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PREFACE.

The present dissertation, originally submitted to the authorities
in April, 1895, is now printed in conformity with the University
regulations. I have thought it best to avail myself of the oppor-
tunity thus offered to make a number of changes and to expand
the treatment in certain directions. Karl von Jan’s Musict Serip-
tores Graeci (Bibliotheca Teubneriana, 1895), which appeared too
late to be of service in the original preparation of the thesis, has
been used for the quotations from the Aristotelian Problems and
from the works of Euclid, Nicomachus, Gaudentius, and Bacchius.
Aristoxenus is quoted from the edition of Westphal (Vol. 11, edited
by F. Saran, Leipsic, 1893). The pages of Meibomius, Antiquae
Musicae Auctores Septem, Amsterdam, 1652, are, however, retained
in making citations from the authors embraced in this work.
For the musical treatises of Claudius Ptolemy, Porphyry, and
Bryennius the only available text was that which is found in the
third volume of John Wallis’s Opera Mathematica, Oxford, 1699.
I take pleasure in acknowledging my great obligation to the
authorities of the Boston Athenaeum for their courtesy in per-
mitting me to consult this rare work at leisure in my own home.
I am also indebted for the opportunity accorded me while in
England in 1894 to use the copies of Wallis and Meibomius
belonging to the Cambridge University Library.

CrARLES W. L. JorNsON.

BALTIMORE, December, 1896.
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MUSICAL PITCH

AND

THE MEASUREMENT OF INTERVALS AMONG THE
ANCIENT GREEKS.

THE material available for reconstructing the music of
classical antiquity is unfortunately not very abundant. In
the case of the other fine arts, it is possible for the modern
world actually to realize the art of the ancients through the
monuments of their activity which have survived to our day.
This is preéminently the case with the three great space-arts,
sculpture, architecture, and painting. We are able to obtain
an immediate appreciation of these arts by actual contempla-
tion of sculptural, architectural, and pictorial remains, and the
extent of our appreciation will depend on the degree to which,
from the nature of the material used, these remains have been
able to withstand the destructive agencies of time and the ele-
ments. In this way those arts in which stone was so generally
the material employed have fared better than those in which
a less durable medium was used. We may compare architec-
ture and sculpture with painting and the ceramic art in this
matter. But in all of them the appreciation is immediate ;
the contact between the ancient and the modern world is direct.
It is possible to study the actual creations of ancient art, and
it is not necessary to rely wholly or even partly on indirect
means of approach, like theoretical treatises and chance allu-
sions in literature.

1
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How different is the state of affairs in the case of the
time-arts, poetry and music! Although it is self-evident, it is
interesting to reflect that these arts, based as they are on a
medium so immaterial as sound, demand a fresh representa-
tion whenever it is desired actually to experience any of their
productions ; and this is true no less of poetry than of music,
although certain qualifications must be added in the case of
the former. For when we read to ourselves, the reproduction
of the sounds is, of course, imagined, and reading music differs
from reading language only in that it is an art more difficult
to acquire, and that less satisfactory results are obtained in
the silent reading of music than in that of written words. It
follows that the fullest appreciation of these time-arts can be
gained only when we are able to reproduce the actual sounds
with at least approximate accuracy.

But poetry stands on an entirely different plane from music
for an evident reason. It is that poetry does not consist of
words alone, however melodious and rhythmical, but the
thought is an essential element in its composition ; and if it
is objected that this is true of music also, it is true in quite a
different sense. Musical sounds are not, individually, like
works, the symbols of thoughts, but the thought in music
arises from the combination and union of sounds, but is not
the sounds, while in language the thought of a sentence springs
from the combination of lesser thoughts, of which the words
are only the symbols, and for which any other symbols, like
signs with the fingers, could serve almost as well.

For these reasons poetry is in a far better position than
music for perpetuating its productions. To take the case of
Greek poetry, we are able to lay down with no little confi-
dence rules for the correct pronunciation of the words, and
for the correct scansion of the metres. But even if by some
means not now available we should learn that all our suppo-
sitions on these points were utterly wrong, we should still
possess the thought, and the thought is imperishable so long as
a knowledge of the language exists. The written word is
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not a bad substitute for the spoken word. But in the case of
music there is no element which we can separate, or imagine
to be separated, from the sounds themselves, without destroy-
ing the very nature of the music. While rhythm is, perhaps,
after the sounds, . e., the pitch element in sounds, the most
important constituent, rhythm alone is not music.

In what condition, then, is the study of ancient classical
music with regard to our ability to reproduce the actual
sounds? What are the steps which we must take in order
to obtain a correct interpretation of the music of the Greeks?

From one point of view musical sounds may be regarded
as endowed with two dimensions. One of these is pitch ; the
other is time. Every sound in a melody differs from every
other sound, either in one of these dimensions or in both;
and every sound is defined, or at least is defined in every
particular essential to constituting the melody, by giving the
pitch of each note and its time-element in the two respects of
the position in time and the duration in time. The time-
coordinates and the pitch-coordinates together constitute the
melody. As a result, melody can be represented graphically
on a plane, and this is what is done in a rough way by the
ordinary staff notation by means of the position of the notes
on the staff (modified by the key-signature and the ¢acci-
dental’ sharps and flats), and by their position along the staff
(as determined by the bars and modified by differences in
their appearance to give their duration).

There are, to be sure, other ways in which musical notes
may differ from one another. In addition to differences of
pitch and of duration, we may have differences of ¢timbre’
or ‘quality,’ and differences in the loudness or ¢ force’ with
which the notes are sounded. But the quality and the force
may be varied without destroying the nature of a melody,
whereas alterations in the pitches of the notes which form a
tune, and in their duration-values, cannot, in general, be made
without altering the melody. It is only when the changes of
pitch or of duration are uniform throughout a piece of music
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that a melody may be said to remain the same. In the one
case we have the familiar phenomenon of a change of key; in
the other, a change of the ‘tempo,’s. e., the speed with which the
music is performed. In both, the notes bear the same relation
to one another as before ; there has been a change in the abso-
lute values alone. But in general it is true that the pitches
and durations are essential, while the quality and loudness are
accidental, in the formation of melodies. We cannot replace
a note of one pitch by a note of another, nor change the
rhythm by lengthening or shortening notes at pleasure with-
out affecting the nature and character of the tune.!

If now the problem is presented to the student of ancient
music to reproduce the sounds of any piece of that music for
which we are so fortunate as to possess the written notes, the
most important points to be determined will be the pitches of
the notes and their differences in duration. We may safely
leave such matters as the right degrees of loudness and soft-
ness, and the element of speed or the tempo to our own taste.
The quality of the tones will depend on the character of the
music, whether vocal or instrumental, and if instrumental, we
must rely on our knowledge of ancient musical instruments.
But the rhythm and the melody (in narrower sense) are matters
of primary importance. .

There is a very considerable difference, however, in the
difficulty of determining the exact equivalents for the symbols

11t is not intended in the above statement to assert that rhythm is in-
dependent of loudness, for rhythm is based on the recurrence of a stress at
equal intervals of time. But inasmuch as, in music if not in poetry, that
sound which from its position would ordinarily bear the stress may part
with its stress in favor of a succeeding note, or may be allogether absent, it
would seem that the stress feature of rhythm was derived from the sequence
of long and short durations of the notes, . e., from their metre, taken in
connection with the pitch of the notes (in the case of music). In other
words, if a tune is played abeolutely without stress, the time will manifest
itself in spite of all through the character of the tune, But, be this as it
may, if the reader will exclude stress from the term loudness, the state-
ment will stand.
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used to denote pitch, and for those used to mark the rhythm.
In fact in most of the known remains of Greek music, the
rhythm is left to be determined by the metre of the words to
which the music was sung. It will moreover readily be ad-
mitted that errors in the interpretation of the rhythm would
not result in so thorough a misunderstanding as would errors
in the translation of the pitch-values of the ancient notes.

The first step in this important determination of the pitch-
values may well be to discover the order or succession of the
notes in the matter of acuteness and graveness. The next
would then be to ascertain the exact distances at which the
notes stand with reference to one another. As to the mere
order of the notes, several of the ancient treatises supply us
with this information, but when the notes are enumerated by
name alone and not by written symbol, we must still obtain
a correspondence between the written notes and their names.
This we are able to do by means of the diagrams which are
found in the invaluable work of Alypius, and in the works of
Gaudentius and Bacchius Senior. By means of this informa-
tion alone we could plot a curve of any ancient melody, such
that every rise and fall in pitch was represented, and only the
amount of this motion would remain undetermined. The
second step supplies this deficiency. We ascertain for each
note the distance or interval at which it stands from its neigh-
bors. This done; we are in possession of all the knowledge
necessary to reproduce the sounds denoted by the ancient no-
tation. Our ability to translate the notation correctly into
the modern notation, and to reproduce the sounds vocally or
instrumentally, will, of course, depend for the most part on
the similarity of the music in question to modern music.

The present dissertation is concerned with this second step,
and is an attempt to show to what extent our knowledge of
the absolute width of musical intervals in general among the
Greeks is based on firm foundations, No attempt is made to
show what are the modern equivalents for the actual notes
employed in their music, nor to establish the width of the
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corresponding intervals in connection with their occurrence in
actual melody and in the ancient scales. The subject is the
measurement of intervals abstractly considered, irrespective of
their place in the scale and irrespective of their function in
actual representation. Pitch is consequently considered, not
as a quality or property of musical sounds, but as a quantity,
which may be measured like any other quantity. And in its
measurement we are not concerned so much with the absolute
position of notes on the scale of acuteness and graveness, as
with their relative position. Since pitch lengths can be meas-
ured only when the bounds are rigidly fixed, a discussion of
the musical sound will precede, involving a few words on the
classification of sounds and the place therein of musical sounds
and on the ancient conception of pitch.

The ancient explanations of sound as a physical phenome-
non, however insufficient from a modern point of view, are
accurate enough in general for musical purposes. The im-
portant part played by the air, either as the cause of sound or
as the medium of its transmission to our ears, scems to have
been very universally recognized. Plato® defines sound as a
“stroke transmitted through the ears by the air and passed
through the brain and the blood to the soul.” That a blow
is necessary for the production of a sound seems to have been
brought out before the time of Archytas, for Archytas approves
of this doctrine of his predecessors in a passage quoted by
Porphyry in his commentarius ad Ptolemaeum, p. 236 Wallis
(Wallis, Opera Mathematica, 1m. p. 236).? But, according

1 Tinaeus, XXIX., 67 B: SAws uiy oby pwvhy Oduey Thy 30 &rwy on° &épos
dyxepdrov Te xal aluaros uéxpt Yuxiis wAnyhy 3iadidouévny. The transla-
tion is from Mr. Archer-Hind’s Edition of the Timaecus. See the notes on
this passage and on 80 A (pages 246 and 800).

2The passage is quoted by K. von Jan, Musici Seriplores Graect (1895),
P. 181: kards uot Soxoiwr: Td wepl Td pabfiuara Jiayvivar . . . wepl Te B Tds
T8y BoTpwy Taxvraros . . . xal wepl yauerpfas xal &pifudy, xal obx fixioTa
wepl povoixis . . . xpaToy p)v ody doxéyavro, 871 ob Suvardy doriv luev Yooy
uh yerndeloas xAnyas Tvwy xor $AAnAa. (See Mullach, Fragm. Philos. Gr.
L p. 564.)
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to K. von Jan,! Archytas did not attribute sound to move-
ment of the air, but only regarded the visible movement of
the sounding instrument, to produce which a blow is necessary.

The views of Aristotle can best be seen from the passages
collected by von Jan.? Aristotle too lays stress on the im-
portance of a blow (de anima, 11 8, 2: wAyyY ydp éoTwv %
mowodoa), but the part played by the air is brought out (ibid.
3: 8¢l aTepedv mAy ryevéabar mpds AANMAa Kal wpos TOV
@épa), and sound is declared to be an actual movement of the
air (ibid. 9: dépos xivnals Tis éariwv 6 Yopos)® The nature of
the movement is shown in the words (ibid. 6), rav 8¢ (0 anp)
kw\v0j Opimreabas, 1) TovTov Kivnais Yrodos, and (3) Toiro
8¢ ryiverai, drav Umouévy mAnyels o anp xal un Siaxvli.
This definition reappears in Theon of Smyrna, de musica, 6
(p- 50 Hiller), in a quotation from Adrastus: ¢nal 8¢ xal Tods
Ivfaryopirods mepl adTdy odTw Texvohoyely: émel uéhos uév
wav kal was pfoyyos pwvi Tis éoTiv, Graca 8¢ Ppwvy Yodos,
Yépos 8¢ mAfEis dépos kekwhvuévov Opimreafas (quoted also
by Bryennius, p. 394 Wallis), and in Nicomachus, harmonices
manuale, 4, p. 7 Meib. : xafoNov ydp Ppauev Yrépov pév elvas
mAHEw dépos &0pumrTov (or abpimrov) uéxpe dxoijs.

A fuller explanation of the phenomenon of sound is given
in the tract de audibilibus, attributed to Aristotle,*

Aristotle, de audib., p. 800 a, Bekker: Tds 8¢ pwvds dmd-
aas avpBalver qyigveaas kal Tods Yrépovs 9} TGV copdrwy 1)
Tod dépos mpods TA chduara mposmimwTovTos, ob TG TV dGépa
axnpatitecbas, xabdmep olovrai Tives, dANA 7@ Kiweiobar Ta-
pam\ains adTov cuoTeNNOuevov Kal éxTewduevoy Kal KaTa-
MapBavouevov, &ri 8¢ auyxpovovra did Tds Tod mveduaros Kal
TdY XopddY ryiyvopévas wAnyds. Srav ydp Tov épefis dépa
m\jEn TO mvebpa To éumimTov adTd, o dnp 8n Péperar Bia,

1K. von Jan, op. cit., p. 135. See, however, p. 43, 1. 22.
2K. von Jan, op. eit., p. 8, 8q.

3 Compare the Problems, X1. 14, % 3¢ ¢pwvy xivnols éori, and 35, % Pwrf
éorwv &épos xivnas.

*K. von Jan claims it for Heraclides Ponticus (Mus. Ser. Gr., p. 51).
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Tov éxouevov adrod mpowldy opolws, daTe wdvTy THY Oy
Siarelvesw T adTiy, ép’ 8aov acuuBaives yiyveablar xal Tob
aépos T xivnow.

The last sentence seems to imply an actual transference of
the air itself. So do the words (p. 801 a,u Bekker) 6 wap
wobels So Ths TANyis dap péxpr pév Tivos pépetas auveyris.
Compare too in the Aristotelian Problems, x1. 6 (p. 61 v. Jan),
0 dnp o pepduevos moiel ToV Yropov, (p. 63) ¢ 8¢ Yrddos drjp
éariv &Bodpevos vmod dépos, and XIx. 35 (p. 96) % 8¢ Pwvy
%) dépos 1) &ANov Twos Popd.

The view that sound is a formation of the air (t¢ Tov dépa
oxnpatitecOai, kabdmep olovral Tives) appears in the Prob-
lems in the section mrepl pwvijs.

XI1. 23: 8ud 7, elmep %) Pwvi) o dafp Tis éoxnpuaTicpévos
xal pepouevos, diakveTar mohNdkis TO axfua, 1 d¢ fx® KTE.

XL 51: 8id i, elmep 1) pwvy dijp Tis éoymuaricpévos éai,
Pepopévn Siarderar woAhdkis TO ayiiua, 1) 8¢ fxd, f) yiveras
m\yévros ToD TowoUTOV TPbS Ti aTeEpedy, ob SualveTal, dAN
gapds axovouey ;

The distinction between defining sound as a blow on air and
as air under the influence of a blow seems to have given trouble.

Aristides Quintilianus, de musica, p. 7,7 Meib.: Uy 8¢
povaikis pwvy kal klvmais cdparos. THY 8¢ pwvyy o uév
dépa memhyyuévov, of 8¢, dépos TANY Epagav, oi pév, alrod
To adua To memovbos Hyov, oi &, 8mwep dpeivov, TO ToUTOV
wdfos opiodpuevor.

Aristotle, Problems, X1. 29: o 8¢ yrépos anp 7 mwdbos aépos
éoriv.

Ptolemy, Harmonics, 1. i., p. 1 Wallis: +rodpos 8¢ mdbos
aKovoTOY.

See too Bryennius, 1. sect. iv., p. 377 Wallis.

The following definitions are interesting :

Plutarch, conviviales dispulationes, VIIL. iii., p. 975: 7 8¢
dwvy TAny) cduatos Supyodst dupxés 8¢ TO ovpmralés avre
xal cvudués, ebxivnrov 8¢ kal xoidov kai oualov kal vmijxoov
Tob &80 ebroviav xal cuvéyeiav olos éaTi Tap Huiv 6 ddfp.
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Id. de placitis philosophorum, Iv. xix., wepl pwvis, 902 B,
8q.: II\drov Ty poviy opileras, mvebua did oTdparos dmo
Suavotas Hypévov, kal Ay Omo dépos 8 drwv Kal éyke-
pdrov xal alparos péxpe Yrvxiis Siadidopévmy. "Emrixovpos,
™ povyy elvas pedpa éxmepmopevoy dmo TV pwvolvTww, 1
NxOWTWY, ) YropotvTwy: ToiTo 8¢ TO pebpa els opotoayiuova
Opvmrreaas Bpadopara. Anudkpiros, kai Tov dépa ¢noiv els
opovoayipova Bpirrecbar cdpara . . . . kal ocvvkahwdei-
aBas Tols éx Tis Pwvijs Opaiopuact.

Ibid., xx., e doduatos 1) Povi), xkal wds Hx® yiveras,
902 F, sq.: Ivbaydpas, II\drov, ApicToTéns dowpaTov:
o0 ydp Tov dépa AANG TO oxfipa TO wepl TOV dépa Kal THY
émipdveiay katd mwoidv wAGEW ryiveabar poviiy. mwica 8¢
émiddveia dodpatos. . . . . oi 8¢ Zrwirol, cdua TV Pwviy.

Ptolemy, Harm., 1. iii., p. 6 Wallis: 7tdais ydp Tis éore
auvexns Tod dépos, 6 Yrodos, dwd Tod Tois TAs TAyds TOLOD-
aw éumepihapBavouévov Surjkovaa mpds TOV éxTos.

Ibid., i., p. 1: rdpos 8¢ mwdfos drxovaTdv.

See too Bryennius, I. sect. iv., p. 377 Wallis.

We have already noticed (p. 3) that musical sounds may
differ from one another in a number of ways. Before pass-
ing on to consider the definitions of the musical sound, it will
not be out of place to dwell a moment on the classification of
sounds in general.

One of the most evident principles in accordance with which
sounds may be classified is that which distinguishes articulate
and inarticulate sounds. ,

Aristotle defines articulate sound (¢pwrs) in the following
passages :

Aristotle, de anima, 11 8, 9, p. 420 b (p. 6 K. v. Jan):
mepl pév odv Yrépov Tairy Siwpicbe 1 8¢ povy Yodos Tis
éorw éuriyov TGY yap aYrixwy ovbév dwvei, dANa xal
opowéTnTa Néyerar pwveiy, olov allos xal AMipa xal oa dA\a
T@Y dYrixwv dmotagw’ Exes kal péhos xal SidhexTov.

lénéracw, K.v.Jan, Mus. Ser. Gr., p. 6, explains: probabile est &xdraciv
tanquam genus complecti éxfraciv et vesiv. See below, p. 16.
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Ibid., 11 (p. 7 K. v. Jan) : dore 5 mAnyn Tod dvamveouévov
&épos Umo Tijs év TodTos Tols popios Yruydls mpos THY Kalov-
pévny dprnplav povi) éorwr ob yap was {@ov Yrodos pwwrj,
xaldmep elmouev (éori yap xal T4 yAOTTY Yrodetv xal ws ol
BriTTovTes), dAAA Bel Eurvyov Te elvar xal pera pavracias
Twos* onuavtikds yap 81 Tis Yrodos éaTlv 1) Ppwvy Kal od Tod
avamveouévov aépos damrep o BHE.

It appears, then, that whereas ¢pw7j is used properly of the
voice only, the term was applied also to the tones of musical
instruments. Aristoxenus speaks of wry dpyaviky Te Kal
evOpwrikry (Harm., p. 14 Meib.).

The analysis of articulate sound into its phonetic elements
is important to the art of writing, and consequently the
various vowel-sounds and consonant-sounds must have been
differentiated from very early times, since it was this that
led to the invention of writing by letters to take the place of
ideographic writing,

Another important principle of division is involved in the
distinction between musical and unmusical sounds. This
classification concerns chiefly the Science of Music. As Pho-
netics disregards all but articulate sounds, so the Science of
Music deals only with musical sounds. It should be observed
that the line which separates musical sounds from unmusical
sounds crosses that which separates articulate and inarticulate
sounds. An articulate sound may be either musical or un-
musical ; 8o may an inarticulate sound.

What, then, is meant by musical and unmusical or non-
musical? In the first place, the term ¢ musical,’ as used in
this connection, does not, of course, mean merely ‘used in
music.” In that case it would only be necessary to enumerate
the kinds of sounds so used. On the contrary, many sounds
which must be classed with musical sounds are unsuitable for
use in music on account of difficulties attending their pro-
duction or for some other reason ; and many unmausical sounds
are used in music to produce certain effects, generally of a
rhythmical nature. Nevertheless, it is true in a general way
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that those sounds which fall under the definition of musical
sounds form the bulk of the sounds which music employs.
There is no difficulty in grasping the general notion on
which the difference between musical and unmusical sounds
rests. Everyone feels the difference which exists between
the speaking voice and the singing voice, between the sound
of a boatman’s siren and the notes of a flute. In most cases
it is easy to assign a sound to one or the other of these classes.
It will sometimes, however, be difficult to decide in the case
of certain complicated sounds whether they have more the
character of musical notes or of noises. It then becomes
necessary to make a rigorous definition of the musical sound,
in order to ascertain on what basis the classification rests.
The definition of musical and unmusical sounds is usually
made to depend on the steadiness or unsteadiness of the pitch
of the sounds. For example, Mr. Sedley Taylor defines these
sounds in the following words:' “A musical sound is one of
oonstant, a non-musical sound one of varying, pitch.”? But

18edley Taylor, Sight Singing from the Established Notation (Macmillan
and Co., 1890), ¢ 6.

2Compare too ¢ 3, and the same author’s Sound and Musie, 2nd ed., § 23,
p. 48: “The difference, then, between musical and non-musical sounds
seems to lie in this, that the former are constant, while the latter are con-
tinually varying, The human voice can produce sounds of both classes.
In singing a sustained note, it remains quite steady, neither rising nor fall-
ing. Its conversational tone, on the other hand, is perpetually varying in
height even within a single syllable; directly it ceases so to vary, its non-
musical character disappears, and it becomes what is commonly called
¢ sing-song.’ ”’

Encyclopedia Britannica, I. p. 107 b, Art. Acoustics (David Thomson):
“ Besides the three qualities above mentioned [loudness, pitch, and timbre],
there exists another point in which sounds may be distinguished among
each other, and which, though perhaps reducible to difference of timbre,
requires some special remarks, viz, that by which sounds are character-
ized, either as noises or as musical notes. A musical note is the result of
regular periodic vibrations of the air-particles acting on the ear, and there-
fore also of the body whence they proceed, each particle passing through
the same phase at stated intervals of time. On the other hand, the motion
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this, the usual definition, is open to criticism in the following
particulars. In the first place, it excludes from the category
of musical sounds that union or binding of two notes known
as portamento, which the violin class of instruments and the
voice are capable of producing ; for portamento must evidently
be defined as a gradual change of pitch between fixed limits.
In the second place, it admits such sounds as the tones of
badly made bells, in which the pitch, such as it is, may remain
constant and steady, but which it is best to class with non-
musical sounds. Lastly, before the steadiness or the unsteadi-
ness of the pitch of a sound is made the basis for a classification,
would it not be better to select the actual presence or absence of
pitch in the composition of the sound? To be sure, this would
not enable us to draw a hard and fast line, owing to the fact
that pitch may be present in varying quantities, but at least
we could separate those sounds in which it is impossible to
recognize any trace of pitch from those in which it is present
to some extent, those sounds which are purely noisy from
those which are to a certain extent musical. After that the
steadiness or unsteadiness of the pitch could be used in mak-
ing a subdivision of pitch-sounds, in which the sub-class of
sounds of steady pitch would correspond to the class of musi-
cal sounds as commonly defined.

But there still remains the twofold objection that the pecu-
liar variation in pitch above mentioned (portamento) is classed
with ‘non-musical’ sounds, although it is distinctly musical,
and that such sounds as the tones of badly cast bells, whose
pitch is occasionally steady, are classed with musical sounds,
although they are essentially noisy.

to which notse is due is irregular and flitting, alternately fast and slow, and
creating in the mind a bewildering and confusing effect of a more or less
unpleasant character. Noise may also be produced by combining in an
arbitrary manuner several musical notes, as when one leans with the fore-
arm against the keys of a piano. In fact, the composition of regular periodic
motions, thus effected, is equivalent to an irregular motion.”
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In the last division (that in which sounds of constant pitch
were separated from sounds of varying pitch) the principle
employed was the behavior of pitch from moment to moment,
its changeability or constancy. We are now led to suggest
another principle which might be used to subdivide once
again those sounds which are characterized by the presence of
pitch. It is the complexity or simplicity of the arrangement
of the various heights or degrees of pitch which are present
at any and every point of time in every sound except the
theoretically pure tone of science. If the constituent pitches
are arranged with reference to some principle of order, so
that the pitches are related, the sound will be musical, and on
this order will depend the quality or timbre of the note. On
the other hand, if the arrangement is disorderly, the sound
will be unmusical or noisy. As we have noticed before, a
bell may have been so unsuccessfully cast that, apart from
the variation so noticeable from time to time, the different
parts give forth sounds of different and unrelated pitches.
The result is a noise. If all the keys of a piano which
one can cover with the hand are sounded at once, a noise
is produced.

Applying this principle of order in the constituent pitches
to the class of sounds whose pitch is constant, we obtain two
sections, into one of which all sounds which it seems inappro-
priate to call ‘musical’ will be collected. Similarly, in the
codrdinate class of sounds whose pitch varies, one section will
comprise those sounds which are musical in every particular
except the variation in pitch (e. g., the glide of the portamento,
the sound of a boatman’s siren), the other will include sounds
which are noisy both from the quality of the tone and from
the variation in the pitch (e. g., the creaking of a hinge).

If we use this principle of order in a slightly different
manner, we may subdivide varying sounds according as the
variation is orderly and limited by fixed bounds (e. g., porta-
mento), or is not. When orderly, the variation is generally
in the control of the artist (violinist or singer). Disorderly
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variation is the characteristic of sounds like the howling of
the wind.!

'We have seen that every musical sound is characterized by
the presence of pitch, and that the behavior of pitch is used
as the basis for the separation of musical sounds from unmusi-
cal sounds. Before proceeding to discuss the ancient definitions
of the musical sound and to compare the ancient classifications
with those employed in modern works, a few words must be
said in regard to pitch itself and to the manner in which it is
handled in the Greek treatises.

Pitch is that sensation in which the differences are expressed
by the terms acute and grave, high and low, shrill and deep,
sharp and flat. Physically pitch may be defined as regularity
in the vibrations of air, and the degree of pitch depends on
the rapidity or frequency of the vibrations, or on the length of

1 CLASSIFICATION OF SOUNDS.
a. orderly disposition
of constituent

pitches.
[ a. those in which the MUSICAL.
pitch is constant
(‘musical’). B. d.isord?rly disposi-
A. characterized by tion of constituent
the presence of gg,clsh!es.
pitch (pitch-
sounds). a. (as above) some-
b. those in which the times musical.
mch 1s
non-mmn B. (as above) always

noisy.

pitch.
MUSICAL.

or
1. orderly variation of
2. disorderly variation
of pitch
UNMUSICAL.
B. characterized by
the absence of
pitch.
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their period. Inasmuch as, if we omit from consideration the
element of duration in time, sounds differ from one another
in three most prominent particulars,' their loudness (force,
intensity), their timbre (quality, Klang-Farbe), and their pitch,
any one of these qualities or properties may be described as
that particular in which a sound varies, if the other two are
kept constant. If, then, the notes of one and the same instru-
ment are sounded with the same degree of loudness, the notes
will differ only in their pitch. Although Helmholtz’s dis-
covery that ordinary musical notes are composed of a number
of related pitches, of which one is predominent, is now uni-
versally accepted, and although timbre is thus reduced to a
matter of pitches, the threefold division of the character of
musical sounds is still useful. By the pitch of a note, then,
the predominant pitch is generally meant, and since there is
no indication that timbre was analyzed in this way by any of
the ancients, we shall not have to do with any but this, the
nominal pitch of a musical sound.

Baut it is by no means certain that the existence of the vibra-
tions by which sound is produced was unknown to the Greeks.
The passage from the Aristotelian de audibilibus, quoted at
p. 7, seems to show that the nature of the motion of the air
was suspected, if not proved. Still more suggestive are the
last words of the following passage:

Aristotle, de anima, 11 8, 7 (p. 56 K. v. Jan): & yap o
Yopos kivnois Tod Suvauévov xiveiabar Tov Tpdmov ToiTOV
Svmep Ta dpar\dueva 4o TAY Neiwv, 8Tav Tis Kpolvayp. o
& mav domep elpnrar yropel TumrToUEVOV Kal TUTOV, olov
éay mardky Benovn Behdvny: GANA 8¢l TO TUTTONEVOY OpUANOY
elvas, dare Tov dépa aOpoiv dpdAhesbar xal geleabac. '

Furthermore we have Aristotle, Problems, Xx1x. 39 : 7 Sev-
Tépa Tis vedTns wANy) Tob aépos Umwdrn éariv, and the prac-

1Encyclopeedia Britanniea, I. p. 107 b: “Sounds in general exhibit three
different qualities, so far as their effect on the ear is concerned, viz., loud-
ness, pitch, and timbre.” '



16

tice of certain writers of assigning the greater number in a ratio
to the higher note. K. von Jan distinctly claims a knowledge
of the vibrations of the air for the ancients.!

The Greek words for pitch, Tdos and Tévos, are of course
connected with the idea of stretching. It would be observed
from stringed instruments that increase in the tension pro-
duced a heightening of the pitch (émiras:s), and that relaxa-
tion produced a lowering (dveses). Height of pitch or high
pitch is expressed by égdrns, the reverse by Bapirys; oEis
and Bapis are the words for acute and grave.

A rigorous definition of pitch does not seem to have been
attempted in the ancient works on musical science. It was
usual to define the term either by means of é£vrns and Bapd-
Tns, or by means of émwiracis and dveous. In the former
method the idea of height and depth in pitch was assumed
and pitch itself was defined as that which is common to these.
This is the course pursued by Claudius Ptolemy, the Alexan-
drian mathematician, astronomer, and geographer.

Ptolemy, Harmonics, 1. iv., p. 8 Wallis: 6 ydp odre Aeyo-
pevos Tovos xowov &v eln yévos Tis 6EbTyTOS Kal Ths BapiTy-
Tos, wap’ & €ldos TO Tis Tdoews eiAyupuévos, s TO mépas Tod
Té\ovs kal Tiis dpyfis. As ‘limit’ covers both ‘end’ and
‘beginning,” so Tévos both éfirns and Bapirys.?

In the other method of defining pitch, the changes in
pitch observed in the tones of the human voice and in those
of musical instraments produced the concept of an upward
and downward motion, and pitch was defined as the absence
of such motion, that is, as standing or rest. This is the method
employed by Aristoxenus. Tdous is defined as povs) Tis xal
ordois Tis ¢wvijs (Harmonics, 1. § 31, p. 12 Meib.), or as
Npepia povis (Ibid. 1. § 32, p. 13 Meib. : % 8¢ rdois 87e pév

o¥T émitagus ob7’ dveais éoTi TavTeNds Sijhov,—Ty pév yap

1K. von Jan, Musict Scriplores Graeci, p. 135,
3 Compare Porphyry, commentarius, p. 258 Wallis: ¥or: vdp xal % Bapbrys
rdois xal §) S¢brns Tdous.
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elval papev fpepiav povis, Tas & év Tols Eumposlev edpouev
oficas xwijces Tivds). Conversely oardais (or éordvar) is
defined by the help of Tdois: dei 8¢ xarauavOdvew 8t 16 pév
éordvar TV pwvyy To pévew émri pias Tdaeds éore (§ 32, p. 13
Meib.). Of course, strictly speaking, what is defined in this
definition of Tda:s is not so much ‘pitch’ as ‘degree of pitch.’

It is now necessary to compare some of the ancient classifi-
cations of sounds with those of modern theory, and so to
discuss the ¢pBoyryos or musical sound,’ the unit of the science
of music.

Aristoxenus set the example for a number of followers by
leading up to the definition of the musical sound through a
careful analysis of what is termed «kivnois ¢ovis, the motion
of the voice.! He says that a description of the various kinds
of xivnaus is necessary for the proper definition of the ¢0dyyos.?
In this description it will not be difficult to see what sort of
a classification of sounds Aristoxenus must be understood to
have had in mind.

It is evident that the passage from one degree of pitch to
another must be made in one of two ways. Either the pitch
of a sound changes suddenly from the initial state to the final
state, in such a way that at no moment does the sound rest
at, or pass through, any intermediate degree of pitch ; or the
pitch changes gradually in the direction of the final degree
of pitch, that is, either upward or downward, and so passes
through every possible intermediate degree, but rests at none.
These are the only two ways in which a sound emanating
from one and the same instrument can pass from one pitch to
another. They may be compared to stepping and gliding.
In the one case the intermediate space is leapt over, in the
other it is traversed.

1$wp is here used of the tones of musical instruments in general, not of
the voice alone. See above, pp. 9, 10.
% Aristoxenus, Harmonies, 1. § 4, p. 3 Meib.: xaf ro: Tobrov u) Siopiabévros
ob xdvv p¢Biov eixeiv xepl Pp8byyov 7l xor dorly.
2
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If now we consider the flow of sound proceeding from any
instrument and regard only the manner in which change of
pitch takes place, it is plain that the former of the two manners
mentioned above (sudden changes) implies for practical pur-
poses rest at various stages, that is to say, there will be a
period of fixed pitch before and after each leap.! The second
manner (gradual changes) implies nothing as to periods of
fixed or stationary pitch. The glides may connect what are
called notes or musical sounds,? or there may be no such notes,
the pitch may never become fixed, but may wander up and
down at random. But when the pitch does remain fixed
before and after a glide, we have the phenomenon of porta-
mento (see above, p. 12), in which the two manners combine.

Returning to Aristoxenus, we find that xivnois Pawvijs
(briefly, change of pitch) is divided into two kinds of move-
ment, xivnais cvveyrjs and xivnais SiacTnpatich.® Of these
the former, continuous movement, is that in which not only
are the changes in pitch continuous, buf there are no periods
of fixed pitch. The latter, discrete movement (intervallate) is
that in which the pitch leaps over intervals and then rests at
various degrees of pitch.

The passage in which this subject is dealt with runs as
follows :

Aristoxenus, Harm., 1. § 26, p. 8 Meib. : xata uév odv Tiw
avveyi, Towov Twa Siefiévar paiverar 1) dwvy T4 alobjoer,
odrws ds dv undapod iorapévny < 5 >, und émr adrdv TdV
mepdTwy, katd ye TV Tis alobicews pavraciav, dAAa depo-
pévn auveyds uéxpt siomis. xata 8¢ Ty érépav, v dvoud{o-
pev SiaaTnuaTikiy, dvavtios paiverar kiveiaOai SiaBaivovoa

1 We can, of course, conceive of a glide taking place immediately after a
step, but such a performance may safely be omitted from consideration.

% 8ee above, p. 11.

8 Aristoxenus, Harmonies, 1. § 25, p. 8 Meib.: xdons 3¢ pavijs Suvauérns
riwveioOas TOv elpnuévov abTdy Tpdmov, Sto Twvés elow iSéai kivfioews, §) Te cuvexds
xal 9 SaocTyuaTicd.
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vap lotnaw admiy éml pids Tdaews, elta wdhiw éd’ érépas, kal
TobTO ToLoica cuvexds—Aéyw 8¢ cuvexds KaTd ToV Ypovor—
vmrepBaivovaa pév Tods mwepiexouévovs Yo Tdv Tdoewy Tomous,
iorapévn & ém’ adTdY TV Tdoewy, kal PpOeyyouévy TaidTas
povoy adras penpdelv Méyeras, kal xweioclas SiacTnuaTicyy
kivnow. And farther on, Ibid., § 27, p. 9,u Meib. : dmids
vap 8tav ol KwijTas 1) povy, daore undapod Soxetv loraclas
T akofj, acvveyi) Méyouev TadTny Ty kivnaw: 8rav 8¢ oTival
wov 86Eaca, elra wdlw SiaBaivew Twa Témov pavy, kal TobTo
wovjgaca, walw éP érépas Tdoews arivas 8ofy, kal ToiTo
évalhaf moielv pawouévny cuvexds Sately, dacTnuaTikiy
™ TotavTw Kivnow Aéyouev.!

Aristoxenus next identifies these two kinds of voice-move-
ment with the singing and the speaking voice.

Aristoxenus, Harm., 1. § 28, p. 9,20 Meib.: v uév odv
ouvexd, Moy elvai papev. Sialeyouévwv yip fHudy, odiTws
7 pwvy) KwelTar katd Towov, date undapod doxelv loTacbar.
xatrd e Ty érépav, fjv ovoudlouey diacTnuatikiy, évavrios
mépure yiyveabas. aA\a yap loTagOal Te doxel, kal wdvres
TOV ToDTO paivéuevoy woiely obrérs Néyew paciv, GAN ddeiv:
Siorep év 765 SakéyeaOar dpedryoper 10 éordvar (iordvas libb.)
™ dpoviy,? &v uy dia wdbos woté eis ToravTy Kivnow dvary-
kacOdpuev é\feiv: év 8¢ T4 pelpdelv TodTdvTiov ToLODuEY.
TO pév ydp cuvexes deiryouey, To 8¢ éoTdvar THY pwviy ds
pdMiaTa Sidkopey - Gop yap pdAlov éxdaTny TV Pwvdv ulav
Te Kal éoTnrviav kal Ty adTHY moujcouey, TocouTe dalve-
Tai 77 alobiaer To péhos axpiBéaTepov. 8ti puév 8lo Kiviaewy
0do Y Kata Tomov Tis pwvis, 1) uév cuvexns Moy Tis éoTw,
7 8¢ SuaoTnpariky pehedirr, ayedov Sijhov éx TdVY elpnuéve.

Here then lies the justification for attaching importance to
the motion of the voice and for analyzing it in the way which
Aristoxenus does. The Greeks were very sensitive to the
changes in pitch which accompany the spoken sentence. We

1Cf. Bryennius, 1, p. 376 Wallis. * Compare p. 11%.
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have only to point to the fact that their written accents express
this rise and fall in pitch. It was natural then that a com-
parison should be instituted between the formal melody of
vocal music and that more subtle melody which exists in con-
versational speech. It is also important to remember that the
voice held a predominant position in Greek music, possibly
due quite as much to the inferiority of the musical instruments
of the ancients as to any greater appreciation of the capabili-
ties of the voice on their part.

Aristoxenus is now ready to describe the ¢fsryryos (musical
sound), having prepared the way for it by his discussion of the
two sorts of xivnois. He says (Harm., 1. § 31, p. 12 Meib.):
rweitar ptv yap (1) pwvy) év 7o Sidormud T woieiv, loTatas
& év 7g PpOoyyw. The stopping places of kivnais Sacrnuaties)
are ¢Ooryyor. At p. 15 Meib. there is a different definition
(see below, p. 27).

‘We have noticed (p. 18) that the ¢ continuous movement’
of the voice, as described by Aristoxenus, does not include a
gradual change of pitch, if bounded by fixed degrees of pitch.
The treatment may be said to be faulty to that extent. In
fact, the difference between the two kinds of motion, when
analyzed, turns out to be more a difference of steadiness and
unsteadiness in pitch than simply a difference in the manner
in which it may change from acute to grave and vice versd.
In xivnaus ovvexrs the pitch is nowhere steady and is always
varying ; in «xivnous SiacTnuariki it is steady now at this
height, now at that, and never varies except by leaps. The
sounds which constitute the former are then to be found in
the class of sounds commonly styled ¢non-musical,’ those
which constitute the latter, in the ¢ musical ’ class.!

Although no provision is made for gradual change in pitch
bounded by fixed degrees of pitch—in a word, for portamento—

1The classes 4 b and A a, respectively, in the classification given at p. 14,
note. The subdivisions B are, of course, to be omitted.



21

in the Aristoxenean treatment of pitch changes,' this form of
movement (which may be described as a continuous movement
modified by the periods of rest characteristic of discrete move-
ment) was not overlooked, but was noticed only to be passed
over.

Aristoxenus, Harm., 1. § 27, p. 9 Meib. : Aqwrréov 8¢ éxdre-
pov TovTwy (the two forms of motion) xatd Ty alobijcews
davragiav. mwotepov pév qap Sbvartov 4 adbvarov Pwriy
xwetoclar xai () Meib.) wdAw loTacOar adryy éml was
Tdoews, étépas éoTl oréfrews, kal wpos THY éveoTdoAV
wparypateiav odk davarykaiov, To Siakwioar (8¢ rwijcar libb.)
ToUTwy éxdTepov. omoTépws yap &xel TO adTO moiel wpds ye
TO ywpicar Ty éuuenii kivnow Tis Povis dmwo TdY EMAwy
Kavjoewv.

But it is not easy to see why continuous motion as a whole
should not be omitted, if that modification of it which admits
periods of rest at fixed pitches is rejected, inasmuch as the
latter is far more musical in its nature than the former.
Without steadiness in the pitch it would be almost impossible
to gain an idea of musical interval, and all music is based on
interval, or the relation which subsists between musical notes.
Mr. Hubert Parry says:? “Just as among the early ancestors
of our species, speech would begin when the indefinite noises
which they first used to communicate with one another, like
animals, passed into some definite sound which conveyed to
the savage ear some definite and constant meaning ; so the
indefinite cries and shouts which expressed their feelings
began to pass into music when a few definite notes were made
to take the place of vague irregular shouting.” And again,
a little further on: “So the resources of music increased as
the relations of more and more definite notes were established,
in obedience to the development of musical instinct, and as

14 5,1 in the classification on p. 14.
#C. Hubert H. Parry, The Art of Musie, p. 6.
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the ear learnt to appreciate the intervals and the mind to
retain the simple fragments of tune which resulted.” The
Aristoxenean kivnois cuveyrs (fixed pitch entirely absent)
would thus seem to characterize the earliest attempts at music,
whereas the xivois SiacTnuarikr is peculiar to fully organ-
ized music. It would even appear from the last part of the
passage quoted at p. 19 (év 8¢ 76 uer@delv, ete.) that portamento
was avoided as much as possible by the Greeks in singing,
although it is likely that this phenomenon represents an inter-
mediate stage in the development of music. We quote again
from Mr. Parry’s work on the Art of Music.! ¢ At the very
bottom of the process of development are those savage howls
which have hardly any distinct notes in them at all. Many
travellers record such things, and try to represent them in the
European musical stave. For instance, the natives of Aus-
tralia are described by a French traveller as beginning a howl
on a high note and descending a full octave in semitones.”
But the author shows that this cannot be an accurate descrip-
tion of the process, “as a downward scale of correct semitones
is beyond the powers of any but very highly trained singers.”
“In all such cases the process must have been a gliding of the
voice up or down, without notes that were strictly defined
either in relation to one another or to any general principle.”

Musical notes must evidently have first made their appear-
ance when the bounds of such glides assumed a fixed nature
and relationship with each other. The statement in Helm-
holtz? that “The first fact that we meet with in the music of
all nations, so far as is yet known, is that alterations of pitch
in melodies take place by intervals, and not by continuous
transitions,” is at variance with the above. It seems to over-
look the fact that we can describe an interval equally well by
gliding through the space as by leaping over it.

10p. cit., p. 63.
2 Helmholtz, Sensations of Tone, 2nd English Ed. (1885), by Alexander J.
Ellis, p. 250.
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Aristides Quintilianus not only recognizes the existence of
portamento, but provides a place for it in his threefold division
of kivnais poris.

Aristides Quintilianus, de musica, p. 7 Meib.: 7 8 &)
kivnas Opéarnrev év Siapdpois xpovois. xpovos ydp éoTi
wétpov Kwijcews kal oTdoews. Tis 8¢ Kumjoews 1 pév AT
mépukey, §) 8¢ oby dmwNj. «kal TaiTys N pév ovvexrs, 75 8¢
SiacTuaTier, 1) 8¢ péan. auvvexns pév odv éoTi pwv) % Tds
Te avéoels kal Tas émirdoes NeAnfoTws Sud T Tdyos molov-
wévn. SuacTnuatiey 88 1) Tas pév Tdoes pavepas Eyovoa, Td
8¢ Tovrwy pérpa Nennbora. uéon 8¢ 1) éE audoiv auykepévy.
7% pév odv cuveyrjs éaTiw 3 Siakeyduela. péan 8¢ § Tas THY
moudTov dvayvooes mowobuela. SiaoTnuatiky Sé—1) Kal
Td péoov TGV Ay mood motovpév SiagTipaTa Kal povas—
Hris xal pehediry kakeitas.!

We must now consider the method employed by the great
Pythagorean (using the term in its musical application), Clau-
dius Ptolemy. His Harmonics in three books is of equal
importance with the musical works of Aristoxenus and Aris-
tides Quintilianus. Ptolemy may be considered to be the
representative of the more mathematical of the two great
rival schools of musical theorists, the Aristoxeneans and the
Pythagoreans. Aristides is classed by Gevaert as an eclectic.

In order to fix the position of musical sounds? in relation
to other sounds, Ptolemy proceeds in his treatise in the follow-
ing manner. After two preliminary chapters, he devotes a

1 Aristides’ Classification :

xivnois axAy.
suvexss.
xlynous oby GwA% { uéon.
SiaoTnuaTicd.

For the meaning of kivnais &wA7, see pp. 27 and 29,8. Klvqois odx awAs
seems o be the same as Aristoxenus xivnois ¢pwrijs in general.

*The word for sound in general, yd¢pos, Wallis renders by sonitus in his
Latin translation; the word for musical sound, $8éyyos, by sonus.
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chapter to pitch, and then one to sounds’ and their differences.
The separation of sounds into two classes according as pitch
is present or absent is implied (unless, to be sure, pitch is
attributed to all sounds whatsoever). The first classification
we meet with is that by which sounds which have a pitch are
divided into two groups according to the nature of that pitch.
Wégoc, he says (Ptolemy, Harm., 1. iv., p. 8 Wallis), are either
loéTovos or dwiadTovos; the former are sounds which are un-
changeable in the matter of pitch (dmrapdA\\axrtor xara Tov
Tévov), the latter are those which change their pitch (rapan-
AdooovTes).?

Ptolemy next takes yrddpoe dviaéTovor and divides them into
ol auveyels and oi Siwpiopévor.® Definitions follow. ¢ Con-

1The title of the chapter, xep} $p8éyyw, xal Tév &v adrois Siapopidv, must
be wrong. Read wepl Yépwr xré.

? The equality and inequality of pitch implied in the words loérovos and
&viodrovos refer, of course, in this passage to the possibility of change which
any sound may undergo in the course of its existence. But these terms are
also used in a very different sense—a sense which is met with in the next
chapter of Ptolemy’s treatise, and even at the end of the present chapter.
Ambiguity in the use of terms has always been in Music a peculiarly fertile
source of misunderstanding. The difference in the meanings is well stated
by Porphyry in his commentary on this passage (commentarius, c. 4, p. 258
Wallis). The second use of the words will not cause any difficulty, since
the difference is so clear. In this meaning the Tévos refers to the pitch of
notes as compared with other notes, and used in this way the terms are of fre-
quent service in demonstrations of the Pythagorean theory of consonances.
Porphyry’s words are: pnréov xdhwv, bs lobrovos & Yépos Aéyerar Sixds: & utv
ANy Yépp Tony Thv Tdow xexTnuévos, Goxep § vhiTy curnuuévey T xaparfTy
Sie(evyuévwy Aéyetar elvar loérovos. (Similarly we might say that E sharp
in the key of B Major was ‘equitonic’ with F, or C sharp with D flat.) Such
an lodrovos Yépos, Porphyry continues, is more properly called sudrovos, and
not merely yépos, but ¢p8éyyos. The other meaning refers to the parts of
one and the same sound, as the beginning, middle, and end. Such a sound,
he says, might with more exactness be called suotopepfs.

$ It may be well at this point to tabulate Ptolemy’s classes of sounds:

lodrovor.
Yépor guvexeis.

Siwpiapévor= p8dyyor.

&wviodrovor
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tinuous sounds are those in which the regions (rémos) of the
changes (in pitch) in each direction are not manifest, or in
which no part whatever is lgéTovos for a perceptible interval
(of time). The same sort of thing is seen in the case of the
colors of the rainbow. Of such a nature are those sounds
which sound at the same time as their pitch is being raised or
lowered, even while this change is being produced.” The
lowing of cattle and the howling of wolves are given as
examples of these continuous sounds. Porphyry' adds the
attempts of the beginner at singing, who cannot strike the
right pitch at first, but feels for it.? He also gives as an
instance the tuning of stringed instruments. All such ¢ con-
tinuous’ sounds are unfit for musiec.

Ptolemy’s second class, ¢ discrete’ sounds—yrodoe (dvioo-
Tovor) Siwpiouévor—he defines as sounds “in which the
regions of the changes (in pitch) are manifest.” The spaces
or pitch-distances traversed are measurable, or such sounds
arise when their parts remain ‘equitonic’ for a perceptible
interval of time. As a parallel he gives the juxtaposition of
pure and unmixed colors. Sounds like these are suitable for
music, because they are bounded by ioéTovor Yrédpos and may
be measured by their excesses ({mepoyat), that is, by their
ratios.

Continuous sounds are, then, sounds in which the variation
in pitch takes place in such a way that it advances by insen-
sible gradations and that it has no defined limits. Discrete
sounds are those in which the pitch moves over well-defined
distances. The two classes are characterized precisely by the
two kinds of xivyaus explained by Aristoxenus—the continu-

18ee K. v. Jan, Mus. Ser. Gr., p. 116, on the authorship of the commen-
tarius in Plolemaei harmonica.

? Porphyry, ecomm., p. 260 Wallis: (yrel xdvra 7dv olveyyvs Téwoy Tijs
&xdolelons Tdoews: xal Bapurépas utv Tis islas wpogopas alonav AaBdv, xapo-
tlver kat’ SAbyov, alobnTdv Sidornua undty wowdv- dtvrépas 3¢, Baplver wdAw
wpds dAlyor: Tadra Bt woidy cuvexd utv Thy Tdow Tiis pwviis wouel, éxd ulay 3¢
Kal dpofay xal Tomy Tdow obiér:, o8t icordvws.

3
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ous and the discrete or intervallate. And just as these two
motions are appropriate to speech and song respectively, so
Yoo ouveyeis, having no unity (Ptol., Harm., I iv., p. 8
Wallis: undaus unbév imoBdANovres & kal Tadrd), are un-
suitable for music, while Yrodpos Stwpiauévos are suitable, and
are now, after the definitions have been completed, called by
Ptolemy ¢@oyyou (ibid., p. 9: xal 8) pOoyryous 710n Karoiuer
dv Tods TotovTovs, 81e pBoyyos éoTl Yrodos &va kal Tov adrov
éméxwv Tovov).

But if discrete sounds are ¢pBoyyor and keep the same pitch,
why are they classed by Ptolemy with yré¢ot dviadTovos rather
than with lgorovoc? It is evident that discrete sounds may
be analyzed into a series of lgéTovor. They are dviodrovor
only with reference to one another; each regarded by itself is
igotovos. It would seem that Ptolemy had in mind large masses
or groups of sounds. Asan example of Yrépoc iodTovor he might
have given the tones of such instruments as can produce only
one note, like certain whistles and horns or the cymbals. The
difficulty arises from attempting to regard as a unit too great
a body of sound, too long a period of time. It is best to
analyze such sounds as the tones of a flute into a series of
separate sounds. This Ptolemy does not seem to have done.
Wishing to include in his classification his Yré¢poc dviaorovor
ovveyets, and being unable to choose a simple unit from the
mass of wavering sound, he seems to have been led to include
among the dvigérovor sounds which differed from the above
as singing differs from speaking. In this way the old Aris-
toxenean treatment of kivnois ¢pwrijs crops out.!

If now we compare Ptolemy’s classification of sounds with
Aristides’ classification of the kinds of «imois pwrijs (see the
tables on pp. 23' and 24%), it will be observed that the same

1The two uses (see p. 24%) of the words lodérovos and &wicérovos are thus
in danger of losing their distinction of meaning, if it is permitted to regard
a number of sounds as one. In the term suggested by Porphyry, éuotopephs
(and &vopotonepss, if used), the uépn are better regarded as separate sounds.
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scheme seems to have been followed (except for the presence
in the latter of xivnois péon). Kivnois dmhij thus appears
as merely a time-progression and not a progression in pitch.
The utterance is uniform, monotonous, whereas xivnais ody
am\7) brings in the element of variation in pitch.

In another respect the Ptolemaic classification of sounds is
not quite rigorously logical. Like the Aristoxenean, it has
no place for portamento sounds. These sounds, or rather the
glide which joins the bounding notes, must be classed under
Yoo avicdrovor, but can find a place among neither the
ouveyets nor the Suwpiauévou.

Other definitions of the musical ¢@6ryos must now be
quoted. Aristoxenus, we have seen (p. 20), defines ¢BGoyyor
as the elements of his xivnois SiacTyuatiky. Another defini-
tion is found at p. 15 Meib. : ¢wvijs mrdos éml piav Tdow,
0 ¢Boryryos.

The definition of Thrasyllus we owe to Theon of Smyrna.

Theo Smyrnaeus, de musica, c. 2, p. 47, sq. Hiller: ®pdav-
Nos Tolvuv mepl Ths év Spydve alolnrijs Néywv dpupovias,
$Ooyyov dnaiv elvar povis évappoviov Tdaw. évapubvios 8¢
Méyetas, émrav Stvnrac kal Tod oféos ofiTepos edpelivar xal
Tod Bapéos Bapirepos: [xal o adros odros Kal péoos éaTiv.]
os elye Twa TotatT™y poviy vorjocaiuey s Drepalpes wigay
okirnra, ovx &v eln évapudvios: o0d¢ yap Tov Tiis Umepueryé-
Bovs Bpovriis Yrodov évapudviov époduev, 8s e xal oAéfpios

1 T UmepBoly moANdKss ylvetas, ds Tis Epne

moAhovs 8¢ Bpovrijs Tpaiy dvaiuoy dhege.
kal piw el Tis obTws Bapds eln ¢Ooryyos, ds ui Exew avTod
Bapirepov, odk &v 00dé PpOoyryos eln 10 évapudviov odx Exwv.
Sid ToDT odv PBoyyos elvai Aéyetar o¥ wica pwvy ovde wdons
dwviis Tdaus, AAN 1) évapudvios, olov wéans, vedrys, vrdrys.
Quoted verbatim, except 8s e xal . . . . dAege, by Bry-
ennius.

The restriction imposed by the word évapuévios confines
the musical sound to the limits of the recognized scale.
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Ptolemy, as we have seen (p. 26), defines ¢foqryos in the
words (Harm., 1. iv., p. 9 Wallis): ¢8éyyos éori Yoos éva
xai Tov avTov éméywv Tovov.

Nicomachus, harmonices manuale, 4, p. 7 Meib. (p. 242
K.v.J.): xaBorov ydp Pauev Yrodov uév elvar mhijEww dépos
&0pvrrrov péxps dxoijs: POoyryov 8¢, pawijs éuuelods amhati
Tdow tdow 8¢ poviv Twa kai TalToTTa KaTd péyelos
$boyyov ddiagTdTov.

Ibid., 12, p. 24 Meib. (p. 261 K. v. J.): ¢06yyos éori
Py dropos olov povas xar dxony ds 8¢ ol vewrepot, émi-
TTwcw Pwvis éml plav Tdaw kal dmrhiy. s & &vou, dxos
amiamys xkata Tomwov adidaTaTos.

Porphyry, in his commentary on the above passage from
Ptolemy’s Harmonics, says that Ptolemy changed the usual
definition of ¢foryyos.

Porphyry, comm. ad Ptol., c. iv., p. 262 Wallis: Elra
amodidwaw Spov Tod Phoryyov, Poyyos ydp éaTe Yodos &va
xal Tov abrov éméxwv Tovov, Tovov uév AauBdvev dvrl Tis
Tdoews xabdmep 7100 kéxpnras, Tovs 8¢ Pepouévovs dpovs Tod
POoyyov peralaBov. Pépovrar yap adTob Gpor wapa uév
tois ITvBaryopeiows, PpOoyyos éori Yodos mapa ulav Tdow
éxdepouevos, mapa 8¢ Tois'Apiorofeviots PpOoryryos éoTi pwvijs
éupeots wTdaGLs émil piav Tdaw, 1) éuuenis Pavis TTOTLS
éml plav Tdow. Qwvijs pév éuuelods elpyrar émeimep od wepl
wdons Poviis 6 Noyos, GANL Twos, TouTéaTe Tis éuuelods.
éuperiy 8¢ ¢wviy Ty adryy T4 SiacTnuaricy Tibéuevos.
60ev Suvduer T0 Neyouevov pév éori davijs SiagTnuatixis.
Siacrnuaticy 8¢ Pwvi éoTw 1) mwpos péhos émitiidetos, fv
SiaoTé\NovTar mpos Ty Katd Tads owhias els THY pfiow
mwapakapBavouévny, iy avvexi) Te kal hoyuxny xaleiv elwlev
6 'ApioTofevos. TmTdGLs 8¢ Sid TO THY pév guvexi doavel
éordoav elvai, ™y pévror SacTnuaTicny Ty dplornTa pi)
colovoay kekhdobat, kal povovovyl amd Tod éaTdvas mweaod-
cav, éuueNi) yeyovévar. 8o xal To péhos amodidoact KAGow
dovis. . . . . 70 & éml plav Tdaw, émwel TO pév S\ov péhos
wr@ois éaTiw éml moAAds Tdoes, kal TogavTas Soas év éavTe
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mepiéyer katd TO obornua. o 8¢ POoryyos, & T pépos éna-
xiaTov dv Tob pélovs, éE avdyrns kal Ty ép’ éavTov yevouévny
wrdow piav éxer. . . . . 8wep odv wapad Tois’ApiaTobevioss
amedoln, To elvas Tov pBoyyov pwvis éuperods TTdTw KaTd
plav Tdaw érxpepouévny, TodTo pereiAnmTal els To elvas Tov
$06ryeyov Yropov &va Kxal Tov adrov émwéxovra Tovoy.

Aristides Quintilianus, de musica, p. 9,2 Meib.: maca uév
odv am\y} kivnaus pwvis, Tdois. 1) 8¢ Tis pehwdixis, POoyryos
iSiws KakeiTal.

Ibid., p. 9,17: Ppboyyos pév odw éori pwvijs éuuehois uépos
é\dyuoTov.

Cleonides (Pseudo-Euclid) also uses rdois in the sense of
a musical sound. After defining the kivnois pwvis cvveyris
and SiacTyuatiks) in the same terms as Aristoxenus, he says
(éntrod., 2, p. 2 Meib. (p. 180 K. v.J.)) that the rests (novat) in
the latter motion are called rdoess, and continues, kakoivra:
8¢ ai rdoeis kai pOoryryor.

Gaudentius, harmonica introductio, 2, p. 3 Meib. (p. 329 K.
v. J.): dOoyyos 8é éori povijs wTdas éml plav Tdow: Tdos
8¢ povy) kal ordois Tis povis. Srav odv 9 Pwvy kata piav
rdow éordvas 80Ey, ToTe pauév $Boyyov elvar Ty pwviy olov
els péhos Tdrrealac.

Some of the authors of treatises modify the definition of
Aristoxenus by adding éuuelsis, as Porphyry (see above,
p. 28) reports the Aristoxeneans to bave done.

Bacchius, introd. artis mus., 1. 4, pp. 1, 2 Meib. (p. 292 K.
v. J.): @Ooyyos 8¢ kabohov Ti éoti ; Dwvijs éuuelods wrdois
éml piav tdow. uia yap Tdois év Pwvy Andpletoa éupers
¢Ooyyov dmoreet.

Cleonides (Ps.-Euclid), infrod., 1. p. 1 Meib. (p. 179 K. v. J.):
PO6rryos pév odv éoTi pwviis wrdas éupeNys émi piav Taow.

Bryennius, harm., 1. iv., p. 377,90 Wallis: ®foyyos éori
bwviis TTRTIS éupenis émri plav Tdow, fror pwvy SiacTnua-
TLR].

The addition of the word éuuelss introduces an element
which does not really belong to the notion of the musical
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sound apart from its connection with other musical sounds.
The terms éuuels)s and éxuelsjs, used both of notes them-
selves and of the intervals formed by the notes, signify that
they are usable or unusable in the same piece of music. One
note i8 éxuehjs with regard to another note, if the interval
between them is not one which can occur in actual music,
although it might be used in speech. For example, a note
which should divide the interval of a semitone into two small
intervals would be éxuersjs in modern European music.
Ptolemy divides ¢fsyyor into the two classes of éupeeis and
ol éxuehets.

Ptolemy, Harm., 1. iv., p. 9 Wallis: elol 8¢ éupeneis pév
8aoi cuvamTipevor wpos aGAMIAovs edidpwvor (or ebdpopor) Tvyyd-
vovay wpos axorjy. éxuekeis 8¢ 6oor un odrws Eyovor. Com-
pare Porphyry, commentarius, p. 2656 Wallis, and p. 215.

Gaudentius, after speaking of the two kinds of ¢wvs, the
auvexrjs and the Suaornuarixs), says (harm. inirod., 1, p. 2
Meib. (p. 328 K.v.J.)): diws 8¢ viis Siacrnuariciis 70 pév
éupenés, To 8¢ éxpehés TO udv pyrois xpduevor Siaoripact
xal undév dmwolevmropevoy ¥ VmrepBdihov avTo éuuelés, To dé
évdeés #) UmepBdAov wikpp TAV dpiouéveov SiacTnudTov
écpenés. And further on (ibid., 3, p. 4 Meib. (p. 330,n K.
v.d.)): rév 8¢ ScacTnudrov Ta pév éoriw éupendj, Ta & Expeni.
Tov & duuerdv Td pév alppova, Ta 8¢ doiupova, KTé.

These terms are then more appropriately applied to the
intervals than to the notes, for it is evident that every con-
ceivable degree of pitoh can be used in melody if the key-note
be suitably pitched.!

The term éuuelsjs is also used in nearly the same sense as

Siacmyparicds as opposed to ouwexrjs (see above, p. 18).

VIt should be observed that sometimes only those ¢#éyye: ¢uuereis which
are not consonant are included under the term. This narrower use is found
in Ptolemy’s Harmonies, 1. vii., p. 15 Wallis, where éricérore: xal Simpiouévoc
@4éye: are either duépure: Or edupare: (two kinds of consonance are here
distinguished) or dmmereis.



31

See Porphyry, I c. (p. 28,26). In Bacchius ¢pOdyyor éupeheis
are opposed to ¢p06ryryor mrefol.

Bacchius, introd., 11 69, pp. 16, 17 Meib. (p. 307 K. v. J.):
DPOoyywv 8¢ woca Néyouev elvas wévn ;—Ado. TovTwy 8¢ ods
pev éuuekels kaloduev, ods 8¢ melols.

"Eppelets molol elow ;—Ols oi ddovres xpdvrar kal ol 8ia
TdY Opydvwv T évepyodvTes. ToUTOV qdp py VmdpyovTOS
adivaTov Tv TV Katd povaikny Seifa.

Ilefol 8¢ motol elgw ;—Ols of prjTopes xpdvrar xal ols
adTol wpos dAMIAovs Aakoduey. Kal of uiv éuuehels Opiouéva
&yovat Ta SuacTipata, of 8¢ melol ddpioTa.

Other definitions of the musical sound given by Bryennius
(see above) are : (p. 377,17) 4 pOoyyos éari Ppovijs évapudvios
rdas. (p. 377,m) 9 cadéorepov eimetv POoyyos éatl pids
xopdiis woid Tis amiynos.t

! We may tabulate these definitions of the ¢p84yyos as follows:

Aristoxenus, ¢wrijs xrdois  dx) play  rdow.
Gaudentius, » ” ”» ”» ”»
Bacchius, s éuperods ” ”» ”» ”»
Aristoxeneans) ,, » » s (K@) ,, s (éxgpepopérn).
(in Porph.), »  Cuperys ”» ”» 9 ”»
Cleonides, ” ”» ” ”» ”» ”»
Bryennius, ”» ”» ”» ”» ”» ”»
(Nicomachus), ,, éxinrwos ,, » s Kal GEAZy.
Nicomachus, s éppeAods &xAar)s rdois.
Thrasyllus, s  évappoviov »»
Bryennius, s  évapudvios »
Aristides Quint., ,, peA@ducis &A%} xlvnois.

» ” »  CupeAods uépos édxiorov.
Porphyry, Tob uéovs &rn »
Ptolemy, Yégos &a kal Tdv adtdv Tévov éméxwr.
gitl;,zi;rﬁ?s } » wxapd play  tdow éxpepbuevos.
Bryennius, dwry SwaoTnparicd.
Nicomachus, » &ropos.
(Nicomachus), #xos &xAarhs xard Téwov &SidaTaros.

Bryennius, dxfixnots xoud Tis puds xopdis.
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Two notes or musical sounds are said to form an interval
when they differ in pitch ; or, an interval is the difference or
distance in pitch between two notes.

The definitions of interval in the Greek musical treatises
will now be quoted.

Aristoxenus, Harm., 1. § 37, p. 156 Meib.: 8idornua & éorl
70 Yo 8o dOoyywv dpiouévoy i) Ty abTiy Tdow éydvTwv.
daiverar yap, s TOmY eimeiv, Siadopd Tis elvar Tdoewy TO
Sidarnpa ral Témos Sextiros pOoyywv dEvrépwy pév Tis Bapv-
Tépas Tdv opilovady 10 SidoTnua Tdoewy, Bapvrépwv 8¢ Tiis
ofvrépas.

Thrasyllus apud Theonem Smyrnaeum, de musica, c. 3, p.
48 Hiller: didarnua 8¢ ¢naw elvar ¢pOoyywv Thv mpos aGAN}-
Movs motav oxéaw, olov did Tecodpwy, i mévte, 81 Tacdv.

Plutarch, de animae procreatione, xvii., 1020 E: &rc yap
Sidornua év penpdia may To Tepiexdpevoy vmo Svoiv Gloyywy
dvopolwy T TdoeL.

Ptolemy does not seem to give a definition of interval unless
one is contained in the following words.

Ptolemy, Harm., 1. iii., p. 7 Wallis: &ocxev 1) xatd 76 0£D
xal Bapd Tév Yodwv Siadopd wogiTyTos eldos elval Te.

Aelian in Porphyry, commentarius in Ptolemaeum, p. 217
Wallis : ovudavés 8¢ 6Eds POoyyos amo Tob Bapurépov
Sidarnua ddéaTnrer: xal 1) Siadopd Tob éfvrépov mapa Tov
Bapvrepov pboyyov, kal Tob Bapvrépov wapd Tov oEUTepov
xakeitas Sedarnpa. (p. 218) kal olrws opilerar To didornua:
Svoiy PpOoryywv dvopolwy oEiTnTe Kal BapbryT. Siadépov.

Nicomachus, harmonices manuale, 4, pp. 7, 8 Meib. (p. 243
K.v.J.): 8idarnua 8¢ 08ov wordv dmrd BapiryTos eis dEvTnTa
1) avdmralw.

Ibid., 12, p. 24 Meib. (p. 261 K.v.J.): Sdornua & éori
Svoiy pOoyyov perafirys.

Bacchius Senior, introductio, p. 2 Meib. (p. 292 K.v.J.):
Audarnpa 8¢ Ti éoTi ;—Aapopa 8o PpOoyywy dvopoiwv SEV-
T kal BapiTyTe.
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Cleonides, introductio, 1, p. 1 Meib. (p. 179 K.v.J.): 8ud-
arnua 8¢ TO wepiexduevoy o Svo GOdyywy dvopoiwy dEVTYTL
kai BapirnTe.

Ibid., 2, p. 2 Meib. (p. 180 K.v.J.): Tas uév odv povas
Tdoeis kaloDuev, Tas 8¢ ueraBdoeis Tas dmwo Tdoewv émwl
Tdoes SiacTuata.

Gaudentius, harmon. introd., 3, p. 4 Meib. (p. 329 K.v.J.):
Sidarnua 8¢ éare 7o Yo Slo PObryywy Twepiexopevov. 1 Tolvuy
Siapopa Tod 6Evrépov mapd Tov Bapirepov $oyyov xal Tod
Bapvrépov mapa Tov 6EiTepov Néyour’ dv SidaTnpua.

Bryennius has collected a great pumber of definitions, which
he presents as alternatives.

Bryennius, harm., 1. sect. v., p. 381 Wallis: 76 Sidoryua
Toivur Suxds Néyerar: kowds kal idiws. kal rowds uéy wav
péyebos To Umo Twwv mepdTwy opulopevor. idlws 8¢ rard Ty
povakn 8mep odrws opileras, Sidarnud éore péyefos povis
Umrd Svoiv plorrywr mepuiyeypappévor: f) Sidarnud éaTe T6 Xeps-
exopevoy o 8o pOoryywy dvopolwy T4 Tdoes frow ESTYTL KAl
BapiryTe- 7 6805 motd dmd BaplryTos els 6EvTyTa §) dvdTaive
1) Stdarnud éate TO Vo o POdyywy dpiauévov ui THv adTiv
éxovrwy Tdow* firor Siaopd Tis Tdoewy kal Tdmos SexTinds
Ployyov, sEvrépwy uév Tis Bapurépas TV dpilovady T Sid-
otnpa Tdoewy, Bapurépwv 8¢ Tijs dEvrépas Siadopd 8¢ éoTe
Tdoewy T paAAov kal §TTov Terdobar 4 Sidornud éoTe Svoty
POoyywv 1) wpos dAAfAovs Toid axéais.

For the sake of bringing out more clearly the differences in
the definitions which have just been quoted, we may group them
in classes. The musical interval is defined in one of the
following manners :

(1) a certain relation between two musical sounds (Thrasyl-
lus, Bryennius).

(2) a difference of pitches (Aristoxenus, Bryennius); or the
difference between an acute and a grave sound or between two
sounds not of the same pitch (Ptolemy, Aelian, Bacchius, Gau-
dentius).

4
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(3) that which is bounded or encompassed by two sounds
not of the same pitch (Aristoxenus, Plutarch, Cleonides, Gau-
dentius, Bryennius) ; or a region or space (témos) receptive of
sounds intermediate in pitch to the bounding sounds (Aris-
toxenus, Bryennius); or a vocal magnitude defined or bounded
by two sounds (Bryennius).

(4) a passage (6865 or perdBaais) from acute to grave or
vice versd or from one pitch to another (Nicomachus, Cleonides,
Bryennius).

Dismissing definition (1) because it is too vague, we may
notice that the definitions in group (2) merely express the fact
that it is a pitch-difference on which the relationship depends,
but do not imply that there is such a thing as difference in the
size of intervals and that measurement is possible. The differ-
ence of pitches might be like a difference in color, or in odors
or tastes. In the definitions numbered (3) the idea of a space
or distance is clearly brought out, and in (4) the notion of
movement from one bound to the other is included. Both (3)
and (4) imply more or less clearly the infinite subdivisibility
of pitch. This is very plain in the definition that an interval
is a space receptive of intermediate pitches, for an intermedi-
ate pitch would form two new smaller intervals, which would
themselves also be divisible into yet smaller intervals. In(4), -
and to a certain extent also in (3), kivnais guveysjs seems to
lie at the bottom of the conception of an interval. Without
this idea of a gradual passage from one pitch to another, it is
hard to see how change of pitch could be regarded as a passage
at all. If the pitch changes suddenly, in the way indicated
by kivnois SiacTnuaTier, the sensation does not suggest a
transition or transference so much as a transformation. The
effect is similar to that produced by a sudden change in color.
Intermediate shades of color are not present to the mind.

The continuous nature of pitch would naturally be one of
the earliest points to be observed. But, although it would
readily be admitted that to all intents and purposes pitch
seemed to be a continuous quantity and not a discrete quan-
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tity, when the question of finding a means of measuring differ-
ence of pitch was presented, it would be natural to endeavor
to find a smallest possible interval which might serve as a
natural unit.

We have in Plato a reference to such attempts.

Plato, Republic, vi1., p. 530 E: 4 odx ola@ 87¢ xal mepi
dppovias érepov TotodTov Torodal ; TAS ydp dxovouévas ad
cvudwvias xal $foyyovs dAMjlois dvauerpoivres dvipyvra
@amep ol doTpovéuor wovodar. vy Tods Oeods, Edm, xal ye-
Nolws e, mukvdpar drra dvoudlovres kal mapaBdiovres Ta
dta, olov ék yeirovwy dwviy Onpevduevor, oi péyv paciw &re
kaTaxovew év péop Twa fxNY Kal guckpdTaTov elvar TodTo
Sidotnua, & perpnréov, of 8¢ audioBnrodvTes ds Suoiov 718y
POeyyopévwv, audétepor dra Tod vod wpooTnaduevor. (Quoted
in Theo Smyrnaeus, p. 6 Hiller.)

But it is evident that in dealing with the sensation of pitch
there is the widest range for differences of opinion, and even
if a considerable number of competent persons could agree
that some given interval was the smallest difference of pitch
which they could distinguish from unison, there would still
exist the necessity for finding a method of recording the
width of this interval, and this record must necessarily rest
on physical considerations. Thus, in any exact method of
measurement, final appeal will always have to be made to the
intellect. The ear alone cannot be trusted to judge the width
of small dissonant intervals so accurately as to enable us to
measure larger intervals in terms of the smaller. When we
consider the difficulty of singing with accuracy the ordinary
chromatic scale, with intervals so large as semitones, the im-
possibility of obtaining certain results by means of the ear
alone will be apparent.

If, now, the attempt to find by ear a minute interval to
serve as a unit in measuring intervallar size is doomed to
failure, it naturally occurs to inquire if it is possible to select
for the unit one of the intervals found in actual use in musiec.
Although the number of such intervals (called by the Greeks
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éupersi)? is very small compared with the number of inter-
vals possible,? it does not seem unreasonable to hope that one
or other of them, or some aliquot part, may serve our purpose.

Suppose, now, that we represent pitch by a straight line,
and that equal distances on the line stand for equal intervals,
wherever taken. If then we arbitrarily choose a certain
length on the line to represent any given interval, such as the
Octave,® it will, of course, be possible to find distances which
will accurately represent all other intervals. The sum of two
such distances will then represent the sum of the two corre-
sponding intervals, obtained by making the acute note of one
of them coincide with the grave note of the other. In like
manner the arithmetical difference of any two distances will
represent the difference of the corresponding intervals, obtained
by making the two acute notes or the two grave notes coincide.

18ee above, p. 30.

? Compare Sedley Taylor, Sight Singing, 3¢ 11, 12, where it is stated that
within the compass of an average voice, two or three hundred different
degrees of pitch are distinguishable, If the compass of such a voice is taken
to be an octave and a fifth (op. cit. § 74), only twenty of these different pitches
are found on our keyed instruments, where temperament prevails. This
number is considerably increased in practice, when temperament is ignored,
a8 in singing and violin music, but even then the number of notes to the
octave is comparatively small. It must be remembered that in those com-
putations in which it is found that a perfect keyed instrument would have
to have twenty-five or more keys within each octave, many of these notes
are incompatible (so to speak) with one another (éxuereis). Belonging to
remotely related keys, they do not occur in one and the same piece of music,
and are often so close as to be almost indistinguishable in pitch. It is
equally true of Greek music, that, although a large number of notes within
each octave was recognized, they were not all of them usable in the same
piece of music. Aristoxenus (Hamm., p. 28 Meib.) is our authority for the
statement that the voice cannot advance by quarter-tones beyond the second
step. The number of notes used at one time was never many more than
eight within the octave.

8 Following the example of Mr. A. J. Ellis in his translation of Helm-
holtz’s Sensations of Tone, 2nd. Eng. ed., 1885, the names of intervals will
hereafter be written with capital initial letters, as Fifth, Major-third,
Semitone.
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The question before us is then equivalent to the following :
Are these linear distances commensurable or incommensu-
rable?! The answer must here be given without proof,
although its truth is susceptible of mathematical demonstra-
tion. It is that not one of the more usual intervals found in
actual music is commensurable with any other, nor is it possible
to find an interval of any size that will not be incommensu-
rable with almost every interval which, from its occurrence in
music, we might desire to measure.

Intervals like the Octave, Fifth, Major-tone, etc., which the
ear recognizes as having a special claim to a name and place
in every musical system, are all incommensurable with one
another. No two distances (on the line of pitch) corresponding
to intervals of actual occurrence in natural music can be ex-
pressed in terms of a common unit? Nor can any distance
be discovered, however small or large, which will serve our
purpose with any greater success.

The cause for this state of affairs is found in the well-known
fact that all intervals are expressible in terms of ratios, which
are derived from physical phenomena. As has been noticed
before (p. 14), pitch depends on the number of vibrations of
the air generated in any period of time by the cause of the
sound. The ratio between the vibration-numbers of two
notes expresses the size of the interval. Since, now, to com-

.pound two ratios it is necessary to multiply them together,

1Two quantities are commensurable when there is a third quantity which
is contained an exact number of times in each.

2One or two evident exceptions need cause no tromble in accepting the
essential truth of this doctrine. The Double Octave and the Double Fifth
(== Octave + Major-tone), for example, are obviously twice the size of the
single Octave and Fifth, respectively. Again, after selecting a unit (for
example, the Tone) nothing can prevent us from constructing intervals of
twice or any number of times the size, as the Pythagorean Major-third
(see below, p. 38); but the resulting intervals in this latter case are not
truly musical intervals, but are generally approximations to natural inter-
vals. Of this more will be said on p. 47.
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and not, of course, to add them, it follows that the sum of
two intervals cannot be obtained by direct addition of their
ratios, nor are ratios so related that a common constituent can
be found which could serve as a measure of their relative size.
“If we wish to have a measure of intervals in the proper
sense, we must take, not the characteristic ratio itself, but the
logarithm of that ratio. Then, and then only, will the measure
of a compound interval be the sum of the measures of the
components,” ! and when this has been done all the logarithms,
with a few exceptions, will be found to be incommensurable.
But of course, the size of any interval can be calculated to
any required degree of accuracy.

This great fact of the incommensurability of musical inter-
vals was known to the Greeks. It was recognized to be true
both practically and theoretically. The eleventh chapter of
the first book of Ptolemy’s Harmonics contains first a mathe-
matical demonstration that six Tones exceed an Octave, and
the amount of this excess, it is then stated, is perceptible even
to the ear. Earlier writers than Ptolemy prove mathematically
that six Tones exceed an Octave by an interval (called the
Pythagorean Comma) whose ratio is 524,288 : 531,441. Since
this excess is slightly larger than the Comma of Didymus
(80 : 81) which is the difference between the Major and the
Minor Whole-tone (or between the true or just Major-third
and the Pythagorean Major-third), Ptolemy’s statement is not -
in the least incredible. All the difficulties sought to be obvi-
ated by the device of equal temperament arise from small
intervals, which are rarely larger than the Comma (80 : 81)
by even a quarter of its size. If such intervals are felt by
moderns, we cannot deny to the ancients ability to perceive
small intervals of the same size. The existence of Quarter-
tones at one period, at least, in the development of Greek
music, points to a high degree of cultivation among the
ancients of the feeling for pitch-differences.

1Lord Rayleigh, The Theory of Sound (1894), Vol. 1, p. 7.
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Again, the Pythagorean School of musical theorists, more
mathematically inclined than their opponents, the Aristoxe-
neans, consistently denied that the Fifth and Fourth were
equal to 3% and 2} Tones respectively. But as in modern
theory these incontrovertible facts are often consciously or un-
consciously ignored, so in the ancient musical world we find
the Aristoxenean School using the Semitone, defined as half
of the Whole-tone (which in turn is defined as the difference
between the Fifth and the Fourth) as a unit for the measure-
ment of all other intervals. It is inconvenient, to say the
least, to have no unit supplied by nature, and for the purposes
of a practical notation some sort of an approximate unit would
seem to be almost a necessity for a music developed to the
point of demanding different keys and modes. In teaching,
moreover, it is very desirable to be able to regard that scale
(with us the chromatic) in which progression is made by the
smallest steps recognized, as composed of equal-sized intervals.

For rougher measurements, then, we are fully justified in
assuming as a unit whatever interval we find most convenient
for the purpose. The size of such an interval will, of course,
depend on the nature of the music concerned. Thus in Hindu
Music the Octave is regarded as consisting of 22 small intervals
(grutis), such that nine of them make a Fourth and thirteen
a Fifth, and consequently four make the Major Whole-tone.
In Arabian Music 17 approximately equal intervals compose
the Octave. But ancient Greek Music, like modern European
Music, recognizes an Octave of 12 nominally equal small
intervals (fjutTdvia, Semitones) of which five make up the
Fourth and seven the Fifth and two the Tone, which is their
difference. They are, however, unlike in this, that, while in
modern Music no interval differing very widely from the
twelfth part of an Octave or some multiple thereof is used, in
ancient Greek Music, on the contrary, the existence at various
periods of Quarter- and Third-tones (equal to one-half and
two-thirds of the Semitone respectively) is well attested. For
this reason the Tone is perhaps a better unit for rough meas-
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urement than the Semitone. Whether or not the subtle
refinements known as Chroai, which were varieties of the
quarter-tone system (genus enharmonicum) and of the third-
tone system (genus chromaticum), corresponded to phenomena
actually observed, the fact remains that Greek theoretical
writers used thirtieths and even sixtieths of the Fourth in
their explanations of these various genera. These intervals
would then be twelfths and twenty-fourths of a compromise
Tone obtained by taking exactly two-fifths of a Fourth. It
is easy to see that a mean Tone of this size is not equal to an
equal-temperament Tone, because a Fourth falls short of five
equal-temperament Semitones, and consequently two-fifths of
a Fourth fall short of an ‘equal’ Tone. Moreover, this mean
Tone, depending as it does on the Fourth, like the Fourth, is
not an aliquot part of the Octave. In like manner neither
the thirtieth nor the sixtieth part of a Fourth is an aliquot
part of the Octave. In their more accurate measurements of
intervals the Greeks used the Fourth as a standard of length,
where moderns use the Octave. In this respect and in some
others the Fourth played the part now taken by the Octave.
For rougher calculations, as we have seen, the Tone and the
Semitone—sixth and twelfth of the Octave respectively—were
used. But the most perfect of all the methods is that in which
the size of intervals is determined by the ratio® between the
numbers found to belong to the notes.

1Ratio is defined by Euclid in the following words ( Euaclid, Elements, v.
def. 8): “Ratio is a mutual relation of two magnitudes of the same kind to
one another in respect of quantity,” or rather of “quantuplicity.” It is
immaterial which of the two magnitudes first receives the attention of the
mind. It is also a matter of indifference which term of a ratio is regarded
as compared with the other, whether the larger is compared with the
smaller or the smaller with the larger, provided one or the other method is
consistently adhered to during one and the same operation. It is usual to
consider the term first mentioned to be compared with the term last men-
tioned, as 2 to 3, &. ¢, 2 compared with & But if we wish to compare two
ratics, as 2:8 and 5:7, to see which is the larger or wider, we may either
take the antecedents, 2 and 5, as standards, and so proceed to change the
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Pythagoras’® is accredited with making the discovery of the
numerical relations existing between musical sounds, and the
Pythagorean School ? always made ratio the basis of their in-
vestigations. They demonstrated® by the use of ratios that
certain intervals are not divisible into exactly equal parts.
This would seem to show that they appreciated the difficulties
connected with the ¢linear’ measurement of intervals (so to
call it), and knew that the majority of musical intervals are
incommensurable with one another in respect of their size.
But in the ratios they found a method of measuring intervals
in which the difficulties caused by this characteristic feature
in the constitution of musical intervals do not obtrude them-
selves,

Given any two notes, their interval may be calculated by
finding the vibration-numbers and deducing the ratio. But
the ancients are not known to have had any satisfactory means

terms of the ratios until the antecedents are the same, and then compare the
consequents (thus, 2:3=10:15 and 5:7=10:14, therefore 2:3 is wider,
because 16 is larger than 14), or we may regard the consequents, 3 and 7,
as standards of comparison and compare 14:21 with 15:21. The latter
method is more usual, because ratios may be regarded as fractions. The
consequents then become denominators, and the fractions are compared by
reducing to a common denominator and comparing the numerators (§=1%;
$=14%). But it would be just as legitimate to reduce the numerators to a
common numerator, 10, and then to compare the denominators, 15 and 14
@=4;3=4)

1'We have the following statement of Xenocrates, as quoted by Heraclides
Ponticus. The passage is found in an excerpt from Heraclides’ Eivaywyh
Movouc) given by Porphyry.

Porphyry, comm. in Plol., 1. iii. init., p. 213 Wallis: Ivlaydpas, &s ¢no:
Hevoxpdrys, edpioxe kal T& év povoikf) SaoThuara od xwpls &pibuod Ty yéveaw
Exovra: E&ori ydp alyrpiois woooi wpds woody.

Cf. Macrobius, comm. in somn. Scipionis, 1. i. 8 8q., and Jan’s note; Dio-
genes Laertius, viii. 11; Bryennius, L i., p. 361 Wallis; Gevaert, Histoire
et Théorie de la Musique de P Antiquité, 1. p. 74; Westphal, Rhythmik u. Har-
monik, p. 62; Musik, p. 176 ; K. v. Jan, Mus. Ser. Gr., p. 53.

28ee K. v. Jan, Mus. Ser. Gr., pp. 120~146, on the doctrines of the Pytha-
goreans,

8 E. g. Euclid, sectio canonis, § 16, p. 835 Meib. (p. 161 K.v.J.).



42

either for counting the number of vibrations or for accurately
measuring small intervals of time like the second. Conse-
quently ancient determinations of the ratios of intervals were
generally based on other considerations. The most convenient
method consisted of a comparison of the lengths of the strings
which produce the required notes, when the strings are made of
a uniform thickness and are subjected to the same tension.
As it happens, the lengths of strings are inversely propor-
tional to their vibration-numbers, so that results obtained by
one method may readily be compared with those obtained by
the other. This is most easily done when two notes only are
involved, but the comparison is made without difficulty even
when there is a series of notes. Other methods employed were
the comparison of the lengths of the pipes of wind instruments
of equal bore; the comparison of the distances at which finger-
holes must be bored to produce given notes; and the compari-
son of the weights necessary to stretch strings of equal length
as well as size, so as to produce notes which will form the
required interval.! Only very rough results could have been
obtained from the methods last mentioned. In the case of
instruments like the flute (ad\ds) it is very difficult to deter-
mine accurately the léngth of the vibrating column of air, and
it is necessary that the bore of the instrument be of uniform
size throughout and that the size of the finger-holes be the
same. A hole of smaller diameter may be substituted for one
of larger diameter further removed from the mouth-piece.
Ancient flute-makers undoubtedly availed themselves of this
principle in tuning their instruments.? For ascertaining in-
terval ratios by measuring the distances at which the holes are
placed it would be necessary to have holes of one size only.

In using strings of equal length and thickness, stretched by
hanging weights of different sizes, great care would have to be

1Cf. Theon. Smyrn., de musica, c. 12, p. 57 Hiller.
38ee A. A. Howard in Harvard Studies, 1v., The AtAds, p. 2.
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exercised. For in order that two strings of equal length and
size shall produce sounds which form some given interval, it
is necessary to use weights which are to each other inversely
as the squares of the lengths of strings of equal size at the
same tension producing the same interval; in other words,
the lengths vary inversely as the square-roots of the weights.
The weights would not, therefore, give directly the ratios
desired. It is doubtful if the ancients could have obtained the
musical ratios from weights attached to strings. Allowance
would also have to be made for the fact that the weight of
the string per linear unit is diminished by the tension.
Ptolemy appreciated the difficulties attending these methods
and discusses them in his Harmonics, 1. viii., p. 17 Wallis.
The instrument on which the greatest reliance was placed
for determining the ratios was the xavov povéyopdos or dppo-
viros. Ptolemy describes it in the chapter cited above. It
consisted of a vibrating string stretched between two fixed
bridges, and passing over a third bridge, which could move
freely between the fixed bridges, and thus could be used to
divide the whole length of the string into two parts at any
desired point. The distance between the movable bridge and
the fixed bridges was measured on a scale which ran beneath
the string. By means of this instrument the ratios associated
with the various musical intervals could easily be calculated.
Conversely, if the movable bridge were placed at such a point
that the distance from one fixed bridge bore a certain ratio to
the length of the whole string, the interval corresponding to
the ratio could be produced. If the whole length of the string
were tuned to be in unison with the lowest note of the scale of
two Octaves, called the Perfect System, the proper distances
could be marked off for all the other notes. This operation
was called % Tod xavévos kararousj. We have a description
of the method in which the string was divided to produce this
scale in Theo Smyrnaeus, de musica, c. 12 (pp. 57, 58 Hiller),
and cc. 35, 36 (pp. 87-93 Hiller), where Thrasyllus is quoted
in extenso; and in Euclid, sectio canonis, §§ 19, 20 (p. 163, sq.
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K.v.J.)! The important feature of the monochord is that
the tension of the parts of the string is necessarily the same
as that of the whole string. The element of tension is thus
eliminated.

The intervals to which attention would naturally first be
directed in investigations into the ratios are the consonant
intervals. The terms consonant and dissonant refer, of course,
to the character of the intervals in regard to the smoothness
or roughness of the combination of sounds. By far the greater
number of possible intervals are dissonant. A small number
of certain definite sizes or widths are consonant. In the matter
of size they seem to bear no particular relation with one another
and with dissonant intervals. As we have seen,’ they are in-
commensurable quantities. As to their consonance, they vary
markedly among themselves, and the smoothness of the same
consonant interval will vary according to the absolute position
of the combination in the scale of acuteness and graveness and
according to the timbre of the notes. But at the same time
each consonant interval can always be recognized with ease and
certainty, and, moreover, is fixed in point of size within narrow
limits by reason of the physical causes of the consonance. Such
intervals are especially adapted to investigations into the rela-
tions which exist between the vibration-numbers, and between
the lengths of the vibrating strings and of the columns of air
producing the notes.

In regard to the number of consonances and the question of
classifying intervals as consonant or dissonant, it is unnecessary
here to name the intervals regarded by the Greeks as conso-
nant, except to state that the number of consonant intervals
varied from time to time, but was always considerably less
than the number recognized in modern theory. Many of the

USee Boeckh, D¢ Metris Pindars, lib. 1. c. vii. (Pindari Opera, tom. 1,
PP 209, 210) ; Kileine Schriften, In1., Ueber dic Buldung der Welisoole im Ttmaeos
des Platon, p. 66 (p. 150).

2See p. 37.
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intervals now called imperfect consonances, although used in
ancient music not only in melody (note after note), but also in
accompaniment or harmony (note against note), were neverthe-
less classed as dissonant.

But there are three intervals which are consonant to so
marked a degree that they are classed as consonant in every
musical system. They are the Octave, the Fifth, and the
Fourth. Inasmuch as all the other intervals which the Greek
treatises recognize as consonant may be derived from these
three primary consonances, and consist of two or more of
them added together,! it will be sufficient if we show that the
ratios belonging to these three intervals were discovered by
the ancients, and that this important method of measuring
intervals was successfully employed by them. We shall then
have an absolutely trustworthy means of identifying ancient
intervals with their modern representatives.

Pythagoras, honored by the Greeks as the discoverer of the
musical ratios, determined the ratio for the Octave (8i2 wacdv)
to be 1: 2, the ratio for the Fifth (8:a mévre or 8.’ dEerdv) to be
2:3, and the ratio for the Fourth (8:a Tecadpwv) to be 3:4 ; that
is to say, a string whose length is double that of another sounds
a note an Octave lower, and similarly with the other intervals.
These ratios were undoubtedly obtained by direct observation.
‘We may suppose the philosopher to have used either a single
string, furnished with a finger-board, or two strings tuned in
unison, or a string furnished with a movable bridge as de-
scribed above (p. 43), the monochord. The lyre is not adapted
to such experiments, but the Egyptians had instruments with
very long strings stretched over a finger-board, and Pytha-
goras may easily have been acquainted with these. The ratios

11t is true that the Octave is equal to the sum of the Fifth and Fourth,
and all the Greek consonances may thus be said to be composed of Fifths
and Fourths; but it is better for a number of reasons to regard the Fifth
and the Fourth as parts of the Octave, the result of the first division thereof,
than to regard the latter as the result of compounding the former.
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of other intervals, consonant and dissonant, may have been
obtained either directly from the string or indirectly by com-
bining the ratios already found. Thus the consonant intervals,
the Twelfth (Octave 4 Fifth) and the Double-octave, were
probably found to depend on the ratios 1:3 and 1: 4, respect-
ively. The Tone, which is the difference in width between
the Fifth and the Fourth, was certainly regarded as dependent
on the ratio 8: 9, but it is probable that this ratio was often
deduced from the ratios already obtained, and was not directly
observed from the lengths of string.

This fact, that the Tone is the difference of the two impor-
tant consonances, the Fifth and the Fourth, has given this
dissonant interval a prominent place in-musical theory. In
consequence of being defined in this manner (as the difference
of two consonant intervals), the Tone may be tuned with the
same degree of precision that is obtainable in the case of the
consonant intervals. Dissonant intervals in general cannot
be tuned with any great accuracy. The Tone is thus closely
related to the consonances. Another fact has aided in giving
the Tone an importance not rightfully belonging to it. It is
that it differs from the sixth part of the Octave by only a
minute interval. The ratio 8:9 taken six times (= 262,144 :
531,441) differs from the ratio 1:2 (= 262,144 : 524,288) by
a very small ratio. The corresponding small interval, called
the Pythagorean Comma, is only a little larger than the ordi-
nary Comma (80: 81), an interval which is neglected in the
tuning of modern keyed instruments. For these two reasons
the Tone seemed to be well adapted for use as a unit of
measurement, and to have an especial quality. We are not,
therefore, surprised to find that the Tone is of frequent occur-
rence in scales, as it is the only difference between intervals
which were recognized as consonant, which was not itself also
consonant. Its appearance in theoretical scales is natural ; the
facility with which it may be tuned would undoubtedly cause
it also to appear in scales as actually tuned—for example, on
the lyre. But, if it is permitted to draw conclusions by analogy
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from facts presented to us in the history of modern theory, it
is not extravagant to suppose that intervals of nearly the same
gize as the Tone were often mistaken for the Tone, and that
the Tone personated these intervals, so to speak. If there
were intervals in ancient Greek scales whose size differed from
that of the Tone in question by only a small amount (and the
existence of such intervals is not only possible, but is distinctly
asserted by many of the ancients), it would be a most natural
error to suppose such intervals to be actual Tones and to call
them Tones and to tune them as such on instruments. Yet
they would not for all that be the same interval as the Tone,
nor would they cease to be intoned according to the dictates of
artistic feeling whenever the instrument permitted this to be
done, as in vocal music. In modern music there are two
intervals, approaching the Tone (more accurately called the
Major-tone) in point of size, which are used quite as freely as
it is. They are the Supersecond or Septimal-second (ratio 7:8)
and the Minor-tone (ratio 9:10), one wider, the other narrower,
than the Major-tone (ratio 8:9). These intervals can be
accurately intoned in vocal and violin music, but on keyed
instruments (with the usual number of keys) they are all
three represented by the same tempered interval. The small
inaccuracies are overlooked, and the intervals are all called
Tones alike. A similar state of affairs may have existed in
ancient music. Scales in which Major-tones predominate are
open to suspicion on that account. In the next paragraph we
shall see that the scale constructed in the T¥maeus of Plato is
artificial in this respect.

The earliest passage in which the consonant ratios are
mentioned is perhaps Plato, Tmaeus, 35 B, sq.! It is to be
observed, however, that there is nowhere any reference to
music in the text. The scale here constructed is essentially a
theoretical one. The procedure is as follows. First, the

18ee the notes on this passage in Archer-Hind, The Timaeus of Plato,
p. 107, sq.
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double geometrical quaternion or tetractys of the Pytha-
goreans is formed by joining to unity the first three powers
of 2 and of 3, thus: 1,2, 3,4, 9, 8, 27. This tetractys may
be arranged so as to exhibit the two branches consisting of
powers of 2 and 3, respectively, by making a Lambda,' as
follows:

The left branch contains the duple intervals (8:mAdoia Sia-
orijpara) and the right one the triple intervals (rpimhdaia
Siacripara). Then between the terms of every interval the
harmonical? and the arithmetical means are inserted. In this
way two series are obtained: 1, 4, 4, 2, §, 3, 4, 1%, 6, 8;
and 1,423 46, 9,42, 18, 27.
The succession of intervals in the first series, or left branch,
is4, %, %4; 4 % 4; & % %; the succession in the second series,
or right branch, is §, 4, §; §, 4, §; §, %, §; that is to say, in
the first series, the second term is ¢ of the first, the third ¢ of
the second, etc. The explanation of these series is held by
commentators to be that they refer to musical scales. The
ratios ¢ and ¢ will then correspond to the consonances of the
Fifth and the Fourth, their product (¢ X4 = %) to the sum of
these intervals, the Octave, and their quotient (§ =4 =1$) to
the difference, the Tone. The last step in the formation of
the scales is that by which every interval of 4:3 was filled
with intervals of 9:8 (as many as are contained therein), and
MetppaTa, whose terms are as 256 to 243, the intervals of
3:2 being first resolved (by implication) into intervals of 4:3
and 9:8. Scales are therefore formed in which each note

1 Attributed to Crantor (Plutarch, de anim. proer., c. 29, 1027 D).

$The harmonical mean is such that the difference between it and the
lesser extreme is the same part of the latter as the difference between the
greater extreme and the harmonical mean is of that extreme.
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differs from its neighbors by an interval of either 9:8 or
256 : 243, that is, every step is either a Tone or a Leimma.
The scale formed on the binary branch of the tetractys has a
compass of three Octaves, each Octave containing 5 Tones and
2 Leimmata. The scale formed on the ternary branch® has a
compass of three Twelfths, each Twelfth or Dodecachord being
of the form: nete diezeugmenon—mese—hypate meson—pros-
lambanomenus,? in which the intervals are Fifth, Fourth,
Fifth, and form together an Octave like the Octave of the
binary scale, plus the interval of a Fifth towards the bass,
hypate meson—proslambanomenus. Each of the three Do-
decachords, then, contains 8 Tones and 3 Leimmata, when
the scale is completed.

The fact that the compass of each of these scales is much
larger than that of any scale described in the musical treatises
goes far towards showing that they are not to be regarded
as actual musical scales.® In the ternary scale there is the
further objection that each of the three Dodecachords is in a
different key. In other words, the ternary scale passes into
two new keys.

The question, then, naturally occurs, Are these scales musi-
cal scales at all in the modern sense of the word musical? Do
they not rather belong to the music of numbers (7 év &pifuois
povoex)? The ancient commentators on the passage them-
selves support this view. It is admitted by Adrastus, quoted
by Theo Smyrnaeus, de musica, c. 13 (p. 64, sq. Hiller), that
the compass of scales actually used in music falls far short of
that of the longer scale described by Plato, of which the
length is four Octaves and a Major-sixth (= three Twelfths);
but it is pointed out that it was necessary to extend the scale
into cubic numbers, because they represent solids.* In any

1Cf. Archer-Hind, op. eit., p. 111, note.
2 The names are those of notes in the Perfect System.
3 Westphal, die Musik, p. 178, note.
4Cf. Archer-Hind, op. cit., pp. 109, 110, note.
5
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case, even if the scales are purely numerical scales, they seem
to have been suggested by musical scales in actual use, and
may be illustrated and explained by supposing them to be
musical. We may safely see in the intervals between the
terms of the series references to the ratios associated with
musical intervals.

We have in Euclid’s sectio canonis® the earliest statement
in which the ratios ? are explicitly given for the musical con-
sonances. The first nine theorems (ten in Meibomius, Antiquae
Musicae Auctores Septem) are purely mathematical, dealing
with the ratios. In 10 (11 Meib.) the author proves that
the interval 8id maodv is multiple; in 11 (12) that the 8id
Teocadpwy and Sid mévre are each superparticular ; in 12 (13-
15) that the ratio of the 8id magdv is 2:1, that the ratios of

1K. v. Jan, Musici Seriplores Graeci, p. 148, sq.

2 A few words ought at this point to be said in explanation of the tech-
nical terms used in the arithmetic of the Greeks for various sorts of ratios,
‘When the greater term of a ratio was compared with the lesser, and so
usually preceded it, the ratio was called wpéroyos; when the lesser was
compared with the greater, the ratio was called swéroyos. There was
also a distinction of three kinds of ratios according as the antecedent was
greater than, was equal to, or was less than, the consequent, as in Theo Smyr-
naeus, de musica, c. 22 (p. 74 Hiller) : 7é@» 8¢ Adywr of uév elor pelloves, of 3¢
é\drroves, of 8 Tso:. Equal ratios are those in which the terms are equal.
Of ratios where the first term is greater than the second, five kinds were
distinguished : Adyot woArawAdaio:, A. éwiudpios, A. éxiuepels, A. woAAawAaoie
exiudpiot, and A. woArawAagiemiuepeis. A multiple ratio is one whose first term
contains the second an exact number of times (op. eit., c. 23, p. 76,8 Hiller) ;
a superparticular ratio is one whose first term contains the second once and
also an aliquot part of the second (c. 24, p. 76, 21) ; a superpartient ratio is
one whose first term contains the second once and also more than one aliquot
part of the second (c. 25, p. 78, 6); multiplez-superparticular (c. 26, p. 78, %)
and multiplez-superpartient (c. 27, p. 79,15) ratios are like the last two kinds,
but the first terms contain the second terms more than once, plus a fraction.
Theon gives a sixth kind (op. cit., c. 28, p. 80,7), namely, Adyos &piOuod wpds
&p10udy (found also in Ptolemy, Harm., 1. v., p. 10 Wallis). I do not see why
this is not included under one of the other kinds. The example given is
the ratio of 256 to 243, which is superpartient. The Sxéroyo: have the same
names as the wpéAoyo: with the prefix wo. added, as dwodixrdaios.
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the 8id mévre and 8id Tegodpwr are 3:2 and 4:3 respectively,
that the ratio of the 8ia mévre xal dia macdv is 3:1, and
that the ratio of the 8is d:d magdv is 4:1. Theorems 13-16
(16-19) deal with the 8idornua Toviaiov or Tovos, ratio 9:8,
and show that the Octave is less than six Tones, and that the
Fourth is less than two Tones and a Half-tone, and the Fifth
than three Tones and a Half-tone. Theorem 16 shows that
the Tone cannot be divided into two equal parts.! Since the
proof is based on the fact that a superparticular ratio cannot
be so divided, the same argument would show that the Fifth
and the Fourth and other intervals with superparticular ratios
are likewise indivisible into equal parts.

The Aristotelian Problems, even if they are not the work of
Aristotle, are thought to be not much later in date than his
time. The Nineteenth Section, entitled “Ocga mepl dpuoviav,
contains a number of passages in which the interval ratios
are mentioned. See problems 23, 34, 35, 39 b, 41, and 50
(p. 90, sq. K.v.Jan). The existence of the consonant ratios is
affirmed (X1x. 39 b: of év 5 cupdwria GOiyyor Adyov Exovae
xumjgews mpos avrovs), and the ratios for the intervals of the
Octave, Fifth, and Fourth are correctly given (35 : SimAacia
7 ity Tis UmwdTys, ola 7 vijty Svo, % Vmwdrn &, xal ola 14
vwdry 8bo, 1) wiTy Téogapa, xal del olrws Tis 8¢ péans
nueonia. And 41: Acd 70 8is pév 80 éfevdv 7 dls dua TeTTd-
pwv oY auudwvei, dis Suad macdv 8é;— H 8ri 1o pév Sud mévre
éoTiv év futohip Noye, To 8¢ Sid TeTTdpwy év émitpiTe; . . . .
70 8¢ did wagdv émwedr) éoTw v Simhacip Aoy, KTé.).

Problems 23 and 50 describe experiments which show the
ratios. Aristotle, Problems, x1x. 23 (p. 90 K.v.J.): Awd 7(
Surhactia Tis viitns 7 Umwdry (1§ vty Ths Ywdrys codd.) ;—
*H mpdTov pév 87¢ éx Tod rHulaeos 1) xopdn yrarhouévn xal
8Ny cupdwvoior Sid macdv. opolws 8¢ &xel kal émwl TdV
auplyyov. 1) yap 8id Tod péoov Tijs alpiyyos Tprjparos vy
75 8 8\ys Tijs aUpiyyos avudwrel Sid macdyv. é&ri év Tois

1Cf. Archer-Hind, loc. cit., p. 111, note (8).
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adlols T Surhacly Siactipar. NapBdverar To did wacdv,
Kkal of adhotpimar ofirw NapBdvovaiw. xal oi Tds olpiyyas
dppoTTéuevor els puév Ty UmdTny dxpav TOV Knpov éumAAT-
Tovat, T 8¢ vijTny péxpt Tod Huiceos dvamrinpodaw. opoiws
8¢ kal ™y Sia mwévre TG fHuioNip kal THv did TerTdpwy TH
émutpite SiacTipaTe NapBdvovaw. & kal év Tols Tpiywvols
YrarTnploss Tiis lons émirdoews ywopévns cupdpwvoior Sid
macdv 1) pév Simhacia odoa 7 8¢ Huiceia TG pijkec.

Ibid., 50 (p. 111 K. v. J.): Awd 7i lowv mifwv kal opolwy
éav pév ¢ &repos xevos 7), o 8¢ &repos eis TO fuiav Sidpearos,
8id macdv cvpdwvel 7 fxd ;— H 8¢ Surhacia yiverar 1 éx
ToD fuloeos Tiis éx ToD Kevod ; Ti yap Siapéper TobTo 1) émri TdY
avplyywv ; Soxel yap 1) OdrTov xivnaws éfvrépa elvar, év 8¢
Tots peiloas Bpadirepov 6 anp dmwavrd, Kal év Tols Simhagiows
ToooUTy Kal év Tols dANois dvdhoyov. auudwvel 8¢ Sia macdy
kal o Surhaciwy daKos mpos TOV Loy,

Theo Smyrnaeus devotes a number of paragraphs in his
treatise de musica® to the ratios which are associated with the
intervals. He gives the ratios of six consonant intervals and
of the Tone and the Semitone or Diésis? (de mus., c. 12, p. 56,9
Hiller), discovered by Pythagoras, by comparing the length
and thickness of strings and their tension, as shown by the
turning of the pegs or by hanging weights, and by comparing
the bore of the cavities of wind-instruments and the force of
the breath, and the masses and weights of sounding discs and
vessels. It is then shown how the monochord (see above, p.
43) is employed to illustrate the consonant ratios (p. 57,n
Hiller). The string is divided into 4 equal parts, of which 3
give a sound a Fourth above that given by the whole string,
2 (the half-string) give the Octave above, and 1 part gives the

! The de musica is the second of the three sections into which Theon’s
expositio rerum mathematicarum ad legendum Platonem uttlium is divided. It
covers pp. 46,20—119, fin. in Hiller's edition (Teubner, 1878).

*The Pythagoreans called the Semitone both Aciuua and dfesis, but the
Aristoxeneans used the latter term for the Quarter-tone of the enharmonic
genus, Cf. Theonem, loc. cit., p. 56 Hiller.
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Double-octave, while 3 parts and 2 parts give the interval
of the Fifth, and 3 parts and a single part give that of the
Twelfth. All the consonances are embraced in the tetractys
which consists of the four numbers, 1, 2, 3, and 4, because
they give the necessary ratios (p. 58,1s Hiller).

Theon next describes a number of experiments performed
by some philosopher whose name does not appear in the
manuscripts owing to the existence of a lacuna.! Vessels of
the same size and shape are taken and the consonant intervals
are produced by striking the vessels when filled with water to
the proper heights.? Two strings are tuned in unison and one
of them is shortened by being pressed against the finger-board
at various points, with the result that the consonances are pro-
duced.® The same results are obtained from pan-pipes, and,
it is stated, from weights attached to strings,* but, as we have
noticed (p. 43), weights which produce a consonance will not
give the ratio usually found, but the duplicate ratio. The
stretching weights which produce any given interval must be
to one another as the squares of the vibration-numbers of the

1See K. v. Jan,, Mus. Scr. Gr., p. 131.

* Theo Smyrn., de mus., c. 12, p. 59,12 Hiller : fowr vdp Svrav xal Suolwy
xdvray Tov kyyelwy TO ptv kevdy ddoas, T 8¢ fuiov Fypot <wAnpdoas> éYdpe
éxatépy, xal abrg % 8i1d wacov &wedldoro cvudwria- Odrepov Bt wdAw TaY
&yyelwy xevdy dav els 0drepoy T@v Tecadpwy pepdv Td tv dvéxee, kal kpoloart:
abrd % 8i1d Tecadpwy Tvupwria dredldoro, ) 5t Si1d wévre, < ¥re> & uépos Tav
Tpidy guvexAfipov, ofians s kevdoews wpds THY érépav &v ptv TP Sid waody bs
B’ xpds &, &v B8 7§ 5id wéyre bs v’ mpds B', &v B 7§ Bk Tecodpwy bs B’
xpds v’.

3 Loc. cit. continued : ofs Suofws xal kard T&s Siarfyeis T@v xopdav Oewpeirat,
s xpoelpnTar, &AX’ odre éxl quds xopdis, bs éxl Tob kavévos, &AX’ éxl Bveiv: Sto
ydp woifigas Suordvous §re utv THv play adrav SwandBor uéony miéoas, Td Huov
(p. 60) xpds Thy érépav cvppwviay THy Bid xacdy éxolerr re 8t Td Tplrov pépos
&rohauBdvor, T& Aowwd puépn wpds Thy érépav Thy 8id wévre ocvnpwviay éwofer
Spolws 8¢ kal éxl Tiis 8i1d Tecodpwy: kal ydp éx) Tabrys pds Tdv xopSdy dxoraBhy
Td Téraprov pépos T& Aoixd uépn xpds THv érépay cuviixTev.

¢Ibid., p. 60,7 Hiller: of 8 é&xd tév Bapdv Tas cuppwrias érduBavoy, &xd
Bveiy xopBav éapradvres Bdpn kard Tods elpnuévovs Aéyous,
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notes.! Once again, it is possible to show the consonant ratios
from the position of the finger-holes on flutes (adAoi).? The
measurements are made from the mouth-piece downward.

In all of these experiments for determining the ratios, the
correspondence between the ratios and the sensations is com-
plete. In the words of the Peripatetic philosopher, Adrastus
(Theo Smyrn., de mus., c. 13, p. 61, Hiller): Todrois Tols
els THv dvedpeoiw TAV cvudwwdy dpydvois kKatd uév TOvS
Aéyous mpomrapacrevaceiaw 1) alalnois émipaptuper, Ty 8¢
aicOiael mpoonpbeian 6 Noyos épapudter. Not only do the
consonances give the ratios, but the ratios give the consonances.

‘We have just noticed that the quaternion of the first four
numbers, 1—2—3—4, is mentioned by Theon as containing
all the consonant ratios. He returns to it at chapter 37
(p. 93,1 Hiller), where it is called 7 /s dexddos TeTparxtys,
because the sum of the four terms is 10. They are, of course,
in arithmetical progression. Theon next considers the two-
branched quaternion of the T%maeus, in which the terms are
in geometrical progression, and remarks in the course of his
exposition that the ratios of the consonances are to be found
in these terms.

This double quaternion seems to have been used by the
Pythagoreans to illustrate various musical conceptions. We
now turn to Plutarch’s treatise de animae procreatione in
Timaeo Platonis, c. 30, 1027 F, followed by ec. 11, 1017 C,
where the matter is discussed at considerable length.?

!Plutarch falls into this error in an interesting passage in the de animae
procreatione. After giving the ratios of the consonant intervals, he says
(. 17,1021 A): ¥eor: 3t kal viv Bacaviocas TéAn0és, § Bdpn dvely dvica xopddv
&taprhoavras 9 Svelv icokolAwy adA@v Tdv Erepov pfiker SixAdaiov Tob érépov
wotfoavras: Ty udv ydp adAdv & uellwy Bapbrepov PpOéytetas bs tmdrn mwpds
vhryw, Tav 8¢ xopdav % 1§ dimAacly xararewouévn Bdpes Tis érépas dbrepoy
bs vty wpds dmdrny TovTo ¥ éo7l S1d wacdv.

2Theo Smyrn., de mus., ¢. 13, p. 60,18, sq. Hiller: e yoiv xré.

3The passage = Moralia, V1. p. 181, 8q., ed. Bernardakis (Teubner, 1895).
For this order see Paul Tannery, Revue des Etudes Grecques, VIL p. 209.
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After commenting on the wonderful properties of the
Pythagorean tetractys, the number 36,' the author claims for
the quaternion in question, called the Platonic tetractys, an
even higher degree of perfection. The plan on which the
quaternion is constructed is then set forth and the advantage
of the Lambda-like arrangement is seen to be that like
powers of 2 and 3 are conveniently placed for being added
and multiplied together. In chapter 12 they are added:
24+3=5;4+9=13; 8 +27=235; and the significance
of these numbers is stated in the following words (Plut., de
anim. procr., c. 12, 1017 F): rolrwv qdp Tdv dpibudv oi
ITv@aryopixol o pév € Tpodév, 8mep éatl PpOoryryov, éxdrovy,
oldpevor TGV Tod Tovov SiacTnudTwv mpdTov elvar GpleykTov
70 mépmror: Ta 8¢ Tpiokaidexa Aeippa, xabdmep IINdTwv,
T eis loa Tod Tévov Stavouny dmoyuyvdakovtes: T 8¢ mévTe
xal Tpiudxovra dppoviav, &Tv ovvéoTnrer éx Sveiv rBwv
mpdTwY a1’ dpTiov Kal mwepiTTod yeyovéTwy, éx Tedadpwy &
apibudv, Tov s’ kal Tob 0’ kal Tob 8’ kal B’, THY dpbunTirnY
Kkal Ty dppovikny dvaloyiav mepiexovTwY.

Nothing more is said at this place of 5, the Tpo¢pév, and 13,
the Aeiupa,® but the nature of the dpuovia, 35, is illustrated
by means of a diagram. A rectangle is constructed whose
sides are to one another in length as 5 to 7. The area will
then be 35. The author then divides the rectangle into four
compartments by drawing two lines, one perpendicular to the
shorter sides and dividing them each into two parts with
lengths 2 and 3, and the other perpendicular to the longer
gsides and dividing them into parts with lengths 3 and 4.

1The sum of the first four even numbers and the first four odd numbers
is 36: 14+84+547=16
24+44648=20
3 7T 1115 36
Every odd number with the following even number forms a syzygy. The
fourth syzygy, 7 and 8, is the first to form a square (6?= 36), whether
alone or, as in the present case, added to the sum of its predecessors.
2The 7pogpdy will be discussed at p. 62, sq., the Aeiupua at p. 57, sq.
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The areas of the four compartments will then be 6, 8, 9, and

12 (sum, 35): 3 4
2- 6 8
5
3 9 12
7

These numbers contain the arithmetical progression 6—9—
12 and the harmonical progression 6—8—12; in the former
we have the ratio of the Fifth (2:3) followed by that of the
Fourth (3:4), in the latter, the order is reversed, while the
ratio of the extremes is that of the Octave (1:2), and the
ratio of the two means is that of the Tone (8:9). Aca Toiro
kal dpuoviay Tov mepiéyovta Tods Noryous ToivTovs dpifuoy
écd\eaav (loc. cit., 1018 B). The musical notes correspond-
ing to these numbers are: dwdrn—péon—mapauéan—uviTy,
the intervals between them being Fourth, Tone, Fourth.!
Plutarch next multiplies like powers of 2 and 3 (chapter
13,1018 B,8q.). The products, 6, 36, and 216, are, of course,
the first, second, and third powers of 6. In commenting on
these numbers, the remark is made that 36 is the smallest
number which is at once a square and a triangle, for it is
the square of 6 and the triangle? of 8 (Tpiywvos dmo Tiis

1This Pythagorean ‘harmony’ of four notes is supposed to have been
discovered by the philosopher on his famous visit to the smithy, when he
noticed that the hammers used gave notes which formed the various con-
sonances. On returning home, it is said, he fastened weights proportional
to those of the hammers to four strings of equal length, and thus obtained
the four notes of the harmony. Cf. Iamblichus, Life of Pythagoras, XXVI.
(117) sq.; Plutarch, de musica, c. 22, 1138 C, sq.; c. 23, 1139 B, sq. The
four notes stand at the same intervals from one another as do the tonic,
subdominant, dominant, and tonic again, in modern music. The arith-
metical progression gives the dominant, and the harmonical progression
(s0 called for this reason) gives the subdominant.

*On triangular numbers, see Theo Smyrn., de rebus math. ete., p. 33 Hiller
(= de arithmetica, c. 19), and p. 37,7, sq. (c. 23). The number in question,
36, is the sum of 1, 2, 3, 4, 5, 6, 7, and 8.
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oydoddos); and that it is the product of two squares (4 X 9=
36) and the sum of three cubes (1 + 8 4 27=236). Moreover
it forms two parallelograms, one 3 by 12, the other 4 by 9.
If now (1018 D) we take 6 (the side of the square) and 8 (the
side of the triangle) and 9 and 12 (sides of the two parallelo-
grams), we have in these numbers the ratios of the consonances.

There are a number of passages in the following chapters
of the de animae procreatione in which the consonant ratios
are given, but they are not important enough to be quoted,
being for the most part but repetitions of former statements.
But a few words should be said in regard to the two dissonant
intervals, the Tone and the Leimma, which are closely con-
nected with the consonances. We have already remarked
(p. 46) that the Tone (<. e., the Major Whole-tone, ratio 8 : 9)
owes its prominence largely to the fact that it is the difference
in width of the Fifth and the Fourth; and the Leimma is
important in the formation of certain scales (for example, the
scales in the Timaeus), owing to the fact that it is the interval
which must be added to two and to three Tones to make the
Fourth and the Fifth respectively.

The Pythagoreans associated two numbers with these inter-
vals, 13 with the Leimma,' and 27 with the Tone. It is easily
seen that these numbers express approximately the relative size
of the intervals, for the Fourth is a little less than two Tones and
a half| so that the Leimma is a little less than an exact Semitone.
The method of obtaining these numbers will now be given.

In regard to the Leimma, the number is derived directly
from the ratio 243 : 256 (which we obtain by dividing the ratio

of the Fourth by that of the Ditone, or Pythagorean Third
= ;3. 8 _3 81 248
(=two Tones), as follows: rR il Ryl
nothing more nor less than the arithmetical difference between
the two terms.

It is, of course, illogical to identify an interval with the

absolute difference of two numbers which express its ratio.

), and is

18ee the quotation from Plutarch on p. 55.
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This arithmetical difference varies with the size of the terms
which compose the ratio, whereas the size of the ratio is inde-
pendent of the size of the terms used in forming it. For
example, the Fifth is expressed by any of the following ratios,
2:3,6:9,100:150, but the difference is now 1, now 3, now
50. But there is this to be said, that whereas the ratios of
most of the intervals occurring in music are reducible to ratios
whose arithmetical difference is 1, or occasionally 2, the ratio
of the Leimma cannot be reduced to any lower terms than
243:256, and the difference will therefore always be either
13 or a multiple of 13.

To show how 27 could be regarded as representing the size
of the Tone, we must turn again to the scales in the Timaeus
constructed on the double geometrical quaternion. When the
duple and triple intervals which characterize the two branches
are filled up with arithmetical and harmonical means, the
series obtained involve fractional numbers (see the series given
on p. 48), and when every epitrite ratio (3 : 4) is filled up with
epogdoa (8 :9), as far as possible, leaving Leimmata, the new
terms to be inserted necessitate the use of inconveniently large
numbers in expressing the improper fractions which result.
To avoid these fractions, we may follow the example of the
ancient commentators, and multiply all the terms of the series
by the same number, so as to obtain whole numbers alone in
which to express the ratios. The first four terms of the binary
branch, 1, 4, §, 2, become 6, 8, 9, 12, when multiplied by the
least common multiple of the denominators of the fractions.
If now we take the first interval in the series, the ratio 3:4,
and proceed to insert two intervals of 8:9, we must multiply
the terms of the ratio by 8. This gives 3 X 8%:4 X 8=
192 : 256, and we have the following series after inserting the
epogdoa : 192 (Tone) 216 (Tone) 243 (Leimma) 256 ; and if we
take the arithmetical differences, we obtain :
for the Leimma, 256-243 =13,
and for the two Tones, 243-216=27,
and 216-192=24.
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The number 27 is, then, derived from the numbers 216 and
243, used to express the ratio of the Tone which stands next
to the Leimma when whole numbers are used to illustrate the

- diatonic division of the tetrachord (Fourth) used in the scales
of the Timaeus.

The series given above is found in a number of the commen-
taries on the double quaternion (e. g., Theo Smyrnaeus, de mus.,
c. 14, p. 67,1, sq. Hiller; Plutarch, de anim. procr., c. 18,
1021 E, sq.; Nicomachus, excerpta, 2, p. 30 Meib. (p. 267
K. v.J.)),! and is sufficient when a single tetrachord is under
consideration. But when a whole Octave of the binary scale
is expressed in whole numbers and the second Leimma appears,
it is necessary to double the numbers which make up the series.
This gives: 384 (Tone) 432 (Tone) 486 (Leimma) 5122 for the
first tetrachord. Theon gives this series (loc. cit., p. 68,1, sq.
Hiller), and mentions the objection to it that it does not give
the ratio given by Plato for the Leimma, 243 : 256, with its
difference 13 ; but, as he truly remarks, the ratio of the Leimma
may be expressed in other numbers, as 486 : 512. Chapter.
16 of Plutarch’s de anim. procr. (1019 E, sq.) gives the process
by which these numbers are obtained. If 384 is taken for the
first term of the binary and ternary scales, all the following
terms in both the branches can be expressed in whole numbers.?

'In Plato small numbers represent acute sounds, and the scales run
downward from unity, so that the Leimmata are at the grave end of the
tetrachords; but in Plutarch and Nicomachus the reverse is the case, and
the Leimma in each tetrachord stands above the Tones (Plut., loc. cit., 1021
F: 706 vdp Bapvrépov 1dve émiradévros, §mep éorlv éxbySoov, ylyverar ois’
Tobrov wdAw Téve UAAg émiTabévTos, yiyverar auy’ . . . . (1022 A) wepleaTe
700 Aov SidoTnua Aoumrdy Td peratd Tav ouy’ kal Tav avs’, T& Tpickaldexar
3:d Kal Aeippa Tobrov Tdv &piBudv dvéualov. Nicom., loc. cit., émrelvova:).
The same set of figures can illustrate these two situations according as they
stand for length of string or for vibration numbers. Cf. Theonem Smyr-
naeum, p. 65,10 Hiller.

2 The whole series is: 384—432—486—512—576—648—729—768.

38ee Boeckh, Kleine Schrifien, 111, Ueber die Bildung der Wellseele im
Timaeos des Platon, p. 76 (p. 168), sq.
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Still another series is given in Plutarch, de anim. proer., c. 19,
1026 A, to show the division of the Fourth when the Leimma
is the middle of the three intervals. Itis:
216 (Tone) 243 (Leimma) 256 (Tone) 288

differences : 27 13 32
From these figures it is proved that the Leimma is less than
half a Tone, for 13 is less than one-half of either 27 or 32.
The same conclusion is reached at c. 14, 1018 E, where we
read: xal 76V éupueNdv SiacTyudrwv of Ivfayopirol Tov Tévoy
év ToUTe T dpifud [i.e.27] rdTTovar 816 Kal Td Tpiokaibexa
Aelppa kakobow: dmwokeimes yap povdde Tod Huiceos.!

Inasmuch as the Leimma was the lowest of the three inter-
vals into which every Fourth between ¢standing’ notes® was
divided to form the ¢ high-pitched’ variety of the diatonic genus
(8cdTovov aivTovov, or rather didrovov Sitoviatov), the numbers
given above® for this tetrachord can be conveniently used to
give a practical illustration of the size of the intervals con-
cerned, because they may be regarded as representing lengths
of string.* In this we may imagine ourselves to be repeating

1The same derivation for the term Aeiuua (that it is an imperfect or short
Semitone) is given at c. 17, 1020 F (p. 194, 22 Bernardakis) : Aeiupa d éAarror
Svopdfovay, 81¢ T0b fuloeos dmorelwer; Gaudentius, harm. introd., 14, p. 16
Meib. (p. 343 K.v.J.). Other writers seem to derive the term from the
fact that the Aeiuua is the interval left when two Tones have been taken
from the Fourth (or three from the Fifth), as Nicomachus, excerpta, 2, p.
30, 8q. Meib. (pp. 267-271 K. v.J., passim): 75 xarareiwbuevor Aeipua. T
Aarmduevd elot A0’ (89 =238 X 13). Aelweras § 1y’. rararewbueva Eorar vy’.
Siarelres vB’ (52=14 X 13); see too Plutarch, de anim. procr., c. 18, 1022 A
(p. 197, 24 Bern.), quoted above, p. 59, n. The following passage brings out
the fact that it is in constituting the perfect Fourth with Tones that the
Aetupa is needed and on examination turns out to be a short Half-tone and
80 a blemish to the Fourth: Theo Smyrnaeus, de mus., c. 15, p. 70,3 Hiller:
7d 8¢ Aeyduevoy Aeiupa ¥ Tis dpwtgn Tivos éoTl Aeiupa, Sei eldévar 871 éoTl Tob
3id Tecodpwy: ¢ [? 7] vdp ik Tecodpay Aelwer wpds O yevéobas Slo fuiov
Tévay Tehelwy.

$804yyo: érrdres are those notes which keep the same pitch in all three
of the genera, the diatonic, chromatic, and enharmonic. They form the
frame-work, as it were, of the scales.

3P. 58, viz.: 192—216—243—256. 4Cf. p. 59, nL,
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the experiment of some ancient investigator. Let the sound
produced by the whole length of a string be the lowest of two
notes forming a Fourth. The upper note will then be given
by three-quarters of the string. In order to descend by Major-
tones from this upper note, it is necessary twice in succession
to increase the length of the vibrating part of the string by
an eighth part of itself. The £ of the string must, then, be
multiplied by § to give the length which will sound the second
(descending) note, and the result by # again to give the third.
We shall have § X § X $ = ### for the length used for this
third (next to the gravest) note. Therefore, if the whole
string is divided into 256 equal parts, when the string is
‘stopped ’ by the finger so as to cut off 13 parts (leaving 243
to vibrate), it will give a note forming with the open string
the interval of the Leimma. The next 27 parts (making 40)
will give a note acuter than the last by the interval of a Tone,
and the next 24 (making 64 in all) will give another Tone,
completing the whole Fourth. In this way the Pythagorean
numerical values for the Tone and Leimma may be practically
illustrated.

We have now seen how the Pythagoreans put a musical
interpretation on the sum of the squares of 2 and 3 and on
the sum of their cubes, the numbers of the double quaternion
having been arranged in the convenient form of a Lambda,
which suggested the idea of adding like powers. On the
one hand, they took the result of the addition (the number
35, the sum of the cubes), made a new separation of the
material, and obtained, as the result of the analysis, four
numbers (6, 8, 9, and 12), such that they can represent the
four most important notes of the octachord of Pythagoras
(hypaté, mesé, paramesé, and nété '), whether they are regarded

1They are the ‘standing’ notes (see p. 60, n?, above). In the (Greater)
Perfect System (which is the original octachord expanded at each end) their
names are: dmdry peov, péon, wapauéon, and vty Sie(evypévwr (vhrav).
Bee Miiller’s Handbuch (2nd revised ed.), IL. E. e. (Die Musik der Griechen,
by H. Gleditsch), § 200, pp. 860-862.
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as proportional to the lengths of the vibrating strings or, in
modern manner, to the vibration-numbers of the notes.! On
the other hand, they connected the result (13, the sum of the
squares) with a particular ratio, which they used to express a
certain interval occurring in their scales. The fact that the
numbers concerned in these operations can be dealt with in
this way is the merest coincidence. It is nothing more than
an arithmetical accident (to call it such) that the sum of the
squares should equal the difference between 256 and 243, or
that the sum of the cubes should also be the sum of 6, 8, 9,
and 12, numbers in which an arithmetical and an harmonical
progression can be found. But such is the state of affairs.

It remains that we should consider the sum of the first
powers, the number 5, which the Pythagoreans called rpo¢ov,
according to the passage from Plutarch quoted on p. 556. So
far as I am aware, no explanation has ever been given for
this number, beyond what is contained in Plutarch’s words.
They are (de anim. procr., c. 12, 1017 F): oi Ivfayopixol
T uév €’ Tpoddy, dmep ol pOoyyov, éxdhovy, olduevor THY
Tod Tévov SiagTnudTov mpdTov elvar PpleykTov To wéumTov.
The following seems to me to be the solution of the problem.
Using the same apparatus as we had in the experiment just
described, if we measure off 5 of the 256 equal parts and stop
the string at that point, we obtain a small interval about
a third of a Semitone in size This interval I believe to

11t is immaterial whether we run up the scale or down, since the three
intervals are symmetrically arranged (an epitrite ratio on either side of the
epogdodn).

* An idea of the width of this interval may be gained without the trouble
of dividing a string into 256 parts. After sounding the open string of an
instrument like the violin, play as accurately as possible, by ear, a note at
the interval of a Semitone to the acute, by pressing on the string with the
finger; divide the piece of striug cut off for the Semitone into three equal
parts; then press down the first of the three (that nearest the end of the
string), 80 a8 to keep it from vibrating. The remaining string will give
a note acuter than the open string by the interval in question. Since
our ‘natural’ Semitone is slightly larger than the Pythagorean Leimma
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be the Tpopdv, and that the Pythagoreans hit on this as an
explanation for the number 5 from the following considera-
tions. The interval is so small that the difference in the two
pitches is but little, if any, wider than those differences in
pitch which make a note out of tune to the average ear.
That is, it is about the smallest interval which differs suffi-
ciently from unison to be entitled to the designation ‘musical
interval” We feel a natural reluctance to calling minute
pitch-differences by the same name as those evident altera-
tions of pitch on which music is based. In considering the
effect of cutting off the small divisions one after the other
experimenters may easily have come to the conclusion that
the first of the 256 parts (apparently called ¢intervals of the
tone,” but for what reason we can only surmise, for the phrase
does not occur elsewhere as far as I am aware) makes no interval
¢ which can be sounded’ (¢feyxTév), nor does the second, nor
the third, nor the fourth, but the fifth gives a note which can
be regarded as forming a distinct interval with the open
string. The passage will then run: ¢ The Pythagoreans
called five Tpogpdv [‘food’ apparently ']—that is a (musical)

(3 =4¢ X #43), it is probable that about 15 of the 256 parts would be
taken (16 would be the exact number to take) for sounding the Semitone,
instead of the 13 required for the Leimma; consequently a third of them
would fall very near to the 5 which form the desired interval.

1In the above I have regarded 7po¢dv as the accusative of the neuter
form 7> Tpo¢dv, meaning  food, nourishment’ which occurs in Plato, Polit.,
289 A. It has been suggested to me that we may have here the accusative
of the commoner masculine and feminine 7pog¢ds ¢ feeder, nourisher, nurse,’
that the number 5 is personified after a fashion characteristic of the Pytha-~
goreans. For example 7 was called A6y and wapféves, because alone
among the numbers which compose the decade, 7 neither generates nor is
generated, that is, it is neither a factor nor a multiple of any other number
in the decade (cf. Theon. Smyrn., de mus., c. 46, p. 103 Hiller). Somewhat
similarly 5 was sometimes called -yduos because it can be regarded as the
union or marriage of the first odd number, 3, which is male, with the first
even number, 2, which is female (1 is a number apart). The thought
would then seem to be that 5 plays the r6le of a nurse in bringing out the
first sound which is ¢pfeyrrdy.
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sound—on the supposition that of the intervals of the tone
the fifth is the first which can be sounded.” In support
of this theory of the musical signification of 5 we have the
parallel cases of the numbers 13 and 27, whose connection
with musical intervals arises, as we have seen, from the terms
of the ratios (expressing their size) derived from the mono-
chord with a scale of 256 equal divisions. The three numbers,
b, 13, and 27, are then (not quite exactly) proportional to the
gizes of the intervals, the Tpopov, the Netupa, and the Tone,
since they are all three measured on the same scale. The
Pythagorean Tpodv is then, I take it, a small interval with
the ratio 251 :256, and was connected with the number 5,
because 5 is the arithmetical difference between the terms of
the ratio, just as 13 and 27 are arithmetical differences.!

In the foregoing pages we have cited and discussed some
of the more important passages in which the ratios of the
primary consonances are either established or assumed as
known, with the object of showing that the ancients were
thoroughly familiar with the numerical relations which exist
between musical notes, and that they made free use of the
resulting ratios in measuring the size of intervals. A con-
siderable number of additional passages could be adduced,
were it necessary in a matter which is often taken for granted.
Moreover, it is not necessary in the case of the consonant
intervals to examine closely the value of the experiments by

1In the explanation given above,—that it is only when the minute in-
terval corresponding to the fifth of the 256 equal parts of a vibrating string
is joined to the four which preceded that a ‘soundable’ interval is obtained,
and that 5 stands for this interval,—it is not a serious objection that the
writer first calls 5 a ¢06yyos and then seems to identify it with an interval.
The confusion between a note and the interval which it forms with some
given note is of frequent occurrence; each new sound brings in a new in-
terval, 4. e. with the open string. The difficulty can, however, be removed
by changing ¢86yyov to ¢8byyov or ¢p8éyywv. If $8éyyov is kept, can it be
that yé¢or should be read for rpopdv ? The clause 3wep éorl $86yyov would
seem to support this emendation in view of the fact that ¢8éyyos and Ydgpos
were not always carefully differentiated.
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means of which the ancients made their original determina-
tions of these ratios, inasmuch as the true ratio of a conso-
nance could have been derived,! and as a matter of fact
must have been derived in the first instance, from imperfect
observations by a sort of intuitive preference for simple
ratios. But when one comes to the consideration of the
numerous divisions of the tetrachord according to genus and
chroa (color), in which Greek musical theory abounded, it
becomes important to ascertain whether the measurements
given for these dissonant intervals by the method of ratios
are to be trusted as true indications of their size. Many of
these intervals are so utterly foreign to modern European
music that it is difficult to believe that they were actually of
the width ascribed to them. We refer to such intervals as
the Quarter-tones in the enharmonic genus, the intervals of
three-quarters and five-quarters of a Tone in the &idrovov
palaxoy, and the intervals in the xpdua ualaxév and
Xpdua futohiov. ,

The degree of accuracy attainable in measuring the size of
any interval depends upon several considerations. In the
first place intervals differ vastly among themselves in the
exactness with which they may be tuned? Variations may
be due to the failure of the experimenters to obtain uniformly
the ideal intonation of the interval. In the next place inter-
vals of nearly the same size are apt to be confounded. We
have already alluded to the fact that in modern music the
interval known to musicians as the Tone is not an interval of
fixed width. In the same way the term Semitone is used now

1A.J. Ellis is unwilling to give the ancients credit for accuracy in these
measurements. He says (Helmholtz, Sensations of Tone, 2nd Eng. ed., p. 15,
note ¥): “As the monochord is very liable to error, these results were happy
generalisations from necessarily imperfect experiments.” But Helmholtz
says (op. cit., p. 14): “These measurements had been executed with great
precision by the Greek musicians, and had given rise to a system of tones,
contrived with considerable art.”

* “ Distinctness of delimitation.” Helmholtz-Ellis, op. cit.

6
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for this intervallar width and now for that, whether conscious-
ness of these differences exist or not. If the existence of the
small but real difference is unknown to the experimenters, an
apparently variable character will be imparted to the interval
supposed to be undergoing measurement, resulting in discrep-
ancies in the magnitudes assigned to it by different observers.
We must be assured that we are in fact dealing with only a
single difference of pitch and not with two or more. Lastly
we must take into account the imperfections of the instrument
on which the measurements are made. Within what limits
are errors due to the instruments confined? If now the width
of an ancient interval is given by a certain ratio, these points
must be taken into consideration. We must ask, Was the
interval such that musicians could tune the notes forming it
80 a8 to give invariably the same width? Was there no
neighboring interval with which it could be confounded ? and
then, How accurately was it possible with the existing instru-
ments to measure the interval when tuned 2

Leaving the accuracy of the measuring instruments aside
for the present, as a matter in regard to which we have but
little direct knowledge, if we turn to consider the nature of
the intervals, we notice immediately this striking difference
between consonant and dissonant intervals, that the former
can be tuned with a high degree of precision, while in the
case of the latter there is a far greater range within which the
size of the interval may vary without attracting attention.
It is well known that small errors in the intonation of the
more dissonant intervals are more readily overlooked than
are errors of the same size in the case of mistuned conso-
nances. The reason for this is that the consonant intervals
are bounded on all sides by harsh discords—harsher discords
exist only among the small intervals which stand next to
unison. For example, if' the Octave be made a little too
large or a little too small, the result is a painfully dissonant
interval, and the same holds true in the case of the other
consonances, when put slightly out of tune. It follows that
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these intervals were tuned with a far greater degree of accu-
racy than was possible in the case of the dissonant intervals.
The consonant intervals at least were fixed in point of size.
That is to say, we may be sure that all the ancient phil-
osophers who undertook to measure the size of the &ud
Tacdv, did mévre, and the other consonances were measuring
exactly the same magnitudes in all cases, and that these
magnitudes are the same as the pitch-differences which we call
Octave, Fifth, etc. But there is no discrepancy in the
reported ratios for these intervals. We are not told by one
that the ratio for the Octave is 50:100, by another that it is
50:101. We are led to conclude either that the defects in
the instruments used for the finer measurements were not
serious, or that the ancient theorists were so impressed with
the necessity that the perfect consonances should have the
simpler and more perfect ratios as to persist in ignoring
inconvenient variations in the results, even while they dis-
coursed of intervals which differed in size by only the twelfth
of a Semitone. The first alternative seems preferable. For
if the Greek monochord was accurate enough to allow experi-
menters to distinguish between intervals which differed by
only this small amount, then their measurements for the
Fourth, for instance, cannot have been wrong by an amount
equal to or greater than that difference, unless we suppose
them to be so dishonest as to suppress its existence.

It would accordingly seem to follow that we must ascribe
the same degree of accuracy to the measurements of dissonant
intervals as to those of the consonances, so far as concerns the
determination of their size after they have been tuned. If it
is reported on good authority that the size of a certain inter-
val is given by a certain ratio, we are not at liberty to ignore
this evidence, and no matter how unusual the interval may
seem to our ears when it is produced mechanically from the
ratio, we must concede that the interval intended by the
ancient theorist cannot have differed appreciably from the
interval thus reproduced.



68

We have then in the ratios a trustworthy means of identi-
fying ancient Greek intervale with their modern equivalents
and of realizing the size of those intervals which are mot
recognized in our modern Earopean system. We are foreed to
seek other causes for the great number of dissonant intervais
which we find in the theory of Greek music than sapposed
defects in the instruments of measurement.

We have already seen that the facility with which the eon-
sonant intervals may be accurately tuned, or perhape it would
be better to say the artistic necessity to tune them accurately,
is a guarantee that any fluctuations in their measured size are
due to the measurements and not to any variations in their
real size, and that, since no such floctuations are recorded
even when the experimenters professed to make the finest of
distinctions, it is reasonable to conclude that all the measare-
ments were made with the degree of care and precision
claimed for them. The other side of this characteristic
difference between consonant and dissonant intervals is the
difficalty of tuning the latter with precision and the absence
of any necessity for great precision. This we consider to
have been a much more fertile cause of variations in their
recorded size than any impossibility of eliminating errors due
to the measuring apparatus. In the case of instruments
which require frequent tuning, such as the lyre and other
stringed instruments, much evidently depends on the ear for
pitch-differences of the individual performer. In the case of
instruments whoee tones are fixed in pitch at the time of
manaufacture, like the adAss and fingered stringed instruments
when their tones depend on fixed frets along the finger-board,
the same personal element enters in the (original) tuning of
the instrument, and is complicated by the fact that the pitch
of the notes could be regulated during the performance by
the force of the breath in the case of wind-instruments and
by pressure on thestnngbehmd the frets of ﬁngeredstnnged
instruments, and in other ways. And in vocal music this
difficulty of tuning notes at dissonant intervals from one
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another is evidently at its maximum, except as it is lessened
by the restraining influence of accompanying instruments.

This enables us to reduce the number of intervals which
had a distinct and separate existence by merging into one all
those intervals which are so nearly of a size that we are
justified in regarding them as different aspects of the same
phenomenon. But after we have carried this process as far as
it is reasonable to do so, the number of intervals left is still
very great—far greater than we admit in modern theory.
Many of them are irreconcilably different in width. These
intervals, it would seem, must be accepted as having an inde-
pendent existence and as being necessary to the formation of
the scales of Greek music. But it is not necessary to assunie
that they all existed in actual music at the same time. There
is still another possible cause for the differences in the size of
intervals which must be considered in any attempt to appre-
ciate the scales of Greek music, and with it we bring our
discussion to a conclusion.

It is the liability to which dissonant intervals in particular,
if not alone, are subject of undergoing a gradual change in
their size with the development of the scale of which they are
a part. It must be borne in mind that homophonic or pure
melodic music® does not demand a strict adherence to definite
degrees of pitch in the formation of its scales, and variation
in the width of the intervals is necessarily a result of this
freedom. In considering variations due to the tuning we
assumed an ideal intonation for the interval which the best
authorities would recognize as a just intonation. In the case
of the variations now under consideration there is no criterion
by which it is possible to select one width in preference to
another as a more perfect representative of the interval.
Fixed degrees of pitch come in with simultaneous harmony,
of which we know that Greek music made little use. When

1 Parry says (Art of Music, p. 19): “Purely melodic schemes” ‘“only
admit of a single line of tune at a time.”
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two notes are sounded together it is instinctive to avoid as
much as possible the roughness produced by rapid beats
between nearly coincident partials and combinational tones,'
and this results in a tendency to make the intervals true—
i. e.,, true to those vibration-numbers which will give the
fewest beats or none at all—and so to fix the width of the
intervals according to the simpler ratios, because they give
the best results. Every note in our modern scale has had its
just intonation (not, of course, its tempered intonation) fixed
by these very considerations,® for every one of them is used
on occasion as part of a chord. Now in Greek music the
designation ¢consonant interval’ was limited to the Octave,
Fifth, and Fourth, and those intervals which are equal to
one of these plus one or more Octaves (cf. p. 45). Music was
not ready to take the step by which Thirds and Sixths were
recognized as consonant. As a result, all dissonant intervals,
except possibly those which are derived from the consonances
by subtraction, such as the Major-tone and the Leimma (cf.
p. 57), were free from any such influence (and it is a powerful
influence) tending to fix their size permanently. The conso-
nant intervals may have been tuned (the probabilities are
strong that they were always tuned) by sounding the notes
simultaneously, but it is not likely that the Greek dissonances
could have gained anything in exactness of tuning fromr
sounding the notes together.* It would accordingly not be

! That is, to avoid dissonance, as defined by Helmholtz, op. cit., 2nd Eng.
ed. by Ellis, p. 194,

? Helmholtz, op. cit., Pt. 11., Ch. x., p. 179, last lines: *These beats play
a principal part in settling the consonaunt intervals of our musical scales.”
Parry, op. cit.,p.19: “Our scale has had to be transformed entirely from the
ancient modes in order to make the harmonic scheme of ssthetics possible.”

8 Cf. Plutarch, de anim. procer., c. 17, 1021 B (this passage follows closely
on that quoted at p. 54, note?, above): éav 3’ &s évwéa mpds dxrd yérmras Tév
Bapdv #) T@v unrdv % &viodrs, wofioer Sidornua Toviiov ob glupwver EAN’
éuperts &s elmely éuBpaxv, T@ Tods Pp8byyous, by dvd uépos Kpovadiot, wapéxew
H8Y pwvoivras kal wpoonvés: by 8’ uod, Tpaxd ral Avenpdy v 5t Tais cuppaviais
xby Spod kpobwyrar Kby dvaArdE, #8¢ws wpooletas THy cuvhixmow # alobnats.
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surprising if it could be shown that the dissonant intervals
varied in size with the history of Greek music, and that this
variation manifested itself in the various ratios which differ-
ent philosophers obtained for intervals which bore the same
name. We must admit the existence of the host of dissonant
intervals and explain them, not as the result of theoretic
speculations, without basis in fact, on the part of the ancient
writers on the theory of music, but as proof of real variations
in the pitch of the notes, and then endeavor to account for
these variations, when not attributable to imperfections in the
tuning, as due to influences which we cannot trace which in
process of time wrought gradual changes in the intonation of
the notes as actually sung and played.
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Leimma. c e e e e e 48 sq., 52, and n.%, 56, 57 sq.
Monochord. . . . . . . . . . 43 45, 52, 67
Motion of the Voice. . . . . . . . . . 17e.
Musical Sounds. . . . . . . . . . 10sq,1lIn?

definitions. . . . . . . . 20, 26, 27 sq., 31n.
Notation. . . . . . . . . . . . 3 sq.
Pitch. . . . . . . . . . . 6,14 8q., 34 5q.
Plutarch. . . . . . . . . 32, 54 &q.
Portamento. . e .. . 12 8q., 18 20, 21, 22, 23, 27
Ptolemy. e e e e e e e e e 16, 23 sq.
Pythagoras. B A § 33
Pythagorean School. . .o .. 23, 28, 41
Quality in musical sounds (hmbre). .. .. . 8,1315
Quaternion, see Tetractys.

Ratio, definition. . . . . . . . 40n.

the ratios of the muswa.l mterva,ls . e e 37, 41, 45

Greek terms. . . e e e e e e 50n.*
Semitone (gee Leimma). N e e . . 52n.*
Sound, ancient explanations. . . e 6 8q.

classification of sounds (see Musxoal Sounds) . . 9 sq., 14n.
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Speech and Song. . . e e . 19 sq., 26
Tetractys, double geometncal. e e e 48 sq., 54 sq., 58 sq.
tetractys of the decade. . e .« + .+ . 5354
. Pythagorean tetractys. . . . . . . 56 andnl
Timbre, see Quality.
Tone (the mterva.l) c e e . . . 46gq.,5],57sq.
Tpopdv. . . .o . e e . . . 5b, 62
.
CORRIGENDA.
P. 2, 1. 22: for works read words.

2,

P.7,n.%: for x1. 14, read x1. 36; and for 35 read 14.

P. 7, n.4: for p. 51 read pp. 55, 1837. Cf. p. b1.

P. 8, 1L 29-31: omit.

. ,l 18: read: Wdpos 8¢ wdbos &épos wAnocouévov, Td Tp@Tow Kal yevikdTarToy

T@v drovoTEY.

P.19, L 7: after §rav add piv.

P. 28, 11. 38, 34: for xexAGobar and xAGow read xexAdodar and kAdowy.

P. 89, 1. 25: The investigations of R. G. Kiesewetter and of J. P. N. Land
have shown that the opinion previously held by European writers
that the 17 intervals of the Arabic scale were equal or nearly so was
wrong (see Helmholtz-Ellis, Sensations of Tone, 2nd Eng. ed., p. 281 sq.,
and notes, and p. 520). This Arabic scale cannot therefore be used
in the argument. 'We may substitute the Javese scale in which the
Octave seems to be divided into 6 nearly equal intervals (see Ellis,
op. eit., pp. 518 and 522 (nos. 94, 95) ).
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