in which u®=48¢, i.e.
*

in which the time-coordinate x° is the affine parameter on the flow lines of matter, and
dx!(s)/ds=0,1=1,2,3, where x/(s) are spatial coordinates of the particles of the fluid.

In these coordinates, x’ = constant, which means that the particles of the fluid do not move
with respect to the timelike hypersurfaces of the coordinate system. Such coordinates
are called comoving, and they are frequently used in relativistic hydrodynamics. Their
construction can be visualised as follows. We choose an arbitrary hypersurface S that
intersects all flow lines of the fluid, and an arbitrary coordinate system within S. To each
particle of the fluid we then assign the spatial coordinate x’ of the point where it crossed
S. To assign the time-coordinate to a point p in spacetime we take the flow line C, that
passes through p. The time-coordinate of p is the proper time that elapsed between the
event of C, intersecting S and the event of C, passing through p.

By definition, T,(p) is, in any coordinate system, the energy density measured at a
given point p. In the comoving coordinates, the only energy that a particle can have is its
inner energy € = (rest energy) + (energy of thermal motion of its particles) + (chemical
energy). Hence, T, =€ and, at the same time, 7T}, = TaBu“uB, SO
T puuf =e. (12.62)

«,

This is now an equality of two scalars, so it holds in any coordinates.

By definition, T7,, I =1, 2, 3, is the vector of the energy stream. But in the comoving
coordinates, by the definition of a perfect fluid, there are no energy flows, so consequently
T! OTTI Buﬁ TO' This implies that T“Buﬁf)\u“, where A is an unknown coefficient.

From (12.61) and (12.62) we find that A = €, so
T puf = eu”, (12.63)

which is again a tensor equation.
Now choose a point q in the spacetime and an arbitrary vector v*(q) at q that is
orthogonal to u*(q):

u®(q)v.(q) =0. (12.64)

The vector v*(q) points from q towards a neighbouring particle. Since Eq. (12.64) says
that the projection of the velocity on v*(q) is zero, it follows that the particle to which
v*(q) points does not move relative to q. The collection of all vectors having the property
(12.64) thus determines a 3-dimensional volume element comoving with the particle
that was at q. Consequently, the Pascal law must apply in this volume element: the
pressure p exerted on the surface element o in the fluid creates the force f = po in the
direction n’, I =1, 2, 3, orthogonal to o. The pressure p and the force f do not depend
on the direction of n’, i.e. on the orientation of o within the fluid. Let —7" ; denote
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the Newtonian (3-dimensional) stress tensor. (The minus sign is a consequence of the
signature (+ — ——); in this signature the spatial part of the energy-momentum tensor
T“B is not the stress tensor 7/ ; itself, but —7! ;-) By the definition of the stress tensor,
the following must hold:

~T",0n’ = fn' = pon’, (12.65)

which implies
T',n’ = —pn'. (12.66)

The vector n’ was an arbitrary vector within the volume element of the fluid comoving
with g, i.e. an arbitrary vector in the 3-dimensional subspace orthogonal to u*(q). Equa-
tion (12.66) shows that every such vector is an eigenvector of the matrix 7!, connected
with the eigenvalue (—p), which implies

T, =—pd',. (12.67)

An arbitrary timelike vector field u* in general is not orthogonal to a family of hypersur-
faces, so the vectors n’ in (12.65)—~(12.67) are in general neither tangent nor orthogonal
to hypersurfaces, and so cannot define a coordinate system. However, at every point q
of the manifold, in the tangent space we can choose a subspace orthogonal to u®, and
choose in that subspace the orthonormal basis e;*, I = 1, 2, 3. In that basis, Eq. (12.67)
will be fulfilled, where

T = eh;“ejﬁTaB. (12.68)

a

(In other words, we choose coordinates that are adapted to the basis vectors e;* at one
point q only, which is always possible.) Now, from (12.62)—(12.63), (12.67) and (12.68)
we can deduce the general formula for the energy-momentum tensor of a perfect fluid.
Let us choose an orthonormal tetrad ¢;*, i =0, 1,2, 3, in spacetime such that e;* = u*,
while each e;%, I =1, 2, 3, obeys (12.66). Then

gaﬁe,-“ejﬁ =1, = diag(+1, -1, -1, 1) (12.69)
and from (12.62)—(12.63), (12.68) and (12.69) we have

Ty = Thpuuf =e, (12.70)
Ts; = aBu “eif =euge;? =0,  A=1,2,3, (12.71)
Tiz = —T"5 = pd'5 = —pmas. (12.72)

These are the components of the scalar image of T,5. Applying the inverse projection,
(4.16), we obtain

TB—e eBT = UglUg Oo—l—e eBTAA

o
= €Uy llg — pnABe — DU lig+ puy g

= (€+p)uau5—pgag- (12.73)
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A perfect fluid whose pressure is identically zero is called dust. It follows that for dust

T.p = (e+puyug. (12.74)

12.13 Equations of motion of a perfect fluid

The equations of motion of the sources of a gravitational field, TeB: = 0, for a general
perfect fluid are equivalent to

(€+p).p uuf + (e+p)u*;g uP 4 (e +p)u°‘uﬁgﬂ —Dsp g** =0. (12.75)
The identity (12.61) implies
Uity =0, (12.76)
Contracting (12.75) with u,, and using (12.61) and (12.76) we obtain
e.guf +(e+pu’;p=0. (12.77)

This is the energy conservation equation which says that the volume work —pu?; P
generates the energy stream euf. Now using (12.77) in (12.75), we obtain

(e+p)u“;5uﬁ—p,ﬁg“5+p,ﬁuﬁu“=0. (12.78)

These are the general relativistic equations of motion of a perfect fluid. In the Newtonian
limit (¢ — o0) and in asymptotically Cartesian coordinates, they go over into the Euler
equations of motion p dv/dt = —gradp.

Equations (12.77) and (12.78) simplify for dust, when p = 0. Equation (12.77) then
becomes

(euP);5=0, (12.79)

which is the relativistic equation of continuity (mass conservation) that in the Newtonian
limit goes over into dp/dt 4 div(pv) = 0. Equation (12.78) becomes u®;zu? = 0. This
means that the covariant derivative of the vector field tangent to the flow lines along
these lines is zero. This fulfils the requirements of the definition of a geodesic in affine
parametrisation, see Section 5.2. Consequently, dust moves along geodesics, and the
proper time of the particles of dust is an affine parameter on these geodesics.

In fact, the necessary and sufficient condition for a geodesic motion of a perfect fluid
is somewhat weaker than p = 0. As seen from (12.78), it is p,, (¢*# —u*uP) = 0. We
have already met the operator h*# = g — u“uP once; see Eq. (7.102). It projects tensors
on the hypersurface elements orthogonal to the vector field u®. The equation h*fp,, =0
means that the gradient of pressure is collinear with the velocity field, i.e. there are no
spatial gradients of pressure in the comoving coordinates.



144 Einstein’s equations and their sources

12.14 The cosmological constant

When general relativity was created, it was clear that its predictions would significantly
differ from those of Newton’s theory in two situations:

(1) in strong gravitational fields, when the extent of the regions where local inertial
frames exist becomes small; and

(2) in large sub-volumes of the Universe, where even small departures of the real
geometry from the Euclidean geometry cumulate over large distances and become
visible during observations of distant objects.

Consequently, when Einstein thought about physical applications of his theory, one
of the first things he tried was to construct a model of the Universe. At that time
everybody was sure that the geometry and matter distribution in the Universe were
time- and space-independent. Calculations showed, however, that these assumptions are
self-contradictory — such a model of the Universe did not exist in relativity.

At that moment, Einstein was on the verge of making another great discovery. The
year was 1916, and the first observations proving the expansion of the Universe were
published only in 1927. Yet this time Einstein’s belief in prejudice turned out to be
stronger than his tendency to think boldly. While searching for a reason of the failure of
his first attempt, Einstein did not question the assumption that the Universe is static, but
turned his suspicion against his equations (12.21). He soon found a gap in his reasoning:
the left-hand side of the field equations that has all the required properties need not
necessarily be the Einstein tensor R, — % 8u»R. One can add to it any symmetric tensor
H,,, whose covariant divergence vanishes and that does not depend on the derivatives of
the metric. Such a correction will not increase the order of the field equations, while the
equation (R‘“’ - %g‘”R +H “V) ;» = 0 will still hold. The simplest tensor of this property
is Ag"”, where A should be a universal constant. The modified Einstein equations

1
R* — zg"“”R + Agt = kT (12.80)
in the limit ¢ — oo go over into the modified Poisson equation
A¢ — Ac* =47Gp. (12.81)

Hence, the constant A, called the cosmological constant, describes an effect that is absent
from the ordinary Newton theory: a universal attraction (for A > 0) or repulsion (for
A < 0) of matter particles.

The modified equations (12.80) allowed for the existence of a static, homogeneous and
isotropic solution of the form

ds’ = c> d —R* dx* — R’sin® x (d9” +sin’ ¥ d¢?), (12.82)

where

R= = (12.83)
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p being the average mass density in the Universe, constant by assumption. The spacetime
corresponding to the metric (12.82) is, by tradition, still called the Einstein Universe,
although it is no longer considered a model of the real Universe. Since A < 0 here, the
‘cosmological repulsion’ balances the gravitational attraction, which allows the system to
be static (but unstable, as we will see in Section 17.6).

This brief history of the introduction of the cosmological constant shows that in fact
it appeared in consequence of an error. Had Einstein not insisted on obtaining a static
model of the Universe, he would have had a chance to predict that the Universe should
expand or collapse, 11 years before the expansion was observed. When he realised later
how close he was to making that prediction, he said that the introduction of the constant
was ‘the biggest blunder of his life’ (Misner, Thorne and Wheeler, 1973, pp. 410-411).!

Today, the cosmological constant is more popular among particle physicists than among
specialists in relativity, and the observations of brightness of distant supernovae are even
said to indicate that A is strictly negative; see Section 17.9. Its absolute value must be
very small (less than 107° cm~2 (Misner, Thorne and Wheeler, 1973, pp. 410-411)),
so it can play a role only in the evolution of the Universe. In the Solar System, it
has no observable influence on the motion of planets. A great number of solutions of
the modified Einstein equations (12.80) is known (Stephani et al., 2003, section 24.2),
both inside matter distributions and in vacuum. Examples will be given later in this text
(see Section 14.4).

12.15 An example of an exact solution of Einstein’s equations: a Bianchi type I
spacetime with dust source

The Einstein equations had for many years been rumoured to be very difficult, almost too
difficult to find any exact solution. This opinion lingers until today and is even repeated
in some publications, although it ceased to have any basis decades ago. No formula for
a general solution of Einstein’s equations has been found that would generalise ¢(x) =
— [d;x'Gp(x')/ |x —x'|, which is the formal solution of the Poisson equation. The reason
of the difficulty is the nonlinearity of the Einstein equations. In general relativity, the
superposition of two solutions is not their sum and the law of composition of solutions is
not known. Consequently, finding a solution for a simple situation does not really help
in looking for more general solutions, except that it increases the basis of experience
and knowledge. Nevertheless, for special cases (like high symmetry, special properties
of the source or special properties of the Weyl tensor), hundreds if not thousands of
solutions are known, and any attempt to list and compare them is a major undertaking

! That story has a complicated continuation. Hubble, who is credited with the discovery of the expansion of the Universe
(Hubble, 1929), had not believed, until the end of his life, that the Universe is actually expanding. He insisted, even in his
last paper that appeared in print after his death (Hubble, 1953), that expressing the observed redshifts in spectra of galaxies
through their equivalent velocities of recession is merely a convenient mathematical device (Krasifiski and Ellis, 1999). Then,
Milne and McCrea (1934) (see Section 17.5) showed that expansion of the Universe could and should have been predicted
on the basis of Newton’s theory of gravitation in the eighteenth century since all the mathematical knowledge necessary for
that purpose had existed already at that time. The prediction was not made because nobody tried — just because everybody
was sure that the Universe was static.
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(Stephani et al., 2003; Krasinski, 1997). In order to prove to the reader that the task of
finding a solution is not at all hopeless and to demonstrate a few characteristic methods
of calculation, we shall present a derivation of a certain exact solution.

We will assume that the spacetime is spatially homogeneous, with the symmetry group
of Bianchi type I, and that the source in the equations is dust. The cosmological constant
will be assumed zero. We thus begin with the metric form (10.29). For a Bianchi type I
algebra all generators commute to zero. Hence (see Exercise 5 in Chapter 8) we can
choose the spatial coordinates (x, y, z) so that the generators become

/(clo)f =6, x'=x, =y x¥=z (12.84)
(which means that x’ is a parameter on the curve tangent to k*;y and obeys k* ) =
dx*/dx"). For the generators (12.84), the Killing equations are

8.k =0, LJ,K=1,2,3, (12.85)

i.e. the components g;; depend only on ¢. Knowing this, we find the following formulae
for the Christoffel symbols, the Riemann tensor and the Ricci tensor (the components not
listed are zero):

0 1 1 1

{IJ} = Eg”’” {0]} = Eglsgjs,t; (12.86)
0 1 1 gs

Ry = 581~ 78 8ira8is.co (12.87)
I [ 1 g

Ry, = Zg kR 18JL1 — Zg 8LR. (81K 15 (12.88)

1 ps L iv s
Ry = _58 8rs,u T+ Zg 8 8LR.t8Ms.1> (12.89)
1 1 ps L g

R, = EgJL,tt - Zg 8ir,18Ls,: T+ Zg 8kR.18IL,t+ (12.90)

The identity R,, = 0 implies uyu, = 0. Since u, cannot vanish (then u, would be a
spacelike vector, i.e. the dust would move with a superluminal velocity), we must have
u=0=u'=u,=u’"=1,
(12.91)
Ty=¢€T, =0, 1=1,2,3, a=0,1,2,3,
where € is the energy-density of the dust.
In the following, we will use the auxiliary formulae that follow immediately from
(12.24) and (12.25):

&% ers = 8.1/8 (12.92)
MS LM RS

g =8 8 gLR,n (1293)

where g = det || g,]| = — det | g« |-
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From (12.79) we have (,/=geu®),,= 0, which in our coordinates becomes
(, /—ge) ,, = 0. Since the components of the metric tensor depend only on ¢, also g and
€ depend only on ¢, so

ke./—g = M = constant (12.94)
From (12.90) and (12.91), using (12.92) and (12.93), we obtain
3 1

R =Ry — g]LRJL = _gRSgRS,rt - ZgRS’t 8Rrs,t — 1 (8 /g)2 . (12.95)

From R, — %gOOR = K¢, using (12.90) and (12.93)—(12.95), we now obtain

1 1
8% 8rsut 5 (80 /8)* =M/\/=g. (12.96)

This equation will be later used to eliminate g*,, g ,.
The Einstein equations imply that for dust

R=g"R,5=—ke. (12.97)

We substitute (12.95) and (12.94) in the above and obtain

3 1
&8st 78" grs 7 (8 /8)°

1 1
280 st 7 (80 /0) = M/y=g.  (1299)

Now we use (12.96) to eliminate g*5,, gz ,, and we obtain

= (gRSgRS,t) T

1
(8% 8rs.) i 45 (8, /8)" =3M//=g. (12.99)

Using (12.92) we obtain (/=3) ., = 3M/2, which is integrated to give

3
J—g= ZMt2+At+B, (12.100)

where A and B are arbitrary constants. We still have to integrate the equations G, = 0.
Using (12.97), (12.94), (12.92) and (12.93) they are reduced to

1
0=-G*, =¢""R, - EBKLM/V —&

1 1 1g, 1
= EgKSgLS,tt + EgKS,fgLs,, + Z?’g’“gm,t - §3KLM/v—g- (12.101)

Hence
1
V=8 (gKSgLS,t) ot _5 (g’t/V _g) gKSgLS,t _M(SKL = O’ (12102)
which is integrated with the result

V88" g5, = M18*  + A¥ =0, (12.103)
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where AX, is a matrix of constant elements. From this, contracting with g,,, we obtain

M A% gem
8imy = —F7—8m+

NVEARRVE
This shows at once that A,; = A,,,. Furthermore, note that for any fixed instant t = ¢,
the matrix gg,,(#,) can be transformed into the unit matrix by transformations of the form
x'" = b',x’, where the matrix b’ has constant coefficients. Since Ay, is symmetric, we
can then use the orthogonal transformations preserving the simple form of gj,,(#,) to
diagonalise Ay, too. Assume that we have done so and have chosen the coordinates in
which g, (#,) and A, have these simple forms. Then, with use of (12.100), (12.104)
becomes

(12.104)

Mt + AL,

—_— no sum over L), 12.105
%Mt2+At+BgLM ( ) ( )

8im =

and the solution of this is

. Mr+ AL,
1) = g, (1) ex /—dT : 12.106
gm () = gL (o) P( s %MTQ—{-AT—I-B ) ( )

Thus, if g;,,(t,) is diagonal, then so is g;,,(¢) at all times.

(But it is not always possible to diagonalise the metric tensor in a Bianchi-type space-
time. In our case the diagonal form followed from the field equations.)

Equation (12.106) is not the final result yet because the components g, ,, still have to
obey (12.100) and (12.96). The constants A", are by tradition parametrised as follows:

A, =2p, A (no sum over L) (12.107)
and then, by virtue of (12.100) and (12.96), the new parameters p, must obey

pi+patps=1,

1 (12.108)
EAZ [] - (Plz +P22 +P32)] = MB.
In the case M =0 the metric obtained above becomes a vacuum solution:
ds? =d? — PP dx® — P2 dy? — 3 d2?, (12.109)
in which the constants p,, p, and p; obey
pitptps=pl 4t +pt =1 (12.110)

This solution was found by Kasner (1921). It was one of the earliest exact solutions of
Einstein’s equations to be published in the literature.
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12.16 * Other gravitation theories

As mentioned at the end of Section 12.7, there are several gravitation theories that are
alternatives to Einstein’s. In this section we will present a brief overview of a few
of them. They are not necessarily those that ever had the greatest chance to replace
general relativity as the theory of gravitation — the examples are meant to illustrate
the various possibilities used by different authors. Except for Rosen’s theory, all of
them are generalisations of general relativity and contain it as a limit. A much more
extended overview of alternative gravitation theories, and a comparison of them with
experimental tests, can be found in the book by Will (1981). The Kaluza—Klein theory
is one of the generalisations, but its presentation must be preceded by a descrip-
tion of the Maxwell theory in curved spacetime, therefore we postpone it to the next
chapter.

12.16.1 The Brans—Dicke theory

The theory was first published in 1961 (Brans and Dicke, 1961), and the best source for
studying it is the book by Dicke (1964). The field equations of the Brans-Dicke (BD)
theory are

1 877
Raﬁ_EgaBR = ? d>2 (¢,a¢ e 2ga5¢>,gd> )
1 »
+5 (3ap —8ap8" Piur ) » (12.111)
M — ! s, ¢”+£R 0, ® = constant (12.112)
8 2 2¢ 2w . .

This is a generalisation of Einstein’s theory in which the gravitational constant is replaced
by the scalar field ¢. In this theory, the gravitational ‘constant’ c¢*/¢ thus varies in time
and space, and its changes are induced by the scalar curvature R via Eq. (12.112). The
scalar curvature in turn depends on the distribution of matter via (12.111). In this way, the
distribution of matter influences the intensity of gravitation, which is a partial realisation
of the Mach principle.

General relativity (GR) follows from the BD theory as the limit ¢ = ¢*/G = constant,
o — oo. Observable modifications of GR would be predicted if w < 6; in particular, part
of the anomalous orbital motion of Mercury would then be caused by the oblateness
of the Sun. However, detailed observations imply that w > 23. With that value, the
predictions of the BD theory are observationally indistinguishable from the predictions
of Einstein’s theory. For this reason, the BD theory is currently out of favour with
theoreticians. However, this may be a temporary situation. This theory is conceptually
the most developed of all competing theories of gravitation, with its logical structure and
interpretation well clarified, and may still have a role to play in the future.
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12.16.2 The Bergmann—Wagoner theory

Original references for this theory are Bergmann (1968) and Wagoner (1970). Its field
equations are

1 _ L 29 ,g
B = 38R~ A= 5 Tt U (6,058,067
+é(¢>;,w 88" i ps ) - (12.113)
b : ke d] ¢ R+2 A 12.114
i 3 b b oo/ 81+ 30 (Re2gT @A) ) =0, (2118

where A(¢p) and w(¢p) are arbitrary functions. This is a generalisation of the Brans—Dicke
theory, which results as the limit w = constant, A = 0. It is presented here just as a formal
curiosity because it is far from being well understood. Its main weakness is the existence
of two arbitrary functions that are not determined by any field equations. The function
A(p) becomes the cosmological constant when ¢ = constant.

12.16.3 The conformally invariant Canuto theory

The original reference for this theory is Canuto et al. (1977). Its field equations are

_l ZB;P-V _ 4B’/LB’V _ ZB;/\;A _ B’/\B’)\>
R = 28R+ g 3 ( B B

uv 2
_ i_fc(ﬁ)rw(ﬁ) +Ag,,. (12.115)

This theory was designed to be such a generalisation of general relativity that is invariant
under arbitrary conformal transformations g, — Bzglw. The left-hand side of (12.115)
is indeed invariant under such a transformation; the invariance of the right-hand side is
a postulate of the theory. The Einstein theory follows as the limit 8 = 1. The changes
in the energy-momentum tensor induced by the transformation g, — B? 8y, should be
compensated by G(8), which should be determined for every case. It is assumed that
G(B)T,,(B) = G(1)T,,(1), the latter being the right-hand side of the Einstein equations.
The arbitrary function S is interpreted as the local change of scale.

The physical interpretation of this theory is not quite clear, and the arbitrary function
B makes it difficult, just as in the Bergmann—Wagoner theory, to calculate observable
effects. The Canuto theory has never really caught on with the physics community and
is not currently considered a viable alternative to Einstein’s theory.

12.16.4 The Einstein—Cartan theory

In this theory (Trautman, 1972) the connection coefficients are not symmetric. The Ricci
tensor is built of the full, nonsymmetric connection coefficients and obeys equations
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formally identical to the Einstein equations (12.21), but R, and T,,, are not necessarily
symmetric. The torsion tensor 07, obeys a separate set of equations:

0 +6°,07,,—8,0% ,; =Ks’ . (12.116)

where s”,, is the tensor describing the stream of energy connected with the spin of
matter, and it vanishes in vacuum. When s, =0, also 0”,,, = 0. Thus, in this theory
torsion does not propagate out into vacuum; it may be nonzero only inside matter. With
s, = 0, the Einstein—Cartan (EC) theory reduces to the Einstein theory. In vacuum, it
is not distinguishable from the Einstein theory.

The advantage of the EC theory is that it allows a singularity-free Universe model.
(General relativity predicts that every model of the Universe must have a singularity
in the past or in the future — see Section 15.3.) However, it has not been accepted
as a replacement of relativity, mainly because of the impossibility of distinguishing it

experimentally from GR - since all experiments testing GR are carried out in vacuum.

12.16.5 The bi-metric Rosen theory

It is not a generalisation, but an alternative to Einstein’s theory (Rosen, 1973). There are
two metric tensors in it: g,g, of the same interpretation as in general relativity, and the
flat tensor 7, for which the curvature tensor B, 5(y) = 0. Its field equations are

1
Ny, — ng,Nz KT, (12.117)
where
N e L oo ghe 12.118
MV_EY g,u,v|pa'_§y 8 gu)x|pgv7'|¢7’ ( . )

and the vertical stroke denotes a covariant derivative with respect to vy,,. The author’s
argument in favour of this theory was its greater simplicity compared to Einstein’s theory.
Its experimental predictions are not much different from those of general relativity. When
the gravitational field vanishes, g,, = v,,. However, a majority of relativists consider
the flat background metric v, to be an artificial and unnatural element that spoils the
elegance of the relativistic approach (the opinion of the author himself was exactly the
opposite). Many papers had been published on this theory, but in the end it has not
established itself as a viable alternative to general relativity.

12.17 Matching solutions of Einstein’s equations

Just as in electrodynamics, in gravitation theory we sometimes have to match solutions
of Einstein’s equations obtained separately for different spacetime regions. Most often,
we want to determine whether a given vacuum solution can be interpreted as the exterior
gravitational field to a material body for whose interior we have found another solution.
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Matching results in the arbitrary constants in the vacuum region being determined in
terms of the parameters of the interior metric.

Sometimes we are interested in describing a surface matter distribution on the boundary
between two regions, but we shall exclude this case here. Generally, we assume that there
are no singularities of the type of Dirac 6 function in components of the curvature tensor
and that the hypersurface across which we match the two metrics is non-null. (Together
with surface matter distributions we thus exclude shock waves in which the discontinuity
in the Riemann tensor is matched to vacuum solutions on both sides. Null matching
hypersurfaces pose additional problems.)

With these assumptions, the components of the Riemann tensor can at worst be discon-
tinuous across the matching hypersurface 3. We have to allow discontinuities because,
for example, the mass-density on the surface of a perfect fluid body, which equals the
component 7Y, of the energy-momentum tensor in comoving coordinates, is nonzero at
the surface, but zero at adjacent vacuum points.

In order to discuss these conditions in detail, it is most convenient to use the coordinates
adapted to 3, the same that were introduced at the end of Section 7.15. This time, N =4,
n=23,V, =73, and the spacetime metric in the adapted coordinates is

ds? = g do’ do’ + eN? (dx*)’ (12.119)

where the x* coordinate may be timelike (then & = +1) or spacelike (& = —1). The normal
vector to the boundary x* = A = constant is X* = (0, 0, 0, 1/N). For x* > A we have one
metric g;’ﬁ (e.g. vacuum); for x* < A we have another 8up (e.g. the interior of a material
body). Since X has to be the same, whichever of the two 4-metrics is used to describe
it, the components g;; have to be continuous across 2. Since on 2, they are functions of
the x’-coordinates, the same functions no matter which 4-metric is used to calculate the
g,;» the continuity of all the derivatives of g,, along 3, i.e. of the derivatives by x¥, is
automatically guaranteed, and we need only take extra care about g, ,.

So far, we have made sure that the boundary hypersurface X has the same intrinsic
geometry in both metrics. However, if the spacetime regions on the opposite sides of
3, are to be parts of the same manifold, then 3 must have the same extrinsic geometry
with respect to both metrics, i.e. be embeddable in both in the same way. Without that,
we might end up trying to identify a cylinder with a plane, for example. Hence, the
second fundamental form of 3 must be the same, whichever of the two metrics is used
to calculate it.

Thus, finally, the conditions that two metrics, g(‘;ﬁ and 8ap Can be considered to describe
two parts of the same manifold are as follows:

A hypersurface 3, must exist such that, in coordinates adapted to 3, as in (12.119), the
metrics induced on 3. are the same (g35(2) = g,5(2)), and the second fundamental form
of 2 must be the same, whichever metric, g;rB OF 8ups is used to calculate it.

Now we will investigate the consequences of these conditions for the Riemann and
Einstein tensors of the spacetime and for the Riemann tensor of 3. We will use the
Gauss—Codazzi equations (7.93)—(7.94), but we will have to adapt the notation. Now U, |
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is the spacetime (here denoted V) and the V,, of Section 7.15 is the boundary hypersurface
3. Thus, the capital Latin indices of Section 7.15 now become the Greek spacetime
indices, and the Greek indices of Section 7.15 now become the capital Latin indices for 3.
The covariant derivative in the V,, of Section 7.15, denoted by a semicolon, now becomes
the covariant derivative in %, denoted by the vertical stroke |. With X* = (0, 0,0, 1/N)
and Y* coinciding with x’ in 3, for o, I =1, 2, 3, Egs. (7.93)—~(7.94) become

Rpasc(2) = Rpspc (V) + & (QacQpp — Qy5050) (12.120)
Quix = Qg = —Rapx (V4)/N. (12.121)

Since Rp,pc(2) and Q,p are continuous across 2, Rp,pc(V,), i.e. the Z-components
of the 4-dimensional Riemann tensor, will be continuous across >, too. The covariant
derivatives of Q,; in (12.121) are taken within 2, so they are also continuous. This
means that R, (V,)/N has to be continuous across X, but N and R, (V,) individually
need not be — they may have a discontinuity that cancels out in the quotient.

For completeness, we have now to consider the components R,,,(V,) that are not
determined by the Gauss—Codazzi equations. They are

_ 2 pd
Ry = eN°R'yy,

1 1 1
= gN? |:—Zg44,1 8441 — 5844844,11 - 3844,4 84— 5844811,44
1 r 1
+ 5844844,1( {IJ} + Zg44gRSgRJ,4gIS,4
(2)
= &N (=N, +eNg"™ O, Q)5+ eNQ, X5) . (12.122)

These components contain second derivatives of g, by x*, so they can be discontinuous
across 2.
Now we find for the components of the Einstein tensor:

1
G44 = _Eg”RSISJ’ Gy = Rs4sp

1
Gy = RSISJ + R4I4J - EgIJgKLRSKSL - gIJgKLR4K4L' (12.123)

This shows that G*, is continuous across 3, while G,; and G, can be discontinuous.

Note what this means for matching a perfect fluid solution to vacuum across a spacelike
hypersurface such that the velocity has no component in the x* direction. Then G*, = kp,
and since G*, =0 in vacuum and has to be continuous across X, this means that p =0
must hold on 3, which agrees with the expectation based on physics.
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12.18 The weak-field approximation to general relativity

Although considerable progress has been made in the search for exact solutions of
Einstein’s equations (Stephani et al., 2003), real physical or astrophysical situations are
often too complicated to be captured by an exact solution. In those cases, one must
resort to approximate calculations, for which several methods have been developed. We
shall introduce one such method here; it is useful also for interpreting exact solutions
because it allows one to recognise the physical meaning of parameters in the metric. The
presentation is based on Stephani (1990), where more details can be found.
Suppose that the metric includes the Minkowski limit 7,,,, write it as

8uv = Mpw + Npors (12.124)

and choose coordinates in which the 7, has the Lorentzian form 7,, = diag(+1, —1,
—1, —1). Then assume that £, is a small correction to 7,,,, thus |hw| < 1 for all indices
and ‘hwhp(,’ < |haﬁ‘ for all (1, v, p, o) and all h,g # 0. Assume that also the first and
second derivatives of h,, are small, i.e. |hw,a| <1, hw,a3| <« 1. Under these assump-
tions, all terms in the Christoffel symbols and in the curvature tensor that are nonlinear
in h,, can be neglected.

This set of assumptions is called the weak-field approximation to the Einstein theory,
and the resulting scheme is sometimes called the ‘linearised theory of gravitation’. Within
this scheme, it is assumed that the energy-momentum tensor 7, has its special-relativistic
form and obeys the equations of motion in flat space

™,,=0. (12.125)
Since the metric 4, does not appear in (12.125) (there are no covariant derivatives in it),
the gravitational field has no influence on the motion of the sources in this approximation.
This is a strong qualitative difference between the exact and the approximate theory. If,
however, this assumption of no back-reaction holds to a satisfactory degree of precision
in a given situation, then the gravitational field generated by a given source can be
calculated (approximately) in a much simpler way than in the full Einstein theory.

We adopt the convention that all indices are raised and lowered by means of the
flat metric 7,,. Since the determinant of g,, has a form similar to (12.124) (g = -1+
(small perturbation)), it follows that also g"” has the property g"* = n*" + f**, |f*| K< 1,
and that

g = " — M = — b,
« 1 ap
By = 577 (hBP»V +hypp— hB%p) ) (12.126)

(04 1 «,
R Bys = 577 ’ (hpﬁ,ﬁv - hp%BB + hﬁ%pﬁ - hﬁﬁ,m') :
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The linearised Riemann tensor is seen to have all the required symmetries in the indices.
The linearised Einstein equations are

1 1 - -
_5 (haB’P’p + hpp,aﬁ - hap’Bp - hﬁp’ap) + znvzﬁ (hpp’ L ’prf) = KTsz'

(12.127)

The field equations become simpler when we transform the functions in them by analogy
with electrodynamics. We define 4,5 by

~  def 1
hag = hag = 5 Magh’,

=W, = Wy g =hag— 5 gh,. (12.128)
g? = —*nPh,, + -0, (12.129)
and we obtain in (12.127)
Brag”sp e gy 16" ap = Mgl s pr = 2KT . (12.130)
We have not yet specified the coordinates. We carry out the transformation
XY= x*+b%(x), (12.131)

where, to preserve the property |haﬁ} <« 1, the functions b are assumed to be of the
same order as h,. This means that |b*bP| < |bY|, |b%hg,| < |hs|, |b*bP| < |h?|, and
similarly for the derivatives. We will later impose a condition on »* that will further
simplify the equations. In deriving the formulae below, it must be remembered that it is
the full metric g,z which undergoes a linearised tensor transformation, not ZQB itself. The

transformation law for h,z follows by linearising the equations g, 5 = x7,, X7, 5 )5
The flat background metric preserves its Lorentzian form in consequence of the assumed
approximations.

Assuming that after the transformation E"B is represented in terms of he® still by the
rule (12.129), we obtain

h*, = h*, —2b"* hF = h*P + bF + pP — P, (12.132)

’/L b
Calculating d/dx* of the second equation in (12.132) we find

B _TaB L pp.

h*, = h",  +b7H, . (12.133)
This simplifies if we impose the following condition on b*:

B, — 7B
b, =h", ., (12.134)

whereupon

he®, =0. (12.135)
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However, since (12.129) held with 18 replaced by h®, so does (12.130), and conse-
quently (12.135) implies that

kT g = N higg =0 g (12.136)

ap,uv

This is the inhomogeneous wave equation, for which a general formal solution is known.

For brevity, we omitted several instructive analogies of the linearised Einstein equations
to Maxwell’s equations in electrodynamics. In fact, the whole reasoning leading to
(12.136) was inspired by those analogies; they are pointed out in more detail in Stephani
(1990).

The interesting property of (12.136) is that for each pair of indices («f3) the equation
is independent of the others. Thus, a given component of the metric is influenced by
just one component of the energy-momentum tensor. This simplifies the interpretation of
parameters in the metric when the weak-field approximation can be applied.

We shall now decompose the energy-momentum tensor into its physical components.
We will be omitting the second tilde over symbols from now on. A formal solution of
(12.136) in terms of retarded potentials is the same as in electrodynamics,

P K 1 / / /
o (1, 1) = —E/‘/mTaﬁ(r,t—h—r |/c)dsr, (12.137)

where r are the spatial coordinates of the observer’s location, r’ are the spatial coordinates
of a field point and the volume of integration is the set on which 7,5 # 0.

Assume now that the volume V is finite and that the observer, located at r, is far from
V, thus |r| 3> |r’| for all points inside V. Then |r —r’| and 1/|r —r’| can be expanded in
power series with respect to r’:

r—r'| = vr2—2r-r +r?
1.1 I..J
_ A _xzx3 (x/lx/J—r/25”>+"" (12.138)
r I
1 1.1 I.,J
e T (e )

where 1, J, K = 1,2, 3. The higher-order terms will not appear explicitly.

Then, expand 7,5 with respect to (1 —|r —r'|/c) around (¢ —[r[/c). It is justifiable
to truncate the expansion because ¢t — |r —r'|/c — (t —|r|/c) = (|r| — |[r — 1’|} /c is small
compared with |r|/c, see Fig. 12.2. Thus

Tp(r',t—[r—r'|/c)
/ 1 7 / /
= T (0's 1= [/ Q)+ = T (0 1= el )= I =)

1. /
+ﬁTaB(r,t—|r|/c)(r—|r—r D4 (12.140)

Now we substitute (12.138)—(12.140) in (12.137) and truncate the series at terms of order
r~3, remembering that |r'| < |r|. We also assume that there are no fast motions inside
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Fig. 12.2. Vectors and distances involved in calculating the linearised metric of a finite body in
the weak-field approximation.

the body, so (d7,z/dt)/c is of order no larger than 1/r, so the truncation will be done at
the combined order r= (i.e. at r= at T,5, r~> at T, and r~' at T,). The result is

r
11
_ a,3<1+x1§ +lex (3757 - '23”)>
1. Xt XX I 1 ’x’ J
N (3/ / ’5”) (12,141
+C aﬁ( r2 + 2r4 o 2c2 o ( )

(the arguments of 7,4 on the right-hand side are r’ and (1 — r/c)).

Now, in calculating the integral in (12.137) it must be remembered that the coordinate
x% is ¢t and so, if there are no fast motions in the source (which we assume), then T is
smaller by one order in v/c than T%, and this in turn is smaller by one order than T%. We
are working within the first-order post-Newtonian approximation (i.e. in the linearised
Einstein theory), and the lowest non-special-relativistic correction to 7%/ is of the order
v/c~ r'/r. Accordingly, we have to calculate 7% and T to orders (v/c)* ~ (r'/r)* and
(v/c)® =~ (¥'/r)?, respectively. The following quantities will appear in the calculations
(the arguments of 7,4 are everywhere the same as in (12.141)):

Md;ff Too dyx', d’d;f/ Tpox' dyx/,
Vv Vv
d”d;f/ Toox'lx'J d;x/, pld;f/ T dyx/,
\4 Vv
P f T 4y, a,™ / T, dyx’ (12.142)
Vv
(all integrals are over the volume V of the body). From the physical interpretation of the

components of 7,5 we recognise (up to the choice of units, i.e. up to a constant factor)
M as the mass of the source, d’ as the mass dipole moment, d” as the mass quadrupole
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moment, p’ as the momentum, b*” as the matrix whose antisymmetric part is the angular
momentum and a,, as the energy-density of stress.
The equations of motion can be written as

T, =—T%,. (12.143)

Integrating these over a volume W containing V, applying the Gauss law fw v, dyx’ =
Low V' d,x'" and taking into account that the surface dW lies in vacuum, where T,;=0,
we obtain the conservation laws

M = constant for a =0,
(12.144)
p' =constant  for a = 1.
Applying the same rule to the integral defining d’ we obtain
1 dd’
cr = e == [ T
=— /W (Tosx’l) ,s dx’ +/W T% dyx'
- _/ Ty '+ p' = pl. (12.145)
ow

. def . . . .
The quantity BY =T x"’ — T%x' is the density of angular momentum. Applying again
the same rule to it we obtain

A U VN " (12.146)

The momentum p’ can be set to zero by transforming the coordinates to the rest frame
of the body. This is a Lorentz transformation that does not change the property (12.124)
and will change only the numerical values of the other quantities in (12.142), keeping
constant those that were constant. With p’ =0, d’ becomes constant and can be set to
zero by moving the origin of coordinates to the centre of mass of the body.

The equation T%,,+ T%, ;= 0 implies that

(T"Ox”x”) pt (TOSx/’x”) o= TOL" 4 T X" (12.147)
Differentiating this by x° and applying (12.143) again, we obtain
(TOOx”x’f) o= (TRSx”x”) es—2 (TISx/J + Tfsx”> s +2T". (12.148)

By integrating (12.147) and (12.148) over the volume W and applying the Gauss law to
eliminate the divergence terms we obtain, respectively,

1. .
—SqM = —av — 4" (12.149)
c

Thus, b"” are determined by the angular momentum and the time-derivative of the
quadrupole moment, while the stresses are determined by the second time-derivative of
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the quadrupole moment. Thus, finally, the quantities M, B"” and d% fully characterise
the body, to the desired order of approximation.

Substituting (12.141) in (12.137), employing the definitions (12.142) and the relations
(12.149), we obtain for the metric

20~ M x'x’
——h - 3d11 dSSa[]
o=t o ( )
x'x’ U aSSel xlx! 1
2 (3d —a%5s )+—d ,
2cr? 2¢2r3
. (12.150)
27~ Byx! d,x’  d,x’
0™ 943 2cr3 222
27y dy

kY202
Finally, we wish to find the 4,5 defined in (12.124). They are calculated from (12.128),
and then simplified by a coordinate transformation of the form (12.131), with 5% given

as follows (note that now we do not require these b to obey (12.134) and that they are
expressed in the coordinates of (12.150), i.e. in the xs before the transformation):

27 x!x’ x! /.
= Gy~ )+ (48

2m 3d,x’ d,,x 3d e x’ xKx!
iy N _
Kk 4r3 2cr? 4r3 (12.151)
(dKL+8KLdSS) xKxbx!
+ 8crt

These were designed so as to cancel the time-derivatives in hy, and h, to the desired
order. The transformed h,gz are

Hog = hap = o= bp o (12.152)

and the final result for the linearised metric, up to the desired order (combined order in
v/c and 7' /r ~ v/c), is!

2m  x'x’
o =1-—~>% (3D" —D*8")+0(1/r*), (12.153)
€, x PX
8o = —G”Kr—x +o(1/r), (12.154)
2m )
8 ="My 1+7+0(1/r) , (12.155)

! Stephani’s formula for g;; in Stephani (1990) seems to be incorrect.
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where €, is the Levi-Civita symbol and the new constants are defined in terms of the
old ones as follows:

et KM prét K B, D
87’ 877 8

deef K

—d". (12.156)

For m and DV these are just new units, while P! is the vector of angular momentum.

The presence of P! in the metric marks an important difference between general
relativity and the Newtonian theory of gravitation. Let us take the Minkowski metric
in the Lorentzian coordinates, ds?* = —8 dx[ dx’ +d#?, and let us transform it to the
rotating coordinates, in which x’ = x"' + e’KL Kx'tt. Assuming that the angular velocity
of rotation wX is small and neglecting the terms proportional to @?, we see! that g,, is
of the same form as in (12.154) (except that the contribution from rotation in (12.154)
decreases quickly with distance, because of the 7* in the denominator). The coordinates of
(12.153)—(12.155) become inertial at infinity (r — o0), which means that the local inertial
coordinate system is rotating with respect to the inertial system of a distant observer. Thus,
a rotating body in relativity is dragging the inertial frames with it; this phenomenon is
also known as the Lense-Thirring (1918) effect. An experiment to measure this effect
in the gravitational field of the rotating Earth, known under the working name ‘Gravity
Probe B’, was launched recently (Gravity Probe B mission update, 2004). In contrast, in
the Newtonian gravitation there is no direct influence of rotation of the source on the
exterior field. There is only indirect influence because the centrifugal force caused by
rotation flattens the source, and the changed distribution of mass causes changes in the
exterior field (by producing a quadrupole moment).

12.19 Exercises

1. Verify that the Newtonian limit of Egs. (12.78) are the Euler equations of motion of a perfect
fluid pdv/dt = —grad p.
Hint. Use the asymptotically Cartesian coordinates in which the metric has the form (12.46)-
(12.47), and observe that in these coordinates the 4-velocity u® has the form u® =1, u’ = /c,
I=1,2,3.

2. Verify that Eq. (12.79) becomes the continuity equation dp/dt +div(pv) = 0 in the Newtonian
limit.

3. Verify that Egs. (12.82)—(12.83) do indeed represent a solution of the modified Einstein equa-
tions (12.80). The energy-momentum tensor is that of a perfect fluid, the velocity field is
u“f&*o /c. Do the calculation both by the tensor method and by using the Cartan forms. Find

the pressure.

! Strictly speaking, this approximation is incorrect because the square term in @ is multiplied by time, so the error of
approximation is cumulative.
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The Maxwell and Einstein—Maxwell equations and the
Kaluza—Klein theory

13.1 The Lorentz-covariant description of electromagnetic field

The separation of the electromagnetic field into electric and magnetic fields is not
covariant with the Lorentz transformation; it depends on the motion of the observer. In
relativity electromagnetic field is described by the antisymmetric tensor of electromag-
netic field F,,. In any fixed coordinate system, the electric field is

FY=E'  1=1,2,3 (13.1)
and the magnetic field is
1
H' = Ee”KF,K, LJ,K=1,2,3. (13.2)

The formula inverse to (13.2) is F;; = €, HX. If E' and H' are transformed by the
Lorentz transformation, then F,,, transforms like a tensor. The change in F),, implied by a
coordinate transformation is interpreted as the relation between the electric and magnetic
fields measured by two observers.

13.2 The covariant form of the Maxwell equations
In special relativity, the Maxwell equations in vacuum are written as

4
P, = %Tj“, (13.3)

F[l“’s/\] == 0, (134)

where j* is the 4-vector of current. Equation (13.3) is equivalent to the set {div E =
47ro, rot H= (4m/c)j+ (1/c)dE/dt} and Eq. (13.4) to the set {div H=0, rot E+
(1/¢)0H/dt = 0}, where o is the density of electric charge and j is the ordinary current
vector. The covariance of the Maxwell equations with the Lorentz transformation is
automatically guaranteed by F),,, being a tensor. We also have

f=co {i'} =i (13.5)

161
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In general relativity, the partial derivatives in (13.3)—(13.4) are replaced with covariant
derivatives, thus (13.3) becomes

4
PRy = 777]'“. (13.6)

Equation (13.4) need not be changed because the Christoffel symbols cancel out in the
combination Fy,,, .

One can define the differential form F = F,, dx* Adx”, and then (13.4) becomes
dF = 0. This is the condition of existence of a 1-form A such tha