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Introduction

Volumes of the Archimedean and Platonic solids are presented.
Proofs to the solids start on page seven, they are ordered by alternate
and triacon geodesic breakdown of the tetrahedron, octahedron, and
icosahedron base models. The polyhedron is first inscribed on the face
planes of the base model. Its edge distance (D) is solved for
Then by dividing the base model radius (R) through by (D). we have
the radius for unit edge length. The Pythagorean theorem is used to
project the radius to the center of each face. Summing (n) number of
volumes of each face pyramid of height (r) yields the complete volume.

The fifth frequency triacon has the added freedom of curl angle. (a)
Positive o is right-handed. negitive o« is left-handed. This breakdown

creates the four commensurable volume sets within the eighteen volumes.




Excluding prisms  and  anti-

regular finite polyhedra.
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fotal of

solids have left and right handed duals.

solids have interweaving edge rings
surrounding  each green hase model vertex site. Spinnability relocation
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lcosahedral based volumes are plotted showing that powers of
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inus one for all odd powers. This rule
third power harmonic as plotted.




Spherical Tessellations: P Platonic (0] octa- ) icosa- r) rhombi

regular £p g3 A Archimedean  (c) cube d) dodeca- 5) snub

quasi - regular EE% (te) tetra- (hedron) (co) cubocta- (id) icosidodeca- (t) truncated
W)’thﬂﬁs |y 21&‘\ 3'\"& ]".FT 3".FT i QVT
Construction I il p ol M b bl
/A\ 33| {3 [fs3d ] £33) [r3s) | {35} G 1343

(te) P {lo)  P2{(t)(te) Al {((te)  PI[(t)(te) Al [{i) P4|{co) A2{(t){o] A3

(343 | (3 1343 | Ge3d [ede3d |85 |3 |
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E351 | §23 a5t | 6533 [ds3d | 83 | 83 | 163
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Alternation of Interpatterning Realizations
squilibrium




Volumes and  Areas T4 0 o
_ 1% 1% | | |2z
VPI— %@ VAS = %6+5Q) I I S N ﬂ. s
V= %4 Vig = 30+ 1402 1 9% \TTI k) 1
Ve3= | iz = (45+17\5) ﬂ_zi[ — ' 40
4= T — : 20| o -
V=5T5  Vag = +(125+43\5) | 7 |1g |22
VJSZ TNS/Q V - E e |58 |\ | 33 36
e o jiwas @ g
| 12 AlD = @\zlj2+3U+2+W(%+]) s | Sl 103 a_n Msm

Vo=5%% V= 4(60+29\5) t
Vo8 Vio= 05+50¢ i
Vaa= 42lg Vg = BT\7230 (T 0) + 3P+ B(T+4)

Define tau upsilon & phi U=2+3F +{2-HF 0= I{F-4 +{F-{T-4
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052 = 4070
sin 2=\ |-C0SP
e = 405in ,
a: center of AABC |d: center of AACB | | aC = PC COSR | Rra= 26 |
AB=AC=BC=BA=CA=1 | b: hisecter of BC Na

c-center of solid |d: a intersects bt) | Ma 8 Ra |Vi= 63
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[a= %Az 2 Rn
letra:

Vo = %
[§+]-3 1
OC ¢ s 2R01' ' fw= Vr2Qtan60-Rtand5)? = ¥ 12 = \2

VH:nA.aL3r:*n-a-%r-:84§%\g+6 | 3% = m
I(:Osa a— 2R|1_ g [~ ‘Jr.f (2 tan60 )" - (2 ﬁﬂjﬁﬂz - \J |U(7 36] 5 Folds \JTM
Vot = n.aﬂrnn.a.zr. 20 4 3@1 |2 Nﬁ l( = IN—
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T@Tfa: o= 3Rra= V4 [a= Vi +{2tan3072-(2

D=3
f-=%‘=3ﬂi

i = VR 2%6

VSA:nt a-ZITT-'*ﬂ;El;%L:fl%B%\g* 4 4% % f?ﬁ - E_?QQ

OC T R 3Rnr ) Tw= V21307 -(2tan45)? = diid = \?
V!ﬁvﬁ:n- de 3 r.+n.a.%r.=83§3%g+ 6 ] % ﬂ = 8@

ICOSa: L=FRa=T" ke Vi +{2tan307?
VSTTH: e de % o * [lode :l3 [@ = 20 BJEE

!
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i = {0 _ (41 56

T, ) WE J(EE _ RayHh




| .k D= =2ab cosp = B
Vertex Radius:
v = B[f— (S
OCTa [v= gﬂﬁg o i}
la= \r2-2s45T° = 34_2 = %

Vavhivt = n.a.l =81 3 {5 =
0052:  n=Hd - If

[o= VI l25m36\E = QM - OM'U_El G@%
Vvt = Nede 3 e = % \l_ LQE
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OKf

= af + fb
_5’5 J%-I- ?'msa
%‘ RA(2+EURB)

Octa: fa= Rua(2+ i) = 532
fo = \12+{2tan60)? - 2tan22§)" =
Vutsi=Nadad fa* Node T1o=8 1 5 58+ 6 2040) § 5% = J3200)
10052 1= Ra 2+ i) = 53
o= 12 Rlans0-20an )7 = = )TV
bar= Nadad fa+ Nade § le=20 T3 58 + 2 NG 3 NTG = 3(00+4735)

|

QJLM [ - 33271 JJ2Q

q19+5‘45)’ +4 - [DG(2+5)
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Fifth Frequency
(R

b lriacon:

100
Eﬁ?*‘ @2: a_gz ) %z
it at =g

ah = al cos(60-a) = J,%(Eﬂswﬂﬁiﬂm]

af = g c0sa =  coso

f=ah-af = sig1- 20 cosal

eb = dsine = fhsin®
D' 64 = eb’(1- cot’s) =¢b fh




il - F-0- ot + (ab-af- b~ €d -
- & 5l ah -ggbeﬂ+€b|2zﬁ-2§b+f_bl-¥

g

i} 2 1-2Dc0sa [ 2Dcosa | 1-2Dcosa] D
3+15—J§t05a+sme Il [ g -8+ 28 |-

Or, DE- 4D 08 + | - SiﬂE,B(| 'QDCUSE:]E = () q=l
@'~ T=0= '+ (@-ah-ebfed - §
- dited - 2abahe eb[2ah-2ah+ 1B - ¥
= %*é“ %(CUS&*GSiﬂa)““ SiﬂEB -265 I 2}3 . '113" -2';1'3 ]'"Il

or,  -2D"- D{cosac+ 3 sina) + I - sin (1-2Dcose)[1+ D(cosa - 3 sina)| = 0 E;L%
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Define Gamma  Operators:  v=\3tana

"= 3c08a - V3 Sina

. = -
(0Sx + Sina = cosh(h%) S - 5
Fc0sa = (3005a - V3 Sina)cosa = (3-7)c0Sa - fjfg
3(1+ %) Meosa - 5% | = Teose v« 37 + 3rcwsa-3) = €
b

d

Positive Root of 7+ y= oL

(

-3 +\0 - 12T c08a(TC0Sa-3) F 3

2 [C0Sc

= Teosa(3-7) = 3rc05a—%[—3+¢9-12rt05a(rc05a-3)I kg 4



OCTH! Eq.l- (3-4c08%)D* - 8c0saD + 2 = For = 0

sin,= 5 Eq2: 2((coso - Bsina)-3)D" - 2(cosa + Bsin)D +2 = Foz = 0
ki

3008 - 3sinoc) cosec - 9)D +2 (308 - V3sinac) = (2rcosa-9)D+2r = 0 5o, D)= Q-22Frcn5a Eg.0
rlg-gm}mF B_EEmmI I(3 4{05:1) 9 2rms ) BC0So + E(L%%Emﬂ‘—)l = ()

= 4(rcosa) - 36Tcosa + 27 @Mﬂ £q.4:

-

4(Tcosa) - 36TcoS« + 27 + 6TCOSa + 3 = VO - 12Tc0Se(TC0S - 3]

Square  both sides and subtract;
16(Tcosa)’ - 240(rcosa)’ + 1152(Tcosa)® - 1836 Mcose + 891 = 0

Define: x = §Tcose  and divide by 81: x*-10x*+32¢* -34x + 1l = 0
5




First Root of x: o= 0 g T

e
: = = _pj= = - e I = 4K * X =
otcond Root: 173 =it = A K-1)] %" - 1000 + 320 - 34x + ]

4

p= - Bl r = B4e69-10 - 4 g
xwﬁﬁ-qhﬂwg?-%-\w Eﬁ; = 3-1 : 233 _zﬂi“
From the second root, I=3(3-v) E Eq.0 b
ot (V2304 ) (V2308 ) =38 = & therefore. v'= 4[u+1) Eq.7
also note: (20«69 - 3v*) - [(3u +2) (30" + 12v - 8)] E |
= 400+360°+360(v+1) +2400-1200"- 144 (u+1) - | -108u(v+1) - 144 u+]) - 120"+ 432(0+1) + 1440 + 48y -720%- 96u-32| = (

therefore: ~ \-30'+ QU -8 = 20+§%J+'23Ui kg8




Orcosa(lcosa-3)  -1+N-30°+12u-8  -(3u+2)+(20«6u-30')  wu+2
LE 1240 EE[USu 3-1 8 3-0){3v + 2 = U+24
Eq.3 Eq.ﬁ Eq.8

(05a = y]+ anza \‘ *\ [ -H’—/?) = 3 e by d

: (3y+2) 3(3u+2) - 3(u+2) 3
[ =305« - \3SiNa = COSa|3-7] = N3P+ by+ 4 [ 39 +2 ] = \3Us Gu + 4

2 2 V3’ + fiU

Eq.6
= \12 + (21an60)* - 2tand5)” = \J HIV+6u+d+2-6)

VoSt = Nada Jj o * n.a.%r. = 32 g%ﬁNSU!’fﬁU% + I’JL %\JU( )
Wde3u+2 « Nuld+l)
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Eq5 ) = QEFCUSm = W T AW +6u+d a = HﬂL_




Icosa: 3r(Eq ) = (37-4costa)D’ - 41 c0sa

i 3T(Eq2) = 2l(cose-Bsina)cose - 37D
Fis=Fio+ yFi = |\3T(y—z}+2([l—2y]cﬂ5m-ﬁsmm)msﬂ:I|D - ((4y+1)cose + B sina )T D +

J+T¢$Fn

o Ti(COSa**@Sina)D + T‘L = fp = ()

y+1)1" = ()

J

k|

Define eta and lambda: - 4ik = (1cosa+ ABsina)’= 'cost + [1A)203 05 Sinac+ X' 38in'a

l’r’(4y ) -41(ye I](3T (y-2)+2(1-2y)) | cos' + [ [4y=1)+ 4le )] 2308 Sinoc * [T T y+ I)(y 2)] 35ina
— () —

i

(TW - = Tﬂ(4y+|)*4r‘(y+ﬂl

04
-48
64

= [T by -4 (y+1)(37°(y-2) <2

|44

-32
06
-32

0

16-16

-144

J2+128 -288
-192
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\
W= 4ry-ly-2)] =
§-8 -]
-8() 144 [-32  -l44
4()-200 §-184 |44
-32 04
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|




First oot of y: yu=-I

s P e il oy e i
Setondl [00t: p=-1 q=-1 1= -7 1) [y E_EYE_TzY p
4= Feq=g 1= 4 =
b-% paq+f=-22(-J5-T=jgﬁfm 0-5” -y
2 T 2 7 aLl B
P T 00
From the first root of y: fp-fahe Fq.5

—_— 4
: [
= | 2(3c00c-Bsinacosee - 97° D + T (3005~ V3 sine) = | 2Mcose - 7' |0+ 7T =0 s0, D= gTTgﬁ;ggm

JQL%LCQSLlFH JQJ%%'I;@SJIHT 4[05“(91’1 ‘2['[[}5.1) - 47008 *+ T (QL?[CQS_)

= 4(Fc05af - 36T 005 e + 27T + ; |

-._'_'_,_o—"'_'-

romEqd:  4(Tcosa) + 371" Ilcose + ATT+8) = N9~ 12Tcosa(Tcosa-3)
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Square  hoth sides and subtract:
6 (Tcosa) + 4TI -12)(Tcosa)’ + 36T (2T +11)(Tcosa)® + 547°(7°- 36) Tcosee + 8IT(T°+0) = 0

Define = x= 5lcosa  and divide by 8
e TT-100 ¢ TRT X « T(7-36)x + T(T+9) = 0

First root of % Xi=1 . ots e Pl - Tifeg)
decond root: p=-9r  (x-1] ‘x: + T?(TE*IE)K: e AT ¢ TT-36)x + TIT+0)
_ Yot =g X =
Q=TQT+2) r=-T(T+9) ) 07 1 07y

0 TR - TIT +2x
0 -TIT+0)x « (T +0)

'gf 4 2 2 ]
d = T +Q = 20T+TRIT+2) = -27T

0 0

b = '"573 - p}q s 1= ST ITRT+2) -T(T+0) = T E 6
= -3\ & WW??- 37 - 70 50, T0osa - 337 - T0)



ote: (TF-5) (T-T-4) - -+ w0 o= Eq.7

2
also note: {97+ T+ 60 - 300 - (T+38) (1-37°36 - 270 « T'F) =
= (7' + 1) + 360 « OT0(20+T) <2007 + T)(60-370 ) - 36T 20+T) - T(1-37(36 - 270 + T'¢))
- 6T(0-37(360 - 2T « T(20+7))) - 9(¢ - 37'(35 ¢ - 27 (20+7) + T9(20 + T)))
= (BIT+ 8T+ T - 36T - T + TG + 187 - 547 )
(07« RIOT+ 1) - 21 « 67 - 6T + S4TE + 367 - 1087 + 2774
+ (3 + BT - 6T(OT +7) « 37" - 367 - 9« BTG « ST )0 =

0T + 7 + 60 - 374
therefore: N1 - 37°(3% - 27 + T¢) - T30 Fq. 8
Q. 0T + T + 69 - 374
_=3+¥0- Rloosalleosa-3) _ -1+\1-3rB6-orber'd] _ -]+ T+ 38
2 [0S E{EB 31- T'i' qu STE'T3¢

|



T-30 + 0T « T « 30 « 337 - T00 - 3T¢ 37+

o T+ 3¢)[3r - ) T3

(0Sa = ana \I— Q|+ :3;+33¢¢)2 - NT’+T3;(3:+¢)

| = CUS&I3-Y] - ( \ 1’ +T3;(3:..¢ ) ) I 5= 3;:33? 2 thgj(T..qa)

Eq o ) = 01’ TEIECUSEI Eqﬁ Tr \JT+3T¢[T+¢) fa = B‘L‘ = #\IT+3¢{T+¢}

.- ‘ T Ly Bl 1
T.=4r£+(213n50)’—(2tan3ﬁ)'3:qST[T 3¢(T5(E)” Lo TR > JZZQT45+¢(T+¢)

Bl

VSvTE = Nlada %LL *le de er. = 80 %%‘ﬁgqf"“h*“ + |2 %@% Q#\[_S 5 ¢(T+¢)

{34 {red] - VT B0




T )vA 5T 5T

Left - handed

23




B

.hT \ BEr AN, 0= 30
b} J‘H D(J(’“zcosrs

] ) Eb‘“ g

[a= -Hi(]”cgs

CTa [a= Rﬂn[ CUSBn y 2%5(3 ( B)
= V12+R1an6072-2tan45 ) = NE[11+62 + 1 - 3] = F(1+)

VEw‘.?ﬂzﬂnan%rﬁ"'n-auﬂf =8 4 J‘B(g \r) IB]% “ { = %(ﬁ 5“2
lcosa [a= Rial [+ ET}%) = SQJ{;S
= 122607 -2tand5 )" = V[ (29 126) + - ¥

le= \12+(2tan60 ) -(2tan36 )" = %ISIEQHN) 515 - 645[ @

Vets = Madadfa* Nada Tl Nede T =20 £ 33558 < 301 § 22, Izi\rgg
- 460+ 2015



.QVT \5‘\ ﬂ‘

le

Octa:

[COSH: s

ab = af + 1
] K 0r
0= D%+ 22 )
( _R_p (1, 8
351(3*‘(:05&0 - {g“*’@ b= = Ri3 0%
= Vrtan30)-2an45)? = VH3(3+2@)+ 3 - 1] = %(3+ )
o= Vi+21an307-(2tan228)? = V$[3(3+22) + 3 -3-200 ] = z(l 02|
Virkor = Node o+ Nada 3 Ta * Mo 8o 3 To = § 5 5(1442) + 121 4 [3 ) +6 21+2) 3 5(1+247)
Rul3v ) = F .
= VRRean307-2tand5 |2 = NF[3(9+46) + 3 - 1] = 3(3+26)
o= VR2{2tan307? mma = V[3(9+46) « 3-5-26] = 1V51°6

Vovger = n.a.%r.+n.a.%r.+n. de Tle = 203"}3% B30 F4(3426) + 12 WG 3 WN5T6

29

= 05+ 50\



Plotted volumes of icosahedral based solids
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One third powers of the Golden Section
—G_I 70 3 jﬁﬁ% I
1%5 "I‘Ti
T o
25 ‘

21




Spinnability of the

Plot this roof.

Exercise:
leads to a new second root.
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