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Preface!]

Barnett Rich's original Plane Geometry has been reprinted some twenty-two times since it was first
published in 1968. The challenge in revising such a text is to update the material as necessary while
retaining the prose and pedagogy that are responsible for its success. In the case of Plane Geometry, the
challenge was particularly great. Dr. Rich's command of geometry and its pedagogy was enormous.
Conversations I have had with past students and colleagues of Dr. Rich substantiate that his ability to
convey ideas in mathematics was unsurpassable.

In this revision I have attempted to maintain Barnett Rich's "spirit of explanation" while making the text
suitable to the geometry that is currently being taught in schools and colleges. Terminology and
notation have been changed to match the current texts and curriculum. I have switched to the more
common "congruent segments" and "measure of the angle" phrasing and have made textual changes to
support that terminology. A chapter on transformational geometry has been added, outdated material
has been deleted, and the supplementary problems have been modified.

I owe thanks to many people for their assistance during this revision: John Aliano, Senior Editor at
McGraw-Hill, for his great confidence; Brother Neal Golden, for his careful review of the first edition;
Dr. Paul Zuckerman, who introduced me to Jean (Mrs. Barnett) Rich; Mrs. Rich, who gave me access to
Dr. Rich's library and who has helped with support and friendship; my wife Jan Z. Schmidt and my son
Reed Schmidt, who have been loving supporters in all my work; and finally, Dr. Barnett Rich, for
providing me with such a rich text to revise, and for teaching geometry so meaningfully to so many
people.

PHILIP A. SCHMIDT
NEW PALTZ
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Preface to the First Edition

The central purpose of this book is to provide maximum help for the student and maximum service for
the teacher.

Providing Help For The Student:

This book has been designed to improve the learning of geometry far beyond that of the typical and
traditional book in the subject. Students will find this text useful for these reasons:

(1) Learning Each Rule, Formula and Principle

Each rule, formula and principle is stated in simple language, is made to stand out in distinctive type, is
kept together with those related to it, and is clearly illustrated by examples.

(2) Learning Each Set of Solved Problems

Each set of solved problems is used to clarify and apply the more important rules and principles. The
character of each set is indicated by a title.

(3) Learning Each Set of Supplementary Problems

Each set of supplementary problems provides further application of rules and principles. A guide
number for each set refers a student to the set of related solved problems. There are more than 2000
additional related supplementary problems. Answers for the supplementary problems have been placed
in the back of the book.

(4) Integrating the Learning of Plane Geometry

The book integrates plane geometry with arithmetic, algebra, numerical trigonometry, analytic
geometry and simple logic. To carry out this integration:

(a) A separate chapter is devoted to analytic geometry.

(b) A separate chapter includes the complete proofs of the most important theorems together with the
plan for each.

(c) A separate chapter fully explains 23 basic geometric constructions. Underlying geometric principles
are provided for the constructions, as needed.

(d) Two separate chapters on methods of proof and improvement of reasoning present the simple and
basic ideas of formal logic suitable for students at this stage.

(e) Throughout the book, algebra is emphasized as the major means of solving geometric problems
through algebraic symbolism, algebraic equations, and algebraic proof.

(5) Learning Geometry Through Self-study

The method of presentation in the book makes it ideal as a means of self-study. For the able student,
this book will enable him to accomplish the



work of the standard course of study in much less time. For the less able, the presentation of numerous
illustrations and solutions provides the help needed to remedy weaknesses and overcome difficulties
and in this way keep up with the class and at the same time gain a measure of confidence and security.

(6) Extending Plane Geometry into Solid Geometry

A separate chapter is devoted to the extension of two-dimensional plane geometry into three-
dimensional solid geometry. It is especially important in this day and age that the student understand
how the basic ideas of space are outgrowths of principles learned in plane geometry.

Providing Service for the Teacher:
Teachers of geometry will find this text useful for these reasons:
(1) Teaching Each Chapter

Each chapter has a central unifying theme. Each chapter is divided into two to ten major subdivisions
which support its central theme. In turn, these chapter subdivisions are arranged in graded sequence for
greater teaching effectiveness.

(2) Teaching Each Chapter Subdivision

Each of the chapter subdivisions contains the problems and materials needed for a complete lesson
developing the related principles.

(3) Making Teaching More Effective Through Solved Problems

Through proper use of the solved problems, students gain greater understanding of the way in which
principles are applied in varied situations. By solving problems, mathematics is learned as it should be
learned—by doing mathematics. To ensure effective learning, solutions should be reproduced on paper.
Students should seek the why as well as the how of each step. Once a student sees how a principle is
applied to a solved problem, he is then ready to extend the principle to a related supplementary
problem. Geometry is not learned through the reading of a textbook and the memorizing of a set of
formulas. Until an adequate variety of suitable problems has been solved, a student will gain little more
than a vague impression of plane geometry.

(4) Making Teaching More Effective Through Problem Assignment

The preparation of homework assignments and class assignments of problems is facilitated because the
supplementary problems in this book are related to the sets of solved problems. Greatest attention
should be given to the underlying principle and the major steps in the solution of the solved problems.
After this, the student can reproduce the solved problems and then proceed to do those supplementary
problems which are related to the solved ones.

Others Who Will Find This Text Advantageous:

This book can be used profitably by others besides students and teachers. In this group we include: (1)
the parents of geometry students who wish to help their



children through the use of the book's self-study materials, or who may wish to refresh their own
memory of geometry in order to properly help their children; (2) the supervisor who wishes to provide
enrichment materials in geometry, or who seeks to improve teaching effectiveness in geometry; (3) the
person who seeks to review geometry or to learn it through independent self-study.

BARNETT RICH
BROOKLYN TECHNICAL HIGH SCHOOL
APRIL, 1963
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Chapter 1

Lines, Angles, and Triangles

1.1 HISTORICAL BACKGROUND OF GEOMETRY

The word geometry is derived from the Greek words geos (meaning earth) and metron (meaning
measure). The ancient Egyptians, Chinese, Babylonians, Romans, and Greeks used geometry for
surveying, nagivation, astronomy, and other practical occupations.

The Greeks sought to systematize the geometric facts they knew by establishing logical reasons
for them and relationships among them. The work of such men as Thales (600 B.c.), Pythagoras
(540 B.c.), Plato (390B.c.), and Aristotle (350 B.c.) in systematizing geometric facts and principles
culminated in the geometry text Elements, written about 325 B.c. by Euclid. This most remarkable
text has been in use for over 2000 years.

1.2 UNDEFINED TERMS OF GEOMETRY: POINT, LINE, AND PLANE
1.2A Point, Line, and Plane Are Undefined Terms

These undefined terms underlie the definitions of all geometric terms. They can be given
meanings by way of descriptions. However, these descriptions, which follow, are not to be thought of
as definitions.

1.2B Point

A point has position only. It has no length, width, or thickness.

A point is represented by a dot. Keep in mind, however, that the dot represents a point but is not
a point, just as a dot on a map may represent a locality but is not the locality. A dot, unlike a point,
has size.

A point is designated by a capital letter next to the dot, thus: A

1.2C Line

A line has length but has no width or thickness.
A line may be represented by the path of a piece of chalk on the blackboard or by a stretched

rubber band.
A line is designated by the capital letters of any two of its points or by a small letter, thus:

<>
@;—E—b,r\,‘a/v,orAB.
(o D

A line may be straight, curved, or a combination of these. To understand how lines differ, think
of a line as being generated by a moving point. A straight line, such as «———, is generated by a
point moving always in the same direction. A curved line, such as ,~, is generated by a point
moving in a continuously changing direction.

Two lines intersect in a point

A straight line is unlimited in extent. It may be extended in either direction indefinitely.

A ray is the part of a straight line beginning at a given point and extending limitlessly in one

—_
direction: AB and / designate rays.
In this book, the word line will mean “straight line’’ unless you are told otherwise.

1



2 LINES, ANGLES, AND TRIANGLES [CHAP. 1

1.2D Planes

A plane has length and width but no thickness. It may be represented by a blackboard or a side
of a box; remember, however, that these are representations of a plane but are not planes.

A plane surface (or plane) is a surface such that a straight line connecting any two of its points
lies entirely in it. A plane is a flat surface.

Plane geometry is the geometry of plane figures—those that may be drawn on a plane. Unless
you are told otherwise, the word figure will mean “plane figure” in this book.

SOLVED PROBLEMS

1.1  ILLUSTRATING UNDEFINED TERMS
Point, line, and plane are undefined terms. State which of these terms is illustrated by
(a) the top of a desk; (b) a projection screen; (c) a ruler’s edge; (d) a stretched thread; (e) the
tip of a pin.

Solutions
(a) Surface; (b) surface; (¢) line; (d) line; (e) point.

1.3 LINE SEGMENTS

A straight line segment is the part of a straight line between two of its points, including the two
points. It is designated by the capital letters of these points or by a small letter. Thus AB or r
represents the straight line segment A——B between A and B.

The expression straight line segment may be shortened to line segment or to segment, if the
meaning is clear. Thus, AB and segment AB both mean ‘“‘the straight line segment AB.”

1.3A Dividing a Line Segment into Parts
If a line segment is divided into parts:

1. The length of the whole line segment equals the sum of the lengths of its parts. Note that the,
length of AB is designated AB.

2. The length of the whole line segment is greater than the length of any part.
Suppose AB is divided into three parts of lengths a, b, and c, thus: A= > ~—B. Then
AB=a+ b+ c. Also, AB is greater than a; this may be written AB > a.

If a line segment is divided into two equal parts:

1. The point of division is the midpoint of the line segment.

C

A :\

Fig. 1-1 Fig. 1-2



CHAP. 1] LINES, ANGLES, AND TRIANGLES 3

2. A line that crosses at the midpoint is said to bisect the segment.
Because AM = MB in Fig. 1-1, M is the midpoint of AB, and CD bisects AB. Equal line
segments may be shown by crossing them with the same number of strokes. Note that AM and
MB are crossed with a single stroke.

3. If three points A, B, and C lie on a line, then we say they are collinear. If A, B, and C are
collinear and AB + BC = AC, then B is between A and C (see Fig. 1-2).

1.3B Congruent Segments

Two line segments having the same length are said to be congruent. Thus, if AB = CD, then AB
is congruent to CD, written AB= CD.

SOLVED PROBLEMS
1.2 NamiNG LINE SEGMENTS AND PoINTS
See Fig. 1-3.
(@) Name each line segment shown.
(b) Name the line segments that intersect at A.
(¢) What other line segment can be drawn?
(d) Name the point of intersection of CD and AD.
(e) Name the point of intersection of BC, AC, and CD.
Solutions

(@) AB, BC, CD, AC, and AD. These segments may also be named by interchanging the letters; thus
BA, CB, DC, CA, and DA are also correct.

(b) AB, AC,and AD  (d) D
() BD (e) C

Fig. 1-3

1.3  FINDING LENGTHS AND POINTS OF LINE SEGMENTS
See Fig. 1-4.

(a) State the lengths of AB, AC, and AF.
(b) Name two midpoints.
(c) Name two bisectors.

(d) Name all congruent segments.
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Solutions

(@) AB=3+7=10; AC=5+5+10=20; AF=5+5=10.

(b) E is midpoint of AF; F is midpoint of AC.

(¢) DE is bisector of AF; BF is bisector of AC.

(d) AB, AF, and FC (all have length 10); AE and EF (both have length 5).

1.4 CIRCLES

A circle is the set of all points in a plane that are the same distance from the center. The symbol
for circle is ©O; for circles, (§). Thus ©O stands for the circle whose center is O.

The circumference of a circle is the distance around the circle. It contains 360 degrees (360°).

A radius is a segment joining the center of a circle to a point on the circle (see Fig. 1-5). From the
definition of a circle, it follows the radii of a circle are congruent. Thus OA, OB and OC of Fig. 1-5 are
radii of ©0 and OA = OB = OC.

Diameter

Semicircle

Fig. 1-§

A chord is a segment joining any two points on a circle. Thus AB and AC are chords of ©O.

A diameter is a chord through the center of the circle; it is the longest chord and is twice the
length of a radius. AC is a diameter of ©O. .

An arc is a continuous part of a circle. The symbol for arc is —, so that AB stands for arc AB.
An arc of measure 1° is 1/360th of a circumference.

A semicircle is an arc measuring one-half the circumference of a circle and thus contains 180°. A
diameter divides a circle into two semicircles. For example, diameter AC cuts ©O of Fig. 1-5 into
two semicircles.

A central angle is an angle formed by two radii. Thus the angle between radii OB and OC is a
central angle. A central angle measuring 1° cuts off an arc of 1°; thus if the central angle between OFE
and OF in Fig. 1-6 is 1°, then EF measures 1°.

Congruent circles are circles having congruent radii. Thus if OE = 0°G, then ©0 = Q0.

Fig. 1-6
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SOLVED PROBLEMS

1.4 FinpING LINEs AND Arcs IN A CIRCLE .
In Fig. 1-7, find (a) OC and AB; (b) the number of degrees in AD; (c) the number of

degrees in BC.

C
7
A v B
o

D

Fig. 1-7
Solutions
(a) Radius OC =radius OD = 12. Diameter AB = 24.

(b) Since semicircle ADB contains 180°, AD contains 180° — 100° = 80°.

(¢) Since semicircle ACB contains 180°, 32‘ contains 180° — 70° = 110°.

1.5 ANGLES

An angle is the figure formed by two rays with a common end point. The rays are the sides of the
angle, while the end point is its vertex. The symbol for angle is £ or X ; the plural is 4.

- -

Thus AB and AC are the sides of the angle shown in Fig. 1-8(a), and A is its vertex.

1.5A Naming an Angle
An angle may be named in any of the following ways:
1. With the vertex letter, if there is only one angle having this vertex, as 2B in Fig. 1-8(b).

2.  With a small letter or a number placed between the sides of the angle and near the vertex, as Za
or 21 in Fig. 1-8(c).

3. With three capital letters, such that the vertex letter is between two others, one from each side of
the angle. In Fig. 1-8(d), £ E may be named £ DEG or £GED.

B / D
A 4 C B / \ 1 /
(@) (&) (c)

E
(d)

Fig. 1-8

1.5B Measuring the Size of an Angle

The size of an angle depends on the extent to which one side of the angle must be rotated, or
turned about the vertex, until it meets the other side. We choose degrees to be the unit of measure
for angles. The measure of an angle is the number of degrees it contains. We will write m2 A = 60°
to denote that “‘angle A measures 60°.”
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—
The protractor in Fig. 1-9 shows that £ A measures 60°. If AC were rotated about the vertex A

until it met AB, the amount of turn would be 60°.

In using a protractor, be sure that the vertex of the angle is at the center and that one side is
along the 0°-180° diameter.

The size of an angle does not depend on the lengths of the sides of the angle.

Fig. 1-9 Fig. 1-10

- —
The size of £B in Fig. 1-10 would not be changed if its sides AB and BC were made larger or smaller.

No matter how large or small a clock is, the angle formed by its hands at 3 o’clock measures 90°, as shown
in Fig. I-11.

12 12

Fig. 1-11

The navy compass, shown in Fig. 1-12, is read clockwise from 0° to 360°, beginning with north. A
rotation from N to E is a quarter turn or 90°; that from NE to E is an eighth turn or 45°.

To measure angles with more precision, we divide 1° into 60 equal parts, called minutes. Thus,
1° = 60 minutes = 60’. Each minute is divided into 60 equal parts called seconds for even greater
precision. Thus, we have 1°=60" and 1' = 60".

1.5C Kinds of Angles
1. Acute angle: An acute angle is an angle whose measure is less than 90°.
Thus, in Fig. 1-13, a° is less than 90°; this is symbolized as a°® < 90°.
2. Right angle: A right angle is an angle that measures 90°.
Thus, in Fig. 1-14, m(rt. £ A) =90°. The square corner denotes a right angle.
3. Obtuse angle: An obtuse angle is an angle whose measure is more than 90° and less than 180°.

Thus, in Fig. 1-15, 90° is less than b° and b° is less than 180°; this is denoted by 90° < b° < 180°.

Right Angle !

Acute Angle
90°
Obtuse Angle

Fig. 1-13 Fig. 1-14 Fig. 1-15



CHAP. 1] LINES, ANGLES, AND TRIANGLES 7

4. Straight angle: A straight angle is an angle that measures 180°.

Thus, in Fig. 1-16, m(st. £ B) = 180°. Note that the sides of a straight angle lie in the same straight line.
But do not confuse a straight angle with a straight line!

cO
Reflex Angle
Straight B C
Angle
4 A
Fig. 1-16 Fig. 1-17

5. Reflex angle: A reflex angle is an angle whose measure is more than 180° and less than 360°.

Thus, in Fig. 1-17, 180° is less than ¢ and ¢° is less than 360°; this is symbolized as 180° < ¢® < 360°.

1.5D Additional Angle Facts

1. Congruent angles are angles that have the same number of degrees. In other words, if
m/A=m/B, then LA= /B.

Thus, in Fig. 1-18, rt.£ A =rt. £ B since each measures 90°.

Angle
E |_| Bisector D
A B A
Fig. 118 Fig. 1-19

2. A line that bisects an angle divides it into two congruent parts.

Thus, in Fig. 1-19, if AD bisects £ A, then £1= £2. (Congruent angles may be shown by crossing
their arcs with the same number of strokes. Here the arcs of 4 1 and 2 are crossed by a single stroke.)

3. Perpendiculars are lines or rays or segments that meet at right angles.

The symbol for perpendicular is 1 ; for perpendiculars, Is. In Fig. 1-20, CD L AB, so right angles 1 and
2 are formed.

G
Perpendicular
c Bisector
Perpendiculars E _—.'_ILE; ng_ F
a— 2 p
D H
Fig. 1-20 Fig. 1-21

4. A perpendicular bisector of a given segment is perpendicular to the segment and bisects it.

« —
In Fig. 1-21, GH is the L bisector of EF; thus 21 and £2 are right angles and M is the midpoint of EF.

SOLVED PROBLEMS

1.5 NaMING AN ANGLE
Name the following angles in Fig. 1-22: (a) two obtuse angles; (b) a right angle; (c) a
straight angle; (d) an acute angle at D; (e) an acute angle at B.



1.6

1.7

1.8

LINES, ANGLES, AND TRIANGLES [CHAP. 1

Solutions

(@) £ABC and LADB (or £1). The angles may also be named by reversing the order of the letters:
£ CBA and £BDA.

(b) 4DBC (d) ¢+2o0r LBDC
(¢c) 4ADC (e) 43 or LABD

)

Fig. 1-22 Fig. 1-23

ADDING AND SUBTRACTING ANGLES
In Fig. 1-23, find (a) m£ AOC; (b) m£ BOE; (c) the measure of obtuse £ AOE.

Solutions

(@) meLAOC=msa+ msib=90+35=125°

(b)) mLBOE=msb+msc+ msd=35+45+50°=130°

(c) msLAOE=360°—-(msLa+mib+msc+ msd)=360°—220°= 140°

FINDING PARTS OF ANGLES
Find (a) £ of the measure of a rt. £; (b) % of the measure of a st. £; (c) 3 of 31°; (d) & of
70°20'".

Solutions
(@) 2%(90°) =36° (c) 3(31°9)=153°=15°30"
(b) 3(180°) = 120° (d) #%(70°20") = (70°) + {5(20") =72’

FINDING ROTATIONS

In a half hour, what turn or rotation is made (a) by the minute hand, and (b) by the hour
hand of a clock? What rotation is needed to turn (c) from north to southeast in a clockwise
direction; (d) from northwest to southwest in a counterclockwise direction (see Fig. 1-24)?
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Solutions
(@) In 1 hour, a minute hand completes a full circle of 360°. Hence in a half hour it turns 180°.

(b) In 1 hour, an hour hand turns 5 of 360° or 30°. Hence in a half hour it turns 15°

(c) Add a turn of 90° from north to east and a turn of 45° from east to southeast to get
90° + 45° = 135°.

(d) The turn from northwest to southwest is 3(360°) = 90°.

1.9 FINDING ANGLES
Find the measure of the angle formed by the hands of the clock in Fig. 1-25 (a) at 8

o’clock; (b) at 4:30 o’clock.

Solutions

(a) At 8 o’clock, msa = §(360°) = 120°.
(b) At 4:30 o’clock, m£b = 5(90°) = 45°.

Fig. 1-25

1.10 AprLYING ANGLE FaAcCTs
In Fig. 1-26, (a) name two pairs of perpendicular segments; (b) find mZa if m£ b = 42°;
(c) find m£ AEB and m£ CED.

Solutions

(a) Since £ ABC is a right angle, AB L BC. Since £BEC is a right angle, BE L AC.

(b) mia=90°—msLb=90°~42° = 48".

(c) msLAEB=180°—m4BEC =180°—90°=90°. m£ CED = 180°— m.1 = 180° — 45° = 135°.

1.6 TRIANGLES

A polygon is a closed plane figure bounded by straight line segment as sides. Thus Fig. 1-27 is a
polygon of five sides, called a pentagon; it is named pentagon ABCDE, using its letters in order.

B C

E A c
Fig. 127 Fig. 1-28
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A triangle is a polygon having three sides. A vertex of a triangle is a point at which two of the
sides meet. (Vertices is the plural of vertex.) The symbol for triangle is A; for triangles, A.

A triangle may be named with its three letters in any order or with a Roman numeral placed
inside of it. Thus the triangle shown in Fig. 1-28 is AABC or Al, its sides are AB, AC, and BC; its
vertices are A, B, and C; its angles are £ A, £B, and 2C.

1.6A Classifying Triangles

Triangles are classified according to the equality of the lengths of their sides or according to the
kind of angles they have.

Triangles According to the Equality of the Lengths of their Sides (Fig. 1-29)
1. Scalene triangle: A scalene triangle is a triangle having no congruent sides.

Thus in scalene triangle ABC, a # b # c. The small letter used for the length of each side agrees with
the capital letter of the angle opposite it. Also, # means “is not equal to.”

2. Isosceles triangle: An isosceles triangle is a triangle having at least two congruent sides.

Thus in isosceles triangle ABC, a = ¢. These equal sides are called the legs of the isosceles triangle; the
remaining side is the base b. The angles on either side of the base are the base angles; the angle opposite
the base is the vertex angle.

3. Equilateral triangle: An equilateral triangle is a triangle having three congruent sides.

Thus in equilateral triangle ABC, a=b = c. Note that an equilateral triangle is also an isosceles

triangle.
B
i Isosceles B Equilateral
B Scalene Triangle Triangle Triangle
c a
c g p <
—ee c
A b i A b A H C

Fig. 1-29

Triangles According to the Kind of Angles (Fig. 1-30)
1. Right triangle: A right triangle is a triangle having a right angle.

Thus in right triangle ABC, £ C is the right angle. Side c opposite the right angle is the hypotenuse.
The perpendicular sides, a and b, are the legs or arms of the right triangle.

2. Obtuse triangle: An obtuse triangle is a triangle having an obtuse angle.
Thus in obtuse triangle DEF, 2D is the obtuse angle.
3. Acute triangle: An acute triangle is a triangle having three acute angles.

Thus in acute triangle HJK, £H, £J, and £K are acute angles.

B Right Triangle J Acute
R E Obtuse Triangle Triangle
a ; :
¢ b 4 D F H K

Fig. 1-30
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1.6B Special Lines in a Triangle

1. Angle bisector of a triangle: An angle bisector of a triangle is a segment or ray that bisects an
angle and extends to the opposite side.

Thus BD, the angle bisector of £ B in Fig. 1-31, bisects £ B, making £1= £2.

2. Median of a triangle: A median of a triangle is a segment from a vertex to the midpoint of the
opposite side.

B

P

Median and

Angle Bisector 1 Bisector

M

b Q
Fig. 1-31 Fig. 1-32
Thus BM, the median to AC, in Fig. 1-32, bisects AC, making AM = MC.
3. Perpendicular bisector of a side: A perpendicular bisector of a side of a triangle is a line that
bisects and is perpendicular to a side.
>
Thus PQ, the perpendicular bisector of AC in Fig. 1-32, bisects AC and is perpendicular to it.

4. Altitude to a side of a triangle: An altitude of a triangle is a segment from a vertex perpendicular
to the opposite side.

Thus BD, the altitude to AC in Fig. 1-33, is perpendicular to AC and forms right angles 1 and 2. Each
angle bisector, median, and altitude of a triangle extends from a vertex to the opposite side.

By Altitudes of Obtuse
B Triangle ABC
Altitude
- 2y, C
1 2
A D Cc
Fig. 1-33 Fig. 1-34

5. Altitudes of obtuse triangle: In an obtuse triangle, the altitude drawn to either side of the obtuse
angle falls outside the triangle.

Thus in obtuse triangle ABC (shaded) in Fig. 1-34, altitudes BD and CE fall outside the triangle. In
each case, a side of the obtuse angle must be extended.

SOLVED PROBLEMS

1.11 NAMING A TRIANGLE AND ITS PARTS
In Fig. 1-35, name (a) an obtuse triangle, and (b) two right triangles and the hypotenuse
and legs of each. (c) In Fig. 1-36, name two isosceles triangles; also name the legs, base, and
vertex angle of each.
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A
 { 1I
o} D B
Fig. 1-35 - Fig. 1-36
Solutions

(a) Since £ ADB is an obtuse angle, AADB or All is obtuse.

(b) Since £ Cis a right angle, Al and A ABC are right triangles. In AI, AD is the hypotenuse and AC
and CD are the legs. In AABC, AB is the hypotenuse and AC and BC are the legs.

(c) Since AD = AE, AADE is an isosceles triangle. In AADE, AD and AE are the legs, DE is the
base, and £ A is the vertex angle.
Since AB = AC, AABC is an isosceles triangle. In AABC, AB and AC are the legs, BC is the
base, and £ A is the vertex angle.

1.12 SpECIAL LINES IN A TRIANGLE
___Name the equal segments and congruent angles in Fig. 1-37, (a) if AE is the altitude to
BC; (b) if CG bisects £ ACB; (c) if KL is the perpendicular bisector of AD; (d) if DF is the
median to AC.

Fig. 1-37

Solutions

(a) Since AELBC, 1= £2.

(b) Since CG bisects £ ACB, £3= L4,

(c) Since LK is the L bisector of AD, AL = LD and £7= /8.
(d) Since DF is median to AC, AF = FC. .

1.7 PAIRS OF ANGLES
1.7A Kinds of Pairs of Angles

1. Adjacent angles: Adjacent angles are two angles which have the same vertex and a common side
between them.

Thus, the entire angle of ¢° in Fig. 1-38 has been cut _i.nto two adjacent angles of a° and b°. These
adjacent angles have same vertex A, and a common side AD between them. Here, a° + b° = c°.
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B Adjacent Angles

D Vertical Angles D
A 2 5%
. b L B
4 : ‘ ¢ Fig. 1-39
Fig. 1-38 8 =

2. Vertical angles: Vertical angles are two nonadjacent angles formed by two intersecting lines.

>
Thus, 21 and 43 in Fig. 1-39 are vertical angles formed by intersecting lines AB and C('-f) Also, £2
and 24 are another pair of vertical angles formed by the same lines.

3. Complementary angles: Complementary angles are two angles whose measures total 90°.

Thus, in Fig. 1-40(a) the angles of a° and b° are adjacent complementary angles. However, in (b) the
complementary angles are nonadjacent. In each case, a° + b° = 90°. Either of two complementary angles is
said to be the complement of the other.

Complementary Angles
Supplementary Angles

a°/ b° a’ be

(@) ®) @) ®)
Fig. 1-40 Fig. 1-41

4. Supplementary angles: Supplementary angles are two angles whose measures total 180°.

Thus, in Fig. 1-41(a) the angles of a° and b° are adjacent supplementary angles. However, in (b) the
supplementary angles are nonadjacent. In each case, a° + b° = 180°. Either of two supplementary angles is
said to be the supplement of the other.

1.7B  Principles of Pairs of Angles
PrINCIPLE 1:  If an angle of c° is cut into two adjacent angles of a° and b°, then a°+ b° = ¢°.

Thus if a°®=25° and b° = 35° in Fig. 1-42, then ¢° = 25° + 35° = 60°.

Fig. 1-42 Fig. 1-43

PrINCIPLE 2:  Vertical angles are congruent.

Thus if AB and CD are straight lines in Fig. 1-43, then £1= 23 and £2= £4. Hence, if m£1 = 40°, then
m<£3 =40°% in such a case, m/Z2=ms4 =140°

PriNcipLE 3:  If two complementary angles contain a° and b°, then a° + b° = 9(0°.
Thus if angles of a° and b° are complementary and a°® = 40°, then b° = 50° [Fig. 1-44(a) or (b)].

PriNcIPLE 4:  Adjacent angles are complementary if their exterior sides are perpendicular to each
other.
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C

Fig. 1-44

Thus in Fig. 1-44(a), a° and b° are complementary since their exterior sides AB and BC are perpendicular
to each other.
PriNCIPLE 5:  If two supplementary angles contain a° and b°, then a° + b° = 180°.

Thus if angles of a° and b° are supplementary and a° = 140°, then b° = 40° [Fig. 1-45(a) or (b)].

PrINCIPLE 6:  Adjacent angles are supplementary if their exterior sides lie in the same straight line.

— —
Thus in Fig. 1-45(a) a° and b° are supplementary angles since their exterior sides AB and BC lie in the same
«>

straight line AC.

Fig. 145 Fig. 1-46

PrincipLE 7:  If supplementary angles are congruent, each of them is a right angle. (Equal supplemen-
tary angles are right angles.)

Thus if 21 and 22 in Fig. 1-46 are both congruent and supplementary, then each of them is a right angle.

SOLVED PROBLEMS

1.13 NaMING PAIRS OF ANGLES
(a) In Fig. 1-47(a), name two pairs of supplementary angles.
(b) In Fig. 1-47(b), name two pairs of complementary angles.
(c) In Fig. 1-47(c), name two pairs of vertical angles.
Solutions
(a) Since their sum is 180°, the supplementary angles are (1) 21 and £BED; (2) +3 and L AEC.
(b) Since their sum is 90°, the complementary angles are (1) 24 and £FJH; (2) 46 and LEJG.

> >
(¢) Since KL and MN are intersecting lines, the vertical angles are (1) 48 and £10; (2) 49 and

LMOK. H
B C G
M L
F 6 3 8
N\2/s 45 I 1 0~
A E D E J K 10 N

(@) (®) (c)
Fig. 1-47
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1.14

1.15

FINDING PAIRS OF ANGLES
Find two angles such that:

(a) The angles are supplementary and the larger is twice the smaller.
(b) The angles are complementary and the larger is 20° more than the smaller.

(c) The angles are adjacent and form an angle of 120°. The larger is 20° less than three times
the smaller.

(d) The angles are vertical and complementary.

Solutions

In each solution, x is a number only. This number indicates the number of degrees contained in the
angle. Hence, if x = 60, the angle measures 60°.

(a) Let x =m (smaller angle) and 2x = m (larger angle), as in Fig. 1-48(a).
Principle 5: x +2x =180, so 3x =180; x = 60.
2x = 120. Ans. 60° and 120°
(b) Let x =m (smaller angle) and x + 20 = m (larger angle), as in Fig. 1-48(b).
Principle 3: x + (x +20) =90, or 2x + 20 =90; x = 35.
x+20=>55. Ans. 35° and 55°
(c) Let x =m (smaller angle) and 3x —20 = m (larger angle) as in Fig. 1-48(c).
Principle 1: x + (3x —20) = 120, or 4x — 20 =120; x = 35.
3x —20=85. Ans. 35° and 85°

(d) Let x =m (each vertical angle), as in Fig. 1-48(d). They are congruent by Principle 2.
Principle 3: x + x =90° or 2x =90; x = 45. Ans. 45° each

1202
x 3x — 20
x 2x z+20
@)

(a) b) (c)
Fig. 1-48

FINDING A PaIR OF ANGLES UsING Two UNKNOWNs
For each of the following, let the two angles be represented by a and b. Obtain two
equations for each case, and then find the angles.

(a) The angles are adjacent, forming an angle of 88°. One is 36° more than the other.

(b) The angles are complementary. One is twice as large as the other.

(c) The angles are supplementary. One is 60° less than twice the other.

(d) The angles are two angles of a triangle whose third angle measures 40°. The difference of
the angles is 24°. .

Solutions

(@) a+b=88 (c) a+b=180
a=b+36  Ans. 62° and 26° a=2b-60  Ans. 100° and 80°

(b)) a+b=90 (d) a+b=140
a=2b Ans. 60° and 30° a—-b= 24 Ans. 82° and 58°
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Supplementary Problems

The number in parenthesis associated with each supplementary problem refers to the set of solved problems

which contains problems of the same kind. Refer to these for help.

1.

Point, line, and plane are undefined terms. Which of these is illustrated by (a) the tip of a sharpened
pencil; (b) the shaving edge of a blade; (c) a sheet of paper; (d) a side of a box; (e) the crease of a folded

paper; (f) the junction of two roads on a map? (1.1)
(a) Name the line segments that intersect at E in Fig. 1-49. (1.2)
(b) Name the line segments that intersect at D.
(c) What other line segments can be drawn?
(d) Name the point of intersection of AC and BD.
/& A
C
E D B—F ¢ ¢
Fig. 1-49 Fig. 1-50
(a) Find the length of AB in Fig. 1-50 if AD is 8 and D is the midpoint of AB. (1.3)
(b) Find the length of AE if AC is 21 and E is the midpoint of AC.
(1.3)
(a) Find OB in Fig. 1-51 if diameter AD = 36. (1.4)
(b) Find the number of degrees in A/I\S if E is the midpoint of semicircle AED. Find the number of

degrees in (c) c7>; (d) AC; (e) AEC.

B 70° C
600
B C
A 0 D /O\ \
E A E D

Fig. 1-51 Fig. 1-52

Name the following angles in Fig. 1-52: (a) an acute angle at B; (b) an acute angle at E; (c) a right angle;

(d) three obtuse angles; (e) a straight angle. (1.5
(a) Find m£ ADC if msc =45° and m£d =85° in Fig. 1-53. (1.6)
(b) Find m£L AEB if mLe =60°.
(¢) Find m£EBD if mta=15".

(d)

Find m£ ABC if m£ b =42°.
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10.

11.

12.

13.

B c
b
d
e ¢
4 E D
Fig. 1-53
Find (a) Zof art. £; (b) 3 of ast. £; (c) § of 31°% (d) } of 45°55". (1.7)

What turn or rotation is made (a) by an hour hand in 3 hours; (b) by the minute hand in § of an hour?
What rotation is needed to turn from (c) west to northeast in a clockwise direction; (d) east to south in a
counterclockwise direction; (e) southwest to northeast in either direction? (1.8)

Find the angle formed by the hands of a clock (a) at 3 o’clock; b) at 10 o’clock; (c) at 5:30 o’clock; (d)
at 11:30 o’clock. (1.9)
In Fig. 1-54: (1.10)
(a) Name two pairs of perpendicular lines.

(b) Find m£BCD if m/4 is 39°.

If ms£1=78°, find (c) m£BAD; (d) m£2; (¢) mLCAE.

(a) ®)

Fig. 1-54 Fig. 1-55
(a) In Fig. 1-55(a), name three right triangles and the hypotenuse and legs of each. (1.11)
In Fig. 1-55(b), (b) name two obtuse triangles and (c) name two isosceles triangles, also naming the legs,

base, and vertex angle of each.

In Fig. 1-56, name the congruent lines and angles (a) if PR is L bisector of AB; (b) if BF bisects £ ABC;
(¢) if CG is an altitude to AD; (d) if EM is a median to AD. (1.12)

Fig. 1-56 Fig. 1-57

In Fig. 1-57, state the relationship between: (1.13)
(@) <1and 24 (d) 24 and 25 '

(b) 43 and 244 (e) 41 and £3

(¢ 4land £2  (f) £LAOD and 45
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14. Find two angles such that: (1.14)
(a) The angles are complementary and the measure of the smaller is 40° less than the measure of the
larger.
(b) The angles are complementary and the measure of the larger is four times the measure of the smaller.
(c) The angles are supplementary and the measure of the smaller is one-half the measure of the larger.
(d) The angles are supplementary and the measure of the larger is 58° more than the measure of the
smaller.
(e) The angles are supplementary and the measure of the larger is 20° less than three times the measure
of the smaller.
(f) The angles are adjacent and form an angle measuring 140°. The measure of the smaller is 28° less
than the measure of the larger.
(g) The angles are vertical and supplementary.
15. For each of the following, let the two angles be represented by a and b. Obtain two equations for each
case, and then find the angles. (1.15)
(a) The angles are adjacent and form an angle measuring 75°. Their difference is 21°.
(b) The angles are complementary. One measures 10° less than three times the other.
(¢) The angles are supplementary. One measures 20° more than four times the other.



Chapter 2

Methods of Proof

2.1 PROOF BY DEDUCTIVE REASONING
2.1A Deductive Reasoning Is Proof

Deductive reasoning enables us to derive true or acceptably true conclusions from statements

which are true or accepted as true. It consists of three steps as follows:

1.

Making a general statement referring to a whole set or class of things, such as the class of dogs:
All dogs are quadrupeds (have four feet).

Making a particular statement about one or some of the members of the set or class referred to in
the general statement: All greyhounds are dogs.

Making a deduction that follows logically when the general statement is applied to the particular
statement: All greyhounds are quadrupeds.

Deductive reasoning is called syllogistic reasoning because the three statements together consti-

tute a syllogism. In a syllogism the general statement is called the major premise, the particular
statement is the minor premise, and the deduction is the conclusion. Thus in the above syllogism:

1.
2.
3.

The major premise is: All dogs are quadrupeds.
The minor premise is: All greyhounds are dogs.
The conclusion is: All greyhounds are quadrupeds.

Using a circle, as in Fig. 2-1, to represent each set or class will help you understand the

relationships involved in deductive reasoning.

1.

Since the major premise or general statement states that all dogs are quadrupeds, the circle
representing dogs must be inside that for quadrupeds.

Since the minor premise or particular statement states that all greyhounds are dogs, the circle
representing greyhounds must be inside that for dogs.

The conclusion is obvious. Since the circle of greyhounds must be inside the circle of
quadrupeds, the only possible conclusion is that greyhounds are quadrupeds.

Quadrupeds
Dogs

Greyhounds

Fig. 2-1
19



20 METHODS OF PROOF [CHAP. 2

2.1B Observation, Measurement, and Experimentation Are Not Proof

Observation cannot serve as proof. Eyesight, as in the case of a color blind person, may be
defective. Appearances may be misleading. Thus in each part of Fig. 2-2, AB does not seem to equal
CD although it actually does.

C
>___<A B ‘L % | CN
C D
A D B A D
(a) ) (c)

Fig. 2-2

Measurement cannot serve as proof. Measurement applies only to the limited number of cases
involved. The conclusion it provides is not exact but approximate, depending on the precision of the
measuring instrument and the care of the observer. In measurement, allowance should be made for
possible error equal to half the smallest unit of measurement used. Thus if an angle is measured to
the nearest degree, an allowance of half a degree of error should be made.

Experiment cannot serve as proof. Its conclusions are only probable ones. The degree of
probability depends on the particular situations or instances examined in the process of experimenta-
tion. Thus it is probable that a pair of dice are loaded if ten successive 7s are rolled with the pair, and
the probability is much greater if twenty successive 7s are rolled; however, neither probability is a
certainty.

SOLVED PROBLEMS

2.1  UsiNG CIRCLES TO DETERMINE GROUP RELATIONSHIPS
In (a) to (e) each letter, such as A, B, and R, represents a set or group. Complete each
statement. Show how circles may be used to represent the sets or groups.

(a) If Ais B and B is C, then _?

(b) If Ais Band Bis E and E is R, then _?
{(¢) IfXisYand _?_,then X is M.

(d) If Cis D and E is C, then _?

(e) If squares (S) are rectangles (R) and rectangles are parallelograms (P), then _?

Solutions

(c) YisM (d) EisD (e) Squares are parallelograms
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2.2 COMPLETING A SYLLOGISM
Write the statement needed to complete each syllogism:

Major Premise Minor Premise Conclusion
(General Statement) (Particular Statement) (Deducted Statement)

(a) A cat is a domestic animal. Fluffy is a cat. .

(b) All men must die. 2 Jan must die.

(¢) Vertical angles are congruent. £c and £d are vertical angles. _?

d _?2_ A square is a rectangle. A square has congruent diagonals.
(e¢) An obtuse triangle has only i A ABC has only one obtuse angle.

one obtuse angle

Solutions

(a) Fluffy is a domestic animal. (d) A rectangle has congruent diagonéls.
(b) Jan is a man. () AABC is an obtuse triangle.

(c) 4Lc=/Ld.

2.2 POSTULATES (ASSUMPTIONS)

The entire structure of proof in geometry rests upon, or begins with, some unproved general
statements called postulates. These are statements which we must willingly assume or accept as true
S0 as to be able to deduce other statements.

2.2A Algebraic Postulates

PostuLaTE 1:  Things equal to the same or equal things are equal to each other; if a=b and c= b,
then a = c. (Transitive Postulate)

Thus the total value of a dime is equal to the value of two nickels, since each is equal to the value of ten
pennies.

PosTuLATE 2: A quantity may be substituted for its equal in any expression or equation. (Substitution
Postulate)

Thus if x =5 and y = x + 3, we may substitute 5 for x and find y =5+3=8.

PosTULATE 3: The whole equals the sum of its parts. (Partition Postulate)
Thus the total value of a dime, a nickel, and a penny is 16 cents.

PosTULATE 4:  Any quantity equals itself. (Reflexive Postulate or Identity Postulate)
Thus x=x, mZA=m/ A, and AB = AB.

PostuLATE 5: If equals are added to equals, the sums are equal; if a=b and c=d, then a+ c=
b + d. (Addition Postulate)

If 7 dimes = 70 cents If x+y=12
and 2 dimes = 20 cents and x-—-y= 8
then 9 dimes = 90 cents then 2x =20

PosTULATE 6: If equals are subtracted from equals, the differences are equal; if a= b and c = d, then
a — ¢ = b — d. (Subtraction Postulate)

If 7 dimes = 70 cents If x+y=12
and 2 dimes = 20 cents and x—y= 8
then 5 dimes = 50 cents then 2y= 4
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PostuLate 7:  If equals are multiplied by equals, the products are equal; if a=b and c = d, then
ac = bd. (Multiplication Postulate)

Thus if the price of one book is $2, the price of three books is $6.
Special multiplication axiom: Doubles of equals are equal.

PosTuLATE 8: If equals are divided by equals, the quotients are equal; if a=b and c=d, then
alc=bld, where c,d #0. (Division Postulate)

Thus if the price of 11b of butter is 80 cents then, at the same rate, the price of § Ib is 20 cents.
PosTULATE 9:  Like powers of equals are equal; if a = b, then a" = b". (Powers Postulate)
Thus if x =5, then x> =57 or x* = 25.
PostuLaTE 10:  Like roots of equals are equal; if a = b then3/a =%/b.
Thus if y* = 27, then y =V27 = 3.

2.2B Geometric Postulates

PostuLATE 11:  One and only one straight line can be drawn through any two points.

«>
Thus AB is the only line that can be drawn between A and B in Fig. 2-3.

Fig. 2-3 Fig. 2-4
PosTuLATE 12: Two lines can intersect in one and only one point.

> >
Thus only P is the point of intersection of AB and CD in Fig. 2-4.
PostuLaTE 13:  The length of a segment is the shortest distance between two points.

Thus AB is shorter than the curved or broken line segment between A and B in Fig. 2-5.

£\ | "

A B
Fig. 2-5 Fig. 2-6

PosTuLATE 14:  One and only one circle can be drawn with any given point as center and a given line
segment as a radius.
Thus only circle A in Fig. 2-6 can be drawn with A as center and AB as a radius.

PosTULATE 15: Any geometric figure can be moved without change in size or shape.

Thus Al in Fig. 2-7 can be moved to a new position without changing its size or shape.
: . & JUL NN T
Fig. 2-7 Fig. 2-8

PosTULATE 16: A segment has one and only one midpoint.

Thus only M is the midpoint of AB in Fig. 2-8.
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PostULATE 17:  An angle has one and only one bisector.

-
Thus only AD is the bisector of £ A in Fig. 2-9.

PosTULATE 18:  Through any point on a line, one and only one perpendicular can be drawn to the line.
= > . > .

Thus only PCL AB at point P on AB (Fig. 2-10).

B P
25° ¢

A %o D
c A P B A Cc B
Fig. 29 Fig. 2-10 Fig. 2-11

PosTULATE 19:  Through any point outside a line, one and only one perpendicular can be drawn to the
given line.

JE— > L d
Thus only PC can be drawn L AB from point P outside AB in Fig. 2-11.

SOLVED PROBLEMS
2.3  ArPLYING POSTULATE 1

In each part, what conclusion follows when Postulate 1 is applied to the given data from
Figs. 2-12 and 2-13?

a
s :
N e N\ ;
Fig. 2-12 Fig. 2-13

(a) Given: a=10, b=10, c=10 (d) Given: m£1=40°, m/2=40°, ms3 = 40°

(b) Given:a=25,a=c (e) Given: msL1=m/2, ms3=m/1
(¢) Given:a=b,c=b (f) Given: ms3=msl, ms2=m/s3
Solutions

(a) Since a, b, and c each equal 10, a=b=c.

(b) Since c and 25 each equal a, ¢ =25.

(c¢) Since a and ¢ each equal b, a=c.

(d) Since £1, £2, and £3 each measures 40°, £1= £2= /3.
(e) Since £2 and 43 each= 21, £2= /3.

(f) Since £1 and £2 each=£3, £L1=£2.

2.4  APrLYING POSTULATE 2
In each part, what conclusion follows when Postulate 2 is applied to the given data?

(a) Evaluate 2a +2b when a =4 and b =8.
(b) Find x if 3x+4y=35and y=5.
(¢) Given: m£1+msB+ms2=180°, L1=L A, and £2= 2 C in Fig. 2-14.
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Solutions

(a) Substitute 4 for a and 8 for b:  (c) Substitute £ A for 21 and £C for £2:
' mil+miB+ms2 =180°
2a+2b mLA+m/tB+msC=180° Ans.
2(4) +2(8)
8+ 16 =24 Ans.

(b) Substitute 5 for y:
3x+4y =35
3x+4(5)=35
3x+20 =35
3x=15, x=5 Ans.

/AN

A c

Fig. 2-14 Fig. 2-15

2.5 APPLYING POSTULATE 3

2.6

State the conclusions that follow when Postulate 3 is appled to the data in (a) Fig. 2-15(a)

and (b) Fig. 2-15(b).

Solutions

(@ AC=3+5=8 (b) msLAEC =60°+ 40° = 100°
BD =5+6=11 m/ BED = 40° + 30° = 70°
AD=3+5+6=14 ms AED = 60° + 40° + 30° = 130°

APPLYING POSTULATES 4, 5, AND 6
In each part, state a conclusion that follows when Postulates 4, 5, and 6 are applied to the
given data.

(@) Given: a = e (Fig. 2-16)

(b) Given: a=c, b=d (Fig. 2-16)

(c) Given: m£BAC =m/DAE (Fig. 2-17)

(d) Given: m£ BAC=m/BCA, mz1=m.3 (Fig. 2-17)

F
Fig. 2-16 Fig. 2-17
Solutions
(a) a=e Given
b=b Identity
a+b=>b+e Add. Post.
CD=EF Subst.
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2.7

2.8

(b) a=c Given

b=d Given
a+b=c+d Add. Post.

CD = AB  Subst.

METHODS OF PROOF

(c) m/.BAC=m/DAE Given
msl=m/1 Identity
m/.BAC—-—ms1=miDAE —m/1 Subt. Post.
mi2=mLS Subst.
(d) m/.BAC=m/.BCA Given
mil=m”s3 Given
m/.BAC—-ms1=mLBCA—m/3 Subt. Post.
mi2=mzs4 Subst.

APPLYING POSTULATES 7 AND 8

25

State the conclusions that follow when the multiplication and division axioms are applied

to the data in (@) Fig. 2-18 an

Fig. 2-18

Solutions

d (b) Fig. 2-19.

Glven: a=b
AB and AC are
trisected.

Given: msLA=mcsC
mLl=4imL A

3 ms2=3imsC

C

Fig. 2-19

(a) If a=b, then 2a =2b since doubles of equals are equal. Hence, AF= DB = AG = EC. Also,

3a = 3b, using the Multiplication Postulate. Hence, AB = AC.

(b) if mLA=m/C, then imL A= imsC since halves of equals are equal. Hence, m£1=m/2.

APPLYING POSTULATES TO STATEMENTS

Complete each sentence and state the postulate that applies.

(a) If Harry and Alice are the same age today, then in 10 years

9

(b) Since 32°F and 0°C both name the temperature at which water freezes, we know that

?

(c¢) If Henry and John are the same weight now and each reduces 201b, then _? .

(d) If two stocks of equal value both triple in value, then

(e¢) If two ribbons of equal size are cut into five equal parts, then _? .

(f) If Joan and Agnes are the same height as Anne, then

(g) If two air conditioners of the same price are each discounted 10 percent, then _? .

Solutions
(a) They will be the same age.
(b) 32°F=0°C. (Trans. Post.)

(Add. Post.)
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(c¢) They will be the same weight. (Subt. Post.)

(d) They will have the same value. (Mult. Post.)

(e) Their parts will be of the same size. (Div. Post.)

(f) Joan and Agnes are of the same height. (Trans. Post.)
(g) They will have the same price. (Subt. Post.)

2.9 ArrLYING GEOMETRIC POSTULATES
State the postulate needed to correct each diagram and accompanying statement in Fig.

2-20.
D, E
D
B . B
c d /\
(@ ®) L. © Both circles have @ 4 ¢
A [ A c B O as a center and

—_ —_ e d sd « .

AD and AE bisect £ A. CD and CE L AB the same radius. AB+BC=AC

Fig. 2-20
Solutions

(a) Postulate 17. (b) Postulate 18. (c) Postulate 14. (d) Postulate 13. (AC is less than
the sum of AB and BC.)

2.3 BASIC ANGLE THEOREMS

A theorem is a statement (believed to be true), which, when proved, can be used to prove other
statements or derive other results. Each of the following basic theorems requires the use of
definitions and postulates for its proof.

Note: We shall use the term principle to include important geometric statements such as
theorems, postulates, and definitions.

PrincieLe 1: Al right angles are congruent.
Thus £ A= £B in Fig. 2-21.

b e

B C
Fig. 2-21 Fig. 2-22

PrINCIPLE 2:  All straight angles are congruent.
Thus £ C= 2D in Fig. 2-22.
PrincipL 3:  Complements of the same or of congruent angles are congruent.
This is a combination of the following two principles:
1. Complements of the same angle are congruent. Thus £a = £ b in Fig. 2-23; each is the complement of Zx.

2. Complements of congruent angles are congruent. Thus £c¢= £d in Fig. 2-24; their complements are the
congruent 4 x and y.
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a4 cz lld

Fig. 2-23 Fig. 2-24

PrINCIPLE 4:  Supplements of the same or of congruent angles are congruent.

This is a combination of the following two principles:

1. Supplements of the same angle are congruent. Thus £a = £b in Fig. 2-25; each is the supplement of Zx.

Fig. 2-25 Fig. 2-26

2. Supplements of congruent angles are congruent. Thus /c=d in Fig. 2-26; their supplements are the
congruent angles x and y.

PrINCIPLE 5:  Vertical angles are congruent.
Thus in Fig. 2-27, £a = £b; this follows from Principle 4, since £a and 2b are supplements of the same

angle, Zc.

c
e b

Fig. 2-27

SOLVED PROBLEMS

2.10 ArpLYING Basic THEOREMS: PRINCIPLES 1 TO §
State the basic angle theorem needed to prove Za = /b in each part of Fig, 2-28.

C
B
Q| ' B
B i
(5 A
e a |
C A D A D C

(a) Given: (b) Given: BALAD, (¢) Given: AB1BC
e d b d —_—
AB and AC are straight lines. BCLCD Za comp. £]1
Fig. 2-28
Solutions

> «>
(a) Since AB and AC are straight lines, Za and 4b are straight 4. Hence, £a=2b. Ans. All
straight angles are congruent.

(b) Since BALAD and BC1CD, saand 2b are rt. 4. Hence, Za=/b. Ans. All right angles are
congruent.

(c) Since ABLBC, LBis art. £, making £b the complement of £1. Since Za is the complement of
41, La=b. Ans. Complements of the same angle are congruent.



28 METHODS OF PROOF [CHAP. 2

2.4 DETERMINING THE HYPOTHESIS AND CONCLUSION
2.4A Statement Forms: Subject-Predicate Form and If-Then Form

The statements “A heated metal expands” and “If a metal is heated, then it expands” are two
forms of the same idea. The following table shows how each form may be divided into its two
important parts, the hypothesis, which tells what is given, and the conclusion, which tells what is to be
proved. Note that in the if-then form, the word then may be omitted.

Hypothesis Conclusion
Form (What is given) (What is to be proved)
Subject-predicate form: Hypothesis is subject: Conclusion is predicate:
A heated metal expands. A heated metal expands
If-then form: Hypothesis is if clause: Conclusion is then clause:
If a metal is heated, If a metal is heated then it expands
then it expands. ‘

2.4B Converse of a Statement

The converse of a statement is formed by interchanging the hypothesis and conclusion. Hence to
form the converse of an if-then statement, interchange the if and then clauses. In the case of the
subject-predicate form, interchange the subject and predicate.

Thus the converse of ‘““triangles are polygons™ is “polygons are triangles.” Also, the converse of
“if a metal is heated, then it expands” is ‘‘if a metal expands, then it is heated.” Note in each of
these cases that the statement is true but its converse need not necessarily be true.

PrincIPLE 1:  The converse of a true statement is not necessarily true.
Thus the statement “triangles are polygons” is true. Its converse need not be true.

PrinCIPLE 2:  The converse of a definition is always true.

Thus the converse of the definition ““a triangle is a polygon of three sides” is “‘a polygon of three sides is a
triangle.”” Both the definition and its converse are true.

SOLVED PROBLEMS

2.11 DETERMINING THE HYPOTHESIS AND CONCLUSION IN SUBJECT-PREDICATE FORM
Determine the hypothesis and conclusion of each statement.

Solutions
Statements Hypothesis (subject) Conclusion (predicate)

(a) Perpendiculars form right angles. Perpendiculars form right angles
(b) Complements of the same angle Complements of the same  are congruent

are congruent. angle
(¢) An equilateral triangle is An equilateral triangle is equiangular

equiangular.
(d) A right triangle has only one A right triangle has only one right angle

right angle.
(e) A triangle is not a quadrilateral. A triangle is not a quadrilateral
(f) An alien has no right to vote. An alien has no right to vote
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2.12 DEeTerRMINING THE HYPOTHESIS AND CONCLUSION IN IF-THEN FOrRM
Determine the hypothesis and conclusion of each statement.

Solutions
Statements Hypothesis (if clause) Conclusion (then clause)
(a) If a line bisects an angle, | If a line bisects an then it divides the angle
then it divides the angle angle into two congruent
into two congruent parts. parts
(b) A triangle has an obtuse | If it is an obtuse (then) a triangle has an
angle if it is an obtuse triangle obtuse angle
triangle.
(¢) If a student is sick, she If a student is sick (then) she should not go
should not go to school. to school
(d) A student, if he wishes If he wishes to pass (then) a student must
to pass, must study study regularly
regularly.

2.13 ForMING CONVERSES AND DETERMINING THEIR TruUTH
State whether the given statement is true. Then form its converse and state whether this is
necessarily true.

(a) A quadrilateral is a polygon.

(b) An obtuse angle has greater measure than a right angle.

(c¢) Florida is a state of the United States.

(d) If you are my pupil, then I am your teacher.

(e) An equilateral triangle is a triangle that has all congruent sides.

Solutions

(a) Statement is true. Its converse, “a polygon is a quadrilateral,” is not necessarily true; it might be a
triangle.

(b) Statement is true. Its converse, “‘an angle with greater measure than a right angle is an obtuse
angle,” is not necessarily true; it might be a straight angle.

(c) Statement is true. Its converse, ‘‘a state of the United States is Florida,” is not necessarily true; it
might be any one of the other 49 states.

(d) Statement is true. Its converse, “if I am your teacher, then you are my pupil,” is also true.

(e) The statement, a definition, is true. Its converse, “a triangle that has all congruent sides is an
equilateral triangle,” is also true.

2.5 PROVING A THEOREM

Theorems should be proved using the following step-by-step procedure. The form of the proof is
shown in the example that follows the procedure. Note that accepted symbols and abbreviations may
be used.

1. Divide the theorem into its hypothesis (what is given) and its conclusion (what is to be proved).
Underline the hypothesis with a single line, and the conclusion with a double line.
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On one side, make a marked diagram. Markings on the diagram should include such helpful
symbols as square corners for right angles, cross marks for equal parts, and question marks for
parts to be proved equal.

On the other side, next to the diagram, state what is given and what is to be proved. The
“Given” and ‘“To Prove” must refer to the parts of the diagram.

Present a plan. Although not essential, a plan is very advisable. It should state the major
methods of proof to be used.

On the left, present statements in successively numbered steps. The last statement must be the
one to be proved. All the statements must refer to parts of the diagram.

On the right, next to the statements, provide a reason for each statement. Acceptable reasons in
the proof of a theorem are given facts, definitions, postulates, assumed theorems, and previously
proven theorems.

Step 1: Prove: All right angles are equal
in_measure. I EI

Steps 2 Given: LA and £B are 1t. 4 B
and 3: To Prove: m/ZA=m.B A
Step 4: Plan: Since each angle equals 90°,

the angles are equal in measure,

using Post. 1: Things equal to the

same thing are equal to each other.

Steps 5
and 6:
Statements Reasons
1. £A and 4B are rt. 4. 1. Given
2. m/A and m£ B each =90°. 2. m(rt. L) =90°
3. mLA=m/B 3. Things = to same thing = each other.

SOLVED PROBLEM

2.14 ProvING a THEOREM

Use the proof procedure to prove that supplements of angles of equal measure have equal
measure.

Step 1: Prove: Supplements of angles of

equal measure have equal measure. /4 }\
Steps 2 Given: Lasup. /1, Lbsup. £2 a/1 2\b
and 3: mil=m/s2

To Prove: msZa=mcsb

Step 4: Plan: Using the subtraction
postulate, the equal angle measures
may be subtracted from the equal
sums of measures of pairs of
supplementary angles. The equal
remainders are the measures of the
supplements.
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Steps 5
and 6:
Statements Reasons
1. Lasup. 21, Lbsup. £2 1. Given
m/sa+msl=180° 2. Sup. 4 are 4 the sum of
msb+ms2=180° whose measures = 180°.
3. mtLa+msl=msb+mL2 3. Things = to the same thing = each other.
4. msLl=ms2 4. Given
5. mZa=mdsb 5. If =s are subtracted from =s, the differences
are =.

Supplementary Problems

1. Complete each statement. In (a) to (e), each letter, such as C, D, or R, represents a set or group.

(2.1)

(a) IfAis Band Bis H, then _? _
(b) IfCis Dand Pis C, then _? .
(¢) If _? and Bis R, then Bis S.
(d) YEisF,FisG,and Gis K, then _? _
() IfGisH,HisR, and _? , then A is R.
(f) If triangles are polygons and polygons are geometric figures, then _? .
(g) If a rectangle is a parallelogram and a parallelogram is a quadrilateral, then _?
2. State the conclusions which follow when Postulate 1 is applied to the given data, which refer to Fig. 2-29.
(2.3)
b
d
h
Fig. 2-29
(@ a=7,¢=1,f=17
(b) b=15,b=¢g
(¢) f=h,h=a
d) a=c,c=f,f=h
(e) b=d, d=g, g=e
3. State the conclusions which follow when Postulate 2 is applied in each case. 2.4)
(a) Evaluate a’ + 3a when a = 10.
(b) Evaluate x> —4y when x =4 and y = 3.

()

Does b> — 8 =17 when b =57
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6.

(d)
(e)
N
(8)

METHODS OF PROOF

Find x if x+ y=20 and y = x + 3.
Find y if x + y =20 and y = 3x.
Find x if 5x -2y =24 and y = 3.
Find x if x> +3y =45 and y =3.

[CHAP. 2

State the conclusions that follow when Postulate 3 is applied to the data in Fig. 2-30(a) and (b). (2.5)

Fig. 2-30

State a conclusion involving two new equals that follows when Postulate 4, 5, or 6 is applied to the given

data.
(@)
(b)
(o)
(@)

Given: b = e (Fig. 2-31).

Given: b = ¢, a = d (Fig. 2-31).
Given: £4= /5 (Fig. 2-32).

Given: £1= 43, £2= 24 (Fig. 2-32).

Fig. 2-31

In Fig. 2-33 AD and BC are trisected.

(@)
(b)
(©)
(@)

o
/

D Cc

Fig. 2-33

If AD = BC, why is AE = BF?
If EG = FH, why is AG =BH?
If GD = HC, why is AD = BC?

It ED = FC, why is EG = FH?

n

(2.6)
A
1]2
D B
E
5\3/4
[o}
Fig. 2-32
@7
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7. 1In Fig. 2-34, £BCD and £ ADC are trisected.

(@) If meBCD =msADC, why does m£ FCD = m/FDC?
(b) If ms1=ms2, why does m£LBCD =mL ADC?
(¢) Ifmsl=ms2, why does m£ ADF=m/ BCF?
(d) If mtEDC=msECD, why does ms£1=m/2?
A B
D c
Fig. 2-34
8. Complete each statement, and name the postulate that applies. (2.8)
(a) If Bill and Dick earn the same amount of money each hour and their rate of pay is increased by
the same amount, then _?__.
(b) In the past year, those stocks have tripled in value. If they had the same value last year, then _? .
(c) A week ago, there were two classes that had the same register. If the same number of pupils were
dropped in each, then _? .
(d) Since 100°C and 212°F are the boiling temperatures of water, then _2? .
(e) If two boards have the same length and each is cut into four equal parts, then _? .
(f) Since he has $2,000 in Bank A, $3,000 in Bank B and $5,000 in Bank C, then _?
(g) If three quarters and four nickels are compared with three quarters and two dimes, _? .
9. Answer each of the following by stating the basic angle theorem needed. The questions refer to Fig. 2-35.
(2.10)
(@) Why does ms£1=ms2?
(b) Why does m£DBC =m.ECB?
(c) If ms3=ms4, why does m£5=mL6?
- e d P
(d) If AFLDFE and GC1 DE, why does m£7 = m/£8?
- ____ = P
() If AFLDE, GCLDE, and m£11=m/12, why does m£9=m/10?
B
F G
9 10
T/11 12\ 8
D E D A C E
Fig. 2-35
10. Determine the hypothesis and conclusion of each statement. (2.11 and 2.12)
(a) Stars twinkle.
(b) Jet planes are the speediest.
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11.

12.

()
(d)
(e)
N
(8
(h)
()
()
(k)
Q)
(m)
(n)

METHODS OF PROOF

Water boils at 212° Fahrenheit.

If it is the American flag, its colors are red, white and blue.

You cannot learn geometry if you fail to do homework in the subject.
A batter goes to first base if the umpire calls a fourth ball.

If A is B’s brother and C is B’s son, then A is C’s uncle.

An angle bisector divides the angle into two equal parts.

A segment is trisected if it is divided into three congruent parts.

A pentagon has five sides and five angles.

Some rectangles are squares.

Angles do not become larger if their sides are made longer.

Angles, if they are congruent and supplementary, are right angles.

The figure cannot be a polygon if one of its sides is not a straight line segment.

[CHAP. 2

State the converse of each of the following true statements. State whether the converse is necessarily true.

(a)
(b)
(©)
(d)
(e)

Half a right angle is an acute angle.

An obtuse triangle is a triangle having one obtuse angle.
If the umpire called a third strike, then the batter is out.
If I am taller than you, then you are shorter than I.

If I am heavier than you, then our weights are unequal.

Prove each of the following.

(@
(b)
()

Straight angles are congruent.
Complements of congruent angles are congruent.

Vertical angles are congruent.

(2.13)

(2.14)
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Congruent Triangles

3.1 CONGRUENT TRIANGLES

Congruent figures are figures that have the same size and the same shape; they are the exact
duplicates of each other. Such figures can be made to coincide so that their corresponding parts will
fit together. Two circles having the same radius are congruent circles.

Congruent triangles are triangles that have the same size and the same shape.

If two triangles are congruent, their corresponding sides and angles must be congruent. Thus
congruent triangles ABC and A'B'C’ in Fig. 3-1 have congruent corresponding sides (AB= A'B’,
BC=B'C', and AC= A'C') and congruent corresponding angles (A=, A', ~/B=/B’, and
LC=LC).

A A
63° 53°
b 5
3 3
370 370
c 1 B c 1 B
Fig. 3-1

(Read AABC=AA'B'C’' as “Triangle ABC is congruent to triangle A-prime, B-prime,
C-prime.”)

Note in the congruent triangles how corresponding equal parts may be located. Corresponding
sides lie opposite congruent angles, and corresponding angles lie opposite congruent sides.

3.1A Basic Principles of Congruent Triangles

PrincieLe 1t If two triangles are congruent, then their corresponding parts are congruent. (Corre-
sponding parts of congruent triangles are congruent.)

Thus if AABC=AA'B’C’ in Fig. 3-2, then LA= LA, LB=/B', LC=/£C,a=a',b=b"and c=c'.

Hypothesis ‘ Conclusion
B,
A Q c
B, = B’
A’ A c'
Fig. 3-2

Methods of Proving that Triangles are Congruent

PriNCIPLE 2:  (s.a.s. =s.a.s) If two sides and the included angle of one triangle are congruent to the
corresponding parts of another, then the triangles are congruent.

Thus if b=b', c=c¢’, and LA= LA’ in Fig. 3-3 then AABC=AA'B'C'.
35
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Fig. 3-3

PrincIPLE 3:  (a.s.a. T a.s.a.) If two angles and the included side of one triangle are congruent to the
corresponding parts of another, then the triangles are congruent.

Thus if LZA= LA, £C=2C', and b= b’ in Fig. 3-4, then AABC=AA'B'C".

Hypothesis Conclusion
B B,
AQC AAC
B b B, =~
Alﬁscf A
b 4 ¢
Fig. 3-4

PriNCIPLE 4:  (s.5.5. =s.5.8.) If three sides of one triangle are congruent to three sides of another, then
the triangles are congruent.

Thus if a=a’, b=b’, and ¢ = ¢’ in Fig. 3-5, then AABC=AA'B'C".

Hypothesis Conclusion
B B
A C A C
B B, =
¢ a’ i :-
A’ c’ A lold
bl
Fig. 3-5

SOLVED PROBLEMS

3.1  SELECTING CONGRUENT TRIANGLES
From each set of three triangles in Fig. 3-6, select the congruent triangles and state the
congruency principle that is involved.

Solutions

(@) AI=AIL by s.a.s. =s.a.s. In AIll, the right angle is not between 3 and 4.
(b) AII= AL, by a.s.a. Zas.a. In Al side 10 is not between 70° and 30°.
(c) AI=AII= Al by s.s.5. Fs.s.s.
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30°

3 4 : ::: i“
1I 11 8
(@) (b) 70° 30° (¢)

3.2  DETERMINING THE REASON FOR CONGRUENCY OF TRIANGLES
In each part of Fig. 3-7, Al can be proved congruent of AIl. Make a diagram showing the
equal parts of both triangles and state the congruency principle that is involved.

B

B c Given: 1=/4 B C Given: BE E'E___C_ Given: Isos. AABC

] £2% 13 v AE=ED _ Isos. AADC
E To Prove: To Prove: AC is common base.

AL = AIL Al = Al To Prove:
A D
(a) " A N\ c
(0
Fig. 3.7

Solutions

(a) AC is a common side of both A [Fig. 3-8(a)]. AI = AII by a.s.a. Za.s.a.
(b) 41 and £2 are vertical angles [Fig. 3-8(b)]. AI = AII by s.a.s. =s.a.s.
(¢) BD is a common side of both A [Fig. 3-8(c)]. AI = AIl by s.s.s. =s.s.s.

B C y
R
(@) 4 & ) 4 D (0 LN

Fig. 3-8

3.3  FinpING ParTs NEEDED TO PROVE TRIANGLES CONGRUENT
State the additional parts needed to prove AI=AII in the given figure by the given
congruency principle.

(a) In Fig. 3-9(a) by s.s.s. =s.s.s.
(b) In Fig. 3-9(a) by s.a.s. =s.a.s.
(c) In Fig. 3-9(b) by a.s.a. = a.s.a.
(d) In Fig. 3-9(c) by a.s.a. Za.s.a.
(¢) In Fig. 3-9(c) by s.a.s. =s.a.s.
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3.5

Solutions
(@) If AD =BC, then AI=AIl by s.s.s. Es.s.5.
(b) If £1= £4, then AI= All by s.a.s. =s.a.s.

(¢) If BC=CE, then AI=AIl by a.s.a. Sas.a.
(d) If £2= .3, then AI= All by a.s.a. Zas.a.
(e) If AB=DE, then AI=AII by s.a.s. Ts.as.

CONGRUENT TRIANGLES

J§
B C
1
A )
Fig. 3-9

SELECTING CORRESPONDING PARTS OF CONGRUENT TRIANGLES
In each part of Fig. 3-10, the equal parts needed to prove AI = AIl are marked. List the
remaining parts that are congruent.

Solutions

Fig. 3-10

[CHAP. 3

Congruent corresponding sides lie opposite congruent angles. Congruent corresponding angles lie

opposite congruent sides.

(a) Opposite 45°, AC = DE. Opposite 80°, BC = DF. Opposite side 12; £ C= 2 D.

(b) Opposite AB and CD, £3= £2. Opposite BC and AD, £1= /4. Opposite common side BD
LAZLC.

’

(c) Opposite AE and ED, £2= /3. Opposite BE and EC, 21= £4. Opposite 25 and £6, AB = CD.

APPLYING ALGEBRA TO CONGRUENT TRIANGLES
In each part of Fig. 3-11, find x and y.

B
I
A y—5b * 26°
42° z+20
D
®)
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Solutions

(@) Since AI= All, corresponding angles are congruent. Hence, 2x =24 or x = 12, and 3y =60 or
y =20.

(b) Since AI = All, corresponding angles are congruent. Hence, x +20 =26 or x = 6,andy —S=42or
y=47.

(c) Since AI= All, corresponding sides are congruent. Then 2x =3y +8 and x = 2y. Substituting 2y
for x in the first of these equations, we obtain 2(2y) =3y + 8 or y =8. Then x =2y =16.

3.6 PROVING A CONGRUENCY PROBLEM

Given: BFLDE
BFLAC
3= /4

To Prove: AF=TFC

Plan: Prove AI = All

PROOF:
Statements Reasons
1. BFLAC 1. Given
2. /5= /6 2. IBsformrt. &;rt. 4 are=
3. BF=BF 3. Reflexive property
4. BFLDE 4. Given
5. £1is the complement of /3. 5. Adjacent angles are complementary if
£2 is the complement of 24. exterior sides are L to each other.
6. £3=/4 6. Given
7. £1=22 7. Complements of = 4 are =
8. AI=AI 8. as.a.Tas.a.
9. AF=FC 9. Corresponding parts of congruent A are =

3.7 ProviNG A CONGRUENCY PROBLEM STATED IN WORDS
Prove that if the opposite sides of a quadrilateral are equal and a diagonal is drawn,
equal angles are formed between the diagonal and the sides.

Solution
If the opposite sides of a quadrilateral are congruent and a diagonal is drawn, congruent
angles are formed between the diagonal and the sides.
Given: Quadrilateral ABCD B c
AB=CD, BC='AD
AC is a diagonal.

To Prove: £1=/4, L2=/3

Plan: Prove AI = AIl A D
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PROOF:
Statements Reasons
1. AB=CD, BC=AD 1. Given
2. AC=AC 2. Reflexive property
3. AI=AI 3. s.s.5. =s.s.s.
4. £L1= 24, L2=/3 4. Corresponding parts of = A are =.

3.2 ISOSCELES AND EQUILATERAL TRIANGLES
3.2A Principles of Isosceles and Equilateral Triangles

PriNcIPLE 1:  If two sides of a triangle are congruent, the angles opposite these sides are congruent.
(Base angles of an isosceles triangle are congruent.)

Thus in AABC in Fig. 3-12, if AB=BC, then LA= /(.
A proof of Principle 1 is given in Chapter 16.

Hypothesis Conclusion Hypothesis Conclusion
B B B B

A c A c A (o} A c

Fig. 3-12 Fig. 3-13

PrINCIPLE 2:  If two angles of a triangle are congruent, the sides opposite these angles are congruent.
Thus in AABC in Fig. 3-13, if ZA= 2 C, then AB = BC.
Principle 2 is the converse of Principle 1. A proof of Principle 2 is given in Chapter 16.
PrINCIPLE 3:  An equilateral triangle is equiangular.
Thus in AABC in Fig. 3-14, if AB=BC=CA, then LA=/B=/C.

Principle 3 is a corollary of Principle 1. A corollary of a theorem is another theorem whose proof
follows readily from the theorem.

Hypothesis Conclusion Hypothesis Conclusion
B B B B
Fig. 3-14 Fig. 3-15

PrINCIPLE 4:  An equiangular triangle is equilateral.
Thus in AABC in Fig. 3-15, if LA= /B = /C, then AB=BC =CA.

Principle 4 is the converse of Principle 3 and a corollary of Principle 2.
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SOLVED PROBLEMS

3.8 ArrLyYING PRINCIPLES 1 AND 3 .
In each part of Fig. 3-16, name the congruent angles that are opposite congruent sides of a

triangle.
A A
PN : / X
B B c 1\2 Bf——C
p 12 15 15
3\ 4 .
A 12 ¢ D 4 T C i D p 25 E
(@) ®) © ()
Fig. 3-16
Solutions
(@) Since AC=BC, LA=/B.
(b) Since AB=7AC, £1= £2. Since BD=CD, £3= /A.
(c) Since AB=AC=BC, LA= /1= /3. Since BC=CD, £2=/D.
(d) Since AB=BC=AC, LA LACB= £ ABC. Since AE=AD=DE, LA=/D=E.

3.9  ArrLyiING PrINCIPLES 2 AND 4
In each part of Fig. 3-17, name the congruent sides that are opposite congruent angles of a

triangle.

ES

®)
Fig. 3-17

Solutions

(a) Since msa=55°, La= +D. Hence, BC=CD.

(b) Since LA= /1, AD=BD. Since £L2=/C, BD=TD.

(c) Since £1=/,3, AB=BC. Since £L2=/4=/,D, CD=AD =AC.

(d) Since LA = 1= /4, AB=BD=AD. Since £2=/C, BD=CD.

3.10 AppLYING ISOSCELES TRIANGLE PRINCIPLES
In each of Fig. 3-18(a) and (b), Al can be proved congruent to AIl. Make a diagram

showing the congruent parts of both triangles and state the congruency principle involved.
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B (a) Given: AB=BC A (b) Given: AB=AC
~ AD=EC_ D F BC is trisected at E and G.
D B F is midpoint of AC. DE 1 BC
To Prove: AI=AIl FGLBC
To Prove: AI=AIlI
A 2 c B—% ¢ c

Fig. 3-18

Solutions
(@) Since AB=BC, LA=£C. AI=AlIl by s.a.s. ¥s.a.s. [see Fig. 3-19(a)].
(b) Since AB=TAC, LB=/C. AI= All by a.s.a. Za.s.a. [see Fig. 3-19(b)].

B A
D F
D E
4 F ¢ B g+ ¢
(b)

(a)
Fig. 3-19

3.11 ProvING AN IsOSCELES TRIANGLE PROBLEM
Given: AB=BC B
AC is trisected at D and E
To Prove: £1=/2
Plan: Prove AI= All to obtain BD = BE.
A - D E & ¢

PROOF:
Statements Reasons
1. AC is trisected at D and E. 1. Given
2. AD=EC 2. To trisect is to divide into three congruent parts.
3. AB=BC 3. Given
4. LA=/C 4. Ina A, & opposite =sides are =,
5. AI=AI 5. s.a.s . Fsas.
6. BD=BE 6. Corresponding parts of = A are =.
7. £1=,2 7. Same as 4.
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3.12 PRrovING AN IsoSCELES TRIANGLE PROBLEM STATED IN WORDS
Prove that the bisector of the vertex angle of an isosceles triangle is a median to the base.

Solution B
The bisector of the vertex angle of an /\
isosceles triangle is a median to the base.
Given: Isosceles AABC (AB = BC)
BD bisects LB
To Prove: BD is a median to AC
Plan: Prove AI= All to obtain AD = DC. A 1 c
PROOF:
Statements Reasons
1. AB=BC 1. Given
2. BD bisects £B. 2. Given
3. £L1=22 3. To bisect is to divide into two congruent parts.
4. BD=BD 4. Reflexive property
5. AI=AI 5. s.as.Ss.as.
6. AD=DC 6. Corresponding parts of = A are =.
7. BD is a median to AC. 7. A line from a vertex of a A bisecting
opposite side is a median.

Supplementary Problems

1. Select the congruent triangles in (a) Fig. 3-20, (b) Fig. 3.21, and (c) Fig. 3-22, and state the congruency
principle in each case. 3.1)

4
& A & ‘
60° II 8
6 600
4
20

Fig. 3-

[
80° 45°, 459
I 5 III 80°
80° 45° I /s
3 45° 80°

Fig. 3-21
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36
36
25 36 25
I
40 25
20 40
Fig. 3-22
2. In each figure below, Al can be proved congruent to AIl. State the congruency principle involved.
3.2)
a . = (e)
@) AB Given: 41‘-/_.2 ' _ E 4 Given: L_EABELEAC
G is mldpomt of BF. AD L BC
To Prove: A=Al To Prove: AI= All
D
F~g B D (o)
) 4 ()
. BE B —_— —_—
Given: AB1BE Given: AD and BE bisect
EF 1 BE h oth
D g BC=DE eac ozcr.
B~/ AB=EF A 2 D To Prove: AI=AIl
To Prove: AI= All
F E
(c) — (8) BT |\ D
4 Given: AB=AC B__c  Givem: BELAD
AD is median to BC. CFLAD
To Prove: AI=AIl BE=CF
AD is trisected.
I I To Prove: AI=AIl
B (o}
D
A E F D
d (h) _—
@ Given: BCLCE A Given: ADL1AC
2 D ACLTD D BCLAC __
E AC=CD BD bisects AC.
A BC=TCE To Prove: AI= All
To Prove: AI=All h
Cc B
o

3. State the additional parts needed to prove Al = All in the given figure by the given congruency principle.

(3.3)
B
B c B u
3 E ﬁ
) I II
A * D
2
A D C A D Alis AABD, All is AACD.
Triangles overlap each other.
(@)

1)) (c)
Fig. 3-23
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(a) In Fig. 3-23(a) by s.s.s. =s.s.s.
(b) In Fig. 3-23(a) by s.a.s. =s.a.s.
(¢) In Fig. 3-23(b) by a.s.a. Za.s.a.
(d) In Fig. 3-23(b) by s.a.s. =s.a.s.
(e) In Fig. 3-23(c) by s.s.5. =s.s.s.
(f) In Fig. 3-23(c) by s.a.s. =s.a.s.

4. In each part of Fig. 3-24, the congruent parts needed to prove Al = AIl are marked. Name the remaining

parts that are congruent. (3.4)
B B
A\ < 7
» o “ﬂ
D E c
(a) ®)
Fig. 3-24

5. In each part of Fig. 3-25, find x and y.

Az+BD Est

(8}
(b)
Fig. 3-25
6. Prove each of the following. ‘ (3.6)
(@) In Fig. 3-26: Given: BD L AC (¢) In Fig. 3-27: Given: £1=/2, BF=DE
D is midpoint of AC. BF bisects £ B.
To Prove: AB=BC DE bisects £ D.
4B and 4D are rt. 4.
To Prove: AB=CD
(b) In Fig. 3-26: BD is altitude to AC. (d) InFig. 3-27: Given: BC=AD
BD bisects £ B. E is midpoint of BC.
To Prove: LA=/C F is midpoint of AD.
AB=CD, BF=DE
To Prove: LA=/,C
B B E C
)
1
A C A F D

Fig. 3-26 Fig. 3-27
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(¢) InFig. 3-28: Given: £1=,2 (g) In Fig. 3-29: Given: —@%‘ C'D’, AD=AD’
CE bisects BF. CD is altitude to AB.
To Prove: LC=LE C'D’ is altitude to A’B’.

To Prove: L A= LA
(f) InFig. 3-28: Given: BF and CE bisect each (k) In Fig. 3-29: Given: CD bisects 2C.

other. C'D bisects £C".
To Prove: BC=EF LC=LC,
LB = LB’
BC=B'C.

To Prove: CD=CD’

Fig. 3-28 Fig. 3-29
7. Prove each of the following. 3.7

(a) If a line bisects an angle of a triangle and is perpendicular to the opposite side, then it bisects that
side.

(b) If the diagonals of a quadrilateral bisect each other, then its opposite sides are congruent.

(c) If the base and a leg of one isosceles triangle are congruent to the base and a leg of another isosceles
triangle, then their vertex angles are congruent.

(d) Lines drawn from a point on the perpendicular bisector of a given line to the ends of the given line
are congruent.

(e) If the legs of one right triangle are congruent respectively to the legs of another, their hypotenuses
are congruent.

8. In each part of Fig. 3-30, name the congruent angles that are opposite congruent sides of a triangle. (3.8)

G B ¢ B C
15 ‘.’
F
10 i5 E
15
H A D A D
®) (¢)

(a) c
Fig. 3-30
9. In each part of Fig. 3-31, name the congruent sides that are opposite congruent angles of a triangle.
(3.9)
A D
45°
B
135°
E

(@)
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10. In each part of Fig. 3-32, two triangles are to be proved congruent. Make a diagram showing the congruent

parts of both triangles and state the reason for congruency.

B (a) Given: B (b) Given:

AD=CE AB=BC
L1= 422 DG 1L AB
To Prove: E.L _B_—g_
AABD = ACBE BD=BE
D To Prove:
4 c AAGD = ACFE

D A C E F G
Fig. 3-32

(3.10)

B (c) Given:
L1202
AD=EC
To Prove:
E=ABCD
D E AAB

A c

11. In each part of Fig. 3-33, Al, All, and AIIl can be proved congruent. Make a diagram showing the

congruent parts and state the reason for congruency. (3.10)
D
B (a) Given: (b) Given:
AABC is equilateral. AABC is equilateral.
D AF=BD=CE AF, BD, and CE are extensions
To Prove: of the sides of AABC.
E A= AIL=E AIIL L1Z= L2343
A c AI= AILE AT
F
F
Fig. 3-33
12. Prove each of the following: 3.1
(a) In Fig. 3-34: Given: AB=AC (c) In Fig. 3-35: Given: AB=AC

F is midpoint of BC.
L1= /2
To Prove: FD =FE

Sk

(b) In Fig. 3-34: Given: B=

D=
D1
To Prove: BF

|

o2 LS
=
o

, FELAC

n
a

Fig. 3-34

13. Prove each of the following:

LA _i trisected.
To Prove: AD = AE

(d) In Fig. 3-35: Given: AB=AC

3.12)

(a) The median to the base of an isosceles triangle bisects the vertex angle.

(b) If the bisector of an angle of a triangle is also an altitude to the opposite side, then the other two sides

of the triangle are congruent.

(¢) If a median to a'side of a triangle is also an altitude to that side, then the triangle is isosceles.

(d) In an isosceles triangle, the medians to the legs are congruent.

(e} In an isosceles triangle, the bisectors of the base angles are congruent.



Chapter 4

Parallel Lines, Distances, and Angle Sums

4.1 PARALLEL LINES

Parallel lines are straight lines which lie in th& same_ plane and do not intersect however ﬂg)r they

are extended. The symbol for parallel is ||; thus AB || CD is read “line ABis parallel to line CD.” In
diagrams, arrows are used to indicate that lines are parallel (see Fig. 4-1).
E
A

- - 1/2
—"] A / B
A

- 4/3
¢ D
F
Fig. 4-1 Fig. 4-2

«>
é transvgsal of two or more lines is a line that cuts across these lines. Thus EF is a transversal
of AB and CD, in Fig. 4-2.
The interior angles formed by two lines cut by a transversal are the angles between the two lines,
«> «>
while thg exterior angles are those outside the lines. Thus, of the eight angles formed by AB and CD

cut by EF in Fig. 4-2, the interior angles are 21, 22, /3, and £4; the exterior angles are L5, £6,
/7, and /8.

4.1A Pairs of Angles Formed by Two Lines Cut by a Transversal
Corresponding angles of two lines cut by a transversal are angles on the same side of the
transversal and on the same side of the lines. Thus £1 and 22 in Fig. 4-3 are corresponding angles

of AB and CD cut by transversal EF Note that in this case the two angles are both to the right of the
transversal and both below the lines.

Fig. 4-3

When two parallel lines are cut by a transversal, the sides of two corresponding angles form a
capital F in varying positions, as shown in Fig. 4-4.

SR NI

Fig. 44
48
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Fig. 4-5

Alternate interior angles of two lines cut by a transversal are nonadjacent angles between the two
lines and on opposis_c_:) sides of ge transversal. Thus 21 and £2 in Fig. 4-5 are alternate interior

angles of AB and CD cut by EF. When parallel lines are cut by a transversal, the sides of two
alternate interior angles form a capital Z or N in varying positions, as shown in Fig. 4-6.

NS

Fig. 4-6

When parallel lines are cut by a transversal, interior angles on the same side of the transversal can
be readily located by noting the capital U formed by their sides (Fig. 4-7).

R

Fig. 4-7

4.1B Principles of Parallel Lines

PriNcIPLE 12 Through a given point not on a given line, one and only one line can be drawn parallel
to a given line. (Parallel-Line Postulate)

Thus, either /, or /, but not both may be parallel to /, in Fig. 4-8.

L { A
l‘ /

ls 75 A
Fig. 4-8 Fig. 4-9

Proving that Lines are Parallel

PriNcieLe 2: Two lines are parallel if a pair of corresponding angles are congruent.
Thus, I, | 1, if Za= £b in Fig. 4-9.

PrRINCIPLE 3:  Two lines are parallel if a pair of alternate interior angles are congruent.

Thus, /, ||, if Z¢= 2d in Fig. 4-10.
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/[
7/ ll /6 ll
d i A

Fig. 4-10 Fig. 4-11

PrincirLe 4:  Two lines are parallel if a pair of interior angles on the same side of a transversal are
supplementary.

Thus, I, || I, if Le and £f are supplementary in Fig. 4-11.

PRINCIPLE 5:  Lines are parallel if they are perpendicular to the same line. (Perpendiculars to the same
line are parallel.)

Thus, /, ]| 1, if I, and /, are each perpendicular to /, in Fig. 4-12.

L A U
|| —

L A
Fig. 4-12 Fig. 4-13

PRINCIPLE 6:  Lines are parallel if they are parallel to the same line. (Parallels to the same line are
parallel.)

Thus, /, ||/, if /, and [, are each parallel to /, in Fig. 4-13.
Properties of Parallel Lines

PriNcIPLE 7:  If two lines are parallel, each pair of corresponding angles are congruent. (Correspond-
ing angles of parallel lines are congruent.)

Thus, if /, || 1,, then Za= b in Fig. 4-14,

ja 4 7/ A
d
75 . 7 b
Fig. 4-14 Fig. 4-15

PrINCIPLE 8:  If two lines are parallel, each pair of alternate interior angles are congruent. (Alternate
interior angles of parallel lines are congruent.)

Thus, if [, || ,, then £¢c = £d in Fig. 4-15.

PrincieLe 9:  If two lines are parallel, each pair of interior angles on the same side of the transversal
are supplementary.

Thus, if /, || /,, e and £f are supplementary in Fig. 4-16.

/j; h h r

f

/ h I
Fig. 4-16 Fig. 4-17

PriNciPLE 10:  If lines are parallel, a line perpendicular to one of them is perpendicular to the others
also.

Thus, if /, ||/, and I, L1, then !, 11, in Fig. 4-17.
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Principie 11:  If lines are parallel, a line parallel to one of them is parallel to the others also.

Thus, if /, || I, and 1, || /,, then L, || I, in Fig. 4-18.

l
L Is
ls Ll ly
Is c/b

Fig. 4-18 Fig. 4-19

PrINCIPLE 12:  If the sides of two angles are respectively parallel to each other, the angles are either
congruent or supplementary.

Thus, if /, || /; and I, ||/, in Fig. 4-19, then £a= /b and La and Zc are supplementary.

SOLVED PROBLEMS

4.1 NUMERICAL APPLICATIONS OF PARALLEL LINES
In each part of Fig. 4-20, find the measure x and the measure y of the indicated angles.

G

A =\u B A
\ 80° c 750 )
c N LU A 1/7
\ F i c F E Iy F
(@) (&) ()
E
cl®
v D
A B
(d) (e) 6
Fig. 4-20
Solutions
(@) x=130° (Principle 8). y = 180° — 130° = 50° (Principle 9).
(b) x=80° (Principle 8). y = 70° (Principle 7).
(¢) x=75° (Principle 7). y = 180° — 75° = 105° (Principle 9).
(d) x=065° (Principle 7). Since m£B=m/A, m/B=65°. Hence, y = 65° (Principle 8).
(¢) x = 30° (Principle 8). y = 180°+(30°+70°) = 80° (Principle 9).
(f) x=180°-110°=70° (Principle 9). y = 110° (Principle 12).

4.2

APPLYING PARALLEL LINE PRINCIPLES AND THEIR CONVERSES
The following short proofs refer to Fig. 4-21. In each, the first statement is given. State
the parallel-line principle needed as the reason for each of the remaining statements.
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4.3

PARALLEL LINES, DISTANCES, AND ANGLE SUMS

(@) 1. £1=£2 1. Given
2. AB||CD 2. 2
3. £3=124 3. 2
(b) 1. £2=43 1. Given
2. EF||GH 2. 2
3. Z4sup. £S5 3. _?
Solutions

(a) 2: Principle 3; 3: Principle 7.
(b) 2: Principle 2; 3: Principle 9.

E G

Az 3[ B

1
c /5 4/ D
F H

Fig. 4-21

(o) £Ssup. £4
EF || GH

£L3=16

EF1AB, GH1AB,
EF1CD
EF|| GH
CD1GH

—_ W N

(d)

wn

(c) 2: Principle 4; 3: Principle 8.
(d) 2: Principle 5; 3: Principle 10.

ALGEBRAIC APPLICATIONS OF PARALLEL LINES
In each part of Fig. 4-22, find x and y. Provide the reason for each equation obtained from

the diagram.

3y =120 (Subt. Postulate)

1. Given
2. 2

3. 2

1. Given

9

2. 2
3

x+y

z2-2y
160°

()

/ x+ 2y o
/ .
82—20 92° -
v+ 1(7
(@) (b)
Fig. 4-22
Solutions
(@) 3x—20=2x (Principle 8) (¢) (1) x+y=150 (Principle 8)
x=20° (2) x —2y= 30 (Principle 9)
y +10=2x (Principle 7)
y+10=40 y= 40°
x=110°
(b)  4y=180-92=88 (Principle 9)
y=22°
x+2y=92 (Principle 7)
x+44=92

x =48°

[CHAP. 4

/
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4.4 PrOVING A PARALLEL-LINE PROBLEM D
Given: AB=AC al
—> - 2 E
AE|| BC
-
To Prove: AE bisects L DAC
Plan: Show that 21 and 42 are congruent
to the congruent angles B and C. B 4
PROOF:
Statements Reasons
-
1. AE|BC 1. Given
2. L1=/B 2. Corresponding 4 of || lines are =,
3. s22=/C 3. Alternate interior 4 of || lines are =.
4. AB='AC 4. Given
5. £LB=4C 5. Ina A, & opposite = sides are =.
6. L_i =72 6. Things = to = things are = to each other.
7. AE bisects £DAC. 7. To divide into two congruent parts is to bisect.

4.5 PrOVING A PARALLEL-LINE PrOBLEM STATED IN WORDS
Prove that if the diagonals of a quadrilateral bisect each other, the opposite sides are
parallel.
Given: Quadrilateral ABCD B 111 ¢
AC and BD bisect each other.
To Prove: AB| CD %
AD || BC ED
Plan: Prove £1= £4 by showing AI= All. Iv 3
Prove £2= £3 by showing AIIl = AIV. A D
PROOF:
Statements Reasons
1. AC and BD bisect each other. 1. Given
2. BE=ED,AE=EC 2. To bisect is to divide into two congruent parts.
3. £5F 26, LT7= /L8 3. Vertical 4 are =,
4. AI=AIL AHI=AIV 4. s.as.=sas.
5. £1=14, L2=/3 5. Corresponding parts of congruent A are =.
6. AB||CD, BC||AD 6. Lines cut by a transversal are || if alternate
interior 4 are =.

4.2 DISTANCES
4.2A Distances between Two Geometric Figures

The distance between two geometric figures is the straight line segment which is the shortest

segment between the figures.

1. The distance between two points, such as P and Q in Fig. 4-23(a), is the line segment PQ

between them.
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(@) (b) (o)

(d) ()
Fig. 4-23
«>
2. The distance between a point and a line, such as P and AB in (b), is the line segment PQ, the

perpendicular from the point to the line.

L d xd
3. The distance between two parallels, such as AB and CD in (c), is the segment PQ, a
perpendicular between the two parallels.

4. The distance between a point and a circle, such as P and circle O in (d), is PQ, the segment of
OP between the point and the circle.

5. The distance between two concentric circles, such as two circles whose center is O, is PQ, the
segment of the larger radius that lies between the two circles, as shown in (e).

4.2B Distance Principles

PriNcIPLE 1:  If a point is on the perpendicular bisector of a line segment, then it is equidistant from
the ends of the line segment.

> —_— J— —
Thus if P is on CD, the 1 bisector of AB in Fig. 4-24, then PA = PB.

PriNcIPLE 2:  If a point is equidistant from the ends of a line segment, then it is on the perpendicular
bisector of the line segment. (Principle 2 is the converse of Principle 1.)

—— — H ——
Thus if PA= PB in Fig. 4-24, then P is on CD, the 1 bisector of AB.

c
P
Q
p_—B
A B
D 4 R
Fig. 4-24 Fig. 4-25

PrincipLe 3:  If a point is on the bisector of an angle, then it is equidistant from the sides of the angle.

Thus if P is on /‘1—;?, the bisector of £ A in Fig. 4-25, then PQ = PR, where PQ and PR are the distances of
P from the sides of the angle.

PrincipLE 4:  If a point is equidistant from the sides of an angle, then it is on the bisector of the angle.
(Principle 4 is the converse of Principle 3.)
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(_T)hus if PQ = PR, where PQ and PR are the distances of P from the sides of £ A in Fig. 4-25, then P is
on AB, the bisector of £ A.

PrINCIPLE 5:  Two points each equidistant from the ends of a line segment determine the perpendicular
bisector of the line segment. (The line joining the vertices of two isosceles triangles having a common
base is the perpendicular bisector of the base.)

—_— — © —
Thus if PA=PB and OA = 0B in Fig. 4-26, then P and Q determine CD, the 1 bisector of AB.
C

Q

D

Fig. 4-26 Fig. 4-27

PrINCIPLE 6:  The perpendicular bisectors of the sides of a triangle meet in a point which is equidistant
from the vertices of the triangle.

Thus if P is the intersection of the L bisectors of the sides of AABC in Fig. 4-27, then PA= PB=PC. P is
the center of the circumscribed circle and is called the circumcenter of AABC.

PriNcIPLE 7:  The bisectors of the angles of a triangle meet in a point which is equidistant from the
sides of the triangle.

Thus if Q is the intersection of the bisectors of the angles of AABC in Fig. 4-28, then OR ='0S = QT,
where these are the distances from Q to the sides of AABC. Q is the center of the inscribed circle and is called
the incenter of AABC.

SOLVED PROBLEMS

4.6  FINDING DISTANCES
In each of the following, find the distance and indicate the kind of distance involved.
In Fig. 4-%_9)(a), fl_x:d the distance (a) from P to A; (b) from P to C('_l)); (c) from A to I;_E‘;
(d) from AB to CD. In Fig. 4-29(b), find the distance (e) from P to inner circle O; (f) from P
to outer circle O; (g) between the concentric circles.

A F B

Fig. 4-29
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Solutions

(@)
(b)
(c)
(4)
()
0))
(8)

PA =17, distance between two points

PG =4, distance from a point to a line

AE =10, distance from a point to a line

FG = 6, distance between two parallel lines

PQ =12-3=9, distance from a point to a circle
PR =12 -5=7, distance from a point to a circle

QR =5-3=2, distance between two concentric circles

4.7 LocaTING A POINT SATISFYING GIVEN CONDITIONS

In Fig. 4-30,
B
A C
Fig. 4-30
N «>
(@) Locate P, a point on BC and equidistant from A and C.
«> —_— —
(b) Locate Q, a point on AB and equidistant from BC and AC.
(c) Locate R, the center of the circle circumscribed about A ABC.
(d) Locate S, the center of the circle inscribed in A ABC.
Solutions
See Fig. 4-31.
B B B,
P
Q
R
A — + C A c A + -+ C
(a) Using Principle 1 (b) Using Principle 3 (c) Using Principle 6

Fig. 4-31

4.8  ArpLYING PRINCIPLES 2 AND 4
For each AABC in Fig. 4-32, describe P, Q, and R as equidistant points, and locate each
on a bisector.

)
Fig. 4-32

[CHAP. 4

A
(d) Using Principle 7

C
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4.9

4.10

Solutions

(a) Since P is equndlstant from A and B, it is on the L bisector of AB. Since Q is equldlstant from B
and C, it is on the L bisector of BC. Since R is equidistant from A, B, and C, it is on the 1
bisectors of AB, BC, and AC.

b) Smce P is equidistant from AB and BC it is on the bisector of 2 B. Smce Q is equldlstant from AC

and BC it is on the bisector of £ C. Since R is equidistant from AB BC and AC it is on the
bisectors of LA, £B, and £C.

APPLYING PRINCIPLES 1, 3, 6, AND 7
For each AABC in Fig. 4-33, describe P, Q, and R as equidistant points. Also, describe R
as the center of a circle.

B

b
@) Fig, 4-33 ®

Solutions

(a) Since P is on the bisector oj_) LA, it(_i,s equidistant from A(—B and XZ‘ Since Q is on the bisector of
Z B, it is equidistant from AB and BC. Since R is on the bisectors of £ A and £ B, it is equidistant
from A‘_B, B(_E', and /;_b R is the incenter of AABC, that is, the center of its inscribed circle.

(b) Since P is on the L bisector of AB, it is equidistant from A and B. Since Q is on the L bisector of
AC, it is equidistant from A and C. Since R is on the L bisectors of AB and AC, it is equidistant
from A, B, and C. R is the circumcenter of A ABC, that is, the center of its circumscribed circle.

APPLYING PrINCIPLES 1, 3, 6, AND 7
In each part of Fig. 4-34, find two points equidistant from the ends of a line segment, and
find the perpendicular bisector determined by the two points.

B A
B c B C
A\
E D A D
(a) b) (c)
Fig. 4-34

Solutions
(@) B and D are equidistant from A and C. Hence BE is the L bisector of AC.
(b) A and D are equidistant from B and C. Hence AD is the L bisector of BC.

(¢) Band D are equidistant from A and C; hence BD is the L bisector of AC. A and C are equidistant
from B and D; hence AC is the L bisector of BD.
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4.3 SUM OF THE MEASURES OF THE ANGLES OF A TRIANGLE

The angles of any triangle may be torn off, as in Fig. 4-35(a), and then fitted together as shown
in (b). The three angles will form a straight angle.

()
Fig. 4-35

We can prove that the sum of the measures of the angles of a triangle equals 180° by drawing a

line through one vertex of the triangle parallel to the side opposite the vertex. In Fig. 4-35(¢), A(/I_I)V is
drawn through B parallel to AC. Note that the measure of the straight angle at B equals the sum of
the measures of the angles of AABC; that is, a® + b° + ¢° = 180°. Each pair of congruent angles is a
pair of alternate interior angles of parallel lines.

4.3A Interior and Exterior Angles of a Polygon

An exterior angle of a polygon is formed whenever one of its sides is extended through a vertex.
If each of the sides of a polygon is extended, as shown in Fig. 4-36, an exterior angle will be formed
at each vertex. Each of these exterior angles is the supplement of its adjacent interior angle.

Fig. 4-36

Thus in the case of pentagon ABCDE, there will be five exterior angles, one at each vertex. Note
that each exterior angle is the supplement of an adjacent interior angle. For example, mZa +
mcsa’ =180°.

4.3B Angle-Measure-Sum Principles

PrINCIPLE 1:  The sum of the measures of the angles of a triangle equals the measure of a straight angle
or 180°.

Thus in AABC of Fig. 4-37, m£ A+ m/ B+ m/C = 180°.
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PriNCIPLE 2:  If two angles of one triangle are congruent respectively to two angles of another triangle,
the remaining angles are congruent.

Thus in AABC and AA'B'C’ in Fig. 4-38, if LA=LA' and £LB=/B’, then £LC=2C".

B '
i A& B: jc
A Y A D
Fig. 4-38 Fig. 4-39

PrINCIPLE 3:  The sum of the measures of the angles of a quadrilateral equals 360°.
Thus in quadrilateral ABCD (Fig. 4-39), m£A+m4B+m/C+msD =360°

PrINCIPLE 4:  The measure of each exterior angle of a triangle equals the sum of the measures of its
two nonadjacent interior angles.

Thus in AABC in Fig. 4-40, m£ ECB=m/ A+ m/B.

B S8
f : o
A }a,

C E

Fig. 4-40 Fig. 4-41
PrRINCIPLE §5:  The sum of the measures of the exterior angles of a triangle equals 360°.
Thus in AABC in Fig. 4-41, mza' + m4b’ + msLc' =360°.
PRINCIPLE 6:  The measure of each angle of an equilateral triangle equals 60°.

Thus if AABC in Fig. 4-42 is equilateral, then m£ A4 =60°, m/ B = 60°, and m~ C = 60°.

B

A&
A Cc C B

Fig. 4-42 Fig. 4-43

PriNCIPLE 7:  The acute angles of a right triangle are complementary.
Thus in rt. AABC in Fig. 4-43, if m£C=90°, then m£Z A + m/ B =90°.

PriINCIPLE 8:  The measure of each acute angle of an isosceles right triangle equals 45°.
Thus in isos. rt. AABC in Fig. 4-44, if m£ C =90°, then m£ A = 45° and mZ B = 45°.

A
chs

Fig. 4-44

PrINCIPLE 9: A triangle can have no more than one right angle.

Thus in rt. AABC in Fig. 4-43, if m/ C =90°, then £ A and £ B cannot be rt. 4.



60 PARALLEL LINES, DISTANCES, AND ANGLE SUMS [CHAP. 4

PriNCIPLE 10: A triangle can have no more than one obtuse angle.

Thus in obtuse AABC in Fig. 4-45, if £C is obtuse, then ZA and £ B cannot be obtuse angles.

c
Fig. 4-45 Fig. 4-46

PrincieLe 11:  Two angles are congruent or supplementary if their sides are respectively perpendicular
to each other.

Thus if /, L/, and I, 11, in Fig. 4-46, then La= b, and La and Lc are supplementary.

SOLVED PROBLEMS

4.11 NUMERICAL APPLICATIONS OF ANGLE-MEASURE-SUM PRINCIPLES
In each part of Fig. 4-47, find x and y.

x 80° U
m -
¢ @ g F © E ¢ ¢ D
Solutions Fig. 4-47 o o
(@ x+35+70=180 (Pr.1) (d) Since DCLEB, x =90°
x= 175° x+y+120=360 (Pr. 5)
y+110+25=180 (Pr. 1) 90 + y + 120 = 360
y= 45° y = 150°

Check: The sum of the measures of the o o

angles of quad. ABCD should equal 360°. (e) Since AB|| DE, x = 50°

70 + 120 + 110 + 60 = 360 y=x+45 (Pr. 4)

360 = 360 y =50+ 45 =95°

(b) «xis ext. £ of Al o o

x=30+40 (Pr. 4) (f) Since AB|| CD, 2x +80 =180

x=70° 2x =100

y is an ext. £ of AABC. x =50°

y=m/B+40 (Pr. 4) y=x+80° (Pr. 4)

y =85 +40=125° y =50+ 80 = 130°
(¢) In AABC,x+65=90 (Pr.7)

x=25°
In AL, x+y=90 (Pr.7)
25+y=90

y=65°
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4.12 APPLYING ANGLE-MEASURE-SUM PRINCIPLES TO ISOSCELES AND EQUILATERAL TRIANGLES

4.13

Find x and y in each part of Fig. 4-48.

A
A
800
v
y D
B& + c v
y /¢ I N\
126%/'1 x B C
B ¢ BD bisects 2B
D CD bisects £C
(@) ®) ©
Fig. 4-48
Solutions
(a) Since AB=AC, we have £1=/x (¢) Since AB=AC, L/ABC= /. ACB
x =180 — 125 = 55° 2x +80=180 (Pr. 1)
2x +y =180 (Pr. 1) x=50°
110+ y =180 In AI, 3x+3x+y=180 (Pr. 1)
y=170° x+y=180
(b) By Pr. 8, x=45° NO+y= }gg@
Since m£ ABC = 60° (Pr. 6) r=
and m£CBD =45°  (Pr. 8)
y =60 +45 = 105°
APPLYING RATIOS TO ANGLE-MEASURE Sums
Find the measure of each angle
(a) Of a triangle if its angle measures are in the ratio of 3:4:5 [Fig. 4-49(a)]
(b) Of a quadrilateral if its angle measures are in the ratio of 3:4:5:6 [(b)]
(c) Of a right triangle if the ratio of the measures of its acute angles is 2:3 [(¢)]
B A
5 D (o}
“ 6x b 3z
3 : 4
A x g c 4 3z 4z B c 2z B
(@) (%) (o)
Fig. 449

Solutions

(a) Let 3x, 4x, and Sx represent the measures of the angles. Then 12x = 180 by Principle 1, so that
x=15. Now 3x =45, 4x =60, and 5x =75. Ans. 45°, 60°, 75°

(b) Let 3x, 4x, 5x, and 6x represent the measures of the angles. Then 18x = 360 by Principle 3, so that
x =20. Now 3x =60, 4x = 80, and so forth. Ans. 60°, 80°, 100°, 120°

(c) Let 2x and 3x represent the measures of the acute angles. Then 5x =90 by Principle 7 so that
x=18. Now 2x =36 and 3x =54. Ans. 36°, 54°, 90°
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4.14 UsING ALGEBRA TO PROVE ANGLE-MEASURE-SUM PROBLEMS

(a) Prove that if the measure of one angle of a triangle equals the sum of the measures of
the other two, then the triangle is a right triangle.

(b) Prove that if the opposite angles of a quadrilateral are congruent, then its opposite sides
are parallel.

Solutions A
(a) Given: AABC, m/C=msA+msB @
To Prove: AABC is a right triangle.
Plan: Prove m/C=90° a+b b
c B
ALGEBRAIC PROOF:
Let a = number of degrees in £ A

b = number of degrees in LB
Then a + b = number of degrees in £C
a+b+(at+b)=180 (Pr. 1)
2a +2b =180
a+b= 90
Since m£C=90°, AABCis art. A.

b) Given: Quadrilateral ABCD
LAZLC, LB=¢LD
To Prove: AB || CD, BC | AD B c
Plan: Prove int. 4 on same side of a v
transversal are supplementary.

ALGEBRAIC PROOF:

Let a = number of degrees in £ A4 and £C,
b = number of degrees in £B and 2D.

2a +2b =360 (Pr. 3)
a+b=180

Since. £A and £B are supplementary,
BC|| AD.

Since £A and /D are supplementary,
AB| CD.

4.4 SUM OF THE MEASURES OF THE ANGLES OF A POLYGON

A polygon is a closed plane figure bounded by straight line segments as sides.
An n-gon is a polygon of n sides. Thus a polygon of 20 sides is a 20-gon.

B

E D
Regular Pentagon

Fig. 4-50
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A regular polygon is an equilateral and equiangular polygon. Thus a regular pentagon is a
polygon having 5 congruent angles and 5 congruent sides (Fig. 4-50). A square is a regular polygon
of 4 sides. ‘

Names of Polygons According to the Number of Sides

Number of Sides Polygon Number of Sides Polygon
3 Triangle 8 Octagon
4 Quadrilateral 9 Nonagon
S Pentagon 10 Decagon
6 Hexagon 12 Dodecagon
7 Heptagon n n-gon

4.4A Sum of the Measures of the Interior Angles of a Polygon

By drawing diagonals from any vertex to each of the other vertices, as in Fig. 4-51, a polygon of
7 sides is divisible into 5 triangles. Note that each triangle has one side of the polygon, except the
first and last triangles which have two such sides.

Fig. 4-51

In general, this process will divide a polygon of » sides into n — 2 triangles; that is, the number of
such triangles is always two less than the number of sides of the polygon.

The sum of the measures of the interior angles of the polygon equals the sum of the measures of
the interior angles of the triangles. Hence:

Sum of measures of interior angles of a polygon of n sides = (n — 2)180°

4.4B Sum of the Measures of the Exterior Angles of a Polygon

The exterior angles of a polygon can be reproduced together, so that they have the same vertex.
To do this, draw lines parallel to the sides of the polygon from a point, as shown in Fig. 4-52. If this
is done, it can be seen that regardless of the number of sides, the sum of the measures of the exterior
angles equals 360°. Hence:

Sum of measures of exterior angles of a polygon of n sides = 360°
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4.4C Polygon-Angle Principles

For any polygon

PrincIpLE 1:  If S is the sum of the measures of the interior angles of a polygon of n sides, then
S = n — 2 straight angles = (n — 2)180°

The sum of the measures of the interior angles of a polygon of 10 sides (decagon) equals 1440°, since
S = 8(180) = 1440.

PrINCIPLE 2:  The sum of the measures of the exterior angles of any polygon equals 360°.
Thus the sum of the measures of the exterior angles of a polygon of 23 sides equals 360°.
For a regular polygon

PrincipLE 3:  If a regular polygon of n sides (Fig. 4-53) has an interior angle of measure i and an
exterior angle of measure e (in degrees), then

i=_]_.§g(_’i:2_) e=_320. and i+e=180

n n
Thus for a regular polygon of 20 sides,
i=!—80(+g_—a=162 e=%=18 i+e=162+18=180
c
B D
A Ee

Regular Polygon
Fig. 4-53

SOLVED PROBLEMS

4.15 AprPLYING ANGLE-MEASURE FORMULAS TO A POLYGON

(a) Find the sum of the measures of the interior angles of a polygon of 9 sides (express your
answer in straight angles and in degrees).

(b) Find the number of sides a polygon has if the sum of the measures of the interior angles
is 3600°.

(c) Is it possible to have a polygon the sum of whose angle measures is 1890°?

Solutions

(a) S (in straight angles) =n —2 =9 —2 =7 straight angles; m/S = (n — 2)180 = 7(180) = 1260°

(b) S (in degrees) = (n —2)180. Then 3600 = (n — 2)180, from which n =22,

(¢) Since 1890 = (n — 2)180, then n = 124. A polygon cannot have 12} sides.

4.16 ApPLYING ANGLE-MEASURE FORMULAS TO A REGULAR PoLYGON
(a) Find each exterior angle measure of a regular polygon having 9 sides.

(b) Find each interior angle measure of a regular polygon having 9 sides.
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4.17

(c) Find the number of sides a regular polygon has if each exterior angle measure is 5°.

(d) Find the number of sides a regular polygon has if each interior angle measure is 165°.

Solutions
(@) Since n=9,mcse= ? = % =40. Ans. 40°
— 2 —
) Since n=9, mzi="" n)180 -0 3)180 =140. Ans. 140°

Another method: Since i + e =180, i = 180 — ¢ = 180 — 40 = 140.
3
(¢) Substituting e=5in e= ?, we have 5= %0 Then 51 =360, so n=72. Ans. 72 sides
(d) Substituting i = 165 in i + e = 180, we have 165+ ¢ =180 or e = 15.

3
Then, using e = % with e =15, we have 15 = 3;61_0, orn=24. Ans. 24 sides

APPLYING ALGEBRA TO THE ANGLE-MEASURE SUMS OF A POLYGON
Find each interior angle measure of a quadrilateral (a) if its interior angles are repre-
sented by x + 10, 2x + 20, 3x — 50, and 2x —20; (b) if its exterior angles are in the ratio
2:3:4:6.
Solutions
(a) Since the sum of the measures of the interior 4 is 360°, we add
(x + 10) + (2x +20) + (3x — 50) + (2x — 20) = 360
8x — 40 =360
x= 50
Then x + 10 =60; 2x + 20 = 120; 3x — 50 = 100; 2x —20=80. Ans. 60°, 120°, 100°, 80°
(b) Let the exterior angles be represented respectively by 2x, 3x, 4x, and 6x. Then 2x + 3x + 4x +
6x = 360. Solving gives us 15x =360 and x = 24. Hence the exterior angles measure 48°, 72°, 96°,

and 144°,
The interior angles are their supplements. Ans. 132°, 108°, 84°, 36°.

4.5 TWO NEW CONGRUENCY THEOREMS

Three methods of proving triangles congruent have already been introduced here. These are

1. s.a.s.=s.a.s.

2.

a.s.a. = a.s.a.

3. s.s.5. Ts.s.s.

Two additional methods of proving that triangles are congruent are

4. s.a.a.Ts.a.a.

5. hy. leg=hy. leg

4.5A Two New Congruency Principles

PrincIPLE 1@ (s.a.a. =s.a.a.) If two angles and a side opposite one of them of one triangle are
congruent to the corresponding parts of another, the triangles are congruent.

Thus if LA= LA, ZB=/B’, and BC=B'C in Fig. 4-54, then AABC=AA'B'C'.
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B; a

2 A 7
Al (04
C’ B’
A c B

Fig. 4-54 Fig. 4-55

Princirie 2: (hy. leg = hy. leg) If the hypotenuse and a leg of one right triangle are congruent to the
corresponding parts of another right triangle, the triangles are congruent.

Thus if hy. AB=hy. AB" and leg BC=leg B'C’ in Fig. 4-55, then rt. AABC=rt. AA'B'C".

A proof of this principle is given in Chapter 16.

SOLVED PROBLEMS

4.18 SeLECTING CONGRUENT TRIANGLES USING s.a.a. =s.a.a. oR hy. leg = hy. leg
In (a) Fig. 4-56 and (b) Fig. 4-57, select congruent triangles and state the reason for the
congruency.
4
3 3
, s
3 4 4
Fig. 4-56
/\ 35° 609
I I
] o IV
£l % 7
7
Fig. 4-57

Solutions
(a) AI=AII hy. leg =hy. leg. In AIII, 4 is not a hypotenuse.

(b) AI=AIll by s.a.a. =s.a.a. In All, 7 is opposite 60° instead of 35°. In ALV, 7 is included between
60° and 35°.

4.19 DETERMINING THE REASON FOR CONGRUENCY OF TRIANGLES
In each part of Fig. 4-58, Al can be proved congruent to AIl. Make a diagram showing
the congruent parts of both triangles and state the reason for the congruency.

Solutions
(a) See Fig. 4-59(a). AI= Al by hy. leg = hy. leg.
(b) See Fig. 4-59(b). AI = All by s.a.a. =s.a.a.
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B c == | e B “F=Fc
(a) Given: BD 1 BC (b) Given: AB=BC
- 5D 1 D 7D 1 4B
AB=CD FELBC __
To Prove: AI= All F is midpoint of AC.
To Prove: AI= All
1 D E
1 II
A Fa Cc
4 D
Fig. 4-58
B c
II
b 3
I
A D
@ Fig. 4-59
4.20 ProvING A CONGRUENCY PROBLEM B c
Given: Quadrilateral ABCD I
DFL1AC, BELAC . ”
AE=FC, BC=AD G 2
To Prove: BE=TFD : I
Plan: Prove AI= Al A 4 D
PROOF:
Statements Reasons
1. BC=AD 1. Given
2. DF1AC, BELAC 2. Given
3. £L1E/2 3. Perpendiculars form rt. 4, and all rt. & are
congruent.
4. AE=FC 4. Given
5. EF=EF 5. Identity
6. AF=EC 6. If equals are added to equals, the sums are equal.
Definition of congruent segments.
7. AI=AI 7. Hy. leg=hy. leg
8. BE=FD 8. Corresponding parts of congruent A are
congruent.
4.21 ProvING A CONGRUENCY PROBLEM STATED IN WORDS

Prove that in an isosceles triangle, altitudes to the congruent sides are congruent.

Given: Isosceles AABC (AB =BC)
AD is altitude to BC
CE is altitude to AB
To Prove: AD=CE
Plan: Prove A ACE=AACD
or A= Al
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PROOF:
Statements Reasons
1. AB=BC 1. Given
2. LA=LC 2. Ina A, angles opposite equal sides are equal.
3. AD is altitude to BC, 3. Given
CE is altitude to AB.
4. L1=/2 . 4. Altitudes form rt. 4 and rt. 4 are congruent.
5. AC=AC 5. Identity
6. AI=AI 6. s.a.a.=s.a.a.
7. AD=CE 7. Corresponding parts of congruent A are
congruent.

Supplementary Problems

1. In each part of Fig. 4-60, find x and y. 4.1)
A B
D— R E A<z
130° —p
C
D
60° 40° J
B c
(®) E
@ (d)
A
B
A
C E




CHAP. 4] PARALLEL LINES, DISTANCES, AND ANGLE SUMS 69

2. In each part of Fig. 4-61, find x and y. (4.3)

3z — 20
. z+y
sz+36) 58 2
y " 120°
2x—y
(a) () ©
Fig. 4-61
3. If two parallel lines are cut by a transversal, find (4.3)

(a) Two alternate interior angles represented by 3x and 5x — 70

(b) Two corresponding angles represented by 2x + 10 and 4x — 50

(c) Two interior angles on the same side of the transversal represented by 2x and 3x.

4. Provide the proofs requested in Fig. 4.62. (4.4)
B C  (a) Given: Quad. ABCD A B D FE (b) Given: AB=DE
AB=CD I AC||DF
BC=AD I BC||EF
To Prove: ﬂl}"ﬂ) To Prove: AC = DF
BC|AD
A D
C F
Fig. 4-62
5. Provide the proofs requested in Fig. 4-63. (4.4)
(a) Given: EI@ (b) Given: AC=BC
BC||DE LB=LE
To Prove: £1=/3 To Prove: AB|DE
D E
E C _
(¢c) Given: Quad. ABCD (d) Given: AC|BD
all B DE||BC 4 - E AE bisects £ A
LB=4D BF bisects £ B
To Prove: AB|CD F%B To Prove: BF|AE
D c D
Fig. 4-63

6. Prove each of the following: : (4.5)

(a) If the opposite sides of a quadrilateral are parallel, then they are also congruent.
(b) 1f AB and CD bisect each other at E, then AC||BD.
(¢) In quadrilateral ABCD, let BC|[AD. If the diagonals AC and BD intersect at E and AE = DE, then

BE=TCE.
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«> «> e
(d) AB and CD are parallel lirlgs cut by a transversal at E and F. If EG and F—I)-I bisect a pair of
corresponding angles, then EG|| FH.

(e) 1If aline through vertex B of AABC is parallel to AC and bisects the angle formed by extending AB
through B, then AABC is isosceles.

7. In Fig. 4-64, find the distance from (a) A to B; (b) E to AC; (c) A to BC; (d) ED to BC. (4.6)
B
10 S
E, 6
15
Q\ \R
15 0 07 8 P
4 T D 8§ C
Fig. 4-64 Fig. 4-65
8. In Fig. 4-65, find the distance (a) from P to the outer circle; (b) from P to the inner circle; (c) between the
concentric circles; (d) from P to O. (4.6)
9., In Fig. 4-66: (4'7)
(@) Locate P, a point on AD, equidistant from B and C. Then locate Q, a point on AD, equidistant from
AB and BC.

(b) Locate R, a point equidistant from A, B, and C. Then locate S, a point equidistant from B, C, and D.

(c) Locate T, a point equidistant from BC, CD, and AD. Then locate U, a point equidistant from AB,

BC, and CD.
C

B

Fig. 4-66

b
Fig. 4-67 ®)

10. In each part of Fig. 4-67, describe P, O, and R as equidistant points and locate them on a bisector.

B (4.8)
A

@ ®)
Fig. 4-68
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11. In each part of Fig. 4-68, describe P, Q, and R as equidistant points. 4.9)
12. Find x and y in each part of Fig. 4-69. (4.11)
B,
J B
¢ z
80° D,
¥ = AL
30° U A ; c A c
A D —
(a) b (b) (¢) TD bisects C.

so°

(d) BD bisects 2 B; CD bisects £C. N

Fig. 4-69

13. Find x and y in each part of Fig. 4-70. (4.12)

B
E
A oo 50°
A{100° 2>C
4 Ul ¥ A
B D C
(a) D

(c) AD bisects £ A.

(b)
A
B
. . A E
E
4 YV
10° B&LE Cc /> v
A C — B c D
D () AABC is equilateral. BD
(d) AABC is equilateral. bisects 2 B, CD bisects £C. (f) AABC is equilateral.
Fig. 4-70
14. Find the measure of each angle (4.13)

(a) Of a triangle if its angle measures are in the ratio 1:3:6

(b) Of a right triangle if its acute angle measures are in the ratio 4:5

(¢) Of an isosceles triangle if the ratio of the measures of its base angle to a vertex angle is 1:3
(d) Of a quadrilateral if its angle measures are in the ratio 1:2:3:4

(e) Of a triangle, one of whose angles measures 55° and whose other two angle measures are in the ratio
2:3

(f) Of a triangle if the ratio of the measures of its exterior angles is 2:3:4
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15. Prove each of the following: (4.14)
(a) In quadrilateral ABCD if LA= /D and ~B= /£ C, then BC||AD.
(b) Two parallel lines are cut by a transversal. Prove that the bisectors of two interior angles on the same
side of the transversal are perpendicular to each other.
16. Show that a triangle is (4.14)
(a) Eaquilateral if its angles are represented by x + 15, 3x — 75, and 2x — 30
(b) Isosceles if its angles are represented by x + 15, 3x — 35, and 4x
(¢) A right triangle if its angle measures are in the ratio 2:3:5
(d) An obtuse triangle if one angle measures 64° and the larger of the other two measures 10° less than
five times the measure of the smaller
17. (a) Find the sum of the measures of the interior angles (in straight angles) of a polygon of 9 sides; of 32
sides. (4.15)
(b) Find the sum of the measures of the interior angles (in degrees) of a polygon of 11 sides; of 32 sides;
of 1002 sides.
(¢) Find the number of sides a polygon has if the sum of the measures of the interior angles is 28 straight
angles; 20 right angles; 4500°; 36,000°.
18. (a) Find the measure of each exterior angle of a regular polygon having 18 sides; 20 sides; 40 sides.
(4.16)
(b) Find the measure of each interior angle of a regular polygon having 18 sides; 20 sides; 40 sides.
(c) Find the number of sides a regular polygon has if each exterior angle measures 120°; 40°; 18°% 2°.
(d) Find the number of sides a regular polygon has if each interior angle measures 60°, 150°; 170°, 175°%
179°.
19. (a) Find each interior angle of a quadrilateral if its interior angles are represented by x —5, x +20,
2x — 45, and 2x — 30. (4.17)
(b) Find the measure of each interior angle of a quadrilateral if the measures of its exterior angles are in
the ratio of 1:2:3:3.
20. In each part of Fig. 4-71, select congruent triangles and state the reason for the congruency. (4.18)

22—
25 60° 0
25 1I
T 22

20 60° 40° I
25 60°

@ Fig. 4-71 ®

21. In each part of Fig. 4-72, two triangles can be proved congruent. Make a diagram showing the congruent
parts of both triangles, and state the reason for the congruency. (4.19)
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B (a) Given: Isosceles AABC (b) Given: AB=EF
(AB=BC) . B E AB L AF, EF 1 AF
BD is altitude to AC DG=GC
To Prove: AI=AIL To Prove: AABC = ADEF
G
A F
A D c b ¢
Fig. 4-72
22, Provide the proofs requested in Fig. 4-73. (4.20)

B c @ Given: (B=.D B c (b) Given: AE=EC

BC|[AD BDL1BC
To Prove: BC = AD BD1AD__
E To Prove: BE= ED

A D
A D

B E (¢) Given: B__D;_B_E (d) Given: AC=BD

BDLAE B c AB1AD

DCLAF CDLAD
A 5—G To Prove: AG bisects £ A. To Prove: AB=CD

) A D
F
Fig. 4-73
23. Prove each of the following: (4.21)

(a) If the perpendiculars to two sides of a triangle from the midpoint of the third side are congruent, then
the triangle is isosceles.

(b) Perpendiculars from a point in the bisector of an angle to the sides of the angle are congruent.
(c) If the altitudes to two sides of a triangle are congruent, then the triangle is isosceles.

(d) Two right triangles are congruent if the hypotenuse and an acute angle of one are congruent to the
corresponding parts of the other.



Chapter 5

Parallelograms, Trapezoids, Medians,
and Midpoints

5.1 TRAPEZOIDS

A trapezoid is a quadrilateral having two and only two parallel sides. The bases of the trapezoid
are its parallel sides; the legs are its nonparallel sides. The median of the trapezoid is the segment
joining the midpoints of its legs.

Thus in trapezoid ABCD in Fig. 5-1, the bases are AD and BC, and the legs are AB and CD. If
M and N are midpoints, then MN is the median of the trapezoid.

Isosceles Trapezoid
Fig. 5-1 Fig. 5-2
An isosceles trapezoid is a trapezoid whose legs are congruent. Thus in isosceles trapezoid ABCD
in Fig. 5-2, AB=CD.
The base angles of a trapezoid are the angles at the ends of its longer base: £ A and £ D are the
base angles of isosceles trapezoid ABCD.

5.1A Trapezoid Principles
PriNcIPLE 1:  The base angles of an isosceles trapezoid are congruent.
Thus in trapezoid ABCD of Fig. 5-3, if AB=CD, then LA= £ D.
B C

4 Fig. §-3 b

PrINCIPLE 2:  If the base angles of a trapezoid are congruent, the trapezoid is isosceles.

Thus in Fig. 5-3, if ZA= 4D, then AB=CD.
SOLVED PROBLEMS

5.1 APPLYING ALGEBRA TO THE TRAPEZOID
In each trapezoid in Fig. 5-4, find x and y.

(a) ABCD is a trapezoid. (b) ABCD is an isosceles trapezoid. (c) ABCD is an isosceles

trapezoid.
Fig. 54

74
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Solutions

(a) Since AD || BC, (2x — 5) + (x + 5) = 180; then 3x = 180 and x = 60.
Also, y + 70 =180 or y = 110.

(b) Since LA= £ D, 5x =3x +20, so that 2x =20 or x = 10.
Since BC || AD, y + (3x +20) =180, so y + 50 = 180 or y = 130.

(c) Since BC||AD, 3x +2x =180 or x = 36.
Since LD=LA,y=2xo0ry=T2.

5.2  Proor oF A TRAPEZOID PRINCIPLE STATED IN WORDS
Prove that the base angles of an isosceles trapezoid are congruent.

Given: Isosceles trapezoid ABCD
(BC||'AD, AB=CD)
To Prove: LA=/LD
Plan: Draw I to base from B and C.
Prove AI=1I.

PROOF:
Statements Reasons

1. Draw BE 1L AD and CF 1 AD. 1. A 1 may be drawn to a line from an outside
point.

2. BC||AD, AB=CD 2. Given

3. BE=CF 3. Parallel lines are everywhere equidistant.
Definition of congruent segments.

4. L1=/2 4. Perpendiculars form rt. 4. All rt. 4 are
congruent.

5. AI=AI 5. hy. leg=hy. leg

6. LA=LD , 6. Corresponding parts of congruent A are
congruent.

5.2 PARALLELOGRAMS

A parallelogram is a quadrilateral whose opposite sides are parallel. The symbol for parallelog-
ram is 7. Thus in 7 ABCD in Fig. 5-5, AB || CD in AD || BC.

B C

Fig. 5-5

If the opposite sides of a quadrilateral are parallel, then it is a parallelogram. (This is the
converse of the above definition.) Thus if AB || CD and AD || BC, then ABCD is a 7.

5.2A Principles involving Properties of Parallelograms
PrincieLe 1@ The opposite sides of a parallelogram are parallel. (This is the definition.)
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PrINCIPLE 2; A diagonal of a parallelogram divides it into two congruent triangles.

BD is a diagonal of 7 ABCD in Fig. 5-6, so AI = All.
B (o4

Fig. 5-6

PriNcipLe 3:  The opposite sides of a parallelogram are congruent.
Thus in & ABCD in Fig. 5-5, AB='CD and AD =BC.
PrincipLE 4:  The opposite angles of a parallelogram are congruent.
Thus in JABCD, LA=Cand LB=/D.
PrINCIPLE 5:  The consecutive angles of a parallelogram are supplementary.
Thus in IABCD, £ A is the supplement of both 2B and £ D.
PriNCIPLE 6:  The diagonals of a parallelogram bisect each other.
Thus in & ABCD in Fig. 5-7, AE = EC and BE = ED.
B - c
>
A D
Fig. 5-7

5.2B Proving a Quadrilateral is a Parallelogram

PrINCIPLE 7: A quadrilateral is a parallelogram if its opposite sides are parallel.
Thus if AB || CD and AD || BC, then ABCD is a 7.

PrINCIPLE 8: A quadrilateral is a parallelogram if its opposite sides are congruent.

Thus if AB='CD and AD = BC in Fig. 5-8, then ABCD is a .

B (o4

A D
Fig. 5-8

PrINCIPLE 9: A quadrilateral is a parallelogram if two sides are congruent and parallel.

Thus if BC="AD and BC || AD in Fig. 5-8, then ABCD is a [J.

[CHAP. 5
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PrINCIPLE 10: A quadrilateral is a parallelogram if its opposite angles are congruent.
Thus if £LA=2C and 2B = 4D in Fig. 5-8, then ABCD is a 7.
PrincipL 11: A quadrilateral is a parallelogram if its diagonals bisect each other.

Thus if AE =EC and BE =ED in Fig. 5-9, then ABCD is a 7.

SOLVED PROBLEMS

5.3  APPLYING PROPERTIES OF PARALLELOGRAMS
Assuming ABCD is a parallelogram, find x and y in each part of Fig. 5-10.

2y—2

7 /BT L]

(a) Penmeter =

Fig. 5-10

Solutions

(a) By Principle 3, BC= AD =3x and CD = AB = 2x; then 2(2x + 3x) = 40, so that 10x =40 or x = 4.
By Principle 3, 2y —2 =3x; then 2y —2=3(4),s0 2y=14 ory=7.

(b) By Principle 6, x + 2y =15 and x = 3y.
Substituting 3y for x in the first equation yields 3y +2y =15 or y =3. Then x =3y =09.

(c) By Principle 4, 3x —20 = x + 40, so 2x = 60 for x = 30.
By Principle S5, y + (x +40) = 180. Then y + (30 + 40) = 180 or y = 110.

5.4  ArprLYING PRINCIPLE 7 TO DETERMINE PARALLELOGRAMS
Name the parallelograms in each part of Fig. 5-11.

C_F f 4

B__E c B - A B

[ / Y-
1 [ ]

A F D A E D E] /F

(a) )
Fig. §5-11

Solutions
(a) ABCD, AECF; (b) ABFD, BCDE; (c) ABDC, CDFE, ABFE.

5.5  ArprLYLING PrINCIPLES 9, 10, anD 11
State why ABCD is a parallelogram in each part of Fig. 5-12.
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A D
Aw NP ®

Fig. 5-12
Solutions

(a) Since supplements of congruent angles are congruent, opposite angles of ABCD are congruent.
Thus by Principle 10, ABCD is a parallelogram.

(b) Since perpendiculars to the same line are parallel, AB || CD. Hence by Principle 9, ABCD is a
parallelogram.

(c) By the addition axiom, DG = GB. Hence by Principle 11, ABCD is a parallelogram.

5.6 PROVING A PARALLELOGRAM PROBLEM

Given: O ABCD
E is midpoint of BC.
G is midpoint of AD.
EF 1 BD, GH 1L BD

To Prove: EF=GH

Plan: Prove ABFE = AGHD

PROOF:
Statements Reasons
1. E is midpoint of BC. 1. Given
G is midpoint of AD.

2. BE=%}BC,GD = }AD 2. A midpoint cuts a segment in half.

3. ABCDisaO. 3. Given

4. BC=AD 4. Opposite sides of a L7 are congruent.

5. BE=GD 5. Halves of equals are equal.

6. EF L BD, GH L BD 6. Given

7. £L1= L2 7. Perpendiculars form rt. 4. Rt. 4 are =.
8. BC||AD 8. Opposite sides of a 7 are ||.

9. £3=/4 9. Alternate interior 4 of || lines are =.
10. ABFE=AGHD 10. s.a.a.=s.a.a.
11. EF=GH 11. Corresponding parts of congruent A are =.

5.3 SPECIAL PARALLELOGRAMS: RECTANGLE, RHOMBUS, SQUARE
5.3A Definitions and Relationships among the Special Parallelograms

Rectangles, rhombuses, and squares belong to the set of parallelograms. Each of these may be
defined as a parallelogram, as follows:
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. A reciangle is an equiangular parallelogram.
2. A rhombus is an equilateral parallelogram.

3. A square is an equilateral and equiangular parallelogram. Thus a square is both a rectangle and a
rhombus.

The relations among the special parallelograms can be pictured by using a circle to represent
each set. Note the following in Fig. 5-13.

Fig. 513

1. Since every rectangle and every rhombus must be a parallelogram, the circle for the set of
rectangles and the circle for the set of rhombuses must be inside the circle for the set of

parallelograms.

2. Since every square is both a rectangle and a rhombus, the overlapping shaded section must
represent the set of squares.

5.3B Principles Involving Properties of the Special Parallelograms
Princiwre 11 A rectangle, rhombus, or square has all the properties of a parallelogram.
Princwere 2:  Each angle of a rectangle is a right angle.
Puinciere 3:  The diagonals of a rectangle are congruent.
Thus in rectangle ABCD in Fig. 5-14, AC = BD.
Princiere 42 All sides of a rhombus are congrueni.

Rectangle
Fig. 5-14 Fig. 5-15
Puincirre 51 The diagonals of a rhombus are perpendicular bisectors of each other.
Thus in rhombus ABCD in Fig. 5-15, AT and BD are L bisectors of each other.
Princiere 6:  The diagonals of a rhombus bisect the vertex angles.
Thus in rhombus ABCD, AT bisects £ A and £C.
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PrincipLE 7:  The diagonals of a rhombus form four congruent triangles.
Thus in rhombus ABCD, AI' = AIl = AIIL = AIV.
PriNCIPLE 8: A square has all the properties of both the rhombus and the rectangle.

By definition, a square is both a rectangle and a rhombus.

5.3C Diagonal Properties of Parallelograms, Rectangles, Rhombuses, and Squares
Each check in the following table indicates a diagonal property of the figure.

Diagonal Properties Parallelogram Rectangle Rhombus Square
Diagonals bisect each other. / v v v
Diagonals are congruent. v v
Diagonals are perpendicular. v
Diagonals bisect vertex angles. /

Diagonals form 2 pairs of congruent

triangles. v/ v v v

Diagonals form 4 congruent
triangles. / /

5.3D Proving that a Parallelogram is a Rectangle, Rhombus, or a Square
Proving that a Parallelogram is a Rectangle

The basic or minimum definition of a rectangle is this: A rectangle is a parallelogram having one
right angle. Since the consecutive angles of a parallelogram are supplementary, if one angle is a right
angle, the remaining angles must be right angles.

The converse of this basic definition provides a useful method of proving that a parallelogram is a
rectangle, as follows:

PrinciPLE 9:  If a parallelogram has one right angle, then it is a rectangle.

Thus if ABCD in Fig. 5-16 is a &7 and mZ A =90°, then ABCD is a rectangle.

B C

Fig. 5-16

PrincipLe 10:  If a parallelogram has congruent diagonals, then it is a rectangle.
Thus if ABCD is a &0 and AC = BD, then ABCD is a rectangle.
Proving that a Parallelogram is a Rhombus

The basic or minimum definition of a rhombus is this: A rhombus is a parallelogram having two
congruent adjacent sides.
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The converse of this basic definition provides a useful method of proving that a parallelogram is a
rhombus, as follows:

PrincipLE 11:  If a parallelogram has congruent adjacent sides, then it is a rhombus.
Thus if ABCD in Fig. 5-17 is a 7 and AB = BC, then ABCD is a rhombus.
B C

Fig. 5-17
Proving that a Parallelogram is a Square

PriNcipLE 12:  If a parallelogram has a right angle and two congruent adjacent sides, then it is a
square.

This follows from the fact that a square is both a rectangle and a rhombus.

SOLVED PROBLEMS

S§.7  APPLYING ALGEBRA TO THE RHOMBUS
Assuming ABCD is a thombus, find x and y in each part of Fig. 5-18.

v+ 20
R c B c B - c
20 Ul 5y+6 z
b;"‘/ \6
60° qF
A 31 D A D 4
(a) (b) (o)
Fig. 5-18
Solutions

(a) Since AB=AD, 3x —7=20 or x =9. Since AABD is equiangular it is equilateral, and so y = 20.
(b) Since BC=AB, Sy+6=y+20 or y=3}. Since CD=BC, x=y +20 or x =23}.

(c) Since AC bisects £ A, 4x —5=2x+ 15 or x =10. Hence, 2x + 15=35 and m£ A = 2(35°) = 70°.
Since £ B and £ A are supplementary, y + 70 = 180 or y = 110.

+

5.8  PROVING A SPECIAL PARALLELOGRAM PROBLEM B T

Given: Rectangle ABCD

E is midpoint of BC. T /M N T
To prove: AE=ED
Plan: Prove AAEB= ACED. A D
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PROOF:

Statements Reasons
1. ABCD is a rectangle. 1. Given
2. E is midpoint of BC. 2. Given
3. BE=EC 3. A midpoint divides a line into two congruent parts.
4. LB=/1C 4. A rectangle is equiangular.
5. AB=CD 5. Opposite sides of a 7 are congruent.
6. AAEB=ACED 6. s.as. =s.as.
7. AE=ED 7. Corresponding parts of congruent A are

congruent.

5.9  PRrOVING A SPECIAL PARALLELOGRAM PROBLEM STATED IN WORDS
Prove that a diagonal of a rhombus bisects each vertex angle through which it passes.

Solution
Given: Rhombus ABCD B Cc
AC is a diagonal.

To Prove: AC bisects £ A and £C.
Plan: Prove (1) <41 and £2 are congruent

to £3.

(2) 43 and £4 are congruent A D

to £1.

PROOF:
Statements Reasons

1. ABCD is a rhombus.
2. AB=BC

3. £1=/3

. BC|| 4D, A4B||CD
S. 42F /3, L1=/4
6. £1=,2, L3=/4

7. AC bisects £ A and 2C.

Given

A rhombus is equilateral.

In a A, angles opposite congruent sides are
congruent.

Opposite sides of a 7 are ||.

Alternate interior 4 of || lines are congruent.

Things congruent to the same thing are
congruent to each other.

To divide into two congruent parts is to bisect.

5.4 THREE OR MORE PARALLELS; MEDIANS AND MIDPOINTS

5.4A Three or More Parallels

PriNcipLe 1z If three or more parallels cut off congruent segments on one transversal, then they cut off

congruent segments on any other transversal.

>
Thus if /, || 1, || I, in Fig. 5-19, and segments a and b of transversal AB are congruent, then segments ¢ and d
<>

of transversal CD are congruent.
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X
VAN
f N

Bl A}

Fig. 5-19

5.4B Midpoint and Median Principles of Triangles and Trapezoids

PrINCIPLE 2:  If a line is drawn from the midpoint of one side of a triangle and parallel to a second
side, then it passes through the midpoint of the third side.

Thus in AABC in Fig. 5-20, if M is the midpoint of AB and MN || AC, then N is the midpoint of BC.

PrinCIPLE 3:  If a line joins the midpoints of two sides of a triangle, then it is parallel to the third side
and its length is one-half the length of the third side.

Thus in AABC, if M and N are the midpoints of AB and BC, then MN || AC and MN = } AC.
' B

)
<
Q

Fig. 520 Fig. 5-21

PrincipLE 4:  The median of a trapezoid is parallel to its bases, and its length is equal to one half of
the sum of their lengths.
Thus if m is the median of trapezoid ABCD in Fig. 5-21, then m |AD, m || BC. and m = $(b + b

PrINCIPLE 5:  The length of the median to the hypotenuse of a right triangle equals one-half the length
of the hypotenuse.

___Thus in rt. AABC in Fig. 5-22, if CM is the median to hypotenuse AB, then CM = }AB; that is,
CM= AM= MB.

Fig. 5-22 Fig. 523

PriNCIPLE 6:  The medians of a triangle meet in a point which is two-thirds of the distance from any
vertex to the midpoint of the opposite side.

Thus if AN, BP, and CM are medians of AABC in Fig. 5-23, then they meet in a point G which is
two-thirds of the distance from A to N, Bto P, and C to M.
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SOLVED PROBLEMS

5.10

5.11

5.12

APPLYING PRINCIPLE 1 TO THREE OR MORE PARALLELS
Find x and y in each part of Fig. 5-24.

B C_- B C G H
5 )
x v 45 67 E F
- 15 G/ /‘ 1
F z el E F K
N & 2z — 17 3y +4 LCL J\&
A D A . D .
@ (®) 4 (© B
Fig. 5-24
Solutions
(a) Since BE=ED and GC= 1CD, x=8 and y =73.
(b) Since BE = EA and CG = AG, 2x —7=45 and 3y +4=67. Hence x =26 and y =21.
(¢) Since AC=CE=EG and HF=FD = DB, x=10 and y =6.
APPLYING PRINCIPLES 2 AND 3
Find x and y in each part of Fig. 5-25.
B s F 4 C
v
15
% G
A o7 D

(¢) ABCD is a parallelogram.

Solutions

(a) By Principle 2, E is the midpoint of BC and F is the midpoint of AC. Hence x = 17 and y = 36.
(b) By Principle 3, DE = § AC and DF = ; BC. Hence x =24 and y = 12}.

(c) Since ABCD is a parallelogram, E is the midpoint of AC. Then by Principle 2, G is the midpoint of
CD.
By principle 3, x = 3(27)=133 and y = }(15) =73.

APPLYIN_G_]_’RINCIPLE 4 1O THE MEDIAN OF A TRAPEZOID
If MP is the median of trapezoid ABCD in Fig. 5-26,

(a) Find m if b =20 and b' =28.
(b) Find b’ if b =30 and m = 26.
(¢) Find b if b' =35 and m = 40.
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Fig. 5-26
Solutions
In each case, we apply the formula m = 3(b + b'). The results are:
(@ m=4%(20+28) orm=24
(b) 26=15(30+b")or b =22
(¢) 40=3(b+35)0rb=45

5.13 ArrLYING PRINCIPLES 5 AND 6 TO THE MEDIANS OF A TRIANGLE

5.14

Find x and y in each part of Fig. 5-27.

A

3z

M
v

20 3

C B
(a)
Solutions

(a) Since AM = MB, CM is the median to hypotenuse AB. Hence by Principle 5, 3x =20 and } y = 20.
Thus x =63 and y = 60.

(b) BD and AF are medians of AABC. Hence by Principle 6, x = 5(16) =8 and y = 3(7) = 21.

(¢) CD is the median to hypotenuse AB; hence by Principle 5, CD = 15.
CD and AF are medians of AABC; hence by Principle 6, x = §(15) =5 and y = §(15) = 10.

PROVING A MIDPOINT PROBLEM

B
Given: Quadrilateral ABCD F
E, F, G, and H are midpoints of A
AD, AB, BC, and CD, respectively. G
To Prove: EFGH is a OJ. E

Plan: Prove EF and GH are congruent and
parallel. D H c
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PROOF:
Statements Reasons
1. Draw BD. 1. A segment may be drawn between any two points.
2. E, F, G, and H are midpoints. . Given
3. EF||BD and GH || BD 3. A line segment joining the midpoints of two sides

EF=41BD, GH=}BD

of a A is parallel to the third side and equal in
length to half the third side

4. EF||GH 4. Two lines parallel to a third line are parallel to
each other.
5. EF=GH 5. Segments of the same length are congruent.
6. EFGH is a O. 6. If two sides of a quadrilateral are = and ||, the
quadrilateral is a 7.
Supplementary Problems
Find x and y in each part of Fig. 5-28. (5.1)
B c B C B C
105°¢ 9z+6 ) v Tx
3y 2z +10 2z+10 4z —30 — 2z
A - D A > D A D

(@) ABCD is a trapezoid. (b) ABCD is an isosceles trapezoid. (¢) ABCD is ad isosceles trapezoid.

Fig. 5-28

2. Prove that if the base angles of a trapezoid are congruent, the trapezoid is isosceles. (5.2)

3. Prove that (a) the diagonals of an isosceles trapezoid are congruent; (b) if the nonparallel sides AB and
CD of an isosceles trapezoid are extended until they meet at E, triangle ADE thus formed is isosceles.

(5.2)
4. Name the parallelograms in each part of Fig. 5-29. (5.4)
C
F _C G A_E B
A J A E
B
H
—1 >
E D H D F C B F
(@) (b) () (d)
Fig. 5-29
5. State why ABCD in each part of Fig. 5-30 is a parallelogram. (5.59)
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E
B . E ¢ A \"'\ B
B A
U D
E A w F L D A C C
D
(b) © (4)
Fig. 5-30
6. Assuming ABCD in Fig. 5-31 is a parallelogram, find x and y if: (5.3)
(@) AD=5x, AB=2x, CD =y, perimeter = 84
(b) AB=2x,BC=3y+8,CD=7x—-25, AD =5y - 10
(c) meLA=4y—-60, msC=2y, msLD=x
(d) mseA=3x,mtLB=10x-15, msC=y
B o C B C
E
A >~ D A D
Fig. 5-31 Fig. 5-32
7. Assuming ABCD in Fig. 5-32 is a parallelogram, find x and y if: (5.3)
(@) AE=x+y, EC=20, BE=x-y, ED=8
() AE=x, EC=4y, BE=x-2y, ED=9
(¢ AE=3x—4 EC=x+12, BE=2y—-7, ED=x—y
(d) AE=2x+y, AC=30, BE=x+y, BD=24
8. Provide the proofs requested in Fig. 5-33. (5.6)
B E c (a) Given: D ABCD _ (b) Given: E‘IE_C_Q
G is midpoint of AB. B_E c BE=FD__
G F is midpoint of CD. To Prove: BF= ED
F HG L AB, EF 1 CD
A To Prove: EF= GH (c) Given: OABCD
HD A F D BF bisects £ B,

ED bisects £ D.
To Prove: BF=ED

Fig. 5-33

9. Prove each of the following:
(a) The opposite sides of a parallelogram are congruent. (Principle 3)

(b) 1If the opposite sides of a quadrilateral are congruent, then the quadrilateral is a paralielogram.
(Principle 8)

(c) If two sides of a quadrilateral are congruent and parallel, the quadrilateral is a parallelogram.
(Principle 9)
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(d) The diagonals of a parallelogram bisect each other. (Principle 6)

(e) If the diagonals of a quadrilateral bisect each other, then the quadrilateral is a parallelogram.
(Principle 11)

10. Assuming ABCD in Fig. 5-34 is a rhombus, find x and y if: 3.7
B (o
AY
4 D
Fig. 5-34

(@) BC=35,CD=8x—5, BD =5y, m.C=60°

(b) AB=43, AD=4x+3, BD=y+8, m.B=120°
(¢ AB=7x,AD=3x+10, BC=y

(d) AB=x+y, AD=2x—y, BC=12

() msB=130°, ms1=3x—10, mL A =2y

(f) me1=8x-29, ms2=5x+4, mLD=y

11. Provide the proofs requested in Fig. 5-35. (5.8)
B
(a) Given: Rectangle ABCD B F C (b) Given: Rectangle ABCD
EA= DF E, F, G, and H are
To Prove: BE=CF G the midpoints of the
E sides of the rectangle.
To Prove: EFGH is a rhombus.

A H D
Fig. 5-35

E A D F

12, Prove each of the following: (5.9
(a) If the diagonals of a parallelogram are congruent, the parallelogram is a rectangle.
(b) If the diagonals of a parallelogram are perpendicular to each other, the parallelogram is a rhombus.
(c) If a diagonal of a parallelogram bisects a vertex angle, then the parallelogram is a rhombus.
(d) The diagonals of a rhombus divide it into four congruent triangles.

() The diagonals of a rectangle are congruent.

13. Find x and y in each part of Fig. 5-36. (5.10)
A G B A B A B
18 20", 8z Ty - 22 & 11
C 25 D
C 73 D D 1 y
3z bz +9 G E F
3 ! >
E 1 F E - F G H
(a) () (©

Fig. 5-36
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15.

16.

14. Find x and y in each part of Fig. 5-37 (5.11)
B B 38 C
26, z / :‘
D E E y xz G
25 28 / F
C
A eV F g A 7 D
() (b) (o)
Fig. 5-37
If MP is the median of trapezoid ABCD in Fig. 5-38, (5.12)
B b’ c
(A
A B D
Fig. 5-38
(@) Find m if b=23 and b’ =15.
(b) Find b' if b=46 and m = 41.
(¢) Find b if b'=51 and m =62.
Find x and y in each part of Fig. 5-39. (5.11, 5.12)
A v . B

17.

18.

19.

Q.
8
1
|_—
'ayt’

¢ 3
®)

Fig. 5-39

In a right triangle, (5.13)

(a) Find the length of the median to a hypotenuse whose length is 45.
(b) Find the length of the hypotenuse if the 1ength of its median is 35.

If the medians of AABC meet in D, (5.13)
(a) Find the length of the median whose shorter segment is 7.

(b) Find the length of the median whose longer segment is 20.

(c) Find the length of the shorter segment of the median of length 42.

(d) Find the length of the longer segment of the median of length 39.

Prove each of the following: (5.14)
(a) If the midpoints of the sides of a rhombus are joined in order, the quadrilateral formed is a rectangle.
(b) If the midpoints of the sides of a square are joined in order, the quadrilateral formed is a square.

(c) In AABC, let M, P, and Q be the midpoints of AB, BC, and AC, respectively. Prove that QMPC is
a parallelogram.

(d) In right AABC, m£C=90°. If Q, M, and P are the midpoints of AC, AB, and BC, respectively,
prove that QMPC is a rectangle.



Chapter 6

Circles

6.1 THE CIRCLE; CIRCLE RELATIONSHIPS

The following terms are associated with the circle. Although some have been defined previously,
they are repeated here for ready reference.

A circle is the set of all points in a plane that are at the same distance from a fixed point called
the center. The symbol for circle is ©; for circles ®.

The circumference of a circle is the distance around the circle. It contains 360°.

A radius of a circle is a line segment joining the center to a point on the circle.

Note: Since all radii of a given circle have the same length, we may at times use the word radius
to mean the number that is “‘the length of the radius.”

A central angle is an angle formed by two radii.

An arc is a continuous part of a circle. The symbol for arc is —. A semicircle is an arc measuring
one-half the circumference of a circle.

A minor arc is an arc that is less than a semicircle. A major arc is an arc that is greater than a
semicircle.

Thus in Fig. 6-1, BC is a minor arc and BAC is a major arc. Three letters are needed to indicate a major
arc.

< AmB

[
/ \
8“‘% ‘,':\ Diameter /D

o c 3
A Radius (0] Radius ¢ k Secant
E \ F
P/
Semicircle G Tangent H
Fig. 6-1 Fig. 6-2

To intercept an arc is to cut off the arc.

Thus in Fig. 6-1, 2 BAC and 2 BOC intercept BC.

A chord of a circle is a line segment joining two points of the circumference.
Thus in Fig. 6-2, AB is a chord.

A diameter of a circle is a chord through the center. A secant of a circle is a line that intersects
the circle at two points. A tangent of a circle is a line that touches the circle at one and only one point
no matter how far produced.

—— «> «>
Thus CD is a diameter of circle O in Fig. 6-2, EF is a secant, and GH is a tangent to the circle at P. P is the
point of contact or the point of tangency.

An inscribed polygon is a polygon all of whose sides are chords of a circle. A circumscribed circle
is a circle passing through each vertex of a polygon.

Thus AABD, ABCD and quadrilateral ABCD are inscribed polygons of circle O in Fig. 6-3. Circle O is a
circumscribed circle of quadrilateral ABCD.

90
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Inscribed Polygons
Circumscribed Circle

Fig. 6-3
A circumscribed polygon is a polygon all of whose sides are tangents to a circle. An inscribed
circle is a circle to which all the sides of a polygon are tangents.
Thus AABC is a circumscribed polygon of circle O in Fig. 6-4. Circle O is an inscribed circle of AABC.

Concentric circles are circles that have the same center.

A
0
B C
Circumscribed Polygon
Inscribed Circle Concentric Circles
Fig. 64 Fig. 6-§

Thus the two circles shown in Fig. 6-5 are concentric circles. AB is a tangent of the inner circle and a chord
of the outer one. CD is a secant of the inner circle and a chord of the outer one.

Two circles are equal if their radii are equal in length; two circles are congruent if their radii are
congruent. .

Two arcs are congruent if they have equal degree measure and length. We use the notation mAC
to denote “measure of arc AC.”

6.1A Circle Principles
PrINCIPLE 1: A diameter divides a circle into two equal parts.

Thus diameter AB divides circle O of Fig. 6-6 into two equal semicircles, ACB and ADB.

F

Fig. 6-6
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PrincipLE 2:  If a chord divides a circle into two equal parts, then it is a diameter. (This is the
converse of Principle 1.)

Thus if ACB = ADB in Fig. 6-6, then AB is a diameter.

PrINCIPLE 3: A point is outside, on, or inside a circle according to whether its distance from the center
is greater than, equal to, or smaller than the radius.

F is outside circle O in Fig. 6-6, since FO is greater in length than a radius. E is inside circle O since EO is
smaller in length than a radius. A is on circle O since AO is a radius.

PrINCIPLE 4:  Radii of the same or congruent circles are congruent.
Thus in circle O of Fig. 67, OA = 0OC.
PrINCIPLE §5:  Diameters of the same or congruent circles are congruent.

Thus in circle O of Fig. 6-7, AB= CD.
- !
> 4 B

Fig. 6-7 Fig. 6-8
PRINCIPLE 6: In the same or congruent circles, congruent central angles have congruent arcs.
Thus in circle O of Fig. 6-8, if £1= £2, then R'—*—’ CB.
PrINCIPLE 7:  In the same or congruent circles, congruent arcs have congruent central angles.
Thus in circle O of Fig. 6-8, if AC= CB, then £1= /2.
(Principles 6 and 7 are converses of each other.)
PrINCIPLE 8: In the same or congruent circles, congruent chords have congruent arcs.
Thus in circle O of Fig. 6-9, if AB = AC, then AB= AC.
PRINCIPLE 9:  In the same or congruent circles, congruent arcs have congruent chords.
Thus in circle O of Fig. 6-9, if AB= AC, then AB = AC.

(Principles 8 and 9 are converses of each other.)

C
’ B
A
) A " B
D
Fig. 6-9 Fig. 6-10

PrINCIPLE 10: A diameter perpendicular to a chord bisects the chord and its arcs.
Thus in circle O of Fig. 6-10, if CD LAB, then CD bisects AB, AB, and ACB.
A proof of this principle is given in Chapter 16.
PriNcipLE 11: A perpendicular bisector of a chord passes through the center of the circle.

Thus in circle O of Fig. 6-11, if PD is the perpendicular bisector of AB, then PD passes through center O.
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Fig. 6-12

Fig. 6-11

PriINCIPLE 12:  In the same or congruent circles, congruent chords are equally distant from the center.
Thus in circle O of Fig. 6-12, if AB =CD, if OE L AB, and if OF L CD, then OE = OF.

PrINCIPLE 13:  In the same or congruent circles, chords that are equally distant from the center are
congruent.
Thus in circle O of Fig. 6-12, if OE = OF, OE L AB, and OF L CD, then AB = CD.
(Principles 12 and 13 are converses of each other.)

SOLVED PROBLEMS

6.1 MAatrcHING TEST OF CIRCLE VOCABULARY
Match each part of Fig. 6-13 on the left with one of the names on the right:

A F B
1
(o]
E G
D H C
Fig. 613 7

(a) OE 1. Radius
(b) FG 2. Central angle
() FH 3. Semicircle
(d) CD 4. Minor arc
(e) I 5. Major arc
(f) EF_ 6. Chord
(g§) FGH 7. Diameter
(h) FEG 8. Secant
(i) <4EOF 9. Tangent
(j) Circle O about EFGH 10. Inscribed polygon
(k) Circle O in ABCD 11. Circumscribed polygon
(!) Quadrilateral EFGH 12. Inscribed circle
(m) Quadrilateral ABCD 13.  Circumscribed circle

Solutions

(@ 1 (e) 8 h) 5 (k) 12
&) 6 (f) 4 (@) 2 (/) 10
() 7 (& 3 () 13 @m1
) 9
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6.2  APPLYING PRINCIPLES 4 AND §
In Fig. 6-14, (a) what kind of triangle is OCD; (b) what kind of quadrilateral is ABCD?
(¢) In Fig. 6-15 if circle O = circle Q, what kind of quadrilateral is OAQB?

A
A B , :
O
D c %
Fig. 6-14 Fig. 6-15

Solutions
Radii or diameters of the same or equal circles have equal lengths.

(a) Since OC = 0D, AOCD is isosceles.
(b) Since diagonals AC and BD are equal in length and bisect each other, ABCD is a rectangle.
(¢) Since the circles are equal, OA = A0 = 0B =BO and OAQB is a thombus.

6.3 ProviNG A CIRCLE PROBLEM B
—_— —— == C
Given: 14;3 = _D_E D
BC=EF
To Prove: /B=¢FE A
Plan: Prove AI= AL
(7
PROOF:
Statements Reasons
1. AB=DE, BC=EF 1. Given
. AB=DE, BC=EF 2. In a circle, = chords have = arcs.
3. ABC=DEF 3. If equals are added to equals, the sums are equal.
Definition of = arcs.
4. AC=DF 4. In a circle, = arcs have = chords.
5. AI=AI 5. s.s.5. Fsss. _
6. LB=LE 6. Corresponding parts of congruent A are =.

6.4 PrOVING A CIRCLE PROBLEM STATED IN WORDS
Prove that if a radius bisects a chord, then it is perpendicular to the chord.

Solution

Given: Circle O
OC bisects AB.
To Prove: OCLAB
Plan: Prove AAOD = ABOD
to show £1=£2.
Also, 21 and /2 are
supplementary.
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PROOF:
Statements Reasons

1. Draw OA and OB. 1. A straight line segment may be drawn between
any two points.

2. OA=0B 2. Radii of a circle are congruent.

3. OC bisects AB 3. Given

4. AD=DB 4. To bisect is to divide into two = parts.

5. OD=0D 5. Reflexive property

6. AAOD=ABOD 6. s.s.5. =s.s.8.

7. £L1= /L2 7. Corresponding parts of congruent A are =,

8. £1 is the supplement of £2. 8. Adjacent 4 are supplementary if exterior sides
lie in a straight line.

9. £1 and £2 are right angles. 9. Congruent supplementary angles are right

angles.
10. OCLAB. 10. Rt. 4 are formed by perpendiculars.

6.2 TANGENTS

The length of a tangent from a point to a circle is the length of the segment of the tangent from
the given point to the point of tangency. Thus PA is the length of the tangent from P to circle O in
Fig. 6-16.

Fig. 6-16

6.2A Tangent Principles
PrINCIPLE 1: A fangent is perpendicular to the radius drawn to the point of contact.

Thus if ;1_)3 is a tangent to circle O at P in Fig. 6-17, and OP is drawn, then AB 1L OP.
PrINCIPLE 2: A line is tangent to a circle if it is perpendicular to a radius at its outer end.

P . ©
Thus if AB L radius OP at P of Fig. 6-17, then AB is tangent to circle O.

P P
Fig. 6-17 Fig. 6-18

PRINCIPLE 3: A line passes through the center of a circle if it is perpendicular to a tangent at its point
of contact.

L ad —_ © —_—
Thus if AB is tangent to circle O at P in Fig. 6-18, and CPL AB at P, then CP extended will pass through
the center O.
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PrincipLE 4:  Tangents to a circle from an outside point are congruent.

Thus if AP and AQ are tangent to circle O at P and Q (Fig. 6-19), then AP="AQ.

A

P

Fig. 6-19

PrINCIPLE 5:  The segment from the center of a circle to an outside point bisects the angle between the
tangents from the point to the circle.

Thus OA bisects £ PAQ in Fig. 6-19 if AP and AQ are tangents to circle O.

6.2B Twe Circles in Varying Relative Positions

The line of centers of two circles is the line joining their centers. Thus OO’ is the line of centers
of circles O and O’ in Fig. 6-20.

c A4 D
A
v AP
E p
Fig. 6-20 Fig. 6-21

Circles Tangent Externally

. - _

Circles O and O’ in Fig. 6-21 are tangent externally at P. AB is the common internal tangent of

both circles. The line of centers OO’ passes through P, is perpendicular to AB, and is equal in length
L d

to the sum of the radii, R + r. Also, AB bisects each of the common external tangents, CD and EF.

Circles Tangent Internally

>
Circles O and O’ in Fig. 6-22 are tangent internally at P. AB is the common external tangent of

both circles. The line of centers OO’ if extended passes through P, is perpendicular to AB, and is
equal in length to the difference of the radii, R —r.

A

Fig. 6-22
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Overlapping Circles »
Circles O and O’ in Fig. 6-23 overlap. Their common chord is AB. If the circles are unequal,

- — .
their (equal) common external tangents CD and EF meet at P. The line of centers OO’ is the
perpendicular bisector of AB and, if extended, passes through P.

Fig. 6-23

Circles Outside Each Other

Circles O and O’ in Fig. 6-24 are entirely outside each other. The common internal tangents, . AB
and CD, meet at P. If the circles are unequal, their common external tangents, EF and GH, if
extended, meet at P'. The line of centers OO’ passes through P and P'. Also, AB= CD and
EF = GH.

SOLVED PROBLEMS

6.5  TRIANGLES AND QUADRILATERALS HAVING TANGENT SIDES
Points P, 0, and R in Fig. 6-25 are points of tangency.

N
DRGRS
! (:; (®)

(©)

Fig. 6-25

(a) InFig. 6-25 (a), if AP = OP, what kind of triangle is OPA?
(b) InFig. 6-25 (b), if AP = PQ, what kind of triangle is APQ?
(c) InFig. 6-25 (b), if AP = OP, what kind of quadrilateral is OPAQ?
(d) InFig. 6-25 (c), if OQ L PR, what kind of quadrilateral is PABR?

Solutions

(@) AP is tangent to the circle at P; then by Principle 1, ZOPA is a right angle. Also, AP = OP.
Hence AOAP is an isosceles right triangle.

(b)) AP and AQ are tangents from a point to the circle; hence by Principle 4, AP = AQ. Also,
AP = PQ. Then AAPQ is an equilateral triangle.
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(c) By Principle 4, AP = AQ. Also, OP and OQ are = radii. And AP = OP. By Principle 1, £ APO is
art.Z Then AP= AQ = OP = OQ; hence OPAQ is a rhombus with a right angle, or a square.

(d) By Principle 1, APLPR and BRLPR. Then AP | BR, since both are 1 to PR. By Principle 1,
AB 10OQ; also, PR1OQ (Given). Then AB || PR, since both are L to OQ. Hence PABR is a
parallelogram with a right angle, or a rectangle.

APPLYING PRINCIPLE 1

(a) In Fig. 6-26(a), AP is a tangent. Find £ A if m£ A: m£0 =2:3.

(b) In Fig. 6-26(b), AP and AQ are tangents. Find m21 if m£ 0O = 140°,

(c¢) In Fig. 6-26(c), DP and CQ are tangents. Find m22 and m£3 if £ OPD is trisected and
PQ is a diameter.

P, P
(b)

(@)

Fig. 6-26
Solutions

(a) By Principle 1, m£P=90°. Then m£ A+ mL0 =9%°. If m£ A=2x and m£ O = 3x, then 5x =90
and x = 18. Hence mZ A = 36°.

(b) By Principle 1, msP=msQ=90°. Since mLP+mlLQ+mLO+mLA=360°, mLA+
m< O = 180°. Since m£ O = 140°, m<£ A = 40°. By Principle 5, m£1=im/ A =20°.

(¢) By Principle 1, m£DPQ = m£ PQC =90°. Since m£1=30°, m£2=60°. Since £3 is an exterior
angle of APQB, m£3=90°+ 60° = 150°.

APPLYING PRINCIPLE 4
(a) AP, BQ, and AB in Fig. 6-27(a) are tangents. Find y.

(b) AABC in Fig. 6-27(b) is circumscribed. Find x.
(¢) Quadrilateral ABCD in Fig. 6-27(c) is circumscribed. Find x.

c 8.8 3%
P \ sé P \s
N LN A
A}-———u———-iB By~ A Ah——-x——.m
(a) ® (o)
Fig. 627
Solutions

(a) By Principle 4, AR=6, and RB=y. Then RB= AB— AR=14—-6=8. Hence, y = RB=8.

(b) By Principle 4, PC=8, QB=4, and AP=AQ. Then AQ=AB- QB=11. Hence, x=
AP+ PC=11+8=19.

(c) By Principle 4, AS=10, CR=5, and RD=S8D. Then RD=CD—-CR=8. Hence, x=
AS+SD=10+8=18.
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6.8

6.9

FINDING THE LINE OF CENTERS
Two circles have radii of 9 and 4, respectively. Find the length of their line of centers

() if the circles are tangent externally, (b) if the circles are tangent internally, (c) if the circles
are concentric, (d) if the circles are 5 units apart. (See Fig. 6-28.)

'1|IIE} . ‘lllll" 1|||I|l) ‘IIIIEI}d
(a) ()] (o) (d)

Fig. 6-28

Solutions
Let R = radius of larger circle, r = radius of smaller circle.

(@) Since R=9andr=4,00'=R+r=9+4=13.
(b) Since R=9 andr=4, 00'=R-r=9-4=5.
(c) Since the circles have the same center, their line of centers has zero length.

(d) Since R=9,r=4,andd=5,00'=R+d+r=9+5+4=18.

PROVING A TANGENT PROBLEM STATED IN WORDS

Prove: Tangents to a circle from an outside

point are congruent (Principle 4). A
Given: Circle O ’
AP is tangent at P. ‘
AQ is tangent at Q. .
To Prove: AP=AQ Q
Plan: Draw OP, OQ, and OA and prove
AAOP=AAOQ.
PROOF:
Statements Reasons
1. Draw OP, 0Q, and OA. 1. A straight line may be drawn between any two
points.
2. OP=0Q 2. Radii of a circle are congruent.
3. 4P and £Q are right angles. 3. A tangent is L to radius drawn to point of contact.
4. OA=0A 4. Reflexive property
5. AAOP=AAOQ 5. hy.leg=hy.leg
6. AP=AQ0 6. Corresponding parts of congruent A are congruent.

6.3 MEASUREMENT OF ANGLES AND ARCS IN A CIRCLE

A central angle has the same number of degrees as the arc it intercepts. Thus, as shown in Fig.

6-29, a central angle which is a right angle intercepts a 90° arc; a 40° central angle intercepts a 40° arc,
and a central angle which is a straight angle intercepts a semicircle of 180°.
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Fig. 6-29

Since the numerical measures in degrees of both the central angle and its intercepted arc are the
same, we may restate the above principle as follows: A central angle is measured by its intercepted
arc. The symbol = may be used to mean ‘‘is measured by.” (Do not say that the central angle equals
its intercepted arc. An angle cannot equal an arc.)

An inscribed angle is an angle whose vertex is on the circle and whose sides are chords. An angle
inscribed in an arc has its vertex on the arc and its sides passing through the ends of the arc. Thus
LA in Fig. 6-30 is an inscribed angle whose sides are the chords AB and AC. Note that £ A

intercepts BC and is inscribed in BAC.

L

Fig. 6-30

6.3A Angle-Measurement Principles

PrINCIPLE 1: A central angle is measured by its intercepted arc.

PRINCIPLE 2:  An inscribed angle is measured by one-half its intercepted arc.
A proof of this principle is given in Chapter 16.

PrINCIPLE 3:  In the same or congruent circles, congruent inscribed angles have congruent intercepted
arcs.

Thus in Fig. 6-31, if £1= 22, then BC= DE.

PRINCIPLE 4:  In the same or congruent circles, inscribed angles having congruent intercepted arcs are
congruent. (This is the converse of Principle 3.)

Thus in Fig. 6-31, if BC= DE, then £1= /2,

A
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PrINCIPLE 5:  Angles inscribed in the same or congruent arcs are congruent.

Thus in Fig. 6-32, if £C and £ D are inscribed in ACB, then £C= £ D.

Fig. 6-32 Fig. 6-33

PrINCIPLE 6:  An angle inscribed in a semicircle is a right angle.
Thus in Fig. 6-33, since £ C is inscribed in semicircle ACD, m/ C = 90°.
PRINCIPLE 7:  Opposite angles of an inscribed quadrilateral are supplementary.

Thus in Fig. 6-34, if ABCD is an inscribed quadrilateral, £ A is the supplement of £C.

C F P
B G
C D
A B
4 D
Fig. 6-34 Fig. 6-35

PRrINCIPLE 8:  Parallel lines intercept congruent arcs on a circle.
— — = < — —~
Thus in Fig. 6-35, if AB|| CD, then AC= BD. If tangent FG is parallel to CD, then PC= PD.
PRINCIPLE 9:  An angle formed by a tangent and a chord is measured by one-half its intercepted arc.

PrincIPLE 10:  An angle formed by two intersecting chords is measured by one-half the sum of the
intercepted arcs.

PriNcIPLE 11:  An angle formed by two secants intersecting outside a circle is measured by one-half the
difference of the intercepted arcs. '

PriNcIPLE 12: An angle formed by a tangent and a secant intersecting outside a circle is measured by
one-half the difference of the intercepted arcs.

PrincIPLE 131 An angle formed by two tangents intersecting outside a circle is measured by one-half
the difference of the intercepted arcs.

Proofs of Principles 10 to 13 are given in Chapter 16.
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6.3B Table of Angle-Measurement Principles
Position Method of
of Kind of Angle Diagram Mﬁr“.f.".."nf " Me:surem‘:nt
Vertex
A T
Center of Central angle a® £0=AB By intercepted arc
circle (apply Principle 1) msO =a°
B
. B —
Inscribed angle A LA =1BC
(apply Principle 2) e me A =La®
(]
. By one-half
On the circle intercepted arc
Angle formed by a LA =1AC
tangent and a chord mLA =ta

(apply Principle 9)

Inside the
circle

Angle formed by two
intersecting chords
(apply Principle 10)

£1= L(AC+ BD)
ms1=3(a®+ b°)

By one-half sum of
intercepted arcs

Outside the
circle

Angle formed by
two secants
(apply Principle 11)

LA {(BC- DE)
mLA= 3@ - b°)

Angle formed by a
secant and a tangent
(apply Principle 12)

LA= {(BC- BD)
msLA=j3(a°—b°)

Angle formed by
two tangents
(apply Principle 13)

LA = (BDC~BC)
mLA = (a® - b°)
Also:
mZA = (180° — b)°

By one-half difference
of intercepted arcs

Note:

To find the angle formed by a secant and a chord meeting on the circle first find the

measure of the inscribed angle adjacent to it and then subtract from 180°. Thus if secant AB meets
chord CD at C on the circle in Fig. 6-36, to find m 2y, first find the measure of inscribed 2 x. Obtain
m/y by subtracting mZx from 180°.
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SOLVED PROBLEMS

6.10 AppLYING PRINCIPLES 1 AND 2
(a) In Fig. 6-37(a), if m£y = 46°, find m/x.
(b) In Fig. 6-37(b), if m£y =112°, find m/ x.
(¢) In Fig. 6-37(c), if m£x =75° find my.

B

A B
¥ A “
¥
(a) ) )
Fig. 6-37

Solutions
(a) Ly =BC, somBC = 46°. Then Lx < : BC = 1(46°) = 23°, somsLx = 23°.
(b) Ly = ABsomAB = 112°.

mBC = m(ABC — AB) = 180° — 112° = 68°. Then £x = !BC = 1 (68°) = 34°, so m£x = 34°.
(¢) <£x=LADC, somADC = 150°. Then my = m(ADC —AD) = 150° — 60° = 90°.

6.11 AprpPLYING PRINCIPLES TO 3 TO 8
Find x and y in each part of Fig. 6-38

Solutions
(a) Since m£L1 = ms2, mx = mAB = 50°. Since AD = E‘B, miy = mLZABD = 65°.

(b) LABD and Zx are inscribed in ABD; hence m/x =m</ ABD = 40°.
ABCD is an inscribed quadrilateral; hence mZy = 180°— m« B = 95°.

(¢) Since ~x is inscribed in a semicircle, m/x =90°. Since AC || DE, my = mCE = 70°,
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6.12 ApprLYING PRINCIPLE 9
In each part of Fig. 6-39, CD is a tangent at P.
(a) If my=220° in part (a), find m£x.
(b) If my=140° in part (b), find m<Lx.
(c) I msZy=75°in part (c), find m<£x.

(@) ®) (©)
Fig. 6-39
Solutions
(@) £z=1y=3(220°)=110°. So m/x = 180° ~ 110° = 70°.

(b) Since AB = AP, mAB = my = 140°. Then mz = 360° — 140° — 140° = 80°.
Since Zx = 17 =40°, msx = 40°.

(c) Zy=1AP, so mAP=150°. Then mz = 360° — 100° — 150° = 110°.
Since Zx = 12=155°, msx =55°.
6.13 ArrLYING PrINCIPLE 10

(a) If msx=95°in Fig. 6-40(a), find my.
(b) If my=80° in Fig. 6-40(b), find m/ x.
(c) If mx =178 in Fig. 6-40(c), find m~y.

¥/

<

70°

(@)

Fig. 6-40
Solutions
(@) £x=3(AC+7y); thus 95° = 1(70° + my), so my = 120°.
(b) Lz21i(y+ AB)=1(80°+120°)=100°. Then m£x = 180° — m/ z = 80°.

(¢) BC| AD, because mCD = mx =78°. Also, Lz = Ix+ E[)) =78°. Then mZy=180°-msz=
102°.
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6.14 AprLYING PriNcIPLES 11 TO 13
(a) If msLx =40° in Fig. 6-41(a), find my.
(b) If m<x =67 in Fig. 6-41(b), find my.
(c) If ms£x=61°in Fig. 6-41(c), find my.

BD

F

c

(a) ®)
Fig. 6-41
Solutions
@ <x=3(BC-7), so 40°= }(200° — my) or my = 120°.

(b) 4x= %(EE‘— EE.'), so 67°= $(200° - mB/—E) or mBE = 66°.
Then my = 360° — 200° — 66° = 94°,

105

(c) £x=24(BFC —3),and mBFC = 360° — my. Then 61° = L[(360° — my) — my] = 180° — my. Thus

my = 119°.

6.15 Using Equations IN Two UKNOWNs To FIND ARCs
In each part of Fig. 6-42, find x and y using equations in two unknowns.

Fig. 6-42

Solutions
(a) By Principle 10, 70° = { (mXx + my)
By Principle 11, 25° = { (mXx — my)
If we add these two equations, we get mx = 95°. If we subtract one from the other, we get

my = 45°,
(b) Since mx + my = 360°, 3 (mx + my) = 180°
By Principle 13, 1(mx —my)= 62°

If we add these two equations, we find that mx = 242°. If we subtract one from the other,
we get my = 118°.

6.16 MEASURING ANGLES AND ARCS IN GENERAL
Find x and y in each part of Fig. 6-43
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Fig. 6-43

Solutions

(a) By Principle 2, 50°= mPQ or mPQ = 100°. Also, by Principle 9, 70°= ;mQOR or mQR = 140°.
Then mPR =360° — mPQ — mQR = 120°.
By Principle 9, x = mPR=60°.
By Principle 13, y = }(mPRQ — mPQ) = }(260° — 100°) = 80°.

(b) By Principle 1, mAB = 80°. Also, by Principle 8, mBC = mPA = 85°. Then mPC = 360° — mPA —
mAB — mBC = 110°. _
By Principle 9, x = §mPC=55". __
By Principle 12, y = §(mPCB — mPA) = }(195° - 85°) = 55°.

6.17 PROVING AN ANGLE MEASUREMENT PROBLEM

— A
Given: BD=CE D/ \E
To Prove: AB=AC
Plan: First prove CD = BE.
Use this to show that ZB = £C. B c
PROOF:
Statements Reasons
1. BD=CE 1. Given
2. DE=DE 2. Reflexive property
3. BE=CD 3. If =s are added to =s, the sums are =.
4. /LB=/C 4. In a circle, inscribed angles having
equal intercepted arcs are =.
5. AB=AC 5. 1In a triangle, sides opposite = angles
are equal in length.

6.18 PRrROVING AN ANGLE MEASUREMENT PROBLEM STATED IN WORDS
Prove that parallel chords drawn at the ends of a diameter are equal in length.

Solutions

Given: Circle O
AB is a diameter.
AC || BD
Te Prove: AC=BD _
Plan: Prove AC= BD
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PROOF:
Statements Reasons
1. ABis a diameter. 1. Given
2. ACB=ADB 2. A diameter cuts a circle into two equal semicircles.
3. AC|BD_ 3. Given
4. AD=BC 4. Parallel lines intercept = arcs on a circle.
5. AC=BD 5. If equals are subtracted from equals, the
differences are equal. Definition of = arcs.
6. AC=BD 6. In a circle, equal arcs have chords
which are equal in length.
Supplementary Problems
1. Provide the proofs requested in Fig. 6-44. (6.3)
(a) Given: AB=DE (b) Given: Circle O, AB = BC () Given: Circle O
AC= D_f Diameter BD AB=CD
To Prove: LB=LE To Prove: BD bisects 2L AOC. To Prove: L AOC= /BOD
B
A A
4 ° ‘ ‘ \
B D
D F
(o
E ¢ D
Fig. 6-44
2. Provide the proofs requested in Fig. 6-45. (6.3)
(a) Given: AB=AC (c) Given: Circle O, AB=AD (e) Givem: AD=BC
To Prove: ABC = ACB Diameter AC To Prove: AC= BD
(b) Given: ABC = ACB To Prove: BC=CD (f) Given: AC=BD
To Prove: AB= AC (d) Given: Circle O To Prove: AD = BC

AB=AD, BC=CD
To Prove: AC is a diameter.

Fig. 6-45

3. Prove each of the following: (6.4)
(a) If a radius bisects a chord, then it bisects its arcs.
(b) If a diameter bisects the major arc of a chord, then it is perpendicular to the chord.

(c) If a diameter is perpendicular to a chord, it bisects the chord and its arcs.
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4. Prove each of the following: (6.4)
(a) A radius through the point of intersection of two congruent chords bisects an angle formed by them.

(b) If chords drawn from the ends of a diameter make congruent angles with the diameter, the chords are
congruent.

(¢) In a circle, congruent chords are equally distant from the center of the circle.

(d) In a circle, chords that are equally distant from the center are congruent.

5. Determine each of the following, assuming ¢, ¢', and ¢” in Fig. 6-46 arc tangents. (6.5)
p_t\A A A ¢
t' \N— B
Q ‘ X
RN o
P Q
R
(a) () ) (©)
Fig. 6-46

(@) If ms£A=90°in Fig. 6-46(a), what kind of quadrilateral is PAQO?

(b) If BR = RC in Fig. 6-46(b), what kind of triangle is ABC?

(¢) What kind of quadrilateral is PABQ in Fig. 6-46(c) if PQ is a diameter?
(d) What kind of triangle is AOB in Fig. 6-46(c)?

6. In circle O, radii OA and OB are drawn to the points of tangency of PA and PB. Find m< AOB if

m/ APB equals (a) 40°; (b) 120° (c) 90°; (d) x°; (e) (180 — x)°; (f) (90 — x)°. (6.6)
7. Find each of the following (¢ and ¢’ in Fig. 6-47 are tangents). (6.6)
P t A
B 0 ¢
2
G Z B
Fig. 647 ®)
In Fig. 6-47(a):
(@) 1If m£POQ =80°, find mZ PAQ.
(b) If m£ PBO =25° find m£1 and m£ PAQ.
(c) I msLPAQ =72 find m£1 and mZ PBO.
If Fig. 6-47(b):
(d) If PB bisects £ APQ, find m/2.
(e) If mes1=35° find me2.
(f) If PQ=QB, find m/1.
8. In Fig. 6-48(a), AABC is circumscribed. (a) If y =9, find x. (b) If x =25, find y. (6.7)

In Fig. 6.48(b), quadrilateral ABCD is circumscribed. (c¢) Find AB + CD. (d) Find perimeter of ABCD.
In Fig. 6-48(c), quadrilateral ABCD is circumscribed. (e) If r =10, find x. (f) If x =25, find r.
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10.

11.

12,

13.

14.

15.

16.

P P,
R
Yy
A 19 Y A<D
(a) (b)
Fig. 6-48
If two circles have radii of 20 and 13, respectively, find their line of centers: (6.8)
(a) 1If the circles are concentric (c) If the circles are tangent externally

(b) If the circles are 7 units apart (d) If the circles are tangent internally

If the line of centers of two circles measures 30, what is the relation between the two circles: (6.8)
(a) If their radii are 25 and 5?  (¢) If their radii are 20 and 5?

(b) If their radii are 35 and 5?  (d) If their radii are 25 and 10?

What is the relation between two circles if the length of their line of centers ia (a) 0; (b) equal to the
difference of their radii; (c) equal to the sum of their radii; (d) greater than the sum of their radii, (e) less
than the difference of their radii and greater than O; (f) greater than the difference and less than the sum

of their radii. (6.8)
Prove each of the following: (6.9)

(a) The line from the center of a circle to an outside point bisects the angle between the tangents from
the point to the circle.

(b) 1If two circles are tangent externally, their common internal tangent bisects a common external
tangent.

(¢) If two circles are outside each other, their common internal tangents are congruent.
(d) In a circumscribed quadrilateral, the sum of the lengths of the two opposite sides equals the sum of
the lengths of the other two.

Find the number of degrees in a central angle which intercepts an arc of (a) 40°; (b) 90°; (c) 170°; (d) 180°;

(e) 2x°% (f) (180 —x)%; (g) (2x ~2y)°. (6.10)
Find the number of degrees in an inscribed angle which intercepts an arc of (a) 40° (b) 90°; (c) 170°%;
(d) 180°% (e) 260°; (f) 348°% (g) 2x°; (h) (180 — x)%; (i) (2x —2y)". (6.10)
Find the number of degrees in the arc intercepted by: (6.10)

(@) A central angle of 85°

(b) An inscribed angle of 85°

(c) A central angle of ¢°

(d) An inscribed angle of i°

(¢e) The central angle of a triangle formed by two radii and a chord equal to a radius

(f) The smallest angle of an inscribed triangle whose angles intercept arcs in the ratio of 1:2:3

Find the number of degrees in each of the arcs intercepted by the angles of an inscribed triangle if the
measures of these angles are in the ratio of (@) 1:2:3; (b) 2:3:4; (c) 5:6:7; (d) 1:4:5. (6.10)
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17.

18.

19.

21.
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(@) If my = 140° in Fig. 6-49(a), find mzx. (d) If mx=108° in Fig. 6-49(b), find m~y. (6.10)
(b) 1f mszx =165 in Fig. 6-49(a), find my.  (e) If my = 105° in Fig. 6-49(c), find mx.
() Ifmiy=115inFig. 6 — 49(b), find ms£x. (f) If msx=96° in Fig. 6-49(c), find my.

B A B—C

A 4 0 B v
c / DL
(@) () ()
Fig. 649

If quadrilateral ABCD is inscribed in a circle in Fig. 6-50, find: (6.11)
(@ mLAifmsC=45 (&) mLA if mBAD = 160°
(b) m.LBif msD=90° (f) mLB if mABC =200°
() meCifmsA=x° (g) m<C if mBC=140° and mCD = 110°
(d) msDif meB=(90 - x)° (h) meDifmeD:msB=2:3

AN ___~D A v D
Fig. 6-50 Fig. 6-51

If BC and AD are the parallel sides of inscribed trapezoid ABCD in Fig. 6-51, find: (6.11)
(@) mABif mCD = 85° (0 msLAifmsD=72

(b) mCD if mAB=y° (f) mLAif mseC=130°

(6) mAB if mBC=60° and mAD=80°  (8) mLBif msC=145°

(d) mCD if mAD + mBC = 170° (k) mLBif mAD=90° and mAB = 84°

A diameter is parallel to a chord. Find the number of degrees in an arc between the diameter and chord if
the chord intercepts (@) a minor arc of 80°; (b) a major arc of 300°. (6.11)
Find x and y in each part of Fig. 6-52. (6.11)

C
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26.

27.

Find the number of degrees in the angle formed by a tangent and a chord drawn to the point of tangency if
the intercepted arc has measure (a) 38% (b) 90° (c) 138°; (d) 180° (e) 250° (f) 334°% (g) x°;
(h) (360 — x)°; (i) (2x +2y)°. (6.12)

Find the number of degrees in the arc intercepted by an angle formed by a tangent and a chord drawn to
the point of tangency if the angle measures (a) 55% (b) 671°; (c) 90°; (d) 135°; (e) (90 — x)°; (f) (180 — x)*;
(8) (x— )% (h) 33x°. (6.12)

Find the number of degrees in the acute angle formed by a tangent through one vertex and an adjacent
side of an inscribed (a) square; (b) equilateral triangle; (c) regular hexagon; (d) regular decagon. (6.12)

Find x and y in each part of Fig. 6-53 (¢ and ¢' are tangents). (6.12)
A g 14° ¢
D v
_
t P Se
B
c D
@ ®)
Fig. 6-53
If AC and BD are chords intersecting in a circle as shown in Fig. 6-54, find: (6.13)
(@) mcxif mAB=90° and mCD = 60° (6) mAB+mCD if mszx =10°
by msxif mAB and mCD each equals 75° ) mBC + mAD if m/x = 65°
(c) msxif mAB + mCD = 230° (g) mBC if msx=60° and mAD = 160°
(d) mcsx if mBC+mAD = 160° (h) mBC if msy=72° and mAD = 2mBC
B b
Sy B
c
ok )
A
4 d
Fig. 6-54 Fig. 6-55
If AC and BD are diagonals of an inscribed quadrilateral ABCD as shown in Fig. 6-55, find: (6.13)

(@) mc<1 if ma=95° and mc =175° (e) ms2if mb + md=ma+ mc

(b) mc<1 if mb =88 and md = 66° (f) mc<2 if BC|| AD and ma =70°

(c) mc<1if mb and md each equals 100° (g) m<2if AD is a diameter and mb = 80°
(d) mslif ma:mb:mc:md=1:2:3:4 (h) mc2 if ABCD is a rectangle and ma = 70°

Find x and y in each part of Fig. 6-56. c (6.13)

D
(©
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29. If AB and AC are intersecting secants as shown in Fig. 6-57, find: (6.14)
(@) mcA if mc=100° and ma = 40° (¢) ma if mc=160° and m<£ A = 20°
(b) mcsA if mc— ma="174° (f) mcif ma=60°and ms A =35°
(c) mcLA if mc=ma +40° (8) mc—maif meA=41
(d) meAifma:mb:mc:md=1:4:3:2 (h) maif mc = 3maand msLA = 25°.
A A
a D P
& C
B
b
[ b [
C
Fig. 6-57 Fig. 6-58
30. If tangent AP and secant AB intersect as shown in Fig. 6-58, find: (6.14)

(@) mcsA if mc=150° and ma = 60° (f) maif mc=220° and m£L A =40
(b) mcsAif mc=200°and mb=110° (g) mc if ma=>55 and ms A =30°
(¢) mcsA if mb=120° and ma =70° (k) ma if mc=3ma and ms A = 45°
(d) msA if mc—ma=173° (i) ma if mb=100° and m< A = 50°
(&) mLAifma:mb:mc=1:4:7

31. If X;’ and ;)Q are intersecting tangents as shown in Fig. 6-59, find: (6.14)
A
P
Q
b
Fig. 6-59
(@) mLA if mb=200° () msAifmb:ma=17:3
(b) mcLA if ma=95° (j) mcsA if mb=5ma—60°
(c) miAif ma=x° (k) maif msA=35°
(d) mcA if ma=(9—x)° () maifmsA=y°
() miLAif mb=3ma (m) mbif msA=60°

(f) msAifmb =ma+ 50° (n) mbif msA=x°

. —=> =
(g) meAifmb—ma=84° (o) mbif APLAQ
(h) mciAifmb:ma=5:1

2 C
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32. Find x and y in each part of Fig. 6-60 (¢ and t' are tangents). (6.14)

33. I AB and AC are intersecting secants as shown in Fig. 6-61, find: (6.15)

<\

F

Fig. 6-61
(@) mxif ms1=80° and ms A =40° (d) myif ms£1=95° and ms A =45°
) mxif ms1+msA=150° (& myifmsl=msA=22%°

(¢) mxif £1 and £ A are supplementary  (f) my if mx + my =190° and m£ A = 50°

B P
A
't,
Q
c

(®) (c)

Fig. 6-62
34. Find x and y in each part of Fig. 6-62 (¢ and ¢' are tangents). (6.15)
35. If ABC is an inscribed triangle as shown in Fig. 6-63, find: (6.16)
(@) m<LA if ma=110° and mc = 200° (f) m<iB if mABC = 208°
() msA if ABLBC and ma = 102° (g) msBif ma+ mb=3mc
(c) mcA if AC is a diameter and ma = 80° (h) m<B if ma =175 and mc =2mb
(d) msAif ma:mb:mc=3:1:2 (i) m<Cif AB1BC and ma =5mb
() msAin AC is a diameter and ma:mb=5:4 (j) mcifmZA:m/B:m/C = 5:4:3
a B
b
A (o}
Fig. 6-63
36. If ABCP is an inscribed quadrilateral, PDa tangent, and AF a secant in Fig. 6-64, find: (6.16)
(@) m<1 if ma=94° and mc = 54° (g) maif BC|| AP and m£6 = 42°
(b) ms2if AP is a diameter (k) ma if AC is a diameter and m/5 = 35°
(¢) ms3if mCPA =250° () mbif AC L BPand ms2 = 57°
(d) ms3if ms ABC=120° (j) mcif AC and BP are diameters and m 25 = 41°

(¢) ms4if mBCP=130°and mb=50° (k) mdif ms1=95 and mb =95°
(f) mc4if BC||'AP and ma = 74° () msCPBitms3 =179°
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37. Find x and y in each part of Fig. 6-65 (¢ and ¢’ are tangents).

¢ E
P B
D ¥
G
A (o
F

(b) PBCA is an
inscribed square.

38. Find x and y in each part of Fig. 6-66.

A
2 3z
C
B
4z

(@)

Fig. 6-65
B 3x
x\
A C
(®)
Fig. 6-66

39. Provide the proofs requested in Fig. 6-67.

A D
C
B

(a) Given: AC bisects LA
To Prove: BC=CD

(b) Given: E_E_E
To Prove: AC bisects LA

A D
c
B

(a) AAEC and ADEB

EN
"o
%
)
(@]

(c) Given: AB|CD
AB is a tangent.
To Prove: PC= PD

(d) Given: PC=PD

«>
AB is a tangent.
To Prove: AB| CD

Fig. 6-67

P

B

I

Fig. 6-68

A
-
(b) AAPC and AAPB (AP is a tangent.)

[CHAP. 6

(6.16)

(6.17)

C

(¢) Given: mAC=mBD
To Prove: CE=EB

(f) Given: CE=EB
To Prove: AC=BD

B
(¢) AABE and AACD
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40. In each part of Fig. 6-68, prove the indicated triangles are mutually equiangular; that is, prove that the
three angles of one triangle are equal in measure to the corresponding angles of the other. (6.17)

41. Prove each of the following: (6.18)
(a) The base angles of an inscribed trapezoid are congruent.
(b) A parallelogram inscribed in a circle is a rectangle.
(¢) In a circle, parallel chords intercept equal arcs.
(d) Diagonals drawn from a vertex of a regular inscribed pentagon trisect the vertex angle.

(e) If a tangent through a vertex of an inscribed triangle is parallel to its opposite side, the triangle is
isosceles.



Chapter 7

Similarity

7.1 RATIOS

Ratios are used to compare quantities by division: the ratio of two quantities is the first divided
by the second. A ratio is an abstract number, that is, a number without a unit of measure. Thus the
ratio of 10ft to 5 ft is 10 ft + 5 ft, which equals 2.

A ratio can be expressed in the following ways: (1) using a colon, as in 3:4; (2) using “to” as in 3
to 4; (3) as a common fraction, as in 2; (4) as a decimal, 0.75; and (5) as a percent, 75%.

The quantities involved in a ratio must have the same unit. A ratio should be simplified by
reducing to lowest terms and eliminating fractions. Thus to find the ratio of 1ft to 4in, we first
change the foot to 12 inches, and then take the ratio of 12 inches to 4 inches; the result is a ratio of 3
to 1, or 3. Also, the ratio of 2} : ; would be restated as 5:1 or 5.

The ratio of three or more quantmes may be expressed as a continued ratio. Thus the ratio of $2
to $3 to $5 is the continued ratio 2:3:5. This enlarged ratio is a combination of three separate ratios;
these are 2:3, 3:5, and 2:5.

SOLVED PROBLEMS

7.1 RATIO OF Two QUANTITIES WITH THE SAME UNIT
Express each of the following ratios in lowest terms: (a) 15° to 3% (b) $1.25 to $5; (¢) 21
years to 2 years.

Solutions

@ 2=5 » -7 ©

[ (]
N|NI»—-
i
&~

7.2 RaTio oF Two QuaNTITIES WITH DIFFERENT UNITS
Express each of the following ratios in lowest terms: (@) 2 years to 3 months; (b) 80 cents
to $3.20.

Solutions

(a) 2 years to 3 months =24 months to 3 months = ol 8

80
(b) 80 cents to $3.20 = 80 cents to 320 cents = 320" 4

7.3  ContINUED RATIO OF THREE QUANTITIES
Express each of the following ratios in lowest terms: (a) 1gal to 2qt to 2 pt; (b) 1 ton to
11b to 8oz.

Solutions

(@) lgalto2qtto2pt=4qtto2qttolqt=4:2:1

(b)) 1tonto 11bto 80z=20001bto 11b to 3 1b=2000:1:3 =4000:2:1
116
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7.4  NUMERICAL AND ALGEBRAIC RaTiOS
Express each of the following ratios in lowest terms: (a) 50 to 60; (b) 6.3 to 0.9; (c) 12 to
2;(d) 2x to 5x; (e) 55 to s°; (f) x to 5x to 7x.

Solutions
50 S 2x 2
@ %% @ 5%=5
6.3 2 5
b) — =7 2 2
®) 9 (e) S s
(©) 12+%=32 (f) x:5x:7x=1:5:7

7.5 Using RaTiOS IN ANGLE PROBLEMS
If two angles are in the ratio of 3:2, find the angles if (a) they are adjacent and form an

angle measuring 40°; (b) they are acute angles of a right triangle; (c) they are two angles of a
triangle whose third angle measures 70°.

Solutions

Let the measures of the angles be 3x and 2x. Then:
(a) 3x+2x =40, so that 5x =40 or x = 8; hence the angles measure 24° and 16°.
(b) 3x+2x=90, so 5x =90 or x =18; hence the angles measure 54° and 36°.

(¢) 3x+2x+70=180, so 5x =110 or x =22; hence the angles measure 66° and 44°.

7.6  THree ANGLES HavING A FIxep RaTio
Three angles are in the ratio of 4:3:2. Find the angles if (a) the first and the third are
supplementary; (b) the angles are the three angles of a triangle.

Solutions

Let the measures of the angles be 4x, 3x, and 2x. Then:
(a) 4x +2x =180, so that 6x = 180 for x = 30; hence the angles measure 120°, 90°, and 60°.
(b) 4x+3x+2x =180, so 9x =180 or x = 20; hence the angles measure 80°, 60°, and 40°.

7.2 PROPORTIONS

A proportion is an equality of two ratios. Thus 2:5=4:10 (or £ = {%) is a proportion.

The fourth term of a proportion is the fourth proportional to the other three taken in order. Thus
in 2:3=4:x, x is the fourth proportional to 2, 3, and 4.

The means of a proportion are its middle terms, that is, its second and third terms. The extremes
of a proportion are its outside terms, that is, its first and fourth terms. Thus in a: b = c:d, the means
are b and ¢, and the extremes are a and d.

If the two means of a proportion are the same, either mean is the mean proportional between the
first and fourth terms. Thus in 9:3=3:1, 3 is the mean proportional between 9 and 1.

7.2A Proportion Principles
PRINCIPLE 1:  In any proportion, the product of the means equals the product of the extremes.

Thus if a: b = c:d, then ad = bc.
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PriNCIPLE 2:  If the product of two numbers equals the product of two other numbers, either pair may
be made the means of a proportion and the other pair may be made the extremes.

Thus if 3x =Sy, then x:y=5:30ory:x=3:50r3:y=5:xo0r 5:x=3:y.

7.2B Methods of Changing a Proportion Into an Equivalent Proportion

PrincipLe 3:  (Inversion method) A proportion may be changed into an equivalent proportion by
inverting each ratio.
.1 4 x_ 5
Thus1f;—-§,thenf—4.
PrincipLE 4:  (Alternation method) A proportion may be changed into an equivalent proportion by
interchanging the means or by interchanging the extremes.
if 2= 3222
Thus1f3—2,theny J0r3=7-
PriNCIPLE 5@ (Addition method) A proportion may be changed into an equivalent proportion by
adding terms in each ratio to obtain new first and third terms.

.a_c at+b c+d x—-2_9 x_ 10
Thus1f5—d,then 5 - d If 5 _l’then2_l’

PrINCIPLE 6:  (Subtraction method) A proportion may be changed into an equivalent proportion by
subtracting terms in each ratio to obtain new first and third terms.

.a_c a-b c¢c-d x+3 9 x_8
ThusxfE—a,then b - 4 If 3 _l’thcn3_1'

.

7.2C Other Proportion Principles

PriNciPLE 7:  If any three terms of one proportion equal the corresponding three terms of another
proportion, the remaining terms are equal.

Thusif§=3 nd > then y =4.

3,g%23
5 4 5°
PrINCIPLE 8: In a series of equal ratios, the sum of any of the numerators is to the sum of the
corresponding denominators as any numerator is to its denominator.

Thusif§=§=§,theng%:—;=g.If-"—;X=y—;§=%,then%3—+—3=%orf‘a-%.
SOLVED PROBLEMS
7.7  FINDING UNKNOWNS IN PROPORTIONS
Solve the following proportions for x:
(@) x:4=6:8 (c) x:5=2x:(x+3) (e) 2xx—3=§
®) 3x=x21 @ =% n -1

Solutions

(a) Since 4(6) = 8x, 8x =24 or x =3.

(b) Since x> =3(27), x> =81 or x = =9.

(¢) Since 5(2x) = x(x + 3), we have 10x = x* + 3x. Then x* -~ 7x =0, so x =0 or 7.

(d) Since 2x =3(5), 2x=150r x=7}.
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(e) Since 3(2x — 3) = 5x, we have 6x —9="5x, so x=9.

(f) Since 4(7) = (x —2)(x +2), we have 28 = x> — 4. Then x* =32, so x = *4V2.

7.8 FINDING FOURTH PROPORTIONALS TO THREE GIVEN NUMBERS
Find the fourth proportional to (a) 2, 4, 6; (b) 4, 2, 6; (¢) 1, 3, 4; (d) b, d, c.

Solutions

(a) We have 2:4=6:x, so 2x =24 or x = 12.
(b) We have 4:2=6:x,s504x =12 or x =3.
(c) We have §:3=4:x, 50 3x =12 or x =24.

(d) We have b:d=c:x, so bx=cd or x = cd/b.

7.9 FINDING THE MEAN PROPORTIONAL TO Two GIVEN NUMBERS
Find the positive mean proportional x between (a) 5 and 20; (b) § and §.

Solutions
(a) We have 5:x =x:20, so x> =100 or x = 10.

(b)) Wehave :x=x:8 sox*=%orx=2.

7.10 CHaNGING EqQuaL Propucts INTO PROPORTIONS
(@) Form a proportion whose fourth term is x and such that 2bx = 35
(b) Find the ratio x to y if ay = bx.
Solutions
(@) 2b:3s=s:xor2b:3=s":xor2b:s*=3:x (b) x:y=a:b

7.11 CHANGING PROPORTIONS INTO NEW PROPORTIONS
Use each of the following to form a new proportion whose first term is x:

15 3 x—6 5 x+8 4 5 15
@573 ® %73 O % =3 @3=%
Solutions

.. 1
(a) By Principle 3, lx_S = g . (c) By Principle 6, % =3
(b) By Principle 5, % = g . () By Principle 4, % = % .

7.12 CoMBINING NUMERATORS AND DENOMINATORS OF PROPORTIONS
Use Principle 8 to find x in each of the following proportions:

x—-2 2 xty x—y 2 3x—y y—-3_3
@ —5~=3 O % =7"=3 O F =7 "5
Solutions

. . . x=2+2 2 x 2 _
(a) Adding numerators and denominators yields 933 3 3=3,%0x= 8.
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G+N+Ex=y) 2x _2 -

(b) Here we have 874 3,whxch gives — ) 3,sox-»ll
. Bx-y+(y-3)+3 3 3x_3 _
(c) We use all three ratios to get 15+10+5 =393 —g,sox—6

7.3 PROPORTIONAL SEGMENTS

If two segments are divided proportionately, (1) the corresponding new segments are in
proportion, and (2) the two original segments and either pair of corresponding new segments are in
proportion.

Thus if AB and AC in Fig. 7-1 are divided proportionately by DE, we may write a proportion such asg = 3
using the four segments; or we may write a proportion such as — usmg the two original segments and

two of their new segments. AB AC

S
Nt

Fig. 7-1

7.3A Obtaining the Eight Arrangements of Any Proportion

a_c L . . L
A proportion such as 5 =gz¢an be arranged in eight ways. To obtain the eight variations, we let

each term of the proportion represent one of the new segments of Fig. 7- 1 Two of the possible
proportions are then obtained from each direction, as follows:

7.3B Principles of Proportional Segments

PrincipLe 1: If a line is parallel to one side of a triangle, then it divides the other two sides
proportionately .

Thus in AABC of Fig. 7-2, if DE || BC, then 3 .

>R
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Fig. 7-2

PriNciPLE 2:  If a line divides two sides of a triangle proportionately, it is parallel to the third side.
(Principles 1 and 2 are converses.)

a (4
5-d’
PriNcIPLE 3:  Three or more parallel lines divide any two transversals proportionately.

Thus in AABC (Fig. 7-2), if then DE | BC.

a
b

. > > «> . . f'od
Thus if AB|| EF|| CD in Fig. 7-3, then 7

Fig. 7-3 Fig. 7-4

PrINCIPLE 4: A bisector of an angle of a triangle divides the opposite side into segments which are
proportional to the adjacent sides.
Thus in AABC of Fig. 7-4, if CD bisects £ C, then % = 5 .

SOLVED PROBLEMS

7.13 ArppLYING PrINCIPLE 1
Find x in each part of Fig. 7-5.

A
z 28
D, P E
Y AN
B - C
(a)
Fig. 7-5
Solutions
[ — x 28

(@) DE| BC; hence 5 = 14 50 that x=24.
(b) We have EC =7 and DE || BC; hence xi4 = ,§, . Then 7x =5x + 20 and x = 10.
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7.14 ArprLYING PRINCIPLE 3
Find x in each part of Fig. 7-6.

S ,,
| /j -

(@)

Fig. 7-6
Solutions

(@) We have EC=4and AB | EF || CD; henceg =—and x =6.

=8

o e o 555 7 . ,
~ (b) AB|| CD|| EF; hence wrl -4’ from which 20x — 20 = 14x + 7. Then 6x =27 and x =4}

7.15  ArpLYING PRINCIPLE 4
Find x in each part of Fig. 7-7.

21

D 3z—-1 c

)
Fig. 77

Solutions

(a) BD bisects £B; hence -1% = % and x = 12.

-(b) BD bisects £ B; hence 3x-1_30_10

x 31 = . Thus 21x —7=20x and x =7.

7.16 - PROVING A PROPORTIONAL-SEGMENTS PROBLEM
Given: EG| BD, EF||BC E, G
To Prove: FG || CD o B D
Plan: Prove that FG divides AC
and AD proportionately.
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PROOF:
Statements Reasons
1. EG| BD, EF| BC 1. Given
AE AG AE _AF . . .
2. EB - GD ' EB - FC 2. A l.me (segment) parallel to one side of a triangle
AF  AG divides the other two sides proportionately.
3. FC-GD 3. Substitution postulate.
4. FG|CD 4. If a line divides two sides of a triangle

proportionately, it is parallel to the third side.

7.4 SIMILAR TRIANGLES

Similar polygons are polygons whose corresponding angles are congruent and whose correspond-
ing sides are in proportion. Similar polygons have the same shape although not necessarily the same
size.

The symbol for “similar” is ~. The notation AABC ~AA'B'C’ is read ‘““triangle ABC is similar
to triangle A-prime B-prime C-prime.” As in the case of congruent triangles, corresponding sides of
similar triangles are opposite congruent angles. (Note that corresponding sides and angles are usually
designated by the same letters and primes.)

In Fig. 7-8 AABC ~ AA'B’C’ because
mLA=mlLA =37 m.B=m/B'=53° mLC=msC" =9%°

. 6_8_10
- or 3375

and

ﬂ\'a
|

c 5=8 A O v=1 A D o
Fig. 7-8 Fig. 7-9

7.4A Selecting Similar Triangles to Prove a Proportion

In Solved Problem 7.25, it is given that ABCD in a figure like Fig. 7-9 is a parallelogram, and we

must prove that . To prove this proportion, it is necessary to find similar triangles whose

BC FB
sides are in the proportion. This can be done simply by selecting the triangle whose letters A, E, and

F are in the numerators and the triangle whose letters B, C, and F are in the denominators. Hence,
we would prove AAEF ~ ABCF.

. . AE _BC . .
Suppose that the proportion to be proved is AF " FB In such a case, interchanging the means

leads to BC - FB - The needed triangles can then be selected based on the numerators and the

denominators.
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. . AE AF
Suppose that the proportion to be proved is —— = —— . Then our method of selecting triangles

could not be used until the term AD were replaced by BC. This is possible, since AD and BC are
opposite sides of the parallelogram ABCD and therefore are congruent.

7.4B Principles of Similar Triangles
PrincipLE 1:  Corresponding angles of similar triangles are congruent. (By the definition)
PriNcIPLE 2:  Corresponding sides of similar triangles are in proportion. (By the definition)

PriNcIPLE 3:  Two triangles are similar if two angles of one triangle are congruent respectively to two
angles of the other.

Thus in Fig. 7-10, if LA=Z A’ and £B= £B’, then AABC~AA'B'C".

B

A b C
Fig. 7-10

PrincIPLE 4 Two triangles are similar if an angle of one triangle is congruent to an angle of the other
and the sides including these angles are in proportion.

P g , then AABC~AA'B'C'.

PriNCIPLE 5:  Two triangles are similar if their corresponding sides are in proportion.

b
b

PrINCIPLE 6:  Two right triangles are similar if an acute angle of one is congruent to an acute angle of

the other. (Corollary of Principle 3)

Thus in Fig. 7-10, if 2C=£C’ and —

Thus in Fig. 7-10, if ai = Ci , then AABC~ A'B'C".

PriINCIPLE 7: A line parallel to a side of a triangle cuts off a triangle similar to the given triangle.
Thus in Fig. 7-11, if DE || BC, then AADE ~ AABC.

PrINCIPLE 8:  Triangles similar to the same triangle are similar to each other.

Cc
A
D E
B C A D B
Fig. 7-11 Fig. 7-12

PriNCIPLE 9:  The altitude to the hypotenuse of a right triangle divides it into two triangles which are
similar to the given triangle and to each other.

Thus in Fig. 7-12, ACDA~ACDB ~ AABC.
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PrincipLe 10:  Triangles are similar if their sides are respectively parallel to each other.

Thus in Fig. 7-13, AABC~AA'B'C'.

B

Fig. 7-13 Fig. 7-14
PrincipLe 11:  Triangles are similar if their sides are respectively perpendicular to each other.
Thus in Fig. 7-14, AABC~AA'B'C".
SOLVED PROBLEMS

7.17 APPLYING PRINCIPLE 2
In similar triangles ABC and A'B’'C’ (Fig. 7-15), find x and y if LA=/LA' and

/B=/B'
C
CI
32 26
Y y
A 20 B 4 B’
Fig. 7-15
Solution >
Since LA= /L A" and ZB= £ B’, x and y correspond to 32 and 26, respectively. Hence ;—2 =30

from which x = 24; also 2y—6 =59%0Y= 194,

7.18 ArpLYING PRINCIPLE 3
In each part of Fig. 7-16, two pairs.of congruent angles can be used to prove the indicated
triangles similar. Determine the congruent angles and state the reason they are congruent.

B C

A C A

A D

(@) ABEC~AAED
ABCD is a trapezoid. (b) AAED~ACEB (c) AADE~AABC

o

Fig. 7-16
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7.19

7.20
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Solutions

(¢) LCBD=LBDA and LBCA= LCAD, since alternate interior angles of parallel lines are con-
gruent (BC || AD). Also, £ BEC and £ AED are congruent vertical angles.

(b)) LA=,Cand £B= D, since angles inscribed in the same arc are congruent. Also, £ AED and
£ CEB are congruent vertical angles.

() LABC= L AED, since each is a supplement of £/DEC. LACB= LADE, since each is a
supplement of ZBDE. Also, LA= LA.

APPLYING PRINCIPLE 6
In each part of Fig. 7-17, determine the angles that can be used to prove the indicated
triangles similar.

? / ‘
WARNY
D
(@) AACD~AACB (b) AAEC~ACDB (¢) AADE~AABC
AB= AC AB is a diameter.
Fig. 7-17

Solutions
(@) £ ACB and £ ADC are right angles. LA= L A.

(b) £ AEC and £BDC are right angles. £ B= £ ACE, since angles in a triangle opposite congruent
sides are congruent.

(¢) £ ACB is a right angle, since it is inscribed in a semicircle. Hence, LAED = L ACB. LD = LB,
since angles inscribed in the same arc are congruent.

APPLYING PRINCIPLE 4
In each part of Fig. 7-18, determine the pair of congruent angles and the proportion
needed to prove the indicated triangles similar.

AB A/\
D
E 12 E\J8
D 26
9 D, 16
D ¢ B C

A e c

(a) AAEB~ ADEC (b) AAED~AABC (¢) AABC~AADC
Fig. 7-18



CHAP. 7] SIMILARITY 127

Solutions

. 20 25
(a) LAEB’ELDEC;3=% © LBAC=LACD; 1= 55
9

(b) LAZLA T =14

7.21 ArpLYING PRINCIPLE §
In each part of Fig. 7-19, determine the proportion needed to prove the indicated triangles

similar.
A
15
B 9
12 16 D 2 B
A
24 C
16 20
D 12 E
S 7
F C
(@) AABC~ADEF (b) AABD~ABDC (¢) AABD~ABEC
Fig. 7-19
Solutions
6 8 12 7 8 10
@ %1%~ © 33=%m=3
9 12 15

7.22 PROPORTIONS OBTAINED FROM SIMILAR TRIANGLES
Find x in each part of Fig. 7-20.

(a)
Fig. 7-20

Solutions

X

(a) Since BD||'AC, LA=/B and £C= £ D; hence AAEC ~ ADEB. Then T g and x = 15.

(b) Since JK || GH, AFJK ~ AFGH by Principle 7. Hence % = ; and x =4}.
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7.24
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SIMILARITY [CHAP. 7

FinpING HEIGHTs USING GROUND SHADOWS
A tree casts a 15-ft shadow at a time when a nearby upright pole 6 ft high casts a shadow
of 2 ft. Find the height of the tree if both tree and pole make right angles with the ground.

Solution

At the same time in localities near each other, the rays of the sun strike the ground at equal angles;
hence £B= /B’ in Fig. 7-21. Since the tree_and the pole make right angles with the ground,

LC=/C'. Hence AABC~AA'B'C',s0 - = 15 and A =45ft.

6 2
A
h ray A’
ol \rav
u| I
C 15 B C:F
Fig. 7-21

PrOVING A SIMILAR-TRIANGLE PROBLEM STATED IN WORDS
Prove that two isosceles triangles are similar if a base angle of one is congruent to a base
angle of the other.

A
Solution
Given: Isosceles AABC (AB = AC) 4’
Isosceles AA'B'C’ (A'B’= A'C’)
LB=/LB’
To Prove: AABC~AA'B'C’
Plan: Prove £C= £’ and use Principle 3. B C B’ lod

PROOF:
Statements Reasons
1. LB=/.B' 1. Given
2. LB=ELC, LB'=2LC 2. Base angles of an isosceles triangle are congruent.
3. 42C=LC 3. Things = to = things are = to each other.
4. AABC~AA'B'C’ 4. Two triangles are similar if two angles of one
triangle are congruent to two angles of the other.

PROVING A PROPORTION PROBLEM INVOLVING SIMILAR TRIANGLES E
Given: Parallelogram ABCD A /

F B
AE AF
To Prove: B3¢ = BF D/

Plan: Prove AAEF ~ ABFC c
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PROOF:
Statements Reasons
1. ABCD is a parallelogram. 1. Given
2. ED|BC 2. Opposite sides of a parallelogram are parallel.
3. LDEC=LECB 3. Alternate interior angles of parallel lines
are congruent.
4. LEFA=/BFC 4. Vertical angles are congruent.
5. AAEF~ABFC 5. Two triangles are similar if two angles of one
triangle are congruent to two angles of the other.
AE _AF L . .
6. —==—= 6. Corresponding sides of similar triangles
BC BF . f
are in proportion.

7.5 EXTENDING A BASIC PROPORTION PRINCIPLE

PrincipLe 1:  Corresponding sides of similar triangles are in proportion.
PrincipLE 2:  Corresponding segments of similar triangles are in proportion.
PrincipLe 3:  Corresponding segments of similar polygons are in proportion.

When segments replaces sides, Principle 1 becomes the more general Principle 2. When polygons
replaces triangles, Principle 2 becomes the even more general Principle 3.

By segments we mean straight or curved segments such as altitudes, medians, angle bisectors,
radii of inscribed or circumscribed circles, and circumferences of inscribed or circumscribed circles.

The ratio of similitude of two similar polygons is the ratio of any pair of corresponding lines.

Corollaries of Principles 2 and 3, such as the following, can be devised for any combination of
corresponding lines:

1. Corresponding altitudes of similar triangles have the s;lame ratio as any two corresponding
medians. Thus if AABC~AA'B'C’ in Fig. 7-22, then 7 = mﬂ

;.

B
B
k| \m ~ C’
K| \m’ r N
4 H M C A HM C’ 7 d
Fig. 7-22 Fig. 7-23

2. Perimeters of similar polygons have the same ratio as any two corresponding sides. Thus in Fig.
34 _4_6_10_ 14
K

7

7-23, if quadrilateral I~ quadrilateral I’, then 7°3°3

SOLVED PROBLEMS

7.26 LINE RaTiOsS FROM SIMILAR TRIANGLES

(a) In two similar triangles, corresponding sides are in the ratio 3:2. Find the ratio of
corresponding medians [see Fig. 7-24(a)].
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(b) The sides of a triangle are 4, 6, and 7 [Fig. 7-24(b)]. If the perimeter of a similar triangle
is 51, find its longest side.

() In AABC of Fig. 7-24(c), BC =25 and the measure of the altitude to BC is 10. A line
segment terminating in the sides of the triangle is parallel to BC and 3 units from A. Find
its length.

BI
B B 4
o/ \$
8' £~ ol D 3 E
B ¢ 10
8 m
A' D C
B C
b 25 - d
D ¢ A s C
(@) ®) (©
Fig. 7-24
Solutions
(@ 1f AABC~AA'B'C and S =2, then =2
s 2 m 2
(b) The perimeter of AA'B'C’ is 4+ 6+ 7=17. Since AABC~AA'B'C’, % = % and s =21.
(c) Since AADE~AABC, g—f=% and DE=174.
7.27 LINE RaTiOS FROM SIMILAR POLYGONS

Complete each of the following statements:

(a) If corresponding sides of two similar polygons are in the ratio of 4:3, then the ratio of
their perimeter is _?

(b) The perimeters of two similar quadrilaterals are 30 and 24. If a side of the smaller
quadrilateral is 8, the corresponding side of the larger is _?

(c) If each side of a pentagon is tripled and the angles remain the same, then each diagonal
is _2

Solutions

(a) Since the polygons are similar, £, = i, -4 .

p s 3
(b) Since the quadrilaterals are similar, > = 2 _ Then 5 = 20 and 5 = 10
nce q a YT 68 73 and s E
(c) Tripled, since polygons are similar if their corresponding angles are congruent and their corre-

sponding sides are in proportion.

7.6 PROVING EQUAL PRODUCTS OF LENGTHS OF SEGMENTS

In a problem, to prove that the product of the lengths of two segments equals the product of the
lengths of another pair of segments, it is necessary to set up the proportion which will lead to the two
equal products.



CHAP. 7]

SOLVED PROBLEM

7.28 ProviING AN EquaL-Probpucts PROBLEM
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Prove that if two secants intersect outside a circle, the product of the lengths of one of the
secants and its external segment equals the product of the lengths of the other secant and its

external segment.

A

Solution D
Given: Secants AB and AC.
To Prove: AB X AD = AC X AE B E
Plan: Prove AABE ~ AACD to obtain

AB AE

AC AD"

[
PROOF:
Statements Reasons

1. Draw BE and CD.

2. LASLA
LB=1C
4. AAEB~AADC

w

AB _ AE
AC  AD

6. ABx AD=ACXAE

A segment may be drawn between any two
points.

Reflexive property.
Angles inscribed in the same arc are congruent.

Two triangles are similar if two angles of one
triangle are congruent respectively to two angles
of the other.

Corresponding sides of similar triangles
are in proportion.

In a proportion, the product of the means equals
the product of the extremes.

7.7 SEGMENTS INTERSECTING INSIDE AND OUTSIDE A CIRCLE

PrincieLe 1: I two chords intersect within a circle, the product of the lengths of the segments of one
chord equals the product of the lengths of the segments of the other.

Thus in Fig. 7.25, AE X EB= CE X ED.

C

yari:

Fig. 7-25

|

Fig. 7-26

PRINCIPLE 2:  If a tangent and a secant intersect outside a circle, the tangent is the mean proportional

between the secant and its external segment.

Thus in Fig. 7.26, if PA is a tangent, then AB

AP~ AC”
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PriNcipLE 3:  If two secants intersect ‘outside a circle, the product of the lengths of one of the secants
and its external segment equals the product of the lengths of the other secant and its external segment.

Thus in Fig. 7.27 AB X AD = AC x AE.

BZ O\

EN

Fig. 7-27

SOLVED PROBLEMS

7.29 AppLYING PRINCIPLE 1 L L
Find x in each part of Fig. 7-28 if chords AB and CD intersect in E.

C C C
\ L N\ YN
B 12
D o
A 15
D D
(a) , (b) (c) Diameter CD | AB
Fig. 7-28

Solutions

(a) ED =4. Then 16x = 4(12), so that 16x =48 or x =3.

(b) AE=EB=x. Then x’ =8(2), so x* =16 and x = 4.

(¢) CE=3and AE = EB = x. Then x* =27(3) or x> =81, and x =9.

7.30 AppLYING PRINCIPLE 2 L e
Find x in each part of Fig. 7-29 if tangent AP and AB intersect at A.

(b)
Fig. 7-29

Solutions

(@) AB=9+9+6=24. Then x> =24(6) or x* = 144, and x = 12.

(b) AB=2x+5. Then 5(2x +5) =100 and x =73.

(c) AB=x+6. Then x(x + 6) =16 or x* + 6x — 16 =0. Factoring gives (x + 8)(x —2)=0 and x =2.
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7.31 ApPLYING PRINCIPLE 3 s L
Find x in each part of Fig. 7-30 if secants AB and AC intersect in A.

Fig. 7-30 )
Solutions

(@) AC=12. Then 8x = 12(3) and x = 4}.

(b) AC=2x+2 and AB=12. Then 2(2x +2) =12(5) and x = 14.

7.8 MEAN PROPORTIONALS IN A RIGHT TRIANGLE

PriNCIPLE 1:  The length of the altitude to the hypotenuse of a right triangle is the mean proportional
between the lengths of the segments of the hypotenuse.
BD _CD
CD DA
C‘

Thus in right AABC (Fig. 7-31),

Fig. 7-31
PrINCIPLE 2:  In a right triangle, the length of either leg is the mean proportional between the length of
the hypotenuse and the length of the projection of that leg on the hypotenuse.
AB _ BC . AB _ AC
"BC BD ™ AC” AD"
A proof of this principle is given in Chapter 16.

Thus in right AABC

SOLVED PROBLEMS

7.32 FINDING MEAN PROPORTIONALS IN A RIGHT TRIANGLE
In each triangle in Fig. 7.32, find x and y.

C
C,
v |, ¥ 1
x
AaD 9 B B 4 p A

(a) (b)
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Solutions

(a) By Principle 1, or x* =27, and x =3V3. By Principle 2,

Wi

,s0y° =36 and y =6.

<[5

(b) By Principle 1, =

and x = 16. By Principle 2,

<8
N

, 50 > =80 and y = 4VS5,

7.9 PYTHAGOREAN THEOREM

In a right triangle, the square of the length of the hypotenuse equals the sum of the squares of the
lengths of the legs. Thus in Fig. 7-33, ¢* = a® + b*

A proof of the Pythagorean Theorem is given in Chapter 16.

B
[
a
A > c
Fig. 7-33

7.9A Tests for Right, Acute, and Obtuse Triangles

If ¢ = a® + b® applies to the three sides of a triangle, then the triangle is a right triangle; but if
¢’ # a’ + b’ then the triangle is not a right triangle.

In AABC, if ¢® < a® + b® where c is the longest side of the triangle, then the triangle is an acute
triangle.

Thus in Fig. 7-34, 9> <6 + 87 (that is, 81 < 100); hence AABC is an acute triangle.

B
B
c=9 a=86
e=11 a=6
4 b=8 ¢ 4 b=8 ¢
Fig. 7-34 Fig. 7-35

In AABC, if ¢® > a’ + b” where c is the longest side of the triangle, then the triangle is an obtuse
triangle.

Thus in Fig. 7-35, 11> > 6% + 8 (that is, 121 >100); hence AABC is an obtuse triangle.

SOLVED PROBLEMS

7.33 FINDING THE SIDES OF A RIGHT TRIANGLE

In Fig. 7-36, (a) find the length of hypotenuse c if a =12 and b =9; (b) find a if b = 6 and
c=8; (c) find b if a=4V3 and ¢ =8.
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7.34

7.35

7.36

Fig. 7-36

Solutions

@ cF=a+b*=122+9"=225and c=15.

(b) a*=c*-b*=8"-6"=28 and a=2V7.

() b*=c*—a*=8"—-(4V3)>’=64—-48=16 and b =4.

RATIOS IN A RIGHT TRIANGLE

In a right triangle, the hypotenuse has length 20 and the ratio of the two arms is 3:4. Find
each arm.
Solution

Let the lengths of the two arms be denoted by 3x and 4x. Then 20° = (3x)’ + (4x)°.
Multiplying out, we get 400 = 9x* + 16x> or 400 = 25x’ and x = 4; hence the arms have lengths 12
and 16.

APPLYING THE PYTHAGOREAN THEOREM TO AN ISOSCELES TRIANGLE
Find the length of the altitude to the base of an isosceles triangle if the base is 8 and the
equal sides are 12.

Solution

The altitude h of an isosceles triangle bisects the base (Fig. 7-37). Then h*=a’>—(1b)’ =
12° -4 =128 and h = 8V2.

b
Fig. 7-37

APPLYING THE PYTHAGOREAN THEOREM TO A RHOMBUS
In a rhombus, find (a) the length of a side s if the diagonals are 30 and 40; (b) the length
of a diagonal 4 if a side is 26 and the other diagonal is 20.

Solution

The diagonals of a rhombus are perpendicular bisectors of each other; hence s*> = (3d)* + (1d')’ in
Fig. 7-38.

(@) If d =30 and d’ = 40, then s° = 15 + 20> = 625 or s = 25.
(b) If s =26 and d' =20, then 26” = (1d)* + 10% or 576 = (1d)>. Thus 1d =24 or d = 48.
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N
L7\

Fig. 7-38

7.37 APPLYING THE PYTHAGOREAN THEOREM TO A TRAPEZOID
Find x in each part of Fig. 7-39 if ABCD is a trapezoid.

B 12 C ¢
' x
13/ |g E 13
17
:L] Bel e __ A
h 7 25
Ak E F JD
2 4 b D
(a) (b)
Fig. 7-39

Solutions

The dashed perpendiculars in the diagrams are additional segments needed only for the solutions.
Note how rectangles are formed by these added segments.

(@) EF=BC=12and AE=}(22—-12)=5. Then x*=13* -5 =144 or x = 12.

(b)y b*>=25—7"=576 or b=24; also, BE=b=24 and CE=17-7=10. Then x* =24>+10° or
x =26.

7.38 APPLYING THE PYTHAGOREAN THEOREM TO A CIRCLE

(a) Find the distance d from the center of a circle of radius 17 to a chord whose length is 30
[Fig. 7-40(a)].

(b) Find the length of a common external tangent to two externally tangent circles with radii
4 and 9 [Fig. 7-40(b)].

(a)
Fig. 7-40 (b)

Solutions
(@) BC=1(30)=15. Then d* =17 -15"=64 and d =8.

(b)) OS=PR, RS=4, 0Q =13, and SQ =9 —4=35. Then in right AOSQ, (0S)* =13* -5 =144 s0
OS =12; hence PR = 12.
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7.10 SPECIAL RIGHT TRIANGLES
7.10A The 30°-60°-90° Triangle

A 30°-60°-90° triangle is one-half an equilateral triangle. Thus in right AABC (Fig. 7-41),a = je.
Consider that ¢ =2; then a = 1, and the Pythagorean Theorem gives

b*=c*-a*=2"-1*=3 or b=V3
The ratio of the sides is then a:b:c=1:V3:2.

A
30°|30°
800 8 Iy 4
7 b
B0° 0 60°
80° - —~
B a C 8

Principles of the 30°-60°-90° Triangle
PrINCIPLE 1:  The length of the leg opposite the 30° angle equals one-half the length of the hypotenuse.
In Fig. 7-41, a = }c.

PrINCIPLE 2:  The length of the leg opposite the 60° angle equals one-half the length of the hypotenuse
times the square root of 3.

In Fig. 7-41, b= 4cV3.

PrINCIPLE 3:  The length of the leg opposite the 60° angle equals the length of the leg opposite the 30°
angle times the square root of 3.

In Fig. 7-41, b = aV3.
Equilateral-Triangle Principle

PrINCIPLE 4:  The length of the altitude of an equilateral triangle equals one-half the length of a side
times the square root of 3. (Principle 4 is a corollary of Principle 2.)

In Fig. 7-41, h = }sV3.

7.10B The 45°-45°-90° Triangle

A 45°-45°-90° triangle is one-half a square. In right triangle ABC (Fig. 7-42), ¢’ =a’ + a* or
¢ = aV2. Hence the ratio of the sides is a:a:c=1:1:V2.

%2
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Principles of the 45°-45°-90° Triangle

PriNcIPLE 5:  The length of a leg opposite a 45° angle equals one-half the length of the hypotenuse
times the square root of 2.

In Fig. 7-42, a = }cV?2.

PrINCIPLE 6:  The length of the hypotenuse equals the length of a side times the square root of 2.
In Fig. 7-42, c = aV?2.

Square Principle

PriNcIPLE 7:  In a square, the length of a diagonal equals the length of a side times the square root of
2.

In Fig. 7-42, d = sV3.

SOLVED PROBLEMS

7.39 ArprLYING PrINCIPLES 1 TO 4

(a) If the length of the hypotenuse of a 30°-60°-90° triangle is 12, find the lengths of its legs
[Fig. 7-43(a)].

(b) Each leg of an isosceles trapezoid has length 18. If the base angles are 60° and the upper
base is 10, find the lengths of the altitude and the lower base [Fig. 7-43(b)].

B B 10 C
60° E
a 12 5
|
|
!

30° hH

C B A A o3 F — D
(@) Y
(b)
Fig. 7-43
Solutions

(a) By Principle 1, a = 4(12) = 6. By Principle 2, b = $(12)V3=6V3.
(b) By Principle 2, A = $(18)V3 =9V3. By Principle 1, AE=FD = 1(18)=9; hence b=9+ 10+ 9 =
28.
7.40 ApPPLYING PRINCIPLES 5 AND 6

(a) Find the length of the leg of an isosceles right triangle whose hypotenuse has length 28
[Fig. 7-44(a)].

B
B 12 C
a a
L) a 3
45° o 45°
A Fo 7 /D
i5° Y
A b

a (of

Fig. 7-44 5
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2.

(b) An isosceles trapezoid has base angles measuring 45°. If the upper base has length
12 and the altitude has length 3, find the lengths of the lower base and each leg

[Fig. 7-44(b)].

Solutions
(a) By Principle S, a = 3(28)V2 =14V2.
(b) By Principle 6, a =3V2. AE=BE =3 and EF = 12; hence b=3+12+3=18.

Supplementary Problems

Express each of the following ratios in lowest terms: (7.1)
(@) 20 cents to 5 cents (f) 50% to 25% (k) ibtollb

(b) 5 dimes to 15 dimes  (g) 15°to 75° (1) 23 days to 3} days

(¢) 30lbto251b (h) 33% to 77% (m) Sftto}ft

(d) 20°to 14° (i) $220t0$330 (n) 3ydtoljyd

(¢) 27 min to 21 min (j) $.84to $.96 (o) 16imto5im

Express each of the following ratios in lowest terms: (7.2)

(@) 1yearto2months (e) 2ydto2ft (i) 1001b to 1 ton
(b) 2 weeks to 5 days (f) 2iydto2ft (j) $2to 25 cents
(c) 3 days to 3 weeks (g) 1iftto9in (k) 2 quarters to 3 dimes

(d) h to20min (h) 2gto8mg () 1yd®to 2ft’

Express each of the following ratios in lowest terms: (7.3)
(a) 20 cents to 30 cents to $1 (f) 2hto}h to 15min

(b) $3 to $1.50 to 25 cents (g) 1 ton to 2001b to 401b

(¢) 1 quarter to 1 dime to 1 nickel (k) 3Ibto 11b to 8oz

(d) 1 day to 4 days to 1 week ({) 1galtolqtto1pt

(¢) 3dayto9hto3h

Express each of the following ratios in lowest terms: (7.4)
(a) 60 to 70 (e) 630to 105 (i) 0.002t00.007 (m) 73to2}
(b) 84to 7 (f) 1760t0 990  (j) 0.055t00.005 (n) 13to 10
(c) 65t0 15 (g) 0.7t02.1 (k) 641to8 (o) ito1}
(d) 125 to 500 (h) 0.36 to 0.24 (1) 144t02.4 (p) jtog
Express each of the following ratios in lowest terms: (7.4)
(a) xto3x (d) 2mrtowD (g) S*to6S’ (j) 15y to 10y to S5y
(b) 15ct05  (e) mabtoma® (h) 9r’to6rt (k) x’tox’tox

(c) 11dto22 (f) 4Sto S’ (i) xtod4xto1l0x - (I) 12w to 10w to 8w to 2w
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13.

14,

15.
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Use x as the common factor to represent the following numbers and their sum: (7.4)

(a) Two numbers whose ratio is 5:4 (c) Three numbers whose ratio is 2:5:11

() Two numbers whose ratio is 9 to 1 (d) Five numbers whose ratio is 1:2:2:3:7

If two angles in the ratio of 5:4 are represented by 5x and 4x, express each of the following statements as
an equation; then find x and the angles: (7.5)

(@)
(b)
()
(d)

The angles are adjacent and together form an angle measuring 45°.
The angles are complementary.
The angles are supplementary.

The angles are two angles of a triangle whose third angle is their difference.

If three angles in the ratio of 7:6:5 are represented by 7x, 6x, and 5x, express each of the following

statements as an equation; then find x and the angles: (7.6)
(a) The first and second are adjacent and together form an angle measuring 91°.
(b) The first and third are supplementary.
(c) The first and one-half the second are complementary.
(d) The angles are the three angles of a triangle.
Solve the following proportions for x: (7.7
(@) x:6=8:3 (d) x:2=10:x (g) a:b=c:x
(b) 5:4=20:x (&) (x+4):3=3:(x—4) (h) x:2y=18y:x
(©0 9:x=x:4 () x+8):(x+2)=R2x+35):(x+1)
Solve the following proportions for x: (7.7)
5 15 3 x x+2 6 2x 3
@ 3=% O ;"7 © 573 8 %775
7 3 x 15 x—1 5 a_x
® =2 @3z=% O 5= B ;=
Find the fourth proportional each of the following sets of numbers: (7.8)
(@) 1,3,5 (c) 2,3,4 (¢) 3,2,5 (g) 2,8,8
(b) 8,6,4 (d) 3,42 (f) 3,2,5 (k) b,2a,3b
Find the positive mean proportional between each of the following pairs of numbers: (7.9)
(@) 4and9 (¢) 4and?27 (¢) 2and5 (g pandgq
(b) 12and3 (d) 2band8 (f) 3and9 (k) a’and b

From each of these equations, form a proportion whose fourth term is x: (@) cx = bd; (b) pq = ax;
(¢) hx=a%;(d) 3x=17; (¢) x=ablc. (7.10)

In each of the following equations, find the ratio of x to y: (a) 2x = y; (b) 3y = 4x; (c) x = 3 y; (d) ax = hy;
(e) x = by. (7.10)

Which of the following is not a proportion?

4 24 7 25 .10

(a) 3;18 (b) 5_12 ()45’1_8 d) when x =6.

Ik
W

515 ©

[ IR,
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16. From each of the following, form a new proportion whose first term is x. Then find x. (7.11)
3.9 1 5 a 2 x+5 11 x=20 1
@3=x ®3;=7 O @5 "1 @™ "3

17. Find x in each of these pairs of proportions:
(@ a:b=c:xanda:b=c:d (¢) 2:3x=4:5y and 2:15=4:5y
(b) 5:7=x:42and 5:7=35:42 (d) 7:5x—2=14:3y and 7:18 = 14:3y

18. Find x in each of the following proportions: (7.12)
=7 7 xty _x-—y_1 x-y _y-1_1
@ =% =3 O % =373 @ % =7
19. Find x in each part of Fig. 7-45. (7.13)
B B
15 10
D D
20 z
A E 12 c
A g & € 20
(a) (b)
Fig. 7-45

20. In which parts of Fig. 7-46 is a line parallel to one side of the triangle?

B
10 D H
15 ~ A 60 5z
T c E

7
G
A E 12 c 10 F 13 J K
(a) ) )
Fig. 7-46
21. Find x in each part of Fig. 7.47. . (7.14)
B
9
C
6
E
A = & F

(@
22. Find x in each part of Fig. 7-48.

B
C
7 21
z+9 2z 16
D 16
5
C = A
(a)

14 D
® (c)
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23. Prove that three or more parallel lines divide any two transversals proportionately. (7.16)

24. In similar triangles ABC and A'B’'C’ of Fig. 7-49, £ B and £ B’ are corresponding angles. Find m~ B if
(@) m£A'=120° and m£C' =25° (b)) mL A"+ m£C' =127°.

c
G C
~ b a %
) /\
A B
A’ B’ [4 6 B’

A B A’

Fig. 7-49 Fig. 7-50

25. In similar triangles ABC and A'B'C’ of Fig. 7-50, LA= £ A’ and £ B = £ B'. (@) Find a if ¢ = 24; (b) find
b if a =20; (¢) find c if b =63. (7.17)

26. In each part of Fig. 7-51, show that the indicated triangles are similar.

C
E
(a) AADE~AABC (b) ARQP~ARQ'P' (¢) AFG'H’'~AFGH
Fig. 7-51
27. II'I each part of Fig. 7-52, two pairs of congruent angles can be used to prove the indicated triangles similar.
Find the congruent angles.
(7.18)
A E
D Fﬂ R
/ C M
B c A D 4 D _C F
(a) AAEB~ADEC (b) ABFA~ AAED (¢) AABC~ADEF
A E 7 4
c B v
D A
D (o)
B Cc
(d) AAEB~AADC () AADE~AACB (f) AABC~AABD
BC=CD
Fig. 7-52

28. In each part of Fig. 7-53, determine the angles that can be used to prove the indicated triangles similar.
(7.19)
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DC
G A\
|D
AB A )
E C

(b) AABD~AABC (c) AAEB~AAED
AB is a diameter. AD is a diameter.
BC is a tangent. ABCD is a rectangle.

Fig. 7-53

D

(@) AAED~ AFGB
ABCD is a parallelogram.

29. In each part of Fig. 7-54, determine the pair of congruent angles and the proportion needed to prove the

indicated triangles similar. (7.20)

E

A

D
2 21 F
C
al 6 )A
¢ 30 B '/
25
(@) AABC~ ADEF (b) AADE~AABC (¢) ABDE~ABAC
Fig. 7-54

30. In each part of Fig. 7-55, state the proportion needed to prove the indicated triangles similar. (7.21)

D 24 E A
%\
A 18
30 D 30 E
sl \10 ly \
g ¢ . B 46 C
() AABC~ADEF (b) AADE~AABC (¢) ADEF~AABC
Fig. 7-55
31. In each part of Fig. 7-56, prove the indicated proportion. (7.25)
E
A P A
E B F
c
B
D
B C A D
(@) AD:AC=DE:BC (b) AB:EC=BF:FC (c) AC:AP=AP:AB
ABCD is a parallelogram. XP is a tangent.

Fig. 7-56
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In AABC (Fig. 7-57), DE || BC. (7.22)
(@) Leta=4, AB=8, p=10. Find q. (d) Letb=9, p=20, g=35. Find a.

(b) Letc=5,AC=1549g=24. Findp. (¢) Leta=10, p=24, q=84. Find AB.

(c) Leta=17,p=11,q=22. Find b. (f) Letc=3,p=4,q=7. Find d.

Find x in each part of Fig. 7-58. (7.22)
B_E =z . A 8 B A
10 w c
F E
15
16 A
D
(a) ABCD is a parallelogram. (b) ABCD is a trapezoid. (c)
Fig. 7-58
A 7-ft upright pole near a vertical tree casts a 6-ft shadow. At that same time, find (a) the height of the
tree if its shadow is 36 ft long; (b) the length of the shadow of the tree if its height is 77 ft. (7.23)
Prove each of the following: (7.25)

(@) In AABC, if AD and CE are altitudes, then AD: CE = AB: BC.

(b) In circle O, diameter AB and tangent BC are sides of AABC. If AC intersects the circle in D, then
AD:AB= AB: AC.

(c) The diagonals of a trapezoid divide each other into proportional segments.

(d) Inright AABC, CD is the altitude to the hypotenuse AB, then AC: CD = AB: BC.

Prove each of the following: , (7.24)
(a) A line parallel to one side of a triangle cuts off a triangle similar to the given triangle.

(b) Isosceles right triangles are similar to each other.

(c) Equilateral triangles are similar to each other.

(d) The bases of a trapezoid form similar triangles with the segments of the diagonals.

Complete each of the following statements: (7.26)

(a) In similar triangles, if corresponding sides are in the ratio 8:5, then corresponding altitudes are in the
ratio _?

(b) In similar triangles, if corresponding angle bisectors are in the ratio 3:5, then their perimeters are in
the ratio _? .

(c) If the sides of a triangle are halved, then the perimeter is _2 _, the angle bisectors are _? _, the
medians are _? _, and the radii of the circumscribed circle are _?
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()

(d)

(e)
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Corresponding sides of two similar triangles have lengths 18 and 12. If an altitude of the smaller has
length 10, find the length of the corresponding altitude of the larger. (7.26)

Corresponding medians of two similar triangles have lengths 25 and 15. Find the perimeter of the
larger if the perimeter of the smaller is 36.

The sides of a triangle have lengths 5, 7, and 8. If the perimeter of a similar triangle is 100, find its
sides.

The bases of a trapezoid have lengths 5 and 20, and the altitude has length 12. Find the length of the
altitude of the triangle formed by the shorter base and the nonparallel sides extended to meet.

The bases of a trapezoid have lengths 11 and 22. Its altitude has length 9. Find the distance from the
point of intersection of the diagonals to each of the bases.

39. Complete each of the following statements: (7.27)

(a)

(b)

()
(d)

If corresponding sides of two similar polygons are in the ratio 3:7, then the ratio of their
corresponding altitudes is _?

If the perimeters of two similar hexagons are in the ratio of 56 to 16, then the ratio of their
corresponding diagonals is _?

If each side of an octagon is quadrupled and the angles remain the same, then its perimeter is _?

The base of a rectangle is twice that of a similar rectangle. If the radius of the circumscribed circle of
the first rectangle is 14, then the radius of the circumscribed circle of the second is _?

40. Prove each of the following:

(@)
(»)

Corresponding angle bisectors of two triangles have the same ratio as a pair of corresponding sides.

Corresponding medians of similar triangles have the same ratio as a pair of corresponding sides.

41. Provide the proofs requested in Fig. 7-59. (7.28)

Given: Trapezoid ABCD

A
B

¢ (b) Given: BC L AC
To Prove: D DE | AB
GB X DF = GD X EB To Prove:
DE x AC = BC x AE
B |
D E 4

E B
* C

D

‘ ‘ \ (¢) Given: Diameter BC A ‘ (d) Given: Circle O
‘ DE 1 BC C Diameter AB
To Prove: » AE1CD

¢ (BD?) = BE x BC b

\

A

’ To Prove:
o AD X BC= AB X DE

) e

() Given: ZICB I CE D (f) Given: BC=CD
AC 1 BC C To prove:
F £¢ L3¢ prove:
D E DE L BC (BC?) = AC x EC
To Prove:
AB x CF= BC x EC
A A A B

Fig. 7-59
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42.

43.

45.
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Prove cach of the following: (7.28)

(a) If two chords intersect in a circle, the product of the lengths of the segments of one chord equals the
product of the lengths of the segments of the other.

(b) In a right triangle, the product of the lengths of the hypotenuse and the altitude upon it equals the
product of the lengths of the legs.

(c) If in inscribed A ABC the bisector of 2 A intersects BC in D and the circle in E, then BD x AC =

AD x EC.

In Fig. 7-60: In Fig. 7-61, diameter CD L chord AB:  (7.29)
(@) Let AE=10, EB=6, CE =12. Find ED. (e) Let OD =10, OE =8. Find AB.

(b) Let AB=15, EB=8, ED =4. Find CE. (f) Let AB=24, OE=5. Find OD.

(¢) Let AE=6, ED=4, CD =13, Find EB. (g) Let OD=25, EC=18. Find AB.

(d) Let ED=5, EB=2(AE), CD =15. Find AE. (h) Let AB=8, OD =5. Find EC.

A D C
A g‘ B
c B
Fig. 7-60 Fig. 7-61

A point is 12 in from the center of a circle whose radius is 15 in. Find the lengths of the longest and shortest
chords that can be drawn through this point. (Hint: The longest chord is a diameter, and the shortest chord

is perpendicular to this diameter.) (7.29)
In Fig. 7-62, AB is a tangent: In Fig. 7-63, CD is a diameter; AB is a tangent: (7.30)
(a) Let AC=16, AD =4. Find AB. (f) Let AD=6, 0D =9. Find AB.
(b) Let CD=5, AD =4. Find AB. (g) Let AD=2, AB = 8. Find CD.
(c) Let AB=6, AD=3. Find AC. (h) Let AD=15, AB = 10. Find OD.
(d) Let AC=20, AB=10. Find AD. (i) Let AB =12, AC = 18. Find OD.
(e) Let AB=12, AD =9. Find CD. (j) LetOD =35, AB=12. Find AD.
A
D
C
B
Fig. 7-62 Fig. 7-63
In Fig. 7-64: In Fig. 7-65, CE is a diameter: (7.31)
(@) Let AB=14, AD =4, AE=1. Find AC. (e) Let OC=3, AE=6, AD =8. Find AB.
(b) Let AC=8, AE=6, AD =3. Find BD. (f) Let BD=7, AD=5, AE=2. Find OC.
(¢) Let BD=5, AD =7, AE=4. Find AC. (g) LetOC=11, AB=15, AD =5. Find AE.

(d) Let AD=DB, EC=14, AE=4. Find AD. (h) Let OC=5, AE=6, BD =4. Find AD.
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47.

49.

51.

52.

53.

55.

N4 B \»

(2 ’ A
7 T
Fig. 7-64 Fig. 7-65

CD is the altitude to hypotenuse AB in Fig. 7-66. (7.32)
(@) Ifp=2andqg=6,findaandh. (c) If p=16and h=8, find g and b.
(b) Ifp=4anda=6,findcandh. (d) Ifb=12and ¢ =6, find p and h.

Fig. 7-66

In a right triangle whose arms have lengths a and b, find the length of the hypotenuse ¢ when:  (7.33)
(@ a=15,b=20 (¢) a=5,b=4 () a=7,b=17
() a=15,b=36 (d) a=5,b=5V3

In the right triangle in Fig. 7-67, find the length of each missing arm when: (7.33)
(@) a=12,¢c=20 (c) b=15,c=17 () a=5VZ2,c=10
() b=6,c=8 (d) a=2,c=4 (f) a=Vs, c=2V2

A
a
b
Fig. 7-67

Find the lengths of the arms of a right triangle whose hypotenuse has length c if these arms have a ratio of
(a) 3:4 and ¢ =15; (b) 5:12 and ¢ =26; (c) 8:15 and ¢ =170; (d) 1:2 and ¢ = 10. (7.34)

In a rectangle, find the length of the diagonal if its sides have lengths (a) 9 and 40; (b) 5 and 10.(7.33)

In a rectangle, find the length of one side if the diagonal has length 15 and the other side has length (a) 9;
(b) 5; (o) 10. (7.33)

Of triangles having sides with lengths as follows, which are right triangles?

(a) 33,55, 44 (¢c) 4,754,835 (e) Sin, 1ft, 1ft 1in (g) 11 mi, 60 mi, 61 mi
(b) 120, 130,50 (d) 25,7,24 (f) 1yd,1yd 1ft,1yd 2ft (h) Scm, 5cm, 7cm
Is a triangle a right triangle if its sides have the ratio of (a) 3:4:5; (b) 2:3:4?

Find the length of the altitude of an isosceles triangle if each of its two congruent sides has length 10 and its
base has length (a) 12; (b) 16; (c) 18; (d) 10. (7.35)
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57.

59.

61.

62.
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In a thombus, find the length of a side if the diagonals have lengths (a) 18 and 24; (b) 4 and 8; (c) 6 and
6V3. (7.36)

In a rthombus, find the length of a diagonal if a side and the other diagonal have lengths, respectively,
(a) 10 and 12; (b) 17 and 16; (¢) 4 and 4; (d) 10 and 10V3. (7.36)
In isosceles trapezoid ABCD in Fig. 7-68, (7.37)
(@) Findaifb=32,b'=20,and h=8. (¢) Findbifa=15,b'=10, and h=12.
(b) Findhifb=24 b =14, anda=13. (d) Find b’ if a=6, b=21, and h =3V3.

B b C
a h a
A—L 5 D
Fig. 7-68
In a trapezoid ABCD in Fig. 7-69, (7.37)

(@) Finddifa=11, b=3, and ¢ = 15. (¢) Finddifa=5,p=13, and c=14.
(b) Find a if d =20, b =12, and c = 36. (d) Find p ifa=20,c=28, and d=17.

C
d
B
[
a
A ) D
Fig. 7-69

The radius of a circle is 15. Find (a) the distance from its center to a chord whose length is 18; (b) the
length of a chord whose distance from its center is 9. (7.38)

In a circle, a chord whose length is 16 is at a distance of 6 from the center. Find the length of a chord
whose distance from the center is 8. (7.38)

Two externally tangent circles have radii of 25 and 9. Find the length of a common external tangent.
: (7.38)

In a 30°-60°-90° triangle, find the lengths of (a) the legs if the hypotenuse has length 20; (b) the other leg
and hypotenuse if the leg opposite 30° has length 7; (c) the other leg and hypotenuse if the leg opposite 60°
has length 5V3. (7.39)

In an equilateral triangle, find the length of the altitude if the side has length (a) 22; (b) 2a. Find the side if
the altitude has length (c) 24V3; (d) 24. (7.39)

In a rhombus which has an angle measuring 60°, find the lengths of (a) the diagonals if a side has length 25;
(b) the side and larger diagonal if the smaller diagonal has length 35. (7.39)
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67.

69.

70.

71.

In an isosceles trapezoid which has base angles measuring 60°, find the lengths of: (7.39)
(a) The lower base and altitude if the upper base has length 12 and the legs have length 16
(b) The upper base and altitude if the lower base has length 45 and the legs have length 28

In an isosceles right triangle, find the length of each leg if the hypotenuse has length (@) 34; (b) 2a. Find
the length of the hypotenuse if each leg has length (c) 34; (d) 15V2. (7.40)

In a square, find the length of (a) the side if the diagonal has length 40; (b) the diagonal if the side has
length 40. (7.40)
In an isosceles trapezoid which has base angles of measure 45°, find the lengths of: (7.40)
(a) The lower base and each leg if the altitude has length 13 and the upper base has length 19
(b) The upper base and each leg if the altitude has length 27 and the lower base has length 65
(c¢) Each leg and the lower base if the upper base has length 25 and the altitude has length 15

A triangle has two angles measuring 30° and 45°. Find the length of the side opposite 30° if the length of
the side opposite 45° is 8. (Hint: Draw the altitude to the third side.) (7.39, 7.40)

A parallelogram has an angle measuring 45°. Find the distances between its pairs of opposite sides if its
sides have lengths 10 and 12. , (7.40)



Chapter 8

Trigonometry

8.1 TRIGONOMETRIC RATIOS

Trigonometry means “‘measurement of triangles.” Consider its parts: tri means ‘“three,” gon

means “angle,” and metry means “measure.” Thus, in trigonometry we study the measurement of
triangles. :

The following ratios relate the sides and acute angles of a right triangle:

1. Tangent ratio: The tangent (abbreviated “tan’’) of an acute angle equals the length of the leg
opposite the angle divided by the length of the leg adjacent to the angle.

2. Sine ratio: The sine (abbreviated “sin””) of an acute angle equals the length of the leg opposite
the angle divided by the length of the hypotenuse.

3. Cosine ratio: The cosine (abbreviated “cos”) of an acute angle equals the length of the leg
adjacent to the angle divided by the length of the hypotenuse.

Thus in right triangle ABC of Fig. 8-1,

B
[
a
A b Cc
Fig. 8-1
A= length of leg opposite A a tan B = length of leg opposite B _ b
tan A= length of leg adjacentto A b length of leg adjacentto B a
. _ length of leg opposite A _ a sin B = length of leg opposite B _ b
s A= length of hypotenuse c length of hypotenuse c
_ length of leg adjacentto A _ b os B = length of leg adjacentto B _ a
cos A= length of hypotenuse c length of hypotenuse c
If A and B are the acute angles of a right triangle, then
. . 1 _
sin A =cos B cos A=sin B tan A = @n B tan B = an A

SOLVED PROBLEMS

8.1 UsING THE TABLE OF SINES, COSINES, AND TANGENTS
The following values were taken from a table of sines, cosines, and tangents. State, in
equation form, what the values on the first three lines mean. Then use the table at the back of
this book to complete the last line

Angle Sine Cosine Tangent
(a) 1° 0.0175 0.9998 0.0175
(b) 30° 0.5000 0.8660 0.5774
(c) 60° 0.8660 0.5000 1.7321
(d) ? ? 0.3420 ?

150
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Solutions

TRIGONOMETRY

(a) sin 1°=0.0175; cos 1° = 0.9998; tan 1° = 0.0175
(b) sin 30° = 0.5000; cos 30° = 0.8660; tan 30° = 0.5774
(c) sin 60° = 0.8660; cos 60° = 0.5000; tan 60°=1.7321.

151

(d) In the table of trigonometric functions, the cosine value 0.3420 is on the 70° line; hence the angle
measures 70°. Then, from the table, sin 70° = 0.9397 and tan 70° = 2.7475.

8.2 FINDING ANGLE MEASURES TO THE NEAREST DEGREE
Find the measure of x to the nearest degree if (a) sin x = 0.9235; (b) cos x = 3} or 0.8400;
(c) tan x =V/5/10 or 0.2236. Use the table of trigonometric functions.

Solutions
Differences
(a) sin68° =0.9272
sinx =0.9235 E] - g'gggg
sin 67° = 0.9205 :
(b) cos32° =0.8480
cos x_ =0.8400] 209080
cos 33° = 0.8387 ’
(¢) tan13°=0.2309
tanx =02236- 00073
—0.0110

tan 12° = 0.2126

8.3  FinoInG TRIGONOMETRIC RaTIOS

Since sin x is nearer to sin 67°, m£x = 67° to the nearest degree.

Since cos x is nearer to cos 33°, m£x = 33° to the nearest degree.

Since tan x is nearer to tan 13°, m£ x = 13° to the nearest degree.

For each right triangle in Fig. 8-2, find the trigonometric ratios of each acute angle.

B
B
10 B
53
6
3 13 5
A 4 C A 8 Cc A 12 C
(a) (b) , (0)
Solutions Fig. 8-2
Formulas (@) a=3,b=4,c=5 (b) a=6,b=8,c=10 (¢) a=5,b=12,c=13
_a _3 _6_3 =3
tanA—b tanA—4 tanA—g—Z tanA—12
b 4 8 4 12
tanB—; tanB—§ tanB-g—g tanB——S—
A Azl Aot _3 5
smA—C smA—5 smA—lO—5 smA—13
inp-? g mpo 84 _n
smB—C smB—5 smB—lO—S smB—13
b 4 8 4 12
cosA—-E cosA—§ cosA—ﬁ——g cosA—E
a 3 6 3 5
cosB-E cosB—g cosB—ﬁ—g cosB—E
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8.4 FINDING MEASURES OF ANGLES BY TRIGONOMETRIC RaTiOS
Find the measure of angle A, to the nearest degree, in each part of Fig. 8-3.

B B
100 B
0 1700
10
A C A 24 C A 1500 C
(a) (b) (c)
Fig. 8-3

Solutions

(a) sin A= & =0.6000. Since sin 37° = 0.6018 is the nearest-degree sine value, m/ A = 37°.
(b) tan A = 4} =0.4167. Since tan 23° = 0.4245 is the nearest-degree tangent value, mZ A = 23°.
(¢) cos A= 1 =0.8824. Since cos 28° =0.8829 is the nearest-degree cosine value, m£ A = 28°.

8.5 TRIGONOMETRIC RATIOS OF 30° aAND 60°
Show that

(@) tan30°=0.577 (c) cos30°=0.866 (e) sin60°=0.866
(b) sin30°=0.500 (d) tan60°=1.732 (f) cos60°=0.500
Solutions

The trigonometric ratios for 30° and 60° may be obtained by using a 30°-60°-90° triangle (Fig. 8-4);
in such a triangle, the ratio of the sides is a:b:c =1:V3:2. Thus:

B
60°
oéq’ a=1
30°
A" =vs €
Fig. 84
1 1 V3 V3 V3
P ==t —= = — =), d t 60°= — =1.732
(a) tan30 A V3 VA3 0.577 (d) tan 1
(b) sin30°=%=0.500 (e) sin60°=—\;—§=0.866
1
(c) cos30°=%§=0.866 N c0s60°=§=0.500

8.6 FiINDING LENGTHS OF SIDES BY TRIGONOMETRIC RATIOS
In each triangle of Fig. 8-5, solve for x and y to the nearest integer.

500
v
v 150 150 x
(] 40° [ ] [
160 x
(a) ® (©)
Fig. 8-5
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Solutions

(a) Since tan40° = x =150 tan 40° = 150(0.8391) = 126.

X
150°
150 150 _ 150

y ’y=cos40°=0.766=196'

Since cos 40° =

(b) Since tan 50° = x = 150 tan 50° = 150(1.1918) = 179.

X
150 °
150 150 _ 150

Since sin 40° = y ,y=m=m=233.

(c) Since sin 40°= 150 sin 40° = 150 (0.6428) = 9.

X =
150~

Since cos 40° = = 150 cos 40° = 150(0.776) = 115.

P
150 Y
8.7 SoLvING TRIGONOMETRY PROBLEMS

(@) An aviator flew 70 mi east from A to C. From C, he flew 100 mi north to B. Find the
measure of the angle of the turn (to the nearest degree) that must be made at B to return
to A.

(b) A road is to be constructed so that it will rise 105ft for each 1000 ft of horizontal
distance. Find the measure of the angle of rise to the nearest degree, and the length of
road to the nearest foot for each 1000 ft of horizontal distance.

Solutions

(a) The required angle is £ EBA in Fig. 8-6(a). In rt. AABC, tan B = % =0.7000; hence m£ B = 35°
and mZ EBA = 180° — 35° = 145°.

(b) We need to find mLﬁl,O(a]md x in Fig. 8-6(b). Since tan A = 5 =0.1050, m£ A =6°. Then

o_ 1 _ _ _
cos 6° = T 30X = 6 = 09945 = 1006 ft.
B B
2 105 £t
100 mi
A 1000 £t ¢
A~gm C
(a) (b)
Fig. 8-6

8.2 ANGLES OF ELEVATION AND DEPRESSION

Here are some definitions that are involved in observed-angle problems:

The line of sight is the line from the eye of the observer to the object sighted.

A horizontal line is a line that is parallel to the surface of water.

An angle of elevation (or depression) is an angle formed by a horizontal line and a line of sight
above (or below) the horizontal line and in the same vertical plane.

Thus in Fig. 8-7, the observer is sighting an airplane above the horizontal, and the angle formed
by the horizontal and the line of sight is an angle of elevation. In sighting the car, the angle her line of
sight makes with the horizontal is an angle of depression.
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il »
Observer NE - i
Located 8 Lion
. \evd
Here U:: =71 Ang) ¥ Horwmontal
| ~ - it S S |l SRR R
Lip~gAngle o
r r g Gf o~ i D.pr E¥5ioy
‘E'b,‘}‘;\ -~
L o o
6"!}-.,;; -
nw! KR
Fig. 8-7

SOLVED PROBLEMS

8.8 Using AN ANGLE OF ELEVATION

(a) Sighting to the top of a building, Henry found the angle of elevation to measure 21°. The
ground is level. The transit is 5 ft above the ground and 200 ft from the building. Find
the height of the building to the nearest foot.

(b) If the angle of elevation of the sun at a certain time measures 42°, find to the nearest foot
the height of a tree whose shadow is 25 ft long.
Solutions

(@) 1 x is the height of the part of the building above the transit [Fig. 8-8(a)], then tan 21° = > and
x =200 tan 21° = 200(0.3839) = 77 ft.
Thus the height of the building is k= x + 5 = 77 + 5 = 82 ft.

(b) If h is the height of the tree [Fig. 8-8(b)], then we have tan42°=% and h=25tan42° =

25(0.9004) =23 f1.
- " 5
a ] e
e T

27t 200 £t r h

S e A
I 51t I

42°
25
(a) (b)

Fig. 8-8

8.9 Usinc BotH AN ANGLE OF ELEVATION AND AN ANGLE OF DEPRESSION
Standing at the top of a lighthouse 200 ft high, a lighthouse keeper sighted both an
airplane and a ship directly beneath the plane. The angle of elevation of the plane measured
25% the angle of depression of the ship measured 32°. Find (@) the distance d of the boat from

the foot of the lighthouse, to the ncarest 10 ft; (b) the height of the plane above the water, to
the nearest 10 ft.
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Solutions
(a) See Fig. 89. In AIll, tanS8°= 50= and d =200 tan SE = 200(1.6003) =320 ft.

(b) In Al tan25°= ;;—0 and x = 320(0.4663) = 150 ft. Since the height of the tower is 200 ft, the height
of the airpilane is 200 + 150 = 350 fi.

—— — — — — — i —
~  32° Horizontal
o ;“nw. I
580 Urbe,;,.

200 ("ae ~ Tioy

8.10 Usmc Two ANGLES OF DEPRESSION

An observer on the top of a hill 250 ft above the level of a lake sighted two boats directly
in line. Find, to thc nearest foot, the distance between the boats if the angles of depression
noted by the observer measured 11° and 16°.

Solutions

In AAB'C of Fig. 8-10, m£ B'AC =90° = 11°=79°, Then CB' = 250 tan 79°.
In AABC, m£BAC =90° - 16°=74°. Then CB =250 tan 74°.
Hence BB' = CB’ — CB = 250(tan 79° — tan 74°%) = 250(5.1446 — 3.4874) = 414 ft.
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Supplementary Problems

1. Using the table of trigonometric functions, find (8.1)
(a) sin25° sin48°, sin 59°, and sin 89°
(b) cos 15°, cos 52°, cos 74°, and cos 88°
(c) tan4°, tan34°, tan 55°, and tan 87°
(d) Which trigonometric ratios increase as the measure of the angle increases from 0° to 90°
(e) Which trigonometric ratio decreases as the measure of the angle increases from 0° to 90°

(f) Which trigonometric ratio has values greater than 1

2. Using the table, find the angle for which: (8.1)

(a) sinx =0.3420 (c) sin B =10.9455 (e) cosy=0.7071 (g) tan W=0.3443
(b) sinA=04848 (d) cos A’=09336 (f) cosQ=0.3584 (h) tan B’ =2.3559

3. Using the table, find the measure of x to the nearest degree if (8.2)
3
(a) sin x =0.4400 (e) cosx=0.7650 (i) tanx=5.5745 (m) cosx= 3
N 11 V3
(b) sinx =0.7280 (f) cosx=0.2675 (j) sinx= 30 (n) cosx= >
. V2 _2
(¢) sinx=0.9365 (g) tanx=0.1245 (k) sinx= -5 (o) tanx= 3
13 V3
(d) cosx=09900 (h) tanx=05200 (/) cosx= % (p) tanx= 0
4. In each right triangle of Fig. 8-11, find sin A, cos A, and tan A. (8.3)
C
B c
a
b a 12 e 3
1 B
A 57— C A 5 B A
(a) (b) (©
Fig. 8-11
5. Find m< A to the nearest degree in each part of Fig. 8-12. (8.4)
B 4 A
B
100 20 /.
32
A 89 'C C 7 B C
(a) (b) ©
Fig. 8-12

6. Find m< B to the nearest degree if (a) b =67 and ¢ =100; (b) a =14 and ¢ =50; (c) a =22 and b =55;
(d) @a=3 and b =V3 in Fig. 8-13. (8.4)



CHAP. §] TRIGONOMETRY 157

l B
B
M . 1 ‘ "
45°
4 5 c a—¢
Fig. 8-13 Fig. 8-14
7. Making use of a square with a side of 1 (Fig. 8-14), show that (a) the diagonal c = V2; (b) tan45° =1,
(c) sin 45° = cos 45° = 0.707. (8.5)
8. To the nearest degree, find the measure of each acute angle of any right triangle whose sides are in the
ratio of (a) 5:12:13; (b) 8:15:17; (c¢) 7:24:25; (d) 11:60:61. (8.4)
9. In each triangle of Fig. 8-15, solve for x and y to the nearest integer. (8.6)
B
B 220
'S NP B
y 180 y
z » e
37° ]
A 250 c c % A c
(@) ®) (c)
Fig. 8-15

10. A ladder leans against the side of a building and makes an angle measuring 70° with the ground. The foot
of the ladder is 30 ft from the building. Find, to the nearest foot, (a) how high up on the building the
ladder reaches; (b) the length of the ladder. (8.6)

11. To find the distance across a swamp, a surveyor took measurements as shown in Fig. 8-16. AC is at right

angles to BC. If m£ A =24° and AC =350 ft, find the distance BC across the swamp. (8.6)
B
B
? ! 400
24° — c
A 350 c A :
Fig. 8-16 Fig. 8-17

12. A plane rises from take-off and flies at a fixed angle measuring 9° with the horizontal ground (Fig. 8-17).
When it has gained 400 ft in altitude, find, to the nearest 10 ft, (a) the horizontal distance flown; (b) the
distance the plane has actually flown. (8.6)

13. The base angle of an isosceles triangle measures 28°, and each leg has length 45 in (Fig. 8-18). Find, to the

nearest inch, (a) the length of the altitude drawn to the base; (b) the length of the base. (8.6)
45 ’ 45
28° N
= ' n
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4.

15.

16.

17.

18.

19.

21.

24.
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In a triangle, an angle measuring 50° is included between sides of lengths 12 and 18. Find the length of the
altitude to the side of length 12, to the nearest integer. (8.6)

Find the lengths of the sides of a rectangle to the nearest inch if a diagonal of length 24 in makes an angle
measuring 42° with a side. (8.6)

A rhombus has an angle measuring 76° and a long diagonal of length 40 ft. Find the length of the short
diagonal to the nearest foot. (8.6)

Find the length of the altitude to the base of an isosceles triangle to the nearest yard if its base has length
40 yd and its vertex angle measures 106°. (8.6)

A road is inclined uniformly at an angle measuring 6° with the horizontal (Fig. 8-19). After a car is driven
10,000 ft along this road, find, to the nearest 10 ft, the (@) increase in the altitude of the car and driver;
(b) horizontal distance that has been driven. (8.7)

Fig. 8-19

An airplane travels 15,000 ft through the air at a uniform angle of climb, thereby gaining 1900 ft in altitude.
Find its angle of climb. (8.7)

Sighting to the top of a monument, William found the angle of elevation to measure 16° (Fig. 8-20). The
ground is level, and the transit is 5 ft above the ground. If the monument is 86 ft high, find, to the nearest

foot, the distance from William to the foot of the monument. (8.8)
81
16° ?
b
Fig. 8-20

Find to the nearest degree the measure of the angle of elevation of the sun when a tree 60 ft high casts a
shadow of (a) 10 ft; (b) 60 ft. (8.8)

At a certain time of day, the angle of elevation of the sun measures 34°. Find, to the nearest foot, the
length of the shadow cast by (a) a 15-ft vertical pole; (b) a building 70 ft high. (8.8)

A light at C is projected vertically to a cloud at B. An observer at A, 1000 ft horizontally from C, notes the
angle of elevation of B. Find the height of the cloud, to the nearest foot, if ms A =37°. (8.8)

A lighthouse built at sea level is 180 ft high (Fig. 8-21). From its top, the angle of depression of a buoy
measures 24°. Find, to the nearest foot, the distance from the buoy to the foot of the lighthouse. (8.9)

I“E&

H
Fig. 8-21

An observer, on top of a hill 300 ft above the level of a lake, sighted two ships directly in line. Find, to the
nearest foot, the distance between the boats if the angles of depression noted by the observer measured
(a) 20° and 15°; (b) 35° and 24°%; (c) 9° and 6°. (8.10)
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27.

In Fig. 822, m£ A =43°, m£BDC=54°, m£C=90°, and DC=170ft. (a) Find the length of BC.

(b) Using the result of (a), find the length of AB. (8.10)
ﬂﬂ N~
AT p Cc B~ D
Fig. 8-22 Fig. 8-23

In Fig. 8-23, m£B=90°, m{L ACB=58, m¢£D =23, and BC=60ft. (a) Find the length of AB.
(b) Using the result of part (a), find the length of CD. (8.10)

Tangents PA and PB are drawn to a circle from external point P. m£ APB = 40°, and PA = 25. (a) Find to
the nearest tenth the radius of the circle. (b) Find to the nearest integer the length of minor arc AB.



Chapter 9

Areas

9.1 AREA OF A RECTANGLE AND OF A SQUARE

A square unit is the surface enclosed by a square whose side is 1 unit (Fig. 9-1).

The area of a closed plane figure, such as a polygon, is the number of square units contained in
its surface. Since a rectangle S units long and 4 units wide can be divided into 20 unit squares, its area
is 20 square units (Fig. 9-2).

The area of a rectangle equals the product of the length of its base and the length of its altitude
(Fig. 9-3). Thus if b =8in and h = 3in, then A =24in’.

Tzhe area of a square equals the square of the length of a side (Fig. 9-4). Thus if s =6, then
A=5"=36.

It follows that the area of a square also equals one-half the square of the length of a diagonal.
Since A =s” and s = d/V2, A= }d>

Note that we sometimes use the letter A for both a vertex of a figure and its area. You should
have no trouble determining which is meant.

d

8
1
lin Square 4 A
Inch b s )
- 5 - — Square: A=s
lin Rectangle: A= bh A=id’
Fig. 9-1 Fig. 9-2 Fig. 9-3 Fig. 94

SOLVED PROBLEMS

9.1  AREA OF A RECTANGLE
(a) Find the area of a rectangle if the base has length 15 and the perimeter is 50.
(b) Find the area of a rectangle if the altitude has length 10 and the diagonal has length 26.

(c) Find the lengths of the base and altitude of a rectangle if its area is 70 and its perimeter

is 34.
Solutions
See Fig. 9-5. B c
d A
A b D
Fig. 9-5

(a) Here p =50 and b = 15. Since p =2b + 2h, we have 50 =2(15) + 2h so h = 10.
Hence A = bh = 15(10) = 150.

(b) Here d =26 and h = 10. In right AACD, d*> = b*> + h®, 50 26° = b> + 10% or b = 24.
Hence A = bh = 24(10) = 240.

(c) Here A=70 and p = 34. Since p =2b +2h, we have 34=2(b+h) or h=17—b.
Since A = bh, we have 70=b(17 — b), so b>*—17b+70=0 and b =7 or 10. Then since
h=17—-b, we obtain h =10 or 7.
Ans. 10 and 7, or 7 and 10

160
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9.2  AREA OF A SQUARE
(a) Find the area of a square whose perimeter is 30.
(b) Find the area of a square if the radius of the circumscribed circle is 10.
(¢) Find the side and the perimeter of a square whose area is 20.
(d) Find the number of square inches in a square foot.
Solutions
(@) Since p =4s =30 in Fig. 9-6(a), s =74. Then A =s"=(7})" =56%.
(b) Since r =10 in Fig. 9-6(b), d =2r=20. Then A = 1d* = 1(20)* = 200.
(¢) In Fig. 9-6(a), A =s*=20; hence s =2V5. Then perimeter = 4s = 8V5.
(d) A=s> Since 1ft=12in, 11> =1ft X 1ft=12in X 12in = 144 in’.

B ¢ A B
d
8 o
4
A : p P ¢
(a) )
Fig. 9-6

9.2 AREA OF A PARALLELOGRAM

The area of a parallelogram equals the product of the length of a side and the length of the altitude
to that side. (A proof of this theorem is given in Chapter 16.) Thus in 3 ABCD (Fig. 9-7), if b =10
and h =2.7, then A =10(2.7) = 27.

The area of a parallelogram equals the product of the lengths of two adjacent sides and the sine of
the included angle. In ADEC, h = asin C; hence A = bh = ab sin C.

D, A
C E B
b —
Parallelogram: A= bh
A=absinC

Fig. 9-7

SOLVED PROBLEMS

9.3  AREA OF A PARALLELOGRAM

(a) Find the area of a parallelogram if sides of lengths 20 and 10 include an angle measuring
59°. (Answer to the nearest integer.)

(b) Find the area of a parallelogram if the area is represented by x* — 4, the length of a side
by x + 4, and the length of the altitude to that side by x — 3.
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(¢) In a parallelogram, find the length of the altitude if the area is 54 and the ratio of the
altitude to the base is 2:3.

Solutions
See Fig. 9-7.
(@) b=20,a=10, M~ C =59°. Then A = ab sin C = (10)(20) sin 59° = 200(0.8572) = 171.44.
Thus A =171, to the nearest integer.
(b) A=x’-4,b=x+4,h=x-3.Since A=bh, x’—4=(x+4)(x—3)orx’—4=x>+x—-12 and
x=8.
Hence A=x"—4=64—4=60.
(c) Let h=2x, b=3x. Then A = bh or 54 = (3x)(2x) = 6x> so 9=x and x = 3.
Hence h=2x=2(3)=6.

9.3 AREA OF A TRIANGLE

The area of a triangle equals one-half the product of the length of a side and the length of the
altitude to that side. (A proof of this theorem is given in Chapter 16.)

The area of a triangle equals one-half the product of the lengths of any two adjacent sides and the
sine of their included angle. Thus if a=25, b=4, and sin C=0.28 in Fig. 9-8, then A=
5(25)(4)(0.28) = 14.

B
by h
C b A
Triangle: A= ibh
A=labsinC
Fig. 9-8

SOLVED PROBLEMS

9.4  AReA OF A TRIANGLE
Find, to the nearest integer, the areas of the triangles in Fig. 9-9, where (a) two adjacent
sides of lengths 15 and 8 include an angle of 150°; (b) two adjacent sides of lengths 16 and 5
include an angle of 53°.

B
I
Rl a=8
30°\_150°
D Cc b=16 A
@ Fig. 99
Solutions

(a) Here b=15 and a =8. Since m£ BCA = 150°, m£ BCD = 180° — 150° = 30°.
In ABCD, h is opposite £ BCD; hence h = 3a=4. Then A = }bh = 5(15)(4) = 30.

(b) Here a=5, b=16, and M~ C =53°. Then A = }ab sin C = 1(5)(16) sin 53° = 40(0.7986) = 32.
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9.5

9.6

FORMULAS FOR THE AREA OF AN EQUILATERAL TRIANGLE
Derive the formula for the area of an equilateral triangle (a) whose side has length s;

(b) whose altitude has length A.

Solutions
See Fig. 9-10.

i i
Equilateral Triangle:
A=1s"V3
A=1rV3

Fig. 9-10
(a) Here A= ibh, where b=s and h> =s> — (}5)* = 3s> or h = }sV3.
Then A = 1bh = 1s(3sV3) = 15°V3.

(b) Here A= 1bh, where b=sand h=3sV3ors= %

Then A = Lbh = ish = %(\%’i)” = V3

AREA OF AN EQUILATERAL TRIANGLE

In Fig. 9-11, find the area of (a) an equilateral triangle whose perimeter is 24; (b) a
rhombus in which the shorter diagonal has length 12 and an angle measures 60°; (c) a regular
hexagon with a side of length 6.

Solutions

(a) Since p=3s5=24, s=8. Then A = s>V3 = 1(64)V3=16V3.

(b) Since ms A =60°, AADB is equilateral and s = d = 12. The area of the rhombus is twice the area
of AABD. Hence A =2(1s*V3)=2(1)(144)V3=72V3.

(c) A side s of the inscribed hexagon subtends a central angle of measure §(360°) = 60°. Then, since
OA = OB =radius R of the circumscribed circle, m£ OAB=m/OBA=60°. Thus AAOB is
equilateral.

Area of hexagon = 6(area of AAOB) = 6(4s*V3)=6(})(36V3)=54V3.
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9.4 AREA OF A TRAPEZOID

The area of a trapezoid equals one-half the product of the length of its altitude and the sum of the
lengths of its bases. (A proof of this theorem is given in Chapter 16.) Thus if h =20, b =27, and
b’ =23 in Fig. 9-12, then A = }(20)(27 + 23) = 500.

The area of a trapezoid equals the product of the lengths of its altitude and median. Since
A=3h(b+b')and m=j(b+b'), A=hm.

/4 \
Trapezoid: A= ih(b+b’)

A=hm
Fig. 9-12

SOLVED PROBLEMS

9.7 AREA OF A TRAPEZOID

(a) Find the area of a trapezoid if the bases have lengths 7.3 and 2.7, and the altitude has
length 3.8.

(b) Find the area of an isosceles trapezoid if the bases have lengths 22 and 10, and the legs
have length 10. ' :

(c) Find the bases of an isosceles trapezoid if the area is 52V3, the altitude has length 4V3,
and each leg has length 8.

Solutions
See Fig. 9-13. B b c
h
[] al
A E [ F |P
Fig. 9-13

(@) Here b=7.3,b'=2.7, h=3.8. Then A= k(b +b')= }(3.8)(7.3+2.7)=19.

(b) Here b=22, b'=10, AB=10. Also EF=b' =10 and AE = }(22 - 10) =6.
In ABEA, h* =10 — 6> =64 so h=8. Then A= 1h(b + b') = 1(8)(22 + 10) = 128.

() AE=V(AB)Y-h’=V64—-48=4. Also FD=AE=4,and b'=b—(AE + FD)=b —8.
Then A= }h(b+ b') = Sh(2b — 8) or 52V3 = 1(4V3)(2b — 8), from which 26 =2b — 8 or
b=17. Then b’'=b—-8=17-8=9.

9.5 AREA OF A RHOMBUS

The area of a rhombus equals one-half the product of the lengths of its diagonals.

Since each diagonal is the perpendicular bisector of the other, the area of triangle I in Fig. 9-14 is
1(3d)(3d’) = 3dd’. Thus the rhombus, which consists of four triangles congruent to Al, has an area
of 4(3dd’) or }dd'.
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Rhombus: A = }dd’
Fig. 9-14

SOLVED PROBLEMS

9.8  ARrea OF A RHOMBUS
(a) Find the area of a rhombus if one diagonal has length 30 and a side has length 17.

(b) Find the length of a diagonal of a rhombus if the other diagonal has length 8 and the
area of the rhombus is 52.

Solutions
See Fig. 9-15.

Fig. 9-15
(a) In right AAEB, s*=(id)’ +(4d')* or 17°=(3d)*+ 15" Then }d=8 and d=16. Now A=
1dd' = 1(16)(30) = 240. -
(b) We have d’ =8 and A =52. Then A = }dd’ or 52 = ;(d)(8) and d = 13.

9.6 POLYGONS OF THE SAME SIZE OR SHAPE

Figure 9-16 shows what we mean when we say that two polygons are of equal area, or are
similar, or are congruent.

Equal Polygons Similar Polygons Congruent Polygons
4 =
I ~
4 8
Polygons of the Similar polygons have the Congruent polygons have
same size have the same shape. the same size and the
same area. same shape.
Fig. 9-16

PriNcipLe 1:  Parallelograms have equal areas if they have congruent bases and congruent altitudes.

Thus the two parallelograms shown in Fig. 9-17 are equal.
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B
> >> A C
t|5 ’ = 6 7
1 P
9 9 D
Fig. 9-17 Fig. 9-18

PriNCIPLE 2:  Triangles have equal areas if they have congruent bases and congruent altitudes.
Thus in Fig. 9-18, the area of ACAB equals the area of ACAD.
PrINCIPLE 3: A median divides a triangle into two triangles with equal areas.

Thus in Fig. 9-19, where BM is a median, the area of AAMB equals the area of ABMC since they have
congruent bases (AM = MC) and common altitude BD.

B B __ oD __
A 3 c A c
Fig. 9-19 Fig. 9-20

PrINCIPLE 4:  Triangles are equal in area if they have a common base and their vertices lie on a line
parallel to the base.

Thus in Fig. 9-20, the area of AABC is equal to the area of AADC.

SOLVED PROBLEMS

9.9 ProvING AN EQUAL-AREAS PROBLEM

Given: Trapezoid ABCD (BC || AD)

Diagonals AC and BD B c
To Prove: Area(AAEB) = area(ADEC)
Plan: Use Principle 4 to obtain E
area(AABD) = area(AACD).
Then use the Subtraction Postulate. A D
PROOF:
Statements ‘ Reasons
I. BC|AD 1. Given
2. Area(AABD) = area(AACD) 2. Triangles have equal area if they have a common
base and their vertices lie on a line parallel to
the base.
3. Area(AAED) = area(AAED) 3. Identity Postulate
4. Area(AAEB) = area(ADEC) 4. Subtraction Postulate
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9.10

167

PROVING AN EQUAL-AREAS PROBLEM STATED IN WORDS - -
Prove that if M is the midpoint of diagonal AC in quadrilateral ABCD, and BM and DM

are drawn, then the area of quadrilateral ABMD equals the area of quadrilateral CBMD.

Solution

Given: Quadrilaterat ABCD .
M is midpoint of diagonal AC.

To Prove: Area of quadrilateral ABMD B 4 C
equals area of quadrilateral '

CBMD.

Plan: Use Principle 3 to obtain two pairs A A D

of triangles which are equal in area.
Then use the Addition Postulate.

PROOF:
Statements Reasons

1. M is the midpoint of AC. 1. Given

2. BM i.s a median of AACB. 2. A line from a vertex of a triangle to the
DM is a median of AACD. midpoint of the opposite side is a median.

3. Area(AAMB) = area(ABMC), 3. A median divides a triangle into two triangles
Area(AAMD) = area(ADMC) of equal area.

4. Area of quadrilateral ABMD 4. If equals are added to equals, the results
equals area of quadrilateral are equal.
CBMD.

9.7 COMPARING AREAS OF SIMILAR POLYGONS

The areas of similar polygons are to each other as the squares of any two corresponding segments.

Thus if AABC~ AA'B'C’ and the area of AABC is 25 times the area of AA'B’C’, then the
ratio of the lengths any two corresponding sides, medians, altitudes, radii of inscribed or cir-
cumscribed circles, and such is 5:1.

SOLVED PROBLEMS

9.11

9.12

RATIOS OF AREAS AND SEGMENTS OF SIMILAR TRIANGLES

Find the ratio of the areas of two similar triangles (a) if the ratio of the lengths of two
corresponding sides is 3:5; (b) if their perimeters are 12 and 7. Find the ratio of the lengths of
a pair of (c) corresponding sides if the ratio of the areas is 4:9; (d) corresponding medians if
the areas are 250 and 10.

Solutions
0 ACIQ-g o (gt
2 2 2
0 H-(B) (22 @ (B) AR
PROPORTIONS DERIVED FROM SIMILAR POLYGONS

(@) The areas of two similar polygons are 80 and 5. If a side of the smaller polygon has
length 2, find the length of the corresponding side of the larger polygon.

(b) The corresponding diagonals of two similar polygons have lengths 4 and 5. If the area of
the larger polygon is 75, find the area of the smaller polygon.
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Solutions
s)y'_ A (s)z 80 s
(a) (?) “:4—,,50 i —?—16,men§=4and5=8'
i_(ﬁ_)z i_<ﬂ)2 _ (16)_
(b) A = d/’ SO 75 = 5 . Theﬂ A=T75 E =48.

Supplementary Problems

Find the area of a rectangle (9.1)
(a) If the base has length 11in and the altitude has length 9in

(b) If the base has length 2 ft and the altitude has length 1ft 6in

(c) If the base has length 25 and the perimeter is 90

(d) If the base has length 15 and the diagonal has length 17

(e) If the diagonal has length 12 and the angle between the diagonal and the base measures 60°

(f) If the diagonal has length 20 and the angle between the diagonal and the base measures 30°

(g) If the diagonal has length 25 and the lengths of the sides are in the ratio of 3:4

(h) If the perimeter is 50 and the lengths of the sides are in the ratio of 2:3

Find the area of a rectangle inscribed in a circle 9.1)
(a) If the radius of the circle is 5 and the base has length 6

(b) If the radius of the circle is 15 and the altitude has length 24

(¢) If the radius and the altitude both have length S

(d) If the diameter has length 26 and the base and altitude are in the ratio of 5:12

Find the base and altitude of a rectangle (9.1)
(a) If its area is 28 and the base has a length of 3 more than the altitude

(b) If its area is 72 and the base is twice the altitude

(c) If its area is 54 and the ratio of the base to the altitude is 3:2

(d) If its area is 12 and the perimeter is 16

(e) If its area is 70 and the base and altitude are represented by 2x and x +2

(f) Ifits area is 160 and the base and altitude are represented by 3x — 4 and x

Find the area of (a) a square yard in square inches; (b) a square rod in square yards (1rd =53 yd); (c) a
square meter in square decimeters (1 m = 10 dm). 9.2)

Find the area of a square if (@) a side has length 15; (b) a side has length 3}; () a side has length 1.8; (d) a
side has length 8a; (e) the perimeter is 44; (f) the perimeter is 10; (g) the perimeter is 12b; (h) the
diagonal has length 8; (i) the diagonal has length 9; (j) the diagonal has length 8V?2. (9.2)

Find the area of a square if (a) the radius of the circumscribed circle is 8; (b) the diameter of the
circumscribed circle is 12; (c) the diameter of the circumscribed circle is 10V2; (d) the radius of the
inscribed circle is 33; (e) the diameter of the inscribed circle is 20. (9.2)
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7.

10.

11.

12.

13.

4.

15.

16.

If a floor is 20 m long and 80 m wide, how many tiles are needed to cover it if (a) each tile is 1 m?; (b) each
tile is a square 2 m on a side; (c) each tile is a square 4m on a side. 9.2)

If the area of a square is 81, find the length of () its side; (b) its perimeter; (c) its diagonal; (d) the radius
of the inscribed circle, (e) the radius of the circumscribed circle. (9.2)
(a) Find the length of the side of a square whose area is 63. 9.2)
(b) Find the perimeter of a square whose area is 169.

(c) Find the length of the diagonal of a square whose area is 50.

(d) Find the length of the diagonal of a square whose area is 25.

(e) Find the radius of the inscribed circle of a square whose area is 144.

(f) Find the radius of the circumscribed circle of a square whose area is 32.

Find the area of a parallelogram if the base and altitude have lengths, respectively, of (a) 3 ft and 53 ft;
(b) 4ft and 1ft6in; (c) 20 and 3.5; (d) 1.8 m and 0.9 m. 9.3)

Find the area of a parallelogram if the base and altitude have lengths, respectively, of (a) 3x and x; (b)
x+3and x; (c)x—Sand x+5; (d) 4x+1 and 3x + 2. (9.3)

Find the area of a parallelogram if two adjacent sides have lengths of (a) 15 and 20 and include an angle
measuring 30°; (b) 9 and 12 and include an angle measuring 45°; (c) 14 and 8 and include an angle
measuring 60°; (d) 10 and 12 and include an angle measuring 150°; (e¢) 6 and 4 and include an angle
measuring 28°; (f) 9 and 10 and include an angle measuring 38°. 9.3)

Find the area of a parallelogram if

(a) The area is represented by x°, the base by x + 3, and the altitude by x — 2.

(b) The area is represented by x* — 10, the base by x, and the altitude by x — 2.

(c) The area is represented by 2x* — 34, the base by x + 3, and the altitude by x — 3.

In a parallelogram, find (9.3)

(a) The base if the area is 40 and the altitude has length 15

(b) The length of the altitude if the area is 22 and the base has length 1.1

{c) The length of the base if the area is 27 and the base is three times the altitude

(d) The length of the altitude if the area is 21 and the base has length four more than the altitude

(e) The base if the area is 90 and the ratio of the base to the altitude is 5:2

(f) The length of the altitude to a side of length 20 if the altitude to a side of length 15 is 16

(g) The length of the base if the area is 48, the base is represented by x + 3, and the altitude by x +1

(h) Thellength of the base if the area is represented by x* + 17, the base by 2x — 3, and the altitude by
x+

Find the area of a triangle if the lengths of the base and altitude are, respectively, (a) 6in and 3% in;
(b) 1yd and 21t; (c) 8 and x — 7; (d) 5x and 4x; (¢) 4x and x +9; (f) x +4 and x —4; (g) 2x — 6 and
x+3. 9.4)

Find the area of a triangle if two adjacent sides have lengths of (@) 8 and 5 and include an angle measuring
30°, (b) 5 and 4 and include an angle measuring 45° (c) 8 and 12 and include an angle measuring 60°;
(d) 25 and 10 and include an angle measuring 150° (e) 20 and 5 and include an angle measuring 36°;
(f) 16 and 9 and include an angle measuring 140°. (9.4)



170

17.

18.

19.

20.

21.
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Find the area of a right triangle if (a) the legs have lengths 5 and 6; (b) the legs are equal and the

hypotenuse is 16; (c) the leg opposite a 30° angle is 6; (d) an acute angle measures 60° and the hypotenuse

is 8; (e) its sides are 6, 8, and 10; (f) the altitude to the hypotenuse cuts off segments of 2 and 8.
(9.4)

Find the area of 9.4)
(a) A triangle if two sides have lengths 13 and 15 and the altitude to the third side has length 12

(b) A triangle whose sides have lengths 10, 10, and 16

(¢) A triangle whose sides have lengths 5, 12, and 13

(d) An isosceles triangle whose base has length 30 and whose legs each have length 17

() An isosceles triangle whose base has length 20 and whose vertex angle measures 68°

(f) An isosceles triangle whose base has length 30 and whose base angle measures 62°

(g) A triangle inscribed in a circle of radius 4 if one side is a diameter and another side makes an angle
measuring 30° with the diameter

(h) A triangle cut off by a line parallel to the base of a triangle if the base and altitude of the larger
triangle have lengths 10 and 5, respectively, and the line parallel to the base is 6.

Find the altitude of a triangle if 9.4)

(a) Its base has length 10 and the triangle is equal in area to a parallelogram whose base and altitude
have lengths 15 and 8.

(b) Its base has length 8 and the triangle is equal in area to a square whose diagonal has length 4.

(c) Its base has length 12 and the triangle is equal in area to another triangle whose sides have lengths 6,
8, and 10.

In a triangle, find the length of 9.4)

(a) A side if the area is 40 and the altitude to that side has length 10

(b) An altitude if the area is 25 and the side to which the altitude is drawn has length 5

(c) A side if the area is 24 and the side has length 2 more than its altitude

(d) A side if the area is 108 and the side and its altitude are in the ratio of 3:2

(e) The altitude to a side of length 20, if the sides of the triangle have lengths 12, 16, and 20

(f) The altitude to a side of length 12 if another side and its altitude have lengths 10 and 15

(g) A side represented by 4x if the altitude to that side is represented by x + 7 and the area is 60

(h) A side if the area is represented by x° — 55, the side by 2x — 2, and its altitude by x — 5

Find the area of an equilateral triangle if (@) a side has length 10; (b) the perimeter is 36; (c) an altitude
has length 6; (d) an altitude has length 5V'3; (e) a side has length 2b; (f) the perimeter is 12x; (g) an

altitude has length 3r. (9.6)
Find the area of a rhombus having an angle of 60° if (a) a side has length 2; (b) the shorter diagonal has
length 7; (c) the longer diagonal has length 12; (d) the longer diagonal has length 6V3. (9.6)
Find the area of a regular hexagon if (a) a side is 4; (b) the radius of the circumscribed circle is 6; (c) the
diameter of the circumscribed circle is 20. (9.6)
Find the side of an equilateral triangle whose area equals (9.6)

(a) The sum of the areas of two equilateral triangles whose sides have lengths 9 and 12
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27.

(b) The difference of the areas of two equilateral triangles whose sides have lengths 17 and 15
(c) The area of a trapezoid whose bases have lengths 6 and 2 and whose altitude has length 9V3

(d) Twice the area of a right triangle having a hypotenuse of length 5 and an acute angle of measure 30°

Find the area of trapezoid ABCD in Fig. 9-21 if: 9.7
(@ b=25,b"=15and h=7 (d) AB=12,mLA=45,b=13,and b' =7
() m=10and h=6.9 (¢ AB=10,mLA=70°,and b + b’ =20

() AB=30,mLA=30°,b=24, and b'=6
B b’ c

/NI /. ,

A E | A E 1:1 D
b — b
Fig. 9-21 Fig. 9-22
Find the area of isosceles trapezoid ABCD in Fig. 9-22 if 9.7)
(@) b'=17,1=10,and h=6 (d) b=20,1=8, and mLA=60°
(b) b=22,b'=12,and /=13 (e) b=40,b'=20, and msL A =28°

() b=16, b’ =10, and mL A =45°

(a) Find the length of the altitude of a trapezoid if the bases have lengths 13 and 7 and the area is 40.
9.7)

(b) Find the length of the altitude of a trapezoid if the sum of the lengths of the bases is twice the length
of the altitude and the area is 49.

(c¢) Find the sum of the lengths of the bases and the median of a trapezoid if the area is 63 and the
altitude has length 7.

(d) Find the lengths of the bases of a trapezoid if the upper base has length 3 less than the lower base,
the altitude has length 4, and the area is 30.

(e) Find the lengths of the bases of a trapezoid if the lower base has length twice that of the upper base,
the altitude has length 6, and the area is 45.

In an isosceles trapezoid: 9.7)
(@) Find the lengths of the bases if each leg has length 5, the altitude has length 3, and the area is 39.

(b) Find the lengths of the bases if the altitude has length 5, each base angle measures 45°, and the area
is 90.

(c) Find the lengths of the bases if the area is 42V3, the altitude has length 3V3, and each base angle
measures 60°.

(d) Find the length of each leg if the bases have lengths 24 and 32 and the area is 84.

(e) Find the length of each leg if the area is 300, the median has length 25, and the lower base has length
30.

Find the area of a rhombus if (9.8)
(a) The diagonals have lengths 8 and 9.
(b) The diagonals have lengths 11 and 7.
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32.

33.
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(c) The diagonals have lengths 4 and 6V3.

(d) The diagonals have lengths 3x and 8x.

() One diagonal has length 10 and a side has length 13.

(f) The perimeter is 40 and a diagonal has length 12.

(g) The side has length 6 and an angle measures 30°.

(h) The perimeter is 28 and an angle measures 45°.

(i) The perimeter is 32 and the length of the short diagonal equals a side in length.
(j) A side has length 14 and an angle measures 120°.

Find the area of a rhombus to the nearest integer if (a) the side has length 30 and an angle measures 55°;

(b) the perimeter is 20 and an angle measures 33°; (¢) the side has length 10 and an angle measures 130°.
(9.8)

In a rhombus, find the length of: (9.8)

(a) A diagonal if the other diagonal has length 7 and the area is 35

(b) The diagonals if their ratio is 4:3 and the area is 54

(c) The diagonals if the longer is twice the shorter and the area is 100

(d) The side if the area is 24 and one diagonal has length 6

(e) The side if the area is 6 and one diagonal has length 4 more than the other

A rhombus is equal to a trapezoid whose lower base has length 26 and whose other three sides have length

10. Find the length of the altitude of the rhombus if its perimeter is 36. (9.8)
Provide the proofs requested in Fig. 9-23. 9.9)
A E
(a) Given: AABC (b) Given: Trapezoid ABCD
DB=1AB B AB and CD extended
D E EC=1AC ¢ meet at E.
To Prove: Area(ADFB) To Prove: Area(AECA)
B c = area(AFEC) A p = area(AEBD)
Fig. 9-23 '
Provide the proofs requested in Fig. 9-24. (9.9)
F
B ¢ (a) Given: JABCD B C (b) Given: OABCD
E is midpoint of CD. BE and CF L AF.
E To Prove: To Prove:
Area (DQABCD) = H BCFE is a rectangle and
i equal in area to CJABCD.
A D G area(trapezoid BFGA) 4 = = P qu
Fig. 9-24
Prove each of the following: (9.10)

(@) A median divides a triangle into two triangles having equal areas.

(b) Triangles are equal in area if they have a common base and their vertices lie in a line parallel to the
base.
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37.

38.

39.

41.

(¢) ' In a triangle, if lines are drawn from a vertex to the trisection points of the opposite sides, the area of
the triangle is trisected.

(d) In trapezoid ABCD, base AD is twice base BC. If M is the midpoint of AD, then ABCM and BCDM
are parallelograms which are equal in area.
(@) In AABC, E is a point on BM, the median to AC. Prove that area(ABEA) = area(ABEC).

(b)) In AABC, Q is a point on BC, M is the midpoint of AB, and P is the midpoint of AC. Prove that
area(ABQM) + area( A PQC) = area(quadrilateral APQM).

(¢) In quadrilateral ABCD, diagonal AC bisects diagonal BD. Prove that area(A ABC) = area(A ACD).

(d) Prove that the diagonals of a parallelogram divide the parallelogram into four triangles which are

equal in area. (9.10)
Find the ratio of the areas of two similar triangles if the ratio of two corresponding sides is (a) 1:7;
(b) 7:2; (¢) 1:V3; (d) a:5a; (e) 9:x; (f) 3:VX; (g) s:sV2. (9.11)
Find the ratio of the areas of two similar triangles (9.11)

(a) If the ratio of the lengths of two corresponding medians is 7:10

(b) If the length of an altitude of the first is two-thirds of a corresponding altitude of the second

(¢) If two corresponding angle bisectors have lengths 10 and 12

(d) If the length of each side of the first is one-third the length of each corresponding side of the second
(e) If the radii of their circumscribed circles are 7} and 5

(f) If their perimeters are 30 and 30V2

Find the ratio of any two corresponding sides of two similar triangles if the ratio of their areas is (a) 100:1;
(b) 1:49; (c) 400:81; (d) 25:121; (e) 4: y* (f) 9x7:1; (g) 3:4; (h) 1:2; (i) x*:5; () x:16. 9.11)
In two similar triangles, find the ratio of the lengths of (9.11)
(a) Corresponding sides if the areas are 72 and 50

(b) Corresponding medians if the ratio of the areas is 9:49

(c) Corresponding altitudes if the areas are 18 and 6

(d) The perimeters if the areas are 50 and 40

(e) Radii of the inscribed circles if the ratio of the areas is 1:3

The areas of two similar triangles are in the ratio of 25:16. Find (9.11)
(a) The length of a side of the larger if the corresponding side of the smaller has length 80
(b) The length of a median of the larger if the corresponding median of the smaller has length 10

(¢) The length of an angle bisector of the smaller if the corresponding angle bisector of the larger has
length 15

(d) The perimeter of the smaller if the perimeter of the larger is 125

(e) The circumference of the inscribed circle of the larger if the circumference of the inscribed circle of
the smaller is 84

(f) The diameter of the circumscribed circle of the smaller if the diameter of the circumscribed circle of
the larger is 22.5

(g) The length of an altitude of the larger if the corresponding altitude of the smaller has length 16V3
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The areas of two similar triangles are 36 and 25. If a median of the smaller triangle has length 10, find
the length of the corresponding median of the larger. (9.12)

Corresponding altitudes of two similar triangles have lengths 3 and 4. If the area of the larger triangle
is 112, find the areavof the smaller.

Two similar polygons have perimeters of 32 and 24. If the area of the smaller is 27, find the area of
the larger.

The areas of two similar pentagons are 88 and 22. If a diagonal of the larger has length 5, find the
length of the corresponding diagonal of the smaller.

In two similar polygons, the ratio of the lengths of two corresponding sides is V3: 1. If the area of the
smaller is 15, find the area of the larger.



Chapter 10

Regular Polygons and the Circle

10.1 REGULAR POLYGONS

A regular polygon is an equilateral and equiangular polygon.

The center of a regular polygon is the common center of its inscribed and circumscribed circles.

A radius of a regular polygon is a segment joining its center to any vertex. A radius of a regular
polygon is also a radius of the circumscribed circle. (Here, as for circles, we may use the word radius
to mean the number that is “the length of the radius.”)

A central angle of a regular polygon is an angle included between two radii drawn to successive
vertices.

An apothem of a regular polygon is a segment from its center perpendicular to one of its sides.
An apothem is also a radius of the inscribed circle.

Thus for the regular pentagon shown in Fig. 10-1, AB=BC=CD=DE=FA and m£ZA=
m.B=ms/C=msD=m.E. Also, its center is O, OA and OB are its radii; Z AOB is a central
angle; and OG and OF are apothems.

10.1A Regular-Polygon Principles

PriNcIPLE 1:  If a regular polygon of n sides has a side of length s, the perimeter is p = ns.
PRINCIPLE 2: A circle may be circumscribed about any regular polygon.

PriINCIPLE 3: A circle may be inscribed in any regular polygon.

PrINCIPLE 4:  The center of the circumscribed circle of a regular polygon is also the center of its
inscribed circle.

PrINCIPLE 5 An equilateral polygon inscribed in a circle is a regular polygon.

PrINCIPLE 6:  Radii of a regular polygon are congruent.

PriNcIPLE 7: A radius of a regular polygon bisects the angle to which it is drawn.
Thus in Fig. 10-1, OB bisects £ ABC.

PriNcIPLE 8:  Apothems of a regular polygon are congruent.

PRINCIPLE 9:  An apothem of a regular polygon bisects the side to which it is drawn.

Thus in Fig. 10-1, OF bisects CD, and OG bisects ED.
175
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PrincipLE 10:  For a regular polygon of n sides:

1. Each central angle c measures :inq .

2. Each interior angle i measures (—’-1:—?!)1—800 .

1

3. Each exterior angle e measures

Thus for the regular pentagon ABCDE of Fig. 10-2,

m.AOB=msABS = ——3200 = —365°° -7 meapc= 02D _G —?1800 = 108°
n
and m. ABC + mZ ABS = 180°

Fig. 10-2

SOLVED PROBLEMS

10.1 FinpING MEASURES OF LINES AND ANGLES IN A REGULAR POLYGON

(a) Find the length of a side s of a regular pentagon if the perimeter p is 35.

(b) Find the length of the apothem a of a regular pentagon if the radius of the inscribed

circle is 21.

(c) In a regular polygon of five sides, find the measures of the central angle c, the exterior

angle e, and the interior angle .

(d) If an interior angle of a regular polygon measures 108°, find the measures of the exterior

angle and the central angle and the number of sides.

Solutions
(@) p=35. Since p =S5s, we have 35=5s and s =7.

(b) Since an apothem r is a radius of the inscribed circle, it has length 21.
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360°  360° 360°
() n=S.Then msc= PR =72° mie=

=72°% mcLi=180°— mse = 108".

o

(d) mcsi=108°. Then msc=180°— msi="72° Since mLc= , n=>5.

10.2 ProOVING A REGULAR-POLYGON PROBLEM STATED IN WORDS
Prove that a vertex angle of a regular pentagon is trisected by diagonals drawn from that
vertex.

Solution
Given: Regular pentagon ABCDE
Diagonals AC and AD

To Prove: AC and AD trisect Z A.

Plan: Circumscribe a circle and show that
angles BAC, CAD, and DAE are

congruent.
PROOF:
Statements Reasons
1. ABCDE is a regular pentagon. 1. Given

2. Circumscribe a circle about ABCDE. | 2. A circle may be circumscribed about any
regular polygon.

3. BC=CD=DE 3. A regular polygon is equilateral.

4. BC=CD =DE 4. In acircle, equal chords have equal arcs.

S. 4LBAC=/LCAD = /DAE 5. In acircle, inscribed angles having congruent
arcs are congruent.

6. <£A is trisected. 6. To divide into three congruent parts is
to trisect.

10.2 RELATIONSHIPS OF SEGMENTS IN REGULAR POLYGONS OF 3, 4, AND 6 SIDES

In the regular hexagon, square, and equilateral triangle, special right triangles are formed when
the apothem r and a radius R terminating in the same side are drawn. In the case of the square we
obtain a 45°-45°-90° triangle, while in the other two cases we obtain a 30°-60°-90° triangle. The
formulas in Fig. 10-4 relate the lengths of the sides and radii of these regular polygons.

Regular Hexagon Square Equilateral Triangle
s=R s=RV2 s=RV3, h=r+R
r=31RV3 r=14s=3RV2 r=4h, R=1%h, r=1R

Fig. 104
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SOLVED PROBLEMS

10.3 ArpLYING LINE RELATIONSHIPS IN A REGULAR HEXAGON
In a regular hexagon, (a) find the lengths of the side and apothem if the radius is 12;
(b) find the radius and length of the apothem if the side has length 8.

Solutions
(a) Since R=12,s=R=12and r= {RV3I=6V3.
(b) Since s=8, R=s5s=8 and r = §RV3=4V3,

10.4 ApPLYING LINE RELATIONSHIPS IN A SQUARE
In a square, (a) find the lengths of the side and apothem if the radius is 16; (b) find the
radius and the length of the apothem if a side has length 10.

Solutions
(@) Since R=16, s=RV2=16V2 and r = {5 =8V2.
(b) Since s=10, r=4s=5and R=s/V2=isV2=5V2.

10.5 ArpLYING LINE RELATIONSHIPS IN AN EQUILATERAL TRIANGLE
In an equilateral triangle, (@) find the lengths of the radius, apothem, and side if the
altitude has length 6; (b) find the lengths of the side, apothem, and altitude if the radius is 9.

Solutions
(a) Since h=6, we have r=1h=2; R=%h=4; and s = RV3=4V3,
(b) Since R=9,5s=RV3=9V3;r=1L'R=4}; and h=3R=13}.

10.3 AREA OF A REGULAR POLYGON

The area of a regular polygon equals one-half the product of its perimeter and the length of its
apothem.

As shown in Fig. 10-5, by drawing radii we can divide a regular polygon of » sides and perimeter
p = ns into n triangles, each of area ;rs. Hence the area of the regular polygon is n(3rs) = jnsr=
1
2

3Dr.

A E

Regular Polygon
A=insr=4pr

Fig. 10-5

SOLVED PROBLEMS

10.6 FiINDING THE AREA OF A REGULAR PoLYGON

(@) Find the area of a regular hexagon if the length of the apothem is 5V3.
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(b) Find the area of a regular pentagon to the nearest integer if the length of the apothem is
20.

Solutions
(@) In a regular hexagon, r = $sV3. Since r = 5V3, s = 10 and p = 6(10) = 60.
Then A = 1 pr = 1(60)(5V3) = 150V3.

(b) In Fig. 10-6, m£ AOE =360°/5=72° and mL AOF = ims AOE =36°. Then tan36°= 15/20=
5/40 or s = 40 tan 36°.
Now A = 1 pr = insr = 3(5)(40 tan 36°)(20) = 1453.

10.4 RATIOS OF SEGMENTS AND AREAS OF REGULAR POLYGONS
PrINCIPLE 1:  Regular polygons having the same number of sides are similar.

PriINcIPLE 2:  Corresponding segments of regular polygons having the same number of sides are in
proportion. “Segments’ here includes sides, perimeters, radii or circumferences of circumscribed or
inscribed circles, and such.

PrINCIPLE 3:  Areas of regular polygons having the same number of sides are to each other as the
squares of the lengths of any two corresponding segments.

SOLVED PROBLEMS

10.7 RaTIOS OF LINES AND AREAS OF REGULAR POLYGONS

(a) In two regular polygons having the same number of sides, find the ratio of the lengths of
the apothems if the perimeters are in the ratio 5:3.

(b) If two regular polygons having the same number of sides, find the length of a side of the
smaller if the lengths of the apothems are 20 and 50 and a side of the larger has length
32.5.

(¢) In two regular polygons having the same number of sides, find the ratio of the areas if
the lengths of the sides are in the ratio 1:5.

(d) In two regular polygons having the same number of sides, find the area of the smaller if
the sides have lengths 4 and 12 and the area of the larger is 10,260.

Solutions
(a) By Principle 2, r:r'=p:p'=5:3.
(b) By Principle 2, s:s' =r:r’; thus §:32.5=20:50 and s = 13.

w2 (2)'= () -4
(c¢) By Principle 3,A,— 7 =\5) =%

4

(d) By Principle 3, T

s\ A (4 )’
= (s—;) . Then 10,260 =\ and A =1140.
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10.5 CIRCUMFERENCE AND AREA OF A CIRCLE
a (pi) is the ratio of the circumference C of any circle to its diameter d; that is, = = C/d. Hence
C=mnd or C=2mr

Approximate values for 7 are 3.1416 or 3.14 or #. Unless you are told otherwise, we shall use 3.14
for = in solving problems.

A circle may be regarded as a regular polygon having an infinite number of sides. If a square is
inscribed in a circle, and the number of sides is continually doubled (to form an octagon, a 16-gon,
and so on), the perimeters of the resulting polygons will get closer and closer to the circumference of

the circle (Fig. 10-7).

Circle: C=2mr
A=ar’

Fig. 10-7

Thus to find the area of a circle, the formula A = ; pr can be used with C substituted for p; doing
so, we get
A=1Cr=31Qun(r)=nr
All circles are similar figures, since they have the same shape. Because they are similar figures,

(1) corresponding segments of circles are in proportion and (2) the areas of two circles are to each
other as the squares of their radii or circumferences.

SOLVED PROBLEMS

10.8 FiNDING THE CIRCUMFERENCE AND AREA OF A CIRCLE
In a circle, (a) find the circumference and area if the radius is 6; (b) find the radius and
area if the circumference is 18; (c) find the radius and circumference if the area is 144 7.
(Answer both in terms of 7 and to the nearest integer.)
Solutions
(@) r=6.Then C=2mr=127 and A = 7r’ =367 = 36(3.14) = 113.
(b) C=18m. Since C =2mr, we have 187 =27r and r =9. Then A = 7r* = 817 = 254.
(c) A=144x. Since A= mr’, we have 1447 = 7r” and r = 12. Then C =27r =247 =75.

10.9 CIRCUMFERENCE AND AREA OF CIRCUMSCRIBED AND INSCRIBED CIRCLES
Find the circumference and area of the circumscribed circle and inscribed circle (a) of a
regular hexagon whose side has length 8; (b) of an equilateral triangle whose altitude has
length 9V3. (See Fig. 10-8.)

Solutions

(@) Here R=5=8. Then C=27R =167 and A= 7R* = 64.
Also r= L1RV3=4V3. Then C=2nr=87V3 and A= nr’ =487.
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i
L)\
N

(b)

Fig. 10-8

(b) Here R=3%h=6V3. Then C=27R=127V3 and A = wR* = 108 .
Also r=3h=3V3. Then C=27r=6aV3 and A= wr’ =27

10.10 RATIOS OF SEGMENTS AND AREAS IN CIRCLES

(a) If the circumferences of two circles are in the ratio 2:3, find the ratio of the diameters
and the ratio of the areas.

(b) If the areas of two circles are in the ratio 1:25, find the ratio of the diameters and the
ratio of the circumferences.

w2=(6) -2~

EEWE
0 s ()5 -(2)

10.6 LENGTH OF AN ARC; AREA OF A SECTOR AND A SEGMENT

Solutions
d C
@ = F

ad . 1
a7 5

MIH \Ol-h

C d
.Also,?—?—

A sector of a circle is a part of a circle bounded by two radii and their intercepted arc. Thus in
Fig. 10-9, the shaded section of circle O is sector OAB.

Fig. 10-9 Fig. 10-10

A segment of a circle is a part of a circle bounded by a chord and its arc. A minor segment of a
circle is the smaller of the two segments thus formed. Thus in Fig. 10-10, the shaded section of circle
Q is minor segment ACB.

PrINCIPLE 1:  In a circle of radius r, the length | of an arc of measure n° equals ﬁ of the
. . _n _mnr

circumference of the circle, or | = 360 27r 180

PRINCIPLE 2: In a c:rcle of radius r, the area K of a sector of measure n° equals — 3 60 of the area of the

circle, or K = ﬁ wr’

Area of a sector of n° _ length of an arc of measure n° n

Area of the circle circumference of the circle 360

PRINCIPLE 3:
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PriNCIPLE 4:  The area of a minor segment of a circle equals the area of its sector less the area of the
triangle formed by its radii and chord.

PrinNCIPLE 5:  If a regular polygon is inscribed in a circle, each segment cut off by the polygon has area
equal to the difference between the area of the circle and the area of the polygon divided by the number
of sides.

SOLVED PROBLEMS

10.11 LENGTH OF AN ARC
(a) Find the length of a 36° arc in a circle whose circumference is 457.
(b) Find the radius of a circle if a 40° arc has a length of 4.
Solutions

(a) Here n°=36° and C=2mwr=45w. Then /= L2 2nr= 36 457 = 2 .
2

360 360
O

. _ 40 _
360 27r yields 47 = 27r, and r=18.

(b) Here =47 and n°=40°. Then /= 360

10.12 AREA OF A SECTOR
(a) Find the area K of a 300° sector of a circle whose radius is 12.

(b) Find the measure of the central angle of a sector whose area is 6 if the area of the circle
is 9.

(c¢) Find the radius of a circle if an arc of length 2+ has a sector of area 107r.

Solutions
o - -n 2 300 -

(a) n°=300° and r = 12. Then K 360 " = 360 1447 = 1207.
Area of sector n 6 n

(b) “Area of circle — 360 ° SO 97 =360 ° and n = 240. Thus the central angle measures 240°.
Length of arc _ area of sector 2n _ 107w

(©)

- = - so — = — and r = 10.
Circumference  area of circle * =~ 2@wr 7

10.13 AREA OF A SEGMENT OF A CIRCLE

(a) Find the area of a segment if its central angle measures 60° and the radius of the circle is

12.

(b) Find the area of a segment if its central angle measures 90° and the radius of the circle is
8.

(c) Find each segment formed by an inscribed equilateral triangle if the radius of the circle is
8.

Solutions

See Fig. 10-11.

o 60° _ = = =
(@) n°=60° and r = 12. Then area of sector OAB 360" " 360 1447 =24~.

Also, area of equilateral AOAB = }5s*V3 = 1(144)V3 = 36V3.
Hence area of segment ACB =247 — 36V3.
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()
Fig. 10-11

(b) n°=90° and »=8. Then area of sector OAB = % o= % 64 = 167
Also, area of rt. AOAB = 1bh = }(8)(8) = 32.

Hence area of segment ACB = 167 — 32,
(¢) R=8. Since s=RV3=8V3, the area of AABC is }5°V3 = 48V3.

Also, area of circle O = 7R* = 64
Hence area of segment BDC = (647 — 48V3).

10.14 Area oF A SEGMENT ForMED Y AN INscriBeD REGULAR PoLYGON
Find the area of each segment formed by an inscribed regular polygon of 12 sides
(dodecagon) if the radius of the circle is 12. (See Fig. 10-12))

Solution
Area of sector OAB = % wr’= % 1447 = 2.

To find the arca of AOAB, we draw altitude AD to base OB. Since mZAOB=3F, h= AD =
ir=6. Then the area of AOAB is 1bh = 1(12)(6) = 36.
Hence the area of segment ACB is 127 — 36.

10.7 AREAS OF COMBINATION FIGURES

The areas of combination figures like that in Fig. 10-13 may be found by determining individual
areas and then adding or subtracting as required. Thus the shaded arca in the figure ¢quals the sum
of the areas of the square and the semicircle: A =8’ + 1(167) =64 + 8.
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SOLVED PROBLEMS

10.15 FinpinG ArEas oF ComBINATION FIGURES

Find the shaded area in each part of Fig. 10-14. In (a), circles A, B, and C are tangent
externally and each has radius 3. In (b), each arc is part of a circle of radius 9.

Fig, 10-14

Solutions

(a) Areaof AABC=is'V3= %(6')\5" 9V3. Area of sector I = 3%;; (wr')= % (9m) = ? .

Shaded area=9V3+3(¥m)=0V3i+ $n

(b) Arca of square = 18° = 324. Area of sector I = —% (wr)= -3%% (817) = i—l .
Shaded area =324 — 4(4 #) =324 —81m.

Supplementary Problems

In a regular polygon, find (10.1)
(@) The perimeter if the length of a side is 8 and the number of sides is 25

(b) The perimeter if the length of a side is 2.45 and the number of sides is 10
(c) The perimeter if the length of a side is 4% and the number of sides is 24

(d) The number of sides if the perimeter is 325 and the length of a side is 25

(¢) The number of sides if the perimeter is 27V3 and the length of a sidc is 3V3
(f) The length of a side if the number of sides is 30 and the perimeter is 100
(g) The length of a side if the perimeter is 67.5 and the number of sides is 15

In a regular polygon, find (10.1)
(@) The length of the apothem if the diameter of an inscribed circle is 25

(b) The length of the apothem if the radius of the inscribed circle is 23.47

(c) The radius of the inscribed circle if the length of the apothem is 7V3

(d) The radius of the regular polygon if the diameter of the circumscribed circle is 37

(e) ‘The radius of the circumscribed circle if the radius of the regular polygon is 3V2

In a regular polygon of 15 sides, find the measure of (@) the central angle; (b) the exterior angle; (¢) the
interior angle. (10.1)
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4.

5.

10.

11.

If an exterior angle of a regular polygon measures 40°, find (a) the measure of the central angle; (b) the
number of sides; (c) the measure of the interior angle. (10.1)

If an interior angle of a regular polygon measures 165°, find (@) the measure of the exterior angle; (b) the
measure of the central angle; (¢) the number of sides. ) (10.1)

If a central angle of a regular polygon measures 5°, find (a) the measure of the exterior angle; (b) the

number of sides; (c) the measure of the interior angle. (10.1)
Name the regular polygon whose (10.1)
(a) Central angle measures 45° (d) Exterior angle measures 36°

(b) Central angle measures 60° (e) Interior angle is congruent to its central angle

(c) Exterior angle measures 120° (f) Interior angle measures 150°

Prove each of the following: (10.2)

(a) The diagonals of a regular pentagon are congruent.

(b) A diagonal of a regular pentagon forms an isosceles trapezoid with three of its sides.

(c) If two diagonals of a regular pentagon intersect, the longer segment of each diagonal is congruent to a
side of the regular pentagon.

In a regular hexagon, find (10.3)

(a) The length of a side if its radius is 9

(b) The perimeter if its radius is 5

(¢) The length of the apothem if its radius is 12

(d) Its radius if the length of a side is 6

(e) The length of the apothem if the length of a side is 26

(f) Its radius if the length of the apothem is 3V3

(g) The length of a side if the length of the apothem is 30

(k) The perimeter if the length of the apothem is 5V3

In a square, find _ (10.4)
(a) The length of a side if the radius is 18

(b) The length of the apothem if the radius is 14

(c) The perimeter if the radius is 5V?2

(d) The radius if the length of a side is 16

(e) The length of a side if the length of the apothem is 1.7

(f) The perimeter if the length of the apothem is 3}

(g) The radius if the perimeter is 40

(h) The length of the apothem if the perimeter is 16V2

In an equilateral triangle, find (10.5)

(a) The length of a side if its radius is 30
(b) The length of the apothem if its radius is 28
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12.

13.

14.

15.

16.

17.

18.

19.
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(c) The length of an altitude if its radius is 18

(d) The perimeter if its radius is 2V3

(e) Its radius if the length of a side is 24

(f) The length of the apothem if the length of a side is 24

(g) The length of its altitude if the length of a side is 96

(h) TIts radius if the length of the apothem is 21

(/) The length of a side if the length of the apothem is V3

(j) The length of the altitude if the length of the apothem is 3}
(k) The length of the altitude if the perimeter is 15

() The length of the apothem if the perimeter is 54.

(a) Find the area of a regular pentagon to the nearest integer if the length of the apothem is 15.

(b) Find the area of a regular decagon to the nearest integer if the length of a side is 20. (10.6)
Find the area of a regular hexagon, in radical form, if (@) the length of a side is 6; (b) its radius is 8; () the
length of the apothem is 10V3. (10.6)
Find the area of a square if (4) the length of the apothem is 12; () its radius is 9V2; (c) its perimeter is 40.

(10.6)
Find the area of an equilateral triangle, in radical form, if (10.6)

(@) The length of the apothem is 2V3. (d) The length of the altitude is 12V3.

(b) Its radius is 6. (¢) The perimeter is 6V3.

(c) The length of the altitude is 4. (f) The length of the apothem is 4.

}

If the area of a regular hexagon is 150V3, find (a) the length of a side; (b) its radius; (c) the length of the
apothem. (10.6)
If the area of an equilateral triangle is 81V3, find (a) the length of a side; (b) the length of the altitude;
(c) its radius; (d) the length of the apothem. (10.6)
Find the ratio of the perimeters of two regular polygons having the same number of sides if (10.7)

(a) The ratio of the sides is 1:8.

(b) The ratio of their radii is 4:9.

(c) Their radii are 18 and 20.

(d) Their apothems have lengths 16 and 22.

(e) The length of the larger side is triple that of the smaller.

(f) The length of the smaller apothem is two-fifths that of the larger.

(g) The lengths of the apothems are 20V2 and 15.

(h) The circumference of the larger circumscribed circle is 2} times that of the smaller.

Find the ratio of the perimeters of two equilateral triangles if (a) the sides have lengths 20 and 8; (b) their

radii are 12 and 60; (c) their apothems have lengths 2V3 and 6V3; (d) the circumferences of their
inscribed circles are 120 and 160; (e) their altitudes have lengths 5x and x. (10.7)
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20.

21.

22.

27.

28.

29.

Find the ratio of the lengths of the sides of two regular polygons having the same number of sides if the
ratio of their areas is (a) 25:1; (b) 16:49; (c) x*:4; (d) 2:1; (e) 3:y%; (f) x:18. (10.7)

Find the ratio of the areas of two regular hexagons if (a) their sides have lengths 14 and 28; (b) their
apothems have lengths 3 and 15; (c) their radii are 6V3 and V3; (b) their perimeters are 75 and 250;
(e) the circumferences of the circumscribed circles are 28 and 20. (10.7)

Find the circumference of a circle in terms of  if (a) the radius is 6; (b) the diameter is 14; (¢) the area is
25m; (d) the area is 3. (10.8)

Find the area of a circle in terms of = if (@) the radius is 3; (b) the diameter is 10; (c) the circumference is
167; (d) the circumference is 7; (e) the circumference is 6nV?2. (10.8)

In a circle, (a) find the circumference and area if the radius is 5; (b) find the radius and area if the
circumference is 167r; (¢) find the radius and circumference if the area is 16r. (10.8)

In a regular hexagon, find the circumference of the circumscribed circle if (a) the length of the apothem is
3V3; (b) the perimeter is 12; (c) the length of a side is 31. Also find the circumference of its inscribed
circle if (d) the length of the apothem is 13; (¢) the length of a side is 8; (f) the perimeter is 6V3.

(10.9)
For a square, find the area in terms of 7 of the (10.9)
(a) Circumscribed circle if the length of the apothem is 7
(b) Circumscribed circle if the perimeter is 24
(¢) Circumscribed circle if the length of a side is 8
(d) Inscribed circle if the<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>