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Preface to the fourth edition

The fourth edition is augmented by more than 70 new formulas. In particular, we
have included some key concepts and results from trade theory, games of incomplete
information and combinatorics. In addition there are scattered additions of new
formulas in many chapters.

Again we are indebted to a number of people who has suggested corrections, im-
provements and new formulas. In particular, we would like to thank Jens-Henrik
Madsen, Larry Karp, Harald Goldstein, and Geir Asheim.

In a reference book, errors are particularly destructive. We hope that readers who
find our remaining errors will call them to our attention so that we may purge them
from future editions.

Oslo and Berkeley, May 2005
Knut Sydseter, Arne Strom, Peter Berck

From the preface to the third edition

The practice of economics requires a wide-ranging knowledge of formulas from mathe-
matics, statistics, and mathematical economics. With this volume we hope to present
a formulary tailored to the needs of students and working professionals in economics.
In addition to a selection of mathematical and statistical formulas often used by
economists, this volume contains many purely economic results and theorems. It
contains just the formulas and the minimum commentary needed to relearn the math-
ematics involved. We have endeavored to state theorems at the level of generality
economists might find useful. In contrast to the economic maxim, “everything is
twice more continuously differentiable than it needs to be”, we have usually listed
the regularity conditions for theorems to be true. We hope that we have achieved a
level of explication that is accurate and useful without being pedantic.

During the work with this book we have had help from a large group of peo-
ple. It grew out of a collection of mathematical formulas for economists originally
compiled by Professor B. Thalberg and used for many years by Scandinavian stu-
dents and economists. The subsequent editions were much improved by the sugges-
tions and corrections of: G. Asheim, T. Akram, E. Bigrn, T. Ellingsen, P. Frenger,
I. Frihagen, H. Goldstein, F. Greulich, P. Hammond, U. Hassler, J. Heldal,
Aa. Hylland, G. Judge, D. Lund, M. Machina, H. Mehlum, K. Moene, G. Nordén,
A. Rgdseth, T. Schweder, A. Seierstad, L. Simon, and B. @ksendal.

As for the present third edition, we want to thank in particular, Olav Bjerkholt,
Jens-Henrik Madsen, and the translator to Japanese, Tan-no Tadanobu, for very
useful suggestions.

Oslo and Berkeley, November 1998
Knut Sydseter, Arne Strom, Peter Berck
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Chapter 1

Set Theory. Relations. Functions

xr€A, x=¢B

Each element of A is also
ACB <
an element of B.

If S is a set, then the set of all elements x in S

with property o(z) is written
A={zeS:p(x)}

If the set S is understood from the context, one

often uses a simpler notation:

A=A{z: ()}
The following logical operators are often used
when P and @) are statements:
e PAQ@ means “P and Q"
e PV (@ means “P or Q"
e P = (Q means “if P then Q7 (or “P only if
Q7, or “P implies Q")
P < @ means “if @) then P”
P & @ means “P if and only if Q”

e —P means “not P”

ple-rP|lPrQlPvQ|P=Q|PsQ
T | T F T T T T
T | F F F T F F
F | T T F T T F
F | F T F F T T

e P is a sufficient condition for Q: P = Q
e () is a necessary condition for P: P = @Q

e P is a necessary and sufficient condition for

Q: P Q

The element = belongs
to the set A, but z does
not belong to the set B.

A is a subset of B.
Often written A C B.

General notation for the
specification of a set.
For example,
{reR:-2<zx <4} =
[—2,4].

Logical operators.

(Note that “P or Q”
means “either P or ) or
both”.)

Truth table for logical
operators. Here T' means
“true” and F' means
“false”.

Frequently used
terminology.



AUB={xz:2€ AV z € B} (A union B)
ANB={x:xz€ AN xe B} (A intersection B)
A\B={x:x2€ AN x ¢ B} (A minus B)

Basic set operations.
A\ B is called the differ-

L7 AAB=(A\B)U(B\ A) (symmetric difference)| ence between A and B.
If all the sets in question are contained in some ﬁ)? Zlct eizngzve symbol
“universal” set 2, one often writes 2\ A as '

A¢={z:x ¢ A} (the complement of A)
Q Q Q Q Q
AUB ANB A\ B Ae AAB
(AnN(BUC)=(ANB)U(ANC)
AUu(BNC)=(AUB)N(AUCQ)
AL B =(AUB)\ (AN B) Important identities
1.8 (AAB)AC=AA(BAC) in set theory. The last
’ A\ (BUC)=(A\B)N(A\C) four identities are called
A\(BﬁC)Z(A\B)U(A\C) De Morgan’s laws.
AUB)¢ = A°NB°
(AN B)¢ = A°U B¢
1.9 Al x Ay x - x A, = The Cartesian product of
' o ) : the sets A1, Az, ..., A,.
{(a1,az2,...,a,) 1a; € A; for i =1,2,...,n}
Any subset R of A x B
1.10 RCAXB is called a relation from
the set A into the set B.
Alternative notations
Ry < (z,y) € R for a relation and its
1.11 negation. We say that
TRy = (z,y) ¢ R x is in R-relation to y if
(z,y) € R.
e dom(R) ={a€ A: (a,b) € R for some b in B}
Lo = {a € A: aRb for some b in B} The domain and range

e range(R) = {b € B: (a,b) € R for some a in A}
={b € B:aRb for some a in A}

of a relation.
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1.14

1.15

1.16

1.17

range(R)

I
|
|
|
|
,,,,,, P S
|
|
|

dom(R) A

R~ '={(b,a) € Bx A: (a,b) € R}

Let R be a relation from A to B and S a relation
from B to C. Then we define the composition
SoR of Rand S as the set of all (a,c) in AxC
such that there is an element b in B with aRb
and bSc. S o R is a relation from A to C.

A relation R from A to A itself is called a binary
relation in A. A binary relation R in A is said
to be

o reflerive if aRa for every a in A;

o irreflezive if aRa for every a in A;

o complete if aRD or bRa for every a and b in
A with a # b;

e transitive if aRb and bRc imply aRc;

o symmetric if aRb implies bRa;

e antisymmetric if aRb and bRa implies a = b;

o asymmetric if aRb implies bRRa.

A binary relation R in A is called

e a preordering (or a quasi-ordering) if it is
reflexive and transitive;

e a weak ordering if it is transitive and com-
plete;

e a partial ordering if it is reflexive, transitive,
and antisymmetric;

e a linear (or total) ordering if it is reflexive,
transitive, antisymmetric, and complete;

e an equivalence relation if it is reflexive, tran-
sitive, and symmetric.

Illustration of the do-
main and range of a re-
lation, R, as defined in
(1.12). The shaded set is
the graph of the relation.

The inverse relation of a
relation R from A to B.

R~ ! is a relation from B
to A.

S o R is the composition
of the relations R and S.

Special relations.

Special relations. (The
terminology is not uni-
versal.) Note that a
linear ordering is the
same as a partial order-
ing that is also complete.

Order relations are of-
ten denoted by symbols
like %, <, <, etc. The
inverse relations are then
denoted by =, >, >,
etc.



1.18

1.19

1.20

1.21

e The relation = between real numbers is an
equivalence relation.

e The relation < between real numbers is a
linear ordering.

e The relation < between real numbers is a
weak ordering that is also irreflexive and
asymmetric.

e The relation C between subsets of a given
set is a partial ordering.

e The relation x <y (y is at least as good as
x) in a set of commodity vectors is usually
assumed to be a complete preordering.

e The relation x <y (y is (strictly) preferred
to X) in a set of commodity vectors is usually
assumed to be irreflexive, transitive, (and
consequently asymmetric).

e The relation x ~ y (x is indifferent to y) in a
set of commodity vectors is usually assumed
to be an equivalence relation.

Let < be a preordering in a set A. An element
g in A is called a greatest element for < in A if
x < g for every z in A. An element m in A is
called a mazimal element for < in Aifz € A
and m < z implies © < m. A least element and
a minimal element for < are a greatest element
and a maximal element, respectively, for the
inverse relation = of <.

If < is a preordering in A and M is a subset of
A, an element b in A is called an upper bound
for M (w.r.t. %) if ¢ < b for every x in M. A
lower bound for M is an element a in A such
that a < « for all x in M.

If < is a preordering in a nonempty set A and
if each linearly ordered subset M of A has an
upper bound in A, then there exists a maximal
element for < in A.

Examples of relations.
For the relations x <y,
X <y, and x ~ Yy, see
Chap. 26.

The definition of a great-
est element, a maximal
element, a least element,
and a minimal element
of a preordered set.

Definition of upper and
lower bounds.

Zorn’s lemma. (Usually
stated for partial order-
ings, but also valid for
preorderings.)



1.22

1.23

1.24

1.25

1.26

1.27

1.28

A relation R from A to B is called a function or
mapping if for every a in A, there is a unique b
in B with aRb. If the function is denoted by f,
then we write f(a) = b for afb, and the graph
of f is defined as:

graph(f) = {(a,b) € A x B : f(a) = b}.
A function f from A to B (f : A — B) is called
= f(y) im-

e injective (or one-to-one) if f(x)
plies = = y;
e surjective (or onto) if range(f) = B;

e bijective if it is injective and surjective.

If f: A— B is bijective (i.e. both one-to-one
and onto), it has an inverse function g : B — A,
defined by g(f(u)) = u for all u in A.

If f is a function from A to B, and C C A,
D C B, then we use the notation

o f(C)={f(z):z€C}
o fTU(D)={z€eA:f(z) e D}

If f is a function from A to B, and S C A,
TCA UCB,V C B, then

o f(SUT)=f(SUS(T)

o f(SNT)C f(S )ﬁf(T)

o [FHUUV)=fHU)U V)

o fFHUNV)=fHU)NFHV)

o [FHU\V)= fl(U)\f '(V)

Let N ={1,2,3,...} be the set of natural num-

bers, and let N,, = {1,2,3,...,n}. Then:

e A set A is finite if it is empty, or if there
exists a one-to-one function from A onto N,,
for some natural number n.

e A set Ais countably infinite if there exists a
one-to-one function of A onto N.

The definition of a func-
tion and its graph.

Important concepts re-
lated to functions.

Characterization of in-
verse functions. The
inverse function of f is
often denoted by f~*

Hlustration of the
concept of an inverse
function.

f(C) is called the

image of A under f, and
f7H(D) is called the
inverse image of D.

Important facts. The
inclusion C in

f8NT) C f(S) N f(T)

cannot be replaced by =.

A set that is either finite
or countably infinite,

is often called count-
able. The set of rational
numbers is countably
infinite, while the set

of real numbers is not
countable.



Suppose that A(n) is a statement for every nat-
ural number n and that

o A(1) is true, The principle of mathe-

e if the induction hypothesis A(k) is true, then matical induction.
A(k + 1) is true for each natural number k.

1.29

Then A(n) is true for all natural numbers n.

References

See Halmos (1974), Ellickson (1993), and Hildenbrand (1974).
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Chapter 2

Equations. Functions of one variable.

Complex numbers

—b 4 Vb% — dac

ax?+br+c=0 < T2 =
2a

If 21 and x5 are the roots of 2% + px + ¢ = 0,
then

r1+ T2 = —p, T1x2 = q

ar® + bz’ +cx+d=0

2} +pr+q=0

w

23 + pr + ¢ =0 with A = 4p3 + 27¢> has
e three different real roots if A < 0;

e three real roots, at least two of which are
equal, if A = 0;

e one real and two complex roots if A > 0.
The solutions of z3 + pz 4+ ¢ = 0 are

T =Uu+v, T2 = wu+w21}, and x3 :w2u+wv,

—% + 1\/3 and

\/ 1 [4p3 +27q
= A -2 4 2,/ 2T

2
v_s_g_l /4p3+27q
B 2 2

where w =

The roots of the gen-
eral quadratic equation.
They are real provided
b%> > 4ac (assuming that
a, b, and c are real).

Viete’s rule.

The general cubic
equation.

(2.3) reduces to the form
(2.4) if z in (2.3) is
replaced by = — b/3a.

Classification of the
roots of (2.4) (assuming
that p and g are real).

Cardano’s formulas

for the roots of a cubic
equation. ¢ is the imagi-
nary unit (see (2.75))
and w is a complex third
root of 1 (see (2.88)).

(If complex numbers be-
come involved, the cube
roots must be chosen so
that 3uv = —p. Don’t
try to use these formulas
unless you have to!)



2.7

2.8

2.9

2.10

2.11

2.12

2.13

If 21, 2, and z3 are the roots of the equation
23+ pr? + qr+r =0, then

1+ 22+ 23 =—p
1T + T1T3 + Tox3z = q

T1Xox3 — —T

P(z) = apa™ +ap 12" ' 4+ a1z +ag

For the polynomial P(x) in (2.8) there exist
constants x1, 9, ..., &, (real or complex) such
that

Px)=an(x—21) - (x —xp)

Gn—1
QAp
An—2
1T + 13+ -+ Tp_1Tp = E T;T; =
a
ag i<j "
n
xlxz...xn = (—1) [
2%

If an—1, ..., a1, ap are all integers, then any
integer root of the equation

2"+ ap_12" o ar+ag =0

must divide aq.

Let k£ be the number of changes of sign in the
sequence of coefficients a,,, an_1, ..., a1, ag
in (2.8). The number of positive real roots of
P(z) = 0, counting the multiplicities of the
roots, is k or £ minus a positive even number.
If £ = 1, the equation has exactly one positive
real root.

The graph of the equation
Az? + Bry+Cy*+ Dz + Ey+F =0
is
e an ellipse, a point or empty if 4AC > B?;
e a parabola, a line, two parallel lines, or
empty if 4AC = B?;

e a hyperbola or two intersecting lines if
4AC < B2,

Useful relations.

A polynomial of degree
n. (an #0.)

The fundamental
theorem of algebra.

i, ..., Tn are called
zeros of P(z) and roots
of P(x) =0.

Relations between the
roots and the coefficients
of P(z) = 0, where P(z)
is defined in (2.8). (Gen-
eralizes (2.2) and (2.7).)

Any integer solutions of
2* +62° —2—6=0
must divide —6. (In this
case the roots are £1
and —6.)

Descartes’s rule of signs.

Classification of conics.
A, B, C not all 0.



2.14

2.15

2.16

2.17

2.18

2.19

2.20

2.21

2.22

2.23

x=1x'cosf —y sinfb,
with cot 20 = (A—C)/B

d=+/(z2 —21)2+ (y2 — 11)?

(0= 20)* + (= 30)* = 1*

y =a'sinf + y cosf

2 RY
(z 2580) + (v — o) -1
a b2
Y Y A
(=, y) (z,y)
, [N
Y0 \ Yo K’y
xo ; xo ;
( — 330)2 (y — y0)2
a? B b2 =+l
Asymptotes for (2.19):
b
Yy —yo =F—(x — )
a
Y > . Y AN
b
Yo Y
o = o ;
y—yo=alx—x0)? a#0
z—zo=aly—yo)?®, a#0

Transforms the equa-
tion in (2.13) into a
quadratic equation in
2’ and 7', where the
coefficient of z’y’ is 0.

The (Euclidean) distance
between the points
(z1,51) and (22,y2).

Clircle with center at
(z0,yo) and radius r.

FEllipse with center at
(z0,y0) and axes parallel
to the coordinate axes.

Graphs of (2.16) and
(2.17).

Hyperbola with center at
(z0,yo0) and axes parallel
to the coordinate axes.

Formulas for asymp-
totes of the hyperbolas
in (2.19).

Hyperbolas with asymp-
totes, illustrating (2.19)
and (2.20), correspond-
ing to 4+ and — in
(2.19), respectively. The
two hyperbolas have the
same asymptotes.

Parabola with vertex
(z0,y0) and axis parallel
to the y-axis.

Parabola with vertex
(z0,y0) and axis parallel
to the z-axis.
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2.24

2.25

2.26

x

VAR

xg T

A function f is

increasing if

1 <z = f(21) < f(22)
strictly increasing if

r1 <z2 = f(z1) < f(z2)
decreasing if

1 <z = f(21) > f(22)
strictly decreasing if

1 < x2 = f(z1) > f(x2)
even if f(z) = f(—=z) for all =
odd if f(x) = —f(—x) for all =
symmetric about the line x = a if

fla+z)= fla—z) for all z
symmetric about the point (a,0) if

fla—x)=—f(a+z) for all x

periodic (with period k) if there exists a
number k > 0 such that

flz+k)= f(z) for all =

If y = f(z) is replaced by y = f(z) + ¢, the
graph is moved upwards by ¢ units if ¢ > 0
(downwards if ¢ is negative).

If y = f(z) is replaced by y = f(z + ¢), the
graph is moved ¢ units to the left if ¢ > 0 (to
the right if ¢ is negative).

If y = f(z) is replaced by y = cf(x), the
graph is stretched vertically if ¢ > 0 (stretch-
ed vertically and reflected about the z-axis
if ¢ is negative).

If y = f(x) is replaced by y = f(—x), the
graph is reflected about the y-axis.

Parabolas illustrating
(2.22) and (2.23) with
a>0.

Properties of functions.

Shifting the graph of
y = f(x).
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Y
27 e

228 N

2.29

Yy W
2.30 %
(a,0) =

T

y = ax + b is a nonvertical asymptote for the

curve y = f(x) if

2.31 lim (f(x) = (az +b)) =0

r—00
or

lim (f(z) = (az+b)) =0

r—r—00

2.32

Graphs of increasing
and strictly increasing
functions.

Graphs of decreasing
and strictly decreasing
functions.

Graphs of even and odd
functions, and of a func-
tion symmetric about

T = a.

Graphs of a function
symmetric about the
point (a,0) and of a
function periodic with
period k.

Definition of a nonverti-
cal asymptote.

y=azx+bisan
asymptote for the curve

y = f(z).
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2.33

2.34

2.35

2.36

2.37

How to find a nonvertical asymptote for the
curve y = f(x) as x — oo:
e Examine lim (f(z)/z). If the limit does not
Tr—r 00
exist, there is no asymptote as x — oo.
e If lim (f(z)/x) = a, examine the limit
T—r00
lim (f(x)— az). If this limit does not exist,
Tr—r00
the curve has no asymptote as x — oo.
e If lim (f(z)—az) =b, theny = az+bisan
xr—r 00

asymptote for the curve y = f(z) as x — oo.

To find an approximate root of f(x) = 0, define
x, forn=1,2,..., by

f'(xn)

If ¢ is close to an actual root z*, the sequence
{z,} will usually converge rapidly to that root.

Tn4l = Tp —

Tn Tn+l r

y = f(z)

Suppose in (2.34) that f(z*) = 0, f/'(z*) # 0,
and that f”(z*) exists and is continuous in a
neighbourhood of z*. Then there exists a § > 0
such that the sequence {z,} in (2.34) converges
to * when xg € (z* — §,2* + 9).

Suppose in (2.34) that f is twice differentiable
with f(z*) = 0 and f'(z*) # 0. Suppose fur-
ther that there exist a K > 0 and a § > 0 such
that for all z in (z* — §,2* + 9),

|f (@) f" ()| .
F (o) <Klzx—z*| <1
Then if 2y € (z* —§,2* +9), the sequence {z,}
in (2.34) converges to z* and

20 — 2| < OK)?"/K

Method for finding non-
vertical asymptotes for
acurvey = f(z) as

r — o00. Replacing

r — oobyxr - —o0
gives a method for find-
ing nonvertical asymp-
totes as x — —oo.

Newton’s approxima-
tion method. (A rule of
thumb says that, to ob-
tain an approximation
that is correct to n deci-
mal places, use Newton’s
method until it gives the
same n decimal places
twice in a row.)

Ilustration of Newton’s
approximation method.
The tangent to the
graph of f at (zn, f(zn))
intersects the z-axis at

L = Tn+1.

Sufficient conditions for
convergence of Newton’s
method.

A precise estimation of
the accuracy of Newton’s
method.
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2.38

2.39

2.40

241

2.42

2.43

2.44

2.45

2.46

1 n
e e¢= lim (1 + ) = 2.718281828459. ..
n

n—oo

e ¢ = lim (1+f)
n

n—oo
. . an\" a
e lima,=a = lim (1+—) =e
n—o0o n— oo n

elnx =

Y e

Inz
1
1

In(zy) =lnz + Iny; lng =lnz—Iny

1
Inaz? =plnz; In—=-—Inzx
x

a8 =z (a>0, a#1)

The equation for the
tangent to y = f(x) at
(21, f(21)).

The equation for the
normal to y = f(x) at

(@1, f(21))-

The tangent and the
normal to y = f(z) at

(z1, f(z1)).

Rules for powers. (r and
s are arbitrary real num-
bers, a and b are positive
real numbers.)

Important definitions
and results. See (8.22)
for another formula for

e”.

Definition of the natural
logarithm.

The graphs of y = €”
and y = lnx are sym-
metric about the line

y=x.

Rules for the natural
logarithm function.
(z and y are positive.)

Definition of the loga-
rithm to the base a.
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2.47

2.48

2.49

2.50

2.51

2.52

1
log, z = ﬂ; log, b-logya =1
Ina
log,z =Inz; logyz =1logge-Inx
log, (zy) = log, = + log, y
x
loga - = loga T — loga Y
y

1
log, ¥ = plog, z, log, — = —log,x
x

°r=" rad, 1lrad= (180)

™

180

270°
A
cotx
1 tanx
sinz {|
cosT
Y A
Yy =cosx y =sinx
\ P
3m P+ S
TR NI N 2 TN
cos x 1
tanr = ——, otx = =

Logarithms with differ-
ent bases.

Rules for logarithms.
(z and y are positive.)

Relationship between de-
grees and radians (rad).

Relations between de-
grees and radians.

Definitions of the basic
trigonometric functions.
x is the length of the
arc, and also the radian
measure of the angle.

The graphs of y = sinzx
(—) and y = cosz (---).
The functions sin and
cos are periodic with
period 27:

sin(x + 27) = sinx,
cos(x + 2m) = cosz.

Definition of the tangent
and cotangent functions.
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2.54

2.55

2.56

2.57

2.58

2.59

2.60

x 0 |Z2=30°|F=45°|2 =060°|% =90°
sinz | 0 i V2 V3 1
1 1 1
cosx 1 5\/5 5\/5 5 0
tanx 0 %\/5 1 V3 *
cotx || * V3 1 V3 0

* not defined

x| 2 =135°| 7 =180° | 3F =270° | 27 = 360°

sin iv2 0 -1 0
cos T —%\/5 -1 0 1
tanx -1 0 * 0
cotx -1 * 0 *

* not defined

sin ax

1m
x—0 x

2

sinz +cos?z =1

&)
—_

9 1
tan®z = ——— — 1, cot”r = —
cos?x sin® x

-1

1<)
B
8
I
<
I
Z.
B
8
Q
o
»n
<
I
aQ
o
w0
8
Z.
B
<

The graphs of y = tanx
(—) and y = cotx (---).
The functions tan and
cot are periodic with
period m:

tan(z + m) = tanz,
cot(z 4+ m) = cot x.

Special values of the
trigonometric functions.

An important limit.

Trigonometric formulas.
(For series expansions of
trigonometric functions,
see Chapter 8.)
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2.61

2.62

2.63

2.64

2.65

2.66

2.67

2.68

tanx + tany

t, = —

an(@ +y) 1 —tanztany
tanx — ta

tan(z — y) ne ny

1 + tanz tany

cos2r =2cos’z —1=1-2sin’z

sin 2x = 2sinx cosx

. 9T l—cosx 9% l4cosz
sin® - = ——, cos* - = ——

2 2 2 2

T4y r—y

cosT + cosy = 2cos cos 5

. T x—y
cosT — cosy = —2sin n 5

x x —
sinx + siny = 2sin ;_ycos > Y
. . T+Y . T —
sinx — siny = 2 cos ysm 5 i

T

y=arcsinz <z =siny, z € [-1,1], y € [—5,5}

y = arccosz < x = cosy, = € [—1,1], y € [0, 7]
T
y =arctanx < x =tany, t € R, y € (—575)

y = arccotx & x =coty, r € R, y € (0,7)

Y4 Yarg
y = arcsinz Y = arccosx
s jus
3 2
-1 1
x -1 lz
_z
2
,,,,,,,,,,,,,,,,, Yb g
y = arccot T s,
T
”””””””””” W2 Tt
1 z
y = arctanx
,,,,,,,,,,,,,,,,,,,, S
2

Trigonometric formulas.

Definitions of the inverse
trigonometric functions.

Graphs of the inverse
trigonometric functions
y = arcsinz and y =
arccos .

Graphs of the inverse
trigonometric functions
y = arctanz and y =
arccot x.
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2.69

2.70

2.7

2.72

2.73

2.7

arcsinz = sin~! T, arccosx = cos tz

arctanx = tan~! xr, arccotx = cot

arcsin(—x) = — arcsin x
arccos(—x) = m — arccos
arctan(—x) = arctan x

arccot(—x) = m — arccot x
arcsinx + arccos x = 5
s

arctanx + arccotx = —
1 ™

arctan — = — —arctanz, x>0
T 2
1 T

arctan — = —— —arctanz, =<0
T 2

sinhx =

2 ’ 2

y=coshz 4 Y

N/

y = sinhzx

cosh?z — sinh?z = 1

cosh(z 4+ y) = coshz coshy + sinh z sinh y
cosh 2z = cosh? z + sinh? x

sinh(z + y) = sinh  cosh y + cosh x sinh y

sinh 2z = 2sinh x cosh z

y = arsinhax <= x =sinhy
y =arcoshz, x > 1 <= z =coshy, y >0
arsinha::ln(x—F x2+1)

arcosh x zln(x—i— N — 1), z>1

Alternative notation for
the inverse trigonometric
functions.

Properties of the inverse
trigonometric functions.

Hyperbolic sine and
cosine.

Graphs of the hyperbolic
functions y = sinh z and
y = cosh x.

Properties of hyperbolic
functions.

Definition of the inverse
hyperbolic functions.
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2.75

2.76

2.77

2.78

2.79

2.80

2.81

Complex numbers

z=a+1ib, Z=a—1ib

|z| = Va2 +b%, Re(z)=a, Im(z)=05b

Imaginary axis ,

= 10)
b za +1
|2 i
‘a
§ Real axis
zZ=a—1b

o (a+ib)+ (c+id)=(a+c)+i(b+d)
o (a+ib) —(c+id)=(a—c)+i(b—d)

o (a+ib)(c+id) = (ac— bd) +i(ad + bc)

a+1ib 1 .
L] m = m((aC‘F bd) +Z(bC— ad))
z1] = |21, 2121 = |z1|%, 21 F 22 = 21 + 22,
|z122] = |21]| 22|, |21 + 22| < |21] + |22]

z=a+ib=r(cosf +isinf) = re?, where

b
r = |z| = va? + b2, cos@zg7 sinf = —
T r

Imaginary axis , a+ib = r(cos @ + isin0)

a Real axis

A complex number and
its conjugate. a, b € R,
and 32 = —1. 1 is called
the imaginary unit.

|z| is the modulus of
z = a + ib. Re(z) and
Im(z) are the real and
imaginary parts of z.

Geometric representation
of a complex number
and its conjugate.

Addition, subtraction,
multiplication, and
division of complex
numbers.

Basic rules. z; and 2o
are complex numbers.

The trigonometric or
polar form of a complex
number. The angle 6 is
called the argument of z.
See (2.84) for e'’.

Geometric representa-
tion of the trigonomet-
ric form of a complex
number.
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2.82

2.83

2.84

2.85

2.86

2.87

2.88

If 2, = ri(cos @y +isinby), k =1, 2, then
2122 = T1T3 (cos(@l + 02) +isin(f; + 92))

21

n (cos(6y — 02) +isin(6y — 65))
Z9 T2

(cosf + isin@)"™ = cosnb + isinnd

If z =z + iy, then
e* = e = ¢e% . ¢ = e%(cosy + isiny)
In particular,

e =cosy + isiny

emi =1

zZ _ oz 2427 .z 21+z0 . 21,2
e* =e* e =e*, e*1T*2 = e"le?2)

eF1T%2 — %1 /622

eiz + 67iz eiz _ efiz
cosz=——#—, sinz=———
2 29

If a = r(cos@ +isin @) # 0, then the equation
" =a
has exactly n roots, namely

0+ 2k 0+ 2k
2 = {1/77((305u +isinu)

fork=0,1,...,n—1.

References

Multiplication and di-
vision on trigonometric
form.

De Moivre’s formula,
n=20,1,....

The complex exponential
function.

A striking relationship.

Rules for the complex
exponential function.

FEuler’s formulas.

nth roots of a complex
number, n =1, 2, ....

Most of these formulas can be found in any calculus text, e.g. Edwards and Penney
(1998) or Sydseeter and Hammond (2005). For (2.3)—(2.12), see e.g. Turnbull (1952).



3.1

3.2

3.3

3.4

3.5

3.6

Chapter 3

Limits. Continuity. Differentiation

(one variable)

f(z) tends to A as a limit as x approaches a,
lim,, f(z)=A or f(z) > Aasz —a

if for every number € > 0 there exists a number
0 > 0 such that

flx)y—Al<eifzreDrand0<|z—a| <o
f

If lim,, f(z) = A and lim,_,, g(x) = B, then

. ;ig}l(f(a:):tg(a:)):A:I:B

. ilg}l(f(x) g(z))=A-B

i @ A
zlﬁagx) B (if B #0)

[ is continuous at x = a if lim f(x) = f(a), i.e.
if @ € Dy and for each nunﬁl;)ear € > 0 there is a
number § > 0 such that

|f(z) —Al<eifx € Dy and |z —a| < ¢
f is continuous on a set S C Dy if f is contin-
uous at each point of S.

If f and g are continuous at a, then:
e f+gand f-g are continuous at a.

e f/g is continuous at a if g(a) # 0.

If g is continuous at a, and f is continuous at
g(a), then f(g(x)) is continuous at a.

Any function built from continuous functions
by additions, subtractions, multiplications, di-
visions, and compositions, is continuous where
defined.

The definition of a limit
of a function of one var-
iable. Dy is the domain
of f.

Rules for limits.

Definition of continuity.

Properties of continuous
functions.

Continuity of composite
functions.

A useful result.
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3.7

3.8

3.9

3.10

3.11

3.12

3.13

3.14

3.15

3.16

3.17

f is uniformly continuous on a set S if for each
g > 0 there exists a 6 > 0 (depending on & but
NOT on z and y) such that

[f(z) = fly) <eifx,yeSand |[x —y| < ¢

If f is continuous on a closed bounded interval
I, then f is uniformly continuous on I.

If f is continuous on an interval I containing a
and b, and A lies between f(a) and f(b), then
there is at least one & between a and b such that

A= f(&)

IO S E— \ v = (@)
a £ b

Other notations for the derivative of y = f(x)
include
d df (x

0 a4 PI@

y=[f2)£g(x) = v = [f(z) £g'(z)

Definition of uniform
continuity.

Continuous functions
on closed bounded in-
tervals are uniformly

continuous.

The intermediate value
theorem.

Ilustration of the inter-
mediate value theorem.

The definition of the
derivative. If the limit
exists, f is called differ-
entiable at x.

Other notations for the
derivative.

General rules.

The chain rule.

A useful formula.
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3.18

3.19

3.20

3.21

3.22

3.23

3.24

3.25

3.26

3.27

3.28

3.29

3.30

3.31

If g = f~!is the inverse of a one-to-one function
f, and f is differentiable at = with f’(x) # 0,

-1 o 4 3
then ¢ is differentiable at f(x), and " denotes the inverse

function of f.

The graphs of f and

g = f~! are symmet-
ric with respect to the
line y = z. If the slope
of the tangent at P is

k = f'(x), then the slope
g’ (f(z)) of the tangent
at @ equals 1/k.

y=c =1y =0 (¢ constant) ‘ Special rules.

y=2% = y =az?! (a constant) |

1 ) 1
y=- =y =-=
T x
=z = ——
V= N

y:emiy/:ez ‘
y=a* = ¢y =a®lna (a>0) |

1
y=Ilnz = ¢y == ‘
T

1

y=log,z = y = —log, e (a>0, a#1) ‘
x

y=sinx = y =coszx ‘

y=cosx = y = —sinzx ‘

y:tanx:}y/: :1—|—tan2x ‘

cos? x

y=cotr = y = —

1
—— = —(1 4 cot’ z) ‘
sin®
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3.32

3.33

3.34

3.35

3.36

3.37

3.38

3.39

3.40

3.41

1
1 . ,
=sin 'z = arcsine = ¢ = ———
! RV
1
y=cos 'z =arccost = y = ————
V1—22
1
y=tan 'z =arctanz = ¢ =
1+ 22
1
=cot 'z =arccotr = y = ——
Y Y 1+ a2

y =sinhz = 3y =coshx

y =coshax = 3y =sinhx

If f is continuous on [a, b] and differentiable on
(a,b), then there exists at least one point £ in
(a,b) such that

f(b) — f(a)
b—a

f'(&) =

If f and g are continuous on [a,b] and differ-
entiable on (a, b), then there exists at least one
point £ in (a,b) such that

[£(b) = f(a)]g' (&) = [9(b) — g(a)] /(&)

Suppose f and g are differentiable on an inter-
val (o, 3) around a, except possibly at a, and
suppose that f(z) and g(z) both tend to 0 as x
tends to a. If ¢’(x) # 0 for all  # a in («, )
and limg_,, f'(z)/¢'(z) = L (L finite, L = o0

or L = —00), then
lmM: lim (@) =L
z—a g x) z—a g’(x)

Special rules.

The mean value theorem.

Ilustration of the mean
value theorem.

Cauchy’s generalized
mean value theorem.

L’Hopital’s rule. The
same rule applies for
T — a+, r—a ,

T — 00, 0r & — —00,
and also if

f(xz) = £oo and

g(z) = too.
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3.42

3.43

3.44

3.45

3.46

If y = f(x) and dz is any number,

dy = f'(x) dx
is the differential of y.

Ay = f(z+dx) — f(x) = f'(x)dx
when |dz| is small.

flx+dz) — f(z) = f'(z)dx + edx
where e =+ 0 as dr — 0

d(af +bg) =adf +bdg (a and b are constants)
d(fg) = gdf + fdg
d(f/g9) = (9df — fdg)/g*
df (u) = f'(u) du

u

References

Definition of the differ-
ential.

Geometric illustration of
the differential.

A useful approximation,
made more precise in
(3.45).

Property of a differenti-
able function. (If dx is
very small, then ¢ is very
small, and edz is “very,
very small”.)

Rules for differentials. f
and g are differentiable,
and u is any differentia-
ble function.

All formulas are standard and are found in almost any calculus text, e.g. Edwards
and Penney (1998), or Sydsseter and Hammond (2005). For uniform continuity, see
Rudin (1982).



4.1

4.2

4.3

4.4

4.5

4.6

Chapter 4

Partial derivatives

IfZ = f(aj17-~.,fL'n) = f(x), then
0z _ of e B o

all denote the derivative of f(z1,...,z,) with
respect to x; when all the other variables are
held constant.

z:f(x,y)

822 " 8 ,
73%8% = fij(xl,...,mn) = aiji(xl,...,xn)

0%f B o*f
8@8351- o 8:L‘i(()""13j’

i,j=1,2,....n

f(z1,...,2,)is said to be of class C*, or simply
C*, in the set S C R™ if all partial derivatives
of f of order < k are continuous in S.

z=F(z,y), v = f(t), y=g(t) =
dz dx dy

= —F

o + Fy(z,y)

Definition of the partial
derivative. (Other nota-
tions are also used.)

Geometric interpretation
of the partial derivatives
of a function of two vari-
ables, z = f(z,y):
fi(zo,yo) is the slope of
the tangent line [, and
f2(x0,yo0) is the slope of
the tangent line [,.

Second-order partial
derivatives of

z=f(z1,...,%n).

Young’s theorem, valid
if the two partials are
continuous.

Definition of a C* func-
tion. (For the defini-
tion of continuity, see
(12.12).)

A chain rule.
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4.7

4.8

4.9

4.10

4.11

4.12

4.13

If 2= F(xy,...,2,) and x; = fi(t1,...,tm),
i=1,...,n,thenforall j=1,...,m
%7i8F(11,...,xn)8xi
8tj 774_:1 (9.%1 Otj
If z = f(x1,...,2,) and dz1, ..., dx, are arbi-

trary numbers,

dz = Zfi’(xl,...,xn)dxi
i—1

is the differential of z.

Az &~ dz when |dxq],
where

Az = f(x1+day, ...

, |dz,| are all small,

T+ deyn) — f(z, ... 20)

[ is differentiable at x if f/(x) all exist and
there exist functions ¢; = g;(dx1,...,dz,), i =
1,...,n, that all approach zero as dz; all ap-
proach zero, and such that

Az—dz=¢e1dr1+---+e,dz,

If fis a C! function, i.e. it has continuous first
order partials, then f is differentiable.

d(af 4+ bg) = adf +bdg

d(fg) = gdf + fdg

(f/g) (9df — fdg)/g*
dF(u) = F'(u) du

(a and b constants)

The chain rule. (General
case.)

Definition of the differ-
ential.

Geometric illustration
of the definition of the
differential for functions
of two variables. It also
illustrates the approx-
imation Az =~ dz in
(4.10).

A useful approximation,
made more precise for
differentiable functions
n (4.11).

Definition of differentia-
bility.

An important fact.

Rules for differentials.
f and g are differen-
tiable functions of x1,

, Tn, F'is a differen-
tiable function of one
variable, and u is any
differentiable function of
L1y «vvy T
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4.14

4.15

4.16

4.17

4.18

4.19

_ dy _ F(zy)
P =¢ = ™ " Hy
Y
P
F(z,y)=c
z

If y = f(x) is a C? function satisfying F(z,y) =
¢, then
F{\(Fy)® — 2F{5 F1F) + Fg(F7)?

" o
o= AE
N
— | R

2

/ " 1"
F2 F12 F22

If F(z,y)is C* in aset A, (79, yo) is an interior
point of A, F(xg,y0) = ¢, and Fj(xo,y0) # 0,
then the equation F(x,y) = c defines y as a C*
function of z, y = ¢(z), in some neighborhood
of (20,90), and the derivative of y is

dy _ Fi(z,y)
de Fy(z,y)
If F(x1,29,...,2n,2) = ¢ (c constant), then
0z OF/0x; . oF
=— =1,2,... =
oz, | oFjo. ' ool (az 0)

Homogeneous and homothetic functions

f(x) = f(xy,x9,...,2,) is homogeneous of
degree k in D C R™ if

ftzy taa, .. txy,) =t f(z1, 20, 20)
for all t > 0 and all x = (z1,22,...,2,) in D.

Formula for the slope
of a level curve for

z = F(z,y). For precise
assumptions, see (4.17).

The slope of the tangent
at P is

dy
=

Fi(z,y)
Fy(x,y)

A useful result. All
partials are evaluated
at (113 ) y)

The implicit function
theorem. (For a more
general result, see (6.3).)

A generalization of
(4.14).

The definition of a
homogeneous function.
D is a cone in the sense
that tx € D whenever
x € D and t > 0.
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4.20

4.21

4.22

4.23

4.24

4.25

f(x) = f(x1,...,z,) is homogeneous of degree
k in the open cone D if and only if

> @if{(x) = kf(x) for all x in D
=1

If f(x) = f(z1,...,2z,) is homogeneous of de-
gree k in the open cone D, then

e Of/0x; is homogeneous of degree k — 1 in D
o > > wimifii(x) =k(k—1)f(x)

i=1j=1

fx) = f(z1,...,x,) is homothetic in the cone
D if for all x,y € D and all t > 0,

f(x)=fly) = f(tx) = f(ty)

ty

Let f(x) be a continuous, homothetic function
defined in a connected cone D. Assume that f
is strictly increasing along each ray in D, i.e. for
each xg # 0 in D, f(txg) is a strictly increasing
function of ¢t. Then there exist a homogeneous
function g and a strictly increasing function F
such that

f(x) = F(g(x)) for all x in D

Geometric illustration
of a function homoge-
neous of degree 1. (Only
a portion of the graph is
shown.)

FEuler’s theorem, valid for
C! functions.

Properties of homoge-
neous functions.

Definition of homothetic
function.

Geometric illustration of
a homothetic function.
With f(u) homothetic, if
x and y are on the same
level curve, then so are
tx and ty (when ¢t > 0).

A property of continu-
ous, homothetic func-
tions (which is some-
times taken as the defi-
nition of homotheticity).
One can assume that g
is homogeneous of de-
gree 1.
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4.26

4.28

4.29

4.30

4.31

4.32

Gradients, directional derivatives, and tangent planes

Vi) = (... o)
fi(x) = limg LT ZFE) oy

e Vf(x) is orthogonal to the level surface
fx)=C.

e Vf(x) points in the direction of maximal in-
crease of f.

e ||V f(x)| measures the rate of change of f in
the direction of V f(x).

Y

V f(xo,yo)

(x0,%0)

f(z,y)=C

T

The tangent plane to the graph of z = f(x,y) at
the point P = (0,0, 20), With 20 = f(z0, o),
has the equation

z—z0 = f1(w0, yo)(x—20)+ f5(%0, yo) (¥ —o)

Tangent plane

z

z:f(x,y)

Lwo,yo)

The gradient of f at
x=(T1,...,%n).

The directional deriva-
tive of f at x in the di-
rection a.

The relationship between
the directional derivative
and the gradient.

Properties of the gradi-
ent.

The gradient V f(xo,yo)
of f(x,y) at (xo,yo).

Definition of the tangent
plane.

The graph of a function
and its tangent plane.
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4.33

4.34

4.35

4.36

4.37

The tangent hyperplane to the level surface

F(x)=F(z1,...,zy) =C
at the point x° = (29,...,

VEx") - (x—x% =0

22) has the equation

Let f be defined on a convex set S C R", and
let x° be an interior point in S.

e If f is concave, there is at least one vector p
in R™ such that

fx) = fx%) <p-(x—x°)

e If f is convex, there is at least one vector p
in R™ such that

flx) = f(x") > p- (x—x7)

for all x in S

for all x in S

If f is defined on a set S C R™ and x° is an
interior point in S at which f is differentiable

and p is a vector that satisfies either inequality
in (4.34), then p = Vf(x°).

Differentiability for mappings from R"

A transformation f = (f1,..., fi) from a sub-
set A of R™ into R™ is differentiable at an inte-
rior point x of A if (and only if) each component
function f; : A = R, i =1, ...m, is differentia-
ble at x. Moreover, we define the derivative of
f at x by

of1 df1 df1
87551()() %(X) T @(X)
Foo)=| : :
Ofm Ofm Ofm
Txl(x) 87582()() oz, (%)

the m X n matrix whose ith row is f/(x) =

If a transformation f from A C R" into R™ is
differentiable at an interior point a of A, then
f is continuous at a.

Definition of the tangent
hyperplane. The vector
VF(x°) is a normal to
the hyperplane.

A vector p that satis-
fies the first inequality is
called a supergradient for
f at x°. A vector satis-
fying the second inequal-
ity is called a subgradient
for f at x°.

A useful result.

to R™

Generalizes (4.11).

Differentiability implies
continuity.



33

A transformation f = (f1,..., fin) from (a sub-
438 set of) R™ into R™ is said to be of class C* An important definition.
) if each of its component functions fi, ..., fm (See (4.12).)
is C*.

If f is a C! transformation from an open set
439 A C R"™ into R™, then f is differentiable at
every point x in A.

C"! transformations are
differentiable.

Suppose f : A — R™ and g : B — RP are
defined on A C R™ and B C R™, with f(A) C
B, and suppose that f and g are differentiable
at x and f(x), respectively. Then the composite
4.40  transformation g o f : A — RP defined by The chain rule.
(g of)(x) = g(f(x)) is differentiable at x, and

(gof)'(x) = g'(f(x)) f'(x)

References

Most of the formulas are standard and can be found in almost any calculus text,
e.g. Edwards and Penney (1998), or Sydsaeter and Hammond (2005). For supergradi-
ents and differentiability, see e.g. Sydsaeter et al. (2005). For properties of homothetic
functions, see Simon and Blume (1994), Shephard (1970), and Fgrsund (1975).
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5.2

5.3

5.4
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Chapter 5

Elasticities. Elasticities of substitution

Marshall’s rule: To find the elasticity of y =
f(z) w.r.t.  at the point P in the figure, first
draw the tangent to the curve at P. Measure
the distance A, from P to the point where the
tangent intersects the y-axis, and the distance

A, from P to where the tangent intersects the
z-axis. Then El, f(z) = £A,/A,.

o If |EL, f(x)| > 1, then f is elastic at z.

o If |El, f(x)] = 1, then f is unitary elastic
at x.

o If |El, f(x)| < 1, then f is inelastic at x.

o If |El, f(x)| = 0, then f is completely in-
elastic at x.

El.(f(z)g(x)) = El, f(z) + El, g(z)

B, (1) =1 (@) - BL g(0)

El, f(z), the elasticity
of y = f(z) w.rt. z, is
approximately the per-
centage change in f(z)
corresponding to a one
per cent increase in .

Illustration of Marshall’s
rule.

Marshall’s rule. The dis-
tances are measured pos-
itive. Choose the plus
sign if the curve is in-
creasing at P, the minus
sign in the opposite case.

Terminology used by
many economists.

General rules for calcu-
lating elasticities.
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5.7

5.8

5.9

5.10

5.11

5.12

5.13

5.14

5.15

5.16

5.17

5.18

f(x) El, f(z) + g(z) El. g(x)

EL(f(z) + g(z)) = F(z) £ g(z)

El, f(g9(z)) = EL, f(u) El,u, u=g(z)

If y = f(z) has an inverse function x = g(y) =
f_l(y)7 then7 with Yo = f(xo)u

_ydw L

El,z == ie. El e
y X - dy 5 1.e U(g(yo)) Elz f(wo)
El,A=0, El,x°=a, El, e =uz.
(A and a are constants, A # 0.)
El,sinz = xcotz, El,cosz=—ztanzx
El, tanx = _L, El, cotz = i
sin x cos T sin x cos T
El,Inxz = L El, 1 = —
Y ©08a® =
r; O0f(x)
El; = El,, =
) = Bl () = 75 20
If 2= F(x1,...,2,) and z; = fi(t1,...,tn) for

i=1,...,n,thenforall j =1,...,m,

Ely, z = > El; F(z1,...,2,) El; z;

=1

The directional elasticity of f at x, in the di-
rection of x/||x||, is

Ela f(x) = J'Qi')fgx) - ﬁwx) x
Elaf(x):ZElif(x)7 a:ﬁ

The marginal rate of substitution (MRS) of y
for x is

General rules for calcu-
lating elasticities.

The elasticity of the in-
verse function.

Special rules for elastici-
ties.

The partial elasticity of
fx) = fla,...mn)

wrt. oz, i =1,...,n.

The chain rule for elasti-
cities.

Ela f(x) is approxi-
mately the percentage
change in f(x) corre-
sponding to a one per
cent increase in each
component of x. See
(4.27)-(4.28) for fi(x).)

A useful fact (the passus
equation).

Ry, is approximately
how much one must add
of y per unit of = re-
moved to stay on the
same level curve for f.
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5.19

5.20

5.21

5.22

5.23

5.24

5.25

e When f is a utility function, and = and y
are goods, Ry, is called the marginal rate of
substitution (abbreviated MRS).

e When f is a production function and x and y
are inputs, R, is called the marginal rate of
technical substitution (abbreviated MRTS).

e When f(z,y) = 0is a production function in
implicit form (for given factor inputs), and
z and y are two products, R, is called the

marginal rate of product transformation (ab-
breviated MRPT).

The elasticity of substitution between y and x is

R OR om(Z)

Oyx = TN f(x,y) =cC
Jdln (2)
fi
L1
zfi Yl
Oyz = 77 ! I3 2 s flz,y)=c
_dn o T2
(2 ffs o ()2
If f(z,y) is homogeneous of degree 1, then
_fifs
I
9f(x) / 9f(x) o
hz(x)zi Ta.. Zaj:1a27"'an
J ox; Oz,

If f is a strictly increasing transformation of
a homogeneous function, as in (4.25), then the
marginal rates of substitution in (5.23) are ho-
mogeneous of degree 0.

Different special cases of
(5.18). See Chapters 25
and 26.

Oye s, approximately,
the percentage change
in the factor ratio y/x
corresponding to a one
percent change in the
marginal rate of substi-
tution, assuming that f
is constant.

An alternative formula,
for the elasticity of sub-
stitution. Note that

Oys = Ogzy.

A special case.

The marginal rate of
substitution of factor j
for factor 1.

A useful result.

The elasticity of substi-
tution in the n-variable
case.



38

1 n 1

vifi  xif] L,

5.26 Uij = 7 te D) //J J s (3 7é Vi
i ¥ 3

FACRN TR AE

The elasticity of substi-
tution, f(x1,...,Tn) = c.

References

These formulas will usually not be found in calculus texts. For (5.5)—(5.24), see e.g.
Sydsaeter and Hammond (2005). For (5.25)—(5.26), see Blackorby and Russell (1989)
and Fuss and McFadden (1978). For elasticities of substitution in production theory,
see Chapter 25.
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6.2

6.3

6.4

Chapter 6

Systems of equations

fi(z1, zo,..

fo(@y, 2o, ..

3 Tny Y1, Y2, - - -

3 Tny Y1, Y2, - -

on  on
Ay OYm
of(x,y) _ :1 : :
ay - . . .
Obn O
ayl aym
Suppose f1, ..., fm are C* functions in a set A

in R et (x°,y°) = (29,...,2%,99,...,4%)
be a solution to (6.1) in the interior of A. Sup-
pose also that the determinant of the Jacobian
matrix 0f(x,y)/dy in (6.2) is different from 0
at (x%,y"). Then (6.1) defines y1, . . ., Y, as CF
functions of x1, ..., x, in some neighborhood
of (x%y%), and the Jacobian matrix of these
functions with respect to x is

Ay _ (0f(xy)\ " of(x,y)
ox Jdy ox

f1($17x27 71'71) =0
f2($1,$2, 7x71) =0
fm($17x27 7:1:71) :O

A general system of
equations with n ezxoge-
nous variables, x1, ...,
ZTrn, and m endogenous
variables, yi,...,Ym.

The Jacobian matrixz of
fi, ..., fm with respect
toyi, ...y Ym.

The general implicit
function theorem. (It
gives sufficient condi-
tions for system (6.1) to
define the endogenous
variables y1, ..., Ym as
differentiable functions
of the exogenous varia-

bles x1, ..., ©n. (For the
casen = m = 1, see
(4.17).)

A general system of
m equations and n
variables.
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6.5

6.6

6.7

6.8

6.9

6.10

6.11

6.12

System (6.4) has k degrees of freedom if there
is a set of k of the variables that can be freely
chosen such that the remaining n — k variables
are uniquely determined when the k variables
have been assigned specific values. If the varia-
bles are restricted to vary in a set S in R", the
system has k degrees of freedom in S.

To find the number of degrees of freedom for
a system of equations, count the number, n, of
variables and the number, m, of equations. If
n > m, there are n — m degrees of freedom in
the system. If n < m, there is, in general, no
solution of the system.

If the conditions in (6.3) are satisfied, then sys-
tem (6.1) has n degrees of freedom.

Ohx)  Oh(
oy oz,
f'(x) = : :
O fm(x) A fm(x)
axl 3=Tn
If x° = (29,...,2%) is a solution of (6.4), m <

n, and the rank of the Jacobian matrix f’(x) is
equal to m, then system (6.4) has n—m degrees
of freedom in some neighborhood of x°.

The functions f1(x), ..., fm(x) are functionally
dependent in an open set A in R if there exists
a real-valued C! function F defined on an open
set containing

S = {(i(x),...
such that

F(fi(x),..., fm(x)) =0 forall xin A
and VF # 0 in S.

If f1(x),..., fm(x) are functionally dependent
in an open set A C R"™, then the rank of the
Jacobian matrix f'(x) is less than m for all x
in A.

» fm(%)) : x € A}

If the equation system (6.4) has solutions, and
if f1(x),..., fm(x) are functionally dependent,
then (6.4) has at least one redundant equation.

Definition of degrees of
freedom for a system of
equations.

The “counting rule”.
This is a rough rule
which is not valid in
general.

A precise (local) count-
ing rule.

The Jacobian matriz of
fi, ..., fm with respect
to x1, ..., Tn, also de-
noted by 9f(x)/0x.

A precise (local) count-
ing rule. (Valid if the
functions fi, ..., fm are

o

Definition of functional
dependence.

A necessary condition
for functional
dependence.

A sufficient condition for
the counting rule to fail.
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6.13

6.14

6.15

6.16

6.17

6.18

6.19

df1(x) af1(x)
o0x1 Ox,,
det(f'(x))=| = .
Ofn(x) Afn(x)
8331 8$n
If f1(x),..., fn(x) are functionally dependent,

then the determinant det(f’(x)) = 0.

Suppose the transformation f in (6.15) is C*
in a neighborhood of x° and that the Jacobian
determinant in (6.13) is not zero at x°. Then
there exists a C' transformation g that is lo-
cally an inverse to f, i.e. g(f(x)) = x for all x
in some neighborhood of xV.

Suppose f : R® — R" is C! and that there exist
positive numbers h and k such that

|det(f’(x))| > h and |0f;(x)/0z;| < k

forall x and all 4, j =1, ..., n. Then f has an
inverse defined and C! on all of R™.

Suppose f : R* — R™ is C' and that the de-
terminant in (6.13) is # 0 for all x. Then f(x)
has an inverse that is C! and defined over all
of R™ if and only if

inf{||f(x)] : ||x]] > n} — o0 as n — o

Suppose f : R” — R™ is C' and let  be the
rectangle Q@ = {x € R" : a < x < b}, where a
and b are given vectors in R™. Then f is one-
to-one in 2 if one of the following conditions is
satisfied for all x:

e The Jacobian matrix f'(x) has only strictly
positive principal minors.

e The Jacobian matrix f'(x) has only strictly
negative principal minors.

The Jacobian deter-
minant of fi, ..., fn
with respect to z1, ...,
Zn. (See Chapter 20 for
determinants.)

A special case of (6.11).
The converse is not gen-
erally true.

A transformation f from
R" to R™.

The existence of a lo-
cal inverse. (Inverse
function theorem. Lo-
cal version.)

Existence of a global
inverse. (Hadamard’s
theorem.)

A global inverse function
theorem.

A Gale-Nikaido theorem.
(For principal minors,
see (20.15).)
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6.20

6.21

6.22

6.23

6.24

6.25

6.26

An n xn matrix A (not necessarily symmetric)
is called positive quasidefinite if x’ Ax > 0 for
every n-vector x # 0.

Suppose f : R — R" is a C' function and
assume that the Jacobian matrix f/(x) is posi-
tive quasidefinite everywhere in a convex set (2.
Then f is one-to-one in €.

f:R™ — R” is called a contraction mapping if
there exists a constant k in [0, 1) such that

I£(x) = £l < kllx =yl
for all x and y in R™.

If f : R — R”™ is a contraction mapping, then
f has a unique fized point, i.e. a point x* in R™
such that f(x*) = x*. For any x( in R we have

x* = lim x,, where x,, = f(x,-1) for n > 1.
n—oo

Let S be a subset of R™, and let B denote the
set of all bounded functions from S into R™.

The supremum distance between two functions
¢ and 1) in B is defined as

(e, ) = sup lp(x) — ()]l

Let S be a nonempty subset of R™ and let B
be the set of all bounded functions from S into
R™. Suppose that the function T : B — B is a
contraction mapping in the sense that

d(T(p), T()) < pd(ep, )

Then there exists a unique function ¢* in B
such that ¢* = T'(¢*).

for all ¢, ¥ in B

Let K be a nonempty, compact and convex set
in R™ and f a continuous function mapping K
into K. Then f has a fixed point x* € K, i.e. a
point x* such that f(x*) = x*.

Definition of a positive
quasidefinite matrix.

A Gale—Nikaido theorem.

Definition of a contrac-
tion mapping.

The existence of a fixed
point for a contraction
mapping. (This result
can be generalized to
complete metric spaces.
See (18.26).)

A definition of dis-

tance between functions.
(F: S — R™is called
bounded on S if there ex-
ists a positive number M
such that | F(x)|| < M
for all x in S.)

A contraction mapping
theorem for spaces of
bounded functions.

Brouwer’s fixed point
theorem.
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6.27

6.28

6.29

6.30

6.31

6.32

Let K be a nonempty compact, convex set in
R™ and f a correspondence that to each point
x in K associates a nonempty, convex subset
f(x) of K. Suppose that f has a closed graph,
i.e. the set

{x,y)eR™: x€ K andy € f(x)}

is closed in R?”. Then f has a fixed point, i.e. a
point x* in K, such that x* € f(x*).

Ya

Ifx=(x1,...,2) andy = (y1,...,Yn) are two
points in R™, then the meet x Ay and join xVy
of x and y are points in R" defined as follows:

x Ay = (min{z1,y1},...,min{z,, yn})
xVy = (max{x1,y1},...,max{z,, yn})

A set S in R"™ is called a sublattice of R™ if the
meet and the join of any two points in S are
also in S. If S is also a compact set, the S is
called a compact sublattice.

Let S be a nonempty compact sublattice of R™.
Let f: S — S be an increasing function, i.e. if
x,y € S and x <y, then f(x) < f(y). Then f
has a fixed point in S, i.e. a point x* in S such
that f(x*) = x*.

Ilustration of Brouwer’s
fixed point theorem for
n=1.

Kakutani’s fixed point
theorem. (See (12.25)
for the definition of
correspondences.)

Hlustration of Kaku-
tani’s fixed point theo-
rem for n = 1.

Definition of the meet
and the join of two vec-
tors in R™.

Definition of a (com-
pact) sublattice of R™.

Tarski’s fized point the-
orem. (The theorem is
not valid for decreasing
functions. See (6.33).)



44

6.33

6.34

6.35

6.36

6.37

6.38

Y s Y s
s / i s 3
S x* S T
1121 + @122+ - + a1pTy = by
a21%1 + Q22T + - + A2pTy = b
Am121 + AmaTo + - + AmpTy = bm
a1 - Qin
az1 - A2p
A_ pr—
am1 e Amn
air - aip by
az1 -+ Qg b
Ap =
am1 s Qmn bm

e System (6.34) has at least one solution if and
only if 7(A) = r(Ap).

o If r(A) = r(Ap) = k < m, then system
(6.34) has m — k superfluous equations.

o If r(A) = r(Ap) = k < n, then system
(6.34) has n — k degrees of freedom.

a1171 + a12T2 + -+ a1z, =0
as1T1 + agoxs + -+ aspr, =0

Am1T1 + Q22 + -+ + App T, =0

e The homogeneous system (6.37) has a non-
trivial solution if and only if r(A) < n.

e If n = m, then the homogeneous system
(6.37) has nontrivial solutions if and only if
|A] = 0.

™ is a fixed point for
the increasing function
in the figure to the left.
The decreasing function
in the other figure has
no fixed point.

The general linear sys-
tem with m equations
and n unknowns.

A is the coefficient ma-
trix of (6.34), and Ay is
the augmented coefficient
matriz.

Main results about lin-
ear systems of equations.
r(B) denotes the rank
of the matrix B. (See
(19.23).)

The general homoge-
neous linear equation
system with m equations
and n unknowns.

Important results on
homogeneous linear
systems.
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7.2

7.3

7.4

7.5

7.6

7.7

7.8

7.9

Chapter 7

Inequalities

|lal = [Bl| < la 5] < |a| + [b]

n 1/n n
n > a
i ai = ( az) B n

i=1

2 a1 + as

- < <
1/a1—|—1/a2 = Vaaz = 2

1+2)">1+nx

ayt--apt < May + -+ Apap

al)‘azlf)‘ < Aay + (1 — )\)ag

n n 1/pr n
>lail < [ lei?] [ X ln]
=1 =1 =1

7
)

(neN,z>-1)

1/q

a; >0

Triangle inequalities.
a, b €R (or C).

Harmonic mean <
geometric mean <
arithmetic mean.
Equalities if and only if
1= =an.

(7.2) for n = 2.

Bernoulli’s inequality.

Inequality for weighted
means. a; > 0,
S =1 A 20

(7.5) for n =2, a1 >0,
az >0, A €0,1].

Holder’s inequality.
pg>11/p+1/g=1
Equality if |b;| = c|a;|P~!
for a nonnegative con-
stant c.

Cauchy—-Schwarz’s in-
equality. (Put p=q =2
in (7.7).)

Chebyshev’s inequality.
ap 2 -+ 2 Qn,
bl 2 e Z bn-



48

7.10

7.11

7.12

7.13

7.14

7.15

7.16

7.17

7.18

1/p

n 1/ n
[Zlambﬂ = [Zailp}
=1 =1

n n
If f is convex, then f{Zaixl} < Zaif(a:i)
i=1

i=1

1/p

n 1/q n
el < | Sar]
i=1 i=1

b
/ F(@)g(x)] d <

I @ ] " I o) ] v

b

[/abf(QC)g(x) da:r < /ab(f(x))de/ (g(z))%dz

a

I )+ ool de| "

/ b )P i " / b 9P s v

If f is convex, then

#( [ awygla)do) < [ ala)s(g(a)) da

If f is convex on the interval I and X is a ran-
dom variable with finite expectation, then

FEX]) < E[f(X)]
If f is strictly convex, the inequality is strict
unless X is a constant with probability 1.

If U is concave on the interval I and X is a
random variable with finite expectation, then

EU(X)] <U(E[X])

References

n 1/p
+ [Z |bi|p}
i=1

Minkowski’s inequality.
p > 1. Equality if b, =
ca; for a nonnegative
constant c.

Jensen’s inequality.
Yoriai=1,a; >0,
i=1,...,n.

Another Jensen’s in-
equality; 0 < p < gq.

Holder’s inequality. p >
1,g>1,1/p+1/q =
1. Equality if |g(z)| =
| f(z)[P~! for a non-
negative constant c.

Cauchy—-Schwarz’s
inequality.

Minkowski’s inequality.

p > 1. Equality if g(z) =
cf(z) for a nonnegative
constant c.

Jensen’s inequality.
a(z) = 0, f(u) = 0,
[a(z)dz = 1. fis de-
fined on the range of g.

Special case of Jensen’s
inequality. E is the ex-
pectation operator.

An important fact in
utility theory. (It follows
from (7.17) by putting
f=-U)

Hardy, Littlewood, and Pdlya (1952) is still a good reference for inequalities.



8.1

8.2

8.3

8.4

8.5

8.6

8.7

8.8

Chapter 8

Series. Taylor’s formula

n—1
—1)d
Z(a +id)na + w
i=0
2 n—1 1—k"
a+ ak+ak*+ -+ ak =a k,k#l
a .
a+ak+~'+ak”71+~~~ﬁ if |kl <1
oo n
Z a, = s means that nll)rrgo Z ar =S
n=1 k=1
o0
Z a, converges = lim a, =0
n— o0
n=1
a [ee]
lim |2t ‘ <1l = Z a, converges
n—oo a"ﬂ
n=1
a o0
lim ‘ n+1‘ >1 = Zan diverges
n—oo an el

If f(z) is a positive-valued, decreasing, and con-
tinuous function for > 1, and if a,, = f(n) for
all integers n > 1, then the infinite series and
the improper integral

i a, and Tf(x) dx
n=1 1

either both converge or both diverge.

Sum of the first n terms
of an arithmetic series.

Sum of the first n terms
of a geometric series.

Sum of an infinite geo-
metric series.

Definition of the con-
vergence of an infinite
series. If the series does
not converge, it diverges.

A necessary (but NOT
sufficient) condition for
the convergence of an
infinite series.

The ratio test.

The ratio test.

The integral test.
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8.9

8.10

8.11

8.12

8.13

8.14

8.15

8.16

8.17

8.18

If 0 <a, <b, for all n, then
e > a, converges if Y b, converges.

e > b, diverges if > a, diverges.

1
Z 7 is convergent <= p>1

oo
A series > a, is said to converge absolutely if
n=1

o0
the series Y |a,| converges.
n=1

Every absolutely convergent series is conver-
gent, but not all convergent series are abso-
lutely convergent.

If a series is absolutely convergent, then the
sum is independent of the order in which terms
are summed. A conditionally convergent series
can be made to converge to any number (or
even diverge) by suitable rearranging the order
of the terms.

f(@) = f(a) + f'(a)(x —a)

(z close to a)

f(@) = f(a) + f'(a)(x — a) + 5.f"(a)(z — a)?

(x close to a)

/ (n)
(@) = £(0) + fl(!O)H...JF ! n!(O)xn
FOHD (9 .
+(n+(1)!)x To0<o<1
/(0 £7(0) ,
fa) = £+ L0 T0 2y
"(a (n)
@) = Fa+ LD oy o LD e

fr Y (a+0(x — a))
(n+1)!

(x—a)"t, 0<f0<1

The comparison test.

An important result.

Definition of absolute
convergence. |a,| de-
notes the absolute value
of an.

A convergent series that
is not absolutely conver-
gent, is called condition-
ally convergent.

Important results on the
convergence of series.

First-order (linear)
approximation about
T =a.

Second-order (quadratic)
approximation about
T =a.

Maclaurin’s formula.
The last term is La-
grange’s error term.

The Maclaurin series for
f(z), valid for those x
for which the error term
n (8.16) tends to 0 as n
tends to oo.

Taylor’s formula. The
last term is Lagrange’s
error term.
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8.19

8.20

8.21

8.22

8.23

8.24

8.25

8.26

8.27

8.28

8.29

8.30

flx,y) =

fz,y) =

f(a,b)—l—f{(a,b)(x—

L)
2!

((z,y

) close to (a

f(a,b) + fi(a,b)(z — a) + f3(a,b)(y — b)

+51f11(a,0)(z—a)*+2f{, (a, b) (x—a) (y—b)+£3, (a, b) (y—b)?]

Fx) = f(a)+ > fl@)(x; — a;)
i=1
QZZf”awxfa))( a;)(z;
1=1 j=1
. fE2 (ES
—+y+—+§+
1‘2 1‘3 1‘4
In(1 = — — 4+ ...
n(l+z)=x s t3 -1+
) 2 2 27 2P
Slnx:x_37+§_ﬁ+§_
fE2 fE4 fEG ng
cosz =1— §+jfa+§
+1x3+1 3 b 1-3-527
resin e = T4 vz -
AT =2+ o+ o Ty 67
3 5 7
arctanx:xfx—er—f:iJr...
3 5 7
(r—1)--(r—k+1)

. <]7;):r &

o) (G-

a)+ f3(a,b)(y—
7b))

(z— a)2_|_...

b)

The Taylor series for
f(x), valid for those x
where the error term in
(8.18) tends to 0 as n
tends to oo.

First-order (linear) ap-
proximation to f(z,y)

about (a,b).

Second-order (quadratic)
approximation to f(x,y)
about (a,b).

Taylor’s formula of or-
der 2 for functions of n
variables, 6 € (0, 1).

Valid for all x.

Valid if —1 <2 <1.

Valid if -1 <z < 1.
For the definition of

(7]?)7 see (8.30).

Valid for all z.
Valid for all z.
Valid if |z| < 1.
Valid if |z| < 1.

Binomial coefficients.

(r is an arbitrary real
number, k is a natural
number.)
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8.31

8.32

8.33

8.34

8.35

8.36

8.37

8.38

8.39

8.40

8.41

° ° °
T N 7 N N
>3 | &
=
'
I
T
=
&
7N
=
+
I
|
—_

(a1 + a2+ +ap)" =

kit thm=n

Important properties of
the binomial coefficients.
n and k are integers, and
r is a real number.

m and k are integers.

n is a nonnegative
integer.

n is a nonnegative
integer.

m and n are nonnegative
integers.

Newton’s binomial for-
mula.

A special case of (8.36).

The multinomial for-
mula.
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8.42

8.43

8.44

8.45

8.46

8.47

8.48

1
1+2+3+~~~+n:%
1+3+5+--+(2n—1)=n?

on(n+1)(2n+1)
6

P4+224+3% 4+ +n

2
1
13422133 .. 403 (n(n;_))

+2t 430+t =
n(n+1)2n+1)(3n* +3n — 1)

30

1+1+1+ +1+ _
12 7 22 1 32 n? 6

n—oo

References

1 1 1
lim -4+ -4+ —] —lnn| vy~ 05772...
1 2 n

‘ Summation formulas.

A famous result.

The constant ~ is called
Fuler’s constant.

All formulas are standard and are usually found in calculus texts, e.g. Edwards and
Penney (1998). For results about binomial coefficients, see a book on probability
theory, or e.g. Graham, Knuth, and Patashnik (1989).



9.1

9.2

9.3

9.4

9.5

9.6

9.7

9.8

9.9

9.10

Chapter 9

Integration

Indefinite integrals

/f(x) Qo = F(z) 4+ C = F'(z) = f(2)
/(af(x) +bg(x))dx = a/f(x) dx + b/g(x) dx
[ 1@ (@) da = f@)g(@) - [ £ @)gla)da

/ﬂmwz/}wmywﬁ,xzmw

J)"+1

C -1
/x”dx—{n+1+ , n7

Injz|+C, n=-1

1
/a“"da::—az—FC, a>0,a#1
Ina

/emdarzex—FC
/xexdm:xe:”—em+0

" n
/x”e‘”” dr = —e* — f/m"716” dr, a #0
a

a

/logaxdajleogax—xlogae—FC, a>0,a#1

Definition of the indefi-
nite integral.

Linearity of the integral.
a and b are constants.

Integration by parts.

Change of variable.
(Integration by substi-
tution.)

Special integration re-
sults.
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9.11 /lnajdx sz -2+ C Special integration
results.
2" ((n+1)Inz —1)
9.12 /x"lnxd:c: CESIE +C (n#-1)

9.13 /sinxdmz—cosx—i—c
9.14 /cosxdx:sinerC
9.15 /tanxdx: —Injcosz|+C

9.16 /cot:z:dm:ln|sin33| +C

9.17 /_1 d:cln‘l,co“” +C
Sin xr Sinx

0.18 / 1 da:—ln’1+smx i C
COS T COS T

1
9.19 / 5—dr = —cotz + C

sin“ x

1
9.20 / 5 dr =tanx + C
cos? x

1 1
9.21 /siand:c = §$ -5 sinzcosz + C

1 1
9.22 /coqucdx:fx—&—isinmcosx—&—C

2
/sin" rdr =

9.23 (n # 0)

sin"!'xcosr n—1 . ne3
- + sin" " “ z dx

n n
/cos”xd:z: =

cos™ 1

9.24 (n # 0)

rsinx n-—1 _
+ cos" 2z dx
n n
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9.25

9.26

9.27

9.28

9.29

9.30

9.31

9.32

9.33

9.34

9.35

/em sin Bx dx =
eaac
a? + (32
/e‘” cos B dx =
ea.’l)
Oé2+52
/ 1 11 T—a
———dr=—1In
72 —a? 2e¢  |z+a

/
/
/

/
/

/

/
/

2
x a x
Va2 —ax2dr = f\/a2—x2+5arcsinf+C
a

2

Vazta2dr =

+C

1 1
ﬁdx:farctan£+0
x4+ a a a

1
\/ﬁdm:amsing—kC

1
7da::1n‘x+\/x2ia2‘+0
Va2 +a?

(asin Bz — Beos fx) + C

(Bsin fx + acos fx) + C

2
g xzztan:%ln’:c—f—\/xzj:aQ‘—l—C

a:r2+2bx+c:ax+b+

c

dx B
ar?+2bx+c
1 In ax +b—+b?—ac Lo
2vb% —ac  |ax +b+ Vb —ac
dr _
ar?2+2bx+c
ar +b
arctan +C
ac — b2 vac — b?
dx -1

(o + 5% #£0)

(a®+ 5% #0)

(a > 0)

(b* > ac, a # 0)

(b* < ac)

(b® = ac, a #0)
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Definite integrals

a

- [10a = 4@ -

9.37 ,
0= [ I = 2@ = @)
Y A
y=f(t)
9.38
A(x)
a p "
b a
fx)de=— [ f(z)dx
a b
’ f(x) dx =0
9.39

g(b)
040 [ flg(e))g/(w)do — / ) du, w = g(z)
a g(a)
b b b
041 [ @) @) de =] f@)gle)— [ f'(2)g(x)de

oo M
9.42 / f(z)dx = A}im / f(x)dzx

b
9.43 / f(z)dx = lim f(x)dx

N—oo | _n

Definition of the definite
integral of a function f.

Important facts.

The shaded area is

x) = f:f(t) dt, and
the derivative of the
area function A(z) is

A(2) = ().

a, b, ¢, and « are arbi-
trary real numbers.

Change of variable. (In-
tegration by substitu-
tion.)

Integration by parts.

If the limit exists, the
integral is convergent.
(In the opposite case,
the integral diverges.)

If the limit exists, the
integral is convergent.
(In the opposite case,
the integral diverges.)
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9.44

9.45

9.46

9.47

9.48

9.49

9.50

9.51

b b—h
dr = li d
’ f(z)dz = lim ’ f(z)dz
Y i
a T
|f(z)] < g(z) forall z>a =

4
dzr

d

dxr

/aoo f(x)dx

/abf(x,t)dt/abf;(z,t)dt

/:of(a;,t)dt:/:of;(a:,t)dt

< /:Og<x> da

The figures illustrate
(9.42) and (9.43). The
shaded areas are

faM f(z)dz in the first

figure, and f_bN f(x)dx

in the second.

Both limits on the right-
hand side must exist. a
is an arbitrary number.
The integral is then said
to converge. (If either of
the limits does not exist,
the integral diverges.)

The definition of the in-
tegral if f is continuous
in (a,b].

The definition of the in-
tegral if f is continuous
in [a,b).

Illustrating definition
(9.47). The shaded area

is f:ih f(z)dx.

Comparison test for in-
tegrals. f and g are con-
tinuous for = > a.

“Differentiation under
the integral sign”. a and
b are independent of x.

Valid for z in (a, b)

if f(z,t) and f,(x,t)
are continuous for all

t > cand all z in (a,b),
and fcoof(x7 t)dt and
f:of; (z,t) dt converge
uniformly on (a,b).
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9.52

9.53

9.54

9.55

9.56

9.57

9.58

9.59

9.60

9.61

9.62

y
3 I'(z)
2
1

f : f >
1 2 3 4

P(z+1)=2aT(x) forall >0

I'(n) = (n—1)! when n is a positive integer.

/+00 e dt = V7/a (a>0)

Y

o0 1
/ themat gt = 5a*“““)/zr((k: +1)/2)
0
I(z) =V2n :EI*%eﬂ”ee/lm7 r>0,0¢c(0,1)
1
B(p,q) = / W1 —w)? du, p,g>0
0

L'(p)I'(q)
B(p,q) = F(T-HI)

Leibniz’s formula.

The gamma function.

The graph of the gamma
function. The minimum
value is &~ 0.8856 at = ~
1.4616.

The functional equation
for the gamma function.

Follows immediately
from the functional
equation.

An important formula.

According to (9.57) the
shaded area is \/7/a.
Valid for a > 0, £ > —1.
Stirling’s formula.

The beta function.

The relationship between
the beta function and
the gamma function.
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The trapezoid formula.
b—a

b n—1
b—a
063 [ fla)dom L E(f(w0) + 2 F@)+ fan)] | wm=atitl
a =1 i1=0,...,n.
If fis C? on [a,b] and |f”(z)| < M for all z in .
9.64 [a,b], then M(b— a)?/12n? is an upper bound gt?:fjgdal error
on the error of approximation in (9.63). '
b b—a Simpson’s formula. The
/ f(z)dx %~ ——D, where D = ) b—a
a 6n points x; =a+j )
9.65 ‘ 2n
n n—1 7=0,...,2n,
f(zo) +4 Z fzai—1) +2 Z f(zai) + f(x2n) partition [a, b] into 2n
i=1 i=1 equal subintervals.
If fis C* on [a,b] and | f*) (x)| < M for all z in Simpson’s error
9.66 [a,b], then M (b—a)®/180n* is an upper bound estillilate
on the error of approximation in (9.65). .
Multiple integrals
Definition of the double
bond integral of f(x,y) over
z,y)dz dy = / / z,y) dy) dzx a rectangle R = [a, b] X
9.67 //Rf( 2 Y a ( c J(@,y) dy) [¢,d]. (The fact that the
’ d b two iterated integrals
= / (/ f(37> y) dCU) dy are equal for continuous
¢ Ja functions, is Fubini’s
theorem.)
b po(x) The double integral of a
9.68 / fz,y)dxdy = / (/ f(z,y)dy) dzx function f(z,y) over the
Qa a Ju(z) region 4 in figure A.
d rq(y) The double integral of a
9.69 / flz,y)dxdy = / (/ flz,y)dz)dy function f(z,y) over the
QB c Jpy) region g in figure B.
Yy Yy
| t z=nly)
y=vle)_ a4,
Qp
1 ™Sz =q(y)
‘ 1 > >
a b
A B
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9.70

9.71

9.72

9.73

F;/y(x>y) = f(l',y),

(z,y) € [a,b] X [c,d] =

/Cd</abf($,y)dm)dy:

F(b,d) — F(a,d) — F(b,c) + F(a,c)

//A f (o, y) du dy =

[ rtatw ey duae
»

I

n

fx)dxy ... deyp_q1de, =
b1 b

( 1 f(x)dzy) - dop_1) dzy

/.../Af(x)dzl...dxn:

[+] fartw.. gty ] dur ... du,
N

References

An interesting result.
f(z,y) is a continuous
function.

Change of variables

in a double integral.

v = gluv),y —
h(u,v) is a one-to-one
C' transformation of

A’ onto A, and the
Jacobian determinant

J = 9(g,h)/d(u,v) does
not vanish in A’. f is
continuous.

The n-integral of f over
an n-dimensional rectan-
gle Q. x = (z1,...,2Zn).

Change of variables in
the n-integral. x; =
gi(n), 7 = 1,...,n,is
a one-to-one C! trans-
formation of A’ onto A,
and the Jacobian deter-
minant
J = a(glv- . ,g”l)
a(ul, e ,un)
not vanish in A’. f is
continuous.

does

Most of these formulas can be found in any calculus text, e.g. Edwards and Penney
(1998). For (9.67)—(9.73), see Marsden and Hoffman (1993), who have a precise
treatment of multiple integrals. (Not all the required assumptions are spelled out in
the subsection on multiple integrals.)
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10.2

10.3

10.4

10.5

10.6

10.7

Chapter 10

Difference equations

mt:atxt_1+bt, t:1,27...

t

Ty = (li‘[as)xOJri( H as)bk

s=1 k=1 s=k+1

o+

t
=a'zo+ Y _aFby,

Tt t= ].,2,...
k=1

o0

o 7, =Ad + Y a’b_s, |a| <1
s=0

p_ (1Y

o py=Ad"— > (-] bys, Ja]>1

s=1 a

. b b
Zt:aﬂft—1+b¢>xt:a(xo—l_a)+1_a

(x) e tar®)zer+ -+ an(t)ri—pn = b
(e%) @+ ar(t)zi—1 + -+ an(t)ri—py =0

Ifuqi(t),. .., u,(t) are linearly independent solu-
tions of (10.6) (xx*), u; is some particular solu-
tion of (10.6) (x), and C4,...,C, are arbitrary
constants, then the general solution of (xx) is
xy = Crug(t) + - - - + Crun(t)
and the general solution of () is
2 = Crug(t) + - - + Crun(t) + uf

A first-order linear
difference equation.

The solution of (10.1) if
we define the “empty”
product Hi:tH as as 1.

The solution of (10.1)

when a: = a, a constant.

The backward and for-
ward solutions of (10.1),
respectively, with a; = a,
and with A as an arbi-
trary constant.

Equation (10.1) and its
solution when
at:a;éth:b.

(x) is the general linear
inhomogeneous difference
equation of order n, and
(xx) is the associated
homogeneous equation.

The structure of the
solutions of (10.6). (For
linear independence, see
(11.21).)
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10.8

10.9

10.10

10.11

10.12

For b # 0, =y + axs_1 + bxry_o = 0 has the
solution:

e For 1a? —b>0: x, = Cym} + Camb,

iaQ —b.

e For 1a®> —b=0: z, = (Cy + Cat)(—a/2)".

e For a2 —b < 0: zAr' cos(6t +w),

where my o = —%a +

a
where r = v/b and cos = ———, 0 € [0, 7.
Wi [0, 7]
To find a particular solution of
(%) at+awi_1+brio=c, b#0

use the following trial functions and determine
the constants by using the method of undeter-
mined coefficients:

o Ifc,=c, try uy = A

o Ifc,=ct+d, try uf = At + B.

o Ifc, =1t" tryuj = Ao+ At + -+ A,t".

o If ¢ =, try uf = Ac'.

o Ifc, =asinct+ Bcosct, try uf = Asinet +
B cosct.

(¥) @ +ar@e1 4+ anTey = by

(k%) z+a1Ti1+ -+ apzi_pn =0

m*+am® 14+ - +a,_1m+a, =0

Suppose the characteristic equation (10.11) has
n different roots, A1, ..., A\, and define

0, Ar

H ()‘r_)‘s)’

1<s<n
S#T
Then a special solution of (10.10) (%) is given
by

ui= 300 Aiby_;

r=12...,n

The solutions of a homo-
geneous, linear second-
order difference equation
with constant coefficients
a and b. C1, C2, and w
are arbitrary constants.

If the function ¢; is
itself a solution of the
homogeneous equation,
multiply the trial solu-
tion by t. If this new
trial function also satis-
fies the homogeneous
equation, multiply the
trial function by t again.
(See Hildebrand (1968),
Sec. 1.8 for the general
procedure.)

Linear difference equa-
tions with constant
coefficients.

The characteristic equa-
tion of (10.10). Its roots
are called characteristic
T00tS.

The backward solution
of (10.10)(x), valid if
M| <1lforr=1,...,n.
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10.13

10.14

10.15

10.16

10.17

To obtain n linearly independent solutions of
(10.10) (*x): Find all roots of the characteristic
equation (10.11). Then:

e A real root m; with multiplicity 1 gives rise
to a solution m!.

e A real root m; with multiplicity p > 1, gives

rise to solutions mj, tm}, ..., P~ mf.

e A pair of complex roots mp = a + if,
my = a — if with multiplicity 1, gives rise
to the solutions r’ cos ¢, r!sin 6t, where r =
Va?+ 32 and 0 € [0,7] satisfies cosf =
a/r,sinfd = g/r.

e A pair of complex roots me = A + iy, M, =
A — i with multiplicity ¢ > 1 gives rise to
the solutions u, v, tu, tv, ..., t9  u, t9 1y,
with u = sfcost, v = st sin pt, where s =
VA2 + 2, and ¢ € [0, 7] satisfies cosgp =
A/s, and sinp = p/s.

The equations in (10.10) are called (globally
asymptotically) stable if any solution of the ho-
mogeneous equation (10.10) (x*) approaches 0
as t — oo.

The equations in (10.10) are stable if and only
if all the roots of the characteristic equation
(10.11) have moduli less than 1.

1 0 | an an—1
1 | an a1l 1 1 0 an
= | >0, | mmeeeeeee- R >0, ,
an, | 1 an o ' 1 al
an-1 an | O 1
1 0 0 3 Gn  Gnp-1 ai
ai 1 0 i 0 an az
an—-1 Gp—2 ... 1 1 0 0 an
B et EEE TP LR PP e >0
an 0 0 ay cee Qp-—1
an—1 an 0 | 0 1 an—2
a as .. ap i 0 0 1

x4+ a1xs—1 = by is stable <= |ay1| < 1

A general method for
finding n linearly in-
dependent solutions of
(10.10) ().

Definition of stability for
a linear equation with
constant coefficients.

Stability criterion for
(10.10).

A necessary and suffi-
cient condition for all
the roots of (10.11) to
have moduli less than 1.
(Schur’s theorem.)

Special case of (10.15)
and (10.16).
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10.18

10.19

10.20

10.21

10.22

10.23

10.24

10.25

10.26

Ty + a1Ti—1 + aoxi—o = by is stable
1—ay>0

1—a;+ax>0

1+a;+ay>0

—

Ty + a1xi_1 + asxi_o + agzry_3 = by is stable
3—as >0

1—a2—|—a1a3—a§ >0

1+as—|a;+as] >0

>

Ty + a1Ti—1 + a2%s_2 + a3wi_3 + agTs_4by
is stable <=
1—as>0
3+3a4 —as >0
1+as+as—|ag +az| >0
(1 — a4)2(1 +ayq4 — ag) > (a1 - ag)(a1a4 — (13)

x(t) = A'x(0) + (A" '+ A2 4. .+ A+T)b

x(t) = Ax(t — 1) < x(t) = A'%x(0)

If A is an n x n diagonalizable matrix with
eigenvalues A1, A2, ..., A,, then the solution
in (10.24) can be written as

A0 .0
0 A ... 0

xt)=P| . . . .| P7x(0)
0 0 ... A

where P is a matrix of corresponding linearly
independent eigenvectors of A.

The difference equation (10.22) with A(t) = A
is called stable if A'x(0) converges to the zero
vector for every choice of the vector x(0).

Special case of (10.15)
and (10.16).

Special case of (10.15)
and (10.16).

Special case of (10.15)
and (10.16).

Linear system of differ-
ence equations.

Matrix form of (10.21).
x(t) and b(t) are n x 1,
A(t) = (as5(t)) is n X n.

The solution of (10.22)
for A(t) = A, b(t) =b.

A special case of (10.23)

where b = 0, and with
A’ =1

An important result.

Definition of stability of
a linear system.
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10.27

10.28

10.29

10.30

10.31

10.32

10.33

10.34

The difference equation (10.22) with A(t) = A
is stable if and only if all the eigenvalues of A
have moduli less than 1.

If all eigenvalues of A = (a;j)nxn» have moduli
less than 1, then every solution x(¢) of

x(t)=Ax(t—1)+b, t=1,2,...

converges to the vector (I — A)™'b.

Characterization of sta-
bility of a linear system.

The solution of an im-
portant equation.

Stability of first-order nonlinear difference equations

Tip1 = f(y), t=20,1,2,...

An equilibrium state of the difference equation
(10.29) is a point z* such that f(z*) = z*.

An equilibrium state x* of (10.29) is locally
asymptotically stable if there exists a § > 0 such
that, if |xg — ™| < § then lim; o z; = z*.

An equilibrium state z* is locally unstable if
there is a 6 > 0 such that |f(x) — 2*| > |z — a*|
for every x with 0 < |z — z*| < 4.

If #* is an equilibrium state for equation (10.29)
and f is C'! in an open interval around z*, then

o If |f/(z*)| < 1, then z* is locally asymptoti-
cally stable.
o If |f'(x*)| > 1, then a* is locally unstable.

A cycle or periodic solution of xi41 = f(zy)
with period n > 0 is a solution such that x;y,, =
x¢ for some t, while x4y ay for k=1, ..., n.

The equation z;+; = f(x;) admits a cycle of
period 2 if and only if there exists points &;
and & such that f(&;) = & and f(&) = &.

A general first-order
difference equation.

x* is a fixed point for f.
If xo = z*, then z; = 2~
forallt=0,1,2,....

A solution of (10.29)
that starts sufficiently
close to a locally asymp-
totically stable equilib-
rium z* converges to z*.
A solution that starts
close to a locally unsta-
ble equilibrium z* will
move away from x*, at
least to begin with.

A simple criterion for
local stability. See figure
(10.37) (a).

A cycle will repeat itself
indefinitely.

& and & are fixed
points of F' = f o f.
See (10.37) (b).
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10.35

10.36

10.37

A period 2 cycle for x;41 = f(x:) alternat-
ing between & and & is locally asymptotically
stable if every solution starting close to &; (or
equivalently £3) converges to the cycle.

If fis C* and 2441 = f(x;) admits a period 2

cycle &1, & then:

o If |f/(&)f'(&2)] < 1, then the cycle is locally

asymptotically stable.

o If |f/(&)f'(&2)] > 1, then the cycle is locally

unstable.

Y
A

P1P2 3 y = f(=)
Po

Ty T1T2 T

(a) x* is stable

References

& &

(b) A cycle of period 2

The cycle is locally
asymptotically stable

if &1 and &2 are locally
asymptotically stable
equilibria of the equation

yer1 = f(f(ye))-

An easy consequence

of (10.32). The cycle is
locally unstable if & or
&2 (or both) is a locally
unstable equilibrium of

yer1 = f(f(ye))-

Tllustrations of (10.32)
and (10.34). In figure
(a), the sequence xo, 1,
T2, ... is a solution of
(10.29), converging to
the equilibrium z*. The
points P; = (z;, zi+1) are
the corresponding points
on the graph of f.

Most of the formulas and results are found in e.g. Goldberg (1961), Gandolfo (1996),
and Hildebrand (1968). For (10.19) and (10.20), see Farebrother (1973). For (10.29)—
(10.36), see Sydseeter et al. (2005).



11.1

11.2

11.3

114

11.5

11.6

Chapter 11

Differential equations

First-order equations

i(t) = 1(t) = ﬂ@zxwyglfvmf

dz dz

G- @) = [ [
Evaluate the integrals. Solve the resulting im-
plicit equation for x = z(t).

t=g(z/t) and z =z/t = t% =g(z) —

The equation & = B(x — a)(xz — b) has the so-
lutions
b—a

r =a, Izb, $:a+w

b
e i+ar=b < x=Ce %+ —
a

o i+tax=>0() & xz=e"C+ [b(t)e" dt)

4+ a(t)x

x:e—fa(t)dt(0+/efa(t)dtb(t)dt)

b(t) <—

A simple differential
equation and its solu-
tion. f(¢) is a given
function and z(t) is the
unknown function.

A separable differential
equation. If g(a) = 0,
z(t) = a is a solution.

A projective differential
equation. The substitu-
tion z = z/t leads to a
separable equation for z.

a #b. a = 0 gives the
logistic equation. C'is a
constant.

Linear first-order dif-
ferential equations with
constant coefficient

a # 0. C is a constant.

General linear first-order
differential equation.

a(t) and b(t) are given.
C is a constant.
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11.7

11.8

11.9

11.10

11.11

11.12

i+alt)z=0b(t) <

t t +
x(t) = zpe fto (&) dE—i—/ b(t)e” J e ae dr

to

Z + a(t)r = b(t)z" has the solution

w(t)=e" A" [C+(1 - r)/ b(t)e1-AW dt]ﬁ
)

The differential equation

(x) flt,z)+g(t,z)z=0
is called ezact if fL(t,z) = g,(t,z). The solu-
tion x = x(t) is then given implicitly by the
equation fttg f(r,z)dr + [ g(to, &) dé = C for
some constant C'.

A function (¢, z) is an integrating factor for (x)

in (11.10) if B(t,2)f(t,x) + B(t,2)g(t, 2)i = 0

is exact.

o If (fI —g;)/g is a function of ¢ alone, then
B(t) = exp[[(f2 — g;)/g dt] is an integrating
factor.

o If (g, — f.)/f is a function of = alone, then
B(x) = exp|[(g;— f.)/ [ dz] is an integrating
factor.

Consider the initial value problem

(x) & =F(tz), x(tg)=xo

where F(t,z) and F.(¢,z) are continuous over

the rectangle
D={(t,z):[t—to| <a, |r—zo| <b}

Define

M= F(t,z)|, r=min(a,b/M

(g?c&)Lé(F\ (t,z)|, r=min(a,b/M)
Then () has a unique solution x(t) on the open
interval (to — 7, to + 7), and |x(¢) — 29| < b in

this interval.

Solution of (11.6) with
given initial condition
z(to) = xo.

Bernoulli’s equation and
its solution (r # 1). C'is
a constant. (If r =1, the
equation is separable.)

Riccati’s equation. Not
analytically solvable in
general. The substitu-

tion z = u + 1/z works
if we know a particular
solution u = u(t).

An ezact equation and
its solution.

Results which occasion-
ally can be used to solve
equation (x) in(11.10).

A (local) existence and
uniqueness theorem.
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11.13

11.14

11.15

11.16

11.17

Consider the initial value problem

&= F(t z), x(to) = g

Suppose that F(t,x) and F.(t,z) are continu-
ous for all (¢,x). Suppose too that there exist
continuous functions a(t) and b(t) such that

(x) |F(t,z)| < a(t)|z] +b(t) forall (¢,x)

Given an arbitrary point (¢, zg), there exists a
unique solution z(t) of the initial value prob-
lem, defined on (—oo, 00).

If () is replaced by the condition
zF(t,x) < a(t)|z|® + b(t) for all z and all t > t,

then the initial value problem has a unique so-
lution defined on [tg, 00).

&= F(x)

T = F(z)

>
a1 \/(w

e F(a) =0 and F'(a) < 0 = ais a locally
asymptotically stable equilibrium.

e F(a)=0and F'(a) >0 = a is an unstable
equilibrium.

If F is a C'! function, every solution of the auto-
nomous differential equation & = F'(z) is either
constant or strictly monotone on the interval
where it is defined.

Global existence and
uniqueness.

An autonomous first-
order differential equa-
tion. If F(a) = 0, then a
is called an equilibrium.

If a solution x starts
close to a1, then z(¢)
will approach a1 as t in-
creases. On the other
hand, if x starts close to
az (but not at az), then
z(t) will move away from
ao as t increases. aj is
a locally stable equilib-
rium state for & = F(x),
whereas as is unstable.

On stability of equilib-
rium for (11.14). The
precise definitions of sta-
bility is given in (11.52).

An interesting result.
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11.18

11.19

11.20

11.21

11.22

Suppose that z = z(t) is a solution of
&= F(x)

where the function F' is continuous. Suppose
that z(t) approaches a (finite) limit a as t ap-
proaches co. Then a must be an equilibrium
state for the equation—i.e. F'(a) = 0.

Higher order equations

d"x "z

dx
g Pl o taa g

dt

d"x "z

dx
g Pl o tana g

7 +an(t)z=0

The functions uy(t), ..., um(t) are linearly in-
dependent if the equation

Ciup(t) + -+ Crum(t) =0

holds for all ¢ only if the constants C1, ..., Cy,
are all 0. The functions are linearly dependent
if they are not linearly independent.

If uy (t), ..., un(t) are linearly independent so-
lutions of the homogeneous equation (11.20)
and u*(t) is some particular solution of the non-
homogeneous equation (11.19), then the general
solution of (11.20) is

z(t) = Crur(t) + - - - + Crun(t)
and the general solution of (11.19) is
x(t) = Crur(t) + - - - + Crun(t) + u* (%)

where C1, ..., C, are arbitrary constants.

+an(t)z = f(t)

A convergent solu-
tion converges to an
equilibrium

The general linear nth-

order differential equa-

tion. When f(¢) is not

0, the equation is called
inhomogeneous.

The homogeneous equa-
tion associated with
(11.19).

Definition of linear
independence and
dependence.

The structure of the so-
lutions of (11.20) and
(11.19). (Note that it is
not possible, in general,
to find analytic expres-
sions for the required

n solutions u1(t), ...,
un(t) of (11.20).)
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11.23

11.24

11.25

11.26

Method for finding a particular solution of
(11.19) if uq, ..., u, are n linearly independent
solutions of (11.20): Solve the system

Ciuy +---+ Cpo(bu, =0
Ci(tyin +--+ Cu(t)i, =0
Cy (t)ugnfz) + 4 C.'n(t)u%n%) =0
CLt)ul™ ™ 4 G = ()
for Ci(t), ..., C,(t). Integrate to find Cy(t),
, Cn(t). Then one particular solution of

(11.19) i u*(t) = C1 ()t + - - - + Con ().

Z + az + bz = 0 has the general solution:
o If %a2 —b>0: z=Crent 4+ Chem?

where r1 9 = —%a + ,/%a2 —b.

o If iaQ —b=0: z=(Cy+ Cot)e /2,
o If1a? —b<0: z = Ae® cos(ft +w),

where o = —%a, B=1/b— %aQ.

&+ at + bx = f(t), b # 0, has a particular
solution u* = u*(t):
o f(H)=A: uw*=A/b
A bB —aA
o f(t)=At>+Bt+C':
—4za 2 a a2
. bBb22 Ay 4 Cb (2A+bgB)b+2 A

_ A (

=442 4

o f(t)=pet: u*=pet/(¢* +aq+Db)
(if > +aqg+b #0).

t2% + ati + bx = 0, t > 0, has the general
solution:

o If (a—1)2>4b: z=Cit" + Oat™,

[(a—l)ﬁ: (a—1)2—4b].

where 712 = —%

o If (a — 1)2 =4b: x = (Cl —+ 02 lnt) t(l_a)/Q.

o If (a—1)2<4b: x = At*cos(ulnt +w),

where A = 1(1 —a), p = $/4b— (a — 1)2.

The method of variation
of parameters, which al-
ways makes it possible
to find a particular solu-
tion of (11.19), provided
one knows the general
solution of (11.20). Here
ul? = diu;/dt’ is the ith
derivative of u;.

The solution of a homo-
geneous second-order lin-
ear differential equation
with constant coefficients
aand b. Cy, Cs, A, and
w are constants.

Particular solutions of
Z+at+bxr = f(t). If
ft) =pe?, ¢* +aqg+b=
0, and 2¢q + a # 0, then
u* = pte?'/(2q +a) is a
solution. If f(t) = pe?*,
¢ +ag+b=0,and
2q + a = 0, then u* =
ipt®e? is a solution.

The solutions of Fuler’s
equation of order 2. Ci,
Cs, A, and w are arbi-
trary constants.



74

11.27

11.28

11.29

11.30

11.31

11.32

11.33

11.34

dni + @ + + dﬁ + — f(t)
din g1 An—17gp T ant =
d"z N dn—1lg . dz N 0
- a1 ——— N Ap_1— AT =

din Tt ggn1 Vat

Mt ar" 4 ap_ir+a, =0

To obtain n linearly independent solutions of

(11.28): Find all roots of (11.29).

e A real root r; with multiplicity 1 gives rise

to a solution e"t.

e A real root r; with multiplicity p > 1 gives

rise to the solutions e™7t, te™it ... tP~lemit,

A pair of complex roots rp = a + i3, T =
a — i with multiplicity 1 gives rise to the
solutions e cos 5t and et sin Gt.

A pair of complex roots re = A + iy, 7o =
A — ip with multiplicity g > 1, gives rise to

the solutions u, v, tu, tv, .
where u = e cos ut and v = e sin pt.

T = l‘(t) — 0167'1t + 0267-215 4+t Cnernt

Equation (11.28) (or (11.27)) is stable (glob-
ally asymptotically stable) if every solution of

(11.28) tends to 0 as t — oo.

Equation (11.28) is stable

ative real parts.

(11.28) is stable = a; >0foralli=1,...,n

L, 10Ny, 9y,

<= all the roots
of the characteristic equation (11.29) have neg-

The general linear
differential equation of
order n with constant
coefficients.

The homogeneous equa-
tion associated with
(11.27).

The characteristic equa-
tion associated with
(11.27) and (11.28).

General method for find-
ing n linearly indepen-
dent solutions of (11.28).

The general solution

of (11.28) if the roots
r1,...,7n of (11.29) are
all real and different.

Definition of stability
for linear equations with
constant coefficients.

Stability criterion for
(11.28).

Necessary condition for
the stability of (11.28).
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11.35

11.36

11.37

11.38

11.39

11.40

11.41

a; ag as 0

apg Qa2 Qa4 0

0 a1 as 0

A= .
0 0 0 Qn—1
0 0 O An—2
a; as
ap 0

@. (7o) (1w
2 0 aq

(11.28) is stable <=

itive.

o

0
0
as

leading principal
minors of A in (11.35)
(with ag = 1) are pos-

o i+ ajx = f(t)isstable <= a3 >0

o i+taji+asr = f(t)isstable <— {

a1 >0
as >0

o T+ a1%+ as® + azx = f(t) is stable
< a1 >0, ag >0 and ajay > as

Systems of differential equations

Hifl(taxla 7xn)

dfvn ...................

H = fn(t7xlv 71'n)

1 =a11(t)z1 + -+ arn(t)
Tp = anl(t)xl + + Ann
x=A(t)x+b(t), x(to) =x"

A matrix associated with

the coefficients in (11.28)

(with ap = 1). The kth

column of this matrix is
Q41 A Qfg—1 - - .,

where the element ay

is on the main diagonal.

An element ap4; with

k + j negative or greater

than n, is set to 0.)

The matrix A in (11.35)
forn = 1,2,3, with
apg = 1.

Routh—Hurwitz’s stabil-
ity conditions.

Special cases of (11.37).
(It is easily seen that
the conditions are equiv-
alent to requiring that
the leading principal mi-
nors of the matrices in
(11.36) are all positive.)

A normal (nonauton-
omous) system of dif-
ferential equations.
Here x = (21,...,Zn),
x = (&1,...,%n), and

F=(fi,-+ fa).

A linear system of differ-
ential equations.

A matrix formulation of
(11.40), with an initial
condition. x,%, and b(t)
are column vectors and

A(t) = (aij (t))nxn.
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11.42

11.43

11.44

11.45

11.46

%= Ax, x(tg)=x0 <= x = cAli=to)x0

Let p;j(t) = (p1;(t),....on; (1)), 7 =1, ...,
n be n linearly independent solutions of the
homogeneous differential equation x = A(t)x,
with p;(to) = e;, 7 = 1, ..., n, where e, is
the jth standard unit vector in R™. Then the
resolvent of the equation is the matrix

p11(t) pin(t)
P(t, to) = . .

() Pan(?)

t
x = P(t, to)x" + / P(t,s)b(s)ds
to
If P(¢,s) is the resolvent of
x=A(t)x

then P(s,t)’ (the transpose of P(s,t)) is the
resolvent of

z=—A(t)z

Consider the nth-order differential equation
d"x dx d"lx

(*) dt” = (t’x7$,.."7dtn_l )
By introducing new variables,
dz d"lz
=T, Y2 =—") -y Yp = ——
Y1 Y2 dt Yn din—1
one can transform (*) into a normal system:
U =Y2
Y2 = Y3
Yn—1 = Yn

yn :F(tayl7y27"'7y’n)

The solution of (11.41)
for A(t) = A, b(t) = 0.
(For matrix exponen-
tials, see (19.30).)

The definition of the
resolvent of a homoge-
neous linear differen-
tial equation. Note that
P(to,to) = In.

The solution of (11.41).

A useful fact.

Any nth-order differ-
ential equation can be
transformed into a nor-
mal system by introduc-
ing new unknowns.

(A large class of systems
of higher order differ-
ential equations can be
transformed into a nor-
mal system by introduc-
ing new unknowns in a
similar way.)
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11.47

11.48

11.49

11.50

11.51

Consider the initial value problem

(*) X = F(ta X)v X(to) =x’

where F = (f1,..., fn) and its first-order par-
tials w.r.t. x1,...,x, are continuous over the
set

D={(t,x):[t—to| <a, |[x—x° <b}
Define

M = max ||F(t,x)||, r=min(a,b/M
ma [F(t )] (a,0/M)
Then (*) has a unique solution x(¢) on the open
interval (to —r,to +r), and ||x(t) — x°|| < b in

this interval.

Consider the initial value problem

(1) X = F(t,X), X(to) = x"

where F = (f1,..., fn) and its first-order par-
tials w.r.t. =1, ..., z, are continuous for all

(t,x). Assume, moreover, that there exist con-
tinuous functions a(t) and b(t) such that

(2) IF(t,x)]| < a()]x] +b(t) for all (t,x)

or

(3) x-F(t,x) <a(t)|x]|* +b(t) for all (t,x)

Then, given any point (tg,x"), there exists a

unique solution x(t) of (1) defined on (—o0, 00).
The inequality (2) is satisfied, in particular,

if for all (¢,x),

(4) [|F,(t,x)|| <c(t) for a continuous c(t)

Autonomous systems

i1 = f1(z1,...,7n)
Tn = f’n(x17 71.77,)
a=(ay,...,ay,) is an equilibrium point for the

system (11.49) if f;(a) =0, i=1,...,n.

If x(¢) = (21(t),...,2z,(f)) is a solution of the
system (11.49) on an interval I, then the set of
points x(t) in R™ trace out a curve in R™ called
a trajectory (or an orbit) for the system.

A (local) existence and
uniqueness theorem.

A global existence and
uniqueness theorem. In
(4) any matrix norm for
Fi(t,x) can be used.
(For matrix norms, see
(19.26).)

An autonomous system
of first-order differential
equations.

Definition of an equilib-
rium point for (11.49).

Definition of a trajectory
(or an orbit), also called
an integral curve.
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An equilibrium point a for (11.49) is (locally)
stable if all solutions that start close to a stay
close to a: For every ¢ > 0 thereis a § > 0
such that if |x — al| < 0, then there exists a
solution ¢(t) of (11.49), defined for ¢ > 0, with
©(0) = x, that satisfies

11.52  ||¢(t) —al]|<e forallt>0
If a is stable and there exists a 8’ > 0 such that
[x —al| <" = lim [¢(t) —al|=0
t—o0

then a is (locally) asymptotically stable.

If a is not stable, it is called unstable.

“
N -

Locally stable Asymptotically Unstable
stable

If every solution of (11.49), whatever its initial
11.54  point, converges to a unique equilibrium point
a, then a is globally asymptotically stable.

_ e
11.55
Locally stable  Globally stable Unstable Unstable
Suppose x(t) is a solution of system (11.49)
1156 with F = (f1,..., fn) a C! function, and with

x(to +T) = x(to) for some tg and some T > 0.
Then x(t +T) = x(t) for all t.

Definition of (local) sta-
bility and unstability.

Illustrations of stability
concepts. The curves
with arrows attached are
possible trajectories.

Global asymptotic sta-
bility.

Less technical illus-
trations of stability
concepts.

If a solution of (11.49)
returns to its starting
point after a length of
time 7', then it must be
pertodic, with period T
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11.57

11.58

11.59

11.60

Suppose that a solution (z(t),y(t)) of the sys-
tem

z ::f(xay)7 y ::g(xay)
stays within a compact region of the plane that
contains no equilibrium point of the system. Its
trajectory must then spiral into a closed curve
that is itself the trajectory of a periodic solution
of the system.

Let a be an equilibrium point for (11.49) and

define
0fi(a) dfi(a)
axl o 8xn
A=|
Ofn (a) O fn (a)
0x1 T Oz,

If all the eigenvalues of A have negative real
parts, then a is (locally) asymptotically stable.

If at least one eigenvalue has a positive real
part, then a is unstable.

A necessary and sufficient condition for all the
eigenvalues of a real n X n matrix A = (a;;)
to have negative real parts is that the following
inequalities hold:

tr(A) <0 and |A] >0
tr(A) <0, |A| <0, and

e Forn=2:

e Forn=3:

Qo2 + a33 —a12 —a13
—az1 a11 + ass —a23 <0
—asi —as2 a1 + a2

Let (a,b) be an equilibrium point for the system

i=f(z,y), y=gy)
and define
df(a,b) If(a,b)
A Or dy
dg(a,b)  Og(a,b)
ox dy

Then, if tr(A) < 0 and |A| > 0, (a,b) is locally
asymptotically stable.

The Poincaré—Bendixzson
theorem.

A Liapunov theorem.
The equilibrium point a
is called a sink if all the
eigenvalues of A have
negative real parts. (It is
called a source if all the
eigenvalues of A have
positive real parts.)

Useful characterizations
of stable matrices of or-
ders 2 and 3. (Ann xn
matrix is often called
stable if all its eigen-
values have negative real
parts.)

A special case of (11.58).
Stability in terms of the
signs of the trace and
the determinant of A,
valid if n = 2.
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11.61

11.62

11.63

11.64

11.65

An equilibrium point a for (11.49) is called hy-
perbolic if the matrix A in (11.58) has no eigen-
value with real part zero.

A hyperbolic equilibrium point for (11.49) is
either unstable or asymptotically stable.

Let (a, b) be an equilibrium point for the system

i=f(z,y), 9=g(z,79)

and define
A(:my) _ (f/l(x7/y) f/2(337y))
g1(z,y)  g3(z,y)

Assume that the following three conditions are
satisfied:

(a) tr(A(z,y)) = fi(z,y) + ga(z,y) <0
for all (x,y) in R?
91(zy)  g5(x,y)
for all (z,y) in R?
(c) fi(x,y)gs(z,y) # 0 for all (x,y) in R? or
fh(x, ) g (z,y) # 0 for all (z,y) in R?

Then (a,b) is globally asymptotically stable.

>0

V(x) = V(z1,...,2,) is a Liapunov function
for system (11.49) in an open set {2 containing
an equilibrium point a if
o V(x)>0forallx#ain, V(a)=0, and
: L OV(x) dr; = OV (X)
= = (%) <
* V&) dx; dt 2 gu, 1) =0

=1 i=1

for all x # a in Q.

Let a be an equilibrium point for (11.49) and
suppose there exists a Liapunov function V' (x)
for the system in an open set ) containing a.
Then a is a stable equilibrium point. If also

V(x) <0 forall x#a in
then a is locally asymptotically stable.

Definition of a hyper-
bolic equilibrium point.

An important result.

Olech’s theorem.

Definition of a Liapunov
function.

A Liapunov theorem.
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11.66

11.67

11.68

The modified Lotka—Volterra model
i = kx—azy—ex?, ) = —hy+bxy — 0y?
has an asymptotically stable equilibrium
ah 4+ kd bk — he
(%0, 0) = (ab+6€ ’ ab+65)

The function V(z,y) = H(z,y) — H(xo,yo),
where

H(z,y) = bz —xoInz) +a(y — yoIny)
is a Liapunov function for the system, with

V(x,y) < 0 except at the equilibrium point.

Let (a, b) be an equilibrium point for the system

9'c:f(x,y)7 y:g(xvy)

and define A as the matrix in (11.60). If |A| <
0, there exist (up to a translation of ¢) precisely
two solutions (z1(¢), y1(t)) and (z2(t), y2(t)) de-
fined on an interval [tg,c0) and converging to
(a,b). These solutions converge to (a,b) from
opposite directions, and both are tangent to the
line through (a,b) parallel to the eigenvector
corresponding to the negative eigenvalue. Such
an equilibrium is called a saddle point.

Partial differential equations

Method for finding solutions of
(x) P(z,y, z)% + Q(z,y, z)g—z
e Find the solutions of the system
dy @ dz R
de P’ dzr P
where x is the independent variable. If the
solutions are given by y = ¢1(z, C1,C2) and
z = pa(x,Cq,C3), solve for C; and Cs to
obtain C = u(z,y, z) and Cy = v(z,y, 2).

= R(z,y,2)

e If ® is an arbitrary C'! function of two var-
iables, and at least one of the functions u
and v contains z, then z = 2(x,y) defined
implicitly by the equation

¢(U'(xa ya Z)a U(l’, ya Z)) = 0’
is a solution of (x).

Example of the use of
(11.65): z is the num-
ber of rabbits, y is the
number of foxes. (a, b,
h, k, §, and ¢ are posi-
tive, bk > he.) e =6 =0
gives the classical Lotka—
Volterra model with

V = 0 everywhere, and
integral curves that are
closed curves around the
equilibrium point.

A local saddle point the-
orem. (JA| < 0 if and
only if the eigenvalues of
A are real and of oppo-
site signs.) For a global
version of this result, see
Seierstad and Sydsseter
(1987), Sec. 3.10, Theo-
rem 19.)

The general quasilinear
first-order partial dif-
ferential equation and a
solution method. The
method does not, in gen-
eral, give all the solu-
tions of (x). (See Zach-
manoglou and Thoe
(1986), Chap. II for
more details.)
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11.69

The following system of partial differential
equations

2 fiz0)

0

20— o 2(0)

a. ..................

)
in the unknown function z(x) = z(x1,...,x,),
has a solution if and only if the n X n matrix
of first-order partial derivatives of fi, ..., fn
w.r.t. x1, ..., T, 1S symmetric.
References

Frobenius’s theorem.
The functions fi1, ...,
fn are ct.

Braun (1993) is a good reference for ordinary differential equations. For (11.10)—
(11.18) see e.g. Sydseeter et al. (2005). For (11.35)—(11.38) see Gandolfo (1996) or
Sydseeter et al. (2005). Beavis and Dobbs (1990) have most of the qualitative results
and also economic applications. For (11.68) see Sneddon (1957) or Zachmanoglou
and Thoe (1986). For (11.69) see Hartman (1982). For economic applications of
(11.69) see Mas-Colell, Whinston, and Green (1995).
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Chapter 12

Topology in Euclidean space

B(a;r)={x:|x—a|] <1} (r>0)

e A point a in S C R" is an interior point of
S if there exists an n-ball with center at a,
all of whose points belong to S.

e A point b € R™ (not necessarily in S) is
a boundary point of S if every m-ball with
center at b contains at least one point in S
and at least one point not in S.

A set S in R” is called
open if all its points are interior points,
closed if R™\ S is open,

bounded if there exists a number M such that
||| < M for all x in S,

e compact if it is closed and bounded.

A set S in R" is closed if and only if it contains
all its boundary points. The set S consisting
of S and all its boundary points is called the
closure of S.

A set S in R" is called a neighborhood of a point
a in R” if a is an interior point of S.

A sequence {xi} in R™ converges to x if for
every € > 0 there exists an integer NV such that
Ixx —x|| < e for all K > N.

A sequence {x;} in R" is a Cauchy sequence if
for every € > 0 there exists an integer N such
that ||x; — x| < e for all j,k > N.

Definition of an open

n-ball of radius r and
center a in R™. (|| || is
defined in (18.13).)

Definition of interior
points and boundary
points.

Important definitions.
R™\ S
={xeR":x¢ S}

A useful characterization
of closed sets, and a defi-
nition of the closure of a
set.

Definition of a neighbor-
hood.

Convergence of a se-
quence in R™. If the se-
ries does not converge, it
diverges.

Definition of a Cauchy
sequence.
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12.8

12.9

12.10

12.11

12.12

12.13

12.14

12.15

12.16

A sequence {x;} in R™ converges if and only if
it is a Cauchy sequence.

A set S in R™ is closed if and only if the limit
x = limy x;, of each convergent sequence {xy}
of points in S also lies in S.

Let {x)} be a sequence in R™, and let k1 < k2 <
ks < --- be an increasing sequence of integers.
Then {xy, }52,, is called a subsequence of {xy}.

A set S in R™ is compact if and only if every
sequence of points in S has a subsequence that
converges to a point in S.

A collection U of open sets is said to be an open
covering of the set S if every point of S lies in
at least one of the sets from /. The set S has
the finite covering property if whenever U is an
open covering of S, then a finite subcollection
of the sets in U covers S.

A set S in R”™ is compact if and only if it has
the finite covering property.

f: M CR"™ = Ris continuous at a in M if for
each € > 0 there exists a 6 > 0 such that

lf(x) = f(a)| <e

for all x in M with ||x —a|| < 4.

The function f = (f1,..., fm) : M CR™ - R™
is continuous at a point a in M if for each £ > 0
there is a § > 0 such that

If(x) — f(a)l| <e
for all x in M with ||x —a|| < 4.

Let £ = (f1,..., fm) be a function from M C
R™ into R™, and let a be a point in M. Then:

e f is continuous at a if and only if each f; is
continuous at a according to definition
(12.14).

e f is continuous at a if and only if f(x;) —
f(a) for every sequence {x} in M that con-
verges to a.

Cauchy’s convergence
criterion.

Characterization of a
closed set.

Definition of a subse-
quence.

Characterization of a
compact set.

A useful concept.

The Heine—Borel the-

orem.

Definition of a continu-
ous function of n vari-
ables.

Definition of a continu-
ous vector function of n
variables.

Characterizations of a
continuous vector func-
tion of n variables.
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12.17

12.18

12.19

12.20

12.21

12.22

12.23

12.24

A function f : R — R™ is continuous at each
point x in R™ if and only if £~1(T) is open
(closed) for every open (closed) set T in R™.

If f is a continuous function of R™ into R™ and
M is a compact set in R™, then f(M) is com-
pact.

Given a set A in R". The relative ball B*(a;r)
around a € A of radius r is defined by the for-
mula B4(a;r) = B(a;r) N A.

Relative interior points, relative boundary
points, relatively open sets, and relatively closed
sets are defined in the same way as the ordi-
nary versions of these concepts, except that R™
is replaced by a subset A, and balls by relative
balls.

e U C A is relatively open in A C R™ if and
only if there exists an open set V' in R™ such
that U =V N A.

e F C A is relatively closed in A C R™ if and

only if there exists a closed set H in R™ such
that F = HN A.

A function f from S C R" to R™ is continuous
if and only if either of the following conditions
are satisfied:

e f71(U) is relatively open in S for each open
set U in R™.

o f71(T) is relatively closed in S for each
closed set T in R™.

A function f : M C R" — R™ is called uni-
formly continuous on the set S C M if for each
€ > 0 there exists a § > 0 (depending on € but
NOT on x and y) such that

1f0) = f(y)ll <«
for all x and y in S with ||x —y|| <§.

If f: M C R® — R™ is continuous and the set
S C M is compact, then f is uniformly contin-
uous on S.

Characterization of a
continuous vector func-
tion from R"™ to R™.

Continuous functions
map compact sets onto
compact sets.

Definition of a relative
ball.

Relative topology con-
cepts.

Characterizations of
relatively open and rela-
tively closed subsets of a
set A C R".

A characterization of
continuity that applies
to functions whose do-
main is not the whole of
R™.

Definition of uniform
continuity of a function
from R™ to R™.

Continuous functions on
compact sets are uni-
formly continuous.
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12.25

12.26

12.27

12.28

12.29

12.30

12.31

Let {f,} be a sequence of functions defined on
a set S C R™ and with range in R™. The se-
quence {f,} is said to converge pointwise to a
function f on S, if the sequence {f,(x)} (in R™)
converges to f(x) for each x in S.

A sequence {f,} of functions defined on a set
S C R™ and with range in R™, is said to con-
verge uniformly to a function f on S, if for each
€ > 0 there is a natural number N () (depend-
ing on € but NOT on x) such that

£ (%) = £(x)[| < ¢
for alln > N(e) and all x in S.

A correspondence F from a set A to a set B
is a rule that maps each x € A to a nonempty
subset F(x) of B. The graph of F is the set

graph(F) = {(a,b) e Ax B:be F(a)}

The correspondence F : X C R” — R™ has a
closed graph if for every pair of convergent se-
quences {x;} in X and {yx} in R™ with
vi € F(xi) and limg x; = x € X, the limit
limy, yi belongs to F(x).

Thus F has a closed graph if and only if
graph(F) is a relatively closed subset of the set
X xR™ CR"™ x R™.

The correspondence F : X C R™ — R™ is said
to be lower hemicontinuous at x° if, for each
y? in F(x°) and each neighborhood U of y°,
there exists a neighborhood N of x% such that
Fx)NU # @ for all xin NN X.

The correspondence F : X C R™ — R™ is said
to be upper hemicontinuous at x° if for every
open set U that contains F(x°), there exists a
neighborhood N of x% such that F(x) C U for
allzin NN X.

Let F: X C R®" - K C R™ be a correspon-
dence where K is compact. Suppose that for
every x € X the set F(x) is a closed subset of
K. Then F has a closed graph if and only if F
is upper hemicontinuous.

Definition of (point-
wise) convergence of a
sequence of functions.

Definition of uniform
convergence of a se-
quence of functions.

Definition of a corre-
spondence and its graph.

Definition of a corre-
spondence with a closed
graph.

Definition of lower
hemicontinuity of a
correspondence.

Definition of upper
hemicontinuity of a
correspondence.

An interesting result.
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12.32

12.33

12.34

12.35

12.36

12.37

12.38

12.39

Infimum and supremum

e Any non-empty set S of real numbers that is
bounded above has a least upper bound b*,
i.e. b* is an upper bound for S and b* < b for
every upper bound b of S. b* is called the
supremum of S, and we write b* = sup S.

e Any non-empty set S of real numbers that
is bounded below has a greatest lower bound
a*, i.e. a* is a lower bound for S and a* > a
for every lower bound a of S. a* is called the
infimum of S, and we write a* = inf S.

}ingf(x) =inf{f(x) :x € B}

sup f(x) = sup{ f(x) : x € B}
xeB

Jnf (f(x) +g(x)) > inf f(x)+ inf g(x)
sup(f(x) + g(x)) < sup f(x) + sup g(x)
xeB xeB xEB

inf (A\f(x)) = )\iggf(x) ifA>0

xEB
sup(Af(x)) = Asup f(x) ifA>0
xEB xeB

sup(—f(x)) = — inf f(x)

x€EB xcB
)}ng(—f(X)) = s f(x)

sup  f(x,y) = sup(sup f(x,y))
(x,y)EAXB xEA y€B

lim f(x) =

x—x0

. . . R

Thi%(lnf{f(x) 0<x=x"| <7, xe M})
lim f(x) =
x—x0

}i_%(sup{f(x) 0< lx—x°| <r, xe M})

lim(f +g) > lim f +limg
m(f +g) <Tim f +Timg

The principle of least
upper bound and greatest
lower bound for sets of
real numbers. If S is not
bounded above, we write
supS = oo, and if S is
not bounded below, we
write inf S = —oo. One
usually defines sup @ =
—oo and inf @ = oo.

Definition of infimum
and supremum of a real
valued function defined
on a set B in R™.

Results about sup and
inf.

A is a real number.

AXx B=
{(x,y):x€e AANyeB}

Definition of

lim = lim inf and

lim = limsup. f is de-
fined on M C R" and

x° is in the closure of

M\ {x°}.

The inequalities are
valid if the right hand
sides are defined.
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12.40

12.41

12.42

12.43

lim f < Tim f

lim f = ~Tm(~f), Tm /= —lim(~f)

Let f be a real valued function defined on the
interval [tg,00). Then we define:

o lim f(t) = Jim inf{f(s) : 5 € [fo,00)}

t— o0
o lim f(t) = lim sup{f(s) : s € [to, 00)}

For each € > 0 thereis a
e lim f(t) >a & { ¢ suchthat f(t) >a—c¢
t—00 for all ¢t > t'.

For each € > 0 and each
— t' there is a t > t' such
> >
¢ tlgglof(t)fa < that f(t) > a—¢ for all
t>t.

References

Results on liminf and
lim sup.

Definition of lim,
——t—o0

and lim;_ . Formulas
(12.39)—(12.41) are still
valid.

Basic facts.

Bartle (1982), Marsden and Hoffman (1993), and Rudin (1982) are good references for
standard topological results. For correspondences and their properties, see Hilden-
brand and Kirman (1976) or Hildenbrand (1974).
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Chapter 13

Convexity

A set S in R™ is convez if
x,y € Sand A € [0,1] = x+(1-N)y€eS

If S and T are convex sets in R™, then
o SNT ={x:x€ S and x € T} is convex
o aS+bT ={as+bt:s€ S, teT} isconvex

Any vector x = A1 X1+ - -+ X, where A; > 0
fori =1,...,mand Y ;" A\; = 1, is called a
convex combination of the vectors xi,...,X,,
in R™.

co(S) = the set of all convex combinations of
" | finitely many vectors in S.

co(S) is the smallest convex set containing S.

If S ¢ R™ and x € co(S), then x is a convex
combination of at most n + 1 points in S.

z is an extreme point of a convex set S if z € S
and there are no x and y in S and A in (0,1)
such that x #y and z = Ax + (1 — A)y.

Definition of a convex
set. The empty set is, by
definition, convex.

The first set is convex,
while the second is not
convex.

Properties of convex
sets. (a and b are real
numbers.)

Definition of a convex
combination of vectors.

co(S) is the convex hull
of a set S in R"™.

If S is the unshaded set,
then co(S) includes the
shaded parts in addition.

A useful characterization
of the convex hull.

Carathéodory’s theorem.

Definition of an extreme
point.
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13.10

13.11

13.12

13.13

13.14

13.15

Let S be a compact, convex set in R". Then S
is the convex hull of its extreme points.

Let S and T be two disjoint non-empty convex
sets in R™. Then S and T can be separated by
a hyperplane, i.e. there exists a non-zero vector
a such that

a-x<a-y forallxin SandallyinT

Let S be a convex set in R™ with interior points
and let 7" be a convex set in R™ such that no
point in SN T (if there are any) is an interior
point of S. Then S and T can be separated by
a hyperplane, i.e. there exists a vector a # 0
such that

a-x<a-yforallxinSandallyinT.

Concave and convex functions

f(x) = f(z1,...,x,) defined on a convex set S
in R™ is concave on S if

FOx+ (1= 0)x%) > Af(x) + (1= N f(x°)
for all x, x° in S and all X in (0, 1).

Krein—Milman’s theorem.

Minkowski’s separation
theorem. A hyperplane
{x :a-x = A}, with
a-x<A<a-y forall
xin S and all y in T, is
called separating.

In the first figure S and
T are (strictly) sepa-
rated by H. In the sec-
ond, S and T cannot be
separated by a hyper-
plane.

A general separation
theorem in R".

To define a convezr func-
tion, reverse the inequal-
ity. Equivalently, f is
convex if and only if —f
is concave.

The function f(x) is
(strictly) concave. TR =
FOX+(1-1)x) > TS =
M) + (1= N ).
(TR and T'S are the
heights of R and S
above the x-plane. The
heights are negative if
the points are below the
x-plane.)
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13.16

13.17

13.18

13.19

13.20

13.21

f(x) is strictly concave if f(x) is concave and
the inequality > in (13.14) is strict for x # x°.

If f(x), defined on the convex set S in R", is
concave (convex), then f(x) is continuous at
each interior point of S.

e If f(x) and g(x) are concave (convex) and a
and b are nonnegative numbers, then a f (x)+
bg(x) is concave (convex).

e If f(x) is concave and F'(u) is concave and
increasing, then U(x) = F(f(x)) is concave.

o If f(x) =a-x+0band F(u) is concave, then
U(x) = F(f(x)) is concave.

e If f(x) is convex and F(u) is convex and in-
creasing, then U(x) = F(f(x)) is convex.

o If f(x) =a-x+0band F(u) is convex, then
U(x) = F(f(x)) is convex.

A C! function f(x) is concave on an open, con-
vex set S of R™ if and only if
n Qf(x°

Fl) - fe) < 3 200

i=1 8581

(zi — a?)
or, equivalently,

fx) = f(x°) S V(%) - (x —x°)

for all x and xq in S.

A C! function f(x) is strictly concave on an
open, convex set S in R™ if and only if the in-
equalities in (13.19) are strict for x # xV.

A C! function f(x) is concave on an open in-
terval [ if and only if

f@) = f(a°) < f'(a°) (2 — %)

for all z and 2% in 1.

Definition of a strictly
concave function. For
strict convexity, reverse
the inequality.

On the continuity of
concave and convex
functions.

Properties of concave
and convex functions.

Concavity for C* func-
tions. For convexity, re-
verse the inequalities.

Strict concavity for C*
functions. For strict
convexity, reverse the
inequalities.

One-variable version of
(13.19).
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13.22

13.23

13.24

13.25

13.26

13.27

13.28

A C?! function f(z,y) is concave on an open,
convex set S in the (x,y)-plane if and only if

fla,y) = f(2°y")
< i@ y%) (@ = 2®) + f3(2%,9°) (y — °)
for all (x,y), (z°,9°) in S.

nx) fla(x) ... flL(x)
£(x) = 21'(X) 22'(X) cee 2n.(x)
m(x) fra(x) o fila(x)

The principal minors A, (x) of order r in the
Hessian matrix f”(x) are the determinants of
the sub-matrices obtained by deleting n — r ar-
bitrary rows and then deleting the n—r columns
having the same numbers.

A C? function f(x) is concave on an open, con-
vex set S in R™ if and only if for all x in S and
for all A,

(=D)"A(x) >0 for r=1,...,n

A C? function f(x) is convex on an open, con-
vex set S in R™ if and only if for all x in S and
for all A,

An(x)>0 for r=1,...,n

n(x) flax) o 1)

5n(x) fra(x) o [f5.(x)

D,.(x) =

() flax) o f(x)

Geometric interpreta-
tion of (13.21). The C*
function f is concave if
and only if the graph of
f is below the tangent
at any point. (In the fig-
ure, f is actually strictly
concave.)

Two-variable version of
(13.19).

The Hessian matriz of f
at x. If f is C2, then the
Hessian is symmetric.

The principal minors of
the Hessian. (See also
(20.15).)

Concavity for C? func-
tions.

Convexity for C? func-
tions.

The leading principal
minors of the Hessian
matrix of f at x, where
r=12...,n.
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13.29

13.30

13.31

13.32

13.33

13.34

A C? function f(x) is strictly concave on an
open, convex set .S in R™ if for all x € S,

(=1)"D,(x) >0 for r=1,...,n

A C? function f(x) is strictly convex on an

open, convex set S in R™ if for all x € S,
D.(x)>0 for r=1,...,n

Suppose f(z) is a C? function on an open in-
terval 1. Then:

e f(x) is concave on I < f"(x) < 0 for all =
in I

o f(x)is convex on I < f"(x) > 0 for all =
in I

o f(x) < 0forall zinl= f(x)is strictly
concave on [

o f’(x) > 0forall zinl = f(x)is strictly
convex on [

A C? function f(x,y) is concave on an open,
convex set S in the (z,y)-plane if and only if

1(zy) <0, fih(xz,y) <0 and

fii (@) foa () — (fla(2,9))? 2 0
for all (z,y) in S.

A C? function f(x,y) is strictly concave on an
open, convex set S in the (z,y)-plane if (but
NOT only if)

11 (z,y) <0 and

for all (x,y) in S.

Quasiconcave and quasiconvex functions

f(x) is quasiconcave on a convex set S C R™ if
the (upper) level set

P,={x€8: f(x)>a}

is convex for each real number a.

Sufficient (but NOT nec-
essary) conditions for
strict concavity for C?
functions.

Sufficient (but NOT nec-
essary) conditions for
strict convexity for C?
functions.

One-variable versions of
(13.26), (13.27), (13.29),
and (13.30). The im-
plication arrows CAN-
NOT be replaced by
equivalence arrows.
(f(x) = —a® is strictly
concave, but f”(0) = 0.
f(z) = z* is strictly
convex, but f”(0) =0.)

Two-variable version of
(13.26). For convexity of
C? functions, reverse the
first two inequalities.

Two-variable version of
(13.29). (Note that the
two inequalities imply
fao(z,y) < 0.) For strict
convexity, reverse the
first inequality.

Definition of a quasicon-
cave function. (Upper
level sets are also called
upper contour sets.)
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13.35

13.36

13.37

13.38

13.39

13.40

I

flx1,z2)

) N> od
\9/2

4

z2

1

<

flz1,22) =a

f(x) is quasiconcave on an open, convex set S
in R™ if and only if

F(x) > F) = O+ (1= A0
for all x, x° in S and all X in [0, 1].

) = f(x%)

f(x) is strictly quasiconcave on an open, convex
set S in R™ if

flx) > f(x") = fOx+(1-A)x°
for all x #x°1 S and all X in (0, 1).

) > f(x%)

f(x) is (strictly) quasiconver on S C R™ if
—f(x) is (strictly) quasiconcave.

If f1, ..., fm are concave functions defined on
a convex set S in R™ and ¢ is defined for each
x in S by

g(X) = F(fl(x)a'“afm<x))

with F(u1,...,u;) quasiconcave and increas-
ing in each variable, then g is quasiconcave.

A typical example of a
quasiconcave function
of two variables, z =

f(m1>'r2)‘

An (upper) level set for
the function in (13.35),
P, = {(z1,22) € S :
f(z1,2z2) > a}.

Characterization of
quasiconcavity.

The (most common) def-
inition of strict quasi-
concavity.

Definition of a (strictly)
quasiconvex function.

A useful result.
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13.42

13.43

13.44

13.45

(1)
(2)
3)

f(x) concave = f(x) quasiconcave.
f(x) convex = f(x) quasiconvex.

Any increasing or decreasing function of one
variable is quasiconcave and quasiconvex.

A sum of quasiconcave (quasiconvex) func-
tions is not necessarily quasiconcave (quasi-
convex).

If f(x) is quasiconcave (quasiconvex) and F'
is increasing, then F(f(x)) is quasiconcave
(quasiconvex).
If f(x) is quasiconcave (quasiconvex) and F'
is decreasing, then F(f(x)) is quasiconvex
(quasiconcave).

Let f(x) be a function defined on a convex
cone K in R™. Suppose that f is quasicon-
cave and homogeneous of degree ¢, where
0 < ¢ <1, that f(0) =0, and that f(x) >0
for all x # 0 in K. Then f is concave.

A C' function f(x) is quasiconcave on an
open, convex set S in R™ if and only if

fx) = f(x") = V) (x=x%) =0

for all x and x° in S.

A

0 S . S0
THCS I YC I A
ey = 1109 Hi0 g
B AR S

If f(x) is quasiconcave on an open, convex set

S in R™, then

(-1)"By(x) >0forr=1,...,n

forall x € S.

Basic facts about quasi-
concave and quasicon-
vex functions. (Exam-
ple of (4): f(z) = 2*
and g(x) = —x are
both quasiconcave, but
@)+ g(@) = 25 — 2
is not.) For a proof of
(7), see Sydseeter et al.
(2005).

Quasiconcavity for
C* functions.

A geometric interpre-
tation of (13.42). Here
V) - (x—x%) > 0
means that the angle o
is acute, i.e. less than
90°.

A bordered Hessian asso-
ciated with f at x.

Necessary conditions
for quasiconcavity of C*
functions.
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13.46

13.47

13.48

13.49

13.50

13.51

If (=1)"Bq(x) > 0 for r = 1,...,n for all x
in an open, convex set S in R™, then f(x) is
quasiconcave in S.

If f(x) is quasiconvex on an open, convex set S
in R™, then

B.(x)<0forr=1,...,n
and for all x in S.

If B.(x) < 0 for r = 1,...,n and for all x
in an open, convex set S in R™, then f(x) is
quasiconvex in S.

Pseudoconcave and pseudoconvex functions

A C? function f(x) defined on a convex set S
in R” is pseudoconcave at the point x° in § if
() flx)>f(x") = V) (x=x°)>0

for all x in S. f(x) is pseudoconcave over S if
(¥) holds for all x and x° in S.

Let f(x) be a C! function defined on a convex
set S in R™. Then:

e If f is pseudoconcave on S, then f is quasi-
concave on S.

e If S is open and if Vf(x) # 0 for all x in S,
then f is pseudoconcave on S if and only if
f is quasiconcave on S.

Let S be an open, convex set in R™, and let
f S — R be a pseudoconcave function. If
x% € S has the property that

Vf(xY):(x—x") <0forallxin S
(which is the case if Vf(x") = 0), then x° is a
global maximum point for f in S.

References

Sufficient conditions for
quasiconcavity of C2
functions.

Necessary conditions
for quasiconvexity of C?
functions.

Sufficient conditions for
quasiconvexity of C?
functions.

To define pseudocon-
vex functions, reverse
the second inequality in
(). (Compare with the
characterization of quasi-
concavity in (13.42).)

Important relationships
between pseudoconcave
and quasiconcave
functions.

Shows one reason for
introducing the concept
of pseudoconcavity.

For concave/convex and quasiconcave/quasiconvex functions, see e.g. Simon and
Blume (1994) or Sydsaeter et al. (2005). For pseudoconcave and pseudoconvex func-
tions, see e.g. Simon and Blume (1994), and their references. For special results
on convex sets, see Nikaido (1968) and Takayama (1985). A standard reference for
convexity theory is Rockafellar (1970).



14.1

14.2

14.3

14.4

14.5

14.6

14.7

Chapter 14

Classical optimization

f(x) = f(z1,...,z,) has a mazimum (mini-
mum) at x* = (zF,...,2%) € Sif
fx) = f(x) =0 (£0)
x* is called a mazimum (minimum) point and
f(x*) is called a mazimum (minimum) value.

for all xin S

x* maximizes f(x) over S if and only if x* mini-
mizes — f(x) over S.

)

A

Ex
\/y: (@)

Suppose f(x) is defined on S C R™ and that
F(u) is strictly increasing on the range of f.
Then x* maximizes (minimizes) f(x) on S if
and only if x* maximizes (minimizes) F(f(x))

onS.

If f: S — R is continuous on a closed, bounded
set S in R"™, then there exist maximum and min-
imum points for f in S.

*

x* = (z7,...,2)) is a stationary point of f(x)
if

filx*)=0, fo(x*)=0, ..., fl(x*)=0
Let f(x) be concave (convex) and defined on a
convex set S in R", and let x* be an interior

point of S. Then x* maximizes (minimizes)
f(x) on S, if and only if x* is a stationary point.

Definition of (global)
maximum (minimum) of
a function of n variables.
As collective names, we
use optimal points and
values, or extreme points
and values.

Used to convert mini-
mization problems to
maximization problems.

Nlustration of (14.2).
2" maximizes f(x) if
and only if z* minimizes

—f(z)

An important fact.

The extreme value theo-
rem (or Weierstrass’s
theorem).

Definition of stationary
points for a differentiable
function of n variables.

Maximum (minimum)
of a concave (convex)
function.
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14.8

14.9

14.10

14.11

14.12

14.13

/N

If f(x) has a maximum or minimum in S C R™,
then the maximum/minimum points are found
among the following points:

e interior points of S that are stationary
e extreme points of f at the boundary of S

e points in S where f is not differentiable

f(x) has a local maximum (minimum) at x* if
(x) f(x")—f(x)=0 (£0)
for all x in S sufficiently close to x*. More

precisely, there exists an n-ball B(x*;r) such
that (%) holds for all x in B(x*;r).

If f(x) = f(x1,...,2,) has a local maximum
(minimum) at an interior point x* of S, then
x* is a stationary point of f.

A stationary point x* of f(x) = f(z1,...,zy)
is called a saddle point if it is neither a local
maximum point nor a local minimum point,
i.e. if every n-ball B(x*;r) contains points x
such that f(x) < f(x*) and other points z such
that f(z) > f(x*).

One-variable illustration
of (14.7). f is concave,
f(z*) =0, and z* is a

maximum point.

Where to find (global)
maximum or minimum
points.

Definition of local (or
relative) maximum (min-
imum) points of a func-
tion of n variables. A
collective name is local
extreme points.

The first-order condi-
tions for differentiable
functions.

Definition of a saddle
point.

The points P, @, and R
are all stationary points.
P is a maximum point,
Q is a local maximum
point, whereas R is a
saddle point.
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14.14

14.15

14.16

14.17

14.18

14.19

Special results for one-variable functions

If f(x) is differentiable in an interval I, then
(x) >0 = f(x) is strictly increasing
() >0 <= f(z) is increasing

o f'(x) =0 < f(x) is constant
() <0 <= f(z) is decreasing
(x) <0 = f(x) is strictly decreasing

o If f/(x) > 0 for z < ¢ and f'(z) < 0 for
x > ¢, then x = ¢ is a maximum point for f.

o If f/(x) <0 for z < ¢, and f'(z) > 0 for
x > ¢, then x = ¢ is a minimum point for f.

y=f(z)

> T xT

¢ is an inflection point for f(x) if f”(x) changes
sign at c.

Let f be a function with a continuous second
derivative in an interval I, and suppose that ¢
is an interior point of I. Then:

e cis an inflection point for f = f"(c) =0

e f"(c)=0and f” changes sign at ¢
= c is an inflection point for f

Important facts. The
implication arrows
cannot be reversed.
(f(z) = 2 is strictly in-
creasing, but f'(0) = 0.
g(x) = —a® is strictly
decreasing, but ¢'(0) =
0.)

A first-derivative test

for (global) max/min.
(Often ignored in ele-
mentary mathematics for
economics texts.)

One-variable illustra-
tions of (14.15). cis a
maximum point. d is a
minimum point.

Definition of an inflec-
tion point for a function
of one variable.

An unorthodox illus-
tration of an inflection
point. Point P, where
the slope is steepest, is
an inflection point.

Test for inflection points.
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14.20

14.21

14.22

14.23

Second-order conditions

If f(x) = f(x1,...,2,) has a local maximum
(minimum) at x*, then

S 3 f4(x7)hihy <0 (> 0)

i=1j=1
for all choices of hq, ..., hy,.
If x* = («7,...,2}) is a stationary point of
flz1,...,2,), and if Dy (x*) is the following de-
terminant,
() fla(x) - fR()
1 * 1! * " *
2 (x") faa(x") .. r(X7)
Dy(x*) = : : "
n(x7) fia(x7) 1 (X7)
then:

o If (—1)*Dy(x*) > 0 for k = 1,...,n, then
x* is a local maximum point.

o If Dp(x*) >0 for k=1,...,n, then x* is a
local minimum point.

o If D, (x*) # 0 and neither of the two condi-
tions above is satisfied, then x* is a saddle
point.

ff(z*)=0and f"(z*) <0 =

*

z* is a local maximum point for f.

f'(z*)=0and f"(z*) >0 =

x* is a local minimum point for f.

If (x0,y0) is a stationary point of f(z,y) and
D = fill(w()vy())féé(xo,yO)_(f{/Z(x0>yO))2a then

b fill(x(hyo) >0and D >0 —

(0, ¥o) is a local minimum point for f.

b f{ll(.%'o,yo) <0and D >0 =

(0,Yo) is a local maximum point for f.

e D<0 = (x0,y0) is a saddle point for f.

A necessary (second-
order) condition for local
maximum (minimum).

Classification of sta-
tionary points of a
C? function of n var-
iables. Second-order
conditions for local
maximum,/minimum.

One-variable second-
order conditions for local
maximum,/minimum.

Two-variable second-
order conditions for local
maximum/minimum.
(Classification of station-
ary points of a C? func-
tion of two variables.)
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14.24

14.25

14.26

14.27

Optimization with equality constraints

max (min) f(x,y) subject to g(z,y) =0b

Lagrange’s method. Recipe for solving (14.24):

(1) Introduce the Lagrangian function

L(z,y) = f(z,y) — Mg(z,y) — b)
where ) is a constant.

(2) Differentiate £ with respect to « and y, and
equate the partials to 0.

(3) The two equations in (2), together with the
constraint, yield the following three equa-
tions:

fila,y) = Agi(z,y)
fala,y) = Ags(x,y)
g(z,y) =0
(4) Solve these three equations for the three
unknowns z, y, and A. In this way you find

all possible pairs (x,y) that can solve the
problem.

Suppose (zg,y0) satisfies the conditions in
(14.25). Then:

(1) If L(x,y) is concave, then (zg, yo) solves the
maximization problem in (14.24).

(2) If L(z,y) is convex, then (zg,yo) solves the
minimization problem in (14.24).

Suppose that f(x,y) and g(z,y) are C* in a do-
main S of the zy-plane, and that (z, yo) is both
an interior point of S and a local extreme point
for f(z,y) subject to the constraint g(x,y) = b.
Suppose further that g (xo,y0) and g5(zo, yo)
are not both 0. Then there exists a unique num-
ber A such that the Lagrangian function

L(z,y) = f(x,y) — A(g(x,y) —b)

has a stationary point at (zo,yo)-

The Lagrange problem.
Two variables, one con-
straint.

Necessary conditions for
the solution of (14.24).
Assume that g (z,y)
and g5(x,y) do not both
vanish. For a more pre-
cise version, see (14.27).
A is called a Lagrange
multiplier.

Sufficient conditions for
the solution of problem
(14.24).

A precise version of the
Lagrange multiplier
method. (Lagrange’s
theorem.)
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14.28

14.29

14.30

14.31

14.32

Consider the problem

local max(min) f(z,y) s.t. g(z,y) =0b
where (g, yo) satisfies the first-order conditions
n (14.25). Define the bordered Hessian deter-
minant D(z,y) as

/

0 91 92
D(z,y) = |91 fih—Agh fio — Adla
92 Jh — gy for — Aghy
(1) If D(xo,y0) > 0, then (x0,y0) solves the
local maximization problem.

(2) If D(xo,y0) < 0, then (x0,y0) solves the
local minimization problem.

max(min) f(z1, ..., x,) s.t.

Lagrange’s method. Recipe for solving (14.29):
(1) Introduce the Lagrangian function

L(x) = f(x) - Zl Aj(gi (%) = b))
j=
where Ay, ..., A\, are constants.

(2) Equate the first-order partials of L to 0:

OL(x) 99;(x%) _
B 8a:k Z J Ga:k n

Ga:k
(3) Solve these n equations together with the m
constraints for x1,...,x, and Ay, ..., A\p,-

If x* is a solution to problem (14.29) and the
gradients Vgi(x*), ..., Vgm(x*) are linearly
independent, then there exist unique numbers
A1y .., A such that
V") = MVa(x") 4+ A Vgm(x7)
Suppose f(x) and ¢1(x), ..., gm(x) in (14.29)
are defined on an open, convex set S in R™. Let
x* € S be a stationary point of the Lagrangian
and suppose g;(x*) =b;, j=1,...,m. Then:
L(x) concave = x* solves problem (14.29).

Local sufficient condi-
tions for the Lagrange
problem.

The general Lagrange
problem. Assume m < n.

Necessary conditions for
the solution of (14.29),
with f and g1,...,9m
as C* functions in an
open set S in R™, and
with x = (z1,...,2Zn).
Assume the rank of the
Jacobian (9g;/0%i)mxn
to be equal to m. (See
(6.8).) A1, ..., A\p are
called Lagrange multipli-
ers.

An alternative formula-
tion of (14.30).

Sufficient conditions for
the solution of prob-
lem (14.29). (For the
minimization problem,
replace “L(x) concave”
by “L(x) convex”.)
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14.33

14.34

14.35

14.36

14.37

14.38

0 R L
(3'1‘1 3:1:T
o .. o 9m  Oom
B. = 3%1 31‘T
" % agm " "
81‘1 . (91‘1 11 - 1r
a;]l agm ./,
e L
8$T amr rl rr

Let f(x) and g1(x), ..., gm(x) be C? functions

in an open set S in R™, and let x* € S satisfy

the necessary conditions for problem (14.29)

given in (14.30). Let B,(x*) be the determi-

nant in (14.33) evaluated at x*. Then:

o If (—1)"B,(x*) >0forr=m+1,...,n,
then x* is a local minimum point for problem
(14.29).

o If (-1)"B,(x*) > 0 for r = m+1,...,n,
then x* is a local maximum point for pro-
blem (14.29).

Value functions and sensitivity

f*(b) = m)z(ix{f(x) 1gi(x) =0, j=1,...,m}

f*(r) =max f(x,r), X CR" rec ACR"

xeX

If f(x,r) is continuous on X x A and X is com-
pact, then f*(r) defined in (14.37) is continuous
on A. If the problem in (14.37) has a unique
solution x = x(r) for each r in A, then x(r) is
a continuous function of r.

A bordered Hessian de-
terminant associated
with problem (14.29),
r=1,...,n. Listhe
Lagrangian defined in
(14.30).

Local sufficient condi-
tions for the Lagrange
problem.

f*(b) is the value func-
tion. b= (b1,...,bm).

The X;(b)’s are the
unique Lagrange mul-
tipliers from (14.31).
(For a precise result see
Sydseeter et al. (2005),
Chap. 3.)

The value function of a
maximization problem.

Continuity of the value
function and the maxi-
mizer.
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14.39

14.40

14.41

14.42

Suppose that the problem of maximizing
f(x,r) for x in a compact set X has a unique
solution x(r*) at r = r*, and that 0f/0r;, i =
1,...,k, exist and are continuous in a neighbor-

hood of (x(r*),r*). Then for i =1,...,k,

of(r*) _ [af(x,r)}
am 87‘1' x=x(r")

r=r*

maxy f(x,r) s.t. g;(x,r)=0,j=1,...,m

fH(r) = max{f(x,r): gj(x,r) =0, j=1,...,m}

of*(r*) _ [35(&1“) i=1,....k

87’1' 87’,; :| x=x(r") ’

r=r*

References

An envelope theorem.

A Lagrange problem
with parameters,
r=(ri,...,m%).

The wvalue function of
problem (14.40).

An envelope theorem for
(14.40). L= f — Z)\jgj
is the Lagrangian. For
precise assumptions for
the equality to hold, see
Sydseeter et al. (2005),
Chapter 3.

See Simon and Blume (1994), Sydsaeter et al. (2005), Intriligator (1971), Luenberger
(1984), and Dixit (1990).
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15.2
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Chapter 15

Linear and nonlinear programming

Linear programming

max z = c1x1 + -+ - + ¢, &, subject to
a1y + -+ a1pTy < by

a1 x1 + -+ anTn < bo

z1>0,...,2, >0

min Z = by A\ + -+ - + by Ay subject to
anA + -+ GmiAm > 1
a12A1 + - -+ amadm > C2

max c¢'x subject to Ax<b, x>0
min b’A subject to A’/A>¢, A >0

If (z1,...,2,) and (A1,..., \p) are admissible
in (15.1) and (15.2), respectively, then

b1>\1+"'+bm>\mchm1+"'+cnxn

A linear programming
problem. (The primal
problem.) Z;Zl CjT;

is called the objective
function. (x1,...,%n) is
admissible if it satisfies
all the m 4+ n constraints.

The dual of (15.1).

211 b; \; is called the
objective function.
(A, ...y Am) is admissi-
ble if it satisfies all the
n 4+ m constraints.

Matrix formulations of
(15.1) and (15.2).

A = (aij)mxn,
X = (Tj)nx1,
A = ()\i)nle,
c = (¢j)nx1,
b = (bi)mx1-

The value of the objec-
tive function in the dual
is always greater than or
equal to the value of the
objective function in the
primal.
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15.5

15.6

15.7

15.8

15.9

15.10

15.11

Suppose (z7,...,z}) and (A},...,\},) are ad-
missible in (15.1) and (15.2) respectively, and

that

ary+ - enx) =biAT -+ b,
Then (z7,...,z}) and (A}, ..., As,) are optimal
in the respective problems.

If either of the problems (15.1) and (15.2) has a
finite optimal solution, so has the other, and the
corresponding values of the objective functions
are equal. If either problem has an “unbounded
optimum”, then the other problem has no ad-
missible solutions.

Consider problem (15.1). If we change b; to
b; + Ab; for ¢ = 1,...,m, and if the associ-
ated dual problem still has the same optimal
solution, (A},...,A%), then the change in the
optimal value of the objective function of the
primal problem is

AZ* = Ay{Abl + M + )\;(nAbm

The ith optimal dual variable A} is equal to
the change in objective function of the primal
problem (15.1) when b; is increased by one unit.

Suppose that the primal problem (15.1) has an
optimal solution (z7,...,z}) and that the du-
al (15.2) has an optimal solution (A}, ..., A¥).
Then fori=1,...,n,j=1,...,m:

(1) JJ; >0= Cllj)\ﬁl< + - +amj)\:n =Cj

Let A be an m X n-matrix and b an n-vector.
Then there exists a vector y with Ay > 0 and
b’y < 0 if and only if there is no x > 0 such
that A’x = b.

Nonlinear programming

max f(z,y) subject to g(z,y) <b

An interesting result.

The duality theorem of
linear programming.

An important sensitiv-
ity result. (The dual
problem usually will
have the same solution
if |Ab1], ..., |Abn| are
sufficiently small.)

Interpretation of \] as a
“shadow price”. (A spe-
cial case of (15.7), with

the same qualifications.)

Complementary slack-
ness. ((1): If the opti-
mal variable j in the pri-
mal is positive, then re-
striction j in the dual is
an equality at the opti-
mum. (2) has a similar
interpretation.)

Farkas’s lemma.

A nonlinear program-
ming problem.
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15.12

15.13

15.14

15.15

15.16

15.17

Recipe for solving problem (15.11):
(1) Define the Lagrangian function £ by
E(.’E,y,)\) = f(xay) - )\(g(l‘,y) - b)
where A is a Lagrange multiplier associated
with the constraint g(z,y) < b.

(2) Equate the partial derivatives of L(z,y, \)
w.r.t. x and y to zero:

(3) Introduce the complementary slackness
condition

A>0(A=0 if g(x,y) <b)
(4) Require (z,y) to satisfy g(x,y) < b.

g1(x) < by

max f(x) subject to < ...........

gm(x) < bm

L6 A) = [() = D Ai(9;(x) = bj)
j=1

Consider problem (15.13) and assume that f

and g1, ..., gm are C'. Suppose that there exist
a vector A = (Aq,...,\y,) and an admissible
vector x = (29,...,2%) such that
OL(x, A
a) 2EOON o
8:[1-

(b) Forall j =1, ..., m,
Aj =20 (A =0if g;(x°) <)
(¢) The Lagrangian function £(x,A) is a con-
cave function of x.
Then x° solves problem (15.13).

(b’) )\j >0 and )\j(gj(xo)—bj) = O, ] = 1, “ee
(15.15) is also valid if we replace (c) by the con-
dition

c x) is concave and \;g;(x) is quasi-convex
, . d Ajg;(x) i .
forj=1,..., m.

,m

Kuhn—Tucker necessary
conditions for solving
problem (15.11), made
more precise in (15.20).
If we find all the pairs
(z,y) (together with
suitable values of \) that
satisfy all these condi-
tions, then we have all
the candidates for the
solution of problem. If
the Lagrangian is con-
cave in (z,y), then the
conditions are sufficient
for optimality.

A nonlinear program-
ming problem. A vector
x = (z1,...,%n) Is ad-
missible if it satisfies all
the constraints.

The Lagrangian function
associated with (15.13).
A= (A1,...,Am) are
Lagrange multipliers.

Sufficient conditions.

Alternative formulation
of (b) in (15.15).

Alternative sufficient
conditions.
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15.18

15.19

15.20

15.21

15.22

15.23

15.24

Constraint j in (15.13) is called active at x° if
9;(x%) = b;.

The following condition is often imposed in pro-
blem (15.13): The gradients at x° of those g;-
functions whose constraints are active at x°, are
linearly independent.

Suppose that x° = (z9,...,29) solves (15.13)
and that f and gi, ..., gm are C'. Suppose
further that the constraint qualification (15.19)
is satisfied at x°. Then there exist unique num-
bers A1, ..., Ay, such that

aL(x" )
(a) oz,
(b) )\]20 ()‘j =0 ifgj(XO) < bj), j=1....m

=0, 2=1,...,n

(x%,AY) is a saddle point of the Lagrangian
L(x,A) if

L(x,A%) < L(x,A") < L(x°,N)
for all A > 0 and all x.

If £(x,\) has a saddle point (x°, A"), then
(x%,X%) solves problem (15.13).

The following condition is often imposed in pro-
blem (15.13): For some vector x' = (x},...,2},),

’ n
g;(x") <bjforj=1,...,m.

Consider problem (15.13), assuming f is con-
cave and g1, ..., gm are convex. Assume that
the Slater condition (15.23) is satisfied. Then
a necessary and sufficient condition for x° to
solve the problem is that there exist nonnega-
tive numbers A0, ..., A0 such that (x°, A") is
a saddle point of the Lagrangian £(x, \).

Definition of an active
(or binding) constraint.

A constraint qualification
for problem (15.13).

Kuhn—Tucker necessary
conditions for problem
(15.13). (Note that

all admissible points
where the constraint
qualification fails to
hold are candidates for
optimality.)

Definition of a saddle
point for problem
(15.13).

Sufficient conditions for
problem (15.13). (No
differentiability or con-
cavity conditions are
required.)

The Slater condition

(constraint qualification,).

A saddle point result for
concave programming.
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15.25

15.26

15.27

15.28

15.29

15.30

15.31

Consider problem (15.13) and assume that f

and g1, ..., gm are C'. Suppose that there

exist numbers A1, ..., Ay and a vector x° such

that

e xU satisfies (a) and (b) in (15.15).

o VIx)#0

e f(x) is quasi-concave and \;g;(x) is quasi-
convex for j =1, ..., m.

Then x° solves problem (15.13).

f*(b):max{f(x) 1gi(x) <bj, = 1,...,m}

(1) f*(b) is increasing in each variable.
(2) 0f*(b)/db; = A;(b),
(3) If f(x) is concave and g1 (x), ...

convex, then f*(b) is concave.

i=1....m

» gm(x) are

max f(x,r) st. g;j(x,r) <0, j=1,...,m

f*(r) :max{f(x,r):gj(x,r) Soajzlw'-vm}

1=1

geeey

of(r*)  [0L(x,r, )
or; N or; x=x(r") ’

r=r*

Sufficient conditions for
quasi-concave program-
ming.

The value function

of (15.13), assuming
that the maximum
value exists, with b =

(b1, ... bm).

Properties of the value
function.

A nonlinear program-
ming problem with
parameters, r € R*.

The value function of
problem (15.28).

An envelope theorem
for problem (15.28).
L= f=3Xg;is
the Lagrangian. See
Sydseeter et al. (2005),
Section 3.8 and Clarke
(1983) for a precise
result.

Nonlinear programming with nonnegativity conditions

max f(x) subject to
X

If the nonnegativity con-
straints are written as
gm+i(x) = —x; <0
fori =1,...,n, (15.31)
reduces to (15.13).
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15.32

15.33

15.34

Suppose in problem (15.31) that f and g1, ...,
gm are C' functions, and that there exist num-

bers A1, ..., Am, and an admissible vector x°
such that:
(a) Foralli=1,...,n, 29 >0 and
0 0
0L(x", A) <0, xgaﬁ(x JA) _o

(b) Forall j =1,...,m,
A >0 (A =0if g;(x°) < by)

(¢) The Lagrangian function £(x,A) is a con-
cave function of x.

Then x° solves problem (15.31).

In (15.32), (c) can be replaced by

(¢’) f(x) is concave and A;g;(x) is quasi-convex
forj=1,..., m.
Suppose that x° = (29,...,29) solves (15.31)
and that f and g1, ..., g, are C'. Suppose
also that the gradients at x° of those gj (in-
cluding the functions g,m41, .-, gmsn defined
in the comment to (15.31)) that correspond to
constraints that are active at x°, are linearly
independent. Then there exist unique numbers
A1y« .., A such that:

(a) Foralli=1,...,n, 29 >0, and
AL(x", ) 0 OL(xY, N)

0x; T ox;
(b) Aj >0 (\j=0if g;(x°) <b;),j=1,....,m

<0,

References

Sufficient conditions

for problem (15.31).

A = (Ai)me C(xo,)\) is
defined in (15.14).

Alternative sufficient
conditions.

The Kuhn—Tucker neces-
sary conditions for prob-
lem (15.31). (Note that
all admissible points
where the constraint
qualification fails to
hold, are candidates for
optimality.)

Gass (1994), Luenberger (1984), Intriligator (1971), Sydseter and Hammond (2005),
Sydsaeter et al. (2005), Simon and Blume (1994), Beavis and Dobbs (1990), Dixit
(1990), and Clarke (1983).
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16.3

16.4

16.5

16.6

Chapter 16

Calculus of variations and
optimal control theory

Calculus of variations

The simplest problem in the calculus of varia-
tions (to, t1, ¥, and z! are fixed numbers):

t1
max/ F(t,l‘,l) dtv (E(to) = xO’ x(tl) = 1'1

to

OF _d oF)
dr dt i’
0*F . O*F . 09°F OF

9205 " T owor T otor 0w

Fl'.(t,z(t),2(t)) <0 for all ¢ in [tg, t1]

If F(t,z, &) is concave in (x, ), an admissible
function x = x(t) that satisfies the Euler equa-
tion, solves problem (16.1).

. OF B
x(t1) free in (16.1) = {ax] - =0

F is a C? function. The
unknown x = z(t) is
admissible if it is C*
and satisfies the two
boundary conditions.

To handle the minimiza-
tion problem, replace F’
by —F.

The Euler equation. A
necessary condition for
the solution of (16.1).

An alternative form of
the Euler equation.

The Legendre condition.
A necessary condition
for the solution of (16.1).

Sufficient conditions for
the solution of (16.1).

Transversality condi-
tion. Adding condition
(16.5) gives sufficient
conditions.
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16.7

16.8

16.9

16.10

16.11

16.12

16.13

16.14

16.15

16.16

z(ty) >zt in (16.1) =

BI;]H <0 (=0if z(ty) > zh)

t; free in (16.1) = [F - xaF] =0
oF |,y

x(t1) = g(t1) in (16.1) =

max [/tl F(t,z,&)dt + S(gc(tl))}, x(to) = 2°

to
[8F

If F(t,z,&) is concave in (x,4) and S(x) is
concave, then an admissible function satisfying
the Euler equation and (16.11) solves problem
(16.10).

h dv d*x d"z
max/to F<tm AT ..,dtn)dt
OF d (OF Ldv [ OF
5 i 3) + "G () =0
max// <ts:c (Zf gx>dtd

OF 0 (0F\ 0 (or_
Or Ot \ Oz s \ oz, )

Transversality condi-
tion. Adding condition
(16.5) gives sufficient
conditions.

Transversality condition.

Transversality condition.
g is a given C! function.

A variational problem
with a C! scrap value
function, S.

A solution to (16.10)
must satisfy (16.2) and
this transversality condi-
tion.

Sufficient conditions for
the solution to (16.10).

A variational problem
with higher order deriva-
tives. (Boundary condi-
tions are unspecified.)

The (generalized) Euler
equation for (16.13).

A variational problem

in which the unknown

z(t, s) is a function of

two variables. (Bound-
ary conditions are un-

specified.)

The (generalized) Euler
equation for (16.15).
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16.17

16.18

16.19

16.20

16.21

16.22

16.23

Optimal control theory. One state and one

The simplest case. Fixed time interval [t,t1]
and free right hand side:

max (t, z(t
/ i

= g(t,z(t),u(t), a(to) =",

u(t)dt u(t) € R,

x(t1) free

H(tV 1.7 u’p) = f(t7 x? u) +pg(t7x7u)

Suppose (x*(t),u*(t)) solves problem (16.17).
Then there exists a continuous function p(t)
such that for each ¢ in [to, t1],

(1) H(t,z*(t),u,p(t)) < H(t,z*(t),u"(t),p(t))
for all v in R. In particular,
H] (t,z*(t),u*(t),p(t)) =0

(2) The function p(t) satisfies

p(t) = —H (8, 2" (1), u* (t), p(t)), p(t1) =0

If (2*(t),u*(t)) satisfies the conditions in
(16.19) and H(t,x,u,p(t)) is concave in (z,u),

then (z*(t),u*(t)) solves problem (16.17).
t1

max ft,z(t),u®))dt, wu®)eUCR,
to

i(t) = g(t,x(t),u(t), x(to) =2°
(a) z(ty) =2' or (b) x(t;) >

H(t7xauap) zpof(t,a:,u) —|—pg(t,x,u)

Suppose (x*(t),u*(t)) solves problem (16.21).
Then there exist a continuous function p(t) and
a number pg such that for all ¢ in [to, 1],

(1) po =0or 1 and (po,p(t)) is never (0,0).

(2) H(t,z*(t),u,p(t)) < H(t,z* (), u"(t), p(t))
for all win U.

(3) B(t) = —H(t,z(t),u" (1), p(t))

(4) (a’) No conditions on p(t1).
(b) p(t) 20 (p(tr) = 0if 2*(t1) > a)

control variable

The pair (z(t),u(t)) is
admissible if it satisfies
the differential equation,
x(to) = 2, and u(t) is
piecewise continuous. To
handle the minimization
problem, replace f by
—f.

The Hamiltonian associ-
ated with (16.17).

The mazimum principle.
The differential equation
for p(t) is not necessarily
valid at the discontinu-
ity points of u*(¢). The
equation p(t;) = 0 is
called a transversality
condition.

Mangasarian’s sufficient
conditions for problem
(16.17).

A control problem with
terminal conditions and
fixed time interval. U is
the control region. u(t)
is piecewise continuous.

The Hamiltonian associ-
ated with (16.21).

The mazimum principle.
The differential equation
for p(t) is not necessarily
valid at the discontinuity
points of u*(t). (4)(b’)

is called a transversality
condition. (Except in
degenerate cases, one
can put pp = 1 and then
ignore (1).)
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16.24

16.25

16.26

16.27

16.28

16.29

Several state and control variables

max t flt,x(t),u(t))dt

X(t) = g(tvx(t)?u(t))’ X(to) =x’
u(t) = (uq(¢), ur(t)) €U CR"

(a) x;i(ty) ==}, i=1,...,1

(b) xi(t1) > x}, i=1l+1,...,q
(c) x;(t1) free, i=q+1,...,n

H(ta X, u, p) = pOf(t7 X, u) + Zplgl (t7 X, 11)
i=1

If (x*(t),u*(t)) solves problem (16.24), there
exist a constant py and a continuous function
p(t) = (p1(t),...,pn(t)), such that for all ¢ in
[to, tl]v

(1) po=0or 1 and (py, p(t)) is never (0,0).

0, P(t
(2) H(t,x"(t),u,p(t)) < H(t,x"(t),u

*(t),p(t))
for all u in U.
(3) pi(t) = —0H*/0x;, i=1,...,n
(4) (a’) No condition on p;(t1), 1=1,...,1
(b’) pi(tl) >0 (: 0 if .T;‘(tl) > 3311)
i=1+1,...,q

(¢”) pi(t1) =0, i=qg+1,....n

If (x*(t),u*(t)) satisfies all the conditions in
(16.26) for po = 1, and H(t,x,u,p(t)) is con-
cave in (x,u), then (x*(t),u*(¢)) solves prob-
lem (16.24).

The condition in (16.27) that H(¢,x,u, p(t)) is
concave in (x, u), can be replaced by the weaker
condition that the maximized Hamiltonian

H(t,x,p(t))
1S concave in X.

= maxyuecy H(t,x,u,p(t))

V(x0,x" to, 11) :/tlf(t,x*(t),u*(t))dt

A standard control
problem with fixed

time interval. U is

the control region,

x(t) = (@1(t), . . 2a(t)),
g=1(91,---,9n) u(t) is
piecewise continuous.

The Hamiltonian.

The mazimum principle.
H* denotes evaluation
at (1,x" (£), w* (1), p(1)).
The differential equation
for p;(t) is not neces-
sarily valid at the dis-
continuity points of
u*(t). (4) (b’) and ()
are transversality condi-
tions. (Except in degen-
erate cases, one can put
po = 1 and then ignore

(1))

Mangasarian’s sufficient
conditions for problem
(16.24).

Arrow’s sufficient
condition.

The wvalue function of
problem (16.24), assum-
ing that the solution is
(x*(t),u"(t)) and that
x' = (z,...,2}).
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16.30

16.31

16.32

16.33

ov

@ pl(to); 1:17 Loy

2%

@_ pz(t1)7 Z_la' ,q
ov oV

P _HY (), - = H
8t0 (O)a 8t1 (1)

If ¢; is free in problem (16.24) and (x*(¢), u*(¢))
solves the corresponding problem on [tg,t]],
then all the conditions in (16.26) are satisfied
on [to, t7], and in addition

H(t7, x* (1), w* (t7), p(t7)) = 0

Replace the terminal conditions (a), (b), and
(¢) in problem (16.24) by

Rip(x(t1)) =0, k=1,2,...,7,

Ri(x(t1)) >0, k=ri+1,77+2,...,71,
where Ry, ..., R, are C! functions. If the pair
(x*(t),u*(t)) is optimal, then the conditions in
(16.26) are satisfied, except that (4) is replaced
by the condition that there exist numbers aq,
..., ap, such that

L ORk(x*(t))
pi(t) = ZakT )
k=1 J
where ar, > 0 (ar = 0 if Rp(x*(t1)) > 0) for
k=ri+1,...,7, and (1) is replaced by
Po =0or 1, (p07a17"'7a7"1) # (0,0,,0)
If H(t,x,p(t)) is concave in x for py = 1 and

the sum > ;' | arRi(x) is quasi-concave in x,
then (x*,u*) is optimal.

j=1...,n

max[ ) flt,x(t),u(t))e " dt + S(t1,x(t1))e ™"
X(t) = g(t,x(t),u(t)), X(tO) = XO, u(t) cUCR"
(a) zi(t1) ==}, i=1,...,1

(b) xz(tl)ZJS%, i=1l4+1,...,q

(©) a(ts) free,  i=q+1...m

Properties of the value
function, assuming V'

is differentiable. H™*(¥)
— H(t,x"(t), u" (1), p(1))-
(For precise assump-
tions, see Seierstad

and Sydsaeter (1987),
Sec. 3.5.)

Necessary conditions
for a free terminal time
problem. (Concavity
of the Hamiltonian in
(x,u) is not sufficient
for optimality when t;
is free. See Seierstad
and Sydsaeter (1987),
Sec. 2.9.)

More general terminal

conditions. I/-i(t7 x,p(t))
is defined in (16.28).

A control problem with
a scrap value function,
S. to and t; are fixed.
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16.34

16.35

16.36

16.37

16.38

Hc(t7x7 u7q) = qof(t7xvu) + Z QJgj(t7X7 u)

Jj=1

If (x*(t),u*(t)) solves problem (16.33), there

exists a constant gy and a continuous function

a(t) = (qi(t),...,qn(t)) such that for all ¢ in

[to, tl]v

(1) go =0or 1 and (qo,q(t)) is never (0,0).

(2) He(t,x"(t),u,q(t)) < H(t,x*(t),u"(t),q(t))
for all uin U.

OH¢(t,x*,u*,q)

e — g = — b =1,...
(3) q; rq; axl ) ? ) ,
(4)
(a’) No condition on g;(t1), 1=1,...,1
0S*(ty,x*(t
() qi(t1) > %M

8(Ei
(with = if 2} (t1) > =),

©) qi(t) = q()%:(tl))

i=1l+1,...,m

s t=m+1,....n

If (x*(t),u*(t)) satisfies the conditions in
(16.35) for qo = 1, if H(t,x,u,q(t)) is con-
cave in (x,u), and if S(¢,x) is concave in x,
then the pair (x*(¢),u*(t)) solves the problem.

The condition in (16.36) that H°(¢,x,u, q(t)) is
concave in (x,u) can be replaced by the weaker
condition that the mazimized current wvalue
Hamiltonian

Hc(tv X, q(t)) = MaXueUu Hc(tv X, u, q(t))

is concave in X.

If ¢; is free in problem (16.33), and if (x*,u*)
solves the corresponding problem on [to,t]],
then all the conditions in (16.35) are satisfied
on [to, t7], and in addition

HE(t7,x7(t7), u*(t1), a(ty)) =

o8 *7 *(4E
wrS(tx (1)) - g 22X )

ot

The current value
Hamiltonian for prob-
lem (16.33).

The maximum principle
for problem (16.33), cur-
rent value formulation.
The differential equa-
tion for ¢; = ¢;(¢) is not
necessarily valid at the
discontinuity points of
u*(t). (Except in degen-
erate cases, one can put
qo = 1 and then ignore

(1))

Sufficient conditions for
the solution of (16.33).
(Mangasarian.)

Arrow’s sufficient
condition.

Necessary conditions for
problem (16.33) when
t1 is free. (Except in
degenerate cases, one
can put go = 1.)
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16.39

16.40

16.41

16.42

16.43

16.44

Linear quadratic problems

ty
min[/ (x'Ax + u'Bu) dt + (x(t1))'Sx(t1)],
to

x = Fx + Gu, ueR".

The matrices A = A(t),xn and S, «, are sym-
metric and positive semidefinite, B = B(t),x
is symmetric and positive definite, F = F(¢),,xn,
and G = G(t)nxs-

x(tg) = xY,

R=-RF-FR+RGB 'GR-A

Suppose (x*(t),u*(t)) is admissible in problem
(16.39), and let u* = —(B(t)) " H(G(t))R(t)x*,
with R = R(t) as a symmetric n X n-matrix
with C! entries satisfying (16.40) with R(t1) =
S. Then (x*(t),u*(t)) solves problem (16.39).

Infinite horizon

max /t At (), u(t))e " dt,
l‘(t) = g(t, :L‘(t), u(t))v

1

z(tg) =2°, w(t) €,

1is a fixed number).

i >
tl_l}rgo x(t) >z (x

H"‘(t,x,u, Q) = qof(t,x,u) + qg(thau)

Suppose that, with ¢ = 1, an admissible pair

(z*(t),u*(t)) in problem (16.42) satisfies the

following conditions for all ¢ > ¢q:

(1) Ho(t, 2 (1), u, q(t)) < HO(t, 27 (1), u" (1), q(£))
for all u in U.

(2) 4(t) —rq=—0H(t, 2" (t),u"(t),q(t))/0x

(3) He(t,z,u,q(t)) is concave in (z,u).

(4) limyoo[g(t)e " (x(t) — 2*(t))] > 0 for all
admissible z(t).

Then (2*(t), u*(t)) is optimal.

A linear quadratic con-
trol problem. The en-
tries of A(t), B(t), F(t),
and G(t) are continuous
functions of t. x = x(t)
isnx1l,u=u(t)is rx1.

The Riccati equation
associated with (16.39).

The solution of (16.39).

A simple one-variable
infinite horizon problem,
assuming that the in-
tegral converges for all
admissible pairs.

The current value Ham-
iltonian for problem
(16.42).

Mangasarian’s sufficient
conditions. (Conditions
(1) and (2) are (essen-
tially) necessary for
problem (16.42), but
(4) is not. For a discus-
sion of necessary condi-
tions, see e.g. Seierstad
and Sydsaeter (1987),
Sec. 3.7.)
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16.45

16.46

16.47

16.48

16.49

max | ft,x(t),u(t))e " dt

X(t) = g(t, x(t), u(t)), x(to) =x°, u(t) € U CR"
(a) lim, , ;(t) =} i=1,...,1

(b) lim, , x;(t) >z} i=l+1,...,m

(c) i()freeast—>oo, i=m+1,...,n

D(t) = /t(f* — f)e”""dr, where

f*=f(rx (), u (7)), f=f(r,x(7),u(r))

The pair (x*(¢), u*(t)) is

e sporadically catching up optimal (SCU-opti-
mal) if for every admissible pair (x(¢), u(t)),

limy o D(t) >0

i.e. for every € > 0 and every T there is some
t > T such that D(t) > —¢;

e catching up optimal (CU-optimal) if for ev-
ery admissible pair (x(¢),u(¢)),

lim, , D(t) >0
i.e. for every ¢ > 0 there exists a T such that
D(t) > —e for all t > T;

o overtaking optimal (OT-optimal) if for ev-
ery admissible pair (x(t),u(t)), there exists
a number 7" such that D(¢t) > 0 forallt > T.

OT-optimality = CU-optimality
= SCU-optimality

Suppose (x*(t),u*(t)) is SCU-, CU-, or OT-

optimal in problem (16.45). Then there exist a

constant gy and a continuous function q(t) =

(q1(t), ..., qn(t)) such that for all t > to,

(1) go =0or 1 and (qo,q(t)) is never (0,0).

(2) Ho(t,x"(t),u,q(t)) < HO(t,x"(t), u*(t),q(t))

for all uin U.

aHC(t7 X*7 u*7 q)

(%ci ’

(3) di—rqi=— i=1,....,n

An infinite horizon prob-
lem with several state
and control variables.
For lim, see (12.42) and
(12.43).

Notation for (16.47).
(x*(t),u"(t)) is a candi-
date for optimality, and
(x(¢t),u(t)) is any admis-
sible pair.

Different optimality cri-
teria for infinite hori-
zon problems. For lim
and lim, see (12.42)
and (12.43). (SCU-
optimality is also called
weak optimality, while
CU-optimality is then
called overtaking opti-
mality.)

Relationship between the
optimality criteria.

The maximum princi-
ple. Infinite horizon.
(No transversality con-
dition.) The differential
equation for ¢;(t) is not
necessarily valid at the
discontinuity points of

u'(t).
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16.50

16.51

16.52

16.53

With regard to CU-optimality, conditions (2)
and (3) in (16.49) (with ¢o = 1) are sufficient
for optimality if

(1) He(t,x,u, q( )) is concave in (x,u)

(2) lim, , tq(t) - (x(t) —x*(t)) > 0 for all
adm1851ble x( ).

Condition (16.50) (2) is satisfied if the following
conditions are satisfied for all admissible x(t):

(1) lim e "tq;(t)(zl—2i(t) >0,i=1,...,m
t—o0

(2) There exists a constant M such that
le™™q;(t)] < M for all t > tg, i =1,.

(3) Either there exists a number t’ > ¢, such
that g;(t) > 0 for all ¢ > ¢/, or there exists a
number P such that |z;(t)] < P for all ¢t >
to and lim, . ¢;(t) >0, i=1+1,...,m

(4) There exists a number @ such that |z;(¢)| <
Q for all t > to, and lim ¢;(t) = 0, i =
t—o0
m+1,...,n

Mixed constraints

max t 1 ft,x(t),u(t))dt

x(t) = g(t,x(t),u(t), x(to) =x’ u(t) R’
hi(t,x(t),u(t)) >0, k=1,...,s

(a) x;(t1) = x}, 1=1,...,1

(b) x;(t1) >z}, t=1+1

(¢) z;i(t1) free, i=q+1,

H(ta X, u, p) + Z qkhk(tv X, u)
k=1

E(t7 x’ u’ p’ q) =

Sufficient conditions for
the infinite horizon case.

Sufficient conditions for
(16.50) (2) to hold. See
Seierstad and Sydsseter
(1987), Section 3.7,
Note 16.

A mixed constraints
problem. x(t) € R"™.
hi,..., hs are given
functions. (All re-
strictions on u must
be included in the hg
constraints.)

The Lagrangian asso-
ciated with (16.52).
H(t,x,u,p) is the usual
Hamiltonian.



120

16.54

16.55

16.56

Suppose (x*(t),u*(t)) is an admissible pair in
problem (16.52). Suppose further that there ex-
ist functions p(t) = (p1(t),...,pn(t)) and
qa(t) = (gi(t),...,qs(t)), where p(t) is continu-
ous and p(t) and q(t) are piecewise continuous,
such that the following conditions are satisfied
with po = 1:

oL* .
(]‘) 81};]_07 ]—1,,7"
(2) qr(t) =0 (qr(t) = 0 if hg(t, x*(t),u*(t)) > 0),
k=1,...,s
) oL* )
3 pi(t)——axi, i=1,....n

N

)
)
a’) No conditions on p;(t1), i1=1,...,1
b?) pi(t) =0 (pi(t1) = 0 if 7 (t1) > 27),
i=l+1,...,m

(
(
(
(

(¢") pi(t1) =0,
(5) H(t,x,u,p(t)) is concave in (x,u)
(6)

t=m+1,....;n
hi(t,x,u) is quasi-concave in (x,u),

k=1,...,s
Then (x*(t),u*(t)) solves the problem.

Pure state constraints

max t ft,x(t),u(t))dt

x(t) = g(t,x(t),u(t)), x(to) =x°
u(t) = (ui(t),...,u.(t)) €U CR"
hi(t,x(t)) >0, k=1,...,s

(a) zi(ti) ==l, i=1,...,1

(b) @i(t1) >z, i=1+1,....q
(¢) xi(t1) free, i=q+1,...,n

L(t,x,u,p,q) = H(t,x,u,p) + Y _ qrhi(t,x)
k=1

Mangasarian’s suffi-
cient conditions for
problem (16.52). L£*
denotes evaluation at
(t,x"(8), u" (t), p(1), a(t)).
(The standard neces-
sary conditions for op-
timality involve a con-
straint qualification
that severely restricts
the type of functions
that can appear in the
hi-constraints. In par-
ticular, each constraint
active at the optimum
must contain at least
one of the control var-
iables as an argument.
For details, see the
references.)

A pure state constraints
problem. U is the con-
trol region. hi, ..., hs
are given functions.

The Lagrangian asso-
ciated with (16.55).
H(t,x,u,p) is the usual
Hamiltonian.
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16.57

16.58

Suppose (x*(t),u*(t)) is admissible in problem
(16.55), and that there exist vector functions
p(t) and q(t), where p(¢) is continuous and p(t)
and q(t) are piecewise continuous in [tg, t1), and
numbers G, k =1,...,s, such that the follow-
ing conditions are satisfied with py = 1:

(1) u = u*(t) maximizes H (t,x*(t), u, p(t)) for

uin U.
(2) ax(t) =0 (g(t) = 0if hy(t,x*(t)) > 0),
k=1,...,s
oL*
3) palt) = — 2= =1,...,
(3) pu(t) =~ ; "
(4) At tq, pi(t) can have a jump discontinuity,
in which case
_ s Ohy(t1,x*(t
piltr) = piltr) = 37, g 2l X ()
k=1 Ox;
1=1,...,n
(5) B >0 (Br =0if hg(t1,x*(t1)) > 0),
k=1,...,s
(6) (a’) No conditions on p;(t1), i=1,...,1

(b)) pi(t1) =0 (pi(t1) = 0if z}(t1) > x}),
i=1l+1,...,m

(¢") pi(t1) =0, i=m+1,...,n

(7) H(t,x,p(t)) = maxyey H(t,x,u,p(t)) is
concave in X.

k=1
Then (x*(t),u*(t)) solves the problem.

(8) hg(t,x) is quasi-concave in x,

geeey

Mixed and pure state constraints

)>0 k=1,...,§
) =hi(t,x(t)) >0, k=5+1,...,s
5 i=1,...,1

5 i=1l+1,...,q
t=q+1,....n

Mangasarian’s sufficient
conditions for the pure
state constraints prob-
lem (16.55). p(t) =
(pL(2), .., pu(t)) and
q(t) = (q:(t), ..., qs(t))-
L* denotes evaluation at
(£, x" (1), 0" (1), p(1), a(t)).
(The conditions in the
theorem are somewhat
restrictive. In particu-
lar, sometimes one must
allow p(t) to have dis-
continuities at interior
points of [to,t1]. For de-
tails, see the references.)

A mixed and pure state
constraints problem.
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Let (x*(t),u*(t)) be admissible in problem
(16.58). Assume that there exist vector func-
tions p(t) and q(t), where p(t) is continuous
and p(t) and q(t) are piecewise continuous, and

also numbers (g, k = 1,..., s, such that the fol- Mangasarian’s sufficient
lowing conditions are satisfied with pg = 1: conditions for the mixed
oL* . and pure state con-
(1) o ) (u—u*(t)) <0 foralluilU straints problem (with
or* p(t) continuous). L is
(2) pi(t) = — , i=1,...,n defined in (16.53), and
Ox; L* denotes evaluation at
Ohy,(t1,x (t1),u*(t1)) (t,x"(t),u"(t), p(t), a(t)).
(3) pilt1) — Z Bk _
satisﬁes q(t) = ((Zlv(t)7 e 7vqs (t)-
(a’) no conditions, i=1,...,1 A constraint qualifica-
16.59 , - 1 tion is not required,
(b7) =0 (=0if 27 (t) > xi')’ but the conditions of-
i=1+1,....m ten fail to hold because
(c’) =0, i=m+1,...,n p(t) has discontinu-
, ities, in particular at t;.
(4) Br =0, k=1,...,s See e.g. Seierstad and
(5) Br >0 (B = 0if hy(t1,x*(t1)) > 0), Sydseeter (1987), TheO-
k=g 41,. rem 6.2 for a sufficiency
result allowing p(t) to
(6) ar(t) >0 (= 0if hy(t,x*(t),u*(t)) > ) have discontinuities at
k=1,....s interior points of [to, t1]
(7) hg(t,x,u) is quasi-concave in (x,u), as well.
k=1,...,s

(8) H(t,x,u,p(t)) is concave in (x,u).

Then (x*(t),u*(t)) solves the problem.

References

Kamien and Schwartz (1991), Léonard and Long (1992), Beavis and Dobbs (1990),
Intriligator (1971), and Sydsaeter et al. (2005). For more comprehensive collection
of results, see e.g. Seierstad and Sydseeter (1987) or Feichtinger and Hartl (1986) (in
German).
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17.6

Chapter 17

Discrete dynamic optimization

Dynamic programming

T
max Z f(t, %, 1)

t=0
X1 = 8t X¢, ue),

xo=x", x, eR", w, e U CR",

t=0,...,T—1
t=0,...,T

T
max Y. f(t,x¢,us), where
Us,...,ur €U ;=g

X1 = 8(t,X¢, e),

Js(x) =

t=s,...,T—1, x4=X

JT (X) = I‘.Illea’a,( f(T7 X, u)

Jo(x) = mave [f(s, %, 1) + T (g(s, %, 0))]
fors=0,1,..., T —1.

A “control parameter free” formulation of the
dynamic programming problem:
T
max Z F(t,x¢,X¢41)
t=0
Xt41 € Ft(Xt),

t=0,...,T, xo given

T

Js(x) = max Y, F(t,X¢, X¢+1), where the max-
t=s

imum is taken over all x;y; in T'y(x;) for ¢ =

s, ..., T, with x4 = x.

Jr(x) = max F(T,x,y)
y€err(x)

Js(x) = max [F(s,x7 y)+ JS_H(yﬂ
yels(x)

fors=0,1,...,T.

A dynamic program-
ming problem. Here
g=(91,...,9n), and x°
is a fixed vector in R".
U is the control region.

Definition of the value
function, Js(x), of prob-
lem (17.1).

The fundamental equa-
tions in dynamic pro-

gramming. (Bellman’s
equations.)

The set I't(x¢) is often
defined in terms of
vector inequalities,
G(t,xt) < x¢41 <
H(t,x;), for given vector
functions G and H.

The value function,
Js(x), of problem (17.4).

The fundamental equa-
tions for problem (17.4).
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17.7

17.8

17.9

17.10

17.11

17.12

17.13

If {xg, ..., X7} is an optimal solution of prob-
lem (17.4) in which x},; is an interior point of
Ty (x}) for all ¢, and if the correspondence x —
CTy(x) is upper hemicontinuous, then {xj, ...,
X7, } satisfies the Buler vector difference equa-
tion

Fé(t —|— 1, Xt+1,Xt+2) —|— Fé(t, Xt, Xt+1) = 0

Infinite horizon

maxz ol f(x¢,uy)

t=0
Xt+1 :g(xt,ut), t:0,1,27...
x0=x", x, eR", u, €U CR",

The sequence {(x¢,u;)} is called admissible if
u; € U, xo = x°, and the difference equation
in (17.8) is satisfied for all t = 0,1,2,....

V(x,m,s,00) =3 0, o fxe,uy),

where 7w = (us,Us41,...), with ugyy € U for
k=0,1,..., and with x4 = g(x¢,w;) for t =
s,s+1,..., and with x, = x.

Js(x) = sup, V(x,m,s,00)

where the supremum is taken over all vectors
7 = (U, Usy1,...) with usg € U, with (x4, uy)
admissible for ¢ > s, and with x; = x.

Js(x) = a’Jy(x), s=1,2,...

Jo(x) = sup{f(x,u) + aJo(g(x, w))}

t=0,1,2,...

F' is a function of

1 4+ n 4+ n variables,

F} denotes the n-vector
of partial derivatives of
F' w.r.t. variables no.
2,3, ....,n+ 1, and

F} is the n-vector of
partial derivatives of F'
w.r.t. variables no. n + 2,
n+3,...,2n+ 1.

An infinite horizon prob-
lem. « € (0,1) is a con-
stant discount factor.

Definition of an admissi-
ble sequence.

Boundedness conditions.
M and N are given
numbers.

The total utility ob-
tained from period s
and onwards, given that
the state vector is x at
t=s.

The wvalue function of
problem (17.8).

Properties of the value
function, assuming
that at least one of the
boundedness conditions
in (17.10) is satisfied.
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17.14

17.15

17.16

17.17

17.18

17.19

Discrete optimal control theory

H:f(t7x’u)+p.g(t’x’u)’ tZO""’T

Suppose {(x},u;)} is an optimal sequence for
problem (17.1). Then there exist vectors p; in
R"™ such that fort =0, ..., T:

o H|(t,xf,uf,p:)-(u—uj)<0foralluinU

e The vector p; = (p}, ...

pi—1 = H (t,x},uf,ps), t=1,...,T
with pp = 0.

,Py) is a solution of

fori=1,...,1
(b) 2% >z fori=I1+1,....,m

fori=m+1,...,n

{qof(t,x,u)+p~g(t,x,u), t=0,...,7-1
B f(T7X7u)7 t:T

Suppose {(x},u;)} is an optimal sequence for
problem (17.1) with terminal conditions
(17.16). Then there exist vectors p; in R™ and
a number qq, with (g0, pr) # (0,0) and with
go =0 or 1, such that fort =0, ..., T":
(1) H (t,x},u},ps)-(u—uj) <0 foraluinU
(2) pt = (pi,...,pR) is a solution of

p;fi—l = H/i(t7x:au;tkapt)a t= 15-~-5T_ 1

x

i of (T, x%, uk i
(3) Pr_1 _ o 2/ Lx7 uF) o r) +pr
T

where pl. satisfies

(a’) no condition on p., i=1,...,1
(b)) ph>0(=0ifzl > 7)), i=1+1,...,m
(¢) ph =0, i=m+1,...,n

Suppose that the sequence {(x},u},p:)} sat-
isfies all the conditions in (17.18) for gy = 1,
and suppose further that H(¢,x,u,p¢) is con-
cave in (x,u) for every ¢ > 0. Then the se-
quence {(x},u},p:)} is optimal.

The Hamiltonian H =
H(t,x,u,p) associated
with (17.1), with p =

(p17"'7pn).

The maximum princi-
ple for (17.1). Necessary
conditions for optimal-
ity. U is convex. (The
Hamiltonian is not nec-
essarily maximized by
u;.)

Terminal conditions for

problem (17.1).

The Hamiltonian H =
H(t,x,u,p) associated
with (17.1) with termi-
nal conditions (17.16).

The maximum principle
for (17.1) with terminal
conditions (17.16).
Necessary conditions for
optimality. (a’), (b’), or
(¢’) holds when (a), (b),
or (¢) in (17.16) holds,
respectively. U is con-
vex. (Except in degen-
erate cases, one can put
qo = 1)

Sufficient conditions for
optimality.
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17.20

17.21

17.22

Infinite horizon

max i [, %, u)

t=0
Xt4+1 :g(taxhut)a t:0a1727"'

XOZXO, XtERn, utEUCRT, t=0,1,2,...

The sequence {(x:*,w;*)} is catching up opti-
mal (CU-optimal) if for every admissible se-
quence {(x¢,up)},

lim D(t) > 0

t—o0

where D(t) = Zi:o(f(T, xtul) — f(r,x-,u;)).

Suppose that the sequence {(x},u;, p:)} satis-
fies the conditions (1) and (2) in (17.18) with
qo = 1. Suppose further that the Hamiltonian
function H(t,x,u,p;) is concave in (x,u) for
every t. Then {(x},uf}) is CU-optimal pro-
vided that the following limit condition is sat-
isfied: For all admissible sequences {(x¢,us)},
lim py - (x — x{) > 0

t—o0

References

It is assumed that the
infinite sum converges
for every admissible pair.

Definition of “catching
up optimality”. For lim
see (12.42) and (12.43).

Sufficient optimality con-
ditions for an infinite
horizon problem with no
terminal conditions.

See Bellman (1957), Stokey, Lucas, and Prescott (1989), and Sydsacter et al. (2005).
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Chapter 18

Vectors in R". Abstract spaces

ail a2 A1m

a1 a2 a2m
a; = . , ag = . y ooy Am =

an1 an?2 Anm
If 21, zs, ..., x,, are real numbers, then

T1a; +xa2 + -+ Tpap

is a linear combination of a;, as, ..., a,.

The vectors ay, as, ..., a,, in R" are
e linearly dependent if there exist numbers ¢y,
C2, ..., Cm, not all zero, such that
cia; +cas+ - +cpa, =0

e linearly independent if they are not linearly
dependent.

The vectors a1, as, ..., a,, in (18.1) are linearly
independent if and only if the matrix (ai;)nxm
has rank m.

The vectors a;, as, ..., a, in R™ are linearly
independent if and only if

ail ai12 .. Q1p
a1 a2 ... dQ2n

#0
apl  An2 N Y )

A non-empty subset V of vectors in R” is a sub-
space of R™ if cia; + cgay € V for all ay, as in
V and all numbers ¢, cs.

m (column) vectors in
Rn

Definition of a linear
combination of vectors.

Definition of linear
dependence and inde-
pendence.

A characterization of
linear independence for
m vectors in R”. (See
(19.23) for the definition
of rank.)

A characterization of lin-
ear independence for n
vectors in R™. (A special
case of (18.4).)

Definition of a subspace.



128

18.7

18.8

18.9

18.10

18.11

18.12

18.13

18.14

18.15

If V is a subset of R™, then S[V] is the set of
all linear combinations of vectors from V.

A collection of vectors ay, ..., a,, in a subspace
V of R™ is a basis for V if the following two

conditions are satisfied:
e aj,...,a,, are linearly independent

o Slaj,...,an|=V

The dimension dimV, of a subspace V of R™
is the number of vectors in a basis for V. (Two
bases for V' always have the same number of
vectors.)

Let V' be an m-dimensional subspace of R™.

e Any collection of m linearly independent vec-
tors in V is a basis for V.

e Any collection of m vectors in V' that spans
V' is a basis for V.

The inner product of a = (a1,...,a,,) and b =

(b1,...,by) is the number
a-b= a1b1 +-- 4+ ambm = Z?Ll Cl,z'bi

a-b=b-a
a-(b+c)=a-b+a-c
(ed) -b=a- (ab) = a(a-b)
a-a>0 < a#0

lal = Vai+ a3+ +a2=va-a

a)
b)
¢) [la+bl <llall+ b
d) fa-b[ < [a]-[b]

llal]] > 0 for a # 0 and ||0]| =0

leall = |ef ||l

(
(
(
(

The angle ¢ between two nonzero vectors a and
b is defined by

-b
cosgo:ai 0<

; <p<m7
lall - |Ib]]

S[V] is called the span
of V.

Definition of a basis for
a subspace.

Definition of the dimen-
sion of a subspace. In
particular, dim R" = n.

Important facts about
subspaces.

Definition of the inner
product, also called
scalar product or dot
product.

Properties of the inner
product. « is a scalar
(i.e. a real number).

Definition of the
(Euclidean) norm (or
length) of a vector.

Properties of the norm.
a, b € R", « is a scalar.
(d) is the Cauchy-
Schwarz inequality.

|la — b|| is the distance
between a and b.

Definition of the angle
between two vectors in
R"™. The vectors a and b
are called orthogonal if
a-b=0.
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18.16

18.17

18.18

18.19

18.20

18.21

Vector spaces

A wector space (or linear space) (over R) is a
set V' of elements, often called vectors, with
two operations, “addition” (V' x V — V) and
“scalar multiplication” (R x V' — V), that for
all z, y, z in V, and all real numbers o and (3
satisfy the following axioms:

(@) @+y)+z=a+y+z2), z+y=y+ax

(b) There is an element 0 in V' with 2 40 = z.

(c) For every x in V, the element (—1)z in V
has the property © + (—1)z = 0.

(d) (a+ Pz =ax+ Bz, ofz)=(af)x,
alz+y)=ax+ay, lx=uz.

A set B of vectors in a vector space V is a basis
for V if the vectors in B are linearly indepen-
dent, and B spans V, S[B] = V.

Metric spaces

A metric space is a set M equipped with a dis-
tance function d: M x M — R, such that the
following axioms hold for all x, y, z in M:

(a) d(z,y) >0, and d(z,y)=0 & z=y
(b) d(z,y) = d(y,x)

(c) d(z,y) <d(z,z) +d(z,y)

A sequence {x,} in a metric space is

e convergent with limit x, and we write
lim, ooz, = x (or T, — = as n — 00),
if d(xp, ) — 0 as n — oo;

e a Cauchy sequence if for every € > 0 there
exists an integer N such that d(z,,z,) < e
for all m,n > N.

A subset S of a metric space M is dense in M
if each point in M is the limit of a sequence of
points in S.

A metric space M is
o complete if every Cauchy sequence in M is
convergent;

e separable if there exists a countable subset S
of M that is dense in M.

Definition of a vector
space. With obvious
modifications, definitions
(18.2), (18.3), (18.6),
and (18.7), of a linear
combination, of linearly
dependent and indepen-
dent sets of vectors, of
a subspace, and of the
span, carry over to vec-
tor spaces.

Definition of a basis of a
vector space.

Definition of a metric
space. The distance
function d is also called
a metric on M. (c) is
called the triangle in-
equality.

Important definitions.
A sequence that is not
convergent is called
divergent.

Definition of a dense
subset.

Definition of complete
and separable metric
spaces.



130

18.22

18.23

18.24

Normed vector spaces. Banach spaces

A normed vector space (over R) is a vector space
V', together with a function || - || : V — R, such
that for all z, y in V' and all real numbers «,

(a) ||z|| >0 for z # 0 and ||0]] =0

(b

) o] = laf |z

(© Nz +yll < flzll + Nyl

n

rn): B, with [ = (5 ) 0= 1)

i=1
(For p = 2 this is the Euclidean norm.)
1°°(n): R™, with [|x|| = max(|z1],. .., |z,])

P (p > 1): the set of all infinite sequences
x = (wg,21,...) of real numbers such that

oo oo 1/p
5 ol comvenges, ] = (£ 1)
1=1 =1

For x = (zg,z1,...) and y = (yo,¥1,.-.) in
P, by definition, x+y = (xo+yo, z1+y1,.-.)
and ax = (azg, azxy,...).

[°°: the set of all bounded infinite sequences
x = (xg, 21, ...) of real numbers, with ||x|| =
sup; |z;|. (Vector operations defined as for
r.)

C(X): the set of all bounded, continuous
functions f : X — R, where X is a metric
space, and with ||f|| = sup,cx |f(x)|. If f
and g are in C(X) and o € R, then f+¢g and
af are defined by (f + g)(z) = f(z) + g(z)
and (af)(z) = af(z).

Let X be compact metric space, and let F' be a
subset of the Banach space C(X) (see (18.23)
that is

uniformly bounded, i.e. there exists a number
M such that |f(z)] < M for all f in F' and
all z in X,

equicontinuous, i.e. for each € > 0 there ex-
ists a 0 > 0 such that if ||z — 2’| < d, then
|f(z) — f(z")] <eforall fin F.

Then the closure of F' is compact.

With the distance func-
tion d(w,y) = [z — yll, V
becomes a metric space.
If this metric space is
complete, then V' is
called a Banach space.

Some standard examples
of normed vector spaces,
that are also Banach
spaces.

Ascoli’s theorem. (To-
gether with Schauder’s
theorem (18.25), this
result is useful e.g. in
economic dynamics.
See Stokey, Lucas, and
Prescott (1989).)
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18.25

18.26

18.27

18.28

If K is a compact, convex set in a Banach space
X, then any continuous function f of K into
itself has a fixed point, i.e. there exists a point
x* in K such that f(z*) = z*.

Let T : X — X be a mapping of a complete

metric space X into itself, and suppose there

exists a number k in [0, 1) such that

(x) d(Tz,Ty) < kd(z,y) for all z, y in X

Then:

(a) T has a fixed point x*, i.e. T(z*) = a*.

(b) d(T"a°,z*) < k™d(2°,2*) for all 2° in X
and alln=0,1, 2, ....

Let C(X) be the Banach space defined in

(18.23) and let T' be a mapping of C(X) into

C(X) satistying:

(a) (Monotonicity) If f,g € C(X) and f(x) <
g(x) for all x in X, then (Tf)(z) < (Tg)(x)
for all z € X.

(b) (Discounting) There exists some « in (0,1)
such that for all f in C'(X), all @ > 0, and
all z in X,

[T(f +a)l(z) < (Tf)(z) + aa

Then T is a contraction mapping with modu-
lus a.

Inner product spaces. Hilbert spaces

An inner product space (over R) is a vector
space V, together with a function that to each
ordered pair of vectors (z,y) in V associates a
real number, (z,y), such that for all z, y, z in
V and all real numbers «,

(a) (z,9) = (v, )

(b) (z,y+2) = (z,y) + (2,2)

(©) afz,y) = (az,y) + (z, ay)

(d) (z,z) >0 and (z,z2)=0 & =0

Schauder’s fixed point
theorem.

The existence of a fixed
point for a contraction
mapping. k is called a
modulus of the contrac-
tion mapping. (See also
(6.23) and (6.25).) A
mapping that satisfies
(%) for some k in [0, 1),
is called a contraction
mapping.

Blackwell’s sufficient
conditions for a contrac-
tion. Here (f + a)(z) is
defined as f(x) + a.

Definition of an inner
product space. If we de-
fine ||z|| = /(z,z), then
V becomes a normed
vector space. If this
space is complete, V' is
called a Hilbert space.
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n
o 1*(n), with (x,y) = > 2y Examoles of il
18.29 . i=1 praaCI:Sp es of Hilbert
o 2 with (x,y) = 3 iy |
i=1
(a) is the Cauchy—
Schwarz inequality.
(Equality holds if and
(a) [z, )] < V{z,2)/(y.y) forallz,yinV only if  and y are
18.30 L ) ) linearly dependent.)
(b) (z,y) = Z(”x +yll* = [z =yl ) The equality in (b)
shows that the inner
product is expressible
in terms of the norm.
e Two vectors x and y in an inner product
space V are orthogonal if {x,y) = 0.
e A set S of vectors in V is called orthogonal
if (x,y) =0forallz #yin S.
18.31 o A set S of vectors in V is called orthonormal Important definitions.
if it is orthogonal and ||z| = 1 for all  in S.
e An orthonormal set S in V is called complete
if there exists no = in V' that is orthogonal
to all vectors in S.
Let U be an orthonormal set in an inner prod-
uct space V.
(a) If uy, ..., u, is any finite collection of dis-
tinct elements of U, then ‘
n (x) is Bessel’s inequal-
18.32 ) > (@, u))? < |z||? for all zin V ity, (xx) is Parseval’s
i=1 formula.
(b) If V is complete (a Hilbert space) and U is
a complete orthonormal subset of V', then
(k) > |(w,u)? = ||z||* forall z in V
uelU

References

All the results on vectors in R™ are standard and can be found in any linear algebra
text, e.g. Fraleigh and Beauregard (1995) or Lang (1987). For abstract spaces, see
Kolmogorov and Fomin (1975), or Royden (1968). For contraction mappings and
their application in economic dynamics, see Stokey, Lucas, and Prescott (1989).
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19.2
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194

19.5

19.6

Chapter 19

Matrices
ail a12 e A1n
a1 a99 e ag
A= : : :" - (aij)mxn
Am1 Am?2 cee Qmn
@11 a2 ... Qin
0 ag92 e aA2n,
A= .
0 0 Ann
ai 0 e 0
0 an 0
dia’g<a17a2> 7a’n) = .
0 0 e ap
a 0 0
0 a 0
0 0 a/ ,n
1 0 0
0 1 0
Lo=|{. . . .
o o0 --- 1 nxn

If A = (aij)mxn, B = (bij)mxn, and a is a
scalar, we define

A+B= (aij + bij)mxn
aA = (aaij)mxn
A-B=A+ (—1)B = (aij — bij)mxn

Notation for a matriz,
where a;; is the element
in the ith row and the
7th column. The matrix
has order m x n. If m =
n, the matrix is square
of order n.

An upper triangular ma-
trix. (All elements be-
low the diagonal are 0.)
The transpose of A (see
(19.11)) is called lower
triangular.

A diagonal matrix.

A scalar matrix.

The unit or identity
matrix.

Matrix operations. (The
scalars are real or com-
plex numbers.)
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19.7

(A+B)+C=A+(B+C)
A+B=B+A
A+0=A
A+(-A)=0
(a+b)A =aA +bA
a(A +B) =aA +aB

If A = (aij)mxn and B = (b;j)nxp, we define
the product C = AB as the m x p matrix C =

19.8 (Cij)mxp Where
Cij = aitbij + -+ aigbrg + -+ Ainbny
a1l aij ... Qln b11 bip
a;-l (TR a';n | b bJ"P
Am1 Amj ... QAmn bnl an
(AB)C = A(BC)
199 AB+C)=AB+ AC
(A+B)C=AC+BC
AB # BA
1910 AB=0#4 A=0or B=0
AB=AC & A#0 % B=C
aix a1 -t Qml
12 Q22 -t Gp2
19.11 A’ = .
Ain  A2n o Omn
(A" = A
A+B)Y=A"+B
19.12 ( * ) +
(@A) =aA’
(AB) =B’A’ (NOTE the order!)
19.13 B=A"! < AB=1, < BA-=1,

Properties of matrix op-
erations. 0 is the zero
(or null) matrix, all of
whose elements are zero.
a and b are scalars.

The definition of matriz

multiplication.
Cc11 . Clk ... Clp
Cil Czk Cip
Cml -+ Cmk --- Cmp

Properties of matrix
multiplication.

Important observations
about matrix multiplica-
tion. 0 is the zero ma-
trix. # should be read:
“does not necessarily
imply”.

A’, the transpose of

A = (aij)an, is the
n X m matrix obtained
by interchanging rows
and columns in A.

Rules for transposes.

The inverse of an n X n
matrix A. I,, is the
identity matrix.
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19.14

19.15

19.16

19.17

19.18

19.19

A~!exists < |A|#0

(a b I d —b
A(c d> — A ad—b(;(—c a)

If A = (aij)nxn is a square matrix and |A| # 0,
the unique inverse of A is given by

A= L oadica),

= where
|A
A Axn An
) Ap Ao Apo
adj(A) = ) . .
Aln A2n Ann

Here the cofactor, A;j, of the element a;; is
given by

a;p ... ajj A1n
A” = (—1)”” T i
an1 Ann

RflA'(ARflALI»Q*l)*l — (A’QA+R)71A/Q

A necessary and suffici-
ent condition for a ma-
trix to have an inverse,
i.e. to be invertible. |A]
denotes the determinant
of the square matrix A.
(See Chapter 20.)

Valid if
|A| = ad — bc # 0.

The general formula for
the inverse of a square
matrix. NOTE the or-
der of the indices in the
adjoint matriz, adj(A).
The matrix (Aij)nxn is
called the cofactor ma-
triz, and thus the ad-
joint is the transpose
of the cofactor matrix.
In the formula for the
cofactor, A;j;, the deter-
minant is obtained by
deleting the ith row and
the jth column in |A|.

Properties of the inverse.
(A and B are invertible
n X n matrices. cis a
scalar # 0.)

Aismxn,Bisn xm,
I, + ABJ| # 0.

Matrix inversion pairs.
Valid if the inverses
exist.
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19.20

19.21

19.22

19.23

19.24

19.25

19.26

A square matrix A of order n is called
o symmetric if A = A’

o skew-symmetric if A = —A’
o idempotent if A2 =A

e involutive if A2 =1,

e orthogonal if A’A =1,

o singular if |A| =0, nonsingular if |A|#0

i=1
tr(A + B) = tr(A) + tr(B)
tr(cA) = ctr(A) (cis a scalar)
tr(AB
tr(A’) = tr(A)
r(A) = maximum number of linearly indepen-
dent rows in A = maximum number of lin-
early independent columns in A = order of the
largest nonzero minor of A.

) =
)=
)
) =

(1) r(A) =r(A') =r(A’A) =r(AA)

(2) 7(AB) < min(r(A),r(B))

(3) r(AB) =r(B) if [A]#0

(4) r(CA)=r(C) if [A[#0

(5) r(PAQ) =r(A) if [P[#0, |Q[#0

(6) [r(A) —r(B)| <r(A+B)<r(A)+rB)
(7) r(AB) >r(A)+r(B)—n

(8) 7(AB) +r(BC) <r(B)+r(ABC)

Ax =0 forsome x#0 < r(A)<n-1

A matrix norm is a function || - || that to each
square matrix A associates a real number |A||g
such that:

o |[A|lg>0 for A#0 and ||0]jg=0
o |[cA|lg = |c|||Allp (cis a scalar)

e [A+Bls<|[Als+I[Bls

e [[ABJs < ||AllsBlls

=tr(BA) (if AB is a square matrix)

Some important defi-
nitions. |A| denotes
the determinant of the
square matrix A. (See
Chapter 20.) For prop-
erties of idempotent and
orthogonal matrices, see
Chapter 22.

The trace of A =
(aij)nxn is the sum of
its diagonal elements.

Properties of the trace.

Equivalent definitions
of the rank of a matrix.
On minors, see (20.15).

Properties of the rank.
The orders of the ma-
trices are such that the
required operations are
defined. In result (7),
Sylvester’s inequality, A
ismxmnand Bisn xp.
(8) is called Frobenius’s
inequality.

A useful result on homo-
geneous equations. A is
m X n,xisn x 1.

Definition of a matriz
norm. (There are an
infinite number of such
norms, some of which
are given in (19.27).)



137

19.27

19.28

19.29

19.30

19.31

19.32

19.33

19.34

n
IAl; = max Y as|
j=1,....n =

n
max Z\am
i=1,...,n 4
=1

e ||Allz = /X, where \ is the largest eigenvalue
of A’A.

|Allar =7 e |ai;]

|Allr = (ZZ agl?) "

Ao =

A eigenvalue of A = (a;j)nxn = |A| < ||Allg

lAllg<1 = At -5 0ast— o0

Linear transformations

A function T : R® — R™ is called a linear
transformation (or function) if

(1) Tx+y)=Tx) +T(y)

(2) T(ex) =cT(x)

for all x and y in R™ and for all scalars c.

If A is an m X n matrix, the function Tx :
R™ — R™ defined by Ta(x) = Ax is a linear
transformation.

Let T : R® — R™ be a linear transformation
and let A be the m x n matrix whose jth col-
umn is T'(e;), where e; is the jth standard unit
vector in R™. Then T'(x) = Ax for all x in R™.

Some matrix norms for
A = (aij)nxn. (For
eigenvalues, see Chap-
ter 21.)

The modulus of any
eigenvalue of A is less
than or equal to any ma-
trix norm of A.

Sufficient condition for
A" 5 0ast— oo ||Alg
is any matrix norm of A.

The exponential matrix
of a square matrix A.

Properties of the expo-
nential matrix.

Definition of a linear
transformation.

An important fact.

The matrix A is called
the standard matriz rep-
resentation of T'.
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19.35

19.36

19.37

19.38

19.39

19.40

19.41

Let T:R™ - R™ and S : R™ — RF be two lin-
ear transformations with standard matrix rep-
resentations A and B, respectively. Then the
composition SoT of the two transformations is
a linear transformation with standard matrix
representation BA.

Let A be an invertible n X n matrix with asso-
ciated linear transformation T. The transfor-
mation T~! associated with A~! is the inverse
transformation (function) of T.

Generalized inverses

An n x m matrix A~ is called a generalized in-
verse of the m X n matrix A if

AATA=A

A necessary and sufficient condition for the ma-
trix equation Ax = b to have a solution is
that AA~b = b. The general solution is then
x = A"b+(I-A~A)q, where q is an arbitrary
vector of appropriate order.

If A~ is a generalized inverse of A, then
e AA™ and A~ A are idempotent

e r(A)=r(A"A)=tr(A"A)

e (A7) is a generalized inverse of A’

e A is square and nonsingular = A~ = A~!

An n x m matrix A7 is called the Moore—Pen-
rose inverse of a real m x n matrix A if it sat-
isfies the following four conditions:

i) AATA=A (i) ATAAT =A"
(iii) (AAT) = AAT  (iv) (ATA)Y =ATA

A necessary and sufficient condition for the ma-
trix equation Ax = b to have a solution is
that AATb = b. The general solution is then
x = ATb+(I—-ATA)q, where q is an arbitrary
vector of appropriate order.

A basic fact.

A basic fact.

Definition of a general-
ized inverse of a matrix.
(A~ is not unique in
general.)

An important appli-
cation of generalized
inverses.

Properties of generalized
inverses.

Definition of the Moore—
Penrose inverse. (A"
exists and is unique.)

An important appli-
cation of the Moore—
Penrose inverse.
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19.42

19.43

19.44

19.45

19.46

19.47

19.48

e A is square and nonsingular = AT = A~!
o (AN)T=A, (A)F = (A"

e AT = A if A is symmetric and idempotent.
e ATA and AAT are idempotent.

e A, AT AA* and ATA have the same rank.
e A/AAT =A'=ATAA'

o (AAT)t = AA*

o (A'/A)f = AT(A*), (AA/)T = (AT)A*
e (A®B)t =AT@B"

Partitioned matrices

P,y Py
P =
<P21 P
Py Py Qi1 Qi
Py Po Q21 Qa2
_ P11Qu1 +P12Q21 P11Qi2 +P12Q2
P21Qu1 +P2Q2a1 P21Qi2 +P2Qo
P P _
‘P; P;z = [P11| - [Pa2 — P2 P! Py
P P _
‘P; P;z = [Py - [P11 — P12P5; Py |
P P
‘ 011 PZ = |P11| - [Pa2|
-1
P,y Py _
Py Py
P + P 'PLA Py P —P'PLATY
~A7'P,y, P A!

where A = P22 — P21P;11P12.

)

)

Properties of the Moore—
Penrose inverse. (® is
the Kronecker product.
See Chapter 23.)

A partitioned matrix of
order (p+¢q) X (r + s).
(P11 is pXr, Pisis pXs,
Py is gxr, Pos is g x s.)

Multiplication of parti-
tioned matrices. (We
assume that the multi-
plications involved are
defined.)

The determinant of a
partitioned n X n ma-
‘% ASSUm -1
trix, assuming P

exists.

The determinant of a
partitioned n X n ma-
‘% ASSUm -1
trix, assuming P,

exists.

A special case.

The inverse of a parti-
tioned matrix, assuming
P! exists.
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19.49

19.50

19.51

19.52

—1
Py Py _
Py Py
—A'PPL

( o
—P3) Py AT Py + PPy AT PPy

where Al = P11 — P12P521P21.

Matrices with complex elements

Let A = (a;;) be a complex matrix (i.e. the
elements of A are complex numbers). Then:

e A = (a;;) is called the conjugate of A. (a;;
denotes the complex conjugate of a;;.)

e A* = A’ = (aj;) is called the conjugate
transpose of A.

e A is called Hermitian if A = A*.

A is called unitary if A* = A~

e Aisreal < A =A.
e If A is real, then
A is Hermitian <= A is symmetric.

Let A and B be complex matrices and ¢ a com-
plex number. Then

1) (A ) =A
A +B)" = A" +B*

References

)

The inverse of a parti-
tioned matrix, assuming
P, exists.

Useful definitions in con-
nection with complex
matrices.

Easy consequences of the
definitions.

Properties of the conju-
gate transpose. (2) and
(4) are valid if the sum
and the product of the

matrices are defined.

Most of the formulas are standard and can be found in almost any linear algebra
text, e.g. Fraleigh and Beauregard (1995) or Lang (1987). See also Sydsaeter and
Hammond (2005) and Sydsaeter et al. (2005). For (19.26)—-(19.29), see e.g. Faddeeva
(1959). For generalized inverses, see Magnus and Neudecker (1988). A standard
reference is Gantmacher (1959).



Chapter 20

Determinants

(a11,a12)

ail a2
20.1 = a11a22 — a210412
a1 a2
Yy
(@21, a22)
20.2
A
@11 aiz2 ais
20.3 az1 QA22 Q23| =
azir agz ass
z
A
(a3
20.4
=

411022033 — 411023032

+ a12a23a31 — G12a21033
+ a13021a32 — 013022031

(a11,a12,a13)

Definition of a 2 x 2
determinant.

Geometric interpretation
of a 2 x 2 determinant.
The area A is the abso-
lute value of the deter-

minant
ail a2
a1 a2

Definition of a 3 x 3
determinant.

Geometric interpretation
of a 3 x 3 determinant.
The volume of the “box”
spanned by the three
vectors is the absolute
value of the determinant

ail @iz @13
a1 Q22 a23
asi @32 ass
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20.5

20.6

20.7

20.9

ainAin + ailpp + -
a1 Ag1 + aipAge + -+

alelj + GQjAQj + -
a1 A1 + agjAgg + -

If A = (Gij)nxn IS an n x n matrix, the deter-
minant of A is the number

Al = ain Ao + -+ aindin = Z?=1 ai; Aij

where A;;, the cofactor of the element a;;, is

ai1 A1n
Aij = (—1)14_] T i
Gn1 Qnn

¥t Agn =0 ifk#i

+ anjAnj = |A|
+anjAnk =0 lfk#']

If all the elements in a row (or column) of A
are 0, then |A| = 0.

If two rows (or two columns) of A are inter-
changed, the determinant changes sign but
the absolute value remains unchanged.

If all the elements in a single row (or col-
umn) of A are multiplied by a number ¢, the
determinant is multiplied by c.

If two of the rows (or columns) of A are pro-
portional, then |A| = 0.

The value of |A| remains unchanged if a mul-
tiple of one row (or one column) is added to
another row (or column).

|A’| = |A|, where A’ is the transpose of A.

|AB| = [A[ - [B|
|A +B| # |A| 4+ |B| (in general)

1z, 22
1 my 22| = (20— 1) (23 — 21)(23 — 22)

1 z3 23

The general definition of
a determinant of order
n, by cofactor expansion
along the ith row. The
value of the determinant
is independent of the
choice of i.

Expanding a determi-
nant by a row or a col-
umn in terms of the co-
factors of the same row
or column, yields the de-
terminant. Expanding
by a row or a column in
terms of the cofactors

of a different row or col-
umn, yields 0.

Important properties of
determinants. A is a
square matrix.

Properties of determi-
nants. A and B are
n X n matrices.

The Vandermonde deter-
minant for n = 3.
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20.10

20.11

20.12

20.13

20.14

20.15

20.16 Dy =

g1 a1 ... Qin

dn Gnil ceo Opp

o p1 ... DPn
g1 ai1 ... Qin

gn Qan1 ... Qnpn

ry xy ... Iy
T2 Ty B )

r3 I3 ... I3 =

Tn T

pr ... DPn

|AB +1,,| = |BA +1,,|

I @i-)

1<j<i<n

=- Z ZpiAinj

1=

1 =1

~ (0~ P'AT'Q) A

e A minor of order k£ in A is the determinant

of a k x k matrix obtained by deleting all but
k rows and all but k& columns of A.

A principal minor of order k in A is a minor
obtained by deleting all but & rows and all
except the k£ columns with the same num-

bers.

The leading principal minor of order k in
A is the principal minor obtained by delet-
ing all but the first k£ rows and the first &

columns.

a1 ai12 Lo A1k
a21 as2 oo Aok

Ar1 QAg2 v Qg

The general Vander-
monde determinant.

A special determinant.
a;#1fori=1,...,n.

A useful determinant
(n > 2). Aj; is found in
(20.5).

Generalization of (20.12)
when A~ exists.
P = (p17 o ,pn),
Q, = (q17 e 7q71)'

A useful result. A is
mxXn, Bisn xm.

Definitions of minors,
principal minors, and
leading principal minors
of a matrix.

The leading principal
minors of A = (aij)nxn.
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If |A| = |(@ij)nxn| # 0, then the linear system
of n equations and n unknowns,
ani + a1 + -+ a1pn = by
a2171 + G222 + -+ + A2, Ty = bo
................................. Cramenr’s rule. Note
An1 T+ Ano®y + -+ Gnnn = by that |A;]| is obtained by
920.17 has the unique solution replacing the jth column
’ |A] in |A| by the vector with
Tj = A] =L2...,n components by, bo, ...,
bn.
where
aix ... QG15-1 b1 a1j4+1 ... QAln
a1 ... @251 b2 a2j4+1 ... Qa2
[A;] =
Gp1 ... Gpj—1 bn Qpj+1 --- Qpn
References

Most of the formulas are standard and can be found in almost any linear algebra
text, e.g. Fraleigh and Beauregard (1995) or Lang (1987). See also Sydsaeter and
Hammond (2005). A standard reference is Gantmacher (1959).
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21.5

21.6

21.7

21.8

21.9

Chapter 21

Eigenvalues. Quadratic forms

A scalar A is called an eigenvalue of an n x n
matrix A if there exists an n-vector ¢ # 0 such
that

Ac = )¢

The vector c is called an eigenvector of A.

all — A ai12 N A1n
a21 a99 — Ao a9n
A—M|=]|
apl an2 Ann — A

A is an eigenvalue of A & p(A\) =|A—-XI| =0

|A‘:Al)\2)\nfl>\n
tr(A):a11+"'+ann:>\1+"'+)\n

Let f( ) be a polynomial. If A is an eigenvalue
of A, then f()) is an eigenvalue of f(A).

A square matrix A has an inverse if and only if
0 is not an eigenvalue of A. If A has an inverse
and A is an eigenvalue of A, then A\7! is an
eigenvalue of A~1.

All eigenvalues of A have moduli (strictly) less
than 1 if and only if A~ 0 as t — oo.

AB and BA have the same eigenvalues.

If A is symmetric and has only real elements,
then all eigenvalues of A are reals.

Eigenvalues and eigen-
vectors are also called
characteristic roots and
characteristic vectors. A\
and ¢ may be complex
even if A is real.

The eigenvalue poly-
nomial (the charac-
teristic polynomial) of
A = (ai]')an. I is the
unit matrix of order n.

A necessary and suffi-
cient condition for A to
be an eigenvalue of A.

A1,y ..., A, are the eigen-
values of A.

Eigenvalues for matrix
polynomials.

How to find the eigen-
values of the inverse of a
square matrix.

An important result.

A and Baren xn
matrices.
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21.10

21.11

21.12

21.13

21.14

21.15

21.16

If
P(A) = |A = M| =

(=) + bt (N7 4 4 b (=) + bo
is the eigenvalue polynomial of A, then by is

the sum of all principal minors of A of order

n — k (there are (}) of them).

air — A a12
ao1 ag2 — A

where b1 = ay1 + ao = tI‘(A), bo = ‘A|

= (=A\)2 4+ b1(=A) + bo

air — A a2 a3
an azx — A a3 | =
asy as2 azz — A

(=A% 4 bo(=A)2 + b1 (=) + by
where

b2 = all1 —+ a922 + ass — tI‘(A)

a1 a2 a11 a3 a22 A23
b = + +

a1 az2 asy ass aszz2 ass
bo = [A]

P 'AP = D for
some matrix P and
some diagonal ma-
trix D.

A is diagonalizable <

A and P~'AP have the same eigenvalues.

If A = (aij)nxn has n distinct eigenvalues, then
A is diagonalizable.

A = (a;j)nxn has n linearly independent eigen-
vectors, X1, ..., X, with corresponding eigen-

values A1, ..., A,, if and only if
A0 .00
0 X ... O
P 1AP = | . . :
0 0 ... M\,
where P = (x1,...,Xn)nxn-

Characterization of the
coefficients of the eigen-
value polynomial of an
n X n matrix A. (For
principal minors, see
(20.15).) p(A) = 0'is
called the eigenvalue
equation or character-
istic equation of A.

(21.10) for n = 2. (tr(A)
is the trace of A.)

(21.10) for n = 3.

A definition.

Sufficient (but NOT nec-
essary) condition for A
to be diagonalizable.

A characterization of
diagonalizable matrices.
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21.17

21.18

21.19

21.20

21.21

21.22

If A = (aij)nxn is symmetric, with eigenval-

ues A1, Aa, ..., An, there exists an orthogonal
matrix U such that
A0 ..o 0
0 X ... 0
U 'AU = .. .
0o 0 ... A\

If A is an n xn matrix with eigenvalues Ay, ...,
An (not necessarily distinct), then there exists
an invertible n x n matrix T such that

Jkl(/\1) 0 0
0 Jn(a) ... 0
T-IAT — , (o) .
0 0 T ()

where k1 +kay+---+k, =nand J is the k x k
matrix

A 10 0
0 A1 ...0

TN =1 0 i )=
000 ... 1
00 0 ... A

Let A be a complex n x n matrix. Then there
exists a unitary matrix U such that U"'AU is
upper triangular.

Let A = (a;;) be a Hermitian matrix. Then
there is a unitary matrix U such that U"'AU
is a diagonal matrix. All eigenvalues of A are
then real.

Given any matrix A = (a;;)nxn, there is for
every € > 0 a matrix B, = (b;;)nxn, with n

distinct eigenvalues, such that
n

> lai

ij=1

—bij| <e

A square matrix A satisfies its own eigenvalue
equation:

p(A) = (=A)" + by (A"
+- -+ bi(-A)+bI=0

The spectral theorem for
symmetric matrices. For
orthogonal matrices, see
Chapter 22.

The Jordan decomposi-
tion theorem.

Schur’s lemma. (For
unitary matrices, see
(19.50).)

The spectral theorem
for Hermitian matrices.
(For Hermitian matrices,
see (19.50).)

By changing the ele-
ments of a matrix only
slightly one gets a
matrix with distinct
eigenvalues.

The Cayley—Hamilton
theorem. The polyno-
mial p( ) is defined in
(21.10).
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21.23 A:(““ 412

) = A% —tr(A)A + |A]I=0
a1 a2

n n
E E aijmixj =
=1 j=1

91.94 anat + apr1rz + -+ a1,
+ 91201 + 2205 + -+ + Aan oy
+ ................................
+ Gn1TnT1 + Ap2XnT2 + + Apn Ty,
= Z Z a;jriv; = x' Ax, where
21.95 - ain a1z ... Qin
. az1 G2 ... Q2n
x=| ! |and A= )
Ty,
Gpl Ap2 ... GQpn
x'Ax isPD & x’Ax>0forallx#0
x'Ax is PSD < x’Ax >0 for all x
21.26 x'AxisND & x'Ax<Oforallx#0
x'Ax is NSD < x’Ax <0 for all x
x'Ax is ID < x'Ax is neither PSD nor NSD
xX'AxisPD = a5 >0fori=1,...,n
51 97 x'Axis PSD = a; >0fori=1,...,n
’ xX'AxisND = a; <O0fori=1,...,n
x'Axis NSD = q;; <0Ofori=1,...,n
x'Ax is PD < all eigenvalues of A are > 0
51 93 x'Ax is PSD < all eigenvalues of A are > 0
’ x'Ax is ND < all eigenvalues of A are < 0
x'Ax is NSD < all eigenvalues of A are <0
91.99 x'Ax is indefinite (ID) if and only if A has at

least one positive and one negative eigenvalue.

The Cayley—Hamilton
theorem for n = 2. (See
(21.11).)

A quadratic form in n
variables x1, ..., Tn.
One can assume, with-
out loss of generality,
that a;; = aj; for all
ij=1,...,n

A quadratic form in ma-
trix formulation. One
can assume, without loss
of generality, that A is
symmetric.

Definiteness types for
quadratic forms (x’ Ax)
and symmetric matri-
ces (A). The five types
are: positive definite
(PD), positive semidef-
inite (PSD), negative
definite (ND), negative
semidefinite (NSD), and
indefinite (ID).

Let z; = land z; = 0
for j # i in (21.24).

A characterization

of definite quadratic
forms (matrices) in
terms of the signs of the
eigenvalues.

A characterization of in-
definite quadratic forms.
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21.30

21.31

21.32

21.33

21.34

21.35

21.36

x’AxisPD & D >0fork=1,...,n
xX'AxisND & (-1)fDy>0fork=1,...,n

where the leading principal minors Dy of A are

ail ai12 Lo Qg
a21 a9 ... Qok

Dk: ,k:1,2,...,n
a1 aro Akl

x'Axis PSD & A, >0forr=1,...,n
x'AxisNSD & (—1)"A, >0forr=1,...,n

For each r, A, runs through all principal minors
of A of order r.

If A = (aij)nxn is positive definite and P is
n X m with 7(P) = m, then P’AP is positive
definite.

If P isnxm and r(P) = m, then P'P is positive
definite and has rank m.

If A is positive definite, there exists a non-
singular matrix P such that PAP’ = I and
P'P=A"".

Let A be an m x n matrix with r(A) = k.
Then there exist a unitary m x m matrix U, a
unitary n X n matrix V, and a k x k diagonal
matrix D, with only strictly positive diagonal
elements, such that

A =USV*, where S = (13 g)

If k=m =mn, then S=D. If A is real, U and
V can be chosen as real, orthogonal matrices.

Let A and B be symmetric n x n matrices.
Then there exists an orthogonal matrix Q such
that both Q'AQ and Q'BQ are diagonal ma-
trices, if and only if AB = BA.

A characterization of
definite quadratic forms
(matrices) in terms of
leading principal minors.
Note that replacing > by
> will NOT give criteria
for the semidefinite case.
Example: Q = 0z? +
Oz1z0 — 23

Characterizations of
positive and negative
semidefinite quadratic
forms (matrices) in
terms of principal
minors. (For principal
minors, see (20.15).)

Results on positive defi-
nite matrices.

The singular value de-
composition theorem.
The diagonal elements
of D are called singular
values for the matrix
A. Unitary matrices are
defined in (19.50), and
orthogonal matrices are
defined in (22.8).

Simultaneous diagonal-
ization.
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21.37

21.38

21.39

21.40

The quadratic form

(x) @= Z Zaiﬂﬂp

i=1 j=1

(ai; = aji)
J J

is positive (negative) definite subject to the lin-
ear constraints
biixr + -+ binz, =0

(R%) o (m < n)
bmlxl + -+ bmnxn =0
it @ >0 (<0) for all (x1,...,2,) # (0,...,0)
that satisfy (sx).
0 0 bu b1y
0 0 b binr
D, =
b1 bm1  an a1r
blr T bmr Qr1 e Ay

Necessary and sufficient conditions for the qua-
dratic form (%) in (21.37) to be positive definite
subject to the constraints (xx), assuming that
the first m columns of the matrix (b;;)mxn are
linearly independent, is that

(-1)™D, >0,
The corresponding conditions for (*) to be neg-

ative definite subject to the constraints (xx) is
that

(—=1)"D, > 0,

r=m+1,...,n

r=m+1,....,n

The quadratic form az? + 2bxy + cy? is positive
for all (z,y) # (0,0) satisfying the constraint
pxr + qy = 0, if and only if

0 p g

p a b|<O0

q b c
References

A definition of positive
(negative) definiteness
subject to linear con-
straints.

A bordered determinant
associated with (21.37),
r=1,...,n.

A test for definiteness

of quadratic forms sub-
ject to linear constraints.
(Assuming that the

rank of (bij)mxn is m

is not enough, as is
shown by the exam-

ple, Q(z1,x2,x3) =

2 + 22 — 22 with the
constraint zz = 0.)

A special case of (21.39),
assuming (p, q) # (0,0).

Most of the formulas can be found in almost any linear algebra text, e.g. Fraleigh and
Beauregard (1995) or Lang (1987). See also Horn and Johnson (1985) and Sydsseter

et al. (2005). Gantmacher (1959) is a standard reference.



Chapter 22

Special matrices. Leontief systems

Idempotent matrices

o L 9 Definition of an idem-
22.1 A = (Gij)nxn is idempotent <= A=A potent matrix.
22.2 A is idempotent <= I — A is idempotent. PrOp.ertles of idempotent
matrices.
99 3 A isidempotent = 0 and 1 are the only possi-
’ ble eigenvalues, and A is positive semidefinite.
A is idempotent with k eigenvalues equal to 1
22.4
= r(A)=tr(A) =k.
99,5 A isidempotent and C is orthogonal = C’AC An orthogonal matrix is
" is idempotent. defined in (22.8).
A linear transformation
99.6 A is idempotent <= its associated linear P from R” into R™ is a
" transformation is a projection. projection if P(P(x)) =
P(x) for all x in R".
22.7 I, — X(X'X)"'X’is idempotent. | Xis n x m, |X'X| #0.

Orthogonal matrices

Definition of an orthogo-
nal matrix.

22.8 P = (pij)nxn is orthogonal <= P'P =PP’' =1,

P is orthogonal <= the column vectors of P A property of orthogonal

229 are mutually orthogonal unit vectors. matrices.
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22.10

22.11

22.12

22.13

22.14

22.15

22.16

22.17

22.18

P and Q are orthogonal = PQ is orthogonal.

P orthogonal = |P| = £1, and 1 and —1 are
the only possible real eigenvalues.

P orthogonal < ||Px|| = ||x|| for all x in R™.

If P is orthogonal, the angle between Px and
Py equals the angle between x and y.

Permutation matrices

P = (pij)nxn is a permutation matrix if in each
row and each column of P there is one element
equal to 1 and the rest of the elements are 0.

P is a permutation matrix = P is nonsingular
and orthogonal.

Nonnegative matrices

A = (ajj)mxn >0 < a;; >0foralli,j
A = (aij)mxn >0 < a;; >0 for all 4, j

If A = (aij)nxn > 0, A has at least one non-
negative eigenvalue. The largest nonnegative
eigenvalue is called the Frobenius root of A and
it is denoted by A(A). A has a nonnegative
eigenvector corresponding to A(A).

e [ is an eigenvalue of A = |u| < A(A)
e 0<A <A, = )\(Al) < )\(Ag)
e p>AA) & (pI — A)~! exists and is > 0

- << <
. mZ S AA) mZ

Properties of orthogonal
matrices.

Orthogonal transforma-
tions preserve lengths of
vectors.

Orthogonal transforma-
tions preserve angles.

Definition of a permuta-
tion matrix.

Properties of permuta-
tion matrices.

Definitions of nonnega-
tive and positive matri-
ces.

Definition of the
Frobenius root (or domi-
nant root) of a nonnega-
tive matrix.

Properties of nonnega-
tive matrices. A(A) is
the Frobenius root of A.
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22.19

22.20

22.21

22.22

22.23

22.24

22.25

The matrix A = (ai;)nxn is decomposable or re-
ducible if by interchanging some rows and the
corresponding columns it is possible to trans-
form the matrix A to

A Ap
where A1 and Ay are square submatrices.

A = (aij)nxn is decomposable if and only if
there exists a permutation matrix P such that

A A
-1 _ 11 12
P AP< o A22)

where A1 and Ay are square submatrices.

If A = (aij)nxn > 0 is indecomposable, then

o the Frobenius root A(A) is > 0, it is a simple
root in the eigenvalue equation, and there
exists an associated eigenvector x > 0.

o If Ax = pux for some p > 0 and x > 0, then
= AA).

A = (aij)nxn has a dominant diagonal (d.d.)
if there exist positive numbers dy, ..., d, such
that

dj|ajj\>2di|aij| for i=1...,n
i#]

Suppose A has a dominant diagonal. Then:
o |A|#0.
e If the diagonal elements are all positive, then

all the eigenvalues of A have positive real
parts.

Leontief systems

If A =(aij)nxn >0 and c > 0, then
Ax+c=x

is called a Leontief system.

n

If > a;; < 1lforj=1,...,n, then the Leontief
i=1

system has a solution x > 0.

Definition of a decom-
posable square matrix.
A matrix that is not de-
composable (reducible)
is called indecomposable
(irreducible).

A characterization of
decomposable matrices.

Properties of indecom-
posable matrices.

Definition of a dominant
diagonal matrix.

Properties of dominant
diagonal matrices.

Definition of a Leontief
system. x and c are
n X l-matrices.

Sufficient condition for a
Leontief system to have
a nonnegative solution.
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22.26

22.27

The Leontief system Ax + c = x has a solution

x > 0 for every ¢ > 0, if and only if one (and

hence all) of the following equivalent conditions

is satisfied:

e The matrix (I— A)~?! exists, is nonnegative,
and is equal to I + A + A% + ...,

e A™ — 0 as m — oco.

e Every eigenvalue of A has modulus < 1.

1—a;1 —a —aig
—ag1 1 —aos —a2k
° . . . . >0
—a1 —ag2 1—ag
fork=1,...,n.
Ifo0<ay;<lfori=1,...,n,and a; >0 for

all 4 # j, then the system Ax+ ¢ = x will have
a solution x > 0 for every ¢ > 0 if and only if
I — A has a dominant diagonal.

References

Necessary and sufficient
conditions for the Leon-
tief system to have a
nonnegative solution.
The last conditions are
the Hawkins—Simon con-
ditions.

A necessary and suffi-
cient condition for the
Leontief system to have
a nonnegative solution.

For the matrix results see Gantmacher (1959) or Horn and Johnson (1985). For

Leontief systems, see Nikaido (1970) and Takayama (1985).
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23.2

23.3

234

23.5

23.6

23.7

23.8

Chapter 23

Kronecker products and the
Differentiation of vectors and

Cl11B algB . alnB

ang a22B . agnB
A®B= . . .

amB am2B ... a,,B

a1l Q12 bll b12 _
® =
a1 a2 bar  bao

a11bi1  aibiz  aizbin  aizbia
a11ba1  aiitbaa  aizbar  aiabaa
a1b11  ag1bia  azzbin  azobia
az1ba1  az1bay  a22bar  a2zboo

ABRC=(AB)C=A(B®C)

(A+B)®(C+D) =
ARC+AD+BC+B®D

(A®B)(C®D)=AC®BD
(A®B) =A'"®@B’

(AB) '=A"1gB!

tr(A ® B) = tr(A) tr(B)

vec operator.
matrices

The Kronecker prod-

uct of A = (aij)mxn
and B = (bz‘j)qu~

A ®Bismp x ng. In
general, the Kronecker
product is not commuta-
tive, A B#B® A.

A special case of (23.1).

Valid in general.

Valid if A+B and C+D
are defined.

Valid if AC and BD are
defined.

Rule for transposing a
Kronecker product.

Valid if A~! and B!

exist.

A and B are square ma-
trices, not necessarily of
the same order.
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23.9

23.10

23.11

23.12

23.13

23.14

23.15

23.16

23.17

23.18

23.19

AaRA=0dA=Ac=ARa«a

If A\q, ..., A\, are the eigenvalues of A, and if
M1, ..., pp are the eigenvalues of B, then the
np eigenvalues of A ® B are A\;juj;, 1 =1,...,n,
i7=1...,p.

If x is an eigenvector of A, and y is an eigen-
vector for B, then x ® y is an eigenvector of
A ®B.

If A and B are positive (semi-)definite, then
A ® B is positive (semi-)definite.

|A@B|=[A]"-[B|"

r(A®B)=r(A)rB)

If A=(a1,as,...,2,)mxn, then
aj
ag
vec(A) =] .
an mnx1
a11
a a a
vec 11 12 ) _ 21
ag1 22 a2
az2

vec(A + B) = vec(A) + vec(B)

vec(ABC) = (C’' ® A) vec(B)

tr(AB) = (vec(A')) vec(B) = (vec(B’))' vec(A)

« is a 1x1 scalar matrix.

The eigenvalues of
A ® B, where A isn xn
and B is p x p.

NOTE: An eigenvector
of A ® B is not necessar-
ily the Kronecker prod-
uct of an eigenvector of
A and an eigenvector

of B.

Follows from (23.10).

Aisnxn,Bispxp.

The rank of a Kronecker
product.

vec(A) consists of the
columns of A placed be-
low each other.

A special case of (23.15).

Valid if A + B is defined.

Valid if the product
ABC is defined.

Valid if the operations
are defined.



157

23.20

23.21

23.22

23.23

23.24

23.25

23.26

23.27

23.28

Differentiation of vectors and matrices

Ify = f(x1,...,2,) = f(x), then

Y _ (% %
ox ~ \ oz’ O

dy1(x) Iy (x)
61‘1 Gscn
dy _ )
ox
OYm (%) OYm (x)
0x1 0xy,

Py 0 (Y
axox’  ox |\ 9x
OA(r 0

81(‘ ) _ avec(A(r))

Py Py
Ox? Oxn011
0%y B .
Oxox' :
Py 2%y
0x10xy, 0x?

0 / o
&(a )=a

a ! / I
&(XAX) =x'(A+A)

82
o X AX) = A+ A
E(Ax) =A

ox

The gradient of y =
f(x). (The derivative of
a scalar function w.r.t. a
vector variable.) An al-
ternative notation for
the gradient is V f(x).
See (4.26).

A transformation f from
R"™ to R™. We let x and
y be column vectors.

The Jacobian matriz of
the transformation in
(23.21). (The deriva-
tive of a vector function
w.r.t. a vector variable.)

For the vec operator, see
(23.15).

A general definition of
the derivative of a ma-
trix w.r.t. a vector.

A special case of (23.23).
(0%y/0x0x’ is the
Hessian matrix defined
in (13.24).)

a and x are nx l-vectors.

Differentiation of a
quadratic form. A is
nXxXmn,xisn x 1.

Aismxn,xisn x 1.
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23.29

23.30

23.31

23.32

23.33

If y = A(r)x(r), then

oy 0A 0x
If y = f(A), then
8y e 6y
@ - Oaqq Oay,
aA . .
ay “ . 8y
8aml aam,n
8|A‘ _ _ n—1
O = (4y) = 1AIA)
otr(A) Otr(A’A)
oA I T A
iJ . .
da = —a'ah; i, hk=1...,n
Oany,
References

A(r) is m x n, x(r) is
nxlandriskx1.

Definition of the deriva-
tive of a scalar function
of an m X n matrix
A= (az—j).

A isn X n. (Asj) is the
matrix of cofactors of
A. (See (19.16).) The
last equality holds if A
is invertible.

A isn xn. tr(A) is the
trace of A.

a® is the (i, j)th element
of A7%

The definitions above are common in the economic literature, see Dhrymes (1978).
Magnus and Neudecker (1988) and Liitkepohl (1996) develop a more consistent no-

tation and have all the results quoted here and many more.
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24.2

24.3

24.4

Chapter 24

Comparative statics

El(pva) = 0> E2(p7a) = 07 sy En(p7a) =

7ak) =0
>ak) =0

Ei(p1,p2,a1,...
E2<pl7p27a17"'

OB\ 0B _ 0B, 0B,
% 8p2 (’)aj 8])2 6(1]‘
aCLj 8E1 % 3E1 %

Op1 Opa Ip2 I

OB 0B, 01, 08,
Op2 _ Op1 Oa;  Op1 Oa;
Oaj — OE OE, OF, 0E;
Op1 Op2  Op2 Op1
da opr " Opa da
% oFE,, oL, oE,,

da; dp1 " Opn da;

Si(p,a) is supply and
D;(p,a) is demand

for good i. E;(p,a)

is excess supply. p =
(p1,...,pn) is the price
vector, a = (a1, ...,ak)
is a vector of exogenous
variables.

Conditions for equilib-
rium.

Equilibrium conditions
for the two good case.

Comparative statics re-
sults for the two good
case, j =1,...,k.

Comparative statics
results for the n good
case, j = 1,...,k. See
(19.16) for the general
formula for the inverse of
a square matrix.
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24.6

24.7

24.8

24.9

Consider the problem

max f(x,a) subject to g(x,a)=0
where f and g are C'* functions, and let £ be the
associated Lagrangian function, with Lagrange
multiplier \. If 2 =z} (a),i =1, ..., n, solves
the problem, then for i,5 =1, ..., m,

n

ox’ N ox’ 132
L’ 2Tk r 9N L’ 2k r YA
Z a;z aaj + Ya, 8aj Z YTk Da; + Ya, da;

k=1 k=1

Monotone comparative statics

A function F : Z — R, defined on a sublattice
Z of R™, is called supermodular if

F(z)+ F(z')<F(zNz')+ F(zVZ)
for all z and 2z’ in Z. If the inequality is strict
whenever z and z’ are not comparable under
the preordering <, then F' is called strictly su-
permodular.

Let S and P be sublattices of R” and R!, re-
spectively. A function f: S x P — R is said to
satisfy increasing differences in (x,p) if
x>x andp>p =
fx,p) = f(x',p) > f(x,p') - f(x',p')
for all pairs (x,p) and (x/,p’) in S x P. If the
inequality is strict whenever x > x’ and p >

p’, then f is said to satisfy strictly increasing
differences in (x,p).

Let S and P be sublattices of R” and R/, re-
spectively. If f : S x P — R is supermodular
in (x,p), then

e f is supermodular in x for fixed p, i.e. for
every fixed p in P, and for all x and x" in S,

fx,p)+[(x',p) < f(xAX',p)+[(xVX', p);
e f satisfies increasing differences in (x, p).

Reciprocity relations.

x = (1,...,2Tn) are
the decision variables,
a = (ai,...,am) are

the parameters. For a
systematic use of these
relations, see Silberberg
(1990).

Definition of (strict)
supermodularity. See
(6.30) and (6.31) for the
definition of a sublattice
and the lattice opera-
tions A and V.

Definition of (strictly)
increasing differences.
(The difference f(x,p) —
f(x',p) between the val-
ues of f evaluated at the
larger “action” x and
the lesser “action” x’ is
a (strictly) increasing
function of the parame-
ter p.)

Important facts. Note
that S x P is a sublattice
of R™ x R = R**,
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24.10

24.11

24.12

24.13

Let X be an open sublattice of R™. A C? func-
tion F' : X — R is supermodular on X if and
only if for all x in X,

0’F
8@8%

(x)>0, i,j=1,....,m, i#]

Suppose that the problem

subject to x € S CR

has at least one solution for each p € P C R.
Suppose in addition that F satisfies strictly in-
creasing differences in (x,p). Then the optimal
action z*(p) is increasing in the parameter p.

max F'(x,p)

Suppose in (24.11) that

F(z,p) = pf(x) = C(x)
with S compact and f and C continuous. Then
0?F/0x0p = f'(z), so according to (24.10), F
is supermodular if and only if f(z) is increasing.
Thus f(z) increasing is sufficient to ensure that
the optimal action z*(p) is increasing in p.

Suppose S is a compact sublattice of R™ and
P a sublattice of R and f : S x P — R is
a continuous function on S for each fixed p.
Suppose that f satisfies increasing differences
in (x,p), and is supermodular in x for each
fixed p. Let the correspondence I' from P to S
be defined by

I'(p) = argmax{f(x,p) : x € S}

e Foreach pin P, I'(p) is a nonempty compact
sublattice of R™, and has a greatest element,
denoted by x*(p).

* p1>p2 = x'(p1) = X" (p2)

e If f satisfies strictly increasing differences in
(x,p), then x; > xo for all x; in I'(p;) and
all x5 in T'(p2) whenever p; > pa.

References

A special result that
cannot be extended to
the case S C R"™ for
n > 2.

An important conse-
quence of (24.10).

A main result.

For a given p,
argmax{f(x,p) : x € S}
is the set of all points

x in S where f(x,p)
attains its maximum
value.

On comparative statics, see Varian (1992) or Silberberg (1990). On monotone com-

parative statics, see Sundaram (1996) and Topkis (1998).
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Chapter 25

Properties of cost and profit functions

C(w,y) = min Zwlmz when f(x)=1y

i=1

The minimum cost of producing

C(w,y) = ¢ y units of a commodity when fac-
tor prices are w = (w1,...,wy,).
e ((w,y) is increasing in each w;.
e C(w,y) is homogeneous of degree 1 in w.
o (C(w,y) is concave in w.
e (C(w,y) is continuous in w for w > 0.
The cost minimizing choice of
the ith input factor as a func-
T (Wv y) -

tion of the factor prices w and
the production level y.

o 17 (w,y) is decreasing in w;.

o z7(w,y) is homogeneous of degree 0 in w.

aC(w,y)

aiwi =i (w,y),

<B2C(w,y)> _ <8x;‘(w,y))
8wi8wj (nxn) 6’(1)]‘ (nxmn)

is symmetric and negative semidefinite.

1=1,...,n

Cost minimization.

One output. f is the
production function,

w = (wi,...,w,) are
factor prices, y is output
and x = (z1,...,Zn) are
factor inputs. C(w,y) is
the cost function.

The cost function.

Properties of the cost
function.

Conditional factor
demand functions.
x*(w,y) is the vector x*
that solves the problem
in (25.1).

Properties of the con-
ditional factor demand
function.

Shephard’s lemma.

Properties of the substi-
tution matriz.
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25.12

25.13

25.14

25.15

25.16

m(p,w) = mixx (pf(x) - Z wﬂi)

The maximum profit as a function
of the factor prices w and the out-
put price p.

m(p,w) =

m(p, W) = max (py — C(w,y))

is increasing in p.
is homogeneous of degree 1 in (p, w).

)
)
) is convex in (p, w).
)

The profit maximizing choice of
the ith input factor as a function
of the price of output p and the
factor prices w.

xi(pv W) =

e z;(p,w) is decreasing in w;.

e z;(p,w) is homogeneous of degree 0 in (p, w).
The cross-price effects are symmetric:
dzi(p,w) _ 0x;(p, w)

dw; ow;

i,j=1,...,n

The profit maximizing output as
a function of the price of output p
and the factor prices w.

y(p,w) =

e y(p,w) is increasing in p.

e y(p,w) is homogeneous of degree 0 in (p, w).

on(p,w)
oy y(p, w)
M:_xi(p7w), i:l,...,’l’b

8wi

The profit maximizing
problem of the firm.

p is the price of output.
w(p,w) is the profit
function.

The profit function.

The profit function in
terms of costs and reve-
nue.

Properties of the profit
function.

The factor demand func-
tions. x(p,w) is the
vector x that solves the
problem in (25.8).

Properties of the factor
demand functions.

The supply function
y(p,w) = f(x(p,w))
is the y that solves the
problem in (25.10).

Properties of the supply
function.

Hotelling’s lemma.
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25.17

25.18

25.19

25.20

25.21

25.22

25.23

25.24

Oz ;(p, w) Oy(p, w)
6$j (p7 W) _ 8$; (W7 y) n dp owy,
Owy, Owy, Jdy(p, w)
dp

Puu’s equation, j, k =
1,...,n, shows the sub-
stitution and scale ef-
fects of an increase in a
factor price.

Elasticities of substitution in production theory

Ci(w.y)
o <O;<w,y>>

Oln (wz)
wj

y, C, and wy, (for k # i,7) are constants.

i 7]

O'ij:—

" 1" "
cy 20y

cyeaer ey

Tij = ( T J1<J), i # ]
C(w,y)CF(w,y)

Aij(w,y) = b , 1FEJ
1Y) = G 0w y)
si'(wvy) . .
Ai' wW,Yy) = J 5 1 J
=Gy 17

M;;(w,y) = w;i Gl (W, y) ~ wiCii(w,y)

i ’ -

Ci(w,y) Ci(w,y)
= gji(wa y) - E”(W, y)a

i# ]

If n > 2, then M;;(w,y) = M;;(w,y) for all
i # j if and only if all the M;;(w,y) are equal
to one and the same constant.

The elasticity of substi-
tution between y and ,
assuming factor markets
are competitive. (See
also (5.20).)

The shadow elasticity
of substitution between
factor ¢ and factor j.

An alternative form of
(25.19).

The Allen—Uzawa elas-
ticity of substitution.

Here €;5(w, y) is the
(constant-output) cross-
price elasticity of de-
mand, and S;(w,y) =
p;C; (W7 y)/C(W7 y) is
the share of the jth in-
put in total cost.

The Morishima elasticity
of substitution.

Symmetry of the Mori-
shima elasticity of sub-
stitution.



166

25.25

25.26

25.27

25.28

25.29

25.30

25.31

25.32

Special functional forms and their properties

The Cobb—Douglas function

_,.aj_.as a
Y=27 Ty Ty

The Cobb-Douglas function in (25.25) is:
(a) homogeneous of degree a; + - - - + ay,
(b) quasiconcave for all aq, ..., ay,

(¢) concave if a; + -+ a, <1,

(d) strictly concave if a; + -+ a, < 1.

an

= () ()"

@ =

z(p, W) = %(pA)lis (%1) = (7:7:) an,
m(p,w) = (1_5)(]))1; . (21:)1

The Cobb—Douglas func-
tion, defined for z; > 0,

t=1,...,n. a1, ..., an

are positive constants.

Properties of the Cobb—
Douglas function.

(a1, ..., an are positive
constants.)

Conditional factor de-
mand functions with
s=ai1+ -+ an.

The cost function with
s=ai1+-+an.

Factor shares in total
costs.

Factor demand functions
with s = a1+ - -+a, < 1.

The profit function with
s=a1+- - +ap <1 (If
s=ai+ - +an > 1,
there are increasing
returns to scale, and

the profit maximiza-

tion problem has no
solution.)

The CES (constant elasticity of substitution) function

Y= (51$1_p + 523;2_9 4+t 6nx;P)—,u,/p

The CES function,
defined for x; > 0,

i =1,...,n. pand
01,...,0n are positive,
and p # 0.
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25.34

25.35

25.36

25.37

25.38

25.39

25.40

25.41

The CES function in (25.32) is:
(a) homogeneous of degree u

(b) quasiconcave for p > —1,
quasiconvex for p < —1

(¢) concave for p<1,p>—1
(d) convex for p>1, p < —1

1 1 i
y“w” <w1)7 (wn)T p
k( ay) az |: a an

Law of the minimum

y =min(a; + b1x1, ..., an + bpxy)
rpwoy) =L k=1 n
by,
—a —an
by bn

Properties of the CES
function.

Conditional factor
demand functions with
r = p/(p+ 1) and

ak :5;1/”.

The cost function.

Factor shares in total
costs.

Law of the minimum.
When a1 = -+ =a, =0,
this is the Leontief or
fized coefficient function.

Conditional factor de-
mand functions.

The cost function.

The Diewert (generalized Leontief) cost function

C(W7y) =y Z bijw/wiwj with bij = bji

4,j=1

Ti(w,y) =y Y brjy/we/w;

j=1

The Diewert cost
function.

Conditional factor de-
mand functions.
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The translog cost function

InC(w,y) = ao—l-cllny—&—Zailnwi

i=1
1 n n
+ 5 Z ai; Inw; Inw; + Zbi Inw; Iny
i,j=1 i=1
n n
Restrictions: Y a; =1, > b; =0,
i=1 i=1

n

n
Zaijzzaij:()v Zv]:]-v"'vn
j=1 i=1

WLTT, 2
—— =qa + ar; Inw; + b;Iny
C(w,y) ; T
References

The translog cost func-
tion. ai; = aj; for all ¢
and j. The restrictions
on the coefficients ensure
that C'(w,y) is homoge-
neous of degree 1.

Factor shares in total
costs.

Varian (1992) is a basic reference. For a detailed discussion of existence and differ-
entiability assumptions, see Fuss and McFadden (1978). For a discussion of Puu’s
equation (25.17), see Johansen (1972). For (25.18)—(25.24), see Blackorby and Russell
(1989). For special functional forms, see Fuss and McFadden (1978).



26.1

26.2

26.3

26.4

26.5

Chapter 26

Consumer theory

A preference relation = on a set X of commod-
ity vectors x = (x1,...,%,) is a complete, re-
flexive, and transitive binary relation on X with
the interpretation

X =y means: X is at least as good as'y

Relations derived from >:
e X~y < xryandy >x
e X>y < xr-ybutnoty>x

e A function uw : X — R is a utility function
representing the preference relation > if

Xy = ulx) > uly)

e For any strictly increasing function f : R —
R, u*(x) = f(u(x)) is a new utility function
representing the same preferences as u(-).

Let > be a complete, reflexive, and transitive
preference relation that is also continuous in
the sense that the sets

{x:x>=x% and {x:x" = x}
are both closed for all x° in X. Then > can be
represented by a continuous utility function.

Utility mazimization subject to a budget con-
straint:

n
max u(x) subject to p-x = > p;z; =m
x i=1

Definition of a prefer-
ence relation. For binary
relations, see (1.16).

x ~y is read “x is indif-
ferent toy”, and x >y
is read “x is (strictly)
preferred to y”.

A property of utility
functions that is invari-
ant under every strictly
increasing transforma-
tion, is called ordinal.
Cardinal properties are
those not preserved un-
der strictly increasing
transformations.

Existence of a continu-
ous utility function. For
properties of relations,
see (1.16).

x = (z1,...,%n) i

a vector of (quanti-
ties of) commodities,

p = (p1,...,pn) is the
price vector, m is in-
come, and u is the util-
ity function.
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26.7

26.8

26.9

26.10

26.11

26.12

26.13

26.14

v(p,m) = m)?x{u(x) ‘p-x=m}

e v(p,m) is decreasing in p.
e v(p,m) is increasing in m.
e v(p,m) is homogeneous of degree 0 in (p, m).
e vu(p,m) is quasi-convex in p.
e v(p,m) is continuous in (p,m), p > 0, m > 0.
Lm0 )
Y4 DPn
_ Ov(p,m)
 Om
the optimal choice of the ith com-

x;(p,m) = { modity as a function of the price

vector p and the income m.

x(tp,tm) = x(p,m), tis a positive scalar.

ov(p,m)
Opi i=1

, N

(P m) = =5, m)

om

e ¢(p,u) is increasing in p.

e ¢(p,u) is homogeneous of degree 1 in p.
e e(p,u) is concave in p.

e ¢(p,u) is continuous in p for p > 0.

The indirect utility func-
tion, v(p, m), is the
maximum utility as a
function of the price vec-
tor p and the income m.

Properties of the indirect
utility function.

First-order conditions
for problem (26.5), with
w as the associated
Lagrange multiplier.

w is called the marginal
utility of money.

The consumer demand
functions, or Marshall-
ian demand functions,
derived from problem
(26.5).

The demand functions
are homogeneous of de-
gree 0.

Roy’s identity.

The expenditure func-
tion, e(p,u), is the mini-
mum expenditure at
prices p for obtaining at
least the utility level w.

Properties of the expen-
diture function.
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26.16
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26.18

26.19

26.20

26.21

26.22

26.23

26.24

the expenditure-minimizing bun-
h(p,u) = ¢ dle necessary to achieve utility
level u at prices p.

Ode(p, u)

=h;(p,u) for i=1,....,n
O (p,u)

Oh;(p,u) _ Oh;(p,u)
Opj opi

i,j=1,...,n

The matrix S = (Sij)nxn = (W)
i) pxn

is negative semidefinite.

the minimum expenditure
e(p,v(p,m)) =m: { needed to achieve utility
v(p,m) is m.

the maximum utility from
income e(p,u) is u.

o(p,e(p,u)) =u: {

Marshallian demand at income m is Hicksian
demand at utility v(p, m):

z;(p,m) = hi(p,v(p,m))

Hicksian demand at utility w is the same as
Marshallian demand at income e(p, u):

hi(p7 u) = ‘ri(pv e(p7 u))

p; Ox; .
e ¢, =FEl, x; =— Cournot elasticities
J Pj x; 6pj ( )
Ox;
o I, =El,z; = mor (Engel elasticities)
x; Om
p; Oh; L
S, =El, h; =—= Slutsky elasticit
o S »; v 0ps (Slutsky elasticities)
Ozi(p,m)  Ohi(p,u dz;(p,m
(o.m) _ OB o, ) O
D Op; om

S,'j = €ij + (lei, a; = ijEj/m

The Hicksian (or com-
pensated) demand func-
tion. h(p,u) is the vec-
tor x that solves the
problem

min{p - x : u(x) > u}.

Relationship between the
expenditure function and
the Hicksian demand
function.

Symmetry of the Hicks-
ian cross partials. (The
Marshallian cross par-
tials need not be sym-
metric.)

Follows from (26.16) and
the concavity of the ex-
penditure function.

Useful identities that are
valid except in rather
special cases.

e;; are the elasticities of
demand w.r.t. prices, E;
are the elasticities of de-
mand w.r.t. income, and
Sij are the elasticities
of the Hicksian demand
w.r.t. prices.

Two equivalent forms of
the Slutsky equation.
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The following 1n(n + 1) + 1 restrictions on the
partial derivatives of the demand functions are
linearly independent:

@ Y p 2

p om

(b) j;pj%erame, i=1,...,n
am,- 8a:i - 6]}]‘ 8a:j

©) 5p T om = o T om

forl1<i<j<n

EV = e(p®, v(p*,m')) — e(p’,v(p’,m"))

EV is the difference between the amount of
money needed at the old (period 0) prices to
reach the new (period 1) utility level, and the
amount of money needed at the old prices to
reach the old utility level.

CV =e(p',v(p',m')) —e(p',v(p’,m"))

CV is the difference between the amount of
money needed at the new (period 1) prices to
reach the new utility level, and the amount of
money needed at the new prices to reach the
old (period 0) utility level.

(a) is the budget con-
straint differentiated
with respect to m.

(b) is the Euler equa-
tion (for homogeneous
functions) applied to the
consumer demand func-
tion.

(c) is a consequence of
the Slutsky equation and
(26.17).

FEquivalent variation.
p°, m°, and pt, m!,
are prices and income
in period 0 and pe-
riod 1, respectively.

(e(p”,v(p",m?)) =m")

Compensating varia-
tion. p°, m®, and p!,
m!, are prices and in-
come in period 0 and
period 1, respectively.
(e(p',v(p',m")) =m".)

Special functional forms and their properties

Linear expenditure system (LES)

Bi >0
zi(p,m) = ¢; + i%(m - ;pici)

oo =0 (=) TI(G)

=1 Pi

The Stone—Geary utility
function. If ¢; = 0 for all
1, u(x) is Cobb-Douglas.

The demand functions.

B=>" b

The indirect utility
function.
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26.33
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26.35

Almost ideal demand system (AIDS)

In(e(p,u)) = a(p) + ub(p), where

n 1 n .
a(p) = ap + Zai Inp; + 5 Z Vi Inpi Inp;

i=1 i,j=1

n
and b(p) = o H pf ‘ with restrictions
i=1

o8

Zaizla

i=1 i=1

zi(pm) = (ai + > v np; + 6 1H(%)),

i ,
j=1
where the price index P is given by

n n
1
InP=ay+ E ailnpi—l—i g vi; Inp; Inp;

i=1 i,j=1

with iy = 5(v5; +75:) = i
Translog indirect utility function

Inv(p,m) =ag + Zai ln(%)—i—
i=1

5 2 o5 )n(2)

4,j=1

zi(p,m) = m< @i + 31 Big (s /m)
v Pi \Xi @+ 205 By In(pi/m)

where 3;; =

B; =0, and Z’y;‘jz E’y;‘j:O.
i=1 j=1

)

The expenditure
function.

Almost ideal demand
system, defined by the
logarithm of the expen-
diture function. The re-
strictions make e(p, u)
homogeneous of degree 1
in p.

The demand functions.

The translog indirect
utility function.

The demand functions.
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Price indices

Consider a “basket” of n commodities. Define
fori=1,...,n,

¢ = number of units of good i in the basket

pgi) = price per unit of good 7 in year 0

pgi) = price per unit of good i in year ¢
A price index, P, for year t, with year 0 as the
base year, is defined as

i pe"

P= e
Siipy e

100

e If the quantities ¢'*) in the formula for P are
levels of consumption in the base year 0, P is
called the Laspeyres price index.

e If the quantities ¢(¥) are levels of consump-
tion in the year t, P is called the Paasche
price index.

F = /(Laspeyres index) - (Paasche index)

References

The most common def-
inition of a price index.
P is 100 times the cost
of the basket in year ¢
divided by the cost of
the basket in year 0.
(More generally, a (con-
sumption) price index
can be defined as any
function P(p1,...,pn)
of all the prices, homo-
geneous of degree 1
and increasing in each
variable.)

Two important price
indices.

Fisher’s ideal index.

Varian (1992) is a basic reference. For a more advanced treatment, see Mas-Colell,
Whinston, and Green (1995). For AIDS, see Deaton and Muellbauer (1980), for
translog, see Christensen, Jorgenson, and Lau (1975). See also Phlips (1983).
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Chapter 27

Topics from trade theory

Standard neoclassical trade model (2 x 2 fac-
tor model). Two factors of production, K and
L, that are mobile between two output produc-
ing sectors A and B. Production functions are
neoclassical (i.e. the production set is closed,
convex, contains zero, has free disposal, and its
intersection with the positive orthant is empty)
and exhibit constant returns to scale.

Good B is more K intensive than good A if
Kp/Lp > K4/L, at all factor prices.

Stolper—Samuelson’s theorem:

In the 2 x 2 factor model with no factor inten-
sity reversal and incomplete specialization, an
increase in the relative price of a good results
in an increase in the real return to the factor
used intensively in producing that good and a
fall in the real return to the other factor.

Rybczynski’s theorem:

In a 2 x 2 factor model with no factor inten-
sity reversal and incomplete specialization, if
the endowment of a factor increases, the out-
put of the good more intensive in that factor
will increase while the output of the other good
will fall.

The economy has in-
complete specialization
when both goods are
produced.

No factor intensity re-
versal (NFIR). Kp de-
notes use of factor K in
producing good B, etc.

When B is more capital
intensive, an increase in
the price of B leads to
an increase in the real
return to K and a de-
crease in the real return
to L. With P as the
price of output, r the
return to K and w the
return to L, r/P4 and
r/Pp both rise while
w/Pa and w/Pp both
fall.

Assumes that the en-
dowment of the other
factor does not change
and that prices of out-
puts do not change, e.g.
if K increases and B is
K intensive, then the
output of B will rise and
the output of A will fall.
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Heckscher—Ohlin—-Samuelson model:
Two countries, two traded goods, two non-trad-
ed factors of production (K,L). The factors
are in fixed supply in the two countries. The
two countries have the same constant returns
to scale production function for making B and
A. Factor markets clear within each country
975 and trade between the two countries clears the
markets for the two goods. Each country has
a zero balance of payments. Consumers in the
two countries have identical homothetic prefer-
ences. There is perfect competition and there
are no barriers to trade, including tariffs, trans-
actions costs, or transport costs. Both coun-
tries’ technologies exhibit no factor intensity re-

The HOS model.

versals.
The quantity version
Heckscher—Ohlin’s theorem: of the H-O model. A
97 6 In the HOS model (27.5) with K/L > K*/L* * denotes foreign coun-
" and with B being more K intensive at all factor try values and the other
prices, the home country exports good B. country is referred to as
the home country.
In the HOS model (27.5) with neither country
specialized in the production of just one good, ) o
27.7 Factor price equalization.

the price of K is the same in both countries and
the price of L is the same in both countries.

References

Mas-Colell, Whinston, and Green (1995) or Bhagwati, Panagariya, and Srinivasan
(1998).
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Chapter 28

Topics from finance and growth theory

St:St71+TSt71:(1+7‘)St,1, t=1,2,...

The compound amount Sy of a principal Sy at
the end of ¢ periods at the interest rate r com-
pounded at the end of each period is

St = So(l + ’I“)t

The amount Sy that must be invested at the in-
terest rate r compounded at the end of each pe-
riod for t periods so that the compound amount
will be S, is given by

So = St(l + T’)ft

When interest is compounded n times a year at
regular intervals at the rate of r/n per period,
then the effective annual interest is

(1+f) 1
n

A = R + R _|_..._|_i
T4t (1 41)2 (1+r)t
:Rl—(l—l—r)_lt

r

The present value A of an annuity of R per
period for an infinite number of periods at the
interest rate of r per period, is

R R

A= + +...—E
(4t (1472 o

In an account with in-
terest rate r, an amount
S:—1 increases after one
period to St.

Compound interest.
(The solution to the
difference equation in
(28.1).)

So is called the present
value of Sy.

Effective annual rate of
interest.

The present value A

of an annuity of R per
period for t periods at
the interest rate of r per
period.

The present value of an
infinite annuity.
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28.7

28.8

28.9

28.10

28.11

28.12

28.13

28.14

28.15

28.16

ln<R )
T:Ri_m

In(1+7)

Si=1+r)Si1+(ye —x¢), t=1,2,...

t
Sy =147+ > (1+7)"F(yx — 1)
k=1

S =1 +r)Sea+ (ye —x), t=12,...
1
Hs:1(1+rs)
Dy, i
Rk:EZ H (1—|—Ts)
s=k+1
t
St =RoSo+ Y Ri(yr — x1)
k=1
a1 a2 an,
e LS
a0+1+r+(1+r)2+ +(1+T)n

Ifap < 0Oand ay,...,a, areall > 0, then (28.14)
has a unique solution 1 + r* > 0, i.e. a unique
internal rate of return r* > —1. The internal
rate of return is positive provided " a; > 0.

Ag=ap, Ay =ap+ai, As =ag+ar+ay, ...,
Ap=ap+ar+---+an

The number T of peri-

ods needed to pay off a
loan of A with periodic
payment R and interest
rate r per period.

In an account with in-
terest rate r, an amount
S¢—1 increases after one
period to Sy, if y: are
the deposits and x; are
the withdrawals in pe-
riod t.

The solution of equation
(28.8)

Generalization of (28.8)
to the case with a varia-
ble interest rate, 7.

The discount factor
associated with (28.10).
(Discounted from period
k to period 0.)

The interest factor asso-
ciated with (28.10).

The solution of (28.10).
Ry, is defined in (28.12).
(Generalizes (28.9).)

r is the internal rate of
return of an investment
project. Negative a; rep-
resents outlays, positive
at represents receipts at
time ¢.

Consequence of
Descartes’s rule of signs
(2.12).

The accumulated cash
flow associated with
(28.14).
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28.17

28.18

28.19

28.20

28.21

28.22

28.23

28.24

If A, # 0, and the sequence Ag, Ai,..., A,
changes sign only once, then (28.14) has a
unique positive internal rate of return.

The amount in an account after ¢ years if K
dollars earn continuous compound interest at
the rate r is

Ke™

The effective annual interest with continuous
compounding at the interest rate r is

e"—1

Ke ", r=p/100

The discounted present value at time 0 of a con-
tinuous income stream at the rate K (t) dollars
per year over the time interval [0, T], and with
continuous compounding at the rate of interest
T, is

T
/ K(t)e " dt
0

The discounted present value at time s, of a
continuous income stream at the rate K (t) dol-
lars per year over the time interval [s, T], and
with continuous compounding at the rate of in-
terest r, is

T
/ K(t)e ") dt

Solow’s growth model:

o X(t)=F(K(t),L(t))
o K(t)=sX(t)

L L(t) = Loe)‘t

If F' is homogeneous of degree 1, k(t) = K (t)/L(t)
is capital per worker, and f(k) = F(k, 1), then
(28.23) reduces to

k=sf(k)— Xk, k(0) is given

Norstrom’s rule.

Continuous compound
interest.

Effective rate of inter-
est, with continuous
compounding.

The present value (with
continuous compound-
ing) of an amount K due
in ¢ years, if the interest
is p % per year.

Discounted present
value, continuous com-
pounding.

Discounted present
value, continuous com-
pounding.

X (t) is national income,
K(t) is capital, and L(t)
is the labor force at time
t. F'is a production
function. s (the savings
rate), A, and Lo are pos-
itive constants.

A simplified version of
(28.23).
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28.25

28.26

28.27

28.28

28.29

If \/s < f(0), f'(k) — 0 as k — oo, and
(k) <0 for all £ > 0, then the equation in
(28.24) has a unique solution on [0, 00). It has
a unique equilibrium k*, defined by

sf(k*) = \k*
This equilibrium is asymptotically stable.
k
A

k=sf(k)— Xk

N

>k

Ramsey’s growth model:

max /T U(C(t))e " dt subject to
0
C(t) = f(K(1) - K(1),
K(0) =Ko, K(T)> K.
K = UK + (= () =0
C_fE)-r
C -

where @ = Elc U'(C) = CU"(C) /U (C)

References

The existence and
uniqueness of a solution
on [0, c0) follows from
(11.13).

Phase diagram for
(28.24), with the condi-
tions in (26.25) imposed.

A standard problem in
growth theory. U is a
utility function, K (t)

is the capital stock at
time ¢, f(K) is the pro-
duction function, C(t)

is consumption, r is the
discount factor, and T is
the planning horizon.

The Euler equation for
problem (28.27).

Necessary condition for
the solution of (28.27).
Since w is usually neg-
ative, consumption in-
creases if and only if the
marginal productivity
of capital exceeds the
discount rate.

For compound interest formulas, see Goldberg (1961) or Sydsseter and Hammond
(2005). For (28.17), see Norstrgm (1972). For growth theory, see Burmeister and
Dobell (1970), Blanchard and Fischer (1989), Barro and Sala-i-Martin (1995), or
Sydseeter et al. (2005).
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29.5

Chapter 29

Risk and risk aversion theory

e Ry=)\ & u(y) = A +A26_>‘y

. A+ A Iny ifk=1
* Br=Fk < “(y)_{A1+A2y1—k if k£ 1

u’(y) o? o
u'(y) 2 2

If F and G are cumulative distribution func-
tions (CDF) of random incomes, then

F first-degree stochastically dominates G
<~ G(Z)> F(Z) forall Zin I.

Absolute risk aversion
(Ra) and relative risk
aversion (Rgr). u(y) is
a utility function, y is
income, or consumption.

A characterization of
utility functions with
constant absolute and
relative risk aversion,
respectively. A; and Ao
are constants, Az # 0.

Risk aversions for two
special utility functions.

Arrow-Pratt risk premi-
um. m: risk premium.

z: mean zero risky pros-
pect. o? = var[z]: vari-
ance of z. E| | is expec-
tation. (Expectation and
variance are defined in
Chapter 33.)

Definition of first-degree
stochastic dominance.

I is a closed interval
[Zl,ZQ]. For Z S Zl,
F(Z) = G(Z) = 0 and
for Z > Zy, F(Z) =
G(Z)=1.
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An important result.
FSD means “first-degree
stochastically domi-

EF['LL(Z)] > EG[U(Z)] nates”. Er[u(Z)] is ex-

. . pected utility of income
for all increasing u(Z). Z when the cumulative

distribution function is
F(Z). Eclu(Z)] is de-
fined similarly.

29.6 F FSD G — {

z o .
207 T(Z) :/ (G(2) - F(2)) dz A definition used in
p (29.8).
1
Definition of second-
F' second-degree stochastically dominates G degree stochastic dom-
29.8 . inance (SSD).
< T(Z)>0forall Zin I. I = [21, Zs]. Note that
FSD = SSD.
Hadar—Russell’s theo-
Ep[u(Z)] > Eglu(Z)] for all rem. Every risk averter
20.9 FSSDG {increasing and concave u(Z). prefers F' to G if and

only if F SSD G.

Let F' and G be distribution functions for X
and Y, respectively, let I = [Z], Z5], and let
T(Z) be as defined in (29.7). Then the follow-
ing statements are equivalent:

e T(Zy)=0and T(Z) > 0 for all Z in I. Rothschild—-Stiglitz’s
e There exists a stochastic variable & with theorem.
Ele| X] = 0 for all X such that ¥ is dis-
tributed as X + .

29.10

e F and G have the same mean, and every risk
averter prefers F' to G.

References

See Huang and Litzenberger (1988), Hadar and Russell (1969), and Rothschild and
Stiglitz (1970).
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Chapter 30

Finance and stochastic calculus

Capital asset pricing model:

E[r)] =r+ Gi(E[rm] — 1)

where §; = corr(ri, r'm)0; _ cov(r;7 Tm)
Om o2,
Single consumption B asset pricing equation:
Br) =+ D% (B(r,,) - 1),
ﬁmc
cov(r;,dlnC) . |
h o= —2_ =7 = .
where Bjc var(dinC) j=iorm

The Black—Scholes option pricing model. (Eu-
ropean or American call option on a stock that
pays no dividend):
c=c(S,K,t,r,0) = SN(z)—~KN(z—a/t)e ",
In(S/K) + (r+ 1o?)t
oVt ’
and N(y) = \/% 7. e=*/2dz is the cumula-

tive normal distribution function.

where x =

e Jc/0S =N(z)>0
e 9c/0K = —N(z—ovt)e ™ <0

o Jc/Ot = QL\/%SN'(I) +7re " KN(z — ovt) >0

e Jc/Or =tKN(x —ovt)e™™ >0
e Jc/0o = SN'(z)Vt>0

ri: rate of return on
asset i. E[ry]: the ex-
pected value of ry.

r: rate of return on a
safe asset. r,,: market
rate of return. o;: stan-
dard deviation of r;.

C: consumption.

Tm: Teturn on an arbi-
trary portfolio.

dIn C is the stochastic
logarithmic differential.
(See (30.13).)

c: the value of the op-
tion on S at time t. S:
underlying stock price,
dS/S = adt + 0dB,
where B is a (standard)
Brownian motion,

«: drift parameter.

o: wvolatility (measures
the deviation from the
mean). t: time left until
expiration. r: interest
rate. K: strike price.

Useful sensitivity results
for the Black—Scholes
model. (The correspond-
ing results for the gen-
eralized Black—Scholes
model (30.5) are given
in Haug (1997), Appen-
dix B.)
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30.5

30.6

30.7

30.8

30.9

30.10

30.11

30.12

The generalized Black—Scholes model, which in-
cludes the cost-of-carry term b (used to price
European call options (¢) and put options (p)
on assets paying a continuous dividend yield,
options on futures, and currency options):

c=SN(z)e®"* - KN(z —ovt)e ™,

p=KN(oyt —x)e™"™ — SN(—xz)elb—t,
In(S/K)+ (b+ 202t
where x =
o/t
p=c—Selt  Ke
P(S,K,t,?”,b,o’) - C(K,S,t,r—b,—b’g)

The market value of an American perpetual put
option when the underlying asset pays no divi-

dend:

K At A
7(7) if x> ¢,
14+~ \e¢

K—=x

K 2r
where c = ——, v= —.
14+~ o2

h(z) =
ifx <e,

Xt:X0+f(f u(s,w d5—|—f0 s,w) dBs,

where P| fo 2ds < oo for all t > 0] =

and P[f0 |u( s,w)|ds < oo forallt>0] = 1.
Both u and v are adapted to the filtration {F;},
where B; is an F;-Brownian motion.

dX: =udt +vdB;

If dX; = udt + vdB; and Y; = g(X;), where g
is C?, then

dn ( (Xt)u—l— L //(Xt) )dt+g/(Xt)U dBt
dt-dt =

dt-dB; =dB;-dt =0, dB;-dB; =dt

b: cost-of-carry rate of
holding the underlying
security. b = r gives the
Black—Scholes model.

b =r — q gives the Mer-
ton stock option model
with continuous divi-
dend yield g. b = 0 gives
the Black futures option
model.

The put-call parity for
the generalized Black—
Scholes model.

A transformation that
gives the formula for an
American put option,
P, in terms of the corre-
sponding call option, C'.

x: current price.
c: trigger price.
r: interest rate.
K: exercise price.
o: volatility.

X is by definition a one-
dimensional stochastic
integral.

A differential form of
(30.9).

It6’s formula (one-
dimensional).

Useful relations.
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30.13

30.14

30.15

30.16

30.17

u ’1}2
dnXe =5~ 5x7 dt+XtdB

1
deXt = (eXtu + ieX v2) dt + eXtvdB,

dX1 Ul V11 ... Uim dBl
S S N K2 : :
dX, Un VUnl ... Unm dB,,
Ity = (Yi,...,Yr) = g(t,X), where g =

(g1,---,9x) is C?, then for r = 1,...,k,

dK-ZMdt+ZMdX¢

ot pt o0x;
9?9, (t,X)
dXi dX;
t3 Z 8118% J
where dt - dt = dt - dBi = 0 and dB; - dB; = dt

ifi=7j,0ifi#j.

J(t,x) = max, B[ [T e "W (s, X, u,) ds],
where T is fixed, us € U, U is a fixed interval,
and

dXt = b(t, Xt, Ut) dt + O'(t, Xt, Ut) dBf

_7 e
Ji(t, x) max (W (t, 2, u)

+ JL(t, 2)b(t, z,u) + 2 J0 (¢,

2Yzx

z)(o(t, v, u))?]

References

Two special cases of
(30.11).

Vector version of (30.10),
where By, ..., B, are
m independent one-
dimensional Brownian
motions.

An n-dimensional ver-
sion of Ité’s formula.

A stochastic control
problem. J is the value
function, u; is the con-
trol. E»® is expecta-
tion subject to the initial
condition X; = z.

The Hamilton—Jacobi—
Bellman equation. A
necessary condition for
optimality in (30.16).

For (30.1) and (30.2), see Sharpe (1964). For (30.3), see Black and Scholes (1973).
For (30.5), and many other option pricing formulas, see Haug (1997), who also gives
detailed references to the literature as well as computer codes for option pricing

formulas.

For (30.8), see Merton (1973).

For stochastic calculus and stochastic

control theory, see Pksendal (2003), Fleming and Rishel (1975), and Karatzas and
Shreve (1991).
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Chapter 31

Non-cooperative game theory

In an n-person game we assign to each player
i (1 = 1,...,n) a strategy set S; and a pure
strategy payoff function wu; that gives player 4
utility w;(s) = u;(s1,...,8,) for each strategy
profile s = (81,...,8,) € S =51 X -+ X S,.

*

A strategy profile (s},...,s}) for an n-person
game is a pure strategy Nash equilibrium if for

alli=1,...,n and all s; in 5;,

wi(sy, ..., 88) > w(sy,. ..

, Sk 285 1,80, 5741, 50)
If for all ¢ = 1,...,n, the strategy set S; is a
nonempty, compact, and convex subset of R™,
and wu;(s1,...,8,) is continuous in S = S7 x

- x S, and quasiconcave in its ith variable,
then the game has a pure strategy Nash equi-
librium.

Consider a finite m-person game where S; is
player i’s pure strategy set, and let S = S7 x
-+ X .S,. Let ; be a set of probability distribu-
tions over S;. An element o; of Q; (o; is then a
function o; : S; — [0, 1]) is called a mized strat-
egy for player i, with the interpretation that if
1 plays o;, then i chooses the pure strategy s;
with probability o;(s;).

If the players choose the mized strategy pro-
file o0 = (01,...,0n) € Q1 X -+ X Qp, the
probability that the pure strategy profile s =
(s1,...,8n) occurs is o1(s1) -0, (sn). The ex-
pected payoff to player i is then

ui(o) = EsES’ 01 (51) T 0“(‘9”)“1(5)

An n-person game in
strategic (or normal)
form. If all the strategy
sets S; have a finite
number of elements, the
game is called finite.

Definition of a pure
strategy Nash equilib-
rium for an n-person
game.

Sufficient conditions for
the existence of a pure
strategy Nash equilib-
rium. (There will usu-
ally be several Nash
equilibria.)

Definition of a mized
strategy for an n-person
game.
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31.5

31.6

31.7

31.8

31.9

A mixed strategy profile o* = (07,...,07) is a
Nash equilibrium if for all ¢ and every o;,

ui(0*) > ui(o7,...,07_1,04,071,...,00)

o* is a Nash equilibrium if and only if the

following conditions hold for alli =1, ..., n:
of(s;) > 0= u;(0*) = ui(s;,0%;) foralls;
o (s) = 0= u; (o) > u(s},o*,) for all s

* _ * * * *
where 0%, = (0f,...,0/_1,07,4,...,0;) and
we consider s; and s} as degenerate mixed strat-

egies.

Every finite n-person game has a mixed strat-
egy Nash equilibrium.

The pure strategy s; € S; of player ¢ is strictly
dominated if there exists a mixed strategy o; for
player 4 such that for all feasible combinations
of the other players’ pure strategies, i’s payoff
from playing strategy s; is strictly less than i’s
payoff from playing o;:

ui(sl,. e 381,80, Si41,-- .,Sn) <
ui(sl, e o3 8i—1504,Si+1, - - .,Sn)
for every (s1,...,8i—1,8i+1,---,Sn) that can be

constructed from the other players’ strategy
sets 517 ey Sifl, Si+1, ey Sn

In an n-person game, the following results hold:

e If iterated elimination of strictly dominated
strategies eliminates all but the strategies
(st,...,s"), then these strategies are the
unique Nash equilibrium of the game.

e If the mixed strategy profile (o7,...,0%)is
a Nash equilibrium and, for some player i,
of(s;) > 0, then s; survives iterated elimi-
nation of strictly dominated strategies.

Definition of a mized
strategy Nash equilibrium
for an n-person game.

An equivalent definition
of a (mixed strategy)
Nash equilibrium.

An important result.

Definition of strictly
dominated strategies.

Useful results.

Iterated elimination

of strictly dominated
strategies need not re-
sult in the elimination
of any strategy. (For a
discussion of iterated
elimination of strictly
dominated strategies, see
the literature.)
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31.10

31.11

31.12

31.13

31.14

31.15

A two-person game where the players 1 and 2
have m and n (pure) strategies, respectively,
can be represented by the two payoff matrices

ail . A1n b11 . bln

a1 - Qa2n b21 e bgn
A= . . , B= . .

am1 ... Qmn anl cee bmn

For the two-person game in (31.10) there exists
a Nash equilibrium (p*, q*) such that

e p-Aq* <p*-Aq* forall pin A,,,
e p*-Bq<p* Bq*forall qin A,.

In a two-person zero-sum game (A = —B), the
condition for the existence of a Nash equilib-
rium is equivalent to the condition that p - Aq
has a saddle point (p*,q*), i.e., for all p in A,
and all g in A,

p-Aq*<p"-Aq" <p"-Aq

The equilibrium payoff v = p* - Aq* is called
the value of the game, and

v = min max p-Aq= max min p-Aq
qEA, PEA, PEA, QEA,

Assume that (p*,q*) and (p**,q**) are Nash
equilibria in the game (31.10). Then (p*,q**)
and (p**, q*) are also equilibrium strategy pro-
files.

Evolutionary game theory

In the symmetric two-person game of (31.10)
with A = B’, a strategy p* is called an evolu-
tionary stable strategy if for every q # p* there
exists an € > 0 such that

q-A(eq+(1-¢)p*) < p*-A(eq+(1—¢)p*)

for all positive € < &.

aij (bi;) is the payoff to
player 1 (2) when the
players play their pure
strategies ¢ and j, re-
spectively. If A = —B,
the game is a zero-sum
game. The game is sym-
metric if A = B'.

The existence of a Nash
equilibrium for a two-
person game. Ay de-
notes the simplex in R*
consisting of all non-
negative vectors whose
components sum to one.

The saddle point prop-
erty of the Nash equi-
librium for a two-person
Zero-sum game.

The classical minimazx
theorem for two-person
ZEero-sum games.

The rectangular or
exchangeability property.

The value of € may de-
pend on q. Biological
interpretation: All ani-
mals are programmed

to play p*. Any muta-
tion that tries invasion
with q, has strictly lower
fitness.
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31.16

31.17

31.18

31.19

In the setting (31.15) the strategy p* is evolu-
tionary stable if and only if

q-Ap* <p"-Ap”
If q# p* and q- Ap* = p* - Ap*, then

for all q.

q-Aq<p*-Aq.

Games of incomplete information

A game of incomplete information assigns to
each player ¢ = 1,...,n private information
v; € ®;, a strategy set S; of rules s;(p;) and
an expected utility function
Eolui(si(¢1),- -, 5n(en), )]

(The realization of ¢; is known only to agent 4
while the distribution F(®) is common knowl-
edge, ® = ®; x--- x ®,,. Eg is the expectation
over @ = (p1,...,0n).)

A strategy profile s* is a dominant strategy equi-

librium if for all t = 1,...,n,
ui(sl(@1)7 M) S:(gﬁl) ctt 811(@71)7 (P)
> ui(s1(91), -+, 5:(9i), - Sn(on), @)

for all ¢ in ® and all s = (sq1,...,8,) In S =

S1 X - X S,
A strategy profile s* is a pure strategy Bayesian
Nash equilibrium if for all i = 1,...,n,
Eé[ul(sf(gol)v ) Sf(@l)v RN SZ(SOn)» (PH
., 8

> Eolu1(si(¢1), .-+, 8i(9i)s - -5 85 (9n), P)]
for all s; in S;.

References

The first condition, (the
equilibrium condition), is
equivalent to the condi-
tion for a Nash equilib-
rium. The second condi-
tion is called a stability
condition.

Informally, a game of in-
complete information is

one where some players

do not know the payoffs
to the others.)

Two common solution
concepts are dominant
strategies and Bayesian
Nash equlibrium.

Pure strategy Bayesian
Nash equilibrium.

Friedman (1986) is a standard reference. See also Gibbons (1992) (the simplest
treatment), Kreps (1990), and Fudenberg and Tirole (1991). For evolutionary game
theory, see Weibull (1995). For games of incomplete information, see Mas-Colell,
Whinston, and Green (1995).
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32.5

Chapter 32

Combinatorics

The number of ways that n objects can be ar-
ranged in orderisn!=1-2-3---(n—1) - n.

The number of possible ordered subsets of k
objects from a set of n objects, is

miﬂ(’ﬂ*l)“’(ﬂ*k‘i’l)

Given a collection S1, So, ..., S, of disjoint sets
containing ki, keo,...,k, objects, respectively,
there are k1ks - - - k,, ways of selecting one object
from each set.

|
A set of n elements has Z) = ﬁ dif-

ferent subsets of k elements.

The number of ways of arranging n objects of

k different types where there are n, objects of

type 1, no objects of type 2, ..., and ny objects
n!

of type k is .
ni!-ngl-- ny!

5 persons A, B, C, D,
and E can be lined up in
5!' =120 different ways.

If a lottery has n tickets
and k distinct prizes,
|

there are ' possi-

=)

ble lists of prizes.

If a restaurant has 3 dif-
ferent appetizers, 5 main
courses, and 4 desserts,
then the total number
of possible dinners is
3-5-4=60.

In a card game you re-
ceive 5 cards out of 52.
The number of differ-

ent hands are 552 =

52!
— =2 .
S 598 960
|
There are % =

27720 different ways
that 12 persons can be
allocated to three taxis
with 5 in the first, 4 in
the second, and 3 in the
third.
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Let | X| denote the number of elements of a set
X. Then

326 e |AUB|=|A|+|B|—|AnN B The inclusion—exclusion
’ principle, special cases.

e |AUBUC| =|A|+|B|+|C|—|ANB| -
|[ANC|—|BNnB|+|AnBNC|

AU As U+ UA,| = [A1] + |As| + -+ |A,

_|A1ﬂA2|—|AlﬁA3|—_|An_lmAn|
g7 oot (EDTHAIN AN N A The inclusion—exclusion
= Z(_l)r+l|Aj1 NAj,N---NA; | principle.

The sum is taken over all nonempty subsets
{j1,72,---,Jr} of the index set {1,2,...,n}.

If more than k objects are distributed among k The pigeonhole principle.

boxes (pigeonholes), then some box must con- (If 16 = 5- 3 + 1 socks
398 tain at least 2 objects. More generally, if at are distributed among 3
" least mk 4+ 1 objects are distributed among k drawers, the at least one
boxes (pigeonholes), then some box must con- drawer must contain at
tain at least n + 1 objects. least 6 socks.)
References

See e.g. Anderson (1987) or Charalambos (2002).



Chapter 33

Probability and statistics

The probability P(A) of an event A C Q satis-
fies the following axioms:

(a) 0< P(4) <1
331 (b) P(Q) =1
(c) f AynAj =& for i # j, then

P(_:leAi) = éP(Ai)

Axioms for probability.
Q) is the sample space
consisting of all possible
outcomes. An event is a
subset of 2.

Dl ERDIEAD

Q Q Q

\D

Q Q

AUB ANB A\ B

Both A and B A occurs, but
occur B does not

o P(A°)=1-P(4)
e P(AUB)=P(A)+ P(B)—P(ANB)
e P(AUBUC) = P(A)+ P(B)+ P(C)
33.2 —P(ANB)—P(ANC)—-P(BNC)
+P(ANBNC)
e P(A\B)=P(A)— P(ANB)
e P(AAB)=P(A)+P(B)—-2P(ANB)

A or B occurs

P(ANB
P(A|B) = PANB) is the conditional prob-
33.3 P(B)
ability that event A will occur given that B has
occurred.

A and B are (stochastically) independent if
P(ANB)=P(A)P(B)

If P(B) > 0, this is equivalent to
P(A[B) = P(A)

33.4

A does not occur

AAB

A or B occurs,
but not both

Rules for calculating
probabilities.

Definition of conditional
probability, P(B) > 0.

Definition of (stochastic)
independence.
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P(ANAyN...NA,) =

B B P(As | Ay) - P(Ay | Ay A A3 -1 Ay )
pialp - P& |P A(g)p(A)
50 B P(B| A)P(4)
~ P(B|A)P(A) + P(B| A°)P(A°)
> P(B|4;)- P(4))
One-dimensional random variables
. P(X )= T f()
B8 p(xea) = [ 1) do
* Flr)=P(X <2)= ¥ /1)
33.9 P
e F(z)=P(X <ux) :_f f(t)dt
o E[X]=3> zf(z)
33.10 oo
o E[X]= _f xf(z)dz
e Elg(X)] = %:g(x)f(fv)
33.11 00
o ElgX)= [ g(@)f(z)da
3312 var[X] = E[(X — E[X])?]

General multiplication
rule for probabilities.

Bayes’s rule.

(P(B) #0.)

Generalized Bayes’s
rule. A1, ..., A, are
disjoint, " | P(A;) =
P(Q) = 1, where

Q = U?:1 A; is the
sample space. B is an
arbitrary event.

f(x) is a discrete/con-
tinuous probability den-
sity function. X is a
random (or stochastic)
variable.

F' is the cumulative dis-
crete/continuous distri-
bution function. In the
continuous case,

P(X =z)=0.

Expectation of a dis-
crete/continuous proba-
bility density function f.
u = E[X] is called the

mean.

Expectation of a func-
tion g of a discrete/con-
tinuous probability den-
sity function f.

The variance of a ran-
dom variable is, by defi-
nition, the expected
value of its squared devi-
ation from the mean.
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33.13

33.14

33.15

33.16

33.17

33.18

33.19

33.20

33.21

33.22

var[X] = E[X?] — (E[X])?
o = y/var[X]

var[aX + b] = a? var[X]

e = E[(X — p)¥]

3= 30 M= 3

e P(|X|>)) < E[X?]/)\?
o P(X —pl=)) <0?/X%
o P(IX —p|> ko) < 1/k?,

A>0
k>0

If f is convex on the interval I and X is a ran-
dom variable with finite expectation, then

F(EX]) < B[f(X)]
If f is strictly convex, the inequality is strict
unless X is a constant with probability 1

o M(t) = E[e"] = Zm:e”f(x)

T et f(x) dx

— 00

o M(t)=E[e] =

If the moment generating function M (t) defined
in (33.20) exists in an open neighborhood of 0,
then M (t) uniquely determines the probability
distribution function.

° C(t) — [ ti] %:ezt:cf(
- J

° C(t) :E ti ezt:cf

Another expression for
the variance.

The standard deviation
of X.

a and b are real num-
bers.

The kth central moment
about the mean, p =
E[X].

The coefficient of skew-
ness, N3, and the coeffi-
cient of kurtosis, n4. o is
the standard deviation.
For the normal distribu-
tiOIl7 N3 = N4 = 0.

Different versions of
Chebyshev’s inequality.
o is the standard devia-
tion of X, p = E[X] is
the mean.

Special case of Jensen’s
inequality.

Moment generating func-
tions. M (t) does not al-
ways exist, but if it does,
then

< E[X
=2

k=0

k

An important result.

Characteristic functions.
C(t) always exists, and
if E[X*] exists for all k,

then . .
> i E[X
ci)y=>" %tk.

k=0
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33.23

33.24

33.25

33.26

33.27

33.28

33.29

33.30

33.31

33.32

33.33

33.34

The characteristic function C(t) defined in
(33.22) uniquely determines the probability dis-
tribution function f(z).

Two-dimensional random variables

e P(X,Y)ed) > flzy)
(z,y)€A

‘P@Kn€A%agﬂ%wM®

Flz,y)=P(X <2,V <y) =
DY

u<lz vy

f(u,v) (discrete case)

z oy
e [ [ f(u,v)dudv (continuous case)

—00 —0O0

o BgX.V)= | J gleu)f(xy)dzdy

cov[X,Y] = E[(X — E[X])(Y — E[Y])]
cov[X,Y] = E[XY] — E[X] E[Y]
If cov[X,Y] =0, X and Y are uncorrelated.

E[XY] = E[X]E[Y] if X and Y are uncorre-
lated.

(E[XY])? < E[X?] E[Y?]

If X and Y are stochastically independent, then
cov[X,Y] =0.

var[X + Y] = var[X] + var[Y] £ 2 cov[X, Y]

E[aIXI 4+t an Xy + b] =
a1EHXH]+~~-+—anEH)QJ—+b

An important result.

f(z,y) is a two-dimen-
sional discrete/continu-
ous simultaneous density
function. X and Y are
random variables.

F' is the simultaneous
cumulative discrete/
continuous distribution
function.

The expectation of
9(X,Y), where X and
Y have the simultane-
ous discrete/continuous
density function f.

Definition of covariance.
A useful fact.
A definition.

Follows from (33.26) and
(33.27).

Cauchy—Schwarz’s
inequality.

The converse is not true.

The variance of a sum/
difference of two random
variables.

Xi, ..., X, are random
variables and a1, ..., an,
b are real numbers.
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33.35

33.36

33.37

33.38

33.39

33.40

33.41

33.42

var [Z ain} i i aiaj COV[XZ‘, Xj]
+2Z Z a;a; cov[X;, X;]

=1 =1 j=i+1
var [Z ain} Zaf var[X;]
i=1 i=1
XY
corr[X, V]V g

var[ X ] var[Y]

If f(z,y) is a simultaneous density distribution
function for X and Y, then

hd fX('T) = Ef($7y)7 fY(y) = Zf(xvy)

o fx(x ffxyd%fy ffxy

are the margmal densities of X and Y, respec-
tively.

flzly) = fly|z)

The random variables X and Y are stochas-
tically independent if f(x,y) = fx(z)fy(y). If

fy(y) > 0, this is equivalent to f(z |y) = fx (z).
¢ EIX|y]Saf(z]y)

¢ EX|y)= [ afaly)ds

o varlX |y (e = BIX |y]) " F (x| )

o varlX |y] [ (o= BIX |42 y) de

BIY] = Ex(E[Y | X]

The variance of a linear
combination of random
variables.

Formula (33.33) when
X1, ..., X, are pairwise
uncorrelated.

Definition of the corre-
lation coefficient as a
normalized covariance.

Definitions of marginal
densities for discrete and
continuous distributions.

Definitions of conditional
densities.

Stochastic independence.

Definitions of condi-
tional expectation and
conditional variance
for discrete and con-
tinuous distributions.
Note that E[X |y] de-
notes E[X |Y = vy,
and var[X | y] denotes
var[X | Y = y].

Law of iterated expecta-
tions. Ex denotes ex-
pectation w.r.t. X.
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33.43

33.44

33.45

33.46

33.47

33.48

33.49

E[XY] = Ex[XE[Y | X]| = E[Xpy x).

0y = var[Y] = Ex[var[Y | X]] + varx[E[Y | X]]

= E[qux] + var|py | x]

Let f(z,y) be the density function for a pair
(X,Y) of stochastic variables. Suppose that

U=¢(X,Y), V=p(X)Y)
is a one-to-one C! transformation of (X,Y),
with the inverse transformation given by

X =y1(U, V), Y =u(UYV)
Then the density function g(u,v) for the pair
(U, V) is given by

g(ua U) = f(d]l(ua ’U), 1/12(% ’U)) : |J(ua ’U)|

provided the Jacobian determinant

8¢1 (u,v) 81/)1 (va)
_ ou v
J(U7 U) - awZ (u7 U) a’(/JQ (u7 ’U) # !
u ov

Statistical inference

If E[f] = 6 for all § € O, then 0 is called an
unbiased estimator of 0.

If 6 is not unbiased,

b=E[f] -6
is called the bias of 6.
MSE(0)E[ — 6] = var[0] + b2

plim 01 = 0 means that for every € > 0
lim P(|fr — 6] <e)=1
T—o0

The expectation of XY
is equal to the expected
product of X and the
conditional expectation
of Y given X.

The variance of Y is
equal to the expecta-
tion of its conditional
variances plus the vari-
ance of its conditional
expectations.

How to find the density
function of a transfor-
mation of stochastic
variables. (The formula
generalizes in a straight-
forward manner to the
case with an arbitrary
number of stochastic
variables. The required
regularity conditions are
not fully spelled out. See
the references.)

Definition of an un-
biased estimator. © is
the parameter space.

Definition of bias.

Definition of mean
square error, MSE.

Definition of a probabil-
ity limit. The estimator
éT is a function of T
observations.
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33.50

33.51

33.52

33.53

33.54

33.95

33.56

33.57

33.58

33.59

If 67 has mean pr and variance 0% such that
the ordinary limits of ur and 0% are 6 and 0
respectively, then 01 converges in mean square
to A, and plim O = 6.
If f is continuous, then

plim g(67) = g(plim 67)
If 67 and wr are random variables with proba-
bility limits plim 87 = 6 and plim wp = w, then
e plim(fr +wr)=0+w
e plim(frwr) = Ow
e plim(Or/wr) =0/w
01 converges in distribution to a random vari-
able  with cumulative distribution function F’
if imyp_,o0 |Fr(0) — F(0)| = 0 at all continuity
points of F(#). This is written:

AN

If 67 -4 0 and plim(wr) = w, then

d
o Orwr — Ow

e If wp has a limiting distribution and the limit
plim(6r — wy) = 0, then O7 has the same
limiting distribution as wy.

0 is a consistent estimator of @ if

plim 67 = @ for every 6 € ©.

0 is asymptotically unbiased if
lim E[f7] =6 for every 6 € ©.

T—o0

Hy Null hypothesis (e.g. 6 < 0).

H; Alternate hypothesis (e.g. 8 > 0).
T  Test statistic.

C  Critical region.

0 An unknown parameter.
A test: Reject Hy in favor of Hy if T € C.

The power function of a test is
7(0) = P(reject Hy|0), 6 € ©.

Convergence in quadra-
tic mean (mean square
convergence).

Slutsky’s theorem.

Rules for probability
limits.

Limiting distribution.

Rules for limiting distri-
butions.

Definition of consistency.

Definition of an asymp-
totically unbiased esti-
mator.

Definitions for statistical
testing.

‘ A test.

Definition of the power
of a test.
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33.60

33.61

33.62

33.63

33.64

To reject Hy when Hy is true is called a type I
erTor.

Not to reject Hy when H; is true is called a
type II error.

a-level of significance: The least a such that
P(type I error) < « for all 0 satisfying Hy.

Significance probability (or P-value) is the least
level of significance that leads to rejection of
Hy, given the data and the test.

Asymptotic results

Let {X;} be a sequence of independent and
identically distributed random variables, with
finite mean F[X;] = p. Let S, = X1+ -+ X,.
Then:

(1) For every € > 0,

e

—u’ <5}—>1asn—>oo.
n
(2) With probability

Sn
1, — = p as n — oo.
n

Let {X;} be a sequence of independent and
identically distributed random variables with

finite mean E[X;] = p and finite variance
var[X;] = 02. Let S, = X1+ --+X,,. Then the
Sn —np

distribution of tends to the standard

normal distribution as n — oo, i.e.

Sn—nu / o—?/2
P vred
{ ovn. = } Var ’

as n — oQ.

References

Type I and II errors.

The a-level of signifi-
cance of a test.

An important concept.

(1) is the weak law of
large numbers. Sn/n is a
consistent estimator for
. (2) is the strong law
of large numbers.

The central limit
theorem.

See Johnson and Bhattacharyya (1996), Larsen and Marx (1986), Griffiths, Carter,

and Judge (1993), Rice (1995), and Hogg and Craig (1995).
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Chapter 34

Probability distributions

P11 — )7t

0,1
f(Q?) — B(p,q) y T E ( ) )a
otherwise,
p>0,q>0.
Mean: E[X] = L
p+gq
. prq
Variance: var|X]| = .
S L RSy
B k
kth moment: E[X*] = M
B(p,q)
n
— €T 1 _ n—x
)= (D)=,
z=0,1,...,n; n=1,2,...; pe(0,1).

Mean: E[X] = np.
Variance: var[X] = np(1 — p).

Moment generating function: [pe! + (1 — p)]™.

Characteristic function: [pe’® + (1 — p)]™.

e~ @

(I/‘, = -~ T/
fz:9) 2woTy/1 — p?
w—py 2 z—p)(y— 2
oo (5" —zplemitn 4 (uc)

21 ) |
T,y, 1,1 € (—00,00), 0 >0, 7 >0, |p| <1.
Mean: E[X|=pn, E[Y]=n.
Variance: var[X] = o2, var[Y] =72
Covariance: cov[X,Y] = port.

where

Beta distribution. B is
the beta function defined
in (9.61).

Binomial distribution.
f(x) is the probability
for an event to occur
exactly « times in n in-
dependent observations,
when the probability of
the event is p at each
observation. For (Z), see
(8.30).

Binormal distribution.

(For moment generating
and characteristic func-
tions, see the more gen-
eral multivariate normal
distribution in (34.15).)
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34.4

34.5

34.6

34.7

34.8

fl@)=9 22T(v) ;o v=12,...

Mean: E[X]=v.
Variance: var[X] = 2v.
Moment generating function: (1 — 2¢)~2%, ¢ < i

Characteristic function: (1 — 2it)~z".

-z
f(x):{)\e L x>0y

0, z<0’
Mean: E[X]=1/\.
Variance: var[X] = 1/)2.
Moment generating function: \/(A —1), ¢t < A.
Characteristic function: A/(A —it).

r—«
Z = ﬁ 5

1 —z
f(x):Be—ze—e ) z€R, B3>0
Mean: E[X]=a— pT'(1).

Variance: var[X] = 3?m2/6.
Moment gen. function: e®T'(1 — (t), t < 1/.
Characteristic function: e'®‘I'(1 — i3t).

“o Yy x>0
= Lvi4we)?
f(z) = B(%Vl, %I/Q)(VQ + le)z( 1+v2)
0, z<0
V1,V = 1,2,...
Mean: E[X]=vy/(va —2) for vy > 2
(does not exist for vy =1, 2).
2v2 -2
Variance: var[X] = V(v +v2 = 2) forvy, >4

V1(1/2 - 2)2(1/2 — 4)
(does not exist for vy < 4).
kth moment:

e (v, — k k
EIX*"] = (21/1—1% ) (?Vz )<V2> , 2k <
F(élﬂ)F(gVQ) %1
)\nxn—le—ka: =0
f(x) = I'(n) ’ ;o on, A>0.
0, <0

Mean: E[X]|=n/A\.

Variance: var[X] = n/\2.

Moment generating function: [A/(A —1)]", t < A.
Characteristic function: [A/(A —it)]™.

Chi-square distribution
with v degrees of free-
dom. I' is the gamma
function defined in
(9.53).

FEzxponential distribution.

Extreme value (Gumbel)
distribution. T'(1) is

the derivative of the
gamma function at 1.
(See (9.53).) T'(1) = —~,
where v =~ 0.5772 is Eu-
ler’s constant, see (8.48).

F-distribution. B is the

beta function defined in

(9.61). v1, v2 are the de-
grees of freedom for the

numerator and denomi-

nator, respectively.

Gamma distribution.

I' is the gamma function
defined in (9.53). For

n = 1 this is the expo-
nential distribution.
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34.9

34.10

34.11

34.12

34.13

f(x):p(]_fp)ﬂi’ x=0,1,2,..., pe(oal)

Mean: E[X] = (1-—p)/p.

Variance: var[X] = (1 — p)/p*.

Moment generating function:
p/[l=(L=p)e'], t<-In{-p).

Characteristic function: p/[1 — (1 — p)e].

M\ (N -M
G2

N )

()
x=0,1,....,n; n=1,2,...,N.

Mean: E[X]=nM/N.
Variance: var[X] = np(l —p)(N —n)/(N — 1),
where p = M/N.

fz) =

1
fx) = 35 e"le=el/B 2 eR, >0

Mean: E[X] = .
Variance: var[X] = 232

eat
Moment gen. function: ———— . [t| < 1/8.
oment gen. function T |t] /B
1ot
Characteristic function: ———— .
racteristic fun 1](114_6%2

e T —«
f(m):6(1+672)2, = ﬁ ,xER,ﬁ>O

Mean: E[X] = a.
Variance: var[X] = 7232 /3.
Moment generating function:
e (1 — pt)[(1 + Bt) = nfte™t / sin(nt).
Characteristic function: imBte'®t/sin(in3t).

e—(lnx—u)z/Zaz
¢ >0

flx) = ox2r ; 0>0
0, <0

Mean: E[X] = ett39”,

Variance: var[X] = e2%(e27” — ¢7").

kth moment: E[X*] = ekntih’o®,

Geometric distribution.

Hypergeometric distribu-
tion. Given a collection
of N objects, where M
objects have a certain
characteristic and N — M
do not have it. Pick n
objects at random from
the collection. f(x) is
then the probability that
x objects have the char-
acteristic and n — x do
not have it.

Laplace distribution.

Logistic distribution.

Lognormal distribution.
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34.14

34.15

34.16

34.17

34.18

n!

f(X)_.I" 'pl Py,
o +£L’k—n7 p1++pk:17
xj€{0,17...7n}7 pj€(071)7 ]:1>7k

Mean of X;: E[X;] = np,.

Variance of X;: var[X;| = np;(1 — p;).

Covariance: cov[X;, X,] = —np;pr,
J,r=1,...

Moment generating function: [Z§:1 pjetl} .

qn
Characteristic function: [Z?:l ;i em}

Yx—p)

x) = 1 —i(x—p)'m"
f(x) (2W)k/2me K

3 = (0y5) is symmetric and positive definite,
= (5171, v 7xk)/a B = (,U/h v 7,“/16)/~

Mean: E[X;] = p;.

Variance: var[X;] = 0.

Covariance: cov[X;, X,;| = 0y;.

Moment generating function: et "t 5t/
Characteristic function: e~ 2% Zteit'n

fla) = (f B Dpr(l -p)",

z=rr+1,...; r=1,2,...;

Mean: E[X]=r/p.
Variance: var[X] = r(1 —p)/p?.

€ (0,1).

Moment generating function: p”(1—(1—p)e?)~".
'l"

Characteristic function: p"(1 — (1 — )e )=

1
)= ——¢
f@) = —7
Mean: E[X] = pu.
Variance: var[X] = o2. .,
1
Moment generating function: e’”t ot
Characteristic function: eirt=37°t

_(x_“)z/%?, r€eR, 0>0.

C

ca

f(x){xCH’ x>a; a>0,c>0.
0, r<a

Mean: E[X]|=ac/(c—1), c¢>1.

Variance: var[X] = a?c/(c—1)%(c—2),
kth moment: E[X*] =ad*c/c—k, c¢>k.

’n7 ]#’r'

c> 2.

Multinomial distribu-
tion. f(x) is the prob-
ability for k events

A1, ..., Ay to occur
exactly x1, ..., zx times
in n independent obser-
vations, when the proba-
bilities of the events are

P1, -+, Pk-

Multivariate normal
distribution. |X| de-
notes the determi-
nant of the variance-
covariance matrix 3.
X = (331, cee 733/9)/7

I
= (i, i)

Negative binomial distri-
bution.

Normal distribution.

If £ = 0 and o = 1, this
is the standard normal
distribution.

Pareto distribution.
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34.19

34.20

34.21

34.22

2 2=0,1,2,..., A>0.
x!

Mean: E[X] = A

Variance: var[X] = A.

fla) = 2

Moment generating function: e*(¢' =1

Characteristic function: e e —1).

fa) = L(3(v +11)) (1 N xj)—%(wl),
Vv T(5v) v
zeR, v=12...
Mean: E[X]=0 forv >1
(does not exist for v = 1).
Variance: var[X] = ﬁ for v > 2
(does not exist for v =1,2).
kth moment (exists only for k < v):
PG+ DG k)
E[X*] = NaxeD

)

1

f(i?)—{ﬁ—a’ asesho ocp
0 otherwise

Mean: E[X] = 1(a+ ).

Variance: var[X] = (3 — a)?.

1
v2%  k even,

Bt _ at
Moment generating function: i.
t(B—a)
Bt _ iat
Characteristic function: 6_76.
(B — o)
B
BN xB—le=(A0)" 5 \
= ] 5 > 0.
i) {Q 0

Mean: E[X] = %F(l + %).

. 1 2 1
Variance: var[X] = 2 [I‘(l + B) -T(1+ 5)2}
kth moment: E[X"] = %1"(1 +k/B).

References

Poisson distribution.

Student’s t-distribution
with v degrees of free-
dom.

Uniform distribution.

Weibull distribution. For
8 = 1 we get the expo-
nential distribution.

See e.g. Evans, Hastings, and Peacock (1993), Johnson, Kotz, and Kemp (1993),
Johnson, Kotz, and Balakrishnan (1995), (1997), and Hogg and Craig (1995).



35.1

35.2

35.3

35.4

Chapter 35

Method of least squares

Ordinary least squares

The straight line y = a + bx that best fits n
data points (xlayl)v (9027y2), sy (xnvyn)v in
the sense that the sum of the squared vertical

deviations,
n

S e?= g[yi—<a+bxi>f,

i=1
is minimal, is given by the equation
y=a+br <= y—y=>blx—1I),
where

n — _
po Zim@ — D=9

2im (@ = T)?

The vertical deviations in (35.1) are e; = y; —

yS, where yf = a+bx;, © =1, ..., n. Then
Yoiepei =0, and b = r(s2/s2), where r is the
correlation coefficient for (z1,y1),..., (Tn,Yn)-

Hence, b =0 < r =0.

In (35.1), the total variation, explained varia-
tion, and residual variation in y are defined as

e Total: SST =" (yi—9)>

e Explained: SSE =" (yf —y*)?

e Residual: SSR =", €2 =" .(y; — y;)?
Then SST = SSE + SSR.

Linear approximation
by the method of least
squares.

= % Z?:l Ti,
%Z?:l Yi-

I

v

Illustration of the
method of least squares
with one explanatory
variable.

Si = nil :l:]_(:ri - i)Q
5121 = ﬁ ?:1(3/" —5)°

The total variation in

y is the sum of the ex-
plained and the residual
variations.
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35.5

35.6

35.7

The correlation coefficient r satisfies
r? = SSE/SST,

and 100r? is the percentage of explained varia-
tion in y.

Suppose that the variables z and Y are related
by a relation of the form Y = a 4 Bz, but that
observations of Y are subject to random varia-
tion. If we observe n pairs (z;,Y;) of values of
zand Y,i=1,...,n, we can use the formulas
in (35.1) to determine least squares estimators
& and B of a and . If we assume that the
residuals €; = y; — a — [Bz; are independently
and normally distributed with zero mean and
(unknown) variance o2, and if the z; have zero
mean, i.e. = (), z;)/n =0, then

e the estimators & and B are unbiased,

o var(d) = %2, var() = o

Multiple regression

Given n observations (zj1,...,Zik), 1 =1, ...,
n, of k quantities x1, ..., xx, and n observations
Y1, -- -, Yn of another quantity y. Define

1 T11 xr12 “ee Tk
1 To1 Xroo e T2k
X = :
1 zp1 Tpe ... Tnk
(7 bo
Y2 by
y = . , b=
Yn bk

The coefficient vector b = (bg,by,...,b)" of
the hyperplane y = by + byx1 + - - - 4+ brxy that
best fits the given observations in the sense of
minimizing the sum

(y —Xb)'(y — Xb)
of the squared deviations, is given by

b= (X'X)"'X'y.

r2=1x¢e =0foralli
& yi = a+ bx; (exactly)
for all 4.

Linear regression with
one explanatory variable.

If the x; do not sum to
zero, one can estimate
the coefficients in the
equation
Y=a+p8(z-1Z)
instead.

The method of least
squares with k explana-
tory variables.

X is often called the
design matrix.
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35.8

35.9

In (357), let y: = bo + bllﬂil + -+ bkxlk‘
The sum of the deviations e; = y; — y; is then
Y€ =0.

Define SST, SSE and SSR as in (35.4). Then
SST = SSE + SSR and SSR = SST - (1 — R?),
where R? = SSE/SST is the coefficient of de-
termination. R = vV R? is the multiple correla-
tion coefficient between y and the explanatory
variables 1, ..., Tk.

Suppose that the variables x = (z1,...,zk)
and Y are related by an equation of the form
Y = fo+ Sz + - + Brar = (1,%)8, but
that observations of Y are subject to random
variation. Given n observations (x;,Y;) of val-
ues of x and Y, i =1, ..., n, we can use the
formulas in (35.7) to determine a least squares
estimator B = (X/X)~!X'Y of 3. If the resid-
uals ¢; = y; — (1,%x;)3 are independently dis-
tributed with zero mean and (unknown) vari-
ance o2, then
e the estimator é is unbiased,
o cov(B) = P (X'X) ",
a_ & %n&

n—k—1 n—-k-1

~

o cov(B) = 62(X'X)".

References

See e.g. Hogg and Craig (1995) or Rice (1995).

Definition of the coeffi-
cient of determination
and the multiple correla-
tion coefficient. 100R? is
percentage of explained
variation in y.

Multiple regression.

B = (Bo,B1,-.-,0k) is
the vector of regression
coefficients;

X; = (x“, - ,Iik) is the
ith observation of x;

Y = (YVi,...,Y,) is the
vector of observations of
Y;

E=(f1,...,6n) =

Y - X5;

~

cov(B) = (cov(Bi, B)))i;
is the (n + 1) x (n + 1)
covariance matriz of the
vector 3.

If the ; are normally
distributed, then 62 is
an unbiased estimator
of o2, and cov(3) is an
unbiased estimator of

cov(0).
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Index

absolute convergence, 50
absolute risk aversion, 181
active constraint, 108
adjoint matrix, 135
Allen-Uzawa’s elasticity of substitution,
165
almost ideal demand system (AIDS), 173
American options, 183, 184
angle (between vectors), 128
annuity, 177
arcus functions, 16, 17
argmax, 161
arithmetic mean, 47
arithmetic series, 49
Arrow—Pratt risk premium, 181
Arrow’s sufficient condition, 114, 116
Ascoli’s theorem, 130
asymptotes
for hyperbolas, 9
general definition, 11
finding, 12
asymptotically unbiased estimator, 199
augmented coefficient matrix, 44
autonomous differential equation, 71
autonomous system of differential equa-
tions, 77

backward solution of a difference equa-
tion, 63, 64
Banach space, 130
basis for a subspace
in R", 128
in a vector space, 129
Bayesian equilibrium, 190
Bayes’s rule, 194
Bellman’s equations, 123
Bernoulli’s differential equation, 70
Bernoulli’s inequality, 47
Bessel’s inequality, 132
beta distribution, 201
beta function, 60
bias (of an estimator), 198

bijective function, 5
binary relation, 3

antisymmetric, 3

asymmetric, 3

complete, 3

irreflexive, 3

reflexive, 3

symmetric, 3

transitive, 3
binding constraint, 108
binomial coefficients, 51, 52
binomial distribution, 201
binomial formula, 52
binormal distribution, 201
Black—Scholes’s model, 183

generalized, 184
Blackwell’s sufficient condition for a

contraction, 131

bordered Hessian, 95, 103
boundary point, 83
bounded set, 83
Brouwer’s fixed point theorem, 42, 43

capital asset pricing model, 183
Carathéodory’s theorem (for convex sets),
89
Cardano’s formulas, 7
cardinal properties of utility functions,
169
Cartesian product, 2
catching up optimality (CU-optimality)
continuous time, 118
discrete time, 126
Cauchy sequence
in metric space, 129
in R", 83
Cauchy—Schwarz’s inequality, 47, 48, 128,
132, 196
Cauchy’s convergence criterion, 84
Cauchy’s mean value theorem, 24
Cayley—Hamilton’s theorem, 147, 148
central limit theorem, 200
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central moments, 195
CES function, 166
chain rule

for derivatives, 22, 27, 28, 33

for elasticities, 36
change of variable(s) (in integrals)

one variable, 55, 58

several variables, 62
characteristic equation

for difference equations, 64

for differential equations, 74

for matrices, 146
characteristic function, 195
characteristic polynomial, 145
characteristic root (or eigenvalue), 145
characteristic vector (or eigenvector), 145
Chebyshev’s inequality

for sums, 47

in statistics, 195
chi-square distribution, 202
circle, 9
C*-function, 27, 33
classification of stationary points, 100
closed graph (of a correspondence), 86
closed set, 83, 84
closure of a set, 83
Cobb—Douglas function, 166
coefficient matrix, 44
coefficient of determination, 209
cofactor, 135, 142
cofactor expansion of a determinant, 142
combinatorics, 191-192
compact set, 83, 84
comparative statics, 159, 160
comparison test for convergence

of integrals, 59

of series, 50
compensated demand functions, 171
compensating variation, 172
complement of a set, 2
complementary slackness

in LP, 106

in nonlinear programming, 107
completely inelastic function, 35
complete metric space, 129
complete orthonormal set, 132
complex exponential function, 19
complex number, 18

argument of, 18

conjugate, 18

imaginary part of, 18

imaginary unit, 18

modulus of, 18

nth roots of, 19

polar form of, 18

real part of, 18

trigonometric form of, 18
composition of two relations, 3
compound interest, 177, 179
concave function, 90
conditional convergence, 50
conditional density, 197
conditional expectation, 197

conditional factor demand functions, 163

conditional probability, 193
conditional variance, 197
cone, 29
conics, 8
consistent estimator, 199
constraint qualification, 108
consumer demand functions, 170
continuity of functions
one variable, 21
several variables, 84, 85
uniform, 22, 85
continuous compound interest, 179
contraction mapping
in metric space, 131
in function space, 42
in R™, 42
control region, 113, 123
convergence
in mean square, 199
in quadratic mean, 199
of integrals, 58, 59
of sequences in metric space, 129
of sequences in R", 83, 84
of sequences of functions, 86
of series, 49
uniform, 86
convex combination, 89
convex function, 90
convex hull, 89
convex set, 89
correlation coefficient, 197
correspondence, 86
cosine function (cos), 14
cost function, 163
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cost minimization, 163

cotangent function (cot), 14, 15
countable set, 5

countably infinite set, 5

counting rule, 40

Cournot elasticities, 171

covariance, 196

covariance matrix, 207

Cramer’s rule, 144

cubic equation, 7

cumulative distribution function, 194, 196
current value Hamiltonian, 116, 117
cycle of difference equation, 67

decomposable matrix, 153
decreasing function, 10, 99
definite integral, 58
definiteness subject to linear constraints,
150
definiteness types (for quadratic forms
and matrices), 148
degrees of freedom for systems of equa-
tions, 40
demand functions, 170, 171
de Moivre’s formula, 19
De Morgan’s laws, 2
dense subset (metric space), 129
derivatives
of a matrix, 157-158
of a vector, 157-158
one variable, 22
partial, 27
Descartes’s rule of signs, 8
design matrix, 208
determinant, 141, 142
diagonal matrix, 133
diagonalizable matrix, 146
Diewert cost function, 167
difference equation
backward solution, 63, 64
first order, 63
forward solution, 63
linear, 6367
nonlinear, 67-68
stable, 6568
differential equation
autonomous, 71, 77
Bernoulli, 70
Euler’s, 73

exact, 70

existence and uniqueness, 70, 71, 77

first order, 69-72

higher order, 72-75

integrating factor, 70

linear, 69, 70, 72-75

logistic, 69

partial, 81-82

projective, 69

Riccati, 70, 117

separable, 69

stable, 71, 74, 75, 78-81

systems, 75-81
difference of sets, 2
differentiable function

one variable, 22

several variables, 28, 32
differential

one variable, 25

several variables, 28
differentiation of vectors and matrices,

157-158

differentiation under the integral sign, 59
dimension (of a subspace), 128
directional derivative, 31
directional elasticity, 36
discount factor, 178
discounted present value, 179
discrete optimal control theory, 125
distance

in metric space, 129

in normed vector space, 130

in R%, 9

in R", 128
divergence

of integrals, 58, 59

of sequences in metric space, 129

of sequences in R", 83

of series, 49
domain (of a relation), 2
dominant diagonal (matrix), 153
dominant root (of a matrix), 152
dot product, 128
double integral, 61, 62
dual problem (LP), 105
duality theorem (in LP), 106
dynamic programming, 123

e~ 2.718...,13
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effective rate of interest, 177, 179
eigenvalue, 145
eigenvalue equation, 146
eigenvalue polynomial, 145
eigenvector, 145
elastic function, 35
elasticities, 35, 36
elasticity of substitution
Allen—Uzawa’s, 165
Morishima’s, 165
several variables, 37
two variables, 37, 38, 165
ellipse, 8, 9
endogenous variables, 39
Engel elasticities, 171
envelope theorems, 104, 109
equicontinuity, 130
equilibrium point
for a market, 159
for difference equations, 67
for differential equations, 77
hyperbolic, 80
equivalence relation, 3
equivalent variation, 172
Euclidean distance, 9
Euler’s constant (y = 0.5772), 53
Euler’s difference equation (dynamic
programming), 124
Euler’s differential equation, 73
Euler’s equation (in the calculus of
variations), 111
generalized, 112
Euler’s formulas (for sin z and cos z), 19
Euler’s theorem (on homogeneous
functions), 30
European options, 183, 184
even function, 10
evolutionary game theory, 189
evolutionary stable strategy, 189
exact differential equation, 70
exchangeability property (game theory),
189
existence and uniqueness theorems for
differential equations, 70, 71, 77
exogenous variables, 39
expectation, 194, 196, 197
expenditure function, 170
explained variation, 207, 209
exponential distribution, 202

exponential function (complex), 19

exponential matrix, 137

extreme point/value, 97

extreme point of a convex set, 89

extreme value (Gumbel) distribution, 202

extreme value theorem (or Weierstrass’s
theorem), 97

factor demand functions, 164
factor price equalization, 176
Farkas’s lemma, 106
F-distribution, 202
finite covering property, 84
finite set, 5
first degree stochastic dominance, 181,
182
first-derivative test, 99
first-order approximation, 50, 51
first-order conditions, 98
Fisher’s ideal price index, 174
fixed point theorems
Brouwer’s, 42, 43
for contraction mappings, 42, 131
Kakutani’s, 43
Schauder’s, 131
Tarski’s, 43
forward solution of a difference equation,
63
Frobenius root (of a matrix), 152
Frobenius’s inequality, 136
Frobenius’s theorem (partial differential
equations), 82
function, 5
bijective, 5
continuous, 21, 84, 85
decreasing, 10
differentiable, 22, 28, 32
even, 10, 11
image of, 5
increasing, 10
injective, 5
inverse, 5
inverse image of, 5
odd, 10, 11
one-to-one, 5
onto, 5
periodic, 10
strictly decreasing, 10, 11
strictly increasing, 10, 11
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surjective, 5
symmetric, 10, 11
uniformly continuous, 22, 85
functional dependence, 40, 41
fundamental equations (in dynamic pro-
gramming), 123
fundamental theorem of algebra, 8

Gale—Nikaido theorems, 41, 42
games of incomplete information, 190
gamma distribution, 202
gamma function, 60
generalized inverse, 138
generalized Leontief cost function, 167
geometric distribution, 203
geometric mean, 47
geometric series, 49
global asymptotic stability

for difference equations, 65

for differential equations, 74, 78
global inverse function theorem, 41
global maximum (minimum), 97
gradient, 31, 157
graph of a

correspondence, 86

function, 5

relation, 3
greatest element (for a preordering), 4
greatest lower bound, 87
Gumbel distribution, 202

Hadamard’s theorem, 41
Hadar—Russell’s theorem, 182
Hamiltonian
continuous control theory, 113, 114
current value, 116, 117
discrete control theory, 125
Hamilton—Jacobi—Bellman’s equation, 185
harmonic mean, 47
Hawkins—Simon conditions, 154
Heckscher—Ohlin—Samuelson model, 176
Heckscher—Ohlin’s theorem, 176
Heine—Borel’s theorem, 84
hemicontinuity, 86
Hermitian matrix, 140
Hessian matrix, 92, 157
Hicksian demand functions, 171
Hilbert space, 131
Holder’s inequality, 47, 48

homogeneous
difference equation, 63
differential equation, 69, 72, 74
homogeneous function, 29
homogeneous linear system of equations,
44
homothetic function, 30
Hotelling’s lemma, 164
hyperbola, 8, 9
hyperbolic equlibrium point, 80
hyperbolic function, 17
hypergeometric distribution, 203

idempotent matrix, 136, 151
identity matrix, 133
image, 5
imaginary part of a complex number, 18
imaginary unit, 18
implicit function theorem, 29, 39
inclusion—exclusion principle, 192
incomplete specialization, 175
increasing differences, 160
increasing function, 10, 99
indecomposable matrix, 153
indefinite integral, 55
indefinite quadratic forms (matrices), 148
indifference relation, 169
indirect utility function, 170
induction, 6
inelastic function, 35
infimum (inf), 87
infinite horizon problems
continuous control theory, 117-119
discrete control theory, 126
dynamic programming, 124
inflection points (test for), 99
inhomogeneous difference equation,
initial value problem, 70
injective (one-to-one) function, 5
inner product, 128
inner product space, 131
integer zeros of a polynomial, 8
integral
comparison test for convergence, 59
convergent, 58-59
definite, 58
divergent, 58-59
double, 61-62
indefinite, 55
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multiple, 62
integral curve, 77
integral test (for series), 49
integrating factor, 70
integration by parts, 55, 58
integration by substitution
one variable, 55, 58
several variables, 62
interest factor, 178
interior point, 83
intermediate value theorem, 22
internal rate of return, 178
intersection of sets, 2
inverse function, 5
derivative of, 23
inverse function theorem
global version, 41
local version, 41
inverse hyperbolic functions, 17
inverse image, 5
inverse (of a matrix), 134, 135
inverse relation, 3
inverse trigonometric functions, 16-17
invertible matrix, 135
involutive matrix, 136
irreducible matrix, 153
iterated expectations, 198
1t6’s formula, 184, 185

Jacobian determinant, 41

Jacobian matrix, 39, 40, 157
Jensen’s inequality, 48, 195

join (of two vectors), 43

Jordan’s decomposition theorem, 147

Kakutani’s fixed point theorem, 43

Krein—Milman’s theorem, 90

Kronecker product, 155

Kuhn—Tucker’s necessary conditions, 107,
108, 110

kurtosis coefficient(ns), 195

Lagrange multipliers, 101, 102, 103, 107
Lagrange problem, 101, 102, 104
necessary conditions, 102
sufficient conditions, 102, 103
Lagrange’s error term, 50
Lagrange’s method, 101, 102
Lagrangian function

control theory, 119, 120
static optimization, 101, 102, 107
Laplace distribution, 203
Laspeyres’s price index, 174
law of large numbers, 200
law of the minimum, 167
leading principal minor, 143
least element (for a preordering), 4
least squares, 207, 208
least upper bound, 87
Legendre’s condition (in the calculus of
variations), 111
Leibniz’s formula, 60
length of a vector, 128
Leontief function, 167
Leontief system, 153, 154
level curves (and slopes), 29
level of significance, 200
L’Hopital’s rule, 24
Liapunov function, 80
Liapunov theorems, 79, 80
lim inf and lim sup, 87, 88
limit, 21
limiting distribution, 199
rules for, 199
linear approximation, 50, 51
linear combination (of vectors), 127
linear difference equation, 63, 64
linear differential equation
first-order, 69
n-th order, 72-75
linear expenditure system (LES), 172
linear (in-)dependence
of functions, 72
of vectors, 127
linear ordering, 3
linear programming (LP), 105, 106
linear quadratic control problem, 117
linear regression, 207
linear space, 129
linear system of equations, 44
linear transformation, 137
local asymptotic stability
difference equations, 67
differential equations, 78
local extreme points, 98
local inverse function theorem, 41
local maximum (minimum), 98
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local saddle points (differential equa-
tions), 81

logarithm, 13, 14

logical operators, 1

logistic differential equation, 69

logistic distribution, 203

lognormal distribution, 203

Lotka—Volterra models, 81

lower bound, 4

lower hemicontinuity, 86

lower triangular matrix, 133

[P spaces, 130, 132

Maclaurin series, 50
Maclaurin’s formula, 50
Mangasarian’s sufficient conditions
current value formulation, 116
fixed time interval, 113, 114
infinite horizon, 117
mixed and pure state constraints, 122
mixed constraints, 120
pure state constraints, 121
with scrap value, 116
mapping, 5
marginal density, 197
marginal rate of product transformation
(MRPT), 37
marginal rate of substitution (MRS), 36,
37
marginal rate of technical substitution
(MRTS), 37
marginal utility of money, 170
Marshallian demand function, 170
Marshall’s rule (for calculating elastici-
ties), 35
mathematical induction, 6
matrix, 133
adjoint, 135
cofactor, 135, 142
complex elements, 140
conjugate, 140
conjugate transpose, 140
exponential, 137
decomposable, 153
diagonal, 133
diagonalizable, 146
dominant diagonal, 153
exponential, 137
generalized inverse, 138

Hermitian, 140
idempotent, 136, 151
identity, 133
indecomposable, 153
inverse, 134, 135
invertible, 135
involutive, 136
irreducible, 153
lower triangular, 133
Moore—Penrose inverse, 138
nonnegative, 152
nonsingular, 136
norms of, 136, 137
null, 134
order of, 133
orthogonal, 136, 151, 152
partitioned, 139
permutation, 152
positive, 152
positive quasidefinite, 42
rank of, 136
reducible, 153
scalar, 133
singular, 136
skew-symmetric, 136
square, 133
stable, 79
symmetric, 136
trace of a, 136
transpose of, 134
unit, 133
unitary, 140
upper triangular, 133
zero, 134
matrix inversion pairs, 135
matrix norms, 136, 137

maximal element (for a preordering), 4

maximized current value Hamiltonian,

116
maximized Hamiltonian, 114

maximum point/value of a function, 97

local, 98

maximum principle (continuous time)

current value formulation, 116
fixed time interval, 113, 114
free terminal time, 115, 116
general terminal conditions, 115
infinite horizon, 118

scrap value, 116
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maximum principle (discrete time), 125

mean (arithmetic, geometric, harmonic),
47

mean (expectation), 194

mean square convergence, 199

mean square error (MSE), 198

mean value theorem, 24

meet (of two vectors), 43

method of least squares (multiple regres-
sion), 207

metric, 129

metric space, 129

minimal element (for a preordering), 4

minimax theorem (game theory), 189

minimum point/value of a function, 97

local, 98

Minkowski’s inequality, 48

Minkowski’s separation theorem, 90

minor of a matrix, 143

mixed strategy (profile), 187

modulus of a complex number, 18

moment generating function, 195

monotone comparative statics, 160-161

Moore—Penrose inverse, 138

Morishima’s elasticity of substitution, 165

multinomial distribution, 204

multinomial formula, 52

multiple correlation coefficient, 209

multiple integrals, 61-62

multiple regression, 208

multivariate normal distribution, 204

Nash equilibrium, 187-190

natural logarithm, 13

n-ball, 83

necessary condition, 1

negative binomial distribution, 204

negative definite matrix, 148

negative definiteness subject to linear
constraints, 150

negative (semi-) definite quadratic forms
(matrices), 148

neighborhood, 83

Newton’s binomial formula, 52

Newton’s method (for solving equations),
12

convergence estimates, 12
n-integral, 62
no factor intensity reversal, 175

nonlinear programming, 106-110
Kuhn—Tucker necessary conditions,
107, 108, 110
sufficient conditions, 107, 110
nonnegative matrix, 152
nonsingular matrix, 136
norm
of a matrix, 136, 137
of a vector, 128
normal
to a curve, 13
to a (hyper)plane, 32
normal distribution, 204
normal system of differential equations,
75
normed vector space, 130
Norstrgm’s rule, 179
n-person game, 187-190
nth root (of a complex number), 19
null matrix, 134

odd function, 10, 11
Olech’s stability theorem, 80
one-to-one function, 5
open covering, 84
open n-ball, 83
open set, 83
optimal points/values, 97
orbit, 77
ordering

linear (total), 3

partial, 3

pre- (quasi-), 3

weak, 3
ordinal properties of utility functions, 169
ordinary least squares, 207
orthogonal matrix, 136, 151, 152
orthogonal (orthonormal) set, 132
orthogonal transformation, 152
orthogonal vectors

in inner product spaces, 132

in R", 128
overtaking optimality (OT-optimality),

118

Paasche’s price index, 174
parabola, 8, 9

Pareto distribution, 204
Parseval’s formula, 132
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partial derivatives, 27
partial differential equations, 81-82
partial elasticities, 36
partial ordering, 3
partitioned matrix, 139
passus equation, 36
payoff matrix (game theory), 189
periodic function, 10, 11
periodic solutions
of difference equations, 67
of differential equations, 78
permutation matrix, 152
pigeonhole principle, 192
Poincaré—Bendixson’s theorem, 79
pointwise convergence, 85
Poisson distribution, 205
polynomial, 8
integer zeros of, 8
positive definite matrix, 148
positive definiteness subject to linear
constraints, 150
positive matrix, 152
positive quasidefinite matrix, 42
positive (semi-) definite quadratic forms
(matrices), 148
power of a test, 199
powers, 13
preference relation, 4, 169
preordering, 3
present value, 177
price indices, 174
primal problem (LP), 105
principal minor, 143
principle of least upper and greatest
lower bound, 87
principle of mathematical induction, 6
probability (axioms), 193
probability density function, 194, 196
probability limits, 199
rules for, 199
profit function, 164
projection, 151
projective differential equation, 69
pseudoconcave function, 96
pseudoconvex function, 96
put-call parity, 184
Puu’s equation, 165
P-value (significance probability), 200

quadratic approximation, 50, 51

quadratic form, 148

quadratic equation, 7

quadratic mean convergence, 199

quasiconcave function, 93

quasiconcave programming, 109

quasiconvex function, 94

quasilinear partial differential equation,
81

quasiordering, 3

radians, 14
Ramsey’s growth model, 180
random variables
one-dimensional, 194
two-dimensional, 196
range (of a relation), 2
rank (of a matrix), 136
ratio test (for series), 49
real part of a complex number, 18
reciprocity relations (comparative
statics), 160
rectangular (exchangeability) property,
189
reducible matrix, 153
relation, 2
antisymmetric, 3
asymmetric, 3
binary, 3
complete, 3
composition of, 3
domain of, 2
equivalence, 3
graph of, 3
inverse, 3
irreflexive, 3
range of, 2
reflexive, 3
symmetric, 3
transitive, 3
relative maximum (minimum), 98
relative risk aversion, 181
relative topology concepts, 85
residual variation, 207, 209
resolvent (of a differential equation), 76
Riccati’s differential equation, 70, 117
risk aversion, 181
roots of an equation, 8
Rothschild-Stiglitz’s theorem, 182
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Routh—Hurwitz’s stability conditions, 75
Roy’s identity, 170
Rybczynski’s theorem, 175

saddle point
differential equations, 81
for f(x), 98
for the Lagrangian, 108
saddle point property (game theory), 189
scalar matrix, 133
scalar product, 128
Schauder’s fixed point theorem, 131
Schur’s lemma (for complex matrices),
147
Schur’s theorem, 65
Schwarz’s (or Young’s) theorem, 27
scrap value functions
in calculus of variations, 112
in control theory, 115
second degree stochastic dominance, 182
second-order approximation, 50, 51
second-order conditions (static optimi-
zation), 100, 102
separable differential equation, 69
separable metric space, 129
separating hyperplane, 90
separation theorems, 90
set difference, 2
shadow elasticity of substitution, 165
shadow prices
in LP, 106
in static optimization, 103
Shephard’s lemma, 163
shifting graphs, 10
significance probability (P-value), 200
Simpson’s formula, 61
simultaneous diagonalization (of matri-
ces), 149
sine function (sin), 14
single consumption [ asset pricing equa-
tion, 183
singular matrix, 136
singular value decomposition (of matri-
ces), 149
singular values (of a matrix), 149
sink (equlibrium point), 79
skewness coefficient (ns), 195
skew-symmetric matrix, 136
Slater condition, 108

slope (of a level curve), 29
Slutsky elasticities, 171
Slutsky’s equation (consumer theory),
171
Slutsky’s theorem, 199
Solow’s growth model, 179
source (equlibrium point), 79
span (of a set of vectors), 128
spectral theorem (for matrices), 147
sporadically catching up optimality
(SCU-optimality), 118
stability
difference equations, 65—68
differential equations, 71, 74, 75, 7880
standard deviation, 195
standard normal distribution, 204
stationary point, 97
statistical testing, 199
Stirling’s formula, 60
stochastic control problem, 185
stochastic dominance
first degree, 181, 182
second degree, 182
stochastic independence, 193, 197
stochastic integral, 184
stochastic variables
one-dimensional, 194
two-dimensional, 196
Stolper-Samuelson’s theorem, 175
Stone—Geary’s utility function, 172
strategy profile (game theory), 187
strategy set (game theory), 187
strict concavity/convexity of functions, 91
strictly decreasing/increasing functions,
10, 11
strictly dominated strategy, 188
strictly increasing differences, 160
strict quasiconcavity (convexity) of func-
tions, 94
strict supermodularity, 160
strong law of large numbers, 200
Student’s t-distribution, 205
subgradient, 32
sublattice, 43
subsequence, 84
subset, 1
subspace (of R™), 127
substitution matrix, 163
sufficient condition, 1
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supergradient, 32
supermodular function, 160
supply function, 164
supremum (sup), 87
supremum distance, 42
surjective function, 5
Sylvester’s inequality, 136
symmetric difference of sets, 2
symmetric game, 189
symmetric matrix, 136
symmetry of graphs, 10

tangent function (tan), 14, 15
tangent (hyper)plane, 31, 32
tangent (to a curve), 13
Tarski’s fixed point theorem, 43
Taylor series, 51
Taylor’s formula, 50, 51
t-distribution (Student’s), 205
test statistics, 199
total ordering, 3
total variation, 207, 209
trace (of a matrix), 136
trajectory, 77
transformation, 41, 157
transformation of stochastic variables,
198
translog cost function, 168
translog indirect utility function, 173
transpose (of a matrix), 134
transversality conditions
in calculus of variations, 111, 112
in control theory, 113, 114
trapezoid formula, 61
triangle inequalities
in metric space, 129
in R (or C), 47
trigonometric formulas, 15-17
trigonometric functions, 14
truth tables (for logical operators), 1
2 x 2-factor model, 175
two-person game, 189
type I and type II errors, 200

unbiased estimator, 198

uncorrelated random variables, 196
uniform continuity, 22, 85
uniform convergence, 86
uniform distribution, 205
uniformly bounded set (in C(X)), 130
union of sets, 2
unitary elastic function, 35
unitary matrix, 140
unit matrix, 133
universal set, 2
unstable equlibrium point, 76, 78
upper bound, 4
upper hemicontinuity, 86
upper level (contour) set, 93
upper triangular matrix, 133
utility function 169
indirect, 170
utility maximization, 169

value (of a game), 189
value function
control theory, 114
discrete dynamic programming, 123,
124
static optimization, 103, 104, 109
Vandermonde’s determinant, 142, 143
variance, 194, 195, 197
variation of parameters, 73
vec-operator, 156
vectors, 127-132
vector space, 129
Viete’s rule, 7
volatility, 183

weak law of large numbers, 200
weak ordering, 3

Weibull distribution, 205
Weierstrass’s theorem, 97
weighted means, inequality, 47

Young’s (or Schwarz’s) theorem, 27
zeros (of a polynomial), 8

zero-sum game, 189
Zorn’s lemma, 4
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