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Preface

The work contains a description and an analysis of two different approaches
determining the connections between quantal and classical theories.

The first approach associates with any quantum-mechanical system with a finite
number of degrees of freedom a classical Hamiltonian system ‘living’ in projective
Hilbert space P(H), and it is called here the ‘classical projection’.

The second approach deals with ‘large’ quantal (=quantum mechanical) systems
in the limit of an infinite number of degrees of freedom and with their corre-
sponding ‘macroscopic limits’ described as classical Hamiltonian systems of the
system’s global (intensive) quantum observables.

The last part of this work contains a series of models describing interactions
of the “small” physical (micro) systems with the “macroscopic” ones, in which
these interactions lead to a (macroscopic) change of some “classical” parameters
of the large systems. These models connect, in a specific way, the two classes of the
systems considered earlier in this work by modeling their mutual interactions
leading to striking (i.e. theoretically impossible in the framework of finite quantum
systems) results.

The projective space P(H) of any complex Hilbert space H is endowed with a
natural symplectic structure, which allows us to rewrite the quantum mechanics of
systems with a finite number of degrees of freedom in terms of a classical
Hamiltonian dynamics. If a quantum-mechanical system is associated with a con-
tinuous unitary representation U(G) of a connected Lie group G on H, the orbits
(possibly factorized in a natural way) of the projected action of U(G) in P('H) are
naturally mapped onto orbits of the coadjoint representation Ad*(G) of G. These
coadjoint orbits have a canonical symplectic structure which coincides with the one
induced from the structure of P(H). For important classes of physical systems,
these symplectic spaces are either symplectomorphic to the ‘corresponding’ clas-
sical phase spaces, or they are some extensions of them (describing, e.g. particles
with ‘classical spin’). Quantal dynamics is projected onto these phase spaces in a
natural way, leading to classical Hamiltonian dynamical systems without any limit
of Planck constant 7 — 0.



vi Preface

For a large (infinite) quantal system, an automorphic group action of G on the
C*-algebra A of its bounded observables enables us to define a macroscopic sub-
system being a classical Hamiltonian system of the same type as we obtained in the
case of a finite number of degrees of freedom. There is a difference, however, between
the interpretations of ‘classical projections’ and of these ‘macroscopic limits’: The
classical (mechanical) projection describes classical mechanics of expectation values
of quantal observables whereas the macroscopic limit describes a quantal subsystem
with classical properties—its observables are elements of a subalgebra is of the
center 3 of the double dual 2A** of A. Any state w on 2 has a unique ‘macroscopic
limit” pyw which is represented by a probability measure on the corresponding
(generalized) classical phase space. This offers us a possibility of deriving a classical
(macroscopic) time evolution (which is, in general, in a certain sense stochastic, cf.
[29, Sect. III.G]) from the underlying reversible quantal dynamics.

A scheme of ‘macroscopic quantization’ is outlined, according to which a
(nonunique) reconstruction of the infinite quantal system (2[; o) from its macro-
scopic limit is possible. By determining a classical Hamiltonian function in the
macroscopic limit of (2; ) we can define a ‘mean-field” time evolution in the
infinite system (2; 6g). Our definition of the ‘mean-field’ evolutions extends the
usual ones. The schemes and results developed in the work are applicable to models
in the statistical mechanics as well as in gauge-theories (in the ‘large N limit”). They
might be relevant also in general considerations of ‘quantizations’ and of founda-
tions of quantum theory.

The last Chapter of this work is devoted to the description of several models of
interacting ‘microsystems’ with ‘macrosystems’, mimicking a description of the
‘process of measurement in QM’. In these models, certain ‘quantal properties’
of the system, namely a (coherent) superposition of specific vector states (eigen-
states of a ‘measured’ observable), transform by the unitary continuous time evo-
lutions (for ¢ — oco) into the corresponding ‘proper mixtures’ of macroscopically
different states of the ‘macrosystems’ occurring in the models.

In this connection we shall shortly discuss the old ‘quantum measurement
problem’, which however, in the light of certain experiments performed in the past
decades and suggesting the possibilities of quantum-mechanical interference of
several macroscopically different states of a macroscopic system, need not be at all
a fundamental theoretical problem; this might mean that the often discussed
‘measurement process’ can be included into the presently widely accepted model of
quantum theory.
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Technical Notes

(a) This book contains several technical concepts which are not introduced here
in detail. The readers needing to get a brief acquaintance with some additional
elementary concepts and facts of topology, differential geometry (also in
infinite dimensions), group theory, or theory of Hilbert space operators and
theory of operator algebras, could consult, e.g. the appendices of the freely
accessible publication [37], and the literature cited in our Bibliography. Due
to connections of many places in the text of this book with the content of the
work [37] it is recommended to keep the cited [37], and perhaps also
[37, Textbook], as a handbook. The frequent citations from [37] contain
usually references to specific places of the cited work.

(b) Two kinds of quotation marks are used: Either the ones which stress some
“standard expressions”, or those which indicate ‘intuitive denotations’. The
difference between these two is not, however, very sharp.

(c) Many symbols appearing in mathematical formulas are introduced in various
places of the text and repeatedly used in the rest of the book. For easier
revealing of their meanings, they are included in Index and their first
appearance in the text is stressed, sometimes in a not quite usual manner, by
boldface form of a part of the surrounding text.
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Chapter 1 ®)
Introduction Check for

1.1 Motivation and Summary

1.1.1 Successful communication and manipulation with ‘objects’ requires construc-
tion of some adequate theoretical models (= theories) of some classes of ‘objects’,
resp. ‘phenomena’. Different phenomena might be described by different theoretical
schemes. These schemes should be, however, mutually consistent in the sense giving
the same results for phenomena lying in the common domain of applicability of dif-
ferent theories. If one of the theories is considered to be ‘more general’ then a second
one, then the whole domain of applicability of the second theory has to be contained
in the domain of the first one. This is the case of quantum mechanics (QM), which is
believed to be a ‘covering theory’ of the more special classical mechanics (CM)—to
the extent of measurement precision of apparatuses determining of ‘classical sys-
tems’. Hence we can ask how to describe phenomena belonging to the domain of
applicability of CM in the framework of QM.

1.1.2 Any single phenomenon, which is unambiguously and reproducibly deter-
mined by a specification of an empirical situation is, however, expressible in terms of
parameters (resp. variables) occurring in CM: coordinates of positions and velocities
of points distinguished and measured by ‘macroscopic bodies’ and various corre-
lations between these variables. Hence also any experimentally realizable situation
described in QM (which need not be a consequence of laws of CM, e.g. observation
of spectra of atoms) is expressible in terms of CM (e.g. preparation of sources of
radiation and measurement of positions of spectral lines displayed on screens). Quan-
tal (:= quantum mechanical) phenomena are not only observed on a ‘background’
and ‘from the point of view’ of quantities describing states of macroscopic bodies
(resp. of such parameters, the behaviour of which is adequately described by laws
of CM), but also specific theoretical models for description of such phenomena in
the framework of QM are constructed under strong influence of existing models in
CM (e.g. the quantal models of atoms compared to classical planetary motions, or,
more generally, some systems of canonically conjugated observables in the sense of
the Hamiltonian CM correspond isomorphically to a subset of quantal observables).

© Springer Nature Switzerland AG 2020 1
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Quantal models of many systems, on the other hand, might be constructed from
classical models of the same systems (which are adequate in a certain range of con-
ditions, e.g. classical gases in some intervals of temperature and density) by a more
or less standard procedure of ‘quantization’, compare, e.g. [19, 93, 117],[225, 228,
314], and works quoted therein. The (vaguely stated) question arising from these
considerations is: What is a ‘physically justified way’ of correct determination
of quantal models from their classical approximates ?

1.1.3 One of the remarkable features of QM is the occurence of the universal (Planck)
constant /2, which might be used to measure mutual ‘deviation’ of quantal and clas-
sical descriptions of a given physical system (we shall not discuss here the nontriv-
ial methodological question: how to determine a ‘physical system’ and what is its
dependence on theoretical concepts used in the process of the determination). Con-
sequently, an approximate description of processes in the framework of QM that are
characterized by some quantities S large compared to the Planck constant (S being
of the same physical dimension as /) is often reached in the limit of large values
of SA~! (‘short wave asymptotics’). If, however, the system described by QM has
some features (‘variables’ etc.) which are adequately described by CM too, then the
description of this ‘classical subsystem’ has to be contained in QM with the fixed
value of Planck constant (i.e. the classical description should be exact consequence
of QM without any approximation procedure, which is often formally performed by
the limit & — 0 '). We shall introduce a standard procedure of obtaining classical
systems from quantal ones. Such a classical system is called here a ‘classical pro-
jection’ of the quantal system (contrary to the ‘classical limit’ obtained in some way
by A — 0).

1.1.4 This work is considered as a conceptually and intuitively (however, not always
technically) simple way to give some insight into the indicated questions. Much
more complete and extensive overview of these and related technical topics is given
in the recent book [192] by Landsman. Many relevant questions are discussed in
the author’s work [37], containing also a detailed discussion of possible extensions
of the QM formalism to its nonlinear versions; these nonlinear quantum motions
are closely connected with the theory presented in our Chap. 6, corresponding to
the motions of a single “microsystem” moving in the “mean-field” acting on it by
interaction with infinite number of similar microsystems; the dynamics of the whole
infinite collection of “microsystems” is, however, linear. Such a nonlinear quantum
dynamics is also discussed by S.Weinberg in [328], whose work is also discussed
and reformulated in [37, Sect. 3.6].

The mentioned work of S. Weinberg is not intrinsically consistent in the case of
nonlinear motions of nontrivial density matrices, resp. “mixtures”. To obtain suc-
cessful picture of nonlinear quantum dynamics of “mixed states” together with their
physically satisfactory quantal interpretation, one has to introduce two kinds of
“mixed states”: The usual one used in (linear) QM are described in the standard way

IConsider here macroscopic quantal effects (e.g. superconductivity, superfluidity) vanishing for
h —0.
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by density matrices (called there “elementary mixtures”), and others are called “gen-
uine mixtures” (or. also “proper mixtures”)—these correspond to the states which
arose by areal ‘mixing’ of different quantal states, as it appears in classical statistical
mechanics in ensembles of systems occurring in different states—different points of
the phase space of the described system; they are introduced in [37, Sect. 2.1-e] and
difference of these two kinds of mixtures is illustrated e.g. in [37, Sect. 3.3-¢].

In the remaining sections of this introductory chapter it is specified briefly what
we mean here by QM, CM and by the ‘quantum theory of large systems’. The second
chapter is devoted to a detailed study of geometry of the projective Hilbert space
P(H) , where His the Hilbert space used in description of a quantal system. We
emphasize there the natural symplectic structure on P (H), cf.e.g.[7, 37, 214, 231].
This structure is used in Sect. 2.3 to description of QM in terms of infinite dimensional
CM, i.e. of classical Hamiltonian field theory with, however, the standard quantum
statistical interpretation.

1.1.5 The Chap. 3 “Classical Mechanical Projections” is devoted to a general con-
struction of Hamiltonian CM from a given quantal system (provided that an inter-
pretation of its ‘basic quantities’ is specified by a unitary representation U (G) of
a Lie group G; for Lie groups see e.g. [13, 50, 209, 247]). The scheme of this
construction is very simple: Take the orbit O, := G.p through a point o € P(H)
of the action of U(G) on P(H) corresponding to the action of U(G) on ‘H and
restrict the natural symplectic form on P(H) onto O,. For properly chosen ¢ the
orbit O, is an immersed (and regularly embedded, cf. [37, Proposition 2.1.5(iv)]
completed by [47]) submanifold of P(H) C T(H) (cf. 1.2.3), hence the restriction
is well defined. The obtained two-form on the manifold O, might be degenerate, but
after a natural factorization of the orbit we obtain a symplectic manifold which is
symplectomorphic to an orbit of the coadjoint representation Ad*(G). Symplectic
manifolds obtained in this way are interpreted as classical phase spaces. In some
cases, if the generator of time evolution (the Hamiltonian operator) belongs to the
generators of U (G), we can obtain from the symplectic structure of P (H) a contact
structure on O, which reproduces an ‘extended phase space’ (odd dimensional) of
classical mechanics. If the Hamiltonian is not a generator of U (G) (i.e. if G isonly a
‘kinematical group’ without representing any time evolution), the quantal dynamics
might be in some cases naturally projected onto the obtained classical phase space as
a globally Hamiltonian complete vector field, this situation is analyzed in Sect. 3.3.
Although such a construction of CM from QM is equally applicable to any quantal
system (specified by some U (G)), the interpretation of the obtained classical system
depends on the specific physical system, and also on the physical quantal state o
from which the orbit O, is constructed. In any case, it is obtained a formal procedure
for construction of ‘classical projections’ from arbitrary (finite) quantal systems.
Chapter 4 provides some simple examples of this formal procedure. In the Subsect.
4.1.6, we obtain from a simple nonrelativistic quantal system with the potential energy
V the corresponding classical system (in the conventional sense) with a modified
potential energy, where the modification depends on the choice of the ‘initial state’
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p € P(H) (for the orbit O,) and can be made arbitrarily small (in the sense of weak
convergence of distributions to the distribution V).

For a general time evolution, the orbits O, are not invariant with respect to the
quantal time evolution, and also on various orbits of the same quantal system the
projected classical evolutions are mutually different. This brings in mind an idea of
some stochastic time evolution on a classical phase space reflecting the underlying
quantal evolution.

Such an idea is not, however, realizable for systems with finite number degrees
of freedom (briefly: finite systems) because their density matrices have not unique
decomposition into convex combinations of pure states ¢ € P(H). This is just a
crude intuition which was not clearly formulated and realized in the following text.’

1.1.6 Quantal systems with infinite number of degrees of freedom (briefly: infinite
systems) are considered in the Chap. 5. A physical motivation for such a considera-
tion connected with our investigation of the relations between QM and CM consists
in the fact, that ‘macroscopicality’ and ‘classicality’ are almost synonyma: most of
physical systems containing an operationally well defined classical subsystem are
compound of a large number (say: of the order 10*° and more) of microscopic con-
stituents (like atoms) and vice versa.’ Described approximately as infinite quantal
systems, these systems have some characteristic properties distinguishing them from
finite ones: the existence of nontrivial sets of ‘classical observables’ in given rep-
resentations of observable algebra (this fact is a consequence of the existence of
various inequivalent unitary representations), the existence of quite a rich simplexes
(in the sense of Choquet) in the state space of the system allowing (in the presence of
some additional assumptions) unique decomposition of their elements into extremal
elements etc. This enables us to describe their ‘classical subsystems’ directly in terms
of the quantal description—hence the name ‘macroscopic limit’. This means that,
contrary to the case of finite systems,* in the case of infinite systems quantal and
classical interpretations of the ‘macroscopic observables’ coincide (at least on a G-
invariant subset of states): classical, resp. macroscopic quantities are represented by
operators belonging to the center of the weak closure of the algebra of observables
in some representations.’

1.1.7 The Chap. 5 is divided into two sections. In the first one we consider the system
consisting of denumerably infinite number of quantal subsystems, each of which is
described by a G-covariant representation of its algebra of bounded observables. To
be more specific, we consider a sequence of copies of the same finite system in the

2Some more specific hints on this possible classical stochastic evolutions from quantal time devel-
opment could be found perhaps in [29].

3The macroscopic quantal effects like superfluidity and superconductivity are additional effects
observed in these ‘classical subsystems’ of the large quantal systems.

“where the quantal interpretation of classical quantities (i.e. expectation values of generators of
U(G) in corresponding states) was different from the classical interpretation (i.e. sharp values of
corresponding classical generators).

5The center Z(2) of a C*-algebra 2 is the commutative C*-subalgebra of 2l consisting of all
elements of 2, each commuting with all elements of 2: Z() :={z € A : z-x —x-z =0, Vx € 2A}.
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(infinite) complete tensor product representation on a nonseparable Hilbert space
Hp. The representation U(G) describing an elementary subsystem determines a
unitary (discontinuous) representation U (G) on Hyp which, in turn, determines an
automorphism group o of the algebra 2" of quasilocal observables of the infinite
system. A natural definition of a classical subsystem of the large quantal system
(A": o) appearing in this case can be extended to the case of arbitrary systems
(A; 0¢), as it is shown in Sect. 5.2. The arising classical (macroscopic) subsystem
(OM; o) is naturally mapped into the classical Poisson system (G*; Ad*(G)), or to
its generalizations.

1.1.8 Chapter 6 is devoted to an application of Sects. 5.1 and 5.2:

It is shown that ‘mean-field’ type time evolutions can be determined on a large
quantal system (2; o) by specification of a Hamiltonian dynamics of a classical
(macroscopic) Poisson system—the macroscopic limit of (; o¢).

This is a perhaps simplest example of (infinite-)long-range interactions in many
body systems. The correspondence between classical and quantum descriptions of
systems appear there ‘selfconsistently’: The quantum theory of the entering ‘elemen-
tary subsystems’ is built ‘on the background’ of the classical ‘environment’ what is
compound of the infinite collection of those ‘elementary subsystems’.® The dynam-
ics of a general class of such systems is described in Sect. 6.3, and the statistical
thermodynamics of equilibrium states is introduced in Sect. 6.4.

A slightly alternative approach to these quantum mean-field theories is described
in the papers [40, 41].

1.1.9 Finally, the Chap. 7 contains four exactly solved models of interaction of
a microscopic quantal system with a ‘macroscopic’ one. Due to this interaction
the macroscopic quantal system changes its classical state to a different one. Such
a change of a macroscopic (classical) state can be interpreted as a change of a
‘pointer position’, hence these models could be considered as models of ‘quantum
measurements’ in the sense of Klaus Hepp [153]. The change of the macroscopic
state is reached in the limit # — oo of infinite time, and the convergence in the first
three models is very slow.

In the last of the described models (in Sect. 7.6) the ‘macroscopic’ quantal sys-
tem is described as a finite collection of ‘small’ quantal systems. This leads to
problems with an unambiguous definition of ‘macroscopic states’, since it is possi-
ble (formally, in this abstract theory) to observe interference effects between such
different ‘macroscopic states’. To make clear the correspondence of quantum the-
ory with observations, it would be necessary to introduce also quantum models of
observation apparatuses used for detection of states of such a large but finite ‘macro-
scopic system’. Some discussion on this problem (including reports of observations
of ‘macroscopic interference phenomena’) appeared in literature in last decades, cf.
e.g. [55, 56, 190-192, 195, 196]. In the model of Sect. 7.6, the (large but finite)

61deas of this kind could, perhaps, reconcile the basic idea of Niels Bohr [26, 27] on fundamental
role of a “classical background” in formulations of QM with the postulate that QM is the basic
theory.
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‘apparatus’ radiates a Fermi particle escaping to infinity and, contrary to the other
above mentioned models of Chap.7, it converges very quickly to the final ‘almost
macroscopic’ state.

1.1.10 Bibliographical notes.

The canonical symplectic structure (in the case of finite dimensions) on complex
projective Hilbert spaces is described in [7]; in context of QM it appeared, e.g. in [17,
37, 69, 268]. Orbits of U (G) in the Hilbert space were introduced in the special case
of Heisenberg group G in [125], and in general case in [176, 239] under the name
‘(generalized) coherent states’. John Klauder obtained CM on such orbits (or even
on more general submanifolds of Hilbert space) from the quantal Hamilton principle
restricted to corresponding orbits (resp. to ‘overcomplete sets of unit vectors’), see
[176]. The orbits G.pin P (H), and the functions v — f4(v) := Tr(vA) (v € G.0),
named (in the case of one-dimensional p) ‘covariant symbols’ by Berezin [18] or
‘lower symbols’ by Simon [291], were used for determination of bounds for quantum
partition functions (see [199, 291]), in time dependent Hartree-Fock theory [268],
and also for description of specific types of unitary representations of Galilean and
Poincaré groups [2]. Some essential properties of generalized coherent states are
described in [84]. The natural symplectic orbits of coadjoint representations was
introduced in [174].

A further development of these (mathematical, as well as physical) ideas is also
contained in the work [37, 47], which contains also a nonlinear extension of the
formulation of QM. This nonlinear extension is also compared in [37, Sect. 3.6] with
the Weinberg attempt [328] to formulate a nonlinear version of QM.

Some of the main ideas on connections between QM and CM leading to the
present work are implicitly contained already in the classical work [330]. The idea
and techniques used for transition to infinite systems was gained mainly from works
by Haag, Hepp, Lieb, Neumann, Ruelle and others (see e.g. [139, 155, 227, 271], and
for a review compare [53, 54, 106]). A transition to macroscopic limit (‘statistical
quasiclassics’) is described in [17] for a specific choice of the group G and a mean-
field type interaction. A review of works on macroscopic limits (‘large N limits’) is
given in [342]. An attempt of the description of classical quantities of large quantal
systems analogous to the here presented one is described in works by Rieckers with
collaborators [101, 265], and by Morchio with Strocchi [221, 222]; see also the
works [317-320] by Thomas Unnerstall. A preliminary outline of a part of this work
is contained in [32], and also in [40, 41]. The necessary mathematics can be found
in the cited monographs, cf. also Appendices in [37].

An alternative way of description of thermodynamics and dynamics of quantum
mean-field systems was later proposed in the work of the group around R.F.Werner,
see e.g. [100].

A new approach to the theoretical description of classical (macroscopic) systems
in the framework of quantum theory in a unique mathematical formalism is presented
in a series of papers by Jean-Bernard Bru and collaborators [60].
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1.2 Quantum Mechanics

1.2.1 In formal schemes of all theories considered in this work, the basic concepts
are ‘states’, ‘observables’ and their transformations ascribed to a considered physical
system. We shall not discuss here details of the empirical meaning of these concepts.
Roughly, states are prepared by some standard empirical procedures and represent
the situation, what has to be measured, observables describe (equivalence classes
of) measuring apparatuses (i.e. the role of their function in the theory) giving certain
empirically obtained responses if applied to states, and transformations include time
evolution of the system in given conditions as well as various changes of equivalent
descriptions of the system (symmetries).

In this section, we shall outline a simple standard scheme of the formalism of non-
relativistic (resp. Galilean-relativistic) quantum mechanics of finite systems (QM),
i.e. the nonrelativistic view on physical systems containing only finite number of
their further indecomposable elementary constituents (particles, spins,...).”

1.2.2 Observables: A separable complex Hilbert space H corresponds to any
physical system in QM. Let L£(H) denote the set of all bounded linear operators
from H to ‘H, where the boundedness (equiv. continuity) is defined with respect to
the norm of H coming from the scalar product (x, y), (x,y € H), which is lin-
ear in the second factor y. Observables in QM (i.e. physical quantities empirically
identifiable by some realizable(?) measuring devices) are represented by selfadjoint
operators on H (in general unbounded). It is useful to consider along with any self-
adjoint operator A (corresponding to an equally denoted observable A) its spectral
measure £, defined on Borel subsets of the real line R with values in projectors
E4(e) in L(H), EA(R) = I := idy (:= the identity of the algebra L(H)), cf. [37,
Appendices B &C].

It is important to stress here, that in the conventional QM of finite systems (atoms,
molecules, and finite collections of them) the set of observables contains the whole
set L£(H) of operators representing these observables. Hence, the algebra £(H) acts
on H by the irreducible manner (i.e. no nontrivial subspace of H is by the actions of
the whole £(H) left invariant). This also implies the impossibility, resp. inadequacy,
of interpretation of the “mixed states” as representing some statistical mixture of
systems occurring in the states decomposing the corresponding “mixture” (cf. 1.2.3)
in this QM of finite systems.

1.2.3 States in QM are conventionally represented by density matrices, i.e. positive
trace class operators o on H with unit trace (=the trace norm): Tr(g¢) = 1. Density
matrices form a convex subset in the linear space T(H) of all trace class operators
which is closed in the trace norm ||A||; := Tr«/A*A. Denote this set of states
S, . The extreme points of S, are represented by the one-dimensional orthogo-
nal projectors P, € L(H) (projecting H onto one-dimensional subspaces X contain-
ing x, 0 # x € H). Any p € S, can be expressed as a weak limit of finite convex

"The concepts of “system”, and “physical system” are taken here to be as intuitively clear.
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combinations of elements P; € P(H) := {P; :x € H,x # 0} of the projective
Hilbert space P (H) . We can write

0= NP D X=1 120 (1.2.1)
J J

The states from P(H) are called pure states. The decomposition (1.2.1) of an
arbitrary state o into pure states is highly nonunique if o does not belong to P (H),
hence the state-space S, is not a simplex, cf. [73], what is an important difference
with respect to classical mechanics. This have important consequences for interpre-
tation of the ‘mixed states’ described by density matrices ¢ ¢ P (): The nonunique
decompositions (1.2.1) show that these quantum states cannot be interpreted
as representations of statistical ensembles each element of which (i.e. a copy of
the considered physical system) occurs in a definite pure state, because pure states
appearing in certain mutually different decompositions of the same density matrix are
in general incompatible, i.e. they are eigenstates of mutually noncommuting (hence
simultaneously nonmeasurable) observables, cf. [37, 1.5-b].3 We have ¢ € P(H) iff
0> =pandp € S..

1.2.4 Quantum theories are ‘intrinsically (or irreducibly) statistical’, i.e. experimen-
tally verifiable assertions can be expressed in general in terms of probabilities only
in the frame of these theories. Results of repeated measurements of a given quantity
(observable) applied to the same state (which should be, however, repeatedly pre-
pared for each single measurement because of its unavoidable disturbance by the
interaction with the measuring apparatuses) have a nonzero dispersion for a general
quantity. The expectation value of measured values of a given bounded observable
(represented by the operator) A = A* € L(H) in the state (represented by the density
matrix) ¢ € S, is in QM expressed by

wy(A) := Tr(oA). (1.2.2)

w, can be considered here as a positive linear functional on £(#), which is nor-
malized (i.e. w,(/3¢) = 1) and normal (i.e. ultraweakly continuous), compare, €.g.
[53, 54, 274]; the set of all such functionals w might be identified with S,: to each w
corresponds a unique density matrix ¢ =: g,,, for which w = w, according to (1.2.2).
For an arbitrary selfadjoint (not necessarily bounded) operator A, the probability of
obtaining of its value in a Borel set B C R, if measured in the state w € S,, is

wW(E4(B)) .

8This point was important also in the discussion about (im-)possibility of deducing the linearity
of QM-time evolutions from mere quantal kinematics together with the so called “No-Signaling
Condition”, cf. [46].
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Here E4 : B — E4(B), is the unique projector valued measure of A, or its spec-
tral measure, characterizing any selfadjoint operator A, [37, B & C]. We shall define
also

w(A) :=//\w(EA(d)\)) (1.2.3)
R

if the integral converges absolutely. This is a generalization, resp. an alternative form
of (1.2.2). If w, € S, correspondsto P, € P(H) and fora given A = A* the quantity
wy(A?) is defined (i.e. is finite), then x € D(A) (:=the domain of A), and vice versa.’

1.2.5 Any observable A determines a strongly continuous one-parameter group t +—>
exp(—itA) of unitary transformations of H of which A is its generator. This induces
a weakly*-continuous (= w*-continuous) group 7 of *-automorphisms of the
von Neumann algebra £(H) (cf. [37, B.2.1(V)]), B + 7(B) := ¢! Be™""", B ¢
L(H), t € R, i.e. the functions

t = W B) == w(e" Be ') (1.2.4)

are continuous for all B € L(H) and all w € S,. The observable A represents in
this way a one-parameter group of symmetries of the physical system. Conversely,
any w*-continuous one-parameter group of *-automorphisms of £(7)is given by
an observable (determined up to an arbitrary additive real constant) in the above
described manner (see e.g. [53, Example 3.2.35]). If A is bounded,  — exp(—itA)
is norm-continuous.

1.2.6 To obtain an empirical meaning of the formal scheme outlined above, it is
necessary to specify how to measure quantities corresponding to specific operators.
As far as the present author knows, this type of interpretation for arbitrary selfad-
joint operators was not realized for any physical system (except, perhaps, of some
systems consisting of spins only). It might be, however, sufficient to ascribe a certain
empirical meaning to ‘sufficiently many’ operators. We can use, for such an identi-
fcation of operators and empirical manipulations, the above mentioned connection
between one-parameter groups of automorphisms 74 and operators A. We shall take
into account, moreover, that also ‘microscopic systems’ described adequately in the
framework of quantum mechanics are only empirically specified by manipulations
with ‘macroscopic bodies’, which are well described by CM. Let a physical system
preserve its identity if the surrounding macroscopic bodies undergo some group of
motions. Then we obtain a group of symmetry transformations of that system.'® To
any one-parameter subgroup of such ‘macroscopically determined’ transformations
corresponds in our formalism a selfadjoint operator, which in turn corresponds in

9Let us remember here that no unbounded symmetric linear operator A acting on a Hilbert space
‘H can be defined on the whole space H : D(A) ;Cé H.

10This is so called “passive symmetry transformation”, contrasted to the “active” one, when the
‘physical system’ is moved in the fixed environment; these two ways of understanding of transfor-
mations applied to a system are mathematically equivalent.
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some way (we shall not specify it here) to a measurable quantity connected with the
macroscopic motions. We shall assume (and this is really fulfilled for many finite
systems) that the group G obtained in this way is large enough to determine all the
‘basic observables’; all the other observables are supposed to be functions of these
basic ones (see the following subsections).

1.2.7 We shall assume that a w*-continuous representation o of a connected Lie
group G in the group of *-automorphisms of L(H) is given and that the group {0, €
*~Aut L(H) : g € G} actson L(H) irreducibly: there is no nontrivial von Neumann
subalgebra of £L(H) which is left invariant by the all o, (g € G). One-parameter
subgroups of G are in bijective correspondence with elements £ of the Lie algebra
g of G to which, in turn, correspond selfadjoint generators X of unitary groups
determined by o), cf. [37, A.4.8].

Since the unitary operators U (g) determined by automorphisms o, (g € G) via
the relation

U(g)*BU(g) = 0,(B), VB € L(H) (1.2.5)

are only defined up to a phase factor, in general case, the representation o leads only
to a projective representation g — U (g) of G in the unitary group of H, i.e.

U(g182) =m(g1, g2)U(g1)U(g2), (1.2.6)

where m : G x G + S! (:= the complex numbers of unit modulus) is a multiplier
of the projective representation, cf. [37, 3.3.6]. Such a representation can be always
extended to a unitary representation of a group G,,, which is the central extension of
G [174,15.2, Thm. 1] by the multiplicative group S' corresponding to the multiplier
m, [37, 1.5-c]. The group multiplication in G,, (which can be identified, as a set,
with G x S1) is

(815 M)(g2: M) = (2182 m(g1, g2)M\), Aje S (1.2.7)

In the unitary extension of the projective representation U (G) the elements of
the center of G,, are represented by the numbers from S' (‘phase factors’) acting by
multiplication of the vectors x € H. All the extensions G,, of G (corresponding to
various multipliers m) are classified by the second cohomology group H*(G, S') of
the group G with values in S 1 for details see [174, 321]. We shall assume that the
unitary representation U (G,,) corresponding to the representation o of G according
to (1.2.5) can be (and really is) chosen strongly continuous. In the following we
shall usually write G instead of G,,.

A natural consequence of irreducibility of ¢ is the irreducibility of corresponding
unitary representation U. Hence, the weak-operator closure of the linear hull of the
subset {U(g) : g € G} of L(H)in the von Neumann algebra £(H)is L(H) itself.

1.2.8 The interpretation of G as a group of (empirically defined) physical symme-
tries of the system leads to a natural interpretation of generators X, (£ € G) of the
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unitary representation U. Since any bounded operator is weakly approximated by
linear combinations ) A;U(g;) we can hope to obtain some insight into possible
interpretations of other operators. The complete answer to this problem of inter-
pretation needs, probably, an analysis of possible interactions of the system under
consideration with all other systems, or, at least with systems which could be used in
the role of measuring instruments. The choice of G together with (eventually) some
other assumptions on the physical properties of the system (e.g. the value of spin)
might also determine the dimension of .

The proper choice of the representation of G depends on comparison of con-
sequences of the chosen ‘interpretation U’ with empirical data; this step contains,
e.g. the choice of the correct value of the Planck constant, if G is the Heisenberg
group (i.e. a central extension of the classical phase space R*" considered as the
commutative group of translations).

1.2.9 It will be further assumed that the time evolution of the system is either
a one-parameter subgroup of G, or it is separately defined as a one-parameter
w*-continuous subgroup 7 of the group of *-automorphisms of L(H) ¢+ 7, €
*-aut(L(H)), Tiyy =707, (t,u € R), 7, := identity. Note that for each auto-
morphism « € *-aut(L(H)) there is some unitary U, € L(H) such that for all
Ae L(H): a(A) = U,AU}, ie. the automorphisms of L(H) are inner automor-
phisms, cf. e.g. [274, Corollary 2.9.32].

1.3 Classical Hamiltonian Mechanics

1.3.1 In this section, we shall outline the formal scheme of classical Hamiltonian
mechanics (CM) parallel to the exposition of QM in the preceding section. We
shall restrict our considerations to the case of systems with finite number of degrees
of freedom. We shall use the language of differential geometry (for pedagogically
well written course of differential geometry we refer to [111]). A technically more
complicated quantum theory of systems with infinite number of degrees of freedom
will be described later. For classical theory of infinite systems, i.e. classical field
theory, see the corresponding monographs, oralsoe.g. [1,11.5.5], [7, Append.2], [37].

1.3.2 To any physical system there corresponds in CM a symplectic manifold
(M; Q) (cf. [1, 7, 178]). M is here an (even dimensional) infinitely differentiable
Hausdorff second countable connected manifold modeled by R** and € is a nonde-
generate closed two-form on M, the symplectic form, cf. also [37, A.3]. Observables
in CM are represented by real-valued functions f on M; for technical convenience,
we shall assume usually f to be infinitely differentiable, f € C*°(M, R). These
observables constitute a real associative algebra §(M) with respect to the ordinary
multiplication of functions: f.g(x) := f(x)g(x) (f, g € §(M), x € M). This alge-
bra has the natural complexification Fc(M).
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Remark: In the larger algebra B(M) of all bounded Borel functions on M we
can associate to any f € B(M) the projector-valued measure E s defined on Borel
subsets of R (for a real-valued f):

E;: B+ xs-1(p) forany Borel B C R, where x is the characteristic function
of the Borel subset N C M.

It is clear that E¢(B) := xs-/(p) are projectors in 2B(M) and the association
B +— E¢(B) is o-additive, with E(R) = x» = the unit element of B(M). The
real-valued Borel functions f can be also considered as selfadjoint operators on a
Hilbert space H := L*(R, p1) acting as the multiplication operators, and E ;’s are
their canonical spectral measures.

1.3.3 States in CM are probability Borel measures p on M, which form a convex
set S,; with extremal points consisting of all measures concentrated at one-point sets
in M, i.e. of all Dirac measures on M. Hence, pure states are identified with points
x € M. Any measure i € S, has a unique decomposition into (an integral of) Dirac
measures, i.e. it is a simplex, contrary to the state space of QM. This has serious
consequences for different possibilities of statistical interpretations of states in CM
and QM, cf. 1.2.3, also footnote 8.

1.3.4 According to CM, the disturbance of the state connected with the measurement
of arbitrary observables can be made negligibly small. Because of uniqueness of the
decomposition of an arbitrary state to its extremal components we can interpret any
€ S, as arepresentative of a statistical ensemble of a large number of copies of the
considered system, each being in an (its own) pure state. Repeated measurements on
the state 1 have to be understood now as a repeated random choice (with probability
corresponding to the probability measure p on M) from the ensemble of a system
appearing in a pure state x € M and measuring precise values f(x) of observables
f € §(M) afterwards. For such a measurement procedure the probability of finding
the value of an observable f in a Borel set B C R is (£ ;(B)) (compare Remark
in 1.3.2), where u(f) for f € *B(M) means the integral of f with the measure p
on M. The value u(f) for f € §(M) is then the expectation value of f in the state
1 € Sg. The mapping i : f +— p(f) is a positive normalized linear functional on
$(M) (and also on B(M)), which is continuous with respect to the usual sup-norm
on B(M). Better continuity properties have, e.g. functionals p which are absolutely
continuous (as measures) with respect to the natural measure 2" on the symplectic
manifold (M; ).

1.3.5 A symmetry of a system in CM is defined as a symplectomorphism F of
(M; Q),1.e. F is such a diffeomorphism of M onto itself which leaves the symplectic
form 2 unchanged: F*Q = 2, where F* is the pull-back on M, see e.g. [1], or also
[37, A]l. For f € §(M) let F*f := f o F; such an action of F onto the algebra
§ (M) is an automorphism. It conserves, moreover, another structure on §(M)—the
Poisson algebra structure defined below.
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Lett — F; be a one-parameter group of symmetries, which is differentiable with
respecttotr € R: Foy = F; o F; (¢, s, € R) and the derivative

d
a4 f(Fix) =:d, f(oF) (1.3.1)
t =0

exists for all f € F(M), Vx € M, and the functions
df(op) :x+— d,f(or) (€ R) (1.3.2)

are infinitely differentiable, d f (or) € §(M). Here o is the vector field on M cor-
responding to the flow x > Fix, (x € M). Let X(M) be the set of all infinitely
differentiable vector fields on M. Let i(0)S2 be the one-form on M defined by:
i(0)Q(p) == Q(o, p) for any o, ¢ € X(M), i.e. i(0)R2 is the inner product [37,
A.3.10] of the vector field o with the two-form Q. For the vector field o we have:

di(op)2 =0. (1.3.3)

Vector fields o and the corresponding flows of symplectomorphisms F; are called
locally Hamiltonian. If there is fr € §(M) such that

i(op)Q2=—dfronM, (1.3.4)

then o is (globally) Hamiltonian and fr is its Hamiltonian function. To any
f € §(M), we can unambiguously define a Hamiltonian vector field o with the
Hamiltonian function f by the formula

i(0p)Q=—df. (1.3.5)

Uniqueness of o is a consequence of nondegeneracy of 2. Two functions f, g €
§(M) give the same vector field oy = o, iff f — g = const. We can introduce now
a Lie algebra structure into §(M), the structure of Poisson bracket multiplication:
(f;8)—=>{f, g} e (M) forall f, g € F(M). We define

{fs 8} =0y, 04), (1.3.6)
where o (resp.og) is given in (1.3.5). If we denote by £;, o € X(M), the Lie
derivative [37, A.3.7,A.3.8] in the direction of ¢ of tensor fields on M (£, acting

on the differential forms has the expression £, = i (0)d 4 di(0)), then, according to
(1.3.5):

{figt=%£,,8=—%, (1.3.7)
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The properties of €2 are reflected in the following properties of the Poisson bracket:

O {fig+ I} ={f.g}+ M/ h},

i) {f,g}=—{g, [}, (bilinearity and antisymmetry of 2),

(@ii) {f.{g, h}}+{g. {h, 1} +{h. {f, g}} =0, (closedness A2 = 0),
Gv) {f.g-hy={f g} -h+g-{f h}, (derivation property (1.3.7)),
W) If{f.g}=0 VgeFM)= f =const. (nondegeneracy of 2).

It is not difficult to prove for the commutator of Hamiltonian vector fields:
[O'f,O'g] = O{f,g}- (138)

1.3.6 In CM, all the observables are functions of points x € M, hence locally can
be expressed as functions of a finite number 2n coordinate functions. In accordance
with the ‘philosophy’ of 1.2.6, we shall look for an interpretation of a finite number
of observables which contain systems of coordinate functions for a neighbourhood
of any point of M. This can be naturally done, if M is a homogeneous space of a
connected Lie group G (cf. [37, A.4]) corresponding to a group of empirical manipu-
lations with objects relevant to the determination of the considered system. Since the
symplectic structure €2 on M reflects important physical properties of many physi-
cal systems, it is desirable for the group action on M to conserve this structure. In
this case, one parameter subgroups of symmetries correspond to Hamiltonian flows
which can be physically interpreted.

1.3.7 From now on, we shall assume that (M; Q) is a homogeneous space of a
connected Lie group G, on which the group G acts as an infinitely differentiable
group of symplectomorphisms Fy (g € G): FyQ2 = Q, Fop = Fy0 F, (8, h, € G),
and functions g — f(F,x) are in C*°(G, R) for all f € F(M) and all x € M. If
e € Gistheunitelementof G,then F, := idy. Toany £ € g(:=the Lie algebraof G)
there is a one-parameter group of symplectomorphisms ¢ > Feypre) of M generated
by the vector field o¢ (compare with (1.3.1) ). If [£, n] denotes the commutator in g,
and [o¢, 0,)] € X(M) the commutator of vector fields on M, then (see [1, Proposition
4.1.26])

loe, 0] = —0e - (1.3.9)
Every homogeneous symplectic manifold has universal covering symplectic
homogeneous manifold with respect to the universal covering group of G. On any

simply connected homogeneous symplectic manifold of a connected Lie group G,
the functions f¢ (£ € g) determined up to additive constants by the formula

i(00)Q = —dfe (1.3.10)

are defined globally on the manifold M, f: € §(M), i.e. the vector fields o¢ (£ € g)
are globally Hamiltonian. We shall assume that this is the case for our (M; €2). Then
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arbitrary additive constants in the definitions of f¢’s can be chosen such that the
mapping £ — f¢ from g to F(M) will be linear. Then

{fe: fu} = = fiem + C& ), (1.3.11)

where C is a bilinear antisymmetric mapping from g x gtoreal constants on M called
a two-cocycle on g with valuesin R. Any change of constants in f¢’s (conserving the
linearity of £ — f¢) leads to an equivalent cocycle C'(§, n) = C(€, 1) + a([€, n)),
where a € g* (:=the dual of g). Equivalence classes of two-cocycles form the com-
mutative (additive)

2-cohomology group H?(g, R)

of g with values in R. This group is isomorphic to H*(G, S') if G is simply connected
(compare [321, Chap. 10.4.]). This isomorphism determines a canonical bijection
between classes of irreducible projective representations and symplectic transitive
actions of a simply connected Lie group. This bijection associates the class of all
representations corresponding to the given (similarity class of a) multiplier with the
class of symplectic actions with the corresponding (equivalence class of a) cocycle,
compare also [28, 139]. If the multiplier m corresponds to the cocycle C from
(1.3.11), then the central extension G,, of G (cf. [174, 15.2, Thm. 1]) acts on M in
such a way, that

{fer fo} = — fie.n forall €1 € g, (1.3.12)

if the added vector fields act on M trivially and constants in f¢’s are properly chosen.
If the action of G on M satisfies (1.3.11) with C = 0, then it is called a Poisson
action [7], and the symplectic manifold M is called exactly homogeneous [174].

1.3.8 Any observable f € §(M) on the homogeneous symplectic manifold M with
globally defined Hamiltonian functions f¢ (£ € g) can be expressed as a function of
the ‘basic observables f;’. Hence measurement of any f € §(M) can be reduced to
the measurements of f¢’s. This does not make easier, however, of an ascribing a direct
physical (i.e. empirical) interpretation to an arbitrary f € §(M) and the situation is
similar to that one of QM, see 1.2.8.

1.3.9 A time evolution on (M; €2) is defined in CM as a differentiable one-parameter
group of symplectomorphisms with a globally defined Hamiltonian function s €
§(M). This one-parameter group might be either a subgroup of G, or it is separately
defined. In each case the group G might contain an invariance subgroup of 7—the
symmetry group of the dynamics (determining integrals of motion—conservation
laws).
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1.4 Quantum Theory of Large Systems

1.4.1 Models of systems with infinite number of degrees of freedom enter to quan-
tum theory when we want to describe either processes accompanied with changes
of numbers of particles (resp. quasiparticles) present in the physical system (what
also occurs each time if we try to describe quantal analogues of classical continuous
media, resp. fields), or systems with actual infinity of particles (the ‘thermodynamic
limit’ necessary e.g. for clear conceptual description and abstract investigation of
phase transitions). In standard models of infinite systems in quantum theory the
algebras of bounded observables (e.g, CCR or CAR algebras for infinite number of
degrees of freedom or algebras of spin systems on infinite lattices) have many mutu-
ally unitarily inequivalent physically relevant representations as algebras of bounded
operators in some Hilbert spaces. These inequivalent representations might corre-
spond e.g. to various states on the algebra of observables representing situations
with various values of some macroscopic—global parameters of the large syatem.
It often happens, moreover, that for description of some processes (time evolution,
symmetry transformations), we are not able to work in the framework of only one
(even faithful) representation. It is, consequently, useful to formulate theoretical
scheme for the quantum theory of large systems (QTLS) in a representation inde-
pendent, algebraic language. As basic sources of most of the here necessary mathe-
matics and its application to description of large quantal systems could be taken, e.g.
[53, 54, 84, 223, 235, 274, 286, 289]; a very brief summary can be found also in
[37, Sect. 3.4].

1.4.2 A C*-algebra®l [37, B.2] (details on C*-algebras can be found in [53, 54, 90,
91, 106, 235, 274, 275, 305, 306]) corresponds to any physical system in QTLS.
2l is a Banach algebra over complex numbers with involution x — x*, x € 2, and
with special (C*) property. This means that it is a norm-closed linear space endowed
with associative and distributive multiplication, and for any x,y € A, A € C, and
with ||x]| = O—the norm of x € 2, itis: ||xy|| < [Ix] - [ly|l, the involution x > x*
is antilinear: (x + \y)* = x* 4+ \y*, where )\ is the complex conjugate of ), with
(xy)* = y*x*, [|x*|| = llx|| (= 0iff x = 0), and the C*-property means: |[x*x| =
lx]1?, Yx e 2. 2 is called unital C*-algebra if it contains unit element e € 2 : ex =
xe = x, Yx € 2. Selfadjoint elements x = x* € 2 represent bounded observables
of the system. The algebra 2 is the algebra of observables of the system. For many
interesting systems, 2l is constructed as a C*-inductive limit of a net oflocal algebras
of finite (sub)systems (see [53, 106, 274], and specifically [274, 1.23]); in this case,
these finite systems are interpreted e.g. as systems located in bounded space (-time)
regions. Quasilocal algebras used in QTLS have such a structure (see [53, Definition
2.6.3]). It will be useful in our considerations to connect the quasilocal structure of
21 with an action of a (usually abelian) group IT (IT is an infinite set—it might
be a locally compact noncompact group) on 2(: For any p € Il let m(p) € *- Aut
A, m(p1p2) = w(p)7(p2) (p1, p2 € TI). Let IT act transitively on a noncompact
locally compact space V and let to any bounded open subset v C V (denote the
set of all such subsets by B(V)) corresponds a C*-subalgebra 2, of 2, the local
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subalgebra of 2 correspondingtov C V.Ifv; C v, C V,then®A,, C A,,. All the
A, (v € B(V)) have common unit = the unit ¢ := idy of 2, and

U A, = 2A, (1.4.1)
veB(V)

where the over-bar denotes the uniform closure. We assume further that 7(p)(2(,) =
App,wherep-v:={N eV : XN =p-A Xev}andp - Adenotes theactionof p €
IT on the point A € V. This action is supposed continuous and bounded: p - B(V) C
B(V) forall p € I1. We can assume (for simplicity) that for mutually disjoint v, u €
B(V), vNu =@, we have

[x,y]=0, forallx € A,, y € A,. (14.2)

(The anticommutativity of Fermi systems can also be included, cf. [53, Sect. 2.6])."!
We shall characterize this situation by saying that the algebra 2 is quasilocal with
respect to the action of the group I'l. We shall use another technical assumption, that
all the local subalgebras 2, are W*-algebras: A W*-algebra 2 is such a C*-algebra
which is (isomorphic to a) Banach space topological dual of another B-space 2,
called the predual of 2 ; such an 2l is always unital and generated by its projectors.
W*-algebras were introduced originally as weakly closed symmetric subalgebras of
bounded operators in a Hilbert space containing identity and named von Neumann
algebras after their originator.

1.4.3 Mathematically defined states on a C*-algebra 2 are any positive normalized
linear functionals w on 2, i.e. such w € A* (:= the dual of ), that

wx*x) >0, Jwll =1 (= w(idy)). (1.4.3)

Not all mathematical states, however, can be used as adequate descriptions of
physical situations. As physical states on a quasilocal algebra 2 are usually used
locally normal states, i.e. such states w on 2, the restrictions of which to all the
local W*-subalgebras 21, (v € B(V)) are o (,, (2,))-continuous (here (A,), is
the predual Banach space of 2,); the local normality of w means that the restriction
of w to any %, is expressible by a density matrix in a faithful W*—representation
of 2A,. We shall denote by S(2() the set of all mathematical states on 2 and by
Spi 1= Spp () the set of (properly defined) physical states of the system. The subset
Spn () C S(R) has to satisfy some natural requirements, e.g. invariance with respect
to transformations of physical symmetries (cf. below), convexity, local normality
and (eventually) to form a stable face (see [53, Sect. 4.1]).

The set S(2) is convex and compact in the w*-topology of 2* (i.e. in o (A*, A)-
topology). The set ES(2) of extreme points of S(2) consists of pure states on

" Our formalism is built for the nonrelativistic situations. If the space V was the Minkowski space
and our considerations were Einstein-Lorentz-relativistic, the condition for the commutativity in
(1.4.2) would be the space-like separation instead of the disjointness of the domains u, v C V.



18 1 Introduction

WA weESQA) & {w= 1w + tw (W12 € S@)) = wi = w, = w}. Although the
decomposition of a general w € S(2) into its extremal components (€ £S(2A)) is not
unique if 2 is noncommutative, there are other physically relevant convex compact
subsets of S() (Choquet simplexes) allowing unique extremal decompositions of
their elements into extremal components of these simplexes, cf. [73, 218] for basic
mathematics, or also [53, Ch.4], [235, Ch.4], [274, Ch.3] for broader contexts.

1.4.4 The expectation value of a bounded observable x = x* € 2 in the state w €
S (in accordance with comments in 1.2.4) is expressed by the value w(x) of
the functional w on the element x. For calculations of probability distributions
of values of x = x* € 2 in the states w € S(2) it is used, however, the spectral
decomposition of x. If 2 is a general C*-algebra, its selfadjoint elements need not
have their spectral resolutions in 2. The spectral resolutions in 2l exist, however,
if Ais a W*-algebra, [274]: x = x* € A= x = [LAE(d)\), E<(B)* = Ec(B) =
E.(B)> €, B C RBorel, ..., hence E, is the projector valued spectral measure
in the W*-algebra 2. Any C*-algebra is naturally embedded into a W*-algebra -
the bidual 20** of 2, and any state w € S(2) can be uniquely extended to a state
(equally denoted) w € S,(**). For any state w € S(2), we can construct by the
GNS-algorithm corresponding cyclic representation 7, of 2 in a Hilbert space H,,
with a cyclic vector, Q,, (i.e. the norm-closure 7, ()2, = H,), cf. [53, 223, 274],
or also [37, Textbook], characterized (up to the unitary equivalence) by

w(x) = (Q, Tu(X)Q,), Vx 2. (1.4.4)

The representation 7, is irreducible iff w € £S (). If we generalize the concept
of observables to all operators from the bicommutant 7, (2()” in L(H,,) (what is a
W*-subalgebra in £L(H,,)), we can obtain spectral resolutions of selfadjoint elements
of 2l in such (extended) representations and the corresponding expressions for prob-
ability distributions, compare 1.2.4. In specific representations, we can define also
unbounded observables as such selfadjoint operators on H,, the spectral projectors
of which belong to 7, ()", cf. [274].

We shall need later in this work to distinguish between states which are mutually
macroscopically distinguishable. Mathematically are such states mutually disjoint
together with the mutual disjointness of their GNS representations. It might be useful,
for a characterization of this difference, to reproduce a theorem from [235, Thm.
3.8.11]:

Theorem: Let {m; H;}, {m; H,} be two nondegenerate representations of a
C*-algebra 20 with their central supports (equiv. central covers) s;, s», cf. [235,
3.8.1]. The following conditions are equivalent:

@) s1Llso.

(i) ((r1 @ ™))" =11 )" & mA)”.

(iii) (m @ m)@) =mA) & m®).

(iv) There are no unitarily equivalent subrepresentations of {7; 1} and {mo; Ho}.
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Here ¢’ for a subset € C L(H) denotes the commutant of € in L(H): ¢ :=
{Be L(H): [B,A]=BA — AB =0,VYA € €}, and ¢" := (¢’)". The representa-
tions 7y, 7, satisfying the conditions of the Theorem are called mutually disjoint
representations. If the GNS representations determined by the two states w;, wy:
(T Hu )y {7w,s Hu,}, are mutually disjoint, then we call these two states also
mutually disjoint : w; L w, .

1.4.5 Anabstractly defined symmetry of the system in QTLS is any *-automorphism
of the algebra 2 of bounded observables. Let 7 be a representation of the group R
as a group of symmetries, i.e. a homomorphism #(€ R) +— 7, € *- Aut 2, which is
‘conveniently continuous’, e.g. functions ¢ +— w(7;x) are continuous for all x € A
and all w € S, (). It is often assumed, that the group 7 corresponding to a one-
parameter group of empirically defined transformations is o (2, 2*)-continuous (i.e.
Spi replaced by S(20) in the last mentioned case), but this assumption might be too
stringent. Let S be a ‘sufficiently large’ subset of states containing S, and denote by
o (2, S) the topology on 2 determined by functions x(€ %) — w(x) forallw € S.
We shall assume, that 7 is o (2, S)-continuous in the sense:

(i) functions t — w(r,x) are continuous forallw e S, x € X,

(ii) functions x — Tx are oA, S) — oA, S) — continuous
forallt e R,

(fiil) weS=wor €8 forallt eR.

The last condition (iii) allows us to define a o(S,2()-continuous group of transfor-
mations of S by
Tfwi=wor (forallt eR), wesS. (1.4.5)

Any selfadjoint element a € 2 generates a o(2,S) (i.e. o(,2A*))-continuous
group of inner *-automorphisms of 2, 7¢, by

7{x := exp(ita)x exp(—ita), forall x € 2. (1.4.6)

A one-parameter group of inner automorphisms of 2 cannot represent some of
physically important global transformations of quasilocal algebras , e.g. Euclidean
or Poincaré transformations, cf. e.g. [106, Ch.4,Thm.3]. For a general (sufficiently
continuous) one-parameter group 7 of automorphisms of 2( we can define a gener-
ator &, - a densely defined derivation on 2 , [53, 274].'? The connection of such
generators with physically measurable quantities is in general in QTLS less trans-
parent then it is in QM or in CM. If the state w € S is T—invariant, i.e. 7w = w,
then there is unique weakly continuous unitary group U“ acting on H,, (cf. 1.4.4)
such that [271]:

To(mix) = U4 mu(0)US, UQ, = Q, foralls € R. (1.4.7)

12A densely defined linear mapping 0 : D(5) C 2 — 21 is a derivation on 2 if it satisfies the
Leibniz rule : 5(xy) = §(x)y + x6(y) Vx,y € D(§) C 2.
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Representations of 2l in which 7 is unitarily implemented in the sense of the first rela-
tion of (1.4.7) are called T—covariant representations. In such representations, the
action of 7 is given by an ‘observable’—the selfadjoint generator of the correspond-
ing unitary group acting on the Hilbert space of the representation. An interpretation
of such a generator might be dependent, however, on the choice of the covariant
representation.



Chapter 2 ®)
Geometry of the State Space of Quantum ¢
Mechanics

2.1 Manifold Structure of P (H)

2.1.1 Let 'H be a complex separable Hilbert space with the scalar product (x, y) €
C (x, y, € H), which is linear in the second factor y. Let P(H) := H/C* be the
factor-space of 'H by the multiplicative group C* of nonzero complex numbers acting
on ‘H by multiplications by scalars. Any element x € P (’H) has the form

={yeH:y=,AeC"}, 0£xeH. 2.1.1)

The natural topology on P(H) is the factor-topology coming from the norm-
topology in H. This topological space P(H) is the projective Hilbert space of
‘H. The space P (H) can be considered as the set of all one-dimensional complex
subspaces of H, or the set of all one-dimensional projectors P, € L(H) (0 # x €
H), P} =P, = PXZ, P.x = x, with the natural bijective correspondence P, <> X.
It is known that there is a natural Kihler structure on complex projective spaces.
We shall describe it in some details in the case of P(H).!

2.1.2 Let us define two natural (mutually equivalent) metrices (i.e. distance func-
tions) d;, dy on P(H) (as usual: ||x]]? := (x, x), x € H):

di(x,y) = V2 € _er 2 2.12)
||x|| Iyl
da(X,y) := V2| P — Py (2.1.3)

! Another, more intuitive and more detailed approach to the structure of quantum state space can be
found in [16]. For geometry and dynamics (also nonlinear) of general—not only pure—states see
also [37, Sect. 2.1].

© Springer Nature Switzerland AG 2020 21
P. Béna, Classical Systems in Quantum Mechanics,
https://doi.org/10.1007/978-3-030-45070-0_2


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-45070-0_2&domain=pdf
https://doi.org/10.1007/978-3-030-45070-0_2

22 2 Geometry of the State Space of Quantum Mechanics

It is not difficult to see that

di(x,y) =2(1— (Tr(Pxpy))l/Z)l/2 _

(2.1.4)
In (2.1.3), ||A|| denotes the usual C*—norm of the operator A € L(H); if |A| :=
v A*A € L(H) is its absolute value, then one can prove

V2dy(x,y) = Tr|P, — P,| =2 (1 = Tr(P.P)"?,

D12 (2.1.5)
= (1+(Tr(P,Py)'?) 7 di(x.y),
what proves the equivalence of d; and d.
We shall examine now relations between various natural topologies on P (H). We
shall prove first.

2.1.3 Lemma. The factor-topology on P(H) coming from the Hilbert-space norm-
topology of 'H is equivalent to the metric topology defined on P (H) by the distance
function d; (equiv.: by d,).

Proof. Let Pr:x — x be the natural projection of H onto P(H). The factor-
topology on P(’H) is generated by projections of open balls B(x;¢) :={y € H :
lx —y|l <e}fore >0,x #0. But PrB(x;¢e) ={y € P(H) : inf{||A\y — x| : A €
C} < e}, and inf{[[Ay — x|| : A € C} = ||zy — x| with zy := ¥y if y # 0. Hence

Iyl
PrB(x;e) ={y:llzy— x| < eb={y:1-Tr(PP) < gp}={yePH):
d(x,y) < V2 i‘}, which is an open ball in the metric topology and the desired

llx|
equivalence of topologies follows. g

2.1.4 Proposition. All the following natural topologies on P (H) are mutually equiv-
alent:

(i) the factor-topology coming from the Hilbert space norm-topology on H;
(ii) the metric topology defined by the distance functions on P(H) from 2.1.2;
(iii) the Hilbert-Schmidt topology of $ C L(H) of Hilbert—Schmidt operators;
(iv) the trace-norm topology of T(H);

(V) o(P(H),L(H))—topology;
(vi) o(P(H),E(H))—topology.

[In (v), resp. (vi), the topologies are determined by the functions X +— Tr(P,A) for
all A € L(H), resp. forall A € €(H):= the set of all compact operators on 'H.]

Proof. The equivalence of the first four topologies follows from the Lemma 2.1.3
and from the formulas (2.1.3), (2.1.5), since the Hilbert-Schmidt operator topology
is given by the norm

[ Pe — Pyli3s :=Tr(P, — P)? =2(1 = Tr(P, Py) = [a(x, Y)I*.  (2.1.6)

The equivalence of the trace-norm topology and the o (P (H), €(H))-topology fol-
lows from [53, Proposition 2.16.15], and the ‘stronger’ o(P (H), L(H))-topology
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coincides with the w*-topology from L(H)*, which is ‘weaker’ than the norm-
topology of L(H)*. The last mentioned topology coincides on P(H) with the
trace-norm topology given by the metric d(x, y) o Tr|P, — P,|, what finishes the
proof. (]

2.1.5 We shall introduce now a manifold structure on P (/) consistent with the
topology of P(H). Letfor0 # x € H

Ny :={y € P(H) : Tr(P,P,) # 0} 2.1.7)

be an open neighbourhood of x € P(H) , and let [x]* be the complex orthogonal
complement of x in 7. We shall define the mapping ¥, : Ny > [x]* by the formula

x>

W, =
¥y )

(I — Py, (2.1.8)

where y €y.

2.1.6 Proposition. The mapping V., is a homeomorphism of Ny onto [x1* (with the
norm-topology of 'H). The set

{(Ny; Wy [x]5) 0 # x € H) (2.1.9)

isan atlason P(H) defining a complex-analytic manifold structure consistent with
the topology of P(H) (defined in 2.1.1).

Proof. Let0 # x € H.Foranyy; € Nyandany y; €y; (j =1,2)itisy; # y, iff
(x, y2)y1 # (x, y1)¥2, hence W, is injective. For any z € [x]* and y := 7z + x we
have y € Ny (since x # 0) and W, (y) = z, hence W, is bijective. For ||x|| = 1 and
Zj € [x]+, yj:i=2z; +x (j =1,2,) the identity

1
(z11% + DAlz2l? + 1)

1= Tr(Py, Py,) = (h21 = 2 + 1220 10 = P = 2)1?)

(2.1.10)
implies the bicontinuity of W,. For z € W,, (N,, N Ny,) itis
_ X1+z
U, oW () = ) ———— —x
, oW (2) =[xl ot
and we see that the mapping
W, 0 Wil Wy (Ny, N Ny,) = W, (Ny, N Ny,) (2.1.11)

is a complex analytic function, compare e.g. [51, 71]. ]
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2.1.7 Let TxP(H) be the tangent space of P(H) at x, elements of which can
be represented in the usual way (see e.g. [1, 74]) by (classes of mutually tangent)
differentiable curves at x. If ¢ is such a curve (i.e. ¢ : J — P (’H) for an open interval
J in R containing 0 € R, ¢(0) =x and # — Wy(c(¢)) is differentiable for x € Ny)
denote by ¢ := ¢(0) (or simply ¢ if the point x is fixed) the corresponding equivalence
class, ¢x € T4 P(H). With any x € x, we associate an identification of Ty P (H) with
[x]* by the mapping

T\, : TyP(H) — [x]%, ¢ = T,W,(¢) := ::—t W, (c(2)). (2.1.12)
0

t=

In (2.1.12), we identify, in the usual way, the tangent space T,[x]* of the linear
space [x] at any of its points v € [x]* with the base space [x]* itself. The mapping
Tx W, is a linear isomorphism for any x € x, and also Ty W), = ATx ¥, (A € C). The
derivative in (2.1.12) is taken with respect to the Hilbert space norm in [x]*.

2.1.8 Let us mention two simple examples of the representation of elements ¢ €
Ty P(H) by curves c and of the corresponding identification of Ty P(H) with [x]*.
Each vector ¢ € Tx P (H) can be represented by a curve of any of the following forms
(the expressions written by bold typeface represent the projections to P (H) of the
corresponding elements of H, i.e. z(€¢ H) > z = P,(e¢ P(H))):

cit) =Ax+ty=Pyyy AeC,yeH, xex), tekR, (2.1.13)
c(t) ;= exp(itB)x = Pepiirpyy (B=B" € L(H), x €x), t e R. (2.1.14)

If we denote corresponding tangent vectors by ¢; and ¢, then

T W, (1) = M1 — Py, (2.1.15)
T W, (¢2) = i(1 — P,)Bx. (2.1.16)

Clearly ¢; = ¢, iff the right hand sides of (2.1.15) and (2.1.16) coincide as
vectors in [x]*. This is the case if e.g. y = i A\Bx in (2.1.15). The representants (c;,
or ¢y, or ...) of a given ¢ can be chosen in many various ways. We shall use notation:

v = T W, (v) € [x]©
forv e Ty P(H); vye = Av,.
2.1.9 We shall consider P(H) as a real manifold of the dimension dim P(H) =

2dim¢ ‘H — 2, (if H is finite dimensional) where dim¢ means the complex dimen-
sion. On this manifold, we introduce a metric Q, i.e. a real-analytic symmetric
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2-covariant tensor field x — Qx defining an isomorphism between Ty P () and its
dual T} P(H) at any point x € P(H):

v(e TtP(H)) — Ox(v,-) € T P(H), (2.1.17)

where the linear functional Qx(v, ) : w (€ Tx P(H)) — QOx(v, w) € R depends lin-
early on v, and for any F € T,)P(H) there is a unique vp € Tx P(H) such, that
F = QOx(vF, -). Let the metric be given by

2

e el ve 1= Ty Wy (v). (2.1.18)

QX(Us U) =

(Ux» V) = ——
[lx12

Since vy, = Av,, the definition does not depend on the choice of 0 # x € X in
the mapping W,.. The nondegeneracy is a consequence of the Riesz theorem applied
to the Hilbert space [x]* and analyticity is also straightforward. From the bilinearity
and symmetry we have

Ox(v, w) = ﬁRe(vm wy), VYv,w € TyP(H). (2.1.19)
X

It is possible to prove by straightforward calculations of lengths of differentiable
curves in P (H) (compare also [1, 262]):

2.1.10 Proposition. The metric Q from (2.1.19) endows P(H) with a distance
function d (calculated as the minimal length of differentiable curves joining two
points) different fromd;, j =1,2;(2.1.2),(2.1.3). Both the distance functions d, d,
give (by differentiation) the metric Q from (2.1.19) on P(H).

2.2 Symplectic Structure

2.2.1 Let us define a complex structure J on P(H) induced by that of H. For each
x € P(H) and v € T4y P(H), we define

Jv = (T\W,) ' oio (TW,) (), 2.2.1)
where i is the multiplication by the imaginary unit i € C in the complex subspace
[x]* C H. The definition (2.2.1) of J does not depend on the choice of x € x.

Clearly: (Jv), =i v,. We define now a two-form Q on P(H) :

Q(v, w) := Ox(v, Jw), Vx € P(H), v, w € T4 P(H). 2.2.2)
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We shall use charts ¥, with ||x|| = 1 in the following. In such a chart, the form
Q2 is written

Q(v, w) = —2Im(vy, wy). (2.2.3)

The just introduced structures lead to the standard symplectic, and also metric
(known as the “Fubini-Study metric”) structures on the space of pure quantum states
P (H). If this both structures are connected as in (2.2.2) by a complex structure
J (coming, in this case, from that in the underlying Hilbert space ), we obtain a
structure on the manifold P (H) which is called the Kihler structure.

2.2.2 Lemma. The form 2 is nondegenerate.

Proof. If Qy(w, v) = 0 for all w € Ty P(H), then also Qy(Jv, v) =2 |v,]®> =0,
hence v = 0. (Il

2.2.3 Lemma. For any unitary transformation U of H onto itself, the form Q is
invariant with respect to the projected mapping U : P(H) — P(H), x — U(x) :=
Ux, i.e.

U*Q)x (v, w) := Qux(U v, Uyw) = Qx(v, w). (2.2.4)

Here U*SQ is the pull-back of Qby U, and U, : TyP(H) — Tyx P (H) maps the
equivalence class ¢ containing the curve ¢ : t +— c(t) at X (i.e. X = ¢(0)) into the
class Uc containing the curve Uc : t +— Uc(t) at U(x).

Proof. Accordingto?2.1.8, the vector v, corresponds to the class containing the curve
c:t+— X+ tv,, hence the vector (U,v)y, corresponds to the class Uc € Tyx P (H)
containing the curve Uc : t — Ux + tUv,, and since U conserves orthogonality in
‘H we have

Usv)yx = Uvy. (2.2.5)

Substitution into the expression (2.2.3) from (2.2.5) gives the result. (I

2.2.4 Proposition. The two-form Q on P(H) is closed: d2 = 0; it is a symplectic
form on P (H), hence strongly nondegenerate (cf. [37, A.3.14]).

Proof. The skew symmetry and bilinearity is trivial and (strong) nondegeneracy is
proved in Lemma 2.2.2. The proof of closedness used in an appendix of the Arnold’s
book [7, Appendix 3 B] in the finite-dimensional case is literally applicable for any
complex Hilbert space and its projective space, because of the validity of Lemma
2.2.3.2 Hence  is symplectic. O

ZFor an alternative proof valid also for unitary orbits of density matrices see [37, Theorem 2.1.19].
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2.2.5 According to a theorem by Wigner, any bijective transformation F of P (H)
which conserves the ‘transition probabilities’, i.e.:

Tr(P.Py) = Tr(F(P)F(P)), Vx,yecH, x £#0#y, (2.2.6)

can be extended to a transformation F of H onto itself, which is either unitary or
antiunitary, compare [53, 3.2.1 and 3.2.14]:

Tr(Pr,Pry) = Tr(P,Py). (2.2.7)

Such transformations conserve also distances and the metric Q, see 2.1.2 and 2.1.9.
Bijections of P(H) onto itself conserving the metric Q will be called the Wigner
maps.

On the other hand, antiunitary transformations F of H do not conserve the sym-
plectic form @ : F,Q = —Q. Transformations F of P(H) conserving €2 are called
symplectic transformations.

2.2.6 Lemma. Let F be any symplectic transformation of P (H) the restriction of
which to T, P(H) for any x € P(H) (i.e. the mappings F, : Ty P(H) — Tgx P(H))
are complex linear with respect to the complex structure J, cf. 2.2.1. Then F can be
extended to a unitary transformation F € L(H).

Proof. Symplecticity and complex linearity of F give

Ox(v, w) = —Qx (v, Jw) = —Qp«(F.v, JFw) = O (Fiv, Faw),  (2.2.8)
ie. Q = F,Q, what implies the invariance of distances:
d(Fx, Fy) = d(x,y),

which in turn implies the invariance of Tr (P, P,). Hence F can be extended either to
a unitary or to an antiunitary transformation. Since antiunitary transformations have
nonsymplectic projections in P (H), extension F of F must be unitary. ([

2.2.7 Proposition. Any symplectic isometry ¥ : P(H) — P(H) is an analytic dif-
feomorphism of P(H).

Proof. F is a symplectic Wigner map, hence extendable to a unitary F € L(H).
With the help of the charts W,., analyticity follows for the projection U of any unitary
U € L(H). The same considerations apply to the inverse map F~!, and the assertion
follows. (]
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2.3 Quantum Mechanics as a Classical Hamiltonian Field
Theory

2.3.1 After introducing the symplectic structure €2 on the set P () of all pure states
of conventional QM (compare Sect. 1.2), we shall try to reformulate also other con-
cepts of QM into the form analogous to that of CM as it was outlined in Sect. 1.3. It
will be shown that this is possible to a large extent. There are, however, certain impor-
tant differences. The main technical difference consists in infinite dimensionality of
the ‘phase space’ P (H) what implies e.g. nonexistence of a (Liouville) measure on
P(H), invariant with respect to all symplectic Wigner maps. The main physical
difference consists, however, in the interpretation of basic quantities in QM. This
difference between QM and CM does not vanish even for finite dimensional Hilbert
space H.

2.3.2 Let A be a selfadjoint operator® on the Hilbert space H with domain D(A) C
‘H .Let PD(A) C P(H) be the projection of D(A) into P(H):

PD(A) :={xe P(H):x € D(A), x € x}. 2.3.1)

Define a real-valued function f4 on PD(A):

(x, Ax)
x>

fax) = Tr(PA) = 0#x €x € PD(A). (2.3.2)

The function f4 determines the operator A in an unambiguous way by the polar-
ization identity:

1
(. Ay) =2 D0 M+ I faO + ). (2.3.3)
A==+1,+i

For bounded A € L(H), the function f4 : P(H) — R is real analytic. Since for
arbitrary selfadjoint A, B € L(H) there need not be any selfadjoint operator C on
‘H such, that fc := fa - fp (:= pointwise multiplication of functions), the set of
‘classical observables’ f4 (A* = A € L(H)) does not form an associative algebra.

Remark: Corresponding to the spectral decomposition of A, we have the decom-
position of fy4:

fA(-)=//\E;,’(d,\)(.), where EX (B)(X) := Tr(P.E4(B)) (2.3.4)
R

for any Borel set B C R, with E,4 the spectral measure of A. Contrary to the case
of classical mechanics 1.3.2, the functions x — E '/7; (B)(x) are not characteristic

3 A brief review of the theory of unbounded operators is present in [37, C], or in [37, Textbook] in
detail.
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(indicator) functions on P (). The decomposition into characteristic functions sim-
ilar to that in 1.3.2 does not correspond to any decomposition into quantal observ-
ables.

2.3.3 The function f,(x) := Tr (P, o) might remind us of a probability distribution
on the “phase space” P (H) representing a Gibbs ensemble in the sense of classical
statistical physics, cf. e.g. [271, 272], or any textbook on statistical physics.

Although any density matrix o is uniquely reconstructed from the corresponding
function f,(x) on the phase space P(H) with the help of (2.3.3), the function f,
cannot be interpreted as a probability distribution of systems occurring in the pure
states P, = xinastatistical ensemble described by o. The function f, isinterpreted to
give the probability f,(x) of positive result (i.e. of the number = 1) by measuring of the
observable P, (with just two possible outcomes € {0, 1} of any of its measurements)
in the state p. Because of the existing nonuniqueness of decompositions of g into
pure states, mentioned in 1.2.3, a classical interpretation of any probability measure
on P(H) representing ¢ would be inadequate in general. In the following, we shall
restrict our attention (mainly) to pure states.*

For a quantal observable A, the numbers f4(x) are interpreted as expectation
values for (real valued) results of measurements of the observable A in the state
X € P(H). Also the functions f4 will be called here ‘the (quantal) observables’.

2.3.4 In the setting of this section, it is natural to define a symmetry of the system as
a symplectic isometry of P(H). According to the Sect. 2.2, any such symmetry can
be extended to a unitary transformation of H. Let # — F, be a one-parameter group
of symplectic isometries of P (H) which is weakly continuous, i.e. the functions

t > Fx, Vxe P(H) (2.3.5)

are continuous. Such a group can be extended to a weakly continuous unitary group
on H (compare [53, 3.2.35]), which corresponds to uniquely defined selfadjoint
operator A on H (by Stone’s theorem, [37, C3 & Textbook]). In this way, for the
group F,, we obtain the expression:

F;x = exp(—itA)x, i.e. F;x = exp(—itA) P, exp(itA) € P(H). (2.3.6)

The operator A in (2.3.6) is defined by F, up to an additive real constant multiple
of identity I of L(H), i.e. any other A’ satisfying (2.3.6) has the form A’ = A +
Al, (XA € R). Conversely, any selfadjoint operator A on H determines, according to
(2.3.6), a weakly continuous one-parameter group of symplectic isometries of P(H).
The flow F, and its unitary extension F; := exp(—itA) are related by

F,(P,) = Prx = F,P.F_,, P, e P(H). (2.3.7)

4 A certain, more detailed, account of the geometry and interpretation questions of the set of density
matrices is given in [37, 2.1-e].
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The functions (2.3.5) for specific X’s are differentiable if the corresponding gener-
ator A has domain D(A) containingx € x : x € D(A).If A € L(H), then functions
(2.3.5) are analyticint € C, V x € P(H). It is clear from the group property of
t — F,, that differentiability of (2.3.5) in any point x for + = 0 implies differentia-
bility on the whole curve (2.3.5), i.e. forall € R.

2.3.5 We have obtained a set of differentiable curves lying densely in P(H) for
any one-parameter weakly continuous group F, of symmetries of (P (H), 2) (since
PD(A)isdensein P(H) for any selfadjoint A). Forx € PD(A) (A is a generator of
F}), the curve (2.3.5) determines a vector o 4(x) € Tx P (H). The set of vectors o 4 (x)
is defined for x € P D(A) only, and for unbounded A it is not a differentiable vector
field on P (H) (it is differentiable only in directions of some curves lying densely in
PD(A), and in P(H)). We shall call it, nevertheless, ‘the vector field o4 . Its value
in x is expressed in [x]* according to (2.1.16) :

TV, (04(X) = —i(I — P)Ax for x € D(A). (2.3.8)

For A € L(H), 04 is an analytic vector field on P (). But also for an unbounded
A, the vector field o4 determines its flow F, =: F2 uniquely: it can be integrated
along a densely in P (H) lying set of differentiable curves (this is just the solution of
Schrddinger equation with the Hamiltonian A), and afterwards the obtained (densely
defined) flow extended to the whole P () by continuity.

2.3.6 Letx € D(A) N D(B) for two selfadjoint operators A and B on H and ||x|| =
1. Then the value of the symplectic form €2 on vectors o4 (x) and o g (X) is, according
to (2.2.3) and (2.3.8),

Qx(oa,0p) = —2Im(Ax, (I — P,)Bx). (2.3.9)

If, moreover, Bx € D(A) and Ax € D(B) (e.g.if A and B have acommon invari-
antset D C D(A) N D(B) and x € D), then we can write

Qx(oa,0p) =i Tr(P[A, B]) (2.3.10)

where [A, B] := AB — BA.

Let f be a real-valued function defined on a dense subset D of P(H). Let ¢ be a
differentiable curve in P (H) at x € D such, that c¢(¢) € D for some open interval of
reals ¢ containing t = 0, ¢(0) = x. Let ¢ € T4 P(H) be the corresponding tangent
vector. Denote

d
dy f (&) == 3| Se@) (2.3.11)
0

t=
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if the derivative on the right hand side exists. Assume, that (2.3.11) is well defined
for a dense set of vectors ¢ € Ty P(H). The function

dof 1 é > de £O) (2.3.12)

is linear. If it is bounded, it can be extended by continuity to the whole Tx P (), hence
it defines an element dy f € 7. P () which will be called the exterior differential
of finx.

2.3.7 Proposition. Let A be a selfadjoint operator on H, fa is given by (2.3.2), and
the corresponding vector field o 4 is defined in 2.3.5. Then, for any x € PD(A), the
exterior differential dx f4 € T,) P(H) exists, and for all v € Ty P (H) we have

Qx(0a(x),v) = —dx fa(v), Vx € PD(A). (2.3.13)

Proof. Let {v,}* be defined according to (2.1.18) for v € Ty P(H). Define the
selfadjoint B(v) € L(H):

BW)y :=i(ve, y)x —i(x,y)vy, Yy eH. (2.3.14)
Assume ||x|| = 1. Then, according to (2.1.14) and (2.1.16), the curve
t — ¢, (1) ;= exp(itB(v))x (2.3.15)

corresponds to v = ¢,. Let v be such that v, € D(A). Then it is seen that dy f4 (v)
defined in (2.3.11) exists and has the form

dx fa(v) = =i Tr(Pc[B(v), A]) = —Qx(04(x), V), (2.3.16)

where, in the second equality, we used (2.3.10) and op(,)(X) = —v. Because (I —
P.)D(A) C D(A)isdensein {x}*, we have proved (2.3.13) for a dense linear subset
D C T4yP(H), v € D.The boundednes is clear either from our construction, or from
the boundednes of the left hand side of (2.3.13) for a well defined o4 (x). O

2.3.8 We can see from the proposition 2.3.7, how to reconstruct the vector field o4
from f, with the help of the symplectic form 2. Hence, 04 is globally Hamiltonian
vector field on (the dense subset of) P (H) corresponding to the Hamiltonian function
fa (compare with 1.3.5—up to domain differences).

Let two selfadjoint A, B have acommon dense domain D C D(A) N D(B). Then
the function (the Poisson bracket)

X = {fa, f}(X) := Qx(04,08), X€ PD, (2.3.17)
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is densely defined. If, moreover, the operator i[A, B] is selfadjoint and D is its core’
then, according to (2.3.10), we have

{fa. fB} = fiia.B1- (2.3.18)

Remember that this is a quantummechanical formula corresponding to (1.3.8).

2.3.9 Assume that a weakly continuous unitary representation U of a connected Lie
group G in the Hilbert space H is given:

U(g182) =U(g)U(g), g1, €G. (2.3.19)

Then U is projected onto a weakly continuous realization of G by a group of
symplectic isometries U(g) (g € G) of (P(H), 2). To any element £ of the Lie
algebra g of G corresponds the selfadjoint generator X, of the one-parameter sub-
group U (exp(z§)) :

. d
Xex =1 —

4| UEp@O)x. x e Do), (2.3.20)

t=0

and U (exp(t&)) = exp(—it X¢). By ause of the adjoint representation Ad : G —
L(g).

d
Ad@)¢:= | [gexptOg ']
o
we obtain:
[Xe, Xyl i = Xe Xy — X Xe =0 Xie - (2.3.21)

The mapping § — X is linear. It is known (compare [13]), that the Gdrding
domain Dg, as well as the analytic domain Ag of the representation U (G) are
common dense invariant sets of all the generators X¢ (£ € g) and they are also
common cores of all these selfadjoint operators (cf. also 3.1.1). Let us define the
vector fields ¢ (£ € g) on PDg C P(H) corresponding to the flows U (exp(t£))
on P(H) according to the definition of o4 in 2.3.5. Let fe(x) := Tr(PX¢) for
x € D¢. Then 2.3.8 is applicable to these quantities. All the formulas of 1.3.7 are
valid on PDg. Difference w.r.t. the classical case is that neither P (H) nor PDg are
homogeneous spaces even for irreducible U (G).

2.3.10 Up to now, we used charts (Ny; Wy; [x]1) foridentification of Ty P (H) with
[x]*+, and for each point x € P (H) it was used its own chart. Let us rewrite now the

SAcore D C Hofa  closable operator C is such asubset D C D(C) C H, that the closure of the
restriction C | D = C, cf. also [37, C1].
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evolution equation corresponding to the one-parameter flow F on P (H) generated
by the Hamiltonian A, i.e. the Schrodinger equation

i%x(z) = Ax(1), x(0) :=x € H, (2.3.22)

projected onto P(H), with the help of the chart (Ny; W,; 1Y, xe Ny. Let us
denote by c : t > c(t) a differentiable curve in P(H), and by ¢(¢) its tangent
vector: ¢(t) € To) P (H). The curve ¢ will be a solution of our problem, if for some
xe P(H): c(t) = FtAx forall t € R. For x € PD(A), we then obtain by differen-
tiation

c(t) =oalc)), (2.3.23)

which is an abstract form of Hamilton equations on P () corresponding to the
Hamiltonian function f4, cf. (2.3.13). The correspondence with (2.3.22) consists in
that, that c¢(¢r) = x(¢) if ¢(0) = x, where x(¢) (€ x(¢)) is the solution of (2.3.22)
with the initial value x € x. Let us fix y € H, |y|| =1, and choose the chart
(Ny; Wy; [y]') defined in (2.1.8). Denote

W () := W, (c(z)) for a curve c in Ny. (2.3.24)

The curve W in [y]* will correspond to a solution ¢ of (2.3.23) iff it satisfies the
equation

d
P YO =1A-0G, A+ YONIG+ V@), w(0) € [yl (2.3.25)

The equation (2.3.25) describes the wanted projection of (2.3.22) onto P(H) in
the chart W,. It is a nonlinear (field-) equation in the Hilbert space [y]*, in which
different vectors correspond to different physical states.

If we denote by v, the representative of a vector v € Tx P(H) for x € Ny in the
chart W, (|]ly]| = 1), then the symplectic form €2 in this chart has the expression:

Qu(v, w) = —2Tr (P, Py) Im(vy, (I — Pyw,). (2.3.26)
Remember, that vy, w, € [y]* := (I — Py))H.

Let us write f* := f o F2 for any differentiable function f on P (H). Then, for
x € PD(A), we obtain the wanted form of the Schrodinger equation:

d
Eft(x) = {fa, f}(x) == Qx(0a, 0y), (2.3.27)
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where o is a vector field defined on the whole P (H) by
Q(or(x),v) 1= —dx f(v), Yv € T, P(H). (2.3.28)

The equation (2.3.27) has the form of evolution equation of classical mechanics
in terms of Poisson brackets.

2.3.11 Let us add a note concerning possible generalizations of the here presented
dynamics. Since P(H) is a symplectic manifold, more general Hamiltonian evolu-
tions can be defined on it than the evolutions corresponding to linear Schrédinger
equations (2.3.22). We can choose instead of the function f, : P(H) — Rasa(‘clas-
sical’) Hamiltonian an arbitrary ‘sufficiently differentiable’ function 4 : P(H) — R.
Then we obtain from the corresponding Hamiltonian dynamics on the infinite dimen-
sional symplectic manifold P () evolution of QM-vector states in 7, which cannot
be described (in general) by a linear Schrodinger equation. This situation is described
in many details in [37].



Chapter 3
Classical Mechanical Projections of QM oo

3.1 Orbits of Lie Group Actions on P (H)

3.1.1 Let U be a weakly continuous unitary representation of a connected Lie group
G in the Hilbert space H, and X, be the selfadjoint generator of the one-parameter
subgroup of U(G) corresponding to an arbitrary element & of the Lie algebra g of
G, as it was defined in (2.3.20). Let D C H be the Gdrding domain of U(G) [13,
11.1.8.], i.e. a dense U (G)-invariant set of vectors x € H, for which the functions
g — U(g)x (g € G) are infinitely differentiable. We shall denote by As (C H) the
dense set of analytic vectors of U(G) invariant with respect to the action of U (G).
For x € Ag, not only the functions g — U (g)x are real analytic (resp. the functions
t — U(exp(t€))x are complex analytic in a neighbourhood' of real axis for any
& € g) in the norm of H, but also A¢ is invariant and analytic with respect to the Lie
algebra U(g) of generators X;: (£ € g); forx € Ag, also Xzx € Ag (V& € U(g))
and for any basis {X; e U(g) : j = 1,2,...d :==dim G} C U(g) and x € Ag there
is some ¢ #% 0 such that

00 Nk d
Z Z Xj ... X x| < oo, (3.1.1)
n=0 '

Jtsen=1

compare [13, Chap. 11, §3].

Let U (G) be the projection of U(G) onto P(H), i.e. U(G) is a realization of G
in a continuous group of symplectic isometries of (P (H), 2). For any x € P(H),
define the orbit Oy := G - x (we shall use also the notation g - x := U(g)x):

Ox=Opx:={z€P(H):z=g-x, g€ G}. (3.1.2)

!In the following, if not explicitly mentioned different, the word ‘neighbourhood’ in a topological
space will mean ‘an open neighbourhood’.

2Remember that if x = P, € P(H), then U(g)x = Pyg)x = U(g)P,U(g™ ).
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Let K7 := K° := {h € G : U(h)z = z} be the stability (or ‘isotropy’) group
of the point z € Ox = O,. Because P (H) is a Hausdorff space and U is continuous,
the group K° is closed, hence it is a Lie subgroup of G. The space G/K° of left
cosets gK° C G is an analytic manifold (with the analytic structure coming from
G via the natural projection, [152, Ch.II, Theorem 4.2]) and it is bijectively and
continuously mapped onto O, by the mapping u : m := gK° +— U (g)z. The orbit
is not, in general, closed in P (H) and it need not be a submanifold of P (H), cf. also
[37, Proposition 2.1.5] & [47]. The mapping u induces, however, a manifold structure
on O, from the analytic manifold G/K°. This manifold structure is not in general
consistent with the relative topology of O, in P (H). If the map is differentiable, then
we have:

3.1.2 Proposition. Let u (defined as above) be continuously differentiable in a
neighbourhood of a point m € G/K°, where K° :={h € G : U(h)z = z}. Then
there is a neighbourhood N, of m such, that the restriction of u on Ny, is a diffeomor-
phism of N,, onto the submanifold u(N,,) of P(H).If z € PDg (resp.z € PAg),
then each point m € G/K° has a neighbourhood N,,, which is C° —diffeomorphic
(resp. analytically diffeomorphic) to u(N,,), with the submanifold structure from
P (H); in this case, the orbit Oy is an immersed submanifold of P(H).

Proof. Bijectivity of u : G/K° — O, and differentiability in a neighbourhood of m
imply, that the tangent mapping T,,u : T,,(G/K°) — Tyum) P (H) is an isomorphism
onto a finite dimensional subspace of the tangent space of P () at u(m). Since each
finite dimensional real subspace of a Banach space is complementable, the restriction
of u to a neighbourhood is an immersion. Hence, there is a neighbourhood N, of m
satisfying the first statement, compare [74, p. 549]. The rest is a consequence of the
invariance of PDg and P Ag as well as of the inverse mapping theorem, see also
[51]. ]

3.1.3 We shall assume in the following that z € P Ag, for the orbit O, which we
shall consider. Many of the following considerations are valid, however, also for
orbits passing throughz € PDg. Leto; (§ € g) be the (densely defined) vector field
on P (H) corresponding to the generator X¢ according to 2.3.9 and 2.3.5. According
to the definition of O,, for any x € O,, the vectors oz (x) (§ € g) are well defined,
they span 7y O, and depend analytically onx € O,. (Note: Here and in the following,
we use without comments the topology on O, inherited from G/K° via the mapping
u introduced in 3.1.1) Let K be the stability subgroup of G at the pointx € O,, and
let its Lie algebra be £;. Then the Lie algebra g of G is the direct sum

g=my D& (3.1.3)

of two vector spaces (the choice of mg C gisnonunique). If{§; eg:j=1,2,...n:=
dim O} is a basis of mg, then o, span tangent spaces to O, in any point y lying in
some neighbourhood of x in O,. Then integral curves of og; (J = 1,2,...n) can be
used to introduce a natural coordinate system on O, in a neighbourhood of x (see
[152, Ch.II. Lemma 4.1]). In these coordinates, the point
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y(&) :=U(exp(ti§y + & + -+ + 1.6))X € O, (3.1.4)

corresponds to the point t € R"”. We would like to interpret physically the coordi-
nates as possible values of ‘quantities’ &; (where the choice of lengths of vectors &;
corresponds to a choice of units). If we, however, take such a point of view that only
the expectation values

F(&) =Tr(PXe), E €9, (3.1.5)

of quantal observables X¢ in statesx € P (H) are measurable, then, for a general orbit
0, and a group G, not all values t € R” (neither all t in any open neighbourhood
of 0 € R") are physically distinguishable. From this point of view the most natural
coordinates of x € P Ag are just the values Fy (&) for a conveniently chosen subset
of & € g. These values need not distinguish points of a neighbourhood of x € O, :

m Fepamnx(&) = Fx(§,7]), &, neg, (3.1.6)
iz

(compare (2.3.21)), and the derivative might be zero for some nonvanishing n € mg
and for all £ € g. If it is the case, then the derivative in (3.1.6) vanish on the whole
curve t — exp(tn) - X (t € R). This is easily seen with a help of the next Lemma,
cf. Proposition 3.1.6:

3.1.4 Lemma Forall g € G and & € g, we have:

U@XeU(g™) = Xadpe: G.1.7)
where the adjoint representation Ad of G is defined in 2.3.9.

Proof. According to the definition of Ad, the curvet > g exp(t£)g~" at the identity
e of G determines the tangent vector Ad(g)& € T,G, and this one, in turn, according
to the definition of the Lie algebra g, determines a unique curve ¢ — exp(tAd(g)§)
in G at e. Hence,

g exp(t“g‘)g" =exp(tAd(g)é) VieR, ge G, & eg. (3.1.8)

From the definition (2.3.20) of the generators X of the representation U(G), we
then obtain

U(g)exp(—itXe)U(g™") = U(g exp(t€)g™") = U(exp(t Ad(9)€)).  (3.1.9)
and after differentiation at t = 0 we obtain (3.1.7). U

3.1.5 Suppose now that Fx([€, n]) = O for all £ € g at some x € O,. Substitution
of exp(¢n) - x to the place of x gives according to the preceding lemma:
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Fexpamyx([&, n]) = Tr(U (exp(tn)) P, U (exp(—11)) X[z, ;) (3.1.10)
—i Tr (P U (exp(—tn)[X¢, X,;1U (exp(tn))) (3.1.11)
=—iTr (Px[U(exp(—tn))XgU(exp(tr])), Xn]) (3.1.12)
—i Tr (Pe[ X ad(exp—rnye> Xy1) (3.1.13)

Fx([Ad(exp(—1m))&, nl). (3.1.14)

Weused (2.3.7)in (3.1.10), it was used the formula (2.3.21) in (3.1.11), we considered
commutativity of U (exp(tn)) with X, in (3.1.12), and in the last step the Lemma
3.1.4 was used. According to the assumption, the expression (3.1.14) vanishes for
all £ € g, since Ad(g) : g — g. Hence we have obtained:

3.1.6 Proposition Forallx € PAg, &,n € g,andallt € R, it is

d
7 Fexpun~ (&) = Fx([Ad(exp(=1n)), n]). (3.L.15)

If, in particular, the derivative vanishes for all £ € g at one value of t € R, then it
vanishes for all £ € g atall t € R, for the given 1.

3.1.7 From the preceding considerations, we see that the numbers Fy(§) cannot
distinguish points x on the integral curves of the vector fields o, passing through x iff
Fx([€, n]) = Oforall £ € g. Physical states lying on such curves should be identified
mutually, if we could measure only expectations of observables X¢, (§ € g). Suchan
identification of points of orbits O, (z € P.Ag) will be performed in the next section.
After the identification, we obtain from each orbit an even-dimensional manifold
endowed with canonical symplectic structure obtained from the symplectic structure
Qon P(H).

3.1.8 Note that, for an irreducible representation U (G), there can occur in P Ag
mutually nonhomeomorphic orbits. But any such an orbit O,, if itis considered in the
Hilbert space H as the union of equivalence classesx = {z €e H:z =Xx, A € C} C
‘H for all x € O,, contains total sets of vectors in H. Such ‘overcomplete families of
vectors’ in ‘H were discussed e.g. in [18, 84, 176, 239] and they are interesting from
the point of view of representation theory, as it is explained e.g. in [91], and used in

[2].

3.2 Classical Phase Spaces from the Quantal State Space

3.2.1 We have constructed orbits O, of the action of G, U (G), on P(H) from pure
states of conventional QM. We shall construct now symplectic homogeneous spaces
of G from these orbits, of which the symplectic structure is a canonical restriction
of the form €2 defined on P () in Sect. 2.2. The obtained symplectic manifolds are
all symplectomorphic to the orbits of G in the coadjoint representation Ad*(G) on
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the space g* dual to the Lie algebra g endowed with the natural Kirillov-Kostant
symplectic form.

3.2.2 Let Q° denotes the restriction of the form €2 onto the immersed submanifold
0, (z € PAg) of P(H). Since the vector fields o (£ € g) span Ty O, at each point
X € O,, the form Q° is uniquely defined by its values on vectors oz (x) (§ € g,X €
0,):

Qg (0, o) 1= Qx(0z, 0y) =i Tr(Pe[Xe, X;), (3.2.1)

where we used formula (2.3.10) and the restrictions of the fields oz onto O, are
equally denoted as the unrestricted fields. According to the definition (3.1.5) and
with the use (2.3.21), we can write

Q3 (0, 0)) = —Fx([&, n]). (3.2.2)

If we denote by
u,: 0,=u(G/K°) - P(H)

the inclusion of the orbit into P (H), then the form €2° is simply the pull-back of 2
by u.:

Q°=u’Q. (3.2.3)

Since exterior derivative commutes with any pull-back, e.g. [74, p.204], we see

that the two-form Q2° on O, is closed. It is clear from (3.2.2), that €2° is degenerate

iff for some n # 0 and for all £ € g the term Fx ([, n]) = O for some x in the orbit.
This is, however, the situation discussed in 3.1.7.

3.2.3 The mapping Fy : g — R, & > Fy(§) is linear because of linearity of & +—
X¢, hence Fy € g* for any x € O,. Define the action of G on the functionals Fy (x €
0,) by

g Fx:=F,x, forall g € G. (3.24)

Then analogous computations to those in 3.1.5 lead to:
Fox(§) = Fx(Ad(g’l)é), what means: g - Fx = Ad*(g) Fx. (3.2.5)
Let now Ky be, as above, the stability subgroup of G of the coadjoint action at

the point Fy € g*. Since Ad™ is continuous, K is closed. Let £ be the Lie algebra
of Kx. Then it is clear, that:

324 Lemma.Letx € PAg, y:=g-X.Then Ky = gKxg~', &y = Ad(g)k, and
K; C Kxforallxandall g € G. Itis § € & iff
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(&, 7)) =0, Vneg. (3.2.6)

A trivial consequence of this is, according to (3.2.2), the
3.2.5 Proposition. Q3 (o¢, 0,) =0 forall n € giff § € &.

3.2.6 We can decompose O, into equivalence classes
[x]:={g-x:g€ K}, x€0, (z€ PAg). (3.2.7)

The action of G on O, is analytic, and [x] are analytic submanifolds of O, (if
0, is endowed with the topology of G/Ky) which are mutually diffeomorphic for
all x € O,. Hence O, can-be considered as a fibred manifold with a typical fibre
diffeomorphic to K, - z = [z], which is in turn diffeomorphic to Kyx/K{ (x € Oy).
Let us denote the base space by M = M,:

M =M, ={[x]:x e 0,}, (3.2.8)

which is endowed with the natural factor topology given by the continuity and open-
ness condition on the projection

Py O —> My, X— py(x) := [x]. 3.2.9)

From the definitions (3.1.5) of Fy and of the action of G on Fy in (3.2.4), we see
that [x] are exactly those subsets of O,, on which expectations of all the observables
X: (¢ € g) remain constant.

3.2.7 Lemma. Q; (0, 0,) = Qg(0¢,0,) forall h € K and all n, § € g.
Proof. Immediate from (3.2.2) and the definition of K. O

3.2.8 Let pyy :=Tpy : TO, — T M, be the tangent mapping corresponding to
the natural projection (3.2.9). For a general vector field o on O,, the vectors T py 0 (X)
are mutually different for various choices of x € [z]. Let, however, ¢t — g(¢) be any
differentiable curve in G. Then curves ¢ — g(¢) -x and ¢, : t — g(¢)h - x for any
h € Ky are projected by pj, onto the same curve ¢ — [g(¢) - X] in M,. This is true
due to the validity of

[g-x]=Kexg -x=gKxg 'g-x=gKx X, (3.2.10)

forall g € G,
[gh-x]=ghKy -x=gKy-x=[g-x], Vh € Ky, g €G. (3.2.11)
Hence tangent vectors ¢, € Tj,.xO, corresponding to the curves ¢, with g(t =

0) := e have identical projections T py (¢y) = Tpu(C,.) € TigM, for all h € Ky. If
we set g(t) := exp(t§), i.e. ¢, = o:(h - X), then we have obtained:
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3.2.9 Lemma. All the vector fields o (§ € g) on O, are projected onto unambigu-
ously defined (analytic, if 7 € P Ag) vector fields O’gM on M,:

o ([x]) := Tpyoe(h - x) (3.2.12)

forall h € K.

3.2.10 Proposition. There is a unique symplectic form QM on M, satisfying
Q0 o)) = Qor, o) = (32" )x (0, o) (3.2.13)

forall £, n € gand all x € O,. pj}, in (3.2.13) is the pull-back corresponding to the
projector pys (compare [1], resp. also [37, A.3.11] for the definition).

Proof. The first equality can be considered as a definition of a two-form ¥, which
is correct due to two preceding lemmas and the fact, that vectors O’EM (pux) & €9g)
contain a basis of Tjx)M, : a,;” (pux) = Oimplies n € ¥ and M, is diffeomorphic to
G/ K. This ensures also the uniqueness of 2. The second equality is a consequence
of the definition (3.2.12) of O’SM and it shows, how Q° can be reconstructed from QM.

The bilinearity of Q¥ follows from linearity of the mapping T py; and the bilin-
earity of Q2°, antisymmetry is trivial and closedness holds due to commutativity of
the exterior derivative with the pull-bacs: dp}, = pj,d, and due to closedness of ©2°.
Nondegeneracy follows from (3.2.1) and 3.2.4, which completes the proof. ]

3.2.11 As it was pointed out, the manifold M := M, (z € P.Ag) is diffeomorphic
to G/K,, where K, is the stability group of the point F, € g* with respect to the
coadjoint representation of G. On the other hand, the form Q" on M has the expres-
sion

QM. o)) = —F,(&. D). (3.2.14)

which follows from (3.2.2). This is, up to the sign, the canonical symplectic form
on the orbit of Ad*(G) passing through F;, and diffeomorphic to G/K,. Hence the
symplectic manifold (M; QM) is symplectomorphic to a Kirillov-Kostant symplectic
orbit, compare [174]. This manifold is here interpreted as a classical phase space
obtained by the above described canonical procedure from a given quantal system,
in which interpretation of observables is (at least partly) determined by a Lie group
action U(G). This action is projected on the coadjoint action Ad*(G) on M, see
(3.2.5). Almost obvious is the following

3.2.12 Proposition. The vector fields GEM (& € g) are globally Hamiltonian vector
fields on the symplectic manifold (M; QM) corresponding to Hamiltonian functions

fe: Xl fe(IXD) = Fx(§). (3.2.15)

They generate Hamiltonian flows F,E on M:
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Ff :[X] = pux > Ff(pux) = py (U(exp(t€))X) . (3.2.16)

Proof. From the definition of O'EM in 3.2.8 and 3.2.9 the relation (3.2.16) follows.
Differentiation of f¢ according to (3.1.15) and (3.2.2) gives

dfe = —i(@/HQ", (3.2.17)

compare (1.3.4). This proves the first statement. (]

With the usual definition of Poisson brackets on (M; Q™), we obtain the obvious
(compare also (1.3.11) + (1.3.12))

3.2.13 Lemma. {f, f,} = — fie.,) forallé,neg.

3.2.14 This shows, that the action of Ad*(G) is strictly Hamiltonian. Since for the
generators of U(G) in ‘H we have X ,; = —i[X¢, X1, (2.3.21), the Lemma 3.2.13
establishes the usual correspondence between classical and quantal observables
associated with generators of the group action.

3.3 Classical Mechanical Projections of Quantal Dynamics

3.3.1 Letthetime evolution of a given system in QM be described by a one parameter
subgroup of U (G) corresponding to an element y € g. Then, for a givenz € P(H),
the flow U (exp(tx)) leaves the orbit O, invariant. If z € P A, then this flow is
projected onto the Hamiltonian flow on M, generated by the Hamiltonian function
[y with the corresponding Hamiltonian vector field a;” , as it was described above.
Models one frequently encounters are, however, in which the time evolution is given
by a one parameter group of unitaries Us (R) :

Ua: t > Ua(t) = exp(—itA), A= A*, (3.3.1)

where the generator A has not the form X, for any x € g. The orbits O, are then
in general not invariant with respect to the action of U4 (R). We shall be interested
here in the question whether and how such an action U 4 (R) can be projected onto a
Hamiltonian flow on M,.

3.3.2 Let A be any selfadjoint operator on H and E4 the corresponding projector-
valued measure on R. Assume thatz € P Ag (definedin3.1.1) and that O, := U(G)z
is contained in the form domain of A, i.e. the integral in

fax) :=Tr(PA) := / ATr(PyE4s(dA)) 3.3.2)
R
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converges absolutely for all x € O,. In an analogy with the constructions of the
preceding sections, the function f4 will be considered as a candidate for a classical
observable corresponding to the quantal observable A. We shall require that

fa € C(0y). (3.3.3)

This requirement is fulfilled in the following situation:

3.3.3 Lemma. Let £(g) be the linear space of all polynomials in selfadjoint genera-
tors X¢ (§ € g) of U(G) with complex coefficients. Assume that for a fixedz € P Ag
and for any x € O, and any E € £(g) there is an open neighbourhood N (x, E) of
the identity e € G such, that the function

g |[AEU(g)x| (x €Xx) (3.34)

is uniformly bounded on N (X, E). Here A is a given symmetric operator on 'H
containing E(@)U (G)z :={EU(g)z : E € £(g), g € G}initsdomain D(A), z € .
Set fa(X) := (x, Ax) for |x|| =1, x € x € O,. Then f, is infinitely differentiable
on O,.

Proof. 1t suffices to prove infinite differentiability of the function g — f4(g - X)
defined on G. For any E, E; € £(g) the functions g — E;U(g)x (j =1,2) are
norm-analytic according to (3.1.1), see also [13]. Consequently, the function

(g1; 82) — (E1U(g1)x, AE,U(g2)x) from G x G to C (3.3.5)

is infinitely differentiable in each variable g;, g, separately and any partial derivative
(in the direction of some one parameter subgroup of G) has the form (3.3.5) (with
some other E;’s). To prove differentiability of

g+ (E U(g)x, AE,U(g)x), (3.3.6)

it suffices to prove simultaneous continuity of all functions of the form (3.3.5) in both
variables g;, g». It follows, however, from the assumption of uniform boundedness
on N (x, E,), analyticity of U (g)x with respect to U (G) and continuity of U (g):

I(E1U(g1)x, AE2U(g2)x) — (Eix, AE>x)| <
IE1(U(g1) = Dx|l - [AE2U (g2)x|| + 1 E2(U(g2) — Dx|| - [AE 1 x][. (3.3.7)

This concludes the proof. O

3.3.4 If the assumptions of the preceding lemma are valid for A, the explicit expres-
sions for the partial derivatives ¢ f4 along the curves ¢ — exp(t£) - x have the form

(lxlf =1, &n e g:
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8§fA (X) = 211’1’1()6, Ang), (338)
3,0 f4(X) = 2Re[(Xex, AX,x) — (x, AX: X, x)], (3.3.9)

and similarly for higher derivatives. For these expressions, we shall use also forms
which are literally valid only if the set £(g)U (G)x is mapped by A into Dg:

9 fa(x) =: i Tr(P,[Xz, Al), (3.3.10)
3y fa(x) = i> Tr(P[X,, [Xe, AlD, (3.3.11)

etc. Also in more general cases, we shall write symbolically
i Tr(Py[Xe, AD == firx,, a1(X) 1= 0 fa(X). (3.3.12)

The Definition 3.3.6 (ii) deals with such symbols.

3.3.5 Examples. Assumptions of the Lemma 3.3.3 are satisfied, e.g. for

(1) all bounded operators A = A* € L(H),
(ii) all symmetric operators A € £(g).

3.3.6 Definitions. (i) Let A be a symmetric operator on 'H with O, C D(A) for
some z € PAg and let fu : X = fa(x) := Tr(P,A) be infinitely differentiable on
O,. Let Ky be the stability group of Fy € g*, Fx(§) := T'r(PyX;), with respect to
the coadjoint representation of G and [X] := Ky -x (x € O,). If

fa(X]) := fa(X) = fa(h-x), Vhe Ki,VX € O,, (3.3.13)

the operator A will be called a U(G)-classical operator on O, or simply a z-classical
operator.

(i) Let A := A1A,... A, be formal product of some selfadjoint operators A;‘. =
Aj, j=1,2,...n.Let Ay := 1. Suppose, that for some j € {0, 1, 2, .. .n} the prod-
ucts Ajy1... Apand AjA;_y ... A1 Ag are well defined operators with U (G)z (0 #
z € z) lying in the intersection of their domains. Denote then (with x € X, ||x|| =
1,xe 0,)

fA(X) = fA]AZ---An (X) = (AjAj,1 . Alx, Aj+1Aj+2 . Anx). (3314)

For any other j € {1, ...n} satisfying these conditions the values in (3.3.14) will
be the same. If fq € C*(0,) and if (3.3.13) is valid (with A — A) for fa, then A
will be called a generalized z-classical operator. The same name will be given to
any formal complex finite linear combination B of generalized z-classical operators
AT = ATAS .. AT

net

B = ZA,A’, (3.3.15)
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and we shall set

fB(X]) == fp(x) == Z?»r far(x). (3.3.16)

The adjective ‘generalized’ will be sometimes omitted.

3.3.7 Examples.

(i) All the generatorsX; (§ € g) are z-classical forallz € P Ag.
(ii) If, for some z € P(H) : K, = K, (cf. 3.1.1) and f4 € C*(0,), then A is
z-classical.
(iii) If A is z-classical and X¢, ... X, € U(g), then all the symbols [X¢, [X,, ...
[X,, A]...]] represent generalized z-classical operators. We can see this from
3.3.4 and (3.2.11):

fa(g-2) = fallg - z]) = fa(lgh - z])

and differentiations and induction give the result.

(iv) Let fa € C*®(0,) and all the Ky be symmetry groups of the observable
A:UMhHAUM) = A for all h € Ky and allx € O, (e.g. if K, is a normal
subgroup of G and K, is a symmetry group of A). Then A is z-classical.

3.3.8 If Aisz-classical, then the function f4 can be considered as a function on M,
according to (3.3.13) and then f4 € C*°(M). Denote by o ! the Hamiltonian vector
field on M corresponding to the Hamiltonian function f4 : m +— fa(m),m € M.
Choose a system o; (j = 1,...dimM) of vector fields on M forming a basis of
T,,M for all m in a neighbourhood of my € M. Since the symplectic form ©¥
is nondegenerate, the inverse matrix to Q¥ (o i, 0%) with elements Qﬁ m) (j, k=
1,2,...dim M) exists:

> QL QN (01,01 = Y QN (04, 01) Q) (m) = 8. (3.3.17)

From the connection between Hamiltonian vector fields and corresponding Hamil-
tonian functions, we obtain:

ol (m) = Q5 (m)dy fa(or)o;(m). (3.3.18)
ik

For Poisson brackets of functions f4 and fp on M corresponding to z-classical
operators A and B, we obtain with a help of (3.3.17):

{fa, faYm) == ) (04", 03") = — defA(Uj)Qﬁf(m)dme(Uk)- (3.3.19)
J.k
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If o; are Hamiltonian vector fields corresponding to generators X ; € U(g), then
we obtain according to (3.3.12)

dn fa(oj) = fix;.a1(m) (3.3.20)

and the Poisson bracket (3.3.19) has the form

{fa, f}(m) = — Z ﬁ[X,,A](m)Qﬁ(m)ﬁ[Xk,B](m)- (3.3.21)

J.k

If the operator B is one of the generators of U(G), B := X € U(g), then the
Poisson bracket (3.3.21) has the expression:

{fa, fx}(m) =i Tr(Pc[A, X]) = fiia.x)(m), (3.3.22)

where x € x € [x] :=m € M. Theresults (3.3.21) and (3.3.22) have to be compared
with 3.2.14. If the orbit O, coincides with the manifold M := M,, then the vector
field aﬁ” in (3.3.18) is the skew-orthogonal projection of o4 (from (2.3.8)) onto M,
the skew-orthogonality being defined by the form 2 on P (H), see Sect. 2.2.

3.3.9 The unitary group Uya : ¢t +— Ua(t) := exp(—itA) does not leave the orbit
O, invariant for a general selfadjoint z-classical operator A. Then we would like
to compare the classical Hamiltonian evolution on M, generated by f4 (with the
flow F[A) and the quantal evolution on P (H) described by the flow U 4(¢). From
the point of view of this work, the ‘quantities of interest’ are generators of the
representation U (G). The evolutions of the corresponding functions fx (X = X* €
U (g)) are described by

d
Ef)tfz{fA’f)r(}: ,'I[A’XI (3.3.23)

in both cases of the classical flow FZA as well as of the quantal evolution U 4 (),
compare 3.2.12, (2.3.27) and (3.3.22). The difference is between the two cases in the
meaning of f’:

(1) In the case of the flow F,A on M for any f € C*°(M), we define
fim) = f(F*m), meM, (3.3.24)
and the flow FtA has to be determined from (3.3.23) (VX* = X € U(g)).
(i) In the quantal case, we have given the flow U 4 on P (H) and for functions f on

(the dense U 4-invariant subset of) P(H) we set

F1x) = fUAD)X). (3.3.25)
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The functions fp for any z-classical B are defined in the both cases by the
formula
fe(x) :=Tr(PcB). (3.3.26)

The ‘classical f’ is the restriction of the ‘quantal fj’ to the manifold M := M,.
The classical flow is the specific kind of restriction of the flow U, onto M
(compare (3.3.18) and the note in the last sentence of 3.3.8).

Although the rules for computation of the functions
t— fx(FAIXD, [X] € M, X = X* € U(g), (3.3.27)
and
t— fx(Ua@®)x), xe[x]eM,, X =X" € U(g), (3.3.28)

seem to be very similar, the mutually corresponding functions from (3.3.27) and
(3.3.28) might be radically different for an abstractly defined selfadjoint (z-classical)
operator A. We shall give in the next chapter an example, in which both the functions
from (3.3.27) and (3.3.28) (given by the same X € U (g) and with the same initial
condition x € O,) are periodic with different periods (and, moreover, with mutually
different dependence of these periods on the initial condition x); the corresponding
orbits in g*:

(F,) -t € R} C g*, with F,(t) : & — fx,(F [x]), £ € g, (3.3.29)
and the orbit

{Fl(t):t e R} C g*, where F/(t) : g — R, & = F!(1)(§) := fx,(Ua()x),
(3.3.30)
are mutually different closed curves in g*, see 4.1.10.

3.3.10 Weexpect, contrary to the above mentioned example, that in certain situations
the parametrized curves in g* defined in (3.3.27) and (3.3.28) will be in some sense
close one to another, at least for not too large times ¢ € R. We mean namely such
situations, in which A is the Hamiltonian operator of a ‘realistic’ quantal model and
the initial condition x leads to subsequent evolution U 4(¢)x, which is sufficiently
well approximated by laws of CM. For some estimates in these directions, they might
be useful Taylor expansions of the functions in (3.3.27) and (3.3.28) in the initial
point ¢ = 0. Set, as usual,

{fa, £ = Ufa A fas £0), {fas )@ = fx, forn e Zo,  (3.331)
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and also the corresponding notation for multiple commutators for operators. Then
we have expressions for derivatives

dl’l
g | SEXD = (s £, (3332)
=0
and
dm fX(UA(t)X) =i" Tr(Px[A, X](n)) = f,'n[A_X](n) (X) (3.3.33)
=0

The right hand side of (3.3.32) can also be expressed as a polynomial in expec-
tation values of quantal observables in the initial state x by multiple application of
(3.3.21). To make these formulae clearly applicable it is necessary to have some
assumptions on the domain of A, e.g. let A be z-classical with O, in its invariant
analytic domain, x € O, and A"x € Ag (:= the analytic domain of U(g)) for all
n € Z, . If these assumptions are fulfilled, then the identity of functions (3.3.27) and
(3.3.28) (for given X € U(g) and x € O,) is equivalent to the equality of the right
hand sides in (3.3.32) and (3.3.33) for all n € Z . This equality holds for any such
A for n = 0, 1. The equality in higher orders is essentially dependent on the choice
of A.

Content of this subsection is closely related to the investigation of 7z — 0 limit of
quantal correlation functions in the work by Hepp [154], cf. also 4.1.8—4.1.10.

3.3.11 Extended phase spaces: If the one-parameter group of time evolution is
included into G as a subgroup, the reduction of the orbits O, to the symplectic
manifolds M, can be sometimes replaced by a natural procedure of a reduction of
0O, to odd dimensional manifolds of the dimension 2n + 1, if the dimension of the
corresponding classical phase space is equal to 2x. In this case, the restriction of
the form 2° to such a manifold is degenerate, of the rank 2n. Such odd dimensional
manifolds with a given closed two-form of the maximal rank are called contact
manifolds. Usage of contact manifolds in CM is convenient for a natural possibility
of passing to moving reference frames. Another situation, in which they are useful
is that of time dependent Hamiltonians, cf. [1, Chap. 5], and also [111, Sect. 18.5].

Sometimes it is useful to describe mechanical systems in CM by symplectic
manifolds which are of the dimension higher by 2 than the usual ones. Any symplectic
manifold can be extended to a contact manifold and any contact manifold can be
extended to a symplectic manifold, each time increasing the dimension by one.

We shall not try to give here the theory of these situations. For generalities on
such structures cf. e.g. [1, 7]. Some cases will be mentioned in the following chapter.



Chapter 4 ®)
Examples of Classical Mechanical e
Projections

4.1 The Heisenberg Group (CCR)

4.1.1 A physical system consisting of the finite number N of nonrelativistic (apriori
mutually distinguishable) point particles is described in the conventional QM by an
infinite dimensional unitary irreducible representation of the 2n + 1 - dimensional
Heisenberg group G (n := Nv, visthe dimension of the one-particle configuration
space); cf. also [37, Sect.3.3-b]. The Heisenberg group G is a central extension by
R of the commutative group R?" (which can be identified with the classical flat
phase space R?" = T*RR"), compare [321] and [346]. The (scalar multiples of the)
selfadjoint generators X ;, j =1, 2, ... 2n, of the representation correspond to basic
‘kinematical’ observables of the system. The choice of X ;’s is conveniently made in
such a way, that on corresponding domains (e.g. on D) the commutation relations
(CCR) are fulfilled:

[X;, Xel =i SppXo for jk=1,2,...2n; (4.1.1a)

[X;, X0l =0, j=1,2,...2n. (4.1.1b)

Here the elements Sj; of the 2n x 2n real matrix S are defined:

Sj jHn = —Sj+,1j = 1, ] = 1, 2, ...n, Sjk = 0 otherwise. (412)

Hence S~! = §7 = —S where S” is the transposed matrix to S. From (4.1.1b) we
see, that

Xo = kI, (I is the identity of L(H)). 4.1.3)

The parameter i € R, h # 0, (h := the ‘Planck constant’, if its value is chosen
properly) classifies all infinite-dimensional unitary irreducible representations of G;
representations corresponding to various values of 2 are mutually inequivalent, [346].
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Setting
Qj Z=Xj, Pj I:Xj+,1 fOI'j:l,Z,...l’l (414)

we obtain from (4.1.1a) the usual form of the canonical commutation relations
(CCR). There is only one physically admissible choice of the constant /: it is the
Planck constant divided by 27 (its numerical value depends on a choice of physical
units for determination of which it is necessary to consider also dynamics). Operators
Q; (resp. P;) are interpreted to correspond to observables called ‘coordinates of the
configuration’ (resp. ‘coordinates of the linear momentum’), in a cartesian basis.
Note, that this representation of G can be considered as a projective representation
of R?", as it was described in 1.2.7.

4.1.2 The Schrodinger form of the above mentioned representation of G consists of
the realization of the Hilbert space H of the representation as L>(R", d"q) (d"q is the
Lebesgue measure) and the action of X ;’s can be defined on such ¢ € L>(R",d"q),
which belong to Schwartz test functions:

(X;0)q1,q2, .. .qn) :=q; ©(q1,92, - .. qn) (4.1.5a)
and
0
X401, 92, - .- qn) = _lha_q@(%, q2, - qn) (4.1.5b)
J

for j =1,2,...n. An equivalent realization of CCR is obtained by an arbitrary
unitary transformation U of H onto itself, e.g. by the scaling U := Uy (A € Ry \

{0):

(Urp)(q@) == X"*p(\g). (4.1.6)
Itis Uy ' = Uy, and we have:
1
X; = U/\XJU/(I = )‘XJ" X;'Jrn = U/\XjJrnU)Tl = XXjJrn’ j=12,...n.
4.1.7)

These transformations are useful for taking limits 7 — 0, compare [154] and also
our 4.1.8.

4.1.3 LetX - S - x := X;S;;x; withsummationover j, k = 1,2, ...2n, wherex; €

R forall k. Let W, (x € R*") be unitary operators of the above mentioned projective
representation (cf. 1.2.7) :

W, := exp (;EX : S-x>. (4.1.8)
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From (4.1.1a) we obtain
WX W, = X; +x,1, (4.1.9)

Wyin = exp (%x 'S x’> W, Wi, (4.1.10)

Let us mention here, that the multiplier in (4.1.10) is determined by the standard
symplectic form Q¢ on the classical flat phase space R*"; setting ¢ ji=Xj, pj =
Xjpnfor j=1,2,...n,itis

Q= dej Adgj, 4.1.11)
j=1
X8 x=Q%x, x). (4.1.12)

4.1.4 Let ¢ € Ag := the analytic domain of U(G), ¢l =1, ¢x := Wyp (x €
R?"). Let P/ € P(H) be the corresponding projectors, Tr(P{ A) := (¢x, Apx) (A €
L(H)) and Py := P,. From (4.1.9) one has

Tr(P¢X;) = Tr(P,X;) +x;. (4.1.13)

Hence the mapping P¥ : x — P/ is a bijection of R*" onto the orbit 0, :=
{P7 :x € R*} and it is continuous if O, is taken in the relative topology from
P (H). Due to absolute continuity of spectra of all X; (j = 1,2, ...2n) with respect
to the Lebesgue measure on R the function x — (p, W, ) converges to zero with
|x] = ooand |(¢, W,p)| = 1 iff x = 0. Consequently, the mapping P¥ is also open
(i.e. any open set is mapped to an open set), hence it is a regular C*°-embedding of
R?" into P (H); with our choice of ¢ € Ag, P¥ is even an analytic embedding into
P(H).

4.1.5 Let o; denote the vector field on O, corresponding to the generator ;—iX (=
1,2, ...2n). We shall denote by 27 the restriction of the symplectic form 2 on P (H),
2.2.1, onto O,. The form ¥ is nondegenerate, since for the values Q7Y of Q¥ in any
point ¢, € O, we have:

, i , 1
Q7 (o), 01) = ﬁTr(P,f[X,-, XiD) = == Sk (4.1.14)

and det § = 1.Hence M, = O, in this case. Let fx,(x) := fx,(p,) = Tr(PfXj)
(x € R?") be the classical observable corresponding to X ;. From (4.1.13) we see,
that a unique ¢, € O, can be chosen such, that

Tr(P,X,;)=0forall j =1,2,...2n. (4.1.15)
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In the following, we shall take ¢ := ¢ according to (4.1.15). Then
fx,(x) =x;, j=12....2n. (4.1.16)

From (4.1.14) and (4.1.12) we see, that in the coordinates (4.1.16) the form
Q¢ = KQ¥ is identical with Q¢ defined earlier. Hence the brackets

{fx;, fx}(x) = hQ{(0), 00) = —Sjk (4.1.17)

are exactly the classical Poisson brackets on R?", cf. also [31]. The Hamiltonian
vector fields on O, corresponding to the Hamiltonian functions fx, are o; with
flows exp(—£2X ;). This recovers on O,, the standard classical kinematics from the
geometry of P(H) and the CCR.

4.1.6 Letuslook now on the dynamics on O, generated by the Hamiltonian operator

1 n
A=Ay =3 > aiPiPc+ V(Q) (4.1.18)
jk=1

from the point of view of the Sect. 3.1 (see (4.1.4) for the notation). Here @ = {a;} is
a real symmetric positive matrix and V is a real distribution on R” chosen such, that
the operator A is ¢-classical, Def. 3.3.6. The quantal dynamical group is exp(— %IA)
and the corresponding classical projection (= classical mechanical projection) F/
on O, is given by the Hamiltonian function

fa(x) := Tr(P?A). (4.1.19)

From (4.1.13) we obtain (with (¢; p) := x):

1 1 «
@ p) =5 Y aupipe+ Tr(PVQ+@) + 5 3 auTr(PPiP),
jk=1 jk=1
(4.1.20)
where we write V(Q + ¢q) := Wx‘1 V(Q)W,. The potential term in the realization
(4.1.5) is rewritten as

Vo) = Tr(P,V(Q+q) = /R @ P Vg +g)d'g. @412l
or as a convolution (¢(q) = p(—q)):

Vo(@) = 1917 % V(g) = 0, % V(q). (4.1.21b)

This ‘smearing’ of the potential energy by a density g, is the only difference between
the classical projections in the case of G :=(the Heisenberg group) and the usual
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classical limit with the ‘unsmeared’ potential energy V (g) (up to the unessential
additive constant term in (4.1.20) ).

4.1.7 Notes. (i) The quantal correlation functions are constant on the orbits O;
e.g.

Tr(P?(X; — x;)(Xy — x1)) = Tr(P,X; Xp),
forall j, k, and for all x € R*", (4.1.22)

(ii) If the Hamiltonian operator A is quadratic in all the generators X ;:
. 1 hik 1 hik
A= 3 XXy = falx) = 5 XjXxi + const, (4.1.23)

i.e. in this case the usual classical limit coincides with the classical projections. This
situation is analyzed in Sect. 4.2.

4.1.8 On the limit h — 0.

All the previous results and considerations are equally valid for any nonvanish-
ing value of the parameter 4. Any change of the value of the parameter & might
be interpreted from the point of view of mathematics, either as a change of the
representation U (G) of the Heisenberg group G to an inequivalent one leaving the
correspondence of the generators % X; € Up(g) to fixed elements §; € g of the Lie
algebra unchanged, or as a change of the basis {{;} in g into {\;} (corresponding
to a ‘reinterpretation’ (i.e. change of units) of parameters x occurring in (4.1.8) ),
leaving the choice of the representation fixed.

Let a physical interpretation of the generators X; be fixed (compare Sect. 1.2),
leaving the value of & unspecified. If some empirical system is adequately described
by QM with the given interpretation of X ;’s, for some value of 7, then this value £ is
for the system unique (independently on any choices of generators of the evolution in
time— consider, e.g. the occurrence of / in uncertainty relations). If two such systems
could form one composite system the mutually noninteracting parts of which they
are, then the value of / for both systems is the same (interpretation of X ;’s fixed!),
since each of the subsystems taken separately determines £ for the whole system (we
have now a 2(n; + n,) + 1—dimensional Heisenberg group, if the subsystems have
ny, resp. ny degrees of freedom).

These considerations show, that any change of the value of h —if physically
interpreted—has to be connected with a change of interpretation of the generators
X € Up(g). We obtain an example of such a reinterpretation, if we describe a system
consisting of a large number of particles: in a description of the center of mass motion
we can deal instead of with center of mass coordinates and total linear momenta
(which satisfy CCR with the experimental value of Planck constant) rather with
center of mass coordinates and averaged momenta per a particle.

If we keep the interpretation of X ;’s fixed, then for various values of /2 we obtain
different theories. We shall describe a transition of 7 — 0 in the context of the
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classical projections of QM. Let us write A2A (X € (0, 1]) instead of 7 in all formulas
of the subsections 4.1.1-4.1.7. Let X ; (\) be the Schrodinger realizations of the CCR-
generators in L?>(R") =: H and let us apply to them the transformation U, from
(4.1.7) for each value of \. Let us denote X? =U,X;(\) U;l. We obtain:

0
070(q) = Aqjp(q), Plolg) = —i Ay ~9@). (4.1.24)
J

where
Q} =X}, Pl:=X;, (j=12..n.

Let us fix ¢ = ¢ € H according to (4.1.15) , which will be held unchanged for all
the values of \. Let W* be the unitary representation from 4.1.3:

W2 = exp <ﬁ x-S x) (4.1.25)

Let ) := Wy, i.e. for x := (g; p) € R we have

AN i n
wx(q)—eXp<—2)\2hq-p> (Eq p) o(q ——) q.p.q €R".
(4.1.26)

Let

P(A) be the projector onto gpx, P(A) =P, =P, forall \.

The correlations of all orders are for any A independent of x:
Tr <P9>(Xj. — X)X} —x) . (X — x,)) =Tr(P XX, ... X)), (41.27)

The right hand side of (4.1.27) is proportional to A*, where s is the number of
X in the right hand side of (4.1.27). From this we see that the

algebra £(g)” of quantal observables consisting of polynomials in X*
is mapped onto a set of functions on 0,3 = WNG)p:
A E fp(x):=Tr(PYVE), E € Eg); F§j (xX) = xj, (4.1.28)
and this mapping f* becomes in the limit A — 0 a homomorphism of associative
algebras.

For the generator f 2 of the ‘projected’ evolution in time, corresponding to the
quantal generator (4.1.18), i.e., for each A, to the operator
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1 n
AN = 5 Z ajkPj{\Pk/\ + V(M. (4.1.29)
Jk=1
we obtain:
l n
FA@ p)=Tr(PPAY =2 3 laupipe+ '+ V@) +by (4.1.30)
jk=1

Here b, is a constant depending on \ as O()\?) and
—n q
(@) = A"lp(= I (4.131)

is a normalized density on R”, which weakly converges to the Dirac J-function with
A — 0. A comparison of flows on OQ (= R?") generated by f/g\ for various A is not
easy for given V and ¢ in general.

419 LetU 2 ) = exp(—i—’zA’\) be the time evolution group corresponding to the
generator (4.1.29) (weset h = 1). Let

X} (t, %) = TrU; () POULN=DX)) = f3, (U 1)@Y) (4.1.32)

be time-evolved quantal expectations of the ‘canonical’ observables X j‘ with initial
values ¢} € O (the mapping f* from (4.1.28) is here extended to a mapping into
functions on P(H)). The well-known Ehrenfest’s equations are certain equalities
including the functions (4.1.32) and their time-derivatives, which have an analogous
form to that of equations of motion of CM, being in the same time exact conse-
quences of QM. We can write them in the form (with x* := (¢}, ... ¢}, p?, ... p))
and summation is over 1, 2, ...n):

92

d
Eq}\(t,x) =auppt,x) = B, A, x)), (4.1.33)

d ov

P ==Tr (Uﬁ(r)P;”Uﬂ—r)aE(QA)) : (4.1.34)

Here f /g\ is the classical Hamiltonian function corresponding to the quantal generator
A?. The corresponding equations for the classical projection on O;} are of the form:

d » A 9 g
i (t, %) = ajpic(t, X)a = O_pij (x7(t, X)), (4.1.35)

d __ 9 [\ A _ 9
dtpj(l9-x)cl— 20 (Q * Vg (t»x)cl)) = 3quA(x (t,X)e),  (4.1.36)
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with f f;\ from (4.1.30). We shall rewrite (4.1.34) into a form similar to (4.1.36).! Let
y € R?" and W;‘ as in (4.1.25). Inserting Wéy into the trace in (4.1.34) we obtain:

d \ v o ;
a (t, x) o (y, 1, x) * 90, (g”) (aqu (y,1,x) ) % V(g”), (4.1.37)

where ¢¥ := (y1, ... y,) and

2
(Wi\yU;,\(t)W;\go)(—%)‘ . (4.1.38)

My, t, x)( )-—i
Q yva q ._A"

Since the right hand side of (4.1.37) is independent of y € R*", we can insert
there y := x(¢, x) and obtain a formal analogy with (4.1.36). We expect, that the
difference o*(y, t, x) — Qi; (compare (4.1.21b)) will converge to zero with A\ — 0in
the sense of distributions uniformly on compacts in ¢, if y := x*(¢, x), and also for
yi= xM¢, x, ), with some reasonable choice of V. This conjecture is based on the
results of [154]. (The convergence holds for each fixed r € R for y = xMt, x)).2)

4.1.10 Example. We shall give here an elementary example showing possible differ-
ences between a quantal time-evolution and its classical projection. We shall notice
also the behaviour of these evolutions in the limit of vanishing A. In the formalism
introduced above, let o € L*(R, dg) represents a ‘minimal wave packet’:

] 1
©(q) =7 % exp ( - §q2>, (4.1.39)

and choose @;\ = W?gp withz :=¢q — ip, WZA = expliA2(Q*p — P¢)]. Let the
generator A* of quantal time-evolution be

A :=a(\)P,, (4.1.40)

where a()\) is some real function. Then the classical Hamiltonian function on the
orbit Og of the Heisenberg group in L?(R) is

fA@) == Tr(PYAY = a(\) exp (—;—;) (4.1.41)

with zZ being the complex conjugate of z € C. We are interested in the comparison of
solutions of classical Hamiltonian equations on O, I (t, 2)1, and the corresponding
quantal expectations:

Mty 2) = TrU () PPUL(-DZY, Z*:= Q" —iP?, (4.1.42)

It is left to the reader’s assessment, whether the forthcoming reformulation could be helpful for
better understanding of the “classical limit 7 — 0” of the dynamics.

2This fact was kindly announced to the author by Prof. Klaus Hepp (in 1985).
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with the same initial values z = g — ip. Elementary calculations give:

1

1
] — —— _
a(\)

A _
Z (t,z)—[ an

fﬁ(z)}z + fa@) exp ( - %a(A))z, (4.1.43)

Mt 2)q = exp ( - %f;\(z))z. (4.1.44)

We see that (4.1.43) and (4.1.44) describe motions on mutually tangent circles
in C with different radii and different dependence of frequencies on initial condi-
tions as well as on the parameter A. For A — 0 the quantum evolution vanishes
independently on the ‘renormalization’ a(\). For slowly varying a()\), the classical
evolution vanishes too, but the way of this vanishing looks qualitatively differently.
If, e.g. a(\) = A exp(b/2)\?), b > 0, then 7z = b is a critical value for A\ — 0.

4.2 Extension of CCR by a Quadratic Generator

4.2.1 All the orbits O, occurring in Sect.4.1 were mutually homeomorphic (and
homeomorphic to R?"). In this section, we shall give examples of irreducible rep-
resentations U (G) of some Lie groups G in a Hilbert space H containing various
mutually nonhomeomorphic orbits O; := U(G)goj inP(H),(j=1,2,...).LetG
be a connected Lie group containing the 2n + 1—dimensional Heisenberg group
G, as an invariant (i.e. normal) subgroup (G will be specified later). Let U be such
a unitary continuous representation of G, the restriction of which to G, coincides
with the irreducible representation described in Sect.4.1 with A = 1 = A. With the
notation of the previous section, form = 1,2,... K, A,, € U(g), set

1 .
A, = 3 h{nkaXk, (summation overj, k = 1,2,...2n), “4.2.1)

with any &, areal symmetric 2n x 2n—matrix; the formally defined operator A,, is
symmetric on the Garding domain of U (G,,). From (4.1.1a) we have commutation

relations (cf. also 4.1.3):

[(Xj, Xel =i Sid, [Xj, Ap) =i Spphtl Xy =10 (S hy - X)), (4.2.2)
(A AL =5 X (- S —he - S hp) - X, mk=1.2.. K. (423)
Assume that for any m, k there are reals cf,;k such, that

K
- S hg—he- S hy =Y chihj, mk=12_ K. (4.2.4)

Jj=1
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then the linear hull of the operators X; (j =1,2,...2n), A, (m=1,2,...K)
and [ := Iy := idy forms the Lie algebra U (g). We have (cf. also [37, Proposition
3.3.12]):

4.2.2 Proposition. Let U(g) be the above defined representation of a Lie algebra
g in H and let G be the corresponding simply connected Lie group with the Lie
algebra g.T hentherepresentation U(G),) of the Heisenberg group G, has a unique
extension to the representation U (G) of G in H such, that the closures of the operators
X; (j=12,...2n), Ay, (m =1,2,...K) and Iy are selfadjoint generators of
U (G) corresponding to basis vectors in g according to (2.3.20). In particular the
operators A,, (m = 1,2, ... K) are essentially selfadjoint on the Gdrding domain

of U(G,).

Proof. The Garding domain of U (G,) is a common dense invariant domain of all
the operators in U (g). According to a Nelson’s theorem (see [13, Theorem 11.5.2.])
it suffices to prove essential selfadjointness of the operator A,

2n K
—_ 2 2
A=) "X+ ) Al (4.2.5)
j=1 m=1

on the invariant domain. First we shall choose m := (j; k) with j,k =1,2,...2n
and

1
A, = A(j;k) = E(X]Xk + Xka). 4.2.6)

In this case the operator A in (4.2.5) can be expressed in the form
3 " n
A= gnli+ Y PP+ QDU+ B+ 0D, 427)
Jj=l k=1

where we used CCR and the notation (4.1.4). From the known properties of the
Hamiltonians P]2 + Q? of independent linear oscillators, we conclude (with a help,
e.g., of [262, Theorem VIII.33]) that A is essentially selfadjoint.

Denote the Lie algebra generated by X;’s and A,y (j,k=1,2,...2n) by
@maxr and the corresponding simply connected group by G,,,.. Any A,, of the
form (4.2.1) is a linear combination of A(j;x)’s. Consequently, any Lie algebra U (g)
from 4.2.1 is a subalgebra of U (g,,.,) and the corresponding group G is a subgroup
of G 4. From this just proved integrability of U (g,,4,) t0 a unitary representation
U (Gpax), it follows integrability of U (g) for any g introduced in 4.2.1. This implies
the selfadjointness of (4.2.5) with arbitrary A,, of the form (4.2.1) and this, in turn,
implies uniqueness of U(G). (]
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4.2.3 In this section we shall restrict our attention to the cases of representations
U (G) obtained from U (G,,) by addition of only one generator A := A,, of the form
(4.2.1) in the manner described above. Let & be any nonzero real symmetric matrix
with elements /i (j, k =1,2,...2n) and let

L

denote here the selfadjoint operator corresponding to the right hand side of (4.2.8).
According to (4.2.6) the operators X; (j =1,2,...2n), A and Iy are selfadjoint
generators of an irreducible unitary representation U (G) of a 2n + 2—dimensional
connected Lie group G containing G, as a normal subgroup. The restriction U (G,,)
of U (G) is irreducible, too. Let U(G) be the realization of G in P (H) obtained by
the natural projection of U (G), 2.3.9. We shall investigate infinitely differentiable
orbits of U(G) in P(H).

4.2.4 Lemma. Let U(G) be as in 4.2.3 and Dg be a dense invariant subset in
‘H consisting of infinitely differentiable vectors of U(G), e.g. D¢ is the Gdrding
subspace for U(G)([13, 11.1.8]). Let ¢ € Dg, ll¢ll = 1and O, := U(G)y be the

immersed submanifold of P(H) according to 3.1.2. The orbit O, is 2n-dimensional
iff there is an element C, € U(g),

C,:=clX;— A, 4.2.9)
such, that o is its eigenvector:
Cop=Ap forsome X eR. (4.2.10)

If (4.2.9) with (4.2.10) is the case, then O, = U(G,)p.

Proof. The tangent space to O, at ¢ is the linear hull of vectors o;(¢) (j =
1,2,...2n) (see 4.1.5) and 04 () (see e.g. 2.3.5 and Sect.3.2). According to 4.1.5,
all the o;’s are linearly independent. Hence O,, is 2n-dimensional iff

Tale) = clo;(p) (4.2.11)

for some reals c{o According to (2.3.8), the equation (4.2.10) implies (4.2.11).

Assuming (4.2.11), we have in the standard identification of T, P (H) with [©]* by
the help of W, (see 2.1.7 and (2.1.16)):

(I = P)(cLX;—Ap=0= (c[X; — Ap=Xp (4.2.12)

with X := A(p) := Tr(P,(c[X; — A)). O
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4.2.5 Let C := C, have the form (4.2.9) and let (4.2.10) be fulfilled. Then C
satisfies the system of linear equations:

Tr(P,C,X;])=0, j=1,2,...2n, (4.2.13)
Tr(P,[C, A]) =0, (4.2.14)

where (4.2.14) follows from (4.2.13). The equations (4.2.13) have unique solution
C of the form (4.2.9) for any ¢ € Dg, even if the relation (4.2.10) is not fulfilled:

cl =h*Tr(P,Xy). (4.2.15)

The corresponding operator C,, represents the generator of the isotropy subgroup
K, C Gatthepoint F, € g*inthe Ad*(G)-representation; here Fi,(§) := Tr(PpX¢)
for ¢ € g, compare 3.2.3 and 3.2.6. From (4.2.15) and (4.2.9), we have immediately:

4.2.6 Lemma. If ¢ € O, is chosen such that Tr(P,X;)=0 for all j=
1,2,...2n,then C, = —A.

4.2.7 Proposition. The orbit O, of U(G) is 2n-dimensional iff it contains an eigen-
projector P, of A, i.e. iff for some p € O, it is

Tr(P,A%) = (Tr(P,A)). (4.2.16)

Proof. In any orbit lying in D¢ there is a point ¢ satisfying the conditions of the
Lemma 4.2.6, compare 4.1.5. The assertion is an immediate consequence of the
Lemmas 4.2.6 and 4.2.4. O

4.2.8 Corollaries. (i) Let po € U(G)yp satisfy (4.1.15). If ¢ is an eigenvector of
A, then also py is an eigenvector of A, if v € Dg.

(ii) If po € Dg,,, satisfies (4.1.15), then those relations are satisfied by all the
vectors

ot = exp(—itA)po 4.2.17)

forall t € R and all the choices of A; (4.2.8).

4.2.9 Proposition. For any choice of A in 4.2.3 there is in P(H) a 2n+1 - dimen-
sional orbit of the corresponding representation U (G) (defined in 4.2.3), which is
an infinitely differentiable immersed submanifold of P(H).

Proof. Remember that any A is an unbounded selfadjoint operator. Let U, := P, —
P_ be the ‘parity operator’ defined by *

Ur=U'=U,, U X;Up ==X; (j=1,2,...20), (4.2.18)

3InH = L2(R", d"x), it is defined as [Ur9](x) := ¥(—x), Vi) € H, x € R™.
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and P, (resp.P-) are corresponding orthogonal projectors,
P+ P_ = 1Iy. (4.2.19)

Choose a dense invariant linear subset D of H consisting of infinitely differentiable
vectors of U (G) such, that (as usually)

U.Dg C Dg, hence PLDg C Dg. 4.2.20)

This condition implies, that P, D¢ (resp. P_Dg) is dense in Hy := PyH (resp. in
‘H_ := P_"H).For any ¢ € DJGr U D (with Dé := P.Dg), the assumption of 4.2.6
is fulfilled due to (4.2.18). If ¢ is not an eigenvector of A, then the orbit O,, is
2n+1-dimensional. Assume, that Ap = \p. Let ¢ € Dg, for definiteness. Since A
is U -invariant: [A, U,] = 0, its spectral measure £ 4, commutes with projectors Px.
Denote for any Borel set B C R

EE(B) := PLEA(B), hence E4 = Ef + E, 4.2.21)

and EX is the spectral measure of the restriction of A to the U (G)-invariant (infinite
dimensional) subspace H. of H. Due to unboundedness of A, we can assume that the
subspace (P4 — Ej ({A\}))H of H is nonempty; here E:{({)\}) is the eigenprojector
of P, A corresponding to the eigenvalue A. Choose a nonzero vector

¢ € (Py — Ef({N)H (4.2.22)

and assume the normalization ||¢| = ||¢'|| = 1. Let x := \/%(w/ + ). Since Dg is
dense in H, we can find for arbitrarily small 6 > 0 a vector (y:

wo € DG+ llpo — xI* < 3, lloll = 1. (4.2.23)

With § <2 — \/Z the vector ¢ cannot be an eigenvector of A and, moreover, it
satisfies (4.1.15). Hence the corresponding orbit O, is 2n + 1-dimensional. The
manifold structure was proved in 3.1.2. (]

4.2.10 Let O, (with ¢ € Dg) be a 2n+1-dimensional orbit of U(G) and let 2° be
the restriction of the standard symplectic form €2 on P (H) onto O, compare 3.2.2.
According to the previous results (Sects. 3.2 and 4.1), 2° is a closed two-form of
the maximal rank 2n, hence it is a contact two-form on O,, (see, e.g. [1, Chap.5.1.]).
The equations (4.2.13) determine the characteristic line-bundle of 2° in terms of
operators C = C,, corresponding to generators of stability groups of F,, € g* (see
4.2.5) with respect to Ad*(G). The characteristic line bundle of 2° is integrable,
determining a regular foliation of O,. The factorization of O, with respect to this
foliation is the symplectic manifold M, (symplectomorphic to the classical phase
space T*R") as it was constructed in Sect. 3.2 (for definition of the cotangent bundle
T*(M) of a general manifold M see e.g. [37, A.3.6 Definitions (v)]).
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4.2.11 The quantal and classical evolutions corresponding to the generator A, cf.
4.2.3, (resp. to the Hamiltonian function f4) coincide in our examples in the sense
of 3.3.9+3.3.10, independently of the dimension (= 2n or 2n+l) of the orbit O,. The
time-evolved quantal states remain all the time on the orbit O,,. We might be interested
also in time evolution of other quantities than (the expectations of) X ; in the quantal
interpretation. According to 4.1.7(i), in the case of dim O, = 2n = dim M, any
‘spreading of the wave packet’ does not occur. The situation is different, however,
on 2n+l - dimensional orbits. For various ¢; (j = 1, 2) corresponding to distinct
quantal states in the same leaf [¢] € M, we have in general (cf. 4.1.4 for notation)

Tr(P2"(X; — x))(Xx —xp) # Tr(PP(Xj — x)) (X — x1)). (4.2.24)

This is the case of e.g., free particle motions. This fact makes a certain differ-
ence between classical and quantal interpretations of the ‘extended phase spaces’
O, (dim O, = 2n + 1). This will be briefly discussed later on, in 4.3.5.

4.3 Notes on Other Examples

4.3.1 By the method developed in our Chap. 3, we can construct from an arbitrary
continuous unitary representation U (G) of a Lie group G ‘classical phase spaces’,
which are diffeomorphic (and even symplectomorphic) to orbits of Ad*(G). It can
be shown, [174, 15.2], that any symplectic homogenous space of any connected Lie
group G is a covering symplectic space of either an orbit of Ad*(G), or an orbit
of Ad*(G), where G, is a central extension of G by R—see also 1.3.7. On the
other hand, unitary continuous representations of G can be constructed from orbits
of Ad*(G), [174]. Considerations in Sects. 1.2 and 1.3 show reasons for modeling
state spaces of CM-systems as homogeneous symplectic spaces of some Lie groups,
at least for ‘basic’ or ‘elementary’ physical systems. In this section we shall outline
further examples of obtaining CM-systems from unitary group representations which
suggest, that all generally accepted models of ‘elementary’ finite dimensional CM-
systems could be obtained in this way.

4.3.2 Classical spin from SO(3): Let U be a (projective) irreducible representation
of the compact Lie group SO(3)—the connected component of the 3-dimensional
orthogonal group O(3) of orthogonal transformations of a 3-dimensional Euclidean
space Ej. The representation space H = C*/*! (J = 5, n € Zy) is finite dimen-
sional. Generators Y, (k = 1, 2, 3) of U corresponding to rotations around orthog-
onal axes in Ej3 satisfy the commutation relations (with €ji, = —€tjm = —€jmi,

€123 = 1):

[Yk» Ym] =i€kijj- (431)
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Choose any nonzero ¢ € H and form the orbit O, := {U(g)p : g € SO(3)}. Let
us denote by Y, the generator of t — U (exp(t§)) corresponding to an element &
of the Lie algebra g := so(3). We are interested in the Ad*(SO(3))-action onto
F, € 50(3)*, where

F,: & Fuo(§) :=Tr(PyYe), § € s0(3). 4.3.2)

Generators C,, := c{j Y; of one-parameter subgroups of the isotropy group of F, are
just all nonzero solutions of equations

Tr(P,Y:,C,)) =0, k=1,2,3. 4.3.3)

With y* := y¥ (¢) := Tr(P,Yy), the only linearly independent solution C,, of (4.3.3)
can be written:

C, = Y ()i (4.3.4)

One could easily check that C, = 0 in (4.3.4) for some ¢, iff C, = 0 for all
p € H, iff J =0 (i.e. dimc H = 1), iff the matrix of the homogeneous equations
(4.3.3) is identically zero. In all other cases the rank of the matrix of the system
(4.3.3) equals to 2. For J = 0 the corresponding classical phase space degenerates
to a point: this corresponds to the traditional point of view according to of which
spin does not occur in classical mechanics.

For orbits O, in representations with J # 0 we have two possibilities:

(i) The vector ¢ is an eigenvector of C, and the orbit O, is two-dimensional (any
generator Y € U(so(3)) which is linearly independent of C,, cannot be a solution
of (4.3.3): Tr(P,[Y,Y]) =0 for k =1,2,3 implies ¥ = AC,; hence Y linearly
independent of C,, generate two-dimensional tangent space to O, at ).

(ii) If ¢ is not an eigenvector of C,, then the generator C, generates a one-
dimensional submanifold of O, diffeomorphic to a circle S! (C, generates the
isotropy subgroup of SO(3) at F,,, which is closed, hence compact). In this case
O, is 3-dimensional.

Note that for J = % only the possibility (i) occurs, since H = C? and
dimg P(H) = 2.

It can be easily shown that in the both cases the corresponding classical phase
space M, (in the case (i) identical with O,) is diffeomorphic to the sphere S? in
so(3)* with coordinates

Vi, ) = Tr(PYy), k=1,2,3; e 0, (4.3.5)

Let # € R and let 7 € R? be any unit vector: Y, (75)? = 1. Let y(¢) € R? be
given by coordinates y* in (4.3.5) and 7 -y := Y, 7¥y*. Using (4.3.1) we obtain:
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Y (exp(—itT/Y;)p) = y* (@) cost + ejmT/ y" () sint
t
+2757 - y(p) sin® 3 (4.3.6)

what gives an explicit expression for the sphere S* C so(3)*. The r,, := radius of
the sphere is equal to the length of y (i),

(@ =y - y(p) =1 (4.3.7)

In the case (i) the values of (4.3.7) might be only the numbers J2, (J — 1)?, (J —
2)2, ..., i.e. the orbits O, C P(H) are mapped by the association ¢ +— F, (cf.
(4.3.2)) onto a finite-number of [J + 1] distinct spheres in the three-dimensional
linear space so(3)* (here [k] is the integer part of k € R, ; if J € Z, one of the
spheres degenerates into a point). But P () is a connected manifold and the mapping
¢ > F, is continuous, hence for J > 1 also the cases (ii) occur and the numbers
(4.3.7) acquire values from a whole interval of R, if ¢ runs over P (H).

Let us write explicitly the symplectic form Q¥ on the phase space M, = s2.
In terms of coordinate functions y; from (4.3.5), we obtain in the region where
v3(¢p) # O (indices are written down for convenience):

1
oM = — ;dyl Adys, ¥ i=ri—yi— (4.3.8)
The Poisson bracket of these coordinate functions is

ks Y} = — €kmjy;. (4.3.9)

The sphere S? with this symplectic structure is interpreted as the phase space of
an (isolated) classical spin. It is an example of a compact symplectic manifold.

4.3.3 We can construct now certain combinations of the previous example with
those of Sects. 4.1 and 4.2. Let us distinguish generators X ; of the representation of
6N + l—dimensional Heisenberg group corresponding to coordinates of positions
and momenta of N individual particles. Denote them Q¢, P;‘ (a=1,2,...N;j=
1, 2, 3) with CCR in the form

[Q4, P1 =i I0a0jk, [Q4, Q2] =[P%, P1=0, (4.3.10)

foralla,b=1,2,...N; j, k =1, 2, 3. Now we define operators of orbital momenta
(no summation over repeated indices a, b):

Y= eumQf P, ¥V; =Y = ZY“ (4.3.11)

satisfying (4.3.1) (up to domain specifications) for any upper index (a, or tot).
Relations (4.2.2) have now the form:
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(Y, Q0 = i Oa€jim Qs 1YS's PC1 =i Gap€jkm Py (4.3.12)
1Y), Q¢ =i €jim Qi 1Y, Pl =i €jim Py [V, Y1 =i €jimYyy.  (4.3.13)

Let us first consider the Lie algebra go represented by generators Q¢, P and
Y; (j=1,2,3; a=1,2,...N) of the representation U (G) of the corresponding
group Gy, compare Proposition 4.2.2. We see that G is a semidirect product of
of SU(2) with the Heisenberg group Gy (with the notation from 4.2.1), Gy =
SU(2) x G3y, where the Heisenberg group is a normal subgroup. Let us investigate
the orbits O, := U(Go)e C Dg, in P(H) and the corresponding classical phase
spaces M,,. Since any O,, is a homogeneous space of Gy, it can be generated from a
point ¢ satisfying (see 4.1.5)

Tr(P,X;) =0, forall j =1,2,...6N. (4.3.14)

The local structure of O, is most easily seen in a neighbourhood of such . The
isotropy group of F,, € g (see (3.1.5)) with respect to Ad*(Gy) has the Lie algebra
generated by such C € U (gp), which are solutions of the system

Tr(PC,X;D=0(=1,2,...6N), Tr(P,[C,Y])=0(k=1,2,3).
(4.3.15)
The corank of the matrix of this homogeneous system is:

(i) equal to 3 iff Tr(P,Y;) = 0 for all £k =1, 2, 3; in this situation there might
occur cases with dim O, = 6N, 6N +2, 6N + 3 corresponding to such ¢, for
which Y = 0forallY € U(so(3)), (resp. Y ¢ = O for just one linearly independent
Y € U(so(3)),esp. Yo # Oforall Y # 0); as an example of the case of dim O, =
6N + 3 we can take ¢ for N = 1 in Schrodinger realization of CCR:

3
25 7
(@) = (q1, @2, ¢3) = € 419293 eXp(—q} — 43 — q3), ¢ = <?> , (43.16)

corresponding to the value J = 3 of the total momentum. In all these cases of various
values of dim O, the corresponding symplectic spaces M, are homeomorphic to
T*RSN — RGN .

(ii) equal to 1 in all other cases; now all the solutions C of (4.3.15) are proportional
to C,, of the form (4.3.4). If ¢ is an eigenvector of C,, then dim O, = dim M, =
6N + 2. Inthe remaining case itisdim O, = 6N + 3anddim M, = 6N + 2. If pis
proportional to C, ¢, the orbit O, is the fiber-bundle with base RSY and typical fiber
$2; if ¢ is not an eigenvector of C,, then the fiber on ROV is the whole group SO (3).
In the both cases the phase space is T*R3" fibered by two dimensional spheres S?
with the canonical symplectic form from P () being the sum of the canonical form
on T*R3" and that on S? described in (4.3.8).
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Let us take now all the operators ;f, P;‘, Yj‘.’ (a=1,2,...N;j=1,2,3) as
generators of the considered representation U (G) (now G is semi direct product
of the Heisenberg group G3y and of the direct product of N copies of the group
SU(2)). The orbits and corresponding phase spaces arising from the action of this
group G on P(H) with H = L>(R*) = L?>(R*) ® L>(R*) ® ... L>*(R?) (N-tuple
tensor product) can be constructed as N-tuple direct product manifolds; each of the
multipled manifolds can be obtained by the above described procedure with N = 1.

Examples of classical systems obtained in this subsection include systems of
several nonrelativistic spinning particles. Here the ‘classical spin’ was obtained from

quantal orbital momentum.

4.3.4 The groups which are, perhaps, physically most important ones, are Galilean
and Poincaré groups. Because of relative complexity of any complete exposition of
these important examples, we shall restrict our present exposition to several notes
and remarks. For more detailed nice exposition see e.g. in [321].

(i) The Galilean group.

This group realizes the nonrelativistic (better: Galilean relativistic) conception of
relative positions and motions of mechanical systems (particles, bodies etc.). It is a
ten parameter Lie group, the parameters of which can be chosen to describe time and
space translations (4 parameters), space rotations (3 parameters) and transition to
uniformly moving systems (3 coordinates of a velocity). Any unitary (vector) repre-
sentation of this group cannot be, however, interpreted in terms of really observed
physical systems, see e.g. [321, Sect. XII.8]. Physically interpreted projective rep-
resentations correspond to multipliers m, of the Galilean group characterized by a
real parameter T—the mass of the system. Let us denote by G the central exten-
sion (cf. [174, 321], resp. also [37, Note 3.3.6]) of (the covering group of) the
Galilean group by R corresponding to a multiplier m, with 7 # 0 (all such groups
are mutually isomorphic). Orbits of Ad*(G) (described e.g. in [5]) are just one par-
ticle phase spaces obtained in our subsection 4.3.3. Unitary representations of G, in
which the central subgroup R acts by a multiplication by constants, correspond to
physically interesting projective representations of the Galilean group. Irreducible
representations of G describe one-particle systems. The projected orbits O,, of these
representations are either seven or nine or ten dimensional (this is a consequence of
4.3.3,4.2.7 and absolute continuity of the spectrum of the time-evolution generator
P12 + P22 + P32 of U(G)). In the cases dim O, = 7 or 9 the manifolds O, with the
two-form 2° (cf. 3.2.2) are just contact manifolds of the extended phase spaces,
dim O, = dim M, + 1.

(ii) The Poincaré group.

Let now G be the ten-parameter covering group of the Poincaré group. Physical
interpretation of the parameters is the same as that of the corresponding parame-
ters of the Galilean group. In the present case of G, however, the conception of
Galilean relativity is replaced by the conception of Einstein relativity of mechanical
motions. Since the second cohomology group of G is now trivial, we have to deal with
unitary (vector) representations of G only. The orbits of the coadjoint action of G
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corresponding to phase spaces of particles with nonvanishing masses have the same
topological and symplectic structure as in the case (i). The action Ad*(G) is, how-
ever, different from that of the Galilean case; with this are connected also different
interpretations of coordinates determined by the mutually corresponding generators
in cases (i) and (ii). The dimensionality of orbits O, of unitary irreducible repre-
sentations U (G) corresponding to nonzero masses is the same as in (i). Also here,
we obtain 7- and 9-dimensional contact manifolds the contact two-form ©2° on them
coincides with the standard two-form of classical relativistic mechanics (which, in
the case of dim O, = 7, comes from the restriction of dp, A dg" defined on T*R*
onto the submanifold pg — >_; p; = (mass)?).

4.3.5 Remark. Any symplectic manifold can be trivially extended to a contact
manifold by taking the direct product with R. If M is a symplectic phase space of some
physical system, then the added dimension in R x M can be interpreted as the ‘time
variable’ ¢. Let €2 be the symplectic form on M, 7 : R x M — M be the canonical
projection and o 4 the Hamiltonian vector field on M with Hamiltonian function f4,
i.e.i(04)Q2 = —d f4. The contact two-forms Q° := 7*Q, resp. Qri=Q° —dfa A
dr on the manifold R x M have characteristic vector fields d, (defined by dz(d,) = 1
and df(§,) = 0 for any function f of the form f := 7*f’, where f' € C®(M)),
resp. 0 1= m*o4 + J; (with the identification T (R x M) = TR x T M in the sense
of vector bundle isomorphisms). Clearly 7,09 = 0 4. For a time-independent vector
field o 4 this procedure is trivial, if we have no possibility to distinguish various points
of the fibresR = 7~/ (x) (x € M) by some measurements, i.e. if time is homogeneous
with respect to the considered physical system. This is the case of classical mechanics
determined by (M; Q) and f4 € C*(M).

The situation is different for contact orbits O, C P(H). Each point of O, cor-
responds to a quantum mechanically clearly distinguishable physical state: by mea-
suring of also quantities other than expectations of generators of U(G), we can
empirically distinguish various points of the same fibre, on which all the expecta-
tions of the generators in U (g) are constant. This fact breaks, in a certain sense, the
homogeneity of time on contact orbits of the representations, which contain also time
evolution of the system as a one parameter subgroup.

4.3.6 Identical particles.

If the physical system consists of N mutually distinguishable, but otherwise equal
subsystems, it is described in QM by the N-fold tensor product Hilbert space Hy :=
HQ®HQ - ®H with the Hilbert space H describing a single subsystem. If the
‘basic observables’ of a single subsystem are determined by a representation U (G)
in H, observables of the whole compound system might be determined by the repre-
sentation Uy of the N-fold direct product group Gy :=G x G x --- x G, i.e. for
P=pI @@ - @pn € Hy, @j €H, we set Uy(g1 X g2 X -+ X gn)p i=
Ug)e1 ®U(g)p: ®...U(gn)pn forall g; € G, and extend Uy onto Hy by
linearity and continuity. This is the case, e.g. of the example in Sect.4.1. Then we
can construct in the usual way orbits O, := U n(G y) in P(Hy) and corresponding
symplectic manifolds M. We shall write also U(Gy) := Uy(Gy).
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In physics, however, ‘equal (micro-)subsystems’ are indistinguishable. If the N
subsystems are indistinguishable (identical), then for any permutation 7 € Iy (:=
the permutation group of N elements) the product-vectors ¢ '= | @ P2, ®@ - -+ ®
ey and T @ 1= ©r 1) @ Pr2) ® - -+ ® Yr(n), as well as their linear combinations
(the permutations 7 € Iy act here also as linear operators on Hy) are physically
indistinguishable. There were discovered in the particle and statistical physics two
kinds of particles: Bose particles—bosons (e.g. photons, mesons) specified by
their integer particle spin, and Fermi particles— fermions (e.g. electrons, protons,
neutrinos) having half-integer spins. Collections of N identical particles of each
of these kinds behave according of their own specific ‘statistics’: Bose, resp. Fermi
statistics. The two ‘statistics’ are formalized by two different symmetry properties
of multiparticle wave functions of corresponding collections of particles. In the case
of Bose (resp. Fermi) statistics the only physically realizable states correspond to
totally symmetric (resp. totally antisymmetric) vectors ¢ € Hy:

T =€er(mp, er(m):=1, forallme Iy, (4.3.17a)
in the case of Bose statistics, resp.
T =c¢€_(m)p, e_(m):==xl:=parityofr € Ily. (4.3.17b)

in the case of Fermi statistics.*

Let P, (resp. P_) be the orthogonal projector in Hy onto the subspace H},
(resp. H ) of the totally symmetric (4.3.17a) (resp. totally antisymmetric (4.3.17b))
vectors. Now we intend to project the above mentioned orbits O, C P(Hy) into
P(H;{,), resp. into P (H ). To make the procedure more transparent we shall divide
it to more steps then it is, perhaps, necessary. For a U(G y)-analytic vector ¢ €
Hy (¢ #0)let O, = U(Gy)yp,sothat O, := PO,. Weshalldenote by P : H' —
P(H'), ¢ — P,, the natural projection in all the cases of H' := Hy, H;, Hy.
Let

D

= := P_0, be subsets of H}, (resp. Hy). (4.3.18)

5

(%)

Assume, for definiteness, that P, ¢ # 0, and concentrate ourselves to the Bosonic
case (the formal procedures are similar with the fermions). Let K¢ be the stability
group of o with respect to U (G y). Considerations similar to those of Sect. 3.1 show
that 5¢, as an immersed submanifold of H, is diffeomorphic to Gy /K¥. We shall
consider O, with the differentiable manifold structure of Gy/K¥. The restricted
mapping of P, :

PY: 0, — M, ¥ Py, ¥ € O, (4.3.19)

“This relation between spin and statistics can be obtained as a consequence of mathematical axiomat-
ics of relativistic quantum field theory, cf. e.g. [301].
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is (infinitely) differentiable. Hence the set

~

02, == (P)7'(0) c 0, (4.3.20)

is closed in O, , and

~

Oyt = 5¢ \ 5g+ is a submanifold of (1

Each point of PJ 5¢+ has a well defined projection into P(H};) and the mapping
PP,

PP{: 0, — P(HY), ¢+ PPy := (APYY 1 A e C)e P(HY), (43.21)
is real analytic. The number rg(¢’) € Z4 (¢’ € 5%) :
rg(¢’) :=rank Ty(PPY), (4.3.22)

where T, is the tangent mapplng in an arbltrarlly chosen point ¢’ € 0¢+, is given
in some charts on 0 o+ around ¢’ and on P(H ) around P PY¢’ as the dimension
of the vector space’ T, (PP Ty OW] (Wthh is, roughly speaking, the maximal
rank of submatrices of the mapping T, (P P{) in these charts with nonvanishing
determinants). The function ¢’ > rg(<p’) is lower semicontinuous, and possesses
only finite number of values. Hence for m,, := max{rg(¢’) : ¢' € O, } the subset
o oy Of 0 defined by:

5,;”+ =rg” (my) = {¢ € 5% 1rg(@)) = my), (4.3.23)

is open, hence it is a submanifold of 5¢. We can assume that ¢ was chosen such,
that ¢ € 5:/" Let, for any v € 0%, the &) C gy (:= the Lie algebra of Gy) be
the linear space consisting of those generators £ € gy, for which

, d ,
Ty(PP)Xcp =i T P PY exp(—itX¢)y = 0. (4.3.24)
=0

Clearly, dim ES’ =dim Gy —m, is constant for all ¢ € 5g‘+ The equation

(4.3.24) is equivalent to the equation

(I — Pyn) P1Xetp = 0, with P := P7o. (4.3.25)

5This vector space is, as could be seen from the formula, the image of the tangent space Ty 5¢+
by the tangent map of the mapping P Pf
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By the relation & e ’Hﬁ is defined the completely symmetric (resp. antisym-
metric) part of the vector 1) € Hy. Let

m{ be a complementary subspace in gy to €.

Since the mapping P P restricted to 5:;’ ', is smooth and of constantrank m,,, itis a
subimmersion (compare [51, 5.10.6.]), hence there is a manifold Z,:;’ . of dimension
m,anda submersion s¥, : 074 — Z7, aswell asanimmersion i zy — P(HY)
such, that

PP{ =ijos]onO},. (4.3.26a)

This means, that the image PPf(é;;) - P(H;) can be considered as an
immersed submanifold (with possible selfintersections) of P (H;(,):

PP{(OT) =if(zZ"). (4.3.26b)
A basis of the tangent space to Z7, is generated in the point v := 5% (¢) by curves
t > s%(exp(—itX¢)p with € € mj. The image by 7,if of this tangent space in

T, P(H;) is generated by vectors which, in the chart W« (see 2.1.5, 2.1.8), have
the form

Tap‘“ Yo (ve) = —i (I — P¢(+>)P+X§g0, ¢ e mg. 4.3.27)
The values of the symplectic form 2 on P(Hy) on these vectors are:
Qe (v, ve) = =2l P | Im (P X0, (I — Pw) Py Xep). (4.3.28)

The pull-back of 2 by i} makes 7}, a manifold endowed with a canonical two-
form. It is known, that the factorization of the subimmersion P P{ (together with
the choice of the manifold Z;’j ',) can be chosen in a canonical way, see [51, 5.10.7].
We assume here, that the mapping sf is onto (i.e. surjective), what is possible,
because any submersion is an open mapping. The form ika on Z7, is closed.
The subset of Z77, on which the form i7" has its maximal rank is an open set,
hence a submanifold Z,, of Z7, . Denote by Q2 the restriction of i 7*Q onto Z,.
Since dQ25 = 0, the characteristic bundle of QS (consisting of vector fields on Z
annihilating the form ) is an integrable subbundle of T Z,, seec e.g. [1, 5.1.2],
determining a natural foliation of Z,,; any leaf of this foliation is an immersed
connected submanifold of Z, . Let M ;: be the factor space obtained from Z,, by
its decomposition into the leaves of this foliation and let p;,, P Loy —> M;r be the
natural projection. If the equivalence relation on Z . given by classes identical with
leaves [pj(l]‘1 x) (x € M,:;) isregular (see [51,5.9.5]), then there is unique manifold
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structure on M such that P is a submersion. In this case there is, on the malnifold
M j , a unique symplectic form QY satisfying

pie =95 (4.3.29)
The Proposition 3.2.10 is a special case of this assertion.

Note: In the above presented construction of the symplectic manifold (Mg;L , Qﬁf ),
we did not use any specific properties of the projector P, and of the group action
U (G y). These properties enter in constructions of specific orbits.

4.3.7 We shall specify here the previous construction to the case of Gy = N-
fold direct product of 2n + 1—dimensional Heisenberg group G with infinite-
dimensional unitary irreducible representations U in H. The linear space Uy (gy) is
spanned by elements®

X¢:=Y X! withany X! € U(g). & € g, (4.3.30)

where the index j has the following meaning: If o € Hy has the form
P=Pp1 @ ®- - ®pN, (4.3.31)

then the linear operator X/ on Hy corresponds to an (equally denoted) operator on
‘H by:

Xp=01®pm® - @X/ 0 ®pj1 ® - ®pn. (4.3.32)

(No summation! In this subsection all sums are explicitly indicated.)

Let us work in the Schrédinger realization of CCR, i.e. H = L*(R"), Hy =
L>(RN™) and operators X’]< (k=1,2,...N; j=1,2,...2n) acting on the k-th
copy of L2(R") are chosen as in (4.1.5). Let ¢ € Hy be given by (4.3.31) with ;€
L*(R"™), supp @; Nsupp ¢x =@ (j # k) and such, that there is a neighbourhood
of unity e € G so that for any g; (j =1,2,...N) in this neighbourhood also
U(gj)pjand U(gr)pr (j # k) have disjoint supports. We assume, moreover, that ¢
is a smooth function on RV", With these assumptions, we obtain from (4.3.28) in
a neighbourhood of the point s7 () on Z7, (the following result shows that the
mappings P P{ have at ¢ the maximal rank):

N
Qe (v ve) =1 Y (5. [X2, X[p)), (4.3.33)

j=1

For gy = @?’:] g, g\ are copies of g, one has ¢ := Z;V:l & with & € gV, Xg =X, €
U@.
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where we assumed for all the j : ||p;|| = 1, and X,;, X in (4.3.28) are of the form
(4.3.30). The expression (4.3.33) shows, that Z,. = M f is a2 Nn-dimensional sym-
plectic manifold. This means, that Z for both signs are locally diffeomorphic (and
symplectomorphic) to M, = O, = RN © P(Hy) (Sect.4.1). In a neighbourhood
of ¢’ € O, the functions ¢’ — Tr(PWX,i) (j=1,2,...N; k=1,2,...2n) are
symplectic coordinates. Similarly, in a neighbourhood of s{ () the functions

flsE@) > TrPe X)) = (0. X{¢)), j=1.2,...N; k=1,2,...2n,

(4.3.34)
are symplectic coordinate functions on Z .
Let us assume now, that ¢;’s in (4.3.31) have the form
@ = Wi o for some g € L*(R"), x e R", (4.3.35)

assuming ¢ to be smooth with compact support, and x' # x® (j # k) such that
©j, @ have mutually disjoint supports, see 4.1.3 for the notation. On the orbit O,
in H, there is also the point

(®p0)Y = 0o ® o ® - ® o. (4.3.36)

Choose now ¢ equal to (4.3.36) and calculate the values of (4.3.28) in the
points ¢, € P (Hﬁ). In the antisymmetric case we obtain zero, since P_p =: p_ =
0 (hence ¢ € 5;7, (4.3.20), and P P_¢ is not defined).

In the case of Bose statistics we have:

N

. N
l .
Qi (v, v) = 32 D D (0, X)), X{Ipo), (4.3.37)
j=1 k=1

where X%’]' (j =1,2,...N) should be considered as operators in L?(R"), ignoring
the definition (4.3.32) : they act on L?(IR") regardless of its order in the tensor product
forming the whole Hilbert space H . The rank of the form (4.3.37) equals to 2n and
the point P PY () does not belong to i} (Z,) for N > 2, i.e. ¢ is not mapped by s
into the symplectic manifold Z,.. We see that, although locally symplectomorhic to
R?N"_the both classical phase spaces Z,_ and Z,, of identical particles are globally
different from the standard cotangent bundle T*R™" : in classical projections the
Pauli exclusion principle holds for identical particles, regardless to the kind of their
statistics.

4.3.8 With the notation from 4.3.6, let Vy(G) be the unitary representation of G
in Hy (reducible for N > 2) defined as the diagonal part of Uy:

Vn(g) =Un(gxgx---xg), forall g € G. (4.3.38)
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The Lie algebra Vy (g) is generated by the basis of the form (4.3.30) with X! =
Xé‘ (considered as operators in H) for all j,k =1,2,...N, & € g. Such operators
X¢ € Vy(g) commute with projectors P.. Hence Vy leaves the subspaces H}, and
‘H, invariant, and we can obtain the classical projections of this ‘macroscopic’ (for
large N) subsystem in the standard way, (Sect.3.2); the obtained classical phase
spaces are orbits of Ad*(G) with their canonical symplectic structure—there is no
difference in the kinds of statistics, from the point of view of kinematics.

In trying to extend our constructions to systems consisting of infinite number
N — oo of equal (or identical) subsystems, we meet the problems of divergence of
‘global (or collective) observables’ X ?’ := X, and of discontinuity of the resulting
representation V., of G. We give a formalization of this ‘large N limit’ in the next
Sect.5.1, and in the Sect. 5.2 we outline a possible generalization of obtaining clas-
sical subsystems of collective observables from infinite quantal systems. We shall
not take any care of statistics of subsystems, what could be motivated by results of
the last two subsections: the statistics seems to have no essential influence upon the
classical phase spaces of systems of identical particles.



Chapter 5 ®)
Macroscopic Limits oo

5.1 Multiple Systems

5.1.1 We shall construct in this chapter classical subsystems of a large quantal sys-
tem. We shall assume here that the large system consists of infinite number of copies
of a finite subsystem of the type dealt with in preceding chapters. The infinite “macro-
scopic” system is obtained as an inductive limit of a net of systems consisting of an
increasing number of copies of the mentioned finite systems. The symmetry group
G of a single finite subsystem is then also a symmetry group of the large system.
An essential formal difference with respect to the systems discussed in preceding
sections is that the action of G on the large system is not described by a continu-
ous unitary representation, hence we cannot introduce generators corresponding to
one-parameter subgroups of G as operators in some Hilbert space.

5.1.2 To make the following considerations more intuitive, let us come back for a
while to finite systems consisting of N equal subsystems. Let the unitary represen-
tation Vy (G) and its generators Xg’ = X¢ (£ € g) be defined as in 4.3.7 and 4.3.8,
esp. in (4.3.30). Then

(XY, XM1=iX[!, &neg (.1.1)

and the restriction to the orbit 0;}' := VN (G)p (¢ € Hy) of the canonical symplec-
tic form QN on P (Hy) is determined by

QY (oc, 09) =i Tr(P XY, XD, (€.n € g). (5.1.2)
Here o is the vector field on P(Hy) corresponding to the unitary flow
(t; @) — exp(—itXéV)go, peHy, t eR. (5.1.3)

For N — oo, the operators X g’ diverge and Vy(G) does not converge to any
continuous unitary representation—compare the next subsection. Let

© Springer Nature Switzerland AG 2020 75
P. Béna, Classical Systems in Quantum Mechanics,
https://doi.org/10.1007/978-3-030-45070-0_5


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-45070-0_5&domain=pdf
https://doi.org/10.1007/978-3-030-45070-0_5

76 5 Macroscopic Limits
. 1w
Xev =S XY, feg N=12.... (5.1.4)

In terms of [155] X g’ (resp. X¢y) are ‘extensive (resp. intensive) observables’
but, contrary to [155], they can be unbounded in our case. The limits for large N
of X¢p’s could exist in some convenient sense, but they are not generators of any
unitary representation of the group G. Due to the commutation relations

i
[Xen, Xyn] = NX[g,n]N, (5.1.5)

the limits of X¢y (£ € g) will be mutually commuting operators. To obtain correct
classical commutation relations (i.e. the Poisson brackets, see 1.3.5) for functions
fen on the orbits OY (x € Hy),

Jen t x = fen(x) i=Tr(PcXen), (5.1.6)

in the limit N — oo, the two-form Q¥ from (5.1.2) should be ‘renormalized’. We
define

1
Qy = —aV. (5.1.7)
N

The form Qy (if restricted onto the symplectic manifold MY obtained from O¥
as in Sect.3.2) associates with the Hamiltonian function f¢y the vector field o¢
(restricted to M,]CV ) given by the flow (5.1.3). It is

Qye(og,0) =1 Tr(P.[XéV, XonD) = —Tr(P.Xeqn)- (5.1.8)

We intend to develop a corresponding formalism for infinite systems, i.e. a suitable
one for the work in the limit N = ‘actual infinity’.

5.1.3 Let U(G) be a continuous unitary representation of a connected Lie group G
on a separable Hilbert space H. We shall use notation of Chap. 4 for concepts related
to U(G). Let IT be an index set (of arbitrary cardinality) and H; (j € IT) be copies
of H. Let us fix unitary maps

Mle-)Hj, jel'[, (519)
of H onto H;’s. Let
Hn = Q) H,; (5.1.10)
jell

be the tensor product defined according to von Neumann [227] and known as CTPS
(:= complete tensor product space—see also notes in the text in 5.1.4 below and
[35, 106, 274]). For ¢; € H; let
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@ :=(X)p; (5.1.11)

jell

be a product-vector in Hy. For any linear densely defined operator A on ‘H (with
domain D(A) C 'H) and for ¢; € ‘H; such that u;lgaj € D(A) let m;(A) be the
operator on H determined by

TP = Q) | ® wjAu;'p)). (5.1.12)
keIl\{j}

Symbolically: 7;(A) =1L ® L ®--- ;.1 ®A® ;11 ®...,if [T =7Z,\{0}.
Unitary group action Uy of G on ‘Hpy is determined by

Un(@)® == Q) Uu;"v)). (5.1.13)

jell

For |IT| (:= the cardinality of IT) finite, the representation Uy is strongly continuous
with generators

X['=>"m(Xe), £ €. (5.1.14)

jell

Ur is not weakly continuous in the case of infinite I'T : If ¢ € H is not an eigenvec-
tor of X¢, ¢ :==ujpforall j € IT, ||| =1 and & is the corresponding product-
vector (5.1.11) in Hp, then ||®| = 1 and

(@, Un(exp(t§)®) =0 (5.1.15)
for all sufficiently small |7| # 0, t € R, since

(o) ujexp(—itXu ;' )| = |(p. exp(=itXe)p)| < 1 if e "o £ Ap,
(5.1.16)

for any A\ € C, i.e. the function in (5.1.15) is discontinuous at r = 0.

5.1.4 Notes on the structure of CTPS.

We shall not give here a thorough definition of CTPS. We shall assume that the
definitions of (convergence and quasiconvergence of) infinite products and sums
of complex numbers as well as of the scalar product in H; according to [227] are
known to the reader. Let z € CT, i.e. z is a function

2: I —=C, jz;. (5.1.17)

Assume that |z;| = 1 for all j € IT and define a unitary operator U, on H by its
linear action on product vectors (5.1.11) (the set of which is total in Hyy) given by
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U.® = (R)(zj))- (5.1.18)

jell

Let {¢" : n € Z,} be an orthonormal basis in H. Leta, b € ZE with components
aj,b; € Zy (j € I), and set

0= uj(eV) € Hj, &= Q)¢ (5.1.19)

jel

For a # b, the vectors ®¢ and ®° are mutually orthogonal: (d¢, ®) = 0. Let
® := ¢ for some a (this can be done so for any normalized product-vector ® €
‘Hn by a choice of the identifications u;, j € I, of H; with H). The vectors LS
for which b; = a; for all j € I1\J, b; € Z, for all j € J,, where J; runs over
all finite subsets of I1,' form an orthonormal basis in a closed subspace of Hr
denoted by H$ and called ITPS (incomplete tensor product space). Let Py be the
orthogonal projector in Hyy onto H&. For two arbitrary product vectors ®, W € Hpy
the projectors Pg and Py are either orthogonal or equal. For any U, from (5.1.18)
we have

U.PyU; = Py.y, (5.1.20)

and the product vectors W and U, W are weakly equivalent, cf. [227]. If PV = W
(hence Py® = &), then ® and W are (strongly) equivalent. The set of all product
vectors @ weakly equivalent to a product vector W form a total set in a closed
subspace of ‘Hp with the orthogonal projector Py'. Clearly, Py is the sum of all
such Py, which correspond to mutually strongly inequivalent product vectors @, all
of them being weakly equivalent to V. The sum of all mutually strongly inequivalent
Py (we use an obvious licence in language) is the unit operator in H.”

Let A denotes the C*-subalgebra of the algebra of all bounded operators on Hp;
(denoted by L(Hp)), generated by the elements

(mj(A) € L(Hn) : A e L(H), j €I}, (5.1.21)

where L£(H) is the algebra of all bounded operators on the Hilbert space H.
For any x € 2, the following relations are valid, [227]:

[x, Pg] =[x, U,] =0 for all U,, and for all Py, (5.1.22)

with U, from (5.1.18). If p is another orthogonal projector in L(Hy), and for some
product-vector W it is p Py = p, then

if [x, p]=0forall x e A" = p = Pyorp =0, (5.1.23)

li.e. all the vectors ®” for which b j # a; for finite number of indices j € IT only.
2We shall use sometimes projectors instead of the corresponding subspaces.



5.1 Multiple Systems 79

i.e. irreducibility of the action of 2™ in each Hﬁ. The weak closure of 2™ in £(Hp)
consists of all elements x € £(H) satisfying (5.1.22). The action of 2 in Hﬁ isa
representation of this C*-algebra. Such representations (all irreducible and faithful)
for two product vectors are unitarily equivalent iff these vectors are weakly equiva-
lent. The center of the weak closure of A™ in £(H) is generated by the projectors
PY . Denote this weak closure by B* and by 3" its center: x € 3* C B*iff [x, y] =0
for all y € B*.

5.1.5 Proposition The mapping
o: G- *Autqd" g oy, (5.1.24)
defined by (see (5.1.13))
0,(x) == Un(g)xUn(g™"), Vx e A", g € G, (5.1.25)

is a group homomorphism of G into the group *- Aut A" of *-automorphisms of the
C*-algebra A". For any normalized vector ¥ € Hyy define the vector state w¥ on
AT py

WV x b WV () = (0, xW). (5.1.26)

The functions
g w¥(o,(x)) (5.1.27)

for any x € A" and any ¥ € Hy are continuous functions from G to C.

Proof. The mapping A — U(g)AU (g~") is a*-automorphism of L(H), A € L(H).
Since 2A™ is generated by elements x := 7 (A (j e, A e L(H)) defined in
(5.1.12) (i.e. A™ is the norm-closure of finite linear combinations of finite prod-
ucts of such elements), the first statement follows from the definition (5.1.13) of Uy.
The functions (5.1.27) are continuous for all x = 7;(A) and for all product states
w" (i.e. states corresponding via (5.1.26) to product vectors W of the form (5.1.11)).
The set of product vectors is total in H; and any *-automorphism of a C*-algebra
is norm-continuous. These facts imply by standard considerations validity of the last
statement. ([l

5.1.6 Note Due to weak discontinuity of Uy, the second statement of 5.1.5 is not
valid if A™ would be replaced by its weak closure B* in L(Hp). This can be seen
by setting W := ®“ from (5.1.19) with a; :== 0 (for all j € 1) and with a choice
@ € H such that it is not an eigenvector of the generator X¢ of U(G) for some
& € g. Then, setting x := Py € B# in (5.1.26), the function

t > WY (Cexpe) (PY)) (5.1.28)

is discontinuous att = 0 : For t = 0 its value equals to 1, but for arbitrarily small
nonzero values of t € R the values of (5.1.28) are found to be zero.
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5.1.7 To simplify notations, we shall set IT := Z_\{0} for the rest of the present
section. For a densely defined linear operator A on H with domain D(A), let

D"(A) = R u;D(A) (5.1.29)

jell

be the linear subset of Hy consisting of finite linear combinations of product vectors
@, (5.1.11), with p; € u; D(A) (j € II). D" (A) isnot, in general, dense in H ;. Let

1 N
Avi=— ;MA), (N € 1), (5.1.30)

be (densely defined) operators on ;, a common domain of which contains D™ (A).
Let D (A) be the set of vectors ¥ € Hpy such, that

AnV := norm — lim AyV¥ (5.1.31)
N—o00

exists in Hy. The set Drj(A) is a nonzero linear subset of Hpy: for ¢ € D(A) and
wj =ujp (j €Il), the product vector ® from (5.1.11) belongs to Dr(A). Let
{©" :n e Zy} C D(A) be an orthonormal basis in H and, for some a € ZE, let ¢
defined according to (5.1.19) belongs to Dr(A). Then, for b € ZE differing from
a in at most finite number of components, it is &’ € D (A). With W := &%, such
vectors ®? form an orthonormal basis in ¥, hence Py Dr(A) is dense in HY, and
(5.1.31) give a densely defined operator on Hg. For any product vector ¥ € Dpj(A),
let us define a densely defined operator on H;:

AY .= PyApPy = PyAq. (5.1.32)

The second equality is a consequence of the obvious commutativity of A with
Py for any product vector W € Dp(A). The restriction of Ay to the subspace Hﬁ
(which clearly is a linear, not densely defined operator on ) will be denoted by
A%, or simply AY (¥ € Dp(A)). Now it is easy to prove

5.1.8 Lemma. For adensely defined operator A on'H, let W € D (A) be a product
vector in Hp. Then AY = APy for some \ € C, on D (A).

Proof. Since W € Dp(A) isaproduct vector, itisalso W € D'(A). We shall assume
that W is normalized. Then it can be written in the form
o0
\1/=®¢j, withu;'p; € D(A)forj =1,2,..., (5.1.33)

j=1

where each ¢; (j € TT) is normalized in H; : [l¢;|I* = (¢;, ¢;) = 1. Let Y, €
D"(A) (k = 1, 2) be such product vectors in H% which differ from (5.1.33) at most
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in the first n factors ;. Such vectors W, with n € I, form a total set in Hﬁ. We
have

n N
1
(W1, AY ) = lim (Z(wl,mm)%) + Yy (‘I’laﬂ'j(A)‘IQ)) =

j=1 j=n+1
1 N
— lim — CuwiAuTVYo —
= Jim 5 D0 (jujAug o) W) =
j=n+1
1 N
= lim — Y (¥, 7;(AW)(¥], V) = (W, AY W) (¥, ¥y). (5.1.34
Ni“oozv];( iAW) (¥, W) = ( (W1, ¥). (5.1.34)

By linearity, the obtained relation extends to all ¥; € Py Dr(A). On that domain,
we obtain
AY =Tr(PyAY)Py = Tr(P§An)Py, (5.1.35)

where Py is the projector onto the one-dimensional subspace of H spanned by the
vector . ]

Note: Since AY is bounded on Hy (if ¥ € D(A) is a product-vector), we shall
extend this operator to the whole H; by continuity and we shall denote this extension
by the same symbol, hence: AY € L(Hp).

5.1.9 Proposition Let W € Dp(g) be an arbitrary vector from

Dn(g) := () Pn(Xo), (5.1.36)
§eg

in the notation of 5.1.3 and 5.1.7. Then U (g)V € D (g), forall g € G. In partic-
ular, with g - ¥ := U (g)¥, we have for product-vectors W € Dr(g):

Xg'\ll = Tr(P_;.\]/XSH)Pg-\l/ = TI’(P\;XAd(g—I)EH)Pg.\y. (5137)

Proof. According to Lemma 3.1.4, U(g)XgU(g’l) = Xad(g¢ for any £ € g. Then,
according to 5.1.3, we have also

Un(g~)mj(Xe)Un(g) = (X aag1e)- (5.1.38)

For W € Dp(g) there exist X?’ for all £ € g. Because of continuity of unitary
operators Ur (g) for any fixed g € G, there exist also the limits

Jim Un(9) X aagnen¥ = Un DX fag eV (5.1.39)

for all £ € g. Rewriting the expression on the left hand side of (5.1.39) we get
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1 N

Un(@)Xaagven¥ = 5 2 Un(@)7 (X aagn¥ = XenUn(@) ¥, (5.1.40)
j=1

This shows that the limit of the right hand side of (5.1.40) for large N exists for any
& € g, what proves the first assertion. The proof of the second assertion is a corollary
of the proof of the first one for the case of a product vector ¥ € Dr(g), obtained
from (5.1.35). (I

5.1.10 For a product vector ¥ € D (g), let w¥ be the corresponding state on
AT defined in (5.1.26). We shall denote the obvious extension of this state to the
unbounded observables X¢y (N € IT) by the same symbol. Then we have

th w¥(Xen) = Tr(PyXen) =: w¥ (Xen). (5.1.41)
— 00

We see that the value of expressions in (5.1.41) can be interpreted as the value of the
intensive (unbounded) observable X,y in the state wY. Define the linear functional
Fy € g* by

Fy : & Fy(§) :=Tr(PyXen), for product vectors W € Dri(g). (5.1.42)

According to (5.1.37), the action g - Fy := Fj.y of G coincides with the Ad*(G)-
action:

(9 Fu)(§) = Fpu(§) = Fu(Ad(g™ ")) = (Ad*(g) Fu)(£). (5.1.43)
According to 5.1.9, the set of product vectors in Dy (g) is U (G)-invariant, hence
any point of the orbit G - Fy has the form (5.1.42).
Define the group homomorphism o* of G into the group of affine transformations
of the state-space S(A™M) :

0" G—>of, g a’;, where (J;w)(x) = w(o,1(x)) (5.1.44)

forall g € G, w € S@AM) and x € A" with 04 defined in (5.1.25). Let ¥ € D (g)
be a product vector and

Oy :={ojw” 1 ge G} c S@AM) (5.1.45)
be the orbit through w"¥ of the action og. Forw € Oy let
F,eg": F,(§) =wXen). (5.1.46)

Letus write also g - w := o7w. Clearly g - w¥ := w9¥. According to (5.1.43), the
mapping F from the state space into the dual g* of the Lie algebra:
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F:O0y—g¢g,w— F):=F,, (5.1.47)
maps the orbit Oy onto an orbit of Ad*(G). Let
[w] := F~Y(F,), forw € Oy, be equivalence classes in Oy.

The corresponding factor space My is mapped by F (whichis constant on classes [w])
bijectively onto the orbit G - Fy. The last orbit is endowed by the Kirillov-Kostant
symplectic structure. The functions f; on My:

[w] = fe(w) :=w(X¢n), w € Oy, § €4, (5.1.48)
are the Hamiltonian functions generating the flows
(t; [w]) = [exp(t§) - wl. (5.1.49)
Corresponding Poisson brackets are:

{fe. f}(lwD) = —Fo(& 0D, &neg, (5.1.50)

compare e.g. (3.2.2). Here it is assumed that My is endowed by the manifold structure
of the Ad*(G)-orbit F(My). We have obtained here classical phase spaces from
equivalence classes of states in S(A') determined by the group action ;. Although
the construction is formally parallel to that in the case of finite systems, there are
certain physically significant differences in the interpretation, as mentioned in 1.1.6.

5.1.11 Let P; be the orthogonal projector in £L(Hp) onto the subspace of Hp
spanned by all product vectors W € Dr(g). The operator Pg is equal to the sum of all
mutually orthogonal projectors Py corresponding to the product vectors ¥ € Dr(g),
as is seen from (5.1.35) and obvious commutativity of any Ap with all the U,,
(5.1.18). Hence

P; € 3% := the center of B := (AM)”
:= the weak operator closure of AT in L(Hp)

(commas denote here the double commutant). The mapping

p: AT - PeB* x> Pgx, (5.1.51)

is a *-representation of the C*-algebra 2™ in the Hilbert space PgH.

The representation p can be uniquely extended to a W*-representation of the W*-
algebra (i.e. abstract von Neumann algebra) (A™)** := the double dual of A, see
[274, 1.21.13]. (The unique extensions of mappings from a C*-algebra to mappings
from its double dual will be usually denoted by the same symbols used for the original
mappings.) The image of (A)** under p is PgB*. Let
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sG € 3 := the center of (A™)**,

be the support of p, i.e. (I — sg)(A™)** is the kernel of p (I is here the identity of
(A™)**). The restriction pg to sg(A™)** of p is an isomorphism of W*-algebras
(which is o - o continuous, see [274, 1.21.13+4.1.23]). Let S, C SE@™) consists
of such states w, the central supports s, € 3 of which are contained in sg, i.e.
s.SG = 8, (the central support of a state is defined as the central support, equiv.
central cover—cf. [235, 3.8.1], [306], [274, 1.14.2], of the extension to (A™)** of
the corresponding cyclic representation of ™). The set Sy will play an important
role in the following.

The automorphisms o, (g € G), (5.1.25), have unique extensions to automor-
phisms of the W*-algebra (A™)**, which are -0 and also norm—norm continuous,
[274,1.21.13]. The o, can be understood also as an (uniquely defined) automorphism
of the von Neumann algebra 5%, Due to Proposition 5.1.9, it is

04(Pg) = Pg forall g € G, (5.1.52)

hence also
o4(s6) =56, ge€G. (5.1.53)

Let us keep the notation X.; (£ € g) for the closures of the restrictions to P Hp
of operators denoted previously by the same symbols. According to (5.1.37), all the
X¢n’s have in Pg’Hp a common complete orthonormal set (a basis) of eigenvectors
consisting of product vectors ¥ € Dp(G), with real eigenvalues. Hence, they form
a set of mutually commuting selfadjoint operators on PgHp. Let E?H(B) (B :=
any Borel subset of R) be projectors forming their spectral measures Egn. All these
projectors belong to Pg 3", since any X¢n (€ € g) is a constant on each Py < Pg.
Define

Een(B) == pg' [Ef(B)] € s¢3 forall € g and Borel B C R. (5.1.54)

Any E¢p1 (€ € g) is a resolution of identity in the W*-algebra s 3. Let us define
also

Eén(B) := E¢n(B), if B does not contain the zero 0 € R, (5.1.55)
= Eg]'[(B) + 1 —sg, if0 € B.

Here I is the identity of 3. Then E; (§ € g) is a resolution of identity in 3.

5.1.12 Definition. Let Mg be the W*-subalgebra of 3 generated by projectors
E¢cn(B) (§ € g, B-BorelinR)and by 1. M is called the algebra of G-macroscopic
observables of the system (A", o), or simply the (G-)macroscopic algebra. Let
Ng :=s56Ms be the W*-subalgebra of Mg generated by projectors Ecn(B)
and called the algebra of G-definiteness of (A", o), or sometimes also the

(G-)macroscopic algebra, if there will be no confusion possible.
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5113 Lemma. Let§; (j =1,2,...n :=dim G) form a basis in g. For A € R" let
F = Zj AjF; e g* expressed in the corresponding dual basis {F;} C g*. Let

Ey(F) := Ec (M) Ee,n(A) . .. Een(h) € Ne. (5.1.56)

The projectors Eq(F) (F € g*) do not depend on a specific choice of the basis in g
and they are all minimal projectors inWNg. Here Ecr(\) := Ecn({\}), and Ey(F) :=
E,({F}).

Proof. The restriction of the mapping pg to g is a W*—isomorphism of g
into P3* C B*. Let W € pg(E4(F))Hn. From linearity of the mapping & —
an for f = Zijj, we have

XenW =Y 7 Xen¥ =) 7\W = FOW. (5.1.57)
J J

The second equality is due to the definition of E¢rj () ;) as the projector corresponding
to the eigenvalue \; € R of X; (we write \; in the place of the one-point set {A;}
for simplicity). The last equality in (5.1.57) is due to definition of the dual basis and
shows the stated independence of E4(F) on the choice of a basis.

Let

Eq(F) = pa(E4(F)) .

Any projector Eg(B) is a sum (uncountable—in general, see also [274, 1.13.4]) of
projectors Eg(F ) (F (&) € B). The algebra pg (1) is the double commutant of the
set

{E}(F) : Feg, (5.1.58)

according to the bicommutant theorem by von Neumann taken in the algebra
L(PgHp) of bounded operators on P;Hp. All the projectors Eg(F) in (5.1.58)
are mutually orthogonal. The commutant of (5.1.58) contains all the orthogonal pro-
jectors p < E 3 (F).Butany nonzero orthogonal projectorg < E g (F) (strictinequal-
ity!) cannot commute with all such p’s. Hence Eg(F ) is minimal in pg () and
E(F)is minimal in N forany F € g*. Since E¢1(R) = s¢ (= the identity of 91¢)
is a sum of E4(F)’s and g is commutative, the set of all the E4(F)’s exhausts the
set of all the minimal projectors in M. ]

5.1.14 Any state w € S(”A™) on the algebra of bounded observables of our system
has unique extension to a normal state on the algebra (2A™)** and its restriction to Mg
is a normal state w € S(M). Any normal state on 9N can be obtained in this way,
[274, 1.24.5]. Let M be the spectrum space of 91, i.e. the compact set of all pure
states on M endowed with the induced topology from the w*-topology of its dual
M. Then M is isomorphic (denoted by ~) to the C*-algebra C (M) of all complex
valued continuous functions on M (by a Gel’fand-Najmark theorem, cf. [223, 16.2
Thm.1],[53, Thm.2.1.11A]): x (€ Mg) < X (€ C(M)). An element x € Mg is
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an orthogonal projector iff the corresponding element X € C (M) is characteristic
function of some Borel subset B of M, i.e.

X(m) = xp(m) for allm € M.

A pure state m € M is normal, iff the characteristic function x{,, of the one-point
set {m} is continuous, x(ny € C(M). This means, that normal pure states on Mg
are just the isolated points of M. The corresponding projectors Xy, are minimal
projectors in Mg ~ C(M). The spectrum space M is Hausdorff and the family of
clopen (i.e. closed and open) sets forms a basis of the topology of M, cf. [274].
Hence, any minimal projector in C (M) is of the form X,).

Any state w € S(M) is represented by a probability Baire (i.e. regular Borel)
measure on M and any such measure i, represents a state on Mg : w(x) = p,, (%),
where x in the left hand side is an element of the abstract algebra 91 and X in
the right hand side denotes the corresponding function X € C(M). Any pure state
m € M corresponds to the Dirac measure 9,,.

5.1.15 The algebra M (and also ) is o —invariant:
ogx € Ng forall g € G and any x € Ng. (5.1.59)

This is a consequence of the relation (compare the proof of 5.1.9)

Un(9)XenUn(g™") = Xaagen, (g€ G, E€g), (5.1.60)

what implies
04lEg(B)] = Epag¢n(B) (g € G and Borel B C R), (5.1.61)

due to uniqueness of spectral measures of selfadjoint operators and also due to
continuity properties of the used mappings. From (5.1.61), we obtain immediately
(by calculation of the eigenvalues of X¢p):

04Eq(F)]1 = Eq(Ad*(9)F), (g€ G, Fegh. (5.1.62)

This specifies, according to 5.1.13 and 5.1.14, the action of G on the set of all nor-
mal pure states on . The remaining normal pure state on 9 corresponds to
the o-invariant minimal projector / — sg. Hence, o acts on M as a group of
W* —automorphisms and o acts on M (resp. on S(Mg)) as a group of homeomor-
phisms (resp. a group of continuous affine transformations). As a consequence, the
orbits

0, ={ojw: ge G} c S (5.1.63)



5.1 Multiple Systems 87

are canonically mapped onto orbits of o, in S(9M) consisting of normal states on
9. By this mapping orbits consisting of vector states w? are > mapped onto orbits
in M. The functions

o G—> M, g o (g9) = a;m, (m e M) (5.1.64)
are not continuous in the given topology on M, 5.1.14. The orbits of o consisting
of normal pure states on 91 are, due to (5.1.62), bijective images of (some) orbits of
Ad*(G) in G*. It is also clear that the normal pure states on 91 form a G-invariant
subset M., of all states S(Mis) on N

oM, =M,, ie.me M, = cr;m e M, forallg € G (o;m =m). (5.1.65)
5.1.16 Proposition Let p = p* = p* € Mg be any projector and
pgi={Feg': 0+#EyF) < p}. (5.1.66)
Let J C g* be a finite set and let by p; be denoted

ps =Y _ E4(F), for any finite J C g*. (5.1.67)
FeJ

Denote further for any subset K C g*:

c¢(K):=1lub.{p;: J C K, J finite}. (5.1.68)
Assume psg = p.
Then the following assertions are fulfilled:

(i) p = c(pg"), and (ii) M = M, := the closure of M,.

Proof. The projector s¢ is constructed in such a way that pg(sg) = Pg and Pg =
Egn (R) forany ¢ € g. Since pg is an isomorphism of Mg = s¢Mg into 3%, 5.1.11, it
issg = c(sgg*). Hence, for any projector ¢ = ¢s¢g in Mg, there is a nonzero minimal
projector E4(F,) = E4(F.)q, if g is nonzero. Let g := p — ¢(pg*) (= 0, according
to the definition (5.1.68)) and assume that g # 0. Let 0 # E (F,) = g E4(F,). But
E4(F,) < p, hence Eq(F,))c(pg*) = E4(F,). This ia a contradiction, since g is
orthogonal to ¢(pg*). Hence ¢ = 0, what proves (i).

Any projector in Mg is represented in C (M) by the characteristic function of a
clopen set, and conversely, the characteristic function of a clopen set in M represents
by Gel’fand isomorphism a projector in 91, 5.1.14. The minimal projector Ey(F)
corresponds to the one-point clopen set {m} containing mp € M,. The union of

3Where W € Hyy such that there is an F € g* satisfying: Eg(F)\IJ =WV,
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all {mp} (F € g*) is an open subset the closure of which is clopen, since M is a
Stonean space, see 5.1.14, and [274]. According to (i), it is the support of character-
istic function corresponding to s = ¢(sgg*) = c(g*). The projector s¢ is the unit
element in g and the projector I — s is minimal. This shows that the sum of the
characteristic functions corresponding to s¢ and I — s¢ is the characteristic function
of the whole M, i.e. M is the union of a one-point set {m,} corresponding to I — s¢
and of the closure of

N, = M\{mo} = {mp: F € g*}, (5.1.69)

where we set {mr} := ) := the empty set, if Eg(F) = 0. This is (ii). (Il

Notation: Let us introduce, for following usage, some further concepts. Let
,u‘g :B — [L?(B) ‘= w(E¢n(B)), foranyw € S(M) and Borel B C R, (5.1.70)

be a finitely additive Borel measure on R. For mutually dual bases {;: j =
1,2,...n}ingand {F; : j=1,2,...n}ing" deﬁneu‘g on g* by:

12 (B) == w(Een(B)Egn(By) ... Eqn(By)) for B := (F € g*: F(¢)) € B)}.
(5.1.71)
Ifé e Ll(,ug, g*) with € € (g")* = g, then

w(Xen) = g (€) =/Au2’(dA). (5.1.72)

5.1.17 Lemma. The image by the natural map defined in 5.1.14 of any factor state
w e SQM) into S(M ) is an equally denoted pure state w € M, (:= the set of all
normal pure states on Mg ).

Proof. The canonical cyclic representation {m,,, H,,, .} of A (here @, is the cyclic
vector in the Hilbert space H,, for the representation 7, such, that

wW(x) = (Yo, Tw(X)Pw) (5.1.73)

forall x € ) corresponding to a factor state w € S(A™) has trivial center. Hence,
any projector in the center of the commutant 7, (A™)’ is trivial. The canonical exten-
sion to (A™)** (i.e. unique W*—continuous) of 7., maps the bidual (A™)** onto the
double commutant 7, (A™)” by which 9 C 3 is mapped into the center 7, (3) of
this bicommutant. Since 7,,(3) C 7, (™M), any projector in 7, (M) is trivial. The
corresponding w € S(M) is expressed by (5.1.73) for x € M. This w is normal:
w € S,(M), hence there exists a unique projector s, in (the center of) Mg such,
that

w(x) = w(xs,), forall{x € Mg : wx*x) =0} = x =x(I — 5.). (5.1.74)
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Hence for any nonzero projector s < s, one has w(s) # 0 and 7, (s) = I, := the
identity of L(H,). From this follows w(s, —s) =0 and s, —s = (5, — 5)({ —
s,) = 0, so that s,, is a minimal projector in M. This proves that w € M.,. ]

5.1.18 For any state w € S, the measures pé (€ € g) are probability (o-additive)
regular Borel measures on R, due to normality of w € S(9MM), (5.1.70). Define the
subset Sg c SEM:

Sg ={w e 8y w(Xen) is finite for all £ € g}, (5.1.75)

where w(X¢n) is defined in (5.1.72). Due to (5.1.61), the set Sg is o, —invariant. For
any f € L'(R, p1¢) define

w(f(Xen)) = /Rf(k) w(Een(dX). (5.1.76)

Any state w € Sg which is mapped into M., e.g. any pure state w € Sy, belongs
to Sg and, moreover,

w(XZ) = [w(Xen) ) forall € € g. (5.1.77)
Denote F,,(€) := w(X¢n) forw € S¢. The mapping
F: 8 —>g wr— Fw) :=F; F,) =wXm), {cg,  (5178)

maps orbits of of; in Sg onto orbits of Ad*(G) in g*. Let w € Sg and O, :=ojw
be the corresponding orbit. If (5.1.77) is valid for w then it is valid for all the states
in O, as it is seen from (5.1.61). We shall call orbits O, C Sg satisfying (5.1.77)
the G-macroscopically pure orbits, and similarly for single states; simply, we shall
use also (G-)pure orbits (resp. G-pure states). The

set of all G-purestates will be denoted by &; (C Sg) .

The state w € &y need not be a (pure) state in ES(A™) or in £S,. But the following
assertion is valid:

5.1.19 Proposition Forw € Sg and its canonical image w € S(IM) the following
statements are equivalent:

(fwe & (i) we M,.

Proof. The implication (ii) = (i) is clear. Letw € & and let p,, be the Baire measure
on M corresponding to w € S,(9M). We shall prove that p,, is concentrated on a
one point set {w} C M,.Let B, C R, n € Z,, be an increasing absorbing sequence
of Borel sets, i.e. for any bounded Borel B C R there is some np € Z that for all
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n>ngitis B C B,,and B, C B,y forn € Z,.1f f : R — Cis any Borel function
which is uniformly bounded on each bounded Borel subset B of R, then

Ecn(B) f(Xen) := / FNEen(dA) = f(E¢qn(B)Xen) (5.1.79)
B

is a well defined element of i, [274, 1.11.3]. Since w is normal, we can write for
such ‘locally finite’ functions f € L' (R, ”?) :

w(f (Xem) = lim w(Een(B,) f (Xen)), (5.1.80)
W(Een(B) f (Xem)) = me(Egn(B) FXepo@m),  (5.181)
m(Een(B) f (X¢n)) = m(E¢n(B))m(E¢n(B) f(Xen)); (5.1.82)

in (5.1.82) we have used the character-property of m € M := ES(M;).

For n € Z, the function x¢, : m — m(E¢n(B,)) is continuous characteristic
function of a clopen set My, C M. From the monotonicity property of spectral
measures, we have M, 41y D Myg,. The union

U Men = M (5.1.83)

nezy

is open, hence measurable together with all the M¢,. We see from (5.1.80), (5.1.81)
and (5.1.82) that y,, is concentrated on M:

po(Me) = pp(M) =1, V¢ €g; (5.1.84)
it suffices to set for f a (nonzero) constant function. But
Mg = ﬂM5 = ﬂ M, D M\{mo} = N, (5.1.85)
geg J=l
where {§; : j=1,2,...n}isabasis of g, 5.1.13, and y,, is concentrated on states
in Mg,
to(Mg) = p(M) =1, for any w € S, (Mg). (5.1.86)

Let

Fe: M¢— R, m> Fe(m) := F(€) :=limm(Een(By) Xer),  (5.1.87)

what is a bounded continuous function on each My, and due to monotonicity it is
continuous on the whole M¢. For f in (5.1.80) we have:
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m(Een(By) f(Xen)) = f(Fu(§)) form € Mgy, (5.1.88)

if for A = F,,, (§) the value f () is defined. From (5.1.81), one sees that the functions
m > Xen(m) f (F,(£)) are in L'(M, ). By an application of the Beppo-Levi the-
orem to their absolute values, we obtain:

The functions Fg*f e L'(M, p,); here it is
Fifi=foF: M¢— R, mi> f(Fe(m)) = f(Fnu(§)). (5.1.89)

We have used here (5.1.80) and (5.1.81). After a subsequent application of the
Lebesgue dominated convergence theorem we arrive at:

w(f (Xem) = po(FEf) == /M S (En(©)) po,(dm). (5.1.90)

The relation (5.1.77) is valid due to (i). This means that the functions f;(\) :=

A, o) =X, (A € R), are both in L' (R, pzg) for all § € g and for f := f; (j =

1,2) (5.1.90) is valid. Hence F; € L*(M, ) for all ¢ € g and, due to (5.1.77), we
have

(Fe, Fe) = (Fe, 1), Fy), forall € € g. (5.1.91)

The brackets denote here here the scalar product in L2(M, ) and 1 € L2(M, p)
is the function identically equal to one: 1(m) := 1 for all m € M. Applying the
Schwarz inequality to (5.1.91), we obtain:

Fe=const. = (1, Fe)l = F (91, pg-a.e. forall € € g. (5.1.92)
This means that the function
Fg: Mg — g*, m> Fy, (5.1.93)

is constant y,-almost everywhere, too. The restriction of Fy to the set of normal
states N, separates points in N, according to 5.1.13 and (5.1.87). Hence the set
Fy'(F,) C Mg contains at most one m € .. Due to continuity of Fy, the set
Fy I(F,) is closed in M g = My (:=the interior of M), what implies measurability
of Fg‘l(Fw). Due to (5.1.92):

po(Fy ' (FL)) = po(M) = 1. (5.1.94)

It is known, see e.g. [274], that for any w € S, (M) there is a unique projector
Su € Mg suchthatw(x) = w(xs,) forall x € M andw(x*x) = 0 implies xs,, = 0.
The characteristic function in C (M) corresponding to s, is supported by the clopen
set supp ., C M. Since it is nonempty, it contains some m € M,\{m,} = N, and
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all these m’s are contained in F' . '(F,) due to (5.1.85). Hence the clopen set supp i,
contains exactly one point of M, which means, according to Proposition 5.1.16, that
supp /4, is a one point subset of M, and s, = E4(F,). This proves the implication
() = (ii). O
5.1.20 Corollary o5&y = &, i.e. £y is of;-invariant (:= ‘G-invariant’).

Proof. According to (5.1.62) and Lemma 5.1.13, the set N, is G-invariant. The

action of G (via o(;) commutes with the mapping w (€ S AN > w (e S, (Mg)).
Then the result is immediate after an application of 5.1.19. ]

5.1.21 Proposition For any w € S,(Mg), the corresponding probability Radon
measure i, on M is supported by M,:

[ (M) = po(M) = 1. (5.1.95)

Proof. We can assume that sgs,, = s, for the support projector s, of w . We have,
according to 5.1.16 (i), s, = ¢(s,g*). Due to normality of w , it is

I=w(s,) =lubfw(p,): ps:= Y E4(F), finite J C 5,8} (5.1.96)
FeJ

Let mp € M, (F € g*, Eg(F) # 0) be defined by mr(E4(F)) = 1. For any
subset K C g*, the open set (which is clopen for finite K)

M(K) :={mp e M, : F € K}, mpisvoidif Eg(F) =0, (5.1.97)
is p,—measurable. But w(p;) = p,(M(J)), and p,, is regular. Hence,

I =lub{u,(M(J)) : J C s,g” finite} < p1,(M(5087) < po(My) = 1,
(5.1.98)

what proves (5.1.95). O

5.1.22 Lemma. Any uniformly bounded function on M, with values in C can be
uniquely extended to a continuous function on M, i.e. the spectrum space M of Mg
is the Stone-Cech compactification of the discrete space M, of normal pure states
on M.

Proof. Since M, is discrete, C (M,) consists of all bounded complex valued func-
tions on M,. The Stone-Cech compactification of a normal topological space S is a
compact Hausdorff space §” and a homeomorphism 7 of S into S’ such, that 7(S) is
dense in S’ and any f € C(S) can be continued to some f € C(8). It is clear, that
the continuation £ is uniquely determined by f.

Let f € C(M,), f > 0.Forany. € [0, || f||] (:=closed interval in R) define (cf.
(5.1.68)) p, :=0for¢ ¢ sp(f) and (let f(m,) = 0):

p.i=c({F,€g': f(m)=1, me M.,}), esp(f), (5.1.99)
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where sp( f) denotes the spectrum of f. For any finite subset J C sp(f) define

x;=Y 1p € M. (5.1.100)

el

The finite subsets J of sp(f) are directed by inclusion and the net {x; : finite J C
sp(f)}isincreasing. Any increasing net of selfadjoint elements of a W*-algebra 91
converges to its least upper bound in 90, [274, 1.7.4]. Let xy € Mg be the limit of
{x;}. We claim that the function f € C(M), f(m) := m(xy) coincides with f on
M,.

Let m € M,. Then, due to normality of m,

f(m) =1Lub.{m(x,) : finite J C sp(f)} =Lub.{)_vm(p,) : finite J C sp(f)}.
e

(5.1.101)

Butm € M, liesin support of the characteristic function m +— m(p,) iff f(m) =
¢, compare 5.1.16. Hence f(m) = f(m), what we intended to prove. O

5.1.23 Lemma. For a finitely additive probability measure p on g* (without any
specification of a ¥ -algebra of measurable subsets in g* ) supported by sgg*, (5.1.66),
the following assertions are equivalent:

(i) Fyp = p, on Ny for some w € (M), ie. pp= py, 0 Fg".

(ii) p is supported by a countable subset of g*.

Ifthese conditions are fulfilled, 11 is o-additive. Any 11, (w € S.(Ng)) is of the form
Fg p for some o-additive probability Borel measure p on g* with at most countable
supporting set in sgg*.

Proof. N, is mapped bijectively by Fy onto sgg* and s, is supported by N, for
allw € 8,(Ng). Hence (i) is fulfilled for p := p, o F I. Complete additivity of s,
(what is a consequence of normality of w ) leads then to the expression

Ly = Z W(Eg(Fn)) 6, (0 := Dirac measure at m). (5.1.102)
meN,

Hence at most countable number of coefficients w(E4(F,,)) # 0. This proves (i) =
(ii) as well as the last assertion of the Lemma. Let

p= > Aibp. withA; >0,> \; =1, F; € sg". (5.1.103)
€l J

Then Fjp := p o Fy is a Baire measure on N, hence represents a (normal) state
w on MNg. The o-additivity is clear. (]

5.1.24 Lemma. Let, forw € SMg), pg be the additive function of Borel subsets of
g definedin(5.1.71). Then i has a unique extension to a finitely additive probability
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measure on the set of all subsets of sgg*. Conversely, any finitely additive probability
measure on sGg*is of the form p for some w € S(Ng).

Proof. For any subset K C g* define, (5.1.68),

Eq(K) :=c(K) =) Eg(F). (5.1.104)

FeK

Then E4(K) is a projector in g and we can define
;L;’(K) = w(E4(K)) forany K C g* and any w € S(Mg). (5.1.105)

Itis easily to see that /g in (5.1.105) is the desired unique extension. For the proof
of the second assertion, choose any finitely additive probability measure p on sgg*,
i defined on all subsets K of sgg*. Define a positive linear functional on g, w,,,
by its values on all projectors:

w(Eq(K)) := u(K), (5.1.106)

compare 5.1.16. The von Neumann algebra 91 is generated by the set of all its
projectors and (5.1.106) defines uniquely a state on 9. O

5.1.25 Let us look what measures 1 correspond to pure states w € M, which are
not normal. From the character property of pure states we have w(Ey(K; N K»)) =
W(Eg(K)Eg(K»)) = w(Eg(K1))w(Eg(K>)) what together with finite additivity
gives:

Kcg = g (K) € {0, 1}. (5.1.107)

Remember that supp 15 C sgg*. Any finitely additive measure y on sgg* satisfying
(5.1.107) corresponds to a pure state w, € M. It determines also an ultrafilter on
scg* consisting of all subsets K for which it is p(K) = 1. This is clearly a bijection
between the set of all ultrafilters on s g* and the set of pure states

ESMG) = N .

Remember that to any m € M corresponds the Dirac measure ¢, on M which
is concentrated at a point m. For a nonnormal m the measure /.y is not concentrated
at any point in g*.

5.1.26 Let us keep in mind that we have associated with any state w € S(A") a
state (equally denoted) w € S(9M) which is the restriction to Mg of the unique w*-
continuous extension to (A™)** of w € S(Ap). Such an w € S(My) is necessarily
normal: w € S,(Mg), and the corresponding measure py = p, o Fy is purely
atomic, 5.1.23. This reflects that fact that the described procedure maps into S(M)
only such states on (A)** which are describable by density matrices in £(PgHy).
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Any state on 91 can be, on the other hand, extended to some states on (2AT)**
(not normal—in general) and these determine their restrictions to 2™ considered as a
subalgebra of its bidual. In this way, we can obtain also those states on Pg2A! which
are not expressible by density matrices. Hence to general finitely additive probability
measures on NV, ‘correspond’, in some many-to-many way, arbitrary states on Pg AT,
We intend now to change our ascription of states on )i to arbitrary states on A
in such a way, that any state on Pg2™ will be mapped into S(M¢) (and not onto
m, € M, as before).

5.1.27 Quasilocal structure of A™: The algebra A™ has a natural quasilocal struc-
ture in the sense of 1.4.2. It is generated by local algebras 2, := A" (N € II),
(1.4.1), where, in the notations of 5.1.3, A is generated by mi(y) (ye L(H), j=
1,2,...N) and is isomorphic to L(Hy). Hy is here the N—fold tensor product
of the Hilbert space H, (5.1.10). Denote by 2, the set of all finite linear combina-
tions of finite products of arbitrary elements y € 2" for any finite N. The algebra
As = Ugnie N2AY is called the ‘local algebra’ and its elements are ‘local observ-
ables’. The norm closure of 2; is A" = the algebra of quasilocal observables of our
system.

A locally normal state w € S(2A™), i.e. a state the restriction of which to any
local subalgebra A" is normal (cf. 1.4.3), can be calculated (with a use of natural
isomorphisms) on all the elements x € A" C 2A™ with the help of density matrices
pY on'Hy (N =1,2,...) via the usual formula

wx) =Tr(pYx), x e L(Hy), (5.1.108)

where we have identified AV with £(Hy). Let Sy (A™) =: S, denotes the set of all
locally normal states on ™. The states expressible (globally) by a density matrix
in the defining representation of 2™ in H are locally normal. A™ is simple, [53,
2.6.20].

5.1.28 Example We shall illustrate here the fact that a strongly continuous one
parameter group of unitaries exp(iz P) acting on a Hilbert space H need not be
continuous in certain other representations of L(H).

Let 2:= L(H) be the considered W*-algebra, H:= L*(R), and Q (resp. P) be
the selfadjoint operator on H defined on ¢ € Cé R) by (Qp)(N) := Ap(N) (resp.
(Pp)(N) :=—i %gp()\)), A € R. Let 971 be the maximal commutative W*-algebra in
L(H) generated by exp(irQ), t € R. Let x, be the pure state on 9t determined by

xa(exp(it Q)) ;= exp(it)), t € R. (5.1.109)
Let w) be an extension of ) onto the whole W*-algebra 2(. We claim that the function
t > wy(exp(itP)), t € R, (5.1.110)

is discontinuous, hence the group 7y (exp(it P)) of unitaries in the cyclic representa-
tion 7 of 2 corresponding to the state wy € S(2) is not strongly continuous. Since
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X 18 pure, it is a character on 9. Consequently for any projector g € 9t it is

(@) = D@1 ie. xa(g) €{0, 1}, ¢* =¢* =q € M. (5.1.111)

We obtain from the Schwarz inequality, for any x € 2,

wA(X) = wa(gx) = wi(xq), forall {g = ¢" = ¢* 1 q € M. xa(g) = 1}.
(5.1.112)
Any element z € 9 can be expressed as a norm limit of finite linear combinations
of projectors ¢ € 9. Since the product z — xz is norm-continuous and the state w)
is also continuous in the norm of %I, we obtain from (5.1.112):

wy(xz—zx) =wy([x,2]) =0, Vx €%, and Vz € M. (5.1.113)
Due to CCR we have
[exp(itP), exp(iTQ)] = " =1 exp(iT Q) exp(itP), (5.1.114)

and after the substitution to (5.1.113):
0= (""" — 1) wy(exp(iT Q) exp(it P)). (5.1.115)

The relation (5.1.115) is valid for all real ¢ and 7. From an application of (5.1.113)
to

wy (exp(—iTQ)[exp(it P), exp(iTQ)]) = wy (exp(—iTQ) exp(it P) exp(iTQ))
— wa(exp(it P))

we obtain the invariance of w) with respect to the group ¢* of affine isometries of
S,

orw(x) ;= w(exp(—iTQ)xexp(iTQ)), T € R, x € 2. (5.1.116)
This leads, together with the formula (4.1.9), to
wy(exp(itP)) = e wy(exp(itP)) forallt, 7 € R, (5.1.117)
what implies the discontinuity of (5.1.110).
The obtained formulas show also uniqueness of the extension w) of x to the

CCR-subalgebra of 2 defined as the norm closed algebra generated by exp(iTQ)
and exp(itP) (t, 7 € R).

5.1.29 We shall now change the definition 5.1.12 of the macroscopic algebra of
the system (A", o) in such a way that a larger subset of states from S(A™) will
be mapped onto probability measures on g* than it was before, according to the



5.1 Multiple Systems 97

ascription from 5.1.14. In the notations from 5.1.3 and 5.1.4, let
1
Xen :=NZW,(X§), N=12,..., ¢€eg. (5.1.118)

Then the elements exp(it X¢y) € AN (¢ € R) are represented in the defining repre-
sentation of 2™ in Hy; by strongly continuous groups converging with N — oo in
the strong operator topology on the G —invariant subspace P Hp of Hp to strongly
continuous central subgroups of PgB*,

s—li}\r[nexp(ithN)PG = exp(itX¢n) Po, (5.1.119)

see 5.1.7,5.1.8 and 5.1.11. The algebra 9 of macroscopic observables was built
from spectral projectors E?H of X¢n’s mapped into the center 3 of the bidual (2A™)**.
We want to generalize this construction. We shall identify the bidual (A™)** with
the weak closure of the universal representation of A (cf. [274, Def.1.16.5], [235,
3.7.6]). Let p; be the 1.u.b. of all such projectors p € 3, for which the limits in
a (™Y, (AM)*)-topology:

exp(itXen)pg 1= 0- lil\r[n exp(itXen)pg, YE€g, (5.1.120)

exist (with pg <> p). The symbol X, denotes here a selfadjoint operator acting
on the subspace pgH, of the space H, — the space of universal representation of
™. Here it is assumed, of course, that the groups ¢ > exp(it X¢y) pg are strongly
continuous for all N € II. It is clear from the definitions of X¢y and og, 5.1.5, that

o6(pG) = pe- (5.1.121)

The convergence in (5.1.120) means the convergence X¢y — X¢n of selfadjoint
operators on pgH, in the strong-resolvent sense, [262]. From

.. K . K
[exp(itXen), ¥1= (exp (;\; ij(Xé)) y exp <_;\j Zﬂk(xg)) _ y) it Xen
k=1

j=1
(5.1.122)

whichis valid forall y € X (K € TT)and ¢ € g, t € R, as well as from the assumed
continuity of pg exp(itX¢y) we conclude that the limit pg exp(itX¢n) € (AT
belongs to the center 3 of (A™)**. Let now the IT-macroscopic algebra of G -
definiteness of (A", o) be defined as the von Neumann subalgebra N{ of the
center 3 generated by all the spectral projectors E¢r(B) (Borel B C R and £ € g)
of operators Xy in pg’H, (we hope that no confusion arises from the keeping an old
notation for new objects!). The algebra smg is obtained from ‘J‘(g by adjoining to it
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the identity 7 of 3; it will be called the T1G-macroscopic algebra of (A, o). The
relation between MY and the previously introduced Mg , 5.1.12, is clear without
any proof:

5.1.30 Lemma. N = s¢NG = s¢MD = s6Mg, where the projector sg € 3 was
introduced in 5.1.11.

5.1.31 We shall use concepts and notations connected with the usage of M7 in
analogy to those connected with M1, as they were introduced above. Lete.g., B C g*
be aBorel set (withrespect to the usual topology of a finite dimensional vector space),
and§; (j =1,2,...n) form a basis of g. Let

¢B:={AeR: A=F((), F € B} (5.1.123)

be the projection of B onto the j-th coordinate axis of the dual frame. If B has the
form

B={Feg':F()ec&B, Vje(l,2,...n:=dimG}}, (5.1.124)
then we set
EE(B) = Eqn(&iB)Eq,n(&B) ... Eq,n(&:B). (5.1.125)

The W*-algebra smg is generated by the projectors E E(B) from (5.1.125) and
(5.1.124), and by the unit I € 3.

The algebra 9tY, contrary to 9i;, cannot be built from projectors (5.1.125)
corresponding to one point sets B := {F'} (F' € g*) only. This can be seen as follows:
Choose a probability Borel measure . on sgg*, in the old notation from 5.1.16, such
that any point (Dirac) measure is singular with respect to it: u({F}) = 0 for all
F € g*. Choose a product vector W (F) € Eg(F)P(;Hn, one and only one for each
such F € g*, for which E¥(F) # 0. Denote by w” := w"¥") the corresponding state
on AT, Assume, that all the functions

Fr wf(x), x e, (5.1.126)
are y—measurable. This last assumption is trivially fulfilled, if  is concentrated on

an Ad*(G) orbit G - F C g* and w?" := g%w". Define then the state w, € S(A™)
by

wy(x) 1= / wF (x) p(dF). (5.1.127)
.

In this way, we can construct states w,, the central supports s,, € 3 of which are
contained in pg, s,pc = s, buts,sg = 0, as well as s,tEE(F) = O0forall F € g*,
in MY
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The last considerations show to us that 9t and smg are different from one
another. The W*-subalgebra of 95 generated by all EJ'(F) := EJ'({F}) (F € g*)
is naturally isomorphic to M. Hence M is larger than M which can be injected
into M, via the last mentioned isomorphism.

5.1.32 Let us now introduce the mapping p,,;:

pu: ST — S.(MY), w pyw, (5.1.128)
where pyw is the restriction to MY of the canonical extension of the state w €
S(A™M) to the normal state on (A™)**. Any state w € S(AM) (resp. w € S(MY)) can
be uniquely decomposed as

w=w(ps) pew +w( — pg) W, (5.1.129)

where the symbols psw(x) and w,(x) are given by

1
w(x pg), wo(x):= W(TPG)W(X(I - Pg)).

pew(x) ==

1
w(pc)

Hence for w(I — pg) # 0 it is pyw, = m, := the pure state in S(INF) sup —
ported by the minimal projector I — pg € M.

Let
St = {weS@A™ : wipe) = 1). (5.1.130)
In other words: S;' = pcS(A™). Forw € S} one has pyw € S. (M), Conversely,

each state in S, (M) is of the form pyw for some states w € SE.

5.1.33 Lemma. The projector-valued additive function of intervals in g* introduced
in (5.1.125) can be extended to a unique projector-valued measure F E : B
EE (B) defined on all Borel sets B in g*.

Proof. The mapping

w: g— LpeHu), > w(§) :=exp(iXen)pe, (5.L.131)

see (5.1.120), is strongly continuous unitary representation of the abelian group
g (group multiplication is here the vector addition) in the subspace pgH, of the
Hilbert space H,, of the universal representation of ™. This can be seen with a help
of linearity of the mapping

E— Xen, E ey, (5.1.132)

According to the SNAG-theorem ([266, Chap. X], [262, Theorem VIII.12], [120,
Chap. IV]), there is unique projection measure E E on the dual group g of g repre-
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senting this unitary representation in the standard fashion. The linear space g* can be
identified with the group § of characters by the bijection associating with any F € g*
the character £ — exp(i F(§)) on g. It is clear that the restriction of E é] on intervals
in g* coincides with (5.1.125). O

5.1.34 Lemma. Allthe nonzero projectors of the form EE (F):=Eq({F}), F € g%,
are minimal projectors in ‘ﬂg and all minimal projectors in ‘ﬂg are of this form.

Proof. Letq € M be a minimal projector. Since ¢ € 3, there is a state w € S(AM),
the central projector of which is s, < g. Choose such an w. Then w(x) = w(xs,) =
w(xq) forall x € 2, and due to continuity properties of products in (A™)** as well
as of the normal extension w € S, ((A™)**), the same is true for all x € (A™T)**. The
minimality of ¢ in ‘ﬁg implies that one of the following possibilities (i) or (ii) is
valid

) gEy(B) =¢q, (i) gE;(B) =0 (5.1.133)

for any Borel B C g*. Let us define a probability Borel measure /5 on g* corre-
sponding to the w € SJ':

112(B) = puw(EL(B)), for all Borel B C g*. (5.1.134)

We see from (5.1.133) that for the chosen w the values of y lie in the two
point set {0, 1} C Z.. Each of the projection measures E¢r; (£ € g) and E E are o-
additive, hence M is generated by those E g‘ (B) which correspond to bounded Borel
subsets B of g*. Hence 1 is concentrated on a compact subset of g*: 5 (B;) = 1
for some compact B,. The o-additivity of 1; implies then that /.7 is concentrated on
a one-point set F,, € B,:

1 ({Fh) = puw(E (F,) = 1. (5.1.135)
This implies s, < EE (F,), and, due to (5.1.133) and due to our choice of s,:
q < EJ(F,). (5.1.136)

According to the definition of MT in 5.1.29, ¢ can be approximated, in
a(NG, Ng,) topology, by a net j > E](B;), where F, € B; for all j, due to
(5.1.136). Coming to the Gel’fand representation C(N™) of ‘ﬂg and considering
that clopen sets in the spectrum space A/ form a basis of topology, e.g. 5.1.14
and [274], we see that the sets in N'T! corresponding to the projectors E E (Bj) have in
their intersection exactly one point m, € N M corresponding to the minimal projector
q. All of E]'(B;) contain, however, also E['(F,,). This proves that ¢ = E'(F,). O

5.1.35 Lemma. Ifw € S(A") is pure or factor state, then also pyw € S,(MNG) is
pure.
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Proof. Verbally the same proof as that of 5.1.17, with Mg <— IMZ. O

5.1.36 Definitions. The generalized G-macroscopic phase space is the topolog-
ical space M := g* U {m,} consisting of the finite (n-)dimensional topological
vector space g* with the canonical symplectic forms defined on each orbit of the
Ad*(G)-action and of an isolated point m,. A state on MC is any probability
o-additive Borel measure 11 on MC. We shall associate with any w € S(A™M) the
G-macroscopic state on MY determined by the measure

1 (B) := w(EJ (B\{mo}) + w(I — pG)dm, (B), for Borel B C M®, (5.1.137)

where on the right hand side w means the normal extension of the state on A" to a
normal state on (A™N)** and §,, (im € MC) means the Dirac measure concentrated
on {m}. It is clear that every normal state w € S (Dﬁg) can be transformed also into
a state on MO by the formula (5.1.137) and that its image g uniquely determines
w e S, (smg). It is also clear that the state on M corresponding to pyw, 5.1.32,
in this way, coincides with /l;'. The association w +—> u‘g is G-equivariant, i.e.

g-w

Pyt = ogpg, withg-w:=oyw, g € G, (5.1.138)

and with
o, u(B) = 1(Ad* (g~ (B\{m.})) + p(fm.} N B), (5.1.139)

for all g € G and all Borel B C M. We shall use also g - |1 := oy, pu. This follows
Sfrom the transformation properties of X¢n’s and from

o E] (B) = E] (Ad*(g)B), (5.1.140)

compare 5.1.15.
Let us redefine some symbols introduced in 5.1.18. Let, (5.1.130),

Sli={wedS): £ L' (M, ), V¢ e g}, (5.1.141)

where £ is considered as the linear function F +— &£(F) := F(§) on g* (3 F).
Similarly, we shall define now G-macroscopically pure states ro be elements
we & C S@M), where

&g =1{w e 8y (€ = g ©F, V¢ e g). (5.1.142)

Using (5.1.91) and (5.1.92), we can see that the Proposition 5.1.19 can be replaced
by: w € & & gy = O for some F € g*.
5.1.37 Definitions. A Poisson manifold M is a differentiable C°-manifold
endowed with a bilinear mapping (f; g) v+ {f, g} of couples of infinitely differ-
entiable real functions f,g € C*°(M,R) into C*°(M, R), the Poisson bracket,
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satisfying properties 1.3.5 (i)+(ii)+(iii)+(iv), i.e. the nondegeneracy 1.3.5(v) is not
required. Due to 1.3.5(iv), the Poisson bracket { f, g} depends on df and dg only,
and can be uniquely expressed as the value of a two-contravariant tensor field A on
these one forms:

A(df,dg) = {f. g}. (5.1.143)
To any f € C*(M, R) corresponds then a unique vector field oy on M satisfying:
dg(oy) == A(df,dg), forall g € C*(M,R). (5.1.144)

o ¢ is the Hamiltonian vector field on M with the Hamiltonian function f.

With M := g%, the cotangent space Tpg* can be naturally identified, for any
F € g* with the Lie algebra g of G. Then, with this identification, dg f € g for any
f and F. Then the Poisson bracket

{f, g}(F) == —F(ldr f, drgD), (5.1.145)

where on the right hand side is the value of F € g on the Lie algebra commutator
in g, defines a natural Poisson structure on g*. In this way, also MC is, naturally,
a Poisson manifold. Hamiltonian vector fields oy are tangent to orbits of Ad*(G)-
action of G on g* at any point F € g*, compare [212]. The restriction of the Poisson
structure (5.1.145) to any Ad*(G)-orbit is the canonical symplectic structure on it.

5.1.38 Theorem Let the system (A", o) be defined by (5.1.21) and (5.1.25). Let
‘.mg be the commutative o g-invariant W*-subalgebra of 3 (:= the center of (A)**)
defined in 5.1.29. Let py : S(A™) — S*(Emg) be the mapping (5.1.128). We shall
write also

pPuw = ,u‘g, (5.1.137),

due to the existence of canonical embedding of S, (zmg) into the space of probability

Radon measures on M. Then:

(i) pu is affine, o(A™)*, AT)*) — o ((MZ)*, ME)-continuous surjection onto
S, (ﬁﬁg) := the set of all normal states on smg;
(ii) pm is G-equivariant, (5.1.138);

(iii) Let Sp 1= {w e SAM) : Ky = Or}, (here F € g*, Or is the Dirac measure
concentrated at F'). Then Sp C &g, (5.1.142), and S is a weakly closed convex
face* in S(UM);

(iv) w € &g implies ji] = dF for F = F,, € g%, and for any factor-state w € S
itis pg = 0, for somem € ME;

4A face S of a compact convex set K is defined to be a subset of K with the property that if
w= 2?21 Aiw; is a convex combination of elements w; € K such thatw € Sthenw; € S, Vi =
1,2,...n.
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(v) Let p, be the canonical measure on the spectrum space MM of MU =
C (MM corresponding to the state pyw € S, (smg), w € S(AM). Then there is
a canonically defined ji,—measurable function &(m) =: wy, (spaces are taken
with their w*-topologies) such that the restriction ryw,, = m € £S (img):

ryoc (AT (smg)* is the natural restriction

and
w(x) = / Wi () oy (dm) for any x € (QAT* [ AT, (5.1.146)
Ml'[

Proof. (i) is clear from the definition of p,s, compare also [53, 4.1.36]. (ii) is a
rephrasing of (5.1.138). Since 6 corresponds to a pure state on M and p, is affine,
Sr is a face. Closedness of Sy follows from the continuity of py,, and convexity is
clear. The rest of (iii) is contained in the concluding remark of 5.1.36 which implies
also the first statement of (iv). A proof of the second statement of (iv) is an easy
adaptation of that of 5.1.17 for the case of factor states. It remains to prove (v):

Let @ € S,((A™)**) be the unique normal extension of w e S(A™) and
(7, Ho, Q.,) be the corresponding cyclic representation of (2A™)**. Denote by /i,
the orthogonal measure (cf. [53,4.1.20]) on S((”A)**) corresponding to the canon-
ical decomposition of & with respect to the subalgebra ,(91) of the center of
o ((QA™)*™), compare [53, 4.1.25]:

O(x) =/tp(x)[zw(d<p),for all x e (AT)*, (5.1.147)
The mapping

y (€MD) > § (e CSAT™))), $(p) = p(y)

restricted to the subalgebra p,, 9 (which is isomorphic to 7, (9 for the uniquely
determined projector p,, € ML) provides an isomorphism of the W*-algebras
pwimg and L*(fi,,), [118, Chap. 1.9] and [53, 4.1.22]. Hence, for y; € pwimg (J=
1, 2) we have

G1y2)(@) = F1(2)%2(). for @ € supp ji,. (5.1.148)

Clearly, ¢(y) =0 for y e (I — p¢)§)ﬁg and ¢ € supp fi,. This fact together
with (5.1.148) implies that the restriction rjy ¢ is a pure state on Dﬁg for ¢ €
supp i, ruy =: m, € M. The w*-topology of the state space is Hausdorff and
the clopen sets form a basis of the topology of M. This and the isomorphism of
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L (i) with pws;ng imply that the restriction of the mapping ry, onto supp fi, is a
bijection onto

supp po, :={m € M m(p,) =1}. (5.1.149)
Denote w,, := ¢ iff iy = m € M™. Let p, be the image of fi,, under ry;:
o = iy, © r;,l is a regular Borel measure on M. (5.1.150)

Since pyw = ry®, p, is the measure specified in (v). The measurability of
the function @ : m +— w,, defined on supp p, = supp u, is clear, compare [53,
4.1.36]. The integral in (5.1.146) is then another form of (5.1.147). This concludes the
proof. d

5.1.39 Note Let ro : S((A™)**) — S(AM) be the restriction mapping. Let e, :
SET — S, ((AT)**) be the normal extension, e.w = &. Then py = ry o e. For
a general € S((AM*), it is

rme # (Pmora)e. (5.1.151)

Since wy, € supp fi, need not be normal, the inequality (5.1.151) holds also for
© = wy, in general. The open question is, however, whether (under some conditions)
(py org)wy, € MM =E£S (zmg) or, at least, when the canonical measure corre-
sponding to (py o ra)wm € S(C(MM) is concentrated on a set Fg_] (F) for some

F € M, where
Fy: MM — MY s the natural mapping defined according to (5.1.87) A (5.1.93),

and M6 is the one-point compactification of MS. Let us write down the defini-
tion of F,; explicitly (see also proof of 5.1.19):

(*) LetE E be the projection-valued measure defined on Borel subsets of g* with val-
ues in 3, as determined in 5.1.29 and in 5.1.33. Let §* := g* U {oo} be the one-point
compactification of g* and MS := §* U {m.}, where m. is an isolated point. Let
M .= ES(ME) be the spectrum space of the algebra M = C(M™) generated
by projectors EE (B) (Borel B C g*), i.e. by continuous functions m m(EE (B)),

m € Z := £S(3). Define the (continuous) mapping F, : M™ — M by
(i) Fg(m) € g* iff there is a bounded Borel B C g* such that
wm(Eg‘(B)) = m(E;"(B)) =1, (5.1.152)
and, in this case, Fg(m)(§) := m(XgnEE(B)) for all { € g. Here X¢np are

defined in 5.1.29. The character property of m ensures independency of Fy(m)
on B satisfying (5.1.152).
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(ii) Fg(m) :=m, iff m(I — pg) =1, ie iff m=m, € MU 5.1.32.
(iii) Fg(m) := (00) iff m(I — pg) = 0 and (5.1.152) is false for all bounded Borel
subsets B C g* : m(E[(B)) = 0.

The same definition applied to all m € Z leads to the mapping
Fyory: Z— MY, 3:=C(2), (5.1.153)

which is continuous on the whole Z.
The mapping Fy o ry determines the projectors E E(B). For bounded B we have

(E := closure, B° := interior)’

m(EJ(B)) = 1iffm € [(Fyory) '(B))° = [(Fgory) ' (B)I°.  (5.1.154)

If we extend the Ad*(G) to the whole M6 by the requirement of Ad*(G)-
invariance of the points m, and (00) we see, that Fy is G-equivariant:

FQ(U;‘m) = Ad*(g)F4(m), forallm € M1 geG. (5.1.155)

5.1.40 The projection measure £ E on g* together with the Ad*-action of G deter-
mine a macroscopic limit of the system (', o). This formulation together with
the mapping py of S(AM) into the classical macroscopic states of the system will
enable us to generalize the notion of the macroscopic limit to much more general
situations. We shall investigate also the dynamics of the system (A, o) (resp. of
its generalizations) if the time evolution were not included in the action o as the
action of a one parameter subgroup of G. The action o of the ‘kinematical group’ G
allows us, as we shall show, to introduce rather wide class of ‘mean-field-type’ time
evolutions connected with noncompact groups G—at least for a large o¢-invariant
subset of states in S(2A™). Also automorphic time evolutions 7 : ¢ > 7, € *- Aut2
of a system (2, o, 7r) Will be considered.

5.2 Generalized Macroscopic Limits

5.2.1 We have considered, in the preceding section, a macroscopic limit of the
system (A, o). This system was of a rather special type: the algebra A was the
infinite tensor product of identical copies «; (j € Z, =: I1) of a C*-algebra 2y and
the automorphism group o¢ left each of the copies 2; invariant: o,x € 2; for each
x €%, forall g € G and any j € Z, = I1. We shall now generalize the procedure
of obtaining a macroscopic limit to much more general situations. We shall ignore
here possible quasilocal structures of the considered C*-algebra ; the usage of the

3The relation (5.1.154) has been proved in the assumption that any projector p € ang is of the form
p = Eg\(B) for some B C g*, if p(I — pg) = 0.
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term ‘macroscopic limit’ can be here understood in an analogy with the preceding
section.

The notion of the macroscopic limit introduced in this section is nonunique.
A certain arbitrariness is contained, however, also in the corresponding notion of
Sect.5.1: The generators X' of the restriction of o to 2V := @Y, A; C AT are
determined up to additive constants ay (§), ay € g*, £ € g,(’ hence also the choice of
PG € 3 was arbitrary in a certain sense. We shall avoid partly this kind of ambiguity
in this section: we are dealing here just with the action of o, and not with generators.

5.2.2 Let G be aconnected Lie group, g its Lie algebra, and g* the dual of g. Let 2 be
an arbitrary C*-algebra, 20** its double dual W*-algebra, and 3 is the center of A**.
The algebra 2 is naturally contained in 2A** as a o (A**, A*)-dense C*-subalgebra.
Any state w € S(2):= the state space of 2, has a natural extension

e.w € S,(A™) := the normal states of 2A**.

If 9 is a C*-subalgebra of A**, then ron : SRA**) — S(N) is the restriction
mapping; ron is o (A, A*) — o (ON*, M) continuous and maps normal states onto
normal states.

Leto: G — *-Aut?l, g~ o, be a given action of G; by the same symbol
o is denoted the canonical extension of o C *- Aut%l to the action on 2A**—the
double transpose of o¢. This system will be denoted by (2; o). Z will denote the
spectrum space of 3 = C(2).

Let g* be endowed with the structure of a Poisson manifold, 5.1.37, given by a
tensor field A, usually Ap(:, ) := —F([-,]) — 0r(, -), i.e.

{f, 9}(F) :== —=F(ldr f.drgD) — Op(dr f.drg), F €g", 0r =0, (5:2.1)

where f, g € C*®(g*, R) and 6 is a two form on g satisfying

01, [&2, &) + 008, [, &1 + 0(&, [€1, £ =0, (5.2.2)

forall{; € g, j = 1, 2, 3. We assume that an action of G on g*is ¢ : g > ¢, where
g isa ‘maximal’ group of Poisson morphisms, i.e. g, = @4 0 @p(g, h, € G), @, :=
idg« (e :=theidentity of G); each ¢}, is a diffeomorphism of g* conserving the Poisson
structure:

ol fo gy =i f.erg), f.9€ C(g"  R),h G, (5.2.3)

and o F(VF € g*) are the maximal integral submanifolds of A, [212, Definition 3.1
and Thmeorem 3.4]. Usually, one takes

onF := Ad*(h)(F) +ag(h),h € G, F € g*, (5.2.4)

Say forms a zero-dimensional orbit of Ad*(G) : ay([£, n]) = 0.
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where ay is a unique differentiable mapping from G to g* with the properties,
[212]:

(1) ag(gh) = Ad*(g)(ag(h)) + ap(g), Vg,h, € G,
Gi) Teap(&)(n) =0(&,n), V& neg, whereT,ag:g— g* isthe tangent map of
agate € G.

The system (2(; o) represents a quantal system and (g*, A; ¢¢) is a (general-
ized) classical system which will play the role of a macroscopic limit of the system
(2 o). Let us introduce candidates for this micro-macro connection:

5.2.3 Definitions. Let B(g*) be the set of all complex-valued uniformly bounded
Borel functions on g* and let ¥ be the Borel o-algebra of subsets of g*. Let the
G-measure E (of the system (g*, \; ©i), resp. of (U; o)) be any projection-valued
measure on g* with values in 3, which is G-equivariant, i.e.

E:%;— 3 B E(B)=EB)"=E(B)? €3 (BeZXg), (5.2.5a)

BiNB=0(j #k. j.k€Zy)= E(U;B)) =) E(B)), (5.2.5b)
J

E(pyB) = 04E(B), forall B € Xg, and forallg € G. (5.2.5¢)
Denote by E(f) € 3 the integral of f € B(g*) over E.
Let pg := E(g*), I := the unit of ™"
Denote by 91(FE) the W*-subalgebra of 3 generated by E(f), f € B(g*).

Let B(E) denote the Borel*-algebra [235, 4.5.5] in 3 generated by all the
E(f), f € B(g*); this means that *B(E) is the smallest C*-subalgebra of 3 con-
taining all the E(B) (B € X) and with each monotone (increasing or decreasing)
sequence x; € B(E), itisalsos-limx; € B(E). Clearly B(E) C N(E). Here M,
is the set of all selfadjoint elements of a C*-algebra IN. The projector pg is the
common unit of B(E) and N(E). Any projector q € B(E) is of the form g = E(B)
for some B € X, what need not be the case for W(E). Projections in 1(E) separate
various kinds of spectra of E (resp. of operators E(f) etc.) what need not be the
case of ‘B(E).

Let supp E C g* be the minimal closed B = B € X¢ such that E(B) = pg. On
the other hand, supp E(B) := {m € Z = £5(3) : m(E(B)) = 1}isaclopen subset
of Z. Let

dim(F) := dimension of the orbit pg F C g*, dim(F) = 2k < dim g*,

and dim(E) := max{dim(F) : F € supp E}. The G-measure E is trivial iff
dim(E) = 0. The quantal system (; og) has a nontrivial macroscopic limit in
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the classical system (g*, \; p¢) iff there is E such that dim(E) > 2. If there is an
E such that dim(E) = ng, and for any other G-measure E' it is dim(E") < ng,
we say that the system (2; o) has G-macroscopic limit of the dimension ns (in
the classical system (g*, A; ¢c)). The number ng =: 2k is the G-macroscopic
dimension of (; o) and k¢ is the G-macroscopic number of degrees of freedom
of the quantal system (; o).

5.2.4 We shall assume in the following that ng > 2 and we shall consider only
G-measures E with dim(E) = ng. The projectors pg are, clearly, G-invariant:

04(pe) = pg forallg € G and all G-measures E. (5.2.6)

Letg < pg be another G-invariant projector in 3. Then we can define the restric-
tion of E to ¢, the G-measure g E, by

qE : X6 — 3, B+ qE(B); pye = qpE- (5.2.7)
If pppe = 0 for two G-measures E and E’ then the mapping
E+E : B+ EB)+E'(B) (VB € X¢) (5.2.8)

is a G-measure with dim(E + E’) = max{dim(E), dim(E")}, and pg g = pg +
pr - For any two G-measures E and E’, there is a G-measure EsE’ given by

EsE'(B) := E(B)+ (I — pg)E'(B) VB € X¢. (5.2.9)
For the support projector pgsg of the G-measure EsE’ we have

PEsE’ = PE + PE — PEPE' = PE'sE> (5.2.10)

although, in general, EsE’ is different from E’s E. Now, one has dim(EsE’) >
dim(E). Since pgsgr = pp V prp = l.u.b.[pg; pe ], wecanendow the set of classes
[E]

[E]:={E": pp = pE} (5.2.11)

with a partial ordering:
[E]1>[E'] & pe = pe. (5.2.12)

This ordering makes the set {[ E]} of classes of G-measures a directed set.
The same ordering will be considered for any set of subclasses [E] C [E] deter-

mined by some further condition C, i.e. for classes

[E] :={E': pp = pr, C(E))}. (5.2.13)
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Here C(E’) means “the G-measure E’ satisfies the condition C”, e.g. C(E’) :=
(dim(E") = dim(E,)), or C(E) := (E(F) # 0 = dim(F) # 0), etc. The classes
(5.2.13) could also be denoted by [E].

5.2.5 Lemma. The functiondim : g* — R, F +— dim(F) is lower semicontinuous.
Hence, the sets {F € g* : dim(F) > n}are open andthe sets {F € g* : dim(F) < n}
are closeding* foranyn € 7. Specifically, the set {F € g* : dim(F) = 0}isclosed,
and the set {F € g* : dim(F) = n} is Borel.

Proof. It was assumed in 5.2.2 that the action ¢ is a ‘maximal’ Poisson action,
i.e. the orbits of ¢ coincide with the maximal integral manifolds of the Poisson
structure X on g*, [212]. The dimension dim(F) of @g F is then given by the rank
of the skew-symmetric 2-tensor Ar (:= the value of A in the point F' € g*), i.e. by
the rank of the mapping Ap : Tpg* — T7g*, v = Ap(v, ), denoted by rank(Ar).
Since A depends smoothly on F, the function F +— dim(F) = rank(Ap) is lower
semicontinuous. The remaining assertions then follow. (]

526 Let S, ={Feg':dm(F)<n-—1},1<n<dimG. For such a G
-measure E with pp # E(S,) let r,E := (pg — E(Sy))E, see (5.2.7). Clearly,
dim(E) = dim(r, E), if r, E # 0. E is a purely nontrivial G-measure, if 0 # pg
andrE =E.If0 # E =r,Eandr,. | E =0, E iscalled a purely n-dimensional
G-measure. For n := dim(E) the measure r, E is purely n-dimensional. The G-
measures E + E’, EsE’ and g E (with a G-invariant projector ¢ = gpg # 0) are
purely n-dimensional together with E and E’. Let the ordering (5.2.12) be given for
thesetof classes [E] := {E’ : p}, = ppand E' = r,E’, ry41 E' = 0}.Inany linearly
ordered subnet of such [E]’s there is a natural mapping

mgp : [E'l = [E]l, E' — 7mgp/(E') := ppE' € [E]lfor pp > pg. (5.2.14)

The mappings 7gg define a projective system [73, Definition 20.1] on the
linearly ordered subset J of classes [E] : mggr = Tgp o mp g for pgr > ppr > pE
and mgg = idjg). If p < pp,and E := pE’, then E’ = EsE’. We want to show that
J has an upper bound in the set of classes [ E] of purely n-dimensional G-measures
E. This would imply, by the Zorn’s lemma, the existence of the maximal element in
the set (uniqueness of the maximal element follows from the directedness of the set).

5.2.7 Lemma. Let L be a set of G-measures linearly ordered by E < E' < E' =
EsE’. Then L has an upper bound.

Proof. Forany 0 < f € B(g*) and E’' > E itis E'(f) > E(f). Denote
E (f):=1Lub{E(f): E€L}=s-im{E(f): E € L}. (5.2.15)
The mapping E; can be extended by linearity to B(g*):

Ep:B(g@) — 3, f— EL(f); (5.2.16)
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it is bounded: || EL(f)|| < I f]l ;= sup{|f(F)| : F € g*}. Due to continuity of the
product in the strong topology, the mapping E;, is a C*-homomorphism of the com-
mutative C*-algebra B(g*) into 3. This implies the o-additivity of the set-function
E;,:Bw— E[(B):=E.(xB), B € Xg, hence, E| is a projection measure. Since
o4 € *- Aut 3, and any automorphism of a W*-algebra is o-o-continuous, E is a
G-measure. Clearly E; > E, YE € L. O

5.2.8 Proposition The directed set of classes of purely n-dimensional G-measures
has a maximal element.”

Proof. Let J be any linearly ordered subset of the directed set; cf. (5.2.12). We
shall prove that it is possible to choose E € [E] in any [E] € J in such a way that
[E] < [E'] iff E’ = EsE’. Then the result will follow from the Lemma 5.2.7 and
from the Zorn lemma. It is clear that the choice E € [E] of the desired kind can be
made in any finite subset K, C J, [E] € K,.

The desired choice (it will be called a ‘consistent choice’) can be made in the subset
Kg:={[E'leJ: [E']l=<[E]}of Jby E' := pp E forany [E] € J, with any fixed
E € [E]. We have to prove existence of a consistent choice on the whole J. Let J,
be a well ordered cofinal subset of J (the well ordering of J, is that one induced by
the ordering of J—it is possible by the axiom of choice, and cofinality means that for
any [E] € J thereisan [E;] € J, : [E] < [E;]). Now we can choose E; € [E;] (for
all [E;] € J,) in a consistent way: For the successor [E; ] of [E;]in J, we shall
choose E ;4 := EjsE}H with any E}+1 € [Ej11],if [E;] has been defined before.
If [E;] is not a successor in J,, put Ej = Lub {E; : [E;] > [Ex] € /o, all Ex(e
[E%]) are mutually consistent}, according to the Lemma 5.2.7, and choose E; :=
E;SE; with any E; € [E;]. Then we can ‘to fill gaps’ by setting E := pp E; for all
[E] < [E|] € J. This provides a consistent choice E € [E]forall [E] € J,if J, is
considered as an initial segment of the set of all ordinals. (]

Note: The same proof applies to purely n-dimensional measures E of the form
E = gF for any fixed G—invariant projector g € 3.

5.2.9 Let [E]g be the maximal element of classes of purely ng-dimensional
G-measures and let pg, := pg for E € [E];. Let [E ]kG be the maximal element
of classes of purely (ng — 2k)-dimensional G-measures of the form E = (I —
Z’;;(]) pL)E, and for E € [Elf; let p§ := pg, k=1,2,..., "¢ Define now the
class [ E]g of maximal G-measures by

S

nG
2

[Elg :== Y [El;. withE € [Elgiff E =) Ey., E; € [El,
k=0 k=0

and the sum of mutually orthogonal G-measures is defined in (5.2.8). The choice
of measures E € [E]s for the realization of macroscopic limits corresponds to a

TThe present author was informed about some important set-theoretical concepts connected with
this Proposition by the late colleague Ivan Korec (1943-1998).
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requirement of ‘maximal sensitivity’ of the corresponding macroscopic description
of the system (2A; o).

We shall not proceed further in an analysis of the set [E]s and we shall not
try to specify some ‘most convenient’ element E € [E]g as a representative of the
macroscopic limit. Let us choose any fixed E4 € [E]g.

5.2.10 Definitions. The projection-valued measure E4 € [ E]g on the Poisson man-
ifold (g*, \; pg), the G-action on which is ‘'maximal’ (i.e. orbits p F are maximal
symplectic immersed submanifolds of g* the Poisson bracket on which is given by A,
forany F € g*), with values in 3 (:= the center of 2**) is called the G-macroscopic
limit of the system (2(; o) in the classical system (g*, A; ©;). The projector
D = Eg4(g*) is the support projector of the macroscopic limit. The dimension ng
will be called also the dimension of E4. The Borel*- (resp. the W*-) algebra [235,
4.5.5] generated by E, (resp. by Eq and I € 3) will be called the B*- (resp. W*-)
macroscopic algebra of G-definiteness (resp. the G-macroscopic algebra) of the
system (; o) and will be denoted (in the W*-cases) by Mg (resp. by Mg ).

Denote by py; : SR — S.(Mg), w = pyw = rgn o ex(w), where roy is the
restriction of S(A**) to S(M) and e, is the natural extension from S(2() to
S (). Let u‘g be the probability measure on M (:= g* U {m,}, m, isanisolated
point) given by

u‘s(B) = w(Eg(B\{m,})) + w(I — pG)6m. (B), any Borel B C MC, (5.2.17)
compare (5.1.137). Let us introduce the set
g = {w e S : exw(pe) = 1, p(€) = [U2OF < o0, Ve e g, (5.2.18)

compare (5.1.142), where £ € g is considered as a linear function on g*, since g C
g**.

We can introduce also unbounded operators X¢ := E4(&) on the Hilbert space H,,
of the universal representation of 2. Then we have

5.2.11 Theorem The Theorem 5.1.38 as well as its proof are valid also after the
omission of the index T1 everywhere in its formulation and exchange of Ad*(G) by
G, with the interpretation of symbols according to 5.2.10.

5.2.12 Note We could now, after the recognizing of the Theorem, to continue in
the choices of Eg € [Elg according to the following idea: Choose E4 such that
the sets Sp of states with sharp values of the macroscopic observables (cf. 5.1.38
(iii)) are in a certain sense ‘maximal’. We shall not make this idea precise here. We
believe, however, that continuing in this direction we could obtain Eg ‘essentially
uniquely’—up to natural coordinate transformations in the g*.
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5.2.13 A scheme of ‘macroscopic quantization’.

Having once a classical limit in the form of the couple {(g*, A; pg), Ms; 06)},
where og C *- Aut9;, we are interested in the question: Can the original algebra
2A be reconstructed from this classical limit? Keeping in mind the model of Sect. 5.1
we propose the following scheme for obtaining the algebra 2 of a system (; o¢),
the macroscopic limit of which is (Mg; 0g; Eg) (here the measure £y symbolizes
the connection with the classical system (g*, X; ©¢)), (let us denote by MQ the fol-
lowing scheme):

(MQ) Find a faithful representation p of Mg in a Hilbert space H, (necessarily
nonseparable) with the properties:

(i) There is a simple C*-subalgebra 2 of L(H,) such that the center of its com-
mutant 20’ contains p(M); o extends to an automorphism group of 2.

(i) A is expressible as the norm-closure of union of a net of von Neumann subal-
gebras 2; (j € J :=adirected set): j < k = A; C Ay.

(iii) Each®; isaog-invariant subset of 2 and the restrictionof og toany ; (j € J)
is unitarily implementable (i.e. it exists a strongly continuous unitary represen-
tation U/ of G in H,, such that o, (x) = U’ (g9)xU’ (g ") forallx e A;, g€ G
and j € J).

(iv) Each 2, (k € J) is generated by all ; with j < k (j # k) as well as by the
bounded Borel functions of the selfadjoint generators X ’g (€ € g) of the one
parameter groups ¢ > U*(exp(t€)).

Hence the proposed ‘quantization procedure’ of the classical system (g*, A; ¢¢)
consists in finding an ‘imprimitivity system’ (Mg, og) (cf. [321]) determined by
a choice of a G-measure E (in some commutative C*-algebra ¢, where o C
*- Aut9Mg is determined by o, Ey(B) := Eg(pyB), g € G, B = Borel subsets in
g%), and afterwards applying the scheme (MQ) of ‘macroscopic quantization’ to
(Mg; o0g). We shall not investigate here conditions of existence and a ‘degree of
uniqueness’ of this recipe. The scheme is nonempty, since it is fulfilled e.g. by the
models considered in Sect. 5.1 if U(G) is irreducible, 5.1.3.

The question of obtaining a microscopic quantum dynamics of this ‘quantized
macroscopic system’ corresponding to its given classical time evolution is posed and
solved in the next Chap. 6.



Chapter 6 ®)
Mathematical Structure of QM Gouck ko
Mean-Field Theories

6.1 General Considerations

6.1.1 The formalism developed in Chap. 5 will be used in this chapter for a deter-
mination of a microscopic time evolution of an infinite quantum system from the
macroscopic (classical) evolution. It is clear that such an unusual determination of
microscopic dynamics is possible for a very special type of interactions only. We shall
show that this is the case of a wide class of quantum mean-field theories,' at least
in the time invariant subset S gn of the set S(A™) of all the microscopic states on the
quasilocal algebra AN f. Sect.5.1, esp. 5.1.32; cf. also ‘classical states’ in [155].
The systems of the considered type are determined by the couple (2; o) consisting
of a C*-algebra 2 (:= A", e.g.; the upper indices IT will be usually omitted in this
chapter) and of a representation 0(G) := o5 C *-Aut 2, cf. 5.2.2, as well as by a
G-measure Eg, 5.2.3, and by a classical Hamiltonian function Q € C*(g*, R). A
subclass of these systems consists of thermodynamic limits N — oo of systems of the
total number N of quantal (mutually equal) subsystems with dynamics described by
local Hamiltonians Q" . These local Hamiltonians are invariant with respect to any
permutations of N subsystems and the k-body interaction constants (i.e. coefficients
atproducts of k operators corresponding to k different subsystems) are proportional to
N'=¥. We can construct such a sequence of the ‘local time evolutions’ ™ C *- Aut 2
in the following way:

Let us keep the notation of Sect.5.1, and let a basis {; (j =1,...n) of g be
fixed, the dual basis being {f; : j =1,2,...n} Cg*. Let X; (j =1,2,...n) be
the selfadjoint generators of the one parameter unitary groups ¢ — U (exp(t§;))
on ‘H, 5.1.3. Let O be a polynomial in n variables and with a prescribed order of

!For some history, general meaning and technical construction of dynamics (given by full and
correctly solved microscopic evolutions—without any approximations) of “Quantum mean-field
theories” see also [40], and for some of its applications look in [41].
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multiplication of variables in such a way that the element Q (&1, &, ... &,) of the Lie
algebra envelope has the following property:

(SA) Let Q= Zgzo Qx , where Qy is a homogeneous polynomial of degree k. In
any continuous unitary representation U of the group G on a separable Hilbert space
'H, the operators Qi (X1, X2, ..., X,) defined on analytic elements of U are essen-
tially selfadjoint, forallk =1,2,...,q.

This property (SA) is fulfilled e.g. if all the O, (&}, &, ..., &) are symmetric
and elliptic, cf. [13, Chap. 11]. Then we define the local Hamiltonians OV, with
(5.1.14), denoting by N also an N-point subset of IT:

1
O =N OXiy, Xon, oo, X)Xy = o XJs N=12,...5 (6.1.1)

cf. (5.1.118), i.e.
IN|

x¥ =3 "m(X). j=1.2..n keNCII,
k=1

which can be considered as (essentially) selfadjoint operators on Hp (= Hy ®
Hm\n = Il-tuple tensor product). For any x € 2 (:= ANy € L(Hp) we set

N (x) :=exp(it Q") x exp(—it Q"), t € R, (6.1.2)

and these mappings 7,V clearly form a one parameter group of *-automorphisms
of 2 for each finite N. Systems of this type were introduced in [155] for the case
of spin systems (i.e. dim H was finite). It was shown in [40, 155] that the sequence
{(t¥ : N =1, 2, ...} determines an evolution 7€ of the observables of the form X ¢
cf. 5.1.7 and 5.1.9, which is expressed in our notation by the formula

7 (Xen) = w - lim 7" (Xew) = / [P F) Eq(dF), 6.1.3)

where w(j-topology on a von Neumann algebra containing 2 and X¢n (€ € g) is
determined by the set of the ‘classical states’. The integral in (6.1.3) corresponds to
the integral in [155, (2.29)], which, specified to our case, reads:

Jim w(r (Xew)) = / fe(@lF)w(Ey,dF)), w e S,. (6.1.4)

We have used notation f:(F):=F(§) ({€g, F eg*), and ¢ is the classical
flow on g* corresponding to the Hamiltonian function Q € C*®(g*, R), Q(F) :=
Q(Fy, by, ... F,), with F; := f¢ (F) = F(§;), (F € g*); the introduction of the
flow ¢ will be discussed later in this section. The natural question is, however.
whether the limits
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TtQ(x) := (some topology) — Nlim TtN()C) (6.1.5)
—>00

exist for some ¢ > 0 and for sufficiently many x € 2, so that T,Q could be extended
to a one parameter group (resp. semigroup) of mappings of 2 (or of some of its
completions) representing in a reasonable manner some time translations. We shall
show that this is indeed the case, and not only for the spin systems. The resulting
family of transformations 7 does not consist, however, (for general Q) of auto-
morphisms of the original (i.e. that one used at the determination of the infinite
system) quasilocal C*-algebra 2l. The family of *-isomorphisms of 2, 7¢, can be
extended to a one parameter group 7 of *-automorphism of a C*-subalgebra of 2**
containing 2l as a C*-subalgebra. The resulting picture of the 7¢-time evolution has
the properties of the quantum mean-field evolutions according to the usual under-
standing, cf. also [40]. We shall write down explicit formulas for the evolution of
an arbitrary element of the extended algebra of observables (including also an alge-
bra of classical—intensive—observables) in terms of solutions of finite dimensional
differential equations.

In the present section, we shall introduce some basic concepts used in the general
construction of the automorphism group 7. We shall sketch here also a scheme
of the general construction. Details will be proved in the following sections of this
chapter.

6.1.2 Let (g*, \; ) be a Poisson manifold with the Poisson action ¢ of the
Lie group G the orbits of which coincide with the maximal integral submanifolds
of the Poisson structure A, cf. [212], and 5.1.37, and 5.2.2. We shall assume, for
simplicity, that o; := Ad*(G) and Ap(df,dg) := —F([dr f,dpg]) forall f, g €
C*(g*,R).Let Q € C*(g*, R) besuch afixed function on g*, that the corresponding
Hamiltonian vector field g on g*, (5.1.144), is complete. This means that there
is a one parameter group f — <p,Q (cp,QﬁLx = <p,Q o2 for all ¢, s € R) of Poisson
morphisms of (g*; A) the derivative of whichis oy . Remember that o is complete for
any Q inthe case of compact groups G, in which case the Ad* (G)-orbits are compact.
The tangent spaces Trg* (F € g*) will be identified with the linear manifold g* in
the canonical way. Then we have also the canonical identification T;ig* = g of the
cotangent spaces inany point F' € g* withthe Lie algebragof G.Let f; € C*(g*, R)
(for any ¢ € g) be the linear function

Je :Fr fe(F):=F(@©).
Any element & of the Lie algebra g determines also a covector field on g*:

dfc: Fr>dpfe =¢ e g=Tig" (6.1.6)
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The Hamiltonian (contravariant) vector field corresponding to the Hamiltonian
function f¢ coincides with the vector field o¢ determined by the flow

gpf 1t F) — <p,5F = Ad*(exp(t&))F 6.1.7)
on g*. We have the relations:

(h, f)(F) = —F([dh, dfe]) = dr fe(on) = —dph(oe). h € C¥(@" R),
(6.1.8)
where o}, is the Hamiltonian vector field corresponding to the Hamiltonian function
h, cf. (5.1.144) and (5.1.145).

6.1.3 Let gp :Rx g*— G, (t; F) — go(t, F) be a function determining the
Hamiltonian flow <p,Q with the help of the action ¢ := Ad*(G) in the following
sense:

Ad*(go(t, F))F = @2 (F) := pCF, forall7 € R, and forall F € g*. (6.1.9)

Such functions g exist due to p2-invariance of the maximal integral submanifolds
of ¢ (i.e. the orbits of Ad*(G)) withrespect to any Hamiltonian flow. Let us assume
differentiability of gy and set

d
Be .= 3| 90t F), forall F e g'. (6.1.10)
t=0

A necessary condition for fulfilment of (6.1.9) is the fulfilment of

F(B2. 1) = dr Qo) (= —Qr(0g.0,) = —dr fy(00)). neg. Feg,
(6.1.11)
(cf. (6.1.8)), where 2 is the standard Kirillov-Kostant symplectic form on g*, since
the following relation is valid:

d
I Ad*(go(t, F))F()) = —F([BE. 1)), neg Feg (6.1.12)
t=0

If we require, in addition to (6.1.11), fulfilment of the following ‘cocycle identities’:

90(s, 92 F)go(t, F) = go(t + 5. F), go(0, F) =e, (6.1.13)
for all #,s € R and all F € g* (with e := the identity of G), then the condition
(6.1.11) will be also sufficient for the validity of (6.1.9). Let 3°: F — (5 € g be

any differentiable function on g* satisfying

F([83.n]) =0, forall F €g*, neg. (6.1.14)
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Elements 35, € g determine one parameter subgroups of the stability groups of
F € g* for the coadjoint action Ad*(G), cf. Lemma 3.2.4. If a given Bg satisfies
(6.1.11), then also the substitution of

B2 :=p%+ 8 (6.1.15)

in place of ﬁg in (6.1.11) will give a valid equality. Let ﬂg be an infinitely differen-
tiable function of F' € g* with values in g satisfying (6.1.11). The equation (6.1.13)
with the condition (6.1.10) can be rewritten in the form of a differential equation on
the group manifold G:

d
5 906 F) = Te(Ryyu.m)BE, V1R, Feg, (6.1.16)

where F; := ga,Q(F), and Rg is the right action of the group G on itself: R,(h) :=
hg (g, h € G); T, is the tangent mapping restricted to the tangent space 7,G = g of
the group G at the identity e € G, T,.(f) : T.G — TG,

d
£ TUNE= ff = —

arl J(exp(z€))

t

for any differentiable function f: G — G. According to the general theory of ordi-
nary differential equations, there is a unique solution of (6.1.16) with the initial
condition gy (0, F)) = e. The solution gy depends, however, on the choice of the
covector field 3¢ which is, according to (6.1.15), nonunique in the general case.
The cocycle gy is, as we shall see later, the basic dynamical object determining
fully the microscopic time evolutions in the mean-field theories of the considered
type. Various choices of 3¢ corresponding to the various possible choices of 3°
according to (6.1.15) will lead to the same classical evolution ¢ of the subalge-
bra of classical (intensive) quantities of the extended algebra of quantal observables
of the infinite system. The time evolutions of local (microscopic) observables cor-
responding to various choices of 3° in (6.1.15) are, however, mutually different.
We shall see that the thermodynamic limits described in 6.1.1 correspond to the
choice
¢.=drQ, Feg (6.1.17)

If we write Q(F) in the terms of coordinate functions F; := F(;) asin 6.1.1, then
we have

DO(F
d;@:Z&@ €g. (6.1.18)

Let the structure constants of g in the basis {{;} are c,{l eR,ie.

[, &1 = &5 (6.1.19)
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Then we have for the Poisson bracket of two classical Hamiltonians Q; and Q, the
expression (called also the Berezin bracket):

- 001 0
(01 Q2}(F) := —F(ldr 01, dr Q) = —cl, 6—% a—% F. (6120

6.1.4 Let us describe here, in a heuristic manner, the basic idea leading to the defini-
tion of the time evolutions 72 mentioned in 6.1.1 which will be described in Sect. 6.3
in details. It will be also shown in Sect. 6.3 that the evolutions obtained from the ther-
modynamic limits in the ‘polynomial cases’ (mentioned in 6.1.1 and investigated in
Sect.6.2) are special cases of the general definition of 7€ based on the following
general ideas.

The cocycle gy reproduces an arbitrary classical Hamiltonian evolution on the
Poisson manifold (g*, A\; Ad*(G)) (since Q is an arbitrary Hamiltonian function) via
the given (fixed!) action Ad*(G), cf. (6.1.9). We have givenan action 0 (G) € *- Aut2l
and also the corresponding dual action *(G) on the set S(2A) of states on A, cf.
(5.1.44). We have also a canonical decomposition of an arbitrary state w € S(2()
into the states w,, corresponding to classical phase space points m € M, namely
(5.1.146), resp. the corresponding statement in 5.2.11. For w € Sy := psS(2), the
states wy, lying in the support of the corresponding measure [i,, on S(2A**) can be
indexed by F,, € g*, where the classical measure on g* corresponding to the state
wm € &g is concentrated on the one point set {F,,}, cf. 5.1.36 and 5.1.39. Hence we
can use the family of mappings

t> 0"(go(t, Fn)), t €R, m e M, (6.1.21)

for a definition of time translations of the states w,,. Such a definition makes
sense since the projection measure E  (:= the G-macroscopic limit of the system
&; 0(G)) in (g*, X; Ad*(G)), 5.2.10) is G-equivariant, (5.2.5¢c), what implies that
the classical point-measure corresponding to o*(go (f, Fin))wn € &4 is concentrated
on Ad*(go(t, Fu))Fp = gp,Q(Fm) € g*; hence the cocycle identity (6.1.13) can be
used to prove the group property of mappings (6.1.21). A heuristic definition of the
time evolution 7€ is then given with the help of the decomposition (5.1.146) by the
formula:

w(2(x)) :=/ 0*(go(t, Fu))wn(x) i, (dm), V1 €R, we Sy (6.1.22)
M

We shall see in Sect.6.3 that this intuitive construction leads to a rigorously
defined group 7€ of *-automorphisms of a C*-subalgebra of the W*-algebra ps2**
containing the algebra 2{ as well as an algebra ¢ of classical observables in a natural
manner. The algebra 91¢ is then 7 2-invariant: TRQ (O1¢) = 9N, contrary to the algebra
2l (in a general case).

6.1.5 Remark. The general definition of mean-field time evolutions 7¢ based on
the formula (6.1.22) depends on a topology determined by the subset Sy := pcS(2)
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of states on 2 (and their canonical normal extensions to 2A**), so called ‘classical
states’. The reason why we cannot use the set of all states S(2() for the definition of
7€ can be seen from the thermodynamic limits of polynomial interactions described
in Sect. 6.2: In the representations of 2 containing the GNS-representations of states
{w: w(pg) # 1} as their subrepresentations the thermodynamic limits of the local
evolutions 7V do not exist for a general Q. This fact can be seen from the definition
of the projector pg in (5.1.120) as well as from considerations in Sect. 6.2. Although
the resulting (algebraic) concept of 7€ can be used in certain cases to a definition of
time evolution of all states on 2, such a definition scarcely can be considered as a
physically correct consequence of the given interaction Q. This interaction does not
lead to any reasonable (from the point of view of physics) time evolution of states w of
the infinite system, the central supports s,, of which are orthogonal to pg : s, pg = 0,
i.e. w(pg) = 0. Since the set S5 = pcS(A) is 7@-invariant (as will be clear later),
the time evolution of states w € (I — pg)S(2L), where [ is the identity of 2**, can
be determined arbitrarily with a help of some group T C *- Aut (I — pg)A**. The
group 7g has nothing to do, in a general case, with the evolution 7€. For special
choices of the function Q, however, the evolution 7€ can be defined on a larger
subalgebra of 2** than ps2**, hence also an evolution of a set of states larger than
&g can be defined in a natural way, cf. also [40, Sect. II.C]. This can be seen on the
following (seemingly trivial) example.

6.1.6 Example. An important class of ‘mean-field’ evolutions is obtained by choos-
ing Q = f, € g*, f,(F) := F(n),n € g. We have in this case

go(t, F) = g,(t, F) :==exp(tn), VFeg" teR. (6.1.23)
The corresponding time evolution is (due to the independence of gg on F € g*):
72 =7 = o(exp(—tn)) € *-Aut¥, t € R. (6.1.24)

This time evolution is ‘representation independent’ (contrary to the general case
of an arbitrary Q) and the definition of the evolution of an arbitrary state w €
SQ) is straightforward. Equally straightforward is the canonical extension of T"
to the (equally denoted) group 7" € *- Aut A**. This evolution (for unbounded X,
especially that one obtained by the extension to A**) is highly discontinuous, however,
and some appropriate continuity properties can be found in a restriction to a properly
chosen subset of states of S() (this ‘properly chosen set of states’ will be possibly
larger than pgS(2)).

The group G in the cases of this example is a ‘dynamical group’ of the sys-
tem (U, o(G)) containing the time-evolution one parameter group as the subgroup
{exp(—tn) : t e R} C G.
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6.2 Spin Systems with Polynomial Local Hamiltonians 9V

6.2.1 Let us consider the system described in Sect.5.1: The C*-algebra of quasilo-
cal observables 2 is the C*-inductive limit of the sequence of the von Neumann
algebras 2V := L(Hy), 2 :=A™. A compact Lie group G acts on 2 by the sub-
group 0(G) := o¢g of *-automorphisms of 2 introduced in 5.1.5. It is assumed in
this section that the generators X, (£ € g) of the representation U (G) in H intro-
duced in 5.1.3 are bounded operators. We shall use the notation of the subsections
from 5.1.2 to 5.1.28; we shall write IT for the set of all positive integers. It will be
convenient for definiteness and for some technical reasons to work in the subrep-
resentation s, of the universal representation 7, of the algebra 2 in the Hilbert
space H,. The bidual 2** is canonically identified with the bicommutant 7, (2()”
of m,() in L(H,), and sg € 3 := 7, ) N7, A" C L(H,) is defined in 5.1.11.
The following considerations could be extended to the larger representation pgm,,
where pg € 3 is introduced in 5.1.29. Hence we shall work in the framework of
the von Neumann algebra s¢20** which is isomorphic with the subalgebra P8B* of
L(Hp) via the mapping pg, cf. 5.1.11. The quasilocal algebra 2l will be identified
with its representation sg, (2() in the Hilbert space sgH,, or, equivalently, with the
corresponding C*-subalgebra of the abstract W*-algebra s¢2**. Remember that
is simple, hence any of its nonzero representations as a C*-algebra is faithful.
Let us introduce notation for various elements and subsets of s520**:

6.2.2 Notation. Let us denote:

(i) E4 denotes the projection measure (G-measure, 5.2.3) on the linear space g*
generated by E4(F) (F € g*) from 5.1.13; in the notation of 5.1.16 E4(B) =
¢(B) for any subset B = B of g*.

(ii) Eq(f):= [f(F) Eg(dF) for any complex valued function f € L'(g*, Hgy) for
all w e S,(sgA™) := the normal states on sgUA™, i.e. the integral Eq(f) is
assumed to converge in the w*-sense.

(iii) B =AY U {(Xex : Eeg, K ell} CsgU™, if the generators X¢ € L(H)
are bounded, 5.1.3.

(iv) Let 91° be the C*-subalgebra of s¢2A** generated by all the elements Ey(f)
with uniformly bounded continuous f € Cp(g*, C).

(v) €N := the C*- algebra generated by A" and 0N¢; ¢V is isomorphic to the
C*-tensor product A @ N, the isomorphism being: x @ z — xz € €V (x €
AN 7 € MNO), cf [274, 1.22] and [306, IV4.7].

(vi) ¢ will denote the C*- algebra generated by {¢€" : N e I1}; € is isomorphic
to the tensor product A @ N¢, cf. 6.2.13.

6.2.3 Notation. Let {{; : j = 1,2, ...n} be afixed basis of g. Let

[N

XY= NI Xjn =Y m(X(E)), X(©) =X, (6.2.1)
k=1
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for any N € II, be the selfadjoint element of 2 introduced in 5.1.3 as a selfadjoint
operator on Hy and identified now with s, (X jv ). Let us denote

b :=max{l + |X(&)| : j=1,2,...n:=dimG}. 6.2.2)

We shall use the Einstein summation rule for the summation over repeated vector
indices in g and g*. Let ¢} be the structure constants of g in the given basis:

(&) &I = cfim- (6.2.3)
Then we have from (5.1.1):

(X5, XSl =ic Xy, forall K €Tl (6.2.4)

Let Q be a polynomial specified in 6.1.1, hence satisfying the property 6.1.1(SA).
Let Q be written in the form of linear combination of p monomials of the maximal
degree g with the upper bound M > 1 of the absolute values of the coefficients. Let
QX be given by (6.1.1) for all K € I1. Let us introduce the notation:

c:= max{|c;”k| s kkm=1,2,...n}; (6.2.5)
ay := max(nc; 2|N|b), N € II; (6.2.6)
b(x) := max(b; || x]||), x € A. (6.2.7)

We shall use the standard notation for the multiple commutators:

](m+l) —

[y, x v, [y, x11, [y, x]9 :=x, [y, x] := yx — xy, (6.2.8)

for any x, y € 2**. [We shall use also |J| := the number of elements of the set J.]

6.2.4 Lemma. The following estimate is valid for any x € %(I)V and for all positive
integers N, K(> N), m:

IeX, x1| < ?(m — D! (Mpg®b?~ ay)". (6.2.9)

Proof. Each multiple commutator in (6.2.9) can be written in the form of a finite
linear combination of monomials P in the variables X jk and y., where y, € %(])V
is of one of the forms of the multiple commutators occurring in the two following
formulas:

X5, X, XY, X1 T < @A) |Ix]l, x € A" (6.2.10)

X5 IXE, XK, Xer] . I < (ne)'b, Loe T (6.2.11)
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These estimates of ||y, || are easy consequences of the definitions as well as of the
relations (6.2.4). Let r € Z, be called the degree of any of the variables denoted by
¥r. Then the sum ) j1j of degrees of all the variables y., occurring in any of the
monomials P™ is less or equal to m. The maximal degree of any of the monomials
P ism(g — 1) + 1, hence we have the estimate:

P < b(x) (anb?™H)™, (6.2.12)

where we have used the fact that a variable y, of the form given in (6.2.10) occurs in
any of the monomials P at most in the first power (what implies the first power of
b(x) in (6.2.12)), as well as the inequalities ay > b > 1 were used in the derivation
of (6.2.12).

The maximal value of coefficients at the monomials P is < M™. The maximal
number of monomials P ™ occurring in the expression of [Q¥, x]“ can be cal-
culated recursively, using the derivation property of the commutators. One has the
identity

q s
(X oo X Yy Vi = E E Xy X Yk e Vi

i=1 j=1
(s Y 10k -+ Vi X jigy - - - Xy » (6.2.13)

in which the commutator of two monomials of degrees g and s is expressed as a
sum of gs monomials of degree g + s — 1 (some of the monomials could be equal
to zero). If [QX, x]™ is a sum of n,, monomials const. P of the maximal degree
Smi=m(q — 1) + 1, then [QX, x]™*V is a sum of n,,., monomials, where

Pont1 < N DPqSm < Numpgq’. (6.2.14)

Since ny < pg, we obtain the estimate:

o < @(mz)"’. 62.15)

After the multiplication of the right hand side of (6.2.12) by the right hand side
of (6.2.15) and by the upper bound M" of the coefficients at P, we obtain the
estimate (6.2.9). O

6.2.5 Lemma. Let us define
ky = (Mpg*blay)~!, forall N € II. (6.2.16)

Let|t| <Ky ,x € %{)Vforagiven N e I1. Then:
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(i) The sums

o0

i i t m
K@) = xe 0 =y %[QK, x]™, K eI, (6.2.17)
m=0 '

are convergent in the norm-topology of 2, and this convergence is uniform on
(K:Kell} x{t:|t]| <kn} x{x:x 6%8], lx|| < a}foranya e R,.

(ii) The following limits exist in sGA**:

2(x) = s*- | Klligloo X (), (6.2.18)

where the convergence is understood in the s*(sg2**, s¢2A*)-topology generated
by the seminorms p,, and p} for all w € S, (sgA**):

Do i X = po(x) = Vw(x*x), pl x> plx) = ywlxx®). (6.2.19)

Proof. The estimates (6.2.9) are independent of K € Il and the corresponding
majorizing power series for (6.2.17) is uniformly convergent on the product of the
disc{t : |t| < kn,t € C}andtheball {x : x € %8’, [lx]| < a} for any nonnegative a.
This proves (i). The definition of s in 5.1.11 implies the existence of the limits

Xen o= s*- Jim Xex = Eq(fo) € s, € e g, (6.2.20)

what implies, in turn, together with the uniform boundedness in K € IT of the mul-
tiple commutators in (6.2.17), the existence of the limits

s*- lim [QX, x]1™ e sqU™. (6.2.21)
|K|—00

The statement (i) together with these facts imply (ii). (]

6.2.6 Lemma. Let B" be the C*-subalgebra of 2 generated by B). Each of
the mappings T,Q : ‘B(I)V — s¢gA** (]t| < ky) can be extended to a unique *-homo
morphism of the C*-algebra BY into sgA**.

Proof. The mappings 7X are inner automorphisms of 2, and their canonical exten-
sions to A** leave the center 3 elementwise invariant. Hence, we can consider TtK as
(inner) automorphisms of sg2A**:

K e *-Autsg2A**, forallt e R, K C II. (6.2.22)

The properties of the s*-limit imply that T,Q (Jt] <Ky, teR) are
*-homomorphisms of the symmetric set B} into sg2A*™*, as well as they are
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*-homomorphisms of the minimal *-algebra in 2 containing B into sgA**. The
obvious norm-boundedness of these homomorphisms gives by continuity the wanted
(equally denoted) extensions T,Q. ]

Note: The values TtQ (x) can be calculated according to the formula (6.2.18) for all
x € BV, This is a consequence of the norm-continuity of C*-homomorphisms, and
it is easily verified by an elementary calculation.

6.2.7 Lemma. Let |t| < k1, £ € g, Eg(fe) = Xen € s¢A™, cf. 6.2.2 (ii). Then the
limits

72(Eq(fo)) = s*- Jlim. 72(Xer) (6.2.23)
exist.
Proof. One has
N
72 (Xer) = Z o *'KIEHOO[QK, Xer 1™, (6.2.24)
m=0 .

and the bounds (6.2.9) give the estimates independent of K and L. After the substi-
tution of x := X¢; into the sum in (6.2.17), this sum is norm-convergent uniformly
in (K; L) € TT x I1. Hence we have

00 ) ) it)m
T2 (Eq(fe)) = Zs*-hin s*-hlr(n (0K, XgL](’”)(T, (6.2.25)

m=0

cf. also (6.2.20) and (6.2.21), and the limit (6.2.23) exists (cf. also [40, Proposition
3.5D. O

6.2.8 It will be shown next that the elements E4(f¢) (§ € g) of the algebra 2A** gen-
erate the abelian C*-algebra 91° of (bounded continuous) classical observables,
cf. 6.2.2(iv), given on the support of E in g*. We shall show after this that the trans-
formations TtQ in (6.2.23) leave this C*-algebra invariant, and that their unique exten-
sion for all # € R reproduces the classical flow 2, 6.1.2, restricted to the support
supp Eg, 5.2.3. These results will lead to a natural definition of the unique extension
of T,Q AN — s6A™ forall t € R, such that these mappings together with the map-
pings (6.2.23) leave the tensor product €V = AN ® NC, 6.2.2(v), invariant, and have
a unique extension to a (equally denoted) one parameter group of *-automorphisms
of this composite quantal (") and classical (M) system.

Let ¢ : g* — g* be a Poisson automorphism, (5.2.3), leaving all the Ad*-orbits
invariant. Then, using the bicontinuity of ¢ and the G-equivariance of the G-measure
E, one can prove that the s¢2(**-valued function oE; of Borel subsets B C g*,

QEy: B> QE4(B) := E4(p~'B), (6.2.26)
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is again a projection-valued mesure with the same support:

supp 9Eg = supp Eg. (6.2.27)

6.2.9 Proposition. Let Ey and ¢ be as above. Then the mapping
Eg: f—= Eg(f) = / f(F)Ey(dF), f e C(supp Ey), (6.2.28)

introduced in 6.2.2(ii) is a C*-isomorphism of the commutative C*-algebra of con-
tinuous complex valued functions C (supp Eg) on the compact subset supp Eg of g*
(X¢’s are now bounded!) onto .

The C*-algebra N° is generated by the finite set Eq(fe,), j =1,2,...n of its
elements (§;’s form a basis of g). The mapping

©* 1 f = 0" f, with o f(F) := f(pF), (6.2.29)

restricted to f € C(supp Ey) is a *-automorphism of C (supp Eg). One has

@ Eg(f) = @(Eg(f) == PEg(f) = Eg(¢"f), [ € C(g), (6.2.30)
and the mapping ¢ in (6.2.30) is a *-automorphism of M¢.

Proof. Since supp Ey is compact (due to the compactness of spectra of all the
X¢’s), the function set C (supp Eg) is a C*-algebra generated by polynomials in the
variables F; := F(§;) = f¢, (F) according to the classical Weierstrass theorem. The
*-morphism property of Eg4 in (6.2.28) is a consequence of the standard functional
calculus of normal operators determined by a projection measure. One can show
thatif f(Fp) # 0 for some Fy € supp Eg4 and a continuous f, then E4(f) # 0, and
this implies that the mapping E in (6.2.28) is the C*-isomorphism of C (supp Ey)
onto .

The mapping ¢* is a norm preserving *-morphism of C(supp Ej) into itself,
hence, it is a *-automorphism.

The automorphism property of ¢ in (6.2.30) is then a consequence of the
relation (6.2.27), since both the mappings E;‘ :M¢ — C(supp Ey) and QEg :
C(supp Eg) — 1€ are *-isomorphisms, and we have:

P(Eg(f)) = $Eg 0 E;'(Eg(f)), f € C(supp Ey). (6.2.31)

The equality in (6.2.30) can be obtained from (6.2.26) and the integral representation
(6.2.28). This concludes the proof. [l



126 6 Mathematical Structure of QM Mean-Field Theories

6.2.10 Proposition. The mappings T,Q introduced in (6.2.23) leave the algebra N¢
invariant. The family 7€ has a unique extension to a strongly continuous one param-
eter group of *-automorphisms of N°. This group satisfies the equality

T,Q(Eg(f)) = Eg(pr " f), f € C(supp Ey), (6.2.32)
where o2 is the classical flow corresponding to the Hamiltonian function Q, 6.1.2.

Proof. The classical flow ¢ forms a group of Ad*-orbits-preserving Poisson auto-
morphisms of g*. According to Proposition 6.2.9, the right side of (6.2.32) defines a
one parameter group of *-automorphisms of 91¢. The strong continuity of this group
(i.e. the continuity in the norm of all the functions t — E(¢; * £)) follows from the
differentiability (hence continuity) of

02 : (F;1) > @ (F), (6.2.33)

what is uniformly continuous on compacts in g* x R (g* is endowed by the linear
space topology), as well as from the norm-continuity of the isomorphism E . Hence,
it suffices to prove the validity of the equation (6.2.32) for small ¢.

Let us calculate the limits in (6.2.25). We intend to prove

s*—li{n s*—lilr(ni’”[QK, Xer]™ = Eq({Q, fe}™), Eeg, meZy.  (62.34)

Here {Q, f1© := £, {Q, f}™*V :={0,{0Q, f}'"}, and {Q, f} is the classical
Poisson bracket on the Poisson manifold g*. The limits in (6.2.34) do exist, cf.
6.2.5. The local Hamiltonians QX are polynomials of the form (6.1.1) and the com-
mutators as well as the Poisson brackets are bilinear, antisymmetric, satisfying the
Jacobi identity and the derivation property: [a, bc] = [a, b]c + bla, c].

We have also

§- 111{11 s- IIII<HI[X£K, X7]L] =S- h]{n X[n,f]L = Eg({fﬁa fn})’ 57 neEg. (6235)

what can be seen from (5.1.5), (6.2.20) and (1.3.12). The morphism properties of E
then lead to the formula (6.2.34).
Inserting (6.2.34) into (6.2.25), we obtain

o]

2 (Eg(f) = 3_ T Ef((Q. ™). (6.2.36)

m=0 "

The estimates (6.2.9) and the isometry of the mapping E from (6.2.28) give, with
the help of (6.2.34), the norm-convergence (in the algebra C(supp E)) of the sum
defining the element f¢; € C(supp Ey):
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[e¢]

fa(F) = Y2 10, )™ (F), F € supp By, It] < s, (62.37)

m=0 "

The norm-continuity of the morphism E then leads from (6.2.36) to
T2 (Eq(f) = Eq(fa). § € 9. |t] < k1 := (Mpq*hiay) ™. (6.2.38)

The derivative of the function ¢ — f, is, according to (6.2.37):

o0

d " ”
3 faF) =3 —10.{Q, f™}(F), (6.2.39)

m=0

the series in (6.2.39) being again absolutely and uniformly convergentin F € supp E,
and |t| < K1, (6.2.9), i.e.

(t; F)e{u: uelR, |ul <k} xsupp Eq. (6.2.40)

The classical Hamilton equations written in the form of Poisson brackets for the
case of the Hamiltonian function Q with the flow ¢ have the form

d
@f(%?F) ={0, fH@2F), Feg, uek. (6.2.41)

Let us substitute apMQF instead of F into the formula (6.2.39). From (6.2.41) we

obtain .
d " d
— OF) =Yy — — M (L2F). 6.2.42
G fa@lF) =) — 0. fi " (7 F) (6.242)

m=0
The uniform convergence in u € R for any given (¢; F) from (6.2.40) and the

known theorem on the differentiation of series of functions lead to the equality:

d d
afgz(@,,QF) = d—uf@(%?n =1{0, fu)2F), (6.2.43)

where the second equality was obtained by an application of (6.2.41). Setting u = 0
in (6.2.43) and comparing with (6.2.41) we get:

fu(F) = foo(0f F) = fe(pf F) = o2 fe(F), (6.2.44)

since feo = f¢ according to (6.2.37). Insertion of f; from (6.2.44) into (6.2.38) gives
(6.2.32) with f := f¢ ({ € g). The algebra C(supp Ej) is generated by f;’s, and @,Q*
is a *-isomorphism of C(supp Ej), (6.2.29). The norm-continuity of C*-morphisms
gives then the validity of (6.2.32) for the general f € C(supp Ey). (]
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6.2.11 Lemma. The mappings T,Q (|t] < kn) definedin 6.2.5(ii) map the C*-algebra
AN into the C*-algebra N (which is generated in s by AN and N°).

Proof. We can write the definition of T,Q (It] < ky) on AV, (6.2.17) and (6.2.18),

in the form
X m

t
=) o s*-lim [i 0K, x1™, x e AV, (6.2.45)

m=0 "

Each multiple commutator in (6.2.45) can be expressed in the form of a polynomial
in the variables X¢x and some of the variables y; of the form, cf. also (6.2.10) and
(6.2.11):

yo = [XEIXE, . IXF x] eV, K e, (6.2.46)
with the coefficients independent of K. Due to (6.2.20) and the independence of any
y, of K, the strong limits in (6.2.45) are elements of €V, The norm convergence of
the sum in right hand side of (6.2.45) and the closeness of €V in the norm-topology
give then the result. O

6.2.12 Lemma. For any x € 2 and any z € N, the equality xz = 0 implies the
validity of ||x|| - |lz]l = 0.

Proof. For z # 0, we have z = E4(f) with | f (Fy)| # 0 for some f € C(supp Ey)
and some Fy € supp E;. Let, for the definiteness, be f(Fp) > 0. Then there is a
subset By C g* such that Eg(Bg) # 0 and f(F) > %f(FO) for all F € By. Since
1€ is in the commutant of 2 in s¢2**, the product of the positive (i.e. nonnegative)
operator x*x € %A with the positive operator (E4(f) — %f(Fo))Eg(Bo) eMNis a
nonnegative operator in €. Then xz = 0 implies

1 1
0 < x"x (Eq(f) — 5/ (Fo) Eq(Bo) = =5 f(Fo) x*x Eg(Bo). (6.2.47)

Hence we have x E4(By) = 0. The mapping: x — x E4(Bo) is a nonzero (nonde-
generate) representation of the simple C*-algebra 2 in 2**, hence x = 0. (]

6.2.13 Lemma. Let 2V ® 91 and 2 ® 91° be the C*-products (uniquely defined,
since NC is abelian, [274, 1.22.5.]), with the canonical inclusion AN @ N C
AN Let Ay U be the homomorphism of A @ NC into €, 6.2.2, determined by
the association:

N xi®zi Y xjzj €€ x; e, 7 €N (6.2.48)

J J

Then My ! can be extended to a unique *-isomorphism Ao F=: \o)™! of the
C*-algebra A ® N onto €, the restrictions of which to the subalgebras AN ®
N (N e I) are *-isomorphisms onto €V (N e II), cf 6.2.2.
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Proof. The existence of an isomorphism onto € extending )\, !is a direct conse-
quence of [306, Exercise IV.2], due to our Lemma6.2.12. The uniqueness is the
trivial consequence of the norm-continuity of C*-homomorphisms, since the finite
sums in (6.2.48) form dense sets in the corresponding C*-algebras. The same consid-
erations are applicable to the restrictions to AV ® 91¢, hence we have the assertions
of the Lemma. (]

6.2.14 Lemma. Let 7x (K € II), resp. 7., be a *~homomorphism of AKX resp.
of 9M¢, into €K Assume that 7.(0) C NC. Then there is a unique *-homomorphism
7 6K — X such that:

T(x2) = 7% (¥)7.(2), forallx € AKX, 7z e M. (6.2.49)

Proof. Let )\ : xz — x ® z be the isomorphism of ¢X onto AX ® N€ determined in
6.2.13. According to [306, IV.4.7.], there is a unique homomorphism 7y of AK @ Ne
into ¢X such that

T0(x ® 2) = Tk ()7e(z), x € AKX, 7z e M. (6.2.50)

Since the C*-norm on A ® N° is a cross norm (see [306, IV.]), the *-property of 7
follows from the norm continuity and from the *-property of 7 and 7.. We shall
define 7 as the composition

T = 7‘00)\0. (625])

The uniqueness of 7 is then a consequence of linearity and continuity in the norm-
topology. O

6.2.15 Proposition. There is a unique family 7€ := {T,Q i1t < kn, t € R} of C*-
morphisms of €V into itself such that their restriction to AN C €V is given by (6.2.45),
and their restriction to N C €N is given by (6.2.32). This family 7¢ has a unique
extension to an (equally denoted) one parameter group of *-automorphisms of
&N, forany N e T1.

Proof. After the identification of 7x (resp. 7.) from 6.2.14 with TtQ from (6.2.45)
(resp. with T,Q from (6.2.32)) foranyrealt : |t| < rx (K € II), the wanted morphism
2. €K - ¢K is obtained by its identification with 7 from (6.2.49). It suffices to
prove the group property of these morphisms TtQ of €V into itself (with N € IT) for
small ¢ € R. Since the restrictions of 7€ to 91¢ form an automorphism group of 91,
and the algebra 91¢ is in the center of €V, it suffices to prove

72, (x) = 1272 (x)) for all x € AV, (6.2.52)

and for all sufficiently small nonzero ¢; (e.g., for all ¢; : max(|#], [£2]) < %K)N). For
such ¢;’s, we have according to 6.2.5(ii) and (6.2.45):
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(ZZ) 72(s- lim [0, 11™), (62.53)

T, (T (X)) =1, (s- hm T K(x) = Z

m=0

where the norm continuity of TtlQ and the norm-convergence of the series were used.
(We write here s- lim instead of s*-lim, where the s(sg2™*, s¢2*)-topology is gen-
erated by the seminorms p,, from (6.2.19). This notation is used for brevity only; the
existence and equality of both the limits s-lim and s*-lim is clear from the proof
of Lemma 6.2.5.) Considering the structure of the multiple commutators in (6.2.53)
according to the discussion in the proof of 6.2.11, by the morphism property of Tt]Q
on €V as well as the definition (6.2.23) with (6.2.32) we obtain:

72 (s- lim[Q*, x]") = s-lim 210, x1™) (6.2.54)
= s-lim [n2(0%), 12 (0)1™. (6.2.55)
Since any *-morphism 7€ is a contraction, the bounds from 6.2.4 are valid also

for the multiple commutators in (6.2.55). From the norm-convergence of the sums
we obtain consequently:

. (lt ) m
7 (1 (¥)) = 5-lim m > 2" 12(0%), 72
m=0
= s-lim 2 (th (x)). (6.2.56)
One has also
7X(x) € BY forall x € A", and forall K € II. (6.2.57)

Then, according to the 6.2.6 and the formula (6.2.18), one obtains:

2K () =5 hmT (T4 (X))

= s-lim Z G)' A" 1 ok qm® . (62.58)

k! m!
k,m=0

The norms of the multiple commutators in (6.2.58) for L > K > N are bounded
from above according to the estimate (cf. also 6.2.3)

(m +k — D! (Mpg®b? ay)™**, (6.2.59)

IQx, 1%, x1™1®| < ?

what can be obtained by the considerations analogous to those used in the proof of
6.2.4. Hence the sum in (6.2.58) converges in norm, uniformly in (K; L) € IT x I1
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with L > K > 1. Then the continuity of the product of elements of a W*-algebra in
the s-topology leads to:

s- lim 727X (x)) = s-lim i ()" G oK (oK, xpomp®
K—oo 100 UK =k m e
oo
_ . (tl +t2)p . K (p)
_s-hlr(nz—![lQ X
p=0
=s-lim 7, (0) = 7.0, (). (6.2.60)

The relations (6.2.56) and (6.2.60) give the desired group property (6.2.52) for
all sufficiently small nonzero ¢;, f,, hence T,Q € *-Aut €V (due to the consequent

invertibility of T,Q on ¢V), and 7€ is a one-parameter group of automorphisms of
¢V (for any given N € II). O

6.2.16 Note. We have worked in this section in the framework of the subalgebra
scA™ of the von Neumann algebra A**. The only properties of the projector
SG € 3 we have used in the previous considerations was the existence of the limits
Xen i=s*-limy sg X¢n forall § € g (here the elements X¢n € 2 are identified with
T (Xen), cf 6.2.1) as well as the o(G)-invariance: o(g)(sg) = sg for all g € G.
Any projector s, € 3 with these two properties, i.e. s, such that:

(i) the limits s*-limy X¢ysy exist in s*(A**, A*)-topology for all § € g,
(ii) sy is o(G)-invariant: 0(g)(s;) = s; forall g € G,

could be used instead of s in the considerations of this section. Such projectors
form a lattice in 3 with the maximal element pg defined in 5.1.29. The G-measure
corresponding to pg was introduced in 5.1.33 and denoted by EE. Then the G-
measure used up to now in this section was Eg = s¢ EE, and the G-measure E,
corresponding to another projector s, € 3 satisfying (i) and (ii) equals to s, E E.
The algebra 9. = EZ(Cy (g%, C)) corresponding to the projector s, hence also the
quasilocal algebra €, := A @ N, depend nontrivially on the choice of s;. If, how-
ever, s¢6 < §y < pg, then W, is isomorphic to 0. This is an immediate consequence
of the Proposition6.2.9 as well as of the following 6.2.17.

6.2.17 Lemma. Let the projector s, € 3 (:= the center of A**) satisfy 6.2.16 (i)+(ii).
Let sG < sz < pg, and let E] := s E]'. Then supp E7 = supp EJ'(= supp E,
consequently).

Proof. Let sp(X¢) C R (£ € g) be spectrum of the bounded selfadjoint operator
X¢ € L(H). Let conv(B) be the convex hull of the subset B of a linear space. We
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have X¢y € & (N € I1), hence the spectrum sp(m(X¢y)) does not depend of the
representation 7 of 2 (2 is simple). From the construction of X¢r;in5.1.7 and 5.1.8
we obtain successively:

sp(Xen) Cconv(sp(Xe)), £€g, Nell, (6.2.61)

what can be seen from [262, Theorem VIII. 33]; from the spectral resolution of X,
with a help of 5.1.8 one has

AeC: A=(p, Xeo), lloll =1, ¢ € H} = conv(sp(X¢)) C sp(Xen);
(6.2.62)
hence by [262, Theorem VIII.24]:

sp(Xem) = conv(sp(Xe)). (6.2.63)
The equality (6.2.63) is independent of such representations 7 of 2 in which (6.2.62)

is valid, i.e. for
Xer = S*'h[{,n S Xey €A™ (6.2.64)

we have the implication:
conv(sp(X¢)) C sp(Xer) = sp(Xer) = conv(sp(X¢)). (6.2.65)
We have X := X¢r for s, := s and the spectrum of X cannot decrease with
increasing s,. This proves the conclusion of (6.2.65) for all s, > s, & € g. Hence
the spectra of X¢, are independent of s, for s¢ < s, < p. The construction of the

projection measure Eg according to (5.1.125) and 5.1.33 shows that F' € supp Eg
implies F(§) € sp(X¢r):

Xer = / F(&) EgdF) = E;(fo). (6.2.66)

This formula shows also that A € sp(X¢,) implies the existence of such an F €
supp E¢ that F(§) = A. We shall show in the next Lemma that supp Eg is a convex
subset of g*. Let

By :={F € g": F(& € conv(sp(Xy)), V¢ € g}. (6.2.67)

The set By is convex and closed in g*. We have

supp E; C By forany s; > sg (sx < pg). (6.2.68)



6.2 Spin Systems with Polynomial Local Hamiltonians Q™ 133

Let B =B = conv(B) C By be such that for any £ € g the following implication is
valid:
Aeconv(sp(Xe)) =3I FeB:F() =M\ (6.2.69)

The set B := supp Eg, and also B := By has the property (6.2.69).
Let Fyeg® does not belong to B: Fy¢ B. Then, according to
[157, Lemma (B.26)], there is an element of g** = g, &, € g, such that

inf{F (&) : F € B} > Fo(&). (6.2.70)

But from (6.2.69) and from B C By we see that {F (§) : F' € B} = conv(sp(X¢))
for all £ € g, hence F(&p) ¢ conv(sp(X¢,)), and this implies that Fy ¢ B,. We have
proved that B = By, hence supp E; = By. But

56 < sz = Eq < Ej = supp Eq C supp E, (6.2.71)

what with the help of (6.2.68) gives now the desired result. (]
6.2.18 Lemma. supp E is convex.

Proof. The projection measure E g introduced in 6.2.2.(i) is built of its values E4(F),
(5.1.56), calculated on one point sets {F} C g*. The measure E is isomorphically
mapped onto the measure £ g = pg o Eg acting in the Hilbert subspace PgHp of the
infinite (complete) tensor product space Hyy, cf. 5.1.11. According to the definitions
in5.1.7,5.1.9and 5.1.11, F € supp E4 means that there is a product-vector ¥ € Hr:

W= e ox € Hi o= wH, gl =1, forall k € II, (6.2.72)
kell

such that the following relations are valid:

N

. 1
Jim ;(w, m(Xe)pr) = F(€), forall £ € g. (6.2.73)

Let FY) € supp Eg(j J = 1, 2) be determined according to (6.2.73) by the product
vectors W) 1= ®epy cpk € D (g). We shall construct a product vector ¥ € Dr(g),

for any rational number ¢ : 0 < ¢ = ¢ < 1, such that the corresponding value of

F € g, cf. (6.2.72) and (6.2.73), is
F=cFY4+1-c)F?. (6.2.74)

This will prove the convexity of supp Eg, since supp Ej is a closed subset of g*.
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We shall construct the sequence {y : k € 1} defining ¥ according to (6.2.72)

from the sequence {<p,((j Vi ke, Jj =1, 2} for any two natural numbers 0 < r < s

as follows:

Pmstj = Py forj=1,2,..r; m € Ly (6.2.75)
= cpfj()_v_r)ﬂ_r yforj=r+1,r4+2,...5s; meZ,.

(Here we have identified H; with ‘H (k € IT). The formally correct rewriting of the
formula (6.2.75) includes, €.g., Qi1 = umsﬂu;}H@fﬁH.)
Let

v = @ mXoe), J =12 W(© = (o m(XDpp). (6:2.76)

Inserting from (6.2.75) into the left hand side of (6.2.73) we obtain:

1 ms+j J
S kz V() = — +J.kzwms+k<§) (6.2.77)
=1 =1
ms rl & 1o s—r 1 msr) )
+ms+j E%;qjk (£)+Tm(s—r) ]; Y©]-

Taking the limit m — oo on both sides of (6.2.77) (j € {1, 2, ...s}), we obtain
(6.2.74). O

6.2.19 Proposition. Let s, < pg be a o(G)-invariant projector in the center 3 of
A, Let E7:=s:E E be the corresponding G-measure. Then I =
EZ(Cp(g™, C)) C M, cf 6.2.2(iv). Specifically, .. = N for s > sg. (Here we
have identified *-isomorphic C*-algebras.)

Proof. If s;; (j =1,2) are two such projectors s, with s;; < sz, then for the
corresponding G-measures one has supp E’gl C supp Egz C supp Eg,cf.6.2.17. The
Proposition 6.2.9 and its proof is applicable to any G-measure in the case of bounded
generators X¢ (€ € g). Since C(supp E7') C C(supp E;?) C C(supp Eg),and N5, =
EZ(C(supp EY)) is an isomorphic image of C(supp Ey), the result follows. (I

Note: With a help of this proposition one can show that s can be replaced by s,
with sg < s; < pg, everywhere in this Sect. 6.2.

6.2.20 Theorem. Let A := A" be the quasilocal algebra introduced in 5.1.4;
0(G) C *-Aut U is generated by the continuous unitary representation U(G) in
'H of a Lie group G with bounded generators X¢ = XZ‘ & e€g),cf 515and5.1.3.
Let s, < pg be a o(G)-invariant central projector in A**, where pg is introduced in
5.1.29. Let E} := swEg', where E;‘ isdefined in 5./.33. Let 01 and ¢, be defined

asin6.2.16 and Cﬁy =AV ® MN¢; the algebras ., @Q’ , and & are considered as

ks
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C*-subalgebras of s;2A™* in the canonical way, cf. 6.2.1, 6.2.2 and 6.2.13. Let Q be
a polynomial with the property (SA) of 6.1.1. Then one has:

(i) The sequence {T% : K € I1} of the one parameter *-automorphism groups of
A generated by QX according to (6.1.2) determines a unique one parameter group
7€ C *-Aut & (with & := &, for s; := pg) such that for any N € TI and for all
[t| < Ky (cf 6.2.16)

72 (x) = s*- lim K@), Vx eV = pem,@AM). (6.2.78)

The s*(pcA™*, pcU*)-topology is determined by the seminorms from (6.2.19) with
w € Sp(pcA™).

(ii) The C*-subalgebras ., &, and QQI (N C I, s; < pg) of € are invariant with

respect to 7. Let the restriction of 7€ o ¢, be denoted by 7". (Note: We have
changed the notation here. It was denoted by 72 the group ™ with s, := s¢ in the
preceding subsections.)

(iii) The restriction of T to N< reproduces the classical flow 2 corresponding to
the Hamiltonian function Q on the Poisson manifold g* in the sense that

TT(Eg(f) = Eg(e” ), [ eCg). (6.2.79)

(iv) The group T2 is a strongly continuous subgroup of *-Aut &, i.e. the functions
t—> 12(y) (6.2.80)

are norm-continuous for all y € €: The triple {€, R, 72} is a C*-dynamical system,
[53,2.7.1].

(v) T™ (for any s, specified above) is a 0 (€, s, 2U*)-continuous group of automorphis
of €., i.e. the functions

t > wr(y)) (6.2.81)

are continuous for all states w € s;A* (= {f € A* : f(szx) = f(x), Vx € A}
and for all y € &€, and for all such w one has:

worl €5, A*, VieR. (6.2.82)

vi) The infinitesimal generator of T™ is the derivation 6, on €, such that
8
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5:(») =i Y E}©@;0) X}, ¥, forally e AV, (6.2.83a)
j=1
S:(Eg(f) = Eg{Q. f) for f € C'(g"), (6.2.83b)

where the square bracket in (6.2.83a) is the commutator, and AN is considered there
as s, (AN) (U is simple!), and the partial derivatives O ; Q denote the differentiation
of Q with respect to the components F; := F(&;) of F € g* in the dual basis to the
basis{§; : j = 1,2,...n}of g, X; := X¢;. The compound bracket in right hand side
in (6.2.83b) denotes the classical Poisson bracket on g*. The operator §,. determined
by (6.2.83) determines the group 7" € *-Aut € uniquely:

o0 tm
7 (y) = Z %6;:'@), forally € B*, |t| < ky, N eIl. (6.2.84)

m=0

Proof. We shall use here the fact mentioned in the Note in Proposition 6.2.19 that in
the assertions of this section we can replace s by pg; we shall refer to the assertions
and their proofs in Sect. 6.2 as if they were reformulated with this replacement.

(i) The restrictions of 7€ to the subalgebras €V given in Proposition 6.2.15 determine
a unique group 7¢ C *- Aut €, since each of the mappings

2y 1204), yeeV, Neql, t e R, (6.2.85)
is norm-continuous and {y : y € €V, N ¢ I1} is norm-dense in €.

(ii) After the replacement of sg by s (hence also E4 by EY) in Propositions 6.2.10
and 6.2.15 we obtain the invariance of 1 and of €, due to o(G)-equivariance of
EZ. The T%-invariance of €% is clear.

(iii) Immediately from Proposition 6.2.10, since T (Eg(f) = SWT,Q (E E .

(iv) It suffices to prove the continuity in (6.2.80) for t — 0. With y := x € AV the
continuity is given by the uniform convergence in (6.2.45), and this implies the
continuity for all x € 2L (by an €/3-argument). For y := E{(f), f € C(supp E}),
it suffices to prove

lim [|¢p; “f=fl=0, (6.2.86)

since f +— EZ(f) is a C*-morphism. The validity of (6.2.86) is a consequence of
the joint continuity of the classical flow 2,

02 (1; F) > @2 (F) € g*, (6.2.87)
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as well as of the compactness of supp E and of the continuity of f.

(v) The continuity in (6.2.81) is a consequence of (iv). Let us consider 777 (1€R)
as a family of representations of 2 := 7, () C 2** in the subalgebra s,2** of A**.
The unique o (A**, A*) — o (s, 2A™, 5,2*)-continuous extensions of these represen-
tations to 2A**, [274, 1.21.13], will be denoted by F,Q (resp. 7; for s, < pg). From
Proposition 6.2.10 and from its proof one can see

™1 (s7) =T, (Eg (@) = s7. (6.2.88)

We have also 7;(idy —s;) =0, and the restricions of 7, (teR)
to the 77 -invariant subalgebra s,2** form a family of —automorphlsms which
are automatlcally o-continuous, [274, 4.1.23]. The definition 7™ with a help of
strong limits, cf. (6.2.23), shows that the restriction of 7] to €, coincides with the
above defined 777 € *- Aut €. This proves the normality of w o 7] for any normal w
(i.e. w € s;2U), hence (6.2.82).

(vi) The automorphism group 77 of €, is determined uniquely by the determination
of 77 (x) for all x € BY (cf. 6.2.6 and 6.2.2(iii) for notation), for |t| < ky, N € IT;
this is clear from 6.2.5 and from its consequences. The series in the formula

—Tﬂ(x)

*-lilr(n (0¥, 105, x1™] (6.2.89)

m=

converges uniformly in the disc |t| < Ky (x € BY), hence the equality (6.2.89) is
valid. Considerations similar to those used in the dealing with (6.2.58) lead to the
equalities:

s-lim 0%, [i 0%, x]"™] = s-lim 5-1im [i 0, [i 0%, x1™]
= 5-lim 5-([i 0%, x1"), (6.2.90)

where for all N € IT:

8r(x) == s- lim i[O, x], forall x € BY := g7, (BY). (6.2.91)

The derivation property of commutators and the polynomial form of Q together with
(6.2.20) lead to the expression (6.2.83a) for d, in (6.2.91). Setting r = 0 in (6.2.89),
we see that so defined &, (x) is the value of the generator 6 of 7" onx € AN (N e II).
By the differentiation of (6.2.32) with f e C'(supp Eg) we obtain (6.2.83b), cf.
(6.2.43) and notes in [53] above 3.2.29. From the continuity properties of 7" and
the corresponding closedness of §,, cf. [53, 3.1.6], we obtain by the repeated use of
(6.2.90):
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s-lim 5-([i 0%, x1) = 57T(s-1i1£n [i 0%, x1™) = 6™t (x). (6.2.92)

Insertion from (6.2.91) and (6.2.92) into (6.2.45), cf. the note following (6.2.53),
gives for x € BN, |t| < ky the norm-convergent series:

o0
™ tm m
T =) — O ). (6.2.93)
m=0
This proves that the operator §, from (6.2.83) determines 7. ]

6.3 Time Evolution in Generalized Mean-Field Theories

6.3.1 We shall construct in this section a general class of time evolutions 7€ of the
infinite quantum systems (2; 0(G)) defined in Sect.5.2. The time evolution 7€ is
determined in a canonical way by an arbitrary classical Hamiltonian function Q onthe
(generalized) homogeneous classical phase space g* as well as by the automorphism
group o (G) of 2. It will be shown later that the here presented construction leads to
the same evolution what was denoted by 7€ in Sect. 6.2 in the case of 2 := A", 0(G)
being defined accordingto 5.1.5, and with Q being a polynomial in a basis of g* dual to
any fixed basis {{;, j =1, 2, ...n}; the generators of the continuous representation
U (G) in the ‘one-spin space’ H, 5.1.3, are supposed to be bounded in this special
case.

We shall start with the general case, the specifications to the cases considered in
Sect. 5.1, and the further specification to the cases of Sect. 6.2 will be made later on.
Let us fix here some general assumptions valid throughout of this section.

Using the notation of Sect. 5.2, let E be a fixed nontrivial G-measure associated
with the system (2; 0(G)) such that, with pg := E4(g*), the following implication
is valid:

we pcSA) =53 = g (€ G) = w(o(g)(x)) is continuous for all x € 2.
(6.3.1)

It will be shown in 6.3.10 that this assumption is fulfilled by ¢(G) from 5.1.5 with
pc from 5.1.29. We shall assume that 2l is a unital C*-algebra which is simple (this
last assumption is made only for brevity of our expression). The nontriviality of E
means a certain ‘breaking of symmetries’ occurring in the system, cf. our 5.2.3 for
basic definitions, and for illustration of the phenomenon of “spontaneous symmetry
breaking” see [106, 265], [53, Sect. 4.3.4], [41, IV.A], 6.5.5.

The time evolution 7¢ will be defined with a help of the group-valued function
go(t, F)onR x g* defined in 6.1.3 with (6.1.17) (another possible choice of ﬂg will
not change the general construction of 72, so that the nonuniqueness of ﬁg leads
to various possibilities for the definition of the time evolutions 7). The notation
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introduced in 6.1.2 and 6.1.3 will be used here. Let us note that the equation (6.1.16)
for go can be written in any continuous unitary representation U(G) in H in the
form

d
i -Ulgo(t. F)) = X(BHU(go(t, F)), F eg*, teR, 6.3.2)

where F; := @,Q(F); X (&) == X¢ (€ € g) are the selfadjoint generators of U(G),
and ﬁg € g was introduced in 6.1.3. The equation(6.3.2) is of the form of (lin-
ear) quantum-mechanical evolution equation with the time-dependent Hamiltonian
operator X (ﬁg). The equation (6.3.2) describes, in the setting of Sect. 5.1, the time
evolution of any ‘individual’ quantum subsystem placed in any fixed site k € II in
the surrounding ‘mean field’ gp,Q(F ) € g* generated by the whole collection of the
quantal subsystems (for all the sites k € IT) interacting by an ‘infinitely weak and of
infinitely long-range’ interaction with each other. The equation (6.3.2) will be useful
in the analysis of thermodynamic properties of the considered systems.

6.3.2 Definitions.
(i) Cp := Cp(supp Eg, C) will denote the set of all uniformly bounded complex-
valued continuous functions on supp Eg C g%, see 5.2.3 for the definition of supp Eg.

(ii) The s*-topology on 2 is determined by seminorms p,,, p> (cf. (6.2.19)) for all
w € pySEA).

(iii) Let Cps := Cps(supp Eg, A) be the set of all A-valued, uniformly bounded s*-
continuous functions on supp Eg, i.e. f € &,y means that the function

f i F(esupp Eg) = f(F)(e2) (6.3.3)
is bounded in the sense
I £1l == sup{l| f(F)| : F €supp Eg} < o0, (6.3.4)

and all the functions

F > w((f(F) = f(F)*(f(F) = f(F))), we pS®@), Fy € supp Eg,
(6.3.52)
F > w((f(F) = f(F)(f(F) = f(Fo)*), we peS®), Fy € supp Eg,
(6.3.5b)
converge to zero for F converging to Fy in the norm-topology of g*.
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(iv) For any o(G)-invariant C*-subalgebra A’ of 2A:
o(g)(x) := a,(x) € A/ forallx e A’, g € G, (6.3.6)

let QZZX = €5 (supp Ejg, A7) be defined equally as it was defined €, in (iii) with the
replacement of A by A’ .

(v) Let Cgs (resp. @bGXJ) be the C*-subalgebra (cf. 6.3.4) of € (resp. on:ZS) generated
by all the functions f, € €y of the form

foi F > g @) f(F). f€Cy go € Csupp Eg. G), 6.3.7)

with any x € U (resp. any x € A’ ). The set C(supp Eg, G) consists of all continu-
ous G-valued functions on supp Eg.

(vi) We shalluse also K := supp Eg, resp. K C g* willdenote any Ad*(G)-invariant
closed subset of the generalized classical phase space in more general cases. We
shallidentify C;, := C, (K, C) with the subset €;; (K, Cidy) of €y in the canonical
way: f € Cy is identified with the function

f: Fr—idy f(F), F € K, idg is the identity of 2. (6.3.8)

6.3.3 Proposition. The set €, is a *-algebra with respect to the natural (pointwise)
algebraic operations determined by the corresponding operations in the range 2 of
the elements f € €y

(f1+ADF) = f1(F)+ Ao (F), (f1f)F) = f(F)f(F),
fYF) = [f(F)I',YFe K, AeC, f,and f € €y,  (63.9)

and it is a normed algebra with the norm || f|| of f € &5 given by (6.3.4). This
normed *-algebra €y, is a C*-algebra, and its subsets ijx and Cj, endowed with the
induced algebraic operations and the norm are C*-subalgebras of €.

Proof. The continuity properties of the product in 2 with respect to the s*-topology
are given by Proposition 1.8.12 and Theorem 1.8.9 of [274]. Then the uniform bound-
edness of f € €, and the continuity of the *-operation in the s*-topology gives the
invariance of &, with respect to the algebraic operations (6.3.9). The norm prop-
erties of the function given in (6.3.4) are easily verified, and the C*-property of the
norm:

IfI? = [SI;P If(E)IT? = SI;P If(E))? = Sl;p IfFEYSEN =L I,
(6.3.10)
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is valid too. We shall verify completness of €, in this norm. For any Cauchy sequence
{f,:n € Z,}in &y, the sequence { f,(F),n € Z,}is Cauchy in A forany F € K.
The completness of 2( gives the existence of pointwise limits

S(F):=n-lim f(F) e, FeKk. (6.3.11)

By defining the norm of any function f : K — 2 (|| f|| could be infinite in
general) by (6.3.4), we have the norm-convergence of f, to f from (6.3.11): If
\fn— fmll <6 forall n,m > ngs, then || f, — f|l < d for all n > ng, for any pos-
itive 4, since limy, || f,,(F) — f,,(F)|l = || f,(F) — f(F)| for all F € K. Consid-
ering the cyclic representation (7, H,,, €2.,) corresponding to any w € pcS(2A) as
a subrepresentation of the universal representation 7, in pgm, (%), we have with the
identification of 2 with pgm, () (cf. (6.2.19)):

pu(f(F) = f(Fo) = I(f(F) — f(Fo)SQuwl
=20 = FIIH 1 (F) = frn(Fo)Swll, (6.3.12)

and the s-continuity of f,,’s gives the s-continuity of f. A use of the norm-continuity
of the *-operation gives us the s*-continuity of f,i.e. f € €. The remaining asser-
tions of the proposition follow now easily. (]

6.3.4 Lemma. The functions f from (6.3.7) belong to €. Hence, Qg and QZ,?YJ are
C*-subalgebras of Cps.

Proof. Since f € C, can be considered as an element of €y, it suffices to prove
fo € & for f given by (6.3.7) with f := constant function. This will be proved
by proving the s*-continuity of o(G). For any x € 2 and any w € pcS (), we have

Puw (Ug(x) - O'go(x))z =w ((Ug(x*) - Ugo(x*))(o'g(x) - O'go(x))) =
=w (ag(x*x) —0g (x*x)) +
)

w ((0gy(x*) = 0g(x™)) 0gy (X)) + w (7o (™) 04y (x) — Tg(x)) (6.3.13)

and the s-continuity follows from the assumption (6.3.1) by repeated use of the
polarization identity (expressing nondiagonal matrix elements of bounded oper-
ators in a Hilbert space by a finite linear combination of the diagonal ones).
The s*-continuity is then obtained by the replacement of x by x* in the above
considerations. (]

6.3.5 The quasilocal C*-algebra 2 of quantum (microscopic) observables is natu-
rally embedded into &, as a C*-subalgebra by the identification of any x € 2 with
a constant function f € €2 :

f(F) :=x =1(F)o.(x), F € K, (6.3.14)
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where 1(F) := 1 forall F € g*. The classical (macroscopic) observables are embed-
ded into Q:EX according to the formula (6.3.8), where the classical observables are
represented by functions belonging to C, (K, C). We can (and we shall) consider €5,
or €, as the (extended) C*-algebra of observables of the systems with ‘mean-field’
dynamics. It might be useful, however, to embed this new algebra of observables in a
canonical way into the W*-algebra 2[**, since there is a canonical bijection between
the set of all states w € S(RA) and the set of all normal states w € S, (A**) on the
double dual 2A** of A: any w € S(2A) corresponds to its (equally denoted) canonical
normal extension w € S,(A**). Hence, after obtaining an embedding of ¢, into
A** such that 2{ C &, is mapped onto , () C A™ or onto its subrepresentation,
we shall obtain a certain canonical extension of any state w € S(2() (or of any state
w € pgS(A), where pg € 3 is the projector onto the above mentioned subrepresen-
tation of 7,) to a state on A** (resp. on pgRA**), and this in turn gives to us a certain
canonical extension of states on 2l to states on €,,. Such an embedding is given in
the following proposition.

6.3.6 Proposition. Let us consider the integral decomposition of anyw € pgSy(2A**)
[where A is simple] given by the formula (5.1.146) according to Theorem 5.2.11,
and let Fg : M — §* be given as in 5.1.39. There is a C*-isomorphism of € into
pcA** formally written in the form

Eg: f (€ Cy) > Ey(f) :=/f(F) E (dF), (6.3.15)

where Ey denotes the G-measure (as before) as well as the presently introduced
isomorphism. The isomorphism Eg is uniquely determined by the formula®

w(Eg(f)) == / Wi (f (F)) po(dm), Yw € peS (A™), (6.3.16)

where the decomposition (5.1.146) was used, and (cf. 5.1.39)
Fg:m > F, = Fyg(m), meN C M, (6.3.17)

is defined on the spectrum space N of the (commutative) subalgebra M(Ey) of
pcA™, cf. 5.2.3.

The mapping Ey leaves 2 := pgm,(A) invariant and maps C, onto a
C*-subalgebra N° of M(Ey) =: Ng, see also 5.2.10.

Proof. Let B C N be any Borel set and x is its characteristic function. The func-
tions

mi—= wy(x) xgm), x €A™, (6.3.18)

2Note: For noncompact supp E g» the integral is a limit of integrals over bounded subsets B C g*:
j o= limpy g fwm(Eg(B)f(Fm)) He (dm).
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are Borel functions on AV for any w € pgS, (™). Since the function Fy in (6.3.17)
is continuous, the measurability of the functions

m > W (f © Fy(m)), f € Cpy, (6.3.19)

can be proved with a help of a sequence F, 5”) of functions from A into the one point
compactification g* of g* assuming each only a finite number of values and pointwise
converging to Fy in the natural topology of g*. Then the functions

m > wy(f o F{P(m)), f € €. w € peSa(A™) (6.3.20)

are finite sums of functions of the form (6.3.18), hence the functions (6.3.20) are
measurable. The s*-continuity of f implies then the pointwise convergence of the
functions (6.3.20) to the function (6.3.19) forn — oo. According to aknown theorem
in measure theory, cf. e.g. [223, 6.10.VIL], the pointwise limit of uniformly bounded
measurable functions is measurable, hence (6.3.19) are Borel functions. We have
proved the existence of the integrals in (6.3.16) for any f € €. The function

Eq(f): w(EeSQ)) = w(Ey(f)) eC, (6.3.21)

is affine: The extension mapping e, of S(2() onto S, (2A**) is affine, and the association
of subcentral (hence orthogonal, hence regular Borel) measures to the states w €
S, (A**) defined by (cf. 5.1.147)

ii: w > [, € {probability measures on S(2A**)}, (6.3.22)

where the measure fi,, corresponds to the decomposition of w € S(2(**) given by the
commutative subalgebra m,(Mg)” in L(H,,) (cf. [53, 4.1.25.], and for the definition
of M see 5.2.10), is also affine. The affinity of (6.3.22) can be proved on the basis of
the fact that all the measures in (6.3.22) are obtained from the same algebra M C 3
by considering fi,, and A fiy, + Azfly,, (Withw := Ajw; + Aaw») as limits of the nets
of measures which correspond to the net of finite dimensional subalgebras of 9,
compare Lemma 4.1.26 in [53]:

wE) = Y wpiX) =N Y wi(pix) + A ) wa(pix), ) pj = ida,
J J J J

(6.3.23)
for any finite set of mutually orthogonal projectors p; € 9. Hence, (6.3.22) is an
affine mapping:

ﬂw = /\l,&w] + /\2/:%)27 for w = \jw; + Aws. (6.3.24)

The relation (6.3.24) has a unique extension to all w; € A* (\; € C). Writing
for w € pgSA):
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w(Eg(f)) = / @ (f (Fg oru()) fin(de), (6.3.25)

what is meaningful for ¢ € supp /i, (cf. the proof of 5.1.38), we obtain now affinity
of (6.3.21) which can be uniquely extended to linearity on the whole 2*(> w). The
boundedness of the mapping (6.3.21) is a direct consequence of (6.3.25) as well
as of the boundedness of the function f. This proves that Eg(f) € 2**, where the
linear extension of (6.3.21) is denoted by the same symbol. We shall consider 2(**
as a W*-algebra in the canonical way: 20** := 7, ()" C L(H,). We shall prove the
morphism property of Eg in (6.3.15). The linearity of (6.3.15) is clear from (6.3.16)
and from the linearity of each of w,,. By a ‘polarization procedure’ one can prove

w(Eg(f)y) = /wm(f(Fm)}’)/tw(dm). y €AY, we pS.(A).  (6.3.26)

Since wu (YEG(f)) = wu(y f(Fp)) forallw € pgS.(A*), m € supp p,, y € A
and f € €, we have also

W(Eg(fl)Eg(fz)) = /.wm(f](Fm)Eg(fz)) ,U/w(dm) (6327)

_ / o CF(E) 2 (Fu)) 10 (@m) = W(Eg(f 1 ).

which proves Eq(ff,) = Eq(f1)Eq(f,) for all f, €& (j=12).
The *-property follows by the decomposition of f € €, into the real and imagi-
nary parts in (6.3.16).

We shall show that the kernel of the morphism Eg : &y — pg2*™ is trivial.
We shall use here the simplicity of the C*-algebra 2. Let f > 0 be a positive ele-
ment of &y, || f]| > 0. If f(Fy) #0, Fy € K, then there is a state w € S(2) with
w(f(Fp)) # 0. The s-continuity of f € &, implies that the set

B:={FeK: w(f(F)) > %w(f(Fo))} cg (6.3.28)

is open in K := supp E,. Hence E4(B) # 0, and
If(F)|| > % lw(f (Fo))| > 0, forall F € B. (6.3.29)
Any state wy € S(2U) supported by Eg4(B) : wo(x) = wo(E4(B)x) (x € ), is

decomposed according to (5.1.146) into the states w,, with F,, € B for all m €
supp - Since 2 is simple, there is an element x,, € 2 for any such w,, that

Wi (X X)) = 1, and wy, (x;, f (Fyp)Xm) # 0. (6.3.30)
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The state ¢, € SCA), @, (y) 1= wy (X yx,) is also supported by E,(B,,) with any
open B, C K containing F;,. Hence the decomposition (5.1.146) of w := ¢, is
concentrated on the one point set {m}. This means that

Em(Eg(f)) = om(f (Fn)) #0, (6.3.31)

hence E 4 (f) # 0 for any nonzero f e &,. This proves the isometry of E, hence
Eg is a C*-isomorphism of &y into E4(g*)2A** = psA**. The remaining assertions
are clearly valid. (]

6.3.7 Lemma. Let f € &, w € pgS(RA). Then the function
(g; F)I—)w(O;I(f(F)))EC, (9; F) e G xK, (6.3.32)

is jointly continuous on the topological product G x supp Ej.

Proof. Let f := f, cf. (6.3.7). Then
o, (fo(F)) = o(g go(F))(x) f(F), (6.3.33)
and the joint continuity of the group operation
(91:9) (€GxG) > g 'g2€G (6.3.34)

gives the joint continuity in (6.3.32) with f := f,. It can be verified directly,
cf. e.g. (6.3.13), that the function in (6.3.33) is even s*-continuous in the couple
(g; F) € G x K.Butthefinite algebraic combinations as well as the uniform limits of
s*-continuous bounded functions are s*-continuous. Since Q:EX is generated by func-
tions of the form f, we have proved that the functions

(g: F) — o, (f(F)) e, forall f €, (6.3.35)

are even s*-continuous. ([l

6.3.8 Proposition. Let, with the notation of 6.1.3, be f € Ql(js, and for a fixed Q €
C®(g*,R) and foranyt e R, F € K, let

fi(F) = 0lgg (1t F))(f (92 F)). (6.3.36)

Then f, € €S and the mappings f v+ f, form a one-parameter group of
*-automorphisms of €5 . f,.. = (f)s forallt,s € R.

Proof. From the continuity properties of g and < (g and ¢¢ depend smoothly
on t and F), and from the s*-continuity of functions (6.3.35), we have f, € €, for
any f € €. The *-morphism properties of the mapping f +— f, are fulfilled due
to the morphism properties of the pull-back ¢* by any diffeomorphism ¢ of K,
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O > o f, O f(F):= f(oF), F € K C g*, (6.3.37)

as well as of o(g) € *- Aut 2. The group property follows immediately from the
group property of the flow ©¢ and from the cocycle property (6.1.13) of go. The
group property implies invertibility, hence isometry of the considered mappings. [J

6.3.9 We have just proved existence of a certain ‘time evolution’ in the C*-algebra
¢s containing 20 and 91°. This evolution is determined by an arbitrary classical
Hamiltonian function Q and by the representation o (G) of the group G of ‘macro-
scopic symmetries’ with the help of the formula (6.3.36). To have possibility to see
eonnections with the ‘mean-field evolutions’ discussed in Sect. 6.2, we shall transfer
this evolution into 2[** by a use of the isomorphism E; from (6.3.15). We shall see
that the time evolutions defined by a limiting procedure in Sect.6.2 can be defined
directly by the formula (6.3.36) (transferred into pgA**). The same possibility of a
definition of ‘mean-field evolutions’ arises in all the systems considered in Sect.5.1.
To make this possibility clear, let us prove the property (6.3.1) for those systems.

6.3.10 Lemma. Let us consider the systems determined with a help of infinite tensor
product considered in Sect. 5.1. Then the group o(G) C *-Aut A (A := AM) has the
property (6.3.1): The functions g — o4(x) on G are s*-continuous for all x € 2,
the s*-continuity being determined by the seminorms p,, and p* from (6.2.19) with
w € pcSA), and pg was defined in 5.1.29.

Proof. Theimplication “(6.3.1) = s*-continuity” was proved in Lemma 6.3.4. Since
the set of local elements x € Uycq2" is norm-dense in 2, it suffices to prove the
continuity in (6.3.1) for x local. We have assumed in 5.1.29 the existence of the
generators X é" (& € g, N C II) of all one parameter subgroups of the unitary group
Vn(G) acting in Hy, cf. 4.3.8 and 5.1.2, as well as the existence of (equally denoted)
generators for the unitary groups pgm, (Vy (exp(&t))) forall € € g. Forw € pgS(2L)
and x € A" we have

w(o(exp(€n)(x)) = (Qu» exp(—it X )m, (x) exp(it X)), (6.3.38)

what continuously depends on t. We have to prove the strong-continuity of the group
U(g) := pgm,(Vn(g)) from the strong continuity of all one parameter subgroups
U(exp&t) =: exp(—itX¢), (£ € g); we write here X instead of Xg’. Let & € g,
Jj=1,2,...nbeafixed basis in g and set X; := X¢,. Let us parametrize g € G ina
neighbourhood of the unity e € G by t := (¢, 2, .. . t,) € R" in the following way,
cf. [152, Lemma I11.2.4]:

g = g(t) :=exp(t1&)) exp(t2£2) - . . exp(t,&n)- (6.3.39)

Now we can prove weak continuity of U(g(t)) in t =0 € R” from the known
strong continuity of U;(t) := U(exp&;t) = exp(—itX;), for all j =1,2,...n.
Since U is a representation of G, we can write
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n n k—1
Uy — I =[Jujep—1=> [TV | W@) =D,  (63.40)
j=1 k=1 | j=I1

where [ is the unit operator in the Hilbert space of the representation and the product
of zero number of factors equals to /. Since the unitary operators do not change the
norm of vectors, we have for any unit vectors W; and W, in the Hilbert space:

(W1, (U(g() = D) < Y [[(Uk(t) — DWW (6.3.41)
k=1
This estimate gives weak, hence strong continuity of U (g). [

6.3.11 Definition. Let E  be the *-isomorphism of &y into pcUA*™ described in
(6.3.15). Let TtQ € *-Aut pgUA** (t € R) denote the one-parameter group determined
by

T2 (Eg(f)) == Eq(f,), t€R, f ey, (6.3.42)

where f, € QZ,,GS was introduced in (6.3.36). The uniqueness of the extension of
(6.3.42) to the whole PgA™ is given by uniqueness of the normal extension of the
representations T,Q 1 A — peA™ to the representations of A in pcA™*, [274,
1.21.13], and the automorphism property of these extensions is given by the 79-
invariance of pg (hence, T,Q (idg= — pg) = 0 for all t and Q). The automorphism
group 72 will be called the mean-field time evolution of the system (; o(G))
determined by the classical Hamiltonian function Q.

6.3.12 Theorem. Let E; be a nontrivial G-measure associated with the sys-
tem (A; 0(G)), ¢f. 5.2.3, with K :=supp Ey C g* such that o(G) C *-Aut U is
o (A, pcA*)-continuous (pg := E4(K)). Let 7€ C *-Aut Eg (CES) be the mean-field
time evolution of (U; 0(G)) determined by any Q € C*®(g*, R). Let A’ be any o (G)-
invariant C*-subalgebra of 2. Then:

(i) N := E4(Cp) and ¢’ = Eg((’:bGSJ) are T%-invariant C*-subalgebras of the
‘algebra of mean-field observables’ € := E4(€S) C peA*™.

(i) 72 is a o(€C, Sg)-continuous group, ie. for any y € € and for any
w € peS.(UA™) =: Sy the function t +— w(T,Q(y)) is continuous and the states
wo T,Q Ty > w(T,Q(y)) belong to Sg, w o T,Q € pcU*.

(iii) Let {§; : j =1,...n} be a fixed basis of g and F; := F(§;) be the coordi-
nates of F € g* in the dual basis. Let d¢; : A — 21 be the derivations (defined on
oA, pcA*)-dense domains in ) of the one parameter subgroups o(expt&;) of
0(G). Then the infinitesimal generator of the group 72 is the derivation Jy on €
expressed by:
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T2(Eq(f)) = (6.3.43)
=0

d
do(Eg(f)) == I

=y / (0, £ (F)LQ. F}(F) — 8;Q(F) 6, (f (F))) Eq(dF),
j=1

where the derivation is taken in the o (€, Sy)-topology, the symbol 0; f (F) means
the derivative of a function on g* with respect to the variable F; in the point F € g,
and the meaning of the integral is explained in Proposition6.3.6. {Q, F;} is here the
Poisson bracket on g*, 6.1.2.

(iv) If the group o(G) is strongly continuous (i.e. g l—)QO'g(x) is continuous in norm

foreach x € A), and if K is compact, then the group 1, will be strongly continuous.
Proof. The group 7¢ is considered here as an automorphism group of the 7¢-
invariant subalgebra E (@fs) =: € of pgA**.

(1) The invariance of 91¢ is given by the invariance of C;, with respect to the transfor-
mations (6.3.36), which is valid due to the invariance of scalars in 2 with respect to
0(G) : o,(\idgy) = Aidg, A € C, Vg € G. Similarly, the relation o(G)(2”) = 2/
gives the 72-invariance of ¢”.

(i1) The continuity of the functions ¢ — w(T,Q () (w € 8,4, y € €) can be obtained
from the definition of the evolution f + f, in QZ,,G_Y as well as from the definition
(6.3.16) of E4(f) as follows:

Due to the s*-bicontinuity of the mappings (6.3.35) and due to the (bi-)continuity
of the functions gy and goQ, the functions

W) : t = W, (m) = wy(f,(Fn)), m € supp p,, (6.3.44)

are continuous for any fixedw € Sgand f € @ES. We have provedin (6.3.19) the mea-
surability of all the functions ¥, : m — W, (m). Since |V, (m)| < || fll (t e R, m €
supp () and p,, is finite, an application of the Lebesgue dominated convergence
theorem gives

lim w(r (E(f) = lim / Wi (m) p(dm) = / Wo(m) p(dm) = w(Eq(f)).
(6.3.45)
This gives the desired continuity.

Any T,Q can be considered as a *-automorphism of the W*-algebra ps**, and
each such automorphism is o(pgA*™, Sg) — o(pcA**, Sy)-continuous, cf. [274,
4.1.23]. This implies that the state w o TtQ is a normal state on pgA** together with
w, hence w € Sy implies that w o T,Q € S,.
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(iii) We shall calculate the derivation d, from (6.3.43) by calculating the derivatives
of the functions W (m) in (6.3.44). For ‘sufficiently nice’ elements E4(f) € D(dp)
(:= the domain of §y) we have:

] w(a(gg' @, F)(f(F))).
t t=0

(6.3.46)
For the calculation of the first term we shall use the classical evolution equa-
tion (6.2.41), where we shall consider f(F) as a function of coordinates F; :=

Fi(0), Fj(t) := Fi(pPF) := 92 F(£)):

_d 0 d
Z:OW(fz(F)) =% Z:Ow(f(% F)) + P

d n d n
ST @EF) =Y 0 f@PF) L FiPF) = 30, F (0P Q. Fi} (P F).
j=1

=1
! (6.3.47)
Insertion of f(F) := w(f(F)) into (6.3.47) and setting t = 0 we obtain
Tl W) =30 (FFNLQ. Fi)F). (6.3.48)
=0

Jj=1

The second term in (6.3.46) can be calculated with a help of (6.1.10) + (6.1.17) +
(6.1.18), and by considering that for any £ € g we have defined

w(o(expté)(x)) = w(de(x)), x € D) C A (6.3.49)
t=0

One obtains

dt

w(o(go(t, F))(x) =Y 9;0(F)w(d, (x)), x € [ | D). (63.50)
0

1= j=1 j=1

Combining (6.3.48) and (6.3.50), where we setw := wy,, F := F, andx := f(F,),
we obtain for the ‘sufficiently nice’ f € €5 :

dr

t=

Wl Eg(f) = / Wi (0 f (Fa)(Q, Fj}(Fi) — 8 Q(Fu)d¢; (f (Fn))) pieo(dm).
0 =
(6.3.51)

The change of the sign is caused by the replacement of g, by gél in (6.3.50). The
comparison of (6.3.43) with (6.3.51) gives the result.
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(iv) We have to prove that the functions
t |l f, — flforall f ecf (6.3.52)

are continuous at ¢t = 0. Let us write

ILf:(F) = f(P)] = o™ (got. F))(f9f F)) — f(F)| <
< llotgy' &, FN(SF(F) = fFED + llotgy' (. F)Y(f(Fo)) — fFo)Il + 11.f (Fo) — f(F)

=2l f(Fo) = f(F)l + llo(gg' (t, F)(f (Fo)) — f (Fo)ll. (6.3.53)

The strong continuity of ¢(G) and the joint continuity of g lead to existence of an
open interval [ (Fy, €) C R containing ¢t = 0 as well as of an open neighbourhood
of Fy, U(Fy,e) C K, corresponding to any Fy € K and to any € > 0, such that

lo(gg' (¢, F)(f (Fo) — f (Fo)ll < % forall (t; F) € I(Fo, &) x U(Fp, €).
(6.3.54)
The strong continuity of ¢(G) leads also to norm continuity of the functions f in
(6.3.7) which generate €<, hence all f € €Z are continuous in norm in the present
case. This shows that we can choose the neighbourhoods U/ (Fy, €) in such a way that

|f(F)— f(F)l < % if FelU(Fy,e), forany Fy € K. (6.3.55)

Since K is compact, we can find a finite set {F, : p = 1,2, ... P} C K such that the
union of {/(Fp,,e) : p=1,2,... P} covers K. Let I(¢) be the intersection of the
intervals {/(Fp,¢) : p=1,2,... P}. Then

If,(F) — f(F)|| <e, forall (t; F) € 1(e) x K. (6.3.56)

Taking supremum in (6.3.56) we obtain the desired continuity in (6.3.52). O

6.3.13 To compare the derivations dp from (6.3.43) with §, from the formulas
(6.2.83), it suffices to take f € €7 where A’ := A" is a (G)-invariant ‘local
algebra’. For such an f we have

o(expt&)(f (F)) = exp(—it X)) f(F)exp(itX), t € R, F e g*, (6.3.57)

for any £ € g; here we made the usual identifications, cf. notation in 6.3.10. Then we
have

Se(f(F)) = =i [X{, f(F)], (6.3.58)

where the commutator is taken between operators in the Hilbert space pgH,. We can
sea easily now that the derivations , and 6 are expressed by identical formulas. This
proves the identity of the time evolutions determined in Sect. 6.2 with the evolutions
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from the present section in the case of the UHF-algebra 2( := 2™ (cf. [53, 2.6.12],
[235, 6.4.1]; UHF:=*uniformly hyperfinite”) with the polynomial Q. This shows
also that the derivation ¢ for the case of a nonseparable 2™ and unbounded X is
described by the same formulas as ; is.

6.4 Equilibrium States

6.4.1 Let us consider in this section those states of physical systems which describe
the situations corresponding to the thermodynamic equilibrium at a given temperature
T > 0. For quantal systems these states are specified usually by the KMS-condition,
cf. e.g. [54, 106, 235, 271]. We shall investgate here the KMS states® of systems
considered in this chapter, i.e. the systems specified by the triple (2; 0(G); 79),
cf. also [41]. To avoid possible technical complications, we shall concentrate our
attention here on the cases of strongly continuous time evolutions 7€ including,
e.g. the cases described in 6.3.12(iv). Let us use the notation of Theorem 6.3.12,
hence € := E (Q:fs) be the C*-algebra of (generalized) observables describing the
considered system with the dynamics 7¢. Instead of the above mentioned triple, we
shall use also the couple (€; 72) for denoting the system. In most of the analysis
of this section an additional structure of the system will be used. Let IT be a locally
compact noncompact group and 7 (IT) be its representation on €, i.e. 7(p) € *- Aut €
for all p € I1. Let w(IT) commutes with 7€ :

on(p)=n(p)or? forallt eR, peTl. (6.4.1)

We shall assume usually that 7(IT) has some asymptotic abelianess properties.
As an example of such a 7(IT) consider the situations described in Sect.5.1. (i.e.
2 ;=AM is a tensor product of the mutually commuting ‘local algebras’ 2, :=
L(H,)), where the set Z, \ {0} is replaced by IT := Z" (with easy modifications
of the whole formalism). Let us write 7, : L(H) — L(Hp) for the isomorphism
defined in (5.1.12), p € I1. Now we define 7(p) € *- Aut A by

m(p)(mj(A)) =7+ ,(A), forall Ae L(H), p, jell (6.4.2)
Since the elements 7;(A) (j € I, A € L(H)) generate AT (6.4.2) determines an

automorphism 7(p) of A™ uniquely. This automorphism can be extended naturally
to an (equally denoted) automorphism group 7 (IT) of € := E, (QZ,,GS) by the relation

T(P)(Eg(f)) = /W(p)(f(F)) Eq(dF). (6.4.3)

3KMS is for Kubo, Martin and Schwinger.
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The group 7 (I1) is norm-asymptotically abelian, i.e.

lim ||[7(p)(x), y]| =0, forallx,y e €. (6.4.4)
p—>00

In more general cases, the abelianess properties of the action of IT on € can be
weaker. Systems with this structure will be denoted

(@ 72 7(1D) , or (A; 0(G); 725 w(10)) .

We shall use, as usual, 5 := T~! := (kT)~' to denote the inverse temperature in
convenient units. The following definitions are found e.g. in [54, 5.3.1, 5.3.18, and
5.3.21], and [235, 8.12].

6.4.2 Definition. Let (€, 7) be a C*-dynamical system, i.e. the one parameter group
T C *-Aut € is strongly continuous. The state w € S(€) is defined to be a T-KMS
state at value B € R, or a (1, 3)-KMS state, if

wx Tig(y)) = wyx), forallx,y, € €, (6.4.5)

where € is a norm-dense, T-invariant *-subalgebra of the set € of the entire analytic
elements of €:

y € € & the function z — 7,(y) is analytic for all z € C. (6.4.6)
Let §. be the generator of 7. Then w € S(€) is called a T-ground state if
—iw(*0,(y)) =0, forally e D(J,). (6.4.7)

In this case, w is also called a T-KMS state at value (3 = o0.

6.4.3 Definition. Let (C; 7) be a C*-dynamical system with a unital C*-algebra €,
and let 0, be the infinitesimal generator of T. Then w € S(€) is said to be a passive
state if

—iww*o,(u)) >0 (6.4.8)

for any u € D(d;) belonging also to the connected component of the identity of the
unitary group of € in the norm topology.

6.4.4 Letus collect here some important properties of the sets /Cs of (7, 5)-KMS
states:

Proofs of the listed facts can be found in [54, Chap. 5], or in [275, 4.3]. We shall
consider 3 € (0, oo], the set K, being the set of all ground states w € S(€). Let
(€, 7) be a C*-dynamical system. Then:
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(0) Any state w € g is T-invariant: wo 7; = w (¢ € R).

(1) Any g is a convex W*-compact subset of S(€).

(ii-a) For 8 # oo, K is a simplex in S(€).

(ii-b) K is a face in S(C).

(iii-a) The set £ of extremal points w € K (8 # 00) consists of factor states:
The centers of 7, (&)” are trivial.

(iii-b) The extremal points w € K, i.e. w € EK, are pure states: w € ES(C), i.e.
7,(©)" = L(H,).

(iv) wj € EKp (B # oo, j = 1, 2) implies either w; = wy, or w; L w, i.e. w; and
wy are mutually disjoint, i.e. the central covers s,, and s,, of the corresponding
GNS-representations are mutually orthogonal.

(v) The extremal decomposition of w € Kg (8 # 00) coincides with its central
decomposition, cf. [53, Chap.4], [235, Chap.4]. The corresponding probability
measure £ on S(&) is pseudosupported (cf. [54, Chap.6]) by £Kp and if the
Hilbert space of the GNS-representation H,, is separable, then 1 is supported by
EKs: 1S(EKS) = pi(S@) = L.

6.4.5 Lemma. Let w € §(C) be a T-ground state. Let (7, H,,, 2,) be the corre-
sponding GNS representation. Then for the unique selfadjoint operator Q. on H,,
determined by the relation:

exp(it Qo) T (M = (1 (¥) R0y, Vi €R, (6.4.9)
the following is valid:
Q. > 0, and for all r € R one has exp(it Q) € 7,(€)". (6.4.10)

Proof. See [54,5.3.19]. O

6.4.6 Any (7, 3)-KMS state, according to 6.4.4(i), can be approximated in the w*-
topology by convex combinations of extremal KMS states at the same temperature
B!, The set K3 may be void for a general dynamical system and for a given 3 €
(0, oo]. Occurrence of more than one points in K3 means occurrence of several
mutually disjoint states in £ 3. Orthogonal central projectors s; and s, (the central
covers of the corresponding GNS representations) are supporting such disjoint states;
these s; € 3 (:=the center of 7,(¢)") may be interpreted as corresponding to distinct
values of a macroscopic (global, classical) quantity for distinct j = 1, 2. We interpret
this situation as possibility of existence of several mutually different ‘phases’ of
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the considered system at the temperature 7 = 3~!. This interpretation is especially
intuitive in cases of quasilocal algebras € when the extremal KMS (hence factor)
states have short range correlations (cf. e.g. [193])—the necessary property of the
states representing pure phases of a spatially extended system [271, 6.5]. We shall
investigate general properties of the extremal (7, 3)-KMS states of the systems
(¢; 79) and (¢; 72; m(IT)) representing the generalized mean-field theories.

6.4.7 Proposition. Letw € K be an extremal 72-KMS state of a generalized mean-
field theory (U; 0(G); 72). Then there is an element F,, € supp Eg such that the
central support s,, < Eg(B) for any open B C g* containing F,, : F, € B. The
point F, is a fixed point of the classical flow o< on g*. The state w is invariant with
respect to the one parameter subgroup of o (G) generated by the element 61% €g,
(6.1.17), and the generator Q,, of 72 in 7, () implements this subgroup in the
sense that

- (a(exp(—ﬁgt))(x)) Q, = exp(it Q)T (x)R, 1 €R, x €A (6.4.11)

The image 7,(€) of € := Eg4 (Q:,i) coincides with m,(A), A = E4(R) (A C Q:fs rep-
resents here -valued constant functions).

Assume that the whole group o(G) is unitarily implemented in the representa-
tion (1, Hy, Q). Then we can choose the generators X, (&) of the one parameter
subgroups exp(t€) in such a way that

Q. =X,(B8) =) 0;0(F.) Xu(&)) (6.4.12)

j=1
foranybasis {§;: j=1,2,...n}ing.

Proof. The factor state w is projected by pj, onto a pure state on N, 5.1.35, hence
the decomposition of w in (6.3.16) is concentrated on a one point set F,, € supp Ej.
Let f; (j = 1, 2) be any such elements of C,?S that f,(F,) = f,(F,). Then

w(Eg(f)) =w(f1(F) = w(f2(F.)) = w(Eg(f). (6.4.13)

This proves that 7,(€) = 7, (). The state w o T,Q = w is then concentrated (in the
above described sense) on <p,Q(Fw), and states w; and w, concentrated on F| # F,
are disjoint: w; L w,. Hence, @tQ(Fw) = F,, forall t € R. This means, however, that
the classical Poisson bracket {Q, f}(F,) = 0 for any function f. It follows that for
the generator 0, (6.3.43), in the representation m,,, one has:

wxdg(Eq(fNy) ==Y 0;Q(F) w(xde,(f(F,)y), x,y €A (64.14)

j=1
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The definition of the time evolution in Proposition6.3.8 and the ¢2-invariance
of F,, shows the identity of the time evolution of 7, () with the action of the
one-parameter group gél (t, F,), cf. (6.1.13), with the generator -ﬂ%, cf. (6.1.10).
According to (6.1.17) and (6.1.18), we obtain the remaining assertions of the propo-
sition. [

6.4.8 Note. The generator of the mean-field time evolution 72 of local perturbations
of an extremal equilibrium state w given in (6.4.12) is usually called the Bogoliubov-
Haag Hamiltonian, cf. [23, 140, 312].

6.4.9 We shall assume in the following that 2l is a quasilocal C*-algebra generated
by anet {2’ : J C I, J finite} of local subalgebras 20/ commuting with each other
for disjoint J’s:

xed, yed, InJ =0 =[x, y] =0. (6.4.15)

Here IT is a countable infinite commutative group acting on 2l by the representa-
tion 7 : 7, € *-Aut 2, in such a way that 7, : A’ — /7 is an isomorphism
for any J C Il. This is the situation from (6.4.2), where L(H) is identified with
L(Hy), mo = w(0) = idza) (0 is here the identity of the group IT), hence 7(p) = 7,
(p € 1).

It will be assumed in the following that each 2’ (J C I1) is o(G)-invariant, and
that the action of ¢(G) commutes with 7w (IT). Then also (6.4.1) will be fulfilled (7 (IT)
is naturally extended to the equally denoted automorphism groups of € and of 20**).

In this situation, let w € S(2() be a factor state which is invariant with respect to
the action of 7w (IT):

w(my(x)) =w(x), forallx e A, p e Il. (6.4.16)

The locally normal factor states have short range correlations, [193], [53, Theo-
rem 2.6.10], hence they are weakly 7 (I1)-clustering, and

lim w(m,(x)y) = wx)w(y), forall x, y, € 2. (6.4.17)
p—>00

If 2/ are faithfully represented in Hilbert spaces 7, as it was the case of Sect. 5.1,
then 7, will be used also for translations of unbounded operators acting on H;
to unitarily equivalent operators acting on H;, (e.g. by translating their spectral
projectors belonging to 2A”); this can be done if the isomorphisms of 21/ C L(H)
with /77 € L(H+,) (J C T1, p € ) are spatial. We shall write also A, := 2/
with J := {p} := the one-point set, p € II. Let all the 2/ (J C II) have common
unit and let the C*-algebras 2, with p € J generate 2’ (J C II).
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With the introduced notation and assumptions, we shall prove now the following:

6.4.10 Theorem. Let us consider a system (;o(G); 7¢; m(I1)) with simple
C*-algebra 2 and ‘local’ subalgebras 2’ C U being factors for all finite J. Let
w € SQA) and let ° be the restriction of w to the subalgebra Ay (:= A’ with the
one-point set J containing the identity O € I1). Then the following two statements
are equivalent:

(i) w is a locally normal extremal T2-KMS state at a positive temperature 3~' > 0.

(ii) w= w, where W is the w(I1)-invariant product state determined by the relation

W(Tp, (X)) Ty (X2) ..o Tp, (X)) = 1_[ wo(xj), (6.4.18)
j=1

withx; € o, pj el (p; #prforj #k), j=1,2,...m, Vm € N and w° is the
Saithful normal KMS-state at 3 on %y corresponding to the one-parameter subgroup
{o(exp(—132)) : t € R} of *-Aut Ao with

©2(F,)=F,, forallt € R (6.4.19)

for some element F,, € g*. Moreover, the ‘consistency condition’

w(Eg(fo) = Fu(©), (§€g, fe(F):=F(¢)for F eg" (6.4.20)

is fulfilled.*

Proof. (i)implies m, (T,Q (x)) =7, (o(exp(—tﬂ%))(x)) accordingto (6.4.11). Hence
w satisfies the KMS-condition with respect to the group o (exp(—¢ ﬁ%)) at T~! and
the same is true for w°, since o(G)(2) = Ap. Let X (ﬁg) be the restriction of
X, (ﬁ%) onto m. w is faithful on 2 (2 is simple) and the cyclic vector €2,
is separating for 7, ()", cf. [54, 5.3.9]. Hence w(x*x) # 0 for x # 0, and " is
faithful on 2. The local normality of w implies normality of w’. According to the
Takesaki’s theorem [54, 5.3.10], the one-parameter automorphism group of 7, (2):

t > exp(itX (B2 ) ms(x) exp(—itX (B2 )), x € Ao, (6.4.21)

coincides with the corresponding modular automorphism group of 7, (2() deter-
mined by the state w® (up to a rescaling of time t). According to [54, 5.3.29], the
KMS state at 3:= T~! € R on the factor 2|y corresponding to its automorphism
group a(exp(—tﬁ%)) is uniquely determined faithful normal state on 2.

4The stationarity (6.4.19) is a consequence of the “consistency condition” (6.4.29), i.e. of (6.4.20);
hence (6.4.19), and (6.4.20) can be replaced by (6.4.29).
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We have to prove that w is a 7w(IT)-invariant product state on 2, i.e. that (6.4.18)
(with w — w) is satisfied. Let y := m,(x) for some x € 2y, p € Il. From the com-
mutativity of w(IT) with 0(G) we have for y’ := 7, (x’) :

w2 ()Y = wom,(r2(x)x"), forallx,x € Ay, 1 € R. (6.4.22)

We can write here w” € S(2,,) instead of w. The state w” is a KMS-state, hence
wP om, € S(Rp) is the unique KMS state WO

wlom, =uw’, forall p e II. (6.4.23)

Since all the 2’ are factors (J finite), we can repeat the above considerations for
the restrictions w’ of w to A’/ (with J replacing the one point set {0} C IT) : w’ is
the unique KMS state at T~! of 2’ corresponding to the group a(exp(—tﬂg)) €
*~ Aut 27, and

w/tP o, = w’ forall finite J C TI, p € . (6.4.24)

For an arbitrary local element x € 21’ one obtains:
womy(x) =w P om,(x) = w (x) = wx), (6.4.25)

hence we have the translation invariance w o 7, = w of the extremal 72-KMS state
w at positive temperature 7 .

The restriction to 24’ of the product state @ on the right hand side of (6.4.18)
satisfies the KMS condition at T~! with respect to the one parameter group
{a(exp(—tﬁg)) . t € R} C *-Aut 2, since for all xj, yj€Uo, j=1,2,...m,
one has the icientity

w (7Tp1 (xl)ﬂ'pz (x2) ... T pm (X)) T (7Tp1 (y1)77p2 (Y2) < Tp, (ym))) =
W (T, 1T )T, (27 (72)) -+ T, Ty (Y))) = (6.4.26)
| WO(x;7(y;)), forallm -tuples {p1, pa, ... pu} C T, m=1,2,...,

where 7; € *-Aut 2 leaves all 2 invariant: 7,(/) =2/, J C II. Setting 7, :=
o(exp(—t ﬁ,%)), we obtain the KMS-property of w from the proved KMS-property
of the state w?, since the finite linear combinations of the products

Tp (XD, (X2) ... Tp, (Xm), xj € Ao, pj € I, m € Z, \ {0}, (6.4.27)
form such a subset Ql% of 2, that the values

T(y)eC, yedl, (6.4.28)

determine any locally normal state @ € S(2() uniquely. The uniqueness of the KMS-
states on 21’ (J finite) gives the restrictions of w to all the 2’ hence we have equality
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w = w of the states on 2, hence the relation (6.4.18). [Warning: This does not imply
uniqueness of the 7¢-KMS states on €, but we have proved uniqueness of the KMS
states on € with respect to one parameter groups o(exp(t§)) =: o¢(t). Different
extremal 7¢-KMS states at the same temperature T give different values of F,, and
of 51%, hence lead to different one parameter groups o¢ (§ := —6%).]

Let now w” € S(Ry) be a given faithful normal KMS-state at the temperature
T > Ocorresponding to the group ¢ with§ := -Bg, where F,, € g*satisfies (6.4.19).
Then the product state w from (6.4.18) is locally normal, since the finite product of
normal states is a normal state on the tensor product of W*-algebras, [306, Sect.
IV.5]. The factoriality is trivial for product states, [53, 2.6.10]. According to the
Pusz-Woronowicz theorem, [54, 5.3.22], w° satisfies the passivity condition (6.4.8)
with 7 1= o¢ (§ = -61%). This implies the satisfaction of (6.4.8) with respect to the
same group by the state w. The cluster property of the product state gives now the
KMS-property of @ with respect to the o¢. Since w satisfies o¢.-KMS condition
with T # 0 positive, the same is true for @. Since F,, is a fixed point of ©2, the
derivations of the o¢ and of 7€ coincide in the GNS-representations corresponding
to the states supported by E (F,), cf. (6.4.14). The assumption (6.4.20) ensures,
that the macroscopic limit of the product state w from (6.4.18) is concentrated on
F,,, hence the evolutions of proposition 6.4.7 7¢ and o¢ (&= -ﬂg_) coincide in the
representation 7, corresponding to the state w := w from (6.4.18). (]

6.4.11 Corollary. Let 2 := A" and the system (A; o(G); w(I1)) be defined accord-
ing to Sect. 5.1, i.e. the G-measure Eg is given by 5.1.33 and o(G) is locally imple-
mentable in states w € Sy. Let, with the assumptions of Theorem 6.4.10, w be locally
normal extremal T2-KMS state at T > 0. Let X¢ (£ € g) be the generators of the
(0(G)-defining) representation U(G) on Hy :=H, Ay = L(H), o(exp(tf))(y) :=
exp(—itX¢)y exp(itXe) forall y € y. Then

w(exp(itXe)) = exp(it F,(€)), Y€ € g, (6.4.29)
where F, is given by the (trivially fulfilled) ‘consistency condition’
w(Eg(f)) = Fu(§), £ €. (6.4.30)

Proof. Since exp(itX¢) € U, the generators of the restriction of o(G) onto 2, :=
m,(Ap) are m,(X¢), where

exp(itm,(X¢)) = m,(exp(it X¢)). (6.4.31)

The generators of the restriction of o(G) onto 2’ (finite J C IT) are Xg =
ZPEJ mp(Xe),

exp(itX]) := [ [ explitm, (X)) € 2. (6.4.32)

peJ
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w is expressed by (6.4.18), hence according to (5.1.120):

exp(itF,(§)) = w(exp(itX¢m)) = liﬁn w(exp(it|71| Xg)) =

. 0axt vy = e 1 Ly 11l
= ll;ngw (exp(lj| X)) = |Jl|ll>noo[w (exp(|J| XY (6.4.33)

The result (6.4.29) is now obtained from (6.4.33) by the ‘law of large numbers’
([112, II.Chap. XVII.1. Theorem 1]) applied to the arithmetic means of |J| copies
of independent real-valued variables with equal distributions ug. The probability

measure /Lg on R is given here by the projection-valued spectral measure Pe of X,:
Xe = / A Pe(dA). (6.4.34)
R

Then we set
p(dA) = W’ (Pe(dN)), (6.4.35)
and we can write:

[wo(exp(iTt X! = /R &P |’7t| o0 | & uddan. (6.4.36)
peJ

| | meJ

where ®mejug(d)\m) is the tensor product of |J| copies of the measures (6.4.35)
describing the simultaneous probability distribution of the |J| independent random
variables. Combining (6.4.33) and (6.4.36) gives the wanted result (6.4.29). O

6.4.12 Proposition. Let us consider the system (U; o(G); 7¢; w(I1)) as in Theorem
6.4.10. Assume that w? (p € I1) are ground states for the restriction of the group
a(exp(—tﬁ%)) to the subalgebras *U,. Let the product-state

W= ®w1’ (6.4.37)
pell
satisfy the ‘consistency condition’
w(Eg(fe)) = Fu(§), forall § € g. (6.4.38)

Then w is a factor ground state of the evolution 72. If all the w” are pure, then w is
an extremal T2-ground state.

Proof. The factoriality of w is a consequence of cluster properties, cf. e.g. [53,
54]. The condition (6.4.7) is fulfilled for 7; := U(exp(—ﬁ%t)). An application of
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Proposition 6.4.7 shows the fulfillment of the ground state condition also for 7 := 7¢.
The validity of the remaining assertions is clear. O

6.4.13 Note. A brief version of the here presented theory together with applications
to models of BCS theory and of Josephson junction was published in [40, 41]. Cf.
also the next section.

6.5 An Example: The B.C.S. Model of Superconductivity

6.5.1 We shall illustrate in this section the above developed theory by description
and analysis of a perhaps simplest nontrivial and physically interesting mathematical
model: The strong coupling version of the Bardeen-Cooper-Schrieffer model of the
phenomenon of superconductivity in the quasi spin formulation; it was formulated
and analyzed in [168, 311, 312], in the framework of the traditional QM formalism.
It can be presented, completed, and solved in the framework of the constructions of
the present work as follows:

It is a tensor product type model of Sect.5.1 with G := SU(2), H := Hyp :=
C?, I := Z, the generators of U(G) in C? are

X{ =

. 1 .
: IEIZOU(exp(zgj))zzaj, j=123, (6.5.1)

where o; are the Pauli matrices and the elements &; € g of the chosen basis satisfy
the relations

(&, &1 = €jim&m, Jo k, (m) =1,2,3. (6.5.2)

Let F;j := F(&;) be used for the functions f¢;, on g* > F as well as for their numerical
values in the points F' € g*. The dynamics of the system is specified by the function

Q on g*:
O(F) = —2eF; — )\(Fl2 + Fzz), €, A are some positive numbers. (6.5.3)
This specifies the model completely.
6.5.2 The Poisson structure on g* = su(2)* is determined by the Poisson brackets
{Fj, Ft}) = —€jimFm, J, k,(m) =1,2,3, (6.5.4)

which are obtained from (6.5.2) according to (5.1.145). The classical dynamics cor-
responding to the given Hamiltonian function Q € C*°(su(2)*, R) is then described
by the flow ©€ on su(2)* which is determined by the Hamilton equations

) d .
Fi(plF) = EFJ(@,QF) ={Q, Fj}(PF), teR, j=1,2,3. (6.5.5)
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We see from (6.5.4) that € is nontrivial for a general Q, hence the symplectic (even
dimensional) Ad*-orbits in su(2)* (which is 3-dimensional) are two-dimensional
(with the exception of a zero-dimensional orbit consisting of the point F' = 0). Since
SU (2) is a compact group, orbits are compact orientable two-dimensional manifolds
in su(2)*. They are submanifolds of the spheres S2:

F*:=Fl + F; + F} =1, (6.5.6)

because
{F?, F;}=0for j =1,2,3. (6.5.7)

Hence the Ad*(su(2))-orbits are the spheres S,z. The equations of motion with Q
from (6.5.3) are

F; ={Q, F;} = —2¢{F;, F;} — 2\(F\{Fy, Fj} + F2{Fs, F)), (6.5.8)
that is )
F) =2(c — AF3) F, (6.5.92)
F, = —2(s — AF3) Fy, (6.5.9b)
F3 =0. (6.5.9¢)

The solution is elementary: With
Fp:=F xiF, (6.5.10)
one has the flow (¢ determined by the equations
F5(t) = F; = F5(0), t € R, (6.5.11a)
Fi(t) = F1(0) exp(—i2(e — AF3) 1). (6.5.11b)
We shall assume A # 0. The set of all stationary points F € su(2)* of the flow
2 consists of points satisfying the conditions:
Either
F, =0, and F3 = arbitrary real number, (6.5.12a)

or
9

F; = e and F} = arbitrary complex number. (6.5.12b)

The ‘physical region’ for the values F of the considered quantum mechanical system
consists, however, of the points F € supp E4 C su(2)*.



162 6 Mathematical Structure of QM Mean-Field Theories

6.5.3 Lemma. supp E; = {F € su(2)* : F* < 1}.

Proof. The spectra of the generators X¢, (j =1,2,3) are the two-point sets
(A= :I:%}. According to the proof of Lemma 6.2.17, supp E; = {F € g* : F(§) €
conv (sp(X¢)) V¢ € g}. Since supp E, is Ad*-invariant and the Ad*-orbits are
spheres S?, the set supp Egistheball {F : F € S2,0<r< %}. ]

6.5.4 The quantum evolution 7€ is determined according to Proposition6.3.8 and
6.3.11 by ©? as well as by the cocycle J(Qél(l‘, F)) € *-Aut 2, where 2 is the
quasilocal algebra of our spin system. The action of this cocycle on the local algebra
Ao (:= the algebra of the %-spin sitting at the site O € IT) is given by the unitary
family U (g (¢, F)) satisfying the Schrodinger-type evolution equation

d
i Uo(t, F)) = X(BF,)U(go(t, F)), F(t) := P (F), (6.5.13)

as can be seen from (6.1.16). The elements ﬂg € su(2) are defined by (6.1.17), i.e.
BE :=dpQ = —2e& — 2A(Fi&1 + F28). (6.5.14)
In the representation g — U (g) one has
X(ﬁg) = —e03 — M Fio1 + Fr07) = —a(F)n(F) - o, (6.5.15)
where o := {0}, 02, 03} is the 3-vector of o-matrices,
a(F) := /2 + \2F, F_, (6.5.16)

and n(F) := {ny, ny, n3} with

)\Fl )\Fz 3
—, N2 = , N3 1= ———,
a(F) a(F) a(F)

(6.5.17)

andn - o :=n;o; is the scalar product.

If F € su(2)* is one of the stationary points (6.5.12), then the function t — go (¢, F)
will be a one-parameter subgroup of SU (2) with the generator ,Bg. This subgroup
is the stability subgroup of F with respect to the Ad*(SU (2))-representation (for
F # 0). The time evolution 72 in those states w the classical projection of which is
concentrated on F,, = F isnow identical with the evolution according to the subgroup
of o(SU(2)) specified by the element ﬁg € g. The generator Q,, of this evolution
in the representation 7, can be expressed by its commutators with 7, (y), y € A’
(finite J C TI):

[Qu, (] = [, (X7 (B2)), mu(M] fory € A7, T :={p1,... pu}, (6.5.18)
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where the usual notation X7 (¢) := ZPEJ m,(X (€)) was used, cf. also (6.4.12). The
generator Q,, is a well defined selfadjoint operator on the space H,, of the represen-
tation 7, chosen so that 0,2, = 0 on the cyclic vector €2,. This is the meaning
of the Bogoliubov-Haag Hamiltonian operator Q,, in the GNS-representations of
macroscopically pure and macroscopically stationary states of the system.

6.5.5 The KMS-states of (2(; 72) at positive temperature 7' > 0:

The algebra 2 is separable, hence the representation space H,, of any cyclic
representation is separable and the KMS-states w of this system are supported by
the extremal KMS states. This means, roughly speaking, that any KMS-state can be
constructed as an integral of the extremal KMS states at the same temperature 7.
Hence, the evaluation of all extremal KMS states is sufficient to characterization of
all KMS states of the system. Let us consider now the extremal KMS states.

Any extremal 72-KMS state at T > 0 (hence at 3 := T~ # o0) is determined
uniquely by its restriction w° to A, cf. Theorem 6.4.10 (remember that all states
on the UHF-algebra 2 are locally normal). Let F, € g* be the classical phase point
corresponding to a given extremal 72-KMS state on 2. Then the strong version
(6.4.29) of the ‘consistency condition’ is valid, i.e.

W(X¢) = F(€) forall € € g. (6.5.19)

Here " is the (unique, if it exists) KMS-state on 2l at the same temperature T as
the state w € S(2A), corresponding to the evolution given by the generator —X (ﬁ%).
There is one-one correspondence between the extremal 72-KMS states of the infinite
system and the states w° satisfying the above listed conditions for some stationary
point F,, of the classical equations lying in the physical domain, F, € supp Ej.

Let a stationary point F, € supp E4 be given. Then any a(exp(—tﬁ%))—KMS
state w® on Ay coincides with the Gibbs state w) at some temperature 7. The state
w? is given by:

—1
wOT(y) = (Tr exp (a(;fw) n(F,) - o-)) Tr <exp <a(?J) n(F,) - o-) y) ,

(6.5.20)

for all y € 2. It is sufficient to calculate (6.5.20) for y = o, j = 1.2.3. We obtain
Wi () = n;(F,) tanh(T"'a(F,)), j=1,2,3, (6.5.21)
and the consistency condition (6.5.19) means:

n;(F,) tanh(T~'a(F,)) = 2F,(&;), j =1,2,3, (6.5.22)
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which is equivalent to the following conditions:

AFLE)) tanh(T~'a(F,)) = 2F, (&), j=1,2; (6.5.23a)
a(F,)
€ 1 .
i tanh(7~'a(F,)) = 2F,(&). (6.5.23b)

These conditions are satisfied by F,, = F, where

(1) either (in the cases of arbitrary positive € and \)

€

1
F=F =0, and F(€3) = F3 = E tanh(T

), T >0, (6.5.24)

(i) or (in the cases with 0 < 2¢ < )

—1
F(&) = § 2a(F) = A tanh(T La(F)), 0 < T < T, :=¢ (tanh_l (%))

(6.5.25)

Note that the condition (6.5.25) can be fulfilled with Fy # 0 only, hence the sets of
values F € g* determined by the two conditions (6.5.24) and (6.5.25) are mutually
disjoint. These relations allow us to give the list of all F,, corresponding to extremal
7C-KMS states at a given temperature 7 > 0:

(i) T = T in this case F,,(§;) = F,(&) =0, F,(§) = 5 tanh (£) .
(ii) 0 < T < T.;here one has a state with F,, described in (i) above, and, if 0 < 2¢ <
A, one has, moreover, a one-parameter family of possible F, € su(2)* such that:

F(&) = ; 2a(F,) = A tanh(T~'a(F,,)).

There is one-one correspondence between the elements F,, corresponding to a
given value of 7 > 0 in this list and the extremal (72, 3 := T~')-KMS states
of the infinite quantal system.

We see that, in the considered model, a KMS-state exists at any positive 7', and
for T > T, this state is unique. For 0 < T < T, except of the ‘trivial possibility’
(6.5.24), there is a circle of points F,, € g* numbering the elements of pairwise mutu-
ally disjoint extremal KMS states at the same temperature. If we call the subgroup
exp(t&3) the ‘gauge group’, then the gauge-invariant KMS-states exist at all T > 0
(the trivial possibilities (6.5.24) are gauge invariant); the extremal KMS states for
temperatures 0 < 7T < T, are not invariant with respect to the gauge group and they
are transformed by the group actions into one another: here appears the spontaneous
symmetry breaking phenomenon. For0 < T < T, there is another gauge invariant
state w € K3 C S(A), B:=T~!, given by the integral of the states w} € EK5
corresponding to the values F from (6.5.25):



6.5 An Example: The B.C.S. Model of Superconductivity 165

1 27
wy(y) = E/ w?(a(exp(L@))(y))dL, 0<T<T,. (6.5.26)
0

Let us denote by w} the (extremal) KMS-state at 3 = T ! corresponding to the
values (6.5.24) of F,, = F. The states w}. (T > 0) are interpreted as describing the
‘normal conducting phase’, and the states wy. (T < T,) represent the ‘superconduct-
ing phase’. The mixtures wr := A\w} + (1 — Mw/ are also (72, 8 = T~")-KMS
states at 0 < T < T,, 0 < A < 1. The equilibrium states of the considered system
can be defined as the thermodynamic limits of the (unique) Gibbs states of local sys-
tems (A”; 77), |J| < oo, where 7,/ € *- Aut 2’ is generated by the local Hamiltoni-
ans Q7 defined in (6.1.1). According to [168], these thermodynamic limits coincide
with w7 for T > T., whereas for0 < T < T, the limit J — IT leads to the state wy..

6.5.6 The ground states of (2; 72):

Let us consider now an extremal TQ-ground state w of our system, w € EX. Let
F,, be the corresponding classical stationary point in supp Eg. The restriction w® of

w to the subalgebra 2l is the unique ground state of the generator X (ﬁ%), (6.5.15),
corresponding to its eigenvector y(F,) € C? with the minimal eigenvalue:

n(F) .o x(F) = x(F), F € su(2)*. (6.5.27)
Due to the uniqueness of the ground state w® € S(2ly) corresponding to a given F,, €
su(2)*, any extremal T9-ground state is an 7(IT)-invariant product state. Conversely,
the 7 (IT)-invariant product state constructed from a vector x (F) defined in (6.5.27)

will be a pure ground state of (21; 79) if the ‘consistency condition’ [(x1, x2) is here
the scalar product in C?]

X(F), X(Ox(F)) = F(©), & €su(2), (6.5.28)

will be satisfied. This is a consequence of the considerations in Sect. 6.4. Let us solve
(6.5.28) for F.For { :=§; (j =1, 2, 3) one has

1 :
O(F), X(Ex(F)) = 5n;(F), j=1,2.3, (6.5.29)
where n;(F) is defined in (6.5.17). The obtained condition
nj(F)=2F(¢;), j=1,2,3, (6.5.30)

leads to the following possibilities for F = F,,, w € EKx:
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(1) if € and X are arbitrary positive, then one can have:
1
Fi=FR=0 F= X (6.5.31)

(i) for 0 < 2e < A, one has, moreover, the possibilities:

2 , 1 £\2
F1+F2=Z—(X) L Fy =

€
3 (6.5.32)
Hence, in the case 0 < 2¢ < A, the set of ground states has similar classical picture
in su(2)* as the set of 7¢-KMS states with temperatures lying under the ‘critical
temperature’ T,. Let wj € Koo C S(R0) corresponds to the value F, from (6.5.31),
and let w;) be given by (6.5.26) with T = 0 and with wg € EKy corresponding to
any value of F given in (6.5.32). According to [168], the thermodynamic limit of the
(unique) local ground states on 24 corresponding to the Hamiltonians Q7 coincides
with wy.



Chapter 7 ®)
Some Models of ‘“Quantum iy
Measurement”

7.1 Introductory Notes

7.1.1 The interactions in the models of large quantal systems described in Chap. 6
were of specific long-range type. All the elementary subsystems (“particles” or
“spins”’) mutually interacted with each other ‘in the same way’ as if all the sub-
systems were not distinguishable from each other, i.e. the multi-particle interaction
was invariant with respect to permutations of the particles independent of their posi-
tions in the lattice I1, as specified by (6.1.1). Such interactions led in infinite limit of
the number N of the subsystems to the dynamics of “mean-field type”, i.e. to such a
dynamics that each individual subsystem moved as if it was immersed in an external
(in general time dependent) field produced by the whole collection of the infinite
number of all the subsystems and independent of any changes of the state of any
of these subsystems. The resulting dynamics was such that macroscopic (classical)
parameters of the infinite system were varying in time according to the dynamics of
some classical mechanical Hamiltonian system.

In this chapter, we shall describe several specific models of large quantal systems
whose elementary subsystems interact by short range interactions. The macroscopic,
or “classical”, variables of the infinite systems will change now just in the limit
t — 00, because the short range interaction results in finite velocity of spreading of
local changes across the infinite system, hence in finite times only local variables
corresponding to changes of finite subsystems are changed.

7.1.2 We shall briefly describe here a few quantum-mechanical model systems
describing interactions of a ‘microscopic system’ with a ‘macroscopic system’ lead-
ing to a ‘macroscopic change’ in the second system. This means that such systems
describe schemes modeling dynamics of processes like ‘quantum measurement’ as a
process ascribing a classical probability distribution of ‘measurement results’ (given
by macroscopically distinct states of the ‘macroscopic system’ which plays the role of
the ‘measuring apparatus’) to the corresponding (according to the ‘measured observ-
able’) quantum-mechanical linear decomposition of the wave function of the ‘micro-
scopic system’. Construction of these models was inspired mainly by the classical
© Springer Nature Switzerland AG 2020 167
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paper by Klaus Hepp [153], cf. also [253, 254]. According to the previous chapters,
we are able to describe in QM in a mathematically clear way macroscopic systems
(with coordinates undergoing classical behaviour) by models of infinite quantal sys-
tems only. Of course, the infinity of the number of degrees of freedom should be
considered as a convenient approximation to large but finite systems. Also infinite
time duration of the processes of changing macroscopic parameters corresponding to
considered microscopic influences is connected with this infinity. In this connection,
it is relevant to be interested in the speed of the corresponding macroscopic changes.
In the ‘infinite models’ presented here the convergence to a macroscopic change is
very slow.

A much larger speed of convergence is reached in the model of finite (arbi-
trary long) ‘Quantum Domino’—spin chain (cf. 7.1.3 and Sect.7.3) interacting with
fermion field in such a way that after all the spins in the chain changed their orienta-
tions into the opposite ones the chain emits a fermion. In this case the speed of conver-
gence to final stationary state is ‘almost exponential’. The model is described in [39].
Its interpretation as “a model of quantum measurement” is, however, questionable:
Due to its finite dimension a definition of “macroscopic difference” is ambiguous
and it would need probably a longer discussion. Cf. notes on this problem in the
original Hepp’s work [153], and also in our Sect.7.7.

It should be stressed that we do not intend to present the described models of
micro-macro interaction as a definitive solution of the ‘measurement problem in
QM’, cf. Sect.7.7. They could be considered rather as an illustration of possibilities
of the standard quantum mechanical formalism to include, by using this specific way
of description of macroscopic observables, some descriptions of possible responses
of large systems (hence changes of their ‘macroscopic variables’) to some of their
interactions with microsystems. It is shown how can various states of a microsystem
interacting with a macrosystem lead in QM to various ‘corresponding changes’ of
values of their macroscopic (resp. ‘classical’) observables.

7.1.3 We present here four models, the second of which is based on the first one, the
“Quantum Domino” (QD), published originally in [36]. The idea of the third model
is similar to that of QD, but it is based on the known X-Y model of the spin chain
[201]. QD is a model of an infinite quantum system—an infinite (or semiinfinite) spin
chain with a short range interaction—in which any local (microscopic) change of a
specific stationary state leads to subsequent evolution (with time t — 00) to a new,
macroscopically different stationary state. The initial local changes of these stationary
states of this model are realized “by hand”, i.e. a locally perturbed stationary state is
chosen as an initial condition for the forthcoming time-evolved states of that system.
This local perturbation can be realized by a change of quantum state of a single spin
(say the first one in the semiinfinite chain), and this spin can be considered, e.g. as
an additional microsystem (the ‘measured system’) interacting with the infinite rest
of the chain.!

'In the case of some different choices of (locally perturbed stationary) initial states in this model,
the subsequent time evolutions of the chain could be different: e.g., an initial segment could move
quasiperiodically and the infinite rest of the chain will converge to a macroscopically different state.
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The second model consists in the composition of two systems: of the previous
(QD) one and of a point particle scattered on it; the QD-spin chain occurs initially
in its specific stationary state. The scalar particle (moving in the configuration space
R?) perturbs locally the infinite system (by scattering on its ‘first two’ spins) and
the chain develops then (after t — oo) with some probability to a macroscopically
different state. This process can be interpreted as modeling detection of the particle
by a macroscopic detector. The model is interesting by that it does not correspond
to an “ideal measurement” the results of which are described usually by a projector
valued measure (PVM) realizing, e.g., the spectral decomposition of some selfad-
joint operator—the ‘measured observable’. In our case, however, we obtain a positive
operator valued measure (POVM) describing the probabilities of responses to incom-
ing states of the particle; this expresses the technical characteristics of the detector
with less than 100% efficiency. This model is presented here in detail, since it is
presented here for the first time—it is a more complex and more complete version
of an older model. The original version of this model was published in [38].

The third presented model is based on an ‘X-Y modification’ of the Heisenberg
spin-chain models, cf. e.g. [267]. This “model of quantum measurement” consists
of the 1/2-spin chain with a nearest neighbourhood interaction, which is interrupted
in one link, and in the point of the interruption an additional 1/2-spin modeling a
simplest possible “measured microsystem” is included (together with its interaction
with the rest of the chain).

The fourth model consists of a finite portion of QD of the length N >> 1 coupled to
Fermi field and working so that in the initial state “all the N spins are pointing down”,
but after reversing the first spin the chain moves until all the spins are “pointing up”
and, after reversing the last N-th spin, the chain emits a Fermi particle. With the
time t+ — oo the particle moves freely to infinity and the chain remains in a new
stationary state with “all spins pointing up”. The finite length of the chain needs a
different interpretation as a “measuring device” in comparison with the preceding
three infinite models.

7.2 On ‘Philosophy’ of “Models”

The term “model” is used repeatedly in this Chapter, as well as in science in general.
This word is generally used in various connections and meanings. It is usually con-
sidered as denoting human constructs (material or mental) approximating in some
way an aspect of a considered ‘part of reality’. But, can we determine where there
is a borderline between ‘only approximation’ and ‘full picture of truth’? What is the
‘reality’? What is the meaning of ‘the truth’ (as it was asked also by Pontius Pilate
very appropriately in Bible—New Testament: John 18:38)?

Let us consider (not only here) any human symbolic formulation of any knowi-
edge as a “model”. Hence, also our laws of nature including the whole physics are
models—they are provisional and waiting for further completions and/or reformu-
lations.
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It is motivating and orientating for researchers to believe in the existence of some
‘final truth’. It is an important psychological aspect of scientific progress. The faith
in our ‘reliably verified knowledge’ is perhaps necessary also for the success of our
practical life. But if a theory is completed (i.e. if it is in agreement with all available
‘trustworthy’ experimental results), it can be (and eventually should be) challenged
in science.

Any theory, as well as any concept appearing in our consciousness or/and used
in our communication is a human construction. Hence it is dependent on human
interests and activities, and these activities are perpetually evolving—sometimes even
substantially changing. Hence, also our attention and interests are changing. This
implies that the motives for our intellectual activity are perpetually developing. The
resulting our ‘pictures of the world’ , either global, or various special, are correspond-
ingly changing along with these other changes. And, people also look then on ‘the
same things’ by different ways and from different points of view than before.

The ‘models’ presented in this chapter are just very simple abstractions imi-
tating certain features of mutual interactions of general classes of physical sys-
tems: microsystems described adequately by QM, and macroscopic systems (usu-
ally described by CM) consisting of a large number of microsystems. We tried to
be mathematically rigorous in proceeding from basic axioms of QM to definitions
of introduced concepts and constructions of the mathematical models, as well as to
description and obtaining the consequences of the used dynamics. This emphasis on
mathematical rigor was motivated by our desire to show clearly that the obtained
results are exact consequences of the currently generally accepted formal theory
of QM.

7.3 Quantum Domino

7.3.1 We shall describe here briefly (for more details we refer to [35, 36]) the
model of infinite spin chain which we call, due to the character of its time evolution,
Quantum Domino (QD). The 1/2 spins are ordered by the values of the index i € Z
and the Hamiltonian produces a local nearest three body interaction. This interaction
can be described easily as follows: If the hamiltonian acts on the state with the i-th
spin “pointing up” and the (i + 2)-nd spin “pointing down”, then the (i + 1)-st spin
changes its orientation to the opposite one. The dynamics of the two sided infinite
spin-1/2 quantum chain has spin configurations “all spins pointing up”, and “all spins
pointing down” as stationary states, which are unstable: If we reverse the direction
of one of the spins in these states, the new state will develop in the limit t — oo
into another stationary (and ‘macroscopically’ stable) state, in which all the spins
lying on one side of the reversed spin are also reversed, and all the spins lying on
the other side of that spin stay unchanged. Since this evolution leads to the change
of the value of a macroscopic observable of the chain, it can be used as a model for
‘quantum measurement’ of microscopic observables of a single spin of the chain.
We shall show in this section how such model works.
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7.3.2 Let the C*-algebra of observables 2 be the C*-tensor product of count-
ably infinite set of copies of the algebra of complex 2 x 2 matrices generated by
the spin creation and annihilation operators a¥, a;, j € Z satisfying the following
(anti)commutation relations

ajaj —aja; =:a;,a;] = af,a;]1=0, i #j (7.3.1)
aja; =0, a’a; +aaf =1,

for all i, j € Z. The algebra 2 is simple, hence each its nonzero representation is
faithful. We shall describe the dynamics in 2 in the “vacuum” representation, i.e. in
the GNS representation corresponding to the “vacuum state” wy € A%, = S(2l) that
is given by the relation

wo(ajaj) =0, forall j € Z. (7.3.2)

This state is pure, hence the GNS representation is irreducible. We shall call the
spins in this state to be “pointing down”, to be specific in verbal expression. Let the
cyclic vector (“‘vacuum” in the lattice gas terminology) of this representation be
denoted by 2, i.e. for all elements x € 2 it is

wo(x) = (Q0|x|2), forall x € 2. (7.3.3)

Here and in the following we shall denote the elements of 2 and their operator
representatives in the considered irreducible Hilbert space representation by the same
symbols. Let us denote this Hilbert space by H ..

Let us define a “finite-subchain Hamiltonian” H(; r):

k-2
Hj = Z ayan(ay  + api1) api2ay . (7.3.4)
n=j+1
Local time evolution automorphisms of % are given by
7' (x) == exp(it H_pn) x exp(—itH_p n)), (7.3.5)
and the norm limits

T:(x) := norm- lim 7" (x) (7.3.6)
n—0o0

determine the time evolution in 2 (in the “Heisenberg picture”).
In our vacuum representation, this evolution is determined by a selfadjoint Hamil-
tonian H,

T,(x) = e x 711 (7.3.7)
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Here, the (unbounded) operator H can be written in the evident form (its obvious
definition and a proof of selfadjointness is given in [36, PropositionII.1])

H = Z ayan(a, | + Qni1)Ang2d, . (7.3.8)

nez

This evolution is time-reflection invariant, but it is not invariant with respect to the
space reflection n — —n. Let us introduce the operators

9j-=4aja;qj19j+1 -

These quantities are integrals of motion. One can also prove that the Hilbert space
Hyae can be decomposed into H -invariant orthogonal subspaces and on each of them
the restriction of the Hamiltonian H is a bounded operator.

Let X C Z be of finite cardinality, and let Qx :=[] jex a; Q. The vectors
Qx with all mutually distinct finite X C Z, with Qg := Q(, form an orthonormal
basis in H,4. Each finite X C Zisoftheform Y, JY>J...JY,, whereallY; C Z
are nonempty finite, mutually disjoint and of the form {j; + 1, ji + 2, ..., ji + my},
with jii1 > ji + my, |[Yi| = my,iethesets Y, C X (k= 1,2, ..., r)formmutually
separated “connected islands” consisting of “pointing up” spins. All the vectors Q2x
are eigenvectors of all the operators g;. For the set X of the just described structure
we have

Qx forj=ji, k=1,2,...,r

9i€x = (7.3.9)

0 otherwise.

This implies that the time evolution of the vectors 2y conserves the number
of islands, leaving the initial (“left”) points j; + 1 of each Y; (k=1,2,...,r)
unchanged (“occupied”, or “pointing up”), and the places ji, k =2,3,...,r as
well as j; —n (n € Z, ) remain all the time “unoccupied” (i.e. spins are there “point-
ing down”). Hence, the subspaces Hj, spanned by all such vectors with a fixed set
{i} :={J1, j2, - - ., jr} are left invariant with respect to the action of the Hamiltonian
H. Then the space H,,. decomposes as

Hoae = @ H{j}, (7.3.10)
(i}

where the orthogonal sum is taken over all mutually different {j}; note that the
stationary subspace H g := {A\Q) : A € C} is one dimensional.

The structure of the Hamiltonian H shows, moreover, that each H ;) can be written
as (i.e. it is isomorphic to) the tensor product of a vector (resp. of a one-dimensional
subspace) and a finite number of Hilbert spaces corresponding to restricted subchains
of spins:

Hiiy = 2 a1 @ Hijroi ® Hijnjn) ® -+ @ Hij 100 (7.3.11)
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where Q?_OO’ ji1 1s one-dimensional space containing the vector with all spins
numbered by j < j; “pointing down”, and the spaces H(,j.,) are spanned by
Jk+1 — Jr — 1 vectors corresponding to the “islands” Y of all permitted lengths
1 < |Yi| < ji+1 — jk. Here we understand that j,,; = +00. We see from the form
of the Hamiltonian that the time evolution of vectors in the subspaces Hy; is
described by (‘mutually independent) evolutions in each H;, ;,.,) determined by the
Hamiltonians Hj, j.,), cf. (7.3.4) ; for more details see [35, 36].

7.3.3 The result of these considerations is that the evolution of general vectors of our
representation (hence also the evolution of any states from S(2()) can be described
by two simpler kinds of evolution, namely, the evolutions in finite chains described
by Hilbert spaces Hj,. j.,.), as well as in the Hilbert spaces H; 1o spanned by
vectors of arbitrary one-sidedly unrestricted lengths. Because the interaction in our
infinite chain is translation invariant, we can describe these two possibilities as?
(1) the evolution in the finite-dimensional Hilbert space H o y+1) spanned by the
vectors
|m) :=aja;...a,Q (m=1,2,...,N) (7.3.12a)

by the unitary evolution group Uy (¢) := e~"v with the Hamiltonian Hy :=
H(O,N-H) from (734), and

(2) the evolution in the infinite-dimensional Hilbert space H o, ) spanned by the
vectors

|m) :=aja;...a,Q (m €Z,m=>1) (7.3.12b)

by the unitary evolution operators Uy (1) := e # with the Hamiltonian H :=
Ho,100)-

Letus express these two instances of dynamics by the matrix elements (n|U () |m).
The result can be obtained by explicitly solving the eigenvalue problem for Hy. The
action of Hy is:

Hy|1) = |2), (7.3.13a)
Hylm)=1|m—1)+m+1), m=2,3,...,N—1, (7.3.13b)
HyIN) = [N — 1), (7.3.13¢)
Hylk) = 0fork > N. (7.3.13d)

For the eigenvectors ¢g : Hyvwg = E1g written in the basis of vectors |m):

N
Ye =Y cn(E)m) (7.3.14)

m=1

2We shall use here the Dirac bra-ket notation for convenience.
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we obtain the eigenvalue problem in the form:

Ec|(E) = c2(E), (7.3.15a)
Ecy(E) =cp_1(E) +cppi(E), m=2,3,...N —1, (7.3.15b)
Ecy(E) = cy-1(E). (7.3.15¢)

The equations (7.3.15) lead to
Cm(E) = Z/{mfl(E/z)Cl(E)’ (7316)

where

sin(m arccos z
um—l(Z) = ¥ (7.3.17)
sin(arccos z)

are the Tshebyshev polynomials of the second kind [129, 8.940]. This is seen from
the recurrent relations for U, following from (7.3.15), cf. [36, IIL.(27)]:

Un1(z) = 22Uy (2) — Up—1(2), Up(2) = 1, Ui(2) = 2z.
The Eq. (7.3.15¢c) has now the form
Un(E/2) =0, (7.3.18)

which is the secular equation corresponding to our eigenvalue problem. Its solutions
are

LA
E;=2 ,j=12....N, 7.3.19
j “’S(N+1) j (7.3.19)

hence we have the expressions

(E)) 2 17 gul[dmm (7.3.20)
cn(E)) = | —— sin . 3.
! N +1 N+1

We shall need also the following definition:

n N . .
(N) ! . JT JT
J,(2) = N1 ;exp[ zzcos<N+l>]cos(nN+l). (7.3.21)

This is an integral sum of Sommerfeld integral representation of the Bessel function
J.(2), see also [129, 8.41]:
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*n

Jo(2) = = f =125 cos(nada. (713.22)
0

™

We can now write the desired expression for the Green function of a finite chain:
(n|Uy (@) |m) = (=)™ I @21) — (i) 58 20), (7.3.23)

what can be obtained by a standard way using the completeness of the orthonormal
system of vectors (7.3.14) in H n+1)-
This, for an infinite chain with N — oo, gives:

(Uso(Om) = (=)" ™" Jpom 21) — (=)™ Ty (21). (7.3.24)

7.3.4 Letus now consider the local perturbation w; (x) := wp(a1xa}) (x € ) of the
time-invariant vacuum state wy. The state w; describes the infinite spin-chain in the
state where all the spins except of the one sitting in the site j = 1 are pointing down.
Its time evolution w (7;(x)) = w] (x) can be expressed in terms of the results given
above. Let us, for example, calculate the expectation of “flipping up” of the spin
placed in the j-th place at the time . We have

WK

wi@a) = (1" ata;|lm)(m|e""|1) (7.3.25)

3
I}

-1
(1|eitH|m)(m|efitH|1)= 1— |<m|€7”H|1>|2,
1

~.

L

3
Il
~

m

since

0 (m<),

GG =N 1y = ),

and the set of vectors {|m) : m € Z} forms an orthonormal basis in the relevant Hilbert
space. From (7.3.24) and from the recurrent formula for Bessel functions

2
Tp1 (@) + Jp1(2) = 7”1,,(@, (7.3.262)

we obtain

Jj—1
Wi@a)=1-Y [?Jm(Zt)]z.

m=1

(7.3.26b)
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Because of the asymptotic behavioulr of the Bessel function for large real arguments
|l = oo, givenby J,(§) = O(|£|”2), we obtain asymptotic behaviour of our expec-
tation:

const.

BT (Vj € N) fort — oo. (7.3.27)

w’l(a;‘aj) =1-

Hence the local perturbation of the state ““all spins are pointing down” converges
according to (7.3.27) to the state “all spins sitting in sites with j > 0O are pointing
up”. For more details see also [35, 36].

7.3.5 This can be used for construction of models imitating the ‘quantum measure-
ment process’. For instance, let the infinite chain without the spin sitting in the site
Jj = 0 model an “apparatus” and the spin at j = 0 serve as a “measured microsys-
tem”. If the apparatus is initially in the state w with all its spins pointing down, and
the measured spin in a superposition ¢ := ¢, | |) + ¢4| 1), then the compound sys-
tem “measured microsystem + apparatus” is in the time r = 0 in the state described
by the state-vector ¢ Q2o + c4a;$20, which is a coherent superposition of vectors in
the ‘vacuum representation’ of the algebra of observables of the compound system.
Then the final state of the chain (at + = co) will be (as a state on the algebra 2 of
the compound system “measured system + apparatus”)® in an incoherent genuine
mixture wy according to the above described dynamics: wy = |c¢ ¢|2w0 + |c¢|2wT,
where the state w4 means that all spins of the compound system lying in sites j > 0
are pointing up, whereas the spins lying in sites j < O remain pointing down. The
states wo and wy on 2l are mutually disjoint; this is interpreted here as “macroscopic
difference” of these states. Also, the states wy and w4 define two representations of
the algebra of quasi-local observables (see also [53, 54, 274, 275] for further details)
which are not unitary equivalent, and can be distinguished by a measurement of a
macroscopic observable.

As the macroscopic observable distinguishing these states could be chosen, e.g.,
the weak limit v € 2** for n — oo of the sequence

1
= Z aia;, (7.3.28)

j=-n

and for the states wy, w4 (now considered as being extended to normal states on the
von Neumann algebra 2[**) we obtain: wo(y) = 0, wy(y) = % This is an example in
the spirit of the models proposed in the classical paper by Hepp [153] for modeling
the “quantum measurement process”.

7.3.6 Observable quantities in QM, or “observables”, are described usually by self-
adjoint operators A acting on the Hilbert space where the “observed” states of a

3We consider here, for the sake of simplicity, the measured system after the measurement as a
part of the apparatus, what makes no difference for observing results of measurements via vari-
ous macrostates—the macroobservables of the compound system are identical with those of the
measuring apparatus alone. See however the Sect. 7.3.7 below.
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considered physical system appear. In another setting, we can speak instead of a
selfadjoint operator A about its projection-valued measure (= projector-valued
measure) (PM) A — E4(A) for A © T’ = the set (with a given o-algebra structure)
of possible values of the observable (specifying the operator uniquely); here E 4 (A)
are mutually commuting orthogonal projectors satisfying o-additivity with respect
to set unions of various disjoint arguments A C I', with E4(T") = 1.

More general concept of “observable” in QM is again o-additive positive opera-
tor valued measure (POVM) A — A(A),withA(A) € L(H), 0 < A(A) < A)
I, AiNA; =0 Vi, j) = AU Ay) = ) A(Ag), which also specifies a selfad-
joint operator A, but is not specified by it uniquely. The different A(A), A C I',need
not be now mutually commutative. According to a general ‘philosophy’ of QM, to
each observable corresponds a measuring apparatus (better: a class of equivalent
apparatuses) characterized abstractly by the observable, by which it can be mea-
sured. Conversely, if we perform a measurement on some quantum-mechanical sys-
tem, some observable is measured. The results of the measurement of A on the state
o is found in the set A C T' with the probability pra(o, A) = Tr(oA(A)). If A —
pr(o, A) (A € T) is a probability measure for any o and this mapping depends on
o affinely: pr(Ag; + (1 — M) o2, A) = X pr(o1, A) + (1 — X)) pr(o2, A), then there
is a unique observable A of the measured system such that pr(g, A) = Tr(pA(A)).
If the distribution of the results of a measurement is expressed in this way by some
POVM A # E,, the measurement is often called a nonideal measurement. For
more complete formulations cf. [84, 149].

We are dealing in this work with infinite quantal systems described by C*-algebras
having many mutually inequivalent representations. Hence, we cannot restrict the
concept of observables to operators acting e.g. on a Hilbert space H,, of a specific
cyclic representation. If we want stay in a framework of the above presented scheme,
we can, and we presently shall, use the universal representation of C*-algebra 2l in
‘H,, resp. of its weak closure, which is a W*-algebra isomorphic to the double dual
2A** of 2. For some comments on this reformulation see e.g. [84, Sect. 2.5].

7.3.7 We can now ask, which observable (in the sense of 7.3.6) was measured by
the ‘measuring apparatus’ modeled by our QD, as it was sketched in 7.3.5. The
‘microsystem’ being measured consists in the spin sitting in the point j = 0 of
the infinite spin-chain and the rest of the chain is the ‘measuring apparatus’. Let
us consider as the apparatus the half-infinite chain with spins sitting in the points
numbered by j = 1, 2, ... oo only, because the spins sitting in the points with j < 0
do not take part in these measurements.* An integral part of the characterization of
the apparatus is, however, also its initial state ‘with all spins pointing down’, as well
as its dynamics including the interaction with the measured spin. The results of these
measurements are read by looking at the final states of the apparatus.’ There are
just two possibilities in this process: The state w with all spins pointing down, i.e.

4 In accordance with that, the notation in this section will be changed slightly with respect to the
notation in the Sect. 7.3.5.

SWe are speaking here about the states on the algebra generated by a s a;’.‘ with j > 0 only.
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wy(aj aj) = 1, and the state wy with all spins pointing up, i.e. w; (aja_,-) = 1, whichis
disjoint from the state w . If these states are (uniquely) extended to normal states on
the double dual of the algebra of measuring apparatus, their values can be calculated
on the ‘macroscopic observable’ y defined now as the weak limit of the sums

1,
M= X;ajaj_ (7.3.29)
=

Then itis wy(y) =0, ws(y) = 1. The “spectral set” I" from 7.3.6 consists now
of only two points, let us denote them (arbitrarily, but taking into account the actual
measurement process) :I:%, hence I' := {%, —% .

The initial (=measured) state of the ‘microsystem’ in the example of 7.3.5 was
given by the normalized vector |¢) := ¢ | |) + ¢4| 1) corresponding to the density
matrix o = |¢)(¢| being just the one-dimensional projector on the pure state |p) of
the measured system. The final state of the apparatus was in this case (according
t0 7.3.5) wy == |cy|Pw; + ley[Pwy, where |c||?, |cy|? are the desired probabilities
pr(o, F %). From the linearity of the tensor products, as well as of time evolution, we
can see that the extension of the previously introduced function pr (o, :F%) to general
density matrices g is an affine function of p. Hence, e.g. for convex combination of

two ‘pure’ density matrices,

0 := Mlon) {(p1l + Xalp2){p2l, with [p;) :=c; I 1) +cj4l 1), j=1,2,
(73.30)

we obtain | . |
pr(o, —5) = A pr(len){e1l, —5) + A2 pr(lp2) (2l —5)
= Aileny|* + Aaleay 12, (7.3.31)

1 1 1
pr(o, 5) = A pr(len{eil, 5) + X prle2){(pal, E)

= Mlen | + Aalea %

Let us define the operator A := %| I % | 4){{ | onthe Hilbert state space of
the measured system. Its spectral projections are Py := | 1)(1 | and P, :=| |){{ |
and the corresponding mutually distinct eigenvalues are chosen to be i%. Then, for
our density matrix there holds

1 1
pr(o, —5) =Tr(Pyo), pr(o, 5) =Tr(Py0). (7.3.32)

Hence, our measuring process corresponds to measurement of operators with PM
given by the one-dimensional orthogonal projectors P, ;. Our choice of the values
of elements in the set I" corresponds to the observable describing a component of the
%h—spin, which is usually described in this way. We did not need here a generalized
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observable determined by a POVM, which will be, however, the case of the following
example.

7.4 Particle Detection—A ‘““Nonideal’’ Measurement

7.4.1 This model describes a compound system of a spin chain A with a particle
B; it is a completed version of the model presented originally in [38]. The model of
the spin chain is the half-infinite chain of the form described in the Sect. 7.3, and the
particle is a nonrelativistic scalar particle.

Let us use (essentially) the notation of Sect.7.3. Hence, the algebra 2 of the
observables of the spin chain is now generated by the elements a, a,, n > 1. Let
the Hamiltonian of the chain be the operator (cf. (7.3.8))

Hy = Z ayan(ay, | + api1)an2a; (7.4.1)

n>1

acting in the Hilbert space H,,. of the GNS-representation of 2 with the cyclic
vector 2y corresponding to the state

wi(aja;) =0, forall j > 1. (74.2)

The particle B is moving in the 3-dimensional Euclidean space and is described
as in elementary QM by operators acting in the space Hp := L*(R?, d>x), so that its
states are described by vectors (resp. the corresponding unit rays) ¢ € Hg. The free
particle’s Hamiltonian will be just the kinetic energy (in conveniently chosen units
and in the “x-representation”)

62
A2 _
Hg =p>=— Z Pt (7.4.3)
Jj=1 J
The interaction Hamiltonian will be V,,, with
V, = (a] + aDaxa; ® o) (¢l € L(Hyae @ Hp), (7.4.4)

where ¢ = |p) € Hpisaconveniently chosen normalized vector, hence |p) (¢| = P,
is a one-dimensional projector in Hpg.

The total Hamiltonian H of the compound system {spin chain & particle} will
be

Some restrictions on the interaction constant vy and on the unit vector ¢ will be
specified later.
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7.4.2 We want to prove, for conveniently chosen parameters y and ¢ of interaction
and for suitable initial states ¢ € Hp of the particle as well as for given initial state of
the spin chain with all spins “pointing down”, that the compound system will evolve
for + — oo with positive probability into a convex combination of two mutually
disjoint (hence ‘macroscopically different’) states, one of which corresponds to the
unchanged initial state of the apparatus and in the other the apparatus has all its spins
reversed to the “pointing up” direction. If we denote by B := L(Hp) the algebra
of all bounded operators on H g, which is the C*-algebra of the observables of the
particle, and by ¢ := 21 ® B the C*-algebra of the compound system, then S(¢)
will be the state-space €7 (i.e. positive normalized elements of the topological dual
of €) of the compound system.

We will prove that the initial state w{*? = w! ® wf € S(¢), where a —
wg(a) i= (laltp) for a € B, will evolve to the state & € S(€), W = (W) wy +
(1 — w)) wf) ® wf, and where w® € S(B) is the state without particles, cf. 7.4.3,
and 0 < w(vy) < 1 for any of the considered initial state-vectors .

If we ask “which observable is measured by this process”, the relevant answer is—
if we consider only the mathematical expression of the “observable” appearing in the
question—in the expression of the probability w (1)) as a diagonal matrix element of
apositive operator W = W, between the state vectors of the particle’s initial state 1):
w(y)) = (1p|W]t)). The operator W,0 < W < 1, W # W2, replaces here the usual
appearance of a projector from the PM of measured selfadjoint operator in the cases
of ‘ideal measurements’, cf.also [149]. Our simple specific model represents more
general instances of measurements: The ‘nonideal measurement’ is described by
a POVM (=positive operator valued measure). Hence, our model illustrates the
concept of “generalized observables” introduced in [84, Sect.3.1], cf. also our 7.3.6
and 7.3.7, and its usefulness. The quantity w(y) = ()| W|v) has to be interpreted as
the measured probability of one of two possible results of a two-valued observable
of the particles prepared at r = 0 in the state ). A verbal expression of the intuitive
physical meaning of “the particle’s observable W might be here just something like
“what can be registered by this specific measuring apparatus”, with two different
pointer values: to be or not to be registered by this specific apparatus.

7.4.3 Notation We shall use the following symbols:

1. The state without particles could be defined in a standard way, e.g. as the vacuum
state in the Fock representation, where the algebra of observables of particles
is constructed by creation-annihilation operators, cf. [38]. To avoid this (here
unnecessary) complication, we shall define the no-particle state as the normal
linear functional w{f e S(B) onB = L(H3p), wg b~ w(lf (b) (remember that
dim Hp = o0) such that

wy () =1, if b = Ir,5 wy (b) =0, if b= [Pn){¥nl, ¥; € Hp.

This will give equivalent results of our considerations to those obtained from the
considerations using the formalism of nonrelativistic quantum field theory.
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2. Let us introduce also the symbol 'H 4 for the Hilbert (sub-)space of the chain
generated by the vectors {|m) | m = 1,2, ...} introduced in (7.3.12). We shall
use also: U, == exp(—itH) with H from (7.4.5), and 1,c := e ce """ for
c € €. The vector 2y = |0) is defined in (7.3.2) and (7.3.3). We shall also use
Q= QX, x €Hs.

3. Let p € Hp, |l = 1, be the vector appearing in the interaction Hamiltonian
Vo in(7.4.4), and let 1 € Hp be the (also normalized) initial state-vector of the
particle. We shall introduce the symbols F°(¢), g(¢) , and F(t) as:

FO(t) = FJ)(0) = (ple ™" 10), g(1) := F()(1) = (ple™"" |¢p).
. ' J (7.4.6a)
F(t) = Fp()(1) := (0] ® 0le™"710) @ |9) = (Qfle™" " |2p).

(7.4.6b)
where H := Hy + Hp + vV, is the total Hamiltonian of the compound system
(7.4.5).

The symbols f,,(t), f(t) will be also useful abbreviations (cf. (7.3.24)):

(@) := (m]e” a1y = (=)™} ? Ju2t), m=1,2,... (147
@) = g@) fi(1) = (@l @ (1l M1 @ ). (74.8)

4. To restrict a function t +— h(t) defined on the whole real line t € R to the pos-
itive (resp. negative) values of its argument t € Ry (resp. R_), we shall use the
(Heaviside) 0(t)-function equal to zero for t < 0 and equal to one fort > 0. We
shall denote these restrictions as h4(t):

hy(t) :==0@)h(t), resp. h_(t) := 0(—t)h(t), t e R. (7.4.9)

Such restrictions f > f will be useful here, e.g., for rewriting certain equations
in the convolution form.

5. The convolution f x h(t) of two complex-valued integrable functions is defined
by

+o0
f*h(t) =/ dr f(t — Th(T) = h * f(1). (7.4.10)

o0

For more details on existence conditions of convolutions see e.g. [262, IX.4].
The operation * is not only commutative, but also associative. It can be trivially
extended to functionst — h(t) definedfort € R", aswell asto some other classes
of functions and of distributions, see e.g. [262, 324].

6. Let us define and denote, for purposes of the present section, to any integrable
function h € L'(R), its Fourier transformed function F(h) = h:

+o0
h(u) = F(h)(u) := J%Tr/ e "h(t)dt, u € R. (7.4.11a)
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In the case of higher dimensional arguments of the C-valued functions h €
L' (R™) the analogous formula applies:

h(u) = F(h)(u) = Fh(t)) @) := 2r)"2 / e "ht)d"t, u e R".

' (74.11b)
The inverse F~' of F defined on the image h = F(h) has the similarly looking
form:

ht) = F ' (h) () = Fh(—u)(t) = (27r)—%/ é"h(u)d"u, t € R".
(7.4.11¢)

Generalizations to various classes of functions h and also to tempered distribu-
tions is very useful in process of solution of various equations. Many important
properties of the Fourier transformation can be found, e.g. in [262, 324]. One
of the most useful properties of F is the possibility to extend it from L'(R") to
a unitary transformation in the Hilbert space L?(R")—the Plancherel theorem:
The scalar product (-|-) is invariant with respect to the transformation F; for
©, ¢ € L? itmeans: (@|Y) = (@WA)). Moreover, the following important property
concerning the interconnection between the convolution and the Fourier trans-
formation is valid:

Fhy xhy) = QM) F(h)F(hy) = 2m) 2 hihs, (7.4.12)

with the pointwise multiplication of functions.

For the proof of our main result formulated in Theorem 7.4.8, we shall also need
several following lemmas. The first one together with its proof can be deduced from
[151]:

7.4.4 Lemma. Let H be a lower-bounded selfadjoint operator on a Hilbert space
‘H, with its spectrum sp(H) > a. Then, for any two nonzero vectors @, ¥ € H, it is:

(a) either (ple” ™ |yp) =0, Vt € R,
(b) or{ple ™|} # 0 fort in an open dense subset of R of total Lebesgue measure.

If the above chosen ¢ is fixed, then the set of all 1) € 'H satisfying (a) forms a
closed linear subspace of H,, hence the open complement in 'H,, of this set consists
of those v € H which satisfy the point (b).

Proof. Let A — E () be the projection measure of H. According to the functional
calculus (cf. e.g. [262]) it is

(ple” ™|y = / dAe Ml Eg (V)[Y). (7.4.13)

This function of time ¢ € R can be analytically continued to the lower complex
half-plain of ¢, i.e. extended to ¢ +— t —ic =: z, € > O:
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{ple™" M y) = / dAe TN ER(VIY) = (ple M [y), Imz <0,

‘ (7.4.14)
which is analytic in the open lower complex half-plain of z and continuous in the
closed lower half-plain, hence also on the real line z = t — ie — ¢t — i0+. Assume
that (iple~"|y) =0, V¢ € I C R, where I is an interval of positive length. Then,
according to the Schwarz reflection principle, the analytic function z > (|e =" |4))
is complex-analytic also on this interval 7, hence it is identically zero also in lower
complex half-plain. Due to its continuity on R, the function ¢ — (ple ™" |y) =
0 (vt e R).

In the other cases, there is no interval of nonzero length / C R on which the
function ¢ > (p|e~""H |+)) identically vanishes. Since it is continuous, it is % 0 on
open intervals composing an open dense subset of R. But union of all these intervals
is a set of total Lebesgue measure on R, as is shown in [151]. Hence the function
t — {ple " |1h) # 0 a.e. with respect to the Lebesgue measure.

Linearity of the set of the ¢’s satisfying (a) is clear. That this subspace is closed
in H, follows from the norm-continuity of the matrix elements v > (p|e =" |1));
the last assertion follows from the other proved assertions of this Lemma. ]

7.4.5 Lemma. The condition ¢ € D(R?) for the choice of the vector © occurring
in the definition of the interaction Hamiltonian in (7.4.4), as well as the condition
Y € Hg N LY(R?) for the choice of the particle’s initial vector 1, both imposed in
the Theorem 7.4.8, guarantee the following properties of the functionst +— F, 2 W) (@)
(7.4.6a) of the time variable t € R:

F)@) e LPR)NL'R), g=F(p) e L>®)NL'R). (7.4.15)

The set L'(R3) N L2(R?) > D(R?) is dense in Hp together with D(R?).

Proof. According to the Theorem IX.30 of [262], there is for ) € L'(R3) N L2(R?):

. . 3
ess sup e "Mrpx)| = [le oo < 1t72] 1Y ]l1. (7.4.16)

xeR3

The function ¢ has finite support, say ¢(x) # 0 = |X| < R < oo. Let us denote by
B C R? the ball of radius R containing the support of ¢. Due to the implication
x € L2(R?) = |x| € L*(R?), we have

(le s )] < / Ex )] - le ()] <

By

/ & [o(x)] - ||¢3||1 _ ||80||1||¢||1_ (7.4.17)
Bg

3
|r2] |r2]
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But the matrix element of a unitary operator between two normalized vectors in Hp
is bounded by unity: |F£ ()(®)] < 1, hence we have

~ellilh
’ 3

[(ple™""H84p)| < min { 1
|r2

}, forallt € R, (7.4.18)

and the obtained estimate is

el lldll
_—

F2@ 01 6 (Aehlvin’ = 1) +6 (1= dhohitvin?) == 7

(7.4.19)

The function t +> |¢=2|6(|¢| — k), k > 0, belongs to L!(R) N L2(R), hence Fg(w)
also belongs there V¢ € L' (R?) N L?(R?). Since also our ¢ € D(R?) C L'(R*) N
L?(R?), the both relations in (7.4.15) are proved. The density of D(R?) in L2(R?) is
easily seen, cf. e.g. [324, 1.1.7]. |

74.6 Lemma. Let G € L'R")NLP[R") and G' € LPR")NLFMR") (1<
p < 00), where L§’ is the space of (essentially) uniformly bounded functions con-
verging to zero at infinity. Then the convolution G + G' € L¥ N L{’.

Proof. According to the Theorem 1.3. in [298], |G * G'||, < |G| - |G’ », and
also |G * G'|loo < |Gl - |G’ |loo> hence G x G’ € LP N L. It remains to prove
the convergence to zero at infinity.

Let us choose 6 > 0. For any such § there is a 75 > O such, that V |7| > T; =
|G'(T)| < 6. Then for |t| > Ty itis

|G *xG'(t)] < / d'r |Gt — TG (1) + 6 d"r|G(t — 1)
|7T|<T5 |7T|>T;5
<G lle (T5)  sup |G| + J (G, (7.4.20)
[n1=1[¢1—=T5]

where 2, (T) is the Euclidean volume of the n-dimensional ball of radius 7. With
any fixed 4, the supremum converges to zero with |¢| — co. Hence, by a convenient
choice of § > 0 and for sufficiently large |¢|, the right hand side of (7.4.20) can be
made arbitrarily small, hence the left hand side converges with |¢| — oo to zero. [J

A similar useful Lemma for functions of # € R restricted to R claims:
7.4.7 Lemma. Forh € L'(R)NLPR) and k € L' (R) it is:
hy xky € L'R) N LF(R). (7.4.21)
Proof. Againfrom the known L?-estimate [298] thereis iz, x k. € L'(R) N L®(R),

and also ||h4 * ki ||, < |4l llk4l1 for p =1, co. Let us prove the convergence to
zero. It is
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hy xky(t) =0() /i dr[h(t — T)k(T) + h(D)k(t — 1)1, (7.4.22)
0

and the needed estimate is:

+o00
hy ki (] < 0(0) |:||k||l sup |A(T)| + ”h”oo[ dr Ik(T)I]. (7.4.23)

t
’T>§ 2

The first term on the right hand side converges for ¢+ — +o00 to zero because the
function & converges to zero. The second term converges to zero due to integrability
of k € L'(R). This shows that ;. x k4 € LS. The assertion is proved. O

We shall give here a proof of the main result of this section:

7.4.8 Theorem Let the dynamics of the compound system: nonrelativistic point
particle B (as a “detected microsystem”) and the one-dimensional spin chain A,
described in Sect. 7.3 (as a “detector”), be given by the Hamiltonian (7.4.5) defined
in the ground-state representation (corresponding to the state wf of the chain with
“all spins pointing down”).

Let the particle’s initial normalized state-vector be 1 € Hg N L'R3 =
LR N L'(R?), and the initial state of our half-infinite chain be wf from (7.4.2).
The normalized vector ¢ € L*(R3) occurring in the Hamiltonian H in (7.4.4)
will be chosen as a rapidly decreasing C®(R>) function with compact support:
pE DR c Hp N LY (R, To ensure a nontrivial interaction of the particle with
the chain, let us assume that (cf. Lemma 7.4.4)

FO@W)(t) = (plexp(=itHp)|Y) #£0, 1 €R. (7.4.24)

We require, moreover, a condition on the upper bound of the interaction constant vy
to be fulfilled:

0 < ||vgll <2, (7.4.25)
with g = Fg(go).
If these conditions are satisfied, then there exist, for alla € A, b € L(Hp), the
limits

lim w*P(ab) = (w@) wi(a) + (1 —w@)) w] (@) wg b)), (7.4.26a)

with wA%B (ab) := (1 @ Qle!a @ be " |Q) ® 1),

ie.

w*- lim wi“® o = w* lim W = (W) wi + (1 —w@) W) @ w.
—00 11— 00
(7.4.26b)
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The probability of the detection w(v)) is here positive: w(v¥) > 0, and, moreover,
it depends on the initial state 1) of the particle as:

V= QW) = (PIW,[0) = w(y), (7.4.27)

where W = W, € L(Hp) is a positive operator 0 < W,, < I3y, independent of 1.
Moreover, for sufficiently small nonzero interaction constants v € [—7o, Yol C R it
is sz # W, hence W, is not a projector.

Proof. Let us use the notation introduced in 7.4.3. We want to prove the existence of
the limit (7.4.26) first. Let the state-vectors of the chain |m), m =0, 1,2, ...00be
defined as in (7.3.12) with |0) := €. The Hilbert subspace K = (H, @& Hg) ®
‘Hp of the state-space of the (initial-state representation of the) compound
system “the spin half-chain & the particle” generated by vectors |m)®|v) (m =
0,1,...),%v € Hp, is H-invariant, hence also invariant with respect to the time
evolution U; = exp[—it(H, + Hp + vV,,)]. Let P be the orthogonal projector onto
KC. Let us define the partial isometries P, in K by

Pumlk) ® [10) = Spiln) ® [1), forall p € Hy, n,m,k=0,1,2,... (7.4.28)

Let P, := P,,, Vn. Denote also by P;, ¢ € Hp (||[¢||2 = 1), the one dimensional
projector |1)) (1| in H . Clearly Py = Qé = |0) ® |¢), andforallk,l,m,n € Z,
it is

oo
P = Pun, PPy = 011 Pum, Z P, = Px. (7.4.29)

m=0

We shall write elements x =a ® b € A QB as x = ab (hence also a =a ®
Iy, b = Iy ® b), if a confusion would be improbable. So, we are looking for limits

wuy:gyxwaxxeﬂ®%=e (7.4.30)

We shall see that the limits (7.4.30) for x € 2 C € are expressible in terms of
W(Pyun). The very well known Dyson equation (7.4.31) expressing the unitary evolu-
tion group U; = exp[—it(Hs + Hp + vV,;)] of a system with the interaction vV, in
terms of this interaction and of the free system (without interaction) evolution group
U (t e R):

t
zn:lﬁ—47/<hU£J@Uﬁ (7.4.31)
0
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with UZO 1= exp[—it(Hs + Hp)], will be used repeatedly in our work here. We shall
work in the Hilbert space /C (for # < 00). The restriction of the interaction Hamilto-
nian V,, to the subspace K has the form

PV, = (Py + P]o)P,p. (7.4.32)

Due to the commutativity of Ut0 with Py, we obtain for m # 0 after the insertion
from (7.4.32) into (7.4.31) :

t
P,U,Py = —ivy f dr P,UL_ PiyP,PoU, Py. (7.4.33)
0

For m = 0, we obtain similarly:

t
PoU, Py = PUY — iy / dr U Py P,P,U, Py. (7.4.34)
0

Substitution of (7.4.33) with m = 1 to this equation leads, after a linear change of
integration variables, to an integral equation for PyU, Py:

t t—t'
PoU, Py = PyUY — +* / dr’ / dr U ,_ Py P,U'P,PioPyUy Py. (7.4.35)
0 0

Also the commutativity of P, with P,,, was used here. Since U := ¢~ leaves
the vector 2 invariant, it is also Py U,O = Pyexp(—itHpg), and with (7.4.8) we have:

Po1 PLU P, Pio = (ple ™ |o)(HTUA 1) PPy = f(T) P, Py. (7.4.36)

The integral equation (7.4.35) can be rewritten now in the form:

t t—t'
PoU, Py = Pye "M — 2 / dr’ f dre "D P f(T)PoUy Py, (1.4.37)
0 0

With the symbols from (7.4.6a) and (7.4.6b), by taking the matrix elements of
both sides of this equation as in (7.4.6b), we can write the equation for F(¢), cf.
Notation 7.4.3:

F(1) = FO(t) — ~* / dr’ f dr gt —1t' = 7)f(DF({). (7.4.38a)
0 0
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If we take the restrictions of these functions to the values of the argument ¢ > 0
according to (7.4.9), we can rewrite (7.4.38a) as a convolution equation, cf. also
(7.4.10)°:

Fi=F) —+g. x fy % Fy. (7.4.38b)

We shall express now the quantities wlA&B (P,,) in terms of the Sect. 7.4.3, with a
help of (7.4.33):

t t
wA%B () :%/0 d//o Adt"FAYF (") g(t' — ") font — ) fn(t — 1), m = 1,2, ....
(7.4.39)

To obtain a similar expression for w;*¢® (Py) we shall use completeness of the set
of projections { P, : m € Z,} in the subspace KC, cf. (7.4.29). We can sum over m in
the argument of w%5(-) in (7.4.39) because of normality of the state w4 € S(€)
for finite #. After the summation we can perform also lim,_, .. Summation over m
in (7.4.39) can be performed under the integral signs due to Lebesgue dominated
convergence theorem, cf. the definition of f,,. The completeness of the orthonormal
basis { |m)|m = 1,2, ...} 1in H4 gives also:

D Fut =) fult =) = fit —1"). (7.4.40)
m=1
‘We then obtain:
W (P =1-77 f de’ / dt" F(YF (") f(' —1"). (7.4.41)
0 0

To see the asymptotic properties of w/*E(P,) (t — +00), we shall need some
properties of the solution F () of (7.4.38). We shall obtain them by expressing the
solution of the Volterra equation (7.4.38b) in the form of (Carl) Neumann series

o0
Fi=) (—7gs x f42)"FY, (7.4.42)
n=0

converging uniformly on any bounded interval for any ~ and any continuous f, g.’
Since the free particle Hamiltonian H := p> has an absolute continuous spectrum,

SNote that, due to time-reflection symmetry of all the systems considered here, quite analogical
equations and the corresponding results could be obtained also for the function 7 — F(—t), t > 0.

7To see this, calculate Zﬁio (hyx)"(t) for h = const.
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the functions F°() and g(t) from (7.4.6a) are continuous converging to 0 for ¢ —
oo. With our assumptions it is (see also [262, Sect. IX.4]) |f(®)| <1=|flh <
lgllt = 2llg+|l1. This implies

17294 * fielli < Y lgslln - I fell < 1, (7.4.43)

which is a sufficient condition for also the L'-norm convergence of the series in
(7.4.42). In this way we obtained (cf. also Footnote 6)

F e L*R) N Co(R). (7.4.44)
We conclude from the preceding that

lim wrB(p,) =0, forallm > 1. (7.4.45a)
—00

The corresponding limit for m = 0 is obtained from (7.4.41). Written in the form
of the scalar product (e, o) € C in L?(R), it has the form:

lim WAB(Py) = 1 —~A*(Fy, Fy % f). (7.4.45b)
—00

We can prove the assertion (7.4.26) of the Theorem now. Since the space K of the
used representation of € is time invariant with respect to our dynamics of the interact-
ing systems, we shall restrict our work to investigation of the limits lim,_, oo w42 (ab)
for a = Py, m,n € Zy, resp. a = Iy, , and b = |¢1){(¢Ys], 1; € Hp, tesp.
b = Iy,; for possibly more details cf. [38].

Let [2)) 1= exp(—itH)|0) ® |v)) = [2,(1)). [Q0(1)) :=10) ® |1};). On the
basis of the following elementary estimates:

(W E (Pnb)| = |(Pu 2 | Punb Pa 2]} < ||b||\/w;‘&B(Pm>w;*&B(Pn> (7.4.46)
we obtain from (7.4.45)
lim w8 (P,,b) =0, form +n > 0. (7.4.47)
=00
Let us calculate now for arbitrary 9; » € Hp

WASB (Polbr) (1ha]) = (R 120 (101)) (Qo (1) |12]). (7.4.48)

We find, according to the notation from 7.4.3 (3.) (used now for arbitrary ¢, 1) €
‘H ), and according to the Eq. (7.4.38), that

(QoWHIQY) s = (Qo)| PoU, Pyl (1)) +
= Fp @)+ (1) = VF) (@) * frx Fur).  (74.49)
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It follows from (7.4.44) that the right hand side of (7.4.49) converges with ¢t —
+00 to zero, hence also the right hand side in (7.4.48) converges to zero (for all 1);).
Hence

lim WAB(Pol4py) (1ha]) = 0, forall b 5 € L*(R®) = Hp. (7.4.50)

Let us note that a different situation appeared in the case b := I3, in which case the
equation (7.4.45b) is valid.

It remained to find the limit of the expressions wA¥E (1)) (1)a]) = wA%B (I3, ®
[11)(12]). Because we are working in the time-invariant subspace C C Hy,e ® Hp,
and the projection onto itis Pxc = Y _»_ P,,, we shall write this sum instead of I,
in w%®. The summation over m in its argument should be done, however, before
performing the limit lim,_, o w48 (P, [1)1) (12 ]).

With the help of (7.4.33), we can obtain

WP (Pl (Wal) =2 [y dt’ [g di" Fa)F (") FQ () (¢ — 1)
FXW) (" = 1) fu(t = 1) fut = "), (1.4.51)

Let us introduce the functions G (7', t”) and g(¢1, ) (¢, ") of {t', "} € R*:

G(',1") := Fr(t)Fy(1");
9@, ) (A, 1") = fi(t” — )V FY () (=t ) FQ (o) (—t")

where e.g. Fg(z/J),(—t) = 9(—t)F£(¢)(—t).
A use of (7.4.40) leads us to:

WP (P — PO)lYn) (al) = 7 fo dr’ fo dt"F(t)YF (") FY(p) (' — 1)

W) (" = 1) fi(t = 1")
= 7 G * g1, o) (1. 1), (7.4.52)

where * denotes the 2-dimensional convolution. From the given properties of the
entering functions (cf. also our Lemma 7.4.6, and the LP-estimates in [262, 298]),
and with the use of (7.4.50), we obtain the desired result:

Jim WP () () = 0, 4 € Ha. (7.4.53)

The existence of a limit state @ := w*-lim,_, ;.o w**® according to (7.4.26) is
proved; its form as a product state (7.4.26) in S(2 ® B) can be seen by checking
its values on elements of A ® B, cf. also [38] and [90, 1.4.5. Proposition 2]. By
comparing the definition in 7.4.3 of the no-particle state w® on B with our results,
and considering the results (7.4.45), (7.4.47), and (7.4.50) (together with (7.4.53))

we finally obtain:
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w = w"- lim w;“&B = (w w? + (1 —-w) wf) ®w£, with w := ~*(Fy, Fp % f).
11— 00
(7.4.54)
Let us show next that the probability w in (7.4.54) is positive and has the form

w = (Y|W, ), where W, € L(Hg), 0 < W, # W2, (7.4.55)

where ¢ € Hp is the initial state-vector of the scattered particle.

Remember that the function f does not depend on the initial state ) of the scattered
particle, (7.4.8). The function ¥ = F(t) = F,(¥)(t), ¢ € Hp is, according to its
definition (7.4.6b), a bounded linear functional of the initial state-vector v, and the
same is valid for F (¢). Hence, the probability w =: w(%) in (7.4.54) is a quadratic
function of 1) € Hp. We can rewrite it, by applying to it the polarization identity,
into a sesquilinear form dependent on two vectors ©;, ¢, € H g being “occasionally”
chosen in the expression of w (1)) to be equal: 1 = 1, = 1. So, letus write w(y) =:
W, 1), and define:

1
W) =7 D awlo + 1) (7.4.562)

a==i,+1

which is the wanted bounded sesquilinear form on H g depending on v, antilinearly;
hence, it can be written as a matrix element of a bounded linear operator on H . Let
us denote this operator as W,,:

1
(W1IWy [g2) = W@ o) = 7 D0 aWlady + 12, avy +12), Wy € L(Hp),
a==i,+1
(7.4.56b)

and we can write the probability w in the form of a diagonal element of W = W.:

w=w®) =V (Fp()s, Fo)s % f) = WIW,IY), ¢ € Hp,  (7.4.560)

where the first bracket (-, -) denotes the scalar product in L*(R), and the second
one: {-| e |-) is a matrix element in Hz = L*(R?). If we notice that the function f
from (7.4.8) entering (7.4.56c) is of positive type (because it is a diagonal matrix
element of exp[—it(Hy + Hp)]), cf. [262, Theorem IX.9], and if we reconsider
the (commutative) convolution operation f in (7.4.56c) as a linear operator f* €
L(L*(R)), we can immediately see that the operator W, is a positive operator on
Hp, W, = 0. It remains to check that the matrix element ()| W, [1)) in (7.4.56¢) is
different from zero, if the assumptions of our Theorem are fulfilled.

To proceed further, let us rewrite the expression (7.4.56¢) of w in terms of Fourier
transforms.
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Let us take Fourier transform of the Eq. (7.4.38b) for F(t) = F,(¢)(¢). We shall
use the notation®:

Fy(u) = F(F,(0) 1 () @) = F (O - Fo(1)) (), (7.4.57a)
and similarly for other functions gy + g, fi f+, or also
F(FY) = (FO) = F) = F(FOW)1(e) = FO - FOW)). (7.4.57b)
‘We obtain then from (7.4.38b) the transformed equation:
Fo=F'—2r~% 4, f F.. (7.4.58)

which can be solved immediately:

-0
Fr(u) = it SOV Y (7.4.59)
142792 gy (u) fi (u)
or in another form
0
F(F)u) = IS (7.4.59b)

142792 F(g+) @) F (f)(u)

This is the Fourier transform of the explicit expression (7.4.42) of the solution of
(7.4.38) obtained with the help of Carl Neumann series.

Let us rewrite the expression (7.4.56c¢) for the probability w (1) = (| W, |v) with
the help of (7.4.59) (remember the notation (7.4.6b)):

|FO(u)[?
11+ 2742 G (1) fo () 2
(7.4.60)

WIW,10) = (Fy, P fy =327 [ au fan

Letus investigate properties of the above integrand in some details. Let us express first

the function fy(u) = F(fi-g-0)(u)= V27 fi % Gy (u) = V27 F(fi - 0) * §u).

The Fourier image fi(u) of fi(¢) = % J1(2t) can be obtained with a help of its
integral representation taken from [129, 3.752-2]:

1
fi@) = % Ji(2t) = i/ cos(2rx) v 1 — x2dx. (7.4.61)
0

™

8This notation should not be confused with F(F), := 6 - F(F) = (I:")+, differing by the place
where the sign “+” occurs.
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We can rewrite this expression to the forms
1 [? .
filt) = — / e'"\/4 —u2du
271' 2
1 +o00 )
= — MO — |ul) V4 —u?du
27 J oo

= |:]—'" (J%TT 02 — |ul) ﬂ)] ). (74.62)

hence, we obtain from (7.4.62) the wanted Fourier image immediately:

fw = F(fw) = \/%_WQ(Z— lul) v4 — u?. (7.4.63)

The expression (7.4.61) of f] leads, in agreement with its definition (7.4.7), to the
estimates

4 ! 4 !
—/ dx|costx)|vV1 —x2 < —/ dx 1 —x2
™ Jo ™ Jo

[fi)] <
4 (2 )
= —/ dacos“a =1, (7.4.64)
™ Jo

where we used the change of the integration variable x := sin«, the identity
sin? o 4 cos” o = 1,and the symmetry properties of the goniometric functions. Since
both functions fi, g are continuous, g(¢) = (i, exp(—it Hz)), ¢ € D(R3) = the
Fourier image (» € S(R?) is an entire analytic function of three complex variables
[262, Theorem IX.12], the function ¢ + g(¢) # 0 (a.e. for t € R) according to
Lemma 7.4.4, and the continuous function f(¢) is not constant, hence the func-
tion | f1(t)| < 1 on certain intervals of R, the estimate for L'-norms gives:

If 1= 1A gl < llglh. (7.4.65)

hence we have here obtained the sharp inequality. From the definition of the Fourier
transformation it is seen that the following trivial inequality is valid for any function
h e L'Y(R):

A 1
Al < —=IInll1. (7.4.66)
00 \/E 1
These considerations give an estimate for the denominator in (7.4.60) by

12772+ Filloo < 2792195 looll Filloo < Y2 Nlgs il fi
2 2
v Y
= ol flh < - lgll (74.67)
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This proves, also due to the condition || g|l; < 2 in (7.4.25), that the denominator
of the integrand in (7.4.60) is everywhere different from zero and finite.

Another part of the integrand in (7.4.60) is the function f =F(fi-9) = % fl *
g. The Fourier image of g(¢) = (p| exp(—it Hp)¢) is

1 400 ) A
) = —= / e (ple M) dt
2 —00 4 4
1 +o00 . +o00 -
= — dre ™ / dhe "ol Eg, (VN ]p), (7.4.68a)
kY, 27 \/—oo 0 o

where Ep, (A\) = Epy, ((—00, A]) is the projection-measure of the selfadjoint operator
Hp. Because the spectrum of Hp is positive (and absolutely continuous with respect

to Lebesgue measure on R), and the function g(¢) is proportional to the Fourier
image of A — (@|E g, (A\)|p), one has

gu) = 0(=u)F(9) () = V2m(p|Ep, (—u)|p). (7.4.68b)
This can be rewritten in the “p-representation”, which allows us to see better the

dependence on the specific functions . We shall write the element of the solid angle
¢ in terms of the Euler angles 6, ¢ in R? as d¢ := sin#df dy, and the function

B0) = 3(p. 9) (p = IpD. s
)= (ele ) = [ & Eme o)

+o0
= / dp p*e”" / do|p(p, d)*,  (7.4.68¢)
0 4

which, after the change of variables A\ := pz, leads to

+o00
g(t) = %/ d)x\/Xe’i”\/ do |p(VX, )% (7.4.68d)
0

47

this has the form of the Fourier image of

F ) = 9<A)\/§ VA /4 do 1p(VA, B)I%, (7.4.68¢)

and the Fourier image ¢ has now the form

) = gw) 0(—u) = F 1 (g)(—u) = 9(-“)\/§V —u / do |p(v—u, ¢)I*.
" (7.4.68f)
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Similar considerations could be applied also to f(t) = () ® ¢|exp(—it(Ha +
Hp)) |21 ® ); the spectrum of H4 from (7.4.1) acting on the Hilbert space H,,. of
the used representation consists of a single eigenvalue {0}, and of absolutely continu-
ous partconsisting of the interval [ -2, +2] C R, which can be seen from the Sect. 7.3,
and from [36]. So the function f () = Ql|exp(—thA)|§21) (plexp(—itHp)|p) =
fi1(®)g(t) has the Fourier image f(u) 2m)~ 2 f1 x g(u), which with the help of
(7.4.63) and (7.4.68f) gives

fau = fixgu) = dr fi(n)§u — 1) (7.4.69)

1 1

N E/
2 J—

_ %f dn/4—72,/%0(7—u)f dé (VT —u, &)
2 4

Remember that ¢ € D(R?), hence its Fourier image ¢ € S(R?) is an entire
analytic function of three complex variables, so that the function p > | 4 40
|o(p, #)|*> > 0, ae. for p > 0. Then (7.4.69) implies that f(u) =0foru > 2, and
f(u) > 0 for almost all u < 2.

For checking finally the conditions of the positivity of w(v) from its expression

(7.4.60), we have to check under which conditions it is |F2 )02 —u) >0, ue
S C R, for some S of positive Lebesgue measure.

Let us assume that F O(u) = 0 in some nonzero interval: u € I C R. The func-

tion ng(u) f e~ (| exp(—it Hp)|1) dt, cf. (7.4.6a), can be continued
to a function analytlc in the lower complex half plane Imu < 0 and continuous
on the real axis R. The identical vanishing of this function on an interval / C R
would imply (with the help of the Schwarz Reflection Principle) its analyticity on
I, and consequent vanishing everywhere in the analyticity domain, hence also on
the whole real axis (i.e. vanishing also on the boundary of the analyticity domain).

The identical vanishing Fﬂ (u) =0, Yu € R, would imply, however, the identical
vanishing (p|exp(—it Hg)|v) = 0, which contradicts (7.4.24). This proves that, for
72 > 0 satisfying (7.4.25), it is (1) W, 1) > 0, iff v satisfies (7.4.24). Since the con-
dition (7.4.24) does not depend on the parameter ~y, the subspace of Hp consisting
of those vectors 1) for which it is (¢)|W,|+¢)) = 0 does not depend on ~y, hence also
its orthogonal complement 7y C Hp is independent of v, cf. Lemma 7.4.4.

It remains to show that, at least for some values of v € R, it is Wf # W, i.e. that
the positive operator W, is not a projector. For any nonzero orthogonal projector
P € L(H) there exists a subspace PH = Hp C H such that for any normalized
vector ¢ € Hp itis (| P|y) = 1, and for all vectors ¢/ from its orthogonal comple-
ment: 1) € H := H © Hp,itis (1| P|p) = 0.If an operator W, would be a nonzero
projector, for all the normalized vectors 1 € Hy it would be (1p|W,|) = 1. Such
a 1) would necessarily satisfy (7.4.24), and then (1| W, |1) > O for any ~y satisfying
(7.4.25).

For any given normalized v satisfying (7.4.24), the numerical function 7> >
(| W, 1)) expressed in (7.4.60) is continuous and monotonically increasing in
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a nonzero interval 4> € [0,12] C R. For an arbitrary normalized v € Hgp, it is
(WY|Wy=ol®p) = 0, and it is 0 < (| W, |) < 1 for all sufficiently small || > 0 and
all normalized ¢ € Hp. Hence, at least for sufficiently small nonzero v € R, it is
(| W,|9) # 1 for normalized ¢ € Hy, so that WA% # W, i.e. the positive operator
W, is not a projector. The theorem is proved. (]

7.5 The X-Y Chain as a Measuring Device

7.5.1 The X-Y chain
Let us formulate first what we understand here under the “X-Y chain” (cf. [267], and
also [35, 107, 271])—a special case of the Heisenberg spin chains:

It is again a model of one-dimensional spin chain with C*-algebra of observ-
ables 2 generated by spin creation-annihilation operators a7, a; (j € Z), as it was
introduced in 7.3.2. The algebra 2l is the C*-inductive limit of the sequence of its
local subalgebras 2, (n € N), each generated by a}f, a;j (|j] < n). The dynamics in
any subalgebra 2, is given by the local Hamiltonian H, (without interaction with
external magnetic field):

n—1

H, = — Z (@aj +d,,a)), (7.5.1)

j==n

where k € R. These local Hamiltonians define the time-evolution (z; x) — T,(") (x)
of local elements x € 2A,;:

0 (x) = erxe " x e, neN, 1 € R. (7.5.2)

The evolution in the whole algebra 2l is obtained by taking first the limit n — oo
in norm of 2 for any fixed ¢ € R and any local x € 2, and afterwards obtaining the
result by the norm-continuity, extending it to all x € 2:

7(x) :=n- lim 7" (x). (7.5.3)
n— o0

Note that the term “X-Y model” comes from the form of the hamiltonian if it is

rewritten in the terms of Pauli o-matrices : aj? = aj +aj, o’ <

v ' ji=laj—iaj, 0j:
2ajaj — 1, 1.e.

K ,
H = ZZ(U;U}CH +U]y.aj+]). (7.5.4)
J

We shall write often H instead of H,, also without specifying the local characters
of the entering algebraic elements x, or A € 2, ..., to simplify the notation and the
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corresponding comments; the reader could easily add the necessary specifications
on his own.
We shall use the known formula to express the automorphism (7.5.3):

oo .

A A "

eltHAe—ltH — § %[H’ 14](”1)7 (7'5'5)
m=0 :

where [H, A]©) := A, and higher elements are recurrently defined with a help of the
commutator [H, A]'V :=[H, Al= HA — AH:

[H, A"V .= [H, [H, A]"]. (7.5.6)

The application of (7.5.5) to norm-bounded elements A (with also H < H,) makes
no principal problems, but calculations of time evolved elements in (7.5.5) of e.g.
A < a; is technically complicated and it is much easier to work, instead with the
spin operators a;, with elements b; € 2 satisfying the Fermi canonical anticommu-
tation relations (CAR). This can be reached by the Jordan-Wigner transformation
([171], and also [106, Chaps. 3, 2]):

j—1
bj=a; [[ (1-2afa). b} := (b)) (7.5.7)

k=—n—1

for |j| < n. Although these elements become to be nonlocal with n — oo, their
bilinear combinations remain local, and this is sufficient for our calculations. Note
also that there is the inverse transformation expressing a; in terms of b;, which has
the same form as (7.5.7) after the exchange a; x <> b 1.

The elements b;, by, j, k € [—n, n] satisfy CAR:

[bj, bk]+ = O, bjblt + b;:bj =: [bj, bZLL = 5jk- (758)

The local Hamiltonians H, from (7.5.1) can be written now as

n—1

K * *
Hy =5 > (Bibjar +b%, b)) (7.5.9)

j=—n

We can calculate now the time evolution of the elements b; € 2[. We shall need
later the estimates for 7;(a}a;), and due to equality aja; = b}b; the explicit expres-
sions for 7,(b;) will be sufficient for us. We can use (7.5.5) to calculate 7;(b;). One
easily checks that the multiple commutators have the form:

[H.b;1™ =" "™ (p)by. (7.5.10)
P
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where the c-number coefficients c;m)( p)(m e Z,, j, p € Z)satisfy following recur-
rent relations:

(p) = S (p - D+ p ), 351D

where ¢©(p) = Sop ™G —p) = cj.m)(p).

It is seen that the coefficients cﬁm)( p) depend on p — j only: they are expressible
as linear combinations of the Kronecker deltas d; .. Notice also that c"M(=p) =
cm( p), Vp € Z. Note moreover that for each m > 0 only finite number of the
coefficients ¢ (j — p) is nonzero.

From (7.5.5) and (7.5.10) we have:

(b)) =Y Ci(j — k) by, (7.5.12a)
keZ
where .
Cir)=Y L2 ™ (r) (7.5.12b)
t . o m‘ . D

The Bessel functions of the first kind J,(t), r € Z,, t € R, can be expressed by
the power series:

o (1 2k+r 1
Jr(r>=k2:;<—1) (5) Tt (7.5.13)

By calculation of coefficients "™ (r) in (7.5.12b) with the help of (7.5.11) and by
comparison of coefficients at equal powers " of the variable r € R in the expressions
(7.5.12b) for C,(r) and in (7.5.13) for J,(¢), we can see that forr € Z, itis

C,(r) = (—i)" J. (k). (7.5.14)

After inserting this into (7.5.12a) (keep in mind that C,(—r) = C,(r) =
(=) Jir|(xt)) we obtain explicit expression for time evolution of elements b; € A,
hence the time-automorphism group 7,, ¢ € R, of 2 in terms of standard special
functions J,, r € Z,.

7.5.2 Interaction with a small system. Let us use the just described X-Y spin chain
to construction of an alternative “model of quantum measurement” now.

Let us represent the algebra 2 in a subspace of the CTPS = ® jez(C? (cf. 5.1.3)
corresponding to the product-vector W, defined as follows: Let the spins on our chain
be well ordered and numbered by j € Z.Let| &£ j) be the states of the j-th spin being
eigenvectors of the Pauli matrix af corresponding to the up-, resp. down-orientations:
a§| 4 j) = | & j). Let then
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Vo= Q) |+./) Q)| — k). (7.5.15)
j=-1 k=0
Let the Hamiltonian of this chain be
K

H() = 5 Z (a;(aj.‘_l + a;f+,a_,-) +

K
0 E (agars + a;ar), (7.5.16)
j=<-2 k>0

which is the Hamiltonian of the X-Y model without the term (a* a9 4+ aga—;). This
chain with the Hamiltonian Hy will play for us the role of the “macroscopic (measur-
ing) system”. The state described by the vector Wy is stationary for this Hamiltonian:

Hy¥, = 0. (7.5.17)

The “measured microsystem” will be an additional 1/2-spin (i.e. it does not belong
to the chain) with the interaction Hamiltonian

K
V=P, ® > (a* a0+ aga_y), (7.5.18)

where P, is the projector in the state space C? of the added spin-microsystem pro-
jecting onto the state |[+) in which the spin “is pointing up”: o%|+) = |+).” If we
write (in microsystem’s state space C?) P_ := I — P, the total Hamiltonian H of
our compound system “micro & macro” reads:

H=Hy+V =HP, + HyP_, (7.5.19)

where H is the total Hamiltonian of the X-Y model (7.5.4). Let the initial state of
the compound system be

Qg 1= o ® Vo, o :=cy|+) +c-|-), (7.5.20)
where (g is normalized: |, |> + |c_|> = 1, and |+) are also normalized eigenvectors
of 0% € L(C?):

Pi|£) =|£), PLP_=0. (7.5.21)
Since, in accordance with (7.5.17),

H(+) ® W) = |4+) ® HY,, H(|—) ® ¥) =0, (7.5.22)

the time evolution looks like:

9We shall omit usually in the following the tensor-product symbol ®, according our preceding
conventions.
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@, :=e Mg =c |+) @ e Wy + c_|—) @ . (7.5.23)

We shall show, similarly as in 7.3, that the pure state state vector &, of the
compound system converges in the limit# — oo to the incoherent linear combination
of two vectors, corresponding to two disjoint states of the compound system (as well
as of the macrosystem-chain); hence this limit is a vector which describes a mixture
of two macroscopically distinct states of the system. It is sufficient to check this
assertion by calculation of the quantities

Gi(ajaj) == (¥ aja;|®;) forj € Z, (7.5.24)
i.e. of
Bi(ajay) = lex* (Yol Te(aja;) [Wo) + le—|* (Wo| aja; [Wo): (7.5.25)

here, the automorphisms 7; are expressed in (7.5.12a).
It can be proved now that the limit w(A) := lim,_ oo (WVo|7: (A)|¥y), A € A, of a
state from (7.5.25) exists, and the states w, wy € S(RA):

B(A) = lim wi(4) = lim (Wo|7i(A)|Wo), wo(A) = (YolA|Wo), A€,
(7.5.26)

are mutually disjoint and macroscopically distinct. We shall prove now existence of
the limits (7.5.26) in (7.5.25) for A = a"]’faj. Itis

1 forj < —1,
wol@iap =1 forj Y (7.5.27)

Since according to (7.5.7) it is ajaj = b’;bj, we can use (7.5.12a) to obtain:

na@ia;) = Db =Y Ci(j —NCi(j —$)bibs =

rs

max[r—1,s—1]
=Y C(j—-nC(-sa [T «-2aay)ta. (1528
r.s g=min[r,s]

where the products [ B, := 1if m < n. Hence

max([r—1,s—1]
wo(r(@jap)) =Y C(j—nC(j—9wo|ary [] (—2a0a)al,
r.s g=min[r,s]

(7.5.29)
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and due to the properties (7.5.15) and (7.5.27) of wy and due to commutation prop-
erties of the a;, aj we see that the terms with r 7 s are zeros. According to (7.5.14)
we have:

+00 too
wt(a;aj)z Z |Ct(j_r)|2w0(a:ar):Zlct(j+r)|2

r=—00 r=1

+00 +00
=Y T =I5 (k). (7.5.30)
r=1

r=I1
According to the known formula [180, (21.8-26)]:
400
1=Jj@+2) R, (7.5.31)
k=1

and due to the asymptotic behaviour of Bessel functions

In() = 0(t™2), meZ, (7.5.32)
we have finally
e . « 1 .
w(ajaj) = tilinoowl(ajaj) = > forall j e Z. (7.5.33)

Returning to the formulas (7.5.24) and (7.5.25) of our main interest, we have
obtained:

Fno(dlay) = ZETwa,(ajaj) = ey > Wajay) + le_ > wolatay). (7.5.34)

The last formula describes an (incoherent) mixture of two mutually macroscop-
ically distinct, hence disjoint states wy, w on the C*-algebra 2l of the infinite spin
chain. This can be checked in the explicit way by calculating values of a macroscopic
observable in the states wy, resp. w, e.g. of the observable constructed from (7.3.29)

N
= w- ngr;o v ,LE,I aya, € 3(A™) C A™. (7.5.35)

According to (7.5.33) and (7.5.27), it is:

1
W) = 3 # wo(y) =0. (7.5.36)
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Hence, again here, a microscopic system interacting with the macroscopic X-Y chain
changed the chain’s initial state wy into a new, macroscopically distinct state Wy, =
lc£)>@ + |c_|? wo. Here the probabilities |+ |? of occurrence of the mutually disjoint
states wp, W in the proper (resp. ‘genuine’, cf. 1.1.4) mixture o, are exactly the
probabilities of appearing of the states |£) of the microsystem in its initial state ¢,
cf. (7.5.20). This corresponds again to the “ideal measurement”, as it was discussed
in7.1.3,7.3.6 and 7.4.2.

7.6 Radiating Finite Spin Chain

7.6.1 We shall present very briefly in this section, without proofs, the dynamics of
a model of a large but finite system interacting with a Fermi field.'? The system’s
initial state is stationary but unstable, as it was also the case of the models presented
in the preceding sections. After an initial perturbation, the model evolves quickly
into a new stationary state by simultaneous radiation of a Fermi particle, which
escapes into infinity. The process is very quick in contrast to the time evolutions in
the case of the models described in the previous Sects.7.3, 7.4 and 7.5. The three
preceding models might, however, serve as clear mathematical pictures of “quantum
measurement” in the sense that the time evolution of a large system led with the time
growing to infinity to the state “macroscopically different” from its initial state. The
“macroscopic difference” between states of the system is mathematically expressed
there as disjointness of the states on the C*-algebra of observable quantities of the
large system. The disjointness implies that if those states are represented as vectors
in a Hilbert space, their mutual linear combinations do not lead to any interference
(the C*-algebra of observables representing all possible observations on the model
system is fixed!) and such a linear combination is physically equivalent to a “proper
mixture”, or “genuine mixture” (cf. 1.1.4), i.e. to a classical statistical description
of an ensemble in which the individual copies of the large system are distributed
between the uniquely determined ‘classical’ states under consideration. This unique
decomposability to pure states on the algebra of classical (macroscopic) observables
is a consequence of the fact that the states of a classical system form a simplex.
This differs from “mixed” quantum states described by density matrices of standard
QM of finite-size systems having multiple convex decompositions to extremal (pure)
states.

Since the model of a “large” system described in this section is finite (correspond-
ing by physical intuition to that consisting of finite number of some “elementary” or
“small” subsystems, each of them described by elementary QM in separable Hilbert
space H, with the algebra of its observables coinciding with the whole L(H,)), there
is no possibility of emergence of any disjoint states, hence there is no unambiguously

10The formulation and main features of the dynamics of this model were presented first time in
[33]. The technical details are described in [39].
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defined “macroscopic difference” between some of its states.!! Of course, the infi-
nite size of the previous models is a mathematical idealization, and there should be
some empirical possibility of distinction between “microscopic” and “macroscopic”,
resp. between “quantum” and “classical”, also in ‘large but finite systems’, as it is
perceived in our everyday life.!?

This distinction does not need to be, however, mathematically sharp. Such a possi-
bility was sketched in [153]: In a verbal transcription it could be, perhaps, formulated
so that it would be very improbable to construct such an observation device on states
of large (however finite) system, which could “see” simultaneously sufficiently many
atoms of the system to be able to detect some interference phenomenon. This could
be considered as a rough ‘definition’ of the notion that some set of states of the
(now finite) apparatus consists of elements being pairwise ‘almost macroscopically
different’ (cf. also [153]).13 To proceed in these considerations, one would need to
build some (more) general theory of observational devices. E.g., as far as the present
author knows, there were no published works paying attention to the fact that human
observers come into contact with measuring apparatuses by electromagnetic interac-
tions, and probably only by them. Shortly, according to the point of view proposed
here: The formalized set of “observables” of any physical system should depend on
the existing possibilities of the construction of measuring devices in accordance with
physical laws and environmental conditions.

We have not stressed up to now, however, that the spin chain of our present model
is also coupled to a Fermi particle (resp. to the Fermi field) representing a sort of
‘environment’. The particle occurs in the initial state of the system in its vacuum
state, and afterwards it is radiated by the chain and subsequently escapes into infinity;
the state of the Fermi field containing the radiated particle is in each finite time
orthogonal to its vacuum state. This facilitates, in the intuitive sense of some sort of a
‘decoherence program’, cf. e.g. [124, 279, 343, 347], the possibility of interpretation
of the effective absence of interference between the initial and final states of the spin
chain in our model, as representing the two different ‘macroscopically’ distinguished
‘pointer positions’.

1 An exception consists in possible introduction ‘by hand’ by a theoretician some ‘superselection
rules’ representing a model of ‘macroscopic difference’ and forbidding interference between vectors
from specific subspaces of H,, cf. e.g. [167].

12 Another possibility is some, up to now not clearly specified basic change of QM, as it was most
urgently proposed by Penrose in several his publications, e.g. in [236-238]; the main motivation
for these reformulations of QM was some inclusion of the usually postulated “reduction of wave
packet” [226], called by Penrose the “process R”, into the dynamics of general QM systems.
13Let us illustrate briefly this idea on a long but finite spin-1/2 chain of the length N with the
C*-algebra 2 of its observables generated by the spin creation-annihilation operators a, aj (G =

1,2,...N) acting on the finite dimensional Hilbert space Hy := (CHN: If we are able to use
apparatuses detecting the observables of this chain occurring in an arbitrary of the C*-subalgebras
B C 2 generated by any of the fixed restricted set of operators a,, , a’;m m=1,2,... K KN, 0=
Jjm < N) only, then the states | V), |®) from Hy for which it holds (\V|B|®) = 0 VB € B could be
considered as ‘almost macroscopically different’, resp. ‘empirically disjoint’. This happens, e.g., if
in the state |\V) all the spins are ‘pointing up’, and in the state |®) all the spins are ‘pointing down’.
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We shall keep in mind such an idea to be able to believe that also our finite system
described in this section can be considered as a model of “quantum measurement”
process.

7.6.2 Let us look at the Quantum Domino from Sect. 7.3. We shall restrict here that
model to finite number of degrees of freedom, hence the spin chain will be of finite
length and its algebra of observables 2l (with unity /) is generated by the spin-1/2
creation and annihilation operators a;f, aj (j=0,1,..., N) satisfying (7.3.1). This
system will interact with the (nonrelativistic scalar) Fermi field, the algebra § (with
unity Iz) of which is generated by the particle creation-annihilation operators

b*(¢), b(p) satisfying the relations

b(p)* = 0, b(P)b* (V) + b*(W)b(p) = (p. V)15, (forall p, v € LR, d*x)),
(7.6.1)
with the linear dependence v — b* ().
The dynamics is given by the Hamiltonian H := Hp 4 V, where

N-2

Hp = (Z ayan(ay, | + api1)anoa, , — anfvaN> ® Iz + Iy @ dT (h),
n=0

(7.6.2a)

V=0 (ay_jan-1a}y ® b*(0) + a}y_jay_1any @ b(0)). (7.6.2b)

We can consider these algebras 2 and § as algebras of operators acting on the
Hilbert space Hs := (C*>)¥*!, and on the Fermi Fock space Hp respectively,
resp. on their tensor product ‘H := Hg ® Hp. In the above written formulas, the
symbol dI" (%) means the “second quantization” (cf. [54, Sect.5.2.1]') of the
operator h € L(h) := L(L*(R?, d*x)) given by the function p > £(p) of one-
particle momentum p, hence acting on the vectors of b := L?(R?, d*x) “in the
p-representation” as multiplication by (p) : (hy))(p) = (p)¥(p). The nonnegative
function e(p), as well as the parameters gy > 0, v € R, o € L>(R3, d%x), will be
specified later. In our expressions of action of elements of 2, resp. §, on vectors of
‘Hs ® Hr, the unity operators of the other algebra will be usually omitted, e.g. for
aci, |s)®|p) € Hs ® Hr, we shall write a ® I3(|s) ® [¢)) = a(ls) ® |p)) =
als) ® [p).

Let Qf be the Fermi vacuum in Hr, and Qf € Hs be the state of the spin
chain “with all spins pointing down”: a,23 = 0, ¥n. Notice also that here |n) :=
agar...a*Qs, n=0,1,...N.Let the Hilbert subspace H,,;, C H be generated
by the vectors

14The “second quantization” dT"(k) of the ‘one-Fermi-particle-operator’ k is the linear operator
acting in the Fermi Fock space Hr := @50, P— ®] h, where P_ is the antisymmetrization operator,
such that dT"(h) P— ®}_, ¥k := P- Z?:l VYR - QhY;®- -, foralln € Z,.
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Q=0 , B =neQ],
By() == IN)@b* W)L n=0,1,...N — 1, ¥ € L*®R?, &x)}.

Then it is valid:
7.6.3 Lemma. The space H,i, defined above is H-invariant: HHpin C Hupin-

A proof of this Lemma is presented in [39]. Hence the description of our process
can be restricted to time evolution in the subspace H,,;, C H. We shall choose the
parameters of the model, namely the operator 4 acting on L?(R?), and the quantities
g0 >0, v e R, o € L>(R?, d*x), so that with our Hamiltonian given by (7.6.2a) the
relation

lim (Buleayaye ™18,y =1, n=0,1,...N — 1, (7.6.3a)
or more specifically:

(Bale™ataye™ 18,y =1 —0¢™), n=0,1,...N — 1, fort — 400, Vm € N,
(7.6.3b)
will be satisfied. The meaning of (7.6.3) is that the probability of emission of the
Fermi particle and simultaneous transition of the spin chain to the stationary state
Oy (i.e. all the spins in the chain “are pointing up” and the Fermi field is again in
its vacuum state) approaches certainty ‘almost exponentially quickly’ if the time is
growing to infinity.
The dynamics is investigated by a repeated use of Fourier transform F, e.g. in
[39, Lemma 2].

7.6.4 Lemma. Let e " be any (unitary) time evolution group. Then the Fourier
transform of its (truncated) matrix elements for given ¢, v € H is

FLO@)(p, e )€ = ﬁ«b, Ru(©)1), (7.6.4)

for§ eC: Imé <.

The function 6 is here the Heaviside function,and Ry (§) = (H — ¢! (€ € C, € ¢
sp(H) = spectrum of H) is the resolvent of the operator H.

Another useful result is that we obtain the resolvent Ry ()\) as a solution of an
operator equation, [39, Lemma 3].

7.6.5 Lemma. Suppose H = Hy+V € L(H) and £ ¢ sp(H) U sp(Hy). Then the
resolvent Ry () is the solution of the operator equation

Ru (&) = R, (I — VRy(8)). (7.6.5)

Hence, the Fourier transform of the (truncated) matrix elements of the time evolution
operator for Im £ < 0 is given by:
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FIOW) (. e ) 1E) = —— (b, Rity(©)1) — —— (6, Rty (O)V Rir (O))).

2T V27
(7.6.6)
Important for the following analysis are the matrix elements
Fyn := (B, Ru (€, Bn), (7.6.7)
since e.g.: .
. i
FIOO (B, € BINE) = —= Fun (). (7.6.8)
£ G £
Now, the proper choice of the parameters of the model is, according to [39]:
e(p) :=alpl’, a >0, (7.6.92)
F(o)(p) =0(lp| <b), F(o)p)>O0forall|p|>b>0 oecSR,
(7.6.9b)
g0 > ab® + 2, (7.6.9¢)

where S(R?) is the set of all rapidly decreasing Schwartz complex valued functions
on R3, the symbol F (o) again means the Fourier transform (i.e. the transition to
“p-representation”), and the constants a, b occurring in (7.6.9c) are the same as the
ones occurring in (7.6.9a) and (7.6.9b).

After making this choice it is possible, after a series of considerations and calcu-
lations [39], to show that (cf. [39, (4.33)])

FUBn, € B)1(p) = —\/g lim Im Fyu(p — iv) € S(R). (7.6.10)

But the Schwartz set S(R) of rapidly decreasing smooth functions is invariant with
respect to the Fourier transform, hence the function ¢ — (3, e 3,) also belongs
to S(R), what proves the ‘almost exponential decay’ in time of this matrix element.
This result is crucial for the proof of Theorem 7.6.6.

To formulate the main result as a theorem, let us introduce also the notation:

p((—00, A]) := f |F(o)(p)|* d°p, (7.6.11a)
e(P)<A
~dp((—00, A
(A = D (7.6.11b)

7.6.6 Theorem In the above described model of finite spin chain QD interacting
with nonrelativistic scalar Fermi field, with the parameters specified in (7.6.9), for
either all such €y with possibly one exception, or for all
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o0
€0>2+ab2+2v2/ p“—()\)d)\,

ab? A — ab2

the time evolution of the probability of all the N + 1 spins being turned up (realizing
the wanted final state of the spin chain), if initially the Fermi field was in the vacuum
state and the first n spins (N — 1 > n > 0) were turned up, approaches unity almost
exponentially fast, i.e. the relation:

(Bule™ataye " 3,) =1 —o0(@™), forall0 <n < N — 1, foranym € N,
(7.6.12)
is satisfied.

A detailed proof of this theorem can be found in [39].

7.6.7 Letuslook at the result (7.6.12) from the point of view of the Sect. 7.7, to make
it more intuitive as a relevant assertion with respect to the “measurement problem”,
cf. (7.7.2).

As the “measured system” in this model can be considered the single spin lying
at the ‘beginning’ of the spin chain. Let its C*-algebra of observables be generated
by {ag; ao} satisfying (7.3.1), and let ¢, 4 be its normalized state vectors corre-
sponding to the two opposite orientations of the spin. Let its initial normalized state
vector be g = c @) + croq, With ajeoy, = @4, agpr = ).

The initial state of the whole composite system {measured system & rest of the
spin chain & Fermi ﬁeld} is then \Ifo = c¢§20 + 2o = (cyIo + cTaO)QS ® SZF
The time evolved states \Ilt := exp(—it H)W, can be written, due to the Lemma 7. 6 3
as well as the stationarity of €2, in the form

U, =, Q4 cre M. (7.6.13)
The second term in (7.6.13) can be written, again due to the H -invariance of H,,;,,
cf. Lemma 7.6.3, in the form

N-1

e ™M By =" du()f + By (W (1)) (7.6.14)

n=0

Since ay, =0, (1 ="0,1,...N — 1), and ayan Sy @) = (1 — aya}y)By (W) =
On (1), the expression from (7.6.12) with our n = 0 is

(Bole M ayane™ 180) = llaye " Boll* = || By (W ()17, (7.6.15)

and this converges very quickly, according to (7.6.12), to unity. The vectors on the
right hand side of (7.6.14) are mutually orthogonal and the whole right hand side
has the constant norm equal to 1. Hence the norm of the sum on the right hand
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side of (7.6.14) quickly converges to zero. All the vectors By (1)) (¢ € L>(R?, d3x))
describe the states of the composite system:

{ the measured system & the rest of the spin chain & the Fermi field}

in which all the N + 1 spins “are pointing up”, which has to mimic the macro-
scopically different state from the initial state (¢ Iy + cTag‘)Qg ® Qg = (c Iy +
crag) S, as well as from o, of the compound system. For the wave function (7.6.13)
of the compound system we obtain asymptotically for large times t — oo:

U, =, Q4 cre ™ By = Qo + e By (1)), (7.6.16)

which has the form of the formula (7.7.2) for the (approximate expression of the)
“measurement dynamics” in the conventional QM framework of considering of only
finite systems (as measuring apparatuses). The probabilities of the two different
“measurement results” corresponding to the states ¢, resp. ¢4, occurring in the
orthogonal decomposition of the initial state (¢ of the measured system are, as it
was expected, the numbers |c 2, resp. lcy 2. By ‘tracing out’ the states of the envi-
ronment = the Fermi field we obtain the density matrix for the spin chain, and by
tracing out the both {Fermi field & the spins 1,2,...N} we obtain the density matrix
0:=lcy|*P,, + |c4|* Py, , with P, = ajag and P, = apag, in the state space of the
measured system (i.e. of the spin placed in the point O of the chain), corresponding
formally to the ‘collapse of its wave packet’ @y := c @, + c1¢4, i.e. of its initial
state of the just described process. Neither of these density matrices can be, however,
interpreted as describing a ‘proper’, or ‘genuine’ probability distribution of quantal
states in the sense of classical statistics. To interpret them in that sense, and distin-
guish one decomposition of a density matrix as ‘more relevant’ (i.e. reflecting the
classical-type statistics), some another additional assumption is needed. We have had
in our interpretations of the infinite models in previous Sections the requirement of
disjointness of mutually noninterfering states, and this was ensured by existence of a
macroscopic quantity obtaining mutually different values in these states. For some
alternative approaches, we could go back again to the attempts in the ‘decoherence
programs’, [124, 279, 343, 347]. More detailed mathematical and interpretational
considerations on decompositions of states of a C*-algebra can be found in our 1.2.3,
1.3.3, 1.3.4, 1.4.3, and citations therein, e.g. [53, Chap.4].

7.6.8 Notes on irreversibility. This model of a radiating multispin system can be
also considered as a caricature reflecting one of the usual mechanisms of irreversible
behaviour of large physical systems: Large systems usually (resp. ‘almost always’)
are not isolated from their environment, and their interaction with (a ‘relative stable’,
and a ‘relative stationary’) environment leads to their motion to more stable stationary,
e.g. thermodynamic equilibrium, states. Some kind of radiation, as it was built in into
our model, is a usual form of interactions of large systems with their environment.
This approach reflects just one ‘aspect’ of irreversible behaviour of physical sys-
tems. Another often discussed ‘aspect’ of theoretical descriptions of irreversible
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behaviour of finite many-particle systems is their complicated mechanical motion
even if they are isolated from any environment. Then we are dealing with such phe-
nomena as various types of “chaos”, and with “recurrences” in their (deterministic
and time-reversible) mechanical motion. We shall not consider here such mechan-
ical explanations of irreversibility, initiated by J. C. Maxwell and L. Boltzmann.
As concerns some study on these topics in the case of classical systems, it might
be interesting to look to nice conference or journal papers like, e.g. [332], but more
elementary and also more complex information could be found in some books on
the “theory of dynamical systems” listed in our Bibliography, e.g. [1, 7, 9, 10, 181,
248, 326]. However long are durations of the Poincaré cycles corresponding to the
above mentioned recurrences in mechanical motions of isolated systems with sev-
eral degrees of freedom (they are comparable with the lifetime of Universe [332]),
an evolution during which the system approaches some stable stationary state can-
not be reached in theoretical description of finite isolated mechanical systems. This
does not exclude, however, effectiveness of the statistical physics, which does not
deal with a unique phase-space trajectory of the considered system; here we have a
certain physical reinterpretation of the mechanics of motions in the system’s phase
space. But full effectiveness of the statistical approach to description of behaviour
of multiparticle systems, e.g. mathematically clear description of thermal equilibria
and phase transitions, is again possible in the ‘thermodynamical limit’ of infinitely
large systems only, e.g. [271].

It is seen that after making the finite quantum spin chain of our model to become
an “open system” by adding to the Hamiltonian of the restricted QD the term corre-
sponding to the radiation of a fermion, the speed of the motion to the limiting state
was enormously increased in comparison with the infinite, but isolated, QD-chain,
cf. (7.3.24) and (7.3.26b), i.e. with respect to (7.3.27). The finite-sized version of the
isolated QD would behave, however, almost-periodically, cf. (7.3.23). The addition
of interaction of the finite QD with Fermi field enabled us to obtain a system’s state
converging for t — oo to a new stationary state. But a clear and unambiguous inter-
pretation of some states of a finite system, e.g. the two states appearing in the sum on
the right hand side of (7.6.16), as being approximately ‘mutually macroscopically
different’ (hence their quantum interference being ‘almost impossible’), is still open
to discussion. We shall not further investigate here some other connections of these
phenomena and questions.

7.7 On the “Measurement Problem” in QM

Let us add here several notes to the above mentioned “measurement problem”, con-
sidered for a long time to be a fundamental problem of the conceptual structure of
QM, cf. e.g. [63, 236, 237] and [238, Chap.29]. These notes should be also supple-
mented by the notes in 7.6.1, esp. by the footnotes 12 and 13.

States of the physical systems are described in the mathematical theory of QM
by mathematical objects like “wave functions”, “density matrices”, or “linear func-
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tionals w on algebras of observable quantities” (which generalize the former two
classes of objects). The “observable quantities” (represented by operators, resp. ele-
ments of an algebra) correspond to experimental, or observational, arrangements of
empirical situations, in which the observer is able, after “installing” a specific state
w of the observed system, to perceive and appreciate by his human senses some well
determined, in advance expected feelings (optical, auditory, acquired by touch or
in another way) of some specific perceptions that are clearly distinguishable from
others (e.g. when reading positions of a pointer, or hearing a characteristic sound
from a counter,...), so that they can be formalized into a form suitable for further
communication. A single observable A of a specific physical system appears in such
an empirical situation through a specific instance of a set of such clearly distinguish-
able phenomena, each of which can be (and, as a rule, is) denoted by a number
aj (€ R) called the result of single measuring act in the state w of a value of A
(not to be confused with “the value of A in w ”"—different single measuring acts
of the same observable on w could lead to different results!). Many experiments on
microscopic systems performed in the history of microphysics have shown that we
are not able to prepare states of any microsystem in such a way that in a many times
repeated measurement of an observable on the same (prepared each time anew) state
w one obtains the same measured value for each observable which can be chosen
for these repeated measurements. To state it briefly: For any state of any microsystem
there is some observable which does not have any specific value in that state. This
is reflected mathematically in, e.g., Heisenberg uncertainty relations. On the other
hand, to each value «; of the given observable A there exists (for observables with
discrete spectra) at least one state w; such that the repeated measurements of A on
it give with certainty the same value «/;. The problem arises because there is (with
certainty) some other observable B such that the repeated measurements of it on
the same state w; give mutually different values 3y # 3 - - - € R, i.e. the statistical
dispersion of the measured values of B in that w; is nonzero. Sharp values (obtained
consistently in the identical, many times repeated measurements) §;, of B can be
obtained in other states w,/(, for which, however, the measurements of some other
observables A, C, ... would have nonzero dispersions.

The existing very successful mathematical model of QM provides solution of
this problem which consists in describing an arbitrarily chosen (but, by assump-
tion, “pure”) state w; as a linear superposition of some (again pure) states w;, wj . . .,
i.e., if we express all the states in the form of vectors in a Hilbert space H,, in writing
the state in question as ¢); = ), cxx , where the correspondence with the values of
the observables A, B, ... described now as linear operators on H,, is such that the
“state-vector” v;, corresponding to the state w;, is an “eigenvector” of the operator
A (a common practice is to use the same symbol for the operator as for the physical
quantity represented by it): Av); = a;9;, and similarly the vectors ¢ corresponding
to the states w;, are the eigenvectors of the operator B : By, = [ipx.

All this is, of course, very well known, and we have also briefly described it in our
Sect. 1.2. We recall it here to stress the unusual intuition required when dealing with
the phenomena described by the mathematical model of QM, in comparison with the
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intuition provided by the ‘everyday life’, whose formal reflection is contained in the
mathematical models of classical physics.

One of the prominent results of the history of observations and measurements
mentioned above is that QM is considered an irreducibly statistical theory; i.e.,
that the probabilistic results of the measurements with nonzero dispersions are not
necessarily due to the presence of some statistical ensembles of systems in various
states, as they are in the classical statistical physics, but that it is impossible to find any
fully dispersionfree states even when considering individual (micro)systems. This is
now (starting from 1920’s) acceptable and included in a logically consistent manner
into the description of our world. The resulting picture of the world is, however, not
without problems, since its integral part is a class of counterintuitive phenomena
encountered in QM. These are, pictorially expressed, the problems of the type of the
well known “Schrodinger’s cat paradox”, which is just a popular representation of
the “measurement problem” to be discussed further (the cat can be regarded here
also as a measuring device).

We are measuring with some macroscopic apparatuses which belong to the same
world as microsystems do, but seem to be correctly described by a theory that is very
different from QM. Is QM a universal theory, or is there some borderline between
the two differently behaving parts of the world? If so, it should be explained in the
theory where that borderline is located. But the apparatuses are composite of many
microsystems and (as far as the present author knows) no new aspect of microsystems
was discovered which could effectively distinguish between them and macrosystems.
Thus, let us regard the apparatuses as some quantum-mechanical systems. Then any
measuring process should look as follows'?:

If the initial state of the measured microsystem is described by the normalized
vector ¢y corresponding to the value F; of the observable B, and the initial state
of the apparatus capable to measure the quantity B is described by the normalized
vector W in its Hilbert space, installed independently of the measured state, then the
unitary process U (¢) corresponding to the time evolution of the mutually interacting
measured microsystem and apparatus will lead, after the ‘time of the measurement’
tn, to the state

U(tn) [x ® Yol = &y (7.7.1)

Here, in the ‘post-measurement state’ Ty of the compound system microsystem and
apparatus, the “pointer position” of the apparatus corresponds to the value F; of B.
This is assumed to be valid for all 3, hence for 5, # [, the pointer positions (i.e.
certain macroscopic parameters) in the states U, and U ; are different from each other.
The same unitary evolution should lead, after the measurement by the same apparatus
on the state ¢ :== Y, ¢k ¢k, due to its linearity, to the state of the compound system

1SWe will work here with pure states (resp. vector states) only. In fact, it is not necessary to use
density matrices in an analysis of the process of measurement in QM, as shown, e.g. by Wigner in
[339].
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U (t) [(Z c ) @ ‘1/0:| =U=) ab ) lal=1. (172
k

keJ keJ

The ‘macroscopic part of the world” appears here in the state 0, expressed as a
nontrivial linear superposition U of the states Wy corresponding to different values
of some macroscopic parameter (different “pointer positions”, distinguished here by
the index k). Such superpositions in QM do not mean only a probability distribution
with nonzero dispersion of the values of a macro-parameter corresponding to various
Ok, but they should also allow (according to the principles of QM) a realization of
measurements of some new observable having a sharp value in the state U (on the
statistical ensemble of equally prepared compound systems obtained in the process
of the measurement of this new observable on the microsystem). The states U are rep-
resenting in such a way an interference of different values of a macro-parameter
(“the cat is simultaneously dead and alive’). Thus, the apparent conceptual problem
of QM does not consist in its probabilistic nature, it rather consists in the unanswered
question of the existence of the very counterintuitive “macroscopic interference”
we have just described, or/and in a dynamical explanation why they do not occur.

The widely accepted ‘solution’ of this “measurement paradox” (as termed by
Penrose [238]) consists in accepting of so called “reduction postulate”, consisting
in the claim that there supposedly exists the phenomenon colloquially termed the
“reduction (or also collapse) of the wave packet”. This can be rephrased, in terms
of our preceding considerations, in such a way that within some final phase of the
process of measurement, either during or just after the measurement (e.g. such as is
sketched in (7.7.2)) performed on the system, the system (i.e. either the measured
system alone—this is the traditional point of view, or the apparatus, or—which
seems to the present author as the most acceptable possibility—the compound system
microsystem & apparatus) ends after each single run of the measurement in a specific
state corresponding to the obtained value of the measured observable, and after many
times repeated ‘identical’ measurements on such a state we arrive at a statistical
mixture (in the sense of classical statistical physics, i.e. the “proper” or “genuine”
mixture, cf. in 1.1.4) of the set of (systems occurring in the) states which, in the case
of compound system, consists of

{Uy : k € J} with probabilities | (U, Up)|*> = |cx|?, k € J. (7.7.3)

This transition from superpositions to classical mixtures of states with different
“pointer positions” takes place, according to the reduction postulate, instantaneously,
or in some “negligibly short time”.

Many existing theories of quantum measurements which have appeared up to
the present day analyze systematically possible results of various measurements (of
corresponding observables) as well as their mutual relations like their mutual con-
sistency or ‘complementarity’, see e.g. [63, 64, 84, 175]. These theories, called by
their authors “operational”, are purely phenomenological, built on the formal struc-
ture of quantum kinematics and usually manifested no interest in the description of
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specific dynamics of the considered processes. They are often mathematically highly
elaborated, very elegant and probably also useful from the point of view of appli-
cations of QM. We were not concentrating ourselves here on these approaches and
on the questions motivating them. The avoidance of the problems with the dynamics
of the interaction of the measured microsystems with the measuring macroscopic
apparatuses indicates that in these phenomenological works one assumes, at least
implicitly, the existence of some unknown mechanism of the “wave packet reduc-
tion”, or equivalently “wave packet collapse”. This is acceptable from the ‘practical
point of view’, because in the usual praxis of manipulations with microsystems (e.g.
measurements on them) it is possible to deal with the results (e.g. the outcomes of
the measurements) as if the “wave packet reduction” really happened. We are here,
however, interested in the problem how this process can be included into a noncon-
tradictory quantum theory. An extensive discussion of these problems by the leading
physicists up to 1980’s contains [331].

The last decades, on the other hand, have seen experiments whose results indi-
cate that the interference of macroscopically different states is possible in suitable
conditions, cf. e.g. [195, 196]. These ‘suitable conditions’ consist, first of all, in suf-
ficient isolation of the considered quantum macro-system from any interactions with
surrounding environment, then, of course, in the ability of experimenters to discover
some suitable ‘macrointerference detecting’ observable quantity, and finally in the
inventiveness of experimenters when constructing the desired measuring apparatus.

Our models described in the Sects. 7.3, 7.4 and 7.5 of this chapter, mainly inspired
by the ideas published in [153], show that in the limit #,, — oo the classical-like
probability distributions of the measurement results (i.e. probability without mutual
interferences of results) can be reached. In these models, apparatuses are treated as
quantum collections of infinitely many “small” subsystems, and the time necessary
for reaching the “reduction of the wave packet” is infinitely long; also, the conver-
gence to the final states of the apparatuses of “proper mixtures”-type is in these
simple models—contrary to the ideal requirements—very slow.

The last of our models described in Sect. 7.6 shows, however, that if we construct
an “apparatus” as a large but finite collection of microsystems, interacting, moreover,
with the environment by radiating a particle, the convergence proceeds fast enough—
in the sense ‘almost exponentially’. The problem here is nonvanishing possibility of
interference of states with different pointer positions, although such a possibility
would be for ‘sufficiently large’ apparatuses very improbable. Again, an opened
question is the existence and location of a possible borderline for the validity of
QM. A mathematically clear formulation of the dependence of possible interferences
between macroscopic states of a “large system” on its size will be, probably, a subject
of future investigations in theoretical physics. One cannot exclude, however, that
there is no sharp borderline between QM and CM, and instead, there is a continuous
transition from QM to CM dependent on more parameters than just the size of the
measuring apparatus. Or, that there is no borderline at all, QM is a universal theory,
but our understanding of its possible applications requires some completions.
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