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Preface

Many interesting and important real life problems are modeled using
ordinary differential equations (ODE). These include, but are not limited
to, physics, chemistry, biology, engineering, economics, sociology,
psychology etc. In mathematics, ODE have a deep connection with
geometry, among other branches. In many of these situations, we are
interested in understanding the future, given the present phenomenon. In
other words, we wish to understand the time evolution or the dynamics of
a given phenomenon. The subject field of ODE has developed, over the
years, to answer adequately such questions. Yet, there are many
important intriguing situations, where complete answers are still awaited.
The present book aims at giving a good foundation for a beginner,
starting at an undergraduate level, without compromising on the rigour.

We have had several occasions to teach the students at the
undergraduate and graduate level in various universities and institutions
across the country, including our own institutions, on many topics
covered in the book. In our experience and the interactions we have had
with the students, we felt that many students lack a clear notion of ODE
including the simplest integral calculus problem. For other students, a
course on ODE meant learning a few tricks to solve equations. In India,
in particular, the books which are generally prescribed, consist of a few
tricks to solve problems, making ODE one of the most uninteresting
subject in the mathematical curriculum. We are of the opinion that many
students at the beginning level do not have clarity about the essence of
ODE, compared to other subjects in mathematics.

While we were still contemplating to write a book on ODE, to address
some of the issues discussed earlier, we got an opportunity to present
a video course on ODE, under the auspices of the National Programme
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Xvi Preface

for Technology Enhanced Learning (NPTEL), Department of Science
and Technology (DST), Government of India, and our course is freely
available on the NPTEL website (see www.nptel.ac.in/courses/
111108081). In this video course, we have presented several topics. We
have also tried to address many of the doubts that students may have at
the beginning level and the misconceptions some other students may
possess.

Many in the academic fraternity, who watched our video course,
suggested that we write a book. Of course, writing a text book, that too
about a classical subject at a beginning level, meant a much bigger task
than a video course, involving choosing and presenting the material in a
very systematic way. In a way, the video course may supplement the book
as it gives a flavour of a classroom lecture. We hope that in this way,
students in remote areas and/or places where there is lack of qualified
teachers, benefit from the book and the video course, making good use of
the modern technology available through the Internet. The teachers of
undergraduate courses can also benefit, we hope, from this book in fine
tuning their skills in ODE.

We have written the present book with the hope that it can also be used
at the undergraduate level in universities everywhere, especially in the
context of Indian universities, with appropriately chosen topics in
Chapters 1, 2 and 3. As the students get more acquainted with basic
analysis and linear algebra, the book can be introduced at the graduate
level as well and even at the beginning level of a research programme.

We now briefly describe the contents of the book. The book has a total
of ten chapters and one appendix.

Chapter 1 describes some important examples from real life situations
in the field of physics to biology to engineering. We thought this as a
very good motivation for a beginner to undertake the study of ODE; in a
rigorous course on ODE, often a student does not see a good reason to
study the subject. We have observed that this has been one of the major
concerns faced by students at a beginning level.

As far as possible, we have kept the prerequisite to a minimum: a good
course on calculus. With this in mind, we have collected, in Chapter 2,
a number of important results from analysis and linear algebra that are
used in the main text. Wherever possible, we have provided proofs and
simple presentations. This makes the book more or less self contained,
though a deeper knowledge in analysis and linear algebra will enhance the
understanding of the subject.


https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781108236843.001
https://www.cambridge.org/core

Preface xvii

First and second order equations are dealt with in Chapter 3. This
chapter also contains the usual methods of solutions, but with sufficient
mathematical explanation, so that students feel that there is indeed
rigorous mathematics behind these methods. The concept behind the
exact differential equation is also explained. Second order linear
equations, with or without constant coefficients, are given a detailed
treatment. This will make a student better equipped to study linear
systems, which are treated in Chapter 5.

Chapter 4 deals with the hard theme of existence, non-existence,
uniqueness etc., for a single equation and also a system of first order
equations. We have tried to motivate the reader to wonder why these
questions are important and how to deal with them. We have also
discussed other topics such as continuous dependence on initial data,
continuation of solutions and the maximal interval of existence of a
solution.

Linear systems are studied in great detail in Chapter 5. We have tried to
show the power of linear algebra in obtaining the phase portrait of 2 x 2
and general systems. We have also included a brief discussion on Floquet
theory, which deals with linear systems with periodic coefficients.

In the case of a second order linear equation with variable coefficients,
it is not possible in general, to obtain a solution in explicit form. This has
been discussed at length in Chapter 3. Chapter 6 deals with a class of
second order linear equations, whose solutions may be written explicitly,
although in the form of an infinite series. This method is attributed to
Frobenius.

Chapter 7 deals with the regular Sturm—Lioville theory. This theory is
concerned with boundary value problems associated with linear second
order equations with smooth coefficients, in a compact interval on the
real, involving a parameter. We, then, show the existence of a countable
number of values of the parameter and associated non-trivial solutions of
the differential equation satisfying the boundary conditions. There are
many similarities with the existence of eigenvalues and eigenvectors of a
matrix, though we are now in an infinite dimensional situation.

The qualitative theory of nonlinear systems is the subject of Chapter 8.
The contents may be suitable for a senior undergraduate course or a
beginning graduate course. This chapter does demand for more
prerequisites and these are described in Chapter 2. The main topics of the
chapter are equilibrium points or solutions of autonomous systems and
their stability analysis; existence of periodic orbits in a two-dimensional
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system. We have tried to make a presentation of these important notions
so that it can be easily understood by any student at a senior
undergraduate level. The proofs of two important theorems on the
existence of periodic orbits are given in the Appendix.

Chapter 9 considers the study of two point boundary value problems
for second order linear and nonlinear equations. The first dealing with
linear equations fully utilises the theory developed in Chapter 3. Using
two linearly independent solutions, a Green’s function is constructed for
given boundary conditions. This is similar to an integral calculus
problem. For nonlinear equations, we no longer have the luxury of two
linearly independent solutions. A result which gives a taste of delicate
analysis is proved. It is also seen through some examples how phase
plane analysis can help in deciding whether a given boundary value
problem has a solution or not.

In Chapter 10, we have attempted to show how the methods of ODE are
used to find solutions of first order partial differential equations (PDE). We
essentially describe the method of characteristics for solving general first
order PDE. As very few books on ODE deal with this topic, we felt like
including this, as a student gets some benefit of studying PDE and (s)he
can later pursue a course on PDE.

We have followed the standard notations. Vectors in Euclidean faces
and matrices are in boldface.
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Introduction and Examples:
Physical Models

1.1 A Brief General Introduction

The beginning of the study of ordinary differential equations (ODE)
could perhaps be attributed to Newton and Leibnitz, the inventors of
differential and integral calculus. The theory began in the late 17th
century with the early works of Newton, Leibnitz and Bernoulli. As was
customary then, they were looking at the fundamental problems in
geometry and celestial mechanics. There were also important
contributions to the development of ODE, in the initial stages, by great
mathematicians — Euler, Lagrange, Laplace, Fourier, Gauss, Abel,
Hamilton and others. As the modern concept of function and analysis
were not developed at that time, the aim was to obtain solutions of
differential equations (and in turn, solutions to physical problems) in
terms of elementary functions. The earlier methods in this direction are
the concepts of integrating factors and method of separation of variables.

In the process of developing more systematic procedures, Euler,
Lagrange, Laplace and others soon realized that it is hopeless to discover
methods to solve differential equations. Even now, there are only a
handful of sets of differential equations, that too in a simpler form, whose
solutions may be written down in explicit form. It is in this scenario that
the qualitative analysis — existence, uniqueness, stability properties,
asymptotic behaviour and so on — of differential equations became very
important. This qualitative analysis depends on the development of other
branches of mathematics, especially analysis. Thus, a second phase in the
study of differential equations started from the beginning of the 19th
century based on a more rigorous approach to calculus via the
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2 Ordinary Differential Equations: Principles and Applications

mathematical analysis. We remark that the first existence theorem for first
order differential equations is due to Cauchy in 1820. A class of
differential equations known as linear differential equations, is much
easier to handle. We will analyse linear equations and linear systems in
more detail and see the extensive use of linear algebra; in particular, we
will see how the nature of eigenvalues of a given matrix influences the
stability of solutions.

After the invention of differential calculus, the question of the
existence of antiderivative led to the following question regarding
differential equation: Given a function f, does there exist a function g
such that g(r) = f(7)? Here, g(¢) is the derivative of g with respect to ¢.
This was the beginning of integral calculus and we refer to this problem
as an integral calculus problem. In fact, Newton’s second law of motion
describing the motion of a particle having mass m states that the rate
change of momentum equals the applied force. Mathematically, this is
written as 4 (mv) = —F, where v is the velocity of the particle. If
x = x(r) is the position of the particle at time ¢, then v(r) = x(¢). In
general, the applied force F' is a function of ¢, x and v. If we assume F is
a function of ¢, x, we have a second order equation for x given by
mi = —F (t,x). If F is a function of x alone, we obtain a conservative
equation which we study in Chapter 8. If on the other hand, F is a
function of ¢ alone, then the second law leads to two integral calculus
problems: namely, first solve for the momentum p = mv by p = —F(¢)
and then solve for the position using mx = p. This also suggests that one
of the best ways to look at a differential equation is to view it as a
dynamical system; namely, the motion of some physical object. Here ¢,
the independent variable is viewed as time and x is the unknown variable
which depends on the independent variable #, and is known as the
dependent variable.

A large number of physical and biological phenomena can be
modelled via differential equations. Applications arise in almost all
branches of science and engineering—radiation decay, aging, tumor
growth, population growth, electrical circuits, mechanical vibrations,
simple pendulum, motion of artificial satellites, to mention a few.

In summary, real life phenomena together with physical and other
relevant laws, observations and experiments lead to mathematical models
(which could be ODE). One would like to do mathematical analysis and
computations of solutions of these models to simulate the behaviour of
these physical phenomena for better understanding.
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Introduction and Examples: Physical Models 3

Definition 1.1.1

An ODE is an equation consisting of an independent variable ¢, an
unknown function (dependent variable) y = y(¢) and its derivatives up
to a certain order. Such a relation can be written as

dy d'y
tv s T ", :O- 1.1.1
f( Y dt,,) (1.1

Here, n is a positive integer, known as the order of the differential
equation.

For example, first and second order equations, respectively, can be written

as
dy dy d*y
ty,—= ) =0and f(t.y,2,22 ) =0. 1.1.2
f<,y,dt> an f(,y,dt,dt2 ( )

We will be discussing some special cases of these two classes of
equations. It is possible that there will be more than one unknown
function and in that case, we will have a system of differential equations.
A higher order differential equation in one unknown function may be
reduced into a system of first order differential equations. On the other
hand, if there are more than one independent variable, we end up with
partial differential equations (PDEs).

1.2 Physical and Other Models

We begin with a few mathematical models of some real life problems and
present solutions to some of these problems. However, methods of
obtaining such solutions will be introduced in Chapter 3, and so are the
terminologies like linear and nonlinear equations.

1.2.1 Population growth model

We begin with a linear model. If y = y(z), represents the population size
d

of a given species at time ¢, then the rate of change of population d%‘] is

proportional to y(¢) if there is no other species to influence it and there is
no net migration. Thus, we have a simple linear model [Bra78]

dy
o= ry(1), (1.2.1)
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where r denotes the difference between birth rate and death rate. If y(zo) =
Yo is the population at time #y, our problem is to find the population for all
t > to. This leads to the so-called initial value problem (IVP) which will
be discussed in Chapter 3. Assuming that r is a constant, the solution is
given by

y() = yoe'=10) (1.2.2)

Note that, if r > 0, then as  — oo, the population y(¢) — oo. Indeed, this
linear model is found to be accurate when the population is small and for
small time. But it cannot be a good model as no population, in reality, can
grow indefinitely. As and when the population becomes large, there will
be competition among the population entities for the limited resources like
food, space etc.

This suggests that we look for a more realistic model which is given
by the following logistic nonlinear model. The statistical average of the
number of encounters of two members per unit time is proportional to y?.
Thus, a better model would be

% = ay—by*, y(t0) = yo. (1.2.3)
Here a,b are positive constants. The negative sign in the quadratic term
represents the competition and reduces the growth rate. This is known
as the logistic law of population growth. It was introduced by the Dutch
mathematical biologist Verhulst in 1837. It is also known as the Malthus
law.

Practically, b is small compared to a. Thus, if y is not too large, then
by* will be negligible compared to ay and the model behaves similar to
the linear model. However, when y becomes large, the term by? will have
a considerable influence on the growth of y, as can be seen from the
following discussion.

The solution of (1.2.3) is given by!

1 1 | | a—byo
a |yl ! a—by

‘ ity 1> 1. (1.2.4)

Note that y = 0 and y = § are solutions to the nonlinear differential

equation in (1.2.3) with the initial condition y(fy) = 0 and y(to) = ¢,

I The reader, after getting familiarised with the methods of solutions in Chapter 3, should work out
the details for this and the other examples in this chapter.
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respectively. Hence, if the initial population yy satisfies 0 < yp < 7, then
the solution will remain in the same interval for all time. This follows
from the existence and uniqueness theory, which will be developed in
Chapter 4. A simplification of (1.2.4) gives

_ ayo
byo + (a— byg)e=ali—h)”

y(t) (1.2.5)

/X B e T

a/2bs

Fig. 1.1 Logistic map

In case 0 < yp < g, the curve y(r) is depicted as in Fig. 1.1. This curve is

called the logistic curve; it is also called an S-shaped curve, because of its
a

shape. Note that b is the limiting population, also known as capacity of

. . . . dy .
the ecological environment. In this case, the rate of population di)t} is

» o . . P d
positive and hence, y is an increasing function. Since Tg = (a—2by) —y,
we immediately see that it is positive if the population is between 0 and

half the limiting population, namely, %’ whereas, it is negative when the
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population crosses the half way mark i. This indicates that if the initial

population is less than half the limiting population, then there is an
d d?
& >0, il > 0), but after reaching half the

lerated th
accelerated grow ( I i

d
population, the population still grows (d)t] > 0), but it has now a

dzy
decelerated th { — <0].
ecelerated grow < e >

When we analyse the case where the initial population is bigger than

d2
d—g < 0. Thus, the

population decreases with a decelerated growth to the limiting population.

Remark 1.2.1

The estimation of the vital coefficients @ and b in a particular
population model is indeed an important issue which has to be
updated in a period of time as they are influenced by other parameters
like pollution, sociological trends, etc. In a more realistic model, one
needs to consider more than one species, their interactions,
unforeseen issues like epidemics, natural disasters, etc., which may
lead to more complicated equations.

d
the limiting population, we observe that di)t) < 0 and

1.2.2 An atomic waste disposal problem

The dumping of tightly sealed drums containing highly concentrated
radioactive waste in the sea below a certain depth (say 300 feet) from the
surface is a very sensitive issue as it could be environmentally hazardous.
The drums could break due to the impact of their velocity exceeding a
certain limit, say 40 ft/sec. Our problem is to compute the velocity by
using Newton’s second law of motion and assess the level of safety
involved in the process. Let y(7) denote the position, at time z, of the
object, the drum, (considered as a particle) measured from the sea surface
(indicating y = 0) as a positive quantity. The total force acting on the
object is given by

F=W-B-D,

where the weight W = mg is the force due to gravity, B is the buoyancy
force of water acting against the forward movement and D = ¢V is the drag
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d
exerted by water (it is a kind of resistance), where V = —y, the velocity

of the object and ¢ > 0 is a constant of proportionality. Thus, we have the
differential equation

d’y 1 1 g

—=—F=—W-B-cV)=—=(W-B—-cV),y(0)=0. (1.2.6

a2 m m( C)W( cv), y(0) (1.2.6)
Equivalently,

dv  cg g

—+ =V ==(W-B), =0. 1.2.7

By = Ewop),v(0) =0 (127)
Equation (1.2.7) can be solved to get

W —-B c
Vit)=— (1—e—wgf). (1.2.8)

W-B
c

Thus, V(¢) is increasing and tends to as t — oo and the value

~ 700.

The limiting value 700 ft/sec of velocity is far above the permitted
critical value. Thus, it remains to ensure that V () does not reach 40 ft/sec
by the time it reaches the sea bed. But it is not possible to compute ¢ at
which time the drum hits the sea bed and one needs to do further analysis.

(practically) of

Analysis: The idea is to view the velocity V() not as a function of
time, but as a function of position y. Let v(y) be the velocity at height y

measured from the surface of the sea downwards. Then, clearly,

AV dvdy d
V(1) =v(y(1)) so that —- = d—;d—f - vd—;. Hence, (1.2.7) becomes

v dv_ s
W—B—cvdy_W’ (1.2'9)

v(0) =0.

This is a first order non-homogeneous nonlinear equation for the velocity
v. Indeed, the equation is more difficult, but it is in a variable separable
form and can be integrated easily. We can solve this equation to obtain the
solution in the form

gy v W-B W—-B—cv
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Of course, v cannot be explicitly expressed in terms of y as it is a
nonlinear equation. However, it is possible to obtain accurate estimates
for the velocity v(y) at height y and it is estimated that v(300) & 45 ft/sec
and hence, the drum could break at a depth of 300 feet.

Tail to the Tale: This problem was initiated when environmentalists
and scientists questioned the practice of dumping waste materials by the
Atomic Energy Commission of USA. After the study, the dumping of
atomic waste was forbidden, in regions of sea not having sufficient
depths.

1.2.3 Mechanical vibration model

The fundamental mechanical model, namely spring-mass-dashpot system
(SMD) has applications in shock absorbers in automobiles, heavy guns,
etc. An object of mass m is attached to an elastic spring of length / which
is suspended from a rigid horizontal body. This is a spring—mass system.
Elastic spring has the property that when it is stretched or compressed
by a small length Al, it will exert a force of magnitude proportional to
Al, say kAl in the opposite direction of stretching or compressing. The
positive constant k is called spring constant which is a measure of stiffness
of the spring. We then obtain an SMD system when this spring—mass is
immersed in a medium like oil which will also resist the motion of the
spring—mass. In a simple situation, we may assume that the force exerted
by the medium on the spring—mass is proportional to the velocity of the
mass and in the opposite direction of the movement of mass. It is also
similar to a seismic instrument used to obtain a seismograph to detect the
motion of the earth’s surface.

Let y(7) denote the position of mass at time ¢, y = 0 being the position
of the mass at equilibrium and let us take the downward direction as
positive. There are four forces acting on the system, that is, F = W 4+ R+
D + Fy, where W = mg, the force due to gravity; R = —k(Al +y), the
restoring force; D, the damping or drag force and Fp, the external applied
force, if any. Drag force is the kind of resistance force which the medium
exerts on the mass and hence, it will be negative. It is usually

d
proportional to the velocity, that is, D = —cd—);. At equilibrium, the

spring has been stretched a length Al and so kAl = mg. Applying
Newton’s second law, we get
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d*y dy
TV =P LR 1211
" Yolu T o) ( :
That is,
d*y | dy
m—dt2 —I—C—dt +ky =Fy(t), m,c,k > 0. (1.2.12)

This is a second order non-homogeneous linear equation with constant
coefficients and we study such equations in detail in Chapter 3. Such a
system also arises in electrical circuits, which we discuss next.

1.2.4 Electrical circuit

A basic LCR electrical circuit is shown in Fig. 1.2, and is described as
follows:

R

10, g

wnn

Fig. 1.2 A basic LCR circuit

By Kirchoff’s second law, the impressed voltage in a closed circuit equals
the sum of the voltage drops in the rest of the circuit. Let E(7) be the

source of electro motive force (emf), say a battery, I = d—? be the current

flow, Q() the charge on the capacitor at time 7. Then, the voltage drops
across inductance (L), resistance (R) and capacitance (C), respectively,

d? d
are given by L— = L—ZQ, RI = Rd—? + Q Thus, we obtain a similar
c
equation for Q as in (1.2.12):
d? d
L—Q+KQ+Q:E@. (1.2.13)

dr? dt ¢
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More often, the current I(¢) is the physical quantity of interest; by
differentiating (1.2.13) with respect to ¢, the equation satisfied by [ is

Ld21 R 1, _dE
a2 ra T (®):
Mathematically, the equation is exactly same as the equation obtained in
the spring—mass—dashpot system. We can also see the similarity between
various quantities: inductance corresponding to mass, resistance
corresponding to damping constant and so on.

(1.2.14)

1.2.5 Satellite problem

Consider an artificial satellite of mass m orbiting the earth. We assume
that the satellite has thrusting capacity with radial thrust «; and a thrust u,
which is applied in a direction perpendicular to the radial direction. The
thrusters u; and u; are considered as the external force F or control inputs
applied to the satellite.

The satellite can be considered as a particle P moving around the earth
in the equatorial plane. If (x,y)is the rectangular coordinate of the particle
P of mass m, then by Newton’s law, the equations of motion along the
rectangular coordinate axes are given by

mi=F, my=F, (1.2.15)

where, F, and F, denote the components of the force F' in the directions
of the axes (see Fig. 1.3). It will be convenient to represent the motion in
polar coordinates (r,8), where,

x=rcosB, y=rsinf

We will resolve the velocity, acceleration and force of the particle into
components along the radial direction and the direction perpendicular to it.
Denote by u, v; a1, ar and F;,, Fp the components of velocity, acceleration
and force, respectively in the new coordinate system. The resultant of u
and v is also equal to the resultant of the components of X and y. Therefore,
by resolving parallel to the x-axis, we get

X = wucosO —vsinf (1.2.16)
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y
Y %
u
X
0 P
uz
r
r
4 X
ui
Fig. 1.3 Satellite problem
Since x = rcos 0, differentiating with respect to time ¢,
X = Fcos®—r(sinf) (1.2.17)
From (1.2.16) and (1.2.17), we have
ucos® —vsin® = jcos —r(sin6)0d (1.2.18)

Comparing coefficients of cos 8 and sin 6 from (1.2.18), we have
u="r v=ro. (1.2.19)
Then, by resolving the acceleration parallel to the x- and y-axes, we get
X¥=uajcos0 —aysin0.

By differentiating (1.2.17), we obtain

dx d .
= d—j = E(r’cos@ —r(sin6)0) (1.2.20)
— icos O — i(sin @) — i(sin0)O — r(cos ) 6% — r(sin6) 6
(1.2.21)
= (#—r6?)cos O — (270 +rb)sin@ (1.2.22)

Equating the expressions of i obtained here, we get

a1cos® —aysin® = (#—r0?)cos®— (2704 rf)sin® (1.2.23)
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Comparing coefficients of cos6 and sin6 from (1.2.23), we get the
components of the acceleration as

ai =7#—r0% ay=2i0+rb (1.2.24)
Therefore, the equations of motion of the particle P reduce to
m(F— r92) =F,, 2mi0+mrb =F,, (1.2.25)

The force F is called a central force if Fg = 0. In this case, the force is
always directed towards a fixed point. Take this point as the origin, where
the earth is placed. The central force, by Newton’s law of gravitation is
proportional to the product of the mass M of earth, mass m of the satellite
and inversely proportional to the square of the distance between them.

GM
Thus, F, = —J, where G is the gravitational constant. Let k = GMm.

2
,
Now, the equations of motion are given by
m(i—r6?) __k (1.2.26)
P 2.
mro +270m = 0. (1.2.27)

Newton derived Kepler’s laws of planetary motion using these equations.
The interested reader can refer to [Sim91]. Note that r(r) = o,
0(r) = wt, where o, ® are appropriate constants, is a special solution to
the aforementioned equations which corresponds to a circular orbit.

Assume that the mass is equipped with the ability to exert a thrust u;
in the radial direction and u; in the direction perpendicular to the radial
direction. Then, under the presence of these external forces (known as
controls), the equations of motion become

mi"—mréz—!——z = up
r

2mi@ +rbm = u. (1.2.28)

By scaling the time variable, we may assume that the mass m of the
satellite is 1. Then, the motion of the satellite is described by a pair of
second order nonlinear differential equations:

d? do\’  k
ﬁr = (1) (dt> =0 +uy (1) (1.2.29)
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d?e 2 dodr uy(r)
—_— = . 1.2.30
dr? r(r) dt dt * r(r) ( )

In applications, when a satellite is injected into an orbit, it usually drifts
from its prescribed orbit due to the influence of other cosmic forces. The
thrusters (controls) are activated to maintain the desired orbit of the
satellite.

1.2.6 Flight trajectory problem

We consider an aeroplane which departs from an airport located at point
(a,0) and intends to reach an airport located at (0,0) in the western
direction from the departure airport. Assume that the constant wind
velocity in the northern direction is w and the plane travels with constant
speed v relative to the wind. Assume that the plane’s pilot maintains its
heading directly towards the origin (0,0).

The ground velocities of the plane in the direction of the x-axis and the
y-axis are given by

dx VoX
— = —v9cosl = ————
dt /x2+y2
d
2= —vosinG—I—w:—&—l—w.
dt /x2+y2
y
w
(x,y) w
Vo aeroplane
2 142
VX +y y
A0 .
* (0,0) (a,0)

Fig. 1.4  Flight trajectory
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The path {(x(¢),y()),t > 0} is called the orbit or trajectory of the aircraft
in the xy plane (Figure 1.4). These equations can be implicitly written as

dy 1
= —(vy—wv/a2+)?).

dx  vox

1.2.7 Other examples

[Unforced Duffing equation or oscillator] This is a second order
equation, named after Georg Duffing, and is given by

¥—ox+Bx’+8i=0. (1.2.31)

Here o, 3 are nonzero real numbers and 8 > 0. This equation, referred
to as a nonlinear oscillator, is a perturbation of the usual linear oscillator,
namely (1.2.31) with B =8 =0 and o < 0. The nonlinear equation
(1.2.31) has a cubic nonlinearity and a linear damping term. It models
more complicated dynamics of a spring pendulum whose spring stiffness
does not exactly obey Hooke’s law. The case of 8 = 0 and a periodic
forcing term was extensively studied by Duffing.

By dilating the variables x to ax and ¢ to bt, for suitable constants a, b,
we can write (1.2.31) in the following standard form

K—x+x>+8x=0, (1.2.32)
if af > 0and

itx+x4+88=0, (1.2.33)
if aff <0.

Example 1.2.3

[Unforced van der Pol equation or oscillator] This is also a second
order nonlinear equation given by

i—p(@—1Di+x=0ucRk. (1.2.34)

This equation, apparently first introduced in 1896 by Lord Rayleigh, was
extensively studied both theoretically and experimentally using electrical
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circuits by the Dutch engineer van der Pol when he was working for the
Philips company (in the Netherlands) around 1920. He also studied this
equation with forced periodic term Asinws and observed the
phenomenon, which in the current literature is termed as chaos. A
detailed mathematical analysis of this equation was done by Cartwright
and Littlewood [CL45] and by Levinson [Lev49]; their study revealed the
existence of the paradoxical combination of randomness and structure,
which is also called deterministic chaos in the current literature; see
Example 1.2.5, Lorenz equations.

The van der Pol equation is also used to model certain situations in
physical and biological sciences. For example, in seismology, it is used to
model the motion of two plates in a geological fault; in biology, it is used
to model the action potential of neurons.

Example 1.2.4

[Pendulum equation or Nonlinear oscillator] Again, this is a second
order equation given by

X+ ksinx = 0,k > 0. (1.2.35)

When x is small, we have sinx =~ x and one obtains the linear pendulum
equation.

[Lorenz equations] The Lorenz system is given by

X = —ox -+ oy
y =Rx—y—xz (1.2.36)
z = —bz+ xy,

where R, 0, b are fixed parameters.

Motivated by the meteorological problem of weather prediction, Lorenz
derived these equations as a much simplified model of Rayleigh—Bernard
convection in fluids, which provided a first specific example of chaotic
dynamics persisting for all time. Later, in Japan, Ueda studied the steady
state chaotic behaviour in the context of the periodically forced Duffing
oscillator.
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Lorenz’s work was not noticed by the mathematical community when
it was published, perhaps due to its appearance in a non-mathematical
journal. Once it was noticed, a host of papers appeared announcing similar
phenomenon in the context of other equations. All these works have been
put together in book form and the interested reader may consult [Hao84].

Example 1.2.6

[Lotka—Volterra Prey—Predator Model]

The dynamical behaviour governing the growth, decay and general
evolution of two interacting biological species (the case of a single
species was discussed earlier using the logistic model) is modelled by the
Lotka—Volterra prey—predator equations, which are given by

X = ax — bxy
(1.2.37)
y = —cy+ dxy.

Here x denotes the population of the prey, say rabbits at a given time and
y denotes the population of the predator, say foxes. The constants a,b,c,d
are all positive and represent the growth and decay rates of the prey and
the predator. In (1.2.37), there is no competition within the same species.
If we incorporate this also in the model, the dynamics changes; see, the
exercises in Chapter 8.

Example 1.2.7

[Mathematical Epidemiology] We now describe the basic SIR model
of mathematical epidemiology and an extension of it. The host
population (humans for example) is divided into a small number of
compartments, each containing individuals that are identical in terms
of their status with respect to the disease (tuberculosis, for example)
in question. In the SIR model, we have the following three
compartments:

1. Susceptible (S): individuals who have no immunity to the
infectious agent, so might become infected if exposed.

2. Infectious (I): individuals who are currently infected and can
transmit the infection to susceptible individuals who they contact.
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3. Removed (R): individuals who are immune to the infection, and
consequently do not affect the transmission dynamics in any way
when they contact other individuals.

The total host population is N = S+ 1+ R. When N is very large, we may
treat the variables in question as continuous variables and the dynamics of
S, 1 variables is described by the following differential equations:

S = —BsI
(1.2.38)
I = BSI—yl

Here, the transmission rate (per capita) is B and the recovery rate is y
(so the mean infectious period is %,). Since (1.2.38) do not contain R,

no equation for R is written; the appropriate equation for R is R = yI
(outflow from I compartment goes into the R compartment). But, once the
I is determined from these equations, R can easily be determined.

If we now expand the S/R model to include B, the births per unit time
and a natural mortality rate p(per capita), then these equations become

S =B —BSI—us
(1.2.39)
I = BSI—yl—ul

The timescale for substantial changes in birth (decades) is much larger
than, say, a measles epidemic (a few months), so one may assume that the
total population is constant and that B = uN. Therefore, there is essentially
only one new parameter here.

Example 1.2.8

[Hamiltonian system] This is an even dimensional system described
in terms of a smooth function (a Hamiltonian) H (x,y) of 2n variables,
where H : R" x R* — IR. The system is described by the following
set of equations

= a—H ;i = —a—H (1.2.40)
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If (x(¢),y(¢)) is a solution of (1.2.40), it is easy to see that H(x(t),
y(r)) = constant; in particular, if H(x(7),y(f)) = 0 for some 7y, then
H(x(t),y(t)) = 0 for all 7.

A conservative system of order 7 is a system of second order equations

Vv
Xi+—=—(x1,---,x,) =0, 1.2.41
j + ax]< 1 n) ( )
for j=1,---,n. Here V : R” — IR is a smooth function called a potential
function. By introducing new variables y; = x;, we immediately see that
a conservative system becomes a Hamiltonian system with the
corresponding Hamiltonian given by the total energy

1
H(xl’ axnayl"" ,)’n) = 7(y%++y%)+v(xla ’xn)‘
2

We will recall these examples in Chapter 8 where a detailed analysis of
them will be done.

Example 1.2.9

[Discrete Dynamical System]

When the time (independent) variable ¢ varies discretely instead of
varying continuously, we have a discrete dynamical system. In this
scenario, we deal with a difference equation instead of a differential
equation. A difference equation of ™ order is given by

X1k = f(Xiko 2 Xntk)s (1.2.42)

fork=0,1,--- and n = 1,2,---, for an appropriate function f defined on
a subset of IR"”. For a given set of arbitrary x1,--- ,x,, the given equation
(1.2.42) will generate x,, ¢, k =1,2,--- and we need to study the sequence
{xm}, for its boundedness, convergence, etc.

A very familiar example of a difference equation is the Fibonacci
sequence generated by any given arbitrary real numbers xj,x, and
satisfying the difference equation

Xn+2 = Xy + Xp+1,

forn=1,2,---. This is a second order equation. Another example is given
by the logistic map:
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Xnt1 = axp(1—x,),

forn=1,2,---. This is a first order equation. The constant a € [0,4]. Thus,
if x; € [0,1], then x,, € [0, 1] for all n > 1. The logistic map has been studied
extensively and it reveals many surprising properties of the sequence {x,}
for a certain range of values of a.

We will not pursue this subject in this book, but the interested reader
may look into, for example in [Hao84, Wig90].

1.3 Exercises
1. Consider the initial value problem?
dy _
dr
where a,b > 0, tp,yo € R. Assume the unique existence of the (local)
solution y = y(¢) in the interval (1,12) with to € (71,12).

ay(t) —by* (1), y(to) = yo

(a) Without attempting an explicit representation of the solution,
show that y satisfies sign (y(¢)(y(z) —a/b)) = sign(yo(yo —
a/b))).

(b) Now solve the IVP to get the implicit form

bl la=byol _

lo =
S Tyol Ja—by|

r—1.

(c) Use the first part to obtain the solution y in the explicit form

l) — ayo
byo+ (a— byg)e—“(f—’t))

(d) In each of the cases of the first part, describe the maximal
interval (t*,t*), where the solution y is defined. This is referred
to as the maximal interval of existence, which will be
discussed in detail in Chapter 4. (Note that * can be -+ or #,
can be —oo). Further, compute the limits

limy(z) and limy(z).
tlts t1t*

2The methods of solutions are described in Chapter 3
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(e) In each of the cases, find & dt,

curve.

d €7 and analyse the shape of the

(f) Find the conditions on yq so that t, = —oo and/or t* = +oo,

(g) Plot the graphs of the solutions y in the ¢y plane for different
values of yy.

(h) Let y = y(¢) be the solution as earlier and z = z(¢) be the
solution to the initial value problem:

% = az(r) —bzz(t), z(t1) = yo.

Represent z in terms of y. Sketch with different initial times. Do
you observe any property? Describe the observed properties for
the general problem

Y = (1), ylt0) = 0.

2. Consider the modified population model with a real parameter A,
namely

d
5 =00 =) =2 y(10) = yo.

Do a similar analysis for various values of the parameter. More
precisely, show that there is a critical value A such that for
A > Aq, the behaviour is exactly similar, but for A < A, the
behaviour of the solution is completely different.

3. Consider the linear model of the atomic waste disposal problem:

By =

8
dt (

2(W=B), v(0) =0,

where V =V (t) is the velocity at time z.
(a) Find the solution V and find the limit tlim V(t).
—»00
(b) Now derive the non linear model:

% dv(y) _ 8
W—B—cv dy w’

v(0) =0
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where v = v(y) is the velocity at the distance y, and solve the
same to obtain the solution in the implicit form:
gy v W-—-B W-B—cv

e 1
W ¢ T w_B

4. Obtain (1.2.32) and (1.2.33) from (1.2.31) by suitable dilations.

1.4 Notes

We have presented a few real world problems to highlight the importance
of modelling using ODEs and their analysis. Of course, the examples are
not exhaustive; in fact, one can find several text books devoted to a
particular topic, for example, mathematical biology, mechanical systems,
etc. We have seen through the atomic waste disposal problem (Section
1.2.3) that through the simple linear model, we can solve the problem
explicitly, but incomplete answer to the question set out therein.
However, a little reformulation gives us a non-linear equation, which in
general is hard to solve, yet gives us a complete answer to the question.
This exhibits the importance of correct modelling and its analysis even if
the solution is not available in explicit form. Such phenomena can be
observed in other models like population growth (Sections 1.2.1 and
1.2.2). One should bear in mind such peculiarities arising in the analysis
of ODEs. In general, it is hard to obtain explicit or implicit or even a
representation of a solution leading to the necessity of analysing the
solution in the absence of such forms.

A large number of real life examples are available in Martin Brown
[Bra78, Bra75]. See also [AMR95, TS86]
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2.1 Introduction

In this chapter, we present some topics from linear algebra and analysis
which are extensively used in the subsequent chapters of the book. Our
discussion will only be brief and more details and longer proofs may be
found in the references cited at the end of this chapter. Quite often, the
explicit solution may not be available and we may appeal to the analysis
to derive the qualitative nature of the solution, which in turn may help us
to arrive at conclusions about the behaviour of the physical or biological
problems modelled through ODE. Even when the explicit solution is
known, it may be hard to draw significant conclusions regarding the
global behaviour of the system. We have therefore emphasized the
importance of analysis and linear algebra throughout this book, with the
hope that the beginner starts appreciating the essential role of these
subjects in the study of ODE.

2.2 Preliminaries from Real Analysis

First, we recall the concepts of pointwise convergence, uniform
convergence, etc. of a sequence of functions of one variable and Lipschitz
continuity of functions.

2.2.1 Convergence and uniform convergence

Let I be any interval in R. Let f,, : I — R, n = 1,2,..., be a sequence of
functions. We say that the sequence { f,, } converges pointwise to a function
f:1CR — R, if the numerical sequence {f,(x)} converges to f(x) for
every x € I.
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Consider the sequence

kx

, 0,1], k=1,2,--- 2.2.1
kx+1 xe[ ] ( )

fi(x) =

Clearly f;(0) = O for all k and hence f;(0) — 0, whereas it is easy to see
that for x € (0, 1], the sequence f;(x) — 1. Thus, the limit function is

0 if x=0
o-{®
1 if xe(0,1].

Notice that each function f; defined here is continuous on I = [0, 1], but
the limit function f is discontinuous at x = 0. We thus lost the important
property of continuity under the pointwise convergence. Therefore, we
now discuss a stronger convergence under which the continuity property
is preserved. This is the notion of uniform convergence.

Definition 2.2.1

[Uniform Convergence] Let fi,f : I — R, k = 1,2,... be functions
defined on /. Then, the sequence f} is said to converge to f uniformly
in 7 if for any given & > 0, there exists N = N(&) € IN such that
|fi(x) — f(x)| < € forall k > N and for all x € I.

We remark that in the pointwise convergence, N depends both on € and
x, whereas in uniform convergence N depends only on €. This uniformity
in x has far reaching consequences including preservation of continuity,
interchange of the limit and the integral.

Theorem 2.2.2

Let f; : I - R, k= 1,2,... be a sequence of continuous functions that
converges uniformly to a function f : I — IR. Then f is continuous.

This theorem immediately shows that the sequence of functions given by
(2.2.1) does not converge uniformly as f is not continuous on [0, 1].

Consider the example fi(x) = x*,x € [0,1]. It is easy to see that
fr(x) = f(x) point wise, where
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0, 0<x<«1

1, x=1,

which is discontinuous at x = 1. The reader can directly verify that the
aforementioned convergence is not uniform without appealing to the
theorem. However, it is not hard to see that the convergence is uniform in
[0,1 —n] forany 0 <n < 1.
B kx?
kx| +1
converges to f(x) = |x|, pointwise in IR; however, the convergence is
uniform only in bounded intervals. Note that the limit function is also
continuous in RR.

We remind the reader that the converse of Theorem 2.2.2 may not be
true. That is, fy — f pointwise, f;, f are continuous may not imply that
the convergence is uniform.

Example 2.2.3

Consider g : [0,1] — R defined by

On the other hand, the sequence f; defined by fi(x)

1
kx, 0<x<-
X _x_k
2 1 2
x) = Z_ l<x< 2
gk() k(k x), k_x_k
2
0, Z<ox<1
k==

The reader can easily verify that g, — g = 0 pointwise and gi,g are
continuous, but the convergence is not uniform.

Theorem 2.2.4

Let f; : [a,b] — R be a sequence of functions converging uniformly
to a function f : [a,b] — IR. Assume f,, f are Riemann integrable on
[a,b], then
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b b
]}glolo ; fk(t)dt:/a f(r)dr.

In particular, if each f; is continuous, the integrability condition is
automatically satisfied. Again, we remark that uniform convergence may
not be a necessary condition for the validity of Theorem 2.2.4. This can
be seen from Example 2.2.3 because fol g — 0= fol 0. At the same time,
in general, we may not be able to interchange the limit and integral signs
if the convergence is not uniform.

In view of Theorem 2.2.2 and Theorem 2.2.4, for a given sequence of
functions, extracting a uniformly convergent subsequence is very
important in analysis. In this direction, we need to have conditions under
which one can derive uniformly convergent subsequences. A well-known
theorem is the Arzela—Ascoli theorem. Before stating this result, we
introduce some more concepts.

We discuss the convergence and uniform convergence of series of

functions. Let {u;} be a sequence of functions defined on /. Consider the
k

sequence of partial sums f; = Z u;. If the sequence f; converges
i=1

pointwise (respectively, uniformly) to a function u on I, then we say that

the infinite series, denoted by Z uy converges pointwise (respectively,
k=1
uniformly) to « on /.
Theorem 2.2.2 and Theorem 2.2.4 are valid for series under appropriate

hypotheses.

Theorem 2.2.5

[Weierstrass M-Test] Let M, be a sequence of positive constants such

that the series ZMk converges. Suppose {u;} is a sequence of
k=1
functions defined on 7 such that |uy (x)| < My, for all x € I. Then, the

series ) uy converges uniformly to a function « on /.
k=1

. sinkx . .
For example, the series Z 2 x € R converges uniformly since the
k=1

w1
Series kzl k7 1S convergent.
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Definition 2.2.6

[Uniform Boundedness] A sequence of functions { f;} defined on I is
said to be uniformly bounded if there exists a constant M > 0 such that
|fe(x)| <M, forall x € I, for all k € N.

Definition 2.2.7

[Equicontinuity] A sequence of functions {f;} defined on [ is said to
be equicontinuous on /, if for every € > 0, there exists § > 0 such that
|fi(x) — f(y)| < € whenever x,y € I and |x—y| < 8, and for all k.

Clearly, if the family of functions is equicontinuous, then each member in

the family is uniformly continuous. So, in Definition 2.2.7, we require the

existence of uniform 6 which works for all the members of the family.
Choose f € C(IR) with compact support, that is, f is identically zero

1
outside a compact set. Then, the sequence fi(x) = Z f(x) is a family of

equicontinuous functions. On the other hand, it is not difficult to verify
that the family of functions f;(x) = x*,0 <x < 1,k = 1,2,... is not an
equicontinuous family; however, each member of the family is a uniformly
continuous function, as it is a continuous function on a closed and bounded
interval.

Denote by Cla,b], the space of all continuous functions f : [a,b] — R.

Theorem 2.2.8

[Arzela—Ascoli] Let { f;} be a sequence of functions in Cla,b] which
is uniformly bounded and equicontinuous. Then, there exists a
subsequence { f,} of {fx} such that {f; } converges uniformly to a
function f € Cla,b].

A proof can be found in several books, see, for instance, [Rud76, CL72].

Definition 2.2.9

[Lipschitz Continuity] A function f: D C R — IR, is said to be locally
Lipschitz in D if for any xo € D, there exists a neighbourhood N,, of
xp and an o = a(xp) > 0 such that

|f(x) = f(»)| < atlx—y|, forall x,y € Ny,.
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The function f: D C R — R is said to be Lipschitz (or globally
Lipschitz) in D if there exists @ > 0 such that

[f) =fO) <alx—y

, forall x,y € D. (2.2.2)

The smallest « satisfying (2.2.2) is called the Lipschitz constant of f. If f
is Lipschitz (globally), then it is uniformly continuous. We also have the
following result giving a sufficient condition for Lipschitz continuity; the
proof trivially follows from the mean value theorem.

Theorem 2.2.10

Suppose D is an open interval in R and f : D — R is differentiable
on D and @ = sup|f’(x)| < . Then, f is Lipschitz with a Lipschitz
xeD

constant less than or equal to «.

Thus, the class of Lipschitz continuous functions is quite large and
includes all our familiar functions: polynomial functions, polynomials of
sine and cosine functions, exponential functions, etc. The definition of
Lipschitz continuity of a function of one variable given in Definition
2.2.9 can be analogously extended to any vector valued map
f: (a,b) x D— R", where (a,b) is an interval in R and D is a domain in
R"”. In Chapter 4, which includes a discussion on the existence of
solutions, we need to introduce the Lipschitz continuity of f(z,y) with
respect to the second argument y keeping ¢ as a parameter. While defining
Lipschitz continuity in the single variable case, we used the usual
absolute value to denote the distance between any two real numbers. We
need a similar concept of distance in the several variables case, which we
introduce now.

In IR”, we define a notion of distance of a vector from the origin, in
terms of a function called norm.

Definition 2.2.11

[Norm] A norm, denoted by ||.|| on R” is a mapping from R” — R
that satisfies:

1. ||x]| > 0; ||x|| = 0 if and only if x = 0,

2. |lax][ = alllx,
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3. (Triangle inequality) || x+y|| < |Ix|| + ||¥]l,

for all x,y € R" and scalars a.

See also Definition 2.4.2 for a general definition of a normed linear
space. The following are some examples of norms in IR"”. For
X = (x1,x2, - ,X,) € R", define, for x € R"

1/p
n
= |P ,1<p< d o = il.
Il (;rm) <p<e and x| = max Ly

Usually, it is the third property of the norm that does not follow in an
obvious way and needs proof. In the context of IR", it is called Minkowski’s
inequality. When p = 2, it is the usual Euclidean norm (or distance).

It is convenient to take p = 1 for the discussion in Chapter 4 and we
write || - ||; = |- | and state the definition of Lipschitz continuity now in
terms of this 1—norm.

Definition 2.2.12 |

A function f(z,y) : (a,b) x D — IR" is said to be Lipschitz continuous
(globally) with respect to y if there exists & > 0 such that

(. y1) —£(t.y2)| < aly1 —y2
for all (7,y;) and (7,y,) in (a,b) x D.
The smallest such constant & is known as the Lipschitz constant of f. We

can also define local Lipschitzness analogously.
We will now see some examples of Lipschitz continuous functions.

Example 2.2.13

(i) f(t,y) =1+ 3yis globally Lipschitz continuous in R with respect to
.

(ii) f(¢,y) = 1> +y?* is Lipschitz continuous on any bounded domain D
in R2.

(i) f(z,y) = t2y3 is Lipschitz continuous on any bounded domain in IR?.
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(iv) For the function f(z,y) = e~’y?sint on D = {(t,y):0<y<2,
t € R}, we have

2.
[f(t.y1) = f(t.32)| = [e7" sty +yal[y1 = y2| < 4]y =2
for any (#,y1), (t,y2) in D. Thus, f(z,y) is Lipschitz continuous on

the strip D.
(v) f(t,y) =t\/yontherectangle D = {(z,y) : 0<t<1,0<y<1}
Note that
1
F(Ly)=f(LO)| =yy=—[y—-0
[f(Ly) = f(LO)| = W’ |

1 . . . .
and — — +o as y — 0", Hence, the function f is not Lipschitz
y
continuous on the rectangle D, but is continuous on D.

Here we state a sufficient condition for Lipschitz continuity of f(z,y) with
respect to y.

Theorem 2.2.14

Let f: (a,b) x D — R" be a C! vector valued function, where D is a
convex domain in IR" such that

dfi
3y, (t.y)

sup
(t.y)€(a,b)xD

:(x<oo’

fori,j=1,2,---,n. Then, f(z,y) is Lipschitz continuous on (a,b) X D
with respect to y having a Lipschitz constant less than or equal to a
multiple of .

The convexity assumption means, by definition, that the line segment
joining any two points of D lies inside D.

Example 2.2.15 ‘

Let f(t,y) =t+y>onD: |t| <a,|y| <b. Then, %c = 2y which implies
0
’f (t,y) ‘ = |2y| <2b. Thus, f(z,y) is Lipschitz continuous on D with

dy
Lipschitz constant o¢ = 2b.
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Example 2.2.16

Let f(#,y) =ty on D: |t| < a,|y| < b. Then,
|f(t.y1) = f(t.32)| = [tly1] =]yl | < Jel|yr —y2| < alyr —yal.

o . J .
Note that f(z,y) is Lipschitz continuous, but of does not exist at any

d
point (¢,0) € D for which ¢ # 0. Thus, Lipschitz co);ltinuity is a smoothness
property stronger than continuity, but weaker than differentiability, locally.
A few more results from analysis, namely calculus lemma,
differentiation under integral sign and Taylor’s formula are presented
here.

Lemma 2.2.17

[Calculus Lemma] Let (a,b) be a finite or infinite interval and & :
(a,b) — R satisfy either
(i) h is bounded above and non-decreasing or

(ii) A is bounded below and non-increasing,

then, lim/(z) exists.
tﬁb . . . .
The lemma is important in the sense that the boundedness alone will

1
not give the existence of limit. For example, f(x) = sin— is bounded
X

o1 .
above and below for 0 < x < 1, but hn(l) sin — does not exist.
xX— X

Proof: If h satisfies (i), then —h satisfies (ii) and vice versa. Hence, it is

enough to prove with one of the assumptions. So assume (i) holds true.

Put o = sup h(t) < oo as h is bounded above. For any € > 0, there exists
r€(a,b)

fo € (a,b) such that @ — & < h(ty) < a. If € (a,b),t > 19, then ot — € <

h(t9) < h(r) < a which implies 0 < o — h(r) < € for all 1 > 1, that is,

}i_r}r;h(t) =a. O

t

We know that if f : [a,b] — R is continuous, then F (1) = / f(s) dsis
a

differentiable, F'(t) = f(r) and F is referred to as an antiderivative of f.
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Often in integral calculus, we employ the method of substitution,
which is also called the change of variable formula, to evaluate integrals.
This is also the basis for the method of separable variables to solve
certain first order ODE. The formula is an easy consequence of the chain
rule used in differentiation.

Let f be a (Riemann) integrable function over an interval [a,b] in R.
If F is an anti derivative of f, then F is differentiable and

provided f is continuous. If u is a differentiable function defined on some
interval J in IR, then by chain rule, we have

(Fou)(t) = F'(u(t)u'(t) = f(u(t))u' (),

for ¢ € [a,b], provided that the compositions of the functions are
well-defined; here ' denotes the derivative of the function in question.
Therefore, we obtain the formula

[ ol ede = Fa)) - Fta) = [ s(s)as.

The foregoing discussion on change of variable is stated in the following
theorem.

Theorem 2.2.18 \

[Change of Variable Formula]
Letg: [c, d] — R be a C! function, that is, g is continuously differentiable

and let [a, b] be any interval containing the image of g, that g[c,d] C [a,b].
If f : [a,b] — R is a continuous function, then

[ stengwa= [ ras

The change of variable formula is very important in many occasions and
it is equally important to understand certain symbolic notations we use

frequently. For example, to compute / y3dy by substitution, say y* = ¢,

1
we quite often write 2ydy = dt which in turn gives / ydy = 3 / tdt.
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How do we interpret the symbolic notation 2ydy = dt? This can be done
via the change of variable formula; take f (y) = y and g(¢) = /1, then,

by Theorem 2.2.18, /y3dy / —dt 3 /tdt

We now discuss an important result known as differentiation under the
integral sign.

Theorem 2.2.19 \

[Generalized Leibnitz Formula]

Let o, : [a,b] — IR be differentiable functions and c,d be real numbers
satisfying

c<a(r),B(tr) <d, forallt € [a,b].
Let f : [a,b] X [c,d] — R be a continuous function such that %f (t,5) is
also continuous. Define

B(t)
F(t) = / F(t,9) ds.
a(r)

Then, F is differentiable and

) 9
w_ o S ds 0B G~ flea) G 22

We mention two particular cases of (2.2.3) which are often used. The first
one is obtained by taking ¢t (7) = a, a constant and B(¢) = ¢. Then, we
obtain

Z(/atf(t,s) ds) :/Q’gj;(t’s)dstf(t’t)‘

For the other, we take f = f(¢), a one variable function, a(7) = a, a
constant and (¢) = r and obtain the fundamental theorem of calculus:

G ([ r6ras)= s
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Theorem 2.2.20

[Taylor’s Formula]

Let f: (a,b) - R be a C? function, that is twice continuously
differentiable function and xo € (a,b). Then

Flxo+3) = Flx0) + (o) + /" (E)F

for some point § between xo and xo + y. Here ' denotes differentiation with
respect to x.

More generally, in the several variables case, let f : D — R be a C?
function, where D is an open set in R”. Let xo € D and r > 0 be such that
B(x¢,r) C D. Fory € B(x,r), define

F(t) = f(xo+1y),
for 0 <7 <1 and x¢ + 1y € B(xo,r). Applying the one variable Taylor
formula, we get (in the following ' denotes differentiation with respect
tot)
1
F(1)=F(0) = F'(0) + 3F"(¢)

for some § € [0,1], that is,

Flx0+y) ~ (x0) = F'(0) + 5 F(£).

n
By chain rule, F’( Z a—f (x0+1y)y;. Hence,

F'(0) = V£(x0) -y

where
Vi) = (550 500 )

is the gradient of f at x(. Doing a further differentiation of F’(), we get

82
F'( Z Tuo; (X0 +1y)yiyj.

i,j=1


https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781108236843.003
https://www.cambridge.org/core

34  Ordinary Differential Equations: Principles and Applications

Thus, F”({) = O(|y|?) contains terms of quadratic and higher orders in
y. Hence, it follows that

f(xo+y) = f(x0) + V/(x0) -y + O(|y[).

We can extend this result further to multi-valued cases. Letf: D C R" —

R". Hence, f = ( St fn) is considered as a column vector and each
fi : D — R. Thus, the formula holds for each f;. Using the matrix notation,
[ Vfi(xo) ]
Df(X()) =
L an(XO) _

which is an n X n matrix and we may write
f(xo+y) = f(x0) + Df(x0)y + O(|y[*).

Note that Vf(xg) -y is the dot product, whereas Df(X)y is the action of
the matrix Df(x() on the vector y.

2.3 Fixed Point Theorem

We now introduce the notion of a metric space.

Definition 2.3.1

[Metric Space] Let X be a non-empty set. A metric d is a mapping
d : X x X — R which satisfies the following properties:

1. d(x,y) >0; d(x,y) = 0 if and only ifx =y,

2. (Symmetry) d(x,y) = d(y,x),

3. (Triangle inequality) d(x,y) < d(x,z) +d(z,y),
for all x,y,z € X. The set X together with the metric d is called a metric
space. We refer to (X,d) as a metric space; when the metric in the context
is clear, we say X is a metric space.

The n dimensional real and complex Euclidean spaces, R” and C" are
examples of metric spaces, where the metric d is defined by d(x,y) =
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1/2
n
Z |x,-—y,~]2 for all x = (x1, -+ ,X,),y = (y1,*+»yn) € R" or C".
i=1

This is the standard Euclidean metric or distance. There are many other
metrics we can introduce on IR” and C". We will see more examples later.

Let (X,d) be a metric space. A sequence {x;} in X is said to converge
to a point x € X if for given € > 0, there exists N € IN such that d (x,x) < €
for all k > N. This statement may also be written as d (xg,x) — 0 or x; — x
as k — oo, It is easy to see, from the triangle inequality, that if x; — x and
X — y, thenx = y.

A sequence {x,} C X is said to be a Cauchy sequence, if d(x,,x,) — 0
as n,m — oo. A metric space (X,d) is said to be a complete metric space if
every Cauchy sequence in X converges in X. A normed linear space which
is a complete metric space (metric induced by the norm) is called a Banach
space (see, Definition 2.4.2).

In particular, if X = R”,u; € R” converges to u € R”" if |uy —u| — 0
as k — oo and R” is a Banach space. It is also a Banach space under the
norms

Il = (Z ’xi|p> 1< p<eo,
i=1

and

I = max Jx.
for x € R". The function space C|0, 1] or, more generally, C|a,b] with sup
norm is a Banach space. However, it is not a complete space with respect
to || - ||1 introduced earlier. The completeness plays a crucial role in the
fixed point theorem to be studied later.
It is also easy to check that for a sequence { f,,} C C[a,b], the statement

f» — f in sup norm is equivalent to saying that f,, converges uniformly to
f.

Suppose (X,d) is a metric space, x € X, r > 0. The set B,(x) ={y€X :
d(x,y) < r} is called an open ball of radius r centred at x. The collection
{B,(x) :x € X, r > 0} forms a basis for a topology in X. This is referred
to as the topology induced by the metric d in X. An open set in X is, by
definition, an arbitrary union of open balls. A subset of X is closed if its
complement is open in X.
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If Y C X, then (Y,d) is also a metric space. If (X,d) is a complete
metric space and Y is a closed (referring to the metric topology) subset of
X, then (Y,d) is also a complete metric space. In particular, the closed
balls B,(x) = {y € X : d(x,y) < r} are complete metric spaces in a
complete metric space (X,d).

A subset A of X is said to be bounded, if there exists an M > 0 such that
d(x,y) <M for all x,y € A. The smallest such M is called the diameter of
A. A subset A of X is said to be compact ' if given any sequence {x,} C A,
there is a subsequence {x,, } which converges to some element in A. If
A C X is compact, it is easy to see that A is closed and bounded. However,
the converse may not be true. In IR”, A is compact if and only if A is closed
and bounded. This is the Heine—Borel theorem.

In this section, we present the Banach fixed point theorem which is
used in the existence result. Suppose T : X — X is a mapping. A point
x* € X is said be a fixed point of T if Tx* = x*.

Theorem 2.3.2

[Banach Fixed Point Theorem] Suppose (X,d) is a complete metric
space and 7 : X — X is a contraction, that is, there exists an o € (0,1)
such that

d(Tx,Ty) < ad(x,y) (2.3.1)

for all x,y € X. Then, T has a unique fixed point x* € X. Further, the
sequence {x;} defined by x; = Tx;_1, xo € X is arbitrary and k =
1,2,..., converges to x*.

We remark that many interesting problems in mathematics can be
formulated in terms of finding fixed points of appropriate maps. There are
different types of fixed point theorems in different contexts, but probably
Theorem 2.3.2 is the easiest one to apply and prove as well. Indeed, the
condition (2.3.1) is stringent and may not be found easily.

In general, if we omit either the completion or contraction condition,
we may not get a fixed point. For example, consider f : R — R defined
by f(x) =x+ 1. Then d(f(x),f(y)) = |f(x) — f(y)| = [x—y|. Hence,
a =1 and f does not have any fixed point. On the other hand, the function
f:(0,1) = (0,1) defined by f(x) = mx, for some m, 0 <m < 1, is a

IThere are other notions of compactness in general topological spaces. It turns out that all these
are equivalent to the one given here for a metric space.
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contraction with o = m, but has no fixed point. In the second example,
(0,1) is not complete.

Proof of Theorem 2.3.2: We will sketch the proof. Choose any xy € X
and define the sequence x| = Txg, xp = T2x0, -, X = T*xp, ---. The
sequence {x} is a Cauchy sequence in X. To see this, observe that

d (Xt 1,2) = d(Tx, Txp—1) < 0t (X, X—1)
and by induction, we get
d(Xn+1,%0) < a"d(x1,x0).
Next, for any m < n, using triangle inequality, we have

1— an—m—l

d(xnaxm) < d(xnexnfl) +-- '+d(xm+lyxm> <a™ — o

d(x1,x0)
and the right-most term tends to 0 as n,m — co. This proves x; is a Cauchy
sequence and by completeness, there exists an x* € X such that x; — x* €
X. By continuity of T, we get Tx; — Tx*. But Tx; = x;+1 — x*. Thus,
Tx* = x*. The uniqueness can also be proved easily. O

The interesting advantage in this proof is that it is constructive. It gives
us a method to get the fixed point and to obtain an approximate one to
any desired accuracy. The second and more useful fact is that we can start
at any point in X as the initial guess. Quite often, in numerics, finding a
suitable initial point itself is a big challenge.

Corollary 2.3.3 ‘

Let T : X — X be such that 7 is a contraction for some k > 1. Then,
T has a unique fixed point.

The corollary follows from the theorem. Let x* be the unique fixed point
of T¥, that is, T*x* = x*. Applying T, we get T¥(Tx*) = Tx* and hence,
Tx* is also a fixed point of T*. By uniqueness, Tx* = x* and thus, the
unique fixed point of T* is also a fixed point of 7. If x; is another fixed
point of T, that is, Tx; = x1, then by repeated application of T, we see
that T%x; = x;. By uniqueness of the fixed point of T*, we have x| = x*
as required.
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2.4 Some Topics in Linear Algebra

To motivate the use of tools of linear algebra in the study of differential
equations, we consider a first order system of ODE with constant
coefficients written in the form

X = Ax, 2.4.1)

where A is a given real n X n constant matrix. It is not easy, in general, to
describe any qualitative property of a solution to (2.4.1) just by looking at
A. Hence, we try to reduce (2.4.1) to an equivalent system

y = By (2.4.2)

where, B is a matrix similar to A. If we can obtain B in a very simple form
so that (2.4.2) is completely or partially decoupled, then it may be possible
to describe the qualitative behaviour of a solution y of (2.4.2); this in turn
will describe the nature of a solution x of (2.4.1).

Our main aim is to describe a procedure to reduce (2.4.1) to (2.4.2).
This is done using the Jordan canonical form, which requires many
important tools developed in a systematic course on linear algebra! We
content ourselves with the description of several steps of this reduction.
We now introduce the concept of a vector space. Though a vector space
may be defined over any field, we only consider the field of real numbers
R.

Definition 2.4.1

A real vector space V is a non-empty set possessing a binary
operation, called addition: u+v € V whenever u,v € V and a scalar
multiplication: au € V, whenever u € V and a € R, satisfying the
following axioms:

1. <V,+ > is an abelian group:

(1) u+v=v4uforall u,v € V. (commutativity)
() (u+v)+w=u+ (v+w) forall u,v,w € V. (associativity)

(iii) there exists an additive identity, called zero vector and is
denoted by 0 € V suchthatu+0=04u=uforallu cV.

(iv) to each u € V, there exists its additive inverse, denoted by —u €
V such that u+ (—u) = (—u) +u=0.
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2. (Associativity of the scalar multiplication) a(bu) = (ab)u for all u €
Vanda,b € R.

3. (Distributive property) (a + b)u = au+ bu and a(u +v) = au+ av
forall u,v € V and a,b € R.

4. lu = ufor all u € V; 1 is the multiplicative identity in IR.

The elements in a vector V are referred to as vectors. It is easy to see that 0
is unique; so is —u for each u € V. The associative property enables us to
define the sum u; + - - - +u; unambiguously for any vectors uy,---,u € V.
A vector space is also called a linear space.

Examples of vector spaces are given here.

1. Let X be any non-empty setand letV = {f : X — IR} be the set of all
real valued functions defined on X. Define, for f,g € V and a € R,
the following

(f+e)t) = f(t)+g(t), teX,
(af)(t) = af(r),t€X,

where on the right are the usual addition and multiplication of real
numbers. Thus, f+ g, af € V whenever f,g €V and a € R. Itis easy
to check that V is a vector space with these operations. The additive
identity in V is the zero function: 0(¢) = 0 for all 7 € X and the
additive inverse of f € V is the function —f defined by (—f)(¢) =
—f(t), t€X.

2. If we take X = {1,2,---,n} (n, a given positive integer) in
Example 1, then we identify the vector space V with R".

3. If instead we take X as an interval in IR, then we may consider the
subsets of V consisting of polynomial functions, continuous
functions, continuously differentiable functions, etc. It is easy to
verify that all these are examples of real vector spaces. A
continuously differentiable function is one which is differentiable
and its derivative is also continuous. Higher order continuously
differentiable functions are defined in a similar way.

We now define some important concepts such as linear dependence and
independence of vectors, linear span, basis and dimension.
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A finite collection of vectors uy,---,u; in a vector space V, k > 1, are
said to be linearly independent if whenever

aju; + -+ au =0, 2.4.3)

for aj,---,a; € R, we have a; = --- = a; = 0. Otherwise, uy,--- ,u; are
said to be linearly dependent. Thus, uy,--- ,u; are linearly dependent if
there exists ay,---,a; € R, not all zero, such that (2.4.3) holds. The left
side of (2.4.3) is referred to as a linear combination of uy,--- ,uy.

Suppose S is subset of V. The span of S, denoted by span(S), is the set
of all finite linear combinations of vectors in S:

span(S) = {ajuy + -+ agug k> 1uy, - ,up €8S, a1, ,ap € R}.

A subset S of V is, by definition, said to be linearly independent if any
finite number of vectors in § are linearly independent. Otherwise, S is
linearly dependent. The following are immediate from the definition.

e If S is linearly independent, then any non-empty subset of S is also
linearly independent.

e If § is linearly dependent, then any superset of § is also linearly
dependent.

A non-empty subset M of V is a subspace of V if M itself is a vector space
with the same addition and scalar multiplication as in V. If M is a non-
empty subset of V, it is easy to see that M is a subspace of V if and only
if the conditions u +v € M and au € M whenever u,v € M and a € R are
satisfied.

Note that {0} and V are always subspaces of V; these are the trivial
subspaces of V. For any subset S of V, span(S) is a subspace of V; it is
the smallest subspace of V containing S, that is, if M is any subspace of V
containing S, then M also contains span(S).

The vector space V is said to be infinite dimensional if for each
integer k > 1, there is a linearly independent set {u,- - - ,u;} consisting of
k vectors in V. If the space V is not infinite dimensional, then we say V is
finite dimensional. If V is finite dimensional, then there is an integer
n > 1 such that every subset of V containing more than n vectors is
linearly dependent. Then, there is a smallest such n. This n is called the
dimension of V and V is called an n dimensional vector space. It is easy
to see that if V is n dimensional, then there is a subset S = {uy,---,u,}
such that S is linearly independent and span(S) = V. Such a set S is
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called a basis of V. If S = {uy,--- ,u,} is basis, so is § = {u; +uz,up+
us, - ,up—1 + uy }. Thus, a basis is not unique.

Definition 2.4.2

[Normed Linear Space] A norm, denoted by ||.|| on a vector space or
a linear space X is a mapping from X — IR that satisfies:

L [lx] = 0;

2. ||ax|| =

x|| =0 if and only if x =0,

alllx]l,

3. (Triangle inequality) [lx + y|| < [|x[| + [Iy]l,

for all x,y € X and scalar a.

Every normed linear space X is a metric space, where the metric is
given by d(x,y) = ||x—y||, for all x,y € X. The Euclidean space R" and
C" are normed linear spaces. The space of continuous functions C[0, 1] is
a normed space with the norm (known as sup norm) given by

Ilf]l = sup |f(x)|, f € C[0,1]. We can also give different norms in the
x€[0,1]

same space and it is important to give appropriate norms as needed in the

applications. The space C[0,1] can also be equipped with the integral

1
norm || f]|; = / |f(x)|dx. These norms are fundamentally different in
0

the sense that C[0, 1] equipped with the sup norm is complete, whereas
with the integral norm, it is not complete.

2.4.1 Euclidean space R"

Any point or vector x € IR”, is denoted as a row vector: X = (xl, e ,xn),
x; € R. However, for convenience, we also treat it as a column vector. The
set IR” is a vector space (linear space) over the field IR with the addition and
scalar multiplication defined, respectively, by x +y = (x| + 1, ,Xn +
yn) and ax = (axj, -+, 0x,), for all x = (x1, -+ ,%,),y = (V1,"*»¥n) €
R" and a € R. The Euclidean norm, metric and inner product (usual dot
or scalar product) are, respectively, defined by

n
in Vi-

n
x> =Y x, d(xy) =|x—y|, and (x,y)=x-y=
i=1 i=1

for all x,y € R"”. With this inner product, it can be shown that R” is a
complete innerproduct space, that is, IR” is a Hilbert space.
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2.4.2 Points versus vectors

A point x € IR” can also be viewed as a vector given by the position vector.
The vector gives direction and magnitude. Where the initial position (now
it is the origin) of the vector is, is immaterial. This has a great advantage
in visualization. For example, consider a particle moving along a curve
which is at x(¢) € IR” at time ¢. So for a fixed 7, we view the position x(7)
as a point, whereas the velocity x(z) is also a point in IR”, but we view it
as a vector which is positioned at x(7).

Similarly, if A is an n X n matrix, we can see it as a linear mapping
A :R" — R" by the correspondence x — Ax. Now, for every x € R", the
point Ax € IR” can be viewed as a vector at x. Thus, A € M,,(IR), generates
a vector field in R”, where M, (IR) denotes the set of all real n x n matrices.
We will see this in the study of linear systems in Chapter 5.

With these notations, IR” is n dimensional and a standard basis can be
chosen as {eq,--- ey}, where g = (1,0,---,0),e; = (0,1,0,---,0),--- ey

n n

= (0,---0,1). Further, any x € R” can be written as x = Zx,-ei = Z

i=1 i=1
(x - €;) e, where x; is the coordinate of x in the direction of e; and is given
by the dot product of x and e;.

2.4.3 Linear operators

Let X and Y be finite dimensional vector spaces. A mapping 7 : X — Y is
said to be a linear operator or linear transformation if T (ax + By) =
o Tx+ B Ty for all x,y € X and for all scalars @, 8. The set of all linear
operators is denoted by .Z(X,Y) and if Y = X, we write .Z(X,X) =
Z(X). f Y =R, then T is called a linear functional and the set
X* = Z4(X,R), is called the dual space of X.

Suppose dim(X) = k and dim(Y) = m. Given bases {uj,--- ,u;} for X
and {vi,---,v,} of Y, we can represent T € £ (X,Y) by an m x k matrix

m
A whose columns are given by the coefficients of T (u;) = Z ajj vj, i =
j=1

1,2,---,k. This essentially means that X,Y, respectively can be viewed as
R¥,R™ as sets and complete identification is done if X is equipped with
an inner product. In particular, if T is a linear operator and A is the m x k
matrix associated with the standard bases, then Tx = Ax for all x € R*.
The spectral analysis of 7 is essentially the same as that of A.
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We notice that M, (IR) corresponds to the set of all linear operators
from R” to IR”. Given a norm |- | in R", we can introduce the following
induced norm in M, (R) as follows: For A € M, (R), define

|A|= sup |Ax] (2.4.4)

xeR”, [x|=1

which is same as

A
|A|= sup [Ax| = sup |Ax]|.
xeR", x#0 |X| xeR”, [x|<1

Note that for identity matrix I, we have |I| = 1. Using the properties of |- |
in R", it is not hard to verify the following:

1. |[A| >0; |A| =0 if and only if A =0,

2. |aA| = |al|A],

3. (Triangle inequality) |A + B| < |A| 4 |B],
4. |AB| < |A||B]

for all A,B € M, (R) and scalars a.

Any mapping from M,(R) — R satisfying the aforementioned four
properties is termed as a matrix norm. Note that a matrix norm satisfies
Property 4 in addition to the usual first three properties satisfied by any
norm. It should be noted that matrix norm need not lr?e an induced norm.
For example, if A = [a;;] € M,(R), define [A[2 = Y} |a;j|*. Then, |A|r

ij=1
is a matrix norm (but not an induced norm, why?) jand is known as the
Frobenius norm.

The norm induces a metric: d(A,B) = |A —B| in M, (R). This makes
it a complete metric space: every Cauchy sequence {A;} C M,(R)
converges to some A € M, (R), that is, |[Ay — A| — 0 as k — oo.

2.5 Matrix Exponential <A and its Properties

We next proceed to define the exponential of a matrix. Let A € M, (R),
define the sequence of matrices
A? Ak

Sp=T+A+ o+t
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Here, I is the identity matrix and A2 =AA A3 =A% A, .. Using the
properties of a matrix norm, it is easy to see that, for k > [,

k ‘A|j
Si=Si|< Y — = 0aslk— o
j=l+1 J*

Note that the term on the right side is a partial sum of the tail of the
(scalar) exponential e/Al. Thus, {S;} is a Cauchy sequence and
consequently converges to some S € M, (R).

Definition 2.5.1

Given A € M(IR"), the exponential of A, denoted by e® or exp(A), is
defined by

A = S,
k A]
where S = lim -
k%ooj:() J:
. = A
We also write e* = ) — - Note that A € M,(R). Clearly |e?] <
j=0J°
¢/Al, which is an interesting inequality. The computation of ¢® is not easy.
However, if A = diag (Ay,---,4,) is a diagonal matrix, that is, the main
diagonal entries are Ai,---,A, and all other elements are zero, then AX
is also a diagonal matrix with diagonal entries k", e ,),,f (show this by
induction) and hence, ¢* = diag (e’ll Lo ,eﬂﬂ).

Here are a couple of important observations:

1. Suppose that the matrix A is similar to a matrix B, that is, there exists
a non-singular matrix P such that B = PAP . Then,

B> = (PAP !)(PAP ') = PA(P 'P)AP ! = PA?P !,

and, by induction, we get Bf = PA*P! for any k = 1,2,---. This
implies that

B =PAP ! and A =P 'BP (2.5.1)

Thus, ¢® and B are also similar.
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2. Suppose A is represented as a block diagonal matrix:

Ay, O -~ O
A =diag (A1, ,Ap) = O A2 0
O o ... Ay

with square matrices on the diagonal (may be of different orders)
and the rest are O, the zero matrix. Then, it can be easily seen that
¢? is also a block diagonal matrix and is given by

A = diag (eAl,--- ,eAk) . (2.5.2)
Further, it is not hard to show that |A| < max{|Ai|,---,|Ax|} and
hence, |eA| < max{e/Al ... A/}, (Equality holds for the

Euclidean norm)

These observations motivate us to look for an invertible matrix P so that B
is diagonal and hence, ¢® can be computed easily. If such a matrix P exists,
then we say the matrix A is diagonalizable. If A is not diagonalizable, we
next look for a P so that PAP~! is a block diagonal matrix, with easily
computable e®i.

Diagonalizability is related to eigenvalues and eigenvectors of the
given matrix. To get an idea, suppose A = diag(4;,---,4,) and x = (0,
--+,0,x;,0,---,0) be a vector in the i coordinate direction. Then, the
action of A on x is Ax = (0,---,0,4;x;,0,---,0) and therefore, Ax also
lies on the same coordinate direction. Further, Ax is a scaled version of x
by the factor A;. The coodinate axes are invariant under A. Thus, for a
general matrix A, the idea is to look for n directions, if possible and A
acts invariantly along each of these directions and each vector in any of
these directions is a multiple of itself. Essentially, we are looking for a
new coordinate system or a new basis under which A is transformed to a
diagonal matrix.

More precisely, if T is a linear transformation and the usual coordinate
axes are all invariant under 7', then the matrix A corresponding to 7" with
respect to the standard basis is a diagonal matrix. If the usual coordinate
axes are not invariant under 7', then we look for n distinct directions, if
possible, which are invariant under 7. Taking these directions as a new
basis, the matrix associated with 7 in this new basis will be a diagonal
matrix. When this happens, we say that T or A is diagonalizable. If it is
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not possible to get any set of n distinct directions invariant under 7', then
T will not be diagonalizable.

2.5.1 Diagonalizability and block diagonalizability

Suppose there is a non-zero vector x € C"” and A € C such that Ax = Ax,
then we say A is an eigenvalue of A with the corresponding eigenvector
x. Note that x,A, in general, are complex, even though A is real. The
subspace {x € R"” or C" : Ax = Ax}, where A is an eigenvalue of A, is

-1 0
has no real eigenvalues, but the complex eigenvalues are given by A = =+i.

A sufficient condition for diagonalizability is as follows. Suppose A
has eigenvalues Ay, - - - , A, not necessarily distinct, with the corresponding
eigenvectors uy,---,u,. If u,---,u, are real and linearly independent,
put Q = [u; --- u,]. Then, Q € M,(IR) and is non-singular. Thus, with
P =Q !, we obtain PAP"! =B = diag(Ay,---,A,) and A is therefore
diagonalizable.

We next discuss block diagonalizability of a matrix, when it is not
diagonalizable. Let A € M,(IR). The eigenvalues of A are the roots of the
characteristic polynomial det(AI— A) which is a real polynomial in A of
degree n. The roots may be real or complex. The set of all eigenvalues of
A is known as the spectrum of A and is denoted by o(A). If 4 € 6(A) is
real, then, there is a real eigenvector x € R". Suppose u € o(A) is
non-real, that is, u = a + ib,a,b € R,b # 0 and u = x+ iy is a
corresponding eigenvector, where x,y € R”, that is, Au = pu. Expanding
and equating the real and imaginary parts, we get

called the eigenspace corresponding to A. The matrix A = [ 01 ]

Ax = ax—by and Ay = ay + bx. (2.5.3)

It is straightforward to verify that these vectors x and y are linearly
independent.
We now present some ideas on block diagonalization.

Invariant subspaces

Let M and N be two subspaces of R” such that M NN = {0}. We say M
and N are disjoint subspaces though 0 € M NN always. We say that R" is
a direct sum of M and N, if, by definition, for every x € R", there exist
unique y € M,z € N such that x =y+z. We denote the direct sum by
R" = M @ N. For example, R? = {(x,0) : x€ R}@{(0,y) : ye R}.


https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781108236843.003
https://www.cambridge.org/core

Preliminaries 47

We can also introduce the direct sum of more than two subspaces
My, - My as R" = M| & --- & M,, that is, each vector x € IR" has a
unique representation x =uy + ---+ug, where w; € M;,i = 1,2,--- k.
For example,

R} = {(x,y0) : x,ye R}®{(0,0,z) : z€ R}

= {(x,0,0) : xe R}&{(0,y,0):ye R}&{(0,0,z) : ze R}.
2.5.4)

Definition 2.5.2

A subspace M of IR is said to be invariant under a matrix A if A(M) C
M.

Assume R" = M & N, where M and N are invariant subspaces under
A € M,(R). Let dimM = k,dimN = [, so that n = k + [. Choose a basis
{uj,--,u} of M and {vy,---,v;} of N. Since M and N are disjoint
subspaces, we see that {uj,---,u, vy, --,v;} is a linearly independent
set and therefore, it is a basis of R". Let C; = [u; --- 1w and
C, = [vi -+ ;| which are matrices of order n x k and n x [,
respectively and define C = [C;  C;], which is an n x n invertible matrix
as its columns form a basis.

It is not hard to see that if A(M) C M and A(N) C N, then there exist
matrices A of order k x k and A, of order [ x [ such that

AIO]

AC=C
[0 Ar

and hence,

—1 A O . . .
C 'AC= , so that A is block diagonalizable.

0 A

In a similar way, it can be shown that if IR” is a direct sum of the subspaces
M,,--- ,My, each one of them invariant under A, then, there exists a non-
singular matrix C and square matrices A, -- - ,Ay such that

C'AC = diag(A1,--- ,Ay).
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Further,
CleAC = diag(e?!,- -, M)

The computation of A need not be easy in general. We shall next describe
a procedure to find a suitable C so that A are easily computed.

2.5.2 Spectral analysis of A

Let A € Mn(lR) and G(A) = {7L],--~ ,lk,u1,~-- NN TR ,,l_l[}, where
Ai,i = 1,---,k are the real eigenvalues and u;, fi;,i = 1,---,l are complex
eigenvalues with Im(u;) # 0. Thus, n = k + 2/; it may happen that / =0
or k = 0. If we get n linearly independent eigenvectors, then we see that
A is diagonalizable. The problem arises if we do not have enough
eigenvectors to form a basis of R”. In that case, we need to look for
additional vectors to form a basis. This is done by introducing the
concept of generalized eigenvectors.

Let A € 0(A)NR and m be the algebraic multiplicity of A, that is, its
multiplicity as a root of the characteristic polynomial, det(AI—A), det
denoting the determinant. Let N; = ker(A — AI) be the kernel or null
space of (A — AI), which is the eigenspace corresponding to A. The
number dim N is called the geometric multiplicity. This gives the number
of linearly independent eigenvectors corresponding to the eigenvalue A.
Note that the geometric multiplicity is always less than or equal to the
algebraic multiplicity. If they are not equal, there is a deficiency in the
number of eigenvectors, namely, the difference between them. Define the
generalized eigenspaces N; = ker(A — AI)/, j = 1,2,3,---. Clearly
N; C N, C --- and there exists a smallest integer d > 1 such that

N]CNZC ...... CNd:Nd+1:

Here, d is called the index of A. Further, it is easy to see that N;s are
invariant under A and a bit long to show that dim(N,;) equals algebraic
multiplicity of A. For j > 1,N;s are called the generalized eigenspaces. If
d = 1, then, geometric multiplicity = dim(N; ) = algebraic multiplicity and
we have the required number of eigenvectors corresponding to A. But if
d > 1, then we may look for generalized eigenvectors from No, N3, -+ ,Ny
to complete the deficient number of basis vectors, corresponding to A.
Let i be a non-real eigenvalue and let N; = ker(A — uI)/, j=1,2,---
and consider the real and imaginary parts of the vectors of a basis of N;.
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It is not hard to see that these real vectors are linearly independent. In
conclusion, we have the following theorem.

Theorem 2.5.3
Let A € M,(R).

Then, for each A € 6(A) real or non-real, there exists an invariant
subspace N, of IR” such that

dim(N,) = algebraic multiplicity of A if A is real
2/ twice the algebraic multiplicity of A if A is non-real

Further, Ny NN, = {0} if A # p and R” can be decomposed as
R” = N7L1 @"'@NM@NM@“'@NMP

where Ay,---,A; are distinct real eigenvalues and py,---, 1 are distinct,
non-real eigenvalues with positive imaginary parts. (]

As we observed earlier, A can now be block diagonalized as
C ' AC =diag (Ay,. . Ay Ay Ay).

Our aim is to find suitable bases for ), and Ny, so that Ay, and A, have

simple structures. Hence, exp(A;,) and exp(Ay;) can be computed easily.
Before proceeding further, we illustrate this with an example.

Example 2.5.4

Let A be an eigenvalue with geometric multiplicity 2 and algebraic
multiplicity 4.

Suppose that Ny C N, C N3 with dim(N;) = 2, dim(N,) = 3,
dim(N3) = 4. Choose a vector, denoted by us € N3, but ug & N,. Define
u; = (A —AD)ug,up = (A — AI)%uy = (A — Al)u;. Then, uz € N, and
u, € Nj. Further, {uy,u3,u4} is linearly independent. Since u, € Ny, and
dim(N;) = 2, we can choose u; € N; so that uj,u, are linearly
independent. Hence, {uj,u;,u3,us} is a linearly independent set.
Moreover, we have

Au; = Auy, Aup = Auy, Auz = up + Ausz, Auy = u3z + Augy.
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With C = [u;,up,u3,u4), a matrix with full rank, we obtain

A O
AC=C ,
Ay
A1 0
where A| = [A] singleton matrix and A, = | 0 A4 1
0 0 A

The submatrices A| and A, are called Jordan blocks. In general, the
number of Jordan blocks corresponding to an eigenvalue coincides with
its geometric multiplicity.

If w =a+ib, b # 0 is a non-real eigenvalue (complex eigenvalues
appear in pairs as A is real), the Jordan blocks corresponding to u are of
the form

B, b, O --- O
O B, L --- O (2.5.5)
O 0 - - B

WhereBzz[Z z},b:[(l) ?],0:[8 8]area112><2

matrices.

This analysis can be worked out for every eigenvalue and we get the final
decomposition known as Jordan decomposition theorem (JDT).

Theorem 2.5.5

[Jordan Decomposition Theorem] Given A € M, (IR), there exists a
non-singular matrix C such that

C'AC = diagonal(Jy,---J;), (2.5.6)

where each J; is a Jordan block corresponding to an eigenvalue of A. A
typical Jordan block is a square matrix and has the form
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A 1 0 0

A1 0
(2.5.7)

0 O A

if A is a real eigenvalue or takes the form (2.5.5) if A =a+ib, b # 0 is
a non-real eigenvalue. We remark that for each A, there may be several

Jordan blocks depending on its geometric multiplicity as we have seen in
Example 2.5.4.

2.5.3 Computation of ¢ for a Jordan block J

We begin with a simple observation. If A,B € M, (IR), which commute
with each other, that is, AB = BA, then, the following binomial theorem
holds:

k
(A+B)f =Y <k> A BFJ
=0 \J
fork=1,2,---. Further, 2B = ¢A . ¢B.
Assume J is a Jordan block of the block (2.5.7) of order r > 2
corresponding to a real eigenvalue A of A. Write, J = AI+ N, where, N
is a matrix such that the first upper diagonal have entries that are all 1:

o 1 0 --- 0

o o 1 - 0
N =

0 0 - - 0

Thus, since I and N commute with each other,

&) = M eN = AN = AN,

It is easy to see that N" = N"T! = ... = O, the zero matrix. Hence,

] 1 Nrfl
— I DRI
e e < + N+ +(r—1)!>
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The matrix N defined earlier is called a nilpotent matrix of order r. We
leave it as an exercise to the reader that if J is a Jordan block of order
r = 2m of the form (2.5.5), then

= diag (e®2,---,e") (I+D+- 4+ — |,

2(m—1)!
where
oL O --- 0
O oL -0
D= 2 and Bzz{a b}
—b a
O o o -0
Further, it is straightforward to see that eB2 = ¢ CO.Sb sinb . From
—sinb cosb
(2.5.6), it follows that
A = Cdiag(Jy,---J;) C,
A = Cdiag(eh, M) C! (2.5.8)

and for any ¢
&A= C diag(e’Jl,'-- ,eth) c
Hence,

le'A| < |diag(eT1,-- -, ek | < max |,
1<i<k

With some more computation, one can prove the following theorem (using
the representation of e¥). See [CL72].

Theorem 2.5.6

Suppose 6(A) C {A € C : Re A < 0}. Then, there exist positive
constants k, r such that

e'A| < ke™™, forallt > 0. (2.5.9)
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2.6 Linear Dependence and Independence of
Functions

Recall the vector space V, introduced earlier, of all the real valued
functions defined on a non-empty set /. Two vectors uj,up € V are
linearly independent if aju; + asup = O implies a; = a, = 0. Here,
aju; + apup = 0 means that aju;(r) + apus(t) = 0 for all t € I.
Otherwise, u1,up are linearly dependent. Of course, the definition can be
extended to a finite collection of functions.

We now discuss some sufficient conditions for two functions to be
linearly independent. For any two points #1,t, € I, t; # 1, if the matrix

ul(tl) Mz(l‘])

ul(tz) uz(l‘z)
see this, let aju; + arup = 0. Thus,

} is non-singular, then u; and u, are independent. To

ap ul(tl) +a uz(l‘l) =0

ajy ul(l‘z) +ap uz(lz) = 0.

The non-singularity of the matrix implies that a; = 0 = a,. Since the class
V is too large, we cannot make a statement about the converse. We now
consider a special class from V. Let C'(I) be the class of continuously
differentiable functions defined on 1. Clearly C'(I) C V, which again is a
subspace of V. In the class C'(7), we get a simpler sufficient condition for
linear independence. For uj,u, € C 1 (1 ), define the Wronskian of uy,us,
denoted by W = W () = W (uy,uz)(t) by

W(ul,uz)(t) = Ml(l‘)b'tz(l‘) —Lll(t)uz(t), tel,

which is the determinant of the Wronskian matrix [ " (1) "2 (1 } .
iy (1) i (1)

It is not hard to see the following. Suppose u;,uy € C'(I). If there is a
point zy € I such that W (#y) # 0, then u;,u; are linearly independent.

The converse need not be true. The functions u1 (1) = £3,us(¢) = ||,
t € I = [~1,1] are in C'(I) and are linearly independent, but
W (ui,uz)(t) = 0 for all ¢ € [—1,1]. This easy verification is left as an
exercise for the reader.

It is interesting and important that this situation does not occur when
we deal with functions which are solutions of linear second order ODE, as
will be shown in Chapter 3.
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2.7 Exercises
1. Consider f; : [0,1] — R defined by

( 1

k2x, 0<x<-—

X _x_k

2 1 2

x)=4¢ K[ =- - <x<Z

Ji(x) <k x>, P SAs< o
2

Show that fi(x) — f = 0, not uniformly and [j fi(x) = 1,
Jo F(t)dt =0.

2. Prove the following:

(a) Show that f(x) = |x|'/? is not locally Lipschitz at 0, that is, f
is not Lipschitz in any interval (a,b) containing the origin. But,
it is Lipschitz in any interval (finite or infinite) away from the
origin. More specifically, prove that it is Lipschitz in (a,b) if
a > 0 and it is Lipschitz in (a,b) with b < 0. Is it Lipschitz in
(0,1)? Justify your answer.

(b) Write down 3 different solutions for i = |x|'/? satisfying
x(0) =0.

3. Discuss the Lipschitz continuity of the following functions with
respect to y.

@ f(t.y) =y’

®) f(t.y) = /Dl
4t3y
© flt.y)=4 ) (t.y) # (0,0)
0 (t.y) = (0,0)
(d) f(t,y)=tlylon D:|t| <a,|y| <bh
(e) f(t,y) =tsiny+ycost D:|t|<a,ly|<b

(® f(t,y) = y+ [t] on a bounded domain D in R?, where []
denotes the greatest integer less than or equal to #. Note that f
is not continuous in .
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11
01
proving A has only one eigenvalue and the corresponding
eigenspace is one dimensional. Thus, it will not be possible to
obtain two linearly independent eigenvectors.

4. Show that the matrix A = [ is not diagonalizable by

2.8 Notes

In this chapter, we have merely listed some results from analysis and
linear algebra which are used throughout the book. For a comfortable
understanding of the book, the reader is advised to get familiarized with
these basics. A good course on basic analysis and linear algebra will be
sufficient to follow the book. Quite often, the beauty and importance of
many interesting notions like diagonalization, eigenvalues and
eigenvectors are hidden in the abstraction. We have made an effort to
introduce these notions in a very natural way and hence, the
diagonalization of matrices is no longer unreachable to undergraduate
students. There are many books for both linear algebra and analysis; for
example, see [Apoll, BSO5, Rud76] for analysis and [Apoll, HK97,
Kum00, Str06] for linear algebra.
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First and Second Order Linear
Equations

3.1 First Order Equations

Recall from Chapter 1 that a general first order equation is written as

f(t,y,y) =0, (3.1.1)

where y = y(t), is the unknown function to be determined. Since this
equation is extremely difficult to deal with, a slightly simpler, but quite
general, possibly non-linear equation is given by

y=f(t.y). (3.1.2)

This is a regular form of first order equations. Equations with vanishing
coefficient of y (highest derivative term for higher order equations) are
classified as singular equations. These equations are difficult, but can have
interesting features. We will see examples later.

In Chapter 1, we have given many interesting examples with explicit
solutions for some of the problems. In this chapter, we plan to study a
special class of ODE, known as linear ODE. In fact, we study in detail,
the first and second order linear equations. It is an interesting fact that
every equation of the n™ order can be transformed into a system of 7 first
order equations. A detailed study of linear systems will be carried out in
Chapter 5. Before going to the linear equations, we briefly discuss initial
value problems (IVP) and boundary value problems (BVP).
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3.1.1 Initial and boundary value problems

There is a nice and beautiful theory regarding the existence and
uniqueness of solutions to the differential equation or system of equations
of the form (3.1.2) under suitable assumptions (like continuity and
Lipschitz continuity etc.) on f which we will present in Chapter 4. We
would like to remark that the uniqueness is proved for the initial value
problem, that is, for the equation (3.1.2) together with a given initial
condition of the form

y(to) = yo. (3.1.3)

This is relevant and essential in practical problems. Naturally, after the
invention of differential calculus, solutions of first order ODE became part
of the theory of integral calculus. That is, given a function f = f(t), does
there exist an antiderivative? In other words, given a function f = f(¢),
does there exist a function y = y(#) such that

y(t) = f(1). (3.1.4)

t
Then, we may write y(¢) = / f(7)dr, that is, y is an antiderivative of f.

We use the notation [ f(7)dt or [* f(t)dt to denote an antiderivative of
f, throughout the rest of this book. Using the area concept and continuity
assumption on f, we indeed prove that such a function y exists. In fact, all

t
the solutions are given by y(7) = / f(t)dt+C, where C is a constant.

This really is the content of the fundamental theorem of calculus. Thus, if
we know the value of y at some point, say at ty, that is, y(to) =9, then C
can be determined uniquely, as C = y( and the solution is

ﬂﬂ=m+[fuwr (3.1.5)

In many situations, even for ‘smooth’ functions f, we may not be able to
integrate f explicitly to obtain y, which shows the difficulty even at this
stage of dealing with the simplest differential equation (DE) (3.1.4). In this
case, we can only say that y has a representation. For example, the function
flr)y=¢ ? cannot be integrated explicitly. Now, physically, the solution of
IVP (3.1.4), (3.1.3) can be viewed as a function describing the motion
of a particle starting from the point yg at time 79 with the velocity of the
particle at time 7 > 1q is f(¢). More specifically, we may ask the question
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that knowing the instantaneous velocity (f (7)) of a vehicle moving on a
straight road, is it possible to determine its position (y(¢)) at any instance
of time (7)? The answer is affirmative if the starting point yo at an initial
time ¢ = 1y is known and f satisfies a continuity condition. If the DE is
non-linear, that is, f = f(¢,y) depends nonlinearly on the unknown y as
well, it means that the velocity at time ¢ not only depends on time ¢, but the
position y = y(¢) at time 7 also. In any case, this results in the following
general IVP :

y=f(t.y)
(3.1.6)

y(to) = Yo

If we have a second order equation in regular form, namely y = f(z,y,y),
then by putting y; = y and y, = y = y1, the second order equation can be
written as a system of two first order equations for the two unknowns y;
and y; as

Y1 =y2,y2 = f(t,y1,y2).

Thus, we have two first order ODEs to be integrated (though they are
coupled) and hence, we require initial conditions for each variable y; and
ya; y1(to) = y(to) = °, y2(to) = ¥(t) = y'. Thus, one form of the initial
value problem for the second order equation is given by

y=f(t.y.y)
(3.1.7)

y(t0) =3°, ¥(10) =y

It is possible to formulate other types of initial value problems which are
physically relevant.

We now briefly discuss boundary value problems. There are many
interesting physical problems described by second order equations
defined on an interval [a,b]. The examples include Bessel’s, Legendre,
Hermite, Mathieu equations and physical conditions are given at the end
points, namely at the boundary of the interval [a,b], in contrast with
(3.1.7), where conditions are prescribed only at one point. Such systems
are generally classified as regular or singular Sturm—Liouville systems.
Hence, a typical boundary value problem (BVP) for a second order
equation in regular form can be stated as
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y = f(t,y,y) fort € (a,b)
(3.1.8)

ary(a) + Biy(a) =71, y(b) + By(b) = 1

We remark that boundary value problems are generally more difficult than
initial value problems. We will discuss some of these issues in Chapter 7
and Chapter 9.

3.1.2 Concept of a solution

In the integral calculus problem, we have seen that it may not always be
possible to integrate the given function to get the solution in an explicit
form. In fact, the solution may also be given implicitly as an algebraic
relation between ¢ and y as we have seen in the nonlinear model for the
atomic waste disposal problem in Chapter 1. Thus, the concept of a
solution itself has to be viewed in a very general sense, like: may exist,
but may not have an explicit/implicit formula; may have an implicit
relation; possible to represent y in terms of ¢ (explicitly); may be
represented as a power series. It is unfortunate that in most practical
problems, we may not be able to obtain a solution to the DE in the
implicit/explicit form. This necessitates the importance of studying
differential equations (DEs) from the point of view of mathematical
analysis and numerical computations. Thus, we may ask various
questions regarding the solutions of differential equations like methods to
solve DEs; existence, uniqueness, and continuous dependence on the
initial data; numerical methods and computation; qualitative analysis like
stability, large time behavior (IETwy(I)) and so on. Existence,

uniqueness, continuous dependence on the initial data, continuation of
solutions etc. will be the topics of discussion in Chapter 4, whereas
qualitative analysis for systems of linear and nonlinear equations,
respectively, will be studied in Chapter 5 and Chapter 8.

Definition 3.1.1

[Solution] Let f be defined in a rectangle R := (a,b) X (c,d)
containing the initial data (Z,yp). A solution to the IVP (3.1.6) is a
function y : (@,b) — R which is differentiable and satisfies the DE
(3.1.6) together with the initial condition y(#p) = yo. O
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This means that for each 7 € (a,b), y(t) € (c,d) and y(r) = f(z,y(r)) and
¥(t) = yo. The interval (a,b) is referred to as an interval of existence of
the solution. Here, #y € (a,b) C (a,b) for some interval (a,b) and
y(t) € (¢,d) for all t € (a,b). If (a,b) = (a,b), then we say y is a global
solution to the IVP; otherwise, it is known as a local solution. If the
function f is continuous, then y is continuously differentiable, that is
y € C'(a,b). Tt is also possible to define a weaker notion of the solution
concept. Throughout this book, we will assume that f is continuous and
hence, we seek a solution in C!(a,b).

A similar concept of a solution may be extended to a system of first
order equations. Let f: (a,b) x 3 — IR" be a vector valued continuous
function so that f = (fi,---, f,) and each f; is a real valued continuous
function, where () is an open domain in IR”. For a given initial value yg €
), the IVP is given by

y=f(t.y)
(3.1.9)
y(t0) = Yo

Thus, a local solution to the system (3.1.9) is a smooth function
y € C'((a,b),Q) satisfying the aforementioned system. The definition of
a solution can also be extended to higher order equations of order k, in a
similar fashion by demanding that the solution is k times differentiable in
an appropriate interval.

3.1.3 First order linear equations

We have already classified differential equations by their orders. In
addition to the order classification, we can also classify them as linear
and nonlinear ODEs. In this chapter, we will study first order and second
order linear equations. There is a rich theory regarding linear ODEs and
systems of linear ODE, developed invoking the machinery from linear
algebra and analysis. Recall that the general first order ODE can also be
written in the form f(z,y,y) = h(t), where h consists of all the terms that
does not involve the unknown y and its derivative y. Now treat f as a
function of y,y. The equation is said to be linear if f(t,0(z1,w1)+
B(z2,w2)) = ouf (t,z1,w1) + Bf(t,z2,w2) for all real numbers «,f,z,
wi,2z2,w and all r. Note that we do not demand linearity with respect to
t. If the ODE is linear, it is an easy exercise from linear algebra that f

takes the form f(¢,y,y) = po(t)y+ p1(2)y.
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Thus, the first order general linear, homogeneous ODE is given by

d .
Ly= (po(l)a +p1(t))y = po(t)y+ pi(t)y =0. (3.1.10)
The corresponding linear, first order, non-homogeneous ODE can be
written as

Ly =q(t), (.1.11)

where pg, p1 and g are given functions of ¢. More precisely, it is linear in
the sense that the differential operator L defined by Ly = po(t)y + p1(t)y
is linear in the class of functions where it is defined. That is, L(y; +
y2) = Ly; + Ly, and L(aty) = aL(y), where o is any scalar. The set of
all solutions of Ly = 0 has a linear structure. The importance of the linear
structure lies in its superposition principle; that is, if y;,y, are solutions of
the homogeneous equation Ly = 0, then ay; + By, is also a solution for
any constants o, 3.

When the coefficient of the highest order term, namely pg, vanishes
at one or more points, the equation can bring surprises and is much more
difficult to handle. Such equations are classified as singular equations. A
few examples of second order singular equations that occur in applications
are Bessel’s equation, Legendre equation, Lagrange equation. We will
not pursue such equations in this book; however, the reader can refer to
[BRO3]. We only present here two simple examples. Later, in Chapter 6,
we deal with some more examples.

Example 3.1.2

Consider the equation ty — 2y = 0.

2
Equivalently, y = Ty when ¢ # 0. Separating the variables and integrating,

we obtain the general solution as y(¢) = Ct?, where C is a constant. For
any fixed C, the solution y, therefore represents a parabola in the t —y
plane passing through the origin. Thus, if we consider the IVP for this
equation with the initial value y(0) = 0, there are infinitely many solutions
satisfying the initial condition, but no solution if the initial value is y(0) =

yo # 0.
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Example 3.1.3

. . t
Consider the equation y = ——.

We can easily see that y and ¢ satisfy the implicit equation y* + > = C?,
where C is a constant, which implies y = £vC?—? and |t| < |C|.
Therefore, for —|C| <t < |C|, there exist solutions. The solution is not
defined for |t| > |C].

A general regular (that is, the coefficient of highest order term is never
zero) first order linear ODE can be written as

Ly:=y+p(t)y=q(t), (3.1.12)

where, p and g are functions of . We assume that p and g are continuous
functions of t. For the basic equation, namely the integral calculus
problem, y = f(t), the general solution is given by

o= | "H)dr+C.

Now recall the linear equation (3.1.12) and consider the corresponding
homogeneous equation Ly = 0; that is, y + p(r)y = 0 or y = —p(¢)y.

Writing this formally as: L p(t), an integration gives
y

%log ly(1)] = —p(t)

and therefore

|ly(¢)| = Cexp <— /zp(r)dr> , that is,

y(r)exp (/tp(f)dfﬂ:a

where C is a positive constant. Since y(r) exp ([’ p(7)d7) is a continuous
function, we get

¥(t)exp < / ’ p(r)dr) —C or y(t)exp < / t p(r)d‘r) _ ¢

In either case, we can write

3(t) = Cexp (- /tp('r)dr> (.1.13)
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for some arbitrary constant C. The reader should verify that if f is a
continuous function defined in an interval in IR whose modulus is a
constant, then f itself is a constant. It is also easy to directly verify that y
given by (3.1.13) indeed satisfies Ly = 0.

Remark 3.1.4

From this discussion, we see that a solution of the IVP

y+p(t)y =0, y(to) = yo. (3.1.14)

1
is given by y(¢) = yoexp (—/ p(’c)dt’c). The uniqueness of this
fo

solution follows from the general theory explained in Chapter 4. [

However, in this simple situation, we can prove the uniqueness directly
without appealing to the general theory. Suppose z is another solution to
the homogeneous linear equation Ly = 0 and consider the function x(¢) =

t
z(t) exp ( / p(t)d T> . Then, it is easy to verify that X = 0 which implies

)
t
x is a constant. Thus, z(7) = Cexp (—/ p(T)dT). Since z satisfies the
fo

same initial condition z(7) = yo, we get z =y, proving the uniqueness of
the solution. (see also the exercise section.)
We now consider the non-homogeneous equation

y+p(t)y=q(z). (3.1.15)

Note that we obtained a solution to the first order linear homogeneous
equation by reducing it to an integral calculus problem, namely, A(t) =
—p(t), where h(t) =log|y(t)|.

In a similar fashion, for the non-homogeneous problem, if it is possible
to find a function A(z) such that

Ly=y+p(t)y=h,

then solving (3.1.15) is reduced to an integral calculus problem. That is,
we just need to integrate 41 = ¢(¢) to obtain a solution. In this situation,
the equation (3.1.15) is referred to as an exact differential equation
(EDE). However, this may not be possible in general. If p(7) is any
differentiable function, then 4 (uy) = uy + fty. A comparison of this
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with the expression on the left side of (3.1.15), suggests that if we
multiply (3.1.15) by p(z), the resulting equation may become an EDE.
This is the idea behind the concept of an integrating factor. Thus, we
consider the equation

p(0)y(e) + (@) p(e)y(r) = w(r)q(1). (3.1.16)

If u is positive, then any solution of (3.1.15) is a solution of (3.1.16) and
vice versa. The term on the left hand side of (3.1.16) can be written as
4 (uy), provided p satisfies 1 (t) — p(t)u(t) = 0. Thus, (3.1.16) is exact.
Note that the equation satisfied by u is a homogeneous linear DE in pu

t
and hence, L(r) = exp ( / p(r)dr) is a solution and it is positive. Thus,
(3.1.16) becomes

(e ([ pmrae)s) =exo ([ pe1ae) ate)

which gives

exp ( / t p(f)dt) )= | "exp ( / ' p(r)dr) d(s)ds+C

and we have the general solution as

¥(t) = exp (— /tp(’c)df) {/tq(s) exp (/sp(r)df) +c] .

So, we have basically solved a homogeneous equation to get the solution
of the non-homogeneous equation. The function p(¢) is called an
integrating factor (1.F) associated with the homogeneous part.

Consider the differential equation y 42ty =¢. Here, the LF. is of 2dt —
¢’. Thus, e (y+ 2ty) =te'", which implies

d

E(yetz) = te’ :>yet2 = /te"2 +C

1
or y(t)= 2 +Ce "
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Another class of equations which can be explicitly integrated are the
variable separable equations.

3.1.4 Variable separable equations

Recall the general regular ODE y = f(z,y). If f(z,y) has the form f(z,y) =
h(t)g(y), where h is a function of ¢ alone and g is a function of y alone,
then the equation is called variable separable and can be solved as

/g‘g) = [noyar+c (3.1.17)

Equation (3.1.17) can be interpreted using the change of variable formula
for integration as follows: Since y is function of ¢, the change of variable
formula gives

/;g):/g(yl(t))y(t)dt:/h(t)dwrc,

using the given ODE. This is precisely (3.1.17), which is usually

d
(symbolically) written as & = h(t)ds.

g(y)
Example 3.1.6

Consider the equation y = ty.

Separating the variables and integrating using the change of variable

formula, we get log|y| = %%—Cl, that is, |y| = Ce’2/2,C > 0. We may

conclude that y = Cy e’ /2

Example 3.1.7

Consider the second order equation j = r%y.

, for an arbitrary constant Cj.

Putting y = v, we reduce the given equation to a first order equation for
3
v : v = t?v. Solving the latter equation, we obtain v = Cle% for some
3 t 3
constant C;. Therefore, y = Cle% and thus, y = C / e dt +C,, with G

another constant.
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Example 3.1.8

Consider another second order equation

¥ =1(1+1),y(0) =1, y(0) =2.
Putting y = v, we have v = 7(1 +¢) with v(0) = 2. This can be written

d 2
as 7 <‘}2> = t(1+1). Integrating and using the initial condition, we get
Vo2 8

> = 3 + 3 + 2. That is, v? = > + %t3 + 4. Therefore, we have

/324263 + 12
y = = L and solving it gives us

= i—/ vV 12+3s2+2s3ds—|—C Using the initial values, we
have y(r) = lzlz— / V124352 +2s3ds.

We remark that more generally, a second order equation of the form
y = f(t,y), where f does not contain y explicitly, may always be reduced
to a first order equation for y. Once y is obtained, finding y reduces to an
integral calculus problem.

3.2 Exact Differential Equations

We next consider a class of equations termed as exact differential
equations. We have already encountered such an equation while
attempting to solve a first order linear non-homogeneous equation. If the

d
equation y = f(¢,y) could be written as E(p(t,y) = 0 for some two

variable function @ in a domain in the (,y) plane, then we can represent
the solution implicitly as ¢(z,y) = C, a constant.

Definition 3.2.1

d
If the differential equation y = f(z,y) can be written as d—(p(t y(1)) =

0 for a two variable function ¢ in a domain in the (7,y) plane, then the
differential equation is said to be an exact differential equation (EDE).

0
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Example 3.2.2

d
The equation 1+ cos(7+y) +cos(¢ +y)y = 0 can be written as o [t+

sin(f 4+ y)] = 0 and hence is exact. The solution is implicitly given by
t+sin(r +y) = constant.

We will consider a first order equation in a little more general form:
M(t,y) +N(t,y)y=0 (3.2.1)

Of course, M = —f,N = 1 will give y = f(¢,y). Similarly, taking N = 1
and M(t,y) = p(t)y, we obtain a linear homogeneous equation. But the
present form has an advantage that the equation y = f(7,y) can be written
in the form (3.2.1) for different choices of M and N out of which certain
representations may be exact and others not. For example, f can be

written as T; it can also be written as s for any non-zero u = u(z,y).

This is essentially the process of making an equation exact by
multiplying by suitable functions. We will also write (3.2.1) in a more
traditional (symbolic) way as Mdt 4+ Ndy = 0. We now ask the question
that under what conditions on the given functions M and N, the equation
(3.2.1) is exact? The equation (3.2.1) is exact if and only if there exists a
function ¢ = @(z,y) such that

. d _do Jdo.
M(t.y) +N(ty)y = o(ty) = -+ e
Therefore, if there exists ¢ = @(z,y) satisfying
_9¢ _ 99
M(t,y) = ait,N(t,y) = Ty,

then, (3.2.1) is exact.
The aforementioned conditions involve not only the given functions M
and N, but also the unknown function ¢. If we assume that @ is twice

differentiable with respect to both the variables, we immediately arrive at
oM  ON
the necessary condition = by using the equality of the mixed
y
Po _ e
dydt  dtdy’

partial derivatives:
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Question: Given two functions M, N, does there exist a function ¢ such

_de 09

Theorem 3.2.3

Assume M, N are defined on a rectangle D = (a,b) X (¢,d) and M,N €
C'(D). Then, there exists a function ¢ defined in D, such that M =
e ) oM ON

—— and N = —— if and only if —— .
8ta aylan only i Jy >

——7? The answer is given in the following theorem.

Proof:  If there exists a @ satisfying the conditions in the theorem, then

the first relation M = a—(f, suggests that ¢ must be of the form ¢(z,y) =

[ M(t,y)dt + h(y), for some h, which is a function of y alone. To satisfy
the second relation, we must have

do  [IM dh
i 8< y)dt +—. (3.2.2)

N =
dy
Therefore, we have a first order ODE for /4 as

*(y N(t,y)— / 2 (t.y)d (3.2.3)

Note that on the left hand side is a function of y alone and hence, so should
there be on the right side. Therefore, the right side is independent of ¢ and
thus, we get

5; [N(;,y) - / %A;I(t,y)dt} —0.

Note that the integration in the second term is with respect to ¢ and hence,
on differentiation with respect to ¢, we arrive at

ON oM
ot dy’
which is the necessary condition.
ION oM
On the other hand, if M and N satisfy the condition o oy we
Yy

show how to obtain ¢ as follows. Let (79,yo) € D be a fixed point. Define
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o(t.y) = [ M(s.y)ds+h(y).

fo

where / is to be determined. Therefore,

do (1M dh
— —— S, ds “I’ i
"IN dh

- fo W(s’y )ds + d7y using the given relation

dh
=N(t,y) —N(ty, —.
(t.y) (oy)+dy

Therefore, the second relation, namely %—(5 = N, is satisfied if we choose h
such that %’ = N(to,y). But, this is an integral calculus problem for 4 and

y
we obtain h(y) = / N(t9,&)d&. Thus, the required function is given by
Yo

t y
¢(t.y) = | M(s.y)ds+ | N(10.5)dS.

fo Yo
O
We remark that ¢ is determined only up to a constant. Thus, if we change
to, Yo in this equation, only the constant term is going to change. Therefore,
the role of #y,yg is minimal and one can discard all the constants in the
expression for ¢. We will observe this in the following examples. First,

make the following definition.

Definition 3.2.4

The DE, M(t,y) + N(z,y)y = 0 is said to be exact if 8811;1 = 88];/
The DE, 3y +¢' + (3t +cosy)% = 0 is exact.
We have
M =3y+eé', N=3t+cosy, and thus oM _ 3= N

dy ot
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Ip ¢

Therefore, M = 5 that is 5= 3y+ €' which gives @(t,y) = 3yt +

d dh

¢ + h(y). Differentiating with respect to y, we get N = a—(p =3t+ e
y y

dh
Thus, i cosy or h(y) = siny. We may take the constant of integration
y
as 0. Hence, ¢(t,y) = 3yt + €' + siny. Therefore, the given DE can be
d
written as E(p(t,y) = 0. The solution is given by @(z,y) = 3yt +¢' +

siny = constant.

We now discuss the notion of an integrating factor. If the DE (3.2.1)
is not exact, we may possibly make it exact by multiplying it with a
suitable function, which is called an integrating factor (1.F.). Multiplying

(3.2.1) by u(z,y), we get
u(e.y)M(t.y) +u(t.y)N(1.y)y = 0. (3.2.4)

Note that if the function g > 0, then any solution y of (3.2.4) is also a
solution of (3.2.1) and vice versa. Equation (3.2.4) is exact if and only if

) d e
a—y(,uM) = E(MN)’ which implies

8/.1M oM 8/.LN JdN

oy TGy = N TS

If this equation has a solution i, then (3.2.4) is exact and u is an LF. of

the original equation. As (3.2.5) is a PDE for u, it is more difficult to

solve and goes beyond the realm of ODE! However, since we have some

freedom in choosing u, we will try to choose it as simple as possible, say

U is a function of only ¢ or only y. Fortunately, such an assumption works
in many situations.

Consider a special case 4 = pt(z) is a function of ¢ alone. Then, (3.2.5)

3.2.5)

oM oN .
becomes 1(r) [07)] — 3t] = [t(¢)N and hence,
B 1 (oo
u(t) N\dy adt)’

As the expression on the left is a function of ¢ alone, this equation makes
sense only when the expression on the right side is also a function of ¢
alone, say R(t); then one can find an LF. u(t) = exp (/" R(t)dt).
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1 (ON OIM
Similarly, if the expression i (8t — Iy

then we can choose u as function of only y.

Example 3.2.6

Consider the linear equation y + p(1)y = ¢(z).

> is a function of y alone,

Here,

M= p(t)y—q(t),N = 1.

N\ay o) P

t
Hence, u(t) = exp </ p(t)dt) is an LF. as we have already seen

Now

Section 1.2.

Example 3.2.7

Consider the equation

d
2tsiny +ye’ + (> cosy + 3y°e’) i

=0.
dt

Here, we have M = 2tsiny + y3¢’ and N = r>cosy + 3y?¢’. Thus,

oM OJN
Fa (2tcosy +3y%e’) — (2t cosy + 3y?e’) =0,

which shows that the given equation is exact. So we have
t
o(t,y) = / (2tsiny +y3e')dr + h(y) = *siny +y’e' + h(y).
Now

0 dh
AL 2cosy+ 3y + —.

N =1t 3y%el =
cosy+3y“e Iy dy
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dh
Therefore, d—(y) = 0, h(y) = constant. We can take @(t,y) =
y

d
3¢!. The equation becomes E(tzsiny + y%') = 0 which

t?siny + y

implies > siny + y’¢’ = k, a constant.

Example 3.2.8

Consider the DE ty—2y = 0.

For ¢ > 0, we can see that the function u(t) = % is an integrating factor
t
. dryyy 1.2 oo :
since o (72) = t—2y — t—3y = 0. Thus, y = ct* is a solution for any
constant c.

3.3 Second Order Linear Equations

In Chapter 1, we have seen interesting examples of the
spring—mass—dashpot system and the LCR circuit leading to second order
linear equations with constant coefficients. Newton’s second law of
motion, describing the motion of a body under the influence of a given
force, is another example. We can also write the second order equation as
a system of two first order equations. In fact any n" order equation can be
written as a system of n first order equations. This will be seen in
Chapter 5 dealing with linear systems.

We have introduced in this chapter the IVPs for the second order ODE
together with two initial conditions. Now, we will study the following IVP
for general, regular, second order linear equations:

V+pt)y+qt)y=r(t), t€l,
(3.3.1)
y(t0) = yo, y(t0) = y1.

Here p,q.r are real valued continuous functions in a given interval [/
containing fy and yo,y; are given real numbers. We denote by I(1y), a
general interval containing #y. As introduced earlier, a general second
order equation can be written in the form f(z,y,y,7) = 0 and a second
order linear differential equation (SLDE) is given by

Ly=3j+p(t)y+q(t)y=r(1). (3.3.2)
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If r(¢) = 0, the equation is called a homogeneous SLDE (HSLDE). The
operator Ly = L(t,y,y,y) is multi-linear, that is, L is linear in (y,y,y).
More precisely, if we define L(t,y,z,w) by L(t,y,z,w) = w+ p(t)z+
q(1)y, then it is linear in (y,z,w). That is, L(a(y1,z1,w1) + B (2,22, w2))
= oL(y1,z1,w1) + BL(y2,22,w2) for all real numbers o and 3. We can
also see this inzanother way. We view L as the differential operator given
by Ly = (jtz —|—p(t)% —|—q(t)> y. Then L is linear in y, that is,
L(ayy1 + azy2) = aiLy + asLys, for any C? functions y,y; and scalars
ai,ap. Further, if y and ¥ are two solutions to the homogeneous equation,
then ay + By is also a solution of the homogeneous system for all
constants o and . This is known as the superposition principle and it is
an important and useful property of linear equations.

Unlike the case of a first order equation, it is not possible to solve the
equation (3.3.2), in general, to obtain a solution of (3.3.1) in explicit form.
This necessitates us to do analysis for second and, more generally, higher
order equations like existence, uniqueness, etc., which are discussed in
Chapter 4. The proof of the existence theorem is similar to the one for
the general first order equations using Picard’s iterations. In fact, (3.3.1))
can be converted to a first order system and then Picard’s iteration can be
employed to obtain the existence of a solution.

Theorem 3.3.1

([Sim91]) Let p,q,r be continuous functions defined in a compact
interval I(fy) and yo,y; be any two real numbers. Then, the IVP
(3.3.1) has a unique solution y defined in I(#y) satisfying y(79) = yo,
¥(to) = 1.

We remark that the compactness assumption on /(# ) may be relaxed, if we
assume that the functions p, g and r are bounded in /(y). See Chapter 4.

As we do not have a general procedure to obtain a solution for second
order equations like in the case of first order equations, we need to have
methods, if possible, to obtain solutions in addition to the existence and
uniqueness of a solution. We now try to understand the structure of the set
of solutions via linear algebra.
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3.3.1 Homogeneous SLDE (HSLDE)

By taking » = 0 in (3.3.1), we will first study the homogeneous
equation

Ly :=3+p(t)y+q(t)y =0. (3.3.3)

Proposition 3.3.2 ‘

Let z,w be two solutions of (3.3.3) in some interval. Then, for any
o,B € R, the function y = az+ Bw is also a solution to (3.3.3).
Further, if z and w are two linearly independent solutions of HSLDE
(3.3.3) in an interval I(zy), then every solution of HSLDE (3.3.3) is
given by y = az+ Bw, where a and 3 are suitable constants.

A general solution of HSLDE therefore is a linear combination of any two
linearly independent solutions of HSLDE.

Proof: The first part of the proposition is trivial to verify. Now, let y
be any solution of (3.3.3) with yo = y(#9) and y; = y(#9). We now show
that there are constants o and f3 such that y(z) = az(z) + pw(z), for all
t € I(tp). In particular, taking 7 = fy, we see that o and 8 should satisfy
the 2 x 2 matrix system

z(to) o +w(to) B = yo,
(3.3.4)

(to)a+w(t0)B = 1.

This equation is solvable uniquely for a and B if and only if

z(to) w(to) .
det [ H1o) w(to) ] # 0. Define Wronskian W of z,w by
W(r) = det [ 4) wh) ] =z(t)w(r) —z(t)w(z). (3.3.5)
z(t) w(r)

Thus, the system (3.3.4) is uniquely solvable for ¢, B if W (y) # 0. In fact,
if z,w are linearly independent, then we have W (r) # 0 for all 1 € I(19).
To see this, consider

d .

ZW(I) =2 —iw= —p(aw—iw) = pW
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3
z, w satisfies (3.3.3). Thus, W is given by W (1) = Cexp </ p(t) dt), for

some constant C. Hence, W =0 if C = 0. If C # 0, then W (z) # 0, for
all 7.
The following proposition will complete the proof of Proposition 3.3.2.

O
Proposition 3.3.3

W = 0if and only if z and w are dependent.

Proof. If z and w are dependent, that is, either z = kw or w = kz for some
constant k, then clearly W = 0. On the other hand, assume W = 0. If
one of z,w is identically zero, then z,w are linearly dependent. So, assume
z# 0 and w # 0. Since z is continuous, there is an interval [c,d] C I(to)
such that z(¢) # 0, for all 7 € [c,d]. Thus, for all 7 € [c,d]

O_K_ZW—Z‘W_E w
2 2 dr\z )’

Thus, we get w = kz in [c,d]. Observe that both w and kz are solutions
to (3.3.3) in I(#y) with the same values in [c,d] (in particular, they can be
treated as initial conditions). Thus, by uniqueness, w = kz in I(#y). Hence,
z,w are linearly dependent.

This also completes the proof of the theorem since now there exist
unique «, f satisfying (3.3.4). It follows then that y = oz + Bw. (]

Let S be the set of all the solutions to the homogeneous equation Ly = 0.
By the superposition principle, it is easily verified that S is a linear space
and it is a subspace of the infinite dimensional space C>(I(19)), the space
of twice continuously differentiable functions. Proposition 3.3.2 shows
the amazing fact that dim S < 2. In fact, we have the following theorem.

Theorem 3.3.4.

dim(S) = 2.

Proof: Let z and w be the solutions to the homogeneous equation Ly = 0
with the initial conditions z(#p) = 1,z(fo) = 0 and w(tg) = 0,w(19) = 1,
respectively. Existence and uniqueness of z and w follow from Theorem
3.3.1. Then, the Wronskian W () of z and w satisfies W(#y) = 1 # 0.
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Hence, the Wronskian is non-zero for all # and by Proposition 3.3.3, z and
w are linearly independent. It now follows from Proposition 3.3.2 that any
solution of (3.3.3) can be written as a linear combination of zand w. [

We remark that the aforementioned proposition holds true for an n' order
linear equation as well. Further, the existence of a unique solution for the
aforementioned IVP is guaranteed under the assumption that the functions
p,q are continuous in a compact interval /(7). But, in general, even for
second order equations, it is difficult to find independent solutions to Ly =
0 in explicit form. We present two methods describing the possibility of
obtaining linearly independent solutions. When applicable, these methods
generate two linearly independent solutions.

Method 1: The idea is to remove the term involving the first order
derivative y via an integrating factor. We look for a solution of the form
y = uv, where u and v are to be properly chosen. In this case, y = uv + uv
and y = uv 4 2uv + iiv. Substituting in Ly = 0, we get

(uv + 2uv +iiv) + p(t) (uv +uv) + g (t)uv = 0. (3.3.6)
Rearranging the terms in (3.3.6), we obtain
ui+ (2u+ p(t)u)v+ (i + p(t)i)v+q(t)uv = 0.

Now choose u so that the coefficient of v in this equation vanishes. That
is, choose u satisfying

21+ p(t)u=0, (3.3.7)

which can be easily solved for u. Note that u never vanishes, if it is not
zero initially. The equation satisfied by v now becomes

V4 q(t)v = —(ii+ p(t)it) /u. (3.3.8)

Since v term is absent and u is known in (3.3.8), it may be possible to solve
this equation for v, at least in some situations.

Solve j+ 2ty + (1+1%)y = 0.
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Here p(t) =2t, q(t) = 1412, u(t) = e~ 2 Itis easy to see that v satisfies
V= 0. Thus, v(r) = C ¢ + C; and the solution is given by

Method 2 (Reduction of order): This method describes a way to find
a second (linearly independent) solution, given a non-trivial solution of
(3.3.3). This method is particularly useful when we are able to obtain a
solution of a given equation by simple inspection. Assume y;(z) is a
known non-trivial solution to (3.3.3). Then, any constant multiple of
yi(t) is also a solution. If we wish to produce another independent
solution, the idea is to take a variable multiple of y;(z). Therefore, we
seek a second solution in the form y,(z) = C(¢)y;(t) which will be

independent of y;. That is, %2 must be a non-constant function for y, to

1
be linearly independent of y;. Using the fact that y; is a solution and
assuming y; is another solution, we obtain

C(t)y1 +C()(291+py1) =0. (3.3.9)

Though this is a second order equation for C, it is only a first order linear
. . 1 4

equation for C. Hence, we get C(1) = — exp <— / pdt) (reduction of

3
order) and solving for C reduces it to an integral calculus problem. One

more integration will give

C(t) = /tylzexp <—/Spds> dr. (3.3.10)
1

It is easy to compute the Wronskian of y; and y, and conclude that the two
solutions are indeed linearly independent.

3.3.2 Linear equation with constant coefficients

In this section, we consider the equation
Ly:=aj+by+cy=0, (3.3.11)

where a, b, c are constants with a # 0. Observe the interesting fact: If y o
y, that is, y = ry for some constant r, then j = ry = r?y, that is j o y.
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Substituting these relations into the equation, we get (ar? + br+c)y = 0.
For non-trivial solution y, »r must, therefore, satisfy

ar* +br+c=0. (3.3.12)

This motivates us to look for a solution of y = ry, that is, a solution of the
form y(¢) = " for (3.3.11). Then, r satisfies (3.3.12), which is called the
characteristic equation of (3.3.11). The two roots of (3.3.12) are given by

( —b+/b?— 4ac) and rp = ( b—/b2— 4ac)

(3.3.13)

We now analyse various cases, depending on the nature of the discriminant
of the quadratic equation (3.3.12).

Case (i) b2 —4ac > 0: In this case, the roots r| and r» of (3.3.12) are real
and distinct and we get two linearly independent solutions y; () = " and
y2(t) = €"'. Hence, the general solution can be written as

y(t) = Ae" + Be™', (3.3.14)

where, A and B are arbitrary constants.

Case (ii) b* — 4ac = 0: Here, we have a double real root
rn=rn=r= E—f and we get one solution y1( )=e" 2l . Now, using the
reduction of order method, the reader can construct a second linearly
independent solution as y,(r) = ry(t) = te~%'. Thus, the general
solution is given by

V(1) = (A+B)e %, (3.3.15)
where, A and B are arbitrary constants.

Case (iii) b> —4ac < 0: Then, the roots r; and r, are complex and e’
and €"?" are complex valued solutions. Clearly, if y(r) = u(t) +iv(t) is a
complex valued solution, then u and v are real valued solutions. Thus, if
ri=a+if and n, = o —if, B # 0, the two independent solutions are
given by yi () = e cos Bt and y,(t) = €™ sinfB#, where o = —£ and
B Vdac — b?

> . Thus, the general solution is given by
a
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y =% (Acos Bt + Bsin 8t),

for arbitrary constants A and B.
The reader should directly verify the linear independence of solutions
in all the aforementioned cases.

3.3.3 Non-homogeneous equation

Now, we consider the non-homogeneous case

Ly:=35+p(t)y+q(t)y =r(z). (3.3.16)

Solution Structure: Let S be the set of all solutions to the
non-homogeneous equation (3.3.16). Any solutiony =y, € S of (3.3.16)
is called a particular solution. If z and w are solutions to the homogeneous
equation (3.3.3), then y = oz + Bw +y, is also in S for any constants o
and fB. In fact, the converse is also true; that is, any y € S is given by the
form y = oz + Bw +y,, where z and w are linearly independent solutions
to the homogeneous equation (3.3.3), y,, is any particular solution and a,
B are constants. To see this, let y € S be arbitrary; then, the function
y —y, satisfies the homogeneous equation L(y —y,) = 0. In other words,
y—Yyp €, the two dimensional space of solutions of the homogeneous
equation. Hence, the result follows from Proposition 3.3.2.

Theorem 3.3.6

Assume that the functions p,q,r in (3.3.16) are continuous. Let S and
S be, respectively, the solution set of homogeneous equation (3.3.3)
and non-homogeneous equation (3.3.16). Then, S is a linear space of
dimension 2 and § is an affine space given by § = S+ yp for any
particular solution y, of (3.3.16).

Example 3.3.7

Consider j +y = t. The characteristic equation is given by 7> 4+1 =0
whose roots r = =£i. Thus, cost, sint are linearly independent
solutions of j+y = 0 and y,(f) =t is a particular solution. The
general solution is y(7) = Cj cost + Cp sint +1.

We now provide two methods to obtain a particular solution of the non-
homogeneous equation.
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Method of Variation of Parameters: In this method, given two linearly
independent solutions y; and y, of HSLDE (3.3.3), we seek a solution of
the non-homogeneous equation (3.3.16) of the form

y(t) = Ci(t)y1(r) + Ca(t)y2(1), (3.3.17)

where, the functions C| and C, are to be suitably found. Note that if C;,C;
are constants, then y can never be a solution of (3.3.16), if r # 0. A simple
computation leads to

r=Ly = [2(Ciy1 4+ Coy2) + Ciy1 + Coya| + p(1) (Ciy1 + Coyn).
(3.3.18)

We need two equations to determine C; and C,. We choose the first
equation as

C1y1 —i—Czyz =0. (3.3.19)
Using this in (3.3.18), we obtain
Ly = Ciy1 +Coyo = r(1). (3.3.20)

Thus, the equations (3.3.19), (3.3.20) give the system of equations for
C,C, which is uniquely solvable for C},C,, since the Wronskian W of V1
and y, is non-zero. Hence, by Cramer’s rule, we have

c'l(t):r(;[)/y2 and Cz(t):—r(‘t)v)yl. (3.3.21)

By integrating, we get C;(¢) and C;(t). This gives a particular solution:

1) =) [ M2 gy i) [T,

w w
Example 3.3.8

Consider L(y) = r(t), where the homogeneous equation L(y) = 0
has two linearly independent solutions cos? and sinz. Let r(7) = tanz.
Therefore, a particular solution can be obtained as

t t
yp(t):sint/ costtantdt—cost/ sinttant dt = costlog|sect +tant|.
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Example 3.3.9

Now suppose that the homogeneous equation L(y) = 0 has two
linearly independent solutions e~ and e* and let (t) = te™". Now,
the Wronskian of these linearly independent solutions is W = 4. A
particular solution is then given by

t
. [fte”

_ 1
yp(t) =e” o e dr — e /421 Tdr = 6 1(2t+1)e!

Example 3.3.10

Consider the linear equation

L 1t
y—i)"l’ y—te

By inspection, we observe that y;(f) = ¢’ is a solution of the
homogeneous equation. By the method of reduction of order, it can
be shown that y;(zr) = 1 + ¢ is another (linearly independent)
solution. Therefore, a particular solution of the given
non-homogeneous equation is given by

’t2t
yp(t):e’/t (141)dt—(1+t) /—e_tdt 2(t+1)e2’
e

Method of Undetermined Coefficients (Special Non-homogeneous
Terms)

1) Consider the equation
Ly : =35+ py—+qy=e¢", (3.3.22)

where p,q and a are constants. Suggested by the exponential
function on the right side, whose derivatives are also multiples of
the same function, we look for a solution of the form y, () = Ae®.
This gives

A(a* +patq)=1.

Thus, if a® + pa—+q # 0, that is, a is not a root of the characteristic
equation (3.3.12), we get a particular solution as
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eut

T dtpatq

p(t)

If a is root of (3.3.12), we now look for a solution of the form
yp = Ate®. In fact, one can use the reduction order method to get

the coefficient as Ar. A computation will lead to A(2a + p) = 1.
Again, we get a particular solution by choosing A = if

2a+p #0as

yp(t)

2a+p

t eat

T 2a+p

d
Now, note that 2a + p = I(cﬂ +ap+q). Thus, 2a+p =0 is
a

equivalent to a being a double root. If a is a double root (that is,
a*+ap+qg=0and 2a+ p = 0), then look for a solution of the
form y,(t) = At?¢“ which will give us A = 1. In summary, we have

art

267 if a is not a root of (3.3.12),
a“+pa—+q
teat
Yp (t) = 0ty if a is a simple root of (3.3.12),
1
Etze‘” if a is a double root of (3.3.12).

(3.3.23)

Here, we consider a similar equation as Ly := ¥ + py + qy = sinbt
or cos bt. Look for a particular solution of the form

yp(t) = Asinbt + Bcosbr.

In a similar fashion, we can determine A and B, unless y,, itself is a
solution to the homogeneous system. If y, happens to be a solution
of the homogeneous equation, then, we may try y,(¢) = t(Asinbr +
Bcosbt) and proceed as earlier.

Consider Ly := y+ py +qy = ap +ajt + - - - +a,t". One can try for
a particular solution, an expression of the form

yp(t) =Ag+Ait+---+A"
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By plugging in this expression into the ODE, we get

(24243243t +- - 4n(n—1)Aut""2) 4 p(A; + 2401 + - - - +nA" )

+q(Ao+Ait+--+A") =ap+ait+ -+ ant".
Comparing the coefficients of equal powers, we obtain
qAn = an, pnAn +qA,—1 = an-1, -+ 2A2+ pA1 +gAo = ao.

Therefore, we get a solution if ¢ # 0. If ¢ = 0, we may try a solution
of the form y, (1) = Aot + -+ + A" .

Example 3.3.11 ‘

Consider y +y = sint.

Since sint,cost are solutions to j+y = 0, we may try y, (1) = r(Acost +
Bsint) and arrive at A = —3, B = 0. Hence, the general solution is y(t) =
Cicost+Cycosbt — %t cost, with arbitrary constants C; and Cy.

We now do a complete analysis of the spring—mass—dashpot system
introduced in Chapter 1, using the solutions obtained for equations with
constant coefficients. We can do a similar analysis for the LCR circuit
problem and other systems.

Example 3.3.12 ‘

[Spring—Mass—Dashpot System] Let us recall, the SMD system;
my+cy+ky = F(t),

where m > 0, ¢ > 0, k > 0, are, respectively, the mass of the body
attached to the spring, damping parameter and spring constant, and F is
the applied external force. This is a second order differential equation
with constant coefficients. We analyse various cases using the solution of
the homogeneous equation.

Case (i) (Free undamped vibrations: F = 0,c = 0): In this case, the
general solution is oscillatory which is given by

y(t) = acos @t + bsin wyt,
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[k
where @y = 4/ —, called the natural frequency of the system. This can
m

also be written as

y(r) = Rcos(wyr — 9).
b
Here, R = Va2 + b2, 6 = tan! () are, respectively, the amplitude and
a

2 . . . .
phase angle. Further, Ty = — is the period of the motion and the motion

is periodically oscillating between —R and R (see Fig. 3.1). Note that the
term involving c is the damping term. Indeed, Newton’s law is justified as
the motion never stops.

MY

Fig. 3.1 Free undamped vibrations

Case (ii) (Damped, free motion: F = 0,c > 0): If ry,r, are the roots
of the characteristic equation mr? + cr +k = 0, we can write the general
solution as

ae"\! 4 be"! if 2 —4mk >0
y(t) = (a+bt)e ' if 2 —4mk =0 (3.3.24)

e [acospur +bsinpr]  if 2 —4mk < 0,

Vamk — c?

2m
real numbers or have negative real parts. Hence, in the first two cases,

y(t) = 0 as t — oo, y(t) creeps back to the equilibrium position and there
are no oscillations at all. These are referred to as over-damped or critically

where [l = . Further, it is easy to see that r;,r, are negative
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damped systems, respectively. The interesting third case is known as under
damped motion which occurs quite often in mechanical vibrations. Thus,
it is a case of damped vibrations. Now, rewrite the solution as

y(t) = Re™"/?" cos(ut — 8). (3.3.25)

The displacement y(z) oscillates between the curves y = +Re~“/?" and
y(t) = 0 as t — o, in this case as well. See Fig. 3.2.

u

R

y(t

—Rexp(51)

Fig. 3.2 Free damped vibration

As remarked earlier, the motion dies out if there is damping in the
system. In other words, the initial disturbance is dissipated by damping.
That is why it is very useful in practical mechanical systems. It can
eliminate undesirable vibrations like shocks transmitted in an automobile,
the principle behind shock absorbers, gun barrel etc.

Case (iii): (Forced, damped vibrations: F 0, ¢ > 0): Of course, this
will depend on the applied force. Consider the case of a periodic applied
force F (1) = Fycos ot, Fy # 0. A particular solution can be obtained as

yp(t) =Acos @t + Bsinor, (3.3.26)
where A, B are given by

m(wg — »?) nd B — F co
m?(0f — 0?)% + 2 w?’ " (0f - 0?) + Co?

A=F
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[k
and wy = 4/ —. The general solution can be written as
m

y(t) = @(t) +yp(1), (3.3.27)

where ¢ is the general solution to the homogeneous equation and as
observed earlier, ¢(¢) — 0 as t — oo. Thus, for large time, y(7) behaves
like y, (7). The solution y, is called the steady state part of y(¢) and ¢(r)
is called the transient part.

Case (iv): (Forced, undamped vibrations: ¢ =0, F # 0): Again, we
take F = Fycos wt. In this case, the equation becomes

F
§+ @y = — cos or. (3.3.28)
m

k
Here, @y = 4/ — is the natural frequency of the system and @ is the

m
external frequency. The behaviour is quite different depending on
whether the applied frequency @ and the natural frequency are the same
or not. This leads to the following situations.

Case (iv a) (Without resonance): This is the case with ¢ = 0, Fy #
0,0 # wy: If @ # wy, that is, the applied frequency o is different from
the natural frequency @y, then, the case is similar to an earlier case and the
solution is the sum of oscillatory functions in the form

y(1) = ¢y cos wyt + ¢; sin wyt + cOSs 0.
m

0
(0 — ?)
Case (iv b) (With resonance): ¢ =0, Fy # 0, ® = wy: Consider the
interesting case of @ = wy. Here, the external force and the given system
have the same frequency @y, the natural frequency. We have
. 2 FO
y+ayy = Ecosa)ot.

More generally, consider the equation

4+ gy = @eia’ol.
m
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Here /™' is a solution of the homogeneous equation. Taking the

. ; . . —i
expression Are'™’ for a particular solution, we get A = ﬁ. Therefore,
m

Fot Fot
a particular solution is % in ot — i % cos apt. Thus, we get the
2may 2may

general solution as

Fo
2may

VNN

y(1) = Cj cos it + C, sin wpt + ¢ sin ot .

y

Fig. 3.3 Forced undamped vibrations with resonance

The first two terms are periodic functions of time. The last term is
oscillatory and its amplitude keeps increasing due the presence of ¢.
Thus, if the forcing term Fycos @yt is in resonance with the natural
frequency of the system, then it will cause unbounded oscillations,
leading to mechanical catastrophes.

A criterion, similar to the lack of sufficient damping, was the reason
for the collapse of the Tacoma bridge on November 7, 1940 at 11.00 am.
This is also the cause for the collapse of the Broughton suspension bridge
near Manchester. This occurred when a column of soldiers marched in
cadence over the bridge, thereby setting up a periodic force with a rather
large amplitude. The frequency was almost equal to the natural frequency
of the bridge, and thus, large oscillations were induced and the bridge
collapsed. It is for this reason that soldiers are ordered to break cadence
when crossing a bridge.

Among many similarities with mechanical vibrations, electrical
circuits also have the property of resonance. Unlike mechanical systems,
resonance is put to good use here like, the tuning knob of radio or
television is used to vary the capacitance in such a manner that the
resonant frequency is changed until it agrees with the frequency of the
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external signal, that is, from a radio or television station; the amplitude of
the current produced by this signal will be much greater than that of other
signals so that we get the desired sound quality or picture quality or both.

3.3.4 Green’s functions

We end this section by introducing an important concept in DE, namely
Green’s functions, which help us to represent the solutions of
non-homogeneous equations with an arbitrary non-homogeneous term
via a kernel which is defined independent of the non-homogeneous term;

it solves a homogeneous DE with special initial conditions. Recall the
t

integral calculus problem y = f(7); then y is given by y() = / f(r)dr.
In other words, the solution is represented by an integral which is in some

. . . . d
sense the inverse operation to the differential operator e Can we have a

similar representation for general equations Ly = r leading to the integral
representation via the so-called kernels? More precisely, we are looking
for a solution operator S given by y = Sr, where § symbolically is the
inverse of the given differential operator L. Hence, the motivation is to
look for the integral representation.

First of all observe that the solution operator, namely S : r — y, where
y solves (3.3.16) is linear. In other words, define S(r) =y, that is, S acts
on the function space where the non-homogeneous term r belongs to, for
example, space of continuous functions and maps to the corresponding
solution. Then the operator S is linear. In general, a class of important
linear operators are given by integral operators defined via a kernel. In
fact, history tells us that the study of linear operators was indeed motivated
by integral operators. Thus, we would like to know whether the solution
operator S is an integral operator. In other words, does there exist a two
variable function G(7,& ) so that

Y1) = (57)(0) = [ G(.E)rE)ag, (3329

In fact, it is quite reasonable to expect that the solution operator is an
integral operator because formally S is the inverse of a differential operator
L. Assume such a G exists. Then, differentiating y twice, we get

30 = [ Gi0.8)r(E)a +Glea)r(0)
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and

/G,t EVdE + Gy (1,0)r(t ()+%(G(r,t)r(t)).

Now substituting in (3.3.16), we get

)= [ LG(-)rEE + Gilt.0)r(0) + ple)G(er)r(r)

d
+ 2 (G(0r()).

This motivates us to define G as a solution to the following homogeneous
problem: For fixed & > a as a parameter (in fact initial point), define G,
for > & to be the solution of

LG(.§) =0.G(E.6) =0.G,(8.8) =1

Further, define G(7,§) = 0 for 7 € [a,&]. Then, y given by (3.3.29) will
satisfy the non-homogeneous equation Ly = r satisfying the initial
conditions y(0) = y(0) = 0. The kernel G is called Green’s function
associated with the problem (3.3.16). For a class of problems associated
with second order equations, the process of obtaining G is done in detail
in Chapter 9.

3.4 Partial Differential Equations and ODE

In this section, we give two examples from PDE whose solution can be
obtained via ODE. In the first example, we consider a first order linear
equation with constant coefficients. The solution to the IVP for the PDE
can be derived by solving two ODEs. The interesting fact is that the
so-called method of characteristics can be applied to any general first
order PDE. We will study the general case in great detail in Chapter 10.
The second example is the heat equation which is a second order linear
PDE. A precise study of this equation needs more sophisticated tools like
semigroup theory, distribution theory and Sobolev spaces which are not
within the scope of this book. The purpose of presenting this example is
that we can reduce the PDE problem to that of an IVP for ODE, though in
an infinite dimensional Hilbert space. Hence, it will not come under the
purview of this book as it involves the modern tools indicated earlier.
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Example 3.4.1

Consider the simplest PDE, namely the transport equation in two
independent variables 7,x :

ur(x,1) + cuy(x,1) =0, (3.4.1)

for t > 0, x € R, where ¢ > 0 is a given constant. This is a linear, first
order PDE in two dimensions. Introduce the ODE x = c in the upper half
(x,t) plane, r > 0, whose solutions are given by x — ct = &). These are
straight lines with slope ¢ (see Fig. 3.4) and we denote these curves by

~

((x,1)

x(1) = et +x9 slope ¢

X0 xo = (x—ct,0)

u(.,t()) = uo(. — Ct())

X X

Fig. 3.4 (a) Characteristic curves, (b) Solution curves

x(1), that is, x(r) = cr + &). These curves, straight lines in this case, are
called the characteristic curves of (3.4.1). In general, when c is a function
of ¢ and x, these characteristic curves need not be straight lines. Fix & = &
and restrict u along this curve (line). Consider the function of one variable
g(t) = u(x(z),1). Now, it is easy to see by the chain rule that

d d
Eg(t) = Eu(x(t),t) = ux(t) + w1l = uy.c+u, = 0. (3.4.2)


https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781108236843.004
https://www.cambridge.org/core

First and Second Order Linear Equations 91

Solving this ODE, we observe that u is constant along the curve x — ct =
&o. In other words, u takes the same value along the fixed line constructed
earlier. This observation can be used to solve the IVP for the PDE (3.4.1)
as follows: Suppose the initial values of u are given on the x-axis, that
is, u(x,0) = up(x) is given and uo is differentiable. Now, for any point
(x,t) in the upper half plane, ¢ > 0, draw the straight line with slope ¢
which will meet the x-axis at the pint (x — cz,0). By this observation, we
getu(x,t) = u(x—ct,0) = up(x—ct).

Verify that this indeed is a solution to the IVP for PDE. Thus, we have
obtained the solution of (3.4.1) which satisfies the prescribed initial values.

We observe that the solution of the PDE was obtained by solving two
ODEs. The initial curve, where initial value u is assigned, namely the x-
axis in this case, can be general. But, at the same time, one cannot choose
the initial curve arbitrarily. For example, one can choose a curve I which
intersects all the characteristics, (see Fig. 3.5 (a)), but at the same time, it
should not coincide with a characteristic curve as in Fig. 3.5 (b), because
this will contradict the fact that u is a constant along the characteristics.
So the initial curve will have to satisfy certain transversality conditions,
which we will discuss in Chapter 10. We will also see in Chapter 10 that
the solvability of any first order PDE can be reduced to the solvability of
systems of ODE by the method of characteristics, but the ODE system
may be more complicated.

Characteristic curves Characteristic curves

Initial curve Initial curve

(@) ()

Fig. 3.5 Characteristic and initial curves

We now discuss a second order linear PDE, namely, the heat equation.
Our only purpose here is to indicate that this equation may be viewed
as an ODE, though in an infinite dimensional (Hilbert) space. As such,
many of the following terminology are not explained in a rigorous manner.
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An inquisitive reader may explore this and similar topics after gaining
sufficient knowledge in functional analysis and related topics.

Example 3.4.2

[Heat Equation] Consider the IVP for the heat equation
ur — e = 0, u(x,0) = up(x), (3.4.3)

for t > 0, x € R. Again u = u(x,¢) is an unknown function to be
determined. We transform this problem to an ODE problem in a Hilbert
space. Let X be the space of all compactly supported smooth (twice

differentiable) functions v = v(x) in R such that both v and d—v are square
x

integrable over IR. We equip X with the norm given by

WP = [ bR+ [

Unfortunately, this space is not complete. Let H be the completion of X.
One of the major difficulties is the characterization of H, which can be
done only with modern tools like distributions and Sobolev spaces.

We will be looking for a solution u(x,#) such that for each ¢, the
function U (r) = u(-,t) € H. Of course, we need certain smoothness in the
t variable as well. We define an operator A in an appropriate subspace of
H by Av = v,,. With these notations, we may rewrite the problem (3.4.3)
as

dv|?

dx

AU
9 _ AU, U(0) = up.
dr (0) = uo

du . . P .
Here — has to be interpreted in an appropriate infinite dimensional space.

The essence is that we have an IVP for ODE in an infinite dimensional
space as well. The operator A is linear, but it is unbounded. Again, we
need a new tool such as the semi group theory from functional analysis,
to study the existence and uniqueness of solutions to the aforementioned
ODE. When A is a bounded operator in a finite dimensional space, it is the
standard linear system which we will study in Chapter 5.
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Exercises

. Prove that every separable equation is exact.

. Find the unique solution to the IVP y = ?, y(to) = yo, where 1y # 0.

Also find the interval of existence and plot the solution for different
values of yy.

. Show that the solution of y + (sint)y = 0, y(0) = 3 is given by

y(t) — %ecost—l‘

d
. The solution of d%) + e’zy =0, y(1) =2 can be represented as y(7) =

o
2exp (—/ e’ ds).
1

. Classify the following into linear or non-linear:

(@ y=ay—by’, y=—t/y. y=-—y/t. y(t)=sin(r),
s1ny—'kxcos(y) =0 y=l, w=y
y=siny, yy=&W-B-cy).

(b) (Duffing equation): j + 8y + oy + x> =0

(¢) (van der Pol equation):  — p(y> — 1)y +y =0

(d) (Prey—predator system): X = ax — bxy, y = —cy+dxy

(e) (Epidemiology): S = —BSI, [ = BSI—yI

(f) (Bernoulli equation): y+ ¢ (¢)y = y(t)y"

(2) (Reduced Bernoulli equation): y+ (1 —n)¢(t)y = (1 —n)y(r)

(h) (Generalized Riccati equation): y+ w(¢)y> + ¢ (t)y+x(t) =0
Consider the Bernoulli equation

X+ ox = yx",

where ¢,y are continuous functions. For n # 1, it is non-linear;
show that it can be reduced to a linear equation by the substitution
y = x'~". Then, solve the equation.

Find the general solution of (i) X+ e'x = e'x? (i) x+t"x = x".

. Consider the Jacobi equation

(a1 + byt + c1x) (tdx — xdt) — (a3 + b3t + c3x)dx

+ (a3 + bst + c3x)dt =0,
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where a;, b;, ;s are constants. Transform the variables (¢,x) — (7,y),
where t = T+ o and x = y+ 3. Choose «, 3 appropriately to get the
equation

tdy —ydt+¢(y/t)dy+ y(y/7)dT = 0.

Now make the substitution y = 7u to bring it to Bernoulli’s form

d
cTZ +h(u)t+g(u)t* = 0.

Consider the generalized Riccati equation

()Y +o()y+x(1) =0,

where W, X, ¢ are functions of 7. In general, we do not have solutions
in explicit form. Assume x = x; is one known solution, let x be any
other solution. Write x = x; 4+ y. Show that y satisfies the Bernoulli
equation

V+ (2xy+ )y + '

Find the general solution of the equation y+y? +y— (1+¢+12) = 0.
Assume Y(t) # O for all ¢ in the Riccati equation y + w(t)y*+

) Iz
¢(r)y+ x(r) = 0. Show that the transformation x = v reduces
Z
the Riccati equation to a linear second order equation for z.
Reduce the original Riccati equation, y + ay® = bt™, where a, b are
constants, to a second order linear equation 7 — abtz = 0 using the
transformation in Exercise 11.

Find the general solution of the following Riccati equations:
(@ y=(1-2t—13) +2(1 + )y —1ty?, given that y(t) =1 is a
solution of this equation.
(b) y= (t+1)y—1(r*+?), given that this equation has a solution
given by y(1) =1.
a) Consider the linear problem y 4 py = g. Show that, if ¢ > 0,
then, y > 0 if it is initially so, that is, if y(0) > 0. Now consider the
equation X + px = g1 and y + py = ¢, then compare the solutions
when g1 > ¢».
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b) Consider x 4+ p1x = g and y + poy = g. Show that, if p, > py,
x(0) > y(0) and y > 0, then x > y.

¢) Consider the inequality y + py < g. Derive the inequality

y(ﬂﬁexp(—/ot (s)d ){ +/ exp(/ (z)dz)ds}

d) Derive Gronwall’s inequality. Assume f and g are continuous real
valued functions defined on the interval [a,b] and g > 0. Assume

FO) < etk [ F()g(s)ds.

fo
where c, k are constants, k > 0. Then

f(r) <cexp (k/ttg(s)ds) , o € [a,b].

0

e) (Uniqueness) Let p, g be continuous functions on [a,b]. Show that
the linear initial value problem x + p(t)x = ¢(t),x(f) = xo has at
most one solution.

15. Verify linear independence of solutions in Subsection 3.3.2.
16. Find the general solution of the following equations
y t+1

(a)y—a;: ;
®) (t—r)y+2( —1)y—ar’* =0
(©) y+ity=ry’

(d) y—ycost = y?cost(1 —sint)
1 3y? 2y
(€ <t2 )dt ay

2 dy — y*dt
(t—y)?
17. Find the general solution of the following equations

(@) t*5+1y—y=0.

® =0
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(b) ty—(t+n)y+ny=0.

© ¥=f(@)y+(f(1) =1)y=0.

3

d . a
(d) td—g:22mdy:—

3
y

Three solutions of a certain second order non-homogeneous linear
equation in IR are

o1(1) =12, (1) = + ¥, @3(1) = 1 + 12 +26%.

Find the general solution of this equation.
Three solutions of a certain second order non-homogeneous linear
equation .2y = gin R are

vi(t) =2, yo(t) =2 + e, ys(t) = 1 +12 +26%.
Here g is a continuous function in IR. Find the solution y of £y = g
satisfying y(0) = 1,'(0) = 2.

Assume the unique existence of a solution to the nth order IVP
Ly =y + pi(1)y" =V 4+ pur 1)y + palt)y =0

¥(t0) = y0,5(t0) = y1,---y" D (to) = yu_1,
(3.5.1)

where pi,---,p, are continuous functions. Let S be the set of all
solutions to Ly = 0. Show that S is a linear space of dimension n.

Let f(z,y,y) = h(t) be the general form of the first order equation,
where h = h(t) is all the combined non-homogeneous terms.
Consider L(r,s) = f(t,r,s), where t is fixed. If L is linear in r and
s, show that there exists functions py = po(¢) and p; = p; () so
that f takes the form,

f(.3.9) = po()y(1) + p1(1)y(2).
More generally, an ' order linear equation has the general form,

po(t)y™ (1) + pr(£)y "V (1) + -+ pul(1)y(r) = h(z).
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22. Escape Velocity Problem: Determine the smallest velocity with
which a body must be thrown vertically upwards so that it will not
return to the earth; air resistance may be neglected.

Let M denote the mass of the earth and m, the mass of the body to
be thrown. By Newton’s law of gravitation, the force of attraction f
acting on the body is f = kM—;n, where r is the distance between the

center of the earth and the center of gravity of the body and k is the
gravitational constant. The second law of motion, then, implies that
the motion of the body is governed by the differential equations

d*r Mm dr M
k ; that is, pr 2

M—
dr? r?

The minus sign indicates that the acceleration is negative; air

resistance has been omitted. Solve this equation with initial

.. dr . . .
conditions r + R, o = yp at time ¢t = 0, where R is the radius of the

earth and further, show that
P M (Vi kM
—~ E - + - - b
2 r 2 r

dr . .
where v = —. Conclude that the escape velocity vg satisfies

kM
v(2) > R In the usual CGS units, k = 6.66 X 10*8cm3/g. sec?
and R = 63 x 107cm. At the earth’s surface r = R, the acceleration
kM
due to gravity is g = 981cm/ sec’. Therefore, 8= 1 Hence, we

require, vg > 2gR, which gives an approximate value of vy as
11.2 x 105cm /sec?.

3.6 Notes

The discussion on linear first and second order equations is available in
every basic book on ODE. In addition to the linear equations, we have
also introduced a section on exact differential equations. On one hand,
we have shown how every first order linear equation can be reduced to an
integral calculus problem, namely y(¢) = h(¢) with the introduction of an
integrating factor (I.LF.). This also makes it clear why an IVP for a first
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order equation requires just one condition as integral calculus problems
require only one condition to find the constant of integration. By
transforming the second order equation into a system of two first order
equations, we see that two (initial) conditions are needed for the
corresponding IVP. We have made an attempt to clarify these issues
regarding the number of (initial) conditions. We have also presented exact
differential equations in a natural way.

Though first order linear equations can be reduced to an integral
calculus problem, such a scheme is not available for a second order linear
equation. A complete solution structure is presented by showing that the
solution space is a two-dimensional vector space. This analysis may not
be available in many books as most books deal with second order linear
equations with constant coefficients. However, here we have emphasized
that there is no general method to find two linearly independent solutions.
We have also presented some methods in this chapter to find the general
solution. An analysis of the spring—mass—dashpot system has been
carried out to further exhibit the importance of analysis even when an
explicit solution is available. As far as references are concerned, there are
many; see [Bra78, Bra75, BR03, CL72, Sim91, SK07, Tay11, MU7S].
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General Theory of Initial
Value Problems

4.1 Introduction
4.1.1 Well-posed problems

In this chapter, we address the problem of the existence and uniqueness
of solutions of initial value problems (IVP). For this purpose, our first
task is to ensure that the given differential equation has a solution. A
mathematical model originating from a real life system may exhibit more
than one solution starting from the same initial condition, though a
unique solution is expected. This may be due to rough approximations
and assumptions made while making a mathematical model of the
physical system. On the other hand, a mathematical model may not have
a solution at all. Similarly, it is also important to study the behaviour of
the solution with respect to the initial data as the initial data is usually
measured by using some devices and is bound to have some small errors.
Continuous dependence of solutions on initial data guarantees that a
small error in the initial data does not cause a drastic change in the
solution of the system. According to the French mathematician Jacques
Hadamard, if an initial value problem arising from a physical
phenomenon qualifies the above mentioned tests, namely, a solution
exists (existence problem), the solution is unique (uniqueness problem)
and the solution depends continuously on the initial conditions (stability
problem) in appropriate norms, then the IVP is said to be well-posed.
Otherwise, the problem is il/-posed. In this chapter, we will address these
issues and prove results which ensure the well-posedness of an IVP,
under suitable assumptions. We consider the following [IVP


https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781108236843.005
https://www.cambridge.org/core

100  Ordinary Differential Equations: Principles and Applications

y=f(t.y), ¥(to)=yo, 4.1.1)

where, f: D C R* — R is a function not necessarily linear and is assumed
to be continuous in an open connected set D of IR? containing the initial
point (y,yo). By a solution of the initial value problem (4.1.1), we mean a
continuously differentiable function y € C'(I), where 1y € I is an interval
in R, satisfying (4.1.1). This means that y(fy) = yo and for each ¢ € I, the
point (¢,y(¢)) € D and y(¢t) = f(z,y(¢)). In Chapter 3, we have already
seen some examples including an ill-posed linear problem!

In general, the solvability property of (4.1.1) will fall under one of the
following three cases: The IVP (4.1.1) has

(i) a unique solution.
(i) no solution.

(iii) infinitely many solutions.

When the function f(z,y), (called the vector field) is not continuous at a
point in the (7,y)-plane, then there may be a possibility of non-existence
of a solution at that point. Similarly, if the vector field is not differentiable
at a point, then there may be a possibility of non-uniqueness of solutions
through that point. The initial condition also plays a crucial role in the
existence and behaviour of the solution of an IVP.

Before proceeding further, we will consider some examples which
exhibit one or more phenomena discussed here. Also see Examples 3.1.2,
3.1.3.

4.1.2 Examples

Example 4.1.1

Consider the linear differential equation y = 2y.

It has been shown in Chapter 3 that the function y(¢) = ce* is a solution
of the equation for every arbitrary constant c. Thus, the differential
equation has infinitely many solutions. Geometrically, this is a
one-parameter family of curves.

Let us remark that a differential equation always comes with some
associated physically meaningful conditions such as initial conditions
and boundary conditions. So when we talk about well-posedness, it is for
the differential equation together with the associated conditions provided.
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In this example, if the solution is required to satisfy an initial condition,
for example, y(0) = 1 then, the unique solution is given by y(t) = e?.

Example 4.1.2

3
We consider the problem y = pl

with various initial conditions to exhibit multiplicity of solutions, non-
existence and a unique existence. Note that the vector field is not defined
att = 0. By separable variable method, we get

y=ct’

as the solution for the arbitrary constant ¢. Now consider the initial
condition y(0) = 0, we see that y = ct? is a solution to the initial value
problem for any value of c. Thus, the IVP has infinitely many solutions
with the initial condition y(0) = 0. All the solution curves pass through
(0,0) in the (z,y)-plane.

On the other hand, if we take the same differential equation but with
the initial condition y(0) = 2, then the IVP has no solution as the general
solution is y = ct>. The trouble is due to the singularity at # = 0. It is also
easy to see that the IVP with y(7y) = yo, with 7y 7 0 has a unique solution

_ )03
y(1) ==
o
We now give an example of an initial value problem in which f is
continuous but not linear and exhibit infinitely many solutions.

Example 4.1.3

Consider the nonlinear IVP y = 3y>/3,  y(0) =0.

Clearly y = 0 is a solution known as the trivial solution. Separating the
variables and integrating, we get

y(t) = (t+c)°.

Using the initial condition y(0) = 0, we have y(¢) = ¢ as a solution. Thus,
we get two solutions. In fact, this IVP has infinitely many solutions. It is
left as an easy exercise to verify that for any fixed a > 0, the function y(7)
defined by
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0, 0<r<a

y(t) =

(t—a)?, t>a

is a solution to the given IVP.

Example 4.1.3 shows that even continuity is not enough for uniqueness
of solution to an IVP. We shall see later that if f has a bounded derivative,
then the solution of the IVP is unique. We will also prove the uniqueness
under the assumption of Lipschitz continuity. But, even when a unique
solution exists for an IVP and the vector field is very smooth, the solution
may not exist for all values of #. This fact is illustrated in the following
example.

Example 4.1.4

Consider the nonlinear initial value problem:

y=y% ¥y(0)=yo>0.

By an integration and using y(0) = yo, we get a solution y(¢) = 1 Y0 .
—Yo
It is the only solution to the problem. We will see this fact in the next

1
section. Note that y(z) is defined only for # < —, despite the fact that the
Yo

vector field f(z,y) = y? is very smooth on the entire real line. If y is large,
then we have solutions only on a very small interval to the right of t = 0;
however, they exist for all r < 0.

We now see an example of a nonlinear IVP which does not have a
solution.

Example 4.1.5

Consider the nonlinear initial value problem y = —sgn(y), where the
vector field sgn(y) is defined by

I, y=0

sgn(y) = | .
—1, y<O.

Let y(0) = 0 be the initial condition. The vector field —sgn(y) is
discontinuous at y = 0. If there is a solution to the IVP, then, the solution
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must be decreasing initially as y(0) = —1. Therefore, y(¢) < 0 for some
t > 0. However, for all negative values of y, the solution must be
increasing. Since these two statements contradict each other, there is no
solution to this IVP.

4.2 Sufficient Condition for Uniqueness of Solution

We first address the question of uniqueness of a solution to IVP. In fact, if
the function f(z,y) is continuous in a domain D in the (z,y)-plane
containing the initial point (fy,yo), then existence of a local solution is
guaranteed in some interval (fp — @,7p + a),a > 0, being a constant.
This is known as the Cauchy—Peano theorem, which will be proved later.
To ensure the uniqueness of solution of the IVP (4.1.1), we need a
stronger assumption, namely, the Lipschitz continuity of f(¢,y) with
respect to y (see Chapter 2).

421 A basic lemma

We now convert the IVP into an equivalent integral equation, which will
be used to establish existence and uniqueness theorems for the IVP. The
IVP (4.1.1) can be reduced to a nonlinear Volterra integral equation as we
see in the following basic lemma.

[Basic Lemmal]

Let D be an open connected set in IR? and (#y,yo) € D. Assume that f is
continuous in D. If y is a solution to the IVP (4.1.1) in an interval (a,b)
containing 7o, then y satisfies the integral equation

W) = yo+t /tt Fle.y())dr, t € (a.b). @2.1)

Conversely, if y is a continuous function defined on (a,b), which satisfies
the integral equation (4.2.1) for all ¢ € (a,b), theny € C!(a,b) and satisfies
the IVP (4.1.1).

Proof: Let y be a function satisfying the IVP (4.1.1). Now integrating
(4.1.1) over (19,1), we get
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[3@ar= [ ey,

To

that 1s,

y() ZYO-l-/totf(T,y(T))dr.

Therefore, y satisfies the integral equation (4.2.1). Conversely, since f
and y are continuous, the composite function ¢t — f(¢,y(¢)),t € (a,b) is
continuous and hence integrable. By the fundamental theorem of integral
calculus, we then infer that the function defined by the integral on the
right side in (4.2.1) is a differentiable and hence, y is also differentiable.
Differentiating (4.2.1) with respect to #, we obtain

() = f(t.y(1)).

Further, y(79) = yo proving that y satisfies (4.1.1). O

Remark 4.2.2

One can analyse the solution of (4.2.1) without the continuity
assumption of f but with certain integrability assumptions. This will
only give continuity of y and hence, we will not be able to derive
(4.1.1) from the integral formulation (4.2.1). Such solutions are
called mild solutions or weak solutions of the initial value problem.
Mild solutions are important in applications, for example, in control
theory, where the control function (continuous or discontinuous) may
appear through the source term f and one has to interpret the
solutions in the form of mild solutions.

Before proceeding to prove the existence, we will prove the uniqueness
which is quite easy. This is done via Gronwall’s inequality which is given
as an exercise in Chapter 1. However, we now state and prove Gronwall’s
inequality.

[Gronwall’s Inequality] Suppose that p and g are continuous real
valued functions defined on [a,b] with ¢(¢) > 0 on [a,b]. Assume p,q
satisfy
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p(t) <C+k [ g(s)p(s)ds.

fo

for all 7 € [a,b], where 1y € [a,b] is fixed and C,k are constants with
k > 0. Then,

p(t) <C exp <k/lotq(s)ds) (4.2.2)

for all t € [a,b].

t
Proof:  The proof is quite easy. Put F(t) = C+k [ g(s)p(s)ds. Then,
fo

by hypothesis, we have

p(t) < F(t). (4.2.3)
Using this inequality, we get

F(t) = kq(t)p(t) < kq(t)F (1),
as k and ¢ are non-negative. Now, using the integrating factor

t

exp (—k q(s)ds> for the aforementioned differential inequality, we
0

get

4 (exp <_k totq(s)ds> F(t)) <o.

An integration over [fo,7] gives

exp (& [ als)as ) (o) < Fl) =

fo

Now using (4.2.3), we get the required Gronwall’s inequality (4.2.2). O

Remark 4.2.4

If C =0, that is, p satisfies

p(t) <k / q(s)p(s)ds
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with k,q non-negative, then p < 0 by Gronwall’s inequality. In
particular, if p > 0, then p = 0. O

4.2.2 Uniqueness theorem

We now prove the uniqueness theorem using Gronwall’s inequality, the
basic lemma and the Lipschitz continuity of f(z,y) with respect to y. Here,
we wish to clarify that uniqueness means that it does not have more than
one solution. We do not interpret that it has a solution.

Theorem 4.2.5

[Uniqueness] Let a,b be positive real numbers. Suppose that f =
f(t,y) is continuous on the rectangle Z = {(t,y) € R? : |t —to| <
a,|y —yo| < b} and Lipschitz continuous with respect to y in %Z. Then,
the IVP (4.1.1) has at most one solution.

Proof:  Suppose that y and z are two solutions of the IVP (4.1.1) defined
on an interval [c,d] contained in the interval [t) — a,tp + a] and 7y € [c,d].
Thus by the basic lemma, we have

t t
ye)=yo+ | fle.y(r))drandz(r) =yo+ | f(t.2(c))dt
0 0
for all 7 € [c,d]. Subtracting, we get

Y0 =2(0) = [ [F(5.3(2) = F(r(0)lae,

0

Using the Lipschitz continuity of f, we have

y() —2(1)] < / " aly(t) — 2(1)|dx,

where ¢ is the Lipschitz constant of f. Applying Gronwall’s inequality
withC=0,k=a,qg=1and p = |y —z|, we get

(1) =2(1) =0

for all ¢ € [c,d] and hence the solution is unique. O
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4.3 Sufficient Condition for Existence of Solution

We now provide sufficient conditions to ensure the existence of a solution
to IVP (4.1.1). We discuss three theorems on the existence namely,
Picard’s theorem, Cauchy—Peano theorem and fixed point theorem. We
assume Lipschitz continuity of the function f in Picard’s and fixed point
iterations whereas, we prove Peano’s existence theorem with only the
continuity assumption on f. We first prove the theorem due to Picard,
where Lipschitz condition is also assumed and hence uniqueness is
guaranteed in the light of the uniqueness theorem we just proved.

Theorem 4.3.1

[Picard’s Existence Theorem]

Let D be an open connected set in R?. Assume f : D — R, satisfies the
following conditions:

(i) f(z,y) is continuous on D.

(i) f(z,y) is Lipschitz continuous with respect to y on D with Lipschitz
constant o > 0.

Let (fp,y0) € D and a and b be positive constants such that the rectangle
Z defined by

R ={(t,y): |t —to| <a, [y—yo| < b}

(ty)ez
(4.1.1) has a unique solution in the interval |t — 1| < h.

b
isasubsetof D. Let M = max |f(¢,y)| and A = min (a, M) . Then, IVP

Proof: Since % is a closed rectangle inside D, f satisfies all the
properties assumed in the theorem inside the rectangle % as well. Let %,
be the rectangle defined by:

% = {(t,y):]t—19| <h,

y—yo| < b}.

b b b
Ifa<—,thenh=agand % =%, andif — <ag,thenh= — and % C %
M M M
as shown in Fig. 4.1.


https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781108236843.005
https://www.cambridge.org/core

108  Ordinary Differential Equations: Principles and Applications

L.

Fig. 41 Picard's theorem

Consider the interval [to,p + h]. Similar arguments hold for the interval
[to — h,19]. The proof will be established by the construction of successive
approximations, called Picard’s iterates {y,}, n = 0,1,2,--- and showing
that {y, } converges uniformly to some y defined on [z, 7y + ], a solution
of the integral equation (4.2.1). The basic lemma (Lemma 4.2.1), then
gives the existence of a solution to (4.1.1). The proof will be accomplished
through the following three steps.

Step 1: Here we define Picard’s iterates. For 7 € [1,7) + h], let

Yo(t) = yo

and define successively,

t
ya(t) =yo+ | f(T,yn-1(7)) d7 (4.3.1)

1o
forn =1,2,---. Our first task is to show that the y,s are well-defined on
[t0.70 + h] and are continuously differentiable. We do this by using an
induction argument. Note that y, is well-defined only if (¢,y,—1(¢)) € %,
for all ¢ € [t,7p + h]. This holds trivially for yy. Assume, for n > 1,
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(t,yn—1(t)) € %) and |y,—1(t) — yo| < b holds, for all ¢ € [rg,70 + h]. We
show that the same statements are true when y,_; is replaced by y, and
that completes the induction argument. Since %, C %, we have

[f(t.yn-1())| <M on [to.t0 +h].

3
Now consider y,(t) = yo + / f(t,ya—1(7)) dt. The aforementioned
1o

induction assumption implies that the definition of y, (#) makes sense and
yn is continuously differentiable on [, 7y + h]. Now,

b’n y0| f T, Yn— 1 )dT

< [ 1@ 0(0) de

< M(t—1t9) <Mh<b.

Thus, (#,y,()) lies in the rectangle %) and hence, f(t,y,(t)) is defined
and continuous on [fy,7y + h]. Hence, the said properties hold also for y,
and induction is complete.

Step 2: In this step, we show that the sequence of functions {y,},
constructed in Step 1 satisfy the inequality

M (ot —19))"
o

o on [, 0 + h], (4.3.2)

(1) =yn-1(1)] <
also using mathematical induction. Assume that, for n > 2,

Ma" 2

(n—1)!

yuo1(t) = yua(r)] < (t—10)"" onlto,t0+h]. (4.3.3)

Then,

) —3nt )] = | [ F(Tynt (1))~ f(Tyna(r)) de

fo

IN

[ ey () = feia(e)] dr.

Since |yn(t) — yo| < b for all n and t € [to,00 + h], we get
(t,yn—1(2)), (t,y4—2(t)) in % for t € [fy,to + h]. By applying the
Lipschitz continuity of f, we have
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Vn(t) —yn—1(t)] < o tl|Yn—l(T)_)’n—2(T)|dT

IN

t Mo 2
a| ———(1—19)" ' dr, by (4.3.3
/to(n_l)!< 0) Y( )

_ Ma™! [(rto)"]’

(n—1)! n

Mo !

= — (t—10)".

0

Therefore, the inequality is true for n. For the case n = 1, we have

)=yl < [ 17(e30)|de < M(—1).

Thus, the inequality (4.3.2) is true for n = 1, and hence, it is also true for
any n > 1 as shown earlier using mathematical induction.

Step 3: In this final step, we show the sequence of functions {y,},
defined in Step 1, converges uniformly to a function y on [ty, % + &]. Now,
consider the series

JZ; (o;l!z)" _ (ah+ (ah)? n (ah)? +) 4.3.4)

1! 2! 3!

formed by the constants on the right side in the inequality (4.3.2). This

series converges to % (" —1). Now consider the infinite series

X () 3010)

which is dominated by the series (4.3.4). Hence, by Weierstrass M-test,
the series yp + i [yu(#) —yn—1(t)] converges uniformly on [to,7 + /] to
a limit function,:say y. Therefore, y is continuous on [to,to + h]. Observe
that the sequence of partial sums S, (1) = yo+ zn: [i(t) —yie1(2)] = yn(2).

Thus, the sequence {y,} converges uniformly to y on [to, 19 + h.
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Since each y, satisfies |y, (1) — yo| < b on [f,70 + h], we get |y(7) —
yo| < b on [ty,to + h]. This implies that f(¢,y(¢)) is defined on [to, 79 + h.
Further, by the Lipschitz continuity of f, we have

[ (6.3n(0)) = £(1,3(0))] < & [ya(t) = (1))

which shows that f(z,y,(¢)) — f(¢,y(¢)) uniformly on [f,% + h]. This
follows from the uniform convergence of {y,} to y on [to,7) + h.

Thus, by Theorem 2.2.4, (on interchangeability of limit and integral),
we get

t
() = limyn1(r) =yo+ lim | f(z.yu(7)) d7
0

n—yoo
1

= yo+ [ lim f(e.n(2) dr
to n—yoo

3
= yo+ | f(r,y(t)) dt on [t,10+ h].

0
Therefore, y satisfies (4.2.1). Thus, by the basic lemma, the limit function
y(z) satisfies IVP (4.1.1) on [to, 7o + h]. Using similar arguments, one can
show the existence of a solution on the interval [y — h,#o]. Thus, Picard’s
iterates converge uniformly to the unique solution of IVP (4.1.1). This
completes the proof. U

Remark 4.3.2 \

Although the Lipschitz continuity was used in Theorem 4.3.1 to
establish the existence result, it is possible to establish the existence
theorem just by assuming continuity of f. However, to establish the
uniqueness of a solution, we need to use conditions like the Lipschitz
continuity of f with respect to y, or a weaker version of the Lipschitz
type condition given by

|f(t.y1) = f(t.y2)] < at|y1 — y2|log
v — 2|

for all (,y1), (t,y2) € Z1.y1 # y2. .
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4.3.1 Cauchy-Peano existence theorem

We now state and prove the Cauchy—Peano existence theorem for the IVP,
where the function f(z,y) is only assumed to be continuous on a domain
DCR.

To prove the existence theorem, we first define an €-approximate
solution to the IVP and prove that continuity on f is sufficient to
guarantee the existence of an €-approximate solution for the IVP.
Subsequently, we show that the sequence of €-approximate solutions of
the IVP is equi-continuous and uniformly bounded. Then, by invoking
the Arzela—Ascoli theorem, we show that there exists a convergent
subsequence which converges to a solution of the IVP.

Definition 4.3.3

[e-approximate solution] Consider IVP (4.1.1), where f(z,y) is a real
valued continuous function defined on a domain D C R2. Let € >
0. An g-approximate solution of IVP (4.1.1) on an interval I = [ty —
a,ty+ a], a > 0, is a function y defined on I such that
(i) (t,y(r)) e D, forallz € 1.
(i) y € C! on I except possibly for a finite set S C I, that is, y €
C'(1\'S) and y(t) may have simple discontinuities, that is, jump
type discontinuities, on /.

(iii) [y(z) — f(z.y(t))| <efort e I\S.

A function y € C(I) satisfying (ii) is said to have piecewise-continuous
derivative on I and this is indicated by writing y € C; (I).

Theorem 4.3.4

[Existence of €-Approximate Solution] Suppose that f(¢,y) in IVP
(4.1.1) is continuous on the rectangle

Z={(t,y) : [t—1o| <a,

y—yo| < b},

where, a, b are positive real numbers. Let

b
M = max t, and A=min|a,— ).
1701 (a37)
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Then, for given € > 0, there exists an €-approximate solution y for the IVP
(4.1.1) on |t — 9| < h. Note that i does not depend on €.

Proof: Let € > 0 be given. An e€-approximate solution will be
constructed for the interval [fy,% + h]; a similar construction will define
the solution in the interval [y — h,fy]. The idea is to divide the interval
[to,to + h] into subintervals by points fo,f1,---,f, such that
fo <t} <--- <ty =to+h and in each interval [f;,1;1 1], we give a linear
approximation as follows:

Starting with the initial interval [fo,7;], approximate the given
differential equation (4.1.1) with z = f(y,y0). Note that the latter ODE
has a constant slope f(7,yo). If #; is close to fy, then f(z,yo) will be
close to f(z,y(t)) in [to,7;] and we expect z to be close to y in the small
interval [1,11]. Solving we get, z(r) = yo + f (t0,0) (t — fp). With the new
initial value y; = z(#;), we approximate IVP (4.1.1) by the IVP
z= f(t1,y1), z(t1) = y1 in the interval [r],7;] and continue this process
till we reach #,,. Effectively in each small interval, we are actually solving
an integral calculus problem. This idea is made precise as follows:

Since f is uniformly continuous on %, there exists = §(¢&) > 0, such
that

|f(z,y) — f(7,5)] < & whenever |t—7]<95, |[y—3|<56.

y=yo+b

slape M
t=ty+a

(to.yo) | N1 12 13 t=ty+h

AS |D
<

slop

Fig. 4.2 Cauchy—Peano existence

Let §; = min <6 , %) Now divide the interval [fy, % + &] into n parts fy <
H<th<t3<---<t, =tyg+ hsuch that

max ‘l‘k—l‘kfl‘ < 4.
1<k<n
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Then, in each interval [f;_1,%], we solve the IVP

2= f(t—1,2k-1)s  2(te—1) = %1,

where z;_; is the value of z at #;_; obtained from the previous interval.
From (#9,y0) construct a straight line with slope f(fo,y0) proceeding to
the right of #p until it intersects the line ¢ = #; at some point (tl,z 1 ) Now,
repeat this process starting at (#1,y;) with slope f(1,z1). See Fig. 4.2.

This line segment lies inside the triangular region bounded by the
lines starting from (79, yo) with slope M and —M. This follows from the
definition of & and the fact that |f(7,y)| < M. In fact, in each interval
[tx—1.1k), Z is given by

2(t) = 2(tx—1) + f(tr—1.2(te—1) ) (£ = t5—1).
Now define y on [fo,7) + h] by

y(t) = z2(ti1) + flt1.2(te-1))(t —tx—1) (4.3.5)

for t € [tx_1,tx], k = 1,2,3,---,n. Thus, y is piecewise linear and may
fail to be differentiable only at t = #, k = 0,1,2,---,n. Therefore, y €
Cplto.to + h]. For any 1 and 7 € [to.t0 + h], say 7 € [ti_1.1;], 1 € [tj_1.1)],
i > j, we have

(@) =y(@) = Iy()=y(t;) +y(t;) == y(tim1) +y(tic1) = y(7)]
< Mlt—tj|+Mltj—tjp|+- -+ Mltioy — 17|
< Mlt—tj+tj—---ti —1|
= Mli—1. (4.3.6)
In particular, with 7 = 7y, we get
y(#) =¥ (o) = [y(t) — yol < M|t —to| < Mh SM% =b.

Thus, |y(#) —yo| < b, which implies that (¢,y(¢)) € % and hence, f(z,y(t))
is well-defined. Now, for t € (f;_1,1 ), we get from (4.3.5) that

1)
y(#) = y(te1)| S Mt — 154 SMM =0
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and by uniform continuity of f, it follows that

(1) = f(t.y(0))] = [ (t-1.3(t-1)) = f(.3(2))| < &.

This, in turn, implies that y(z) is an e-approximate solution of IVP (4.1.1).
0

Theorem 4.3.5

[Cauchy—Peano Existence Theorem] Let f(¢,y) be continuous on the
rectangle Z = {(t,y) : [t —to| < a, |y—yo| < b}. Then, there exists a
solution to IVP (4.1.1) in the interval |t — 1| < h, where

b
hzmin(a,),M:maxm.
M YA

1
Proof: Choose €, = —, n=1,2,---. From Theorem 4.3.4, we have for
n

each g,, there exists an g,-approximate solution, which we denote by
yn(t), defined on |t — fo| < h. This implies that

lyn(2) —=yo| < b

and hence, |y,(7)| < |yo| + b. Thus, the family of approximate solutions
{yn} is uniformly bounded. Again, from (4.3.6), we have

[y (t) —yu(D)| < M|t —17|, for allz, 7 € [to,t0 + h].

Therefore, {y,} is an equicontinuous family of functions; see
Chapter 2. Thus, by the Arzela—Ascoli theorem (Theorem 2.2.8), there
exists a subsequence {y, } of {y,} such that y, — y uniformly on
[to — h,tg + h] as ny — . This implies that y is continuous and
() —y(F)| < Mt —1i|.

We, now prove that this limit function y is a required solution to IVP
(4.1.1). Consider the error defined by

Y (t) = (2,90, (1)) if yy, exists
Ap (t) =
0 otherwise.

That is, except possibly at finite number of points, we have

)}nk = f(t’ynk(t)) +Ank(t)'
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Integrating over (fo,7), we get

Y (t) = yo+/tt(f(f,ynk(r))+Ank(r))dr. 43.7)

Now, y,, — y uniformly implies f(¢,yn (t)) = f(z,y(¢)) uniformly on
[to — h,tp + h]. This implies that

ttf(T,ynk(T))dr—> tf(r,y(r)dr.

)

Furthermore, we have |Ank| <g, = i Therefore, we can pass to the limit
in (4.3.7), to get

t
y(O)=yo+ | f(z.y()) dr.
0
Obviously y(79) = yo. This completes the proof, using the basic
lemma 4.2.1. 0

Remark 4.3.6 \

In general, the entire sequence {y,} may not converge to a solution.
In fact, there may exist some paths from y, which need not converge
in a neighbourhood of (f9,yo). But, if we know a priori that the
solution is unique when it exists, then the entire sequence must
converge on |t — 19| < h. For, any subsequence of polygonal paths, by
the aforementioned result, there exists a further subsequence which
converges to a solution. As the solution is unique, all these limits are
the same. Hence, the entire sequence converges to the solution. O

4.3.2 Existence and uniqueness by fixed point theorem

We now establish the existence and uniqueness of a solution to IVP
(4.1.1), by invoking a fixed point theorem, namely the generalized
Banach contraction principle. We arrive at the same conclusions as in
Theorem 4.3.1, under the same hypotheses therein. The proof is as
follows.

From the basic lemma, we have seen that the solvability of the initial
value problem follows from that of the nonlinear integral equation

(1) :yo+/ttf(r,y(r))dr.
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Define X = {y € Clto,t0 + h| : |y(t) —yo| < b, for all 7 € [to, 1o + h]} which
is a closed ball in the Banach space C|1, 7 + k] with the sup norm

Iyl=sup |y(1)]-
retg.to+h]
Thus, X is a complete metric space. Define an operator 7 : X — X by

t

(Ty)(t) =yo+ t f(t,y(7))dr.

Note that for y € X, the function Ty is also in X by the choice of X and
h. Clearly, the fixed points of T are solutions of the integral equation.
We now prove that 7" is a contraction for sufficiently large n > 1. Let
y1,¥2 € X; then, using the Lipschitz continuity of f, we have

[(Ty) (1) = (Ty2) (1) =

/t()zf(f,)’l(‘r)) — f(T,y2(7))d7

IN

a [ n(e) - xa(0)lds

< aft—to) [y —y2.

Successively applying the first and second inequalities, we get

(T2y1) (1) = (T°2)(1)] < o tot\(Tyl)(f)—(Tyz)(T)\df

IN

t
@ [ (x=10)y1 -yl de
fo

2
r—1
= @y,

Hence,

2h2
[ 720 = T2 ]| < 555 Iy =all.

An induction argument now gives that, for any n > 1,
ah"
n!

| T"y1 —T"y,|| < lyi — 2|
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nilpn
can be made less than 1, and hence,

By choosing large n, the quantity '
n

T" is a contraction. Thus, by the generalized Banach contraction principle
(Theorem 2.3.2 and its corollary 2.3.3), T has a unique fixed point. This
completes the proof. (]

Note that the fixed point of T here is approximated by the iterates
t
Ynr1=Tyn =yo+ | f(T.ya(7))d7,
fo

with yo(#) = yo. These are nothing but Picard’s iterates defined earlier.

Remark 4.3.7

Suppose y,0 and f,, be sequences of initial data such that y, 0 — yp in
R and f, — fin C(Z). Then y, — y, where y, and y are, respectively,
the solutions corresponding to the initial data y,, f;, and yo, f. ]

Example 4.3.8

Apply Picard’s iterates to solve the IVP

dy

—y. y(0)=1.
=Y y(0)

Let yo(z) = yo = 1 and consider Picard’s iterates

t
Ynt1(t) =yo+/0 ya(7)dT.

We successively get
t t
yi(t) = 1+/yo(f)dr:1+/ ldt=1+¢
0 0

t t 2
n(t) = 1+/0y1(r)dr:1+/0(1+r)dr:1+z+5

2 8
7_‘_7

1
w(t) = 1+/0y2(r)d1:1+t—|—2! g
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n tm
ya(t) = mzzlo% — ¢ asn— oo,

But we know that the solution to the IVP is indeed given by y(¢) = ¢'.

4.4 Continuous Dependence of the Solution on Initial
Data and Dynamics

The initial data includes the given initial value yy and the dynamics f.
In practical applications, it is important to know how small errors in the
initial data affects the solution. In other words, we would like to know that
if the initial data is close to another initial data in appropriate norm, then
the corresponding solutions are also close to each other. This is known
as the continuous dependence of the solution on the initial condition and
dynamics.

Theorem 4.4.1

Let Z be as in Theorem 4.3.1. Suppose f, f € C(Z%) and be Lipschitz
continuous with respect to y on &% with Lipschitz constants «, &,
respectively. Let y and § be, respectively, the solutions of the IVP
y = f(t.y), ¥(to) = yo and y = f(t.5), 5(f%) = Jo in some closed
intervals I, I, containing ty and #,. For small |ty — 7|, let I any finite
interval containing ¢y and 7y, where both y and j are defined. Then,

max |y(e) =5(1)| < <|yo = ol + 1| max £ (r.y) = F(¢.y)| +Mlro —fo\> e,

where |I| is the length of the interval I, M = max <m%a}x I m{gx f) and
oy = min( e, &).

Proof:  'We give a proof when fy = 7. From the basic lemma, the solutions
y and ¥ satisfy the following integral equations:

y(t) =yo+ ttf(f,y(f))dt, ¥(t) =vo+ tf(r,y“(r))dr,

Io
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for all ¢ € I. Subtracting the second equation from the first, we get

t
() =5(0) =yo=Fo+ | (f(z.y(7)) = f(2.5(c))) dr.
0
When 7y # 7y, an extra integral appears in this equation, which can be
estimated easily. Now add and subtract the term f(7,5(7)) in the
aforementioned integral. We, then obtain

y(8) =5()] < 1yo ol +/t0t [f(z.y(2)) = f(7.5(7))|

+/t0f 1f(7.5(7)) — F(1.5(1))| dr.

Using the Lipschitz continuity of f with respect to y , this inequality can
be estimated as

y(t) =3(t) < |yo— ol +a/tt ly(t) —5(7)| dr + !IImEXIf(t,y) — f(6.y)].

Applying Grownwall’s inequality, we get

ly(r) =3(2)] < (!yo—yb\ - II\m;}}XIf(t,y) —f(t,y)|> exp(all]).

The same inequality is true when « is replaced by & as well if we add and
subtract f(7,y(7)) instead of f(7,5(7)). This completes the proof. ~ [J

4.5 Continuation of a Solution into Larger Intervals
and Maximal Interval of Existence

Observe that the existence results discussed in Section 4.3 are local in
nature, that is, we could only claim the existence of a solution in a small
interval containing the initial time 7. However, when the differential
equation is linear, that is, f(¢,y) = a(t)y+ b(t), where a(t) and b(r) are
continuous functions defined on [tg — a,ty + a|, then f is defined on
X = [ty —a,tp +a] x R. In this case, the solution is defined on the entire
interval [t) — a,tp + al, that is, & can be taken as a itself. But, this is not
true when f is not linear, that is, the solution may not exist in the interval
where f is defined. At the same time, it is possible that [y — h,7) + A]
may not be the largest possible interval of existence. This leads to the
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following question. Can we enlarge the domain of the solution y further?
More generally, what is the largest possible interval of existence?

Example 4.5.1

Recall the ODE in Example 4.1.4, namely y = y*, y(1) = —1.

Let Z = {(t,y): [t—1| <1, [y+1| <1}. Here, f(t,y) = y* satisfies
continuity and Lipschitz continuity assumptions on %, ty = 1,yg = —1
and let |t — 1| < h, be the interval on which existence is guaranteed (by

1
theorems), which can be computed as h = T Hence by Theorem 4.3.1,

the IVP has a solution on the interval [2, 2].
Now by the method of separation of variables, we can integrate the
differential equation and use the initial condition to obtain the solution as

1 . .
y(r) = — Thus, the solution exists for 0 <7 < oo. In other words, we can

continue the solution outside the interval [% %] At the same time, since
ly(¢)| — o0 as t — 0+, it ceases to exist to the left of 0, even though f is
a differentiable function defined everywhere. This is the typical nonlinear
phenomena and f is not Lipschitz in the entire IR, but is Lipschitz in any
bounded interval.

4.5.1 Continuation of the solution outside the interval |r—1| <h

The existence theorem (Section 4.3) guarantees that IVP (4.1.1) has a
solution ¢ on the interval [t) — h,to + h]. Consider the right end point of
[l‘() —h,to+ h]. Lett) =t9+h, y1 = ¢0<l‘1). The point <l‘1,y1) is inside %,
which is inside D. Now consider the IVP y = f(z,y), y(t1) = @o(11) = y1.
Reapplying the existence theorem with this new initial condition to get a
solution ¢; on the interval t; —h; <t <t + h; for some i; > 0. Define

do(t), to—h<t<ty+h=t

y(t) =
o1(t), t1<t<t+h.

00() = yo+ [ F(5.00(7)) dr, forto—h<t<rn
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(])1(1‘) = ¢0(t1)—|—/ttf<f,(])1<f))d1', fort <t <t +h.

Thus, we have
t
y(0) =0+ [ f(ey(v)) de
0

for ¢ € [to — h,t1 + h1] = [to — h,to + h+ hy]. Tt is easy to see that y is
differentiable at r = 7 also, from the aforementioned two expressions and
verify that y indeed satisfies the DE in question.

This solution y(¢) is called a continuation of the solution ¢y to the
interval [to — h,t; + hi]. Now repeating this process at the new end point
f1 + hy, we obtain a solution on [fg — h,#; + hj + hy]. In this manner, we
may get longer intervals [f) — h,, + h,]. Unfortunately, this still may not
lead to the maximum interval of existence.

In Example 4.1.4, the function f is not Lipschitz in IR. When f is
not globally Lipschitz, the bounds on Picard’s iterates may become larger
and larger, thus reducing the interval of existence. This is really due to bad
non-linearity even though the function is very smooth as in Example 4.6.1.
If f is Lipschitz globally, then we get the existence in the entire interval
of definition as in the following theorem. The proof will follow along the
same lines as in Picard’s existence theorem and we leave the details as an
exercise to the reader. In fact, because f is defined on the entire real line
in the second variable, one need not check the validity of Picard’s iterates
as they are always defined.

Theorem 4.5.2

Let f(z,y) be abounded continuous function defined in the unbounded
domain Z = {(t,y): a<t<b, —eo <y<oo}. Let f be Lipschitz
in y on Z. Then, a solution y of y = f(¢,y), y(to) = yo, fo € (a,b) is
defined on the entire open interval a < t < b. In particular, if a = —oo,
and b = +oo, then y is defined for all 7 in R.

Theorem 4.5.3

Suppose f: D — IR is bounded and y is the solution of IVP (4.1.1) in
some interval (a,b) containing fy. If b < oo, then, y(b—) = lirbn y(1)
t—b—

exists. If (b,y(b—)) € D, then, the solution y may be continued to
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an interval (a,b] with b > b. Similar statements hold at the left end
point a.

Proof:  Let M be the bound on |f| on D and 7y < t; <t < b. Then,

15}
() =3(0)| < [ 17(5.3(6))lds < Ml =1
1
Thus, if t;,p — b from the left, it follows that

ly(2) =y(t1)| =0

which is the Cauchy criterion for the existence of the above mentioned
limit. Since (b,y(b—)) € D, we can now consider the IVP with the initial
condition at b as y(b—) and the solution can be continued beyond b as
asserted in the theorem. O

4. 5.2 Maximal interval of existence

Consider IVP (4.1.1). Assume the existence of a unique solution in a
neighbourhood fy. Call such a neighbourhood, an interval of existence.
Suppose /1 and I, are intervals of existence containing 7o, then their union
is an interval of existence (why?).

Definition 4.5.4

Let J be the union of all possible intervals of unique existence of
(4.1.1). Then, J is an interval and, is called the maximal interval of
existence. More precisely, let {/y} be the collection of all intervals of
unique existence, containing fg. This collection is non-empty and

J =l O
a

Indeed, we can a define a unique solution y in J as follows: for any t € J, ¢
is in some interval / of existence and y(¢) is the value given by the solution
in 1. This is well defined by the uniqueness.

Proposition 4.5.5

The maximal interval J of existence is an open interval (¢, f3), where
o can be —eo and B can be +-oo.


https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781108236843.005
https://www.cambridge.org/core

124  Ordinary Differential Equations: Principles and Applications

Proof:  1If not, suppose J = (a,f]. In this case, B < oo. Then, one can
consider the IVP for the same ODE with initial condition at 3, to get
a solution in [B,B + h| for some h > 0. This will produce a solution in
(a, B + h] contradicting the maximality of J. Similar contradiction can be
arrived at if & is a point in J. L.

Theorem 4.5.6

Let J = (a,f) be the maximal interval of existence and y be the
solution to the IVP in J. Assume 3 < oo. If K is any compact subset
of R such that [ry, 8] x K C D, then there exists a #; € (a,3) such
that y(¢;) does not belong to K. Similar statements hold at the end
point .

We infer the following from the conclusion of the theorem. Only one of
the following statements is true:

o Ify(B—) = Il_i)rﬁn_y(t) exists, then (B,y(B—)) € D\ D, the boundary
of D.

e The solution y becomes unbounded near 3, that is, given any large
positive number C, there exists 71 < f3 such that [y(¢;)| > C.

The following examples illustrate both these situations.

The proof of the theorem follows immediately from Theorem 4.5.3.

Example 4.5.7

1
Consider the equation y = et
y

1
Here, the function f(z,y) = P is defined in the entire (¢,y)-plane, except
y

the r-axis and y-axis. We will consider the IVP in the first quadrant in
the (z,y)-plane: y(f9) = yo where both #y,yo are positive. The solution
is given by y = [2log(t/1o) + y3]'/2. Therefore, the maximal interval of
existence is (o,%), where a = toe /2 and as t — o—,y(t) = 0 with
(a,0) belonging to the boundary of the domain in question.
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Example 4.5.8

1
Consider the equation y = ——.
t+y

In this case, we take the domain as {(7,y) : #+y > 0} and impose the initial

condition as y(ty) = yo with 7o + yo > 0. By introducing a new variable
u(r)

u(r) =1t +y(t), we see that the solution is implicitly given by % =
u

(r)

e’ ) ) . . .
¢'. We notice that the maximal interval of existence in this case

1+10+yo
is given by (o, o), where a = to +log(1+1+yo) — (to +y0) < fo. Again,
it is not hard to see that as r — a—, (#,y(¢)) approaches the boundary of
the domain in question, that is,  + y(z) — 0.

Example 4.5.9

Consider the IVP: y = g(l +y%),(0) =0.

We now see that the solution y(z) = tan(57) cannot be extended beyond
the interval (—1, 1). Note that if we take any rectangle {(z,y) : |f| <a, |y| <
b} around the origin (0,0), then as in the local existence theorem, we

get the existence of a unique solution in an interval [—h,h], where h =

. 2 b . . 1
min(a, 7 177 ), which is always less than .

4.6 Existence and Uniqueness of a System of
Equations

In this section, we study the existence and uniqueness of the solution of a
system of differential equations of the form:

xl :fl(taxl’XZ,"' ,xn)
x2 :fZ(taxl’XZ,"' ,xn)

xn = fn(taxl’xZ,' o ,xn)


https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781108236843.005
https://www.cambridge.org/core

126  Ordinary Differential Equations: Principles and Applications

with initial conditions given by:
x1(to) = xo1; X2(10) = X02, - - -, X (t0) = Xons

where, for i = 1,2,...,n, f; : RXxIR" — IR" is possibly a nonlinear
function which is assumed to be continuous on R"*1, Put

x(1) = [ (1), 22 (t),-- (1))
£(t,%) = [fi(t.21(0), -2 (0)), S (6,21 (2), - xn (2)), - (8,21 (2),
()]

and
o T
Xp = [XOI,XOZ, e axon]

Here, the superscript 7 denotes the transpose of a matrix/vector. Using
these notations, the aforementioned system of differential equations can
be written in the following compact form

x =f(z,x), x(t9) = xo. (4.6.1)

An n'" order scalar differential equation can be reduced into a system of
n first order differential equations of this form. Such a representation is
known as the state-space representation of the system.

Example 4.6.1

Consider the differential equation
¥ () = g (130D (1), V(1))
with initial conditions

y(t()) = X015, y(l) (to) = X02," " ’y(nil) (t()) = X0n-

Define x1,x3, -+, x, as follows:

xi (1) = (1),

x(t) =y (1) = 5 (1)
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xo(1) =y V(1) = k01 (1),
Then, the given n™ order differential equation can be written as
x1(t) = x2(1)
(1) = x3(2)
Kn—1(t) = xn(1)
in (1) = g(t,x1(2),x2(1), . ..,x4(2))
and the initial conditions reduce to
x1(t0) = xo1, x2(t0) = X02, -+ ,%u(t0) = Xon-
In vector notation, we get
x(r) =£(2,x(1)), x(10) = xo,
where
Xg = [x()l,xoz,...,x()n]T
x(t) = [x1 (), x2(2),....xn(1)]"
£(1.%) = [£1(.%). fo(£.X)..... fu(£.%)]

with

127

S (t’x) :x2(t)’ fZ(taX) :)C3(l‘), '--fn—l(t’x) :xn(t)’ fn(t’x) = g(t,X).

4.6.1 Existence and uniqueness results for systems

Let D be an open connected set in IR x IR”, whose points are denoted by
(,x) with7 € R and x € R”. Assume f: D — IR" is a continuous function.
The results on existence and uniqueness of solutions to systems (4.6.1) are
very similar to the ones discussed in Section 4.3 for a single equation. Here
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we restrict ourselves to a description of the method of Picard’s iterates.
The only difference is that Picard’s iterates are now vectors and hence we
need to take the vector norm in R” instead of absolute values. Choose
positive real numbers a and b such that

Z={(t,x) eRxR":|t—19| <a, [x—xo| < b}

is a subset of D. Let us recall the definition of the Lipschitz condition of
the vector f. The vector function f is said to be Lipschitz continuous in x
on Z if there exists a constant & > 0 such that

[£(2,x1) —£(£,%x2)| < o |x; —x2|, forall (£,x;), (¢,%2) € Z.

n
Note that we are using the norm for any vector x € R” as |x| = Z |xi]-

i=1
Now suppose that the components f; of f are Lipschitz with Lipschitz
constants ¢; in x on %, that is,

|fi(t,x1) — fi(t,x2)| < 04 [x1 — X2

Then, it is easy to see that f is Lipschitz in x on % with Lipschitz constant
o <|ay|+ -+ |o|. Conversely, if f is Lipschitz with Lipschitz constant
«, then each component f; is also Lipschitz whose Lipschitz constant is
bounded by «.

Now consider IVP (4.6.1). This system is equivalent to the following
system of integral equations

, for all (z,x;), (¢,x2) € Z%.

x(t) = xo+ [ #(z.,x(c)) dr,

fo

or, component-wise,

m@:mﬁjE@qmuf

fori=1,2,...,n. Now define Picard’s iterates as

t
Xp11(t) =x0+ [ f(7,x,(7))d7, n=0,1,2,---.
fo
Following exactly the procedure used for a single equation, see Theorem
4.3.1, we can show that this Picard’s iterates converge uniformly to the
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unique solution of the IVP for any arbitrary x9 € IR”, in some interval
[to — h,to + h] for some A > 0. Thus, we have the following theorem.

Theorem 4.6.2

Assume that f is continuous in % and each f; is Lipschitz with respect
to the space variable x on %. Then, there exists a unique solution to
IVP (4.6.1) in an interval |t —to| < h, for some i > 0.

The interval of existence obtained from the theorem need not be the best
possible interval. One can also prove the results on continuation of
solutions to a larger interval as in the case of a single equation in a similar
fashion. We can also introduce the maximal interval of existence and
eventually obtain global solutions under the assumption that f is a
continuous bounded function and is globally Lipschitz with respect to the
x variable in the domain of definition.

Example 4.6.3

Consider the nonlinear system

%1 = 2cos(xz), %2 = 3sin(x)

x1(0) =a, x2(0) =b.

2¢08 xp

Letx = [ X1,X2 ]T, X = [ X1,% ]T, f(z,x) = [ 3sing

] . Then

If(z, x) —£(2,%)| = [

2¢c0s x3 —2c0S X3 ]

3sin x; —3sinx]
< 3]x—%|.

Thus, f(z,x) is globally Lipschitz continuous with Lipschitz constant less
than or equal to 3. Hence, by the existence and uniqueness theorem, there
exists a unique solution for the given differential system around the given
initial data.

Let A = [a;;] be a constant n x n matrix. Then, f(z,x) = AX is
obviously Lipschitz continuous with Lipschitz constant o = ||A||. Thus,
the linear system with constant coefficients X = Ax, x(fp) = Xo has a
unique solution, and the solution is global. A detailed study of the system
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will be carried out in Chapter 5. More generally, we can consider the
non-autonomous system

x(r) =A(r) x

X(lo) = Xq,

where A(7) is a matrix valued continuous function defined on a compact
interval. Then, the linear function f(z,x) = A(z)x will satisfy the required
conditions globally, and hence, we get the unique solution to the system.
The compactness of the interval may be removed if all the components of
A(t) are bounded functions of .

4.7 Exercises

1.

Discuss the existence and uniqueness of the solution of the following
IVPs

(@) y =2y, y(to) =yo.t0 #0.
(b) y = (cott)y, y(1)=0.

Discuss the existence and uniqueness of the following systems

k
(a) Xl = X2, Xz = Tg sinxl — — X2, X1 (0) = 0, X2(0) =0.
m

() X1 = x2 —x1(x} +23), 2 = —x1 —x2(x} +23) x1(0) =0 =
x2(0).

Discuss the solvability of the differential equation in Example 4.1.2
with a different initial condition y(0) = yo > 0. (Hint: y(z) = yo —¢
is a valid solution only for the interval (—co,yy)).

Apply Picard’s iterates to obtain the solution of IVP

dy
—= =4y, 0)=3.
o= y(0)

Discuss the existence and uniqueness of solutions of the following
IVP

1
(1) y:?y’ y(1) =1
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1
(i) y=—, »(0)=0

<

(i) y = [y]'/2, y(0)=0

. By suitable change of variables, transform the n™ order linear non-

homogeneous equation

YO () +ar ()" () 4+ apoy () +an(2)y(t) = b(r)
@4.7.1)

with initial condition y(i) (to) =x0i+1, 1=0,1,2,---,n—1 to the
linear system (with appropriate A and f)

x=A(r) x(r) +1£(2), x(19) = xo.
Obtain a state-space representation of the gyro system
I6—-Hwcos®@=b0O—k0

0(0) = ap,0(0) = ay.

. Reduce the following system of second order equations

mi = ky(y—x)+b(y—x)+ki(u—x)

myy = —kp(y—x)—b(y—x)

to a first order system.

. State the conditions under which the following differential equation

will have unique solutions

(i) The n™ order nonlinear equation in Example 4.6.1.

(ii) The n' order linear non-homogeneous equation in Exercise (6)
above.

In the following exercises, choosing the appropriate domain of
definition of the given function and corresponding initial condition,
find the maximal interval (a,f) of existence of the solution and
find its limits as 7 approaches «, 8
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11.

12.

(a).

(b).
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(@y=1jﬁ.
®) 5=
<@y=1f;.
(@y:yuiw.

Prove the continuity of the solution of the equation given below, in
appropriate norm with respect to the initial data xo and f

x = f(z,x), x(70) = Xo,

assuming that f is continuous and Lipschitz continuous with respect
to x variable, in the domain of definition.

Consider the n-dimensional control system
x = f(2,x(7),u(z)), x(19) = xo,

where the function f: R x R"” x R" — IR” is continuous and
Lipschitz continuous with respect to x and u, where the continuous
function u(z) is an external control input applied to the system.
Prove that the system has a unique solution for a given initial
condition xp and a given control function u(¢). Also, prove the
following:

Let x be the unique solution with initial state Xy and X be the unique
solution with initial condition Xg, for a fixed control input u. Then
there exists K| > 0 such that

|Ix = X[[ < Ki[[xo — o[-

Let x, be the unique solution with a control u and x be the unique
solution with a control i for a fixed initial state Xo. Then prove that
there exists K> > 0 such that

[xu — xal| < K> ju—al.

Thus, we see that the solution varies continuously in the“Lipschitz norm”,
both with respect to the initial data and control data. If there is higher
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order smoothness in the data f, we can get the corresponding higher order
smoothness in the solution.

4.8 Notes

This chapter deals with some important topics on existence and
uniqueness of a solution to an ODE. The significance of these topics are
explained through several examples so that a beginner starts appreciating
the topics. We have included three results on existence—Cauchy—Peano
existence theorem, existence using Picard’s iterates and existence using
fixed point theorem. The first one requires only the minimal assumption
of continuity, but uniqueness is not guaranteed. The other two results
require the assumption of Lipschitz continuity and the uniqueness is
guaranteed. Gronwall’s inequality is stated and proved, which in turn is
used to prove the uniqueness of solutions. Gronwall’s inequality is also
useful for comparison of different solutions with different coefficients
and/ or initial data. There are other types of uniqueness results; see for
example [AO12]. For general theory, there are many good books, see for
example [CL72, Sim91, SKO07, Tayll, MU78, HSDO04]. Continuous
dependence on the data is also discussed in detail. Also discussed is the
topic on continuation of solutions to larger intervals; this leads to the
concept of maximal interval of existence of a solution. In particular, the
conditions for global existence of a solution is dealt with. An application
of these results is seen in the proof of Perron’s theorem in Chapter 9. A
brief discussion on systems is also carried out.
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Linear Systems and
Qualitative Analysis

5.1 General »" Order Equations and Linear Systems

In Chapter 2, we have studied first and second order regular linear ODE.
We have seen that the first order case can be completely resolved to get a
representation of the solution, whereas for the second order case, we do
not have a general method to get two linearly independent solutions.
However, we have seen that the solution space of linear second order
homogeneous equations is of two dimensions. A general n™ order regular
linear ODE can be written in the form

4" dnfl

> tf ()5

d
g et Pt (02 4 palt)y = g(1) (5.1.1)

dt

with n conditions such as initial or boundary conditions. For example,
initial conditions can be of the form

¥(0) =y, yV(0) = y1,---,y"D(0) = y,_1.

If g(t) =0, (5.1.1) is called homogeneous, otherwise it is
non-homogeneous. A class of singular n'™ order equations, called Euler
equations, consists of equations of the following type:

dny B dn—ly dy
" 1 o Ppit— =0,
dpn + 1 i + ot Pt 7 + Dny
where pi,---,p, are real constants. This equation can be reduced to a

constant coefficient equation by changing the independent variable ¢ to T
satisfying t% = %. However, caution should be exercised while seeking
a solution around ¢t = 0.
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By introducing new variables:
(1) _ dnfly
- dtn_l ’

we can convert (5.1.1) into a system of # first order equations which having
a matrix representation as x(z) = A(¢)x(¢) + g(t), where

X1 =Yy, X2 :y(l),...,xn =Yy

0 1 o - 0
0 0 I - 0
A=A(1)=
0 0 0 1
[—pn(t)  —pu-1(t) —p1(t),
and
[ x(t) ] [0
x2 (1) 0
=] - |a0=]"
X1 (1) 0
L x| Lg(1).

This motivates us to consider the following general system
x(1) = A(2)x(r) +g(r), x(0) = xo, (5.1.2)

where A(7), is an n X n matrix whose elements are functions of 7 € R
and g(7) is a vector valued function of 7 € R. If the elements of A and
g are continuous functions of 7, then the standard existence theorem (see
Chapter 4) will give the uniqueness and existence of the solution x(z) of
the IVP (5.1.2), in any finite interval IR. See also Section 4.6.

Definition 5.1.1

If the coefficient matrix A depends on ¢, (5.1.2) is called a
non-autonomous system; otherwise, it is called an autonomous
system.

Indeed, the operator L = L(x,%) = X— Ax s linear in x and x. We study the
representation of the solution of (5.1.2) when A is a constant matrix and
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g identically zero. This is more easily done in the case of an autonomous
system. In the case of a homogeneous, autonomous system, the solution
can be represented as

x(1) = e xq, (5.1.3)

analogous to the one-dimensional case when A = q, is a scalar. Though
(5.1.3) gives the unique solution, it does not give us much information
about the trajectories. It is to be remarked that in practical applications,
the solution of the system may correspond to the motion of particles.
Hence, understanding the trajectories and their behaviour is of paramount
importance. So one of our major aims in this chapter is to get the
geometry behind (5.1.3) using the spectral analysis of A. Hence, this
chapter is also a precursor to Chapter 8 on the qualitative analysis of
nonlinear systems. We give a complete description in 2-dimensional
systems; it is more complicated in higher dimensional cases. Indeed, we
can obtain a good amount of information using the Jordan decomposition
of A. Again, the computation of €A, in general, is not that easy and
spectral decomposition helps us to compute ¢/, We will also study the
non-homogeneous system and represent the solution using variation of
parameters. We will further introduce the concept of a transition matrix
for representation of solutions to non-autonomous systems.

5.2 Autonomous Homogeneous Systems

Given a real matrix A of order n, we may think it as a linear operator from
R" — R” defined by x — Ax whose operator norm is given by ||A|| =

sup |Ax|, where |- | is the Euclidean norm (or modulus) in IR”. Consider
[x|=1

m. Ak
the partial sums of operators A, = Y th. It is easy to see that ||A,|| <
k=0

IA[*

o —0asl,m— o,

m
el forallt and form > I, ||An— A < Y £
k=I+1
Hence, the sequence of operators {A,, } converges to a linear operator from
R" — IR", whose matrix representation is denoted by ¢’A. In other words,

A k
=31 R
k=0 :
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Consider the linear homogeneous autonomous system
x = Ax(t), x(f9) = xo (5.2.1)

With the aid of the matrix exponential, it is now straightforward to verify
that a unique solution for the IVP (5.2.1), is given by x(r) = e("~"0)Ax,.
The uniqueness follows from a similar argument for a single equation; see
Chapter 3. If y(z) is any other solution of (5.2.1), then by considering the
expression e~ ~0)Ay(¢)), a differentiation yields uniqueness.

Thus, we have the unique representation of the solution of IVP (5.2.1)
asx(r) = eI=10)Ax,. Next, we use the spectral decomposition of the matrix
A to elicit more information about the behaviour of the solution, especially
of the various orbits or trajectories.

5.2.1 Computation of ¢ in special cases

e If the matrix A is diagonal denoted by A = diag(A4,...,4,), then it
is an easy exercise to verify that

A = diag(e, -, eM).

Note that saying that the matrix is diagonal is equivalent to the fact
that the system (5.2.1) is a decoupled system in the sense that we
have n separate equations for each component x;(¢) for all 1 <i <n.
Hence, each equation can be solved to get x; (1) = % (1=10) x0;, where
xo; is the i component of the initial value xo. Thus, x(¢) can be

represented as
X(t) et diag(e)t’l (titO)’ e ’elﬂ(tfto))xo — e(titO)AXO‘
e We have ¢A1B = ¢A B if A and B commute. In particular, eAis
always invertible and (e*)~! = ¢™A. In general, eA™B £ A .¢P for
non-commutative matrices A and B.

e (Similarity of matrices) Suppose B = P~'AP for some invertible P,
Then, ¢® = P~1¢AP. This follows easily from the observation
B> = (P~!'AP) (P~!AP) = P 'A’P and hence, by induction,
BX = P~! A*P for any positive integer k.

Using similarity transformation, we can convert the system corresponding
to A to a system corresponding to B as follows. Put y = P~'x. Since P is
a constant matrix, y satisfies the system
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y(t) =By(t), y(to) = yo =P 'xq.

This leads to the concept of linear equivalence of two linear systems.

Definition 5.2.1

A linear system of ODE

X = Ax (5.2.2)
is said to be linearly equivalent to a system

y =By (5.2.3)

if A and B are similar, that is, there exists an invertible matrix P such
that B =P~ AP.
O

The idea is to find B so that (5.2.3) is much simpler to analyze than (5.2.2).
Such a B is provided by the Jordan decomposition of A. We will also
see that there is no change in the qualitative behaviour of solutions of
(5.2.2) and (5.2.3); in particular, the nature of equilibrium points (which
are the same for both (5.2.2) and (5.2.3)) is unaltered. We also remark
that the transformation x — y = P~'x or y — x = Py are linear operators
and these transformations are essentially a coordinate change or change
of basis. In effect, we view the two systems (5.2.2) and (5.2.3) in two
different coordinate systems. We will see examples later.

In a particular case when A is diagonalizable, that is,
B = diag(A1,42...., ), then, A = ePBP™' = PeBP—! = Pdiag (e, o™,
,el")P*I. In this case, the system (5.2.2), which is a coupled system
to begin with, is converted to an uncoupled system (5.2.3) which can be
solved immediately. Hence, we also get the solution to the uncoupled
system (5.2.1) as

X(l‘) — e(t_IU)AXO — Pdlag(ez’l ("’0),612(140)’ e ,eln(t_tO))P_IXO.
5.2.4)

So, we ask a natural question. Is every matrix diagonalizable? In Chapter
2, we have seen that this is not always true. In general, diagonalizability
is not possible even in the two-dimensional case. But the two-dimensional
case is not that difficult, and we will do a complete analysis separately in
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this case to bring out the aspects of diagonalizability. The general case is
more involved and Jordan decomposition is the best possible reduction.

We already know that diagonalizability is equivalent to the existence
of n independent eigenvectors. Note that we do not demand » distinct
eigenvalues. However, the existence of n distinct eigenvalues implies the
existence of n independent eigenvectors and hence, diagonalizability (it
is a sufficient condition) is guaranteed. In general, if the algebraic and
geometric multiplicities are equal for all the eigenvalues of a matrix, then
that matrix is diagonalizable.

The reader can show that the matrix [} (1)] is not diagonalizable.

5.3 Two-dimensional Systems

In this section, we consider the 2 x 2 system, that is A is a 2 X 2 matrix.
To begin with, we also assume that A is non-singular. Our aim is to do the
phase plane analysis and classify various types of equilibrium points. We
have the following theorem.

Theorem 5.3.1

Every 2 x 2 system X = AX is linearly equivalent to only one of the
systems y = B;y, i = 1,2,3, where

A0 11 —b
Blz[o ‘J,Bzz[o A]’B3:[Z a}, (5.3.1)

where A, lt,a,b are real numbers and b # 0.

Proof: 1If the two eigenvalues A and p of A are real and distinct, then
the corresponding eigenvectors x and y are linearly independent. If
= U is the double real eigenvalue of A and the corresponding
eigenspace is two-dimensional, then also we obtain two linearly
independent eigenvectors x and y. In either of these cases, we obtain,
. X1 Vi . A
withP=[x y|= LZ yz] , AP = Pdiag(A,u) =P [O
onwards, note that we may represent matrices in the form [x y|, where x
and y are the column vectors of the matrix in question. Since x and y are
independent, the matrix P is invertible, and we get the first form B;.

0] . From now
u
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The second case is more delicate, where A = u is the double real
eigenvalue of A whose eigenspace is one-dimensional, say spanned by an
eigenvector X. In this case, we need one more vector linearly independent
of x, to form a basis for IR?. This can come from the notion of
generalized eigenvector. We have ker(A — AI) C ker(A — AI)?; the latter
is two-dimensional space since (A — AI)?> = 0 as the characteristic
equation of A is det(A — AI) = 0. Hence, ker(A — AI)?> = R?. Thus,
choose a vector v ¢ ker(A — AI) and v € ker(A — AI)2. It is not difficult
to verify that the vectors u = (A — AI)v and v are linearly independent
and therefore, the matrix P = [u  v] is non-singular. Further, AP = PB,.

In the third case, suppose A has complex eigenvalues. Since A is real,
these eigenvalues are complex conjugates of each other. Let A = a+ib
and 4 = a — ib be the complex eigenvalues, with b # 0. Let w = u+iv
be an eigenvector corresponding to A, that is, Aw = Aw. Here u and v are
real vectors. Since A is real, we have AW = Aw = uw, where ~ denotes
the complex conjugate. It is not difficult to show that the real vectors u
and v are independent and AP = PB3 with P = [v u]. The details are
left as an exercise to the reader. O

5.3.1 Computation of ¢B/ and B

Since B is diagonal, we have already seen that ¢B1 = diag(ex,e“) and
B = diag(e’l, e'*). In the case of B, and B3, we leave it to the reader to
check that

1 1

01

elB2 — ell
' 0 1

1 t]
(5.3.2)

and

B g [cosb —s1nb] g [cos(tb) —sin(zb)

= . (5.3.3)
sin(th)  cos(tb) ]

sinb cosb

Thus, if we consider the system (5.2.3) with B = B;, i = 1,2,3, the
corresponding solutions to the IVP with y(0) = yo can be, respectively,
written as

y(r) = diag (e, e )yo. (5.3.4)
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Equivalently, yi (t) = e*yo1, y2(t) = e'Fyp, fori=1;
1
y(r)=e? [0 i] Yo. (5.3.5)

Equivalently, y; (1) = et (yo1 +tyo2), y2(1) = ey, fori=2; and for
=3,

y(r) = e [Z:((;:)) ;Z:EEZ;)] 0 (5.3.6)
Equivalently,
yi(r) = €“(vor cos(tb) — yor sin(tb)), y2(t) = € (yor sin(tb)
02 cos(t)).

When we go back to the original system corresponding to A, we may write
the solution to the IVP (5.2.1), respectively as

x(1) = e xo = Pe'BIP Ix) = Pdiag(e”l,et“)P”xO fori=1;

(5.3.7)
tA 11 —1 .
x(1) =P 0 1 P 'xg fori=2; (5.3.8)
and for i = 3,
cos(tb) —sin(th
x(t) = €'“P (t6) (%) ~Ixo (5.3.9)
sin(tb)  cos(th)

It is interesting to observe that the general solution of any 2 x 2 system is
a linear combination of the product of the elementary functions; namely,
polynomials, exponentials and trigonometric functions. We will see later
that this statement continues to hold for any general n dimensional system
too. We will now have a few examples.

Consider the system

X1 = —x1 —3x2, X = 2x». (5.3.10)
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The matrix A = [_01 _23} has eigenvalues A, = —1, A, = 2 with

1

1 -1

0 1]and

corresponding eigenvectors [(1)} and [ ] Hence, P = [

11 -1 0 o
0 1 0 2}. This implies that a

linearly equivalent system is given by y; = —y;, Y» = y», which is a
diagonal system.

Consider the system

P! = . Further, B=P~! AP = [

X1 =Tx1 —4xp, X =x1+3x (5.3.11)

The coefficient matrix A = [Z 3

] has a double eigenvalue A = 5 with

a corresponding eigenvector X = ﬁ] ; any other eigenvector is a multiple
of this vector. Now choose any vector which is independent of x, say
V= [(1)] ,thenu= (A—5I)v= [ﬂ is a generalized eigenvector for A = 5.

Thus, the matrix P is given by P = ? (1) and P~! = (1) _12} The

reader is advised to verify these facts and see that A is equivalent to By =

[g ;] . The final solution is given by

1 ¢ 4=
x(t) = 'P [O J P~ !xy.

Example 5.3.4

In this example, we consider a second order equation

Z+2:4+3z=0. (5.3.12)

By introducing the variables x; = z,x, = Z, the equation reduces to a
system of the form x = Ax, where A is given by
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A= [_03 _12] Observe that A has the complex eigenvalues given by

A=—1+iv2and u = —1—iy/2. Thus,a = —1and b = /2 in (5.3.1).
A complex eigenvector X corresponding to eigenvalue —1 -+ iv/2 can be

0 0 1
computed as x = [ﬂ = [_11] + [z\@} Thus, P = [\@ _J and
1 1
P = 7 vz 0} . Finally, the solution to the system is given by

<() = P [cos(\ﬁt) —sin(ﬂt)] bl
cos(v/2t)  sin(v/2t)

and the solution z to (5.3.12) is the first component x; (7) of x(7).

5.4 Stability Analysis

We begin this section with a description of several notions like
equilibrium points, phase plane and phase portrait; the concept of a
dynamical system, a flow and a vector field. Further classification is done
among the equilibrium points, namely stable and unstable nodes; saddles;
stable and unstable foci and centres. These notions are also relevant to
nonlinear systems. In fact, these notions are at the heart of understanding
ODE, especially in the context of applications. We restrict the discussion
to the 2 x 2 systems for describing the aforementioned notions. We
remark that 2 x 2 linear systems are particularly simple to analyse as
there are at most two eigenvalues and corresponding eigenvectors to deal
with. Nonetheless, the features that we present here, are generally there
for higher dimensional systems also.

5.4.1 Phase plane and phase portrait

Consider a general n dimensional autonomous system
x = f(x), x(10) = X0, (5.4.1)

where xo € R” and in general, f: R” — IR” is a smooth map; f(x) = Ax,
where A is an n X n matrix, will give an n dimensional linear system.

In mechanics, the motion of a particle is described by Newton’s second
law and may be formulated as a second order ODE: mi + F (x,x) = 0,
where m is the mass of the particle. The position x(7) and its velocity
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x(t) are called the phases of the system under consideration. We adopt
same terminology for a first order system (5.4.1) and call the components
X1,X2,- -+ ,Xx, of the solution x as phases of (5.4.1). Indeed, if Newton’s
law transformed to a first order system, we get, x; = x and xp = x. If
x is a solution of (5.4.1) in some interval I C IR, containing ty, the set
{x(t) e R":t € I} is called a trajectory or an orbit passing through xo. In
this scenario, IR” is referred to as the phase space (phase plane if n = 2
and phase line if n = 1) of (5.4.1). Thus, the phase space contains all the
trajectories of (5.4.1) passing through different points of the phase space.
Description of all the trajectories of (5.4.1) in the phase space (or phase
plane or phase line) is referred to as the phase portrait of (5.4.1) and the
analysis involved in this process may be called as the phase space (or phase
plane or phase line) analysis of (5.4.1).
We now give an example.

Example 5.4.1

Consider the decoupled system given by

X1 = —x1, X2 = 2x7, X (0) = Xo1, X2(0) = Xp2. (5.4.2)

—t
o1 . Even
0 X02
though it is a system of two separate equations (that is, uncoupled), we
would like to consider it as a system. From a dynamical system point of
view, x(¢) can be thought of as the motion of a particle in the xjx;-plane
which is the phase plane for (5.4.2), as  varies. At ¢t = 0, the particle is at
xo and the particle moves to x(¢) at time ¢. Figure 5.1 gives the various
trajectories of the particle under motion, where the arrow indicates the
direction of motion for positive (increasing) time and different initial
positions.
We will see later that what is observed in Fig. 5.1 will be the feature
of any system having eigenvalues with different signs, except that the
direction of arrows and coordinates might change. The reader can see the

phase portrait of Example 5.3.1.

The solution is given by x(7) = [e e%} X0, where xo =
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X2

X1

Fig. 5.1 Saddle point equilibrium

5.4.2 Dynamical system, flow, vector fields

Dynamical System: The dynamical system of (5.4.1) is a mapping P :
R x R" — R” given by the solution x(¢) = x(7,X¢), that is, ®(7,x9) =
x(,X0). Geometrically, the dynamical system describes the motion of the
points in the phase space along the solution curves. For fixed xo, ®(-,x0)
represents the solution passing through the point x.

Flow: Given the dynamical system ® as described earlier for any fixed ¢,
introduce the map ¢ : R" — R” by ¢, (x¢) = (¢ +10,X0) = x(¢ +10,X0)-
Then, the collection G = {¢, : t € R} is called the flow of the system
(5.4.1).

The notion of a flow gives an entirely different perspective which is
quite useful in applications. For example, when we watch fluid flowing,
we normally do not see the trajectory lines (stream lines); rather, we see
a body of fluid moving. This is the view incorporated in the concept of
flow. More precisely, we would like to see a neighbourhood, say U of x¢
moving with time. Thus, ¢ (U) is the position of all particles at time ¢,
whose initial position is in U. The collection G satisfies

Po(x) =X, ¢5($ (X)) = @s++(x), 91 (¢(x)) = ¢ (¢ (x)) =x,
(5.4.3)

for all x € R". The first property comes from the initial condition,
whereas the second property follows from the uniqueness of a solution to
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the IVP. This is known as semigroup property. In other words, the flow is
a semigroup. The last property is a consequence of the second one, and
asserts the existence of inverse and hence, the flow G has properties of a
group. Thus, the flow can be visualized as a group action. We remark that
this notion can even be generalized to PDE. In general, every system may
not have the group structure; for example, the heat equation does not
produce a group structure, but only a semigroup structure. However, the
wave equation does produce a group structure.

In the case of an autonomous linear system, that is, if f(x) = AX, the
dynamical system and flow are, respectively, given by ®(z,x) = el ~0)A

xo and ¢ = A,

Vector Field: A point x € R” can also be viewed as a vector, namely,
the position vector. When we view it as a vector, it has got magnitude
as well as direction and it is irrelevant where the initial position was. In
other words, any vector having the same magnitude and direction as that
of x, is considered as the same vector. Both these views are helpful in
understanding the system. For example, consider the motion of a particle
in three-dimensional space. It is natural to view the position as a point,
whereas it is better to view the velocity, which is also a point in R3, as a
vector placed at the position.

X2
7 f \ N
e N
A <
E 7 A\ S
rd A N <~
> El IS «
> «
57 e RIS AR RS
S>> C e
X1
> > <«
—>—>9$$ k(_{_<-<—
EI > « &
LI > ' PR
S > 'S «
> s ~ v P
> 'g
~ N 4 v
N v
v /v

Fig. 5.2 Vector field
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Now consider the system (5.4.1). Here f(x) is the given information or
data which we view as a vector located at the point x and thus producing
a vector at each point in a domain () C R”, where the ODE is described.
This we name as a vector field. Thus, a vector field X in a domain () C IR”
is a mapping such that a vector X (x) € IR” is associated with every x € Q).
We say that the vector field is smooth if this mapping is smooth. The vector
field associated with the system in Example 5.4.1 is represented in Fig. 5.2.
We may ask a question: what is the connection between the vector field
and the solution of a system? It is easy to see that the tangent to the solution
curves gives the vector field and conversely, any curve whose tangents are
from the vector field will be the solution to the system.

5.4.3 Equilibrium points and stability

The analysis of a general 2 x 2 linear system is done by changing it to a
linearly equivalent system via Theorem 5.3.1. Thus, there are essentially
three different types of matrices to be considered for the analysis. We
prefer to do the analysis by taking an example of each of such matrices,
as there is no change in the qualitative behaviour of solutions in the
general case. We begin with a definition.

Definition 5.4.2

For a general autonomous system x = f(x), a point X is called an
equilibrium point, if f(x) = 0. O

We would like to state an important point at this stage. Note that x(¢) = X
for all 7 is a solution to the system x = f(x) if X is an equilibrium point.
This means that if the motion starts from the equilibrium point, the
trajectory will remain there forever. In physical problems, especially in
mechanics, it represents the steady state solution, the one that does not
change with time. Hence, we not only view an equilibrium point as a
point, but also as a solution to the system.

Since equilibrium point is a steady state solution, we would be
interested in the behaviour of solutions which start close to an
equilibrium point. This is very important since when we make small
errors, we would like to know whether the trajectory also remains in a
neighbourhood of the equilibrium point. This is the motivation behind
stability analysis of equilibrium points.
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For a linear system, that is, f(x) = Ax, observe that X = 0 is always
an equilibrium point and in addition, if A is invertible, this is the only
equilibrium point. In general, the set of all equilibrium points is given by
ker(A). In this section, we will characterize various types of equilibrium
points for a 2 x 2 system. We will do this via various examples. Stability
of nonlinear systems will be studied in Chapter 8.

Saddle Point, Node, Focus and Center: Note that in Example 5.4.1, the
first component x; () — 0, whereas the second component x () — £ as
t — oo depending on the initial condition. This equilibrium point is called a
saddle point and it is classified as unstable. In fact, this will be the feature
for any system having two real non-zero eigenvalues with opposite sign
except that the trajectories will remain in four parts separated by a different
set of coordinate axes given by the eigenvectors, and which need not be
the standard coordinate axes (see Example 5.3.2).

Example 5.4.3

LetA = A0 A>0
=00 al ‘
X2 X2
X1 X1
(a) (b)

Fig. 53 (a) Unstable node, (b) Stable node

In this case, both trajectories X;(¢) — oo as t — oo. The phase portrait is
depicted in Fig. 5.3(a). The direction of the arrows will change if we
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consider A = [_O;L _O;J with A > 0 and both the trajectories will now
approach 0 as t — oo. See Fig. 5.3(b). This equilibrium in both the cases
is referred as a node. In the first case, we have an unstable node and the

second case corresponds to a stable node.

Example 5.4.4

2 0
Take A = [O 1].

This has two distinct eigenvalues, 2 and 1, having the same sign and the
solution is given by x1 (1) = xo1e, x2(t) = xpp¢'. Eliminating ¢, we will
getx; = cx% (see Fig. 5.4(b)) and an unstable node. Again the arrows will
get reversed if we take negative numbers in A and we get a stable node
(see Fig. 5.4(a)). The situation is exactly the same if we replace 2 and 1 by
any two real numbers with the same sign. More generally, the behaviour
of the trajectories will remain the same for any system having two distinct
real eigenvalues of the same sign except that the trajectories will remain
in four parts separated by a different coordinate system.

X2 X2

X1 X1

(a) (b)

Fig. 54 (a) Stable node, (b) Unstable node

These two examples cover matrices of the form By in Theorem 5.3.1. Now,
we consider an example with a double real eigenvalue, but which is not
diagonalizable.
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Example 5.4.5

. Al
Now, consider A = [ 0 ),] .

The solution is given by

X1 (t) = (XOI +X02t)€)’t, XQ(Z‘> = XOQeM.

Note that both the solutions tend to £ or 0 according as A > 0 or A <
0, respectively. For very large ¢, the coefficient factor # does not matter
in analysing the behaviour of the solution (why?). But near origin, the
shape may vary depending on the initial conditions; however, this will
not affect the stability. This equilibrium is again known as node and it is
stable/unstable according as A < 0/A > 0. The comments regarding the
change in direction as well as for any system linearly equivalent to this
system remain the same. A phase portrait is depicted as in Fig. 5.5.

X2 X2

D LD .
S S

(a) (b)

Fig. 5.5 (a) Stable node, (b) Unstable node

Now consider the case with complex eigenvalues.

Example 5.4.6

a —b
LetA = [b a]
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a |cos(br)  —sin(br)

sin(br)  cos(br)
will determine the stability; the components of the matrix appearing in
the solution are periodic with the sign of b determining the orientation
of the rotation. Of course, we take b # 0 to get the complex (non-real)
eigenvalues.

The solution is x(¢) = e } xo. Indeed, the sign of a

cos(bt) —sin(br)
sin(bt)  cos(br)
the periodic nature of the trajectories, rotating around the origin. In fact,
C is a rotation matrix with determinant 1. Thus, we have |x(7)| = |Cxo| =
x| for all 7. In other words, x(#) rotates around the origin along the circle
of radius |xp| as ¢ increases or decreases. The rotation will be clockwise
if b < 0 and it is counter-clockwise if b > 0. In this case, the equilibrium
point 0 is referred to as a center. See Fig. 5.6.

Case (i), a = 0: Note that the matrix C = [ } shows

X2 X2

ZNWEZN
&

a=0,b<0 a=0,b>0

Fig. 5.6 Centre

Case (ii), a # 0: Here also the rotation matrix C acts the same way, but
the presence of ¢* changes amplitude making a spiral around the origin.
The spiral moves towards infinity as time increases if @ > 0 and it tends to
the origin, if @ < 0. The situation leads to four different cases and these
are depicted in Fig. 5.7 and Fig. 5.8. The equilibrium point in this case is
referred to as a focus. It is a stable/unstable focus depending on whether
a < 0/a > 0, respectively.
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X2 X2

- . aN “
N N7

a<0,b<0 a<0,b>0

(&

Fig. 5.7 Stable focus

™ . P N
N2 N

a>0,b<0 a>0,b>0

Fig. 5.8 Unstable focus

So far, we have considered only cases of non-zero eigenvalues, that is,
when the determinant of A is non-zero. We now consider the degenerate
case, namely, det(A) = 0. The set of equilibrium points is ker(A ), whose
dimension is one or two. If dim(ker(A)) = 2, then A is the zero matrix.
In this case, every point in the plane is an equilibrium point. We will now
describe two examples when dim(ker(A)) = 1 exhibiting different
behaviours.

Example 5.4.7

. 0 O
Take the matrix A = [O 9

] . Then, x; (¢) = xo1, x2(t) = xppe~%.
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In this degenerate case, where one eigenvalue is zero, all the points on
the x;-axis are equilibrium points. Figure 5.9 is self explanatory. However,
note that since the eigenvalues are distinct, A has two linearly independent
01
00
geometric multiplicity one. The reader should work out the further details
and observe the different behaviour in this case compared to the previous
example.

eigenvectors. Now, consider A = ] The double eigenvalue O has

X2

X1

Fig. 5.9 Degenerate case

We now summarize the various types of equilibrium points discussed so
far in the following definition.

Definition 5.4.8

Let the 2 x 2 matrix A be linearly equivalent to B. Then, the
equilibrium point O of the linear system (5.2.2) is said to be a

1. saddle point if B = {g

0
ith Au <O0;
u]w H

. A 0] . Aol ]
2. nodelfB_[O “] w1th7L,u>00rB—{O A},A#O,

a

3. focusif B = [b

'f}mma¢ab¢m
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. 0 —b
4. centerif B = [b O}’ b # 0.

A stable node or a focus is also called a sink and an unstable node or focus
is called a source. If det(A) = 0, then the origin is called a degenerate
equilibrium point.

Bifurcation Diagram: We now describe an interesting bifurcation
diagram in the o8 plane, where o = tr(A) = A + p and
0 =det(A) = Au. Here A and u are the eigenvalues of A. We know that
A, u are the roots of the quadratic equation z> — otz + & = 0, that is,

l_a+\/a2—45 a—var-44
= a-vey =79

and U = > . It is easy to analyse the
various cases.

1. If § < 0, that is the lower half plane in ad plane, we have saddle
points.

2. Consider now the upper half plane, which divides into two regions
separated by the parabola A = a> —48 = 0. In the region o> — 48 >
0, we get a node which, in fact, is separated by the §-axis to obtain
two regions. For o < 0, we get a stable node and for o > 0, it is an
unstable node.

3. Similarly, the region &> —48 < 0 with § > 0 has two components,
where the equilibrium point is a focus, giving us a stable focus for
a < 0 and an unstable focus for o > 0.

4. In the positive §-axis, we have the center equilibrium, whereas the
a-axis is the case where at least one of the eigenvalues is zero, thus
falling into a degenerate case.

A schematic representation (bifurcation diagram) is shown in Fig. 5.10.
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)
—— Center
AN=0
A<O A<O
Stable focus |Unstable focus
A>0 A>0
Stable node Unstable node
o
Saddle point

Fig. 5.10 Bifurcation diagram

5.5 Higher Dimensional Systems

In a higher dimensional system, the number of possibilities, depending
on the nature of eigenvalues of the matrix, are naturally many more
compared to a two-dimensional system. This naturally makes the analysis
more involved. Some such possibilities are: the real and complex
eigenvalues may occur together; the deficiency of eigenvalues may be
zero or positive. Accordingly, A will be linearly equivalent to a matrix B
consisting of different blocks. This is given by the Jordan decomposition.
For example, when n = 3, the following possibilities occur:

M 0 O A0 0 M 10 A0 O

0 4 Of,|0 A 1|,|]0 A 1|,]|0 a —b

0 0 A3 0 0 A 0 0 A 0 b a
according to the case when A has eigenvalues; 3 real (need not be
distinct) with 3 independent eigenvectors, 3 real with only two

independent eigenvectors, 3 real with only a single independent
eigenvector, a real and two complex eigenvalues, respectively.
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It is not very difficult to consider all possibilities with different signs
and sketch various phase portraits. We will see a few examples and the
reader can work out the remaining cases.

Example 5.5.1

0
Consider A = 0
—1

SO =
[ ]

In this case, A has two eigenvalues 1 (algebraic multiplicity 2) and
—1. The geometric multiplicity of the eigenvalue 1 is also 2 and hence,
we obtain 3 independent eigenvectors. Since it is a decoupled system, we
do not need any change of variables. The solution can be written as

X1 (l‘) = ¢'xp1, )Q(l‘) = e'xp, X3 (l‘) = e xp3.

Since there is no coupling between the components of the solution, any
trajectory whose initial condition is in any of the axes or any of the planes
determined by the axes, will remain in the same axis or plane. So, if we
consider the x;x,-plane, the trajectories appear like the planar trajectories
corresponding to an unstable node (unstable equilibrium), whereas in
X1x3- or xpx3-planes, the origin appears like a saddle type equilibrium.
The phase portrait is shown in Fig. 5.11. Further, any trajectory starting
from the x;- or xp-axis, will remain there and tends to deo, as t — oo,
whereas the trajectories originating from x3-axes will tend to the origin.

X3

X2

X1

Fig. 5.11 Phase portrait of a 3 X 3 system
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Example 5.5.2

Consider an example, again, a three-dimensional system, having one
real and one complex eigenvalue; of course, the complex eigenvalues
occur in conjugate pairs. For simplicity, we consider the system in the

a —b 0
transformed form, namely A= |b a O
0 0 A

The matrix A has a real eigenvalue A and two complex eigenvalues a +
ib, with b # 0. As the x3 component is separated from the other coupled
components, the system is reduced to a single equation and a 2 X 2 system.
The solution can be written as

[xl(t) ] o [cos(zb) —sin(tb)] [xm },m(l) .

(1) sin(tb)  cos(tb) | [X02
that 1s,
X1 (t) = (x01 cos (l‘b) —X02 SiIl(l‘b)), b %) (l‘) = ()C()l sin(tb) “+X02 COS(l‘b)).

Now consider the same with special eigenvalues. The reader may work
out the same problem with different signs for a,b and A. Leta > 0,b <0
and A > 0. If we take the initial point in the x;x;-plane, that is, xo3 = 0,
then the entire trajectory will remain in the xjx>-plane and it is similar to
a planar trajectory corresponding to an unstable focus, rotating clockwise
as b < 0, with increasing amplitude of the spiral as a > 0. On the other
hand, if the initial point is on the x3-axis, that is, xo; = 0 = xqp, then the
trajectory will remain on the x3-axis and, since A > 0, tend to +eo along the
X3-axis as t — oo, according to whether xp3 is positive or negative. So, if we
put both these arguments together, for a general initial point, the trajectory
will spiral around the x3-axis, increasing the distance of the spiral from
the x3-axis, but moving towards t+eo. See Fig. 5.12(b). As another case,
if we take a = 0 and b > 0, we get spirals around the x3-axis, maintaining
the same distance from the x3-axis, moving towards oo, since A > 0, but
in the counter-clockwise direction since b > 0. See Fig. 5.12(a).
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X3 X3

X2

——
—
b)

(

Fig. 5.12 Phase portrait of a 3 X 3 system

In general, in the case of distinct eigenvalues, real or complex, we can
transform a matrix to a diagonal matrix or block diagonal matrix with 2 x 2
blocks on the diagonal. Note that if the complex eigenvalue is a + ib, we

obtain the 2 x 2 block [“ _ab ] .

b
Theorem 5.5.3

Suppose A has n distinct real eigenvalues Aj,A,---,A, with
eigenvectors vi,v,- - ,Vy,, then, the matrix P=1[v; v, -+ wv,]is
invertible, P~'AP = diag[A;,A2,---A,] and the solution x(¢) of the
system (5.2.1) is given by

x(r) = P diag [e)”’,elzt,---el"’} P x,.

Theorem 5.5.4

Suppose A is of even order n = 2k and all the eigenvalues are
complex and distinct given by A; = a; + ib;, A; = a; — ib;,
J = 1,---,k, with complex eigenvectors w; = u; + iv;, W; =
u;—iv;. Then, P=[v; uw vy uw -~ Vv, u,lis invertible,
P~'AP = diag[B),- - ,B,], where each B; is a 2 x 2 matrix given by

B — |4 —b;j
b ey |
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In this case, the solution of (5.2.1) is given by

x(t) = P diag [P, B P 'xq.

Note that ¢/Bi = % cos(bjt) —sin(b;t)
sin(bjt)  cos(b;t) '
cos(bjt) —sin(bjt)

Further, observe that
sin(bjt)  cos(b;t)

] represents a pure

rotation.

Sylvester’s Formula: When the eigenvalues are distinct, we have an
easier formula to compute e, Let Ay, Ap,---,A, be the distinct
eigenvalues of A. Let P; be the projection operator from IR” onto the
kernel, ker(A — A1) fori = 1,---,n. Then, it is easy to see that

MPy +--- +A.P,=A

AP 4 AP = AL

Since the coefficient matrix of this system of equations is a Vandermonde

matrix, Py, ---,P, can be obtained as
o A—-AI
P, = !
=Lz M A

fori=1,---,n. Finally,

n
éA =exp (t Z lej> .
j=1

We leave it as an exercise to the reader to show (using the properties of
projection like P; = P’j‘- for any k = 2,---) that

n
et =Y P,
j=1

This is known as Sylvester’s formula.
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Multiple Eigenvalues: In the case of multiple eigenvalues, a
diagonalization may not be possible. One of the major difficulties in
dealing with the eigenvalues of multiplicity > 1, is that we may not get
enough (as many as the algebraic multiplicity) number of eigenvectors to

form a basis of IR". To see this, let A = [(1) (1)] have the eigenvalue 1
with multiplicity (algebraic) 2 with two independent eigenvectors

(1) 1l the eigenvalue 1 has the
same algebraic multiplicity 2; however, it has only one independent
eigenvector. In other words, the dimension of ker(A — A7) may not be the
same as the algebraic multiplicity. The dim(ker(A — A1)) is known as the
geometric multiplicity of the eigenvalue A. The difference between
algebraic multiplicity and geometric multiplicity is called the deficiency
index of the eigenvalue.

However, every matrix A can be transformed into a matrix B which
can be decomposed into a diagonalizable part and a nilpotent part.

Definition 5.5.5

A matrix N is said to be nilpotent of order k if there exists an integer
k > 1 such that N=! £ 0 and N* = 0.

(correct number). But for the matrix

k—1 Ni

For a nilpotent matrix N of order k, we have N = Z — - For example, the
i=o b
. 0 1}. . N 11
matrix N = 0o ol nilpotent of order 2 and ™ =71+ N = 0 1l The

n X n matrix whose only non-zero entries are 1 along the first off-diagonal,
that is

)

)

p—
oS = O O

is nilpotent of order n. More generally, any strictly upper (lower) triangular
matrix is also nilpotent.

If one or more eigenvalues of a matrix A have positive deficiency
indices, then, we will not get sufficient number of eigenvectors of A to
form a basis for R”. This makes it necessary to find some more linearly
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independent vectors, of course related to A so that the eigenvectors and
the additional vectors put together form a basis for IR”. This possibly may
transform the matrix A to a simpler form though not in a diagonal
form. More precisely, we may not be able to decouple the system
completely, but it is still possible to convert the system into decoupled
sub-systems. Further, we would like to have these smaller sub-systems in
a form as simple as possible. This is essentially carried out in the Jordan
decomposition. The main concept is the introduction of generalized
eigenvectors and the choice of these vectors in a clever order.

Definition 5.5.6

[Generalized eigenvector] Let A be an eigenvalue, then any vector v
satisfying (A — AI)kv = 0 for some k > 1 is called a generalized
eigenvector; if k = 1, it is the usual eigenvector.

It is a known fact that the smallest such & is less than or equal to the

algebraic multiplicity of A. For example, in [(1) i , the vector [(1) is an
eigenvector. Since, we are in the second dimension and the algebraic
multiplicity of the eigenvalue 1 is 2, the matrix A satisfies (A —1)>v =0
for any vector v. Hence, any vector can be taken as a generalized

eigenvector. We now state the following theorem without proof.

Theorem 5.5.7

Let A1, A2, -+, A, be real eigenvalues of an n x n matrix A counted
according to their (algebraic) multiplicity. Then, there exists an
invertible matrix P = [v; v, --- v,| consisting of generalized
eigenvectors of A such that A = S + N, where S is diagonalizable
using P, that is P~!SP = diag[A1,---,A,] and N = A — S is nilpotent
of order k less than or equal to n. Further, SN = NS.

Since S and N commute, the solution to the linear system (5.2.1) is given
by

X(t) _ ez(S+N)XO _ €[S€tNX()

tk_lNk_l
k-1 |
(5.5.1)

= P diag [e’“f,---,eﬂ p! [I+tN+---+
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Example 5.5.8

Solve the linear system with A = [_31 ﬂ .

We leave the details to the reader. The eigenvalues are | = A, = 2. It is

easy to see that the geometric multiplicity of the eigenvalue 2 is one and we

_11 as a corresponding eigenvector. Any other vector is a

generalized eigenvector, but we choose it so that it is linearly independent
1 1 11 1|0 —1

of [_1} , say, [O] Hence, P = [_1 0} and P~ = [1 1 ]

Now S is given by S =P [(2) 0} P! = [2 0] and hence, N = A —

may choose

2 0 2

S= [1 1 j 1] and N2 = 0, that is, N is nilpotent of order 2. Hence,

x(1) = Pe¥ P~ I +tN]xo = &* [1:7 1t_t] X0.

Component-wise, we have

x1 (1) = e ((1+1)x01 +x02), x2(t) = ¥ (—tx01 + (1 —1)x02)-

Example 5.5.9

1
LetA=|—1
1

— N O
o o O

The eigenvalues are A; = 1,4, = A3 = 2 and the algebraic multiplicities
of the eigenvalues 1 and 2 are, respectively one and two. Choose

1 0
vi=| 1 | and v, = |0| as the corresponding eigenvectors 1 and 2. It
-2 1

is not hard to verify that the geometric multiplicity of the eigenvalue 2 is

one. It is straightforward to verify that dim(ker(A — 2I)?) = 2, and thus,
0

another vector from ker(A — 2I)2, say v3 = |1| has to be chosen
0
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linearly independent of v,; of course, it is also linearly independent of v;.

1 00 1 00
Thus, P = 1 0 1|, P! =12 0 1|. Now compute
-2 10 -1 10
1 00 1 00 0 00
S=P|0 2 O|P'=|-1 2 0| andN=A-S=[0 0 0Of,
0 2 2 0 2 -1 10
N? = 0. The solution is given by
e 0 O
x(1) = e —e¥ e 0| xo.

—2¢' +(2—1)e* te? ¥

If all the generalized eigenvectors are complex, we have the following
theorem.

Theorem 5.5.10

Let A be a 2k x 2k matrix with complex eigenvalues
Aj = aj + ibj, Zj = aj —ibj, j = 1,---,k. Then, there exist
generalized complex eigenvectors w; = u; +iv;,W; =u; —iv;, j =
1,2,...,k such that {vi,u;,vs,ua,- -+, Vg, u; } form a basis of R* and

P:[Vl u V2 W R llk]
is invertible. Further, A =S+ N, where P~!SP = diag [By,---,By],
aj —bj and N =
bj
A — S is nilpotent of order m less than or equal to 2k and SN = NS.

where each B is a 2 X 2 matrix given by B; =

Thus, in the case of all eigenvalues complex, the solution to (5.2.1) is given
by

tmfl m—1
x(¢) = P diag [etBl’...’etBk] P! [I+IN—|—‘--+ N ]Xo-

(m—1)!

Here o/ — g1 [cos(b jt) —sin(b jt)]

sin(bjt)  cos(bjt)
The final result is the Jordan form for a general matrix A.
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Theorem 5.5.11

[The Jordan Canonical Form] Let A be a real matrix of order
n = k + 2m with real eigenvalues Ai,A5,---,A4 and complex
eigenvalues A; = a; + ibj, ;lj =aj—ibj, j=k+1,---,m. Then,
there exists a basis {Vi,V2,- -+, Vi, Vet 1, Wt 15 * 5 Viems W ) Of R”,
where v;, j = 1,2,---,k, w; =wu; +iv;, j=k+1,--- ,k+m are
generalized eigenvectors corresponding to the eigenvalues A;, such
that

P=[vi vo - Vi Vigl Wi o Vigm g
is invertible and P~!'AP = diag[B;, By, - - ,B,] is block diagonal with
Jordan blocks B;, j =1,---,r for some r. Further, B; takes one of the

following two forms

A1 0 -+, 0 0] D L 0, -+ 0y 0;]

o A 1 - 0 O 0o D IbL -~ 0 0
) or

0 oo e e A1 0 - - -+ D L

0 - o . 0 A 0, -~ -~ = 0, D]

depending on whether A = A; is real or A = a; + ib; is complex,
respectively; in the latter case, we have D = aj —b; = 10
b j a; 0 1

J
and 0, is the 2 x 2 zero matrix.

Hence, the solution to the IVP (5.2.1) can be written as
x(1) = exp((t —1,)A)xo = P diag [exp((t —70)B1)," -,

exp((t —10)B,)] P~ 'xo.

The number r is the sum of the geometric multiplicities of the eigenvalues.
Using the Jordan form, we can write the solution component-wise. If B
has the first form, then B = A1+ N and for those components
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'1 . l2 tm—l 7]
2! (m—1)!
tm72
ezB:eﬂLetN:et)L 0 1 t (m—Z)!
(0 I

On the other hand, if B has the second form, then

r m—1 B
(m—1)!
B — 14
02 02 ... .. R R
0, 0, -~ - O R ]

cos(bjt) —sin(bjt)
sin(bjr)  cos(b;r)

Note that each component of the solution x(7) of the initial value
problem is a linear combination of the form t*e'“cos(bt) or tke® sin(bt),
where A = a+ ib is an eigenvalue of A, 0 < k < n— 1 (b may be zero or
non-zero). This is an important feature of linear systems with constant
coefficients.

where R =

5.6 Invariant Subspaces under the Flow (A

We have seen in the examples earlier that when a trajectory starts with
initial conditions in certain planes or axes, the solution remained in the
same plane or axes without going out of that region. This essentially
means that the action of the group given by the flow ¢* on these
subspaces is invariant. In other words, these are invariant subspaces
under group action. This allows us to decompose the entire phase space
into smaller subspaces which are invariant under the flow and we can
restrict the problem to these smaller subspaces, if necessary, for further
analysis.
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Definition 5.6.1

Let A be a given n X n matrix. A subspace £ C R" is said to be
invariant with respect to the flow e/ if ¢'A(E) C E for all 1. O

Recall Example 5.4.1, where x| and x, axes are two invariant subspaces,
namely E; = {(x1,0),x; € R} and E; = {(0,x2),x, € R}. For any initial
condition (xo1,0) € E;, we have the solution x(7) = (x;(7),0) € E; for
all 7. Further, x; () — 0 as r — oo. This subspace is referred to as a stable
subspace. On the other hand, for E,, any solution which starts in E,,
remains there for all #, but now it goes to doo as ¢t — oo. In this case, the
subspace is called an unstable subspace.

In Example 5.4.4, both axes are unstable invariant subspaces and
hence, the entire IR? space is unstable. In Example 5.5.1, the x;x,-plane is
the unstable subspace, whereas the x3-axis is the stable subspace.

The subspace generated by the generalized eigenvectors of an
eigenvalue A of a matrix A is called the generalized eigenspace
corresponding to A.

Proposition 5.6.2

Let E be a generalized eigenspace corresponding to an eigenvalue A of
amatrix A. Then, E is invariant under the matrix A, thatis, A(E) CE.

Proof: Let E = span{vy,---,v;}, v;s are generalized eigenvectors of
A. Hence, there exist positive integers k; such that (A — AI)kiv; = 0.
k k
Now, for any v € E, we have v = Z cjvj and Av = Z cjAv;. We will
Jj=1 Jj=1
show that Av; € E for all j and hence, Av € E. 1If k; = 1, then
Av; = Av; € E. To apply induction assume the result is true for k; > 2. If
we define v; = (A — AI)v;, then

v; € ker(A — 215!

and thus, V; is a generalized eigenvector and v; € E. Finally, it follows
that Av; = Av; +¥; € E. Hence the proposition. (]

Now, the entire space IR” can be decomposed into stable, unstable and
center spaces. This is the content of the following theorem. Given an n x
n real matrix A, denote by E*,E* and E¢ the subspaces spanned by the
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generalized eigenvectors corresponding to the eigenvalues with negative
real parts, positive real parts and zero real parts, respectively. Then, by the
generalized spectral theorem, it follows that

RY'=E‘®E"DE".

Theorem 5.6.3

The subspaces E*,E" and E€ defined earlier, are invariant under the
flow €A, that is, ¢AES C ES, ¢'AE" C E* and ¢'AE¢ C E°. Further, for
any xg € E°, the solution "%y — 0 as r — oo and for any xg € £, the
solution e"Axg — 0 as 7 — —oo.

Proof: To see the invariance under the flow, it suffices to consider one
of the subspaces, say for E°. Let z be a generalized eigenvector, then, by
Proposition 5.6.2, it follows that Az € E* and hence, A*z € E* for any
positive integer k. Therefore, it follows that

P
. t/'Alz
¢z = lim
ki—yoo == !
j=0

€EE’.

Now, any x € E’ is a finite linear combination of generalized eigenvectors
and since e/ is a linear operator, it follows that ¢/Ax € E’. The other
statements in the theorem, now follow from the explicit representation of
the solution. O

Remark 5.6.4

The subspaces E*, E" and E€ are respectively called stable, unstable
and center subspaces of the flow. In general, we cannot make any
conclusion on the limit of the solution ¢'Axg, Xg € E€ as t — oo,
There is an analogous result for nonlinear systems as well and is
known as the stable manifold theorem. U

5.7 Non-homogeneous, Autonomous Systems

We now consider the non-homogeneous system

x(r) = Ax(1) +g(1), x(t0) = xo, (5.7.1)
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where g : R" — IR". We assume g is continuous. By taking xy = e;

(canonical basis elements), it is easy to see that the matrix ®(¢) = 'A
satisfies the matrix differential equation
(1) = Ad(1), ®(0) =1, (5.7.2)

where I is the identity matrix. Clearly, ®(1,79) = ® (1 —19) = ! ~0)A will
satisfy the same differential system with the initial time at 7y, that is

D(1,10) = AD(t,10), D(t0,10) =1, (5.7.3)

and the i column of & will satisfy (5.7.1) with g = 0 and x(#y) = e;.

D WA

Any non-singular matrix ¥ which satisfies the matrix system
Y = AY is called a fundamental matrix. The special fundamental
matrix ®(z,79) is called the transition matrix corresponding to the
linear system (5.2.2). Il

Let ®(7) be the fundamental matrix given in (5.7.2) and C be a
non-singular scalar matrix. Then, it is readily seen that ¥(¢) = ®(¢)C is
also a fundamental matrix. Conversely, if ¥ is a fundamental matrix, it is
easy to check that ¥(z) = ®(r)C, where C = ¥(f9), using the
uniqueness of the solution of the linear matrix system. Thus, we have the
following proposition.

Proposition 5.7.2

If ¥(r) = ®(¢)C, where C is a non-singular scalar matrix and @ is the
transition matrix, then ¥ is a fundamental matrix. Conversely, every
fundamental matrix ¥ is of the form ¥(z) = ®(r)C, where C is a
non-singular matrix. |

5.7.1 Solution to Non-homogeneous system (Variation of
parameters)

We know that ¢/ applied to any constant vector, say v satisfies the
homogeneous system (5.2.2). So we cannot expect a solution to the
non-homogeneous system (5.7.1) of the form ¢/Av. Hence, we can only
expect to get a solution to the non-homogeneous system by applying the
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flow €A to a varying vector. Thus, look for a solution of the form
x(t) = e"Ay(t), where y(t) is to be determined so that x(z) satisfies
(5.7.1).

A simple computation yields

X(1) = Ae'ty(r) + Ay (1) = Ax(1) + ey (2).

Thus, we need to choose y which satisfies e’Ay(¢) = g(¢). In other words,

to +/ ds—e ’(’AXO—i-/ )ds.

Thus, the solution to (5.7.1) is given by

x(t) = el =1) x+/ =S)Ag(s) ds = ®(t—19) x0+/<I>t—s g(s) ds.
I

(5.7.4)

In the case of the finite dimensional linear control theory, we have g(¢) =
Bu(7), where B is an n x r matrix and u is an r x 1 control vector. In this
case,

x(1) = (1 —1)x0 + / ® (i — s)Bu(s) ds. (5.7.5)

Indeed, u(7) needs to satisfy certain integrability conditions. The formula
(5.7.4) also gives a definition of the solution of (5.7.1) in a weak or mild
form. This form does not require the differentiability assumption of the
solution. This is important in control theory as the strong form of (5.7.1)
demands the continuity of the control u, whereas (5.7.5) does not demand
smoothness. It is a great advantage to consider non-smooth control in
applications like the bang-bang control.

5.7.2 Non-autonomous systems

The equation we consider here is

x(1) = A(1)x(1), x(to) = X0 (5.7.6)
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and its non-homogeneous counterpart is
x(r) = A(t)x(r) +g(1), x(t0) = xo. (5.7.7)

Here, A(r) = [a;;(¢)] is a continuous, real n x n matrix valued function
defined on a compact interval [a,b]; g is also a vector valued continuous
function defined on [a,b]. With f(z,x) = A(7)x, we see that f is Lipschitz
continuous in x on the n + 1 dimensional set

D={(t,x):1 € [a,b],x e R"}.

For, if (z,x;) and (#,x;) in D, then

‘f(l‘,Xl) —f(t,X2)| < k|X1 —X2|,

where k = max {|A(7)| : ¢t € [a,D]} with |A(?)| = ]22{”;1 |ajj(1)].

The existence and uniqueness of a solution to (5.7.7) now follows
from the results in Chapter 4. However, the representation like in the
autonomous system is not possible, in general, in a simple way like ¢;
but the methodology discussed in Section 5.7 can be adapted.

More precisely, the local existence and uniqueness theorem gives a

unique solution x defined in some interval I = [t) — h,to + h] C [a,b]. We
t

claim that I = [a,b]. For, if t € I, we have x(r) = X ~|—/ A(s)x(s)ds.
o

Therefore,
3
()] < [xol+ [ IAG)Ix(s)|ds. >
fo

Therefore, by Gronwall’s inequality, it follows that
t
IX(1)] < [xo]exp (/ |A(s)|ds> >0,
fo

< |xo|exp(k(b—a)), (5.7.8)

forall 7 € I. Therefore, the points (¢,x()), t € I remain in a bounded subset
of D and the solution can be continued to [a,b], using similar arguments
as in Chapter 4.
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Remark 5.7.3

Suppose A(r) is defined for all € R and is continuous. Then, the
earlier arguments show that the solution to IVP in any compact
interval is bounded. Therefore, the solution is defined for all r € IR.
Uniqueness of the solution follows from the local Lipschitz
condition. In particular, if A(7) is bounded, say |A(r)| < k, for all
t € R, then the solution satisfies the following estimate (see (5.7.8)):

[x(2)] < [xolexp(k|t —1ol),

for all € R. However, if A(7) is not bounded, the solution need not
be bounded by an exponential, with a linear factor in ¢ in the exponent.

For example, the solution of the equation x = 2¢x is given by x(¢) =

2 . .
ce'”, where c is an arbitrary constant. See also Example 5.7.5. O

The same definition of a fundamental matrix can be introduced here as
well. Let ®;(z,7)) be the unique solution of (5.7.6) with x(79) = e;, i =
l,---,n. We remark that ®;(z,fp) do not have an exponential
representation as in the autonomous system. Indeed, {®;(z,7),
D, (1,10), -+, Pn(t,10) } is a set of linearly independent vectors in R” for
fixed 7,79 and hence, the matrix ®(z,70) = [®1(t,10) P2(t,10)
®,(t,10)] is invertible. Further, it satisfies ®(z,¢0) = A(t)®(t.10),
®(19,t0) = I. An important point to note here is that, unlike in the case of
an autonomous system, one cannot write the solution at any initial time #
by translating the solution at the initial time 0.

A matrix function ¥(z) is called a fundamental matrix if it satisfies
the matrix system ¥ (¢) = A(¢)¥(¢). We immediately see that the matrix
®(1,19) is a fundamental matrix satisfying the initial condition ®(z9,7)) =
L. Further, any fundamental matrix ¥ is given by ¥ (z) = ®(¢,7)C, where
C is a non-singular constant matrix. In fact, C = ¥(1), that is, ¥(z) =
®(1,10)¥(19) or ®(1,10) = ¥(t)¥ ' (1p). Indeed, when A(r) = A, we
have ®(,19) = e!'"~0)A and ®(1,5) = e('~*)A. In general, we do not have
this advantage. But, we have the following properties

O (1,10) = ®(19.1)
and

D(1,5)P(s,10) = ®(t,19), P(t0,00) = 1.
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The last two properties together are known as semi-group properties and
in this particular ODE system, we have group structure due to the first
property explained here. As remarked earlier, when we consider a PDE,
the heat equation, for example, we may not get a group structure, but a
semi-group structure. We have also noted earlier that it is possible to study
ODE:s in infinite dimensional spaces such as a Hilbert space, a Banach
space, etc.
Now the solution to (5.7.6) is given by

x(1) = ®(1,19)x0 = ¥ (1) ¥ (1) xo.

The matrix ®(z,7) is known as the transition matrix. The solution of the
non-homogeneous system (5.7.7) is given by

(1) = ®(,10)%0+ / ®(1,10)® " (s,10)g(s) ds

fo

[ (5.7.9)
— ®(110)%0 + / ®(1,5)g(s) ds.
fo

As we have remarked earlier, in general, we do not have an exponential
representation of the solution for the non-autonomous system. However,
in a special case, we do have such a representation which is given in the
following proposition.

Proposition 5.7.4

Let the matrices A(z), t € [a,b] satisfy the commutative property
A(1)A(s) = A(s)A(¢) for all s,¢, € [a,b]. Then, the transition matrix
has the representation

3
®(1,10) = exp </ Als) ds),
fo
for allz € [a,b] and 1y € [a,b]. O

The result is not true in general, in the absence of the aforementioned
commutative property.
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Example 5.7.5
1 1+¢
0 |

It is straightforward to verify that A(¢) and A(s), 7 # s do not commute in
t 2
general. The matrix B(z) :/ A(s)ds = ! [+2t /2
0 0 =/2
It can be verified that
¢ u(r)(e —e?)

exp(B(1)) = 2
0 e /2

Let A(t)

with (1) = % when 2. When £ = 2, exp(B()) = [eo 4:2]
The solution of the system x(z) = A(7)x(r) is given by
xz(t) = 612/2)6()2 and

t
x1(t) = e'xo1 + etxoz/ (1 +s)e(—s+s2/2) ds,
0

which is different from exp(B(7)) Bm} :
02

Wronskian Type Result: In the case of second order linear equations,
we have defined the Wronskian of two functions and we have seen that
either the Wronskian vanishes identically (dependent functions) or never
vanishes (independent functions). In this section, we give a formula
connecting the determinant of the fundamental matrix and the trace of
A(t) known as Abel’s formula. Consider det®(z,1y), the determinant of
®(1,10). This is called the Wronskian of the solution. Let tr(A(z)) denote
the trace of A(z). From the DE satisfied by ®(z,7)), we can derive, for
small Az,

Ot +At,tg) = ®(t.10) + Ard(t,19) + O((Ar)?)
= ®(t,10) + AMA(1)®(1,10) + O((Ar)?)

= (I+AMA(1)®(t.10) + O((Ar)?),
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which gives
det(® (1 + At,19)) = det(I+ A(r)Ar) det ®(1,10) + O((Ar)?).
For the first term,! we have

det(I+A(t)At) = 1+ Artr(A(7)) + O((Ar)?).

d
Thus, as Ar — 0, we see that Edet(fb(t,to)) = tr(A(z))det(®(z,10)).
This upon integration, produces Abel’s formula

det®(1,10) = exp ( / ’ tr(A(s))ds) .

fo

Periodic Coefficients and Floquet Theorem: In many practical
applications, the coefficient matrix will have an additional property of
periodicity. For example, in the Mathieu equation 7 + (A — 16d cos2t)z
= 0, the coefficient matrix A(z) (convert to a first order system) is
periodic. More generally, equations of Hill’s type: 7+ p(t)z = 0,
p(t+ m) = p(t) are also periodic equations.

We would like to know whether the solution to the system (5.7.6) is
also periodic or not. We do not, in general, get periodicity, but we may get
quasi-periodicity. For example, any non-trivial solution of the first order
equation y + (a + bcost)y = 0 with a,b real constants, is not periodic
unless a = 0. On the other hand, any solution of the second order equation
j+a’y =0(a #0), is periodic.

Assume A(r) is periodic with period T, that is, A(r +T) = A(r) for
all 7.

Let A be an eigenvalue of the transition matrix ®(z)+ T',#p) and v be a
corresponding eigenvector. Then, x(7) = ®(¢,7y)v is the unique solution
to the ODE system in (5.7.6) with the initial condition x(zy) = v. Now
x(to+T) = ®(tg+ T,19)v = Av. If A = 0, then, x will be a solution to
the linear system in (5.7.6) with a zero initial condition at fo + T and by
uniqueness X = 0. This would imply that v = 0. This contradiction shows
that A # 0.

Now consider y(¢) = x(t + T). By periodicity of A(z), y will satisfy
the same linear system with the initial condition y(#o) = x(19 +T) = Av,

f A is any n X n matrix with eigenvalues A, - - -, 4,, not necessarily distinct, then det(I + aA) =
(I4+ak)---(14ad,), for any scalar a.
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but Ax will also satisfy the same system with the same initial condition.
Hence, by uniqueness, we get x(z +7T') = Ax(¢) for all 7. This is quasi-
periodicity. Moreover, since A # 0, one can choose an o so that A = e*7
Now, it is easy to see that x(¢) = e*z(r), where z is a periodic function of

period T'. Thus, we have the following theorem.

Theorem 5.7.6

[Floquet Theorem] Let the coefficient matrix A(¢) be periodic with
period 7 and the transition matrix of the system (5.7.6) has r
independent eigenvectors, then the ODE system in (5.7.6) (without
initial conditions) has r linearly independent solutions x; which can
be represented as x;(1) = e%'z;(r) for some scalars ¢; and z;s are
periodic functions of period 7. U

Note that the eigenvalues, may, in general, be complex and hence solutions
appear to be complex valued; but this is not the case. This requires little
more work. The interested reader is referred to [Inc26, Lef77] for further
reading.

5.8 Exercises

1. Let A be an n x n matrix with an eigenvalue Ay of multiplicity n.
Show that the standard basis can be chosen as the basis of
generalized eigenvectors so that B = I which allows us to write
A = S+ N in the appropriate theorem and then represent the
solution.

2. Use the decomposition in Exercise 1 and solve the system x = Ax,

2 00
where A= | -1 2 0
11 2
3. Find the general solution and phase portraits of the following
systems
(@) X1 = —x1+x2, % = —x2.

(b) %1 = x1, %2 =5x2.
(C) )'Cl = —X1 — 3XZ, Xz = —2X2.

(d) X1 = —x2, X = —x1, X3 = X3.
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(e) X1 = x1 — X2, Xp = x| + X2, X3 = X3.
() x1 = x1 +x2, %2 = X1 +x2, A3 = —x3.
Find a basis of generalized eigenvectors and solve the systems
(@) X1 =x1, X2 = —x1 +x2, X3 = x1 + X2+ 2x3.
(b) X1 = —3x7, Xp = 3xp — 2x3, X3 = xp + 2x3.

Draw the phase portraits of the transformed as well as the original
system.

. In the previous problems, analyse the stability and write down the

stable, unstable and center subspaces

. The purpose of this exercise is to establish the Lipschitz continuity

of the linear mapping x — A(7)x, used in Section 5.7.2.

(a) Let A = [q;j] be areal n x n matrix. For x = (xi,...,x,) € R",
define the norm

X = ber| - A

Show that |[Ax—Ay| < |A||x—y]| for any x,y € R”, where
A] = max |a;j.
1<j<n

(b) Suppose A(t) is a bounded, continuous, real n x n matrix valued
function defined for € IR. Show that the function f defined by
f(z,x) = A(7)x, for 7 € R and x € R" is Lipschitz continuous
(in the norm defined earlier) with Lipschitz constant less than
or equal to k, where k = sup |A(7)].

1€R
Derive Abel’s formula (Section 5.7.2) directly, by differentiating the
determinant of the transition matrix: det®(z,7) and obtaining the
first order linear equation satisfied by it.

8. Solve the linear system

X1 =x1+x2
Xy = X2 + X3

Xn—1 = Xp—1 +Xp
Xp = Xp
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by computing the appropriate exponential matrix.

Consider the system
X1 = X1 +x2, X2 = X1 — X2

Transform the system to a diagonal system by finding the matrix B
whose columns are eigenvectors. Solve the transformed and original
systems and sketch the solutions in the phase plane. Write down the
stable, unstable and center subspaces.

Consider the 6 x 6 system

X1 =Xx1, X2=2X5
X3 = —X3—Xe, X4=2X4
X5 = X5, X¢ = X3 — Xg.

Show that this system has trajectories (solutions) which behave like
saddle point trajectories, center (periodic) and stable focus type
trajectories depending on the initial condition.

Work out all the details in Examples 5.3.2-5.3.4

Sketch the phase-portrait for different signs and values of A in
Example 5.4.5 and in Example 5.4.6 for different values of a and b
with different signs.

Solve the systems in Example 5.5.8 and Example 5.5.9 by
constructing appropriate eigenvectors and generalized eigenvectors

Solve and draw the phase portraits in Example 5.5.2 in the following
cases with a,b, A respectively as;

2,1,2; 2,1,-2; -2,1,2; -2,-1,-2; 0,—-1,-2.

Find the Jordan canonical form of the following 2 x 2 and 3 x 3
matrices by finding generalized eigenvalues and generalized
eigenvectors. Convert the system X = Ax to ¥ = By and solve both
the systems and draw the phase portraits, wherever possible, in IR?
or R?:
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(a)
0 —1 0 1 1 1 11 1 1 1 —1
1 1| |t o] [0 =1 |1 1] |[-1 1] |0 1
(b)
1 0 0 1 0 07 10 07
00 1f, 01 1]/, 00 -1},
0 1 0 00 —1 01 0
1 1 0 1 0 0] r1 0 0]
o1 1], 1 2 0}, -1 20
0 0 —1 1 2 3] L1 0 2]
©
-1 0 0 O -1.0 00
1 -2 0 0 1 200
1 -2 3 0] 1 02 0|
1 2 3 —4 1 1 0 2
-3 1 4 0 21 4 0
0 -3 1 0 021 —1
0O 0 -3 0}’ 002 1
|0 0 0 -3 000 2

16. List all possible upper Jordan canonical forms of a 4 x 4 matrix
with a real eigenvalue A of multiplicity 4 and find the
corresponding deficiency index in each case. Do the same with
repeated complex eigenvalues.

t
17. If the matrices A(7) and / A(s) ds commute for all 7 in an interval,
fo
show that the transition matrix has the representation

®(1,10) = exp (/IA(s) a’s> .

fo
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18. The result in Exercise 18, in general, is not true if A(z) and

t
/ A(s) ds do not commute. To see this (see Example 5.7.5), work
1

0
1 1+r]

0 . Also

out the details with the following matrix: A(z) = [

find the solution to the corresponding IVP.

5.9 Notes

Qualitative analysis of linear systems is the main concept in this chapter.
This chapter is also a precursor to the study of stability analysis of
nonlinear systems carried out in Chapter 8. A good reference for this
chapter among others is [Per01]; see also [Tayl1, Sim91, SK07, CL72,
HSDO04]. A detailed study of 2 x 2 systems is done here by directly
developing the required linear algebra. However, for higher order
systems, the analysis is done by borrowing the Jordan decomposition
theorem from linear algebra. The other notions that have been introduced
are dynamical systems, flow, invariant subspaces, which will also be
useful in the study of nonlinear systems. Non-homogeneous and
non-autonomous systems are studied by introducing the concepts of
fundamental matrix and transition matrix. A brief mentioning of Floquet
theory is also done; this concerns non-autonomous systems with periodic
coefficients.
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Series Solutions: Frobenius Theory

6.1 Introduction

In Chapter 3, we have seen that the solutions of linear first order
equations can be obtained in explicit form by converting the problem
essentially to an integral calculus problem. We have also seen that there is
no general procedure to obtain the solutions of linear second order
equations with variable coefficients, in explicit form. Nevertheless, we
could obtain valuable information about the solutions by exploiting the
linearity, superposition principle, etc. In this chapter, we consider a class
of linear second order equations whose solutions may be written down in
explicit form. Since the solutions will be in the form of an infinite
(power) series, eliciting the qualitative behavior of solutions will be
difficult. The results of this chapter are collectively called Frobenius
theory. Some important equations such as Bessel’s equation, Hermite
equation, Chebyshev equation, Laguerre equation, etc., are included in
the class of equations considered here. Owing to the importance of these
equations, which appear in applications frequently, the major properties
of their solutions have been tabulated in mathematical handbooks. The
interested reader may refer to [AS72]. We restrict our discussion to the
real domain. There are also very interesting and important results for
equations in the complex domain and the reader is referred to [Inc26].

6.2 Real Analytic Functions

The class of equations we consider will have analytic coefficients.
Roughly speaking, analyticity means convergent power series. We are
familiar with power series in the context of Taylor’s series and
Maclaurin’s series in calculus.
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Definition 6.2.1

[Analyticity] A function f : (a,b) — R, where (a,b) is an open
interval in IR, is said to be (real) analytic at ty € (a,b) if there exists
8 > 0 such that (tp — 8,70+ &) C (a,b) and

£(e) = 2 ant —10)",

for all t € (1o — 8,19 + &8), where a,s are real numbers, that is, f(z) is
represented as a convergent power series in ¢t — fg in a neighborhood
of to. If f is analytic at every point in the interval (a,b), we say that f
is analytic in (a,b). O

We now recall certain facts about convergent power series which will be
needed in what follows. For details, see [Apol1, Rud76].
Consider a real power series Z ant" and put R~! = limsup /|ay|.
n=0 n—oo
Then, the given power series converges for all ¢ satisfying |f| < R and
diverges for [t| > R; the case of |t| = R is, in general, inconclusive. The
number R is called the radius of convergence of the power series. Note

that R can also take the value 0 or co. Put f(¢) = Y a,t" fort € (—R,R).
n=0
The following statements hold:

1. The series converges uniformly in any compact subset of (—R,R).

2. The function f is infinitely differentiable in (—R,R) and

oo

f(k)<t) = Z(n—i— 1>(n+2)"'(”l+k>an+kl‘n,
n=0

for k =1,2,---. The series converges for all t € (—R,R).
3. In particular, f*)(0) = klay, for k =0,1,2,....

Remark 6.2.2 \

. . a
If a, # 0 after a certain stage and lim 1
n

= [, then it is well
—e |ay|

known that lim {/|a,| also equals /. Thus, we have an alternative
n—oo

way of calculating the radius of convergence, when applicable. U
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We may replace ¢ by ¢ — ¢ in the earlier discussion. We now give several
examples of analytic functions, which are familiar to us from calculus. The
functions sint,cost, e’ are analytic in IR. The function log¢ is analytic in
(0,00) and ¢'/3 is analytic at any o > 0 as follows from the binomial series.
The function (¢ —a)~! is analytic everywhere except at a. A point where
a function is not analytic is termed as a singular point of the function.

Denote by <7 (a,b), the set of all analytic functions in (a,b). This is a
real vector space. It is also closed under multiplication and thus becomes
an algebra. The composition of two analytic functions, when defined, is
also analytic. If f is analytic at 7o and f*) (7o) = 0, for k = 0,1,2,---, it
follows that f = 0 in a neighborhood of #y. This property distinguishes
an analytic function from a mere infinitely differentiable function. For
example, if f is analytic in (a,b), then f cannot be compactly supported
in (a,b), that is, f cannot vanish outside any [c,d] C (a,b).

Example 6.2.3

Consider the function f : R — R defined by

B exp(—1/1*) ift >0,
f6) = { 0 if 1 <0.

It is not difficult to check that f is in C*(IR) (verification needed only at
t = 0), but f is not analytic at t = 0.

The natural question that arises is: which C” functions are analytic?
We state the following result without proof.

Theorem 6.2.4

A function f defined in a neighborhood of 7y is analytic at # if and
only if

1. fis C* in a neighborhood of #y; and

2. there exist positive 6 and M such that for any 7 € (1o — 8,0+ ),

the inequality

k!
ﬁa
holds fork=0,1,2,---.

O <M 62.1)
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Remark 6.2.5

If we replace k! in (6.2.1) by a weaker condition, (k!)s where s > 1,
we obtain a class of C* functions called the Gevrey class of index s.
For s = 1, we recover the functions which are analytic. When s > 1,
it is interesting to note that the Gevrey class contains functions with
compact support. The definition of the Gevrey class of functions may
easily be extended to open subsets of IR”. These functions play an
important role in obtaining the regularity of weak solutions to linear
parabolic equations and weakly hyperbolic systems in the theory of
partial differential equations. |

6.3 Equations with Analytic Coefficients

We begin with a familiar example. Consider the following equation
y+y=0. (6.3.1)

We seek an analytic solution y of (6.3.1) around ¢t = 0 in the form
y(t) =Y an". (6.3.2)
n=0

Assuming the convergence of this series in an interval (—R,R), we obtain
by term-by-term differentiation that

oo

¥() =Y (n+1ant", (6.3.3)
n=0
and
§(t) = Y, (n4+1)(n+2)anot", (6.3.4)
n=0

Substituting the expressions in (6.3.4) and (6.3.2) into (6.3.1), we obtain

[eS)

Y [(n+1)(n+2)ani2 + ay)t" = 0. (6.3.5)
n=0

Therefore, we have

(n+1)(n+2)ayns2 +ay = 0,n=0,1,2,---.
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We, thus recursively obtain the following:

ap ai ap ao as al
7’“3:_77a4:_7:7,a — T =
2 3l 3.4 4"P T 4.5 5

Substituting these expressions in (6.3.2), the expression for y becomes

a) = —

t2n+l

The two power series in (6.3.6) are very familiar to us; they represents
cost and sint respectively. Thus,

y(t) = agcost + aj sint,

where ag and a; are arbitrary real constants. Thus, the series (6.3.2) for y
converges for all t € R. This may be expected as the coefficients in (6.3.1)
are analytic in R.

Of course, we would have obtained the aforementioned solution
without going through the exercise of power series, as (6.3.1) is an
equation with constant coefficients. Nevertheless, this exercise contains
all the ingredients of a general procedure to obtain series solutions to
linear equations with analytic coefficients. In general, we will not be as
lucky as in this example to recognize the power series in terms of familiar
functions.

We consider one more example before stating the general result. The
second order equation

y =2ty +2py =0, (6.3.7)

where p is a real constant, is termed as Hermite’s equation. If we again
assume the solution in the form (6.3.2), then we obtain from (6.3.7), after
the substitution of expressions in (6.3.2), (6.3.3) and (6.3.4),

oo

Z [(n+1)(n+2)ay+2 —2na, + 2pay|t" = 0. (6.3.8)
n=0

Equating each coefficient to zero in this series, we get
(n+1)(n+2)aps2 = —2(p—n)ay,n=0,1,2,---,

similar to the expression obtained earlier. Therefore, the solution y may
be written as
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y(t) = aoyi(t) + a1ya(1), (6.3.9)

where y; and y, are given by the following series

2p(r=2) 4 2p(P=2)(p—4)

B 2p ¢
yl(t)_l_at + a1 6! r 4
(6.3.10)
and
2(p—1) 5, 22(p—1)(p—3)
yat) =1 - 31 £+ 5! a
2(p-1)(p-3)(p-
== =55 a1

7!

By the simple ratio test, it is straightforward to verify that both these series
converge for all # € R. It is also not difficult to see that they are linearly
independent and hence they span the solution space of Hermite’s equation.
We now make the following observations.

First, note that unless p is a non-negative integer, the infinite series for
y1 and y, do not terminate. If p is a non-negative even integer, the series
for y; terminates and y; becomes a polynomial of degree p. Similarly, if
p is a non-negative odd integer, y, becomes a polynomial of degree p.
Any other polynomial solution of Hermite’s equation is a multiple of one
of these polynomials. It is not difficult to compute these polynomials for
small p. For example, when p = 0,1, 2,3, the respective polynomials are
given by 1,7,1 — 2621 — gt3.

Since any constant multiple of these polynomials is also a solution of
Hermite’s equation with p a non-negative integer, it is customary to take
the coefficient of ", the leading term, as 2". The resulting polynomials
are then termed as Hermite polynomials and are denoted by H, (). Thus,
Ho(t) =1, H(t) = 2t and H3(t) = 8> — 12¢. Hermite polynomials appear
frequently in several applications, especially in quantum mechanics.

The following interesting formula for H, may be deduced from the
expressions (6.3.10) and (6.3.11):

ap2dt _p

H,(t) = (—1)" We_’ :
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Theorem 6.3.1

Consider the second order linear equation

y+P(t)y+0(r) =0, 6.3.12)

where P, Q are analytic functions at 7o € IR and are expressed in convergent
power series int — 19, t € (fo — R,#y + R) for some R > 0. Then, given any
arbitrary real numbers ag and a;, there exists a unique analytic solution y
of (6.4.7) satisfying y(ty) = ao and y(#y) = a;. Further, the solution y may
also be expressed as a convergent power series in r — g for t € (o — R, fo +
R). The point 1y is referred to as an ordinary point.

Proof:  The uniqueness question has already been dealt with in detail in
Chapter 3. We may take #p = 0, by changing the variable, if necessary.
Suppose

oo

P(t) = Y pu"and Q(t) = i gnt", (6.3.13)
= n=0

n=0

fort € (—R,R). We seek a solution y of (6.4.7) in the form
y(t) =Y an". (6.3.14)
n=0

Assuming for the moment that the series for y converges in a small interval
around 0 and the operations of term-by-term differentiation are legitimate,
we obtain

oo

¥(t) = Y (n+1ant", (6.3.15)
n=0
and
¥(t) = Y (n+1)(n+2)an 2", (6.3.16)

n=0
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Using the first series in (6.3.13) and (6.3.15), we obtain'

P(t)y = (ifﬂ”) (i(ﬂ“)anm”)

= i [Z (k+1)p,_ kakH]t (6.3.17)

and, using the second series in (6.3.13) and (6.3.14),

(Zer) ()

) [Z anak] " (6.3.18)

n=0 [ k=0

Plugging the expressions in (6.3.16),(6.3.17) and (6.3.18) into the
equation (6.4.7), we obtain

z

Equating each coefficient in this series to zero, we obtain the following
recursion relations for the coefficients ays:

(n+1)(n+2)anir + Z (k+1)pp_rar+1 + an g | " = 0.

n

(n+1)(n+2)ans2 = — Y [(k+ 1) puirsr + gniar]. (6.3.19)
k=0

Through these recursion relations, the a,s are determined in terms of
ap, a1 and p,, q,s. We now proceed to prove the convergence of the
series (6.3.14) for r € (—R,R). Once this is accomplished, the operation
of term-by-term differentiation is justified and completes the proof.

IRecall that for two convergent series, their product is given by

(i ow”) (i ﬁnt”> = i Tt",
n=0 n=0 n=0

n
where ¥, = Z o Pr—k-
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However, the task of proving convergence is not easy and it is a good
exercise in infinite series. We adapt the ratio test for this purpose.

Fix r < R. Since both the series in (6.3.13) for P, Q converge fort = r,
we can find an M > O such that

|pn|r" < M and |g,|r" < M,

forn=0,1,2,.... Using these estimates in the recursion relation (6.3.19),
we obtain

n

M
(n+1)(n+2)|an2| < ﬁZ[(k+1)|ak+l\ + |ag|)*
=0

n

M
< Ll Dlan] + lad* + Mla|r

where the term M|a,|r is added for the purpose of what follows. Now
define by = |ag|, b1 = |ai| and recursively

n

M
(n+1)(n+2)byyn = - Y [(k+ )by + bi]r* + Mby 7, (6.3.20)
k=0

by
1 for

It follows that |a,| < b, for all n. We now consider the ratios

large n for the application of the ratio test. Replace first n by n 1 and
then, by n — 2 in (6.3.20) to obtain

n—1

M
n(n+1)byy1 = ey Z [(k+ 1)bgry + bi]r* + Mb,r
k=0
and
n—2
(n—1)nb, = e Z [(k+ )by + bi]r* + Mb,_yr.
k=0

Multiplying the first expression here by r and using the second, we obtain

M n—2
m(n+1)by = rn—_22[(k+1)bk+1+bk]rf<+rM(nbn+b,,,1)
k=0

—I—Mb,,r2
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= (n—1)nb, — Mb,_1r + rM(nb, + b,_1) + Mb,1*

= [(n—1)n+ rMn + Mr?]b,.

buy1  (n—1)n+ rMn + Mr?
b, rn(n+1)

’

. 1 . .
which tends to — as n — oo. Therefore, by the ratio test, the series Z but"
r
n=0
converges for all 7 satisfying |¢| < r. Since |a,| < by, by comparison test, it
follows that the series (6.4.7) for the solution y also converges for [t| < r.
Since r < R is arbitrary, this completes the proof. U

6.4 Regular Singular Points

Many second order linear equations that make frequent appearance in
applications do not have analytic coefficients. However, the singularities
present are isolated and regular, which will be defined later in this
section. We have already had an idea in Chapter 4 of how a singularity in
the coefficients may influence the solution in question. We consider the
following simple example to see what we can expect when singularities
are present in the coefficients.

Example 6.4.1

Consider the second order equation

.k
y+t7y:0,t>0.

Here, k is a real constant. Notice that + = 0 is a singular point of the
coefficient of y. It is not hard to write down the general solution of this
equation. We have

y(t) = t'2 (¢ sin(plogt) 4 cacos(plogt)), 1 > 0, if k> 1/4,

y(6) =1"2(cilogt + ¢2),t > 0, if k=1/4,
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y(1) =12 (et + et ™M), t >0, if k < 1/4.

Here, u =+vVk—1/4ifk>1/4and u =+1/4—kifk < 1/4; cy,c, are
arbitrary constants. Observe that any solution, except one, is defined only
for t > 0 and possesses a singularity at + = 0. One solution, which is a
multiple of t1/2 when k = 1/4 is defined for ¢ > 0. Even in this case, we
cannot arbitrarily prescribe the initial data at ¢ = 0.

The general situation is going to be somewhat similar, as we will see
later. First, we list some of the important equations which fall in this
category.

1. Bessel’s Equation of Order Zero: ty + y + ty = 0.
Observe that t = 0 is a singularity.
2. Bessel’s Equation of Order p: t* + ty + (1> — p?)y = 0,
where p is a non-negative real number. Again r = 0 is a singularity.
3. Legendre’s Equation: (1 —1*)y — 2ty + p(p+1)y = 0,
where p is a real constant. Here t = +1 are the singular points.
4. Chebyshev’s Equation: (1—12)j — ty + p*y = 0,
where p is a real constant. Again, t = %1 are the singular points.
5. Gauss’s Hypergeometric Equation: t(1—1)y + [c— (a+b+1)t]y —
aby = 0,
where a,b and c are real constants. Here t = 0,1 are the singular
points.

6.4.1 Equations with Regular Singular Points
We now consider the general second order equation

¥4 P(1)y + Q(t)y = 0. 6.4.1)

We assume that the functions P and Q in (6.4.1) have a singular point 7y in
IR. The singular point #( is called a regular singular point of (6.4.1) if the
functions (¢ —19)P(t) and (¢t —t0)>Q(t) are analytic at ¢ = fo; otherwise, it
is called an irregular singular point. We are going to obtain a convergent
series solution y of (6.4.1) near a regular singular point. However, we will
not have freedom to arbitrarily fix initial conditions at a regular singular
point. For the ease of writing, we assume that t = 0 is a regular singular
point of (6.4.1); the general case follows from a change of variable.
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From the hypothesis, it follows that P and Q are of the form

P(Z) — ? +p1+pot+--- (642)
and
Q(f):%‘*‘%‘HIz-H]sl—Fm (6.4.3)

We assume a solution y of (6.4.1) in the form of a ‘quasi power series’
y(l) :l‘m(ao—i—alt‘FaﬂZ""") (6.4.4)

where ay # 0. The determination of the exponent m is part of the problem.
The equation satisfied by the index m, the indicial equation, will be a
quadratic equation reflecting the order of (6.4.1). The nature of the indicial
equation will produce solutions with different behaviors at t = 0.

Assuming that the series for y is convergent in an interval (0,7), we
obtain the following (see the previous section):

y o= Y an(mt ),
n=0

¥ =Y an(m+n)(m+n— 1) tn=2 = gm—2 Y an(m+n)(m+n—1)".
n=0 n=0

For the terms P(7)y and Q(¢)y, using (6.4.2) and (6.4.3), we get

P(t)y = :(iopnt”> [i an(m—i—n)t"””l]

n=0

= "2 Y Y porar(m+k)

n=0 | k=0

t}'l

o [n—1
= ("2 Z Z Pn—rar(m+k) + poa,(m+n)
n=0 | k=0

tn
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and

o)y = ;(ioqnt"> [ioant’” ]

= "2 Z Zn: Clnkak] t"
| k=0

o [n—1

= tm72§: E:Qn—ﬂu'+qoan
n=0 | k=0

tl’l

After the substitution of these expressions for y, P(¢)y and Q(¢)y in (6.4.1)
and canceling the common factor #”~2 throughout, we obtain

Z an{(m+n)(m+n—1)4+ (m—+n)po+qo}
n=0
n—1
+ Y a{(m+k)pai+gui}|t"=0.  (645)
k=0
By equating the coefficients of ¢ in (6.4.5) to zero, we successively obtain
aolm(m— 1) +mpo + go] =0,
ai[m(m+1) + (m+1)po + qo] +ao(mp1 +q1) =0,
ar[(m+1)(m+2) + (m+2)po+ qol+

+ao(mpr+q2) +a1[(m+1)p1 +q1] =0,

an[(m+n—1)(m+n) + (m+n)po+qo]
+ao(mpy+qn) + - +an_1[(m+n—1)p;+q] =0,

(6.4.6)


https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781108236843.007
https://www.cambridge.org/core

Series Solutions: Frobenius Theory 193

Put f(m) = m(m—1)+mpo—+ qo. Then, (6.4.6) may concisely be written
as

aof(m) =0,
arf(m+1)+ao(mp+q1) =0,
arf(m+2)4ao(mpz+q2) +a1[(m+1)p1 +q1] =0,

anf(m+n) +ao(mpn+qn) + -+ an1[(m+n—1)p1+q:] =0,

(6.4.7)
Since ag # 0, it follows that f(m) = 0, that is,
m(m—1)+mpo+qo = 0. (6.4.8)

This is the indicial equation, which determines the possible values of the
exponent m in the assumed expression for the solution y. Let m; and m»
be the roots of (6.4.8). If we choose m = mj, then, from the
aforementioned expressions, we see that a, is determined in terms of
ap,ai,---,as—1, successively for n = 1,2,---, provided that
f(m 4+ n) # 0. The process breaks off if f(m 4 n) = 0. Thus, if
my = my + n, for some positive integer n, the choice m = m; gives a
formal solution, but in general, the choice m = my does not, since
f(my+n) = f(m) =0. If my = my, then also we obtain only one
formal solution. In all the other cases, when the roots of the indicial
equation are real, we obtain two linearly independent formal solutions.

The roots of the indicial equation may also be complex, and therefore,
this procedure leads to a formal series with complex coefficients. Since
we are only interested in real solutions, we need to consider real and
imaginary parts of these formal solutions, which in general is quite
complicated and requires tools from complex analysis. We will not
pursue these topics here and the interested reader may refer to [Inc26] for
a discussion on differential equations in the complex domain.

We now state the forgoing discussion in the following theorem.
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Theorem 6.4.2

Assume that + = 0 is a regular singular point of (6.4.1) and that the
power series for tP(t) and 1>Q(t) given, respectively, by (6.4.2) and
(6.4.3) converge for t € (—R,R) for some R > 0. Let the roots m; and
my of the indicial equation (6.4.8) be real with my < m;. Then, (6.4.1)
has at least one solution

yi =1"Y ai" (ap#0) (6.4.9)
n=0

on the interval 0 < t < R, where a,s are determined in terms of agy by
the recursion formula (6.4.7) with m replaced by m;. Also, the series

oo

Z ant" converges on the interval (—R,R). Furthermore, if m; —my
n=0

is not a non-negative integer, then (6.4.1) has a second independent
solution

y2 =1"Y an" (ap#0) (6.4.10)
n=0

on the same interval, where now a,s are determined using the
recursion relation (6.4.7) in terms of ag and m replaced by m,. Again,

the series ) a,t" converges on the interval (—R,R). O
n=0

The series in (6.4.9) and (6.4.10) are called Frobenius series. In a specific
problem, it is much preferable to start with a series of the form (6.4.4)
and derive the indicial equation and recursion relations. However, the
recursion formula (6.4.7) finds its main application in the proof of
Theorem 6.4.2, which is similar to the one in the previous section, but is
more delicate because of the presence of the terms f(m+n). We will not
present a proof here and the reader is referred to [Sim91] for details.

The theorem leaves unanswered the cases of m; = my and when m; —
my is a positive integer.

Suppose m; = my and yj is a solution given by the Frobenius series. We
may now proceed to find a second independent solution by the procedure
described in Chapter 3. Let y, = y;v be another solution, where v is a
non-constant function. Then,
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~en(-fre)

1 Po }
— — i dt
2 (ag +art 4 )2 eXp< /[t Tt )

1

- 2™ (ag+ayt+---)? exp (—pologt —pit —-+)

1

N t(ag+art+---)? exp(—pit—--+)

1
= e, say.

where we have used the fact that 2m; + po = 1 when m; = mj; and g is an

analytic function at ¢t = 0 with g(0) = —2 Therefore, we have
4y

v(t) = bologt +byt+---,

where g(t) = by + b1t + ---. Of course, it may not be easy to determine
the coefficients in the power series expansion of g. When m; —my is a
positive integer k, then the expressions for v is tlk g(7). In this case, there
may or may not be a logarithmic term in v.

We now illustrate the aforementioned procedure, in a somewhat
different way, by considering Bessel’s equation of order zero:

14y +1y=0. (6.4.11)

It is easy to see that + = 0 is a regular singular point of (6.4.11). Let us
consider the Frobenius series

y=1"Y ay" (6.4.12)
n=0

for a solution of (6.4.11), with ag # 0. We may take ap = 1. We obtain,
after collecting the like terms,

+y+ty = m*t" '+ (m+ 1) ait™ + {(m+2)%ar + 1}

H{(m+3)2a3+a )"+ (6.4.13)
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Now, let ay,an, - - - be chosen to satisfy the following relations
(m+1)%a; =0,
(m+2)%a;+1=0,
(m+3)%a3+a; =0,

Then, unless m is a negative integer, we have a; = 0 for odd integers k and

1
“= w2

a» 1
a4 = — =

(m+4)2 ~ (m+2)2(m+4)2°

Substituting these values in (6.4.12) and (6.4.13), we infer that if

" t2 t4
Y=t {1_ mt+2? (m+z)2(m+4)2_'”} (6.4.14)

and if m is not a negative integer, then
15 +y 41y =m* "L (6.4.15)
Choosing m = 0 in (6.4.14) and (6.4.15), we see that

1? tt
y:1—?+22_42—-“ (6.4.16)
is a solution of Bessel’s equation
ty+y+ty=0. (6.4.17)

The series in (6.4.16) is denoted by Jo(7) and is called Bessel’s function
of zero order of the first kind. Tt is easy to see that Jy(¢) is an even
function of ¢ and converges for all 7 € R with Jo(0) = 1. We can also see
that the indicial equation for Bessel’s equation is given by m* = 0; thus,
its roots are equal and equal to zero. We now proceed to find another
independent solution of Bessel’s equation. The general procedure tells us
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that the second solution involves a logarithm term. We are going to derive
an expression for the same using (6.4.13). Differentiating both the sides
of (6.4.13) with respect to m and then choosing m = 0, we obtain

tYo+ Yy +1Yy =0,

0
where Yy = 2 evaluated at m = 0. Now, from (6.4.14),

om

o t"logrq 1— ’ + a -
om | % (m+2)2 " (m+2)2(m+4)?

g 2t o 214 1 N 1
(m+2)?2m+2 (m+2)?(m+4)2\m+2 m+4

N 216 1 N 1 N 1
(m+2)2(m+4)2(m+6)2 \m+2 m+4 m+6 ‘

Hence, putting m = 0, we obtain

Yo(t) = Jo(t) logt ﬁ—ki 1-|-1 +L 14_1_4_1
ON) = oM I08T = 53 T 42 2) e 276 :
(6.4.18)

which is called Bessel’s function of the second kind of order zero. Using
1
2

where 7y is Euler’s constant and &, — 0 as n — oo, it is straightforward
to check that the power series in (6.4.18) (excluding the term Jo(7) logr)
converges for all values of ¢. It follows that the general solution of Bessel’s
equation is given by

1
1+ +-~-+E=10gn+y+€n,

y =AJo + BYp,

for arbitrary constants A, B.

Remark 6.4.3

In some situations, the point at infinity plays an important role. This
case may be easily handled as follows. Consider a second order linear
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equation and change the independent variable ¢ to 7T = % If the
resulting equation after this change of variable has the point T = 0 as
an ordinary point or a singular point, then we say that the point at
infinity is an ordinary point or a singular point, respectively, for the
original equation. We may use the method of Frobenius for the

transformed equation with T as the independent variable and then go

back to the original problem. |

6.5 Exercises

1. Show that the function f in Example 6.2.3 is in C*(R) and

F(0)=0forn=1,2,---.

. Let

$(0) = Y at3alt) = ¥ bt
n=0 n=0

for t > 0. Here r; and r, are real and unequal; ag, by are non-zero.
State and prove a general theorem concerning the linear
independence of y; and yj.

. Consider the second order Euler equation

t2ji—|—aty+by =0,

where a,b are real. Find two linearly independent solutions of the
equation in each of the following cases by applying the method of
Frobenius.

1
) —
2

(b)y a=—5,b=09.

N =

(@) a =

. Discuss the solution of Legendre’s equation

(1—-)j—2ty+a(a+1)y=0

in the neighborhoods of t =1 and r = —1.

. For each of the following equations, write the indicial equation and

find its roots. Write the form of two linearly independent solutions
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without computing the coefficients, and discuss the limiting behavior
of the solutions as t — 0.

5 1
MRS SN
(@) y+ 2ty+ %)
(b) 125 +4ty+ (2—1)y = 0.
(©) >3+ (1—6t)y=0.

6. In each of the following equations, locate all the singular points by
describing whether they are regular or irregular.

(@) (t—2)(t+3)%>5+3t>y—2(t+3)y=0.
(b) 25+ (sint)y+ (cost)y = 0.

(c) (¢! —1)%j+2(sint)y+3y =0.

(d) §+3y+12y=0,1>0.

1
7. Consider Bessel’s equation of order 5

1
15+ 1y + <t2—4)y:0.

(a) Verify that the functions

2 . 2
t) = — t, t) = — t,
yi(t) wmsm y2(t) \/mcos

are linearly independent solutions for ¢ > 0.

1 1
(b) Show that the indicial equation has roots m; = 3 and mp = — 7

whose difference is the positive integer 1. Show, nevertheless,
that both the solutions y1, y, can be derived from the method of
Frobenius without introducing a logarithm term.

8. Determine whether the point at infinity is an ordinary, regular
singular, or irregular singular point for each of the given equations.
(a) ty+3y+2ty=0.
(b) 5+ 2t*y+y=0.
(c) (Bessel’s equation of order p) t2j +ty+ (t* — p?)y = 0.
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6.6 Notes

In this chapter, we have considered a couple of classes of linear second
order equations with variable coefficients whose solutions can be
obtained explicitly, in the form of a power series; see [Sim91]. The
analysis mainly involves proving the convergence of the power series,
obtained heuristically, of a solution. For power series solutions of a
system of linear equations, the reader is referred to [Tay11].
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7

Regular Sturm-Liouville Theory

7.1 Introduction

In this chapter, we are going to study certain boundary value problems
(BVP) associated with regular second order linear equations containing a
parameter. More specifically, we will be looking for non-trivial solutions
of the following equation

d du
Zule) = -5 (PO ) + alou(t) = 2p(0)utr).

Here p € C', p > 0and ¢,p € C, p > 0 are defined on a bounded interval
[a,b] in R and A is a real parameter. Additionally, the solution is required
to satisfy boundary conditions at the end points a,b of the given interval.
We refer to these BVP as regular Sturm—Liouville systems or simply S—-L
systems. When p vanishes somewhere in the interval or the interval under
consideration is unbounded, the problem is termed as singular. Singular
BVP are more difficult to deal with, and we will not discuss them in this
book. The interested reader may refer to [CL72], for example.

S—L systems arise in many physical problems, for example, in the
following situation. Consider the longitudinal vibrations of an elastic bar
of local stiffness p(§) and density p(&). The mean longitudinal
displacement v(&, 1), at position & and time 7, of the section of such a
bar from its equilibrium satisfies the one-dimensional wave equation

P55 = 3 [P
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If we now seek the solution in the following form of simple harmonic
vibrations (or the normal modes of vibrations) as

v(§,7) = u(§)cos(k(7 —n)),

we obtain an S-L system for u, changing & variable to ¢ variable, with
g=0and A = k2. For a finite bar, say, & € [a,b], following are some of
the natural boundary conditions:

u(a) = u(b) = 0 (rigidly fixed ends)

(a) = i(b) = O (free ends)

i(a) + ou(a) = i(b) + Bu(b) = 0 (clastically held ends)
(a) = u(b), i(a) = u(b) (periodic conditions).

Similarly, if we consider the vibrating circular membrane, we obtain a
wave equation in two dimensions. After the introduction of polar
coordinates and assuming the radial symmetry of the solution, the
equation can be reduced to a one-dimensional wave equation. If we again
seek a solution by the separation of variables as in the case of the elastic
bar earlier, this will lead to a singular S-L system involving Bessel’s
equation. For more details, see [BRO3].

It will be seen that non-trivial solutions to the BVP exist only for a
discrete set of values of the parameter A, tending to infinity. The situation
may thus be compared with eigenvalues of a matrix, considered as a
linear operator on a finite dimensional space. The main difference is that
we are now working in an infinite dimensional space. In analogy with
matrices, the discrete set of the values of the parameter for which the
non-trivial solutions exist, are called the eigenvalues of the BVP and the
corresponding non-trivial solutions are called the eigenfunctions.

Again, continuing the similarity with matrices, we know that for a
good matrix, any vector in the finite dimensional space in question, can
be written as a unique linear combination of eigenvectors of the matrix.
For example, this happens when the matrix is real, symmetric and the
space is IR” for any positive integer n. In this case, the eigenvectors are
also orthogonal; we discuss more regarding orthogonality in the next
section. In the case of a BVP too, one may express an arbitrary function
as a linear combination of the corresponding eigenfunctions. Since these
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are (infinite) power series, we need to discuss the convergence, etc. and

the tools required come from functional analysis (Hilbert space), the

discussion of these topics is outside the purview of the present book.
Before proceeding further, let us consider a simple example

Lu = —ii.
It is easy to see that non-trivial solutions to the BVP

ZLu = Au,u(0) =u(r) =0,

exist if and only if A = n?, n € Z\ {0}. Thus, the eigenvalues are n?,

n a non-zero integer and the corresponding eigenfunctions are sin(nt).
If, instead, we consider the boundary conditions as u(—n) = u(xw) =0,
the eigenvalues are now n?/4,n € Z\ {0}, and the eigenfunctions are
sin(nt/2) and cos(nr/2) for n even and n odd respectively. A reader
familiar with Fourier (sine and cosine) series recognizes that any suitable
function satisfying the given boundary conditions, can be written as an
infinite series involving the corresponding eigenfunctions.

If we now consider the periodic boundary condition u(—n) = u(r),
we do obtain the situation of the Fourier series. However, the question of
convergence, especially that of point-wise convergence, of a Fourier series
is a delicate issue.

From this example, we learn that the form of the boundary conditions
plays an important role in the determination of the eigenvalues; it is also
important in making the operator .Z self-adjoint and the orthogonality
condition of the eigenfunctions, as we will see in the next section.

7.2 Basic Result and Orthogonality

We begin with following basic result.

Theorem 7.2.1

Let
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where p € C', p > 0 and g € C on a given interval [a,b] in R. Consider
the following BVPs:

Lu=r, u(a)=o,u(b)=4, (7.2.1)
where a, B are real, r € C|a,b] and its homogeneous counterpart

Zu=0,u(a) =0,u(b) =0. (7.2.2)
Then, the following alternatives hold:

(1) If (7.2.2) has only trivial solutions, then, there exists a unique
solution of (7.2.1).

(2) If (7.2.2) has a non-trivial solution, then, (7.2.1) has infinitely many
solutions, provided that it has a solution. (]

We may replace the boundary conditions in (7.2.1) by other linear
combinations of u,# at the end points a,b, separately; see (7.2.3) later in
this section. See also Theorem 9.2.1 for a more general situation and for
higher order equations, see [Inc26]. We have the following example
concerning the hypothesis of (2) in the theorem.

The BVP, ii + 7%u = 0, u(0) = u(1) = 0 has a non-trivial solution.
The BVP ii + n°u = 0, u(0) = &, u(1) = B has a solution if and only if
a+p=0.

Proof: (of Theorem 7.2.1) Suppose u; and up are two linearly
independent solutions of the homogeneous equation .Z'u = 0. If we put

u = ciuy +couy,

for some constants cy,cp, then, u is a solution of (7.2.2) if and only if the
following equations are satisfied:

crui(a) + coup(a) =0,
cruy (b) + coup(b) = 0.
Therefore, (7.2.2) has only trivial solutions if and only if the matrix

Ao [ ui(a) wup(a) ]
ui(b) uy(b)
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is non-singular. Next, let ug be any particular solution of .Zu = r. Then,
the function u defined by u = ug + c1u; + cous is a solution of (7.2.1) if
and only if the following equations are satisfied:

up(a) 4+ ciuy (a) + coup(a) = a,

uo(b) 4+ cruy (b) + coup (b) = B.

The possibility of obtaining such ci,c, depends on the rank of the
augmented matrix

ui(a) wup(a) a—up(a)
ur(b) uz(b) B —uo(d)

We infer that a solution for (7.2.1) exists if and only if the matrices A and
B have the same rank.

If (7.2.2) has only trivial solutions, then the matrix A is non-singular
and therefore, A and B have the same rank. This completes the proof of
(1). If uy is a non-trivial solution of (7.2.2), then we choose u; satisfying
Zuy =0, u;(a) # 0 such that uy, u, are linearly independent. Then, rank
of A is 1 and therefore, a solution of (7.2.1) exists if and only if rank of B
is also 1. If ug is a solution of (7.2.1), so is ug + cuy for any real c. This
proves (2) and the proof of the theorem is thus complete. (]

It turns out that the more interesting situation is when (7.2.2) has
non-trivial solutions. This will lead to the existence of eigenvalues and
eigenfunctions for .Z.

We are now going to obtain the self-adjointness of .. To this end, we
introduce the following inner product. For any continuous functions u,v
defined on [a, b], define the inner product by

(u,vy = /abu(t)v(t) dr.

(If u,v are complex valued, v(7) should be replaced by v(z), the complex
conjugate).
We impose the following boundary conditions on functions in C?[a, b]:

o|+ || >0, }
Biu(b) + oii(b) = 0, [Bi| + [B2| > .

oqu(a) + opii(a) =0,

(7.2.3)
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Here o, oo, B, B> are real constants.

Theorem 7.2.2

(1) Suppose u,v € C?|a, b] satisfy the boundary conditions (7.2.3). Then,
Z is self-adjoint in the sense that

(Lu,v) = (U, Lv).

(See Remark 7.2.3).
(2) Suppose u,v € C*[a,b] satisfy the following equations

Lu = Apu, Lv = upv
and the boundary conditions (7.2.3). If A # u, then
b
/ p (N)u(1)v(t)dt = 0.

The functions u,v are said to satisfy an orthogonal condition with
weight p.

Proof: We begin by proving Lagrange’s identity. For any two C?
functions u,v defined on [a,b] and € [a,b], we have

Wﬁfﬂﬂ—u@i%0%=—Wﬂ%(ﬂﬂﬂﬂ%+dﬂﬂ0%ﬂ

+wﬂ%@mwm—«mmwm

+ S (p(u(0)in)) ~ p(e)i(e) (1)
:%[p(t)( (£)v(t) —v(1)u(1))]
=L W), (7.2:4)
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where W denotes the Wronskian of « and v. Integrating Lagrange’s identity
(7.2.4), over [a,b], we obtain

(ZLu,v) — (u, Lv) = p(b)W(b) — p(a)W(a). (7.2.5)

Using the boundary conditions (7.2.3), we see that W (a) = 0 and W (b) =
0. Thus, the right side of (7.2.5) vanishes. This completes the proof of (1).
Now, suppose u and v satisfy the equations in (2). Then, we have, using
the self-adjointness of .Z,

0= (Lu,v) — (u,2v)
= [ pwutyyar — [ p@utry(ryas

b
— (A—p) / p(u(t)v(r) dr. (7.2.6)

Since A # u, we get the weighted orthogonality as in (2) and the proof of
the theorem is complete. (]

Remark 7.2.3 \

What actually we have shown is that . is symmetric with respect to
inner product (,). In functional analysis, self-adjointness is more than
being symmetric. This will require a detailed description of the
domain of %, whose discussion is beyond the scope of this book.
With a slight modification of Lagrange’s identity, the same proof
works for complex valued functions also. The symmetry immediately
yields that the eigenvalues, if any, of .£ are all real. Why should they
be only discrete is another question that will be addressed later. At
this stage, we again stress that the boundary conditions do play an
important role in establishing the symmetry of .Z; see, also, the
following remark.

|

Remark 7.2.4.

Looking at the expression on the right side of (7.2.5), we observe that
it may be made to vanish for a variety of boundary conditions; for
example, we may take the boundary conditions u(a) = u(b) = 0 or


https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781108236843.008
https://www.cambridge.org/core

208 Ordinary Differential Equations: Principles and Applications

iu(a) = u(b) = 0. The condition p(b)W (b) = p(a)W(a) is referred
to as a periodic boundary condition. We should bear in mind that it is
not only the form of the operator .Z but also the form of the boundary
conditions, that play an important role in proving the orthogonality
condition. O

Next, we take up the issue of obtaining the eigenvalues and the
corresponding eigenfunctions of the operator .. We do this by studying
the oscillations of a solution u, that is, the zeros of u, of the homogeneous
equation Zu = 0 in [a,b]. The study of oscillations will eventually lead
us to the existence of eigenvalues and the eigenfunctions.

7.3 Oscillation Results

Consider the BVP for a second order linear homogeneous equation

4 (p(r)d”(z)) +0(0ult) = 0,1 € (a,b), (73.1)
dt dt

along with the boundary conditions (7.2.3). Here P > 0 is differentiable
and Q is continuous in the interval [a,b]. For the S-L system, we have
P =pand Q = Ap — q. Before going to the details of the oscillation
results, we have the following result.

Theorem 7.3.1

Any non-trivial solution u (« # 0) of (7.3.1) can have at most finite
number of zeros in [a,b].

Proof:  Suppose not. Then, since [a,b] is compact, there is a sequence
{&,} of zeros of u such that &, — & as n — o for some & € [a,b]. By
continuity, u(€) = 0. Put h, = &, — &, so that h, — 0 as n — o and u(& +
W) —
hy) = 0. We have 0 = u( + 2) u(é)
n
i(&) = 0. Hence, by uniqueness, u = 0. This contradiction proves the
theorem. g

. Letting n — oo, it follows that
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To study the oscillations of u, we introduce a powerful tool known as
Priifer substitution:

P(t)u(t) =r(t)cosO(z), u(t) = r(¢)sin6(z). (7.3.2)
We, then, have
2_ 2 2.2 o u
r* =u“+ P°u”, 6 = arctan (Pu) . (7.3.3)

Here, r is called the amplitude variable and 0, the phase variable. When
P = 1, this gives the usual polar coordinates in the (i,u) plane. For r # 0,
the correspondence (Pu,u) = (r,0) as defined here, is smooth (in fact,
analytic) with non-vanishing Jacobian. Also, for non-trivial solutions u,
we have r > 0. For, if r(ty) = 0, then u(#p) = 0 and P(19)u(t9) = 0. Since
P > 0, it follows that u(ty) = 0 and u(#9) = 0. By uniqueness, u = 0.

We now derive an equivalent system of ODEs for r and 6. Using

tan@ = i orcotf = —u, we obtain
Pu u
d d
Yar (sz:> P 1
2 y _ 2
— CSC (6)9 = T—? = —Q—ﬁcot 0

This, after multiplication throughout by sin’ 6 gives
. 1
6= Qsin29+13cos29 =F(1,9). (7.3.4)

Similarly, by differentiating the expression r*> = u> + P%i?, with respect
to t, we obtain

. (1 . 171 .
F= <P — Q> rsin@cos 0 = 5 <P — Q) rsin26. (7.3.5)

This system is equivalent to the original system (7.3.1) in the sense that
every non-trivial solution of (7.3.1) defines a unique solution of the ODEs
(7.3.4) and (7.3.5) by the Priifer substitution. Next, observe that F(z,0) is
Lipschitz with respect to 0, as

JdF

1
50— Qsin20 — ;sin29
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and therefore

2 s 001+ s
d6 _te[a,b} t€la,b] ‘P(IN

Hence, we obtain a unique solution 6 defined on [a, b] for any initial value
0(a) =y. Once 0 is known, (7.3.5) for r gives

#(1) = r(a)exp B / t {P(ls) _ Q(s)} §in26/(s) ds] ,

for all ¢ € [a,b]. Each solution of the Priifer system depends on an initial
amplitude r(a) and an initial phase ¥ = 0(a). Changing r(a) just
multiplies the solution u# by a constant factor. Thus, the zeros of any
solution u can be located by studying only the ODE for the phase 6.

From (7.3.2), we see that the zeros of any non-trivial solution u of
(7.3.1) occur where the phase function 6 assumes the values nx, n € Z. At
these points, cos?0 =1 and 6 > 0, as follows from (7.3.4). Geometrically,
this means that the curve (P(¢)u(t),u(r)),r € [a,b] in the (Pi,u) plane,
corresponding to a solution u can cross the Pi-axis at @ = nx only counter-
clockwise.

The advantage of Priifer substitution in studying the zeros of the
solution u is now evident from (7.3.4) satisfied by the phase variable. It is
only a first order equation for 8 and does not contain r and the solution
exists in [a,b] for any given initial condition. We will now make the
following observations, which will be useful when we consider S—L
systems.

1. If 6 is a solution of (7.3.4), so are —0 and 8 + n7x for any integer n.
We may thus fix the initial condition 8 (a) = y € [0, 7).

2. If we are just interested in the location of the zeros of u, then, it is
sufficient to solve the first order equation (7.3.4) and find the points
where 0 takes the values n7, n a positive integer.

3. Fix a non-negative integer n. If there is az, € [a,b] such that 6(z,,) =

nm, then, from (7.3.4), it follows that G(In) = m > 0. Hence,
n
0(t) > nx fort > 1, close to 1,.
We claim that 6(z) > nrx for all t > 1,. For, if there is a t > 1,
such that 6(¢r) = nx, then we would have that 6(r) < 0. But this
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: 1
contradicts the fact that 6(¢) = 0] > 0, which follows from

(7.3.4). Though 6 need not be a monotonically increasing function
(it is if Q is also non-negative), it remains above the line 0 = n7w, (n
any non-negative integer) once it crosses that line, for all future
times. In particular, for the chosen initial condition, 6 > 0 in (a,b].

The existence of zeros of a non-trivial solution will now be done using
comparison theorems.

7.3.1 Comparison theorems

We, now consider the following two equations similar to (7.3.1)

d du;
Y <P,(t)dtl> + Qi(t)ui(t) = 0, € (a,b), (7.3.6)
along with the boundary conditions (7.2.3), for i = 1,2. Here P;s are
positive differentiable functions and Q;s are continuous functions defined
on [a,b]. If 6;s are the corresponding phase functions given by the Priifer
substitution, then the phase functions satisfy the following equations (see
(7.3.4))

. 1
6; = Q;sin” 6, + 7 cos? 6; = F(1,6;), (7.3.7)
4

for i = 1,2. We now wish to compare the solutions 6; and 68,, which will
enable us to compare the zeros of the solutions #; and u5.

Theorem 7.3.2

Suppose F(t,y) is a continuous function defined in the strip
D = [a,b] x R. Assume F is Lipschitz continuous with respect to y in
D. Let the functions f, g defined on [a,b] satisfy

@) <F(f@). () =F(.g(r)),
forall 7 € [a,b]. If f(a) = g(a), then, f(¢) < g(¢) forall 7 € [a,b].

Proof: Puto(t) = f(tr) —g(t), t € [a,b]. Suppose the conclusion of the
lemma is false. Then, we can find, by continuity, a subinterval [a;,b;] of
[a,] such that 6(a;) =0, 0(¢) >0 fort € (ay,b;). Fort € [aj,b;], we
have
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6(t) = J(1) (1) < F(t.£(1)) = F(1.8(1)) < Lo(2).

Here, L is the Lipschitz constant of F and we have tacitly used the
condition that & is non-negative in [a;,b;]. Integrating this inequality, we
obtain the estimate o(t) < o(aj)e!!~*) for r € [aj,bi]. Since
o(a;) = 0, this gives a contradiction to the assumption that ¢ > 0 in
(a1,b1) and completes the proof. O

Theorem 7.3.3

[Comparison Theorem] Suppose F,G are continuous functions
defined in the strip D = [a,b] X IR. Assume, either F or G is Lipschitz
continuous with respect to the second variable in D and that
F(t,y) < G(t,y) forall (¢,y) € D. Let f, g be solutions of the DEs

f() =F(t.f(1)). 8(r) = G(r.8(1)),
respectively, for z € [a,b]. If f(a) = g(a), then f(t) < g(¢) for all
t € [a,b].

Proof: First assume that G satisfies a Lipschitz condition. Then, we
have f(t) = F(t, f(t)) < G(t, f(t)), so that f, g satisfy the hypothesis in
Theorem 7.3.2 and the result follows.

Assume now that F satisfies a Lipschitz condition. Put h(r) = —f(t)
and k(1) = —g(r) fort € [a,b]. Then,

h(t) = =f(t) = =F(t.f(t)) = =F (1, =h(1)).
Similarly, for k, we have
k(t) = —G(t,—k(t)) < —F(t,—k(t)).

Applying Theorem 7.3.2 again to functions i,k and —F (r,—h(t)), we
obtain that k(z) < h(t) for all € [a,b]. This completes the proof. O

Carefully observing the aforementioned proofs, we obtain the following
strict inequalities in the conclusion.

Corollary 7.3.4 \

[Corollary to Theorem 7.3.2] For any t; € (a,b], either f(t;) < g(t1)
or f =gin [a,1].
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Proof: Either f = g in [a,t], or there is a 7y € [a,t;] such that f(f)) <
g(9). Then, the function & defined by 6 () = g(t) — f(¢) fort € [a,1;] is
non-negative and & (fp) > 0. We then have

6(t) =g(t) = f(t) = F(t.8(t)) = F(t.£(1)) = L& (¢).

Here, L is the Lipschitz constant of F and we have tacitly used the
condition that & is non-negative in [a,?|. Integrating this inequality, we
obtain the estimate & (¢) > &(to)e “"~%) for t € [a,1;]. This gives strict
inequality 6(r) > 0 as &(fy) > 0, and completes the proof. O

Corollary 7.3.5 ‘

[Corollary to Theorem 7.3.3] Suppose both F and G satisfy Lipschitz
conditions. If f(a) < g(a), then f(¢) < g(¢) for all ¢ € [a,b].

Proof:  Suppose the conclusion is false. Then, we can find a #{ > a such
that f(¢;) = g(#1). Now, consider the functions ¢ and y defined by

0(t) = f(=1), y(t) = g(—1),1 € [-11,—a].
Then, ¢ and y satisfy the DEs

(1) =—F(=1.9(1)), (1) = =G(-t.y (1)),

for r € [—t;,—a] and satisfy the condition ¢(—z;) = y(—1;). Since
—F(—t,y) > —G(—t,y), we can apply Theorem 7.3.3 in the interval
[—t1,—a]. We conclude that ¢ (—a) > y(—a). This implies f(a) > g(a),
a contradiction. The proof is complete. (|

We are now going to apply these comparison results, especially the
corollaries 7.3.4 and 7.3.5, to compare the phases 6 and 6, satisfying
(7.3.7). Suppose P > P, >0 and Q| < Q3 in [a,b]. If 8;(a) < 6:(a),
then 6;(7) < 6,(¢) for all 7 € [a,b]. Furthermore, 6;(b) = 6,(b) only if
0 = 6, in [a,b).

We will discuss the equality case in more detail. Suppose 68, = 6, = 0,

. 1

say, in [a,b]. Since 0(t) = 0] > 0, when sinf(z) = 0, the zeros of
sinO(¢) are only isolated. Now, from (7.3.7), we obtain

1 1
— in2 - 29 _
(Q2— Q1) sin 9+(P2 Pl)cos 6 =0.
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Since, by assumption, both the terms are non-negative, they must
separately vanish in [a,b]. This gives that Q; = Q». Therefore, we then
have, P = P,, except on intervals where cosf vanishes. On such
intervals, using (7.3.4), we obtain 0 = constant and therefore, using
(7.3.7), we get Q1 = Q> = 0. In this situation, we also show that u; and
uy are linearly dependent. On the intervals where cos 6 vanishes, both u;
and u are constants, hence they are multiples of each other. On the
intervals where cos 0 does not vanish, we have, P, = P> and therefore 1
and uy satisfy the same second order linear homogeneous equation. Now
looking at their Wronskian, we see that they are linearly dependent. By
continuity, it follows that u, = cu; on [a,b] for some constant c. We have
thus proved the following.

Theorem 7.3.6

[Sturm Comparison Theorem] Assume P, P are in C l[a,b], P >
P, > 0 and Q; < Q5 are continuous functions in [a, b]. Then, between
any two zeros of a non-trivial solution u; of (7.3.6) with i = 1, there
lies at least one zero of every real solution u, of (7.3.6) with i = 2,
except when u, = cuy, for some constant c. In the latter case, we have
P =P, and Q1 = Q», except possibly on intervals where Q1 = Q0 =0.

We are now in a position to discuss the oscillation results for the solutions
of the Sturm—Liouville system

Zut) = _di (p(t d“) +g(ult) = Ap(t)u(t), (7.3.8)
t dt

satisfying the boundary conditions (7.2.3). Comparing (7.3.8) with the

equation (7.3.1), we find that P = p and Q = Ap — g. We would like to

study the number of zeros of a non-trivial solution of (7.3.8) as the real

parameter A varies. Denote by 6(#,1), the corresponding phase variable.

Then, by (7.3.4), we have

. 1
O(t,1) = [Ap(r) —q(r)]sin> O (1, 1) + ﬁcosze(z,?L), (7.3.9)
p
for ¢ € [a,b]. Recall that p is a positive C! function and p > 0, ¢ are
continuous functions defined on [a,b]. Now, fix a real number y and
consider the solution 0(z,4) of (7.3.9) satisfying 6(a,A) = 7, for all 4.
Here, 7 is determined by the boundary condition (7.2.3) at a as
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a siny+ —2 cosy = 0. (7.3.10)
p(a)

There is a unique solution y € [0, ) of (7.3.10). If @; # 0, we have, tany =

O . T

—a—z; if o =0, then, put y = 5 and tany = oo,
1

We are now going to obtain the following results as a direct

consequence of the comparison theorems and their corollaries proved
earlier. See also the observations made on the phase function in the
previous section.

Lemma 7.3.7

For any fixed t > a, the phase variable 0(,A) is a strictly increasing
function of A.

This is a direct consequence of Corollary 7.3.5.

Lemma 7.3.8

Suppose for some #, > a, 0(,,A) = nm, where n is a non-negative
integer. Then, 6 (z,A) > nx for all t > t,,.

Proof: This follows from the third observation made earlier in the
previous section. U

Lemma 7.3.8, combined with the condition 0 < y = 6(a,A) < 7, gives
the first zero of u in (a,b) when 6 = 7 and the n'" zero when 6 = nx. We
now analyze the behavior of 6(z,14) for fixed 7 > a and as A — 0. Denote
by #,(A), the smallest t > a for which 6(7,A) = nx; here n is a positive
integer.

Lemma 7.3.9

Fix a positive integer n. Then, for sufficiently large A, 7,,(A) is defined
and is a continuous function. It is a decreasing function of A, and
lim 7,(4) = a.

A—so0

Proof:  From the continuous dependence results in Chapter 4, it follows
that the solution 6(7,A) is a continuous function of ¢ € [a,b] and A € R.
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Assuming that 7, (1) is well-defined, we first observe that it is a decreasing
function of A. Suppose A; < A;. Then,

0(1s(M), A1) = nzt = 6(1n(12), Aa).
By Lemma 7.3.7, we have
it = 0(ta(A1), A1) < 0(ta(M1)s 12),

and since #,(A,) is the smallest number such that 8(z,(42),A2) = nr, it
follows from Lemma 7.3.8 that #,(4;) > 1,(A;), proving the assertion of
monotonicity.

We now show that 7, (1) is well-defined for large enough A and prove
the limit stated in the theorem. We need to show that for large enough A,
there is r > a such that 6(7,A) = nm. We will do this by comparing any
non-trivial solution of (7.3.8) and its phase variable given by the Priifer
substitution and satisfying (7.3.9). Thus, it suffices to show that any non-
trivial solution of (7.3.8) has at least n zeros in (a,b), which will imply
that 6(z,A) being a continuous function of 7, must assume all the values
between 0 (a,A) =y < w and n7x.

Let gy and py be the maxima of the functions ¢ and p over [a,b]
respectively; and p, be the minimum of the function p over [a,b].
Consider the following S—L system with constant coefficients:

pu(t) + (Apm—qu)v(t) =0, (7.3.11)
for 7 € [a,b]. If we choose A such that A > :I)—M, then (7.3.11) has a non-

m
trivial solution given by v(¢) = sink(t —a), where k> = (AP, —qum) / pu-
Observe that v(a) = 0 and p < py and (Apy —gm) < (Ap —¢q) in [a,b]
and hence, by the Sturm comparison theorem (Theorem 7.3.6), any non-
trivial solution u of (7.3.8) must have at least one zero between any two
zeros of v. The zeros of v are given by a + £, n an integer; the distance
between any two consecutive zeros is therefore % Thus, v has n zeros in
(a,b) for large enough A. This proves that u also has at least n zeros and
therefore, 0 (7,4 ) takes the value n when A is large enough. Thus, 7, (1)

is well-defined.
—1
(nk)n and a + % This

Note that 7,(A) lies between a +
immediately gives the continuity of #, with respect to A and also proves
the required limit. This completes the proof of the lemma. (]
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We now come to the main oscillation result.

Theorem 7.3.10

[Oscillation Theorem]

Let 6(z,A) be the solution of (7.3.9) satisfying the initial condition
0(a,A) = 7,0 <y < x for each A. Then, for fixed r > a, 6(¢,A) is a
continuous and strictly increasing function of A. Moreover, for t € (a, b],
lim 6(f,A) =, lim 6(t,A) =0. (7.3.12)
A—ro0 A——co
Proof: Lemmas 7.3.7-7.3.9 contain all the conclusions of the theorem,
except the statement regarding the second limit. We now proceed to show
the second assertion in (7.3.12). Given any € > 0, we need to show that
there is a A, depending on € and perhaps ont € (a,b], such that 0 (z,A) < €
for any A < A. This proves the assertion, as we have already seen that
6 > 0in (a,b].
Put |g|ys = sup |q(¢)| and p, = inf p(¢). Then, it follows from
t€la,b] t€la.b]

(7.3.9) that
0(t,A) < Ap(t)sin®0(1,A) + K, (7.3.13)

1
for € [a,b], where K = ||y + —. Choose ¥; such that y < 93 < 7 and let
p

m
€ >0, € (a,b]. We may assume that, by taking a smaller € if necessary,
e<yn <m—e.

Now consider the straight line 6 = s(¢) in the 76-plane joining the points
(a,7) and (11,€). Its slope is
_h—¢&

m= < 0.
fH—a

Observe that 0(a,A) =y < 71 = s(a). If we show that the graph of the
solution of (7.3.9), for A < 0 with large absolute value, lies below this line
on the interval [a,7;], then it follows that 6(¢;,A) < s(;) = € and we are
done.

From (7.3.13), it follows that 8 < K for A < 0, and so we first obtain
that 0(z,A) < y+ K(t —a). Therefore, 6(1,A) < s(¢) provided that t > a
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n—-v

—m
[a,a,] for some a; > a. Now suppose, if possible, that 6(¢,A) > s(¢) for
some 7 € [a,t;]. We will obtain a contradiction for a choice of A.

By continuity, we can find the smallest 7, € [a,1;] such that 6(7,,A) =
s(t,) with 8(t,,A) > m, since the solution curve can cross the straight line
only from below. Then, observe that 0(t,,A) = s(t.) = 1 +m(t. — a).
Substituting the expression for m and the upper bound for y;, we see that
0(t.,A) € [e,m — €]. Therefore, sin (1., 1) > €.

Let p, = inf p(¢) and choose A = —

t€la,t] P SIN
that A < 0, we obtain the following contradiction

andt—a < . Thus, the solution curve lies below the straight line, in

5—. Then, remembering
€

m<0(t,1) < lp(t*)sinze(t*,l) +K < Ap,sin’e+K <m,

provided that A < A. This shows that 6(7,A) < € if A < A and completes
the proof. U

7.3.2 Location of zeros

We now obtain some estimates on the location of zeros of a non-trivial
solution of (7.3.8) satisfying the condition (7.2.3) at a. To this end, we
consider the following S-L system with constant coefficients, as in the
proof of Lemma 7.3.9:

Pmii + (Apy — qm)u = 0, (7.3.14)
where p,, and g, are the minima of p and g over [a, b], respectively; py is
the maximum of p over [a,b]. For the solutions of (7.3.11) and (7.3.14),
we impose the initial condition, tany = —Ez if a; # 0. The solutions of

1

these equations can be found explicitly and hence, their zeros, for suitable
values of A. The n™ zero of the solutions of (7.3.11) and (7.3.14) are,
respectively, given by

=y o =)
APm — qum VAPM — Gm

By Sturm comparison theorem, we therefore, have the following result:

a—+
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Lemma 7.3.11

Let u be a non-trivial solution of the S-L system (7.3.8) satisfying the
u(a)
p(a)u(a)

vPm  In—d . yPM (7.3.15)
iV, APM I V 2'pm —qm

The preceding estimates were proved under the assumption that a; # 0.
The same argument works when 31 # 0 by changing variable z to a+b —t.
If both a; and B, are zero, we can still prove the forgoing estimates by
taking y = 7 /2.

condition tany = . If t, denotes the n'" zero of u in (a,b),

then

7.4 Existence of Eigenfunctions

We will now show the existence of eigenvalues and the corresponding
eigenfunctions to the S-L system (7.3.8) with boundary conditions in
(7.2.3), using the results developed in the previous sections.

Theorem 7.4.1

[Existence of Eigenfunctions] The regular S-L system (7.3.8) has an

infinite sequence of real eigenvalues A9 < A; < --- with lim A, = oo,
n—oeo

The eigenfunction u, corresponding to eigenvalue A, has exactly n
zeros in (a,b). Also, u, is unique up to a constant factor.

Proof:  The initial condition on the phase variable 0 ensures that the
boundary condition (7.2.3) is satisfied at a for the corresponding solution
u of (7.3.8). This u will be an eigenfunction if the boundary condition at
b in (7.2.3) is also satisfied. Translating this condition at » on 6, we see
that 0(b,A) = 6 +nm forn =0,1,2,---, provided that J satisfies

Bisind + Br(p(b)) ' coss = 0. (7.4.1)

There is a unique value 8 € (0, 7| satisfying (7.4.1). For this value of 8, we
now ask whether there is a A satisfying 6 (b,A) = 8. Theorem 7.3.10 gives
the positive answer. Call this value Ay and the corresponding eigenfunction
up. Since 8 < 7, it follows that 8 < 7 in (a,b) and therefore, uy does not
vanish in this interval.
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Next, we ask whether there is a A satisfying 6(b,A) = 6 + «. The
answer is again yes, because of Theorem 7.3.10. Call this value A; and
the corresponding eigenfunction u;. This eigenfunction has a zero in
(a,b) since O takes the value 7 there. Continuing in this fashion and
repeatedly invoking Theorem 7.3.10, we obtain all the eigenvalues and
the corresponding eigenfunctions.

For the last assertion in the theorem, let u and v be two eigenfunctions
corresponding to the same eigenvalue A and W be their Wronskian. From
the boundary condition (7.2.3) at a, we see that W (a) = 0 and hence W =
0. Therefore, u and v are linearly dependent and the proof is complete. [

7.5 Exercises

1. Let u,v satisfy the following equations
d du
—(P(t)—(t) | — Hu(t) =0,
4 (PO%0) - 2@t

dv

% (Pz(t)dt(t)> — Qa(t)v(t) =0,

on some interval in IR, where P; > P> > 0 are differentiable functions
and Q; > Q» are continuous functions. If v does not vanish at any
point in a closed interval [a,b], show that

b b b
[%(Pluv—PZLN)} = /a (QlfQQ)MZdt—i—/a (Plfpz)l/'lZdl‘

a
b oy . 2
+ / p, =) 2'”) dt
a V

where [x]% = x(b) — x(a). This formula is known as the Picone

a
formula. Deduce Sturm comparison theorem from this formula.

2. Suppose u satisfies the following equations

% <p1 <t)‘Z‘(t)> — Qi(t)u(t) =0,

d(&m”uﬁ—gmmm —o,

dt dr
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on some interval in IR, where P; > P, > 0 are differentiable functions
and Q| > O, are continuous functions. If @ and b are two consecutive
zeros of u, show that P = P, and Q1 = 0, in [a,b].

. Consider the constant coefficient equation
Pii + Qu = 0,

where P,Q are positive constants. Write down the corresponding
equation of the phase variable given by the Priifer substitution and
solve it.

4. Verify the estimates in (7.3.15).

. Suppose P is a positive C! function on [a,b]. Solve explicitly, the
equations

Pi+ 2L —0and Pii— 2 =0.
P P

. In the following exercises, a second order differential operator .Z
is given on an interval / along with the boundary conditions. Find
the eigenvalues and eigenfunctions of the resulting Sturm-Liouville
problem.

(@) Lu=ii,u(0) =u(1)=0,1=][0,1].
(b) Lu = atii, u(0) = u(l) =0,1=1[0,I] (a > 0).
(© ZLu=ii,i(0) =u(1)=0,1=][0,1].

. In the text, we have only considered boundary conditions which are
separated at the end points of the given interval [a,b]. Now consider
the following boundary conditions for £

i [+l ] o]

with

p(a)det(B) = p(b)det(A).

Here A,B are 2 x 2 real matrices such that the block matrix [A B|
has rank 2. Verify that the boundary conditions given in (7.2.3)
satisfy the aforementioned conditions.
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8. Find the eigenvalues and eigenfunctions of the following
Sturm-Liouville problems:

(@) Lu = ii,]=0,1],u(0) = u() (o):u(l).

(b) Lu =ii—u,I=10,1],u(0
u(0) +1(0) +2i(1) = 0.

7.6 Notes

We have studied regular Sturm-Liouville boundary value problems in
this chapter, mainly concentrating on the existence of eigenvalues and the
corresponding eigenfunctions. We have followed the approach in [BR03]
by the consideration of the Priifer substitution. For other approaches to
this problem, the reader is referred to [Inc26, CL72, Sim91, SKO7]
among others. We have not done the expansion in terms of
eigenfunctions, as this requires tools from Hilbert space. We also have
not considered the more difficult topic of singular S-L systems.
Representation of solutions of BVP through Green’s function will be
taken up in Chapter 9. We may also use the integral operator defined
through Green’s function to show the existence of eigenvalues and
eigenfunctions; but this also requires tools from functional analysis
(compact operators).
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Qualitative Theory

8.1 Infroduction

Nonlinear dynamics, essentially concentrated around the study of
planetary motions, has some claim to be the most ancient of scientific
problems, perhaps as old as geometry. It, therefore, seems surprising that
until the twentieth century, geometric methods in nonlinear dynamics
were not much pursued. Henri Poincare is universally acknowledged as
the founder of geometric dynamics, followed by G. D. Birkoff. But apart
from a few instances such as the stability analysis of Liapunov,!
Poincare’s ideas seemed to have had little impact on applied dynamics for
almost half a century. A reason perhaps could be that Poincare and
Birkoff concentrated on conservative systems motivated by problems in
celestial mechanics. Dissipative systems, on the other hand, have the
property that an evolving ensemble of states occupies a region of phase
space whose volume decreases with time. Over a long period of time, this
volume has the tendency to simplify the topological structure of the orbits
in the phase space; this may be true even in an infinite dimensional phase
space, for example, governed by a partial differential equation.

In this chapter, we study the qualitative behavior of solutions to
nonlinear ODE. We wish to do this by plotting the phase portrait of these
systems similar to the one that was done for 2 x 2 linear systems in
Chapter 5. The material in this chapter will be developed through
important examples described in Chapter 1, which will be recalled in the
sequel frequently.

lalso spelled Lyapunov in some text books
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We close this section with a few remarks on the phase portrait. There
is a similarity between the plotting of a phase portrait of a system and
plotting of a plane or space curve given by a parametric representation. In
both the situations, we suppress the independent variable ¢ while plotting
the curve in question. We have already observed this in great detail while
analyzing 2 x 2 linear systems. In general, it will be more difficult to have
a complete phase portrait for nonlinear systems. Physically, the position
vector x(7) and its velocity vector X(¢) are called phases of the system,
hence the name phase portrait.

8.2 General Definitions and Results

In this section, we will introduce several concepts that will be used
throughout this chapter. Consider a system of # first order equations:

x = f(x), (8.2.1)
or, as explicitly written
xj:fj(x19x2,.”9xn)’ j:1’2""’n'

Here xjs, the unknowns, the components of X, and f; are real valued
functions defined on IR”, the components of the vector valued function f.
The positive integer n is referred to as the dimension of the system. Since
an ODE of any given order can be written in the form of a system of first
order equations, the aforementioned consideration is more general.
System (8.2.1) is called an autonomous system as the right side function f
does not depend on ¢ explicitly. If f depends on ¢ explicitly as well, the
system is referred to as non-autonomous. For example, the equation
X = x4+t (the 1D or one-dimensional equation) is non-autonomous. A
non-autonomous system may be converted into an autonomous system by
increasing the dimension of the system by 1 as follows: Introduce a new
unknown variable x,,| satisfying X,;; = 1. Then, an n"™ order
non-autonomous system X = f(x,z) can be written as an (n+ 1)™ order
autonomous system X = F(X), where X = (x,x,11) and F = (f,1).
However, even after this reduction, the analysis of a non-autonomous
system does not become easier. One reason for this is that, since
Xn+1 = 1, the reduced system does not have any equilibrium points
(defined later in this section). For example, if we consider the linear
system x = A(7)x(¢), then x = 0 € R” is an equilibrium point for the
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unreduced system, but 0 € R"*! is not an equilibrium point for the
enlarged system, namely x(z) = A(7)x(t), 41 (1) = 1.

Usual assumptions on f are made so that the system (8.2.1) has a
unique, global solution for a prescribed initial condition; global means
existence for all #; see Chapter 4. Even when a solution does not exist for
all ¢, we can still plot the phase portrait by considering the maximum
interval of existence of the solution in question; we will consider an
example later. However, uniqueness plays a crucial role.

The solution x(7) has the geometrical meaning of a curve in R” and
(8.2.1) gives its tangent vector at every x(z). For this reason, f in (8.2.1)
is also referred to as a vector field and the corresponding solution as an
integral curve of the vector field.

If X is a solution of (8.2.1), we say that x passes through x* € R” if
x(t) = xY, for some 1o € R.

Definition 8.2.1
0

Given a solution x of (8.2.1) passing through x° € R” with x(z9) = x°,
for some fy € IR, the orbit through x, is the set &(x°) defined by

0(x%) = {x(1) e R":r € R},
and the positive orbit through x is the set & (x?) defined by

07 (x%) = {x(1) e R":t > 1p}.

Lemma 8.2.3 shows that any solution passing through x’ may be used to
define @ (x°) or ¢+ (x") unambiguously. Generally speaking, the phase
space (plane) analysis is about describing all the (positive) orbits of
(8.2.1). The other terminologies used for orbit are trajectory and path.

We will now discuss some important properties of solutions of
autonomous systems. In the following results, statements regarding ¢
refer to all r € R.

Lemma 8.2.2

If x is a solution of (8.2.1), define x. by x.(¢#) = x(¢ +¢) for any fixed
c and for all 7. Then, x, is also a solution of (8.2.1).
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Proof. Direct differentiation. O

We remark that this lemma is not true for a non-autonomous system.

Lemma 8.2.3

If x and y are solutions of (8.2.1) passing through x° € R" with
x(to) = y(t1) = x°, for some #o,#; € R, then y(t) = x(¢t +19 — 1)
and x(t) = y(r + 1, — o) for all 7.

proof: Define z(t) = x(t + ty — ;) for t € R. By Lemma 8.2, z is a
solution of (8.2.1) and z(r;) = x(f9) = y(#1). By uniqueness, z =y. This
completes one part of the proof and the other part is similar. U

This lemma shows that &'(x’) or &F(x%) is the same set whether x or y
is used in its definition.

Corollary 8.2.4

If X’ x! € R" and x' € 0(x%) (respectively, x' € 01 (x?)), then,
0(x%) = O(x') (respectively, 07 (x) D 0T (x!)).

Lemma 8.2.5.

Let, x°, x! € R”, then, either 0(x°) = 0(x') or 0(x°)NO(x') = ¢,
the empty set.

Proof: 1If X € 0(x°) N O(x'), then by Corollary 8.2.4, it follows that
0(x°) = 0(%) = 0(x') and the proof is complete. O

Similar statements may be made regarding the positive orbits.

Lemma 8.2.6

Suppose x is a solution of (8.2.1) and there exist o and 7 > 0 such
that x(fo + T) = x(f9). Then, x(r + T') = x(¢) for all 7.

Proof: Define xr by xr (1) = x(t + T). Then, X7 is a solution and by
hypothesis, x7(9) = x(#o). The proof is complete by uniqueness. O
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Remark 8.2.7

The solution in Lemma 8.2.6 is termed as a periodic solution. The
smallest such 7" > 0 is called the period of x. The orbit of a periodic
solution is called a periodic orbit or closed orbit. If a periodic orbit
is isolated in the sense that there is no other periodic orbit in its
immediate vicinity, then the periodic orbit is called a limit cycle. For
example, the orbits of ¥ +x = 0 are all periodic orbits but, none of
them is a limit cycle. Limit cycles can only occur in nonlinear
systems. This is clear from the detailed study of linear systems that
has been carried out in Chapter 5. The existence of periodic solutions
to (8.2.1) is an important aspect of qualitative theory and two
important results, namely the Poincarée-Bendixon theorem and
Leinard’s theorem give sufficient conditions for the existence of
periodic solutions in 2D systems. These will be discussed later in
Section 8.7.

We now discuss an important class of solutions to (8.2.1).

Definition 8.2.8

A point X € R"” is called an equilibrium point or equilibrium
solution of (8.2.1) if f(Xx) = 0. An equilibrium point X is isolated if
there is a neighborhood of X not containing any other equilibrium
point of (8.2.1). Otherwise, the equilibrium point is non-isolated.

Thus, an equilibrium point is precisely a constant solution of (8.2.1) and
for this reason, it is also called a fixed point, critical point, steady state
solution, stationary point, or a singularity. The equilibrium solutions of
(8.2.1) are obtained by solving the system of algebraic equations f(x) = 0;
the equilibrium solutions are the common zeros (roots) of the functions
fj. For example, for a 2 x 2 linear system with a nonsingular coefficient
matrix, the origin (0,0) € IR? is the only equilibrium point. Here is an
important property of equilibrium points.

Lemma 8.2.9

Suppose X is a solution of (8.2.1) and lim x(r) = & exists. Then,  is

an equilibrium point.


https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781108236843.009
https://www.cambridge.org/core

228  Ordinary Differential Equations: Principles and Applications

Proof:  For any fixed & > 0, x(z + h) is also a solution and converges to
& as r — oo. By mean value theorem, we have

x(1 +h) —x(t) = hx(F) = he(x (7))

for some 7 between ¢ and 7 + h. Hence 7 — oo and x(t +h) —x(1) — 0
as t — oo. By continuity, we therefore get Af(§) = 0 and conclude that
f(&) = 0 as required. O

Thus, if a solution x(7) has a finite limit as 7 — +oo, then, the limit is an
equilibrium point. In one dimension, it is easy to see that in the absence
of equilibrium points, all orbits will be unbounded and will not have finite
limits as t — oo,

8.2.1 Examples

Example 8.2.10
2

Consider the 1D equation X = x~.

Here x = 0 is the only equilibrium point. Hence, it is isolated.

Example 8.2.11

For the 1D equation
X = sinx,

the equilibrium points are nw,n € Z. All these equilibrium points are
isolated.

Example 8.2.12 ‘

Let us write Duffing’s equations (1.2.32) and (1.2.33) as a 2D system:
i=y, y=d4x—x>—38y. (8.2.2)

If we take the negative sign in the second equation, then the origin (0,0) is
the only equilibrium point. On the other hand, for the case of the positive
sign, (0,0) and (£1,0) are the equilibrium points. In either case, they are
isolated.
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Example 8.2.13

Writing the van der Pol equation (1.2.34) as the following 2D system:

=y, y=p(*-1)y—x, (8.2.3)

we immediately see that (0,0) is the only equilibrium point; hence, it is
isolated.

Example 8.2.14

Write the pendulum equation (1.2.35) as a 2D system:
X=y, y= —ksinx. (8.2.4)

We find that (n7,0),n € Z are the equilibrium points and each one of them
is isolated.

Example 8.2.15

Consider the following 2D system:

x=—y+x(x*+y?), y=x+y(*+y?).

The origin (0,0) is the only equilibrium point of this system (Why?).

Example 8.2.16

Consider the second order equation ¥ + xx = 0.

Writing this as a first order system in x,X, we see that each point on the
line X = 0 is an equilibrium point. Hence, none of the equilibrium points
is isolated.

8.3 Liapunov Stability, Liapunov Function

We confine ourselves to a discussion of stability of equilibrium solutions
of (8.2.1) in the sense of Liapunov. Further, we consider only isolated
equilibrium points. For a discussion of stability of arbitrary solutions, see
[PerO1, Wig90]. There are also important notions of orbital stability and
structural stability; see, for example, [Wig90]
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Definition 8.3.1

[Liapunov stability] An isolated equilibrium point X € R” of (8.2.1)
is said to be stable (Liapunov stable) if given € > 0, there is a 0 =
d(&) > 0 such that for any solution x of (8.2.1) satisfying |x(p) —
x| < 8, we have |x(r) —X| < € for all 7 > fy. Otherwise, X is said to
be unstable. |

Usually, we take #p = 0. Here |x| denotes the Euclidean norm in IR" defined
by

‘X|2:x%+x%+"+x37 for X:(Xl,xz,'-',xn)E]Rn'

Definition 8.3.2

[Asymptotic stability] An isolated equilibrium point X of (8.2.1) is
said to be asymptotically stable if it is stable and for any solution x of
(8.2.1), there exists b > 0 such that if [x(fy) — X| < b, then tl:m Ix(1) —

x| =0. O

Before proceeding further, we again recall from 2D linear theory that, in
the case of a non-singular coefficient matrix, the only equilibrium point
(0,0) is asymptotically stable if all the eigenvalues have negative real
parts (complex eigenvalues occur in conjugate pairs); it is stable, but not
asymptotically stable if eigenvalues have zero real parts; and unstable in
all the other cases. In higher dimensions, the possibilities are more.

8.3.1 Linearization

We now discuss the linearization around an equilibrium point of (8.2.1).
We assume that f in (8.2.1) is a C? function. If X is an equilibrium point,
then by Taylor’s formula (see Chapter 2), we have

f(x+y) = (%) + Ay + O(ly]*) = Ay + O(|y ), (8.3.1)

where A = Df(x) = [g){’
J

Writing X = X +y and ignoring quadratic and higher order terms in y, we
obtain from (8.2.1) and (8.3.1), the following linear system:

y = Ay. (8.3.2)

()‘()} denotes the Jacobian matrix of f at X.
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Equation (8.3.2) is referred to as linearized system of (8.2.1) around the
equilibrium point X. It is also referred to as the variation equation of
(8.2.1). Since we are concerned about the stability of X, it is quite
reasonable to examine the stability of 0 for the linearized system (8.3.2).
This is termed as linear stability analysis. However, we see through some
examples that the stability of 0 of the linearized system (8.3.2) may or
may not imply the stability of X for (8.2.1). We do have a result in the
positive direction, namely:

Theorem 8.3.3

Suppose the eigenvalues of A in (8.3.2) all have negative real parts.
Then, the equilibrium point X is asymptotically stable for (8.2.1).

This result is a special case of Perron’s theorem, discussed next.

Theorem 8.3.4

[Perron’s Theorem] [CL72] Let A be a real n X n matrix whose
eigenvalues all have negative real parts and consider the
n-dimensional system

x = Ax+f(z,x), (8.3.3)
where f is a continuous function satisfying
f(z,x) = o(|x]), (8.3.4)

as X — 0, uniformly in t. Then, a solution x of (8.3.3) with sufficiently
small x(0) exists for all 7 > 0 and x(7) tends to 0 as 1 — .

Thus, the identically zero solution of (8.3.3) is asymptotically stable.
The assumption on A implies that the zero solution, which is the only
equilibrium point of the linear system X = Ax is asymptotically stable.
Therefore, the theorem asserts that the asymptotic stability persists under
small nonlinear perturbations. The hypothesis may be modified so that a
solution exists for small positive time; uniqueness is not an issue here. For
related issues, see [CL72].

We also remark that the existence of the solution for all # > 0 is not
trivial; the reader may wish to compare in this regard the 1D equations
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¥=x2, gk=—pux+x>, u>0.

Proof of Theorem 8.3.4: The hypothesis on A implies that there exist
positive constants K, o such that

lexp(tA)| < Ke ',  forallt>0. (8.3.5)

(see, Chapter 2, Theorem 2.5.6). By the local existence result, given any
xo € IR", there exists a solution x of (8.3.3) for small positive times, say
t € [0,¢*], with x(0) = xo. Further, x satisfies the integral relation

X(t) = exp(tA)xo + /0 "exp((t — $)A)E(s.x(s)) s,

fort € [0,¢*]. The hypothesis (8.3.4) on f means that given any € > 0, there
is a 6 > 0, depending only on € such that

E
0(e.x)] < x

) (8.3.6)

for all x satisfying x| < & and for all 7. Therefore, we have from (8.3.5)
and (8.3.6), using (8.3.4),

t
Ix(1)] < Ke~%|xo| + € / e=%0=3) |x(s)|ds (83.7)
0

as long as the solution x(7) satisfies the condition |x(7)| < 8, fort € [0,7*];
this may be achieved by choosing small |x¢| and #* if necessary. Next, by
multiplying the inequality (8.3.7) throughout by ¢°’ and using Gronwall’s
inequality, we obtain

e%'|x(t)| < K|xole®.

. (&) . .. .
Choosing € = 7 we obtain the a priori estimate

x(1)| < Klxole™ %", (8.3.8)

provided that |x(¢)| < 8. If we choose X¢ such that K|xo| < &, then, from
(8.3.8), we see that |[x(7)| < 8, for all 7, where the local solution exists.
Therefore, for the chosen initial data xg, all the aforementioned
arguments are justified and the solution x(z) satisfies (8.3.8) in its interval
of existence. This allows us to extend the solution for all # > 0 and (8.3.8)
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holds, from which the theorem follows, using results similar to
Proposition 4.5.5 and Theorem 4.5.6 when applied to systems. (]

Definition 8.3.5

An equilibrium point X of (8.2.1) is called a hyperbolic equilibrium
point if all the eigenvalues of Df(X) have non-zero real parts.

8.3.2 Examples

Example 8.3.6

Consider the 1D equation X = sinx.

The equilibrium points are nx,n € Z. We now linearize around an
equilibrium point nz. For this, we write y = x — nm and use the
trigonometric formula sinx = sin(y + nw) = (—1)"siny. Thus, the
linearized equation is y = (—1)"y and therefore, the equilibrium point is
unstable if n is even and asymptotically stable if n is odd.

Let us analyze the nonlinear equation directly. See Fig. 8.1. Consider
two consecutive equilibrium points nw and (n + 1)@. These are
themselves (trivial) orbits of the equation. Now consider a solution x(z)
starting at n + a with 0 < o < 7, that is, x(0) = n7 + a. Since, sinx is
globally Lipschitz, the solution exists for all time and it can approach nx
or (n+ 1)m only as t — co. Since sinx is positive or negative in
(nm,(n+ 1)m) according as n is even or odd, x is, respectively, either
increasing or decreasing in (n7,(n + 1)7). Therefore, we see that
x(t) = (n+ 1)mTornmast — o according as n is even or odd
respectively. Thus, the phase portrait in this example consists of an
infinite number of orbits consisting of open intervals (nx,(n+ 1)x)
along with the equilibrium points nz with n € Z. The equilibrium point
nm is unstable if n is even and asymptotically stable if n is odd, a
conclusion same as in linearization.

-2 —T 0 T 27

Fig. 8.1 Phase line for X = sinx

In this case, we also have an explicit formula for the solution, from which
these conclusions may be drawn. We have, with ¢ as earlier
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nm+2arctan(Ce™") if nis odd
x(t) =

nm+2arctan(Ce')  if nis even,

where the constant C satisfies a = 2arctan(C).

Example 8.3.7
2

Let us consider one more 1D equation X = x°.

In this case, we know that the solutions do not exist for all time; but there is
a maximum interval of existence depending on the initial condition. Here
0 is the only equilibrium point and linearization gives the equation y = 0.
Thus, in the linearization, 0 is stable but not asymptotically stable. For the
nonlinear equation, we have the solution in explicit form:

x(t)

X0

- 1 —xot

with x(0) = xo. The solution is defined in the interval (%, o) if xp < 0 and

in the interval (—oo, %) if xp > 0. Since any solution is always increasing,
we see that 0 is an unstable equilibrium point and its behavior is more like
a saddle point: if xo < 0, then x(¢) — 0 as r — oo and when xy > 0, then

x(t) > o0ast — —.
X0

Example 8.3.8

Consider the 2D system
i=—ytx(+y?), y=x+y(@+y?).

The only equilibrium point is (0,0). The corresponding linearized system
is

X=-y, y=x
and (0,0) is stable, but not asymptotically stable for the linearized
system. However, by considering the original equations in polar
coordinates, we see that i = -, where r2 = x* + y2. Thus, r is increasing
and the orbits starting near the origin spiral away from the origin as ¢
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increases and therefore the origin is unstable. On the other hand, if we

change the signs of the nonlinear terms in the equations, we find that the

origin is asymptotically stable as r now satisfies 7 = —r>.

Example 8.3.9

Consider the Duffing system (8.2.2), with negative sign
=y, y=x—x —0y.

The equilibrium points are (0,0) and (41,0). We now discuss the
linearization of the system around each of these equilibrium points. At
any point (x,y) € R?, the Jacobian of the right side functions is given by

0 1
1—-3x2 —§|°
1

At (0,0), this becomes [(1) B 5]’ whose eigenvalues are

%(—6 + v62+4). Hence, for § > 0, there is always one positive
eigenvalue and the equilibrium point (0,0) is linearly unstable.
At (£1,0), the Jacobian matrix is given by

%)

Here, the eigenvalues are %(—5 +1/62 —8). Hence, the equilibrium points
(£1,0) are asymptotically stable when & > 0. If § = 0, the eigenvalues are
++/2i and the equilibrium points are now stable, but not asymptotically
stable in the linear approximation.

Example 8.3.10

For the van der Pol system (8.2.3)
x=y, y=u(*—1)y—x,
the origin (0,0) is the only equilibrium point.
The linearized system at (0,0) is given by

X=y, y=-x—puy.
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The corresponding Jacobian matrix is [ 0 ] , whose eigenvalues

are 1(u=+ \/u?—4). Thus, (0,0) is asymptotically stable for g < 0 and
unstable for pt > 0. For p = 0, it is stable in the linear approximation; the
original system itself is linear when u = 0.

Example 8.3.11

Consider the Lorenz system (1.2.36)

X=—-ox+o0y, y=Rx—y—xz, = —bz+xy,

where R, ¢ and b are constants. We will now find the equilibrium points of
this system and do their linear analysis. We assume that all the constants
are positive.

The origin (0,0,0) is always an equilibrium point. It will be the only
equilibrium point for R < 1. But, if R > 1, there are two more equilibrium
points given by (4+/b(R—1),+y/b(R—1),R — 1). These are
symmetrically situated in the z = R — 1 plane, in the (x,y,z) space.

Next, the Jacobian of the right hand side at a general point (x,y,z) is
given by

-0 o 0
R—z -1 —x
Ly x —b

At the origin, it becomes

6 6 0
R -1 0],
0 0 —-b

whose eigenvalues are —b and the roots of the quadratic equation
22+ (1+0)A+0(1—-R)=0.

Therefore, for R < 1, all the eigenvalues are negative and when R > 1, one
eigenvalue is positive. Hence, in the linear analysis, the equilibrium point
at the origin is asymptotically stable for R < 1 and unstable for R > 1. For
R =1, the eigenvalues are —b, 1+ 0,0.
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We, next consider the equilibrium points (++/b(R—1),£+/b(R—1),
R — 1), which exist when R > 1. The corresponding Jacobian matrix is
given by
-0 c 0
1 -1 FVb(R-1)|,
+v/b(R—1) ++/b(R—1) —b

whose eigenvalues are the roots of the cubic equation

2>+ (6 +b+1)A%+ (R+0)bA +20b(R—1) =0.

The analysis of this cubic equation becomes more difficult, as there are
three parameters. Being a cubic equation with real coefficients, there is
always a real root, which can be shown to be negative. The Hurewitz
criterion (see, for instance, [Mer97]) shows that the eigenvalues all have
negative real parts if and only if

R>c(c+b+1)(c—b-3)"".

We will not discuss this further and the interested reader can refer to many
works on the subject. For example, see [GH83, Hao84, Wig90]. However,
we wish to make the following remark on the value R = 1, which is special
as observed earlier. As the value of R moves from the region R < 1 to
the region R > 1, we have observed either a change in the stability of an
equilibrium point or increase in the number of equilibrium points. For this
reason, R = 1 is referred to as a bifurcation point. The topic of bifurcation
is an important and difficult part of the qualitative analysis. The interested
reader may refer to the works cited earlier.

Example 8.3.12

(See [Wig90]) We now consider a time dependent, that is, a
non-autonomous system exhibiting a somewhat unexpected behavior.
Consider the following 2D linear non-autonomous system

o) =40 2)
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where

3 3
—1+ Zcos?s 1 — —costsint
2
A(r) = 3 3
—l—icostsint —1—|—§sin2t

The eigenvalues of this system are given by % (—14+/7i) for all t and thus,
they have negative real parts. However, this system has the following two
linearly independent solutions:

—cost sint
1) =e"? , )=e" :
nil) =e [ sint } valr) =e Lost]

Hence, the only equilibrium point (0,0) is unstable of saddle type, a
conclusion that does not follow from the nature of the eigenvalues of
A(r).

We end the section with a mention of an important theorem, namely,
the Hartman—Grobman theorem, which states that in a neighborhood of a
hyperbolic equilibrium point, the orbits of a nonlinear system and those
of its linearized system are linked via a homeomorphism. For more
details, see [PerO1]. We have already seen (Perron’s theorem) that if the
linearized system around an equilibrium point has eigenvalues, all with
negative real parts, then, the equilibrium point is also asymptotically
stable for the nonlinear system. Thus, the only case when the orbits of the
nonlinear system and those of the linearized system around an isolated
equilibrium point may not be comparable is when the linearized system
has at least one eigenvalue with zero real part, that is, when the
equilibrium point is non-hyperbolic. This case can be handled by the
construction of an appropriate Liapunov function, which is the topic of
the next section. The center manifold theorem, see [Wig90], also deals in
detail with the case of a non-hyperbolic equilibrium point.

8.4 Liapunov Function

We, now discuss the stability of the equilibrium points of (8.2.1) using a
Liapunov function. This, indeed, is a very useful and powerful tool, quite
well suited to the situation of non-hyperbolic equilibrium points. Recall
that these equilibrium points are not covered by Perron’s theorem or the
Hartmann—Grobman theorem.
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Assume that 0 is an isolated equilibrium point of (8.2.1). Thus, there
is an open neighborhood () containing 0 which does not contain any
other equilibrium point of (8.2.1). The case of a non-zero equilibrium
point can be brought to the case of a zero equilibrium point by some
suitable translation.

Definition 8.4.1

A C! function V : Q) — R satisfying
(1) V(0) =0, V(x)>0 forall xe Q\{0},
2) Vv-£ < 0in Q)

is called a Liapunov function for (8.2.1).

Here, VV denotes the gradient of V and a - b for vectors a,b € IR” denotes
the standard scalar or dot (inner) product.

Theorem 8.4.2

Assume that 0 is an isolated equilibrium point of (8.2.1) and the
system (8.2.1) possesses a Liapunov function V. Then, the origin 0 is
stable. If, in addition, VV -f < 0 in Q) {0}, then 0 is asymptotically
stable.

Proof:  'We begin with a discussion on level surfaces of V. For ¢ > 0,
define the level surface V. by

Ve ={xeQ:V(x) =c}.

If x € V,, we say X is at an energy level” c. By the continuity of V, the set V.
is a closed subset. Also in a neighborhood of a point x” where VV (x°) #
0, V. represents a surface in R".

If x(7) is a solution of (8.2.1), then, by condition (2) and the chain rule,
we have

%V(x(t)) = VV(x(r))-x(r) = VV(x(r)) -f(x(r)) <O0.

ZLater, while discussing conservative equations we will see that V may be taken as the sum of
kinetic energy and potential energy. Thus, V. may be thought of as the surface at energy level c .
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Thus, the positive function V is non-increasing along the orbits of (8.2.1).
Therefore, if an orbit begins on V., then for all future times ¢ > 1y, the orbit
either stays on V, or moves to a level surface V. with ¢ < c.

To prove stability, let € > 0 be such that the sphere C; with radius €,
centered at the origin and its interior (namely, the closed ball of radius
€) are inside Q). See Fig. 8.2. Let m > 0 be the minimum of V on C.
Since V(0) = 0, by continuity, we can find a positive & < € such that

V(x) < % < mforall [x| < §. Let C; be the circle with radius 8, centered
at the origin. Thus, if [x(#o)| < 8, then, V (x(19)) < %; that is, x(f) is at

m .
an energy level ¢ < 7 Hence, by our observation, for ¢ > 1y, x(t) cannot

intersect C; as all the points on C; have energy level > m. Thus, x(¢) lies
inside Cy, proving stability.

Ci

Fig. 8.2 Proof of Liapunov’s theorem

Next, suppose, in addition, that VV -f < 0 in Q\ {0}. To prove
asymptotic stability, we first show that V (x(7)) — 0 as r — oo, if the orbit
x(t) starts at 7 = fy in a suitable neighborhood around 0. Let x(79) lie

d
inside C,. Since EV(X(Z‘)) < 0, the function V (x(7)) is non-increasing
and bounded below by 0 as V(0) = 0. Hence, it follows that lim V(x(t))
—» 00
exists. Call the limit L; clearly, L > 0. We claim that L = 0.
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Suppose L > 0. Let C3 be the sphere of radius 11 < 8, centered at the
L
origin such that V (x) < 5 < L on and inside Cs; that is, for all |x| < 7. The

existence of 1 again follows from the continuity of V and V (0) = 0. Now
VV -fis continuous and negative in the closed annular region between C)
and Cs3. Hence, VV -f has a negative minimum denoted by —k with k£ > 0.
Indeed, we have V(x(zp)) > V(x(¢)) > L and hence, the trajectory x(r)
cannot intersect the circle C3. Therefore, the trajectory lies in the annular
region for all # > 79. Now for ¢ > 1y,

V(x(1)) = V(x(t)) +/js(V(X(S))ds < V(x(t)) — k(r —to).

Since k > 0, V(x(r)) < 0 for large ¢, which contradicts the positivity of
V. Thus, L = 0, that is, llim V(x(r)) = 0. We leave it as an exercise to the
—» 00

reader to show that lim x(1) exists and the limit is 0 as V (x) > 0 for x # 0.
Thus, 0 is asymptotically stable. The proof is complete. U

On similar lines, we have the following instability result.

Theorem 8.4.3

[Instability Result] Suppose there is a C' function V : QO — R

satisfying:

(1) v(0) =0.

(2) Every sphere centered at 0 contains at least one point where V is
positive.

3) Vv-f >0 in O\ {0}.

Then, 0 is unstable for (8.2.1).

Actually, one does not need to assume the condition (2) that every sphere
around 0 contains a point where V > 0; it may be replaced by a weaker
assumption. Theorem 8.4.3 follows from the following theorem, due to
Chetaev.
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Theorem 8.4.4

[Chetaev] Suppose in any neighborhood of 0, there is a non-empty set
where V >0 and VV -f > 0 in the region {V > 0}. Then 0 is unstable
for (8.2.1).

Proof: Choose an € > 0 so that the sphere C| centered at 0 with radius
€ is such that the closed ball B, of radius € is inside (). See Figure 8.3.
By hypothesis, there is an x? € B satisfying V(x?) > 0. Let x(¢) be a
solution of (8.2.1) with x(#y) = x°. Now, V > 0 in a neighborhood of x’
and therefore, by hypothesis, VV -f > 0 in the same neighborhood. By a
similar integration as in Liapunov’s theorem 8.4.2, we see that
V(x(t) > V(x(t9)) > 0,forall t > 1. In fact, the function r — V(x(t))
is non-decreasing for ¢ > #y. This shows that the positive orbit &+ (x")
through x" is confined to {V > 0}.

V=v(’)

Ak

Fig. 8.3 Domain for the proof of Chetaev’'s theorem

Claim: This positive orbit crosses C after a finite time greater than .

Suppose not. Then, 0+ (x*) c K={xc Q: |x|<e,V(x) >V (x") >0}
Observe that 0 does not belong to K.

The continuous function V' is bounded in the compact set K. Also, by
hypothesis, VV -f > 0 in K and therefore has a minimum m > 0 in K.
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Hence, one more integration shows that V (x(t) > V(x°) + m(t —ty) for
all # > ty, which contradicts the boundedness of V in K. This completes
the proof. O

We now consider a few examples to illustrate stability and instability
results.

Example 8.4.5

Consider the 2D system
X = —x% and xp :x%.

By considering V (x1,x2) = x} +x3, we see that the orbits (x(¢),x2(¢)) of
the given system are given by

xj(e) +25(r) = 2,

where c is a constant. Therefore, all the orbits are closed and surround the
origin, the only equilibrium point. Hence, (0,0) is stable, but not
asymptotically stable. Indeed, V is a Liapunov function.

Example 8.4.6
Consider the 3D system
X1 = —2xp+xox3, Xp =X]—X1X3, X3=X[X).

The Jacobian matrix of this system at the equilibrium point (0,0,0) is
given by

0 -2 0
1 0 0f,
0 0 O

whose eigenvalues are 0, +2i. Consider the function V (x1,x2,x3) = clx% +
czx% + C3X%. Then, we find that

1
EVV-fI (C1 —C)+ C3)X1X2X3 + (*261 +C2>X1X2.
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Choosing ¢; = ¢3 > 0 and ¢; = 2¢y, we find that V (x) > 0 for x # 0 and
VV -£=0. Thus, the orbits of the system lie on the ellipsoids

x% + 2)6% —i—x% =2,

where ¢ is a constant. These are ellipsoids surrounding the origin and
therefore (0,0,0) is stable, but not asymptotically stable. This conclusion
follows directly from the nature of the trajectories. The Liapunov theorem
is not applicable here as the equilibrium point (0,0,0) is not isolated.

Note that this system has many more equilibrium points. In fact, the
points (0,0,¢),(0,b,2) and (a,0,1), where a,b,c € R, are all equilibrium
points and none of them is isolated! The reader should be able to construct
suitable Liapunov functions and do the stability analysis.

Example 8.4.7

[Slight modification of Example 8.4.6] Consider

. 3
X1 = —2x1 +x2 +x2x3 — X3
Xz — X1 —X1X3 —x%

X3 = X1X3 —xg

The reader can verify that the origin (0,0,0) is the only equilibrium point.
The Jacobian matrix is same as in Example 8.4.6. If we take V (x) = x} +
2x3 4 x3, we find that VV - f = —2(x] + 2x§ +x%) < 0 for x # 0. Thus,
(0,0,0) is asymptotically stable.

Example 8.4.8

Consider the 2D system
x=x"+2y0°, y=x"

The origin (0,0) is the only equilibrium point. It is easy to see that the
linearization does not reveal much regarding the nature of the equilibrium
point. Consider the Liapunov function V (x,y) = x*> — y*. This is not a
positive definite function, but has subsets in any neighborhood around the
origin, where it is positive. These subsets are bounded by the parabolas
x = y* and x = —y?. Next, along a trajectory (x(¢),y(t)) of the given
system, we find that
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V(x(t),y(r)) = 2k — 4y3y = 223,

using the given equations. Thus, in the region x > y*> bounded by the
parabola x = y?, we see that both V and V are positive. By Chetaev’s
theorem, we therefore conclude that the origin is unstable for the given
system.

8.5 Invariant Subspaces and Manifolds

Consider the autonomous system (8.2.1), namely, x = f(x). Denote by
x(t,t0,x°), the orbit passing through x° € R" at time fo, that is,

X(t(),l‘o,XO) =x'.

Definition 8.5.1

A set S C R” is said to be invariant under (8.2.1) if for any x° € S, we
have x(1,7),x") € S for all # € R. If we restrict this to # > 1y, then, we
say that S is positively invariant, that is, x(z,79,x°) € S for all > 1.

O

If an invariant set S possesses a smooth manifold structure, like a smooth
curve in IR? or an open set or a subspace in IR”, then S is said to be an
invariant manifold. Obviously, a positive orbit is a positively invariant set;
so are the unions of positive orbits. Conversely, any positively invariant
set is a union of positive orbits. Similar statements hold for invariant sets.

Invariant sets play an important role in many applications. For
example, when (8.2.1) represents a population dynamics model, we are
interested in positive solutions of (8.2.1). Thus, it is necessary to ensure
that a solution of such a model remains positive for all future times when
started positive initially.

The invariant subspaces associated with a linear system was discussed
in detail in Chapter 5. We now discuss a nonlinear example. See [Wig90].

Example 8.5.2
Consider the 2D system X =x, y= —y+x°.

The linearized system at the only equilibrium point (0,0) is given by x =
x and y = —y, and has stable and unstable subspaces given by

ES={(x,y) eR*:x=0}, E"={(x,y) €R*:y=0}.
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Turning to the nonlinear system, we eliminate the independent variable ¢
and obtain

d .

—y = X _= —X —f—x.

dx X X

. . 2.

Upon integration, we find that y(x) = % 4 £, with ¢ a constant of
integration. Therefore, any solution (x,y) of the given system satisfies

X2
-3 ) =e
2

X, . ..
¢ a constant; ¢ = xg (yo — 30> , X0, Yo being the initial values of x and y

respectively.

We choose ¢ = 0. If xo = 0, then x(¢) = O for all 7. This in turn gives
the y-axis, which is an invariant set for the given system. It is a stable
manifold, denoted by W*(0,0), which is the same as E*, as any solution of
the given system starting on the y-axis remains there for all # and converges
to 0 as t — . Now suppose xo 7 0. Then, as c is assumed to be 0, we

have yo — %0 = 0. It is not difficult to see that the parabola given by,

X2
wH(0,0) = {(x.y) ER? 1y ="},

is an invariant manifold of the given nonlinear system. It is unstable as
any non-trivial solution starting on this parabola remains there and moves
away from the origin as ¢ increases.

Example 8.5.3

For the system in Example 8.4.6, it is easily verified that

d

30 +23() (1) =0 and (1) +3(1) + 263(1)) =0,

dt

for any solution (xi(¢),x2(¢),x3(¢)) of the system. Therefore, the

ellipsoids x% + Zx% +x§ =a?,a > 0 is a constant and the paraboloids

x% + x% + 2x3 = b, b is a constant, are invariant manifolds for the system.
Analogous to the linear theory concerning stability of an equilibrium

point, we have the following:
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Theorem 8.5.4

[The Stable Manifold Theorem]

Consider the autonomous system (8.2.1), namely x = f(x). Assume that
f € C'(Q), where Q) is an open set in R" containing the origin and
£(0) = 0. Let the Jacobian matrix of f at 0, Df(0), have k eigenvalues
with negative real parts and n — k eigenvalues with positive real parts.
Then, the following hold:

e There exists a k-dimensional differentiable manifold S tangent to the
stable subspace E* of the linear system (8.3.2) at 0 such that S is
invariant under (8.2.1) and for all x° € §,

lim x(,79,x°) = 0.
t—o0

e There exists an n — k dimensional differentiable manifold U tangent
to the unstable subspace E* of (8.3.2) at 0 such that x° € U implies
x(t,t0,x°) € U for all t < t; and

lim x(¢,79,x°) = 0. O
f——oo

For the description of the subspaces E° and E“, see Theorem 5.6.3. A more
delicate and detailed analysis is contained in the following:

Theorem 8.5.5

[Hartman—Grobman Theorem]

Consider the autonomous system (8.2.1), namely x = f(x). Assume that
f € C'(Q) for some open set () C R" containing the origin, 0 is a
hyperbolic equilibrium point of (8.2.1) and put A = Df(0), the Jacobian
matrix of f at 0. Then, there exists a homeomorphism H of an open set U
containing the origin onto an open set V containing the origin such that
for each x” € U, there is an open interval I(#y) € IR containing fo such that

H(x(1,1,x°)) = e 0AH (x0), for all 1 € I(1);

that is, H maps orbits of (8.2.1) near the origin onto the orbits of (8.3.2)
near the origin and preserves the parametrization by time. U
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For the description of the terminologies in the aforementioned two
theorems and for their proofs, the interested reader is referred to [PerO1].

8.6 Phase Plane Analysis

We begin by analyzing a nonlinear equation in the conservative form:

d
i+ —V(x) =0, 8.6.1
i+ (x) (8.6.1)
where V is a given function of the position x, called potential function. A
simple computation shows that the total energy (kinetic energy + potential
energy) is conserved; that is,

%(x(z))2 +V(x(r)) = E, (8.6.2)
where E is a constant, for any solution of (8.6.1) and for all ¢; hence the
name conservative system. Though it may not be possible, in general, to
obtain x(r) explicitly from (8.6.2), it is however possible to obtain
valuable information regarding x(7) and x(z) by the use of (8.6.2). This is
the content of the phase plane analysis.

If we assume that the potential function V is bounded below, then,
using (8.6.2), it is not very difficult to show that a solution of (8.6.1), with
given initial conditions, exists for all ¢+ € IR; see [Arn98]. The pendulum
equation and Duffing’s equation with no damping, discussed in the next
section, are examples of conservative equations with the corresponding
potential functions bounded below.

8.6.1 Examples

Example 8.6.1

[Pendulum equation for small oscillations] This is the well-known
equation X+ kx = 0,k > 0.

Solving the equation to obtain the solution explicitly, we see that every
solution is periodic. The same conclusion may be reached by analyzing
(8.6.2), which turns out to be

(2())* + k(x(¢))* = 2E
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and E is obtained from the initial conditions. The orbits in this case are
ellipses (circles if kK = 1) surrounding the origin in the phase plane.

Example 8.6.2

[Pendulum equation] This is the equation ¥ + ksinx = 0,k > 0,

and the corresponding relation (8.6.2) is given by
(x(1))? +2k(1 — cosx) = 2E,

with E again obtained from the initial conditions.

We now describe the phase portrait of solutions using this relation for
different values of E. The potential function may be taken as
V(x) = k(1 —cosx). Since V(x) > 0, we also have E > 0. Also note
that V(x) = Oatx = 2nwand V(x) = 2k atx = (2n—1)m,n € Z. We
consider the following different cases: (See Fig. 8.4).

z=V(x) =k(1 —cosx)

Fig. 8.4 Potential function and phase plane for the pendulum equation
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Case 1: E =0: Here, we obtain the equilibrium solutions (2n7,0), n €
Z.

Case 2: 0 < E < 2k: In this case, the values of x will be restricted to
a symmetric interval around each equilibrium point 2n7, n € Z of length
2b, where 0 < b < wand V(2nmw +b) = E; see the graph of the potential
function V in Figure 8.4. To see the nature of the orbits, consider now an
orbit x(r), around (0,0) with x(0) € (—b,b). If x(0) > 0, then the orbit
starts moving towards b and when it reaches b, at that time X is 0, because
of energy conservation. Then, X must become negative, for otherwise, x
will exceed b, which is not allowed. Now the orbit starts moving towards
—b and when it reaches —b, similar observations can be made. Thus, the
orbit is a periodic orbit traveling between —b and b with corresponding
values of x given by the energy conservation equation. Similar periodic
orbits exist around each of the equilibrium points (2n7,0), n € Z. We need
to just watch the orientation of the orbits: whether they rotate in clockwise
or counter-clockwise direction. Therefore, these equilibrium points are all
stable but not asymptotically stable.

Case 3: E = 2k: We now obtain the equilibrium solutions
((2n—1)m,0),n € Z. We can argue in a similar way as in the previous
case. For example, if an orbit x(¢) starts with x(0) € (—m, ) (the other
cases of odd multiples of 7 are similar), then the orbit approaches the
equilibrium point (£7,0) as # — oo according to whether x is positive or
negative at ¢+ = (0. Thus, all the solutions in this case are bounded, but
none is periodic and the equilibrium points ((2n — 1)7,0),n € Z are
unstable. In this case, it is also possible to write down the solutions
explicitly. For example, if x(0) = x¢ € (—x, ) with corresponding x(0)
obtained from the energy conservation equation, then the solution x(¢) is
given by

-1

x(t) = 2arctan <y _Zy > ,

where y = yoexp(j:kl/zt) with yo = sec <@> + tan <@) and the sign

2 2
is chosen as the sign of %(0). We also observe that, if x(0) > 0, then
lim x(t) = m and lim x(t) = —m. Such an orbit is called a heteroclinic
—»00 —» —00

orbit.
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Case 4: E > 2k: Here, we have (t)> > E — 2k > 0 and therefore, %
is bounded away from 0. Thus, the solution is either strictly increasing
or decreasing for all time according to whether x is positive or negative
initially. Therefore, the solutions in this case are unbounded, though x
remains bounded.

The orbit of Case 3 is referred to as a separatrix as it separates the
periodic orbits (Case 2) from the non-periodic (Case 4) orbits.

Example 8.6.3

[Duffing’s equation with no damping] This is the equation given by
i—x+x>=0

and is in the conservative form, with the potential function V (x) = —% +
%. The corresponding energy equation (8.6.2) is given by

1, 2

¢4 —F
T2y

We will now do a similar phase portrait analysis as in the previous

example. Note that V is symmetric around the origin, that is,

V(x) = V(—x) and attains its minimum at +1 with V(+1) = —} and

V(£v2) = 0. Thus, E > —J and we consider the following cases. See

Fig. 8.5.

Case I: E = —%: Here, we obtain only the equilibrium solutions
(+1,0).

Case 2: —% < E < 0: In this case, the values of x are restricted to
the symmetric intervals around the equilibrium points (+1,0) of length
2b where b > 0 satisfies V(£1+5b) = E; see the graph of the potential
function in Fig. 8.5. We, then, obtain periodic solutions surrounding each
of these equilibrium points separately.

Case 3: E = 0: Now, we first obtain the equilibrium solution (0,0).
Thus, any other orbit can reach this equilibrium point only as ¢ — oo,
Any such solution x therefore lies either in the interval (0, \/E] or
[—\@,0) and is thus bounded. The direction of the orbit for increasing ¢
can easily be determined and is shown in Fig. 8.5. In this case, we obtain
2 orbits, one with x(0) > 0 and the other with x(0) < 0. Each one of
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these orbits approaches the equilibrium point (0,0) both as t — =oo.
Such orbits are termed homoclinic orbits. Note that the equilibrium point
(0,0) is unstable.

Fig. 8.5 Potential function and phase portrait of a Duffing oscillator

We also have an explicit formula for a solution when £ = 0. For
example, if x(0) = xo > 0 and the corresponding %(0), given by energy
conservation equation (8.6.2) is non-negative, then, the solution x(z) is
given by

t
x(t) = 2\[2})(1)/2%)/0# =2V2(z+z7 )7,

_ \/E*VZ*X(Z) _ W1/2 .
where yy = Ry and z = y," “¢'. (Replace x by —xif xo < Oand z
by yo/zif %(0) < 0.)
Case 4: E > 0: The values of a solution x are now restricted to an
interval [—b, b], where b > /2 satisfies V(£b) = E. We again obtain a

periodic orbit, now surrounding all the three equilibrium points.
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8.7 Periodic Orbits

So far we have discussed the equilibrium points (trivial solutions) of an
autonomous system X = f(x), and their linear and nonlinear stability.
Next in simplicity are periodic solutions (also called, closed paths or
orbits), which are ‘simpler’ than the general solutions. Recall that from
Lemma 8.2.6, it follows that if x(r) is a solution such that
x(to+T) = x(to) for some 7o and T > 0, then x(¢r + T') = x(¢) for all 7, so
that x is periodic. The smallest such 7 > 0 is the period of x. The
equilibrium points may be considered as periodic solutions with period 0.
Unlike equilibrium points, it is, in general, very difficult to say when a
given autonomous system has a periodic solution. The class of periodic
solutions is interesting and important in applications as many systems
exhibit them; for example, planetary motion and the motion of a simple
pendulum. We have also seen in the previous section that the pendulum
equation and Duffing’s equation having periodic orbits in certain, but not
all, situations.

We now restrict our discussion to 2D systems as results are more
complete in this case. For higher dimensional systems, the reader is
referred to advanced texts cited in the references. Now, we change the
notation a bit and consider the following 2D autonomous system:

x=f(xy), y=gxy), (8.7.1)

where x,y are real valued functions and f,g are real valued, C* (k > 2)
functions defined in a domain of IR?. We shall now discuss the notion of
Poincareé index and its implications to the periodic orbits of 2D systems.

We begin with a discussion on smooth curves in the plane. We will not
go into much detail and the reader should refer good text books on one
variable complex analysis and multivariable calculus.

Let I be a smooth curve in R?. This means that as a set, I is the image
of a smooth mapping from a closed interval [a,b] in R into IR?. Thus, there
are functions x,y: [a,b] — R such that

T = {(x(r),y(t)) e R*:a <t <b}.

This is referred to as a parametric representation of a curve in IR?, ¢ is
referred to as the parameter and the smoothness refers to the smoothness
of the functions x, y defining T'. The points (x(a),y(a)) and (x(b), y(b))
are, respectively, referred to as initial and end points of I. A point on
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I' is called a multiple point if it corresponds to more than one parameter
value in [a,b). A curve with no multiple points is called a Jordan curve.
When initial and end points coincide, I' is said to be a closed curve. In
what follows, we are mainly interested in closed Jordan curves.

For example, {(cost,sinz): 0 <t < 21} represents the unit circle
centered at the origin, and it is a closed Jordan curve. On the other hand,
the curve {(cost,sinz): 0 <t < 4x}, though same as the unit circle
centered at the origin, is not a Jordan curve.

Let v = (v1,v2) be a smooth vector field, that is, v is a mapping from
a bounded open set of R2 into R2. Thus, v; and v, are smooth real valued
functions defined on a bounded open set in IR?. Eventually, we will be
interested in taking vi = f and v, = g, where f,g are as in (8.7.1). Let I'
be a closed Jordan curve, contained in the domain of v such that v does not
vanish on I'. The points where v vanishes may be called the equilibrium
points of the vector field v; the assumption means that ' does not pass
through any equilibrium points of v.

In this set up, at each point (x,y) of I', the vector field v(x,y) defines a
unique direction making an angle ¢ with some fixed direction, which we
take as the x-axis. Starting with a point on I', if we now move in the
counter-clockwise direction along I', these vectors on I' rotate, (See
Fig. 8.6) and when we get back to the point where we started, these
vectors would have rotated through an angle 27wk for some integer k. This
integer is called the Poincare index or simply index of I' and is denoted
by Iy(T).3

Fig. 8.6 A typical closed curve I" with a vector field

A good way to visualize the variation of the angle the vector v makes with
the x-axis as it moves in the positive direction along T’, is to place all these

3 A reader familiar with one variable complex analysis would realize that the Poincaré index is
similar to the notion of the winding number of a closed curve in the plane.
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vectors at one point and see how these vectors rotate. The reader should
try this with the simple examples mentioned a little later and more.

Since the angle ¢ = arctan(v,/vy), it is not difficult to see that the
analytic expression for the index is as follows. Suppose the vector field is
given by v = (vy,v;), where vy, v, are smooth real valued functions. Then,

y) 1 /V1 dvy —vadv
t —_—.

I 27:/ 9= / (arcan y)) om V3 +v3
(8.7.2)

It is important to keep the direction right as far as the line integral is
concerned; it is always in the counter-clockwise direction, which we may
call positive direction. Using the parametric representation of I, the line
integral in (8.7.2) may be expressed as the following one-dimensional
integral:

—1
V(r 2 / Vl +V2 <V1ds - V2d5> ds, (873)

where, in the integrand, v; = v;(x(s),y(s)), i = 1,2. The derivatives with
respect to s may be evaluated, using the chain rule, in terms of the partial
derivatives of vi,v, and the derivatives of x,y. Before proceeding to see
the relevance of the index with the periodic orbits of (8.7.1), we will see
some examples.

Example 8.7.1

Let I" be the unit circle centered at the origin.

1. Let the vector field be given by vi(x,y) = x and v2(x,y) = y. If we
use the parametric representation x(s) = cos(s) and y(s) = n(s)
0 <s <2mr, for T, we obtain I,(T') = 1.

2. Now take the vector field given by v;(x,y) =y and vo(x,y) = —x.
We again find that I, (T') = 1.

3. We consider the vector field v (x,y) = x, v2(x,y) = —y. This time,
we find that I,(T') = —

Example 8.7.2

Let I be the unit circle centered at (—2,0) and the vector field be
vi(x,y) = x, va(x,y) =y. We now find that I, (T') = 0.
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Example 8.7.3

Let I' be again the unit circle centered at the origin and the vector field
be given by v (x,y) = x%, v (x,y) = y*.

The reader should try to visualize the rotation of the given vector field
along the positive direction on I' as described earlier. We leave it to the
reader as an exercise to show that Iy (T') = 2. On the other hand, if we now
take vi (x,y) = —x%, v2(x,y) = y?, the index will be —2.

These are typical examples covering many vector fields with isolated
equilibrium points.

Theorem 8.7.4

Let I be a closed Jordan curve such that I' and its interior Dy do not
contain any equilibrium points of a smooth vector field v. Then,
L(T)=0.

The theorem is true with minimal assumption of continuity. See [CL72,
Lef77]. However, the following proof is simpler using in addition, the
smoothness assumption (see [JS03]).

Proof: By Green’s theorem,* we have

/de de—//Dr <8P 8Q> dxdy (8.7.4)

for any continuously differentiable functions P, Q. The line integral on
the left side of (8.7.4) may be expressed as a one-dimensional integral for
any given parametric representation of I' and on the right side, we have a
double integral. In (8.7.2), we write, using chain rule,

dvi _dvidx  dvidy dva _dvadx  Idvady

ds ~ OJxds +87y$’ ds  Ox ds Ty dy ds’

Therefore, (8.7.3) becomes the line integral

1) = 5 [ PCy) dr—0(x)ay,

4Green’s theorem is more generally valid for any bounded open set with a smooth boundary.
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where,

—1 -1
Q:—(V%-i-v%) (V1ax—vzax),P:(V%+V%) <v18y_v2<9y

and they satisfy the conditions of Green’s theorem, as the denominator is
never zero on I" and in its interior Dr. Hence, using (8.7.4), we obtain

//Dr[éP aQ]dd

It is easy to check that the integrand, after the evaluation of the partial
derivatives, is identically zero. Thus, Iy(T') = 0 and the proof is complete.
0

Example 8.7.2 illustrates this theorem. If we examine the proof carefully,
we see that the theorem is valid for any closed curve, not necessarily a
Jordan curve, for which the hypothesis is satisfied and Green’s theorem is
valid. For example, the closed curve may be taken as the union of two
concentric circles connected by a line. This is illustrated in the next
interesting corollary.

Corollary 8.7.5

Suppose I'; and I'; are two simple closed curves in the plane, one
lying in the interior of the other, such that the vector field v has no
equilibrium points on I';,I'; and the ‘annular’ region between them.
Then, Iv(r1> = Iv(rz).

Fig. 8.7 The closed curve to prove Iv(rl) =1 (rg)
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Proof:  Suppose I'; lies in the interior of I'y. Let L be a line joining them.
Consider the closed curve I' shown in Fig. 8.7. By the theorem, Iy(T') = 0.
Performing the line integral, we see that I,(T') = I,(T';) — Iy(T'2). This
completes the proof. U

The conclusion of the corollary is usually stated as: If a closed curve not
containing any equilibrium points of v, is continuously deformed without
crossing any equilibrium points of v, then the index is unchanged. Thus,
the index is in a way independent of the closed curve in question and
is associated with some special points in the plane. This enables us to
talk of the index of an isolated equilibrium point Xy of the vector field
v as the index of any Jordan curve containing Xy in its interior, and no
other equilibrium point of v. This will be denoted by Iy (xo ). The reader is
advised to look at the examples discussed earlier keeping this discussion
in mind. For isolated equilibrium points, it can be shown that the index
of an equilibrium point, computed from the linearized system, is the same
for the nonlinear system as well. For more details, see [CL72, JS03]. For
linear systems, we can do the computations easily and find the following.
Suppose the vector field v is linear and is given by

vi(x,y) = ax+ by, v2(x,y) = cx+dy, ad — bc # 0.

Then, the origin is the only equilibrium point of v and one finds, using
(8.7.4), that I(0) = the sign of ad — bc. This is left as an exercise to the
reader.

The idea of the proof of the corollary can also be extended to prove the
following general result.

Theorem 8.7.6

If T is a closed Jordan curve surrounding a finite number of
equilibrium points ag,---,a, of a vector field v (See Fig. 8.8) which
n

does not vanish on T, then, I (') = Y I,(a;).
i=1
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—( A A )

Fig. 8.8 The closed curve to prove Theorem 8.7.7

Theorem 8.7.7

Let I" be a closed Jordan curve with a continuous tangent vector v at
each point of T, which has no equilibrium points on T. Then, I, () =1.

Proof: If u(p) is the unit tangent vector to I' at p, then, clearly
Iy(T) = Iy(T). Thus, it suffices to prove the theorem for u. As rotation
and translation of I' will not affect its index, we may assume that I" lies in
the region y > 0 in the (x,y)-plane, and that I' is parameterized by
d d

(x(5),¥(s)),a < s <b. Thus, v(s) = <dx(s), dy(s)> We will assume

s s
that v(a) is in the direction of the positive x-axis. See Fig. 8.9.

(a,b) (b,b)

(a,a) (a,a)

Fig. 8.9 Proof of Theorem 8.7
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We will now construct an auxiliary vector field @, which will be used to
prove the theorem. Let

= {(s,1):a<s<b,s <t <b},
be the triangular region in the (s,7)-plane. Define @ on T by

a(s,s) = u(s),

fora <s<bandu(a,b) = —u(a); at all other points in 7, define w(s,?) to
be the unit vector in the direction from p(s) to p(z) on I'. See Figure 8.7.
Let 6(s,t) be the angle the vector @(s,7) makes with the positive x-axis.
Therefore, 6(a,a) = 0. Since I' is assumed to lie in the region y > 0,
0(a,t) varies from 0 to 7 as ¢ varies from a to b. Similarly, 0 (s,b) varies
from 7 to 27 as s varies from a to b. Also, by the definition, @ does not
vanish on the boundary T of T. Therefore, by Theorem 8.7.4, we conclude
that I3 (T') = 0. This means that the variation of 6 (s,s) as s varies from a
to b is 27. But this is precisely the same as saying that the variation of the
angle that u makes with the positive x-axis as I is traversed once in the
positive direction is 27. Hence, I (I') = 1 and the proof is complete. [

The following theorem and corollaries are immediate consequences of
these results.

Theorem 8.7.8

Suppose C is a periodic orbit of (8.7.1). Put v = (f,g). Then,
1. (C)=1.

2. Assume that the equilibrium points of v are only isolated. Then,
C contains only finitely many equilibrium points of v, the sum of
whose indices is 1.

From these two properties of the index, the following theorem is an
immediate consequence.

Theorem 8.7.9

A periodic orbit of (8.7.1) necessarily surrounds an equilibrium point.

Theorem 8.7.9, thus, asserts that equilibrium points are necessary for the
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existence of a periodic orbit in two-dimensions. However, it is interesting
to note that the presence of equilibrium points is not a necessary condition
for the existence of a periodic orbit in higher dimensions.

Example 8.7.10

Consider the following 3D system
X1=x2, Xp=-Xx1, Xx3=1— x2

This system does not have any equilibrium points, but has periodic orbits
given by (cost,sint,c), for arbitrary constants c.

Theorem 8.7.11 \

[Bendixon’s criterion] If in a region Q of R*(the phase plane), the

d dg
term a—f + a— has a definite sign, then () contains no periodic orbit
X y
of (8.7.1).

Proof:  If ) contains a periodic orbit C = {(x(¢),y(¢)) : 0 <t < T}, let
D be the region interior to C. Then, by Green’s theorem, we have

/fdy gdx—// <af ag> dxdy. (8.7.5)

The line integral on the left side of (8.7.5) is

T
/0 (fy—gi)dt,

which vanishes using (8.7.1) and, by hypothesis, the right side is either
positive or negative. This contradiction proves the theorem. O

Now, we state the important Poincare—Bendixon theorem, whose proof
will be given in the Appendix.

Theorem 8.7.12

[Poincare-Bendixon Theorem] Let () be a bounded region in the
phase plane together with its boundary and assume that () does not
contain any equilibrium point of (8.7.1). If C = {(x(),y(¢))} is an
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orbit which lies in Q) at ¢t = ¢y and remains there for all ¢ > 1, then, C

itself is a periodic orbit or it spirals towards a periodic orbit as ¢ — co.
g

Thus, in the case of two-dimensional systems, a non-trivial orbit is either
unbounded or bounded. In the latter case, either it eventually enters an
equilibrium point or the Poincare—Bendixon theorem applies.

While working on a particular situation, () will be taken as an annular
region centered at an equilibrium point of (8.7.1), but not containing any
equilibrium points of (8.7.1). We, then, have the existence of a periodic
orbit once we show that a positive orbit gets trapped in (). We illustrate
this in the following example.

Example 8.7.13 ‘

Consider the following 2D system

=y +x(1-x=)%), y=x+y(1-x—y").

Using polar coordinates x = rcos 6 and y = rsin 0, we find that > = x> +
. 1

y? and tan @ = y/x. Therefore, ri = xx+ yy and 6 = — (xy —yx). Thus,
r

using the given equations satisfied by x and y, we obtain
F=r(1—r*) and 6 = 1.

Observe that for any orbit (x(7),y(¢)), r() is increasing in the region r < 1
and decreasing in the region r > 1. Therefore, if we take, for example,
() to be the annulus {1/2 < r < 3/2}, we see that any orbit that starts
in () remains there for all future times; this incidentally proves that the
solution exists in [fy,o0) for any initial time #y. Also, () does not contain the
origin, the only equilibrium point of the given system. Therefore, by the
Poincare-Bendixon theorem, we conclude that the given system possesses
a periodic orbit in Q).

Looking at the system satisfied by r and 8, we see that it is decoupled
and therefore, it is straightforward to integrate this system. We ask the
reader to show that

r(t) = (14cexp(=2(1—10))) "2, 6(r) = 6o+ (1 —10),
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. C -3 . . . L
where f#( is the initial time and ¢ = r—;‘) is given in terms of the initial
0

condition for r(#9) = rop > 0. Hence, every orbit that either begins inside
or outside the circle r = 1, spirals towards the circle »r = 1 as t — co. Thus,
r =1 is the only periodic orbit for the given system and it is a stable limit
cycle. O

The following theorem, due to Leinard, (see [Sim91, SK07]) for the
existence of periodic orbits of second order equations has particularly
verifiable hypothesis compared to the Poincarée—Bendixon theorem.

Theorem 8.7.14

[Leinard’s Theorem] Consider the second order equation
i+ f(x)x+g(x)=0, (8.7.6)

where f, g satisfy the following conditions.

(1) f,gare C' functions.

(2) gis odd, thatis, g(—x) = —g(x) and g(x) > 0 for x > 0; f is even,
that is, f(—x) = f(x).

(3) The odd function F(x) = [; f(s) ds has exactly one positive zero a;
F is negative in (0,a) and is positive and non-decreasing in (a, o)
with F(x) — o0 as x — co.

Then, (8.7.6) has a unique periodic orbit surrounding the only
equilibrium point (0,0) in the phase plane. Further, this periodic orbit is
spirally approached by every other (non-trivial) orbit as t — oo.

Thus, the periodic orbit is a stable limit cycle. The proof will be given
in the Appendix. We, illustrate the applicability of Leinard’s theorem by
an example.

Example 8.7.15

(van der Pol Equation) Applying Leinard’s theorem to the van der Pol
equation,

i+p(®—1Di+x=0,u>0,

we see that it possesses a unique periodic orbit, which is a stable limit
cycle.
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8.8 Exercises

1. In the following systems, find the equilibrium points, draw the phase
portraits and find explicit solutions wherever possible.

(a) Consider the Lotka—Volterra prey—predator model discussed in
Example 1.2.6. This system is given by X = ax — bxy, y =
—cy+dxy, where a, b, c, d are all positive real numbers.

(b) Consider the systemx = y 4 sinx, y = x — cosx.
(c) Show that all solutions of the system
X =x>+ ysinx,
y =1+ xycosy,
which start in the first quadrant must remain in the first quadrant
for all future time.
(d) (Competition between two species) Consider the system
X = ax — bxy — ex?,
V= —cy+dxy — fy’,

where the constants a,b,... are all positive. If ¢/d > a/e,
show that every orbit that starts in the first quadrant approaches
the equilibrium point (a/e,0) as t — co. (Note that this system
is a generalization of the logistic model with two competing
species, that is, the Lotka—Volterra prey—predator model).

2. Consider the equation ¥ = ¢*. There are no equilibrium points!
Hence, all solutions are unbounded. Find the solution explicitly
using the equation of conservation of energy (8.6.2).

3. Do the same as in the previous exercise for the equation ¥ = —e*. Is
there any difference?

4. Work out all the details in Example 8.6.2 of the pendulum equation
when E = 2k.

. Work out all the details in Example 8.6.3 of Duffing’s equation with
no damping when £ = 0.

|91

6. Consider the equation —i 4 xx = 0. For this equation, all the
equilibrium points are non-isolated! Solve this equation explicitly.
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The viscous Burgers’ equation is the following nonlinear partial
differential equation

uf+uu5 = Euge,

where u = u(7,&) is the unknown function of the real variables T
and & and € > 0. By rescaling the variables, we may take € = 1. A
traveling wave solution is a solution of the form u(7,&) = x(z),
t = & —ct for a constant ¢. If we substitute this into Burgers’
equation, we see that x satisfies, after some adjustments, the
equation in Exercise 6 above.

Now it is required to find a solution x of the aforementioned equation
satisfying

,Erfloox(t) = a and tlggx(t) = —a.

for appropriate a # 0. Using the knowledge of the solutions, show
that this is possible if and only if a > 0 and write down the solution
in explicit form.

Consider a 2n-dimensional linear system
X = Ax+ By,

y = Cx+ Dy.

Here, x,y € R" are functions of ¢ and A,B,C and D are real n x n
(constant) matrices. If B, C are symmetric and D = —A" (superscript
t denotes the transpose of the matrix), show that the given system is
a Hamiltonian system and write down a corresponding Hamiltonian
function.

Work out all the details in Example 8.7.13. Do similar analysis for
the following:
(@) i =x+y—xexp(x* +y* —4),y = —x+y—yexp(x> +y> —4).
(b) % =2x+3y —x(x* +y7),y = —3x+2y —y(x* +57).
Draw the phase portrait of ¥ = % (x> —1). Derive the formulas for the
solution x in Example 8.2.6, using the method of separable variables.

Work out all the details in Example 8.6.11.
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12. Let (x,y) be a solution of the system in Example 8.5.2 with initial
data (xo,yo) atz = 0. Show that

2
(a) x <y — 3) is a constant.

2 2
(b) <y(t) 7x(t) ) =e! (yo);o> forall t € IR.

3

8.9 Notes

In this chapter, we have studied the very basic notion of stability of an
equilibrium point of an autonomous system. This is an important aspect
in many physical systems such as mechanical systems, motion of a
satellite, etc. The stability analysis of a hyperbolic equilibrium point of a
general autonomous system follows from the analysis of the linearized
system. This follows from the theorems of Perron and
Hartman—Grobman. However, the case of a non-hyperbolic equilibrium
point is more delicate. We have discussed a powerful tool, namely the
Liapunov function, to deal with this situation. Though the stability results
are easy to state and prove using the method of Liapunov, it is not trivial
to construct a Liapunov function for a general system. For polynomial
vector fields, one may try to use the quadratic forms to generate a
Liapunov function.

In the same way, one can consider the stability of an orbit of a
solution. However, a notion called structural stability is required, which is
not considered here, and which is more involved and complicated.
Another aspect we have completely left out is the study of stability of a
periodic orbit. We have briefly mentioned this during our discussion on
Floquet theory, which concerns linear systems with periodic orbits. An
interested reader, after thoroughly going through the present chapter, may
look into more advanced texts regarding the other aspects of stability
theory. A good list of references is [CL72, HSD04, Wig90, Per0O1, JSO3].
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Two Point Boundary Value
Problems

9.1 Introduction

In this chapter, we discuss some boundary value problems (BVPs) for
linear and nonlinear second order equations. These problems arise in a
vast number of practical situations ranging from physics, engineering to
biology. For a very good collection of such problems and their detailed
descriptions, refer to [AMR95].

The analysis, in the linear case, makes use of the existence of two
linearly independent solutions, discussed thoroughly in Chapter 3. These
are, then, used to construct the so-called Green’s function of the given
BVP, which in turn will generate the required solution.

The nonlinear case is more delicate. We describe a well-known
method, shooting method, to prove the existence and uniqueness of a
solution to BVP. Several examples will be discussed in detail as
illustrations of the theory developed. Doing a phase plane analysis, at
least in the case of autonomous equations, may help decide whether a
solution to the given BVP is possible or not. However, in most situations
one needs to use a suitable numerical scheme to obtain a solution.

The study of the existence and uniqueness of solutions to a BVP is
more difficult than that of an IVP, even in the linear case. We first look at
some examples to see these difficulties.

Example 9.1.1

Consider the equation ii +u = 0, in (0,b) with boundary conditions

u(0) =0, u(b) = B.
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Here, b > 0. The general solution to this equation is given by
u(t) = cysint + c; cost,

for arbitrary constants c1,co. If this solution were to satisfy the given
boundary conditions, then, we have ¢; = 0 and ¢;sinb = 3. From this,
we observe the following:

e If » = mand B # 0, then there is no solution.

e If b = mand B = 0, then there are infinitely many solutions.

e If b < 7, then there is a unique solution u(t) = csinz provided that

Bl < el.

Example 9.1.2

Consider the equation —ii = f(¢) in (0,1), with the boundary
conditions #(0) = y; and —u(1) = P.

This represents a steady state heat flow in a rod; the boundary conditions
represent the heat fluxes at the ends of the rod. The given function f,
represents the external heating or cooling of the rod.

Assuming that a solution exists, we obtain after an integration that

/()1f(t)dt:—u(1)+u(0) — Bt

The left hand side represents total heat (or cooling) supply to the rod and
the term on the right side represents the total heat flux at the ends.

Therefore, we immediately conclude that no solution exists if, for
example, f =1 and 73 = 1> = 0. On the other hand, if f(r) = sin(27z),
0<t<1andy =79 =0, then there are infinitely many solutions given
by

t 1
M(t) =da— % + 477[2511'1(2717),

with an arbitrary constant a.

Example 9.1.3

Consider the equation i + apu = 0 in (0, 1) with boundary conditions
u(0) =ay, u(l) = ay.
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Here ag, ay, ap are real constants. The reader should work out the details
to find out various cases of existence and non-existence of solutions.

9.2 Linear Problems

We consider the following BVP for a general second order linear equation

¥+ a()yt) + B(0)y(t) = g(1), 1€ (ab), (9:2.1)

y(a)] +B[ (b)] = [%] . 9.2.2)
¥(a) y(b) P

Here, o, and g are given continuous functions defined on a compact
interval [a,b] in R and A,B are given 2 x 2 non-zero real matrices; ¥, %
are arbitrarily prescribed real numbers. The problem is to find a C?
function y defined on [a,b] that satisfies (9.2.1) and (9.2.2). The linear
boundary conditions given by (9.2.2) are most general. If y; = 5 =0, the

boundary conditions are called homogeneous; otherwise, they are called
non-homogeneous. For example, the homogeneous boundary conditions

y(a) = 0 and y(b) = O result if we take A = [(1) 8]’ B = [(1) 8] and
Nm=nr= 0.

A

Corresponding to (9.2.1) and (9.2.2), we now consider the following
homogeneous problem

¥+ a(t)y(r) + B(t)y(t) =0, 1€ (ab), (9.2.3)
y(a) y(b) 0
A 5@) +B y(b)] = H. (9.2.4)

We analyze the question of existence and uniqueness of solutions by
relating problems (9.2.1), (9.2.2) and (9.2.3), (9.2.4). Suppose yi,y, are
any two linearly independent solutions of the homogeneous equation
(9.2.3). Then, any general solution of (9.2.3) is given by y = c1y; + co)2
for arbitrary real constants ¢y and c¢;. If y were to satisfy the boundary
conditions (9.2.4), then c1, ¢, should satisfy
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(AW(a) + BW(b)) [Cll - m. 9.2.5)

2

Here, W(r) = [y (1) yz(l)] denotes the Wronskian matrix of the
yi(t) ¥a(t)

solutions y; and y, at t. The aforementioned system of linear algebraic
equations has a non-trivial solution if and only if the matrix
AW (a) + BW(b) is singular, that is, its rank is either O or 1; notice that
y = 0 is always a solution of (9.2.3) and (9.2.4) (the trivial solution).
Also, note that W(z) is non-singular and the rank of AW (a) + BW(b)
does not depend on any particular choice of a pair of linearly independent
solutions.

Now, let yg be any particular solution of the non-homogeneous
equation (9.2.1). Then, any general solution of (9.2.1) is given by
y = yo + c1y1 + 2y, for arbitrary real constants ¢; and c,. If this y were
to satisfy the boundary conditions (9.2.2), then ¢y, ¢, should satisfy

(AW(a) + BW(b)) Cl] —y-E= [% _&] , (9.2.6)

2 r—5&

b

where [51} =A Bo(a) } +B BO( )} . The system of algebraic equations
& o(a) 0(b)

(9.2.6) has a solution if and only if

rank (AW (a) + BW(b)) =rank [AW(a) + BW(b) y—E&]. (9.2.7)

Note that this condition on ranks is automatically satisfied if
AW (a) + BW(b) is non-singular. We now state the foregoing discussion
in the following theorem.

Theorem 9.2.1

The following hold:

1. If AW(a) + BW(b) is non-singular, then, the BVP (9.2.1) and
(9.2.2) has a unique solution for arbitrary 7;,7. In this case, the
BVP (9.2.3) and (9.2.4) has only the trivial solution.

2. If AW(a) + BW(b) is singular, then, the BVP (9.2.1) and (9.2.2)
has a solution if and only if the rank condition (9.2.7) is fulfilled; the
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solution is not unique. In this case, the BVP (9.2.3) and (9.2.4) has
non-trivial solutions.

For simplicity of presentation, we now consider the BVP (9.2.1) with the
following homogeneous boundary conditions, replacing the general
boundary conditions in (9.2.2):

y(a) =0 and y(b) =0. (9.2.8)

Fix o, B. We wish to derive a formula for the solution y, when it exists,
in the form of an integral involving the ‘input’ function g, much similar to
the case of first order linear equations. We rewrite (9.2.1) in the equivalent
form as

d

EIpOy(0)] + () (1) = £(0) 929)

where p is a positive C! function on [a,b]. Given (9.2.9), it is obvious
that it can be written in the form (9.2.1) by taking a(t) = p(r)/p(z),
B(t) = q(t)/p(t) and g(¢t) = f(r)/p(r). Conversely, given (9.2.1), we
define p(¢) = exp ([, a(s)ds) and find that (9.2.1) can be put in the form
(9.2.9) with g(¢) = p(¢)B(¢) and f(¢) = p(t)g(7).

We begin with a heuristic description of the method to obtain a
solution to the problem (9.2.9) satisfying the boundary conditions (9.2.8).
Let u;,up be two linearly independent solutions of (9.2.9) with f = 0,
that is, the homogeneous equation corresponding to (9.2.9). By the
method of variation of parameters, we find a general solution of (9.2.9) as

‘{/ ((ss)) (11 ()12 (£) — 1 () ua (5)] ds. (9.2.10)

3(0) :Aul(t)+Bu2(t)+/at

where A, B are constants and W is the Wronskian of u; and u; defined by
W(t) = uy (t)ua(t) — ity (t)uz(¢). By the linear independence of uy,u, it
follows that W is never zero. If we now require that y given by (9.2.10)
satisfy the boundary conditions (9.2.8), then we must have, using (9.2.10),

Auy (a) +Bu2(a) =0

Auy (b) + Buy(b) = /ab f(s) [u1 (D)uz(s) —ui (s)uz (D)) ds.

=
~
N

9.2.11)
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Solving for A, B and substituting in the expression (9.2.10) for y, we obtain

y(t) =h(t) +L(1),
where

) [ (B)uals) — ()ua(8)] - [ (@)ea(s) — (1 )ea ()]
O A R A (BT (T E—

S,

B0 = [ T s)at) — (o) s
a W(s)

Looking at these expressions, we find it convenient to introduce the
following:

wi(t) = uy(a)uz(t) —uy (r)uz(a)

wa (1) = uy (b)up(t) —uy (1)uz (D).

Then, wy,w, being linear combinations of uy,u;, are themselves solutions
of the homogeneous equation (9.2.9) (f = 0). They are also linearly
independent satisfying wy (a) = 0,w,(b) = 0, provided that u; (a)uz(b)—
ui(b)uz(a) is not zero. Looking at the aforementioned expression for
11,1, we see that the required solution y may be written as

(9.2.12)

vy = [l ds+ [Ty

Having obtained the knowledge of the form of the solution, we now
proceed directly to obtain a representation of a solution to the BVP
(9.2.9) and (9.2.8). Choose any linearly independent solutions wy,w, of
the homogeneous equation corresponding to (9.2.9) satisfying wy(a) = 0,
wy(b) = 0.! Then, the required solution is given by

W) = / " G(,5) f(s)ds 9.2.13)

where the function G, called Green’s function of (9.2.9) and (9.2.8), is
given by

Note that the existence of wi and wy is not automatic and the given boundary conditions play an
important role in their existence.
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{ wi(s)wa(r) ifa<s<t
G(t,s) =
wi(t)wa(s) ifr <s <b.

We now directly verify that y given by (9.2.13) is a solution of (9.2.9)
satisfying the boundary conditions (9.2.8), after suitably normalizing
wi,wy. Clearly y satisfies (9.2.8) as wi(a) = 0 and wy(b) = 0.

Note that

.0 ) . .
lim EG(I’S) Ylgtn 5 G(t,s) = wi () (t) — vy () wa(r).

The right side expression being the Wronskian of wy,wj, it follows from
(9.2.9) that this limit equals C/ p(t), where C is a constant. This follows
from the fact that the Wronskian satisfies a first order linear equation; see
Chapter 3. We may normalize wi,w; so that C = 1. With this
normalization, we have?

y(t) = atiG( $)f(s)ds+G(t,t)f +/ —Gts s)ds

—G(t,1)f(1)
and therefore,

3(1) = (1) / " () £(s) ds +vin (1) /, s (5) £(s) ds.

a

Now multiply this expression by p(r) and differentiate once again with
respect to ¢ to obtain

SOIO1 = [ ) S0 176)ds + plew (w0 ()

[ (i e wa(s)7(5) s — pla)oi (wa0) 1 ).

Using the normalization and that wy, w, satisfy the homogeneous equation
(9.2.9), we see that the expression on the right equals —q(¢)y(7) + f(z).
This completes the verification that y is indeed a solution of the BVP. We
take up the uniqueness question in the next section.

2See differentiation under the integral sign in Chapter 2.
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If we consider more general boundary conditions in (9.2.2),
homogeneous or not, instead of (9.2.8), the computation of Green’s
function becomes more tedious even in the case of constant coefficient
equations. The case of non-homogeneous boundary conditions can
always be reduced to the case of homogeneous boundary conditions by
subtracting a solution of the homogeneous equation satisfying the
non-homogeneous boundary conditions. The details will be given in the
following discussion on BVP of linear systems. Some BVP with
non-homogeneous boundary conditions may lead to ‘non-self-adjoint’
problems.

9.2.1 BVP for linear systems

The earlier discussion on BVP can be easily generalized to linear systems
with the aid of a fundamental matrix. Consider the following BVP:

x(1) = A(t)x(r) +£(¢), t € [a,b], (9.2.14)
Mx(a) + Nx(b) = &. (9.2.15)

Here, A is an n X n matrix valued continuous function defined on [a,b], a
given interval on the real line, f: [a,b] — R" is a given continuous vector
function and M, N are (constant) n x n matrices and & is a given vector in
R". The problem is to find a solution x(¢) satisfying (9.2.14) in [a,b] and
the boundary conditions (9.2.15).

Let @ be a fundamental matrix of the homogeneous equation in
(9.2.14) satisfying ®(a) = L. Then, any solution of (9.2.14) is given by
x(t) = ®(t)e + ®(1) [} @ '(s)f(s)ds for some constant vector ¢ in R,
If x(t) were to satisfy the boundary conditions (9.2.15), then, the
following relation must hold:

Mc + N®(b)c + x, = &,

where x, = N®(b / ® ' (5)f(s)ds. Therefore, the BVP (9.2.14),

(9.2.15) has a unique solution if and only if the matrix Y = M + N®(b)
is non-singular. These arguments enable us to construct (matrix) Green’s
function for the homogeneous BVP (9.2.14) and (9.2.15) with £ = 0, as
follows. Define
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DD '(s) — @)Y IN®(b)® (s), ifa<s<rt
G(t,s) =
() —® ()Y 'N®(b)® ! (5), ift <s<b.

Then, the required solution is given by

x(1) = / " Gt.5)(s) ds.

The two variable (matrix) function G is called (matrix) Green’s function
and this representation is Green’s formula to obtain a solution to the given
homogeneous BVP. A solution to the non-homogeneous BVP (9.2.14) and
(9.2.15) can be found by adding a solution of the homogeneous system
in (9.2.14) satisfying (9.2.15) (for example, ®(¢)Y'&) to the solution
obtained from Green’s formula.

9.2.2 Examples

Example 9.2.2

Consider the following simple BVP

¥ = f(),y(0) = y(1) = 0.

Choose wi (1) =t and wy(t) = ¢t — 1 for ¢ € [0,1]. These are linearly
independent solutions of the given equation. Moreover, w;(0) = 0 and
wy(1) = 0 and their Wronskian is 1, the required normalization constant.
Here p = 1. Therefore Green’s function of the problem is given by

s(t—1), if0<s<y,
G(t,s) = ,
t(s—1), ift<s<l.

and the solution to the given BVP is given by
1
(1) = [ G)r(s)ds

1
In particular, if f = 1, we find that y(z) = Et(t —1).
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Example 9.2.3

Consider the following BVP

V+4y = f(1), y(0) = y(n/4) = 0.

Since, sin(2¢) and cos(27) form a basis for the solution space of the
homogeneous equation, we choose wi(t) = sin(2r) and wy(t) =
—% cos(2¢) to satisfy the required boundary conditions and normalization
condition. Thus, Green’s function is given by

G —1sin(2s)cos(2t), fO<s<t,
t,s) =
—1sin(2t)cos(2s), ift<s<1.

If, again, f = 1, then the solution is given by y(t) = 1(1 —cos(2t)).
Example 9.2.4

In this example, we consider the BVP

J—4y+4y = f(1), ¥(0)+2y(0) =0, y(1)—y(1) = 0.

Here p(t) = ¢ and we need to normalize the linearly independent
solutions we choose. Since ¢ and te* are basis functions for the solution
space of the homogeneous equation, we choose wi(t) = cje*(2 — 5t)
and wy(t) = cpe*(2 —1t). Then, w; and w, satisfy the homogeneous
equation and wi(0) + 2w;(0) = 0; wp(1) — wp(1) = 0. The constants
c1,cp are chosen to satisfy 8cjc, = 1 for the normalization requirement.
We leave further construction details of Green’s function and the solution
to the reader.

9.3 General Second Order Equations
Consider the following BVP

V= f(t.y.y) (9.3.1)
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with boundary conditions

apy(a) — a1y(a) = a, |ao| +|ai| #0
9.3.2)
boy(b) + b1y(b) = B, |bol + |b1] # 0

The negative sign of a coefficient in the boundary condition is chosen just
for later convenience. We look for a solution in the interval [a,b] as in the
previous section. A formal approach to the solution of (9.3.1) satisfying
the boundary conditions (9.3.2) is as follows: Start with the initial value
problem (IVP)

i = f(t,u,i) (9.3.3)
satisfying

aou(a) — ayi(a) = a,
9.34)
cou(a) — cyi(a) = s,

where, for the purpose of independence, we assume ajco — apc; # 0. We
may fix co,c; by requiring ajco — apc; = 1. Denote by u(z;s), the
corresponding solution of the IVP, emphasizing the dependence on s. We
seek a value of s so that

o (s) = bou(b;s) + bru(b;s)— B = 0. (9.3.5)

If s = s* is a solution of (9.3.5), then y(¢) = u(z;s*) would be a solution
of (9.3.1) satisfying the boundary conditions (9.3.2). This method is
called the shooting method and is quite extensively used in solving
(9.3.1) and (9.3.2) numerically. The following theorem is a consequence
of the standard existence, uniqueness and continuous dependence of
solutions of IVP.

Theorem 9.3.1

Let the function f(f,u;,up) be continuous in the region
R = {(t,u,uz) : t € [a,b], uj,up € R} and satisfy the uniform
Lipschitz condition in u#; and u. Then, the BVP (9.3.1), (9.3.2) has
as many solutions as there are distinct roots, s = s; of (9.3.5). The
solutions of (9.3.1), (9.3.2) are given by
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y(1) = y;(t) =u(t:s)),
where u solves IVP (9.3.3). ]

Theorem 9.3.2

[Existence and Uniqueness] In addition to the hypotheses in Theorem
9.3.1, suppose that

of of

u >0 and s <M,
in R. Also assume that
apay > 0,bob; >0 and |ag|+ |bo| # 0. (9.3.6)
Then, the BVP (9.3.1) and (9.3.2) has a unique solution. The condition
8auf1 > 0 can be replaced by 381{1 <0. O

Corollary 9.3.3

[Uniqueness for the Linear Problem] Consider the linear equation

V4 p()y +q(t)y = r(r),

with the boundary conditions (9.3.2) and the same conditions on the
coefficients ag, ay, by, by as in Theorem 9.3.1 and Theorem 9.3.2. If p,q
are continuous in [a,b] and ¢ > 0 in [a,b], then, the linear BVP has a
unique solution.

Proof: (of Theorem 9.3.2) It suffices to show that (9.3.5) has a unique

)
root. If u(z;s) denotes a solution of (9.3.3), put &(¢) = a—u(t;s). By
S

differentiating (9.3.3) with respect to s, we obtain

E=pt)E +q@)E. 9.3.7)
where

p(t) = 2 (tulris) () and g(e) = 9 (tu(rs) ().
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Equation (9.3.7) is referred to as the variational equation. By hypothesis,
g > 0 and p is bounded. Also by differentiating the second equation in
(9.3.4) with respect to s, we obtain

&(a) = a1, &(a) = ap.

Since |ao| + |a1| # 0,& # 0 for a < t < a+ € for some € > 0.

Claim: &(r) # 0 for a <t < b: Suppose the claim is not true. We
assume that ap > 0 and a; > 0; the other case is similar. With this
assumption, we have &(z) > 0 for a < r < a+ €. Suppose there exists
t. € (a,b] such that &(z.) < 0. Therefore, & has a positive maximum in
[a,t.). If ap > 0, then & (a) = ap > 0, so maximum cannot occur at a; if
ap = 0, then, E(a) = g(a)a; > 0, so, again, maximum cannot occur at
a. If 1y € (a,t,) is a point where a positive maximum occurs, then
g(to) > 0, g(l‘o) = 0 and g(l‘o) < 0. But g(to) = q(l‘o)%(l‘o) > 0. This
contradiction proves that &(7) > 0 fora <t < b.
Thus, g(¢)&(¢) > 0 fora <t < b and from (9.3.7), we have

E(t) > p(1)é(1),a <t < b.

1
Multiplying this inequality by exp <— / p(tl)dﬁ) and integrating, we
a

obtain
. t
&(t) > apexp </ p(tl)dn) ,a <t <b.
a
One more integration gives,
3 15
5([) > ap + ao/ exp (/ p(tl)dl‘1> dtry,a <t < b.
a a
Using p > —M, we have
5]
exp (/ p(tl)dn) > exp(—M(r; —a))
a
and thus,

E(t) = gi’(t;s) > apexp(—M(t—a)) > 0,


https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781108236843.010
https://www.cambridge.org/core

280 Ordinary Differential Equations: Principles and Applications

for a <t < b. In particular, we see that by taking r = b, u(b;s) is a
monotone function of s whose derivative (with respect to s) is bounded
away from O for any ag. The same is true with u(b;s) if ag # 0; if ag = 0,
its derivative (with respect to s) is not bounded away from 0. But, since
bg, b do not both vanish and have same sign, and by # 0 if ay = 0, the
function ¢ (s) = bou(b;s) + byi(b;s) — B must have a derivative of one
sign which is bounded away from 0 for any a@¢. Such a function takes on
each real value once and only once; hence ¢(s) = 0 has a unique root.
This completes the proof. O

9.3.1 Examples:

Example 9.3.4

Consider the BVP
i = 2+u?, 1 €[0,1]; u(0) = u(1) = 0. (9.3.8)

This is an equation in the conservative form and its phase portrait is not
hard to draw. This is depicted in Fig. 9.1. Note that E = E(t) = 1i*(t) —
2u(t) — Ju?(¢) is the total conserved energy.

If we do not insist that u(1) = 0, but just require that u(b) = 0 for
some b > 0, then we obtain an infinite number of solutions of (9.3.8) by
choosing u(0) = 0 and #(0) < 0, as can be seen from the phase portraits
shown in Fig. 9.1.

Fig. 9.1 Phase portrait for ii = 2 + u®
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The requirement of the latter condition that #(0) < 0 may also be seen as
follows. From the equation in (9.3.8), we see that u is convex. Thus, if it
satisfies the boundary conditions in (9.3.8), we must have #(0) < 0 and
i(1) > 0. It is not possible to integrate the given equation explicitly, but
the equation may be solved numerically. We find that if we ‘shoot’ with
1(0) slightly less than —1, we obtain a solution of (9.3.8).

Example 9.3.5
Consider the BVP
i+ Ae" =0,r€10,1];u(0) = u(1) = 0. 9.3.9)
Here, A > 0. A complete phase portrait of the equation is shown in Fig. 9.2.
Note that in this case a solution u is concave and therefore, we need to
‘shoot” with 1(0) > 0 to possibly obtain a solution of (9.3.9). In the present

situation, an explicit solution is possible. Here, the constant conserved
energy is given by E = E(t) = 1 (u)*(¢) + Aet),

u
N
e
———

Fig. 9.2 Phase portrait for ii+Ae* = 0,1 >0

A function of the form3
u(r) = —log(C2 COShZ(K‘<1 —21))),

where, C and K are positive constants, may be tested for a solution of
(9.3.9). The function u satisfies the boundary conditions in (9.3.9) if

Ccosh(k) = 1 and it satisfies the equation if 8K2 = ok Eliminating C,

we obtain the following nonlinear equation connecting x and A:

3The reader should try to obtain such an expression for the solution by integrating the conservation
equation } (it)? + Ae" = E = constant.
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< Vi
cosh(k) 22

The function of k¥ > 0 on the left side, has a unique positive maximum
and tends to 0 as Kk — o=. It follows, therefore, that there is a critical value
Acr of A such that (9.3.9) has no solution for A > A, unique solution for
A = A and two solutions for A < A,.

For a slightly different representation of the solution, see [AMR95].

Example 9.3.6

We change the sign of the nonlinear term in Example 9.3.5 and
consider the BVP

ii—2Ae" =0, te0,1];  u(0) =u(1) =0. (9.3.10)

We again take A > 0. Surprisingly, the phase portrait of this equation is
substantially different from the previous one. The behavior of a solution

1
very much depends on the sign of the initial total energy E = 2 (1(0))? —

A¢*(©) The solutions corresponding to £ > 0, all are unbounded and tend
to 4o as t — co. Some typical trajectories are shown in Fig. 9.3, when
E > 0. On the other hand, any solution corresponding to E < 0, is bounded
below and there is a possibility that it may satisfy the given boundary
conditions. Some trajectories for E < 0 are shown in Fig. 9.4.

u

—
%

Fig. 9.3 Phase portrait for ii —Ae* = 0,4 >0,E >0
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Fig. 9.4 Phase portrait for i —Ae* = 0,1 >0, E <0

We now proceed to obtain explicit expressions for the solutions like in the
previous example. Let

u(r) = —2log(Csinh(k; — Kat)). (9.3.11)

The constants C, 1, k» in (9.3.11) are all positive. We should observe that
there is a need to choose ks so that the argument of sinh function in
(9.3.11) is never 0 and permits the values of ¢ in an interval containing
[0, 1], the interval of our interest. This leads to the choice

k1 >0 and K+1<k;, Kk #0.

(We may also use k1 + Kyt instead of k1 — Kkt in (9.3.11).) It is easily

checked that u is a solution of the equation in (9.3.10) if 21(22 = —.

However, for none of these values of C, ki, k», are both the boundary
conditions satisfied. We leave it to the reader to verify that this solution
corresponds to £ > 0.

Next, consider the function u defined by

u(t) = —2log(Ccos(k(2t—1))) (9.3.12)

We again remark that such an expression arises from the situation when
E < 0. Note that now the function is defined for only those ¢ for which the
argument of cos function lies in (—Jr /2,/ 2) as we are interested in an
interval containing the interval [0, 1].
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The function given by (9.3.12) is a solution of the equation in (9.3.10)

if 8x% = ) and it satisfies the boundary conditions therein if Ccos(k) =
1. Since k¥ > 0, we must have C > 1. Eliminating C, we now obtain the

equation

A

K _ VA , (9.3.13)
cos(k)  2¢/2

Since the function cos’EK) for k € (0,7/2) is an increasing function and

— o0 as K — /2, we see that for each A > 0, there is a unique x in
(0,7 /2) satisfying (9.3.13). This in turn gives the unique solution of BVP
(9.3.10) through (9.3.12) for each A > 0.

9.4 Exercises

1. Determine the values of A for which a Green’s function can be
constructed for the equation y + Ay = f(z), with the following
prescribed boundary conditions. Construct a Green’s function for
all such values of A:

(@) y(0) =y(1) =0.
(b) y(0) +y(0) =0and y(1) = y(1).
(c) ¥(0) =y(0) and y(I) = 0(/ > 0).
(d) y(0) =¥(0) and y(7) = y().
2. Determine the values of A for which the BVP
i+ 20+ Au =0, u(0) = u(l) =0, (I > 0),
has non-trivial solutions.

3. Work out all the details in the examples of Section 9.3.1.

9.5 Notes

Two point BVP are studied in this chapter for both linear and nonlinear
second order equations. For linear equations, we take the advantage of


https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781108236843.010
https://www.cambridge.org/core

Two Point Boundary Value Problems 285

the existence of linearly independent solutions in order to construct
Green’s function of the given BVP. A brief discussion on the construction
of a matrix Green’s function for linear system is also included. For
nonlinear equations, we no longer have the advantage of the existence of
two linearly independent solutions. An existence and uniqueness result is
proved under some sufficient conditions on the coefficients. The
examples considered, however, show that these conditions may not be
necessary. For other results on this topic, the interested reader is referred
to [Sim91, SK07, CL72, Kel90, AMR95].
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First Order Partial Differential
Equations: Method of

Characteristics

In Chapter 3, we have seen an example of a PDE (see Example 3.4.1)
which can be solved by solving two ODE:s. In this chapter, we will present
the method of characteristics, where the problem of local solvability of
any first order PDE, linear or nonlinear, can be reduced to solvability of a
system of ODE. However, it must be observed that the geometry involved
turns out to be more and more complicated when we go from linear to
quasi-linear to nonlinear equations.

10.1 Linear Equations

In Example 3.4.1, the way we arrived at the characteristic curves, which
were straight lines, may look artificial. We will now explain the geometry
of the problem and see how we can extend these ideas to general first
order equations. First, consider the general first order linear PDE in two
variables;

a(x,y)uy +b(x,y)uy = c(x,y)u+d(x,y), (10.1.1)

where (x,y) € Q. Here, () is a smooth bounded domain in R?; a,b,c,d
are given smooth functions defined on Q) and u = u(x,y) is the unknown
function. Let I'g C () be an initial curve, which is given in the parametric
form:

To = {(x0(s).y0(s)) : 0 <s < 1}
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Let up = up(s) be a given function defined on the initial curve. The IVP
for the PDE can be defined as follows: Find u = u(x,y) satisfying the PDE
(10.1.1) together with the initial condition

u(xo(s).yo(s)) = uo(s) (10.1.2)

for all s € [0,1]. The problem of local solvability of IVP is to find u in a
neighborhood in () of the initial curve satisfying (10.1.1) and (10.1.2).

Fig. 10.1 A characteristic curve

We now give the geometric idea behind introducing the characteristics.
First observe that for a fixed point (x,y), the term on the left side of
(10.1.1) is the directional derivative of u at (x,y) in the direction
(a(x,y),b(x,y)). Thus, if we consider any curve (x(¢),y(t)),
parameterized by the ¢ variable, in the (x,y) plane whose tangent at each
point is the direction (a(x,y),b(x,y)) (see Fig. 10.1), then the term on the
left side of (10.1.1) will become a total derivative along the curve with
the parameter describing the curve. Thus, consider the one parameter
family of curves defined by the system of ODE
dx dy dy  b(x,y)

a(x,y) - b(x,y) Tax T a(x,y) (10.1.3)

or in the parametric form

dx dy

X ) = alxlt)y(0), () =b((0).5(0)). (10.1.4)
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Along these curves, u will satisfy the ODE

%M(X(t),y(t)) = c(x(),y(1)) ulx(r),y(t)) +d(x(z),y(t)). (10.1.5)

Note that ¢ here is a parameter along the curves. The one parameter family
of curves defined by (10.1.4) are called the characteristic curves of the
PDE (10.1.1).

Now fix s and fix a point (xo(s),yo(s)) on the initial curve and look for
the characteristic curve passing through this point; that is, solve the ODE
system (10.1.4) together with the initial values

x(0) = xo(s), y(0) = yo(s).

Under appropriate assumptions on a and b, for example, a,b are C!
functions, the existence theory discussed in Chapter 4 will give us a
unique characteristic curve in a neighborhood of the origin (local
existence). Since the solution also depends on s, we denote the solution
as (x(z,s),y(t,s)). More precisely, for fixed s and varying 7, the solution
(x(z,5),y(t,s)) moves along the characteristic curve. As s changes, we
get different characteristic curves.

Now by restricting u# along a characteristic curve (that is, fixing an s),
we get the equation for u as

d

g7 (x(0.9).3(1.5)) = e(x(t.5), y(1.5) Ju(x(1.5). y(1.5))

+d(x(t,s),y(t,s))  (10.1.6)

with the initial values

u(x(0,5),y(0,s5)) = uo(s). (10.1.7)

Note that in this ODE, s is merely a parameter, whereas ¢ is the
independent variable. Thus, we have obtained u in the fixed characteristic
curve and changing s, we can obtain u along different characteristic
curves. However, we still need to answer the question whether u is indeed
defined in a neighborhood () in () of the initial curve I'y satisfying the
PDE and the initial conditions. To achieve this, we need to assure
ourselves that the family of characteristics {(x(z,s),y(¢,s)) }s covers such
an (). In other words, we need to solve the following inverse problem:
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Given an arbitrary point (x,y) € ()1, find a characteristic curve passing
through (x,y) and meeting the initial curve; more precisely, given (x,y) €
Q)y, find (#,s) and a solution of (10.1.4) such that

x(t,8) = x, y(t,5) = y. (10.1.8)

An answer to this inverse problem imposes certain conditions on the initial
curve known as transversality condition. We will study this problem in a
more general situation, in the next section, while dealing with quasi-linear
equations.

Example 10.1.1

Consider the transport equation uy(x,y) + ku,(x,y) = 0 with the initial
condition u(x,0) = ug(x) on T : y = 0 considered in (3.4.1).

d 1
Here a = k,b=1,c =d = 0. Thus, Y_- or x — ky = constant, are the

X
characteristics which we have already seen in Example 3.4.1. Note that
we had used ¢ instead of y.

Example 10.1.2

Consider the PDE, xu, + yu, = o and u = ¢ (x) on the initial curve
y=1.

It is easy to see that y = cx, ¢ constant, are the characteristic curves and
along any of these curves, u satisfies

o
au(x, ex) = ux(x,ex) +uy(x,cx).c = uy + guy = ;u(x, cx),
whose solution is given by u(x,cx) = kx®. Here k = k(c) depends on ¢
which may differ from characteristic to characteristic. Thus, we have the
general solution u(x,y) = k () x%, where k is an arbitrary function. Now
applying the condition u = ¢ (x) aty = 1, we get

0(x) = k (i) o k(x) = ¢ (i) X
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and hence, the required solution is

u(x,y) = ¢ <x> ye

y

There will be difficulties if instead we prescribe the initial condition on
the x-axis (why?).

10.2 Quasi-linear Equations

The general form of a quasi-linear equation in two variables can be written
as

a(x,y,u)uy +b(x,y,u)uy —c(x,y,u) = 0. (10.2.1)

As in the linear case, we may prefer to introduce the characteristic curves
by solving the ODE system as in (10.1.4). But in this case, the right hand
side in (10.1.4) has to be replaced by a(x(z),y(¢),u(x,r)),b(x(¢),y(t),
u(x,t)) which depends on the unknown function u as well. Hence, the
system is not complete and we need to adjoin the ODE for u as well to
get a complete system. Thus, we need to introduce space curves, instead
of just plane curves.

Definition 10.2.1

A solution u(x,y) of (10.2.1) represented by a surface z = u(x,y) in
the three-dimensional (x,y,z) space is known as an integral surface.C]

The equation (10.2.1) can be written as a dot product, namely,
(a,b,c) - (uy,uy,—1) =0. (10.2.2)

The vector (uy,uy, —1) is the normal to the integral surface z = u(x,y) at
the point (x, y,z) on the surface. Thus, (10.2.1) can be interpreted as the
condition that at each point on the integral surface, the vector (a,b,c) is
tangent to the surface. Thus, the PDE (10.2.1) defines a vector (direction)
field (a,b,c) in R3, called the characteristic direction, having the property
that a surface z = u(x,y) is an integral surface if and only if at each point
on the surface, the tangent plane contains the characteristic direction.
This motivates us to look at an integral surface as a family of space
curves whose tangent at any point on the curve coincides with the
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characteristic direction. These curves are known as characteristic curves.
Thus, introduce the family of space curves given by

dx  _ _dy __dz (10.2.3)
a(x,y,z)  b(x,y,z) c(xyz)
In the parametric form, these equations can be written as
dx
o (1) = alx(t).y(1).2(1)),
dy
z(t) = b(x(t),y(),z(1)), (10.2.4)
dz
o (1) = c(x(0).y(1).2(1)).

Note that in the linear case, a and b were independent of z and hence, the
solution (x(¢),y(¢)) of (10.1.4) defined plane curves in the x — y plane. In
relation to (10.2.4), when a and b were independent of z, these plane
curves are nothing but the projection of the space curves given by the
solutions of (10.2.4). Using the results of Chapter 4, under suitable
conditions on a,b,c, we see that through each point (xo,yo,z()), there
passes a unique characteristic curve

x(t) = X(xo,yo,z(),t),y = y(xo,yo,Zo,t),Z = 2(X0,Y0,20-1)5

defined for small . Now, it is trivial to see that if a surface is generated
by a family of characteristic curves, then, it is an integral surface as both
have the same tangential directions. Conversely, if z = u(x,y) is an integral
surface . and (xo,y0,z0 = u(x0,y0)) is a point on Y, then, the integral
curve through (xo,y0,z0) will lie completely on ¥ and thus, Y is generated
by a family of characteristic curves. To see this, consider the solution of

dx dy
7 s b(x,y,u(x,y))

with x = xg,y = yo at t = 0. Then, the corresponding curve

= a(x,y,u(x,y))

x=x(t),y=y(t),z=12(t) = u(x(z),y(z))
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satisfies
dz dx dy
@~ gy Ty T @by =c

Thus, the curve (x(z),y(¢),z(t)) = u(x(r)),y(t)) satisfies the system
(10.2.4) and hence, it is the characteristic through (xo,yo,zo). Moreover,
it lies on Y by definition. Further, if two integral surfaces intersect at a
point, then the characteristic curve through the point would lie on both
the surfaces and hence, they intersect along the whole characteristic
through this common point. With this detailed discussion, we can now
formulate the initial value problem as follows:

Initial Value Problem (IVP): Let I’y be a given initial curve as in the
linear case and the initial value ug be given. Since this data is insufficient to
solve (10.2.4), we ‘lift’ the initial curve Ty to a space curve Ty by adjoining
the initial values as

Lo = {(x0(s),y0(s),uo(s)): 0<s < 1}. (10.2.5)

Now the IVP reads as follows: find an integral surface ) passing through
the lifted initial curve T.

Characteristic curves

Initial curve

Fig. 10.2 Characteristic and initial curves

Theorem 10.2.2

Consider the PDE (10.2.1) and let a,b,c have continuous partial
derivatives with respect to x,y,u. Suppose that along the initial curve Ty,
the initial values u = ug(s) are prescribed, where xo,yo,uo are
continuously differentiable functions for 0 < s < 1. Define the initial
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space curve Ig by (10.2.5) and assume that the transversality condition
holds:
dyo dxo
a(xo(s),yo(s),uo(s))g — b(xo(s),yo(s),uo(s))g #0 (10.2.6)
for all 0 < s < 1. Then, there exists a unique solution u(x,y) defined in
some neighborhood of the initial curve 'y, which satisfies the PDE
(10.2.2) and the initial conditions

u(xo(s),y0(s)) = uo(s). (10.2.7)
|

The theorem thus, confirms that there is an integral surface through the
space curve 'y in some neighborhood.

Proof:  Consider the system of ODE

d d d

d—); =a(x,y,u), di)t) =b(x,y,u), d—? = c(x,y,u).

For any fixed (xo(s),yo0(s),uo(s)) = (x0,y0,20) on the initial space curve,
by solving this system, we obtain a unique family of characteristics

x = x(x0,y0, 4o, 1) = x(t,5)
y = y(x0,y0,u0,1) = y(t,5) (10.2.8)
u = u(xp,y0,uo,1) = u(t,s)

for small ¢, with x(0,5) = xo(s),y(0,s) = yo(s),u(0,s) = u(xo(s),
yo(s)) = uo(s). Note that the derivatives of x,y,u with respect to s and ¢
are continuous. Thus, we can solve for u along the characteristic curve.
But we need to do more because we need to solve for u in any arbitrary
point in the neighborhood of the initial space curve as we discussed
earlier in the linear case; in other words, we need to answer the question:
does there exist a characteristic curve passing through any arbitrary point
in the neighborhood and meeting the initial space curve? Since the
Jacobian
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o ox
a(x’y) _ ds ot :b@_a@#o
a(s.1) |, dy dy ds ds ’
% E t=0

we can invoke the inverse function theorem ([Apoll, Rud76]) to obtain
s,t as functions of x,y in some neighborhood of the initial curve ¢t = 0, say
s =s(x,y),t = t(x,y). Now define

@(x,y) = u(s(x,y).t(x.y)).

One can verify that ¢ is the unique solution satisfying the initial
conditions. O

Example 10.2.3‘

Consider the PDE : uu, + u, = 1 with initial conditions x = s,y =
1
S, U= ES,O < s <1 that is, the value of u are given on the diagonal of

the unit square in R2.

Here a = u,b = 1,c = 1. Thus, the transversality condition (10.2.6):

dyg dxog s

a(wo(5),70(5),40(5)) 22 — b(xofs), y0(s),uo(5)) 0 = 2 -1~ 1-1 0,

is satisfied for 0 < s < 1. Solving the systems of ODE with the initial
conditions:

dr_ dv_ | du_
a ar T Cdr

we get the family of characteristic curves

1, X(O,S) = S,y(o’s) e S,u<0’s) — %’

(09) =5+ s 300) =15 u(e) =14
x,s-zzs,y,S— s, u(t,s) = 2
2
—v2/2 _
Solving s and ¢, we get s = xl _yy//z , 1= 1y_y 72 and finally, the solution
is given by
2(y—x)+ x—y2/2
sry) = 2070 =2/2)

2—y
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10.3 General First Order Equation in Two Variables

Substituting z = u(x,y),p = Uy = Zy,q = Uy = Zy, a general first order
equation in two variables can be written as

F(x,y,2.p.q) =0, (10.3.1)

where F is a given function with continuous second derivatives with
respect to its variables x,y,z, p,q. The interesting and surprising fact is
that, once again, we can reduce the study of the problem (10.3.1) to that
of a system of ODE. But the geometry is more complicated than the case
of quasi-linear equations and require much more complicated
geometrical objects known as strips and cones.

Let (x0,y0,20) be a point in space and consider an integral surface
z = u(x,y) through (x0,y0,20). The direction numbers (p,q,—1) define
the normal direction to the tangent plane at (xo,yo,20) of the integral
surface. Then, (10.3.1) states that there is a relation

F(x0,Y0,20,p-q) =0 (10.3.2)

between the direction numbers p and g, that is, the differential equation
(one relation with two numbers) will restrict its solutions to those surfaces
having tangent planes belonging to a one parameter family.

In general, this one parameter family of planes will envelope a cone
called the Monge cone. Thus, the differential equation (10.3.1) describes a
field of cones having the property that a surface will be an integral surface
if and only if it is tangent to a cone at each point.

Fig. 10.3 Monge cone
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Remark 10.3.1

In the quasi-linear case, the cone degenerates into a straight line whose
direction is given by (a,b,¢). O

At each point, the surface will be tangent to a Monge cone. The line of
contact of the surface and the cones define a field of directions on the
surface called the characteristic directions and the integral curves of this
field define a family of characteristic curves. The Monge cone at
(x0,¥0,20) is the envelope of the one parameter family of planes (whose
normal is (p,q,—1)) which can be written as

z—20 = p(x—x0) +q(y —y0), (10.3.3)

where p,q solves (10.3.2). By solving (10.3.2) for ¢ in terms of p as
q = q(x0,Y0,20,p), we can write (10.3.3) as

Z2—20= P(X —Xo) + Q(xo,yo,zo,l?) (y _)’0)

which is a one parameter family of planes describing the Monge cone.
Differentiating with respect to p, we get

d
0=(x—xo)+ (y_YO)ﬁ-
From (10.3.2), we have
dr dq
—=F,+F,— =0. 10.3.4
i b+ “ap ( )

Eliminating d—q, the equations describing the Monge cone can be written
p

as

F(x0,y0,20,p,q) =0

z—z20 = p(x—x0) +¢q(y—0) (10.3.5)

Given p and ¢, the last two equations give the line of contact between the
tangent plane and the cone. The last two equations can be written as
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X—Y _Y—=Yo_ 272
F, F, pF, +qfy

(10.3.6)

Thus, on the given integral surface, at each point py = p(xo,y0),q0 =
q(x0,y0) are known, the tangent plane

z—20 = po(x—x0) +q0(y —y0)

together with the third equation in (10.3.5) determines the line of contact
with the Monge cone given by (10.3.6) or the characteristic direction.
Thus, the characteristic curves are given by the system of ODE

dx dy dz

AT
or
dx dy dz
= =F,, -—2=F, -—=pF F.. 10.3.7
a oy T e g =Pl tak ( )

As there are five unknowns x(7),y(7),z(¢), p(t),q(t), we need two more
equations to complete the system (10.3.7). But along a characteristic curve
on the given integral surface, we have
dp dx dy
E = pxz +pya = ppr+Pqu
(10.3.8)

dq
I = qxFp + qyFy.

However, py,py,qx.qy are second derivatives of u which are undesirable;
we need to eliminate them. Differentiating the given PDE with respect to
x and y, we obtain

Fx“‘sz“‘Fppx‘FFquZOa

By + Fq+Fppy + Fyqy =0
so that (10.3.8) becomes

Pk

(10.3.9)
dq
— =—FK—-Fgq,

dt
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0%u
dyodx
z = u(x,y), we have a family of characteristic curves with coordinates
x(1),y(t),z(t) along with the numbers p(),q(¢) and which is given by
the system (10.3.7), (10.3.9). Moreover along the curve, we have

drF d F dy F dz F dp dq
ar d+yd+d+pdt+th
and we readily see that ‘fj—f = 0 using (10.3.7) and (10.3.9), showing that
F = constant, is an integral of ODE. Thus, if F = 0 is satisfied at an
initial point xg, y9, 20, Po,qo for t = 0, then (10.3.7), (10.3.9) will determine
a unique solution x(z),y(),z(¢), p(t),q(r) passing through this point and
along which F = 0 will be satisfied for all 7.

Hence, a solution can be interpreted using these five numbers and is
called a strip, that is, a space curve x = x(¢),y = y(t),z = z(t) and, along
it, a family of tangent planes whose normal directions are (p(z),q(t),—1).

where we have used p, = = ¢,. Thus, on the integral surface

(x(2),3(1),2(1))

Fig. 10.4 Characteristic strips

For fixed 1y, the five numbers xg, yo, 20, Po,qo are said to define an element
of the strip. That is, a point on the curve together with the tangent plane.
From (10.3.7), we get

dz(t) dx(r) dy(r)

—==p(t)—— t)——. 10.3.10

D= pn = el (10.3.10)

This is the condition that the planes are tangent to the curve and is called
the strip condition. The strips which are solutions to (10.3.7), (10.3.9)
are respectively called characteristic strips and the curves, characteristic
curves.
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Furthermore, as in the case of quasi-linear equations, if a characteristic
strip has one element x, yo, zo, Po,qo in common with an integral surface
7= u(x, y), then it lies completely on the surface. To see this, solve the
ODE system

%:Fp(x,y,u(x,y),uy(x,y)) Z); Fy(x,y,u(x,y), uy(x,y))

to obtain a curve x = x(),y = y(¢) satisfying the initial conditions x(0) =

x0,y(0) = yo. Then, by defining z(#) = u(x(t),y(r)), p(t) = ux(x(t),y(1)
q(t) = uy(x(t),y(r)), we see that

dz(t) _ dp(t) _
4 =p(t)Fp+q(t)Fy, —ar —F—Fu,, ——~=

—Fy, — Fu,.
Therefore, x(z),y(t),z(¢), p(t),q(t) determine a characteristic strip and by
definition, they lie on the surface. But, by uniqueness of the characteristic
strip with the initial element xg, yo, 20, Po, qo, this is the given strip.

Initial Value Problem: Suppose now an initial curve I : x = xo(s),y =
yo(s),z = zo(s) be given. Further, assume that we can assign functions
po(s) and go(s) such that they together form a family of appropriate initial
strips. That is, they satisfy the equation

F(x0(5),y0(s),20(s),po(s),q0(s)) =0 (10.3.11)
and the strip condition

dzo dxo dy()
— 10.3.12
ds ds ta ds (10.3.12)

So, by fixing s and taking an initial element, the idea is to construct the
characteristic strip starting from the given initial strip. As s varies, we geta
family of characteristic strips (see Figure 10.5). This, in turn will give the
integral surface satisfying the initial conditions. Again, this requires the
initial curve I'g to be a non-characteristic curve; see the following theorem.
We now state the theorem without proof.
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Characteristic elements

Initial element

Fig. 10.5 Characteristic and initial strips

Theorem 10.3.2

Let x0,Y0,20, P0,qo be as in (10.3.11) and (10.3.12). Assume Xxg,Yo,Z20
have continuous derivatives and pg,qo are continuously differentiable.
Moreover, assume the following non-characteristic condition along the
initial curve:

dxg

dyo
KFq(xO,yO,ZO,POaCIO) - KFp(XO,yo,ZOaPO,‘IO) ;é O

Then, in some neighborhood of the initial curve, there exists a solution
z=u(x,y) of (10.3.1) containing the initial strip; that is,

2(x0(s),0(s)) = z0(s), 2e(x0(s),y0(5)) = Po(s), 2y (x0(s).y0(5)) = go(s)-

In general, there is no uniqueness of solution. See the following example.

Example 10.3.3‘

Consider the equation p? + ¢* = 1 with initial condition u(x,y) = 0 on the

line x+y = 1. Then, there are two solutions given by u(x,y) = i\ﬁ (x+

y— 1). The details are left as an exercise. U
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Remark 10.3.4

We can extend the method of characteristics to the first order

equations in n variables, namely F(xi,...,Xs,2,P1,.--,Pn) = O,
du
where z = u(xy,...,x,) and p; = a—,l < j < n. Here, the
M
characteristic equations are given by l
dx; dz & dp; )
@ =g = Ll = h ol <isn
which is a system of 2n + 1 equations in 27 + 1 unknowns. U

Remark 10.3.5

One can easily deduce the quasi-linear and linear case from the general
equations. In the quasi-linear case

F(x,y,z.p.q) = a(x,y,2)p + b(x,y,2)q — c(x,y,z) = 0.

Thus, F, = a,F; = b and pF), + gF, = c and hence, the equations in
(10.3.7) are independent of p and ¢ and so it can be solved to
determine the characteristic curves (x(z),y(¢),z(¢)). But, in the
nonlinear case, one has to solve for (x(7),y(¢),z(¢)) together with the
direction numbers p and g. Moreover, in the quasi-linear case, the
Monge—Cone equations (10.3.6), reduces to

X—=X0 _Y—Yo _2—20
a b c

which represents the equation of a line in the space showing that the
Monge cone degenerates to a line.

In the linear case, a and b are independent of z as well, so that the
first two equations in (10.3.7) form a complete system for x and y;
the characteristic curves are plane curves, that is, the curves lie on the
(x,y) plane. Moreover, the third equation reduces to

%(x(t),y(t)) = %(t) = c(x(r).y(1))

which can be solved to obtain u. O


https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781108236843.011
https://www.cambridge.org/core

302 Ordinary Differential Equations: Principles and Applications

10.4 Hamilton-Jacobi Equation

Our main motivation in this section is to introduce the reader to an
important equation, namely the Hamilton—Jacobi equation (HJ). This is
given by

us + H(x,Du) = 0. (10.4.1)

Our presentation here is deliberately vague, essentially because even the
explanation of the various terminology involved goes much beyond the
scope of the present book. However, because of the importance of the HJ
equation in numerous applications, including optimal control problems,
where it is referred to as the Hamilton—Jacobi—Bellman(HJB) equation,
we have included this brief introduction so that the interested reader can
look into more advanced texts on the subject.

In the HJ equation, u = u(z,x) is the unknown function of n+ 1
variables, t > 0 and x € R"; the Hamiltonian H is a real valued smooth
function defined on R" x R” and Du = (uy,,---,uy,) is the gradient
vector of u. Time dependent Hamiltonian, that is, H = H (t,x,Du) can
also be considered. This equation arises in the classical calculus of
variations and more generally in optimal control problems (here, it is
called the Hamilton—Jacobi—-Bellman(HJB) equation). Further, H may be
of the general form H (¢,x,Du). In a smooth set up, the minimum value
of an associated cost functional or energy functional, namely value
function is known to satisfy the HJ or HIB equation. Equation (10.4.1) is
a first order PDE in n + 1 dimensions, and thus, the characteristic
equations form a system of 2n 4 3 equations. But, due to the special
structure of (10.4.1), the system of characteristic equations can be written
as 2n equations known as Hamilton’s ODE system

& Dy (xp)
) (10.4.2)
P — —D\H(x.p)

together with an ODE equation for the unknown u. Further, the variable ¢
itself can be used as the parameter. See Example 1.2.8.
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Calculus of Variations: Given a Lagrangian L = L(x,q), X,q € R”",
introduce the functional

T
J(w) = / L(w(s), W (s))ds, (10.4.3)
0
where w € o7, the space of admissible trajectories, say for example,
o ={weC*([0,T];R") : w(0) = a,w(T) =b}.

Here T > 0 is the terminal time and the vectors a and b are the given
vectors in IR". The basic problem is to find a curve x € &/ which solves
the minimization problem

J(x) = min J(w). (10.4.4)
wed/

One can extend the elementary result on finite dimensional optimization
that extremal points occur at critical points, to the present minimization
problem which is infinite dimensional, since we are working on
trajectories belonging to the infinite dimensional space o7. If x € &7 is a
solution to the problem (10.4.4), known as optimal trajectory, then, x
satisfies the Euler—Lagrange(EL) equations

% (DL(x(s),%(s))) + DxL(x(s). X(s)) = 0. (10.4.5)
This is a system of n second order equations. Thus, any minimizer x €
o7 of (10.4.4) solves EL equations, but the converse need not be true. A
solution to the EL equations is called a critical point of the functional J.

Since EL is a system of n second order equations, we can convert it
into a system of 2n first order system as follows. Introduce p(s) =
DqL(x(s), X(s)), called the generalized momentum corresponding to the
position x(+) and velocity x(-). These terminologies were motivated from
classical mechanics which we will see soon. We need an important
hypothesis to get Hamilton’s ODE.

Assumption: Suppose that, for given x,p € IR", the equation
DgL(x,q) = p can be uniquely and smoothly solved for q as q = q(x,p).
Now introduce the Hamiltonian

H(x,p) =p-q(x.p) + L(x.q(x,p)). (10.4.6)


https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781108236843.011
https://www.cambridge.org/core

304 Ordinary Differential Equations: Principles and Applications

Theorem 10.4.1

Let x solve the EL equations and p be the corresponding generalized
momentum. Then, under this assumption, x and p satisfy Hamilton’s
ODE system with the Hamiltonian defined as in (10.4.6). Further, the
mapping s — H(x(s),p(s)) is constant.

We have earlier seen that Hamilton’s ODE are characteristic curves
corresponding to a PDE. Thus, the characteristic curves are nothing but
the level curves of the energy. There are many results in this direction and
more general analysis in the context of HIB equations. The analysis for
HIJB is not a direct generalization from classical HJ equations and it took
almost two centuries to come up with a theory. Two theories emerged
after the 1950s due to Pontryagin from USSR and Bellman from USA.
The former one is based on Hamiltonian ODE whereas Bellman’s theory
is based on PDE known as HJB equations. We now give the classical
example from Newtonian mechanics.

Example 10.4.2‘

Consider the motion of a particle of mass m under the influence of a
force field f given by a potential @, that is, f = V¢.

Define the Lagrangian L(x,q) = %|q|* — ¢(x), the difference in kinetic
and potential energy. Then, the corresponding EL equations describe
Newton’s second law of motion, namely mxX(s) = f(x(s)) = Vo (s).
Here, the assumption that p = DqL(xX,q) = mq is trivially solvable. It is
easy to see that the Hamiltonian is the total energy H(x,p) =
5-p[> + ¢(x). In Newton’s theory, position and velocity formulation is
given (that is, Lagrangian formulation), whereas position and momentum
(Hamiltonian formulation) are the unknowns given through the
Hamiltonian system. It is possible to go from one formulation to the
other.

10.5 Exercises

1. Find and sketch some sample characteristic curves of the PDE

(x4 2)uy + 2yuy = 2u
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in the x — y plane. Write the ODE for u along a characteristic curve
with x as parameter and then, solve the PDE with the initial condition

u(=1y) = /.

. Consider the PDE
Xty + yuy = 2u, x > 0,y > 0.

Plot the characteristic curves and then, solve the equation with the
following initial conditions: (a) u = 1 on the hyperbola xy = 1; and
(b) u = 1 on the circle x> +y> = 1.

Can you solve the equation in general, if certain initial data is
prescribed on the initial curve y = ¢*? Justify with reasons.

. Write down the characteristic ODE system for the equation u, = u

and then, solve with the initial condition 2x3/2 on the positive x-axis.

. Sketch the characteristic curve, the initial curve and solve the
following problems

(@) xuy+yuy =ku, x€ R, y> o >0; u(x,o)=F(x), where
k, o are fixed and F is a given smooth function.

(b) (x4 2)ux+2yuy = au;  u(—1,y) = /.

(©) yuy—xuy =0; u(x,0)= X2

(d) Puy—y*uy, =0; u(l,y) =F(y).

. Find the characteristic curves of the following equations
(@) (¥ —y*+1)uy, + 2xyu, = 0.

(b) 2xyuy — (x> +y?)u, = 0.

. Solve the quasi-linear problem and verify the transversality
condition.

(@) wiy+uy, =0, u(x,0)=ux.
(b) uuy+uy, =1, u(x,x)=x/2,x€ (0,1].

. Find and sketch the characteristic curves of uu, + u, = 0 with the
following initial conditions

0 ifx<0
(@ “(x’o):{ I ifx>0
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1 ifx<0
(b) u(x,0) = { 0 ifx>0
0 ifx<0 .
(©) u(x,0) = { 1 x> 1 and u(x,0) is smooth and
increasing.
. . . ou\* du
8. Find the integral surface of the equation x P + Yo, T
X y

passing through the liney =1, x4+ z=0.
9. Consider the equation p* + ¢*> = 1 with initial condition u(x,y) =0
on the line x +y = 1. Show that there are two solutions given by

1
u(x,y) = £—(x+y— 1) using the method of characteristics.

V2

10.6 Notes

The purpose of this chapter is not to give an expository introduction to
PDE, but to show how the ODE play an important role in the analysis of
first order PDE. The reader can refer to [Eva98, Joh75, RR04, PR96] for
further discussion and more details.
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Appendix A

Poincare—Bendixon and
Leinard’s Theorems

A.1 Introduction

In this appendix (see ([CL72])), we present a proof of the
Poincare-Bendixon theorem concerning the existence of periodic orbits
to two- dimensional autonomous systems. We also discuss Leinard’s
theorem. First we discuss some basic notions of limit sets. Consider an
n-dimensional autonomous system

x = f(x), (A.11)

where f: R" — IR” is a continuous, locally Lipschitz function. Denote by
¢;(x0), the unique solution x of (A.1.1) with x(0) = xo, for 7 € I, where
Iy, is the corresponding maximal interval of existence.
Recall the definition of an invariant set. A set A C IR" is said to be
invariant with respect to (A.1.1), if ¢,(x) € A for every x € A and 1 € L.
Next, recall the definitions of orbit &(x), positive (semi) orbit &7 (x)
and negative (semi) orbit &'~ (x) through a given point x € R":

O(x) = {¢(x):1 € L}
07 (x) = {@(x) :1 € Iy, > 0};

O~ (x) = {¢(x):1 € Ix,t <0}
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It is easy to verify that a set A C IR" is invariant if and only if

A=|]JO(x).
XEA
We now introduce the notions of a-limit and w-limit sets (observe that o
and w are, respectively, the first and the last letters of the Greek alphabet).

Defintion A.1.1 |

Given x € R", the a-limit set and the @-limit set of x, with respect to
(A.1.1) are defined, respectively, by

a(x) = op(x) = () O (y)

yeO(x)

and

o(x) = ax(x) = ) O*(y). O
yeo(x)

We have the following result concerning ®-limit sets.

Theorem A.1.2

Suppose the positive orbit @ (x) of a point x € R” is bounded. Then,
the following hold:

1. the @-limit set ®(x) is non-empty, compact and connected,;

2. apointy € @(x) if and only if there is a sequence 7 ,* +oo such that
¢y (X) = yask — oo;

3. the ®-limit set @(x) is positively invariant, that is, ¢;(y) € o(x) for
every y € o(x) and for all 7 > 0;

4. inf{||¢;(x) —y| :y € ©(x)} = 0as s — oo

Proof: Put K = 0% (x). By hypothesis, K is compact. Being the
arbitrary intersection of closed sets, @(x) is closed. Since ®(x) C K, it
follows that @(x) is compact.
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Since 0" (x) is bounded, it follows that (0,00) C I; see Chapter 4 on
extension of the interval of existence of a solution. Therefore,

o(x) = (An (A.1.2)

>0

where

Ar = {@s(x) 15 >t}

Using (A.1.2), we now establish the second property. If y € ®(x), then,
there exists a sequence #; " o such that y € A, for k € IN. Then, there is
also a sequence s; " oo, 5 > ;. such that ¢, (x) — y. Conversely, if there
exists a sequence #; " e such that ¢, (x) —y, then, y € A, for k € N,
and hence,

ye ﬂAlk = ﬂAl‘a

k=1 >0

since A, C A, fort >t'.

Next, we show that @(x) # 0. Consider the sequence {@x(x)}
contained in K. By compactness, there is a subsequence {¢ (x)} with
t, /* +oo, converging to a point in K. The second property therefore that
o(x) #0.

We now show that @(x) is connected. Suppose not. Then, since ®(x)
is closed, there exist two closed, disjoint subsets A,B such that a)(x) =
AUB. By compactness, A, B are at a positive distance apart, that is,

S=inf{|a—b|:acA beB}>0.

Since A is a subset of ®(x), it follows that d (¢, (x),A) < /2 for some
sequence f; " oo, and hence, by triangle inequality, d(¢;, (x),B) > /2,
for sufficiently large k. By compactness of K, there is a subsequence such
that ¢, (x) — y € K. Therefore, y € w(x). By continuity of the distance
function and the solution, it follows that d(y,A) = &/2. But then,
d(y,B) > 6/2, by triangle inequality. Thus, y ¢ ®(x), which is a
contradiction.

We now proceed to prove the third property. Suppose y € ®(x). Then,
by the second property, there is a sequence #; ,* +oo such that
{¢,,(x)} =y as k — oo. Recall from the continuous dependence of
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solutions on initial data (Chapter 4), the function y — ¢ (y) is continuous
for each fixed ¢. Therefore, for given r > 0, we have

O+ (y) = 0 (0, (y)) — 0 (y)

as k — oo. Since 1 +1 * +o also, we conclude that ¢ (y) € o(x).
For the last property, assume the contrary. There would then exist a
sequence f; " +oo and a constant d; > 0 such that

inf {19y, (x) =yl = &1 (A-1.3)
{reo(0)}

for k € IN. But then, by compactness of K, there is a subsequence %(X)
of ¢, (x) converging to some p € ®(x). The inequality (A.1.3) then
implies that ||p —y|| > &) for all y € @(x). This contradiction proves the
last property and the proof is complete. ([

Analogous statements may be made and proved for negative orbits. In
fact, these properties follow if we apply Theorem A.1.2 to the system
x = —f(x).

A.2 Poincarée-Bendixon Theorem

We now restrict the analysis to IR? and establish one of the important
results in the qualitative theory of autonomous systems, namely the
Poincare-Bendixon Theorem.

A.2.1 Intersection with Transversals

Let f: R?> — IR? be a C' function; f may be defined in an open set in R?.
A point in R? which is not an equilibrium point will be called a regular
point. A finite line segment L is said to be transversal to f, if each point
on L is a regular point and at each point x on L, the directions of L and
f(x) generate IR2. In other words, the directions of L and f are linearly
independent at every point on L. We also say that L is transverse to f. A
point on L is said to be an interior point if it is not an end point of the line
segment L.
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Fig. A.1 Intersection of orbits with a transversal

The following statements hold:

1. Every regular point x is an interior of some transversal, which may
have any direction except that of f(x).

2. Every orbit which meets a transversal L must cross it, and all such
orbits cross L in the same direction.

3. Let x¢ be an interior point of a transversal L. Then, for each € > 0,
there is a circle Ce with xo as center such that every orbit passing
through a point inside C; at# = 0 crosses L at some t, [t| < €.

Proof: By continuity of f, there is a circle C centered at x such that f(y) #
0 for all y in C and its interior. Any diameter of C, which is not in the
direction of f(x) serves as a transversal. This proves the first statement.

Let L be a transversal which is represented by the equationa-x+5 =0
for some non-zero vector a € R?. The meaning of the first part of the
assertion is the following:

If there is a #p < oo (fy cannot be +-co; why?) such thata-x(zp) +b =0
for an orbit x(7), then, for small z, a-x(z) +b < 0 forr < 79 and a-x(¢) +
b > 0 for t > 1g, or vice versa. Since L is a transversal, it follows that
a-f(x(¢)) # 0 for any orbit x. If the said assertion were not true, then,
we must have a-f(x(#p)) = 0, in case L is tangent to the orbit at # = £y, or
a-f(x(t)) =0, in case the orbit moves along L for 7 closer to f. In either
case, we arrive at a contradiction to the transversality condition.

For the other assertion, let the orbits X,y meet L att = ¢ and t =1,
respectively. Suppose a-f(x(71)) > 0and a-f(y(r2)) < 0. Ast; # 1, by
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continuity, we then have a-f(z) = 0 for some z along the line segment
joining x(#) and y(#,) along L. This again contradicts the transversality
condition, proving the second statement. Some of such crossings are
depicted in Fig. A.1.

For the last statement in the theorem, let the equation for L be given by
a-x -+ b = 0 for some non-zero vector a € IR?. By continuity of f, there is a
circle around X containing only regular points. The solution ¢ (x) passing
through any x inside this circle atz = 0 is continuous in (#,X) in an open set
containing (0,Xo); this follows from the continuous dependence on initial
data. Put L(¢,X) = a- ¢(x) +b. Then, L(0,x) = 0 and 45(0,x) # 0,
by transversality. Hence, by the implicit function theorem, for any € > 0,
there is a circle C, centered at Xo and a continuous function 7 = #(x) defined
inside C satisfying 7(xo) = 0 and L(7(x),x) = O for all x inside C¢. By
continuity of 7 at xg, it now follows that, given any € > 0, there is a circle
Ce, centered at xg such that |7(x)| < € for all x inside Ce. Hence, the
orbit passing through any x inside C¢ at = 0 crosses L at time #(x) and
t(x)| < e. O

Proposition A.2.2

Given x € R?, the intersection @(x) N L contains at most one point,
where L is transversal to f.

Proof:  Assume ®(x)NLis non-empty and let q € ®(x)NL. By Theorem
A.1.2, there is a sequence f oo such that ¢, (x) — q as k — oo. Since
L is a transversal to f, it follows from Lemma A.2.1 that for each y € R?
sufficiently close to q, there exists a unique time s such that ¢;(y) € L
and ¢ (y) € L forz € (0,s5) if s > 0, or 7 € (s,0) if s < 0; in particular,
for each k € IN, sufficiently large, there is an s = s; as earlier such that
Xy = ¢tk+5k (X) eL.

We now consider two cases: either the sequence {x;} is a constant
sequence or is a non-constant sequence. In the first case, the orbit of x is
periodic and hence, the ®-limit set w(x) = ¢(x) only intersects L at the
constant value of the sequence {x;}, and thus, ®(x) "L = {q}. In the
second case, let us consider two successive points of intersection x; and
X;11; these intersections occur in one of the two ways as shown in
Fig. A.2. By Lemma A.2.1, we know that along L, the vector field f
always points to the same side. Next, note that the segment of the orbit
between x; and x4 together with the line segment between these two
points form a continuous curve C. Hence, by Jordan’s curve theorem, its
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complement R? \ C has two connected components, one bounded and
another unbounded. The bounded component is the shaded region in
Fig. A.2. Due to the direction of f on the line segment between x; and
X;1+1, the positive orbit &'T(x;) is contained in the unbounded
component. This implies that the next point of intersection X;, does not
belong to the line segment between X, and X; . Therefore, the points
Xy, Xr+1 and X4, are ordered on the transversal L as shown in Fig. A.3.
Due to the monotonicity of the sequence {x;} along L, it has at most one

limit point in L and hence, ®(x) NL = {q}. O
Xk Xk+1
— —
k+1 X

Fig. A.2 The direction of an orbit while crossing a transversal
L

Xk

Fig. A.3 Crossings of an orbit on a transversal

We now come to the Poincare—Bendixon theorem.
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Theorem A.2.3

[Ponicare—Bendixon] Let f: R*> — R2 be a C! function. For the
equation (A.1.1), if the positive orbit &7 (x) of a point x € R? is
bounded and @(x) contains no equilibrium points of f, then, ®(x) is
a periodic orbit.

Proof: Since the positive orbit ¢ (x) is bounded, it follows from
Theorem A.1.2 that ®(x) is non-empty. Let p € ®(x). It follows from
the first and third properties in Theorem A.1.2 and the definition of
o-limit set, that @(p) is non-empty and ®(p) C ®(x). Now consider any
q € o(p). By hypothesis, q is not an equilibrium point. Thus, by
Lemma A.2.1, there a line segment L transversal to f containing q in its
interior. The second property in Theorem A.1.2, then, shows that there is
a sequence f; " oo such that ¢, (p) — q as k — oo. Proceeding as in
Proposition A.2.2 (see the procedure in which the sequence {x;} C L was
obtained), we may assume that ¢, (p) € L for k € IN. On the other hand,
since p € ®(x), it follows from the third property in Theorem A.1.2 that
¢, (p) € o(x) for k € N. Since ¢, (p) € @(x) NL, we conclude from
Proposition A.2.2 that

P, (p) = q, forevery k € N.

This implies that &'(p) is a periodic orbit. In particular, &'(p) C ®(x).

It remains to show that &' (p) = ®(x). Suppose not. Since ®(x) is
connected, in each neighborhood of & (p), there exist points of ®(x) that
are not in &(p). The continuity of f shows that in a sufficiently small
neighborhood of &'(p), there are no equilibrium points of f. Then, Lemma
A.2.1 shows that there exists a transversal L’ to f containing in its interior,
a point of @(x) and a point of & (p). Since &(p) C w(x), it follows that
o(x)NL’ contains at least two points, a contradiction to Proposition A.2.2.
Therefore, &(p) = w(x) and ®(x) is a periodic orbit. O

As an extension of the Poincarée—Bendixon theorem, to include the case of
o(x) containing equilibrium points, we have the following theorem.

Theorem A.2.4

Let f: R*> — IR? be a C' function. Assume that the positive orbit
0%+ (x) for (A.1.1) of a point x € R? is contained in a compact set


https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781108236843.012
https://www.cambridge.org/core

Appendix 315

having at most finite number of equilibrium points of f. Then, one of
the following alternatives hold: the -limit set @(x) is

(i) an equilibrium point;
(ii) a periodic orbit;
(iii) a union of a finite number of equilibrium points and a homoclinic or
heteroclinic orbits.

A homoclinic orbit is a solution x(7) of (A.1.1) such that Jlim x(r) =¢&
—> -0

for some equilibrium point & of (A.1.1). For Duffing’s equation without
damping, we have seen that the orbit ‘connecting’ the equilibrium point at
the origin is a homoclinic point.

A heteroclinic orbit is a solution x(¢) of (A.1.1) such that tlggx(t) =¢&

and tlim x(1) = &, for some equilibrium points &; and &, of (A.1.1). For
— —00

the pendulum equation X + ksinx = 0 (k > 0), we have seen that the orbit
‘connecting’ the equilibrium points, for example, (—7,0) and (7,0) is a
heteroclinic orbit.

Proof (of Theorem A.2.4) Since o(x) C 0+ (x), the set @(x) contains
at most finite number of equilibrium points. If @(x) consists of only
equilibrium points, then it is necessarily a single equilibrium point
because of connectedness.

Now, assume ®(x) contains some regular points as well and at least
one periodic orbit &'(p). We claim that @(x) is the periodic orbit. For
otherwise, by connectedness, there would exist a sequence {x;} C ©(x)\
O'(p) and a point Xg € &(p) such that x; — xo as k — 0. Next consider a
transversal L to f such that xg € L. It follows from Proposition A.2.2 that
o(x) NL = {xo}. On the other hand, proceeding as in Proposition A.2.2,
we infer that 07 (x;) C @(x) intersects L for sufficiently large k. Since
o(x) NL = {xo}, it follows that x; € (xo) = O'(p) for sufficiently large
k, which contradicts the choice of the sequence {x}. Therefore, ®(x) is
a periodic orbit.

Finally, assume that @(x) contains regular points, but no periodic
orbit. We show that for any regular p € (x), the sets @(p) and o (p) are
equilibrium points.

If p € ®(x) is a regular point, notice that @(p) C o(x). If q € ®(p) is
a regular point and L is a transversal to f containing q in its interior, then
by Proposition A.2.2, we have
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o(p)NL=0w(x)NL={q};

in particular, the orbit &*(p) intersects L at a point Xo. Since
0" (p) C o(x), we have xg = q, and thus, " (p) and ®(x) have the
point q in common. Then, proceeding as in Proposition A.2.2, we
conclude that & (p) = @(p) is a periodic orbit. This contradiction shows
that w(p) contains only equilibrium points and by connectedness, it
consists of a single equilibrium point. The proof for c¢(p) is similar.  [J

A.3 Leinard’s Theorem

We now present Leinard’s theorem concerning the existence of periodic
orbits of a second order nonlinear equation and a proof of the same (see
[CL72, Per01, Sim91]).

Theorem A.3.1

[Leinard’s Theorem] Consider Leinard’s equation
i+ f(x)x+g(x) =0, (A3.1)
where f,g: R — R are C! functions satisfying the following conditions:

1. The function g is odd and satisfies g(x) > 0 for x > 0; f is an even
function.

2. The odd function F (x) = [ f(&) d& has exactly one positive zero at
X = a, is negative in (0,a), is positive and non-decreasing for x > a,
and F (x) — oo as x — oo.

Then, (A.3.1) has a unique periodic orbit surrounding the origin in the
phase plane, and this orbit is approached spirally by every other (non-
trivial) orbit as t — oo.

Proof:  First let us write (A.3.1) as a first order system

*Y } (432)
y=—gx) — f(x)y.

Since f,g are assumed to be of class C', the basic theorem on existence
and uniqueness of solutions holds. By condition (1), it follows that g(0) =
0 and g(x) # 0 for x # 0. Therefore, origin is the only equilibrium point


https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781108236843.012
https://www.cambridge.org/core

Appendix 317

for the system (A.3.2). Thus, any periodic orbit must surround the origin.
Now

e = 5|5+ [ @]

= Tyire)

which suggests that we introduce a new variable
z=1y+ F(x).
Thus, (A.3.2) can be written in the equivalent form
x=z—F(x) }

A33
z = —g(x), (433

in the x — z plane. Again, the origin is the only equilibrium point for
(A.3.3) and the usual existence and uniqueness result holds. Because of
assumption (2), the correspondence (x,y) > (x,z) between the points in
the two planes is one—one and continuous both ways. Therefore, periodic
orbits correspond to periodic orbits and the configurations of orbits in the
two planes are qualitatively similar. The orbits of (A.3.3) satisfy the
differential equation

dz _ —g(x)
& —F() (A.34)
The orbits of (A.3.3) may easily be described using the hypothesis in the
theorem and (A.3.4). We will now make the following observations which
will help in understanding the directions of the orbit in Fig. A.4.

First note that since g and F are odd functions, (A.3.3) and (A.3.4) are
unchanged when x,z are replaced by —x, —z. This means that any curve
symmetric to an orbit with respect to the origin is also an orbit. Therefore,
if we know an orbit in the right half plane (x > 0), it is also known in the
left half plane (x < 0) by reflection through the origin.

Next, if an orbit starts on the z-axis with positive z coordinate (denoted
by P in Fig. A.4), then, the orbit is horizontal (parallel to the x-axis) at
this point. The x coordinate of the orbit is increasing and thus, moves into
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the right half plane, until the orbit meets the curve z = F(x) (denoted by
Q in Fig. A.4), where the orbit becomes vertical, that is, parallel to the
z-axis; after crossing the curve z = F(x), the x coordinate of the orbit
starts decreasing, which continues up to the time when the orbit meets the
z-axis again (denoted by R in Fig. A.4). As long as the orbit is in the
right half plane, the z coordinate is decreasing. Let b be the abscissa (the x
coordinate) of the point Q and denote by C;, the orbit described previously.

Fig. A.4 Proof of Leinard’s theorem

It is not hard to see that when the orbit is continued beyond P and R into

the left half plane, the result will be a periodic orbit if and only if the

distances OP and OR are equal, by using the reflection through the origin;

O is the origin. Therefore, to show that there is a unique periodic orbit, it

suffices to show that there is a unique value of » which gives OP = OR.
To this end, we introduce the function

and consider the function

E(x,z) = Z22 + G(x).
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2
Note that £(0,z) = % Along any orbit, we have

= —[z—F(x)]z+ 2z (using (A.3.4))

= F(x)z,

which may be written as dE = F dz. Now evaluate the line integral of F
along the orbit C;, from P to R, to obtain

1
I(b) = | Fdz= | dE = Er—Ep = ~(OR>*—OP?).
PR PR 2
Thus, it suffices to show the existence of a unique b such that /(b) = 0.
For b < a (see the hypothesis), we have F < 0 and z < 0. Hence, 1(b) >
0. For b > a, write I(b) = I;(b) + 1 (b), where

Fdz+ Fdz and L(b) = | Fdz.
PS ST
See Fig. A.4. Since F < 0 and 7 < 0 as we move along C}, from P to S and
from 7 to R, we have I; (b) > 0. On the other hand, when we move from §
to T along Cp, we have F > 0 and z < 0, so L, (b) < 0. Therefore, we need
to find a b such that I, (b) = —L(b) > 0.

We now show that 1(b) is a decreasing function of b for b > a and
tends to —oo as b — 0. Since I(a) > 0, this gives, by continuity, a unique
bo such that I(by) = 0. We, then, have the unique periodic orbit Cp, .

From (A.3.4), it follows that

dz . —g(x)F(x)
Fdz=F dxd ~ ) -

Hence, the effect of increasing b is to raise arc PS (the arc PS is part of the
g(X)F (x)
—Fx)
for a given x € (0,a). Since the limits of integration for I, (b) are fixed,
the result is a decrease in I;(b). Furthermore, since F is positive and
non-decreasing for x > a, we see that an increase in b gives an increase
in the positive number —I,(b), and hence, decrease in I,(b). This proves

orbit) and to lower arc TR, which decreases the magnitude of
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the first assertion that I(b) is a decreasing function in b > a. To show that
I (b) — —o0 as b — oo, which in turn implies that I(b) — —co as b — oo,
consider a point L as shown in Fig. A.4. fiFix it and let K be a point to the
right of L. Then, using F (x) > 0 for x > a, we have

L(b)= | Fdz< | Fdz<—(LM)-(LN);
ST NK
and since LN — oo as b — oo, we have I (b) — —oo. This proves the first
assertion in the theorem. For the second part, observe that OR > OP for
b < by and by symmetry, we conclude that the orbits which start inside
Cp, spiral out to Cp,. Similarly, using OR < OP for b > by, we see that the
orbits which start outside Cp, spiral in to Cp,. This completes the proof.L]
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o-limit set 308
o-limit set 308

Abel’s formula 173
asymptotically stable 230

autonomous system 135-136, 224,

Bendixon’s criterion 261
bifurcation diagram 154
bifurcation point 237
boundary value problem 56, 58
linear system 274
nonlinear equation 276
two point 267

center 154
characteristic equation 78
characteristic

curve 287-288, 291

strip 298
conservative system 248
continuation of solution 121
continuous dependence 119
convergence

pointwise 22

uniform 22

deficiency index 160
diagonalizability 46, 139
block 46

Index

diagonalizable 138
difference equation 18
differential equation
exact 63, 66, 69
linear 2
linear system 134
linear, second order 72
linear, second order,
homogeneous 74
differential equation
order 3
dynamical system 2, 143, 145

eigenspace
generalized 48, 166
eigenvector
generalized 140, 161, 166
equation
Bernoulli 93
Bessel’s 190, 195, 199
Burgers 265
Chebyshev’s 190
Duffing 14, 93, 228
Euler 198
Hermite’s 184
Hill’s 174
hypergeometric 190
Jacobi 93
Legendre’s 190, 198
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Lorenz 15, 236
Lotka-Volterra 16
Mathieu 174
pendulum 15, 229
Riccati 93
van der Pol 14, 93, 229
equi-continuity 26
equilibrium point 139, 143,
147, 227
center 143, 151
degenerate 154
focus 143
hyperbolic 233
isolated 227
node 143
stable 149
unstable 149
non-isolated 227
saddle 143, 148, 153
Euler equation 134
Euler-Lagrange equation 303

first order equation 56
linear 60
linear, homogeneous 61
linear, non-homogeneous 61, 63
nonlinear 60
Floquet theorem 174
flow 143, 145
focus 151, 153
Frobenius series 194
Frobenius theory 180
fundamental matrix 168, 171
fundamental theorem of calculus 57

general solution 74

Gevrey class 183

Green’s function 88-89, 267, 272
matrix 275

Green’s formula 275
Gronwall’s inequality 104, 106

Hamilton-Jacobi equation 302

Hamiltonian system 17, 302

Hartman-Grobman theorem 238,
247

Hermite polynomials 185

heteroclinic orbit 315

homoclinic orbit 315

index 48

indicial equation 193
initial value problem 4, 56
integral calculus problem 2
integral surface 290
integrating factor 1, 64, 70
interval of existence 60
invariant manifold 245

Jordan canonical form 38, 164
Jordan curve 254
Jordan decomposition theorem 50

Lagrange’s identity 206
Leinard’s theorem 316
Liapunov
function 238-239
stability 229
limit cycle 227
stable 263
linear equation
constant coefficients 77
nonhomogeneous 79
linear equivalence 138
linear stability analysis 231
linearized system 231
linearly equivalent 138
Lipschitz continuity 22, 27
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maximal interval of existence 120
method of characteristics 89, 286
Monge cone 295
multiplicity

algebraic 48, 160

geometric 48, 160

node 153
non-autonomous system 135, 169,
224
norm
Frobenius 43
induced 43
matrix 43

orbit 144, 225
closed 227
heteroclinic 250
homoclinic 252
periodic 227, 253

ordinary point 186

orthogonal condition
with weight 206

particular solution 79

path 225

periodic boundary condition 203,

208

Perron’s Theorem 231

phase plane 139, 143, 248

phase portrait 143—144, 224

physical model
atomic waste disposal 6
electrical circuit 9
logistic model 4
mechanical vibration 8
population model 3
satellite problem 10
spring-mass-dashpot 83

Index 327

spring-mass-dashpot system 8
Picone formula 220
Poincare index 253-254
Poincare-Bendixon theorem 261,

310, 313

problem

ill-posed 99

well-posed 99
Prufer substitution 209

real analytic function 180
reduction of order 77
regular form 56, 58
regular singular point 190
resonance 86—87

separatrix 251
shooting method 267, 276-277
singular equation 56, 61
sink 154
SIR model 16
solution
existence 99
global 60
local 60
periodic 227
stability 99
uniqueness 99
source 154
spectral analysis 48
stable manifold theorem 167, 247
Sturm-Liouville problem
regular 201
singular 201
Sturm-Liouville theory 201
subspace
center 167
invariant 46, 165, 245
stable 167
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unstable 167 trajectory 144, 225
superposition principle 61, 73 transition matrix 136, 168, 172
Sylvester’s formula 159 transversal 310
system of equations 125 transversality conditions 289

traveling wave solution 265
Tacoma bridge 87

Taylor’s formula 33 undetermined coefficients 81
theorem uniqueness theorem 106
Arzela-Ascoli 25-26
Cauchy-Peano 103, 107, variable separable 1, 65
112, 115 variation of parameters 80, 136, 168
comparison 211-212 vector field 143, 146, 225
fixed point 34, 107, 116 vector space 38

Picard’s 107
Sturm comparison 214 Wronskian 74
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