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PREFACE

This book is appropriate for people who want to get a good

overview of options in practice. It especially deals with

hedging of options and how option traders earn money by

doing so. To point out where the profit of option traders

comes from, common terms in option theory will be ex-

plained, and it is shown how they relate to this profit. The

use of mathematics is restricted to a minimum. However,

since mathematics makes it possible to lift analyses to a

non-superficial level, mathematics is used to clarify and

generalize certain phenomena.

The aim of this book is to give both option practitioners

as well as interested individuals the necessary tools to

deal with options in practice. Throughout this book real

life examples will illustrate why investors use option

structures to satisfy their needs. Although understanding

the contents of this book is a prerequisite for becoming a

good option practitioner, a book can never produce a good

trader. Ninety percent of a trader’s job is about dealing

with severe losses and still being able to make the right

decisions if such a loss occurs. The only way to become a

good trader is to accept that, when helping clients to

execute their option strategies, the trader will inevitably



end up with positions where the risk reward is against

him but the odds are in his favour. For that reason a one-

off loss will almost always be larger than a one-off gain.

But, if a trader executes many deals he should be able to

make money on the small margin he collects on every

deal even if he gets a few blow-ups.

xiv PREFACE
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INTRODUCTION

Over the years derivative securities have become increas-

ingly important. Examples of these are options, futures,

forwards and swaps. Although every derivative has its

own purpose, they all have in common that their values

depend on more basic variables like stocks and interest

rates. This book is only concerned with options, but once

the theory behind options is known, knowledge can easily

be expanded to other derivatives.

This book has three objectives. The first is to introduce

terms commonly used in option theory and explain their

practical interpretation. The second is to show where

option traders get their profit and how these commonly

used terms relate to this profit. The last objective is to

show why companies and investors use options to satisfy

their financial needs.





Chapter

1

OPTIONS



Options on stocks were first traded on an organized

exchange in 1973. That very same year Black and

Scholes introduced their famous Black–Scholes formula.

This formula gives the price of an option in terms of its

parameters, like the underlying asset, time to maturity

and interest rate. The formula and the variables it depends

on will be discussed in more detail in the next chapters.

Since 1973 option markets have grown rapidly, not only

in volumes but also in the range of option products to be

traded. Nowadays, options can be traded on many differ-

ent exchanges throughout the world and on many differ-

ent underlying assets. These underlying assets include

stocks, stock indices, currencies and commodities.

There are two general kinds of options, the call option

and the put option. A call option gives the holder the

right, but not the obligation, to buy the underlying asset

for a pre-specified price and at a pre-specified date. A put

option gives the holder the right, but not the obligation,

to sell the underlying asset for a pre-specified price and at

a pre-specified date. This pre-specified price is called the

‘strike price’; the date is known as the ‘expiration date’, or

‘maturity’. The underlying asset in the definition of an

option can be virtually anything, like potatoes, the

weather, or stocks. Throughout this book the underlying

asset will be taken to be a stock.

When the owner of a call option chooses to buy the stock,

it is said that he exercises his option right. Of course, the

same holds for the owner of a put option, only in this case

the owner chooses to sell the stock, but it is still referred

to as ‘exercising’ the option. If the option can only be
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exercised on the expiration date itself, the option is said

to be a ‘European’ option. If it can be exercised at any time

up to expiration, the option is an ‘American’ option.

Although there are many other option types, the most

important ones have already been covered: American call

option, American put option, European call option and

the European put option. The vast majority of the options

that are traded on exchanges are American. However, it is

useful to analyze European options, because properties of

American options can very often be deduced from its

European counterpart.

Before an example is given, it is worthwhile to look at

the boldface sentence in the definition of an option. The

holder of an option is not obligated to exercise the option.

This means that at maturity the holder can decide not to

do anything. This is exactly why it is called an ‘option’,

the holder has a choice of doing something. Because of

this choice, the largest loss an owner of an option can face

is the price paid for the option.

1.1 EXAMPLES

Consider a holder of a European call option on the stock

Royal Dutch/Shell with a strike price of $42. Suppose

that the current stock price is $40, the expiration date

is in 1 year and the option price is $5. Since the option is

European, it can only be exercised on the expiration date.

What are the possible payoffs for this option? If on the

expiration date the stock price is less than $42, the holder

of this option will clearly not exercise his option right.

OPTIONS 3



For if he did, he would buy the stock for $42 (exercising

the option), and would only be able to sell the stock on

the market for less than $42. So, the holder would incur a

loss if he exercised his right, whereas nothing would

happen if he did not exercise this right. In conclusion,

if on the expiration date the stock price is less than $42,

the holder does not exercise the option. In these circum-

stances the holder’s loss is the price paid for the option, in

this case $5. If on the expiration date the stock price is

between $42 and $47, the holder will exercise his option

right. Suppose that the stock price on the expiration date

is $45, then, by exercising his option right, he buys the

stock for $42 and immediately sells this stock on the

market for $45, making a profit of $3. However, taking

into account that he paid $5 for the option, he still makes

a loss of $2. It is clear that up to $47 the holder loses

money on the option. If on the expiration date the stock

price is more than $47, the holder will again exercise his

option right. The difference between this case and the

previous one is that the holder not only makes a profit

by exercising his option right, he also makes an overall

profit. Suppose that the stock price on the expiration date

is $49, then his profit is $2, $7 from exercising the option

and �$5 from the price paid for the option. Figure 1.1

shows the way in which the profit of the holder of a call

option on Royal Dutch/Shell varies with the stock price

at maturity.

This example points out that the profit of the holder of a

call option increases as the stock price increases. Thus,

the holder of a call option is speculating on an increasing

stock price.
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In contrast to a call option, the owner of a put option

is hoping that the stock price will decrease. Consider a

holder of a European put option on Unilever with a strike

price of $50. Suppose that the current stock price is $50,

the expiration date is in 6 months and the option price is

$3. Again, because the put option is European it can only

be exercised on the expiration date. What are the possible

payoffs for the put option? Suppose that the stock price at

maturity (expiration date) is more than $50. In this case

the holder would not exercise his option right. Because he

would have to buy the stock for more than $50, and,

under the conditions of the put options, sell the same

stock for $50. This would mean he would always incur a

loss. So, if the stock price is more than $50, the holder

does not exercise the option and faces a loss of $3, the

OPTIONS 5

47
−10

−5

0

10 

20 

30 

40 

50 

10
|

20
|

30
|

40
|

50
|

60
|

70
|

80
|

90
|

Stock price at maturity ($)

P
ro

fi
t 

($
)

(42,−5) 

Figure 1.1 Profit from buying a European call option on Royal
Dutch/Shell. Option price¼ $5, Strike price¼ $42.



price paid for the put option. If the stock price at maturity

is between $50 and $47, the holder will exercise the

option, but still make an overall loss. He will earn money

by exercising the option, but it will not be enough to

make up for the initial $3 paid for the option. If the

stock price is less than $47 at maturity, the holder will

exercise the option, and make an overall profit. He will

make a profit of more than $3 by buying the stock on the

market and immediately selling this stock for $50 under

the conditions of the put option. Since the price paid for

the put option was $3 he will also make an overall profit.

Figure 1.2 shows the way in which the profit of the holder

of the put option on Unilever varies with the stock price

at maturity.
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Figure 1.2 Profit from buying a European put option on Unilever.
Option price¼ $3, Strike price¼ $50.



1.2 AMERICAN VERSUS
EUROPEAN OPTIONS

If in above examples the options were American rather

than European, the holders of the options would not have

to wait until the expiration date before exercising the

options. In the example of the put option on Unilever

with strike price $50 this would mean that at any time

during the 6 months, the holder is allowed to exercise the

option. So, suppose that after 3 months the stock price is

$40, the holder could decide to exercise his option right.

By exercising he would make a profit of $7, $10 from

exercising the option and �$3 from the price paid for

the option.

Everything that can be done with a European option can

be done with an American option, but the American

option has the additional property that it can be exercised

at any time up to the expiration date. This means that

its price is always at least as much as its European

counterpart.

Although most options that are traded on exchanges are

American, this book mainly focuses on European options.

Since American options are based on the same principles

as European ones, and their properties can, very often, be

easily derived from the European counterparts this is

perfectly arguable. Throughout this book, an option is

assumed to be European, unless specifically stated

otherwise.
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1.3 TERMINOLOGY

An option contract is an agreement between two parties.

The buyer of the option is said to ‘have taken a long

position’ in the option. The other party is said to have

taken a ‘short position’ in the option, or is said to have

‘written’ the option. So, taking a long position essentially

means ‘buying’ and taking a short position means

‘selling’. For that reason there are four general option

positions:

1. A short position in a call option.

2. A short position in a put option.

3. A long position in a call option.

4. A long position in a put option.

Although it is tempting to say that positions 1 and 4 are

basically the same whenever the options have the same

strike price, and also positions 2 and 3, there is one big

difference. The short position always bears a greater risk,

because losses can be unlimited and profits are bounded.

For that reason the party holding a short position gets

money from the party holding a long position, which is of

course equal to the price of the option. For example, the

loss of an investor with a short position in a call option

can be unlimited, whereas the loss of an investor with a

long position in a call option is bounded by the price of

the option. The profit of an investor with a short position

in a call option is bounded by the price of the option, and

the profit of an investor with a long position in a call op-

tion is unlimited. In fact, it is not totally true that losses

can be unlimited for investors holding a short position. In
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the case of a short position in a put option, the losses are

bounded by the strike price, since the stock price cannot

drop below 0. Respectively, Figures 1.3 and 1.4 show the

variation of the profit and loss with the stock price at

maturity of an investor holding a short position in a

European call option on Royal Dutch/Shell, and an in-

vestor holding a short position in a European put option

on Unilever. Respectively, when Figures 1.3 and 1.4 are

compared with Figures 1.1 and 1.2, it also becomes clear

that a short position always bears a greater risk than a

long position.

An option has three states, in the money, at the money

and out of the money. Every state refers to what would

happen were the option exercised immediately. For

OPTIONS 9
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example, consider the call option on Royal Dutch/Shell

with a strike price of $42. If the stock price of Royal

Dutch/Shell is more than $42, the call option is in the

money, because a profit would be made by exercising the

option immediately. The call option is at the money if the

stock price is $42, since neither a profit nor a loss would

be made by exercising the option immediately. The call

option is out of the money if the stock price were less

than $42, since by exercising the option immediately the

holder would incur a loss. For the put option the reverse

holds. A put option is in the money if the strike price is

more than the stock price, at the money if the strike price

is equal to the stock price and out of the money if the
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strike price is less than the stock price. Table 1.1 sum-

marizes the three states of an option.1

The intrinsic value of an option is the payoff were the

option exercised immediately. Consider a call option,

with strike price $40, on a stock with a price of $50.

For this particular option the intrinsic value is $10.

This definition implies that in-the-money options have

positive intrinsic values, whereas at-the-money and out-

of-the-money options have intrinsic values equal to 0.

Furthermore, it is good to discuss the economic principle

of discounting here. The easiest way to illustrate this is

by means of an example. Consider an option trader who

owns a European option with an expiration date in 1 year

and an expected payoff at maturity of $4. One could be

tempted to say that the price of this option should be $4 as

well, since in this case both sides of the option contract

will have expected profit of 0. However, this is not quite

OPTIONS 11

Table 1.1 States of an option.

Ratio State call option State put option

St
K

¼ 1þ x

100
> 1 x% in the money x% out of the money

St
K

¼ 1 At the money At the money

St
K

¼ 1� x

100
< 1 x% out of the money x% in the money

1 St stands for the stock price at time t and K stands for the strike of the
option.



true, because the seller of the option gets $4 a year earlier

than the buyer of the option. So, in fact the fair price of

the option should be that amount of money such that

when it is put in a savings account for 1 year it has grown

to $4. This means that if the interest rate is 6% per year

the fair price is 4=1:06 ¼ $3:77. The foregoing is referred

to as ‘discounting’, and in this case $4 is discounted at

6%. In the above calculation it is assumed that interest is

paid out only once a year. In practice, it is actually paid

out continuously, which implies that money on a savings

account grows faster, because interest is paid out on the

initial amount plus the interest earned up to that time. In

this case the discounting formula is 4 � e�0:06�1. In

general, if an amount x has to be discounted at an interest

rate of r (expressed as a percentage) per year over a period

of T � t years, the discounting formula is x � e�r�ðT�tÞ.

Lastly, it is worth mentioning that it is possible to short

(sell) a stock without actually owning it. It basically

comes down to borrowing a stock from a third party

after which the stock is sold immediately. However,

this stock has to be returned sometime. For example,

an investor shorts the stock Unilever for $50. Because

the investor sells the stock Unilever he gets the $50. If

after 1 year the stock price of Unilever is $40 he can

decide to buy the stock on the market for $40 and return

it to the party he borrowed it from. With this strategy the

investor makes a profit of $10 if the interest rate is 0%,

and if the interest rate is r (expressed as a percentage) it

gives a profit of 50 � ð1 þ rÞ � 40, or if interest is paid

continuously 50 � er�1 � 40.

12 AN INTRODUCTION TO OPTIONS TRADING



1.4 EARLY EXERCISE OF
AMERICAN OPTIONS

For a call option on a non-dividend paying stock, it

appears that the prices for both European and American

types are exactly the same. In other words, it is never

optimal to exercise a call option on a non-dividend paying

stock early. Because the price of a stock is an expectation

of the future earnings there are always investors who

want to hold the stock longer than the term of the option.

Even if such investors did not care about the option part,

they would still be prepared to pay more for an American

call option than its intrinsic value, since there is an

interest rate advantage. This is because the price of a

call option is always less than the price of its underlying

stock, otherwise money could be made by buying the

stock and shorting the call option. So, for an investor

planning to hold the underlying non-dividend paying

stock longer than the term of the option, it would be

cheaper to buy the call option for its intrinsic value

than to actually buy the stock. For that reason this par-

ticular investor, which must exist, would be prepared to

pay more than just the intrinsic value. Knowing this, it is

easy to see why it is never optimal to exercise an Amer-

ican call option on a non-dividend paying stock early.

Consider an American call option on Royal Dutch/

Shell with a strike price of $40 and an expiration date

in 1 year. Suppose that after half a year the stock price is

$50. The holder of this call option could be tempted to

exercise his option, getting a payoff of $10.

OPTIONS 13



However, it would be better not to exercise the call

option, but to sell the call option instead. Since the price

of the option is more than its intrinsic value this would

lead to a higher payoff than $10. An alternative strategy2

is to keep the option and short the underlying stock. This

guarantees a payoff of at least $10. On top of that, interest

is earned over $50, since this was received by shorting the

stock, which is more than the interest earned on the $10

were the American option exercised immediately. This

means that the discounted expected payoff is more than

$10.

However, for an American put option it can be profitable

to exercise the option early. This can be shown by looking

at an extreme but simple example.3 Consider an investor

with a put option on Royal Dutch/Shell with a strike

price of $40 and an expiration date in 1 year. Now suppose

that after half a year Royal Dutch/Shell is virtually worth

nothing (very extreme situation). By exercising the put

option, the investor makes an immediate gain of $40. If

the investor waits, the gain could be less than $40 but it

could never be more than $40, since stock prices cannot

drop below 0. This already shows that there can be a point

in exercising an American put option on a non-dividend

paying stock early. Furthermore, receiving $40 now is

preferable to receiving $40 in the future (interest rate

advantage). It follows that in this case the American put

option should be exercised immediately.

14 AN INTRODUCTION TO OPTIONS TRADING
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1.5 PAYOFFS

The examples show that the payoff of an option can never

be negative, since the holder can decide not to exercise

his option right. This does not mean that the profit of the

owner of an option cannot be negative. This is of course

because an initial price has been paid for the option. So, a

distinction has to be made between the profit of an option

and the payoff. The payoff only consists of the cash flow

at the time the option is exercised, whereas the profit also

takes the price of the option into account. It is easy to

actually characterize the payoff of an option at maturity.

Suppose that ST is the price of the underlying stock at

maturity, and K is the strike price of the option. The

payoff from a long position in a European call option is:

maxðST � K; 0Þ

This formula is in compliance with the fact that the

option will be exercised if ST > K, and will not be ex-

ercised if ST � K. The payoff from a short position in a

European call is:
�maxðST � K; 0Þ

This is again logical, since whatever the holder of a long

position wins by exercising, the holder of a short position

loses. So, the payoff for the short position is minus the

payoff of the long position. The payoff to a holder of a long

position in a European put option is:

maxðK � ST ; 0Þ

This formula shows that the put option is exercised if

ST < K, and is not exercised if ST � K. The short position
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in a European put option has a payoff of:

�maxðK � ST ; 0Þ

1.6 PUT–CALL PARITY

The put–call parity is a relation between the call option

price (ct), the put option price (pt), the stock price (St) and

the strike price (K) of the call and put option, provided

the strike price and the time to maturity are the same for

both the call and the put option. The proof of this put–

call parity uses the assumption of absence of arbitrage.

Arbitrage means that it is possible to make a profit with-

out running any risk. So, the profit of an arbitrage strategy

can never be less than 0 and there is a chance that it

makes a positive profit. In practice, the absence of arbi-

trage assumption is a very reasonable assumption. With

this knowledge it is easy to state and prove the put–call

parity. When there is absence of arbitrage there exists a

put–call parity, given by:

ct � pt ¼ St � K e�rðT�tÞ ð1:1Þ

where ct ¼ Price of a European call option with strike

price K and a time to maturity of T � t;

pt ¼ Price of a European put option with strike

price K and a time to maturity of T � t;

St ¼ Price of the underlying stock of both the

call and the put option at time t;

r ¼ Interest rate expressed as a percentage and

in the same unit of time as T � t;

K ¼ Strike price.
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The put–call parity will be proved by assuming it does not

hold and showing that this leads to a contradiction. So, it

will be proved in two steps. First, it will be assumed

that ct � pt > St � K e�rðT�tÞ, and showing this leads to

an arbitrage possibility. Then, it will be assumed that

ct � pt < St � K e�rðT�tÞ, and showing this also leads to

an arbitrage possibility. The fact that both assumptions

lead to an arbitrage possibility is a contradiction, because

for the put–call parity it was assumed there was absence

of arbitrage:

1. Suppose ct � pt > St � K e�rðT�tÞ, that is:

K þ erðT�tÞ ct � pt � Stð Þ > 0 ð1:2Þ

By entering in the following portfolio at time t, a

profit will always be made at maturity, T.

e At time t

– long 1 underlying stock (yield -St)

– long 1 put option (yield -pt)

– short 1 call option (yield ct)

The total yield of this portfolio is:

ct � pt � St ð1:3Þ

e At maturity, T

– K > ST

In this case the call option will not be exercised,

but the put will. By exercising the put, the un-

derlying stock in the portfolio will be sold for
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$K, closing down the portfolio’s position. The

profit of this portfolio is:

K þ erðT�tÞ ct � pt � Stð Þ > 0 ð1:4Þ

– K < ST

The put will not be exercised, but the call will.

Because the call is being exercised, the under-

lying stock in the portfolio will be sold for $K to

the holder of the call option, closing down the

portfolio’s position. The profit of the portfolio

is:

K þ erðT�tÞ ct � pt � Stð Þ > 0 ð1:5Þ

2. Suppose ct � pt < St � Ke�rðT�tÞ, that is:

erðT�tÞ St þ pt � ctð Þ � K > 0 ð1:6Þ

By entering in the following portfolio at time t, a

profit will always be made at maturity, T.

e At time t

– short 1 underlying stock (yield St)

– short 1 put option (yield pt)

– long 1 call option (yield -ct)

The total yield of this portfolio is:

St þ pt � ct ð1:7Þ

e At maturity, T

– K > ST

In this case the call option will not be exercised,
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but the put will. Because the put is being ex-

ercised, the underlying stock will be bought for

$K from the holder of the put option, closing

down the short position in this underlying

stock. The profit of this portfolio is:

erðT�tÞ St þ pt � ctð Þ � K > 0 ð1:8Þ

– K < ST

The put option will not be exercised, but the

call will be exercised. By exercising the call,

the underlying stock will be bought for $K,

closing down the short position in this under-

lying stock. The profit of this portfolio is:

erðT�tÞ St þ pt � ctð Þ � K > 0 ð1:9Þ

Since both the assumption ct � pt > St � Ke�rðT�tÞ as well

as ct � pt < St � K e�rðT�tÞ lead to an arbitrage possibility,

the put–call parity, ct � pt ¼ St � K e�rðT�tÞ, has to hold.
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In the previous chapter the definition of an option was

given. Furthermore, some examples showed what the

payoff and profit of an option look like. In these examples

the price of the option was always given. It is however

possible to identify what the fair price of a European

option should be. In this perspective ‘fair’ means that

the expected profit for both sides of the option contract

is 0. The Black–Scholes formula is a good tool for deter-

mining the fair price of an option. From the definition of

an option it is clear that the price should depend on the

strike price, the price of the underlying stock and the

time to maturity. It appears that the price of an option

also depends on less obvious variables. These other vari-

ables are interest rates, the volatility of the underlying

stock (the way the stock moves) and the dividends on the

stock. By some simple examples it can be clarified that

the option price should also depend on the last mentioned

variables:

. Interest rate. Suppose that the interest rate given on a

savings account is 5% per year. Consider a put option

with a time to maturity of 1 year, and, given an inter-

est rate of 5%, the price of this option is $10. Since the

holder of the short position in this option gets this $10,

he can put this money in a savings account, getting a

5% interest rate. By doing so he will have $10:5

(10 � 1:05) at the expiration date of the option. Since

the price of the option is fair, the expected payoff for

the holder of the long position in the option will also

be $10:5. Now suppose that the interest rate was not

5% but 6%. Higher interest rates cause expected

growth rates on stocks to increase, otherwise inves-
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tors in stocks could be tempted to sell their stocks and

put the money in a savings account. This means that

the expected payoff of a put option is likely to be less.

Although this is generally true, suppose that the ex-

pected payoff to the holder of the long position does

not change and will still be $10:5. The question is:

What should the price of the option be in this case?

The price should be such that the holder of the short

position has $10:5 at maturity. This implies that the

price is 10:5 discounted at a rate of 6%. In other words,

the price is $9:91 (10:5=1:06). If the effect of increasing

expected growth rates on stocks when the interest rate

is higher was taken into account, the option price

would have been even less. This shows that option

prices differ as the interest rate differs. The price of a

put option is less if the interest rate is higher, and for a

call option the reverse holds. In Section 2.2, this effect

will be discussed in more detail. Figure 2.1 shows in

which way the prices of an at-the-money call and put

option vary with interest rate. Note that if the interest

rate is 0 the prices of an at-the-money call and put

option are the same, which is perfectly in compliance

with the put–call parity. Furthermore, it is worth

noticing that the price of an at-the-money put option

changes faster with interest rate than an at-the-money

call option. This means that an at-the-money put

option is more sensitive to interest rate changes

than an at-the-money call option, which will be dis-

cussed in more detail in Section 2.2.

. Volatility. Volatility is a complex concept, but in this

example a simple definition will be used to clarify the

dependence of the option price on volatility. Volatility
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is a variable that measures the movement of a stock.

Consider the stock Unilever with a price of $50. If the

volatility is 0:1 this means, in this example, that after

1 year the stock price is either $55 or $45. If the

volatility is 0:2 this means that after 1 year it is either

$60 or $40. Consider a European call option on Uni-

lever with a time to maturity of 1 year. If the volatility

of Unilever is 0:1, the expected payoff at maturity is

$2:5 (ð55 � 50Þ � 0:5 þ 0 � 0:5). If the volatility of

Unilever is 0:2, the expected payoff at maturity is $5

(ð60 � 50Þ � 0:5 þ 0 � 0:5). Since the expected payoff is

greater if the volatility is 0:2 than if the volatility is

0:1, the price of the option should be higher if the

volatility is 0:2. In general, the higher the volatility
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the higher the option price. This has to do with the fact

that losses are bounded from below by the option

price, but profits can be unlimited. Figures 2.2 and

2.3 show the variation of the option price with vola-

tility for the call and the put option, respectively. Note

the similarity between variations of the call and put

option prices with volatility.

. Dividends. Consider an option on the stock Unilever

with a strike price of $50 and the expiration date is in

1 year. Again, the stock price is $50. If in 6 months a

dividend of $1 per stock is to be paid, this will cause

the stock price to drop by $1. For that reason this

dividend is favourable for a put option on Unilever and

unfavourable for a call option on Unilever. In general,
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dividends will cause reductions in call option prices

and the prices of put options to increase.

Now that it is clear which variables the price of an option

should depend on, it is time to state the Black–Scholes

formula. The Black–Scholes formula gives the price of

an option in terms of its characteristics. It is beyond

the scope of this book to actually prove this formula.

Although it looks very complicated, do not be deterred.

It is only for the sake of completeness that the Black–

Scholes is stated here. It is perfectly possible to work with

options without fully understanding the Black–Scholes

formula. The most important thing to remember from

the Black–Scholes formula is that it depends on the strike

price (K), stock price (St), time to maturity (T � t), interest
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rate (r), volatility (�) and dividends. Because dividends

make the theory unnecessarily complicated, this book

will only deal with non-dividend paying stocks. In this

case dividends can be left out. The Black–Scholes formula

uses the following notation:

ct ¼ Price of a European call option at time t;

pt ¼ Price of a European put option at time t;

St ¼ Price of the underlying stock at time t;

T � t ¼ Time to maturity;

K ¼ Strike price of the option;

� ¼ Volatility of the underlying stock;

r ¼ Interest rate:

The prices, at time t, of a European call option ct and a

European put option pt are given by:

ct ¼ StNðd1Þ � K e�rðT�tÞNðd2Þ; ð2:1Þ

pt ¼ K e�rðT�tÞNð�d2Þ � StNð�d1Þ ð2:2Þ

In these formulae, NðxÞ is the standard Normal distribu-

tion, and d1, d2 are defined as:

d1 ¼
ln

St

K

� �
þ r þ 1

2�
2

� �
ðT � tÞ

�
ffiffiffiffiffiffiffiffiffiffiffiffi
T � t

p ð2:3Þ

d2 ¼ d1 � �
ffiffiffiffiffiffiffiffiffiffiffiffi
T � t

p
ð2:4Þ

Of course, the above formulae reflect the fact that the

price of an option on a non-dividend paying stock depends

on the strike price, price of the underlying stock, time

to maturity, volatility of the underlying stock and the
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interest rate. The next three subsections will elaborate on

the Black–Scholes formula.

2.1 VOLATILITY AND THE
BLACK–SCHOLES FORMULA

The volatility used in the Black–Scholes formula is actu-

ally more difficult than depicted before. In the Black–

Scholes formula � is the standard deviation of the natural

logarithmic returns of the stock price, instead of just the

standard deviation of the stock price. This means that

if, over 3 days, a stock has a price trend of $50, $55,

$53, the volatility per day is the standard deviation of

lnð55Þ � lnð50Þ ¼ ln 55
50

� �
and lnð53Þ � lnð55Þ ¼ ln 53

55

� �
,

rather than just the standard deviation of the percentage

changes in stock price. Furthermore, it is important that

the unit of time of volatility coincides with the unit of

time of the time to maturity and with the unit of time of

the interest rate. So, if the time to maturity and interest

rate are expressed in years, volatility should also be ex-

pressed in years. Luckily, there is an easy formula to

switch from volatility per (trading) day to volatility per

annum (cf. p. 231 of Hull, 1993):

Volatility per

annum
¼ Volatility per

trading day
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Number of trading

days per annum

s

ð2:5Þ

As mentioned earlier, the higher the volatility the higher

the option price. This also becomes clear when looking at

the Black–Scholes formula. The derivative of the option
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price with respect to the volatility gives the price’s sen-

sitivity to volatility. If this derivative is positive it means

that the price increases as volatility increases. This is

exactly what appears to be the case if the derivatives of

formulae (2.1) and (2.2) are taken with respect to �:

�call;European ¼ @ct

@�
¼ 1ffiffiffiffiffiffi

2�
p e�

d2
1
2 St

ffiffiffiffiffiffiffiffiffiffiffiffi
T � t

p
> 0 ð2:6Þ

�put;European ¼ @pt

@�
¼ 1ffiffiffiffiffiffi

2�
p e�

d2
1
2 St

ffiffiffiffiffiffiffiffiffiffiffiffi
T � t

p
> 0 ð2:7Þ

The option price’s sensitivity to volatility is often re-

ferred to as vega, and is the same for both European

call and put options. In this book ‘vega’ is indicated

with the Greek letter �.1

2.2 INTEREST RATE AND THE
BLACK–SCHOLES FORMULA

In the previous section it was mentioned that it is im-

portant that r, � and T � t are expressed in the same unit

of time. In the same section it was shown how to switch

from volatility per annum to volatility per trading day.

To switch from interest rate per annum to interest rate

per trading day is very straightforward. The following

relationship holds between interest rate per annum

and interest rate per trading day.
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Interest rate

per annum
¼ Interest rate per

trading day
� Number of trading

days per annum

ð2:8Þ

The same analysis as in Section 2.1 can be conducted for

the interest rate. The derivative of the option price with

respect to the interest rate gives its sensitivity to the

interest rate. Of course, since the price of a European put

option decreases as the interest rate increases, this deri-

vative should be negative for the put option. For a call

option it is hard to deduce economically what the sign of

this derivative should be. The next formulae give for both

the call and the put option the sign of the derivative of the

option price with respect to the interest rate. It appears

that for the call option this derivative is positive, which

means that the price of the call option increases as the

interest rate increases:

	call;European ¼ @ct

@r
¼ KðT � tÞ e�rðT�tÞNðd2Þ > 0 ð2:9Þ

	put;European ¼ @pt

@r
¼ �KðT � tÞ e�rðT�tÞNð�d2Þ < 0 ð2:10Þ

From an economical point of view it is logical that the

price of a European put option is less when the interest

rate is higher. Because both the fact that expected growth

rates on stocks increase as well as the fact that higher

interest rates are earned on savings accounts cause the

price to decrease. Since, for a European call option, the

first effect causes the price to increase and the second to

decrease, it is less obvious what happens to the price.

Formula (2.9) states that the price of a European call op-

tion increases if the interest rate increases. This means
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that the first effect more than offsets the second. Because,

for a put option, there are two effects causing the price to

decrease, a put option is more sensitive to interest rate

changes than a call option, which has one effect causing

the price to decrease and one effect causing it to increase.

The option price’s sensitivity to the interest rate is often

referred to as rho, and is indicated with the Greek letter 	.

2.3 PRICING AMERICAN
OPTIONS

The Black–Scholes formula is one way of deriving the fair

price of an option. This works well for European options,

but for American put options and American call options

on dividend paying stocks this method does not work any

longer. For that reason there is another model, the bino-

mial tree model. In practice, the binomial tree model is a

popular tool for determining the price of American op-

tions. The binomial tree model reaches a price by simu-

lating price trends and looking at different points in time,

whether it is optimal to exercise the option or not. This is

different from the Black–Scholes model, but it still uses

the same variables. For that reason, to get an understand-

ing of options it is enough or maybe better to use the

Black–Scholes model.
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Although dividends are not the first concern of an

option trader it is important to understand how

they affect option pricing. In this section this will be

explained and the reader will be introduced to forwards.

3.1 FORWARDS

Forwards are agreements to buy or sell shares at a future

point in time without having to make a payment up

front. Unlike an option, the buyer of a forward does

not have an option at expiry. For example, the buyer of

a 6-month forward in Royal Dutch/Shell commits

himself to buying shares in Royal Dutch/Shell at a pre-

agreed price determined by the forward contract. The

natural question is, of course: What should this pre-

agreed price be? Just like Black and Scholes did for the

pricing of an option the price is determined by how much

it will cost to hedge the forward position. To show this,

consider the following example. An investment bank

sells a 2-year forward on Royal Dutch/Shell to an inves-

tor. Suppose that the stock is trading at $40, the interest

rate is 5% per year and after 1 year Royal Dutch/Shell will

pay a dividend of $1. Because the bank sells the forward it

commits itself to selling a Royal Dutch/Shell share in 2

years’ time. The bank will hedge itself by buying a Royal

Dutch/Shell share today. By buying a Royal Dutch/Shell

share the bank pays $40, over which it will pay interest

for the next 2 years. However, since the bank is long a

Royal Dutch/Shell share it will receive a dividend of $1 in

1 year’s time. So, over the first year the bank will pay
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interest on $40 and over the second year interest on $39.

This means the price of the forward should be:

F ¼ 40 þ 40 � 0:05 þ 39 � 0:05 � 1 ¼ 42:95 ð3:1Þ

A more general formula for the forward price is:

F ¼ Price of underlying þ Cost of carry ð3:2Þ

In the previous example the cost of carry is the interest

the bank has to pay to hold the stock minus the dividend

it receives for holding the stock.

3.2 PRICING OF STOCK OPTIONS
INCLUDING DIVIDENDS

When dividends are known to be paid at specific points in

time it is easy to adjust the Black–Scholes formula such

that it gives the right option price. The only change one

needs to make is to adjust the stock price. The reason for

this is that a dividend payment will cause the stock price

to go down by exactly the amount of the dividend. So, in

order to get the right option price one needs to subtract

the present value of the dividends paid during the term of

the option from the current stock price, which can then

be plugged into the Black–Scholes formula – see equa-

tions (2.1) and (2.2). As an example, consider a 1-year call

option on Daimler Chrysler (DCX) with a strike price of

$40. Suppose DCX is currently trading at $40, the interest

rate is 5%, stock price volatility is 20% per annum and

there are two dividends in the next year, one of $1 after

2 months and another of $0:5 after 8 months. It is now
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possible to calculate the present value of the dividends

and subtract it from the current stock level. For the

present value calculation see Section 3.3:

PV of dividends ¼ ef�
2
12�0:05g � 1 þ ef�

8
12�0:05g � 0:5

¼ 1:4753 ð3:3Þ

Now the option price can be calculated by plugging into

the Black–Scholes formula – see equation (2.1) – a stock

price of St ¼ 40 � 1:4753 ¼ 38:5247 and using K ¼ 40,

r ¼ 0:05, � ¼ 0:2 and T � t ¼ 1:

d1 ¼
ln

38:527

40

� �
þ 0:05 þ 1

2 � 0:22
� �

� 1

0:2 �
ffiffiffi
1

p ¼ 0:1621 ð3:4Þ

d2 ¼ d1 � 0:2 �
ffiffiffi
1

p
¼ �0:0379 ð3:5Þ

So, the price of the call option will be:

ct ¼ 38:5247 � Nð0:1621Þ � 40 � e�0:05Nð�0:0379Þ

¼ 3:2934 ð3:6Þ

3.3 PRICING OPTIONS IN TERMS
OF THE FORWARD

Instead of expressing the option price in terms of the

current stock price, interest rate and expected dividends

it makes it more intuitive to price an option in terms

of the forward, which comprises all these three com-

ponents. The easiest way to rewrite the Black–Scholes
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formula in terms of the forward is to assume a dividend

yield rather than dividends paid out at discrete points in

time. This means that a continuous dividend payout is

assumed. Although this is not what happens in practice

one can calculate the dividend yield in such a way that

the present value of the dividend payments is equal to

St 1 � e�dðT�tÞ� �
, where d is the dividend yield. So, if the

dividend yield is assumed to be d and the interest rate is

r the forward at time t can be expressed as:

Ft ¼ St � efrðT�tÞg � ef�dðT�tÞg

¼ St � efðr�dÞðT�tÞg ð3:7Þ

From the above equation it is clear that dividends lower

the price of the forward and interest rates increase it. As

shown in the previous subsection one can calculate the

price of an option by putting a stock price equal to

St � ef�dðT�tÞg into the Black–Scholes formula. By doing

this one can easily rearrange the Black–Scholes formula

to express the price of an option in terms of the forward.

The price of the call will then be expressed as:

ct ¼ St e�dðT�tÞNðd1Þ � K e�rðT�tÞNðd2Þ

¼ e�rðT�tÞFtNðd1Þ � K e�rðT�tÞNðd2Þ ð3:8Þ

In the same way the price of the put can be expressed

as:

pt ¼ K e�rðT�tÞNð�d2Þ � e�rðT�tÞFtNð�d1Þ ð3:9Þ
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where d1 and d2 look like:

d1 ¼
ln

Ste
�dðT�tÞ

K

� �
þ r þ 1

2�
2

� �
ðT � tÞ

�
ffiffiffiffiffiffiffiffiffiffiffiffi
T � t

p

¼
ln

e�rðT�tÞFt

K

� �
þ 1

2�
2

� �
ðT � tÞ

�
ffiffiffiffiffiffiffiffiffiffiffiffi
T � t

p ð3:10Þ

d2 ¼ d1 � �
ffiffiffiffiffiffiffiffiffiffiffiffi
T � t

p
ð3:11Þ

3.4 DIVIDEND RISK FOR
OPTIONS

The problem option traders face when trading options is

that they usually do not know the exact dividends

a company is due to pay out. So, the only way to price

an option is to estimate the future dividends a company is

expected to pay. Usually, it is relatively easy to estimate

the dividends for the near future; however, the further

one goes into the future the harder it gets. This is because

dividends are very much related to the profitability of a

company. In this perspective it is also useful to think of

an option price in terms of the forward. If the actual

dividends a company has paid out are higher than the

trader had expected, the trader’s forward should have

been lower which causes the prices of call options to go

down because it is less likely that the call option will

expire in the money. With the same argument the prices

of put options will go up because they are more likely to

expire in the money. So, the risk an option trader faces
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when buying a call option is that the dividends appear to

be higher than he had expected, and when buying a put

option that they appear to be lower than he had expected.

Of course, the reverse holds for selling either a call or a

put. When it comes to assessing the risks of dividends it is

best to think of the option price in terms of the forward. If

the dividends go up the forward will go down which

makes it less likely that a call option will expire in the

money, so the price will go down. A put will more likely

expire in the money, so the price will go up. If dividends

go down the forward will go up, so the price of a call goes

up and the price of a put goes down. In conclusion, to

assess how dividend or interest rate changes affect the

price of an option just think about what happens to the

forward. If the forward goes down put options get more

expensive and calls less expensive. If the forward goes up

call options get more expensive and put options less

expensive.

3.5 SYNTHETICS

It is possible to synthetically create a forward by buying a

call option and selling a put option with the forward price

as the strike. Intuitively, this can easily be seen by adding

up the respective payoff graphs as done in Figure 3.1. This

figure also shows that a synthetic has the same dynamics

as a normal share, which is what one would expect. Since

forwards do not cost anything it should also be the case

that a call minus a put with the forward price as the strike

is worth 0. Bringing the put–call parity from Section 3.6
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back into memory will make this clear. The put–call

parity for non-dividend paying stocks states:

ct � pt ¼ St � Ke�rðT�tÞ ð3:12Þ

The forward of a non-dividend paying stock is

F ¼ St erðT�tÞ, which shows that if the strike price for

both the call and the put is the forward price the call

minus the put, the synthetic, is worth 0. In the same way

this can be proved for options on dividend paying stocks.

However, in this case the put–call parity is:

ct � pt ¼ St � K e�ðr�dÞðT�tÞ ð3:13Þ

where d is the dividend yield. In practice, one would only

see synthetic forwards on specific strikes, not necessarily

on the forward price.
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Although implied volatility is a relatively easy concept

it is usually thought to be complicated. This is

because things can get confusing. Implied volatility is

not just a theoretical concept, it also depends on the

simple market phenomenon of supply and demand.

Before implied volatility is explained in more detail,

volatility will be elaborated on.

As mentioned earlier volatility is a measure for the move-

ment of the stock price. To be precise, it is the standard

deviation of the natural logarithm of the returns of the

stock price. Although this is the official definition, it is

more important to understand which time period this

volatility relates to in the Black–Scholes formula. The

answer is of course simple, it is the volatility of the stock

price during the term of the option. It is simple, but it is

good to be aware of this fact, since this implies that

whenever an investor wants to buy an option he does

not know what the volatility will be during the term of

the option. This, in turn, makes it impossible for him to

calculate the fair price of the option. However, he can try

to estimate this volatility by looking at what the volati-

lity has been so far, the historic volatility. Although there

are techniques to estimate the volatility accurately, he

will never be able to say with certainty what the vola-

tility will be during the term of the option. In fact, from

all the variables the Black–Scholes formula uses to de-

termine the price of an option on a non-dividend paying

stock, volatility is the only one that is really open to

interpretation. This is obvious for the stock price, strike

price and time to maturity, but for the interest rate this is

less obvious. Because, for the same reason volatility is not
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known, one would argue that an investor does not know

what the interest rate will be during the term of the op-

tion. However, it is possible to estimate the interest rate

so accurately that this variable can effectively be treated

as known. With this knowledge it is easy to explain the

concept of implied volatility.

The price of an option comes about from supply and de-

mand. This is of course confusing. The Black–Scholes

formula gives the price of an option, which would suggest

there could only be one price for an option, regardless of

supply and demand. But, as has been pointed out, at the

time an investor has to decide whether or not to buy an

option, he does not know what the volatility of the option

will be during the term of this option. So, different market

participants have different views on what the volatility

will be, and therefore have different views on what should

be the fair price of an option. Now an interesting situa-

tion arises. There is the Black–Scholes formula which

gives the price of an option on a non-dividend paying

stock in terms of the stock price, strike price, time to

maturity, interest rate and volatility, but at the same time

the price of this option is set by supply and demand. If an

investor wants to know whether he should buy a specific

option he could estimate what he thinks the volatility

should be and use this volatility to plug into the Black–

Scholes formula in order to calculate the price he is pre-

pared to pay for this option. Or he could determine which

volatility gives the option price set by the market and

compare it with what he thinks is the right volatility.

This can be done by equating the Black–Scholes formula

with the market price of the option, which is an equation
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in one unknown, namely the volatility. An equation in

one unknown can always be solved1 and the volatility

obtained in this way is called the ‘implied volatility’.

This is a logical name because, in calculating it, the mar-

ket price of an option is used. Which means that the

calculated volatility is implied by the market and, there-

fore, it tells what the market thinks the volatility of the

underlying stock will be during the term of the option. In

conclusion, the implied volatility is nothing more than

that volatility, such that when it is substituted into the

Black–Scholes formula the output is equal to the market

price of the option. The idea of implied volatility is illus-

trated by the following example, which is based on the

example on p. 229 of Hull (1993).

4.1 EXAMPLE2

Suppose that the value of a European call option on a non-

dividend paying stock is $3:67 when St ¼ 33, K ¼ 30,

r ¼ 0:05 and T � t ¼ 0:25 (In this example T � t is ex-

pressed in years, so T � t ¼ 0:25 is a time to maturity

of 3 months.) The implied volatility is that value of �

which, when substituted into formula (2.1) together with

St ¼ 33, K ¼ 30, r ¼ 0:05 and T � t ¼ 0:25, gives ct ¼ 3:67.

Although this is really only an equation in one unknown,
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1 Because the Black–Scholes formula contains the Normal distribution, this
particular equation in the unknown � cannot be solved analytically.
However, there are methods, like the Newton–Raphson method, to solve
it to any required accuracy. An example of such a method will be treated
shortly.
2 This example is almost identical to the example on p. 229 of Hull (1993),
only the numbers are different.



it cannot be reduced to an expression in which � is ex-

pressed as a function of St, K, r, T � t and ct. However, an

iterative search procedure can be used to find the implied

�. To start with, the value � ¼ 0:15 could be used. This

gives a value of ct equal to 3:4518, which is too low. Since

ct is an increasing function of �, a higher value of � is

required. Next, a value of � ¼ 0:25 could be tried. This

gives a value of ct equal to 3:7925, which is too high and

means that � lies between 0:15 and 0:25. Next, a value of

0:20 can be tried for �. This will prove to be too low,

deriving that � lies between 0:20 and 0:25. Proceeding in

this way the range for � can be halved at each iteration

and the correct value of � can be calculated to any re-

quired accuracy. In this example, the implied volatility is

0:22 or 22% per annum. Note that because T � t was

expressed in years, the implied volatility is also expressed

in years.

4.2 STRATEGY AND IMPLIED
VOLATILITY

Consider an option trader who wants to decide upon the

implied volatility if he bought the option in the previous

example or not. As was shown in this example, the im-

plied volatility of this option is 22% per annum. Suppose

also that he thinks that the underlying stock will have a

volatility of 1:5% per trading day during the term of the

option. Now he can use formula (2.5) to determine if he

should buy the option. If there are 256 trading days in

each year, this would mean that he thinks that the

volatility per annum is 1:5 �
ffiffiffiffiffiffiffiffi
256

p
¼ 24%. As stated
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before, the higher the volatility the higher the price of the

option. Because the option trader thinks the volatility

should be 24% per annum and the market thinks it will

be 22%, it means that the option trader thinks that

the option is worth more than he has to pay for it on

the market. In this case, the option trader should buy the

option. But, if he thinks the volatility will be 1% per

trading day he should not buy the option. Because 1%

per trading day means a volatility of 1 �
ffiffiffiffiffiffiffiffi
256

p
¼ 16% per

annum, and this would imply that he thinks the option is

worth less than he has to pay for it on the market. In

general, if an investor thinks the implied volatility of an

option is too high he should not buy the option, whereas

if he thinks it is too low he should buy the option. In this

analysis it is important that volatilities are compared

over the same period of time. So, a volatility per trading

day can only be compared with another volatiltity if this

one is also expressed in trading days, and of course the

same holds for volatilities expressed in years or any other

unit of time.
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Delta measures the sensitivity of the option price to

the stock price while all other variables remain

unchanged. Mathematically, it is the derivative of the

option price with respect to the stock price. So, if the

delta of an option is 0:5, it means that – if the stock price

increases by $1 – the option price increases by $0:5,1 and if

the stock price decreases by a small amount the option

price decreases by 50% of that amount. If delta is negative

the reverse holds. Suppose an option has a delta of �0:5.

In this case, if the stock price increases by $1 the option

price decreases by $0:5, and if the stock price decreases by

$1 the option price increases by $0:5. The delta of a put

option is negative, since the price of a put option de-

creases as the stock price increases. For a call option

the reverse holds, since the price of a call option increases

as the stock price increases. The delta of a call option is

between 0 and 1, and for a put option it is between �1 and

0. It was argued that the delta of a call option had to be

greater than 0. But why does the delta of a call option have

to be less than 1? To answer this question it is important

to know what comprises the price of a call option. This

price has an intrinsic2 part and an option part. It has an

intrinsic part since the price of a call option on a non-

dividend paying3 stock is always at least as much as the

intrinsic value. After all, an American call option can be
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1 This is not totally correct because if the stock price changes, � also changes.
So, in fact, it should be that if the stock price changes by a small amount the
option price changes by 50% of that amount. But, for the sake of this example
it is expressed in a $1 stock price movement.
2 The intrinsic value of an option is the payoff of that option were it exercised
immediately. See Section 1.3.
3 The value of a European call option on a dividend paying stock can be less
than intrinsic, which will be shown in Section 5.3.



exercised immediately to get a payoff equal to the in-

trinsic value of the option, and, for the European call

option, the strategy4 of going long the call option and

shorting the underlying stock locks in a discounted payoff

greater than the intrinsic value. There is also an option

part to the price of the option, since payoffs can be un-

limited but are bounded from below by 0 (an investor can

choose not to do anything). This means that the inves-

tor’s discounted expected payoff is always higher than the

intrinsic value. Logically, the option part is defined as the

discounted expected payoff of the option minus the in-

trinsic value. In conclusion, an investor who owns a call

option can guarantee himself a payoff equal to the in-

trinsic value by exercising immediately, and if he chooses

not to exercise the option immediately his discounted

expected payoff is higher than the intrinsic value. Now, it

is easy to see why the delta of a call option has to be less

than 1. To show this, it is convenient to distinguish be-

tween an in-the-money and an out-of-the-money call

option, respectively. Suppose the delta of an in-the-

money call option is bigger than 1. This would mean

that if the stock price increased by $1, the option price

would increase by more than $1. Since a $1 increase in

stock price implies a $1 increase in intrinsic value of the

call option, this implies that the option part of the price

also increases. But this cannot be true. Since, if the stock

price has increased by $1, it is less likely that the stock

price will drop below the strike price and for that reason

the downside risk being bounded5 becomes less valuable,
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which in turn implies that the option part becomes less

valuable. The same conclusion can be drawn if the stock

price decreased by $1. So, if the delta of an in-the-money

call option were bigger than 1, a $1 decrease in stock price

would cause the option price to decrease by more than the

intrinsic value, implying that the option part of the price

becomes less. But, in this case this is a contradiction,

because the downside risk being bounded becomes more

valuable. This shows that the delta of an in-the-money

call option cannot be bigger than 1, so it has to be less

than 1. In the same way, it can be argued that the delta of

an in-the-money put6 option has to lie between �1 and 0.

For an out-of-the-money call or put option it is even more

straightforward. Because, in this case, the intrinsic value

of the option is 0, the price only consists of the option

part. Recalling that the option part is defined as the dis-

counted expected payoff minus the intrinsic value, this

means that the price is equal to the discounted expected

payoff. Since the change in discounted expected payoff of

an out-of-the-money option is less than the change in

stock price (otherwise, the probability that this change

in payoff is realized would be 1, which is clearly not true),

it is easy to see that the delta of an out-of-the-money call

option lies between 0 and 1 and the delta of an out-of-the-

money put option lies between �1 and 0. These phenom-

ena also become clear if the derivatives of formulae (2.1)

and (2.2) are taken with respect to the stock price, St. The
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6 One could think that the European put option case differs slightly, since
the price of this option is not necessarily as much as the intrinsic value. But,
by noting that in this case the option part is negative and since the intrinsic
part can never change by more than the change in stock price, the same
reasoning still holds.



next two formulae are the deltas of the European call and

European put option on a non-dividend paying stock,

respectively:

�call;European ¼ @ct

@St
¼ Nðd1Þ > 0 ð5:1Þ

�put;European ¼ @pt

@St
¼ �Nð�d1Þ < 0 ð5:2Þ

Formulae (5.1) and (5.2) not only point out that the � of a

European call option is positive and the � of a European

put option is negative, they also show that the � of a

European call option lies between 0 and 1 and of a Euro-

pean put between �1 and 0. This last mentioned obser-

vation stems from the fact that Nðd1Þ and Nð�d1Þ lie

between 0 and 1. An interesting question is, of course:

When is the � of a call option 0 and when is it 1? Again, by

dividing the option price into an intrinsic part and an

option part the answer to this question is easily given.

Consider a call option which is far in the money, which

means that the stock price is substantially higher than

the strike price of the call option. For this option, the fact

that the downside risk is bounded from below is virtually

not worth anything. So, the price of this call option is

equal to the intrinsic value. This implies that if the stock

price goes up by $1 the option price also has to go up by $1,

since otherwise the option price will be less than the

intrinsic value. For the same reason, if the stock price

goes down by $1 the option price also goes down by $1.

This shows that the � of a far in-the-money call option

is 1. Now consider a far out-of-the-money call option,

which means that the stock price is substantially less
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than the strike price of the option. This option is not

worth anything, since the probability that a profit will

be made is 0. Whether the price of the stock goes up or

down the call option will still not be worth anything. This

shows that a far out-of-the-money call option has a � of 0.

With a similar reasoning one would find that a far in-the-

money put option (stock price is substantially less than

the strike price of the option) has a � of�1 and the � of a far

out-of-the-money put option (stock price is substantially

higher than the strike price of the option) is 0. Table 5.1

summarizes these observations, and Figures 5.1 and 5.2

show the variation of delta with the stock price for the

call and the put option, respectively.

5.1 DELTA-HEDGING

‘Hedging’ literally means reducing the risk. So, if an in-

vestor has a portfolio which exposes him to a high risk, he

could try to hedge this portfolio in order to reduce his

risk. The question arises: How can a holder of a stock

option hedge himself against future stock movements?

This question is easily answered with the knowledge of

delta. Consider an investor with 100 call options and each
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Table 5.1 Extreme delta values.

Type of option Delta (�)

Far in-the-money call option 1

Far out-of-the-money call option 0

Far in-the-money put option �1

Far out-of-the-money put option 0
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option has a delta of 0:5. This investor can hedge himself

against future stock movements by shorting (selling) 50

of the underlying stocks. After all, if the stock price goes

down by $1, the call option price decreases by $0:5,

causing a loss of $50 (100 options times �$0:5), but at

the same time the investor makes a profit of $507 on the

50 stocks he had shorted. With this hedging method the

investor not only makes no more losses, he also no longer

makes any profits. Because, if the stock price goes up by

$1, he makes a profit of $50 (100 options times $0:5) on

the call option, but this is offset by the loss on the shorted

underlying stocks. The same holds for a put option, but in

this case the investor has to buy j�j8 times the number of

options of the underlying stock. It is logical that, in the

case of a long call option, stocks have to be sold to hedge

the position and, in the case of a long put option, stocks

have to be bought. Because a call option gives the right to

buy the underlying stock, the holder of a call option does

not face a payoff at maturity if he is one stock short

whenever the call option expires in the money, and when-

ever the call option expires out of the money if he does

not hold a position in the underlying stock at all. Since,

for call options very close to maturity, the probability

that a call option will expire in the money is approxi-

mately equal to �, this particular long call option is hedged

if � stocks are shorted. Although the probability that a

call option with a longer time to maturity will expire in
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7 For each stock he received $1 more than he has to pay for it now.
8 This is the absolute value of delta, which means that if � ¼ �0:5, j�j ¼ 0:5.
Note that the absolute value is taken because the delta of a put option is
negative.



the money is not equal to �,9 such a long call option is still

hedged by shorting � underlying stocks. This phenom-

enon will be explained in Section 7.5. Because a put

option gives the right to sell the underlying stock, the

holder of a put option does not face a payoff at maturity if

he is one stock long whenever the put option expires in

the money, and if the put option expires out of the money

if he does not hold a position in the underlying stock at

all. Since, for put options very close to expiration, the

probability that a put option will expire in the money is

approximately equal to j�j, this particular long put option

is hedged if j�j stocks are bought. Just like call options, for

put options with longer times to maturity the probability

that a put option expires in the money is not equal to j�j,10

but such a put option is still hedged by buying j�j under-

lying stocks. Another way to look at the difference be-

tween hedging a call option and a put option is by means

of the sign of �. The sign of the � of a call option is positive

and of a put option negative. So, to hedge either a long put

option as well as a long call option, � underlying stocks

have to be shorted. But, since the � of a put option is

negative this hedging strategy effectively means that the

underlying stocks have to be bought.

Black and Scholes showed that if at any point in time a

long option is hedged by shorting the � of the underlying
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stocks, this portfolio is riskless, which means that the

return on the portfolio is equal to the interest rate. Mathe-

matically, the following portfolio is riskless (return on

the portfolio is equal to the interest rate)

þ1 : Option

�� : Underlying stock.

This means that if money is to be borrowed to set up this

portfolio, the return on the portfolio is the interest rate

and the borrowed money can be repaid with interest,

making neither loss nor a profit. If money is to be received

to set up this portfolio, the return on the portfolio is

negative the interest rate, which cancels out the return

on the money received for setting up the portfolio. Im-

portant in the analysis of Black and Scholes is the bold-

face part, at any point in time, since � already changes if

the stock price changes by a small amount and also with

the passage of time. This means, to really set up a riskless

portfolio, the number of shorted stocks has to be adjusted

continuously. Aside from the fact that this portfolio is

only riskless if no transaction costs have to be paid for

adjusting the number of stocks in the portfolio, this is

physically impossible. In practice, the number of stocks

in the portfolio is only adjusted according to the value of

� at discrete points in time. Such a hedging scheme is

referred to as ‘dynamic hedging’, and whenever the num-

ber of shorted stocks is adjusted according to �, this is

referred to as making the portfolio delta neutral.

Although, at this point, it may seem inconvenient that

in practice it is only possible to hedge dynamically, it will
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become apparent that this is exactly why option traders

make a profit.

5.2 THE MOST DIVIDEND-
SENSITIVE OPTIONS

Since there is always a chance that a company will

change its dividend payments it is good to have a feel

for which options are most dividend-sensitive. In Section

3.2 it was shown that the price of an option on a dividend

paying stock can easily be calculated by putting into the

Black–Scholes formula a stock price St equal to the cur-

rent stock price minus the present value of the dividends.

The delta measures the sensitivity of an option price to a

change in the underlying St. From this it is clear that an

option with a large delta in absolute terms will be very

sensitive to dividend changes. This means that far in-the-

money options as well as synthetics have large dividend

exposures.

5.3 EXERCISE-READY AMERICAN
CALLS ON DIVIDEND
PAYING STOCKS

Section 1.4 showed that it is never optimal to exercise

early a call option on a non-dividend paying stock and as a

result prices of American and European call options are

the same for non-dividend paying stocks. However, it can

be optimal to exercise early an American call option on a

dividend paying stock. For that reason the price of an
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American call option on a dividend paying stock can

differ from its European counterpart. To see this consider

an American call option on the French pharmaceutical

company Sanofi-Aventis with a strike price of $50 and a

maturity of 3 months. Sanofi is currently trading at $80

and the stock is due to go ex-dividend11 tomorrow with a

payable dividend of $1:50. Since this option is clearly far

in the money the time value12 of this option is very little,

which means that this option has a very high delta. Since

the stock will go ex-dividend tomorrow one can expect

the share price to drop by $1:50 and as a result the in-

trinsic value of the option to go from $30 to $28:50. The

only way the option can regain this drop in intrinsic value

is by a sharp increase in time value. However, the option

is so far in the money that, although the time value will

increase slightly, it will never be enough to make up for

the loss in intrinsic value. Assuming that the time value

of this option goes from $0:02 to $0:10 with the stock

dropping to $78:50, the option on the ex-dividend date is

worth $28:60 where the day before it was worth $30:02.

From the above it is clear that it is optimal to exercise the

$50:00 call on Sanofi. When comparing the price of the

European counterpart of the above option the day before

the stock goes ex-dividend, one would expect this price

to be equal to the price of the American option on the ex-
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11 A stock trading ex-dividend means that whoever purchases this stock is no
longer entitled to receive the dividend. As a result the stock will theoret-
ically be worth less by exactly the amount of the dividend payable. If it takes
2 days to settle the shares of a company, the company will trade ex-dividend
2 days before the record date of the dividend.
12 The time value of an option is equal to the option part, as described in
Chapter 5.



dividend date plus the time value of the option of the day

before – that is, $28:62.

When determining whether an American call option on a

dividend paying stock is exercisable, one has to realize

first that one would only exercise an American call option

the day before the stock goes ex-dividend. Because, even

if the American call option is a clear exercise, there is

always a chance that the stock will drop considerably

giving the option a large time value again, and because

the option was delta-hedged, one would have made the

same amount of money on stocks that were shorted as on

the drop in intrinsic value (delta needs to have been very

close to 1 otherwise it can never be an exercise). Bearing

this in mind there are basically three option character-

istics that signal that an American call option on a divi-

dend paying stock is an exercise. The first one is that the

delta of the option should be very close to 1, which means

that the time value is very little. Second, the American

option should be worth almost intrinsic the day before

the stock goes ex-dividend. This second characteristic is

in fact the most reliable one because it is basically telling

one that exercising the option will not be costly. Third,

the European call option should be worth less than in-

trinsic the day before the stock goes ex-dividend and,

therefore, be less than the American call. However, just

comparing the European with the American call can be

tricky because, when there are several dividend pay-

ments during the term of the option, the European call

will almost always be worth less.

Although the aforementioned three characteristics give

good guidelines as to whether an American call on a
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dividend paying stock is exercisable, the only way to be

sure is by testing the following. If on the day before the

stock goes ex-dividend the price of an American call is

worth more than the same American call, only then –

with the dividend taken out and a share price which is the

current share price less the dividend – should the call be

exercised.13 If this is not the case the call should not be

exercised.
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In this chapter three other Greeks will be introduced –

respectively, gamma, theta and vega. Gamma meas-

ures delta’s sensitivity to the stock price, theta measures

the option price’s sensitivity to the passage of time, and

vega measures the option price’s sensitivity to volatility.

6.1 GAMMA

Previously, in most examples concerning � it was said

that a $1 change in stock price would cause the option

price to change by �. Although in these examples this is a

useful interpretation of �, it is not totally correct. This is

because � changes even if the stock price changes by a

small amount and also with the passage of time. Thus,

while the stock price changes by $1, � takes many differ-

ent values. This means that it is not correct to calculate

the option price change, caused by a $1 change in stock

price, using only one �-value. The right way to deal with �

is, if the stock price changes by a small1 amount, then the

option price changes by � times this amount. Since �

changes if the stock price changes, it would be nice to

have a unit that measures delta’s sensitivity to stock price

movements. This unit is called ‘gamma’ and is indicated

by the Greek letter �. Mathematically, � is the derivative

of � with respect to the stock price. If gamma is small,

stock price movements only cause small changes in delta.

However, if gamma is large, delta is highly sensitive to

stock price changes. So, an investor who owns an option

with a large gamma has to adjust the number of stocks in

62 AN INTRODUCTION TO OPTIONS TRADING

1 Here ‘small’ means really small. Even $0:01 is too much.



his portfolio frequently to keep this portfolio delta-

neutral. Both call and put options have a positive gamma

and, as will be shown shortly, these gammas appear to be

the same for both European call and put options. The fact

that gamma is positive for both the call and the put option

is logical. After all, the delta of a call option is an increas-

ing function in the stock price, and increases from 0 to 1

as the stock price increases from 0 to infinity; the delta of

a put option increases from �1 to 0 as the stock price

increases from 0 to infinity. Before the formula of gamma

is given for the European call and put option, note that

gamma is the second derivative of the option price with

respect to the stock price. Indeed, delta is the first deriv-

ative of the option price with respect to the stock price,

and because gamma is the derivative of delta with respect

to the stock price it is clear that this is true. For a Euro-

pean call and put option, gamma is given by:

�call;European ¼ @�

@St
¼ @2ct

@ðStÞ2
¼ N 0ðd1Þ

St�
ffiffiffiffiffiffiffiffiffiffiffiffi
T � t

p > 0 ð6:1Þ

�put;European ¼ @�

@St
¼ @2ct

@ðStÞ2
¼ N 0ðd1Þ

St�
ffiffiffiffiffiffiffiffiffiffiffiffi
T � t

p > 0 ð6:2Þ

where d1 is defined as in equation (2.3) and:

N 0ðxÞ ¼ 1
ffiffiffiffiffiffi
2�

p
e�x22 ð6:3Þ

The above formulae again show that the gamma of a

European call option is equal to the gamma of a European

put option. Respectively, Figures 6.1 and 6.2 indicate the

way in which gamma varies with the stock price and the

time to maturity.
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Figure 6.1 Variation of gamma with stock price.
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Figure 6.2 Variation of gamma with time to maturity.



It is worth noting that gamma becomes very big if an at-

the-money option is close to expiring. This is caused by

the fact that small stock price changes heavily affect the

probability that this option will expire in the money.

Since, for options close to expiration, j�j is approximately

equal to this probability, small stock price changes

heavily affect �. This explains why at-the-money options

close to maturity have big gammas.

Lastly, from a practical point of a view it is good to re-

member that the gamma of any option is largest when it

is close to ‘at the money’. This has the direct implication

that prices of options close to ‘at the money’ are very

sensitive to stock price movements and, therefore, need

to be re-hedged frequently. Also, when the stock is close

to the strike, options with a short time to maturity have

higher gammas than options with a long time to matur-

ity. So, the prices of at-the-money options with a short

time to maturity are more sensitive to changes in the

underlying stock and, therefore, need to be re-hedged

more frequently than at-the-money options with a long

time to maturity.

6.2 THETA

Theta measures the option price’s sensitivity to the pas-

sage of time while all other variables remain unchanged.

So, it is the rate of change of the option price with respect

to time, and is usually indicated by the Greek letter 	. It is

good to be aware of the impact of theta. Even if variables

like stock price, interest rate and volatility remain
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unchanged, the option price will still change. Mathe-

matically, theta is the derivative of the option price with

respect to time. The theta of a European call option is

always negative, which means that as time passes the

option price will decrease. The variation of theta with

stock price for a European call option is plotted in Figure

6.3. The variation of theta with time to maturity for a

European call option is plotted in Figure 6.4. The theta of

a European put option is almost always negative. An

example of a European put option with a positive theta

could be an in-the-money European put option on a non-

dividend paying stock, provided the interest rate is

strictly positive. For a far in-the-money put option this

can be seen intuitively. After all, the fact that the upward

risk is bounded is not worth anything for a far in-the-

K0
Stock price

T
h

et
a

Figure 6.3 Variation of theta with stock price for a European call
option, when the interest rate is strictly positive.
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money put option. This together with an interest rate

advantage makes – as time passes – a far in-the-money

European put option become more valuable. In Figure 6.5

the variation of theta with stock price is plotted for a

European put option when the interest rate is strictly

positive, and in Figure 6.6 when the interest rate is 0,

which is the same as for the European call option.

Respectively, the next two formulae give the thetas of the

European call and put option.

	call;European ¼ @ct

@t
¼ � St e�

d2
1
2 �

2
ffiffiffiffiffiffi
2�

p ffiffiffiffiffiffiffiffiffiffiffiffi
T � t

p � rK e�rðT�tÞNðd2Þ ð6:4Þ

	put;European ¼ @pt

@t
¼ � St e�

d2
1
2 �

2
ffiffiffiffiffiffi
2�

p ffiffiffiffiffiffiffiffiffiffiffiffi
T � t

p þ rK e�rðT�tÞNð�d2Þ ð6:5Þ
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Time to maturity
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Out of the money 

In the money 

At the money 

Figure 6.4 Variation of theta with time to maturity for a European
call option.



68 AN INTRODUCTION TO OPTIONS TRADING

K

0

Stock price

T
h

et
a

Figure 6.5 Variation of theta with stock price for a European put
option, when the interest rate is strictly positive.
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Figure 6.6 Variation of theta with stock price for a European call
and put option, when the interest rate is zero.



Again, in these formulae it is really important that �, r

and T � t are expressed in the same unit of time.

6.3 VEGA

Vega measures how sensitive the option price is to

changes in volatility, while all other variables remain

unchanged. So, it specifies how much the price of the

option would change if there is a 1% change in volatility.

In practice, vega is one of the most important measures of

option risk, since option traders trade volatility. Option

traders buy options at a certain implied volatility level in

the expectation that this implied volatility will pick up,

after which they can sell it at a higher implied volatility

level. Or, if they think the implied volatility will de-

crease, they sell options at a certain implied volatility

level hoping to buy it back at a lower implied volatility

level. Note that – in interpreting vega – it is associated

with implied volatility rather than a theoretical volatil-

ity, and this point will be elaborated on in Section 8.1.

Also, for purposes of vega it does not matter whether the

strategy involves call options or put options, because calls

and puts have the same vega, see formulae (2.6) and (2.7)

re-stated below:


call;European ¼ @ct

@�
¼ 1ffiffiffiffiffiffi

2�
p e�

d2
1
2 St

ffiffiffiffiffiffiffiffiffiffiffiffi
T � t

p
> 0 ð6:6Þ


put;European ¼ @pt

@�
¼ 1ffiffiffiffiffiffi

2�
p e�

d2
1
2 St

ffiffiffiffiffiffiffiffiffiffiffiffi
T � t

p
> 0 ð6:7Þ

The vega of any option will always be positive, which

means that if (implied) volatility goes up every option
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Figure 6.7 Variation of vega with stock price for a European call and
put option.
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Figure 6.8 Variation of vega with time to maturity for a European
call and put option.



will become more valuable. Respectively, Figures 6.7 and

6.8 give the variation of vega with respect to the stock

price and the variation with respect to the time to matur-

ity for a European option on a non-dividend paying stock.

From these figures it is clear that vega is largest when the

share is trading close to the strike price and the longer the

term of the option the larger the vega. So, in comparing

gamma and vega it is good to remember that both these

variables are largest when the share is trading close to the

strike price, but when considering the time to maturity,

gamma is large when the term of the option is short,

whereas vega is largest when the term of the option is

long.
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As was shown in Section 5.1, an option can be hedged

by selling �1 underlying stocks. That is, if an in-

vestor has a long position in an option, and during the

term of this option he has a constant short position of �

underlying stocks, the return on this portfolio is the in-

terest rate. Since � changes as the price of the underlying

stock changes and with the passage of time, an investor

who wants to execute this strategy has to adjust the

number of shorted stocks continuously. In practice,

this is not possible. The number of shorted stocks can

only be adjusted at discrete points in time. This is called

‘dynamic hedging’, and whenever the number of shorted

stocks is adjusted according to the value of �, the portfolio

is made delta-neutral. In this chapter the implications of

dynamic hedging will be discussed, and it will be shown

that dynamic hedging is exactly the reason option traders

make a profit.

Throughout this section there might be examples where

a non-integer number of stocks is bought or sold. This

is practically impossible and is just for the sake of

argument.

7.1 DYNAMIC HEDGING OF A
LONG CALL OPTION

Consider a stock which has a price of $10. The price of a

call option on this stock with a strike price of $12 is $4.
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The delta of this particular call option is 0:40, the gamma

is 0:02 and the theta is �0:01 per day. The following

portfolio is put together:

. long 1 call option for $4;

. short 0:40 stocks for $10 each.

The aim of this section is to identify the profit of this

portfolio for the following price trend of the underlying

stock, when the portfolio is made delta-neutral every

dollar and every 2 dollars, respectively:

. day 0 $10

. day 1 $9

. day 2 $8

. day 3 $9

. day 4 $10

7.1.1 Hedging dynamically every $1

. After 4 days the price of the stock is $10 again, which

means that, apart from the effect of theta, the price of

the call option is $4. But, because of theta, the call

option depreciates 0:01 every day. So, after 4 days the

call option is only worth $3:96:2 Hence, the incurred

loss on the call option is $0:04.

. Hedging dynamically every $1 gives the following cash

flows. Because � is 0:02, to make the position delta-

neutral 0:02 stocks have to be bought if the stock price
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goes down by $1, and 0:02 stocks have to be sold if the

stock price goes up by $1:3

e 0.02 stocks bought for $9 on day 1;

e 0:02 stocks bought for $8 on day 2;

e 0:02 stocks sold for $9 on day 3;

e 0:02 stocks sold for $10 on day 4.

Hence, the profit of dynamic hedging is $0:04.

For this particular hedging scheme and price trend of the

stock, the total profit of this portfolio is $0.

7.1.2 Hedging dynamically every $2

. After 4 days the price of the stock is $10 again, which

means that, apart from the effect of theta, the price of

the call option is $4. But, because of theta, the call

option depreciates 0:01 every day. So, after 4 days the

call option is only worth $3:96. Hence, the incurred

loss on the call option is $0:04.

. Because the portfolio is hedged dynamically every $2,

the portfolio is made delta-neutral on day 2 and day 4.

Remembering that a � of 0:02 means that if the stock

price goes down by $1 delta goes down by 0:02, it is

clear that on day 2, 2 � 0:02 ¼ 0:04 stocks have to be

bought to make the portfolio delta-neutral. In the same

way, on day 4 0:04 stocks have to be sold to make the

portfolio delta-neutral. This leads to the following
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cash flows:

e 0:04 stocks bought for $8 on day 2;

e 0:04 stocks sold for $10 on day 2.

So, the profit of dynamic hedging is $0:08.

For this particular hedging scheme and price trend of the

stock, the total profit of this portfolio is $0:04.

These two numerical examples show that, when hedging

a long call option dynamically, it is more profitable to

make the portfolio delta-neutral after big stock price

changes than after small stock price changes. However,

this strategy bears a bigger risk. For example, the next

price trend of the stock still gives a profit on dynamic

hedging when done every $1, but when done every $2 it

does not give a profit at all:

. day 0 $10

. day 1 $9

. day 2 $8:50

. day 3 $9

. day 4 $10

7.2 DYNAMIC HEDGING OF A
SHORT CALL OPTION

Again, consider a stock which has a price of $10. The

price of a call option on this stock with a strike price of

$12 is $4. The delta of this particular call option is 0:40,

the gamma is 0:02, and the theta is �0:01 per day. The
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following portfolio is put together:

. short 1 call option for $4;

. long 0:40 stocks for $10 each.

The aim of this section is to identify the profit of this

portfolio for the following price trend of the underlying

stock, when the portfolio is made delta-neutral every

dollar and every 2 dollars, respectively:

. day 0 $10

. day 1 $9

. day 2 $8

. day 3 $9

. day 4 $10

7.2.1 Hedging dynamically every $1

. After 4 days the price of the stock is $10 again, which

means that, apart from the loss in time value, the price

of the call option is $4. But, because of theta, the call

option depreciates 0:01 every day. So, after 4 days the

call option is only worth $3:96.4 Because the call op-

tion was shorted, the profit on the call option is $0:04.

. Hedging dynamically every $1 gives the following cash

flows. Because � is 0:02 and the call option is shorted,

to make the position delta-neutral, 0:02 stocks have to

be sold if the stock price goes down by $1, and 0:02
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stocks have to be bought if the stock price goes up

by $1:5

e 0:02 stocks sold for $9 on day 1;

e 0:02 stocks sold for $8 on day 2;

e 0:02 stocks bought for $9 on day 3;

e 0:02 stocks bought for $10 on day 4.

The loss because of dynamic hedging is $0:04.

For this particular hedging scheme and price trend of the

stock, the total profit of this portfolio is $0. Although this

profit is equal to the profit of the long call option, now the

profit was made on the option and a loss was incurred on

dynamic hedging, whereas with the long call option it

was the other way around. The next example will show

that the profit on the short call is minus the profit of the

long call option whenever the same hedging scheme is

used.

7.2.2 Hedging dynamically every $2

. After 4 days the price of the stock is $10 again, which

means that, apart from the loss in time value, the price

of the call option is $4. But, because of theta, the call

option depreciates 0:01 every day. So, after 4 days the

call option is only worth $3:96. Because the call option

was shorted, the profit on the call option is $0:04.

. Because the portfolio is hedged dynamically every $2,

the portfolio is made delta-neutral on day 2 and day 4.
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Remembering that a � of 0:02 means that if the stock

price goes down by $1 delta goes down by 0:02, it is

clear that for the shorted call on day 2, 2 � 0:02 ¼ 0:04

stocks have to be sold to make the portfolio delta-

neutral. In the same way, on day 4 0:04 stocks have

to be bought to make the portfolio delta-neutral. This

leads to the following cash flows:

e 0:04 stocks sold for $8 on day 2;

e 0:04 stocks bought for $10 on day 2.

So, the loss of dynamic hedging is $0:08.

For this particular hedging scheme and price trend of the

stock, the total loss of this portfolio is $0:04.

The foregoing examples show that whenever the same

hedging scheme is used the profit of the short call is

minus the profit of the long call. Moreover, for a long call

option it is more profitable to make the portfolio delta-

neutral after big stock price changes than after small

stock price changes, whereas for a short call option it is

more profitable to make the portfolio delta-neutral after

small stock price changes.

7.3 PROFIT FORMULA FOR
DYNAMIC HEDGING

In this section a formula is given that expresses the profit

of dynamic hedging in terms of the change in stock

price, after which the portfolio is made delta-neutral,

and gamma. This formula will be derived for both the

long call and the short call position in a situation of 0
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interest rates. Derivation for the long put and short put is

similar to the one given in this section.

Suppose the value of the underlying stock is St and the

value of the call option is ct. Suppose also that the delta of

this call option is � and the gamma of this call option is �.

Furthermore, assume the interest rate is equal to 0. The

purpose of this section is to give a general formula of the

profit on dynamic hedging, when this is done after a stock

price movement of y dollars. It should be emphasized

that such a formula only holds for really small stock

price changes – that is, for really small y.

7.3.1 Long call option

. Upward stock movement:

e Because of the long position in the call option a

profit will be made on this option, since its price

increases. Since the new delta after an upward

stock movement of y is � þ �y, the average delta

over the upward stock movement is:

� þ ð� þ �yÞ
2

ð7:1Þ

The increase in option price is equal to the average

delta over the upward stock movement times the

difference in stock price, which reads mathematic-

ally as:

� þ ð� þ �yÞ
2

� y ð7:2Þ
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e Because of the long position in the call option,

there is a short position in � underlying stocks (else

the portfolio would not be delta-neutral). After

the price of the stock has gone up by $y, �y

stocks have to be sold to make the portfolio

delta-neutral again. So, a loss is incurred on the

stocks, and it is equal to:

��y ð7:3Þ

The total profit of this dynamic hedge is

�

2
� y2 ð7:4Þ

. Downward stock movement:

e Because of the decrease in stock price, the value of

the long call position decreases as well. The aver-

age delta over downward stock movement is:

� þ ð� � �yÞ
2

ð7:5Þ

Because of the long position in the call option, the

incurred loss on this option is:

� þ ð� � �yÞ
2

��y ð7:6Þ

e Because of the long position in the call option,

there is a short position in � underlying stocks

(else the portfolio would not be delta-neutral). After

the price of the stock has gone down by $y, �y

stocks have to be bought to make the portfolio
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delta-neutral again. So, a profit is made on the

stocks, and it is equal to:

�y ð7:7Þ

Again, the total profit of the dynamic hedge is:

�

2
� y2 ð7:8Þ

In conclusion, whether the stock price goes up or down

the profit from dynamic hedging a long call option after a

small stock price change y is always equal to
�

2
� y2.

7.3.2 Short call option

. Upward stock movement:

e Because of the increase in stock price, the value of

the short position in the call option decreases. The

average delta over the upward stock movement is:

� þ ð� þ �yÞ
2

ð7:9Þ

Because of the short position in the call option the

incurred loss on this option is equal to:

� � þ ð� þ �yÞ
2

� y ð7:10Þ

e Because of the short position in the call option,

there is a long position in � underlying stocks (else

the portfolio would not be delta-neutral). After the

price of the stock has gone up by $y, �y stocks
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have to be bought to make the portfolio delta-

neutral again. So, a profit is made on the stocks,

and it is equal to:

�y ð7:11Þ

The total loss on this dynamic hedge is:

� �

2
� y2 ð7:12Þ

. Downward stock movement:

e Because of the decrease in stock price, the value of

the short position in the call option increases. The

average delta over the downward stock movement

is:

� þ ð� � �yÞ
2

ð7:13Þ

Because of the short position in the call option the

profit made on this call option is:

� � þ ð� � �yÞ
2

��y ¼ � þ ð� � �yÞ
2

� y ð7:14Þ

e Because of the short position in the call option,

there is a long position in � underlying stocks (else

the portfolio would not be delta-neutral). After the

price of the stock has gone down by $y, �y stocks

have to be sold to make the portfolio delta-neutral

again. So, a loss is made on the stocks, and it is

equal to:

��y ð7:15Þ

Again, the total loss on the dynamic hedge is equal
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to: � �

2
� y2 ð7:16Þ

In conclusion, whether the stock price goes up or down

the profit from dynamic hedging a short call option after a

small stock price change y is always equal to � �

2
� y2.

Similar to the derivations of the long call and the short

call, the profit formulas of a dynamic hedge can be derived

for the long put and short put. One will find that the profit

formula for the long put is
�

2
y2 and for the short put

� �

2
y2. Again it should be emphasized that these formulae

only hold for small values of y. It turns out that dynamic

hedging of short call and put options leads to losses. This

raises a logical question: Why would one want to hedge

short positions in call and put options? The answer is

easy for an American option. Because of dynamic hedging

the position is made delta-neutral again, so should the

option be exercised the loss will not be that big. For a

European option it is also logical. It has been shown that,

when holding a short position in either a call or a put,

hedging dynamically after big stock price changes leads

to bigger losses than if done after small stock price

changes. So, to reduce the risk, the holder of a short

position in a European option should hedge his position

dynamically.

In conclusion, dynamic hedging of a long position in an

option leads to a profit and compensates for the price paid

for the option. An option trader who buys an option

speculates on earning more by dynamic hedging than

the price he has to pay for the option. Dynamic hedging
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of a short position in an option comes down to reducing

the risk. An option trader who writes an option specu-

lates on losing less on dynamic hedging than the price he

gets for the option.

7.4 THE RELATIONSHIP
BETWEEN DYNAMIC
HEDGING AND h

In the previous section it was derived that the profit from

dynamic hedging of a long call option is
�

2
y2, provided the

interest rate is 0. In this formula, y is the movement of

the stock after which the portfolio is made delta-neutral.

If � is the volatility over a small time interval I, then the

expected magnitude of movement of the stock in this

time interval is equal to:

�St ð7:17Þ

So, when the portfolio is made delta-neutral after this

time interval I, the expected movement of the stock will

be �St. This means that, if the portfolio is made delta-

neutral after a period of time equal to I, y ¼ �St in the

profit formula of dynamic hedging. Hence, the profit of

dynamic hedging every time interval I is equal to:

� � �2 � S2
t

2
ð7:18Þ

Substituting the expression for � – cf. equation (6.1) – into

equation (7.18) gives the following expression for the
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profit of dynamic hedging every time interval I. Since �

is measured over a time interval I, the unit of T � t

should also be I:

e
�d2

1
2 �St

2
ffiffiffiffiffiffi
2�

p ffiffiffiffiffiffiffiffiffiffiffiffi
T � t

p ð7:19Þ

If the interest rate is 0, the expression for theta – cf.

equation (6.4) – is equal to (the unit of time for � and

T � t is I):

�I ¼ � e
�d2

1
2 �St

2
ffiffiffiffiffiffi
2�

p ffiffiffiffiffiffiffiffiffiffiffiffi
T � t

p ð7:20Þ

From equations (7.19) and (7.20) it can be concluded that,

for a long call option, the profit of dynamic hedging every

time interval I is expected to be as much as the incurred

loss on the option per time period I.6 It should be em-

phasized that this relation only holds if I is really small.

The same derivation can be executed for a long put option.
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6 Although in this derivation it is not taken into account that � also changes
with the passage of time and � changes with the stock price, this relation still
holds. This is caused by the fact that these two effects are very small
compared with the effect of � and �, respectively. After all, had this been
taken into account, then the profit of the dynamic hedge would have been:
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Because � is equal to some constant times 1=
ffiffiffiffiffiffiffiffiffiffiffiffi
T � t

p
, and T � t is very big

(the unit of time is I), the second term in brackets it negligibly small
compared with the first term in brackets. This means the profit of a dynamic

hedge of a long call option is
e
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p . In the same way it can be argued

that the loss in time value, after a time interval I, of a long call option is equal

to � e
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Of course, for a short position in either a call or a put

option the reverse holds. That is, the profit comes from �

and the loss from dynamic hedging. So, from the above

one sees that when the interest rate is 0, the following

relationship holds between � and �:

1
2�

2S2
t � þ � ¼ 0 ð7:21Þ

This relationship only holds for an infinitesimally short

period of time I and under the assumption that the actual

volatility of the stock is equal to the implied volatility of

the options. To see this last statement, remember that

the option Greeks are all calculated with implied vola-

tility as an input.

7.5 THE RELATIONSHIP
BETWEEN DYNAMIC
HEDGING AND h WHEN THE
INTEREST RATE IS STRICTLY
POSITIVE

The aim of this section is to find a relationship between

dynamic hedging and � when the interest rate is strictly

positive. In Section 7.4 it was shown that, when the in-

terest rate is 0, the relation was that the expected profit or

loss made on dynamic hedging was offset by the expected

profit or loss made on the time value of the option, when

the dynamic hedge was made after an infinitesimally

small period of time I. In a way, this shows that the

price of the option is fair. Mathematically, this can
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expressed by:
1
2�

2S2
t � þ � ¼ 0 ð7:22Þ

One would expect that, when the interest rate is strictly

positive, the profit or loss made on dynamic hedging is

still offset by the profit or loss of the time value of the

option, provided the dynamic hedge is made after an

infinitesimally small period of time I. This appears to

be the case and can easily be shown from the derivations

in Sections 7.3 and 7.4.

Consider an investor holding a long position in a call

option. In Section 7.4 it was shown that the profit on a

dynamic hedge after a small period of time I is:

1
2�

2S2
t � ¼ e

�d2
1

2 �St

2
ffiffiffiffiffiffi
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p ffiffiffiffiffiffiffiffiffiffiffiffi
T � t

p

When the interest rate is strictly positive, some addi-

tional terms need to be taken into account to get the

total profit on the dynamic hedge. Because this investor

holds a long position in the call option he not only loses

money because of the theta but also because he could get

interest on the value of the call option. This loss is equal

to the interest rate over the time period I times the price

of the option. Mathematically:7

�rct ¼ �r StNðd1Þ � K e�rðT�tÞNðd2Þ

 �
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.
But, when r is small (and this is the case since r is measured over the
small period of time I), Taylor expansion gives that the loss is equal to
�r StNðd1Þ � K e�rðT�tÞNðd2Þ
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where the unit of time of r is I, just like the unit of time of

� and T � t. Because this investor hedges his portfolio

dynamically over the small period of time I, he has a short

position in � ¼ Nðd1Þ underlying stocks. This means that

he will receive interest on the value of the stock position,

which is equal to:8

r �St ¼ rNðd1ÞSt

So, when the interest rate is strictly positive, the total

profit on the dynamic hedge after a small period of time I

is equal to:
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Because, when the interest rate is positive, the theta of a

call option after a small period of time is equal to (the unit

of time for �, T � t and r is I):

�I ¼ � e�d2
1
2�St

2
ffiffiffiffiffiffi
2�

p ffiffiffiffiffiffiffiffiffiffiffiffi
T � t

p � rK e�rðT�tÞNðd2Þ ð7:24Þ

the profit on a dynamic hedge is again offset by the loss

because of theta. Of course, the same derivation can be

executed for the long put option. The derivation for the

short call and short put option will give a reverse result.

That is, the loss that is made on dynamic hedging after a
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small period of time I is offset by the profit because of

theta. Mathematically, the foregoing reads in terms of:

1
2�

2S2
t � � rct þ r�St þ � ¼ 0 ð7:25Þ

m
1
2�

2S2
t � þ r�St þ � ¼ rct ð7:26Þ

7.6 CONCLUSION

As shown in the previous sections, the expected profit or

loss from dynamic hedging is negative the profit or loss

because of theta, provided the option portfolio is hedged

dynamically after an infinitesimally small period of time.

Although this relation only holds for small periods of

time, it is clear that, approximately, this will also hold

for larger periods of time. It should be emphasized that

this relation only holds if the stock appears to move

according to implied volatility. And this is where the

vision of an option trader comes in. If an option trader

thinks implied volatility is too low, he should buy the

option. If he is right he is likely to make a bigger profit

from dynamic hedging (the profit formula for dynamic

hedging of a long option increases in volatility) than the

loss he incurs because of theta. If he thinks implied

volatility is too high, he should write an option. If he

is right his loss on dynamic hedging is likely to be less

than the profit because of theta. It is important to bear in

mind that being able to say whether implied volatility is

too low or too high is no guarantee of making a profit.

It really depends on after which move in the underlying

the portfolio is made delta-neutral. This was shown in
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Section 7.1. The magnitude of the profit also depends on

at which point in time the stock realizes its biggest

volatility and how close it is to ‘at the money’. For

example, consider a long position in an at-the-money

call option expiring in 10 days’ time. Since the gamma

of an at-the-money call option increases as the option

comes closer to maturity, it is easy to see from the profit

formula of dynamic hedging – see equation (7.8) – that it

is better to have a 10% move in the stock on the day

before expiry than 10 days before expiry.

In conclusion, the profit of an option trader depends on

two aspects. First of all, he has to judge whether implied

volatility is too low or too high and, second, he has to

make his portfolio delta-neutral after the right stock price

movements and at the right points in time.
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Chapter

8

OPTION GREEKS

IN PRACTICE



When trading options it is very important to under-

stand the option Greeks, since this helps traders

to understand the risk they are facing. Although the op-

tion Greeks primarily help traders to understand their

risk, it also helps them to determine which strategies will

benefit most from their view on a certain company or

their view on the overall economy. The following sec-

tions will explain the option Greeks in more detail and

will give a flavour for which strategies are most appro-

priate to benefit from certain company or economical

events.

8.1 INTERACTION BETWEEN
GAMMA AND VEGA

As mentioned in Section 6.3, gamma is large for options

with a short time to maturity and vega is large for options

with a long time to maturity. However, for both gamma

and vega it is the case that they are largest for options

close to ‘at the money’. In summary, at-the-money op-

tions with a long time to maturity have large vegas and

relatively small gammas, and at-the-money options with

a short time to maturity have large gammas and rela-

tively small vegas. So, when a trader wants to decide

whether he should buy a long-dated or a short-dated

option, he is basically deciding whether he wants to do

a vega or a gamma trade.

In Chapter 7 it was shown that when buying an option

the profit for the trader comes from movements in the

underlying share, so that he is able to adjust his delta.
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Every time the trader adjusts his delta, he is basically

buying the underlying share at a low level and selling it at

a high level. The reason that movements in the under-

lying share cause movements in delta is because of the

gamma. So, if a trader thinks that a share will go through

a volatile period in the next 3 months, after which the

share will become less volatile, the best strategy is to buy

a short-dated option. This will provide the trader with a

large gamma, so that he will benefit most from the move-

ments in the underlying share. This is a very popular

strategy during the reporting season, since this is the

time when companies give their results and outlook for

the year, which can cause large movements in the under-

lying share.

Another strategy is to buy a long-dated option. As men-

tioned, a long-dated option has a small gamma and a large

vega. So, in contrast to a short-dated option, when a trader

buys a long-dated option he is not so much concerned

with the realized volatility but more with the implied

volatility. That is to say, when a trader buys a 3-year

option he wants the 3-year implied volatility to pick

up, after which he can sell the option at a better level.

The reason that he is not concerned with the realized

volatility in the near future is because a 3-year option has

a tiny gamma, so he is not going to benefit much from

adjusting the delta of this option. However, when the

realized volatility picks up, the implied volatility of a

3-year option is likely to pick up as well, only not as

much as the implied volatility of a 3-month option.

This illustrates once more that, when a trader expects

volatility to pick up in the near future, he is better off
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buying a short-dated option than a long-dated. From this

it is clear that the only justification for buying a long-

dated option is that the trader expects a big event in the

medium to longer term. This event can be a war, an elec-

tion, the oil price, a merger or virtually anything that is

likely to move the share price.

The above makes it clear that understanding the option

Greeks not only enables traders to manage their risk, but

it also enables them to understand what strategy best

suits their view on the economy. However, the above

discusses two very simple strategies for two different

economical events. In reality, traders will try to do

spreads to give their view on the economy some gearing.

For example, just before a reporting season one spread

could be to buy a 1-month option and sell a 3-month

option. This strategy will give some gearing to the view

that the annual report will cause the share price to have a

big one-off move, after which the share price will settle

down and hardly move at all. Equally, to give gearing to

the view that the share price will hardly move for the

coming year after which a rise in oil prices will cause the

share to go through a volatile year, the best strategy is to

buy a 2-year option and sell a 1-year option.

This section only discussed the aspects of gamma and

vega strategies under the assumption that the underlying

share price will be close to the chosen strikes of the

options throughout the whole term of the options. This

is because, if the share price moves too far away from the

strike price of an option, the option will have neither
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gamma nor vega. This issue will be addressed in Section

8.2

8.2 THE IMPORTANCE OF
THE DIRECTION OF THE
UNDERLYING SHARE TO THE
OPTION GREEKS

The problem traders face when buying a long-dated option

is that they do not know where the underlying share will

be trading in, say, 2 years’ time. This section will show

why it is so important that a trader also needs to have a

view on the direction of the stock when trading long-

dated options rather than just having a view on the

volatility of this stock.

Suppose an option trader buys an at-the-money option

with an implied volatility of 25 expiring in 2 years’ time.

As shown in the previous section, this is a typical vega

trade, meaning that the trader expects a pickup in implied

volatility in the near future after which he can sell the

option at a higher implied volatility level. Since the trader

will have hedged his exposure to the underlying stock

this strategy will make him a profit provided he is right

about the pickup in implied volatility. However, let’s

suppose that this particular option is very illiquid, so it

is highly unlikely that the trader will be able to sell the

option on in the market. This means that the trader will

be stuck with this particular option position for the life of

the option. One would expect that, if the underlying share

realizes a volatility of 25 over the life of the option, the
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trader will neither make nor lose money. Unfortunately,

it is not as simple as that. Consider a scenario where the

share price drifts away from the strike within 2 years in a

low-volatile manner, after which it becomes very volatile

causing the volatility over the life of the option to be

exactly 25. In this scenario the trader will most definitely

lose money. This is because when the share moves away

from the strike the option will have little gamma left. As

was shown in Chapter 7, a small gamma will cause the

trader to adjust his delta relatively infrequently, in which

case he will not make enough money from delta-hedging

to earn back the premium paid for the option.

8.3 PIN RISK FOR SHORT-DATED
OPTIONS

It might seem counterintuitive that one of the most risky

options appears to be very short-dated at-the-money op-

tions. The problem with, say, a 1-day at-the-money option

is that it will be hard to assess whether this option will

expire in or out of the money. The direct result is that

when an option trader decides to sell such a 1-day at-the-

money call option he does not know what hedge to put

against this option. Of course, the trader could look at the

delta of this option and hedge accordingly, but because

the option has such a large gamma the delta almost

becomes meaningless. Inevitably, the trader will have

to take a view on the underlying share price at expiration.

In the case of an at-the-money call option the trader

would have to assess whether the underlying share price

will be higher than the strike at expiration, in which case
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he will hedge the call option with a one delta (buy the

same number of shares as options), or lower than the

strike, in which case he should hedge with a zero delta

(do not buy any shares). Obviously, this strategy can be

very costly if the trader is proved to be wrong. Even if the

trader puts the trade on with a 50% delta (buy half the

number of shares as options) it could still be a very costly

strategy because of the large gamma. The reason the

gamma is so large is because the delta will change from

0 to 1 or vice versa every time the underlying share price

goes through the strike. This is what traders call ‘pin

risk’, the underlying share price being exactly at the strike

when the option almost expires.

8.4 THE RISKIEST OPTIONS TO
GO SHORT

In a low-volatility environment implied volatilities

usually trade at a premium to realized volatility. The

result is that it looks attractive to go short options.

However, there is quite a good reason for it to look so

attractive. The premium one receives for shorting an

option is to cover the event risk. To make this more

clear, consider the following example. An option trader

is considering to short an at-the-money 6-month option

on Ahold. Ahold is the Dutch retailer that came into

trouble after accounting scandals at some of its subsidi-

aries. After a large drop in the share price, causing the

volatility of the stock to be extremely high, the volatility

settled down. Suppose the 6-month historical volatility

is currently 32% annualized (approximately 2% a day).
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Although the 6-month historic volatility is 32% it is

highly unlikely that anybody would want to short a 6-

month option on Ahold for an implied volatility of 32%.

The reason is that the chance of other irregularities at

Ahold is just too high, which makes the chance of another

big move in the near future quite considerable. Because of

this high event risk the probability of the stock realizing

more than 32% is just too high. Even if the stock were to

realize less than 32% for most of the coming 6 months,

and after one announcement of more irregularities it

moves 10% taking the volatility over 6 months exactly

to 32% annualized, the option trader would still lose

money. The reason for this is that the losses on

gamma-hedging are squarely related to the move in the

underlying share – see formula (7.16). This means that

twice as big a move results in four times as big a loss. In

the case of Ahold moving 10% on 1 day, this would result

in 25 times as big a loss because the average move is 2%

a day.

However, if a trader has good fundamental reasons to

believe that there will be no further irregularities at

Ahold, the above phenomenon can also give him a good

opportunity to make money. If he shorts the option and

there are no further scandals he will have been paid a

premium in terms of volatility that will not be realized.
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Chapter

9

SKEW



When trading options one needs to be familiar with

the phenomenon of ‘skew’. At first, skew is some-

thing that is difficult to grasp, but it is perfectly explic-

able. This chapter gives the definition of skew and gives

the reasons for it.

9.1 WHAT IS SKEW?

Skew is very much related to implied volatility, which is

explained in Chapter 4. Chapter 4 explained that, given

the price of a specific option in the options market, one

can calculate the implied volatility of this option. It

appears to be the case that options with lower strike

prices have higher implied volatilities. That is to say,

that the ’market’ prices options with lower strike prices

relatively more expensive than options with higher strike

prices. The phenomenon where options with lower strike

prices have higher implied volatilities is called ‘skew’.

So, when two 3-month options on Royal Dutch/Shell are

compared, one with a strike price of $40 and one with a

strike price of $32, the one with the strike price of

$32 will most definitely have a higher implied volatility.

This sounds odd considering that both options are expir-

ing in 3 months’ time and, as mentioned in Chapter 4, the

implied volatility is the market’s expectation of the real-

ized volatility of Royal Dutch/Shell in the 3 months

ahead on which the strike price has no influence. The

reasons for skew will be explained in Section 9.2.
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9.2 REASONS FOR SKEW

There are two main reasons for skew which have to be

named together, because one or the other still does not

explain skew. First of all, as long as stock markets exist

the experience is that when stock markets are going

down they are more volatile than when stock markets

go up. This still does not explain why an option with a

lower strike price should have a higher implied volatility

than an option with a higher strike price, since for both

options the realized volatility goes up by the same

amount. Apparently, this downward movement followed

by a pickup in volatility has a bigger impact on the option

with the lower strike price than on the one with the

higher strike price. The reason for this is that when the

stock is going down it moves away from the higher strike

price and closer to the lower strike price which, as was

shown in Section 6.1, causes the option with the lower

strike price to get a larger gamma. According to Chapter 7

this, in turn, means that the (low-strike) option delta has

to be re-hedged more frequently resulting in a larger loss

for the investor who sold the low-strike option. Natur-

ally, the seller of a low-strike option wants to get com-

pensated for this phenomenon, which will cause the

investor to ’charge’ a higher implied volatility for the

lower strike option such that he gets a relatively higher

premium for a lower strike option than for a higher strike

option.
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9.3 REASONS FOR HIGHER
VOLATILITIES IN
FALLING MARKETS

As stated in Section 9.2, it is the case that when share

prices are going down they become more volatile, which

ultimately causes skew. The reason for this is that when

share prices are going down investors are getting more

uncertain about the future and tend to panic. In this

perspective it is good to compare volatility with uncer-

tainty; when there is a lot of uncertainty share prices tend

to be more volatile, whereas when there is a lot of cer-

tainty share prices move in a very unvolatile manner.

Another less scientific and distinct reason, which plays

possibly a less significant role, is that although a share

price is going down investors still think in absolute

movements, which, of course, causes higher volatility

as this is measured in percentages.
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Chapter

10

SEVERAL OPTION

STRATEGIES



The most popular option strategies amongst investors

usually involve more than just buying or selling an

option outright. In this chapter several different option

strategies will be explained. Why investors would execute

these option strategies is discussed from a break-even

point of view.

10.1 CALL SPREAD

One of the most popular strategies is the call spread. A

call spread involves nothing more than two calls, one

with a low strike and another with a higher strike. An

investor is said to be ‘buying the call spread’ if he buys the

lower strike and sells the higher strike. ‘Selling the call

spread’ means selling the lower strike and buying the

higher one. Buying the call spread is called a ‘bullish

strategy’ because the investor benefits if the underlying

increases in value. However, the investor’s profits are

capped because he has sold another call with a higher

strike to fund his bullish view on the stock. As an exam-

ple, consider an investor who buys an at-the-money call

on BMW and partially funds this by selling a 120% call on

BMW. In this case the investor will profit from an in-

crease in BMW’s share price up to the point where the

share price has reached 120% of its initial value. Every

percentage gain over 20% will not make the investor any

money, hence his profits are capped. When the two payoff

profiles of a long at-the-money call option and a short

120% call option are combined, one gets the payoff graph

in Figure 10.1.
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10.2 PUT SPREAD

A put spread is the opposite of a call spread in that when

an investor buys a put spread he is executing a ‘bearish

strategy’, whereas buying a call spread is a bullish strat-

egy. Buying a put spread means buying a higher strike put

and selling a lower strike put. Since a put with a higher

strike is always more expensive than a put with a lower

strike and the same maturity, the investor will have to

pay a premium to put this strategy on. When an investor

buys a put spread he partially funds his bearish view on

the underlying stock by selling a lower strike put. How-

ever, by partially funding his bearish view he is also

limiting the profits of his strategy, because the investor

only benefits from the stock going down, up to the strike
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of the downside put. As an example, consider an investor

who buys an at-the-money put on Volkswagen (VW) and

partially funds this by selling an 80% put on VW. In this

case the investor will profit from a decline in VW’s share

price up to the point where it has reached 80% of its

initial value. If the share price drops below 80% of its

initial value the investor will not benefit any longer.

Again, when the two payoff profiles of a long at-the-

money put and a short 80% put are combined, one gets

the payoff graph in Figure 10.2. It is important to under-

stand that the payoff in Figure 10.2 is not the investor’s

profit because he would have paid an initial premium to

put this strategy on. So, if this strategy cost him 2% of the

initial share price the investor will only start making

money if the share price drops below 98% of the initial
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share price. However, had he just bought an at-the-money

put it would have cost him considerably more – for

example, 5% – and, therefore, the share price would have

to drop below 95% of the initial share price before the

investor would start making money. Obviously, the put

outright would not limit his upside potential to 18% but

in theory to 95% if the share price goes to 0.

10.3 COLLAR

The collar or ‘risk reversal’ is used to give gearing to a

certain view on the underlying rather than limiting the

upside potential of that strategy, as for the call or put

spread. A collar consists of a call with a higher strike and

a put with a lower strike. If an investor is very bullish on a

stock and he thinks the downside for the stock is very

limited he could buy an upside call and sell a downside

put to partially fund this strategy. However, the investor

might not be limiting his upside potential when the stock

goes up, but by selling the put he does expose himself to

the stock going down. So, the investor is said to be ‘gear-

ing’ his view because he can actually lose more than his

investment when the stock ends up lower than the strike

of the put. If an investor is bearish on a stock he could buy

a downside put and sell an upside call to fund his view

partially or in full, but therefore exposes himself to the

stock price going up. Whether an investor is paying or

receiving money to put on a risk reversal strategy depends

on the forward and the skew. It is therefore ambiguous to

talk about buying or selling a risk reversal.
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Consider an investor who is very bullish on BMW’s share

price and, therefore, wants to buy a 1-year 110% call. He

also thinks that if the share price goes down it will not go

down more than 10% in the coming year. Therefore, he

wants to fund his 110% call by selling a 90% put with the

same maturity. By combining the payoff profile of a long

110% call with a short 90% put, one would get the graph

in Figure 10.3. Again, it is important to remember that

Figure 10.3 does not show the profit profile of the in-

vestor. The profit depends on how much the investor

received or paid for putting this 90%/110% collar on in

the first place. If BMW’s dividend yield is higher than the

risk-free interest rate, the investor will most definitely

have received money for this strategy. This is because, if

the dividend yield is higher than the risk-free interest
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rate, the 1-year forward is less than 100% of the initial

share price which will make the 1-year 90% put more

valuable than the 1-year 110% call. On top of that, the

skew will make the 90% put even more valuable and the

110% call less valuable.

Another feature of the collar is that it has a relatively high

delta, because if a trader buys a put he needs to buy shares

to hedge himself and if the trader also sells a call he needs

to buy even more shares in order to be delta-hedged. Be-

cause of this high delta the collar can also be used to

express a dividend view. If a trader thinks BMW is likely

to increase its dividends, he will quite happily take the

other side of the investor’s strategy to buy the put and sell

the call. Because, if BMW does increase its dividends, the

forward should have been lower than the forward with

the current dividends and the put will therefore increase

in value and the call decrease in value.

10.4 STRADDLE

The straddle is a very popular strategy for investors who

think the underlying stock will move away from its

current level but do not know whether it will be up or

down. A straddle consists of a call option and a put option

with the same strike and same maturity. Since buying a

straddle means buying both a call and a put option, the

underlying needs to move away from the strike price

considerably for the strategy to make money. For that

very same reason, selling a 1-year at-the-money straddle

is a very attractive strategy for investors who think the
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underlying will move sideways for the coming year. Since

the investor will take in the premium of the straddle, he

will most likely have to pay very little at maturity be-

cause the stock will not have moved away much from

current levels. So, on either the put or the call the payout

will be nothing and on the other one it will be very little.

As an example, consider an investor who knows that

TomTom, the maker of car navigation systems, is due

to come out with a statement which will be a real share

mover. However, the investor does not know whether it

will affect the share price positively or negatively. For

that reason he decides to buy a 6-month at-the-money

straddle on TomTom. Combining the two payoff profiles

of a long at-the-money call and a long at-the-money put

one will get Figure 10.4. To show the difference between

the payoff of buying an at-the-money straddle on Tom-

Tom and the profit of buying this straddle, suppose the

investor paid $3 for the at-the-money straddle on Tom-

Tom and the share price is currently trading at $20. The

profit profile at maturity of buying an at-the-money

straddle on TomTom would look like Figure 10.5.

10.5 STRANGLE

The strangle is very similar to the straddle with the dif-

ference that the call and the put do not have the same

strike. So, a strangle consists of a call with a higher strike

and a put with a lower strike. Therefore, like the straddle,

the strangle is also of use to investors who think that the

underlying share will move away from current levels.

However, an investor might prefer a 90%/110% strangle
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to an at-the-money straddle because he thinks that the

share price will move much more than 10% from current

levels but he wants to minimize his loss in case the share

price does not move at all. By using the strangle to support

his view his initial investment is much less than when

buying an at-the-money straddle. If the share does move

much more than 10% from current levels he will profit

almost as much as with an at-the-money straddle, but he

will have paid much less than in the case of the straddle,

which makes his strategy less risky.

As an example consider an investor who thinks that

TomTom’s share price will either move away from its

current $20 level by at least 20% in the next 6 months or

not do anything at all. Instead of buying an at-the-money

straddle where the initial investment is large and – in the

case of a big move – the profit at maturity is large as well,

the investor decides to buy a 6-months 90%/110% stran-

gle where the initial investment is small and – in the case

of a big move – the profit is almost as big as for the

straddle. The payoff profile at maturity for this strategy

is shown in Figure 10.6. To see that this strategy is less

risky than buying a 6-month at-the-money straddle,

suppose the investor paid $1:50 for the strangle and, as

per the example in Section 10.4, he would have to pay $3

for the at-the-money straddle. If the share price were to

move down by 20% TomTom’s share price will be $16.

The strangle would therefore make a profit of $0:50 (the

strike of the 90% put is $18 and therefore makes $2 on this

put) and the straddle would make a profit of $1. The two

different profit profiles of the straddle and strangle are

shown in Figure 10.7. Figure 10.7 clearly shows that the
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strangle is a less risky strategy, but the potential profit is

less as well. However, for very big moves the difference in

profit between the straddle and the strangle is very small

in percentage terms.
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Chapter

11

DIFFERENT OPTION

STRATEGIES AND

WHY INVESTORS

EXECUTE THEM



Other than traders who trade options proprietary,

there are basically two types of option investors,

portfolio managers and corporates. In general, portfolio

managers execute strategies to get a good return on their

investments whereas corporates tend to invest in options

to hedge a certain exposure. This chapter discusses which

strategies are typical for the aforementioned investors

and what they are looking to achieve.

11.1 THE PORTFOLIO
MANAGER’S APPROACH
TO OPTIONS

The difference between a portfolio manager and an option

trader is that a portfolio manager usually has a view on

the underlying share and buys or sells options to give this

view some gearing whereas an option trader usually only

has a view on the volatility of the underlying share.

However, as shown in Section 8.2 it is important that

the trader has a view on the direction of the stock when

trading long-dated options.

Consider the situation when a pension fund sees a lot of

upside potential for the stock Daimler Chrysler (DCX) in

the next 2 years, and suppose DCX is currently trading at

$40. Suppose that the pension fund thinks that DCX will

be trading at $50 in 2 years’ time. Rather than just buying

the share DCX, the pension fund could buy a call option

on DCX with a strike price of $40 for a price of $5 to

improve the return-on-investment ratio. The reasoning

being that if the pension fund buys 1,000 shares today it
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will cost the pension fund $40,000 to give an expected

payoff of $50,000, whereas buying 5,000 options DCX

with a strike price of $40 for $5 each will give the same

expected payoff of $50,000 having only cost $25,000. In

the first case the return on the investment is 25% over

2 years; in the second one it is 100% over 2 years.

11.2 OPTIONS AND CORPORATES
WITH CROSS-HOLDINGS

The majority of large companies have cross-holdings –

that is to say, they own shares in other companies. The

reason for this is that companies want to diversify their

risk and at the same time they are looking for a good

return on this investment. What usually happens is that a

large company buys a certain number of shares in another

company already knowing at what level it wants to dis-

pose its stake in that company. As a real life example,

Daimler Chrysler (DCX) thinks that Asia will be the

biggest growth area for the car industry in the next

5 years. Since DCX sells cars to customers at the top

end of the range and the average income per person in

Asia is still far below that in the U.S. and Europe, it is

unlikely that DCX will benefit much from the potential

growth in Asia. However, other car manufacturers are

likely to see big growth in Asia which could dampen

DCX’s overall market share in the world’s car industry.

This could even jeopardize DCX’s market share in the

luxury car industry since other car manufacturers will get

a stronger balance sheet than DCX’s. This means it is of

crucial importance that DCX breaks into Asia. Since
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DCX’s cars are too expensive for the average Asian, they

need to buy a stake in another car manufacturer. So, as

DCX actually did, it bought a stake in Mitsubishi Motors.

Suppose DCX is looking to get a 50% return on this in-

vestment over the next 5 years. One strategy it could have

executed is to sell 150% strike calls expiring in 5 years on

these Mitsubishi shares.1 This is a very attractive strat-

egy to DCX since, if Mitsubishi shares do not go up by

50%, DCX will still have received the premium of the call

options. However, if the Mitsubishi shares go up more

than 50%, DCX will only receive 50% since the call op-

tions will get exercised against DCX; however, this is still

no problem to DCX because it was only looking to make a

return of 50%. So, this strategy ensures that DCX will

still get some money even if the Mitsubishi shares do not

go up by the desired 50%.

11.3 OPTIONS IN THE EVENT OF
A TAKEOVER

Options can be very useful in a takeover situation, since

the shareholders of the company being acquired are

usually at least partially paid in shares of the acquiring

company. Especially when a shareholder of the company

being acquired is rather large, there is usually a period

where this shareholder is not allowed to dispose of the

received shares of the acquiring company. This means
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that, even if this shareholder just wants to convert the

shares of the acquiring company into cash, he cannot do

so for a certain period. So, this shareholder finds himself

in a situation where he owns shares in a company he

cannot materialize for a certain period and, therefore, is

fully exposed to the share price of this acquiring company

over the specified period. Since this shareholder is only

interested in receiving the cash for his holding in the

acquiring company, he could hedge his exposure by buy-

ing downside put options on his shareholdings while

funding this by selling upside call options in this com-

pany and, therefore, giving up some of the upside of his

shareholdings, which he was not interested in, anyway.

This strategy, where the investor buys downside puts

and sells upside calls to fund it for no initial premium,

is called a ‘zero cost collar’. This is clearly a very attrac-

tive strategy to the investor. As an example, suppose BP

takes over a Russian oil company with one big share-

holder. The agreed takeover price is £250 million to be

paid out in BP shares. Since it would disrupt BP’s share

price too much if the shares were to be sold in the market

straight away, the investor can only start selling the

BP shares after 6 months’ time. To protect his BP

holding, the Russian shareholder decides to enter into

a zero cost collar with an investment bank for 50

million underlying shares (the price of one BP share is

£5) with a maturity of 6 months. For this collar to be

worth 0, the strikes need to be 90% for the put and 107%

for the call. In this case the Russian shareholder has

protected himself against a drop in BP’s share price of

more than 10% by giving up everything over 7% of the

upside in BP’s share price.
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Just like the above example, the break-evens of the zero

cost collar never look particularly attractive due to the

effect of skew, which causes an investor to pay relatively

more for a downside put than an upside call. However,

zero cost collars on companies with low dividend yields

can look attractive since the forwards on such companies

are relatively high, making the puts less expensive and

the calls more expensive.

11.4 RISK REVERSALS FOR
INSURANCE COMPANIES

Insurance companies tend to execute the same strategy

as described in Section 11.3, buying downside puts and

selling upside calls, the so-called ‘collar’ or ‘risk reversal’.

The reason is that insurance companies have large ex-

posures to stock markets, while at the same time having

risk limits as to how much they can lose, were a stock

market to go down by more than 10%. Whenever an

insurance company gets close to these limits it tends

to buy downside puts on an index and funds this partially

or in full by selling upside calls on this same index. This

strategy is called a ‘risk reversal’ or a ‘collar’. For example,

if the French insurance company AXA gets close to ex-

ceeding its exposure to the UK stock market, the obvious

strategy is to buy a 90% put on the FTSE2 index while

selling a 107% call on the FTSE index for zero cost.
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11.5 PRE-PAID FORWARDS

A strategy that is particularly popular in the United

States among high net worth individuals and small to

midcap companies that own stakes in other companies is

the pre-paid forward. The principle is fairly straightfor-

ward and involves nothing more than a loan, a put option

and a call option. Again, the easiest way to explain a pre-

paid forward is by means of an example.

Consider an entrepreneurial farmer who has set up his

own fizzy drink brand and is starting to market it through-

out the United States. Because this fizzy drink is starting

to get really popular in the United States, Coca-Cola feels

threatened by this success and decides to offer the entre-

preneurial farmer $100 million. However, the farmer will

get paid in Coca-Cola shares and is not allowed to sell

these shares for the coming year, because Coca-Cola

wants to make sure that he will still be involved in

the management and marketing of his fizzy drink for

this 1-year period. Since the farmer is very entrepren-

eurial he already has a new idea of setting up his own

dairy company. However, in order to do this he estimates

that he needs $85 million as an investment. Since he is

not allowed to sell his $100 million worth of Coca-Cola

shares he basically wants to protect the value of his Coca-

Cola shareholdings and he wants to get $85 million up

front. To protect his Coca-Cola holdings he can buy a put

and sell a call, either with the same strike price (e.g., at

the money) or he could buy a lower strike put and a higher

strike call in which case it is nothing more than a collar.

Because he owns the shares he can get a cheap loan if he
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gives the underlying shares as collateral. A cheap loan

means that the investor can borrow at, say, Libor3þ 15

basis points4 rather than Liborþ2%. If the investor puts

the call, the put and the loan together as a package, it is

called a ‘pre-paid forward’. The question now becomes:

How much is an investment bank prepared to give as a

cheap loan? The answer lies in how the shares change

hands at maturity and if the investment bank is still able

to get repaid on the loan were the investor to default on it.

Suppose the investor buys a 90% put and sells a 112% call

on Coca-Cola for zero cost. Rather than giving the in-

vestor $85 million and charging the investor an interest

rate of Liborþ 15 bps a year, the investment bank will

give the present value of $90 million where the discount

factor is
1

Libor þ 15bps
and will get back $90 million at

the end. Economically, this is exactly the same. But, more

importantly, the reason that the investment bank is only

comfortable with lending the discounted value of $90

million is to protect itself against a possible default of

the loan. To see this, consider the situation where after

1 year the farmer defaults on the $90 million loan and

Coca-Cola’s share price has decreased by 20% to 80% of

the current share price. At first sight, this seems really

bad for the investment bank since it holds the shares as

collateral, the value of which has decreased to $80 million

and for that reason the bank will lose $10 million. How-
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ever, under the agreement of the 90% put, the investment

bank owes the farmer $10 million on which the invest-

ment bank will obviously default, making up for its $10

million loss. So, even if the farmer defaults on the loan

the investment bank will still be able to collect the

money for the loan if the share price drops below the

strike of the put. If the share price does not drop below

the strike of the put the collateral will be enough to cover

for the money of the loan in case of default by the farmer.

For this reason the investment bank can never be owed

more at maturity than that percentage of collateral which

is equal to the percentage strike of the put. This means

that the investment bank is comfortable with giving an

up-front amount of money that is equal to the present

value of the percentage strike of the put times the value of

the shares held as collateral. Assuming that USD Libor is

equal to 2:5% the farmer will get an amount equal to
90

1:0265
� 90 ¼ $87:677 million up front.

For the pre-paid forward type of structures, banks with

a high credit rating have a significant advantage over

banks with a lower rating. This is because banks with a

higher rating can borrow at Libor flat whereas banks with

a lower rating can only borrow at, say, Liborþ15 bps.

Especially for longer dated structures, higher rated banks

will be able to offer a much more attractive up-front

payment. Typically, investment banks have lower ratings

than retail banks. So, in this area retail banks have a

significant advantage over investment banks, although

investment banks are typically more aggressive in option

structures.
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11.6 EMPLOYEE INCENTIVE
SCHEMES

Employee incentive schemes are getting more and more

common nowadays. The idea behind these schemes is to

stimulate employees by letting them benefit from the

upside of the share price. This can be achieved by paying

out a part of the employee’s salary or bonus in call options

on the share price of the company. This way of stimu-

lating employees is particularly common for senior

management.

11.7 SHARE BUY-BACKS

Large companies usually own their own stock, which is

being held on their balance sheets as treasury stock.

Within a certain range they will also have a mandate

to buy their own stock. When a company has a share

buy-back programme in place it will typically sell puts

on its own stock with a strike at which it is comfortable

buying. This means that the company receives an initial

premium for the put. At maturity the company will either

have to buy its own shares at the put option’s strike price

if the share price has dropped below the strike or the

company gets to keep the put premium if the share price

is above the strike. Obviously, this is a very attractive

strategy to the company. Rather than just buying the

shares in the market outright, it exploits the fact that

option traders look at options in terms of volatility in-

stead of break-evens and are therefore willing to pay a
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premium for this strategy. Typically, this has a dampen-

ing effect on the implied volatility of this specific stock

since investment banks will get long put options on this

stock and will try to sell it out in the market place.
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Another class of options that is becoming increasingly

important in the investment banking industry is

the so-called ‘exotic option’. The reason that this type of

option is called an ‘exotic option’ is because the variables

that determine the price of this option are not only the

usual variables like stock price, strike price, interest rate,

dividend and stock volatility but also variables like for-

eign exchange (FX) volatility or correlation between the

stock price and a specific foreign exchange rate. In other

words, when an investment bank executes a deal that

involves an exotic option both the client as well as the

investment bank expose themselves to more variables

than when executing a deal involving only a plain vanilla

option.

This chapter will only discuss two types of exotic options:

the quanto option and the composite option.

12.1 THE QUANTO OPTION

The quanto option is designed for investors who want to

execute an option strategy on a foreign stock but are only

interested in the percentage return of that strategy and

want to get paid this return in their own currency. The

basic principle of a quanto option is that the exchange

rate will be fixed to the prevailing exchange rate at in-

ception of the option transaction and the payout of the

quanto option will be this exchange rate times the payout

of the regular option.

Consider a U.S. investor who is very bullish on the share

price of BP (British Petroleum). For that reason this U.S.
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investor wants to buy an at-the-money call option on BP

expiring in 1 year. However, he does not want to get his

return in British pounds but in US dollars. Assume that

BP’s share price is £5, the exchange rate is currently $2 per

pound and in 1 year’s time the share price is worth £5.50.

The quanto at-the-money call option will give the U.S.

investor a payout at maturity of $1 regardless of the

change in exchange rate. In other words, the investor

would expect a 10% return in U.S. dollars on the USD

notional1 amount he bought calls on, since BP’s share

price has increased by 10%.

From the above example it is clear that it is relatively easy

to structure a quanto option; however, it is much harder

to see what effect it has on how this option should be

priced and what variables it depends on.

To see how this option should be priced, two new

variables have to be introduced. The first variable is the

correlation between BP’s stock price and the foreign ex-

change, FX, rate. To get a better understanding of how

this correlation affects the price of a quanto call option,

an interesting question is whether the US investor who is

buying an ATM USD quanto call is short or long correla-

tion. Here, ‘short correlation’ means that the investor

will benefit (quanto option will increase in value) if

the correlation goes down and will lose in case the corre-

lation goes up. The reverse holds for being long correla-

tion. To answer this question, assume the correlation is

positive, which means that if the British pound becomes
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more valuable against the U.S. dollar, BP’s share will go

up. Now, one can easily see that the investor is short

correlation (selling correlation), because if the British

pound goes up the correlation aspect will cause

the share price to go up and, therefore, the dollar increase

of a plain vanilla call option is more than the dollar in-

crease of a USD quanto call option, which has a fixed

exchange rate. Similar analysis shows that if the British

pound goes down, the correlation aspect will cause the

share price to go down and the combination of a lower

share price and a less valuable pound causes the dollar

loss of a plain vanilla at-the-money call option to be less

than the dollar loss of an at-the-money USD quanto call

option. To put it differently, if the correlation goes down

from, say, 1 to �1 the holder of a USD quanto call option

will benefit, since he is better off holding a plain vanilla

call option if the correlation is 1 whereas if the correla-

tion is �1 he is better off holding a USD quanto call op-

tion. The above example shows that the holder of a USD

quanto call is short correlation; however, when extend-

ing this analysis to a USD quanto put one will find that

the holder of such an option is long correlation.

The second variable is FX volatility. For this variable it is

less obvious whether the US investor is long or short this

FX volatility. At this point it is good to introduce a model

that describes the stock price difference in U.S. dollars

for a small time interval. This model shows under which

circumstances a quanto option is long or short FX vola-

tility and further shows once more why the holder of a

quanto call is short correlation and the holder of a quanto

put is long correlation.
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The model most commonly used for modelling a share

price on a non-dividend paying stock is the Black–Scholes

model which describes the difference in stock price for a

small time interval. The formula is as follows2:

dSt

St
¼ r dt þ �S dWt ð12:1Þ

where St ¼ Stock price at time t;

r ¼ Risk-free interest rate;

dSt ¼ Change in stock price over time interval

dt;

dt ¼ Small time interval;

�S ¼ Volatility of the stock price;

Wt ¼ Brownian motion, which is a stochastic

process characterised by normally distrib-

uted intervals dt with a mean of 0 and a

variance equal to the length of the interval

dt. Mathematically stated, the intervals dt

have a distribution equal to Nð0;dtÞ;
dWt ¼ A stochastic process with distribution

Nð0;dtÞ.

For the purpose of understanding a quanto option a

similar model to equation (12.1) is required which in-

cludes two additional variables – namely the correlation

� between the logarithm of the stock price and the loga-

rithm of the exchange rate and the FX volatility �FX.

However, it is important to realize that this equation
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defines a new share Ft quoted in the currency the option is

quantoed into rather than the share’s own currency. Ft is

defined in such a way that a regular dollar option on Ft is

in fact a quanto option on St:

dFt

Ft
¼ rlocal � ��S�FXð Þ dt þ �S dWt ð12:2Þ

where � ¼ Correlation between the logarithm of the

stock price and the logarithm of the ex-

change rate, where the exchange rate is

quoted as number of dollars per pound.

A positive correlation means that if the

pound increases in value the stock price

goes up;

rlocal ¼ Risk-free interest rate of the stock’s own

currency. In BP’s case rlocal is the risk-free

interest rate of the pound.

From this equation it is obvious that anyone who holds a

quanto call option benefits if the correlation decreases

and the holder of a quanto put benefits if the correlation

increases. Depending on the sign of the correlation this

formula also makes clear whether the holder of a quanto

option is long or short FX volatility. If the correlation is

negative the holder of a quanto call is long FX volatility

and the holder of a quanto put is short FX volatility. If the

correlation is positive the holder of a quanto call is short

FX volatility and the holder of a quanto put is long FX

volatility. Knowing that the model for the change in stock
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price for a USD stock with a dividend yield equal to d is

dFt

Ft
¼ r$ � dð Þ dt þ �S dWt ð12:3Þ

shows that the price of a quanto option can be derived

from a normal option by making an adjustment to the

dividend yield of adding r$ � rlocal þ ��S�FX to the divi-

dend yield. In equation (12.3) r$ is the USD risk-free

interest rate.

12.2 THE COMPOSITE OPTION

The composite option is designed for investors who want

to execute an option strategy on a foreign stock but want

to fix the strike in their own currency and get the payout

of this option in their own currency. In contrast to the

quanto option, where the holder gets a percentage return

regardless the exchange rate, the holder of a composite

option has exposure to the exchange rate. One of the

reasons that a composite option is traded is to protect

the value in their own currency on a foreign investment.

Consider the following example. A U.S. investor owns

stock in the British pharmaceutical GlaxoSmithKline

(GSK). Assume that the current value of GSK is £13.00

and that the exchange rate is $2 per pound. This means

that the dollar value of one share is $26. To protect this

holding he buys a 1-year at-the-money composite put

option on GSK. This means that the strike price of this

composite put option is equal to $26. Assume that after

1 year the stock goes down to £11.00 and the exchange

rate goes from $2 per pound to $1:5 per pound (dollar
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increases in value). This means that the dollar value of

one GSK share has gone down from $26 to $16:5.

However, because the strike price of the composite

option is fixed in dollars, the dollar loss on the shares

will be offset by the payout of the composite put option,

which is equal to the strike price ($26) minus the new

dollar value of one GSK share ($16:5). In summary, the

holder of a composite option wants to protect the share

value in his own currency from both exchange rate move-

ments as well as movements in the stock price.

The best way to answer the question whether the holder

of a composite option is short or long correlation is to

model the change in stock price, for a small time interval,

in the currency of the composite. In the example above

this would be the dollar. Using the same notation as in

Section 12.1 the model looks as follows (see Appendix B):

dFt

Ft
¼ rcompo dt þ �compo dWt ð12:4Þ

where
�2

compo ¼ �2
S þ 2��S�FX þ �2

FX ð12:5Þ

and rcompo is the risk-free interest rate of the composite

currency.

This formula shows that the holder of a composite option

is long correlation.
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Chapter

13

REPO



In Section 1.3 it was mentioned that an investor is able

to short stock he does not own. However, this prin-

ciple where the investor borrows stock to subsequently

short it comes at a certain cost and is often referred to as

‘repo’.1 Repo stands for ‘repurchase agreement’ and means

that the lender agrees to sell the stock with the agree-

ment to buy it back at a specified price2 somewhere in the

future. The lender always has the right to call the stock

back.

In this chapter the definition of repo will be discussed, as

will be its implications to the option market.

13.1 A REPO EXAMPLE

Consider an investor who is bearish (negative) on the

stock Ahold. In this case he could short the stock Ahold

at the prevailing market price, in which case he will

benefit if Ahold decreases in value. However, for this

strategy he would have to borrow the stock which would

come at a certain cost. This cost is usually around 10

basis points (bps)3 a year of the notional borrowed, if it is

an easy borrow in which case it is referred to as ‘general

collateral’ (gc).
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1 Although repo is seen as the cost of borrowing a stock this is not totally
correct. The cost of borrowing a stock is really the difference between Libor
and the repo rate, since the repo rate is less than Libor.
2 This specified price is larger than what the lender sold the stock for initially
and can be calculated by multiplying (1þRepo rate) and the initial stock
price.
3 1 basis point is 1

100 of 1%.



Suppose the investor decides to short 100,000 shares of

Ahold at $10. If the lender charges him 10 bps per year, it

would cost him $1,000 (1,000,000
10;000 � 10) a year to have this

position on.

This is just a simplified example of the mechanics of

repo. In reality, there is a very sophisticated repo market

to borrow and lend stocks. This means that the repo is

never fixed and will depend on demand from borrowers

and supply of lenders.

13.2 REPO IN CASE OF
A TAKEOVER

A takeover usually has a positive impact on the share

price of the takeover target and a negative impact on the

share price of the acquiring company. The reason for this

is that the acquiring company expects to get synergies

and cost savings from this takeover and is therefore will-

ing to pay a premium to the current share price of the

takeover target. Because there are usually a few com-

panies looking at the same takeover target, the premium

paid over the current share price is usually so much that

it only pays back when all the theoretical synergies and

cost savings work out. This means that if something

unexpected happens the acquiring company is likely to

lose on the deal.4 For this reason a takeover tends to
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attract short players of the stock of the acquiring com-

pany, which pushes up the repo of this stock. In takeover

situations one can see repo rates as high as 10% a year.

13.3 REPO AND ITS EFFECT
ON OPTIONS

Dividends and repo rates have the same effect on the

forward. In both cases a higher dividend or repo brings

the forward down. This also means that repo rates can

have a substantial impact on option prices.

If a stock’s repo increases to particularly high levels, put

options will become more expensive and call options less

expensive. The reason becomes apparent when one looks

at the different ways calls and puts are being hedged. If a

trader buys a call option he will have to sell shares to

hedge himself. In case of a high repo on a stock it would

cost him a lot to put his hedge on because, if he wants to

short the stock, he would have to borrow it at a very high

rate. Since he only wants to pay a certain implied vola-

tility he needs to lower the price of the call compared

with a situation where there is a much lower repo. For a

put option the reverse holds. If a trader buys a put he will

buy the underlying stock to hedge himself. If this stock

has a very high repo the investor can lend these shares

and make additional money by doing so. Therefore, he

can pay a higher premium and still get the same implied

volatility compared with a situation where the under-

lying is treated as general collateral.
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13.4 TAKEOVER IN CASH
AND ITS EFFECT ON
THE FORWARD

When a company is taken over in cash, this has a big

impact on the prices of the options on this company. The

reason is that, when a cash offer is submitted and ac-

cepted by shareholders, one can reasonably expect that

the share price of the takeover target will no longer

move and, more importantly, the forward changes sig-

nificantly. As an example, consider the cash bid by

Telefónica on O2 for 200 pence per share. Suppose that

the shares of O2 will continue trading for another

3 months after Telefónica’s offer has been made public,

after which the shares will be delisted and the share-

holders will receive 200 pence per share in cash. The ques-

tion is obviously: What effect does this cash offer have on

the price of a 2-year call option on O2? To answer this

question one first has to realize that the volatility of O2 is

next to 0. The next step is to think about what happens to

the forward of O2. Since O2 shares will be delisted in 3

months a 2-year forward is equal to a 3-month forward.

Since any forward longer than 3 months is equal to the 3-

month forward, one can easily misprice call and put

options with maturities over 3 months, especially if

there is a big difference between the dividend yield and

the risk-free interest rate. Knowing this, it is relatively

easy to price a 2-year call option on O2 with a strike price

of 180 pence. Assuming O2 will not pay any dividends,

this call can be priced using equation (3.8), which ex-

presses the price of a call in terms of its volatility and
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the forward. Since the stock will be delisted after 3

months the maturity (T � t) of the call should be taken

to be 3 months. Since the share price is higher than the

strike price of 180 and the volatility is next to 0, d1 in

equation (3.8) is 1 and, therefore, Nðd1Þ and Nðd2Þ are

equal to 1. Plugging in all these variables into equation

(3.8) gives a call price of St � e�rðT�tÞK,5 where T � t is 3

months. This price can be made intuitive by going back

to how an option on an underlying with zero volatility

and a maturity of 3 months is hedged. Since the share

price is 200 pence, the strike price is 180 and the volatility

is 0, the delta of the option is 1. So, if an investor buys the

call he will hedge himself by selling the shares at 200

pence, St. The call will give the investor the right to buy

the shares at 180 in 3 months’ time. For this reason the

value of the investor’s portfolio will be St erðT�tÞ � K in

3 months’ time. Since the price of the call option is equal

to the present value of the portfolio’s value in 3 months’

time, the call is worth St erðT�tÞ � K
� �

e�rðT�tÞ ¼
St � e�rðT�tÞK. By the same argument the value of an

out-of-the-money call on O2 should theoretically be 0.6
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Appendix

A

PROBABILITY THAT

AN OPTION EXPIRES

IN THE MONEY



Whenever the stock price movement is only known

up to time t and the price at time t is St, the Black–

Scholes formula gives that:

ST ¼ St eðr�
1
2�

2ÞðT�tÞþ�y ðA:1Þ

provided it is a non-dividend paying stock. In the above

formula y is normally distributed with mean 0 and var-

iance 1. Now it is easy to calculate the probability that an

option expires in the money. Take a call option. A call

option expires in the money when ST > K, where K is the

strike price. This means:

ST ¼ St eðr�
1
2�

2ÞðT�tÞþ�y > K

m

y > �
ln

St

K

� �
þ r � 1

2�
2

� �
ðT � tÞ

�
ffiffiffiffiffiffiffiffiffiffiffiffi
T � t

p

¼ �d2

Since y has a standard normal distribution:

Pðcall expires in the moneyÞ ¼ P ST > Kð Þ ¼ Nðd2Þ
ðA:2Þ

In the same way one can derive:

Pðput expires in the moneyÞ ¼ P ST < Kð Þ ¼ Nð�d2Þ:
ðA:3Þ

144 APPENDIX A



Appendix

B

VARIANCE OF A

COMPOSITE OPTION



It is very easy to prove that the variance of a composite

option is equal to:

�2
compo ¼ �2

S þ 2��S�FX þ �2
FX ðB:2Þ

One just has to compare the movement of the underlying

in the composite currency with the movement of a geo-

metric basket option composed of the underlying in the

local currency and the FX rate. The formula for this

basket option is as follows:

Ft ¼ St;localSt;FX ðB:2Þ

where

dSt;local

St;local

¼ rlocal dt þ �S dW1;t ðB:2Þ

and1

dSt;FX

St;FX
¼ rcompo � rlocal

� �
dt þ �FX dW2;t ðB:3Þ

Since

Var ln Ftð Þ½ � ¼ Var ln St;localSt;FX

� �� �
¼ Var ln St;localÞ

� �
þ ln St;FX

� �� �
¼ �2

S þ 2��S�FX þ �2
FX

� �
t ðB:4Þ
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1 To get an intuition for equation (B.3), imagine an exchange rate with zero
volatility, and therefore the value of the exchange rate only changes because
of differences in risk-free interest rates between the currencies. In this case

Stþdt;FX ¼ St;FX � 1 þ rcompo dt

1 þ rlocal dt
. Taylor expansion gives that this is equal to

St;FX 1 þ rcompo � rlocal

� �
dt

� �
.



and
E ln Ftð Þ½ � ¼ E ln St;localSt;FX

� �� �
ðB:5Þ

¼ rlocalt þ rcompo � rlocal

� �
t ðB:6Þ

¼ rcompot ðB:7Þ

the movement of the stock in the composite currency can

be modelled according to equation (12.4).
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